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Abstract

Let 7 : (M™% g) — (B™, §) be a surjective Riemannian submersion, where
M and B are assumed to be closed, dim M > 3, and the scalar curvature
scal,1 of every fibre Iy, b € B, with respect to the induced metric gt is
positive. We consider the metric 72 on B and rescale g on the horizontal
subspaces accordingly to obtain a Riemannian submersion

7 (M, g,2) — (B,7g).
Then the limit of the Yamabe constants of (M, g,2) exists and

Tli_gloY(Mv [97"2]) = géng(Rn X Fy, [geucl @ gJ_])‘
If M is a smooth manifold of dimension dim M > 3 that is the total space
of a smooth fibre bundle with fibre F' carrying a Riemannian metric g such
that scalg,, > 0 and structure group G = Isom(F, gr), we obtain a lower
bound for the Yamabe invariant of M by

Y(M) > Y(Rn x F, [geucl @ QF])
Zusammenfassung

Es sei m : (M™% g) — (B",§) eine surjektive Riemannsche Submersion,
wobei wir annehmen, dass M and B kompakte Mannigfaltigkeiten ohne
Rand sind und dim M > 3. Auflerdem sei die Skalarkriimmung scal . jeder
Faser F},, b € B, beziiglich der induzierten Metrik g positiv. Wir betrachten
die Metrik 2§ auf B und erhalten nach entsprechender Reskalierung von ¢
auf den Horizontalrdumen eine Riemannsche Submersion

i (M, g2) = (B,r%9).

Dann existiert der Grenzwert der Yamabe-Konstanten von (M, g,2), und es
gilt

=00

lim ¥'(M, [g,2]) = inf Y (R" x F}, [gener © g7)-

Ist nun M eine glatte Mannigfaltigkeit der Dimension dim M > 3, die
der Totalraum eines glatten Faserbiindels ist, dessen Fasertyp F' eine Rie-
mannsche Metrik gr trégt, sodass scaly, > 0 und die Strukturgruppe G
gleich Isom(F, gr) ist, so erhalten wir eine untere Schranke fiir die Yamabe-
Invariante von M vermoége

Y(M) > Y(Rn X F7 [geucl @ QF])
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Chapter 1

Overview

1.1 The Yamabe Constant of a Conformal Mani-
fold

Let (M",g) be a closed Riemannian manifold of dimension n > 3. The
famous Yamabe problem asks whether there exists a Riemannian metric g
conformal to g with constant scalar curvature.

This question was answered affirmatively by Aubin [Au], Schoen [Sch]
and Trudinger [Tr].

Writing g = fP~2- g with p = p, = % and f € C*°(M,R-() and using
the transformation rules for conformal changes one finds that

scalg = s

if and only if

-2 -2
n .Scalg.f:ni.s.fp_l,

YIS) = A+ An—1)

(n—1)

where Y9 is called conformal Laplacian.
It turns out that the nonlinear PDE Y9(f) = X - fP~! is the Euler-
Lagrange equation of the Yamabe functional

B s scalg dvolg
(fM dVOl§)2/p ’

where g varies in the conformal class [g].

Writing again g = fP~2 - g for some function f € C*°(M,Rs¢) and setting

— _ _n—2
4= an = 0=y, one finds

Q(7) :

Ju (%”ngHf; + scalg - f?) dvolg

12t

Q(g) = Qu(f) ==
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We define the Yamabe constant Y (M, [g]) of [g] as
Y(M,[g)) := giél[g}Q(s?) = inf{Qy(f) | f € C=(M,R>0)}.

Aubin showed (see Lemma 3.4 in [L-P]) that
Y(Ma [g]) < Y(Sna [gsph])

where ggpp is the standard metric on the sphere S™ C R,

It turns out that

Y(M,lg]) = inf{Qq(f) | f € C=(M)\{0}},
which motivates the following

Definition 1.1. Let (E™, g) be a not necessarily compact Riemannian man-
ifold without boundary of dimension n > 3. Then we define its Yamabe
constant as

Y(E, [g]) = inf{Qq(f) | f € C5°(E) \ {0}} .

We note that Y (E, [¢]) is indeed an invariant of the conformal class, since
for all h € C*°(E,Rs() we have

Qg(hf) = QhP*Z‘g(f)'

Applying an approximation argument one can show that

V(8" [gspn]) = inf { Q... (f) | f € F}
where
Fi= {f € (™) \ {0} | fl,(q = O for a p > o}
with ¢ € S™ fixed.
Using stereographic projection one deduces that
Y(Sn> [gsph]) = Y(Rny [geucl])

1 Vol|?
a lell7n

peCEERY).

In other words, computing Y (S, [gspn]) is equivalent to finding the best
constant in the Sobolev inequality, which is realized by a family of spherically
symmetric functions (see e.g. the appendix to chapter V in [S-Y2]).

It follows that
Y(S™, [gspn]) = n(n — 1)vol(S™)¥™.

Moreover, using Obata’s lemma we have that the Yamabe functional on
(S™, gspn) is minimized by constant multiples of the standard metric and its
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images under conformal diffeomorphisms. These are the only metrics con-
formal to the standard on on S™ that have constant scalar curvature.

We remark that Aubin’s lemma above carries over to noncompact man-
ifolds (M™, g) of dimension n > 3 without boundary.

Considering Riemannian products, Akutagawa, Florit and Petean proved
in [A-F-P] the following

Theorem 1.2. Let (M™,g) be a closed Riemannian manifold of dimension
m > 2 with positive scalar curvature scal; > 0 and (N™,h) any closed
Riemannian manifold. Then

lim Y/(M x N,[g®r?h]) = Y (M x R™, [g ® geucl])-

T—00

We briefly sketch the proof of Theorem 1.2. Due to the compactness of
M one obtains an g and a constant ¢ > 0 such that scal,g,2;, > ¢ for all
r > ro and hence

gor

Y (M x N,[g®r*h]) >0 forall rg >0

by Remark 3.1. Moreover, (M x R™ g ® geuc1) being a complete Rieman-
nian manifold with strictly positive injectivity radius and bounded sectional
curvature, by Theorem 2.21 in [Au] there is a continuous embedding

WLQ(M X ang @ geucl) — Lp(M X Rn?.g @ geucl)7
which then yields the key observation
Y(M X Rna [g ©® geucl]) > 0.

Now one considers normal coordinates with respect to the rescaled metric
72h on N and uses a linear isometry to identify balls B™ (0) C R" with balls
BM0) = BI2M(0) = V C T,N, where ¢ € N and & > 0 is sufficiently small
such that uniform estimates in r can be made between the euclidean metric
on B (0) and 72h in normal coordinates on

epo(V) = expg%(V).

Given § > 0 there exists an € > 0 such that

(1+468)7% < \/det((r2h)y(x)) < (1 + 8)"/2,

1 n
mHnHQ <D (h)gming < (14 6)|nll?,
ij—1
1 = y
m”ﬁ”z < (rh) i < (14 8)[nl

ij=1



10 CHAPTER 1. OVERVIEW

for all z € BL(0) and n = (m1,...,7,) € R™
This allows to compare test functions in C§°(M x R™) with test functions
in C*°(M x N).
One proceeds by showing
limsup Y(M x N, [g @ r?h]) <Y (M x R™, [g ® geucl])

7—00

and
Y(M x R™,[g ® gewat]) < liminf Y (M x N, [g @ r*h)),
T—00

which yields the theorem.

We significantly generalize the theorem above and replace Riemannian
products by surjective Riemannian submersions such that all fibres have
positive scalar curvature with respect to the induced metric.

Given a surjective Riemannian submersion
(M, g) = (B,9),
where dim M > 3, we have for any p € M a g—orthogonal decomposition
T,M =T, Fy, ® Hp,

where b = 7(p), F, = 7 1(b).

Using that dm, : H, — TpB is a linear isometry we may replace for » > 0
the metric g on the horizontal subspaces H, by the pullback of 2§ under
dm to obtain a metric g,2 on M such that

T (Mv 97‘2) — (Ba"gg)
is a Riemannian submersion.

We investigate Y (M, [g,2]) for r — oo while assuming that all fibres of
7w : M — B have positive scalar curvature with respect to the metric induced
by g. It turns out that the limit exists. More precisely, we have

Theorem 1.3. Let w : (M™*,g) — (B",§) be a surjective Riemannian
submersion, where M and B are assumed to be closed, dim M > 3, and the
scalar curvature scaly1 of every fibre Fy, b € B, with respect to the induced
metric g is positive. Considering the Riemannian submersion

m: (M, g,2) = (B,7%9)
we have

lim Y(M, [97,2]) = inf Y(Rn X Fy, [geucl S gJ—])

r—00 beB
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The proof of the theorem above is much more involved than the product
case, but follows a similar pattern taking into account that all the arguments
therein are local in nature.

We prove the inequalities

limsup Y (M, [g,2]) < inf ¥ (R" X F, [gewe © g7])

T—00
and

inf Y(Rn X Fbv [geucl @ gL)] < lim 1an(M7 [91"2])
beB r—00

in Proposition 3.4 and Proposition 3.5, respectively.

As we will see in Corollary 2.18, there exists an ¢ > 0 such that
scalg , >0 forall >,

which yields
Y (M, [g,2]) > 0.

As above in the product case we have
Y (R™ X Fy, [geuct ® g7]) >0 for all b € B.

Following Herrmann (Theorem 9.42 in [Be]) we use that horizontal lifts
of geodesics in B are geodesics in M, choose € > 0 such that

expg = exp;fg =:exp, : T,B D U := BY(0) = Bffjg(O) — expy(U) =V
is a diffeomorphism and construct in section 2.4.2 a local trivialization
U:V xFy—a Y(V)
in a neighbourhood of b € B by lifting geodesics.

Using ¥ and 72§—normal coordinates centered at b € V we identify test
functions on R™ x F}, with test functions on 7= (V) for sufficiently large r.
Vice versa, given a test function f on M, we find due to the compactness
of B finitely many b; and associated trivializations ¥; : V; X F},, — 1 (V;).
After choosing a partition of unity {n;} subordinated to {V;} we are able to
identify n; - f with a test function on R" x Fy,.

In order to prove the claimed inequalities we have to compare the Yam-
abe functionals on V' x F}, with respect to the product metric 72§ @ g+ and
the induced metric ¥*g,2, respectively.
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As a key observation we recognize in Lemma 2.29 that

r*g @ gt o= L 9lon
for any » > 0 and p € Fy.

Now we choose ¢ > 0 sufficiently small and normal coordinates near p
on Fj and near b on B to obtain estimates for the local representation of
the metrics 72§ @ g+ and U*g,o.

This allows us in section 2.4.4 to compare the volume elements and the
gradients of test functions on such ”admissible” trivializations V' x Fj with
respect to the metrics 72§ @ g and U*g, ..

1.2 The Yamabe Invariant of a Manifold

Definition 1.4. We define the Yamabe invariant of a smooth manifold M
of dimM > 3 as

Y(M) = Sl;pY(M [g]),

where the supremum is taken over all Riemannian metrics g on M.

One reason why one is interested in the Yamabe invariant is that a
smooth manifold of dimension n > 3 admits a metric of positive scalar cur-
vature if and only if Y/ (M) > 0.

Due to Aubin one has an upper bound
V(M) <Y(5") =Y(S5", [gspn])-

In dimension n > 5 it is an open question whether there is a closed manifold
satisfying Y (M) # 0 and Y(M) # Y (S™), but one expects that many such
manifolds exist.

Concerning lower bounds for the Yamabe invariant, Ammann, Dahl and
Humbert showed

Theorem 1.5 (Corollary 1.4 in [A-D-H1|). If N is obtained from a closed
n—dimensional manifold M by k—dimensional surgery, k < n — 3, then

Y(N) > min{Ay;, Y (M)},

where Ay, i is a positive number that depends only on n and k. In addition,

Anp = Y (S™).

This theorem generalizes previous results by Gromov-Lawson [G-L] and
Schoen-Yau [S-Y1], Kobayashi [Ko|, Petean [Pel] and Petean-Yun [P-Y].
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It allows several applications by using methods from bordism theory, see
section 1.4 in [A-D-H1|. For these applications it is important to have ex-
plicit lower bounds for the Yamabe invariant of HP2-bundles. Having this
in mind we study the following situation:

Suppose we have a smooth fibre bundle 7 : M — B whith fibre F
carrying a Riemannian metric grp and structure group G = Isom(F, gp).
Given a metric § on B we apply Lemma 2.35 and find a Riemannian metric
g on M such that

7 (M, g) = (B.3)

is a Riemannian submersion with all fibres (F}, gi-) being isometric to (F, g ).

By Theorem 1.3 we obtain

Corollary 1.6. Let M be a smooth manifold of dimension dimM > 3
and suppose that M 1is the total space of a smooth fibre bundle with fibre F
carrying a Riemannian metric gr such that scalg, > 0 and structure group
G equal to Isom(F, gr). Then a lower bound for the Yamabe invariant of M
s given by

Y(M) > Y(Rn x F, [geucl EBQF])

where n is the dimension of the base space.

As mentioned above this corollary is particularly interesting if F' is the
quaternionic projective plane HP? equipped with its standard metric ggpe.
Note that PSp(3) acts by isometries on HP?2. Stolz proved

Theorem 1.7 (Theorem B in [St]). Let M be a compact spin manifold of
dimension n > 5. We assume that the index a(M) € KO, (pt) vanishes.
Then M is spin-bordant to the total space of an HP?-bundle over a base B
such that the structure group is PSp(3).

In the following we assume that n > 11. Let My be the total space
of a bundle with fibre HP? and structure group PSp(3) over a base B of
dimension n — 8. Applying Corollary 1.6 yields

Y (Mo) > Y (HP? x R"™%, [ggp2 & geucl])-
Ammann, Dahl, Humbert [Theorem 2.3 in [A-D-H2]|| estimated
Y(HP2 X Rn—8, [QHP2 > geucl]) >

n/an
(8/ag)®™((n — 8)/an_g)—8)/

Using Corollary 1.6 they [Proposition 6.8 in [A-D-H3]] were able to prove
that

— - Y (HP?, [gggpe))®™ - Y (S8, [gepn]) "9/,

1/n
Vp—8s

n /36.9218 . 1/n
”%Q%fﬁﬁr”)
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n— Y (59, [gspn]) |
where Ay = 4(?*21) and v = (%ﬂ) )

Now suppose that M is a compact, simply connected spin manifold with
a(M) = 0. Then M is spin-bordant to the total space My of an HP?-bundle
with structure group PSp(3) by Theorem 1.7. Moreover, M can be obtained
from My by performing a sequence of surgeries of dimensions 0,...,n — 3.
Consequently, we can estimate

Y(M) > min {Aml,.--,An,n—fﬂvY(MO)}
> min {An,b . ,An’nfg, Y(HP2 X Rn_S’ [ngz ® geucl])} .

(Compare also Proposition 6.9 in [A-D-H3]J.)
This application is currently the most important one of this PhD thesis.
For sake of completeness we also comment on dimension n < 10.

Considering n € {9,10} we first note

Lemma 1.8 (Lemma 5.5 in [A-D-H4|). Let M be a compact 2-connected
spin manifold of dimension n € {9,10}, which has a(M) = 0. Then M is
obtained from S° oder HP? x S (for n=9) or from S° or HP? x S x S1
(for n=10) by a sequence of surgeries of dimensions k € {0,1,...,n — 4}.
All these surgeries are compatible with orientation and spin structure.

Let s1 := Y(HP? x S!) and sy := Y(HP? x S! x S1).

Ammann, Dahl und Humbert showed

Corollary 1.9 (Corollary 5.6 in [A-D-H4]). Let M be a 2—connected com-
pact spin manifold of dimension n =9 or n =10 with a(M) = 0. Then

Y(M™=) > min{Ag 1, g2, Ao 3, Aoa,Ag 5,51} > 109.2
and
Y(M™=19) > {A10.1, A10,2, A103 Aog, Ao,s, Atoe, s2} > 97.3.
By [Theorem 1.2 in [Pe2]] we have
51> Y (HP? x R, [gp> © geua]) > 0.9370 - Y (S, [gspn]) = 138.57... > 109.2,
and using [Example after Theorem 1.7 in [P-R]] it follows
sg > Y (HP? x R?, [gip> ® Geuet]) > 0.59 - V(S [gepn]) > 97.3 < A1g 1.

In dimension n = 8 the only HP?-bundles in the sense of Stolz are
compact manifolds the connected components of which are diffeomorphic to
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HP?. Stolz’ HP?-bundles have to carry an orientation, and the diffeomor-
phism may either be orientation preserving or orientation reversing. There-
fore we have

V(M) > Y (HP?, [gype])-

We note that Y (HP?, [gyp2]) can be computed explicitly, since (HP?, ggp2)
is an Einstein manifold and Obata’s lemma applies.

In dimension n € {5,6, 7} the total space of the HP2-bundle in Theorem
1.7 is the empty set, thus the phenomena discussed in our PhD thesis do
not play a major role in this case.

Acknowledgements: While writing this PhD thesis the author was
supported by the Graduiertenkolleg Curvature, Cycles and Cohomology.
The author would like to thank his adviser Prof. Dr. Bernd Ammann for
suggesting the interesting topic, inspiring discussions and support through-
out the years.
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Chapter 2

Riemannian Submersions

We will give a self-contained introduction with complete proofs to Rieman-
nian submersions

m:(M,g) = (B,3),

which are always assumed to be surjective.

The main reference is chapter 9, sections A-F in [Be] and chapter II, section
6 in [Sa].

After dealing with some very basic concepts concerning horizontal and ver-
tical vector fields we introduce in section 2.1 the tensors A and 7" which are
obstructions to the horizontal distribution to be integrable and the fibres to
be totally geodesic, respectively.

In section 2.2 we prove O’Neill’s formulas for curvature, which relate the
curvature tensors of M, B and the fibres, and compute afterwards the sec-
tional, Ricci and scalar curvature of M. We discuss in section 2.3 how the
curvatures change if we rescale the metric on B and the horizontal subspaces
accordingly to obtain a Riemannian submersion

T (M, g,2) = (B,7%9).

We remark that in contrast to [Be] we vary the metric on the horizontal
subspaces and not on the vertical subspaces. The formula for scaly , in
Proposition 2.17 shows that for large r the scalar curvature of the fibres
dominates, which yields in Corollary 2.18 a metric of positive scalar curva-
ture on M provided that M and B are compact and scal,. > 0 for all fibres.
In section 2.4 we investigate lifting properties of curves and prove that
geodesics on B have unique lifts to horizontal geodesics on M if B and
M are compact, which yields a local product structure. After adjusting
the trivialization neighbourhood V near b € B we are able to compare the
product metric 72§ @ g with the metric induced by ¢ on V x F}, which
will be crucial for the estimates in chapter 3. Afterwards we explain how to
construct Riemannian submersions with isometric fibres from fibre bundles
having fibre (F, gr) and structure group Isom(F, gr).

17
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We end the chapter by proving a generalization of Fubini’s theorem for Rie-
mannian submersions. This section is based on section IL.5 in [Sa].

2.1 Preliminaries

Let
m: (M,g) — (B,9)

be a submersion between Riemannian manifolds M™% B" with Levi-Civita
connections V and V. Due to the implicit function theorem we find for
any p € M an ¢ > 0 and charts p : p € U — o(U) = (—¢,6)""* and
Y:b=m(p) eV = (V) = (—e,e)" such that 7(U) C V and

wOWO(p_l(xl,...,$n,xn+1,...,.Tn+k) — (.%'1,...,37”).

We note that every fibre F, = 7=1 (b) C M is a k—dimensional submanifold
of M with induced metric g*=. A chart is given by the composition

op: FyNU S (—e,e)"tF = (—¢,e)F

q— (w(b)vylvvyk) = (yl""7yk)'

The tangent subspace to Fj, in T,M is the vertical subspace V, = T,F; at
p, whereas the horizontal subspace at p is the orthogonal complement #,, to
Vp in T, M, the elements of which are called vertical and horizontal vectors,
respectively. Given v € T, M we have a unique decompostion v = v’ 4ot
with vT € H, and vt € V,. As the union of these spaces we obtain the
vertical distribution V and the horizontal distribution H.

In the following m : M — B will be a Riemannian submersion, i.e. the
induced isomorphism

dﬂ'p : Hp — Tw(p)M

is a Riemannian isometry for every p € M, so that the length of horizontal
vectors is preserved. It follows that every vector field X on B has a unique
smooth horizontal lift X.

We call a vector field X on M basic if there exists a vector field X on B
such that dm, X, = Xﬂ(p) for every p € M. In other words the vector fields
X and X are m—related.

We make the following elementary observations:

1. Let X and Y be basic vector fields which induce X = dr(X) and
Y = dn(Y). Then we have [X,Y] = dr[X,Y] = dn([X,Y]"), and
[X,Y]T is the horizontal lift of [X,Y].

2. For a basic X and vertical U we obtain dr([X,U]") = 0, so [X,U] is
vertical.
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3. If X and Y are basic and U is vertical, then Ug(X,Y) = 0, because
the inner product is constant along the fibres.

Whereas the vertical distribution V is integrable in the sense of Frobe-
nius, the horizontal distribution H need not be. In fact, we have

Lemma 2.1 (Proposition 9.24 in [Be]). For any horizontal vector fields X
and Y the equality

1
(vgcy)i — 5 [X, Y]L
holds.

Proof. We observe that the expressions (V,Y )+ and 1[X,Y]! are tensorial
in X and Y, so we may assume X and Y to be basic. For any vertical U
Koszul’s formula yields

29 ((vXY)l,U) — 2¢(VxY,U)
= Xg(Y,U)+Yg((UX)—-Ug(X,Y)
+g([X,Y],U)—g([Y,U],X)—I—g([U,X],Y)

= g(Ix.v1".0)
and the formula is proven. O

Following O’Neill we embed (X,Y) — (V,Y)" into a tensor field A of
type (2,1) on M.

Definition 2.2 ((9.20) in [Be]). For vector fields E and F on M we set
ApF = (VETFL)T + (VETFT)L.
As a basic observation we remark that Ax is alternating, since
J(AxE,F) = g (VXEL, FT) tg (VXET,FL)
S (EL’ (VXFT)L) _g (ET’ (VXFL)T)

= —g(B.(VxF)Y) =g (B (VxFH)T)
= —g(E,AxF).

Furthermore

AxY = % (X, V]* = —% [V, X" = —Ay X.
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Lemma 2.3. The horizontal distribution H is integrable if and only if A = 0.
Proof. If A = 0, then [X,Y]* = 24xY = 0, and [X,Y] is horizontal.
Assuming H to be integrable we obtain
1
0=y (2 [XaY]L,U> =g(AxY,U) = —g (Y, AxU)
for any horizontal X,Y and vertical U. Consequently, AxU = 0, and it

follows A = 0. O

The Levi-Civita connection V on (M, g) induces the Levi-Civita connec-
tion V= on each fibre given by

VEV = (Ve V)*.

We embed the horizontal part (VUV)—r , 1. e. the second fundamental form
of the fibres, into a tensor field T of type (2,1) on M.

Definition 2.4 ((9.17) in [Be]). For vector fields E and F on M we set
T i
TEF = (vELFL> + (vELFT) .
We remark that Ty is alternating, as
_ LT T ol
g(TyEF) = g(VoE-FT)+g(VuET, Ft)

= g (B5(VoF)Y) =g (ET,(VoF)T)
= —g(B.(VoF")") =g (B.(VuFH)T)
= —g(E,TyF).

Moreover
TyV —TyU = (VyV = VyU) =[U, V] =o.
It follows
TyV =Ty U.
Since TV is the second fundamental form of the fibres, we obtain

Lemma 2.5. FEach fibre is totally geodesic if and only if T = 0.

Proof. Firstly, we assume that 7' vanishes identically. Let v : (—¢,¢) — Fj
be a geodesic in some fibre (F, g+, V') and ty € (—¢,¢). Using Lemma 2.22
below and the fact that a Riemannian submersion is locally a projection we
obtain a vertical extension U of 7/(tg) € V,(4,) in a neighbourhood U C M
such that VﬁU =01in U N Fp. An integral curve

n:(—ee)d(to—€e,to+e)—=U
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of U with 1(tg) = ¥(to) is then a geodesic in (I}, g+, V*) and
n(t) =~(t) forall te(to—¢, to+¢e).

Furthermore, T' = 0 implies VyU = VJU-U—i—TUU = 0 in UNF;. Consequently,
n and hence 7 is a geodesic in (M, g, V) through ~(#p). In other words,
(Fy, g*) is a totally geodesic submanifold of (M, g).

Conversely, let U,V be vertical and X horizontal. Then

g(TUXv V) =g (XaTUV)
and
TU+V(U+ V) =TyU+TyV +TyV +TyvU =TyU + TV + 2 - Ty V.

Therefore, it suffices to show TyU = 0 for all vertical vector fields U if the
fibres are totally geodesic. Let p € M and U, € V,. Applying Lemma 2.22
as above we find a vertical extension U of U, in a neighbourhood & C M
such that VHU = 0 in U N Frp- An integral curve vy : (—¢,6) — U of U

with 7(0) = p is then a geodesic of (M, g) and takes values in the fibre F (),
since 7'(0) = Up. It follows (VyU), = 0 and
(TyU), = (VoU), (VﬁU)p —0.
O

Lemma 2.6 (9.32 in [Be]). For an arbitrary vector field E on M, vertical
U,V and horizontal X, Y we have

9((VeA)(X,Y),U) = —g((Ved)(,X),U)
g((vET) (U7 V)7X) g((vET) (V7 U)vX)

Proof. We use AxY = —Ay X, which implies Vg (AxY) = —Vg (4yX)
and

T 1 T
Av,xY = —Ay (VeX)T = Ay (VEX) + (vy (VEX) ) .

So we obtain
9 (Av,xY,U) = —g (Ay(VEX),U)

and
g(Av,yX,U) = —g(Ax (VEY),U),

respectively. Similarly,

TUV = TvU yields VE' (TUV) = VE (TvU)
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and
L T\ *
To,uV =Ty (VEU)" =Ty (VEU) — Vy ((VEU) )

As a result,
9 (Ty,uV,X)=g(Tv (VgU),X) and g (Tv,vU,X) = g (Tv (VEV), X),
respectively. O

We conclude the section with

Lemma 2.7 ((6.5) in [Sa]). Let X and Y be vector fields on B with hori-
zontal lifts X and Y on M. Then (VxY)' is the horizontal lift of VY.

Proof. By Koszul’s formula we have
0(Vv.z) = %g(V.2)+V5(2.%) - 25 (%.7)
= +a([X7].2)-a([7.2] %) +a(|2.5].7).

Since dmp : Hp — TrpM is a Riemannian isometry for every p € M, we
obtain

and

Analogously,

and

1t follows gy (V7 2) = g5 (VxV)12) = ey (4 (VxY), s Zagr )

and consequently (V XY)
m(p
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2.2 O’Neill’s Formulas for Curvature

Let R, R and R* the curvature tensors corresponding to (M, g, V), (B, g, @)

and the fibres (Fb, g+, VL) , respectively. We give complete proofs for O’Neill’s
formula for curvature (cf. Proposition 6.2 in [Sal)

Formula 1. Let U,V,W and W’ be vertical. Then
g(RUVIWW) = g(R-UV)W, W)
+g (TyW, Ty W') — g (Tv W, TyW')

Proof. By definition we have

R (U, V)W = Vi (v#w) —vi (vﬁw) — Vi W

1
Since U,V and W are vertical, we obtain V{; (VEW) = (VU (VVW)J‘) ,

1
Vi (VW) = (Vv (VeW)h) ™ and Vi W = (Vi W)™
It follows

g (RL (U, V)W, W’) = g (VU (Vv W) = Yy (Vo W)t = Vi W, W’)
= g(RWVYW, W) =g (Vo (Tvm)T, W)

+9(Vv(VeW) T, W)
= gROVYWW) +g (Ve (Vo))

—o ((Fom)T (vyw))
= g(RU,V)W,X) + g (TvW, TyW")
—g (TyW, Ty W').

Formula 2. Let U,V,W be vertical and X be horizontal. Then
g(RU V)W, X) =g (VuT)(V,W), X) —g((VvT)(U,W), X)
Proof. With
(VuT) (V,W) =Vy (TyW) = Ty, ,vW =Ty (Vo W)

and
(VyvT) (U W) =Vy (IyW) -Ty,uW — Ty (Vy W)
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we get (VuT) (V,W) = (VvT) (U, W) =
= Vu (VW) =Yy (VoW) | = Ty W
(Ve (Vo)) — (Ve (vem)T)
(Vo (vt (Vo (wew)T)
Hence, g (VuT) (V,W) — (VyT) (U, W), X) =

= g(Vo (T .X) = g (Vv (VW) T, X) = g (T W, X)
—g <VV (VUVV)L ,X) +g (VU (V\/VV)l ,X)

= g (VoVvW = VyVuW - Vi, X)
= g(R(UV)W,X).

Formula 3. Let U,V be vertical and X,Y be horizontal. Then

Q(R(UvX) Y’V) = g((vXT) (U7 V) 7Y) _g(TUXaTVY)
+g((VUA) (X,Y),V) +9(AXU7AYV)'

Proof. Since we are dealing with tensors, we may assume X and Y to be
basic vector fields.
We calculate g (VxT) (U,V),Y) =

= g <VX (VUV)T ,Y) —g (TVXUV, Y) —g <VU (VXV)L ,Y)
g(R(X,)V,Y) g (VX (V) ,Y) — g(To uV,Y)
+g (VU (AXV) ,Y) +g (V[X,U]V7 Y)

Using [X,U]" =0 and [X,U] = VxU — Vy X we obtain
9(VixuV.Y) = g (TouV,Y) — g (To,xV,Y)
and consequently

g(VXT)(UV).Y) = g(R(X.U)V.Y)~g(Vx (Vo) V)
+9 (Vo (AxV),Y) — g (Ty,xV.Y).

Furthermore,

9(TouxViY) =g (Tv (VoX)" Y ) = =g (TyY. Ty X)
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and
g(Vx (VoV)hY) = —g(VuViAxY)
= —Ug(V,AxY)+g(V,Vy (AxY))
together with

9(Vu (AxV),Y) = Ug(AxV)Y)—g(AxV,VUY)
= —Ug(AxY.V)+g(Ax (VuY),V)
imply

gR(X,U)V)Y) = g((VxT)(U,V),Y)—g(TvY, Ty X)
+9(V,Vu (AxY)) — g (Ax (VuY),V)
= g((VxT)(U,V),Y) —g(IvY, Ty X)
+9((VvA) (X,Y), V) +g(Av,xY,V).

Finally,
9(AvyxY,V) = g (A(VUX)TY’ V) -9 (A(VXUWY’ V)
= —g(Ay (VxU)T,V) = g(AyV, AxD)
yields

g(R(X,U)V)Y) = ¢g(R(UX)Y,V)
= g ((VXT) (Uv V) 7Y) -9 (TUX; TVY)
+g ((VUA) (X, Y) , V) + g(A)(U, AyV).

Formula 4. Let U,V be vertical and X,Y horizontal. Then

g(R (Uv V) X, Y) = g((vVA) (Xv Y)vU) - g((vUA) (X7Y) 7V)

+g (TUX7 TVY) ) (TV—X7 TUY)

and

25

Proof. We may assume X and Y to be basic, so [V, X]" = [U,Y]" =0 and

consequently

9 (4w, Y U) = g(Agy Y U) = —g (A (FxV)7,U)

= g(AyU, AxV).
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It follows g (Vv A) (X,Y),U) =

= g(Vv (AxY) - Ax (VvY),U) — g(AyU, AxV)
= g(RV,X)Y,U) =g (Vv (Vx¥)T,U) +g (Vx (Tv¥)",U)
—9(AyU, AxV) + g (Vv x)Y,U)

and g (VvA) (X,Y),U) =g ((Vvd) (X,Y),V) =
— g(R(V,X)Y,U)+g(R(Y,V)X,U) - g(Vv (VXY)T,U>
g (AyU, AxV) + g (Vx (VyY)* )+g(AyV,AXU)
+9 (Vo (VxY)T V) -9 (Vx VUY)%V)
+9 (VyxV,U) = g (Vg Vi V).

Moreover, g (VX (VyY)?*, U) =

= Xg(TvY,U)—g (TVY, (VXU)T>
= G(IVY,U) — g (VY. TuX) + g (TvY,[U, X]")
= Xg(TyY,U) —g(IyY, TyX) + g (ViuxY, V),

where we used
g (TVY, U, X]l) - (TV U, X]*- ) ( — Y)

= (T Y V) = 9 (Vi vaV).

Analogously,
g (Vx (VoY)" V) = Xg(TyY.V) = g (TuY. Ty X) + g (Vivx V. U)
We calculate
Xg(TyY,U) — Xg(TyY,V) = Xg(TyV — TyU,Y) = 0
and
g (VU (VxY)T, V) - (TU (VxY) V) = g (TU VXY)T>
= —g (TVU (VXY)T> (Tv (VxY)' U)

= g (vv (VXY)T,U> .
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Finally, we use Bianchi’s identity

gRV,X)Y,U)+g(R(Y,V)X,U) = —g(R(X,Y)V,U)

and obtain the claimed formula. ]
Formula 5. Let X,Y, Z be horizontal and U wvertical. Then

g(R (X7 Y) Z, U) = _g((VZA) (X, Y)aU) - g(TUZ, AXY)
+g (Tva AZX) +9 (TUXv AYZ)

Proof. Let PE M. We apply Corollary 2.21 below and choose extensions of
dmp, X, = X7T y and dm,Y), = Y, =(p) 10 local vector fields X and Y on B such

that o o
(Vi¥) ") (VVX)w(m -

We may assume that X and Y are the horizontal lifts of X and Y near
p. Since (VxY)T is the horizontal lift of @XY, it follows (VXY);,r =0.In
other words, we can choose local extensions X,Y and Z of X,,,Y, and Z,
such that

(»

(VxY), = (VyX), =(VxZ2), = (VzX), =(VzY), =(VyZ), =0.
It follows
g (A7 (VxY),U) = g, (V2 (VxY) T U) = —g, ((Vx¥)T,V2U) =0,

Combining with (Ay,xY), = A, x)rYp =0 and

9 (Ax (V2Y),U) = g, (Ax, (V2Y), .U,) =0

we have

9p (VZA) (X,Y),U) = g, (Vz (AxY),U).
Using (Ay Z), = } <(AyZ)p - (AZY)p) =1 ((VyZ)p - (VZY)p) we get

9 (Vx (AyZ2),U) = Xp9(AvyZ,U) — g, (AyZ,VxU)
1 1
= 59 (VyZ -VzY,U) - 29 (VyZ =V zY,VxU)

and similar equalities for g, ((VyA) (Z,X),U) and ¢, (VzA) (X,Y),U).
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As a consequence,

9p ((VXA) (Y7 Z)’U) + 9p ((VYA) (ZvX)vU) + 9p ((VZA) (X’Y)7U) =

1 1
= §gp (VxVyZ —VyVxZ,U)+ §gp (VzVxY —VxVzY U)

1
+§gp (VyVzX —VzVyX,U).

Now, [X,Y], = [X,Y],, [X, Z], = [X, Z], and [V, Z], = [V, Z], imply

9p (V[X,Y] Z, U) = 9 (T[X,Y};Zzw Up) =9 <T[X,Y]; Up, Zp>

= —9p <TUp [X’ Y};_ ) Zp) =Jp <TUpr, [Xa Y]ZJ)_)
= 29, TyZ,AxY),
as well as
9 (Vizx)Y,U) =29, (TyY, Az X)

and
9p (Vv X, U) =2g,(Tu X, Ay Z).

Applying Bianchi’s identity yields

9p ((VXA) (Y7 Z) 7U) + 9p ((VYA) (27 X) ) U) + 9 ((VZA) (XaY) ) U) =
=0p (TUZ, Axy) + 9p (TUY, AzX) + gp (TUX, AyZ) .

Finally, we conclude

9 (R(X,Y)Z,U) = g,(VxVyZ—-VyVxZ—Vxy|ZU)
= Xpg(AvZ,U) — g, (Ay Z,VxU) = Y9 (Ax Z,U)
+9p (AxZ,VyU) — gp (V[X,Y]Z, U)
= gp(Vx(AvZ) —Vy (AxZ),U) —2g,(Tu Z, AxY)
= —gp((VzA)(X,Y),U) — g, (TuZ, AxY)
+gp (TvY,AzX) + g, (Tu X, Ay 2) .

Formula 6. Let X,Y,Z and Z' be horizontal. Then

g(R(X,Y)2,2)) = g (RT (X,Y) Z, Z’) +2g (AxY, Az Z')
+9 (AxZ,AvZ') — g (Av Z, Ax Z")

where R (X,,Y,) Z, denotes the horizontal lift of R (dmpX,,dn,Y,) drpZ,
at every p € M.
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Proof. We may assume X,Y,Z and Z’ to be basic. Since (VYZ); is the
horizontal lift of (@dﬂ(y)dw(ZD ) and dm preserves the inner product of
m(p

horizontal vectors, we have
0 (Vx(Wv2).2) = X9 (W) 2) g (V) (VxZ)")
= dm,X,) (@dﬂ(y)dw(Z), dﬂ(Z’))
_gw(p) (ﬁdﬁ(Y)dﬂ-(Z)a @dW(X)dﬂ-(Z/))
= gﬂ'(p) (ﬁdﬂ'(X)@dﬂ'(Y)dﬂ'(Z%dﬂ'(Z/)>

and similarly

9p (VY (VXZ)—r ) Zl) = gT((p) (ﬁdﬂ'(Y)@dﬂ’(X)dﬂ-(Z)? dW(Z/>> :

Moreover,
9 (Vx(vy2)h 7)) = —g((VvD)h, (x2)")
— _g(AyZ, AxZ)
and
g (vy (Vx2)*, Z/> = —g(AxZ Ay Z').
Furthermore,

!/ T ! /
aw»(VxvZ.2) = g ((V[X’Y}TZ) ,Z) + 9y (Vv 2.2)
= Gn(p) (ﬁ[dw(X),dw(Y)]dﬂ'(Z)a dW(Z/)> + 9p (V[X7y]l Z, Z’) :

Finally, [X,Y]" =2 AxY = (VxY)" implies

9 (Ve %7) = 20((Viopr Z’)

= 29( VZ VXY ,Z’>

- 2g(A (VxY)* )
= —29(AzZ, AXY)

-
where we used [(V XY)J‘ ) Z] = 0. Putting the terms together yields the
claimed equality. O
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In particular, we have for the sectional curvatures K, K+ and K corre-
sponding to V, V+ and V, respectively,

Proposition 2.8 (Corollary 6.3 in [Sa]). Let Uy, V), and X,,,Y, be unit ver-
tical and horizontal vectors, respectively, such that U, L V, and X,, 1Y),
and let denote dmpXp = Xr(p), dmpYy = Yoy Then

K(Up,vp) K+ (U V) + 1T, Vol = gy (Tu, Up T, Vi)
K (Xp, Up 9 (Vx,T) (Up, Up) , Xp) = 1T, X |I* + || Ax, Up|1?,
K(Xp,m = ff(X Y)—snAxmu?

Proof. This is a direct consequence of the formulas above taking into account
that AxX =0 and g((VyA)(X, X),U) = 0. O

In the following let (X;); and (Uj), be local orthonormal frames spanning
‘H and V), respectively.

Definition 2.9 ((9.34) in [Be]). We define the mean curvature vector field

by
N =Y Ty,Uj.
j

We note that N is horizontal as Ty, U; = (VUJ. U j)T and can be described
as vector-valued trace of the second fundamental form of the fibres. Indeed,
N is independent of the choice of the vertical orthonormal frame (Uj);. First
we compute

ZTUjUj _ Zg(N,XZ-)Xi = ((VU].U]-)T X) X;

1]

= Zg (Vo,Uj, Xi) Xi = = > (U, Vi, Xi) Xi
,J
= —Zg< is (Vo Xi) )X ==Y (U}, Ty, Xi) X,

i?j

Now let (U},), be another orthonormal vertical frame. Then
Ty, X; = Zg Ty, X, U) U Zg Ty, Up, Xi) Uj,

- — Zg (TU;CUJ-,XO Uj, = Zg (TU,;Xi,Uj) Ug-
. K
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It follows

S, Up = =Y g(UL UL (TUI/CXi,UJ)X
J

i’j’k

- -3y Zg(TU/Xz,U>U],Uk X;

ik i

- —Zg(TU/XZ,Uk>
= ZTU/Uk

Lemma 2.10. Let p € M, x € Hp, e € T,M and (u]) be an orthonormal
basis of V,. Then we have

Zg (VeT) (uj,uj) ,x2) = g (VeN,z) .
J

Proof. We choose a continuation (Uj), of (u;), to a local orthonormal frame
spanning V in a neighbourhood of p.
We compute g (V.N,x) =

= Zg (VD) ( u],uj +Zg( (VeU;) = is )+Z(T“J'(ver)L’x)

J

= Zg ((VeT) (uj,uj),z) + 2 - Z ( (VoU;) - Wis © )
We write (Ver)l = > 1. ji(e)ur and note that aji(e) = —ay;(e). It follows
Zg( (VeU;) - Ui T ) Zaﬂi Tukuj’ Zak] Tujuka ) =0

and consequently,

Zg ((VeT) (uj,uj) ,x2) = g (VeN, z).

J
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To deduce the Ricci and scalar curvature of (M, g) it will be convenient
to use the following notation.

Definition 2.11 (cf. 9.33 in [Be]). For vertical U,V and horizontal X,Y

we set

9(Ax, Ay) = ) g(AxXi, Ay X)) =Y g (AxU;, AyUj), (2.1)
i J

9(Ax,Ty) = > g(AxXi,TuX;) =) g(AxU;, TyU;),  (22)
i J

9T, Ty) = > g(TuXi,TvX:)=> g(TyU;, TyU;),  (2.3)
i J

g(AU7 AV) = Z g (AX7, U, AXZV) ) (2'4)

g(TX,TY) = Zg(TUjX,TUjY). (2.5)

It remains to show that these expressions are well-defined.

Proof. For (2.1) we note that
Y 9(AxX AvXy) = > g | Y g(AxXi, Uy Uy, Y g (Ay Xy, Uy) Uy
i i j k

= > 9(AxXi,Uj) g (Ay X, Uj)

.3

— Zg (AXUJ-, Zg (AyUj, X;) Xi)

J

= > g(AxU;, AyT;).

j
(2.2) follows from

Zg(AXXi,TUX» = D9 (Zg(AXXi,UﬂUj,Zg<TUXZ-,Uk>Uk)

k

= > g(AxX;,Uj) g (Tu X, Uj)
2

= > g(AxU;, Xi) g (TpUj, X5)
i,

- Zg (AXUJ7 Zg (Ty U, Xi) Xi)
J i

= ) 9(AxU;, TuUj) .
j
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Similarly, we obtain (2.3) from

> g(TuXeTvX:) = > g (Zg(TUXi,UwUmZg(Tin,Uj)Uj)
i k J
= > g(TuX:,U;) g (Tv X, Uj)
i,J

= > 9(TvU;, Xi) g (TvU;, X)
i

= Zg (TUUj,Zg(TVUjaXi> Xz)

j
= > g(TyU;, TvU;).
j

Now let (X}), and (U}), two other local orthonormal frames spanning
and V, respectlvely Then we have

> g(Ax,UAxV) = Zg(Zg(AXiU,X;)X;,Zg(AXiU,X;)X;)
i ! r

_ Zg(AXiU,X{)g(AXivaXl/)

= Zg(AXin/,U)Q(AXinlﬂv)

— Zg (AX{Xh U) g (AXI/X@', V)
il

= Y g(AxU.x) g (AygV. X))
4,0

- ZQ<AX;U7Z AV Xi) X )
. i

= Sy (AX{ U, AxV
l

(
)
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and analogously

> 9Ty, X.TyY) = Zg(ZQ(TUanUé)Ué’ZQ(TUjYaUé)@)
J k s

J
= Zg (Ty, X, U;) g (T, Y. Uy)

- So(mens) ()

_ (TU/X > TU/YU)U>
_ Zg(TU},CX,TU}; ).
k

O

Definition 2.12 ((9.33h) in [Be]). We define the symmetric 2-tensor field
6T on'V by

ST(U,V) = Zg (Vx,T)(U,V),X;).

We remark that ST(U , V) is well-defined as the trace of the mapping
X = (VxT) (U V)"
For later use we compute
Y 0T Uy = > g(Vx, (To,Us) . Xi) = > g (TVXinUjHXi)
J Y] 1,J
- Zg (TUj (Vx,Uj) ’Xi)
2
= > g(VxN.X) =D g (TUj (Vx,U)* ,Xi)
i ij
+ Zg (TUin7 VXin)
1,]

= Zg (inNv XZ)

as in the proof of Lemma 2.10. Finally, we have

||TH2 = Zg (TUj,TUj) = Zg (TX;, TX;)
] i

and

HAH2 = Zg (AXi7AXi) = Zg (AUj7AUj) :
i J
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Proposition 2.13 (9.36 in [Be|). Let X,Y be horizontal, U,V be vertical

and as above (X;); and (Uj); local orthonormal frames spanning H and V),

respectively. Then the Ricci curvature of (M, g) is given by

ric(U,V) = rict (U, V) + g(AU, AV) — g (TyV, N) + 0T(U, V),
ric(X,Y) = ric(dn(X),dn(Y)) —2g (Ax, Ay) — g(TX,TY)

+ZQ((VXT) (U;,U;), +ZQ (Vu,4) (X,Y),U;),

He(X,U) = Y g((Vx,A) (X X),U) =Y g ((Vo,T) (U,U)), X)
i J
+9(VuN, X) — 29 (Ax,Tv)

where Tic denotes the Ricci curvature of (B,§) and rict the Ricci curvature

Of (Fbagj_)'

Proof. First we note that

Zg (X, U)V,X;) = Zg (U, X3) X3, V)
= Zg (Vx,T) (U, V), X Zg (T X, Tv X;)
+Zg (VrA) (X4, X)), +Zg (Ax,U, Ax,V)

i

Using then

Zg OV = > g (R (U, 0)V.1;)
J

—I—Zg (TU7V7 TUUj) - Zg (TUV7 TUjUj>
J J
= 1icH(U, V) + g (T, Ty) — g (Ty'V, N)

yields
ric(U,V) = Zg (X, )V, X3) + > g (R(U;,U)V,Uj)

J
= rict (U, V) + g(AU, AV) — g (Ty'V,N) + 6T(U, V).
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Secondly, we have >, g (R (U;, X)Y,U;) =

_ Zg (VXT) (U;.U;),Y) =Y g (Ty, X, Ty,Y)
J
+Zg (Vo,4) ' +Zg (AxUj, AyUj)
= Zg (VxT) (U;.U;) +Zg Vi, A) (X,Y),U;)
J

—9(TX,TY) + g(Ax, Ay)
and ), g (R (X;, X)Y, X;) =
- Zg (RT (X, X)Y, Xi) + Zg (Ax,Y, Ax X;)
+2 Z g (Ax. X, Ay X;) — Z 9(AxY, Ax, X;)
= 1ic (d:r(X), dn(Y)) — 3¢ (A;, Ay),
where we denote by R (X;, X)Y the horizontal lift of
R (dr(X;),dn(X)) dn(Y)

and take into account that (dm(X;)), is a local orthonormal frame on (B, g) .
It follows

ric(X,Y) = Zg (X:, X)Y, X;) +Zg (U;, X)Y,Uj)
= I‘lC(dTI‘( ), dn(Y)) — 29 (Ax,Ay) —g(TX,TY)
+> g (VxT) (U, U;),Y) + > g ((Vo,A) (X,Y),U;).
J J

For the remaining equality we note

g(R(Xi, X)U, X;) = —g(R(X;,X)X;,U)
= g((Vx;4) (X, X),U) + g (Tu Xi, Ax, X)
—g(Tu X, Ax, X;) — g (Tu X, Ax Xi)
= g((Vx,A) (X;,X),U) — 29 (Ax X, Ty X;)

and

g(R(U;, X)UU;) = ¢g(R(U,U;)Uj, X)
= g((VUT)(Uj7Uj)aX)_g((vUjT) (UvUj)’X)’
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which implies

ric(X,U) = Zg (X;, X)U, X; +Zg (U;, X) U, U;)

= Zg((inA (X, X), Zg (Vu,T) (U,U;), X)

+9(VUN7X)_29<AX7TU)‘

Finally we combine

S ric (U3, U)) = seal™ + [ AIP — N2 + 36T (U, U)

J J
and
Zric (Xi, X;) =scalp gom —2||A|* — | T||* + Z 0T (U}, Uj)
J J
and obtain

Proposition 2.14 (9.37 in [Be]). The scalar curvature of (M,g) is given
by

scalyr g = scalp 5 o 7+ scal™ — ||A|2 — | T||> - | N|* +2- Zg (Vx,N, X;),

where scalt = scalg. is the scalar curvature of the fibres with respect to
the induced metric.

2.3 Rescaling the Metric

Let m: (M,g9) — (B, §) be a Riemannian submersion with induced metric
g+ on the fibres. For every p € M the isomorphism dry : Hp = TryB is
an isometry. We consider the rescaled metric 2§, r > 0, pull it back via 7
on ‘H and obtain a metric g,2 on M satisfying

w2 (Xp, Yp) = 129 (dmpXp, dmpYy)

2 (Xp,Up) = g(Xp,Up) =0,

2 (Up, Vo) = g (Up, V)
Using Koszul’s formula we recognize that v = V, where V™ denotes the
Levi-Civita connection on (B,r2§). Consequently,

2

exp, ¢ = epr cexp, forall be B.
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By construction, 7 : (M, g,2) — (B,TQQ) is a Riemannian submersion with
the same vertical and horizontal distributions V and H, respectively, as
m:(M,g9) — (B, g). The metric g,» induces the Levi-Civita connection v
on M and associated rescaled tensor fields A™ and T7".

Lemma 2.15. For vertical vector fields U,V and horizontal vector fields
XY we have

AYY = Ayy,
1
1
TV = —TyV,
U Ry
TS X = TuX.

Proof. The first equality is clear, since ATX2Y = % [X, Y]J‘ = AxY. To prove
the others we use Koszul’s formula. For an arbitrary horizontal vector field
Z we have

2 ((VxU)T,2) = 29(VxU,2)
= Xg(U,2)4+Ug(X,U)—-Zg(X,U)
—|—g([X,U],Z)—g([U,Z],X)+g([X,Z],U)

= g(Ix.21",U) = g2 (1x, 2 ,U)

2 T 2 T
= 29,2 << TXU> 7Z> _2T29<( TXU) 7Z>7
which implies

1
= —SAxU.

2 2 T 1
ALY = (VXU) = 5 (Vx0)" =

Since
29 (Vo). X) = 2¢(VuV.X)
= Ug(V,X)+ Vg (U X)—-Xg(U,V)
+9([U.V].X) =g (V. X],U) + g ([U. X]

= —Xg(U,V)—g([V,X],U)+g([U,X],V)
= _Xgr2 (U,V)—QTQ ([KX] )+gr ([ X} )

— 29 <<VTUQV>T,X> — 22 <(vgv)T,X>

holds for every horizontal vector field X, we obtain

V)

T 1 1
'V = (ViV) =5 (VoY) = 5TuV.



2.3. RESCALING THE METRIC 39

Finally,

2 ((VUX)L , v) — 29 (VyX,V)
— Ug(X,V)+Xg(U,V)—Vg(U,X)
+g (U, X],V) —g([X,V],U)+g([U,V], X)
= Xg(U,V)+g(U,X],V)-g(X,V],U)
= Xg2 (U, V) + g2 ([U,X],V) = g2 ([X,V],U)

= 2 (Vi X V) =2 (Vi) ")

X = ( ’"JX)L = (VyX)' =Ty X.

yields

O
In addition we have
Lemma 2.16. Let U be vertical and X,Y be horizontal. Then
( §§U>L = (VxU)"  and ( ;?Y)T = (VxY)T.
Proof. For the first equality we note
(VEU) " = [X.U) + 25X = (XU + TpX = (VxU)*
and for the other we apply Koszul’s formula once again
29,2 (VS?K Z) = Xg2(Y,2)+Yg2(X,Z) = Zg,2 (X,Y)
92 ([X,Y],Z2) = g2 ([Y, 2], X) + 9,2 ([X, 2] ,Y)
= P Xg(Y,2)+r*Yg(X,Z) —r*Zg(X,Y)
+12 (X, Y17, 2) =2 (1, 2], X)
+r% (1X,2]7.Y)
= 2r%g(VxY,2),
which implies (VS?Y)T = (VxY)'. O

Now we consider a g—orthonormal basis {(X;),} and {(U;),} of H, and
Vp, respectively, and get an g,2—orthonormal basis {1(X;),} and {(U;),} of
H, and V), respectively. It follows

2 2 1 1
N =) T U; = EZTUJ.UJ» = 5N.
J J
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and
2 1 1 1
V712 = g (N 25 ) = IV

Furthermore,

2 2 2
172, = D g (ATyUn ATy U))
Z'Lj

1 1
= Zr2g(r2Aiinj’r2Aiinj)
%]
1
= 5D 9(AxU; AxUj)
Y]

1
= a2

and
G = S (1 (%) 72 ()
4,J
- $o (i)
4,J
— %Zg(TUquTUin)
4.J
SITIE.

Moreover,

1 1 L1

wo (15 (30) vig ) = o (Prx (Vi w))
1 L

1

)

29 (Tv, Xi, Vx,Uj)

and

72 21 9 2 1 T
g2 lXiN ,;X,L = g leﬁN 7;X7,
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yield

T 2 2 1
ST W) = Zgﬂ( N X)
j i
2 (1 2
+229T2 <TUJ (TXZ> 5 1X1UJ>

i?j
1 2
= 52 9(VaNX)+ 5D 9 (T0,X: Vi Uj)
7

7:7‘7‘

1 _
— ﬁZcST(U]-,Uj).
J
Proposition 2.17. The scalar curvature of (M, g,2) is given by

1 1 1
scalprg , = 2 -scalp 4 o m + scalt — v |A||Z ~ 3 ]THE

1 2
—§\|NH§ +tog ZQ(VXiN7X¢)~
7

As an immediate application we remark

Corollary 2.18. Let (M,g) and (B, g) be closed Riemannian manifolds.
Suppose that there is a Riemannian submersion © : (M,g) — (B,g) such
that the scalar curvature of every fibre with respect to the induced metric is
positive, then M carries a metric of positive scalar curvature.

2.4 Local Trivializations and Induced Metrics

Let m : (M,g9) — (B,§) be a Riemannian submersion, where M and B
are assumed to be closed. We will show that geodesics in (B, g) lift to
unique horizontal geodesics in (M, g), which allows us to construct local
trivializations.

2.4.1 Lifting Properties

We begin with an elementary observation.

Lemma 2.19. Let I C R be an interval and 4 : I — B a regular smooth
curve, ¢ € 71 (§(tg)) for some ty € I and suppose there exists a horizontal
lift of ¥, i.e. a smooth curve y : I — M such that moy =4 and v'(t) € H )
for allt € 1. Then ~ is unique.

Proof. Let 41,72 : I — M be horizontal lifts of 4 with 1 (tg) = ~2(to). We
consider the subset

J={t € I|n(t) =)},
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which contains tg, and show that J is open and closed in I. Let s € J. Then
there exists a vector field X in a neighbourhood U of 4(s) in B and an & > 0
such that X o 4(t) = 4/(t) for all t € IN (s —e,s+¢). Let X be the unique
horizontal lift of X defined on 7~ 1(U) ¢ M. It follows

A, X5, 0) = Xmony) = X5y =7/ (0) = (7 0 7)'(8) = dry, (y7i(1)
and consequently X, 4 = vi(t) forallt € IN(s—¢,5+¢) and i = 1,2.
Le.

IN(s—e,s+e)dt—m(t) and IN(s—g,s4+¢€) Dt ylt)

are integral curves of X satisfying v1(s) = y2(s). It follows 71 (t) = y2(t) for
allt e IN(s—e,s+¢)and IN(s—e,s+¢) C J. In other words, J is an open
subset of I. Finally, J is closed in [ since v; and 7, are continuous. O

To investigate the lifting properties of curves it will be convenient to use
local vector fields with prescribed properties.

Lemma 2.20. Let (M™, g) be a Riemannian manifold with induced Levi-
Clivita connection V. For anyp € M and v € T, M there exists a vector field
X in a neighbourhood of p such that X, = v and V,X =0 for allw € T,M.

Proof. We choose an orthonormal basis of T),M and identify 7, M with R™.
Then exp,, : B:(0) — B.(p) is a diffeomorphism for a suitable £ > 0. Since
[0,1] x B:(0) > (¢, w) = exp,(tw)
is smooth, parallel transport along the geodesic [0, 1] > ¢ > exp,(tw) yields

a smooth map
[0,1] x B:(0) 2 (t,w) — Py(t) with Py(0) =wv
and a vector field X on B.(p) defined by
X, = Pexp;l(q)(l) for all ¢ € B:(p).

For t € [0,1] and w € B.(0) we remark that [0,1] € s — Vi(s) = Py(ts)
and [0,1] 3 s + Py,(s) are parallel along the geodesic s — exp,,(stw) and
satisfy V1(0) = v = V2(0). It follows Py, (s) = Puw(ts) and

Xexpp(tw) - ptw(l) = Pw(t)'
Consequently, V,,X = 0 for all w € T,M. O

As an immediate application of the construction above we consider an
orthonormal basis (e1, ..., en) of T,M. Let € > 0 be small enough such that
exp, : Tp(M) D B:(0) — B:(p) is a diffeomorphism. On B.(p) we find
vector fields F; with E;(p) = ¢; and (VE;), = 0 for all 1 < i < m. Since
the vector fields Ej, ..., E,, are parallel along geodesics ¢ — exp,(tw) with
w € B:(0) C T,M, we obtain that (Eq(q),...,Em(¢g)) is an orthonormal
basis of T, M for all ¢ € B-(p). Hence we have proven
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Corollary 2.21. Let (M™,g,V) be a Riemannian manifold and p € M.
Then there exists a (geodesic) frame (En,...,Ey) in a neighbourhood U of
p, such that Eq,..., By, are orthonormal vector fields on U and

(inEJ) (p) =0
foralll1 <1i,7 <m.

Lemma 2.22. Let (M™,g,V) be a Riemannian manifold. For p € M and
0 # v € T,M there exists a vector field X in a neighbourhood U of p such
that X, = v and (VxX)(q) =0 for all ¢ € U.

Proof. We choose an open subset U C M containing p together with an
e > 0 such that exp, : B¢(0) — Be(q) is a diffeomorphism satisfying

U Cexp, (B:(0)) forevery qeU,

i. e. a totally normal neighbourhood of p. It follows that any two points
q1,q2 € U can be joined by a unique minimizing geodesic of length < e.
W.lo.g. we may assume [|v|| < ¢ and pp = exp,(v) € U. Let V. C U be open
containing p but not pg. We have 0 < || exp,!(¢)|| < & for ¢ € V and define
a smooth vector field X on V by

lexpy, (0l d

X, = L=
T g (@ dtli

expy, (t . exp;ol(q)) )

Since U is totally normal, we have
[0,1] 3t — exp,, (¢ exp:;()1 (p)) = exp, (1 —t)v)
and hence X, = v. For s > 0 such that ||s - exp, ' (¢)| < & we compute

lexp, ()l d ~
PO T eXPp, (t .5 exppo1 (q))

Py (5exPyg (4)) Is - exppo (@)~ dt |,y
| exp, t(p)| d )
-, €xXp (t - €XP,, (Q)) .
lexpp (@) dt|—y ™ Po

Since 5 — y(s) = exp,, (s - exp,,' (¢)) is a geodesic through ¢ at s = 1 with

/ [l expy,' (9)]
v (1) = T 1,5 N
| exppg ()|
ded _ lexpyd (o)l .
we deduce (VxX), = Rk VX =0. O

In order to show that every regular curve 4 : I — B, where I C R is an
interval, has a horizontal lift v : I — M which passes through an arbitrary
point p € 771 (§(tp)) with tg € I we need as preparation
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Lemma 2.23. Let U and W be open subsets of a smooth manifold M such
that the closure W of W is a compact subset of U. We consider a vector field
X on U and an integral curve v : (a,b) — W. Then there exists an € > 0
and an extension to an integral curve v : (a —e,b+¢) — U.

Proof. We choose a Riemannian metric g on M. Since W C M is compact,
there exists an o > 0 such that || X,|| < a for all ¢ € W. With X ;) = +/(t)
we obtain

to
d(’y(tg),"}/(tl)) S / HX,},(t)Hdt S Oé|t1 - tg’ for all tl,tg S (a, b)
t1

Now we consider a sequence (t;); in (a, b) with ; — b. Using the compactness
of W again we find a subsequence (¢;,) and a p € W such that v (¢,) — p.
Let sg be another sequence in (a,b) with s — b. Given n > 0 there exists
ko € N satisfying |sp — t;,| < 5% and d(p, 7 (t;,)) < 4 for all k > ko. It
follows

d(p, 7 (sk)) < d(p, (t;,)) + d(y (£5,) 7 (sk))

for all £k > kg. Using a similar argument with b replaced by a we get a
continuous extension v : [a,b] — W C U. For each component 4% of 7 in
local coordinates near (b) and h > 0 such that b—h > 0, by the mean-value
theorem there exists £ € (b — h,b) with

7' (b) —~'(b— h)
h

_ (71‘)/ (€l) = Xi(g;;) N ij(b) for h—0.

An analogous argument works for a, and as a consequence v € C* ([a,b],U) .
Finally, the existence and uniqueness of integral curves of X through ~(a)
and ~y(b) yields an extension to an integral curve v : (a —e,b+¢) — U for
a suitable € > 0. O

Now we can prove

Proposition 2.24. Let I C R an interval and 4 : I — B be a reqular curve.
For any p € M such that 4(ty) = m(p) with ty € I there exists a unique
horizontal lift v : I — M of 4 satisfying y(to) = p.

Proof. Uniqueness is clear by the Lemma 2.19. It remains to show the ex-
istence of a suitable horizontal lift. To begin with we consider the case of a
closed intervall I = [a, b] and ¢ty = a. For every t € [a, b] we find a neighbour-
hood U (t) of 4(t), an e(t) > 0 such that 5 ((¢t — (t),t + &(t)) N [a,b]) C U(t)
and a vector field X* ond U(t) satisfying

)A(}fy(s) =4'(s) forall se (t—ce(t),t+e(t))N]a,b).

By the compactness of [a,b] and a Lebesgue-number argument we find a
partition a = tg < t; < ... < tp4+1 = b together with vector fields X;
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defined on neighbourhoods U; of 4 ([t;, t;41]) such that X; o 4(t) = 4/(t) for
all t € [tj,t;y1] and i = 0,...,k. The vector fields Xo, ..., X have unique
horizontal lifts Xy, ..., X defined on 71 (Uy),..., 7 1(Uy), respectively.
Let 7o : [a,s] — 7~ 1(Up) be the integral curve of Xy with vo(a) = p, where
a < s <ty. Then we have

(7 070) (1) = dmay¥0(t) = dmsoe) (Xo 0 70(t)) = Xo o (0 30)(t)
for all a <t < s.l.e. mwo~y is an integral curve of Xo such that
moo(a) =m(p) = 4(a)
and consequently
mo(t) =4(t) forall a<t<s.

In other words, 7o : [a,s] — 7~ 1(Up) is the horizontal lift of 4 : [a, s] — Up.
Now let s1 be the supremum of all s € [a, t1] such that 7 is defined on [a, s|.
We are going to show that s; = t1. Suppose on the contrary that s; < ty.
Then there exists a neighbourhood Wy of 4([a,s1]) with compact closure
in Up. It follows that yo([a,s1)) C 71 (W), where =1 (Wp) has compact
closure in 7=1(Up). Now Lemma 2.23 yields an ¢ > 0 such that the integral
curve 7 is actually defined on [a, s; +¢) in contradiction to the choice of s;.
Applying Lemma 2.23 once again we obtain that -y is defined on [a, t1 + &1]
for an €1 > 0.

Now suppose we have a horizontal lift v : [a,t; + ;) — M of 4 for some
1<i<kandO<e¢ <tit1 —t;. In particular, v : [t;,t; + &) — M is an
integral curve of X;. Analogously to the construction of ~y above we find as
a horizontal lift of 4 the integral curve ~; : [t;, ti+1 +€i+1] N [a, b] — M of X;
with v;(t;) = (t;) for a suitable e;11 > 0. Therefore, ¥|(, 1, +¢,] = Vil{t ti+e:]
and we can extend 7y to a horizontal lift of 4 defined on [a, t;+1+&;+1]N[0, 1].
Now we are done by induction. A similar argument works for tqg = 0. If
a < ty < b, there exist horizontal lifts v; : [a,to] — M and 2 : [to,b] — M
such that 1 (o) = p = 2(to). We find a vector field X on a neighbourhood
U of m(p) and an € > 0 with §/(¢t) = Xﬁ(t) for all t € (tg —e,to + €). Then
v : (to — €', tg) = M and s : (to,to +¢’) — M are integral curves of the
horizontal lift X of X for a suitable ¢ > 0. By Lemma 2.23 we can choose
¢’ > 0 such that we have extensions to integral curves

ﬁli(tofel,tojLE/)—)M and ’3/22(150*6/,750+6/)*>M
of X. Since m o7, and 7 o A5 are integral curves of X with

moF1(to) = 4(to) = m o F2(to),
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we obtain 41 (t) = 42(t) for t € (tgp — €,to + €) as unique horizontal lift of 4
through p. It follows that

v:la,b] — M
mn(t) ifa <t <to,
G = {0
Ya(t) ifto <t <b.

is the horizontal lift of 4 with v(to) = p.

For the general case let ¢ € I. We take an interval [a,b] C I such that
t,to € [a,b] and set y(t) = ¥(t), where ¥ : [a,b] — M is the horizontal lift
of 4 : [a,b] = B with J(tg) = p. By the uniqueness of horizontal lifts v is
well-defined. ]

We use Proposition 2.24 and investigate the lifting properties of geodesics.

Lemma 2.25 (9.44 in [Be]). Consider a geodesic v : (—e,e) — M being
horizontal at p = v(0). Then ~ is horizontal everywhere and

y=moxy:(—e,e) > B
is a geodesic.

Proof. We consider the set
I={te(—ee)Y({t) e Hyp} 0.

We take a tg € I and set v(to) = po. By Lemma 2.22 we find a vector field
X in a neighbourhood U C B of m(po) such that X, = (70 7)'(to) and
@XX =0 in U. Let X be the horizontal lift of X defined on 7~(U/). Then
X, =7'(to) and (VxX)" = 0 by Lemma 2.7. Let

n:(—ee)Dd(to—€e,to+e) =M

be an integral curve of X with n(to) = po and 7'(t9) = Xp, = ¥/ (to). Then
VxX = (VxX)" + AxX = 0 implies that 7 is a geodesic. Hence,

v(t) =n(t) forall te (tg—¢e,tg+¢e)

and
’y/(t) € H’Y(t) forall te (to — 6/,t0 + 8/).

It follows that I C (—¢,¢€) is open. Since 7 is smooth, we can use a local
frame spanning H to see that I C (—e&,¢) is closed. Consequently, v is
horizontal everywhere.

To prove that ¥ = mo~v: (—e,e) — B is a geodesic we take tg € (—¢,¢) and
set v(tg) = po. Similar to the argument above there exists a vector field X
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in a neighbourhood U of 7(pg) such that Xﬂ(po) = (mo7)'(ty) and §XX =0
in U. Then there exists an ¢’ > 0 such that

v:i(—e,e)D(tg—€,to+¢) =M
is the integral curve of the horizontal lift X of X through pg. It follows that
:(to—€,to+¢€)— B
is the integral curve of X through 7(po), i.e. a geodesic since @XX =0. O
The other way round we are able to lift geodesics.

Lemma 2.26. Let 4 : (—¢,¢) — B be geodesic and p € 7' (5(0)). Then
there exists a unique horizontal geodesic ~y : (—e,e) — M which lifts 5.

Proof. By Proposition 2.24 we find a unique horizontal lift v : (—e,e) — M
of 4 with v(0) = p. For any ¢ € (—¢,e) we use Lemma 2.22 to obtain a vector
field X defined in a neighbourhood U of 4(0) such that X,y = 4'(to) and

v XX = 0 in U. Integral curves of X are geodesics, hence

Xspy =4'(t) forall te(tg—c tg+e)

with a suitable ¢’ > 0. Let X be the horizontal lift of X. By Lemma 2.7 we
have (VXX)T =0and VyX = (VXX)—r + AxX = 0. An integral curve

n:(to—¢e,to+e)dto—€"to+e") > M
of X with n(tg) = v(to) is both a geodesic and the horizontal lift of
y:(tg—¢e" to+€") — B.
It follows n(t) = ~(t) for all t € (tg —&”,to+£"), and ~ is geodesic at tg. [

2.4.2 Local Trivializations

Proposition 2.24 allows us to identify fibres using paths in B joining the
base points.

Definition 2.27. Let 4 : [0,1] — B be a regular curve. We define the
induced fibre-diffeomorphism 5 as the mapping

7 o) = B
p = (),
where vy, : [0,1] — M is the unique horizontal lift of 4 with ~,(0) = p.

We have to show that 75 : Fy) — Fj(1) is in fact a diffeomorphism.
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Proof. We set

47:00,1] — B
t — A1—-1t).

Then 74~ : Fyq1) = F(0) is the inverse of 75 : Iy ) — Fj(1) since
0,1] 5t = () (1) = %1 —1)

is the horizontal lift of 4~ with (,)” (0) = v,(1) and ()~ (1) = v,(0). The
smoothness of 75 : Fy) — Fy(1) follows immediately as v, is locally the
solution of an ordinary differential equation which depends smoothly on the
initial data, i.e. p € F(q). O
Given b € B we find an € > 0 such that the exponential map
expy : BI(0) — BI(b)

is a diffeomorphism. Consequently, we can choose for b/ € Bg (b) the unique
geodesic of length less than & to join b and o’ and identify Fj, with Fy. This
gives rise to a local trivialisation

o (Bﬁ(b)) 5 BI(b) x F

such that pry (®(q)) = 7(q) as follows.
Let g € m1 (Bg(b)) . Then

y:00,1] — Bg(b)
o (¢ (exnd) et

is the unique geodesic of length less than ¢ which joins b and 7(q) € BI(b).
The horizontal lift of 4~ which starts at ¢ is by Lemma 2.26 the geodesic

v 01 = 7 (BI))
t = €XPyg (t ' dﬂq‘;é ((:Y_)/ (0)>)

(7)) =~ =~ (dexf) (expf) " (@)

expf)” (x(a))

This defines a smooth map

o q! (Bé(b)) s BI(b) x Fy
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Conversely, let (¥, p) € BZ(b) x F,. We consider the geodesic
7:00,1] = BIY)
. -1
t — exp] <t~ <exp*Z) (b/)>
and its horizontal lift

w01 - =7 (BU)
t — exp, (t -dmpla (’7’(0)))
with 7 (7,(1)) = b'. We obtain a smooth map
U:BI(b) x By, — a ! (Bg(b))
¥.p) = W),
which is the inverse of ® : 7! (Bg(b)) — BY(b) x F.

Proposition 2.28 (cf. 9.40 and 9.42 in [Be|). Let b € B and e > 0 such that
expy : B2(0) — BI(b) is a diffeomorphism. Then ! (Bg(b)) is a tubular
e—neighbourhood of the fibre Fy,, and the trivialization ® as constructed above
yields Fermi-coordinates.

Proof. Let q € 7! (Bg (b)) . We consider a sequence (¢;)ien in Fjp such that
d(ql7Q) — inf d(p7 Q)a
pEFy

where d denotes the Riemannian distance on (M,g). By compactness of
M and hence Fj, we may assume ¢; — pg € Fp. Due to the Hopf-Rinow
theorem there exists a minimizing geodesic 7 : [0,1] — M with 7(0) = po
and n(1) = ¢q. Let § > 0 and U C M be a totally normal §—neighbourhood
of pg. We choose tg € (0, 1] such that n(tp) € U. Consequently,

eXPy(tg) * Tn(to)M D Bs(0) = expy(y) (B5(0))
is a diffeomorphism and U C exp, ) (Bs(0)) .
Let v € Vp, = TpoFp and 5 : (—1,1) — F;, NU be a smooth curve with
B(0) = pg and S'(0) = v. Then
[O,to] X (—1,1) - U

(t,s) = ns(t) = expyy,) ((1 - ;) exp;(io)(ﬁ(sw
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defines a smooth variation of 9y = n : [0,tg] — U with 75(0) = S(s) and
ns(to) = n(to) for all s € (—1,1). We compute

0 - - - 1 \Y% , ,
5| VAR = e (5] o)

17 (
1 v o9
- |n'<t>||g<at s
18 [
- rn'<t>||at9(as

and obtain for the first variation of the length of the curves 7, that
/ / 1 /
g (1), 15(t))dt =~ g (v,77'(0)) -

to 8
L) = [ =
o Lme) L s — O]

In other words, the geodesic 7 : [0,1] — M is horizontal at ¢ = 0 and hence
everywhere by Lemma 2.25. We note that the geodesic ) = mon : [0,1] - B
has the same length as 7, since dr preserves the lengths of horizontal vectors.
Taking in mind that exp, : BZ(0) — BZ(b) is a diffeomorphism it follows
that

s=0

O 0)

s
s=0

O 0)

s=0

_ 4
ds

N(t) = expg7 <(1 —t) (expl‘z)_l (7‘(’((]))) for all t € [0,1].

Otherwise the horizontal lift of [0,1] 5 ¢ — expg <(1 —t) (expg) (W(q)))
at g was a curve shorter than 1 between ¢ and Fp. By construction we have
®(q) = (7(a),po)-

O

Now we consider the rescaled metric g,2 and the Riemannian submersion
7 (M,g,2) = (B,r?g) . Since
2 ~ ~
expy, 7 =exp] =:exp, forall be B,

it follows that the geodesics in (B, §) and (B, r%§) coincide as well as their
unique lifts to horizontal geodesics in (M, g) and (M, g,2).
Let b € B and € > 0 such that the exponential map

exp, : TyB D U := BY(0) = B:jg(O) —expy(U) =V
is a diffeomorphism. The induced local trivialization
U,V xEF—n YV

is then independent of r > 0.
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2.4.3 Induced Metrics and Estimates in Normal Coordinates

We choose a local trivialization ¥, = ¥ : V x Fy, — 7~ 1(V) as above and
compare on V x Fj, the product metric r2§ @ ¢ with the pullback metric
U*g,2 for varying r > 0.

As a first observation we remark

Lemma 2.29. For any r > 0 and p € Fy, we have

2 A 1 *
— v .
N P 9r2| (o)

Proof. Let (w,v) € TyB x TpFy = Ty, ) (V X Fy).
We choose a curve ¢ : (—¢,e) — Fy, such that ¢(0) = p and ¢/(0) = v. Then

U(b,c(t)) =c(t) forall te (—ee).

We represent w by the geodesic t — expy(tw) C B and consider its hori-
zontal lift v with ~(0) = p. Since 7 : (M, g,2) — (B, 7"2@) is a Riemannian
submersion, we obtain

9,2(7'(0),7'(0)) = r*g(w, w)

and
W (expy(tw), p) = (1)

for all sufficiently small ¢. We calculate

¥ ) (w, ) = % - T (expy(tw), c(t)) = 7' (0) + (0)

and conclude

(‘I]*QTQ)(b,p)((wv U)7 (w’ U)) = ng(w’ w) + gL (vv 1)).

In the following we fix (b,p) € V X F}, = exp, (BI;%O)) X F.
W.l.o.g. we may assume that

expy : BY(0) = expd (BgL(O)) CF
is a diffeomeorphism. We choose an orthonormal basis (v1,...,vg) of T,F,

w.r.t. g& and an orthonormal basis (w1,...,w,) of T,B w.r.t. § to identify
RF = T,,F, and R" = T},B via

k k n n
Uk Z)‘iei —> Z Av;p and Zujej — Zujwj.
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and obtain normal coordinates

gpgl = exng ou, : BF(0) c RF — exng (B;;f’L(O)> C
on Fp w.r.t. gt and

@9 = expy o1, : B*(0) C R™ — expy (Bg(())) =VCcB

on B w.r.t. g.

Since (%wl, cee %wn) is an orthonormal basis of T, B w.r.t. 2§, we identify

R™ = T, B using
W) Z,ujej — Z %wj,
Jj=1 j=1
which yields normal coordinates
@ = expy o)) BL(0) € R" = expy (B29(0)) = V € B

on B w.r.t. r2§.
In summary, we obtain local parametrizations

¢ x 9" L B™(0) x BF(0) = V x F,

near (b,p) € V x Fy.
For (z,y) € B™(0) x B¥(0) and 1 <4, < n+ k we set

by () = Vg (A9 % 67 ) o s @0 X 7 )0y )
and
e, y) =125 @ g+ (d(e™ % 67 ) ayyen AT X 07 ) yyes)
For x € B].(0) and 1 <4,5 < n we define
diy(@) = 1% (A" Daeis (6" ey
By (dexpy)o = id7,p and (d expf,l)o = id7,F, and Lemma 2.29 it follows
b;;(0,0) = d;5 = ¢;;(0,0) forall 1 <i,j <n+k

and

independent of r > 0.

In order to make estimates for the eigenvalues of the symmetric matrices
B"(z,y), C"(z,y) and D"(z) with entries bj;(z,y), ¢f;(z,y) and dj;(z) we
make the following elementary observation.
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Lemma 2.30. Let W C R™ be open, m >2,0€ W and A: W — R™*™ ¢
continuous map such that A(0) = Id and (A(z))" = A(x) for allz € W. For
any § > 0 there exists an n > 0 such that B,(0) C W, and for all x € B,(0)

the eigenvalues of A(x) and A(xz)~! lie in the interval <1+s-6’ 1+ 5) .

Proof. We consider
fWxsm™l 5 R
(z,0) = (Al@)v,v).

Then, f is continuous and f(0,v) = (v,v) = 1. Let § > 0. Given v € S™71,
we find an open neighbourhood Bj;, (0) x U, of (0,v) in W x S™~! such that

1
m<f(:c,w)<1—|—5 for all (z,w) € By, (0) x U,.

Since S™~! is compact, there exists an 1 > 0 satisfying
1
155 < flw,w) <1448 forall (z,w)e€ B,(0)x S™ 1.
In particular, we have the following estimate

—— < min (A(z)v,v) < max (A(x)v,v) <1+
1535 HvH=1< (@)v,v) ||U||=1< (@)v,v)

and conclude that all eigenvalues Aj(x),..., A\y(z) of A(x) lie in the inter-
val (%M? 1+ 5> for all x € B,(0). The same is true for the eigenvalues
p1(x), ..., pun(x) of A(x)~!, since p;(z) = ﬁ for 1 <i <nand z € B,(0)
by symmetry of A(x). O
Now we turn back to B", C" and D". We write B := B!, C := C' and
D := D%
If z € B;.(0) and wg € R", one readily checks that
7.2@ 1 g
(" )zwo = - d(¢?) 1, wo.

T

Given (z,y) € B™(0) x B¥(0) and u = (w,v) € R** =2 R" x R* it follows

25 1 1 - 1
d(" I % 97 ) (g (w,0) = ;d(sog X @7 ) (1) (w0, 0)

and L . A .
A0 % 09 ) 0y (0.0) = d(? x ") 1, (O.0).
We conclude that

(D@ wn) = (4" d D)) = (D (22 ) oo

r
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and (C"(z,y)u,u) =

= 2g@ g* (A7 x )y (e x ) yu)
1 . - 1 - 1

= S (Pgegh) (A7 x ) 1) @017 x 7)1, (w,0))
+T2g 53] gL (d(sog X @gl)(%:p,y) (Oa U)7 d(‘)og X @gL)(%m,y) (O’U))

= jeg- (d(wg X 7)1yt A7 X wgl)(%x,y)@

= <C <1az,y) u,u> .

T

Given § > 0, we find 0 < ¢ < € such that

1j1L6 < (D(x)wp,wo) < 1+0 forall z € BL (0) and wg € S"
and analogously
j—é < A(C(z,y)u,u)y <1+
for all (z,y) € BZ (0) x f (0) and u € S"T*~1. Consequently,
1j_5 < (D" (x)wo, wo) <1+ 0 forall z € B} (0) and wo € S"
and )
45 <A(C"(z,y)u,u) <1+46

for all (z,y) € B (0) x B% (0) and u € S"tF~1.

TED
Hence, the eigenvalues of

D"(a), (D"()™" for z € B, (0)
and of

C"(z,y), (C"(x,y))"" for (z,y) € B},

rEQ

k
(0) x B¢, (0)
lie in (k5 1+4) .
In particular, we have the following estimates
(146)""% < /et C"(z,y) < (1 +6)"F,
(140)72 <+/det D"(z) < (1+6)2,

lull® < {C7(x, y)u, u) < (1+6)|ul?,

1+0

1 2 r 2
< (D" (@), w) < (14 )l

lull? < {(C7 (2, ) ") < (14 0)Jul?,

1496
lwl|* < (D" (2)) " w, w) < (14 ) w]®
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for all z € B (0), (z,y) € B (0) x BE (0), w € R" and u € R"**,
The discussion of B" is a bit more involved.
We calculate (B (z,y)u,u) =

" r25 1L r24 1
= Ug, (d(90 g X 909 )(:v,y)uvd((p °0 X 90g )(z,y)u)
1 ~ 1 ~ 1
30 (d(‘l’ 0 (#? X 97 ) (14,)(w,0),d(V o (¢7 x ¢ ))(;x,y)(w,O))
2 9w 9" I 9"
+ ; * Gr2 (d(\IJ o (QO X @ ))(%x,y)(wa 0)7 d(\I/ o (SO X P ))(%x,y)(oa ’U))

+ gr2 (d(\lj © (Sog X SOQL))(%x,y) (07 U)’ d(\I’ ° (Sog X (ng))(%z,y) (07 U)) :

We write ) .
w=d(Wo (p? xp? )1, (w,0)

and

o =d(Uo (oI x sogL))(%w)(O’U)-

We use that v is vertical and calculate (B"(z,y)u, u) =
ST =T 1 S 2 S~ - -
= g(’LU 7w>+ﬁg<w )w>+;g<w ,v)+g(vjv)

_ <B <ixy) u,u>+ (:2 —1>g(ﬁ%,wL> t2. <i—1>g(u~1j‘,f}).

For a given § > 0, there exists 0 < 1 < € such that

1

114" (B(z,y)u,u) <1+0

for all (z,y) € B2 (0) x B¥ (0) and u € S"T+~1.
Hence, we find 0 < €2 < &1 and ¢,d > 0 with
1

—_ < (B < 1
1+(5<C_< (r,)u,u) <d <1446

for all (z,y) € B2 (0) x Bk (0) and u € S"T+1.
Consequently,

1 1
—_— < (B[ - < 1
1+5<0_< (Tx,y)u,u>_d< +6

(0) x B% (0) and u € S"h~1,

for all (z,y) € B

reQ
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As above we write u = (w,v) € R"* =2 R" x R,
We consider the smooth maps

f b B2 (0) x BE (0) x S"TF-1 5 R

defined by
o) =g (000 (67 x 0" Do @.0) (A0 0 (69 % 65)) 0y 00)) ).
and

) =g ( (4000 (7 % 7 i (1.0)) (W 0 (67 570 (0.)).

By definition of ¥ we have

. B 1
(AW 0 (67 x 7)) 0.0)(w, 0)) =0.

Due to the compactness of S HE—1 we find 0 < €3 < &5 such that

1 . 1
mae{f (2, y,w), (e g, )]} < & -mm{c— R d}

for all (z,y) € B2(0) x B (0) and u € S"**~1. Hence,

€3
{ <1 )
max< f | —x,y,u |,
T

1 1 1
h<rx,y,u>‘} < 6m1n{6_1—|—(571+6_d}
for all (z,y) € B

7 (0) x B (0) and uw € SPTFL
Consequently, there exists an rg > 0 such that
1 1
< 2~min{c—,1+5—d}

(B (2, y)u, u) — <B <ia:y> uu> —

(0) x BE (0) and u € S"TF1,

for all r > rg, (z,y) € B

TE
It follows that 13
[ (B"(z,y)u,u) <1+4

for all 7 > 7o, (z,y) € Bi,(0) x BE (0) and u € S"T*.
In particular, the eigenvalues of B"(z,y) and (B"(z,y)) " with such r and

(x,y) lie in the interval (ﬁ’ 1+ 5) .

As a result, we obtain estimates
(146)""%" < \/det B™(z,y) < (1 +06)"%",
[ul® < (B (2, y)u,u) < (14 6)]ul?,

1+9
lul* < (B (2,9))""u, u) < (1+6)|ul|?

140
for all r > 1o, (z,y) € B>

res

(0) x Bk (0) and u € S"F1.
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2.4.4 Admissible Trivializations

Let b € B and £ > 0 such that exp, : BI(0) — expy(BY(0)) =: V is a
diffeomorphism, which gives rise to a local trivialization

U:VxF,—a (V).

Given 0 > 0, using the compactness of Fj and shrinking ¢ we find finitely
many points pi,...,Pm € Fp, €1,...,6m > 0 and rg > 0 such that

exp,, : BglL(O) — exppl(ngll (0)) forall1 <l<m
are diffeomorphisms,
m
1
Fy = U expy, (BE, (0)),
=1
and in local parametrizations

r2§ + n L1
¥ 9 x @] BL(0) x BE(0) = V x exp,, (BL (0))

near (b,p;) € V. x F, for all 1 <1 < m and r > rg the following estimates
are hold:

(1+6)""%" < y/det B (z,y) < (1+0)"7,

_ntk

(1+6) 2 <y/detCf(z,y) < (1+6)

i

n+k
2,

ol < (B y)usu) < (1 + )l

el < (G @) < (14 0)ul,

S ull? < (B () s < (14 6) ull?

1+0

sl < (G ) ) < (1 ) Jull,

Where (x’y) € B?&‘(O) X BQ (O)’ U = (ula R aun-i-k:) S Rn+k and
Bl (z,y) = ((0])ij(x,9))i, O (,y) = (] )ij(%,9))i;
are defined by
' * r2§ 1 r24 L
(bl)ij(m’y) =g,z (d(SD 9 x Qplg )(w,y)eivd(gp 9 x @lg )(x,y)€j>

and

r N 245 L 25 €1
())ij(z,y) =r’g@ g* (d(w I % o] Ve d(@ 9 x @] )(x,y)ej)
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We obtain

det By (,y) < (1 +6)"™*, /det C7 (2,y)
and

det C7 (z,y) < (1 + 0)™™*/det BJ (z,y).

Let f € C°(V x F;). We can compare for all » > ry the gradient of f
w.r.t. U¥g,2 and 2§ @ g with the gradient of f o ((pﬂg X gplgL) w.r.t. the

Euclidean norm on R™** by

v, (&7 x ) <40 ||V (o (70 x el )

[ (ro (<)) < ra)[[vrss], o (e el

2

Y

oo

and
Hvﬂg@gﬁ ;g@gL o (wr"’ﬁ « cplgl> <(1+0) (f ° (ﬁ@ « gplgL)> H2
[V (o (o))" < @rap|[oest g, o (exet’).

where <cpT29 X gofL) is defined on BJL(0) x B (0).

Combining, we have

* P 1 ~ 1
[ovoes],. o (e xot’) <o |vier s, o (970 xef")
U*g 2 r2gdgt
and
2.0 1 |12 24 1 24 1
[P o ) <07 [ o (708
r2gdyg U*g 2

We take € small enough, so that

(140)72 <+/det D"(x) < (1+6)2,
——llwl® < (D"(2)w, w) < (1 +8)||wl]f?,

2 T 2
sl < (D @) w) < (1 +8) ol
for all z € By.(0) and w € R", where D"(z) = (dj;()) and

d;j(l’) = 7°2§ (d(‘PTQQ)xei,d(spﬂg)xej) for1<4,57 <n.

We deduce that

N 2 2
oo s
r2g€BgL

o (¢ xid) < (1+) [V (fo (o7 xid) )

geuCIEBgL
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Definition 2.31. Given § > 0 and b € B, a local trivialization
U : expy(BL(0)) x Fy — 7w (exp,(BL(0)))
together with local parametrizations
24 €L ~ 4L
"9 x ¥ BrL(0) x Bfl (0) — exp,(BZ(0)) x exp,, (BZ (0)), 1<1<m,

such that

m
1
=1

satisfying all the local estimates above for B", C", and D" for a suitable
r > 1o is called admissible for 0.

2.4.5 Riemannian Submersions with Totally Geodesic Fibres

As above we consider a Riemannian submersion 7 : (M, g) — (B, g), where
M and B are assumed to be closed. The fibre-diffeomorphisms provide a
necessary and sufficient condition for the fibres to be totally geodesic.

Proposition 2.32 (9.56 in [Be]). Suppose that all fibres of the Rieman-
nian submersion © : (M,g) — (B,§) are totally geodesic with respect to
the induced metric. Then the fibre-diffeomorphisms 7 : Fy) — Fj(1) are
isometries for every regular curve ¥ : [0,1] — B.

Proof. Let U and V be vertical vector fields defined in a neighbourhood
of p € Fy(0). Since Fy(q) is totally geodesic, the second fundamental form
vanishes, i.e.

(VoV) =0=(VyU)".

For a basic vector field X we obtain 0 = ¢(X,VyV) = —¢g(VyX,V) and
similarly ¢ (Vy X,U) = 0. It follows

LxgU,V)=g(VuX,V)+g(VvX,U)=0.

Because the composition of isometries is again an isometry, we may assume
without loss of generality that there exists a vector field X on B such that

Xo4(t)=4'(t) forall tel0,1].
We consider the horizontal lift X of X together with its flow

(p:RXFﬁ(O) - M
(t,a) = »e(q)
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and note that 7 (¢¢(q)) = 4(t) for all t € [0,1]. Then 1 : Fyg) — Fy() is
the induced fibre-diffeomorphism 75.
We use

d
0=Lxg Uy Vy) = o

g 0rg(Ug, V) and @45 = 01 0 05

t=0

and obtain
d

dt
for all ty € [0,1] and Uy, V; € V,, g € F5(0), where we extend locally U, and

Vy to vertical vector fields.
It follows that

019 (Ug, Vg) =0
t=0

0,1] >t = (p;g) (Ug, Vo)
is constant and
9Uq, Vg) = (v09) (Ug Vg)
= (¥19) (Ug, Vq)
= g((dm), Uy (), Uy)
Consequently, 75 : Fy ) — Fj(1) is an isometry. O
The converse is also true.

Proposition 2.33. Suppose that the fibre-diffeomorphisms
75 1 F500) = F50)

are isometries for every regular curve 4 : [0,1] — B. Then the fibres are
totally geodesic with respect to the induced metric.

Proof. We have to show that the second fundamental form of the fibres
vanishes. Let U,,V, € V, and X, € H,. We extend dmy X, to a vector
field X on B such that its horizontal lift X yields an extension of X, to
a basic vector field. We consider the integral curve 4 : R — B of X with

7(0) = 7(q). Let
p:RXFyop — M
ta) = ¢ile)
the flow of X. Then 7 (4:(q)) = 4(t), and ¢ : Fyq) — Fy() is the fibre-

diffeomorphism induced by ¥|g for t > 0. Le. ¢ is an isometry for every
t > 0. Hence, [Oa OO) St (302(9) (U(I7 VZ]) = g(Uq7 V;]) and

d *
0= % gptg(Uqa‘/q):ﬁXg(Um‘/q)
t=0
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We choose local extensions of U, and V; to vertical vector fields and obtain
0= ﬁXg(Utp V;l) = Yq (VUXa V) + 9q (VVXa U).
Consequently,

—Yq (X7 VUV) = Yq (vUXv V) = —Yq (VVX7 U)
= 9, (X, VvU) = g, (X, (Vv0)T)

= Yq <X7 (VUV)T> )
where we used that the second fundamental form on F; ) is symmetric,

(VuV), = (VvU), -

It follows that g, (Xq, (VUV);) = 0 for any horizontal X,. Thus we have

U =0, i.e. the second fundamental form on Fj) vanishes and F
VuV), =0, ie. th d fund L f F (0 vanishes and Fs )
is totally geodesic. O

2.4.6 Fibre Bundles

We consider now a smooth fibre bundle
(mr: M — B; F)

with fibre F' and suppose that (B, §) and (F, gr) are Riemannian manifolds.
Near any point b € B there exists an open neighbourhood b € U C B and a
bundle chart, i.e. a diffeomorphism

dy:n ' (U)=UxF
such that pr; o @y = m. This induces a diffeomorphism
Py p = pryo (I)U‘Fb :Fp — F,

where F, = 771(b) and pr; denotes the projection onto the i-th factor of
Ux F. Let U = {(U;,®y;)} be a bundle atlas, i.e. M = [J;c;U;. On
intersecting neighbourhoods U; and U; we have transition maps

(I)UZ.O@E; (U;NUg) x F— (U;NU;) x F
which yield maps

QU NU, — Diff(F)
b — @Ui,bofb,;;b,
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where Diff (F') denotes the group of diffeomorphisms of F.
In particular, we have for all b € U; " U and v € F that

Oy, 0 By (b, v) = (b, Bir(b)(v)).
Also the cocycle relations are hold, i.e.
q)zk:(b) o @k](b) = (I%](b) forall beU;N Uj N Uy

and

q)u(b) =idp forall beU,.

Definition 2.34 (9.47 in [Be]). We say that a fibre bundle (m : M — B; F)
has structure group G if there exists a bundle atlas U = {(U;, ®y,)} such
that all maps P are in G.

In the following we assume that the structure group G is the isometry

group Isom(F, gr).

Let b€ B. If b€ U, N U;, then
p, 0 97 = O, 1 (Pri(D)" gF = Ppj, p gF-
Hence, we have on each fibre Fj a well-defined metric
g =f 95 if beEU.
We choose a background metric h on M and decompose
TyM =TpFrp) ®@Hy foral pe M,

where H,, denotes the orthogonal complement of T}, F () in T}, M with respect
to the metric h. We note that

dﬂ'p : Hp — Tﬂ.(b)B
is an isomorphism. Consequently, we may define a metric g on M by

(VW) = g (V1,W1) + G (dmp(v2), dp(ws2))
for all p € M and v = (v1,v2), w = (w1, w2) € TyM = T, Fy,) © H,.

As a consequence we have

Lemma 2.35. Let (1 : M — B; F) be a smooth fibre bundle with the fibre
F carrying a Riemannian metric gp and structure group G = Isom(F, gr).
Given a metric § on B there exists a Riemannian metric on M such that

m:(M,g) = (B,9)
is a Riemannian submersion whith all fibres (Fb,gbL) being isometric to

Actually, we have even more. Due to Vilms (Theorem 3.5 in [Vi] and
9.59 in [Be]) there exists a metric g which yields totally geodesic fibres.
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2.5 Integration

We generalize Fubini’s theorem to the case of Riemannian submersions. Let
mo (M7 g) = (B, 5)

be a surjective Riemannian submersion. For any p € M we choose an € > 0

and charts p:p € U — @(U) = (—¢,e)" ™ and ¢ :b=m(p) € V = (V) =

(—e,e)™ such that #(U) C V and

Yomow Ny, ..., Tn, Tnit, .- Tpak) = (T1,...,T0)

with associated coordinate vector fields

0 0 0 0
<6x1,,a$n+k> on U and <ax1”axn> onV

].C] .E

o 9,
dmq oxt = ¢ it . L
q 0 if n+1<i<n+k

for all ¢ € U. Let (e, ..., en+k) be an orthonormal basis of T, M such that

{e1,...,en} CHy and {ept1,...,enik} CVp.

We identify T,M via (e1,...,eptx) with R™*. For vy, ..., vpqk € T, M we
have v; = Z;”rlk g(vi, ej)e; and consequently

det(vr, .o vnsr) = A/det (U, 000) (1, 00g)

n+k
= | det (Zg(vi,ek)g(vj,ek)>
k=1 1,

n+k
g <'Ui, Z g(vj7 ek)@k) )
k=1 ij

= det(g(vi, vj))i ;-

P T
,ej) ej = (83# ) EHp
p

be the horizontal part of %‘p We identify H, = R" and V, = R* via
(e1,...,ex) and (exy1,...,€tn), respectively.

= det

For 1 <i<nlet

P j=n+1

Si= (9:/6"
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o)
da 7 (p)
and (dmpe;)i<i<n forms an orthonormal basis of T pyB, which yields an

identification T, B = R".

We obtain \/det (g (% P %‘p))_ =
Z?]

Since dmp, : Hp — Tr(p) B is an isometry, §; is the horizontal lift of

= detTpM<ail "”’82{5)" ,&ﬁﬂ ’”"E)a:a’”rk>
p P P p
= detTpJ\/[(gl,...,gn,ajmp,...,ax(?l%)
- dety.[p(fl,--wfn)'detvp(aﬂﬁﬂpv"'7a$2—s—l~cp>
T e (885&#(10)7...’%#(1))).(1%% (axiﬂ 7.“7&62Mp>7

1.e

Vdet(gij (p(p)))i; = 1/ det @i (0 (x(p))i - \/det(a; (1))

Let f € Co(M). We set (z,y) = (21,...,Tn,Y1,---,Yr) € (—&,)"TF and
¥~ (x) = b. A calculation shows

/( )Wfosfl(x’y)‘ det(gi;(2,y))i,; d(,y)

= /( - Ffop Yay)- \/det(gij(x))m : \/det(ggj‘»(y))m d(z,y)
= / (/ fo S0_1(x, y) . det(gijjf(y))i’j dy) det(gij(x))id dx
(—ee)m (—e,e)*

— /V</(_ )k(focp—l)(w(b)vy)- det(g;5(y))i dy> dvol,.

Since a chart of F, N U is given by the composition

op: FNU S (—e, )"tk - (—6,€)k

qr— (w(b%yl:ayk’) = (y17"'7yk)7

/ f dvol, = / ( / Flrou dvolg¢> dvol,.
U \%4 Fp,nU

we conclude
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Using coverings (Un, ¥a)aca and (Va,¥a)aca of M and B, respectively,
consisting of charts as above such that each map v, om0 ™! is a projection
(X1, ..y Tptk) — (x1,...,2y), together with a partition of unity (pa)aca
subordinate to (U, )aca we obtain

Proposition 2.36 (Theorem 5.6 in [Sa]). Let 7 : (M"*F, g)
a surjective Riemannian submersion. Then for any f € Co(M

/ f dvol :/ (/ flE, d’UOng_> dvoly.
M B \JF,

Considering the rescaled metric r*§ and 7 : (M, g,2) — (B,r?§) we obtain

/ f dvoly , :/ </ flg d’UOng_> dvol,2;.
M r B\Jgp "

As a special case we have Fubini’s theorem

we have

— (B, §) be
)

Corollary 2.37. Let (M x N,g @ h) be a Riemannian product and f €
Co(M). Then for every p € M the function f: M > p— [ f(p,q) dvoly is

integrable and
/ fdvolggn = / fdvolg.
MxN M
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Chapter 3

Collapsing Riemannian
Submersions

We recall in section 3.1 some basic facts concerning the Yamabe constant
as already mentioned in the overview in chapter 1. In particular, we prove
that Y'(M, [g]) > 0 and Y (M X R™, [g @ geua]) > 0 provided that scal, > 0.
In section 3.2 we give the proof of our main theorem (Theorem 1.3) making
use of the local estimates for the product metric and the induced metric on
admissible trivializations as developed in chapter 2.

3.1 The Yamabe Constant

Let (M™,g) be a closed Riemannian manifold of dimension n > 3. As in
chapter 1 we consider the normalized total scalar curvature functional

scalz dvol;
_JM g g

Q(7) : 7
(3 dvolg) &
where p = p, = % and g varies in the conformal class [g]. Writing
g=1""7g

n—2

for some function f € C*°(M,R~() and setting a = a,, = o ve find

Jar GIVIFIZ + scaly - f2) dvolg.

1110 (1,0

Q(g) = Qg(f) =

We define the Yamabe constant Y (M, [g]) of [g] as

Y(M,[g)) := gig[l;]Q(é) = nf{Qy(f) | f € C%(M,R>0)} .

67
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Remark 3.1. Let (M"™,g) be a closed Riemannian manifold of dimension
n > 3 such that scaly, > 0. Then Y (M, [g]) > 0.

Proof. Since M is compact, there exists a constant ¢; > 0 such that
scaly > 1

and hence a constant co > 0 with

1
/M (avaf”g + scal, - f2> dvoly > ¢ Hfoql,z(M’g) )

Due to the Sobolev embedding theorem we find a constant ¢ > 0 such that

£ arg) < €3 1 IFrecarg)-

Consequently,

Q,(f)>2 and Y(M,[g)>2>0.
C3 c3

Motivated by

Y(M,lg]) = inf{Qq(f) | f € C=(M)\{0}}

we define the Yamabe constant of a not necessarily compact Riemannian
manifold (E", g) of dimension n > 3 without boundary as

Y(E,[g]) = inf{Qq(f) | f € C5°(E) \ {0}}.
In analogy to Remark 3.1 above we have

Lemma 3.2. Let (M", g) a closed Riemannian manifold with scaly > 0 and
m € N such that m +n > 3. Then

Y(M X Rma [g ©® geucl}) > 0.
Proof. We first note that there exists a constant ¢ > 0 such that

Scalg@geucl (p7 Q) = Scalg (p) 2 C.

Since (M x R™,[g @® geuel]) is a complete Riemannian manifold with strictly
positive injectivity radius and bounded sectional curvature, due to Theorem
2.21 in [Au] there is a continuous embedding

HY(M x R™,[g ® genat]) = LP(M x R™,[g ® euc))-

The claim follows by the same pattern as in the proof of Remark 3.1. O
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3.2 Collapsing Riemannian Submersions

We turn now to the proof of

Theorem 1.3 Let m : (M"* g) — (B",§) be a Riemannian submer-
ston, where M and B are assumed to be closed, dim M > 3, and the scalar
curvature scal 1 of every fibre Fy, b € B, with respect to the induced metric
is positive. Considering the Riemannian submersion 7 : (M, g,2) — (B, r%§)
we have
lim ¥/(M, [g,2]) = inf Y (R" x Fy, [genet © 97])-

7—00

We begin with an elementary remark.

Lemma 3.3. Let p >0, b € B and B;(0) C R". Then we have

lim Y(B:)L(O) X Fy, [geucl D gL]) = Y(Rn X Fy, [geucl @ gL])'

p—+00

Proof. Given 0 < p; < p2 we have inclusions
CEo(BL (0) x F) C C°(BL(0) x Fy) € Cg°(R" x Fy)

and consequently
Y (B}, (0)x Fy, [gena®g™]) = Y (B}, (0)x Fy, [geua®g™]) = Y (R" X Fy, [geuaBg ™))
Let € > 0. Then there exists an f € C§°(R™ x F}) such that

Y(R" x By, [geuet @ 97]) < Qg (f) <Y (R™ X By, [geuat @ g7]) + €.
Since f is compactly supported, we find a p > 0 with

f € C5(By(0) x Fy).

It follows

V(R™ x Fy, [geuct © g7]) < V(BR(0) X Fy, [geuct © 97]) < Qg (f)
and

lim Y (B}(0) X Fy, [geue ® g7]) = YV (R" X Fy, [geuat & g7])-

p—+00
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Proposition 3.4. For any b € B we have

limsup Y (M, [g,2]) < Y(R" X Fp, [geucl ® gL]).

r—00

Proof. We consider a test function f € C§°(R"™ x Fp). Then there exists
p > 0 such that f € C§°(B;(0) x Fy). Given § > 0 we take an admissible
trivialization of 7 : (M, g,2) — (B,72§) near b, i.e. a local trivialization

ULV x By = expy (B2(0)) x F, - 7 (expy (BL(0)) )
together with local parametrizations
&0 x Al < BL(0) x B (0) - expy (BI(O)) x exp,, (B (0)
and rp as in Definition 2.31. We choose a partition of unity {A\;};=1, m

subordinated to the cover {exppl (BglL (0))} of F,.

=1,....m

W.lo.g. roe > p, which implies
f e Cg°(B.(0) x Fp) for all > ro.
Then,
2.\ —1
fo<(<p7" 9) Xid) € Cp°(V x Fp).
We set
9.\ —1
fri=1fo (((pT 9) X id) ot e C®(r"H(V)).

We recall from Proposition 2.17 that

1 1 1 1
scalg , = 2 scalg o T + scal,1 — T—4||A||§ - ﬁ”THz - T—2||N||§

2
+T—22g(VXiN, X;).

Since scalgi > 0, we may assume by compactness of M and B that
scalg , > K forr>rg
and some constant K > 0. Then by Remark 3.1,
Y (M,[g,2]) >0 for r > ro.
By definition of ¥ we have

scal, 1 (W(b,p)) = scal i (p) >0 for all p € Fy.
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Using the compactness of F}, we can shrink € and find constants ¢ and d such
that

1o (U
o sl (V0.)
1+ scal 1 (p)

<d<1+6§ foral (t,p) €V x Fy.

From the compactness of M, B and Fj it follows for sufficiently large r,
w.l.o.g. r > rg, that
scal, , — scal (Y, 1 1
(sealy —seal, YD) 1 g
scal 1 (p) 2 1+

for all (V/,p) € V x F,. As a consequence, we have

L seal, (00.9)
1+9 scal 1 (p)

<146 forall (,p) €V x Fy and r > r.

We estimate

2 . 2
1Al = I 2o By, 0)x Fovgesag®)

2/p
= / |[f|P dvol, agt
By (0)x Fy o
2/p
= (/ (/ 1P (1482 (14 6)"2 daz) dvolgl>
Fy B;’LE(O)

2/p
< (140)v/p (/ (/ ]f\p-\/detDT(x)da;> dvolgl)
Fy \/Bp.(0)
N | p 2/p
= 1+5”/P(/ fo< %9 xid) dvol 2, ) :
( ) VX Fp <90 ) R

Hence, Hng <

m

(B b

p 2/p
dVOL’,,QgEBgL .
=1

Using

det O7(z,y) < (1 +6)"**\/det B"(z,y) for (z,y) € B"(0) x Bfl (0)

we obtain

-1
- "o 'd>
/V><exppl <Bglj_ (0)) l ‘f o ((SO ) X 1

p

dVOl 1 S

r29Dg
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N\ —1 p
< (1 + 5)”+k/ N )\l . f o <<¢T29) X 1d> dVOI\Ij*gTQ
V xexpy, (Bgl (0))
and consequently,
2/p
Hf||;2; <(1+ 5)(3n+2k)/p </ | [P dvol,, 2) )
T 1(V) "

From

S0 (anlJrk (| V92 fr”;a +scalg , ff) dvoly ,
2/p
(fwfl(\/) ‘fr‘p)

Y(M,[g,2]) <

it follows that

(1 + 5) (3n+2k)/p

1
1915 < S /WW) <an+k 992 £12, +scal , - ff)dvolgﬂ.

‘We obtain

1 2
Vo2 dvol, , =
/7r1(V) Atk V2 frlly , dvolg,,

1 * -\ —1 2

= / |\ vad 9r2 f o <<(,0T29> X id) dVOI\p*g 9

VxF, n+k Urg o "

1 2501 25\ 1 2
B A e o o
VxF, On+k r25@gL
1 2
< (1+ 5)3+n+n/2+k/ vaeucleBgLf dvol, o1,
Br(0)x Fy, On+k Jeuc1Bg* e

once again using the partition of unity and the local estimates for B (z,y),
CJ(x,y) and D" (x).
Finally, we consider

/ scaly , - f2dvol, , =
ﬂ-—l(v) ™ T

_ 2
= / (scalg , o W) - (f o <<<p7’2§> ' X id>> dvoly=g ,
V X Fy " "

o\ -1 2
(14 5)Hket /V | seal, ( fo ((dgg) x id>> dvol, g1
b

(14 §)ntn/2k+l / scalyL - f? dvoly gL
B1(0)x F,

IN

IN

9bg

€L
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On the whole we obtain || f||2 <

a(n,k
S (1+6) ( )/ < 1 vaeucl@gL‘f
Y (M, [g,2]) B2 (0)xFy, \@n+k

2

2
. +scalL - f ) dvol,  agLs

where a(n, k) = % + (4 + 3n+ 2k) and r > ro.
Since f € Cg°(B,(0) x F;) was arbitrary, we have

Y (M, [g,2]) < (1408)*"M . Y(B1(0) x Fy, [gewar ® g])  for all 7 > g

and consequently

limsup Y (M, [g,2]) < (1+8)*"H - Y (B}(0) x Fy, [gewat ® g])-

r—00

Tending 6 — 0 and p — oo the claimed inequality

limsup Y (M, [g,2]) < Y (R™ X Fy, [geuas ® 7))

r—00

follows. [
To conclude the theorem we prove

Proposition 3.5.

liminf Y (M, [g,2]) > inf Y (R™ X F}, [geuct @ g7))-
r—00 beB

Proof. Given § > 0 we find finitely many points by,...,b,) € B and

€1,---,En(s) > 0 together with admissible local trivializations

WV x Fy, = expy, (35(0)) x Fy, — 7! <eprj (Bg(()))) 1< j < n(s)

and ry with local estimates for r > rg as in Definition 2.31.
We choose a partition of unity {n; = X? }j:]_’”"n((s) subordinated to the cover
{Vi}j=1,...n(s)- Since supp x; C V; is compact, we find a constant K > 0
such that

foin], <

and consequently
K
S -
o

2/\
r
|7
reg T

forall j =1,...,n(9).
We may assume by compactness of F;, and shrinking ; that there are con-
stants ¢ and d such that
1 _ scal, 1 (W7 (b, p))
1+0 - scal, 1 (p)

<d<144 forall (V,p)cV;xFy,
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as in the proof of Proposition 3.4. From the compactness of M, B and Fj, it
follows for sufficiently large r, w.l.o.g. r > rq, that

| _ Knd) + (Scalgrz - scalQL)(\Ilj(b/,p))‘

2 Antk

<1 inq1+0—d !
— -min —d,,c— ——
scal, 1 (p) 2 ” 1+6

for all (¥',p) € V; x Fy,. As a consequence, we have

| scaly , (WI(Y, p)) — ond)

T2’an+k
< <149
1+ scal, 1 (p) *

for all (0,p) € V; x Iy, and r > rg and j = 1,...,n(5). In the following we

always assume 1 > ry.
Let FF € C*>(M). We calculate

n(d)
2
HFHLP(M,gTQ) = HFQHLP/2(M79T2) = Z(Xj om)? - F*
= LP/2(M.g,2)
n(9) 2/p
< Z(/ \(XjOW)‘Flpdvolgﬂ) :
j=1 =1 (V;

We write F; := (x; o) - F and estimate

2/p 2/p
(/ ) |F;|P dvolgﬂ) = (/V . |Fj o WP dvol(@j)*gr2>
= 1(V; i % Fy;

2/p
(14 6)2(+k)/p / |Fj o WP dvol 2561
‘GXFb].

< (1+6)(3n+2k)/p /
Bﬁgj(O)XFbj

We set f; := (FjoW/)o <<p;29 X id) € Cg°(R™ x Fy,) and

IN

) » 2/p
(FjoW)o (gpg 9 x id)’ dvolgeud@gL> .

Yb(s = min Yoj"s,
1<j<n(9)

where Yoj"S = Y(R" X Fy, [geua @ g*]) > 0 by Lemma 3.2.
Hence,

2/p
| f|Pdvol N
<\/B’;L5j (O)XFbJ J JeuclDg

1/ ( 1 vaeuchBglfj 2
vP By (0)xFy; \On-tk

2
LT scal 1 -fj> dvoly gL

Jeuc1Dg
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We estimate further

/B'?sj (O)XFbj

(1+ 6)1+”/2/

‘/jXFbj

(1+6)3+n+n/2+k/
VjXFbj

= (1+5)3+"+"/2+k/ V92 (xj 0 m) - Fll; , dvol,,.
() A

2
dvol

g l@gL Geucl @gl
euc.

Iy 1
‘vgeucl g fj

2

IA

’Vﬂg%gl((xj or)-F) oW

vol 2+
RS LS

2

(V9)*g,2

IN

’V‘ll*gﬂ((xj orm)-F)o \I/JH dVOl(\I!j)*grg

Partial integration yields
2
/ | V92 (Xj o) - FHg N dVOlgTQ
71'_1(‘/]') T
= /1<v )(Xj o) F-AIF + F2. V92 (y;om)|2 , dvol,
m J

N 2
B / 1(V)<Xj om)t B A 4 HVTQngHﬂg o mdvolg,
T J

A

KZ
< / (XjOTr)2-F-AgT2F—|—F2-—deOIQQ.
(V) r "

Furthermore,

2
/ scalgL . fj dVOlgeud@gi
anej (0) XFbj

< (1+ 5)"/2/ scaly1 - ((xjom)- F)? oWl dvol,2ge,1
‘/jXFbj
. K2?2.0(05 .
S (1 + 5)n+n/2+k+1 / <Scalgr2 o \IJ‘] — 2TI‘()> . ((X] [¢] 7T) . F)2 ¢} \I!j dVOl(\Ijj)*gT‘Q
VjxFy, e Qntk
K?.n(8
< 1+ 5)n+n/2+kz+1/ (scalgTQ _ ”()> ((xj o) - F)2dvoly,.

2
(V) TS anik

Finally we obtain

2
IEN o (arg ) <
(1 + 6)8k)

1
/ F - A%2F +scaly , - F dvolg ,
M

o YE)(S An+k
1 4 §)B(n.k) 1
( +Y)5 / " || VIr2 F||§ , tscalg , - F? dvol, ,
0 M OGn+k r
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with B(n,k) =3+ n+n/2+k+ (3n+ 2k)/p.
Consequently,
Yv()(S < (1 + 5)B(n,k) ’ Y(M> [97"2])

and

inf Y(Rn X Fy, [geucl D QL]) < (1 + 5)B(n,k) -lim ian(Mv [97"2])7

beB r—00

which yields for § — 0 the claimed inequality

. n n ..
gggY(R X Fp, [geucl Dy ]) < hﬂg‘}fY(Mj [g’I‘Z])7

Combining Proposition 3.4 and Proposition 3.5 we obtain

limsup Y (M, [g,2]) < inf Y(R" X Fy, [geuet ® g7]) < liminf Y (M, [g,2])
beB r—00

r—00

and consequently,

lim Y(M, [g,a]) = ggng(Rn X Fy, [geucl D gl])

T—00

which proves Theorem 1.3.
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