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Abstract

We consider two diffuse interface models for two-phase flows with and without sur-
factants. The model without surfactants is a thermodynamically consistent diffuse
interface model for two-phase flows with different densities in a bounded domain.
For this model we prove existence and uniqueness of strong solutions for a short
time in the case of two or three space dimensions. We linearize the system of partial
differential equations, split it into a linear and nonlinear part where the nonlinear
part is Lipschitz continuous and apply the Banach fixed-point theorem, which yields
the existence of a unique strong solution for a short time.

The model with surfactants extends the first model to the case where surfactants are
soluble in both phases. We prove existence of weak solutions in a bounded domain
for two or three space dimensions. To this end, we use a semi-implicit time discretiza-
tion and prove existence of weak solutions for the time-discrete problem by applying
the Leray-Schauder principle. Then we pass to the limit in two approximation steps
using appropriate compactness results and showing that every weak solution of this
phase field model satisfies an energy estimate. Moreover, we study the sharp interface
limit of this model for the case p = 1 via the method of formally matched asymptotic
expansions. In this way we recover the corresponding sharp interface model.
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1 Introduction

In recent years, several diffuse interface models have been developed to describe the
behaviour of two-phase flows with or without surfactants. In the present work we
consider one model without surfactants and one model where surfactants are soluble
in both phases. The model without surfactants is a thermodynamically consistent
diffuse interface model for two-phase flows of two incompressible fluids with different
densities developed by Abels, Garcke and Griin in [AGG12]. Thermodynamically
consistent means that the model satisfies local entropy or free energy inequalities and
therefore fulfills the second law of thermodynamics. The second model extends the
model without surfactants to the case where surfactants are soluble in both fluids.
The word surfactant is a blend of surface, active and agent as it is a compound
that affects the surface by accumulating on the interface. Surfactants consist of a
hydrophilic head and a hydrophobic tail and they reduce the surface tension of fluid
interfaces. This ability is used in industrial and domestic applications, e.g. in deter-
gents, where surfactants increase solubility of grease and dirt particles by reducing
the surface tension of the interface between the water and the particles. Moreover,
surfactants are used in biochemistry, photography, firefighting, biological systems
and many other applications. The model we study is thermodynamically consistent
and it is a variant of the models developed by Garcke, Lam and Stinner in [GLS14].
Note that we assume that the surfactants are soluble in both phases. This leads
to an exchange of the surfactants between the interface and the bulk driven by ad-
sorption and desorption. Before we present the different models and discuss which
results already exist, we first of all want to explain what a diffuse interface model is.
Moreover, we give a short overview which other phase field models have been derived
in recent years to describe the behaviour of two-phase flows.

The classical models for two-phase flows in fluid dynamics are the sharp interface
models. In these models we consider two bulk phases for the fluids in a bounded
domain Q C R? with d = 2,3. These bulk phases are separated by an interface,
which is a (d — 1)-dimensional surface. But these models fail when the topology
of the surface develops singularities and therefore they can not describe processes
such as merging and reconnection of several parts of the fluid interfaces. They do
not consider the possibility of mixing in a narrow area near the interface and thus
exclude partially miscible fluids.

Therefore, the diffuse interface models or also called phase field models were
developed. In these models one allows for partial mixing in a thin interfacial re-
gion. To this end, we introduce an order parameter ¢ in the diffuse interface model,
which represents the volume fraction difference of both fluids. It takes values close
to —1 in the second phase and +1 in the first phase and it changes its value very fast
from —1 to 41 in an interfacial region which is called the diffuse interface. Moreover,
we introduce another parameter £ > 0, which we assume to be very small and which
is related to the “thickness” of the diffuse interface.
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For ¢ — 0 we would like to recover the sharp interface model on which the diffuse
interface model is based. To this end, we use the method of formally matched asymp-
totic expansions which yields in the limit, when e converges to 0, the corresponding
sharp interface model. But note that the results by this method are only formal. In
the method of formally matched asymptotic expansions we construct two expansions,
where we assume that one expansion is valid away from the interface and the other
expansion is valid near the interface. Since both expansions are solutions to the same
problem, we expect that there exists a region where both solutions are valid, i.e., the
asymptotic expansion in the bulk region has to match with the expansion in the in-
terfacial region. As a result we obtain the sharp interface model of the corresponding
diffuse interface model. The phase field model which is related to a certain sharp
interface model is in general not uniquely determined, cf. [LLRV09].

Diffuse interface models have gained popularity to describe two-phase flows for
theoretical studies as well as a tool for numerical simulations. The standard dif-
fuse interface model for two-phase flows is called “model H” and it was developed
by Hohenberg and Halperin in 1977, cf. [HH77]. For another derivation we refer
to Gurtin, Polignone and Vinals, cf. [GPV96]. The “model H” is valid for two in-
compressible, viscous Newtonian fluids with identical densities and is given by the
Navier-Stokes/Cahn-Hilliard system

pov + p(v - V)v —div(2n(e)Dv) + Vp = —oediv(Ve @ Vi),
div v =10,
Op + v -V =div(imVyp),
p=o0c"W'(p) — oelep,

where we use a similar notation as in [AGG12] and [ADG13], i.e., v is the mean
velocity of both fluids, Dv = %(VV + VvT) and the constant p is the density
of the mixture. Moreover, the pressure is denoted by p and ¢ is the order pa-
rameter which is related to the concentration difference of both fluids. Further-
more, 7(p) > 0 is the viscosity of the mixture, W is the homogeneous free energy
density and m = m(p) > 0 is the mobility coefficient, which models the
diffusion of both fluids. The chemical potential is denoted by p, the constant
o is the surface tension coefficient related to the energy density on the surface
and ¢ > 0 is the parameter associated to the “thickness” of the interfacial re-
gion. This model consists of the momentum equation for a divergence-free velocity
field together with the convective Cahn—Hilliard equation for the order parame-
ter. Gurtin, Polignone and Vinals proved that the “model H” is thermodynamically
consistent, cf. [GPV96|. For the free energy density W there exist several choices
which lead to different analytical difficulties. One possibility is to choose W as a
smooth double-well potential, e.g. W(yp) = C(1 — ©?)? for a constant C' > 0. Its
main features are that it is defined on R with W (£1) = W'(£1) =0, W”(£1) > 0
and W(yp) > 0 for ¢ # +1. But this free energy density allows W to attain values



outside the interval [—1,1]. Therefore, another approach proposed by Cahn and
Hilliard in [CH58] is to choose W as a logarithmic free energy, e.g.
W(p) =2((1+¢)n(l4+¢)+(1—p)n(l—¢))— %ﬁgpQ for p € [-1,1] and 0,6, > 0, cf.
(1.1) in [ADG13]. Another possibility is to define W as a double obstacle potential,
e.g. W(p) =3(1—¢?) +I_11(¢), where I|_11) = 0 for ¢ € [—1,1] and I|_1 1) = +o00
for p ¢ [—1,1]. For Q = R?, constant viscosity n and a suitable double-well potential
W, Starovoitov proved the existence of strong solutions, cf. [Sta97]. If Q C RY
d = 2,3, is a periodical channel and W is a suitable double-well potential, the exis-
tence of global weak solutions and the existence of unique strong solutions for short
time was obtained by Boyer in [Boy99]. For a class of singular free energy densities,
Abels proved the existence of weak solutions for the space dimensions d = 2,3 and
the existence of strong solutions globally in time for two space dimensions and locally
in time for three space dimensions in [Abe09b].

But the “model H” assumes constant densities for the fluids and the mixture. For
different densities, there have been several approaches to develop appropriate diffuse
interface models, e.g. by Lowengrub and Truskinovsky [LT98] and Ding, Spelt and
Shu [DSS07]. The model proposed in [LT98] is thermodynamically consistent and
extends the “model H” since it allows different densities. But the model leads to a
velocity field which is not divergence-free. The model is given by

pOv + p(v - V)v —div S(p, Dv) + Vp = —oediv(pVe ® Vo),
Op + div(pv) = 0,
pOip + pv - Vo = div(m(p) V),

ap o o€
— 220 L T (o) — —div(pV
p=—p &pere (¢) ; iv(pVe),

where p = p(v), S(p, Dv) = 2n(p)Dv + A(¢)div(v)I is the viscous part of the stress
tensor and A(y) is the bulk viscosity coefficient. One problem which arises with this
model is that the velocity field v is not divergence-free. Hence, the standard solution
concepts are not applicable. Moreover, the pressure p also appears in the equation
for p, i.e., the coupling of the system is stronger. Abels proved the existence of weak
solutions in [Abe09a] and the existence of strong solutions locally in time in [Abel2b].
The model proposed by Ding, Spelt and Shu in [DSS07] is given by the equations of
the “model H”, but with a variable density p = p(¢). It is unknown if the model is
thermodynamically consistent. For more results, we refer to [AGG12] and [ADG13].

The model proposed in [AGG12] is a thermodynamically consistent, frame indifferent
diffuse interface model for two-phase flows with different densities in a bounded do-
main in two or three space dimensions without surfactants. If the mobility is positive
or if it converges to 0 slower than linearly with respect to €, then the convergence of
weak solutions to solutions of a corresponding sharp interface model was rigorously
shown by Abels and Lengeler in [AL14]. The existence of weak solutions for this
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model was proven by Abels, Depner and Garcke in [ADG13]. The model consists of
the following equations

by — p 1
O (pv)+div(pv @ v) 4 div (V ® %m(gp)V(gW'(go) - 6Ag0)) +Vp
= div(—eVe ® Vo) + div(2n(¢)Dv) in Qr,
div(v) =0 in Qr,
0; o = div (m(p)Vp) in Qr,
1 .
= —cAp+ EW’(go) in Qr,

together with the initial and boundary values

Vige = Onltjon = Onploa =0 on (0,7) x 09,
©(0) = o, v(0) = vo in €.

In these equations, the notation is the same as before, i.e., v is the mean velocity, ¢
is the order parameter for the difference of the volume fractions of both fluids, p is
the pressure and W is the homogeneous free energy density. Furthermore, 9, =n-V,
where n denotes the exterior normal at 992 and Qr = Q x (0,7") for a sufficiently
smooth bounded domain Q C R? d = 2,3. Moreover, Dv := %(VV + VvT) and
Opp = Opp+Vv-V is the material time derivative. The equations describe the momen-
tum equation, the incompressibility condition and the process of phase
separation. In Chapter 5 we prove the existence of a unique strong solution for
short time in two or three space dimensions.

In [GLS14], Garcke, Lam and Stinner developed several mathematical models
which describe the behaviour of surfactants in two-phase flows evolving in time.
In these models, surfactants are soluble in possibly both fluids. The model we
consider in this work assumes instantaneous adsorption and is two-sided, i.e., the
surfactant is soluble in both phases. This model is related to the model denoted by
“model C” in [GLS14] and it extends the model in [AGG12] to the case where sur-
factants are soluble in both fluids. “Model A” assumes dynamic adsorption and
“model B” assumes instantaneous adsorption which is one-sided. The model we



study leads to a system of partial differential equations given by

Ay (pv) + div(v @ (pv 4+ J)) + Vp — div(2n(p) Dv) — %
= div(—eVp ® V) in Qr, (1.1)
divv=0 in Qr, (1.2)
o8 (LH@W () + o) = div (mli.0) ) mQr. (1)
0 p = div(m(p) V) in Qr, (14
—eAp + h(Q)éW’(w) = i in Qr, (L5
with initial values
Vico=vu o =0 (LH@WE)+9@)) = L@W o) +glaw) in
|t=0
(1.6)

and boundary conditions
Viga = 0, 6,1@‘39 = O, 8RQ|8Q = 0, 8,1;”@9 =0 on 0f) x (OvT), (1.7)

where
J =0 (—im(p)Vp),  R=-V-"U2 (in(9) V).

Moreover, we set
for all ¢ € R and demand

In this model, the notation is the same as in the “model H”. The mobility coefficient
for the diffusion of both fluids is denoted by m(y) and m(p, q) is the mobility for
the diffusion of the surfactant. Moreover, ¢ denotes the chemical potential of the
surfactant, h(q) is related to the surface tension and L f(q)W () + g(q) is the free
energy density, where 1 f(q)W () is the part related to mixing of both phases and
g(q) is the part of the free energy density related to the surfactant concentration.
The flux of the fluid density is denoted by J. For the density p we assume p € C¢(R)
such that
prtp2  p2—p1
p=plp) =

LBl dtpel-1) (1.8)
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and inﬂf{?p(s) > (0. Note that we can not define p by (1.8) on R since then p can be
se

negative. This is the case because we suppose W to be non-singular. More precisely,
we assume W to be a suitable smooth double-well potential. Hence in the analysis
we are not able to conclue p(z) € [—1,1] for every x € Q. Therefore, we define p
in such a way that it is defined as in (1.8) for every ¢ in the physically meaningful

interval and we demand in]fR p(s) > 0 so that p(p) is always positive. Note that %f)
s€

is only constant for ¢ € [—1,1]. Hence, the continuity equation

dip(ip) + div(p(p)v +J) =0

is only satisfied where p is defined by (1.8). For p defined as above we obtain the
modified continuity equation

p(p) + div(p(p)v +J) = R,

where the modified equation reduces to the continuity equation in the case
¢ € [—1,1]. In the modified equation, R denotes an additional source term and
in the momentum equation (1.1) the term £¥ describes the change in the kinetic
energy due to the source term R. Note that this additional source term R also
appears in [AB15], where Abels and Breit proved the existence of weak solutions
for a diffuse interface model for two-phase flows without surfactants and two non-
Newtonian viscous, incompressible fluids of power-law type and different densities,
i.e., one can choose S(p, Dv) = 2n(p)|Dv[P~2Dv for some p > 1, in the case that
is a bounded and sufficiently smooth domain in two or three space dimensions.
Equation (1.1) is the momentum equation derived by the balance of forces according
to Newton’s Law and the equation div(v) = 0, cf. (1.2), is the incompressibility
condition. The Cahn-Hilliard equation is given by (1.4) and describes the process
of phase separation, i.e., it describes the process when the fluids separate in pure
phases. Equation (1.5) describes the chemical potential x and (1.3) is the mass
balance equation for the surfactant.

In Chapter 3 we prove existence of weak solutions for (1.1) - (1.5) together with the
initial and boundary conditions. To this end, we have to generalize methods used in
[ADG13], where the existence of weak solutions for the model without surfactants
was proven. In the first step of the existence result for weak solutions, we use a
semi-implicit time discretization and insert the additional terms dA%*v and §0:p.
For this time-discrete problem, we show existence of weak solutions by using the
Leray-Schauder principle. Then we construct piecewise linear interpolants, pass to
the limit N — oo and prove the existence of weak solutions for the time dependent
case and 0 > 0 by applying appropriate compactness results. Finally, we study the
case 0 — 0 and prove that every weak solution of the diffuse interface model satisfies
an energy estimate and is therefore thermodynamically consistent.

In Chapter 4 we study the sharp interface limit of (1.1) - (1.5) for the case of constant



density p via the method of formally matched asymptotic expansions and derive an
energy estimate. Moreover, we identify the relation between the sharp interface
model derived in [GLS14] and the sharp interface model which we recover from the
diffuse interface model (1.1) - (1.5) for constant density p. From this phase field
model we recover the following sharp interface model

Ov+v-Vv+Vp=div (27](“DV) in QO (1),

div(v) =0 in QO(t),

9i9(q) + Vg(q) - v = Ag in QV(t),
I — 209DV — ro( (@) = Vr (0("(@))  on T(0),
—V+v-rv=0 on I'(t),
arct(q) + ' (q)divpv — divr (Mr(q)Vrq) = [Vq - v]T on I'(¢),
VT=[gt=[v-v]T=0 on I'(t).

In these equations, Q®(¢) denotes the bulk phase of fluid i for i = 1,2. Moreover,
['(t) denotes the evolving interface between the two bulk phases and [-]* denotes the
jump of a quantity across the interface I'(¢) from bulk QM (¢) to Q®)(¢). Furthermore,
K is the mean curvature of I'(¢), i.e., the sum of the principal curvatures &;, and |S| is
the spectral norm of the Weingarten map dv. s, where v is the unit normal on I'(t)
pointing into phase 2. The local parametrization of I'(¢) is given by 4 and V = 9,y - v
is the normal velocity for the parametrization of the evolving hypersurface I'(¢). The
surface gradient and surface divergence on I'(t) are denoted by Vr and divp . Note
that the sharp interface model considered in [BP10] and [BPS05] is most similar
to the model which we recover from the diffuse interface model by the method of
formally matched asymptotic expansions, see also [GLS14].
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2 Mathematical Background

In this chapter we introduce the notation which we will use in the following and
present some useful results. To this end, we introduce several function spaces,
e.g. the Sobolev spaces, Besov spaces, Bessel potential spaces and Banach valued
Sobolev spaces, and cite some basic results and embedding properties for these spaces.
Moreover, we introduce the real interpolation method and state several results from
interpolation theory.

2.1 Notation

Let u : © — R? be a vector field, i.e., u(z) = (uy(x),...,uq(z)) for every z € €,
where QO C R? and d = 2,3. For such a vector field u we use a similar notation as
in [Soh01]. We define 0; := 0,, = é% for every j = 1,....,d and V := (0,,, ..., 0,,)".
Moreover, we define

divu:=V - -u:=0,u + ..+ 0y,uq € R,
Au:= (8 + ..+ 0 Ju= (Auy, ..., Aug)" € R?,
Vu = (Oy,ur) -y € R,
u®u = (yuy)l_; € R
and
u-Vu:=(u-Vu:= (0 ug + ... + udﬁmduk)zzl e R%.
For a suitable matrix field M : Q — R4 ie., M(z) = (M;;(x))¢

¢ =1, we define
div M := (0p, My + ... + 0, Mpa)i_, € RY,

i.e., div applies to the rows of M, which are in R?. In particular, this implies for
uRw

div(u ® w) = (0, (upw:) + ... + O, (upwa)) ey = Op, (wi1) + ... + 0y, (wgn),
where u, w : Q — R? are vector fields. This leads to

div(u ® pw) = 0, (pwiu) + ... + 0., (pwgu)
= (O, (pw1) + ... + O, (pwq)) u + pwi0y,u + ... + pwydy,u
= div(pw)u + pw - (Vu) (2.1)

for vector fields u, w : Q — R%.

The natural numbers without 0 are denoted by N and we define Ny := NU {0}. For
a Banach space X we denote its dual space by X’ and its duality product by

(', x)xr x = (2, x) = 2 (z)
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for every 2 € X’ and x € X. If H is a Hilbert space, its inner product is denoted
by (-,-)g or (-,-) if the space is obvious from the context. For R > 0 and xy € X,
Br(xg) or By (z0) denote the open ball around xg in X with radius R. If X compactly
embeds into Y, this is denoted by X «—— Y.

2.2 Functional Analysis

In this section we present some definitions and basic results from functional analysis,
which we will need to prove the existence results. For a normed vector space (X, ||-||),
we denote the strong convergence of a sequence (zg)reny € X to x € X by zp — z,
i.e., for every € > 0 there exists N € N such that ||z —z|| < e forall k > N. If a
sequence (xy)gen converges weakly to x € X, i.e., it holds 2'(xy) — 2/(z) for every
2’ € X', this is denoted by z;, — z in X. Now let X, Y be two Banach spaces. Then
LX,)Y):={A: X — Y : Aislinear and bounded} and £(X) := L(X,X). To
prove existence of weak solutions for (1.1) - (1.7), we will use a semi-implicit time
discretization for the equations. For the time-discrete problem, we will need to
solve linear elliptic equations of second order. Therefore, the first result we want to
remember is the Lax-Milgram theorem, which we will use to prove existence of weak
solutions for the elliptic operators. We use the version from [RR04a].

Theorem 2.1. (Lax-Milgram)
Let H be a Hilbert space and B : H x H — R be a bilinear mapping such that

i) |B(z,y)| < arllz]|allylla for allz,y € H,
ii) B(x, ) > co||z||3 forallx € H

for some constants ci,co > 0. Then for every f € H' there exists a unique y € H
such that

B(z,y) = f(x) for every x € H.

Moreover, there exists a constant C' > 0 independent of f such that

ylla < ClIf e

The proof can be found in [RR04a, Theorem 9.14]. As already mentioned, we will
discretize (1.1) - (1.7) with respect to the time-variable ¢. This time-discrete system
will be solved with the Leray-Schauder principle.

Theorem 2.2. (Leray-Schauder principle)
Let X be a Banach space over K and A : X — X a compact operator. Suppose that
there exists a number r > 0 such that if u is a solution of

u = tAu, ue X, 0<t<1,
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then it holds ||u||x < r. Then the equation
u = Au, u € X,

has a solution.

The proof can be found in [Zei95, Theorem 1.D.]. We proceed with another result
from functional analysis. Let (z1)ren be a sequence which converges weakly to z in
a Banach space X. Moreover, we assume that X embeds continously into another
Banach space Y. Then we can already conclude z; — z in Y by the following lemma.

Lemma 2.3. Let X,Y be Banach spaces, T € L(X;Y) and (x)ren € X such that
zr — x in X. Then it holds Txy, — Tz inY.

Proof. Let ¢y € Y’ be arbitrary. Since 7" € L(Y’; X), it holds
Y (Tar) = (T ) (xx) = (Ty')(x) = (Tx).
O

To get a parabolic PDE in the unknown ¢, we will need some definitions for monotone
operators. Therefore, we use the definition in [Zei90, Definition 25.2].

Definition 2.4. Let X be a real Banach space and A : X — X'. Then

i) A is called monotone iff

(Au— Av,u —v)x x >0 for all u,v € X.

i1) A is called strictly monotone iff

(Au— Av,u —v)xr x >0 for all u,v € X with uw # v

iii) A is called strongly monotone iff there is a constant C' > 0 such that

(Au— Av,u —v)xr x > Cllu —||% for all u,v € X.

In the existence proof of strong solutions for the model without surfactants we will
apply Theorem 5.8, which uses the terms subgradient and subdifferential. Therefore,
we introduce these terms here, where we use the definition in [Zei90, Definition 32.11].

Definition 2.5. Let X be a Banach space and f : X — [—o00,+o0]. The functional
u' € X' is called subgradient of f at the point wu, if it holds f(u) # oo and

f(0) = fu) + (W', v = u)xr x

holds for all v € X. The set of all subgradients of f at u is called the subdifferential
at u and is denoted by Of(u). If no subgradients exist, then we set df (u) = (. If it
holds f(u) = 400, then Of(u) = 0.
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2.3 Function Spaces

In this section we introduce the function spaces which we will use in this work and
present some results concerning these spaces. For the definition of these spaces,
basic knowledge about measure theory and the Lebesgue integral is needed. For
an introduction to measure theory, the construction of the Lebesgue integral and
essential properties of it we refer to the literature, e.g. [Els05] and [For09).

A domain € in R? with d > 1 is an open, non-empty and connected set 2 C R¢. For
a measurable set M C R? and 1 < p < oo we denote by LP(M) the usual space of
all measurable functions f : M — R such that || f||z»sr) < 0o, where

<A£ |f(x)|pdx)p if 1 <p< o0,
| fzeary :=

esssup|f(z)]| if p = oc.
zeM

If M = (a,b) is an interval in R we write LP(a,b). For a domain Q C R? we denote
by sz (Q) with £ € Ny and 1 < p < oo the usual LP-Sobolev space of order k. More
precisely it is defined as

WHEQ) .= {f € LP(Q) : 9°f € LF(Q) for every o € N¢ with |a| < k}

p

equipped with the norm

Hf||ka(Q) = Z ||a§f||LP(Q)7

|lal<k

where 0, f is the weak derivative of f with respect to x. The space of all p € C*°(Q)
with compact support in € is denoted by C3°(Q2) or D(2). Furthermore, we define

WEN(Q) = G (@) @, WokQ) = (WE (), Wk (Q) == (WE(Q)),

p p,0

where p’ is the dual Sobolev exponent to p, i.e., % + z% = 1. The definition of these
spaces can be found in many books, e.g. in [EvalO] and [AF03|. In these definitions
we always assumed k € Nj. But it is also possible to define Sobolev spaces for
non-integer k. These spaces are called Sobolev-Slobodeckij spaces. So let s > 0 and
s ¢ N such that s = |s] + 0 with |s] € Ny and 6 € (0,1). Then we define the

Sobolev-Slobodeckij space with order s in the same way as in [Tril0], i.e

We(Q) = {f e WE(Q) : |Ifllwge) < oo},

Da
1wz = 1l + 3 //' H = o

lal=Ls] \Q

3=
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Since we always consider the velocity field v to be divergence-free, i.e., div(v) = 0,
we define

R (0) = {p € CR(Q)": div(y) = 0},
L2(Q) = O, () 7@ ¢ 2.

Note that for simplicity we also write ||v||2(q) instead of ||v||z2q)a for v € L*(Q)%.
If Q CRY d > 2, is a bounded Lipschitz domain, then it holds

L2(Q) ={ve L’ () div(v) =0, n-vjq =0}, (2.2)
where n is the outer unit normal for 2 and n - vjgq is the generalized trace, i.e.,
1 1
n-vigo = (-, n- V)eq € W, 2(002) = W3 (092)',
where

We(09) = {f € L2(09) - |[fllwgom < ).

3=

|f(s1) — f(s2) [P
1/ llwgon) = | (111000 +/ |s1 — sg|d=1Hep dsydsy |

o0 00

for a € (0,1), cf. (3.6.8) in [SohO1, Chapter I, Section 3.6], and

LP(0Q) :=={f: 002 = R: fis measurable and || f||zra0) < 00},

P

[ fl|zron) = |f(s)|Pds |
/

cf. (3.4.4) in [Soh01, Chapter I, Section 3.4]. For more details and a proof of (2.2),
we refer to [Soh01, Chapter II, Lemma 2.5.3]. Furthermore, if @ C R? d > 2, is a
bounded Lipschitz domain, then we get the characterizations

Wi - cm@ e,
Wyo(Q) = {f € W,(Q) : fian = 0},

where flog := traof for f € W}(Q) and trapq : W, (Q) — W;j(@Q) is the trace
operator such that tranp = pjaq for all p € C* (). The existence of such a trace
operator directly follows from [Nec¢67, Chapter 2, Theorem 5.5 and Theorem 5.7],
also see [Soh01, Chapter II, Section 1.2]. The proofs for both characterizations can be
found in [Nec67, Chapter 2, Theorem 3.1 and Theorem 4.10] and in

[Leo09, Theorem 15.29], cf. [Soh01, Chapter II, Section 1.2].
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The Schwartz space S(R?), which is also called the space of all rapidly decreasing
smooth functions, is defined by

S(RY) :={p € C*(RY) : Va,B € N: sup|z®0Pp(z)| < oo}

zcRd

Its dual space is denoted by S'(R?) := (S(R?))" and is also called the space of
tempered distributions. Now, let s € R and 1 < p < oco. Then we define the Bessel
potential space HS(R?) as e.g. in [Abel2a] by

HyR?) :={f € S'(RY): (D,)"f € LP(RY)},
1£]

H5(R) -= ||<D$>Sf||LP(Rd)a

where (D,)*f = FU(€)f] for all f € S'(RY) and (€) := (1 + [¢[?)2. Here
f = F[f] and F~1[f] are the Fourier transform and the Fourier inverse for f € S'(R%).
For the definitions and basic results about Fourier transformation and tempered dis-
tributions, we refer to [Abel2a, Chapter 2]. If Q C R? is an non-empty open set in R?
such that there exists a continuous linear extension operator E : W3 (Q) — W (R?)
with Fujo = u for all uw € W3 (€2), then it holds H*(Q2) = W3 (Q) for all s > 0, where
H*(RY) := H5(R?), cf. [McLO00, Theorem 3.18].

For s € Rand 1 < p, ¢ < oo, we introduce the Besov spaces B;q(]Rd) and define them
analogously as in [Abel2a] by

B (RY) = {f € S'(RY) : |If]

Bs,(RY) < o0},
1

(Z 28jq||90j(Dx)f||%p(Rd)) if ¢ < oo,

Jj=0

[1£]

ng(Rd) —

sup2%||o;(Dz) 1] o mey if ¢ = o0,
Jj€No

where (p;)jen, € C5°(R?) is a partition of unity on R? such that supp(pg) C Ba(0),

supp(p;) € {§ € R?: 27971 < [¢] < 27+1} for j € Nand ¢;(D,) f = F~Hip;(§) F(€)].
Details about the construction of such a partition of unity can be found in [Abel2a,
Section 5.4]. From [Abel2a, Corollary 6.13] it follows H*(RY) = Bj,(R?) for all
s eR.

Since we study diffuse interface models for a bounded domain © C R? with d = 2, 3,
we need some restriction of the previous definitions for Besov spaces and Bessel
potential spaces on the domain €. To this end, let Q C R? d = 2,3, be a bounded
domain with C%!-boundary, s > 0 and 1 < p,q < co. Then we define as in [Tril0]
and [Tri92]

B (Q):={f €D'(Q): Ig € B (R’ with go = f}
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equipped with the norm

1 f1Bs, )

inf  ||g]

Bs (Rd) .
Bf?q(Rd):mQ:f pa

Analogously we define

H:(Q) :={f € D'(Q): Jg € HI(R?) with g0 = [},

= inf
2 geH;md),g.Q:f‘ 91

Hg(Rd)-

From these definitions for the Bessel potential spaces and Besov spaces restricted to
Q) together with H*(RY) = B3,(R?) for all s € R, it directly follows H*(Q) = Bs,(Q2)
for all s > 0.

Now that we have introduced all these spaces, we are also interested in how Sobolev
spaces, Sobolev-Slobodeckij spaces, Besov spaces and Bessel potential spaces are
related. First of all we note that for p = ¢ = oo and s > 0 we have the Hdélder-
Zyegmund spaces C¢(R?) := B3 __(R?), where C¢(R?) = C*(R?) in the case of
0 < s < 1, cf. [Abel2a, Theorem 6.1 and Remark 6.4.1]. Moreover, we use the
identity

p

RS = {H;(Rd), if s € Np,
B (RY), ifs>0ands¢ Ny

from [Tri78, Section 2.3]. Furthermore, it holds
B;,min(p72) (R ) C HS(Rd) C B; max(p,2) (Rd)7 (23)
which implies in the case p = 2

B3, (RY) = H3(R) (2.4)

for every s € R, cf. [BL76, Theorem 6.4.4], [Abel2a, Corollary 6.13] or [Tri78,
Section 2.3.3].

For a Banach space X and a measurable set M C R¢, we define the Banach space-
valued LP-functions as in [Yos74]. We denote by LP(M; X) the set of all strongly
measurable functions f : M — X, which are p-integrable, i.e., ||f||Lr(vx) < 00,
where

J11f(x |pda:) if1<p<oo,
e ey = [ O x]|zeany = (M ,
esssAleHf )| |x if p = oo.
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If M = (a,b) is an interval in R, then we write L?(a, b; X). The space Lj ([0, 00); X)
is defined as the set of all measurable functions f such that f € LP(0,7; X) for all
T > 0. Moreover, we denote by

LP, ([0,00); X) :={f : [0,00) = X strongly measurable : [|f]

AW ez,

uloc

LP,  (]0,00);X) < 00}7

uloc

([0,00);X) = SUP||f||LP(t,t+1;X)~
>0

For T' < oo, we define L?, ([0,T); X) := L*(0,T; X). For an open set Q C R?, the

LP-Sobolev space of order k£ € Ny and values in X is defined as
Wr(sX) o= {f € LP(Q; X) : 05f € LP(; X) for every a € Nj with |a] < k}

equipped with the norm

£l lwk ) == <|Z<k||8af||1;pﬂx> if 1 <p <oo,
Wp Q:X) -— a

max] [0 fl] @) itp = oo,

where 09 f has to be understood in the sense of distributions with values in X.

Moreover, we define for k£ € N
CP X)) :={f:Q— X: fisk-times continuously differentiable},
C*(Q; X) :={f € C*(Q; X) : 9°f has continuous extension on € for all |a| < k},
CHQ; X) :={f € C*(Q; X) : 9*f are bounded for all |o| < &},

where we equip CF(€; X) with the norm

1/ ler@ix) = max sup||9F f(2)]|x.
lal< z€Q

Moreover, we define
Co(4X) = [ CHY X), C®(Q;X) =) CHQ; X),
keN keN
CR (% X) =) CHO: X).

keN
For a € (0, 1] we denote by C%*(2; X) the Holder continuous functions defined by

Co’a(ﬁ; X):={f¢€ CI?(QS X): HfHCOva(ﬁ;X) < oo},
1£() = F@)llx

|z — y|*

[ llcoe@.x) = Hf”cg(ﬁ;X) + sup
z,yeN,x#y
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Note that for a € (0,1) we also write C%(Q; X). For a = 1 we get the set of all
Lipschitz continuous functions. For the special case X = R, one can show that
CF(Q; X) and C%*(Q; X) are complete and therefore Banach spaces. The proofs can
be found in [Alt06, Section 1.5 and Section 1.6]. More details about integration and
differentiation of functions with values in Banach spaces can be found in [Ruz04] and
[Yos74].

Now let I =[0,7] for 0 < T < oo or I = [0,00) for T'= co. Then

BC(I; X) = CY(I; X),
BUC(I;X) :={f € BC(I;X): f is uniformly continuous}

are the Banach spaces of all bounded and continuous functions f : I — X and its
subspace of all bounded and uniformly continuous functions.

2.4 Basic Results about Sobolev Spaces

In this section we collect some results about the spaces we have already introduced.
We start with the generalized Holder’s inequality.

Theorem 2.6. (Generalized Hélder’s inequality)

Let (0, A, ) be a measure space, 1 < p1,....,pr < 00 and q € [1,00] such that
pil + ...+ pik = %, where é := 0. Moreover, let u; € LP(Q) for i =1,....k. Then it
holds

k
< H |[wil] ri (o)

La(Q2) =1

k
[l
i=1

The proof can be found in most books about functional analysis, e.g. in [Alt06,
Lemma 1.16] and for the case k = 2 in [Els05, Chapter 6, Theorem 1.5], where
the case for k > 2 follows by induction. In the analysis for the existence of weak
solutions of (1.1) - (1.5), we often have estimates for the derivatives of a function u
in the L?(Q)-norm together with estimates for its mean value. Then we can use the
following result to estimate u in the H'-norm.

Theorem 2.7. (Poincaré inequality with mean value)
Let Q C R? be a bounded domain with C'-boundary. Then there exists a constant
C > 0 such that

=1

d
ullz2) < C | D 1100, ullz2(@) + /u(x)dx
Q

for all u € H'(Q).
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For a proof we refer to (1.21) in [Nec67, Chapter 1]. Next we present two results
about convergence in LP-spaces and pointwise convergence.

Theorem 2.8. Let (M, ) be a measure space, 1 < p < oo and fr, — f in LP(M, )
as k — oo. Then there exists a subsequence (fi,)jen such that fi (x) — f(z) a.e.
as j — oQ.

The proof of this theorem can be found in [Alt06, Lemma 1.20].

Theorem 2.9. Let (M, ) be a measure space, 1 < p < oo and (fr)ren € LP(M, p)
be a bounded sequence such that fi(x) — f(z) a.e. as k — co. Then it holds fr, — f
in LY(M, ) for all1 < q <p and k — oo.

This statement follows from [Els05, Corollary 5.5]. In the proofs for the existence
results, we often have to estimate terms like n(p), m(p, q), m(v), p(v), f(g) and
so on. Hence, we need to know in which LP-spaces these compositions are bounded
and if these compositions are continuous in the sense that f(uy) — f(u) in a certain
Li-space if it holds up — w in an appropriate LP-space. This question is answered
by the next theorem.

Theorem 2.10. Letu: G CRY - R” and f : G x R* = R, where G C R? is an
arbitrary domain. Moreover, we assume that f satisfies

i) Carathéodory-Condition:
fGn) x— f(z,n) is measureable on G for all n € R",

flz,) :m— f(z,n) is continuous on R™ for almost every x € G.

it) Growth condition:

Py
q

[f(@.n) < la(z)[+b> |1
i=1
for a constant b >0, a € LY(G), 1 <pj,g< oo andi=1,...,n.

Then the Nemyckii-operator F': [ LP/(G) — LU(G) defined by
i=1

(Fu)(z) := f(z,u(z)) for allu € H LPY(G)

1s continuous and bounded. Furthermore, there exists a constant ¢ > 0 such that

n o
| Fullpee) < c (||a||Lq(G) +> ||UZ||Lqp¢(G)>
=1

for all u € ] LP(G).

=1



2.4 Basic Results about Sobolev Spaces 19

The proof of this theorem can be found in [Ruz04, Chapter 3, Lemma 1.19]. Moreover,
we also want to estimate compositions of a continuous function and a LP-function in
an appropriate Sobolev space W"(€2). To this end, we need a characterization for
terms of the form 0, F'(u) in D'(Q).

Lemma 2.11. Let Q@ C R? be a bounded Lipschitz domain, F € CY(R) and
ue WiQ), 1 <p < oo Moreover, let (ug)ren S C®(Q) be a sequence with
u, — w in Wy (Q) such that (F(ug))ken and (F'(ur,))wen are bounded in L™(Q), where
1 <r < oo satisfies % + zla < 1. Then we can conclude

Oy, F(u) = F'(u)0,,u in D'(Q) forallj=1,....d.

Proof. Due to Theorem 2.8 there exists a suitable subsequence of (uy)gen, which we
denote by (ug)ken again, such that

ug(x) = u(x) a.e. in €.

Thus it holds F(ug(z)) — F(u(x)) a.e. in Q. Since (F(uy))ren and (F’(uy))ren are
bounded in L"(2) by assumption for 1 < r < oo with % + % < 1, Theorem 2.9 yields

F(uy) = F(u) and F'(uy) — F'(u) in LY(Q) for all 1 < g < 7.

Altogether we can conclude

(O, F(u), 1) = — /F(u)axjwdx = —]}LIrOlO/F(uk)axj@Ddx
Q

Q

= lim [ O, F(ux)vds = klim F'(ug) Oy, up) dac
—00

k—o0
Q Q
= /F’(u)@mjuwdx = (F'(u)0y,u, 1)
)
for every ¢ € C5°(12). O

For the proof that the term 1f(q)W(¢) + g(q) satisfies the initial condition
2 f(q0)W (o) + g(qo) we use the following lemma.

Lemma 2.12. Let (ug)ren C C([0,T]; H1(Q)) be a sequence such that uy, — u in
C([0,T); HY(Q)) for k — oo. Then it holds u(0) — u(0) in H1().

Proof. Let ¢ € Hy () = H'(Q)". Then we define F,, € C([0,T]; H'(2)) by

(Fpyupvrv = <u(0)790>H*1(Q),H3(Q)
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for all w € V := C([0,T); H (). Since u; — u in C([0,T]; H () we can
conclude

<Uk(0)790>H*1(Q),H3(Q) = <Fw7uk>V’,V—> <F¢,u>w,v = <u(0)>90>H*1(Q),Hé(Q)
for all p € Hj(9). O

For Banach space-valued LP-spaces we use the following theorem to identify its dual
spaces.

Theorem 2.13. Let X be a reflexive and separable Banach space, S an interval in R
and 1 < p < oo. Then for every f € (LP(S; X))’ there exists a unique representation
of the form

fu) = /(v(s),u(s»xgxds for allu € LP(S; X),

S

where it holds v € LP(S;X') with }D—I—I% = 1. The assignment f — v for
f e (LP(S; X)) is linear and it holds

1l czeesxy = vl sixn-

The proof of this theorem can be found in [GGZ74, Chapter IV, Section 1,
Theorem 1.14].

The next result will be helpful to get estimates for the velocity field v.

Theorem 2.14. (Korn’s inequality)
Let Q@ C R? be a bounded and connected domain with C*-boundary 0 and
gij(u) = %(@uj + O0ju;). Then there exist constants cg,c1,c2, which depend on €2,

such that
Q/

for allu € H}(Q)? and

d
/Z leij(u)Ide+cl/]u]2dx 202/|Du]2dx
)

=1 Q Q
for allu e H'(Q)%.

d
S feg(w) Pds > ¢, / (lu]? + | Dul?) de

2,7=1 Q

For a proof of this theorem we refer to [Zei88, Theorem 62.F]. If 02 is a smooth
boundary, the proof can be found in [EGKO08, Theorem 6.14]. For the general case
1 <p<ooandue W, Q)% we refer to [Rou05, Theorem 1.33].
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2.5 Embedding Results

Up to this point we have introduced several function spaces like Sobolev spaces,
Besov spaces and Bessel potential spaces. Now we are interested in how these spaces
are related and which conditions have to be satisfied such that a certain function
space embeds into another function space. In the first result of this section, we study
this question in the case of Sobolev spaces.

Note that most results on Sobolev spaces, Bessel potential spaces, Besov spaces and
interpolation theory are only stated for the case @ = R?. But if Q2 is a bounded
domain in R? with C%!-boundary, then there exists a bounded and linear extension
operator Eq : W"(Q) — W' (R?) for all m € N and 1 < p < oo, which satisfies
Eofio = f for all f € W(Q), cf. [Ste70, Chapter VI, Section 3.2]. Moreover, this
operator extends to Fq : H*(Q) — H*(RY). Hence, all results are also valid for a
bounded domain © C R? with C%!-boundary.

Theorem 2.15. (Sobolev embedding theorem)
Let Q C R? be a bounded domain with C*-boundary, k,m € N such that k < m and
1<p<oo,1<qg<oo,a€(0,1). Then it holds

W (Q) — WFQ)

if m — % >k — % with continuous embedding and

WH(Q) — C™(Q)

p

if m— ;—f > k + a with continuous embedding.

The first embedding result can be found in [Tri78, Section 4.6.1]. Both embeddings
follow inductively from [Eval0, Section 5.6, Theorem 6|. Note that this theorem is
also true for Banach-valued functions. Furthermore, we want to know under which
conditions the Sobolev embeddings are compact. Here we obtain the following theo-
rem.

Theorem 2.16. (Compact Sobolev embedding theorem,)

Let Q C R? be a bounded domain with C*-boundary, m,k € Ny such that k < m and
1 <p,q<oo. Ifit holds m — % >k — g, then the embedding W"(Q) C€ WF(Q) is
compact.

This compactness result follows from the Rellich-Kondrachov compactness theorem,
cf. [Eval0, Section 5.7, Theorem 1]. Moreover, we are also interested under which
assumptions the multiplication of two Sobolev functions respectively the composition
of a continuous function with a Sobolev function is a Sobolev function again and in
which Sobolev spaces the product respectively composition is bounded. Therefore,
we present the following theorems.
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Theorem 2.17. (Multiplication of Sobolev functions)

Let Q C R be a bounded domain with C*-boundary, m € Ny, and 1 < p,q,r < o0

such that r < min(p,q) and 2m — ;—f — ‘é >m — %. Then there exists a constant C' > 0

such that fg € W(Q) and

fgllwme) < Cllfllwm@llgllwy @

forall f € WN(Q), g € W(Q).

For a proof of this theorem, we refer to [RS96, Theorem 4.5.2], where we need to
choose s; = s; = m and where we need to use the identity F,(R?) = W;3(R?) for
1 <p<ooandseNy,cf. (1.4) in [Tri06]. Here we denote by F? (R?) the Triebel-
Lizorkin spaces , where 0 < p < 00, 0 < ¢ < o0 and s € R. For a definition of these
spaces, we also refer to [RS96]. For the composition of a continuous function with a
Sobolev function we have:

Theorem 2.18. (Composition with Sobolev functions)

Let Q C R? be a bounded domain with C*-boundary, m, N € N and 1 < p < oo such
that m — % > 0. Then for all f € C™(RY) and every R > 0 there erists a constant
C > 0 such that for all w € W ( Q)N with ||ul|lwm@y < R, it holds f(u) € W (Q)
and || f ()] lwyp @) < C.

Moreover, if f € C™YRY), then for all R > 0 there exists a constant L > 0 such
that

() = fFW)llwp@) < Llla = vllwp@p
for all u,v e W( )N with [al[wm @~ [IV][wm @y < R

Proof. The first part follows from [RS96, Chapter 5, Theorem 1 and Lemmal. For
the second part, let u,v € W,*(Q2)" be given with [al[wm @~ [[VIwm @y < R.

Then we define G(u(z),v(z)) := fo(tu(x) + (1 —t)v(x)dt. Hence, it holds
0

fla(z)) = f(v(z)) = G(u(z), v(z)) - (u(z) = v(2)),

where G € C™(RY x RY) for f € C™™(RY). Thus the first part of this theorem
yields the existence of a constant C' > 0 such that [|G(u, v)|lwm@ < C. Therefore,
we can apply the estimate in Theorem 2.17, which shows the statment. O

For negative s and k € N, we already introduced the notation (W;(Q))" := Wp_,fé(Q),

where %4—1% = 1. For Bessel potential spaces and Besov spaces we have the following
result.
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Lemma 2.19. If 1 < p < oo we have (H3(R?)) = H_,*(R?) for s € R. If, in
addition, 1 < q < oo, we also have (Bj,(R?)) = B_* (R?) for s € R.

This statement is proven in [BL76, Corollary 6.2.8]. In particular this implies for
s € Z the identity W3 (R?) = H3(R?) and therefore

(W, (RY)" = (Hy(RY)) = H,*(R) = W, *(R7).

Furthermore, we are also interested in which other spaces Besov and Bessel potential
spaces embed. A useful result is the following theorem.

Theorem 2.20. Assume s, s1, S2, S3 € R such that 3—% = 51 —pil. Then the following
embeddings hold

B (RY) C Bt (RY), fl<p<p <oo, 1<qg<q <oo,
B3 (RY) C B2(R?), if 1 <p,q< o0, sp< 83,
H:(RY) C H:(RY), if1<p<p <oo, s,s €R.

The proof can be found in [BL76, Theorem 6.2.4] and [BL76, Theorem 6.5.1].

At the beginning of this chapter we introduced Banach space-valued Sobolev spaces.
Thus we are also interested in embedding results for these spaces.

Lemma 2.21. Let 0 < T < oo and (V,H,V') be a Gelfand triple, i.e., V,H are
separable and real Hilbert spaces such that there is a continuous embedding v : V — H
with i(V) = H. Then it holds

L*(0,T; V)N W3 (0,T; V") C C([0,T); H)

with continuous embedding. Furthermore for all f € L*(0,T;V)NW3(0,T;V") and
0<s<t<T it holds

t

SO = [, f@hvwdr + 51

S

For the proof we refer to [Rou05, Lemma 7.3]. Analogously to the real-valued case,
we want to know under which assumptions a Banach space-valued Sobolev space
embeds into a continuous Banach space-valued function space. Here we have the
following result.

Lemma 2.22. Let X be a Banach space over K=R or K=C, 1 <p< oo, k€N
and 0 <T < oo. Then it holds

WE((0,T); X) € C*([0, T]; X)
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with continuous embedding. Moreover, it holds
t
u(t) = u(s) + /8Tu(7)d7' in X forall0 <s,t<T

for allu € W) (0,T; X).

This lemma is proven in [Rou05, Theorem 7.1].

Lemma 2.23. Let X,Y be two Banach spaces such that Y — X and
X' = Y densely. Then L>(I;Y)NBUC(I; X) — BCy(I;Y), where I = [0,T] with
0<T <o0orl=]0,00).

For a proof we refer to [Abe09a]. The following lemma is not an embedding result.
But since its proof is based on the embedding in Lemma 2.22 we also state it in this
section. In the proof of the existence of weak solutions for a diffuse interface model
with soluble surfactants in two-phase flows, we use a semi-implicit time discretization
and then construct interpolant functions for the time-dependent case. Hence, we need
to estimate terms of the form fi(t + h) — fi(¢) and show that its norm converges to
0 in a certain Banach space as h converges to 0. More precisely, we get the following
lemma.

Lemma 2.24. Let B be a Banach space and (fi)ren C W, (0,T;B) such that
(O fx)ken € LP(0,T; B) is a bounded sequence. Then there exists a constant C > 0
such that

sup [[felt +h) — fult)lls < ChY

t€[0,T—h|
for all k € N, where p and p' satisfy Il) + z% = 1.

Proof. Since (Oyfx)ren C LP(0,T; B) is bounded, there exists a constant C' > 0 such
that ||0;fe||rr0,r;) < C for all k € N. Moreover, it holds

fe(t+h) = fi(t) = / O, fu(T)dT in B

for all t € [0, T — h| according to Lemma 2.22. Therefore, we can conclude

t+h t+h % t+h ﬁ
Ilfk<t+h>—fk<t>||Bs/||affk<f>||3dfs /Ilank(T)ll%dT /1P’d7
t t

t
< Chv.

Taking the supremum over all ¢t € [0,7" — h] yields the statement. O



2.6 Real Interpolation 25

2.6 Real Interpolation

In this section we give a short introduction in interpolation theory based on [Abel6],
[Lun09] and [BL76]. Roughly speaking interpolation theory is the study and con-
struction of Banach spaces X, which are “between” two Banach spaces Xy and X;
in such a way that every linear operator 7', which is bounded on X, and Xj, is also
bounded on X. To this end, we need some definitions that constrain which Banach
spaces X, and X; we will bring together.

Let X, and X; be two Banach spaces. Then the pair (X, X7) is called compatible
or admissible, if there is a Hausdorff topological vector space Z such that Xy and X;
continuously embed in Z. We also call (X, X;) an interpolation couple.

Let (Xo, X1) be a compatible pair of Banach spaces. Then X, N X; and Xy + X
normed by

||| xonxy 7= max{]fa|]xy [|2]]x, },

l[7]| xo1x, = _inf ([lzollxo + [lz1]|x,)
T=x0+21,
z9€X(p,x1€Xq

are Banach spaces.

Let (Xo, X;) and (Yp, Y1) be two admissible pairs of Banach spaces and let X,Y be

Banach spaces. We call X intermediate space with respect to (Xg, X1), if it holds
X()ﬂXl ‘—>X‘—>X0+X1

with continuous embeddings. Moreover, X and Y are called interpolation spaces with
respect to (Xo, X7) and (Yp, Y1) if X and Y are intermediate spaces with respect to
(Xo, X1) and (Yp, Y1) respectively, and if

Te ‘C<Xj7}/})v J=0,1 = ﬂX € ‘C(va)

for all T': Xy + X7 — Yy + Y] linear. X is called interpolation space with respect to
(Xo, X1) if the previous conditions hold with X =Y and (Xy, X;) = (Yo, Y1).

There exist several kind of interpolation spaces, e.g. the real and the complex inter-
polation spaces. In this work we will only use the real interpolation spaces which are
defined by the following.

Definition 2.25. Let (X,Y) be a real or complex interpolation couple. For 6 € (0,1)
and 1 < p < oo we define the real interpolation space

(Xo, X1)p, = {w € Xo+ X1 : tes 0K (t, 2, Xo, X1) € LP(0, oo)},
equipped with the norm
HiUH(Xo,Xl)e,p = HFGK(@JK,Xo,Xl)HL’:(o,oo) Jor all x € (X07X1>9,p7
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where
Kt X0, X)i= it (lally, + 1]l
and LP(0,00) is the Lebesque space LP with respect to the measure %, i.e., LP(T)

15 the space of the real or complexr valued LP-functions in I, where I is an interval
contained in (0,00) and 1 < p < oo, equipped with the norm

<f!f I’””) if p < o0,

esssuplf(t)]  if p=oo.
tel

HOR

It can be shown that (Xo, X1)p, is an intermediate space with respect to (X, X7)
for every 6 € (0,1), 1 < p < oo. It can even be verified that it holds

XO ﬂXl — (X07X1>97p1 — (X07X1)97p2 — X +Y

for all # € (0,1) and 1 < p; < py < co. It remains to show that it is an interpolation
space. This is shown in the next theorem.

Theorem 2.26. Let (Xo,X;1) and (Yy,Y1) be interpolation couples and
T € L(Xo,Yo) N L(X1,Y1). Then it holds T € L((Xo, X1)op, (Yo, Y1)sp) for every
6 € (0,1) and 1 < p < oo. Moreover, it holds

HTHL:((XOqu)Q,p,(YO,Yl Jop = ||T||L (Xo0,Yo) HTH%(Xl,Yl)'

For a proof of this theorem, cf. [Lun09, Theorem 1.6]. Due to the next result we
can estimate the norm of a real interpolation space by the norms of the spaces of its
interpolation couple.

Lemma 2.27. Let (Xo,X1) be an interpolation couple of Banach spaces. For
0<60<1andl<p<oo thereis a constant c(0,p) > 0 such that

lellxo.x0)0, < (0, Pl llullk, (2.5)

for all u € Xy N X;.

For a proof of this lemma, cf. [Lun09, Corollary 1.7]. The definition of real interpo-
lation spaces is quite abstract and it is not obvious how the interpolation spaces look
like. In the case that the interpolation couple consists of two Besov spaces or of two
Bessel potential spaces, we can identify the interpolation spaces due to the following
theorem.
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Theorem 2.28. Let sg #s1 € R, 0< 0 <1 and 1 < qy,q1 < 0o. Then for every
1 < g < oo we have
(Byao(R?), By, (RY))g,g = By, (RY).

Pqo pa1

Moreover, we have
(H*(RY), Hy'(RY)), = By, (RY)

for any 1 <p,q < oo, where s = (1 — 0)sg + Os;.

The proof can be found in [BL76, Theorem 6.2.4 and Theorem 6.4.5]. The following
lemma yields another important result that helps us to identify real interpolation
spaces in the case that the interpolation couple consists of two LP-spaces.

Lemma 2.29. Let (2, 1) be a o-finite measure space and 1 < qo < g < q1 < 00 and
0 <60 <1 such that % = 1(1;00 + (%. Then it holds

(L2(), L (2))o.g = L(2).

For a proof, cf. [Lun09, Example 1.27].

Theorem 2.30. Let Xy, X; be Banach spaces such that X, — Xy densely. Then
foralll <p< oo

Xy =W, (0,T;Xo) N LP(0,T; X,) — BUC(0, T (XO,Xl)k%’p)
continuously. Moreover, for the trace map
v X — X, u +— u(0)
it holds
v X = (X07X1)1—%7p‘

The proof of this result can be found in [Ama95, Chapter III, Theorem 4.10.2]. The
next lemma is not a result from interpolation theory. But it will be important for
proving an embedding result based on the previous results in interpolation theory.

Lemma 2.31. Let X, Xy, X1 be Banach spaces such that Xo N X, C X and
lzllx < M|zl [l
for all x € XoN Xy, where 6 € [0,1] and M > 0. Then it holds

1 l1ze,rix) < MIFI oo 0,030 1 12w 0730 (2.6)

for all f € LP(0,T;Xo) N LP(0,T;Xy), where 1 < p,po,p1 < 00 such that
_ 10", 0

1 b
p Po p1°
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Proof. Due to the generalized Holder’s inequality, cf. Theorem 2.6, it holds

1 Fallsr0) < 71,y o 31,3
for all f € L%(O,T) and g € L's (0,T), where % = 1p;09 + p%. Applying this estimate
to ||z]|x < M||=||\.’|||/%, yields the statement. O

With the previous results we can conclude the following embedding theorem.

Theorem 2.32. Let (0, 1) be a o-finite measure space, 1 < gy < ¢ < q1 < 00 and
6 € (0,1) such that i =1=f 4 q%. Then it holds

q0

LP0(0,T; L©(Q)) N L (0, T; L () — LP(0, T; LY(Q)), (2.7)

-0, 0
whereézlpfo—kp—l and 1 < py,p1 < 0.

Proof. From Lemma 2.29 it follows
LA(€) = (L®(%2), LT (2))o.q-
Thus Lemma 2.27 yields

111 zae) < (O DIF I o 11| %r @)

for a constant ¢(6, q) > 0. Applying Lemma 2.31 to this estimate yields the statement.
O

2.7 Compactness Results

In the model (1.1) - (1.5) we have terms like f(¢q) and m(¢p, q). In the existence proof
for weak solutions we will study linear interpolants (v, o™ u¥ ¢V) with N € N
and we will pass to the limit N — oo. Hence, we want to have ¢ (t,z) — q(t, z)
and N (t,x) = (t,z) a.e. in (0,T) x Q for some ¢, ¢, which we will specify later.
Therefore, we want to show ¢ — ¢ and ¢ — ¢ in appropriate Banach spaces. To
this end, we will need the following compactness results.

Theorem 2.33. (Aubin-Lions)

Let Xy, X,X, be some Banach spaces such that Xo —— X <= Xj.
Moreover, let 1 < ¢q < o0, 1 < p < oo and Xy, X1 be reflexive and
W = {ue LP(0,T; Xo)| & € LU0, T;X1)} with 0 < T < oo. Then it holds
W C LP(0,T; X) with compact embedding.
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The proof for ¢ > 1 can be found in [Lio69]. If ¢ = 1, cf. [Sim87].

Due to the Aubin-Lions lemma we will be able to prove the strong convergence of
o and vV in appropriate Banach spaces since the equations provide estimates for
OvYN and 9,0 . For ¢V we only have estimates for 9;(f(¢™ )W (o) + g(¢"). Hence,
we will not use the Aubin-Lions lemma to prove compactness but a result by Simon.

Theorem 2.34. Let X C B C Y with compact imbedding X — B, where X, B and
Y are Banach spaces. Furthermore, let 1 < p < oo and

i) F is bounded in LP(0,T;X),
i) ||mnf — fller(or—nyy = 0 as h — 0, uniformly for f € F,

where (tp,f)(t) := f(t + h) for h > 0. Then F is relatively compact in L*(0,T; B)
(and in C(0,T;B) if p = 00).

The proof of this theorem can be found in [Sim87, Theorem 5]. When we prove com-
pactness of (¢") e in L2(0,T; L3(£2)), we show that (¢"V) ey fulfills the assumptions
of Theorem 2.34. For the proof of condition ii) we use the following result.

Lemma 2.35. Let t = mh for m € N and h = % for N € N. Moreover, let
H be a Hilbert space and let (u™)nen be step functions defined by u™(t) = uy for
t € [(k—1)h,kh), k € Ny, where it holds (ug)ren, € H. If

/ Nt +s),uN(t))dt < Cw(s)

for s > 0 which are multiple of h, then this inequality holds for any real s > 0. Here
w 1s a concave function and e : H x H — R is continuous.

For a proof of this lemma, we refer to [Alt12, Lemma 9.1]
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3 Existence of Weak Solutions for a Diffuse Inter-
face Model with Soluble Surfactants

In this chapter we prove the existence of weak solutions for the surfactant model
(1.1) - (1.5). To this end, this chapter is divided into four parts. In the first part,
we do some formal calculations since we want to derive some assumptions on the
functions g, h, f and so on. In particular, we want to derive some growth conditions
which we will need for the analysis. Moreover, we want that the weak solutions
satisfy an energy estimate and therefore we study under which assumptions we are
able to get such an estimate.

In the second part of this chapter, we use a semi-implicit time discretization for the
system of partial differential equations and add the terms dA?v and §0,p so that
we can conclude v € L2(0,T; H*(Q)4) and dyp € L*(0,T; L*(9)) in the case § > 0.
We solve this time-discrete problem by applying the Leray-Schauder principle on
appropriate operators and show that the time-discrete weak solutions satisfy a time-
discrete version of the energy estimate.

In the third section of this chapter, we construct interpolant functions with the
help of the time-discrete weak solutions and pass to the limit N — oco. We show
compactness for vV, oV and ¢" in appropriate Banach spaces and the convergence
to the initial values. Moreover, we show that these interpolant functions converge to
a weak solution of the system of partial differential equations (1.1) - (1.5) with the
additional terms 6A?v and 59, and that they satisfy an energy estimate.

In the final part of this chapter, we pass to the limit for 6 — 0 and show that the
weak solutions from the third section, which depend on § > 0, converge to a weak
solution of (1.1) - (1.5) which satisfies the initial and boundary conditions together
with an energy estimate.

3.1 Preliminary Results

In this section we assume that all functions are smooth enough, i.e., all appearing
derivatives exist and are continuous. Thus the following calculations are just formal,
but they give us a first idea in which function spaces the solutions will be bounded.
Moreover, we can not expect that there will exist solutions for any arbitrary choice of
f,h, g, W, m,m and so on. Therefore we will derive some assumptions for f, h, g, W
and so on such that there holds an energy estimate. Hence, we will be able to derive
boundedness of the solutions in certain function spaces. But note that all calculations
in this section are just formal since we assume that the solutions are smooth.

But before we proceed with deriving the energy estimate and the assumptions for
the functions, we first of all need to reformulate the system (1.1) - (1.5) since the
reformulated equations have some advantages for the analysis in contrast to the
original problem. From the definitions of J and R together with (1.4) we obtain the
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continuity equation

dp

dip(p) +v - Vp(p) = g—Z(SO)atso +v- ((%(@Vsa) = %(w)@’s&
= S2)iv((e) V)
o (Op(e) Ople)
= —div (W(—m(@vﬂ)) “Vap (m()V)
— —div] + R. (3.1)

In Section 3.2 and Section 3.3 we use this as the definition of R, i.e., we use
R =0,p(¢) + v - Vp(p) + div]. (3.2)

Hence, we will need some estimate for 0,p. Therefore, we will add the term 60;p
in one of the equations. In the next step we reformulate equation (1.1). For the
right-hand side of (1.1) we can calculate

div(—eVp @ Vo) = —£ (04, (0,0V @) + ... + 02, (00,0V ¥))

= _583718951 (,OVQO - 50&61 (108961 (VQO) e T gardawd<pv90 - gawd(pamd(VQO)
1
= —§V(EIV90|2) —eApVep
1 h(q ,
= VD) + (u - Maly, (w)) Ve, (33)

where we used (1.5) to replace Ay in the last step. Thus we can use this equation
on the right-hand side of (1.1) and get the equivalent equation

A, (pv)+div(v @ (pv + J)) + Vp — div(2n(¢)Dv) — —

— 5 9ETeP + (- ")) v in Qr.

But equation (1.1) can also be reformulated in another way. To this end, we use (3.2)
and get

A (pv) +divive pv + v e J) — R% = 9y(pv) + div(v® pv + v ® J)
— (Byp + div(pv) 4 divI)v + R%
= pOv + (pv +J) - Vv + Re.

2

In the last step we used (2.1) together with the fact that v is a divergence-free vector
field, i.e., div v = 0 and div(pv) = v - Vp. Hence, (1.1) can equivalently be written
as

~ R
pov + (pv +J) - Vv + Vp — div(2n(e) Dv) + TV =div(—eVe ® Vy) in Qr.
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3.1.1 Formal Derivation of the Energy Inequality
Multiplying equation (1.1) with v and integrating over the domain {2 yields

0 :/8tplv\2 + poyv - vdr + /((j V)V + (div J)v) - vdz + /2n(g0)\Dv\2dx
Q Q Q

2 . 2 2
- /@p“;’ + (v-Volvl + (div J)|V—|dx —|—/div(pv®v) -vdx
Q

2 2
+/ (—u + @W@)) V- vdz,

Q

where we used (3.2) for R. Reordering the terms yields

1 1 = =
0= / éatp|v|2 + §p(9t|v|2dx +/ ((div J)g +(J- V)V) -vdr + /2n(<p)|Dv[2dx
Q Q Q

—|—/ (div(pv@v) —(Vp- v)g) -vdr —|—/ (—u—i— @W'(@)) Vo - vdz.

Q Q
Since it holds
Y (3 o (zIVP _
/ ((le J)E + (J : V) v) -vdr = /le (JT) dr =0
Q Q
and
/ <div(v ®pv)—(Vp- v)%) cvdr = / <div(v ® pv) — div(pv)§> . vdr

Q Q
[v[?

_ / (div<pv>|v\2 +(pv-VV) v — div(pv)T) da

Q

= / (cuv(pv)|v|2 +pv-V (g) — div(pv)%) dx

2
= /div (pv%) dr =0,
Q

we can simplify the previous equation to

d [1 h
=213 (plv]?) dz + /277(<p)|Dv|2dx +/ (—,u + gW’(w)) V- vdz.
Q Q 0

0
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Multiplying (1.3) with ¢, (1.4) with g and (1.5) with (—0,¢) and integrating over the
domain € yields

0—/ Lp@W(e) (B +v - Vo) qdu + - /f (@aW'(¢) (Dp +v - V) da

+/g’(q)q(8tq+V-Vq) dx+/m(so,q)!VCJ\2dx,

Q

0= [owents+ [(v-Vends+ [ i) Vupds,
Q Q Q

_d |

Q Q Q
Altogether we get

jt STAME d$+/2n(s0)|DV|2dx+/ (@W’(gp)) Vo vz

Q

/ -f'(q ) (Oyq+ v - Vq)qdx + — L /f(q)qW’(go) (Oyp +v-Vy)dr

Q

/m v, q)|Val® dx+/ "(9)q (0rq +v-Vq)de

Q

d
/m WWVu|?de + —

1
—_— 2 —_—
o 2|ch[ dx—l—/h(q)(?tw (@)gdw. (3.4)

Q Q
Moreover, we postulate that the total energy density e(v, ¢, Vi, q) is given by

o(v,6.Vp,0) = golvP + S|Vep + 10
for some functions d and G which we will specify later. In (3.5), $p|v|? is the kinetic
energy density while the other terms are the Helmholtz free energy density. Note
that in the limit for € tending to 0, it holds Vi = 0 in the bulk phases since ¢ is
the difference of the volume fractions of both fluids and therefore it holds ¢ = £1
in the bulk. Moreover, we assume that W is a potential of double-well type, i.e.,
W (£1) = W'(£1) = 0 and W(p) > 0 if ¢ ¢ {—1,1}. Thus the term 1d(q)W () is
also 0 in the bulk phases as e — 0. Altogehter, £|Vp|* + @W((p) can be considered
as approximation of the free energy density on the surface while G(q) is the free
energy density in the bulk associated to the bulk surfactant. For the total energy
density we demand

d )
- | ev.o. Ve q)dz + / (m(e, )IVal* +m()|Vul* + 2n(p)| Dv[?) dz = 0,
Q Q

W(e) + Glq) (3.5)
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where the dissipation D is defined by
D= [ mp. Ve s~ [ ()| VuPds ~ [ 20 Dvfds <o
Q Q Q

since we will assume m, m and 7 to be strictly positive functions. Therefore, it follows

d 9 d € 9 d /d(q) / ,

== p\v! dr + — o 2\Vgo] dz + o . Wip)de + | G'(q)0qdz
Q Q Q Q

4 / mle, @)V *de + / () |V l2de + / ()| Dv [ de. (3.7)
0 Q (9]

Now we compare equation (3.7) with equation (3.4). Here we want to derive some
characterizations for G’ and d. On the one hand we want to have

G'(q)0q = 9'(¢)q(dq + v - Vq).

Therefore, we assume G'(q) = ¢'(q)q for all ¢ € R. Then it holds

/ q)0qdz =
Q

q)q0qdr = / 9'(¢)q0vqdz — / 9(¢)Vq-vdz

Q/ 9) 9)

:/g qatqu+/v ) (qv)dzx
Q

:/g q(0g +v-Vq) dz, (3.8)
)

where we used

/ q)Vq - de:/ -vdr =0
Q Q

for an antiderivative G of g. Moreover, when we compare equation (3.7) with equation
(3.4), then on the other hand, we want that it holds

%/@W(W)dx = /@W'(w)(vw -v)dz +/éf/<Q)W(90) Qg+ v - Vq) qdu

Q Q

2 [HaW) O+ v Terads + [ maoav () d.
Q

Q
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Using integration by parts and the fact that the velocity v is divergence-free we can
calculate

i [“Dwiort = [v (M wie)) vie+ [ Lra@wieoa g

€ 9
Q

W(e)(Vq - v)ds + / h(gq)atW(go)dx

/: Q
f

Q

~ [ 2r@aveoat + [ 2 (#@a+ b@)aw (o)

- [Zu@wenevia - [ Lwiewq-vi.
Q Q

As the left-hand side is independent of v we demand

flq) = —N"(q) (3.9)

for all ¢ € R. Then it is ensured that the right-hand side is also independent of v
and the equation simplifies to

¢ [ Lo = [ Lr@avioat + [ L 0@a+na)owea

at ) e
Q Q

Hence, we also demand that the following relations hold:

fla)a=d(a), (3.10)
d(q) = h(q) + f(q)q- (3.11)

In equation (3.8) we already assumed
G'(q) = g'(0)q- (3.12)

Now we want to verify if all three equations (3.9), (3.10) and (3.11) can be satisfied
at the same time or if there is a redundant equation or even a contradiction. To this
end, we differentiate (3.11) with respect to ¢ and then we use (3.10). This yields

d'(q) =1 (q) + f(@)a+ flq) = W (q) + d'(q) + f(q).

Thus (3.9) holds. This means that (3.9) is in fact redundant as we can deduce it
from (3.10) and (3.11).

The calculations above showed that (3.10) and (3.11) are sufficient assumptions such
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that equation (3.6) holds. The total energy of the system in a domain €2 at time ¢ is
defined as the integral of the total energy density over the domain 2, i.e.,

Ei(v,0,V,q) = /e(v, ¢, Vo, q)dx

= [ (e + 5ok + w4 6@)) o, 313

where we neglect the time-dependence for the sake of clarity. Due to equation (3.6)
and as we will assume that m, m and n are strictly positive functions, we can conclude
that the total energy is maximal at £ = 0. Thus there exists a constant M > 0 such
that

Eio1(Vo, 0, Vo, q) = /e(v,so,Vso,Q)dl’ <M

Q |t=0
and
Eiot(v, 0, Vo, @) =1 < Etor(Vo, 0o, Vo, @) < M

for all T > 0. Integrating equation (3.6) from s to t with 0 < s < ¢ yields the energy
estimate

B0 0, 95(0.a0) + [ [ (ml 0V + () Vil + 200 DVP) drdr

< Eror(v(s), 0(s), Vo(s), q(s)). (3.14)

3.1.2 Assumptions on the Equations

When we have a look at equation (1.3), we note that this equation is a parabolic
PDE with the form

dra(p, q) — div(m(p, ¢)Vq) = 0.
A formal calculation yields

dra(, q)

O0:q —
1 82a(g0, Q)

div(m(p, ¢)Vq) + Oy = 0.

1
dra(p, q)

Since we will assume that m is a strictly positive function, we demand

Aha(p,q) >0
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for all ¢,q € R to get a well-posed parabolic PDE. According to (1.3), a(p,q) is
given by 1 f(q)W(¢) + g(¢). Hence, we demand that the mapping

0= I @)W (e) + 9(a)

is strongly monotone for all ¢ € R, where we want that the constant C' does not
depend on ¢, i.e., there exists a constant C' > 0 such that

(éf(fh)W(SO) +9(q1) — %f(CD)W(SO) - Q(Q2)> (@1 — @2) > Clgy — go|?

for every ¢, q1,q2 € R, cf. Definition 2.4. Therefore, we make the following assump-

tion.

Assumption 3.1. The function f € C*°(R) is monotone increasing and G € C*(R)
18 strictly convex. Moreover, it holds

<cyq ifqg<O
G@)=0  ifq=0.
>coq  ifg>0

for a constant cq > 0.

From this assumption we can conclude G”(¢q) > 0 for all ¢ € R. Since we demand
that for G and g relation (3.12) must hold, i.e., G'(¢) = ¢'(q)q for all ¢ € R, we
proceed with the following assumption for g.

Assumption 3.2. The function g € C*(R) is stongly monotone, i.e., there erists a
constant C' > 0 such that

(9(a) — g(b))(a —b) > Cla — bJ? for all a,b € R.

Moreover, g fulfills

for every q € R.

We note that ¢’ is continuous since we have

G'(h) _ G'(h) = G'(0)
hoo h

as h — 0. Here we used G € C?*(R) and G’(0) = 0 due to Assumption 3.1.

g'(h) = — G"(0)
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From these assumptions it follows ¢'(q) > ¢o > 0 for all ¢ € R, where ¢ is the
constant from Assumption 3.1. Hence, the assumption that ¢ is strongly monotone
is satisfied as we have

(9(a) = g(b))(a —b) = /g'(l’)dﬂf(a —b) > co(a—b)*.

Note that the constant ¢y does not depend on ¢. Later we will assume that the
function h is concave. This implies that A’ is monotonically decreasing. As it holds
f(q) = —h(q) for every q € R, cf. (3.9), this implies that f is monotone and therefore
the mapping

0= I @)W () + 9(a)

is strongly monotone as it is the sum of a strongly monotone and a monotone operator
and since we will assume W to be non-negative. This ensures the parabolicity of
equation (1.3) with respect to q. Moreover, we can conclude that there exists a
constant C' > 0, which does not depend on ¢, such that

LHa)W () + 9la) — SF@W(e) — 9(@)| > Ol — o

for all v, q1,q2 € R.

For the analysis of (1.1) - (1.5) we will need some growth condition for ¢ as we can
not expect that there will exist solutions for any arbitrary choice of g. Thus we make
the following assumption.

Assumption 3.3. There exists a constant C' > 0 such that
G@ <C(lgP+1),  |G(@)] <C(lgl +1)
for all g € R.

Note that Assumption 3.1 implies that there exists a constant C' > 0 such that

G(g

)
for all ¢ € R. We will use inequality (3
time-discrete approximation of (1.1) -
Assumption 3.2 it holds

> C(lg)* - 1) (3.15)

to estimate the mean value of ¢, in the

15)
1.5), cf. the calculations after (3.48). Due to

(

1= [ St i

S
€
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for all 0 < € < s. Thus Assumption 3.3 together with Assumption 3.2 yield that
there exists a constant C' > 0 such that

g(s) <C(|]s|+ 1) (3.16)

for all 0 < € < s. Analogously this holds for all s < —¢ < 0. Since g is continuous
this growth condition for g holds for all s € R.

The energy inequality (3.14) does not yield any estimate for the solutions if its terms
can be negative or if they are not bounded from below. Thus we have to guarantee
that all terms are positive or at least bounded from below. Moreover, for the analysis
of the system we need to know in which LP-space the term h(q) is integrable and we
need some assumptions on the domain 2. Therefore, we postulate:

Assumption 3.4. The functions d, f,h,W.n and m are smooth, i.e., they are in
C>®(R), and Q C R%, d = 2,3, is a bounded domain with C*-boundary. Moreover,
there exist some constants 0 < ¢ < ¢y < 00 and a constant cg > 0 such that

d(q),m(q) > co, W) >0, d(q) = h(q) + f(a)q,
f(@)g=d'(q), c1 <m(p,q), m(p) < ey

for all g, € R. Furthermore, h is concave and there exist constants Qmin, Gmaz € R
With Gmin < Qmaz Such that

d(q) = const.

fOT all q ¢ [Qmim Qmam]~

From this assumption it follows d'(¢) = 0 for all ¢ € [¢min, @maz]- This implies
f'(q) =0 for all ¢ & [@min, Gmaz) because of f'(q¢)q = d’(q) and therefore f is constant
there. Hence, there exists a constant C' > 0 such that

1h(q)] < C(lql +1) (3.17)

since h is linear outside the interval [¢min, Gmaz] due to h(q) = d(q) — f(q)q. Note
that we demand d(q) = h(q) + f(¢)q and d'(¢) = f'(¢)q, cf. (3.10) and (3.11), since
these identities are sufficient for the derivation of the energy estimate. Moreover, we
demand d(q) > ¢o > 0 for all ¢ € R since we want that the part 2d(q)W () of the
free energy density is positive.

Furthermore, we note that from the previous assumptions it follows that G is bounded
from below since G’'(q) > 0 for all ¢ > 0 and G'(q) < 0 for all ¢ < 0. Thus we do not
need to assume that G is a positive function. In particular we note that the growth
condition (3.15) for G holds.
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3.1.3 Expected Function Spaces for the Weak Solutions

In this section we want to derive in which function spaces the weak solutions will be
bounded. Remember that all calculations are just formal. Note that when we write
that a function is in a certain space X, we mean that the function is bounded in this
space, e.g. ¢ € L*(0,00; H(2)) means that all weak solutions ¢ are bounded in
L>(0, 00; HY(£2)).

From equation (1.4) it follows
/gadw = /8t<pdx—/d1v( (o )V,u)dx—/V-V(pdx—/m(go)(n-vmdx =0
Q o0

since y fulfills the Neumann boundary condition. Hence, the mean value ﬁ [ pdz is
Q

independent of ¢. This yields

1 1
ﬁﬂ/go(t,x)dx = ﬁﬂ/goo(x)dx

for all 0 <t < oo, where po(z) = ¢(0,z) for all z € €. Since the mean value of ¢
is constant and with the energy inequality (3.14), the Poincaré inequality with mean
value, cf. Theorem 2.7, yields ¢(t) € H*(Q) for all 0 < ¢ < oo together with the
estimate

e < C

for a constant C' > 0 depending on M, € and ¢,. Since this constant is independent
of t, we can conclude

@ € L*(0,00; H(Q)).
Moreover, we can deduce from the energy inequality
v e 170, 00; L2(Q)) N L3(0, 00; HA(Q)Y) > L4(0, 003 L)1),

where we will prove the embedding above in a later section, cf. (3.87) below. Further-
more, the energy inequality (3.14) provides

Vq € L*(0, 00; L*(12)).

Due to the growth condition (3.15) for G and the boundedness of G because of
the energy inequality, we can conclude ¢ € L>(0,00; L?(Q2)). Hence, we can apply
Theorem 2.7 again and obtain

¢ € Lyoe([0,00); H' () N L%(0, 00; L*(92)).
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From the energy inequality (3.14) it follows
Vi € L*(0,00; L*(Q)).
Testing (1.5) with the constant 1 yields

/udx = /h(q)EW’(sO)dx-

At this point, we need some growth condition for W’. Therefore, we make the
following assumption.

Assumption 3.5. There exist some constants Cy,Cy, C3 > 0 such that
(W(a)| < Ci(laf +1),  [W(a)| < Cilal* +1),  W(a) = Csla| - Cs

for all a € R. If it holds ag—f;m % const then there exists a constant C' > 0 and
0 < s <1 such that

(W (a)| < C(lal” +1)
for all a € R.

From the growth conditions for h, cf. (3.17), and for W’ and due to the bounded-
ness of ¢ in L?,,.([0,00); H'(Q)) < L?,,.([0,00); L5(€2)) and the boundedness of ¢ in
L>(0, 00; L5(Q)), it follows h(q) € L?,,.([0,00); L°(Q2)) and W'(p) € L>(0, oo; L3(£2)).
Thus we can deduce that h(q)W'(p) is bounded in L2, ([0, 00); L*(Q2)). Using the
equation above for the mean value of u together with Theorem 2.7 again yields

€ D210 ([0, 00); H' ()

uloc

Moreover, we get from h(q)W'(p) € L?, .(]0,00); L*()), u € L*(0,00; H'(Q2)) and

uloc
(1.5) with elliptic regularity theory for Neumann boundary condition

@ € Liy,.([0,00); H*(Q)).

uloc

This regularity will be proven in detail in Section 3.3. Now we have a look at equation
(1.4), which provides

O = div(m(p)Vu) = Ve - v.
From pu € L?

2 ([0,00); H())) we obtain that div(Vu) is bounded in
L2, .([0,00); Hy'(Q2)). Due to the boundedness of Vi in L?, ([0,00); L5()) and

v in L>(0, 00; L*(2)) we can conclude that V- v is bounded in L?,, ([0, c0); L: ()

uloc
and therefore it is also bounded in L2,,.(]0, 00); Hy*(Q)). Altogether we obtain

€ Lo ([0, 00); H()) N L(0, 00; H(Q2)) N Wy 0 ([0, 00); Hy ' ().

uloc

Note that the essential part to prove the boundedness of the functions v, ¢, 4 and
q in the corresponding function spaces was that for weak solutions of the system
(1.1) - (1.5) the energy inequality (3.14) holds.
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3.2 Semi-Implicit Time Discretization

In this section we formulate an appropriate time discretization of the diffuse interface
model with surfactants (1.1) - (1.5) with the additional terms 6A%*v in (1.1) and
d0yp in (1.5) and prove the existence of weak solutions for these equations by using
the Leray-Schauder principle. Then in the next section we use these solutions to
construct linear interpolant functions and prove the convergence to a weak solution
with the additional terms dA?v and 69, for N — co. This method was also applied
in [ADG13] to prove existence of weak solutions for the model without surfactants.
Since some terms are the same as in [ADG13], we can discuss them in a similar way.
Here we additionally have to study the limit 6 — 0 in the final part of this chapter.
Moreover, we show that the weak solutions for the time-discrete model as well as the
weak solutions for (1.1) - (1.5) satisfy suitable energy estimates.

3.2.1 Definition of the Time-Discrete Problem and the Existence Result
of Weak Solutions

For the proof of the existence of weak solutions, we use a semi-implicit time dis-
cretization. To this end, we set h = + for N € N. Moreover, let v, € L2(9),
or € H2(Q) and q; € L*(2) be given and let

~ 0 ~

Jes1 = —y m(er)V pkt1, (3.18)
P le=pn

Ryp1 = p(wkﬂ)h_ o) + div(p(n) Vit + Jps1)- (3.19)

Note that in the case of matched densities, i.e., p = const and ij = R;.1 =0, the
model reduces to the case of matched densities.
We determine (Vyi1, ©ki1, ki1, Qrr1) as solution of the nonlinear system

\4 — PLV . . =
0= _,Ok-i-l k—i}i PkVE — le(kakJrl X Vk+1) — le(Vk+1 X Jk+1)
R
v (20(0) DVi) = Vpps + =5
h /
+ (Mk+1 - @W (SOk:)> Vi, — A%V, (3.20)
div(vgy1) =0, (3.21)
, 1 — W 4
div (m(ew, @) Vari1) = z (ﬂqml)h f(Qk)W(QDk) + f(qr+1) (SpkH)h (S%))
— 1
# 20 S0 4 9 (L)Wl + o)) Vi

(3.22)
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0= w F Vo Vi — div(m(en) Vies),  (3.23)
He+1 — 5@ = —eApgy1 + h(Qk—H)%H(S@k—i—l; ©k), (3.24)

with boundary conditions
Vit = AVEil,q = Gngpkﬂm = 8n,uk+1‘89 = 5an+1m =0, (3.25)

where H : R x R — R is defined by

W)W i o £ b,
W (b) if a=b.

Note that in (3.24) we inserted the term §#4=*% since for the analysis we will need
an estimate for the discrete time-derivative of . Moreover, we added the term
§A%v in (3.20) since we will need boundedness of vV in L%(0, T; H?(2)?) to prove

<RN"N,¢> — (BY 4p) for every ¢ € C°(0,T; H*(Q)NH (Q)NL2(Q)) as N — oco.

2

But later we will show that the set of weak solutions (v°, ¢°, 1%, ¢°)s=o converges to
a weak solution (v, ¢, i, ¢) of the initial problem (1.1) - (1.5) as 6 — 0 for a suitable
subsequence.

It remains to define a weak solution for the time-discrete problem (3.20) - (3.25).

Definition 3.6. (Weak solution of the time-discrete problem)
We call

(Vierts @t e @) € (HP(Q) 1 HY(Q)' 0 L2(9) x HA(Q) x HA(Q) x H(Q)

a weak solution of (3.20) - (3.25) for giwen initial datas v, € L2(), or € H(Q)
and q, € L*(Q) if it holds

/ Pk+1Vk+}1l — PrVE Pdr + /diV(kak+1 ® Vi) - Pdz + /277(90k)DVk+1 : Dipdzr

Q Q Q
- /(jk-i-l ® Vit1) : Vipdr — <Rk+1vzﬂy’¢> + 5/AVk+1A¢d~T
Q Q
h :
Q

for allp € H* Q)N HH ()TN L2(Q) and

3

/ (1f(Qk+1)W(90k) + g(Qk+l)) Vit - Vodr = /m(‘ﬁk, Q)Vari1 - Vodr
0 0

: + olgenr) — f(Qk)ZV(SOk:)

_|_

% / (f(QkH)W(SDkH)

- g(qk)) pdz, (3.27)

Q
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h
Q Q

0= /m(gpk)VukH -Vodr + / wgbdx + /(thk Vi) odr, (3.28)
0

1
/ukH(;ﬁda: :/£V<pk+1 . V(bdx+/h(Qk+1)gH(¢k+1;<ﬂk)¢d$
Q Q Q

+5/@¢dz (3.29)

Q
for all ¢ € HY(Q), where we define for v € H*(Q)? N HH(Q)4N L2(Q)

(Res1Vis1, V) = /ka-&-l “pdr — / (Pka+1 + jk+1> -V (Vigr - ) da.

Q Q

Note that by definition it holds pyy1, @rr1 € H2(Q) for a weak solution of the
time-discrete problem. As a consequence, we are able to reformulate (3.20) since
(div(Ts1)Vis1, ¥)q is then well-defined for every ¢ € H2(Q)4 N HL(Q)? N L2(Q).
For the reformulation we use div(vgi ® jkﬂ) = div(ij)VkH + (ij - V) Vi1
Then we can deduce

v — PKV J
/ (pk+1 k+;L PkVE + div(prvisr @ Visr) + div(J 1) Vs

(@t Vvin) o+ [ 20000 DV s Dpds +5 [ Aviipia
Q Q

o / (p(gOkH)h— o) + div <p(90k)vk+1 + jk+1>) Thel pdr
Q

2
= / (Mk+1 - h<q§+1)wl(<ﬂk)> Ve - pdr
Q

for all p € H?(Q)? N HE(Q)4 N L2(9). This yields

/ (pkHVH;L RO div(prVis ® Vk—i—l)) pdr + /277(90’6)ka+1  Dypdz

= — v .
+/ <d1ka+1 — w — Vig1 - VPk) ML apdr + /(Jk+1 -V)Viy - Yda

2
Q
+ 0 AVk+1 . A?,bdx
/
o / . h(qk-H) /
= [ (o ———W (¢r) | Veor - pdz. (3.30)

Q
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Furthermore, we can simplify equation (3.22) to

S £

div (m(¢w, @) Vri1) :E

+V (%f(QkJrl)W(%OkJrl) + Q(Qkﬂ)) “ Vi1

)

But in the following we prefer the formulation (3.22) since this one has some advan-
tages for the analysis of the system as we will see later.

Moreover, we note H(a,b)(a — b) = W(a) — W(b) for every a,b € R. Therefore, we
do not have to distinguish the case if a = b or a # b since in the analysis we will only
study terms of the form H(a,b)(a —b).

The following theorem yields the existence of weak solutions for the time-discrete
problem (3.20) - (3.25) for given appropriate initial values.

Theorem 3.7. (Existence of weak solutions for the time-discrete problem)

Let the assumptions from Section 3.1 hold and vy € L2(Q), or € HZ(Q) and
q € L*(Q) be given. Then there exist vi1 € H*(Q)? N HY Q)Y N LA(Q),
or1 € HAQ), i € H2(Q) and quiy € HY(Q) solving (5.20) - (5.25) in the

sense of Definition 3.6. Moreover, the discrete energy estimate

Vi1 — Vi|?
Etot(vk—i-la‘;pkz—i-laVSOk—i-lan—i-l)+/pk’ kHQ i d$+h/277(<ﬁk)|DVk+1|2dx

Q Q

~ \V4 -V 2
+h/m(90’f7q’f)|v%+1|2dx+h/m(90k)|vﬂk+1|2dx+a/| (’Ok+12 il dz
Q . J

2
+ 5/ de + 5h/ ’Akarl‘zdm S Etot(vk7 Pk, V(pka qk) (331)
Q Q
1s satisfied.

The proof is done in a similar way as the proof in [ADG13, Lemma 4.2] for the
model without surfactants. In this model, we additionally have soluble surfactants
in both fluids, which leads to an extra equation that models the mass balance of the
surfactant. Moreover, the other equations are a bit different to the ones in [ADG13],
but can often be treated in a similar way.

First of all, we prove the discrete energy estimate (3.31). Remember that the total
energy Ei. (v, ¢, Vi, q) is defined by

€

1 €
Bualv,0,V0,0) = [ (Golollvi + 5170 +
Q

MDD () + G<q>) d,

cf. (3.13). Afterwards the existence of weak solutions for the time-discrete problem
is shown with the help of the Leray-Schauder principle, cf. Theorem 2.2.
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Proof. (Proof of Theorem 3.7)

The proof is divided into two parts. In the first part, we assume that a weak solution
in the sense of Definition 3.6 exists and prove that it satisfies the energy estimate
(3.31). In the second part of the proof, we use the Leray-Schauder principle to prove
the existence of weak solutions.

3.2.2 The Energy Inequality for Weak Solutions of the Time-Discrete
Problem

First of all we start with the proof that the energy estimate (3.31) holds for any weak
solution (Vgi1, Qk+1, k1, @r+1) solving (3.20) - (3.24) in the sense of Definition 3.6.
To this end, we test equation (3.26) with vy, (3.27) with gry1, (3.28) with pgiq
and (3.29) with #4=—% Hence, we obtain

v — PV
0= / Pret1 Vit PV Vil dz + /diV(kak_H X Vk+1> Vil dz

h
Q Q
+/277(90k)|DVk+1|2d$ - / (jk+1 ®Vk+1> : Vi de
) )
1 — 1 ~
-3 / —pkﬂh pk\VkJrl\de + 5/ <pkvk+1 + Jk+1> -V (Vit1 * V1) de
Q Q

h
—i—/ (@W,(Spk) - Mk+1) Vi - Vipde + 5/ |Avy [P de, (3.32)
%)

0= /m(¢k,qk)|vqk+l|2dx+/ (9(qr+1) _hg(Qk))Qk-H "
Q

Q

n /g (f(Qk+1)h— f(ar) W (o) + f(QkH)W(SOkH)h_ W(Spk)> Qrr1dz

- [ (Craa W) + o)) vies - Vasad, (3.3

h
Q Q

— ' v
0=~ /ﬂkﬂ : wm + /5v§0k“ (Veor ) dr
Q

0= /m(wk)fvﬂk+1|2d$+/w'Mk+1dl‘+/(vsf>k'Vk+1)uk+1d33, (3.34)
Q

h
Q

1w - W — 2
+/h(9k+1)g (Pr+1) (ox) dx+5/ !@kﬂhZ Ok dr. (3.35)
Q 0

h
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For the derivation of (3.35) we used

Wipri1) — W)
ch

1 _
/h(qkﬂ)gH(%H,%)wdﬂf = /h(qu) dz,

Q Q

since it holds H(a,b)(a —b) = W(a) — W (b) for every a,b € R.

In the following we simplify the equations (3.32) - (3.35) step by step and finally we
combine them in such a way that we obtain the energy inequality which we wanted
to show. One important tool is

_la® b Ja-Df
2 2 2
Analogously as in [ADG13] this yields for the first term in (3.32)

a-(a—Db) for a,b € R% (3.36)

(Pe1Ves1 = PeVE) Vit = (Pke1 = o) Ve [ + pe(Virn = Vi) - Vi
v? v, |2 Vies — v |2
= (prs1 — ) Vi1 |* + pi (% — —| ;’ ) + M

Vii|? vi|? Vi Vil — Vi|?
- (Pk+1| k;’ —Pk’ 5‘ )+(pk+1_Pk)’ ki1 +,0k| ki1 = Vil

Moreover, we can calculate

1 [= -
3 /sz+1 V| Vi P de — / (Jk+1 ®Vk+1> t Vvgde
0 0
1 (- -
= E/Jk+1'v|vk+l|2dx —/Z(Jk+1)z‘(Vk+1)j3xi(Vk+1)jdff
Q Q =1

o 1 j \V/ 2 T |V7€+1|2 o
= 5 k+1° |Vk+1’ dr — Jk+1 -V 9 dr =0
Q Q

and

. 2
/ (dlv(pkv’”l ® Vii1) - Vigr + PeVig - V%) dx
0

. . v 2
N / (dlv(ﬂkvkﬂ)"’kH‘Q + (PkVit1 - VVig) - Vi — le(kak+1)| k;| ) dx

_ : 2 Vi1 |” - Vi [
= div(peVis1) Vi1 + prviger - V | —5— ) — div(ppVies1) dx
Q

2 2
2
_ / div (pkka |V’“2+1’ ) dz =0,
Q
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where we used integration by parts, (2.1) in the first step and div(vy,1) = 0. More-
over, we used that for arbitrary a,b € H}(Q)? it holds

a-Vb
(a-Vb) b= (a- (Vb Vb .. Vb))b=|?"V|p
a- Vb,
= (a- Vbi)by + (a- Vho)by + ... + (a- Vba)by
AN N . B L
2 2 2 2

Hence, we get for (3.26) tested with vy41

A% 2 \% 2 A% -V 2
oz/p“l' k+12|h pilvid da:+/pk—| T d dx+/277(<pk)|ka+1|2dx

Q Q Q

h /
- /MkﬂVsOk “Viy1de +/@W (r)Veor - Vi1 de +5/ AV [P da.
Q Q Q

Using integration by parts and —h'(q) = f(q) for all ¢ € R yields

0= /Pk+1’Vk+1| Pk V| dr +/pkde+/QH(Qk)’DVk_,_l‘zdl'
Q

2h
Q Q

— /Mk+1VSOk “ Vig1dz +/@W@0k)v%+1 Vi1 dx
Q

+5/|Avk+1|2dx. (3.37)

Now we have a look at equation (3.33). Since we assume h to be a concave function,
cf. Assumption 3.4, it holds

B (qr)(qre1 — qr) = h(ges1) — hqr).

Using this inequality and the identity f(q) = —h/(q) for all ¢ € R, cf. (3.9), we
calculate

(flars1) = flaw) a1 = flare) @ — flar)ae + f(ar)(@r — qrsr)
= f(@kr1) @1 — flar)ae + P () (Grr1 — ar)
> f(@ren) @ — flar)qe + h(gryr) — higr).

Moreover, we can show

(9(q2) — 9(q1)) @2 > G(q2) — G(q1) for all q1, ¢ € R.
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To prove this inequality we first of all assume ¢; < ¢o. Then we obtain

(9(q2) —9(q1)) g2 = /g'(z)dz G2 = /g’(z)qzdz.

Due to ¢'(z) > 0 for all z € R, ¢f. Assumption 3.2, and z < ¢, for all z € [q1, ¢o], we
can proceed

q2

/g’(Z)q2dz > 729’(2)de = 72G'(2)d2 = G(q2) — G(q)-

q1 q1
Finally, we also have to consider the case ¢ > ¢». In this case it analogously holds

q1 q1

(9(q2) —9(q1)) @2 = /—g’(Z)dz @ > /—g’(Z)zdz = G(q) — G(q).

g2 q2

Using these calculations in (3.33) yields

G -G
0 z/m(()pkaq19>’vqk+l‘2d$+/ (qk+1)h (%)dx
Q

Q

+/f(Qk+1)Qk+1W<¢k+l)€h_ Wig) dz
Q

1

T/

Wier) (f(ars1) @1 — flar)ar + h(qrs1) — hqr)) dx

m

SR

(éf(Qk—l—l)W((pk) + 9(Qk+1)) Vi1 Vg1 de. (3.38)

Since equation (3.34) remains unchanged, we can skip to (3.35). Here we use (3.36)
to get

_ Prt1 — Pk e (IVernl”  [Verl* | [Vorn — Ve/?
0= /Mkﬂ 3 dx+/h( 5 5 + 5 dx
Q Q

1 — _ 2
+ / h(qkﬂ)gww’“*l)h Wk gy 4 5 / w&y. (3.39)
Q

Q
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From the identities (3.34), (3.37), (3.38) and (3.39) we obtain

Vi) Vi|? Vie1 — Vil
0> /pk+1|2k+1| _ pk|2k’ + Pr| k+12 k| dx+/277(90k)]ka+1|2dx
@ Q
1 2
+ m(90k7q’€)|v‘1k+1|2dx+E/G(Qkﬂ)—G(Qk)dx+5/ww
{ Q

W) (Flars)ain = F@)an + hlaws) = i) do+ 6 [ |Avi P
Q

_l’_
A

1 w - W 1w - W
+ [ = (@) @i (¢r11) ((pwdﬂ:—i—/h(qkﬂ)— (¢r+1) (gok)dx
€ h - A
Q
\Y 2 Vo2 IV _Vol?
+ Th(@k)fvlukﬂpdx—}—/% (| 90§+1| . | gk| +| ¢k+12 (,Ok| )dx,

Q

where we used [ ¢(qr+1)V@rt1 - Vir1dz = 0 as we have already seen in Section 3.1.1.

0
From the identity d(q) = h(q) + f(q)gq, cf. (3.11), we can conclude
1
/ 8_hW(<Pk) <f<Qk+1)Qk+1 — flaw)ae + h(@ri1) — h(Qk)) dx
Q

+ / éf(%ﬂ)%ﬂw(gpkﬂ) — Wipw) dr + / h(qkﬂ)éw(@’fﬂ) — W) dr
@ Q

h h

dz.

W (k1) d(qe11) W (ow)d(qr)
:/ Pk 1 Qi+ dx—/ Wgh ar

Q

Inserting this identity in the previous estimate and reordering the different terms
implies

L [ pelvel® 1/ €/W90k!2 /W(Sﬁk)d(%)
h/ 5 dr + N G(qx)dx + n 5 dr + - dx
Q Q Q Q

S 1/0k+1|vk+1|2 Pkl Vi1 — Vi
~ h

1
5 + 5 dx+/277(90k)|DVk+1|2d33+ E/G(Qk—&-l)dx

Q Q Q
W d )
n / (o0, 60) |V de + / Brrt)disn) g, / ()| Va2
Q Q Q

h

2 _ 2 _ 2
+f/ [Vor+1] n [Vori1 — Vil dx+5/ |Pr+1 — Pl d:c—|—5/|Avk+1|2d:1:.
h 2 2 h?
Q ) )
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Hence, we obtain the discrete energy estimate

2
k| Vk+1 — Vi
Etot(vk—i-la§0k+1uv§0k+17Qk+l) +/p | +12 | d15+h/277(80k)|DVk+1|2d33
Q Q

~ \V -V 2
+h/m(gpk’q’f)|v%+l‘2dw+h/m(80k)’vﬂk+1’2dx—i-eS/| g0k+12 il dx
Q s J

2
+5/de+5h/|AVk+1|2dx < Eiot(Vi, 0k, Vor, qr),
Q Q

where Ep.t(v, ¢, Vi, q) is defined as in (3.13).

3.2.3 Existence Proof of Weak Solutions for the Time-Discrete Problem

In this section we prove the existence of weak solutions for the time-discrete problem
(3.20) - (3.24). To this end, we define two operators Ly, Fy : X — Y and apply the
Leray-Schauder principle, where

X =V(Q) x H () x H2(Q) x H'(Q),
Y = V() x HyHY(Q) x L*(Q) x Hy'().
Here we set V(Q) := H2(Q)4 N HY(Q)Y N L2(Q), V/(Q) is its dual space and

Hy' Q) == (HY(Q)). For Wir1 = (Vig1, Grrts i1, Prr1) € X we define the
operator Ly : X — Y by

A(or) Vi1
divy (m(er, k) Vars1) — [ qrerde
Q
LelWier) = | div(m(en) Vi) — [ prerdz |
Q

eANOR+1 — [ Qrpde
0
where A(gx) : V(Q2) — V'(Q) is given by

(A(pr) Vi1, ¥) == — /Qn(npk)kaH : Dapdr — 5/Avk+1A1/de
Q

Q

for all ¢ € V(Q) and divy : L*(Q)? — H;'(Q) and Ay : HY(Q) — Hy'(Q) are
defined by

(divy f,¢) == — /f -Vodz,

Q
(Ang, d) = — / Ve Vods
Q
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for all £ € L*(Q)4, » € HYQ) and ¢ € H'(Q). Moreover, we define for
Wil = (Vi1 Qo1 i1, Prr1) € X the operator F : X — Y by

Pk+1VEk+1—PEVE A Pl+1—Pk Vit
Bt (4T - B vy V) %

+(Tpst - V) Vi — <Mk+1 - M%W’(%D Vo
+div(prpVis1 ® Vi)

% <f(qk+12;f(qk)W(¢k) + f(qk+1)W(<Pk+1]);W(90k) + Q(Qk+12;g(<1k)

Fir(Wit1) = +V (2 f (@)W (k) + 9(qr11)) - Vit —({Qkﬂdﬂf ’

P L Vg - Vigr — [ g1 de
Q

5e0k+1 Pk

M qrs1) L H (9rr1, 0k) — fisr + — [ prade
Q

where Jy.q is defined as in (3.18). Note that in the definition of the operators
Ly, Fr, : X = Y we used equation (3.30), which is (3.20) in the weak sense. With
these definitions it holds

£I<:(Wk+1) - .Fk(Wk+1) =0 inY

if and only if w11 = (Ver1, Qes1s 41, Prr1) € X is a weak solution of (3.20) - (3.24).
Now we want to show that the operator £ : X — Y is invertible with bounded
inverse. To this end, let gy € V'(2), 91,93 € Hy () and g, € L*(2) be given. Then
we need to study the elliptic equations

A(or) Vit = 9o in V'(€2),
divy (m(er, @) Vk+1) /Qkﬂdﬂc =g in Hy (),
)
divy (M (or) Vitkr1) /M y1dr = go in Hy' (),
Q
EANPR41 — /SOk+1d$ =93 in Hy'(9Q).
)

The Lax-Milgram theorem, cf. Theorem 2.1, yields the existence of unique weak
solutions vy € H2(Q) N HH Q)N L2(Q) and @py1, frs1, Geer € HH(Q).

But for j, it remains to show that it is in H2(Q). Therefore we want to use a
bootstrapping argument as in [ADG13]. We note that . is also a weak solution
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of the equation

Apipeyr = (mer) ™ | =V (m(pr)) - Vi + /Mkﬂdf + 92 in 2,
Q
Opflh+1,50 =0 on 0f)

for some go € L*(2). Due to m(py) € H*(R2) we get V(m(pr)) € H'(Q) — L5(Q).
From Vi € LA(Q) it follows V(m(gr)) - Vigsr € L2(9). Since we know from

Assumption 3.4 that the mobility m fulfills the estimate 0 < @ < é for a constant

¢1 > 0, it holds for some g, € L%(Q)
A1 =go € L2(Q)

in the weak sense with Neumann boundary condition. Therefore, elliptic regularity
theory yields gy € W3(Q), cf. [Lun95, Theorem 3.1.2 and Theorem 3.1.3]. This
2

implies Vg, € Wi Q) — L3(Q) for d = 2,3, cf. Theorem 2.15. Since it holds
2

V(m(pr)) € L5(Q), we can conclude V(m(¢r)) - Vigyr € L*(Q). Altogether this
yields

A1 = go € L*(Q)

in the weak sense with Neumann boundary condition. Therefore, elliptic regularity
theory yields .1 € H2(Q) together with the estimate

|t |2y < C (|t + 1192l 22)) - (3.40)

Moreover, the Lax-Milgram theorem provides that £, : X — Y is invertible with
bounded inverse

L' Y = X.

The next step is to observe that F; : X — Y is a compact operator. To this end, we
introduce the Banach space

Q ool

Y= L3 (Q) x L3(Q) x W(Q) x L*(9).

We can conclude that Fj, : X — Y is continuous and bounded, i.e., it maps sets
which are bounded in X into sets which are bounded in Y. We start with the
proof that F, is bounded. Afterwards we prove the continuity of Fj, : X — Y.
Note that vi; € HY(Q)? N L2(Q) would be sufficient to prove the boundedness
and continuity of F : X — Y. Therefore, we do all estimates in the following for
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€ HY(Q)?N L2(Q) although it even holds vy, € H2(Q)?N HI(Q)4NL2(Q). For

Wit1 = (Vit1s Qet1, Hit1, Qrt1) € X it holds

||Pk+1Vk+1||L%(Q) < CH"I’cHHHl(Q)7
[1div(orviir @ Vi)l g o) < Crllvinlli o),
1(divdke) Vil g o) < Crllvirillaolle a2,

[12(as )W (2e) Veorll g ) < C (gl +1)

1 @)W (2re)ll 4 g < € (llrralline +1).
IV (@)W () - Vil g o) < Cellaknllm @l Ve llaq),
1V9(@1) - Vil 3 o) < Cllarlla@ Vil mie),
I F (@)W i)l 4 ) < Chs

IVor - Virllwi @) < Crllvillm ),
2

gk ) H (0rr1s 00)l | 2) < Cr (gnsall o) + 1) (H%HH%G(Q) + 1) -

To prove these estimates, we use that f is bounded together with the growth con-
ditions |h(q)| < C(lgl + 1), W(@)| < Clg* + 1), W(@)] < CllgP + 1) and
|G'(q)] < C(lq] + 1) for all ¢ € R and a constant C' > 0. Moreover, we use the
identities f = —h', G'(q) = ¢'(¢)q and the fact that f is constant outside an interval
[@mins @maz). More precisely:

i)

i)

i)

Since p is a bounded function we get

eVl 4 ) < Cllvinllaio)-

Here we have to estimate terms of the form p0;(vi41)i(Vit1); and terms of
the form Opx(Vit+1)i(Vis1); in L3(). For the first kind of terms we note
pr € L™(Q), Vviy1 € L*(Q) and vy € HY(Q) < L5(Q), which implies the
boundedness of the product in L2 () < L3(Q). For the other kind of terms
we use Vp(py) € L5(Q) and vy € L(Q) to conclude the boundedness of the
product in L2(9) < L3 (). Here we used that for o), € H2(2), Theorem 2.18
implies p(pr) € H*(Q) — WE(Q).

The velocity field vy 1 is bounded in H'(Q) — L8(Q). Moreover, J4;; is
defined by Jpp1 = —p' (@) (k) Vitges, cf. (3.18). Since gy is in H?(Q), the
Theorem  about the composition with  Sobolev  functions, cf.
Theorem 2.18, yields that p'(¢r) and m(py) are bounded in H?(f2). Thus the
Theorem about the multiplication of Sobolev functions, cf. Theorem 2.17, im-
plies p'(op)m(por) € H*(Q) — WE(Q). As it holds Vi, € HY(Q),
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iv)

Vi)

vii)
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Theorem 2.17 provides J44 = —p'(or)m(or) Vit € WHQ) with 1 <7 <2
for d = 2,3 and therefore div(J;11) € L*(2). Hence it follows that the product
div(J 1) Vi1 is bounded in L2 (Q) < L3 ().

From the growth conditions cited before we can even conclude that this term is
bounded in L2(2) and therefore in L3 (). Using Hélder’s inequality we obtain

||h(Qk+1)W/(90k)Vs0k||L2(Q) < C||h(Qk+1)||L6(Q)||W,(80k)||L6(Q)||V%0k||L6(Q)
< Cy (||Qk+1||H1(Q) + 1)

as we have qpy1 € HY(Q) — L°(Q) and ¢, € H*(R2) — L'2(Q).

Since f is a bounded function, f(gx+1) is in L>(€2). From the growth condition
on W together with i1 € H(Q) < L°(Q) we get that W (pgy1) is in L*(Q)
and therefore in L3 ().

Now we want to estimate V(f(qrs1)W (¢r)) - Vi1 in the Li-norm. Since we
know viy1 € L°(Q) we need to show that V(f(qusi1)W (or)) is bounded in
L7 (), ie., f(grr1)W(r) is bounded in W (9).
7
First of all we can conclude the boundedness of W(py) in H(Q) — W4 ()
due to ¢ € H?(Q2) and Theorem 2.18. Now we want to use Theorem 2.17 for
the multiplication of two Sobolev functions. The theorem yields that if f(qgxi1)
is bounded in W, (Q), then f(qry1)W () is also bounded in Wi, () and this
7 7

would yield the estimate which we wanted to show.

So it remains to show the boundedness of f(g.1) in Wi, (). To this end, let

7

(¢=)es0 € C=(Q) be a sequence such that ¢ — g1 in H() as e — 0. In
particular we obtain a subsequence, which we denote by (g.).>0 again, such
that ¢.(z) — qx41(z) for a.e. € Q. Thus it holds f(¢-(z)) = f(ge+1(x)) for
a.e. x € €. Since f is a bounded function, Theorem 2.9 yields f(q.) — f(qx+1)
in L7(Q) for every 1 < p < oo. Since f’ is also a bounded function, we can
analogously show f/(¢.) = f'(qx+1) in LP(Q2) for every 1 < p < oc.

Altogether we can conclude (Vf(qrs1),9) = [ f'(qe+1)Vars1 - pdz for all

Q

o € C(N)?, cf. Lemma 2.11. Since we know that f’ is bounded and
Qes1 € HY(Q), we get that f'(gx+1)Vqes1 is bounded in L*(2). Thus we have
shown the boundedness of Vf(grs1) in L2(Q) < L7 () and therefore the
estimate we wanted to prove.

To prove the boundedness of Vg(gxi1) - Vi1 in the Li-norm we use the same
ideas as in the previous estimate. By definition we have G'(q) = ¢'(¢)q for all
q € R, cf. Assumption 3.2. Due to |G'(¢)| < C(|q| + 1), cf. Assumption 3.3,
we can conclude that there exists a constant C' > 0 such that |¢'(¢)| < C for
all ¢ € R.
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viii)

Let (g-)es0 € C>() be a sequence as before such that ¢. — qpy1 in H()
and ¢.(z) = qry1(x) for a.e. z € Q as e — 0. Then Theorem 2.9 yields

9(qs) = 9(qr+1) in LP(Q2) for all 1 < p < 6,
9(q:) = 9 (qr+1) in LP(Q) for all 1 < p < oc.

Thus we can conclude (Vg(qe+1), ) = [ ¢ (qr+1)Var1pde for all ¢ € C5°(9),
Q

cf. Lemma 2.11. Due to the boundedness of ¢’ we get that ¢'(qxs+1)Vqei1 is
bounded in L2(Q), i.e., Vg(qrs1) is bounded in L3(Q) < L7 ().

Since we have v, 1 € L°(€Q), we can deduce the boundedness of Vg(qry1) - Vi1
in L3(0).

Since @y, is in H2(f2), this boundedness can be shown analogously to estimate

v).

Since we need to estimate Vi, - viyq in W2(Q), we need to study terms of
the form 0;¢,0;(vi+1): and 0;0;0k(Vit1)i- Dfle to the boundedness of J;¢; in
L5(Q) and the boundedness of 9;(vgy1); in L*(€), its product is bounded in
L3(£2). For the second kind of terms we note that ;0;¢; is bounded in L2(£2)
and (vy,11); is bounded in L5(£2). Hence, this product is also bounded in L2 (),
which implies the boundedness of Vg - vy in W%(Q)

First of all we note that due to gx11 € H*(2) — L5(2) and the growth condition
\h(qrs1)] < C(|grar] + 1), cf. (3.17), it holds h(gr11) € L°(Q). For the other
term we can in general derive the estimate

[H(a,b)] < C(la]* + [b* + 1) (3.41)

for all a,b € R. This can be seen as follow:
Let a #b. W.l.o.g. we assume a < b. Then it holds

|H(a,b)| = ‘—W(ai e

P < o+ ),

where we used
[W(a) = W(b)| = /W'(S)dfﬂ =[(a =)W' (&)] < la—b|C(la]* + [b]* + 1)

for £ € [a,b] and where we used the growth condition for W’. Dividing this
estimate by |a — b| yields the statement.

For the case a = b estimate (3.41) is obvious due to the growth condition for
148



5H& 3 Existence of Weak Solutions for the Surfactant Model

As it holds ¢y, ppr1 € HY(Q) < L%(Q) we can conclude from (3.41)

HH((PIHD(Pk)HP(Q) <C (H%H%WQ) + H90k+1|’%6(9) + 1) :

Finally, Holder’s inequality yields

P (qr1) H (rv15 00l 22(0) SC[|R(qr11)]] L5 (0) (||90k||%6(9) + lorallZog) + 1) :
Using the previous estimate for h(qs, 1) in the L%-norm yields the statement.

For all the other terms it is quite obvious that they are bounded in L?*(2), W3 ()

and in Lé(Q), respectively. It still remains to prove the continuity of Fy : X — Y.
Here we only need to study the nonlinear terms since for the linear terms continuity
follows from boundedness. In particular, we need to study the terms p(pr11), A(qrr1),
flaks1), W(prs1), 9(qrs1) and H(pgi1,0r). We use Theorem 2.10 about Nemyckii
operators and show that all conditions are satisfied. First of all, we note that the
Carathéodory-Condition is satisfied for all terms since we assume all functions to be
at least in C°(R). It remains to show the growth condition

D
q

|f(z, 1) < |a(z)] + blA|

for a constant b > 0, a € L(Q2) and suitable 1 < p,¢ < oco. Then Theorem 2.10
implies that F: LP(Q) — L9(2) defined by (Fu)(z) := f(z,u(z)) is continuous.
Consequently, f : L5(Q2) — L9(Q) is continuous for every 1 < ¢ < oo since f is a
bounded function. Analogously, we can show that p : L5(Q) — L9(Q) is continuous
for every 1 < ¢ < oo. Due to the growth condition |[W(n)| < C(|7|> + 1) we
obtain that W : L5(Q2) — L?(Q) is continuous. Furthermore, the growth conditions
B < C(al + 1) and |g(i)| < C(1a] + 1) imply that h,g : L5(Q) — L9(Q) are
continuous.

From the growth condition (3.41) for H we get that H(-, ) : L(Q) — L3(Q) is
continuous. Hence the continuity for most terms of Fj, : X — Y can be shown with
similar arguments as for the boundedness. We only want to study the continuity for
the terms V(f(qer1)W (k) - Viy1 and Vg(grs1) - Ves1 in detail. To this end, we need
to study terms of the form f'(qxs1)Va@ri1 - Vir1 and ¢'(qrs1) Vst - Vesr1. Since f/
and ¢' are bounded, we can conclude f’, ¢’ : L%(Q) — L4(Q2) are continuous for every
1 < ¢ < oo. This implies that the mappings (gx+1 — V(f(@re+1)W (¢r)) - Vit1) and
(Ger1 — Vg(@ri1) - Vir1) are continuous from H*(Q) < LS(2) to L2~5(2) for every
0 < s < 1. In particular, these mappings are continuous from H*(£2) to L3 ().

Thus we have shown that F, : X — Y is a continuous and bounded operator.
Since the embeddings H'(Q) << L*(Q) and H'(Q)) << L*(Q) are compact, cf.
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Theorem 2.16, we obtain

Moreover, Theorem 2.16 yields

ng(Q) s L*(Q).

Hence it holds Y << Y compactly and therefore we can conclude that

Fr: X =Y is a compact operator.

In the following we want to apply the Leray-Schauder principle analogously as in
[ADG13]. We already noted that wy1 € X is a weak solution of (3.20) - (3.24) if
and only if

£k(wk+1) — Fk(warl) =0 inY.
This is equivalent to
8ry1 — Fr o Egl(gkﬂ) =0 inY  for g1 = Lp(Wiy1). (3.42)
Since F}, is compact and L,;l is continuous for every k € N, we note that the compo-
sition Ky, := Fj o 6;1 .Y — Y is also a compact operator. Moreover, we note that
proving the existence of a weak solution for (3.20) - (3.24) is equivalent to proving

the existence of a fixed-point of Iy because of (3.42), i.e., we look for g1 € Y such
that

g1 — Ki(8rr1) =0 inY & g =Ki(grs) inY.

For the proof of the existence of such a fixed-point we want to apply the Leray-
Schauder principle, cf. Theorem 2.2. In particular, we need to prove

There exists ry11 > 0 such that if gi1 € Y solves gr1 = MCrgr1 with 0 < X < 1,
then it holds ||gr+1|ly < Tkt1- (3.43)

To this end, we consider g1 € Y and 0 < A < 1 such that gg,1 = MCrgri1. As it
holds wy. 1 = £; ' (gk+1) € X we can conclude

r+1 = )JCk(ng) nY <« £k<Wk+1> — /\fk(Wk—i-l) =0inY.
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The last equation is equivalent to

Vv — A\ . J
/\/ (pkﬂ k+;L Al + div(pr Vit ® Vk+1)) ~pdr + /\/(Jk+1 V) Vi1 - pde
Q

+A / (divjk+1 . w Ve Vpk> V’;“ apdy
Q

- )\/ (Mk+1 - @W/(S%)) Vo, - pde
Q
= —/277(g0k)ka+1 : Dipdr — (5/Avk+1A¢dx (3.44)
Q Q

for all ¥ € H?(Q) N HH(Q)4 N L2(Q2) and

A/ <§f<Qk+l)W(S0k) + g(QkJrl)) Vi1 - Vodr = /m(gpk, @)V qri1 - Vodr
¢ Q

F (=) Q/ Q/ G dyis

wg [ (P g - HBEE g Yo, a5
Q
0= /m(gok)v,ukH -Vodr + )\/ ww& + )\/(Vgok “Vi1)Qdo
Q Q Q
+ (=) pr+1dypde, (3.46)
/]

1
A pir@de = [ eV - Vode + X | h(qrr)—H (Pt or)pde
5

Q Q Q

+)\5/w¢dx+(l —/\)//gok+1dygbdx (3.47)
QQ

Q

for all ¢ € H'(Q).

Now we need to estimate wy, 1 = E,;l(gkﬂ) = (Vit1, Pht1, k1, Qer1) in X. Then
the estimate for g, in the norm of Y follows from the compactness, in particular
from the boundedness, of Fj, : X — Y. To get this estimate of g1 = Li(Wgi1)
in Y, we use that g4 — AFj o L,;l(gkﬂ) = 0 implies grr1 = AFr(Wgy1) and the
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fact that F, : X — Y maps bounded sets into bounded sets, which holds due to the
estimates above for F,.

Thus (3.43) is fulfilled and the Leray-Schauder principle yields the existence of
gri1 € Y such that gry — Ki(gks1) = 0, which is equivalent to
Lie(Wis1) = Fr(Wig1) = 0, where Wiy = £, (8r41)-

To this end, we test equation (3.44) with vi.q, (3.45) with gry1, (3.46) with gy
and (3.47) with #45=2% Then we obtain with similar calculations as before

A Vi |? vi|? Vi1 — Vi|?
0> Prat|Vee1l® — prlVil +pk‘ 1 = Vil dx+/27l(90k)|DVk+1|2dx
hjo2 2 2

Q

+ /m(SOk,Qk)|VQk+1|2d$ + /\/%(G(Qk—kl) — G(qr))dr + (1= A) /Qkﬂdﬂf

Q Q
W( W(
+/m(90k>’v,uk+1|2dx+)‘/ (pkH) 1) / SOk (2)
Q
2
e (IVeral?  [Veor/
Q Q

2

. 2
F(1- ) /¢k+1dx +A5/wcix+5/|mkﬂ|2dx.
Q

Thus we get the estimate

h/m (08, @) V@i |*do + A/G(Qkﬂ)dﬂﬁ + h(1 - Qg1 dz

Q

g
Q/ <Pk+1|

/ ()| Vg 2dr + h(1 = N) /uk+1dx

Q
2

£

Q Q

+h/2n(gpk)]ka+1\2dx+(5h/\Aka]de
Q

V 2 2
§/G(qk)dx+/ | gk’ dx + — /W k) d(qk)dx—l—/%dx,

Q Q Q
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where we estimated every A on the right-hand side by 1 and omitted the non-negative
terms

2 _ 2 _ 2
\ P41 | Viet1] dr, A Pk Vst — Vi dz and \S |Pr+1 — @il i
2 2 h
Q Q

In this estimate we can conclude that the right-hand side is bounded. In detail:
Due to the growth condition |G(qx)| < C(|q|* + 1), cf. Assumption 3.3, and
qr € L*(Q), the term [ G(gy)dz is finite. Since ¢y is in H*(2) — C°(Q) and vy

Q
is in H'(f2), the second and fourth integral are obviously bounded. For the term
L [ W(pr)d(qr)dz we use the growth condition |W (@) < C (Jer*+1), cf. Assump-

Q
tion 3.5, and the boundedness of the function d, cf. Assumption 3.4, to see that it is
also bounded. Thus we can summarize the previous estimate to

2

/m O @) |V @ies [ d5’7+>\/G Qr+1)dz + h(1 = X) /Qkﬂdl’

Q
2

\V4 2
/ (i) [V i [ do + h(1 = A) /ﬂkJrldx +/5%dﬁc

Q Q Q
2
W (gper)d
+h(1 =N / Ori1dz |+ A / (90’““5) (QkH)dx
Q
+h / (o) Dves [2dz + Oh / Ave Pz < C (3.48)
Q Q

for a constant Cj, > 0 which only depends on vy, ¢, and ¢ from the previous iteration.

To obtain an estimate of the H'-norm of ¢, 1, we distinguish two cases. If A € [%, 1],
then we get from (3.48)

C
/ (|Qk+1| - 1) < C/G(Qkﬂ)dﬂf < Xoka

Q Q

where we used G(q) > ¢(|q|* — 1) for all ¢ € R and a constant ¢ > 0, cf. (3.15). But
this estimate yields that the mean value of g1 is bounded in the case A € [3,1].
For A € [0, 3) we can use (3.48) to estimate the mean value of g1 by | f Qet1 dg;| < Cy.
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Thus we get the estimate

2

- \Y% 2
lawallng + b [ o0 Tl + 10 -3 | [meads | + [l
Q

Q Q
2

d
+(1 =) /@kﬂdﬂc +)\/W(90’“+1) (Qk+1)d$
Q

9
Q

+ h/277(<pk)|ka+1|2dx —|—5h/ |Avy 1 [Pdr < Cy, (3.49)
Q Q

where we used the Poincaré inequality with mean value, cf. Theorem 2.7. To get
an estimate of the H'-norm of ¢, 1, we need to estimate its mean value since (3.49)
already yields an L?-estimate of Vi, ;. For \ € [0, %), we use (3.49) directly to get
| [ orp1dz| < Cy. In the case of X € [%, 1] we use

Q

c2 [(onl-nar < [ Wipre)d@en) 4 (3.50)

9
Q Q

where we used Assumption 3.5 and the lower bound of d and W. This estimate yields
the boundedness of the mean value of 4y for A € [3,1]. Altogether it follows from
estimate (3.49)

lak1l2 @) + llerllin + h/m(¢k)|vﬂk+1|2dﬂf +h(1—=A) /Mk+1dl’
Q Q

Q Q

To estimate the chemical potential p,1 in the H?-norm, we need to estimate its

mean value again. Its mean value has to be bounded by a constant independent of

A. For X € [0, 1), we use (3.51) directly to get | [ pyr1dz] < Cy. For X € [3,1), we
Q

test (3.47) with constant 1 and obtain

1
)\/Nk—&-ldx — /\/gh(Qk—Fl)H(‘Pk—Ha@k)dx"i‘ (1 —A)’Q|/90k+1d$
Q Q Q

+A5/Mdﬁ
I
Q
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Since we already know ||qe41||m1 (), ||@r+1]lm1 (@) < Ck from estimate (3.51), we can
conclude

)\/Mk+1d$ < Cy
9)

for a constant Cy > 0 independent of A\, where we used (3.41) to estimate the term
H k41, ¢r). Moreover, we used h(q) < C(|q|+1) for all ¢ € R and a constant C' > 0,
cf. (3.17), and estimated (1 —\) and A by 1 on the right-hand side. This means that
we can improve (3.51) to

||Qk+1||§11(sz) + ||90k+1||12ql(9) + ||Mk+1||12ql(n) + h/QTI(SOk)|DVk+1|2d$
Q

Q

Now we want to derive an estimate for the chemical potentail ji;4; in the H2-norm
analogously as in (3.40). From equation (3.46) it follows

div(m(pr)per1) = Aga + (1 = A) /#kzﬂdw,
Q

where g, = #—2 + Vo -vi g is bounded in L?(€2). Analogously as in the derivation

of (3.40) we can derive

B = (o) | =) T + (1= ) [pado +232 |
Q

With the same statements as in the derivation of (3.40) we can conclude that the
right-hand side is bounded in L: (©2). With the same bootstrapping method as before
it follows pyy1 € H2(Q) together with the estimate

|1l mr20) < C(H(m@%))fl(_v(m(%@k)) Vi + (1= A) /Mk+1dﬂ? + AG2)|[r2(0)
Q

s llme)

< Cr (sl ) + (1= Mg @) + Allgell2)
< Oy (|l + 11920 r2) -
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where C}, > 0 does not depend on \. Hence, we also get an estimate of the H%-norm
of the chemical potential ;1 and can conclude

ksl + 10t By + ik |y + B / ()| DV [ d
(9]

+5h/|AVk+1|2dl' S Ck
Q

Now we use Korn’s inequality, cf. Theorem 2.14, for v, € HZ ()N L2(Q) to get
Vit llr2 () + gkl @) + ik 2 @) + lorn i) < Cr (3.53)

This means that w1 = Ly (8ke1) = (Viet, Prrts i1, Qer1) is bounded in the
norm of X. Thus (3.43) is fulfilled and the Leray-Schauder principle yields the
existence of gri1 € Y such that gri 1 — Ki(grs1) = 0, which is equivalent to
Ly (Wii1) — Fr(Wiy1) = 0, where wyq = £ (gr11)-

Finally, we need to show higher regularity for ¢y 1. As it holds Lx(Wgi1) = Fr(Wii1)
with Wiy = (Ves1, et Hrt1; Pre1), We can conclude

1 — ) _
EANPR41 = —Hit1 + h(Qk+1>gH(¢k+17 o) + 5% in H, 1((2),

where the right-hand side is bounded in the L?-norm as we have already shown. Thus
elliptic regularity theory yields ¢p.1 € H2(Q), cf. [Lun95, Theorem 3.1.2 and
Theorem 3.1.3].

Hence there exists a weak solution for the time-discrete problem (3.20) - (3.24) in
the sense of Definition 3.6, which fulfills the discrete energy estimate (3.31). O

3.3 Existence of Weak Solutions for the Surfactant Model in
the Case 6 > 0

In the previous section we proved the existence of weak solutions for the time-discrete
problem (3.20) - (3.24). In this section we prove the existence of weak solutions for
the system

~ R
O (pv) +div(v® (pv + J)) + Vp — div(2n(p)Dv) — TV + 6A%v

= div(—eVy @ V) in Qr, (3.54)

divv =0 in Qr, (3.55)

o (LH@W () + o) = div om0} o) n Qr. (3.36)

05 p = div(m(p)Vp) in Qr, (3.57)

~eA + h(g) W) + 000 = in Qr, (3.59)
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together with the initial and boundary conditions (1.6) - (1.7). Moreover, we show
that the weak solutions of (3.54) - (3.58) satisfy an energy estimate. Note that in
contrast to the equations (1.1) - (1.7) we have the additional terms JA?v in equation
(3.54) and 00;p in equation (3.58). In the last section of this chapter we will pass
to the limit § — 0 and show that the weak solutions for the model (3.54) - (3.58)
together with the initial and boundary conditions converge to a weak solution of
(1.1) - (1.7) and satisty the energy estimate (3.14) for all s < ¢ < T and almost all
0 < s < T including s = 0.

But first of all we define what we mean with a weak solution for the equations
(3.54) - (3.58) together with initial and boundary conditions (1.6) - (1.7).

Definition 3.8. (Weak solution in the case 6 > 0)
Let T € (0,00), 6 > 0 and vo € L2(), po € H*(Q), qo € L*(Q2) be given. We call
(v, p, 1, q) with the properties

v € L*0,T; H*(Q) N HY(Q)Y) N L>=(0,T; LA(Q)),
p € L0, T; HY () N W5 (0, T; L),

pe L*0,T; HY(Q)),

q € L*(0,T; H'(2)) N L>=(0,T; L*(Q))

a weak solution of (3.54) - (3.58) together with initial and boundary conditions
(1.6) - (1.7), if the following equations are satisfied.

Z!pv-@t¢dxdt+o/TQ/(pv®v):Vzbdxdt—l—o/TQ/Qn(go)Dv:Dwdxdt

T

_/T/(j@;v):V¢dxdt—<%,¢>+5//AV.A¢dxdt
0

Q 0 Q

:/T/( )) V- pdedt (3.59)
0 Q

for all 4 € C°(0,T; H*(Q)? N H} ()N L2(Q)) and

/T/m(go,q)Vq-ngdxdt //
0/

+9(q)) Orpdrdi

* ( +9(q))v-v¢dxdt, (3.60)

T
O//m P)Vi - Vodudt = //gp@tgbdxdt //w )pdudt, (3.61)
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T
O// ubdudt = //€Vg0 qudxdtJr// o)odrdt
T
+60/Q/3tg0qbdxdt (3.62)

for all ¢ € C°(0,T; CL(Y)). Moreover, the energy inequality

/ / (m(, @) Val? + () [Vl + 20()| DI + 5|AV] + 6100 dedr

+ Bt (v(1), 0(1), Vio(t), q(t)) < Eior(v(s), (s), Vo(s), (s)) (3.63)

has to hold for allt € [s,T) and almost all s € [0,T) including s = 0. In (3.59) we
define for ap € C3°(0,T; H2(Q)1N HL(Q)4 N L2(Q))

<%,¢> :z//@tp(go)%-wdxdt—%// v+J V(v-¢)dxdt. (3.64)
0 Q 0

In this section we construct solutions for the time-dependent problem via interpolants
which depend on the time-step h. Then we pass to the limit A~ — 0 resp. N — oo
and show convergence in appropriate Banach space-valued Sobolev spaces. In the
end we will obtain the following result about the existence of weak solutions in the
case 0 > 0.

Theorem 3.9. (Ezistence of weak solutions for § > 0)
Let the assumptions from Section 3.1 hold and vo € L2(Q), po € H2()) and

qo € L*(QQ) be given. Then there exists a weak solution (v,p,u,q) in the sense
of Definition 3.8. Moreover, it holds ¢ € L*(0,T; H*(R)).

Proof. We start with fixed N € N and set h = % Moreover, we have the initial
values

(Vo, o, q0) € Lg(Q) x H*(Q) x L*(Q).
Then Theorem 3.7 iteratively yields the existence of weak solutions
(Vitts Gt s, Pr1) € (H2(Q)1 N Ho () N LE(Q)) x HY(Q) x HA(Q) x Hy ()

for the time-discrete problem (3.20) - (3.24).

For the existence proof we use the same notation as in [ADG13], i.e., we define so-
called interpolant functions f(t) on [—h,o0) by fN(t) = f; for t € [(k — 1)h, kh),
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where k € Ny and fi, € {vi, ¢r, &}, respectively pV(t) on [0,00) by p™(t) = py for
t € [(k—1)h,kh), where k € N. Note that p'V is defined on [0, 00) while vV, ¥ and
¢V are defined on [—h,o0) as we have no initial value j.

With these definitions it holds f~ ((k—1)h) = fi, fN(kh) = fry1 and fV(t) = fryq for
t € [kh,(k+ 1)h) for N € {vN oV, ¢V}, k € Ny, and pV((k — 1)h) = s,
pN (kh) = 41 for k € N. Furthermore, we use the abbreviations

(ML) = F+ 1) — (1), (A )0 = F(6) = F(t ~ h),
Ouf (1) = (AT () O f (1) = 3 (A ) (1),
fult) = GNO = FE=h) faslt)i= S+ )
and set
PN =), en = elen),

IV = —p' (e )m(en ) V™,
RN = ;hpN + div <thVN +jN> .

Now we need to determine which equations are solved by the interpolant functions v,

gV, 1V, oV and in which function spaces they are bounded. To this end, we choose
_ (k+1)h
an arbitrary ¢ € C5°((0,00); H2(Q)? N H (Q)? N L2(2)) and set ¢y := [ wpdt as
kh
test function in (3.26). Then we sum over k € Ny. Exemplarily we do this for one

simple term. The other terms can be derived in the same way. It holds

oo o (k+1)h
Pk+1VEk+1 — PkVE 7 _ Pk+1VEk+1 — PEVik
(mepana) g (e o) o
k=0 h 7 L2(2) k=0 ¢, h ik
- (k+1)h
_ / / Pk+1Vk+f1L — PV abdtds
k=0 kh
- (k+1)h N N
t) — t—nh t—nh
:Z// O =P ) g,
k=0
- (k+1)h
= / / (9th 'z/)dtdx—//ﬁ zpdxdt.
k=00 gn Q

Doing this analogously for all the other terms in (3.26) and using the previous
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abbreviations yields

// thp vV ¢dxdt+//phv ® vY) : Vapdrdt

Q

+O]OQ/277(90hN)DVN : Dv,bdxdt—// <3N®VN> : Vpdzdt — <RN2VN,¢>
+5//AvA¢dxdt //( W’(goh)) Vi - apdrdt (3.65)

for all ¢ € C°((0,00): H2(Q) N HL(Q)? N L2(5)), where <RN;N,¢> is defined

analogously as in (3.64), i.e.,

N IVY V(Y ) dadt.
2O/Q/(phv + > v x

B _ (k+D)h
Now let ¢ € C§°((0,00); C1(2)) be arbitrary. We set ¢ := [ ¢dt as test function
kh
n (3.27) - (3.29) and then sum over k € Ny. Using the same techniques as before we

get

o0

‘/ / i g )Va" - Vodudt = /oo / O (F@ YW (V) + g(q™)) ddudt,

//( wh)+g(qN)> vV . Vedzdt, (3.66)

—//m ) uN-ngﬁdxdt://8mhg0N¢dxdt+//V<pflV'VN¢dxdt, (3.67)
0 0 Q 0 Q
///LNgbdxdt //aw V¢dxdt+// H(oN, o) pdrdt
0 Q

+5//a;hgoN¢dxdt (3.68)
0 Q
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for all ¢ € C3°((0,00); CH(Q)). Remember that by definition it holds

W' (N (t — h)) if oV(t) =Nt —h),
H(eN (), N (t —h)) = N ()W (o (£ .
W(“;JV(QLLVN(}‘;,S) M N (t) #£ N (t — h)

and that we have already proven the estimate
|H(a,b)| < C(la]” + [b]* + 1)
for all a,b € R, cf. (3.41).

Now we want to derive from the time-discrete energy estimate the energy inequality
for the interpolant functions vV, ¢, u" and . This can be done analogously as in
[ADG13], i.e., we define the piecewise linear interpolant EV (t) of Eios(Vi, 0, Vor, qk)
at t, = kh by

k+1)h—t t—kh
gEtot(vkagokavspkvq’f) + h

for t € [kh, (k + 1)h). Moreover, we define for all ¢t € (t;,tx11), k € Ng

EN(t) =

Etot(vk—i-la Ort15 V Pk, Qk+1)

DN (1) = / (e ) [Vl do + / (o) [V s P do + / (o) Dviss [2da
Q

Q
. 2
+5/\Avk+1|2dx+5/ww

Thus the time-discrete energy estimate (3.31) yields

d N o Etot(VkaSOmvSOk»Qk) - Etot(Vk+17901c+1a v@k+1>€lk+1)
for all t € (ty,tke1), k € No. We multiply this inequality by 7 € W} (0,00) with
T > 0, integrate over (0, 00) with respect to ¢ and use integration by parts. Then it
follows

> DN(t) (3.69)

Eiot(vo, 08, Vol qo)7(0) + / EN ()T (t)dt > / DN (t)r(t)dt. (3.70)

We will need this estimate for the derivation of the time-continuous energy estimate
as N — 0o. When we integrate (3.69) we get the energy estimate for the interpolant
functions vV, ¢V, u¥ and ¢” given by

Bt (VI (1), 0 (1), Vil (¢ // m(ey, @) IVe™|?

~ _ 2
+ (o) VN2 + 20| DYV + S AVY +8[07,0" ) dedr
< Fur (VI (5), 08 (5), Vb (). 47 (5)) (3.71)
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for all 0 < s <t < oo with s,t € hNy, where we used the definition of EV. Since it
holds vi¥(0) = vg, ¢ (0) = go and ¢ (0) = ¢y for all N € N, we can conclude that

(Etot(vhN(O), N (0), Vi (0), q,JZV(O)))NeN is bounded in R.
The boundedness of (Ei. (v (0), N (0), Vi (0), ¢ (0))) yen implies:
i) v ven is bounded in L*(0, co; L*(02)%),
vV ven is bounded in L*(0, oo; H?(Q2)%),
i11) ¢" )nen is bounded in L*(0, 00; L*(2)%),

(
(
i) (V") nen is bounded in L?(0, 00; L*(Q)9), (3.72)
( d
(
(

4

v) VgpN)NeN is bounded in L>(0, co; L*(2)%),
i) W (™)) nen is bounded in L>=(0, c0; L*(Q2)),

G(¢"™))nen is bounded in L>(0, co; L'(£2)),
Vi) (8t7h90 )nen is bounded in L?(0, 0o; L*()).

Vi)

From the growth condition G(¢") > C(|¢"|? — 1), cf. (3.15), it follows that (¢")yen
is bounded in L>(0, co; L*(€2)). Together with iii) this yields

(qN)NeN is bounded in Luloc([O, o0); Hl(Q)) N L>(0, oo; LQ(Q)).

Since (VY (t), o™ (1), 1™ (1), g™ (t)) ven solves the discrete problem (3.20) - (3.24) for
any fixed ¢t € (0,00), we can conclude from (3.23) by testing with constant 1

0= %/@N(t)d - %/cth(t)dx. (3.73)

Q Q

But this means that the mean values (o (t))yen are constant for a.e. ¢ € (0,00) and
for any fixed N € N. Thus we can conclude that they are also bounded independently

of N since it holds
/gpN(t)dx = /gpodx

Q Q

for all t € [0,00). Hence, we can deduce the existence of a constant C' > 0 indepen-
dent of N such that

/cpN(t)dx <C for all t € [0,00), N € N.
Q

In particular, it holds

//cdex dt < C(T) forall 0 <T < o0
0 o
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for a monotone function C' : R™ — RT. Due to these estimates and the boundedness
of (Vi) nen C L2°(0, 00; L2(2)4), we can conclude that

(¢™)nen is bounded in L>(0, 00; H*(Q)).

Testing equation (3.24) with constant 1, using the growth condition for the function
h and using estimate (3.41) for H, we can deduce

[ ods| =| [ ma O 0,07~ )i

Q Q

<c / ()] +1) (| O + 9™ (¢ — B +1) da

for a.e. ¢t € (0,00). Since it holds N (—h) = ¢y € H*(Q), we can deduce that
(V) yen is also bounded in L*°(0, 00; L%(2)). Due to the boundedness of ¢ in
L>=(0,00; L5(2)), ¢ in L2, .([0,00); L5(£2)) and the boundedness of (Vu)yen in

uloc

L?(0,00; L*(Q)) the previous estimate implies that
(1) nen is bounded in L2,,.([0, 00); H*(Q)).

uloc

Due to these bounds we can conclude that for every 0 < T < oo there exists a

suitable subsequence, which we denote by (vV, ¢, u™, o) yen again, such that

i) vN — v in L2(0, 00; H(Q)%),
ii) vV —* v in L>(0, co; L*(Q)?) = (L*(0, 00; L2(2)4))’,
i) ¢V — ¢ in L2(0,T; HY()),
w) ¢V —* ¢ in L>(0,00; L*(Q2)) = (L1(0, 00; L*(2)))" ,
v) o = in L%(0,00; H'(Q)) = (L1(0, 00; HY(R2)))',
vi) pN — pin L2(0,T; HY(Q)).

Remark 3.10. For most calculations v — v in L*(0, 00; H'(Q)4) is sufficient. We
only need the weak convergence in L?(0, oo; H*(2)?) when we pass to the limit N — oo

in the term <RNVN,¢> forap € C(0,T; HX(Q)1N HE(Q)EN L2(QQ)). Therefore, we

2
do all the other calculations and estimates for vV — v in L*(0,00; H'(Q)?).

Note that in the following we often pass to suitable subsequences N, — oo, which

we always denote by (vV, ¢V, ™, ") yen again.
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3.3.1 Compactness of ¢ and Convergence of its Initial Values

First of all we want to show ¢(0) = ¢ in an appropriate Banach space, where ¢
is the weak-* limit as before. To this end, we denote by ¢V the piecewise linear
interpolant of o (t;), where t, = kh, k € Ny, i.e.,

k+Dh—t o t— kh

g (1) = Bty v
for t € [kh, (k4 1)h). Then it follows
067 (1) = —3 0™ (t — h) + 167 (1) = 00",
R Ol iN(t ),
= (=(k+1)h+1)0, 0" (1) (3.74)
for t € [kh, (k + 1)h). Using both equations yields
16" () = ™ Olzr-1) < 1S Ol -1 (3.75)

for every t € [0, 00), where we used that there exists k € N such that ¢t € [kh, (k+1)h)
and therefore |(t — (k+1)h)| <h =+ < 1.

In the following we want to use the Aubin-Lions lemma, cf. Theorem 2.33. From
equation (3.67) we get that (9;¢™)yen C L%*(0,00; H71(€2)) is bounded since
(VM) yen is bounded in L%(0,00; L%(Q)?) as we have seen before and Vi - v
is bounded in L2(0, 00; L2(€2)) since Vol is bounded in L*(0, 00; L2(2)?) and v is
bounded in L?(0, oo; L5(92)?). Moreover, we can conclude that (¢")yey is bounded
in L>=(0,00; H(R2)) since (o) ey is bounded in L°°(0,00; HY(2)). Thus we can
apply the Aubin-Lions lemma, which yields the relative compactness of
{pY © N € N} in LP(0,T; L*(Q2)) for every 0 < T < oo and 1 < p < oo. In
particular this implies the strong convergence

oY — ¢ in LP(0,T; L*())

for all 0 < T < o0, 1 < p < oo and for ¢ € L>(0,00; L*(2)). Here it holds
@ € L*(0,00; L*(2)) due to the following arguments:

Since we know that (¢")yen is bounded in L*°(0,00; H*(Q)) there exists R > 0
such that [|@N(¢)||z2) < R for all N € N and ae. ¢ € (0,00). Moreover,
we obtain from @Y — @ in LP(0,T; L%*()) the existence of a subsequence such
that @N(t) — @(t) in L3(Q) for ae. t € (0,7). Hence, we can conclude
@)z < R for ae. t € (0,7). Moreover, lower semi-continuity of norms
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implies ||@(t)||r2@) < hAr[nianng(t)HLQ(Q) < R for a.e. t € (0,7) and therefore
—00
@]l L 0,m522(0)) < li]\r[n inf||@N || Lo (o, r:22(0)) < 00. Since these arguments hold for
—00

every T' > 0, this implies the statement.
From ¢V — @ in LP(0,T; L*(Q)) we can deduce the existence of a subsequence such
that ¢~ — @ pointwise a.e. in (0,00) x €. Furthermore, estimate (3.75) yields

N — N =0 in L*(0, 00; H1(9)),

since (0;¢™)yen € L%*(0,00; H71(€2)) is bounded and h — 0 for N — oo. This
implies ¢ = ¢ together with

PN = i L*(0,T;L*(Q))

for every 0 < T' < co. Here we could conclude ¢ = ¢ since the weak-* convergence
o™ —=* ¢ in L>(0,00; H'(Q)) = (L'(0, 00; H'(£2))" means

(10, ™) 110,001 (). (L1(0.00:H1 () — (V3 ©) L1(0,00:H1 (2)).(L1 (0.00:H1 ()

for every ¢ € L'(0,00; H(Q2)). But this implies the convergence also for every
e LY(0,T; H'(S)) since we can extend every v € L'(0,T; H'(2)) on (T, o) by 0.
Hence, we get

o = in L*(0,T; H'(Q)). (3.76)
Moreover, we can conclude
" = in LX0,T Hy ().

As we already know @V — @ in L%(0,T;L%(Q)) < L*0,T;H;"'(Q)) and
&N — N — 01in L?(0,00; Hy'(€)), we can conclude

p—¢=wlime" —p% =0 in L*(0,T;Hy ' (Q)).

N—o0

This implies ¢ = @ in L2(0,T; Hy ' () for every 0 < T < oo and therefore
o(t) = ¢(t) for a.e. t € (0,00). Since we know that ¢ is in L>(0, 00; L*(£2)) and
PN — @ in LP(0,T; L*(Q)) for all 0 < T' < 0o, 1 < p < oo, this also holds for ¢.

Due to Lemma 2.21 it holds
W5 (0,T; H-1(Q)) N L*(0, T; H'(Q)) — C([0,T]; L*(2)).

Since (¢")yen is bounded in W3 (0, 00; H1(22)) N L>=(0, c0; HY(2)), there is a sub-
sequence such that

PN = inWH(0,T; HHQ)) N L*0,T; HY(Q))
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for every 0 < T < co. From Lemma 2.3 it follows
PN = inC((0,T]; L*(2))
for every 0 < T < oo. As the mapping

tro - C([0, T); L)) — L*(9),
f = £(0)

is linear and continuous, it is also weakly continuous. Thus we can conclude
&N (0) — (0) in L?(2), where it holds ¢™(0) = ¢g. Hence we can deduce p(0) = g
in L*(Q).

3.3.2 Higher Regularity of ¢

To prove higher regularity of " and ¢}, respectively, we use equation (3.68), which
yields

1 B
eAp™ = gh(qN)H(soN, on) — N+ 60,0 = fY

in the weak sense. As it holds ¢™ € L2, ([0, 00); H'(R2)) and ¢ € L>(0, 00; H(Q2)),
we can conclude that h(¢"V)H (", @) is bounded in L2, .([0,00); L?(2)), where we
used estimate (3.41) and ¢ € L>(0, 00; H*(Q)).

Moreover, we know that 9;,¢" is bounded in L*((0,T) x Q), cf. (3.72) viii).
Using standard elliptic regularity theory with Neumann boundary condition yields

ON(t) € H*(Q) for a.e. t € (0,00) together with the estimate

1" ®)llmr2) < C (™ Ol + 1A O] 22) for a.e. ¢ € (0,00).

As it holds fi¥ € L2, .([0,00); L?(£2)), the estimate above implies

uloc

P, 0h € Litne([0,00); H(2)). (3.77)

uloc

Due to the boundedness of (¢ )yen in L%, ([0,00); H*(2)) N L>=(0, 00; H'(2)), we
interpolate the spaces H'(Q) and H?(Q2) to get the boundedness of (¢ )yey in an
"intermediate space”. From Theorem 2.28 it follows

(H2(RY), H(RY) 1, = B3 (RY)

oL
3
for all d € N. In the case d = 3, Theorem 2.20 yields B (RY) — B2 (R?). In

3
the case d = 2, Theorem 2.20 also provides B3, (R?) — B3, (R%) — B2, (R?) . Due
to (2.3) we get in both cases B%,(R%) — L*®°(R%). Together with Lemma 2.27 we
obtain the estimate

1 1
||f||L°°(Rd) < C||f||12{1(Rd)||f||]2{2(Rd)
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for all f € H*(RY) and d < 3. Since there exists a continuous extension operator
E : H*(Q) — H*RY) for all k € Ny, cf. [Ste70, Chapter VI, Section 3.2], we can
also show

1 1
f 1] Lo @) < C\|f”§11(9)||f||132(9)

for all f € H?(Q), Q C R? with d < 3, and for a constant C' > 0. As we know
that (3 ) nen is bounded in L2, ([0, 00); H*(2)) N L>(0, 00; H'(2)), we can use the

uloc
estimate above to conclude that

(o) ven is bounded in L*(0,T; L™®(Q)) (3.78)
for every 0 < T' < co. Thus Theorem 2.32 yields that
(o) ven is bounded in L*(0,T; L>®(Q)) N L>=(0,T; L(Q2)) — L'(0,T; L°(Q)).

Note that ¢} is even bounded in L%, ([0,00); L>=(£2)). But since we are only in-

terested in estimates for every 0 < T < oo, we focus on the boundedness in

spaces with finite T from now on. Moreover, Lemma 2.27 and Theorem 2.28 yield
(HY(Q), H‘l(Q));2 = L?(2) together with the estimate

R :
18¥(1) = @™ ()l 2@ < Y0 = D DIl 167 (1) = " Dl 2y
1 _ 1
< OGN Ol 3y 18 (1) = ™ ()10

where we used (3.75). Due to the boundedness of 9;,5" in L%(0,00; H~(2)) and of
oM, o™ in L2, ([0,00); H*(€)) we can conclude with the estimate above

uloc
o = in L*(0,T; L*(Q)) (3.79)

for every 0 < T < oo since oV and ¢V must converge to the same limit. Due to
Theorem 2.28 we can conclude

(H*(R?), L(R?))1 , = By (R).

%7
Since we know Bi,(R?) = H'(RY), cf. (2.4), and oV (t) € H?(Q) for a.e. t € (0,00),
we can deduce with Lemma 2.27

1oV (8) = el < CllE™ () = o) lle¥ ) = D)l 2aqy- (3:80)

As it holds that (¢™)yey is bounded in L*(0,T; H*(2)), there exists a subsequence
such that ¢ — % in L*(0,7; H*())). But since we have already proven that
eV —* pin L>®(0,00; H*(Q)) implies ¢~ — ¢ in L*(0,T; H*(Q)), cf. (3.76), we
can deduce ¢ = p. Thus it holds ¢ € L*(0,T; H*(Q2)). Hence, the first term on the
right-hand side in estimate (3.80) is bounded. Since ¢~ — ¢ in L?(0,T; L*(R)) for
every 0 < T' < oo this estimate yields

o — in L*(0,T; H'(Q)) (3.81)

for every 0 < T' < oo0.
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3.3.3 Compactness of gV

In the following we prove the strong convergence of (¢")yen in L?(0,T; L?(2)) for
a suitable subsequence. To this end, we show that {¢" : N € N} fulfills the
assumptions of Simon’s theorem, cf. Theorem 2.34, where X = H*(Q), B = L*(Q)
and Y = L*(Q). Then we can conclude that {¢"V : N € N} is relatively compact in
L*(0,T; L*(9)).

First of all we note that (¢")yey is bounded in L2, ([0, 00); HY(2)) as we concluded

from (3.72). Thus condition i) in Theorem 2.34 is satisfied for every 0 < T < co. It
remains to show condition ii). To this end, we prove

1
2

T—s
/ 16V + ) — (O Zsdt | < C(T)s
0

Ny

(3.82)

for all s = mh with m € N and a constant C'(7') > 0 independent of s and N € N.
Then Lemma 2.35 yields

1
2

T—\
/ IV (t+X) =V (O)[32qdt | < C\i (3.83)
0

for any A > 0 and a constant C' > 0 independent of A and N. This proves condition
ii) in Theorem 2.34 and therefore shows that {¢" : N € N} is relatively compact in
L*(0,T; L*(9)) for every 0 < T < oo.

In the following let s = mh be given for m € N and h = % Moreover, we define

Fe™,q") = faW (™) + 9(a"), ft) = F(e"N(t),qV (1))

Since ¢ is strongly monotone and f is monotone, it holds that F (o, ) is strongly
monotone and therefore there exists a constant C' > 0 such that

F(or, @urm) — Fpr ar)| > Clgrem — axl > C |V (t+ ) — "V (1))

for every t € [kh, (k + 1)h). Multiplying these inequalities with |¢" (¢t + s) — ¢~ (¢)],
integrating from (k — 1)h to kh with respect to ¢, integrating over the domain Q2 and
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summing over k = 1,....,TN —m for T' € N yields

TN—7n kh TN— kh

C Z/ / 1N (t + 5) — ¢~ (t)|*dtds < C / / |G — qi|* dt dz
7 k=1 {

(k—1)h

S

2

31
e
>

< / / (s i) — F(0s 1)) (@ — qu) dt
k=1 Q
kh
< / / (F(0ry Q) — F(Ohsrins Qo)) Qs — @) dtdz

/ / (F (Prrms Gern) — F(0r, @) (@osm — @) dtdn,  (3.84)
=10 (k=1

where we omitted the modulus since the product is always positive due to the strong
monotonicity of F(¢p,-).

We estimate both summands in (3.84) separately. Since f is a bounded function, we
can conclude for the first summand

TN—m kh

Z / / (F (@ Qi) — F(rims Grosin)) @i — qi) dt da
=10 (k=1
T—s

= [ [ (P = Fea)) (@ — o) do
0

~
-

W (™) =Wl | — ¢ dedt.

IN

Q
—
D

0
T—s
SC//\(%Dﬁ—SON) ("2 + [N 2+ )| ¢ — ¢V| dedt
0o Q
T—s
SC/ [eas = ™| oo 1™ 1P + 102517 + 1| g sk = || pogqy @t
0
< C(T)sH,

where we used ¢ € L>(0, 00; L5(Q)), ¢%., ¢" € L*(0,T — s; L5(Q2)) and

sup ||e™N (t+ s) — @™ (V)||r2) < C(T)s i a.e. in (0, 00) (3.85)

0<t<T—s
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for every 0 < T' < oo and a constant C'(T) > 0 depending on T'. The latter inquality
(3.85) is not obvious. Therefore, we prove it in the following:

Let t € [0,T — s) be given. Then there exists k& € N such that ¢ € [kh, (k + 1)h)
and therefore t + s € [(k + m)h,(k + m + 1)h). Due to o™ (t) = @rims1 for
t € [(k+ m)h, (k+m+ 1)h), which holds by definition, we can conclude

PN (t+5) = @™ () = Grpmir — pri = @V ((k+m+2)h) — N ((k +2)h)
="V (t+s) — " (D),

where ¢ := (k + 2)h. Since we have already proven that (¢™)yey is bounded in
L>(0, 00; HY(2)) N W3 (0, 00; H1(Q)), Lemma 2.24 provides

~N (7 <N /7 1
sup ||V (E+5) — @V (B)]|-1) < Cs?
te[0,T—s)

for every 0 < T < oo and a constant C(7) > 0. From Theorem 2.28 it follows
(H' (), HH(Q)1, = L*(Q2) and due to the estimate from Lemma 2.27 we can
deduce

~N 7 AN /T 1
sup [|@N(t+ 5) — @V ()] 12y < Osi.

0<t<T—s

Since 0 < T < oo can be chosen arbitrary, we have shown inequality (3.85).

To estimate the second term in (3.84), we use equation (3.22). Moreover, we set
(t) = |[£] and #(¢) := h|%], ie., it holds #(t) = t for ¢ € [kh,(k + 1)h) and
k=20,...,TN —1—mfor N € N. Then we obtain

=19 k=1
-y [/ (Z FUEE) + h) — () + G - 1)h)> (G — ) dbda
k=1 Q (k—1)h j=1
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where it holds

(Pela) = FoY, ) (a — a") dudi

(N (), N (T)VV (T + )| dr|Vd, — V| dzdt

El

/ l9(¢™ (7 + W)VN (T + h)| d7| V). — Vq" |dzdt
Q

ZF(@N (r + D)W (N (@)WY (7 + B)| dr |V, — VN |dadt.
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Now we estimate these three terms separately. For the first term we obtain

/ / ‘m(SON(T)7qN(T))VqN(T+h)| d7'|ti\fF —VqN| dz dt

Wl

st(t)+
/ V6™ (7 + 1) 20 A7V (¢ 4+ 8) = Vg™ ()] 2 d
i(t)

1
< [ sl laoramoplIVa(t+5) = Vo (0 e d
0

< Cs7[q" || 202 IV, — Vo202
< C(T)s%
for a constant C'(T') > 0, where we used 0 < ¢y < m(p,q) < ¢; and the boundedness

of (¢™)nen in L2,,,.(]0,00); H'(2)). For the third term we use the boundedness of f
and the growth condition for W. Then we can estimate

T—s t(t)+8

[/

—S t +S

1

8f N+ )W (N (7))vN (T + h)

dr }Vqé\; — VqN} dxdt

(t)

IS

F@™(m + )W (™ (7)Y (1 + h)‘ Vg, — V| dvdrdt

I
O\
~
S
» ~
+
=~
N
+
»

W™ (s V™ (7 + )| oy ]IV e = V™[ 2o dt

IA
Q
o

IN
Q

(N () + Dol VY (7 + )| sy d7] |V, — V™| r2 (o) dt

w0

\? O\?

IN
Q

1
sl Lo reo @) + DIV zorizo@plIVe™ (t + 5) = V™ ()] Lo dt

MH o

VAN VAN
Q O

sl Loy + DIV llzzoizo@ Ve — Vallezoriza o)

1

(T)sx.
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Analogously, we can estimate the second term by

Using these estimates in (3.84) yields that there exists a constant C(7T") > 0 such
that (3.82) holds. Hence, Lemma 2.35 implies that (3.83) holds for every A > 0 and
therefore it follows from Theorem 2.34 that {¢" : N € N} is relatively compact in
L*(0,T; L*(€2)). Moreover, we can conclude that there exists ¢ € L7 ([0, 00); L*(Q2))
such that

¢ —q¢  inL*0,T;L*()

for every 0 < T < oo. Since the weak and the strong limit have to coincide, we
deduce § = ¢. In particular it holds for a subsequence

¢~ (t,x) — q(t, ) a.e. in (0,00) x Q.

3.3.4 Convergence to the Initial Value of %f(q)W(go) + g(q)

In the next step we want to prove the convergence of (1f(¢V)W (") + g(qN))|t:0

to the initial value 2f(qo)W(po) + 9(go) as N — oo. To this end, we define
gV = f( YW (™) + g(¢V). Moreover, let gV be the piecewise linear interpolant of
F@N )W (o™ (te)) + g(g™ (te)), where t), = kh, k € Ny, i.e.,

70 =" i) + o) + S (W) + ala)
for t € [kh, (k + 1)h). Then it holds

1 1

0 =~ (F@IW ) + ) + (AW +0a") ) = 050"
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In the following we want to show boundedness of
: 1 .
Aol ") = ¥ (LHW ) o))V =0g” (350

in (LA0,T; H\(Q))Y, ie.,

T

//8t§N¢dxdt:—
0 Q

/ m(ol )V - Vodvdt
Q

(W) + 9l ) v - Todsa
for all ¢ € L4(0,T; H*(€2)). First of all we can deduce that (div(m(¢l, ¢~ )Va™))nven
is bounded in (L*(0,T; H'(Q2))) since (¢")nen is bounded in L%, ([0, 00); H*(Q)),
cf. (3.72), and since there exist some constants 0 < ¢y < ¢; < oo such that
co <m(pd,q) < co.

Now we use (3.78) to show that the remaining term V (1
is also bounded in (L*(0,T; HY(Q))) = L3(0,T; H™()
¢ € L*0,T; H'(Q)) be given. Then it holds

@)W (i) + g(g™)) -
), cf. Theorem 2.13. So let

1
<v (—f<qN>W<so£¥> n g(qN>> W, ¢>
€ (LA(0,T3HY(Q))),L4(0,T; H (2))

= O/TQ/ ((%f(qN)W(wéng(qN)) VN> - Vodudt.

Using the growth conditions for W and g and the fact that ¢} is bounded in
LY0,T; L>=(2)) for every 0 < T < oo, we can use Hoélder’s inequality and the
boundedness of the function f to get

T

-/ / (2w +ata) ) v~ ) - Vodsa

0
<C <||80hN||?i4(o,T;Loo(Q)) + 1) [V | zoo 0,722 00 6] | 0,711
+ (HQNHL2(0,T;H1(Q)) + 1) ’|VNHL4(0,T;L3(Q))H¢HL4(0,T;H1(Q))-

From all the norms on the right-hand side we know that they are bounded except the
norm of vV in L4(0, T; L3(£2)), which we still have to show. But as we already know
that vV is bounded in L>(0, 00; L2(2)) N L?(0, 00; H'(2)) and H'() < L(Q) for
d < 3, we can apply Theorem 2.32 with § = 5 and obtain

D=~

v € L>(0,00; L2(2)) N L*(0, 00; H*(Q)%) — L*(0, 00; L3(Q)9). (3.87)
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Altogether, we have shown that the set (@f]N ) Nveny 18 bounded in
(LY0,T; HY(Q))) = L%(O,T; H; (). Using the boundedness of f and the growth
conditions for W and g, we can conclude that (QN)NeN is bounded in L*(0,T; L*(2))
and therefore in L3 (0,T; H(Q)). Thus we obtain

NeN —

(™) C Wi(0,T; H*(Q)) is bounded.
3

As a consequence there exists a subsequence of ( gV ) which we denote by (gN )

again, such that

NeN’ NeN

~N o~

g i WH0.T;H Q).

Due to Lemma 2.22 it holds Wi(0,7; H '(Q)) — C([0,T]; H () for every
3
0 <T < 0o0. Thus Lemma 2.3 yields

" =g i C(0, T H ()
for every 0 < T' < oo and therefore Lemma 2.12 shows
g¥(0) = g(0)  in H7Y(Q),
where it holds
g (0) = f(g" (0 = n))W (™ (0 = h)) + g(¢" (0 — 1)) = f(g0) W (¢0) + 9(a0)-

Due to the boundedness of f and the growth condition for W we can conclude that
(GV(0)) yey is bounded in L*(Q2). We get

G (0)(z) = f(go(z))W (po(z)) + g(go(z)) a.c. in Q.
Therefore, Theorem 2.9 yields

7" (0) = f(g0)W (o) +g(g0)  in L*(Q)

for all 1 < s < 2. This implies

9(0) = f(q0)W(20) + 9(qo) in H™'(Q).

With the same calculations as for @ we can conclude
7" (t) = g"(t) = (=(k + Dh + 1), 9™ (t).
Using 09" (t) = 0,g" yields

197 (#) = g™ Ol -1y < WI0GY (O)l|5-10) (3.88)
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for every t € (0,00), where we used that there exists & € Ny such that
t € [kh, (k + 1)h) and therefore |(t — (k+1)h)| < h =+ < 1.
Since 0,g" is bounded in L3 (0,T; H=*(2)) and h — 0 for N — oo, this yields

gV =gV >0 in L3(0,T;HY(Q)).

As (gV) yey is bounded in L2(0, T; H~'(R2)), there exists § € L3(0,T; H(Q)) such
that

gV =g i L5(0,T; HY(Q))

and therefore gV — § in L3(0,T; H(Q)). Due to gV — g in W1(0,T; H-(Q)),
3
this implies g = g in Wi(0,T; H~'(Q2)) — C([0,T]; H~'(2)) for every 0 < T' < oo.
Hence, it holds ’
9(0) = g(0) = f(a0)W(po) +g(a)  in H'().

Since the right-hand side is in L*(Q2), it even holds g(0) = g(0) € L*(Q).

3.3.5 Compactness of vV and Convergence of its Initial Values

Now we want to show that v attains its initial value v, and that it holds vV — v in
L*(0,T; L*(Q)%) for all 0 < T < 0o as N — oo. Thus we can deduce the pointwise
convergence a.e. in (0,7) x 2. To this end, let v be the piecewise linear interpolant
of (pNvN)(t1), where t, = kh, k € Ny, i.e.,

(0 = DR ovgmye iy o L vy

for t € [kh, (k +1)h). As before we can show 9,(pv'") = 0, (PN vN). Moreover, we
consider the function space

G(Q):={fec L*()?: IJpec L*(Q): f=Vp}
Then for every f € L?(Q)? there exists a unique decomposition
f=1+Vp (3.89)

such that (f,Vp)r2qq) = 0, where Vp € G(Q), fy € L2(Q) and
(g, h)r2() := [g-hdz for all g.h € L*(Q)%, cf. [Soh01, Chapter II, Lemma 2.5.1].
Q

Here p € W5 (Q2) N L, () is the solution of the weak Neumann problem

(Vp, v@)LQ(Q) = (f, VQO)L2(Q) for all (2 S Ooo(g)
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Decomposition (3.89) is called the Helmholtz decomposition of f. [Soh01, Chapter II,
Lemma 2.5.1] leads to the definition of the bounded linear operator

P, : L*(Q)* — LA(Q),
f—P,f:=1
with fy as in (3.89). The projection P, is called the Helmholtz projection of L?(£2)?

onto L2(€2). From (3.65) it follows that 9,(P,(pv")) is bounded in L'(0, T; H~2(Q)%)
due to the following bounds:

pnvY @ v is bounded in L*(0, T} L%(Q)dXd),
v¥ @ JV is bounded in L%(O,T; Lg(Q)),
NVl is bounded in L*(0, T L%(Q)d),

ha™) o n N ! 76 \d
. W'(¢y )V, is bounded in L3 (0,7 L5 (Q2)%),

2n(N)DvY is bounded in L*(0,T; L*()**9).

Moreover, it remains to prove the boundedness of (RNYvN ) for all
P € L>(0,T; Wi (). But we postpone this estimate and show the bounds above
in detail.

i) As it holds vV € L>(0,T; L2(Q)) N L*(0,T; L°(Q)?) and piY € L>®(Qr), we can
conclude that v v is bounded in L*(0, T L%(Q)d) forall k,l=1,...,d.

i) By definition of JN we need to study products of the form v p (N ) (N ), 1™
for k,1 = 1,..,d, where it holds p'(p)),m(¢y) € L>*(Qr). Due to
v e L*0,T;L*Q)) and since we have the embedding
vV e L>=(0,T; L2(Q2)) N L*(0, T; HY(Q)?) — L*0,T; L3(2)?), cf. (3.87), this
implies the statement.

iii) From p™ € L*(0,T;L%(2)) and Vel € L>=(0,T; L*(Q)4) we can conclude
pNV el € L2(0,T; L3 (Q)%).
iv) Due to the growth conditions for W’ and h we get the estimate

h(qN) 10, N N<€ N N |2 N : 0
——Wier)Ver | < — (1" +1) (len P+ 1) [Vei | in (0,T) x .

First of all we have ¢ € L?(0,T; L°(2)). Moreover, we use Theorem 2.32 with
0 =1 to obtain
e e LY0,T; L=(Q)) N L=(0,T; L°(Q)) < L0, T; L**(2)),

where ¥ € L*0,T;L>(Q)) has been shown in (3.78). Finally, we use
Vol € L>(0,T; L*(Q)%). Hence, the latter embedding yields the bounded-
ness.
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v) As it holds vV € L2(0,T; H'(€2)?) and 7 is a bounded function, this bound is
obvious.

Altogether we have shown that all these terms are bounded in L3(0,T; L5 (£2)). In
particular this implies that they are bounded in L'(0,T;L5(R)) and therefore we
can allow for these terms in (3.65) for test functions ¥ € L'(0,T; W2 (Q)9). Finally,
we need to study the terms <RN2"N ,) and 6(AVY, Aep)r2(g,). To this end, we need
to show 0, — Oy in L*(0,T; L*(Q2)).

Remark 3.11. Note that up to this point of the proof we did not use the
boundedness of (9,,0™ )ven and (AvY)yen in L*(0,00; L*(Q)), cf. (3.72) viii) and
(3.72) ii). Remember that the solution also depends on & and in the final step of
the proof we will pass to the limit 6 — 0. Hence, we will not be able to con-
clude that (0;p%)ss0 and (Av®)sso are bounded in L*(0,00; L*(R)). But the fol-

lowing estimate together with the convergence of (RNZ"N,Qb) to (&L 4) are the only
points of the proof where we need the boundedness of (9,,9™ )ven and (AVY)yen

in L*(0,00; L*(Q2)). To prove the convergence of (R;V6,¢> as 6 — 0, we will not

need boundedness of (9;0°)s=0 and (Av?)s=o in L*(0, 00; L3(Q)) since we will use the

identity R® = —V%ﬁs) (m(°)Vu?). All the other estimates and convergence results

can be derived analogously for the solutions (v°, %, 1i°, ¢°).

From (3.72) viii) it follows that there exists a subsequence of (p™)yen such that

e = @ in L2((0,T); L*(Q)). Now we want to show ® = d;. To this end, let
Y € Cg°((0,T) x Q) be given. Since ® is the weak limit of 9, , ™ in L*((0,T); L*())
it holds on the one hand

lim (9,,¢™, ) = (2. 9).

N—oo

But on the other hand it also holds

T T
Jin (050" ) = tim [ [ o vded = i — [ [ oNogvdear
0 Q 0 Q
T

_ / Q/ PO dzdt = (D, 1)

0

for all ¢» € C5°((0,T) x §2). Hence, it follows ® = 0,¢ and therefore we can conclude

O™ — O in L2((0,T) x Q). (3.90)

t
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Now we can use this to estimate the term (RN2"N , ). It holds

(85 )1 [

NN 4 IV V(N ) dedt

[t
Q/,OhV vV ¢) dzdt

T
B 1 ION pN 1
0 Q
1 T
+§// (e Vi) -V (VY - 9) dzdt (3.91)
0 Q

for p € L>=(0,T; W¢(©2)?). The most interesting terms are the second and the third
one. For v¥(t) € HY(Q)? and 4 (t) € W(Q)? for a.e. t € (0,T), the theorem about
the multiplication of Sobolev functions, cf. Theorem 2.17, yields (v -4))(t) € W} (Q)
for a.e. t € (0,7") together with the estimate

16V - ) Ollwp) < VYOl @l ()] lw o)

Asit holds vV € L2(0,T; H'(Q)4) and ¢ € L>°(0,T; W2 (Q)?), the estimate above im-
plies (vV-4) € L20,T;W}(Q)) for 1 < r < 2. In particular we obtain
(vV-4p) € L*0,T; H' () and therefore V (v -4p) € L?(0,T; L*(Q)). Now we
use this to show that all integrals in (3.91) are bounded.

i) The first integral is bounded due to the boundedness of 2 p E=Phin L2(Qr) and
the boundedness of vV € L%(0,T;L5(Q)?) and v € L°°(0 T; WEHQ)4). We
have already proven the last two statements. For the boundedness of % in
L*(Qr) we show

N_ N

EP —flpae i L(Qr), (3.92)

which implies the boundedness in L*(Q7), cf. [Wer08, Corollary IV.2.3]. To

this end, we set
! ifa=1>
(a.b) {p (a), if a =0,

2Lp) - if g 2 b,

Since p is differentiable, we can conclude lbim M(a,b) = M(a,a) = p'(a). More-
—a

over, it holds p(a) — p(b) = M(a,b)(a — b) for all a,b € R. Due to the

boundedness of M (o™, ¢N) in L®(Qr) and ¢V (t,r) — ¢(t,x) a.e. in Qr

we obtain M(gp gp?)u — p'(p)u in L*(Qr) for every u € L*(Qr). Together

with £~ hwh = 0, ,¢" — Oy in L*(Qr) we can deduce

/p ;ph (z,1) /M(p o) ;wh xt—>/ ©)Oppud(z, t)
Qr
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for every u € L*(Qr) as N — oo, which shows the statement.

ii) The boundedness of the second integral follows from pY € L*(Qr) together
with vV € L*(0,T; L5(Q2)) and V (v - ) € L*(Qr).

iit) For the last integral we know p/'(o ), m(ph) € L*(Qr). Moreover, Vi is
bounded in L?(Qr) and V (v - ¢) € L*(Qr). Hence, the product is in L' (Qr)
and therefore the functional is bounded in L'(0,T; W{(Q2)).

For the remaining term 6 [ Av" - A4 d(z,t) we need to choose ¢ € L*(0,T;V(9)),
Qr
where we set

V(Q) = H*(Q)* N Hy ()% N L2(Q).

Thus we can allow for all terms in (3.65) for test functions ¥ € L>(0,T; H*(2)?).
As we know vV € L?(0,T; H'(Q)%) and P, € L(H'(R)), we can finally conclude

P,(pv") is bounded in L*(0,T; H'(Q)%) n W (0,T;V(Q)"). (3.93)

Note that when we pass to the limit 0 — 0, we use that the energy estimate

yields the boundedness of the term § [ |Av®|?d(x,t). Hence, we can conclude that
Qr

§2Av® is bounded in L2(0,T; L%()) and therefore dA%VS = §2A62AVS — 0 in

L*(0,T; H2(2)) as 6 — 0. Thus we can also show (3.93) when we study the case

o —0.

Using Aubin-Lions, cf. Theorem 2.33, with X, = H'(Q)9 N L2(Q), X = L2(Q) and
X;=V(Q),p=2and ¢ =1, we get

L2(0,T; HH(Q)* N L2(Q)) n W0, T; V(Q)) << L*(0,T; L2()) is compact.
In particular there exists w € L*(0,T; L2(f2)) and a subsequence such that
P,(pv") — w in L*(0,T; L2(Q)) (3.94)
for all 0 < T < oo. As we know that (pv" )yen C L(0, 00; L2(Q)%) is bounded,
we can even deduce w € L*(0,00; L*(©2)?). This can be proven analogously as for

@ before. Furthermore, we can deduce pv'' — pv in L*(0,T; L*(Q)?), what we will
prove in the following. To this end, we remember

(VM) = (pMvY)(t — h)
h

P () = (M) () + (= (k 4+ Dh + 1)
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for all t € [kh, (k+1)h). So let ¥ € C3°(0,7;V(Q2)) be given. Then it holds

+ //(—(k(t) LR+ ) (V) = (T (E = b) ap(t)dudt

T T
=//pNvN-¢dxdt+//(_<k<t)zl)h+t)pNVN-¢dﬂidt
0 Q 0 Q

-/ SO DL Nyt h) - ()

T T
(—(k@®) +Dh+1) v x
= oMY apdrdt + p vy - pdrdt
I [
T

_//_(k(t);:l)h”pNvN(t)-¢(t+h)dxdt

for k(t) = L%J For the last integral it is not obvious that the prefactor w
stays the same although we substitute ¢ by ¢ + h. But when we substitute ¢ by ¢t + h
we also have to substitute —(k(¢)+1)h by —(k(t) +2)h. Note that therefore we allow
k(t) € No U {—1} since we integrate from —h to 7" — h now. Splitting the last two
integrals and combining the appropriate terms yields

pv ' " ’dj dxdt
// pdrdl = // )+ 1)h + )N vV (¢) (t)—;,bb(t+h)

0

+f/ 1h+1) NVN"I/)dxdt
T—h Q
" T
Dh +t | |
_{Q/ PN (VY (E) - ap(t + ) dxdt—i—o// VN . pddt

Since @ € C§°(0,T;V(€2)) has compact support, the second and third integral vanish
as N — oo, respectively h — 0. Moreover, the first integral also vanishes as it holds

i) | = (k(t)+ D)h+t| <h—0as N — oo.
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ii) (pNvY)nen is bounded in L2(0, T; L2(Q)%).
jii) LU= gap(t) since it holds 4 € Co(0, T; V(Q)).

As we already know vV — v in L2(0,T; HY(Q)%) and p(¢™(t,z)) — p(p(t, 7)) ae.
in (0,7) x Q due to o™ — ¢ in L2(0,T; H*(Q)), cf. (3.81), we can conclude

T

T
//va-@bdxdt%O/Q/pv-wdzdt

0 Q
for N — oo. Since C°((0,T) x Q)¢ is dense in L2(0,T; L?(2)?) we get
VY= pv in L2(0,T; L*(Q)%).

Since P, : L?(0,T; L?(2)%) — L2(0,T; L2()) is linear and bounded, it is also weakly
continuous, cf. Lemma 2.3, i.e.,

Po(pv") = Py(pv) = w. (3.95)
Due to P, (pv") — w in L2(0,T; L2(Q)%), cf. (3.94), this implies
Po(pv") = Po(pv)  in L*(0,T; L*(Q)%).

Now we can use this to prove the strong convergence v — v in L%(0,T; L*(Q)%).
To this end, we calculate

T T T

// PN VN P dodt = // Ndxdt—>// (pv) V—//p\V]dedt

0 0 0
(3.96)

where we used P, (pNvY) — P, (pv) in L2(0,T; L*>(2)?), vN — v in L*(0,T; L*()?)
and the fact that vV and v are divergence-free, more precisely the part of the

Helmholtz decomposition that can be written as Vp for p € L7 (Q) vanishes when

testing with vV or v. In the following we prove the strong convergence of P,(p"Vv™)

to P, (pv) in L2(0,T; L?(2)?). To this end, we use
B4 (5v") = Bo(p™v™) 2010 0) < RlIOPH (V™) |10, 02) = O,

as N — oo, cf. (3.74). Since P, (pv") and P, (pNv") are bounded in L (0, T; L2(Q2)%)

we can conclude

~N
[Ps(pv™) — PU(pNVN”|L2(0,T;(Hé(ﬂ)dmL§(Q))’)
N 1 N 1
< C||Py(pv) — PU(PNVN)sz(o,T;L?(Q))\|PU(PV ) — ]P)U(pNVN)HZl(O,T;V(Q)’)’
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where we used the interpolation (L7 (), V(Q))1, = H} ()TN L2(Q), cf. [Abe07,
Lemma 5.2.7], which implies by duality (LZ(Q),V(Q))1, = (Hg(Q)? N LZ(Q)), cf.
[Abel6, Theorem 2.43]. Here we note that the first term on the right-hand side is
bounded while the second term converges to 0 as N — oco. Hence, we obtain

Po(pv") =B (p"vY) = 0 in L(0,T; (Hy () N L3 (9)))

as N — oo. Furthermore, we use that for every u € H(Q)? N L2(Q) we have the
estimate ||U||%2(Q) = (w,w)r2) < [|ull(mp@encz @y llullm@)- With this estimate we
get

B, (5%™)(8) — Ba (0" ™)) 200
< CIBo (59" ) (1) — Bo (0™ ) Ol 100y | o (9 )(8) = B (0™ ™)) s i ey

for a.e. t € (0,7). Together with the boundedness of Py(pv"), P,(pVvY) in
L*(0,T; H:X()), cf. (3.93), we can conclude

Pa(ﬁ‘;N) — Py (p"v") =0 in L*(0, T; L*(Q)7)
as N — oo. Since we already know P,(pv") — P,(pv) in L2(0,T; L*(Q)%) this
implies

P, (p"vN) = Po(pv)  in L2(0,T; L3 (Q)7),
N

what we wanted to show. From equation (3.96) it follows (p)2vN — (p)zv in

L%(0,T; L*(©)?). Moreover, we know pY(t,x) — p(t,x) a.e. in (0,T) x Q due to
o — @ in L*(0,T; H*(Q)). Altogether this implies the strong convergence of vV to
v in L*(0,7T; L*(Q)?) as it holds

vV = (M) 2((pV)EvN) > v in L2(0, T; LA(Q)%). (3.97)

This implies vV (t,2) — v(¢,x) a.e. in (0,T) x Q for a suitable subsequence. Note
that in [Li096, Section 2.1] and [ADG13] similar arguments were used to prove the
strong convergence for the velocity v.

Due to vV € L2(0,T; H'(Q)4) — L?(0,T; L5(2)9) for d = 2,3 we can also show

vV = v in L2(0,T; L55(Q)%) for every 0 < ¢ < 5.
Moreover, we can conclude
vl v in L9(0,T; L*(Q)%) for every 1 < ¢ < oo

since we can estimate

T T
2
/ VY = Vgt < / VY = ][22 [V = V] B dt
0 0

-2
< v - VHqLOO(QT;L?(Q))HVN = Vllz20m322(0))-
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From Theorem 2.28 it follows

(H2(RY), IA(RY)), |, = B (RY)

N

3
for all d € N. In the case d = 2,3, Theorem 2.20 yields B3 (R%) — BY (R%). Due
to (2.3) it holds B | (R?) — L*°(R?) and therefore Lemma 2.27 implies

3 1
1 2o gty < O e 1 e

for all f € H?*R?) and d = 2,3. Since there exists an extension operator
E : H*Q) — HFRY) for all k € Ny, cf. [Ste70, Chapter VI, Section 3.2], we
can conclude

VY (t) = v(®)llzo) < CIVY () = VO 20|V () = V(O£

for a.e. t € (0,7). Hence, it holds
8
vV = v in L9(0,T; L>°(2)%) for every 1 < ¢ < 3 (3.98)

where we used vV — v in LP(0,T; L?(Q)%) for every 1 < p < oo and the boundedness
of vV and v in L?(0,T; H?(2)4). Note that when we pass to the limit § — 0, we can
not conclude v* — v in L4(0,T;5 L>=(2)%) for all 1 < ¢ < £ since in this case we can
not deduce v°,v € L0, T; H*(2)?).

In the following we show that v satisfies the initial condition v;—g = vo. This is
proven with the same arguments as in [ADG13]. Nevertheless, we also write this
proof in detail for the sake of completeness since we refer to it in the last section
when we study the limit 6 — 0. We remember the following bounds:

P,(pv") is bounded in W} (0,T; H~2(Q2)) < C([0,T]; H2(Q)),
P,(pv") is bounded in L>(0,T; L*(Q)%),
where the first embedding follows from Lemma 2.22. Due to these bounds we were

already able to conclude Py (pv") — w in L2(0,T; LA(Q)%), cf. (3.94). Moreover, we
get

w € BC,([0,T]; L*(Q)%) (3.99)

due to Lemma 2.23. Before we proceed with the proof we have a look at the auxiliary
problem

_div (ivp(t)) — div (iw(w) in Q, (3.100)

p(t) p(t)
Vp(t)-n=0 on 012,
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with p € L*(0,T; H(lo)(Q)) and t € (0,T). Its weak formulation is given by

1 1
— Q/ %Vp(t) -Vodr = Q/mw(t) -Vodx (3.101)

for all ¢ € H'(Q2) and a.e. t € [0,T]. The Lax-Milgram theorem, cf. Theorem 2.1,
yields the existence of a unique solution together with the estimate

IVp()llr2(0) < Cllw(®)||z20)-

Note that the constant C' does not depend on ¢ and that we used that there exist
constants cy,co > 0 such that ¢; < p < ¢p. From this estimate we can conclude
Vp € BC,([0,T]; L*(2)4) by the following arguments:

Let (t,)nen C [0, 7] be a sequence such that ¢, — to for given ¢y € [0,7]. Since w
is in BC,([0,T]; L*(2)?) we know that w(t,) is bounded in L?*(Q) and due to the
estimate above this is also true for Vp(t,,). Thus there exists a subsequence (¢, )ren
such that Vp(t,, ) — q in L?(Q)? for some q € L?*({2), more precisely

_Q/vp(tnk)-Wbdx — —Q/Q'VWﬂ?

as k — 0o. But as we know that {Vq: ¢ € Hly(Q)} is a closed subspace in L*(€2)°
we can conclude that there exists ¢ € H (10)(9) such that q = Vq. Moreover, it holds

— [ Vplty,) Vodr = [ wlt,) Vodr — | wlty) Vode = — [ Vp(ty) - Vs,
/ / / /

where we used that w is in BC,([0,T]; L*(©)?). From the fact that the problem
(3.101) has a unique solution it follows Vg = Vp(ty). Since (Vp(t,,))ren is bounded
in L?(2)4 and these arguments are true for any weakly convergent subsequence, we
can even conclude Vp(t,) — Vp(ty), cf. [Ruz04, Chapter III, Lemma 0.3]. This
implies

Vp € BC,([0,T]; L*(Q)%). (3.102)

In (3.95) we already showed w = P,(pv) in L2(0,T; L*(2)?) for every 0 < T < oo.
This implies

w(t) =P, (p(t)v(t)) a.e. in (0,7).
Therefore, the Helmholtz decomposition (3.89) yields

w(t) = p(t)v(t) — Vp(t) a.e. in (0,7, (3.103)
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where p(t) is a weak solution of the auxiliary problem

div(Vp(t)) = div(p(t)v(t)) in Q,
Vp(t)-n=0 on 0f).
When we divide (3.103) by p(t), we obtain
v(t) = Lw(t) + LVﬁ(t) a.e. in (0, 7).

p(t) p(t)
Multiplying this with V1) for v € H*(2) and integrating over the domain 2 yields

1 1 1
Q/m“’“) $Vipds = — Q/ SV Veds forall v € HY(Q)

for a.e. t € (0,7) since v is a divergence-free vector field. But this is the weak
formulation (3.101) of the auxiliary problem (3.100). Thus we get Vp(t) = Vp(t) for
a.e. t € (0,T) as the solution of this problem is unique.

Redefining Vp on an appropriate measure zero set yields Vi € BC,, ([0, T]; L?(2)%)
since this property is true for Vp, cf. (3.102).

Using the Helmholtz decomposition of v, cf. (3.103), and redefining v on a measure
zero set with the redefined Vp yields v € BC,([0,T]; L*(Q)?) since Vp and w have
this property, cf. (3.99), and since we know p € C([0,T]; L*(2)) together with the
lower bound p > ¢ > 0.

Now we can use this to show that v attains the initial value vq. As it holds that
P,(pv") is bounded in WL(0,T); V(Q)) < C([0,T]; V(Q)), cf. (3.93), and as the
map tri—o : C([0, T]; V(2)') — V() given by f — f(0) is linear and continuous and
therefore weakly continuous, we can conclude

[ Bal)0) - s Q/ Papov(0)) - bis = [ pov(0) - pio

Q Q
for every ¢ € Cg%,(€2) . But by the definition of v we get

Po (V" )ji=0 = Po (p(" (=1))V™ (=h)) = Py (povo)-

Using this in the convergence above yields

/povo cpdr = /pOV(O) ~pdr (3.104)
Q Q

for all ¢ € C§%,(Q2). Now we set 9 := vo — v(0). Then it holds 4 € L2(2). Hence,
we can approximate ¥ by a sequence (¥ )ren © €55 (€2) since Cg5, (€2) is dense in
L2(€)). Therefore, we can conclude that (3.104) also holds for » = vy — v(0). But
this implies

/p0|vo —v(0)|*dr = 0.
Q
Since it holds py > ¢ > 0, it follows v(0) = vq in L?(Q2)%.
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3.3.6 Convergence of the Interpolant Functions to a Weak Solution in
the Case § > 0

It remains to show that (v, ¢, 11, q) is a weak solution for the equations (3.54) - (3.58)
in the sense of Definition 3.8. To this end, we pass to the limit N — oo in the
equations (3.65) - (3.68).

We start with (3.65). The first term can be rewritten as

/T/auh(pNvN)-t/dedt:%/T/ ) - pdrdt — %/T/ ) - apdrdt
0 Q 0 0

(VYY) - pdudt — % / / (V) (E) - p(t + h)dudt

0
1
/ Oy dadt — E// Y(t+ h)dzdt
Q “hQ

for all ¥ € C5°(0,T; H*(Q)4 N HY(Q)4 N L2(Q)). Since vV — v in L2(0,T; L*(Q)?),
cf. (3.97), and p™(t,x) — p(t,x) a.e. in Qr we get

T T
—//(pNVN) : 8;fh¢dxdt — —//pv - Oy drdt
0 Q 0 Q

for all ¥ € Cg°(0,T; H*()? N HE ()N L2(2)). As we know that 1) has compact
support in (0,7), we can conclude

D

SRS

O\*ﬂ St~

“h @
for all ¢p € C(0,T; H*(Q)Y N HH(Q)Y N L2(2)). Altogether we get for all
P € C5o(0, T3 H*(Q)" N Hy ()7 N L3 ()
T

//ath ) - pdrdt — — //pv Oppdxdt.

0

Now we pass to the limit N — oo in the second term of (3.65). Here we use
pN(t,z) — p(t,z) ae. in Qr and v — v in L2(0,T; L*(€2)?). Then we obtain

T T
// onvN @ v Vapdrdt — //(pv@v) : Vapdzdt
0 0 Q
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for all ¢ € C5°(0, T; H*(Q)4NHL(Q)4NLA()). So now let us proceed with the other
terms of (3.65). First of all we have

T T

//MNV¢hN-¢dxdt—>//uV¢~'¢dxdt
Q 0 Q

0

for all ¥ € C(0,T; H*(Q)* N HY(Q) N L2(Q)), where we used pN — p in
L2(0,T; H()) and

ol — @ in LP(0,T; H'(Q)) for all 1 < p < oo,

N = o in LP(0,T; H'(Q)) for all 1 < p < oo,

We prove these convergences in detail. It holds

IVer — Vollizorn < IVer — Veullrzem + 1IVer — Vo2,

where the first term converges to 0 as N — oo since it holds ¢V — ¢ in
L*(0,T; H'(Q)). Furthermore, the second term also converges to 0 as N — oo
due to

T
/||f(t—i—h) — f)|f5xdt — 0 as h — 0 for every f € LP(0,T + &; X)
0

and for every € > 0 and Banach space X. This yields ¢ — ¢ in L*(0,T; H'(Q)).
From Lemma 2.31 it follows

IV = Vol orz@) < Ve = Vol oo IVe" = Vellieoraqy)

for every 6 € (0,1) and ]lj = 9. Since V", V¢ are bounded in L>(0,T; L*(Q)?)
and VoV — Vo in L*(0,T; L*(Q)?), we obtain ¢ — ¢ in LP(0,T; H(Q)) for every
1 < p < co. Analogously it follows ¢ — ¢ in LP(0,T; H'(Q)) for every 1 < p < cc.

Now we pass to the limit N — oo in the next term in (3.65). Due to the growth
conditions for W’ and ¢ € L*(0,00; L5(2)) we get that W’ () is bounded in
L>=(0,00; L3(2)). Furthermore, the growth condition for A and the boundedness of
¢V in L2, ([0, 00); L5(£2)) yield that h(¢") is bounded in L?, ([0, 00); L5(2)). Finally,
we know that

Vr is bounded in L>(0, 00; L*(Q)%) N L2,,.([0,00); H*(Q)%) — L*(0,T; L*(Q)4).

uloc

Altogether this yields that

h(gM YW (N YVl is bounded in L3 (0, T; L ()%).
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Moreover, we know @ (t,x) — o(t,z) and Vi (t,z) — Ve(t,z) a.e. in (0,T) x Q
as N — oo for a suitable subsequence since it holds ¢ — ¢ in L*(0,T; H'()).
Hence, we can deduce

1 ! 1 ! .
h(qN)gW (e ) Vep — Ma)-W'(p)Ve e in (0,T) x Q

as N — oo since the strong convergence of ¢V to ¢ in L*(Qr) implies
¢V (t,x) — q(t,z) a.e. in (0,7) x Q for a suitable subsequence. But as this term

is bounded in L3 (Qr) and converges a.e. as N — oo, we can use Lemma 2.9 and
obtain

1 / ]- / . 6
h(qN)gW (e )V — hg) W' (9)Ve  in L((0,T) x Q)4 1<p< =

for 0 < T' < co. In particular, this convergence holds in L'((0,7) x €2)). Altogether
this yields

D‘

T

h
gph V(,ph ¢dxdt—>//% ©)Vp - pdrdt
0 Q

[en]

for all ¥ € C°(0,T; H2(Q) N HE(Q)? N L2(Q)). Next we need to study

N

T

RN N L _1 N _
< 5 a¢>—20// N apdrdt 20// PV —I—J V( ) drdt
L T/”N N apdrdt 1/T/p vV N op)dudt
1 _1 A .
20 Q 20 Q
T
|
+§/ (e )Vul) - V(vY - ap)dzdt.

0

T

The second term converges to [ [(pv) - V(v - 4p)dzdt as we know pivY — pv in
0 Q
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L*(Qr) and VvV — Vv in L*(Qr). For the third term we get

/ / (o)) - T - p)dudt = (~div(i(o)) V™), 4 (o) (v - 1)
0 Q

/p’(sofiv)at,th(vN )dxdt — //p en ) (Ven - v (VY - ap)dedt
Q

where we used equation (3.67). But these integrals converge to

// ©)Op(v - p)dzdt — // (Ve - v)(v - ) dzdt
/Q/ ) - V(v - ) dedt.

0

Here we used for the first term 9, 0" — dyp in L*(Qr) and p' (o) )V — p'(¢)v in
L*(Qr). For the second term, the convergence follows from o/ (oY )Vl — p'(0)Ve
in LP(0,T; L*(Q)?) for all 1 < p < oo and vV @ v — v®@v in LI(0, T; L?(2)¥*?) for
every 1 < g < %, which we will prove in the following.

From Lemma 2.29 we obtain (L*(2), L°(2))s 4, = L*(2) together with the estimate

V() = v(O)llza) < ClIVY () = VOl 20y VY (1) = V()] 10

for a.e. t € (0,7"). Hence, Lemma 2.31 yields

1 3
VY = vll2.riza@) < ClIVY - V||}i2(o,T;L2(Q))||VN = VllL20z:m @)

Due to the boundedness of vV, v in L*(0,T; H*(2)?) and v — v in L2(0,T; L?(2)%)
we can deduce

vV v in L*(0,T; L*(Q)%).
Moreover, Lemma 2.31 implies

vl v in L7(0,T; L*(Q)%) for all 1 < ¢ < 00
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since vV — v in L*(0,T; L*(Q)?) and vV, v are bounded in L*°(0,T; L*(Q)%). Thus
we can apply Lemma 2.31 again and obtain
1 3
VY = Vllerizse) < ClIVY = V”fq(o,T;m(Q))HVN =Vl omim @)
for every 1 < ¢ < oo and ]lj = 4—1q + 2. Since it holds v — v in L(0,T; L*(Q)?) for
every 1 < g < oo, it follows
8
vVl — v in LP(0,T; L*(Q)%) for all 1 < p < 3
Furthermore, we can estimate for a.e. ¢ € (0,7)
VY & v = v @ vl < VY @ (Y = V)l + IV (v = v)llzzqa)
< IVYlza@ v = vllzag) + IVl VY = vilzag),
where we omitted ¢ € (0,7 for the sake of clarity. Due to vV — v in LP(0, T'; L*(Q)9)

for every 1 < p < %, this estimate implies

4
vievl s vev in L2(0,T; L*(Q)™%) for every 1 < ¢ < 3

RNvN
2

,1/J> we still have to prove

//m eIV (0 (o) - VN (v da:dt—>//m ) Vu(v-)dedt

for every ¥ € C5°(0,T; H*(Q)*N H} ()TN L2(Q)) as N — oo, i.e., we need to study
terms of the form p”(pN)0;0N m (N )0;u V,]CV 1. This convergence follows from
VoV — Vo in LP(0,T; L*(Q)9) for every 1 < p < o0, VY — Vuin L2(0,T; L*(Q)9)
and v — v in L9(0,T; L>(Q)?) for every 1 < ¢ < §, cf. (3.98).

For the convergence of the third term of <

RNvN
2

Hence, it remains to study the first term of < ,7,Z)> But since we have al-

ready proven % — 0 (©)0yp in L2(Qr), cf. (3.92), and as it holds vV — v in
L*(0,T; L*(©2)%), we can conclude

— o v [l y
// - ¢dxdt_>o/g/0(90)at<ﬁ( ) dzdt

as N — oo. For the next term of (3.65) we get

/T/<3®VN> :V"bdf”dt:‘/T/ m(en )ViN) @ vV) : Vipdrdt
0 Q

0

- / / (F ()(0) V) @) : Vapdods — / / T ov): Vpdude,
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where we used vV — v in L*(0,7T; L*(Q)%), VuV — Vu in L*0,T;L*Q)),
p(en (t,x)) = p'((t, ) and m(gy) (t, 7)) = m(p(t, 7)) ae. in (0,T) x Q.

RNvN Rv
() (7 w)

as N — oo for all ¢ € C5°(0, T; H*(Q)* N H ()N L2(Q)), where (£, 4) is defined
as in (3.64).

Altogether we obtain

For the additional term dA2v" the convergence

T T
5//AVNA’I/)d$dt—>5//AVA'¢'d!L‘dt
0 Q 0 Q

for all @b € C°(0,T; H*(Q)? N HY ()4 N L2(2)) as N — oo follows from vV — v in
L*(0,T; H*(Q)%).

Now we pass to the limit N — oo in the last remaining term of (3.65). Since 7 is
bounded from above and below and as we know @2 (t,2) — ¢(t,x) a.e. in (0,T) x £,
we can also conclude n(pY (t,x)) — n(e(t,z)) a.e. in (0,T) x Q. Thus Lemma 2.9
yields

n(pd) = n(p) in LP((0,T) x Q) forall 1 <p<oo, 0<T < o0.

This convergence together with DvY — Dv in L?(0, co; L?(2)9%?) implies

T T
—//QU(wg)DVN : Dipdzdt — —//Qn(go)Dv : Dipdzdt
0 O 0 Q

for all ¥ € C°(0,T; H2(Q) N HE(Q)? N L2(Q)). Hence, we have shown (3.59).

Now we pass to the limit N — oo in equation (3.66). To show the convergence for
the left-hand side of (3.66) we define

(Fru)(z) := fi(z, u(z)),

where

fl(xv 77) = m(nlﬂl2)
for n = (n',n*) € R? and x € Q. Then it holds

iz, )| < CL < Cr+Colln' > + )
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for some constants C1,C > 0 and every 1 < p < oo since m is bounded from
below and above. But this shows that Fy : L*(Qr)* — LP(Qr), m — m(n',n?) is a
continuous and bounded mapping for every 1 < p < oo, cf. Theorem 2.10. Since it
holds ¢ — qin L?(0,T; L*(Q2)) and ¢ — ¢ in LP(0,T; H'(Q2)) for every 1 < p < oo,
we can deduce

m(en,qn) — m(p,q)  in LP(0,T; LP(<2))

for every 1 < p < co. Hence, we can conclude
T T
N Nyo,N
—//m(wh ¢, )Vq" - Vodedt — —//m(@,q)Vq -Vaodzdt
0 Q 0 Q

for all ¢ € C5°((0,T); C*(Q)), where we used V¢ — Vg in L%(0,T; L?(2)). For the
first term on the right-hand side of (3.66) we can conclude as before

T

/ / o, (F@ W (™) + g(g™)) ddudt

0

- / / (F@™)W (™) + g(q™)) 0 ppdudt

[ [ G @i o) + o @) ot + hydeat
—h Q

S

for all ¢ € C5°((0,T); C*(Q)). By definition ¢ and ¢V are piecewise constant and
it holds o™ (t) = wo, ¢~ (t) = qo for all t € [—h,0). Using this for the last integral we
can summarize

T

[ [0 0@ W)+ o otsar = - [ [ (@) +0(6) o 0dsd
0 Q

0 Q
0

_/<f(QO>W(<P0)+g(QO))%/(b(t—i-h)dtdx.

Q —h

Due to the strong convergence of (™) ey and (¢V) yen in L2(0, T'; L2(Q)), there exist
subsequences such that o™ (t,z) — ¢(t,z) and ¢~ (¢t,7) — q(t,7) a.e. in (0,T) x Q
as N — oo. This yields

Fa™ (t,2))W (™ (t,2)) + g(¢" (t,2)) = fla(t, 2))W (p(t,2)) + g(a(t, x))
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a.e. in (0,T) x Q as N — oo. Using the growth conditions |[W(s)| < C(|s|*>+ 1) and
lg(s)| < C(|s|+1) for all s € R, the boundedness of the function f and the fact that
(M) nen is bounded in L2, ([0, 00); L5(€2)), we can conclude that

uloc
(f(qN)W(cpN) + g(qN))NGN is bounded in L*((0,T) x ).
Hence, Lemma 2.9 yields
F@W (™) +9(d") = QW (e) +9(g) in LP((0,T) x Q), 1 <p<2. (3.105)

Moreover, we know
. 0
040 — O, 7 /qb(t + h)dt — ¢(0) =0
—h

as h — 0 since ¢ is in C5°(0,T; C*(Q)). Using all these convergences we can finally
conclude

[ o G we = gta) oasat >~ [ [ (Gawe) +ota) s
0 Q 0 Q

For the second summand on the right-hand side of (3.66) we also use (3.105) together
with v — v in LP(0,T; L*(Q)?) for every 1 < p < &. Then we get

O/Tg/(éﬂqN)W(sahNHg(qN)) vV Vodudt

5 / / (%f(q)W(sO) +g<q>) v Védudt

for all ¢ € C°(0,T; C*(Q)). This shows (3.60).

For the first term on the right-hand side of (3.67) the calculations for the back-
differences are the same as before so that we can directly state

T T
/ / O pdrdt — — / / 0Oy pdrdt
0 Q 0 Q

for all p € C5°(0,T; C1(Q)) as N — oo. For the second term we have the convergence

T T
/Q/(Vgth-vN)gzﬁdxdt—>0/Q/(Vgp-v)gbdxdt

0
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for all ¢ € C(0,T;CH(Q)) due to ¥ — ¢ in LP(0,T; HY(2)) for all 1 < p < o0
and vV — v in L2((0,T) x Q). The convergence for the left-hand side of (3.67)
follows from m(pl) — m(p) in LP(Qr) for every 1 < p < oo and V' — Vpy in
L%(0,T; L*(2)%). Hence, it holds (3.61).

In (3.68) the first two terms converge due to p® — p in L2(0,T; H*(Q2)) and
VoV — Vo in LP(0,T; L*(Q)%) for all 1 < p < oo. So it remains to show the
convergence for the last two terms. Therefore, we study the term H (o™, o). From
estimate (3.41) and the growth condition for h we get

M) T HN )| < a1+ 1) (0P + 165 - B +1)

for a.e. (t,z) € (0,00)x€. From this estimate together with ¢" € L2, ([0, 00); L°(Q))
and oV, @) € L*0,T;L>(Q2)), cf. (3.78), it follows that h(¢™)IH(eN,¢p) is
bounded in L3 (0, T; L5(2)). Furthermore, we can conclude

hg")IW' (N (t —h)) if N (t) = N (t — h),
Mg )IW! (Eamn()) i N (E) # N (t = h),

where gt,t—h(x) € [@N(t - h7 J?),QON(t,IL')] = [(Pk(l‘),@k-f—l(x)] for k € No such that
t € [kh, (k+ 1)h) and where we assumed w.l.o.g. vx(z) < @ri1(x).
Here the second case could be derived as follows: For a # b we have

W(a) —W(b)
a—b

M) H (", of) = {

H(a,b) = = W'(S),

where £ € [a,D]. Since it holds ™ (t,z) = o(t,7) a.e and ™ (t — h,x) — ¢(t,x) a.e
and therefore &, p(x) — ¢(t,z) a.e. as N — oo we get
1 1 .
Ma" )V H o) = Mot 0) W p(2)  ae. i (0.7) x 0

as N — oo. But as this term is bounded in L3((0,T) x ) and converges a.e. as
N — 00, we can use Lemma 2.9 and obtain

1 1 4
h(qN)gH(soN, on) — ha)ZW' () in LP((0,T) xQ), 1<p <3, 0<T < oo,

In particular this convergence holds for p = 1 and therefore we get

T
0// H(oN, o gzﬁdxdt%// ©)pdrdt

for all ¢ € C§°(0,T;C"(R)). For the last remaining term we use 9, 0" — dyp in
L*(0,T; L*(9)), cf (3.90). Thus we can finally conclude that (3.62) holds.



3.3 Existence of Weak Solutions for § > 0 105

3.3.7 The Energy Inequality for § > 0

In the last step in the existence proof for 6 > 0 we prove the energy inequality
(3.63). This part of the proof can be done analogously as in [ADG13] again, i.e.,
we want to apply Lemma 3.12. Due to vV — v in L*(0,T; L*(©)?) and ¢ — ¢ in
L2(0,T; HY(Q)) for every 0 < T < oo, cf. (3.81), we can deduce vV (t) — v(¢) in
L*(Q) and o™ (t) — ¢(t) in HY(Q) for a.e. ¢t € (0,T). Thus we can show

EV(t) = Bu(v(t), (), Veo(t), ()  for ae. t € (0,T),

where F,,; is defined by

1 d
Buatv, 0, V0,0) = [ (GooVE + 51968 + 2w + 6(0)) e
Q

Since norms are lower semicontinuous and as it holds ¢V (t,z) — ¢(t,z) and
gV (t,z) = q(t,r) ae. in (0,T) x Q, we can deduce that the inequality

T T
liminf/[)N(t)T(t)dt > /D t)r(t)dt
N—o0

0 0

holds for all 7 € W}(0,T) with 7 > 0 and 7(T'), where D is defined by

/m ©,q)|Vq|? dﬁc+/m )Vl dx—l—/217( )| Dv|*dx

Q

+5/|Av| dx+5/|8t<p\ dz.

Note that (3.70) is also true when we integrate with respect to ¢ from 0 to 7" instead
of 0 to co. So we replace oo by T in (3.70). Then it holds in the limit N — oo

T

Erur (Vo 20, Vigo, 40)7(0) + / Brar (v(1), (1), Vip(t), a(t)) 7' (£)dt > /

0

for all 7 € W(0,T) with 7 > 0 and 7(7) = 0. Thus we can apply Lemma 3.12,
which yields the energy estimate (3.63), i.e

t
/ / (m(, @) Val> + () [Vl + 20(2)| D] + S|AV[? + 8100[?) drdr

+ Bt (v(t), (1), Veo(t), q(t)) < Eror(v(s), 0(s), V(s), q(s))

for all s <t < T and almost all 0 < s < T including s = 0. ]
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For the last step in the proof for the energy estimate we used the following lemma.

Lemma 3.12. Let £ : [0,7) — [0,00), 0 < T < o0, be a lower semi-continuous
function and let D : (0,T) — [0,00) be an integrable function. Then

T T
B0+ [ E@¢ 0 > [ Dyelo)ar
0 0
holds for all o € W(0,T) with o(T) =0 and ¢ > 0 if and only if
t
E(t) + /D(T)dT < E(s)
holds for all s <t < T and almost all 0 < s < T including s = 0.

For a proof of this lemma we refer to [Abe09a, Lemma 4.3].

3.4 Existence of Weak Solutions in the Case § — 0

In the previous section we have proven that for every 0 < 7' < oo and every
§ > 0 there exists a weak solution (v°,¢°, u°,¢°) of (3.54) - (3.58) in the sense of
Definition 3.8, cf. Theorem 3.9, which depends on § and which satisfies

v0 € L2(0,T; H*(Q) n H ()% N L>=(0,T; L2()),
o € L2(0,T; HY(Q)) N L0, T; HA(S)) 0 W2 (0, T; LA(Q)),
p’ € L*(0,T; H'(%2)),
¢’ € L*(0,T; H'(Q)) N L>(0,T; L*()).

But the weak solution and the energy inequality still depend on § > 0 since we

inserted the additional terms 6A%v in (3.54) and §0;p in (3.58). Hence, in the final
step of the existence proof it remains to pass to the limit § — 0.

Note that in contrast to the definition of a weak solution in the case 6 > 0, the

terms 00, and dA%v vanish and we replace the term <& > by <%, > for

2
W€ C2(0,T; HA(Q)? N HA(Q) N L2(Q)) and R = —V (%j)) - (()Vp). Tn the

previous calculations we used R and not R because if we had used R we had not been
able to derive the discrete energy estimate and therefore no time continuous energy
estimate in the case § > 0. But as we had to use R instead of R to get an
energy estimate, we also needed the additional terms dA?v and 60, to conclude
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(RNVN ap) — (Rv, ) for every ¥ € C°(0,T; H*(Q)!NH ()N L2 () as N — oo.
When we pass to the limit § — 0 to get a weak solution for (1.1) - (1.7), this implies
that we can not estimate the terms 9y and Av in L?(0,T; L?(f2)) since the energy
estimate does not yield an estimate for these terms anymore. Therefore, we now
need to replace R by R. Moreover, the energy estimate (3.63) with the J-terms stays
valid and we have an energy estimate which we had not gotten if we had started the
proof with R instead of R. But when we use R we need to estimate terms of the
form p"(¢?)0;0°m(°)0;1’viap,. Therefore, we demanded in Assumption 3.5 that if

it holds %;) # const then there exists a constant C' > 0 and 0 < s < 1 such that
(W' (a)] < C(la]® + 1) for every a € R.

In the following we assume w.l.o.g. [¢@dz = 0. Moreover, we will need to split the

Q
equation
00y0° — Ag® = h(¢")W'(¢°) + 1i° in (0,7) x 2, (3.106)
Onphon =0 on (0,T) x 99, (3.107)
Plizo = P0 in Q. (3.108)

To this end, we consider the problem

80i2} — Mg = Po(h(q”) W' (%) + Ago) in (0,7) x Q, (3.109)
50y — Al = Po(p’) in (0,T) x Q, (3.110)
OnPlio0 = OnPhjan =0 on (0,7) x 99,  (3.111)
im0 = Pojemo = 0 in Q, (3.112)
/@‘fd:v - /sogdx =0, (3.113)
Q Q

where we define

1
Rf=f—-5 | fde
|Q|Q/

for every f € L'(Q2). We note that, if ¢ and ¢} are solutions of (3.109) - (3.113),
then ° = f + @3 + ¢ is a solution of (3.106) - (3.108), where we used

Po(h(q®)W' (%) + 1) = h(¢")W'(¢°) + 1°
due to

[reweh +wa=o% [oa- [apw=o0
Q Q Q

To solve the equations (3.109) - (3.113) for 9 and 3, we use the following lemma.
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Lemma 3.13. Let § > 0 and f € L*(0,T; LE’O)(Q)) be given for 1 < p < oo,

2<qg<ooand0 <T < oco. Then there exists a solution p € LP(0,T;WZ(Q))
of

00ip — Ap = f in (0,T) x Q,
Ongo‘ag =0 on (0, T) X 89,
Plt=0 = 0 imn Qa

which can be estimated by
||50||Lp(o,T;W;(Q)) < C||f||LP(0,T;L‘1(Q))
for a constant C' > 0 independent of 6 > 0.
Proof. We extend f on (T,00) by
) ifte (1),
(t) = {

0 else.

Then it holds f € L?(0, oo; Li)(€2)). We consider the problem

60p—Ap = f in (0,00) x Q,
8n35|39 =0 on (O, OO) X (‘39,
§5|t:0 = O in Q

Moreover, we define 15(t) := ¢(6t) and f5 := f(0t) and rewrite the problem above as

Onps — Aps = fs in (0, 00) x €,
8n'¢5‘ag =0 on (0, OO) X (9(2,
Ysjt=0 =0 in €.

The existence of a unique solution ¢; € LP(0,T; W2(Q)) for every 0 < T' < oo follows
analogously as in Lemma 5.15 below from [DHP03, Theorem 8.2].

Due to [Dor93, Theorem 2.4] we obtain 15 € LP(0,00; WZ(Q2)) together with the
estimate

|95l | o000y < ClIfsllr(0.00iL02) (3.114)

for a constant C' > 0 independent of . Here we used that o(Ay) C (—o0,0) implies
that Ay has negative exponential type, cf. [RR04a, Theorem 12.33], where

An i D(An) = Wiy (Q) N L, (Q) € L) () — L) ()

(© (© ©

is the Neumann-Laplace operator and o(Ay) C (—o00,0) holds because of the
following arguments:
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Since the embedding Wy (€2) N Li) (€2) = Ly () is compact, we can deduce that
A=Ayt L‘(IO)(Q) — L(O)(Q) is a compact operator for every A € o(Ay). Hence,
the spectral theorem for compact operators implies o(Ax) = 0,(Ay). Now we can
conclude that, if it holds A € o,,(Ay), then there exists u € W2\ (€2) N Li, () with
u # 0 such that

A —Ayu =0 in Q,
Onjpn =0 on Of).

Testing this equation with the complex conjugate © we obtain
MlulZ2() + IVullz2 () = 0.

Since the Poincaré inequality with mean value yields ||Vul|3, (@ = Collu] |2 (o) > 0 for

a constant ¢y > 0, c¢f. Theorem 2.7, it holds A € (—o0,0) and thus we can conclude
U(AN) - (—O0,0>

A change of variables in (3.114) implies

18] 20,00z < CIFlle(0,005L9(0)
and therefore

lellzrorwz@) < Clf|Leor:L0@)

for a constant C' > 0 independent of . O]

It still remains to define what we mean with a weak solution for (1.1) - (1.7).

Definition 3.14. Let T € (0,00) and vy € L2(Q), po € H2(Q), qo € L*(Q) be given.
We call (v, @, i, q) with the properties

v € L*(0,T; H ()% N L>(0,T; L2(Q)),
p € L=(0,T; HH(Q)) N L0, T; H*()),
pe L*(0,T; HY(Q)),

q € L*(0,T; H' () N L>=(0,T; L*(Q))

a weak solution of (1.1) - (1.7) if the following equations are satisfied:

—//,ov-(?tv,bdxdt—l—o/ﬂ/(pV@V):Vv,bdxdt—l—o/Q/Qn(cp)Dv:Dv,bdxdt
[ [Gev) vpt - < > //( D)) v -

Q 0

O\H
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for all ¢ € Cg°(0,T; Cg%,(2)) and

T

| [ mte.0%a- Goisa - /T

0 Q

+9(q)) Opdrdt

+ ( )+ g(q)) v - Vodzdt,

[
JCro

T T T
/Q/M(QO)VM-VQdedt://goatgbdxdt—//Vgo-vgbdxdt,

0
T

//ugbdxdt //5V<,0 ngdxdt+// ©)pdrdt

0

for all ¢ € C°(0,T;CHQ)). Moreover, the energy inequality (3.14) has to hold for
allt € [s,T) and almost all s € [0,T) including s = 0.

Then we get the main result of this chapter.

Theorem 3.15. (Existence of weak solutions)

Let the assumptions from Section 3.1 hold. Moreover, let0) < T < oo and vy € L2(9),
wo € H2(Q) and gy € L*(Q2) be given. Then there exists a weak solution (v, ¢, i, q)
in the sense of Definition 3.14.

Proof. From Theorem 3.9 we get the existence of weak solutions (v°,¢°, 1°,¢%) in
the sense of Definition 3.8 for every d > 0 together with the energy estimate

/ / & PONVEE + () VP + 20(0") DV + SAVE + 610, ) ddr
T B (8), 0 (8), Vo (£), () < B (v(5), 0(5), Veols), ()

for all s <t < T and almost all 0 < s < T including s = 0. Moreover, it holds
©® € L*0,T; H*(Q)) for every 6 > 0. Analogously as in (3.72) we can derive the
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following bounds from the energy inequality:
i) %50 is bounded in L>(0,T; L*(Q)9),

v®)s=0 is bounded in L?(0, T; H*(Q)%),

iii) V¢®)s=0 is bounded in L2(0, T; L*(2)%),

(v
(Vg
i) (V1i¥)s50 is bounded in L?(0,T; L*(Q)%)
(Vo ;
(
(

, (3.115)
v) V®)ss0 is bounded in L>(0, T'; L*(Q)%),
i) W (¢?))ss0 is bounded in L*(0,T; L*(2)),
G(q°))ss0 is bounded in L*(0,T; L'(Q)).

vii)

Since R also depends on §, we write R° instead of R. Due to (3.1) we get

T T
ROV 5 1
< 2V ,1/J> ://8tp(906)%-¢dxdt—§// V(V5~1p)dxdt
0 0 0

= 2 (@) + a3 v - Vp(e)v "p)p@ﬂ
1/~
=5 (V%)
with
3 9p(
B = -9 (i) v

From now on we use R’ instead of R®. We proceed with the existence proof for
0 — 0. This proof can be done analogously to the proof of Theorem 3.9, where a lot
of calculations simplify since we do not have to distinguish between the interpolants
(v, N, 1N, g") and (vV, QN @Y, qV) for N € N.

As in the proof of Theorem 3.9 we can also conclude that the mean value of °(t) is
constant and the mean value of ;°(¢) is bounded for a.e. ¢ € (0,00). Therefore, we

also get subsequences
i) v> — v in L*(0, 00; H(Q)%),

ii) v° —* v in L>(0,00; L2(Q)?) = (L}(0, c0; L2(Q)?))’,

i) ¢° =" ¢ in L*(0,00; L*(Q)) = (L'(0, 00; L*(2)))",
" =" in L=(0,00; H(Q)) = (L}(0, 00, H(2)))',

v

(%

) v
)
ii) ¢ — q'in L*(0,T; H'()),
)
)
) p

O — pin L*(0,T; HY(Q)),
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for all T € (0,00). Note that in contrast to Section 3.3, where we passed to the
limit N — oo, we do not obtain v* — v in L2(0,00; H?(2)?) and 9,° — 9, in
L2(0,T; L*(Q)) as § — 0.

The next step in the proof of Theorem 3.9 was to show compactness of (¢")yey in
L*(0,T; H'(2)) together with higher regularity. The proof for (¢?)s=o is similar to
the proof for (") yen, where we can also use the Aubin-Lions lemma and do not
have to distinguish between ¢V and @". Analogously, we can prove compactness of
(¢°)ss0 in L2(0,T; L?(2)).

Most calculations for the compactness of (v°)sso can also be done analogously as
in Section 3.3.5 for the compactness of (v¥)yen. Therefore, we noted that all
calculations until Remark 3.11 were independent of v € L2(0,7T; H*(2)?) and
o™ € L*(0,T; L*(Q)) and hence all conclusions also hold when we pass to the
limit 6 — 0.

But when we want to show the boundedness of 9;(P,(p°v%)) in LY(0,T; H=2(2)%),
we have to estimate (3.91) in another way since we use R® instead of R’. So let
¥ € L°°(0,T; H*(Q)?) be given. We have to show

~ T

RV op(e®) .

'< : ,¢>‘: [ [P i vt - pieat) < Cll ooy
0 Q

(3.116)

for every 1 € L>(0,T; H*(2)%) and a constant C' > 0 independent of § > 0. Hence,
we have to estimate terms of the form p”(¢°)0;0°m(p%)9;1°viap,. To this end, we
consider ¢° = 9 + 5 + o, where ¢ and ¢4 are the solutions of

00p) — Ay = Po(h(g")W'(¢°) + Agpo) in (0,7) x Q,
00uph — Agh = Po(i”) in (0,7) x Q,
an‘ﬂg\a(z = 8n@g|aﬂ =0 on (0,7) x 09,
90({|t:0 = SOg|t:0 =0 in 2,
/cp‘idx = /gogdx = 0.
Q Q

Due to the growth condition |h(s)| < C(|s|+1) for every s € R and the boundedness
of ¢° in L>(0,T; L?(2)), we can conclude that h(q°) is bounded in L>(0,T; L*(2)).
Furthermore, the growth condition |[W’(a)| < C(Jal]® + 1) for every a € R and fixed
0 < s < 1 yields the boundedness of W’(¢%) in L*(0,T;L5**1(Q)), where
s; > 0 depends on s. Therefore, h(¢®)W’(¢%) is bounded in L*(0,T; L2+52()),
where s > 0 depends on s. Together with the boundedness of Apg in L>(0,T; L*(Q)),
Lemma 3.13 yields that ¢{ is bounded in LP(0, T} W§+82(Q)) for every 1 < p < 0.
Hence, it holds that i

91 is bounded in LP(0,T; W3, (Q)) <= LP(0,T; L*** (1))
2 2



3.4 Existence of Weak Solutions 113

for every 1 < p < oo and j = 1,...,d, where s3 > 0 depends on s. Moreover,
Lemma 3.13 implies the boundedness of 3 in L0, T; WZ2(2)) and therefore

0;¢5 is bounded in L2(0, T; W (2)) < L2(0,T; L=(Q))
for j = 1,...,d. Furthermore, Theorem 2.32 yields that
v® is bounded in L>(0, T; L2(Q)) N L*(0, T; LS(Q)?) < L***1(0,T; L57°2(Q)%)
for some e1,e2 > 0. Altogether, the boundedness of 9;u° in L*(0,T; L*(2)), v° in

L*21(0,T; L5722 (Q)%) and 8;¢% in LP(0,T; L*t%(Q)) for every 1 < p < 0o and some
€1,€9, 83 > 0 yields

T
/ / )50 (%) 0" viap . dzdt| < C||a||poe(o,rm2())
0

for every j,k =1, ...,d, a constant C' > 0 independent of § and ¥ € L>(0,T; H*(Q)?)
since m(¢?) and p"(¢°) are bounded in L>(Q7r). Analogously, the boundedness of
0,05 in L2(0,T; L>(R2)), 0;1° in L2(0,T; L*(Q)) and v° in L>=(0,T; L2(Q)) implies

// )0;05m(0°) 01 Vorpy dudt| < C||v|| Lo (o,15m2(0)

for every j,k = 1,...,d, a constant C' > 0 independent of § and 4 € L>(0,T; H*(Q2)?).
Both estimates together prove (3.116). Hence, we can conclude that P,(p’v?) is
bounded in L2(0,7T; H'(2)%) N W(0,T; H-2(Q2)4), which embeds compactly into
L?%(0,T; L*(©)?) due to Aubin-Lions. Thus we can show P,(p°v?) — P,(pv) in
L*(0,T; L?(2)?) and therefore

T

T T
//p5]v5|2dxdt://IP’g 5dxdt—>/ (pv) V-//p\V]dedt
0 0 0

0
as & — 0, which implies (p°)2v® — p2v in L2(Qg). This yields
1

v = (p")2(p")

Note that we can also prove

N|=

v v in L2(0,T; L*(Q)%).

v v in L2(0,T; L5 (Q)%) for every 0 < ¢ < 5,

but now we are not able to show v? — v in L7(0,T; L=(Q)?) for all 1 < ¢ < § again,
cf. (3.98), since we can not conclude that v° is bounded in L?(0,T; H2(Q)%).
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The next steps in the proof are similar to the ones in the proof of Theorem 3.9,
where many calculations simplify since we do not have to distinguish between two
interpolant functions.

The only remaining part which is very different to the proof of Theorem 3.9 is where

we want to show
PG~ ,0 R
<R2V ,¢> S (5w) (3117)

and
T
5//AV5A1/dedt -0 (3.118)
0 Q

as 6 — 0 for all ¥ € C§°(0,T; C§%,(§2)). We already proved that <@, > is bounded

in L*(0,T; H2(Q)9), cf. (3.116). For the proof of (3.117), we consider as before
©° = + 0% + o, where ¢} and $ are the solutions of

50,00 — Al = Po(h(¢®)W'(¢°) + Ago) in (0,7) x Q,
30 — A = Po(’) in (0,7) x Q,
Onj00 = Onljon = 0 on (0,7) x 09,
Wllo = Phjo =0 in Q,
/gp‘lsdx = /gogdx = 0.
0 Q

We can prove the convergence (3.117) for the term p”(¢°)0;05m(¢%)0;uviap, by the
following arguments:

i) Tt holds v° — v in L2(0,T; L5~5(Q)) as § — 0 for every 0 < £ < 5.

ii) Since (v?)s=o, v is bounded in L>°(0, T; L2(Q2)) and v° — v in L?(0, T’; L~¢(Q)9)
for every 0 < ¢ < 5, we can conclude with Theorem 2.32

v v in L2710, T; L5~=2(Q)9),
where 1,29 > 0 depend on € > 0 and it holds ¢;, - 0 as ¢ — 0 for i = 1, 2.

iii) We already know that h(q°) is bounded in L*(0,T; L?(£2)). Moreover, the
growth condition |[W'(a)| < C(Ja|* + 1) implies the boundedness of W'(¢°) in
L>(0,T; L5+%1(€2)), where s; > 0 depends on s. Hence, we can conclude that
h@®)W' (&%) + Ay is bounded in L*(0,T; L2+%2(12)), where s > 0 depends
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on s; and therefore on s. Thus Lemma 3.13 yields for every 1 < ¢ < oo the
estimate

||90({||L‘1(0,T;W§+S2 () < C| |P0(h(q5)W/(906) + ASDO) | |L‘1(0,T;L%+SQ(Q))'

Hence, 99 is bounded in L?(0,T; W§1+S () — L9(0,T; L¥:(Q)) for every
2 2
1 < ¢ < oo, where s3 > 0 depends on s. Due to its boundedness and since it
holds 9,49 (t, z) — 9;p1(t, z) a.e. in (0,T) x 2, Theorem 2.9 yields
0;0% — 001 in L9(0,T; L***4(Q)) for all 1 < g < 00, j=1,...,d
as 0 — 0, where 0 < s4 < s3 depends on s.

iv) From the previous steps we know

0,05 — 001 in L9(0,T; L¥**4(Q)) for all 1 < ¢ < 00, j = 1,...,d,
v v in L*1(0, T; LE°2(Q)),
i1’ — O in L?(0,T; L*(Q)) for all j =1, ...,d,
where s4 > 0 depends on 0 < s < 1 and €1,e9 > 0 depend on 0 < e < 5 and it
holds ¢; — 0 for i = 1,2 as ¢ — 0. Since 0 < s < 1 from the growth condition

for W' is fixed, s, > 0 is also fixed. Hence, we need to choose e; > 0 and
therefore € > 0 so small that

1 n 1
3—|—S4 6—82

<1

N =

+

When we have chosen € > 0 small enough, we also get £ > 0. Then we have
to choose 1 < ¢ < oo sufficiently large such that

1+ 1 +1_1
g 24+& 2

Hence, we can pass to the limit

T T
//p )00 (°) gu‘SViwkdxdt%//p )0;01(0)0; vty da di
0 0 Q

for all ¥ € C§°(0,T; C5%,(£2)) as 0 — 0.

Now we have to do similar estimates for 3. We already know that ;¢4 is bounded
in L2(0,T; W(Q)) for j = 1,...,d. Moreover, we can conclude that 9;¢9 is bounded
in L>°(0,7T; L*(2)) since it holds 0;¢5 = 9;¢° — 9;¢ — 9,0 and this property holds
for all terms on the right-hand side. From [AF03, Theorem 5.9] it follows

[l (t, Mlz=@) < Cllwa(t, My ollealt, Iz
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for a.e. t € (0,7, where 0 = %, ie., 0 =2ford=2and @ =2 in the case d = 3.
In both cases we get that

;¢ is bounded in L2(0,T; W (Q)) N L=(0, T; L*(2)) < L3 (0, T; L™(R)).
Therefore, we can prove the convergence (3.117) for the remaining term
P (0°) 0505 ()0 10V

i) We have already shown that (9;¢)s=o is bounded in L3 (0,T; L>(€)) with
j = 1,..,d. Moreover, 9,05 converges strongly in L*(0,7T; L*(2)) since this
holds for 9;¢° and 9;¢¢. Hence, Theorem 2.32 yields that for every 1 < ¢; < 0o
there exists ¢; > 0 such that

05 — iy in L3N0, T; L)), j=1,....d,
where £ — 0 as ¢ — o0.

ii) Analogously as in the previous step, it follows from the boundedness of v° in
L>(0,T; L2(Q)) and v° — v in L2(0,T; L5~2(Q)?) for every 0 < ¢ < 5 that for
every 1 < gy < oo there exists €5 > 0 such that

Vo v in L92(0,T; L*™=2(Q)Y), j=1,....d,
where it holds €5 — 0 as ¢go — o0.

i7i) Since we know

0,05 = Dipy  in Li—=1(0,T; L%(Q)) for all 1 < ¢y < 00, j =1,....d,
v v in L%(0,T; L**=2(Q)%) for all 1 < gy < o0,
8j,u5 — Oju in L*(0,T; L*(Q)) for all j = 1, ...,d,

where ¢; — 0 as ¢; — 00, ¢ = 1,2, we can choose ¢; and ¢ in such a way that

T

/ / )0y )iV ddi / / )Osi2iin(0) Oy pavitpy o di

0
for all ¥ € C§°(0, T C%,(€2)) as 0 — 0.

Thus we have shown (3.117) and it remains to prove (3.118). Here we use that the
energy estimate yields the boundedness of 62 Av® in L2(0,T; L*(R)). Since it holds
SA2v? = §3A(62Av°), we can conclude A2V — 0in L2(0, T; H~2(R2)), which shows
(3.118).

Finally, we need to prove the energy estimate (3.14) for all s < ¢ < T and almost
all 0 < s < T including s = 0. Analogously as in the proof for § > 0 and in
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[ADG13], one can show Eyor (v2(2), ¢ (t), V' (1), ¢ () —= Erar(v(t), 0(1), Veo(t), q(t))
for a.e. t € (0,T) and since norms are lower semicontinuous and ¢°(t, z) — ©(t, x),
¢(t,x) — q(t,x) a.e. in (0,T) x Q we get

T
lim inf / DO(t)r(t)dt > / D(t
0—0
0

for all 7 € WL(0,T) with 7 > 0 and 7(T) = 0, where D° and D are defined by

DO(t) = /m(w‘s,q‘s) \Vq‘slzdwr/m(soé)lvu‘SIdeﬂL/2?7(<p5)!DV5!2d$

Q

+(5/|AV5|2dx+5/|8tg06]2dx,
Q Q
_ / m(e,q) |Vl do + / () [V de + / ()| DV [2d.
Q Q Q

Due to the energy estimate in the case § > 0, cf. (3.63), we can deduce

T T

Ey(Vo, 00, Voo, qo)7 +/Et0t ) (), Vb (1), ¢t ))T’(t)dtz/Dé(t)r(t)dt.

0

o

For the limit § — 0 it follows
T T
Eio1(vo, 0, Voo, qo)T(0) + /Etot t),V(t), q t)dt > /D
0 0

for all 7 € W}(0,T) with 7 > 0 and 7(T) = 0. Hence, we can apply Lemma 3.12,
which yields the energy estimate (3.14) for all s <t < T and almost all 0 < s < T
including s = 0. [l
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4 Sharp Interface Asymptotics for the Surfactant
Model

In the following we give a short introduction to the method of formally matched
asymptotic expansions and apply this method to the diffuse interface model
(1.1) - (1.5) for p = 1 so that we recover the corresponding sharp interface model,
i.e., we study the sharp interface limit of the equations

Ov + div(v ® v) + Vp — div(2n(¢)Dv) = div(—eVep @ V) in @Qr, (4.1)
divv =0 in Qr, (4.2)
1 . :
o (Ef(Q)W(SO) + Q(Q)) = div (m(p,¢)Vq) in Qr,  (4.3)
Oy = div(m(e) V) in Qr, (4.4)
~eAg + h(g) W (g) = Q. (45)

In Chapter 3 we proved the existence of weak solutions (v, ¢., fie, ¢c)e>0 in the sense
of Definition 3.14 depending on € > 0, cf. Theorem 3.15, where the density p(¢) was
not necessarily constant. In this chapter we assume p = 1 and that the solutions are
sufficiently smooth. Moreover, we assume that there exist two different asymptotic
expansions in powers of €, one which is valid in the bulk and another one near the
interface. In the following we call the asymptotic expansion in the bulk region the
outer expansion and the other one the inner expansion. Since we assume that both
expansions are solutions to the same problem, there has to exist a narrow region near
the interface where both expansions are valid, i.e., both expansions have to match in
this region. This leads to the so-called matching conditions for the inner and outer
expansion.

In the first section of this chapter, we introduce the notation which we will use
for the asymptotic analysis and we make further assumptions on m, m and h. In
the second section we derive the outer expansion for the diffuse interface model
(4.1) - (4.5). Before we continue with the inner expansion, we introduce new coordi-
nates in the inner region near the interface and deduce the matching conditions for
the inner and outer expansion, cf. Section 4.3 and Section 4.4. In Section 4.5 we
use the results from the previous sections to obtain the inner expansion of the phase
field model (4.1) - (4.5) and to recover the corresponding sharp interface model. In
the last section we identify the sharp interface model from Section 4.5 with one of
the sharp interface models in [GLS14] and show that an energy estimate holds. For
more details about this method we refer to [EGKO08] and [Hol13].
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4.1 Preliminaries for the Matched Asymptotics

In this section we state the assumptions on A and the mobilities m and m and we
introduce the notation which we need to describe how fast terms depending on the
parameter € converge to 0 as ¢ — 0. To this end, we recall the Landau notation. Let
fyg:(0,00) — R be given. In the following, we define O(g), o(g) and O(g) as in
[Hol13, Section 1.3].

i) f=0(g) as € \( 0 if there are constants J, x > 0 such that

1f(e)] < klg(e)] for all 0 < € < 6.

it) f=o0(g)as e\ 0 if for every x > 0 there is 6 > 0 such that

|f(e)] < klg(e)] forall 0 < e < 6.

iii) f = 0s(g) ase (0 iff f=0O(g) and f # o(g) as € \ 0.

Note that in the following we will omit the subscript s, i.e., we write O(1) instead of
O;(1). We explain this notation by the following example. Consider the equation

0o + ¢ = €0, 10 + Ap.

Then we refer to ¢ = Ap as the O(1) equation and to dyp = 0., i as the O(e)
equation although by definition of the order symbols, every term in the previous
equation would be O(1).

In the diffuse interface model (4.1) - (4.5) we have the mobilities m(p, ¢) and m(y).
For these mobilities, we make the following assumptions.

Assumption 4.1. There exist constants co,c; > 0 such that co < m(p,q), m(p) < ¢
and h(q) > co for all p,q € R. Moreover, there exist functions M, mqy and K such
that

i) = M ()K (@) + 1,

m(p) = emo(p)
for all ,q € R, where it holds 0 < K(q) < C for a constant C' and M satisfies

for all p € R with |p| < 3.

Note that this assumption implies M(£1) = M'(£1) = 0 and M(p) > 0 for all
lo| < 1.
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4.2 QOuter Expansions

We assume that in the bulk phases, i.e., in the subsets of 2 where it holds p(z) ~ +1,
the solutions of the phase field model (4.1) - (4.5) can be expanded in powers of ¢,
ie.,

(o] [o¢] (o]
k k k
ve=> e, o= o, pe =Y,
k=0 k=0 k=0

= pe =Y & m, (4.6)
k=0 k=0

where v, : (0,T) x Q = RY, o, pie, go, pe - (0,T) x 2 — R for all € € (0,5) and § > 0
sufficiently small. We start the outer expansion with equation (4.2). To this end, we
substitute (4.6) into (4.2). Hence, we get

div <Z €kvk) =0
k=0

and therefore v = 0 for every k € Ny. Next, we insert (4.6) into (4.4) and obtain

&(Z Fpop) +V (Z aknpk) . <Z ekvk> = div (esmo(z eF )V (Z 5kuk>) )

Here the term mq( ) epy) appears. For such terms we use the Taylor expansion. So
k=0
let f € C*(R) be given. Then we have for an arbitrary expansion 1, = > ¥4 the
k=0

Taylor series

. =100 (o
f (Z 5k¢k> = (o) + > g > ey | ] (4.7)
k=0 i=1 k=1
Since € can be expected to be very small as we study the behaviour of the equations
for e — 0, the most important terms are the ones with the lowest power in e, which
is denoted as the leading order expansion. Using the Taylor series for mg in the outer

expansion of (4.4), the leading order expansion is given by
@goo + VQO() *Vg = 0 (44), O(l),

where the notation (4.4), O(1) means that this is the outer expansion of equation
(4.4) with terms in the power of € = 1. Analogously, (4.4), O(g) denotes the outer
expansion of equation (4.4) with all the terms in the power of €. From equation
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(4.4),0(1) we want to deduce ¢y = +1. We note that (4.4),0(1) can also be written
as

d
Opo(t, x) + 2 (vo(t, @))i0,p0(t, ) =0 for all (¢,z) € (0,00) x €,

(*) i=1
©o(0, ) == £1 for all x € Q.

The method of characteristics yields the existence of a unique solution ¢y. Moreover,
the characteristic equations are given by

i (i(?)) - (mwixm)) | (t%) - (O) ’
Z(1) =0, 2(0) = £1,
where z(7) := @o(t(7), 2(7)). Thus we get
try=71,  z(r) ==l
for all 7. This implies
po = 1. (4.8)

This is what we would physically expect since ¢ models the volume fraction difference
of both liquids, i.e., ¢ = ©? — ¢!, where ¢! is the volume fraction of liquid 1 and
©? is the volume fraction of liquid 2. Thus in the bulk phases one volume fraction
has to equal 1 while the other one vanishes. Therefore, ¢ should be £1 in the bulk
phases. Since g is the term of the outer expansion of ¢ with the lowest power in ¢,
it is physically meaningful that ¢, is +1 in the bulk.

In the next step we determine the outer expansion of (4.5). It holds

o0 o0 o0 1 o
Z ey = —5A(Z ekgpk) + h(z equ)gW’(Z ekgpk).
k=0 k=0 k=0 k=0

Approximating the last terms with two Taylor series yields

o o < 0 () S
ng,uk =— €A(Z ehor) + % {h(QO) + Z d Z-(!q(]) (Z 5ka)1}

©° (i+1) oot )
‘ {W/(SDO)vLZW—W( 5’“%)@}.

i
Hence, the leading order expansion is given by

“haW () = 0 (4.5),0().
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Since we have already shown ¢y = +£1, it holds W’ (yg) = 0. Thus we need to study
(4.5),0(1). We obtain

tio = h(qo)W" (wo) 1 + 1 (q0) W' (o) = h(qo) W (¢o)p1 (4.5),0(1)
due to W' (o) = 0.

We proceed with equation (4.3). Substituting the outer expansions (4.6) into (4.3)
yields

0 =0, (éf(z )W (> on) + 9> Equ))
\V4 <§f(z gqu)W(Z e or) + g(z gqu)) . (Z 5kvk>
k=0 k=0 k=0
—div ( 25 ©k) (Z 5k‘]k)v(z 5ka)> —A <Z €ka> :

We apply the Taylor series (4.7) as before, where we only need to take into account
the term with no power in ¢ to derive the equation with the lowest power in ¢, i.e.,

0 =00 (LA(@Wen)) + 2V ()W (gn) v

~ div (§M<%>K<qo>wo) (43).0().

But as it holds W (py) = M(pg) = 0 for ¢y = £1, we have a look at the next order
terms in (4.3), which we calculate with the Taylor series again. For the sake of clarity
we study the terms separately. For the term 8t(%f(q)W(gp)) we obtain

o (Lo + S (S Aa) e + 3 (T )}

Analogously, the term 0,g(q) yields

< () & |
) (g(qO) 2 (g Z.(!QO)(Z squ)’)> :

k=1

For the summand V(%f(q)W(ga)) -V we get

v (L3 (S ) vt + 3 (FHELS k)

(Z)
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and for the term Vg(q) - v we obtain

(Q(CIO) + Z (g Z,(!qo) (Z 5qu)l>> . (Z gkvk) )

Finally, the last term div(2M(¢)K(q)Vq) + Aq yields for the O(1) expansion Agp,
where the other terms vanish due to M(yy) = M'(py) = 0. Comparing the terms
with the second lowest power in e, that is €%, we obtain the (4.3),0(1) equation

0 =0, (f(q)W'(wo)er + f'(qo)a W (vo) + 9(q0))
+ V (f(q0)W'(wo)er + f(q0)anW (po) + 9(q0)) - Vo
+ V (f(q0)W (o)) - vi — Ago (4.3),0(1).

Since we already know ¢y = =£1 this equation simplifies to

99(q0) + Vg(qo) - vo = Aqo (4.3),0(1).

Now we turn to equation (4.1). Inserting the outer expansions (4.6) into (4.1) yields

Oy (i skvk> + (i ekvk> -V <§: ekvk> +V (i ekpk)
— div (277(2 gkgpk)D (Z ekvk)>

k=0
_ 1 — k2 — Lo Nk —
_—§V (5]VZ£ k| > + <Z£ uk—gh(Zf«: qk)W(Za k) VZ&‘ k-
k=0 k=0 k=0 k=0 k=0
We use the Taylor series (4.7) again. Hence, the leading order terms are given by

0=~ h(a0) W (0) Vi (41),0().

Since it holds ¢y = +1, we have a look at the next order equations, i.e., (4.1),0(1).
We obtain

Bivo + Vo - Vvo + Vo — div (20" Dvo) = 110Vpo — h(qo) W' (o) Vepr (4.1),0(1)
— (o)W (w0)1 Vo — B (qo)qn W' (00) Vo,

where 7% = n(gy), i.e., ¥ = n(—1) is the viscosity in fluid 1 and n® = (1) is the
viscosity in the phase related to fluid 2. Since it holds W’ (y) = 0, we can conclude

Oyvo + Vo - Vvo + Vpy — div (27 Dvy) = 0 (4.1),0(1).



4.3 New Coordinates in the Inner Region 125

Altogether the following equations have to hold in the bulk phases Q¥ (t), i = 1,2,
Oyvo + vo - Vvg + Vpy — div (U(i)DVO) =0 in Q¥ (1),
div(vy) = 0 in QO(t),
0:9(q0) + Va(qo) - vo = Aqo in QO(t),

where Q) (t) denotes the bulk phase of fluid 7, i.e., QM (t) = {z € Q: ¢y = —1} and
QD) ={z e Q: ¢, =1}.

4.3 New Coordinates in the Inner Region

In the previous section we derived the equations which have to hold in the bulk
phases as ¢ tends to 0. To this end, we assumed that the solutions are sufficiently
smooth and that there exist asymptotic expansions in powers of ¢ for these solutions.
Thus we were able to derive ¢y = =£1 in the bulk. But this implies that there has
to exist an interfacial region where ¢y changes its value very fast from —1 to +1.
Since we want to study the behaviour of the equations (4.1) - (4.5) in this region
near the interface, we introduce new coordinates in the interfacial region. Moreover,
we assume that there exists an inner expansion for the solutions which is valid near
the interface.

Note that shorter versions of the following calculations can be found in
[AGG12, Section 4.3 and Appendix]|, [ALS15, Section 3.2] and [EGKO08, Section 7.9].

We assume that the limit of (I'*(t)).~o exists as ¢ — 0, e.g. with respect to the
Hausdorff distance, where

() ={x€Q: p(t,x) =0}.

We denote this limit set by I' := I'% := (['(¢))s>0 and expect it to be a smoothly
evolving interface between the two bulk phases which does not intersect with 0f2.
Note that we also assume that ['*(¢) and 02 do not intersect for every £ > 0. More-
over, we introduce new coordinates which we expect to be valid near I'. The time
interval is denoted by I C R and U C R%! denotes the spatial domain. Then we
define a local parametrization of I' by
4:1xU— R4

Furthermore, we denote the unit normal to I'(t) by v . It is pointing into the second
phase, i.e., the phase where ¢y = 1. For a point x close to (I x U) we con-
sider d(t,x) to be the signed distance function to the interface I'(¢), where it holds
d(t,z) > 0if v € Q@(t) = {x € Q: p(x,t) > 0}. Hence, we can introduce a local
parametrization of I x R? in an interfacial region near (I x U). To this end, we

L ie., weset z(t, z) := 42 and define

G :RxR¥' xR — R xR,
G°(t,s,z) = (t,5(t, s) + ezv(t, s)),

rescale the distance function d by e~
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where it holds s € U C R%!'. Here we used that for every t € R there exists
d(t) > 0 such that every x € Q with d(t,z) < 6(¢) has a unique representation
A(t, s) + ezv(t,s). The normal velocity for the parametrization of the evolving hy-
persurface I'? is denoted by V = 9,4 - v. With these definitions it holds

_ B 1 0 0 (d+1)x (d+1)
D(t,s,z)G (tv S, Z) - (at’? + 8281;V 88’3/ + 6288V Z‘:V) cR ‘

Hence, Dy 5. G (t, s, 2) can be written as

. 10 ..0
DG (t,s,z):(u P )

for a vector u € R? and a matrix A € R%¢ given by
A= (83{7 +e205v ... O0s, Y +€20s, Vv 5u) e R4,

Since 05,79, ..., 0s, ,7 is a basis of T(; ;y['(t) for fixed ¢t € R and v is the unit normal,
we can conclude that 05,7, ..., 05, ,7, v is a local basis at the interface I'(¢). Denoting
the principal curvatures by x;, we can choose the parametrization 4 in such a way
that

05, v(t,5) = dvs1.6)(0s,77) = —ki0s,7, (4.9)

since the Weingarten map dvy s @ Ty, 1'(t) = Ty, (t) is self-adjoint and there-
fore there exists an orthonormal basis such that the identity (4.9) holds.

Hence, we define 7; := 0,7 for every ¢ = 1,...,d — 1. Then the matrix A can be
written as

A= ((1 —ezk1)T1 . (L —e2Rq_1)T41 €V) e R4,

The vectors 11, ..., 741, v are a local orthonormal basis at I'(t). We define the metric
tensor in the new coordinates by

Gij = (05,7 + €205,v) - (05,77 + £20,1), ij=1,..,d—1,
Gid := gai = (05,7 +€205,v) - ev =0, i=1,..,d—1,

Jdqd ‘— &V - eV = 82.

Moreover, we can make a coordinate transformation such that

(1 — K1e2)? 0 0 0

0 (1 — roez)? .. 0 0

G:=AT. A= : : : :
0 0 o (1= Kg_182)* 0
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Note that we call this new matrix G since this is the metric tensor in the new
coordinates. The inverse matrix of G = (g;;)¢;_, is then given by

1
) 0 (omee? 0 0
G = (9")ijm = : :
1
0 0 (1—kq_1€2)? 0
0 0 0 siz
Due to
1 0 0
we can deduce
1 0 0
1 _
DGl = (5 " 5 ).
where B = G~ ' AT and
W = —Bu= -G 'AT(0,4 + e20v).
Therefore, it holds
_ (ATat’AY)l . €Z(AT8U/)1 _Tl-(at’y+sz8tu)
(1—k1€2)? (1—rK1£2)? 1—kiez
w= _UTona  eaTome | T | _mes@atesom
(1—kq_182)2 (1—Kq_12)? l—kq_1€2
_(ATaA)q _ 2(AT9w)q _ v(@itezdiw)
g2 € €

Now let ¢ € R and = € Q be given such that (G°)7'(¢,z) = (¢, s(¢,z),2(¢,z)) for
s € R and 2 € R, where (G°)7! is the inverse function of G°. Then we can
conclude that Dy, (G®) 7 (t, z) reads as

Oit(t, x) V.t(t, )
Osi(t,x)  Vusi(t,x)
(D15, G (t,8,2)) ™" = Dy (GF) 7t ) = : :
OrSa—1(t,x) Visa_1(t, )
Opz(t, x) V.z(t, x)

With these calculations we are able to derive some formulas for the transformation
of a function defined in the outer variables to a function depending on the inner
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variables. To this end, we need to determine 0;z(t, z). Due to z(t,x) =
deduce

d(t,z)
~— we can

Owd(t, x) ,d(t, x) _ —11/
\Vd(t,x)]| e’
where we used |Vd(t,z)| =1 and V(t,z) = %gét §| cf. (2.6) and (2.20) in [DDEO5].
Note that it would not have been necessary to use z(t,z) = @. Due to the
calculations above we know

(AT0)g  2(ATOw)q Y- v

1
Oz(t,x) = — o . = - 20 - v = —EV.

Opz(t,x) =

1
¢

Now we define for a scalar function b(t, z) the function b(t, s, z) in the new coordinates
via

b(t, s(t, ), 2(t, x)) == b(t, z).
We remember that for a function b : ' — R defined on a surface T C R? with

4 : R*! — R? being a local parametrization of I' with §(u) = p, the surface gradient
of b in p = (u) is defined by

Vib(p) =Y ¢ (w)di(b o 4)(w)d(u), (4.10)

cf. [Depl0, Remark 2.22], where g denotes the metric and the coefficients g¢;; are
defined by g(m;, 7;) for a basis {71, ..., 74} and (g") are the coefficients of the inverse
matrix of G := (gij)gjzl. For a vector quantity j(t,z) we define j(t, s, z) in the new
coordinates via

j(t,s(t, @), 2(t, @) == j(t, x).

For such a vector quantity the divergence on a surface I' in p = y(u) is given by

d—1

dinj(p) = Z gij(u)ai(j o y)(u) - 0;¥(u),

7,j=1

cf. [Depl0, Remark 2.24]. Note that we need to distinguish between the surface
gradient Vb on the hypersurface T'(t) := {#(t,s) : s € U} and the surface gradient
Vr..b on the hypersurfaces I'.,(t) := {4(t,s) + ezv(t,s) : s € U} for t € I and
arbitrary but fixed ¢ > 0, z € R. In our case formula (4.10) simplifies to

Vrb(p Zg“ 0i(b o 4)(w)d(u),

Vr.b(p 29“ 9i(b o) (u) 0y (u),
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since the local basis 0,7, ...,0s,_,7, v is orthonormal and for the second formula
the local basis 0;,4 + €20,,v, ..., 05, 7 + €20,, ,v,v is orthogonal. Note that in the
formulas above the parametrizations 4 and the coefficients g% are not the same.
In the first formula 4 is the parametrization of I', while in the second formula
A(t, s) + ezv(t, s) is the parametrization of I'.,.

With these considerations we are able to derive the identity

d

d -
dtb(t x) = —b(t, s(t,x), z(t, z))

dt
:at6+v5.ats+az§atz

AN T
_atb—Za b< (AT07); ex(ATOw); ) + 0.0,z

1 —kiez)?2 (1 — Kiez)?

B ) T e20sv) - 0y | ez2(057 +e205,v) - O\ 51
= 0,b Z s < A rer T 0 reo)? 0-b-v

= —gvazb + b — V. b- 04 +¢e2Vr_ b-Ow. (4.11)

With respect to the spatial variables we obtain

&.

Vaob(t, ) = Vab(t, s(t,z), 2(t, 7)) = (a b V.8 ) 4 8.0V, 2 (t, @)

1

)

! Ds.b ~EV
= Z (m_—W(a&ﬁ/ + 82851.1/)> + azb€_2

9.bv + Vr_.b. (4.12)

M | = s

This formula was also derived in [ALS15, Lemma 3.1]. Note that in the formulas
(4.11) and (4.12) the surface gradient is with respect to the hypersurface I'.,. But
for the inner expansion we need the surface gradient on I'. Hence, we need to show
some relation between these two gradients. More precisely, it holds

(g
VFEzb = Z (m(asz'y - 52’%8517))

=1

>—‘

Z (14 kiez 4+ h.0.t.)d,,00,,4 = (1 + h.0.t.)Vrb, (4.13)

=1

where we used the Taylor series for — o = Lt Rz + h.o.t. and 0s,v = —k;0,,7 for
i=1,...,d—1,cf. (4.9). Thus it follows from (4.12)

1 - -
V.b= gazbu + (1 + h.o.t.)Vrb, (4.14)
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where (1 + h.o.t.)Vpl; implies that the higher order terms in € are in the tangential
direction of I'. Using the abbreviation 0yb := 0,b— Vrb- 0,y and neglecting the terms
to the power ¢ and higher order, we get from (4.11) the identity

d 1
b(t,w) = ==VOb+ b+ hot. (4.15)

For a vector quantity j(¢, ) written in the new coordinates via

j(t,s(t,x), z(t, x)) == j(t, x),
we obtain with analogous calculations

d

diV(j(t, SC)) = Z axz (.](tv 5<t7 %), Z(tv x))l

=1

i=1 =1

=2 ( (00 3)Oui(t,2) + (03000 x>)

d—1 .
_ Zasf' (05,7 + €205,V) o3

(1 — Kiez)? S

i=1
]- e . ire
= - ZJ v + lePszJ?
€
where dinEj is the divergence of:j~ onI'.,. We want to express the divergence in terms

depending on the interface I' again and not on the shifted interface I'.,. Therefore,
we can use the Taylor series analogously as in the derivation of (4.13) and obtain

d—1 d—1
- + (05,7 +€20s,v) z (1= rie2)0s9
dive. j= Y0, 1% =0
vr..J Z iJ (1 — ree2)? Z iJ (1 — rez)?
i=1 i=1
d—1 _ -
= Z(l + Kkiez +h.0.5.)0s.j - 05,7 = (1 + h.o.t.)divrj,
i=1

where we used (4.9) again. Altogether, this yields the formula
L 1, - .
div(j(t,x)) = =0.j - v + divpj + h.o.t.. (4.16)
5

Finally, we want to deduce a formula for the Laplace. To this end, we can use the
results we have already proven. For the derivation of such a formula, we start with
the formulas for I',,. Hence, we do all the calculations for the terms on the shifted
interface I'., and at the end we use how the formulas on the interface I'., transfer to
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terms on the interface I'. We obtain

ALb(t, s) = divy(Vab(t, x)) = divy(Vob(t, s(t, x), z(t, x)))
—div, (1004 71,5

1. /1. - . 1. - -
= gaz (gazbl/ + Vpszb> iz + diVl“gz <gazby + Vrszb)

1 ~ 1 _ - 1 -
= —0,.bv-v+ =0.b0,v-v+ —(0,Vr_b) - v
g2 g2 €
1 ~ 1. - ~
+ E(VFW (821))) VvV + gazbdiVFEZV + diVFEZ (VFEZb). (417)

Now we need to study the terms in (4.17) separately. Since v is the unit normal to
I'.., we obtain v - v = 1 and therefore d,v - v = 0. Using these identities in the first
two terms of (4.17) implies

1 -

1 ~ 1 ~
—0,.b(v-v) = 6—282Zb, gﬁzb(azl/ -v) =0.

o2
Since v is the unit normal to I'., and Vr..b is in the tangent space of the shifted
interface I'.,, we can conclude Vr_b-v = 0 and therefore 0,(Vr_ b-v) = 0. But this
implies

9.(Vr.b) - v+Vr. b-9,0=0.
Moreover, it holds 0,v = 0 and therefore we get for the third term in (4.17)

(8Zstzb) v =20.

The fourth term in (4.17) is also 0. Therefore, (4.17) simplifies to

1 - 1. -
ALb(t,s) = E—zazzb + gazbdingzl/ + divp_ (V. b).
As it holds
: 1 . .
div,v = EE?ZV v +divp_ v = divp_ v

and v = V,d, we can conclude

1 - 1. -
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Now we need to express Ar_. in terms of Ap. We calculate

d—1 a B
Arszb - dlvFEz (Vrszb) leFEZ (Z (ng)asz:y>)

=1
d—1 d-1 b
= Si ) ) as )
= 11_/4%{.:2 (;(1-/{1 ) l,y)) k’y
d—1 5
i=1
= Arb+ h.o.t.,

where we used Taylor series again and the fact that (0s,7) is an orthonormal basis of I
Furthermore, we need to identify A,d. To this end, we use [GT01, Lemma 14.17],
which yields

e 0 0 0
0 ] 0 0
D?*d = :
0 0 Trad
0 0 0 0
Moreover, we use the definition of z, i.e., z(t,x) = d(i’m), and the Taylor series

— K
1—kKiez

= —k; — ek22z + h.o.t.. Then we get

d—1 d—1

d—1
Ad = ; ] _,:id =1 —:;ZZ = —;l{z‘ - ;8%?2—’—}1.0.'&.

Denoting by x the mean curvature, i.e., the sum of the principal curvatures x;, and by
|S| the spectral norm of the Weingarten map dv. (), i.e., the lo-norm of (K1, ..., Ka—1),
we can conclude

Ayd =~k —ez|S|* + h.ot..

Using these identities for Apsj) and A,d we can derive

1

-1 - -
Agh= 50::b — —(k +e2[S[)0:b + Arb + ho.t.. (4.18)
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4.4 Matching Conditions

In the previous sections we derived the outer expansion for the diffuse interface model
(4.1) - (4.5) and introduced new variables in an interfacial region. In this section,
we assume that there exists an asymptotic expansion of the solutions in powers of
with respect to the inner variables, i.e., we assume

ve(t,x) = V(t,s(t, z), 2(t, x)),
pe(t,x) = P(t,s(t, ), 2(t, ),
©°(t,x) = P(t, s(t, x), z(t, x)),
ﬂg(ta$) = Ma(tas( y &L ,Z( 7$>)7
qs(t7 :L’) - Q€<t7 8(t7 l’), Z(t7 ZE)),
where
VE=Y vy, Pr=>" 'R, OF =) ey,
k=0 k=— k=0
Me ="My, QO => Qs (4.19)
k=0 k=0

Since the inner and the outer expansions are expansions of the same functions, we
assume that there exists a narrow region near the interface where both expansions
are valid, i.e., they have to match. This leads to the so-called matching condi-
tions which have to be satisfied at the interface I'(¢) and which we will derive in
the following for the diffuse interface model (4.1) - (4.5) analogously as in
[EGKO08, Chapter 7.9]. Moreover, a short derivation of the matching conditions
together with an introduction to the variable transformation in inner variables can
also be found in [GS06, Appendix].

In the following all calculations are done for the functions ¢, and ®; from the outer
and inner expansion, respectively , but the calculations are also valid for vg, Vi,
i, My and gy, Q.

First of all we introduce the new variable r := ze = d(¢, x). Then we define functions
@ in the new coordinates via

Or(t, s(t,x),r(t,x)) == i(t, x), k=0,1,2,....

Note that r(t,z) describes the unscaled distance to the interface I'(¢) since z(¢,x)

was defined as the scaled distance which we used for the inner expansion, i.e.,

2(t, x) = 4z
) I3 *
For the derivation of the outer expansion we assumed that the solutions are
sufficiently smooth. For the derivation of the matching conditions, we additionally

assume that the functions ¢y of the outer expansion (4.6) can be expanded smoothly
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on I'° from both regions QM (¢) and Q®(¢). Due to Taylor-expansion nearby r = 0
we obtain

1
Or(t, s, 1) = Pr(t,s,04) + 0,pr(t, s,04)r + 5%@(1&, s, 040)r + ..., (4.20)

1
Or(t, s,7) = @r(t,s,0—) + 0,Qk(t, s,0—)r + §6Wg5k(t, 5,0—)r% 4 .., (4.21)
for small » > 0 and r < 0, respectively, where we define ¢ (t, s,0+) := zlsi{%@k(t’ s,0)
and Spk(ta S, O_) = (lsl/f%gﬁk(t, S, 6)

For the functions ®(t, s, z) of the inner expansion (4.19) we are interested in their
behaviour for z — 4+o0o. We assume that for every £ € Ny there exists suitable
ny; € N such that

Dp(t,s,2) = L (t,s) + Oy (t,8)z + .. + P (t,5)2™ for z — oo,
Dr(t,s,2) ~ Pyt s) + Ppy(t,8)z + .o + @ (E,8)2™ for 2 — —o0.

Since the inner and the outer expansions are solutions to the same problem, we can
assume that there exists a narrow region near the interface where both solutions have
to match. In particular this implies that the values of ), ®, M and V as z — o
have to coincide with the values of ¢, ¢, it and v as r — 0.

For the derivation of the matching condition we introduce an intermediate variable 7
given by 7 := 5 = = 179z, which is valid in the narrow region near the interface where
both expansions match. Therefore, we assume 0 < a < 1 since this intermediate
variable is located in the region where the inner and outer expansion are valid. Then
we study the limit € — 0 for fixed 7, which implies » — 0 and z — oo.

Moreover, we need to change the variables for the outer expansions from r to 7. As
it holds r = ¢*r we obtain

$°(r) = (e Z e
at r = &% with 7 > 0, i.e.,
1
&% (e%F) =Po(0+) + €0, Po (0+)7 + 5520‘ . Po(04H)7 + O(e3%)
+ 41 (04) 4 0,41 (04+)7 4+ O(e172%)
+ 205 (04) + O(e*T), (4.22)

where we used the Taylor expansion (4.20) for r > 0 small enough. Note that the
right-hand side of (4.22) now depends on 7 instead of r.
Analogously we change the variables for the inner expansion from z to 7. As it holds

2 =" =g we obtain

D(2) := De, 2) = ngcl)k Z{ kZCD zj}

k=0
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at z =717, ie.,

O (c°71F) =By + DY + ..+ £™OTIDE o
+e®f )+ 7+ ..+ 51+”1(°‘_1)<I>In17*”1
+ 2P + e TOPY T+ 205, + L+ 2N e (4.23)
where the right-hand side now depends on 7 instead of z. Hence, the expansions

(4.22) and (4.23) match if ¢° and ®° coincide in all terms where they have the same
power in € and 7. It follows

cID(JJF,O = $o(0+), <1>o+,i =0 for 1 <i < ng,

chL,o = ¢1(0+), CDTLJ = 0r¢0(04), bei =0 for 2 <17 < ny,

. 1
(I)SF,O = @2(04—), (I)Zl = 87&,51(04‘), (I);Q = 587«7&,50(04‘), (I);l =0 for3 < 1 < No.

Every z near the interface I'(t) can be described in terms of r and s by
x(r,s) = Y(s) + rv(y(s)). So let x = x(0,s) € I'(t) be given and let z+ be the
limit as z,, — x in Q@) (¢) resp. in QM (¢). Then it holds

ar¢0(0i) = 3@0(@ S, 7’)|r:0i = ar@O(ta f(T, 8))\r:0i = aTSOO(tﬁ(S) + TV@(S)))V:Oi
= Vo(t,zt) - v(zt).

Analogous calculations yield
Orro(0%) = (v(z£) - V)(v(zs) - V)epo(t, 2£).
Moreover, we have

Dy(t,5,2) = Pr(t,s) + P4 (t, )z for z — o0,
Do(t,s,2) m Pyo(t, s) + Pyy (L, 8)z + Pyy(t, 5)2° for z — +oo,

since the terms with higher powers in z are 0. Hence, we can derive the following
matching conditions at z = 4(s)

Dy (2, 5) = Pgo(s) = Go(0£) = @o(a), (4.24)
D1(2) = 91(01) + 0,90(0L)z = p1(zx) + (Vpo(at) - v)z, (4.25)
0.9 (2, s) = P14 (t,5) = Vio(at) - v, (4.26)
0.Po(z,8) =0, (4.27)
By (2, 5) = alt) + (Vor (k) - 1)z + %(y V- V)goled)s?,  (4.28)
0.Py(z,5) = Vi (zt) - v+ (v-V)(v-V)po(zt)z (4.29)

as z — +oo.
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4.5 Inner Expansions

Analogously as in Section 4.2 we insert the asymptotic expansion (4.19) for the inner
variables into the equations for the diffuse interface model (4.1) - (4.5), apply the
formulas from Section 4.3 for functions defined with respect to the inner variables
and compare the terms with the same power in €. Due to the matching conditions
(4.24) - (4.29) from Section 4.4 we are then able to derive the equations on the
interface I'(t) for the corresponding sharp interface model.

At the beginning we derive the asymptotic expansion for every equation and then
have a look at the different order terms, where the leading order term is the one
with the lowest power in € again. Since higher order terms appear in every inner
expansion, we omit the term +h.o.t. for the sake of clarity.

Equation (4.1):

For the first terms we do the calculations in detail. From the first two terms on the
left-hand side we obtain

v = —évaz (Z g’“vk> + 8, (Z gkvk> —Vr <Z ska) O
k=0 k=0

k=0

(5 () ()
Vp = (Vp <§:1 ekPk) + éaz (5:1 ekPk> V> :

In the next step we use Dv = %(VV +VvT). Moreover, we have to take into account
that the velocity field v is a vector field. Thus we obtain

1
V.,v=VpVe+ gazve Q.

Using this identity we can deduce

1 1 1 T
Dv = 5 ((VFVE + gazvg & V> + (VFVE + gazvs & V) )
1
2

where we used (A ® B)T = B® A for all A,B € R%. Moreover, we introduce the
notation £(M) = (M + M7T) for a matrix M. Then we can conclude with the
previous calculations and formula (4.16) for the calculation of the divergence of a
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vector-valued quantity applied on every column of the matrix 2n(¢)Dv

div(2n(p)Dv) = %&z (277(@5) {ée(azvs Q)+ S(VFVE)}) v
+ divy (217(@&) {ég(@zva @ v) + E(Vi V) })
1

g2

1
+ gdin(277((135)4“,’(8ZV2S ®@v)) + divp(2n(P9)E(VrV®)) + h.o.t..

0. (20(F)E(D.VE @ v) - v) + éaz(zn(cpff)g(vrw) )

For the right-hand side of (4.1) we get
1 1
Vo®Vp = (gazqfu + VF@€> ® (Eazqu + Vpcba)
1 1
— 5—2(6z<1>€)2u Qv+ gazcbs(vpcbs Qv+ v ® Vrd®) + Vid® @ Vpde.

Applying (4.16) to this yields

1 1 1
div(—eVp @ V) = — gaz((azcbf)?y) - gaz(achfv]pcpa) - gdin((azq)E)zy V)

— divp(0,9° (v ® Vp®© + Vird® @ v)) + h.o.t..
Here we used that v(¢,s) does not depend on z, i.e., d,v = 0, and that we can write
(AB)-C=(A-B")-C=A(B"-C)=A(B,C)
for every A, B, C € R%. Thus we could calculate in the equation above

009 (v @ ) ) = 50.((0.0° ),

&2

Some other terms in the equation above were calculated in a similar way. Moreover,
we used

<V, VF(I)8> =0

since the unit normal v is orthogonal to the tangent space.

Equation (4.2):
Using formula (4.16) for the divergence of a vector field we obtain

1
div(v) = g@ZVE v+ divpVE = 0.
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Equation (4.3):
Now we do the same calculations for equation (4.3). Here we get for the right-hand
side of the equation

: (1
div(m(p, ¢q)Vq) = div (EM(SO)K(Q)VQ> +Aq
1 1
1 1
+ —28zng — (—KJ + Z|S|2> 82625 + AFQa
£ £
1 1 1
= gaz (gM(‘DE)K(QE) {E@QEV + VFQE}) v
1 1
+ divy (EM(QDE)K(QE) {gazQsl/ + VFQE})
1 1
+ 5_28“@6 — (EH + z\8|2> 0,Q° + ArQ°.
Moreover, we get for the left-hand side in (4.3)

o (21w ) +a0) =00 (LW + 9@ ) + ¥ (LW ) +9(0)) v

—~Lvo, (L@@ +9@)) + ot (Lr@ e +o@)
{20, (Lo @) +9@)) v v (LHQ@WE) + 0@ ) b Ve

Equation (4.4):

We continue with equation (4.4). First of all we study the left-hand side of (4.4).
Using the identities (4.15) and (4.14) and the inner expansions of ¢ and v in the
inner variables, cf. (4.19), we obtain for the terms on the left-hand side

1 1
Op = = VOO + 00" = = V0.0 + 0,0 = Vrd®- 07,
1
Vo-v= (gazqu n quf) Ve

From (4.18) and the inner expansion of x in the inner variables, cf. (4.19), we obtain
for the right-hand side

div(ii() V) = div(emo(p) Vi) = div (€m0<¢e> G@M VM ))

= é@z (mo(P°)0, M V) - v+ 0, (mo(P°)VrM*)
+ divp (mo(®°)0. Mv) + edivyp (mo(P°) VM) .
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Equation (4.5):
The equation for the inner expansion is given by

1 1 1
M= —¢ (g—zazche — —r0.0° — |S[*20.9° + A@f) + -h(Q)W'(@°).

4.5.1 Leading Order Terms

In the previous section we derived the asymptotic expansions for the equations
(4.1) - (4.5). Now we study the leading order terms for every equation. We start
with the leading order terms for (4.2).

Leading order of (4.2):
Replacing V¢ by its inner expansion (4.19), the leading order term is given by

1
ganO v=0 O(e™), (4.2).
Since v = v(y(s(z))) does not depend on z, we can deduce
8ZV0 V= az(V() : l/) =0. (430)

Integrating this equation formally from —oo to 400 and using the matching condi-
tions yields

[vo - v]T =0, (4.31)
where [vq-]T is the jump on the interface, i.e., [vo-v]T = (vo-v)(2+) — (vo-v)(x—).

Leading order of (4.1):
We get the leading order equation

1

e2

1

0. (20(B0)E(0.Vo @ v)1) + é(azp_gy = 0080 (4.1),0(7)

Using the definition of £ together with (4.30), we can simplify the first term on the
left-hand side of this equation and obtain

1 1
= 0:(n(®0)0- Vo).
Hence, we can write

—0,(n(90)0, Vo) + (0.P_1)v = —0.((0.P0)*). (4.32)
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Now we multiply (4.32) with v, use (4.30) and the fact that v does not depend on z,
to derive

0.P_1 = —0,((0.9¢)?). (4.33)
Thus (4.32) implies
0,(n(P0)0,Vy) = 0.

Therefore, we get that 7(®()0, V) is constant with respect to z. From the matching
conditions for 9,V and ®7 we deduce

0, Vy =0 (4.34)

and therefore it follows from the matching condition lilin Vo(z,s) = vo(zt)
Z—r 100

[vo] T =0, (4.35)
i.e., there is no jump for the velocity field on the interface.

Leading order of (4.3):
The leading order terms of the inner expansion of (4.3) are given by

S50 (M (@) K (Q0)2-Q0) = 0 (43),0(=77).

Integrating formally from —oo to 2z and applying the matching condition
lim ®g(z,s) = po(zt) yields

z—Foo

0= / 0.(M (D) K (Q0)0.Qy) dz = M(®0) K (Q0)0.Qo — M) K (0)0-0

= M(®o) K (Q0)0:CQo,
since M(pg) = M(£1) = 0 by Assumption 4.1. Hence,
0.Q0 =0 whenever |$®g| < 1 (4.36)

due to the assumptions on M and K. Integrating from —oo to oo with respect to z
and matching implies

[@]£ =0 (4.37)

whenever |®y| < 3. Later, we will derive —1 < &y < 1. Hence, the condition |®y| < 3
is no restraint and therefore we will neglect it from now on.
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Leading order of (4.4):
The leading order of (4.4) is e~! and is given by

1 1 1
—EV&Z@O + gazq)oy : VO = gaz(mo(q)o)azMo) (44), 0(671).

Using (4.30), we get

1 1 1
—gVasz)o + gaz<q)01/ . Vo) = gaz(m()(q)o)aZMo)

Integrating this equation formally from —oo to 400 yields
=2V +2vy-v=0 (4.38)

due to the matching condition lilil 0.My(z,s) = 0. Moreover, we already know
Z—r00

0.V =0, cf (4.34). From the matching condition lim V, = vy it follows

z—+oo
Vo =vg (4.39)
for all z. Hence, the equation above together with (4.38) implies
0=20.((vo-v—=V)Py) = 0.(mg(Py)0. My).

We integrate this equation formally from —oo to +00 and use the matching condition
lim 0,My = 0. Then we obtain

z—Foo
9. My = 0. (4.40)

Integrating from —oo to +4oo again and using the matching condition
lim My(z,s) = po(x=L) finally yields

z—Foo

)= =0. (4.41)

Leading order of (4.5):
With analogous calculations as before, in particular with the Taylor series for W’ (®°)
and h(QF), we obtain the leading order equation

0= —éazcho + %h(QO)W’(CDO) (4.5), 0(Y).

From this equation we can deduce |®o(z)| < 1 for all z € R by the following argu-

ments:

Due to the matching conditions it holds ligl ®y(z) = +1 and by assumption it holds
Z—T 00

Py(0) = 0. We assume that |Py(z)| £ 1 for all z € R. Then we distinguish four cases:



142 4 Sharp Interface Asymptotics for the Surfactant Model

i) There exists Z € R such that miﬁ Dy(z) = Pp(2) < —1.
z€
In this case it holds 0,,®y(2) > 0 and W'(®y(2)) < 0. From (4.5), O(e™') and
h(Qo) > 0 it follows the contradiction
1 1

i1) There exists Z € R such that max Dpy(2) = Po(2) > 1.
ze
Due to 0,,P0(2) < 0 and W'(Py(2)) > 0 the contradiction follows analogously
as in ).
i1i) There exists Z € R such that mi% Do(z) = Po(2) = —1.
zE

In this case we consider the initial value problem

| 1 ,

d(z) = -1,
0.9(2) = 0.
Then @y and ® = —1 solve the same initial value problem of second order.

From the uniqueness of the solution it follows ®o(z) = ®(z) = —1 for all z € R,
which is a contradiction to lim ®g(z) = 1.
Z—00
iv) There exists Z € R such that max Do(2) = Pp(2) = 1.
zE

In this case the contradiction can be shown analogously as in #ii).
Hence, we have shown
|Do(2)] < 1 for all z € R

and therefore @)y does not depend on z, cf. (4.36).

Now we consider a function ® : R — [—1, 1] solving the nonlinear ordinary differential
equation

"(z) = W'(D(2)), lim ®(z) =41,  ®(0)=0. (4.42)

z—+o0

The existence of a unique ® solving (4.42) such that ®(z) € [~1,1] and &'(z) > 0
for all z € R was proven in [Sch13, Lemma 2.6.1]. Moreover, we set
R 2
Do (t, s,2) := Do(t, 5, ——=).
h(QO (ta 3))

Then @)O(t, s, +) solves
dl(2) = W (do(2)), lim ®g(z) = +1,  Do(0) = 0.

z—+o00
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Due to the uniqueness of the solution it follows

(2 :<f>oz = P, ,s,—z
(2) (2) (t h<Q0(t7$)>)

and therefore

Dy(t, s,2) = P(V/h(Qo(t, 5))2). (4.43)

For z = 0 it holds ®(t,s,0) = ®(0) = 0 and we obtain the interface T' as the set
where @ is 0. In the next step we multiply (4.5),0(¢7!) with 9,®, and formally
integrate from —oo to z. Then we can conclude

%|azq>0|2 _ / 0..D00. Do dz — h(Qo(t, ) / W (@0) 0By dz

= h(QO(‘S?t))W(CI)O(t?SaZ))' (444>

We integrate this equation from —oo to +o00 and get
/ 10,002 dz = 2h(Qo(t, 5)) / W (@o)dz = 2h(Qu(t, 5)) / W (B(\/R(Qolt, 5))2)dz

Introducing the variable transformation

Jun

M@ = ((Qolt )

we proceed with

[e.9]

/|8Q)0\dz—2thts /W V(Qolt, 5))2)dz

= 2\/h(Qo(1,9)) / W(b(2))dz

For the following calculations we define

-1

) / WdE)d: | (4.45)

Hence, we can conclude

/ 1000 dz = /R(Qolt, 5) Ky (4.46)
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and with the calculations above it follows

[e.9]

4 T
4.5.2 Second Order Terms

In this section we study the second order terms of the inner expansion for the diffuse
interface model (4.1) - (4.5), i.e., we study the terms with the second lowest power
in €.

Second order of (4.2):
The second order terms of (4.2) are given by

8ZV1 -V -+ diVI‘VO =0 (42), O(l)

Second order of (4.4):
To second order we have

1 1
- (=V+Vy-0)0.9) = Eazle (4.4),0(e™1),

where we used 0,My = 0, cf. (4.40). Due to (4.38) and (4.39) it holds
0,.M; = 0.
Integrating formally from —oo to +00 and matching implies

(Vo -v)t =0. (4.48)

Second order of (4.3):
The second order terms are given by

VO (Q0) IV (®0) + —50-(F(Qo) W (®0))w - Vi

= 0:(0:Qu) + 0. (M(@0)K(Q0)VrQ0) - v + 0. (M (20)K (Q0)0.Q)

+ 50 (M (@) K (Qu)@10.Q0) + 50 (M'(90)1 K (@0)2.0)

+ i (M (20) K(Q0)2.Q0) (43),0(),
where we used the Taylor series for M(®°) and K(Q?), i.c

éM(CI)E) (QF) = ( (®0) + =M/ (00)®1 + hoo.t.)(K(Qo) + eK"(Q0)Q1 + hoont.).
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Using 0.Qp = 0, cf. (4.36), and VrQ - v = 0, we can simplify (4.3),0(c7?) to

(- Vo =V)0.(f(Qo)W (D)) = 0.(M(Pg) K(Q0).Q1).

Due to (4.38) and (4.39) the terms on the left-hand side vanish. Integrating formally
from —oo to z we can deduce

M(®0) K(Q0)0-Q1 = 0.

From the fact that M(®y) > 0 for all |§y] < 1 and K(q) > 0 for all ¢ € R, cf.
Assumption 4.1, it follows

Second order of (4.5):
To zeroth order, (4.5) yields

My = —0..8, + k0D + h'(Qo) QW' (Dg) + h(Qo)W" (B)B1.  (4.5),0(1)

Multiplying (4.5),0(1) by 0,® and integrating from —oo to oo implies

/M06Z¢odz:/—8zz¢183®odz+/K(@ZCI)O)de—I—/h’(Qo)QlVV’((I)O)@ZCI)Odz

Using 0, My = 0, cf. (4.40), and matching we can deduce for the left-hand side of
this equation

/ Myd,Dydz = / 0. (My®g)dz = [My®o] 72 = 2p.
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For the right-hand side of (4.50) we get

7 = 0:2%10.20 + K(0:B0)” + 1 (Q0) Q1 W (20):%0 + h(Qo) W (B0) 10,20 d2
- 7 —0,(0,910,90) + 0,910,.Podz + 7 k(0,®0)*dz + 7 1 (Qo)Q10, W (o) dz
+ 7h(Q0)@13zW’(<DO)dz
= [-0.9,0,D0] " + 78Z<I>18ZZ<I>OCZZ + 7 k(0,®0)?dz + 73z(h(Qo)W'(<I>o)<I>1)dz
_ 7 h(Qo)W' (90)0, P, dz + 7 1(Q0)Q10. W (®y) dz.

From (4.5),0(¢7') we could conclude —9,,®q + h(Qo)W'(®y) = 0. Moreover, the
jump term is 0 due to the matching conditions. Hence, the remaining terms on the
right-hand side simplify to

From the matching conditions it follows that the second term vanishes. As it holds
0.Qo = 0,01 =0, cf. (4.36) and (4.49), the last term also vanishes since

/ W (Qo)Qu0.W (By)dz = / 0.(H (Qu)QuW (o)) dz = [H/(Qo)QuW (B)] 7 = 0,

where we assumed that Q1(z) grows at most polynomially as z — 4-00. For the first
term in (4.51) we use (4.46). Thus equation (4.50) yields

R _
o =5V h(go) Ky

which is the solvability condition for ®;.
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Second order of (4.1):
The second order terms of (4.1) are the ones with e~!. Due to 9.V, = 0 we obtain

éVFPI + é(azpo)V - éaZ(Qn((I)O)g<an1 ®Quv)-v)— é@z(Qn(<I>O)S(VpVO)) v
= —2202(@@0@@1@ - é@z(&z@ovp%) - édivr((ﬁz%)?y R V).
(4.1),0(e7h)
From (4.33) and (4.44) it follows
P_y = —[0.of* + C' = =2h(Qo)W (Po) + C
for a constant C' € R. Hence, (4.1),0(¢7!) can be rewritten to
0=—2Vp(h(Qo)W (D)) + (0. Fp)v — 0.(2n(P0)E(0, V1 @ v)v)
— 0,(2n(P0)E(VrVy))v + 20,(0,200,P1v) + 0.(0. PV Pp)
+ divr((0.90)*r @ v). (4.52)

We integrate this equation from —oo to oo with respect to z and apply the matching
conditions. Then we study the different terms of (4.52) separately:

i) For the first term we obtain

2 ]Ovr(h(Qo)W(‘I)o))dZ = Vr | h(Qo) ]OQW@)O)CZZ = Vr ( h(QO)Kﬁ}) )

where we used (4.47).

i1) Since v does not depend on z, the second term yields

o0

/(8ZPO)de = [po)tv.

—00

i1i) For the next calculation we have to study two term. Hence,

= 2[(®0)€(0:V1 @ V)] X v + [27(0)E(Vr Vo) 3w

2 [n(i)g((VVgV) ® V)T_L v+ [n(i)(vpvo + VFVOT)T_r v
n® (Vg + v(v"Vvy))] J_r v+ [n(i)(vpvo + VVOT)T_r v
n® (v(v"Vvg) + VFVO)T: v+ [n(i) (Vvgrv" + VFVOT)T_L v
= [OVvoty + [ VvE] Ty
=21 D(v)] " »,
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where we used the matching condition liin 0.V, = Vvy(z£)Tv for vector
Z— 100

fields.
iv) For the next integral we use liin 0.P¢(z) = 0. Hence, we can conclude
Z—r 00

—00

v) Using the definition of ®, cf. (4.43), together with (4.44), we obtain
/ az(ﬁz(IDOVF(I)O)dZ = [ 2h(Q0)W(@O)VFqA)(\/ h(Qo)Z)]i—g == O,

where we used W (=£1) = 0 by matching.
vi) For the last integral we use (4.44) and the identity
divp(u®@ v) = (divpu)v +u - (Vrv)

for all u,v € R%. Moreover, we use

d—1

d—1
diVFV = Zasiy : aszﬁ/ = Z _K'iasiﬁ/ . 651’3/ = —K.
=1

=1

Then we obtain

l/&wﬂdﬁfu®m&:i/mwQMQ@W@wV®WM
— [ (Tr(2h(Qu)W (@0)0) - v+ 20(Qu)W (o) (divr) d:
= —kvh(Qo) / QW (®g)dz = —kvA/h(Qo) Ky

Altogether we obtain from (4.52)

[pol v = 200 D(vo) *v = Vi (v/A(Qo) Ky ) + wv/BQo) Ky v. (4.53)
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4.5.3 Third Order Terms

Third order of (4.3):
The third order terms for equation (4.3) are the ones with e~!. First of all we study
the right-hand side of the equation and define

3 GM(@K(q) 4 1) V.

From the previous calculations we already know that the outer and inner expansion
of J are given by

oo o0

bulk __ k ybulk int k yint
J—EeJk, J—géJk,

k=—2 k=-2
where it holds
Jb_uglk = Oa
JP* = M (o) K (q0) Vo = 0,
Jouk = M (po) K (qo)q1 + M (90) 1K (q0)Vgo + M(p0) K (q0) Va1 + Vo = Vo

and

I = M(®0) K (Qo)0.v = 0,
I = 0.Qov + (M'(D9) 1K (Qo) + M (D9) K'(Q0) Q1) 0-Qov
+ M(®o) K (Qo) (0:Q1v + VrQo)
= M(Po) K (Qo)VrQo.

Note that we do not calculate Ji* in detail since we do not need its explicit form.
Instead, we use the following matching condition for Ji:

Jgnt<t7 S, Z) = (Jl())um)i(ta £L’) + V(Jliullk)i(ta LIZ’) Ve = (ngk)i(t’ LIZ’) as z — £00.

This matching condition together with other matching conditions for J™ can be
found in [GLS14], cf. (4.23) - (4.25), and in [GS06]. Since J™% is equal to 0, we can
conclude that the third order terms which we get from the term div(J) are given by

1. 1 .
20,30y 4 —divp I
€ g

We formally integrate from —oo to 400 with respect to z. For the first term, we use
the matching condition for Ji* to obtain

/ 9. I - vdz = [Vqo - V)T
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Using M (@) = W () for all |¢| < 3 together with |®y| < 1 and the fact that Qy does
not depend on z, we obtain for the second integral

o0 [e.9]

/leFJZ_nde: /lep(M(@o)K(Qo)vFQo)dZ

—00 —00

:diVF (K(QO)VFQO / W(q)o)dZ)

-1

K
= divp | K(qo) —2X—=Vrq | ,
( 2y/(qo)

since we already calculated the integral in (4.47).

Now we study the left-hand side of the third order equation. We use the Taylor series
as before to derive

FQIW(D%) = f(Qo)W (Do) + e(f(Qo)W'(Po) Py + W (Do) f'(Qo)@1) + h.ot. .

Hence, the left-hand side of the equation to third order yields

=V, (f(Qo)W' (Do) Py + W (Do) ['(Qo)Q1 + 9(Qo)) + 97 (f(Qo)W (Do)
+ 0-(f(Qo)W (Do) - Vi + 0. ((f(Qo) W' (Pg) Py + W (Pg) f'(Qu)Q1)v) - Vi
+ Vr(f(Qo)W(Py)) - V.

Integrating from —oo to 400 with respect to z, using W (£1) = W/(+1) = 0 and the
fact that V does not depend on z, i.e., 9,Vy = 0, we deduce

Vigla)]* + / [0.(F(Qo)W (Do) — V(£ (Qo) W (®y)) - 93} d-

o0 o0

Now we study these terms separately.

i) Since g is continuous and the jump of gy across the interface is 0, i.e., [g]* = 0,
we can deduce

—V[Q(CIO)]J: =0.
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i1) Taking into account that )y is independent of z and that ¢y is a function
depending on t and x, we obtain for the second term

/ 00 F(Qo)W (o)) dz = &, | 1(Qo) / W (@) dz

i (f(%)%) ‘v (f@)%) 9.

i1i) Since 4 does not depend on z as it is the parametrization of the interface and
therefore only depends on the variables ¢t and s, the third term gives

o0

/ Ve (F(Qo)W(By) - didz = Vi / 00w (@0))dz | - 04

oo

=Vr (f(QO)—2 K;ngqo)) 0.

iv) Integration by parts yields for the fourth term

/ 0.(F(Qu)W (B0)v) -V dz

oo

= [ 2.5 @IW @0}y - V) = F@QIW (B0)y 2.V s

oo
-1

= /f(Qo)W((I)())dIVFVOdZ = f(qO)#mgq)diVI‘Vo,
0

where we used (4.2),0(1) and the fact that V does not depend on z. Moreover,
we assumed that V; grows at most polynomially as z — +oo.

v) Since Vg and @y are independent of z, we obtain for the last integral

/ Vr(f(Qo)W(®g)) - Vodz = Vi <f(%)%) V(.



152 4 Sharp Interface Asymptotics for the Surfactant Model

Altogether we get the following sharp interface equation on the interface I'(¢):

) <f(%)%) ‘v (f(g@%) 94— Vi (f(g@%) 95

-1

+f(QO)2 h(qo)leFVo—i—Vr <f(QO)2 h(qo)) Vo

-1

2K—W)quo> +[Vq - vt (4.54)

= diVF <K<QO) h(qo

4.6 The Sharp Interface Model for the Surfactant Model

In the previous sections we derived the sharp interface model for the surfactant model
by using the method of formally matched asymptotic expansions. From now on, we
omit the index 0 in the expansions, i.e., we write v, p and ¢ instead of vq, py and
qo- Hence, we recover the following sharp interface model from the phase field model
(4.1) - (4.5), resp. (1.1) - (1.5) with p = 1:

OV + v - Vv + Vp = div (2 Dv) in QO(t), (4.55)

div(v) =0 in QO (1), (4.56)

dg(q) +Vyg(q) - v=»Aq in QO (t), (4.57)
]ty — 2[n Dv]Tv — k/h(q)Kyy'v = Vi (MKV_I}) on I'(¢),
—V+4+v-r=0 on I'(t),
VI=lgt=[v-v]T=0 on I'(¢),

K—l K—l K—l
O, W -0y — Vr W - Oy
(f 2\/—> +V (f(Q)2m> Y=V (f(q)2m> gl
K/
2\/_dwpv + Vr <f<Q)2\/w> v
= divp ( 2\/_qu> Vq- vt on I'(¢).

In this section we identify the relation between the sharp interface model derived in
[GLS14] and the sharp interface model which we obtained from (4.1) - (4.5), resp.
(1.1) - (1.5) with constant mass density p = 1. Furthermore, we derive an energy
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estimate similar to (3.6). To this end, we define

)= ) = K

o(c"(q) = VMa) Ky,

(' (q)) == " (q)q + (" (q)),

K-l
Mr(q) == K LS

F<Q) (Q) 9 \/W
Analogously as in [GLS14], ¢! denotes the density of the surfactant on the interface
I and o(cl) is the surface tension which depends on the surfactant density c¢*'. More-
over, y(c!) is the free energy density and Mt denotes the mobility of the surfactants
on the interface. Note that the identity v(c'(¢)) = ¢ (¢)g+0c(c"(q)) is a fundamental
identity in chemical thermodynamics relating the surface tension o, the density c"
and the chemical potential, cf. [GWO06].
Since it holds f(q) = —h'(q) for every ¢ € R, we can deduce for the equations on the
interface I'(t)

h(q),

[p]Tv — 2 Dv] v — ko (cF(¢))v = Vi (o(c"(q))) onI'(t),  (4.58)
~V+v-r=0 onI'(t),  (4.59)

orct(q) + " (q)divev — dive (Mr(q)Vrq) = [Vq - v]* on I'(t),  (4.60)
Vt=lgt=[v-v]t=0 on I'(t),  (4.61)

where 07 (-) = 0(-) + V(+) - v is the material time derivative. For the derivation of
—1
(4.60) we used that for the quantity ¢”(q) := f(q)—2— it holds

24/Nh(q)

;" (q) = 0ic"(q) + Ve (q) - v
= 0, (q) + (V (¢) - v)v-v+ Vi (q) - v
= 0,c (q) + V' (q) - 04 — Vrc (q) - 04 + Ve (q) - v
due to
(Vel(q) -v)v-v = (Ve (q) - v)0 -v = Ve (q) - 0 — Ve (q) - 04
and v-v =V =07 v.
Now we want to derive an energy estimate for this sharp interface model. To this

end, we start with some calculations which we will need in the following. With the
previous definitions we can deduce

feote (@) = 5 (VIK) == (@)
d d

—(c"(q)) = ' (q9) + qicr(t]) +

@)+ (@) = 05

dq
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The last identity implies 7/(c!'(¢)) = ¢. From the first identity it follows

d d

2.0 @) =& (@) g (@) = =c(g) <0

if f(q) > 0 because then it holds ' (¢) = £ Iaky - g, Therefore, we can conclude

\/_
o'(c'(q) <

due to

d I _ h<q) -1 " (h/( ))
4" 9= g (h T ) -0

where we used h(q) > 0 and h"(q) < 0. The fact that o’(c!'(¢)) < 0 is physically
meaningful as the surface tension o(c''(g)) decreases if the concentration c!'(g) of the
surfactant on the interface increases. Moreover, we can verify

40T (g) = 403 (diqcf(q)) 00 @) =0 (@) (e

We use these identities to derive the energy estimate for the sharp interface model.
We want to recover an energy estimate similar to (3.6). To this end, we want to
prove

i ’V|2 r d—1
o 5 +G(q)dz + | ~v(c (¢q))dH <0.
0 (1)

For the sake of clarity we study all three terms separately. The transport theorem
in [EGKO08, Theorem 7.3] yields for the first term

2

4 M2d _22: / v-@vdx—/ ﬁ+va7{d—1:z / v-ovdz
dt 2 K 2 | R
Q

=loo e r'(t) =loo e

where we used the jump condition [v]® = 0 on I'(¢). From (4.55) it follows

[v?
dr —
il

=

2
/ v+ (div(2nDv) — Vp — v Vv) dz
19(2’)@)

1
Z / (le 20 Dv) — Vp — idiv(v ® V)> dz
1Q<Z>(t)

= —Z / on|Dv|?dz + / ([Pt - [277(i)DV]i—V) dH.

=looe r(t)
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In this equation we have two jump terms across the interface I'(¢). We derive one
jump term in detail since the other one can be derived analogously. It holds

[ vve=— [ avwpde+ [vpane = [vpane

QM (t) QM (1) D(t) I'(t)

/ v:-Vp=— / div(v)pdx_/(v'y)md%d1+/(v-ﬁ)pd’}{d1

Q@) () Q@) (¢) I'(¢) o0
= — /(V - V)pedH,
I'(t)

where we denote by v the unit normal to the interface I'(¢), which is pointing into
Q@) (t). Moreover, & denotes the unit normal to 9 and

pi(e) =limple —tv),  pa(e) = lim plo +tv)

for every x € I'(t). This yields the jump term

/ v-Vp+ / V'vp:/(V~V)p1d7—[d1—/(v.y)p2d7_ld1

Q) (1) Q@) (1) T(t) (1)
:—/mnvmw.
r(t)

In the following calculations we derive several jump terms across the interface I'(¢).
But we will not present these calculations in detail since they are similar to the ones
above. So we proceed with the estimate. Due to equation (4.58) we can conclude

d [ |v]? 2 . ) d—1
E/de:_z / 20| Dv| dx+/v-(/<aav+vr(t)0) dH
Q =loo e I'(t)

2
:—Z / Zn(i)|DV|2dl‘—|—/l{O'(V'V)d'Hd_I —//{O'(V'V)d’Hd_Z
=loa e r(t) I(t)
— /O’din(t)(V)deJ
()
2
:—Z / 2n(i)|Dv|2d:c—/Udin(t)(v)de_J,
=loai e I'(t)

where we used [DE13, Theorem 2.10] for the integration by parts on the interface
L'(t).
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For the next term we apply the transport theorem in [EGKO08, Theorem 7.3 again.
Furthermore, we use G'(q) = ¢'(¢)q and (4.57). Then we get

2

% Qdr =Y / 8,G dx—/[G( IRZEAEDY / G'(q)drqdx

Q = 1(2(1 )(¢) I'(t) "Zlmw(t)
2 2 2
=> / 9 (@)qdqde = / qgohg(q)de =) / q(Ag—Vg(q) v)da
=lat ) =lowm =L o 1)
2
= VG(q) - v —|Vq|*dz — /[Vq]fuqd%dl
=lao e T(t)
2
— _Z / |Vq|*dz — /[Vq]+qu7—[d1.
i=1

Q) (1) r()

In the first step, we used that G is a continuous function. Hence, the jump condition
[q]T = 0 on I['(¢) also implies [G(q)]T = 0.

Finally, we estimate the last term. Here we can not apply the transport theorem in
[EGKO08, Theorem 7.3 again since we integrate over the interface I'(¢) and not over
Q@(t) with i = 1,2. Instead, we use the transport theorem in [DE13, Theorem 5.1],
which yields

d
pr v((q))dH? / ory(c(q))dH> + / v(c"(g))divryvdH
D(t) I'(t)

= / v (M (@)t (q)dH! + /”y(cr(q))divF(t)vd”Hdl,
I'(t) I(t)
where we used (4.62) together with 7/(c!'(¢)) = ¢. Due to equation (4.60) we obtain
d

% [ @@= [ V(@) (Fav -+ diveey (g (@ g

I(t) I(t)

—D(g)diveyv) dH + / (e (@)divr vdH !
r'(t)

— / 7' (" (q)) ([Vq]fu — cr(t)(q)diVF(t)v) dH !

r(t)

- /Mr(t)(qﬂvf(t)ﬂ?dﬁdl + /V(CF(Q))divr(t)vdel.
I'(t) )
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Hence, we have estimated all three terms. Altogether, this implies the energy estimate

i ﬂ I'(t) d d—1
- 5 + G(q)dx + | (" (q))dH

Q 0
2
=— / Mro(@)|Vegal?dH" =) / (20| Dv[* +[Vq|?) dz < 0,

() =low e

where we used the identity v(c!'(¢)) = c''(q)q + a(cF (q)).
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5 Existence of Strong Solutions Locally in Time
for a Diffuse Interface Model for Two-Phase
Flows of Incompressible Fluids with Different
Densities

In this chapter we study a thermodynamically consistent, diffuse interface model for
two-phase flows with different densities in a bounded domain in two or three space
dimensions derived in [AGG12]. This model is given by the following governing
equations

O (pv)+div(pv @ v) + div (v ® @m(gp)V(éW’(gp) - 5Agp))

= div(—eVe ® V) + div(2n(e)Dv) — Vp in Qr, (5.1)
div(v) =0 in Qr, (5.2)
9 = div(m(p)Vp) in Qr, (5.3)
1., :
p=—elp+-W (%) in Qr, (5.4)
together with the initial and boundary values
Viga = On@jaa = Onttjon =0 on (0,77 x 09, (5.5)
©(0) = ¢o,v(0) = vg in Q. (5.6)

Here Qr = (0,T) x Q, where Q@ C RY d = 2,3, is a bounded domain with
C*-boundary. In [AGG12] it is shown that the first equation is equivalent to

o — 1
PO+ ((pv PP ) - SASO)) v ) v+ Vp — div(2() Dv)
= —cApVo.

For this coupled system the existence of weak solutions was proven by Abels, Depner
and Garcke in [ADG13].

In this chapter we prove the existence of a unique strong solution (v,¢) € Xr for
small T' > 0, where the space X will be specified later. The idea for the proof is to
linearize the highest order terms in the equations above at the initial data and then
to split the equations in a linear and a nonlinear part such that

‘C(V7 90) = ‘F(V’ 90)7

where we still have to specify in which sense this equation has to hold. In particular
linearizing only the highest order terms means that we do not linearize all terms of
the equations. To linearize it formally at the initial data we replace v, p and ¢ by
Vo + €V, po + ep and ¢o + e and then differentiate with respect to € at ¢ = 0. In
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(5.1) and the equivalent equation in [AGG12|, the highest order terms with respect
to t and x are pdyv, div(2n(¢)Dv) and Vp. Hence the linearizations are given by

d /
== (oo + 20)0u(vo + £v)) g = ¢/ (0)90ivo + pli20) O

= poOyv,

d . . / .

72 [div(2n(@o + @) D(Vo + ev))) o—g = div(27' (w0) 9 Dvo) + div(2n(0) Dv),
d

=V (po +ep)ie=o = Vi,

where po := p(po) and pj := p'(¢o). Moreover, we omit the term div(2n'(¢o)pDvo)
in the second linearization since it is of lower order. For the last equation we get the
linearization

d%:div(m(sﬁo + Ep)V(—eA(po + €p)))jz=0 = — ediv(m/(po) eV Apy)
—ediv(m(pe) VAp).

We can omit the first term since it is of lower order. The second term can formally
be reformulated to

—ediv(m(po)VAp) = —em/(¢o) Vg - VA — em(po) A(Ap).

Here the first summand is of lower order again. Hence, the linearization is given by
—em(po)A?%p. Due to these linearizations we define the linear operator £ : Xp — Y7
by

_ (Po(po0rv) — Py (div(2n(po) Dv))
'C(V’ 90) - ( atSO +€m<¢O>A2¢ ) )

where L consists of the principal part of the linearizations, i.e., of the terms of the
highest order. Furthermore, we define the nonlinear operator F : X; — Y7 by

B P, Fi(v, )
Flv.e) = (—W v+ div(Em(e) VIV () + em(po) A%p — 5diV(m(<P)VA‘P)) ’

where
Fi(v,0) = (po — p)Oyv — div(2n(pe) Dv) + div(2n(p)Dv) — eApVp
01— p 1
- ((pv + %m(gp)V(gW’(g}) - 5Ag0)> -V ) V.
It still remains to define the spaces X7 and Yr. To this end, we set

Zy = L2(0,T; H*(Q) 0 Hy ()) N W, (0, T; L3()),
Zg = LP(0,T; W, \(€)) N W, (0,T; LP())
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with 4 < p < 6 and
Wy n(Q) := {o € Wy (Q)] Ongp = 9,(Agp) = 0}.

We equip Z; and ZF with the norms || - ||, and || - ||, defined by
T T

VIIZs, = IVl 0mse2 @) + [IVI20.mm20) + 1VO0)ll229). 520, 5

ol

||80||/z§ = ¢ llerrizri) + H‘P||LP(O,T;WZ‘,{N(Q)) o) @), wacon, (5.7)

P

S

We use these norms since they guarantee that for all embeddings we will study later

the embedding constant C' does not depend on T, c¢f. Lemma 5.2. But first of all

we have to show that the norms || - ||, and || - ||}, are equivalent to the norms
T T

|| - [lz and [ - |[z2. Moreover, we need to show that v(0) € (L*(Q), HQ(Q))%,2 and
©(0) € (LP(Q), W,1(Q)),_1, are well-defined.

Lemma 5.1. For every 0 < T < oo, the norms || - [|,, and || - ||, are equivalent to
T T

the norms || - ||z1 and || - || 22, i.e., there exist constants c(T),C(T) > 0 depending
on T such that

(T)f]

z, < C(D)][/]

7z, < IS Z
for every f € ZL, i =1,2.

Proof. The second inequality is obvious since the norm || - consists of an extra

1%
T

term which not appears in the norm |[[ - ||z, ¢ = 1,2.

Thus it remains to show the first inequality. Due to Theorem 2.28 and Theorem 2.30

we can deduce

Zy = BUC([0,T]; (L*(Q), H*(Q)),_1 ) = BUC([0,T]; H'(Q)),
25 — BUC(D.T: (L(Q). W), ) = BUC(0.T]:W, ()
together with the estimates

sup |[v(1)|| @) < CL(T)|[v]] 2,

te[0,7)
sup ||o(t e SOyl 22,
te[oﬂH ()HW; 3o 2(T)llll 2z

for some constants C,(T"), C2(T") > 0. Hence, the norms || - | ’Z%, i = 1,2, are well-
defined as we can conclude v(0) € (L*(Q),H*(Q))1, for v € Z; and
©(0) € (W, (Q), LP(Q))I_%J, for ¢ € ZZ. Moreover, these estimates imply that the
first inequality in this lemma holds for ¢+ = 1, 2. O
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Due to Lemma 5.1, Z} and Z3 are Banach spaces with respect to the norms || - ||,
T

resp. || -||,2. Equipped with these norms we are able to prove that there exists a
T
unique strong solution locally in time for (5.1) - (5.6). From now on we write [ - || ,

but we mean the equivalent norm || - ||, fori = 1,2.
T

In Lemma 5.1 we proved that both norms are equivalent. In the next lemma we show
that the embedding constants are independent of T'.

Lemma 5.2. Let 0 < Ty < oo be given and Xo, X1 be some Banach spaces such that
X1 — Xy densely. For every 0 < T < % we define

Xr = LP(0,T; X1) N W, (0,T; X),

where 1 < p < o0o. Then there exists an extension operator E2 : Xp — Xp, and some
constant C' > 0 independent of T' such that Eujor)y = u in X1 and

1 Eullxz, < Cllullx,

for every u € X and every 0 < T < % Moreover, there exists a constant é’(Tg) >0
independent of T' such that

lullBueorxox, y,) < C(To)fulx

for every u € Xy and every 0 < T < %

Note that in this lemma we already use the notation from above, i.e., we write ||-|| Xrg,

but always mean the norm || - H’XT< -
0

Proof. First of all we prove the first inequality. To this end, let © € X1 be given.
Then we distinguish two cases:

15 case: u(0) =0

In this case we define

u(t) if t € [0, 7T,
(Bu)(t) == u(2T —t) ift e (T,2T),
0 if t € (2T, Tp].

Then it holds Eu € X7, together with the estimate
Bl |xg, < 2[fullx,-

274 case: u(0) # 0
Because of u € Xy — BUC([0,T}; (Xo, X1);_1,), cf. Theorem 2.30, we can deduce
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Uy = U(O) S (XOaXl)l_%,p-

some @ € Xp, with 4(0) = up and

Moreover, Theorem 2.30 also implies the existence of

||ﬂ||XTO S C||UO||(X07X1)1 %,p

for a constant C' > 0. For w := u— @ it holds w(0) = 0. Thus we define the extension
operator E by

(Bu)(t) := (Eyw)(t) + a(t)

for every t € [0, Ty], where Ej is the extension operator from the first case. Hence,
we get

1Eullxr, < [[Ewwllxr, + llillxr, < Clwllxr +lluolloox, ;)

)

< C([Jullxr + [allxr + luolloxo,x1)

1—%,1)
< Clllullxr + [lallxz, +lluolloxox, ;)
< Clllullxr + luollxo,x, s ) < Cllullx,

1—%,1)
for every u € Xpr and 0 <T < %

It remains to prove the second inequality in the lemma. So let © € Xp be given.
Then Theorem 2.30 implies u € BUC([0,T7; (Xo, X1),_1,) and we can estimate

lullBueorioxn,_y ) < [[Bullbvcqomicox, y ) < CTo)l|Bullxr,

< C(To)llullx,

for every u € Xr and every 0 < T < % O]

This lemma shows that, if we equip X7 with the new norm, then the embedding
constant for the embedding X7 — BUC([0,T7]; (X0, X1);_1,) does not depend on

T. This will be useful for the existence proof since we want to control the embedding
constant for small 7', i.e., we want to avoid C' — oo for T" — 0.

The last preparation before we can start with the existence proof is the definition of
the function spaces Xr := X+ x X2 and Yy by

lep ={ve er‘p] Vii=0 = Vo,

X3 ={v € Z7| ¢=0 = w0},
Yo=Y} x Y7 = L*(0,T; L2(Q)) x LP(0,T; LP(%)),
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where
Vo € (Lo (Q), H*(Q)" N Hy () N L(Q)1,
and
o € (LP(Q), Wy ()11

pzp

are the initial values from (5.6). Note that in the space X2 we have to ensure that
Q=0 = o € [—1,1] since we will use this property to show the Lipschitz continuity
of 7 : Xt — Y7 in Proposition 5.7. Moreover, we note that Xt is not a vector space
due to the condition ¢,—g = @g. It is only an affine linear subspace of Z7 := A

5.1 Existence Proof

In this section we state the main theorem on the short time existence of strong
solutions for the coupled system (5.1) - (5.6) and then prove this theorem. Note that
in the proof we will use several results which we will prove later. For the sake of
clarity we always refer to these results.

For the analysis it is necessary to estimate terms like n(¢), m(p), p(¢) and W'(y).
Hence, we make the following assumptions which we assume to hold in the whole
chapter.

Assumption 5.3.

i) Let Q C R? be a bounded domain with C*-boundary and d = 2, 3.

ii) Let n € C}(R) such that n(s) > so > 0 for every s € R and some sq > 0.

)
)

iit) The mobility m € C}(Q) is Lipschitz continuous and it holds m > mq > 0.
)

w) The density p is given by

S s 5
,Ozp(go)zplzm—i—p?zplgo for all ¢ € R.

v) The double-well potential W is twice continuously differentiable.

With these assumptions we get the main existence result about short time existence
of strong solutions for (5.1) - (5.6).

Theorem 5.4. (Ezistence of strong solutions)
Let Q, nm, m, p and W be as in Assumption 5.5. Moreover, let vo € H} ()4 N L2(Q)
and @y € (LP(Q), W, y(Q)), 1, be given with 4 < p < 6. Then there exists T > 0

such that (5.1) - (5.6) has a unique strong solution
v € W5 (0,75 L7 () N L*(0, T5 H*(Q) N Hy()),
€ W, (0, T5 LP(Q)) N LP(0, T3 Wy v (9)).
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Before we start with the proof of Theorem 5.4, we make some remarks on the space

for .

Remark 5.5. For Lemma 5.11 it is necessary that g is in WHQ) forr > d > 2.
_4

But due to the identity (LP(Q), W,}()), 1, = W; "(Q2) with 4 < p < 6 this con-

dition, is satisfied. Moreover, the assumption that oo is in (LP(Q), W} 5(Q))

necessary for Lemma 5.15

Proof. (Proof of Theorem 5.4)
First of all we note that (5.1) - (5.4) is equivalent to

E(V7 30) = ‘;C(V7 §0) in YT7
& (v,o) =L 1o F(v,p) in Xr. (5.8)

1,18
=2

The fact that £ is invertible will be proven later. Equation (5.8) implies that we
have rewritten the system to a fixed-point equation which we want to solve by using
the Banach fixed-point theorem.

To this end, we consider some (v, @) € X7 and define
M = ||L7 o F(¥,9)|]x, < 0.

Now let R > 0 be given such that (v, ) € Bx"(0) and R > 2M. Then it follows
from Proposition 5.7 that there exists a constant C' = C(T, R) > 0 such that

[|[F(vi,01) = F(va, 02)|lve < C(T, R)[|(v1, 01) — (V2, 02)|| x

for all (v;, ;) € X with ||(vi, 0i)l|lx; < R, j = 1,2, where it holds C(T, R) — 0 as
T — 0. Furthermore, we choose T' so small that

_ 1
1L 1||£(YT,XT)C'(T, R) < 5

Here we have to ensure that ||£71|z(vy, x,) does not converge to +00 as T — 0. But
since Lemma 5.13 and Lemma 5.16 below yield ||[£L7Y|z(vp xp) < C(Tp) for every
0 < T < Tj and for a constant that does not depend on 7', this is not the case and
we can choose T' > 0 in such a way that the previous estimate holds. Note that T’
depends on R and in general 7" has to become smaller the larger we choose R.
Since we want to apply the Banach fixed-point theorem on B;{(T(O) C Xr as we only
consider functions (v, ) € Xr which satisfy ||(v, ¢)||x, < R, we have to show that
L' o F maps from Bx"(0) to Bp(0).

From the considerations above we know that there exists (v, @) € Bp”(0) such that

_ N R
[|1£ 1o]—"(v,gp)HXT:]\4<§. (5.9)
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Then a direct calculation shows
L7 o F(v,0)llx, S [L7 o F(v,0) = L7 o F(v,0)|lxp + [|£7! 0 F(v, )| x2

_ o R
< LM eovpxm [F (v, ) = F(¥, 9)|lvy + B}

_ .. R
< ||£ 1||»C(YT7XT)C(R’ T)||(V7 90) - (V7 QO)HXT + 5 <R

for every (v,¢) € Ba"(0), where we used the estimate for the Lipschitz continuity
of F. This shows that £~ o F(v, ) is in By (0) for every (v,p) € Bx"(0), i.c.,

L7 o F: BRT(0) = BA"(0).

For applying the Banach fixed-point theorem it remains to show that the mapping
Lo F: BR7(0) — BpT(0) is a contraction. To this end, let (v, ;) € Bp'(0) be
given for ¢+ = 1,2. Then it holds

L7 o F(vi, 1) — L7 o F(va, 92)|]xs
<L Yo xn) C(R,T)||(v, 1) — (Va, 02)||x7

1
< §||(V17901) — (v2, 02)||xs,

which shows the statement. Hence, the Banach fixed-point theorem can be applied
and yields some (v, %) € Ba”(0) C X7 such that the fixed-point equation (5.8) holds,
which implies that (v, $) is a strong solution for the equations (5.1) - (5.4). O

Note that this method was already used e.g. in [ADL16] to prove the existence of a
strong solution for the Beris—Edwards model for nematic liquid crystals.

In the proof of Theorem 5.4 we used that F : Xy — Y7 is Lipschitz continuous
and that the Lipschitz constant C' converges to 0 as T — 0. Moreover, we used
that £ : Xp — Yp is invertible. We will prove these statements in the remaining
parts of this chapter. Since the equations of £ are decoupled, we are able to solve
both equations separately. We will start with the first one and show that for every
right-hand side f € Y7} there exists a unique solution v in X7.. Afterwards we study
the second equation and also prove the existence of a unique solution ¢ € X2 for
every right-hand side f € Y2, which shows the statement and therefore completes
the existence proof of Theorem 5.4.

But first of all we need to make some preparations for the analysis of these proofs.
Therefore, we collect the most important results in the following section.

5.2 Preparations for the Analysis

Before we continue we study in which Banach spaces v, ¢, Vi, m(y) and so on are
bounded. To this end, we use some interpolation results from Chapter 2.
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Note that in the definition of X2 p has to be larger than 4 because we will need
to estimate terms like VAp - Vv, where p = 2 is not sufficient for the analysis and
therefore we need to choose p > 2. But for most terms in the analysis p = 2 would
be sufficient and 4 < p < 6 would not be necessary. Nevertheless, for consistency all
calculations are done for the case 4 < p < 6.

Interpolation spaces for v

Due to Theorem 2.28 and Theorem 2.30 it holds
v € X1 — BUC([0,T]; B3,(Q)) = BUC([0,T]; H'(2)), (5.10)
where we used Bj,(Q2) = H5(Q2) for every s € R, cf. (2.4). In particular this implies

Vv € L>(0,T; L*(Q)) N L2(0,T: L%(Q)) < L3 (0, T; L*()), (5.11)
Vv € L®(0,T; L*(Q)) N L*(0,T; L¥(Q)) — L*(0,T; L*()), (5.12)
where we applied Theorem 2.32 with § = % and 0 = %

Interpolation spaces for ¢

Let ¢ € X2 be given. From Theorem 2.28 and Theorem 2.30 it follows

_4
P

p € LP(0,T; Wi () N W0, T; L/(Q)) = BUC([0, T W, *(Q).  (5.13)

This implies

4

VAp € BUC([0,T]; W, () (5.14)

since it holds p > 4. Note that when we write “¢ is bounded in Z” for some function
space Z, we mean that the set of all functions {¢ € X7 : [|¢||x2 < R} is bounded in
Z in such a way that the upper bound only depends on R and not on 7', i.e., there
exists C'(R) > 0 such that ||¢||z < C(R) for every ¢ € X? with lollxz < R.

The following lemma will imply a lot of embeddings for the further analysis.

Lemma 5.6. Let Xo CY C X, be some Banach spaces such that
lzlly < Cll2|lx, ]I,
for every x € Xy and a constant C > 0, where 6 € (0,1). Then it holds
C%([0,T]; X1) N L>=(0,T; Xo) — C**?([0,T];Y).

In addition, if f € X := C%([0,T]; X;) N L>(0,T; Xo) such that ||f||x < R, then
the embedding constant only depends on R.
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Proof. Let f € C%*([0,T]; X;) N L*>(0,T; Xo) be given. Then it holds

1) = f(s)lly < CIFE) = FI ) = F(o)llf,
< O o m ot = sI 1 Fl1Goqorix)
< C|t — s|*

for a.e. t € (0,T"), where we used

£) — £(5)]|x,
sup I1£(t) f(a)HX < | flleoe oz < C. (5.15)
o<t#s<T |t — 8]

If it holds f € X such that ||f||x < R, then in the last inequality the constant only
depends on R. N

We can use this lemma to prove further embeddings. We apply Theorem 2.15 for
Banach-valued Sobolev functions and obtain
€ W0, T3 I(9) = C%' 5 ([0, T); L(2).

4

Moreover, we already know ¢ € BUC([0,T7; W;ig(Q)). Due to (2.3) and 4 < p < 6
4

it holds LP(2) < BJ (). By choosing 6 := % in Theorem 2.28 we obtain

4—4
p

(Bpp

together with the estimate

(), B, (2))o2 = B,

p2

() = Hy(Q) = W, (Q)

le@llws@ < Clle®I' s lle®l7 @)
W, ?(Q)

P

for every t € [0,7]. Hence, Lemma 5.6 implies

4

o € COUH (0, T] /(@) N C(0, T Wy *(9)) = ™1 =2([0, T W2(9)). - (5.16)

Since it holds W2 (Q) — C%(Q) for d = 2,3 and 4 < p < 6, cf. Theorem 2.15, we
obtain that

¢ is bounded in C([0, T]; C*(Q)). (5.17)

Interpolation spaces for n(y), m(¢), W’ (), m(po) and Ve

In the nonlinear operator F : Xr — Yr the terms n(v), n(vo), m(p), m(ye) and
W'(p) appear. Hence, we need to know in which spaces these terms are bounded in
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the sense that there is a constant C'(R) > 0, which does not depend on T, such that
the norms of these terms in a certain Banach space are bounded by C(R) for every
(v.) € Xy with ||(v, )|, < R.

Due to (5.16) and because the embedding constant only depends on R, it holds

le@®llwg) < C(R)

for every ¢ € [0,T] and ¢ € X7 with [[¢[[x2 < R. Hence, the theorem for the
composition with Sobolev functions, cf. Theorem 2.18, yields

LoDz ILf (o)llwz @), IW () lIwz @) < C(R)

for every t € [0, T] and every ¢ € X7 with ||¢|[x2 < R, where f € {n,m}. Thus

(@), f(po), W () are bounded in L*=(0,T; W;’(Q)) for f € {n,m}. (5.18)

Moreover, Theorem 2.18 yields the existence of L > 0 such that

1£(p1(1)) = F(e2())lwac@) < Lller(t) = p2(O)llwz ) (5.19)

for every t € [0,T], ¢1, 02 € X7 and f € {n,m, W'}.

In the next step, we want to show that f(¢) is bounded in X2 and therefore the
same embeddings hold as for ¢, where f € {n, m, W’}. Note that from now on until
the end of the proof of the interpolation result for f(¢), we always use some general
f € CH(R). But all these embeddings are valid for f € {n, m, W'}.

We want to prove that if it holds ¢ € X2 with |l¢flxz < R, then there exists a

constant C(R) > 0 such that ||f(¢)[|xz < C(R). To this end, let » € X7 be given

with [|¢l|xz < R. Since we already know ¢ € C([0,T]; C*(Q)), cf. (5.17), we can
conclude

o)l 2@ < C(R)
for all ¢ € [0, T]. Hence, it holds f(p(t)) € C?(Q) for every t € [0,T] and

VI((e(t) = f(et) Ve(t).

Due to (5.18), f'(¢) is bounded in L>(0,T;W32(Q)). In particular, this implies
1" (e)llws@ < C(R) for a.e. t € (0,T) and a constant C'(R) > 0. Since it holds
@ € LP(0,T; W, (Q)), it follows Vip(t) € W2(Q2) for a.e. t € (0,T). Note that this
does not imply that there exists a constant C' such that Vi(t) is bounded in W} (Q2)
by this constant for every ¢ € Bg% and a.e. t € (0,7"). But the theorem about the
multiplication of Sobolev functions, cf. Theorem 2.17, yields f'(¢(t))V(t) € W2 (Q)
for a.e. t € (0,T) together with the estimate

IV e)llwz = 1 (e®))Ve@llwpe) < CIF (@) lwzeVe@llwg @
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for a.e. t € (0,T) and every ¢ € X2 with |l¢llxz2 < R. Since f'(¢) is bounded in
L>(0,T;W2(Q)) and Vi is bounded in LP(0, T; W2(Q)), the estimate above implies
the boundedness of V f() in LP(0, T; W3(€2)), i.e., there exists C(R) > 0 such that

IV oo, rw3 ) < C(R) for all ¢ € X7 with [|¢|[xz < R.
Altogether this implies that
f(¢) is bounded in LP(0,T; W, ().

Analogously we can conclude from the boundedness of ¢ in W}(0,T; LP(f2)) that
f(¢p) is also bounded in W, (0,T; LP(R2)). More precisely, Lemma 2.11 yields

%f(so(t)) = ['((1))Orp(t).

Using the boundedness of f/(¢) in C°(Q;) together with the boundedness of ;¢
in LP(0,T; LP(Q)) we get that f(¢) is bounded in W, (0,7 LP(Q2)). Thus the same
interpolation result holds as in (5.16), i.e.,

f() is bounded in C*1=2°([0, T]; W3(Q)), (5.20)

4_q

where 0 := 4—.
p

5.3 Lipschitz Continuity of F

In the proof for the existence of a unique strong solution for short time, cf.
Theorem 5.4, we used that the operator F : Xp — Y7 is Lipschitz continuous,
which we have not proven yet. Using the notation from before we get the following
result for the operator F : Xp — Yr.

Proposition 5.7. Let the Assumptions 5.3 hold and g be given as in
Theorem 5.4. Then there is a constant C(T, R) > 0 such that

[[F(vi, 1) = F(va, 02)llyy < C(T, R)[|(vi — V2,01 — 02)||xr (5.21)

for all (vi, ;) € Xp with ||(vi,0i)llx, < R and i = 1,2. Moreover, it holds
C(T,R) —0asT — 0.

Proof. Let (v, ;) € Xr with ||(vi, ¢i)||x, < R, i = 1,2, be given. Then it holds
IF(v1,01) = F(va, 02)llvr = [[Po(F1(v1, 1) = Fi(Va, 02))l2200)
L.
H(Vipr - ve = Vi - vi) + —div(m(p) VIV (01) = m(p2) VIV'(i22))
+em(po) A% (1 — 2) + ediv(m(p2) VA — m(01) VAl [Loor)- (5-22)
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For the sake of clarity we study both summands in (5.22) separately and begin with
the first one. Remember that the operator F} is defined by

Fi(v, @) =poorv — poyv — div(2n(pe) Dv) + div(2n(e) Dv) — eApVe

- ((pV+ n ; ﬁQm(@)V(EW’(w) - €A¢)> -V ) v

and that it holds ||Ps||z(r2(0)e,r2()) < 1 for the Helmholtz projection Py. We estimate
[Po(F1(vi,91) — Fi(va, ©2))[|22(@m:

i) For the first two terms we can calculate

1p00rvi = p(p1)0vi — poOiva + p(2)0rval| L2 (r)
< [(po = p(e1))0u(vi = v2)llL2(@r) + [[(p(¢1) — P(©2))0iv2llL2(qr)-

Since it holds dyv; € L2(0,T; L2(Q)), i = 1,2, we need to estimate every p-term
in the L*>-norm. To this end, we use that p is affine linear and

p; is bounded in C*1=2([0, T); W3(2)) — c*0=2?([0, T); C*(%2))
4_
fori=1,2and 0 = g—_i, cf. (5.16). Then we obtain for the first summand

(o = P(£1))8i(v1 = Va)llr2(@r) < llp(po) = Pl @n 10 (V1 = Va)ll2(or)

< C sup [|gi(0) = o1 ()|l [vi — val[x1
te[0,T]

1-1)9
< CT( ») ||SOI||CO’(1_%)9([O,T];CQ(§))||V1 - V2||X}

< ORT"9"||vy — vo[ 1.

where we used (5.15) in the penultimate step. Analogously the second term
can be estimated by

[(p(1) = p(92))0evallr2(Qr) < llp(p1) — p(@2) L@ |[Vallx2,

< Ctgg%ll(wl(t) —pa(t)) = (¢1(0) = p2(0))[ oo ()l Vel x2

< CRT(l_%)GHSOl — ¢2||CO’(1_%)6([O,T];C2(§))
< CRTU |lo1 — 3.
Here we used the fact that ¢;(0) = pg = 2(0) for p; € X2, i =1,2.
ii) The next term of ||P,(Fi(v1, 1) — Fi(ve, ¥2))|| 12 is given by
|[(div(2n(po) Dva) — div(2n(pe) Dv1)) + (div(2n(e1) Dvi) — div(2n(p2) Dva))| |y
< [|div(2(n(eo) — n(e1))(Dvz = Dvi))|lyz + [[div(2((n(e1) — n(p2)) Dva))lly;-
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In the next step we apply the divergence on the 7(p;)- and Dv;-terms and for
the sake of clarity we study both terms in the previous 1nequahty separately.

For the first one we use 1(¢) € "~ ([0, T7; W3 (Q)) with 6 = p cf (5.20),

to obtain

Idiv(2(n(¢0) = 7)) (Dv2 — Dvi))l Iy
< 1[2V(n(0) — (1)) - (Dva — D)z + [120n(00) — n(e0) A(v2 = V)l
< C s [IV0(1(0)) = V) |eny 102 = Dvillo o

te|0,
+C s n(e1(0) = 1oz 180 = W llaorssze

_1
<or! P)9||V77(S01)||Co,<17%)

o.riwayllvt ~ Vallx

1-1y
+ o7 (el o,<1—%>9([o,T1;Wg(Q))||V1 - V2Hx,}p

< CR( (=30 L 703 ) [[v1 = Val|x:.
Analogously as before we can estimate the second summand by

Idiv(2((n(¢1) — n(02)) Dv2)) ||y
<2[[0'(1)(Ver = Vz) - Dvallya +2{|(0' (1) — 0/ (92)) Ve - Dvalya
+ 2[[(n(p1) — nlp2))Ava||y,.

For the sake of clarity we study these three terms separately again. In the
following we will use inequality (5.15) several times and n € C}}(R). Hence, it
holds

I/(2)(Vir = Veea) - Dvallyy < O [[ID%all0 Vo1 = Fallen
< C(R) sup [[V(e1(t) = @a(t)) = V(21(0) = @2(0) |l ey |1 DVall 20,7302

te[0,T]

(1-%
< CRIT NIV = Viul Ly b s V2!l

< C(R)T |1 — s xz,

where we used in the first step that 1’() is bounded in C([0, T]; C*(Q)).
Furthermore, (5.19) together with

p € COUD([0, T WE () < C([0,T); CA(9)
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iii)

implies

(1 (p1) — 7' (02)) Vpa - Dvallyy

< tS[%I;]HU/(SOl) - 77/<902)HW1§(Q)|’v902||0([0,T];01(§))||DV2||L2(QT)
S I

< C(R) sup |[o1(t) — @2(t)l|way
te[0,T)

< C(R) sup ||(¢1(t) — p2(t)) — (p1(0) — 902(0))||W5’(Q)

te(0,T)

< C(R)T(PEWH% - SDQHX%-

Analogously to the second summand we can estimate the third one by

1

1(n(p1) = n(02)) AVa|ly, < C(R)T 201 — 05|z,
which shows the statement for ii).

For the third term we obtain

lp(p2)va - Vva — p(p1)vi - Vvi|lyz
< ||(p(p2) — plp1))va - Vvallya + [[p(1) (V2 - Vva — vi - Vvi)[|ya
< [(p(p2) = p(e1))va - Vvallya + [[p(01) (V2 = v1) - Vivallya
+ () vi - (Vva = Vvi))|[ya.

We estimate these three terms separately again. For the first term we use
that vy is bounded in L>(0,7; L5(2)), cf. (5.10), and Vv, is bounded in
L*(0,T; L5(9)) together with (5.19). Thus
[(p(p2) = p(p1))va - Vvallya

1-1)9
< C(R)T( p) ||902 - (‘01||Coa(1—%)9([07T];W3(Q))|’V2|’L"O(OvT§L6(Q))va2||L2(0,T;L6(Q))

_1
< C(R)TY 9|2 — @1l x1.

For the second term we use p(¢1) € C([0,T]; C%(Q)), v; € L>=(0,T; L%()) and
Vv, € LY0,T; L3(R2)), cf. (5.10) and (5.12), i = 1, 2. Hence,

1
p(p1) (Ve — V1) - Vva|lya < C(R)T4]|vi — Val| .10 [V Vel L1 (0,7:230)
1
< CRITH i — vallxy.
For the third term we analogously use the same function spaces. This implies

lp(e0)v1 - (Vva — Vvi))|lyy < C(R)T||Vvy — VvollLaor;28(0)
< C(R)Ti[lvi — vy |x1.
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iv) In the first step of the next term we use that the prefactor 2 1552 is a constant.
Hence,

L 9 p2m<901>v<A901> Vv —

o ; P (02 V (Aga) - Vv

< O (Ilme)V(agn) - (Fv1 = ¥a)lly
+1m(e)(V(Ae1) = V(Aga) - Vvallyy
+ ll(m(er) = m(e2))V (Ag2) - Tallyy )

For the sake of clarity we study all three terms separately again. In the following
we use VAy; € L2(0,T; L4(Q)), cf. (5.16), Vv; € L3(0,T; L4()), cf. (5.11),
for i = 1,2, and m(p,) € C([0,T]; C*(Q)). Altogether this implies

Im(p1)V(Ap1) - (Vv = Vva)lya
< OT5||VA@ || ooz [VV1 = Vval| g 0T
< C(R)T vy = val |y
Analogously the second summand yields

Im (1) (V(Ap1) = V(Ag2)) - Vvallys < C(R)TS [lor = s x2.

For the last term we use m(g;) € C*1=°([0, T7; W3(Q)) — C°([0,T]; C*(Q))
together with (5.19) and obtain

||(m(901) - m(SOQ))V(A%) : VV2||y1
1
< C(R)T=ler(t) = w2l |cogo,rcz@p [V Aell=or:00@ IV Vol 5 g 710
< C(R)TF g1 — ¢allxz.

v) The next term has the same structure as the one before.

‘ . gﬁQW(SOl)V(W/(SOl)) Vv, -2 gﬁQm(%)V(W’(wz)) Vv,

< € (Im(e) VW (1) - (Fv1 = Tva)l Iy
+ [[m{en) (VW' (1) = VIV (2) - Vvally
+ [1(mp1) = mlg2)) VW (92) - V¥allyz ) (5.23)

For Vv, i = 1,2, we use its boundedness in L*(0,T; L3(92)), cf. (5.12). More-

4

over, we know VIV'(p) € C([0,T7; W;ig(Q)) and m(y) € C([0,T); C*(Q)) for
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NS Bg%. Using all these bounds we can estimate the three terms in (5.23)
separately. For the first term we obtain
() VW (1) - (V¥1 = )l g < CR)THVV1 = V¥l lpaorszsqon)
< C(R)T[[v1 = val|xy.-
For the second summand in (5.23) we have to estimate the difference
VW (1) — VW'(g2) in an appropriate way. To this end, we use (5.16), (5.19)
and W2(Q) — C'(Q). Moreover, we use Vv, € L*(0,T; L*(Q)), cf. (5.12), and
m(yp) € C([0,T); C*(Q)). Then it follows
|[m (1) (VW' (¢1) = VIV (p2)) - Vvallya
< C(R)T sup [[VIW/(p1(t) = VIV (@a(6)llw3 o)

te[0,T]

< C(R)T sup ||o1(t) — o2(®)llws oy

te[0,7
< O(RT i1 — ol 3.
So it remains to estimate the third term of (5.23). As before we get

[|(m (1) — (@2))VW’(902) - Vvl

Li(1-
S O(R)T4 ||901 902” 0,(1,L)9([0 T]W3(Q))

vw’ (902)||BUC ([0,T);C1(Q ||VV2HL4 (0,T5L3())
< O(R)T+ 07|y — 902HX%7

which completes the estimate for (5.23).
Finally, we study the last term of ||Py (F1(v1, 1) — F1(Va, 92))||2(Qy)- It holds
1Ap2Vipr = A1 Veor |y < [[Apa(Vior = Vipr)lvr + [[(Apa — Ap1) Vi |vs.

Using Ag; € C([0,T];C°(R)) and Vi; € C™ (a-3)0 (10, T7; W2(Q)),i=1,2, cf.
(5.16), the first term can be estimated by

_ +(1-1
[Ap2 (Vi V@l)HYTl < C(R)T2 ||V901 v902||00>(1*%>9([0,T];W5(9))
< C(R)T2+ Mgy — P2l x2-

Analogously the second term can be estimated by

1 _1
1Az = Ap1)Vepr|ly, < CR)TH97 |01 — | 2.
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Hence, we obtain

[P (F1 (i, 1) = Fi(va, p2))ll2@r) < C(R, T)[|(vi = va), (1 = #2)l x7

for a constant C(R,T) > 0 such that C(R,T) — 0 as T — 0.

Remember that we study the nonlinear operator F : X — Y given by

. IEDUF]. (V7 90)
F(v,p) = <_V¢ v+ div(dm(p) VIV () + em(po) A%p — ediV(m(w)VAw)>

and we want to show its Lipschitz continuity such that (5.21) holds. We already
showed its Lipschitz continuity for the first part. Now we continue to study the
second one. This part has to be estimated in LP(0,7; LP())) for 4 <p<6.
For the analysis we use the boundedness of Ve in C([0,7];C*(Q2)) and of v in
L>=(0,T; L5(£2)). Then it holds
(Vo1 - vi = Voo vl e @)
< |[Ver - (vi = vo)ller@r) + [[(Ver = Vo) - vallLeqr)
1
< TVl @nlIvi = Vall L= oris @)
+T7[[Vor = Veo|lre@nllvallzeorLs@)
1 1
< TvR[[vi = va|lx1 + T7 Rl[e1 — @] xz.
Next we study the term div(m(p)VW'(¢)). We use the boundedness of f(y) in

C((0, T C*(@) N ¥ (0, T W) for [ € {m. W7} and o € X3 with
|l¢llx2 < R. Then it holds

|[div(m(e) VIV (1)) — div(m(e2) VIV (2)) |lyz
< C(R)|Im(e1) VW' (1)) — m(p2) VW' (02) || Lo omm72 (0

1
(R)TptSEépT]Hm(sol () = m(e2O)llwz@ | VW (1)l e om0 @)
€,

+ C(R)T;’|m((102)HC([O,T];C2(§))tS[%I;]||W/<901 () = W2l
efo,

3=

<C(R)T (Sup 1 (t) — pa(t)[lws() + sup [[1(t) — 902(75)HW3(Q)>
te[0,T] te[0,77]

< 0<R>Tét§£ 1e1(0) = 22(t)) = (£1(0) = o)z

11a-1y _
< C(R)T» 0=, 902|‘Co,u—%)fﬂ([oﬂ;wg(g))

1 _1
< C(RT» 7 o1 — oo |x2.
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Here we also used ¢;(0) = p2(0) = g for 1, oy € X2 and (5.19).

Now there remain two terms which we need to study together for the proof of the
Lipschitz continuity. Due to the boundedness of m(y) in BUC([0, T]; W}(Q2)) and
of VAyp in LP(0,T; W, (), the theorem for the multiplication of Sobolev functions,
cf. Theorem 2.17, yields the boundedness of m(¢)VAyp in LP(0, T} WPI(Q)) Hence,
this term is well-defined in the LP(Q7)-norm. We omit the prefactor e for both terms
again and estimate

20, — m(¢0)A2¢2 + diV(m<902>VASO2) B div(m(%)VASDl)HLP(QT)
= [|(m(po) — m(1)) (A1 — A%ps) + m(p1)A%p1 — m(01) A%y + Vm(ipa) - VA,
2

||m (o) A%pq
0) —

+ m(p2) A%ps — Vm(p1) - VApr — m(p1)A%01 ]| o)
(

2
)
< [1(m(1(0) = m(e1))(A%01 — A%s)||Lr(@r) + (M (p2) — m(01)) A%pa|Lo(@r)

+ IIVm 902) VAQOQ Vm(gol) . VAQOlHLp(QT) (524)

For the sake of clarity, we study these three terms separately again. Due to the
boundedness of m(e) in C*12([0, 77 W3(€2)) we obtain for the first term

[[(m(21(0) — m(1)) (A1 — A%09)|| (o)

< sup [[m(¢1(0)) — m(er ()] |co | A%01 — A%0sl| o (qr)
te(0,T)

_1
< CRT"™lm(e)l] oo 310 Wller = eallxz.

([0, T;W3(

Since m(¢py) is bounded in C’O’(k%)e([o, T); W3 (9)), we can estimate the second term
n (5.24) by

[1(m(2) — m(e1)A%al|Lei@r) < sup [Im(p2(t)) — m(e1(t)lc2@l| A% |Loon)

te(0,T)
< C(R)tES(%pT)IImUm( ) —m(p1(t)|lws )
< C(R)tES(%lDT)II(soQ(t) = ¢1(t)) = (02(0) = 01(0)lwz(e)

(1- _
— O<R)T ng g02|’ 0 (1—*)9([07T];Wg(§))7

where we used (5.19) again in the penultimate step. Finally, we study the last term
n (5.24). Here we get

[[Vm(p2) - VApy — Vm(p1) - VA%HLP(QT)

< [[(Vm(p2) — Vm(e1)) - VApal|rr)
+ [[Vm(p1) - (VAgs = VA@)|| e @r)- (5.25)
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Since Vm(yp;) is bounded in C([0,T];C1(Q)) and VAyp; is bounded in
C([0,T]; LP(R2)) for i = 1,2, we can estimate the second summand by
IVm(e1) - (VAps = VA@1)||rr)
< CR)T?|[Vm(e)llcqoricr@pl VAL — VAs||cqomyze@)
1
< C(R)T?||p1 — QOQHX%-

Thus it remains to estimate the first term of (5.25). Here we get

[(Vm(2) = Vm(e1)) - VAPs|| o @r)
< C(R)TEtSEéI;]IIVM(SOz(t)) = Vm(e1()llco@) IV A@:|loqo e @)
€0,

< C(R)T» Sgér;]llm(wz(t)) = m(er () llwa@ llealloqommg@)
telo,

< C(R)TE sSup ||§01(t) - @2(t)||wg(9)
te[0,T

P .
< C(R)Tp P H901 S02|‘C’O’u_%)e([O,T};Wg(Q))'
Hence, (5.25) is Lipschitz continuous and therefore also the second part of F is
Lipschitz continuous. Together with the Lipschitz continuity of the first part of F
we have shown

1F (v 1) = F(va, 02)llyr < C(T, R)[|(vi = va, 01 = 92 xy

for all (vy, ;) € Xr with ||(vi, 0i)|lx, < R, i = 1,2, and a constant C(T,R) > 0
such that C(T,R) — 0 as T'— 0.
[

5.4 Existence and Continuity of £~! (first part)

To complete the proof it remains to show the existence of (v,») € X7 such that
(5.9) holds and to prove that £ : Xy — Yr is invertible with uniformly bounded
inverse, i.e., there exists a constant C' > 0 which does not depend on 7" such that
L7 2ove,xr) < C. Hence, we remember that the linear operator £ : X — Y7 is
defined by

_ (Po(po0iv) — Py (div(2n(wo) Dv))
£lv.e) = ( Dy + em(po) A% > ‘

We note that the first part only depends on v while the second part only depends
on ¢. Thus both equations can be solved separately.

To show the existence of a unique solution v for every right-hand side f in the first
equation we use the following theorem from [Sho97].



5.4 Existence and Continuity of L~ (first part) 179

Theorem 5.8. Let the linear, symmetric and monotone operator B be given from
the real vector space E to its algebraic dual E', and let Ej be the Hilbert space which
is the dual of E with the seminorm

|x|b:Bx($)%, r e k.

Let A C E x E; be a relation with domain D = {x € E: A(x) # 0}. Let A be the
subdifferential, Op, of a convex lower-semi-continuous function p : E, — [0, 0| with
©(0) = 0. Then for each uy in the Ey-closure of dom(p) and each f € L*(0,T; Ey)
there is a solution u : [0, T] — E with Bu € C([0,T], E}) of

C(Bu(t) + Aw(t) 3 (1), 0<t<T,

with
d
poue L'(0,T), \/Z%Bu(-) e L*(0,T; E}),u(t) € D, a.e. t €[0,T),
and Bu(0) = Bug. If in addition uy € dom(y), then

d
poue€ L>*0,T), EBu € L*(0,T; Ey).

The proof of this theorem can be found in [Sho97, Chapter IV, Theorem 6.1].

So we have to specify what F, E;, ¢ and so on are in the problem we study and
show that the conditions of Theorem 5.8 are fulfilled. Then Theorem 5.8 yields the
existence of a solution. More precisely, we obtain the following lemma.

Lemma 5.9. Let Assumption 5.8 hold. Then for every vo € H(Q)? N L2(Q),
f e L*0,T;L%(Q), po € WHQ), r > d > 2, and every 0 < T < oo there
exists a unique solution

v € Wy (0, T3 L(Q)) N L*(0, T; Hy (2)7)

such that
P, (po0sv) — P, (div(2n(po)DV)) = f in Qr, (5.26)
div(v) =0 in Qr, (5.27)
Viga = 0 on (O,T) X 89, (528)
v(0) = vq in §2 (5.29)

for a.e. (t,x) in (0,T) x Q, where v(t) € H*(Q)¢ for a.e. t € (0,T).
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Proof. Since we want to solve (5.26) - (5.29) with Theorem 5.8, we have to define
Bu = P, (pou)

for u € E, where we still need to specify the real vector space E. But as we want to

have 4 Bu € L*(0,T; L2(£2)), the dual space E} has to coincide with L2(€2). But this

can be realized by choosing F = L2(2). Then Ej = L2({)) and with the notation in
Theorem 5.8 we get the Hilbert space Ej equipped with the seminorm

1
2

N

uls = Baw! = | [ ot e | = [ [ B
Q Q

1
2

_ /m#m = | ull 2.

Q

Thus we obtain Ej = L2(Q2) = Ej. Moreover, we define A : D(A) — L2(Q) = L2(Q)
by

(Aw)(v) = —({IP’Udiv(Zn(goo)Du) -vdr if u € dom(A) (5.30)

0 if u ¢ dom(A).

for every v € L2(Q) and D(A) = H*(Q)4 N H}(Q)?N L2(Q). Thus we get for the
relation A defined by A := {(u,v) : v = Au, u € D(A)} the following inclusions

A = {(u, —P,div(2n(ge)Du) : u € H*(Q)*N HH(Q)*NLA(Q)} C E x E),

since the term P,div(2n(wg)Du) is in L2(2) = L2(). Now we define
b2 L2(9) - [0, +00] by

p(a) i S{n(gpo)Du :Dudr ifue HJ(Q)'N L2(Q) = dom(), (5.31)

+00 else.

We note ¥(0) = 0 and vy is in the L-closure of dom(v)), i.e., in L2(Q). Hence,
it remains to show that v is convex and lower-semi-continuous and that A is the
subdifferential of ¢. Then we can apply Theorem 5.8. But the first two properties
are obvious. Thus it remains to show the subdifferential property, which is satisfied
by Lemma 5.10 below. Hence, we are able to apply Theorem 5.8 which yields the
existence. Moreover, the initial condition is also fulfilled as Theorem 5.8 yields

P, (pov(0)) = Bv(0) = Bvy = P, (povo) in L*(9).
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In particular we can conclude

0= /PU(POV(O) — povo) - Pdz = /(POV(O) — povo) - Pdz

Q Q

for every ¥ € Cgo(Q). By approximation this identity also holds for
¥ :=v(0) — vy € L2(Q) and we get

/p0|v(0) ~ vol2dz = 0.

Q
This implies v(0) = vq in L2(Q).
For the uniqueness we consider vy, vy € W3 (0,T; L2(Q)) N L>=(0,T; HY(Q) N L2(Q))

such that (5.26) holds for a.e. (¢t,z) € (0,7) x €. Then v := v; — v, solves the
homogeneous equation a.e. in (0,7) x €2. Testing this homogeneous equation with v

we get
T
/ pov|t rdr + //277 wo)Dv : Dvdzdt = 0.
Q 0
Hence, it follows v = 0 and therefore vi = vo, which yields the uniqueness. O]

In the proof above we used that the mapping A coincides with the subdifferential
dp. More precisely, we have the following lemma.

Lemma 5.10. Let Q C R d = 2,3, be an open domain and 1 : L2(2) — [0, +o0]
be given as in (5.31). Moreover, we consider A : L2(Q)) — L2(Q) to be given as in
(5.30). Then it holds

i) D(0y) =D(A).

it) OY(u) = {Au} for all u € D(A).
Proof. Remember that

D(0y) = {v € Ly(Q) : dv(v) # 0}

and D(A) = H2(Q)4 N H(Q)4 N L2(22) by definition.
15t part: D(A) C D(0¢) and Au € di(u) for every u € D(A).
To show the first part of the proof let u € D(A) be given. If it holds v € L2(2) but
v & HL(Q)?, then the inequality

(Au, v —u) 20 < ¢(v) —(u)
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is satisfied since it holds 9 (v) = +o0 in this case by definition.
So let v € H}(Q)? N L2(Q2). Then it holds

(Au, v —u)p20) = — /Pgdiv(277(<p0)Du) -(v—u)dz

/2n(g00)Du : Dvdz — /Zn(goo)Du : Dudz

Q Q

/ n(o)| Duld + / n(o0)| Dv[2dz — 2 / n(0)| Dulda
Q Q

for every v € H3(Q)?N L2(Q2). This implies that Au is a subgradient of ¢ at u, i.e.,
Au € 9¢(u), and 9Y(u) # 0, i.e., u € D(A) C D(9¢). Hence, we have shown the
first part of the proof.

27 part: D(9y) C D(A) and 9y (u) = {Au}.

Let u € D(9¢y) C dom(y)) C HE(Q)4 N L2(2) be given, where the first inclusion
follows from the definition of D(0v) and dom(v)), cf. Definition 2.5. Then by defini-
tion there exists w € 9 (u) C P(L2(Q)) such that

Y(u) —P(v) < (w,u—v)2q) (5.32)

for every v € L2(2). Now we choose v := u + tw for some w € H}(Q)?N L2(Q) and
t > 0. Then inequality (5.32) yields

Y1) — B(v) = /n(gpo)Du . Dudz — /n(gpo)D(u W) : D(u + ) de

= —2t/n(g00)Du : Dwdr — t* /n(gpo)Du : Dwdx
Q Q
< —t/w-vadx.
Q

Dividing this inequality by —¢ < 0 and passing to the limit £ \, 0 yields

/W -wdz < /Zn(cpo)Du : Dwdz.
Q Q

When we replace w by —w we can conclude

/W -wdz > /2n(cp0)Du : Dwdz.
Q Q
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Thus it follows

/W -wdr = /QU(@O)Du : Dwdx (5.33)
0

for every w € HL(Q)Y N L2(Q). Since we assumed w € L2(Q), we can apply
Lemma 5.11 below which yields u € H?(Q)¢ N H(Q)? N L2(Q). Using this regu-
larity in (5.33) we can conclude

/w -wdr = /2n(¢0)Du : Dwdr = — /]P’Udiv(Qn(gpo)Du) -wdz
Q Q Q

for every w € H} ()N L2(€2). Therefore, we obtain w = —P,div(2n(pe) Du) = Au
in L?(Q), i.e., u € D(A) and 9¢(u) = {Au}. O

For the regularity of the Stokes system with variable viscosity we used the following
lemma.

Lemma 5.11. Let n € C*(R) be such that n(s) > so > 0 for all s € R and some
s0 >0, o € WHQ), r > d > 2, with ||pollwr) < R, and let u € Hy(Q)* N L2(Q)
be a solution of

(2n(po) Du, Dw) 12(q) = (W, W) 12(0) for all w e C’&OU(Q),
where w € L*(Q)?. Then it holds u € H*(Q)? and
lullz2i) < C(R)[[Wl[2(0),

where C'(R) only depends on Q, n, r > d, and R > 0.

The proof can be found in [Abe09b, Lemma 4].

Lemma 5.9 yielded v € W3 (0, T; L2(Q))NL>(0,T; HE(Q)?). But as we want to show
that v is in X1, it remains to show v € L2(0,T; H*(2)?). To this end, we also use
Lemma 5.11 above.

Lemma 5.12. For the unique solution v € W3 (0,T; L2(2)) N L>=(0,T; H (Q)?) of
(5.26) - (5.29) from Lemma 5.9 it holds

v € L*(0,T; H*(Q)%).

Proof. Let v.e W2(0,T; L2(2)) N L>=(0,T; H (Q)?) be the unique solution of (5.26)
from Lemma 5.9, i.e.,

A(v(t)) = £(t) — %(Bv(t)) = £(t) — Po(podiv(t)), O<t<T.
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Since the right-hand side is not the empty set, we get by definition of A
P, (div(2n(00) DV(1))) = Po(podiv(t) — £(1),  0<t<T,
for given £ € L?(0,T; L2(92)). From 9,v € L*(0,T; L2(Q)) it follows
(2n(po)Dv(t), DW) 120y = (poOpv(t) — (), W) for every w € Cg, ()
and a.e. t € (0, 7). Hence, we can apply Lemma 5.11 and obtain
Vi) < CORpodhv(t) — EOllz2@y < CR) (Ilpodev(®) |y + EE)120)

for a.e. t € (0,T). Since the right-hand side of this inequality is bounded in L*(0, T,
this shows the lemma. O

We still need to ensure that ||[£7||z(vy, x,) remains bounded. This is shown in the
next lemma.

Lemma 5.13. Let the assumptions of Lemma 5.9 hold and 0 < Ty < oo be given.
Then

||£1_,1T||£(YT1,X}) < ||£1_}’0||5(Y;0,X;0) <00 Jor all 0 <T < Tp.

Proof. Let 0 < T < Ty be given. Lemma 5.9 together with Lemma 5.12 yields
that the operator £y v : X — Y7 is invertible for every 0 < 7' < oo and every given
f e L*0,T;L2(Q), po € WHQ), vo € HHQ)Y N L2(Q). Then we define
f e L*(0, Ty, L2(Q)) by

- Jf@) ifte (0,1,
(1) = {0 if t € (T,Ty).

Due to Lemma 5.9 together with Lemma 5.12 there exists a unique solution v € Xz,
of

P, (podiV) — Py (div(2n(so) DV)) = f in Qr,,
div(v) =0 in Qr,
Vigo = 0 on (0,Ty) x 09,
v(0) = vy in .

So let v € X1 be the solution of the previous equations with Ty replaced by T'. Then
v and v solve these equations on (0,7") x €. Since the solution is unique, we can
deduce v = v. Hence,

L5 (E)lxg = [IVllxz < [¥lxg, = €07, (E)llxy,
< "£1_,1T0HE(YTIO,X}O)HfHYTlO
= L hllee xi ) lIEllyz,

which shows the statement since it holds |[£] 7, || £y x1y < oo by the bounded
’ 0" To
inverse theorem, cf. [Rud73, Corollary 2.12]. O]
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5.5 Existence and Continuity of £~! (second part)

Finally, it remains to show that there exists a solution for the second equation of L,
i.e., of Oy +em(ipg)A2p = f for some f, where we will later specify f and what we
mean with solution. First of all we cite the assumptions and the result which we will
use from [DHPO03].

We consider a partial differential operator
Az, D)= Y an(x)D"
la|<2m
and the boundary differential operators
D)= ) bis(x)D’
|8]<m;

where we assume that G C R? is an open and connected set with compact
C*"-boundary G and m; < 2m for every j = 1,...,m. Moreover, we assume that
the following conditions are satisfied:

i) Smoothness conditions:

(a) a, € C)(G, L(E)) for each |a| = 2m,
(b) @ € [Loo + L. J(G,L(E)) for each |a] = k < 2m with 7, > p and
2m — k > %

(c) bjg € C*™™i(0G, L(E)) for each j, 5 ,

i1) Ellipticity conditions:
There exists ¢4 € [0, ) such that the following assertions hold.

(a) The principal symbol
Ap(,§) = Y aa(2)E”
|a|=2m
is parameter-elliptic with angle of ellipticity < ¢4 for each z € G U {oo}.
(b) (Lopatinskii-Shapiro Condition) Set
Bjy(x, D) Z bjg(z
|B8l= =m;

and By := (B4, ..., Bmg). For each xy € OG we write the boundary value
problem (A (zo, D), By(xo, D)) in local coordinates corresponding to x.
Then the ODE problem in R

(A + Ay(z0,&', Da))v(y) =0, y >0,
Bj#(l‘o,g/, Dd)l}<0) = hj, j = 1, ..,
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has a unique solution v € C}(Ry; E) for each (hy, ..., hy,) € E™ and each
AE Sy, and € € R with |€] + A # 0.

In this notation £(F) := L(E, E) is the set of all bounded linear operators from a
Banach space E to E. Moreover, we call a Banach space E of class H7T if the Hilbert
transform is bounded on LP(R; E) for some p € (1, 00).

A L(E)-valued polynomial A() is called parameter-elliptic if there is an angle
¢ € [0,7) such that the spectrum o(A(§)) of A(§) in L(E) satisfies

o(A(&) C %y for all £ € R? with [¢] =1, (5.34)

where ¥, C C denotes the open sector with vertex 0 and opening angle 2¢, which is
symmetric with respect to the positive halfaxis R, i.e.,

Y ={A e C\ {0} : [arg(N)] < o}

Then we call

b4 :=1inf{¢: (5.34) holds} = sup|argo(A(E))]
l€1=1

the angle of ellipticity of A, c¢f. [DHP03, Definition 5.1]. Now we have introduced
all notations and assumptions which are necessary for the following theorem.

Theorem 5.14. Let E be a Banach space of class HT, n,m € N and
1 < p < oo. Let G be a domain in R with compact C*™-boundary 0G. Suppose
that for ¢4 € [0,7) the boundary value problem (A, By, ...B,,) satisfies the smooth-
ness and ellipticity conditions (i) and (ii) above.

Let Ag denote the realization of A(x, D) in X = LP(G; E) with domain

D(Ap) ={u€ H™(G;E): Bj(z,D)u=0, j=1,..,m}.

Then for each ¢ > ¢ there is py > 0 such that py + Ap is R-sectorial with

™

Ougrap < ¢. In particular, if ¢4 < 3 then the parabolic initial-boundary value
problem

Ou+ Apu + pgu = f, t>0,
u(0) =0

has the property of mazimal regularity in LY(R,; LP(G; E)) for each q € (1,00).

The proof of this theorem can be found in [DHP03, Theorem 8.2].

We use Theorem 5.14 to show the second part of the existence proof of £71. More
precisely, we get the following lemma.
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Lemma 5.15. Let Assumption 5.8 hold and o € (LP(Q), Wy n()); 1,

f e LrP0,T; LP(QQ)) with 4 < p < 6 be given. Then for every 0 < T < oo there
exists

o € LP(0,T; W;N(Q)) N{u e Wy (0,T;LP()) : up—o = ¢o}

such that
Orp + em(pg) A% = f in (0,T) x €, (5.35)
Onplo0 =0 on (0,T) x 08, (5.36)
@HAQDWQ =0 on (O,T) X E)Q, (537)
©(0) = o in {0} x Q. (5.38)

Proof. We set E = R and note that R is of class H7. Moreover, it holds m = 2 and
we need to define

Alz, D) :=em(po) Y 0207, Bi(x,D):=Y v;(x)d;,

ij=1 j=1

d
By(x,D) = Y vi(2)0:05;,
i,j=1

where v(z) = (v1(z),...,vq(x))T is the exterior normal at € 9. Note that the
coefficients are B(IR)-valued since they are constants, e.g. the coefficient ¢ has to be
understood as a mapping € : R — R defined by z > ez.

Then (A, By, By) satisfies the smoothness condition i) due to the embedding
m(po) € W3(Q) — C%(Q), cf. (5.18). Next we study the ellipticity condition ii). We
have the principal symbol

d
Ag(x,8) = em(po) Y | €3¢ = em(po)l€]*

1,j=1

for every ¢ € R?. This polynomial has to be understood to be B(R)-valued as above,
i.e., as a mapping

d
Ay(z,6) : R - R, Z (5m(<,00) Z ff{?) z,

ij=1

for every fixed £ € R In particular we obtain that em(pg)|£|* is the only eigen-
value of this mapping. This eigenvalue is a positive real number since it holds
e,m(po(xg)) > 0 for every xy € 0. Hence, the principal symbol Ax(z,§) is
parameter-elliptic with angle of ellipticity ¢ = 0.
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Next we show that the Lopatinskii-Shapiro Condition ii) (b), is satisfied. To this
end, we have to show that for each xy € 9€2 the ODE problem in R,

(A -+ emlpo(wo))[€]* = 2em(o(0))[€' 05 + em(po(0))03) v(y) = 0,y >0,
(5.39)

&w(O)
Oa (I€'* + 5) v(0)

has a unique solution v € Cl? (R;) for each hy,hy € R and each A E_i,r,(z, , and
¢ € R*L From the assumption we know |¢'| + || # 0, where A € 3, = C and
¢ € R!. Hence, we distinguish two cases:

15 case: A\ = 0: If A = 0, we obtain from [£'| + || # 0 that |[¢'| # 0 and (5.39)

simplifies to
em(po(xo)) (I€']" = 21€'1707 + 93) v(y) = 0, y>0
with the same boundary conditions. Therefore, we study the polynomial
P(T) =T" = 2l¢'PT* + [¢'|' = (T* - |¢']*)*.
Hence, |£'| and —|¢’| are two zeros of this polynomial with multiplicity two. From

standard ODE theory, cf. [For06, Chapter 15, Theorem 2], it follows that a funda-
mental solution to this ODE is given by

’ ’ _ g’ —|g
yde|§ |yd’ elé ‘yd7 yae 13 |yaz7 e~ 1€ va

Now we note

. / . !’
Yd—r 00 Yd—00

. gt . e/

lim ygqe 1€ lya — 0, lim e~ €'1¥e = .
Yd—r 00 Yd—00

Since we look for a unique solution v in CP(R. ), this implies
span{ydemyd, e\f’\z;d’ yde—lﬁ’\yd7 e—lﬁ’\yd} N OS(RJr) _ span{yde_|£/|yd, e—\E/Iyd}'
Hence, there exist ¢, ¢y such that

v(yq) = Clyde—lé’\yd + c2€—|§’\yd.
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Moreover, we have the boundary conditions

dqv(0) = ¢1 — || ca = hy,
0a([€']* + 07)v(0) = Balcr|€Pyae™ 1 4 |€Peae™ ),
+ 83(Clyde—|§'|yd + 02€—|§'|yd)|yd:0
= i€ = |€Per + 03(cre™ M — crygl€leF e — ol ), o
= cilg'? = [P s + O (cale/ P

_Cl|€’|€—lf’|yd _ Cl|§’|€—|£’\yd + Clyd|§’|2€—£’yd) )
ya=

=ald" = €' P+ ald]’ — el P + al'|* + '
= 401|€/‘2 - 262|€,|3 = hg.
Since it holds |£'| # 0, we have two linear independent conditions for the two

unknowns ¢; and cp. Hence, the solution v € CP(R,) is unique, which shows the
Lopatinskii-Shapiro Condition for the case A = 0.

27 case: A # 0: We define a := X + em(po(z0))[€'|* and b := em(po(z0))[E'|%
Hence, (5.39) simplifies to

(em(po(z0))0; — 2605 + a) v(y) = 0.

Its characteristic polynomial is given by em(pq(xg))a* — 2ba? + a. Defining 2 := o?

this polynomial simplifies to
em(po(w0))2* — 20z +a = 0.

Its solution is given by

- 2b £ /402 — dem(po(xo))a  bE /b2 —em(po(20))a

2em(o (o)) B em(wo(z0))
= |2+ mwmmm»w — em(po(0)) X — e2m(ipo (o) €'
= Sty

Before we can continue calculating aq, ..., ay from these solutions, we need to study
where z; and z; are on the Gaussian plane. From A € C\ (—o0,0] it follows

W)o\(xo)) € C\ (—o00,0] for every ¢ € R and every xy € 9. Therefore, we can
2 - x .
deduce /- € Yz and thus iy /= € {z € C: Im(z) > 0} and

—i A 5 € {z € C: Im(z) < 0}, respectively. Adding a positive number

em(po(xo
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yields

12—y # z : Im(z
21=<|§| €m(900(1’o))>€{ € C: Im(z) > 0},

12— A z : Im(z
22=<|£| 6771(900@())))6{ € C: Im(z) < 0}.

Hence, it holds 212 € C\ (—00,0] and therefore \/z15 € Xx is well-defined. From
Q1o = /Z12 € Nz and az4 = — /713 € {z € C: Re(z) < 0} it follows Re(as4) < 0.
Note that it holds a; # as and a3 # a4 for A # 0.

From standard ODE theory we know that a fundamental solution to this ODE is
given by

{e®¥1 j=1,2,34}.

Due to Re(a2) > 0 and Re(as4) < 0 we can conclude

lim e®Y = 400 for j =1, 2,
Yd—>00
lim e®¥ = () for j = 3,4.
Yd—r 00

Since we look for a unique solution v in CP (R ), this implies
span{e®¥ : j =1,2,3,4} NCY(R,) = span{e®¥ : j =3, 4}.
Thus there exist ¢, ¢y such that
V(ya) = 17398 + coe®V.
Moreover, we have the boundary conditions

04v(0) = cras + coy = hy,
Aa(|€'1* + 07)v(0) = [€']* (103 + c204) + c103 + ca0] = ha.
This means that we have two linear independent conditions for the two unknowns

c1 and cp. Hence, the solution v € CP(R,) is unique, which shows the Lopatinskii-
Shapiro Condition.

Now we are able to apply Theorem 5.14, which yields the existence of some py > 0
such that the initial-boundary value problem

0P+ eA(AP) + psp = | in (0,00) x €, (5.40)
OnPlaa =0 on (0, 00) x 99, (5.41)

OnAPlan =0 on (0,00) x 09, (5.42)

5(0) =0 in {0} x Q (5.43)
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has a solution with the property of maximal regularity in LP(0, co; LP(2)).
In the next step we choose ¢y € (LP(€2), D(AB))P%J,, where
D(Ap) = {u e W(Q) : dpujon = OnDupg = 0} = W,y (),
since there exists a continuous extension operator
L (X07X1)17%,p — W, (0, 00; Xo) N L(0, 00; X))

such that Ego—o = @o, cf. [Ama95, Chapter III, Theorem 4.10.2]. From [Gri67,
Theorem 8.1°] it follows

(LP<Q)7D(AB))1—%,p = {u € W;_p(Q) : anu\aﬁ - anAu\BQ - O} .

So let ¢ € W, (0, 0o; LP(2))NLP(0, 00; W, 5 (2)) be the extension of g, i.e., 9 := E¢p.
Then we define

= F =0 — eA(AY) — pgth € LP(0, 00; LP(S2)),
where p4 is given as in (5.40), f is extended on (7', 00) by 0 and
f = exp(—pyt)f € LP(0, 00; LP(52)).

Then there exists a solution ¢ of (5.40) - (5.43) for f given as above and we know
that this solution has the property of maximal LP-regularity, i.e.,

¢ € W, (0,00; LP(Q)) N LP(0, 00; W, (),

where the boundary conditions are satisfied since it holds Agp € LP(0,00; LF(Q2))
and therefore we can conclude ¢(t) € D(Ag) for a.e. t € (0,00) with D(Ap) given
as in Theorem 5.14. We set u := ¢ + 1. Then u solves

~

Ou + eA(Au) + ppu = f in (0,00) x €,
Ontjpn = 0 on (0, 00) x 09,
0Aujpo =0 on (0,00) x 092,
u(0) = o in {0} x Q,

due to $(0) = 0 and (0) = Ey(0) = 9. Moreover, the boundary values hold since
¢ and ¢ fulfill them. Finally, we set ¢ := e/¢'uo 77. Hence, it solves

f = 0+ eA(Au) + pyu
= —pge Mto + e M0 + e A(Ae ) + pge Mot
= e " (o + eA(Ayp)).



192 5 Existence of Unique Strong Solutions Locally in Time without Surfactants

Using the definition of f we can conclude that ¢ € Wy (0,T; LP(2))NLP(0, T; W, v (€2))
is a solution of the initial-boundary value problem (5.35) - (5.38), i.e., of

Oip +eA(Ap) = f in (0,7) x Q,
Onplon =0 on (0,7T) x 09,
OnApjaa =0 on (0,7) x 09,
©(0) = o in {0} x €.

]

Analogously to the previous part we need to ensure that ||[£7'||zxvy x,) remains

bounded.

Lemma 5.16. Let the assumptions of Lemma 5.15 hold and 0 < Ty < oo be given.
Then

L7l eovzxz) < ||££%0||c(ygo,x%o) < 00 Jor all 0 <T < Th.

This lemma can be proven analogously to Lemma 5.13.
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