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Abstract

We derive a Cahn—Hilliard-Darcy model to describe multiphase tumour growth
taking interactions with multiple chemical species into account as well as the simul-
taneous occurrence of proliferating, quiescent and necrotic regions. Via a coupling of
the Cahn—Hilliard—Darcy equations to a system of reaction-diffusion equations a multi-
tude of phenomena such as nutrient diffusion and consumption, angiogenesis, hypoxia,
blood vessel growth, and inhibition by toxic agents, which are released for example
by the necrotic cells, can be included. A new feature of the modelling approach is
that a volume-averaged velocity is used, which dramatically simplifies the resulting
equations. With the help of formally matched asymptotic analysis we develop new
sharp interface models. Finite element numerical computations are performed and in
particular the effects of necrosis on tumour growth is investigated numerically.

Key words. multiphase tumour growth, phase field model, Darcy flow, necrosis, cellular
adhesion, matched asymptotic expansions, finite element computations

AMS subject classification. 92B05, 35K57, 35R35, 65M60

1 Introduction

The morphological evolution of cancer cells, driven by chemical and biological mechanisms,
is still poorly understood even in the simplest case of avascular tumour growth. It is
well-known that in the avascular stage, initially homogeneous tumour cells will eventually
develop heterogeneity in their growth behaviour. For example, quiescent cells appear when
the tumour reaches a diffusion-limited size, where levels of nutrients, such as oxygen, are
too low to support cell proliferation, and necrotic cells develop when the nutrient density
drops further. It is expected that angiogenic factors are secreted by the quiescent tumour
cells to induce the development of a capillary network towards the tumour and deliver much
required nutrients for proliferation [51]. But it has also been observed (experimentally [46]
and in numerical simulations [10,[12]), that the tumour exhibits morphological instabilities,
driven by a combination of chemotactic gradients and inhomogeneous proliferation, which
allows the interior tumour cells to access nutrients by increasing the surface area of the
tumour interface.
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In this paper, we propose a multi-component diffuse interface model for modelling
heterogeneous tumour growth. We consider L types of cells, with M chemical species.
Similar in spirit to Ambrosi and Preziosi [2] (see also [4, 19, 50]), we model each of
the L different cell types as inertia-less fluids, and each of the M chemical species can
freely diffuse and may be subject to additional mechanisms such as chemotaxis and active
transport. In the diffuse interface methodology, interfaces between different components
are modelled as thin transition layers, in which the macroscopically distinct components
are allowed to mix microscopically. This is in contrast to the sharp interface approach,
where the interfaces are modelled as idealised moving hypersurfaces. The treatment of
cells as viscous inertia-less fluids naturally leads to a notion of an averaged velocity for
the fluid mixture, and we will use a volume-averaged velocity, which is also considered in
[T, 23].

From basic conservation laws, we will derive the following multi-component model:

divi=1-U(p,0), (1.1a)

U=-KVp+K(Vp) (1 - N(p,0)), (1.1b)

Oep +div (e ® 1) =div(C(p,0) V) +U(p,0), (1.1c)
IJ‘:_BEA@+B€71\I}7‘P(¢)+N7‘P(SO7U)7 (11d)

oo +div (o ® ¥) = div (D(p,0)VN s (p,0)) + S(p,0), (1.1e)

for a vector ¢ = (1,...,0r)" of volume fractions, i.e., ¥, ¢; = 1 and ¢; > 0 for 1 <
i < L, where ¢; represents the volume fraction of the ith cell type, and for a vector
o = (01,...,0m)", with o; representing the density of the jth chemical species. The
velocity ¥ is the volume-averaged velocity, p is the pressure, p = (p1,..., 7)) " is the vector

of chemical potentials associated to ¢, and N, € RY and Ng € RM denote the partial
derivatives of the chemical free energy density N with respect to ¢ and o, respectively.

The system can be seen as the multi-component variant of the Cahn—Hilliard-
Darcy system derived in Garcke et al. [23]. Equation can be viewed as a convection-
reaction-diffusion system with a vector of source terms S € RM | where for vectors a € R*
and b € R’ the tensor product a ® b € R¥*! is defined as (a ® b);; = a;b; for 1 < < k and
1 < j < 1. The positive semi-definite mobility tensor D(¢, o) can be taken as a second
order tensor in RM*M o even as a fourth order tensor in RM*#>*Mxd where d is the spatial
dimension.

Equations (|1.1c) and (1.1d]) constitute a multi-component convective Cahn—Hilliard

system with a vector of source terms U € R” and a mobility tensor C(, o), which we
. RLdeLxd.

take to be either a second order tensor in RX*L or a fourth order tensor in

Furthermore, we ask that Z{;l C;; = 0 in the former case and ZiL:1 Cimji = 0 in the latter
case for any 1 < j < L and 1 < m,l < d. These conditions ensure that ZiL:1 i(t) =1 for
t>0if ©F, :(0) = 1. One example of such a second order mobility tensor is C;;(p, ) =
mi (i) (8ij —m;(9;)] Sk mi(pr)) for 1 <i,j < L and so-called bare mobilities m;(p;),
see [I7]. The vector V¥, is the vector of partial derivatives of a multi-well potential ¥
with L equal minima at the points e;, { =1, ..., L, where e is the Ith unit vector in R”.

Equation is a generalised Darcy’s law (with permeability K > 0) relating the
volume-averaged velocity ¥ and the pressure p, while in equation (1.1a), 1 =(1,...,1)" €
R and 1-U is the sum of the components of the vector of source terms U in , and
relates the gain or loss of volume from the vector of source terms U to the changes
of mass balance.

Lastly, 6> 0 and € > 0 are parameters related to the surface tension and the interfacial



thickness, respectively. In fact, associated with ((1.1)) is the free energy

&( - & S 12 é d
¢.0)= .5 ;IV%I +2U(p) + N(p, o) dLs, (1.2)

where d£? denotes integration with respect to the d dimensional Lebesgue measure. The
first two terms in the integral account for the interfacial energy (and by extension the
adhesive properties of the different cell types), and the last term accounts for the free
energy of the chemical species and their interaction with the cells.

As a special case, we consider L =3 and M =1, so that we have three cell types; host
cells (1), proliferating tumour cells (y2) and necrotic cells (3), along with one chemical
species (o) acting as nutrient, for example oxygen. Then, becomes a scalar equation,
with mobility D(¢, o) chosen as a scalar function D(¢, o), and the vector S(¢, o) becomes
a scalar function S(¢, ). In this case, one can consider a chemical free energy density of
the form

Xo
N(p,0) 27’0\2—Xw0902—xnf(0)¢3, (1.3)

where x5 > 0, X, Xn > 0 are constants and f : [0, 00) — [0, 00) is a monotonically decreasing
function such that f(s) =0 for s > ¢, > 0. The first term of will lead to diffusion
of the nutrients, and the second term models the chemotaxis mechanism that drives the
proliferating tumour cells to regions of high nutrient, which was similarly considered in
[10, 11, 23, BI]. The third term shows that it is energetically favourable to be in the
necrotic phase when the nutrient density is below c¢,. Indeed, when o < ¢, f(0) is
positive, and so the term —y, f(0)¢s3 is negative when 3 = 1. Overall we obtain from
the three-component model

divi=1-U(p,0), 9=-KVp+K(Vp) (- Ne(p,0)), (1.4a)

Op +div (e ®0) =div(C(p,0) V) +U(p,0), (1.4b)
n= —55A<P+5571\I’,¢(‘P) + N (p,0), (1.4c)

O +div (00) = div (D(p,0) V(X0 = XpP2 = Xnf (0)¢3)) + S(p,0), (1.4d)
N,cp(‘PaU) = (0, X0, _an(a))T' ( )

Similar to [23], we define

X n
A= _907 0= X_a d(‘P:U) :D(SOaU)XUv (15>
Xo Xo
so that ([1.4d)) becomes
du0r + div (o) = div (d(9,0) V(0 = g2 — 0" (0)25)) + S(9,0), (1.6)

which allows us to decouple the chemotaxis mechanism that was appearing in and
. We point out that it is possible to neglect the effects of fluid flow by sending K — 0
in the case 1-U = 0. By Darcy’s law and divd = 0, we obtain © — 0 as K — 0, and the
above system with source terms satisfying 1-U (¢, o) = 0 transforms into

e =div(C(p,0)Vp) +U(p,0),
p=—-Belp+ eV o (p) + No(p,0),
9o =div (D(p,0)V(Xo0 = Xpp2 = Xnf (0)p3)) + S(p, 0).



We now consider the case that tumour cells prefer to adhere to each other instead of
the host cells, for general L > 2 and M > 1. More precisely, let ¢ denote the volume
fraction of the host cells, and ppr =1-¢1 = ZZL:Q ©; is the total volume fraction of the L -1
types of tumour cells. Then the following choice of interfacial energy is considered:

Be
Q 2

L
> Vi

1=2

2 L
E(p) = + gw(Z goi) ace, (1.7)

1=2

where W is a potential with equal minima at 0 and 1. Note that ((1.7) can be viewed as
a function of ¢, i.e., E(¢) = E(¢r) = [q % IVeor|® + §W(4pT) dL?, and it is energetically
favourable to have pp = 0 (representing the host tissues) or ¢p = 1 (representing the
tumour as a whole). It holds that the first variation of E with respect to ¢;, 2 <i < L,
satisfies
SE  OF _
= — = -felpr + e W (or) = pr,

dp;  bepr

and so, if the chemical free energy density N is independent of ¢, the corresponding
equations for the chemical potentials for the tumour phases now read as

p1 =0, pi=—-BelAop+ Be YW (or) = pp for 2<i < L.

Then, choosing a second order mobility tensor C(¢, o) such that Z]L:2 Cij(p,0) = M(p:),
for 2 <4 < L, and Zf:2g1j(cp,0') = —ZJL:2 M (gj) for a non-negative mobility M, the
equations for ¢; take the form

Oppi + div (p;0) = div (M (¢;)Vur) + Ui(p,0), 2<i<L,

which resemble the system of equations studied in [8, @, 20, 54 [56]. Note in particular
that only pr is needed to drive the evolution of ¢;, 2 <i < L. However, the mathematical
treatment of these types of models is difficult due to the fact that the equation for ¢; is
now a transport equation with a high order source term div (M (;)Vur), and the natural
energy identity of the model does not appear to yield useful a priori estimates for ;. In
the case that the mobility M is a constant, the existence of a weak solution for the model
of [9] has been studied by Dai et al. in [15].

The specific forms of the source terms U (¢, o) and S(¢p, o) will depend on the specific
situation we want to model. In our numerical investigations, we will primarily focus on a
three-component model consisting of host cells (¢1), proliferating tumour cells (p2) and
necrotic cells (p3) in the presence of a quasi-static nutrient (0), i.e., L =3 and M =1. Of
biological relevance are the following choices:

S(p,0) = —Cepa0,
UA(‘P? 0‘) = (07 SOQ(IPO- - A)v ASOQ - DN903)T7
Up(p,0) = (-p2P0, p2(Po - A), Ap2 = Dngs)',
UC(QO, U) = (07671¢3(1 - ()02)2(,PO- - A)757190§(1 - 903)2("4 - DN))T'
The source term ([1.8a]) models the consumption of nutrients by the proliferating cells at
a constant rate C > 0. The choice (1.8b)) models the proliferation of tumour cells at a
constant rate P > 0 by consuming the nutrient, the apoptosis of the tumour cells at a

constant rate A > 0, which can be considered as a source term for the necrotic cells, and
we assume that the necrotic cells degrade at constant rate Dy. Meanwhile, in (1.8¢c|), any
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mass gain for the proliferating tumour equals the mass loss by the host cells, and vice
versa for the necrotic and proliferating cells. In , the functions ¢2(1 - ¢2)? and
cp%(l —3)? are zero except near the vicinity of the interfacial layers. The scaling with ™*
is chosen similarly as in [32], which allows the source terms to influence the evolution of
the interfaces, see Section [3.4] below for more details.

In , the parameter e is related to the thickness of the interfacial layers, and
hence it is natural to ask if a sharp interface model will emerge in the limit € - 0. Due
to the multi-component nature of , the sharp interface model consists of equations
posed on time-dependent regions €2; = {¢; = 1} for 1 <i < L and on the free boundaries
i = 09Q;n0Q; for 1 <i<j < L. We refer the reader to Section |3| below for the multi-
component sharp interface limit of , which is too complex to state here.

Instead, we consider the system with a quasi-static nutrient (neglecting the left-
hand side of ), Xy = Xn =0 (so that N ,(¢,0) =0), D(p,0) =1, a mobility tensor
Clp,0) = (0ij - 5)?,]':17 and the source term S(¢p,0) = —Cpo0. Then, simplifies to

divi=1-U(p,0), 9=-KVp+K(Ve) u, (1.9a)

01 +div (p10) = Ay + Ur(p,0), (1.9b)
Oypa + div (pav) = Az + Us(ep,0), (1.9¢)
Orps +div (p30) = Ay + 2) + Us(p, 0), (1.9d)
Wi = —BelApy + [35—1\1'7¢k(g0), k=1,2,3, 1.9e)

)

0=Ao - 68020-7
where U = (Uy,U2,Us) ",

3y = (1 —p2) + (p1—p3), 3z=-(p1—p2)+ (u2 - p3),

and we note that 3(y + 2z) = (u1 — p3) + (u2 — p3) and hence diffusion is governed by the
difference of chemical potentials, see also [6]. Let us denote Qg = {1 = 1,02 = @3 = 0},
Qp = {92 = 1,01 = p3 =0}, Qn = {¢3 = 1,1 = p2 = 0} as the regions of host cells,
proliferating tumour and necrotic cells, respectively, along with interfaces I'py = 9Qp N
00y and I'gp = 00y N 0Qp. Note that it makes no sense for the host cells to share a
boundary with the necrotic cells, and thus 'y = @. Then, the sharp interface limit of
(1.9) reads as (see Section (3.4 for a derivation)

Ay =Ui(p,0) - (1-U(p,0))¢1,

0 in QyuQy, .
AU:{ TN A= Uy(.0) - (1-U(p.0))p2, i QuUQp U,

Co in Qp, KAp=1-U(p.0)
(1.10a)
lyl=[z]=[c]=[Vo]-v=[Vp]-?=0o0nT'pyulyp,
(1.10b)

(015 = Bypwk =2y - 2 -V + Kp-7 = [V] 5,0 = [Wyl -7 on Tpy, (1100
[p]g =Bygprk=y—-2,-V+KVp-v = [Vy]g U=- [Vz]g -von I'yp. (1.10d)

In the above U denotes the unit normal on I'py pointing into 2p or the unit normal
on I'p pointing into 2, k is the mean curvature, ypx and ygp are positive constants
related the potential ¥, V denotes the normal velocity of I'py or I'yp, and [-] denotes
the jump across the interfaces. Let us point out that for the choice of U(p,0),



equation ((1.10al) becomes

0 in QH,

0in QzuQ
Ay=0in QpuQpuQy, -Az={ HUEHUEN gy - pein Qp,
-Ain QP, .
—-Dpy in Qp,
and for the choice ((1.8d) of U (¢, o), equation ([1.10al) becomes
_Ay: —?O’inﬁp, CAs= P('T—AinQp, —KApZ OinQHUQP,
0 in QHUQN, 0 in QHUQH, —DN mn QN.

Note that the overall gain or loss in mass is reflected in the equation for p, compare [11],
§4.6].

In contrast, multi-component models obtained from a degenerate interfacial energy
such as have simpler sharp interface limits. Due to the fact that is a function
only of pr, the asymptotic analysis leads to a sharp interface limit which is defined on
two time-dependent regions Qp = {7 = 1} (tumour) and Qg = 2\ Qp (host), and one free
boundary I' = dQp. In particular, differentiation between the different types of tumour
cells is based on the local density of nutrients [40} 41l 42] [57], unlike in where an
evolution law for the interface I'pj between the proliferating and necrotic cells is stated.
We refer the reader also to Section below for the sharp interface limit of a model with
degenerate interfacial energy.

Let us now give a non-exhaustive comparison between the multi-component diffuse
interface models in the literature and the model we propose in this work.

Interfacial energy/cellular adhesion. In [8 9, 20l 37, 38| 54, (6], it is assumed that
the different types of tumour cells prefer to adhere to one another instead of the host cells,
and thus the degenerate interfacial energy density is considered. This is in contrast
to Oden et al. [45] and our present work, where the adhesive properties of different cell
types are distinct and the total energy is considered. Furthermore, we point out that
the model of Xu et al. [55] can be seen as a two-phase model (tumour and host cells),
which uses an interfacial energy similar to . But they use a non-conserved phase
field equation of Allen—Cahn type, rather than a Cahn—Hilliard equation, to describe the
tumour evolution.

Mixture velocity. In [8,[9, 20l 45, 54, 56] a mass-averaged velocity is used instead of the
volume-averaged velocity considered in our present approach and also in [49]. Meanwhile,
in [37), B8] the velocities of the cell components are assumed to be negligible.

Source terms. Aside from mitosis proportional to the local density of nutrients, and
constant apoptosis for the tumour cells, certain sink terms for one cell type become source
terms for another, for example the term Ay in . It is commonly assumed that the
host cells are homeostatic [8, 9, 20, 56, [54], and so the source term for the host cells is
zero. In [37, [38], where quiescent cells are also considered, a two-sided exchange between
the proliferating cells and the quiescent cells, and a one-sided exchange from quiescent
cells to necrotic cells based on local nutrient concentration are included. However, to the
best of our knowledge, source terms of the form have not yet been considered in
the multi-component setting.



Sharp interface limit. Out of the aforementioned references, only Wise et al. [54]
state a sharp interface limit for a multi-component diffuse interface model with degenerate

interfacial energy (|1.7)).

The remainder of this paper is organised as follows: In Section [2| we derive the diffuse
interface model from thermodynamic principles. In Section |3| we perform a formal
asymptotic analysis to derive the sharp interface limit. In Section 4] we present some
numerical simulations for the three-component tumour model derived in this paper.

2 Model derivation

Let us consider a mixture consisting of L > 2 cell components in an open, bounded domain
Q cR? d=1,2,3. Moreover, we allow for the presence of M > 1 chemical species in .
Let p;, i=1,..., L, denote the actual mass of the matter of the ith component per volume
in the mixture, and let p;,i = 1,..., L, be the mass density of a pure component ¢. Then
the sum p = X, p; denotes the mixture density (which is not necessarily constant), and
we define the volume fraction of component 7 as

pi= 2. (2.1)
Pi
We expect that physically, p; € [0, p;] and thus ¢; € [0,1]. Furthermore we allow for mass

exchange between the components, but there is no external volume compartment besides
the L components, i.e.,

L
;% =1. (2.2)

For the mixture velocity we consider the volume-averaged velocity

L
U= Z Pilyp;, (2'3)
1=1

where ¥, is the individual velocity of component i, and we denote the density of the jth
chemical species as o, j = 1,..., M, where each chemical species is transported by the
volume-averaged mixture velocity and a flux J,,, j=1,..., M.

2.1 Balance laws

The balance law for the mass of each component reads as
Orpi +div (pily,) =U;, i=1,...,L, (2.4)
where U; denotes a source/sink term for the ith component. Using we have
Oppi + div (@40y,;) =Eﬁ, 1=1,...,L. (2.5)
i
Upon adding and using and , we obtain an equation for the volume-averaged
velocity:

|

L L
divo =) div (ity,) = Y.
i=1

L (2.6)
=1 [

I



On recalling (2.3)), we introduce the fluxes

L
J@z:p,’(f)@i—ﬁ), 1=1,...,L, \7:2‘]%7 (2.7)
i=1
so that from (2.5)) we obtain
u, .
Orpi + —d1V J c+div(pv)=—, i=1,...,L. (2.8)
Pi Pi

Rewriting the mass balance ([2.4) with j% and upon summing we obtain the following
equation for the mixture density:

L
Op+div (T +pv) = > U;. (2.9)
i=1

Moreover, by summing (2.7) we obtain the requirement

L1, & B,
Y —Jp =D i(y, - 1) =0-0=0. (2.10)
i=1 Pi i=1
For j=1,..., M, we postulate the following balance law for the jth chemical species
Oroj +div (o;0) +div jg]. =5, (2.11)

where S; denotes a source/sink term for the jth chemical species, o0 models the transport
by the volume-averaged velocity and J,; accounts for other transport mechanisms. It is
convenient to introduce the vector form of the balance laws and - Let

©=(¢1,...,00) €RY, U = (ﬁ{lul,...,ﬁiluL)T eRE,

2.12
o=(01,...,o0) €eRM §=(5,...,8)" eRM, (2.12)

and
KL =01 g 91 ) e RYE KT = (Joy,s .o Joy,) e RPN (2.13)

i.e., the Ith row of KQO is the flux p, ljsm € R? and the lth row of K, is the flux J(7 e R
We recall that the divergence applied to a second order tensor A e R¥ results in a vector

in RF Whose zth component is the divergence of (AU) that i is, (div é)l = ijl Oz; Aij.

Then, and (| . ) become
8t<p+div(cp®ﬁ)+div£¢,:U, (2.14)
8ta'+div(0'®17)+div£(,:5, divi=1-U, (2.15)

Jj=b

respectively, where 1 = (1,...,1)T e RV,

2.2 Energy inequality
For L e N, L > 2, we define

HG:{¢:(¢1a---a¢L)TERL:i¢i:1}, CG={¢peHG: ¢ >0Vi}. (2.16)
=1



The latter is also known as the Gibbs simplex. The corresponding tangent space Tp,HG
can be identified as the space

L
TpHGgTG:{¢eRL:Zwi:O}. (2.17)

i=1

We postulate a general free energy of Ginzburg—Landau form, i.e.,

5(<p,a):f(ze(go,vso,a)dcd:fﬂAqJ(LppBa(go,w)+N(cp,a)dcd, (2.18)

where ¢ = (¢1,...,901)" € G, o = (01,...,00)" and V¢ = (g, ¥i)1<i<N1<k<d- Here
A,B > 0 are constants, a : G x (TG)? - R is a smooth gradient energy density and
¥ : G - Ry is a smooth multi-well potential with exactly L equal minima at the points
e, l=1,...,L, where e; = (6;,)% _; is the Ith unit vector in RE. In particular, the minima
of U are the corners of the Gibbs simplex G. The first two terms in the integral in
account for interfacial energy and unmixing tendencies, and the term N (¢, o) accounts
for the chemical energy of the species and any energy contributions resulting from the
interactions between the cells and the chemical species.

Recalling the vector 1= (1,...,1)" € R”, we now introduce the projection operator P
to the tangent space TG as follows:

Bf=f-T(1 )1 (2.19)

for a vector f e RE. For a second order tensor é e RI*4 we define the (i, 7)th component
of its projection to be

1 L
(PA)ij = Aij = 7 2, Arj-
k=1

We now derive a diffuse interface model based on a dissipation inequality for the balance
laws in and . We point out that balance laws with source terms have been
used similarly by Gurtin [28] 29] and Podio-Guidugli [48] to derive phase field and Cahn—
Hilliard type equations. These authors used the second law of thermodynamics which in
an isothermal situation is formulated as a free energy inequality.

The second law of thermodynamics in the isothermal situation requires that for all
volumes V' (t) c 2, which are transported with the fluid velocity, the following inequality
has to hold (see [28] 29, 48] and [30, Chapter 62])

d d = odel d
< Ve, o) dL s—[ I, vd f 1)-U+c,-SdLce,
o fv(t) e(p, Ve, o) ov () vAH + o (cp+cpl) +c

where dH* ! denotes integration with respect to the d—1 dimensional Hausdorff measure,
v is the outer unit normal to OV (¢), J. is an energy flux yet to be specified, and we have
postulated that the source terms U and S carry with them a supply of energy described
by

fv(t) (cp+c1)-U+e,-SdLe, (2.20)

for some ¢, € TG, ¢, € R and ¢, € RM yet to be determined.



Applying the transport theorem and the divergence theorem, we obtain the following
local form

Ae +div (ev) +div J. — (cp+¢,1) - U — ¢, - S <0. (2.21)

We now use the Lagrange multiplier method of Liu and Miller ([I, Section 2.2] and [39,
Chapter 7]). Let A, € TG, Xy € RM and M, € R denote the Lagrange multipliers for the
equations in and , respectively. Then, we require that the following inequality
holds for arbitrary ¢ € G, dip € TG, Vo € (TG)?, 0,00 ¢ RM vo e RM*4 5 ¢ RY,
U ¢RY, and S e RM:

—D:8te+17-Ve+edivf)+divje—(c¢+cvl)-U—cU-S
=X (Orp + (Vep)U + (dive)p +div K, - U)
-y (0o + (Vo )i + (divi)o +div K, - S)
“A(divi-1-U) <0.

(2.22)

Using the identities

ISH

[(Ve)i]: Z ok PiVk, Opp = pp + (Vp)U, A-div (e ®0) = X- (V) + (X - p)divd,

and the product rule
div (K'A) = K: VA + (divK) - X, (2.23)
where for two tensors A and B, the product A: B is defined as A: B = tr (éTé), we arrive
at
~D=div (Jo - KJA, - KJA;) + (Bay+ AV , + Ny = X,) - 0f o + (No - As) - 0f0
+U-(A<P—c<p+()\ —cv)1)+S-()\o—cg)+£<p:v)\¢+£g:v)\g
L
+B Z (a aképz 6t633k§01 + vja:cjawk(pz] + (le?})(e - )‘ P )‘ 10— )‘ )
i=17,k=1

(2.24)
where

.
N,g,:(a—N 8—N) eRF, N, =

.
, ((9_]\7 _BN ) eRM,
01 Oyr, ’

doy” " Doy

We can rewrite the term involving (a,ve )ik = % as follows (using the notation 0; ¢; =
Opi + V- Vp5):

d
Z(a Oppi) [81; n P+ Z V;0g; (%Ekgoz]
i=1 k=1 j=1

Z Z( Tk (a 3k%8t§0l) 85% ﬁk%at‘pl + Z (UJ Tk (a ar%a% 901) vjaxj%awk ﬁksoz))

k=11i=1 7=1
- div ((a,5) 9hp) ~ div (a,7) - 0o + - div (V) (a,5)).
Applying the product rule on the term involving div ¢ we get
(divo)(e=Ap-@=Ag-0=Xy) =div((e=Ap - = A5 - T = \y)0)
R CEP VI ED VY. EDWE
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Thus, substituting the above into the expression ([2.24]) we obtain
~D=div (Je - KJA, - K] As + B(a,y,) 0o + (e = Ay - @ = Ay -0 = X))
-7 [V(e -Ap - Ag -0 - \y) — Bdiv ((ch)T(a,w,))]

2.25
+(Ba - Bdiv(aye) + A¥Y o+ N, - Ay) - 0i@+ (N - ) - 0o (2.25)
+U-(Ap—co+ (M =c)1)+8 (Ag =€) + Ky : VAp + Ky 1 VA
2.3 Constitutive assumptions and the general model
We define the vector of chemical potentials p to be
B =Bay(p, V) - Bdiv (a,95(p, V) + AV 4 (p) + N (¢, 0), (2.26)

and by the definition (2.19) of the projection operator P, we have

(] (] 1 (] (]
(u—)\@)-atgo=IP’(u—)\w)-3t(p+z((p,—)\LP)-1)1-8t<p=IP’(u—)\<p)-8tcp

as Oy € TG and 97 -1 = 0. Furthermore, from (2.10) we find that K, : VA, = K, -
V(PA,), and so (2.25)) can be simplified to

~D=div (Je - K[, - K] As + B(a,yy) 00 + (e = Ay - @ = Ay -0 = X))
+ Ky : V(PAL) + Ko : VA +P( - Ap) - 9

2.27
+(No=X5) 0ic+U-(Ap—co+(Ap =)L)+ 8- (Ag — o) ( )
—0-[V(e-Ap-@-As 0= \) - Bdiv (V) (a,v4))]-

Based on ([2.27)) we make the following constitutive assumptions,
Je= K Ay + KJA; - B(aye(@,Ve)) O (2.28a)
- (6((‘0, VQ0,0') - )‘90 Pp=Ag0 - )‘v)ﬁ7
Co=As=No(p,0), co=As, Ao=Pu, c,=X\, (2.28Db)
K, =-D(¢.0)9N(¢.0). K,=-Clp.0)V(Ew). (2.28¢)

where C(p,0) € RE*E and D(p,0) € R™M are non-negative second order mobility
tensors such that

L
Y. Cik(p,0) =0 forall peG, oeRY and1<k<L. (2.29)
=1

Here, by a non-negative second order tensor 4 ¢ RX*L we mean that for all b € RE,
b-Ab>0 and b- Ab =0 if and only if b = 0. Recalling the definition of K, and K, from
(2.13)), we see that for 1 <m < d, the mth component of the fluxes jgoi and jgj are given
as

1 . L - M ON
__(Jgoz)m == Z gik(soao')axm(PH)ka (Jaj)m == Z 2jk(§070')aa:m (a_) .
Pi k=1 k=1 Tk

Then, the constraint (2.10) requires
L L

> Ci(p,0)0s, (Pu)r =0 V1<m<d, (2.30)
=1k=1"

(3
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which is satisfied when the constitutive assumption (2.29) is considered. We point out
that one may take D(p,0) € RMxdxMxd a5 a non-negative fourth order mobility tensor,
that is, DA: A >0 0 and DA:A=0if and only if A =0 for any second order tensors

Ace RM>d_1f we also consider C’((p,a) e RExALxd 554 fourth order tensor, then

becomes

L
Egimkl(cp,a) =0 forallpeG, oeRM and1<m,i<d,1<k<L, (2.31)
i=1"

and for 1 <m < d, the mth component of the fluxes JSO and jaj are given as

ON)

1 - L d R M d
__(Jgoz)m == Z Zgimkl(so)a)aml(ﬁb”)ka (Jaj)m == Z Z ]mkl(‘:ovo')axl (6_
P k=11=1 Ok

k=11=1

Note that, from and the arbitrariness of U, we require the prefactor A, —c, + (A, —
¢y)1 to vanish. Since A, ¢, € TG and the vector (A, —¢,)1 is orthogonal to TG this leads
to the consideration A, = ¢, and A, = ¢, in . We introduce a pressure-like function
p and choose

Ay =p - Ba(p, V) - A¥(p) +e(p,Vp,0) -Pu-o - Ny (p,0) 0, (2.32)

and, for a positive constant K,

0= K(V(e(p,Vp,0) ~Pu-¢ - No(p,0) -0 -X,) - Bdiv ((Ve) ave(p, Ve)))

= K (V(-p+ Ba(p, V) + AU(p)) - Bdiv ((Ve) a ve(p, Ve))) -
(2.33)
We can further simplify (2.33)) with the identity:

V(a(p, V) = (Vo) ap(p, V) +div (V) 'ave (e, V) = (V) 'div (a ve (e, Ve)),

and hence, ([2.33]) becomes

U=-KVp+K(Ve)' (n-Ny(p 0)). (2.34)

Thus, the model equations are

divo=1-U(ep,0), (2.35a)

0 =-KVp+K(Ve) (k- Ne(p,0)), (2.35b)

dp +div (p ® 1) = div (C(p,0)V(Pu)) + U(p, ), (2.35¢)
B =Bay(p, V) - Bdiv (a,95(p, V) + AV 4(p) + N o(p,0), (2.35d)

oo +div (o ®9) =div(D(p,0)VN o (p,0)) + S(p,0), (2.35¢)

where

L
UZ(ﬁilul,...,ﬁzluL)TERL, 1-U = Z :(Sl,...,SM)TERM.

=1

|8

The constitutive choices above lead to the following energy identity.
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Theorem 2.1. A sufficiently smooth solution to (2.35) fulfills

d

Le(p.0) = [ (AU(p)+ Balp, Vo) + N(p.0)) dL"

== fQQ(%U)V(Pu) :V(Pu) + D(4,0)VN o (9,0) : VN 5 (p,0) + g e
- fﬂ S(p,0) No(p,0)-U(p,0) Pudl’
- [ (1 U(p.0))(¢-Pu+ o No(,0) - Nip,o) ~p) dL’
v [ Cle.0)V(Pu): (P D) + BRag,(o,7¢) : (0p®7) dH™!
+ [892(‘P"7)VN70(‘P7U) :(Ng(p,0)00) + (N(p,0)+p)i-vdH"".
Proof. Taking the scalar product of with Pu and integrating over €2 leads to

fQPN'at‘:H (- Pu)1-U(p,0) +Pu- (V)i dL?
- [ ~Cle. )V () : V() + Up,0) - Pudc? (2.36)
+ faQ Clp,o)V(Pp): (Ppev) dH

Taking the projection of (2.35d|) and the scalar product with d,¢, and integrating over 2
leads to

[ Pu-dpdr? = | P(Bay(p,7¢) + AU () + Ny(w,0) - dripdL”

(2.37)
- fQ Bdiv (Pa,yy (e, V) - dupdL’,

where we used the linearity of the projection operator to deduce that Pdiv (ay,) =
div (Pa,y, ). Integrating by parts on the last term of (2.37)) leads to

[ Pu-dpdr? = [ P(Bay(p,9¢) + AV p(¢) + Nyl,0) - dupdc?
; fQ B(Pa.g,(p, V) : 0V dL (2.38)
- [ BPage(e.79): (O 0)dH',
Next, taking the scalar product of with N, and integrating over {2 leads to
/Q No(p,0) 00+ (0-No(p,0))1-U(p,0) + No(p,0) - (Vo)vdL
—- [ D(6,0)VN o (,0): UNo (0,0) - S(,0) - N (9, 0) AL (239)
+ [ D(.0)IN(.0): (Nolip,0) ©7) dH™,

while taking the scalar product of (2.35b|) with ¥ and integrating over €2 gives

S12
/l) 7 —
fn % dL = [Q ~Vp- U+ (- Ny(p,0)) (V)i dL?

(2.40)
= prl U(p,0) +P(n— Ny(p,0)) - (V) o dL? - fmpﬁ vdH,
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where we used the projection operator to deduce that (- N ) - (Ve)d = P(n—-N) -
(V). Note that

fQPN,q,(go,a)-(w)mNﬂ((p,a)-(vU)@dﬁd:fﬂv(N(ap,a))-ﬁdad
:[Q—N(Lp,a)l-U(cp,o')dEd+LQN(Lp,a')@'-Dd’}-ld_l.

Furthermore, by the definition of the projection operator and the fact that d;p € TG,
OV € (TG)?, it holds that

d
2E(p.0) = [ P(Bay(0,70) + AUp(9) + Np(p,0)) - Orp L

+L3Pa,v¢(¢,V¢):8tho+N7c,(<p,a-)-ata-d£d.

Thus, adding (2.36)), (2.38), (2.39) and (2.40)) gives the energy identity. O

Remark 2.1. It follows from Theorem[2.1] that, under the boundary conditions

v-7=0, (Clp,0)V(Pu)) 7 =0, (D(4,0)VN 4(p,0)) =0, (Page(p,Ve)) o =0
on 0L, and in the absence of source terms S(p,0) =0 and U(p,0) = 0, the total free
energy E(p, o) is non-increasing in time.
2.4 Specific models
2.4.1 Zero velocity and zero excess of total mass

Assuming zero excess of total mass, ie., 1-U = Zle ﬁ;lui = 0, we obtain from
that divd = 0. Then, sending K — 0 in formally implies that © — 0, see also [22,
§6] for a rigorous treatment in the two-component case. Then , with source terms
satisfying 1-U =0, can be reduced to

Opp =div (g((pv U)V(PN)) + U(‘pv U)? (2413‘)
B =Ba,(p,Ve) - Bdiv(aye(p, V) + AV ,(p) + Ne(p,0), (2.41b)
oo =div (D(p,0)VN 5(p,0)) + S(p,0), (2.41c¢)

which can be seen as the multiphase analogue of the model considered in [23, §2.4.3].
Note that due to the condition 1-U = 0 and ([2.29)) (for second order tensors) or (2.31)) (for
fourth order tensors), we necessarily have that ¢(t) € G for all ¢ > 0 if the initial condition
o for ¢ belongs to G.
2.4.2 Choices for the Ginzburg—Landau energy
Typical choices for the gradient part of the free energy are the following

Ll 2 L o 2

a(n, V) =, B IVeil”, or a(n, V)= > SBii niVe; —niVeil”,
i=1 1<i<j<L

where the constants 3;;, 1 <7 < j < L are referred to as the gradient energy coefficient of
phases i and j (see [21], 26]). For the potential part, we may consider the following

L
1
U(p) =kpl ) pilng; - 3% We,
=1
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where kp denotes the Boltzmann constant, 6 is the absolute temperature, and W =
(wij)1<ij<r is a symmetric L x L matrix with zeros on the diagonal and positive defi-
nite on TG. For example, the choice W =1-1® 1, where I is the identity matrix, is used

in [5, 26, 44]. One can check that ¢ - (;Z 1® 1)C = ¢ for any ¢ € TG. We can also
consider obstacle potentials that penalise the order parameter ¢ from straying out of the
set G:

0 foryegG,

) (2.42)
oo  otherwise.

V() =Ia(e) - %@'ﬁcp, Io(y) = {

Let us also mention potentials of polynomial type, which generalise the quartic double-well
potential (1 -%2)? commonly used in two-phase diffuse interface models. One example is

U(p)= > upier,
1<i<j<L

where «; are positive constants [25].

2.5 Degenerate Ginzburg—Landau energy

As described in Section we may consider a Ginzburg-Landau-type energy of the form

B k
Ep.0)= [ 5|2 e
=2

k
+ AW (Z cpi) +N(p,0)dL?,
i=2

for some 2<k <L, i.e., E(p,0) can be independent of ¢; and ¢; for any j > k, and W is
a scalar potential with equal minima at 0 and 1. In the simplest setting L = 2 and if the
chemical free energy density N is independent of ¢, we obtain from ([2.35d|) that

p1=0, pz=-BAps+ AW (p2).

Together with a mobility tensor C (¢, 0) € R?*2 such that Con(p,0) = -Calp,0) =m(p2)
for some mobility function m, we obtain from ([2.35¢))

Opp1 +div (19) = —=div (m(p2) V) + ﬁ[lul, Oppa + div (p29) = div (m(p2)Vue) +ﬁ§1U2.

Thus, we obtain a Cahn-Hilliard type equation for s, while for ¢; we have a transport
equation with source terms p;'U; and div (m(@2)Vuz2). This is similar to the situations
encountered in [8], 9 15| 20, 54, 56].

2.6 Mobility tensor

We consider second order mobility tensors C(¢p, o) which fulfill . For future analysis
and numerical implementations, it is advantageous to consider a mobility that is symmetric
and positive semi-definite on TG, see for instance [3,[17]. In most cases C(¢p, o) is expected
to mainly depend on ¢ and our standard choice will be independent of o and of the form

L -1
Cij(p) =mi(e;) (517' - m;(p;) (kzl mk(s%)) ) for 1<i,j<L, (2.43)

where m;(p;) >0, 1 <i < L, are the so-called bare mobilities. Here, we assume that the
vector (mi(¢1),...,mr(er))" is not identically zero on the Gibbs simplex, so that the
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reciprocal of the sum Y X my(¢y,) is well-defined. Summing over 1< < L in (2.43)) shows
that (2.29) is satisfied. Furthermore, for any ¢ € RY, we have (for notational convenience
we write m; for m;(y;))

( lez Kz’ Z] 1m]) (ZlelmZCZ)Q

L
251 my

¢-Clp)C=

Zl<z<g<L mim; (Gi— Cj)2

L
ijl mj

1

_( S mamy (1GP + ¢ 2@@))

Z 1My \1<i<j<L

>0,

where we have used the relations

(Zmzm )(Zm) gm G+ X mamy |G

1<izj<L

mZ |G+ > mmy (G +1G1%),

Mh

i=1 1<i<j<L
L
(Zngz) Zmz |Cz +2 Z mzm]CzC]
=1 1<i<j<L

In particular, for any ¢ € G, C' () is positive semi-definite.

2.7 Reduction to a two-component tumour model

We assume that the domain §2 consists of proliferating tumour tissue and host tissue in
the presence of a chemical species acting as a nutrient for the tumour. Let L = 2 and
M =1, and set B
p=p2-p1, ¥(@) =V (5(1-9),3(1+9)),
~ 2 2
= 3(p2 = ), a(n, Vo) = |Ver|” +|Veal”,
N(@,O’)ZN(i(l—gO),i(1+g0),O'), (244)
S(,0) =8 (5(1-9),5(1+9),0),
Ui(g,0) =Ui (5(1-2),3(1+),0) fori=1,2,

together with a scalar mobility

D((3(1-¢),5(1+9)),0) = n(d), (2.45)

which we here assume to be independent of o, for the nutrient equation and a second order
mobility tensor C(¢) of the form (2.43)) with bare mobilities m (1) and ma(p2). With
the help of (2.43) the entries of C'(¢) can be computed as

Cr1(p) = Caz(p) = ~Caa(p) = —Car(ep) = mnfé;f)llm;if;; .

Then, upon defining a non-negative scalar mobility m that is a function of ¢ as

Amy (552)ma(552) ~ m(p)  -m(p) 22
e e R R ARl B

m(g) =
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it can be shown that (2.35)) becomes

divd = py U (@, 0) + py Us(p,0), (2.47a)
v=-KVp+K(ji- Ng(¢,0))V, (2.47b)

0y + div (¢0) = div (m(@)Via) + by Ua(&,0) - oy T ($,0), (2.47¢)
fi = AV (@) - BAG + N 5(p,0), (2.474d)

Do +div (00) = div (n(@)VN ) + S(p,0), (2.47¢)

which coincides with [23, Equation (2.25)]. We refer the reader to [23] for a detailed
comparison between (2.47)) with other two-component phase field models of tumour growth
in the literature.

2.8 Tumour with quiescent and necrotic cells

In this section, we give some examples of source terms for the case where a tumour exhibits
a quiescent region and a necrotic region. Let L = 4 and denote the volume fractions of the
host tissue, proliferating tumour cells, quiescent tumour cells and necrotic tumour cells by
¢H, PP, pQ, and py, respectively, i.e., ¢ = (o, P, 9@, PN)

We assume matched densities, i.e., py = pp = pg = py = 1, and that there are two
chemical species present in the domain, i.e., M = 2. The first is a nutrient whose con-
centration is denoted as o,,, and is only consumed by the proliferating and quiescent
tumour cells, and the second is a toxic intracellular agent, whose concentration is denoted
as oy,. Hence o = (0py,01,)". During necrosis, the cell membrane loses its integrity and
toxic agents from the former intracellular compartment flow outwards. We assume that
these toxic agents act as growth inhibitors on the surrounding living cells and degrade at
a constant rate. Furthermore, we denote by o,,, 0g,, 0, > 0 the critical concentrations
such that

*

q> T qn?

e if 0, < Ony < 0y, then the proliferating tumour cells will turn quiescent,

*

o if oy <0y,

then the quiescent tumour cells will undergo necrosis,
o if 0y, > 0}, then the toxic agents start to inhibit the growth of the living cells.

For the source/sink terms S;(,0), j € {nu,tz}, we consider

Snu(p,0) = —0nu(pPCp +9gCo) (2.48a)
consumption by living tumour cells

Stz(‘Pv U) = SONRta: - Doty (2-48b)
~—— ~——

release by necrotic cells degradation

with constant consumption rates Cp, Cg > 0 by the proliferating and quiescent cells,
respectively, constant release rate Ry, > 0 of toxic agents by the necrotic cells, and constant
degradation rate Dy, > 0 of the toxic agents. We consider the following free energy density

N(p,0):

Dtm
2

D
;U |Unu|2 + |Ut:r;|2 ~— XnuOnuPP, (249)

N(p,0) =

where D,,,, D, > 0 denote parameters related to the diffusivity of the nutrient and of
the toxic agent, respectively, and X, > 0 can be viewed as a parameter for transport
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mechanisms such as chemotaxis and active transport. Neglecting the toxic agent, the
above form for the free energy density N is similar to the one chosen in [23] BI]. In
particular, the first two terms of N lead to diffusion of the nutrient and toxic agent,
respectively, while the third term of N will give rise to transport mechanisms that drive
the proliferating tumour cells to the regions of high nutrient, and also drive the nutrient
to the proliferating tumour cells, see [23] for more details regarding the effects of the third
term.

Then, computing N (¢, o) and considering D(¢, o) to be the second order identity

tensor 1 € R>2 ([2.35¢) becomes

O0¢Onu + div (0py0) = div (DpuVonu = XnuVePr) — onu (0PCp + 9CQ) (2.50a)
atO'm + div (O'tx’U) =div (DthO'tx) + SONRt:): - Dtxatm- (250b)

For the source terms Uy, Up,Ug,Un, we assume that

e the host cells experience apoptosis at a constant rate Ay > 0 and are inhibited by
the toxic agent at a constant rate A;, > 0, leading to

* o+
UH((P, U) = _QOHAta:(Utx - Utw) - SOHAH ;
—_——
inhibition by toxic agents apoptosis of
host tissue

where (f)* = max(0, f) denotes the positive part of f.

e The proliferating tumour cells grow due to nutrient consumption at a constant rate
P > 0, experience apoptosis at a constant rate Ap > 0, and are inhibited by the toxic
agents at the rate Ay,. Furthermore, when o, falls below a;q, there is a transition
to the quiescent cells at a constant rate 7,, > 0, but when the nutrient concentration
is above o, there is a transition from the quiescent cells at a constant rate 7, > 0.

Altogether this yields

* \+
UP(CP,O') = epPony _SOPAtx(Utx - Ut:z) - QOPAP
— —
growth due to inhibition by apoptosis of
nutrient consumption toxic agents proliferating cells
* \+ * +
+ SDQEP(O'TLU - qu) - @P%q(gpq - Unu)

transition from quiescent transition from proliferating
to proliferating cells to quiescent cells

e The quiescent cells experience apoptosis at a constant rate Ag > 0, and are inhibited
by the toxic agent at the rate As,. Furthermore, aside from the exchange between
the proliferating cells and the quiescent cells when the nutrient concentration falls
below or is above the critical concentration oy, there is also a transition to the
necrotic cells when o, falls below a;n. This occurs at a constant rate 7, > 0, and

we obtain

Ug(p,0) =~ 0QAu (0 —05) = woAq  — vQTan(0g, = onu)”

—
inhibition by apoptosis of  transition from quiescent
toxic agents quiescent cells to necrotic cells

- QDQEP(O}W - U;q)+ + @P%q(ggq - Unu)+

transition from quiescent transition from proliferating
to proliferating cells to quiescent cells
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e The necrotic cells degrades at a constant rate Dy > 0 and there is a transition
from the quiescent cells at the rate 7;, when op,, falls below oy,,. Furthermore, the
apoptosis of the proliferating and quiescent cells is a source term for the necrotic
cells. This yields

Un(p,0)= @pAp+9pQAq + ©QTan(0g, —0nu)” — Dnen
——

apoptosis of proliferating  transition from quiescent degradation
and quiescent cells to necrotic cells

In practice, on the time scale considered, Ay is small and will often be neglected. A
unique feature of the necrotic core is reflected in the second term of Uy, which describes
a spontaneous degradation of the necrotic core. Physiologically, one would expect that
the remains of the necrotic cells are slowly processed by specialised cells, leaving only
extracellular liquid behind. Since we do not account for a pure liquid phase in our systems,
we obtain a local mass defect due to the disintegration of the necrotic core. For the source
terms discussed above, the equation for equal densities py = pp =pg = py =1 then
becomes

div® = pPony — e Al — Atz (1 - on) (012 — 07,) " = DNen,

and the disintegration of the necrotic core leads to a sink term for the divergence of the
volume-averaged velocity field. Hence one could argue that there are two effects resulting
from the existence of a necrotic core which could possibly limit the uncontrolled growth
of the tumour colony. On the one hand we have the obvious growth inhibition due to the
toxic agents, whereas on the other hand the degradation of the necrotic core draws the
growing periphery of the tumour back towards the tumour centre.

2.9 Blood vessels and angiogenic factors

We can introduce angiogenic factors into the system by considering two additional chem-
ical species: blood vessels whose density is denoted as b and an angiogenic factor whose
concentration is denoted as a. Hence o = (0,4, 0tz a,b)". We assume that

e the blood vessels offer a supply of nutrient og,p, > 0 at a constant rate B, > 0, which
leads to the modification

Snu(soa O') = Brub (USup - Unu) —Onu (QOPCP + SDQCQ) .

nutrient supply from blood vessels

The new term B,,b(0sup — Ony) in Sy, models the situation where if the nutrient
concentration is below ogyp, then additional nutrient is supplied by the blood vessels
at a rate By,. However, if 0,,,, > 0gyp, then the nutrient diffuses into the blood vessels
and is transported away from the cells.

e The blood vessels are capable of removing the toxic agents released by the necrotic
cells at a constant rate By, > 0, which leads to the modification

Stx(§07 0') = ONRitz — D20tz — Bipoieb
———
removal by blood vessels
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e The angiogenic factor is a chemical species that is released by the quiescent tumour
cells at a constant rate Rang > 0 due to the lack of nutrient in their surroundings,
and it degrades at a constant rate Dy,g > 0. This leads to

Sa(SO, U) = (PQRang - Danga
— —
release by queiscent cells degradation

In our model, tumour cells become quiescent as a consequence of a lack of nutrient.
Therefore it makes sense to assume that the cells, which are in most need of a reliable
vascularisation, are secreting factors which induce the necessary blood vessel growth.
This assumption has already been suggested in [7, [14]. A very important example
for tumour nutrient is oxygen. It is well known that a lack of this nutrient, hypoxia,
is an important stimulus for angiogenesis [51].

e Meanwhile, the angiogenic factor induces angiogenesis and consequently the vessel
density around the badly supplied tumour cells increases at a constant rate Gy, > 0.
There are two ways in which the blood vessels can degrade. The first is a natural
process which occurs at a constant rate Dy, > 0, and the second is through the
overexposure of the toxic agent. That is, the blood vessels degrade at a constant
rate Dy, when the concentration of the toxic agent oy, is higher than the critical
value o;,. These considerations lead to

* \+
Sp(p,0) = Gpvab - Db —Dy(ow—0f,)"b.
vessel growth due to natural degradation due to
angiogenic factors ~ degradation toxic agents

Similar to Section for the choice of the free energy density N (¢, o), we consider

Dnu

D D D
; 20V 12 ¢ 228 102 21— TP (2.51)

2 2 2

N(p,0) = |UmL|2+

The difference between (2.49) and (2.51)) is the addition of the terms % 6% + % la® to
model the diffusion of the blood vessel density and the angiogenesis factor, respectively.
Computing N ,(p, o) and taking D(¢, ) as the identity tensor in R**4, we arrive at the
following system for the chemical species:

Oy + div (0py¥) = div (DpuVony = XnuVeP) + Bnub (0sup — 0nu) (2.52a)
—onu (PPCP +9QCQ)

Oty + div (0420) = div (D Vote) + ONRiz — DipOty — Biaotab, (2.52D)

Ob + div (b0) = div (Dpy V) + Gpyab — Diyb (1 + (01 — 0f,) "), (2.52¢)

Ora + div (av) = div (DangVa) + 99Rang — Danga. (2.52d)

We expect that Dy, = 0 in practice, however choosing Dy, to be positive is beneficial for
the analytical and numerical treatment of the equations.

An alternative way to model angiogenesis is as follows. One could fix the blood vessel
density on the boundary of the domain and assume that blood vessel growth is governed by
chemotaxis towards the angiogenic factor, meaning that blood vessels are drawn towards
regions with a high concentration of angiogenic factors. In this case, we neglect the first
term of 5, leading to

Sp(, ) = =Dpyb = Dy (045 — 07,) b
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If we consider the free energy density N as in ([2.51]), with its partial derivative with respect
to the vector o given as

N,a'(‘Pﬂ’) = (Dnuanu + XnupP> Duvb, Dangaa Dtxa'ta:)T € R47

then we may consider a second order mobility tensor Q(cp, o) e R4 of the form

1 if i =74,
[2(‘)070-)]1] = _gaTI:‘ib if i = 27.] = 37
0 otherwise,

where Yang > 0 is a chemotactic sensitivity to the angiogenic factor. Then, upon computing
D(p,0)VN ,(p,0), this yields the following convection-reaction-diffusion system for the
blood vessel density and the angiogenic factor:

Ob + div (bﬁ) =div (vaVb - Xangbva) — Dpyb - va(atz - U;x)+b7
Ora + div (av) = div (DangVa) + 9QRang — Danga-

The term —div (xangbVa) in the equation for b can also be found in the classical models
for chemotaxis (see for example [33] B34} 35, B36]). We remark that the above modelling
approach is different to that in [20] (see also [II], Section 5.12]), which utilises a random
walk model for angiogenesis.

2.10 Three phase model with necrotic cells

In Section 4l we perform numerical simulations of a three-component model, similar to
, consisting of host, proliferating and necrotic cells, along with a single nutrient o =
onu. Neglecting the quiescent cells (pg) and the toxic intracelluar agent (o4;), as well as
the apoptosis of host cells (Ag = 0), the source terms from Section now become

Un(p,0) =0, Up(p,0) = pp(Po - Ap), Un(p,0) = Appp — Dyon,

where the mass lost by the proliferating cells through apoptosis is equal to the mass gained
by the necrotic cells. In the case of equal densities p;; = pp = py = 1, this yields the vector
Uy in (1.8b)). Alternatively, we can consider source terms of the form

U (p,0) =0, Up(p,0) = F(pp) (Po - A), Un(p,0) =¢ ' F(pn) (A-Dy), (2.53)

where F' is a non-negative function satisfying F'(0) = F(1) =0, F'(0) = F'(1) = 0, and
€ > 0 is a parameter measuring the thickness of the interfacial layers, recall . One such
example is F(s) = s?(1-5)2, which in the case of equal densities py; = pp = py = 1 leads to
the vector Ug in ([L.8d). These source terms are chosen in the spirit of [32] (see also [23]
§3.3.2]), where we note that ¢?(1-¢;)? is non-zero only near the vicinity of the interfacial
layers, while the scaling with % and the specific properties of F' ensure that these source
terms only appear in the equation of motion for the interfaces when we consider the sharp
interface limit € — 0.

3 Sharp interface asymptotics

Different models have been suggested to describe free boundary problems involving mul-
tiphase tumour growth. In particular, the effect of a necrotic core has been studied in
[13, [18]. In this section, we will perform a formally matched asymptotic analysis for the
phase field model in order to derive new free boundary problems for tumour growth.
We make the following assumptions:
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Assumption 3.1.

1.

2.

A= g and B = Be for positive constants B and €.

The mass exchange terms U € R and S e RM depend only on ¢ € RY and o e RM,
and not on any derivatives.

Rdexde

The mobility tensor 2(<p,0') € is a strictly positive and smooth fourth

order tensor for all ¢ € G and o € RM. Here by a strictly positive fourth order
tensor A we mean t : (ét) > 0 for all second order tensors t € RM*4 ¢ + 0, and

t:(At)=0<t=0.

. UG = Ry is a smooth multi-well potential with L equal minima at the points e;

satisfying W(e;) =0 for 1 <1< L. Furthermore, we assume that there exist constants
c1,c2,c3 and p > 2 such that

cilpl” <W(p) <calepf”  for [l 2 cs.

We choose the gradient energy as

L

1 & s, 14 & 5 1
a(n,Ve) = B YVl = B D3 10npil” = §(VSO V).
=1 i=1k=1

The mobility tensor g(cp, o) e REXExd g1 g1l p € G and o € RM is a smooth fourth
order tensor such that (2.29) is satisfied and also fulfils C(p,0)(a® b):(a®b)>0
for all0+ac{1}* and 0+ beR%

For small e, we assume that the domain £ can be divided into L open subdomains
Qi(e), 1 <i < L, separated by interfaces I';j(e), 1 < i < j < L that do not intersect
with each other or with the boundary 0S2.

We assume that there is a family (U, pe, e, Oc, e )es0 0f solutions to , which
are sufficiently smooth and have an asymptotic expansion in € in the bulk regions
away from the interfaces {T'ij(€) }1<icj<r (the outer expansion), and another expan-
sion in the interfacial regions close to the interfaces (the inner expansion).

Remark 3.1. In the above assumption, for a domain Q c RY, d = 2,3, we exclude the
possibility of triple junction points in R? and triple junction lines or quadruple junction
points in R3.  Although the method of formally matched asymptotic analysis is able to
derive certain boundary/angle conditions for the interfaces I';; at such a triple junction,
as the case of junctions is not so relevant for tumour growth we will omit the analysis and
refer the reader to [3, (6, (24, (25, [43).

With the above assumptions, (2.35)) becomes

divi=1-U(p,0o), (3.1a)
U=-KVp+K(Ve)' (n-Ny(p 0)), (3.1b)

dp +div (p ®0) = div (C(p,0)VPur) +U(p,0), (3.1c)
Pp = ~felg + 5P (U, (9) + No(,0)) (3.1d)

oo +div (o @ v) =div (D(p,0)VN s (p,0)) + S(p,0). (3.1e)
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The idea of the method is to plug the outer and inner expansions in the model equations
and solve them order by order. In addition, we have to define a suitable region where
these expansions should match up.

We will use the following notation: (3.1a)¢, and ? denote the terms resulting
from the order o outer and inner expansions of , respectively. For convenience, we
will denote N (¢, ) by the variable 6.

3.1 Outer expansions

We assume that for f; € {0, e, 0¢, pte, pe, 0}, the following outer expansions hold:
fe=fotefi+eifa+. ..,
where to ensure that the constraint ¢ € G is satisfied, we additionally assume that
poeG, @reTG VEkx>1.

Note that we can relate the expansions for 8. by means of Taylor’s expansion:
0o = No(¥0,00), 01=Nou,(p0,00)p1+ N go(po,00)01, ... (3.2)

To leading order (3.1d)) E)l we have

1 & ov
P 4 (o) = ¥ 4 (o) - I > o0
i=1 7

(p0)1=0. (3.3)

The stable solutions to (3.3)) are the minima of W, that is, ¢o = €;, 1 < i < L. Thus,
to leading order the domain €2 is partitioned into L regions corresponding to the stable
minima of ¥. We define

Q;={ZeQ:¢o(Z)=¢€} forl<i<L.

Since Vepp =0 € RE*? is the zero tensor in the bulk regions €, 1 < i < L, we obtain from
(3.1al), (3.1b)), (3.1c) and (3.1€) to zeroth order in each bulk region:

divdg =1-U (o, 00), (3.4a)

B0 = ~K'Vpo, (3.4D)

=div (C(0,00)V(Pro)) = U(po,00) = (1-U(po,00)) %0, (3.4¢)
droo + div (a9 ® v) = div (D(w0,70) VN o (40, 00)) + S (0, 00). (3.4d)

3.2 Inner expansions and matching conditions

In this section we fix 1 <i < j < L and construct a solution that makes a transition from
2; to 2, across a smoothly evolving hypersurface I' = I';; moving with normal velocity V.
Let d(Z) denote the signed distance function to I', and set z = g as the rescaled distance
variable. Here we use the convention that d(Z) < 0 in €; and d(zZ) > 0 in ;. Thus the
gradient Vd points from ; to {1; and we may use Vd on I' as a unit normal .

Let g(t,s) denote a parameterisation of I by arclength s, and in a tubular neighbour-

hood of T, for smooth functions f(Z), we have

f(i:) = f(g(t,s) +€Zl7(g(t,s))) = F(t’saz)'
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In this new (t, s, z)-coordinate system, the following change of variables apply (see [1} 27]):
1 1 .
Oif =——VO,F+ hot.,, V.f=-0,Fv+VrF+ ho.t.,
€ €

where Vrh denotes the surface gradient of h on I' and h.o.t. denotes higher order terms
with respect to . In particular, we have

1 1
Af=div(Vef) = 50..F + = divp(9.Fp) + ho.t.,
e Eo—
=—r0, F

where k = —divpr is the mean curvature of I'. Moreover, if f is a vector-valued function
with F(t,s,z) = f(t,2) for Z in a tubular neighbourhood of T', then we obtain

1 1
of=--VOo,F+ hot., V,f=-0.F®v+VrF + ho.t.,
€ €
1
div,f=-0,F-v+divprF + h.o.t.
€

We denote the variables ., Uz, pe, He, Oz, 0 in the new coordinate system by ®.,
Ve, P, X, 3., O, respectively. We further assume that they have the following inner
expansions:

F.(t,s,2) = Fo(t,s,2) +eFy(t,s,2) + €2 Fy(t,s,2) + ...,
for F. € {®.,V., P.,X.,%., 0.} such that
PyeG, PTG VEkx>1.

to ensure that the constraint ¢ € G is satisfied. Analogous to (3.2)), by Taylor’s expansion,
we have

O =No(P9,30), O1=Ng,(Po,20)P1+ Noo(Po,X0)X1, ... (3.5)

In order to match the inner expansions valid in the interfacial region to the outer expan-
sions of Section we employ the matching conditions, see [27]:

liml Fo(t,s,2) = fi(t,2), (3.6)
z—>+

liml 0. Fy(t,s,2z) =0, (3.7)
zZ—>+

liml 0. F1(t,s,2) =Vf5(t,z)- v, (3.8)
Z—>+

where fi(t,2) =limso fo(t,2+00(Z)) for Z € " and ¢ > 0. Here we use the convention that
for a vectorial quantity fo, the right hand side of reads as (V f;)v. Moreover, we
use the following notation: Let ¢ >0 and for Z € I" with x — 02(Z) € Q; and z + 60 (Z) € ;,
we denote the jump of a scalar quantity f across the interface by

(Y, = lim (f(1,2 +60(2)) - (2,2 - 50/(2))). (3.9)
For a vectorial quantity f € R¥, we define

[FY =i (F (1,2 +69) = (1,8 = 09)) = (LA )] - [AdD)T
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It will be useful to compute the expansion for the term div(D(¢,0)VNs(p,0)) as
follows: For fixed 1 <l,n <d and 1 <k, m < M, we find from the above change of variables
formula

1 1
axl ((2(‘107 U))klmn 8acn0m) = gaz ((2({), 2))klmn (gaz@m’/n + Qn@m)) v
+ Ql ((2(¢)’ 2))klmn (gaz@myn +Ql@m)) + h.O.t.,

where D, denotes the nth component of the surface gradient, i.e., Vrf = (D f,...,Dyf)".
Plugging in the expansion (where we use ©,, 4 to denote the gth term of the inner expansion
for the mth component of ®) and using Taylor’s theorem we have

Ou (D>, 0)) 4y, o)

- E%az ((2(®0,%0)),,,,, 0-Omo ) vive + éaz ((D(®0,%0)),,,,, 0-Om.1 ) viva
* % |0 ((2(®0,20)) ..., LaOmon) + D1 ((2(®0. %)), 9-Omova)]  (3.10)
o ((SZL:1 8(2(t:92))klmn 2, +§:1 a(g(tél))km 28’1) (8z@m,ol/n)) "
+ ho.t.,

where we evaluate the last term at t = ¢ and w = 3. Using that
d M
div (D(¢, )TN (p,0)) = [ 32 3 0, (DA ), 0m) |
I,n=1m=1 1<k<L
we obtain the expansion for the term div(D(¢,0)VN,s(p,0)). One can also derive a
similar expansion for div (C(p, o)V (Pp)).
3.2.1 Expansions to leading order

To leading order }1 we obtain
oy o 1
0=-0,(0.20070) U+PV () =-0..Po+ ¥V ,(Pg) - E(‘I’,cp(‘i’o) -1)1. (3.11)

This is a second order differential equation for ®((t, s,-), and for each s we solve the above
ordinary differential equation (in z) with the boundary conditions

lim ®¢(¢,s,2) =e;, lim ®(t,s,z2) = e, (3.12)

Z—00 Z—>—00
which then yields a vector-valued function that connects e; to e; and hence the values
of the phase fields in ; and €;. By the assumptions satisfied by ¥ in Assumption
it is shown in Sternberg [53, Lemma, p. 801] that for any u € G, there exists a curve

Yu : [-1,1] = G such that 4,(-1) = e; and v,(1) = w and the Lipschitz continuous
function

q(u) = [11 VU (y(t)) ”y,;(t)‘ dt satisfies |Vq(u)|=+/¥(u) fora.e. uceG.

Let us define 3: (—o00,00) - (=1,1) as the monotone solution of

V20 (06, (B(2)))
74, (B(2))|

8'(z) = . B(0)=0
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and then set
B(2) =, (8(2)).

Then, it holds that |&'(2)| = \/20(®(2)) and

V2a(e) =3 [ \[U0e, (B L, (8| 8'(2) d

=2 [Tu@e))de= [T u@ )+ % [ ) -

(3.13)

It follows that @ is a candidate solution to the following problem

[TueEn 5l @ i

inf
CeG{(~00)=€;,{(o0)=€;
Computing its Euler-Lagrange equations (subject to the constraint ¢ € G) yields that
B (2) = P (B(2) = 0 ((2)) - 7 (7 (B()) D1,
and if we consider
By(t,s,2) = ®(2),

then ®(z) satisfies (3.11) and (3.12). Furthermore, multiplying (3.11)) with ®{ ¢ TG,
integrating with respect to z and applying the matching condition (3.6 to ®¢, leads to

the so-called equipartition of energy:

1 2
U(Po(2)) = 5 [®o(=)] VzeR,
and we define the surface energy v;; to be
o 1 2 o 2
v =2a(e) = [ W(@o(2)) + 5| @p() dz = [ @) dz (319)
Next, }1 gives
OVo-v=0,(Vp-p) =0. (3.15)

Integrating with respect to z and using the matching condition (3.6|) applied to 9y leads
to

[Go]] -7 = 0. (3.16)
From (3.1d); and (3.10) we have
d M
> > 0. ((D(20, 20)) kimn0=Om,0) vivy = 0 e R, (3.17)

l,n=1m=1

Multiplying by Oy ¢ and summing from k =1 to M and then integrating with respect to z,
we obtain from integration by parts and the matching condition (3.7]) applied to ®q that

M d o
0=- Z Z f (2(@07 20))klmn 8z@m,0Vn8z@k,oUl dz
km=11n=1""%

- [: (D(®0,£0)(0.00® 7)) : (9.0 ® D) d=.
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The strict positivity of D (in the sense of Assumption yields
9.0(t,5,2) =0eRY VzeR, (3.18)

i.e., ©¢ is independent of z. Moreover, integrating (3.18) with respect to z and using the
matching condition (3.6) applied to ©¢ gives

[60]] = [N (¢0,00)]1] =0 e R, (3.19)

Meanwhile, from }2, we have

d L
RE 50 = ( > Y 0. ((C(®@0,20)),,,,, O-PTmo) Wm) : (3.20)
1<k<L

l,n=1m=1

Multiplying by PY} o € TG and summing from £ = 1 to L, an analysis similar to the above
for ©¢ using the assumptions on C yields that

O.PYo(t,s,2)=0eRF VzeR = [Puo) =0eRE (3.21)
Lastly, (3-10);" yields
0=-0.Pyv+(®)- (Yo - N (Po,X0))) . (3.22)

Taking the scalar product with ¥ and then integrating with respect to z leads to

ol = [ @ (Yo~ Np(®0,Z0))dz = [~ @) (PYo- Nop(®0,50)) dz, (3.23)

where we used the matching condition (3.6 applied to Py and the fact that ®{ € TG and
so ®(- Yo =P -PYy. Thanks to the fact that PYy is independent of z, we find that

f &, - PYodz = f 9. (PYo - ) dz = [Ppo - ol - (3.24)
Recalling ®g = N o (P, Xp) from (3.5), we have

[ @b No(®0.50) dz = [N (@0, 50) - [~ 0.8 ©gdr”

‘ A (3.25)
=[N (¥0,00)]! - [o0]] - N o (0, 00),
and so becomes
[po — Pro - o — N (0, 00) + No (0, 00) - 0o} = 0. (3.26)
3.2.2 Expansions to first order
To first order, we find from ?
PY g = BPY o (Po)P1 + PN (P, Xp) — £0..P1 — Bdivr (<I>6 ® 17) ) (3.27)

where we used that ®¢ is only a function of z and so Vr®g = 0 is the zero tensor. As
®,c TG, Pf-®( = f-®(, and hence after multiplying with & and integrating over
z we obtain -
f l(]P"ro - N, (®0,%0)) - By dz
el (3.28)
- f (U s (B0)B1) - B — 0By - B + 10 |BY[ dz,
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where k£ = —divpr is the mean curvature of I' and we have used that divp(®) ® ) =
®(divrv = —k®(. Due to the symmetry of the tensor ¥ ,, it holds that

(Vo (20)) 1+ By = (V0 () ) Ry 1 = 0 (T (R0)) - D1 (3.29)
Then by integrating by parts we obtain from (3.11)) and the matching conditions (3.6]),
(3.7) applied to ®q that
f 0,(T o (B0)) - B — 0, B - Bl = f (U (Do) - BY) - 0,® d=
+[ W (Bo) - 1+ B - 081

=0.
z=—00

Using (3.14]), (3.24), and (3.25]), we obtain from (3.28)) the following solvability condition
for ®;:

Bij = [Po - wol] = [N (0, 0) Y] + [00]] - N.o (0, 90) = [po]] - (3.30)
Next, thanks to the fact that 0,PY =0, to first order we obtain from }1
—V(I’6 + GZ(<I’0(60 . 17)) =0, ((g(q)o, 20)) [(3ZPT1 ® 17) + V[‘]PT()]) v. (331)

We note that by the matching condition (3.8) applied to PY;, we have lim,_, ;0 0,.PY Q0 =
V(Pug)v, and hence
Put  f
(0.PY ® D) + VrPYy - | Ho  Torz=ee
VPupy  for z — —oo.
From (3.15)), ¥g- v is independent of z, so integrating (13.31]) with respect to z and applying
the matching condition (3.6)) to ®¢ and (3.8) to 0,PY; gives

(<V+30-9) [ol] = [(C(0,70)) V (Pao)] 7. (3.32)
Similar, thanks to the fact that 0,0 = 0, we obtain from }1
~V9. %0 + 0.(Zo(B0 - 7)) = 0. ((D(R0, X0)) [(0:©1 @ V) + VrOq]) 7, (3.33)
and upon integrating with respect to z we obtain
(- + 7 7) [00)] = [D(0,0) VN.o (0. 70) ] . (3.34)

In summary, we obtain the following sharp interface model: In the bulk domains €2 =
{(P(]:ek}a 1<k<L,

divdyg =1-U (¢g,00), (3.35a)

o = —KVpo, (3.35b)

=div (C(¢0,00)V(Pro)) = U(po,00) = 1-U(po, 00) %0, (3.35¢)
Opop + div (o9 ® 7p) = div (Q(Lpg, 00)VN 5(p0,00)) + S(¥0,00), (3.35d)

and on the free boundaries I';; = 9€2; N 0€2;, 1 < i < j < L, with unit normal ¥ pointing
from Q; to €2,

[60]]-5=0, [pol! = Bijn (3.36a)
[Proli =0, (3.36b)
[N.o(0,00)]) =0, (3.36¢)
Bijk = [Ppo - 0 = N(po,00) + 00 - N.o(0,00)],, (3.36d)

(-V +70-7) (ej - &) = [C(eo, UO)V(PHO)]Z v, (3.36¢)
(=V +0-9) [o0]] = [D(0,00) VN & (0, oo)]f v, (3.36f)
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where the surface energy ;; is defined in (3.14]).

3.3 Sharp interface limit for a two-component tumour model

We now sketch the argument to recover the sharp interface model [23, Equation (3.49)]
from (3.35))-(3.36)) for a two-component model of host cells and tumour cells, along with a

single nutrient species, recall also Section[2.7 Dropping the subscript 0 from ([3.35])-(3.36)),
we consider ([2.44) with

X 2 = .
N(p,0) = 7 lol + 2x001, U(p) =dplp; = U(g)=1(1-¢?,

along with the scalar mobility (2.45)), and the second order mobility tensor defined in
" Setting QH = Ql = {(P = (130)T} = {@ = _1} and QT = QQ = {SO = (07 1)T} = {Sé = 1}7

we obtain

v=-KVp, divi=p;U(p,0)+ 7 Us(p,0) in Qg U, (3.37a)
do +div (00) = xo div (n(@) Vo) + S(@,0) in Qg U Qp, (3.37b)
m(+1)Ap = 257U (+1,0) in Qp, (3.37¢)
—m(-1)Ap = 255 Us(~1,0) in Qp. (3.37d)

To obtain the free boundary conditions on I' = T'9, let ®(z) denote the solution to
that connects (0,1)" to (1,0)7, and let ¢ = ®5 — ®; denote the difference between
the second and first component of ®. Then, it holds that ®; = l%d) and ®, = l%b with
lim,,_o #(2) = -1 and lim, ., ¢(2) = 1. We now derive the ODE which is satisfied by ¢.
Taking the difference between the second and first component of (noting that the
last term on the right-hand side of will not contribute to this difference), it holds

that ¢ satisfies

~¢"(2) + 6°(2) = d(2) = =¢"(2) + V'((2)) = 0.

The unique solution ¢ to the above ODE with the boundary conditions lim, s ¢(2) = £1
and satisfying ¢(0) = 0 is the function ¢(z) = tanh(z/v/2). With the help of (3.14), we
compute the surface energy v =12 to be

(o] — oo L 1 ~ 2\/5
- [ 20@(2)dz= [ 20 dz= [ \20(s)ds = =,
7= [ 20@)de= [ 20(0(:))dz= [ 20(s)ds ==
We observe that the jump conditions (3.36¢)) and (3.36f) become

0=[Nolfy = [o]; =222, (-V-5-9)[0]f = 225(-V+5-7) = xo [(§) VoTfy -7,
respectively, and a short computation shows that

_ X T
[P @l = 2= =200, [-N(,0) +oN (0, 0)] = 77 [lo]

T
so that (3.36d|) becomes fyk = 2+ XT" [\0|2]H. Furthermore, taking the difference between
the second and first components of the free boundary conditions (3.36b|) and (3.36€]), the
free boundary conditions on I' = I'15 translates to

o ~ X  Xe 2T
(0] 0=0, [al=0, [ply =0k [0l = X—@ Byn =2+ [lo],,  (3.:38)

2(-V+5-0) = [m(@)Vuly -7, (-V+5-9)[0]} = xo [M(@) V] - D. (3.38b)

The resulting sharp interface model coincides with [23, Equation (3.49)].
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3.4 Sharp interface limit for (1.9)

In this section, we derive the sharp interface limit of (1.9), so that L = 3 and M = 1,
from the general sharp interface model (3.35)-(3.36[), where we again drop the subscript

0. Choosing ([1.3]) with xo =1, Xy = xn =0 and (2.43) with m;(s) =1, 1 <i <3, we have

3

1 1
N(p.o)=5lof, Co)=(6i=3) . S(e.0)=~Cpuo
)=

so that N ,(p,0) = 0 and N 4(¢,0) = 0. Moreover, defining Qg = {¢p = e}, Qp = {p =
ez} and Qpn = {p = e3}, with interfaces I'yp = 00y n9Np, Tpy = 00p N Oy, we assume
that 00y N Oy = @. One can compute that C (@) VPu = C(¢)Va, and thus upon setting

1 1
y=§(2u1—uz—u3), z:g(—u1+2u2—u3),

from (3.35¢) and (3.35d)) (recalling that o evolves quasi-statically) we obtain the following
outer equations:

0 in Qg uy, )
N Na ~Az=Us(p,0) - (1L-U(p,0))p2, inQrupully.

-KAp=(1-U(yp,0)),

Ay =Ui(p,0) - (1-U(p,0))ep1,
Ao =
{CO’ in Qp.

Meanwhile, due to the fact that N ,(p,0) =0 and Pp = (y,2,—(y + z))", we obtain from
(3.364)), (3.36b)), (3.36c) and (3.36f]) that

[Vp]-v =yl =[2]=[o]=[Vo]-?=00onTpyUlpp.

Furthermore, (3.36d)) and (3.36€]) simplify to

[Py = Bypak = Pug —Pus = 2y — 2 on py,
[P} = Bywpk =Pus —Puy =y — 2 on Tp,
-V+KVp-v= [VZ]Z-D, 0= [Vy]ﬁ-l? on I'py,
-V+KVp-U= [Vy]g-ﬁ, V-KVp-U= [Vz]g-ﬂ on I'gp.
In the case where source terms of the form (1.8d)) are considered, the asymptotic

analysis requires a slight modification, which we will briefly sketch below. The multi-
component system we study is given by

divi=e1(1-U(ep,0)), (3.39a)
i=-KVp+K(Ve) u, (3.39b)

Orp + (V)i = div (C(p,0)VPR) +£ 7 (U(p,0) - (1-U(p,0)p)), (3.39¢)
Pu = —BeAp + Be ' PU , (), (3.39d)
0=Aoc+S(p,0), (3.3%)

where we now consider

U(p,0)=(p1'th(p1,0),.... 50 UL, o))", Uk(or,0) = ph(1 - pr)*Fi(o)

with scalar functions Fy, 1 < k < L. For example, we may choose L =3, p; =1 for 1 <i <3,
and Fi(s) =0, Fo(s) =Ps— A, F3(s) =.A- Dy in order to match with (1.8d)).
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In the outer expansions, we obtain (3.3 from 3.39dg)1, which implies that ¢g = e;,
1 <4 < L. Then noting that the source term > (U(p,0) - (1-U(p,0))p) will not
contribute to leading and first order, we obtain from the zeroth order expansions of (3.39al)-

(3-39¢)), (3.39¢) the outer equations
divig =0, vp=-KVpo, div(C(p0,00)V(Ppo))=0, Acg=-5(¢0,00).

For the free boundary condltlons on the 1nterface I';j, using the inner expansions, we

recover (3.21)) from (3.39d); % and from (3.39d); I we have similarly that ® is a function

only in z connectlng €; to e] Whlle the rest of the analysis is analogous, the only difference
lies in l) 7 and 3.39¢) ! where now the source term enters. More precisely, from

(3:3%);" and ( mf we have
0.Vy-0=1-U(®g,%0), (3.40a)
(-V+ Vo - 0)®) = 9. ((C(P0,%0)) [(0:PY1 ® ) + VP Y]) & (3.40D)
+U (Do, %0) — (1-U (Lo, X0)) Po.

Using the fact that 9,%0 =0 (from }2) and introducing the notation ®( ; as the kth
component of the vector ®(, we define for 1 < k,l < L,

6= (e 00)s 0= [ (Por(2)*(L-Bou(2)) dz
GeRPE, Gu= [ (@01(2))2(1 - @01())*Bor(2) dz,
F(o)=(p{'Fi(0),...,p; Fr.(0))", H(o)=(61F1(0),...,00F ().

Then, integrating (3.40al) and (3.40b)) in z leads to

[60]] -7 =1-H(ay), -V(e;-e;)+[(To-D)pol! = [C(‘PO;UO)V(PN’O)] v+ H/(oo),

where we used that

/(VO 0)®(dz = [(To-7)po]! f(l U(®Po,%0))Podz=[(7o- V)(,oo] -GF(0).
Hence, the sharp interface limit of (3.39)) is

~KApg =0, div(C(o,00)V(Ppro)) =0, —Acg=5(p0,00) in Oy,
[Puoll =0, [00)) =0, [Vooll-7=0, Byijk=[Puo- <P0] [po]} on Tyj,
[80)] -7 =1-H(00), -V(ej-ei)+[(To-7)pol] = [C(%JOW(PILO)] v+ H(oo) on 'y,

for1<k<Land 1<i<j<L.

Remark 3.2. In our numerical investigations below, we will use an obstacle potential
, and the asymptotic analysis for the obstacle potential will yield that the outer
e:cpansions w; fori>1 are all zero. Hence, it is suﬁﬁcient to consider source terms of the
form (1 with the prefactor v;(1- ;) instead of p3(1-;)?, which will also lead to the
same outer equations for the sharp interface limit, but in general, the prefactors &y will be
different.
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3.5 Sharp interface limit of a model with degenerate Ginzburg—Landau
energy

In this section, we study a particular three-component model consisting of host cells (¢1),
proliferating cells (¢2) and necrotic cells (¢3) along with a quasi-static nutrient (o), which
is derived from a degenerate Ginzburg-Landau energy, similar to the discussions in Section
In particular, we have L =3 and M = 1. We consider a total energy of the form

9 o
£p.0) = [ 9ol + S (o) + o - oo, (3.41)

where W : R — R is a potential with minima at 0 and 1. In the context of cellular
adhesion, we assume that the host cells and necrotic cells prefer to adhere to each other
rather than to the proliferating cells. Let us consider the bare mobilities mj(s) =1 - s,
ma(s) = s and m3(s) = 1 — s, and the second order tensor C(¢) € R3*3 with entries

Cij(p) = %mz(goz) ((5ij—mj(apj)(2i:1 mk(cpk))_l , 1 <i4,j <3. Then, for a vector of
‘

source terms U such that 1-U =0, the model (2.41]) becomes

Oy = div (C(p)V(Pp)) +U(p,0), (3.42a)
pi2 = =Belpy + Be W (02) = X0, 1 = 3 =0, (3.42b)
0o =div (n(p,0)V(o —Ap2)) + S(p,0), (3.42¢)

where n(p,0) = D(p,0)Xo, A= Xo/Xo, and g1 = pug = 0 precisely due to the fact that the
energy does not depend on ¢; and 3. Sending A — 0, and neglecting the left-hand
side, as the nutrient evolves quasi-statically, and then considering a constant mobility
n(p,o0) =1, leads to the phase field model

Qi = div (Coa() Viu2) + Pz Ua (i, 0), (3.43a)
Orpi = div (Cia()Vp2) + p; Ui, 0), i=1,3, (3.43b)
pi2 = =BeApy + Be” W (p2) - X0, (3.43c)
0=Ac+S(p,0). (3.43d)

Note that by the relations 1-U = ﬁ]lul + ﬁgll/lg + ﬁgll/{g =0, oo = 1—- 1 — 3, and
Ca(p) = -Ci2(p) — Cs2(¢), equation (3.43a) can be written as

~0y(p1 +p3) = ~div ((Caa + C32) (9) Vi) - (71 'Un + p5 ' Us) (0, 0),

which is the negative of the sum of (3.43b)). As the minima of W are 0 and 1, we
have that the leading order term @20 = 0 or 1, which allows us to define the regions

Qp = {p20 =1} = {10 + 30 = 0} and Qp = {p20 = 0} = {¢10+¢1,3 = 1}. Then, the
following outer equations are derived:
0= AO’O + S(QD(),O'()) in QP U Q?g,
~Apigo = P Us(p0,00) = =(py Us + 13 Us) (0, 0) in Qp,
0 =75 Us(po,00) = =(py ' Us + P53 Us) (0, 00) in Qf.

Here we used that ggg(cp) is 1 in Qp and 0 in Q%, while glg(cp), ggg(cp) are equal to —%
in Qp and 0 in Q%. Let I' = 9Qp denote the interface that is moving with normal velocity
V, and let U and x denote the outward unit normal and mean curvature of I', respectively.
Then, we obtain from the inner expansions the following set of equations

[00] =0, [Voo]-©=0, p20=pv6-Xxp00, =V =Vpao-vonl,
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where v is a positive constant defined by v = fol V/2W (s)ds. In the case of equal densities
P1 =Py = Pp3 = 1, we now choose the source terms to be

1
S(QO, U) =-0, UQ((p?O’) = PUSO21 u1(9070-) = u3(¢7 U) = _5730-@27
for a positive constant P, and define p = p2 ¢ + X,00, so that we have

Aog =09, Ap=(xyo—-P)ogin Qp, Aocy=o0pin Qp,
[00] =0, [Voo]-#=0, p=pyk, -V=Vp-U-x,Voo-vonl,

which bears some similarities to the free boundary models studied in [10, 12, 18], 47].

4 Numerical approximation

In this section we propose a finite element approximation for the three-component model
and present several numerical simulations for it. In particular, we have L = 3 and
M =1 and consider the obstacle potential . For the mobility tensor C(¢) we choose
with N

mi(s)=1-s+dc, ma(s)=s+dc, ms(s)=s+0c, (4.1)

where §c = 107% is a regularisation parameter. Moreover, we consider (1.3) with x,, X >0
and y, =0, so that
N (0) = (0,~x40,0)". (4.2)

In order to allow for the case K =0, which means that we set the velocity to zero, we
define

O(p.0) - U(p,0) for K >0, (4.3)
U(p,0)-(1-U(p,0))p for K=0.
Recalling —, we consider
S(p,0) =—Cops, (4.4a)
Ua(p,0) = (0,02(Po —A), Ap2 — Dnps), (4.4b)
Up(p,0) = (-p2P0, p2(Po - A), Apa = Dngs)', (4.4c)
Uc(p,0) = (0,6 pa(1 - 2)(Po - A),e  o3(1 - 03)(A- D))" (4.4d)

Here we note that differs from . In particular, we observe that for
the function F' in is chosen as F(s) = s(1 —s), rather than F(s) = s? (1 - 5)? as
for , which clearly does not satisfy the conditions stated below . However, we
remark that the asymptotic analysis remains valid, see Remark

4.1 Finite element approximation

Let 7;, be a regular triangulation of 2 into disjoint open simplices. Associated with Ty is
the piecewise linear finite element space

Sh, = {X € CO(§)|X‘O € Pi(0) Voe '771} c H'(Q),
where we denote by Pj(0) the set of all affine linear functions on o. Let Sj = [S,]* =
Sy x -+ x Sy, and define
S ={xeS8":x>0}.
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Similarly to [44], see also [3], we consider the splitting
W=W*'+W~, where W) is symmetric and positive (negative) semi-definite,

recall . Throughout we choose W =1-1®1, and let W~ = —%1@1. We now introduce
a finite element approximation of the above described model, in which we have taken
homogeneous Neumann boundary conditions for ¢ and p, and the Dirichlet boundary
condition o = o5 € R on Q. To this end, let SP = {x € S| x = op on 9N}, as well as
SY = {x € Sp| x =0 on 9Q}. The numerical scheme is defined as follows: Find

(P, o, o) € Si x Sp, x SP x S

such that

Lok b Lo+ Qe VRl Im),
= (O (e on™ D) m)n - ((L-O (e o) en ™ mn
+ K ((Ver (Vo™ = (Vver ) (i = Np(077)))mm),, (4.5a)
Be(Ver, V(Ch—@h)) — (Be W ph + pi, Ch = P )n
> B Wrer G- i) — (N (oh "), Ch = o), (4.5b)

1 _ _ _ _
—(o =i xnn = K (Vo (Vo = (V) (i = Nog(077))), X)),

+ ([1 ’ fj((p2717 0271)]02717 Xh)h + D(VUZ7 th) - A(VSOS,h? th)
= =C(03,5 1, Xn)h (4.5¢)

n n n n 1 7 n o _n
(VP}w th) = ((VQOh)T(u’h - N,W(Gh))a th)h + E(l : U(Soha Uh)?Xh)ha (45d)

holds for all (¢, mn, xn) € Sy, x Sp x 52, where 7 denotes the time step size, (-,-) denotes
the L>-inner product on €, (-,-) is the usual mass lumped L?-inner product on €, and
A= i—f, recall . In the case K =0 we simply neglect and do not compute for
Py, A quasi-static variant of the discrete nutrient equation is given by

D(VUZ7 th) - )‘(VSO;LJL? th) = _C(Ug(pg,hv Xh)h' (46)

We implemented the scheme - with the help of the finite element toolbox
ALBERTA, see [52]. To increase computational efficiency, we employ adaptive meshes,
which have a finer mesh size h; within the diffuse interfacial regions and a coarser mesh
size h. away from them, see [44] for a more detailed description. Clearly, the system —
decouples, and so we first solve the variational inequality — for (o}, ui)

with the projected block Gauss-Seidel algorithm from [44]. Then we compute o} from

(4.5¢), or from (4.6), and finally p} from (4.5d|), where we employ the direct linear solver
UMFPACK, see [16]. Finally, to increase the efficiency of the numerical computations in

this paper, we exploit the symmetry of the problem and performed all computations only
on a quarter of the desired domain €.

4.2 Numerical simulations

In the following we present several numerical computations in two space dimensions for
the scheme (4.5a))-(4.5b)), (4.5d)) and (4.6). We will fix the interfacial parameter to € = 0.05
throughout, and employ a fine mesh size of hy = 0.02, with h. = 8hy. For the uniform time
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step size we choose 7 = 1072, In order to define the initial data, we introduce the following
functions. Given Ra, R3 >0, d2,d3 > 0 and mo, m3 € N, we define

Ri(Z) = R; + §;cos(m;0),  with 6 =tan™" (E) , 1=2,3. (4.7)
€1
Then we set
1 if () - R(2) < -,
(@ =1, (@) =11- %sin(w) if |r(z) - Bi(@)| <, i=2,3, (48)
0 if () - R;i(2) > F,

where 7(Z) = [Z;-lzl |;1:J|2]% In line with the asymptotics of the phase field approach, the
interfacial thicknesses for vo and v3 are equal to e, see for example [23, Equation (3.24)].

For the initial data ¢9 to (4.5a)-(£.5d) we set

3
(@0i() =@ T] (=i, i=1.23 (49)
J=i+

see also [44] (3.5)]. Unless otherwise stated, we use Ro =2, R3 =1 in (4.7) and choose

52 = 0.1, mo = 2, (53 = 0.05, ms3 = 6, (4.10&)
or (52 = 0.1, mo = 6, (53 = 0.05, ms3 = 4, (4.10b)
or 52 = 0.1, mo = 2, 53 =0. (4.10C)

In addition, we set pg =0 and 02 = op. For the graphical representation of ) we will
always plot the scalar quantity (0,1,2)" - ¢}, which clearly takes on the values 0, 1, 2 in
the host, proliferating and necrotic phases, respectively.

In a first simulation, we investigate the radial growth of the tumour phases for the
source term given sufficient nutrient. To this end, we let Q = (=5,5)? and

A=05 D=1, =01, C=2, P=05 A=x,=01, Dy=0.

For the values o =5 and K =0.01 we start with the perturbed initial profiles defined by
and , respectively, and observe that in each case the initial perturbations get
smoothed out, leading to a nearly radial growth. We show the corresponding simulations
in Figures [I] and

|

Figure 1: (o0p =5, K =0.01) The solution ¢} at times ¢ =0, 2, 5 for (4.4d)) with initial
profile (4.10a)).

In order to investigate the radial growth in more detail, and to study the dependence
on the presence of the fluid flow and on the strength of the nutrient source, we repeat
the simulations in Figures [I] and [2] for circular initial data, and for different values of op
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Figure 2: (op =5, K =0.01) The solution ¢} at times ¢ =0, 2, 5 for (4.4d)) with initial
profile (4.10b]).

Figure 3: A plot of the two radii over time for (4.4d|). The above plots are without fluid
flow, i.e., K =0, for og =2, 5, 10. Below the same for K = 0.01.

and K. In particular, we choose 2 = d3 =0 in and let op € {2,5,10}, with K =0
or K = 0.01. Plots of the radii of the two interfacial layers over time for the different
parameters can be seen in Figure

Looking at the results for o = 2 in particular, we also investigate whether the two radii
eventually meet. To this end, we repeat the simulations for a longer time. As observed in
Figure [d] in the absence of Darcy flow the inner radius indeed catches up with the outer
radius. When Darcy flow is present, however, a constant minimum distance between the
two radii is maintained throughout the evolution. We show some snapshots of the two
different evolutions in Figure

The same simulation as in Figure |1} but now for the source term can be seen in
Figure[6] As a comparison we also show the evolution without the fluid flow, see Figure [7]
In this case we observe quite complex nucleation phenomena of the necrotic phase within
the proliferating phase.

Finally, we consider a numerical simulation on the larger domain Q = (-10,10)? for
the source term , with the parameters

A=0,D=1,8=01,C=2,P=0.1,A=0.02, x, =5, Dy =0,05 =1, K =0.01.

The evolution of the three phases is shown in Figure [§, where we chose the initial radius
R3 = 1. It can be seen that both tumour phases grow, with some instabilities developing at
the tumour /host cell interface. However, if the initial necrotic phase is smaller, it vanishes
and the perturbations become more pronounced, see Figure [9] In fact, towards the end
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Figure 4: A plot of the two radii over time for (4.4d]) and op = 2. The left plot is without
fluid flow, i.e., K =0, while the right plot is for K =0.01.

Figure 5: The solution ¢} at times ¢ = 6, 7, 8 for the two evolutions from Figure
Above for K =0, below for K =0.01.

the evolution in Figure [9] becomes similar to [23, Fig. 5. Let us also point out that the
numerical simulations with the source term are almost identical to Figures |8 and @],
and so we omit the results.

We also investigate the effects of a larger initial necrotic core on the evolution of the
tumour. To this end, we repeat the computation in Figure [§] for the initial radius Rg = 1.5
for Dy € {0,1,5}. The three different evolutions can be seen in Figure[10| where we observe
that for positive values of Dy, the necrotic core slowly disappears, and the subsequent
evolution of the tumour is similar to that observed in Figure [J] Meanwhile, in the case
where the necrotic core does not degrade, upon comparing to Figure |8 we can conclude
that a large necrotic core seems to suppress or delay the development of protrusions and
leads to a more compact growth.
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Figure 6: (o0p =5, K =0.01) The solution ¢} at times ¢ = 0.3, 0.5, 1, 2 for (4.4b). Below
we show plots of 0} at the same times.

5 5
L4 L4
|2 |2

0 0

Figure 7: (o0p =5, K =0) The solution ¢} at times t = 0.3, 0.5, 1, 2 for (4.4b). Below we

show plots of o} at the same times.

Figure 8: The solution ¢} at times ¢ = 10, 15, 20, 25 for 1-| with the perturbed initial
data (4.10c) and R3 = 1.

Figure 9: The solution ¢} at times ¢ = 10, 15, 20, 25 for |-| with the perturbed initial
data (4.10c) and R3 = 0.5.

- | '
4

|2

0
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Figure 10: The solution ¢} at times t =1, 5, 10, 25 for (4.4b)) with the perturbed initial
data (4.10c) and R3 =1.5. The top row is for Dy = 0, the middle row is for Dy =1, and
the bottom row is for Dy = 5.
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