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Abstract

We show some basic cohomological properties of the double complex of differential
forms on tropical spaces and the associated derived dual complexes. We then use these
results to show that the tropical projective space satisfies an analogue of the dd°-lemma
for complex manifolds.
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Introduction

Tropical geometry

Tropical algebraic geometry is the study of certain finite rational polyhedral complexes
equipped with some additional structure. Some of the most important applications come
from algebraic geometry where one can associate tropical varieties to algebraic varieties
through a so-called tropicalization process. Omne then hopes to get a dictionary between
properties in the tropical world and properties in the algebraic-geometric world. Results in
this vein can be very powerful, mainly because the purely combinatorical nature of tropical
varieties makes them much more accessible to computations and more direct constructions.
Suitably, some of the most prominent applications of tropical geometry lie in enumerative
algebraic geometry, e.g. Mikhalkin’s Correspondence theorem [Mik05, Thm. 1].

A more recent development has been the introduction of tropical homology and cohomology
groups in [MZ13| (or [IKMZ16]). Again, these can be given in a combinatorial manner
and many direct applications to tropical and algebraic geometry have already been found.
Apart from the original papers [MZ13] and [IKMZ16|] we refer here to Shaw’s study of the
intersection product on tropical surfaces in [Shalb] which makes extensive use of tropical
homology groups.

But as it turns out tropical geometry also is a very useful language for the study of non-
archimedian analytic spaces (in the sense of Berkovich). Not only can the topology of the
Berkovich analytification of an algebraic variety be described through its tropicalizations
(|[Pay09, Thm. 1.1]) but tropical methods also allow one to define bigraded sheaves of
differential forms on Berkovich spaces. Building upon Lagerberg’s superforms [Lagl2|, the
latter were first introduced in [CD12| where Chambert-Loir and Ducros use them to define
Monge-Ampére measures and first Chern classes in a ‘classical’ manner and prove several of
their properties. This proceeds to be a very active field of study, with recent advances for
instance in [Liul7].

Main Results

In the present paper, we will concern ourselves only with the tropical side of this construc-
tion: with the double complex of sheaves of differential forms A%® on a tropical space X.
The connection between bigraded differential forms on RY and tropical geometry was first
discussed in |Lagl2]. Lagerbergs results on positive closed currents are also central to the
theory developed in [CD12|. We will deviate from this, focussing purely on cohomological
properties of AY®. The first major result in this direction has been Jell’s Poincaré lemma in
[Jel16al 2.18], where he shows that the complexes AX® are fine resolutions of the respective
kernels

L5 = ker(ARY — ABM).

Together with Philipp Jell and Kristin Shaw we were able to derive from this that the tropical
cohomology groups of X from [MZ13| are canonically isomorphic to the sheaf cohomology
groups of L5 | [JSS15] 3.15]:

Theorem 1. Let X be a tropical space. Then the tropical cohomology groups of X with real
coefficients are canonically isomorphic to the Dolbeault cohomology groups on X :

HPD (X)) = HI(X, £5) = HY (T(X, AR®)) .

trop

In particular, this gives an answer to the question raised in [CDI12l, p.12], establishing a
mediate connection between tropical cohomology and the cohomology of superforms on



Berkovich spaces. In section [2| we will give a proof of this result (theorem [2.16|), differing
from [JSS15| in the computation of the sheaves LK.

Given a double complex like A%* one might also be interested in the properties of its total
complex A% = tot*(A%"). In proposition we first show that up to quasi-isomorphism,
A% has a simple direct sum decomposition:

Proposition 2. Let X be a tropical space. Then there exists a canonical quasi-isomorphism
of complexes of sheaves on X,
D L l-p] = A%

PEZL

For tropical manifolds, this also allows us to transfer Poincaré duality — proved in [JSS15|
for the vertical complexes AR — to the total complex A% in theorem . We will phrase
this result in terms of the complex D% of linear currents which represents the derived dual
of A% in the derived category of sheaves on X (c.f. example [3.3f):

Theorem 3. Let X be a tropical manifold of pure dimension n. Then there exists a canonical
quasi-tsomorphism
A% [2n] = D%,

induced by the wedge product of forms and a natural integration map T'o(X, A3) — R.

We will usually consider tropical spaces as topological spaces locally isomorphic to the
support of polyhedral complexes in TV, where T = RU{—oc} is the tropical affine line,
equipped with the topology of a half open interval. This forces us to pay special attention
to the points where one or more coordinates are {—oo}, leading us to define sedentarities
or more specifically good sedentarities as closed subsets at infinity which have certain global
properties in X (c.f. definition [1.29). For the complex D%, we have a nice description of
the cohomology with support in a good sedentarity in theorem [3.14}

Theorem 4. Let X be a regular tropical space and let v+ : Z C X be the closed embedding
of a good sedentarity. Then there exists a canonical 1somorphism in the derived category of
sheaves on X:

Ry D% — RITzD%.

Apart from the cohomology of the complexes AR, AY? and of its total complex A%, the
double complex (A%°,d’,d”) of forms on X also gives rise to Boti-Chern and Aeppli coho-
mology groups on X,

_ ker(d) Nnker(d”) N ARY(X)

B im(d'd") ’
ker(d'd") N AR (X)

P _ X

Hy(X) = im(d') + im(d")

It is an interesting question to ask if these groups are canonically isomorphic: For instance,
the corresponding statement for compact symplectic manifolds is equivalent to the Hard
Lefschetz property (c.f. [AT15] 5.2]). Here, we only give a first result in this direction, using
a construction of Schweitzer to show that PV satisfies this property (theorem :

Theorem 5. The tropical projective space PN of dimension N satisfies the d'd"-lemma, i.e.
for every p,q € Z the canonical map

HE (BY) = 157 (BV)

18 an isomorphism.



Note that in the main text we will work with differentials d; and dy — which differ from d’
and d” only by sign — in order to end up with double complexes with commuting squares.

Lastly, we give a possible construction for a locally convex topology on the R-vector spaces
ARY(X) in section This allows us to define the subcomplex Dy C D% of continuous
currents on a troplcal space X. The integration morphism A%[2n] — D% factors through
the embedding D% — D% and from theorem I one can derive a smoothing-of-cohomology
type statement (theorem , similar to the classical case:

Theorem 6. Let X be a smooth tropical space of pure dimension n. Then the canonical
morphism of complexes of sheaves

A% [2n] = DY

is a quasi-isomorphism. In particular: Up to an exact continuous current, every closed
continuous current is given by a closed smooth form on X.
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1 Tropical spaces and tropical homology

1.1 Polyhedral complexes in tropical affine space

We recall the definitions and notations from [IKMZ16l, Sect. 2|. Throughout, for a natural
number N € N\{0} we will use the shorthand [N]:={1,...,N}.

Definition 1.1. The tropical affine space of dimension N is the topological space TV =
[—00, 00)", stratified by the family {Rfv}lc[m, where

RY == (T7)° := {(2:)ien) € T"; 2 = —oc if and only if i € I}.
We denote the topological closure of Rﬁv by
TT = {(®i)ie;n) € T 20 = —oc0 if i € T}.

For I ¢ J C [N] we write w{ for the obvious projection maps T} — T¥ as well as
RY — RY. Via these maps we can identify RY with RN/R”' and we fix the integral
structure ZY = ZN/Z|I| on each stratum RY.

Definition 1.2. For any subset X € TV and I C [N], we fix the following notation:
X =XxnTV, X{:=XnNRY.

For I = () we will generally omit the subscript I, i.e. we have X° = X NR"Y etc. We will
call X° the finitary part of X and say that X is finitary if X = X°.

Definition 1.3. 1. A convex (rational) polyhedral domain or simply (rational) polyhe-
dron o in RY is the intersection of a finite number of half-spaces H C RY of the
form

H={zeTV;m z<a},
with m € RY (m € Z") and a € R.
2. The dimension of a polyhedron o is its dimension as a topological space.
3. A face of a polyhedron o in R¥ is the intersection of o with some boundaries
OH = {z ¢ RY;m -z =0}
of the halfspaces H defining o.
4. We write v < o if v is a face of o.

5. The relative interior relint(c) of a polyhedron o in R is the complement in o of all
of its proper faces.

6. The linear space (o) := Lg (o) and — in the rational case — the lattice Lz (o) associated
to o are defined by

La(0) := spang(z — y; z,y € relint(o)) N AN, A € {Z,R}.

Definition 1.4. A (rational) polyhedral complez in RY is a finite set ¥ of (rational) poly-
hedra in R satisfying:

1. For each o € ¥, ¥ contains all faces of o.

2. For each two 0,0’ € ¥, 0 N o’ is a face of 0.



The face relation makes ¥ into a poset. The dimension of ¥ is the maximal dimension
among polyhedra in ¥; if each maximal polyhedron in ¥ has dimension n, then ¥ is called
purely n-dimensional.

The support of ¥ is the closed subset |X| := Jyex; 0 € RY.

We write
Y = {o € ¥;dim(o) = k}

for k € N.

The following lemma (c.f. [IKMZ16], 4]) describes the behavior of polyhedral complexes in
R when taking their closure in TV,

Lemma 1.5. Let X° be an n-dimensional polyhedral complez in RN with support X and
let X be the closure of X in TV. Then the intersection X; = X NRY is the support of a
polyhedral complez in RY of dimension < (n —1).

In particular, the proof of this lemma shows that if ¢° is an n-dimensional polyhedron in
RY™ and o its closure in TV, then the intersection o7 =0 ]Rﬁv is a polyhedron in ]R?f of
dimension < (n — 1). We take this as motivation for the following definition:

Definition 1.6. 1. A (rational) polyhedron in TV is the closure ¢ in TV of a (rational)
polyhedron in RY for some I C [N].

2. The dimension of a polyhedron ¢ in TY is its dimension as a topological space. Its
sedentarity sed(o) is the unique subset I C [N] such that o is the closure in TV of a
polyhedron in RY.

3. A mobile face of a polyhedron o of sedentarity I in TV is a polyhedron v C ¢ of
sedentarity I in TV such that w7 is a face of 07 in ]R}V. A sedentary face of o is the
intersection vy := v N T4 for some mobile face v of o and a subset I € J C [N]. A
face of o is either a mobile or a sedentary face; we write v < o if v is a face of o.

4. The relative interior relint(c) of a polyhedron o of sedentarity sed(c) = I in T is the
relative interior of the polyhedron o7 := 0o N Rﬁv in Rﬁv . It is equal to the complement
in o of the union of proper faces of o.

5. The linear space L(o) := Lr(co) and — in the rational case — the lattice Lz (o) associated
to a polyhedron o of sedentarity I in T are defined by

Lg(o) := spang(z — y; x,y € relint(0)) NRY c RY, R e {Z,R}.

If v < o is a mobile face of o, then there exists a natural inclusion map L(y) — L(o).
For the sedentary face oy < o, we get a natural projection map L(0) — L(os) induced
by the projection myy : Rﬁv — Ry.

Definition 1.7. A (rational) polyhedral complex ¥ in TV is a finite family of (rational)
polyhedra o ¢ TV with I C [N] satisfying the following conditions:

1. For o € ¥ and every face v < o, we have v € 3.

2. For each two polyhedra o, 0/ € ¥, 0 N o’ is a face of 0.

We will always assume that ¥ is of sedentarity (), i.e. all maximal polyhedra o of ¥ are of
sedentarity sed(c) = 0.

We write |2| := Jyex o € TV for the support of ¥ and ¥; := {o N TV;0 € ¥} for the
induced polyhedral complex in sedentarity I C [N]. Both are equipped with the induced
topology.



For every polyhedron o € ¥, we define the open star of o to be U, := |J, < relint(7) (this
is in fact an open subset of |X|).

If every maximal face o € 3 has dimension n, ¥ is called purely n-dimensional.

We also write
Y = {o € ¥;dim(o) = k}

for k e N.

Definition 1.8. 1. A polyhedron o in TV of sedentarity @ is called regular (or reqular
at infinity) if the underlying polyhedron ¢° in RY can be given as a finite intersection
of halfspaces

H={zeR";m -z<a}
with m € RY, ¢ € R, with the additional requirement that m; > 0 whenever oy =
on 'H‘g} is non-empty.

2. A polyhedral complex ¥ in T is regular if all of its maximal polyhedra (which have
empty sedentarity by assumption) are regular.

The most important properties of regular polyhedral complexes for us are encapsuled in the
following lemma from [IKMZ16l, 9]:

Lemma 1.9. Let X be the support of a regqular rational complezr X in TV and let X; =
XﬁTﬁV be non-empty. Then, X1 is a reqular rational polyhedral complez in Tﬁv with support
Xr1; in particular, all maximal polyhedra of X1 have sedentarity I. Moreover, for sufficiently
small € > 0, the neighborhood

Xi:={x € X;z; <log(e),i € I}
of X1 splits as the product
XS=X; xT!
where T! = {(x;)ier € TY; z; < log(e)}.
As remarked in [MZ13l 1.4|, parent faces are uniquely determined in regular polyhedral

complexes:

Lemma 1.10. Let ¥ be a reqular polyhedral complez in TN (of empty sedentarity) and

or # 0 a polyhedron in Xy. Then for every J C I, there exists a unique polyhedron a}] m

g with oy = O"I] N Tﬁv, i.e. the parent face of sedentarity J of o1 is uniquely determined.

Remark 1.11. Occasionally, we will consider several different polyhedral complexes at once.
In this case we will distinguish the corresponding associated linear spaces by an index; for
example, if X is the support of a completed polyhedral complex ¥ in TV and ¢ € %, then
we set

1.2 Extended affine Maps
Definition 1.12. Let U ¢ TV, U’ c TV be open subsets.

1. An eztended affine map F : U — U’ is a continuous map F : U — U’ such that for
every I C [N] there exists I’ C [N'] such that

F’U; LUy — (U
is well defined and the restriction of an affine map

!
RY - RY .



2. Let U ¢ TV, U’ C TV be locally closed subsets. An eztended affine map F : U —
U’ is an extended affine map F : U — U’, where U C U and U’ C U’ are open
neighbourhoods. We identify two extended affine maps F : U — U’ and G : U — U’
if they agree on U. An extended affine map F' is rational if all the maps

!
RY — RY

in the definition above are rational, i.e. their linear part is Z-linear.

1.3 Weigted complexes and the balancing condition

Definition 1.13. Let X be a purely n-dimensional regular rational polyhedral complex in
TV. A weight on ¥ is a map
w: XN, — 72,

and (X, w) is called a weighted polyhedral complex in TV. It is said to be balanced or to
satisfy the balancing condition if for every o € 3,1 we have

Z w(T)v] € L(o),

a-<7'€2n

where v] is a representant of the primitive outward-pointing generator of Ly (7)/Lz(0) = Z.

Let (X, w) and (X', w’) be weighted polyhedral complexes of pure dimension n in TV. Then
Y is a refinement of ¥ if |¥'| = |X| and for every o’ € ¥’ there exists 0 € ¥ with o/ C 0. If
for every o’ € X! we also have w'(0’) = w(o), then (X', w’) is called a refinement of (3, w).
Two weighted polyhedral complexes (X, w) and (X', w’) in TV are equivalent if they have a
common refinement.

Remark 1.14. For a balanced polyhedral complex ¥ in TV — a tropical cycle — and an
extended affine map F : 8| — TM one can define the pushforward of [, w] similar to
[Gub13, 3.9ff] or [ARL(O, ch.7]. This faciliates an intersection product of tropical cycles.
As in [Gubl3|, this pushforward is well-behaved with respect to the integration pairing.
It would be interesting to see how much of the intersection theory of tropical cycles can
equivalently be formulated in terms of the differential forms on tropical spaces discussed
below. We will not pursue this question further here.

1.4 Tropical spaces

We can now consider spaces equipped with an atlas of charts to polyhedral subspaces in TV,
As in [JSS15, 2.22| we first define general polyhedral spaces and then specialize to tropical
spaces.

Definition 1.15. Let X be a topological space. A polyhedral atlas on X is a collection of
maps

A={pi: U = Vi C X;}ier
such that:

1. The U; are open subsets of X and the V; are open subsets of the supports X; of
polyhedral complexes in some T,

2. The maps
;Ui = Vi

are homeomorphisms for every ¢ € I.

10



3. For all 4,5 € I the transition map
piow; ! i(UinU;) = @i(UiNU;)
is an extended affine map.

A polyhedral atlas as above is a tropical atlas if it satisfies the following additional conditions:

1. The X; are the supports of balanced weighted rational polyhedral complexes in TV
with positive weights.

2. The transition maps
piop; (Ui NU;) = @i(U; N U;)
are integral extended affine maps and they are weight preserving.

Two (tropical) polyhedral atlases on X are (tropically) equivalent if their union is a (tropical)
atlas on X.

Definition 1.16. 1. A polyhedral space X is a paracompact, second countable Hausdorff
topological space together with an equivalence class of polyhedral atlases on X. A
morphism of polyhedral spaces X — Y is a map

f: X—>Y

such that for some choice of atlases for X and Y, f restricts to extended affine maps
on all charts. We denote by Poly the category of polyhedral spaces.

2. A polyhedral space X is regular or reqular ot infinity if it has an atlas as above such
that each X; is a regular polyhedral complex in TV:.

3. If all the Vj are subsets of RYi, then X is a finitary polyhedral space.

Definition 1.17. 1. A tropical space is a paracompact, second countable Hausdorff topo-
logical space together with a tropical equivalence class of tropical atlases. A morphism
of tropical spaces X — Y is a map

fiX oY

such that for some choice of atlases for X and Y, f restricts to integral extended affine
maps on all charts. We denote by Trop the category of polyhedral spaces.

2. If all the X; can be chosen to be smooth, then X is called a tropical manifold.

3. Regular and finitary tropical spaces are defined analogously to regular and finitary
polyhedral spaces.

Remark 1.18. The canonical functor
® : Trop — Poly
is faithful but neither full nor essentially surjective:

The unit interval [0, 1] C R! is a polyhedral space which does not lie in the essential image
of ®, so ® is not essentially surjective. On the other hand, the polyhedral spaces {0} and R
lie in the essential image of ®. While the number of commuting diagrams

R R

N

{0}

(0 maps to 0 in R) is countable in Trop, it is uncountable in Poly. This precludes ® from
being full. Tt is clear that ® is faithful.

11



1.5 Starshaped open subsets

Often, when examining local properties of tropical spaces, we are in need of a suitable basis
of topology which faciliates the computation of various cohomology groups. In those cases,
we will make use of polyhedrally starshaped open subsets:

Definition 1.19. Let X be a (tropical) polyhedral space.

1. A (tropical) polyhedral chart ¢ : U — V C TV is polyhedrally starshaped (with center
x € U) if there is a polyhedral complex ¥ in T¥ such that V is the open star of ¢ € &
with ¢(x) € relint(o).

2. An open subset U C X is polyhedrally starshaped (with center x € U) if there exists
a (tropical) polyhedral chart ¢ : U' — V' c T¥ for X with U C U’ such that the
restricted chart

U —¢U) TV

is polyhedrally starshaped (with center z).

Whenever ambiguity is ruled out, we will simply speak of starshaped charts and starshaped
open subsets.

Remark 1.20. 1. Every polyhedral or tropical space X has an atlas consisting of star-
shaped charts. Similarly, every x € X has a neighbourhood system consisting of
starshaped open subsets with center x.

2. Also, if X is the support of a polyhedral complex ¥ in RY and U € X is polyhedrally
starshaped with center x € X, then U also is polyhedrally starshaped in the sense of
[Tel16h], Definition 2.2.11], i.e. for some polyhedral complex ¥’ in RY with support
X and every maximal polyhedron 7 € ¥’ the intersection 7 N U is starshaped with
center z in RV,

1.6 Bergman fans of matroids and linear tropical subspaces of T

We will mainly work with smooth tropical spaces. These are modelled locally on Bergman
fans of matroids which we will define here.

Definition 1.21. 1. A matroid is a finite set M together with a rank function r :
P(M) — N, defined on the power set P(M) of M, satisfying the following properties:

e For A, B C M we have

r(AUB)+r(ANB) <r(A)+r(B).
e Every A C M satisfies r(A) < |A|.
e For A C B C M we have r(A) < r(B).

2. Let M be a matroid and A C M a subset. Then A is independent if r(A) = | A| holds.
Otherwise A is called dependent. An independent subset B C M with r(B) = r(M)
is called a basis for M.

3. A flat of a matroid M is a subset F' C M which is maximal with rank r(F);i.e. F C G
and r(F) = r(G) implies G = F.

4. A loop of a matroid M is a subset A C M with r(A) = 0. If 0 is the only loop of M,
M is called loopless.

12



5. A coloop of a matroid M is a subset C C M with C' C B for every basis B for M.

Deletion and restriction are two constructions to obtain new matroids from a given one;
they play a crucial role in Proposition [Shal3l 2.25] which is central to the proof of Poincaré
duality for tropical manifolds in [JSS15] 4.21ff].

Definition 1.22. Let M be a matroid, S C M a subset and T'= M ~ S its complement.
We define two different matroids on the base set S =M T

1. The restriction of M to S, written M|S, is the matroid on the set S whose independent
sets are the independent sets of M that are contained in S. Equivalently, its rank
function is that of M restricted to subsets of S. We call M\ T := M|S the deletion of
T from M. If T'= {i} consists of a single element i € M, we also write M \i = M\ {i}.

2. If T is a subset of M, the contraction of M by T, written M /T, is the matroid
(M . T,7") whose rank function is given by

r(A) =r(AUT) —r(T).
Once again, if T'= {i} consists of a single element, we write M /i for brevity.
Bergman fans of loopless matroids will form the basic building blocks for smooth tropical
spaces. They are constructed as follows:

Definition 1.23. Let M be a loopless matroid with rank function r. For m := |M| let
B ={e1,...,em} CZ™ " be aset of integral vectors such that 3¢y e; = 0 holds and such
that every proper subset of B is a basis of Z™ 1.

1. For every flat ' C M, we denote by ep the integral vector

ep = Zej ezm 1.
jEF

2. A flag of flats in M is a sequence
S:FC---CF
with F; # Fi41, 1 <i<k—1.

3. Let § be a flag of flats in M. The cone associated to § is the cone oy generated by
the vectors ep, where F' runs through the flats in §.

4. The Bergman fan of M (associated to B) is the (r(M) — 1)-dimensional fan (M) :=
Y (M) in R™! whose cones are precisely the cones associated to flags of flats in M.

Remark 1.24. The Bergman fan of a loopless matroid M is clearly a rational polyhe-
dral complex in R™!. When equipped with the constant weight function 1, it becomes a
balanced weighted polyhedral complex.

We adopt the following naming convention from [Shal5, 2.5|:

Definition 1.25. 1. A k-dimensional fan tropical linear space L C RY is a tropical space
in RY given by the Bergman fan Y5(M) for some Z"-basis B and a matroid M of
rank k + 1, equipped with weight 1 on all of its maximal polyhedra.

2. A k-dimensional fan tropical linear space L C TV is a tropical space in TV given by the
Bergman fan X 5(M) for the ZV-basis B = {—ey,--- , —en, 2V, ¢;} and a matroid M
of rank k + 1, equipped with weight 1 on all of its maximal polyhedra (in particular,
it is the closure in TV of a k-dimensional fan tropical linear space in RY ).
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1.7 Smooth tropical varieties

Definition 1.26. Let ¥ be a regular polyhedral complex of pure dimension n in TV and
o € ¥ a polyhedron of sedentarity (). Let x € relint(c) be a point in the relative interior of
o and consider the tangent cone

T, X ={veRV;iz+ewve X 0<e< 1}

We call F,, .= T, X/1L(0) the relative fan of o. It is a polyhedral fan of dimension n—dim(o)
in RY /L(o).

Definition 1.27. Let X c TV be the support of a regular polyhedral complex ¥. Then X
is called smooth at a mobile face o € ¥ if the relative fan F, has the same support as the
Bergman fan X (M) for some loopless matroid M. If X is smooth at every mobile face of ¥
then (X, 1) is balanced and we call (X, 3, 1) a smooth affine tropical variety.

1.8 Sedentarities of tropical spaces

Both lemmall.5and lemmal[l.9]do not generalize immediately to arbitrary polyhedral spaces
X. We will usually restrict ourselves to cases where they do. First one needs an appropriate
replacement for taking the intersection with some Tﬁv in the affine case, which will be
accomplished by the notion of a sedentarity S in X:

Definition 1.28. A sedentarity of a (tropical) polyhedral space X is the closure S = S’
of a connected subset S’ C X such that, for some (tropical) atlas 2 of X and for every
chart ¢y : U — Vi TV in 2, the intersection oy (S'NU) is either empty or equal to
the intersection Viy NRY for some I C [N]. Setting S < T for two sedentarities S, T with
S C T, we make the set of sedentarities of X into a poset.

We will frequently require sedentarities to fulfill the following splitting property:
Definition 1.29. Let X be a (tropical) polyhedral space.

1. A sedentarity S C X is good, if there exists an open neighbourhood S C U of §in X
such that there is a commuting diagram of morphisms

s—9 LU

N

S x T,

where j is an open embedding and i : S — S x T% is the map s — (s, —00, ..., —00).

2. If all sedentarities of X (of codimension d) are good, X is said to have good sedentarities
(in codimension d).

1.9 Examples of tropical spaces

Let us look at two instructive examples.

Example 1.30 (Tropical projective space).

As a set, we define N-dimensional (tropical) projective space by

PV = PN = (TV ' \{(~o00,...,—00)}) / ~,
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where (tg,...,tx) and (sg,...,sy) are considered equivalent if there exists a € R with
ti =a+s; for every 0 < i < N. We write [s;]; for the equivalence class of (s;);.

For 0 < i < N fixed we define U; := {[s;]; € PN s; # —oo} and bijections
it Ui = TN, [sj]; — (55— si)jie

This makes PV into a N-dimensional compact tropical manifold.

The complements Z; of the charts U; = TV are isomorphic
to PV~ and they are precisely the closed N — 1-dimensional
closed sedentarities of PVV. For every 0 < 7 < N, the intersec-
tion Z;NU; C U; corresponds to Rf»v C TV via the isomorphism
U; — TV. One can see from this that P has good sedentar-
ities of dimension N — 1. Inductively it follows that PV has
good sedentarities.

Example 1.31 (The tropical eye).

The ‘tropical eye’ depiceted above has a bad sedentarity: Let X be given by charts ¢; :
U1 — Vl, ¢2 : U2 — V2 with

Vi:i={(z,y) €T}z <0and y < -1} U{(z,9) € Ty <0 and z < —1},
Vo:={(z,y) €T} -1<z<1landy< —1};

(UiNUg)={-1<z<0y<-1}U{0<y<l,z< -1},
p(U1NUg) ={-1<z<0y<-1}U{0<z<1ly< -1}

oroor o ={ 0828

Note that X has exactly three sedentarities So < S7 < S2, where Sy is a single point, 51
is homeomorphic to S' and S5 is homeomorphic to an annulus in R?. The sedentarities S
and Sy are good, while the sedentarity S of dimension 1 is a bad sedentarity.

1.10 Constructible sheaves on tropical spaces

Let X C T be the support of a polyhedral complex ¥ in TV. Topologically, after a
suitable refinement of ¥ (possibly allowing countably many pieces), we may think of ¥ as
a simplicial complex and X = |X| its topological realization (c.f. [KS90, 8.1]). This way,
we can transfer the definitions of constructible sheaves from [KS90) 8.1.3] to X, retaining
their properties. Instead of giving the somewhat cumbersome proofs we will refer to the
corresponding statements from [KS90] from which they can be deduced.

Once again, let R be either Z or R. We denote by Shv(X, R) the category of sheaves of
R-modules on X and by D?(X, R) its bounded derived category (see appendix [A.1)).

Definition 1.32. Let F* in D°(X, R), the derived category of sheaves of R-modules on X.

1. We call F* weakly constructible (with respect to X), if the cohomology sheaves H* (F*) |relint ()
are constant for every k € Z and o € X.

2. If F* is weakly constructible and moreover H*(F?2) is finitely generated for every z € X
and k € Z, then we call F*® constructible (with respect to X).
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A sheaf F on X is (weakly) constructible if it is so as an object in D*(X, R).

Proposition 1.33. Let F be a weakly constructible sheaf on X. Then for every o € ¥ and
x € relint(o), we have isomorphisms

1. HY(U,, F) = HO(relint(cr),,7-"|rehnt(a)) ~ F,
2. Hk(UJ"F) = Hk(rehnt(o-)af‘relint(d)) =0 fO’f‘ k 7é 0.

Proof. This follows from [KS90, 8.1.4]. O

Remark 1.34. In particular, this applies to starshaped open subsets of polyhedral spaces:
Say ¢ : U — V C TV is a starshaped chart of a polyhedral space X with center z € U,
where V is the open star of ¢ € ¥ for a polyhedral complex ¥ in TV. Assume that F is a
sheaf on X such that F |y = ¢*(F’) with a weakly Y-constructible sheaf F’ on 2| c TV.
Then the natural maps

U, F) — Fg, I'U,F)— RT(U,F)
are isomorphisms in Modr and D(Modpg) respectively.

Proposition 1.35. Let Shvy (X) = Shvy (X, R) be the full (abelian) subcategory of Shv(X, R)
consisting of constructible sheaves, and let D%(X) = D%(X, R) be the full triangulated sub-
category of DP(X) consisting of constructible objects (both with respect to X).

Then the natural functor
D’ (Shvs (X)) — D3(X)

s an equivalence of categories.

Proof. This is due to [KS90, 8.1.11]. O

Proposition 1.36. Let X be the support of a polyhedral complex 3 in TV and let U € X be
a relatively compact open subset. Let F* € DP(X) be constructible. Then RET(U, F*) and
RFT.(U, F*) are finitely generated R-modules.

Proof. This follows from [KS90, 8.4.11]. O]

Proposition 1.37. For 0 € ¥, let 1, : relint(o) — X = |X| be the canonical embedding
and let M be a finitely generated R-module. Then the sheaf M, := (15)«M is constructible
on X. Moreover, every sheaf F in Shvs (X, R) can be embedded in a finite product of such
sheaves. For R =R, the sheaves R, are injective in Shvy (X, R).

Proof. Tt is clear that M, is constructible. If F in Shvy (X, R) is constructible, every sheaf
F |relint(o) 18 finitely generated and constant, i.e. we find M in Modp, finitely generated with

(16)s25, F = M,.

From the adjunction (2,1, (1,)«) we get canonical morphisms F — (1, )2, F. These are
isomorphisms on stalks in x € relint(o). Taking the product over o € ¥ gives us a monomor-
phism
F— ][] Mo,
oEY
as required.

By the adjunction (1,1, (15).) and the definition of constructible sheaves, we have a canonical
isomorphisms
Homy (F,R,) = Homx (2;' F,R) = Homp(F,, R)

for every F € Shvy(X) and each 0 € ¥, x € relint(o). This is an exact functor, as required
for the last statement. 0

16



1.11 Tropical homology and cohomology

In [MZ13], tropical homology and cohomology groups on a tropical space X are introduced
via singular (co)chain complexes with coefficients. In [MZ13], Sect. 2.4], they give an equiva-
lent definition using the language of cosheaves and sheaves on X; this latter description — as
detailed below — will be the most useful for us. The particular cosheaves 7, and sheaves 77
used by Mikhalkin and Zharkov are constructed using a ’canonical’ stratification of X. We
will — in order to keep the notation simple — work around this by using a starshaped open
covering of X instead. Since we will not pursue cosheaves on topological spaces further after
this section, we just refer to [Bre97| and |Bre68| as entry points to this particular theory.

But first, let us start with the combinatorical situation of a rational polyhedral complex X
in TV. In this case, we can define the (co)sheaves F, and FP as (co)sheaves on the poset ¥
(c.f. appendix [B|for the basic definitions on sheaves on cosheaves on posets).

Definition 1.38. Let ¥ be a rational regular polyhedral complex in TV and let X be its
support.

1. We define the cosheaves F, := ]-';lf € CoShv(X,R) und ]-'ZZ) € CoShv(X,Z) on X by
Fit 5% — Modg,

o Z /\]LR(T),

U'<T€Zsed(a-)
R e {Z,R}). If 0 < 7 is a pair of polyhedra of the same sedentarity, then
( y y
R R
Fp(r) = Fy(o)
is the embedding map. If 0 = 7N Té\efd(g), then
R R
Fy(m) = Fpy(o)

is given by the projection map Ré\efd(ﬂ — Ré\efd(g). All other corestriction maps are
determined by functoriality.

2. Dually, we define the sheaves F? := Fi € Shv(X,R) and F}, € Shv(X,Z) on X by

.7:% : 2 — Modg,
o HHomR(ff(U),R),

(R € {Z,R}), with obvious restriction maps.

Remark 1.39. When we equip the poset 3 with its Alexandrov topology (see appendix,
the map ® : X — X determined by x € relint(®(z)) is continuous. The (co)sheaves ]-" and
F%, on the poset X correspond uniquely to (co)sheaves on the topological space X. This
allows us to consider the pullbacks to X via ® of these (co)sheaves, which we will later again

denote by F f and F%,. See also remark

Proceeding to an arbitrary tropical space X, we now need a good grasp on the local descrip-
tion of X. Here the starshaped charts and starshaped open subsets from definition[I.19]come
in handy. For the following recall the definition of constructible sheaves from section [1.10}

Construction 1.40. Let now X be a regular tropical space with an atlas 2 consisting of
starshaped tropical charts. Following the recipe of [MZ13], Sect. 2.4], we will define certain
constructible sheaves 7 and cosheaves F,, on X, starting on charts in 2:
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Fix a starshaped chart ¢ : U — V C T¥ together with a polyhedral complex ¥ in TV as
in definition [[.19] We furthermore assume that ¥ is maximal with respect to refinement.
If U C U is another open subset, we can consider the poset Xy of connected components
of ¢~ (relint(7)) N U’ with 7 € ¥, ordered by adjacency. Let ¥ € Yy be a connected
component of ¢~ !(relint(7)) NU’, 7 € 3; we then can set

and, for & < 7 in Xy, we get the obvious transition maps from the (co)sheaves .7:5 and F7,
on ¥. As in [MZ13, Def. 2.6] we can then define
FR(U') = colimzes,, FH(7),
N .1 R~
FrU') = %lelgllﬂ Fp(T).
As in [MZ13] one shows that this defines (co)sheaves F f and F%, on each such starshaped

open subset U C X — and that we can glue them to obtain cosheaves F 5 and constructible
sheaves F%, on X.

As noted before, the sheaves and cosheaves considered in [MZ13] arise from considering the
stratification of U’ obtained from the canonical stratification of X (which we do not define
in this paper; cf. [MZ13, Def. 1.12]). However, it is easy to see that on a starshaped
open subset U the stratification induced by the canonical stratification agrees with the
stratification considered here. In [MZ13, Prop. 2.7] Mikhalkin and Zharkov show that their
construction does not depend on the atlas chosen for X. This shows that the cosheaves ]-'%
and sheaves F7, constructed here agree with the cosheaves F,, and sheaves FP constructed
in [MZ13]. By [MZ13l, Prop. 2.8], this allows us to define tropical (co)homology as follows:

Definition 1.41. Tropical homology groups and tropical cohomology groups (with integral
coefficients) of a regular tropical space X are defined as cosheaf homology and sheaf coho-
mology groups

HYP(X) = Hy(X, F2),  Hpd (X):=HI(X,FP).

trop

Remark 1.42. Both in definition and in construction [I.40] sheaves and cosheaves on
a poset ¥ (or Xyv) play a crucial role. In proposition we recall that the categories of
(co)sheaves on the poset X are equivalent to the categories of (co)sheaves on the topological
space ||, equipped with the Alexandrov topology.

e In the notation of construction [1.40} we have a canonical continuous map ®; : U —
Yy, defined by z € ®(x). One then can show, that the (co)sheaves ]:;‘ and F* are in
fact the pullbacks of the corresponding (co)sheaves on the poset X.

e If X is the support of a rational polyhedral complex 3, we also get a continuous map
®: X — ¥, defined by = € relint ®(z) for x € X. In this case one can show that the
(co)sheaves ]:;‘ and F% on X from construction are canonically isomorphic to
the pullbacks via ® of the corresponding (co)sheaves on the poset X.

e One can extend these considerations to arbitrary tropical spaces by using the poset
induced by the canonical stratification on X (as defined in [MZ13], Def. 1.12]).

This is useful because often, derived functors on the categories of (co)sheaves on the topo-
logical space X, constructible with respect to a certain stratification, can be computed using
corresponding derived functors on the categories of (co)sheaves on the poset of strata of X
— which are often much more easily understood.
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1.12 Tropical modifications

We borrow the terms and definitions regarding tropical modifications from [Shal5l sect.
2.5]; c.f also [Shal3l sect. 2.3] for details.

Definition 1.43. Let U be a connected open subset of TV and let S = Sed(U) = (J ey sed(z).
A tropical reqular function f:U — T is a tropical Laurent polynomial

f(z) =max{r, + o -z;a € A}

with 7o € R for o € A, where §) # A € Z" is a finite set such that o > 0 for all i € S and
a € A.

Remark 1.44. Tt is clear that every tropical regular function is a piecewise affine convex
function with integral slopes and that its graph is a finite polyhedral complex in TV 1. The
represenation of a tropical regular function as a Laurent polynomial is not unique, as can
be seen in the example

f(x) = max{0, z, 22} = max{0, 2z}

onU =T.

Construction 1.45. Let X be a purely n-dimensional affine tropical variety in TV and
consider a tropical regular function f : TV — T. Then its graph

TH(X):={(z, f(x));z € X} CTN xT

is the support of a rational polyhedral complex of dimension n and it inherits weights from
the maximal polyhedra of some weighted polyhedral complex representing X. However,
since f is only piecewise linear, I't(X) may not be balanced. To repair this, we attach
on each n — 1-dimensional polyhedron o of I'f(X) which fails the balancing condition, the
n-dimensional polyhedron

U = {{L‘ —_ ten+1;x S U,t S [07 _OO]}7

equipping it with the appropriate positive integral weight to enforce the balancing condition
ino.

Definition 1.46 (Tropical Modifications). Consider X, f and I'f(X) as in the construction
above.

1. The elementary tropical modification of X with respect to f is the polyhedral subspace

X =T¢X)uJno

of TV x T, together with the canonical projection map 4 : X — X. When equipped
with the weights described above, X becomes an affine tropical subspace of TV x T
and 0 : X — X is a morphism of affine tropical spaces

2. We call the union 4;(X) = J, pto of all such o the undergraph of the elementary
tropical modification §.

3. The divisor of the elementary tropical modification ¢ is the subset
divx (f) = 6(Up (X)) U f~(—00)

of X. Assume for simplicity that f~!(—o0o) N X = @; then, when equipped with the
weights inherited from (X)), the divisor is a n — 1-dimensional tropical subspace of
X (see [BIMSI15, 5.27] for the general case).
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4. Let X' := X N (TY x R). Then the restriction
5|X/ X = X
of § to X’ is called the open elementary tropical modification of X with respect to f.

Definition 1.47. We say that an elementary tropical modification § : X — X given by a
tropical regular function f is regular if f=!(—o00) Ndivy(f) = 0.

Definition 1.48. Suppose L C TV is a fan tropical linear space (definition and let f
be a tropical rational function on TV such that div 1(f) is also a fan tropical linear space in
TV. Then the elementary tropical modification 6 : L — L along f is said to be a degree 1
modification of L ¢ TV.

Definition 1.49. Let X and X be a pair of tropical manifolds and let § : X — X be a
morphism of tropical spaces.

1. The morphism 8 is a elementary tropical modification if there exist atlases 2 for X
and 2 for X and for every & in X there are charts U in 21 around % and U in 2 around
d(x) such that

6:U—U

is an affine elementary tropical modification of degree 1.

2. The morphism ¢ is called a tropical modification if it is a finite composition of elemen-
tary tropical modifications.

Remark 1.50. The proof of Poincaré duality in [JSS15l ch.4| relies heavily on properties
of tropical modifications — the main result being [Shal3l Prop. 2.25], which implies that n-
dimensional Bergman fans (which form the basic building blocks for smooth tropical spaces;
c.f. section and section can be contracted to R™ in a finite number of tropical
modifications. Another important property is that tropical cohomology is invariant under
tropical modifications; this will be discussed in section below.

1.13 Tropical modifications and cohomology

Next we give a different version of the comparison result for tropical cohomology along tropi-
cal modifications as in [JSS13, 4.22]. The crucial lemma lemmall.52]might have applications
beyond the scope of this thesis (for instance, sheaves locally isomorphic to F% do satisfy
the preconditions of the lemma). However, in contrast to the approach chosen in [JSS15],
here the compatibility with Poincaré duality does not become obvious.

Let us first recall some of the notation from section We consider a regular tropical
modification § : X — X of X ¢ TV with respect to some regular tropical function f : z —
max{v-z+a,;v € A} on T". Then X is the disjoint union of the graph T'f(X) c TV the
(open) undergraph U(f)° := U(f) N (']I‘N X R) and the divisor of the modification, D C X.
We write U(f) for the preimage of D under §, the (closed) undergraph. If we embed X
into TN*! as a subset of T%ﬂ =~ TV, we may assume that ${(f)° is an open subset of the
preimage of D under the canonical projection TN+ — ']I'%ﬂ, i.e. of D x T. We then have
the following diagram of topological spaces (*),

0L X e u(f)
L
U—-Xx D.




where U (resp. U) is the open complement of $(f) € X (resp. D € X). We will later use
the fact that both squares are cartesian.

Let X be an open subset of the support of a weighted polyhedral complex ¥ in TV and X
by a weighted polyhedral complex Y in TV, We may assume that for a face ¢ C D, the
preimage ! (relint(c)) consists of (the relative interiors of) exactly three non-empty faces
00 = 0, 0, = 6~ (relint(c)) ULU(f)° C 0 x Rentq and of = 57 (relint(c)) NT¢(X) in 2.

The following proposition lets us compare cohomologies along tropical modifications:

Proposition 1.51. Let § : X — X be a regular tropical modification of X C TN as above
and let F be a constructible sheaf on X with respect to some completed polyhedral complex
> in TN*! representing X as above. Assume that F(of) — F(oy) is an epimorphism for
every face o C D in Y. Then the canonical morphism

0 F > RO F
is a quasi-isomorphism. In particular,

R10,(F)=0
for g > 0.

This follows immediately from the following Lemma:

For simplicity, from now on we write G(7) := G(U;) for sheaves G constructible with respect
to some polyhedral complex ¥ representing X, and 7 € C with open star U, C X.

Lemma 1.52. Let § : X — X, S and ¥ be as above. Consider the class T of sheaves F
constructible with respect to 3 such that F(o!) — F(oy) is an epimorphism for every face
o C D inX. Then for every short ezact sequence 0 — F' — F — F" — 0 with F' in I, the
sequence

00 F =6 F—=0F =0
is exact. Also, the canonical morphism
0 F > RO F
in D(X) is an isomorphism.
Proof. Note that ¢ is a proper morphism of Hausdorff spaces where every open subset is

paracompact. Hence, we may apply the proper base change theorem and for every ¢ > 0
and x € X we have a canonical isomorphism

(Rq (5* F)x = Hq((sil(l‘),f’(;fl(x)).

We have two distinct cases: For € U, §~!(x) consists of a single point & € I'¢(X), so for
q > 0 we have (R?0, F), = 0 immediately. This implies that the sequence is exact, when
restricted to U. For x € D, choose a 0 € ¥ with = € relint(o). It suffices to show that

0= F 5100y (071 (2) = Fls-100) (6 (2)) = F" [5-10) (6 (2)) = 0

is exact. Consider the diagram of exact sequences,



Now let ¢ be an element of F”(6(x)) := F" |5-1(4)(6 ' (x)). We have cartesian diagrams

FI(5 @) —— F'(o)

|,k

F'(00) —2 s (o),

and similarly for 7' and F. In particular, we can write
¢ = (G0, 1) € F'(00) x F'(0)

with ©”(¢1) = p”((o). We may choose wy € F(og) and wy € F(of) with \w; = ¢;. By
commutativity of above diagram we have m(wq) — p(wo) € ker(A\,) and hence we may choose
N € F'(0y) with gy (1n,) = 7(w1) — p(wp). But 1, has a preimage n; € F'(of) by surjectivity
of #’ and we have

m(w1 — p1(m)) = p(wo),

and hence (wo, w1 — p1(n1)) € F(6~1(x)) is a preimage of (o, (1) = ¢. This shows, that the
sequence is exact at every ¢ € D.

The category Shvi(f( ) of sheaves constructible with respect to the decomposition induced
by ¥ contains a cogenerating system of injective sheaves which also belong to Z (c.f. propo-
sition . Then lemma shows in particular that the class 7 is d,-acyclic in Shvi(X).
Now proposition allows us to compute R 6,(F) in the category Db(Shvi(X')) for a sheaf
F constructible with respect to ¥ (note that the injective sheaves in Shvi()z ) mentioned
before are flabby and hence we may apply [KS90, 1.8.7] to the composition of functors
Shvs(X) — Shv(X) — Shv(X)). Hence, if F belongs to Z, we get that the canonical

morphism 0, F — Rd, F in D(X) is an isomorphism. O

We now want to apply this to the sheaves F% from section which give rise to tropical
cohomology groups. To compare sheaf cohomology, we first define an isomorphism of sheaves
Ox 04 .7-"?2 — F% as explained in the following proof:

Lemma 1.53. If 6 : X — X is a regular tropical modification, then & induces an isomor-
phism
6, F0 55 FY

of sheaves on X.

Proof. For every x € X we may choose an open neighbourhood z € U, C TV with de-
composition represented by a polyhedral complex X in TV such that 5~ 1(U,) is a subset of
TV x T with polyhedral structure represented by ¥ in TN+ and § is given by the projec-
tion RN+ 5 rN+1 /Rent1. We may assume that U, is the open star with center x in X
and that d(relint(¢)) is the open interior of a polyhedron in ¥ for every & € ¥ intersecting
S HU,).

First assume that x € X is finitary, i.e. = € RY. We have two different cases: For x ¢ D,
§: 6~1(U;) — Uy is a homeomorphism and the morphism &, F% (Uy) — Fh (U,) induced
by RV — RN+ /Repyq is an isomorphism.

Now, let z € D. Let & € I'y(X) and z,, € U(f)° with 6(Z) = §(x,) = x. We may assume
that U, satisfies

§ N (Uy) = U(F) WU (2,) UU (2),
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where U(z), U(x) and U(z,) are the open stars of #, « and of z, in X with respect to 3.
Using the explicit description in proposition 2.8 we then get a cartesian diagram

80 F (Uy) —— FR(U
l L

(7))
D u D
FeU(x) —— F(U(z))
where ¢* is induced by the embedding
P

L Z /\]L(T) — Z/\L(T),

Ty ETESD zeT

and 7* is induced by the projection

T Z /\IL(T) — Z /\(IL(T)/R@NH).

Ty ETES TuET

This way we get isomorphisms

0 Fo (Us) = (ZA(L(T)/R6N+1)> ;

TET
where the right hand side is canonically isomorphic to F5 (Uy).

Now, let € U, C TV as above, but assume @) # sed(z) = I C [N]. For z ¢ D we may
assume U, N D = () and the restriction dl5-1(,) 18 an ismorphism of weighted stratified

spaces. Using proposition , one can show that similar to before the projection Rfvﬂ —
RY*! /Reyy induces an isomorphism ., Fo(Usz) = F5%(Uz). If on the other hand = €

DN TY, then we may argue as before, replacing L¢(7) by m/(Lg (7)) € RV /S Re;.

For varying x € X we get a covering by open subsets U, C X which are open stars of
their respective decompositions and the isomorphisms 6, F'; (Uz) — Fx(Us) glue to an
isomorphism

0n Flo = Fix .

O

Corollary 1.54. If § : X — X is a regular tropical modification with X C TV and X C
TN then, for all p,q, § induces isomorphisms:

HI(X, F%) = HY(X, Fy),
HI(X, %) = HA(X, FX).

Proof. Note that the conditions of proposition [1.51] apply to the sheaves .7-"%. Let T'g(X, )
denote the functors I'(X,-) resp. I'+(X,-). We then get the following quasi-isomorphisms:

RT(X,F%) = RTe(X, R4, F%)
~ P
>~ RT(X, 6, F7)
~ RT(X, F%).
Since § is proper we have & = 4, and hence both T.(X,:) = (X, d/(-) and T'(X,-) =

['(X, 04(+)); this implies the first isomorphism. The second one is proposition and the
third one is lemma O
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Remark 1.55. The isomorphism Hq(f(,]-"%) =~ HY(X, F%) has also be shown in [Shal,
4.13] by a different method.

Corollary 1.56. Assume 6 : X — X is a composition of finitely many elementary tropical
modifications. Then for every (p,q) we have isomorphisms

HY(X, Fh) = HY(X, F%),  HUX,F%) = HI(X, FR)
induced by 9.

Definition 1.57. Let X be a tropical space. A tropical modification of X is a morphism
6 : X — X of tropical spaces, where X has an atlas (qf)q X = Vy C ']I‘NU)Ueu such that
there exists an atlas (v : 67 (U) — Viy € TMV) ey of X satisfying that

puodoyy V=V
is a composition of finitely many elementary tropical modifications for every U € 4.

Corollary 1.58. Assume 6 : X — X is a tropical modification of a tropical space X. Then,
6 induces isomorphisms

HY(X, FL) =2 HUX, Fy),  HYX,F%) = HI(X, FY).

24



2 Differential forms and tropical cohomology

2.1 Differential forms on polyhedral spaces

Bigraded differential forms on a (tropical) polyhedral space are our main object of study.
Locally, they are constructed starting with the ‘classical’ sheaves of differential forms on
R and then extending this definition, first to T™ and then to polyhedral spaces contained
in TV. By glueing one obtains a bigraded complex AY® of sheaves of differential forms on
arbitrary polyhedral spaces. The idea to consider bigraded complexes of differential forms
and currents and then to relate them to tropical geometry goes back to [Lagl2] and it plays a
major role in the theory of Monge-Ampére measures on Berkovich spaces initiated by [CD12].
By recent results of Liu (|Liul7]), there exists a strong link between the bigraded complex
forms on a Berkovich space and its deRham cohomology. We will not work with Berkovich
spaces in the present paper, focussing instead purely on the cohomological properties of A}'
in the tropical world.

Construction 2.1. Let V = RY be the N-dimensional real affine space and let ( V. d) be
the complex of sheaves of smooth differential forms on V. We write AD? := QF, Qcge Qf
and we call A} the sheaf of (p,q)-forms on V. In coordinates, every (p,¢)-for a on V can
be represented in the form

o = Za[Jd/:E[ X d//JZ'J,
1.J

with ary € C*(V), where for I = {i1,...,ip} C [N] with i < ix41 we set d'zy := d'z;, A
-« ANd'z;,, and similarly for J C [N] and d"z ;.

The differentials d : Qf, — Q@H induce differentials
d=dol: AT — ./41‘)/+1’q, d" = (-1 @d: A — .A]‘?/’qﬂ,

Ve 1 / 7 11
and the wedge product gives a morphism A : AY? @ AV, — ALTPHTTC [ coordinates,

these can be given as follows:

d <Z Oé]Jd/fE[ &® d,/l'J> = Z aiOqu,:Ei VAN d/x[ X dlle,
1,J I1,Ji

d" <Z Oz]Jd/x[ & d,/l'J> = Z (—1)|I|8jajjd/$] (9 d”:Ej A d”$J,
1,J I,.Jj

Zajjdll'[@d,/CUJ VAN ZﬁKLd/l'K@d”:EL = Z (—1)|JHK|041JBKLd,1‘[Ad,$K®d”:L'J/\d”$L.
1,J K,L IJK,L
Remark 2.2. 1. We have
d/d// — _d//d/ d/d/ — O d//d// — 0
in every degree. There are two different ways to introduce double complexes: Either
one demands that they have commuting squares or anticommuting squares. In sec-
tion [3| we will start working with double complexes and the double complex of forms

in particular. Since for us a double complex will have commuting squares, we will then
have to adjust the signs of the differentials accordingly.

2. The following Leibniz formulas for o € Af/l’q/ are easily derived:
danpg)=danf+ (1) ands
d"(aAB)=d"anB+ (—1)PT ands,
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Now, we can define the sheaves of (p, ¢)-forms and the corresponding differential maps on
polyhedral spaces as follows:

Definition 2.3. First, let X C RY be the support of a polyhedral complex and let ¢ :
X7¢9 < RN be the smooth manifold of regular points of X.

1. The restriction of forms defines a morphism of sheaves p : A%’J% — 1, AR, and we

define the sheaf of forms vanishing on X to be the sheaf KR := ker(p) on RN. The
sheaf of (p,q)-forms on X is the sheaf

AR = (AT ) KR

2. It is easy to see that the morphisms d’, d” and A on (p,q)-forms on RY induce mor-
phisms of sheaves

5 +1,q /! p,q p,q+1 pl:q/ p//’q// p/+p//7(1/+q/l
d . AR — AP d' AT — A A A QA — A
X X ’ X X ’ X X X .

Definition 2.4. Let now X be the support of a polyhedral complex in TV and let U C X be
an open subset. For each I C [N] define X¢ := X NRY which is the support of a polyhedral
complex in RY and UP := U NRY as an open subset of X?. We write Sed(U) for the set
of subsets I C [N] with U7 # 0. A (p,q)-form « on U is given by a collection of forms
(aI)IGSed(U) such tha,t,

1. ar € A&%(U}’) for all I with U} # 0,

2. for each point # € U C TV of sedentarity I, there exists a neighbourhood U, of
z contained in U such that for each J C I with U7 ; # () the projection satisfies
W[J(U;J) =U? and

x, I
(mrpenlve , = aslue |,

where 777 : RY — RY is the natural projection.

Since the projections commute with d’ and d” we may define for o = (aj); € .Ag;’q/(U) and

B =(Br)r € AT (U),
do = (d/()é])], d'o = (d/Oq)[, alp:= (Oé] A 61)[,

obtaining morphisms of sheaves as expected. By construction, they retain the properties
listed above, i.e. we have

d/d// — —d//d/ d/d/ — 0 d//d// — 0
and
danB)=danB+ (-1 T ands,  d@rp)=danp+ (-1 ands,
for (p, ¢')-forms a and any form g.

Proposition 2.5. Let f : X — Y be a morphism of polyhedral spaces. Then f induces a
natural morphism of sheaves
[re AV — f ARS
for each p,q € Z, satisfying
f*d,Oé — d/f*Oé, f*d//a — d//f*Oé, f*(Oé A B) — f*Oé A f*ﬂ,

for every a € AI;,/’QI(U), B e A@”’q”(U), UcCY open.
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Proof. We give a short sketch of the proof: First assume that X and Y are the supports
of polyhedral complexes in T and T respectively, and f : X — Y is the restriction of
an extended affine map F : TV — TV to X (c.f. definition . For an open subset
V C Y and o € ARY(V), there exists an open subset V C TM with V = V NY and
f~Y (V)= F~YV)N X. The pullback map

F*: A%J(tl/l (f/) — Fi A%J(\]f(v)a (al)jesed(V) = (Fl*al)jgsed(\?)

is well defined and as in [Gubl3, 3.2], F* maps K24 (V) to KR/ (F~1(V)). We obtain an

induced map of the quotients, f*: ADY(V) — ARY(f~1(V)), independent of the choice of V.
The construction is functorial and compatible with restrictions, differential maps and the
wedge product, so by choosing atlases for X and Y as in definition [I.16] we obtain morphisms
e ADT — . AR? of sheaves as required. O

2.2 Closed (0, q)-forms

In the following, we present a variation of the proof of [JSS15l 3.20]. Arguably, this approach
is more cumbersome than the one presented in [JSSI5| but it has merits of its own, in
particular in highlighting the interplay of sheaf theory with classical analysis more clearly.

Definition 2.6. Let X be a polyhedral space. We define L5 := ker (Aggo — Aggl). Later,
we will often consider the complex

L =LY = @E&[—p}

PEZL

of sheaves of R-vector spaces on X. Note that £ is canonically isomorphic to the kernel
of d : Ag&p — AY” by symmetry.

We start by describing the sheaves L% on the support of a polyhedral complex in RN and
will then subsequently expand this to completed polyhedral complexes in TV and finally
general polyhedral spaces.

Fix a vectorspace V = RY and the support X = |X| of a finite polyhedral complex ¥ of
pure dimension n in V. In this section, we will use the canonical isomorphism

A(U) =™ <U,Hom (;\V,;\V*))

given by AP V* @ A?V* = Hom(A?V, AP V*). As before, for a polyhedron o € ¥ we will
denote by L(o) the R-linear space

L(o) := spang(z — 2’;x, 2’ € relint(o))
of oin V.

Lemma 2.7. Let U be an open subset of V and let ¢ : U— Hom(A?V, \P V*) be an element
of AVYU). Then ¢ lies in K(U) if and only if

D 1
¢(z)(v) € (Z /\L(T)>

TET

for every x € U and for every v € Neeres, NTL(T).
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Proof. If ¢ lies in KKY(U), then ¢(x)(v)(cr) vanishes for every regular point x € relint(o)
with ¢ € ¥ maximal and for every v € A?L(c) and every a € AP L(c)*. By continuity of
#, this implies that ¢(z) maps A?L(c) to (AP L(c))* for every € o. If now z lies in o No’
for two maximal cells o and ¢’ then ¢(z)(v) has to vanish on AP L(c0) + AP L(¢”) for every
v e NL(o) N AYL(0”). Iterating this argument implies the only if part.

For the if part, it suffices to consider x € X"9. If x € relint(o) for a maximal cell o € ¥
then the claim follows immediately. Else, there is a polyhedral complex ¥/ with support X
and a maximal cell o/ € ¥’ with = € relint(c’). After refining ¥, we may choose ¥’ such
that for every maximal 7 € ¥ with x € 7, we have 7 C ¢’. We then have

M AL() = AL,

TETEY,
p p
> AL() = AL(),
xET
which implies the claim. O

Proposition 2.8. Let X be the support of a polyhedral complex ¥ in V- =RY and consider
the sheaves AR of differential forms on X as defined above. Then, the kernel L5 of d' :
A];éo — .Agél 1s given as the sheafification of the presheaf

o (i) g )

TNU#D
()
TNU#D

with obvious restriction maps, where L(1) = spang (v’ — v;v,v" € 7) denotes the linear
subspace of V associated to T.

Proof. First, assume that X = V, ¥ = {V}. An element ¢ of A%’ (U) = AR (U) is
then given as a formal sum ¢ = Y; fyd'z; where J runs through subsets J C [N] =
{1,...,N} with p elements, f; € C*(U) and d'z; = Ajesjd'z; € NPV*. The d'z; are
linearly independent and hence d”’¢ = 0 implies that all f; are constant functions. Hence,
the kernel of d” is equal to the p-th exterior product

p
ker dY, = /\ V*.

For general X = |X|, we consider the following diagram of sheaves of abelian groups on V'
with exact rows and columns
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0 P Jcp:0 GP

00— APV —— AP0 5 @ AP0 0

Where

L :=ker(d" : AZ))(’—O — Al))él),
GP = ker((d" AP0) — AR,

p
KP := ker (/\V* — c%;() :
p
C := coker (/\ V= E&) .

We first show C = 0 by using the snake lemma. Hence, we have to show that K" 0 gp is an
epimorphism of sheaves of abelian groups. Let £ € GP(U) = ker((d” AP0)(U) — ARN (D)),
By shrinking U, we may assume that & = d’¢ with ¢ € APY(U) and that U = U N X is
polyhedrally starshaped with center xg; in particular 7 N U # () implies xg € 7 and 7 NU is
simply connected for every 7.

Because d’¢ =0 in Aé’gl(f]) we may conclude that

wsonr (o)

for every y € U and v € Nyerex, L(7) by the previous lemma. Moreover, by continuity we

have
1
d"¢( > /\L
YyeT

for every v € Nyerex, L(7) as well. This implies
i
(d//C( ) d// <Z/\L >
yeT

for every v € Nyeren, L(7) by linearity.

The path v : t — t(y — zg) + x¢ from z( to y is contained in U and using Stokes’ theorem,
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we obtain

C(y) = C(wo) =

S~

¢
= [ dctao

= [ dca®)y — wopa.

Now if y lies in a cell o, then for every 0 < ¢ < 1, y(¢) lies in o as well and y — zg lies in L(0).
Hence for every t, d"((v(t))(y — zo) lies in (ZyGT NP ]L(T))J_. This implies that ¢(y) — {(zo)
vanishes on Y, ¢, APL(7) and we may conclude that { — ((zo) lies in KPo().

Using the snake lemma once again, we see that the kernel KP of AP V* — £ is isomorphic
to the kernel of KPY — KP1. But the latter kernel is easily seen to be equal to the subsheaf
SIJ; of AP V* i.e. the sheaf associated to

1
Ur—>< Z /\L(T)) ,
TNU#D

with the obvious restriction maps.

Hence L5 = coker(,ﬂj — AP V™) is canonically isomorphic to the sheafification of the
presheaf

U|—>< > /].\]]_4(7')> :

TNU#D

Remark 2.9. It is obvious that the roles of d’ and d” can be switched.

We can extend this to polyhedral complexes in ™ (recall also the definition of constructible
sheaves from section [1.10)):

Proposition 2.10. Let X = |%| be the support of a polyhedral complez ¥ in T

1. Forx € relint(o) with o € ¥ and sed(o) = I there exists a basis of open neighbourhoods
Uy of x in X such that the natural maps

p *
Ch(U) = L, = Lo, = < ) /\Lm)

TETEN T
are isomorphisms of R-vecor spaces.

2. For every p, the complex AY® is ezact in positive degrees and every sheaf AR is a fine
sheaf of R-vector spaces.

3. The complex A5 of sheaves is constructible on X (with respect to ).

Proof. 1. Let U, be any polyhedrally starshaped open subset of X with center z €
relint(o), o € ¥ (c.f. definition . Let (ag)jcr € A?;(’—O(UI) be a d’-closed (p,0)-
form on U,. Then each oy is a d’-closed (p,0)-form on (U,)$ C RY. Together with
the condition of compatibility from definition [2.4(2), we obtain easily from proposi-
tion that (cs)s is uniquely determined by a; and that the above chain consists of
isomorphisms.
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2. This is due to Jell, c.f. [Jell6bl 2.1.59] and [Jell6b, 2.2.18].

3. Statement (1) shows that the stalk H(A%®), = L% , only depends on ¢ € ¥ with
x € relint(o); it is also clear that they are finite dimensional. With (2) we get that
HA(AR®), = 0 for k # 0.

O

Proposition 2.11. Let X be a polyhedral space and let ¢ : U — V C TV be a polyhedrally
starshaped chart with center x for X (definition .

1. The canonical morphisms

(U, L%) - RI(U, LX)
are 1somorphisms; i.e. we have
HY(U, L5) =0
for q > 0.

2. The canonical morphisms
HO (U, L) = (£5)a

are isomorphisms of finite dimensional R-vector spaces.

Proof. This is just proposition [I.33] O

Corollary 2.12. Let X be the support of a polyhedral complex ¥ in TV. The cohomology
groups of L5,
HY(X, L) = HI(I(X, AR)),

and the cohomology groups with compact support,
HY(X, £%) = H? (Do(X, AR)),
are finite dimensional.

Remark 2.13. For HY(X, £%) this this is due to Philipp Jell, c.f. [Jel16D] 2.2.34].

Proof of corollary [2.13. This follows from proposition [1.36] (note that ¥ is a finite set by
assumption and hence can be covered by finitely many open stars; Cech cohomology finishes
the proof). O

Remark 2.14. Let X be a polyhedral space.

1. For an open subset U C X, the canonical morphisms £% | — L7, are isomorphisms.

2. The cohomology sheaves H? (AK®) are zero for ¢ # 0. For ¢ = 0 we have, in every
chart ¢y : U — V c TV,

L lo =1 (AR®) |v = op; LT,
We will repeatedly make use of the following property of d”-closed (p,0)-forms:

Corollary 2.15. Let X be a polyhedral space and U C X an open subset. Then every d”-
closed form o € A’;&O(U) is d'-closed. Similarly, every d'-closed form in Ag&q(U) is d"-closed.

Proof. Let a € A&O(U) be d’-closed. By proposition M(l) and the previous remark we
may assume that X is the support of a polyhedral complex ¥ in RY. Then by proposition
a € L5 (U) has a representative of the form

o= Z crd'xy
I

with ¢; € R constant. This implies d'a = 0. O]
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2.3 Comparison of tropical cohomology and cohomology of differential
forms

Putting the results of the previous sections together, we obtain the comparison result for
tropical cohomology (section [1.11)) and cohomology of differential forms on a tropical space
X. Tts proof has first been published in [JSS15].

Theorem 2.16. Let X be a tropical space. Then the tropical cohomology groups of X with
real coefficients are canonically isomorphic to the Dolbeault cohomology groups on X :

HP? (X)) ® R HY(X, FP) 2 HY(X, £5) = HY (T(X, AR®)) .

trop

Proof. Tt suffices that the sheaves P and L% are isomorphic and this can be tested on any
atlas for X. We choose an atlas of starshaped charts for X as in construction [I.40] For
each chart ¢ : U — V C TV we can choose a polyhedral complex ¥ in TV, maximal with
the ‘starshaped’ property from definition [I.I9] Let o be the minimal polyhedron in ¥ with
oNV # 0 and set I =sed(o). Now we easily get isomorphisms

f?c(UE( > /\MR(T)) = L (U).

These are compatible with the respective restriction maps and hence glue to an isomorphism
P ~ P

of constructible sheaves of R-vector spaces on X. This provides us with the middle isomor-
phisms in the statement of the theorem. The left isomorphism is clear by definition and the
right isomorphism is clear because AX® is a soft resolution of L% . O
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3 Total complexes of forms and currents

3.1 Some notations

The cohomology groups HY(X, £%) considered in the previous section can be understood as
Dolbeault cohomology groups of the double complex A%®. In this section, we will use them
to derive properties of the total complex A% of A%, One might think of this as analogous
to the de Rham cohomology of complex manifolds. Note however that this analogy is not
perfect; for instance, the global section cohomology of A% does not compute the singular
cohomology groups of X. Most constructions and arguments in this section come from
homological algebra and we will first introduce some standard notations we will be using:

Definition 3.1. 1. A double complex (A**,dy,ds) (with values in an abelian category
2A) is a collection (A%);, ez of objects of 2A together with morphisms

d’f’q CAPY Ap-i-l,q, d127,!1 CAPY Ath—l—l’
satisfying
dlod1:0, dQOdQZO, dlodgzclgodl.
We say that A**® is bounded if AP? =0 for |p| and |¢q| > k for some k € N.

2. The total complez (tot® A**,d) of a bounded double complex A** is defined by

toth A% = P AP,
pt+q=Fk
d|AP»q =di + (—1)pd2.

If o is an element of tot* A®® we write aP? € AP4(X) for the image of o in AP9(X)
under the natural projection.

Definition 3.2. Let (A®;d4) and (B*®;dp) be two bounded complexes of modules over a
ring or a sheaf of rings R.

1. The Hom-complex (Hom%(A®, B®),0) is the total complex of the bounded double
complex (Hom%*(A®, B*), (d)+, (da)*) with
Hom’;%’l(A°,B°) := Homp(A~!, BY),
(dp)s! = Hom(A™, ),
d4))* = (=1)' Homp d; Y gky.
(( A ’

2. We define the (complex) tensor product (A®* @% B®,dg) to be the total complex of the
double complex ((A®* @z B®)**;d1,ds) with
(A* @g B)F " .= AF @ BF,
d]f/,k’/ — di/ X idBk"’
d];/’k// _ idAk/ ®dl§l
From here on, a double complex will always be a double complex with commuting squares
as in definition . The triple (A%®, d', d”) introduced in section [2.1]does not form a double

complex in this sense (rather it would be a ‘double complex with anticommuting squares’ as
we have d'd” = —d"d"). We will compensate for this by using the following sign convention:
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Example 3.3. 1. A double complex of prime interest for us is the bounded double com-
plex (A%°, dy, dz) of sheaves of (p, ¢)-forms on a tropical space X, where we set

= (P, dhT = (1P (P

We write (A%, d) := tot®* AY® for its total complex. A k-form on X is an element
o € A% (U) for some open subset U C X. Note that we have

d|Az)7(,q =di + (—1)pd2 =d+d.

2. The second main double complex we will be concerned with is the double complex
(DY, 02, 01) of presheaves of linear currents,

DY (U) := Homg(I'¢(U, A" ™), R),

0y = (—1)" Hom(dgs’frfl,]R),

o = (~1)° Hom(d; """ R),
with restriction maps induced by the embeddings I'o(U, A" ") = T'(U', A>") for
open subsets U C U’ C X. We write (D%, ) for the total complex tot® D}*. For

some immediate properties of DY® see proposition below. We will relate D% to a
more classical notion of (continuous) currents in section

3. Note that the double complex (.A}',dl,dg) is canonically isomorphic to the tensor
product double complex

A;é. ~ (ASéO ®Ag(’0 A}O)o,o ~ (A}O ®A%O Agé.).ﬁa
when we consider the complexes A;&O resp. Ag;' to be equipped with the differential
maps di and ds respectively.

Proposition 3.4. Let X be a polyhedral space.

1. For each (r,s) € 72, the presheaf DY is a flabby sheaf of R-vector spaces.
2. For every open U C X we have canonical isomorphisms of complexes of R-vector spaces
D% (U) = tot* D} (U) = Homp (tot® T (U, AY®), R) = Homp (T.(U, A% ), R)
3. The derived duals (see of the complezes A%, AR® and AY? can be represented
by the complezes (D%, 0), (D% ¥,02) and (D**,01) of flabby sheaves on X :
D(A%)=D%, DAY)=DY" DY) =Dx".

Proof. (1) These are indeed flabby sheaves: The sheaves A™ " are soft on X, so for two
open subsets U, U’ C X we have short exact sequences

05T (UNU, AL = To(U, AR @ (U, AY ") 5 T(UU U, AT = 0.

Because Homg(+, R) is left exact, this implies that DY’ is a sheaf. Because I'o(U, A" ") —
L. (U", Ay*7") is an injection for open subsets U C U” of X, right exactness of Homg (-, R)
implies that DY is flabby.

(2) A quick computation shows that D% (U) is canonically isomorphic to Homg (I'.(U, A% ), R):
We only have to show that the differential maps of both complexes agree, which follows from

D67 = 0™ 4 (1) By
_ (_1)r¢r,s o d2—s,—r—1 + (_1)r+s¢r,s o dl—s—L—r
= (17900 (d T 4 (1%,
_ (_1)r+s¢r,s o d—r—s—l’
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for ¢ : T (U, A"™") = R in D (U) € D*(U).

(3) This follows directly from the construction of the dualizing complex wx = 'R,
where 7 : X — pt is the projection to a point (c.f. definition example [A.18]).

O

3.2 The total complex of forms

Proposition 3.5. Let X be a tropical variety of pure dimension n and L5 := ker(ds :
.Agéo — Agél). We consider the complex LY := @pez L% [—p] as a double complex. Then

the canonical morphism of double complezes L% — AY® given by the inclusions L5 — Aﬁgo
induces a quasi-isomorphism of the respective total complexes

L% 5 A

Proof. By [KS90), 1.9.3] we have to show that Hy Ha (L) — Hy Ha(AY®) is an isomorphism of
double complexes, where for a double complex (A, fi, f2), (Hi1(A), h1, ho) and (H2(A), g1, 92)
are the double complexes

HPU(A) o= ker(f29)/im(f7"9),  hi=0,  ha:=fo,

HY(A) i=ker(f59)/im(f57Y),  gi:=fi,  g2:=0.
Now for p € Z the map
L5 = Ha (L% )P — Ha(AY)PO = ker(dz)P” = ker(d”)P?

already is an isomorphism and both double complexes Ho(L%) and Hy(AY") are trivial
otherwise, so the claim follows from the fact that d; | ez = 0 for every p € Z (corollary .
L]

Remark 3.6. In particular this shows that we have canonical isomorphisms in the derived
category of sheaves of R-vector spaces on X,

D(L%) — D(AY) — D,
where D% is the complex of sheaves described in the previous section.

Corollary 3.7. For every left exact functor F' on Shv(X), there are isomorphisms

RFF(A%) = P RIF(LK).
p+q=Fk

In particular, we have direct sum decompositions

RFT(X, A%) = P HIX, LK),
ptq=k

RFT (X, AY) = P HIX, LK)
ptq=k

Proof. This is purely formal: Derived functors commute with finite direct sums, so by
we have

R F(AY) = R* F(D L% [-»]) = DR F(Lx[-p]) = PR F(LK).

pEZL pEZ PEZ
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Corollary 3.8. Let X be a polyhedrally starshaped polyhedral space. Then the map
oF - HO(X, L)) = PP (X, AY),
mapping « to the class of the (k,0)-form «a, is an isomorphism.

Proof. Let us denote by
Z0 = {a € AL (X);doa = 0} = LE(X),

780 = {a € ARY;da = 0}, Zh = {a € A%;da = 0}
the three spaces of closed forms we will consider.
We first show that ¢ is well defined: Because for a € .A];(’O (X), doaw = 0 implies dyo = 0 by
corollary 2.15] we get a chain of morphisms
(X, £) =z c z}°
C Zh — HY (I(X, A%))
= RFI(X, A%),

as required.
From the previous corollary we already know that there is an isomorphism
RFT(X, A%) = P HUX, LK) =H(X, £%),
ptq=Fk

and the latter R-vector space is finite dimensional by proposition [2.11} Note that H/(X, £X)
vanishes for ¢ # 0 by proposition as well. Hence, if we can show that ¢* : HO(X, %) —
R¥I'(X, A%) is injective, it has to be an isomorphism.

Assume that a € ZS;O maps to zero in RFT'(X, A%), i.e.
o = dp with 8 = (879)pq=t_1 € ALH(X).

In particular, we have o = d1*710 and dofP9~1 = (—1)P~1d, BP~14 for every ¢ # 0. We
show that this implies that « is already zero itself, i.e. ¢* is injective. This is obvious for
k=0. For k =1, 8% satisfies do8%? = 0 and hence we have o = d; %0 = 0 as well.

Let us now consider the case k£ > 1. Inductively, we construct a sequence
PIe A ptq=Fk-2,
for p < k — 2 such that
/P9 (_1)pdwp71,q — dﬂp,qfl
forp+gq=k—-1,p<k-—2:
or p < 0 we set 777 = 0. For p = 0 we have dy8"""" = 0. Because A%y is exact in
F 0 t 474 =0. F 0 we have do8%%~1 = 0. B A (X) i t i
positive degrees by proposition and k—1 > 0 by assumption, we find y%¥=2 ¢ .Ag;k_2(X)
with dyy®F=2 = pOk—1 = gOk=1 _ g ~=LE=1 For 0 < p < k — 2, assume that v?~29+1 and
~P~14 have already been constructed for p + ¢ = k — 1. We then have
dodi P14 = dy (qu,qﬂ + (_l)pfldwpf&qﬂ)
— (_1)p71d25p,q7
and hence dy (877 + (—1)Pd17P~1%) = 0. Once again, AL*(X) is exact in positive degrees
and ¢ = k — 1 — p > 0 by assumption, so we find v?4~! ¢ .Agéq_l(X) as required.
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This allows us to show that o = 0 in the case £ > 1 as well: For p =k — 1 we now get

dldQ’}/k_2’0 _ dl (Bk—Q,l + (_1)k—2d17k—3,1)
_ (_1)k—2d26k—1,0

and hence gF10 4 (—1)k=1d;4#=20 is a dy-closed (k — 1,0)-form. But with corollary
this implies that

a = dlﬁk—l,o — dl (/Bk_l + (—1)k_1d1"}/k_2’0) —0.
This shows that ¢* is injective for every k € Z, finishing the proof. O

Remark 3.9. Corollary could also be deduced from |Jell6b, 2.2.35|, where surjectivity
of the map in question is shown.

3.3 Wedge and cap products

In the following subsections we will translate known operations on bigraded forms and
currents to the total complexes (A%, d) and (D%, 0) introduced in the previous section.

Proposition 3.10. Let X be a tropical space of dimension n.

1. The wedge product N : Ag;’q/ ®A§g’q// — AR from construction induces a wedge
product on the total complezes by

N A @AY — A,
A:T(U,A%) @° T (U, AY) — Te(U, AY),

i

o @ gy o A g
2. The wedge product induces a cap product on the total complexes

N: D% ®° A% — D,
(8" N ) () = (=1)*0" (" A 7).

In particular, for o € A% (U), § € D (U) for some open subset U C X, we get equations

dlaAB)=danB+(-1)fands, d6Na)=d0Na+(-1)dNda.

Proof. 1. We have to show that for a (p, ¢)-form « with p 4+ ¢ = k and an (r, s)-form g
with r + s =1 we have do A(a® ) = Aodg(a® f):

doNa®B)=d(aANp)
=d(anp)+d"(anp)
=danB+(—Drands+danp+(-1)rand'p
= (di + (=D)Pda)a A B+ (=) a A (di + (=1)"do)B
=da B+ (-1)kandp
= Nodg(a® pB).

This shows what we needed. For the following calculation we keep in mind that we
have shown the identity

daAB) =dan B+ (=1 a A dB.
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2. First, let us see if degrees match appropriately: For o € A% (U) and 6 € D% (U), d N«
is a map defined on all compactly supported forms 7 on U of degree —r — k. In other
words, § N« is an element of D5 (U). This is what we needed.

As before, we have to show for a k-form «, 6 € D'y and a —r — k — 1-form 7 that we
have d o N(d ® a)(n) = Nodg(d ® a)(n). This can be seen as follows:

3.4 A projection formula

Recall, that a morphism of tropical spaces X, Y is a map f : Y — X that can be given
by extended affine maps in suitable charts. Recall the definition of the pullback morphism

from proposition

Definition 3.11. Let f: Y — X be a morphism of tropical spaces.

1. Let U, V be charts of X, Y on which f is an extended affine map. Then, for every
form o € AR(U), the pullback f*a € AV (V) is well defined and compatible with the
differential maps d; and dy and the wedge product. This is compatible with restriction
and transition maps, yielding a morphism of double complexes

[P A = f AT
2. Similarly, we denote by
friAx = LAY

the induced morphism on the total complexes. Using the quasi-isomorphism £% —
A%, we may also interprete this as a morphism f* : L% — R f. £} in the derived
category of sheaves on X.

We will now work with the ‘lower shriek’ functor fi and its right derived functor R fi as
introduced in remark

Proposition 3.12. Let f : Y — X be a morphism of tropical spaces of dimensions n and
m respectively. Then f induces natural morphisms of bounded complezes of sheaves and in

DY(X),
fe: fDY = DX,

fe : RAD(LY) = D(LY).

Proof. The morphism in the derived category can be obtained in a purely formal way from
the adjunction (R fi, f'), but we will construct the morphism f, : fi D} — D% directly:

Let ¢ € fiDY(U) for U € X open and 7 € T'.(U, A%"). Then the intersection
K := supp(¢) Nsupp(f*n) C supp(¢) N f~* (supp(n)) € f~1(U)
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is compact. Hence, we find a relatively compact neighbourhood K’ of K and a form ' €
AJF(U) with i = ¢*n in a neighbourhood of K and supp(n’) C K’. Then

fed(n) := ¢(f*n) == o(n)

is independent of the choice of 7’ and defines a linear map T'.(U, .A)_(k) — R. Tt is easy to
see that this definition is compatible with the differential and restriction maps.

This way, for every k we get a morphism of sheaves
fe: fDY = Dk

inducing a morphism
fo: DY DY
as required (because df*o = f*da for a € AFF(U)).

Note that the canonical morphism f; D} — R fi D3 is an isomorphism in the derived cat-
egory because DY is a complex of flabby sheaves; with proposition and proposition
we get the morphism in the derived category as needed. O

Proposition 3.13 (Projection formula). Let f : Y — X be a morphism of smooth tropical
spaces. We have a canonical commuting diagram of morphisms in Db(X), natural in f,

RAD(LY) @ £ L RAD(LY) 9P Rf Ly —— R i (D(LY) @F £3)

o

fomid R fiD(LY)
lf*
D(LY) ®F L% - D(LY).

Here, (-) ®% (-) denotes the derived tensor product (c.f. example [A.11)).

Proof. Via the isomorphisms £ — A% and D(L%) — D%, we obtain this diagram from
proposition [3.10] Commutativity of the diagram follows in a purely formal fashion: For U C
X open, ¢™* € Homg(L.(f~1(U), Ay*™"),R) with support proper over X, aP? € ARY(U)
and n € To(U, A" "7"77) we have

(£:67° 1. aPD() = (<1117 (0P A1)
(1767 (£ (0P A )
(~1)PHG"(f7aP A f)
= (8" N Far)(f7n)
£l 0 £ ar ()

3.5 Pushforward and sedentarity

In the following we will investigate how the complexes D% (this section) and L% (next
section) behave when restricted to closed good sedentarities S C X as defined in section[1.8|
We will make use of the properties of the functor I'g of local sections with support in S
on sheaves on X, as defined in appendix [A.2] In the end, this will give us a (very slight)
generalization of [JSS15] 4.23].
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Theorem 3.14. Let X be a regular tropical space and let 1:.S C X be the closed embedding
of a good sedentarity. Then the pushforward morphism 1. : Ry D(LY) — D(LY) induces a
canonical isomorphism in the derived category of sheaves on X:

RuD(LY) 5 RTsD(LY).

Proof. Because the sheaves D¥ are flabby, we have
Ru Dy = Dg,
RTs(Dk) = I's(D).

Also, Dx(L%) can be represented by the complex D%, and similarly for S. The claim now
follows from the following proposition: O

Proposition 3.15. Let X be a reqular tropical space of dimension n and 1 : S C X a closed
good sedentarity of X. Then there are canonical isomorphisms of complexes of sheaves on

X

] 'D:g — FS('D_.X),

mduced by 14.

Proof. For every open subset U C X and V = U N S, the maps 1. : DE(V) — DX (U) are
compatible with restrictions. Moreover, it is clear that 2,0[;n = 0. We get a natural map

1, : DE(V) = Ty (U, DY),
O — 1,0.

Assume now that 2,0 is the zero map. Every —k-form 7 on S with compact support in V
can be continued to a —k-form 1’ on X with compact support in U such that o'|y = 7.
Hence § has to be zero. This shows that 1, is injective.

Now let ¢ € Dsny (U, D% ); we want to show that ¢ lies in the image of .. First, we choose
a locally finite covering of U by open subsets U; and U]’~7 1 € I and j € J, such that each
Uj is contained in U \ V and each U; is isomorphic to (U; NV') x [~00,7;)¢ for some 7; € R,
¢ € N, and contains V; := U;NV as the set V; x {—00}¢ (via this isomorphism; this is possible
due to definition . We choose a partition of unity (x;)ierus subordinate to this cover
(in particular we have y; € Agéo(Ui) for every i € I) and we set x := > ;er Xxi- Then y is a
smooth O-form with x|y = 1.

We denoty by m; : U; 2 V; x [—00,7;)¢ — V; the natural projection. If nis a (—k)-form on
S with compact support in V, then x; - 71 is a (—k)-form on X with compact support in

Ui. The sum o(n) := Y ;er xi - m'n is a well defined (—k)-form on X with compact support
in U. The map

§:m ' (a(n))

is linear on T.(V, Ag"), i.e. § € DE(V). We claim that ¢,6 = §": By definition we
have i/ — o(1*1') = 0 for every 7/ € To(U, A¥¥) in a neighbourhood U’ of V in X, i.e.
supp(n’ — o(+*n’)) C U\ V. Hence,

(& —18)() = (o — o(75)) = 0
because ¢’|¢\y = 0 by assumption.

This shows 2,6 = §’. We have shown that 1, : D%(V) — 'y (U, D%) is both surjective and
injective. It is then obvious that . : D% — I'v(DY%) is an isomorphism of complexes of
sheaves. O
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Applying the global section functor I'(X,-) to the short exact sequence of complexes of
sheaves on X,
0 — 0 DY — D% — 17 D% —0,

we get a long exact sequence of cohomology groups. Together with
RET(X, D) = R™Ie(X, £%)",
we arrive at the announced generalization of [JSS15, 4.23]:

Corollary 3.16. Let S C X be a good sedentarity. Then the restriction to S of forms on
X induces a long exact sequence of cohomology groups

5 RETL(S, £3)" = RFT(X, L%)" = RFT(U, £%)* — RMIT.(S, L) — -+,
which decomposes into a direct sum of long exact sequences of the form

o= RITA(S, £R)* — RIT.(X, L5)* — RIT (U, L5)* — R IT(S, L) — -

In fact, when going through the proof of proposition one can see that we could have
worked equally well with the bigraded parts D'y’ instead of D')“(. Then one arrives at the
following, slightly stronger statement:

Corollary 3.17. Let X be a reqular tropical space of dimension n and v : S C X a closed
good sedentarity of X of codimension c, with complement j: U = X \ S C X. Then the
short sequence of double complezes,

0—=uDy 5DV LDy =0

is exact (in every bidegree (r,s) € Z2).

3.6 Closed forms at sedentarity

We now investigate the behaviour of L% at a good sedentarity, generalizing [JSS15| 4.28]
slightly.

Construction 3.18. Let X be a tropical space and let S C X be a closed good sedentarity
of codimension 1. Then every open subset U of X has a locally finite covering {Up, U;;i € I}
by open subsets such that UyN.S = () and Uj; is isomorphic to V; x [—oo, ;) for some r; € R,
Vi:=U;N S and every i € I. For every i € I and (z,t) € U; \ V; let v;(z,t) be the unique
integral tangential vector at (x,t) pointing towards V;, i.e. (z,t) + tv;(x,t) converges to
x = m(x,t) in U;, where m; : U; — V; is the natural projection. Then v;(x,t) is in fact
independent from the chosen covering and also from ¢ € [—o0,r;), and we get a well defined
vector v(z) for every x € (J;es Vi-

For every form o € L% (U; \ Vi), we get a well defined form 7 (o) € £ '(U; \ Vi), where
1,0(T,t) := 1,z (7, t) denotes the interior product of a with the family of vectors v defined
before. Note that because « has locally constant coefficients, a(x,t) only depends on z on
U; \ V; and hence, writing U’ := | J;c; U;, we get a well defined form

n(aly) € LEHSNU)
for every a € LE (U \ (SNT)).

Proposition 3.19. Let X be a tropical space and let v : S — X be the embedding of a
good closed sedentarity of codimension 1. Denote by 5: X \ S — X the corresponding open
embedding. Then there exists a short exact sequence of complexes

0— LY =5 2.0 L% =2 1, L3]—1] — 0,
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where 1), is the map constructed above. In fact, up to the obvious shifts, this short exact
sequence decomposes into a direct sum of short exact sequences of sheauves,

’
Z'U

0— L L a7 LB =5 0 Eg_l — 0.
Proof. We only show the second half of the statement, which induces the first half immedi-
ately by taking the direct sum. It is clear for p = 0 (setting Lg" = 0). For p > 1 we can show

this on stalks. First, let # € X\ S. Then the canonical morphism 7, : (£%)_ — (3071 £%),
is an isomorphism and (z* Eg_l)x = 0, so the claim is trivial.

Let us now fix some notations for the case p > 1: Let z € S and let ¢ : U C |Zy| € TV be
a tropical chart near z in X, where Xy is a polyhedral complex in TV which is regular at
infinity. We may assume that U is polyhedrally starshaped with center & and that U is of
the form U =V x [—oo,r) with V' C S open and r € R. In fact, we can assume that U is
the open star of a face o € ¥y contained in V' with x € relint(o) and that V' is the open
star of o in the polyhedral complex Yy := Sy|y := {rNV;7 € ¥y} in TX. Recall that we
write TY := {t € TV;ty = —oc}. Let I := sed(c) C [N] be the sedentarity of o, let o¥
be the unique parent face of ¢ in ']I‘?{ (N} and let ¢’ be the unique parent face of o of empty
sedentarity (c.f. lemma [1.10)).

Now we can show the claim by the following computation: The map 7, : (L% ), —
(22571 L% ) is the map dual to the projection

v 3 RGO RLn) -+ 5 AL R) o

Using the isomorphisms (L(T’)/Ré\éd(gz\])) = ( (1 )/Rsed ) @ Rey, we can see that the
map

p—1
0— ;/ /\ (L(T/)/ sed(o ) ; /\( bed UN))

induced by w — ey A w is then a kernel of p. Dualizing the resulting short exact sequence,
we arrive at the short exact sequence

—~

= (L5)e 5 (0o )0 5 (£ 0
as required. 0

Corollary 3.20. Let X, S, v and j be as above. Then there exists a (non-canonical) iso-
morphism in the derived category of sheaves of R-vector spaces on X:

R, £3 ~ RTs(L%)[2).

Proof. First note that the canonical morphism 7,771 L% — 2.0 ' A% = R0 L% is an
isomorphism in the derived category: This can be shown using that for every polyhedrally
starshaped open set U, the open set U \ (S NU) is starshaped as well and then applying
proposition [2.11]

We now have a diagram in the derived category

R, LY[—2] L% R 1LY —— R L[]
Jid lid
RTs(LY) X Ry LY —— RTs(L%)[1],

42



where the top row is the distinguished triangle obtained from the proposition (use [IKS90),
1.7.5]) and the bottom row is the canonical distinguished triangle associated to the functor
RTg. It is obvious that the solid square commutes and hence we get the dotted arrows by
one of the axioms of a triangulated category (c.f. definition [A.1}(5)). By [KS90} 1.5.5], the
dotted arrows are isomorphisms. O

3.7 Integration of forms

In order to formulate Poincaré duality, we now give a short reminder on the integration map
ox : To(X, AY") — R, 77|—>/ n,
X

for a tropical space X. In the finitary case of X  R", this has been introduced in [CD12,
1.5]. For the general case, we will rely on the exposition in [JSSI5 4.1ff]. Note that it is
essential that X is tropical, both for the definition of dx (we need an integral structure) and
for [y to vanish on exact forms (this uses the balancing condition).

The following lemma allows us to treat compactly supported 2n-forms o on X as if they
were given by compactly supported forms on some RY:

Lemma 3.21. Let X be a tropical space of dimension n and let « € ARY(X). Then for
every sedentarity S of X of dimension dim(S) < max(p, q), the support of a is contained in
the complement of S,

supp(a) C X'\ S.

In particular, if max(p,q) = n, the support of « is finitary.

Proof. This can be shown as in [JSS15], 4.1]. O

Definition 3.22. Let X be a tropical space of dimension n and consider a form a €

I.(X,A%).

1. First assume that X is a tropical space in T%, represented by a weighted polyhedral
complex (X, w). For every o € ¥ with dim(c) = n, choose a basis (z7,...,z2) of the
lattice Lz(0) C L(o). Then a|y has the form

alge = fo (dzf Ao ANd'2l) @ (A" N Ad"2])

with a smooth function f, on the manifold with boundary ¢° = ¢ "R” and we set

ﬂ(ﬂ 1)
3_' - o UdAU7
/.o ORI

o€y
where ), is the measure on 0° C RY given by the lattice basis (z7)7;.

2. In general, we choose an atlas 2 for X of tropical charts ¢y : U — V C T and
a smooth partition of unity (xy)yea on X subordinate to this covering. Writing
ay = xvao ¢yt € To(V, A") we may then define

o= ay.
/X [Jz:egl/U(U)

Remark 3.23. We refer to [Gub13|, 2.41f] or [Jel16bl, 2.1.43ff] for a more thorough discussion
of [y. The sign in the definition above comes from the equality

(/\ d’xi> ® </\ d”xz-> =(-1) dz; @d"z;).
i=1 i=1

1:1
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Proposition 3.24. Let X be a tropical space. Then the integration map [y : To(X, AY") —
R induces a morphism of complezes,

I'.(X,A%)[2n] — R,

Oé'-)/Oé.
X

In particular, the integration map [y : T'e(X, A}n) — R is a 0-closed linear current in
D*(X). Hence, it is also da- and dy-closed in D" (X).

Proof. This follows from |[Gubl13l 3.8]. O

Remark 3.25. Henceforth we will usually write dx for the closed current [y (-), especially
when considering it as a cohomology class in R™2"T'(X, D% ). For smooth tropical spaces
X, we will see next that the cap product with dx gives rise to natural Poincaré duality type
statements.

3.8 Poincaré duality for Dolbeault cohomology
In [JSS15, ch.4] it has been shown that for every p,q € Z the morphism of complexes
D(X, AR")@C(X, A 7°[n]) — R,
aRn— / aAn,
X

gives rise to the following Poincaré duality statement ([JSS15| 4.33]):

Proposition 3.26. Let X be a tropical manifold. Then for every p,q € Z, the Poincaré
map

HY(X, %) = RIT(X, AY®) — Homp(R" 9T (X, Ay 7°),R) = HI (X, L *)*

mduced by
a [n— / aAn).
X

s an isomorphism.

For the sake of convenience we will emphasize the formulation in terms of the double com-
plexes A% and DY° (c.f. example , already present in the proof of [JSS15, 4.33]:

Corollary 3.27. Let X be a tropical manifold of dimension n.

1. For every q € Z, the Poincaré map induces a quasi-isomorphism of complezes of
sheaves on X,

ox N ()« (A, d1)[n] — (DX ™, 01)

Sx M aPi(n) = (—1)PFa / anm.
X

2. For every p € Z, the Poincaré map induces a quasi-isomorphism of complexes of
sheaves on X,

ox N () : (A5, da)[n] — (DY, 02)

dox NaPi(n) = (—1)p+q/ aAn.
X
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3.9 Poincaré duality for the total complexes

We now want to prove the analogous version of corollary in terms of the total complex
A% . It will follow from corollary by algebraic means.

Theorem 3.28. Let X be a tropical manifold of dimension n. Then the cap product
D% ® A — D% induces a quasi-isomorphism of complezes of sheaves on X,

ox N () : Ax[2n] — DX,
a—ox Na,
with 5x 1+ [y n in DF"(X).
Lemma 3.29. Let X be a tropical manifold. Then there exists an isomorphism
£x[2n] = D(LY)

in the derived category of sheaves on X.

Proof. By corollary we have isomorphisms L5 [n] — D(L ?) in the derived category
of sheaves on X for every p € Z. This gives us

L%[2n] = @ LE [—p + 2n]
PEL

O

Lemma 3.30. Let X be a tropical manifold of dimension n and let U C X be a polyhedrally
starshaped open subset. Then the morphism

I'U, A% [2n]) — (U, D%)

induced by dxN is a quasi-isomorphism. In other words, dxN induces a canonical isomor-
phism
U, A% [2n]) — RT(U, D%).

Proof. Recall that DY% is a complex of sheaves on X representing D(L% ). Using the previous
lemma, we get the existence of isomorphisms

ED(U, A% [2n]) = RFT(U, £ [20])
= R*I(U, D(L%))
~RFI(U, D%).
Because by proposition we have an isomorphism R¥ I'(U, £%[2n]) = H°(U, E%?+k) of

finite dimensional R-vector spaces (corollary , which are furthermore isomorphic to
R¥ (U, D%) by lemma it suffices to show that

H*(5xN) : REI(U, A%[2n]) — RFT(U, D%)

is injective. Note that because A% and DY are soft and flabby sheaves respectively, it suffices
to consider the cohomology groups of the complexes A% (U)[2n] and D% (U) respectively.
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By corollary every d-closed form in A%?Jrk(U) can be represented up to a d-exact form
by a dg-closed form in A%Hk’U(U) C APTRWU). Let a = o® k0 ¢ .A%?Hf’o(U) be such a
do-closed form and assume that

[o] == 6x Na =8¢ € DY (U) c Dk (V)

with ¢ € T'(U, D];(_l). We now have to show that this already implies a = 0. Recall
from [3.3)2) that the complex D% is the total complex of (D%, 02,01) with D(U) =
Hompg (T (U, Ax*™"),R) and

9y° = (—1)" Homg(d2, R), 97" = (=1)* Homg(dy, R).

We can write ¢ = (¢™),4s—k—1 with linear maps ¢"* : I'.(U, Ay""") = R. From [a] = 0¢
we get

[Od]fn,k+n — 82¢7n71,k+n + (_1)n61¢7n,n+k71+ (1)
— (_1)nal¢—n,n+k—1’
0= 82¢*qﬁp + (_1)q61¢*q+1,7p71,
forp+g=—-k+1,¢g#n+1. For 2n+ k <0,
p+g=—-k+12>2n+1

implies p > n or ¢ > n and we get ¢ = 0 immediately. Hence in this case [a] = 0 and
subsequently, with corollary a = 0. For 2n 4+ k =1 we have

0 (2 82¢—n,—n + (_1)—n+lal¢—n+1,—n—l — 82¢—n,—n‘

Again by corollary we may represent ¢~ ™" by a da-closed (0,0)-form 5. By corol-
lary this already implies di 8 = 0 and with equation (1) we get [a] = (=1)"01[5] = 0 as
required.

Now let 2n + k& > 1. We then have
0 (2 82¢n+k—1,—n + (_1)n+kal¢n+k,—n—l — 82¢n+k—1,—n’

with n + k — 1 > —n. Note that once again by corollary the complexes (DY (U), d2)
are exact in degrees r = —n. We then find a linear map

wn+k72,fn T (U. A?(’_”_k"'?) SR with a2¢n+k72,*n _ ¢n+k71,fn.
(]+1)

Inductively we now can construct a sequence of maps =917 : T',(U, Az)’;
p+q=—k+ 1 with ¢ < n such that

— R for each

pbP — 321#*(171,*17 _ (_1)q81¢7Q:7P71 .

For p = n, ¢ = —n — k + 1 we are already done when choosing ¢"t*~1:="=1 = ( and
Y TE=271 a5 constructed before.

Assume then that the maps ¢y~ 1P and 4~ ~P~! have already been constructed for p+q =
—k 4+ 1 with ¢ <n — 1. Then we have

0= 01 (¢~0P — Byp=0- 1) @ (—1)8+L9p9=9- 1P+ _ 9,9, p=1-1P,

and hence (¢~ 9 L7PFHL 4 (—1)99,p=9"17P) is Oo-closed. Again with ¢ + 1 < n we find
¢*q72ﬁp+1 with

¢—q—1,—p+1 _ 82w—q—27—p+1 _ (_1)q+laﬂ/)—q—17—p'
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This is enough to finish the induction step.

From the final step ¢ =n — 1 we now get
0= al (¢—n+1,n+k—2 o aQw—n,n—i-k—Q)
(2 (_1)n62¢7n,n+k71 _ 8281w7n,n+k72
_ (_1)—7182 (d)—n,n—&-k—l o (_1)—n81¢—n,n+k—2) ]

By corollary again, the do-closed linear map ¢~ ™" T*F=1_9,4)=""k=2 cap be represented
by a da-closed (2n + k — 1,0)-form 3, i.e. we have

¢—n,n+k—1 — [B} + (_1)—n81w—n,n+k:—2.
Because d; 0 has to vanish as well by corollary
[o] = 019~ = 0,[8] =0

follows. This implies & = 0 and finishes the proof. OJ

Proof of theorem [3.28 Because the homotopy category K®(X) of bounded complexes of
sheaves on X is a triangulated category, we find a distinguished triangle

A% [2n]) 25 DY — F* — A% [2n + 1]

in K®(X) with definition (4) Because talking stalks is an exact functor, this induces a
distinguished triangle of R-vector spaces for every z € X,

A% 20 2B DY, = Fo = A% 20+ 1].

For every x € X this triangle can be obtained by taking the colimit of the sequences

dxN

A% (U)[2n] =— D% (U) —» F*(U) — A% (U)[2n + 1]

in Modg, running through polyhedrally starshaped open subsets U with center x € U.
Taking this colimit is an exact functor on Modg and because every single A% (U)[2n] —
D% (U) is a quasi-isomorphism by lemma [3.30} so is the colimit A% ,[2n] — D% ,.

Taking the long exact sequence of the distinguished triangle of stalks we get that H*(F2) = 0
for every z € X and every k € Z. This implies that F* is exact. Then the first distinguished
triangle implies that dx N (-) is an isomorphism in the derived category and hence a quasi-
isomorphism of complexes. O

Corollary 3.31. Let X be a tropical manifold of dimension n. Then the integration mor-
phism [y : To(X, A%[2n]) — R given by a — [y a for a € AP(X) = AY"(X) induces a
non-degenerate pairing in cohomology

/ (RYFI(X, AY) x RPPED (X, A%) = R
X
for every k € Z.

Proof. The map
/ (RVFI(X, AY) x RPED (X, A%) = R
X

is obviously bilinear. Now choose a closed form « € T'(X, A}_k ). To have

/ aAn=20
X
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for every closed form 7 € T'.(X, A%™*) implies
dx Na =0 ¢e Homg(R"™*I'.(X, A%),R) = R™"* (X, D%).

Using theorem we get that « is exact.

On the other hand, let n € T'.(X, .A?grk) be a closed form with compact support such that
Jx aAn =0 for every closed form a € T'(X, A}_k). In order to show that 7 is exact, we
first choose a basis (1;);es for R"T* T (X, A%) = H"* (T.(X, A%)) and consider the dual
basis (0;);es for R"™™ T (X, A%)* = R™"*T'(X,D%). Using theorem we find closed
forms a; € T'(X, A% *) with

SxNaj=0; € RT"FI(X, D).

By assumption we then have o;(n) = (—1)"™ [y o A = 0 for each j € J. By the choice
of (0)jes, n has to be zero in R (X, A%). O

3.10 The conjugation morphism

Definition 3.32. Let X be a polyhedral space, U C X an open subset.

1. Writing o € ARY(U) in coordinates as a = 37 jarsd'z; @ d"z 5, we define the (g, p)-
) X J

form Ja by

Ja = (_1)pq Z Oqjd/x] & d//.’IZ'[,

1J
in coordinates. We occasionally use the notation @ for the form (—1)P?Ja = Y1 apjd'z;®
d'x;.
2. We say that o € A% (U) is symmetric if Jo = a and antisymmetric if Ja = —a and

we call

L atJa _ a—Ja

at = = ,
2 7 2

the symmetric resp. antisyymetric component of . We also set
A?f(U) := {a; a is symmetric)}, A’;{(U) := {«; « is antisymmetric}.

Lemma 3.33. Let a € Agé’q/(U) c A% (U) and 8 € A@!’q”(U) c A (U) withp +¢ =K
and p" + q" = k". Then we have the following formulas:
diJa = (1" Jdaa,
dyJo = (-1)7 Jdya,
dJa = Jda,
J(aNB)=JaN Jp,
J(aAJB) = (=1D)F* B A Ja.

Proof. These are easy computations. We show the latter three equations, starting with
dJ = Jd: For every p+ q =k + 1 we have

(dJ )P = dy (Ja)T P + (—1)%dy(Ja) 4P~
= (=1)®~Pd ara- 1+( )quzm
(=) (drap=1a 4 (=1)Pdaara—1)
= (

Jdo) TP
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Next, we write « = Y ayjd'z; @ d"zy and 8 = 3 frrd'xx ® d'zy, in coordinates. Recall
(section that the wedge product a A 8 can be given in coordinates as

Z(—l)U”K'OéIJﬁKLd':BI NdzrgdxzyNnd'zr,

where the sum run through all subsets I, J, K, L C [N] with (|I|,|J|, |K|,|L|) = ¢/, ¢, p",q")
by assumption (for a suitable N € N). We then arrive at

J(aAB) = (_1)(p’+p”)(q’+q”)+q’p” ZaIJﬂKLd/$JL ®d'zr,
JanNIp = (—1)p/q,+p//q”+p,qﬁ Z arBrrdry, @d vrk.
This shows J(a A B) = Ja A JB.
Lastly, J(a A JB) = (—=1)¥*" B A Ja is a simple application of
(d'z;@d"z)) A (dog @d"zy) = (=1)THIDUKIHLD) (7 p e @ d"zp) A (d'zp @ d'xy)

and the previous equation. O

As a direct application of lemma we obtain:

Proposition 3.34. Let X be a polyhedral space.

1. Both AI§<’-+ U — AI;(’+(U) and .A];{’-_ U — .AI;(’—_(U) define subsheaves of A% and we
have morphisms of sheaves ()T : A% — A§<’-+ and (1)~ : Ak — .A];(’_.

2. Together with the induced differentials on A’;(’+ and AI;(’_, this gives a direct sum de-
composition of complexes
Y =AY oAy .

In particular, we have direct sum decompositions
RET(U, A%) = R* (U, AY") @ RF T (U, A ),
RFT.(U, A%) = RFT (U, AYT) @ RET.(U, AY ).
Proof. 1. This is clear.

2. With lemma [3.33) do ()" = ()T od and do ()~ = (-)~ o d follows immediately.
This shows that (-)* and ()~ are in fact morphisms of complexes. It is clear that for
o € A% (U) symmetric we have at = «, and similarly for o antisymmetric. Together
with o = o + a7, this shows the claim.

O

This allows us to introduce the following pairing on compact manifolds:

Proposition 3.35. Let X be a compact n-dimensional tropical manifold.
1. The pairing
ex : R"T'(X,A%) x R"T'(X, A%) — R,
(@.8) = [ anJs,
X

is symmeltric and non-degenerate.
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2. If n is even, then the subspaces R"T'(X, A%") and R"T(X,AY") are orthogonal to
each other with respect to this pairing. Ifn is odd, then R" I'( X, A;;Jr) and R"T'(X, A%7)
are othogonal to themselves.

Proof. 1. Symmetry of ex follows from lemma For @ and f8 in A% (X) we have

ex(a, ) :/on/\Jﬁ

:/Xm
= (- [ Janp)

= / BN Ja
X
= ex(B, ).

From Poincaré Duality it follows directly that ex is non-degenerate.

2. Let n be even. For o = o™ symmetric and 3 = 8~ antisymmetric, we can compute as
follows:

ex<a+,ﬁ->:/XJ(a+AJ6—>
:/ Jat AJ?B™
X
- _eX(Oﬁ_?ﬁ_)

and hence we get ex(at,37) = 0 as alleged. The case n odd follows similarly with
O

3.11 A Kiinneth formula
Proposition 3.36. Let X and Y be tropical spaces and let px : X XY — X and py :

X XY =Y be the canonical projections. Then we have a canonical isomorphism of complexes
of sheaves on X XY,

Ly — (DX L%) @k (py' LY).

Proof. The tensor product of complexes (py' L%) ®% (py' £Y) (c.f. definition [3.2) has a
direct sum decomposition

(px! £%) ©f (py' £3) = (@ Py a’;é[—p']> ok ( @D ' ﬁ;ﬁ’[—p”]>

p'EZ p'EZ
= @ (rx' %) @ (o' £F) [0 — 1],
p/’p//eZ

/ /!
Hence, it remains to show that £% - is isomorphic to the sheaf @, v, 7% L5 @3 LY .

First, we assume that X and Y are tropical spaces in TV and T™ respectively. By propo-
sition [2.10] we then see that, for (z,y) € X x Y and a suitable open neighbourhood U of
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(x,y), we have isomorphisms

Ly (U) = < > ALxuy (7' x T"))
(z,y

Yer' xT!"

:< ) /\LX(T/)xLY(T")>

zer! yer!

I

<€B < > ;,\LXW)@;(LY(T”)))*

p'+p''=p \zer yer!

Il

p/ * p// *
@ (Z /\]LX(T')> ® (Z /\Ly(T”))
p'+p’=p \zeT’ yer!’

= P (r' Koy ),

p'+p"=p

compatible with restrictions. Together, this describes an isomorphism of constructible
sheaves

ooy @ my' Lyom’ oy
p'+p”"=p
on X xXY.
If X and Y are general tropical spaces, we can choose atlases (U;)icr and (Vj);es for X and
Y. On each open subset U; x V; C X x Y we get an isomorphism as above and one can
show that these glue to an isomorphism /j))(xy = By tpr=p (77;(1 ﬁg; ®7T§1 £§}”) as before.
This finishes the proof. O

Corollary 3.37. We get the following Kuenneth formula for cohomology groups with com-
pact support in open subsets U C X,V CY:

1

RET(U % V,Lxwy) 2 @ RYTL(U LX) @ R¥ To(V, LY),

K +k"=k
B @ HI(ULY)oH(V,LL).

q/ +ql/:q pl+p//:p

1

HA(U <V, L . y)

Proof. For this we just have to note that every sheaf of R-vector spaces is flat and hence

(rx' £%) ®r (03" L) = (0x' L%) K (py' L),

with the derived tensor product from example Then we can apply [KS90, Ex. I1.18].
O

3.12 Some examples of smooth tropical surfaces

We will now compute the Dolbeault cohomology groups H?(X, £X ) for several choice smooth
tropical surfaces. For now we will restrict ourselves to surfaces locally isomorphic to T2.

In order to keep the exposition neat we will use the following shorthands:

Definition 3.38. Let X be a smooth tropical surface. Then we will denote by hy*(X) the
3 X 3-matrix
hYY h% RS
ht(X) = nY" Ry Ry
WY Ry Ry
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with hE? := dimp HY(X, £%.).

Let X = Uy UU;y with open subsets Uy, Us C X and set U := Uy NUs. We then say that the
type of the long exact sequence in cohomology associated to (U1, Us), or the type of (Ur,Us)
is the matrix

0,0 0,0 0,0 0,0 0,1 0,1 0,1 0,1 0,2 0,2 0,2 0,2
Y hUbJrhU% h | h% hU]I—l—hUzl hit | K% hU§+hU§ he;
Wy’ b+ by bt | Ry hb}l+h%;91 hit | By h%;é%—h%j% hi?

2, 2,

50 120 .20 ;20 51 2, 2.1 92 2, 2.2
hy  hy +hU2 hi; h% hU1+hU2 hi; h¥ hU1+hU2 hi;

1

Note that the entries in the p-th row correspond to the dimensions of the spaces appearing
in the Mayer-Vietoris sequence for £,

c = HIU(X, L) — HY(U, £5) @ HY(Uy, £R) — HY(UL N U, L) — HITH X, LR) — -+
associated to the covering (Ui, Uz) (c.f. [KS90, 2.6.10]).

We start of with an easy example:
Example 3.39. Consider the tropical spaces T and RY. We then have

hSQO(TN) =1 and hs;q(TN) = 0 otherwise, and
iy, (®Y) = ( JZ\,[ > for 0 < p < N, and h*(RY) = 0 otherwise.

For later reference, the Dolbeault cohomology of R x T is given by

1
hPRXT)= [ 1
0

o O O
o O O

This follows from computing HO(X, L£E) for X € {TV,RY,R x T} directly and then noting
that each of those spaces is polyhedrally starshaped, so we get HY(X, LX) = 0 for ¢ > 0
from proposition 2.11}

Example 3.40. The Dolbeault cohomology of R x P!, T x P! and P! x P! is given by

0 1 0
hyt (Rx P = byt (T x P = 0 |,h? (@' xPHY=1{ 0 0
0 0 1

S = =
S O =
O = O
(el R e

0
1
1

o O O

We prove this by covering each X = R x P!, T x P!, P! x P! by two open subsets X = U;UUs
and applying the Mayer-Vietoris sequence.

For X = R ><IP’1, we can choose U3 2 Uy 2 TxR and Uy NUs = R2. The type of the
covering (Uy, Uz) is then

Y 2 1| A%t 0 0] AY® 0 0
hy' 2 2 Ay 0 0] By 0 0
Y 0 1] A3 0 0] AY® 0 0

We have hg{,_o = dimg H°(X,R) = 1 and h%}o = 1 is easy to see. Exactness of the Mayer-
Vietoris sequences for £, L and £% then shows hY' =1, h%' = 1 and h%? = 0 otherwise.

For X = ']I‘xIP’l, we can choose Uy = Uy = T? and Uy N Uy = Rx T. The type of the
covering (Uy, Uz) is then

Y 2 1| A% 0 0] A% 0 0
hy’ 0 1| Ay 0 0] By 0 0
Y 0 0 A% 0 0] AY® 0 0



We have 7%’ = dimg H'(X,R) = 1. Again by exactness we see hy' = 1 and hR? = 0
otherwise.

For X = P! x IP’I, we can choose Uy 2 Us 2 Tx P! and U; N Uy 2 R x P'. The type of the
covering (U, Uz) is then

Y 2 1| A% 0 0] B 0 0
Y 0 1| Ay 2 1] R 00
3 0 0 hX' 0 1] A% 0 0

We obviously have hggo =1, hﬁéo = 0 and h%&o = 0. We also see hgél = 0, hggl =0,
hgf = 0 and h§é2 = 1 immediately. Because X is compact and smooth, we may deduce
h;g = h;&o = 0 from Poincaré duality. This finally implies h;l = 2 as required.

Example 3.41. The Dolbeault cohomology of the tropical projective space P" is given by

1 0 --- 0
(N ) 0 1
th (P") =
: . .0
0o --- 0 1

The claim is trivial for P* = {0}. For n > 1, we may partition P* = T" US with a good closed
sedentarity S C P" of codimension 1, S = P!, The long exact sequence in cohomology
obtained from the (second) short exact sequence from proposition reads as

HY(P", LP) — HI(T™, LP) — HY(P"1, P71 — HITY(P™ LP),

for p,q € Z. By induction we may assume HI(P" ! LP) = 1 for 0 < p = ¢ < n and
HY(P"~1, £P) = 0 otherwise. For p = ¢ = 0 we get H(P", £°) = HY(T",£°) = R from
HO(P"~!, £71) = 0 (this is also obvious because P" as well as T™ are simply connected).

For ¢ = 1, p # 1 we have HO(P"~!, £P~1) = HY(T", £P) = 0 and hence H'(P", £P) = 0 as
well. For p =q =1, H(T", £') = HY(T™, £!) = 0 implies H'(P", £') = HO(P" !, £%) = R.
For ¢ > 1, HT}(T™, £P) = HY(T", £P) = 0 implies HY(P", £P) = HZ}(P"!, £P~1), which is
one dimensional for p = ¢ < n and vanishes otherwise, by assumption.

Example 3.42. Two copies Uy and Us of (—1,1) x P! can be glued by identifying (—1,0) x
P! ¢ U; with (0,1) x P! Uj, i # j. If we take each transition map to be given by the map
—1+idg x idp, we end up with a space (homeomorphic to) S! x PL. On the other hand, if we
take one transition map to be (—1+idg) x idp and the other one to be (—1+1idg) x (—idp),
then we end up with a space M homeomorphic to the Moebius strip (with boundary). Their
Dolbeault cohomology is given by

110 1
ht(S'xPhYy=1| 1 2 1 |,n*(M)=| 1
011 0

L
e )

For both X € {S' x P!, M}, the type of the respective covering (Uy,Us) with Uy N Uy =
R x P'UR x P! is given by

Y 2 2| A% 0 0] B 0 0
hy' 2 2| Ry 2 2] R 00
Y 0 0 A3t 2 2] A% 0 0

Successively we get hg&o =1= hg&l and h%él =1= h%ég by using exactness of the long exact
sequences, and Poincaré duality afterwards. The form d’'z; generates the space of d’-closed
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(1,0)-forms on U; = (—1,1) x P! and has a unique continuation to a closed (1,0)-form
on both X € {SxP,M}. On the other hand, every closed (1,0)-form on X restricts to a
closed (1,0)-form on Uy, in other words to a multiple of d’z;. This shows that in either
case H°(X, £%) is one dimensional, generated by the aforementioned continuation. From
Poincaré duality we obtain h;o =1= hﬁf and exactness of the long exact sequences then

implies h%' = 2 for both X € {S x P, M}.
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4 Towards a did,-lemma for polyhedral spaces

4.1 The d;d>-Lemma

Let (A®*,dy,d2) be a double complex of R-vector spaces. We introduce the following ‘co-
homology’ groups:

Definition 4.1. Let (A**®,d1,dz2) be a double complex of R-vector spaces.

1. The Dolbeault cohomology groups of A®® are

HEY(A%*) == ker(d]?)/im(dy ), HEI(A**) = ker(db?)/im(d5? ™).

2. The total cohomology groups of A®*® are the cohomology groups of the total complex
(tot®(A**), d):
HE(A*®) := ker(d¥)/ im(dF1).

3. The Bott-Chern and Aeppli cohomology groups of A*® are the groups
HYL (A*) := ker(dP?) Nker(dy?)/ im(d) 9y,

HY9(A%®) = ker(d "' d5?)/ (im(d}~"9) + im(db ™)) .

We have the following well-known result on the relation between those groups ([DGMS75),
5.151]):

Proposition 4.2. Let A** be a bounded double complex of R-vector spaces. The identity
induces a commuting diagram of Z*- and Z-graded R-vector spaces

HB’C’(A.7.)

— 1

HY(A%) Hy(4%) Hys(A%)

~ |

H%®(A%*).
The following conditions are equivalent for every k € Z:
1. The map @p gt HEL(A®®) — HE(A*®) is injective.
The maps Hpt(A%®) — Hy(A%®) are injective for allp+q =k, i € {1,2}.
The maps HL(A*®) — HYY(A*®) are injective for all p+ q = k.

The map HE~1(A%*) — D+ gr—1 HEU(A%®) is surjective.

S

The maps Hy?(A**) — HY(A%®) are surjective for allp+q =k —1 and i € {1,2}.
6. The maps HEL(A®®) — HRY(A®) are surjective for all p+q =k — 1.

If these equivalent conditions hold for every k € Z, then all the maps are isomorphisms.

Definition 4.3. We say that a double complex (A**,d;, ds) satisfies the dyda-Lemma if the
equivalent conditions of proposition hold for every k € Z.
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In section we will collect some examples of compact 2-dimensional tropical manifolds
satisfying the dido-Lemma (I do not know examples of compact tropical surfaces not sat-
isfying the djda-lemma) by considering the following exact sequences connecting Dolbeault
with Bott-Chern and Aeppli cohomology ([Var86, 3.1|, see also the proof of [AT15, 3.4)):

Proposition 4.4 (J. Varuchas exact sequences). Let (A*®, di,d2) be a double complex of
R-vector spaces. Then there exist exact sequences, induced by the identity:

1.
1m(d1) N kel"(dg) kel“(dldg) kel‘(dldg)
Hp,q A.,. Hp,q A.,.
0= @y Hec(A™) = Ha (A% = s @)~ Fer(dy) + ker(dy)
2.
ker(d;) Nim(dz) ker(dyds) ker(dyds)
0 HRL (A% HET(A®® 0
T iy Hec(AT) 2 By (AN = S ) ker(dr) + ker(da)
3.
im(dy) Nim(dy)  ker(dy) + im(dz) ker(dyds)
0 HP9 (A% HEI (A% 0
T imdd) | m(ddy) R AT = AN = s iy
4.
im(d;) Nim(dy)  im(dy) + ker(da) ker(dyds)
HP9(A%*) = HRI(A® .
0— i (drda) — i (dyda) — Hy'(A%®) — H Y (A**) — —0

im(dy) + ker(ds)

4.2 The did>-lemma for tropical spaces

We now want to consider the double complex A% (X) for some examples of smooth tropical
spaces and apply the notions of the previous section. For a polyhedral space X, we will
write H3Z (X)) for the vector space HRE (A% (X)), and similarly for the other cohomology
groups defined above.

Sadly, we are not able to prove the djds-lemma for tropical spaces in general. In section
we will give some simple examples of surfaces satisfying it though.

First, we have the following reformulation of corollary

Corollary 4.5. Let X be a polyhedral space. Then the canonical maps
0 0 0, 0,
HY0(X) — HZ2 (X), HpL(X) — Hdlq(X)
are tsomorphisms.

Example 4.6. Let U = R™ with n > 0. Then U does not satisfy the djds-lemma:

This follows directly from the previous corollary: We have H%E(U ) = Hg’l(U ) = R" and
1
HS’I(U) = 0, so the canonical map H%lc(U) — H?l’l(U) is not injective.
2 2

Proposition 4.7. Let X be a polyhedral space satisfying the dids-Lemma. Then we get
canonical isomorphisms
Hy! (X) = HgP (X)

for every p,q € Z.
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Proof. This is clear since the maps J : ARY(X) — A%P(X) induce isomorphisms
J
HEG(X) = HEG(X).

The canonical maps HEE(X) — HY?(X) are isomorphisms by assumption and the claim
follows. O

Proposition 4.8. Assume that X is a compact tropical manifold satisfying the dyde-Lemma.
Then the decomposition

R'T(X,L%) = @ HEo(X)= P HI(X, LK)
ptg=n p+g=n

induced by proposition[{.3 is an orthogonal decomposition for the non-degenerate symmetric
integration pairing from proposition |5.3

R'T(X,L%)x R"T(X, LY) — R,
(a, B) |—>/Xa/\JB.

Proof. Tt is clear that [y o A JB = 0 for every two d-closed forms o € Agé’q,(X), RS
A’)’g’q”(X) with (p/,q¢') # (",q"), P+ ¢ = p”" + ¢" = n. By assumption the djds-lemma
holds and hence the canonical maps

P HHL(X) — Hj(X) =R"T(X, L)

pt+g=n
and
D Hpe() - B H'(0) = @ (X, LY)
ptg=n ptg=n pt+g=n
are isomorphisms by proposition [£.2] This finishes the proof. O

For the (0,0)-Aeppli cohomology, we have the following maximum principle, due to [Jel16b),
2.1.66:

Proposition 4.9. Let X be a tropical space and f € H?L{O(X), i.e. f € ker(dids) ﬂAggO(X).
Then, if f: X — R has a local maximum ot x € X, f is locally constant ot x.

For compact tropical spaces, we immediately get the following corollary:

Corollary 4.10. Let X be a connected compact tropical space.
1. The canonical map HY(X) — H?L{O(X) is an isomorphism, i.e. H?L{O(X) =R.
2. The canonical map H}BL%(X) @ H%E(X) — HL(X) is injective.
3. The canonical map H%’é(X) — Hg’; (X) = HY(X,R) is injective.

Note that this gives a topological upper bound for H(X, £}) = H%};(X) = HB%(X).

Proof. Statement (1) is [Jel16b} 2.1.67] while (2) and (3) follow directly from proposition [£.2]
O

o7



4.3 The local solvability lemma

Following the presentation of [Schw07, 4.1] we prove the following local solvability lemmata
for tropical modifications of TV (in terms of forms and linear currents respectively).
This will subsequently allow us to prove that the tropical projective space P satisfies the
didg-lemma. Throughout this section, for a k-form o on U C X we will write a7 € ARY(U)
for its degree (p, q)-part (p+ q = k).

Proposition 4.11. Let X be a tropical manifold such that there exists a reqular tropical
modification § : X — TN .

1. Let a € A%(X) be a d-closed k-form on X, k > 0, such that each oP9 € ARI(X)
vanishes unless p1 < p < py with py < pa. Then there exists B € A?{l(X) with
dB = a such that P vanishes unless p1 < p < py — 1.

2. Let o= aP? € ARY(X) be a d-closed (p, q)-form, i.e. o € ker(dy) Nker(ds).

(a) Ifp>1o0rq>1, then a = dydoy?~ 1971 with v € Ag(_l’q_l(X).
(b) If g =0 and p =0, then a € R.

3. Let a = oP? € ARY(U) be didg-closed, i.e. didea = 0. Then « is the sum of a
di-closed and a do-closed form. In other words:

(a) If p>1o0rq>1then a = di P19 + (—1)PdpBPa~1,
(b) If g =0 and p =0, then o € R.
4. Let o € A%(X), k > 0, be a nearly d-closed k-form, i.e. there exist py < po with

aP? =0 unless p1 < p < pe and we have da € Aﬁ’g*ql“(X) S ARV (X)), Then there
exists B € .A];{l(X) with P4 = 0 unless p1 < p < ps — 1 such that

a=df + Pt 4 Grre,
where &P 4s a dy-closed (p1,q1)-form and aP>%2 is a da-closed (p2, q2)-form.

Proposition 4.12. Let X be a tropical manifold such that there exists a reqular tropical
modification § : X — TV

1. Let ¢ € DY%(X) be a O-closed k-current on X with k > —2n such that each ¢™° €
Hompg (Fe(X, A" "), R) = DY’ (X) vanishes unless r1 < r < ro with ri < ro. Then
there exists ¢ € Dl)“{l(X) with diy = ¢ such that Y"° vanishes unless r1 < r < rg — 1.

2. Let ¢ = ¢™* € D'Y¥(X) be a O-closed (r, s)-current, i.e. ¢ € ker(d1) Nker(dy).

(a) Ifr>-—n+1o0ors>-n+1, then p = 010p" 51 with p € D;(_I’S_I(X).
(b) If r =—n and s = —n, then ¢ € R-6x.
3. Let ¢ = ¢ € DY (X) be 0102-closed, i.e. 0102¢ = 0. Then ¢ is the sum of a

O1-closed and a Oo-closed form. In other words:
(a) Ifr>-—n+1o0rs>-n+1then ¢ = yp" 15+ (=1)" O™ L.
(b) If r = —n and s = —n, then ¢ € R-dx.

. Let ¢ € , k> —2n, be a nearly 0-closed k-current, i.e. there exist r1 < ro wii
4. L DY (X), k> —2n, b ly O-closed k Le. th ‘ ith
% =0 unless r1 < r <ry and we have € ’ ) ’ . en there
S =0 unl d we have 3¢ € D™ (X) @ DET"2(X). Then th
exists 1 € Dlj(_l(X) with Y™ = 0 unless 11 < r <1y — 1 such that

O =+ T,

where Y51 4s q Oa-closed (r1, s1)-current and ¥">52 is a Oy -closed (rq, s2)-current.
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Proof. We will only prove the proposition on forms. It will turn out that it only depends
on the following facts, following from the computation of

RFI(X, A%) = @ HUX,LY) = P HUX, FX) = € HUTY,Fhy)
pt+q=k ptg=k ptq=k

with corollary 3.7 theorem [2.16] corollary and example [3.39

e The total complex A% (X) of forms is exact in positive degrees.

e The vertical (horizontal) complexes AE®(X) (resp. AY!(X)) are exact for p > 0
(¢ > 0). For p =0 (¢ = 0) they are exact in positive degrees.

Using lemma [3.30] and corollary one can transfer these crucial exactness results to
DY (X) and use essentially the same proof for the proposition on ’currents’.

1. For p; = 0 and py = k this follows immediately from exactness of A% (X) in positive
degrees, so we can assume k > 2. Let then p; > 0. Because A% (X) is exact in positive
degrees, we can write a = df§ with g € AI;(_I(X). This implies doS%F 1 = % =0
because we assumed p; > 0. Now AR*(X) is exact in positive degrees as well and
we can write BOF 1 = doy9%=2 Then B’ := 8 — dy**~2 still maps to a and we have
(8)%*~1 = 0. We may hence assume that we had %=1 = 0 to begin with. Repeating
this process we may assume that gP? = 0 for each p < p;. Similarly, if ps < k, we
can use that the complexes A% (U) are exact in positive degrees to reduce to the case
pP4 =0 for p > ps — 1 by a similar inductive process.

2. For case (a) we assume p > 1. We may then apply (1) to the form «, with p; = p
and py = p + 1. This gives us a form § = P91 with df = a. In particular, we have
do BP9~ = P and d; 797! = 0. Because the complex A;éq_l(X) is exact in positive
degrees, we find 47~ 1971 with d;y?~1971 = gP9=1 We then have o = dydoy?~ 1971,
Case (b) follows immediately from H°(X, A%) = HO(X, A}Y") = R.

3. In case (a) we first assume p = 0. Since we have H(X, A%?) = 0 for ¢ > 0, didsar =0
implies doav = 0. Now Ag&'(X ) is exact in positive degrees and hence « is dg-exact,
as needed. So let us assume that p > 0 and ¢ > 0. The (p + 1,¢)-form A\ = dj« is
da-exact by assumption and we have d\ = 0. With (2) we can write A = dyda P91

Then the (p, ¢)-form a1 := a — do3P97! is dy-closed and we have o = oy + da BP9 1.
Since A}q(U) is exact in positive degrees, we can write a; = di P19 as required.

For case (b), note that doa € .Agél(X) is dj-closed. This implies doav = 0 and hence
acR.

4. We first show that both o9 and oP?'% are dyds-closed: By assumption we have
(da)PrHhat = dyoPrdt — (—1)PrdyaPrth@—1 = (. This implies dideaPt9t = 0. The
other case follows similarly.

We can now apply (3a) to aP1? and aP2:%2. This gives us
Pt — GP1a1 + (_1)p1d26p17fh—1,
with dyaPr? = 0. With
dz(apﬁl,qu _ dlﬁphqu) — dl((_l)mam,ql _ dzﬁm,qu) =0
we find gP1Hba=2 ¢ ARITLOT2(X) with

aPrthba—l — g groa—1 4 (_1)p1+1d2ﬁp1+1m—2'
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This way we construct inductively g = pPro@i—1 ... 4 gre=hae ¢ Alﬁgl(X). With
@22 .= P22 — (P2~ 12 we then have

doGP?% = ol — dldgﬁm*l’(p — (_1)pzfld1ap2*1¢h+l _ dldgﬂm*l’[h.

By construction of 8P2~142  the form aP?~ 142l 4 (—1)P2dyB8P2~ 142 ig dj-exact and
hence doaP?%2 = 0. We now have a = df + aPV? 4 aP2%2 as required.

O

Definition 4.13. Let X be a connected tropical manifold of pure dimension n. Then
X is said to satisfy the 010s-lemma, if the double complex (D%°(X),ds,0:) satisfies the
0102-lemma.

Corollary 4.14. The tropical manifold TV satisfies both the dida-lemma and the 9,0a-
lemma.

Proof. From proposition [4.11{2) we get that HL(TY) = 0 for (p, ¢) # (0,0) and H3e,(TV) =
R. This implies that the maps HyY(T") «— HEL(TY) — HY(TV) are injective, as re-
quired by proposition Using proposition {.12(2) we get the corresponding results for
DYy (TV). O
This prompts the following conjecture:

Conjecture 4.15. Let X be a connected tropical manifold. Then X satisfies the dida-lemma
if and only if X satisfies the 010s-lemma.

It is clear that this conjecture is true for X compact:

Proposition 4.16. Let X be a compact connected tropical manifold. Then X satisfies the
dida-lemma if and only if X satisfies the 0102-lemma.

Proof. Because X is compact we have Dy’ (X) = Homp(Ay" " (X),R). The didy-lemma
for X is equivalent to

ker(dy) Nim(dg) N ARI(X) = dydy A% 171X,

im(d;) N ker(dy) N ARY(X) = dydy A% 171X,

for every p, ¢ € Z by proposition [4.4(1,2) and proposition Similarly, the 9yd>-lemma, for
X is equivalent to

ker(8,02) N D (X) = (im(8y) + ker(8y)) N D(X),
ker(8,05) N D (X) = (ker(d1) + im(8s)) N D(X),
for every r, s € Z by proposition [£.4[3,4) and proposition [4.2]

Assume now that X satisfies the dyde-lemma. Then for every r, s € Z we have a chain of
equalities of subsets of D'y’ (X):

ker(010;) = (im(dldg))L
= (ker(dy) Nim(dy))*
= ker(dy)® + im(dp)*
= im(0r) + ker(0»),

and similarly ker(0;02) = ker(01) + im(02) by reversing the roles of d; and dy. Hence,
DY (X) satisfies the 0;02-lemma.

The other implication is shown with the same arguments. O
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4.4 Bott-Chern and Aeppli cohomology as sheaf cohomology

Following [Schw07, ch. 4] we will introduce complexes B’ 5 q of sheaves on a polyhedral space
X such that the Bott-Chern cohomology groups and Aeppli cohomology groups of X appear
as

HEL(X) = RPYIT(X, By [-1]),  HYY(X) = RPMT(X, By g11)-

We will also see that the canonical map HYZ (X) — HYY(X) is induced by a morphism of
complexes of sheaves
'LL : 8;7(1 % B;)_lvq_l[l].

This will later allow us to prove the 8;8s-lemma for PV by using a long exact sequence of
cohomology groups.

Definition 4.17. Let X be a tropical manifold, p > 0, ¢ >0 and r > —n, s > —n.

1. The complex B, , of sheaves of forms on X is given by

Bz,q = D Ag{'b fork<p+q-2,
a+b=k,a<p,b<q
B];,q = D Ag{'b fork>p+q—1,

a+b=k+1,a>p,b>q
with differentials

Boq mod mod B]Ii_l mod Bk 7ro

. mod Bgi;q72 did ng’ngil d,
d -1 d 1 d
By — Bpg —

d, p2n—-1
— B —0,
where 7 : A% — B’;,q denotes the projection map.

2. We define a morphism p : By , — By ,41[1] of complexes of sheaves, where uk
given by

k. k—q+1,q— 1( k—q+1,q k+1
T B — Ay A = Byt g1

for k<p+q-2,
k. 1k k+1
Bt qu qu BEH
fork=p+q¢—1and

k. k—q.q (1) )*da k—q.atl _, ghtl
L .B ¢~ Ax Ay = By g+

fork>p+gq.

3. Similarly, the complex £ ¢ of sheaves of currents on X is given by

Er = &b DY for k <r+s5—2,
a+b=k,a<rb<r
EF = b DY for k> r+s5—1,

at+b=k+1,a>rb>s
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with differentials
0 — &, 20 T4 gl-2n 719G g2-2n T4
T8 grts=3 TO8 proe-2 0 pras-1 8,
et Ll 2,
el o,
where 7 : D% — 5’,?78 denotes the projection map.

4. We define a morphism v : €5, — €5, . 1[1] of complexes of sheaves, where v is given

by

k. ok k—st1,6—1 (=1)F01 _k—s41.s k+1
v .é’mﬁDX — Dy %5r+178+1

for k<r+s-—2,

k. ck __ 7,8 (*Ukid rs _ ok+1
v gr,s - DX DX - gr—i—l,s-}—l
fork=r+s—1and

k. ok k—s,s (-1)*o k—s,s+1 k+1
v -57«,3—>Dx — Dy —>ET+1,8+1

for k> r+s.

Remark 4.18. We give a proof that y is indeed a morphism of complexes below, but since
it is rather bulky let us first consider the following proposition:

Proposition 4.19. We have natural isomorphisms for p,q > 1 and r,s > —n
HEL(X) = HEL(AY (X)) = RFTIT(X, B) ),
Hzf)fq(X> = H’;"‘I(A}'(X)) = Rp+qF(X> B;H—Lq-ﬁ—l):
Hp3o (DY (X)) =R II(X, ),
T (DY(X)) =R T(X, €241 o41)s

and the canonical morphisms HpL(X) — HYY(X) and Hyp (DY (X)) — H (DY (X)) are
gwen by Pt gnd vl

Proof. Because the sheaves Ag(’b and Dg(’b are soft resp. flabby on X, so are the sheaves B’;’q

and 5,’?75. The cohomology groups on the right hand side can then be computed by taking
global sections. The claim is now a direct consequence of the definition of Bott-Chern and
Aeppli cohomology. O

As promised, we now take a closer look at the map u:

Lemma 4.20. The maps
By g = By gialll, viEls = &l er(l]

are morphisms of complezxes.

Proof. We only prove the claim for u since the proof for v is similar. It is easy to check that

each p* : Blqu — Blgiiq 41 is well defined and that it is a morphism of sheaves. In order to
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show that it commutes with the differential maps, we have to consider the following four
cases of squares of sheaves on X:

k mod k+1 k dids k41
BM Bp,q prq prq
k—qg+1,g—1 k—g+2,g—1 —1,q-1 ,
(=Dkdy (—=1)F+1dy (—1)Fdz (=1kF1id
k—q+1,q k—q+2,q p—1gq P,q
Ay Ay AX 'AX
k+1 —mod k+2 k-+1 —mod k-+2
Bp+1,q+1 Bp+1,q+17 Bp+1,q+1 Bp+1,q+1’
k d k+1 k d k+1
BM BM Bp,q BM
D,q _ p+1,q k—q+1,q—1 k—q+2,q—1
A k=p+q—-1 A Ay kE>p+q Ay
(-1)*id (—1)k+1d, (—1)kdy (—1)kt+1d,
D,q p+1l,q+1 k—q+1,q k—q+2,q
Ay Ax Ax Ax
k+1 —dida k42 k+1 —d k42
Byttt Byttt Bpiign B, gt

Note that we have to consider the differential maps on the bottom with sign —1 because

they are the differential maps of B}, shifted by [1]. Now for each square, a simple

computation shows that both composite maps ;1 o dg and dg o u* : Bl];q — Bl;ﬁ g+

are induced by (—1)¥*'dydy on a direct summand of Bl;’q. In particular, all four squares
commute and hence p is a morphism of complexes. O

4.5 The dyd,-lemma for PV

Theorem 4.21. The tropical projective space PV of dimension N > 0 satisfies the dida-
lemma.

Proof. By proposition it suffices to show that X = PV satisfies the 9,0-lemma. By
proposition it is enough to show that the natural map

Hpe (DX (X)) = HY (DY (X))

is injective for every r,s € Z. This is obvious for N = 0, so let N > 1 and fix r,s € Z.
Assume by induction that PN—1 gatisfies the 9;9y-lemma.

We can partition PV as
PN =UUZ,

where Z C PV is a good sedentarity of dimension N — 1 with Z = PN~! and U = TV. By
corollary we have a short exact sequence of sheaves

O—>Z*D‘§’b—>D§(’b—>y*D‘{;b—>O
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for every a,b € Z, where 1 : Z — PV and j: U — PV are the closed and open embeddings
respectively. This gives rise to a morphism of short exact sequences

00— 1, & &% 2 ES —0

lyz JVX luy

0 —— 1.Ey[1] —— EX[1] —— 1EL[1] —— 0

where we write £% for the complex £7 ; and &z for the complex £2 +1,5+1 On Z and similarly
for X and U.

By proposition applying R"7*71T'(X, o) yields long exact sequences in cohomology

RS2 T(U, £f) —— Hyu(DY(2) — HEu(D3 (X)) — Hyo (D} (1)

R720(U,Ep (1)) —2— H (DY (Z)) —2— H¥ (DY (X)) —— H (D (U)).

The map vz : Ho(D%*(2)) — H}(D%*(2)) is an isomorphism by assumption and the
map vy : Ho (DG (U)) — HP (D (U)) is an isomorphism by corollary

This immediately implies Hp (DS (X)) = 0 = HP (DS (X)) for (r,s) = (—n,—n + 1)
or (r,s) = (—n 4+ 1,—n): We have H;*(D%*(Z)) = 0 by dim(Z) < n and we have
H';*(D};*(U)) = 0 from proposition {4.12(3a).

For all other cases, we next shovv~R7"+5_2 L(U,EL[1]) = 0 as follows: Recall that by defini-
tion M(S), the relevant part of &, = Eri1sr1on U is

r+s—3 _ r—2,s r—1,s—1 r,s—2
s —> 57«4_1,54_1[1] = DU EBDU @DU —
r4+s—2 _ pm~r—1L,s r,s—1
Erv1s41[1] =Dy "8Dy T —

—1 7,8
Erprs1 [T =D — o

with differentials given by projecting the image of the usual differential map 0 : D’f] — DZH.
Keep in mind that the sheaves EZ are flabby so we have R¥ T'(U, £/[1]) = HF(E[(U)[1)).
First assume (r,s) = (—n, —n); then RT+S*2~F(U,E'Z][1]) = 0 is trivial by Ey[1]72*2 = 0.
For r 4+ s > —2n + 1, we show R™*=2T(U,&;[1]) = 0 by using proposition 4.12(4): The
kernel of

T(U,&," ) = D (U) @ D (U) =8 D (U) = T(U, &)

consists precisely of the nearly O-closed currents (with 1y = r — 1 and ry = r). If ¢ is
such a nearly d-closed current, proposition (4) provides us with ¢" 1 € D}}_LS(U) and
oL e Dgsfl(U ) which are 0s-closed and 0;-closed respectively such that

Qb — Q;r—l,s + 81/;7"—1,5—1 + qgr,s—l

for some ¢" 151 e DTN (U). The complexes Dy *(U) and D* ' (U) are exact in
degrees > —n for r — 1 = —n and s — 1 = —n, and exact in every degree otherwise (by
U = TV, Poincaré duality and example . With r + s > —2n + 1 this implies that
we can write ¢" 1% = 9y)" 2% and ¢! = (—1)"91)"*"2. Then

Tr—2,s Tr—1,s— Tr,s— orts—2
Y=g T g e DU E )

maps to ¢ via the differential map m o d of ;. This shows R™*2T(U,&[1]) = 0 as
claimed.
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Let now ¢ € H (DY (X)) with vx(¢) = 0. We then show ¢ = 0 by a simple diagram
chase: First, vyp(¢) = 0 implies p(¢) = 0 because vy is an isomorphism, and hence we can
write ¢ = 1,(¢)). Because 2,v7(¢)) = 0 by assumption, this implies vz (¢) = S(C) But we
have shown that R™ "2 (U, &[1]) = 0 and hence 0 = §(¢) = vz(¢). By induction, vy
is an isomorphism, so we have ¢ = 0. This implies ¢ = 1,(¢)) = 0 and shows that vx is
injective, finishing the proof. O

4.6 The dids-lemma for certain simple examples

In this chapter, we collect some direct proofs of the djdo-lemma for very simple tropical
surfaces. But first, we give the following simple application of theorem

Example 4.22. For the tropical projective space X = PV the canonical morphism
()7 :R?T(X,A%) — R*T(X, AY)
from proposition is an isomorphism.

Proof. Let o € T(X, A%) be a d-closed form. By the djda-lemma and example we may
chose a = al'! € A;l (X)Nker(d). Now P has a covering by open subsets U = T* and on

each U we can write |y = dyda fy with fy € AggO(U) by proposition (2) We now have

Jaly = J(dida fu)
= —(dodiJ fv)
= —dida2 fu

= —alp.
This implies = = 25/¢ = ¢ and o = 252 = 0. By proposition [3.34] the maps (-)* and
(+)~ induce isomorphisms

RFD(X, A%) — RFT(X, AT @ RF (X, AY)
for every k. Since we have shown that (-)* vanishes on R?T(X,A%), this finishes the

proof. O

It is quite possible that this (and more) can be obtained directly, without using the d;do-
lemma, but I think this proof is nice too. Now let us start with the computations:

Example 4.23. The spaces L := S' x P! and M, the tropical Moebius strip from exam-
ple both satisfy the djds-Lemma.

Proof. We will prove both statements in one go because they are very similar:

Recall that the Dolbeault cohomology of X € {L, M} is given by
1 10
hpt(X)=1 1 2 1
011

We now show that Hj3%(X) — HI(X, £5) and HRL(X) — HP(X, L£5) are injective, using
the exact sequences

im(dy) Nker(da)

0
- im(dldQ)

> HIL (A%®) — HR9(A%),
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ker(dy) Nim(da)
im(dids)

> HYL(A®®) — HDI(A®®),

from proposition

Case p + ¢ < 1: The case p = ¢ = 0 is trivial and for p+¢ = 1 it follows from corollary {4.10(2)
and proposition

Cases (p,q) = (0,2) or (p,q) = (2,0): Since we have hg’f(X) = hgf(X) = 0 for both L and
M we also get H3L(X) = 0 and injectivity follows immediately.

Case (p,q) = (1,1): By symmetry we only have to consider the second exact sequence above
for the map H}BIC(X) — Hil’;(X). So for a € ker(d;) Nim(dz), we have to show that o
lies in the image of didy. We can write o = dyf8 with 8 € AkO(X) and daod18 = 0. From
hZ’QO(X) = 0 we get that 3 is d1-closed. For both X € {L, M}, H'(X, L)) is one dimensional.
When considering the chart U = (—1,1) x P in either case, we can continue the closed (1, 0)-
form d’'zq to all of X. Moreover, d'x; is not exact: Else there would be a smooth function
f on X with dy f|y = d'zq which implies that up to a constant f|y(x1,x2) is linear with
non-zero slope in the coordinate x1, and constant in 5. Such a function has no continuous
continuation to either space. Hence d'z; generates H!(X, L)) and we have 8 = cd'x1 + dy f
with f € Ag&O(X), ¢ € R. Hence we have a = dao(ed'wqy + d1f) = didaf € im(dids) and we
are done.

Case (p,q) = (1,2) or (p,q) = (2,1): Once again, we only show the first case, the second
one follows by exchanging the roles of d; and dp. First, consider a € im(d;) N ker(dz),
ie. a = dif with g € AggQ(X). Since we have hgf(X) = 0, we can write 8 = dyy and
a = didey € im(dida). Hence the map H}B%(X) — Htll’lz(X) is injective.

Next we show that H}B%(X) — H}i’f(X) is injective as well: Let then « € ker(dy) Nim(dy),
a = dy3. We then have dad1 8 = 0, i.e. di3 € ker(dy) € A% (X).

The space Hfl’; (X) is one dimensional and generated by a form p given by
p|U = h(xg)d’ml A d/xg ® d//{L'Q

on the chart U = (—1,1) x P C X, where 0 # h : R C P — R is a symmetric non-negative
function with compact support: It is clear that p|y has a unique continuation p € A%}l (X)
and that p is do-closed. If we assume by contradiction that p = do( is ds-exact with
Clu = f(z1, 22)d'z1 Ad'zg with f: U — R smooth, we get

o f=0, Oz f(x1,22) = h(x2).

In particular, when fixing z; € (—1,1), we get f(z1,—00) < f(x1,00). In a neighbourhood
of S = (—1,1) x {£oo} the form ¢ has to be the pullback of a form on S. This implies that
the support of f has empty intersection with S, so we end up with a contradiction and p
indeed generates the space H?l’; (X).

We can now write di8 = cp + do( with ¢ € A%éO(X). But once again we have hfl’lo(X) =0,
80 ( = dyy with v € .Aﬁéo(X). This implies that cp = dy (8 — d27y) is dy-exact. Writing
B —day = fld,:I,‘l ® d”l‘l + gld,l‘l ® d//$2 + fzd/l'z ® d”l‘l + gzdll‘z ® d”l‘g € Aﬁél (X),
we get
ch(z2) = O1g2(z1, 22) — Dag1 (1, 22),
on U = (—1,1) x P. Let us assume that ¢ # 1 and derive a contradiction. Without

restricting generality, we may assume ¢ = 1. Again, since 8 — do7y is the pullback of a form
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on S = (—1,1) x {00} near S, both g;(z1,-) and g2(z1,-) have to have compact support
in R C P for every x; € (—1,1). This implies

0< /Rh(wg)dafg :/R(algg(l’17$2)—aggl(frl,xg))d.fcg :/R81g2(a:1,a;2)da;2.

for every x; € R (we integrate with respect to the usual measure on R).

In both cases X € {L, M}, we may interprete ga(-, z2) as a continuous function on I = [—1, 1]
with ga(—1,22) = g2(1,22) for X = L and go(—1,22) = g2(1, —x2) for X = M. We can
then integrate the above (in)equality again over I. This results in

0< h(:)ﬁg)dl‘gdl’l = / /8lgg(x1,x2)dx1d:v2 =0.
IxR RJI

This is a contradiction, and we get ¢ = 0.

To recapitulate, we now have a = da8 = da(S—day) with di(B—day) =0,y € A&O(X). The
space Hcll’l1 (X) is two dimensional and one can easily see that it is generated by continuations
of the forms

d’xl &® d//.%'l, h(l’g)dlmg X d//.%'g

on U = (—1,1) x P in both cases, where h : R C P — R is a symmetric function with
compact support as above: Note first that indeed both forms are d;-closed and have unique
continuations in Akl (X). Say they are linearly dependent in Hil’ll (X). Then we find a form

a € .Agél (X), restricting to fd"zy + gd"xs € Agél(U) and satisfying an equation of the
following kind:

dq (fd"a:l + gd":[g) = cld':vl ® d"zl + Cgh(xg)dlmg &® d”xg

on U. Similar to before we can see that this is only possible if f is constant and g vanishes
and hence ¢; = ¢p = 0 follows. In particular, the forms generate H;’ll (X).

At last, we then can write

a = dy(B — dav)
=dy (cld'xl X d”.%'l + Cghd/I'Q X d//xg + dl/\)
=dido ) € im(dldg),

with c1,co € R. This finishes this part of the proof.

Case (p,q) = (2,2): By symmetry, it suffices to show that H2B%(X) — Hflf(X) is injective.
Let now a € im(dz), a = daff with g € A%él(X). In the previous step, we have seen that
the (2,1)-form h(zg)d'z1 A d'xe @ d”’z9 is neither di- nor de-exact. Hence, it generates the
one dimensional space H?l’ll (X) = A%&l(X )/ im(d;). We now can write

a=dof8 =do (ch(xg)d’:zrl ANdzo®d x9+ divy) = didy,

with v € Aﬁgl (X), ¢ € R. This finishes this last case and hence L and M both satisfy the
dldg—lemma. ]

67



5 Cohomology of currents

5.1 Topology of differential forms on tropical spaces in T

In this section, for a tropical space X in TV we will first equip the spaces AY?(U) with a
structure of locally convex spaces. Note that they are not necessarily complete with respect
to this topology. In the next section we will extend this to general tropical spaces. We will
then use this construction to define complexes of sheaves of currents on X. If U is finitary
(definition [1.17)), this will give the same objects as considered in [GubI3]. In the subsequent
sections we will then collect some properties of these complexes, including a ‘smoothing of
cohomology’ statement in theorem [5.17]

First we need to define a family of seminorms on forms on T :

Recall that for an open subet U c TV we write Sed(U) for the set of subsets I C [N] with
Ue :=UNRY #0.

Definition 5.1. Let U be an open subset of TV and consider f = (f1) 1esea(r) .A 0(0).

1. For I € Sed(U), z € RY and v € NV we define

|f(z)]” :=0, if v; > 0 for some ¢ € I and

dvr ... dvN

’f([L‘)|V = mf[(x) s otherwise.

2. For z € TV and k € N we define

[f(@)]" = max|f(2)]".

lv|<k
3. For K C U compact, k € N we define
/1 = sup |f(x)|".
zeK
Lemma 5.2. Let U C TV be an open subset. For every f € A%’B(U), the map
IfI¥: X =Ry, ze[f(2)f,

s continuous. In particular, for K C U compact we have |f\’}< < 00.

Proof. This follows from the fact that for J C I € Sed(U) and z € Uf, f7 is equal to 77 ; f1
in a neighbourhood of x (c.f. definition [2.4). O

Construction 5.3. For every open subset !7 c TV, the family of seminorms (| - %) Kk
induces a locally convex topology on A%f\], (U) such that for U’ C U the restriction map

AT (U) - A%’I%(U’ ) as well as the differential maps
d: APL(U) = APLH(0)  and F APE(U) — AL (D)

are continuous: We simply put, for & = (1) jegeq( € A (U T), af = > ACN] fﬁ)‘d’xu ®
d"zy, and for z € UI.

A
()" == max | 7" (z) "
A
and then, for K C U compact, we may take the maximum over all 2 € K, defining seminorms
|- |5 on A%f\’, (U) as required.
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Lemma 5.4. Let U C TV be an open subset.

1. Every A%J%(U) 1s a metrizable locally convex space, i.e. its topology is generated by a
countable set of seminorms.

2. If U is finitary, i.e. U C RY, then the map A%’I%(U) — C(U) @ A\P(RY)* @ AY(RY)*

s an isomorphism of locally convex spaces. In particular, Aq,’]% (ﬁ) 18 a Fréchet space.

Proof. For (1) note that TV is homeomorphic to [0,1)". Hence the directed set of compact
subsets of U ¢ TV contalns a countable cofinal family of compact subsets of U. It suffices
to consider seminorms pK with K in this family. For an open subset U of RY it is enough
to note that the seminorms considered on A%%(U) are the same as the seminorms used for
the topology of C*(U). O

For a polyhedral complex ¥ in TV and X = |X| recall the definition of the sheaves K&? of
(p, q)-forms on TV vanishing on X (definition .

Lemma 5.5. Let U be an open subset of X = |X| for a polyhedral complex % in TV. Then
for every open subset Uc TN withUNX =U the space KEA(U) of forms vanishing on X
is closed in ALY (U 7).

Proof. First, let U be finitary so that we can find U c RY with U NX = U. Then the
embedding 2 : U™ — U is a morphism of smooth manifolds and K%(U) is the kernel of the
continuous map of Fréchet spaces +* : .A%}%( ) = ADEL, (U™8). In particular, it is a closed

subspace of Aﬁ}’ﬁ,(ﬁ).

For general U, let (Oéj)jej be a net in KRY(U) with o/ = (a]I‘)]eSed(UV converging to o =
(1) resed() € AR (U 7). Then for every I € Sed(U), (o) e is a net in K’;&%(U}’) converging
to ay € .A (U ) By the finitary case discussed before, each a7y lies in KK (Uf) It follows
that o is an element of K57(U). O

Construction 5.6. Let X be a polyhedral space in TV. Then, for every open subset
U C X, the space ARY(U) is the quotient of A%f\], (U) by the closed subspace KK?(U), where

U is an open subset of TV with UN X = U. We equip ARY(U) with the (locally convex)
quotient topology.

Proposition 5.7. Let U' C U C X be open subsets.

1. Assume that U is finitary, i.e. U C RY. Then ARY(U) is a Fréchet space for every
D,q € Z.

2. The restriction maps ARN(U") — ARI(U) are continuous.

3. The maps dy : ARI(U) — AZVUU), dy : ARLU) — ARV and A+ AR (U) x

Ap 'q (U) — Aigé*p"’q/*q”(U) are continuous.

Proof. (1) follows directly from proposition [C.14; ARY(U) is the quotient of a Fréchet space
by a closed subspace, equipped with the quotient topology. Hence it is Fréchet.

(2) and (3) follow directly from the definitions: The corresponding maps are continuous on
Ag,’]%( ) for UN X = U and they restrict to continuous maps on the sections of leq(U).

Using the universal property of the cokernel A%Y(U) = coker(K}*(U) — .A 4(0)) in lcs,
we get continuous maps as required. O
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Remark 5.8. The space AOT’O(T) is not complete: consider a sequence of smooth functions
fr : T — R such that fi(t) =0 for t < —k, fr(t) =1fort >1—kand 0 < fi(t) <1
everywhere. Then, for every n € N, the function g, := >"7_, #fn lies in A%O(T) and (gn)n
is a Cauchy sequence in A%O (T) that does not converge.

5.2 Topology of differential forms on general tropical spaces

Lemma 5.9. Let U be an open subset of the support X of a polyhedral complex ¥ in TV
and U’ an open subset of the support X' of X' in TV . Let F : U — U’ be an extended affine
map.

1. The induced pullback maps F* : ARH(U') — AR (U) are continuous.

2. If F' 1s an isomorphism, then F* is an isomorphism of locally conver spaces.

Proof. We first consider the case (p,q) = (0 0) and X = TV, X' = TV, Let of =
(o)) resear), J € J, be a sequence in .AX (U"), converging to a € A())QO(U’). For every
I € Sed(U), we find I" € Sed(U’) such that Flye : U — (U’)3, is an affine map on the open
subsets of RY and RY' respectively. In particular, the induced map (Flue)* A%((UNS,) —
AY0(U?9) is continuous. This implies that each net (F|U;)*a§, converges to (F|ye)*ap and
hence F*a? converges to F*a. The cases (p, q) # (0,0) follow analoguously.

If ¥ and ¥ are arbitrary polyhedral complexes, we can first extend F' to an extended affine
map F : U — U’ where U and U’ are open subsets of TV and TV respectively with
U=UNX and U’ = U'N X’. We then get a commuting square of continuous maps of
locally convex spaces

RO —F— KE(D)

|

AP (U7) s A (D),

where the closed subspaces K}!(U’) and K3%(U) are equipped with the induced topology.
Taking the cokernels of the vertical maps gives us the continuous map F' : AR (U') —
ARY(U) as required for (1).

For (2), let F' be an isomorphism. Then there exists an extended affine map G : U’ — U
such that GF and F'G are the identity on U and U’ respectively. On ARY(U) and AR (U”)
we have F*G* = id and G*F* = id and by part (1), G* is continuous as well. Hence F* is
an isomorphism of locally convex spaces. O

This allows us to extend the locally convex topology to sections of AR over more general
tropical spaces:

Proposition 5.10. Let X be a tropical space which has an atlas U = (Uy)jes of tropical

charts ¢ : Ui —V; C ™V, Then, for every open subset U C X, the subspace topology on
ABY(U) with respect to the embedding

0 — ARNU) = [[ AR’ (U; N 1)),

JjeJ

1s independent of the chosen covering. Here, the rightmost space is equipped with locally
convez topology of the product ([Pro00, 2.1.3]).
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Proof. Let V = (V})1er, be a second covering and consider the common refinement Y NV =
(Uj N V1)jerier- We then have a commuting diagram of R-vector spaces:

0 —— AP (U) ———— [1jes AR (9 (U;))

0 —— AR U) —— [Tjes [ier A (0;(U; N1Y))
= (¢500, 1)*
0 —— ARN(U) —— [ljes [Lier A (0i(U; N V)

0 —— ARNU) ———— [lier AR (vi(W1)).

The morphisms (¢; o1, 1)* are isomorphisms of locally convex spaces for every j € J,l € L
by the previous lemma. Moreover, for every j € J, the morphism

A (65 (Uy) — [T AX(6;(U; N V1))

leL

identifies the topology on AX(¢;(U;)) with the subspace topology with respect to this
embedding (this can be seen by using that the compact subsets of ¢;(U;) and the compact
subsets of ¢;(U; N'V}) for varying [ are cofinal). This implies that the top three horizontal
maps all induce the same subspace topology on AXY(U). The same argument shows that
the bottom three maps also induce the same topology. Hence, the topology is independent
from the chosen covering. d

5.3 Currents

Definition 5.11. Let X be a tropical space. For every open subset U C X and any compact
subset K C U, we consider the closed subspaces

T (U, AZ9) = ker(AZ(U) — AZA(U ~ K))

of AP4(U), equipped with the induced topology.
The space of compactly supported (p,q)-forms on U is the set

I'. (U, Af’)’éq) := colimg 'k (U, Agéq) ’

equipped with the inductive limit topology. Here, the limit runs through all compact subsets
of U.

Remark 5.12. Note that these are just the usual definitions of I' (U, AR?) and T (U, ARY),
additionally equipped with a topology. Conversely, these topological spaces are in fact the
kernel of ARY(U) — AR (U \ K) and the colimit colimg Ik (U, AR?) in the quasi-abelian
category lcs of locally convex vector spaces.

Lemma 5.13. The natural embeddings To(U', ART) — To(U, AR?) for U' C U as well as
the restrictions of the differentials, di : To(U, AR?) — T'c(U, A§(+1’q) and dy : To(U, ART) —
r'.(U, .Agéqﬂ) are continuous maps. For every finitary open subset U C X, To(U, AR?) is a
LF-space.
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Proof. It U C X is finitary and K C U is compact, then AR (U) — AR (U \ K) is a con-
tinuous map of Fréchet spaces by proposition (1), proposition and proposition @
(since the topology of X is second countable, we may use a countable covering in @
and a countable direct product of Fréchet spaces is Fréchet). Hence by proposition ,

K (U, AG?) is a Fréchet space as well. The preordered set of all compact subsets of U
has a directed cofinal countable subset and hence I'c(U, AY?) is a countable direct limit of
Fréchet spaces. Hence, it is an LF-space. Continuity of all maps follows directly from the
construction. OJ

Definition 5.14. Let X be a tropical space. For every r, s € Z and every open subset
U C X we define

DY (U) == Homys (Te(U, AL "), R),
where lcs denotes the category of locally convex R-vector spaces. Using the obvious restric-
tion maps, we get a presheaf D X on X. Because the differentials d; and dy are continuous
on I'.(U, A7*7") for every open subset U C X, their dual maps

61 = (—1)5 Homlcs(dl,R) and 82 = (—1)T Homlcs(dg,R)
make (f);}., 0a, (‘31) into a double complex of presheaves of R-vector spaces.

We will write DX = tot®* D for the total complex of DX

Proposition 5.15. Let X be a tropical space of dimension n. Then the presheaves f);’(s are
flabby sheaves of R-vector spaces on X. We have a canonical morphism of double complexes
of sheaves on X,

1 ZN);(. - DY

induced by the embedding map Homs(Tc(U, A" "), R) — Homg (T (U, A" "), R).

Proof. The sheaves A" are soft and R is strongly injective in lcs, i.e. Homye(:, R)
preserves arbitrary kernels and cokernels. This implies that the presheaves f);’(s are sheaves.
Because the map To(U', A" ") — T(U, A>") is injective and continuous for U’ C U
open in X it follows immediately that 153}3 is flabby. The last claim is obvious from the
definitions. O

Proposition 5.16. Let X be a tropical space of dimension n and U C X an open subset.
The integration map

ox : To(U, AY") — R, 77'—>/ n
X

18 continuous.

Proof. We may assume that X is the support of a polyhedral complex in T™V. Let UctTV
be an open subset with U N X = U. From the definition of [ (-) in section it follows
that dx is continuous as a map A7 (U) — R and it vanishes on K" (U). Hence it is a

continuous map on the cokernel A'¢"(U) = coker (IC "(U) — .A ~ (U )) O

5.4 Smoothing of cohomology

Theorem 5.17 (Smoothing of cohomology). Let X be a tropical manifold. Then, the
Poincaré map induces quasi-isomorphisms of complexes of sheaves of R-vector spaces on

X

7

5xN : A%[2n] = DY,
SxN = AR®[n] = DY,
5xN: A%n] = Dy **
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We only show the first quasi-isomorphism, using Poincaré duality (theorem [3.28)) and the
following lemma. The same proof works for the other two morphisms, when replacing
with B.27

Lemma 5.18. The natural morphism 1 : f?;( — D% induces injective maps in cohomology,
+: RFID(U, DY) — RF (U, DY)
for every k € Z and every open subset U C X.

Proof. First, we need the following purely algebraic statement: If (A®, d) is a complex in
any abelian category, we get canonical isomorphisms

HY(A®) = ker (coker(dqfl) — coker ker(dq))

for every q € Z. This follows immediately from the Snake lemma, applied to the diagram

ker coker(d?1) —— ker(d9) —— H?(A®*) —— 0

| l |

0 A1 i A1 0

We can now apply this to our case: In particular, for the complex (f);(, 0) of currents on X
we have canonical isomorphisms

RFT(U, D) = HH(DX (U))
= ker(coker(9) — coker ker(9))
= Homyg (coker(ker coker(d) — ker(d)),R),
where d is the (continuous) restriction of the usual differential map to sections with compact

support and ker(d), for instance, is the kernel of d in the quasi-abelian category lcs (c.f.
proposition [C.7)). Note that in the last equation we use that the functor

Homyes(+, R) : les®”? — Modg, E — Hom(E,R)

of quasi-abelian categories is strongly exact, i.e. it preserves arbitrary kernels and cokernels,
by the Hahn-Banach theorem for locally convex spaces (proposition [C.9).

Now by proposition , as an R-vector space (forgetting the topology), the cokernel of
ker coker(d) — ker(d) in lcs is just ker(d)/im(d) = R7¥T.(U, A%), i.e. we may con-
sider R* (U, DY) as the linear subspace of continuous maps in Homg (R™* I'.(U, A% ), R) =
R¥ (U, D%). This suffices to prove the lemma. O

Now the theorem is a purely formal consequence of Poincaré duality:

Proof of theorem [5.17. Because the wedge product and the integration map are continuous
and [5.16) we have a commuting triangle of complexes of sheaves of R-vector spaces

A% 2n] 20 DY

s |

°
X

where ¢ is the natural injection from proposition and dxN is the Poincare map. Now the
morphism A% [2n] — D% is a quasi-isomorphism which implies that H*(2) is an epimorphism
for every k € Z and — by the previous remark — Hk(z) also has to be a monomorphism. It
follows that 1 is quasi-isomorphism and hence 6xN : A%[2n] — DY is a quasi-isomorphism
as well. O
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A Sheaf cohomology

A.1 Derived categories and functors

The language of derived categories and functors is a useful framework for the study of
cohomological functors, in particular for those appearing in the cohomology of sheaves.
here, we will give a short overview on the most important notions and methods in this area.
For an in-depth treatment of the subject matter, we refer to [KS90, ch.I].

First and foremost, every derived category (as defined below) is a triangulated category:

Definition A.1. A triangulated category is an additive category € together with

1. an automorphism T : € — €, the shift functor of €, and
2. a family of triangles in €, i.e. of chains

X—=Y—~-7—-TX

of morphisms in €. The triangles in this family are called distinguished triangles. A
morphism of triangles is a commuting diagram

X Y Z TX
O N
X' Y’ A TX'

These data are subject to the following conditions:

1. A triangle isomorphic to a distinguished triangle is distinguished.
2. The triangle X X 505TXis distinguished for every object X in €.

3. The triangle X 5V % Z ™ TX is distinguished if and only if Y % 7z & 7x “H 1y
is distinguished.

4. Every morphism f: X — Y is part of a distinguished triangle X - Y — 7 - TX.

5.Let D: X LY - Z 5 TXand D' : X' L5 Y — 7/ — TX' be distinguished
triangles. Then every commuting square

x—1 .y

!

X —Y
can be completed to a morphism of triangles D — D’.

6. For every three distinguished triangles

xhy sz Ty,
Y4 72X 5Ty,

X%z oy STX,
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there exists a distinguished triangle
7' =Y - X' -T7Z

such that the following diagram commutes:

X Y A TX
id g id
x -9,z Y’ TX
f id Tf
y —2 7 X' TY
id
z' Y’ X’ TZ'

Definition A.2. Let D and D’ be triangulated categories with shift functors 7" and T”. An
additive functor F': D — D’ is a functor of triangulated categories if

1. T'"F = FT holds and

2. for every distinguished triangle X - Y — Z - TX in D, FX - FY - FZ - T'FX
is distinguished as well.

For an abelian category 2(, we now define the derived category D(2() (as well as its close
relatives D*(20), D™(A) and D’(2A)) in the following three steps. Once again, we refer to
[KS90, 1.3-7] for details:

Construction A.3. Let 2 be an abelian category.

1. We denote by C(2) the category of complezes in 2 and we write C~(2(), C*(2A) and
Ch(2A) for the full subcategories of C(2A) consisting of bounded above, bounded below
and bounded complexes respectively.

2. The homotopy category of complexes in 2 is the category K(2() with the same objects
as C(2) and with

Mory (o) (A®, B®) := Morcg)(A*, B*)/ Hot(A*, B®),

where Hot(A®, B®) is the group of morphisms A®* — B® homotopic to zero. The shift
Junctor [1] given by

[1]: K(2) = K(2),

C*[1)k = oFL,
dk.[l] = —dkcri_l’
FoE =

makes K(2() into a triangulated category, when choosing the mapping cone triangles as
family of distinguished triangles (c.f. [KS90, 1.4.1-3] for the definition of mapping cones
and the associated triangles). Similarly, we obtain triangulated categories K™ (1),
K*(2) and Kb(2).
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3. Let 91 C K() be the family of exact complexes and denote by S(91) the family of
morphisms f : X — Y that belong to a distinguished triangle

X =Y —>N-— X[1]
with N in M. The derived category D(2L) is the localization

of the triangulated category K(2() by the multiplicative system S(D) of morphisms.
The canonical morphism K(2) — D(2() induces a structure of a triangulated category
on D(2A). Once again, we define the triangulated categories D~ (2), D*(2) and D®(2)
analogously.

Remark A.4. By [KS90, 1.6.9], the localization functor K(A) — D(2() satisfies the following
property: every functor F' : K(2) — D with F(N) = 0 for every N in 91 factors uniquely
through the canonical functor K(2() — D(2).

The functor H* : C(A) — 2, (A®,d*) > ker(d¥)/im(d*~') induces a well-defined functor
H* : D(2A) — A.
For every distinguished triangle X — Y — Z — X[1] in D(2(), we get a long exact sequence
H*(X) — BY(Y) —» H*(Z) —» H*"!(X)

in 2 in a functorial manner.

Let now F : 2 — B be an additive functor of abelian categories. Then F' induces a functor
KT (F) : KT() — KT (B) of the corresponding homotopy categories of complexes. However,
to get an associated functor between the associated (bounded below) derived categories, one
has to be more careful. The starting point is the following definition:

Definition A.5. Let F': 2 — B be an additive functor of abelian categories and denote by
Qq : KT () - DT(A), Qu : KT (B) — DT (2B) the canonical localization functors. A right
derived functor of F is a functor 7' : DT () — DT (8) of triangulated categories together
with a morphism of functors

5:QuoKT(F)— ToQy
such that, for any functor G : DT(21) — D1 (8) of triangulated categories, the morphism
Hom(T,G) — Hom(Qwp o KT (F),G o Qq)

induced by s is an isomorphism.

If a right derived functor T for F' exists we say that F is right derivable. The derived functor
T is then uniquely determined up to isomorphism and we write R F' := T. The functor

REF:=HFoRF:DV(2A) = B
is called the k-th right derived functor of F.

For simplicity, we will usually write F : KT () — K1 (8) for the functor of homotopy
categories induced by F.

When F is left exact, in order to prove the existence of derived functors and also when
making computations, one usually depends upon so-called F-injective subcategories of 2A:
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Definition A.6. Let F': 2l — ‘B be a left exact functor of abelian categories. A full additive
subcategory J C 24 of 2 is F-injective if the following conditions are satisfied:

1. For every A in 2 there exists a monomorphism A — I with [ in 7.

2. If0 -1 - I — X" — 0is a short exact sequence in 2 with I’ and I in J, then X"
is in J as well.

3. 1f0 — I' = I — I" — 0 is a short exact sequence in 2 with I’. I and I” in J, then
the sequence 0 — F(I') — F(I) — F(I") — 0 is exact as well.

Construction A.7. Let F' : A — ‘B be a left exact functor of abelian categories and assume
that 2 has an F-injective full subcategory J. Then, by [KS90), 1.8.3] F' has a right derived
functor R F : DT (2) — D (B). This functor can be constructed as follows:

1. Let A be any object of D*(). Then A can be represented by a complex I® in C*(2l)
with I% in J for every k € Z by [KS90, 1.7.7]. Fix one such representation for every A
in DT (2).

2. The class of the complex F(I%) in D" (2B) only depends on A and every morphism
A — B in DT (2l) induces a morphism F(I%) — F(Ig) in DT () in a functorial way
by [KS90l, p.51]. One can show that this indeed defines a derived functor for F, i.e.
we have

RF(A) = F(I3})

in D" (8), and similarly for morphisms.

We will now give some well-known examples:

Example A.8. Let 2 be an abelian category and assume that 2 has enough injectives, i.e.
for every object A in 2 there exists a monomorphism A — I with [ injective. Then the full
subcategory J of 2 consisting of injective objects is F-injective for every left exact functor
F. In particular, every left exact functor on 2l is right derivable and the right derived functor
R F' can be constructed by choosing injective resolutions.

Example A.9. Let X be a topological space and let 2 := Shv(X) be the category of sheaves

of abelian groups on X.

1. The category Shv(X) is abelian and has enough injectives. We denote its derived
category by D(X). Similarly, we write D¥(X), D7 (X) and D°(X) for the derived
categories of bounded below, bounded above and bounded complexes of sheaves of
Z-modules on X.

2. The functor
I'(X,-): Shv(X) — Ab, F = F(X),

of global sections is left exact. The category Shv(X) has enough injectives and hence
I'(X,-) has a right derived functor RI'(X, ). For a sheaf F on X we write

HY(X, F) = RFI(X, F)
and call it the k-th cohomology group (of global sections) of F.
3. Similarly, the functor
I'.(X,e):Shv(X) — Ab, F—=T(X,F),

of global sections with compact support is left exact, has a right derived functor
RTI:(X,-) and we write
HE(X, F) := R (X, F)

for the k-th cohomology group (of global sections) with compact support of F.
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Example A.10. Most of the topological spaces of interest for us are locally compact. Under
this condition on X, the following classes of sheaves on X are both I'(X,-)- and I'.(X,-)-
injective

e injective sheaves,

e flabby sheaves,

e c-soft sheaves (we will generally refer to them as soft sheaves),

e fine sheaves.

This is useful for us, because injective sheaves tend to be quite large and unwieldy for com-
putations while simultaneously the theory of differential forms we consider in the main text
presents us with complexes of ¢-soft (even fine) sheaves which are quite easy to manipulate.
At least to some extent.

Example A.11. Similarly to the right derived functor R F' and F-injective subcategories
for a left exact functor F', one can define the left derived functor L G of a right exact functor
using G-projective subcategories. The most important functor for us is the tensor product
(1) ® (+) : Shv(X) x Shv(X) — Shv(X). For F in Shv(X), the functor G = (-) ® F is right
exact and the class of flat sheaves on X is G-projective in Shv(X). Hence one can define
the left derived functor of G. As is customary, we write

LG(G) = GalF.

In the next sections, we will consider several other important functors between derived
categories of sheaves.

A.2 Sections with support in a closed subset

Definition A.12. Let F be a sheaf on X and let Z C X be a closed subset.

1. For every open subset U C X and V := U N Z C U we define the group of sections
with support in V of F by

Ty (U, F) := ker(T'(U, F) — D(U \ V, F).

2. We define the sheaf of sections of F with support in Z by
Lz(F)U) :=Tynz(U,F).

Proposition A.13. Let Z C X be a closed subset and denote by j3: X \ Z — X the open
embedding of the complement.

1. The functor T'z(X,-) : Shv(X) — Ab is left exact.
2. For every sheaf F on X, the presheaf I z(F) is a sheaf and the functor

I'z : Shv(X) — Shv(X),
F — Fz(]:)

is left exact.
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3. Let0 — F' — F — F" — 0 be a short exact sequence of sheaves on X and assume
that F' is flabby. Then both sequences

0= Tz(X,F)—=TzX,F)—=Tz(X,F") -0,
0—=Tz(F)—=Tz(F)=TzF")—0
are exact. Moreover, T'z(F') is a flabby sheaf.
4. For every sheaf F on X, the sequence
0= Tz(F) = F D F,

is eract, where 0 : F — 2,97 L F is the unit morphism of the adjunction (371, 7:).
[KS90, 2.4.8], [KS90) 2.4.6], [KS90l 2.3.9]
Next, we collect some properties of the derived functors RT'z and RT'z (X, -):

Proposition A.14. Let Z, 7' C X be a closed subsets and 3: X \ Z — X the embedding of
the open complement of Z.

1. Let F* be in DY (X). Then the canonical morphism
RT(X,RTz(F*)) = RIz(X, F*)
s an isomorphism.
2. For F* in DT(X) we have canonical distinguished triangles
RIZ(F*) = F* = Ry L F* 55,

R nz(F*) = RT4(F*) @ RT4(F*) = RTzu2/(F*) 5.

[KS90, p.111], [KS90, p.115]

A.3 Poincaré-Verdier duality

In this section we will recall some of the basic constructions and properties concerning
Poincaré-Verdier duality, following the exposition in [KS90].

For a topological space X and a ring R we write Shv(X) resp. Shvr(X) for the categories
of sheaves of abelian groups and sheaves of R-modules on X respectively. A ’sheaf on X’
will always be a sheaf of abelian groups on X. We write D(X) for the derived category
D(Shvz(X)) and D*(X), DT (X) resp. D™ (X) for the subcategories generated by bounded,
bounded below resp. bounded above complexes.

Remark A.15. Let f : X — Y be a continuous map. We then consider the following
functors associated to f:

1. The pushforward f. : Shvg(X) — Shvg(Y) and pullback f~!: Shvg(Y) — Shvg(X)
functors,

2. for an open embedding j : U C X:

(v == 2.7+ Shvg(X) — Shvg(X),
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3. the pushforward with compact support f; : Shvg(X) — Shvg(Y), where
LU, fi F)={s e D(f U, F); f : supp(s) = Y is proper}.

The functor
fi: Shv(X) — Shv(Y),
is left exact and has a right derived functor

R f : D(X) — D(Y).

We say that fi has finite cohomological dimension if there exists an € Z such that R7 f :=
H7 R f = 0 for every j > r.

The following is the main result here:

Theorem A.16 (Poincaré-Verdier duality). Let f : Y — X be a continuous map of lo-
cally compact spaces such that fi has finite cohomological dimension. Then the functor of
triangulated categories

ng : D+(ShVA(Y)) — D+(ShVA(X))
has a right adjoint functor of triangulated categories

f DT (Shva(X)) — DF(Shv,(Y)).

[KS90, 3.1.5]
The functor f' can be given as follows:

Construction A.17. Let K be a flat and f-soft sheaf on Y and let F' be an injective sheaf
of A-modules on X.

1. The presheaf
fic : V> Homgyy , (x) (fi (Ay ®z, Kv),F),
is a sheaf and it is injective as a sheaf of R-modules.
2. For every sheaf of R-modules G on Y we have a canonical isomorphism
Homgy, ,(x) (fi (G ®z, K), F) = Homgp, , (G, fi F),
functorial in G.

3. Let Z(X) denote the category of all injective sheaves on X. For a flat and f-soft
resolution K : 0 — K% — ... — K" — 0 of Zy and for F € KT(Z(X)) let fj F be the
total complex associated to the double complex

(fi—a(FP))P.
Then f}( is a functor of triangulated categories
fic : KH(I(X)) = K¥(Z(X))

such that the canonical diagram

is commutative.
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[KS90, 3.1.2-3.1.5]

Example A.18. Assume that we have a quasi-isomorphism ¢ : £* — A® of bounded
complexes of sheaves of R-vector spaces on X such that A* is soft for every k € Z. Consider
the projection to a point m : X — pt. Because R is injective in the category of R-vector
spaces, we have a quasi-isomorphism

D* — R Homy (L*, 7' R),
given by ¢, where D*® is the complex of sheaves given by

D*(U) := Homs, (To(U, A*),R)..

The functor f' has the following properties:

Proposition A.19. Let fi have finite cohomological dimension.
1. Consider a cartesian square of topological spaces

X —5y’

=l
x 1 v

Then g has finite cohomological dimension and we have a canonical isomorphism of
functors
f'oRy, =Rz, 0g¢.

2. We have canonical isomorphisms of bifunctors on (D?)P x DF:

R Homgpy(v)(R fi(+), -) = RHomgyy(x) (5 (1),
R #Homy (R fi(+), ) = R fu R Homx (-, f'<))7
F R Homx (-,-) = R Homy (£71(-), £1())-
3. Assume f: X = Y is a homeomorphism onto a locally closed subset Z C'Y. Then

f'=fToRIy.

[KS90, 3.1.9-13]

A.4 Dualizing complex and derived dual
Definition A.20. Let X and Y be locally compact topological spaces.

1. Let f : X — Y be a continuous map and assume that f; has finite cohomological
dimension. We then write

wWx/y ‘= f! R;

if 7 : X — pt is the projection to a point then we write wx = = R and call wy the
dualizing compler on X.

2. Assume X has finite c-soft dimension and let F € D?(Shvg(X)). We then set
D(F) = R Homx (F,wx)

and call D(F) the derived dual or dual complex to F.
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Remark A.21. Due to [KS90, 8.4.2] a complex F* of sheaves on a real analytic manifold
is R-constructible, if it has a locally finite covering X = |J; X; by subanalytic subsets, such
that for every i, and every ¢, the sheaves HY(F®)|x, are locally constant. We will skip
the definition of subanalytic subsets ([KS90, 8.2.1]), instead pointing out that the class of
constructible sheaves introduced in section [I.10]satisfies this condition. Hence, if one desires
to, the following proposition is applicable in our case.

Proposition A.22. Let X be a real analytic manifold and let F be an R-constructible
complex of sheaves on X.

1. The dual complex D(F) is R-constructible.
2. The canonical morphism F — DD(F) is an isomorphism.
3. For any x € X, we have isomorphisms

RT' (X, D(F)) = RHom(F,,R), D(F): = RHom(R 1 (X, F),R).

Proof. This follows from the more general statement [KS90, 3.4.3], applied to the particular
case via [KS90, 8.4.9]. O

B Sheaves and cosheaves on posets

B.1 Sheaves and cosheaves on posets

Definition B.1 (Posets). A poset is a set X together with a relation < on ¥ such that for
v,ocand T €Y

1. 0 <o,

2. v <o and o <7 implies v < 7 and

3. o <tand 7 <o implies o0 = T.

We may interpret a poset X as a small category, whose objects are the faces 0 € ¥ and,
for o, 7 € ¥, the set of morphisms Mory, (o, 7) consists of exactly one element if and only if
o < 7 and is empty otherwise.

A morphism of posets f: ¥ — ¥ is a map satistying f(o) < f(7) for 0 < 7in X.
We denote by 3 the poset X U {0y, 15} where Oy, < 0 < 1y, for every o € X.

The poset X is locally finite if every closed interval is a finite set; it is topologically finite if
all open stars are finite sets. A finite poset 3 is graded if all maximal chains in ¥ have the
same length. In this case, we have a well defined function dim : ¥ — N mapping o to the
maximal length of chains ending at o.

Definition B.2. Let X be a poset. The Alezandrov topology on ¥ is the topology a whose
open sets are those subsets U C ¥ which satisfy

ccelUo<t=71€el.

A basis of this topology is given by the open stars U, := {1 € ¥;0 < 7}, 0 € ¥. We write
Yo for the topological space 3, equipped with the Alexandrov topology.

Remark B.3. A map f: X — Y is a morphism of posets if and only if it is continuous
with respect to the respective Alexandrov topologies.
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Definition B.4. Let X be a poset and A an abelian category.

1. The category of sheaves on ¥ with values in A is the category of functors
Shv 4(X) := Fet (X, A).

If o < 7in X and F is a sheaf on X, then we write piT : F(o) — F () for the induced
restriction morphism in A.

2. The category of cosheaves on X with values in A is the category of functors
CoShv 4(X) := Fet(X°P, A),

where 3°P denotes the opposite category to ¥. If ¢ < 7 in ¥ and 2 is a sheaf on X,
then we write Ay : (1) — A(o) for the induced corestriction morphism in A.

If ¥ is a poset and « the Alexandrov topology on X then, using the left resp. right Kan
extension of a sheaf resp. cosheaf along the functor ¥ — a°?, ¢ — U,, one can show the
following:

Proposition B.5. Let A be an abelian category which is both complete and cocomplete.
Then, we have canonical equivalences of abelian categories

Shv 4(X) = Shv 4(X,), CoShv 4(X) = CoShv 4(34).
A sequence F' — F — F" in Shv o(X) is exact if and only if all induced sequences
Fl(o) = Flo) = F"(0)
for o € ¥ are exact. A similar statement holds for sequences of cosheaves.

[Curldl 4.2.10]

Definition B.6. Let f : ¥ — ¥/ be a morphism of posets and A a complete and cocomplete
abelian category. Let F and 2 be a sheaf and a cosheaf on ¥ and G and B a sheaf and a
cosheaf on Y/, each with values in A.

1. The pullback sheaf f*G on X is given by

FG@) = 6@ o = s
2. The pullback cosheaf f*B on ¥ is given by

[*B(o) =B(f(0)), NP =Afo), 50
3. The pushforward sheaf f.F on ¥ is given by

L F(o') = lim F(r),
GO lim | (1)

with restriction maps given by the respective universal properties.

4. The pushforward cosheaf f.2 on X' is given by
f* Ql(O'/) = COliIno.lsf(T) Ql(T),

with restriction maps given by the respective universal properties.
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Since these constructions are functorial, we get pushforward and pullback functors
[ Shv4(X') — Shv 4(%), fi 1 Shv 4(2) — Shv4(¥),
f*: CoShv4(¥') — CoShv.4(%), f« 1 CoShv 4(X) — CoShv 4(¥).

Proposition B.7. Let f : ¥ — ¥/ be a morphism of posets and let A be a complete and
cocomplete abelian category.

1. The pullback functor f* : Shv4(X') — Shv4(X) is exact and left adjoint to the push-
forward functor f. : Shv 4(X) — Shv4(X'). Moreover, f* has a left adjoint, f;.

2. The pullback functor f*: CoShv 4(X') — CoShv 4(X) is exact and right adjoint to the
pushforward functor fi : CoShv 4(X) — CoShv 4(X'). Moreover, f* has a right adjoint

fi

[Curidl 5.3.1]

B.2 Cohomology of sheaves and cosheaves on posets

In [Curl4] it has been illustrated how the categories of sheaves on posets are well posed
to construct examples of constructible sheaves on cell complexes and, if given such a con-
structible sheaf, to compute its cohomology. In fact, this can be done very easily in terms
of derived functors on Shv(X). Since we do not make much use of this in the main text, we
will however just give the very first definitions below.

The following result (proven in [Curl4l 7.1.5ff] in the context of vector spaces), often allows
to compute the values of derived functors on sheaves on posets quickly and explicitly:

Proposition B.8. Let A be a complete and cocomplete abelian category and ¥ a poset.

1. If A has enough injectives, then Shv 4(X) has enough injectives. If T is a cogenerating
set of injectives for A, then a cogenerating set of injective sheaves for Shv 4(X) is given

by the sheaves
(16)+I, foro€e X and I € Z,

where 1, : {0} — X is the inclusion map.

2. If A has enough projectives, then CoShv 4(X) has enough projectives. If P is a gener-
ating set of projectives for A, then a generating set of projective sheaves for Shv 4(X)

1s given by the sheaves
(t0)« P, for o € ¥ and P € P,

where 1, : {0} — X is the inclusion map.

Proof. We prove (1) as an example: First, let I be injective in A and let 0 — F' — F —
F"” — 0 be an exact sequence in Shv4(X). In particular, for every o € X, the induced
sequence

0— F(o) = F(o) = F'(o) >0
is exact. We now have natural isomorphisms
Homy (F, (20)«I) = Homy (2, F,I) = Homy(F (o), I),
which shows that Homy (-, (25)«/) is an exact functor and hence (2,).1 is injective.

For every o, the canonical map F (o) — (i5)«2 F(0) is injective, hence F — @yex(t0)sth F
is a monomorphism. For every o, we also find a monomorphism F(o) = o F(o) — I,
with I, in Z, since T is cogenerating in A. The combined morphism F — @P,ex (1) Lo 15 a
monomorphism of sheaves and hence the set in question is cogenerating. O
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Definition B.9. Let X be a poset and 7 : ¥ — pt the projection to a point. Let A be a
complete and cocomplete abelian category with enough injectives resp. projectives. Then
we define, for every sheaf F in Shv 4(X) resp. cosheaf 2 in CoShv 4(X) the global section
cohomology groups resp. homology groups

HY(S, F):=Rim F, Hy(S,2):=L,m 2.

Remark B.10. As explained in [Curl4, 7.3], if F comes from a constructible sheaf F on a
cell complex X, these combinatorical cohomology groups compute usual sheaf cohomology;
i.e. we have canonical isomorphisms

HY(Y, F) =~ HY(X, F)

for every q € Z.

C Locally convex vector spaces

C.1 Quasi-abelian categories

In section [f| we will equip our sheaves of forms with locally convex topologies on their sections
and use this to define sheaves of currents. In order to get cohomological properties of the
so—defined complexes, we need a good understanding of the categories we are working in.
The category of locally convex spaces is quasi-abelian and in [Schn99|, Schneiders introduced
the necessary tools to do homological algebra in quasi-abelian categories. In this appendix,
we will introduce some of the basic notions developed there.

Definition C.1 (Quasi-abelian category). Let £ be an additive category with kernels and
cokernels. We write im(f) := ker coker(f) and coim(f) := coker ker(f) for a morphism f in
£.

1. A morphism f in € is called strict, if the canonical morphism coim(f) — im(f) is an
isomorphism.

2. The category £ is quasi-abelian, if for every cartesian square

o &

|, |

E—1 oF

and every strict epimorphism f, f’ is a strict epimorphism as well, and for every
cocartesian square

and every strict monomorphism f’, f is a strict monomorphism as well.

Lemma C.2. Kernels and cokernels are strict.

Proof. [Schn99, 1.1.2] O
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Lemma C.3. Let £ be a quasi-abelian category and

E—2 5 F

!

a commutative diagram in E. Then,

1. if f is a strict monomorphism, u is a strict monomorphism,

2. if f is a strict epimorphism, v is a strict epimorphism.

Proof. [Schn99, 1.1.8] O

Remark C.4. It is clear that every abelian category is quasi-abelian. Moreover, if £ is
a quasi-abelian category, then the dual category £ is quasi-abelian as well (this follows
directly from the definitions).

Schneider proceeds to introduce several notions (of varying strength) of exact sequences in
a quasi-abelian category &£, which allows him to define the derived category D(E). Further-
more, in [Schn99l sect. 1.2.1] he shows that this derived category allows two — possibly
different — canonical T-structures with hearts LH(E) (the left heart of £) and RH(E) (the
right heart of £). This gives a good foundation to develop a theory of derived functors of
functors between quasi-abelian categories, largely similar to the classical theory for abelian
categories. We will not use this in the main text, but we refer to proposition which
might prove useful in our context.

Here, we restrict ourselves to introduce a very special kind of exact functor:

Definition C.5. A functor F : £ — & of quasi-abelian categories is strongly ezact if it
preserves arbitrary kernels and cokernels.

C.2 Locally convex spaces

The two main quasi-abelian categories we are working with are the category lcs of locally
convex spaces and its full subcategory fre of Fréchet spaces. In this subsection we will
concern ourselves with the basic properties of lcs and the completion functor Cpl : les — les
while in the next section we will take a closer look at Fréchet spaces.

Definition C.6. A (real) locally convex space is a real vector space E together with a family
(pi)ier of seminorms on E. We will in this case equip F with the finest topology making
each map p; : £ — R(J{ continuous. We write lcs for the category of locally convex spaces
with continuous linear maps as morphisms.

Proposition C.7. The category lcs is complete and cocomplete quasi-abelian. Let f : E' —
FE be a morphism in lcs.

1. The kernel of f is the embedding f~1(0) — E’, where f~1(0) is equipped with the
induced topology as a subspace of E'.

2. The cokernel of f is the projection E — E/f(E'), where E/f(E’) is equipped with the
quotient topology.

3. The image of f is the embedding f(E') — E, where f(E') is equipped with the induced
topology.
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4. The coimage of f is the projection E' — E'/f~1(0), where E'/f~1(0) is equipped with
the quotient topology.
Proof. [Pro00], 2.1.8], [Pro00, 2.1.11], [Pro00, 2.2.1] O]
Corollary C.8. Let f : E — F be a morphism in lcs. Then the following conditions are
equivalent:
1. f is strict;
2. f is relatively open;

3. for any semi-norm p of E, there is a semi-norm q of F' and C' > 0 such that for every
reR

f(ier)lfzop(x +e) < Cq(f(x)).

Proof. [Pro00], 2.1.9] O

The most important fact on lcs for us is the following Hahn-Banach theorem:

Proposition C.9. The vector space R (together with the usual topology) is a strongly in-
jective object of lcs, i.e. the functor

Homyes(+, R) : les®”? — Modg

preserves arbitrary kernels and cokernels.

Proof. The representable functors are always strongly left exact, so here we have natural
isomorphisms

ker (Homyes(E, R) — Homs(E',R)) = Homyes(E/fE',R)

for every continuous map f : £/ — E in lcs. The crucial part is exactness on the right and
for this consider a continuous map ¢ : E — E” of locally convex vector spaces. The kernel
of g in Ics is the vector space g~ 1(0) C E, equipped with the subspace topology. Now one
version of the Hahn-Banach theorem for locally convex spaces tells us that every continuous
linear form on g~!(0) can be lifted to a continuous linear form on E. Hence the map

Homy (E> R) — Homyg (ker(g)v R)

is surjective, which finishes the proof. O

Since the locally convex spaces AR?(X) of differential forms on a tropical space X con-
sidered in section [o| are not necessarily complete, their completion might in fact be the
more interesting space to consider. However, it is not clear if the exactness properties of
AL (U) are preserved during completion. To answer this question, the following together
with proposition might prove useful:

Definition C.10. Let E be a locally convex space with defining family (p;);cr of seminorms.

1. A net (ej)jes in E is a Cauchy net if for every i € I and every € > 0 there is a jo € J
such that

pi(ej — ej/) > €

for every 7,7 > jo.
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2. The locally convex space E is complete if it is separated —i.e. {0} is closed in E — and
every Cauchy net in F converges.

Construction C.11. As usual, we can define the completion Cpl(E) of a locally convex
space E as a set of equivalence classes of Cauchy sequences. A defining family (p;);er of
seminorms for E induces a family (p;);cr of seminorms on Cpl(E).

Proposition C.12. The completion functor Cpl: lcs — les has the following properties:

1. The functor Cpl is left exact and has a right derived functor R Cpl : DT (Ics) — D% (lcs).

2. For every E in lcs we have R Cpl(E) = R Cpl(Cpl(E)).

Proof. [Pro00, 4.2.2], [Pro00} 4.3.14] O

C.3 Fréchet spaces and (LF)-spaces

Fréchet spaces and (LF)-spaces are two of the ‘basic’ classes of locally convex spaces used
in analytic applications. Because they appear prominently in section [b, we recall their
definition and first properties here.

Definition C.13. A locally convex vector space E is a Fréchet space if it is complete and
its topology can be given by a countable family (py,),en of seminorms. We write fre for the
full subcategory of les consisting of Fréchet spaces.

Proposition C.14. The category fre is quasi-abelian and has enough injectives. The embed-
ding functor fre — lcs preserves strict morphisms, arbitrary kernels and cokernels of strict
morphisms.

Proof. |Pro00, 4.4.2-6] O

Proposition C.15. Every Fréchet space F is cohomologically complete, i.e. the canonical
morphism
F — RCpl(F)

is an isomorphism in D(Ics).
Proof. |[Pro00} 4.4.7] O
Definition C.16. A locally convex space E is an (LF)-space if there is a system

Fi— Ey— E3— -

of Fréchet spaces and continuous embeddings ¢; : F; — E;11 and an isomorphism of locally
convex spaces E = colim; F;. The system (E;, ¢;) is called a defining spectrum for E.
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