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Abstract

A finite element method for the evolution of a two-phase membrane in a sharp
interface formulation is introduced. The evolution equations are given as an L?-
gradient flow of an energy involving an elastic bending energy and a line energy. In
the two phases Helfrich-type evolution equations are prescribed, and on the inter-
face, an evolving curve on an evolving surface, highly nonlinear boundary conditions
have to hold. Here we consider both C%~ and C'-matching conditions for the sur-
face at the interface. A new weak formulation is introduced, allowing for a stable
semidiscrete parametric finite element approximation of the governing equations. In
addition, we show existence and uniqueness for a fully discrete version of the scheme.
Numerical simulations demonstrate that the approach can deal with a multitude of
geometries. In particular, the paper shows the first computations based on a sharp
interface description, which are not restricted to the axisymmetric case.

Key words. parametric finite elements, Helfrich energy, spontaneous curvature,
multi-phase membrane, line energy, C°- and C'-matching conditions
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1 Introduction

Two-phase elastic membranes, consisting of coexisting fluid domains, have received a lot
of attention in the last 20 years. The interest in two-phase membranes in particular
was triggered by the multitude of different shapes observed in experiments with inho-
mogeneous biomembranes and vesicles. Biomembranes are typically formed as a lipid
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bilayer, and often multiple lipid components are involved, which laterally can separate
into coexisting phases with different properties. Among the complex morphologies that
appear are micro-domains, which resemble lipid rafts, and these are of huge interest in
biology and medicine. As the thickness of the membrane is much smaller than its lateral
length scale, typically the membrane is modelled as a two-dimensional hypersurface in
three dimensional Euclidean space. The equilibrium shape of the membrane is obtained
by minimizing an energy which —besides other contributions— contains bending energies
involving the mean curvature and the Gaussian curvature of the membrane. If different
phases occur, parameters in the curvature energy are inhomogeneous, leading to an in-
teresting free boundary problem as well as to a plethora of different shapes. We refer to
Baumgart et al. (2003), who studied multi-component giant unilamellar vesicles (GUVs)
separating into different phases. These authors were able to optically resolve interactions
between the different phases, its curvature elasticity and the line tension of its interface.

There have been several studies on theoretical and numerical aspects of two-phase
membranes taking curvature elasticity and line energy into account, see e.g. Jiilicher and
Lipowsky (1993, 1996); Tu and Ou-Yang (2004); Baumgart et al. (2005); Wang and Du
(2008); Das et al. (2009); Lowengrub et al. (2009); Elliott and Stinner (2010a,b, 2013);
Helmers (2011, 2013); Choksi et al. (2013); Mercker et al. (2013); Cox and Lowengrub
(2015); Barrett et al. (2016a), which we discuss in the following.

The by now classical model for a one-phase membrane rests on the Canham-Helfrich—
Evans elastic bending energy

%a/(%—?)Q dH2+aG/ICdH2,
T I

where I' is a closed two-dimensional hypersurface and H? denotes the two-dimensional
Hausdorff measure. The mean curvature of I' is denoted by s, and K is its Gaussian
curvature. The constants o and o are bending rigidities, while 2 is the spontaneous
curvature reflecting asymmetry in the membrane introduced, for instance, by different
environments on both sides of the membrane.

In a fundamental work, Jiilicher and Lipowsky (1993, 1996) generalized the Canham-—
Helfrich—Evans model to two-phase membranes. The geometry is now given by two smooth
surfaces I'; and I'y, with a common boundary v. In general, the constants o, a® and 7z
take different values in the two phases I'y and I's, which we will denote with an index 1.
On the curve 7 line tension effects play an important role, and the total energy introduced
by Jiilicher and Lipowsky (1993, 1996) is given as
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where the constant ¢ € R>( denotes a possible line tension, and where an index i € {1, 2}
states that quantities such as the curvatures and physical constants are evaluated with
respect to I';. Of course, H! denotes the one-dimensional Hausdorff measure.



In Jilicher and Lipowsky (1996) it is assumed that the surface ' =Ty U~y Uy is a
O'-surface, meaning in particular that the normal to I' is continuous across the phase
boundary . The works of Helmers (2011, 2013, 2015), on the other hand, also allow for
discontinuities of the normal at . The first variation of the energy E in (1.1) has been
derived in Elliott and Stinner (2010a) for the C''-case and in Wutz (2010) for the C'-
and the C%case. It is the goal of this paper to develop a numerical method for a gradient
flow evolution of the energy E. To be more precise, we will consider an evolution of the
form

(P.2), + e (V%) = | BT 0. (12)
r ¥ 5F

Here V is the velocity of the surface, % E is the first variation of the energy, Y is a test
vector field on the surface related to directions in which one perturbs the given surface I,
and ¢ > 0 is a given constant. In addition, (-,-)r and (-, -), denote the L?*~inner products
on the surface I' and on the curve ~, respectively. The evolution of the surface is hence
given as a steepest descent dynamics with respect to a weighted L?-inner product that
combines contributions from the surface and the curve. It will turn out that the governing
equations in the case where the surface is restricted to be C! are

]7: [—ai As%i+%ai (%Z—%2)2 M — O (%Z—Z)|VSI7Z|2]17, on FZ’, (]_3)

together with the boundary conditions on v = dl';:

oy (2 —32) + ol 72, V=g (36— 32) + a5 2, .1, (1.4a)
[ (Vo) i = [al e+ 632, . T=0oV.7, (1.4D)
— 3l e =) + i s = %) (6 — 3 DT+ [0 72+ 0%, i = oV i (14c)

Equation (1.3), with A; and V, denoting the surface Laplacian and the surface gradient on
I';, respectively, is Willmore flow taking spontaneous curvature effects into account. The
boundary condition (1.4a), with 5, denoting the curvature vector on ~(t), generalizes the
equation for the mean curvature in Navier boundary conditions, appearing for example
in Deckelnick et al. (2017, (6)). The equations (1.4b,c), with 7 being the geodesic torsion
of the curve (t) on I'(t) and with [a;]? = ay — a; denoting the jump of a across ~y(t),
appear in the case ¢ = 0 in Elliott and Stinner (2010b, (3.17), (3.18)), where additional
terms to fix the surface areas and the enclosed volume appear. In the axisymmetric case,
the equations (1.4a—c) reduce to the equations studied by Jiilicher and Lipowsky (1996).
Similar conditions have been derived by Tu and Ou-Yang (2004), and it has already been
discussed in Elliott and Stinner (2010b, Appendix B) that these authors miss one term.
For positive ¢ the equations (1.4b,c) give rise to dynamic boundary conditions taking
into account an additional dissipation mechanism at the boundary. A similar condition
for semi-free boundary conditions has been analyzed in Abels et al. (2016, (1.3)). For
evolutions where the surface areas of I'y and I's, as well as the volume enclosed by T,
are conserved, additional terms appear in (1.3) and (1.4c), see (2.15) and (2.19¢), below.
Moreover, in the case that the surface I' is just continuous, the boundary conditions
(1.4a—c) have to be replaced, and we refer to (2.18a,b), below, for the relevant equations.



Numerically mainly the C'-case has been studied, with the exception of Helmers
(2013), who numerically studied C%-surfaces with kinks in the axisymmetric case with
the help of a phase field method. In the C'-case already Jiilicher and Lipowsky (1996)
computed several two-phase equilibrium shapes in the axisymmetric case by solving a
governing boundary value problem for a system of ordinary differential equations. Based
on research on model membranes, see Baumgart et al. (2003), it has now become possible
to perform a systematic analysis of the influence of parameters also in the case of two-
phase coexistence. We refer to Baumgart et al. (2005), who compared experimental vesicle
shapes with shapes obtained by solving numerically the axisymmetric shape equations
derived by Jiilicher and Lipowsky (1996). In this context, we also refer to Cox and
Lowengrub (2015), who, in contrast to the above works, also took the effect of spontaneous
curvature into account in the axisymmetric case. They were able to show that spontaneous
curvatures already in an axisymmetric setup give rise to a multitude of morphologies not
seen in the case without spontaneous curvature.

Almost all numerical results mentioned so far were for a sharp interface setup. Another
successful approach uses a phase field to describe the two phases on the membrane. Line
energy in this context is replaced by a Ginzburg-Landau energy like in the classical
Cahn-Hilliard theory. We refer to Wang and Du (2008); Lowengrub et al. (2009); Elliott
and Stinner (2010a,b, 2013); Helmers (2011, 2013); Mercker et al. (2013); Mercker and
Marciniak-Czochra (2015) for numerical results based on the phase field approach. The
above papers use a gradient flow approach to obtain equilibrium shapes in the large time
limit. An evolution law using a Cahn-Hilliard equation on the membrane coupled to
surface and bulk (Navier—)Stokes equations has been studied by the present authors in
Barrett et al. (2016a).

Rigorous analytical results for two-phase elastic membranes are very limited. So far
only results for the axisymmetric case are known. We refer to the work of Choksi et al.
(2013), who showed the existence of global minimizers for axisymmetric multi-phase mem-
branes, and the work of Helmers (2011, 2013, 2015), who studied the sharp interface limit
of the phase field approach in an axisymmetric situation. Existence results for the evo-
lution problem are not available in the literature so far and should be addressed in the
future.

It is the goal of this paper to introduce a finite element approximation for a gradient
flow dynamics of the membrane energy F, which is based on a sharp interface approach.
Instead of using a phase field on the membrane, we will directly discretize the curve ~
separating the two phases I'y and I';. In three dimensions the total surface I' will be
discretized with the help of polyhedral surfaces consisting of a union of triangles. The
curve v is discretized as a polygonal curve in R? fitted to the discretization of I' in the
sense that the polygonal curve is the boundary of the open polyhedral sets I'y and T's.
The boundary conditions (1.4a—c) are highly nonlinear and involve derivatives of an order
up to three when formulated with the help of a parameterization. It is hence highly non-
trivial to discretize them in a piecewise linear setup. In this work, a splitting method is
used, which basically uses the position vectors of the nodes and an approximation of the
mean curvature vector as unknowns. The approach in this paper relies on a discretization



of mean curvature leading to good mesh properties. This discretization was introduced
by the present authors in Barrett et al. (2007, 2008) and has been previously used for
closed and open membranes, see Barrett et al. (2016b, 2017) and for elastic curvature
flow of curves with junctions, see Barrett et al. (2012).

We will use the variational structure of the problem to derive a discretization which
will turn out to be stable in a spatially discrete and continuous-in-time semidiscrete
formulation. In order to do so, we will make use of an appropriate Lagrangian and will
use ideas of PDE constrained optimization.

The outline of this paper is as follows. In the subsequent section we will formulate
the governing equations with all the details. In Section 3 a weak formulation is intro-
duced using the calculus of PDE constrained optimization. A semidiscrete discretization
is formulated in Section 4. For this scheme also energy decay properties and conservation
properties are shown. In Section 5 a fully discrete version of the scheme is introduced,
leading to a linear system at each time level, which is shown to be uniquely solvable. In
Section 6 we discuss ideas on how to solve the resulting linear algebra problems numer-
ically. In Section 7 we present several numerical results showing that the new approach
allows it to approximate solutions to the governing equations also in highly nontrivial ge-
ometries. In an appendix we show that the weak formulation derived in this work yields
in fact the strong formulation for sufficiently smooth evolutions.

2 The governing equations

In this section we precisely formulate the governing equations both for the C°- and the C*—
case. We always assume that (I'(f))scjo,r) is an evolving hypersurface without boundary in
R?, d = 2,3, that is parameterized by Z(-,t) : T — R¢, where T C R is a given reference
manifold, i.e. I'(t) = Z(Y,¢). Then

V(G.t) =751 Y =21 el() (2.1)

defines the velocity of I'(¢). In order to introduce the two-phase aspect, we consider
the decomposition I'(t) = I'1(t) U y(t) U I's(t), where the interiors of I';(¢) and I'y(¢) are
disjoint and () = 0I'y(t) = O'2(t). We assume that each I';(¢) is smooth, with outer unit
normal 7;(t). See Figure 1 for a sketch of the setup in the case d = 3. In particular, we
parameterize the two parts of the surface over fixed oriented, compact, smooth reference
manifolds T; C T, i.e. we let I';(t) = Z(Y,,t), i« = 1,2. Throughout this paper we will
investigate two different types of junction conditions on ~(t):

C%case : 7(t) = AT (t) = (1), (2.2a)
Cl-case : 7(t) =0 (t) = Oly(t) and ¥y =ik on (t). (2.2b)
Of course, in the case (2.2b) it also holds that fi; = —fis, where ji; denotes the outer

conormal to I';(¢) on ().



Figure 1: Sketch of I' = I'y U~y UT's with outer unit normals 7;, conormals fi; and tangent
vector idg on v for the case d = 3.

In order to formulate the governing problems in more detail, we denote by V, =
(Osys - - -, 0s,) the surface gradient on I';, and then define V, ¥ = (asj Xk)Z as well as

J=1
the Laplace—Beltrami operator Ay = V.V, = Z?Zl afj.

We then introduce the mean curvature vector as

=0 =Ajdd  onTy, (2.3)
where id is the identity function on R, and s; is the mean curvature of I';, i.e. the sum of
the principal curvatures of I';. In particular, the principal curvatures s ;, 7 =1,...,d—1,
together with the eigenvalue zero for the eigenvector v;, are the d eigenvalues of the
symmetric linear map —V, 7 : R? — R%; see e.g. Deckelnick et al. (2005, p. 152), where
a different sign convention is used. The map —V; 7 is also called the Weingarten map or
shape operator. The mean curvature »; and the Gaussian curvature IC; of I'; can now be
stated as

d—1 d—1
M, = Z Mg = — tr(Vs 172) = —Vs . ﬁl and ]CZ = H g - (24)
j=1 J=1

Throughout the paper the main case we are interested in is d = 3, but it is often
convenient to also discuss the case d = 2 at the same time. To this end, we generalize the
free energy (1.1) to

PO = [ton [ Gammpatvaf [ gant| s omito)
- , Z (2.5)

where s; and KC; are the mean and Gaussian curvatures of I';(t), i = 1,2, ¢ € R( denotes
a possible line tension, and a; € Rsy and af € R denote the bending and Gaussian
bending rigidities of I';(t), i = 1,2, respectively. Here and throughout H* k = 0,1, 2,
denotes the k-dimensional Hausdorff measure in R%.



In the case d = 2, we always assume that ¢ = af = af = 0. For the case d = 3, on

the other hand, we mention that the contributions
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i=1
to the energy (2.5) are positive semidefinite with respect to the principal curvatures if

af € [-2a;,0], i=1,2. (2.6)

)

In the C''case, recall (2.2b), adding multiples of X7 | K; d#? to the energy only changes
the energy by a constant which follows from the Gauss—Bonnet theorem, see (2.11) below.
Hence we obtain that the energy (2.5) can be bounded from below if af > max{a{, o} —
2 «; for + = 1,2, which will hold whenever

min{a, as} > 3 af — af. (2.7)

We note that the constraints (2.6) and (2.7) are likely to have implications for the existence
and regularity theory of gradient flows for (2.5) in the C°— and C'-case, respectively.

In the case d = 3, similarly to (2.3), fundamental to many approaches, which numeri-
cally approximate evolving curves in a parametric way, is the identity

idy, = 52, on (1), (2.8)

where 3, is the curvature vector on 7(t). Here we choose the arclength s of the curve
~(t) such that
i = (—1)'7; x idy on ~(t), (2.9)

for i = 1,2, denote the outer conormals to I';(¢) on «(¢). Note that [i; is a vector that
is perpendicular to the unit tangent ids on OI';(¢) and lies in the tangent space of I';(t).
Now (2.8) can be rewritten as

ide, = 3, = (%, fi;) fli + (3%, . 7) 7, on ~(t), (2.10)

where 5, . [i; is the geodesic curvature and ., . 7j; is the normal curvature of v(¢) on I';(%),
1 =1,2. It then follows from the Gauss—Bonnet theorem,

/ K d”H2:27rm(Fi(t))—|—/ 7, . i dHY, (2.11)
Ti(t) ()

where m(I';(t)) € Z denotes the Euler characteristic of I';(¢), that the energy (2.5), is
equivalent to

i {% a; /rm(%i —3)? dH* 4+ o U(t) iy dH + 27rm(Fi(t))H + ¢ H (y(1)).
| ' (2.12)



We note that we use a sign for the conormal that is different from many authors in
differential geometry, and hence we obtain a different sign in the Gauss—Bonnet formula.
The weighted L?-gradient flow, (1.2), of (2.5), for d = 2 or d = 3, then leads to the
evolution law

9. 172 = —Qy AS 7 + %Oél' (%Z — ?i)Q ”; — (%Z — ?z) |VS 2‘2 on Fl(t), 1= 1, 2. (213)

See the appendix for a derivation of (2.13). In some cases, in particular in applications for
biomembranes, cf. Tu (2013), the surface areas of I'1(¢) and I'y(¢) need to stay constant
during the evolution, as well as the volume enclosed by I'(¢). Here and throughout we
use the terminology “surface area” and “enclosed volume” also for the case d = 2, when
the former is really curve length, and the latter means enclosed area. In this case one can
consider

EX((Ti(t))i=1) = B((Ti(t))i=y) + AV L4Q(1)) + Z A HTHT() (2.14)

where Q(t) denotes the interior of I'(t) and £? denotes the Lebesgue measure in R%
Here, A\ are Lagrange multipliers for the area constraints, which can be interpreted as a
surface tension, and AV is a Lagrange multiplier for the volume constraint which might
be interpreted as a pressure difference. In this case (2.13) is replaced by

ﬁ. ]72 = —q; AS ; +%al (%2 —?i)Q »;, — O (%z —7(1) |V5172|2 + )\;4 M — )\V on Pz(t),

(2.15)
fori=1,2.

In the case d = 3 we introduce the second fundamental form II; of I';(¢), which is given
as
Hi(a; 32) = —[8{‘1 ﬁl] . ?2 = —[<VS 172) ?1] . ?2 on Fl(t) s (216)

for all tangential vectors fj, j = 1,2. We note that I;(+,-) is a symmetric bilinear form,
as V, ; is symmetric. In addition, we define

7 =(ids, 1) on(t), (2.17)
Le. 7, = —()s . fli on (1).

Still considering the case d = 3, in the C°—junction case, the boundary conditions on
v(t) are given by

;i (36 —3) +aS %, .7;=0 on ~H(t), i=1,2, (2.18a)
2
-1

(2

on (t). (2.18Db)

We note that (2.18a) are two scalar conditions, while (2.18b) gives rise to two conditions
as [I;, U; and 3, are all perpendicular to the tangent space to vy(t). Expressing I'; and

8



I's locally as two graphs, we also obtain one condition for the height functions stemming
from the C%-condition. Altogether we have five conditions, as is to be expected for a free
boundary problem involving fourth order operators on both sides of the free boundary.
In this context we also refer to Remark 2.1 in Barrett et al. (2012).

In the C'—junction case, when 7/ = v, = i and i = jiy = —ji; on 7(t), the boundary
conditions on ~y(¢) for the dissipation dynamics (1.2), with F replaced by F), are given

i (56 — %2)]% + [O‘zG]% . V=0 on (), (2.19a)
[ (Vg %Z)]% H+ Sy, V= [QZGE Ts = Qﬁ v oon (t), (2.19Db)
(3 (b6 —3)" + i 56— 75) (b6 — 7, 0) = M+ [0 T 7° +¢ 5%, =0V . i

on ~(t), (2.19¢c)

where 7 = 15 = —7y is the geodesic torsion of the curve (t) on I'(t). We note that (2.19a—
c), in the case p = 0, agree with (3.16)—(3.18) in Elliott and Stinner (2010b), see also
Elliott and Stinner (2013, (2.7b,a,c)). In terms of counting the number of equations, we
see that (2.19a—c) are three conditions, together with one condition coming from v; = %
and one condition from the requirement that the two phases match up continuously,
leading to five conditions in total. We refer to the appendix for a derivation of (2.15),
(2.18a,b) and (2.19a—c).

REMARK. 2.1. We note that although the conditions (2.18a,b) and (2.19a—c) were derived
for the case d = 3, they are also valid in the case d = 2 on recalling that in this case we
set ¢ = af = af = 0. In particular, (2.18a) then simplifies to »; = 32; on y(t), i = 1,2,
which is the same as the condition Barrett et al. (2012, (2.15¢)) that was derived by the
authors for a C°—junction between two curves meeting in 2d. In addition, (2.18b) for
d =2 and o = 0 collapses to Barrett et al. (2012, (2.13b)), modulo the different sign

convention employed there.

Similarly, (2.19a) for d = 2 simplifies to oy (30 — 321) = g (360 — 323) on 7(t), which
is the same as the condition Barrett et al. (2012, (2.18¢)), modulo the different sign
convention employed there, that was derived by the authors for a C*—junction between two
curves meeting in 2d. In addition, (2.19b,c) for d =2 and ¢ = 0, collapse to Barrett et al.
(2012, (2.18b,c)).

3 Weak formulation

On recalling (2.1), we define the following time derivative that follows the parameteriza-
tion Z(-,t) of I'(¢). Let

0 0) Iri= (e + V.V |y Vo H Tir), (3.1)

where we have defined the space-time surfaces

D= |J L) x {t}, i=1,2, and Tr:= [J T(t)x{t}. (3.2)

te[0,7) t€[0,7]




Here we stress that the definition (3.1) is well-defined, even though ¢; and V ¢ do not
make sense separately for a function ¢ € H'(T; r). For later use we note that

% (Vi Didp, ) = (OF Vi, O)p, iy + (i, OF ¢i>pi(t)+<@/}z‘ ®i, Vs . V>Fi(t) Vibi, i € H'(Dir),

(3.3)
see Lemma 5.2 in Dziuk and Elliott (2013). Here (-, ), denotes the L?~inner product
on I';(t), and (-, -)rw) = S22 1,)- It immediately follows from (3.3) that

%Hd1<n(t)):<v5.ﬁ,1> :<vsia,vsﬁ> : (34)

Li(t) Li(t)

Moreover, on recalling Lemma 2.1 from Deckelnick et al. (2005), it holds that
q 2
s =S (Va) 3.5
GLem=>(V.a) (35)
For later use we note in addition that
/ V,g dH*! = —/ g2 U; dH! +/ g dH™? YV ge HY(T;(t), (3.6)
Iy (t) Li(t) 7(t)

see e.g. Theorem 2.10 in Dziuk and Elliott (2013) and Proposition 4.5 in Taylor (2011,
p. 334).

In this section we would like to derive a weak formulation for the L?>-gradient flow of
E((T(t))2,). To this end, we need to consider variations of the energy with respect to
[(t) = Z(7,t). Let

HAT() = {n € ITW) : nlrpe HAT0),i = 1,2,
(e, ) o= ) o= 1o H'(y@®)}.  (3.7)

In addition, for any given ¥ € [H}(I'(t))]* and for any e € (0,&0) for some gy € Ry, let

T.(t) = {¥(Z,e) : 7€ (1)}, where ¥(Z,0) = Zand 2(2,0) = () VZe r@z "
3.8

Of course, we have that I'.(t) = I'y .(t) U () UT'2(t), where

[c(t) = {\17(2, e):Zelit)}, i1=1,2, and ~(t) =01 (t) = 0. (1). (3.9)

Similarly to (3.4), the first variation of H4~1(T;(t)) with respect to ['(t) in the direction
X € [H}(T(t))]* is given by

)] (0 = £ H )

e—=0 ¢

— lim & [del(riﬁ(t)) . del(ri@))} = <Vs ia, Vs X)>I‘i(t) , (3.10)

10



see e.g. the proof of Lemma 1 in Dziuk (2008). For later use we note that generalized
variants of (3.10) also hold. Namely, we have that

5 L d o .
{ = (w, 1>r,.(t)] () = 3 (Wies L, o lemo= <wz~ V.id, V, X>w Y w; € L®(Ty(1) |
(3.11)

where w; . € L®(I'; .(t)), for any w; € L>(I';(t)), is defined by
wi(U(Z,e) =wi(2) ¥V ZeT(t), (3.12)
and similarly for « € [L>(T';(¢))]?. This definition of w; . yields that 9° w; = 0, where

d
de
Of course, (3.11) is the first variation analogue of (3.3) with w; = 1; ¢; and 9% ; = O° ¢; =
0. Similarly, it holds that

P wi(?) = —wi(V(Z,€)) =g VY Zey(0). (3.13)

o . . . d .
|:51—‘ < Wi z)f‘ (t):| (X) = d_€ <wi,€7 Vi75>1‘i’s(t) |e:0

_ <(wi 7)) V,id, V, >2>F_(t) {5, P Ve LR, (3.14)

where 0% w; = 0 and Ui (t) denotes the unit normal on I';.(¢). In this regard, we note
the following result concerning the variation of ;, with respect to ['(¢), in the direction

X € [Hy(T(1))"
Fv=—Vox]" % on Lit) = 80=—[V,VTF on Tit), (3.15)

see Schmidt and Schulz (2010, Lemma 9). Finally, we note that for 77; € [H(T;(¢))]¢ it
holds that

5 ood e P
|:5F <V ld V 7]2> Z(t):| (X) = d_€ <Vs 1d7 vs 77i,€> ® |z—:=0_ <VS - VS : X)I‘Z(t)

i,

+ 3 [ T Ve s Vs (D) — (T (G (ot (D]

= (Vo Ve g + (e Vo X = (V)T 20 (Veid)T) | (3.16)
where 9 7, = 0, see Lemma 2 and the proof of Lemma 3 in Dziuk (2008). Here
D(X) == Vs X + (Vs X)), (3.17)

and we note that our notation is such that V, ¥ = (Vp¥)7, with Vi X = (95, Xm)"
defined as in Dziuk (2008). It follows from (3.16) that

I,m=1

jt <v id, v, n> o <vsﬁ,vsw7> n <Vs.ﬁ,Vs.)7>

r;(t)

i
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— (V)" D) (Vid)")  Viie{fe H\Tur): =0}, (3.18)

7

In order to derive a suitable weak formulation, we formally consider the first variation
of (2.5) subject to the following side constraint, which is inspired by the weak formulation

of (2.3),
oo = 4 = — (R = N
@,@ ”@’”>ri(t)+<VS id, vsn>w (W) Vi€ H DO, i=1,2, (3.19)
where 6; € [0, 1] are fixed parameters, and where Qi 0, are defined by

Of course, (3.19) holds trivially on the continuous level for 7 = 3; and for ni; being the
conormal ji;. Moreover, in order to model a C%— or C'—contact we require

Cy (i +1My) =0 on ~(t), (3.21)
where C; =0 for C° and C; =1 for C".

Similarly to (3.19), we introduce the following side constraint, inspired by the weak
formulation of (2.8):

(7 + (iail) =0 Ve [H GO (3.22)

y(t)

Similarly to (3.11) it holds that

) . d R R
o | 00 = 1) o (wid)

Vw € L*(y(t), X € [Hy(TM)]", (3.23)

where 9° @ = 0. Moreover, similarly to (3.16), we note that for 77 € [HX(T'(t))]¢ it holds
that

5o o
Ls_r <1ds,ns>w)} (X) = (B 716, X)) » (3.24)
where 07 77 = 0, and where

P,=1d— id, ®id,  on ~(t). (3.25)

We define the Lagrangian

L((Ti(t), 35,10k, Gi)iy, 35, 2,6) = > [éai (3 — %2 U3, 3 — i Uiy, + OF <f:;,xﬁ,~>,y(t)}



)~ (88, (7))
(1)

2
- Z [<Qz€ zayz> T (t) <vs ld, vs yi>Fi(t) - <mi,yi>,y(t):| )

()

K3

where 7; € [HY(Ty(t))]¢ and Z € [H'(v(t))]¢ are Lagrange multipliers for (3.19) and
(3.22), respectively. Similarly, ¢ € [L2(y(t))]" is a Lagrange multiplier for (3.21). We now
want to compute the direction of steepest descent fr of E((T;(t))%,), subject to the side
constraints (3.19), (3.22) and (3.21). This means that fr needs to fulfill

(73),, =~ 50| 0 veemEor. (3.20

In particular, on using ideas from the formal calculus of PDE constrained optimization,
see e.g. Troltzsch (2010), we can formally compute fr by requiring that

—

d — . P S 3
] 0 = g [0, 2 g 7,26
—L((Ti(t), 70,1, G2, 722, 2, gz?)} - —<f},>z>r(t), (3.272)

—

0 ] . —% e > 7
[ P L (£1> :hn%% [L<F1(t)7%1+8£17m17y17r2() %27%27m27y27 727 (b)

557 e
—L((Ts(t), 52, Wy, §) iy, 525, 2, 5)} =0, (3.27b)
d ] Sk = o B S e
[FL (i) =lim L [L(Pl(t),%l,ml + € C, 4, Da(t), 53, 35, M, 4o, 525, Z, ¢)
my; | e—0
_L((Fl(t) szar?llayl)z 17Q;727 Q_g):| :O, (327C)
5 o o
o 2] ) =ty (L0055, 5 2 Talt), 5 25 o 75,2,
Y1 e—0 ¢
LU(T(8), 35,00, 52, 72, 7,6 =0, (3.27d)

for variations ¥ € [H}(D(£))*, & € [L*(Tu(1))]%, ¢ € [L2(y()])* and 7 € [L2(T1(8))]%

and similarly for the variations for 57, 1, 7, #%, Z and ¢. On recalling (3.11)—(3.16),

this yields that

<fr, > I(t) -

*
v

<vs g@'v vs )Z)FZ(t) + <vs . g@'v vs . )Z)I‘Z(t) - (vs gi)Tv Q()Z) (vs la)T
Ty (t)

@mw P =2 (7 Qua B Vid VX)),
oY



2
+ <2; = Cy (i +1my) . ¢ — > (af 3+ gi) ik, id, . >z> + (P, Z, >z;>,y
' ¥(t)

v X € [Hy(T(t)]", (3.28a)

a; (3% — %) — Qig, s =0  on Ty(t), i=1,2, (3.28D)

S Z +Gi+Ciog=0 on (), i=1,2, (3.28¢)
2

Y afmi;—7=0 on (1), i=12, (3.284)

with (3.19), (3.21) and (3.22). As @° 5* = 0, we have that
R Qio, 7 =(1—6) [(3.000;) v, + (52 . 13) AL 7] (3.29)
We observe that (3.28b,c) imply that

Qig, Ui = i 7y — ;3 on I'y(t) and v + C4 gi_;: —af 7%, on y(t). (3.30)

Let us now recover »; and 5 in terms of the geometry again. It immediately follows from
(3.19), (2.3) and (3.6) that m; = fi; and Q;, 7 = #; = s V;, with the latter implying
that a

LU= . (3.31)
Hence we immediately get 37 = 3; for 0; € (0, 1]. For 6; = 0, on the other hand, it follows
from (3.30) and (3.31) that a; %7 = [4;.V; + «; 5] U, and so %} = »; I/; = ;. Moreover,
combining (3.22) and (2.8) yields that 525 = 5,. Overall, we obtain from (3.30) that

ng Ui = a; (3¢, — 7)) U; on Ly(t) and 7+ Cré=—a’ %, on (t). (3.32)

However, if 6; € (0, 1], then the two conditions in (3.32) are incompatible in general if
af # 0, since the first condition in (3.32) yields that 7; = a;(3—3¢;) ;. If C; = 1 then the
two conditions are in general incompatible even if af = 0. Hence for general boundaries
v(t) and af # 0 we need to take 6; = 0, at least locally at the boundary. Therefore it
may be desirable to consider a variable §; € L>(T';(t)). The calculation (3.28a—d) remains

valid provided that d°6; = 0. We will make this more rigorous on the discrete level, see
(4.20) below.

Using (3.15), (3.28¢,d) in (3.28a) yields the condensed version

(52 -

r(t
2
S {901V R 9 0% D~ (B 20 (W07
=1 Z
% < (67 |%z ¥; l/z|2 (ﬁl 'gi70i ?72)] vs 1?1, vs )Z> Ti(t) — Qi % <Q“ [VS X’]T 17i>Fi(t)

~(1=0) ([ (VAT ) 7+ (7. 5) [V AT 56| = < (i )

¥(t)
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+ (P, ()5, Xs) V¥ e [HAT@))?, (3.33a)

2
+3 af K;@ 1y, id, . >z>
=1

(1) 7® !
al-GJZY—i-yﬁi—l—CuE:@ on (t), i1=1,2, (3.33¢)

<Qi,9i j?iu ﬁ>
= Tt

1

F(VAd V) = ey Ve HE@) =12,
(3.33)

—

Cy (my + my) =0 on (t),
= . _ — 1 d
(Mg + (o) =0 Ve [ (1(0))"

3.33e)

(
(3.33f)
REMARK. 3.1. We recall from (3.32) and the discussion below that in general we require
0; = 0. If Cy = 0 then it follows from (3.33c) that §; = —af iz, on (1), for i = 1,2.
Combining this with (3.33b) for 6; = 0 then yields that (2.18a) holds.

On the other hand, in the case of a C'—junction, when Cy = 1, then (3.33e) implies
that [iy + fis = 0 and hence that ) = Uy = U on 7(t), and so it follows from (3.33b,c) with

—

(36 —3)+al 2, i+¢.7=0 on v(t), i=1,2,

which means that (2.19a) holds.

The weak formulation of a generalized L?*-gradient flow of F((T';(t))2,) can then be

(
formulated as follows. Given [;(0),i=1,2,forallt € (0,T] find I';(t) = Z;(Vy,t), i =1,2,
with V(t) € [H1(T())], and 3(t) € [L*(T3(1))], 4i(t) € [H'(Ti(1)), iy (t) € [H (v(1))],

i=1,2, as well as 52, € [L2(7(1))]%, Z € [L2(v(1)]% ¢ € [L2(y(t))]” such that
(V0),, TeVx) , = (fx),, YXelPrm (3.34)

and (3.33a—f) hold. Here we note that o = 0 recovers a weak formulation for the standard
L?—gradient flow. As stated in (1.2), we allow for ¢ > 0 in general, to allow for a damping
of the movement of the contact line 7(¢). In numerical simulations such a damping
often proves beneficial, as it suppresses possible oscillations at the contact line. On the
other hand, such a dissipation mechanism at the boundary is probably also relevant in
applications.

4 Semidiscrete finite element approximation

Similarly to Barrett et al. (2008), we introduce the following discrete spaces, based on
the work of Dziuk (1991). Let T'"(t) C R? be (d — 1)-dimensional polyhedral surfaces,
i.e. unions of non-degenerate (d — 1)-simplices with no hanging vertices (see Deckelnick
et al. (2005, p. 164) for d = 3), approximating the surfaces I'(t). In particular, let
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I (t) = szl ol (t), where {o"(t)}7_, is a family mutually disjoint open (d — 1)-simplices

with vertices {q(¢)}< ;. In analogy to the continuous setting, we write I'"(¢) = T} (t) U
AM(t) U TS (t), where v (t) = Or'(t) = OT%(t). Here we let T2(t) = szl op(t), with
vertices {cjflk(t)}lel, i = 1,2. We also assume that () has the vertices {¢(t) fz”l.

Clearly, it holds that J = J; + Jy and K = K; + Ky — K,. Then let

VhTh(t) = {x € [C(TH1)]" - )Z'\o?] is linear V j =1,...,J;}
= W), i=1,2,

where W"(T%(t)) is the space of scalar continuous piecewise linear functions on I'*(t),
with {x7 (-, #)}7, denoting the standard basis of W"(T'(t)), i.e.

Xep(@(t),t) =0 Vk1e{l,... K}, te[0,T]. (4.1)
In addition, let
VI 1) = {X € [CT" )" : Xlpne VI (TI(®), i = 1,2} = [WHT"@))".  (4.2)
We denote the basis functions of W"(I'"(t)) by {x%(-,#)}X_,. Moreover, let

VPEM) = {0 € [CG @) : 3N € VI(T(E) Xlan= o} = W' 0))]*,  (4.3a)
t)) : Xlyr= 0}, (4.3b)
; f})) : X)"yh(t): 6} . (43C)

We denote the basis functions of W"(v"(t)) by {oh(-,t) 221 We require that T'(t) =
XMTh(0),t) with X" € V"(T"(0)), and that ¢* € [H'(0,T)]%, k = 1,...,K. For later
purposes, we also introduce 7'(t) : C(T'k(t)) — Wh(Fh( )), the standard interpolation
operator at the nodes {(jﬁfk(t)}kK:il, and similarly 7 (¢) : [C(T?(#)]* — V"(T%(t)), as well
as e.g. (1) : [C(TM(t))]4 — VM(IT(t)).

We denote the L*-inner products on T"*(t), T'}(t) and and 7" (t) by (-, -)raq), (5 )reg

and (-, -),n(, respectively. In addition, for piecewise continuous functions, with possible

Ji

jumps across the edges of {oh i1

we also introduce the mass lumped inner product

Ji Ji

d
(0, Bty = D (100 = D H T (ol (8) D (0o ), (49
j=1 j=1 k=1

where {gl'; (t)}{_, are the vertices of of';(t), and where we define n((g;, (t))”) :=

lim n(p). We naturally extend this definition to vector and tensor functions.
ol (1)2p—d}, ()

We also define the mass lumped inner products (-, -}

ra(y and (-, '>zh(t) in the obvious way.

Following Dziuk and Elliott (2013, (5.23)), we define the discrete material velocity for
7 e Tht) by

ViE ) =) {% (j,’;(t)] YHE ). (4.5)



For later use, we also introduce the finite element spaces

Wi (Tig) = {¢ € C(Tir) : 6(-t) € WHI} () Vte[0,T],

O(q(),) € HY(0,T) Vke{l,...,K;}},
where T}'7 1= U TH(t) X {t}, as well as the vector valued analogue Vi(Ty). In a
similar fashion, we introduce W7 (ol7) and K%(U?,T) via e.g.
lef(a;-fT) ={¢ € 0(%) c¢(+,t) islinear V¢ €[0,77],
o(q(-),) € H'(0,T) k=1,....d},

where {¢" (t)}{_, are the vertices of ¢7(t), and where ol'y := Uscpor @ ol(t) x {t}, for

j€{l,...,J}. Moreover, we define the analogue variants Wx(T'%) and V(I'k) on Th =

Useor T(1) x {t}, as well as Wit(y}) and V() on 44 := U0 7" (£) x {t}, with the
scalar space for the latter e.g. being given by

Wi(vp) == A{¢ € C(vg) : 3 x € WiIT]}) x(-,1) lny= (- t) Vtel0,T]}.

Then, similarly to (3.1), we define the discrete material derivatives on I'"(¢) element-
by-element via the equations

(af’h@\ay(t): (¢t+9h-v¢)\a§l(t) VoeWrol), jed{l,....J}. (4.6)
On differentiating (4.1) with respect to ¢, it immediately follows that
F'xh=0 Vke{l,. . . K}, (4.7)
see also Dziuk and Elliott (2013, Lem. 5.5). It follows directly from (4.7) that

O 9l 1) = SN 0) S ault) on T (43

for ¢(-,t) = 35, du(t) Xi (-, 1) € WH(I(2)).
We recall from Dziuk and Elliott (2013, Lem. 5.6) that

d B ) ) ) |
E/h()ﬁbd’}-[d 1:/h()a,h¢+¢vs.vhd%d Y VoeWproly), jef{l,....J}.
th th

(4.9)
Similarly, we recall from Barrett et al. (2015, Lem. 3.1) that

d . . .
(1 0)ony = 0" 0 Bhgny + (0,07 )y + (16, Ve Vg ¥ 1,0 € Wilagr),
(4.10)

for all j € {1,...,J}. Moreover, it holds that

d

&<n,¢>2h@):<§’hn Ay + (007" )Yy + (b, ids VI ) V6 € WE(E) . (4.11)
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We also note the discrete version of the time derivative variant of (3.16),

jt <v id, v, n> o = <VS 7.V, ﬁh>w) + <Vs.ﬁ, vs.ﬁh>

()
— (VD" DO (VAd)T) Ve (€ e Vi) s op" €= 0
= he :
(4.12)
as well as the corresponding version for v"(¢),
d <1d8 n8> <7>h 7, vh> Vije {€eVh(h): oot e =0 (4.13)
AN oy TN gy R ’
which follows similarly to (3.24). Here, similarly to (3.25), we have defined
h s TP h
Pl =1d—-id,®id, on 7"'(). (4.14)

Let 7' denote the the outward unit normal to I'*(¢), i = 1,2, and similarly let 7"
denote the the outward unit normal to I'®(¢). For later use, we introduce the vertex
normal functions &(-,¢) € V"(I'*(t)) with

G 1) = s Ah Z 1L 7 ot 1) (4.15)
]E@

where for k = 1,...,K; we define ©F, = {j : ¢.(t) € o} ()} and set AP (t) =

Uj€®§fkazh,j (t). Here we note that
— — h —
(Z,w I/h>Fh = (7, ww?>rh(t) vV 7 e VTN, we WHIHY)). (4.16)

In the analogous fashion, we introduce the vertex normal function & (-,t) € V"(T"(t)),
l.e. we set

—h(=h . d—
w <Qk:<t)7t) : -1 Ah Z H 1 V |0'Jh(t)7 (417)

je@h

where for k = 1,..., K we define ©} := {j : g}(t) € o}(t)} and set AL(t) := Ujcona) ().
Of course, it holds that

(7, wyh>rh = (7, wwh>rh(t vV Ze VMTMt)), we WhHIM1)). (4.18)

It clearly follows from (4.16) and (4.18) that

2

(2,6 gy = D (5 ﬁi‘ﬁg(t) V Ze VI(Ih(1)). (4.19)

=1

18



In addition, for a given parameter 6 € [0, 1] we introduce #" € W"(T'*(¢)) and 0" €
Wh(T"(t)) such that

h~h ~J0 qr(t) e y"(t), h~h R qr(t) e (1),
e(qk@),t)—{e OGN e*<qk<t>,t>—{9 EASORIRTED

Then we introduce Q”,, € [WH(Tk(t))]*** and QP € [WHIH(t))]™? by setting, for
ke {17~~~7Ki}7 e.g._ B

QU (@ (1), 1) = 0" (@0 (6), ) A+ (1 — 0°(3 (1), 1) =

where here and throughout we assume that &(q'.(t),t) # 0 for k = 1,...,K; and
t € [0,T]. Only in pathological cases could this assumption be violated, and in practice
this never occurred. We note that

h h h
h > = _ /2 nh = h > =h _ /> ~h\P
(@ 27) = (B Qi T)y,, ond (o), = Edlhy, (@22

for all 2,7 € V™(I'*(t)), and analogously for 6" in (4.22) replaced by #". In addition,
similarly to (4.19), it holds that

h 2 h
> (2Qk @h>rh(t> =3 (2Qw wh>m) vV Ze VIIh(E). (4.23)

i=1 i i=1

Following the approach in the continuous setting, recall (2.12), (3.19), (3.22), we
consider the first variation of the discrete energy

2

EM(TH)L) = D[S (IRl = 77, 1)y + o (i), )+ 2em(Th0)] |

i=1

+ ¢ HIT2 (1)), (4.24)

where &7 € V(! (1)), m} € V*(v"(1)), i = 1,2, and Rl e V"(4"(t)), subject to the side
constraints

h
h =h = 3 ~ _ /=h Al o h(ph C
<Ql gh Kq ’77>th(t) + <VS 1d7 Vs 7)>F?(t) = <mz 777>7h(t) \ ne K (PZ (t)) , 1= ]_, 2 ,
(4.25a)
(R gy + (e X) =0 VX EVD). (4.25)
4 (rﬁ}f + rﬁg) =0 on vh(t) ) (4.25¢)

When taking variations of (4.25a), we need to compute variations of the discrete vertex
normals &, To this end, for any given ¥ € V"(I'"(t)) we introduce T'*(t) as in (3.8) and
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%" defined by (3.13), both with I'(¢) replaced by I'*(¢). We then observe that it follows
from (4.16) with w = 1 and the discrete analogue of (3.14) that

- Sh\ P = —h\ D RPN
<z,8g’h wzh>1“lh(t) = <z,8g’h Vlh>f‘zh(t) + <(z (l/h — )) Vs 1d Vs X>Fi .
v Ze VMIH1), ¥ € VI(I"(1), (4.26)

where 8" 7 = 0. In addition, we note that for all £ ije VM(Ih(t)) with 900 € = 9% 7 =0
it holds that

on nl(z @ L af h[Ah(E = a0k <k h
ot €. B n.m =7 [Gi (&,17).0. wi] on I'}(1), (4.27)
where
g Ly g o (-6 (6.6
@€ - g (€t aae- 2 THEDa) . oy
It follows that o .
Gi&m).at =0 V& 7e VNI (4.29)

We define the Lagrangian

where &P € V"(T"(t)) and Rl e V(y"(t)) satisfy (4.25a) and (4.25b), respectively, with
Y e Kh (T2(¢)) and Z" € V"(v"(t)) being the corresponding Lagrange multipliers. Sim-
ilarly, ®" € V"(y"(t)) is a Lagrange multiplier for (4.25¢). On recalling the formal
calculus of PDE constrained optimization, we obtain an L?-gradient flow of E"(t) sub-

h
ject to the side constraints (4.25a—c) by setting [s27 L"](Y) = — S2 < Qg Vh, ﬁ> )

Th(t
for ¥ € V(" (1)), (50 L")(€) = 0 for £ € VM(TY(®)), [555 L"](7) = 0 for 57 € V(T}(1)),
(5 I')(@) = 0 for & € V'("(1). [ L(6) = 0 for & € V(1)) leading to 2" =
S af il [ L(@) = 0 for ¢ € V(4" (t)) and 587 L") = 0 for 77 € V" (4"(1)).
Here we recall the definition of 6" in (4.20). We employ this doctored version of §" in

order to obtain existence and uniqueness for the fully discrete approximation introduced
in the next section. See also Remark 3.1 in Barrett et al. (2012), where the analogue to
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our situation here corresponds to two curves meeting in the plane, i.e. N = d = 2 in their
notation.

Overall this gives rise to the following semidiscrete finite element approximation of
the gradient flow (3.34), where we have noted the discrete version of (3.15), (4.26),
(4.27), (4.29), variational versions of (4.10)—(4.13) and that %" 6" = 0. Given I'*(0),
find (I"(¢))se(0,r) such that id Irr ()€ Vi(T%). In addition, for all ¢ € (0,7 find (R, Y e
W), i = 1,2, &2 € VIO (1)), @} € V(" (1)), i = 1,2, and Cy ®" € V"(v"(1))
such that

h

2
— h —
h h — h —
VX)L e (V)
Z<:“9? X r?a)ﬂ) X/ e

- i l<Vs v %>F?(t) " <Vs LV Y>F?(t) B <<VS Y™, D(0) (Y ia)T>F?(t)

N 5 h
3l |l = P = 2T QU )] Viid, V. )

)

L7 (1)

_ —, — —) h ~ ¥ P i 4 v "
a7 (R T AT 7y + (1= 0 G RD) ) Vi W)y

h
(1= g GHTR R, VL T
<(1 0") G7(Y;", R7), Vs XIT 7 >r¢<t>}

oh = p = _ (wh Al = h(h _
<9@ oh 1 777>F?(t) <vs 1d7 vs n>F?(t) - < i ’77>'yh(t) v ne \%4 (Fz (t)) , 1= 17 2 ,
(4.30b)
—h - h . N o _ h h
(B3 X) oy + <1ds, X8>yh(t) =0  VxeV'(y'(®), (4.30c)
Cy(mf+mh)=0 on (1), (4.30d)
a?ﬁz—i-?ih—l—Cl =0 on AMt),i=1,2, (4.30e)
- h -
(ou Bt =570) = QL VL E) =0 WEV'(THD), i=12. (4.30f)
= 4 t

For later use we also observe that choosing 5 = o; ' 7l Q" 7] in (4.30f) and combining
with (4.30b), on recalling (4.22) and (4.16), yields that

h
h

~h h — ah b
= (i, >7h(t) — %% (@] ’77>I‘?(t)

Ve VAITAE). (431)

;! <:Zeh ﬁh’gzeh ﬁ> wn T <Vs id, Vs'r;>

80 L} (t)

In order to be able to consider area and volume preserving variants of (4.30a-f),
we introduce the Lagrange multipliers )\f’h(t) € R, i =1,2, and \""(t) € R for the

21



constraints

d a1 pn 3h =T Vh
< i) = (v, . V"1 — (v,id, v, —0, 4.32
dtH (T3 (1)) <V v >rg(t) <V id, V. ¥ >r¢(t) 0 ( )
where we recall (4.9), and
4 paah(py) = <17h ﬁh> - <17h wh>h ~0 (4.33)
dt VA0 ’ Th(t) ’

where we note a discrete variant of (3.5) and (4.18). Here Q"(¢) denotes the interior of
['"(t). On recalling (4.19), (4.22) and (4.23), we can rewrite the constraint (4.33) as

. h 2., h 2 . h 2 . h
0= <Vh, *h> — <Vh, *h> = < h VI *h> = < h VI *h> '
w TG Z w; P Z i oh w; P ; i, 00 w .

=1 i—1
(4.34)
Hence, on writing (4.30a) as
- h 1}’}1 - h ﬁh _) h NS
; <:i,9Q ’X>F?(t) * Q< ’X>vh(t) = ’X>rh(t) ;
we consider
- h 1}’}1 - h ﬁh _) h W ah
; <:i’6f ’X>F?(t) * Q< ’X>vh(t) = ’X>rh(t) ;
. 2
Vi (h ¥ Ah - o
—_ )\ <w 7X>Fh(t) - Z )\Z <Vs ld, vs X>Fh(t) (435>
i=1 !

for all ¥ € V(I (t)), where AV"(¢) € R and A" (t) € R, i = 1,2, need to be determined.
Of course, if we consider a volume preserving variant only, then we let A{*"(£) = A} (1) =
0 and

h

AVR(1) = [<fh,cvh>’;h(t) o (W) ] (e (436)

Y (t)
which we derived on choosing ¥ = @" in (4.35), and noting (4.34).

For the general volume and area preserving flow, we introduce the projection ﬁg :
VH(IR(t)) — VE(TH(t)) onto VE(I"(t)), recall (4.3b), and similarly Tif : V"(Tk()) —
V(I (t)). We introduce the symmetric bilinear forms aly : VIR (L) x VIIME) - R
by setting

- - o h -
alo(C.7) = (@ €. 110 ) VEAEVITNE), i=1,2,  (437)
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where we have noted (4.22). It holds that a?ﬂ(a ¢) > 0 for all ¢ € V(' (t)), with the

inequality being strict for ﬁﬁfo 5 #£ 0 and 0 > 0. Hence the Cauchy-Schwarz inequality
holds, i.e.

\a?,e(f, )| < [a’?,@(é: 5)]

—

V¢, e ViIt@e), i=1,2, (4.38)

=
N

[al (77, 7)]

with strict inequality in the case 6 > 0 if ﬁ?,o 5 and ﬁ?,o 77 are linearly independent. Then
we note, on recalling (4.19), (4.30b) and (4.22), that

L L . h
—(Vid I = = (Vid VG =l (7@l = (@ T AL
7 (t) 7 L2 () ’ 7 L (t)
(4.39a)
and
~(Veid VT L) = al (R (1.39b)
) F’L t k)
In addition, it follows from (4.19), (4.22) and (4.37) that
h 2 h 2 h 2
~h Tih ~h _ ~h Tih ~h _ ~h Fh —h _ h (=h —h
(4.40)
Then (4.35), (4.40) and (4.39a,b) yield that (A¥'F, X" A\"")(¢) are such that
S ale( @G afo(RY, @) abe(RS, @) —/Xh(t) bo(t)
af o(R}, &) af (R, AY) 0 A [ =) ], (441a)
-, — -, — A,h
a (R}, &3) 0 aj (R, R5) )\ A (t) ba(1)
where
() = 3 (T v ) (i), L
D=2 (V" -vnat), = (), a
o0 =3 (i )y~ (T (4.410)
=h vh v oh =n\ —hon\" 7 o\ »
bi(t) = <H¢,OV -y ’gwh Ry >F?(t) + <mi,V >'yh(t) — <7’ ,1‘[2470 R; >Fh(t) L i=1,2.
(4.41c)

We note that the matrix in (4.41a) is symmetric and positive definite as long as ﬁﬁfo il
and I:I?,O [é?eh K1 are linearly independent, for i = 1,2. The right hand sides (4.41b,c)
are obtained by recalling (4.35), and on noting that (4.22) and (4.34) imply that

h

2 h 2 h
h 3h TTh —h h Sh TTh —h —h h \3h  —h
VLS > - < v PR TR — > < W Ph >

Z<=”93 O e ;{ oot ¥ R0 Ty TAZ S gy

i=1

23



2 h

= <ﬁhv fe" — >ph = <Hh ViV a ﬁh>rh(t)

=1 i=1
(4.42)
while (4.20), (4.22), (4.30b) and (4.32) yield that
h N - h
b TTh —’h _ h h h =h
< 3,0n V Hzo i >Fi h) = <Hz,0V » Wion i >F?(t)
— — h — —
= (T V" = V", QL zh> + (i, V) (V,id, 7. V")
’ P a0 h(o)
N h S\ h
_ <H?O Vh Y Qb i *h> n <rﬁh vh> . (4.43)
’ 0 0

We see that on removing the last two rows and columns in (4.41a), we obtain an expression
similar to (4.36) for AV (¢), but here we test with II" &" as opposed to @". Analogously, if
we want to consider phase area preservations only, then removing the first row and column
in (4.41a) yields a reduced system for the two Lagrange multipliers )\f’h(t), 1=1,2.

The following theorem establishes that (4.30a—f) is indeed a weak formulation for a
generalized L?-gradient flow of E"(t) subject to the side constraints (4.25a—c). We will
also show that for § = 0 the scheme produces conformal polyhedral surfaces I';(t) and
[5(t). Here we recall from Barrett et al. (2017), see also Barrett et al. (2008, §4.1), that
the open surfaces I'?(¢), i = 1,2, are conformal polyhedral surfaces if

—

(Veid Vo), =0 ¥ie {€e Vi) a0 =0,
k=1, K},i=12. (4.44)

We recall from Barrett et al. (2008, 2017) that conformal polyhedral surfaces exhibit good
meshes. Moreover, we recall that in the case d = 2, conformal polyhedral surfaces are
equidistributed polygonal curves, see Barrett et al. (2007, 2011).

THEOREM. 4.1. Let 6 € [0,1], o > 0 and let {(T" R 7D YE VI R Rl my,
M) (¢ t)heor) be a solution to (4.30a—f). In addition, we assume that K! € Vi (yhy,
Ry 7 Qb Y] € Vp(Thp), it € Vip(vg), 4 = 1,2, Then

’l ? ’l

d 2 o o\ D L o\ R
al (T )iz) = _Z<:?ﬁi‘ Vh’vh>r?(t> B Q<Vh’vh>w(t>' (4.45)

i=1

Moreover, if 0 = 0 then T?(t) and T4(t) are open conformal polyhedral surfaces for all
€ (0,7].

Proof. Taking the time derivative of (4.25a), where we choose discrete test functions
ij such that 87" 7 = 0, yields for 7 = 1,2 that

h
o,h — —
<8t (:Zeh K’?)v 77>

Th(t)

K3
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+ (@ &) 71 V51, ¥, vh>rz o (v, V", ﬁ>pg@ +{V, V" 9,.7)

(V). DO (Vi) =

T (t)

Ti(t)

L L\ h
oo it *> <*’%.j 'dS.V"> (4.46
t 1 7) h(t)+ mz 1 s 'yh(t) ( )

where we have noted (4.10), (4.11), (4.12) and that Wh[Qheh jh) e Vi (Thy), ml € VE(4)),

1 =1,2. Similarly, takmg the time derivative of (4.25b) with 9;” b ¥ = 0 yields, on noting
(4.11), (4.13) and &) € V5 (45, that

<a:’“2,>z> ()+</{ id, vh> “ <7>hxs,vh>vh(t):o. (4.47)

Choosing X = V" in (4.30a), 7 = Y* in (4.46), i = 1,2, and combining yields, on noting
the discrete variant of (3.15), that

i< hon VI, Vh> o +o(V", vh> o

=1

2
— — — h
+ Z [% < Q; |’L€ - %z _’h|2 2 Y;‘h . Qheh /{h] Vs ld, vs Vh>F’.l(t)
=1 i

h h
— — o,h — oh — ¥
T <H?’a’f V’h>r?(t) < (Q%h A1) h>F?(t) * << ion P ¥ V:id, ¥, Vh>

— <(1 — oM (GMY! R . 7h) v,id, v, 9h>h

T

T

— — h - —
_ <(1 — oM Gh(Y R, 7" 17@-"> } +g <id5, vg>
L (t) Y (t)

(GO IRRC AN (1.49)
(1) (1)

Choosing ¥ = S22, af m! in (4.47) and recalling (4.30d,e) and (4.11), it follows from
(4.48) that

22: <:?’9? ﬁh’ﬁhxh(t) * Q<ﬁh’ﬁh>zh(t) +ZQ: [% <|"f — % 7' V,id, V, Vh>

- T )

i=1 !
h h

— /[ oh qo,h —h o,h h  =h\ Vh
—; 7 </€i O U >rg(t) + <at (gz‘,eh i), Y >F?(t)
o h
(1= 0) (GHVP, &) 77 Viid, 9. V)

0

(1 — om Gy aoh—»h> <‘ds 3h
<( ) z( z?’%z) t Th(t) Toll ’V8>8Fh(t)
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h N S\ h
_ _Za (orhat, )’ (o) (Rtid
V() v (#) V()
ZO‘G<% ~h h(t (4.49)

We have from (4.22), (4.30f) and (4.16) that

22: [<8§h (Qion &7, Yh>F?(t) - % (07 7h>Fh<tJ

i=1

2
=3 [(orr @ ), o (st ot o),
7 (t) ()

h
o,h h =h h o,h —»h h
+ <8t (Qz oh i ) — ion 0" KLY, >I‘?(t):|

2 h
— h2 0,h h  =h h 0,h —’h h
_Z{ < e IR —%z’/|’1>r§b(t)+<at (Qzeh"f) Q9h3 Y>Fh(t)}.
(4.50)

Combining (4.49) and (4.50), on noting (4.10), (4.11), (4.24), 97" 6" = 0 (which follows
from (4.8) and (4.20)), & € VL(Tly), i = 1,2, o ot (1€ Vi(olir), j = 1,...,J;,

)

i = 1,2, (which follows from the discrete analogue of (3.15) and as ia|rh(,)€ VA(T'L)) and
the invariance of m(T'?(¢)) under continuous deformations, yields that

2

2
=5 S d
Z <g26f Vh’Vh>ﬁ?(t) + 0 <Vh’vh>zh(t) + = d Eh<<Fh( ))z 1) + ZPZ - 07

i=1 i=1

where, on noting (4.21),

h
i gt . 2"
GRS IR C R A A
S/ ne W e

h
N 7L Jan
—2<(1—Gh)(f@?-w?)(Y;h-w?),iq,h
I (t)

TP (t)

7

N h
—(a- TR O =12, (4.51)
it

7

It remains to show that P, and P, as defined in (4.51) vanish. To see this, we observe
that it follows from (4.29), (4.28) and the time derivative version of (4.26) that

N h
= (1= ") Gh(TR R, o )
( ) z( i K’Z) t W Fh(t)

(2

26



N 5 S\ h
+{(1L= 0" GHTRRY) (@ = 7 Veid, v, V)

‘ T (t)

RN h
- <(1 —ghy G (TR R, 00" 17."> —0,i=12. (4.52)

ke
This proves the desired result (4.45).

If § = 0 then it immediately follows from (4.30b) that (4.44) holds. Hence I'?(¢) and
I'2(t) are open conformal polyhedral surfaces. O
THEOREM. 4.2. Let 6 € [0,1], 0 > 0 and let {(I", &}, &%, Y}, Y, Rl ml, mily, &, AV AL,
)\f’h)(t)}te[oﬂ be a solution to (4.35), (4.30b—f) and (4.41a). In addition, we assume that
Ry € Vip(vp), R 7 Qg RY] € V(Dip), mif € Vi(v2), i =1,2. Then it holds that

RN

2

d ~, .\ h o =\ h
— EM(T}(t)7y) = — Pon V2V —o (V" V" 4.
— EM(TH(E)L) ;<Zz,9fv 0 SR
as well as d 4
T HEHTE () =0, i=1,2, v LY t) =0, (4.54)

where Q"(t) denotes the region bounded by T"(t). Moreover, if § = 0 then T} (t) and Tk (t)
are open conformal polyhedral surfaces for all t € (0,T].

Proof. We recall that on choosing (AV", A" A2"") solving the system (4.41a) yields
that (4.32) and (4.33) hold, and hence the desired results (4.54) hold. The stability result

(4.53) directly follows from the proof of Theorem 4.1. In particular, choosing ¥ = V' in
(4.35), on noting (4.32) and (4.33), yields that

h h h
h Ysh Vih h Y3k _ [ yih
<gi,er Y >F?(t) + Q<V Y >’yh(t) B <T v >rh(t)'
Combining this with (4.46) yields that (4.48) holds, and the rest of the proof proceeds as
that of Theorem 4.1. Finally, as in the proof of Theorem 4.1, for § = 0 it follows from
(4.30b) that T'(¢) and I'2(t) are conformal polyhedral surfaces. O

5 Fully discrete finite element approximation

In this section we consider a fully discrete variant of the scheme (4.30a-f) from Section 4.
To thisend, let 0 =ty < t; < ... < tpy_1 <ty =T be a partitioning of [0, T'| into possibly
variable time steps At,, ‘=t 1 —tm, m=0,..., M —1. Let I' be a (d — 1)-dimensional
polyhedral surface, approximating I'*(t,,), m =0, ..., M, with the two parts I'"*, i = 1,2
and their common boundary ™. Following Dziuk (1991), we now parameterize the new
surface I™*! over I'". Hence, we introduce the following finite element spaces. Let
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= U;’ 1 Z, where {07"}7_, is a family of mutually disjoint open triangles with vertices

{@"}E . Then for m =0, . M 1, let
VHI™) = {X € [CT™)]: X|om is linear V j = 1,..., J} = [WH(IT™)), (5.1)

form =0,..., M —1. We denote the standard basis of W"(T'™) by {x?"}X_,. In addition,
similarly to the semidiscrete setting in Section 4, we introduce the spaces W"(I'") and
V™(I'7), denoting the standard basis of W"(I'?") by {nglk}fz"l, as well as V" (4™), and the
interpolation operators 7™ : C(I'") — W"(I'™) and similarly 7™ : [C(T"™)]? — V(™).

We also introduce the L*-inner products (-, -)pm, (-,-)pm and (-, -)ym, as well as their
mass lumped inner variants (-, )., (-, ). and (-,-)".. Similarly to (4.15) and (4.17)

™
m om

we introduce the discrete vertex normals &/ = Zfz’l XikWir € VM) and @™ =
i X e V).

We make the following mild assumption.

(A) We assume for m = 0,...,M — 1 that H*'(¢67") > 0 for j = 1,...,J, and that

0¢ {@in, + k=1,...,K;,i = 1,2}. Moreover, in the case C; = 1 and § = 0 we
assume that dimspan{cj}, :k=1,...,K;,i=1,2} =d,form=0,...,M — 1.

In addition, and similarly to (4.20) and (4.21), we introduce ™ and 6™ € W"(T™),
and then Q7jm, Qz Y € [WHIP)]™, by setting e.g. Q7pm(q)}) = 0™(q)Id + (1 -
0 (qn)) @ 2o @ @ for k= 1,...,K;, i = 1,2. Similarly to (4.28) and (4.14), we
let

and . .
P =1d—-id,®id, on ™. (5.3)

On recalling (4.31), we consider the following fully discrete approximation of (4.30a—f).
For m = 0,...,M — 1, find X™!' ¢ VH(T™), (Y™ @2 e VA(Im) x V(™) x

()

VI x V™), R e V(y™) and C; &+ € V"(y™) such that

m+1 3 h .
Z < ?L@m Xildaf> - <Vsy;m+lavs>z> +OZG< m+1 sa%s>ﬂ/m
Fm

=1 tm s

_ - h
. Xm+1_id
gm *s> .
<< s X w+@< AL ,x>

s KVS S A A I ATE

i=1



- h
3 ([ 77 =72 = 2 (V. Qo 7] Vi, ¥, X)

rm

7

—Q %Z <"‘€ V X T —'m>Fm

(@) (@R . ) Vid, VL f>hi
(- G, T ) }

ry

2 . h
+ 3 af (R id. ), (a2
i=1

i=t
?\?_/
=<4
~—
E
| I

— AT, ) — Z A <VS id, V, >Z’>Fm VX eV, (5.4a)
=1 g
7 (@i T Qi )+ (KW, = (Y 7 G Dy
l Z VigeVhTrm,i=1,2, (5.4b)
(R (X078 =0 v eV (), (5.4¢)
Oy (@ +mrty =0  on 4™, (5.4d)
ozZG /%”’V”H + }_/;m“ + O Pt =0 on ", 1=1,2, (5.4e)

and set 77" = ot T [QUhn Y/ 43,3 and T = Xm0 i = 1,2, Form > 1

we note that here and throughout, as no confusmn can arise, we denote by <" the function
7 € VMI'™), defined by 2qh) = /BN a Y, k=1 K;, where & € K(Fzm 1) is given,

. . _’m —=m —=m
and similarly for e.g. ¥;™, m;" and '

We note that if C; = af = af = 0 then the weak conormals m/**! play no role in the
evolution. However, for surface area conservation they do play a role also in that case,
see (5.5¢) below. We also remark that the parameter ¢ > 0 has a stabilizing effect on the
evolution of 4#™. In practice, this was particularly useful for simulations involving surface
area preservation, and for C° experiments with Gaussian curvature energy contributions.

Of course, (5.4a—e) with AV = Xf"m = )\f’m = 0 corresponds to a fully discrete ap-
proximation of (4.30a—f), on recalling (4.31). For a fully discrete approximation of the vol-
ume and/or surface area preserving flow, on recalling (4.41a-c), we let (AV™, A™ A2H™)
be the solution of

Zflaze(w , &) a?}e(’%?aﬁ?b) 029(’3?793?) — AV by’
aly (R, @) (R, /) 0 AT = |, (55a)
ay'y (R, @5") 0 agy(Rer k) )\ A by

where, on noting the fully discrete variant of (4.19),

2 id— xm1 o \"
byt = Z <(HZ“0 —Q)Tl,@jm> — <VS Y™, Vs (I Qm)>rm

i=1



I‘m
9 . R h
. d— mel
=2 <<H§"o Id)* m> — (VYW (1T )
_ A m—1 i
=1 rm
oo h
- (pgar): | (5.5b)
’ F:n
d xXm 1 h d mel
id — id —
b = { (II'y, — Id o R n'",
) <( 1,0 :) Atm—l 7g19 K > + <mz Atm—l >
re r
o o h
— (VY R = (R
rm rm
id — Xxm~1 " id — xm!
= ( (™ —1d m o Em B
( %,0 ) Atm,1 7:z,6 7 + m;-, Atm,1
rm ¥
N N N h
— (VY (R = (R =12, (5.5¢)
’ rm ' rm

Here, for convenience, we have re-written (5.4a) as

m—+1 3 h
Z < i Xild’%> <V ymHl g, X> +af {( am+1)s’>zs>

Aty
=1 rm
i )Zerl _ 18 h
Bz ol X
S(Xrmx) re{ T
f\/m
L h
=(f" X)) =A@ e AAm V.id, V, ¥ VX eVhI™), (5.6)
rm v
and, analogously to (4.37), we have defined aj : VI x Kh (I'"") — R by setting

aT@(gaﬁ):<Qz€m§Hzon> : \V/g,’f_])EKh(F;n),'L:l’Q

As before, we note that the matrix in (5.5&) is symmetric positive definite as long as
H;”O @i and II7} [QFym K7"] are linearly independent, for i = 1, 2.

THEOREM. 5.1. Let 6 € [0,1], 0 > 0 and o, ap > 0. Let the assumptions (A) hold. Then
there exists a unique solution X™ e VMI™), (Y™ mimth2 e VHIT) x V(™) x

VHIR) x V™), B2 € V(™) and Cy @™ € V(™) to (5.4a-e).

Proof. As (5.4a—e) is linear, existence follows from uniqueness. To investigate the
latter, we consider the system: Find X € V(I™), (Y;,m,)%, € V"(T7) x V(™) x
ViTe) x V™), &, € V(™) and C; & € V(™) such that

2
L Jom 3 o\ V.U v A
izl A—t?n <gi791” ’X>F§" - <V5 1) VS X>F:” + Q; <(mi)57 XS>'ym

30



oy ;
(5.7b)
(s O+ (X Xe) =0 VXeVI (™), (5.7c)
,ym
Cy(my +1my) =0 on ™, (5.7d)
AR+ Y,+C;d=0 on 4™, i=1,2 (5.7e)

i=1 m ol
2 L\ h ) . L\ h G .

E : - — m m

= <m27 Z> — oy < i,0m leﬁ i.om Yv@> — <(mz>57 s>
i=1
22: Y h G 1 2\ "

_ - - — m m

- <Y727mz>fym + Q; <mi7’l€’“{>fym ; <_Z om }/szz om Y;>Fm

= S\ h
=0 Q@ V@ V) (5.8)

It follows from (5.8) and the definition of Q.. that X =0 on 4™, and so (5.7¢) implies

that 7, = 0. In addition, (5.8) yields that 7™ Q7 Yi] = 0,4 = 1,2. Hence, on adding
the two equations in (5.7b) with 7 = X, we obtain that <VS X,V, )Z> = 0, and so

Fm
X = 0. Then (5.7b) implies that 1m; = 1y = 0. Next, we have from (5.7¢), on recalling
that &, = 0, that there exists a ¥ € V"(I') such that Y; = Y lpm, @ = 1,2. Choosing
7= Y in (5.7a) yields that <Vs }7, Vs }7> = 0, and hence Y is constant. If Cy =0 we
Irm
immediately obtain from (5.7e) that ¥ = 0. If C; = 1, on the other hand, it follows that
Qiom (G})Y = 0fork=1,...K;, i=1,2, and hence

Y.a™@h) =0 k=1,...K,i=12 (5.9)

The definition of @}, recall the fully discrete version of (4.21), and (5.9) then yield that

9Y = 0. Hence for 0 € (0,1] we immediately obtain that ¥ = 0, while in the case 6 = 0
it follows from assumption (A) and (5.9) that Y = 0. Finally, we obtain that ® = 0 from
(5.7e). O
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5.1 Implicit treatment of volume and area conservation

In practice it can be advantageous to consider implicit Lagrange multipliers
AVl \AmtL AAmEly iy order to obtain better discrete volume and surface area con-
servations. In partmular, we replace (5.6) with

- h
Xm+1 d . . ~ m .
Z < ;nem T17X> - <Vs Y;m—HaVs X> : +05G< +1 57X5>ﬂ/m

=1 F;ﬂ
- - h
I <X’m+1 - > " X —id
XX el TRX
,ym
2
- h N
= (FrX) =g sl = 3OO, Xm V) Y v e Vi
<f ,X>Fm (@™ X tm — >N VsX) VX eVH(Irm),

i=1 i

(5.10)

and require the coupled solutions X™+! € V™(T™), (Y™ mm )2 e VA7) x V" (y™)x

VHTY) x V'), R € VM), Cr @ € Vhm) and (W 3 3In ) e
R3 to satisfy the nonlinear system (5.10), (5.4b-e) as well as an adapted variant of
(5.5a—c), where the superscript m is replaced by m + 1 in all occurrences of m}*, K"

7 )

Y AV and AM™. In addition, ia;éiﬁl in (5.5b,c) is replaced by Xm“ id Tn prac-

tice this nonlinear system can be solved with a fixed point iteration as “follows. Let
(AVmAL0 NAmtL0 ZdmtL0y — (\Vim ydm AAm) and Xm0 = id |pm. Then, for j > 0,
find a solution (X™ 1L+l Ymtlitl gmtlitl mmtLitly to the linear system (5.10), (5.4b-
e), where any superscript m—+1 on left hand sides is replaced by m+1, j+1, and by m+1, j
on the right hand side of (5.10). Then let &]""/™ = o' 77 [Q,.. Y 32, M be

1 1
A 1,741 A 1,j+1
)\1 ym+1,7+ , )\2 ym+ 7.7+ )

defined as usual, and compute (A LI+ as the unique solution

to
2 —m =m+1j+1 —=m m (zmt+lj+l —m V,m+1,5+1
Z 1%9(” i) aw("‘fl , W7 az,e(@ , W3°) —A
—»m+1,]+1 -m m —»m+1,]+1 —-m+1,5+1 Am+1,5+1
alG( ,61") al,e( y Ky ) 0 Al
—»m—i—l,]—f—l —m —»m+17j+1 —»m+1,]+1 Am+1,5+1
ag 9(“ ,&57) 0 ay 9(“ ) A
m+1,j+1
bo
1,j+1
AR I (5.11a)
m+1,j+1
by
where,

2 % j ¥ "
‘ . Xm+Litl _id - ; =
bttt =3 <(H;”o 1) —15m> (v g an),
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— - h - >\ h
' m+1,5+1 _ ) m+1j+1 _ ;
b,‘ - (H@ 0o M) ) q,0m Hz‘ + mi )
= At,, =" At,,
m

Iy s
h
_’m+1,j+1 _)m —»m+1,]+1 _»m _’m —»erl,jJrl - .
— <v3}/l ,VS (HZ,O K”l )>Fm - <f 7]:[1',0 /{Z >Fm 3 1 = ]_,2,
i I3
(5.11c¢)
and continue the iteration until

AV LI+l \VimetLg) | \bmA Lt _ zAm L) z\mA LI yAmthi) 1078

We remark that the implicit scheme is chosen such that no new system matrices need
to be assembled during the fixed point iteration. In particular, all integrals are evaluated
on the old interfaces I']*. But all the quantities that are calculated during the linear solves
are treated implicitly, i.e. X™H (Y™ gPH w2 /Rt Cp @ as well as the
Lagrange multipliers.

6 Solution methods

Let us briefly outline how we solve the linear system (5.4a—e) in practice. First of all,
similarly to our approach in Barrett et al. (2010) for the numerical approximation of
surface clusters with triple junction lines, we reformulate (5.4a) as follows.

On introducing the following equivalent characterization of V"(I'™), recall (5.1),
~ 2
VA7) = () € X VM) £ o= o) (6.1

we can rewrite (5.4a—e) equivalently as: Find (X1, X7+1) € Vh(I™), (Y™, @2, e

7

VI x V™) x VHTP) x V™), R e V"(y™) and C; @™ € V"(y™) such that
9 > - h

m Xim+1 —id — m = —>m =
Z <:¢,91n T AL Xi> - <Vs YLV Xi>rm +af <<mz s [Xi]8>,ym
=1 m Tm @

- - h
S . Xt —id
+%§<[XZ +1]37[Xz]s> m+%Q<T,X1>
Y m

-y (V79 = (9.9, (%)),

3l | = = 2 (V7 Qg )] V1, Vi )

_ N h
—Qy <'%y;n7 [VS XZ]T ljim>r‘m
1
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# a8 (o ide [6)) (0B G ),

2
= AN @G K — > A <Vs id, v, f>pm Y (X1, X2) € VM(I™) (6.2)

i=1 i=1
and (5.4b—e) hold, where in (6.2) we have used the fully discrete version of (4.19).

The above reformulation is crucial for the construction of fully practical solution meth-
ods, as it avoids the use of the global finite element space V"(I'"™). With the help of (6.2),
it is now possible to work with the basis of the simple product finite element space Eh (™),
on employing suitable projections in the formulation of the linear problem. This construc-
tion is similar to e.g. the standard technique used for an ODE with periodic boundary
conditions.

We recall from Barrett et al. (2017, (4.4a-d)) the following finite element approxi-
mation for Willmore flow of a single open surface I';(t) with free boundary conditions
for OLy(t). For m = 0,...,M — 1, find (6X7+, Y™ e VMI™) x VH(I™), with
X = id[pp +0X™, and (ﬁggl, Iﬁmﬂ) [V"(0I"™))2 such that

()

m ~ . —m AT —m\ b
— (VYT D) (Veid)") | =iz (R VA
— — h
= 5[l =5 = 2V QB V4id, VLX)
== F:n

— - . - . h . h
+{(1—om) (G R 7 Vi VSX>F. (=™ Grm 7, VAT 7 )
+aiG <'Zgll‘lrﬁ;nalasfs> opm +04G< Id‘|“,P )[ 5>X5>apm
-<ﬁ“<viimfkw V¥ e VAT, (6.32)

h —
OZ;1< i,0m Ym+1 Qz gm >rm + <V3 XZ?nJrl,vs ﬁ>F <Iﬁ +17ﬁ arm _%<w:ﬂ7ﬁ’>?r
vije VMIT),  (6.3b)

h
<a§ Rl 4 YL, cﬁ>am —0 Vgevharm, (6.3¢)
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—m _\ h Y200 - — m
<’%8Ft1>77>arlm + <[Xz +1]8>778>8Fm =0 V7€ Kh(arz‘ ) (6.3d)

The corresponding linear system from Barrett et al. (2017, (5.1)) is then given by

A —= Mo — A 0 —af Aprr\ [V
M A 0 —Myrr sXmH
(Mar.r)” 0 a8 Moy 0 Rt
0 (z‘YaF,F)T Mor 0 my

_ i i . 6.4
5 (6.4)
—(Agr,r)" X7

On replacing A, with (3 A+ oAy ]\7./9), where the definition of ]\719 is clear from (6.2), and

similarly adapting the first entry in the right hand side of (6.4) to account for the term
involving \V'™_ we write (6.4) as
BiZi = gi.

Hence we can rewrite the linear system for (6.2), (5.4b—e) as

Zy g1
PpB Py Ly =P 9|, (6.5a)
5m+1 0

where

By 0

B= 0 : (6.5b)

0 By

(000C; M) (000 Cy M) 0

and where M is a mass matrix on 7™. Moveover, Pp and Pz are the orthogonal projec-
tions that encode the test and trial space V"(I'™) in (6.2), i.e. they act on the first and
fifth block row in (6.5b), and on the second entries of Z; and Z5, respectively.

The system (6.5a) can be efficiently solved in practice with a preconditioned BiCGSTAB
or GMRES iterative solver, where we employ the preconditioners

Bi' 0 0
Pzl 0 By' 0| P and PzB'Pp
0 0 Id
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for the cases C; = 0 and C) = 1, respectively. Here we recall from Barrett et al. (2017)
that B, and B, are invertible. The inverses B! and B;' can be computed with the help
of the sparse factorization package UMFPACK, see Davis (2004). Similarly, the inverse
B~1, which existed in all our numerical tests, can also be computed with the help of

UMFPACK.

In practice we note that the preconditioned Krylov subspace solvers usually take fewer
than ten iterations per time step to converge. We stress that the chosen preconditioners
are crucial, as without appropriate preconditioning the iterative solvers do not converge.
This suggests that the linear systems (6.5a) are badly conditioned.

7 Numerical results

We implemented our fully discrete finite element approximations within the finite element
toolbox ALBERTA, see Schmidt and Siebert (2005). The arising systems of linear equa-
tions were solved with the help of the sparse factorization package UMFPACK, see Davis
(2004). For the computations involving surface area preserving Willmore flow, we always
employ the implicit Lagrange multiplier formulation discussed in §5.1.

The fully discrete scheme (5.4a—e) needs initial data 2, Y, m?, i = 1,2, and RY.

Given the initial triangulation I'?, we let m? € V"(7°) be such that

(5,7 = (i), ¥TEVIRY),

0

with 72 denoting the conormal on 9I'Y, i = 1,2. In addition, we let

for simulations where I';(0) is part of a sphere of radius R, i.e. I';(0) € dBg(0), and
otherwise define &9 € V"(T'9) to be the solution of

(o + (Veid, Vorr)y = (i), Ve vhrY). (7.2)

Then we define

) 7

Moreover, we let &0 € V"(7°) be such that

— A\h .3 — —
<"i27 n>70 + <1d37773> =0 Vv ne Kh</70> :

,YO

Throughout this section we use uniform time steps At,, = At, m=0,...,M —1, and
set At = 102 unless stated otherwise. In addition, unless stated otherwise, we fix o; = 1
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Figure 2: (C°: 3¢, =32, = 0, ¢ = 0.1) A plot of (I'7")2_, at times ¢t = 0, 0.5, 1, 2. Below
a plot of the discrete energy E™1((T™)%,).

and 7; = af = 0,7 = 1,2, as well as ¢ = 0. At times we will discuss the discrete energy
of the numerical solutions, which, similarly to (4.24), is defined by

2
m m =m — —m h —m —m h m
B IT) = 3 [ (R0 = 1)y o ({0 w2
+CHT(Y™).

Finally, we fix # = 0 throughout, unless otherwise stated.

For the visualization of our numerical results we will use the colour red for I''*, and
the colour yellow for I'y".

7.1 The C'—case

In Figure 2 we show the evolution of the outer shell of a torus joined with two spherical
caps. Here the two caps make up phase 1, with the remainder representing phase 2. The
initial surface T'0 satisfies (Ji,JJo) = (2048,4096) and (K, K») = (1090,2112) and has
maximal dimensions 6 x 6 x 6, i.e. up to translations, the smallest cuboid containing I"°
is [0,6]%. For the parameters 3¢, = 32, = 0 and ¢ = 0.1, the surface evolves towards a
catenoid. In Figure 3 we show the same evolution for the values 77y = —2 and 77, = —0.5,
which is now markedly different. The same evolution with o = 2, which shows the slowing
influence of p > 0, is shown in Figure 4. In both experiments the effect of the two different
spontaneous curvature values for the two phases can clearly be seen. The same evolution
as in Figure 4, but now for surface area preserving flow, is shown in Figure 5. Here the
observed relative surface area loss is 0.12%. The interplay between the different values of
7;, the surface area constraints, and the C%-attachment condition lead to an interesting
evolution. A completely different evolution is obtained when we replace surface area
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Figure 3: (C% 3¢, = —2, 35 = —0.5, ¢ = 0.1) A plot of (I'/*)?_; at times ¢t = 0, 0.5, 1, 2.
Below a plot of the discrete energy E™ 1 ((I'™)Z)).

OO 9

Figure 4: (C°% 3¢, = —2, 355 = —0.5, ¢ = 0.1, o = 2) A plot of (I'™)Z, at times
t =0, 0.5, 1, 2. Below a plot of the discrete energy E™((T™)2_,).
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Figure 5: (C%: 3¢, = —2, 3¢ = —0.5, ¢ = 0.1, 9 = 2) Surface area preserving flow. A plot
of (T™)%, at times ¢t = 0, 0.5, 1, 2. Below a plot of the discrete energy E™((T"™)2,).

¢ O OV

Figure 6: (C% 32, = =2, 3¢ = —0.5, ¢ = 0.1, o = 2) Volume preserving flow. A plot of
(T'™)2_, at times t = 0, 0.5, 1, 2. Below a plot of the discrete energy E™1((I'"™)2Z ).

conservation with volume conservation. This new simulation is visualized in Figure 6,
where the observed relative volume loss is 0.00%.

A simulation with four disconnected components for phase 1 is shown in Figure 7.
The initial surface T'° satisfies (Jy, J5) = (1816,4328) and (K, K) = (1000,2250) and
has maximal dimensions 4.2 x 4.2 x 1.1. The evolution for the parameters 7¢; = 725 = 0
and ¢ = 1 goes towards a fournoid.

We now consider surface area preserving experiments for setups where phase 1 is repre-
sented by six or eight disconnected components on the unit sphere. For these experiments
we use the time step size At = 107% and let 72, = —4, 76y = —2, ¢ = 1 and o = 2. The
initial surface T in Figure 8 satisfies (Jy, J2) = (1032,7160) and (K, K5) = (614, 3668)
and is an approximation of the unit sphere. Phase 1 is made up of six disconnected com-
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Figure 7: (C%: 32, =36, =0,c=1) A plot of (T™)%_, at times t = 0, 0.1, 0.5, 1. Below
a plot of the discrete energy E™((T™)%))

O OOV

Figure 8: (C°: 3¢, = —4, 36, = —2, ¢ = 1, ¢ = 2) Surface area preserving flow. A plot of
(T'™)2_, at times ¢ = 0, 0.1, 0.3, 0.35. Below a plot of the discrete energy E™ T ((T"™)2_,).

ponents. Here the observed relative surface area loss is 0.36%. A simulation with eight
disconnected components for phase 1 is shown in Figure 9. The initial surface I'° satisfies
(J1,J2) = (2048,6144) and (K7, K3) = (1184,3218). Here the observed relative surface

area loss is 0.28%.

An example for volume and surface area preserving flow is shown in Figure 10. The
initial surface I'° satisfies (Jy,.Jo) = (2274,2274) and (K, K3) = (1188,1188) and has
maximal dimensions 1.5 x 1.5 x 2.8. In this experiment we choose 771 = 7¢6p = —1, ¢ =1
and o = 2. The relative surface area loss for this experiment is 0.07%, while the relative
volume loss is 0.00%.

The next set of experiments illustrates the impact of the Gaussian curvature energy.
The initial surface I'’ is made up of two halves of an approximation of the unit sphere
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Figure 9: (C°: 32, = —4, 36, = —2, ¢ = 1, p = 2) Surface area preserving flow. A plot of
(I'™)2_, at times ¢t = 0, 0.05, 0.1, 0.11. Below a plot of the discrete energy E™+((T™)%,).

Figure 10: (C% 3¢, =3, = —1, ¢ = 1, o = 2) Volume and surface area preserving flow.
A plot of (T™)%, at times ¢t = 0, 0.05, 0.1, 0.2. Below a plot of the discrete energy
EmH((T™)E).
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Figure 11: (C% 3 = 35, = 0, ¢ = 1, o = 2) A plot of (T2, at times t =
0, 0.01, 0.02, 0.1, 1. At time t = 1 the evolution has reached a disk. Below a plot
of the discrete energy E™T((I'"™)Z ).

and satisfies (Jy, J2) = (2274,2274) and (K, Ky) = (1188,1188). An experiment for
7 =7y =0,¢=1and p = 2 is shown in Figure 11. The evolution eventually reaches a
slowly shrinking disk. Choosing the parameters af = af = —1, and using the time step
size At = 107°, we obtain the simulation in Figure 12. We remark that the conditions
(2.6) trivially hold. Moreover, and in contrast to the C'-case, a nonzero Gaussian bending
energy coefficient has an influence on the evolution even if af = af. In this example
we observe that for a negative af = af, the term Z?Zl of [ K; dH? for the initial
sphere is negative, and hence the evolution remains convex thr(l)ughout, in contrast to
the evolution in Figure 11. Moreover, the evolution in Figure 12 is generally slower,
since large values of the Gaussian curvatures make Z?Zl af fl“i K; dH? more negative.
Repeating the computation for af = —1 and af = —1.5 yields the results in Figure 13.
We note once again that the conditions (2.6) hold. For the evolution in Figure 13 we
observe that the curvature of phase 2 is decreasing slower due to the fact that large values

of [, Ko dH? decrease the energy.

7.2 The Cl—case

We remark that in the C'-case, with uniform data o; = ay = «, 3¢, = 7%, = 7 and
¢ =p0=af =af =0, our finite element approximation collapses to the scheme from
Barrett et al. (2016b) for the Willmore flow of closed surfaces. Indeed, as a numerical
check we confirmed that Table 1 in Barrett et al. (2016b), for the approximation of the

nonlinear ODE Barrett et al. (2016b, (5.1)), is reproduced exactly by our implementation
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Figure 12: (C% 32, =35, =0,c =1, af = af = —1, o = 2) A plot of (I'™)2_, at times
t =0, 0.01, 0.1, 0.2. Below a plot of the discrete energy E™((T"™)2_,).

® o -

Figure 13: (C% 32, =3, =0, =1, af = -1, a§ = —1.5, o = 2) A plot of (I'™)2_, at
times t = 0, 0.1, 0.2, 0.3. Below a plot of the discrete energy E™((I"™)2_,).
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Figure 14: (C': 32, = =2, 35 = —0.5, ¢ = 0.1, p = 2) A plot of (Fm) ", at times
t =0, 0.1, 0.2, 0.5. Below a plot of the discrete energy E™ 1 ((T™)2_,)

© ©0 0 O

Figure 15: (C': 3¢ = =2, 3% = —05, ¢ = 0.1) A plot of (I'7)%, at times
t =0, 0.01, 0.02, 0.03. Below a plot of the discrete energy E™((I'"™)Z)).

of the scheme (5.4a—¢).

A repeat of the simulation in Figure 4 in the context of a C''~condition on + is shown
in Figure 14, where for this experiment we use the time step size At = 107 The
evolution goes towards a cylinder with two round caps, which is dramatically different to
the evolution in the C%case.

If we project the initial surface from Figure 14 to the unit sphere, we obtain the
evolution shown in Figure 15. The evolution goes towards a cylinder with two round
caps. Using the same parameters as in Figure 15 to simulate surface area preserving
flow, we obtain the evolution shown in Figure 16, where here we have chosen g = 2. The
evolution goes towards a more elongated cylinder with two round caps. Here the observed
relative surface area loss is 0.18%. The volume preserving variant is shown in Figure 17,
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Figure 16: (C': 32, = —2, 3¢ = —0.5, ¢ = 0.1, p = 2) Surface area preserving flow. A plot
of (I"™)2_, at times ¢t = 0, 0.1, 0.2, 1. Below a plot of the discrete energy E™((T™)%_,).

where in order to dampen the tangential motion we choose 6§ = 0.05. Here the observed
relative volume loss is —0.12%.

A repeat of the simulation in Figure 7, now in the context of a C'-condition on 7, is
shown in Figure 18. Once again, we observe that the C''-condition has a dramatic effect
on the evolution.

In the next experiments we investigate the possible influence of the Gaussian curvature

energy. If we choose the initial surface as in Figure 12, and running with 3¢; = 370 = —0.5
and ¢ = af = af = 0, then we obtain an expanding sphere, with symmetric phases

1 and 2, which approximates the solution to the nonlinear ODE Barrett et al. (2016b,
(5.1)). On the continuous level, thanks to the Gauss-Bonnet theorem, the same solution
is obtained when choosing af = af = 0.5, and this is also replicated by our numerical
approximation. Choosing af = 0.5 and af = 1, on the other hand, leads to phase 1
growing on the expanding surface. Here we remark that (2.7) clearly holds, and that
reducing the relative size of phase 2 is energetically favourable. See Figure 19 for the
evolution.

A well known phenomenon is the moving of the phase boundary in relation to the neck
of a dumbbell for different values of the Gaussian bending rigidities, see e.g. Elliott and
Stinner (2013, §4.3). We now demonstrate this behaviour in the sharp interface context.
To this end, we choose as initial data a membrane with a neck, and then start an evolution
of volume and surface area preserving flow with of' € {—2,0,2}, while af = 0 and ¢ = 9.
For these experiments we choose At = 10~ and let o = 1. See Figure 20 for the different
evolution. Here we can clearly see that for a¥ = 2 the interface moves down relative to
the neck of the dumbbell, while for af = —2 it moves up. Of course, this is due to the
neck having negative Gaussian curvature.

In the final experiments we approximate well-known equilibrium shapes from Jiilicher
and Lipowsky (1996, Fig. 8). To this end, we consider volume and surface area conserving
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Figure 17: (CY: 3¢, = =2, 320 = —0.5, ¢ = 0.1, o = 2, § = 0.05) Volume preserving
flow. A plot of (T'7")2_, at times ¢ = 0, 0.1, 0.5, 1. Below a plot of the discrete energy
Em e (Tm)Ey).
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Figure 18: (C': 3¢, =32, = 0, ¢ = 1) A plot of (T7)%; at times ¢ = 0, 0.05, 0.1, 0.14.
Below a plot of the discrete energy E™ ™ ((T™)%,).
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Figure 19: (C*: 32, =32 = —0.5,¢ =0, af = 0.5, a§ = 1) A plot of (Fm) ', at times
t =0, 0.1, 0.2, 0.25. Below a plot of the discrete energy E™1((I'™)?

6 & 6 ¢

Figure 20: (C*: 3¢, = 32, = 0, g 9, a§ = 0, 0 = 4) The initial shape on the left, and
(T2, at tlme t =0.01 for af = -2, 0 and 2, respectlvely

flow for initial surfaces with reduced volumes v, € {0.95, 0.91, 0.9}, where

3L35(Q%) 677 L3(Q0)

UT‘ = ) =
4 (LS (H2(10))3

)

with QY denoting the interior of I'’. In addition, the two phases are chosen such that
they have a surface area ratio of 0.1. See Figure 21 for the initial shapes, where in
each case we have that the initial discrete surface 'V satisfies (Jy, Jp) = (2274,2274) and
(Ki, Ky) = (1188,1188) and H?(I'°) = 47. For these experiments we set ¢ = 9 and
o = 4. Choosing a time step size of At = 10~%, we integrate the volume and surface area
conserving flow to a final time of ¢ = 0.25 and report on the obtained shapes in Figure 22.
These configurations appear to agree well with the computed shapes in Jiilicher and
Lipowsky (1996, Fig. 8).

o 0 ¢

Figure 21: The initial shapes for v, = 0.95, 0.91 and 0.9, respectively.
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Figure 22: (C': 32, =3, =0,¢ =9, 0 = 4) A plot of (T'")%, at time ¢ = 0.25 for the
reduced volumes v, = 0.95, 0.91 and 0.9, respectively.

Appendix A. Derivation of strong formulation and bound-
ary conditions

We recall from Section 3 that our numerical method is based on the weak formulation
(3.34) and (3.33a-f) of the generalized L*-gradient flow of the energy E((T;(t))%,), see
(2.12). It follows from (2.3), (3.33b) and (3.15) that

%.000:=0,  9(Qis ) = —(1-0;) 5[V X]" 7,

We recall that on the continuous level m; = ji; and that 6; € [0, 1] are fixed parameters.
Here we need to choose 6; = 0, as otherwise the two conditions in (3.28b,c) are incompat-
ible in general. Then this weak formulation can be formulated as follows. Given I';(0),

for all t € (0, 7] find T';(t) and %;(t) € [H*(T;(¢))]* such that

(3] o9, = B [958 5 B

=1

—«m>meaw@)

—(1=0,) (675, [V X)T 7 ]—§<ids, _)s>
( ) (>4 9 X] >Fi(t) X 0

+ i <(%2 —32) V,id, V, X>I"(t)

2
Y af | (il X)), | VX e OO, ()
=1

with y(t) = d'1(t) = 91 (¢),
Ui = yi Vi +U;, where y; =a;(4—7%;) and u;.U; =0, only(t), i=1,2. (A.2)
Of course, (3.33b) implies that @; = 0if 6; € (0, 1]. Hence, as 7; . [V, X:]” 7 = ([Vs Xi] 7)) . 7
0.7 = 0, it holds that
(1 - ei) <%z‘ Vi, [Vs )Zi]T 77i>ri(t)
=(1-0,) <%i i i, [V X" 77z‘>F o T <%z Uy, Vs Xi Vz>F )
- (1 - 9@) <%Z ﬁiu [VS )ZZ]T 172>Fz( - <%Z U‘Z7 v XZ Vl

AN (A.3)
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for all 6; € [0, 1].

In (A.1) the mean curvatures s; are defined by (2.3), the curve curvature vector s, is
given by (2.8), and the conormals fi;(t) are defined by (2.9) and satisfy C; (i1 + fi2) = 0.
In addition, we have from (3.33c) that

Ji=—a%% —Ci¢ on A1), i=1,2. (A.4)

For later use, we note that it follows from (2.10), (2.4) and (2.16) that

Gy 0 =1d, . 1 = —id, . [7]s = Ii(id,, id,)  and 34 = I;(id,, id,) + (7, 1) on (t).
(A.5)

Moreover, it follows from (2.17) and (2.9) that
7] x idy = =7 fl; x idy = (=1)' 77, on~(t), (A.6)

where we have observed that [i]; is perpendicular to 7;. For later use, we also note from
(A.6) and (2.9) that

s = (=1) (7], % ids + 72 x i) = 7375+ (= 1) (F4 i) 7 % i
= 10 — (G4, fi)id,  on A(t). (A7)

Similarly, it follows from (2.9) and (A.6) that

7l = (<) (idos x i + i, x [f)) = (<) (2. 50) 7 % fis = 7

= —(5¢,.0;)ids — 7 [I; on y(t) . (A.8)

Starting from the weak formulation (A.1), we will now recover the corresponding
strong formulation together with the boundary conditions that are enforced by it. It

follows from (A.1) and (A.3) that

(V.5),, T eVx), = S (V. (72, Vi Xy + (Ve (07), Ve X
i=1

([ A" D) (Vid)T) ot b (o =520, Ve X+ (Vi Ve K

i

—

+ (Ve @i, Ve - X)ryp) — <(vs i;)", D(Y) (Vs id)T>F_ o (3610, [Vs X" '7i>n<t>]

+ S <}?’y7 )Z>fy(t) + Z &iG |:<j?’y . /jia 1ds . X»s>7(t) + <2’Y [ﬁi]sv )Zs>ﬂ/(t):|

2 8
_. Z Z Tg(Z) +c <ny’ X)>'y(t) + Z OZZ-G [<QV . ,Jh lds . X)s>fy(t) + <2’y [/ji]su X»s>'y(t):|
VX e [H, (T (A9)
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In order to identify the first term on the right hand side in (A.9), we now recall (A.21)
and (A.30) in Barrett et al. (2017), where we note that in our situation 5 = 0, and that
the results there are for d = 3, but are also true for d = 2, where we always assume that

¢ =af =af = 0. Hence we have that

8
ZTg(Z) = <—0éi Ag s + %Oéi (36— 32)° 5 — o (54, — 38) |V G, X 77i>Fi(t)

=1
+ o (Vs ) - i, X - ’7>a,(t) a; (56 — %) (Vs ) fli, X)’y( t)
bou (g — XY, + BO VX [HAT@)Y, (A0)
where
B(Z) = <V5.ﬁi, % ﬁ> <V Uum®X> ~(t) <%lﬁlﬁ“iﬁl>7(t)
+ <(VS ﬁl) (X Vz z () T ZD (All)

It immediately follows from (A.10) that the strong formulation of the flow equation is
Y= [—Oéi Ay + %ozi (36, — 32,)2 3¢, — o (56 — 72;) | Vs 17,~|2} v; on Iy(t). (A.12)

Collecting the boundary terms arising in (A.9) and (A.10), similarly to Barrett et al.
(2017, (A.32)), gives:

6
<V X>v(t) 5 Xy + 2D B

2
=g <J?Va )Z>fy(t) + Z [<az (vs %i) - i, X- ﬁ)y(t) - <% @i (%i o ?i)Q’ X- ﬁi>7(t)

@
Il
-

— i (36 = 5) (Vs 7) iy X)) + 0F (Z - fiid X )

v(t)
+af (P X (i), + BY| ¥ X € [HID@)]
(A.13)

We now investigate the boundary conditions arising from (A.13) in the case C; = 0.
To this end, we recall from (A.2), (A.4) and (2.10) that
(36 —3) +al %, 0, =0 and ;= —a¥ (3, @)@ on y(t),i=1,2. (A.14)

Using the simplifications in (A.34)—(A.41) in Barrett et al. (2017), as well as (A.14), the
right hand side of (A.13) can be simplified to obtain



+ Z <(—% a; (56 — E‘)Q - %G Ki) i + (i (Vs 55) - i — %-G (7i)s) Ui, >2>y(t)
VX € [HJ(D(t)]". (A.15)
It follows from (A.14) and (A.15) that the necessary boundary conditions are
(36 —3) +af iz, ;=0 on H(t), i=12, (A.16a)

gﬂjf)»y -+ Z(—% Q; (%Z — ?Z')Q — OJZ-G ICZ) ﬁl + ((Oél (Vs %z> ,Jz — OJZ-G (Ti)s) 172 = Q]} on ’Y(t) .
i=1

(A.16b)
In the case of surface area preservation, there is an extra term
2
—ZA;‘<VSﬁ,VS>z> | :—Z)\A % D
i=1 )
Z A [ (5671, X Ii(t) <1’>Z'ﬁi>'y(t) (A.17)

on the right hand side of (A.1), on recalling (2.14), (3.10), (3.26) and (3.6). We hence
obtain the desired changes (2.15) and (2.18b) to (A.12) and (A.16b), respectively. Simi-
larly, in the case of volume conservation, there is an extra term —\" Y7 (7, X)r,) on
the right hand side of (A.1), on recalling (2.14), a variational variant of (3.5) and (3.6).
We hence, once again, obtain the desired changes (2.15) to (A.12).

We now investigate the boundary conditions arising from (A.13) in the case C} = 1,
where we recall that in this situation v/ = 1/} = i/, and i = [l = —fi; on (t). To this end,
we obtain from (A.2), (A.4) and (2.10) that 7 — 31 = —(a§ — af) 3, on ¥(¢), and hence

ay (301 — 721) + o iy V= (s —702) + af %,.U on y(t), (A.18a)
iy — iy = —(af —af) (3, . @) i on ~(t). (A.18Db)

We now rewrite some of the terms in (A.13). It follows from (2.16) that
(Vo) fis- X = ~Wi(fii, i) X ide = W7, fi) X - i (A.19)
and so

= i (s =), 7 X id + (36— . 7) X ﬁ> o (A.20)

where we have noted (2.17) and (A.5). It follows from (A.36) and (A.37) in Barrett et al.
(2017) that

BY + BY = af ([, 5 — (2, i id + [ = (3 )] i, X)

¥(t)
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— i {[(m)s + (5 - 1) 3y - i) i Xy - (A.21)
We have from (A.11) above and (A.39) in Barrett et al. (2017) that
D+ DY = (@), (X i) idy - (¥ .id,) i) (A.22)
v(®)
As ;. U; = 0, we have from (A.11), (2.16) and (A.5) that
DY) + DY) = — (o fls + (Vi 0) fis, (X 5:) 1)
I, (jd;, ids : (G ) — s (T )Y
= (LG, id.). (@ » e

— <Ti @.id, — (%, . z7,~)ﬁ,~.ﬁ,~,f.z7i> . (A.23)

S’
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Therefore (A.11), (A.22) and (A.23) yield that

S By = < Ty — 1), (Y. f) ids — (;Z.ids)/j> + <(ﬁz —diy) .idy, 7 (X ﬁ)>
g A(t) y(t)

—

— (@ — i) i, . 9) X D). (A.24)

where 7 = 75 = —71. Hence we obtain from (A.18b) and (A.7) that

0B = (R (G it (5 i i (i) (35, ) BX) o (A2D)
i=1

Combining (A.13), (A.20), (A.21) and (A.25) yields, on noting (A.18a) and (2.10), that

<V X> o S (%X +ZZB(Z

i=1 (=1
:<[O‘i<vs%i>]%-ﬁ_[QG]lTs+§%V v, X - V>

v(t)
+ (=5 loi (o5 —32)°7 7]

L [ow (G — 35) (56 — 3%, . D))} + [af ]} 72 +<;fw-ﬁ>>?-ﬁ>v(t)
VXe€E [Hvl(F(t))]d. (A.26)
This yields the boundary conditions
la; (Vesa))i i — [aS i s + 652, .0 = oV.7 on A(t), (A.27a)
— %

V2 + o (36— 71) 5 — 3 D) + [0F 2+ 2y i= oV . [i on A(t),
(A.27h)

%[az< A

as well as oV .id, = 0 on ~(t), which has no effect on the evolution of (I;(¢))2_,. Clearly,
(A.18a) and (A.27a,b) yield the conditions (2.19a—c), on accounting for the surface area
constraints analogously to the case C; = 0.
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