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Fano stability diagram of a symmetric triple quantum dot
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The Fano factor stability diagram of a Cs, symmetric triangular quantum dot is analyzed for increasing electron
fillings N. At low filling, conventional Poissonian and sub-Poissonian behavior is found. At larger filling, N > 2,
a breaking of the electron-hole symmetry is manifested in super-Poissonian noise with a peculiar bias voltage
dependence of the Fano factor at Coulomb and interference blockade. An analysis of the Fano map unravels a
nontrivial electron-bunching mechanism arising from the presence of degenerate many-body states combined
with orbital interference and Coulomb interactions. An expression for the associated dark states is provided for

generic N.
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I. INTRODUCTION

Current fluctuations in out-of-equilibrium nanoscale sys-
tems can yield information about relevant transport mech-
anisms not accessible from knowledge of only the average
current [1]. In fermionic tunneling structures the interplay
between the Pauli principle and repulsive Coulomb interac-
tions usually yields Poissonian and sub-Poissonian noises,
corresponding to Fano factors F = 1 and F' < 1, respectively.
For example, in single-level quantum dot systems one finds
Poissonian shot noise at the Coulomb blockade [see Fig. 1(a)]
and sub-Poissonian noise with 1/2 < F' < 1 in the sequential
transport regime [2—7]. The latter is an indication that each
tunneling barrier can be regarded as an independent source
of Poissonian noise [8]. The enhancement of the shot noise,
ie., F > 1, requires a multilevel structure of the quantum
dot [8-10] or complex multiple-quantum-dot devices [11-15].
Independent of the details of the nanosystems, super-
Poissonian noise implies the presence of slow and fast channels
and mechanisms which occasionally allow for charge transfer
on a time scale much shorter than the average residence time
in the slow-channel state [see, e.g., Figs. 1(b) and 1(c)]. Thus
super-Poissonian noise is a signature of fermionic bunching
and in turn of subtle quantum correlations, which is the topic
of this work.

In this paper we investigate the Fano stability diagram
of a C3, symmetric triangular triple quantum dot (TQD),
schematically sketched in Fig. 1(d), as a function of its
occupation. TQDs are the smallest systems where the in-
terplay of statistics, Coulomb interactions, and geometry
allows one to study peculiar many-body effects such as
superexchange-induced triplet-singlet transition [16], many-
body interference [13,17,18], cellular automata phenomena
[19], charge frustration [20-22], and channel blockade [23].
TQDs have recently been realized in lateral semiconducting
heterostructures [19,20,23,24], which are tunable down to the
few-electron regime by means of plunger and depletion gates
[24] and by means of atomic scanning tunneling microscopy
manipulation [25]. In the latter experiment, orbital degeneracy
in a C3, symmetric triangular dot could be demonstrated.

“Corresponding author: milena.grifoni @ur.de

2469-9950/2017/95(11)/115133(12)

115133-1

So far, investigations of transport noise have been restricted
to setups in which the C3, symmetry of an isolated TQD is
broken in various ways, e.g., by assuming unequal interdot
hoppings and/or on-site energies [12,13,26-28]. These asym-
metries remove orbital degeneracies and hence the possibility
to observe current suppression due to the destructive orbital
interference [29]. We show that the Fano map of a Cj,
symmetric, weakly coupled TQD is characterized by regions of
super-Poissonian noise outside the Coulomb blockade region
[see Fig. 1(c)], with specific fractional values of the Fano
factor being a signature of such many-body interference. By
exploiting an analytical solution for the TQD spectrum, the
explicit form of the dark states is provided, including the most
complex situation of half filling.

II. MODEL AND SPECTRUM

We examine a single-electron transistor model described
by the total Hamiltonian H = Hrqp + Hun + Hres. The TQD
spectrum derives from a three-site Hamiltonian with hopping
b < 0, on-site Coulomb repulsion U, and intersite repulsion
v,

Hrgp = € Znia +b Z djgdia

i#j.0

+U2[:(nl¢—%>(n,¢—%>

+V Y (= D(nj — 1, (1)

i<j

where & = ¢ — enV, includes the on-site energy & and the
effects of an applied gate voltage V, with level arm 7.
Here, operators djo and d;, create and annihilate an electron
with spin projection o in dot i =0,1,2, and n; = ZG Nig»
Ni :d;fad,'(7 [see Fig. 1(d)]. The two leads are consid-
ered reservoirs at chemical potentials ;g = o £ eVy/2
for the left (L) and right (R) leads, with V;, being the
applied bias voltage, where we measure the energy from the
equilibrium chemical potential py = 0. The corresponding
Hamiltonian is Hees = Y"1, £akCoiy Cako» With @ = L, R. Fi-
nally, tunneling between the TQD and leads is described by
Hun = Yoo 2 (t¢h 10 dig + 1aid], cato). The single-orbital
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FIG. 1. (a) Single-level quantum dot in the Coulomb-blockade
regime with Fano factor F = 1. (b) If an excited state is present
in the bias window of a Coulomb-blockaded quantum dot, electron
bunching through the excited state yields super-Poissonian noise
(F > 1). (c) Interference of energy degenerate orbitals gives rise
to coupled (CS) and dark (DS) states and in turn to super-Poissonian
noise. Solid arrows show fast processes; dashed ones show the
dominant slow processes. (d) A gated triangular triple quantum dot
(TQD) features all three dynamical situations sketched in (a)—(c).

approximation yields a realistic description of lateral TQD
devices [19,20,23,24] as long as eV}, and eV, are of the
order of the hopping parameter b [30]. In the following, we
consider equal coupling to the left and right leads and set
t1p = tg; = t, and otherwise, #,; = 0. We identify for later
convenience di, = dpy, dre = dio.

The single-particle part of the TQD Hamiltonian equation
(1) is diagonalized in the basis of the angular momentum states
{I) = l/ﬂZfzo e 273y, {l = 0, & 1}. Accounting for
the spin degree of freedom o, in the following we use this
single-particle basis to construct many-body states in the
occupation number representation, where a generic vector
[not.n14,m_145 00, ,01y,n—1,) is fully characterized by the
occupation numbers 7, . Finally, we use this many-body basis
to diagonalize the TQD Hamiltonian and find its eigenvalues
and eigenfunctions. Several symmetries have been exploited in
the analytical diagonalization: Hrop commutes, in fact, with

the total particle number operator N = ), ny,, the total spin

operator $% = Y, (d} s .diy)* (here s’ = Lo’ and o' is

the ith Pauli matrix), the spin projection S, = % > 1o 0o, and
the angular momentum operator [17] L, =1) ,, Inio|mod 3-
By ordering the many-body states according to the quantum
numbers N, S, §;, and L, associated with these operators,
we can reduce the Hamiltonian into a block-diagonal form
with blocks of maximal size 3 x 3 and then complete the
diagonalization. The set of eigenvalues listed above together
with the energy E fully characterize the eigenvectors of the
interacting TQD Hamiltonian, which is crucial knowledge
for the forthcoming analysis. In the following we use the
notation |N,E; S,S;,L;) or |[N,«a;,L;), witho; = {Ey;; S,S.},
for a generic eigenvector. In particular, S?|N,E; S,S;,L;) =
R*S(S 4+ 1)|N,E;S,S.,L.) and, as usual, —S < S. < S. The
C3, group of the TQD also comprises three reflection planes
perpendicular to the system. In particular, we introduce

the reflection operator o,9 such that UuoledUuo = d;g and
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auod(];(7 Ow = dga. The overall phase of the eigenstates is taken
in such a way that 00| N,¢;,1) = |N,o;, — 1).

Such eigenvectors and the associated eigenvalues in the
occupation number basis are reported in Appendix A. For
convenience we set/i = 1 in the quantum numbers.

III. CURRENT AND NOISE IN A REDUCED
DENSITY MATRIX APPROACH

To compute the current and shot noise we use a master-
equation approach for the generalized reduced density ma-
trix py = Trres{e' ¥ p}, where x and Ng are the counting
field and number operator for the right lead and p is
the total density operator [6,31]. A truncation to second
order in Hy, yields the generalized master equation p, =
[£+ (X —DT' + (e7* — 1)T " 1py [32], where L is the
Liouville superoperator, and we define the current superop-
erators for increasing, J ', and decreasing, 7, the number
of electrons in the right lead. This results in the equations
for the stationary reduced density matrix, 0> = lim,_, o Py=0,
and the moments F° = lim,_, o d*/d(i x)* py | y=0. Introduc-
ing the traceless part of the first moment, F7¢ = (1 —
p°°Trrop)F1°, one finds in particular

i
Lp> = _fl[HTQD + His, p™]1+ L;p™ =0,
LFY =(—1/e—T"+ T )p™, 2

where L, is the tunneling part of the Liouvillian. The
Lamb shift Hamiltonian [18,33] Hrs generates a precession
dynamics within orbitally degenerate subspaces. Its explicit
form is given in Sec. VI. The operatorial form of Eq. (2) fully
accounts for interference effects captured in the off-diagonal
elements of p°°. The current / (first cumulant) and shot noise
S (second cumulant) in turn follow as [32]

I = —eTrrop(J+ — T )p™,
S = Trigpl2(T T — T )FN + (T + T ™. 3)

As a dimensionless measure of the relative noise strength we
employ the Fano factor F = S/e|I|.

IV. CURRENT AND FANO MAPS

The stationary current is shown as a function of bias and
gate voltage in Fig. 2(a). For comparison, the same parameters
as in the work by Donarini et al. [29] are used. Notice that the
closed geometry of the TQD breaks the particle-hole symmetry
otherwise present in linear triple dots [16]. The stability
diagram displays Coulomb diamonds inside of which current
is exponentially suppressed (up to second order in Hy,,) due
to Coulomb blockade and also regions outside the Coulomb
diamonds with suppression due to orbital interference [18].
Coulomb diamonds are indicated with dotted lines when no
longer visible due to the additional interference blockade. A
measurement of the current alone, however, does not enable
one to tackle the different blockade mechanisms. In contrast,
the Fano map, shown in Fig. 2(b), displays a much richer
structure than the current. In Fig. 2(c) we show the Fano factor
F,,, which is obtained by neglecting the Lamb shift term Hjg
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FIG. 2. Current and Fano factors vs applied gate and bias volt-
ages. (a) Average current where the number of electrons in the block-
ade regions is displayed. The white dotted lines delimit regions where
transport is inhibited due to Coulomb blockade. (b) Fano factor and
(c) Fano factor without Lamb shifts due to virtual transitions. Some
values discussed in the text are indicated. Parameters used for the
simulations are U = 5|b|, V = 2|b|, kgT = 0.002|b|, kgT = 20T,
and b < 0.

in Eq. (2). Clearly, the virtual transitions responsible for the
Lamb shifts blur the otherwise polygonal Fano pattern.

At first glance one can observe a sub-Poissonian shot noise
1/2 < F < 1 in the transport regime and both Poissonian,
F =1, and super-Poissonian, F' > 1, shotnoises in the regions
of vanishing current. Furthermore, F diverges when V;, — 0
due to Johnson-Nyquist noise. Finally, vertical steps in the
Fano factor are clearly visible at the center of the three-
and five-particle Coulomb diamonds. At these positions the
energy levels of the states with one electron more or less than
the participating Coulomb- or interference-blocked state are
aligned, and a little change in the gate voltage favors one or
the other side in transport, leading to a sudden change in the
statistics that is unaffected by the bias voltage [34,35].

The complexity of the Fano pattern increases with growing
electron filling, from right to left. The breaking of electron-
hole symmetry is strikingly revealed in a Fano factor smaller
(larger) than 1 in the transport (blockade) regions involving the
N = 0(6)and N = 1(5) ground states. Moreover, large values
of F are observed for intermediate filling. The Fano map at
low filling is easily understood by observing that the one-
electron ground states {|1,E,;1/2, =1/2,0)} are only spin
degenerate. Then, in the region with zero- and one-electron
occupation, the Fano map resembles that of the single-impurity
Anderson model, with F = 5/9 and F = 1/2 in the transport
regions and F =1 at the Coulomb blockade [7]. At larger
filling N > 2, super-Poissonian noise signals the presence of
fast (f) and slow (s) channels. In this situation the Fano factor
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can be described in terms of effective filling rates 'Y = RET,,
p = s, f,as shown in Appendix B, as

2r/

Fpy =1 oy s
ATy

ML > KR, 4

where g, = 27 |t|? Dg /A is the bare tunneling rate for lead «,
proportional to the density of states at the Fermi energy D,.
In the following we assume identical leads, such that T'y;, =
oz = [y [see Fig. 1(d)]. The coefficients R} weight the fast
and slow channels and account for both spin degeneracies and
orbital interference. The latter is ubiquitous in our symmetric
TQD. Hence, even at Coulomb blockade, the observed values
of F and F,, cannot be simply explained in terms of the
channel blockade mechanism [10]. This requires a Coulomb-
blockaded level, and excited states in the transport window
which provide a fast transport channel [see Fig. 1(b)]. The
larger the excited states’ degeneracy is, the larger the Fano
factor is. Consider the Coulomb diamond with N = 2 at the
bias value indicated by the symbol * in Fig. 1(c), where only the
ground state |2¢) = |2, E»,;0,0,0) and the first set of excited
levels given by the sextuplet {|2,E>; 1,S;, £ 1),5; =0, & 1}
enters the transport window. By applying Eq. (4) naively
assuming that Rf is just the channel multiplicity (RS =1

and Rgf = 6), one predicts F,,, = 7, which is bigger than the
observed value F,,, & 2. Athigher bias, transitions to the states
|2,E,,;0,0, £ 1) and |3,E5,;1/2, £ 1/2, £ 1) enter the bias
window, and even larger values of F,, are expected. This
is not observed in our TQD, where F,, < 7. However, the
sheer number of open transitions makes analytics practically
impossible, especially since three of these states are orbitally
degenerate.

At the interference blockade, with the blocking state being
decoupled at the right lead [see Fig. 1(c)], Eq. (4) holds
with I, = 0. For transitions to the left lead through coupled

and decoupled states one would naively expect R /= Rj and
therefore a Fano factor F,,, = 3, as found in many systems
[9-12]. The value F,, = 5/3 observed, e.g., at the resonance
involving the ground states |2o) and {|3, E3,;1/2, £1/2, £ 1)}
[see Fig. 2(c)] again indicates that the evaluation of the weights
RY requires precise analysis of interference with its associated
“dark states”. In this respect we dedicate the next section to
studying the generic form of a dark state and give specific
examples.

V. DARK STATES OF A C3;, SYMMETRIC TQD

When a set of orbitally degenerate levels participates in
transport, interference can inhibit the escape from one many-
body state with N particles at one lead, such that electrons can
leave this so-called dark state (DS) only via thermal activation
through the other lead or via virtual excitations [see Fig. 1(c)].
This yields current suppression. In the following we focus
exemplarily on transitions blocked at the right lead which
involve an orbitally degenerate multiplet with N particles and
asinglet with N — 1 particles. We denote the latter state, which
necessarily has L, = 0, by |N — 1;0) and define a DS through
the requirement (N — 1;0|d;,|N; DS) = 0. Becausea L, = 0
state and d;, are invariant upon a reflection ¢,; which leaves
the site 1 invariant and sends 2 <> 0, such a blocking state must
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be antisymmetric under o,;. Expressing dj, in the angular
momentum basis, we find for the DS the antibonding linear
combination

IN,a;; DS) : [¢FIN,a;,1) — e IN D], 6

e = —=|€ Uiy —e iy — )
V2

where o; = {En,; S, S;} accounts for the energy and spin of
the DS. Thus a DS is an antibonding combination of states
with angular momentum L, = £1. Note that this result is
independent of spin degrees of freedom. Indeed, this state
fulfills

(N — 1;0|d1s|N; DS)
= (N =101 Y e dy, e
1

= (N - 1;0ldi=15IN; 1) = (N — 1, 0ldj=—15|N; —1)
=0, (6)

which shows that a transition is forbidden at the right lead.
The bonding linear combination corresponds to the coupled
state |N;CS). Expressing the dark states in position basis
{0O1M,11,24;04,1],2]} yields further insight into the
blocking mechanism. Let us consider their composition for
increasing electron filling. The dark state for the one-particle
first excited state with S, = 1/2is

11 1 <t>
1,Ey,; =,=; DS —_Pt =),
2 > ﬁ( + — ) @
and similarly for the dark state with S, = —1/2. Thus we

recover the familiar result by Hsieh et al. [30], where the

J

i27r/3|N; l> _ e—i27‘r/3|N; _l>]

11
3,E3O;§,§;DS> W

+ (vo,1 + vo,0 + Uo,1)(<t><‘><t>

+ 2(vo,1 + vo,0 + vo,—1)¢<'§l>:|,

where vy, is given in the caption of Table I. Analogously the
state with S, = —1/2 can be constructed. Again, the vanishing
of the transition amplitude (6) results from a nontrivial
quantum cancellation.

VI. INTERFERENCE BLOCKADE
AT THE 2, < 3, RESONANCE

We apply the results above to investigate the bias region
involving transitions among an N -particle ground-state singlet
and an orbitally degenerate (N + 1)-particle ground state. We
exemplarily choose the 2; <> 3 resonance where, as seen in
Fig. 2(c), F,,, = 5/3, but the results apply to other resonances
as well. To this extent, let us observe that since the total
Hamiltonian H conserves particles, energy, and spin, the
stationary density matrix p> has a block diagonal structure,

|:(v0 1 —2v9,0 + vo,— 1)<O#Ct> +
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DS is a state without occupation of the right-coupled dot 1.
On the other hand, the vanishing of the matrix element in
Eq. (6) also comes naturally from the fact that the DS (7) is
antisymmetric under the operation o,,; while both d;, and the
vacuum state |0,,0) are symmetric.

For the two-particle first excited state with S, = 1 we obtain

12,01;DS) = (<t><t>

<§> + 243?), ®)
and similarly for S, = —1. For the case S, = 0 we find

12,E5,;1,0; DS) 7[<<P +_ czpcb)
_ (C'DOCP _ octgP)
+ 2<<P<§> - <f><‘>©)} ©

The composition of states shown in Eqgs. (8) and (9) is
counterintuitive because they admit finite occupation of dot 1.
However, again, the vanishing of the transition amplitude (6)
results from the fact that the DS is antisymmetric with respect
to the reflection o,; and the state |1,(,0) is symmetric. Notice
that, crucially, the two contributions with single occupation of
dot 1 give a contribution of opposite sign to the amplitude (6).

The three-particle ground state with S, = 1/2 is given by
the intricate superposition

C&OC'D) + (2vo,1 — vo,0 — vo,_1)(<t>#o + C&Cﬁo)
+ CgtD) + (vo.1 + vo0 — 2U0,1)(©<t><¢ + Cﬁo#)

(10)

(

with blocks p"VS5%(E) of definite N, S, S., and E [36].
Due to the equivalence of the configurations with different
S for the dynamics, we introduce the matrices piv L (E) =

dos.lp N8S:(E)]L. 1. For example, since there exists only one

configuration for the N =2 ground state, p> is a number.
On the other hand, p- (E30) is the 2x2 matrix associated
with the three-particle ground-state quadruplet. By using the
Wigner-Eckart theorem [37] to calculate matrix elements of
the operators, dgm and d,,, between states of different particle
numbers and spins and summing over o, Eq. (2) yields for the
case of unidirectional transport near the 2y <> 3y resonance

i 3 2 F 3
0= _ﬁ[HLS”O ]+2FRL,0 - E{RRUO }7 (11)

which, together with Trrgp{p} = 1, fully determines p*(Ez,)
and ,03(E30). The Lamb shift Hamiltonian can be cast, follow-
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ing Donarini et al. [18], into the form H g =7 Za weRy. The
precession frequencies w, account for virtual transitions from
the three-particle ground states to the states with two and four
particles and are independent of S,. We find

0 (E — E3,)
Wy = — o
2 p 30
T,E

x (3.E3: 3.5:. Leldor P pd 13, Esy3 3.0 — L)

+pa(E3o_E)

X (3,E3,; 3,82, Lldl, P pdoe |3, Eay; 3,z — L),

(12)

where Pyp = ZS,,L: IN,E;S,S,,L,){N,E;S,S,,L,| is the
projector on the N-particle level with energy E
and spin S. We defined the function p,(AE)=

—Re ¥ [1/2 +i(AE — )/ kg T)], where T is the temper-
ature, ¥ is the digamma function, and p,, is the chemical poten-
tial of lead . The matrices R, have in the angular momentum
basis the form (Ry )y = @213 ¢ ¢/ = +1. We defined
I' = aly, where a = 13" [(3,E3,; 5, — 0.1]d}, |20)|*. No-
tice that one cannot diagonalize R; and Ry simultaneously.
In the basis spanned by |3,DS) and |3,CS) we get

0 0 1/ 3 —i/3
RR:(O 2)’ RL:§<N§ 1[) )

and ,03(E30) = p(I +n-0)/2, where n is the Bloch vector
corresponding to the orbitally degenerate state, o is the vector
of Pauli matrices, p = p4q + pce, and the decoupled state
points along the z axis. Neglecting the Lamb shift term, the
matrix p3(E3,) is diagonal, with elements p9¢ = 1, p¢ =0
at the deep interference blockade. The diagonal elements 0, 2
and 3/2, 1/2 of R,, correspond to the weights R%, R,’; and R;,
R{ , respectively, entering Eq. (4). Notice that this yields the

counterintuitive result R{ # Rj . Using these values, we find
F., =5/3.

So far the effect of the Lamb shift Hamiltonian H; g has
been neglected. An analytical treatment of the precessional
dynamics is possible in the parameter region involving the
N = 5and N = 6 ground states, as discussed below.

VII. INTERFERENCE BLOCKADE
AT THE 5, <+ 69 RESONANCE

The Lamb shift term describes a precession of the Bloch
vector n around an axis set by the matrices R,,. The populations
of the coupled and dark states are thus affected by partially
coherent gain and loss, and the blockade is perfect only when
wr = 0. We choose the 5y <> 6y resonance at &€ = —7.5|b|,
indicated by a green dashed line in Fig. 2, to study the effect
of this precession.

A. Hole transport

The dynamics between the N = 5 and N = 6 ground states
is easily described in terms of hole transport. Then, Egs. (4),
(11), and (13) apply upon exchange of L <> R together with
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FIG. 3. Bias trace of (a) current, (b) Fano factor, and (c)
precession frequencies w; g at & = —7.5|b|, corresponding to the
green dashed line in Fig. 2. The numerical data agree well with
analytical expressions from the text. Inset: The population of the
coupled (CS) and dark (DS) states is affected by effective filling rates
and by a precessional dynamics with frequency wg.

3 — 5,2 — 6, which yields

i r
0= —E[HLsyps] + 2l Rgp® — E{RL,PS},
0= FTI‘TQD(RL[)S) - 4FP67 (14)

where we use a = 13" [(5,Es,; 3, — 0,1]dus |6)|* = 1 and
I' = aFO.

Bias traces of currents and Fano factors at the gate voltage
corresponding to & = —7.5|b| are shown in Figs. 3(a) and 3(b).
The current I,,,, which does not account for the Lamb shifts, is
exponentially suppressed in the voltage range 0.5 < eV, /|b| <
3.5. The associated Fano factor takes the values F,,, = 5/3 at
low bias and F,, = 4/3 above eV, /|b| = 2 when transitions
from 5 to the four-particle ground states {|4,E4,;1,S;,0)}
dominate the bottleneck process for transport, as shown in
Appendix D. Virtual transitions modify this picture: the current
I (Fano factor F') varies with bias voltage and has a minimum
(maximum) at wg ~ 0. In the following we investigate how
the Lamb shift Hamiltonian affects the dark state of the five-
particle ground states and the resulting Fano factor.

B. Interference dynamics

The precession frequencies w, from Eq. (12) account
for virtual transitions from the five-particle ground states
{I5,E5,;1/2, £1/2, £ 1)} to the state [69) = |6, Es;0,0,0)
and to levels with energies Ey,, ,,. Their bias dependence
is shown in Fig. 3(c). The stationary density matrix in the
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FIG. 4. (a) Current and (b) Fano factor as a function of detuning at V, = —7.5|b| for different bias voltages. In the limit of large detuning
where AE > hly, the currentis I = —e4I"y/15 and the Fano factor F = 17/25. For vanishing detuning F = 5/3 is recovered at full blockade

(eVy, =~ 1.15|b)).

ordering p%, p<¢, p®, p9¢, p°? obtained as a solution to Eq. (14)
is

D —3w%
20)%e
1 2
Wr
—V/3wg[T — i2(w; — wg)]
—Bwgll + 2w, — wg)]

, s5)

with D = 2T + Sa)i — 12w wg + 9a)fe. The corresponding
current is [ = —e4T'w%/3D. For wg — 0 the system gets
quadratically stuck in the decoupled state, and thus current
is suppressed. The resulting Fano factor is

. 1605 (2I'? + 5307 ) — 176w wg (T2 + 47 )
3D?

20(T2 + 4w?)’ — 576w,0% + 19504
* 3D?

. (16)

which to lowest order in wp is F =5/3+ 16w wg/
T2+ 4a)i). Therefore the limit of F' = 5/3 is recovered at
the complete blockade. Since w; > 0, the Fano factor is not
maximal at wg = 0 but instead at a little lower bias voltage.

C. Robustness against perturbations

To check the influence of a weak perturbation which
lifts degeneracies, we restrict ourselves again to the 5p <> 6
resonance. Then this perturbation changes the on-site energies
of the orbitally degenerate |5p) states and is given by a
Hamiltonian Hyx = —AEo,/2, which, rotated to the coupled
and decoupled basis, takes the form

1/0 AE
Hp = = .
2\AE O
If one assumes weak coupling to the leads, I' < kgT, and
alsothat AE < kT, the dissipative part of the unidirectional
master equation is unaffected by the changes. Therefore the
master equation (14) holds with the substitution Hpg —

Hys + Hp. The resulting current and Fano factor at the 59 <> 6
resonance are shown as a function of the detuning in Fig. 4.

a7

The results of this paper are robust for a perturbation
strength up to the order of AE < 0.01AiT. In the limit
of large detuning where kg7 > AE > hl'y the current is
I = —e4l'y/15, and the Fano factor F' = 17/25. This Fano
factor can be explained by the one for a single resonant
level F = (R? + R%)/(R. + Rg)*, where, due to the fourfold
degeneracy of |5¢), Ry = 4Rg. Notice that F = 5/9 on the
right side of the stability diagram [7] in Fig. 2(c) can be
obtained with R; = 2Rg.

VIII. CONCLUSIONS

Using a full counting statistics approach in Liouville space,
we obtained the Fano stability diagram of a C3, symmetric
TQD. In the region of current suppression the Fano factor
helps unravel the underlying blocking mechanisms. Poissonian
statistics suggests ‘“classical” Coulomb blockade, whereas
super-Poissonian noise points to the presence of fast and
slow channels, the latter including dark states. A population
redistribution between dark and coupled states, induced by
virtual excitations, results in a nontrivial bias dependence of
the Fano factor. The value attained by the Fano factor at specific
gate and bias voltages further reveals the internal structure of
the dark states.

This work focused on the impact of the C3, symmetry
on noise, and thus restriction to sequential tunneling already
yields interesting results. However, cotunneling contributions
[27,28] might additionally influence the noise features and
should be further investigated for a C3, symmetric setup.
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APPENDIX A: MANY-BODY SPECTRUM AND
EIGENFUNCTIONS OF A SYMMETRIC TQD

All eigenvectors and the associated eigenvalues in the
occupation number basis of the TQD Hamiltonian equation (1)
are reported in Tables I and II. We also included all quantum
numbers necessary to classify these states in terms of total
particle number N, energy E, total spin S2, and projections
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TABLE I. Eigenvalues and eigenstates of a C3, symmetric TQD Hamiltonian for occupation numbers N = 0-3. Such eigenvectors are
furthermore characterized by the spin quantum numbers S and S, and by the orbital quantum number L. Their composition in the basis of the
occupation number vectors is provided in the rightmost column. The ordering of the eigenergies depends on the TQD parameters b,U and V. We
choose U = 5|b|, V = 2|b|,and b < 0. We define a = (U — V)/(9b), 6 = arccos{[(3a*)/(1 + 3a»)**}/3, ko = 2y/(1 +a*)/3cos (6 + o Z),

Vey = (@ —A)l(@ — 1) — 1/(a — hy — Y)V3(@ — 2)* + 1,5, = V9x262 + xb/2(U — V) + (U — V)*, and ¢, = %arctan(%]*/_i‘(fi;rg).

’N‘Eigenenergy ‘S‘ S. | L. |Eigenstate in the basis {|not,n11,n—11;n0y,n15,n-11)} ‘
0[Ey=0 0| 0 | 0 []000,000)
_1
Eiy=£6—-5-2V+2b 32 0 1000, 100)
1 [100, 000)
1 ~1|—1]]000, 001)
By =6-U_2v_b 1 *1 1 |]000,010)
1 |—1{]001,000)
> |1 {]010,000)
By =26—-U—-3V+b+ Y —5 5 0| 0| 0 |cos(¢-2)[100,100) — sin(¢-2) 7= (|010,001) + |001,010))
_4|=1]1000,101)
1 []000,110)
Eoy =26—-U—-3V+b 1 |-t —5 (]100,001) — [001, 100))
1 | 75 (]100,010) — |010, 100))
9 | |=1][101,000)
1 []110,000)
_ o 1
oy —2—U—3V b4 U=V g ol o [=1]cos(#1)]010,010) —sin(¢1) 5 (]100,001) + |01, 100))
1 |cos(¢1)]001,001) — sin(¢1)J= (|100,010) + |010, 100))
-1 [000,011)
Eoy =26 -U -3V —-2b Lo | 0 ]2 (j010,001) — |001,010))
[011, 000)
“1lsi 1
Boy = 26— U —3V 24 U=V 4 g ol o [1]sin(¢1)]010,010) + cos(¢1) 5 (]100,001) +]001,100))
sin(¢1)[001, 001) + cos(¢1) 75 (100, 010) 4010, 100))
Eoy =26+b-U—-3V+5SY +5., 0| 0| 0 |sin(¢—2)[100,100) + cos(¢—2) 75 (|010,001) + |001,010))
1| —1]v0,1]100,101) — vg,0]010, 110) — vp,—1|001, 011)
2
ESO — 35 _ %U — 3V + % (U _ V) [1 _ )\0/(2|a|)} % 1 1)(),1‘1007 110> -+ ’U()7()|0017 101> — 1}0,_1|010,011>
1 —1 v0,1\101, 100> — ’1)07()|1107 010> — 1)0,_1|011, 001>
> 11 |v0.1]110,100) — v0,0/101,001) + vo,_1]011, 010)
-3 [000, 111)
By, = 36— 3U -3V 3 —%| 0 |25 (/001,110) — (010, 101) + [100,011))
1 —= (|011,100) — [101,010) + [110, 001))
5 3 [111,000)
1 —1 1)1,1‘1107 100> — v1,0[101, 001> + 1}1,_1|011, 010>
E32 — 35 _ %U — 3V 4 % (U _ V) [1 _ )\1/(2|CL|)} % 2 1 V1,1 100, 110> =+ ’U17()|0017 101> — 1)1,_1|010,011>
1 —1 1)1’1‘1017 100> — ’1)17()|1107 010> — 1)1,_1|011, 001>
2 11 |01.1]100,101) — v1 0/010,110) — v1,_1]001,011)
1 —5 (1001, 110) — 100, 011))
2
Esy =3¢ —3U -3V 4+ (U—V) ! 0 |75 (/001,110) + 2|010, 101) 4 [100, 011))
1 75 (1110,001) + 2[101, 010) + [011, 100))
2 1
—=(/110,001) — 011, 100))
1 |—1]v-11]100,101) — v_10|010,110) — v_y,_1|001,011)
2
E34 — 35 _ %U —3V + % (U o V) [1 o )\71/(2|a|)] % 1 1)7171|100, 110> + V-1,0 001, 101> — U71,71|010,011>
1 |—1]v-1,1]101,100) — v_1,0[110,010) — v_y,1|011, 001)
> 11 [v-1.1]110,100) — v_1,0|101,001) +v_y,1]|011,010)
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TABLE II. Eigenvalues and eigenstates of a C3, symmetric TQD for electron numbers N = 4 — 6. The parameters and notations are
the same as in Table 1. The ordering is for U = 5|b|, V = 2|b|, and b < 0. We define s, = \/9)c2b2 +xb/2(U - V)+ (U — V)? and ¢, =

Zﬁ(U—V))

1
3 arctan (575

| N | Eigenenergy

|S| S, |Lz |Eigenstate in the basis {|not,n11,n—17; N0y, N1, N—11)} |

—1| ||100,111)

By =46 +2b—U — 3V 1[ol0

1
7 (

101, 110) — |110, 101))

1 111, 100)

By =46-U-3V+24+2Y 5 4]0/ 0

—1{cos(¢_1)|110,110) + sin(¢_1)—= (|011,101) + [101,011))

V2

2

cos(¢_1)]101,101) — sin(¢_1)—= (|011,110) + 110, 011))

V2

By, =46-U-3V-b+%Y —s, |0[0]O

cos(¢2)[011, 011) + sin(¢2) 75 (]101,110) + [110,101))

—1{]001,111)

1 [|010,111)

Ey =46—-U -3V -0 1 —1| 75 (/011,101) — 101, 011))

1 | (|011,110) — [110,011))

—1|[111,001)

1 [[111,010)

(1011,101) +|101,011))

By =4-U—-3V+5+%5Y +5 4]0 0

—1|sin(¢-1)|110, 110) — cos(¢—1)
sin(¢_1)|101,101) + cos(¢p—_1)

Eiyy =46-U -3V -b+%Y +s, [0/ 0|0

— sin(¢2)[011,011) + cos(¢2)—= (|101,110) + |110, 101))

1
I
—5 (]011,110) + [110,011))
1

2

—1{|101,111

=
—

Es =56—Y% -2V +0b

110,111

N

—1{|111,101

N
—_

N[
o

011,111

Es, =5¢6—-Y—2v—2b

N[+

111,011

[e=ly STE
)

6 |Eg = 6¢ 0

)
)
)
|111,110)
)
)
)

111,111

S, and L, of the total spin and angular momentum. The
corresponding many-body state is denoted by |N, E; S, S,,L;).

We notice that a classification of many-body states using
the angular momentum quantum number L, has been proposed
by Kostyrko and Bulka, [17] for the case of a symmetric
triangular dot with only intrasite repulsion (i.e., U # 0,
V = 0). Our analysis with U # 0, V # 0 thus generalizes
that work and recovers the results reported by Korkusinski
et al. [16], where a localized representation is used to discuss
topological Hund rules and derive effective low-energy spin
Hamiltonians. For finite on-site and intersite interactions U
and V, the composition of the eigenstates is the result of
a complex interplay between Pauli statistics and Coulomb
repulsion, and we refer to the review by Hsieh et al. [30]
for useful insights. For example, for double occupancy of the
TQD, the configurations with S = 1 correspond to excited
states with singly occupied dots due to the Pauli principle.
The configurations with S = 0, however, contain both doubly
occupied and singly occupied dots, with weight determined
by the difference U — V. For U = V, the ground state is, in
the occupation number representation, the singlet [100,100),
with equal weights on single and doubly occupied sites, as

seen in Table 1. The splitting between the sextuplet of excited
states and the ground-state singlet is dominated by the hopping
energy with a correction given by superexchange processes
due to the doubly occupied singlet configurations [16]. For a
TQD with occupancy N = 4 (i.e., with two holes), the ground
state is always a triplet if b < 0, as in our work. Finally, of
relevance for the discussion in the main text, the three-particle
and five-particle ground states are a quadruplet due to orbital
and spin degeneracies, while the associated first excited states
are only spin degenerate.

APPENDIX B: CURRENT AND FANO FACTOR FOR A
MINIMAL MODEL WITH SLOW AND FAST CHANNELS

Let us consider a minimal system consisting of slow and
fast channels, which, for example, can be a ground state in
the Coulomb blockade (CB) plus an excited state in the bias
window or the coupled and decoupled states in the case of
the interference blockade (IB), as depicted in Figs. 1(b) and
1(c), respectively. This system spends most of the time in
the state corresponding to the slow channel, and therefore
the exponentially suppressed current is dominated by the
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bottleneck process of escaping this state. The Liouvillian £
and the tunneling Liouvillian £, are superoperators whose
matrix elements are obtained from their action on the reduced
density matrix. In order to obtain a suitable representation of
such Liouvillians, it is convenient to work in the Liouville
space, where the density matrix elements are ordered in a
vector. Let us consider a situation of positive electrochemical
potential, such that particle transport occurs from the left, L,
to the right, R, lead. Then, far from resonance (e.g., inside the
Coulomb-blockade or interference-blockade regions), we can
approximate the Fermi functions of the fast channel to 1 or 0.
In a generic situation where a state |p) has one less electron
than the fast | /') and slow |s) states, the Liouvillian in the basis

{IP)(PLIF)(f1.Is)(s|} takes the form

-t/ T, o0
Li=|r1/ -1} 0
0 0 0
“Tofd 0 Tofy
+Z 0 0 o | (B1)
« \Tofd 0 -Tofy

The corresponding current superoperators for the right lead
are

0 i Tifg
Ji=10 o0 o |,
0 0 0
0 0 0
Je=| 0 o0 o0 (B2)
Cifid 00

In our considerations, I'}, f,~ gives the bottleneck for transport;
therefore we use f,- = 1 — f,~ and expand to lowest order in

I} f, to obtain the current in the right lead,

(D] 4T fe 4+ (D] — TR0 £
Ip = —e — . (B3)
FL + FR

In a CB situation with f, > f, and for large asymmetry
between the couplings to the leads, I'; > I'y, Eq. (B3)
simplifies to Iz = —el'} fr (1 + F{/ '} ), in agreement with
the findings by Belzig [10]. In the case of IB where I'}, =0,

the current becomes Igx = —el { S . Calculations similar to
|
—fe = fi 0
Iy 0 —fg = 1
Lo==| fe+/0 Se+ 17
e e
2 X 2 X

PHYSICAL REVIEW B 95, 115133 (2017)

those for the current yield the Fano factor

or/
Iy +T%
Notice that F,,, > 1 always holds. The expression simplifies
to F,, = 14 2I'J /T for CB with large asymmetry [10] and
IB. One can show that in a situation where the state | p) has one
electron less than | f) and |s) the Liouvillian and the current
operators for the left lead are given again by Eqs. (B1) and
(B2), respectively, upon exchanging L <> R and f,} < f, .
This corresponds to hole transport. With the same exchanges
the current and Fano factor are obtained from Egs. (B3) and
(B4), respectively. Notice that this result includes also external
asymmetries I'; # I'g.

an=1+ (B4’)

APPENDIX C: LIOUVILLIAN, CURRENT, AND FANO
FACTOR AT THE 5, + 6 RESONANCE

The far left part of the stability diagram shown in Fig. 2 is
dominated by 5 <> 6 particle transitions. As seen in Table II,
there exists only one configuration with six electrons given
by the state |6) := |6,Es;0,0,0). On the other hand, when
five electrons populate the TQD a total of six configurations
is possible. In particular, for b < O the ground state is the
quadruplet {|5,Es;1/2,£1/2,£1)} due to both orbital and
spin degeneracies. The first excited state is the doublet
{I5,E5,;1/2,+£1/2,0)} and is only spin degenerate. In this
appendix we provide the explicit form of the tunneling
Liouvillian £, when the Fock space is restricted to the
subspaces associated with the five- and six-particle ground
states. Such a Liouvillian determines the stationary reduced
density matrices p>(Es,) and p® when Lamb shifts are
neglected. Since the six-particle ground state is a singlet, p%
is just a 1x1 matrix. On the other hand, the calculation of

p>(Es,) involves first the evaluation of the matrix elements

pzfg = (5,Es,;1/2,8.,L |p™|5,Es,;1/2,S.,L}) and then a

1
summation over S.: p; ;, = ¢ pifLS Hence, p3(Es,) is
a 2x2 matrix in a basis spanned by the vectors |5)) and
|5¢ ), where plus and minus symbols refer to the associated
values of the angular momentum. Notice that coherences
between states with the same particle number but different
angular momenta have to be considered. We choose the

basis {157) (53 1.155) (55 1.16)(61.15) (55 1,155 ) (57 ). Then the

tunneling Liouvillian can be written as
20fx + 1) X ;X
2(fx + 1) X X"
—4(fr + /1) -X —X* ; (CH
20+ X% —fi—f1 0
2(1 4+ X) 0 —fR = f

with the short notation X = e~ 5 fi +¢/% f;. Note that the phases e*'3 arise from changing from the position to
angular momentum basis. The solution of the equation L;p* =0, together with the constraint Trrop{p™} =1 [with
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Trrop = (1,1,1,0,0)], yields the stationary density matrix vector
TR fr+ I I
frfo + i fr

o= fefi , )
PV St = st —iv3)
ot .
=5 = O +iv3]

with D =2(fg f + fi Je) + fr fi-
The current operators for the right lead can be calculated along the same lines and read in the same basis

0 0 2 0 0 0 0 O 0 0
0 O 2 0 O 0 0 O 0 0
F F - 21
j+=?0f]; 0 0 0 0 of, 3—2?0 o 0 —e 5 —e¥ |, (C3)
0 0 —25 0 0 00 0 0 0
0 0 —275 0 0 000 0 0
which results in the current through the right lead
r ( + +) + r+
I =—e T /i ¥ ]jR fR+fo T T (€4)
3(fr +FORUR fL +FL fo)+ fR 1T
and the Fano factor
po 260 DURPISE? + 200 fr =200 fe) | SULY 4500 fr +3U6)° | 6/ fx
" ff + FOUL fr + 1+ 210 £ (fif + f7 7 e =1
SR @S + [ +4)] fRUASE fi fe + 47 R )] ©5)

F+ P e + fE 20010 UF + FDXT fr + 10+ 260 1)
Away from resonance lines, the Fermi functions can be approximated by step functions. Setting f;" = fr =1, f; = f4 =0
(valid at positive electrochemical potential e V},), the Liouvillian simplifies to

Y y*

~1 0 2 r or

Y Y+

Lo 2 roor
L = 3 1 1 —4 -Y -Y*1, (C6)

5 204y -1 0

Y Y
7 7 21+Y) O -1
where Y = ¢/>"/3, Similarly, the density matrix becomes

P> = 511,073 27T, (€7

which shows full occupation of the five-particle ground states and an empty six-particle state. Therefore the current through the
system is blocked. Since the 5 ground states block the current, one speaks of a ground-state blockade [18]. The stability diagram
for the current [Fig. 2(a)] shows how the current gets strongly suppressed at the ground-state blockade and features only a small
line of finite current at the ground-state resonance, E¢(Vg, Vp) = Es5,(Vg, Vp).

As expected, the Fano factor is Poissonian, F' = 1, in the region of the six-particle Coulomb diamond and diverges for V;, — 0.
In the region of the ground-state blockade it has the super-Poissonian value of F,, = 5/3, in agreement with the full numerical
results shown in Fig. 2(c).

APPENDIX D: CURRENT AND FANO FACTOR FOR A MINIMAL MODEL AT ¢ = —7.5|b|

A striking feature on the left side of the stability diagram, a Fano factor of F = 4/3, cannot be obtained considering a
minimal model using only the five- and six-particle states. It appears at bias and gate voltages where f5 (Es, — E4,) overcomes
fr (Es — Es,) and the transition to the triplet of ground states with four particles becomes the new bottleneck of transport. Até =
—7.5|b|, this happens ateVy, = (E¢ — E4,) = V = 2|b|. A minimal model can be written in the basis {|6) (6], |d)(d]|,|c){c|,|4) (4]},
with the coupled state |c), decoupled state |d), and channel |4) associated with the triplet {4, E4;; 1,5;,0)}. The Liouvillian and
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current superoperators are

_F%,es - F;jz,es 0 F2,65 0
L= F;ims _F%,54f1; 0 Fg 54t FR 54 (D1)
F?e,es 0 _Fi,es 1_‘2,54 + FR,54
0 F%,Sélflg 0 _F[Li,54 - F?e,54 - 1_‘2.54 - F?e.54
0 0 0 O 0O 0 O 0
d
T T% o 0 0 0 |0 00 T4 s 02
F”R’65 0 0 0 0 0 O Ffw‘
0 Thsfr 0 0 0 0 0 0

where f; is the Fermi function between the five- and four-particle ground states at the right lead and is responsible for the
bottleneck process. To lowest order in this Fermi function, the current and Fano factor read

g d d d
F2,54(FR 65 + 21_‘R 65) + FR 54(F§€,65 + FR 65) + FL,54FR,65

d
T o5 (T5 54+ Thosy + T4 s+ T8 s4)

d —
I = —elg safr

)

c c c 2 2
l—1L,54[2(1—1R,65) + 51—1R 6SF?€,65 + 4(F7€ 65) ] + 1-‘R 54[2(FR 65) + 31—‘R 65FdR.65 + (FieéS) ] + FZ,54(F?€,65)

F??,65[Fz,54( R.65 + 2FR 65) + 1_‘R 54( R.,65 + 1_‘R 65) + FZ,54F%,65]

The rate matrix for the 5y <> 4 transitions in the angular momentum basis reads (Ra)ng) b — % Z” (5,Es,;

5,0, £|dm734 Eqy dy: 15, ESO, ,0,0'), where Pyp = Zs L IN,E;S,S;,L;){(N,E;S,S,,L,| is the projector on the N-particle level
w1th energy E and spin S and £,0/ = £1. Under the bias and gate voltage conditions considered here, the system still remains
in the interference ground-state blocking associated with the 5y <> 6 transition. The corresponding coupled-decoupled basis
introduced shortly above Eq. (13) is thus the most convenient representation. With the help of the eigenstates listed in Table 11
and the Wigner-Eckart theorem one calculates Fi 54 = %I"Rf and 'y 5, = I"R;, with RJ/* as given below Eq. (13). Finally,
by substitution into Eq. (D3), one obtains I = —el'f; /4 and F = 4/3.

an:
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