
Real-valued differential forms on Berkovich
analytic spaces and their cohomology

Dissertation
zur Erlangung des Doktorgrades

der Naturwissenschaften (Dr. rer. nat.)

der Fakultät für Mathematik

der Universität Regensburg

vorgelegt von

Philipp Jell

aus

Regensburg

im Jahr 2016





Contents

Contents 3

1 Introduction 5

2 Superforms and their cohomology 11

2.1 Superforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.1.1 Lagerberg’s Superforms . . . . . . . . . . . . . . . . . . . . . . . 11

2.1.2 Superforms on tropical affine space . . . . . . . . . . . . . . . . . 14

2.1.3 Superforms on polyhedral subspaces . . . . . . . . . . . . . . . . 17

2.1.4 Superforms on polyhedral spaces . . . . . . . . . . . . . . . . . . 25

2.2 Cohomology of superforms . . . . . . . . . . . . . . . . . . . . . . . . . . 29
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Chapter 1

Introduction

Differential forms are a fundamental tool in differential and complex geometry. For a
smooth manifold X the de Rham complex (A•, d) of smooth differential forms carries a
lot of information about the geometry of the space X. The Poincaré lemma shows that
the de Rham complex is an exact complex of sheaves. It is a fundamental result of de
Rham from the 1930s that the cohomology of the complex of global sections (A•(X), d)
agrees with the singular cohomology of X with real coefficients. This in particular
shows that the cohomology of this complex is an invariant of the topological space X,
independent of the differentiable structure.

If X is indeed a complex manifold, and we consider complex valued differential
forms, we have canonical decompositions Ak =

⊕
p+q=kA

p,q and d = ∂ + ∂. The

cohomology of the complex (Ap,•, ∂) is called the Dolbeault cohomology of X. By
Dolbeault’s theorem from the 1950s, there is a canonical isomorphism between the
cohomology of (Ap,•(X), ∂) and the sheaf cohomology Hq(X,Ωp), where Ωp denotes
the sheaf of holomorphic differentials of degree p on X.

We now want to work over a non-archimedean field and use analytic spaces in
the sense of Berkovich [Ber90] instead of complex manifolds. In their fundamental
preprint [CLD12] Chambert–Loir and Ducros introduced real-valued differential forms
on Berkovich analytic spaces. Their idea is to map subsets of the analytic space into
analytic tori and then formally pull back superforms, as defined by Lagerberg [Lag12],
along tropicalization maps. They obtain a sheaf of bigraded bidifferential algebras
(A•,•, d′, d′′) on the analytic space. They show that analogous statements of fundamen-
tal properties from complex pluri-potential theory hold for these forms. For example
they prove analogues of the Poincaré–Lelong-formula and establish a variant of the
Bedford–Taylor approach to define products of (1, 1)-currents which satisfy suitable
positivity conditions.

Another aspect of differential forms on complex manifolds is their use in Arakelov
theory to calculate intersection numbers at infinite places. Gubler and Künnemann
have used an extended class of differential forms (so called δ-forms) to give an analytic
description of local heights also at finite places.

The purpose of this thesis is to study the properties of differential forms in Berkovich
spaces, introduced by Chambert-Loir and Ducros, with respect to cohomology. The
fundamental result will be the Poincaré lemma (Theorem 3.4.3), which, as the classical
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6 CHAPTER 1. INTRODUCTION

Poincaré lemma, is a statement about local exactness of closed forms.
Chambert–Loir and Ducros defined differential forms for arbitrary Berkovich ana-

lytic spaces. We will mostly work in the algebraic situation, by which we mean that
our analytic space is the analytification Xan in the sense of Berkovich of an algebraic
variety X over a algebraically closed, non-archimedean field K. We have a fine sheaf
of bigraded bidifferential algebras (A•,•X , d′, d′′) on Xan. This should be thought of as
an analogue of the sheaf of (p, q)-differential forms with differential operators ∂ and ∂
on a complex manifold. The sheaf A•,• has many analogous properties, such as canon-
ical integration of (n, n)-forms with compact support and Stokes’ theorem. For our
cohomological considerations we will most of the time fix q and focus on the complex
(A•,q, d′). We denote the cohomology of the global sections of this complex by Hp,q

d′ (X).
We have the following main exactness property:

Theorem 1 (d′-Poincaré lemma on Xan). Let X be a variety over K and V ⊂ Xan an
open subset. Let x ∈ V and α ∈ Ap,qX (V ) with p > 0 and d′α = 0. Then there exists

an open subset W ⊂ V with x ∈W and β ∈ Ap−1,q
X (W ) such that d′β = α|W .

This leads, as in Dolbeault’s theorem, to an identification of the cohomology of the
complex (A•,q, d′) with the sheaf cohomology of a certain sheaf LqX on X (cf. Corollary
3.4.6). Note that the analogy with the theory of complex manifolds fails here a little
bit, since L0

X = R, where R is the constant sheaf with stalks R. Thus the kernel of d′

consists only of locally constant functions, which is not true for the kernel of ∂, which
consists of holomorphic functions.

We obtain an identification of the cohomology of the complex (A•,0, d′) with the
singular cohomology of X with real coefficients. Using results by Hrushovski and Loeser
on the homotopy type of Berkovich spaces associated with quasi-projective varieties,
we then obtain as a consequence the following result:

Theorem 2. Let X be a variety over K. Then the real vector space Hp,0
d′ (Xan) is finite

dimensional for all p.

Differential forms on Berkovich spaces are locally given by superforms, in the sense
of Lagerberg [Lag12], on polyhedral complexes. These are then formally pulled back
to the analytic space via the tropicalization procedure, as we will explain in Chapter
3. Therefore our strategy for proving Theorem 1 is to consider first the theory on
polyhedral complexes (cf. Chapter 2). We will use the results from Chapter 2 and
consider the local situation on analytic spaces in Subsection 3.4.1 and the global sit-
uation in Subsection 3.4.2. We will also define new types of charts, which we can use
to define this formal pullback. Previously (cf. [CLD12, Gub13a]), tropical charts were
always obtained by maps from open subsets to tori. We show that the same sheaves
of differential forms are obtained when we use maps of open subsets into affine space.
Gubler’s approach uses canonical embeddings of suitable (i.e. very affine) open subsets
of X into tori. If K is trivially valued, then it is not possible to extract enough local
information about Xan from tropicalizations of embeddings of open subsets of X into
tori (cf. Example 3.3.1). However, replacing tori by affine space fixes this problem (cf.
Lemma 3.3.2) and allows us to make a natural generalization of Gubler’s approach to
the case where the base field is trivially valued (cf. Section 3.3). Furthermore, if the
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variety X has enough toric embeddings (cf. 3.2.32), we can use global embeddings into
toric varieties to define differential forms on Xan. In particular, if X is projective and
normal, then any differential form on Xan is globally given by one differential form
on a tropical space (cf. Corollary 3.2.54). This global definition is helpful in concrete
examples and will hopefully be useful in future studies of the cohomology of these
forms.

Superforms were introduced by Lagerberg in [Lag12]. They are analogues on Rr
of real-valued (p, q)-differential forms on complex manifolds. Their restrictions to sup-
ports of polyhedral complexes were first studied systematically in [CLD12] (see also
[Gub13a]). As introduced in [JSS15] the definitions of superforms on supports of poly-
hedral complexes in Rr can be generalized to supports of polyhedral complexes in
Tr = [−∞,∞)r and to spaces which are locally modeled on such spaces. These spaces
will be called polyhedral spaces (cf. Definition 2.1.54). For a polyhedral space X, we
obtain a sheaf of bigraded bidifferential algebras (A•,•X , d′, d′′) on X.

In Chapter 2 we give the definitions of (A•,•X , d′, d′′) and study its cohomology. The
fundamental result is:

Theorem 3 (d′-Poincaré lemma for polyhedral complexes). Let X be a polyhedral
subspace in Rr and Ω ⊂ X a polyhedrally star shaped open subset with center z. Let
α ∈ Ap,q(Ω) with p > 0 and d′α = 0. Then there exists β ∈ Ap−1,q(Ω) such that
d′β = α.

Theorem 3 was proven by the author in [Jel16]. The proof is inspired by the proof
of the classical Poincaré lemma. However, due to the very nature of Lagerberg’s super-
forms the natural pullback morphism is only defined along affine maps. An important
new tool is the introduction of a pullback of superforms along C∞ maps. Here the
direct definition fails to commute with the differential operator d′ (cf. Remark 2.2.4).
We thus need a different kind of pullback which commutes with d′ (cf. Definition 2.2.6).

For polyhedral spaces, Theorem 3 has the following consequences:

Theorem 4 (Poincaré lemma for polyhedral spaces). Let X be a polyhedral space and
U ⊂ X an open subset. Let α ∈ Ap,q(U) with p > 0 and d′α = 0. Then for every x ∈ U
there exists an open subset V ⊂ X with x ∈ V and a superform β ∈ Ap−1,q(V ) such
that d′β = α|V .

Note that, conversely to the case of polyhedral subspaces of Rr, Theorem 4 does
not give any acyclic domains, since the set V can depend on the form α. If we put
some regularity assumptions on X however, we can obtain acyclic domains. (For the
definition of regular at infinity cf. Definition 2.1.54 and for the definition of basic open
cf. Definition 2.2.23).

Theorem 5. If X is regular at infinity and U is basic open, we can choose V = U in
Theorem 4. So any closed form on U is exact.

The first part of the Theorem was derived from Theorem 3 by Kristin Shaw, Jascha
Smacka and myself in [JSS15]. Theorem 5 is also contained there, though not explicitly
stated. It is a consequence of [JSS15, Theorem 3.18 & Proposition 3.10]. We will
however give a direct proof here (cf. Theorem 2.2.27).
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Another important property of the cohomology of differential forms on complex
manifolds is Poincaré duality. For superforms, if we make further assumptions on the
polyhedral space we indeed obtain canonical integration of (n, n)-forms and Stokes’
theorem. Therefore we obtain a natural pairing on cohomology and the associated map

PD : Hp,q
d′ (X)→ Hn−p,n−q

d′,c (X)∗,

which we call the Poincaré duality map. For this to be an isomorphism we have to put
additional conditions on the polyhedral space X. Just the map PD being defined is not
enough, as can be seen in Example 2.2.40. We require X to be locally modeled on the
Bergman fan of a matroid. In that case we will call X a tropical manifold. We have
the following Theorem:

Theorem 6 (Poincaré duality for tropical manifolds). Let X be an n-dimensional
tropical manifold. Then the Poincaré duality map is an isomorphism for all p, q.

Theorem 6 was also shown by Kristin Shaw, Jascha Smacka and the author in
[JSS15]. The key tools are the characterization of matroidal fans via tropical mod-
ifications (cf. Construction 2.2.42), which is due to Shaw [Sha13, Proposition 2.25],
and the invariance of cohomology under closed tropical modifications (cf. Definition
2.2.43). We then show how to control the change in cohomology produced by open trop-
ical modifications to obtain the result for matroidal fans. To pass to general tropical
manifolds, we use a sheaf theoretic argument.

We will also consider a different approach to a theory of (1, 1)-forms in Berkovich
geometry by Boucksom, Favre and Jonsson [BFJ16, BFJ15], which they used to solve a
non-archimedean Monge–Ampère equation. Their approach uses line bundles, models
and model metrics instead of forms in the sense of [CLD12, Gub13a]. We extend one of
their statements, the ddc-lemma. This was shown in [BFJ16, Theorem 4.3] for smooth
projective varieties over a discretely valued field of residue characteristic zero. We
work over an algebraically closed, complete field with valued group Q and require the
variety to be merely normal and proper. We do not put any assumption on the residue
characteristic. For definitions of the terms in the statement, cf. Chapter 4.

Theorem 7 (ddc-lemma). Let X be a normal and proper variety. Then the sequence

0→ R→ D(X)R
ddc→ Z1,1(X)→ N1(X)→ 0

is exact.

We now outline the organization of this thesis. In Chapter 2 we consider superforms
on polyhedral spaces and their cohomology. In Section 2.1 we recall the definition
of superforms on Rr due to Lagerberg [Lag12] and their restriction to supports of
polyhedral complexes in Rr (cf. [CLD12, Gub13a]). We then give the extension of
these forms to supports of polyhedral complexes in Tr and polyhedral spaces as in
[JSS15].

In Section 2.2 we study the cohomology defined by these forms. We first prove the
Poincaré lemma for polyhedral complexes in Rr as in [Jel16]. As said above, the crucial
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tool is the introduction of a pullback along C∞ maps that still commutes with the
differential operator d′. This enables us to prove a homotopy formula (Theorem 2.2.9).
We can then use the pullback along the contraction to construct preimages for closed
forms (cf. proof of Theorem 2.2.15). Then we consider consequences of this result for
polyhedral spaces, as in [JSS15, Section 3.2]. Afterwards we show finite dimensionality
of the cohomology for polyhedral subspaces. These results generalize the results for
polyhedral complexes in [Jel16, Section 3.3 & 3.4]. The last subsection is devoted to
the proof of Poincaré duality for tropical manifolds as in [JSS15].

In Chapter 3 we consider differential forms on Berkovich analytic spaces. For the
case where the analytic space is the analytification Xan of an algebraic variety X, we
recall Gubler’s approach. It uses tropicalization of canonical embeddings of very affine
open subsets U into tori Gr

m and superforms on polyhedral complexes in Rr. We choose
to work with this approach instead of the one by Chambert–Loir and Ducros, which
works for general analytic space, for a variety of reasons. First of all the theory uses
only analytifications of algebraic varieties and maps between algebraic varieties. This
makes the presentation both easier and shorter. Another reason is that our studies in
Section 2.2 are using techniques and properties from tropical geometry, and this is easier
to utilize in Gubler’s approach. A third reason is the introduction of new approaches
in Subsection 3.2.2. One of our approaches uses tropicalization of embeddings of affine
open subsets U into Ar and superforms on polyhedral complexes in Tr. This approach is
the most general, since it also works over trivially valued fields, as we explain in Section
3.3 and we do not make any extra assumptions on the variety. Another approach uses
tropicalization of embeddings of X into toric varieties and superforms on polyhedral
spaces. This approach produces a lot more global charts (cf. Corollary 3.2.54), which
the author believes to be useful in the future study of the cohomology of differential
forms. While the author believes that the approach which uses embeddings into Ar
can be made work for general analytic spaces, we can not expect to be able to globally
embed general analytic spaces into analytifications of toric varieties. This is another
reason to work in the algebraic setup. We show that all approaches yield the same
theory of real valued differential forms in Subsection 3.2.3.

In Section 3.4 we study the cohomology defined by differential forms on Berkovich
spaces. We first prove the Poincaré lemma. Afterwards we again show finiteness results.
These are tied to existence of skeleta for the analytic space.

In Chapter 4 we show a version of the ddc-lemma in another approach to forms on
Berkovich spaces, namely the one taken by Boucksom, Favre and Jonsson. Theorem
4.2.7 is an extension of [BFJ16, Theorem 4.3].

We now explain how this thesis intersects with the papers [Jel16] and [JSS15].
In Subsections 2.1.2 to 2.1.4 we follow the presentation of [JSS15] very closely. The
exception are some extensions of the theory in Rr to polyhedral subspaces in Tr resp.
polyhedral spaces which were not needed there, thus were not considered by the authors
at that time. Subsection 2.2.1 is precisely [Jel16, Section 2] with some changes in
notations, to fit with the rest of the thesis. Subsection 2.2.2 is then again a part of
[JSS15]. We give a new and direct proof for Theorem 2.2.27, but the statement is
already know from [JSS15, Proposition 3.10 & Theorem 3.18], though not explicitly
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stated. Also the proof of Proposition 2.2.25 can be shortened here a little bit, because
one has Theorem 2.2.9 at hand. Subsection 2.2.3 contains the logical extension of [Jel16,
Section 3.2 - Section 3.4] to the world of polyhedral subspaces in Tr×Rs, when only the
case of subspaces of Rs was treated before. The techniques are completely analogous
to the ones used in [Jel16]. Subsection 2.2.4 is directly from [JSS15, Subsection 4.2].
Subsection 3.4.1 and Theorem 3.4.9 are again results from [Jel16]. Note that in this
thesis we choose to work with A-tropical charts, to also include the case where our field
in trivially valued.
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Chapter 2

Superforms and their cohomology

In this chapter we consider superforms on polyhedral spaces. In Section 2.1 we give
the definitions and prove basic properties such as functoriality, integration and Stokes’
theorem. In Section 2.2 we study the cohomology defined by these superforms. We
prove versions of the Poincaré lemma and show finite dimensionality and Poincaré
duality for the cohomology under suitable conditions.

2.1 Superforms

The goal of this section is to introduce superforms on polyhedral spaces. Polyhedral
spaces are spaces which are equipped with an atlas to supports of polyhedral complexes.
Superforms are analogues of differential forms, which take into account both the smooth
structure of the polyhedra as well as the linear structures of the polyhedra. We recall
the definition of superforms on open subsets of Rr in Subsection 2.1.1 and give the
extension to open subsets of a partial compactification, Tr = [−∞,∞)r, in Subsection
2.1.2. We then give the definition of these forms on supports of polyhedral complexes.
In Subsection 2.1.4, we consider polyhedral spaces.

Superforms were originally introduced by Lagerberg in [Lag12] for open subsets of
Rr. Restrictions of these forms to supports of polyhedral complexes were introduced by
Chambert-Loir and Ducros in [CLD12] (see also [Gub13a]). The extensions to subspaces
of Tr and polyhedral spaces were introduced in [JSS15].

2.1.1 Lagerberg’s Superforms

We recall the definitions and basic properties of superforms, as introduced by Lagerberg
in [Lag12]. These are bigraded differential forms, which are analogues on Rr of (p, q)-
differential forms on complex manifolds.

Definition 2.1.1. i) For an open subset U ⊂ Rr denote by Ap(U) the space of
smooth real differential forms of degree p. The space of superforms of bidegree (p, q)
on U is defined as

Ap,q(U) := Ap(U)⊗C∞(U) Aq(U) = Ap(U)⊗R ΛqRr∗ = C∞(U)⊗R ΛpRr∗ ⊗R ΛqRr∗.

11



12 CHAPTER 2. SUPERFORMS AND THEIR COHOMOLOGY

If we choose a basis x1, . . . , xr of Rr we can formally write a superform α ∈ Ap,q(U) as

α =
∑

|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ ,

where I = {i1, . . . ip} and J = {j1, . . . jq} are ordered subsets of {1, . . . , r}, αIJ ∈
C∞(U) are smooth functions and

d′xI ∧ d′′xJ := (dxi1 ∧ . . . ∧ dxip)⊗R (dxj1 ∧ . . . ∧ dxjq).(2.1)

ii) There is a wedge product

Ap,q(U)×Ap′,q′(U)→ Ap+p′,q+q′(U)

(α, β) 7→ α ∧ β,

which is, up to sign, induced by the usual wedge product and is in coordinates given
by

(αKLd
′xK ∧ d′′xL) ∧ (βK′L′d

′xK′ ∧ d′′xL′) :=αKLβK′L′d
′xK ∧ d′′xL ∧ d′xK′ ∧ d′′xL′

:= (−1)p
′qαKLβK′L′d

′xK ∧ d′xK′ ∧ d′′xL ∧ d′′xL′ .

Note that this fits with (2.1) in the sense that both meanings of d′xI ∧ d′′xJ agree.

iii) There is a differential operator

d′ : Ap,q(U) = Ap(U)⊗R ΛqRr∗ → Ap+1(U)⊗R ΛqRr∗ = Ap+1,q(U)

which is given by D ⊗ id, where D is the usual exterior derivative. We also have
Ap,q(U) = ΛpRr∗ ⊗R Aq(U) and can take the derivative in the second component. We
put a sign on this operator and define d′′ := (−1)p id⊗D. In coordinates we have

d′

(∑
IJ

αIJd
′xI ∧ d′′xJ

)
=
∑
IJ

r∑
i=1

∂αIJ
∂xi

d′xi ∧ d′xI ∧ d′′xJ

and

d′′

(∑
IJ

αIJd
′xI ∧ d′′xJ

)
= (−1)p

∑
IJ

r∑
i=1

∂αIJ
∂xi

d′xI ∧ d′′xi ∧ d′′xJ

=
∑
IJ

r∑
i=1

∂αIJ
∂xi

d′′xi ∧ d′xI ∧ d′′xJ .

We further define d := d′+ d′′. The sign in d′′ is such that d′ and d′′ anti-commute and
hence d is a differential.
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Remark 2.1.2. For all p, q the functor

U 7→ Ap,q(U)

defines a sheaf on Rr. We obtain a sheaf of bigraded differential algebras (A•,•, d′, d′′)
on Rr. Since our convention is that d′ and d′′ anti-commute, we also obtain the sheaf
of graded differential algebras (A•, d) where d = d′ + d′′ and Ak :=

⊕
p+q=k

Ap,q. We

further have Ap,q = 0 if max(p, q) > r.

Note further that A0,0(U) = C∞(U).

Remark 2.1.3. It follows from the usual Poincaré lemma that columns and rows of the
double complex (A•,•, d′, d′′) of sheaves are exact in positive degrees [Lag12, Proposition
2.4]. This is not true for the total complex (cf. Remark 2.2.16).

Definition 2.1.4. Switching the factors in Ap,q(U) := Ap(U)⊗C∞(U)Aq(U) (or, equiv-
alently, the last two factors in C∞(U) ⊗R ΛpRr∗ ⊗R ΛqRr∗) induces an isomorphism
Ap,q(U) ' Aq,p(U). We define

J : Ap,q(U)→ Aq,p(U)

α =
∑
IJ

αIJd
′xI ∧ d′′xJ 7→

∑
IJ

αIJd
′′xI ∧ d′xJ = (−1)pq

∑
IJ

αIJd
′xJ ∧ d′′xI .

Remark 2.1.5. Let F : Rr′ → Rr be an affine map and U ′ ⊂ Rr′ and U ⊂ Rr
open subsets such that F (U ′) ⊂ U . Then there is a well defined pullback morphism
F ∗ : Ap,q(U)→ Ap,q(U ′) that commutes with the differentials d′, d′′ and d, the operator
J and the wedge product.

Definition 2.1.6. Let U be an open subset of Rr and α ∈ Ap,q(U). The support of α
is its support in the sense of sheaves, thus the set of points x ∈ U which do not have
a neighborhood Ux such that α|Ux = 0. It is denoted by supp(α). A superform is said
to have compact support if its support is a compact set. The space of (p, q)-superforms
on U which have compact support is denoted by Ap,qc (U).

Definition 2.1.7. Let U ⊂ Rr be an open subset and α ∈ Ar,rc (U). We choose a basis
x1, . . . , xr of Zr. We can write

α = fαd
′x1 ∧ d′′x1 ∧ . . . ∧ d′xr ∧ d′′xr.

Note that fα ∈ C∞c (U) is independent of the choice of the integral basis x1, . . . , xr. We
then define ∫

U

α :=

∫
U

fα,

where the integral on the right is taken with respect to the volume defined by the lattice
Zr ⊂ Rr.
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Remark 2.1.8. This definition is written up a little differently from the ones in
[CLD12, 1.3] and [Gub13a, 2.4] (which are themselves a little different from each other),
but easily seen to be equivalent.

Proposition 2.1.9. Let F : Rr → Rr be a linear map. Let U be an open subset of Rr
and α ∈ Ar,rc (U). Then we have∫

F−1(U)

F ∗(α) = |detF |
∫
U

α.

Proof. [Lag12, Equation (2.3)]

2.1.2 Superforms on tropical affine space

We now extend the definition of superforms from open subsets of Rr to open subsets
of a partial compactification, namely Tr = [−∞,∞)r. We introduce an extension of
affine maps to these spaces and a pullback of superforms along these maps. All this
was introduced by Shaw, Smacka and the author in [JSS15].

Definition 2.1.10. Let T = [−∞,∞) and equip it with the topology of a half open
interval. Then Tr is equipped with the product topology. We write [r] := {1, . . . , r}.

The sedentarity of a point x = (x1, . . . , xr) ∈ Tr is the subset sed(x) ⊂ [r] consisting
of indices i such that xi = −∞.

For I ⊂ [r] set

RrI = {x ∈ Tr | sed(x) = I} and

TrI = {x ∈ Tr | sed(x) ⊃ I}.

Clearly we have RrI ∼= Rr−|I| and TrI ∼= Tr−|I|. As a convention throughout, for a
subset S ⊂ Tr we denote SI := S ∩ RrI . Note that this is slightly inconsistent with TrI ,
but there we already have the notation RrI so this will not cause any confusion.

Moreover, for J ⊂ I there is a canonical projection πIJ : RrJ → RrI . Coordinate-wise
the map πIJ sends xi to −∞ if i ∈ I and to xi otherwise.

Definition 2.1.11. Let U ⊂ Tr be an open subset. A (p, q)-superform α on U is given
by a collection of superforms (αI)I⊂[r] such that

i) αI ∈ Ap,q(UI) for all I,

ii) for each point x ∈ U ⊂ Tr of sedentarity I, there exists a neighborhood Ux of x
contained in U such that for each J ⊂ I the projection satisfies πIJ(Ux,J) = Ux,I and
π∗IJ(αI |Ux,I ) = αJ |Ux,J .

We denote the space of (p, q)-superforms on U by Ap,q(U).
Condition ii) of Definition 2.1.11 will be referred to as the condition of compatibility.

Suppose U ⊂ Tr is an open set whose points have a unique maximal sedentarity I and
α ∈ Ap,q(U). If for each J ⊂ I we have π∗IJαI = αJ , then we say that α is determined
by αI on U . Notice that the condition of compatibility implies that each x ∈ U has an
open neighborhood Ux such that α|Ux is determined by (α|Ux)sed(x) on Ux.
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Definition 2.1.12. Let D ∈ {d′, d′′, d}. For U ⊂ Tr an open subset and α = (αI)I ∈
Ap,q(U) a superform, we define Dα to be given by the collection (DαI)I .

We also define Jα to be given by the collection (JαI)I . If also β = (βI)I ∈ Ap
′,q′(U),

then we define α ∧ β := (αI ∧ βI)I ∈ Ap+p
′,q+q′(U).

Since all these constructions commute with pullback along the projections πIJ we
indeed obtain elements of A•,•(U) again.

Lemma 2.1.13. The functor

U 7→ Ap,q(U)

defines a sheaf on Tr.

Proof. This is a direct consequence of the corresponding statement for Rr and the fact
that the condition of compatibility is local.

Remark 2.1.14. Let U be an open subset of Tr. An element of A0,0(U) is precisely
given by a function f : U → R such that the restriction to each UI for I ⊂ [r] is smooth
and the condition of compatibility is satisfied. We will thus call elements of A0,0(U)
smooth functions and sometimes write C∞(U) := A0,0(U).

We will now show that the sheaf C∞ has partitions of unity. In the next lemma we
use upper indexing to avoid confusion with the notation for the sedentarity of sets.

Lemma 2.1.15. Let U ⊂ Tr be an open subset and (U l)l∈L an open cover of U . Then
there exist a countable, locally finite cover (V k)k∈K of U , a collection of non-negative
smooth functions (fk : V k → R)k∈K with compact support and a map s : K → L such
that V k ⊂ U s(k) for every k ∈ K, and

∑
k∈K

fk ≡ 1. Such a family is called a partition

of unity subordinated to the cover (U l)l∈L.

Proof. We first show that for any x ∈ Tr and any open neighborhood x ∈ V there
exists a non-negative function f ∈ A0,0(Tr) and a neighborhood V ′ ⊂ V of x such that
f |V ′ ≡ 1 and supp(f) ⊂ V is compact. This is clear if r = 1. Otherwise, a basis of
open neighborhoods of x is given by products of open sets in T1, thus we may assume
V to be of that form. Then taking functions f i on neighborhoods of xi on T1 with the
above property for every i ∈ [r] and defining f(x1, . . . , xr) =

∏
f i(xi) gives the desired

function.

The general theorem then follows from standard arguments, see for instance the
proof in [War83, Theorem 1.11].

Corollary 2.1.16. The sheaves Ap,q are fine sheaves.

Proof. For A0,0 this is just Lemma 2.1.15. In general this follows from the fact that
the sheaves Ap,q are A0,0–modules via the wedge product.
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Remark 2.1.17. Let F : Rr′ → Rr be an affine map and let MF denote the matrix
representing the linear part of F . Let I be the set of i ∈ [r′] such that the i-th column
of MF has only non-negative entries. Then F can be extended to a map

F :

(⋃
J⊂I

Rr
′
J

)
→ Tr

by continuity, (equivalently, using the usual −∞-conventions for arithmetic). The
extended map is also denoted by F . Note that

⋃
J⊂I

Rr′J ' T|I| × Rr′−|I|.

Definition 2.1.18. Let U ′ ⊂ Tr′ be an open subset, then a map F : U ′ → Tr, which is
the restriction to U ′ of a map arising as above is called an extended affine map. Note
that this only makes sense once we have sed(x) ⊂ I for all x ∈ U ′, where I is defined
as above. An extended affine map is called an integral extended affine map, if it is the
extension of an integral affine map Rr′ → Rr, i.e. its linear part is induced by a map of
the standard lattices Zr′ → Zr.

Definition 2.1.19. Let U ′ ⊂ Tr′ be an open subset and F : U ′ → Tr be an extended
affine map. Let U ⊂ Tr be an open subset such that F (U ′) ⊂ U . Define

F : {sedentarities of points in U ′} → {S ⊂ [r]}

I ′ 7→ sed(F (x)) for some and then every x ∈ Rr
′
I′ .

Note that this map respects inclusions. Then F induces an affine map FI′ : Rr
′
I′ → RrF (I′)

with FI′(U
′
I′) ⊂ UF (I′) for all I ′ ⊂ [r′]. The pullback of the superform α = (αI)I along F

is the collection of superforms F ∗(α) := (F ∗I′(αF (I′)))I′ . The next lemma shows that this
defines a superform on U ′ and thus we have a pullback map F ∗ : Ap,q(U)→ Ap,q(U ′).

Lemma 2.1.20. The pullback of a (p, q)-superform α on U ⊂ Tr along an extended
affine map F : U ′ → U is a (p, q)-superform on U ′ ⊂ Tr′. Furthermore this pullback is
functorial, commutes with the wedge product and the differential operators.

Proof. We have to verify the condition of compatibility. For J ′ ⊂ I ′ we have F (J ′) ⊂
F (I ′) and FI′ ◦ πI′,J ′ = πF (I′)F (J ′) ◦ FJ ′ . Thus if α ∈ Ap,q(U) is determined by αF (I′)

on Ux, we have

π∗I′J ′(F
∗(α)I′) = π∗I′J ′F

∗
I′(αF (I′))

= F ∗J ′(π
∗
F (I′)F (J ′)(αF (I′)))

= F ∗J ′(αF (J ′))

= (F ∗(α))J ′ ,

which shows that F ∗(α) is determined by F ∗(α)I′ on F−1(Ux). This shows the required
compatibility. The rest of the statement follows directly from the fact that this is true
for the pullback on open subsets of Rr.
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2.1.3 Superforms on polyhedral subspaces

We now consider the restriction of superforms to polyhedral subspaces, which are sup-
ports of polyhedral complexes. We give the definition of pullbacks along extended affine
maps between these spaces and also define a canonical integration of (n, n)-superforms
over weighted R-rational polyhedral complexes. For polyhedral complexes in Rr these
were originally introduced by Chambert–Loir and Ducros in [CLD12]. Since we work
more with tropical properties, our presentation is closer to the one in [Gub13a]. The
extension to polyhedral complexes in Tr (and therefore also polyhedral complexes in
Tr × Rs) was given in [JSS15].

Definition 2.1.21. A polyhedron in Rr is a subset defined by a finite system of affine
(non-strict) inequalities. A face of a polyhedron σ is a polyhedron which is obtained by
turning some of the defining inequalities of σ into equalities. For conventions of convex
geometry we follow [Gub13b, Appendix A].

A polyhedron in Tr×Rs is the closure of a polyhedron in RrI×Rs ∼= Rr−|I|+s ⊂ Tr×Rs
for some I ⊂ [r]. A face of a polyhedron σ in Tr ×Rs is the closure of a face of σ ∩RrJ
for some J ⊂ [r]. A polyhedral complex C in Tr × Rs is a finite set of polyhedra in
Tr × Rs, satisfying the following properties:

i) For a polyhedron σ ∈ C, if τ is a face of σ (denoted τ ≺ σ) we have τ ∈ C.

ii) For two polyhedra σ, τ ∈ C the intersection σ ∩ τ is a face of both σ and τ .

The maximal polyhedra, with respect to inclusion, are called facets. The dimension of
a polyhedral complex is the maximal dimension among its polyhedra. The polyhedral
complex is called pure dimensional if all maximal polyhedral have the same dimension.
We denote by Ck the set of polyhedra of dimension k. The support of a polyhedral
complex C is the union of all its polyhedra and is denoted by | C |. If X = | C |, then X
is called a polyhedral subspace of Tr × Rs and C is called a polyhedral structure on X.

The relative interior of a polyhedron σ is denoted by σ̊. The sedentarity of σ is
defined as the sedentarity of the points in σ̊ and denoted sed(σ). We use the notation
CI for the polyhedral complex in RrI × Rs obtained by intersecting all polyhedra of C
with RrI × Rs. Note that | CI | = | C |I .

A polyhedron σ spans an affine space A(σ) ⊂ Rrsed(σ) × Rs and we denote by L(σ)
the corresponding linear space.

Remark 2.1.22. By a polyhedral subspace we always mean a polyhedral subspace
of some Tr × Rs. Many of our constructions will concern open subsets of polyhedral
subspaces. Since Tr×Rs is an open subset of Tr+s, we can then always assume that these
polyhedral subspaces are subspaces of Tr. Note also that Tr ×Rs is indeed isomorphic
to the polyhedral subspace {(y1, . . . , yr, x1,−x1, . . . , xn,−xn) ∈ Tr+2s|yi ∈ T, xi ∈ R}
of Tr+2s.

Definition 2.1.23. A polyhedron σ ⊂ Rr is called R-rational if it can be defined
by equations of the form 〈. , v〉 ≥ c with v having integer coefficients and c ∈ R.
A polyhedron σ ⊂ Tr × Rs is called R-rational if it is the closure of an R-rational
polyhedron in some RrI × Rs. A polyhedral complex C in Tr × Rs is called R-rational
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if all it polyhedra are R-rational polyhedra. Then for any polyhedron σ there is a
canonical lattice of full rank Z(σ) ⊂ L(σ). A polyhedral subspace X is called R-
rational if it is the support of an R-rational polyhedral complex C. In this case we will
call C an R-rational polyhedral structure on X.

Remark 2.1.24. Let X be an R-rational polyhedral subspace in Rr. Then its closure
in Tr is R-rational.

Definition 2.1.25. A weighted polyhedral complex C is a pure dimensional polyhedral
complex equipped with integer valued weights on its top dimensional facets. For a facet
σ we will always write mσ for its weight. The support of a weighted polyhedral complex
C of dimension n is defined as | C | =

⋃
σ∈Cn:mσ 6=0 σ.

A weighted polyhedral subspace X is a pure dimensional polyhedral subspace C with
| C | = X up to common refinement preserving the weights. We call a weighted polyhe-
dral complex C representing X a weighted polyhedral structure on X.

Let C be a polyhedral complex in Rr. Let σ ∈ Cn and τ a codimension 1 face of σ.
We denote by ντ,σ ∈ Z(σ) a representative of the unique generator of Z(σ)/Z(τ) which
points inside of σ.

If C is a polyhedral complex in Tr × Rs we define ντ,σ to be zero if τ and σ have
different sedentarities and ντ,σ := ντI ,σI if τ and σ are both of sedentarity I.

Definition 2.1.26. Let C be an n-dimensional weighted R-rational polyhedral complex
and τ ∈ Cn−1. Then C is said to be balanced at τ if we have∑

σ:τ≺σ
mσντ,σ ∈ Z(τ).(2.2)

C is said to fulfill the balancing condition (or is balanced) if it is balanced at every face
of codimension 1.

We say that a weighted R-rational polyhedral subspace X is balanced if it has a
weighted R-rational polyhedral structure which is balanced. If that is the case we also
call X a tropical cycle. If the integer weights of X are all positive, then X is a tropical
variety.

Remark 2.1.27. We will later see that if X is a tropical cycle then any weighted
R-rational polyhedral structure on X satisfies the balancing condition (cf. Remark
2.1.50).

Definition 2.1.28. Let X1 and X2 be n-dimensional weighted polyhedral subspaces
of Tr×Rs. Let C be a polyhedral complex such that there exist sets of weights m1 and
m2 such that (C,mi) is a weighted polyhedral structure on Xi for i = 1, 2. Then define
X1 +X2 to be the weighted polyhedral subspace represented by (C,m1 +m2).

Remark 2.1.29. This defines the structure of an abelian group on the set of n-
dimensional weighted polyhedral subspaces of Tr ×Rs, with the neutral element being
the empty set. The n-dimensional weighted R-rational polyhedral subspaces and tropi-
cal cycles of dimension n form subgroups. The tropical subvarieties form a submonoid.
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Lemma 2.1.30. Let C be a weighted R-rational polyhedral complex in Tr × Rs. Let
I1, . . . , Ik ⊂ [r] be the collection of sets such that there exist maximal polyhedra of these
sedentarities in C. Let Ci be the weighted R-rational polyhedral complex in RrIi × Rs
whose maximal polyhedra are the maximal ones of C which are contained in RrIi × Rs

and whose weights are inherited. Write X := | C | and Xi := | Ci |. Then X =
⋃
Xi,

X =
∑
Xi and C is balanced if and only if all the Ci are balanced.

Proof. Every maximal polyhedron of C is the closure of one which is contained in one
of the Ci. Since the support is the union of the maximal polyhedra, we have X =

⋃
Xi.

Since the weights are inherited and there is no cancellation we also have X =
∑
Xi.

Let τ ∈ C be a codimension 1 face. Let I denote its sedentarity. Note that by definition
of ντ,σ we can run the sum in (2.2) only over maximal faces of same sedentarity. Thus
the sum is either empty or I = Ii for some i, then it is precisely the condition for τ
being balanced in Ci.

Definition 2.1.31. Let C be a polyhedral complex in Tr × Rs and σ ∈ C. Let x ∈ σ
and I := sed(x). Then σI := σ ∩ (RrI × Rs) is a polyhedron in RrI × Rs. Define the
tangent space of σ at x to be L(σ, x) := L(σI) ⊂ RrI × Rs, where L(σI) is the tangent
space to σI at any point in its relative interior.

Let σ ∈ C and write I := sed(σ). The p-th multitangent and multicotangent space
of C at σ are the vector subspaces respectively

Fp(σ) =
∑

τ∈CI :σ≺τ
ΛpL(τ) ⊂ Λp(RrI ⊕ Rs) and Fp(σ) =

 ∑
τ∈CI :σ≺τ

ΛpL(τ)

∗ .
For x ∈ | C | we take the unique σx ∈ C, such that x ∈ σ̊x. Then we define

Fp(x) := Fp(σx) and Fp(x) := Fp(σx).

Note that these are invariant under subdivision, thus well defined for a polyhedral
subspace X.

Definition 2.1.32. The evaluation of a (p, q)-superform α at a collection of vectors
v1, . . . , vp, w1, . . . , wq ∈ L(σ, x) is denoted 〈αI(x); v1. . . . , vp, w1, . . . , wq〉.

Let U ⊂ Tr be an open subset and α = (αI)I ∈ Ap,q(U). For v ∈ Rr and s ∈ [p+ q]
we define the contraction of α with v in the s-th component 〈α, v〉s to be given by the
collection (〈αI , πI,∅(v)〉s)I . Here 〈αI , πI,∅(v)〉s ∈ Ap−1,q(UI) (resp. Ap,q−1 if s > p) is
the contraction of αI with πI,∅(v) in the sense of multilinear forms (cf. [Gub13a, 2.6]).
We obtain a well defined form in Ap−1,q(U) (resp. Ap,q−1(U) if s > p).

Next we consider the restriction of bigraded superforms to polyhedral complexes in
Tr.

Definition 2.1.33. Let C be a polyhedral complex in Tr × Rs and Ω ⊂ | C | an open
subset. A superform of bidegree (p, q) on Ω is given by an open subset U ⊂ Tr+s (or
equivalently Tr ×Rs) such that U ∩ | C | = Ω and a superform α = (αI)I⊂[r] ∈ Ap,q(U).
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Two such pairs (U,α) and (U ′, α′) are equivalent if for any σ ∈ C, any x ∈ Ω ∩ σ of
sedentarity I and all tangent vectors v1, . . . , vp, w1, . . . , wq ∈ L(σ, x) we have

〈αI(x); v1. . . . , vp, w1, . . . , wq〉 = 〈α′I(x); v1. . . . , vp, w1, . . . , wq〉.

Let Ap,qC (Ω) denote the set of equivalence classes of pairs (U,α) as above.

Remark 2.1.34. It is easy to see that two forms α ∈ Ap,q(U) and α′ ∈ Ap,q(U ′)
are equivalent if and only if for each x ∈ Ω, v ∈ Fp(x) and w ∈ Fq(x) we have
〈α(x), v, w〉 = 〈α′(x), v, w〉. This shows that Ap,q(Ω) is independent of the underlying
polyhedral complex C and only depends on Ω as an open subset of | C |, not on the
polyhedral structure. Thus for X = | C | the definition Ap,qX (Ω) := Ap,qC (Ω) is well
defined.

Remark 2.1.35. By definition we have that α and α′ define the same superform on
Ω if and only if for all I ⊂ [r] the superforms αI and α′I define the same superform on
ΩI . Moreover, to determine if two superforms are equivalent when restricted to Ω, it
is enough to consider only points in the relative interior of facets.

Definition 2.1.36. For D ∈ {d′, d′′, d} and α ∈ Ap,q(Ω) which is given by α′ ∈ Ap,q(U)
we define Dα to be given by Dα′ and Jα to be given by Jα′. If further β ∈ Ap′,q′(Ω)
is given by β′ ∈ Ap′,q′(U ′) then we define α∧β to be given by α′|U∩U ′ ∧β′|U∩U ′ . These
definitions are independent of the choices of α′ resp. β′.

Remark 2.1.37. For a polyhedral space X we obtain a bigraded bidifferential algebra
(A•,•X , d′, d′′) and the total graded differential algebra (A•, d) of sheaves on X. We will
later prove that the rows and columns of the double complex (A•,•X , d′, d′′) are exact in
positive degrees. We will also show some partial results for the total complex.

Lemma 2.1.38. For a polyhedral subspace X, the functor

Ω 7→ Ap,qX (Ω)

is a sheaf on X. Furthermore, this sheaf is fine, hence soft and acyclic (with respect
to both the functor of global sections and the functor of global sections with compact
support).

Proof. We rely on the existence of partitions of unity. Let (Ωl) be a collection of open
sets and suppose that we have superforms αl ∈ Ap,q(Ωl) which agree on the intersections
of the Ωl’s and are the restrictions toX of superforms βl ∈ Ap,q(U l). We take a partition
of unity (fk)k∈K subordinate to the cover (U l)l∈L. This exists by Lemma 2.1.15. By
definition there is a map s : K → L, so that if s(k) = l, then supp fk ⊂ U l. Thus
β =

∑
l∈L

∑
k:s(k)=l

fkβl defines a superform on the union
⋃
l Ω

l. Moreover, for fixed l0 we

have

β|Ωl0 =
∑
l∈L

∑
k:s(k)=l

fk|Ωl0β
l|Ωl0 =

∑
l∈L

∑
k:s(k)=l

fk|Ωl0α
l|Ωl0

=
∑
l∈L

∑
k:s(k)=l

fk|Ωl0α
l0 = (

∑
k∈K

fk|Ωl0 )αl0 = αl0 .
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Therefore, the superform given by β restricted to
⋃
l Ω

l gives the gluing of the super-
forms αl above. The fact that A0,0 is fine follows from Lemma 2.1.15 and the sheaves
Ap,q are also fine since they are A0,0-modules via the wedge product. Softness and
acyclicity for global sections follows from [Wel80, Chapter II, Proposition 3.5 & The-
orem 3.11] respectively and acyclicity for sections with compact support follows from
[Ive86, III, Theorem 2.7].

Definition 2.1.39. The support of a superform α is its support in the sense of sheaves,
thus it consists of the points x which do not have a neighborhood Ωx such that α|Ωx = 0.
The space of (p, q)-superforms with compact support on U is denoted Ap,qc (U).

Lemma 2.1.40. Let X be a polyhedral subspace of Tr ×Rs and Ω an open subset. Let
α = (αI)I ∈ Ap,q(Ω). Then we have suppα =

⋃
I

suppαI .

Proof. Let x ∈ ΩI . If x /∈ supp(αI), then there exists a neighborhood U of x in ΩI

such that αI |U = 0. By the condition of compatibility, we find a neighborhood V
of x in X such that α|V is determined by α|VI on V and such that VI ⊂ U . Then
α|V = 0. This shows supp(α) ⊂

⋃
I

supp(αI). Then other inclusion is obvious, thus we

have equality.

Definition 2.1.41. Let X ′ resp. X be polyhedral subspaces in Tr′ resp. Tr. Let Ω′ be
an open subsets of X ′. An extended affine map F : Ω′ → Tr is given by the restriction
of an extended affine map U → Tr, for an open subset U ⊂ Tr′ , to Ω′.

Lemma 2.1.42. Let X and X ′ be polyhedral subspaces and let Ω ⊂ X and Ω′ ⊂ X ′ be
open subsets. If F : Ω′ → Ω is an extended affine map, then there exists a well defined
pullback F ∗ : Ap,q(Ω)→ Ap,q(Ω′), which is induced by the pullback in Definition 2.1.19.
Moreover, the pullback is functorial and commutes with the differential operators, the
operator J and the wedge product.

Proof. Let α ∈ Ap,q(Ω), then there exist open subsets U ′ ⊂ Tr′ and U ⊂ Tr such
that α is defined by some β ∈ Ap,q(U), F (U ′) ⊂ U and U ′ ∩ X ′ = Ω′. Now the
pullback F ∗(β) ∈ Ap,q(U ′) defines a superform on Ω′. Set this to be F ∗(α). To see
that this is independent of the choice of β we suppose that γ is another superform on
an open set defining α on Ω. After intersecting their respective domains of definition,
we may assume that β and γ are defined on the same open set U . Since β|Ω = γ|Ω
we have that β|ΩF (I′) = γ|Ω′

F (I′)
for all I ′ ⊂ [r′]. Since the pullback via affine maps

between vector spaces is well defined on polyhedral complexes [Gub13a, 3.2], we have
F ∗I′(β)|Ω′

I′
= F ∗I′(γ)|Ω′

I′
for all I ′ ⊂ [r′] and therefore F ∗(β)|Ω′ = F ∗(γ)|Ω′ . Thus

the pullback is well defined. The last two statements are direct consequences of the
definition of pullbacks of forms along extended affine maps and the fact that pullback
by affine maps is functorial and commutes with the differential operators, the operator
J and the wedge product.
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Definition 2.1.43. i) Let α ∈ An,nc (σ) for σ ⊂ Rr an R-rational polyhedron of
dimension n. Choose a basis x1, . . . , xn of Z(σ). Then α can be written as

fαd
′x1 ∧ d′′x1 ∧ . . . ∧ d′xn ∧ d′′xn

for fα ∈ A0,0
c (σ). Note that, since this is an integral basis, fα is independent of the

choice of x1, . . . , xn. Then the integral of α over σ is∫
σ

α :=

∫
σ

fα,

where the integral on the right is taken with respect to the volume defined by the lattice
Z(σ) ⊂ L(σ).

ii) For β ∈ An,n−1
c (σ) the boundary integral of β over ∂σ is∫

∂σ

β =
∑
τ≺σ

∫
τ

〈β; ντ,σ〉n,

where the sum runs over the codimension 1 faces of σ and on the right hand side we use
the integral of the (n− 1, n− 1)-form 〈β; ντ,σ〉n over the (n− 1)-dimensional R-rational
polyhedron τ as defined in i).

Analogously for γ ∈ An−1,n
c (σ) we define∫

∂σ

γ =
∑
τ≺σ

∫
τ

〈γ; ντ,σ〉2n−1.

Lemma 2.1.44. Let X be a polyhedral subspace of dimension n in Tr which is the
closure of a polyhedral subspace XI of dimension n in RrI . If α ∈ Ap,qc (X) is such that
max(p, q) = n, then αI ∈ Ap,q(XI) has compact support and for each J ) I we have
αJ = 0.

Proof. For J 6= I we have dimXI < n. Thus supp(αJ) = ∅ for J 6= I. Then Lemma
2.1.40 shows supp(α) = supp(αI).

Definition 2.1.45. Let X be an n-dimensional weighted R-rational polyhedral sub-
space of Tr×Rs. Let C be a weighted R-rational polyhedral structure on X. For σ ∈ C
we denote by σ′ the unique polyhedron which lies in RrI×Rs for some I ⊂ [r] and whose
closure is σ. Note that by Lemma 2.1.44 we have α|σ′ ∈ An,nc (σ′) for any α ∈ An,nc (X)
and any σ ∈ Cn.

i) We define for α ∈ An,nc (X) and σ ∈ Cn:∫
σ

α :=

∫
σ′

α|σ′
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ii) For β ∈ An,n−1
c (σ) the boundary integral of β over ∂σ is∫

∂σ

β =
∑
τ≺σ

∫
τ

〈β; ντ,σ〉n,

where the sum runs over all codimension 1 faces τ of σ. Analogously for γ ∈ An−1,n
c (σ)

we define ∫
∂σ

γ =
∑
τ≺σ

∫
τ

〈γ; ντ,σ〉2n−1.

iii) We now define for α ∈ An,nc the integral of α over C by∫
C

α :=
∑
σ∈Cn

mσ

∫
σ

α.

This definition is invariant under weight preserving R-rational subdivision. We there-
fore define ∫

X

α :=

∫
C

α

and this is independent of our polyhedral structure C.

iv) For β ∈ An−1,n
c (X) (resp. An,n−1

c (X)), we also define the integral of β over the
boundary of C by ∫

∂ C

β =
∑
σ∈Cn

mσ

∫
∂σ

β.

We also define ∫
∂X

β :=

∫
∂ C

β.

It follows from Stokes’ theorem 2.1.49 that this is independent of the weighted R-
rational polyhedral structure C on X (cf. Remark 2.1.50).

v) Let α ∈ An,nc (Ω) for Ω an open subset of an n-dimensional weighted R-rational
polyhedral subspace X. Then α can be extended by zero to a form α ∈ An,nc (X). Hence
we can integrate superforms with compact support on open subsets of a polyhedral
subspace over the entire polyhedral subspace.

Remark 2.1.46. Integration is linear both in the form that is integrated as well as
the n-dimensional weighted R-rational polyhedral space over which it is integrated.
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Proposition 2.1.47. Let σ ⊂ Rr′ be an R-rational polyhedron of dimension n. Let
F : Rr′ → Rr be an integral affine map such that dim(F (σ)) = n. Let α ∈ An,nc (F (σ)).
Then we have ∫

F (σ)

α = [Z(σ) : Z(F (σ)]

∫
σ

F ∗α.

Proof. We may assume that r = r′ = n and thus L(σ) = Rr′ and L(F (σ)) = Rr. Then
this is true for the same reason as the case of open subsets, cf. [Lag12, Equation (2.3)].
Note therefore that [Z(σ) : Z(F (σ))] = |det(L(F )|L(σ))| when the right hand side is
calculated with respect to integral bases of L(σ) resp. L(F (σ)).

Remark 2.1.48. Let X be an n-dimensional weighted R-rational polyhedral subspace
of Tr × Rs. Let I1, . . . , Ir ⊂ [r] as in Lemma 2.1.30. It is a direct consequence of the
definitions that for α ∈ Ap,qc (X) we have∫

X

α =
k∑
i=1

∫
XIi

α|XIi ,

where the XIi inherit the weights from X.

Theorem 2.1.49 (Stokes’ theorem). Let C be an n-dimensional weighted R-rational
polyhedral complex, β ∈ An,n−1

c (| C |) and γ ∈ An−1,n
c (| C |). Then we have∫

∂ C

β =

∫
C

d′′β and

∫
∂ C

γ =

∫
C

d′γ.(2.3)

We further have that C is balanced if and only if one (and then all) of the four terms
in 2.3 vanishes for all β ∈ An,n−1

c (| C |) resp. γ ∈ An−1,n
c (| C |).

Proof. This follows from [Gub13a, Proposition 3.5] and [Gub13a, Proposition 3.8].

Remark 2.1.50. Note that for β ∈ An,n−1
c (X) the term

∫
X d
′′β does not depend on

the polyhedral structure on a given weighted R-rational polyhedral subspace and thus
neither does

∫
∂X β. Further, if there exists a balanced weighted R-rational polyhedral

structure on X, then 0 =
∫
X d
′′β =

∫
C d
′′β for all β ∈ An,n−1(X) and any polyhedral

structure C on X. Thus C is then balanced by Stokes’s theorem 2.1.49.

Definition 2.1.51. Let X be an n-dimensional weighted R-rational polyhedral sub-
space of Rr′ and F : Rr′ → Rr an integral affine map. We want to define the push-
forward F∗X as a weighted R-rational polyhedral subspace of Rr. For details we refer
to [AR10, §7]. We find a weighted rational polyhedral structure C on X such that

F∗(C) := {F (τ)|τ ≺ σ, σ ∈ Cn and dim(F (σ)) = n}

is a polyhedral complex in Rr. For ρ ∈ F∗(C)n we define

mρ :=
∑

σ∈Cn,F (σ)=ρ

[Z(ρ) : F (Z(σ))] ·mσ.

Then we define F∗X to be the weighted R-rational polyhedral subspace defined by
F∗(C) with these weights.
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Proposition 2.1.52 (Tropical Projection Formula). Let X be a weighted R-rational
n-dimensional polyhedral subspace of Rr′ and F : Rr′ → Rr an integral affine map. Let
α ∈ An,nc (F∗X). Then we have ∫

F∗X

α =

∫
X

F ∗(α).

Proof. This follows from the corresponding formula for polyhedra (Proposition 2.1.47),
as is shown in [Gub13a, Propostion 3.10].

Corollary 2.1.53. Let X be a tropical cycle in Rr′ and F : Rr′ → Rr an integral affine
map. Then F∗X is a tropical cycle. The same is true for tropical variety.

Proof. This follows from the Projection formula and Stokes’ theorem. For tropical
variety we notice further that if the weights of X are all positive, so are the ones of
F∗X.

2.1.4 Superforms on polyhedral spaces

This subsection defines superforms on polyhedral spaces. These are spaces equipped
with an atlas of charts to polyhedral subspaces in Tr, with coordinate changes given by
extended affine maps. Our definitions are generalizations of the definition of tropical
spaces given in, for example, [Mik06, MZ14, BIMS15]. We do not require our polyhedral
subspaces to be R-rational, also the transition maps are required only to be extended
affine maps, not integral affine. We also remove the finite type condition on the charts
(cf. [MZ14, Definition 1.2]).

As in the case of polyhedral subspaces we again introduce a canonical integration
for (n, n)-superforms on weighted R-rational polyhedral spaces, show an analogue of
Stokes’ theorem and that integration of superforms can detect whether a weighted
R-rational polyhedral space is a tropical space (cf. Definition 2.1.55).

All this was introduced in [JSS15].

We also introduce the notion of morphism of polyhedral spaces and show that it
induces a pullback of superforms. At the end we show that for a compact connected
effective tropical space all smooth functions in the kernel of d′d′′ are constant.

Definition 2.1.54. A polyhedral space X is a paracompact, second countable Hausdorff
topological space with an atlas of charts A = (ϕi : Ui → Ωi ⊂ Xi)i∈I such that:

i) The Ui are open subsets which cover X, the Ωi are open subsets of Xi, which are
polyhedral subspaces, and ϕi : Ui → Ωi is a homeomorphism for all i;

ii) For all i, j ∈ I the transition map

ϕi ◦ ϕ−1
j : ϕj(Ui ∩ Uj)→ Xi

is an extended affine map.
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As usual, we identify two atlases if their union is an atlas.
A polyhedral space X is regular at infinity if there is an atlas such that Xi =

Tri × Yi ⊂ Tri × Rsi , where Yi is a polyhedral subspace of Rsi for every chart ϕi.
Throughout, if we require that our polyhedral space is regular at infinity, we will always
assume that all charts we use have this property.

The dimension of X is the maximal dimension among polyhedra which intersect
the Ωi. The polyhedral space is pure dimensional if the dimension of the maximal,
with respect to inclusion, polyhedra intersecting the open sets Ωi ⊂ Xi is constant.

Definition 2.1.55. A polyhedral space is called R-rational if all targets of its charts
are R-rational polyhedral subspaces and the transition maps are integral extended affine
maps. It is called weighted if the targets of all of its charts are weighted polyhedral
subspaces and the transition maps are weight preserving.

A weighted R-rational polyhedral space is called tropical space if all targets of its
charts are tropical cycles. It is called effective tropical space if the targets are tropical
varieties.

Definition 2.1.56. Let X and Y be polyhedral spaces with atlases A = (ϕi : Ui →
Ωi ⊂ Xi)i∈I and B = (ϕj : Uj → Ωj ⊂ Yj)j∈J . A continuous map F : X → Y is called
a morphism of polyhedral spaces if for all i ∈ I, j ∈ J we have that

ϕj ◦ F ◦ ϕ−1
i

is an extended affine map.
If X and Y are R-rational the morphism is called integral if these maps are integral

extended affine maps.

Definition 2.1.57. Let X be a polyhedral space with atlas A = (ϕi : Ui → Ωi ⊂
Xi)i∈I . Define the sheaf Ap,qX of (p, q)-superforms on X to be the gluing of the sheaves
Ap,qUi , which is the pullback of the sheaf Ap,qΩi

via ϕi. The pullback of forms along the
charts ϕi is well defined and functorial, so this gives a well defined sheaf of superforms
on X. We again denote the sections with compact support by Ap,qc (X).

Since the pullback commutes with the differentials d′, d′′, d, the operator J and the
wedge product, these are well defined on Ap,qX .

Definition 2.1.58. Let X be a polyhedral space with atlas A = (ϕi : Ui → Ωi ⊂
Xi)i∈I . We define

Fp(x) := Fp(ϕi(x)) and Fp(x) := Fp(ϕi(x))

for some i such that x ∈ Ui. This is well defined since coordinate changes are invertible
extended affine maps.

Remark 2.1.59. For a polyhedral space X we obtain a bigraded bidifferential algebra
(A•,•X , d′, d′′) and the total graded differential algebra (A•X , d) of sheaves on X. We will
later prove that the rows and columns of the double complex (A•,•X , d′, d′′) are exact in
positive degree. We will also show some partial results for the total complex.

The sheaves Ap,q are again fine, hence soft and acyclic.
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Remark 2.1.60. Let F : X → Y be a morphism of polyhedral spaces. Then by using
the pullback on the chart domains and gluing we obtain a pullback morphism

F ∗ : Ap,qY → f∗Ap,qX .

This commutes with the differentials d′, d′′, d, with the operator J and with the wedge
product.

We will now extend the definition of integration from polyhedral subspaces to poly-
hedral spaces. We do this as it is done in the theory of manifolds, namely using
partitions of unity.

Definition 2.1.61. Let X be an n-dimensional weighted R-rational polyhedral space
with atlas (ϕi : Ui → Ωi ⊂ Xi)i∈I . Let α ∈ An,nc (X) and (fj)j∈J be a partition of unity
with functions in A0,0

c subordinate to the cover (Ui) as in Lemma 2.1.15. Then we have

α =
∑
j∈J

fjα,

which is a finite sum. Define αj ∈ An,nc (Ωi) the superform corresponding to fjα ∈
An,nc (Ui). As mentioned the superform αj can be extended to a superform in An,nc (Xi).
Then the integral of α over X is ∫

X

α :=
∑
j∈J

∫
Xi

αj ,

with the integral on the right as defined in Definition 2.1.45.
We also define for β ∈ An,n−1

c (X) (resp. An−1,n
c (X)) the boundary integral by∫

∂X

β :=
∑
j∈J

∫
∂Xi

βj .

We have the following lemma, which implies, by the same arguments which are
used for integration of differential forms on manifolds, that the integral defined above
is independent of the choice of partition of unity.

Lemma 2.1.62. Let X and X ′ be weighted R-rational polyhedral subspaces of dimen-
sion n and let Ω ⊂ X and Ω′ ⊂ X ′ be open subsets. Let F : Ω′ → Ω and G : Ω → Ω′

be extended integral affine maps such that F ◦ G = idΩ, G ◦ F = idΩ′ and F and G
preserve weights. Then for α ∈ An,nc (Ω) we have

∫
X α =

∫
X′ F

∗α.
Further, for β ∈ An,n−1

c (Ω) (resp. β ∈ An−1,n
c (Ω)) we have

∫
∂X β =

∫
∂X′ F

∗(β).

Proof. Using Remark 2.1.48 we may assume that X and X ′ are polyhedral subspaces
of Rr resp. Rr′ . After translation we may assume that both Ω and Ω′ contain zero and
that F and G are linear maps. Replacing Rr′ by the linear hull of Ω′ and Rr by the
linear hull of Ω we may assume that F and G are mutually inverse automorphisms of
Zr. Replacing X by F (X ′) we may further assume that F ◦G = idX′ and G◦F = idX .
Now we can assume Ω′ = X ′ and Ω = X. We now have F∗(X

′) = X and thus the
result follows directly from the tropical projection formula Proposition 2.1.52.

The second part follows from the first and Stokes theorem 2.1.49.
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Theorem 2.1.63 (Stokes’ theorem for tropical spaces). Let X be a weighted R-rational
n-dimensional polyhedral space. Then for β ∈ An,n−1

c (X) and γ ∈ An−1,n
c (X) we have∫

∂X

β =

∫
X

d′′β and

∫
∂X

γ =

∫
X

d′γ.(2.4)

Further, X is a tropical space if and only if one (and then all) of the four terms in
(2.4) vanishes for all β ∈ An,n−1

c (X) resp. γ ∈ An−1,n
c (X).

Proof. Follows from Stokes’ theorem 2.1.49.

In the rest of this section we will state some basic properties of differential forms
on polyhedral spaces which we will use later.

Lemma 2.1.64. Let X be a polyhedral space. Let α ∈ A0,k(X) such that d′α = 0.
Then d′′α = 0 and dα = 0.

Proof. It is sufficient to check this in a chart, thus X being an open subset of the
support of a polyhedral complex. There it is sufficient to check this after restriction to
a polyhedron. Let σ ∈ C and let v1, . . . , vr be a basis of L(σ). Then α|σ =

∑
|J |=k

αJd
′′vJ

and d′α|σ = 0 if and only if ∂αJ∂vi
= 0 for all i, J . But then also d′′α|σ = 0. Since d′α = 0

and d′′α = 0 we have dα = 0.

Lemma 2.1.65. Let X be a polyhedral space. The operator J : Ap,q → Aq,p has the
following properties:

i) J2 = id

ii) d′J = Jd′′

iii) d′′J = Jd′

Proof. i) is obvious from the construction. ii) and iii) are shown in [CLD12, Lemme
1.2.10].

Proposition 2.1.66. Let X be an effective tropical space. Let f ∈ C∞(X) such that
d′d′′f = 0. If f has a local maximum at x ∈ X, then f is locally constant at x.

Proof. We may reduce to the case where X is a tropical variety in Tr and f is defined
on an open subset Ω ⊂ X. By Lemma 2.1.30, X is then the union of closures of tropical
varieties contained in some (possibly different) TrI . By argueing seperately for each I
we may assume that X is a closure of one of the TrI . Since TrI ∼= Tr−|I| we may assume
I = ∅. After shrinking Ω we may assume that f is determined by fsed(x) on Ω and

that x is a maximum of f on Ω. Since X = X∅ there exists a point y ∈ Ω such that
sed(y) = ∅ and πsed(x)(y) = x. Since f is determined by fsed(x) we have f(y) = f(x).
Thus y is also a maximum of f on Ω. Further, this yields that f is constant on a
neighborhood Ω′ of y, then f is constant on π−1

sed(x)(πsed(x)(Ω
′)) ∩ Ω, which is an open

neighborhood of x. Thus replacing y by x and Ω by Ω∅ we may assume that X is a
polyhedral subspace of Rr.
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Choose a R-rational weighted polyhedral structure C on X, which then satisfies the
balancing condition by Remark 2.1.50. Since d′d′′f = 0 we have that the restriction of
f to every polyhedron σ ∈ C is affine. After translation and replacing f by f − f(x) we
may assume that x = 0 and f(0) = 0. Let f be given by a smooth function F ∈ C∞(U)
for U ⊂ Rr an open subset. We may assume, after shrinking U and Ω that U is an open
ball around the origin which only intersects polyhedra which contain the origin. Then
f is on Ω also given by the total differential DF (0). We show that for every maximal
σ ∈ Ω we have σ ⊂ ker(DF ), then we are done. Suppose there exists σ0 such that
σ0 /∈ ker(DF ). Then, after possible subdivision, τ := σ0 ∩ ker(DF ) is a proper face of
σ0. We thus have DF (ντ,σ0) 6= 0 and since f has a local maximum at 0 we have indeed
DF (ντ,σ0) < 0. Since τ ⊂ ker(DF ) the balancing condition tells us that∑

σ:τ≺σ
mσDF (ντ,σ) = 0

which is a contradiction, since mσ > 0 and DF (ντ,σ) ≤ 0 for all σ and DF (ντ,σ0) <
0.

Corollary 2.1.67. Let X be an effective tropical space, which is connected and compact.
Let f ∈ C∞(X) such that d′d′′f = 0. Then f is constant.

Proof. Since X is compact there exists a global maximum x. Then f−1({f(x)}) is both
closed and open by Proposition 2.1.66 and thus equals X.

2.2 Cohomology of superforms

In this section, we study the cohomology defined by superforms on polyhedral spaces.
To do this, we prove in Subsection 2.2.1 a Poincaré lemma for polyhedral subspaces
of Rr. We give the consequences of this for polyhedral spaces in Subsection 2.2.2.
Afterwards we show finiteness results for the cohomology in Subsection 2.2.3. In the
last Subsection 2.2.4 we show that for tropical manifolds, which is a special class of
polyhedral spaces, the cohomology of superforms satisfies Poincaré duality.

In Subsection 2.2.1 we show results from [Jel16]. Subsection 2.2.2 and 2.2.4 consist
of results from [JSS15]. Subsection 2.2.3 gives the natural extension of the results on
finite dimensionality for polyhedral subspaces of Rr from [Jel16] to polyhedral subspaces
in Tr × Rs.

Definition 2.2.1. Let X be a polyhedral space. The Dolbeault cohomology of su-
performs is defined as Hp,q

d′ (X) := Hq(Ap,•X (X), d′) and the Dolbeault cohomology of
superforms with compact support is defined as Hp,q

d′,c(X) := Hq(Ap,•X,c(X), d′).

Lemma 2.2.2. Let X be a polyhedral space. The operator J induces isomorphisms

J : Hp,q
d′ (X) ' Hq,p

d′′ (X) and Hp,q
d′,c(X) ' Hq,p

d′′,c(X)

for all p, q.

Proof. This is a direct consequence of Lemma 2.1.65, which shows J ker(d′) = ker(d′′J)
and J im(d′) = im(Jd′′).
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With this lemma in mind we will often only talk about the cohomology with respect
to the operator d′ and implicitly mean that analogous statements are always true for
d′′.

2.2.1 The Poincaré lemma for polyhedral subspaces in Rr

In this subsection we prove a local exactness result for the complex of superforms on
polyhedral subspaces in Rr. The proof is a variant of the proof of the classical Poincaré
lemma. The crucial tool we need to introduce is a pullback along a contraction of a star
shaped set to its center. This map can not be affine. We therefore define a pullback of
superforms along C∞ maps (cf. Definition 2.2.6).

The contents of this subsection were published in [Jel16].

Lemma 2.2.3 (Chain Homotopy Lemma). Let X be a polyhedral subspace in Rr and
Ω ⊂ X an open subset. Let B = [0, 1] ⊂ R be the closed unit interval and for i = 0, 1

ιi : Ω→ Ω× {i} ⊂ Ω×B

the inclusions. Then for all p ∈ {0, . . . , n+ 1} and q ∈ {0, . . . , n} there exists a linear
map

K ′ : Ap,q(Ω×B)→ Ap−1,q(Ω),(2.5)

such that

d′K ′ +K ′d′ = ι∗1 − ι∗0.(2.6)

Proof. The proof is a variant of the classical chain homotopy lemma for ordinary dif-
ferential forms. Observe first that X ×B is a polyhedral subspace in Rr×R and hence
it makes sense to talk about superforms on Ω × B. Let α ∈ Ap,q(Ω × B) be given
by β ∈ Ap,q(V × B′) for some open set V ⊂ Rr and some open interval B′ such that
B ⊂ B′ ⊂ R. Let x1, . . . , xr be a basis of Rr and denote by t the coordinate of B. We
write

β =
∑

|I|=p,|J |=q

aIJd
′xI ∧ d′′xJ(2.7)

+
∑

|I|=p−1,|J |=q

bIJd
′t ∧ d′xI ∧ d′′xJ

+
∑

|I|=p,|J |=q−1

eIJd
′xI ∧ d′′t ∧ d′′xJ

+
∑

|I|=p−1,|J |=q−1

gIJd
′t ∧ d′xI ∧ d′′t ∧ d′′xJ .
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Then we define

K ′ : Ap,q(V ×B)→ Ap−1,q(V )

β 7→
∑

|I|=p−1,|J |=q

cIJd
′xI ∧ d′′xJ

with cIJ(x) : =

1∫
0

bIJ(x, t)dt.

We show that this definition is independent of the choice of the basis x1, . . . , xr. Let
therefore y1, . . . , yr be another basis. First of all we notice that the decomposition into
the four summands as in (2.7) is not affected by our base change. We further notice
that

d′xI ∧ d′′xJ =
∑

|I′|=|I|,|J ′|=|J |

λI,I′λJ,J ′d
′yI′ ∧ d′′yJ ′ ,

where λI,I′ is the determinant of the I × I ′ minor of the base change matrix from
x1, . . . , xr to y1, . . . , yr and similar for J and J ′. Now we have

bIJd
′t ∧ d′xI ∧ d′′xJ = bIJ

∑
I′,J ′

λI,I′λJ,J ′d
′t ∧ d′yI′ ∧ d′′yJ ′

and this term is mapped under K ′ to

∑
I′,J ′

 1∫
0

λI,I′λJ,J ′bIJdt

 d′yI′ ∧ d′′yJ ′

=

 1∫
0

bIJdt

∑
I′,J ′

λI,I′λJ,J ′d
′yI′ ∧ d′′yJ ′

=

 1∫
0

bIJdt

 d′xI ∧ d′′xJ ,

which shows the independence of the choice of the basis.
Given V and B′ we have the diagram

Ap,q(V ×B′) K′ //

��

Ap−1,q(V )

��
Ap,q(Ω×B) // Ap−1,q(Ω).

To get a well defined map on the bottom that makes this diagram commutative, we
fix a polyhedral structure C on X and we show that β|σ×B = 0 for all σ ∈ C implies
K ′(β)|σ = 0 for all σ ∈ C. Let therefore σ be a maximal polyhedron in C and W = V ∩σ.
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It suffices to show that if β|W×B = 0, then K ′(β)|W = 0. By what we did above
we may choose a basis as we like. Let therefore x1, . . . , xm be a basis of L(σ) and
xm+1, . . . , xr a basis of a complement. Then from β|W×B = 0 we get bIJ |W×B = 0 for
all I, J ⊂ {1, . . . ,m}. This means however that cIJ |W = 0 for all I, J ⊂ {1, . . . ,m}.
From that we get K ′(β)|W = 0. Hence setting K ′(α) := K ′(β) is independent of the
choice of the form β by which α is given. It is also independent of the choice of V and
B′. This gives a well defined map

K ′ : Ap,q(Ω×B)→ Ap−1,q(Ω)

as required in (2.5). We will now show that (2.6) holds. It is enough to check that

d′K ′β +K ′d′β = ι∗1β − ι∗0β

holds for every β ∈ Ap,q(V × B′), where V is an open subset of Rr and B′ is an open
interval such that B ⊂ B′ ⊂ R. It suffices to check the following four cases:

i) β = aIJd
′xI ∧ d′′xJ :

We have K ′(β) = 0 and

K ′(d′(β)) = K ′
(
∂aIJ
∂t

d′t ∧ d′xI ∧ d′′xJ
)

+

r∑
i=1

K ′
(
∂aIJ
∂xi

d′xi ∧ d′xI ∧ d′′xJ
)

=

 1∫
0

∂aIJ
∂t

dt

 d′xI ∧ d′′xJ

= (aIJ(., 1)− aIJ(., 0))d′xI ∧ d′′xJ
= ι∗1(β)− ι∗0(β).

ii) β = bIJd
′t ∧ d′xI ∧ d′′xJ :

We have ι∗1(β) = ι∗0(β) = 0, since the pullback of d′t is zero. We further have

d′K ′(β) =
r∑
i=1

 1∫
0

∂bIJ
∂xi

dt

 d′xi ∧ d′xI ∧ d′′xJ

and

K ′d′(β) =
r∑
i=1

K ′
(
∂bIJ
∂xi

d′xi ∧ d′t ∧ d′xI ∧ d′′xJ
)

= −
r∑
i=1

K ′
(
∂bIJ
∂xi

d′t ∧ d′xi ∧ d′xI ∧ d′′xJ
)

= −
r∑
i=1

 1∫
0

∂bIJ
∂xi

dt

 d′xi ∧ d′xI ∧ d′′xJ .
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iii) β = eIJd
′xI ∧ d′′t ∧ d′′xJ :

Similarly to ii), the pullbacks are zero. Since both β and d′β have a factor d′′t by
definition they are sent to 0 by K ′.

iv) β = gIJd
′t ∧ d′xI ∧ d′′t ∧ d′′xJ :

Same as iii).

Adding up these parts we have proven that (2.6) holds on V . Now if α ∈ Ap,q(Ω×B)
is given by β ∈ Ap,q(V ×B′) then the equation holds for α simply because it holds for
β.

In the classical proof of the Poincaré lemma for star shaped subsets U of Rn the idea
is to pull back differential forms via a contraction of U to its center. This contraction
is however not an affine map. So we will introduce in Definition 2.2.6 a pullback for
superforms along C∞-maps that still commutes with d′ (as we will see in 2.2.8). This
will be a crucial ingredient in our proof of the Poincaré lemma for superforms. The
following example shows that the direct approach does not work.

Remark 2.2.4. Given a C∞-map F : V ′ → V , where V ′ resp. V are open subsets of
Rr′ resp. Rr we can define a naive pullback

F ∗ : Ap,q(V ) = Ap(V )⊗Aq(V )→ Ap(V ′)⊗Aq(V ′) = Ap,q(V ′),

which is just given by the tensor products of the usual pullback of differential forms.
This pullback however does not commute with the differential d′ in general, as can be
seen in the following example. Let V ′ = R2, V = R and F (x, y) = xy. Denote the
coordinate on R by t. Then we have d′F ∗(d′′t) = d′(xd′′y+yd′′x) = d′x∧d′′y+d′y∧d′′x 6=
0, however d′(d′′t) = 0 and thus F ∗(d′d′′t) = 0.

The reason for this is that the definition of this pullback uses the presentation
Ap,q = Ap⊗Aq, while the definition of d′ uses the presentation Ap,q = Ap⊗ΛqRr∗ and
thus these two are not compatible. We would therefore like to define a pullback which
uses the presentation Ap,q = Ap⊗ΛqRr∗.

Lemma 2.2.5. Let X be a polyhedral subspace in Rr, Ω ⊂ X an open subset and W ⊂
Rr an open subset such that Ω = W ∩X. Then the restriction map Ap,q(W )→ Ap,q(Ω)
is surjective. In particular, we may assume that any form α ∈ Ap,q(Ω) is given by a
form on W .

Proof. Let α ∈ Ap,q(Ω) be given by β ∈ Ap,q(V ). Then α is also given by β|V ∩W , hence
we may assume V ⊂ W . Notice that Ω is a closed subset of W . Choose a function
f ∈ C∞(W ) such that f |Ω ≡ 1 and suppW f ⊂ V . Then α is given by f |V β and this
can be extended by zero to a form in Ap,q(W ).

Definition 2.2.6 (C∞-pullback of (p, q)-forms). We define a pullback for superforms
on open subsets V ⊂ Rr and, under certain conditions, for superforms on polyhedral
subspaces.
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i) Let V ′ ⊂ Rr′ and V ⊂ Rr be open subsets. Let F = (sF , LF ) be a pair of maps
such that sF : V ′ → V is a C∞-map and LF : Rr′ → Rr is linear. We define

F ∗ := s∗F ⊗ L∗F : Ap,q(V ) =Ap(V )⊗R ΛqRr∗

→Ap(V ′)⊗R ΛqRr
′∗

= Ap,q(V ′).

Explicitly, if β ∈ Ap,q(V ) we have

〈F ∗(β)(x); v1, . . . , vp, w1, . . . , wq〉
=〈β(sF (x)); d(sF )x(v1), . . . , d(sF )x(vp), LF (w1), . . . , LF (wq)〉

for all x ∈ V ′ and vi, wi ∈ Rr′ , where d(sF )x denotes the differential of sF at x.

ii) Let X ′ and X be polyhedral subspaces in Rr′ and Rr respectively. Let Ω′ ⊂ X ′

and Ω ⊂ X be open subsets and V ′ resp. V be open neighborhoods of Ω′ resp. Ω in
Rr′ resp. Rr. Let sF : V ′ → V be a C∞-map and LF : Rr′ → Rr a linear map such that
sF (Ω′) ⊂ Ω. The pair F = (sF , LF ) is said to allow a pullback from Ω to Ω′ if there exist
open subsets W of V and W ′ of V ′ such that W ∩| C | = Ω, W ′∩| C′ | = Ω′, sF (W ′) ⊂W
and for all β ∈ Ap,q(W ) such that β|Ω = 0 we have F ∗(β)|Ω′ = 0. In that case, for
a form α ∈ Ap,q(Ω) we choose β ∈ Ap,q(W ) by which α is given (which is possible by
Lemma 2.2.5) and we define F ∗(α) ∈ Ap,q(Ω′) to be given by F ∗(β) ∈ Ap,q(W ′). The
form F ∗(α) ∈ Ap,q(Ω′) is then independent of the choice of W , W ′ and β, as will be
shown in the next Lemma.

Lemma 2.2.7. The definition of F ∗(α) above is independent of the choice of W,W ′

and β.

Proof. The independence of β is simply due to the property that F ∗ respects forms that
restrict to zero. Now if both W1,W

′
1, β1 and W2,W

′
2, β2 have the properties required

in the definition above, then by Lemma 2.2.5 we can choose a form δ ∈ Ap,q(W1 ∪W2)
such that δ|Ω = α. By independence of the form, we have

F ∗(β1)|Ω′ = F ∗(δ|W1)|Ω′ = F ∗(δ)|W ′1 |Ω′ = F ∗(δ)|Ω′

and the same works for F ∗(β2)|Ω′ , which proves exactly the independence we wanted
to show.

Remark 2.2.8. i) The pullback between open subsets of vector spaces commutes
with taking d′ since both use the presentation Ap,q(V ) = Ap(V ) ⊗ ΛqRr∗. We have
F ∗ = s∗F ⊗ L∗F and d′ = D ⊗ id and s∗F and D commute. If F allows a pullback, then
the pullback F ∗ between open subsets of the polyhedral subspaces commutes with d′

since both F ∗ and d′ are defined via restriction.

ii) The pullback is functorial in the following sense: Let X, X ′ and X ′′ be polyhedral
subspaces in Rr, Ω ⊂ X, Ω′ ⊂ X ′ and Ω′′ ⊂ X ′′ open subsets and V ⊂ Rr resp. V ′ ⊂ Rr′

resp. V ′′ ⊂ Rr′′ open neighborhoods of Ω resp. Ω′ resp. Ω′′. Let further F = (sF , LF )
and G = (sG, LG) be pairs of maps such that sF : V ′ → V and sG : V ′′ → V ′ are
C∞-maps, LF : Rr′ → Rr and LG : Rr′′ → Rr′ are linear maps and sF (Ω′) ⊂ Ω and



2.2. COHOMOLOGY OF SUPERFORMS 35

sG(Ω′′) ⊂ Ω′. If both F resp. G allow a pullback from Ω to Ω′ resp. Ω′ to Ω′′ and we
define F ◦G := (sF ◦ sG, LF ◦ LG) then F ◦G allows a pullback from Ω to Ω′′ and we
have (F ◦G)∗ = G∗ ◦ F ∗.

iii) Let F : Rr′ → Rr be an affine map and denote by LF := F − F (0) the associated
linear map. Then the pullback via F in the sense of Remark 2.1.5 is the pullback via
(F,LF ) in the sense of Definition 2.2.6 above.

Theorem 2.2.9 (Homotopy Formula). Let V be an open subset of Rr. Let further
sF : V → V be a C∞-map and LF := id. Let sG : V × R → V such that sG(., 0) = sF
and sG(., 1) = id. Let LG = pr1 : Rr × R → Rr be the projection to the first factor.
Denote by F ∗ respectively G∗ the pullback from V to V respectively to V ×R via pairs
F := (sF , LF ) respectively G := (sG, LG). Then for α ∈ Ap,q(V ) we have

α− F ∗α = d′K ′G∗α+K ′G∗d′α(2.8)

for any operator K ′ satisfying the equality (2.6) of Lemma 2.2.3.

Proof. We calculate

id∗−F ∗ = (G ◦ ι1)∗ − (G ◦ ι0)∗

= ι∗1 ◦G∗ − ι∗0 ◦G∗

= (ι∗1 − ι∗0) ◦G∗

= (K ′d′ + d′K ′)G∗

= K ′d′G∗ + d′K ′G∗

(2.2.8)
= K ′G∗d′ + d′K ′G∗,

where we denote by ιi the pair (ιi,Lιi). Now putting in α and using id∗(α) = α gives
the desired result.

Remark 2.2.10. If Ω is an open subset of X for some polyhedral subspace X in Rr
and F resp. G allows a pullback from Ω to Ω resp. Ω×B, where B = [0, 1] is the closed
unit interval, then (2.8) also holds for α ∈ Ap,q(Ω) since all operators are defined via
restriction.

Definition 2.2.11. Let X be a polyhedral subspace in Rr. An open subset Ω of X is
called polyhedrally star shaped with center z if there is a polyhedral subspace Y of X
such that Ω is an open subset of Y and a polyhedral structure C on Y such that for
all maximal σ ∈ C the set σ ∩ Ω is star shaped with center z in the sense that for all
x ∈ σ ∩ Ω and for all t ∈ [0, 1] the point z + t(x− z) is contained in σ ∩ Ω .

Remark 2.2.12. It is obvious that if Ω ⊂ X is a polyhedrally star shaped open subset
with center z, then Ω is also star shaped with center z. The converse is not true
however: Take X = [−1, 1] × [−1, 1] ∪ {0} × [1, 2] ∪ [1, 2] × {0} ⊂ R2. Then X is star
shaped but not polyhedrally star shaped.
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Lemma 2.2.13. Let X ′ and X be polyhedral subspaces in Rr′ and Rr respectively. Let
Ω′ ⊂ X ′ and Ω ⊂ X be open subsets and V ′ resp. V open neighborhoods of Ω′ resp. Ω
in Rr′ resp. Rr. Let sF : V ′ → V be a C∞-map and LF : Rr′ → Rr a linear map such
that sF (Ω′) ⊂ Ω. Suppose there exist polyhedral structures C′ on X ′ and C on X such
that for all maximal σ′ ∈ C′ there exists a maximal σ ∈ C such that we have

(a) ∀x ∈ σ′ ∩ Ω′, sF (x) ∈ σ and

(b) ∀w ∈ L(σ′), LF (w) ∈ L(σ).

Then F := (sF , LF ) allows a pullback from Ω to Ω′.

Proof. Let W ⊂ V be an open subset such that W ∩ | C | = Ω and let β ∈ Ap,q(W ).
For F to allow a pullback we have to show that if β|σ = 0 for all maximal polyhedra
σ ∈ C then (F ∗β)|σ′ = 0 for all maximal σ′ ∈ C′.
Let σ′ ∈ C′ be a maximal polyhedron and σ ∈ C the maximal polyhedron such that σ
and σ′ satisfy conditions (a) and (b). We then have that

(c) ∀x ∈ σ′ ∩ Ω′, ∀v ∈ L(σ′), d(sF )x(v) ∈ L(σ),

due to condition (a).
For σ ∈ C the fact that β|σ = 0 just means

〈β(x); v1, . . . , vp, w1, . . . , wq〉 = 0

for all x ∈ σ ∩ Ω, vi, wi ∈ L(σ). But then we have

〈F ∗(β)(x); v1, . . . , vp, w1, . . . , wq〉
=〈β(sF (x)); d(sF )x(v1), . . . , d(sF )x(vp), LF (w1), . . . , LF (wq)〉 = 0

for all x ∈ σ′ ∩ Ω′, vi, wi ∈ L(σ′) by conditions (a), (b) and (c). Hence F ∗(β)|σ′ = 0.
This shows that if β|σ = 0 for all σ ∈ C then F ∗(β)|σ′ = 0 for all maximal and hence
all σ′ ∈ C′. Thus F allows a pullback from Ω to Ω′.

Proposition 2.2.14. Let X be a polyhedral subspace in Rr and Ω ⊂ X a polyhedrally
star shaped open subset with center z. Let

sG : Rr × R→ Rr

(x, t) 7→ z + t(x− z)

be the contraction of Ω to its center and LG : Rr × R → Rr the projection to the first
factor. Then G := (sG, LG) allows a pullback from Ω to Ω × B, where B denotes the
closed unit interval

Proof. We show that G fulfills the conditions required in Lemma 2.2.13. Since Ω is
polyhedrally star shaped we know that there exists a polyhedral structure C of X such
that σ ∩ Ω is star shaped with center z for all maximal σ ∈ C. We take C′ to be
the polyhedral complex whose maximal polyhedra are of the form σ × B for σ ∈ C
a maximal polyhedron. Let σ′ = σ × B ∈ C′ be such a maximal polyhedron. For
(x, t) ∈ σ′ we have sG(x, t) ∈ σ because σ ∩ Ω is star shaped with center z. Since it
is obvious that LG(L(σ′)) ⊂ L(σ), G allows a pullback from Ω to Ω × B by Lemma
2.2.13.
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Theorem 2.2.15 (d′-Poincaré lemma for polyhedral complexes). Let X be a polyhedral
subspace in Rr and Ω ⊂ X a polyhedrally star shaped open subset with center z. Let
α ∈ Ap,q(Ω) with p > 0 and d′α = 0. Then there exists β ∈ Ap−1,q(Ω) such that
d′β = α.

Proof. Let sF be the constant map to the center z of Ω and LF = id. Let further sG be
the contraction of Ω to the center and LG = pr1 (as in Proposition 2.2.14). It is easy
to check that both F and G have the properties required to use the homotopy forumla
(Theorem 2.2.9 and Remaerk 2.2.10). Since sF is constant and LF is the identity we
also see that F has the properties of Lemma 2.2.13 and hence allows a pullback from
Ω to Ω. By Proposition 2.2.14 we know that G also allows a pullback. Now since
α ∈ Ap,q(Ω) with p > 0 we have F ∗α = 0 (since sF is a constant map). Together with
our assumption d′α = 0, Theorem 2.2.9 yields

α = d′(K ′G∗α),

which proves the theorem.

Remark 2.2.16. The corresponding statement from this section are all true for d′′,
always using the identification J to switch between d′ and d′′.

We further note that we can not hope for a similar statement of the Poincaré
lemma with respect to the operator d. This is due to the fact that any exact 1-form is
J-invariant, and this does not need to be true for closed 1-forms. We have the following
partial result.

Corollary 2.2.17. Let X be a polyhedral subspace in Rr and Ω ⊂ X a polyhedrally star
shaped open subset. Let α ∈ Ak(Ω) be a d-closed form. Then there exists β ∈ Ak−1(Ω)
such that α − dβ ∈ A0,k(Ω) and such that α − dβ is d′, d′′ and d-closed. If k > dimX
then α is d-exact.

Proof. Write α = α0 + α1 + · · · + αk with αi ∈ Ak−i,i(Ω). Then the decomposition of
dα ∈ Ak+1(Ω) =

⊕
p+q=k+1

Ap,q(Ω) is given by

dα = d′α0 + (d′′α0 + d′α1) + · · ·+ (d′′αk−1 + d′αk) + d′′αk.

Since those terms have different bidegrees each of them is zero. Therefore the statement
is trivially true if k = 0 and we may from now on assume k > 0.

We construct inductively for i = 0, . . . , k − 1 forms βi ∈ Ak−i−1,i(Ω) such that
β−1 = 0 and d′βi = αi − d′′βi−1. Note therefore that αi − d′′βi−1 is d′-closed for
i = 0, . . . , k, since this is immediate for i = 0 and for i = 1, . . . , k we have

d′(αi − d′′βi−1) = d′αi − d′d′′βi−1

= d′αi + d′′d′βi−1

= d′αi + d′′αi−1 − d′′d′′βi−2

= d′αi + d′′αi−1 = 0.
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Hence given βi−1, Theorem 2.2.15 gives us βi ∈ Ak−i−1,i(Ω) such that d′βi = αi−d′′βi−1

for i = 0, . . . , k − 1. We define β :=
k−1∑
i=0

βi ∈ Ak−1(Ω). Then we have

α− dβ =
k−1∑
i=0

(αi − d′′βi−1 − d′βi) + αk − d′′βk−1 = αk − d′′βk−1 ∈ A0,k(Ω).

As shown above we have that αk − d′′βk−1 is d′ closed, thus α− dβ is. Since it is also
d-closed, it is d′′-closed. If k > dimX, then A0,k(Ω) = 0 and hence α = dβ.

2.2.2 Cohomology of polyhedral spaces: locally

In this subsection, we study the local behavior of the Dolbeault cohomology of su-
performs. We will give the consequences of the Poincaré lemma 2.2.15 for polyhedral
spaces and calculate H0,p

d′ (Ω) for a basic open set Ω. All this was originally done in
[JSS15]. Note that Theorem 2.2.27 is not explicitly stated there, but follows from
[JSS15, Proposition 3.10 & Theorem 3.18].

Theorem 2.2.18 (Poincaré lemma for polyhedral spaces). Let X be a polyhedral space
and U ⊂ X an open subset. Let α ∈ Ap,q(U) with p > 0 and d′α = 0. Then for every
x ∈ U there exists an open subset V ⊂ X with x ∈ V and a superform β ∈ Ap−1,q(V )
such that d′β = α|V .

Proof. After shrinking U , we may assume that there is a chart ϕ : U → Ω for Ω an
open subset of the support of a polyhedral complex C in Tr. Since this question is
purely local, we may prove the statement for an open subset Ω ⊂ | C | for a polyhedral
complex C in Tr. If sed(x) = ∅ then this is shown in Theorem 2.2.15.

For the general case, let I = sed(x) and after possibly shrinking Ω we may assume
that I is the unique maximal sedentarity among points in Ω and α is determined by
αI on Ω. After possibly shrinking Ω again, by the case I = ∅, we have βI ∈ Ap,q(ΩI)
such that d′βI = αI . For each J ⊂ I, set βJ = π∗IJβI , then this determines a superform
β ∈ Ap,q(Ω) and since the pullback commutes with d′, we have d′βJ = αJ , hence β has
the required property and the theorem is proven.

Remark 2.2.19. Note that this Poincaré lemma is weaker than the one polyhedral
subspaces of Rr, since it does not give any acyclic domains. We will later (cf. Theorem
2.2.27) see that in the case where X is regular at infinity we indeed have a basis of
open sets which is acyclic. This was also already contained in [JSS15], using tropical
cohomology [JSS15, Proposition 3.10 & Theorem 3.18], but we give a direct proof here.

Corollary 2.2.20. Let X be a polyhedral space. Then all rows and columns of the
double complex (Ap,qX , d′, d′′) of sheaves on X are exact in positive degrees.

Definition 2.2.21. For X a polyhedral space and q ∈ N we define the sheaf

LqX := ker(d′ : A0,q
X → A

1,q
X ).

Again we omit the subscript X on LqX if the space X is clear from context.



2.2. COHOMOLOGY OF SUPERFORMS 39

Corollary 2.2.22. For a polyhedral space X and all q ∈ N, the complex

0→ Lq → A0,q d′→ A1,q d′→ A2,q → . . .

of sheaves on X is exact. Furthermore, it is an acyclic resolution, we thus have canon-
ical isomorphisms

Hp(X,Lq) ∼= Hp,q
d′ (X) and Hq

c (X,Lq) ∼= Hp,q
d′,c(X).

Proof. We noted in Remark 2.1.59 that the sheaves Ap,q are fine. Exactness is a direct
consequence of Theorem 2.2.18 and Definition 2.2.21.

We will now define the notion of basic open subsets, which was introduced in [JSS15].
These play the role of well-behaved small open subsets. We will see in Theorem 2.2.27
that, if X is regular at infinity, they are acyclic for the cohomology of (A•,qX , d′).

Definition 2.2.23. A subset ∆ ⊂ Tr is an open cube if it is a product of intervals
which are either (ai, bi) or [−∞, ci) for ai ∈ T, bi, ci ∈ R ∪ {∞}.

For a polyhedral complex C in Tr, a subset Ω of | C | is called a basic open subset
if there exists an open cube ∆ ⊂ Tr such that Ω = | C | ∩ ∆ and such that the set of
polyhedra of C intersecting Ω has a unique minimal element. Note that the sedentarity
of the minimal polyhedron of Ω is the maximal sedentarity among points in Ω.

Let X be a polyhedral space with atlas (ϕi : Ui → Ωi ⊂ Xi), such that for each i
we have a fixed polyhedral structure Ci on Xi. Then we say that an open subset U is a
basic open subset (with respect to these structures) if there exists a chart ϕ : Ui → Xi

such that U ⊂ Ui and ϕ(U) is a basic open subset of | Ci |.

Lemma 2.2.24. Let C be a polyhedral complex in Tr, then the basic open sets form a
basis of the topology of | C |. Further, if Ω is a basic open subset of a polyhedral complex
| C | of sedentarity I, then ΩI is a basic open subset of the polyhedral complex | CI | in
RrI .

Proof. Basic open sets form a basis of the topology of | C | since open cubes form a basis
of the topology of Tr. For the second statement, we have that ΩI = | CI | ∩∆I and the
minimal polyhedron of ΩI is the same as the one of Ω, so the lemma is proven.

Proposition 2.2.25. Let C be a polyhedral complex in Tr and Ω be a basic open set of
| C | with minimal polyhedron σ. Then we have

Lq(Ω) = Fq(σ).

Proof. Let I := sed(σ). We start with the case I = ∅, thus Ω ⊂ Rr. Then Ω is
polyhedrally star shaped with center any point in the relative interior of σ. As in the
proof of Theorem 2.2.15 we let F = (sF , LF ) with sF the constant map to the center
and LF the identity on Rr. Let further as in Proposition 2.2.14 G = (sG, LG) be the
pair with sG : Ω× R→ Ω the contraction of Ω to its center and LG : Rr × R→ Rr the
projection to the first factor. Let α ∈ A0,q(Ω) be a d′-closed form. Then equation (2.8)
from Theorem 2.2.9 shows that α = F ∗(α).
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There is a natural map Fq(σ) → Lq(Ω) ⊂ A0,q(Ω) and this is clearly injective. To
show surjectivity choose v1, . . . , vk such that each vi ∈ ΛqL(τ) for some τ and v1, . . . , vk
is a basis of Fq(σ) and extend this to a basis v1, . . . , vk, vk+1, . . . , vs of ΛqRr. Then we

have that F ∗(α) is given by a form
s∑
i=1

cid
′vi, with ci ∈ R, by construction of F . Since

for i ∈ {k + 1, . . . , s} we have d′vi|Ω = 0, we see that F ∗(α) (and thus α) are given by
k∑
i=1

cid
′vi and this is clearly in Fq(σ).

For the general case I 6= ∅, first we apply the above argument to ΩI which is a
basic open subset of the polyhedral complex CI by Lemma 2.2.24. Writing X = | C |
and XI = | CI | we obtain

LqXI (ΩI) =

 ∑
τ∈CI :σ≺τ

ΛqL(τ)

∗ .
Thus we only have to show

LqXI (ΩI) ∼= LqX(Ω).

Using the pullbacks of the projection maps define

LqXI (ΩI)→ LqX(Ω)

αI 7→ (π∗IJαI)J⊂I .

This is clearly well defined and injective, we thus have to show surjectivity. More
precisely, for α ∈ LqX(Ω), it remains to show that αJ |ΩJ∩τ = π∗IJ(αI |ΩI∩τ ) for all
J ⊂ I and τ such that σ ≺ τ . By the condition of compatibility for α there exists a
neighborhood Ωx of x such that

αJ |Ωx,J = π∗IJ(αI |Ωx,I ),

hence in particular

αJ |Ωx,J∩τ = π∗IJ(αI |Ωx,I∩τ ).

Since ΩI ∩ τ is connected, the restriction LqXI (ΩI ∩ τ)→ LqXI (Ωx,I ∩ τ) is injective and
the same for J , thus we have

αJ |ΩJ∩τ = (π∗IJαI |ΩI∩τ ).

Lemma 2.2.26. Let X be a polyhedral subspace of Tr ×Rs . Let U be an open subset
of X which contains the point (−∞, . . . ,−∞, 0, . . . , 0). Let U ′ be an open neighborhood
of U{r} in U . Write V = U \ U{r} and V ′ = V ∩ U ′. Then if restriction induces an
isomorphism Hp,q

d′ (V ) ' Hp,q
d′ (V ′) for all p, q it also induces an isomorphism Hp,q

d′ (U) '
Hp,q
d′ (U ′) for all p, q.
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Proof. We have U ′ ∪V = U and U ′ ∩V = V ′. Now the Lemma is a direct consequence
of the Mayer-Vietoris-sequence A.1.1.

Theorem 2.2.27. Let X be a polyhedral space which is regular at infinity and U ⊂ X
be a basic open subset. Then

Hp,q
d′ (U) = 0

unless p = 0.

Proof. We may assume that X is a polyhedral subspace of Ts. We do induction on
| sed(U)|, where sed(U) = ∅ follows from Theorem 2.2.15. Let r := | sed(U)|. We may
assume that X = Tr×Y for a polyhedral fan Y and U being a basic open neighborhood
of the point (−∞, . . . ,−∞, 0, . . . , 0).

Let α ∈ Ap,q(U) be a d′-closed form. Let U ′ be a basic open neighborhood of U{r} on
which α is determined by α{r}. Since U{r} is a basic open subset of Tr{r}×Y ' Tr−1×Y
there exists, by induction hypothesis, β{r} ∈ Ap−1,q(U{r}) such that d′β{r} = α{r}.

Defining β := π∗{r}β{r} ∈ A
p−1,q(U ′) we have d′β = α. Thus [α]|U ′ = 0 in Hp,q

d′ (U ′).

Now defining V = U \U{r} and V ′ = U ′ ∩ V , we find that V ′ and V are basic open
with minimal face (−∞, . . . ,−∞,R, 0, . . . , 0). We conclude by Proposition 2.2.25 and
the induction hypothesis that the restriction

Hp,q
d′ (V ) ' Hp,q

d′ (V ′)

is an isomorphism for all p, q. Thus by Lemma 2.2.26, restriction induces an isomor-
phism

Hp,q
d′ (U) ' Hp,q

d′ (U ′)

for all p, q. This in turn shows [α] = 0 ∈ Hp,q
d′ (U). Since α was arbitrary, this proves

the claim.

Corollary 2.2.28. Let X be a polyhedral space which is regular at infinity. Let Ω ⊂ X
be a basic open subset. Let α ∈ Ak(Ω) be a d-closed form. Then there exists β ∈
Ak−1(Ω) such that α − dβ ∈ A0,k(Ω) and such that α − dβ is d′, d′′ and d-closed. If
k > dimX then α is d-exact.

Proof. This works exactly like the proof of Corollary 2.2.17 using Theorem 2.2.27 in-
stead of Theorem 2.2.15.

2.2.3 Finite dimensionality

In this subsection, we show that the Dolbeault cohomology of a polyhedral subspace X
of Tr ×Rs is finite dimensional if the space is regular at infinity. As a consequence we
also obtain that the cohomology of the total complexHk

d (X) is finite dimensional. To do
that we will use the standard tool of good covers and the Mayer-Vietoris sequences from
Appendix A. These results were already contained in [Jel16] in the case of polyhedral
subspaces in Rr. We use the same techniques here.
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Definition 2.2.29. Let C be a polyhedral complex in Tr × Rs and σ ∈ C. We denote
by σ̊ the relative interior of σ, which is just σ without its proper faces. We define the
polyhedral star of σ to be

Ωσ :=
⋃

τ∈C,σ≺τ
τ̊ .

Lemma 2.2.30. Let C be a polyhedral complex in Tr × Rs. For σ ∈ C the polyhedral
star Ωσ of σ is an open neighborhood of σ̊ in | C |.

Proof. Since σ ≺ σ, we have σ̊ ⊂ Ωσ. Let z ∈ Ωσ. Let B be an open neighborhood
of z in Tr × Rs that only intersects polyhedra in C that contain z. Then we have
B ∩ | C | ⊂

⋃
τ :z∈τ

τ̊ and since z ∈ Ωσ there exists some ν ∈ C such that z ∈ ν̊ and σ ≺ ν.

Now if z ∈ τ , then z ∈ ν ∩ τ , which is a face of both. But since z ∈ ν̊ this can not be a
proper face of ν, hence ν ∩ τ = ν. Thus we have ν ≺ τ and by transitivity σ ≺ τ . We
have shown {τ ∈ C |z ∈ τ} ⊂ {τ ∈ C |σ ≺ τ}. This shows in turn that

⋃
τ :z∈τ

τ̊ ⊂
⋃

τ :σ≺τ
τ̊

and thus B ∩ | C | ⊂
⋃

τ :σ≺τ
τ̊ = Ωσ. Hence for every point z ∈ Ωσ, the set Ωσ contains

an open neighborhood of z in | C |, which shows that Ωσ ⊂ | C | is an open set.

Lemma 2.2.31. Let τ1, . . . , τn ∈ C. Then the set of polyhedra in C which contain all
τi is either empty or has a unique minimal (i.e. smallest) element στ1...τn. Further we

have
n⋂
i=1

Ωτi = Ωστ1...τn
.

Proof. The first assertion is clear since the set of polyhedra which contain all τi is closed
under intersection. The second part is straight from the definition, since

n⋂
i=1

Ωτi =
⋃

ν:τi≺ν∀i
ν̊ =

⋃
ν:στ1...,τn≺ν

ν̊ = Ωστ1,...,τn
.

Lemma 2.2.32. Let C be a polyhedral complex in Rr. Let σ ∈ C and z ∈ σ̊. Then Ωσ

is polyhedrally star shaped with respect to z.

Proof. Let D be the polyhedral complex whose maximal polyhedra are the maximal
ones in C that contain σ. Let τ ∈ D be maximal and y ∈ τ ∩ Ωσ. Then there exists ν
such that y ∈ ν̊ and σ ≺ ν ≺ τ . Then [y, z) ⊂ ν̊ and hence [y, z] ⊂ ν̊ ∪ σ̊ ⊂ Ωσ ∩ τ .
This just means that τ ∩ Ωσ is star shaped, hence Ωσ is polyhedrally star shaped.

Proposition 2.2.33. Let C be a polyhedral complex in Tr×Rs such that | C | is regular
at infinity (i.e. locally isomorphic to Tr′ ×Y for Y a polyhedral subspace of some Rs′).
Let σ in C. Then

Hp,q
d′ (Ωσ) = 0 for p > 0 and H0,q

d′ (Ωσ) = Fq(σ).
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Proof. In the case p = 0, this follows exactly like in the proof of Proposition 2.2.25.
For the case p > 0, we may assume that σ contains (−∞, . . . ,−∞, 0, . . . , 0). We do
induction on r, with r = 0 being just the Poincaré lemma 2.2.15 and Lemma 2.2.32.
The proof now works exactly as the one of Theorem 2.2.27, replacing U by Ωσ. Note
that (Ωσ){r} is the polyhedral star of σ{r} in C{r} and V and V ′ have minimal face
(−∞, . . . ,−∞,R)× σ.

Theorem 2.2.34. Let X be a polyhedral subspace of Tr × Rs, which is regular at
infinity. Then Hp,q

d′ (X) is finite dimensional for all p, q ∈ N0.

Proof. Fix a polyhedral structure C on X. Let τ1, . . . , τk be the minimal polyhedra of
C. We claim that the family (Ωτi)i=1,...,k is a good cover of X. Let therefore z ∈ X.
Then z is in the relative interior of some polyhedron σ and there is τi such that τi ≺ σ.
This means however that z ∈ Ωτi . Hence we have a cover and Lemma 2.2.33 precisely
shows that this is a good cover, as defined in Definition A.2.1. Now Lemma A.2.2 shows
our result.

Corollary 2.2.35. Let C be a polyhedral complex in Tr×Rs such that | C | is regular at

infinity. Let σ ∈ C. Then there is a surjective map H0,k
d′ (Ωσ) � Hk

d (Ωσ). In particular
Hk
d (Ωσ) is finite dimensional for all k ∈ N0.

Proof. By Lemma 2.1.64 the inclusion A0,k(Ω) ↪→ Ak(Ω) induces H0,k
d′ (Ω) → Hk

d (Ω)

(note that H0,k
d′ = ker(d′0,k)). Now Corollary 2.2.28 shows the surjectivity and Propo-

sition 2.2.33 shows that H0,k
d′ (Ωσ) is finite dimensional, hence Hk

d (Ωσ) is.

Theorem 2.2.36. Let X be a polyhedral subspace of Tr×Rs which is regular at infinity.
Then Hk

d (X) is finite dimensional for all k ∈ N0.

Proof. Fix a polyhedral structure C on X. Let τ1, . . . , τs be the minimal polyhedra in
C. Again, as in the proof of Theorem 2.2.34, (Ωτi)i=1,...,s is a cover of X. By Corollary
2.2.35 and Lemma 2.2.33, this is a reasonable cover. Hence A.2.2 shows our result.

2.2.4 Poincaré duality

In this subsection, we prove Poincaré duality for tropical manifolds. These are polyhe-
dral spaces which are locally modeled on Bergman fans of matroids. The key tool is a
recursive description of matroidal fans using tropical modifications, which was shown
by Shaw in [Sha13, Proposition 2.25]. We then use exact sequences to compare the
cohomology groups and the cohomology groups with compact support for different ma-
troidal fans and derive Poincaré duality for matroidal fans inductively. We pass to
tropical manifolds via a sheaf theoretic argument.

The presentation here is essentially the same as in [JSS15, Section 4]. Note that we
use the identification of tropical cohomology with the cohomology of superforms from
[JSS15, Theorem 3.15]. For that reason we will work with the cohomology with respect
to the operator d′′. The statements are of course equivalently true for the operator d′,
but for the operator d′′ the indexing is the same as tropical cohomology. We also write
Hp,q for Hp,q

d′′ .
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Definition 2.2.37. Let X be a tropical space of dimension n. We define

PD: Ap,q(X)→ An−p,n−qc (X)∗,

α 7→

β 7→ ε

∫
X

α ∧ β


whereAn−p,n−qc (X)∗ := HomR(An−p,n−qc (X),R) denotes the (non-topological) dual vec-
tor space of An−p,n−qc (X) and ε = (−1)p+q/2 if q is even and ε = (−1)(q+1)/2 if q is
odd.

Remark 2.2.38. By Stokes’ theorem 2.1.63, we have for α ∈ Ap,q(X) and β ∈
An−p,n−q−1
c (X) the following

0 =

∫
X

d′′(α ∧ β) =

∫
X

d′′α ∧ β +

∫
X

(−1)p+qα ∧ d′′β.

Thus ∫
X

d′′α ∧ β = (−1)p+q+1

∫
X

α ∧ d′′β.

Therefore our choice of ε implies that we have a morphism of complexes

PD: Ap,•(X)→ An−p,n−•c (X)∗,

where the complex An−p,n−•c (X)∗ is equipped with the dual maps d′′∗ as the differential.
We now get a map in cohomology

PD: Hp,q
d′′ (X)→ Hn−p,n−q

d′′,c (X)∗,

since we have

Hq(An−p,n−•c (X)∗, d′′
∗
) = (Hq(An−p,n−•c (X), d′′))∗ = Hn−p,n−q

d′′,c (X)∗.

Definition 2.2.39. Let X be an n-dimensional tropical space. We say that X has
Poincaré duality (PD) if the Poincaré duality map

PD: Hp,q(X)→ Hn−p,n−q
c (X)∗

is an isomorphism for all p, q.

Before we show that tropical manifolds (cf. Definition 2.2.41 below) have Poincaré
duality, we give an example that shows that not all tropical spaces do.

Example 2.2.40. Let X be the union of the coordinate axes in R2. Then X is
connected, thus H0,0(X) ' R. However a form of positive degree on X is just given
by a pair for forms, one on each of the axes. It is thus easy to see that we have
H1,1
c (X) ' R2.
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Tropical manifolds are tropical spaces locally modeled on matroidal fans. Matroids
are a combinatorial abstraction of the notion of independence in mathematics. See
[Oxl11] for a comprehensive introduction to the theory of matroids. Every matroid has
a representation as a fan tropical cycle (cf. [Stu02]). A way of explicitly constructing
this fan can be found in [Sha13, Section 2.4] (or [FS05, AK06]). Here matroidal fans
are always equipped with weights 1 on all facets.

Definition 2.2.41. A tropical manifold is a tropical space X of dimension n such that
there is an atlas A = (ϕi : Ui → Ωi ⊂ Xi), where all Xi are of the form Tri × Vi for
matroidal fans Vi of dimension n− ri in Rsi .

Construction 2.2.42. We now describe the operation of tropical modification (see
[BIMS15] for a more detailed introduction). Let W ⊂ Rr−1 be a tropical variety and
P : Rr−1 → R a piecewise integral affine function. The graph ΓP (W ) ⊂ Rr is an R-
rational polyhedral complex, which inherits weights from the weights of W . In general,
this graph is not a tropical cycle, since it does not satisfy the balancing condition,
because P is only piecewise linear. However, the graph ΓP (W ) can be completed to a
tropical cycle V in a canonical way; at a codimension 1 face E of ΓP (W ) not satisfying
the balancing condition attach a facet to E generated by the direction −er. Then this
facet can be equipped with a unique integer weight so that the resulting polyhedral
complex is now balanced at E. Applying this procedure at all codimension one facets
of ΓP (W ) produces a tropical cycle V . Notice that there is a map δ : V → W induced
by the linear projection. The divisor of the piecewise integer affine function P restricted
to W is a tropical cycle divW (P ) ⊂ W which is supported on the points w ∈ W such
that δ−1(w) is a half-line. The weights on the facets of divW (P ) are inherited from the
weights of V .

Definition 2.2.43. Let W ⊂ Rr−1 be a tropical cycle and P : Rr → R a piecewise
integer affine function, then the open tropical modification of W along P is the map
δ : V → W where V ⊂ Rr is the tropical cycle described above. A closed tropical
modification is a map δ : V →W where V ⊂ Rr−1 × T is the closure of V and δ is the
extension of δ.

A matroidal tropical modification is a modification where V,W, and divW (P ) are
all matroidal fans.

Remark 2.2.44. Note that for a closed tropical modification δ : V → W with divisor
D, we have that δ|V r : V r → D identifies the subspace V r = {x ∈ V | xr = −∞} with

D. We thus may also consider D as a subspace of V .

We begin by showing that matroidal fans in Rr have Poincaré duality. To do this we
use an alternative recursive description of matroidal fans via tropical modifications. In
the language of matroids, the operation of tropical modification is related to deletions
and contractions.

It follows from the next proposition that for any matroidal fan V ⊂ Rr of dimension
n there is a sequence of open matroidal tropical modifications V → W1 → · · · →
Wr−n = Rn.
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Proposition 2.2.45. Let V ( Rr be a matroidal fan, then there is a coordinate direc-
tion ei such that the linear projection δ : Rr → Rr−1 with kernel generated by ei is a
matroidal tropical modification δ : V →W along a piecewise integer affine function P ,
i.e. W ⊂ Rr−1 and D = divW (P ) ⊂ Rr−1 are matroidal fans.

Proof. [Sha13, Proposition 2.25]

Tropical cohomology is invariant under closed tropical modifications [Sha15, Theo-
rem 4.13]. The next lemma checks that these isomorphisms also apply to cohomology
with compact support and that they are compatible with the PD map.

Proposition 2.2.46. Let δ : V →W be a closed tropical modification of matroidal fans
where W ⊂ Rr−1 and V ⊂ Rr−1 × T. Then there are isomorphisms

δ∗ : Hp,q(W )→ Hp,q(V ) and δ∗ : Hp,q
c (W )→ Hp,q

c (V ),

which are induced by the pullback of superforms and are compatible with the Poincaré
duality map.

Proof. The fact that δ∗ is an isomorphism for tropical cohomology is shown in [Sha15,
Theorem 4.13]. By Proposition [JSS15, Proposition 3.20] this also applies to Hp,q. The
same arguments as used in [Sha15, Theorem 4.13] work for cohomology with compact
support, since δ and the homotopy used there are proper maps. Thus again by [JSS15,
Proposition 3.20], this also applies to Hp,q

c .
To show that the isomorphism δ∗ is compatible with the Poincaré duality map, it

suffices to show that for ω ∈ An,nc (W ) we have∫
W
ω =

∫
V
δ∗(ω),

since the wedge product is compatible with the pullback. The fan W is the push-
forward of V ∩ Rr along δ in the sense of polyhedral subspaces (cf. Definition 2.1.51)
and then the result follows from the projection formula 2.1.52 because the support of
δ−1(ω) is contained in V ∩ Rr by Lemma 2.1.44.

The next statements relate the cohomology groups of the matroidal fans appearing
in an open tropical modification by exact sequences.

Proposition 2.2.47. Let Ω be an open subset of a polyhedral subspace in Tr. Let
i ∈ [r] and write D = Ω ∩ Tri and U := Ω \D. Then there exists a long exact sequence
in cohomology with compact support

. . .→ Hp,q−1
c (D)→ Hp,q

c (U)→ Hp,q
c (Ω)→ Hp,q

c (D)→ Hp,q+1
c (U)→ . . .

Proof. Note first that U and Ω are polyhedral spaces via the inclusion into Tr. Further
D is a polyhedral space via the inclusion into Tri . We claim that the natural sequence
of complexes

0→ Ap,•Ω,c(U)→ Ap,•Ω,c(Ω)→ Ap,•D,c(D)→ 0
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is exact. By the condition of compatibility, if a superform restricts to 0 on D, then it
must be 0 on a neighborhood of D. This shows exactness in the middle of the short
exact sequence. Both surjectivity of the last map and injectivity of the first map are
clear. The result then follows by the long exact cohomology sequence.

If δ : V → W is a tropical modification with divisor D, upon writing U := V and
Ω := V we can apply Proposition 2.2.47, where we identify D with the subspace of V
given by V ∩ Trr, as explained in Remark 2.2.44. Together with Proposition 2.2.46, we
can relate the cohomology with compact support of V with the ones of W and D.

Lemma 2.2.48. Let V ⊂ Rr be a matroidal fan of dimension n. Then for all p

Hp,q
c (V ) = 0 if q 6= n.

Proof. The lemma is proven by induction on r, which is the dimension of the surround-
ing space. When r = 0 the assertion is clear. We now argue from r − 1 to r: If r = n,
we are in the case V = Rn, since Rn is the only matroidal fan of dimension n in Rn.
Then we have Hp,q

c (Rn) = ΛpRn∗⊗Hq
c (Rn), where Hq

c (Rn) denotes the usual de Rham
cohomology with compact support of Rn. We have Hq

c (Rn) = 0 unless q = n, thus we
have the statement in this case. Otherwise r > n and we can apply Proposition 2.2.45.
Thus there exists a matroidal fan W and a tropical modification δ : V → W whose
divisor D ⊂ W is a matroidal fan. Now by the induction assumption, Hp,q

c (D) = 0
unless q = n − 1 and Hp,q(W ) = 0 unless q = n. Applying the long exact sequence
from Proposition 2.2.47 and replacing Hp,q

c (V ) with Hp,q(W ) by Proposition 2.2.46 we
have

. . .→ Hp,q−1
c (D)→ Hp,q

c (V )→ Hp,q
c (W )→ . . . ,

thus we obtain that Hp,q
c (V ) = 0 if q 6= n and the lemma is proven.

The following short exact sequence involving the (p, 0)-cohomology groups of ma-
troidal fans is a consequence of a short exact sequence for Orlik-Solomon algebras of
matroids [OT92]. For the translation to our setting see [Sha11, Lemma 2.2.7] and
[Zha13]. Recall the contraction of superforms we defined in Definition 2.1.32.

Lemma 2.2.49. Let V ⊂ Rr+1 and W ⊂ Rr be matroidal fans and δ : V → W be an
open tropical modification along a divisor D ⊂W which is a matroidal fan, then

0 // Hp,0(W ) // Hp,0(V )
〈· ;ei〉p// Hp−1,0(D) // 0

is an exact sequence.

It follows from [Sha11] that the map Hp,0(V ) → Hp−1,0(D) in the exact sequence
above is induced by the contraction 〈· ; ei〉p with ei in the p-th component, where the
vector ei generates the kernel of the linear projection giving the map δ : V →W . Note
that this map is not induced by a map on the level of forms. However for a closed
(p, 0)-form α, the form 〈α; ei〉p ∈ Lp−1,0(V ) is then the restriction of a unique form in
Lp−1,0(V ) and we can restrict this form to D, since we can identify D with a subspace
of V . This is easy to see once we use the identifications from Proposition 2.2.25.
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Lemma 2.2.50. Let δ : V → W be an open tropical modification of matroidal fans
V ⊂ Rr+1 and W ⊂ Rr along a divisor D ⊂ W which is a matroidal fan. Then the
diagram

0 // Hp,0(W ) //

PD
��

Hp,0(V )
〈· ;ei〉p //

PD
��

Hp−1,0(D)

(−1)n−1 PD
��

// 0

0 // Hn−p,n
c (W )∗ // Hn−p,n

c (V )∗
g∗ // Hn−p,n−1

c (D)∗ // 0,

which is obtained by the exact sequences in Proposition 2.2.47 and Lemma 2.2.49, is
commutative.

Proof. Note that by Proposition 2.2.46 the statement is equivalent to the one we obtain
when replacing W by V . Then the fact that the first square commutes is immediate.
The map g : Hn−p,n−1

c (D)→ Hn−p,n
c (V ) is the boundary operator in a long exact coho-

mology sequence. We recall its construction: For a closed superform β ∈ An−p,n−1
c (D),

take any lift l(β) ∈ An−p,n−1
c (V ) such that l(β)|D = β. Then d′′(l(β)) restricts to 0

on D and thus is a superform with compact support on V . Then g(β) is given by the
class of d′′(l(β)) in Hn−p,n

c (V ). As usual this does not depend on the choice of l(β).
We have to show that for all closed forms α ∈ Ap,0(V ) and β ∈ An−p,n−1

c (V ) we have

(−1)p
∫
V

α ∧ d′′(l(β)) = (−1)n+p

∫
D

〈α; ei〉p ∧ β

for some lift l(β), where ei is the coordinate direction of the modification. Let P be
the piecewise affine function of the modification and P ′ = P − 1. The graph of P ′

divides V into two polyhedral complexes, one living above the graph and the other one
below, which we denote by C1 and C2, respectively. Equip all facets of both polyhedral
complexes C1 and C2 with weight 1. Note that δ(| C2 |) ⊂ D. We find a lift l(β) ∈
An−p,n−1
c (V ) such that l(β)|| C2 | = (δ|| C2 |)∗(β). Then we have∫

V

α ∧ d′′(l(β)) =

∫
C1

α ∧ d′′(l(β)) +

∫
C2

α ∧ d′′(l(β)) =

∫
C1

α ∧ d′′(l(β)).

By Stokes’ theorem 2.1.49 and the Leibniz rule we have∫
C1

α ∧ d′′(l(β)) = (−1)p
∫
∂ C1

α ∧ l(β).

It follows from the proof of [Gub13a, Theorem 3.8] that the boundary integral of α∧l(β)
over balanced codimension 1 faces vanishes. We further have that the unbalanced
faces of C1 are precisely the ones in the polyhedral subspace D′ := C1 ∩ΓP ′(W ) =
C2 ∩ΓP ′(W ). The facets of the polyhedral subspace D′ are equipped with weight 1.
Thus we obtain ∫

∂ C1

α ∧ l(β) =

∫
D′

〈α ∧ l(β); ei〉n.
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Since l(β)|D′ = (δ|D′)∗(β) and δ(ei) = 0, we have that 〈l(β); ei〉p|D′ = 0 and therefore∫
D′

〈α ∧ l(β), ei〉n = (−1)n−p
∫
D′

〈α ∧ l(β); ei〉p = (−1)n−p
∫
D′

〈α; ei〉p ∧ l(β).

Altogether, we obtain ∫
V

α ∧ d′′(l(β)) = (−1)n
∫
D′

〈α; ei〉p ∧ l(β).

Denote by F : W → ΓP ′(W ) the map into the graph of the function P ′. Then there
exist polyhedral structures D on D and D′ on D′, such that for each facet σ of D the
restriction F |σ is linear, the image F (σ) is a facet of D′ and each facet of D′ is of
this form. Then the inverse of F |σ is given by δ|σ′ . Thus δ|σ′ is an isomorphism of
R-rational polyhedra for each σ′ ∈ D′. Since we have that δ∗ preserves 〈α; ei〉p and
(δ|D′)∗β = l(β)|D′ we obtain∫

D′

〈α; ei〉p ∧ l(β) =

∫
D

〈α; ei〉p ∧ β,

which concludes the proof.

Proposition 2.2.51. Let V ⊂ Rr be a matroidal fan, then V has Poincaré duality.

Proof. Let n be the dimension of V . We perform induction on r. The base case r = 0
is obvious.
For the induction step, we have two cases, these being n = r and n < r. If n = r, then
V = Rn and we have

Hp,q(Rn) = ΛpRn∗ ⊗Hq(Rn) and Hp,q
c (Rn) = ΛpRn∗ ⊗Hq

c (Rn),

where Hq, respectively Hq
c , denote the usual de Rham cohomology. Thus we know

Hp,q(Rn) = 0 and Hn−p,n−q
c (Rn) = 0 unless q = 0. Otherwise Hp,0(Rn) = ΛpRn∗ and

Hn−p,n
c (Rn) = Λn−pRn∗ and the PD map is just (−1)p times the map induced by the

canonical pairing ΛpRn∗×Λn−pRn∗ → ΛnRn∗ ∼= R. Since this pairing is non-degenerate
the PD map is an isomorphism.

If n < r then by Theorem 2.2.27 and Lemma 2.2.48 the only non-trivial case to check
is when q = 0. In other words, that PD: Hp,0(V ) → Hn−p,n

c (V )∗ is an isomorphism.
Consider an open tropical modification δ : V → W along a divisor D where D,W ⊂
Rr−1 are matroidal fans. Now D and W have PD by the induction hypothesis, so
that in the commutative diagram from Lemma 2.2.50 the vertical arrows on the left
and right are isomorphisms. By the five lemma we obtain PD for V ⊂ Rr and the
proposition is proven.

The next two lemmas help to prove Proposition 2.2.54, which is analogous to Propo-
sition 2.2.51 but for spaces of the form V × Tr where V is a matroidal fan. We will
relate the cohomologies of V × Tr, V × Rr and V by way of an exact sequence.
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Lemma 2.2.52. Let Y = V × Tr for a polyhedral fan V . Then we have a short exact
sequence

0 // Hp,0(Y × T) // Hp,0(Y × R)
〈 · ;ei〉p// Hp−1,0(Y ) // 0

where ei is the coordinate of R in Y × R.

Proof. We use the explicit calculation in Proposition 2.2.25. First this shows that none
of the cohomology groups in the statement change when we replace Y by V , thus we
assume Y = V . After identifying Lp with Hp,0 and undualizing we have to show that

0→
∑
σ∈Y

Λp−1L(σ)
∧ei→
∑
σ∈Y

ΛpL(σ × R)→
∑
σ∈Y

ΛpL(σ)→ 0(2.9)

is exact. The first map is clearly injective and the last map is clearly surjective. For
exactness in the middle notice that the composition of the maps is certainly zero and

that any element v ∈
∑
σ∈Y

ΛpL(σ×R) can be written as v =
∑
σ∈Y

vσ +

( ∑
σ∈Y

v′σ

)
∧ ei for

vσ ∈ ΛpL(σ) and v′σ ∈ Λp−1L(σ). Now if v maps to zero, it is of the form

( ∑
σ∈Y

v′σ

)
∧ei

and thus in the image of ∧ei. This proves exactness.

Lemma 2.2.53. Let Y = V × Tr of dimension n, where V ⊂ Rs is a matroidal fan,
then the following diagram

Hp,0(Y × T) //

PD
��

Hp,0(Y × R)
〈 · ;ei〉p //

PD
��

Hp−1,0(Y )

(−1)n PD
��

Hn−p+1,n+1
c (Y × T)∗ // Hn−p+1,n+1

c (Y × R)∗
g∗ // Hn−p+1,n

c (Y )∗,

which is obtained by the sequences in Proposition 2.2.47 and Lemma 2.2.52, commutes.

Proof. The proof follows exactly along the lines of the proof of the commutativity of
the diagram in Lemma 2.2.50 for tropical modifications with Y replacing D, Y × R
replacing V and Y × T replacing V and P ′ being any constant function.

Proposition 2.2.54. Let Y = V × Tr for a matroidal fan V ⊂ Rs. Then Y has
Poincaré duality.

Proof. We do induction on r with r = 0 being Proposition 2.2.51. For the induction
step we have to show that if Y has PD then Y × T also has PD. Since Y is a basic
open subset, Hp,q(Y ) = 0 unless q = 0 by Theorem 2.2.27. Since Y has PD, we have
Hp,q
c (Y ) = 0 unless q = n = dim(Y ). Note also that Y × R = V × R× Tr and so this

space has PD. We therefore also have Hp,q
c (Y ×R) = 0 unless q = n+ 1 = dim(Y ×R).

Now the sequence from Proposition 2.2.47 yields that Hp,q
c (Y × T) = 0 if q 6= n, n+ 1

and that

0→ Hp,n
c (Y × T)→ Hp,n

c (Y )
f→ Hp,n+1

c (Y × R)→ Hp,n+1
c (Y × T)→ 0(2.10)
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is exact. By the commutativity of the second square of the diagram in Lemma 2.2.53,
the map f is up so sign the dual map to 〈 · ; ei〉p, once we use PD for Y and Y × R
to identify Hp,0(Y × R) ∼= Hn−p+1,n+1

c (Y × R)∗ and Hp−1,0(Y ) ∼= Hn−p+1,n
c (Y )∗. Now

〈 · ; ei〉p is known to be surjective by Lemma 2.2.52, thus f is injective and we have
Hp,q
c (Y × T) = 0 unless q = n + 1. Since Y × T is a basic open subset, we also

know Hp,q(Y × T) = 0 unless q = 0 by Theorem 2.2.27, thus we only have to consider
PD : Hp,0(Y × T) → Hn+1−p,n+1

c (Y × T). Note that this is precisely the first vertical
map in the diagram in Lemma 2.2.53 and that the respective first horizontal maps are
injective by Lemma 2.2.52 and the sequence (2.10). Since the other vertical maps are
isomorphisms, this shows that Y × T has PD.

Before we complete the proof of Theorem 2.2.58, we make the following observation.

Remark 2.2.55. By Proposition 2.2.25 and Theorem 2.2.27 we have Hp,q(V × Tr) =
Hp,q(V ). Since Poincaré duality holds for these spaces, we further have Hp,q

c (V ) =
Hp+r,q+r
c (V × Tr). This is the same behavior that taking the product with C exhibits

for classical Dolbeault cohomology.

The following technical lemma allows us to deduce Poincaré duality for basic open
subsets of matroidal fans.

Lemma 2.2.56. Let Y = V ×Tr ⊂ Rs×Tr for a matroidal fan V ⊂ Rs and Ω a basic
open neighborhood of (0, . . . , 0,−∞, . . . ,−∞). Then there are canonical isomorphisms

Hp,q(Y )→ Hp,q(Ω) and

Hp,q
c (Ω)→ Hp,q

c (Y )

which are induced by restriction and inclusion of superforms. In particular Ω has PD.

Proof. For Hp,q this follows immediately from the explicit calculation we did in Propo-
sition 2.2.25. For cohomology with compact support, we first see that there is a home-
omorphism between U and Y which respects strata and polyhedra. This induces an
isomorphism of compactly supported tropical cohomology and thus we already know
Hp,q
c (Ω) ∼= Hp,q

c (Y ) by [JSS15, Theorem 3.18]. By PD for Y we furthermore know
that these cohomology groups are finite dimensional, thus it is sufficient to show that
inclusion of superforms induces a surjective map on cohomology. Again by PD for Y
this is trivial if q 6= n := dimY . We choose a basis α1, . . . , αk of Hp,0(Y ). By PD for
Y there exist ω1, . . . , ωk ∈ Hn−p,n

c (Y ) such that
∫
Y αi ∧ ωj = δij and for surjectivity of

Hn−p,n
c (Ω)→ Hn−p,n

c (Y ) it is sufficient to show that there exist β1, . . . , βk ∈ Hn−p,n
c (Ω)

such that
∫
Y αi ∧ βj 6= 0 if and only if i = j. Let B be the union of the supports of all

ωi and C ∈ R>0 and v ∈ Rr such that B ⊂ C ·Ω+v. Define F to be the extended affine
map given by w 7→ C ·w+ v and set βi := F ∗(ωi) ∈ Ap,qc (Ω) for all i. Since αi ∈ Lp(Y )
we have F ∗(αi) = Cpαi and thus we have∫

Y

αi ∧ βj =

∫
Y

αi ∧ F ∗(ωj) = C−p
∫
Y

F ∗(αi ∧ ωj) = Cn−pδij ,

where the last equality is given by the transformation formula Proposition 2.1.9. This
proves surjectivity and thus the lemma.
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Lemma 2.2.57. Let V be a matroidal fan in Rs, Y = V × Tr and Ω a basic open
subset of Y . Then Ω has PD.

Proof. If I ⊂ [r] is the maximal sedentarity among points of Ω, then Ω is a basic open
subset of V × T|I| × Rr−|I| of maximal sedentarity. Let x be a point in the relative
interior of the minimal face of the basic open set Ω. The polyhedral star Ωx(V ) of any
point in a matroidal fan is again a matroidal fan, see [AK06, Proposition 2]. Applying
this fact to the fan V ×Rr−|I| we obtain that, after translation of x to the origin, Ω is a
basic open neighborhood of (0, . . . , 0,−∞, . . . ,−∞) in the matroidal fan Ωx(V )×T|I|.
Thus we are now in the situation of Lemma 2.2.56, which shows that Ω has PD.

Theorem 2.2.58. Let X be an n-dimensional tropical manifold. Then the Poincaré
duality map is an isomorphism for all p, q.

Proof. We write Ap,qc ∗ for the presheaf U 7→ HomR(Ap,qc (U),R). Then Ap,qc ∗ is a sheaf,
since Ap,q is fine. Furthermore, Ap,qc ∗ is a flasque sheaf, since for U ′ ⊂ U the inclusion
Ap,qc (U ′)→ Ap,qc (U) is injective. We then obtain the commutative diagram

0 // Lp //

id
��

Ap,0 d′′ //

PD
��

Ap,1 //

PD
��

. . .

0 // Lp // An−p,nc
∗ d′′∗ // An−p,n−1

c
∗ // . . .

and we have

Hq(An−p,n−•c
∗
(U), d′′

∗
) = (Hq(An−p,n−•c (U), d′′))∗ = Hn−p,n−q

c (U)∗.

If we consider the sections of this diagram over a basic open subset, then the first row
is exact by Theorem 2.2.27. By Lemma 2.2.57 the second row is then also exact. This
shows that both rows are exact sequences of sheaves on X. Thus we have a commutative
diagram of acyclic resolutions of Lp, thus PD induces isomorphisms on the cohomology
of the complexes of global sections, which precisely means that X has PD.

Corollary 2.2.59. Let X be a compact tropical manifold of dimension n. Then

PD : Hp,q(X)→ Hn−p,n−q(X)∗

is an isomorphism for all p, q.



Chapter 3

Differential forms on Berkovich
analytic spaces and their
cohomology

In this chapter, we consider real-valued differential forms on Berkovich spaces. These
are defined by locally using tropicalizations and the theory of superforms on polyhedral
(sub)spaces. We first recall the respective tropicalization maps in Section 3.1. In Sec-
tion 3.2, consider different approaches to define these differential forms and show that
they all produce the same forms. In Subsection 3.2.1, we recall Gubler’s approach to
these forms using algebraic moment maps and canonical tropical charts. In Subsection
3.2.2, we then define new approaches, using A- resp. T -moment maps. We do this
with the help of the theory of differential forms on polyhedral subspaces of Tr resp.
polyhedral spaces, which we developed in Chapter 2. In Section 3.3, we show that the
new approaches also work when K is trivially valued. In the last Section 3.4, we study
the cohomology defined by these forms.

In this chapter, K is an algebraically closed field which is complete with respect to
a non-archimedean absolute value. In Section 3.2, we assume that this abolsute value
is non-trivial. In Section 3.3 we explain the trivially valued case.

A variety is an irreducible reduced separated K-scheme of finite type. For a variety
X we denote by Xan the associated analytic space in the sense of Berkovich. For a
morphism F : X → Y we denote by F an : Xan → Y an its analytification (cf. [Ber90]).

3.1 Tropicalizations

In this section we recall properties of tropicalizations. We consider classical tropicaliza-
tion of tori as well as tropicalization of affine space and extended tropicalization of toric
varieties in the sense of Payne (cf. [Pay09]). We relate these notions with polyhedral
(sub)spaces considered in Chapter 2.

Definition 3.1.1. Let Z be a closed subvariety of Gr
m = Spec(K[T±1

1 , . . . , T±1
r ]). The

space Gr,an
m is then the set of multiplicative seminorms on K[T±1

1 , . . . , T±1
r ] extending

53
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the absolute value on K. We denote by Trop(Z) the image of Zan under the tropical-
ization map

trop : Gr,an
m → Rr

|.|x 7→ (log |T1|x . . . , log |Tr|x).

Note that we differ in sign from e.g. [Gub13a, Gub13b, Pay09] here, because of the
following extension: Let Z be a closed subvariety of Ar = Spec(K[T1, . . . , Tr]). Then
we define Trop(Z) to be the image of Zan under the tropicalization map

trop : Ar,an → Tr

|.|x 7→ (log |T1|x, . . . , log |Tr|x).

Lemma 3.1.2. Let Z ⊂ Ar be a closed subvariety. Then trop : Zan → Trop(Z) is a
continuous proper map of topological spaces and Trop(Z) is a closed subset of Tr. If K
is non trivially valued, then we have

Trop(Z) = trop(Zan(K)) = trop(Z(K)).

The corresponding statements for subvarieties of Gr
m are well known and their proofs

work very similarly.

Proof. Continuity follows directly from the definition of the Berkovich topology. Any
compact subset of Tr is contained in a product of intervals [ai, bi], with ai, bi ∈ T. The
preimage of this product of intervals is by definition a Laurent domain in Ar,an, thus
affinoid and therefore compact. This shows that trop : Ar,an → Tr is proper. Now
since Zan is a closed subset of Ar, the restriction trop : Zan → Tr is proper. It thus
has closed image, which shows that Trop(Z) is closed. Further trop : Zan → Trop(Z)
is proper.

If K is non-trivially valued, then Zan(K) = Z(K) is dense in Zan. This shows the
last statement.

Theorem 3.1.3 (Bieri-Groves). Let Z be a closed subvariety of Gr
m of dimension n.

Then Trop(Z) is an n-dimensional R-rational polyhedral subspace of Rr.

Proof. This was originally proven by Bieri and Groves. See [Gub13b, Theorem 3.3] for
a nice summary of proofs in different setups and generalities.

Lemma 3.1.4. Let Z be a closed subvariety of Ar such that Z ′ := Gr
m∩Z is non-empty.

Then Trop(Z) is the closure in Tr of Trop(Z ′) ⊂ Rr.

Proof. By irreducibility of Z we have Z ′ = Z and thus Z ′an = Zan. Therefore
Trop(Z) = trop(Zan) = trop(Z ′ an) ⊂ Trop(Z ′) = Trop(Z ′). Since further Trop(Z)
is closed by Lemma 3.1.2 and contains Trop(Z ′) we have equality.

Corollary 3.1.5. Let Z be a closed subvariety of Ar of dimension n. Then Trop(Z)
is an n-dimensional R-rational polyhedral subspace of Tr.
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Proof. Let I ⊂ [r] be the set of indices such that Ti|Z ≡ 0. Then Z is a closed subvariety
of the vanishing locus V ((Ti)i∈I) ' Ar−|I|. After replacing Ar by this we may assume
that that Z ′ := Z∩Gr

m is non-empty. Then Trop(Z) = Trop(Z ′) by Lemma 3.1.4. Since
Trop(Z ′) is a polyhedral space in Rr by Theorem 3.1.3, Trop(Z) is a polyhedral space
in Tr. Rationality now follows from rationality of Trop(Z ′) and Remark 2.1.24.

Definition 3.1.6. Let N be a free abelian group of rank n, M its dual and denote
by NR resp. MR the respective scalar extensions to R. A rational cone σ ∈ NR is a
polyhedron defined by equations of the form ϕ( . ) ≥ 0 with ϕ ∈ M , which does not
contain a positive dimensional linear subspace. A rational fan ∆ in NR is a polyhedral
complex all of whose polyhedra are rational cones. For σ ∈ ∆ we define the monoid
Sσ := {ϕ ∈ M | ϕ(v) ≥ 0 for all v ∈ σ}. We denote by Uσ := Spec(K[Sσ]). For τ ≺ σ
we obtain open immersions Uτ → Uσ. We define the toric variety Y∆ to be the gluing
of the (Uσ)σ∈∆ along these open immersions. For an introduction to toric varieties, see
for example [Ful93].

Remark 3.1.7. The toric variety Y∆ comes with an open immersion T → Y∆, where
T = Spec(K[M ]) and a T -action which extended the group action of T on itself by
translation. In fact any normal variety with such an immersion and action arises by the
above described procedure ([CLS11, Corollary 3.1.8]). This was shown by Sumihiro.

Choosing a basis of N gives an identification N ' Zr 'M and T ' Gr
m.

Definition 3.1.8. Let ∆ ⊂ NR be a fan and Y∆ be the corresponding toric variety.
Payne defined in [Pay09] a tropicalization map

trop : Y an
∆ → Trop(Y∆)

to the topological space Trop(Y∆) as follows:

For σ ∈ ∆, write N(σ) := NR/ span(σ). Then as a set we have

Trop(Y∆) =
∐
σ∈∆

N(σ).

The topology of Trop(Y ) is given in the following way:

For σ ∈ ∆ we consider the affine toric subvariety Uσ. By the definition above we have
Trop(Uσ) =

∐
τ≺σ

Nτ . This is naturally identified with HomMonoids(Sσ,T) (for details,

cf. [Pay09, Section 3]). We give Trop(Uσ) the subspace topology of TSσ . For τ ≺ σ, the
space Hom(Sτ ,T) is naturally identified with the open subspace of HomMonoids(Sσ,T)
of maps which map τ⊥ ∩M to R. We then define the topology of Trop(Y∆) to be the
one obtained by gluing along these identifications.

For Z a closed subvariety of Y∆ we define Trop(Z) to be the image of Zan under
trop : Y an

∆ → Trop(Y∆).

Lemma 3.1.9. Let Y∆ be a toric variety of dimension n with corresponding fan ∆.
Then the tropicalization Trop(Y∆) of Y∆ has a canonical structure as an n-dimensional
R-rational polyhedral space.
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Proof. Let σ ∈ ∆ and choose a finite generator set Bσ of the monoid Sσ. As noted in
[Pay09, Remark 3.1] this gives rise to an identification Hom(Sσ,T) with a subspace of
Tr and thus to an embedding ψBσ : Trop(Uσ) ↪→ Tr. Further Bσ also gives rise to a
closed immersion ϕBσ : Uσ → Ar. The diagram

Uan
σ

ϕan
Bσ //

��

Ar,an

trop

��
Trop(Uσ)

ψBσ // Tr

(3.1)

commutes and thus the image ψBσ(Trop(Uσ)) ⊂ Tr agrees with Trop(ϕBσ(Uσ)) in the
sense of Definition 3.1.1. We conclude by Corollary 3.1.5 that this is indeed a tropical
subspace.

Let M be a set of pairs (σ,Bσ) such that

i) σ ∈ ∆ and Bσ is a finite generating set of Sσ.

ii) Each maximal σ ∈ ∆ appears in at least one pair in M .

We define an atlas for Trop(Y∆) by

AM =
(
ψBσ : Trop(Uσ)→ Trop(ϕBσ(Uσ)) ⊂ T|Bσ |

)
(σ,Bσ)∈M

.(3.2)

The domains of these cover Trop(Y∆). Further, Definition 2.1.54 i) is satisfied by
our discussion above. We show that all these are indeed atlases and are equivalent by
showing that their union is an atlas, for which we need to show that coordinate changes
ψBτ ◦ ψ−1

Bσ
for σ, τ ∈ ∆ are extended affine maps.

We do this in two cases, first assuming that σ = τ and just varying the generator
sets and then assuming τ ≺ σ and choosing special generating sets. The general case
then follows.

If σ = τ , then the matrix of ψBσ,1 ◦ ψ−1
Bσ,2

is just given by the presentation of the
elements of Bσ,1 as a linear combination of elements of Bσ,2. Since these are generating
sets of monoids, all entries are positive.

If τ ≺ σ, we choose Bσ in such a way that a subset {v1, . . . , vk} generates τ⊥ ∩M .
Then we take Bτ := Bσ ∪ {−v1, . . . ,−vk}. The map ψBτ ◦ ψ−1

Bσ
is again just given by

writing the elements of Bσ as a linear combination of elements of Bτ and this again only
has positive entries. For ψBσ ◦ψ−1

Bτ
we write the elements of Bτ as a linear combination

of elements of Bσ. Denote the corresponding matrix by D. By construction of Bτ , the
only entries of D are on the diagonal and they are all 1 or −1. Further, if bii = −1,
then Trop(ϕBτ (Uτ )) does not contain any points whose sedentarity contains i. Thus D
defines a well defined extended affine map Trop(ϕBσ(Uτ ))→ Trop(ϕBτ (Uτ )).

Corollary 3.1.10. Let Z be an n-dimensional closed subvariety of a toric variety Y∆.
Then the canonical structure of Trop(Y∆) as a polyhedral space induces a canonical
structure for Trop(Z) as a polyhedral space of dimension n.
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Proof. Restricting the charts of the atlas constructed in Lemma 3.1.9 to Trop(Uσ∩Z) =
Trop(Uσ) ∩ Trop(Z) defines an atlas for Trop(Z) by Corollary 3.1.5.

Lemma 3.1.11. Let Z be a closed subvariety of a toric variety Y∆. The tropicalization
map trop : Zan → Trop(Z) is a proper map of topological spaces.

Proof. Since Zan is a closed subvariety of Y an
∆ , it is enough to show this for Z = Y∆. The

tropicalization map of Y∆ is just the gluing of the tropicalization maps for open affine
toric subvarieties Uσ. Since properness is a local property, we may thus assume Y∆ = Uσ
is affine. Now any finite generating set Bσ gives a closed immersion ϕBσ : Uσ ↪→ Ar
and an embedding ψBσ : Trop(Uσ) ↪→ Tr. The commutativity of diagram (3.1) and
properness of trop : Ar → Tr show the result.

Remark 3.1.12. Let Z be a closed irreducible subset of a toric variety Y∆ that meets
the dense torus Gr

m. Note that by construction of the atlas for Trop(Z) resp. Trop(Y∆)
the set Trop(Gr

m ∩ Z) is a dense open subset of Trop(Z) which admits a chart to Rr.

Remark 3.1.13. Let L/M be an extension of non-archimedean, algebraically closed
complete fields. Let Z be a closed subvariety of Gr

m,M and denote by ZL := Z×Spec(L)
the base change to L. Then ZL is a subvariety of Gr

m,L. By [Pay09, Section 6, Appendix]
we have Trop(Z) = Trop(ZL)

Definition 3.1.14. Let Z be a closed subvariety of Gr
m. We define weights on Trop(Z)

as follows: If K is non-trivially valued, let x ∈ Trop(Z) and t ∈ Zan(K) = Z(K) such
that trop(t) = x. Since Z is integral, so is t−1Z and thus its Zariski closure (with the
induced reduced structure) and its scheme theoretic closure in Gr

m,K◦ agree. We write
inx(Z) for the special fiber of this closure. We then define m(x) :=

∑
mW , where the

sum goes over the irreducible components W of inx(Z) and mW is the multiplicity of
the component W .

If K is trivially valued we choose an extension L/K such that L is non-trivally
valued, complete and algebraically closed. We then define m on Trop(Z) = Trop(ZL)
as above, using L as the ground field.

This procedure defines m for a dense subset of Trop(Z). It turns out that there is
a polyhedral structure C on Trop(Z) such that m(x) is constant over σ̊ for all maximal
σ ∈ C. Thus Trop(Z) is a weighted R-rational polyhedral subspace in Rr. We refer to
[Gub13b, Section 5 & Section 13] for details on these constructions.

Let Z be a closed subvariety of Ar. Then we observed in Corollary 3.1.5 that
Trop(Z) is the closure of the tropicalization Trop(Z ′) of the intersection Z ′ = Z∩Gr′

m for
some torus Gr′

m. We take on Trop(Z ′) a weighted polyhedral structure C as constructed
above. This induces a weighted polyhedral structure on Trop(Z), where the maximal
polyhedra are the closures in Tr of the maximal ones in C and we assign the same
weight to the closure. This make Trop(Z) into a weighted polyhedral subspace of Tr.

Let Z be a closed subvariety of a toric variety Y∆. Assume first that Z meets the
dense torus. Then by Remark 3.1.12 there is a chart to Rr with dense domain. We
define the weights in that chart as for the torus case. This determines the weights in
all other charts uniquely, if we want our transition maps to preserve weights.
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In general, let Y∆ =
∐
Yi be the decomposition of Y∆ into torus orbits. Since Z is

irreducible, it is contained in Yi for some i such that Yi ∩ Z is non-empty. Then Z is
a closed subscheme of Yi and meets the dense torus Yi. We thus reduced to the case
where Z meets the dense torus.

Theorem 3.1.15. Let Z be a closed subvariety of Gr
m of dimension n. Then Trop(Z)

is a tropical variety in Rr of dimension n.

Proof. The case of trivial valuation was shown in [ST08, Corollary 3.8]. The general
case is derived from this in [Gub13b, Theorem 13.11].

Corollary 3.1.16. Let Z be a closed subvariety of Ar of dimension n. Then Trop(Z)
is a tropical variety in Tr of dimension n.

Proof. We may assume that Z ′ = Z ∩ Gr
m is non-empty. Then Trop(Z ′) is a tropical

variety by 3.1.15. The result follows them from Lemma 2.1.30 and Lemma 3.1.4

Corollary 3.1.17. Let Z be a closed subvariety of a toric variety Y∆. Then Trop(Z)
is an effective tropical space of dimension n.

Proof. We use the atlas constructed in Lemma 3.1.9, with the notations introduced
there. We have to show that for σ ∈ ∆ and Bσ a finite generator set of Sσ, the image
of ψBσ(trop(Zan ∩ Uan

σ )) ⊂ Tr is a tropical variety with the weights as defined above.
We already saw in the proof of Lemma 3.1.9 that this equals Trop(ϕan

Bσ
(Zan ∩Uan

σ )) as
a set and it is a direct consequence of Definition 3.1.14 that both viewpoints produce
the same weights . Now Trop(ϕan

Bσ
(Zan∩Uan

σ )) is a tropical variety by Corollary 3.1.16,
which proves the result.

The following result gives an application of the results from Subsection 2.2.3 to the
cohomology of tropicalizations of closed subvarieties of tori.

Proposition 3.1.18. Let Z be a closed subvariety of a toric variety Y∆. Assume
that Trop(Z) is regular at infinity. Then Hp,q

d′ (Trop(Z)) and Hk
d (Trop(Z)) are finite

dimensional for all p, q, k ∈ N0.

Proof. Let σ ∈ ∆. Since Trop(Z) is regular at infinity, so is Trop(Z∩Uσ), and since this
is a polyhedral subspace of some Tr, we have that the cohomology groups of Trop(Z ∩
Uσ) are finite dimensional by Theorem 2.2.34 and Theorem 2.2.36. Thus (Trop(Z ∩
Uσ))σ∈∆ is a reasonable cover of Trop(Z) and Lemma A.2.2 shows our result.

Definition 3.1.19. Let Z =
k∑
i=1

λiZi be an algebraic cycle on Gr
m. Then we define the

tropical cycle Trop(Z) :=
k∑
i=1

λi Trop(Zi).

Definition 3.1.20. Let F : X → Y be a morphism of algebraic varieties. The degree
of F is defined as deg(F ) := [K(X) : K(F (X))] if this is finite and 0 otherwise. We
define the push forward of X along F to be the cycle F∗(X) := deg(F )F (X).
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The following Theorem is originally due to Sturmfels and Tevelev (cf. [ST08]) in
the case of trivial valuation and was generalized by Baker, Payne and Rabinoff to the
case of non-trivial valuation.

Theorem 3.1.21 (Sturmfels-Tevelev-multiplicity-formula). Let Z be a closed subvari-
ety of Gr′

m. Let ψ : Gr′
m → Gr

m be a morphism of algebraic groups. Then

Trop(ψ)∗(Trop(Z)) = Trop(ψ∗(Z)).

Proof. See [Gub13b, Theorem 13.17], where this particular version is derived from
[BPR16, Corollary 7.3].
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3.2 Differential forms on Berkovich spaces

In this section, we recall the definition of differential forms on the analytification of
an algebraic variety by Gubler (cf. [Gub13a]). We then give new and analogous defi-
nitions using the different types of tropicalizations from Section 3.1 and the theory of
superforms on polyhedral spaces as introduced in Chapter 2. We show that all these
produce the same sheaves and thus we can always use the most suitable definition when
studying differential forms on the Berkovich analytification of an algebraic variety.

Chambert-Loir and Ducros (cf. [CLD12]) define sheaves of differential forms for gen-
eral Berkovich analytic spaces. Gubler shows in [Gub13a, Section 7] that his approach
is equivalent to theirs in the algebraic case.

In this section, we require K to be algebraically closed, complete and non-trivally
valued. As before, X is a variety over K.

3.2.1 Approach using canonical tropical charts

In this subsection, we recall the algebraic approach to differential forms on the analytifi-
cation of an algebraic variety from [Gub13a]. We give all the definitions and properties
we will use and give most proofs, for the convenience of the reader. The approach by
Chambert-Loir and Ducros in [CLD12] works in higher generality, but gives the same
forms in our setup ([Gub13a, Section 7]). We choose to introduce Gubler’s approach
since we will give other approaches which work only in the algebraic case anyway.

Definition 3.2.1. Let X be a variety and U an open subset. Then a moment map of
U is a map ϕ : U → Gr

m for some r. The tropicalization of ϕ is

ϕtrop := trop ◦ϕan : Uan → Rr.

Let U ′ ⊂ U be another open subset and ϕ′ : U ′ → Gr′
m be another moment map. We

say that ϕ′ refines ϕ if there exists a morphism of tori ψ : Gr′
m → Gr

m (by which we
mean a group homomorphism composed with a multiplicative translation), such that
ϕ = ψ ◦ ϕ′.
Remark 3.2.2. If a moment map ϕ′ : U ′ → X refines ϕ : U → X, then the map
ψ : Gr′

m → Gr
m induces a map between character lattices and thus an affine map

Trop(ψ) : Rr′ → Rr such that ϕtrop = Trop(ψ) ◦ ϕ′trop. Note that ψ and thus Trop(ψ)
are not unique, but the restrictions to ϕ′(U ′) resp. trop(ϕ′(U ′)) are.

If ϕi : Ui → Gri
m are finitely many moment maps, then ϕ := ϕ1× · · ·×ϕn :

n⋂
i=1

Ui →

G
∑
ri

m is a moment map which refines all ϕi. In fact, every moment map refining all ϕi
also refines ϕ.

Definition 3.2.3. Let X be a variety and U an open affine subset. Then U has a
canonical moment map, which is constructed as follows: Denote MU := O(U)×/K×.
Then MU is a finitely generated free abelian group (cf. [Sam66, Lemme 1]). We choose
representatives ϕ1, . . . , ϕr of a basis. We obtain a map

K[T±1
1 , . . . , T±1

r ]→ OX(U),

Ti 7→ ϕi
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which leads to a map ϕU : U → Gr
m, which is canonical up to multiplicative translation

and coordinate change. Note that the canonical moment map refines all moment maps
of U by construction.

Remark 3.2.4. Let X be a variety and U an open subset. Then the following prop-
erties are equivalent

i) The K-algebra OX(U) is generated by OX(U)×.

ii) The canonical moment map ϕU is a closed immersion.

iii) U has a closed immersion to Gs
m for some s.

Definition 3.2.5. Let X be a variety. An open subset U is called very affine if it
satisfies the equivalent properties of Remark 3.2.4. In this case, we define Trop(U) as
the image of ϕU,trop : Uan → Rr. Note that this is well defined up to integral affine
translation.

Remark 3.2.6. Let F : X ′ → X be a morphism of algebraic varieties and let U ′ ⊂ X ′
and U ⊂ X be affine open subsets such that F (U ′) ⊂ U . Then the map OX(U) →
OX′(U ′) induces an affine homomorphism MU → MU ′ which induces a morphism
ψU,U ′ : Spec(K[MU ′ ])→ Spec(K[MU ]) such that ψU,U ′ ◦ ϕU ′ = ϕU ◦ F .

Definition 3.2.7. Let X be a variety. A canonical tropical chart (V, ϕU ) is given by an
open set V of Xan and the canonical moment map ϕU of a very affine open subset U of
X, such that V ⊂ Uan and V = ϕ−1

U,trop(Ω) for Ω an open subset of Trop(U). Another
canonical tropical chart (V ′, ϕU ′) is called a canonical tropical subchart of (V, ϕU ) if
V ′ ⊂ V and U ′ ⊂ U .

Remark 3.2.8. Let X be a variety and U ′ ⊂ U be open subsets. Then Remark 3.2.6
shows that there exists a map ψU,U ′ such that ψU,U ′ ◦ϕU ′ = ϕU , which precisely means
that ϕ′U refines ϕU . Therefore by Remark 3.2.2 we have that ϕU,trop = Trop(ψU,U ′) ◦
ϕU ′,trop. Thus Trop(ψU,U ′) restricts to a map

Trop(ψU,U ′) : Trop(U ′)→ Trop(U).

We conclude from [Gub13a, Lemma 4.9] that this map is surjective.

Further, if (V ′, ϕU ′) is a subchart of (V, ϕU ), then we have that Trop(ψU,U ′)(V
′) ⊂

V .

Proposition 3.2.9. Let X be a variety. Then we have the following properties:

i) For every open subset W ⊂ Xan and every x ∈W there exists a canonical tropical
chart (V, ϕU ) such that x ∈ V and V ⊂ W . Further, V can be chosen in such a way
that ϕU,trop(V ) is relatively compact in Trop(U).

ii) For canonical tropical charts (V, ϕU ) and (V ′, ϕU ′) the pair (V ∩ V ′, ϕU∩U ′) is a
canonical subchart of both.
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iii) If (V, ϕU ) is a canonical tropical chart and U ′ is a very affine open subset of X
such that V ⊂ U ′an ⊂ Uan, then (V, ϕU ′) is a canonical tropical chart (thus in particular
a canonical tropical subchart of (V, ϕU )).

Proof. [Gub13a, Proposition 4.16].

Definition 3.2.10. Let X be a variety and V ⊂ Xan an open subset. A differential
form of bidegree (p, q) on V is given by a family (Vi, ϕUi , αi)i∈I such that:

i) For all i ∈ I the pair (Vi, ϕUi) is a canonical tropical chart and
⋃
i∈I

Vi = V .

ii) For all i ∈ I we have αi ∈ Ap,qTropϕ(Ui)
(ϕUi,trop(Vi)).

iii) The αi agree on intersections in the sense that for all i, j ∈ I, we have tropical
subcharts (Vijl, ϕUijl) of (Vi ∩ Vj , ϕUi∩Uj ) such that Vi ∩ Vj =

⋃
Vijl and

Trop(ψUi,Uijl)
∗(αi) = Trop(ψUj ,Uijl)

∗(αj) ∈ Ap,q(ϕUijl,trop(Vijl))

for all l.

Another such family (V ′j , ϕU ′j , βj)j∈J defines the same form if there is a common refine-

ment of the covers of V by canonical tropical charts such that the affine pullbacks to
the refined cover agree. The space of these forms is denoted by Ap,qX (V ) or Ap,q(V ) if
there is no confusion about X.

Let V ′ ⊂ V and α ∈ Ap,q(V ) given by (Vi, ϕUi , αi)i∈I . We can cover V ′ by subcharts
(Wij , ϕUij ) of the canonical tropical charts (Vi, ϕUi) and then define α|V ′ to be given by
(Wij , ϕUij ,Trop(ψUi,Uij )

∗αi)ij . Note that this is independent of the chosen presentation
of α.

Proposition 3.2.11. The functor

V 7→ Ap,qX (V )

is a sheaf on Xan which we denote by Ap,qX .

Proof. This is a direct consequence of the local nature of Definition 3.2.10.

Lemma 3.2.12. Let α ∈ Ap,qX (V ) be given by one canonical tropical chart (V, ϕU , α
′)

and assume that α = 0. Then α′ = 0.

Proof. The equality α = 0 means that there exist canonical tropical subcharts (Vi, ϕUi)
such that V =

⋃
i∈I Vi and such that Trop(ψU,Ui)

∗α′ = 0. We argue locally, fixing a
point x ∈ Trop(U). We choose Ω′ a relatively compact open neighborhood of x in Ω
and V ′ := ϕ−1

U,trop(Ω′) to be its preimage. Since the tropicalization map is proper, V ′ is
relatively compact and thus covered by finitely many Vi. Thus replacing V by V ′ and
Vi by V ∩ Vi we may assume that I is finite.

We choose polyhedral structures C resp. Ci on Trop(U) resp. Trop(Ui) such that
for each σi ∈ Ci there exists σ ∈ C such that Trop(ψU,Ui)(σi) = σ. We fix σ ∈ C and
want to show α′|Ω∩σ = 0. Let (σij ∈ Ci)ij be the collection of polyhedra such that
Trop(ψU,Ui)(σij) = σ. For all i, j, the induced linear map L(σij) → L(σ) is surjective,
hence open. Thus Ω ∩ σ =

⋃
ij Trop(ψU,Ui)(σij ∩ Ωi) is an open cover. However,

α′|Trop(ψU,Ui )(σij∩Ωi) = 0, since Trop(ψU,Ui)
∗α′|σij∩Ωi = 0.
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Corollary 3.2.13. Let α1 ∈ Ap,q(V1) and α2 ∈ Ap,q(V2) be given by single charts
(Vi, ϕUi , α

′
i). If α1|V1∩V2 = α2|V1∩V2, then Trop(ψU1,U1∩U2)∗α1 = Trop(ψU2,U1∩U2)∗α2.

Remark 3.2.14. Corollary 3.2.13 shows that in Definition 3.2.10 iii) we may require

Trop(ψUi,Ui∩Uj )
∗(αi) = Trop(ψUj ,Ui∩Uj )

∗(αj) ∈ Ap,q(TropUi∩Uj (Vi ∩ Vj)).

This is for example done in [Jel16, Definition 4.3 iii)].

Definition 3.2.15. Let α ∈ Ap,q(V ) be given by (Vi, ϕUi , αi)i∈I . Then for D ∈
{d′, d′′, d} we define Dα to be given by the family (Vi, ϕUi , Dαi)i∈I and Jα to be given
by (Vi, ϕUi , Jαi)i∈I . If further β ∈ Ap′,q′(V ) is given by (Vi, ϕUi , βi) then we define
α ∧ β to be given by (Vi, ϕUi , αi ∧ βi)i. Note here that we may assume β to be given
on the same cover as α after pulling back to a common refinement. Since all these
constructions commute with affine maps of the polyhedral complexes, these all define
elements of A•,• again and are independent of the respective presentations.

Definition 3.2.16. We obtain a sheaf of bigraded bidifferential algebras (A•,•X , d′, d′′)
on Xan. We also obtain the sheaf of total graded differential algebras (A•X , d), where
Ak =

⊕
p+q=kA

p,q. We will see in Theorem 3.4.3 that the rows and columns of the

double complex (A•,•X , d′, d′′) are exact in positive degree.
We denote by Ap,qX,c(V ) the sections of Ap,qX (V ) which have compact support (in the

sense of sheaves) in V .
We will sometimes write C∞(V ) := A0,0

X (V ) and call elements of A0,0 smooth
functions. This is justified since every (0, 0)-form defines a continuous function on
X. That is, if f ∈ A0,0(V ) is given by a family (Vi, ϕi, fi)i∈I , then defining f(x) :=
fi ◦ ϕi,trop(x) for x ∈ Uan

i yields the function.

Lemma 3.2.17. The sheaves Ap,qX are fine sheaves. They are thus soft and hence
acyclic with respect to both the global section functor and the functor of global section
with compact support.

Proof. The fact that A0,0
X is fine follows from [Gub13a, 5.10]. The general case follows

since Ap,qX is an A0,0
X -module via the wedge product. Softness and acyclicity for global

sections follows from [Wel80, Chapter II, Proposition 3.5 & Theorem 3.11] respectively
and acyclicity for sections with compact support follows from [Ive86, III, Theorem
2.7].

Remark 3.2.18. Let F : X → Y be a morphism of algebraic varieties. Let α ∈
Ap,qY (W ) be given by (Wi, ϕZi , αi)i. Let Ui := F−1(Zi) and Vi := F an,−1(Wi). Let
Uij be very affine open subsets such that Ui =

⋃
Uij and write Vij := Vi ∩ Uan

ij .
Since F (Uij) ⊂ Zi we obtain maps Trop(ψZi,Uij ) by Remark 3.2.6. Now (Vij , ϕUij )
are canonical tropical charts and we define F ∗(α) ∈ Ap,q(F an,−1(W )) to be given by
(Vij , ϕUij ,Trop(ψWi,Uij )

∗αi)ij . This is independent of the chosen presentation for α.
We obtain a pullback morphism

F ∗ : Ap,qY → F an
∗ A

p,q
X

which commutes with the differentials d′, d′′, d and the operator J .
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Proposition 3.2.19. Let X be a variety of dimension n with generic point η. Denote
by F : Xan → X the analytification map. Let α ∈ Ap,q(X) such that max(p, q) = n.
Then supp(α) ⊂ F−1({η}). In particular, supp(α) is contained in the analytification
of every open subset of X.

Proof. This follows from [Gub13a, Corollary 5.12].

Lemma 3.2.20. Let X be a variety of dimension n. Let α ∈ Ap,qc (X) such that
max(p, q) = n. Then there exists U ⊂ X very affine such that supp(α) ⊂ Uan, α|Uan is
given by (Uan, ϕU , αU ) and αU ∈ Ap,qc (Trop(U)). Further, if U has this property then
any non-empty very affine open subset of U has this property.

Proof. This follows from [Gub13a, Proposition 5.13 & Lemma 5.15 (a)]. We repeat the
argument for the convenience of the reader and because we want to apply it later in
similar situations. Since the support of α is compact, there exists V ⊂ X open such
that suppα ⊂ V and α|V is defined by a finite family (Vi, ϕUi , αi)i∈I . Thus

⋂
i∈I Ui as a

non-empty, very affine open subset of X. Denote by U any non-empty very affine open
subset of

⋂
i∈I Ui. Define V ′i := Vi ∩ Uan and V ′ :=

⋃
i∈I V

′
i . For each i the canonical

tropical chart (V ′i , ϕU ) is a subchart of (Vi, ϕUi). Denote by α′i := Trop(ψUi,U )∗αi
and Ωi := ϕU,trop(V ′i ). Then α|V ′i ∩V ′j is given by both (V ′i ∩ V ′j , ϕU , α′i|Ωi∩Ωj ) and

(V ′i ∩ V ′j , ϕU , α′j |Ωi∩Ωj ). By Lemma 3.2.12, the forms α′i and α′j agree on Ωi ∩ Ωj , thus
glue to give a form α′ ∈ Ap,q(ϕU,trop(V )).

By Proposition 3.2.19, we have supp(α) ⊂ Uan. Thus supp(α) ⊂ Uan ∩ V = V ′.
It follows from Lemma 3.2.12 that supp(α′) = ϕU,trop(supp(α)) (cf. [CLD12, Corollaire
3.2.3]). Thus supp(α′) is compact. Extending α′ by zero to αU ∈ Ap,qTrop(U),c(Trop(U)),
we conclude the proof.

Definition 3.2.21. Let X be a variety of dimension n. Let α ∈ Ap,qc (X) such that
max(p, q) = n. Then any canonical tropical chart (Uan, ϕU ) with the property above is
called a canonical tropical chart of integration for α. We denote by αU ∈ Ap,qc (Trop(U))
the unique form such that α is given by (Uan, ϕU , αU ).

Definition 3.2.22. Let X be a variety of dimension n and α ∈ An,nc (X). Then we
define ∫

X

α :=

∫
Trop(U)

αU

for some tropical chart of integration (Uan, ϕU ).

Proposition 3.2.23. The definition of the integral in Definition 3.2.22 is independent
of the choice of the canonical tropical chart of integration.

Proof. Let (U,ϕU ) and (U ′, ϕU ′) be two canonical tropical charts of integration for a
form α. After replacing U ′ by U ∩ U ′ we may assume U ′ ⊂ U . Then there exists
a torus equivariant map ψU,U ′ : TU ′ → TU such that ϕU = ψU,U ′ ◦ ϕU ′ . To simplify
the notation we will write ψ := ψU,U ′ . After a translation we may assume ψ to be a
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morphism of algebraic groups. Also, by Lemma 3.2.12 we have Trop(ψ)∗(αU ) = αU ′ .
By the Sturmfels-Tevelev-multiplicity-formula 3.1.21, we have

Trop(ψ)∗(Trop(ϕU ′(U
′))) = Trop(ψ∗((ϕU ′(U

′))).

Since both ϕU and ϕU ′ are closed immersions, ψ∗(ϕU ′(U
′)) = ψ(ϕU ′(U

′)) = ϕU (U ′).
Since U ′ is dense in U , we have Trop(ϕU (U ′)) = Trop(ϕU (U)) by [Gub13a, Lemma 4.9]
and thus

Trop(ψ)∗Trop(U ′) = Trop(U).

The result now follows from the tropical projection formula 2.1.52.

Theorem 3.2.24 (Stokes’ Theorem). Let X be a variety of dimension n. For β ∈
An,n−1
c (X) and γ ∈ An−1,n

c (X) we have∫
X

d′′β = 0 and

∫
X

d′γ = 0.

Proof. This is a direct consequence of Stokes’ Theorem 2.1.63 and the fact that Trop(U)
is a tropical variety (Theorem 3.1.15).

The next result was already shown by Gubler and Künnemann in [GK14] for a
generalization of our forms, called δ-forms. We still give a proof in our special case.

Proposition 3.2.25. Let F : X → Y be a proper dominant morphism of varieties of
the same dimension n. Then for α ∈ An,nc (Y ) we have∫

X

F ∗(α) = deg(F )

∫
Y

α.

Proof. Let W ⊂ Y be a very affine open subset such that (W an, ϕW , αW ) is a canonical
tropical chart of integration for α. After replacing Y by W and X by F−1(W ) we may
assume that Y is very affine and admits a very affine chart of integration for α. Let
U ⊂ X be very affine and write αU = Trop(ψY,U )∗αY , where ψY,U is the map from
Remark 3.2.6. Then (U,ϕU , αU ) is a tropical chart of integration for F ∗α. By the
Sturmfels-Tevelev multiplicity formula 3.1.21 we have

(Trop(ψY,U ))∗(Trop(ϕU,∗(U))) = Trop(ψY,U,∗(ϕU,∗(U)).

Since ψY,U ◦ϕU = ϕY ◦F the latter term equals Trop(ϕY,∗(F∗(U))). Since F is dominant
we have F∗(U) = deg(F ) · Y . Thus

(Trop(ψY,U ))∗(Trop(ϕU,∗(U))) = deg(F ) · Trop(ϕY,∗(Y )).

Since ϕU and ϕY are both closed immersions, this is precisely

(Trop(ψY,U ))∗(Trop(U)) = deg(F ) · Trop(Y ).

Now∫
X

F ∗(α) =

∫
Trop(U)

αU =

∫
Trop(ψY,U )∗(Trop(ϕ(U)))

αY =

∫
deg(F )·Trop(Y )

αY = deg(F )

∫
Y

α,

where the second equality is the tropical projection formula 2.1.52.



66 CHAPTER 3. FORMS ON BERKOVICH SPACES AND COHOMOLOGY

3.2.2 A new approach using G-, A- and T -tropical charts

In this subsection, we give different approaches to defining differential forms on analyti-
fication of algebraic varieties. We replace the canonical moment maps from Subsection
3.2.1 by arbitrary closed immersions into tori resp. affine spaces. When the variety X
has enough toric embeddings (cf. 3.2.32) we also give an approach which uses closed
immersions of X (not of open subsets of X) into toric varieties. Note that the approach
using A- and T -tropical charts (cf. Definition 3.2.27) is new and relies on the theory
of differential forms on polyhedral spaces, as introduced in [JSS15] (cf. Chapter 2).
The approach using G-moment maps is already implicit in [Gub13a]. We will see in
Subsection 3.2.3 that all these produce the same sheaves of forms on Xan.

Definition 3.2.26. Let X be a variety and U ⊂ X an open affine subset. For a closed
immersion ϕ : U ↪→ Ar resp. ϕ : U ↪→ Gr

m we denote by ϕtrop := trop ◦ϕan : Uan → Tr
resp. ϕtrop := trop ◦ϕan : Uan → Rr the respective composition with the tropicalization
map. We denote by Tropϕ(U) the image of ϕtrop.

Let U ′ ⊂ U be another open subset. An immersion ϕ′ : U ′ → Ar′ resp. ϕ′ : U ′ → Gr′
m

is called a refinement of ϕ, if there exists a torus equivariant morphism ψ : Ar′ → Ar
resp. ψ : Gr′

m → Gr
m such that

U ′
ϕ′ //

��

Ar′

ψ

��

resp. U ′
ϕ′ //

��

Gr′
m

ψ

��
U

ϕ // Ar U
ϕ // Gr

m

commutes. The map ψ induces an integral (extended) linear map

Trop(ψϕ,ϕ′) : Tropϕ′(U
′)→ Tropϕ(U).

Let ϕ : X ↪→ Y∆ be a closed immersion of X into a toric variety Y∆. Denote by
ϕtrop := trop ◦ϕan : Xan → Trop(Y∆). Again we denote by Tropϕ(U) the image of
ϕtrop.

Another closed immersion ϕ′ : X → Y∆′ is called a refinement of ϕ, if there exists a
torus equivariant map ψ : Y∆′ → Y∆ such that

Y∆′

ψ
��

X
ϕ //

ϕ′
>>

Y∆

commutes. In that case we get an induced morphism of polyhedral spaces

Trop(ψϕ,ϕ′) : Tropϕ′(X)→ Tropϕ(X).

Definition 3.2.27. Let X be a variety. An A-tropical chart resp. G-tropical chart is
given by a pair (V, ϕ), where V ⊂ Xan is an open subset and ϕ : U ↪→ Ar resp. ϕ : U ↪→
Gr
m is a closed immersion of an affine open subset U of X such that V = ϕ−1

trop(Ω) for
an open subset Ω ⊂ Tropϕ(U).
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Another A- resp. G-tropical chart (V ′, ϕ′) is called an A- resp. G-tropical subchart
of (V, ϕ) if ϕ′ is a refinement of ϕ and V ′ ⊂ V .

A T-tropical chart is a pair (V, ϕ) where V ⊂ Xan is an open subset, ϕ : X ↪→ Y∆ is
a closed immersion of X into a toric variety Y∆ and V = ϕ−1

trop(Ω) where Ω is an open
subset of Tropϕ(X).

Another T -tropical chart (V ′, ϕ′) is called a T-tropical subchart of (V, ϕ) if ϕ′ is a
refinement of ϕ and V ′ ⊂ V .

Remark 3.2.28. Note that in contrast to canonical tropical charts, the choice of U
does not fix ϕ. Then same set U can be the domain of different maps ϕi : U ↪→ Ari for
tropical charts (Vi, ϕi).

Remark 3.2.29. Let (V1, ϕ1), . . . , (Vn, ϕn) be finitely many A resp. G resp. T -tropical
charts. Then (V1 ∩ · · · ∩ Vn, ϕ1 × · · · × ϕn) is a common subchart. Here we use the
intersection of the domains of the ϕi as the domain of their product. Indeed, any
common subchart is also a subchart of this chart.

Remark 3.2.30. Let (V, ϕ) be a G-tropical chart, where ϕ : U ↪→ Gr
m. Let ψ : Gr →

A2r be the closed immersion given by

K[T1, . . . , T2r] � K[S±1
1 , . . . , S±1

r ]

Ti 7→

{
Si/2 if i is even

S−1
(i+1)/2 if i is odd.

Then ϕA := ψ ◦ ϕ : U ↪→ A2r defines a closed immersion and (V, ϕA) is an A-tropical
chart. Further, we have an isomorphism

Trop(ψ) : Tropϕ(U)→ TropϕA(U)

Note that this construction is compatible with refinements.

Lemma 3.2.31. Let X be a variety. Then

i) any closed immersion ϕ : X → Ar has a refinement ϕ′ : X → Ar′ which meets the
dense torus Gr′

m.

ii) any closed immersion ϕ : X → Y∆ has a refinement ϕ′ : X → Y∆′ which meets the
dense torus Gr′

m.

Proof. If ϕ(X) does not meet Gr′
m, it is contained in the union of the coordinate hy-

perplanes. Since it is irreducible, it is thus contained in one coordinate hyperplane
H ∼= Ar−1. Arguing inductively we find r′ such that ϕ factors through Ar′ via the
inclusion Ar′ ↪→ Ar. This is then indeed a refinement.

For the toric case we argue similarly. Let Y∆ =
∐
Yi be the decomposition into

torus strata. Let i be such that Yi is maximal with the property Yi ∩ ϕ(X) 6= ∅. Then
again by irreducibility ϕ(X) is contained in Yi which is a toric variety with dense torus
Yi. We find again that ϕ factors through Yi and this is a refinement via the inclusion
Yi ↪→ Y .
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Condition (†) 3.2.32. The variety X is normal and for any two points there exists
an open affine subvariety containing both.

Remark 3.2.33. By W lodarczyk’s Embedding Theorem, Condition (†) is equivalent
to X being normal and admitting a closed immersion into a toric variety (cf. [W lo93]).
Observe also that it is satisfied by any quasi-projective normal variety.

We will use this condition to make sure that X has enough closed immersions into
toric varieties. More precisely, the property we need is captured in the next lemma.
When using T -tropical charts we will always require X to satisfy this condition.

Lemma 3.2.34. Let X be a variety which satisfies (†). Let (V, ϕ) be an A-tropical
chart, where ϕ : U ↪→ Ar. There exists a closed immersion ϕ′ : X ↪→ Y∆ for a toric
variety Y∆ such that:

i) The pair (V, ϕ′) is a T -tropical chart.

ii) The set U is the preimage of an affine toric subvariety Uσ of Y∆.

iii) For every finite generating set Bσ of σ, the pair (V, ϕBσ ◦ ϕ′|U ) is an A-tropical
subchart of (V, ϕ).

iv) The map (ϕBσ ◦ ϕ′|U )trop is a chart (in the sense of polyhedral spaces) for the
polyhedral space Tropϕ′(X).

Proof. We use [FGP14, Theorem 4.2] with j = 1, U1 = U and R1 = {f1, . . . , fr} which
are the functions which define ϕ. This yields a closed immersion ϕ′ : X ↪→ Y∆ such that
U is the preimage of some Uσ and the fi are preimages of elements αi of Sσ ⊂ K[Sσ].
Choosing a generating set Bσ = {ψ1, . . . , ψm} of Sσ, we find the following commutative
diagram

Ar Amgoo

U

ϕ
>>

ϕ′|U //

��

Uσ

ϕBσ

==

��
X

ϕ′ // Y∆

Here the map g is given by mapping the i-th coordinate function Ti of Ar to
∏
X
λij
j ,

where Xj is the j-th coordinate function of Am and αi =
∑
λijψj . Now the commu-

tativity of the upper diagram shows that (V, ϕBσ ◦ ϕ′|U ) is an A-tropical subchart of
(V, ϕ). The fact that (ϕBσ ◦ ϕ′|U )trop is a chart for the polyhedral space Tropϕ′(X)
is now a direct consequence of the construction of the atlas for Tropϕ′(X) in Lemma
3.1.9 and Corollary 3.1.10.

Lemma 3.2.35. Let S be A, G or T. If S is T, then we require X to satisfy (†). We
have the following:
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i) For every open subset W ⊂ Xan and every x ∈W there exists an S-tropical chart
(V, ϕ) such that x ∈ V and V ⊂ W . Further, V can be chosen in such a way that
ϕtrop(V ) is relatively compact in Trop(U).

ii) For S-tropical charts (V1, ϕ1) and (V2, ϕ2) the pair (V1∩V2, ϕ1×ϕ2) is a subchart
of both.

iii) Let (V, ϕ) be a tropical chart and W ⊂ V an open subset. Then there exist
refinements (Vi, ϕi) of (V, ϕ) by S-tropical charts such that W =

⋃
Vi.

Proof. Property iii) is a direct consequence of i) and ii), and property ii) is immediate.

For i), we notice that for G this is a consequence of the case for canonical tropical
charts (Proposition 3.2.9). For A this then follows because every G-tropical chart
induces an A-tropical chart with same domain (Remark 3.2.30). For T this then follows
since after passing to a subchart, every A-tropical chart induces a T -tropical chart by
Lemma 3.2.34.

Definition 3.2.36. Let X be a variety and V an open subset of Xan. Let S be A, G,
or T . If S is T , we furthermore require X to satisfy (†). An element of Ap,qX,S(V ) is
given by a family (Vi, ϕi, αi)i∈I such that

i) For all i ∈ I the pair (Vi, ϕi) is an S-tropical chart and
⋃
i∈I

Vi = V .

ii) For all i ∈ I we have αi ∈ Ap,qTropϕi (Ui)
(ϕi,trop(Vi)).

iii) The αi agree on intersections in the sense that for all i, j ∈ I, we have subcharts
(Vijl, ϕijl) of (Vi ∩ Vj , ϕi × ϕj) such that Vi ∩ Vj =

⋃
l Vijl and

Trop(ψUi,Uijl)
∗(αi) = Trop(ψUj ,Uijl)

∗(αj) ∈ Ap,q(ϕijl,trop(Vijl))

for all l.

Another such family (V ′j , ϕU ′j , βj)j∈J defines the same form if there is a cover of V by

common S-tropical subcharts such that the pullbacks to the refined cover agree.

Let V ′ ⊂ V and α ∈ Ap,qX,S(V ) given by (Vi, ϕi, αi). By Lemma 3.2.35, we can cover
V ′ by S-tropical subcharts (Wij , ϕUij ) of the S-tropical charts (Vi, ϕi) and then define
α|V ′ to be given by (Wij , ϕij ,Trop(ψUi,Uij )

∗αi)ij . Note that this is independent of the
chosen presentation of α.

Lemma 3.2.37. Let X be a variety and S be A, G or T. If S is T , we furthermore
require X to satisfy (†). The functor

V 7→ Ap,qX,S(V )

is a sheaf on Xan which we denote by Ap,qX,S.

Proof. This is a direct consequence of the local nature of Definition 3.2.36
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Definition 3.2.38. Let X be a variety and S be A, G or T . If S is T , then we
further require that X satisfies (†). Let α ∈ Ap,q(V ) be given by (Vi, ϕUi , αi)i∈I , where
(Vi, ϕi) are S-tropical charts. Then for D ∈ {d′, d′′, d} we define Dα to be given by
(Vi, ϕUi , Dαi)i∈I and Jα to be given by (Vi, ϕUi , Jαi)i∈I . If further β ∈ Ap′,q′(V ) is
given by (Vi, ϕUi , βi), then we define α ∧ β to be given by (Vi, ϕUi , αi ∧ βi)i. Note here
that we may assume β to be given on the same cover as α after pulling back to a
common refinement. Since all these constructions commute with the maps Trop(ψϕ,ϕ′)
for subcharts, these all define elements of A•,•X,S and are independent of the respective
presentations.

Definition 3.2.39. We obtain a sheaf of bigraded bidifferential algebras (A•,•X,S , d′, d′′)
on Xan. We will see in Theorem 3.2.41 that these are canonically isomorphic to
(A•,•X , d′, d′′). We also obtain the sheaf of total differential algebras (A•X,S , d) where

AkX,S =
⊕

p+q=kA
p,q
X,S .

We denote by Ap,qX,S,c(V ) the sections of Ap,qX,S(V ) which have compact support (in
the sense of sheaves) in V .

Remark 3.2.40. Let F : X → Y be a morphism of varieties. Let Zi be an affine open
subset of Y and let Uij be an affine open subset of F−1(Zi). Let ϕi : Zi ↪→ Ar be a
closed immersion. Then there exists s ≥ r, a closed immersion ϕ′ij : Uij ↪→ As such that

As
πij // Ar

Uij
F //

ϕ′ij

OO

Zi

ϕi

OO(3.3)

commutes, where π : As → Ar is the projection to a subset of coordinates. If (V, ϕ) is
a tropical chart, then so is (F an,−1(V ) ∩ Uan, ϕ′).

For general X and Y , let V be an open subset of Y an and α ∈ Ap,qY,A(Y ) be given

by (Vi, ϕi, αi) for ϕi : Zi ↪→ Ari and αi ∈ Ap,qTropϕi
(Ωi). For each i we cover F−1(Ui)

by open affine subsets Uij . For each i, j we chose ϕ′ij as in (3.3) and define F ∗(α) ∈
Ap,qX,A(F an,−1(V )) to be given by (F an,−1(V )∩Uij , ϕ′ij ,Trop(πij)

∗(αi)). Since diagrams
of the form (3.3) are compatible with taking products of the maps ϕi resp. ϕij , it is
straightforward to check that this is independent of the presentation of α, the choice
of Uij and the choice of ϕij (as long as they satisfy (3.3)).

This define a sheaf homomorphism

F ∗ : Ap,qY,A → F an
∗ A

p,q
X,A

which commutes with the differentials, the wedge product and the operator J .

3.2.3 Comparison of approaches

In this subsection, we compare the four approaches which we introduced in Subsections
3.2.1 and 3.2.2. We show that all these produce canonically isomorphic sheaves on
Xan. We also show that there is a natural notion of integration in all formalisms and
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that they all produce the same integral. The isomorphism of the sheaves Ap,q and Ap,qG
is already implicit in [Gub13a], while the other comparisons are new. At the end, we
give an application of the approach using T -moment maps by showing that on a proper
variety any smooth function in the kernel of d′d′′ is constant.

Theorem 3.2.41. Let X be a variety. There are canonical isomorphisms

Ap,qX ' A
p,q
X,G ' A

p,q
X,A

for all p, q. If X satisfies (†), then we even have

Ap,qX ' A
p,q
X,G ' A

p,q
X,A ' A

p,q
X,T .

Furthermore, all these isomorphisms are compatible with d′, d′′, d, J and the wedge prod-
uct.

Lemma 3.2.42. Let S be G or A. Let α ∈ Ap,qX,S(V ) be given by a single S-tropical
chart (V, ϕU , α

′). Then α = 0 if and only if α′ = 0.

Proof. Works exactly as the proof of Lemma 3.2.12.

Remark 3.2.43. We want to point out the following difference between the approach
by Gubler [Gub13a] (and also the one by Chambert – Loir and Ducros [CLD12]) and
the approaches from Subsection 3.2.2. Canonical moment maps are only defined up to
an automorphism of algebraic groups composed with a linear translation on Gr

m. This
corresponds to not fixing a basis of Gr

m resp. Rr. Since the partial compactification Tr
of Rr is not independent of the chosen basis, we fix coordinates on Ar resp. Tr when
extending the tropicalization map to these spaces.

We use the definition of Ap,qG as a bridge between Ap,q and Ap,qA in the sense that
we still use charts to Gr

m, but we only consider torus equivariant transition maps
(resulting in linear maps on the tropical level) and we always fix bases of Gr

m. To get
from canonical tropical charts to G-tropical charts, we will therefore have to choose a
basis for each chart (cf. proof of Proposition 3.2.45). Lemma 3.2.44 will ensure that
this choice does not make any difference.

Lemma 3.2.44. Let ϕ : U ↪→ Gr
m be a closed immersion. Let ψ : Gr

m → Gr
m be

given by an automorphism of algebraic groups composed with a multiplicative trans-
lation. Let V = ϕ−1

trop(Ω) for Ω an open subset of Tropϕ(U). For α ∈ Ap,q(Ω), both
(V, ϕ,Trop(ψ)∗α) and (V, ψ ◦ ϕ, α) define the same form in Ap,qG (V ).

Proof. We consider the product G2r
m = Gr

m×Gr
m with projection maps π1 and π2. Then

(V, ϕ× (ψ ◦ϕ)) is a G-tropical subchart of both (V, ϕ) and (V, ψ ◦ϕ). Thus we have to
show that Trop(π2)∗α = Trop(π1)∗Trop(ψ)∗α on Trop(π2)−1(Ω). This follows directly
since π2 and ψ ◦ π1 agree on (ϕ× (ψ ◦ ϕ))(U).

Proposition 3.2.45. There is a canonical isomorphism

ΨG : Ap,qX →̃A
p,q
X,G .
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Proof. Let α ∈ Ap,qX (V ) be given by a family (Vi, ϕUi , αi)i∈I . Recall that ϕUi is only
fixed up to automorphism of algebraic groups and multiplicative translation. We now
fix for each i a closed immersion ϕi which represents ϕUi . Now by Lemma 3.2.44 the
family (V, ϕi, αi)i∈I defines an element of Ap,qX,G(V ) which is independent of the choices
of the ϕi.

For injectivity and surjectivity we argue locally. Let α ∈ Ap,qX (V ) locally be given
by (V, ϕ, α′). Then ΨG(α) is given by (V, ϕ, α′). Thus if ΨG(α) = 0 by Lemma 3.2.42
we have that α′ = 0 which in turn implies α = 0.

To see that it is surjective, let α ∈ Ap,qX,G(V ) locally be given by (V, ϕ, α′) with
ϕ : U → Gs

m a closed immersion. Denote by ϕU the canonical moment map of U . Then
(V, ϕU ) is a subchart of (V, ϕ). Thus α is also given by (V, ϕU ,Trop(ψϕ,ϕU )∗α′) and
this is clearly in the image of ΨG.

Proposition 3.2.46. There is a canonical isomorphism

ΨG,A : Ap,qX,G →̃A
p,q
X,A .

Proof. We first define the map ΨG,A : Ap,qX,G → A
p,q
X,A. Let α ∈ Ap,qG (V ) be given by

(Vi, ϕi, αi)i∈I . We define ΨG,A(α) to be given by (Vi, ϕi,A, αi)i∈I , with ϕi,A as defined in
Remark 3.2.30. Note that we identify Tropϕi(U) with Tropϕi,A(U) via the isomorphism
from Remark 3.2.30 and thus write α′ both times.

We again argue locally to show that this is indeed an isomorphism. Injectivity
follows again easily from Lemma 3.2.42.

For surjectivity assume that α ∈ Ap,qX,A(V ) is locally at x ∈ Xan given by (V, ϕ, α′).
Write z := ϕtrop(x). Let f1, . . . , fr ∈ OX(U) which define ϕ : U → Ar. Let I :=
sed(z) ⊂ [r] and J its complement. After shrinking V we may assume that V = ϕ−1

trop(Ω)
for Ω ⊂ Tropϕ(U) an open subset such that α′ is determined on Ω by α′I . Let U ′ :=⋂
j∈J D(fj) ⊂ U and ϕ′ : U ′ ↪→ Ar ×A|J | be the immersion given by f1, . . . , fr, (f

−1
j )j∈J .

Then (V, ϕ′) is a subchart of (V, ϕ) via the projection to the first factor of Ar ×A|J |.
Replacing U by U ′ and ϕ by ϕ′ we may thus assume that fj ∈ O×X(U) for all j ∈ J .

Let g1, . . . , gt such that ((fj)j∈J , g1, . . . , gt) ∈ OX(U)× generates OX(U)×/K×.

This defines a closed immersion ϕ′ : U → Gs. Denote by π : Gs
m → G|J |m the pro-

jection.

We now define β ∈ Ap,qX,G(V ) to be given by (V, ϕ′,Trop(π)∗(α′I)). By definition

of ΨG,A, the form ΨG,A(β) ∈ Ap,qX,G(V ) is then given by (V, ϕ′A,Trop(π)∗(α′I)). We
will denote throughout by πij the projection to the i-th and j-th component. Now if
we write Ar = A|I|×A|J | and A2s = A2|J |×A2t we obtain the following commutative
diagram

A|I|×A|J |×A|J |×A2t

π12

uu

π234

))
A|I|×A|J | U

ϕoo
ϕ′A //

ϕ1

OO

A2|J |×A2t .
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This shows that ϕ1 is a common refinement of ϕ and ϕ′A. If we pull back the forms
Trop(π)∗(α′I) resp. α′ to ϕ1,trop(V ), we see that they agree there since

A|I|×G|J |m ×G|J |m ×G2t
m

π12

uu

π234

))

A|I|×G|J |m

π2
))

G|J |m ×G|J |m ×G2t

uu
π1

uuG|J |m

induces a commutative diagram

T|I| × R|J | × R|J | × R2t

Trop(π12)

uu

Trop(π234)

**
T|I| × R|J |

Trop(π2)
))

R|J | × R|J | × R2t

Trop(π1)
ttR|J |

of tropicalizations. Thus both Trop(π234)∗(Trop(π)∗(α′I)) and Trop(π12)∗(α′) are just
pullbacks of α′I , thus agree. This shows ΨG,A(β) = α ∈ Ap,qX,A(V ) which was what we
wanted to show.

Remark 3.2.47. The pullbacks on Ap,qX,A resp. Ap,qX as explained in Remark 3.2.40
resp. Remark 3.2.18 commute with the isomorphism ΨA,G ◦ ΨG. We may check this
when F : X → Y is a morphism of very affine varieties and α ∈ Ap,qX is given by one
canonical tropical chart. We have the following commutative diagram, where ψ is the
map introduced in Remark 3.2.30:

A2s×A2r

π2

**
π1 %%

A2s // A2r

Gs
m

ψ

OO

ψX,Y // Gr
m

ψ

OO

X

ϕX

OO

F //

ϕ

WW

Y

ϕY

OO

Note here that ψ is an isomorphism onto its image and torus equivariant, thus induces
an isomorphism on tropicalizations. Denote by Trop(ψ)∗ the pullback by its inverse.
Now F ∗ ◦ (ΨA,G ◦ΨG) is obtained by using Trop(π2)∗ ◦Trop(ψ)∗ while ΨA,G ◦ΨG ◦ F ∗
is obtained by Trop(ψ)∗ ◦ Trop(ψX,Y )∗. Now since ϕ is a refinement of ψ ◦ ϕX via π1,
we obtain the result.
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Lemma 3.2.48. Let Uσ be an affine toric variety and ϕ : X → Uσ a closed immersion.
Fix a finite generating set B of Sσ. Denote by ϕB : Uσ ↪→ Ar the corresponding closed
immersion. Let V ⊂ Xan be an open subset. Then there is a natural correspondence

{α ∈ Ap,qX,A(V ) given by (V, ϕB ◦ ϕ)} ↔ {α ∈ Ap,qX,T (V ) given by (V, ϕ)}.

Proof. This is a direct consequence of the fact that for all B the map ψσ,B (in the
notation of the proof of 3.1.9) is a chart for the polyhedral space Trop(Uσ).

Proposition 3.2.49. Let X be a variety which satisfies (†). We have a canonical
isomorphism

ΨT,A : Ap,qX,T → A
p,q
X,A .

Proof. We give the construction of ΨT,A. Let α ∈ Ap,qX,T (V ) be given by T -tropical
charts (Vi, ϕi, αi), where ϕi : X → Y∆i are closed immersions into toric varieties. After
passing to subcharts we may assume that ϕan

i (Vi) ⊂ Uan
σi for σi ∈ ∆i. Denote by Xi the

preimage ϕ−1
i (Uσi). For each i, choose a finite generating set Bσi of Sσi . Then the form

in Ap,qXi,T (Vi) defined by (Vi, ϕBσi ◦ ϕi|Xi , αi) defines a unique form αVi ∈ A
p,q
Xi,A(Vi) =

Ap,qX,A(Vi), which is independet of the choice of Bσi , by Lemma 3.2.48. This construction

is compatible with subcharts. Thus the forms αVi glue to a form ΨT,A(α) ∈ Ap,qX,A(V )
and this form is independent of the chosen presentation.

For injectivity and surjectivity we again argue locally and can thus assume the
forms to be given by one tropical chart (V, ϕ). We may also assume that V is mapped
into the analytification of an affine toric subvariety. Then ΨT,A(α) is also given by one
chart and injectivity follows directly from Lemma 3.2.42.

To prove surjectivity let locally at x ∈ Xan a form α ∈ Ap,qX,A(V ) be given by an
A-tropical chart (V, ϕ, α′). After possibly passing to a refinement, by Lemma 3.2.34 we
may assume this is the restriction of a T -tropical chart (V, ϕ′). We define β ∈ Ap,qX,T (V )
by (V, ϕ′, α′). It is clear from the construction that ΨT,A(β) = α.

Proof of Theorem 3.2.41. The isomorphisms are given by ΨG, ΨG,A and ΨT,A. The
fact that these commute with d′, d′′, d, J and the wedge product is a direct consequence
of the definitions.

Corollary 3.2.50. Let (V, ϕ) be a T-tropical chart and let α ∈ Ap,qX,T (V ) be given by
(V, ϕ, α′). Then if α = 0 we have α′ = 0.

Proof. Let ϕ : X ↪→ Y∆ and Ω = ϕtrop(V ). Denote for σ ∈ ∆ by Uσ the corre-
sponding affine toric variety. We further denote Xσ := ϕ−1(Uσ), Vσ := V ∩ Uan

σ and
Ωσ := ϕtrop(Vσ). Then α|Vσ is given by (Vσ, ϕ, α

′|Ωσ). Thus ΨT,A(α)|Vσ is given by the
correspondence from Lemma 3.2.48, which in turn shows α′|Ωσ = 0 by Lemma 3.2.42.
Since the Ωσ cover Ω, we obtain α′ = 0.

Corollary 3.2.51. Let S be A, G or T . Let X be a variety, which we assume to
satisfy (†) if S is T . Let α1 ∈ Ap,qX,S(V1) and α2 ∈ Ap,qX,S(V2) be given by single S-tropical
charts (Vi, ϕi, α

′
i) for i = 1, 2. If α1|V1∩V2 = α2|V1∩V2, then Trop(ψϕ1,ϕ1×ϕ2)∗α′1 =

Trop(ψϕ2,ϕ1×ϕ2)∗α′2.
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Remark 3.2.52. Corollary 3.2.51 shows that in Definition 3.2.36 iii) we may require

Trop(ψϕi,ϕi×ϕj )
∗(αi) = Trop(ψϕj ,ϕi×ϕj )

∗(αj) ∈ Ap,q((ϕi × ϕj)trop(Vi ∩ Vj)).

Also, Lemma 3.2.31 shows that we can restrict to A- resp. T -tropical charts (V, ϕ)
where the image of ϕ meets the dense torus.

Proposition 3.2.53. Let X be a variety and V ⊂ Xan be an open subset. Suppose
α ∈ Ap,qX,T (V ) can be defined by a finite familiy (Vi, ϕi, αi)i∈I . Then α can be defined
using a single T -tropical chart.

Proof. The proof works like the one of Lemma 3.2.20. Note that we do not need to
intersect the domains of our closed immersions, since all closed immersions are defined
on all of X.

Let ϕi : Xi ↪→ Y∆i and let ϕ := ϕ1×· · ·×ϕk : X ↪→ Y∆1×· · ·×Y∆k
. Then ϕ refines all

the ϕi. By Remark 3.2.52 the forms Trop(ψϕi,ϕ)∗(αi) agree on intersection and thus de-
fine a form α′ ∈ Ap,q(

⋃
Trop(πi)

−1(Ωi)), where π : Y∆1×· · ·×Y∆k
→ Y∆i is the projec-

tion to the i-th component. By construction we also have ϕ−1
trop(

⋃
Trop(πi)

−1(Ωi)) = V .
Then (V, ϕ, α′) defines α.

Corollary 3.2.54. Let X be a variety satisfying (†) and α ∈ Ap,qT,c(Xan). Then there
exists a closed immersion ϕ : X → Y∆ for a toric variety Y∆ such that α is given by
(Xan, ϕ, α′) for α′ ∈ Ap,qTropϕ(X),c(Tropϕ(X)).

Proof. Since α has compact support, there exists an open subset V of Xan, which
contains the support of α and such that α|V is given by finitely many T -tropical charts.
Then α|V is given by one T -tropical chart (V, ϕi, α1) by Proposition 3.2.53. The fact
that α1 has compact support follows as in the proof of Lemma 3.2.20 from Corollary
3.2.50. Now extending α1 by zero to all of Tropϕ(X) gives the desired form α′.

Definition 3.2.55. Let S be A or G. Let X be a variety of dimension n. Let α ∈
Ap,qX,S,c(X) such that max(p, q) = n. If S is A or G, then any S-tropical chart (Uan, ϕ),
where ϕ : U → Sr, with the property that α|Uan is given by (Uan, ϕ, αU ) for some
αU ∈ Ap,qTropϕ(U),c(Tropϕ(U)) is called an S-tropical chart of integration for α. A T-

tropical chart of integration is a T -tropical chart (Xan, ϕ) such that α is given by
(Xan, ϕ, αX) for some αX ∈ Ap,qTropϕ(X),c(Tropϕ(X)).

For existence of tropical charts of integration, the following proposition is needed. It
follows from [Gub13a, Corollary 5.12] (resp. Proposition 3.2.19). The proof there relies
on a deep result by Ducros, namely [Duc12, Theorem 3.2]. We give a self-contained
proof using the isomorphism Ap,qX ' A

p,q
X,A.

Proposition 3.2.56. Let X be a variety of dimension n with generic point η. Let
α ∈ Ap,q(V ) for an open subset V ⊂ Xan. Let F : Xan → X be the analytification map.
Let x ∈ Xan such that F (x) 6= η. Then if max(p, q) = n, we have x /∈ supp(α). In
particular, supp(α) is contained in the analytification of every non-empty open subset
of X.



76 CHAPTER 3. FORMS ON BERKOVICH SPACES AND COHOMOLOGY

Proof. We use the isomorphism Ap,qX ' A
p,q
X,A. Let α locally at x be given by (V, ϕ, α′)

where ϕ meets the dense torus of Ar. Let ϕ be given by f1, . . . , fr ∈ OX(U). Choose
f ∈ OX(U) such that f(F (x)) = 0, but f is not identically zero. Let ϕ′ : U → Ar+1

be the closed immersion given by f, f1, . . . , fr. Then ϕ′ is a refinement of ϕ via the
projection π : Ar+1 → Ar. Thus α is also given by (V, ϕ′,Trop(π)∗α′). Further, ϕ′

still meets the dense torus. We write W = ϕ′(U) ∩ Gr+1
m . Then we have Tropϕ′(U) =

Trop(W ) ⊂ Tr+1. By construction we have sed(ϕ′trop(x)) 6= ∅. Thus by Lemma 2.1.44
and Lemma 2.1.40 the point ϕ′trop(x) is not in the support of Trop(π)∗(α′). This in
turn shows x /∈ supp(α).

Lemma 3.2.57. Let S be A, G or T . Let X be a variety of dimension n, which we
require to satisfy (†) if S is T . Let α ∈ Ap,qX,S,c(X) such that max(p, q) = n. Then there
exists a tropical chart of integration for α. Further, if (Uan, ϕ) is an S-tropical chart
of integration and (U ′ an, ϕ′) is an S-tropical subchart, then (U ′ an, ϕ′) is an S-tropical
chart of integration. (Note here that if S is T , then U ′ = U = X.)

Proof. For A- and G-tropical charts, the arguments from Lemma 3.2.20 work, replacing
Lemma 3.2.12 and Proposition 3.2.19 by Lemma 3.2.42 and Proposition 3.2.56. For T -
tropical charts, this follows directly from Corollary 3.2.54.

Definition 3.2.58. Let S be A, G or T . Let X be a variety of dimension n, which we
require to satisfy (†) if S is T . Let α ∈ An,nX,S,c(Xan). Then we define∫

X,S

α :=

∫
Tropϕ(U)

αU

for (Uan, ϕU ) an S-tropical chart of integration.

Lemma 3.2.59. This definition is well defined, compatible with the isomorphisms
ΨG,ΨG,A and ΨT,A and satisfies Stokes’ theorem.

Proof. We start with the case when S is G. Then the proof of Proposition 3.2.23 works,
replacing canonical tropical charts by G-tropical charts. Thus

∫
X,G is well defined.

Since any canonical chart of integration is also a G-tropical chart of integration, we get
compatibility with ΨG.

Now let S be A or T . Let (Uan, ϕ) be an S-tropical chart of integration (with U = X
if S is T ). Then ϕ : U ↪→ A, where A is Ar if S is A and A is a toric variety otherwise.
We may assume that ϕ meets the dense torus Gr

m. Write U ′ := ϕ−1(Gr
m) and ϕ′ := ϕ|U ′ .

If we denote for α ∈ Ap,qX,S,c(Xan) by Ψ(α) ∈ Ap,qX,G,c(Xan) the corresponding form, then

(U ′an, ϕ′, αU |Tropϕ′ (U
′)) defines Ψ(α)|U ′ . Since Trop′ϕ(U ′) is a dense subset of Tropϕ(U)

which contains precisely the points which map to points of empty sedentarity in each
chart, we have supp(αU ) ⊂ Tropϕ′(U

′) by Lemma 2.1.44. Thus (U ′an, ϕ′, αU |Tropϕ′ (U
′))

is a G-tropical chart of integration for Ψ(α). We conclude from the case of G-tropical
charts that∫

X,S

α =

∫
Tropϕ(U)

αU =

∫
Tropϕ′ (U

′)

αU |Tropϕ′ (U
′) =

∫
X,G

Ψ(α) =

∫
X

Ψ(α).
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This shows that the integral is compatible with the respective isomorphisms. It is thus
also independent of the chosen chart of integration. Stokes’ theorem follows imme-
diately, either from the compatibility and Theorem 3.2.24, or simply from Theorem
2.1.63.

Remark 3.2.60. Since we have shown that the sheaves Ap,qX , Ap,qX,A and Ap,qX,G are all
isomorphic and these isomorphisms commute with all constructions we consider, we will
not distinguish them anymore, always using what is most suitable for the situation. We
will do the same with Ap,qX,T if X satisfies (†).

We give an application of the new approaches in the next theorem. The proof uses
crucially the fact that in the case of a proper variety satisfying (†) any differential form
(and thus any smooth function) is given by one form defined on a compact tropical
space. We hope that this behavior enables more results on the cohomology of these
forms in the future.

Theorem 3.2.61. Let X be a proper variety. Let f ∈ C∞(Xan) such that d′d′′f = 0.
Then f is constant.

Proof. We first assume that X is projective and normal. Then X satisfies condition
(†). Since Xan is compact we may, by Corollary 3.2.54, assume that f is given by one
T -tropical chart (V, ϕ, g). Then d′d′′g = 0 by Corollary 3.2.50. Thus g is constant by
Corollary 2.1.67, which in turn shows that f is constant.

If X is not normal, denote by F : X ′ → X its normalization. This is a finite
map, thus X ′ is still projective [Har77, Chapter II, Exercise 3.8]. Then d′d′′F ∗(f) =
F ∗(d′d′′f) = 0, thus F ∗(f) is constant. Since F is surjective this implies that f is
constant.

For the general case, by Chow’s lemma [Har77, Chapter II, Exercise 4.10] we find a
surjective morphism F : X ′ → X such that X ′ is a projective variety. Then d′d′′F ∗(f) =
F ∗(d′d′′f) = 0, thus F ∗(f) is constant. Since F is surjective this shows that f is
constant.

3.3 Fields with trivial valuation

In this subsection, we consider the case where K is trivially valued. Gubler’s formalism
which we introduced in Section 3.2.1 does not work in this case, as we will see in
Example 3.3.1. However the previously established approaches, namely using A- and
T -tropical charts work. We will show this and explain how the previously established
results generalize to this setting.

In this section, K will be an algebraically closed trivially valued field and X will be
a variety over K.

Example 3.3.1. Let X = A1
K = SpecK[T ]. Let y be the origin. We claim that the

open subset V := {x ∈ A1,an
K ||T (x)| < 1/2} does not contain an open neigborhood of y

which is the preimage of an open set under ϕtrop for a closed immersion ϕ : U ↪→ Gr
m.

Let U be a very affine open subset of X. Let z be a rational point in Uan. Then
|f(z)| = 1 for all f ∈ OX(U)×. Thus for any open neighborhood Ω ⊂ Rr of 0 ∈ Rr,
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the preimage ϕ−1
trop(Ω) contains all rational points in U . However, y is the only rational

point contained in V . Thus there is no canonical tropical chart around y which is
contained in V .

Lemma 3.3.2. A-tropical charts form a basis of the topology of Xan.

Proof. We may assume X = Spec(A) is affine. By definition, a basis of the topology of
Xan is given by set of the form

V = {x ∈ Xan|bi < |fi(x)| < ci, i = 1, . . . , r}

for functions f1, . . . , fr ∈ A and elements bi ∈ R and ci ∈ R>0. We take g1, . . . , gs such
that f1, . . . , fr, g1, . . . , gs generate A as a K-algebra and denote by ϕ the corresponding
closed immersion. Then V is precisely the preimage of the product of intervals of the
form [−∞, log(ci)), (log(bi), log(ci)) and [−∞,∞) in Tr+s. Thus (V, ϕ) is a tropical
chart.

Definition 3.3.3. We define the sheaf Ap,qX,A in the same way we defined it in Definition

3.2.36. If X satisfies (†), we also define Ap,qX,T in the same way we defined it there.
For a morphism F of varieties, we also define the pullback F ∗ as in Remark 3.2.40.

Proposition 3.3.4. Let X be a variety which satisfies (†). Then the sheaves Ap,qX,A and

Ap,qX,T are isomorphic.

Proof. Works exactly like the proof of Proposition 3.2.49.

Remark 3.3.5. The statements of Lemma 3.2.42, 3.2.50 - 3.2.57 and 3.2.61 remain
true for A and T even if K is trivially valued.

Also, as in Definition 3.2.16, (0, 0)-forms define functions on Xan. We will again
call these functions smooth functions and sometimes write C∞ = A0,0

X .

Lemma 3.3.6. The sheaves Ap,qX are fine, hence soft and acyclic.

Proof. Again, as in the proof of Lemma 2.1.15, it suffices to show that for each open
subset V of Xan and x ∈ V there exists f ∈ C∞(V ) such that f has compact support
in V and f ≡ 1 on a neighborhood V ′ of x. After shrinking V we may assume there
exists an A-tropical chart (V, ϕ). Since the sheaf A0,0

Tropϕ(U) is fine, there exists g ∈
A0,0

Tropϕ(U),c(ϕtrop(V )) such that g|Ω ≡ 1 for a neighborhood Ω of ϕtrop(x). Then the

smooth function defined by (V, ϕ, g) has the desired property, since the tropicalization
map is proper by Lemma 3.1.2. Everything else then follows as in the proof of Lemma
3.2.17.

Remark 3.3.7. Let L/M be an extension of non-archimedean, algebraically closed
complete fields. Let Y be a variety over M and denote by YL := Y × Spec(L) the base
change to L. Then YL is a variety over L by [Har77, Exercise 3.15]. Let p : YL → Y
be the canonical map. Let α ∈ Ap,qY (V ) be given by (Vi, ϕi, αi). Since tropicalization
is invariant under base field extension (cf. [Pay09, Section 6 Appendix]), we can define
αL ∈ Ap,qYL(pan,−1(V )) to be given by (pan,−1(Vi), ϕi,L, αi).
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We can now define integration in the same way as in Definition 3.2.58. To see
that this is well defined we reduce to the non-trivially valued situation. Let L be a
complete, algebraically closed, non-trivially valued, non-archimedean extension of K.
Let α ∈ An,nc (Xan) and let αL ∈ An,nc (Xan

L ) the corresponding form on Xan
L . Then

the base change of any A-tropical chart of integration of α is an A-tropical chart of
integration for αL, thus we see that∫

Xan

α =

∫
Xan
L

αL.

Then applying Lemma 3.2.59 shows that the right hand side of this equation is well
defined, thus so is the left hand side.

We also again have Stokes’ theorem.
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3.4 Cohomological results

In this section, we study the cohomology defined by the differential forms which we
introduced in the last sections. We start by proving a Poincaré lemma and deriving
consequences. Afterwards, we show finite dimensionality of the cohomology in certain
(bi-)degrees.

All these results were obtained by the author with the results from Section 3.4.1
and Theorem 3.4.9 being published in [Jel16], for the case where K is non-trivially
valued.

Definition 3.4.1. Let X be a variety over K. We denote by

Hp,q
d′ (Xan) = Hp(A•,qX (Xan), d′) and Hp,q

d′,c(X
an) = Hp(A•,qX,c(X

an), d′)

the cohomology respectively cohomology with compact support defined by differential
forms on Xan.

Lemma 3.4.2. Let X be a variety. The operator J : Ap,qX → Aq,pX , as defined in
Definition 3.2.38, has the following properties

i) J2 = id,

ii) d′J = Jd′′,

iii) d′′J = Jd′.

Further, J induces isomorphisms

J : Hp,q
d′ (X) ' Hq,p

d′′ (X)

for all p, q.

Proof. The properties i) − iii) follow directly from Lemma 2.1.65. The isomorphism
then follows because J ker(d′) = ker(d′′J) and J im(d′) = im(Jd′′).

3.4.1 The Poincaré lemma

In this subsection, we prove the Poincaré lemma, a local exactness result for the complex
of differential forms on Xan. As a consequence we obtain that certain cohomology
groups, namely the groups Hp,0

d′ (Xan), agree with singular cohomology. We also outline
a generalization to general analytic spaces in the sense of Berkovich.

In this subsection, K will be an algebraically closed field which is complete with
respect to a non-archimedean absolute value andX will be a variety overK of dimension
n. We work with A-tropical charts, since these work for arbitrary varieties both in the
trivially and non-trivially valued case. The proofs work with the other tropical charts
as well.

All these results were published in [Jel16] for the case where K is non-trivially
valued.
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Theorem 3.4.3 (d′-Poincaré lemma on Xan). Let X be a variety and V ⊂ Xan an
open subset. Let x ∈ V and α ∈ Ap,qX (V ) with p > 0 and d′α = 0. Then there exists an

open W ⊂ V with x ∈W and β ∈ Ap−1,q
X (W ) such that d′β = α|W .

Proof. Let α be given by a family (Vi, ϕi, αi)i∈I where (Vi, ϕi) are A-tropical charts,
αi ∈ Ap,q(Ωi) and Ωi := ϕi,trop(Vi) is an open subset of Tropϕi(Ui). Choose i such that
x ∈ Vi and let z := ϕi,trop(x). Then α|Vi is given by the single chart (Vi, ϕi, αi) and
d′α|Vi is given by (Vi, ϕi, d

′αi). Since d′α|Vi = 0 and it is given by a single chart, we
know that d′αi = 0 by Lemma 3.2.42. By Theorem 2.2.18 there exists a neighborhood
Ω′ of z and β′ ∈ Ap−1,q

Tropϕi (Ui)
(Ω′) such that d′β = αi|Ω′ . We define W := ϕ−1

i,trop(Ω′). The

form β ∈ Ap−1,q
X (W ) given by (W,ϕi, β

′) now has the desired property.

Definition 3.4.4. Let X be a variety. We define the sheaf

LqX := ker(d′ : A0,q
X → A

1,q
X ).

Lemma 3.4.5. We have a canonical isomorphism

R ' L0
X ,

where R denotes the constant sheaf with stalks R.

Proof. As noted in Definition 3.2.16 every element of A0,0(V ) defines a continuous
function on V . By construction, we have that d′f = 0 if and only if f is locally
constant since the corresponding statement is true on polyhedral spaces. This proves
the lemma.

Corollary 3.4.6. The complex

0→ LqX → A
0,q
X

d′→ A1,q
X

d′→ . . .
d′→ An,qX → 0(3.4)

of sheaves on Xan is exact. Furthermore, it is an acyclic resolution, we thus have
canonical isomorphisms

Hq(Xan,Lq) ∼= Hp,q
d′ (Xan) and Hq

c (Xan,Lq) ∼= Hp,q
d′,c(X

an).

In particular, we have isomorphisms

Hq
sing(Xan) ∼= Hq(Xan,R) ∼= Hp,0

d′ (Xan)

and Hq
sing,c(X

an) ∼= Hq
c (Xan,R) ∼= Hp,0

d′,c(X
an).

Proof. Exactness of (3.4) is a direct consequence of the definition of LqX and Theo-
rem 3.4.3. The second statement follows from Lemma 3.2.17 resp. 3.3.6. The third
statement is then a direct consequence of Lemma 3.4.5 and [Bre97, Chapter III, Theo-
rem 1.1]. Note therefore that Xan is indeed paracompact, Hausdorff and locally com-
pact.
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Proposition 3.4.7. Let X be a variety and V ⊂ Xan an open subset. Let α ∈ Ak(V )
such that dα = 0. Then for x ∈ V there exists an open neighborhood W of x in V and
a form β ∈ Ak−1(W ) such that α|W − dβ ∈ A0,k(W ) and such that α|W − dβ is closed
under d, d′ and d′′. If k > dim(X) then α|W is d-exact.

Proof. The proof works the same as the proof of Corollary 2.2.17, using Theorem 3.4.3,
instead of Theorem 2.2.15. We have to shrink the our open subset during each step,
but since only finitely many steps are needed, this is not a problem.

Theorem 3.4.8. Let X be a Berkovich analytic space of dimension n. Let Ap,q be the
sheaf of differential (p, q)-forms on X as introduced by Chambert-Loir and Ducros in
[CLD12]. Then for all q ∈ {0, . . . , n} the complex

0→ A0,q d′→ A1,q d′→ . . .
d′→ An,q → 0

of sheaves on X is exact in positive degrees. Further, the complex

0→ R→ A0,0 d′→ A1,0 d′→ . . .
d′→ An,0 → 0

of sheaves on X is exact.
If X is a good analytic space which is Hausdorff and paracompact, then the cohomology
of the complex

0→ A0,0(X)
d′→ A1,0(X)

d′→ . . .
d′→ An,0(X)→ 0

is equal to the sheaf cohomology H∗(X,R) of the constant sheaf R, which is isomorphic
to the singular cohomology H∗sing(X,R).

Proof. Using [CLD12, Lemme 3.2.2] the same arguments as used in the proof of The-
orem 3.4.3 work since forms in the sense of [CLD12] are also locally given by forms
on polyhedral complexes. If X is good, Hausdorff and paracompact, then [CLD12,
Proposition 3.3.6] shows that there are partitions of unity and the arguments in the
proof of Corollary 3.4.6 work.

3.4.2 Finite dimensionality of cohomology

In this subsection, we show finite dimensionality results for the cohomology defined by
differential forms. The main result, which also appeared in [Jel16] is Theorem 3.4.9
and closely tied to existence of skeleta thanks to a result by Hrushovski and Loeser
in [HL12]. We give some additional consequences which follow from results previously
shown in this thesis.

Theorem 3.4.9. Let X be a variety. Then the real vector space Hp,0
d′ (Xan) is finite

dimensional for all p.

Proof. We show that any cover by affine open subvarieties is a reasonable cover. Then
the result follows from Lemma A.2.2. SinceX is separated, the intersection of affine sub-
schemes is again affine, thus we only have to show that Hp,0

d′ (Xan) is finite dimensional
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for X affine. By [HL12, Theorem 13.2.1] there exists a strong deformation retraction
of Xan to a finite simplicial complex S. Finite simplicial complexes have finite dimen-
sional singular cohomology as is certainly well known from algebraic topology (cf. any
standard book on algebraic topology, e.g. [Hat02, Theorems 2.27 & 3.2]). As we have
Hp

sing(Xan,R) = Hp
sing(S,R) by homotopy invariance and Hp,0

d′ (Xan) = Hp
sing(Xan,R)

by Corollary 3.4.6 the result follows.

Proposition 3.4.10. Let F : X → Y be a birational morphism of varieties of dimen-
sion n. Then for all p, q such that max(p, q) = n, the pullback F ∗ : Ap,qc (Y an) →
Ap,qc (Xan) is well defined and an isomorphism. In particular

F ∗ : Hp,n
d′,c(Y

an)→ Hp,n
d′,c(X

an)

is an isomorphism.

Proof. We first show that if W ⊂ Y is an open subset and F is the inclusion, thus F ∗

being just the restriction. Let α ∈ Ap,qc (Y an). Then suppXan(α) = suppW an(α|W an)
by Proposition 3.2.56, thus α|W an ∈ Ap,qc (W an). For β ∈ Ap,qc (W an) we denote by
β0 ∈ Ap,qc (Y an) the extension of β by zero. It is easy to see that since the support
is always contained in W an we have (α|W an)0 = α and (β0)|W an = β, thus restriction
defines an isomorphism.

In general we let W ⊂ Y and U ⊂ X be open subsets such that F : U → W is an
isomorphism. Then

Ap,qc (Y an) ' Ap,qc (W an) ' Ap,qc (Uan) ' Ap,qc (Xan),

where the first and third isomorphism are due to the case considered before and the
second is due to F being an isomorphism between W and U .

Proposition 3.4.11. Let X be a variety of dimension n. Then there exists for all p a
homomorphism

H0,p
d′ (Xan)→ H0,p

d′′ (Xan) ' Hp,0
d′ (Xan),

where this first map is induced by the identity on A0,p and the second by J . If X is
proper, then this map is injective if p = 0, 1, n.

Proof. Let α ∈ A0,p(Xan) such that d′α = 0. Then by Lemma 2.1.64 we have d′′α = 0
and since the map α 7→ [α]d′ is injective we can define

H0,p
d′ (Xan)→ H0,p

d′′ (Xan) ' Hp,0
d′ (Xan)

[α]d′ 7→ [α]d′′ 7→ [Jα]d′ .

The second map is an isomorphism by Lemma 3.4.2. The fact that if p = 0 the first
map is also an isomorphism is obvious.

Let p = 1 and suppose [α]d′′ = 0. This means that there exists f ∈ C∞(X) such
that d′′f = α. Then d′d′′f = d′α = 0, thus by Theorem 3.2.61 we have that f is
constant. We therefore have α = d′′f = 0 which shows injectivity.
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Let p = n and suppose [Jα]d′ = 0. This means that there exists β ∈ An−1,0 such
that d′β = Jα. Then we have d′(β ∧α) = d′β ∧α+ (−1)p−1β ∧d′α = d′β ∧α = Jα∧α.
By Stokes’ theorem (Lemma 3.2.59), we have that

∫
Jα ∧ α = 0.

Let (Uan, ϕ, α′) be an A-tropical chart of integration for α. Then (Uan, ϕ, Jα′ ∧ α′)
is one for Jα∧α. Thus we have

∫
Tropϕ(U) Jα

′ ∧α′ = 0. Let C be a weighted R-rational

polyhedral structure on Trop(U) and σ ∈ Cn. Then α′|σ = fσd
′′x[n] for fσ ∈ C∞(σ) and

x1, . . . , xn a basis of Z(σ), where we denote [n] := {1, . . . , n}. Then Jα′|σ = fσd
′x[n] and

Jα′∧α′|σ = f2
σd
′x[n]∧d′′x[n]. Therefore (−1)n(n−1)/2

∫
σ Jα

′∧α′ ≥ 0 with equality only if
fσ = 0 and thus α′|σ = 0. Summing over all σ ∈ Cn we obtain that

∫
Trop(U) Jα

′∧α′ = 0

only if α′ = 0, which is what we wanted to show.

Lemma 3.4.12. Let X be a variety. Then there is an exact sequence

0→ H0,1
d′ (Xan)→ H1

d(Xan)→ H1,0
d′ (Xan),

whose maps are induced by the canonical inclusion and projection on the level of forms.

Proof. It is easy to see that

A0,1(Xan)→ A1(Xan)→ A1,0(Xan)

induces well defined maps on cohomology.
Let α ∈ A0,1(Xan) such that there exists f ∈ C∞(Xan) with df = α. This means

d′′f = α and d′f = 0. Thus α = d′′f = d′′Jf = Jd′f = 0. Therefore H0,1
d′ (Xan) ↪→

H1
d(Xan).

Let α ∈ A1(Xan) and write α = α0 + α1 with α0 ∈ A0,1(Xan) and α1 ∈ A1,0(Xan).
Then dα = 0 translates to d′α0 = −d′′α1. Assume further that there exists f ∈
C∞(Xan) such that d′f = α1. Then [α]d = [α−df ]d = [α0−d′′f ]d. Since d′(α0−d′′f) =
d′α0 + d′′d′f = d′α0 + d′′α1 = 0 this shows that

H0,1
d′ (Xan)→ H1

d(Xan)→ H1,0
d′ (Xan)

is exact, which completes the proof.

Corollary 3.4.13. Let X be a proper variety. Then the real vector spaces H0,1
d′ (Xan),

H0,n
d′ (Xan) and H1

d(Xan) are finite dimensional.

Proof. The first and second claim are direct consequences of Theorem 3.4.9 and Propo-
sition 3.4.11. The third claim is then a direct consequence of Lemma 3.4.12.



Chapter 4

Approach to (1,1)-forms via line
bundles and models

In this chapter we consider an alternate approach to forms on analytifications of al-
gebraic varieties. This approach was used by Boucksom, Favre and Jonsson in their
papers [BFJ16, BFJ15] to solve a non-archimedean Monge-Ampère equation. It uses
line bundles and model metrics instead of superforms on tropicalizations. We recall
their definitions of metrics, model functions and model metrics. We then prove an
analogue of the ddc-lemma (Theorem 4.2.7). For smooth projective varieties X over
fields K, which have residue characteristic zero, this was already done in [BFJ16, The-
orem 4.3]. We extend this to varieties which are normal and proper and to any residue
characteristic. We choose to work over an algebraically closed field, while Boucksom,
Favre and Jonsson work over a discretely valued field.

In this chapter, K will be an algebraically closed field which is complete with respect
to a non-trivial absolute value | . |. We will assume that the value group log |K×| equals
Q. We denote by K◦ the valuation ring of K and by S := Spec(K◦) its spectrum. We
do not impose any conditions on the characteristic of K or its residue field. X will
always be a variety over K, which we assume to be proper and normal.

4.1 Models and model functions

Here we recall the definitions of models, model functions, metrics and model metrics.

Definition 4.1.1. Let L be a line bundle on X. A metric ‖ ‖ on Lan associates with
each section s ∈ Γ(U,L) on a Zariski open subset U of X a function ‖s‖ : Uan → [0,∞)
such that ‖f ·s‖ = |f | · ‖s‖ holds for each f ∈ OX(U). This function is further non-zero
if the section is non-vanishing.

Definition 4.1.2. Let L be a line bundle on the proper variety X. A model for X is a
proper flat S-scheme X with a fixed isomorphism X × Spec(K) ' X. We will use this
to identify X as a subscheme of X . A model of (X,L) is a pair (X ,L ) such that X is
a model of X and L is a line bundle on X and a fixed isomorphism L |X ' L.

For a model X we denote by Xs := X ⊗K◦ K̃ its special fiber. There is a canonical
reduction map red : Xan → Xs.
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Lemma 4.1.3. Let L be a line bundle on the proper variety X. Then there exists a
model (X ,L ) of (X,L).

Proof. This follows from Nagata’s compactification theorem ([Voj07, Theorem 4.1 &
Theorem 5.7]) and noetherian approximation.

Definition 4.1.4. Let (X ,L ) be a model of (X,L⊗m) for some m ∈ N>0. There is a
unique metric ‖ ‖L on Lan such that the following holds: Given a frame t of L over
some open subset U of X and a section s of L over U = X ∩ U such that s⊗m = ht for
some regular function h on U , we have ‖s‖ = m

√
|h| on Uan ∩ red−1(Us). A metric on

Lan which arises this way is called a model metric determined on X . A metric is called
a model metric if it is determined on some model X of X.

Definition 4.1.5. Let OX denote the trivial line bundle on the proper K-variety X.
Each model metric ‖ ‖ on OX induces a continuous real-valued function f = − log ‖1‖
on Xan. The space of model functions

D(X) = {f : Xan → R | f = − log ‖1‖ for a model metric ‖ ‖ on OX}

has a natural structure of a Q-vector space. We write D(X)R = D(X)⊗Z R.
Let X be a model of the variety X. We say that a model function f = − log ‖1‖ is

determined on X if the model metric ‖ ‖ is determined on X .

4.2 Closed (1, 1)-forms and the ddc-lemma

In this subsection we define the terms which are relevant to state and prove the ddc-
lemma (Theorem 4.2.7). The result is an extension of [BFJ16, Theorem 4.3], which
requires the variety to be smooth and projective and the field to have residue charac-
teristic zero. We choose to work over an algebraically closed field, thus K◦ resp. S will
not be noetherian.

Definition 4.2.1. Let X be a proper variety over a field K. A line bundle L on X is
called numerically effective (nef) if L · C ≥ 0 for all closed curves C in X. It is called
numerically trivial if L · C = 0 for all such curves C.

Let X be a proper S-scheme. A line bundle L on X is called numerically effective
(nef) if its restriction to each fiber of X → S is nef. It is called numerically trivial if
its restriction to each fiber of X → S is numerically trivial.

Lemma 4.2.2. Let X be a proper S scheme. Then a line bundle L is nef if and only
if L |Xs is nef and the same holds for numerically trivial.

Proof. For nef this can be shown as in [BFJ16, Lemma 1.2] and for numerically trivial
this follows since both L and L ⊗−1 are nef.

Definition 4.2.3. We denote by Pic(X)Q := Pic(X)⊗Q resp. Pic(X )Q := Pic(X )⊗Q
the respective scalar extensions.

We define the space N1(X)Q resp. N1(X) to be the quotient of Pic(X)Q resp.
Pic(X)R by the resp. space generated by numerically trivial line bundles.
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Let X be a proper S scheme. The space N1(X/S)Q resp. N1(X/S) is then defined
as Pic(X )Q resp. Pic(X )R modulo the resp. subspace generated by numerically trivial
line bundles.

Intersection numbers with curves are still well defined on N1(X/S) resp. N1(X).
An element [L ] ∈ N1(X/S) resp. N1(X) is called nef if L ·C ≥ 0 for all closed curves
C contained in a fiber of X → S resp. X.

The space of closed (1, 1)-forms on X is defined as the direct limit

Z1,1(X) := lim−→
X∈MX

N1(X/S),

where MX denotes the space of isomorphism classes of models of X. As with model
functions, we say that θ ∈ Z1,1(X) is determined on a model X if it is given by an
element in N1(X/S).

Remark 4.2.4. Let X be a model of X and L ∈ Pic(X )Q such that L |X = OX ∈
Pic(X)Q. Then L determines a unique model function ϕ ∈ D(X). This model function
is obtained by choosing q such that qL ∈ Pic(X) and then taking qL as the model
and q as the integer in Definition 4.1.4. We say that ϕ is determined on X by L .

Definition 4.2.5. Denote by P̂ic(X) the group of isometry classes of line bundles on

X endowed with a model metric and by P̂ic(X)Q its scalar extension to Q. There are
natural maps

P̂ic(X)Q→̃ lim−→
X∈MX

Pic(X )Q → Z1,1(X),

where the first map is an isomorphism. The curvature form of a metrized line bundle
(L, ‖ ‖) ∈ P̂ic(X) is its image under the composition of these maps and is denoted by
c1(L, ‖ ‖) ∈ Z1,1(X).

By definition, any model function ϕ ∈ D(X) is determined on some model X by
some L ∈ Pic(X )Q such that L |X = OX . We set ddcϕ to be the closed (1, 1)-form
determined by the numerical class of L in N1(X/S). This then defines a natural linear
map

ddc : D(X)R → Z1,1(X).

Further we have the restriction maps N1(X/S)→ N1(X) which induce a linear map

{.} : Z1,1(X)→ N1(X).

For θ ∈ Z1,1(X) we call its image {θ} the de Rham class of θ.

Remark 4.2.6. It is a direct consequence of the definitions that for λ ∈ D(X) we have
that ddcλ = c1(OX , ‖ ‖trive−λ) ∈ Z1,1(X).

We will now proceed to prove an analogue of the ddc-lemma.

Theorem 4.2.7. Let X be a normal and proper variety. The sequence

0→ R→ D(X)R
ddc→ Z1,1(X)→ N1(X)→ 0

is exact.
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Remark 4.2.8. If we denote by Z1,1(X)Q := lim−→
X∈MX

N1(X/S)Q, then both ddc and

the de Rham class are defined over Q in the sense that ddc maps D(X) into Z1,1(X)Q
and the de Rham class of an element in Z1,1(X)Q is in N1(X)Q.

Let π ∈ K of valuation 1. Then for any model X of X we have that OX (π−1) is
a model of OX and the corresponding model functions is the constant function with
value 1. Thus constant rational valued functions are model functions.

Lemma 4.2.9. Let λ ∈ D(X) be a model function such that ddcλ = 0. Then λ is a
constant rationally valued function.

Proof. The equality ddcλ = 0 means that λ is determined byM∈ Pic(X )Q for a model
X of X such that M|X = OX and such that M is numerically trivial. After replacing
λ by a multiple, we may assume M∈ Pic(X).

We first consider the case where X is projective. Let L be an ample line bundle
on X. By passing to a higher model X ′ and replacing X by X ′ and M by ϕ∗M
we may assume L to have a model L on X . Since M|X is trivial, the intersection
numberM2 ·L n−1 is well defined. Using thatM is numerically trivial, we deduce that
M2 ·L n−1 = 0 and hence by [YZ16, Theorem 2.1]M is a pullback from K, which just
means that λ is constant. Since the value group of K is Q, this also means that λ ∈ Q.

Now we get rid of projectiveness: By Chow’s lemma, there exists a surjective bira-
tional morphism f : X ′ → X such that X ′ is projective. If λ is determined by M on
some model X of X, then we can find a model X ′ of X ′ such that f extends to a map
X ′ → X . Then by definition, f∗(λ) is the model function determined on X ′ by f∗(M).
By projection formula we have ddc(f∗(λ)) = 0. Thus we have that f∗(λ) is constant
and in Q, which means that, by surjectivity, λ is constant and in Q.

Lemma 4.2.10. Let X be a normal and proper variety and L ∈ Pic0(X). Then there
exists an abelian variety A, a morphism h : X → A and a line bundle L′ ∈ Pic0(A)
such that L = h∗(L′).

Proof. We first assume that X is smooth. Fix x0 ∈ X(K). Then there exists a
Poincaré class P ∈ Pic0(X ×B), where B := Pic0(X) is the Picard variety of X, with
the following universal property: Let T be a variety over K and c ∈ Pic(X × T ) such
that

i) c|X×t ∈ Pic0(X) ∀t ∈ T (K) and

ii) c|x0×T = 0.

Then there exists a unique morphism ϕ : T → Pic0(X) such that c = (id×ϕ)∗P.
Write A := Pic0(B). Since B is an abelian variety, we choose 0 ∈ B(K) as the base

point and obtain a Poincaré class PB ∈ Pic0(A× B). We want to apply the universal
property of PB to P. For x ∈ X(K) we have that P|x×B ∈ Pic0(B) since P|x0×B = 0.
Further we have P|X×0 = 0. Hence conditions i) and ii) are fulfilled and we get a
unique morphism ψ : X → A such that P = (ψ × id)∗PB. Now for L ∈ Pic0(X), we
have

L = P|X×L = (ψ × id)∗(PB)|X×L = ψ∗(PB|A×L).



4.2. CLOSED (1, 1)-FORMS AND THE DDC-LEMMA 89

These arguments generalize to X normal and proper using [FGI+05, Remark 9.5.25],
which shows that B := (Pic0

X/K)red and (Pic0
B/K) exist and are abelian varieties. Fur-

ther [FGI+05, Exercise 9.4.3] guarantees the existence of a Poincaré class on PicX/K
resp. PicPicX/K /K and their restrictions to Pic0

X/K resp. Pic0
B/K have the correct

universal properties. Hence the theorem is true for X normal and projective. In
these arguments the projectiveness of X is only required in [FGI+05, 9.5.25]. However
[FGI+05, 9.5.6] says that [FGI+05, 9.5.3 & 9.5.4] are also true for proper X. Since these
are the only arguments which require projectiveness in the proof of [FGI+05, 9.5.25],
we get the statement also for X proper and normal.

Lemma 4.2.11. Let X be a normal and proper variety and L ∈ Pic0(X). Then there
exists ρ ∈ N and a numerically trivial model M for L⊗ρ.

Proof. In the case whereX is an abelian variety, this follows from [Gub10, Example 3.7],
since the canonical metric is given by a numerically trivial line bundleM. In the general
case, we use a morphism ϕ : X → A with the property that there exists N ∈ Pic0(A)
such that ϕ∗(N) = L. This is possible by Lemma 4.2.10. If we choose models X and A
of X and A such that there exists a numerically trivial model N ∈ Pic(A)Q for N⊗ρ,
then after a blowup in the special fiber of X , ϕ extends to a morphism ψ : X → A.
If we define M := ψ∗(N ) then M is a model of L⊗ρ and numerically trivial by the
projection formula.

Lemma 4.2.12. Let ω ∈ Z1,1(X)Q such that {ω} = 0. Then there exists λ ∈ D(X)
such that ddcλ = ω.

Proof. Since {ω} = 0 there exists a model X and L ∈ Pic(X)Q on X such that L
determines ω ∈ Z1,1(X) and L := L |X is numerically trivial. After replacing ω by
a multiple, we may, by [Kle66, Chapter II, §2, Corollary 1 (i)], assume L ∈ Pic0(X).
By Lemma 4.2.11 we get a model M of L⊗ρ which is numerically trivial. Again after
replacing ω by ρω, we may assume ρ = 1. Since M is numerically trivial, its class
in Z1,1(X)Q is trivial and hence ω is also determined by L ⊗M−1. We further have
L ⊗ M−1|X = OX and hence L ⊗ M−1 induces a metric ‖ ‖′ on OX . We have
‖ ‖′ = ‖ ‖trive−λ for λ the model function determined by L ⊗M−1. This however just
means ddcλ = ω.

Proof of Theorem 4.2.7. Lemmas 4.1.3, 4.2.9 and 4.2.12 show exactness of

0→ Q→ D(X)
ddc→ Z1,1(X)Q → N1(X)Q → 0.

The theorem is then obtained by tensoring with R.





Appendix A

Good covers and
Mayer-Vietoris-Sequences

In this section X is a paracompact, Hausdorff, locally compact topological space and
(A•, D) is a complex of fine sheaves on X. We will apply this when X is either a
polyhedral space or a Berkovich analytic space. For U ⊂ X an open subset we write
Hk(U) for the k-th cohomology group of (A•(U), D). Then (A•, D) will be either
(A•,qX , d′) or (A•d, d). The statements of Theorem A.1.1 and Lemma A.2.2 are special
cases of theorems which are certainly well known. We choose to present them here with
short proofs for the convenience of the reader.

A.1 Mayer-Vietoris-Sequences

Theorem A.1.1 (Mayer-Vietoris-Sequence). Let U,U1, U2 be open subsets of X such
that U = U1 ∪ U2. Let further U12 := U1 ∩ U2. Then there exists a long exact sequence

· · · → Hk−1(U1)⊕Hk−1(U2)→ Hk−1(U12)→ Hk(U)→ Hk(U1)⊕Hk(U2)→ . . .

Proof. A partition of unity argument shows that the sequence

0→ A•(U)→ A•(U1)⊕A•(U2)→ A•(U12)→ 0

is exact. The result is then obtained by the long exact cohomology sequence.

Theorem A.1.2 (Mayer-Vietoris-Sequence compact support). Let U,U1, U2 open sub-
sets of X such that U = U1 ∪ U2. Let further U12 := U1 ∩ U2. Then there exists a long
exact sequence

· · · → Hk
c (U1)⊕Hk

c (U2)→ Hk
c (U)→ Hk+1

c (U12)→ Hk+1
c (U1)⊕Hk+1

c (U2)→ . . .

Proof. The sequence

0→ A•c(U12)→ A•c(U1)⊕A•c(U2)→ A•c(U)→ 0

is exact and the result again follows by the long exact cohomology sequence.
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A.2 Good Covers

Definition A.2.1. Let U ⊂ X be an open subset. An open cover (Ui)i∈I of U is called
a reasonable cover for (A•, D) if I is finite and for all n ∈ N>0 and for all ι1, . . . , ιn ∈ I
we have that Hk(

n⋂
i=1

Uιi) is finite dimensional for all k ∈ N0. It is called a good cover if

further Hk(
n⋂
i=1

Uιi) = 0 for all k > 0.

Lemma A.2.2. Let U ⊂ X be an open subset and (Ui)i=1,...,m be a reasonable cover of
U for (A•, D). Then Hk(U) is a finite dimensional real vector space for all k ∈ N0. If
(Ui)i=1,...,m is a good cover, then we further have Hk(U) = 0 if k ≥ m.

Proof. We use induction on m with m = 1 being just Definition A.2.1 in both the

reasonable and the good case. Now let m ≥ 2. Let U ′ :=
m−1⋃
i=1

Ui and for all i =

1, . . . ,m − 1 let U ′i := Ui ∩ Um. Then (Ui)i=1,...,m−1 is a reasonable cover of U ′ and
(U ′i)i=1,...,m−1 is a reasonable cover of U ′ ∩ Um. The Mayer-Vietoris-Sequence A.1.1
shows that for all k the complex

Hk−1(U ′ ∩ Um)→ Hk(U)→ Hk(U ′)⊕Hk(Um)(A.1)

is exact. By induction hypothesis both Hk(U ′∩Um) and Hk(U ′) are finite dimensional
and by definition so isHk(Um). Then by exactness of (A.1), Hk(U) is finite dimensional.

If (Ui)i=1,...,m is a good cover, then so are (Ui)i=1,...,m−1 and (U ′i)i=1,...,m−1. So for
k ≥ m, by induction hypothesis Hk(U ′) = 0 (since k ≥ m− 1) and Hk−1(U ′ ∩Um) = 0
(since k − 1 ≥ m − 1). Since then also k ≥ 2 we further have Hk(Um) = 0 and (A.1)
becomes

0→ Hk(U)→ 0⊕ 0,

which shows Hk(U) = 0.
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Canonical tropical chart of integration, 64
Canonical tropical subchart, 61
Closed (1, 1)-form, 86
Closed tropical modification, 45
Condition of compatibility, 14
Cone, 55
Contraction, 19
Curvature form, 87

De Rham class, 87
Determined, 86, 87
Dimension, 17, 25
Divisor, 45
Dolbeault cohomology, 29

Effective tropical space, 26
Evaluation, 19
Extended affine map, 16, 21
Extended tropicalization, 55

Face, 17
Facet, 17
Fan, 55

Good cover, 92

Integral, 13, 21, 22, 27, 64, 76, 78

Metric, 85
Model, 85
Model function, 86
Model metric, 86
Moment map, 60
Multitangent space, 19

Nef, 86
Numerically trivial, 86

Open tropical modification, 45

Partitions of unity, 15
Poincaré duality, 44
Polyhedral complex, 17
Polyhedral space, 25
Polyhedral star, 42
Polyhedral structure, 17
Polyhedral subspace, 17
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Pullback, 13, 16, 21, 27, 33, 63, 70
Push-forward of tropical cycles, 24

Rational cone, 55
Reasonable cover, 92
Refinement, 60, 66
Regular at infinity, 25

Sedentarity, 14, 17
Smooth function, 15, 63
Stokes’ theorem, 24, 28, 65, 76, 78
Subchart, 61, 66
Superform, 11
Superforms on Tr, 14
Superforms on polyhedral spaces, 19
Support, 13, 17, 18, 21

Tangent space, 19
Toric variety, 55
Tropical chart, 61, 66
Tropical chart of integration, 64, 75
Tropical cycle, 18, 58
Tropical manifold, 45
Tropical modification, 45
Tropical space, 26
Tropical subchart, 61, 66
Tropical variety, 18
Tropicalization, 53, 55, 60

Variety, 53
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[BFJ15] Sébastien Boucksom, Charles Favre, and Mattias Jonsson. Solution to a non-
Archimedean Monge-Ampère equation. J. Amer. Math. Soc., 28(3):617–667,
2015.
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