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Part I

I N T R O D U C T I O N

In this introductory part, I introduce the theoretical background
and state-of-the art. The text is written to be comprehensible
without consulting secondary literature. In the �rst chapter (ch.
1), I describe the mathematics, machine learning and data-driven
concepts. This includes the description of the matrix factoriza-
tion techniques principal component analysis (PCA) (sec. 1.1),
independent component analysis (ICA) (sec. 1.2), and its group
extension (sec. 1.3). The next section describes clustering proce-
dures focusing on the k-means algorithm (sec. 1.4). Those meth-
ods represent mostly feature extraction and dimension reduc-
tion. The following section deals with empirical mode decom-
position (EMD) and its extensions (sec. 1.5) as means of data-
driven mode extraction from uni- and multivariate time-series.
In the next chapter (ch. 2), functional magnetic resonance imag-
ing (fMRI) as the data generating method (sec. 2.2) and rest-
ing state functional magnetic resonance imaging (rs-fMRI) as
the data generating paradigm (sec. 2.3), are described. The next
chapter (ch. 3) elaborates on the state-of-the art in terms of con-
nectomics reaching from structural (sec. 3.1), to static (sec. 3.2),
and dynamic functional connectivity (dFC) (sec. 3.3). This cu-
mulates into the introduction of connectivity-states (sec. 3.4),
which requires most of the introduced mathematical concepts.





1
M AT H E M AT I C A L C O N C E P T S

"Physics is to mathematics
what sex is to masturbation."

(Richard P. Feynman)

1.1 principle component analysis

In this section, I describe the concept of PCA relying on [54, 58]. PCA is a
data reduction technique represented as a linear model. For its usage there
has to be redundancy in the data under consideration. This redundancy has
to be re�ected in terms of correlations, since the transformed data is uncor-
related after the application of PCA. The starting point for PCA is a number
of random variables representing the data. Let x be an N-dimensional ran-
dom vector, which represents our data. In general, vectors are represented
as column vectors in my thesis. The �rst step is to subtract the mean of each
random variable xi with i = 1, . . . ,N in x. The linear transformation, or
rather projection y, of x is represented by

y = wT · x, (1)

where w is the so-called weight vector of x. The PCA criterion to reach
uncorrelated data x is to successively maximize the variance σ2(y) of pro-
jections y. The data x is projected onto a rotated, orthogonal coordinate
system that PCA derives from the data with respect to the original one. In
other words, the projection of x onto the �rst axis of the transformed coordi-
nate system has to have maximum variance, the projection onto the second
axis the second largest variance, and so on. Thus, we can formulate the PCA
criterion for the �rst projection y1 of the data by using the cost function

ΦPCA = σ2(y1). (2)

This function can be further rearranged by using the linear representation 1
and the statistical momentum notation of variance to

ΦPCA = σ2(wT1 · x) = E
[
(wT1 · x)2

]
. (3)

The weight vector w1 can be written outside the momentum yielding the
notation employing the covariance matrix C, which is also the correlation
matrix, since the data has been demeaned

ΦPCA = wT1 · E(x · xT ) ·w1 = wT1 ·C ·w1. (4)

This term, which has to be maximized, depends on w1. If we do not constrain
w1, the maximization depends solely on it, since it can take arbitrary values.

3



4 mathematical concepts

Therefore, the constraint of ||w1|| = 1 is chosen. Since this is a constraint
for the maximization problem itself, the method of Lagrangian-multipliers
is used de�ning the function

Λ1 = wT1 ·C ·w1 − λ1
(
w21 − 1

)
. (5)

Since we are looking for the correct choice of w1 to maximize the variance
of y1, the function Λ1 is derivated with respect to w1 and set to zero

dΛ1
dw1

= 2C ·w1 − 2λ1w1 = 0. (6)

For the minuend, the symmetry of C was exploited. Further on, this results
in an eigenvalue equation

C ·w1 = λ1w1. (7)

Therefore, it can be concluded that the �rst weighting vector projecting x
into the new coordinate system is an eigenvector of the covariance matrix
C. From the original PCA criterion of equation 4 we can derive exploiting
the unit norm of w1

ΦPCA = wT1 ·C ·w1 = λ1w21 = λ1, (8)

and see that it is maximized for the largest eigenvalue λ1. Therefore, w1 is
the eigenvector corresponding to the largest eigenvalue λ1.

For the next weighting vector w2, we look for the projection

y2 = wT2 · x, (9)

where the variance σ2(y2) takes the second largest value possible. Since
one aspect of PCA is the reduction of redundancy in the data set, a new
constraint comes into play demanding

cov(y1,y2) = 0. (10)

Exploiting again the demeaning of the data, the momentum notation, and
writing the weight vectors outside of the momentum yields

cov(y1,y2) = E(y1y2) = E
[
(wT1 · x)(wT2 · x)

]
= wT1 ·C ·w2 = 0. (11)

Since we also want to optimize for the maximum variance under the already
known constraint of unit norm for our weight vector, the whole maximiza-
tion problem for the second weighting vector is

Λ2 = wT2 ·C ·w2 − λ2(w22 − 1) − γ
(
wT1 ·C ·w2

)
. (12)

The derivation of this equation with respect to w2 and setting to zero yields

dΛ2
dw2

= 2C ·w2 − 2λ2w2 − γwT1 ·C = 0. (13)
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By multiplying this equation from the left with w1 and using equation 7
yields

dΛ2
dw2

= 2wT1 ·C ·w2 − 2λ2wT1 ·w2 − γλ1w21 = 0. (14)

Employing all the known constraints, a simple equation results

γ = 0. (15)

Using this in the derivated maximization problem yields another eigenvalue
equation

C ·w2 = λ2w2. (16)

Since we want a successive maximization of the variance of the projected
data, following the above introduced logic 8 analogously yields the conclu-
sion for λ2 being the second largest eigenvalue with its corresponding eigen-
vector w2.

For every other projection yk, the derivation is analogously with addi-
tional constraints of zero covariance with the already projected data

cov(yk,yi) = 0, i = 1, . . . ,k− 1 (17)

and unit norm of the weighting vector under consideration ||wk|| = 1. This
means, each weighting vector wk is an eigenvector of C with λ1 > · · · >
λk > · · · > λK, where usually K < N. This information can be condensed
in a matrix notation

y = W · x, (18)

where W is the matrix containing the above derived eigenvectors as row
vectors in the speci�ed order. If we extend the product on the right-hand
side to

z = D− 1
2 ·W · x (19)

with D being the diagonal matrix having the corresponding eigenvalues on
its diagonal, then the entries in z are called whitened. This means that the
random variables in z have unit variance and are mutually uncorrelated.
Whitening is often an important preprocessing step for ICA algorithms.

1.2 independent component analysis

In this section, I describe ICA relying on Hyvärinen et al. [54]. ICA is a blind
source separation approach for extracting source signals from so-called mix-
tures of those source signals. In the case of fMRI, mixtures are represented
by fMRI images. Consider an fMRI experiment with T time-points and N
voxels sampled at every time point. To apply ICA on such a dataset we have
to rearrange the collected data to a matrix X with dimensions T ×N. Every
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row corresponds to a whole fMRI image resulting in increasing time as be-
ing the row dimension. Column i depicts the time-evolution of one single
voxel. ICA decomposes this data matrix X in a mixing matrix A and a source
matrix S in a linear fashion

XT×N = AT×L · SL×N → ŜL×N = BL×T ·XT×N, (20)

where B = A−1 is the so-called demixing matrix and Ŝ are the estimated
sources. We have to distinguish between real and estimated sources, since
ICA is only capable of reconstructing the underlying sources approximately
and, furthermore, since there is an uncertainty concerning the arrangement
and scaling of the estimated sources compared to the underlying ones. The
arrangement of the data matrix X in equation 20 – time as being the �rst,
space the second dimension – results in a so-called spatial ICA. Equation 20
is the general matrix notation of ICA – not only applicable in the context
of fMRI. The algorithm decomposes X under the constraint of resulting in
maximally, statistically independent sources in S – the independent compo-
nents (ICs). Every row in S represents a spatial intensity distribution in the
same space as the brain images in X. These mutually independent intensity
distributions can be linearly combined by multiplying the mixing matrix A
by the source matrix S. Consider the �rst row of A being multiplied by every
column vector of S representing the �rst row of the data matrix X. We can
look at the components of the �rst row vector of A as being the weights of
the ICs in S to represent the �rst fMRI image in X. Following this logic for
every row in A we end up with the time evolution of the weights necessary
to represent the images in X. One column vector in A is often referred to as
the activity of an IC over time.

In general, ICA is a data-driven matrix decomposition method with very
few and weak preconditions on the data, or rather the sources underlying the
mixtures represented by the data. In the following, we switch to the notation
using random variables instead of matrices to be consistent with the notation
introduced in section 1.1. To extract sources s from mixtures y, the single
sources si in the random vector s have to be statistically independent and
non-Gaussian. Statistical independence is given by

p(s) = p(s1) . . . p(sL), (21)

where p(s) is the joint probability density of the sources s and p(sl) the
marginal probability density of source sl. This means that statistical inde-
pendence is realized if and only if the joint probability density can be ex-
pressed as the product of the marginal densities. Gaussianity on the other
hand is represented by the fourth statistical moment, which is called kurtosis

kurt(sl) = E(s4l ) − 3
[
E(s2l )

]2
. (22)

For the sources to be non-Gaussian, the kurtosis has to ful�ll kurt(sl) 6= 0.
Actually, a weaker but for ICA su�cient precondition on Gaussianity is that
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at most one source in s has a Gaussian distribution. In comparison to PCA,
ICA is usually not used for dimension reduction. This task is accomplished
by PCA used as a preprocessing step before ICA is conducted. It is worth not-
ing that PCA ’only’ results in uncorrelated, transformed data, whereby ICA
results in the stronger condition of statistically independent, transformed
data. Statistical independence implies uncorrelatedness, but not vice versa.
Using PCA as whitening procedure before ICA is common, since it reduces
the complexity of the problem. Consider a square mixing matrix A with n
columns and n rows. Then the number of components to be calculated by
the ICA algorithm is n2. It can be shown that this reduces to n(n−1)2 in the
case of an orthogonal matrix. If the data is whitened beforehand, the mix-
ing matrix can be identi�ed as an orthogonal matrix. This can be derived
from the covariance matrix of the whitened data y, expanding it to the ICA
mixing model from equation 20, and combining the matrices

E
(
y · yT

)
= E

[(
D− 1

2 ·W ·A · s
)
·
(

D− 1
2 ·W ·A · s

)T]
=

= E
[
Ã · s · sT · ÃT

]
. (23)

Again, it can be shown that Ã can be written outside the momentum. Ex-
ploiting the uncorrelatedness of sources s resulting from their statistical in-
dependence, this yields

E
[
Ã · s · sT · ÃT

]
= Ã · E

(
s · sT

)
· ÃT = Ã · ÃT = I. (24)

The last step is known, because the covariance matrix of the whitened data
E
(
y · yT

)
has to be the identity matrix I. Hence, we can see that the mixing

matrix of whitened data Ã is an orthogonal matrix.
In a next step, it is of concern to think about a way to evaluate the sta-

tistical independence of estimates of sources ŝ. The concept of statistical
independence can be illustrated by toy data drawn from a joint probability
distribution of two uniformly, but statistically independent random variables
(see box 1). In this case, the marker for statistical independence are the edges
of the data cloud being parallel to the coordinate axes and mutually orthog-
onal. A linear transformation by an mixing matrix A yields a parallelogram.
From the edges of this parallelogram, the mixing matrix can be derived and
the blind source separation problem is solved in this simple case. In this ex-
ample, two uniformly distributed sources have been used. In real data cases,
the solution is more complicated, since we are usually dealing with higher-
dimensional data and more complicated probability distributions. There are
many ICA algorithms solving this task of estimating the most statistically
independent sources from data in various ways. I want to focus on the so-
called Infomax-principle, since the analysis of my data is based on this way
of applying ICA.



8 mathematical concepts

box 1: example ica

The concept of statistical independence is illustrated by drawing 200
data points from two random variables s1 and s2 each with the prob-
ability density

p(si) =

const., if 0 6 si 6 1

0, else.
(25)

Plotting (s1, s2) in a two-dimensional coordinate system results in
the plot shown in �gure 1(left). Those two random variables are sta-
tistically independent – the projections of (s1, s2) onto s1 do not con-
tain any information about the projections onto s2, and vice versa. By
multiplying s with mixing matrix

A =

(
2 6

2 2

)
(26)

the scatter plot shown in �gure 1(right) results. The mixtures x1 and
x2 of the statistically independent random variables now convey in-
formations of each other. Using edge detection, it is now possible
to decipher the mixing matrix A from the transformed data. The
columns of A are represented by the vectors de�ned by the edges of
the parallelogram. In this simple case, the source separation problem
would be solved with ŝ = B · x.

0 1 2
0

0.5

1

1.5

2

s
1

s
2

0 5 10
0

1

2

3

4

5

x
1

x
2

Figure 1: (Left) This panel shows the scatter plot of random vector s com-
posed of two uniformly distributed random variables s1 and s2.
(Right) Here, the matrix product A · s is depicted.
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White Gaussian
noise refers to a
temporally
uncorrelated
stochastic process
drawn from an
underlying Gaussian
distribution that
exhibits constant
intensities over all
frequencies [54].

1.2.1 Infomax

To understand the Infomax algorithm, we �rst have to look at maximum
likelihood estimation of the ICA problem. For the mixing model of equation
20 it can be shown that the probability density of the mixtures is

p(x) = |det B|
L∏
l=1

pl(sl), (27)

since the sl have to be mutually independent. When considering T indepen-
dent realizations of x as x(t), t = 1, . . . , T , then the Likelihood-function can
be de�ned as

L(B) =
T∏
t=1

|det B|
L∏
l=1

pl(bl · x(t)), (28)

with B =
(
bT1 , . . . , bTl , . . . , bTL

)T and bl being the l-th row vector of B. This
yields the log-Likelihood function

logL(B) = T log |det B|+
T∑
t=1

L∑
l=1

logpl(bl · x(t)). (29)

This can also be written as

1

T
logL(B) = log |det B|+ E

[
L∑
l=1

logpl(bl · x(t))

]
. (30)

After having estimated the probability densities pl(sl), a gradient descent
method can solve the optimization problem of maximizing L(B) using a step
width of the form

∆B ∝ ∂ logL(B)
∂B

. (31)

Maximizing L(B) is then equivalent to �nding optimal parameters for the
probability densities of the sources to best �t the estimated versions of them,
which is the same as optimizing for statistical independence.

The formulation of the Infomax algorithm is based on a neural network

ŝl = fl(bl · x) + n, (32)

where ŝl are estimates of the sources underlying the mixtures x, the fl are
the transfer functions, and n is the noise vector representing white Gaus-

sian noise. The algorithm maximizes the mutual information I(x; f(B · x))
between the input units x and the output f(B · x). The mutual information
can also be written as (see eq. 110)

I(f(B · x); x) = H(f(B · x)) −H(f(B · x)|x). (33)

Bell and Sejnowski [12] explain that H(X|Y) from equation 110 can be seen
as the entropy of remaining information not conveyed by the input neurons,
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and hence for equation 32 H(X|Y) = H(n) holds. Bell and Sejnowski [12]
mention that the algorithm uses a gradient decent ∂I∂bl

and since noise n is
not depending on system inherent parameters the derivation yields

∂I

∂bl
=
∂H(f(B · x))

∂bl
. (34)

Therefore, the maximization of mutual information is equivalent to the max-
imization of the entropy of the output units in this case. It can be calculated
that the entropy of our output units can be written as

H(f(B · x)) = H(x) + log |det B|+ E

[
L∑
l=1

log f′l(bl · x)

]
. (35)

We can see that the last two summands resemble equation 30, if we choose
the probability densities for f′l. Therefore, the Infomax principle can be re-
duced to the estimation of the ICA model in the context of maximum likeli-
hood.

1.3 group independent component analysis

ICA applied on the single subject level has the problem that comparability of
the extracted ICs is not guaranteed. Actually, the scaling and order of the ICs
resulting from ICA algorithms is arbitrary. This issue can be tackled by using
group independent component analysis (gICA), which allows to make group
inferences on ICs. I focus on the gICA approach introduced in Calhoun et al.
[19], which I elaborate on in the following section. Since it is an approach
introduced for the evaluation of fMRI data, I switch to matrix notation again.
First, the authors apply PCA on a single subject level

Yi = Wi ·Xi, (36)

where – analogously to section 1.1 – Yi is the K ×N-dimensional trans-
formed, or reduced, version of the T ×N-dimensional data matrix Xi of ses-
sion i, and Wi is the corresponding matrix of eigenvectors having dimension
K× T . In a next step, they apply PCA on a group level, which means that the
matrices resulting from the single subject reduction step are concatenated
in the row dimension yielding

Ỹ =


W1 ·X1

...
Wn ·Xn

 , (37)

where Ỹ is the concatenated group matrix of dimension nK ×N with n
being the number of used sessions. Their approach results in a new, group
matrix reduced in the row dimension

ỸG = WG · Ỹ (38)
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having the dimensionality L×N and WG having L× nK. In a next step,
they set up the linear mixing model of ICA

ỸG = A · S, (39)

where A is the L× L mixing matrix and S the L×N source matrix on the
group level. In a next step, the authors partitioned the matrices of the model


W1 ·X1

...
Wn ·Xn

 =


W−1
G,1
...

W−1
G,n

 ·A · S, (40)

where W−1
G,i is the K× L-dimensional i-th part of the inverse of the group

reduction matrix WG corresponding to session i. By using back reconstruc-
tion algorithms described in Erhardt et al. [27], time courses and spatial maps
for each session can be estimated separately

Xi = W−1
i ·W

−1
G,i ·A · Si = Ti · Si, (41)

where the matrix Ti contains the time courses as column vectors of each
corresponding spatial map in Si re�ected as row vectors.

1.4 k-means clustering

Clustering procedures o�er means of data reduction and feature extraction.
Clustering procedures like the k-means algorithm are unsupervised learn-
ing techniques that assign to each data point of a data set a cluster index.
This ideally results in the assignment of each data point to its data inherent
cluster. Unsupervised in this case means that the number of extracted clus-
ters has to be prede�ned, since the data inherent number of clusters is not
known beforehand. The representatives of a cluster are called centroids. In
the following, I elaborate on the k-means clustering algorithm and its ex-
tension, which is called k-means++. For the k-means algorithm, I rely on
MacKay [69].

The starting point is a data matrix X of dimension T × N. The k-means
algorithm groups the T observations in matrix X into k prede�ned clusters.
Those clusters are represented by the centroids cz with
z = 1 , . . . , k. The algorithm has two steps: an assignment step, where
all data points are assigned to their nearest centroids, and an update step, in
which the new centroids are calculated from the newly assigned data points.
In the assignment step, the distances between the centroids cz and each data
point xt with

X =



x1
...

xt
...

xT


(42)
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are calculated. Afterwards, each data point is assigned to its nearest centroid

ẑt = arg min
z

(d(cz , xt)) , (43)

where ẑt represents the assigned cluster index to data point xt and d(cz, xt)
is the distance between centroid cz and data point xt. Di�erent distance
measures can be selected for d(cz, xt). From this assignment of each data
point xt to its nearest centroid, the new centroids are calculated. This is
done by evaluating the mean of all data points belonging to a certain index
ẑt. For a mathematical expression of this, we de�ne the so-called cluster
membership

u(t, z, ẑt) =

1, if ẑt = z

0, else.
(44)

By using this quantity, we can express the updating step, or rather calcula-
tion of the new centroids, by

cz ←
∑T
t=1 u(t, z, ẑt)xt∑T
t=1 u(t, z, ẑt)

. (45)

Next, the assignment step is repeated followed by the updating step again.
This procedure stops as soon as the algorithm converges, which means that
there is no change between the newly calculated centroids and the ones one
step beforehand. The initialization of the k centroids is chosen at random
for the original k-means algorithm. There is an extension to the so-called
k-means++ algorithm, which changes this circumstance.

In this extension to the common k-means algorithm, Arthur et al. [9] pro-
pose to change the initial seeding procedure to elevate accuracy of the al-
gorithm. They suggest to replace the procedure of randomly choosing the
initial centroids by selecting them depending on a certain probability distri-
bution. They de�ne this probability to be

pcz(xt) =

(
min
z

(d (cz, xt))
)2

∑T
t=1

(
min
z

(d (cz, xt))
)2 . (46)

They select the initial centroids then sequentially, choose the �rst one ran-
domly, and the next one with probability pcz(xt) from all data points, and so
on. Their extension of the k-means algorithm improves the original one in
accuracy and speed.

1.5 empirical mode decomposition

In the following paragraphs I will describe EMD and its extensions. Since my
thesis is based mostly on the multivariate version of EMD, the introductory
part of univariate EMD is kept compact.
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Spline
interpolation (the
following from Levy
[67]) is a special case
of the interpolation
problem of �nding a
function Q(x)

connecting given
data points xi in a
smooth manner. It is
characterized by
piece-wise
polynomial
interpolation
between xi with
Q(x), x ∈
[xi; xi+1].

1.5.1 Plain empirical mode decomposition

EMD is a data-driven approach of decomposing e. g. time-series, which can
both be non-stationary and non-linear. The approach was �rst introduced
by Huang et al. [49]. The decomposition results in so-called intrinsic mode
functions (IMFs). At �rst, in the plain EMD case, we are dealing with one-
dimensional signals. Let x(t) be a one-dimensional time-series. The decom-
position of x(t) by EMD results in F IMFs uf(t), f = 1, . . . , F and a non-
oscillating trend r(t) [45, 49, 70]

x(t) =

F∑
f=1

uf(t) + r(t). (47)

Note that EMD results in a complete decomposition of the signal, i. e., sum-
ming up all IMFs and the residual results in the original time course. To
result in such a decomposition, the algorithm has to rely on prede�ned con-
ditions identifying an IMF as such. EMD is an iterative algorithm. The it-
eration process is called sifting and after each iteration the resulting time
course is checked, whether it meets the condition for being an IMF. Sifting
stops when the current time course meets the criterion for being a residuum.
In the following, I describe the algorithm in detail.

The algorithm starts by selecting all minima and maxima of x(t), respec-
tively. The sets of maxima and minima are connected separately via spline

interpolation to form envelopes of the time course x(t). This results in an
envelope e0max(t) for the interpolated set of maxima and e0min(t) for the
set of minima. The superscript indices stand for the number of elapsed iter-
ations. In a next step, the mean of the envelopes is subtracted from x(t) to
form a proto time course y1(t). The �rst sifting iteration is completed. The
algorithm now checks, if y1(t) meets the prerequisites for being an IMF.
The �rst condition for y1(t) for being an IMF is that the number of zero-
crossings of y1(t) and the number of extrema di�er at most by one. For the
whole algorithm, this means

condition 1: For a proto time course yi(t) resulting from the sifting
process to be recognized as an IMF, its number of zero-crossings and
number of extrema has to di�er at most by one.

This condition ensures that there are no riding waves in the resulting IMFs
meaning that there are no extrema with values above or below the zero line
[45, 49]. The second condition for y1(t) to be an IMF is that its envelopes
e1max(t) and e1min(t) have to be symmetric, i. e., their local mean has to be
zero. This has to hold for a certain amount of iteration steps [70, 105]. Again,
for the whole algorithm, this means

condition 2: For a proto time course yi(t) resulting from the sifting
process to be recognized as an IMF, its envelopes eimax(t) and eimin(t)
have to be symmetric.



14 mathematical concepts

If y1(t) does not meet those two conditions, it is not considered an IMF.
The algorithm then looks for all extrema in y1(t) and the sifting process
proceeds with y1(t) as the input. Consider m sifting steps done. The proto
time course ym(t) now meets the two conditions for being an IMF. Then the
algorithm assigns u1(t) ← ym(t), subtracts ym(t) from the original time
course x(t) resulting in the next, �rst proto time course y1(t) ← x(t) −

ym(t), with the sifting process starting all over again until the next IMF is
extracted. The whole EMD algorithm (alg. 1) stops when the residual r(t)
is a non-oscillating function [70] resulting in the decomposition of equation
47. A proto time course yi(t) to be identi�ed as an IMF has to meet so-called

Algorithm 1 Plain EMD; from Mandic et al. [70]
Input: x(t) ∈ R

Output: uf(t), with x(t) =
∑F
f=1 uf(t) + r(t)

1: Find extrema of x(t)
2: Interpolate the sets of maxima and minima separately using spline inter-

polation resulting in a lower emin(t) and an upper envelope emax(t)
3: Create the mean of the two envelopes e(t)
4: Create pseudo time course p(t)← x(t) − e(t)

5: Check, if p(t) satis�es the criteria for being an IMF – local mean of the
envelopes equals zero and number of extrema and zero crossings di�er
at most by one – and set uf(t)← p(t), else x(t)← p(t) and go to step
1

6: Stop algorithm, if uf(t) is a non-oscillating function and assign r(t)←
uf(t), else assign x(t)← x(t) − uf(t) and go to step 1

stopping criteria. Mandic et al. [70] mention that the accuracy of EMD has
to be sensible meaning that over and under sifted IMFs have to be avoided.
One common stopping criterion they mention is that condition 2 has to hold
for Q sifting iterations with 4 6 Q 6 8 [50]. An exemplary decomposition
is shown in box 2.
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box 2: example plain emd

To illustrate the EMD procedure and its output, in this example the de-
composition of a signal combined of two sine waves with periods 2π
and 10πwith added uniformly distributed noise is shown (�g. 2). For
this demonstration, scripts from Al-Subari et al. [6] are used, which
are provided onlinea. The added noise has max. 20% of the signal’s
amplitude and the sampling rate of the signal is fs = π

10 . The imple-
mentation replicates the algorithm of Huang et al. [49].
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Figure 2: This �gure shows a decomposition of an arti�cial signal with
added noise (Og. Sig). The other panels depict the IMFs resulting
from the plain EMD algorithm.

This EMD decomposition results in �ve IMFs and the two compo-
nents of the signal can be clearly found in IMFs 2 and 3, and noise in
IMF 1.

a http://sccn.ucsd.edu/eeglab/plugins/EMDLAB_Plugin.zip

1.5.2 Ensemble empirical mode decomposition

Mandic et al. [70] mention at least two popular shortcomings of plain EMD.
First, it is not ensured that modes are found in just one IMF, i. e., modes with
a physical meaning could spread over several IMFs yielding the loss of phys-
ical meaning for the single IMFs. This condition is termed mode mixing. A
characteristic of mode mixing is the appearance of signi�cantly di�erent lo-
cal frequencies in one IMF. Second, they mention a problem with so-called
end e�ect artifacts – to create proper envelopes a su�cient number of ex-
trema is needed. As time courses being decomposed have �nite range, the
density of extrema tends to decrease near the edges of the sampled time inter-
val. Therefore the �t of the envelopes is more error-prone at the beginning
and end of the time courses. Compared to the review of the state-of-the-art
of EMD approaches the method introducing paper of Wu and Huang [109]

http://sccn.ucsd.edu/eeglab/plugins/EMDLAB_Plugin.zip
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Dyadic �lter bank
behavior of IMFs
means that their
number of zero

crossings nz has an
exponential
dependence

nz ∝ b−f, where
b ≈ 2 and nz is an

estimate for the
mean frequency [31].
The term dyadic is
deduced from the
value of the base.

elaborates on these issues and their connection to ensemble EMD in more de-
tail. Wu and Huang [109] rate the principle of their introduced approach as
simple. They extend the algorithm of plain EMD to a so-called noise-assisted
version. Following their way of thinking they introduce white noise to cre-
ate ensembles of IMFs in order to average over the realizations of such an
ensemble to overcome shortcomings of the original approach of plain EMD.
Their extension of the algorithm starts by creating a white noise background
for the signal being decomposed, i. e., adding white noise to the original sig-
nal with �nite amplitude. Then the signal with added noise is decomposed
by EMD (alg. 1) and the IMFs are saved. This step is repeated with newly
generated white noise for every iteration resulting in an ensemble of IMFs.
Afterwards, the IMFs of same index number are averaged resulting in a phys-
ically more meaningful IMF than getting the same IMF from plain EMD, as
they say. Their extension is summarized in algorithm 2. Mandic et al. [70] in-
troduce the algorithm for ensemble EMD using white Gaussian noise. They
explain the usage of white Gaussian noise by exploiting the fact that this
type of noise enables the algorithm to show the behavior of a dyadic �lter

bank [82, 31, 108].

Algorithm 2 Ensemble EMD; from Rehman and Mandic [82], Wu and
Huang [109]
Input: x(t) ∈ R; {wj(t)}j=1,...,J ∼ N(0,σ2), Gaussian noise ensemble
Output: uf(t), with x(t) =

∑F
f=1 uf(t) + r(t)

1: Initialize one realization of white Gaussian noisewj(t) and add it to the
time course xjn(t)← x(t) +wj(t)

2: Apply plain EMD from alg. 1 on xjn(t) and save all IMFs ujf(t) and the
residual rj(t)

3: Repeat steps 1 and 2 until desired size of ensemble is reached
4: Average all IMFs and the residual resulting in representative IMFs
uf(t) =

1
J

∑J
j=1 u

j
f(t) and residual r(t) = 1

J

∑J
j=1 r

j(t)

Mandic et al. [70] also say that another problem of doing plain EMD on
e. g. single channels in a multi-channel setup is that over several channels
IMFs of same indices can di�er in certain aspects like frequency, so these
IMFs fail in aligning. Rehman and Mandic [82] show that this issue is tackled
by the approach of multivariate empirical mode decomposition (MEMD) –
introduced in the next section.

1.5.3 Multivariate empirical mode decomposition and its noise-assisted exten-
sion

MEMD [81, 70] is the multivariate extension of plain EMD introduced above.
Interpreting plain EMD as an univariate approach of decomposing
one-dimensional time courses, then MEMD sees the response of a system
from several channels as a multivariate signal with every channel – like
electroencephalography-channels (EEG) or time courses of ICs – represent-
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Amultivariate
signal in the case at
hand can be
formulated as f(x, t),
with x ∈ Rn, and a
multidimensional
signal mentioned
here can be written
as x ∈ Rn. This
means the values of
f(x, t) depend e. g.
on several spatial
locations x and time
t, and in the
multidimensional
case the signal is just
an n-dimensional
tupel x.

ing one dimension in a multidimensional space. The time course can be seen
as a trajectory propagating in this multidimensional space and MEMD de-
composes this signal in multidimensional IMFs [81, 32]. Rehman and Mandic
[81] do this by generalizing the aspect of creating envelopes around the time
course to n dimensions by introducing a set of n-dimensional direction vec-
tors, projecting the signal onto these direction vectors, getting the extrema
of those projections, re-projecting them into the n-dimensional space, and
using them as the base of constructing an n-dimensional envelope. The ap-
proach of Fleureau et al. [32] starts with the generalization at an earlier stage.
They generalize the method of looking for extrema ton dimensions by using
the generalized principle of a tangent vector. I do not elaborate on the later,
because I use the approach of Rehman and Mandic [81] in my thesis.

To prevent confusion, it has to be mentioned that the multidimensional
EMD introduced by Wu et al. [110] and applied e. g. by Al-Baddai et al. [5] in
combination with ICA to analyze combined EEG/fMRI data is a completely
di�erent approach. It does not treat the signal in a multivariate manner.
It is used to decompose an univariate, but multidimensional signal, e. g.
images like fMRI data in univariate, but multidimensional IMFs. This ap-
proach can also be extended to n-dimensional signals, but those signals still
being univariate [4]. For the investigation of the temporal evolution of a
system – like the activities of several di�erent brain areas representing the
system brain as a whole – the just mentioned approach is not suitable. For
this kind of analysis it is important to treat the signal as a trajectory in an
n-dimensional space with all ICs contributing to the evolution of the whole
system. I am not aiming to decompose fMRI pictures into IMFs inherent to
the picture per se, rather I am interested in the temporal evolution of the sys-
tem brain as a whole. Therefore, the multivariate approach is more suitable
in my case.

Rehman and Mandic [81] propose to start MEMD by generating a Ham-
mersley sequence to sample the n-dimensional space of the multivariate
signal x(t) by a set of direction vectors {d̂i}i=1,...,I in a low-discrepancy
manner (see box 3 for details). The authors aim to cover the n-dimensional
space uniformly by the generation of such a set of Hammersley sequenced
direction vectors, which is equivalent to looking for a low-discrepancy distri-
bution of points on a hypersphere representing the direction vectors. They
mention that a natural way of sampling an n-dimensional space would be
to do angular sampling. But they highlight in the three-dimensional case
shown in �gure 3a that the density of points increases when approaching the
poles of the spheres. This renders angular sampling an inappropriate choice
for uniform sampling of ann-dimensional space. Therefore, Hammersley se-
quenced direction vectors (�g. 3b) are preferred over angular sampled ones.

The algorithm starts by generating a Hammersley sequenced set of direc-
tion vectors {d̂i}i=1,...,I. Then, for every i, the n-dimensional time course
x(t) is projected on d̂i generating a one-dimensional signal. One of the dif-
�culties of creating envelopes in n-dimensional space is the selection of
proper extrema or even the de�nition of an extremum [32]. After having
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Figure 3: This �gure from Rehman and Mandic [81] depicts angular- (a) and Ham-
mersley sequenced (b) sets of points on the three-dimensional unit-sphere.

projected x(t) onto the �rst direction vector, a one-dimensional signal x1(t)
arises. For a trajectory propagating in one dimension there is a proper de�ni-
tion of extrema. Using this common de�nition Rehman and Mandic [81] look
for the maxima and minima in x1(t). They project the extrema into the n-
dimensional space again and connect the maxima and minima separately to
form n-dimensional envelopes e1max(t) and e1min(t) both realized by spline
interpolation. This is repeated for all direction vectors {d̂i}i=1,...,I cover-
ing the whole n-dimensional space and every realization of the envelopes is
saved. Thus, now one can imagine the ensemble of envelopes estimating an
envelope around the n-dimensional signal x(t). The next step analog to the
original EMD approach is averaging the envelopes. In the case of MEMD all
createdn-dimensional envelopes eimax(t), eimin(t), i = 1, . . . , I are averaged.
Afterwards, the same procedure as in plain EMD (alg. 1) is applied meaning
that the original time course and the mean of the envelopes are subtracted
resulting in a proto time course, which is checked concerning the criterion
for being an IMF and the iterative sifting process takes over with the above
mentioned additions for compensating the problems of a multivariate signal
(alg. 3). Rehman and Mandic [81] mention that the criterion for a time course
to be an IMF is similar to that of the plain EMD algorithm, besides the com-
parison of number of zero crossings and number of extrema does not hold
anymore, as there is no proper de�nition of zero crossings in n-dimensional
space.

As for the plain EMD approach Rehman et al. [83] propose an ensemble
noise-assisted method. It is important here do distinguish between noise-
assisted and ensemble approaches. For plain EMD these two approaches
are synonymous. In case of MEMD it has to be mentioned, whether only
a noise-assisted or an ensemble noise-assisted MEMD is applied. The noise-
assisted MEMD approach has been introduced by Rehman and Mandic [82]
and extended by Rehman et al. [83] to the ensemble noise-assisted MEMD
method. Mandic et al. [70] deduced the multivariate approaches from the
original EMD principle. Compared to MEMD the noise-assisted MEMD in-
troduces noise channels in addition to the signal channels spanning the n-
dimensional space of the multivariate signal [70, 82]. The authors propose
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box 3: hammersley-seqence and uniform sampling

Hammersley sequences are generated by employing the prime base
representation of an integer number k =

∑r
i=0 aip

i and the subse-
quent de�nition of function Φpj =

∑r
i=0

ai
pi+1j

[107], where pj are
primes. Wong et al. [107] introduce a Hammersley sequence as the
points in a d-dimensional space with

(
k
n ,Φp1(k), . . . ,Φpd−1(k)

)
.

This means for each dimension another prime base is needed. This
procedure results in a low-discrepancy sequence of points in a d-
dimensional space and therefore results in a uniform sampling of it
[81]. Figure 4 shows a Hammersley sequenced point set in two di-
mensions. The uniform sampling character is quite obvious.

Figure 4: In this �gure, a two-dimensional example of a Hammersley se-
quenced point set is depicted. From [106].

Algorithm 3 MEMD; from [81, 70]

Input: x(t) ∈ Rn, {d̂i=1,...,I} ⊂ Rn Hammersley sequenced
Output: uf(t), with x(t) =

∑F
f=1 uf(t) + r(t)

1: Project x(t) on direction vector d̂i resulting in xi(t)
2: Get maxima and minima of xi(t), project them to n-dimensional space

and connect them, both realized via spline interpolation resulting in en-
velopes eimax, eimin

3: Repeat step 1 and 2 ∀i and save the envelopes
4: Average the sets of envelopes e(t) = 1

2I

∑I
i=1 eimax(t) + eimin(t)

5: Check if p(t) ← x(t) − e(t) meets the criterion of being an IMF and
assign uf ← p(t), else set x(t)← p(t) and go to step 1

6: Stop algorithm, if the number of all xi(t) is smaller than 3 1and assign
r(t)← uf(t), else assign x(t)← x(t) − uf(t) and go to step 1

not to add noise to the already existing signal. In fact, they suggest to add l
separate channels entirely consisting of white Gaussian noise. They mention
that one of the bene�ts of doing MEMD in general is that – besides avoiding
mode mixing – scales of same index IMFs align (see also [81]). Rehman and
Mandic [82] mention that introducing white Gaussian noise channels ex-
ploits the dyadic �lter bank property of MEMD for this type of noise. They
argue that the added white Gaussian noise channels enforces the dyadic �l-
ter bank structure and with it a better mode alignment. Furthermore, they

1 Deduced from their code available at http://www.commsp.ee.ic.ac.uk/~mandic/
research/memd/memd_version_2.zip (�le: memd.m, line 180)

http://www.commsp.ee.ic.ac.uk/~mandic/research/memd/memd_version_2.zip
http://www.commsp.ee.ic.ac.uk/~mandic/research/memd/memd_version_2.zip
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emphasize that mode mixing is also reduced by introducing noise to the
MEMD approach.

In a recent extension to noise-assisted MEMD the ensemble principle like
for plain EMD was introduced to MEMD, or rather noise-assisted MEMD
[83]. They suggest to just create ensembles of IMFs like in algorithm 2 by
using di�erent realizations of noise for several noise-assisted MEMD runs –
keep in mind that those realizations of noise are in separate channels. The
authors suggest to use a noise power of 2− 10% of the power of the origi-
nal signal. This algorithm does not have to be mentioned separately here, as
the principle is the same as for ensemble EMD in the univariate case. Since
this approach is the most sophisticated and most recent one, I am using that
method introduced by Rehman et al. [83] in my thesis. An exemplary de-
composition of the ensemble noise-assisted MEMD algorithm is presented
in box 4. For my studies, I chose to use the ensemble noise-assisted MEMD
approach. Whenever I am referring to MEMD in the following text, I specif-
ically mean the ensemble noise-assisted version of it.



1.5 empirical mode decomposition 21

box 4: example ensemble noise-assisted memd

In this example, the ensemble noise-assisted MEMD algorithm from
Al-Subari et al. [6] is used to decompose a trivariate signal in the form
of a spiral with

z = t

x = sin(t)

y = cos(t)

where t ∈ [0; 10π] and the sampling rate fs = π
50

a. There is one
prominent rotational mode in the signal. It is re�ected in a rotary
trajectory in the yz-plane. The algorithm was applied with 30 real-
izations of white Gaussian noise. The noise amplitude was chosen to
have 6% power of the original signal. Two noise channels were added
to the trivariate signal. The signal and one characteristic trivariate
IMF is shown in �gure 5. This IMF depicts the characteristic yz-mode
in the signal.
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Figure 5: The upper left panel shows the original signal, which is decom-
posed by ensemble noise-assisted MEMD. The other three panels
show the yz-, xz-, and xy-view of the IMF containing the rota-
tional yz-mode, respectively.

a http://de.mathworks.com/help/matlab/ref/plot3.html

http://de.mathworks.com/help/matlab/ref/plot3.html


22 mathematical concepts

1.5.4 Hilbert-Huang transformation

Huang et al. [51] describes the Hilbert-Huang transformation (HHT) as a
purely empirical transformation applicable to non-linear and non-stationary
signals. He mentions that the HHT is suitable for extracting instantaneous
frequency from a mono-component signal, and therefore the IMFs resulting
from EMD are proper signal components for estimating it. Since I am using
only the instantaneous frequency aspect of the HHT in my thesis, I focus
on this part of the transformation. Huang et al. [51] mentions that with the
HHT any signal x(t) ∈ R, ∀t can be transformed into an analytical form by
adding just an imaginary part, which is de�ned as

y(t) =
1

π
P

∞∫
−∞

x(τ)

t− τ
dτ = x(t) ∗ 1

t
(48)

transforming it to the complex notation

z(t) = x(t) + iy(t) = a(t)eiθ(t), (49)

where a(t) is the instantaneous amplitude and θ(t) the instantaneous phase
at time t. The Hilbert transform of equation 48 is suitable for this purpose,
because of its uniqueness, like mentioned in Huang et al. [49]. The Cauchy
principal value in equation 48 is used to ensure the integrability of the in-
tegrand. In Huang et al. [49] it was mentioned that equation 48 resembles
a convolution with an hyperbolic function, which emphasizes the local fea-
tures of x(t). Huang et al. [49] explain the value of getting an analytical
transformation of x(t) (eq. 49) is that such a form yields an unique way of
de�ning the instantaneous frequency

ω(t) = −
dθ
dt

, (50)

with

θ(t) = arctan
(
y(t)

x(t)

)
. (51)

1.6 butterworth filter

Since Butterworth �lter banks were used as post hoc investigations of my
MEMD results and were not the focus of this thesis, I elaborate only on
particular aspects to understand my approaches. The following is taken from
Johnson [57] and Oppenheim and Schafer [77]. To understand the concept
of a Butterworth �lter, the general notation of discrete time systems has to
be introduced. In signal processing, the discrete input x(n) and output y(n)
of a system are connected by mapping the former to the latter one

y(n) = I{x(n)}, (52)
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where the general notation of a discrete-time signal is

x(n) =

∞∑
k=−∞ax(k)δ(n− k), (53)

with δ(n− k) being the so-called unit sample sequence at time point nwith
shift k and ax(k) the amplitude at this particular shift. For the unit sample
sequence

δ(n) =

1, if n = 0

0, else
(54)

holds. This is the most general form for representing any discrete-time sig-
nal. If this system has linear behavior, the superposition and scaling principle
yields

I{x(n)} = I

{ ∞∑
k=−∞ax(k)δ(n− k)

}
=

∞∑
k=−∞ax(k)I {δ(n− k)} . (55)

This mapping of the shifted delta distribution is called the impulse response
function

h(n,k) = I {δ(n− k)} . (56)

This dependency can be further simpli�ed by introducing time invariance
to our system. Time invariance is de�ned as

y(n−m) = I{x(n−m)} =

∞∑
k=−∞ax(k)h(n−k) =

∞∑
k=−∞ax(n−k)h(k)

(57)

meaning that a change in the input signal is immediately transferred to the
output signal. The latter equality can be understood when substituting the
summation index by m = n − k. When assuming that h(n,k) is the re-
sponse to δ(n− k), then applying the time invariance principle from equa-
tion 57 yields

h(n− k) = I(δ(n− k)). (58)

The response to the delta distribution input is directly translated to the out-
put. Therefore, a linear time-invariant system is completely described by its
response to δ(n).

To reach our goal of understanding the concept of a �lter, two more con-
cepts have to be introduced. At �rst, we have to look at the so-called z-
transformation in the context of discrete-time signals. This transformation
of a signal x(n) is formulated like

X(z) =

∞∑
n=−∞ x(n)z

−n. (59)
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This series converges for certain z and otherwise diverges. To be further on
able to analyze systems mathematically, we have to narrow down the possi-
ble systems space. In the following, we consider systems obeying a di�erence
equation of order N

N∑
k=0

ay(k)y(n− k) =

M∑
m=0

ax(m)x(n−m), (60)

which is usually seen as a causal system. Applying the z-transformation
from equation 59 yields

N∑
k=0

ay(k)

∞∑
n=0

y(n− k)z−n =

M∑
m=0

ax(m)

∞∑
n=0

x(n−m)z−n. (61)

By using the so-called shift property of the z-transform, we can write

N∑
k=0

ay(k)

∞∑
n=0

y(n)z−(n+k) =

M∑
m=0

ax(m)

∞∑
n=0

x(n)z−(n+m), (62)

which yields

Y(z) =

M∑
m=0

ax(m)z−m

N∑
k=0

ay(k)z−k
X(z), (63)

where the coe�cient ofX(z) is de�ned as the systems functionH(z). We can
also see that the systems function is the z-transformed version of the impulse
response function by using the delta impulse as the input to equation 63.
From tables, it is known that the z-transformation of δ(n) is unity. Therefore
Y(z) = H(z) holds and yields

H(z) =

∞∑
n=−∞h(n)z

−n. (64)

The above deduction was done to be able to understand that the stability
of a �lter system depends on its pole behavior. A pole of a system can be
de�ned by rearranging the systems function H(z) to its factored form

H(z) = A

M∏
i=1

(1− ziz
−1)

N∏
j=1

(1− pjz−1)

(65)

Stability in this sense means that the output of a system has a �nite mag-
nitude given the input is bounded |x(n)| 6 M, with M < ∞. To see that
a system is stable when its poles lie in the unit circle, we investigate the
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magnitudes of the response of a linear time-invariant system introduced in
equation 57

|y(n)| =

∣∣∣∣∣
∞∑

k=−∞ax(n− k)h(k)

∣∣∣∣∣ 6
∞∑

k=−∞ |ax(n− k)||h(k)| 6

6 M

∞∑
k=−∞ |h(k)|. (66)

This means that the system is stable, if condition

∞∑
k=−∞ |h(k)| <∞ (67)

is ful�lled. Extending this to the system level, we investigate the magnitude
of the systems function

|H(z)| =

∣∣∣∣∣
∞∑

k=−∞h(n)z
−n

∣∣∣∣∣ 6
∞∑

n=−∞ |h(n)||z|−n. (68)

If we consider the area outside the unit circle |z| > 1, then

|H(z)| 6
∞∑

n=−∞ |h(n)| (69)

holds. From equation 67 we see that this is �nite for a stable system. Con-
sidering the factored form of a systems function from equation 65 we see
that for |z| > 1 no poles are allowed. Because of this circumstance, the �lter
banks used in this thesis are optimized to have no poles with |z| > 1.

Butterworth �lters are systems with a systems function magnitude

|H(iω)|2 =
1

1+
(
ω
ωc

)2N , (70)

where ωc is the so-called cut-o� frequency. The behavior of |H(iω)| is de-
picted in �gure 6, where its dependency on the �lter order can be seen. Fre-
quencies withω > ωc are called the stopband and otherwise the passband.
Using the terminology introduced above the systems function of a Butter-
worth �lter transforms an input in a way that its frequency spectrum is
modulated according to equation 70.
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Figure 6: In this adjusted �gure taken from Johnson [57], the transfer function of a
Butterworth �lter is depicted for di�erent �lter ordersN.ωc is the cut-o�
frequency and A is the magnitude.



2
F U N C T I O N A L M A G N E T I C R E S O N A N C E I M A G I N G A N D
T H E C O N C E P T O F R E S T I N G S TAT E

In the next sections, I introduce the concept of magnetic resonance imaging
(MRI) (sec. 2.1) and its extension to fMRI (sec. 2.2). For both sections, I rely
on references [48, 53, 44] and http://www.imaios.com/en/e-Courses/

e-MRI.

2.1 magnetic resonance imaging

MRI is a non-invasive medical imaging modality. It is based on the funda-
mental property spin, which conveys angular momentum and a magnetic
moment. MRI exploits a particular spin – the nuclear spin. Each nucleotide
has spin s = 1

2 and with it a magnetic moment µ. For MRI, the most im-
portant atomic nucleus is the hydrogen nucleus, because of its frequent oc-
currence in the human body. In the following text, I refer to those nuclei
as protons. The functioning of MRI systems is based on the interaction of a
radio frequency pulse with the magnetic moments of the protons. For this
purpose, the subjects to be investigated have to be exposed to strong mag-
netic �elds. One of the most common �eld strengths used for MRI imaging
today is 3T. For a reliable investigation, this �eld strength has to be kept
homogeneous over a relatively large cross section (e. g.≈ 30 cm in diameter
in a SIEMENS Trio head scanner). To accomplish that, a superconducting
coil is cooled down to 4.2K by liquid helium allowing for resistance-free
current �owing in the coil material. This current induces the homogeneous
magnetic �ux density2 B0 within the examination area. The direction of the
magnetic �eld vector is parallel to the axis de�ned by the subject lying in the
scanner. In this framework, this axis is de�ned as the z-axis pointing from
feet to head of the subject, which means that the homogeneous magnetic
�eld vector is B0 = B0êz. The xy-plane is perpendicular to the z-axis with
the y-axis pointing from back to chest of the subject.

When placing a subject in the magnetic �eld B0, the z-component of the
magnetic moments µ of the protons align either parallel, or anti-parallel to
B0. This dichotomous discretization is due to the quantum mechanical na-
ture of those magnetic moments conveyed by the fundamental property of
particles with spin s = 1

2 . The alignment in parallel to the magnetic �eld is
the energetically preferred state according to the Boltzmann statistics appli-
cable in this case [48]

N−

N+
= e

− E
kBT , (71)

2 In the following, the magnetic �ux density B is referred to as magnetic �eld for readability
reasons.

27
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whereN− is the number aligning antiparallel to B0, andN+ parallel. There-
fore, there is an excess ofµz of the protons aligned in parallel to the magnetic
�eld. This yields a so-called netto magnetization Mnetto of the tissue un-
der consideration. This netto magnetization is parallel to the homogeneous
magnetic �eld B0 yielding

Mnetto = (N+ −N−)µzêz. (72)

For the following theoretical derivations, the tissue under consideration is
subdivided into so-called spin-packets. Each spin-packet is a
three-dimensional cuboid containing several protons. If N+ and N− now
refer to the number of protons in a spin-packet, then equation 72 describes
the netto magnetization Mnetto of one spin-packet. The next, more coarse-
grained subdivision of the tissue is a so-called voxel, which also is a cuboid
consisting of several spin-packets. A common spatial elongation of a voxel in
anatomical MRI is 1mm× 1mm× 1mm, and in fMRI 3mm× 3mm× 3mm.
When dealing with MRI, voxels de�ne the spatial resolution and are the fun-
damental building blocks. Spin-packets, on the other hand, are only of theo-
retical concern for deducing the physical framework.

Consider as initial condition the subject lying in the scanner and the netto
magnetization of each spin-packet aligning with the homogeneous magnetic
�eld yielding

Mnetto =Mnettoêz. (73)

To interact with the tissue, the MRI scanner applies electromagnetic high
frequency pulses in the radio frequency range to it. This procedure exploits
a phenomenon called nuclear magnetic resonance. A spin system in a mag-
netic �eld has a certain precession frequency called the Larmor-frequency

ωL = γB0, (74)

which is proportional to the homogeneous magnetic �eld B0 with the pro-
portionality constant γ representing the so-called gyromagnetic ratio. If the
frequency of the electromagnetic pulses applied on the spin system is tuned
to ωL, then there is maximum energy transfer – the spin system is excited
in resonance. The radio frequency pulse can be designed in such a way as
to �ip the netto magnetization about a certain angle. This depends on the
duration t of the puls and can be described by

θ = 2πγtB1, (75)

where B1 is the amplitude of the magnetic �eld component of the puls. Here,
I want to highlight that this angle can take arbitrary values, but the mag-
netic moments of each proton can only have two discrete values µ ∝ ±êz.
This discrepancy is resolved by the so-called Bloch equations, which intro-
duce a semiclassical view of such spin systems allowing to employ Euler’s
equations of motion to the precessing netto magnetization vectors. This in
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turn presents a mathematical justi�cation of the continuous angle of the
netto magnetization resulting from discrete states of the magnetic moments
µ. Two important �ip angles are 90° and 180°. When a radio frequency pulse
is applied �ipping Mnetto about 90° into the xy-plane, Mnetto precesses
around the z-axis. This rotation of Mnetto can induce an oscillating cur-
rent in a nearby coil according to Faraday’s law of induction. This is the �rst
step towards the extraction of a signal from the tissue under consideration –
this signal is induced in a receiver coil. After the excitation pulse, the signal
starts to decay in a process called relaxation. The energy transferred to the
spin system by the radio frequency pulse is released into the surrounding
by spin-spin and spin-lattice interactions, causing spins to �ip back to their
initial con�gurations. This relaxation process causes the netto magnetiza-
tion vector to turn back to its initial con�guration – from precessing in the
xy-plane to aligning parallel to the z-axis – in a spiraling motion. With this
relaxation process, also the signal induced in the receiver coil decreases. This
decremental process of the signal is called the free induction decay (FID). To
better understand this process, we have to look at relaxation in more detail.

At �rst, the relaxation process is subdivided into so-called T1- and T2-
relaxation. The former one describes the relaxation of the z-component of
Mnetto. T1 is called the longitudinal relaxation time constant, and is de�ned
as the time it takes forMnetto

z to reach 1− 1
e of the initial value. Its temporal

evolution is described by

Mnetto
z =Mnetto

(
1− e

− t
T1

)
. (76)

This T1 process is mainly driven by spin-lattice interactions. The
T2-relaxation describes the decay of the xy-component of Mnetto and is
called the transversal relaxation process. This decay can be best understood
when dealing with spin-packets as the building blocks of voxels. After a 90°-
pulse, besides precessing in the xy-plane, the Mnetto of all spin-packets are
also in phase. Mostly because of spin-spin interactions, the netto magnetiza-
tion vectors begin to dephase. Figure 7 illustrates this process. The transver-
sal netto magnetization vectors of three spin-packets are depicted as black
arrows, which sum up to the transversal netto magnetization vector of one
voxel depicted as a red arrow. Directly after a 90°-pulse, the transversal netto
magnetization vectors of the spin-packets are in phase and result in the max-
imum netto magnetization in the xy-plane of this voxel. With time passing,
the transversal netto magnetization vectors of the spin-packets loose their
phase – they dephase. And with this increasing dephasing the transversal
netto magnetization of the voxel also decreases. T2 is de�ned as the time, at
which the transversal netto magnetization has decayed to 1e of the maximum
value. The temporal evolution of this relaxation is described by

Mnetto
xy =Mnettoe

− t
T2 , (77)

whereMxy is the xy-component of Mnetto.
The signal decay after a 90°-pulse is too fast [62] as to serve as the sig-

nal for reconstructing the desired image. Therefore, a phenomenon called
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Figure 7: This �gure depicts the transversal relaxation process. After the 90°-pulse,
the transversal component of the exemplary netto magnetization vectors
of three spin-packets (black arrows) are in phase. This yields the maximum
transversal component of the netto magnetization of the voxel (red arrow)
having those spin-packets as building blocks. With increasing time, the
vectors of the spin-packets loose their phase causing the transversal netto
magnetization of the voxel to decay. T2 is the transversal relaxation time
constant marking the time when the transversal netto magnetization of
the voxel is decayed to ≈ 37% of the initial value. From Hendrix [44].
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rephasing is exploited. The dephasing netto magnetizations of spin-packets
can be brought into phase again by applying a 180°-pulse. The 180°-pulse
�ips the netto magnetization about 180°. When applying this pulse to a spin
system, a dephasing process is reversed and the transversal components of
netto magnetization vectors of e. g. spin-packets start to decrease their phase
di�erence again – they rephase. This process yields almost the initial mag-
nitude of the signal. This recurrence of the signal is termed spin echo. The
time between the 90°-pulse and the peak of the spin echo – or rather the
acquisition of the signal – is called echo time (TE). The initial magnitude
of the signal cannot be retrieved completely. When applying several 180°-
pulses in a row, the amplitude of the echoed signal decays with T2-relaxation
constant. The decay of the FID happens much faster. The dephasing is accel-
erated by time-independent inhomogeneities of the magnetic �eld yielding
a T∗2 -relaxation of the FID. Since the amplitude of the signal induced in the
receiver coil depends on the magnitude of the transversal netto magnetiza-
tion, the shape of the FID in �gure 8 can be comprehended. Furthermore, the
decay of the magnitude of the spin echo is also depicted in this �gure.

Figure 8: This �gure depicts the FID and three spin echoes. The decaying signal
induced in the receiver coil of the MRI system after the 90°-pulse depends
on the magnitude of the precessing transversal netto magnetization (red
arrow), which decays over time because of dephasing processes. The FID
decays on a faster time scale (T∗2 ) than the magnitudes of the spin echoes
(T2). The time between the 90°-pulse and the peak of the spin echo is called
echo time (TE). From Hendrix [44].

Applying a 90°-pulse with frequencyωL to the whole tissue yields an ex-
citation of all spins with Larmor-frequency ωL. Since one main aspect of
MRI is to spatially resolve the distribution of tissues in the sample under
consideration, this type of excitation is inappropriate. The �rst step towards
this spatial resolution is the introduction of a so-called gradient coil in z-
direction. As soon as this gradient coil is switched on, it alternates the �eld
strength of the homogeneous �eld to show a linear increase in z-direction.
This introduces a linear dependency of the overall magnetic �eldB ∝ z. Tak-
ing equation 74 into account results in a linear dependency ofωL ∝ z. After
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this step, each xy-plane, or rather slice of the tissue, has a uniqueωL allow-
ing for the excitation of single slices. This means that, the gradient coil has
to be simultaneously switched on with the radio frequency pulse to excite
one slice instead of the whole sample. Since the radio frequency pulse has a
�nite bandwidth, the thickness of each excited slice is also �nite. As can be
seen on the voxel dimensions mentioned above, a common slice thickness
for anatomical images is 1mm and for functional scans 3mm. This proce-
dure with a gradient coil in the z-direction encodes one dimension of the
three-dimensional problem. For the other two dimensions, two additional
gradient coils are needed.

Without loss of generality, consider the x-direction the next dimension
to be encoded. To accomplish that, another gradient coil has to be switched
on – also introducing a linear dependency ωL ∝ x in the x-direction. For
simplicity, consider one row of voxels in the x-direction �rst. When the gra-
dient coil in x-direction is on, each voxel has a unique ωL as precession
frequency. To be encoded in the signal, this so-called frequency encoding
gradient is switched on simultaneously with the acquisition of the signal.
By applying Fourier transformation on the mixture of signals induced by all
of those voxels, the intensity and spatial information of this row of voxels is
decoded, which yields the spatial and intensity information. This procedure
is illustrated in �gure 9. Since the problem in each slice is two-dimensional,
we need another gradient coil to encode the third dimension. This coil en-
codes the y-direction and is called the phase encoding gradient. Instead of
leaving the gradient coil on during signal acquisition, the phase encoding
gradient coil is switched on before signal acquisition. Depending on the du-
ration this gradient coil is switched on, the phases between the transversal
netto magnetizations of voxels in y-direction increases. This procedure has
to be repeated for each row of voxels in the slice of the image – but with dif-
ferent phase angles. In other words, the phase encoding gradient is switched
on with di�erent magnitude for each row of voxels. This information can be
condensed in a pulse-sequence diagram. The gradient patterns introduced
above can be summed up as a so-called spin echo sequence (�g. 10). In this
case, the time between the acquisition of two slices is called repetition time
(TR). The slice selection gradient causes the netto magnetizations of the ex-
cited slice to dephase in z-direction, therefore the slice selection gradient
has to be switched on again after the 90°-pulse with opposite polarity [44].

The signal generated by pulse sequences is not directly stored as coordi-
nates in Euclidean space. The most basal format used by an MRI scanner is
the so-called k-space representation. In the k-space, every coordinate can
be represented by a lattice with varying phase and spatial frequency. Figure
11 illustrates the k-space for a two-dimensional slice acquired by MRI. The
closer to the origin, the lower the spatial frequency of the representative
lattice pattern gets. The intensity of each coordinate in k-space represents
the weight each lattice pattern contributes to the image in Euclidean space.
The pattern in this �gure is created by the slice of an MRI image. One can
imagine overlaying all weighted lattice patterns to create the image in Eu-
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Figure 9: This �gure depicts the illustrative example of frequency encoding on a
single row of voxels. The radio frequency (RF) puls excites the spins in
those voxels. The gradient coil introduces di�erent Larmor-frequencies for
all voxels. The combined signal from all voxels is then decoded via Fourier
transformation, which then gives the spatial and intensity information of
the voxels. From Hendrix [44].
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Figure 10: In this �gure, the so-called spin echo sequence is illustrated. After a
90°-pulse with simultaneously applied slice-selection gradient (GS) (fol-
lowed by rephasing) the phase encoding gradient (GP) is switched on
for a certain time interval and with a distinct magnitude for each row of
voxels. Afterwards, the re-phasing 180°-pulse is applied in parallel to the
slice selection gradient again. The frequency encoding gradient (GF) is
switched on during signal acquisition, which happens after a time inter-
val called echo time (TE). The time between acquisition of two slices is
called repetition time (TR). The free induction decay (FID) is depicted in
the bottom row. From Hendrix [44].
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clidean space. The transformation from k- to Euclidean space is done by a
two-dimensional Fourier transformation.

Figure 11: This �gure illustrates the concept of k-space representation. Every coor-
dinate can be represented by a lattice with varying spatial frequency and
phase. The closer to the origin the lower the spatial frequency gets. From
Hendrix [44].

The contrast between di�erent tissues of an MRI image is based on the fact
that spins in various tissues have di�erent relaxation time constants. This
can be exploited to distinguish tissues depicted on an MRI image. I elaborate
on two contrasts: the T1- and T2-weighted contrast. The T1-weighted con-
trast bases on di�erent T1 constants for spins in di�erent tissues. For this
contrast, a short TR and short TE is chosen. This combination ensures to
maximize the di�erences in longitudinal relaxation of various tissues. Short
TRs emphasize di�erences in T1 between various tissues, and short TEs in-
hibit e�ects based on di�erent T2 constants. The latter is true, because it
takes time for di�erences in transversal magnetization based on T2-e�ects
to develop. This in turn means that choosing a long TE emphasizes e�ects
based on T2 di�erences, which is exploited by a T2-weighted contrast. Ad-
ditionally, in this contrast, a long TR is chosen to suppress e�ects based on
varying T1 constants. Those two contrast types have distinct features when
it comes to distinguishing tissues. The T1-weighted contrast images are char-
acterized by high intensities in white matter tracts, lower ones in gray matter,
and very low intensities in cerebro spinal �uid. For T2-weighted contrast im-
ages it is the opposite – high intensities in cerebro spinal �uid, lower ones
in gray matter, and even lower intensities in white matter. Another contrast
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is called the T∗2 -weighted contrast, which has an analog mechanism as a T2-
weighted contrast basing on the T∗2 time constant and which is important
when it comes to fMRI.

2.2 functional magnetic resonance imaging

fMRI is based on the fact that hemoglobin has di�erent magnetic proper-
ties depending on whether it is oxygenated or deoxygenated. Oxygenated
hemoglobin has diamagnetic and deoxygenated paramagnetic properties.
This dependency of the magnetic properties of hemoglobin on its oxygena-
tion level can be captured by the T2-relaxation time constant – or rather the
T∗2 -relaxation time constant. T2 increases with oxygenation level, whereby
T1 is una�ected by it. An increase in T2 yields a longer lasting transversal
magnetization, which in turn results in higher MRI signals for oxygenated
than deoxygenated blood. This dependency of the MRI signal on the oxy-
gen level of blood is called blood-oxygenation-level dependant (BOLD) ef-
fect. This e�ect is used to infer indirectly on neuronal activity in the human
cortex.

Neurons consume oxygen from the capillary bed for their metabolism.
When idle, neurons have a baseline metabolism, which results in a con-
stant transformation of oxygenated to deoxygenated hemoglobin in the cap-
illary bed. This means that in the venules there is a constant amount of de-
oxygenated blood, when neuronal activity is lacking. With increasing ac-
tivity level the oxygen consumption rises resulting in more deoxygenated
hemoglobin in the venules. The body reacts to this decrease in available
oxygen with a mechanism called supercompensation, which increases the
supply of oxygen exceeding the consumed amount. This yields a displace-
ment of deoxygenated by oxygenated hemoglobin in the venules of the cap-
illary bed. The former process of decreasing oxygen level results in a de-
creased BOLD signal, which is called the initial dip. The latter process of
supplying more oxygenated blood than is actually consumed resulting in
an increased BOLD signal in the venules is called overshoot. After the over-
shoot, the BOLD signal falls below the initial, or rather baseline level. This
process is called undershoot and completes the so-called hemodynamic re-
sponse. The shape of the hemodynamic response can be explained by the
so-called balloon-model. This model considers two sources that can vary
the amount of oxygenated blood in the capillaries – the cerebral blood �ow
and the cerebral blood volume. In the process of supercompensation in the
capillary bed, both the cerebral blood �ow and volume are increased, which
results in the rise and overshoot of the hemodynamic response. The cerebral
blood volume is varied by changing the cross-sectional area of the capillar-
ies, and has a delay compared to the cerebral blood �ow. This results in a
longer lasting expansion of the capillaries than increase in blood �ow. This
increased blood volume combined with rising deoxygenated hemoglobin lev-
els yields the undershoot of the hemodynamic response. This physiological
response is the correlate of neuronal activity. In other words, the variations
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in intensity level of a voxel over time induced by BOLD �uctuations are re-
ferred to as activity time course of this particular voxel. However, this initial
dip is too short in duration and too weak in intensity to serve as a proper
measure of brain activity. Therefore, fMRI exploits the overshoot as another
correlate of brain activity. Hence, fMRI images show the counter-intuitive
feature of rising intensity values in an active voxel.

To capture this correlate, the so-called echo planar imaging (EPI) sequence
has to be considered. Relying on [48, 44] for the following, the EPI sequence
starts with a 90°-pulse combined with a slice selection gradient. Then both
the frequency and phase encoding gradient is shortly switched on to start
at one corner of k-space. After the 180°-pulse, the typical EPI pattern of fre-
quency and phase encoding gradient starts. The frequency encoding gradi-
ent alternates in polarity, and before each switch a phase encoding gradient
is switched on. The signal is recorded during the frequency encoding phase
of either polarity. For every phase encoding step, one row in k-space is cov-
ered. By this combination of alternating frequency and short phase encoding
gradients it is possible to record one slice in around 100ms, which is the time
span of the fast decaying FID. Therefore one complete image can be acquired
within one TR. Since the FID decays with T∗2 -relaxation constant, EPI images
have a T∗2 -weighted contrast, which has comparable contrast features to the
T2-weighted contrast – bright cerebro spinal �uid, dark white matter. Figure
12A shows the EPI sequence diagram with a detailed version of the combi-
nation of frequency and phase encoding gradient in �gure 12B. Figure 12C
shows how the k-space of one slice is covered by the EPI sequence.

A common way of analyzing fMRI images is to employ the so-called gen-
eral linear model to the temporal evolution of EPI images. For every voxel
time course separately, a general linear model

x = D ·β+ ε (78)

is estimated, where x is a vector of one voxel time-series containing intensity
values of its activity time course, D is the so-called design matrix containing
at least the experimental time courses as regressors, β is the vector of pre-
dictors, and ε is the remaining error term after estimating the model. The
experimental time courses in D re�ect the experimental design. E. g. in a
block-design experiment, they are de�ned as boxcar functions convolved
with the so-called hemodynamic response function, which is a mathematical
estimate of the hemodynamic response course. This illustrates that for the
common way of analyzing fMRI data an experimental design is needed to
compare the activity time courses of voxels with. Since I am dealing with rs-
fMRI data in this thesis, I do not go into further mathematical detail concern-
ing this so-called task-based analysis by applying the general linear model.
rs-fMRI data is per de�nitionem task free. However, task-based fMRI and
task-free rs-fMRI data share certain preprocessing steps. Preprocessing is a
necessary part in fMRI investigations, since raw EPI images do not convey
the necessary quality to result in useful results after analysis.
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Figure 12: (A) This panel depicts the EPI sequence starting with the 90°-pulse and
slice selection gradientGS. Afterwards, one frequency and phase encod-
ing step, by switching on the frequency (Gf) and phase encoding gradient
(GΦ) simultaneously, focuses the acquisition to one corner of the k-space.
Then the 180°-pulse is applied to induce the spin echo. Afterwards, the
alternating frequency and phase encoding gradients (detail can be seen
in (B)) traverse the whole k-space in a pattern shown in (C). Assembled
from Hornak [48] and adjusted.
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2.2.1 Preprocessing of fMRI data

In the following, I elaborate on common preprocessing steps for fMRI data
[53]. Task-based and rs-fMRI share the following �rst steps in a preprocess-
ing pipeline.

slice timing correction: brain images are usually acquired slice by
slice, which means that there are temporal delays between the acqui-
sition of each slice. To correct for this error, adjacent time points are
used to interpolate between intensity values of two neighboring slices.

realignment: head movement cannot be avoided in fMRI scanning.
Therefore, this preprocessing step is very crucial. It is assumed that
the brain is a rigid body correcting for displacement in the six possi-
ble degrees of freedom (three translational; three rotational). By using
a cost function like the sum of squared intensity di�erences of two
images, all images are registered to match one reference image best.
This procedure results in the evolutions of displacement over time for
each degree of freedom, which are called realignment parameters.

coregistration: to also match the alignment of anatomical and func-
tional images, this preprocessing step is employed. Since those types
of images use di�erent contrasts, a cost function using di�erences of
intensity values cannot be applied. Instead, mutual information (sec.
A.1.3) of the to be aligned images is calculated and minimized.

normalization: this step corrects for the large spatial variability of dif-
ferent brains. It maps each brain into a common space (e. g. the so-
called MNI space), where ideally the structures of all brains used in the
analysis match. The transformation allows – besides the usual six de-
grees of freedom – for stretching, warping, and squeezing of the brain
images to match a template representing the common space. This step
is crucial for doing a gICA analysis, since this method assumes that
each voxel in all images correspond to the same structures.

In task-based fMRI, many trials of the same stimulus type are presented
and averaged, which eliminates noise – this averaging is absent in rs-fMRI
and therefore additional preprocessing steps are needed with this modality
[33]. There are many variations and additional preprocessing steps, but the
following are the most widely used and accepted steps.

low-pass filtering: Since most of the information for functional con-
nectivity lies in the low frequency range of ω < 0.1Hz [22], an im-
portant preprocessing step for rs-fMRI data is low-pass �ltering with
common cut-o� values ofωc = 0.08Hz or omegac = 0.1Hz [33].

temporal detrending: Like in Allen et al. [8], the removal of linear,
quadratic, or cubic trends is also common to account for di�erent
sources of noise (e. g. scanner drift).
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regressing out nuisance variables: an important preprocessing
step is to regress out nuisance variables to account for non-neuronal
noise and artifacts [33]. Commonly, representative time courses of
white matter and cerebro spinal �uid in addition to the six realignment
parameters are included in a regression model, which is applied to ev-
ery voxel or region of interest (ROI) time course, where the error
term of this calculation represents the cleaned up version of the time
course of interest [34, 65]. To get representative time courses from e. g.
white matter areas, time courses of voxels attributed to white matter
are averaged [112] – analogously for other nuisance areas.

2.3 resting-state

As an experimental – or rather pseudo experimental – paradigm, rs-fMRI
is very simple. When conducted in the setting of fMRI, subjects either rest
with eyes open �xating a �xation cross, or with eyes closed. Usually, subjects
are instructed not to fall asleep and to let the mind wander. Contrary to the
simplicity of the paradigm, the validation of the neuronal source of the signal
underlying rs-fMRI is complex. In the following, I elaborate on the discussion
about whether this signal is of physiological or neuronal origin.

2.3.1 Basis of resting state fMRI signal

In their review article, van den Heuvel and Hulsho� Pol [102] elaborate on
the origin of rs-fMRI signals. They mention that the real origin is still dis-
cussed and that there has been a debate on whether rs-fMRI bases on physio-
logical or neuronal e�ects. For the physiological hypothesis, they refer to the
possibility of aliasing e�ects introduced by higher frequency signal sources
like respiration or heart rate. For the neuronal hypothesis, they highlight
three main points: supportive evidence from neuroanatomy, frequency con-
siderations, and electrophysiology. I illustrate on those four perspectives by
elaborating on studies they refer to in more detail.

respiratory/heart rate origin: Birn et al. [13] investigate the ef-
fect of respiration on rs-fMRI data. In particular, they construct a mea-
sure for variability of breathing depth

VB =
∆belt
Tbreath

, (79)

where ∆belt is the di�erence between maximal and minimal lift of
the chest of subjects, and Tbreath is the breathing period. They �nd
that this measure shows a mean frequency of 0.03Hz, which lies in
the typical frequency regime of rs-fMRI signals. Their analysis shows
that the regions, which have the highest correlation with VB, are de-
fault mode network (DMN) areas [17], and correction for breathing
in�uence only reduces this e�ect slightly. They conclude that DMN
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regions could be involved in respiratory function, have dense vascu-
lar anatomy, or that those regions have such a high blood volume and
metabolism that the DMN just re�ects these features. In another study
[93], the heart rate variability is investigated in a similar way in rs-
fMRI. The authors measure the heart rate of each subject and assign
each EPI image a heart rate value. They de�ne the point-wise heart
rate as r = 1

∆t , where ∆t is the time interval from peak to peak in the
cardiac measurement. The evolution of r represents the variability in
heart rate. They �nd that the heart rate variability is found mostly
in low frequencies ω < 0.1Hz, which is a relevant frequency range
when it comes to analyzing rs-fMRI data. Their results suggest that
this predictor shows strong correlations in gray matter, and in partic-
ular also in DMN regions.

neuroanatomical evidence: In their study, Salvador et al. [89] per-
form an atlas-based analysis of functional connectivity by extracting
representative time courses from prede�ned ROIs. They use partial
correlation (sec. A.1.2) as association measure between the 90 ROIs.
One of their investigations employs hierarchical clustering using
dij = 1− ρ̃ij as dissimilarity measure, where ρ̃ij represents the par-
tial correlation between ROIs i and j. They �nd that at the lowest hier-
archy level, the dendrograms show symmetrical connections between
homologous, bilateral regions, and at the highest level they identify
six large clusters that have been attributed to known neuroanatomical
systems. Also at an intermediate level of clustering, they identify that
homologous regions can be attributed to gyral domains. They con-
clude that the functional connectivity architecture is closely related,
or shaped, by the underlying anatomical structure.

electrophysiological evidence: Shmuel and Leopold [92] investi-
gate in their monkey study, whether BOLD �uctuations acquired dur-
ing rest correspond to neurophysiological measures. To accomplish
that they simultaneously extract neurophysiological measures via elec-
trode and BOLD signals. To make those signals comparable, they ap-
ply Fourier transformation on time windows of 1 s of the neurophysi-
ological signal. They extract three time courses on three di�erent fre-
quency bands, and additionally the spiking rate for the 1 s time win-
dows. With this procedure, they assure that the BOLD signal and the
neurophysiological signal have a comparable temporal resolution. Be-
sides similarities in the �uctuation distribution of all measures and in
their spectra, their main �nding is that the BOLD signal shows sig-
ni�cant correlations with the neurophysiological measures. Further-
more, those correlations, they �nd, peak, if the BOLD signal lags be-
hind the neurophysiological measures several seconds. They conclude
that BOLD �uctuations seem to be more neuronal than physiological
origin strengthening the method of functional connectivity with rs-
fMRI data.
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evidence from freqency considerations: Cordes et al. [22] in-
vestigate the contribution of di�erent frequencies to correlation maps
resulting from seed-based rs-fMRI analysis. They calculate the cor-
relation coe�cient in the Fourier space resulting in a decomposition
[21]

ρ =

N−1∑
ω=1

ρω (80)

where

ρω =
N [<(ωn)<(λn) + =(ωn)=(λn)]

σiσj
(81)

with ωn and λn being the complex frequencies resulting from the
inverse Fourier transform, N the number of time points, ω running
over N− 1 discrete frequencies, and σi being the standard deviation
of activity time course of voxel vi. Cordes et al. [22] use task-based
fMRI to localize regions in the auditory, motor, and visual cortices.
They build seed-based correlation maps from seeds in those regions
and calculate the average correlation coe�cient spectra 〈ρω〉 over all
signi�cant voxels of each map. They �nd that for seeds in the audi-
tory, motor, and visual cortices the contribution to the correlation co-
e�cient comes almost exclusively from low frequencies ω < 0.1Hz
and physiological noises sources are almost absent in those spectra.
They also report that the correlation coe�cient spectra of seed vox-
els placed in a ventricle, artery, or vein result in di�erent frequency
patterns compared to the gray matter analogues.

Taken together, the majority of �ndings attribute neuronal origin to rs-
fMRI signals. This tendency is becoming more and more evident, since there
is almost a shift in the fMRI community to rs-fMRI studies at the moment.
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In this chapter, di�erent physiological and methodological ways of inves-
tigating connectivity in the human brain are elucidated. Connectivity con-
cerning the human brain is a generic term embracing all possible ways of
how connections can emerge in this neural system. This connections can be
re�ected by pure physiological ones, like e. g. white matter tracts. This type
of connectivity is called structural connectivity, since it deals with anatom-
ical structures. This is also the most canonical form of connectivity – brain
areaA connects to brain area B via axons and exchanges information. A less
canonical form of connectivity is called functional connectivity. It bases on
the assumption that brain areas exhibiting a similar temporal evolution of
activity share information and are connected in a functional manner. This
can be investigated statically and dynamically. Connectivity-states is a con-
cept resulting from dFC by extracting features from the data. The �eld in
neuroscience, which deals with connectivity, is called connectomics.

The description of connectomics in this thesis is by no means exhaustive. I
mostly focus on connectivity types that are necessary for the comprehension
of my proposed methods. For the sake of completeness, however, I elaborate
on structural connectivity. One major topic dealing with so-called e�ective
connectivity is left out. It describes the estimation of directionality in neu-
ral systems – which brain area feeds into what extracted from functional
data. Besides the fact that my proposed methods do not rely on e�ective
connectivity, it is worth mentioning that the estimation of directionality in
connectomics is problematic in general with present approaches reported by
one study [94] investigating an arti�cial neural system with known ground
truth.

Before going into detail, a general scheme can be deduced from the dif-
ferent connectivity approaches. Each mentioned form of connectivity deals
with associations between di�erent nodes in the brain. On the anatomical
level, these nodes can range from physiological entities like neurons as the
basic unit, over banks of neurons, to brain areas, which can be de�ned e. g. by
histological di�erences [16]. On the functional level, focusing on the neuro-
imaging method fMRI (sec. 2.2), the basic unit, which can be interpreted as
a node, is a voxel. The next, more coarse-grained version of a node is a non-
anatomically and non-functionally de�ned ROI. The most commonly used
shape is a spherical ROI containing a certain amount of voxels. But there are
also other de�nitions like using a cubic shape [28]. The most coarse-grained
version of a node in this context is a ROI de�ned by anatomical atlases like

43
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the AAL [85]. To accomplish that, the brains under consideration have to be
normalized to �t into a standard space (sec. 2.2.1). In this space, functionally
distinct regions are prede�ned and can be mapped onto the single brains re-
sulting in ROIs for each subject. One ROI represents one functionally distinct
brain area. This can also be accomplished by machine learning approaches
like ICA (sec. 1.2) and gICA (sec. 1.3) with the advantage of ROIs de�ned on
a single subject level. Each of those di�erent types of ROIs can be used to
represent nodes in connectivity considerations.

Let vi and vj be nodes on the human cortex and a connection between
them shall be denoted as xij. Throughout all connectivity types, a matrix
notation of this circumstance is common. The connection xij can be inter-
preted as the ij-th component in a connectivity matrix. Since connectivity
matrices are the substrate for my following analyses, let the notation for this
type of matrices be X – analogously to the data substrate notation in the in-
troduction part (part i). A connectivity matrix is symmetrical, if there is no
directionality information present, otherwise xij 6= xji is possible. Thus, the
most common scheme of representing connectivity in human neuroscience
is by using a connectivity matrix both for calculation and visualization. The
connectivity matrices X are often referred to as connectomes, which are, in
other words, the entities resulting from connectivity analyses.

3.1 structural connectivity

When focusing on MRI in the context of structural connectivity, then nodes
are mostly de�ned by di�usion MRI. I want to highlight the concept of
structural connectivity on the basis of two publications in more detail. One
study uses the structural connectome for simulations [71] and the other [43]
o�ers the basis for it via di�usion spectrum imaging.

Hagmann et al. [43] reach a �ne- and coarse-grained version of a struc-
tural connectome by the following �ve steps. First, they acquire a T1 (sec.
2.1) weighted image and DSI of each subject. Second, they do a white and
gray matter segmentation of the T1-weighted image, which are used for trac-
tography and parcellation of the cortex, respectively. Third, they estimate
the elongation of white matter �bers. Fourth, the cortex is parcellated into
n = 66 and n = 998 ROIs. Fifth, the network is constructed by assign-
ing a link xij to each pair of ROIs, i. e. nodes, vi and vj with at least one
�ber connecting them. The strength, i. e. value, of connections xij is deter-
mined by the number of �bers per unit surface, with xij being the entries of
the structural connectivity matrix XS. The two versions of their structural
connectome are shown in �gure 13. Like introduced above, the structural
connectome is represented by a symmetrical n×n matrix.

As an example of how to do physics using structural connectivity, I elab-
orate on the following investigation. In the study of Marinazzo et al. [71]
the above introduced two versions of a structural connectome are used as a
backbone in the simulation of an Ising-system. This means that the authors
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Figure 13: This �gure assembled from Hagmann et al. [43] depicts their structural
connectomes with 66 (right) and 998 (left) nodes. Each row and column
corresponds to a certain ROI. Each matrix entry represents the color
coded �ber density connecting certain ROIs. The matrices are divided
into right (RH) and left hemispheres (LH).

simulate an Ising-model

Hi = −si
∑
j

Jijsj (82)

Jij ∝ xij, (83)

where the coupling constant Jij between spins si and sj is proportional to
the entries of the structural connectivity matrix. Two of their �ndings are
that an Ising-system with such constraints also shows a phase transition on
both scales when sweeping the temperature, and they reveal nodes, which
are bottlenecks of Information �ow. Simulating Ising-systems on structural
connectivity matrices as backbones is a recent �eld in neuroscience. One
study switched to the static functional connectome as a backbone in a spin-
glass simulation [52]. This type of analysis is elaborated on in more detail
in chapter 7. In the next sections, I introduce functional connectivity in its
several variants.

3.2 static functional connectivity

Functional connectivity is a way of revealing statistical dependencies be-
tween distinct locations in the brain [96]. Those dependencies are referred
to as functional connections. To get them, the activity time courses avi(tk)
and avj(tk) of nodes vi and vj are used to calculate association measures.
The most common approach is to use Pearson’s correlation coe�cient (sec.
A.1.1)

ρij =

∑
p avi(τp)avj(τp)

σiσj
, (84)

where σi and σj refer to the standard deviation of the activity time courses
of nodes vi and vj, respectively. In this notation, the activity time courses
are demeaned. Note that we are dealing with discrete time steps τp, since
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the sampling of fMRI cannot be considered a continuous measurement pro-
cedure. Consider P the last image in an fMRI session. If p = 1, . . . ,P, then
value ρij is termed static functional connectivity between nodes vi and vj.
Thus, the static functional connectivity matrix XSF has xij = ρij as entries.
A typical example of a static functional connectivity matrix XSF is shown
in �gure 14. It is derived from the time courses of a rs-fMRI session of one

Figure 14: This �gure depicts a typical example of a static functional connectivity
matrix derived from an exemplary subject from the Human Connectome
Project. The time courses resulted from one rs-fMRI session and are cor-
related with each other. This results in the shown symmetric static con-
nectivity matrix. The time courses resulted from a gICA analysis (sec. 1.3)
and the numbers in the trace re�ect the component number. The compo-
nents are grouped into di�erent coarse-grained brain networks. (AUD)
Auditory, (SM) somato-motor, (VIS) visual, (CC) cognitive control, (DM)
default mode. The colorbar encode correlation coe�cient values. Script
adopted from P. Keck.

subject in the Human Connectome Project used in my analyses below. The
time courses are derived from a gICA analysis and the whole time courses
are correlated with each other. This means that each matrix entry repre-
sents a color coded correlation coe�cient. This matrix is solely shown for
exemplary purposes and to give the reader an idea of a static functional con-
nectivity matrix. The technical details of constructing connectivity matrices
will be explained in part ii, mostly focusing on dFC.

different network measures For the sake of completeness and for
a better understanding, I elaborate on several other association measures
used for doing static functional connectivity analysis. I highlight the advan-
tages and disadvantages of the di�erent measures by referring to a study
from Smith et al. [94]. In this study, the authors investigate the most com-
mon measures used for static functional and e�ective connectivity. I con-
centrate solely on their functional connectivity results. They simulate the
BOLD response of networks with known ground truth by estimating a bal-
loon model (sec. 2.2) on spike trains occurring at each node. I elaborate on
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their �ndings about partial correlation and mutual information compared to
Pearson’s correlation coe�cient.

Instead of plain correlation introduced above partial correlation (sec. A.1.2)
can also be used as an association measure between activity time courses of
pairs of di�erent nodes. Smith et al. [94] mention that partial correlation has
the advantage of discarding spurious correlations by regressing out the ac-
tivity time courses of nodes, which are not under consideration. This means,
the functional connectivity matrix X is constructed with the reduced, i. e.
partial, correlation values xij = ρ̃ij. In comparison to plain correlation, the
authors �nd that partial correlation performs slightly better when it comes
to the detection of the simulated network structure. They note that partial
correlation as a static functional connectivity measure results in less false
positives than plain correlation, because spurious information is regressed
out. Another association measure for static functional connectivity is mutual
information (sec. A.1.3). Smith et al. [94] mention that it has high values, if
one random variable helps predicting another, and that it employs higher
order statistics, which lack in plain correlation. Since mutual information
is symmetric in commuting the two random variables under consideration,
also the static functional connectivity matrices are symmetric. They �nd that
mutual information performs signi�cantly worse in detecting the underly-
ing network structure than the other two measures mentioned here. To be
more speci�c, they found that in most of their simulations partial correlation
as a static functional connectivity measure �nds more than 90% of the true
connections, slightly less with plain correlation, and less than 50% with mu-
tual information. Following their analyses, the widely used Pearson’s corre-
lation coe�cient as the representative of functional connectivity is a robust
and reliable measure, when it comes to network detection.

emergence of static functional connectivity Static functio-
nal connectivity is interwoven with rs-fMRI as a method. It has been the �rst
method to be applied on the �rst rs-fMRI study conducted by Biswal et al.
[14]. The authors apply seed-based correlation analysis on a single axial slice
covering the left and right primary motor area. They calculate a complete
cross-correlation matrix for all voxels of this slice lying in gray matter of
a rs-fMRI scan in eleven subjects. At that early point in static functional
connectivity in the context of rs-fMRI, the authors have been interested in
the functional connectivity of speci�c areas – the bilateral primary motor
areas. Those ROIs are determined by a �nger tapping task. As a measure
of static functional connectivity between the two primary motor cortices,
they counted the number of voxels in each of those two areas signi�cantly
correlating with the voxels from the contra-lateral area. They �nd that even
in the rs-fMRI condition a signi�cant number of voxels are correlated, i. e.
functionally connected, between hemispheres in those two regions. These
�ndings have been the �rst hints towards a non-noise source in the brain
at rest and the �rst application of static functional connectivity to rs-fMRI
data.
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3.3 dynamic functional connectivity

In recent years, there has been a shift from the static analysis of functional
connectivity to so-called dFC. One of the main studies introducing a dynam-
ical view on functional connectivity has been done by Allen et al. [8]. The
authors used rs-fMRI data from 405 healthy subjects with a session duration
of 5min 4 s and a TR = 2 s resulting in 152 EPI images for each subject. The
following description of dFC is extracted from this study.

Instead of calculating Pearson correlation ρij using whole activity time
courses originating from two distinct brain regions, like introduced above,
dFC is based on the segmentation of activity time courses avi(τp). With
τp,p = 1, . . . ,P representing the whole time course of an rs-fMRI session,
segmentation is done by using a subset τp+ξt,p = 1, . . . ,w, where w < P,
ξ ∈ [1;w], and t = 1, . . . , T such that w+ ξT 6 P. This approach is also
called a sliding window approach, which is applied in the study of Allen
et al. [8]. The window w segments the activity time courses into more or
less overlapping parts. In their study, ξ = 1 meaning that the window is
shifted by one TR every step. After segmenting the activity time courses,
Pearson correlation is calculated for each t and node pair vi and vj

ρij(t) =

∑w
p=1 avi(τp+ξt)avj(τp+ξt)

σi(t)σj(t)
, (85)

with σi(t) being the standard deviation of segment t. This results in chang-
ing connectivity over time xij(t) = ρij(t), or rather correlation functions
for each xij(t), and eventually in a set of correlation matrices {X(t)}t=1,...,T .
In �gure 15, the time evolution of such a set and single correlation functions
are depicted.

Figure 15: This �gure from Allen et al. [8] depicts the temporal evolution of functio-
nal connectivity when a sliding window approach is applied. (Top) For
each window a correlation matrix is calculated, which results in a set of
correlation matrices varying over time. (Bottom) Each of the matrix en-
tries is represented by a correlation function. Here, the evolution of �ve
di�erent entries over time is depicted.
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Since I rely on the analysis pipeline introduced by Allen et al. [8], I illus-
trate their concept of dFC analysis on time courses resulting from a gICA
analysis on rs-fMRI data here, and elaborate on it in more detail in section
4.2 when using the data set employed in this thesis. Their concept is to rep-
resent the single subject data matrices by a decomposition resulting from
gICA Yi = TiSi, where the Ti contain the time courses corresponding to
the spatial ICs in Si. This means, by applying gICA on the EPI images they
get spatial maps of certain brain areas, representative for the whole group
of subjects. Then, by back reconstructing to the single subject level, they
get the time courses Ti corresponding to the spatial ICs Si for each subject
separately. Afterwards, on those time courses a sliding window procedure is
applied resulting in a set of correlation matrices {Xi(t)}t=1,...,T−w for each
subject. The temporal variability of functional connectivity is captured in
those sets of correlation matrices. Figure 16 illustrates the approach of Allen
et al. [8].

Figure 16: From Allen et al. [8] and adjusted. (A) summarizes the application of gICA
on rs-fMRI data from the single subject data matrices Yi,N×V , over the
group ICs representing certain brain areas, to the representation of the
single subject data matrices via back reconstructed single subject time
courses Ti and spatial ICs Si. (B) Here, stationary, or rather static, func-
tional connectivity is contrasted to dFC. In the static case, whole time
courses are used for constructing the representative correlation matrix.
In the dynamic case on the right, the application of the sliding window
approach on the time courses Ti is depicted. A correlation matrix is de-
rived from each segment of the time course resulting in a set of correla-
tion matrices for each subject {Xi(t)}t=1,...,T−w.

In summary, independent of the type of nodes vi, there are two crucial
steps for tracking the variability of functional connectivity over time. First,
segmenting the activity time courses of interest avi(τp), and second, cal-
culating association measures between pairs of nodes vi and vj for each
segment separately. For my analysis below, I decided to stick with nodes
represented by brain areas resulting from gICA applied on rs-fMRI data.
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3.4 connectivity-states

The concept of so-called connectivity-states, on which I am elaborating in
this section, has also been introduced by Allen et al. [8]. Concerning the
following text, I rely on their description of a connectivity-state.

Consider Xi(t) one connectivity matrix derived from time course seg-
ment t having dimensions C×C, with C being the number of used nodes.
As introduced above, the association measure for calculating connectivity
shall be Pearson correlation. This results in a symmetrical matrix Xi(t) with
R =

C(C−1)
2 unique entries. Each of those matrix entries can be interpreted

as a dimension in an R-dimensional space. By the temporal variability of
functional connectivity introduced by dFC analysis, the correlation coe�-
cients of each entry xij(t) in Xi(t) varies over time, which is equivalent to
a change of the value on the corresponding dimension in the R-dimensional
space. This means that each correlation matrix Xi(t) can be represented as
one data point in this R-dimensional space and the set of correlation matri-
ces from all subjects {Xi(t)}t=1,...,T−w;i=1,...,n populates this space. This is
the starting condition after dFC analysis to extract connectivity-states.

The idea behind this concept is that each subject traverses a certain trajec-
tory in this high-dimensional space, where each Xi(t) represents one data
point on this trajectory, and that there are stable patterns of connectivity
common to all subjects. Consider C a stable pattern. In the view of dFC rep-
resented in a high-dimensional space, a stable connectivity pattern means
that Xi(t) = C for a considerable number of time steps t. This would be the
ideal case, where the time evolving connectivity Xi(t) stays constant for a
certain time interval, de�ning one stable pattern. When dealing with real
data, such an ideal case cannot be expected. Assuming that there are com-
mon intrinsic stable patterns, noise and variability between subjects yields
a blurring of those patterns deviating from a single point in R-dimensional
space. This means that a stable pattern is not de�ned as a single point C in
R-dimensional space, but rather as a cluster of several connectivity matrices
Xi(t) in the vicinity of C.

Following this line of thought, assuming that there are such stable pat-
terns present in the data, an appropriate way of extracting them is to apply
clustering algorithms, like k-means clustering, on the set of correlation ma-
trices {Xi(t)}t=1,...,T−w;i=1,...,n. The k-means algorithm (sec. 1.4) extracts
a prede�ned number of clusters k. Those clusters are represented by cen-
troids Cz, z = 1, . . . ,k, which are then termed connectivity-states. Here,
we stick with matrix notation instead of the introduced vector notation of a
centroid cz, since our substrate consists of connectivity matrices. The logic
is the same as in the introductory section. Each connectivity matrix and
connectivity-state can also be written as a column vector with R entries.

In their study, Allen et al. [8] suggest that there are seven connectivity-
states inherent to their data set. They attribute distinct function to each of
those states. In �gure 17, those seven connectivity-states are shown. Each
matrix represents a centroid Cz resulting from k-means clustering. They
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In the sense of ICA, a
resting state
network consists of
brain regions that
are intrinsically
connected and
therefore show up in
one IC [8].

arrange their resting state networks (RSNs) resulting from gICA in sub-
cortical (SC), auditory (AUD), somatomotor (SM), visual (VIS), cognitive-
control (CC), default mode (DM), and cerebellar (CB) networks. The authors
describe state 1 as the connectivity-state resembling the static functional
connectivity, which also has the highest occurrence probability. They found
that most of the states exhibit anti-correlations of the default mode RSNs
with sensorimotor RSNs, and that the latter RSNs often fuse with the other
sensory RSNs (AUD + VIS) to a large module. They mention states 6 and
7 showing positive correlations of some default mode regions with sensori-
motor regions, and state 4 shows a positive correlation of some frontal with
default mode RSNs, which are typically un- or anti-correlated. Moreover,
they describe an additional feature of discrimination between the connectiv-
ity-states, which they found in the functional connectivity of subcortical and
cortical regions. They highlight that state 3 exhibits anti-correlation of sub-
cortical and sensorimotor RSNs in contrast to the remaining states, where
this correlation tends to be positive, and that the typical default mode behav-
ior vanishes in state 3.
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Figure 17: Taken from Allen et al. [8]. In this �gure, the seven connectivity-states
from the study of Allen et al. [8] are shown. Each matrix represents a cen-
troid resulting from k-means clustering. The RSNs are arranged in sub-
cortical (SC), auditory (AUD), somatomotor (SM), visual (VIS), cognitive-
control (CC), default mode (DM), and cerebellar (CB) networks.



Part II

F R E Q U E N C Y- R E S O L V E D D Y N A M I C F U N C T I O N A L
C O N N E C T I V I T Y

The following part reports the main ideas and results of my de-
veloped approaches. I start by describing the process of creating
time courses by means of gICA and frequency-resolving them
using MEMD and Butterworth �lter banks (ch. 4). Next, I intro-
duce di�erent frequency-resolving methods to the �eld of dFC.
The resulting frequency-resolved dynamic functional connec-
tivity (frdFC) identi�es connectivity-states as a multiscale en-
tity, besides the already known multivariate properties. I apply
a sliding window procedure on the MEMD decomposed time
courses of rs-fMRI data (sec. 5.2). Using this method, I develop
the approach of entering frdFC. Since MEMD has properties of a
dyadic �lter bank [82], in a post hoc analysis I investigate the ap-
plication of a sliding window procedure on time courses decom-
posed by Butterworth �lter banks on the same datasets (sec. 5.3).
Both ways of entering frdFC reveal scale-invariance features
of data-inherent connectivity-states. This claim is strengthened
by simulations of dFC traversing arti�cial connectivity-states
(sec. 5.4). The usage of GLASSO procedure is justi�ed in section
5.5. The main results and ideas of this part can be found in an
arXiv.org publication [40], which serves as a backbone for the
following chapters. For my studies I rely heavily on the GIFT
toolbox3 and its functions. I use, adopt, and change scripts con-
veyed with this toolbox – and also use code snippets of GIFT
toolbox functions for assembling code.

3 http://mialab.mrn.org/software/gift/

http://mialab.mrn.org/software/gift/




4
D ATA S E T A N D E X T R A C T I O N O F T I M E C O U R S E S

"What I cannot create,
I do not understand."
(Richard P. Feynman)

In this chapter, the data set and extraction of time courses by means of
gICA are explained. The pipeline of this extraction – starting from the EPI
images entering gICA to the preprocessing of the time courses Ti resulting
from this decomposition – is adopted from the study of Allen et al. [8].

4.1 data-set

The data used in this thesis originates from the so-called Human Connec-
tome Project4 [103], which o�ers freely available rs-fMRI data for download.
Because subjects are acquired over the course of �ve years, there are sev-
eral versions of the data. I use, from the so-called S500 release, a preselected
bundle of 100 non-related subjects. Those subjects have undergone four rs-
fMRI sessions á 14.4min resulting in n = 400 sessions. In each session,
1200 images with a repetition time of TR = 0.72 s and an echo time of
TE = 33.1ms are acquired using a gradient-echo EPI sequence. Flip angle
for the EPI images was 52° with an �eld of view of 208mm× 180mm, 72
slices are acquired with a slice thickness of 2mm yielding a voxel resolution
of 2mm × 2mm × 2mm. For this purpose, customized 3T MRI scanners
at Washington University have been used employing multi-band technique
with 8 band factor [74, 29, 90, 111]. Three versions of preprocessed data are
available for download: unprocessed, minimally preprocessed, and fully pre-
processed including ICA-FIX denoising [39, 55, 56, 30, 95, 88, 42]. I choose the
latter preprocessing level for the data, to have the most noise free material
available. This includes structural preprocessing, and regressing out move-
ment covariates and artifact time courses extracted by means of ICA from
voxel time-series. The acquired EPI images are spatially smoothed by a Gaus-
sian kernel with an full width at half maximum of 5mm× 5mm× 5mm
using SPM5 software package for MATLAB. To account for magnetization
saturation e�ects, the �rst �ve images of each session are discarded yielding
T = 1195 images in total for each session.

4 http://humanconnectome.org/
5 http://www.fil.ion.ucl.ac.uk/spm/
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4.2 extracting time courses using group ica

The EPI images enter the gICA processing pipeline described in section 1.3.
For the application of gICA on the used rs-fMRI data, I use the GIFT Tool-
box3 and with it relying the following work�ow on the one introduced in
the study of Allen et al. [8]. The data matrix XnT×N consists of the T EPI
images from all n sessions concatenated in the row dimension, and the col-
umn dimension represents theN = 193965 voxels of the three-dimensional
images reshaped to a row vector. This spatial dimension is further reduced
by applying a mask to the functional data only including important vox-
els. The voxel time courses are normalized in variance by linear detrending
and z-scoring as a preprocessing step. In the single session data reduction
step, each data matrix Xi,T×N with i = 1, . . . ,n is reduced to K = 45 PCs
in the row dimension resulting in the reduced single session data matrices
Yi,K×N = Wi · Xi. Those matrices are concatenated in the row dimension
yielding ỸnK×N and then the group data reduction step is applied on the
resulting matrix extracting L = 30 PCs yielding ỸG,L×N = WG · Ỹ. For
PCA the expectation maximization algorithm [87] is used. On the group re-
duced data matrix, the Infomax algorithm [12] is applied extracting L ICs
SL×N = A−1 · ỸG employing the ICASSO procedure [47] for estimating
robust ICs by repeating the Infomax algorithm ten times with di�erent ini-
tial conditions. The back reconstruction step using the GICA3 approach [27]
yields the representation Xi = W−1

i ·W
−1
G,i · A · Si with W−1

G,i resulting
from matrix partitioning. For each of the 30 ICs in Si there is a correspond-
ing time course in Ti ←W−1

i ·W
−1
G,i ·A. Some of the 30 ICs, which I refer to

as RSNs, contain mostly signal representing activity of certain brain areas.
However, there are ICs representing so-called artifactual sources originat-
ing from sources like blood vessels, ventricles, movement, or white matter.
A generic problem of ICA decompositions is to classify signal ICs from ar-
tifactual. I follow an approach used by Allen et al. [7] and introduced by
Robinson et al. [84]. The authors propose to use two characteristics derived
from the spectra of the ICs. They suggest, for each IC in S, to calculate the so-
called high-to-low-frequency ratio (LF to HF ratio) using the average spectra
of the corresponding time courses from all sessions. They de�ne the ratio
as the fraction of two areas under the average spectrum – the area of the
low-frequency band ranging from 0Hz to 0.1Hz, and of the high-frequency
band ranging from 0.15Hz to 0.25Hz. As a second classi�cation criterion,
they introduce the so-called dynamic range, which represent the di�erence
of the maxima of the curve in the low- and high-frequency band. The two
measures are depicted in �gure 18. Allen et al. [7] use those measures as two
dimensions in a plot shown in �gure 19, where each IC is represented as one
point. This �gure shows the result of the classi�cation of the ICs resulting
from the decomposition of the data used in this thesis. Visual inspection (�g.
20A) of ICs 7, 15, and 17 allow to conclude that these are artifactual ICs rep-
resenting ventricles (IC 7), blood vessels (IC 15), and white matter (IC 17)
as sources. ICs 10, 12, and 13 represent basal ganglia, cerebellar, and visual
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Figure 18: This �gure depicts the two measures used by Allen et al. [7], Robinson
et al. [84] to classify signal and artifactual ICs on an exemplary spectrum.
The authors de�ne the dynamic range as the di�erence of the maxima of
the two frequency bands, and the low-frequency-to-high-frequency ratio
as the fraction of the area under the curve of those two bands. From Allen
et al. [7].

Figure 19: This �gure depicts the classi�cation scheme from Allen et al. [7], Robin-
son et al. [84] applied on the data used in this thesis. The ICs are classi�ed
into 24 RSNs and 6 artifactual/noisy components. Numbers represent the
di�erent ICs from S.
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cortex sources, respectively, but their spectral characteristics are compara-
bly bad or worse than those of the ’best’ artifact IC. To decide, which of the
ICs showing low values in both measures to discard, I evaluate my approach
described below for data sets containing 27, 26, and 24 RSNs. In the data set
with 27 RSNs, ICs 10, 12, and 17 are discarded as artifactual. In the data set
with 26 RSNs, ICs 10, 12, 17, and 13 are discarded as artifactual. And in the
data set with 24 RSNs, ICs 10, 12, 17, 13, 15, and 7 are discarded as artifac-
tual. For all three types of data sets, comparable preliminary results show up.
Therefore, I decide to use the most conservative data set containing 24 RSNs
in order to deal with noise free data. The time courses of those 24 RSNs are
the substrate for the following analyses. Additionally, the spatial maps Si
are z-scored and are shown in �gure 20. Before resolving time scales into
separate frequency bands and before doing the standard dFC approach, Ti
undergo certain preprocessing steps. To get rid of trends in the time courses,
I apply detrending up to cubic polynomial degree. Additionally, so-called de-
spiking is conducted, where outliers in intensities, presumably induced by
motion, are removed by spline interpolation using clean parts of the remain-
ing time course. A similar approach can be found in the study of Power et al.
[79]. Last, a low-pass �lter is applied to all time courses in each Ti with a
cut-o� frequency ofωc = 0.15Hz.

4.3 freqency-resolved time scales

In the next sections, I describe di�erent methods of decomposing Ti into
separate frequency scales. I adopt the term frequency scale from EMD litera-
ture (see e. g. [68, 3, 23]) and also extend this term to time-series covering dif-
ferent frequency ranges resulting from other decomposition methods. The
decomposed time scales are referred to as Ufi , which are IMFs in the case
of MEMD as decomposition method and time-series evolving on di�erent
frequency ranges otherwise.

4.3.1 MEMD

The �rst way of getting frequency-resolved time scales is conducted by ap-
plying the MEMD approach introduced in section 1.5.3 on each Ti. To ac-
complish that, I modify the script6 provided by Rehman and Mandic [81]
to conduct the ensemble noise-assisted MEMD instead of plain MEMD. The
preprocessed Ti enter the MEMD pipeline and IMFs are extracted. For each
IMF Ufi an ensemble of 30 realizations is created adding 4 noise channels to
the 24 signal channels. Noise is generated for each realization with a noise
amplitude of 6% of the signal power averaged over all signal channels. The
low-pass �ltering restricts the time courses Ti to similar frequency ranges
for each i. This yields a comparable number of IMFs over all sessions and
realizations. The most common number of IMFs is 10 in preliminary runs.

6 http://www.commsp.ee.ic.ac.uk/~mandic/research/memd/memd_version_2.
zip

http://www.commsp.ee.ic.ac.uk/~mandic/research/memd/memd_version_2.zip
http://www.commsp.ee.ic.ac.uk/~mandic/research/memd/memd_version_2.zip
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Figure 20: This �gure depicts the result of the gICA decomposition of the 400 rs-
fMRI sessions and the MEMD decomposition of the time courses corre-
sponding to those RSNs. (A) shows three slices of each RSN intersect-
ing in the peak activation voxel. The threshold for activated regions is
chosen to be z > 2 and the color range depends on the largest voxel
value of the spatial activation map. Each IC represents the z-scored aver-
age over all 400 corresponding single-subject components. The RSNs are
grouped into cerebellar, basal ganglia, auditory/sensorimotor (AUD/SM),
cognitive control/visuospatial planning (CC/VSP), visual (VIS), and at-
tentional/default mode networks (DM/AT). Additionally, the three arti-
factual components are also shown. In the bottom left of panel (A), the
arrangement of the RSNs is shown in the average dFC matrix over all ses-
sions. The numbers on the diagonal correspond to the IC numbers. Ab-
breviations: Superior Temporal Gyrus (STG), Central Gyrus (CG), Supe-
rior Parietal Lobule (SPL), Inferior Parietal Lobule (IPL), Superior Frontal
Gyrus (SFG), Medial Frontal Gyrus (MFG), Middle Frontal Gyrus (MiFG),
Inferior Frontal Gyrus (IFG), Inferior Occipital Gyrus (IOG), Middle Oc-
cipital Gyrus (MiOG), Middle Temporal Gyrus (MiTG), Lingual Gyrus
(LinG), Supramarginal Gyrus (SMG), Frontal Lonule (FL), Parietal Lobule
(PL), Precuneus (PC), Angular Gyrus (AG), Temporal Lobule (TL), Supe-
rior Frontal Gyrus (SFG). (B) Shows the MEMD decomposition of the
original time courses Ti on the left with the applied sliding window ap-
proach resulting in correlation matrices XSi (t), and on the right this is
analogously depicted for two exemplary IMFs (U4i and U6i ) resulting in
frdFC XI4i (t) and XI6i (t). All connectivity matrices in this �gure depict
non-transformed correlation coe�cients.
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Since MEMD results
in multivariate IMFs,
I distinguish between

IMF projections
and IMFs. The

former represents the
projection of the
multivariate IMF
onto one of the

dimensions, which
can be seen

analogously to an
IMF resulting from
plain EMD. In my

case, such a
projection represents

the time course of
one RSN/IC.

I use this information to adjust the algorithm to result in at least F = 10

IMFs by discarding realizations with less than 10 extracted IMFs [38]. The
discarded realizations are replaced by ones with at least 10 extracted IMFs.
This procedure ensures that no residual was taken into account when creat-
ing the ensemble averaged IMF Ufi for each index f = 1, . . . , 10. The noise
channels are discarded from the data as well as IMFs with indices above
10 before creating the ensembles. The procedure is depicted in �gure 20B,
where projections of two exemplary IMFs (U4i and U6i ) are shown. All 10
projections from one IC of one IMF is shown in �gure 21A.

I investigate the spectral characteristics of the MEMD decomposition. Like
mentioned by Mandic et al. [70], I �nd that mode alignment works well with
each IMF index resulting in a narrow frequency band (�g. 21B). This is esti-
mated by calculating the instantaneous frequencies for all projections of Ufi
using HHT6 (sec. 1.5.4) and averaging over all time points and RSNs for each
f. This results in a characteristic frequency for each f and i resulting in 400
data points for calculating the depicted box-plots. Additionally, I calculate
the power spectra of each RSN time course in each Ufi and average the spec-
tra over all sessions and RSNs. The resulting spectra are normalized to the
maximum value to investigate the extent of overlapping. Visual inspection
of �gures 21B and C allows to conclude that the resulting frequency bands
are narrow and minimally overlapping. Only scales 1 and 2 show overlap-
ping spectra, which can be attributed to the fact that IMFs of these indices
mostly contain noise. Additionally, I calculate the average cross-correlation
and covariance matrices of all IMF projections. This was accomplished by cal-
culating the covariance and correlation coe�cient of each possible pairing
of IMF projections of di�erent scales. Afterwards, the resulting covariance
or correlation matrices for each IMF projection is averaged – over RSNs and
sessions. The resulting matrices (�g. 22) illustrate that there is only slight co-
variance/correlation between IMFs of adjacent scales, which also con�rms
the low extent of mode mixing.

4.3.2 Butterworth �lter banks

As a next approach, I use Butterworth �lter banks to decompose the time
courses Ti into frequency-resolved time scales Ufi . To accomplish that I rely
on advice, suggestions, and scripts provided by Prof. Dr. A. Tomé. One im-
portant di�erence between using MEMD and Butterworth �lter banks as
frequency decomposition methods is the data-driven manner of the former
one. Since �lter banks are not data-driven, several parameters have to be pre-
de�ned: �lter bandwidth, �lter order, number of bands f. Preliminary results
show that the narrow frequency scales shown in �gure 21B – especially in
the low frequency scales – cannot be emulated properly using a �lter bank.
Therefore, �lter banks with constant bandwidth and varying number of ex-
tracted bands F are used. In general, for the lowest frequency band, a low-
pass �lter is used. All other bands are extracted applying band-pass �lters.
Additionally, two types of �lter banks are employed. One with constant or-
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Figure 21: (A) This panel shows the result of the decomposition using the MEMD
approach. At the top, the original time course is shown followed by the
projections of Uf322 for f = 1, . . . , 10 representing IC 19. (B) depicts
box-plots of the representative instantaneous frequency for each scale
#IMF separately. Every box-plot was derived from 400 data points, each
representing one session as the average instantaneous frequency over
all RSNs and time points. (C) shows the average power spectra of the
scales derived from all IMFs. Each spectrum represents the average over
all sessions and RSNs. The spectra are normalized to the maximum value
for investigating the extent of overlapping.
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Figure 22: (Left) This panel shows the average of the correlation matrices resulting
from correlating each possible pairing of IMF projections between dif-
ferent scales #IMF. This means for each IMF projection one correlation
matrix results, and averaging is done over all RSNs and sessions. (Right)
This panel shows the same for covariance of IMF projections between
di�erent scales.

der for all �lters and one with adjusted �lter order. In the constant case, one
order is chosen for all �lters to result in a stable pole behavior. In the ad-
justed case, �lter order is chosen to result in merely stable pole behavior. In
other words, for each band a �lter order is chosen to result in highly narrow
frequency pro�les of Ti.

I choose to use �lter banks with a number of extracted frequency scales
of F = 5, 8, 10, 12, 15. The bandwidth ∆ω of each �lter bank is selected to
separate the frequency range ω = [0; 0.15Hz] of the original time courses
Ti into disjunct frequency scales f with constant bandwidth ∆ω = 0.15Hz

F .
In the case of a constant �lter order for each extracted band, �lter order is
chosen to be 10 for f = 5, 8; 8 for f = 10, 12; 6 for f = 15. For the adjusted
case, the �lter orders are shown in table 1. In �gure 23 the time-series and

Table 1: In this table, the �lter order used for the Butterworth �lter banks in the
adjusted case are shown. Note that the �rst frequency scale f = 1 is realized
by a low-pass �lter and all other f by band-pass �lters. F is the number of
scales that are extracted by applying �lter banks on the time courses Ti.

f

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

5 12 6 6 7 8
8 10 4 5 6 6 7 7 7

F 10 9 4 5 5 5 6 6 6 6 7
12 9 4 4 5 5 5 6 6 6 6 6 6
15 8 3 4 4 5 5 5 5 5 5 6 6 6 6 6

spectrum characteristics resulting from the application of a �lter bank with
constant �lter order extracting 10 frequency scales is depicted. In panel 23B
an estimation of the frequency range over all sessions is analogously calcu-
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lated to the estimation done in �gure 21B. Since the �lter bank procedure
does not ensure stationary time courses on di�erent frequency scales, the
HHT is not applicable. To circumvent this issue, I calculate the Fast Fourier
transform of the time courses of each RSN in Ufi and average the resulting
spectra over all RSNs. This yields a representative spectrum for each of the
400 sessions and 10 frequency scales. The data points for each box-plot in
�gure 23B are the frequencies, at which the representative 400 spectra peak.
This means that for each frequency scale again 400 data points are taken into
account when building the box-plots. The equidistant, constant bandwidth
of the extracted frequency scales is evident.
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Figure 23: (A) This panel shows the result of the decomposition using a Butterworth
�lter bank with constant �lter order and 10 extracted frequency scales.
At the top, the original time course is shown followed by the scales Uf322
for f = 1, . . . , 10 representing IC 19. (B) depicts box-plots of the repre-
sentative peak frequency for each scale f separately. Every box-plot is
derived from 400 data points, each representing one session as the peak
frequency of the average spectra over all RSNs. (C) shows the average
power spectra. Each spectrum represents the average over all sessions
and RSNs. The spectra are normalized to the maximum value for investi-
gating the extent of overlapping.





5
F R E Q U E N C Y- R E S O L V E D D Y N A M I C F U N C T I O N A L
C O N N E C T I V I T Y

"I don’t know anything,
but I do know that everything is interesting,

if you go into it deeply enough."
(Richard P. Feynman)

In this chapter, I describe the dFC procedures used in this thesis. First,
I replicate the approach of Allen et al. [8] on the data introduced in sec-
tion 4.1. In the next sections, I apply the same sliding window procedure on
frequency-resolved time scales resulting from MEMD and Butterworth �lter
banks. On each of those sets of correlation matrices resulting from di�erent
time-series, k-means clustering is employed to extract connectivity-states.

5.1 standard dynamic functional connectivity on the hu-
man connectome project data

In section 3.3, I have introduced the concept of dFC. In this section, I describe
in detail the parameters used for applying dFC on the Human Connectome
Project data set, and in parallel the detailed method Allen et al. [8] uses, on
which I rely on. This means that the work�ow introduced here bases on the
study of Allen et al. [8] and the given sequence from the MATLAB toolbox
GIFT, which has a dFC plugin. Furthermore, the following results also serve
as replication of both, the standard dFC procedure, and the subsequent ap-
plication of k-means clustering to extract connectivity-states.

The sliding window procedure is applied with a window size ofw = 80TR,
which resembles a time interval of 57.6 s. I choose to use a boxcar shape for
the used windows instead of the tapered, Gaussian windows used in the
original study. I investigate the in�uence of switching from tapered to box-
car windows and �nd similar results in the evolution of dFC between the
two types of windows. The sliding window procedure is �rst applied on the
time courses resulting from gICA Ti with a step size of α = 1TR. This re-
sults in T −w = 1115 time steps, or rather, correlation matrices in total for
each of the n = 400 sessions7. The correlation matrices are estimated us-
ing the so-called GLASSO procedure for estimating precision matrices [36].
This implementation in the GIFT toolbox is based on the fact that in dFC
the time courses used for creating correlation matrices are relatively short,
which can lead to problems when estimating correlation coe�cients [104].

7 Because of a rounding error, the �rst window is always discarded when the sliding window
procedure used in this thesis is applied. Holds whenever the sliding window method is ap-
plied in this thesis.

65
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Additionally, the correlation coe�cients are Fisher transformed by applying
atanh.

After the application of the sliding window procedure on the preprocessed
Ti, the k-means clustering algorithm is applied on the complete set of corre-
lation matrices {Xi(t)}t=1,...,T−w;i=1,...,n. The clustering algorithm is
started with initial conditions derived from a single k-means++ [9, 38] run.
For the following analyses, k = 2, . . . , 10 centroids, or rather connectivity-
states, have to be extracted. The k-means algorithm runs up to maximally
200 iterations using a city-block distance measure. Centroids are calculated
using the component-wise median. The extracted connectivity-states for
each k can be seen in the top row of �gures 53, 54, 25, 55, 56, 57, 58, 59,
60. The connectivity-states resulting from the standard dFC procedure are
arranged concerning their occurrence probability beginning with the most
frequent connectivity-state on the left-hand side.

In the following, I compare those connectivity-states with the ones de-
rived by Allen et al. [8] depicted in �gure 17. I refer to their connectivity-
states with the pre�x A. Since frdFC and scale stability analysis below show
that four connectivity-states seem to be the most valid number of data in-
herent connectivity-states, I restrict the comparison to the four connectivity-
states shown in �gure 25. I can identify state A1 in all k-means runs, which
Allen et al. [8] refer to as the state resembling static functional connectivity.
This state can be found in column S1b in �gures 53, 54, 25, 56, 57, 58, 59, 60.
State A2 can also be identi�ed in the data used in this thesis. It has a typical
pattern showing mostly DMN components anti-correlating with most of the
other components. This state can be found in column S2b in �gure 25, and
column S3b in �gures 54, 55, 58, 60. State A3 resembles the states in column
S2b in �gures 53, 54; S4b in �gure 25; S5b in �gures 55, 56; S7b in �gure 57;
S8b in �gures 58, 59; S10b in �gure 60. In this state the anti-correlation of the
DMN components is absent, which serves as a unique characteristic assign-
ing those states to state A3. State A4 shows slight anti-correlation of some
cognitive control network components with mostly auditory, somatomotor,
and visual components. This behavior can be found in states corresponding
to column S3b in �gure 25; S4b in �gures 55, 56; S6b in �gures 58, 59; S10b
in �gure 60. I want to highlight the most dominant anti-correlation found
for the components 24 and 25 in the data used in this thesis resembling the
brain areas intraparietal lobule, middle frontal gyrus, inferior frontal gyrus
(see �g. 20A, bottom left). Those brain areas can also be found in the above
mentioned slightly anti-correlating cognitive control network components
of state A4.

This results suggest that standard dFC analysis applied on the data set
used in this thesis yields comparable results with the used parameters and
settings. This is encouraging for the following alterations introduced by
frdFC analysis.
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5.1.1 Choosing a boxcar function as window shape for sliding window proce-
dure

The choice of a boxcar shape for the sliding window procedure is justi�ed
by its application on time-series evolving on low frequency scales and its im-
plementation in the GIFT toolbox. In the GIFT toolbox, the sliding window
procedure is implemented by convolving a boxcar with a Gaussian function
resulting in a tapered window. This function is de�ned on the whole time
course as a vector instead of restricting it to the values de�ning the window,
which means that there are zero entries in this vector besides the non-zero
entries de�ning the window. Since the size of the window w = 80 is small
compared to the whole time course T = 1195, the additional zeros in the
vector introduce spurious correlation depending on the mean of the time
course segment in the window. This spurious correlation is introduced, be-
cause the time courses are z-scored before correlation. This yields non-zero
values for entries with value zero, which in turn introduces the above men-
tioned spurious correlations. Additionally, in the GIFT toolbox, the tapered
window erroneously overlaps in the beginning and at the end of the time
course introducing unnecessary noise to the derived functional connectiv-
ity. To avoid both the additional zeros and the additional noise, I decide to
use a boxcar function restricted only to the segment of the time course of
interest. Figure 24 illustrates both issues on the basis of the implementation
of a tapered window for the �rst time step.
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Figure 24: This �gure depicts a tapered window implementation of the GIFT tool-
box. The two issues of additional zeros and overlapping parts of the win-
dow in the beginning and at the end of the vector are obvious. This is the
implementation of a window used for the �rst time step. The erroneous
overlapping is also a problem for the windows of the last few time steps.

5.2 freqency-resolved dynamic functional connectivity by
means of memd

The next step in this thesis is to apply a frequency decomposition of time
courses Ti before employing the sliding window procedure. This is done
by using MEMD (sec. 1.5.3) �rst, followed by post hoc analysis using But-
terworth �lter banks. Using a data-driven approach like MEMD as the �rst
means of choice is sensible, since the number of data inherent frequency
scales is unknown.
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The extraction of time courses used for entering frdFC have been de-
scribed in section 4.3.1. For each session i frequency scales de�ned by the
resulting IMFs Ufi result, with f = 1, . . . , 10. On each Ufi a sliding window
procedure with the same parameters introduced in section 5.1 is applied.
Correlation values are also Fisher transformed. This results in frequency-
resolved sets of correlation matrices

{
XIfi (t)

}
t=1,...,T−w

for each session i
and frequency scale f.

On the whole sets of correlation matrices
{

XIfi (t)
}
t=1,...,T−w;i=1,...,n

for each frequency scale f, k-means clustering is applied to extract connec-
tivity-states on each frequency scale. Analogously to the application on the
original time courses Ti, k-means is applied extracting k = 2, . . . , 10 con-
nectivity-states. Analogously to the standard dFC case, the k-means algo-
rithm runs up to maximally 200 iterations using a city-block distance mea-
sure, and centroids are calculated using the component-wise median. The
clustering algorithm is initialized ten times with varying initial seeds. The
seeds are derived by one run of the k-means++ algorithm before each of the
ten main runs. This procedure reduces the risk that results from the cluster-
ing approaches are dependent on the initial seeds. For each k-means run,
F× k connectivity-states are extracted. Those F× k plot arrays are shown
in �gures 25, 53-60. In those �gures, non-transformed correlation values are
shown.

5.2.1 Robustness of connectivity-states over frequency scales

Visual inspection of the F× k connectivity-states for each k over all F fre-
quency scales reveals similarities in their structure over separate scales. The
�rst step towards the quanti�cation of the extent of similarity of connectiv-
ity-states over scales is the application of ordering algorithms to the arrays
of the F× k connectivity-states (see �g. 25 as an example with k = 4). I em-
ploy a self-developed, but suboptimal, ordering algorithm and the optimal
solution of such an assignment problem by using the so-called Hungarian
algorithm [61]8. Applying two di�erent ordering algorithms strengthens my
results concerning reliability. Before the ordering procedure, the correlation
values of the used connectivity-states are Fisher back transformed applying
tanh to compare the original correlation structure.

The suboptimal algorithm (alg. 4) correlates – in a second-order correla-
tion manner – each correlation matrix XIf+1

j of scale f+ 1 and column l in
the plot arrays with the average of the correlation matrices X

I1...f
j over scale

1, . . . , f, which then is the representative of column j of the F × k array.
By exploiting this information, the algorithm checks, whether it is possible
to uniquely assign each connectivity-state of scale f+ 1 to one connectivity-

8 For the application of the Hungarian method, I rely on scripts of-
fered by http://www.mathworks.com/matlabcentral/fileexchange/
6543-functions-for-the-rectangular-assignment-problem. Using the Hun-
garian algorithm was suggested by a journal reviewer.

http://www.mathworks.com/matlabcentral/fileexchange/6543-functions-for-the-rectangular-assignment-problem
http://www.mathworks.com/matlabcentral/fileexchange/6543-functions-for-the-rectangular-assignment-problem
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Algorithm 4 Ordering states over di�erent frequency scales

Input: XIf
j correlation matrix of scale f and column j

1: for nIter = 1 : numIter do
2: Shu�e scales
3: Check, if unique assignment of states from scale f+ 1 to the average

of the preceding scales is possible by

lj = arg
{

max
∀l

[
corr

(
X
I1...f
j , Xf+1l

)]}
, ∀j

4: Assign lj to corresponding j,∀j with lm 6= ln,∀m,n
5: Get all states with lm = ln and assign lm with maximum correla-

tion coe�cient, go to step 2) with remaining unassigned states
6: After all states are assigned go to step 2) and increase scale index f

by one
7: After �nal scale is aligned, save con�guration and go to step 1)
8: end for

state of the preceding scale f concerning their similarity. For this assignment
problem, the average over the preceding 1, . . . , f scales is taken to avoid out-
lier sensitivity. If it is not possible to uniquely assign all states in the �rst run,
then there are several connectivity-states of scale f+ 1 showing highest cor-
relation values on the same connectivity-state of scale f. In this case, the al-
gorithm assigns the connectivity-state of scale f+ 1 correlating highest with
the corresponding connectivity-state of scale f. Afterwards, it correlates the
remaining correlation matrices XIf+1

j from scale f+ 1 with the averages of
the remaining columns X

I1...f
j , and tries to �nd a unique assignment. Other-

wise, this procedure is repeated until all connectivity-states from scale f+ 1
are assigned. This is done for all F scales and then the con�guration is saved.
The averaging procedure of the �rst 1, . . . , f scales in each column j intro-
duces statistical dependencies. Furthermore, the assignment procedure also
depends on the con�guration of scales. To account for these two aspects, the
algorithm shu�es frequency scales before assignment starts using only non-
repeating con�gurations. For each shu�ing run nIter, the con�guration af-
ter assignment is saved yielding numIter = 500 ordered con�gurations of
F× k connectivity-states for further analysis. If F! < 500, then all possible
permutations numIter = F! are used. The plot arrays shown in this the-
sis depict the results of assignment without shu�ing frequency scales using
one realization of seeds, but including the connectivity-states from standard
dFC into the averaging procedure for aligning according to those states.

Steps 3 − 5 constitute my suboptimal version of an ordering algorithm.
These steps can be replaced by the optimal solution provided by the so-called
Hungarian method [61, 75]. Munkres [75] introduces the rating matrix R of
an assignment problem, with the elements of this matrix rij resembling the
performance rating of assignment of Mi to Jj, where Mi is a worker and
Jj is a job in this case, and i, j = 1, . . . ,n. He formulates the assignment
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problem, which is solved by the Hungarian method, as the selection of n
independent rij with the constraint of maximizing their sum, where inde-
pendent in this case means that non of those selected rij are in the same
row or column. This assignment problem can be exactly mapped to the as-
signment of connectivity-states from scale f + 1 to scale f, where instead
of assigning a worker Mi to a job Jj a connectivity-state Xf+1l from scale
f+ 1 is assigned to the representative X

I1...f
j of column j. The rating matrix

R in my case is represented by the correlations of connectivity-states from
scale f+ 1 with the average of the connectivity-state matrices over scales
1, . . . , f. In other words, the entry rij of the rating matrix is represented
by the distance measure 1− ρij, where ρij is the correlation coe�cient re-
sulting from the second-order correlation of connectivity-state i from scale
f+ 1with the average of the connectivity-state matrices over scales 1, . . . , f
of column j. This means, for each frequency scale f in each F×k array of con-
nectivity-states, the Hungarian method has to solve the assignment problem
for a rating matrix R of the size k× k. For all �gures in my thesis, where
an ordering algorithm has been necessary, the Hungarian method is used.
Comparing some results of my algorithm and the Hungarian method show
that outcomes hardly di�er.

In �gure 53, the result of extracting k = 2 connectivity-states from dif-
ferent frequency scales resulting from MEMD and subsequent ordering by
applying algorithm 4 is depicted. State S1b is robust up to scale f = 8 and
S2b up to scale f = 7, but with more pronounced heterogeneity. For k = 3

in �gure 54, the �rst two states resemble the same states found for k = 2.
Additionally, a third connectivity state (S3b) shows up. In this array, all three
states show high robustness over scales. In the following, I refer to this ro-
bustness of states over scales as scale stability. Also for k = 4 a new state
(S4b) shows up being robust over scales, with scale stability of the other
three states still being preserved. When extracting one more connectivity-
state from each scale, this pattern of scale stability breaks down. In �gure
55, a vast loss in scale stability can be observed. Three connectivity-states
still show robust scale stability, which is lost for the connectivity-state found
in the �rst column of �gure 25. This loss in scale stability is also preserved
when extracting k > 5 connectivity-states (see �gs. 56-60). The tendency of
increasing correlation coe�cients evident in the histograms shown in each
of those �gures, can be explained by the increasing period of the time courses
and the constant window size used for the sliding window approach. In the
next section, I introduce a measure to quantify this scale stability and inves-
tigate its variability.

5.2.2 Variability of scale stability

Looking at connectivity-states over frequency scales more quantitatively re-
veals that connectivity-states of k-means runs are highly variable concern-
ing their similarity within states, i. e. columns in the ordered F× k arrays,
over scales. To look at scale stability of states, correlation of adjacent connec-
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Figure 25: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD. This is a realization of the ordering procedure without shu�ing
the frequency scales f and k = 4 extracted connectivity-states on each
frequency scale. In the top row, the connectivity-states resulting from
the standard (St.) dFC procedure are shown. Below, each row shows the
connectivity-states from frequency scales f = 1, . . . , 10 with increasing
frequency de�ned by the IMFs resulting from MEMD. Each column S*b
represents one connectivity-state, if it could be found robustly over fre-
quency scales. Color represents the range from minimum (blue) to max-
imum (red) value of correlation to highlight the common structure over
scales. The columns S*a show histograms of the absolute frequency of
the correlation coe�cients of the corresponding connectivity-states.
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tivity-states is calculated representing their similarity over nearby frequen-
cies, i. e., after ordering connectivity-states for each k-means run, patterns
of frequency scale f and f+ 1 are correlated. I refer to this "distance" of fre-
quency scales as ∆f, where in this case ∆f = 1. This means, for each of the
k columns there are F− 1 correlation coe�cients. To get a measure for scale
stability at this particular frequency distance of ∆f = 1, the average of all
those correlation coe�cients is taken. Then ∆f is increased step by step to
look at scale stability over more distant frequency scales. Correlation is done
in a second-order manner looking for highest association between patterns
resulting in a scale stability measure for a particular k and ∆f

Isim∆f (k) =
1

(F−∆f)k

k∑
i=1

F−∆f∑
f=1

corr
(
Xfi , Xf+∆fi

)
. (86)

To get a global measure of scale stability in the sense that this measures rep-
resents scale stability for each k, the average is taken over ∆f. This results
in the average scale stability index Isim∆f (k) for each k-means run with k
extracted connectivity-states. As mentioned above, the ordering algorithms
are applied to numIter shu�ed realizations of frequency scales. For each
of those realizations, Isim∆f (k) is calculated. Afterwards, the average of those
numIter values of Isim∆f (k) are averaged resulting in the �nal 〈Isim∆f 〉(k)
global scale stability measure for a k-means run with k extracted connectiv-
ity-states. As mentioned above, k-means clustering procedures are initial-
ized several times with varying initial seeds. This means, for each of those
realizations 〈Isim∆f 〉(k) is calculated and its evolution with k can be plotted
including error bars representing the consistency over all those realizations.

For this measure of scale stability 〈Isim∆f 〉(k), the theoretical behavior can
be deduced. The following idealizations are deduced from the �ndings in �g-
ures showing F× k arrays. Assume, the clustering procedure always �nds
connectivity-states inherent to the data kinh, regardless of the number k
of extracted connectivity-states. In other words, when k connectivity-states
are extracted by k-means and kinh < k states are inherent to the data, then
kinh columns in the F× k arrays show this states in a scale stable manner.
Assume further that the remaining k − kinh columns contain either con-
nectivity-states with no scale stability or noise. If k 6 kinh then we assume
that the �rst k data inherent connectivity-states show up in the k columns
of the F×k array. If connectivity-states are completely scale stable, then the
correlation in equation 86 shall be corr

(
Xfi , Xf+∆fi

)
= 1,∀f. For cases with

k 6 kinh, this results in 〈Isim∆f 〉(k) = 1. As soon as k > kinh columns with
no scale stability show up in the F× k arrays. These columns shall be repre-
sented by corr

(
Xfi , Xf+∆fi

)
= 0,∀f. This means, in the case of k > kinh the

scale stability measure 〈Isim∆f 〉(k) drops. The sum over f combined with its
normalizing factor F−∆f either results in 1 or 0, depending on whether i is
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a column representing a connectivity-state or not. With this consideration
in mind it is obvious that equation 86 reduces to

〈Isim∆f 〉(k) =

1, if k 6 kinh
kinh
k , else.

(87)

This means that the ideal evolution of 〈Isim∆f 〉(k) has a distinct behavior,
namely, staying constant until the data inherent number of connectivity-
states kinh is reached and then has a drop o� according to kinh

k . In �gure
26, this ideal evolution is depicted for the case with kinh = 4 data inherent
connectivity-states.
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Figure 26: This �gure depicts the evolution of 〈Isim∆f 〉(k) in the ideal, or rather the-
oretical, case with kinh = 4 data inherent connectivity-states.

In �gure 27A1, the scale stability measure 〈Isim∆f 〉(k) is plotted for the
MEMD procedure. The error bars depict the standard deviation of 〈Isim∆f 〉(k)
for the ten realizations of k-means with varying initial seeds. Some features
of the theoretically predicted behavior of 〈Isim∆f 〉(k) can be seen, namely a
drop o� from k = 4 to k = 5 with a constant value beforehand. This evolu-
tion of 〈Isim∆f 〉(k) points to kinh = 4 connectivity-states in the data used in
this thesis. In �gure 27B1, the measure from equation 86 is plotted for each
∆f. In a recent study, Leonardi et al. [66] investigated dFC and connectiv-
ity-states by suggesting that dFC matrices should be demeaned before en-
tering the clustering procedure resulting in better clustering. By demeaning
they understand to subtract the temporal mean of each correlation function
Xij(t) from its time course, i. e. each entry of the dFC matrices is temporally
demeaned. In �gure 27A2, the scale stability measure 〈Isim∆f 〉(k) is shown for
this type of procedure applied to the data used in this thesis. The demeaning
procedure is applied after correlation coe�cients have been Fisher trans-
formed. This results in a peak at k = 3, but with a sharp drop o� evident
from k = 4 to k = 5. Looking at the F× k array for k = 4 of the demeaned
data (�g. 61), it can be seen that the state resembling static functional con-
nectivity is absent, and the other three states are similar to the remaining
states from �gure 25. Also the plots of Isim∆f (k) are shown in �gure 27B2 for
the demeaned data. The investigation of this demeaning procedure has been
suggested by a journal reviewer.
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Figure 27: (A1) Here, the evolution of 〈Isim∆f 〉(k) is depicted for the MEMD proce-
dure. A clear drop o� is visible from k = 4 to k = 5 extracted connectiv-
ity-states with a constant 〈Isim∆f 〉(k) beforehand. In panel (B2), Isim∆f (k)

is depicted for each ∆f from which 〈Isim∆f 〉(k) of panel (A2) is derived.
Analogously for panels (A2) and (B2), but with the alteration of demean-
ing the connectivity-state matrices before applying the clustering proce-
dure. Error bars depict the standard deviation.
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5.2.3 Null-model tests

In order to check, whether the results from the above introduced scale stabil-
ity measure are not due to statistical e�ects, I apply my approaches to two
sets of surrogate time-series. First, I randomly shu�e the time courses Ti in
the time domain, and second, I apply so-called phase randomization to the
time courses Ti similar to Allen et al. [8], but relying on the work of Theiler
et al. [100], who introduced univariate phase randomization9. Allen et al.
[8] applied phase randomization preserving the cross-correlation structure
of the data [80], which results in the same correlation matrices as in the non
phase randomized data per de�nitionem. Using univariate phase randomiza-
tion yields deviating correlation matrices resulting from time courses with
very similar features compared to the original time courses.

This phase randomization procedure is done in a similar way like Allen
et al. [8] has done their inconsistent Fourier phase shift, which they have
investigated additionally to the above mentioned one. For both procedures
of generating surrogate time series, Ti with i = 1, . . . , 400 sessions are shuf-
�ed either in the time or phase domain. This means that each of the 24 time
courses in Ti is shu�ed separately. Those sets of surrogate time courses
undergo MEMD decomposition, sliding window, and clustering procedure
similar to the original time-series. Also the scale stability measure is calcu-
lated in the same way as for the standard approach. One exemplary plot of
the F× k array for k = 4 can be found in �gures 62 (shu�ed) and 63 (phase
randomized). It can be seen that the patterns of the connectivity-states from
both surrogate approaches have random appearance. Calculating scale sta-
bility results in the evolution of 〈Isim∆f 〉(k) depicted in �gures 28A1 and A2.
Note that for the randomized time courses in the time domain, the procedure
results in F = 11 frequency scales. This can be explained by the introduc-
tion of higher frequencies to the time courses by the shu�ing procedure. For
both surrogate time series approaches, 〈Isim∆f 〉(k) shows very small values
of scale stability 〈Isim∆f 〉(k) 6 0.0294 (shu�ed) and 〈Isim∆f 〉(k) 6 0.0322
(phase-randomized), and additionally a slight increase in 〈Isim∆f 〉(k) with
growing k is found instead of a drop o� in the original data – also theo-
retically predicted.

5.2.4 Frequency dependent window size

The investigations of this section are based on suggestions made by a jour-
nal reviewer. For the sliding window procedure a constant window size of
w(ω) = 57.6 s has been used for all above mentioned approaches. In this
section, I investigate the e�ect of varying window size on the results gen-
erated with constant w(ω). As a reference for adjusting the window size, I
calculate the average number of periods contained in a window of sizew(ω).

9 For the implementation of phase randomization, I used the script pro-
vided by http://www.mathworks.com/matlabcentral/fileexchange/
1597-chaotic-systems-toolbox/content/phaseran.m

http://www.mathworks.com/matlabcentral/fileexchange/1597-chaotic-systems-toolbox/content/phaseran.m
http://www.mathworks.com/matlabcentral/fileexchange/1597-chaotic-systems-toolbox/content/phaseran.m
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Figure 28: (A1) depicts 〈Isim∆f 〉(k) from the shu�ed and (A2) from the phase-
randomized time courses. (B1) and (B2) show Isim∆f , from which
〈Isim∆f 〉(k) is derived, for the corresponding time courses. Error bars de-
pict the standard deviation.
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To estimate this value, I calculate Fourier transformation on each RSN time
course in each Ti averaging the resulting spectra afterwards. From this av-
erage spectrum, I estimate the weighted average frequencyω ≈ 0.0548Hz,
and with this the average number of periods falling into a window of con-
stant size is nT ≈ 3.157. I choose to investigate a continuum from constant
window size to a window size containing nT periods at all frequency scales.
This is done by calculating

∆wα(ωf) = w(ω)

(
ω

ωf
− 1

)
·α, (88)

where ∆wα(ωf) represents the adjustment in window size,ωf the average
instantaneous frequency (see sec. 4.3.1) of the corresponding scale f, and α
the coe�cient to sweep between a window size of constant length (α = 0)
and constant period within each window over scales (α = 1). The size of the
window is represented as wα(ωf) = w(ω) + ∆wα(ωf). The event time
courses are then convolved by a hemodynamic response function. To probe
the e�ect of changing window size, I choose α ∈ {0.05, 0.1, 0.2, 0.3, 0.5, 1}.
Figure 29 shows the used window sizes across scales, i. e. the evolution of
wα(ωf) over scales. In the cases of α = 0.5, f = 10 and α = 1, f = 9, 10,
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Figure 29: This �gure depicts the evolution of the frequency dependent window size
wα(ωf). As can be seen for α = 0.5, f = 10 and α = 1, f = 9, 10,wα is
set to T − 1, since the adjusted window size would have been larger than
T . f represents the indices of frequency scales de�ned by IMFs resulting
from MEMD, and ω is the weighted average frequency of all RSN time
courses.

wα, window size wα would be larger than the maximum number of time
points T , if calculated by equation 88. Therefore, it was set to wα = T − 1.

The above de�nitions of window sizes are used for applying the sliding
window approach on the time courses Ufi resulting from MEMD (sec. 4.3.1).
On the sets of correlation matrices, k-means clustering is applied with the
same settings introduced in section 5.2. This was done for each α and fre-
quency scale f. It is worth noting that by varying window size the number
of correlation matrices can di�er drastically between di�erent sets. In the
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extreme case of α = 1, we have 462000 matrices for scale f = 1 and 400
for f = 10. After the clustering procedure, scale stability measure 〈Isim∆f 〉(k)
is calculated. The results for each α are shown in �gure 30. The curves for
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Figure 30: In this �gure, the results from the frequency dependent window size pro-
cedure are shown. Each panel represents the evolution of the scale sta-
bility measure 〈Isim∆f 〉(k) for each value of α ∈ {0.05, 0.1, 0.2, 0.3, 0.5, 1}.
(A1) α = 0.05, (A2) α = 0.1, (A3) α = 0.2, (A4) α = 0.3, (A5) α = 0.5,
(A6) α = 1. Error bars represent the standard deviation of 〈Isim∆f 〉(k).

α = 0.05 and α = 0.1 show a very similar behavior, which is comparable
to the result found by using a constant window size (�g. 27A1). An overall
result is that with increasing α the drop from k = 4 to k = 5 shrinks, until
there is almost a linear behavior of 〈Isim∆f 〉(k) for α = 0.5 and α = 1.

5.3 filter banks and dynamic functional connectivity

The investigations of this section are based on suggestions made by jour-
nal reviewers. The next step in validating the results found in section 5.2.2
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is to vary the number of frequency scales. This is done by extracting time
courses on di�erent frequency bands by applying Butterworth �lter banks to
Ti resulting in F = 5, 8, 10, 12, 15 scales. Also two ways of designing the �l-
ter banks is introduced referred to as constant and adjusted order approach,
respectively. The procedure is described in section 4.3.2. On the resulting
time courses Ufi of the two approaches and �ve �lter banks, the sliding win-
dow procedure and k-means clustering are applied with the same parame-
ters used for time-series resulting from MEMD (sec. 4.3.1). Afterwards, the
introduced scale stability measure 〈Isim∆f 〉(k) (eq. 86) is calculated for each
F× k array. Figure 31 shows the results of this approach. With increasing
number of extracted frequency bands, the drop from k = 4 to k = 5 found
by the MEMD approach (�g. 27) becomes more evident. For F = 5 and F = 8
there is almost no drop-o�. Furthermore, di�erences between the constant
and adjusted �lter order approach are very subtle. Comparing panels A3-5
with A8-10 shows a greater uncertainty in terms of larger standard devia-
tions adjacent to the drop o� for the adjusted order approach. This means,
when taking the results found in �gure 27 as the desired outcome, panel
31A5 shows the clearest result with least uncertainty.

5.4 simulated dynamic functional connectivity

The investigations of this section are based on suggestions made by journal
reviewers. The above results suggest that with the combination of frequency
resolution and clustering it seems to be possible to detect the number of data
inherent connectivity-states. To further validate this suggestion, I create sim-
ulated time courses using a script from the study of Allen et al. [8]10, which
employs the the SimTB [26]. With the SimTB from Erhardt et al. [26] it is
possible to simulate rs-fMRI time courses and the mentioned script allows
to simulate those time courses traversing arti�cial connectivity-states. I sim-
ulated 24 RSNs, with T = 1200 time points, and a TR = 0.7 s. In this script,
�rst, the module structure of the simulated connectivity-states is built. This
means each of the 24 simulated RSNs is assigned to a module, and those mod-
ules are de�ned whether they are correlating or anti-correlating with each
other. Each RSN is assigned to one of three modules. This information is then
used in the script to de�ne the sequence of events for each RSN, whereas si-
multaneously occurring events yield high correlation. There are two event
types to be de�ned: the simultaneous events within a module with an oc-
currence probability pS, and unique events independent from those module
events e�ecting only single RSNs. The latter had occurrence probability pU
and event amplitude aU in comparison to the amplitude of module events.
The unique events can be seen as noise introduced to the time courses. Those
three parameters are the degrees of freedom that have to be adjusted. Since
those parameters cannot be derived from theory or empirical results and be-
cause of restrictions concerning computability, I choose an a priori parame-
ter space pS,pU,aU ∈ {0.6, 0.8, 1}. All possible interactions (permutations)

10 http://mialab.mrn.org/software/simtb/docs/create_toysimulation.m

http://mialab.mrn.org/software/simtb/docs/create_toysimulation.m
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Figure 31: This �gure shows evolutions of 〈Isim∆f 〉(k) for �lter bank data of rs-fMRI
time courses from the Human Connectome Project data set. (A1-5) repre-
sent results from the constant (A6-10) from the adjusted order approach.
Error bars depict the standard deviation.
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and main e�ects (keeping two parameters at 0.8 varying the remaining one)
are investigated. To probe the potential of my approaches as a detection tool
for data inherent connectivity-states kinh, I simulated kinh = 2, 4, 6, 8, 10
states depicted in �gure 32. The duration of each state is set to∆T = 150 TR,
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Figure 32: (A1-5) In these panels, selected results of 〈Isim∆f 〉(k) are shown for
kinh = 2 (A1), kinh = 4 (A2), kinh = 6 (A3), kinh = 8 (A4), and
kinh = 10 (A5) simulated connectivity-states. Error bars depict the
standard deviation. (C) depicts the arti�cial states (S1-10) the simulated
rs-fMRI time-series traverse. Each correlation matrix has the dimension
24× 24. Blue color represents anti-correlation, red correlation, and green
no correlation. The states are created by the script from Allen et al. [8]10.

and the sequence of them is random with the constraint of non-repetition of
the same state (besides for kinh = 2, where the states are alternating). For
sake of consistency, the number of simulated sessions depends on kinh, i. e.
to have comparable cluster sizes over di�erent numbers of inherent connec-
tivity-states kinh. For kinh = 2, 4, 6, 8, 10 the number of sessions is chosen
to be n = 24, 48, 72, 96, 120, respectively. For creating the correlation ma-
trices with a sliding window approach a window size of w = 80 TR is used.
〈Isim∆f 〉(k) is plotted for each simulation run in �gures 33-37. It can be

seen that the evolution of 〈Isim∆f 〉(k) is distinct for di�erent kinh overall
simulations (A1-13) between each �gure. In particular, for kinh = 2, 4 the
maximum of 〈Isim∆f 〉(k) can always be found at k = kinh. De�ning k =

kinh as the strong criterion for detecting data inherent connectivity-states,
then for kinh = 2, 4 detection works for all parameter combinations. In
the cases with more data inherent connectivity-states, the strong criterion
cannot be met for detection over all parameter sets. For kinh = 6, only
parameter combination in panel 35A7 meets the hard criterion peaking at
k = 6. For all other combinations the peak can be found at k = 5. For kinh =

8, no peak in 〈Isim∆f 〉(k) corresponds to the right number of data inherent
connectivity-states. For each parameter combination, the peak can be found
at k = 7. In the case of kinh = 10, the hard criterion is met for parameter
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Figure 33: In this �gure, 〈Isim∆f 〉(k) is plotted for each simulation run for kinh = 2

data inherent connectivity-states. Error bars represent the standard de-
viation. Each panel represents a certain parameter combination: (A1)
pU = .6;aU = .8;pS = .8, (A2) pU = 1;aU = .8;pS = .8, (A3)
pU = .8;aU = 1;pS = .8, (A4) pU = .8;aU = .6;pS = .8, (A5)
pU = 1;aU = .8;pS = .6, (A6) pU = 1;aU = .6;pS = .8, (A7)
pU = .6;aU = .8;pS = 1, (A8) pU = .6;aU = 1;pS = .8, (A9)
pU = .8;aU = .6;pS = 1, (A10) pU = .8;aU = 1;pS = .6, (A11)
pU = .8;aU = .8;pS = .1, (A12) pU = .8;aU = .8;pS = .6, (A13)
pU = .8;aU = .8;pS = .8.



5.4 simulated dynamic functional connectivity 83

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

〈I
si
m

∆
f
〉

A1

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

A2

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

A3

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

〈I
si
m

∆
f
〉

A4

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

A5

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

A6

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

〈I
si
m

∆
f
〉

A7

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

A8

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

A9

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

〈I
si
m

∆
f
〉

A10

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

A11

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

A12

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

〈I
si
m

∆
f
〉

A13

Figure 34: In this �gure, 〈Isim∆f 〉(k) is plotted for each simulation run for kinh = 4

data inherent connectivity-states. Error bars represent the standard de-
viation. Each panel represents a certain parameter combination: (A1)
pU = .6;aU = .8;pS = .8, (A2) pU = 1;aU = .8;pS = .8, (A3)
pU = .8;aU = 1;pS = .8, (A4) pU = .8;aU = .6;pS = .8, (A5)
pU = 1;aU = .8;pS = .6, (A6) pU = 1;aU = .6;pS = .8, (A7)
pU = .6;aU = .8;pS = 1, (A8) pU = .6;aU = 1;pS = .8, (A9)
pU = .8;aU = .6;pS = 1, (A10) pU = .8;aU = 1;pS = .6, (A11)
pU = .8;aU = .8;pS = .1, (A12) pU = .8;aU = .8;pS = .6, (A13)
pU = .8;aU = .8;pS = .8.



84 freqency-resolved dynamic functional connectivity

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k
〈I

si
m

∆
f
〉

A1

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

A2

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

A3

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

〈I
si
m

∆
f
〉

A4

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

A5

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

A6

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

〈I
si
m

∆
f
〉

A7

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

A8

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

A9

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

〈I
si
m

∆
f
〉

A10

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

A11

2 3 4 5 6 7 8 9 10
0.7

0.8

0.9

1

k

A12

2 3 4 5 6 7 8 9 10

0.7

0.8

0.9

1

k

〈I
si
m

∆
f
〉

A13

Figure 35: In this �gure, 〈Isim∆f 〉(k) is plotted for each simulation run for kinh = 6

data inherent connectivity-states. Error bars represent the standard de-
viation. Each panel represents a certain parameter combination: (A1)
pU = .6;aU = .8;pS = .8, (A2) pU = 1;aU = .8;pS = .8, (A3)
pU = .8;aU = 1;pS = .8, (A4) pU = .8;aU = .6;pS = .8, (A5)
pU = 1;aU = .8;pS = .6, (A6) pU = 1;aU = .6;pS = .8, (A7)
pU = .6;aU = .8;pS = 1, (A8) pU = .6;aU = 1;pS = .8, (A9)
pU = .8;aU = .6;pS = 1, (A10) pU = .8;aU = 1;pS = .6, (A11)
pU = .8;aU = .8;pS = .1, (A12) pU = .8;aU = .8;pS = .6, (A13)
pU = .8;aU = .8;pS = .8.
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Figure 36: In this �gure, 〈Isim∆f 〉(k) is plotted for each simulation run for kinh = 8

data inherent connectivity-states. Error bars represent the standard de-
viation. Each panel represents a certain parameter combination: (A1)
pU = .6;aU = .8;pS = .8, (A2) pU = 1;aU = .8;pS = .8, (A3)
pU = .8;aU = 1;pS = .8, (A4) pU = .8;aU = .6;pS = .8, (A5)
pU = 1;aU = .8;pS = .6, (A6) pU = 1;aU = .6;pS = .8, (A7)
pU = .6;aU = .8;pS = 1, (A8) pU = .6;aU = 1;pS = .8, (A9)
pU = .8;aU = .6;pS = 1, (A10) pU = .8;aU = 1;pS = .6, (A11)
pU = .8;aU = .8;pS = .1, (A12) pU = .8;aU = .8;pS = .6, (A13)
pU = .8;aU = .8;pS = .8.
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Figure 37: In this �gure, 〈Isim∆f 〉(k) is plotted for each simulation run for kinh =

10 data inherent connectivity-states. Error bars represent the standard
deviation. Each panel represents a certain parameter combination: (A1)
pU = .6;aU = .8;pS = .8, (A2) pU = 1;aU = .8;pS = .8, (A3)
pU = .8;aU = 1;pS = .8, (A4) pU = .8;aU = .6;pS = .8, (A5)
pU = 1;aU = .8;pS = .6, (A6) pU = 1;aU = .6;pS = .8, (A7)
pU = .6;aU = .8;pS = 1, (A8) pU = .6;aU = 1;pS = .8, (A9)
pU = .8;aU = .6;pS = 1, (A10) pU = .8;aU = 1;pS = .6, (A11)
pU = .8;aU = .8;pS = .1, (A12) pU = .8;aU = .8;pS = .6, (A13)
pU = .8;aU = .8;pS = .8.
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combinations found in panels 37A1,4,7,11. In panels 37A2,6,8,9,13, 〈Isim∆f 〉(k)
peaked at k = 9, in panel 37A3 at k = 8, in panel 37A5 at k = 3, and in
panels 37A10, 12 at k = 2. As a weak criterion for detection of data inherent
connectivity-states common features of the evolution of 〈Isim∆f 〉(k) over all
parameter combinations can be worked out. One characteristic of plots not
meeting the hard criterion seems to be the peaking at k = kinh − 1, which
is dominant for kinh = 6, 8. Additionally, the increase in 〈Isim∆f 〉(k) for k <
kinh − 1 or k < kinh and its decrease for k > kinh − 1 or k > kinh are
also a common features. Those two features de�ne the weak criterion. With
this characteristics in mind, all simulations with kinh = 6 can be detected
and with kinh = 8 all besides one. For kinh = 10, the weak criterion
yields the right detection in �ve parameter combinations, additional to the
four detections by the hard criterion. Figure 32A1-5 depicts a selection of
parameters sets, which result in good classi�cation patterns.

In a next step, I apply the �lter banks de�ned in section 4.3.2 to the time
courses of kinh = 4 and parameter combination found in panel 34A4. This
also results in time-series with F = 5, 8, 10, 12, 15 frequency scales for the
constant and adjusted order approach. Figure 38 shows the results of this
analysis. The strong detection criterion can be met for all panels besides
38A1,2,6. But one has to keep in mind that the values of 〈Isim∆f 〉(3) and
〈Isim∆f 〉(4) are very similar, especially for the smaller numbers of bands. A
remarkable aspect is that with increasing number of frequency scales the
pattern identifying data inherent connectivity-states becomes clearer. Ad-
ditionally, when using frequency scales extracted by �lter banks, the scale
stability measure 〈Isim∆f 〉(k) shows values≈ 1, which represents almost per-
fect stability of connectivity-state structure over scales.

5.5 on the glasso procedure

The correlation matrices in my studies are estimated using the so-called
GLASSO procedure. This method estimates the covariance matrix – or rather
precision matrix – of data under the assumption that the variables can be
approximated as multivariate Gaussian [36]. Since this assumption is most
notably violated for time course segments from lower frequency scales, I
compute correlation matrices from the MEMD derived scales by using the or-
dinary correlation. I compare the structure of the correlation matrices from
the GLASSO approach to the ordinary ones by second-order correlation. Ev-
ery connectivity matrix resulting from the GLASSO procedure is correlated
with its pendent of the plain correlation. The structure of the correlation
matrices is based on the Fisher transformed values, as these are the values
entering the clustering procedure. I �nd that the structure is very similar for
both approaches (�g. 39) and therefore the error concerning the structure of
the correlation matrices introduced by employing the GLASSO procedure
should be small concerning my results. This can be inferred, since the his-
tograms in this �gure show a distribution of the values of the second-order
correlation mostly ρ > 0.9 for all scales.
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Figure 38: This �gure shows evolutions of 〈Isim∆f 〉(k) for �lter bank data of simu-
lated rs-fMRI time courses for kinh = 4 and parameter combination
pU = .8;aU = .6;pS = .8. (A1-5) represent results from the constant
(A6-10) from the adjusted order approach. Error bars depict the standard
deviation.
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Figure 39: This �gure depicts the distribution of the correlation coe�cients of the
second-order correlation between the connectivity matrices resulting
from the GLASSO procedure and plain correlation for scales de�ned by
the MEMD approach. Each panel represents an IMF index. For the his-
tograms all subjects, sessions, and time points are used. The abscissa de-
picts the correlation values ρ and the ordinate the absolute frequency. It
can be seen that the error introduced by GLASSO estimation is small. For
this �gure, the correlation matrices with the Fisher transformed values
are used, since those are the values entering the clustering procedure.
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On those correlation matrices derived with plain correlation coe�cients
instead of using the GLASSO procedure, I apply the same analyses, which
have been conducted for �gure 27A1. I �nd that using common correlation
coe�cients (�g. 40A1) changes the shape of the curve of 〈Isim∆f 〉(k) slightly
loosing the plateau for k 6 4, but gaining a more kinhk -like behavior – as-
sumed that kinh = 4 in the real data case – predicted by theoretical con-
siderations (sec. 5.2.2). Additionally to this analysis, I also investigate the
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Figure 40: This �gure depicts the evolution of 〈Isim∆f 〉(k) for the non-GLASSO,
Fisher transformed (A1) and non-GLASSO, non-Fisher transformed (A2)
case. Panels (B1) and (B2) show the evolution of Isim∆f (k) correspond-
ingly.

in�uence of using common correlation coe�cients on the simulated results
of �gure 32. In this case, results (�g. 41) are almost identical with a better
detection capability of 〈Isim∆f 〉(k) for at least kinh = 4 and kinh = 8.

In a next step, I probe the in�uence of the Fisher transformation on the re-
sults derived by avoiding non-GLASSO estimation. Figure 40A2 shows the
outcome of 〈Isim∆f 〉(k) for connectivity matrices that have not been Fisher
transformed before entering the k-means clustering, and that have been
calculated using plain correlations instead of the GLASSO method. It is in-
triguing that the drop from k = 4 to k = 5 increases again compared to
�gure 40A1, and that the shape of 〈Isim∆f 〉(k) is very similar to the evolu-
tion from the demeaned data case (�g. 27A2). Interestingly, when comparing
the GLASSO estimated connectivity matrices and the non-GLASSO versions
without Fisher transformation, then the error in structure almost vanishes
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Figure 41: This �gure depicts the results of 〈Isim∆f 〉(k) for the simulated data shown
in �gure 32. Please refer to this �gure for details. The alteration in this
�gure is that correlation coe�cients of the connectivity matrices enter-
ing the clustering procedure have not been calculated by the GLASSO
method.

for the lower frequency scales (�g. 42). For all the simulated data in this sec-
tion, only ten realizations of the k-means algorithm have been calculated.

And in a next step, I calculate 〈Isim∆f 〉(k) for the simulation results of �gure
41, but with the alteration of also removing the Fisher transformation from
the data. This yields slightly worse results compared to �gures 32 and 41.
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Figure 42: This �gure depicts the second-order correlations derived in �gure 39 with
the alteration of using non-Fisher transformed correlation coe�cients in
the connectivity matrices.
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Figure 43: This �gure depicts the results of 〈Isim∆f 〉(k) for the simulated data shown
in �gure 32. Please refer to this �gure for details. The alteration in this
�gure is that correlation coe�cients of the connectivity matrices enter-
ing the clustering procedure have not been calculated by the GLASSO
method, and the Fisher transformation is removed from the data.



Part III

D I S C U S S I O N , O U T L O O K , A N D C O N C L U S I O N

In this part, I sum up my results and discuss several aspects
of my thesis in more detail (ch. 6). Furthermore, I elaborate on
the outlook and limitations of my approaches in general, and
in particular I focus on the project for my PostDoc phase. For
the latter, I have created a proposal for my own funding in my
PostDoc phase. A proposal to be admitted into the so-called 7.
NachwuchsakademieMedizintechnik has successfully passed the
�rst selection step, but awaits �nal decision. In the course of this
7. Nachwuchsakademie Medizintechnik, I have submitted a pro-
posal for a research fellowship directed to the German science
foundation. In this research fellowship, I plan to join the group
around Prof. Dr. Dr. Gustavo Deco in Barcelona, Spain. During
this one year research fellowship, I am planning to investigate
the ideas elaborated on in chapter 7. I �nish by summing up my
thesis (ch. 8).





6
D I S C U S S I O N

"The �rst principle is
that you must not fool yourself –

and you are the easiest person to fool."
(Richard P. Feynman)

In this thesis, I have investigated a frequency-resolved version of dFC. This
has at �rst been done by MEMD as a data-driven method. The application of
MEMD on time courses resulting from gICA has resulted in additional time-
series on narrow banded frequency scales from IMFs. After the application
of a sliding window procedure on those frequency-resolved time courses,
clustering of the sets of correlation matrices has revealed scale stability as
an inherent feature of connectivity-states, or rather cluster centroids. In post
hoc analyses, null-model and �lter bank investigations, as well as simulated
data, my main �ndings have been corroborated. In the following, I discuss
several aspects of my thesis in more detail – especially the comparison of
scale stability of cluster centroids to cluster validity measures.

6.1 dilemma of objective connectivity-state selection

Connectivity-states, in their original de�nition [8], are centroids of k-means
clusters (sec. 1.4). For this clustering approach the number of clusters to be
extracted has to be prede�ned. To validate the most suitable number of clus-
ters, an elbow criterion in a cluster validity plot can be employed. Those
types of plots are also called scree plots. If we assume that kinh is the data
inherent number of clusters in our data set, then usually the used cluster
validity measure shows large decrements for z < kinh and small ones for
z > kinh. This describes the emergence of an elbow in the plot of the clus-
ter validity measure. Ideally, the task of identifying this elbow can be done
almost objectively given that it is very pronounced. Unfortunately, this is
rarely the case. In their study, Allen et al. [8] only show their scree plot
for simulated data in the supplementary information where they �nd a pro-
nounced elbow. For the analyzed rs-fMRI data this plot is lacking. During
my studies, I have also looked at scree plots for my data set and I have found
that an objective selection of the estimated number of clusters inherent to
the data is problematic. Figure 44 shows a scree plot by using the ratio of
within cluster to between cluster distance

Ival =

∑T
t=1min

z
(d (cz, xt))∑T

t=1

∑
z6=zn d(cz, xt)

, (89)

95
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which is also used by Allen et al. [8] for validation. Here, zn is the nearest
centroid of data point xt. One of my master students (T. Geigenfeind) has in-
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Figure 44: This �gure depicts the evolution of the cluster validity measure Ival from
equation 89 for k = 2, . . . , 10. It is plotted for dFC applied on the broad
band signal of the rs-fMRI data from the 400 sessions used in this thesis.
An objective way of selecting the number of data inherent clusters is not
possible using this plot.

vestigated the clustering quality of dFC matrices in more detail in his thesis
[37]. First, he investigates the mean distance of data points xt to their near-
est centroids, which is an alternative version of the measure introduced in
equation 89. His results for this criterion are shown in �gure 45. He employs
both cosine and city block distance metric, respectively. He also draws the
conclusion from this plots that an objective selection of the data inherent
number of clusters is not possible. He also looks at the so-called silhouette
score [86]. He elaborates on this measure de�ned for every data point xt as

S(xt) =
dB − dA

max(dA,dB)
, (90)

where dA is the average distance of data point xt to the data points belong-
ing to its assigned clusterA, anddB is the average distance to the data points
belonging to the nearest cluster of cluster A. He elaborates further that the
di�erence dB − dB is normalized by the maximum distance of these two
groups of distances, which yields values between −1 and 1. He explains
that −1 stands for a completely failed clustering, 0 for a lack of cluster struc-
ture in the data, and 1 for a perfect clustering. He mentions that for toy data
with uniformly distributed samples in two dimensions the average silhou-
ette score over all points never drops below a value of 0.32 for k 6 30. He
compares this value to average silhouette scores of dFC matrices and �nds
a behavior shown in �gure 46. Additionally, he looks at the so-called cen-
troid silhouette score, where the distances dA and dB are replaced by the
distance of every data point xt to centroids of clusters A or B, respectively.
His results of the clustering of dFC matrices and this measures are shown
in �gure 47. With both silhouette score measures, he �nds that clusterings
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Figure 45: In this �gure, the results of the mean distance between all data points xt
and their corresponding clusters is shown for k = 2, . . . , 30 extracted
clusters and two distance metrics – city block and cosine. An objective
selection of the data inherent number of clusters is not possible. Error
bars depict the standard error for several initializations of the clustering
procedure. From [37].

Figure 46: In this �gure, the average silhouette score of clustered dFC matrices is
shown for k = 2, . . . , 30 for cosine and city block distance metric. Error
bars depict the standard error. From [37].
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Figure 47: In this �gure, the average centroid silhouette score of clustered dFC ma-
trices is shown for k = 2, . . . , 30 for cosine and city block distance metric.
Error bars depict the standard error. From [37].

with k = 2 are preferred, but the silhouette values are smaller compared
to the clustering of random data points. He concludes that the data struc-
ture created by the dFC matrices is problematic. It has to be mentioned that
the analyses of T. Geigenfeind are based on earlier versions of the data, in
which a small interpolation error in the preprocessing of used time courses
has been uncorrected. My have found that this error hardly in�uences the
main results. Therefore, I suggest that his mentioned results in this thesis
can be taken seriously.

Taking all those results into account, it is obvious that it is very hard to
validate clustering of dFC matrices properly. Nevertheless, even with such
problematic data sets my approach is still able to give a clear recommenda-
tion about the inherent cluster structure, which is also con�rmed by simu-
lated data.

6.1.1 Generalizing the idea of selecting the number of clusters using frequency-
resolved information

Since the idea of using correlation matrices as data points in a
higher-dimensional space, which then serve as the substrate for a clustering
procedure, is quite new but not restricted to the narrow �eld of neuroscience,
my approach can also be extended and generalized to other �elds. There
are two ways of how clustering procedures could bene�t from frequency-
resolved data. First, if we are dealing with broad band signals like in the
investigated case in this thesis, frequency resolution yields the possibility of
employing scale stability of cluster centroids as a validity criterion. It seems
that this approach vastly magni�es the capability of identifying the data in-
herent number of clusters compared to common validation procedures. Sec-
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ond, if we are dealing with a monochromatic signal, then frequency resolu-
tion yields the possibility of revealing the important scales where the most
information of the signal is contained. After frequency resolution, the band
containing the signal can be extracted and then the common cluster valida-
tion procedures can be applied. This could yield a more pronounced elbow
in the case of scree plots.

6.2 filter banks, memd, and self-similarity

Investigating time courses that are suggested to have self-similar features
by means of data-driven approaches is a natural way of approaching such
type of data [31]. Many studies �nd that scale-freeness and self-similarity
are inherent features of rs-fMRI data [25, 35, 60, 99] and my results con�rm
this circumstance. For rs-fMRI data the main �nding holds for ten, 12, and 15
bands (�g. 31) and in case of simulated data it holds basically for all numbers
of extracted bands (�g. 38). Additionally, I show that self-similarity can be
exploited to yield deeper insights in broad band data and its cluster structure.
My post hoc �lter bank analyses strengthen the �nding of broad band self-
similarity. Furthermore, it is evident that for simulated data the increase in
number of extracted scales by a �lter bank yields a better carving out of the
ground truth. In case of rs-fMRI, the same holds, if we assume that k = 4

is the data inherent number of connectivity-states. Since in rs-fMRI data
more sources of noise should be present than in simulated data, the �nding
that the number of data inherent connectivity-states can be identi�ed easier
than in the rs-fMRI case is not surprising. Comparing MEMD and frequency
banks the former is able to �nd a proper number of frequency scales for a
good classi�cation of the number of data inherent clusters, whereas the latter
needs adjustment at least in the number of extracted scales. Furthermore, the
accurate mode alignment of IMFs resulting from MEMD ensures that there is
a very similar number of periods within windows of di�erent RSNs making
those time course segments more comparable, which is bene�cial for dFC
analysis.

6.3 constant or adapted window size

When entering frdFC, the sizes of windows used for applying a sliding win-
dow approach on di�erent frequency scales have to be discussed. The advan-
tage of a comparable number of periods within one window over di�erent
frequency scales is appealing. But when conducting the frdFC analysis in
this way, the number of correlation matrices in the sets corresponding to
di�erent frequency scales di�ers vastly. Consider the extreme case of α = 1

in equation 88. With such a huge data set analyzed in this thesis, the number
of correlation matrices for the scale of highest frequency is Tf=1 = 462000
and for the scale of lowest frequency Tf=10 = 400. Such a discrepancy in
the number of samples between the data sets questions the comparability of
the results of the k-means clustering procedures per se. With increasing α
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this discrepancy scales up. Looking at the results of �gure 30 a continuous
change for the scale stability measure from α = 0.05 to α = 1 is obvi-
ous. Considering a loss of comparability of the clustering procedures with
increasing α, the gradually vanishing drop from k = 4 to k = 5 can be in-
terpreted as an artifact. Besides the comparability issue of clustering, there
is another aspect favoring the constant window size approach of the sliding
window procedure in the case of MEMD. This method decomposes the time
courses of interest into IMFs, which result in the original time course when
summed up. This means that each time point of the original time-series Ti
has its corresponding partner in each frequency-resolved time courses Ufi .
In case of a constant window size, the time-series segments sum up to its
original pendent. With increasing α, more and more time points are taken
into account in segments of scales of lower frequency that do not have corre-
sponding partners in segments of previous scales. This could be interpreted
as a decrease in signal-to-noise ratio and therefore renders another aspect
in favor of a constant window size.

6.4 limitations and future directions

We also have to look at the ranges of the frequency bands resulting from
MEMD and �lter banks. EEG studies show [46, 78] that infra-slow frequency
(0.01Hz− 0.1Hz) �uctuations are associated with BOLD signal changes and
hence foster a physiological connection to most of the frequency scales used
in this thesis. At least for scales f > 7 in case of MEMD, the physiolog-
ical base can be questioned. Further studies have to show that such low
frequency ranges have any physiological meaning. Note that even on the
lowest frequency scales imprints of connectivity-states can be found. This
means that connectivity-states can even be de�ned by their structure using
just the lowest frequency information of the data.

MEMD is computationally a very costly method of decomposing time-
series. Therefore, with the used computer infrastructure, it would not be
feasible to increase the number of investigated RSNs to result in a complete
parcellation of the cortex. Smith et al. [94] question the validity of doing
connectomics with ICA analyses using a small number of components. They
suggest that network analyses make sense, if the number of components is
so large to result in a complete parcellation of the cortex. For future stud-
ies, it would be therefore interesting, whether this statement holds for my
results with a signi�cantly increased number of RSNs. I think that the simu-
lation results are quite promising in this context, since the detection of the
data inherent cluster structure is feasible even when using only 24 RSNs.
With a more �ne grained parcellation of the cortex, I would also expect that
the cerebellar and subcortical ICs become less noisy and could therefore be
included in my analysis.

Investigating brain graphs on a frequency-resolved basis is quite common
in literature using wavelet analysis [1, 2, 11, 18]. To my knowledge, there
is one study [113] investigating static brain graphs on di�erent frequency
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scales using MEMD as a decomposition tool. The method of frdFC could
also be expanded to such frequency-resolved brain graph studies switching
from static to dynamic investigations, where methods of time varying graph
theory could be applied [76]. This extension to frequency-resolved dynamic
brain graphs could result in higher diagnostic sensitivity when comparing
groups of healthy and pathological subjects.

Furthermore, I suggest further studies to investigate the in�uence of the
way of deriving the correlation coe�cients for the dFC matrices in more
depth. One question would be to look quantitatively at the extent of the er-
ror introduced by using the GLASSO procedure instead of calculating the or-
dinary correlation coe�cients. Moreover, future studies should investigate
the in�uence of the structure of simulated connectivity-states. This is a de-
gree of freedom, which I have not varied in my investigations. It would also
be interesting to look at the in�uence of di�erent distance measures, when
conducting the k-means clustering procedure, and to investigate the in�u-
ence of using an averaging instead of median procedure, when calculating
the cluster centroids.

I want to discuss results found in section 5.5 in mored detail. The outcome
of these simulations shows that the sensibility of my method concerning the
detection of data inherent clusters is quite robust when it comes to simulated
data. Only the non-GLASSO and non-Fisher transformed version shows a
decrease in detection quality. For the real data case, results show a higher
sensibility of my method concerning the GLASSO and Fisher transformation
steps. Nevertheless, the overall picture and result of my method holds. Fu-
ture studies should investigate the most robust and reliable parameter and
(pre-)processing combinations for detecting data inherent cluster structures
using my method.
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T H E H U M A N C O N N E C T O M E A N D I T S D Y N A M I C S A S A
S U B S T R AT E F O R I S I N G - L I K E B A C K B O N E S I M U L AT I O N S
I N H E A L T H A N D D I S E A S E

"The honors are unreal to me.
I don’t believe in honors. [...]
I can’t stand it, it hurts me."

(Richard P. Feynman)

In this chapter, I elaborate on the ideas of my proposal to the German science
foundation, which has been created during my PhD phase. This proposal
passed the �rst selection step, but awaits �nal decision. It is based on the
dFC knowledge, which I have gathered during my PhD.

7.1 introduction

As mentioned brie�y in section 3.1, connectomes can also be employed for
simulations of dynamic systems like the Ising-model. In parallel to the switch
from static functional connectivity to dFC, the comparison of Ising-like sys-
tems to connectomics emerged. One very recent aspect of this comparison is
the development of so-called backbone simulations. In such studies, the con-
nectivity matrix in focus is directly implemented into the dynamical system.
The �rst study has been done by Marinazzo et al. [71], in which a structural
connectome is implemented in the coupling constant Jij of an Ising-like sys-
tem with the Hamiltonian

Hi = −si
∑
j

Jijsj (91)

Jij ∝ XSij, (92)

where XSij is the ij-th entry of the structural connectivity matrix. Marinazzo
et al. [71] then simulates this Ising-like system on two structural connec-
tomes with di�erent spatial resolution. They �nd that there are correspond-
ing peaks in the susceptibility χ, the heat capacity Cv, and the transfer en-
tropy at a certain temperature. They interpret this correspondence – espe-
cially for χ and Cv – as evidence for a critical state of the system. Further-
more, they report that the peak of the transfer entropy also at this critical
temperature suggests that the information �ow is maximum at this point. A
second study conducted by Hudetz et al. [52] investigates a spin-glass model
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with implemented static functional connectivity matrix as backbone. Their
model is de�ned as

Hi = −
1

2
si

N∑
j=1

Jijsj (93)

Jij ∝ XSFij (94)
pi ∝ e−β∆Ei , (95)

whereN is the number of vertex points on the lattice, XSFij is the ij-th entry
of the static functional connectivity matrix, pi is the local �ipping proba-
bility depending on the inverse temperature β and the energy di�erence of
a �ip ∆Ei. Like it is common for spin-glass simulations, their system is an-
nealed down to zero temperature 10000 times. They report that this results
in varying end con�gurations, which are then hierarchically clustered to re-
veal the 40most common patterns. Hudetz et al. [52] �nd that those patterns
resemble known rs-fMRI con�gurations on the cortex.

In this proposal, I suggest to use dFC in such backbone simulations, which
would represent a �uctuating metabolic activity instead of static functional
connectivity used by Hudetz et al. [52]. First, I de�ne the Ising-like models
I use in this proposal. Then, I introduce the method for implementing dFC
as a time-dependent backbone in Ising-like systems with various alterations.
Afterwards, I show how to use backbone simulations as tools for the com-
parison of deliberately damaged and healthy systems. Finally, I introduce a
variation of an Ising-like system to investigate the e�ect of neighborhood
size on backbone simulations.

7.2 model definitions

In order to investigate the various below introduced backbone systems, I
de�ne the following Ising-like models. Each model is assigned to the ap-
proaches, where it is used.

7.2.1 Ising-like model without external magnetic �eld term

In this proposal, I plan to use the model from equation 92 without a magnetic
�eld term introduced by Marinazzo et al. [71] in sections 7.3.1, 7.3.2, and 7.3.3
for simulations on a dynamic backbone. Furthermore, this model is used to
replicate the �ndings of Marinazzo et al. [71].

7.2.2 Ising-like model with external magnetic �eld term

In addition to the model with just an interaction term in its Hamiltonian, I
propose to use an Ising-like system with an external magnetic �eld term

Hi = −
∑
〈ij〉

Jijsisj − hisi. (96)
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In this general case, the sum contains all nearest neighbors 〈ij〉 of spin i. I
adjust this Hamiltonian to be comparable to the model introduced by Mari-
nazzo et al. [71]

Hi = −si
∑
j

Jijsj − hisi (97)

Jij ∝ Aij, (98)

where the sum is not restricted to the nearest neighbors of i anymore, and
Aij is the ij-th entry in the connectome matrix of consideration. For each
spin location si there is a magnetic �eld term hi contributing to the Hamil-
tonian Hi. In section 7.3.4, this model is used to simulate backbone systems
combining di�erent modalities – structural and functional backbones.

7.2.3 Spin-glass model

The model of a spin-glass in equation 95 incorporating a static functional
connectome introduced by Hudetz et al. [52] can be found in sections 7.3.1,
7.3.2, and 7.3.3 also to be simulated on a dynamic backbone. Additionally,
this model is used to replicate the results of Hudetz et al. [52].

7.3 using dynamic functional connectivity as a substrate
for ising-like backbone simulations

Consider the spatiotemporal set of correlation matrices resulting from dFC
analysis

{
XDi (t)

}
t=1,...,T−w of the dimension C× C× T −w, where i is

the session number, C the number of used loci in the brain, and T −w the
number of time points, or rather windows. This set of correlation matrices is
used as a dynamic backbone in the following simulations. I refer to this set as
the dynamic connectome XD(t) in general. The main idea is to implement
the dynamic connectome XD in the Ising-like system as a time-dependent
coupling between spins i and j

Jij(t) ∝ XDij(t) (99)

directly connecting to the approaches of Marinazzo et al. [71] and Hudetz
et al. [52]. This yields a time-dependent coupling in Ising-like systems. I
call the two major approaches of such an implementation quasistatic and
dynamic.

7.3.1 Quasi static backbone

In this approach, I propose to simulate Ising-like systems on each of the
correlation matrices from the set

{
XDi (t)

}
t=1,...,T−w independently. This

means that for each time point tk the coupling constant is chosen to be

Jtkij ∝ X
D
ij(tk) (100)
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and the Ising-like system is simulated with U iteration steps. This is done
for R realizations with varying random initial con�gurations resulting in an
ensemble of micro state sets

{
{si(u)}i,u=1,...,U

}
r=1,...,R for each tk. From

these ensembles, physical parameters like susceptibility χ, magnetizationM,
and heat capacityCv can be calculated for each correlation matrix separately.
This results in a temporal evolution of those physical parameters under the
quasistatic constraint. Figure 48 illustrates this approach.

Figure 48: In this �gure, the quasistatic approach of implementing dFC as a dynamic
backbone is illustrated. On each correlation matrix resulting from dFC
analysis, an Ising-like system is simulated with coupling Jtkij ∝ X

D
ij (tk).

Assembled from [8, 60] and adjusted.

7.3.2 Dynamic backbone

In the dynamic approach, the dynamic backbone is implemented to yield an
explicit time dependence in the Ising-like system. This is done by simulating
the used models with coupling

Jij(t) ∝ XDij(t), (101)

which means that on each correlation matrix the Ising-like system is simu-
lated for U iteration steps. But compared to the quasistatic approach, the U-
th micro state {si(U)}i for XD(ti) is the initial con�guration for XD(ti+1).
To generate an ensemble of R realizations, the Ising-like system is initial-
ized with random con�gurations at the �rst iteration step of the �rst cor-
relation matrix XD(t1). This approach results in spatiotemporal ensembles,
from which the temporal evolution or averages of physical parameters can
be estimated. The temporal resolution of this method is 1 6 U <∞ in terms
of iteration steps.

With this approach, it is also possible to simulate more rapid evolving
Ising-like systems. Consider adjacent correlation matrices XD(ti) and
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Figure 49: In this �gure, the explicit time-dependent case of a backbone involving
the dynamic connectome is depicted. The Ising-like system is simulated
over the whole dynamic backbone XD(t) with coupling between spins i
and j of Jij(t) ∝ XDij (t). Assembled from [8, 60] and adjusted.

XD(ti+1). By using spline interpolation it is possible to generate values
for the correlation functions XDij(t) between values Xij(ti) and Xij(ti+1).
This means that for micro states of the Ising-like system, there is an in�nite
amount of backbone values available between those two empirical values. In
other words, the temporal resolution in terms of iteration steps is extended
by the range 0 < U < 1. The dynamic backbone approach is illustrated in
�gure 49.

7.3.3 Frequency-resolved dynamic backbone

The frequency decomposition of time courses Ti of my above introduced ap-
proaches has yielded frequency-resolved dynamic connectomes XIfi (t) on
frequency scales f = 1, . . . , F and session i. Those dynamic connectomes
can be used as frequency-resolved dynamic backbones in Ising-like simu-
lations. Instead of simulating on the full-band dynamic backbones, distinct
frequency scales can be explored by implementing a time- and frequency-
dependent coupling

Jfij(t) ∝ X
If
ij(t). (102)

The idea is that the simulation of Ising-like systems on frequency-resolved
backbones could reveal patterns in the evolution of simulated physical pa-
rameters that would have been uncovered in the full-band approach.
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7.3.4 Combination of backbones of di�erent modalities

In a next step, I propose to combine backbones of di�erent modalities in
one Ising-like system. This is done by using an Ising-model with external
magnetic �eld term hi

Hi = −si
∑
j

sjJij − sihi, (103)

where the dynamic connectome is still represented in the coupling Jij(t) ∝
XDij(t). The structural connectome XS is implemented in the external �eld
by summing over all connections hi ∝

∑
j X
S
ij re�ecting the overall con-

nectivity strength at brain area i. By uniformly varying the magnitude of
the external �eld, or rather connectivity strength |hi|, it is possible to inves-
tigate hysteresis behavior of the introduced Ising-like system. Furthermore,
the dynamic connectome can be implemented in the external �led making it
time-dependent hi(t) ∝

∑
j X
D
ij(t), and the structural connectome can be

represented by the coupling constant Jij ∝ XSij.
Additionally, the Ising-like system with an external magnetic �eld term

can also be used for simulations with the static functional connectome XF.
This can be realized by combining it with the structural connectome, which
would still be represented in the external magnetic �eld term, and the static
functional connectome in the coupling Jij ∝ XFij. Those results can then be
compared to results from Hudetz et al. [52].

7.3.5 In detail considerations

In the case of a dynamic backbone, I suggest that dFC can also be seen as
a slowly �uctuating background, on which the dynamic system is evolv-
ing. These low-frequency �uctuations of rs-fMRI data in the range of ω <

0.15Hz can be linked to EEG low-frequency �uctuations [46, 59]. Therefore,
backbone simulations could be used to emulate outcomes from a combined
EEG/fMRI setup. One common term in EEG investigations are so-called mi-
cro states, which represent quasi-stable potential distributions on the human
scalp [64]. The simulation of dynamic backbone systems yields a large num-
ber of Ising micro states. On those micro states, a clustering procedure can
be applied to extract common patterns of the whole set, which in turn could
resemble EEG micro states.

Furthermore, simulations of Ising-like systems on dynamic backbones
could shed light on how dFC traverses between di�erent connectivity-states.
The transitions between connectivity-states are smooth, because of the low-
frequency characteristics of the BOLD signal and the additional smoothing
introduced by the sliding window procedure. This could prevent to uncover
characteristics of a transition between connectivity-states. By simulating the
dynamic system on this slowly changing dynamic backbone, which also un-
dergoes these transitions between connectivity-states, characteristics in the
simulated physical parameters could predict those transitions. E. g. a rise in
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the simulated susceptibility χ, which is a marker for a system undergoing a
phase transition, could show up as a common feature for the dynamic con-
nectome at a state transition.

7.4 effects of defects in the connectome backbone

The introduced approaches with various backbone systems can also be used
to simulate defects on the human cortex. Matrices resulting from anatom-
ical or functional connectomics X represent the corresponding connection
strength on the cortex forC brain locations. These connectome matrices can
be altered by deletion to re�ect distinct damages on the cortex. By deleting
certain rows and columns in the connectivity matrices of the used backbone
models, the failure of complete brain areas can be simulated resulting in
backbone matrices Xr with Cr < C. Using the same parameters for the
dynamic system evolving on both the de�cient and ’healthy’ backbone, the
outcomes in simulated physical parameters can be compared.

I plan to rely on a collaboration with the university clinic of Regensburg
to use rs-fMRI and di�usion MRI data from brain tumor patients to also com-
pare the above mentioned simulations to empirical data. On a regular basis,
the lab around Prof. Dr. Brawanski acquires 15min rs-fMRI data and also
structural scans from brain tumor patients. Those patients have distinct le-
sions introduced to the cortex, which can be identi�ed by combining the
acquired structural scans with di�erent contrasts and cortical atlases like
the AAL [101]. Additionally, neuropsychological measurements acquired by
physicians of the university clinic of Regensburg can also be used to un-
derpin the suggested damage of those cortices revealed by the structural
scans. The above mentioned deletion of certain rows and columns in the
connectome matrices can be adjusted to re�ect those distinct lesions. By us-
ing the connectomes derived from brain tumor patients data for simulating
Ising-like systems, the outcome of these simulations can be compared to the
adjusted models with introduced arti�cial damage. This comparison could
yield deeper insights, whether – or to what extent – the used Ising-like sys-
tem is suitable in such simulations. If a lesion introduced to the cortex by a
brain tumor can be almost doubtlessly veri�ed by structural scans and neu-
ropsychological investigations, then deviations in the simulated physical pa-
rameters between the arti�cially damaged and the pathological backbones
could validate or falsify the used Ising-like system.

In addition to the local brain tumor expertise, the method of deliberately
introducing lesions to cortices and comparing them to real data can also be
applied to other brain diseases. On the one hand, de�cits at the brain area
level can be investigated, and on the other hand, defects at the connections
level. The former is explained above by deleting certain columns and rows
in the backbone matrices. The latter could be realized by deleting certain en-
tries in the connectome matrices Xij, representing failures in connections.
There are several diseases, which can be characterized by connection de�cits.
Popular examples are schizophrenia and bipolar disorder. Calhoun et al. [20]
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�nd alterations in static functional connectivity in schizophrenic (�g. 50A)
and bipolar patients (�g. 50B). In schizophrenics, they �nd that there is sig-

Figure 50: This �gure depicts the group di�erences of the static functional connec-
tome of schizophrenic (A) and bipolar patients (B). The circled connec-
tions show signi�cantly larger correlations of the healthy connectomes
compared to pathological ones. Assembled from [20] and adjusted.

ni�cantly lowered connectivity compared to healthy controls between the
posterior cingulate and both the cerebellum and posterior temporal lobe. In
patients with bipolar disorder, they �nd lowered correlation values com-
pared to healthy controls, �rst, between posterior cingulate and temporo-
occipital-parietal junction and, second, between anterior default mode re-
gions and a posterior portion of the superior temporal lobe. By interpreting
these connections as erroneous, the deletion of the corresponding entries
in the connectome matrix Xij yields an arti�cially damaged backbone, on
which Ising-like systems can be simulated. For schizophrenics, I could rely
on freely available data sets like the COBRE part of the NITRC11.

7.5 variation of the ising-model

In the recent studies using Ising-like systems to do backbone simulations, the
term Ising-model is used even though theoretically in�nite-range interac-
tions have been allowed in the Hamiltonian [71, 98] , which is a typical char-
acteristic of a certain spin-glass model – namely the Sherrington-Kirkpatrick
model [91]. However, in the study of Hudetz et al. [52] a spin-glass model is
used to simulate a backbone system. Both approaches reveal intriguing fea-
tures of dynamic systems simulated in such a way. But there has not been
suggested a resolution of whether an Ising-model or a spin-glass model is
more suited for simulating backbone systems – or rather a model in between
those two. I suggest a variation of the Ising-model to resolve this question
in my proposal.

11 http://fcon_1000.projects.nitrc.org/indi/retro/cobre.html

http://fcon_1000.projects.nitrc.org/indi/retro/cobre.html
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A linear threshold
model describes the
spreading of a
perturbation through
a network, where the
activity of a node
depends on the
activity of its
neighbors [73, 41].

This is done by leaving the neighborhood variable in the Hamiltonian of
an Ising-like system

Hi = −si

n∑
j=1

Jijsj, (104)

where the connectivity matrixAij is implemented in the coupling Jij ∝ Aij.
The neighborhoodN can be varied between the two extreme cases of nearest
neighbors n = |N0| and the whole lattice n = |NN|. By using such a vari-
able neighborhood size, it is possible to sweep between a more Ising-like
and more spin-glass like model. The realization of a variable neighborhood
is problematic in the case of connectivity matrices as backbones. Consider
the simulation of an Ising-like system on a connectome. The connectivity
strength between brain areas i and j does not necessarily convey the distance
information of those two areas. Therefore, an alternative way of de�ning a
distance between two areas is suggested in my proposal. I propose to exploit
the results and method introduced in a study of Misic et al. [73]. They apply
a linear threshold model on the human structural connectome to track
the spreading of perturbations on this network (�g. 51). By placing a seed

Figure 51: In this �gure, the approach from Misic et al. [73] is depicted. (A) shows
the spreading of a perturbation (seed) on the human structural connec-
tome by means of a linear threshold model. (B) The adoption time matrix
represents how long it takes for a perturbation to travel from node i to
node j. Taken from [73] and adjusted.

perturbation on each node i of the connectome and tracking its spreading
behavior, they are able to simulate the time it takes for the perturbation to
reach node j. Their results can be represented in a so-called adoption time
matrix G shown in �gure 51B. I propose to use this information to de�ne
neighborhoods of variable sizes. E. g. if the nodes included in the neighbor-
hood of node i should have a distance of at most 5, then nodes withGij 6 5
time steps away are assigned to this neighborhood. This means that the en-
tries in adoption time matrix Gij serve as distance information to de�ne
a neighborhood of a certain node. Following this line of thoughts, nearest
neighbors of node iwould be nodes with adoption timeGij = 1, and in gen-
eral a neighborhood of distance nwould be realized by nodes withGij 6 n.
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In order to choose, which neighborhood size is most suitable for Ising-like
simulations, a proper model selection criterion has to be introduced. I pro-
pose to rely on the results found in the study of Marinazzo et al. [71]. They
�nd that there are corresponding peaks in the simulated parameters suscep-
tibility χ, speci�c heat capacityCv, and transfer entropy STr (�g. 52) of their
backbone model, which pointed to a system at a critical state at this partic-
ular temperature. Interpreting this tendency of corresponding peaks as an

Figure 52: This �gure depicts result from Marinazzo et al. [71]. They simulate an
Ising-like system on the human structural connectome as a backbone and
�nd that parameters like the susceptibility (left), speci�c heat capacity
(middle), and transfer entropy (right) show a corresponding peak at a
certain temperature. From [71].

inherent feature of Ising-like systems, a quality criterion can be constructed.
I de�ne a cost function

ψc ∝ ∆T (Cmaxv ,χmax)∆T (Cmaxv ,SmaxTr )∆T (SmaxTr ,χmax) , (105)

with∆T (Cmaxv ,χmax) being the di�erence of temperatures of the peak spe-
ci�c heat capacity T(Cmaxv ) and peak susceptibility T(χmax). Analogously
for the other two factors. This cost function ψc has a minimum, when all
three peaks of the simulated parameters correspond to each other. For every
simulated neighborhood size N,ψc could be evaluated on the static functio-
nal connectome as a backbone and the most suitable size could be selected.
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"Und kurz umrühr’n – fertig. [...]
Des schmeckt irgendwie – nach irgendwos."

(Joe Waschl)

In one part of my PhD thesis, I have investigated an extension of dFC to a
frequency-resolved version of it by applying a sliding window approach on
time courses from di�erent frequency scales. The method of choice for the
frequency decomposition has been MEMD applied on time-series resulting
from a gICA of rs-fMRI data. Frequency scales have been de�ned by the re-
sulting narrow band IMFs. Those frequency-resolved time courses have been
segmented by using a box-car function slid over the whole time span with a
step width of one TR. For each of those windows and within each frequency
scale, correlation matrices have been calculated by cross-correlating the time
course segments. This has resulted in sets of correlation matrices for each
rs-fMRI session and scale. In a next step, on the correlation matrices from
all sessions on each scale a k-means clustering procedure has been applied.
This has resulted in frequency-resolved connectivity-states, which shows
scale-stable behavior. I �nd a signi�cant change of scale stability of connec-
tivity-states from k = 4 to k = 5 extracted centroids. To discard �ndings by
chance, I have investigated scale stability on shu�ed and phase randomized
null-data �nding an opposite trend to the empirical results. Additionally, I
have conducted post hoc �lter bank investigations with a varying number of
frequency scales con�rming my results. In a next step, I have used simulated
data traversing di�erent numbers of prede�ned arti�cial connectivity-states.
Investigating scale stability of this simulated data reveals the potential of my
approach to detect data inherent cluster structure in a more objective way
than commonly used measures. Furthermore, simulations of kinh = 4 con-
nectivity-states have con�rmed the hypothesis of kinh = 4 data inherent
states in the rs-fMRI case. The behavior of my introduced scale stability mea-
sure is also supported by theoretical considerations. Since all those studies
have been conducted using windows with a constant size over frequency
scales, adaptation of window size on the varying frequency over scales is
also investigated. Eventually, the course of this work has culminated in the
development of a sensitive and potentially objective method for detecting
data inherent cluster structures of speci�c types of data.

The other part of my thesis has dealt with the development of ideas for
a proposal directed to the German science foundation for the �rst funding
of my planned PostDoc phase. I have extended the recently emerging �eld
of simulating Ising-like systems on static functional and structural connec-
tomes as backbones to a dynamic version of it. I have proposed to use the
dynamic connectome resulting from dFC analysis as a time varying back-
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bone introducing a time dependency to the used Ising-like systems. I have
suggested to do this in a quasistatic, dynamic, and frequency-resolved way.
Additionally, I have proposed to combine di�erent modalities in Ising-like
systems employing an external magnetic �eld term. My ideas open up a way
to investigate arti�cially introduced damages to the used connectomes. The
dynamics of those damaged systems could then be compared to healthy ones
and also to real lesioned cortices. Since it is not clear from literature what
Ising-like system is to be preferred, I have proposed a variation of the Ising-
model with a variable extent of the used neighborhood. By exploiting recent
�ndings of spreading dynamics on the human connectome, I have suggested
a way of de�ning variable neighborhoods. Literature �ndings on criticality
in rs-fMRI data yield a way of model selection for the neighborhood of the
introduced Ising-like system.

highlighting the main achievements during my phd process

• Developing a novel method for selecting data inherent clusters for spe-
ci�c types of data

• Presenting my ideas at the Human Brain Mapping conference in Hon-
olulu, Hawaii as a talk and poster; achieving Merit abstract award

• Developing ideas for my PostDoc phase, becoming a member of the
7. Nachwuchsakademie Medizintechnik of the German science foun-
dation, and creating my own proposal directed to the German science
foundation for the �rst funding of my PostDoc phase; this proposal
passed �rst selection step during my PhD phase, but awaits �nal deci-
sion
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A
A P P E N D I X

a.1 various mathematical concepts

In this section, I introduce statistical concepts that are needed for under-
standing particular parts of my thesis, and which do not �t into the above
chapters. It is referenced to each of the following sections in the text, when
the reader can bene�t from looking up one of the following particular con-
cepts.

a.1.1 Pearson’s correlation coe�cient

The correlation coe�cient of Pearson ρij is de�ned as the covariance cov(X, Y)
of two random variablesX and Y normalized by the product of their standard
deviations

ρXY =
cov(X, Y)
σXσY

, (106)

with

cov(X, Y) =
∑n
i=1(xi − 〈x〉)(yi − 〈y〉)

n− 1
, (107)

where xi and yi for i = 1, . . . ,n being the realizations of X and Y, respec-
tively, and 〈·〉 denotes the mean over all realizations [15].

a.1.2 Partial correlation

Marrelec et al. [72] have been the �rst to introduce partial correlation as a
measure for functional connectivity with the advantage of eliminating dis-
tracting information introduced by nodes not of concern. They mention that
partial correlation represents "direct correlation" between two regions in the
sense that it only considers correlation that cannot be accounted for by the
other regions. They introduce partial correlation ρ̃ij as a conditional coe�-
cient

ρ̃ij = corr
[
avi(t),avj(t)|aR(t)

]
, (108)

where avi(t) is the activity time course of node vi and aR(t) the remaining
activity time courses of nodesR = V\ {vi, vj}, whereV is the set of all nodes.
They describe the conditional dependence of ρ̃ij with the projection of the
two time courses avi(t) and avj(t) onto the subspace orthogonal to the time
courses of the remaining nodes aR(t), and therefore correlation calculated
in this subspace only refers to the variance of avi(t) and avj(t).
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a.1.3 Mutual information

Given two random variables X and Y with a joint probability distribution
PXY(xi,yi) where xi and yi for i = 1, . . . ,n re�ect the realizations of the
random variables, then mutual information I(X; Y) of the two random vari-
ables is de�ned as [63]

I(X; Y) =
n∑

i,j=1

PXY(xi,yj) log
PXY(xi,yj)
PX(xi)PY(yj)

, (109)

where PX(xi) and PY(yj) are the marginal probability distributions of the
random variables X and Y, respectively. Latham and Roudi [63] show that
mutual information can also be formulated by using Shannon’s information
entropy H(X) = −

∑
i PX(xi) logPX(xi)

I(X; Y) = H(X) −H(X|Y), (110)

where H(X|Y) is the conditional entropy. This form of entropy is de�ned as
[24]

H(X|Y) = −

n∑
i=1

PY(yi)H(X|Y = yi). (111)

If entropy is interpreted as a measure of uncertainty of a random variable X,
then mutual information can be seen as a reduction in the uncertainty of X
by observing Y [63].
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a.2 connectivity-state arrays of k = 2 , 3 , 5 , . . . , 10
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Figure 53: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD. This is a realization of the ordering procedure without shu�ing
the frequency scales f and k = 2 extracted connectivity-states on each
frequency scale. In the top row, the connectivity-states resulting from
the standard (St.) dFC procedure are shown. Below, each row shows the
connectivity-states from frequency scales f = 1, . . . , 10 with increasing
frequency de�ned by the IMFs resulting from MEMD. Each column S*b
represents one connectivity-state, if it could be found robustly over fre-
quency scales.. Color represents the range from minimum (blue) to max-
imum (red) value of correlation to highlight the common structure over
scales. The columns S*a show histograms of the absolute frequency of
the correlation coe�cients of the corresponding connectivity-states.
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Figure 54: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD. This is a realization of the ordering procedure without shu�ing
the frequency scales f and k = 3 extracted connectivity-states on each
frequency scale. In the top row, the connectivity-states resulting from
the standard (St.) dFC procedure are shown. Below, each row shows the
connectivity-states from frequency scales f = 1, . . . , 10 with increasing
frequency de�ned by the IMFs resulting from MEMD. Each column S*b
represents one connectivity-state, if it could be found robustly over fre-
quency scales.. Color represents the range from minimum (blue) to max-
imum (red) value of correlation to highlight the common structure over
scales. The columns S*a show histograms of the absolute frequency of
the correlation coe�cients of the corresponding connectivity-states.
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Figure 55: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD. This is a realization of the ordering procedure without shu�ing
the frequency scales f and k = 5 extracted connectivity-states on each
frequency scale. In the top row, the connectivity-states resulting from
the standard (St.) dFC procedure are shown. Below, each row shows the
connectivity-states from frequency scales f = 1, . . . , 10 with increasing
frequency de�ned by the IMFs resulting from MEMD. Each column S*b
represents one connectivity-state, if it could be found robustly over fre-
quency scales.. Color represents the range from minimum (blue) to max-
imum (red) value of correlation to highlight the common structure over
scales. The columns S*a show histograms of the absolute frequency of
the correlation coe�cients of the corresponding connectivity-states.
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Figure 56: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD. This is a realization of the ordering procedure without shu�ing
the frequency scales f and k = 6 extracted connectivity-states on each
frequency scale. In the top row, the connectivity-states resulting from
the standard (St.) dFC procedure are shown. Below, each row shows the
connectivity-states from frequency scales f = 1, . . . , 10 with increasing
frequency de�ned by the IMFs resulting from MEMD. Each column S*b
represents one connectivity-state, if it could be found robustly over fre-
quency scales.. Color represents the range from minimum (blue) to max-
imum (red) value of correlation to highlight the common structure over
scales. The columns S*a show histograms of the absolute frequency of
the correlation coe�cients of the corresponding connectivity-states.
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Figure 57: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD. This is a realization of the ordering procedure without shu�ing
the frequency scales f and k = 7 extracted connectivity-states on each
frequency scale. In the top row, the connectivity-states resulting from
the standard (St.) dFC procedure are shown. Below, each row shows the
connectivity-states from frequency scales f = 1, . . . , 10 with increasing
frequency de�ned by the IMFs resulting from MEMD. Each column S*b
represents one connectivity-state, if it could be found robustly over fre-
quency scales.. Color represents the range from minimum (blue) to max-
imum (red) value of correlation to highlight the common structure over
scales. The columns S*a show histograms of the absolute frequency of
the correlation coe�cients of the corresponding connectivity-states.
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Figure 58: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD. This is a realization of the ordering procedure without shu�ing
the frequency scales f and k = 8 extracted connectivity-states on each
frequency scale. In the top row, the connectivity-states resulting from
the standard (St.) dFC procedure are shown. Below, each row shows the
connectivity-states from frequency scales f = 1, . . . , 10 with increasing
frequency de�ned by the IMFs resulting from MEMD. Each column S*b
represents one connectivity-state, if it could be found robustly over fre-
quency scales.. Color represents the range from minimum (blue) to max-
imum (red) value of correlation to highlight the common structure over
scales. The columns S*a show histograms of the absolute frequency of
the correlation coe�cients of the corresponding connectivity-states.
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Figure 59: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD. This is a realization of the ordering procedure without shu�ing
the frequency scales f and k = 9 extracted connectivity-states on each
frequency scale. In the top row, the connectivity-states resulting from
the standard (St.) dFC procedure are shown. Below, each row shows the
connectivity-states from frequency scales f = 1, . . . , 10 with increasing
frequency de�ned by the IMFs resulting from MEMD. Each column S*b
represents one connectivity-state, if it could be found robustly over fre-
quency scales.. Color represents the range from minimum (blue) to max-
imum (red) value of correlation to highlight the common structure over
scales. The columns S*a show histograms of the absolute frequency of
the correlation coe�cients of the corresponding connectivity-states.
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Figure 60: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD. This is a realization of the ordering procedure without shu�ing
the frequency scales f and k = 10 extracted connectivity-states on each
frequency scale. In the top row, the connectivity-states resulting from
the standard (St.) dFC procedure are shown. Below, each row shows the
connectivity-states from frequency scales f = 1, . . . , 10 with increasing
frequency de�ned by the IMFs resulting from MEMD. Each column S*b
represents one connectivity-state, if it could be found robustly over fre-
quency scales.. Color represents the range from minimum (blue) to max-
imum (red) value of correlation to highlight the common structure over
scales. The columns S*a show histograms of the absolute frequency of
the correlation coe�cients of the corresponding connectivity-states.
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a.3 exemplary connectivity-state array of clustering with
preceding demeaning of correlation matrices
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Figure 61: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD. Before the clustering procedure was applied, the correlation ma-
trices were demeaned. This is a realization of the ordering procedure
without shu�ing the frequency scales f and k = 4 extracted connectiv-
ity-states on each frequency scale. In the top row, the connectivity-states
resulting from the standard (St.) dFC procedure are shown. Below, each
row shows the connectivity-states from frequency scales f = 1 , . . . , 10
with increasing frequency de�ned by the IMFs resulting from MEMD.
Each column S*b represents one connectivity-state, if it could be found ro-
bustly over frequency scales. Color represents the range from minimum
(blue) to maximum (red) value of correlation to highlight the common
structure over scales. The columns S*a show histograms of the absolute
frequency of the correlation coe�cients of the corresponding connectiv-
ity-states. In this case, matrix entries show Fisher transformed, demeaned
values represented by ρ in the histograms.
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a.4 exemplary connectivity-state arrays of surrogate time-
series
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Figure 62: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD applied on shu�ed time courses. In this case, shu�ing was done
in the time domain. This is a realization of the ordering procedure with-
out shu�ing the frequency scales f and k = 4 extracted connectivity-
states on each frequency scale. In the top row, the connectivity-states re-
sulting from the standard (St.) dFC procedure are shown. Below, each row
shows the connectivity-states from frequency scales f = 1 , . . . , 10with
increasing frequency de�ned by the IMFs resulting from MEMD. Color
represents the range from minimum (blue) to maximum (red) value of
correlation to highlight the common structure over scales. The columns
S*a show histograms of the absolute frequency of the correlation coef-
�cients of the corresponding connectivity-states. All connectivity-states
in this �gure depict non-transformed correlation coe�cients.
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Figure 63: This �gure depicts the result of the ordering algorithm 4 applied on con-
nectivity-states resulting from frdFC procedure using Ufi extracted by
MEMD applied on phase randomized time courses. This is a realization
of the ordering procedure without shu�ing the frequency scales f and
k = 4 extracted connectivity-states on each frequency scale. In the top
row, the connectivity-states resulting from the standard (St.) dFC proce-
dure are shown. Below, each row shows the connectivity-states from fre-
quency scales f = 1 , . . . , 10 with increasing frequency de�ned by the
IMFs resulting from MEMD. Color represents the range from minimum
(blue) to maximum (red) value of correlation to highlight the common
structure over scales. The columns S*a show histograms of the absolute
frequency of the correlation coe�cients of the corresponding connectiv-
ity-states. All connectivity-states in this �gure depict non-transformed
correlation coe�cients.
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