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ABSTRACT

In the present thesis, the properties of the entanglement spectra of
the ground state of graphene bilayers Bernal-stacked is analytically
investigated. In addition, the entanglement spectra of the ground
state of the honeycomb lattice in the presence of superconductiv-
ity instabilities are analytically studied. We consider not only the
eigenvalues of the reduced density matrix that form the entangle-
ment spectrum, but also, its eigenstates. From these eigenstates,
we construct topological quantities, such as the Berry phase and
the Chern number, in order to investigate the topological proper-
ties of the entanglement spectrum.
In the first part of this thesis, we present an analytical study of

the graphene bilayers, mainly focusing on the effects of the trigonal
warping. When the term causing the trigonal warping is neglected,
the entanglement Hamiltonian obtained by tracing out one layer
shows a proportionality with the energetic Hamiltonian of the re-
maining monolayer graphene, in the limit of strongly coupled lay-
ers. We demonstrate that this proportionality leads to an agree-
ment of the topological quantities of these Hamiltonians. Moreover,
we demonstrate that the entanglement spectrum of graphene bilay-
ers with a trigonal warping spectrum clearly differs in the geomet-
ric shape from the energy spectrum of the remaining monolayer
graphene. However, there is an agreement of the topological quan-
tities such as Berry phase contributions to Chern numbers.
In the second part of this thesis, we give a detailed study of

graphene in the presence of superconductivity instabilities, mainly
considering the s-wave and the chiral dx2−y2 + idxy state. We inves-
tigate the relationship between the entanglement and energy spec-
trum, making use of the concepts of the Chern number constructed
from eigenstates of the entanglement Hamiltonian. We demon-
strate that the entanglement and remaining subsystem Hamiltoni-
ans can have different topologies. These findings are illustrated by
considering the entanglement Hamiltonian of the ground state of
graphene with dx2−y2 + idxy superconductivity obtained by trac-
ing out one spin direction.
Our investigations are based on closed analytical expressions for

the full eigensystem in the entire Brillouin zone of bilayer graphene
with a trigonally warped spectrum and graphene with supercon-
ductivity instabilities.
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1
INTRODUCTION

Quantum entanglement is the counterintuitive prediction of quan-
tum mechanics that has no analogous phenomenon in classical
physics. The entanglement arises from nonlocal quantum correla-
tions between two or more subsystems of the quantum system.
The concept of entanglement was first introduced in 1935 by Ein-
stein, Podolsky, and Rosen in Ref. [Einstein et al., 1935], while
the term entanglement was first introduced by Schrödinger in
Ref. [Schrödinger, 1935]. Two entangled quantum subsystems can-
not be described separately. Thus, the wavefunction of the whole
system cannot be written as a product of the wavefunctions of
the entangled subsystems. A well-known example of an entan-
gled state is the spin singlet state of two spin-1/2 particles |ψ〉 =

1√
2 (|↑〉 |↓〉− |↓〉 |↑〉). After an interaction in which the spin-singlet

state is produced, these two particles are separated in different lo-
cations. If one measures the spin of one particle and gets the spin
direction |↑〉, then the spin of the second particle is projected on
the state |↓〉. Thus, the measurement of one particle changes the
state of the other particle, although the particles are in different
locations and cannot communicate with each other. This was a
paradox for Einstein, Podolsky, and Rosen, (EPR paradox) since,
according to special relativity, the locality condition assumes that
nothing can travel faster than the speed of light. If we can predict
with certainty the result of the measurement of a physical quantity
then this quantity is an element of physical reality. Furthermore,
they concluded that the description of the quantum mechanics of
physical reality is not complete and proposed hidden local vari-
ables as a solution to this problem. This means that each particle
possesses all the necessary information, and no information should
be transmitted from one particle to another during the measure-
ment. In 1965, John Bell showed that in local realism, the correla-
tions between distant measurements satisfy inequalities. He math-
ematically proved that the quantum theory predicts a violation of
these inequalities [Bell, 2004]. Bell-inequality violations have been

1



2 introduction

experimentally demonstrated [Freedman and Clauser, 1972,Aspect
et al., 1982,Garg and Mermin, 1987,Eberhard, 1993,Weihs et al.,
1998, Rowe et al., 2001, Barrett et al., 2002, Matsukevich et al.,
2008, Ansmann et al., 2009, Scheidl et al., 2010, Hensen et al.,
2015]. Nowadays, we believe that quantum mechanics is an ad-
equate theory for the description of the microscopic world and
entanglement can successfully describe nonlocal and nonclassical
correlations.
The idea of a quantum computer was proposed by Richard Feyn-

man in 1982. [Feynman, 1982]. A quantum computer based on
the quantum mechanical principles of superposition and entangle-
ment would be much more powerful than a classical one. In recent
decades, much effort has been invested in experimental and theo-
retical physics work to develop the quantum computer, owing to
its possible uses, mainly in civil, business, and national security
applications. The study of the many-body entangled state has re-
cently become a very attractive topic, since it was realized that
entanglement could be useful in quantum informatics. In particu-
lar, the quantum correlations between entangled states could be
a useful resource for communications, because when a system is
entangled, measurements of distant subsystems of the system can
be much more correlated than is classically allowed [Bell, 2004]. It
makes the quantum entanglement an attractive topic of research
in various fields of physics.
The entanglement of the bipartite system of the subsystems A

and B is defined in terms of the Schmidt decomposition of its
ground state because the Hilbert space of the whole system is the
direct product of two subsystems: H = HA ⊗HB. The reduced
density matrix for the subsystem A ρA = trBρ is obtained by
tracing out all degrees of freedom of the subsystem B. One of
the most popular measurements of entanglement is entanglement
entropy. The entanglement entropy of the subsystem A can be
defined as:

SA = −trB (ρA ln ρA) . (1.1)

Although first considered a source of quantum corrections to the
entropy of black holes [Bombelli et al., 1986], entanglement en-
tropy, in particular, the von Neumann entropy, evolved into a tool
in the field of many-body systems. This heralded connections be-
tween seemingly unrelated research areas. In condensed matter,
entanglement entropy serves, for example, as a geometrical inter-
pretation for the boundary between local quantum many-body sys-
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tems. This connection has its origin in the area laws [Eisert et al.,
2010].

Another common tool for the measurement of entanglement is
the entanglement spectrum. Since the reduced density matrix does
not have negative eigenvalues, it can be always reformulated:

ρA =
1
Z
e−HA (1.2)

with the entanglement Hamiltonian HA and the partition function
Z = tr

(
e−HA

)
. The spectrum of the entanglement Hamiltonian

is the entanglement spectrum.
In condensed matter physics, the study of phases of matter and

phase transitions is one of the most important topics of research.
The phase and phase transitions are usually distinguished by Lan-
dau’s theory of phase transitions, which involves the existence of
a local order parameter, as opposed to the topological phases and
topological phase transitions, which cannot be distinguished by a
local order parameter. The latter phases possess so-called topo-
logical order [Wen, 1990, Wen, 1991]; their ground states might
be degenerate and no local measurement can distinguish these de-
generate ground states. The significance of the topological phase
was underlined in 2016, when the Nobel Prize for Physics was
awarded to David J. Thouless, F. Duncan M. Haldane, and J.
Michael Kosterlitz "for theoretical discoveries of topological phase
transitions and topological phases of matter". The entanglement
spectrum is constructed from the ground state, which consists all
the correlations that give rise to the various phases of matter. Li
and Haldane found that one signature of the Fractional Quantum
Hall effect, the low-energy excitations, can be related to the entan-
glement spectrum and suggested that the entanglement spectrum
has information about a given phase [Li and Haldane, 2008]. Fur-
ther, they concluded that the entanglement spectrum is beyond
entanglement entropy, which extracts all the information from the
reduced density matrix and proposed it as a new order parameter
for distinguishing topological phases. Nowadays, the framework of
the entanglement spectrum in condensed matter physics is very
broad and is applied to many condensed matter systems, such
as Quantum Hall liquids [Regnault et al., 2009, Zozulya et al.,
2009, Läuchli et al., 2010, Thomale et al., 2010b, Ardonne and
Regnault, 2011,Chandran et al., 2011,Hermanns et al., 2011,Schlie-
mann, 2011, Sterdyniak et al., 2011, Thomale et al., 2011, Alba
et al., 2012,Dubail et al., 2012, Liu et al., 2012, Rodriguez et al.,
2012,Sterdyniak et al., 2012], topological insulators and supercon-
ductors [Fidkowski, 2010,Turner et al., 2010,Bray-Ali et al., 2009,
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Prodan et al., 2010,Borchmann et al., 2014,Kim, 2014], the frac-
tional Chern insulator [Regnault and Bernevig, 2011], superfluids
[Dubail and Read, 2011], spin systems [Nienhuis et al., 2009,Poil-
blanc, 2010,Pollmann and Moore, 2010,Pollmann et al., 2010,Yao
and Qi, 2010, Cirac et al., 2011, Huang and Lin, 2011, Lou et al.,
2011, Peschel and Chung, 2011, Thomale et al., 2010a,De Chiara
et al., 2012, Läuchli and Schliemann, 2012, Lundgren et al., 2012,
Schliemann and Läuchli, 2012,Tanaka et al., 2012,Chen and Frad-
kin, 2013, Lundgren et al., 2013, Lundgren et al., 2014, Lundgren,
2016, Predin, 2017], and Hofstadter bilayers [Schliemann, 2013];
for recent reviews, see Ref. [Regnault, 2015,Laflorencie, 2016]. As
a result of this study, the entanglement spectrum possesses uni-
versal information about a phase and this is reflected to an ex-
act equivalence between the low-lying entanglement spectrum and
edge energy spectrum.
The statement that the entanglement spectrum has fundamen-

tal and universal information about the phase was criticized in
Ref. [Chandran et al., 2014]. These authors have indicated that
topological phase transitions can occur in the entanglement Hamil-
tonian, even though a physical system remains in the same state.
The physical reason for this is that they have defined the entangle-
ment Hamiltonian asHent = − ln(ρred), implying Z ≡ 1 at a finite
effective temperature TE = 1/β ≡ 1, with β is a inverse effective
temperature. This makes the entanglement thermodynamics an
important task of research.
A particular situation arises if the edge comprises the entire

remaining subsystem. A typical observation in such a scenario
is the proportionality between the entanglement spectrum, given
by a traced out subsystem, and the energy spectrum of a re-
maining subsystem in the limit of strongly coupled subsystems.
These findings are illustrated by many important examples, in-
cluding spin systems [Poilblanc, 2010, Cirac et al., 2011, Peschel
and Chung, 2011, Läuchli and Schliemann, 2012, Schliemann and
Läuchli, 2012, Tanaka et al., 2012, Lundgren et al., 2013, Chen
and Fradkin, 2013,Lundgren, 2016,Predin, 2017], and bilayer sys-
tems [Schliemann, 2011,Schliemann, 2013,Schliemann, 2014]. This
proportionality can be illustrated by

Hent ∼ λHA/t (1.3)

where λ is inverse proportional to the coupling between subsys-
tems and t has the dimensions of energy. We note that the entan-
glement Hamiltonian entering the reduced density matrix Eq.(1.2)
is only determined up to multiples of the unit operator, which
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has consequences regarding the thermodynamic relations between
the entanglement entropy and the subsystem energy [Schliemann,
2011, Schliemann, 2013, Schliemann, 2014].

On the other hand, such a close relationship between the en-
ergy and entanglement Hamiltonian is not truly general, as shown
in Ref. [Lundgren et al., 2012], in which a spin ladder of clearly
nonidentical legs was studied.
In the present thesis, we will represent a detailed analytical

study of the entanglement spectra of the ground states of graphene
systems. This includes considerations of graphene bilayers focusing
on trigonal warping [McCann and Koshino, 2013, Rozhkov et al.,
2016], and as well graphene in the presence of superconducting in-
stabilities [Black-Schaffer and Doniach, 2007]. Our analytical ap-
proach of the entanglement includes the eigenvalues of the reduced
density matrix (giving rise to the entanglement spectrum) as well
as its eigenvectors. From these eigenvectors, we construct topologi-
cal quantities, the Berry phase, and the Chern number, in order to
study the topological properties of the entanglement Hamiltonian.
This ensures that our consideration of the relationship between
the energy Hamiltonian of the remaining subsystem and the ap-
propriately defined entanglement Hamiltonian includes not only
their geometric but also topological properties. We will show that
although the geometric shapes of the entanglement spectrum of an
undoped graphene bilayer with a trigonal warped spectrum clearly
differ from the energy spectrum of the remaining monolayer, their
topological quantities such as the Berry phase contribution to the
Chern number agree. On the other hand, the entanglement Hamil-
tonian of the dx2−y2 + idxy superconductivity ground states on
the honeycomb lattice obtained by tracing out one spin direction
and the Hamiltonian of the remaining subsystem have completely
different topologies.
Our investigations are based on closed analytical expressions for

the full eigensystem in the entire Brillouin zone of bilayer graphene
with a trigonally warped spectrum and of graphene in the presence
of superconductivity instabilities.
In the following, we give an outline of this thesis:
In Chapter 2, the lattice structure, tight-binding model, and en-

ergy description around the Dirac points in graphene are addressed.
Here, we derive the tight-binding models assuming that electrons
can hop to a nearest-neighbor atom. The topological properties of
graphene are also discussed, and the density of states is presented.
Chapter 3 is dedicated to an investigation of Bernal-stacked

graphene bilayers, taking into account only the nearest-neighbor
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hopping parameter and the hoping parameter between the atoms
on opposite sites which are on top of each other. First, we recapit-
ulate the tight-binding model of graphene bilayers. Here, as well
as in Chapter 4, the entanglement Hamiltonian of the noninteract-
ing free fermionic system on the graphene bilayers is analytically
calculated as a single particle operator [Schliemann, 2013,Peschel,
2003,Cheong and Henley, 2004]. We demonstrate that upon trac-
ing out one layer, in the limit of strongly coupled layers the propor-
tionality between the entanglement Hamiltonian and the energy
Hamiltonian of the graphene monolayer leads to the equivalence
of their topological and thermodynamic properties. Here, the en-
tanglement spectrum given by tracing out another two of four sub-
lattices is considered, as well as the influence of the bias voltage
or the mass term.
In Chapter 4, we analytically study the entanglement and the

energy spectrum of the graphene bilayers in a Bernal stacking
arrangement when the trigonal warping is present in the energy
spectrum. In contrast with all earlier works, our analytical investi-
gations of the energy spectrum of graphene bilayers with the pres-
ence of trigonal warping cover the entire Brillouin zone and avoid
the Dirac cone approximation and the low-energy description of
graphene bilayers. We demonstrate that the entanglement spec-
trum obtained by tracing out one layer vanishes between points
where the energy spectrum possesses three additional Dirac cones
caused by the trigonal warping. The topological properties of the
entanglement spectrum of graphene bilayers, described by the Berry
phase contributions to the Chern number, agree with the topo-
logical properties of graphene monolayers. Furthermore, we ver-
ify that the entanglement spectrum can be a discontinuous func-
tion of the momentum as a consequence of the fact that the trig-
onal warping produces discontinuities in the eigenvectors of the
energetic Hamiltonian from which the entanglement spectrum is
constructed. These discontinuities play an important role in both
the geometric and topological properties of the entanglement spec-
trum. When an identical mass term in both layers or bias voltage is
introduced, these discontinuities vanish and an entanglement gap
opens. We also discuss the geometric and topological properties of
the entanglement spectra given by tracing out other two of four
sublattices. Technical details of the calculations of the full eigen-
system of the Hamiltonian of graphene bilayers are presented in
Appendix A. Furthermore, analytical derivations of the entangle-
ment spectra are given in Appendix B.
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Chapter 5 is dedicated to the entanglement spectra resulting
from the superconductivity ground states on the honeycomb lat-
tice tracing out one spin direction, mainly focusing on the s-wave
and dx2−y2 + idxy -wave superconductivity states. Here, in order
to analytically study the entanglement spectrum, we modify the
method for analytical calculations of a free fermionic system to a
system with superconductivity instabilities. We demonstrate that
the topology of the entanglement Hamiltonian can differ from that
of the subsystem Hamiltonian. In particular, the topological prop-
erties of the entanglement Hamiltonian of the chiral dx2−y2 + idxy
superconductivity state obtained by tracing out one spin direction
clearly differ from those of the time-reversal-invariant Hamiltonian
of noninteracting fermions on the honeycomb lattice. Some tech-
nical details on the analytical derivation of the full eigenstates of
the noninteracting fermionic system on the honeycomb lattice in
the presence of superconductivity instabilities, as well as the cor-
relation matrix calculations, are presented in Appendices C and
D.





2
GRAPHENE : NEW PHYS ICS IN
TWO-D IMENS ION

Graphene is an allotrope of carbon, a nonmetal that is a corner-
stone of all organic compounds and thus of life on Earth. Since
graphene is one atom thick, it can be considered as a two-dimensional
object. Graphite, a three-dimensional crystal, is built of layers of
graphene bonding via weak van der Walls bonds and is a well-
known material since the 16th century, used in the cores of pen-
cils. Graphene can be wrapped up as zero-dimensional fullerenes
and rolled out as one-dimensional carbon nanotubes. The first
molecules of fullerenes were fabricated in 1985 by Richard Smalley,
Robert Curl, James Heath, Sean O’Brien, and Harold Kroto, while
carbon nanotubes were discovered in 1991 by Sumio Iijima. A the-
oretical description of the band structure of graphene was written
down by Wallace in 1947 as an important step in the research
of graphite [Wallace, 1947]. Notwithstanding, it was believed that
graphene could not exist as a free and stable two-dimensional crys-
tal. Pierls and Landau indicated that two-dimensional crystals
are thermodynamically unstable and cannot exist [Peirls, 1934,
Landau and Lifshitz, 1980]. Mermin and Wagner amplified their
contention, and it was illustrated with many experiments [Mer-
min and Wagner, 1966, Mermin, 1968]. Meanwhile, it was no-
ticed that two-dimensional crystal structures can be stabilized
by three-dimensional structures. Geim and Novoselov developed
the method for isolation graphene by using Scotch tape in 2004
[Novoselov et al., 2004]. They were rewarded by the Nobel prize
for this simple, groundbreaking, and inspiring discovery in 2010.
Since it was isolated, it has been one of the most intensively stud-

ied materials. Graphene is a light, strong, flexible, and conductive
two-dimensional material with remarkable optical and electrical
properties. This extraordinary combination of properties makes
graphene a promising material for a new generation of devices,
such as transistors, sensors, solar cells, and smartphones. Apart
from the huge interest in investigations of graphene due to its

9
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potential applications in various devices, there is an enormous
interest in fundamental research. The low-energy excitations in
graphene are massless Dirac fermions, which were believed to be re-
alizable in accelerators. The half-integer Quantum Hall effect and
Berry’s phase of π are consequences of the existence of the mass-
less Dirac fermions in graphene [Zhang et al., 2005]. The existence
of massless Dirac fermions enables measurements of high-energy
phenomena, such as the Klein paradox [Katsnelson et al., 2006]
and Zitterbewegung [Rusin and Zawadzki, 2008]. Thus, graphene
has become a noteworthy bridge between condensed matter and
high-energy physics, as quantum entanglement is a bridge between
condensed matter physics and quantum informatics.
The electronic structure of graphene rapidly changes with the

number of layers and ten layers can already be considered as
graphite. Strictly speaking, only graphene and its bilayer have a
simple electronic structure: both are either zero-gap semiconduc-
tors or zero-overlap semimetals. Furthermore, graphene possesses
massless chiral quasiparticles as opposed to the massive ones in
its bilayers. In the case of multilayer graphene, which consists of
three to ten layers, the valence and conduction bands overlap and
there are a few kinds of charge carriers. Monolayer, bilayer, and
multilayer graphene can be realized as three different structures.
Carbon belongs to group IV of the periodic system. One carbon

atom contains six electrons with the electronic structure 1s22s22p2.
Two atoms are in the inner shell 1s and are more or less inert, while
four valence electrons are described by 2s, 2px, 2py and 2pz, since
one electron from the 2s orbital excites to the 2pz orbital, in order
to build covalent bonds. Three valence electrons in 2s, 2px and 2py
hybridize in planar sp2 bonds, σ bonds. The three sp2 orbitals lie
in the x-y plane with an angle 120◦ between them. σ bonds are the
strongest type of covalent bonds, because of the direct overlap be-
tween the orbitals. These bonds are responsible for the robustness
of the honeycomb lattice of graphene [Castro Neto et al., 2009].
The remaining delocalized 2pz orbitals are perpendicular to the
plane. They are responsible for forming half-filled π-bonds by co-
valent bonding. The π electrons are responsible for the low-energy
excitations, while σ electrons form energy bands far away from the
Fermi energy. pz orbitals allow hopping between carbon atoms and
thus can be described by the tight-binding model. Considering pz
orbitals of graphene, Wallace derived the tight-binding model of
graphene for the first time in 1947 [Wallace, 1947].
This chapter is organized as follows: The lattice structure of

graphene is briefly described in the first section 2.1. In Section
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Figure 2.1: a) Lattice of graphene with ~a1 and ~a2 denoting lattice vec-
tors, and ~δ1, ~δ2, and ~δ3 the nearest-neighbor vectors b) first
Brillouin zone of graphene with the reciprocal-lattice vec-
tors ~b1 and ~b2 and the Dirac points K+ and K−.

2.2, we derive the tight-binding approximation of the valence and
conduction band of graphene considering the nearest-neighbor in-
teractions and overlap interactions. The topological properties of
graphene are addressed in Section 2.3. Numerical calculations of
the density of states are given in Section 2.4.

2.1 lattice structure

Graphene consists of carbon atoms arranged in honeycomb lattice,
as shown in Fig.(2.1). The honeycomb lattice is not a Bravais lat-
tice and can be considered as two triangular Bravais lattices with
the basis formed by two atoms, sites A and B.
The span of the triangular Bravais lattice is defined by two lat-

tice vectors ~ai

~a1 =
a

2
(
1,
√

3
)

~a2 =
a

2
(
−1,
√

3
)

(2.1)

where a =
√

3aC−C with aC−C ≈ 0.142 nm is the distance be-
tween two nearest carbon atoms. Using a Fourier transform of the
Brillouin zone Fig.(2.1), the primitive cell in the momentum space
is defined by the reciprocal lattice vectors

~b1 =
2π√
3a

(
√

3, 1), ~b2 =
2π√
3a

(−
√

3, 1) (2.2)

as

~ai~bj = 2πδij (2.3)
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where δij denotes the Kronecker delta. The corners of the Bril-
louin zone are called Dirac points and only two of them are not
equivalent

K± = ±4π
3a (1, 0) . (2.4)

Every A atom is connected with three nearest B atoms with
nearest–nearest vectors

~δ1 = a(0, 1√
3
), ~δ2 =

a

2 (1,− 1√
3
), ~δ3 =

a

2 (−1,− 1√
3
).

(2.5)

2.2 electronic structure of graphene

The tight-binding model is a simple and effective tool to describe
the energy bands of a crystal structure. In this model, it is assumed
that in the vicinity of every lattice point, the crystal Hamiltonian
can be approximated by the Hamiltonian of a single atom Hat
[Ashcroft and Mermin, 1976]

Hatψn(~r) = Ejψn(~r). (2.6)

A further assumption is that the bound levels of the Hamiltonian
Hat are well localized, i.e. the ψn(~r) are very small when ~r is
larger than the distance of the lattice spacing. The entire crystal
is described by the Hamiltonian

H = Hat + U(~r) (2.7)

which includes the spatially periodic lattice potential U(~r). Be-
cause the honeycomb lattice of graphene has two atoms per unit
cell, the eigenstates of the Hamiltonian Eq.(2.7) are given as a
linear combination of two Bloch functions ψA~k (~r) and ψ

B
~k
(~r)

ψ~k(~r) =cAψ
A
~k
(~r) + cBψ

B
~k
(~r)

=
1√
N

∑
j

ei
~k ~Rj

(
cA(~k)φ(~r− ~RAj ) + cB(~k)φ(~r− ~RBj )

)
(2.8)

where N is the number of elementary cells, and cA(~k) and cB(~k)
are complex functions of the momentum ~k. The φ(~r− ~RAj )(φ(~r−
~RBj )) are atomic wavefunctions around the positions of the A (B)
atoms at the lattice site, respectively

RAj =n1~a1 + n2~a2
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RBj =RAj + ~δ1. (2.9)

where n1 and n2 are integers. By multiplication of the Schrödinger
equation Hψ~k(~r) = ε~kψ~k(~r) with ψ~k(~r), one can obtain

(c∗A(~k), c∗B(~k))H~k

 cA(~k)

cB(~k)

 = ε~k(c
∗
A(~k), c∗B(~k))S~k

 cA(~k)

cB(~k)


(2.10)

where the ε~k are the energy bands. Considering only the hopping
of the electrons between nearest– sites, the transfer matrix H~k and
the overlap map S~k become

H~k =

 εA −tγ(~k)
−tγ∗(~k) εB

 , S~k =

 1 s0γ(~k)

s0γ
∗(~k) 1


(2.11)

where t is the nearest– neighbor hopping energy, s0 is the on-site
energy and εA (εB) are on-site energies of the A(B) lattice sites,
respectively; the function γ(~k) = ∑

~δi
ei
~k~δi is the geometric struc-

tural factor and depends up to a phase factor of the choice of the
nearest-neighbor vectors ~δi. For details of the calculations of the
elements of H~k and S~k we refer the reader to the recent reviews
Refs. [McCann and Koshino, 2013,Goerbig, 2011]. Solving the sec-
ular equation of the Eq.(2.10), we find the energies for intrinsic
graphene when εA = εB = 0

E± =
±t|γ(~k)|

1∓ s0|γ(~k)|
. (2.12)

The tight-binding parameter values are t ≈ 3.033eV and s0 ≈
0.129eV [Saito et al., 1998]. The energy description of graphene is
visualized over the entire Brillouin zone in Fig.(2.2).

The valence band is completely filled and touches the completely
empty conduction band at the Dirac points. Furthermore, γ(~k)
can be approximated around Dirac points up to linear order of
the momentum as

γ(Kν + ~k) ≈
√

3a
2 (−νkx + iky) (2.13)

where ν = ±1 detonates the valley degeneracy. Neglecting the
s0, of which the effects are small and irrelevant at low energies
around the Dirac points, see Fig.(2.3), the low-energy excitations
have linear dispersion

ε(Kν + ~k) ≈ νvF |k| (2.14)
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Figure 2.2: Energy description of graphene within the entire Brillioun
zone for t = 3.033 eV, and s0 = 0.129eV. The dispersions
show a linear dispersion relation around every Dirac cone.

and propagate with the Fermi–Dirac velocity vF =
√

3at/2, which
is independent of their momentum p = h̄k (as photons with the
speed of light ”vF ”). These kinds of excitations are protected by
the symmetry of the honeycomb lattice of graphene and described
by the Hamiltonian

H(Kν + ~k) = vF~σν~k (2.15)

which has essentially the form of the Dirac equation which de-
scribes relativistic massless fermions (with velocity vE). Here, ~σν =
(νσx,σy) are Pauli Matrices, which represent the sublattice pseu-
dospin with valley degeneracy. To summarize, the low-energy exci-
tations are massless chiral Dirac fermions with a linear dispersion
relation.

2.3 topological invariants

Among other interesting and fascinating properties, graphene pos-
sesses nontrivial topological properties.
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Figure 2.3: Energy bands of graphene plotted along the kx axis. The
effects of the parameter s0 are small and irrelevant at low
energies around the Dirac points.

The space inversion and time-reversal symmetry have essential
roles in the topological properties of graphene. The space inversion
is defined as

I : H(~k) = σxH(−~k)σx. (2.16)

Whereas, the time-reversal symmetry is defined as

T : H(~k) = H∗(−~k). (2.17)

In the context of graphene, the Berry phase is the phase that
an eigenstate acquires after the electron wavevector in graphene
completes a full cycle at constant energy around a Dirac point.
The eigenstates of graphene read

χ±(~k) =
1√
2

 1
∓eiφ(~k)

 (2.18)

where the phase φ(~k) is φ(~k) = γ(~k)/|γ(~k)|. The eigenstates are
smooth and well-defined functions of the wavevector, except for at
the locations of Dirac cones.
The degeneracy points of the eigenstates act as sources of the

Berry curvature, defined as

F (~k) =
∂Ay
∂kx
− ∂Ax
∂ky

(2.19)

where the Berry connection

~A(~k) = i〈χ±(~k)|
∂

∂~k
|χ±(~k)〉. (2.20)
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Figure 2.4: Single particle density of states of graphene as a function
of energy ε in units of t. The van-Hove singularity points
occur at ε/t = ±1.

In graphene, the Berry curvature due to the time-reversal and
space inversion symmetry vanishes everywhere outside the Dirac
cones where quantized "monopole" sources of the δ-function type
exist.
The Berry is defined as an integral over a closed path in ~k space

[Xiao et al., 2010]. Thus, integrating over a closed path around
one Dirac cone K± yields the Berry phase ±π. The nontrivial
topological quantity, the Berry phase, implies that the Dirac cones
are topologically protected.

2.4 density of states

Fig.(2.4) shows the single particle density of states, obtained by
numerically integrating the spectral function [Bena and Kivelson,
2005]

ρ(ε) =
∫ dk2

4π2A(
~k, ε) (2.21)

over first Brillioun zone, where

A(~k, ε) = −2Im
((
ε− t|γ(~k)|+ iη

)−1
+
(
ε+ t|γ(~k)|+ iη

)−1)
.

(2.22)

We perform the numerical calculations for a finite inverse lifetime
of the quasiparticle η = 0.005 t. The van-Hove singularity points
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are points where the density of states possesses singularities. As
can be seen from Fig.(2.4), the van-Hove singularity points occur
at ε/t = ±1. Furthermore, at low energies |ε|/t < 1 the density
of states has a v-shape, while at energies |ε|/t > 3 the density of
states goes to zero.
The finite value of the inverse lifetime η, which goes to zero, has

two consequences:

1. the density of states at ε = 0 has a very small value and goes
to zero as ρ(0) ≈ η ln (1/η),

2. the divergence of the density of states at van-Hove singularity
points as ρ(±t) ≈ ln (1/η).





3
GRAPHENE B ILAYERS : ENERGY VERSUS
ENTANGLEMENT

Graphene bilayers were isolated soon after the graphene monolayer.
The low-energy excitations are massive chiral fermions, which do
not exist in high-energy physics. The main consequences of this
are the integer Quantum Hall effect without plateau at zero and
the non-trivial Berry’s phase of 2π [Novoselov et al., 2006].
Quantum entanglement, primarily a source of quantum infor-

mation, has developed into one of the most studied subfields of
many-body physics. In the last decade, quantum entanglement
has mainly been used to study phase structure in condensed mat-
ter physics [Amico et al., 2008]. The entanglement spectrum of a
bipartite system of subsystems A and B is defined in terms of the
Schmidt decomposition of its ground state |ψ〉 as

|ψ〉 =
∑
n
e−

ξn
2 |ψAn 〉|ψBn 〉 (3.1)

where the states |ψAn 〉 (|ψBn 〉) are orthonormal states of the subsys-
tem A (B), respectively, and the non-negative quantities ξn rep-
resent the levels of the entanglement spectrum. In many previous
studies, the proportionality between the energetic Hamiltonian of
the subsystem A HA and the entanglement Hamiltonian Hent in
the strong coupling regime between rungs [Poilblanc, 2010,Cirac
et al., 2011, Schliemann, 2011, Peschel and Chung, 2011, Läuchli
and Schliemann, 2012,Schliemann and Läuchli, 2012,Schliemann,
2013,Predin, 2017] has been observed.

The starting point of this chapter is to recapture the energy
description of graphene bilayers considering only the hopping pa-
rameter between nearest neighbors on honeycomb lattice and the
hopping parameter between neighbor sites that are on top of each
other. The effects of the term that causes the trigonal warping [Mc-
Cann and Koshino, 2013,Rozhkov et al., 2016] in graphene bilayers
will be a central point of Chapter 4. Furthermore, we will neglect
the term breaking the particle–hole symmetry. In this chapter,

19
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we analytically consider the entanglement spectrum of the free
fermionic system on a graphene bilayers in a Bernal stacking ar-
rangement. In the limit of strongly coupled layers, there is a pro-
portionality between the entanglement Hamiltonian of graphene
bilayers obtained by tracing out one layer, and the energetic Hamil-
tonian of the graphene monolayer. Then, we place a special focus
on the effects of this proportionality on thermodynamic and topo-
logical properties of the entanglement Hamiltonian. We also study
the entanglement spectrum of graphene bilayers in the presence of
the bias voltage and the mass term.
The tight-binding description of graphene bilayers is studied in

Section 3.1. In Section 3.2, we start with a brief review of the
method for analytical derivation of the entanglement spectrum of
the free fermionic system given in Refs. [Peschel, 2003, Cheong
and Henley, 2004, Schliemann, 2013]. Then, we analyze the en-
tanglement spectrum of graphene bilayers obtained by tracing out
one layer and applied the concept of the entanglement thermo-
dynamics. Furthermore, we also stress here an agreement in the
topology of the entanglement Hamiltonian of graphene bilayers
and the energy Hamiltonian of a graphene monolayer, due to the
proportionality between these Hamiltonians. Then, we study the
entanglement spectrum of graphene bilayers obtained by tracing
out other two of possible four sublattices. In Section 3.3, we give
an explicit equation for entanglement levels when the bias voltage
or mass term are included. Finally, we close this chapter with a
brief conclusion and an outlook in Section 3.4.

3.1 electronic structure of graphene bilayers

Graphene bilayers consist of two coupled layers via Van der Walls
forces. The unit cell of graphene bilayers has four carbon atoms,
A1, B1 on the lower layer and A2, B2 on the upper layer. The layers
are arranged in the Bernal stacking [McCann and Koshino, 2013,
Rozhkov et al., 2016], where one atom at the B1 site is directly
below an atom at the A2 site Fig.(3.1).
Then, the integral matrix of the graphene bilayers has the fol-

lowing form [McCann and Koshino, 2013]

H~k =


εA1 −tγ(~k) t4γ(~k) −t3γ∗(~k)

−tγ∗(~k) εB1 t⊥ t4γ(~k)

t4γ
∗(~k) t⊥ εA2 −tγ(~k)

−t3γ(~k) t4γ
∗(~k) −tγ∗(~k) εB2

 (3.2)
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Figure 3.1: Schematic representation of Bernal-stacked bilayer
graphene. Two sublattices of each layer are represented by
red and blue spheres. The intralayer hopping parameter
t between nearest electrons and also interlayer hopping
parameters t, t3, and t4 are represented by red lines.

in the basis
(
a†

1~k
, b†

1~k
, a†

2~k
, b†

2~k

)
|0〉 where a†

i~k
(a
i~k
) and b†

i~k
(b
i~k
) cre-

ate (annihilate) electrons layers i = 1, 2 on sublattice A and B,
respectively.. Here, γ(~k) =

∑
~δ

exp(i~k · ~δ) with ~δ being nearest–
neighbor vectors on a graphene monolayer, defined by Eq.(2.5).
εA1, εB1, εA2 and εB2 are on-site energies. The parameter t is the
hopping parameter between nearest-neighbor atoms within each
layer, while t⊥ describes coupling between atoms at the sites B1
and A2. The parameter t3 is the interlayer hopping parameter be-
tween atoms A1 and B2 and causes trigonal warping. Whereas
the parameter t4 is the interlayer hoping parameter between A1
and A2 and B1 and B2 and leads to the electron–hole asymmetry.
Hopping parameters are represented in Fig.(3.1). Effects of the pa-
rameters t3 on the energy, and as well entanglement spectrum will
be discussed in Chapter 4. Since, the eigenvalues and eigenstates of
the Hamiltonian Eq.(3.2) cannot be obtained in closed analytical
form when the hopping parameter t4 is included, we will neglect
it in this thesis. The experimentally established values [Kuzmenko
et al., 2009] for these parameters are t = 3.16eV, t⊥ = 0.381eV,
t3 = 0.38eV, and t4 = 0.14eV.
Furthermore, we will neglect the overlap matrix, since it has

only a small and irrelevant influence around the Dirac cones. For
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Figure 3.2: The energy bands of graphene bilayers plotted along the
kx axis for t = 3.16eV, and t⊥ = 0.381eV. The dispersions
show a quadratic dispersion relation around every Dirac
cone.

intrinsic graphene bilayers when εA1 = εA2 = εB1 = εB2 = 0 solv-
ing the eigenproblem of the Hamiltonian Eq.(3.2) we obtain the
symmetric energy spectrum with four bands ±E1(~k) and ±E2(~k)

E1,2(~k) = ±
1
2t⊥ +

√
t2⊥
4 + t2|γ(~k)|2, (3.3)

a pair of conduction bands and a pair of the valence bands. The
energy bands structure of graphene bilayers is plotted along the
kx axis in the momentum space in Fig.(3.2).
The Hamiltonian that describes the properties of electrons in

the vicinity of the Dirac points ~k +Kν (ν = ±1 detonates the
valley degeneracy) can be approximated within the Dirac cone
approximation

H~k+Kν =


0 vFπ

† 0 0
vFπ 0 t⊥ 0

0 t⊥ 0 vFπ
†

0 0 vFπ 0

 (3.4)

where vF is the Fermi-Dirac velocity, and π = νpx+ ipy and π† =
νpx − ipy. Energy bands Eq.(3.3) can be approximated around
Dirac points

E1,2 = νm∗v2
F +

√
(m∗v2

F )
2 + p2v2

F (3.5)

where m∗ is the effective mass of the quasiparticles m∗ = t⊥
2v2
F

and it is directly proportional to the hopping parameter t⊥. Thus,
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the mass of the quasiparticles directly arises from the interaction
between the layers. Even more, at small momentum, the energy
band Eq.(3.3)

E1 =
p2

2m∗ (3.6)

shows the quadratic dispersion. However, these excitations are not
classical massive quasiparticles, which are the most common in
the condensed matter physics. Similar to the case of graphene, we
will prove the chirality of the quasiparticle in graphene bilayers by
showing that they can be described by the generalized Dirac Hamil-
tonian with elements p2

2m∗ . In this sense, it is necessary to rewrite
the Hamiltonian Eq.(3.4), which possesses information about the
high-energy bands ±E1 as the low-energy effective Hamiltonian
which possesses the information only about the low-energy bands
±E2 [McCann and Fal’ko, 2006]. Keeping only terms up to linear
in t⊥ we find

H(eff)
~k

= −

 0 t2

t⊥

(
γ∗(~k)

)2

t2

t⊥

(
γ(~k)

)2
0

 (3.7)

in the basis
(
b†
2~k

, a†
1~k

)
|0〉 and it is good approximation in the en-

ergy range |E2| < 1
4t⊥. It the vicinity of the Dirac point Kν the

effective Hamiltonian Eq.(3.7) can be approximated by the Dirac
cone approximation to

H(eff)
~k+Kν

= −ν h̄
2v2
F

t⊥

 0 (π†)2

π2 0

 (3.8)

It is more convenient to write this Hamiltonian in the following
form

H(eff)
~k+Kν

= −ν h̄
2k2

2m∗ ~σ~n (3.9)

where ~k = (k cos(φ~k), k sin(φ~k)) and ~n = (n cos(2φ~k),n sin(2φ~k)).
~σ denote Pauli matrices. To conclude, the low-energy excitations
are massive chiral particles with the quadratic dispersion. In quan-
tum electrodynamics, only massless particles are chiral and thus
graphene bilayers become an exciting playground for studying
properties of massive chiral quasiparticles that do not exist in
quantum electrodynamics.
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3.1.1 Topological invariants

The Hamiltonian Eq.(3.2) of intrinsic graphene fulfills the time-
reversal symmetry

H∗(~k) = H(−~k) (3.10)

and the space inversion symmetry

(σx ⊗ σx)H(~k) (σx ⊗ σx) = H(−~k). (3.11)

The eigenstates of the effective Hamiltonian Eq.(3.7)

|χ±〉 =
1√
2

 1
∓e2iφ(~k)

 (3.12)

with φ(~k) = γ(~k)/|γ(~k)|. The singularities of these eigenstates at
the Dirac points act as the sources of the Berry curvature flux

F (~k) =
∂Ay
∂kx
− ∂Ax
∂ky

(3.13)

where the Berry connection

~A(~k) = i〈χ±(~k)|
∂

∂~k
|χ±(~k)〉. (3.14)

Integrating the Berry connection ~A over a closed path, it is found
that the Dirac cone K± contributes ±2π to the Berry phase.

3.2 entanglement spectrum

3.2.1 Method

For systems of free fermions as studied here, the entanglement
Hamiltonian can be formulated as a single-particle operator [Peschel,
2003,Cheong and Henley, 2004, Schliemann, 2013].

Consider first a system of free fermions described by Hamilto-
nian

H =
∑
i,j
tijc
†
icj (3.15)

where tij-hopping parameter, and c†i (ci) creates (annihilates) an
electron on the i-th site.



3.2 entanglement spectrum 25

The one-particle function determined by the ground state |ψ〉
of the previous Hamiltonian Eq. (3.15) reads

Cij = 〈ψ|c†icj |ψ〉 = tr
(
ρc†icj

)
(3.16)

where ρ is the density matrix.
In this thesis, we restrict our considerations to a bipartite sys-

tem, which consists of two subsystems A and B. Since the reduced
density ρA, obtained by tracing out subsystem B, does not have
any negative eigenvalues, it can be always reformulated as

ρA =
1
Z
e−HA (3.17)

with the entanglement spectrum HA and the partition function
Z = tr

(
e−HA

)
.

Now, we will consider only the subsystem A, which has L sides.
It is clear that the correlation matrix in this subsystem has the
following form

Cαβ = trA(ρAc†αcβ) = 〈ψ|c†αcβ|ψ〉 (3.18)

where |ψ〉 is the ground state of the composite system, and single-
particle operators cα, cβ act on its remaining part after tracing
out a subsystem.
In order to represent all correlation functions in the free fermion

subsystem A, the entanglement HamiltonianHA of the non-interacting
system must have the following form

HA =
∑

α,β∈A
Hαβc†αcβ. (3.19)

Furthermore, every Hamiltonian of free fermions Eq. (3.15) can be
diagonalized using the unitary matrix U as

H = UDU † (3.20)

where D = diag (E1,E2, ...,EN/2,−E1,−E2, ...,−EN/2), with Ei
are eigenenergies. We use a new kind fermion operations aα

aα =
∑
β

Uβαcβ (3.21)

to calculate the correlation function in the set {|λ〉} of many-body
eigenstates of HA

Cαβ =〈c†αcβ〉A
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=

∑
λ〈λ|c†αcβe−HA |λ〉∑
λ
′ 〈λ′|e−HA |λ′〉

=

∑
λ〈λ|

∑
mn a

†
mUαmUβnane

−HA |λ〉∑
λ
′ 〈λ′|e−HA |λ′〉

. (3.22)

where∑
λ
′
〈λ
′
|e−HA|λ

′
〉 =

∑
{nα}
〈{nα}|e−

∑
α ξαnα |{nα}〉 =

∏
α

∑
nα={0,1}

e−ξαnα

and∑
λ

〈λ|
∑
mn

a†mUαmUβnane
−HA |λ〉 =

∑
mn

UαmUβn
∑
λ

〈λ|a†mane−HA |λ〉

=
∑
l

UαlUβl
∑
λ

〈λ|nle−HA |λ〉

=
∑
l

UαlUβl
∑
{nα}
〈{nα}|nle−

∑
α
ξαnα |{nα}〉

=
∑
l

UαlUβl

∏
α 6=l

∑
nα={0,1}

e−ξαnα

 ∑
nl={0,1}

e−ξlnlnl

=
∑
l

UαlUβl

(∏
α

(
1 + e−ξαnα

)) e−ξl

1 + e−ξl
.

Finally, we get

Cαβ =
∑
l

UαlUβl
e−ξl

1 + e−ξl
(3.23)

where we sum only over states with negative energies, because
only these states are occupied. The eigenvalues ξα of the entangle-
ment Hamiltonian, known as entanglement levels. The entangle-
ment Hamiltonian then can be reformulated as a single particle
operator

HA =
L∑
α=1

ξαa
†
αaα. (3.24)

The eigenvalues ξα are related to the eigenvalues ηα of the corre-
lation matrix via

ξα = ln
(

1− ηα
ηα

)
= 2artanh (1− 2ηα) . (3.25)

The entanglement levels form the entanglement spectrum. In par-
ticular, the entanglement Hamiltonian and the correlation matrix
share the same system of eigenvectors.
Here, the only condition is that the eigenvalues of the correlation

matrix lie between 0 and 1, which is always the case because they
can be written in the form 〈a†αaα〉.
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3.2.2 Tracing out one layer

Here, we will analytically obtain the entanglement spectrum by
tracing out layer 1 from the ground state of the undoped graphene
bilayers where all states with negative energies (−E1(~k)), (−E2(~k))
are occupied, while all others are empty. Then, the correlation ma-
trix has the following form

C(~k) =

 〈a†2~ka2~k〉 〈a
†
2~k
b2~k〉

〈b†
2~k
a2~k〉 〈b

†
2~k
b2~k〉


=

 1
2 u(~k)

u∗(~k) 1
2

 (3.26)

where u(~k) = 1
2e
iφ(~k) t|γ(~k)|√

t2|γ(~k)|2+ 1
4 t

2
⊥

.

The eigenvalues of the correlation matrix

η±(~k) =
1
2

1∓ t|γ(~k)|√
t2|γ(~k)|2 + 1

4t
2
⊥

 (3.27)

lead to the entanglement levels

ξ±(~k) = ±2arcsinh
2t|γ(~k)|

t⊥

 . (3.28)

These entanglement levels get into the entanglement Hamiltonian
as

Hent =
∑
n=±

ξnc
†
~kn
c~kn. (3.29)

Here, the operators c~kn diagonalize the energetic Hamiltonian.
The entanglement levels ξ± are represented in Fig. (3.3) in the

entire Brilloun zone. At every Dirac point, two layers are maxi-
mally entangled (1/t⊥ = 0) and the entanglement spectrum van-
ishes ξ± = 0.
One can notice that the entanglement spectrum Eq. (3.28) for

a given energy spectrum of a graphene monolayer depends only on
the coupling parameter t⊥. Furthermore, the entanglement spec-
trum ξ± in the limit of strongly coupled layers t⊥ >> t|γ(~k)| can
be approximated as

ξ± ≈ ±
4t|γ(~k)|
t⊥

∓ 8t3|γ(~k)|3
3t3⊥

+O
(

1
t5⊥

)
. (3.30)
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Figure 3.3: The entanglement spectrum ξ±(~k) plotted for t = 3.16eV,
t⊥ = 0.381eV over entire Brillouin zone. The contour plot
represents the lower entanglement level ξ−.

This implies the direct proportionality, in the limit of the strong
coupling layers, between the entanglement spectrum ξ± of graphene
bilayers and the energy spectrum t|γ(~k)| of a graphene monolayer

ξ± ≈
4
t⊥
t|γ(~k)| (3.31)

with the proportionality factor λ = 4/t⊥, which is indeed the
phenomenological inverse temperature [Schliemann, 2014]. As we
shall see in the following, this proportionality has crucial conse-
quences on the topological quantities of the entanglement Hamil-
tonian [Predin et al., 2016] and the entanglement thermodynam-
ics [Schliemann, 2011, Schliemann, 2013, Schliemann, 2014].
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Topological invariants

The entanglement Hamiltonian and the correlation matrix share
the same eigenstates. Integrating the Berry connection constructed
from the eigenstates of the correlation matrix over a closed path
around the Dirac coneK±, we find a Berry phase of±π. This result
agrees with the Berry phase around the Dirac cones in monolayer
graphene.

Entanglement thermodynamics

The entanglement entropy and entanglement energy are defined as
functions of the reduced density matrix [Schliemann, 2011, Schlie-
mann, 2013, Schliemann, 2014]

S =〈− ln ρred〉 (3.32)
E =〈Hent〉 (3.33)

where 〈·〉 = tr (ρred · ). Since the reduced density matrix can be
rewritten as

ρred(λ) =
e−Hent(λ)
Z(λ)

=
∑
n

e−ξn(λ)c
†
ncn

1 + e−ξn(λ)
. (3.34)

the entanglement entropy and energy have the following forms

S(λ) =
∑
n

 ln
(
1 + e−ξn(λ)

)
1 + e−ξn(λ)

+
ln
(
1 + eξn(λ)

)
1 + eξn(λ)


=
∑
n

(
ln
(
1 + e−ξn(λ)

)
+

ξn(λ)

1 + eξn(λ)

)
(3.35)

E(λ) =
∑
n

ξn(λ)

1 + eξn(λ)
, (3.36)

respectively. This leads to the expression for the entanglement free
energy defined as

F = E − S. (3.37)

Here, the thermodynamic relation

∂S

∂E
=
∂S

∂λ

∂λ

∂E
= β(λ) (3.38)

holds, where β(λ) is the inverse thermodynamic temperature. Fur-
thermore, the connection between the entanglement Hamiltonian
and canonical entanglement Hamiltonian Hcan is

Hent = β(λ)Hcan (3.39)
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and allows us to define the entanglement inner energy as

E(λ) = 〈Hcan〉 (3.40)

and the free energy as

F (λ) = E(λ)− S(λ)/β(λ). (3.41)

It is easy to obtain from Eq.(3.38)

β
∂F

∂β
= E. (3.42)

Thus, the connection between the inverse thermodynamic temper-
ature β(λ) and the phenomenological inverse temperature λ is
given by

∂β(λ)

∂λ
=

1
E

∂F

∂λ
=

1
E

∂
(
E − S

)
∂λ

. (3.43)

Here, the entanglement entropy and entanglement energy is

S(λ) = 2ln
(
1 + λt|γ(~k)|

)
− λt|γ(~k)|

(
1 + tanh

(1
2λt|γ(

~k)|
))

,

E(λ) = −λt|γ(~k)| tanh
(1

2λt|γ(
~k)|
)

, (3.44)

respectively. This leads to

∂
(
E − S

)
∂λ

= −t|γ(~k)| tanh
(1

2λt|γ(
~k)|
)

(3.45)

and further to

∂β(λ)

∂λ
=

1
λ

. (3.46)

The inverse thermodynamic temperature is proportional the phe-
nomenological inverse temperature

β(λ) = kEλ (3.47)

where kE is a constant. Finally, the canonical entanglement Hamil-
tonian is independent of the inverse temperature β = 4kE/t⊥,
such that

Hcan =
1
kE

(
c†~k,+

c~k,+ − c
†
~k,−

c~k,−

)
. (3.48)
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3.2.3 Tracing out A1 and B2 (or A2 and B1) sublattices

The correlation matrix obtained by tracing out sublattices A1 and
B2 lying in opposite layers has the following form

C(~k) =

 〈a†2~ka2~k〉 〈a
†
2~k
b1~k〉

〈b†
1~k
a2~k〉 〈b

†
1~k
b1~k〉


=

 1
2 −v(~k)

−v(~k) 1
2

 (3.49)

where v(~k) = 1
4

t⊥√
t2|γ(~k)|2+ 1

4 t
2
⊥

.

One can notice that the off-diagonal terms of the correlation
matrix Eq.(3.26) and the correlation matrix Eq.(3.49) satisfy the
relation

|u(~k)|2 + |v(~k)|2 =
1
4. (3.50)

The eigenvalues η± of this correlation matrix

η± =
1
2

1±
1
2t⊥√

t2|γ(~k)|2 + 1
4t

2
⊥

 (3.51)

escort the entanglement levels

ξ± = ±2arsinh
(

t⊥

2t|γ(~k)|

)
. (3.52)

In Fig.(3.4) we visualize the eigenvalue η− of the correlation matrix
around a given K-point.
In the Dirac points, the eigenvalues of the correlation matrix

become η+ = 1 and η− = 0 and thus, the remaining subsystem is
not entangled with the subsystem which is traced out.

Topological invariant

The entanglement gap is always opened, because the off-diagonal
elements v(~k) of the correlation matrix do not vanish anywhere.
This implies that the Berry curvature and all Berry phases are
zero in entire Brillouin zone.

3.2.4 Tracing out A1 and A2 (or B1 and B2) sublattices

The correlation matrix given by tracing out A1 and A2 sublatties

C(~k) =

 〈b†1~kb1~k〉 〈b†1~kb2~k〉
〈b†

2~k
b1~k〉 〈b

†
2~k
b2~k〉
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Figure 3.4: The eigenvalue η− = 1/2 + |v(~k)| of the correlation ma-
trix plotted over entire Brillouin zone for the same value of
parameters as Fig.(3.2).

=

 1
2 0
0 1

2

 (3.53)

is proportional to the unit matrix. Thus, the remaining subsystem
is maximally entangled with the traced out subsystem.

3.3 effects of bias voltage and mass term

3.3.1 Energy spectrum

Bias voltage

Applying the bias voltage makes the difference of on-site energies
Λ of different layers, thus the lower layer 1 of graphene bilayers is
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on the energy εA1 = εB1 = −Λ
2 and the upper layer 2 is on the

energy εA2 = εB2 = Λ
2 . Then the Hamiltonian Eq.(3.2) becomes

H~k =


−Λ

2 −tγ(~k) 0 0
−tγ∗(~k) −Λ

2 t⊥ 0
0 t⊥

Λ
2 −tγ(~k)

0 0 −tγ∗(~k) Λ
2

 . (3.54)

The energy bands of this Hamiltonian are given by ±ε1,2 where

ε1,2 =

√√√√t2|γ(~k)|2 + t2⊥
2 +

(
Λ
2

)2
± 2

√
t2|γ(~k)|2 (Λ2 + t2⊥) +

(
t⊥
2

)4
.

(3.55)
Thus, the changing of the bias voltage opens the band gap Λ be-
tween central energy bands (±E2). The energy bands are plotted
over entire Brillouin zone for t = t⊥ and Λ = 0.2t⊥ in Fig. 3.5.

Mass term

The mass term m makes the difference between the A and B sub-
lattices. The Hamiltonian reads

H~k =


m −tγ(~k) 0 0

−tγ∗(~k) −m t⊥ 0
0 t⊥ m −tγ(~k)
0 0 −tγ∗(~k) −m

 . (3.56)

The eigenenergies of the Hamiltonian Eq.(3.56) are given by ±ε1,2
where

ε1,2 =

√√√√√1
2t⊥ ±

√
t2|γ(~k)|2 + 1

4t
2
⊥

2

+m2. (3.57)

. The energy difference between two central bands (±ε2) is 2m.
In Fig.(3.6), we plot these eigenergies throughout Brillouin zone

for t = t⊥ and m = 0.1t⊥.

3.3.2 Entanglement spectrum

Bias voltage

Tracing out one layer 1 of ground state of bilayer graphene in the
presence of the bias voltage leads to the correlation matrix

C(~k) =

 C11 C12

C∗12 C22

 (3.58)
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Figure 3.5: The central energy bands ±ε2 plotted over entire Brillouin
zone for t = t⊥ and Λ = 0.2t⊥. The contour plot represents
the energy band (ε2).

where

C11(~k) = 〈a†
2~k
a

2~k
〉

=
1
2 −

1
4

1−
1
2
t2⊥√

t2|γ(~k)|2(t2⊥ + Λ2) + 1
4
t4⊥

 Λ√
Λ2 + t2⊥

1
ε2

e2 −
t21√

Λ2 + t2⊥


+

1
4

1 +
1
2
t2⊥√

t2|γ(~k)|2(t2⊥ + Λ2) + 1
4
t4⊥

 Λ√
Λ2 + t2⊥

1
ε1

e1 −
t21√

Λ2 + t2⊥


C22 = 〈b†

2~k
b

2~k
〉

=
1
2 −

1
4

1 +
1
2
t2⊥√

t2|γ(~k)|2(t2⊥ + Λ2) + 1
4
t4⊥

 Λ√
Λ2 + t2⊥

1
ε2

e2 +
t21√

Λ2 + t2⊥


+

1
4

1−
1
2
t2⊥√

t2|γ(~k)|2(t2⊥ + Λ2) + 1
4
t4⊥

 Λ√
Λ2 + t2⊥

1
ε1

e1 +
t21√

Λ2 + t2⊥
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Figure 3.6: The central energy bands ±ε2 plotted over entire Brillouin
zone for t = t⊥ andm = 0.1t⊥. The contour plot represents
the energy band (ε2).

C12 = 〈a†
2~k
b

2~k
〉

=
1
2e

iφ(~k) t|γ(~k)|√
t2|γ(~k)|2 + 1

4

t4⊥
t2⊥+Λ2

(
e1

ε1
− e2

ε2

)
(3.59)

with

e1,2 =
1
2

√Λ2 + t2⊥ ±

√√√√4t2|γ(~k)|2 + t4⊥
t2⊥ + Λ2

 (3.60)

The entanglement levels analytically obtained from this correlation
matrix will be discussed later in 3.3.2.
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Mass term

The correlation matrix of ground state of graphene bilayers in the
presence of the mass term m given by tracing out one layer 1 reads

C(~k) =

 C11 C12

C∗12 C22

 (3.61)

where

C11(~k) = 〈a†2~ka2~k〉

=
1
2 −

1
4

1−
1
2t⊥√

t2|γ(~k)|2 + 1
4t

2
⊥

 m

ε2
+

1 +
1
2t⊥√

t2|γ(~k)|2 + 1
4t

2
⊥

 m

ε1

C22(~k) = 〈b†2~kb2~k〉

=
1
2 +

1
4

1 +
1
2t⊥√

t2|γ(~k)|2 + 1
4t

2
⊥

 m

ε2
+

1−
1
2t⊥√

t2|γ(~k)|2 + 1
4t

2
⊥

 m

ε1

C12(~k) = 〈a†2~kb2~k〉

=
1
2e

iφ(~k) t|γ(~k)|√
t2|γ(~k)|2 + 1

4t
2
⊥

(
e1
ε1
− e2
ε2

)
(3.62)

with

e1,2 =
1
2t⊥ ±

√
t2|γ(~k)|2 + 1

4t
2
⊥. (3.63)

Analytical results

The entanglement levels obtained from the correlation matrices
Eq.(3.58) and Eq.(3.61) have the following form

ξ± = −2arctanh
(
C11 +C22 − 1±

√
(C11 −C22)2 + |C12|2

)
.

(3.64)

Our analytically obtained entanglement levels Eq.(3.64) are visu-
alized in the Fig.(3.7) of graphene bilayers in the presence of the
bias voltage along the axis kx for t/t⊥ = 1 and U/t⊥ = 0.2. Mean-
while, the entanglement levels of graphene bilayers in the presence
of mass term are represented in Fig. (3.8) along the axis kx.
When the bias voltage or mass term are included, the average

occupancy number at site A, C11(~k), and the average occupancy
number at site B, C22(~k) are not equal and differ from the 1/2.
This leads to the remaining layer 2 not being half-filled obtained
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Figure 3.7: The central energy bands ±ε2 plotted over entire Brillouin
zone along the kx axis for t = t⊥ and Λ = 0.2t⊥.

from ground state of half-filed graphene bilayers, and the entangle-
ment gap between entanglement levels is opened. In this context,
there is no the relation of the entanglement spectrum of undoped
graphene bilayers and the energy of doped graphene monolayer.
All this is just a consequence of the hopping parameter t⊥ couples
A1 and B2 sites which have different sign.

3.4 conclusion and outlook

We have analytically derived the entanglement Hamiltonian of
ground state of Bernal stacked graphene bilayers. When the entan-
glement Hamiltonian is obtained by tracing out one layer, there is
a proportionality between it and the energetic Hamiltonian of the
remaining monolayer of graphene in the limit of strong coupling
layers. The proportionality factor represents the phenomenologi-
cal inverse temperature, and there is an exact relation between
this phenomenological scale and the inverse temperature. Further-
more, this relation leads to that the canonical Hamiltonian being
independent of temperature.
The proportionality between the entanglement Hamiltonian of

graphene bilayers and the energetic Hamiltonian of monolayer
graphene also leads to the equivalence of their topological quanti-
ties. In this case, this is the Berry phase contribution to the Chern
number.
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Figure 3.8: The entanglement spectrum of graphene bilayers in the
presence the mass term plotted along the kx axis for
t/t⊥ = 1 and m/t⊥ = 0.1.

In the presence of the on-site energy or the mass term, the re-
maining layer is doped which is obtained by tracing other layer
from ground state of undoped graphene bilayers. In such a way,
there is no relation between the entanglement Hamiltonian of
graphene bilayers and the energetic Hamiltonian of graphene mono-
layer.
The relation between the phenomenological inverse temperature

and the inverse thermodynamic temperature given by Eq.(3.43),
depends on the lattice geometry, Ref. [Schliemann, 2013]. Thus,
one possible extension of this is to consider other lattice geometry.



4
TRIGONAL WARPING IN B ILAYER
GRAPHENE : ENERGY VERSUS
ENTANGLEMENT SPECTRUM

Most of the work presented in this chapter has been published to

the Physical Review Journal B.

Sonja Predin, Paul Wenk and John Schliemann, Trigonal Warping

in Bilayer Graphene: Energy versus Entanglement Spectrum, Phys.

Rev. B 93, 115106, (2016). [Predin et al., 2016]

In the previous Chapter 3, we have shown that upon tracing
out one layer, the entanglement Hamiltonian of ground state of
free fermions in graphene bilayers arranged in Bernal stacking is
proportional to the energetic Hamiltonian of graphene monolayer
in the strong coupling limit. However, this does not hold in general
even in the strong coupling limit what is illustrated by counterex-
amples in Ref. [Lundgren et al., 2012] where a spin ladders of
clearly nonidentical legs were considered and in Ref. [Schliemann
and Läuchli, 2012] where the anisotropic spin ladders of the arbi-
trary spin length were considered, while then even the unperturbed
non-degenerate ground state has a nontrivial entanglement spec-
trum. In this Chapter we provide another counter example given by
graphene bilayers in the presence of trigonal warping [McCann and
Koshino, 2013,Rozhkov et al., 2016]. As we shall see in the follow-
ing, the geometric properties of the entanglement spectrum of an
undoped graphene bilayer and the energy spectrum of a monolayer
clearly differ qualitatively. However, certain topological quantities
such as Berry phase type contributions to Chern numbers agree.
After we had made our work available as an arXiv preprint and
submitted to the journal, we became aware of a little bit earlier
study Ref. [Fukui and Hatsugai, 2014], where also Chern numbers
calculated from the eigenstates of entanglement Hamiltonians are
studied.
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This Chapter is organized as follows. In Section 4.1 we discuss
the full eigensystem of the tight-binding model of bilayer graphene
in the presence of trigonal warping. To enable analytical progress
we neglect here terms breaking particle-hole symmetry. On the
other hand, our calculation considers the entire first Brillouin zone
and avoids the Dirac cone approximation usually employed in stud-
ies of trigonal warping in graphene bilayers [McCann and Fal’ko,
2006, Nilsson et al., 2006, Koshino and Ando, 2006, Kechedzhi
et al., 2007, Manes et al., 2007, Cserti et al., 2007, Mikitik and
Sharlai, 2008,Mariani et al., 2012, Cosma and Fal’ko, 2015]. We
compare our results for the full four-band model with an effec-
tive Hamiltonian acting on the two central bands [McCann and
Fal’ko, 2006,Mariani et al., 2012, Cosma and Fal’ko, 2015]. The
entanglement spectrum obtained from the ground state of undoped
graphene bilayers is analyzed in Section 4.2. We discuss the case of
one layer being traced out as well as the situation where the trace
is performed over two other out of four sublattices. In Section 4.3
we will show that discontinuities of wave vector in eigenvectors
of the Hamiltonian are reflected on the entanglement Hamiltonian
and have a large influence on the geometric and topological proper-
ties of the entanglement Hamiltonian. We close with a conclusion
and an outlook in Section 4.4.

4.1 energy spectrum of graphene bilayers: trig-
onal warping and topological invariants

The standard tight-binding Hamiltonian for graphene bilayers in
Bernal stacking can be formulated as [McCann and Koshino, 2013,
Rozhkov et al., 2016]

H = − t
∑
~k

(
γ(~k)a†

1~k
b1~k + γ(~k)a†

2~k
b2~k + h.c.

)
+ t⊥

∑
~k

(
b†
1~k
a2~k + a†

2~k
b1~k

)
− t3

∑
~k

(
γ(~k)b†

2~k
a1~k + γ∗(~k)a†

1~k
b2~k

)
+ t4

∑
~k

(
γ(~k)

(
a†

1~k
a2~k + b†

1~k
b2~k

)
+ h.c.

)
, (4.1)

where a†
i~k
(a
i~k
) and b†

i~k
(b
i~k
) create (annihilate) electrons with wave

vector ~k in layers i = 1, 2 on sublattice A and B, respectively.
Moreover, γ(~k) =

∑3
l=1 exp(i~k · ~δl) where the ~δl are the vectors

connecting a given carbon atom with its nearest neighbors on the
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Figure 4.1: Contour plot of the energy band (+E2(~k)) plotted for t⊥ =

t, t3 = 0.5t. The contour of the colored region indicates
E = 0.2/t⊥. The edge of the first Brillouin zone is marked
by dashed lines.

other sublattice in a graphene monolayer defined by Eq(2.5). The
hopping parameters t, t⊥, t3, t4 are plotted at Fig(3.1).
The presence of all four couplings in the Hamiltonian Eq. (4.1)

makes its explicit diagonalization in terms of analytical expressions
a particularly cumbersome task. As the present study chiefly relies
on analytical calculations rather than resorts to numerics, we will
drop the contributions proportional to the smallest parameter t4
in order to achieve an analytically manageable situation.
Putting t4 = 0 the full eigensystem of the Hamiltonian (4.1) can

be obtained in a closed analytical fashion as detailed in appendix
A. The four dispersion branches (±E1(~k)), (±E2(~k)) form a sym-
metric spectrum with

E1/2(~k) =

[
1
2

(
t2⊥ + t23|γ(~k)|2 + 2t2|γ(~k)|2

)

± 1
2

√
4t2|γ(~k)|2

(
t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos

(
3φ~k

))
+
(
t2⊥ − t

2
3|γ(~k)|2

)2
]1/2

(4.2)
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and γ(~k) = |γ(~k)|eiφ~k . The two outer branches (±E1(~k)) are
separated from the inner ones (±E2(~k)) by gaps determined essen-
tially by the hopping parameter t⊥. The result Eq. (4.2) general-
izes the energy spectrum given in Ref. [McCann and Fal’ko, 2006]
within the Dirac cone approximation to the full Brillouin zone.
Moreover, in appendix A we also give the complete data of the
corresponding eigenvectors. Fig. 4.2 concentrates on the vicinity
of a given K-point using realistic parameters.
The inner branches (±E2(~k)) dominate the low-energy physics

of the system near half filling and meet at zero energy for

γ(~k) = 0 (4.3)

corresponding to the two inequivalent corners K± of the first Bril-
louin zone, and for

cos
(
3φ~k

)
= −1 ∧ |γ(~k)| = t⊥t3

t2
. (4.4)

The latter condition defines three additional satellite Dirac cones
around each K-point two of which lying on the edges (faces) of the
Brillouin zone connecting K±. The third satellite Dirac cone lies
formally outside the Brillouin zone but is equivalent to a satellite
cone on the edge around an equivalent K-point. Indeed, the quan-
tity γ(~k) has a constant phase φ~k ∈ {−π/3, π/3,π} on each face:
As an example, consider the edge connecting the two inequivalent
K-points given by ~K± = 2π√

3a

(
± 1√

3 , 1
)
where one finds

γ

(
kx, 2π√

3a

)
= e−iπ/3

(
2 cos

(
a

2kx
)
− 1

)
(4.5)

with the parenthesis being nonnegative for kx ranging between
(±2π/(3a)). Thus, solving for kx the satellite Dirac cones on that
edge lie at

~k =

(
±2
a

arccos
(1

2

(
1 + t⊥t3

t2

))
, 2π√

3a

)
, (4.6)

and the other satellite cones are located at positions being equiv-
alent under reciprocal lattice translation and/or hexagonal rota-
tion. Note that for t⊥t3/t2 = 1 the satellite cones merge in the
M -points (centers of the faces) and they vanish for even larger
values of that ratio. In Fig. 4.1 we give a sketch of the situation
in the entire Brillouin zone for moderate values of t⊥ and t3. As



4.1 energy spectrum of graphene bilayers 43

Figure 4.2: The central energy bands (±E2(~k)) plotted around a given
K-point for t⊥ = 0.1t, t3 = 0.15t. The dispersions show
a central Dirac cone accompanied by three satellites. The
components of the wave vector are measured relatively to
the K-point.

we have already seen in Chapter 3, for t3 = 0 the two energy
bands (±E2(~k)) touch only at the K-points where they have a
quadratic dispersion. Finite t3 6= 0 causes a splitting into in total
four Dirac cones with linear dispersion, an effect known as trigonal
warping [McCann and Koshino, 2013,Mariani et al., 2012].

As a further important property, the eigenvectors corresponding
to (±E2(~k)) are discontinuous as a function of wave vector at the
degeneracy points defined by Eq. (4.4); for more technical details
we refer to chapter 4.3. As a simplistic toy model mimicking such
an effect one can consider the Hamiltonian H = −kσz with a one-
dimensional wave number k and the Pauli matrix σz describing
some internal degree of freedom: In the many-body ground state
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of zero Fermi energy all occupied states with k > 0 have spin
up while for all states with k < 0 the spin points downwards,
resulting in a discontinuity of the occupied eigenvectors at k = 0.
As we shall see below, in the present case of graphene bilayers this
discontinuity is also reflected in the entanglement spectrum.
An effective Hamiltonian in the presence of the trigonal warp-

ing providing an approximate description of the central bands
(±E2(~k)) can be given following Ref. [McCann and Fal’ko, 2006].
In up to linear order in 1/t⊥ one finds

H = −

 0 t2

t⊥

(
γ∗(~k)

)2
+ t3γ(~k)

t2

t⊥

(
γ(~k)

)2
+ t3γ

∗(~k) 0

 (4.7)

with respect to the basis
(
b†
2~k

, a†
1~k

)
|0〉. The eigenstates read

|χ±〉 =
1√
2

 1
∓eiψ~k

 (4.8)

with

eiψ~k =
t2

t⊥

(
γ(~k)

)2
+ t3γ

∗(~k)∣∣∣∣ t2t⊥ (γ(~k))2
+ t3γ∗(~k)

∣∣∣∣ . (4.9)

Note that the Hamiltonian (4.7) vanishes if and only if the con-
ditions (4.3) or (4.4) are fulfilled implying that the positions of
the central and satellite Dirac cones are the same as for the full
Hamiltonian (4.1). Moreover , ψ~k is a smooth and well-defined
function of the wave vector except for the locations of Dirac cones.
Accordingly, the Berry curvature

F (~k) =
∂Ay
∂kx
− ∂Ax
∂ky

(4.10)

arising from the Berry connection

~A(~k) = i〈χ±(~k)|
∂

∂~k
|χ±(~k)〉 = −

1
2
∂ψ~k
∂~k

(4.11)

vanishes everywhere outside the Dirac cones where contributions in
terms of δ-functions arise. Integrating the Berry connection along
closed path in ~k-space leads to geometrical quantities often re-
ferred to as Berry phases, although no contact to adiabaticity is
made here. Moreover, if the Berry curvature has only nonzero con-
tributions in terms of δ-functions (as it is the case here and in
the following) these geometrical phases are indeed topological, i.e.
they are invariant under continuous variations of the paths as long
as the support of the δ-functions is not touched.
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As discussed in Refs. [Manes et al., 2007,Mikitik and Sharlai,
2008,Mariani et al., 2012], integrating along a closed path around
the central Dirac cones at K± yields a Berry phase of (∓π), while
each of the accompanying satellite cones gives a contribution of
(±π). Thus, the total Berry phase arising at and around each K-
point is, as in the absence of trigonal warping, (±2π), and the
integral over the whole Brillouin zone of the Berry connection (i.e.
the Chern number) vanishes. Naturally, our present analysis going
beyond the Dirac cone approximation confirms these results.

4.2 entanglement spectra

Here we analytically derive the entanglement Hamiltonian of free
fermions on bilayer honeycomb lattice in the presence of trigonal
warping by using the method described in Chapter 3. In particular,
we formulate the entanglement Hamiltonian for systems of free
fermions as a single-particle operator [Peschel, 2003,Cheong and
Henley, 2004, Schliemann, 2013].

4.2.1 Tracing out one layer

We now consider the ground state of the undoped graphene bilayer
such that all states with negative energies (−E1(~k)), (−E2(~k)) are
occupied while all others are empty. Tracing out layer 1 leads to
the correlation matrix

C(~k) =

 1
2 u(~k)

u∗(~k) 1
2

 (4.12)

where an explicit expression for u(~k) is given in appendix B. The
entanglement levels corresponding to the eigenvalues η±(~k) =
1/2∓ |u(~k)| are

ξ±(~k) =± 2 artanh
(
2|u(~k)|

)
. (4.13)

The modulus |u| can be formulated as

|u| = 1/2√
1 + (d/(t|γ(~k)|))2

√√√√1
2

(
1− ε1ε2 + b2

E1E2

)
(4.14)

with (cf. Eqs. (A.14),(A.15))

d =

(
t2⊥ − t23|γ(~k)|2

)
/2√

t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos
(
3φ~k

) , (4.15)
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b =
t⊥t3|γ(~k)|| sin

(
3φ~k

)
|√

t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos
(
3φ~k

) , (4.16)

and (cf. Eq. (A.21))

ε1,2 = t|γ(~k)|

±
√(

t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos
(
3φ~k

))2
/4 + d2

(4.17)

implying
E1,2 =

√
ε21,2 + b2 . (4.18)

The r.h.s of Eq. (4.14) becomes zero if the radicand vanishes. Ac-
cording to the discussion in Section 4.3 and Appendix B this is
the case when cos

(
3φ~k

)
= −1 leading to b = 0 and E1 = ε1 ≥ 0,

E2 = |ε2| such that

|u| ∝

√√√√1
2

(
1− ε2
|ε2|

)
(4.19)

Now equation (4.27) shows that |u(~k)| = 0 is equivalent to

cos
(
3φ~k

)
= −1 ∧ |γ(~k)| ∈

[
0, t⊥t3/t2

]
, (4.20)

where the endpoint of the above interval defines according to con-
dition (4.4) the location of the satellite Dirac cones. As a result,
the entanglement levels (4.13) vanish along segments of the faces
of the first Brillouin zone bounded by the positions of the central
Dirac cones and their satellites. At the satellite Dirac cones the
entanglement spectrum is discontinuous as a function of wave vec-
tor. In Fig. 4.3 we plotted the entanglement spectrum ξ+(~k) for
the whole Brillouin zone. For a better visualization large hopping
parameters have been chosen. The contour of the colored region
connects all three satellite Dirac cones. As discussed in chapter 4.3,
this discontinuity is inherited from a discontinuity in the eigenvec-
tors of the occupied single-particle states. The entanglement spec-
trum in the entire Brillouin zone is illustrated in Fig. 4.3, whereas
Fig. 4.4 focuses on a given K-point.
Moreover, apart from the eigenvalues of the entanglement Hamil-

tonian, let us also consider its eigenvector which coincide with
the eigenvectors of the correlation matrix (D.8). As discussed in
appendix B, the complex function u(~k) entering the correlation
matrix becomes singular at the K-points and the positions of
the accompanying satellite Dirac cones of the energy spectrum,
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Figure 4.3: Contour plot of the entanglement spectrum ξ+(~k) plotted
for t⊥ = t, t3 = 0.5t. The contour of the colored region indi-
cates ξ = 1.5. The dashed line delineates the first Brillouin
zone.

leading again to δ-function-type contributions to the Berry curva-
ture which vanishes otherwise. Combining symbolic computer al-
gebra techniques and numerical calculations we find here a Berry
phase of (∓π/2) around the corners K± of the Brillouin zone, and
(±π/2) for the corresponding satellite positions. For the central
positions the above calculations can also be done fully analytically
by expanding the eigensystem data around K±. For the satellite
locations such an expansion is not possible due to the discontinuity
of the eigenvectors.
Thus, the total Berry phase contribution from each K-point K±

is (±π) and agrees with the Berry phase around the Dirac cones in
monolayer graphene. As a result, although the entanglement spec-
trum of graphene bilayers generated by tracing out one layer shows
obvious differences to the energy spectrum of monolayer graphene
regarding qualitative geometrical properties, the topological Berry
phases obtained from the corresponding eigenvectors still coincide
at each K-point.
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Figure 4.4: The entanglement spectrum (4.13) plotted around a given
K-point for the same parameters as in Fig. 4.2. The density
plot shows the upper entanglement level. Zero eigenvalues of
the entanglement Hamiltonian occur along lines connecting
theK-point with the locations of satellite Dirac cones of the
energy spectrum (thick black lines). The components of the
wave vector are measured relatively to the K-point.

4.2.2 Tracing out other sublattices

Now, we will consider the entanglement spectrum obtained by trac-
ing out sublattices A1 and B2 (or A2 and B1) lying in different
layers. In the former case one finds

C(~k) =

 1
2 v(~k)

v∗(~k) 1
2

 (4.21)

where an explicit expression for v(~k) is given in appendix B. The
above correlation matrix has eigenvalues η±(~k) = 1/2 ∓ |v(~k)|
leading to the entanglement levels

ξ±(~k) = ± 2 artanh
(
2|v(~k)|

)
. (4.22)
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In Fig. 4.5 we plotted the eigenvalues η−(~k) = 1/2+ |v(~k)| of the
correlation matrix around a given K-point. The modulus |v(~k)|
reads more explicitly

|v(~k)| = 1
2

√√√√1− t2|γ(~k)|2

t2|γ(~k)|2 + d2
1
2

(
1− ε1ε2 + b2

E1E2

)
(4.23)

=
1
2

√
1− 4|u(~k)|2 (4.24)

and has a similar structure as |u(~k)| given in Eq. (4.14). In par-
ticular, |v(~k)| = 1/2 ⇔ |u(~k)| = 0 if the conditions (4.20) are
fulfilled. In this case η+ = 0 and η− = 1 indicating that the
remaining subsystem is unentangled with the system traced out.
Regarding Berry phases generated from the eigenstates of the

correlation matrix (4.21) we note that the off-diagonal element
v(~k) nowhere vanishes. As a consequence the Berry curvature is
zero throughout the Brillouin zone, which in turn holds for all
Berry phases. The nonvanishing of v(~k) follows from the fact that
|v(~k)| = 0 would require |u(~k)| = 1/2 such that the entanglement
(4.13) would diverge which is, as seen in section 4.2.1, not the case.

Finally, the correlation matrix obtained by tracing over the sub-
lattices A1, A2 (or B1, B2) is proportional to the unit matrix,

C(~k) =

 1
2 0
0 1

2

 , (4.25)

indicating that these sublattices are maximally entangled with the
part traced out.

4.3 continuity properties

The eigenvectors corresponding to the energy branches (±E2(~k))
are discontinuous at wave vectors determined by the condition
(4.4). This comes about as follows: The matrix elements U2,n(~k),
U3,n(~k), n ∈ {1, 2, 3, 4} contain the quantities γ(2)± defined in
Eqs. (C.25) whereas the U1,n(~k), U4,n(~k) corresponding to
(±E1(~k)) involve γ(1)± . Fixing now cos

(
φ~k

)
= −1 we have b = 0

such that E1 = ε1 ≥ 0 and E2 = |ε2| such that γ(1)± remain con-
tinuous while γ(2)± become

γ
(2)
± =

√√√√1
2

(
1± ε2
|ε2|

)
. (4.26)
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Figure 4.5: Eigenvalues η−(~k) = 1/2+ |v(~k)| of the correlation matrix
plotted around a given K-point for t⊥ = 0.1t, t3 = 0.15t.
The thick black lines correspond to the one in Fig. 4.4,
and the components of the wave vector are again measured
relatively to the K-point.

Inspection of Eq. (A.21) now shows that for cos
(
φ~k

)
= −1

ε2(~k)

 > 0 |γ(~k)| < t⊥t3/t2

< 0 |γ(~k)| > t⊥t3/t2
(4.27)

such that ε2(~k) changes sign for |γ(~k)| = t⊥t3/t2, i.e. γ(2)± is dis-
continuous at wave vectors given by the condition (4.4). This dis-
continuity is inherited by the correlation matrix and, in turn, by
the entanglement spectrum.
The technical reason for this discontinuity in the eigenvectors is

of course the fact that the dispersions (±E2(~k)) become degener-
ate at wave vectors fulfilling (4.4). In fact the eigenvectors can also
be considered as continuous functions of the wave vector by appro-
priately relabeling the dispersion branches. In the ground state
of the undoped bilayer system, however, only the lower branch
(−E2(~k)) is occupied, which makes the discontinuity unavoidable.
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To circumvent this discontinuity one can open an energy gap
between the upper and lower central band such that the corre-
sponding eigenstates are necessarily continuous for all wave vec-
tors. Among the various mechanisms producing such a gap only
few allow for a still halfway convenient analytical treatment of the
Hamiltonian. These include introducing identical mass terms in
both layers, i.e. H 7→ H +H ′ with

H ′ = diag (m,−m,−m,m) , (4.28)

or applying a bias voltage Λ between the layers,

H ′ = diag (−Λ/2, Λ/2,−Λ/2, Λ/2) . (4.29)

In the former case the four dispersion branches (±E1(~k)), (±E2(~k))
are given by

E1/2(~k) =

[
m2 +

1

2

(
t2⊥ + t23|γ(~k)|

2 + 2t2|γ(~k)|2
)

±
1

2

√
4t2|γ(~k)|2

(
t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos

(
3φ~k

))
+
(
t2⊥ − t

2
3|γ(~k)|2

)2
]1/2

(4.30)

while for a bias voltage one finds [McCann and Fal’ko, 2006]

E1/2(~k) =

[
Λ2

4
+

1

2

(
t2⊥ + t23|γ(~k)|

2 + 2t2|γ(~k)|2
)

±
1

2

√
4t2|γ(~k)|2

(
t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos

(
3φ~k

)
+ Λ2

)
+
(
t2⊥ − t

2
3|γ(~k)|2

)2
]1/2

.

(4.31)

In both cases the central energy bands (±E2(~k)) are separated
by a gap, and the spectrum can still be given in terms of compara-
bly simple closed expressions since the characteristic polynomial
of the 4× 4 Hamiltonian matrix is a second-order polynomial in
the energy squared leading to a spectrum being symmetric around
zero. Also the corresponding eigenvectors can be obtained in closed
analytical forms by procedures analogous to (but in detail some-
what more complicated than).

Note that applying a bias voltage as well as introducing a mass
term in each layer discriminates the layers against each other. As
we have shown in previous Chapter 3, the latter circumstance is
due to the fact that t⊥ couples sublattices in different layers for
which the mass term has different sign.
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4.4 conclusion and outlook

We have studied entanglement properties of the ground state of
Bernal stacked graphene bilayers in the presence of trigonal warp-
ing. Our analysis includes both the eigenvalues of the reduced den-
sity matrix (giving rise to the entanglement spectrum) as well as its
eigenvectors. When tracing out one layer, the entanglement spec-
trum shows qualitative geometric differences to the energy spec-
trum of a graphene monolayer while topological quantities such
as Berry phase type contributions to Chern numbers agree. The
latter finding is in contrast to the reduced density matrix resulting
from tracing out other sublattices of the bilayer system. Here, all
corresponding Berry phase integrals yield trivially zero. Thus, our
study provides an example for common topological properties of
the eigensystem of the energy Hamiltonian of a subsystem (here
a graphene monolayer) and the entanglement Hamiltonian, while
the geometrical shape of both spectra grossly differs. Our inves-
tigations are based on closed analytical expressions for the full
eigensystem of bilayer graphene in the entire Brillouin zone with
a trigonally warped spectrum.
Future work might address bilayer systems of other geometrical

structures such as the Kagome lattice.
Furthermore, the graphene monolayer under a circularly polar-

ized light exhibits ten different topological phases and high-Chern
number behaviour is found in Ref. [Wang and Li, 2016]. The under-
standing of the topological phases of driven graphene bilayers un-
der polarized light, especially in the presence of the trigonal warp-
ing in the energy and entanglement spectrum might be an exten-
sion of the present study. Moreover, the combination of influences
of a static perpendicular magnetic field [Schliemann, 2013,Nemec
and Cuniberti, 2007] and a circularly polarized light on the en-
ergy and entanglement spectrum of graphene bilayers could be an
interesting research task.



5
ENTANGLEMENT SPECTRA OF
SUPERCONDUCTIV ITY GROUND STATES ON
THE HONEYCOMB LATTICE

Most of the work presented in this chapter has been submitted to

the European Physical Journal B.

Sonja Predin, and John Schliemann, Entanglement spectra of su-

perconductivity ground states on the honeycomb lattice, preprint

(submitted to the European Physical Journal B), arxiv:1611.01039.

[Predin and Schliemann, 2016]

Soon after the birth of graphene has begun the searching for
its complex electronic phases and phase transitions, such as super-
conductivity or exciton condensation [Sorella and Tosatti, 1992,
Khveshchenko, 2001,Herbut, 2006,Hou et al., 2007,Honerkamp,
2008,Raghu et al., 2008,Liu et al., 2009,Drut and Lähde, 2009,
Herbut et al., 2009,Gamayun et al., 2010,Meng et al., 2010,Sorella
and Yunoki, 2012,Ulybyshev et al., 2013]. First searches were done
in the vicinity of the Dirac point using the Dirac cone approxima-
tions. However, nowadays investigations of possible superconduc-
tivity states in graphene are in opposite limit, far away from the
Dirac points.
In graphene, the sixfold symmetry of the honeycomb lattice fa-

vors the degenerate dx2−y2- and dxy-wave superconductivity states.
Recent theoretical studies have shown that an s-wave superconduc-
tivity state [Uchoa and Castro Neto, 2007] and a chiral dx2−y2 ±
idxy superconducting state emerge from electron-electron interac-
tions in graphene doped to the vicinity of the van-Hove singular-
ity point [Black-Schaffer and Doniach, 2007, Honerkamp, 2008,
Pathak et al., 2010, Nandkishore et al., 2011, Kiesel et al., 2012,
Wang et al., 2012], and in lower doped bilayer graphene [Milo-
vanović and Predin, 2012, Vučićević et al., 2012] (for a recent re-
view, see Ref. [Black-Schaffer and Honerkamp, 2014]). Below the
superconducting transition temperature TC , this degeneracy yields
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the time-reversal symmetry-breaking dx2−y2 ± idxy state [Platt
et al., 2013, Black-Schaffer and Honerkamp, 2014]. In the past
two years, considerable experimental progress has been made re-
garding the observation of superconductivity in graphene. Evi-
dence of superconductivity has been experimentally observed on
Ca-intercalated bilayer graphene and graphene laminates at 4 [Ichi-
nokura et al., 2016] and 6.4 K [Chapman et al., 2016], respectively.
Furthermore, additional experimental progress has been made re-
garding evidence of superconductivity in Li-decorated monolayer
graphene with a transition temperature of approximately 5.9 K
[Ludbrook et al., 2015].
In this Chapter, we present an analytical study of the entangle-

ment spectrum of the fermionic ground state on a graphene honey-
comb lattice, in the presence of superconductivity instability and
as obtained by tracing out a single spin direction. We investigate
the relationship between the entanglement and energy spectra of
the remaining noninteracting part, placing a special focus on the
correlation between their topologies. We show that the entangle-
ment Hamiltonian obtained by tracing out one of the subsystems
and the Hamiltonian of the remaining subsystem can have com-
pletely different topologies. This difference is due to the fact that
the entanglement Hamiltonian is a ground-state property. That is,
the dx2−y2 + idxy superconductivity state breaks the time-reversal
symmetry of the superconductivity Hamiltonian; this behaviour
is reflected in the ground state of the composite superconductiv-
ity Hamiltonian. Further, the entanglement Hamiltonian is con-
structed from that ground state.
In the next section, the topological phases of the superconduc-

tivity states on the honeycomb lattice are classified based on their
different symmetries. In Section 5.2, we introduced the model
Hamiltonian and discuss the different superconductivity paired
states that can arise from the electron–electron interaction on the
honeycomb lattice. The renormalized mean-field treatment of self-
consistent order parameter is given in Section 5.3. Then, we dis-
cuss classification of topological superconductors on a honeycomb
lattice based on symmetry of systems in Section 5.4. The entan-
glement spectrum obtained from the Bardeen-Cooper-Schrieffer
ground state by tracing out a single spin direction is analyzed in
Section 5.5. Our primary interest in this section is to explore the
relationship between the geometrical and topological properties of
the entanglement Hamiltonian and the remaining noninteracting
Hamiltonian. We close with a conclusion and an outlook, which
are presented in Section 5.6.
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C6v E C2 2 C3 2 C6 3 σv 3 σd form

A1 +1 +1 +1 +1 +1 +1 s-wave
A2 +1 +1 +1 +1 -1 -1
B1 +1 -1 +1 -1 +1 -1 f-wave
B2 +1 -1 +1 -1 -1 +1 f-wave
E1 +2 -2 -1 +1 0 0 px, py
E2 +2 +2 -1 -1 0 0 dx2−y2 , dxy

Table 5.1: Character table of C6v point groups. The identity operator
is given by E. C2 is the trace of a 1800 rotation matrix. C3

and C6 are 1200 and 600 rotation, respectively. σv and σd
denote reflections at distinct lattice axis.

5.1 symmetry group representation

An understanding of the symmetry of the hexagonal lattice of
graphene is essential for its physical properties. Possible super-
conductivity states and their symmetries are determined by the
symmetry of the lattice and can be characterized by group theory.
Furthermore, the form of the superconductivity order parameter
is denoted by the symmetry group, as we shall see in 5.2.2. The
crystal symmetry group for the hexagonal lattice of graphene is
C6v and it is presented in Table 5.1.
The fully isotropic A1 is the fully gapped s-wave superconductiv-

ity state. The superconductivity state that breaks additional sym-
metries (except global U(1) symmetry) in respect of the normal
state is called an unconventional superconductivity state. These
additional broken symmetries include time-reversal symmetry, crys-
tal lattice symmetry, and spin-rotation symmetry, among others.
In this sense, since the s-wave superconductivity state does not
break any additional symmetry, is a conventional superconduct-
ing state.
The B1 and B2 states are spin-triplet f-wave states.
Any linear combination of the elements of the two-dimensional

representations of E1 and E2 are possible from symmetry require-
ments. For the two-dimensional representation, E2 are dx2−y2 and
dxy superconductivity states and are degenerate at TC according
to group theory. However, below TC , the complex combination, chi-
ral dx2−y2 + idxy superconductivity states are a fully gapped for
graphene doped at and beyond the van Hove singularity point, and
minimize the free energy [Black-Schaffer and Honerkamp, 2014].
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Recently, it was predicted that the graphene doped to the van
Hove singularity point is a chiral d-wave superconductor [Nandk-
ishore et al., 2011,Kiesel et al., 2012,Wang et al., 2012]. The chiral
dx2−y2 + idxy superconductivity states breaks time-reversal sym-
metry and in this sense, is an unconventional superconductivity
state.
Finally, a chiral px+ ipy combination that belongs to the E1, is

characterized for the square lattice.

5.2 model hamiltonian

The tight-binding Hamiltonian for free fermions on a graphene
honeycomb lattice with a single 2pz orbital per carbon (C) atom
is

H0 =− t
∑
〈ij〉

∑
σ=↑,↓

(
a†i,σbj,σ + h.c.

)
− µ

∑
i,σ

(
a†i,σai,σ + b†i,σbi,σ

)
, (5.1)

where t is the hopping energy between the nearest-neighbor C
atoms, µ is the chemical potential and ai,σ (a†i,σ), and bi,σ (b†i,σ)
are the on-site annihilation (creation) operators for electrons on
sublattices A and B, respectively, with spin σ =↑, ↓. Diagonaliza-
tion of Eq. (5.1) yields the energy spectrum ±E±, with

E± = ±t|γ(~k)| − µ, (5.2)

where γ(~k) =
∑
~δ

exp
(
i~k · ~δ

)
and ~δ is a nearest-neighbor vector

defined by Eq. (2.5). The energy spectrum of the free fermions
over the first Brillouin zone is visualized in Fig. 5.1.

5.2.1 Effective t-J model

The interaction effects and the symmetry of the lattice are very im-
portant for the physics of superconductivity, and condensed matter
physics in general. In the presence of the strong Coulomb repulsion,
d-wave superconductivity state is the most favorable superconduc-
tivity state of the high-temperature cuprate superconductors. Us-
ing quantum Monte Carlo simulations, it is found that undoped
graphene in the presence of the Coulomb repulsion U > 3.9t could
exhibit the order of the antiferromagnetic ground state [Wehling
et al., 2011].
In the following, we will consider a simple effective model that

gives superconductivity instabilities.
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Figure 5.1: Brillouin zone with density plot of |γ(~k)| − µ
t for: (a) µ

t =

0.2; (b) µ
t = 0.8; and (c) µ

t = 1. The edge of the first
Brillouin zone is marked by dashed black lines.

The repulsive Hubbard model has the following form in the half-
filled case:

HU = −t
∑
〈ij〉

∑
σ

(
a†i,σbj,σ + h.c.

)
+ U

∑
i

ni↑ni↓ (5.3)

where U is the on-site Coulomb repulsion and ni is the number op-
erator on the site i. Wehling et al. determined the strength of the
on-site Coulomb repulsion to be U = 3.3t by first-principles calcu-
lations [Wehling et al., 2011]. The Hubbard Hamiltonian Eq.(5.3)
consists of the kinetic part T = −t∑〈ij〉∑σ

(
a†i,σbj,σ + h.c.

)
and

the on-site interaction U = U
∑
i ni↑ni↓. The on-site interaction

has a tendency to localize electrons, while the kinetic part resists
this localization. We will consider the limit U >> t. Hopping of
one electron to a neighbor site would cost energy of the order U .
While the potential energy is much higher than the kinetic energy,
the motion of electrons is frozen.
The Fock space can be divided into two subspaces:
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1. subspace spanned by the sites that are maximally occupied
by at most one electron per site: S = {|n1,↑,n1,↓,n2,↑,n2,↓〉 :
∀i,ni,↑ + ni,↓ ≤ 1},

2. subspace spanned by at least one site that is double-occupied
D = {|n1,↑,n1,↓,n2,↑,n2,↓〉 : ∃i,ni,↑ + ni,↓ = 2}.

Thus, the kinetic part T of the Hubbard Hamiltonian Eq.(5.3)
connects subspaces S and D.
We use the projector P , which projects on the subsystem S in

order to find the effective Hubbard model Eq.(5.3) in this subspace
[Auerbach, 1994]

GSS(E) = P (E −HU )−1
P = (E −Heff )

−1 (5.4)

where we define the effective Hamiltonian Heff . Furthermore, the
decomposition of the Hubbard Hamiltonian Eq.(5.3) obtained by
the projector P is

HU =

 P (U + T )P PT (I − P )
(I − P )PT (I − P )(U + T )(I − P )

 (5.5)

where I is a unitary matrix. Thus, using A B

C D

−1

=
(
A−BD−1C

)−1
(5.6)

we obtain the following form of the effective Hamiltonian

Heff = P (U + T )P

+ PT (I − P ) [(I − P )(E − (U + T ))(I + P )]
−1 (I − P )TP .

(5.7)

Further approximations E
U << 1 and I

U << 1 lead to

Heff = PTP − PTU−1TP

= P

T − t2

U

∑
i,j,k

∑
σ,σ′

c†iσcjσnj↑nj↓c
†
jσ
′ckσ′

P (5.8)

Finally, when i = k, we are able to rewrite the effective Hamilto-
nian in the following form

Heff =− t
∑
〈ij〉

∑
σ

(
a†i,σbj,σ + h.c.

)
+ J

∑
〈ij〉

∑
σ

(
~Si~Sj −

1
4ninj

)
(5.9)
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with an antifferomagnetic exchange constant J = 2t2/U , the spin
operator ~Si = 1

2
∑
σ,σ′ c

†
iσ~σciσ′ on the site i. The Heisenberg an-

tiferromagnetism part of the effective Hamiltonian Eq.(5.9) can
be seen as a consequence of virtual hopping processes, where an
electron with a certain spin direction hops to its neighbor site with
opposite spin direction, builds a virtual double occupied site and
hops back to the empty site. Thus, the electron reduces its kinetic
energy in such a way and electrons are organized in antiferromag-
netic order. This process is called a "super-exchange" process.
According to the above considerations, in the large-U limit, the

Hubbard model can be rewritten as a t-J Hamiltonian:

Ht−J =− t
∑
〈ij〉

∑
σ

(
a†i,σbj,σ + h.c.

)
+ µ

∑
i,σ

(
a†i,σai,σ + b†i,σbi,σ

)

+J
∑
〈ij〉

∑
σ

(
~Si~Sj −

1
4ninj

)
. (5.10)

The interaction term can be rewritten as a spin-singlet nearest
neighbor attraction

J
∑
〈ij〉

∑
σ

(
~Si~Sj −

1
4ninj

)
= −J

∑
〈i,j〉

g†ijgij (5.11)

with g†ij = 1√
2

(
a†i↑b

†
j↓ − a

†
i↓b
†
j↑
)
when i ∈ A site and the same with

a ↔ b when i ∈ B. Thus, the interaction term in Eq.(5.11) is an
effective resonance valence bond interaction term emphasized by
Pauling [Pauling, 1960]. Baskaran estimated the parameter J as
J = 1

2

(√
U2 + 16t2 −U

)
which in graphite with t ≈ 2.5eV and

U ≈ 6eV gives J
t ∼ 1 [Baskaran and Jafari, 2002]. This model

predicts that Tc vanishes for the undoped graphene, while the den-
sity of states vanishes at the Dirac points. The doped graphene
has a finite density of states and it can be a superconductor.

5.2.2 Mean-field superconductivity order parameter

In order to apply the mean-field approximation, we define the su-
perconductivity order parameter as a three-component complex
vector

−→
∆ ≡

(
∆~δ1

, ∆~δ2
, ∆~δ3

)
, (5.12)

where the components are defined by

∆~δ =
〈
ai↑bi+~δ↓ − ai↓bi+~δ↑

〉
. (5.13)
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We study the superconductivity pairing arising from the nearest-
nearest neighbor attractive interaction

Hint = J
∑
i,~δ

∆~δ

(
a†i↑b

†
i+~δ↓
− a†i↓b

†
i+~δ↑

)
. (5.14)

The resulting mean-field Hamiltonian can be expressed in momen-
tum space as

HMF =− t
∑
~kσ

(
γ(~k)a†~kσ

b~kσ + h.c.
)

− µ
∑
~kσ

(
a†~kσ

a~kσ + b†~kσ
b~kσ

)

− J
∑
~k,~δ

(
∆~δe

i~k~δ
(
a†~k↑

b†
−~k↓
− a†~k↓b

†
−~k↑

)
+ h.c.

)
, (5.15)

where J is the effective pairing potential arising from the electron-
electron interaction.
The corresponding span of the superconducting order parameter

is

−→
∆ =


∆(1, 1, 1),
∆(2,−1,−1),
∆(0,−1, 1),

(5.16)

where ∆ is the self-consistent superconductivity order parameter.
The first solution corresponds to the s-wave,

−→
∆ = ∆(1, 1, 1), be-

longing to the natural A1 irreducible representation of the C6v
group of the honeycomb lattice. The A1 irreducible representation
is spanned by the vector ~u1 = (1, 1, 1). The final two solutions,

−→
∆ =

∆(2,−1,−1) and
−→
∆ = ∆(0,−1, 1), belong to the two-dimensional

representation E2, the span of which is ~u2 = (2,−1,−1) and
~u3 = (0,−1, 1). The second solution corresponds to the dx2−y2

wave, while the third corresponds to the dxy wave, respectively.
From the symmetry perspective, it is noteworthy that every com-
bination of the dx2−y2 and dxy waves is possible. However, the
dx2−y2 ± idxy-wave superconductivity state with an order parame-
ter

−→
∆ dx2−y2±idxy = ∆


1

e∓
2iπ
3

e±
2iπ
3

 (5.17)

is energetically preferred.
The resulting order parameters obtained in correspondence to

the symmetry group representation have the following analytical
forms

∆s(~k) = ∆
(
ei~k~δ1 + ei~k~δ2 + ei~k~δ3

)
,
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∆s(~k) = ∆
(
eia

1√
3
ky + 2 cos

(
a

2kx
)
e−ia

1
2
√

3
ky
)

, (5.18)

for the s-wave with
−→
∆ = ∆(1, 1, 1),

∆dx2−y2 (
~k) = ∆

(
2ei~k~δ1 − ei~k~δ2 − ei~k~δ3

)
,

∆dx2−y2 (
~k) = 2∆

(
e
i a√

3
ky − e−i

a
2
√

3
ky cos(a2kx)

)
, (5.19)

for the dx2−y2-wave order parameter with
−→
∆ = ∆(2,−1,−1), and

∆dxy(~k) = ∆
(
−ei~k~δ2 + ei~k~δ3

)
,

∆dxy(~k) = −2i∆ sin
(
a

2kx
)
e
−i a

2
√

3
ky , (5.20)

for the dxy-wave order parameter with
−→
∆ = ∆(0,−1, 1).

Whereas, the dx2−y2 + idxy-wave superconductivity order pa-
rameter is

∆d±id(~k) = cos
(
π

3

)
∆dx2−y2 (

~k)± sin
(
π

3

)
∆dxy(~k). (5.21)

5.2.3 Energy band basis

The kinetic part of the Hamiltonian Eq.(5.15) can be diagonalized
by introducing the following transformations

c~k,σ =
1√
2
(a~k,σ − e

i·φ~kb~k,σ),

d~k,σ =
1√
2
(a~k,σ + ei·φ~kb~k,σ), (5.22)

where the phase φ~k is defined as φ~k = arg(γ~k). Note that c
†
~k,~σ

and

d†~k,~σ
create an electron in the upper and lower Bogoliubov bands,

respectively. Thus, introducing the energy basis, the Hamiltonian
becomes

HMF = −t
∑
~k,σ

|γ~k|(d
†
~k,σ
d~k,σ − c

†
~k,σ
c~k,σ)

− µ
∑
~k,σ

(d†~k,σ
d~k,σ + c†~k,σ

c~k,σ)

− J
∑
~k

∑
~δ

(
∆~δ

(
cos(~k~δ− φ~k)(d

†
~k,↑
d†
−~k,↓
− c†~k,↑

c†
−~k,↓

)

+ i sin(~k~δ− φ~k)(c
†
~k,↑
d†
−~k,↓
− d†~k,↑

c†
−~k,↓

)
)
+ h.c.

)
. (5.23)



62 entanglement spectra of superconductivity ground states

The third line in this Hamiltonian is the intraband pairing, contain-
ing an order parameter that is even in k-space and corresponding
to the spin-singlet pairing. The fourth line is the interband pairing,
containing an order parameter that is odd in k-space and corre-
sponding to the spin-triplet pairing. We use the definitions

C~k =
∑
~δ

∆~δ cos(~k~δ− φ~k), (5.24)

and

S~k =
∑
~δ

∆~δ sin(~k~δ− φ~k). (5.25)

In a small-momentum expansion k << a around Dirac points
K± for the dx2−y2-wave yields

C
K±+~k

(dx2−y2) ≈ ∓3∆
kx√

k2
x + k2

y

,

S
K±+~k

(dx2−y2) ≈ −3∆
ky√

k2
x + k2

y

. (5.26)

Here, near Dirac points px (py) symmetries are found for C~k (S~k),
respectively. For the dxy-wave we obtain

C
K±+~k

(dxy) ≈ ±
√

3∆
ky√

k2
x + k2

y

,

S
K±+~k

(dxy) ≈ −
√

3∆
kx√

k2
x + k2

y

. (5.27)

The combination of dx2−y2 + idxy in the small-momentum expan-
sion has the following form

C
K±+~k

(dx2−y2 + idxy) ≈ ∓
3
2∆

kx − iky√
k2
x + k2

y

,

iS
K±+~k

(dx2−y2 + idxy) ≈
3
2∆

kx − iky√
k2
x + k2

y

. (5.28)

This is effectively a px − ipy pairing.
Furthermore, for the s-wave we find the following a small-momentum

expansion

C
K±+~k

≈ ∓a
√

3
2 ∆

√
k2
x + k2

y,

S
K±+~k

= 0. (5.29)

C~k in the first Brillouin zone are plotted in Fig. (5.2).
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Figure 5.2: The interband order parameter C~k plotted over Brillouin
zone for a) the s-wave with symmetry ~∆ = ∆(1, 1, 1), b)
the dx2−y2-wave with symmetry ~∆ = ∆(2,−1,−1), and c)
the dxy-wave with symmetry ~∆ = ∆(0,−1, 1). The thick
black line indicates zero values, while plus indicates positive
values, and minus indicates negative values. The dashed
black line delineates the first Brillouin zone.

5.3 renormalized mean-field theory

As we have seen in 5.2.1, the Gutzwiller projector reduced the
space of t-J Hamiltonian Eq.(5.10) by excluding double occupied
sites. However, within the renormalized mean-field theory the con-
dition of the exclusion of doubly occupied sites is relaxed by re-
placing the tight-binding parameters by statistical weights t→ gtt

where gt = 2δ
1+δ and J → gsJ , where gs = 4

(1+δ2)
with δ = 1− n

is the doping away from half-filling per site, where δ = 0 corre-
sponds to the undoped graphene [Vollhardt, 1984]. The numerical
approach for solving of the self-consistency equations for the su-
perconducting bond order in order to get the superconductivity
critical temperature Tc and the order parameter ∆ has already
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been preformed in Refs. [Wu et al., 2013, Black-Schaffer et al.,
2014].

5.3.1 s-wave scenario

The Hamiltonian Eq.(5.23) for s-wave superconductivity state can
be diagonalized by Bogoliubov transformations

H =E
(1)
0 +

∑
~k

Eα(e~k†e~k + e†
−~k
e−~k)

+E
(2)
0 +

∑
~k

Eβ(f
†
~k
f~k + f †

−~k
f−~k) +

Ns|∆|2

gsJ
(5.30)

where

E
(1)
0 =−

∑
~k

(
t|γ(~k)| − µ

)
−
∑
~k

Eα, (5.31)

E
(2)
0 =

∑
~k

(
t|γ(~k)|+ µ

)
−
∑
~k

Eβ. (5.32)

The energies of Bogoliubov quasi-particles are

Eα =

√(
tγ(~k)| − µ

)2
+ J2|C~k|2 (5.33)

Eβ =

√(
tγ(~k)|+ µ

)2
+ J2|C~k|2. (5.34)

The Bogoliubov transformations e~k,+ and f~k,+ are given in Ap-
pendix D by Eqs.(D.1, D.2). The total number of unit cells is Ns.
The free energy then becomes

F =− 2
β

∑
~k

ln
(

2 cosh
(
βEα

2

))

− 2
β

∑
~k

ln
(

2 cosh
(
βEβ

2

))

−Nsµ+
Ns|∆|2

gsJ
(5.35)

where β = 1
kBT

denotes the inverse temperature, with kB is the
Bolztmann constant.
The conditions for the minimum of the free energy are given by

∂F

∂δ
= 0, ∂F

∂∆
= 0. (5.36)
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The superconductivity critical temperature Tc and the order
parameter ∆ can be found by solving the self-consistence equations

δ =
1
Ns

∑
~k

t|γ(~k)| − µ
Eα

tanh
(
βEα

2

)

− 1
Ns

∑
~k

t|γ(~k)|+ µ

Eβ
tanh

(
βEβ

2

)
(5.37)

∆ =
Jgs
8Ns

∑
~k

∆|γ(~k)|
Eα

tanh
(
βEα

2

)

+
Jgs
4Ns

∑
~k

∆|γ(~k)|
Eβ

tanh
(
βEβ

2

)
. (5.38)

We solve the self-consistence equations Eq.(5.38) in two opposite
limits, close to the Tc when the order parameter ∆ is very small
and when temperature is T = 0. The numerical solutions of these
equations will be discussed in 5.3.3.

5.3.2 d-wave scenario

To enable further calculations, we diagonalize the Hamiltonian
Eq.(5.55) for the chiral d-wave superconductivity state

HMF =
∑
~k

Eα(o
†
~k,+

o~k,+ + o†
−~k,−

o−~k,−)

+
∑
~k

Eβ(p
†
~k,+

p~k,+ + p†
−~k,−

p−~k,−) (5.39)

by the Bogoliubov quasiparticles o~k,+, o−~k,−, p~k,+ and p−~k,− given
in Appendix (C) with Eqs.(C.30)-Eq.(C.31). The energies of the
Bogoliubov quasiparticles are ±Eα and ±Eβ, where

Eα =

√
t2|γ(~k)|2 + µ2 +

(
|S~k|2 + |C~k|2

)
+ 2
√
u+ v, (5.40)

and

Eβ =

√
t2|γ(~k)|2 + µ2 +

(
|S~k|2 + |C~k|2

)
− 2
√
u+ v (5.41)

with

u =
(
µ2 + |S~k|

2
)
t2|γ(~k)|2, (5.42)

and

v =
(
Re(C~k)Im(S~k)−Re(S~k)Im(C~k)

)2
. (5.43)
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Figure 5.3: The superconductivity transition temperature TC
(TC ∼ gt∆) for the s-wave and the dx2−y2 + idxy-wave
as a function of doping δ and for J/t = 0.8. The
superconductivity order parameter ∆ is given units 3

4
gsJ .

When the superconductivity order parameters ∆~δ are purely real,
i.e., when no time-reversal symmetry breaking occurs, v vanishes.
We obtain the following self-consistence equations

∂Eα
∂∆

=
|C~k|

2

∆Eα
+
|S~k|

2

∆Eα
+

1
2∆Eα

|S~k|
2t2|γ(~k)|2 + 2v2
√
u2 + v2 (5.44)

∂Eβ
∂∆

=
|C~k|

2

∆Eβ
+
|S~k|

2

∆Eβ
− 1

∆Eβ

|S~k|
2t2|γ(~k)|2 + 2v2
√
u2 + v2 (5.45)

∂Eα
∂µ

=
µ

Eα
+

1
2∆Eα

µt2|γ(~k)|2√
u2 + v2 (5.46)

∂Eβ
∂µ

=
µ

Eβ
− 1

2∆Eβ

µt2|γ(~k)|2√
u2 + v2 . (5.47)

5.3.3 Numerical results

The value of TC and the superconductivity order parameter ∆ are
obtained as solutions of the self-consistence equations to fix the val-
ues of t, J , and the finite electron doping or hole doping, δ (chem-
ical potential is a function of the doping). In Fig.(5.3), we plot
∆gt for the s-wave and chiral dx2−y2 + idxy-wave superconductiv-
ity state for a fixed value J/t = 0.8 as a function of doping δ. ∆gt
is an approximation for TC within renormalized mean-field theory.
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Figure 5.4: The-self consistent superconductivity order parameter ∆ for
the s-wave and the dx2−y2 + idxy as a function of doping δ
and for J/t = 0.8 in units 3

4
gsJ .

In this work, we will consider graphene doped below and around
the van-Hove singularity point, which corresponds to δ = 1/4. For
this doping, TC for the chiral dx2−y2 + idxy-wave is much higher
than for the s-wave and is preferred. As we have pointed out in
5.1, any combination of the dx2−y2- and dxy-wave is allowed from
a symmetry point of view. Black-Schaffer and Doniach numeri-
cally solved the self-consistence equations to obtain that the chiral
dx2−y2 + idxy-wave with ~∆ = ∆(1, e∓ 2iπ

3 , e± 2iπ
3 ) is energetically fa-

vored. We present our numerical results for the superconductivity
order parameter ∆ for s-wave and chiral dx2−y2 + idxy- wave at
T = 0 in Fig. (5.4).

5.4 symmetry analysis

Introducing the spinor

ϕ†~k
=
(
a†~k↑

, b†~k↑, a
†
~k↓

, b†~k↓, a−~k↑, b−~k↑, a−~k↓, b−~k↓
)

, (5.48)

the Hamiltonian of Eq. (5.15) can be expressed as

HMF =
1
2
∑
~k

ϕ†~k
M~k

ϕ~k, (5.49)
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where

M~k
=


ζ(~k) 0 0 −∆(~k)

0 ζ(~k) ∆(~k) 0
0 ∆∗(−~k) −ζ∗(−~k) 0

−∆∗(−~k) 0 0 −ζ∗(−~k)

 , (5.50)

with

ζ(~k) =

 −µ −tγ(~k)
−tγ∗(~k) −µ

 , (5.51)

∆(~k) =

 0 ∆(~k)
∆(−~k) 0

 . (5.52)

The resultant Hamiltonian indicates that the spin-singlet super-
conductivity state without spin-orbit coupling is invariant under
the spin SU(2) rotation. Hence, we obtain the condition

[
Ji,M(~k)

]
= 0, Ji =

 si 0
0 −s∗i

 , (i = x, y, z).

(5.53)

As a result of the spin SU(2) rotation, it is sufficient to use the
spinor Ψ†~k = (a†~k↑

, b†~k↑, a−~k↓, b−~k↓) in order to express the Hamil-
tonian of the superconductivity state on the honeycomb lattice in
the form

HMF =
∑
~k

Ψ†~kh(
~k)Ψ~k

, (5.54)

where

h(~k) =


−µ −tγ(~k) 0 −∆(~k)

−tγ∗(~k) −µ −∆(−~k) 0
0 −∆∗(−~k) µ tγ∗(−~k)

−∆∗(~k) 0 tγ(−~k) µ

 . (5.55)

When the superconductivity order parameter is purely real, the
Hamiltonian h(~k) satisfies

Th(~k)T−1 = h(−~k), (5.56)

where T = K mimics time-reversal symmetry. The condition given
in Eq. (5.56) can satisfy a real superconductivity order parame-
ter only. The dx2−y2 + idxy-wave superconductivity order param-
eter given in Eq. (5.21) breaks the time-reversal symmetry. It ap-
pertains to the CI-class in the Altland-Zirnbauer classification of
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topological insulators and superconductors [Sato and Fujimoto,
2016, Altland and Zirnbauer, 1997, Schnyder et al., 2008]. Fur-
thermore, it is possible to classify two-dimensional C-class super-
conductors using the Chern number C. Note that the nontrivial
topology of the dx2−y2 + idxy-wave superconductivity state is de-
noted by the Chern number C = 2.

5.5 entanglement spectra

A method for analytically calculating the entanglement spectrum
of a free-fermion system is given in Refs. [Peschel, 2003, Cheong
and Henley, 2004,Schliemann, 2013]. Here, we generalize this method
to superconductivity systems, using an approach similar to that
described in Refs. [Borchmann et al., 2014,Kim, 2014].
The entanglement Hamiltonian can be constructed as a single-

particle operator in a quadratic matrix [Peschel, 2003,Cheong and
Henley, 2004,Schliemann, 2013], as it is completely determined by
any correlation matrix of operators acting on the remaining part
after the subsystem has been traced out. Our system consists of
two subsystems, A and B. The reduced density matrix for subsys-
tem A, defined as ρA = trB ρ, can be formulated as in the free
fermion case, such that ρA = 1

Z e
−Hent , using the entanglement

spectrum Hent and the partition function Z = tr
(
e−Hent

)
. Fur-

thermore, the average 〈O〉 of a local operator in subsystem A can
be calculated as 〈O〉 = tr(ρAOA).
By tracing out a single spin direction, e.g., the negative spin
↓, from the ground state on the honeycomb lattice in the pres-
ence of the s-wave and chiral d+ id-wave superconductivity, the
correlation matrix can be formulated as

C(~k) =

 〈a†~k↑a~k↑〉 〈a†~k↑b~k↑〉
〈b†~k↑a~k↑〉 〈b

†
~k↑
b~k↑〉

 . (5.57)

For more technical details of the analytical calculations of the cor-
relation matrix, we refer the reader to Appendix (D). Here, one can
show that the eigenvalues of the correlation matrix ηl are related
to the entanglement spectrum ξl, such that

ξl = ln
(

1− ηl
ηl

)
. (5.58)
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Figure 5.5: Contour plot of entanglement level ξ1(~k) of s-wave super-
conductivity state on honeycomb lattice plotted for J

t = 3
and: (a) µ

t = 0.2; (b) µ
t = 0.8; and (c) µ

t = 1. The thin
dashed and thick black lines represent the first Brillouin
zone and connect the zero energy states, respectively.

5.5.1 s-wave scenario

The s-wave superconductivity order parameter corresponds to the
bond-independent superconductivity state; thus, S~k is identically
zero.
We analytically obtain the entanglement levels (Eq. (5.58))

ξ1(~k) = −2 arsinh
t|γ(~k)|+ µ

|C~k|

 (5.59)

and

ξ2(~k) = 2 arsinh
t|γ(~k)| − µ

|C~k|

 . (5.60)

The entanglement Hamiltonian has the form

Hent =
∑
~k

(
ξ1e
†
~k,+

e~k,+ + ξ2f
†
~k,+

f~k,+

)
, (5.61)
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where e~k,+ and f~k,+ are Bogoliubov transformations given in Ap-
pendix D by Eqs.(D.1)- (D.2). The entanglement levels for different
values of µ, with t = 2.5eV , and ∆ = 3eV , are shown in Fig. 5.5.

In general, there is no proportionality between the entangle-
ment Hamiltonian and the energy Hamiltonian of free fermions,
because the coupling between subsystems C~k is ~k-dependent in
the Brillouin zone. When C~k = 0, at the Dirac points, the entan-
glement levels are not entangled. However, at finite doping, the
maximally entangled states, when the entanglement levels are zero,
correspond to the zero energy state of the noninteracting fermions.
To provide a superior visualization, a thick black line is used to
connect the zero-energy states in Fig. 5.1 and the maximally en-
tangled states in Fig. 5.5.

Entanglement thermodynamic

The undoped graphene is a gapless semi-metal and is not a super-
conductor at low temperatures. However, when the system is at
half-filling (with µ = 0), the entanglement levels are

ξ1,2(~k) = ±2 arsinh
(
t

∆

)
, (5.62)

being constant over the entire Brillouin zone. In the strong cou-
pling regime between subsystems, when ∆� t, one finds

ξ1,2(~k) ≈ ±2 t
∆

. (5.63)

In what follows we will use the redefinition λ ≡ 1
∆ for the phe-

nomenological scale.
The concept of the entanglement thermodynamics given in Ref.

[Schliemann, 2011,Schliemann, 2013,Schliemann, 2014] have been
already discussed in Chapter 3.
Here, the entanglement entropy and energy are

S =2 ln
(
1 + e2tλ

)
− 2tλ (1 + tanh (tλ))

E =− 2tλ tanh (tλ) , (5.64)

respectively. This leads

∂
(
E − S

)
∂λ

= −2t tanh (tλ) (5.65)

and further to

∂β(λ)

∂λ
=

1
λ

. (5.66)
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The inverse thermodynamic temperature is proportional the phe-
nomenological inverse temperature

β(λ) = kEλ (5.67)

where kE is a constant. Finally, the canonical entanglement Hamil-
tonian at half-filling is independent of the inverse temperature
β = kE/∆, such that

Hcan =
1
kE

(
e†~k,+

e~k,+ − f
†
~k,+

f~k,+

)
(5.68)

where operators e~k,+ and f~k,+ are given in the Appendix D with
Eqs.(D.1)-(D.2), respectively.

5.5.2 chiral d-wave scenario

From analytical calculations, one obtains the correlation matrix at
T = 0

C(~k) =

 C11(~k) C12(~k)

C∗12(~k) C22(~k)

 , (5.69)

where

C11 = 〈a†~k↑a~k↑〉

=
1
2 +

1
4

µ√
µ2 + |S~k|2

(ε1 +m)
1
Eα

1− m√
t2|γ(~k)|2 +m2


+

1
4

µ√
µ2 + |S~k|2

(ε2 +m)
1
Eβ

1 + m√
t2|γ(~k)|2 +m2

 , (5.70)

C22 = 〈b†~k↑b~k↑〉

=
1
2 +

1
4

µ√
µ2 + |S~k|2

(ε1 −m)
1
Eα

1 + m√
t2|γ(~k)|2 +m2


+

1
4

µ√
µ2 + |S~k|2

(ε2 −m)
1
Eβ

1− m√
t2|γ(~k)|2 +m2

 , (5.71)

C12 = 〈a†~k↑b~k↑〉

=
1
4e
−iφ~k

((
ε1
Eα
− ε2
Eβ

)
− in

(
1
Eα
− 1
Eβ

))
t|γ(~k)|√

t2|γ(~k)|2 +m2

(5.72)

with
ε1,2 =

√
µ2 + |S~k|2 ±

√
t2|γ(~k)|2 +m2, (5.73)
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while
m =

Re(C~k) · Im(S~k)− Im(C~k) ·Re(S~k)√
µ2 + |S~k|2

, (5.74)

and
n =

Re(C~k)Re(S~k) + Im(C~k)Im(S~k)√
µ2 + |S~k|2

. (5.75)

Thus, the entanglement spectrum obtained from the eigenvalues
of the correlation matrix given in Eq. (5.58) consists of entangle-
ment levels ξ1 and ξ2 where

ξ1,2 = −2 artanh(C11 +C22 − 1±
√
(C11 −C22)

2 + 4|C12|2). (5.76)

As the d-wave spin-singlet superconductivity order parameter
involves both C~k and S~k, there is no relationship between states
with the zero-value states of the entanglement spectrum and the
zero-energy states of the free fermions. At the van-Hove singularity
point, i.e., when µ = t, both the entanglement spectrum and the
energy spectrum of the free fermions are zero at the M point. The
results of our analytical calculations of the entanglement spectrum
of the dx2−y2 + idxy-wave superconductivity on the honeycomb
lattice are presented in Fig. 5.6.
As we have discussed above, the dx2−y2- and dxy-wave supercon-

ductivity order parameters preserve the time-reversal symmetry
(Eq. (5.56)). Based on the time-reversal symmetry and provided
Ψ~k

are the eigenstates of the Hamiltonian given in Eq.(5.55), we
can state that

Ψ∗~k = Ψ−~k, (5.77)

where the Ψ∗−~k are also eigenstates of the Hamiltonian of Eq. (5.55).
This yields

Φ∗~k = Φ−~k. (5.78)

Hence, the real d-wave superconductivity order parameter pre-
serves the time-reversal symmetry in the correlation matrix, which
is constructed from the Φ~k

as C(~k) = 〈Φ†~kΦ~k
〉. The entanglement

Hamiltonian satisfies:

TEHent(~k)T−1
E = Hent(−~k), (5.79)

with TE = K.
When the dx2−y2 + idxy-wave superconductivity order parame-

ter is considered, C~k and S~k are complex functions. Then, the m
and n terms are non-zero. Hence, the average occupancy number
at site A, C11(~k), and the average occupancy number at site B,
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Figure 5.6: Contour plot of entanglement level ξ1(~k) of dx2−y2 + idxy
-wave superconductivity state on honeycomb lattice plotted
for J

t = 3, and a) µ
t = 0.2, b) µ

t = 0.8 and c) µ
t = 1. The

dashed black line delineates the first Brillouin zone, while
the thick black line shows maximally entangled states.



5.5 entanglement spectra 75

C22(~k), are inequivalent and the off-diagonal element of the corre-
lation matrix C12(~k) is complex. Because S~k is an odd function in
the momentum space, while C~k is a even function, it can be shown
that elements of the correlation matrix C11(~k), C22(~k), and C12(~k)
are constrained as C11(−~k) = C22(~k) and C∗12(−~k) = C12(~k).
Therefore, it follows that the complex dx2−y2 + idxy-wave supercon-
ductivity order parameter breaks the time-reversal symmetry in
the entanglement Hamiltonian. The topology of the entanglement
Hamiltonian in two-dimension with broken time-reversal symme-
try is characterized by the entanglement Chern number.
For further analysis of the topological properties of the entan-

glement Hamiltonian, we require not only its eigenvalues, but also
its eigenstates. The eigenstates of the correlation matrix are iden-
tical to the eigenstates of the entanglement Hamiltonian and can
be expressed as

q~k↑ =δ+(
~k)a~k↑ + δ−(~k)b~k↑ (5.80)

r~k↑ =δ+(−~k)a~k↑ − δ
∗
−(−~k)b~k↑ (5.81)

where explicit expressions for δ+(~k) and δ−(~k) are given in Ap-
pendix (D) by Eq.(D.21). Using these eigenstates, we can calculate
the Berry curvature

F (~k) =
∂Ay
∂kx
− ∂Ax
∂ky

, (5.82)

and the Berry connection

~A(~k) = i〈r(~k)| ∂
∂~k
|r(~k)〉. (5.83)

Through numerical integrations of the Berry curvature along
the Brillouin zone, we find that the entanglement Chern number
is C = 1, in the case of the chiral dx2−y2 + idxy-wave superconduc-
tivity state. In the presence of SU(2) rotation and broken time-
reversal symmetry, as in the case of an energetic Hamiltonian, the
Chern number C can have even values only. For the entanglement
Hamiltonian, it is possible to obtain an odd value for the Chern
number, as it is not invariant to the SU(2) rotation. As a result,
the topology of the entanglement Hamiltonian, which is obtained
by tracing out the spin-down subsystem of the ground state of
the chiral dx2−y2 + idxy-wave superconductivity state on the hon-
eycomb lattice, clearly differs from the topology of the energetic
Hamiltonian of free fermions without the superconductivity insta-
bilities.
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5.6 conclusion and outlook

We analytically evaluated the entanglement spectra of the super-
conductivity states on the graphene honeycomb lattice, primarily
focusing on the s-wave and chiral dx2−y2 + idxy superconductivity
states. When one spin direction was traced out, exact correspon-
dence between the maximally entangled states of the s-wave super-
conductor and the zero energies of the noninteracting fermionic
honeycomb lattice at finite doping was observed. The relation-
ship between the topologies of the entanglement and subsystem
Hamiltonians was found to depend on the coupling between the
subsystems. Further, the chiral dx2−y2 + idxy superconductivity or-
der parameter breaks the time-reversal symmetry in the entangle-
ment Hamiltonian. The topological properties of the entanglement
Hamiltonian, characterized by the topological nontrivial entangle-
ment Chern number C = 1, clearly differ from those of the time-
reversal invariant Hamiltonian of the noninteracting fermions on
the honeycomb lattice.
The investigations presented herein are based on closed ana-

lytical expressions for the full eigensystems of the s- and d-wave
superconductivity states on the honeycomb lattice over the entire
Brillouin zone. The method used to examine these eigensystems
may constitute a useful tool for new studies of superconductivity
in graphene.
Future work may investigate the relationship between the topolo-

gies of the entanglement and subsystem Hamiltonians through the
topological phase transition; for example, in the coexistence re-
gion between antiferromagnetism and dx2−y2 + idxy superconduct-
ing correlations in graphene [Black-Schaffer and Hur, 2015] and
graphene bilayers [Milovanović and Predin, 2012].
Superconducting states possess particle-hole symmetry for fermionic

excitations. A particle can become a hole by creating a Cooper pair.
Hence, the fermionic excitations are expressed by cσ(ε) (c†σ(ε)) be-
ing the annihilation (creation) operator of a quasiparticle with
energy ε and the spin σ. From particle-hole symmetry, we obtain

cσ(ε) = c†σ(−ε) (5.84)
lim
ε→0

(cσ(ε)) = lim
ε→0

(
c†σ(−ε)

)
(5.85)

cσ(0) = c†σ(0) (5.86)
γ = γ†. (5.87)

Thus, because of the particle-hole symmetry of the superconduc-
tivity state, the quasi-particle and its antiparticle are equal at zero
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energy. This self-conjugate condition is called the Majorana con-
dition, which is satisfied by a class of fermions called Majorana
fermions [Sato and Ando, 2017]. A fascinating feature of the Ma-
jorana fermions is that they obey non-Abelian statistics, which dif-
fers from Abelian statistics. Particles that obey Abelian statistics
satisfy the anticommutation relation 〈Ψ1Ψ2〉 = 〈Ψ2Ψ1〉eiφ, where
φ = 0 denotes bosons and φ = π denotes fermions. Let us now
consider N Majorana zero energy modes given by γ1, γ2, γ3, ..., γN .
Then, all Majorana fields satisfy

γ2
i =1, (5.88)

γiγj =− γjγi for i 6= j. (5.89)
The non-Abelian statistics is reflected by branding of any pair of
Majorana fields.

γi → γj , γj → −γi. (5.90)
As we have already seen in this Chapter, the doped graphene can

be a chiral dx2−y2 + idxy superconductor. Graphene, in the pres-
ence of the spin-singlet dx2−y2 + idxy state, could exhibit incredi-
bly rich physics. Because graphene is a two-dimensional material,
the possibility of tuning of the Rashba spin-orbit coupling is re-
markable and its manipulation could be easier than that in other
materials [Min et al., 2006]. For realistic values of the Rashba
spin-orbit, in the possible dx2−y2 + idxy state in doped graphene
to the van-Hove singularity point, Majorana fermions could ap-
pear at edges by tuning a Zeeman field [Black-Schaffer, 2012]. Fur-
thermore, by increasing the spin-orbit coupling, the dx2−y2 + dxy
superconductor undergoes a topological phase transition from a
chiral superconductor to a helical superconductor. In the region
where the energy gap is closed, the low energy excitations are
Majorana fermions [Sun et al., 2016,Huang et al., 2016]. The Ma-
jorana fermion of this system obeys non-Abelian statistics, which
is at the heart of the idea of the quantum computer [Nayak et al.,
2008]. The Majorana fermions reduce the probability of a random
change of the ground state, and this state is very stable to thermal
fluctuations. The state obtained by the exchange of two Majorana
fermions does not take a simple phase due to the non-Abelian
statistics. This corresponds to the manipulations of qubits, which
are superposition of |0〉 and |1〉. The superposition and entangle-
ment can make a quantum computer operate much faster than a
classical one.
The above makes further research on the spin-singlet dx2−y2 +

idxy state, particularly with the Rashba spin-orbit coupling and
entanglement, quite interesting.





A
DIAGONAL IZAT ION OF THE B ILAYER
HAMILTONIAN

Putting t4 = 0 and fixing a wave vector ~k the Hamiltonian (4.1)
reads with respect to the basis

(
a†

2~k
, b†

1~k
, b†

2~k
, a†

1~k

)
|0〉

H =


0 t⊥ −tγ(~k) 0
t⊥ 0 0 −tγ∗(~k)

−tγ∗(~k) 0 0 −t3γ(~k)
0 −tγ(~k) −t3γ∗(~k) 0

 . (A.1)

Using γ(~k) = |γ(~k)|eiφ~k we apply the transformation

U1 =
1√
2


1 1 0 0
0 0 eiφ~k e−iφ~k

0 0 eiφ~k −e−iφ~k
1 −1 0 0

 (A.2)

such that in

H1 =U1HU
†
1

=


t⊥ −t|γ(~k)| 0 0

−t|γ(~k)| −t3|γ(~k)| cos
(
3φ~k

)
it3|γ(~k)| sin

(
3φ~k

)
0

0 −it3|γ(~k)| sin
(
3φ~k

)
t3|γ(~k)| cos

(
3φ~k

)
−t|γ(~k)|

0 0 −t|γ(~k)| −t⊥


(A.3)

all information on the phase φ~k is contained in the matrix el-
ements being proportional to the skew parameter t3. Proceeding
now with the transformation

U2 =
1√
2


1 −1 0 0
1 1 0 0
0 0 1 −1
0 0 1 1

 (A.4)

we find

H2 = U2H1U
†
2 =

1
2


e1 c −is −is
c e2 is is

is −is −e2 c

is −is c −e1

 (A.5)
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with

e1 = 2t|γ(~k)|+ t⊥ − t3|γ(~k)| cos
(
3φ~k

)
, (A.6)

e2 = −2t|γ(~k)|+ t⊥ − t3|γ(~k)| cos
(
3φ~k

)
, (A.7)

c = t⊥ + t3|γ(~k)| cos
(
3φ~k

)
, (A.8)

s = t3|γ(~k)| sin
(
3φ~k

)
. (A.9)

Here it is useful to split the above matrix as H2 = H
′
2 +H

′′
2 where

H
′
2 =

1
2


e1 0 −is 0
0 e2 0 is

is 0 −e2 0
0 −is 0 −e1



H
′′
2 =

1
2


0 c 0 −is
c 0 is 0
0 −is 0 c

is 0 c 0

 . (A.10)

H
′
2 is diagonalized by

U3 =


α+ 0 −iσα− 0
0 −iσα+ 0 α−

−iσα− 0 α+ 0
0 α− 0 −iσα+

 (A.11)

with σ = sign
(
sin(3φ(~k))

)
and

α± =

√√√√√√√1
2

1±
t⊥ − t3|γ(~k)| cos

(
3φ~k

)
√
t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos

(
3φ~k

)

(A.12)

such that

H3 = U3H2U
†
3 =


ζ1 idσ 0 b

−idσ ζ2 b 0
0 b −ζ2 idσ

b 0 −idσ −ζ1

 (A.13)

where

d =

(
t2⊥ − t23|γ(~k)|2

)
/2√

t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos
(
3φ~k

) , (A.14)
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b =
t⊥t3|γ(~k)|| sin

(
3φ~k

)
|√

t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos
(
3φ~k

) , (A.15)

and ±ζ1 and ±ζ2 are eigenvalues of H ′2 given by

ζ1/2 =
1
2

(
±2t|γ(~k)|+

√
t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos

(
3φ~k

))
.

(A.16)
Splitting now H3 in the form

H3 =


ζ1 id 0 0
−id ζ2 0 0

0 0 −ζ2 id

0 0 −id −ζ1

+


0 0 0 b

0 0 b 0
0 b 0 0
b 0 0 0

 (A.17)

the first part is diagonalized by

U4 =


−iστβ+ β− 0 0
β− −iστβ+ 0 0
0 0 −iστβ+ β−

0 0 β− −iστβ+

 (A.18)

with τ = sign(d) and

β± =

√√√√√1
2

1± ζ1 − ζ2√
(ζ1 − ζ2)2 + 4d2

 (A.19)

while the second part is left unchanged by U4 resulting in

H4 = U4H3U
†
4 =


ε1 0 0 b

0 ε2 b 0
0 b −ε2 0
b 0 0 −ε1

 (A.20)

with the diagonal elements are given in terms of

ε1/2 =
1
2

(
ζ1 + ζ2 ±

√
(ζ1 − ζ2)

2 + 4d2
)

. (A.21)

Finally, H4 is brought into diagonal form via

U5 =


γ
(1)
+ 0 0 γ

(1)
−

0 γ
(2)
+ γ

(2)
− 0

0 γ
(2)
− −γ(2)+ 0

γ
(1)
− 0 0 −γ(1)+

 (A.22)
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with

γ
(1)
± =

√
1
2

(
1± ε1

E2

)
, γ

(2)
± =

√
1
2

(
1± ε2

E2

)
(A.23)

and

E1/2 =
√
ε21,2 + b2 (A.24)

=
1
2

[
t2⊥ + t23|γ(~k)|2 + 2t2|γ(~k)|2

±
√

4t2|γ(~k)|2
(
t2⊥ + t23|γ(~k)|2 − 2t⊥t3|γ(~k)| cos

(
3φ~k

))
+
(
t2⊥ − t

2
3|γ(~k)|2

)2
]

.

(A.25)

Thus,

U5H4U
†
5 = diag (E1,E2,−E2,−E1) , (A.26)

and the matrix elements of the corresponding total transformation
U = U5U4U3U2U1 can be expressed as

U11 =
1
2 (α− − iσα+) (τβ+ + β−)

(
γ
(1)
+ − iσγ

(1)
−

)
(A.27)

U12 =
1
2 (α+ − iσα−) (τβ+ + β−)

(
γ
(1)
− − iσγ

(1)
+

)
(A.28)

U13 = −e
iφ~k

2 (α− − iσα+) (τβ+ − β−)
(
γ
(1)
+ + iσγ

(1)
−

)
(A.29)

U14 =
e−iφ~k

2 (α− + iσα+) (τβ+ − β−)
(
γ
(1)
+ − iσγ

(1)
−

)
(A.30)

and

U21 = −1
2 (α+ + iσα−) (τβ+ − β−)

(
γ
(2)
+ − iσγ

(2)
−

)
(A.31)

U22 = −1
2 (α+ − iσα−) (τβ+ − β−)

(
γ
(2)
+ + iσγ

(2)
−

)
(A.32)

U23 = −e
iφ~k

2 (α+ + iσα−) (τβ+ + β−)
(
γ
(2)
+ + iσγ

(2)
−

)
(A.33)

U24 = −e
−iφ~k

2 (α+ − iσα−) (τβ+ + β−)
(
γ
(2)
+ − iσγ

(2)
−

)
(A.34)

which are the complex conjugates of the components of the eigen-
vectors of the conduction-band states with positive energies E1(~k),
E2(~k), while

U31 =
1
2 (α− − iσα+) (τβ+ − β−)

(
γ
(2)
+ − iσγ

(2)
−

)
(A.35)
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U32 =
1
2 (α− + iσα+) (τβ+ − β−)

(
γ
(2)
+ + iσγ

(2)
−

)
(A.36)

U33 = −e
iφ~k

2 (α+ + iσα−) (τβ+ + β−)
(
γ
(2)
− − iσγ

(2)
+

)
(A.37)

U34 = −e
−iφ~k

2 (α+ − iσα−) (τβ+ + β−)
(
γ
(2)
− + iσγ

(2)
+

)
(A.38)

and

U41 =
1
2 (α+ + iσα−) (τβ+ + β−)

(
γ
(1)
+ − iσγ

(1)
−

)
(A.39)

U42 = −1
2 (α− + iσα+) (τβ+ + β−)

(
γ
(1)
− − iσγ

(1)
+

)
(A.40)

U43 =
eiφ~k

2 (α+ + iσα−) (τβ+ − β−)
(
γ
(1)
+ + iσγ

(1)
−

)
(A.41)

U44 =
e−iφ~k

2 (α− + iσα+) (τβ+ − β−)
(
γ
(1)
− + iσγ

(1)
+

)
(A.42)

correspond to the valence-band states with negative energies
(−E2(~k)), (−E1(~k)). Note that all factors involving α±, γ(1)± , γ(2)±
in the above expressions have modulus one, i.e. they are phase
factors.





B
CORRELATION MATRICES

Upon tracing out layer 1 from the ground state of the undoped bi-
layer system the correlation matrix reads in the basis

(
a†

2~k
, b†

2~k

)
|0〉

C(~k) =

 U31U
∗
31 + U41U

∗
41 U31U

∗
33 + U41U

∗
43

U33U
∗
31 + U43U

∗
41 U33U

∗
33 + U43U

∗
43


=

 1
2 u(~k)

u∗(~k) 1
2

 (B.1)

with

u(~k) =
e−iφ~k

4
(
β2
+ − β2

−
)((

γ
(1)
+ − iσγ

(1)
−

)2
−
(
γ
(2)
+ − iσγ

(2)
−

)2)
.

(B.2)
This quantity becomes singular at the corners of the Brillouin zone
where γ(~k) is zero such that its phase is ill-defined, and at the
positions of the satellite Dirac cones of the energy spectrum where,
as discussed in appendix 4.3, γ(2)± is discontinuous.
Tracing out the sublattices A1 and B2 one finds in the basis(
a†

2~k
, b†

1~k

)
|0〉

C(~k) =

 U31U
∗
31 + U41U

∗
41 U31U

∗
32 + U41U

∗
42

U32U
∗
31 + U42U

∗
41 U32U

∗
32 + U42U

∗
42


=

 1
2 v(~k)

v∗(~k) 1
2

 (B.3)

with

v(~k) =
(α− − iσα+)2

4

(
(τβ+ − β−)2

(
γ
(2)
+ − iσγ

(2)
−

)2

+ (τβ+ + β−)
2
(
γ
(1)
+ − iσγ

(1)
−

)2)
. (B.4)

Note that the expressions (B.2),(B.4) obey the interesting sum
rule

|u(~k)|2 + |v(~k)|2 =
1
4 (B.5)

which s fulfilled whenever the coefficients involved satisfy

α2
+ + α2

− = β2
+ + β2

− =
(
γ
(1/2)
+

)2
+
(
γ
(1/2)
−

)2
= 1 , (B.6)
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which is the case here by construction.
Finally, the correlation matrix obtained by tracing out the sub-

lattices A1, A2 is proportional to the unit matrix,

C(~k) =

 U32U
∗
32 + U42U

∗
42 U32U

∗
33 + U42U

∗
43

U33U
∗
32 + U43U

∗
42 U33U

∗
33 + U43U

∗
43


=

 1
2 0
0 1

2

 (B.7)

implying that the remaining subsystem is maximally entangled
with the subsystem traced out.



C
DIAGONAL IZAT ION OF THE d + i d -WAVE
SUPERCONDUCTIV ITY STATE ON THE
HONEYCOMB LATTICE

In this Appendix we present analytical diagolazation of the Hamil-
tonian of the chiral d + id-wave superconductivity state on the
honeycomb lattice. Complexity of the order parameter makes the
analytical approach more difficult. The starting point of our anal-
ysis is the Bardeen-Cooper-Schrieffer mean-field Hamiltonian in
momentum space is

HMF (~k) =− t
∑
~k

(
γ(~k)a†~kσ

b~kσ + h.c.
)

− µ
∑
~k

(
a†~kσ

a~kσ + b†~kσ
b~kσ

)

− J
∑
~k,~δ

(
∆~δe

i~k~δ
(
a†~k↑

b†
−~k↓
− a†~k↓b

†
−~k↑

)
+ h.c.

)
(C.1)

where we define the superconductivity order parameter

∆(~k) =
∑
~δ

∆~δe
i~k~δ (C.2)

as a combination of the dx2−y2 and dxy-wave superconductivity
state ∆d±id(~k) = cos

(
π
3

)
∆d2

x−y2(~k)± sin
(
π
3

)
∆dxy(~k) which min-

imalizes a free energy.
We apply the transformations

c~k,σ =
1√
2
(a~k,σ − e

i·φ~kb~k,σ),

d~k,σ =
1√
2
(a~k,σ + ei·φ~kb~k,σ) (C.3)

such that in

H1(~k) =


t|γ(~k)| − µ 0 C~k −iS~k

0 −t|γ(~k)| − µ iS~k −C~k
C∗~k −iS∗~k −t|γ(~k)|+ µ 0
iS∗~k −C∗~k 0 t|γ(~k)|+ µ

 .

(C.4)
diagonalize the kinetic part of the Hamiltonian. C~k = J

∑
~δ
~∆~δ cos(~k~δ−

φ~k) and S~k = J
∑
~δ
~∆~δ sin(~k~δ− φ~k) are complex functions.
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Here it is useful to split this Hamiltonian as H1 = H
′
1 +H

′′
1

where

H
′
1(~k) =


t|γ(~k)| − µ 0 0 −iS~k

0 −t|γ(~k)| − µ iS~k 0
0 −iS∗~k −t|γ(~k)|+ µ 0
iS∗~k 0 0 t|γ(~k)|+ µ

 .

(C.5)
and

H
′′
1 (~k) =


0 0 C~k 0
0 0 0 −C~k
C∗~k 0 0 0
0 −C∗~k 0 0

 . (C.6)

H
′
1 is diagonalized by

e~k+ =iα∗−c~k↑ + α+d
†
−~k↓

(C.7)

f~k+ =− iα∗−d~k↑ + α+c
†
−~k↓

(C.8)

with

α+ =

√√√√√1
2

1 + µ√
µ2 + |S~k|2


α− =

S~k√
2
√
µ2 + |S~k|2

(
µ+

√
µ2 + |S~k|2

) . (C.9)

This leads to

H2 = U2H1U
†
2 =


e1 m −l 0
m e2 0 l

−l∗ 0 −e1 m

0 l∗ m −e2

 (C.10)

with
m =

Re(C~k) · Im(S~k)− Im(C~k) ·Re(S~k)√
µ2 + |S~k|2

(C.11)

and
l = α2

+C
∗
~k
+ (α∗−)

2C~k (C.12)

and ±e1 and ±e2 are eigenenergies of the Hamiltonian H
′
1 given

by
e1 = t|γ(~k)|+

√
µ2 + |S~k|2 (C.13)
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and
e2 = −t|γ(~k)|+

√
µ2 + |S~k|2. (C.14)

We can now split this Hamiltonian as H2 = H
′
2 +H

′′
2 where

H
′
2 =


e1 m 0 0
m e2 0 0
0 0 −e1 m

0 0 m −e2

 , H
′′
2 =


0 0 −l 0
0 0 0 l

−l∗ 0 0 0
0 l∗ 0 0

 .

(C.15)
Proceeding now with the transformations

g~k+ =β+e~k+ + σβ−f~k+ (C.16)
h~k+ =σβ−e~k+ − β+f~k+ (C.17)

where σ = sign(m) and

β± =

√√√√√1
2

1± t|γ(~k)|√
t2|γ(~k)|2 +m2

 (C.18)

we diagonalize first part of the Hamiltonian H ′2 and we get

H3 = U3H2U
†
3 =


ε1 0 0 −l
0 ε2 −l 0
0 −l∗ −ε2 0
−l∗ 0 0 −ε1

 (C.19)

where ±ε1 and ±ε2 are eigenenergies of the Hamiltonian H ′2

ε1 =
√
µ2 + |S~k|2 +

√
t2|γ(~k)|2 +m2 (C.20)

and
ε2 =

√
µ2 + |S~k|2 −

√
t2|γ(~k)|2 +m2. (C.21)

Finally, this Hamiltonian is brought to the diagonalized form with
transformations

o~k+ =γ
(1)
+ g~k+ − γ

(1)
− g†~k−

(C.22)

p~k+ =γ
(2)
+ h~k+ − γ

(2)
− h†~k−

(C.23)

with

γ
(1)
+ =

√
1
2

(
1 + ε1

Eα

)
, γ

(1)
− =

l√
2Eα (Eα + ε1)

(C.24)
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and

γ
(2)
+ =

√√√√1
2

(
1 + ε2

Eβ

)
, γ

(2)
− =

l√
2Eβ (Eβ + ε2)

(C.25)

and

Eα =

√
t2|γ(~k)|2 + µ2 + |S~k|2 + |C~k|2 + 2

√
u+ v (C.26)

and

Eβ =

√
t2|γ(~k)|2 + µ2 + |S~k|2 + |C~k|2 − 2

√
u+ v. (C.27)

where

u =
(
µ2 + |S~k|

2
)
t2|γ(~k)|2 (C.28)

and

v =
(
ReC~kImS~k −ReS~kImC~k

)2
. (C.29)

Bogoliubov transformations o~k+ and p~k+ in the basis a~k↑, b~k,↑

o~k+ =− 1√
2

(
α+γ

(1)
− − iα∗−γ

(1)
+

)
(β+ − σβ−) a~k↑

− 1√
2
eiφ~k

(
α+γ

(1)
− + iα∗−γ

(1)
+

)
(β+ + σβ−) b~k↑

+
1√
2

(
α+γ

(1)
+ + iα−γ

(1)
−

)
(β+ + σβ−) a

†
−~k↓

+
1√
2
eiφ~k

(
α+γ

(1)
+ − iα−γ

(1)
−

)
(β+ − σβ−) b†−~k↓ (C.30)

p~k+ =− 1√
2

(
α+γ

(2)
− + iα∗−γ

(2)
+

)
(β+ + σβ−) a~k↑

+
1√
2
eiφ~k

(
α+γ

(2)
− − iα∗−γ

(2)
+

)
(β+ − σβ−) b~k↑

1√
2

(
α+γ

(2)
+ − iα−γ

(2)
−

)
(β+ − σβ−) a†−~k↓

− 1√
2
eiφ~k

(
α+γ

(2)
+ + iα−γ

(2)
−

)
(β+ + σβ−) a

†
−~k↓

(C.31)



D
CORRELATION MARTIX

d.1 s-wave scenario

The Hamiltonian Eq.(5.55) for s-wave superconductivity state in
graphene can be diagonalized by using Bogoluibov transformations

e~k+ = α+
1√
2
(a~k,↑ − e

i·φ~kb~k,↑) + α−
1√
2
(a†
−~k,↓
− ei·φ~kb†

−~k,↓
) (D.1)

f~k+ = β−
1√
2
(a~k,↑ + ei·φ~kb~k,↑)− β+

1√
2
(a†
−~k,↓

+ ei·φ~kb†
−~k,↓

)

(D.2)

where α+ =

√√√√√1
2

1 + t|γ(~k)|−µ√
(t|γ(~k)|−µ)

2
+|C~k|

2

, α− =
C~k√

2Eα(Eα+t|γ(~k)|−µ)
,

β+ =

√√√√√1
2

1 + t|γ(~k)|+µ√
(t|γ(~k)|+µ)

2
+|C~k|

2

, and β− =
C~k√

2Eβ(Eβ+t|γ(~k)|+µ)

with Eα and Eβ are energies of Bogoliubov quasi-particles

Eα =

√(
t|γ(~k)| − µ

)2
+ |C~k|2 (D.3)

and
Eβ =

√(
t|γ(~k)|+ µ

)2
+ |C~k|2. (D.4)

The e (f) sections are determined by Eq. (D.1) (Eq. (D.2)), re-
spectively. These sections are decoupled in Bogoliubov description
and we are allowed than to obtain their contributions to the ground
state separative. We can demand e~k+|G〉 = 0 and e†~k−

|G〉 = 0
where |G〉 is the ground state. The e section contributes to the
ground state as:

∏
~k∈IBZ

(
α+(~k)− α−(~k)c†~k↑c

†
−~k↓

)
|0〉 (D.5)

where |0〉 is the vacuum state. Similar, the contribution of the f
section to the ground state:

∏
~k∈IBZ

(
β−(~k) + β+(~k)d

†
~k↑
d†
−~k↓

)
|0〉 (D.6)
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the ground state |G〉 is determined by conditions: f~k+|G〉 = 0 and
f †~k−
|G〉 = 0. This leads to the complete ground state vector:

∏
~k∈IBZ

(
α+(~k)− α−(~k)c†~k↑c

†
−~k↓

)
∏

~q∈IBZ

(
β−(~q) + β+(~q)d

†
~q↑d
†
−~q↓

)
|0〉. (D.7)

Similar findings are obtained for the ground state of the p-wave
superconductivity state in graphene.
This ground state leads to the correlation matrix when spin ↓

is traced out:

C(~k) =

 1
2

(
|α−|2 + |β+|2

)
1
2e
−iφ~k

(
|β+|2 − |α−|2

)
1
2e
iφ~k

(
|β+|2 − |α−|2

)
1
2

(
|α−|2 + |β+|2

)
 .

(D.8)

d.2 chiral d-wave scenario

Here, o section is defined by Eq. (C.30), while p section is defined
by Eq. (C.31). We can consider o and p sections separative. Thus,
the o section contributes to the ground state as

∏
~k∈IBZ

(
γ
(1)
+ (~k) + γ

(1)
− (~k)g†~k+

g†
−~k−

)
|0〉 (D.9)

where |0〉 is the vacuum state. While, the p section contributes to
the ground state

∏
~k∈IBZ

(
γ
(2)
+ (~k) + γ

(2)
− (~k)h†~k+

h†
−~k−

)
|0〉. (D.10)

The complete ground state vector |G〉 can be determined by condi-
tions g~k+|G〉 = 0 and g†~k−|G〉 = 0 and h~k+|G〉 = 0 and h†~k−|G〉 =
0, which leads to the following form
∏

~k∈IBZ

(
γ
(1)
+ (~k) + γ

(1)
− (~k)g†~k+

g†
−~k−

) ∏
~q∈IBZ

(
γ
(2)
+ (~q) + γ

(2)
− (~q)h†~q+h

†
−~q−

)
|0〉.

(D.11)

Using

a~k↑ =−
1√
2

(
α+

(
γ
(1)
−

)∗
+ iα−γ

(1)
+

)
(β+ − σβ−) o~k,+
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− 1√
2

(
α+

(
γ
(2)
−

)∗
+ iα−γ

(2)
+

)
(β+ + σβ−) p~k,+

+
1√
2

(
α+γ

(2)
+ − iα−γ

(2)
−

)
(β+ + σβ−) p

†
−~k,−

+
1√
2

(
α+γ

(1)
+ − iα−γ

(1)
−

)
(β+ − σβ−) o†−~k,−

(D.12)

we can calculate the mean occupancy at cite A:

〈a†~k↑a~k↑〉 =

1
2

(
α2
+|γ

(1)
− |2 + |α−|2

(
γ
(1)
+

)2
+ iα+γ

(1)
+

(
α−γ

(1)
− − α∗−

(
γ
(1)
−

)∗))

(β+ − σβ−)2
n
(0)
~k

+
1
2

(
α2
+|γ

(2)
− |2 + |α−|2

(
γ
(2)
+

)2
+ iα+γ

(2)
+

(
α−γ

(2)
− − α∗−

(
γ
(2)
−

)∗))

(β+ + σβ−)
2
n
(0)
~k

+
1
2

(
α2
+(γ

(1)
+ )2 + |α−|2|γ

(1)
− |2 − iα+γ

(1)
+

(
α−γ

(1)
− − α∗−

(
γ
(1)
−

)∗))
(β+ − σβ−)2 (1− n(0)~k

)

+
1
2

(
α2
+(γ

(2)
+ )2 + |α−|2|γ

(2)
− |2 − iα+γ

(2)
+

(
α−γ

(2)
− − α∗−

(
γ
(2)
−

)∗))
(β+ + σβ−)

2 (1− n(0)~k
). (D.13)

The average number n(0)~k
of fermions with momentum k at tem-

perature T = 0 is n(0)~k
= 0.

Further, we get the mean occupancy at the cite A

〈a†~k↑a~k↑〉 =
1
2

(
α2
+(γ

(1)
+ )2 + |α−|2|γ

(1)
− |2 − iα+γ

(1)
+

(
α−γ

(1)
− − α∗−

(
γ
(1)
−

)∗))
(β+ − σβ−)2

+
1
2

(
α2
+(γ

(2)
+ )2 + |α−|2|γ

(2)
− |2 − iα+γ

(2)
+

(
α−γ

(2)
− − α∗−

(
γ
(2)
−

)∗))
(β+ + σβ−)

2 . (D.14)

After basic algebra we find that the correlation matrix obtained
by tracing out spin ↓ at T = 0 reads

C(~k) =

 C11(~k) C12(~k)

C∗12(~k) C22(~k)

 (D.15)
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with

C11(~k) =
1
2

(
α2
+(γ

(1)
+ )2 + |α−|2|γ

(1)
− |2 − iα+γ

(1)
+

(
α−γ

(1)
− − α∗−

(
γ
(1)
−

)∗))
(β+ − σβ−)2

+
1
2

(
α2
+(γ

(2)
+ )2 + |α−|2|γ

(2)
− |2 − iα+γ

(2)
+

(
α−γ

(2)
− − α∗−

(
γ
(2)
−

)∗))
(β+ + σβ−)

2

=
1
2 +

1
4

µ√
µ2 + |S~k|2

(ε1 +m)
1
Eα

1− m√
t2|γ(~k)|2 +m2


+

1
4

µ√
µ2 + |S~k|2

(ε2 +m)
1
Eβ

1 + m√
t2|γ(~k)|2 +m2

 , (D.16)

C22(~k) =
1
2

(
α2
+(γ

(1)
+ )2 + |α−|2|γ

(1)
− |2 + iα+γ

(1)
+

(
α−γ

(1)
− − α∗−

(
γ
(1)
−

)∗))
(β+ + σβ−)

2

+
1
2

(
α2
+(γ

(2)
+ )2 + |α−|2|γ

(2)
− |2 + iα+γ

(2)
+

(
α−γ

(2)
− − α∗−

(
γ
(2)
−

)∗))
(β+ − σβ−)2

=
1
2 +

1
4

µ√
µ2 + |S~k|2

(ε1 −m)
1
Eα

1 + m√
t2|γ(~k)|2 +m2


+

1
4

µ√
µ2 + |S~k|2

(ε2 −m)
1
Eβ

1− m√
t2|γ(~k)|2 +m2

 , (D.17)

and

C12(~k) =

1
2e
−iφ~k

(
α2
+(γ

(1)
+ )2 − |α−|2|γ

(1)
− |2 − iα+γ

(1)
+

(
α
(1)
− γ

(1)
− +

(
α
(1)
−

)∗ (
γ
(1)
−

)∗))
(
β2
+ − β2

−
)

− 1
2e
−iφ~k

(
α2
+(γ

(2)
+ )2 − |α−|2|γ

(2)
+ |2 − iα+γ

(2)
+

(
α
(1)
− γ

(2)
− +

(
α
(1)
−

)∗ (
γ
(2)
−

)∗))
(
β2
+ − β2

−
)

=
1
4e
−iφ~k

( ε1
Eα
− ε2
Eβ

)
− i

Re(C~k)Re(S~k) + Im(C~k)Im(S~k)√
µ2 + |S~k|2

(
1
Eα
− 1
Eβ

)
t|γ(~k)|√

t2|γ(~k)|2 +m2
. (D.18)

Here, one should notice that C11(−~k) = C22(~k) and C12(~k) =(
C12(−~k)

)∗
.
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Eigenvectors of the correlation matrix

q~k↑ =δ+(
~k)a~k↑ + δ−(~k)b~k↑ (D.19)

r~k↑ =δ+(−~k)a~k↑ − δ
∗
−(−~k)b~k↑ (D.20)

where:

δ+(~k) =

√√√√√1
2

1 + C11 −C22√
(C11 −C22)

2 + 4|C12|2


δ−(~k) =

2C12√
2
√
(C11 −C22)

2 + 4|C12|2(C11 −C22 +
√
d)

. (D.21)
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