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1 Introduction

The remarkable progress in experimental techniques in the past two decades has provided
a fresh impetus to the study of hard exclusive and semi-inclusive reactions with identified
particles in the final state. Such processes are interesting as they allow one to access the
hadron structure on a much more detailed level as compared to totally inclusive reactions.
A (probably still distant) major goal is to understand the full three-dimensional proton
structure by “holographic imaging” of quark and gluon distributions in transverse distance
and momentum spaces. The related experiments have become a prominent part of the
research program at all major existing and planned accelerator facilities, e.g. the Electron
Ion Collider (EIC) [1].

The relevant nonperturbative input in such processes in many cases involves operator
matrix elements between states with different momenta, dubbed generalized parton distri-
butions (GPDs), or vacuum-to-hadron matrix elements related to light-front hadron wave
functions at small trans- verse separations, the distribution amplitudes (DAs). The scale-
dependence of such distributions is governed by the renormalization group (RG) equations
for the corresponding operators, where, in contrast to standard parton densities, mixing
with the operators involving total derivatives has to be taken into account. Going over to



local operators one has to deal with a triangular mixing matrix where the diagonal entries
are the anomalous dimensions, the same as in deep-inelastic scattering, but the off-diagonal
elements require a separate calculation.

The projected very high accuracy of future experimental data, e.g. on the Deeply
Virtual Compton Scattering (DVCS) at the JLAB 12 GeV upgrade [2] and the EIC, and
the v* — 7y transition form factor at Belle II at KEK [3], has to be matched by the
increasing theoretical precision; in the ideal case one would like to reach the same level of
accuracy as in inclusive reactions. The NNLO (three-loop) analysis of parton distributions
and fragmentation functions is becoming the standard in this field [4], so that the NNLO
evolution equations for off-forward distributions are appearing on the agenda.

In this work we derive the explicit expression for the three-loop contribution to the
flavor-nonsinglet evolution kernel in the so-called light-ray operator representation. This
kernel can be converted to the evolution equation for the GPDs by a Fourier transformation,
whereas its expansion at small distances provides one with the matrix of the anomalous
dimensions for local leading twist operators. In the latter form, our results are directly
relevant for the lattice calculations of pion DAs in which case the uncertainty due to the
conversion of lattice results to the MS scheme currently proves to be one of the dominant
sources of the error [5]. The three-loop (NNLO) anomalous dimensions of the leading-twist
operators are known for about a decade [6], however, a direct calculation of the missing
off-diagonal terms in the mixing matrix to the same precision is quite challenging.

Conformal symmetry of the QCD Lagrangian allows one to restore the nondiagonal
entries in the mixing matrix and, hence, full evolution kernels at a given order of perturba-
tion theory from the calculation of the special conformal anomaly at one order less [7]. This
result was used to calculate the complete two-loop mixing matrix for twist-two operators
in QCD [8-10], and to derive the two-loop evolution kernels for the GPDs [11-13].

In ref. [14] we have proposed to use a somewhat different technique to implement the
same idea. Instead of studying conformal symmetry breaking in the physical theory [8-10]
we suggest to make use of the eract conformal symmetry of large-ny QCD in d = 4 — 2¢
dimensions at critical coupling. Due to specifics of the minimal subtraction scheme (MS)
the renormalization group equations in the physical four-dimensional theory inherit a con-
formal symmetry so that the evolution kernel commutes with the generators of conformal
transformations. This symmetry is exact, however, the generators are modified by quan-
tum corrections and differ from their canonical form. The consistency relations that follow
from the conformal algebra can be used in order to restore the f-loop off-forward kernel
from the ¢-loop anomalous dimensions and the (¢ — 1)-loop result for the deformation of
the generators, which is equivalent to the statement in ref. [7].

Exact conformal symmetry of modified QCD allows one to use algebraic group-theory
methods to resolve the constraints on the operator mixing and also suggests the optimal
representation for the results in terms of light-ray operators. In this way one avoids the
need to restore the evolution kernels from the results for local operators, which is not
straightforward. This modified approach was tested in [14] on several examples to two-
and three-loop accuracy for scalar theories, and in [15] for flavor-nonsinglet operators in
QCD to two-loop accuracy. As a major step towards the NNLO calculation, in [16] we have



calculated the two-loop quantum correction to the generator of special conformal trans-
formations. In this work we use this result to obtain the three-loop (NNLO) evolution
equation for flavor-nonsinglet leading twist operators in the light-ray operator representa-
tion in the MS scheme. The relation to the representation in terms of local operators [7-9]
is worked out in detail and explicit results are given for the matrix of the anomalous di-
mensions for the operators with up to seven covariant derivatives. Our results are directly
applicable e.g. to the studies of the pion light-cone DA and flavor-nonsinglet GPDs.

The presentation is organized as follows. Section 2 is introductory, it contains a very
short general description of the light-ray operator formalism and the conformal algebra.
In this section we also explain our notation and conventions. In section 3 we show that
the contributions to the evolution kernel due to the conformal anomaly can be isolated by
a similarity transformation. As the result, the evolution kernel can be written as a sum
of several contributions with a simpler structure. This construction is similar in spirit to
the “conformal scheme” of refs. [8-10]. We find that the remaining (canonically) SL(2)-
invariant part of the three-loop kernel satisfies the reciprocity relation [17-20], discussed
in section 4. The explicit construction of the invariant kernel is presented in section 5.
We provide analytic expressions for the terms that correspond to the leading asymptotic
behavior at small and large Bjorken x, and a simple parametrization for the remainder that
has sufficient accuracy for all potential applications. In section 6 we explain how our results
for the renormalization of light-ray operators can be translated into anomalous dimension
matrices for local operators. In this way also the formal relation to the results in [7-9] is
established. The final section 7 is reserved for a summary and outlook. The paper also
contains several appendices where we collect the analytic expressions for the kernels.

2 Evolution equations for light-ray operators
A renormalized light-ray operator,

[O)(z; 21, 22) = ZO(x;5 21, 22) = ZG(x + z1n)hg(x + z2n), (2.1)
where the Wilson line is implied between the quark fields on the light-cone, is defined as

the generating function for renormalized local operators:

m .k
21 22

Ol z1,22) = Y- 222 [g(@)(Dn)™ (- D)Fale)] (22

m,k

where D), = 0,, —igA,, is the covariant derivative. Here and below we use square brackets
to denote renormalized composite operators (in a minimal subtraction scheme). Due to
Poincare invariance in most situations one can put x = 0 without loss of generality; we will
therefore often drop the z dependence and write

O(z1,22) = O(0; 21, 22).



The renormalization factor Z is an integral operator in zi, zo which is given by a series
in1/e, d=4— 2,

+)° 7 Zu(a), Zi(a) =Y a'Z, (2.3)
k=0 l=k
The RG equation for the light-ray operator [O] takes the form
(M + B(a)a + Hi(a) ) [O) (3 21, 22) =0, (2.4)
where M is the renormalization scale,
a= Qs Bla) = Md—a = —2a(e—|—aﬂ —I—CLQB + ) ——2a(e+B(a)) (2.5)
with
11 2 2
ﬂ() = ch - gnf, ﬁl = 5 [1703‘ - 5C’Anf - 3Can] . (26)

H(a) is an integral operator acting on the light-cone coordinates of the fields, which has a

perturbative expansion
H(a) = aHY + > H® + > HO) + ... (2.7)
It is related to the renormalization factor (2.3) as follows

g ) 0,0
H(a) = —M 7L —27q(a)+2zz:;€a AR (2.8)

where Z = ZZ; 2, Zg is the quark wave function renormalization factor and v, = M0y In Z,
the quark anomalous dimension. The QCD p-function S(a) and 7, are known to
O(a®) [21-25].

The evolution operator can be written as [26]

H(a)[O](21, 22) / da / dB h(a, B) [0)(25, 25)) , (2.9)

where
27y = 210 + a=1—-a, (2.10)

and h(a, B) = a bV (a, B) +a?h® (a, B)+. .. is a certain weight function (evolution kernel).
It is easy to see [14] that translation-invariant polynomials (21 —z2)"" are eigenfunctions
of the evolution kernel,

H(a)z{\; = yn(a) 21]\5 212 = 21 — 23. (2.11)

The eigenvalues yy(a) correspond to moments of the evolution kernel in the representa-
tion (2.9),

1 1
W = / da/ dB (1 —a—B)Nh(a,B) = ary +a* ) +aPy) + ... (2.12)
0 0



They define the anomalous dimensions of leading-twist local operators in eq. (2.2) where
N = m + k is the total number of covariant derivatives acting either on the quark or the
antiquark field. The corresponding mixing matrix in the Gegenbauer polynomial basis is
constructed in section 6.

The leading-order (LO) result for the evolution kernel in this representation reads [26]:

1 —
HO f(z1,20) = 4CF{/O dag |:2f(21722) — f(212, 22) — f(ZhZ%)}

1 a 1
_/ da/ dﬁf(zf2,251)+2f(z1,22)}. (2.13)
0 0

The expression in eq. (2.13) gives rise to all classical leading-order (LO) QCD evolution
equations: the DGLAP equation for parton distributions, the ERBL equation for the meson
light-cone DAs, and the general evolution equation for GPDs.

The LO evolution kernel H") commutes with the (canonical) generators of collinear

conformal transformations

SO = _a, —0.,,
Sé ) — = 210, + 220, + 2,
SO = 220, + 220., + 2(21 + 22) (2.14)

which satisfy the usual SL(2) algebra
(S0, 8:] =85, [S;,5] =25 (2.15)

It can be shown that as a consequence of the commutation relations [H(1, S&O)] = 0 the
corresponding kernel A(!) (o, B) is effectively a function of one variable 7 called the conformal
ratio [27]
Da,8)=h(r), =22, (2.16)
ap
up to trivial terms ~ d(a)d(/3) that correspond to the unit operator. This function can
easily be reconstructed from its moments (2.12), alias from the anomalous dimensions.
Indeed, it is easy to verify that the result in eq. (2.13) can be written in the following,

remarkably simple form [27]
W (a, B) = —4C [MT) 01— 1) — ;5(04)5(/3)} , (2.17)
where the regularized d-function, §4(7), is defined as
/dadﬁ 5 () f (2%, 25) / da/ dBo(r)| f(25, 25)) — f(zlazz)}

- [ o a[2f<zl,;:2> Pet) = f1,35)]. (219)

Beyond the LO this property is lost. However, the evolution kernels for leading twist
operators in minimal subtraction schemes retain exact conformal symmetry. Indeed, the



renormalization factors for composite operators in this scheme do not depend on € by con-
struction. As a consequence, the anomalous dimension matrices in QCD in four dimensions
are exactly the same as in QCD in d = 4 — 2¢ dimensions that enjoys conformal symmetry
for the specially chosen “critical” value of the coupling [14-16]. The precise statement is
that the QCD evolution kernel H(a) commutes with three operators

[H(a), S4] = [H(a), S-] = [H(a), So] = 0 (2.19)

that satisfy the SL(2) algebra (2.15). These operators can be constructed as the generators
of collinear conformal transformations in the 4 — 2e-dimensional QCD at the critical point
and have the following structure [14-16]:

S =50, (2.20a)
— 1
So =8 + ASy =S + (5(@ + ZH(a)) , (2.20b)
— 1
S =59+ A8, =80+ (21 + 22) (5(@ + 2H(a)> + (21 — 22) Ala) (2.20¢)

where 3(a) is the QCD B-function (2.5) and S are the canonical generators (2.14).

Note that the generator S_ corresponds to translations along the light cone and does
not receive any corrections as compared to its canonical expression, S@. The generator Sy
corresponds to dilatations; its modification in interacting theory ASy = Sg — S[()O) can be
related to the evolution kernel H(a) from general considerations [14]. Finally S is the gen-
erator of special conformal transformations and eq. (2.20c) is the most general expression
consistent with the commutation relations (2.15). To see that, note that AS; = S, — SSFO)
must have the same canonical dimension [mass] ! as SSFO), meaning that [S(()O), ASL ] =AS,.
Thus we can write AS; = (21 + 22)A1 + (21 — 22)Ay where [S(()O),ALQ] = 0. Plugging
this expression in the commutation relation [S;,S_] = 2Sjp one obtains A; = ASy and
[S_, Ag] = 0. Changing notation As — A we arrive at the expression given in eq. (2.20c).

Using (2.20) in the commutation relation [Sp, S1] = S, or equivalently [H(a), S4] = 0,
results in

[S$)7H(a)] = —[ASy,H(a)] = [H(a), 21+ 22] <ﬁ(a)+;H(a)> +[H(a), z12A(a)].  (2.21)
If H(a) is known, this equation can be used to find A(a) and in this way construct the
SL(2) generators that commute with the evolution kernel in a theory with broken conformal
symmetry. The main point is, however, that A(a) can be calculated independently from
the analysis of the conformal Ward identity [7, 13, 16]. In this way eq. (2.21) can be used
to calculate the non-invariant part of the evolution kernel with respect to the canonical
generators Sf,)o-

Indeed, expanding the kernels in a power series in coupling constant

H(a) = aH® + ?H® + *H® + ..., Aa) = aAD +a2AP) 4 (2.22)



one obtains from (2.21) a nested set of equations [14]

(59 HV) =0, (2.23a)
1
[SSFO),H(Q)] = [H(l), 21+ 22] <,80 + 2H(1)> + [H(l), ZlgA(l)] , (223b)

2
+ [H(2),z12A(1)] + [H(l),zlgA(Q)] , (2.23c)

159 HO®) = [HO, 2, + 2] <51 + 1H(2>> + [H?, 2 + 2] <Bo + ;H(U)

so that the commutator [SSP),H(K)] is expressed in terms of the lower order kernels, H(*)
and A®) with k < ¢— 1.

The first of them, eq. (2.23a), is the usual statement that the LO evolution kernel
commutes with canonical generators of the conformal transformation. As a consequence,
the corresponding kernel h(!) (ar, B) can be written as a function of the conformal ratio (2.16)
and restored from the spectrum of LO anomalous dimensions. The result is presented in
egs. (2.13), (2.17).

The second equation, eq. (2.23b), is, technically, a first-order inhomogeneous differen-
tial equation on the NLO evolution kernel H(?). To solve this equation one needs to find a
particular solution with the given inhomogeneity (the expression on the r.h.s.), and add a
solution of the homogeneous equation [SSFO), H®)] such that the sum reproduces the known
NLO anomalous dimensions. This calculation was done in ref. [15] and the final expression
for H® is reproduced in a somewhat different form below in appendix A.

In this work we solve eq. (2.23c) and in this way calculate the three-loop (NNLO)
evolution kernel H®). The main input in this calculation is provided by the recent result for
the two-loop conformal anomaly A() [16]. Since the algebraic structure of the expressions
at the three-loop level is quite complicated, we separate the calculation in several steps
in order to disentangle contributions of different origin. The basic idea is to simplify the
structure as much as possible by separating parts of the three-loop kernel that can be
written as a product of simpler kernels.

3 Similarity transformation

The symmetry generators S, in a generic interacting theory (2.20) involve the evolution
kernel H(a) and additional contributions A(a) due to the conformal anomaly. These two
terms can be separated by a similarity transformation

H=U"'HU, Sig=U"'S.,U. (3.1)

Note that H and H obviously have the same eigenvalues (anomalous dimensions). Going
over to the “boldface” operators can be thought of as a change of the renormalization
scheme,

[O(21, 22) v = U [O(21, 22) 5s- (3.2)



The “rotated” light-ray operator [O(z1, z2)]u satisfies the RG equation
(MO + B(a)u + H(a) = B(a)2.U - U™) [O(z1, 22)]ur = 0. (3.3)
Looking for the operator U in the form
U=¢, X(a)=aX® +a>x® 4 | (3.4)

we require that the “boldface” generators do not include conformal anomaly terms,

s =59, (3.5a)
_ 1
Sp =S +Asy =5 + (ﬁ(a) + 2H(a)) : (3.5b)
_ 0 _ g0 3 1
Sy =851"4+AS, =574 (21 + 22) | B(a) + 2H(a) . (3.5¢)

With this choice the generators S, on the subspace of the eigenfunctions of the operator
H with a given anomalous dimension «y take the canonical form with shifted conformal
spin j = 1 — 1+ 13(a) + tyn(a) so that the eigenfunctions of H can be constructed
explicitly. The evolution equation in this form (3.3) still contains, however, an extra term
B(a)d,U - U™t and is not diagonalized.

Since the evolution kernel commutes with the canonical generators S © and S(()O) we

can assume that X(*) commute with the same generators as well,
(59, x99 = [5§”, xM] = 0, (3.6)

whereas comparing eqs. (2.20c) and (3.5¢) yields the following set of equations:

[Sf),x(l)] — zle(l), (3.7a)
1 1
(S0, X)) = 2128 + [XD), 21 + 2] (50 + 2H<1>) +5[xWz2a0] 3)

These equations can be used to fix X! and X® from the known one- and two-loop expres-
sions for the conformal anomaly, A®) and A®) [15, 16], up to SL(2) (canonically) invariant
terms. In other words, the transformation U that brings the conformal generators to the
form (3.5) is not unique; there is some freedom and we specify our choice later on. The
one-loop result, XM, turns out to be rather simple whereas the two-loop operator, X, is
considerably more involved. Explicit expressions are presented in appendix B.

The rotated, “boldface” evolution kernels satisfy a simpler set of equations as compared
to egs. (2.23), as the terms involving the conformal anomaly are removed,

[S_(B), HWV] =0, (3.8a)
1
(S HC) = [HY, 21 + 2] <ﬁo + 2H(”> : (3.8b)

1S9 HO) = [HD, 21 + 2] (51 + ;H(2)> + [H®, 2y + 2] (50 + ;H(l)> . (38¢)



These equations are solved by

HO = H{!)

v’

mmzﬂg+TM<ﬁ+ H”), (3.9)

2
O = 10470 (51 12 ) 41 (G0 1 ) (1245197 (o 5HLD).

where Hl(llf\), are (canonically) SL(2)-invariant operators with kernels that are functions of
the conformal ratio (2.16) and the operators T commute with S and Séo) and obey the
following equations:

(S5, 10] = (B, 21 + 2],
S, T = [HZ, 20+ 22), SO T =[T0. 2 4 2] (3.0)

Similar to the X kernels defined as the solutions to eqs. (3.7), the T kernels are fixed by
egs. (3.10) up to SL(2) (canonically) invariant terms. Explicit expressions are collected in
appendix C.

Note that the expressions for the perturbative expansion of the evolution kernel in
eq. (3.9) can be assembled in the following single expression:

_ 1 1 . 1
Bla) + 5H(a) = {11 — 5 (a1 +a? (T + TV Hipy (a) ) +O(a3))} (/3(@ + 2Hinv(a)>.
(3.11)
Finally, adding the contributions from the rotation matrix U = exp{aX(!) 4+ a2X® 4 ..}
we obtain the following results for the first three orders of the evolution kernel in the
MS scheme:
HD — g» — gW

v’

H? = H® 4+ [H( )7x(1)] _ H.(2) (,B 4 Hl(i\)/) [H(l) x( )]

nv nv?

HO) = HG) + [H(Q),X(l)] + [H(l),X( ] + ,{H ,(X(l))Q}

2
1
= Hi + T </3 +5 Hf§3>+T (5o+ an3> +(T(2>+2( ))(5 +5H )>
(2)]

1nv’ I

[H(2) XM 4 [’]I‘(l)H(l) x( )] [H(l) X(Q’l)]Hi(IR+

nv?’ nv? v’

_|_50<[']1‘(1)7x( )]—l—[H.(l) X(Qvl)]) HH(I) X(l)],X(l)]

nv? nv?

[H]
;(”W“ﬂ (3.12)

nv?

where all entries are known except for the SL(2)-invariant part of the three-loop kernel
H® that has yet to be determined. Explicit expressions for the X and T kernels are given

mv ( )

v can be

in appendix B and appendix C, respectively.! The SL(2)-invariant kernels H;

!The X® kernels with an extra index, X§2)7 X2 and X2, correspond to different contributions to
X® as described in appendix B.



written in the following general form
1 _
@
L) f (21, 22) = T, / da= (2f<z1, 22) = (28, 2) = f(21.28) ) + X8 f (21, 22)

/ do [ 5 () + X5 () 1o ). (3.13)

Here 2§, is defined in eq. (2.10), 7 = af/(aB) and Pj2 is the permutation operator,
P1af(z1,22) = f(22,21). Tcusp is the cusp anomalous dimension which is known to the
required accuracy [6]:

') —40p,

cusp

67 w2 5
@ _—q 2oy 2
cusp 6 [CACF (36 12) 18nfCF] N

245 6772  11x?t 1 209 571'
3 —e4|C2 aro 2R 2 2 il bt
cusp 6 |:CACF 96 216 + 720 24C3 +CACFTLf2 216 + Cg

55 1,
S . 14
The LO expression (2.13) corresponds to

) =20, X () = ~4CF, X (1) =0. (3.15)

The two-loop constant term x((]2) and the functions X1(1'21\)/ (1), Xﬁl(f ) (1) are given in appendix A.
The three-loop expressions will be derived below.

Note that the expression for the two-loop kernel in eq. (3.12) differs from the one
derived in ref. [15] where the non-invariant part is written in form of a single expression.
The representation of the non-invariant part of the two- and three-loop kernel as a product
of simpler operators suggested here seems to be sufficient and probably more convenient

for most applications.

4 Reciprocity relation
The eigenvalues of H*)
H® (2 — 29)Y = /B (N) (21 — 20)Y (4.1)

correspond to the flavor-nonsinglet anomalous dimensions in the MS scheme that are known
to three-loop accuracy [6]. Note that our definition of the anomalous dimension ~*)(N)
differs from the one used in ref. [6] by an overall factor of two. In addition, in our work N
refers to the number of derivatives whereas in [6] the anomalous dimensions are given as
functions of Lorentz spin of the operator. Thus

&) (N =28 (N +1 . 4.2
7 ( ) this work i ( + ) ref. [6] ( )

~10 -



®3)

One can show that the eigenvalues of the invariant kernels H;

H (21— 22)Y = 2 (V) (21— 22)" (4.3)
with a “natural” choice of T operators specified in appendix C satisfy the following sym-
metry relation: let jy = N + 2 (conformal spin); the asymptotic expansion of 71(112 (N) at
large j — oo only contains terms symmetric under the replacement jy — 1 — jn. Note
that this symmetry does not hold for the anomalous dimensions () (N) themselves.

The argument goes as follows. As well known [28], conformal symmetry implies that
the evolution kernels can be expressed in terms of the quadratic Casimir operator of the
symmetry group. As a consequence it is natural to parameterize the anomalous dimensions

in the form

_ 1 . _ 1
o) = £ (V424 5@+ 5200) = £ (in + B+ ). (@)
It has been shown [18-20] that the asymptotic expansion of the function f(j) = afM(5) +
af®@ (j)+... at large j only contains terms that are symmetric under reflection j — 1 — j.
In all known examples the f-function also proves to be simpler than the anomalous dimen-

sion itself. Expanding both sides of eq. (4.4) in a power series in the coupling one obtains?

FO ) =), (4.5a)
2
12 =) = gz (Bt 5100 =220 (Bt 5300 ) 757V 0) . (@4.5b)
79 ) =29 (Bt 320 ) 27V~ (ﬂoJrlv(”(N))Q L0 Gix)
2 dN 2 2 dN?
- (ot 3100 V). (450

so that the values of f*)(jy) are related to the anomalous dimensions at the same order
of perturbation theory up to subtractions of certain lower-order terms.

Let us compare this expansion with the relations between the eigenvalues of H*)
in eq. (4.1) and of the invariant kernel Hl(rlf\), in eq. (4.3). Using eq. (3.12) and explicit
expressions for the eigenvalues of the T kernels in eq. (C.6) one obtains (note that the

commutator terms do not contribute to the spectrum)

TI(N) =30 (V).

inv

W) = A2 + (B -+ 370W)) A,

> N Vv
2 12
B A — ~B) 1 @ d 1 1 A
YO =2 QW)+ (81+ 320 ) ) + 5 (o + 30 ) i)
1 d 1(d _man)
+ (B0t 30 ) | ol + 3 () | (4.6

2See also ref. [17] for a derivation in terms of the corresponding splitting functions in 2-space.

- 11 -



Comparing this expansion to the one in eq. (4.5) we see that

FPGn) =18V . (4.7)

In other words, the QCD anomalous dimension in the MS scheme can be written in terms
of the eigenvalues of the invariant kernel as

V) = (N 424 Ba) + 10, (1)

and the asymptotic expansion of vin,(N) at large N only contains terms invariant under
the reciprocity transformation jy = N +2— 1 — jy = —N — 1 [18-20].

This relation implies a certain condition for the choice of T kernels which appears to
be natural in the first few orders of perturbation theory, see appendix C.

5 Three-loop invariant kernel Hl(m),

®3)

v takes the form

The three-loop invariant kernel H;

1 _
me(zlazQ) F((:?l?sp/ dag<2f(21, z2) — f(212, 22) — f(zhz%)) + X(()g)f(21,z2)

/ do [ a5 (32 4 XD (0Biz) et ). (5.1)

The three-loop cusp anomalous dimension I‘((;i)sp is known (3.14) so that our task is to
(3)

determine the constant x;~’ and two functions of one variable, XI(I?\),(T) and X]f;(f) (7). This

can be done by using the information on the spectrum of Hiiv

H) (21 — 22) =45 (V) (21 — 22)V (5.2)
where
Yl (N) =+(N) - (61 + ;%WN)) %%”(N) - (60 + ;%”(N)> %fy(z)(zv)
2
+% (Bo + ;%”(M) (dcjiv DN )) (5.3)

can easily be calculated from the known one-, two-, and three-loop flavor-nonsinglet anoma-
lous dimensions [6].
(3)

The constant term x; " in the invariant kernel (5.1) corresponds to the constant term
in the large- IV asymptotic of the anomalous dimension

FE(N) =218 [e(N +2) —v(@)] +x§ + 0(1/N?) (5.4)

- 12 —



and is straightforward to obtain. Using the expressions from ref. [6] we find

W = 3176, 1672n"  239547% 13454
= Cr [ G = 32065 + 57 s T
752 12874 345272 6242 32 807?170
C - —=(— - Crn3 | =G — —— + —
* F”f[ 0% 135 T sl 27}+ an[9<3 81 +27]
Ci4 [ 16 2 9464 3227% 2715872 28789
+ N | G + 7C3 —560¢5 + T R
Cpng 1072 ¢ 27r 18167r 2752
N, s 81 27
Cr [3632 317r4 771272 7537
— — 80 - 5.5
+N3_9C3 ERENT 81 +18} (5:5)

P(3)

The calculation of the functions X( )( ) and ;. (7) is much more involved. As usual one

has to consider even and odd values of N separately. We write
3 3+ 3—
T (V) = i (V) + (1), (V). (5.6)

so that the combinations 'y( +) (N) :l:fy( -) (N) correspond to the eigenvalues of the invariant

m mv
kernel for even (odd) N. Using the representation in (5.1) one obtains

AED(N) = 208 [ (N +2) ~ (@) +x P + / da / XD (1—a—p)Y,  (5.7a)

’Ymv /da/ dﬁxmv (1—a—pB)N. (5.7b)

These relations can be inverted to express the kernels as functions of the anomalous di-
mensions [15]

1 c+100 1 47
) = o [ AN @ +3) 880 P ( ) ,

2mi —1700 1—7
1 ct+100 1 +
X () = 5= / dN (2N +3) 27 (N) Py < T) : (5.8)
T Je—ico 1—7
where
AYED(N) = 8D () — 2T @) [w(N +2) — ()] — X, (5.9)

and Py, is the Legendre function. All singularities of the anomalous dimensions have to
lie to the left of the integration contour.

The algebraic structure of the three-loop anomalous dimension ’yi(iz(N ) [6] is, unfortu-
nately, too complicated to do the integrals in (5.8) analytically. We, therefore, adopted the
following strategy: we will provide analytic expressions for the terms that correspond to

(W) —v(2)*

1. the leading contributions ~ TG=1)

, J = N + 2, to the large-N expansion of the
anomalous dimensions,

2. the contribution of the leading singularity (pole at N = —1) in the complex plane.

The remainder will be parameterized by a sufficiently simple function with a few fit
parameters.

~13 -



5.1 Splitting functions

It turns out to be advantageous to use the representation for the anomalous dimensions
in terms of the splitting functions. The three-loop splitting functions are available from
ref. [6] and involve harmonic polylogarithms (HPL) up to weight five, see ref. [29]. Using
this result and eq. (5.3) it is straightforward to calculate the splitting functions for the
invariant kernels such that

1
W) == [ dea B @), (5.10)
0
The “plus” function can be written as
G () = 200 = = () — 208)0(1 — @) + AHG (a), (5.11)

cusp (1 _ $)+

where the first two terms are related to the logarithmic and the constant contributions in
the large-N expansion of the anomalous dimension, cf. (5.7a) and for Hl(nV )( ) there are
no such terms, cf. (5.7b). The symmetry property under jy — 1 — jy for the eigenvalues
of the invariant kernel is equivalent to the Gribov-Lipatov reciprocity relation for the

corresponding splitting functions

AP (2) = —2AHPP (1/2). (5.12)

mv mv

We want to find a parametrization for the splitting functions consistent with the reciprocity
relations (5.12) and separating the leading contributions at * — 0 and z — 1.
To this end, let us define the set of functions ¢k (x) such that

/01 dr 2?72 ¢p(x) = <j(j1_1>>k+1 . (5.13)

They can be constructed recursively,

@ =1-2.  a@= [ f@ {€)60(w/). (5.14)
so that
$1(x)=—-22—(1+2z)lnx,
po(r) =22° + (3 + ) Inz + (1 +z)In’ 2, (5.15)
where here and below
z=1-ux (5.16)
We write the splitting functions as
AHSD (@ Z B g ( '+ 200 (5) + 0l @),
HE ) (2) = Z B (@) + 2087 +6HE (), (5.17)
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Figure 1. Left panel shows the ratio (SHi(fv+ )(x) Hi(ff )(x) (dashed curve) for exact splitting func-

tions and the error in using the approximation (5.22), (5H-(3+)|ﬁt — (5H-(3+)|exact)/H<(3+) (solid

curve) for ny = 4. The shaded area indicates an error band of 0.5%. The similarly defined approx-

imation error for the combinations H(*) 4+ H(~) (dashes) and H*) — H(=) (solid) which give rise
to moments with odd and even N, respectively, is shown on the right panel.

where the addenda, (SHi(r‘?’V+ ) (z) and 5Hi(rif )(x), do not include, by construction, terms
Infz, k > 1 (for + — 0) and ZIn*Z, k > 0 (for z — 1). The maximum powers of
the logarithms are found by inspection of the known analytic expression. Thus, with

normalization constants H, SE

SHGH) (@) = O@F), 5H.(3i)(a:) = HE +0O(x), (5.18)
T

inv 1 inv

or, equivalently, in moment space,

mv

1
SBEE(N) = - /0 dz 2N SHEH (2) (5.19)

vanishes as 1/N* at large N and its only possible singularity at N = —1 is a simple pole.
The constants B,(fi), C,ggi) are collected in table 1 where, for completeness, we also
repeat the expressions for X(()S) (5.5) and F((;i)sp (3.14). In all cases we show the coefficients

for the following color decomposition:
Ct

F = C?:F<1> + C%an<2> + CFn?cF@) + FF<4> + N

Crn C
a fF<5>+N—1;F<6>, (5.20)

where F = A,(:’i), B,(cgi), Xég)a ng)sp'

The remaining terms (5]'{1(33E ) (x) contain the whole algebraic complexity of the full result

but numerically they are rather small. For illustration we show the ratio 0 H. -(3+)(x) JH. -(3+)(x)

mv mv

for N. = 3 and ny = 4 in figure 1 (dashed blue curve on the left panel). One sees that
sHE) () contributes at most 6% to the full splitting function in the whole range 0 < z < 1

mv
so that for all practical purposes it can be approximated by a simple expression with a few
parameters.

Due to the reciprocity property (5.12) the functions §H. -(3i)(x) can be parameterized

mv
in the form

SHPE (1) = 7 hy (2/72). (5.21)

mv
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(3 3
Xo 3) gu)sp
3 3176 ~ 1672n* 2395472 13454 352 1960 214472 1767
Cy 9 (3 — 320G5 + 135 &1 T 9 G+ 7 T 15
2 752 12874 345271' 6242 128 2662 1607r
Crny B R R 5 S — T — 3G T
2 8072 16
C? 2
Ni _16‘; G+ 94964 (3 — 560Cs + 3227r 271851877 + 28789 352 G+ 1960 21447r + 1767r
Crny 1072 2 1816 2752 112 836 8
“N. —=5 G~ I5 + i 27 _TC’ — 37 t
Cr 3632 ~ 31zt 771272 | 7537 88 490 53672 | 44nt
N2 5 (3 81 T 18 53t 57 T 45
B{3+) B§3+) B§3+) B£3+) C(()3+) CF’H
2 2 < 2 4
Cfg 7% o 40‘(;1 20 — 16; 0 0 352< + 70768 34;5;77 + 17fgr _ %
2 28 1672 128 11966 25677 16
Cpn} 0 0 0 0 & 0
c3 1886 _ 52m2 | 3632 1672 520 352 74428 _ 3488~? 17674 | 1672 376
A e s B R B 2 e ot |3 T3
Crny 512 _ 8x2 400 16 0 112 5932 128772 8
N. 5 9 —5 |3 — ey —3
Cr : 3272  76x2 | 1816 _ 16x2 | 176 | 88 17902 _ 836m2 | 44rnt 8r2 196
N2 —112G + 55 9 9 3 3 24 3G+ St 3 3
(3-) (3-) (3-) (3-) (3-)
By By B3 By C’0
Ccz —128(5 + 7288 5272 3632 3272 | 520 64 88
N. 3 9 9 9 3 3 3
Crny 1672 _ 488 _ 400 _16 0 _8
Ne 9 9 9 3 3
Cr _ 3860 | 16472 | 1816 | 44x? _ 176 _ 44
N2 112G + 5= + 75 9 T 3 24 3

Table 1. Cusp anomalous dimension ng)gp (3.14), constant term X (5 5) and the coefficients
B,(ng[)7 C,ESi) (5.17) in the splitting function representation of the invariant kernel.

We choose the following ansatz

ha(t) = HE 2% (1+ byt > (5.22)

Ot—|—ai t+ ast

where a4+ and b4 are fit parameters and the normalization constants HOi are determined
analytically from the condition 6H(3i)( ) =, HF + O(z) (5.18). The fitted values of the
T—

mv

parameters a+ and by for the different color structures can be found in table 2. With this
simple parametrization we reduce the deviation from the exact splitting functions to less
than 0.5%, see figure 1.

5.2 Mellin transformation

The following Mellin representation of the kernels Yiny(7) and %, () proves to be useful
in order to restore them from the splitting functions and allows one to write all terms in
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Hf a4 by
) 272 _ 28r% _ Gdnt 02263 | 0
C2ny 32 _ 16n° 0.5340 0
]CV% —368es 992 4 176x% 4 At | (05174 | 4.116
Sy 3% | 286 _ 8x2 0.09626 | —1.526
g% — 826 136 4 MOn? 4 87 | 006595 | O
Hy a_ b_
% 128¢3 — 24 — 200n% 1 2878 | () 4040 | —0.7986
C]szlf 1767° _ 16¢, 0.1252 0
% 64y — 24 — 12087 4 T8 1 99206 | —1.077

Table 2. Values of the parameters in the ansatz for SH2) (z) (5.21), (5.22).

mv

the form that automatically respects the reciprocity relation:

c+i00
=5 [ ko) /) (5.230)
1 T
W) = [ sy . (5.230)

The integration contour in the first integral, (5.23a), must be chosen in the analyticity
strip of the second integral, (5.23b), (the strip where integral converges). Making use of
this representation one obtains

1 c+ioo _ P(jN—l—p)
AVBH (V) = / do v (21 + p)IN =~ P 5.24
’.Ylnv ( ) 27['1 oo pxlnv(p) ( p)F(jN+1+p)7 ( a)
c+100 .
(B=) Ay — 1 / “P(3)( 12 L(jn —1—p)
BNy = — do ¥ T2(1 + , . 5.24b
iy (V) = 5 X (PI( p)r(]N 11, (5.24b)

Since for large jn the ratio I'(jxy —1—p)/T(jn + 1+ p) ~ j;,Q(Hp), the asymptotic expan-
sion of the integrals in eqs. (5.24) at jy — oo can be obtained by moving the integration
contour to the right and picking up the corresponding residues. It is easy to check that
if the only singularities of the Mellin-transformed kernels X(p) in the right half-plane are
poles (of arbitrary order) at real integer values of p, then a generic term of the asymptotic
expansion of the anomalous dimensions has the form

(Y(in) — @)™
(n (v = 1)k 7
which is required by the reciprocity symmetry under the jy — 1—jy transformation [18-20].
Under the same condition (Y(p) only has poles at integer p values in the right half-plane),

k>0m2>0,

17 -



the kernels x(7) at small values of the conformal ratio have the expansion
= Z ChmT" In™ T
km
The Mellin transform of the one-loop kernel is very simple:
1 — _4c X = —4Cp |27is 2
Xinv = F A Xinv = F|aTt (10) : (5 5)

More examples are collected in table 3, see appendix A. One finds that the Mellin space
kernels have a rather simple form, while the corresponding anomalous dimensions can be
quite involved. Also the two-loop evolution kernels in Mellin space are given by rather
compact expressions, see eq. (A.3).

If the anomalous dimensions are written in terms of the splitting functions, eq. (5.10),

mv

o, / dr 2V HE ) (), (5.26)

the corresponding Mellin-transformed invariant kernels can be calculated as

Wi =2 o L (152) (&) (5.27)

and similar for 521111(5 ) (p), with the replacement Hl(fj )(;1:) — Hl(nv )(:c) The kernels in 7
space can finally be obtained by the inverse Mellin transformation (5.23a). We found this
two-step approach to be the most effective for the three-loop case.

For the remainder function §H. (3

+) . . L
oo’(x) written in the form (5.21) one obtains in

Mellin space

~4) v T(2p+2) / > -1
5Xinv (p) - F2(1+p) 0 dth:l:(t)t y (528)

and for the simple ansatz in eq. (5.22)

5~(3:|:)( ) _ _F(Qp—l— 2) 7T

. HF(1 P 2
inv FQ(I +p) sin(wp) 0 ( +bip)ai (5 9)

Using eq. (5.23a) we finally obtain the following expression for the corresponding contri-
bution to the invariant kernel

Hy
(1+4ay7/7)

oxia () = 572 [1+aﬁ: (4 - 6bi)} — HF. (5.30)

We also need the expressions for the functions ¢y (5.14) in p- and 7-space defined as

ér(p) = —m/ol d:ccbk(x)% (ii) (;2>p_/0 i: (7/7) op(t).  (5.31)
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One obtains

d1(p) = =/ (psinp),

$a2(p) = b1 (p ;
i) (~22 400 - ),
o

52+ A=y - 2], (5:32)
and
01(r) =In7 = Hy (—;) )
w2(1) = —1(7) + Hox (——) =—In7+Liy (—7/7) ,

e3(7) = =22(2) = Hror (—= ) = 21 (=2 ) = 2Hor (== ) = Huor (-~ T) ,
=2In7 —2Lis (— T/T)—2<L13( ) — Lis(1 )) +In7 (ng(

Pa(7) = ~3¢a(r) — @2(r) — Howon ()

= —5H; (-2) + 5Ho1 (-2) + 3Him (-2) — Ho101 (-2) , (5.33)
T T T T

@\H
ll

\_/\]\

l
6

where H), ,(z) are harmonic polylogarithms, see ref. [29].
With these expressions at hand, our result for the invariant kernel (5.1) is complete.
We obtain

4
S =3B () - cF + o [n(r/m) + 2] + xS (),

11

() =3B Dpn(r) — 87 + xS (), (5.34)

mv
where the functions ¢y (7) are defined in eq. (5.33), the coefficients B,(:’i), C’,ggi) can be
found in table 1 and the parameters for 5)(5][?1",i ) (1) (5.30) are collected in table 2

For illustration, in figure 2 we compare the full NNLO invariant functions
x(a) = ax® + a?x® + a®x®) with the NLO, O(a?), and the LO, O(a), results for a typ-
ical value of the coupling as/7m = 0.1 and, for definiteness, ny = 4. In the same plot the
NNLO results using the exact three-loop functions obtained by the numerical integration
of eq. (5.8) are shown by dots. One sees that the accuracy of our parametrization is rather
good. The remaining entries in the invariant kernel are, for the same values ny = 4 and
as/m=0.1,

Ceusp = al' M (1 4 8.019a + 80.53a + ...) = al'V(1 + 0.2005 + 0.0503 + .....)
xo = ax{’ (1= 0.7935a — 141.3a2 + ...) = ax V(1 — 0.0198 — 0.0883 +...).  (5.35)
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Figure 2. Invariant functions yiny (7) (left panel) and x},(7) (right panel) for ag/m = 0.1. The
LO result (short dashes) is shown together with the NLO (long dashes) and NNLO (solid curves).
The NNLO results using exact O(a?) functions obtained by the numerical integration of eq. (5.8)
are shown by black dots for comparison.

6 From light-ray to local operators

Light-ray operators are nothing but the generating functions for the renormalized local
operators so that the mixing matrices for flavor-nonsinglet local operators can be calcu-
lated, in principle, by evaluating the evolution kernels on the test functions of the form
f(z1,22) = 2725 cf. (2.2). The results in this form are required for several applications,
e.g. the calculation of moments of the distribution amplitudes and generalized nucleon par-
ton distributions using lattice QCD techniques where the precision is increasing steadily
and in some case already now requires NNLO accuracy [5].

Instead of using mixing matrices for the operators with a given number of left and right
derivatives, as in eq. (2.2), it proves to be more convenient to go over to the Gegenbauer
polynomial basis. To the leading-order accuracy these operators diagonalize the evolution
equations. Apart from convenience, writing the results in this form will allow us to make
explicit connection to the formalism and notations used in [13] where the NLO expressions
have been presented in this basis. We will see that the local operator formalism has its
own advantages, e.g., solving the conformal constraint (2.21) is significantly easier in this
language. Also the final step, reconstructing the invariant kernels from the eigenvalues,
can be completely avoided here, as they directly enter the anomalous dimension matrices
as diagonal elements.

Our goal is to translate the evolution kernels for light-ray operators into the anomalous
dimension matrices for local operators of the form

0 — 0z,

>n. Nl
9. T 0., , k>n (6.1)

Onk = (621 + 6,22)’“02/2 ( > O(Zl, 22)

z21=22=0

Here k is the total number of derivatives and the operator of the lowest dimension for given
n, Op = Opp, is a conformal operator (lowest weight of the representation of the SL(2)
group). Increasing k for fixed n corresponds to adding total derivatives.
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The operators O, mix under the evolution
o) o) =
- - = — ! ! . 2

The mixing matrix ~,, is triangular and its diagonal elements are equal to the anomalous
dimensions

Yoy =0 if 0’ >n, Yo = Yn - (6.3)
Since v,y does not depend on k, the second subscript £ is essentially redundant. In what

follows we will use a “hat” for the anomalous dimensions and other quantities in matrix
notation

:)7 = Ynn'! - (6.4)

The light-ray operator (2.2) can be expanded in terms of the local operators defined
in eq. (6.1)

(’)(x;zl,zg) = ZZ@nk(zl,zg)(’)nk(x) y (6.5)
n=0k=n

where the coefficients ®,(z1, 22) are homogeneous polynomials of two variables of degree
k [30]:

2n+3 TI'(n+2)

_ (0)\k—n _n _
Ppp(21, 22) = Wk (SL) 215, wnk_Z(k—n)!F(n+k+4) . (6.6)
These polynomials are mutually orthogonal and form a complete set of functions® w.r.t.
the canonical SL(2) scalar product (see, e.g., [30])
_ 1
<(I>nk’(bn’k’> = 5kk’6rm’|’q)nkH2 = 5kk’5nn’ wnkpnl , Pn = *(n + 1)(n + 2)' (67)

2

so that the local operators (6.1) can be obtained by the projection on the corresponding
“state”

Ok = Pt Pkl O(21, 22)) = pu((S4)" " 215|021, 22)) - (6.8)

The (canonical) conformal spin generators Sio ) act as rising and lowering operators on this

(

space whereas S’OO is diagonal
S @k (21, 22) = (k + 2@k (21, 2)

SO, (21, 20) = (k—n+ 1) (n+k + )i (21, 22)
SO (21, 20) = — Bpi_1(21, 22) - (6.9)

Thus the set of coefficient functions ®,, (21, 22) for k& = {n...o0} forms an irreducible
representation of the SL(2) algebra, which is usually referred to as the conformal tower.

30ur notation in this section is adapted to facilitate the comparison with ref. [13] and differs from the
notation used in [30]. In particular the functions @, defined in (6.6) correspond to @, x—r, in [30].
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Let A be a certain operator A acting on quantum fields. Its action can be realized
by the expansion in terms of local operators with “matrix elements” serving as expansion
coefficients

(A, O] =Y ARK, O . (6.10)
/k/

Alternatively one can represent A by some integro-differential operator A acting on the
arguments z1, z2 of the light-ray operator O(z1, 22) and, by means of the expansion (6.5),
on the coefficient functions,

[A, O](21, 22) Z‘Pnk 21,22) D ANE) O = [AO)(21,22) = > _[A®](21,22) O -
n'k’/ nk
(6.11)

Comparing the representations in eqgs. (6.10) and (6.11) we see that the action of A on the
coefficient functions of local operators is given by the transposed matrix

[A@nk](zl, 2’2) = Z A%i@w;y(Zl, 22) . (6.12)
n'k’

Using the orthogonality relation (6.7) one obtains
ARy = 11Dkl |7 ( @k (21, 22) [[Arpe] (21, 20)) = (k| Aln'E) (6.13)

which is the desired conversion, for a generic operator, between the light-ray and local
operator representations.
The “matrix elements” AZIZ,' depend in general on four indices. However, if the operator

A has a certain (canonical) dimension, i.e [Séo),A] = daA, then its matrix elements
are nonzero only if the indices satisfy the constraint da = k — k’. This reduces the
number of independent indices by one and allows one to write Afllf;, = A (k)Ok o/ dy -
If, in addition, the operator A is invariant under translations, i.e. [S_, A] = 0, then it

follows from egs. (6.9) that the matrix elements Aﬁ’;’, = A,y do not depend on the upper
indices at all.

Constraints on the operator mixing in the light-ray operator representation that follow
from conformal algebra take the form (2.21)

(5 H(a)] = [H(a), 21 + 2] (B(a) + ;H(a)> + [H(a), 212A(a)] . (6.14)

To translate this equation into the local operator representation, we define the matrices

amn(k) (m, kS |n, k — 1),
(k‘) (m, k|z1 + 2z2n, k — 1),
= (m, k[H|n, k),
Winn = (m, k|z12An, k— 1) . (6.15)
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The first two matrix elements are easily computed,

amn (k) = —(m — k)(m 4+ k 4 3)0mn = —a(m, k)dmn ,
bin (k) = 2(k — n)dmn — 2(2n + 3) 9,

where we introduced a discrete step function

1if m —n > 0 and even
19mn:

0 else.
The remaining two are nontrivial and can be written as a perturbative expansion
N . . N Q
(@) =y +a*3? +a*30 4 a=

w(a) = aw® + a?>w® 4+ ...

Eq. (6.14) becomes in matrix notation

(6.16)

(6.17)

(6.18)

Note that the matrices a(k) and b(k) (6.16) depend in principle on the total number
of derivatives k. However, due to the fact that only diagonal elements depend on this
parameter, the dependence on k drops out in the commutator. Hence we can safely omit it.

In complete analogy to the light-ray operator formulation, this equation fixes the non-

diagonal (i.e. canonically non-invariant) part of the anomalous dimension matrix. Indeed,

the commutator on the Lh.s. of eq. (6.18) takes the form
@, 5(@)lmn = (—a(m, k) + a(n, k))ymn = —a(m, n)ymn

so that the non-diagonal elements of the mixing matrix are given by [§]

P0) =6 {551 (330 + 50)) + Bla) (]}
where

an
a(m,n)’

G{M},,, =~

In particular to the two-loop accuracy

~ ~1) o (1A (1) ~
FON = g {[7(1),b] <2'7(1) + Bo) + [7(1),W(1)]} :

Here '7(1) is the well-known (diagonal) matrix of one-loop anomalous dimensions

2
) 05— 95,C <4s . __3>
T = P ) - e )

~ 93 -

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)



and w1 is the one-loop conformal anomaly

(6.24)

mn ~

wl)' — 4Cp(2n + 3) a(m, n) (Amn = Si(m + 1) 2Amn)> P s

(n+1)(n+2) a(m,n

where
) _ s (W) +2Si(m—n—1)—Si(m+1).  (6.25)

Collecting everything one obtains the two-loop anomalous dimension matrix:

(1 @
(2)

s @ _dm O] 50 1w (1) 9
WA mn Yy a(m.n) { (2n + 3) 50-1-27” Umn + Wenh 0 (6.26)

The first few elements (0 <n <7, 0 <m <7) for N, = 3 are

0 o 0 0 0 0 0 0
0o BB 0 0 0 0 0 0
260 34450
B 86068 243 524(1)914 0 0 0 0
7(2) = 502 s 85012 50570 6620846 ’ X "
mn
H 12(?692 243 2610232 5 833603254 ! X
0 8505 0 7875 0 385875 0 0
_ 2054 0 34243 0 2208998 0 718751707 0
14175 2025 70875 3087000
0 226526 0 982399 0 7320742 0 557098751203
35721 55125 250047 2250423000
00 0 0 0 0 0 0
0 2 0 0 o0 0 0 0
Yoo 8 0 o0 o0 0 0
0 5 0 22 0 0 0 0 or
] 104 0 los4 5 3u32 0 0 (6.27)
© 1144 0 232 2020 1712476
0 %7 0 165 0 99225 0 0
4108 0 242 0 1804 0 3745727 0
2835 135 945 198450
0 23712 o 506 2860 o 36241943
1701 315 1701 1786050

Our expressions for the one-loop conformal anomaly and the two-loop anomalous dimension
matrix coincide identically with the results in [13].*
Expanding eq. (6.20) to the third order, we obtain the three-loop nondiagonal anoma-

lous dimension matrix in the form

~ 9 =~ (1. (2) ~ 1) ~ (1. ~(1) ~
39N — [50.5] (370450 + 525V + BB (33746 ) + B, %}

2
(6.28)
4The explicit relation. to the notations in [13] is as follows: a(k)|1s = —32a(k), B(k)hlg] = B(k),
W(l)\[lg] =—-w®, and ﬁ[(f;] = 2'30=D A perturbative expansion in [13] is done in powers of a;/(27), e.g.,

(@) = ¥,(20)57Y.
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In addition to the already known quantities, this expression involves the matrix element of
the two-loop conformal anomaly (B.6),

wid) = (m, k2280, b~ 1) = 1177, 5] + Awf2) (6.29)
where
Aw®) = (m, k|28 |n, k — 1) . (6.30)

The explicit expression for the operator Af) (B.7) can be found in [16]. We have not found
a closed analytic expression for the matrix Awg%, but the values for given m,n can be
evaluated in a straightforward way.

Splitting the result into different color structures,

AW = CZAw? + %A\?v“ + BoCrAWPT,

c

we get for the first few elements (0 <n <5, 1 <m <7)

0 0 0 0 0 0
— 0 0 0 0 0
0 —305 0 0 0 0
~FA_ 679 58723
Aw= 0 70399 720 7204339 0 ! ,
0 T 790 0 " 76000 0 0
1070777 0 12001 0 123357091 0
16800 96 756000
0 _ 22074677 () _ 101507627 0 308384869
211680 588000 1481760
0 0 0 0 0 0
— 296 0 0 0 0 0
1176553
P 14(())959 - 10800 735(3)7709 ! ! !
i 9000 752(2)8391 - 36000 2111299581 0 0 ’
0 ~ 7617400 0 ~ 76860000 0 0
68372343 0 5045910661 0 307457793929 0
5488000 21168000 740880000
0 99911324293 0 808931234579 0 2942615103467
800150400 2222640000 5601052800
0 0 0 0 0 0
35 0 0 0 0 0
1855
- 0 5P 0 0 0 0
Awtr =1 o B 0 0 (6.31)
0 2281 0 146839 0 0
6459 390313 2552407
100 0 0 3500 0
0 202829 (4798313 0 14365013
1764 24500 61740

Using these expressions and the diagonal matrix elements from [6] we obtain the full three-

loop anomalous dimension matrix

~(3) _ 3) (3 ~(3) ~(3) 2 ~(3)
7' = diag {70 N s } Y0+ Vg T Y2y 0 (6.32)
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where the off-diagonal matrices for N. = 3 and different powers of n in the range 0 <n <7,

0 <m < 7 are given by the following expressions:

0 0 0 0 0 0 00
0 0 0 0 0 0 00
49024 0 0 0 0 0 00
A3 _ 0 e 0 0 0 0 00
(1) — 3911 0 23599891 0 0 0 00 ’
207 8049304723 36850 320657981731 0 0 00
281851388261 312%5875 208052194247 520981250 21898269506047 0 00
7501410000 714420000 37507050000
0 7192640196053 0 159898280729473 0 220023775251709 0 0
56710659600 525098700000 396974617200
0 0 0 0 0 0 00
0 0 0 0 0 0 00
— 2870 0 0 0 0 0 00
~3) _ 0 — 5702158 0 0 0 0 00
Yoo T| wmmos o7 s 0 0 oo
0 _ 849255644 0 __ 516077668 0 0 00
_ 54942827 18753525 _ 636248861 pT88125 _ 77507831071
2500470 0 13395375 O 937676250 0 0 O
0 _ 1660976917 0 _ 7496172461 0 _ 36406093529 0 0
67512690 156279375 472588830
0 0 0 0 0 0 00
0 0 0 0 0 0 00
0 0 0 0 0 00
3172
<53 _ 0 1215 0 0 0 000 6.33
TSm0 mmo0 0 0 00 (63
187412 22012
55(1)69 178605 10293 11025 1769539 O O O
0 0 0 00
89?8)25 726193 9%50 681503 99(2)25 515359 0 0
1607445 595350 321489
For completeness we also write the first few anomalous dimensions [6]:
7 =0,
3y 2560 Gt 11028416 (2560 G+ 334400 1792 ,
TR BT T 6561 97 37T o187 )" T a9 M
(3)_ 2200, 64486199 (4000 ot 967495 2569 ,
T2 T TR ST Tog044 27 T 4374 )" T a9 E0
(3 11512 245787905651 (5024 726591271 384277 ,
T30 405 0 82012500 27 > 733750 ) T 91125
_ 11312 559048023977 (5824 90842980\ 431242 ,
"7 405 ** T T 164025000 27 7T 7303750 ) Y T Tot125
(3 558896 - 10337334685136687 (45376 Gt 713810332943 _ 160695142 ,
5 7 19845 ° 2756768175000 189 > 2187911250 /) 4 31255875 1
(3) 185482 ot 59388575317957639 (16432 12225186887503 _ 1369936511 ,
6 7 6615 ° " 14702763600000 63 > 35006580000 F 7250047000 f°
(3) _

7

178605 8t 10718314664400000

5020814 46028648192099544431_ 158128 349136571992501 " —38920977797112
567 °°" 945177660000 ) ' 6751269000 7
(6.34)
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To visualize the size of the three-loop correction we consider the full NNLO nondiagonal

part of the anomalous dimension matrix for ny = 4 in the same range (0 <n <7,
0<m<T7):
0 0 0 0 0 0 00
0 0 0 0 0 0 00
11.1 + 179a 0 0 0 0 0 00
'A)’ND — 2 0 22.6 + 290a 0 0 0 0 00
—3.47 — 13.2a 0 24.5 + 297a 0 0 0 00
0 6.12 + 93.2a 0 24.3 4+ 291a 0 0 00
—5.94 — 49.3a 0 9.74 + 120a 0 23.5 4 282a 0 00
0 0.0764 + 35.6a 0 11.4+ 131a 0 22.6 +272a 0 0
(6.35)

For realistic values of the strong coupling a = a/(47) ~ 1/40 the three-loop contribution
is on the average about 30% of the two-loop result.

7 Conclusions

Using the two-loop result for the conformal anomaly obtained in ref. [16] we have completed
here the calculation of the three-loop evolution kernel for the flavor-nonsinglet leading-twist
operators in off-forward kinematics. The result is presented in the form of the evolution
equation for the relevant nonlocal light-ray operator. In addition we derive the explicit
expression for the three-loop anomalous dimension matrix for the local operators of di-
mension D < 10, i.e., containing up to seven covariant derivatives. In the latter form, our
result is directly applicable to the renormalization of meson distribution amplitudes and
will be useful for lattice calculations of their first few moments.

Practical methods for the solution of the three-loop evolution equations in more general
GPD kinematics still have to be developed. Our results can, in principle, be translated to
the evolution equation for GPDs by a Fourier transformation, although algebraic complex-
ities of this transformation may prohibit obtaining the analytic expressions. An alternative
method using the Mellin transformation in the conformal spin [31, 32] is very attractive
and it has become the standard tool in the NLO analysis of the DVCS [33-35] and deeply-
virtual meson production [36, 37]. The extension of this technique to NNLO was considered
in [33-35] in a special “conformal” renormalization scheme. The transformation to the con-
ventional MS scheme can be done using the results of our paper, but it remains to be seen
whether this works in practice without major complications. The NNLO analysis of the
DVCS data will, of course, require the extension of our results to flavor-singlet operators.
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x(r) | —%psin(mp)X(p) Y(N), n=N+1
In7 1 _m
Tl —h 253(n) — 263 + ey
Fln7 pSi(p) (—1)"{253(71) —48_51(n) + 25, (n) (25,2(7@) + %) ~ 4“3}
%7 Si(p—1) 7?32&?{)13 _ n((*nljz;) (28_2(71) - 7[;)
Lia(7) —S1(p) S (2520 + %)

Table 3. Mellin transformation (5.23) for several typical kernels and the corresponding contribu-
tions to the anomalous dimensions. Here Si(p) = ¥(p+ 1) —3(1).

A Two-loop invariant kernel

The two-loop constant term X(()Q) and the functions Xi(i),(T), X

nel (3.13) are given by the following expressions:

B(2)

. (1) in the invariant ker-

X = ;CF{BO (37 — 47?) + Cp (43 — 4n%) + Ni(% — 8% + 7243)} : (A1)

c

and

11 2 o2 2 1 1 2
Xi(7) = 4CF{—350+CF |:1H7_'—30+;r:| N (Lig(7)+2ln2%—71n%—7%+Z)},
4C

O (7) = (27— 2rn7). (A2)

The corresponding kernels in Mellin space take a rather simple form

N SR 2 %+l
Xlnv(p) CF{TO( 7”)6( Zp) pSiIl?Tp <CF+NC p(p+1) 7
_SCF ™

~P(2)
: = ~1 —1 A.
Xiny (P) N, psimp(p )S1(p—1), (A.3)
where
11 272 20 2 /8 2
- AR Y (e I 4
"o 35°+CF[3 3] Nc<3 6) (A4)

The following table of Mellin transforms in table 3 is helpful to arrive at this representation:

B X kernels

In this appendix we present explicit expressions for the kernels X*) appearing in the
operator of similarity transformation (3.1).
The one-loop kernel X(M) is defined as a solution to the differential equation (3.7a)

[S@,X(l)] = ZlgA(l) 5 (Bl)
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where A is the O(a) conformal anomaly [15]

]_ —
AW f(z1,29) = —2Cp /0 da (S +ma) [ f(sf.20) = f (21,55 (B.2)
The result reads
1
20 (o1, 22) = 207 ( [ a0 [2(r,2) = Ftz0) - fen550] + AR ) - (B3)

where AX&), is an invariant kernel (solution of the corresponding homogeneous equation)

which has the following generic form (cf. (3.13)):
(1) Ll
AXipof (21, 22) = Xof (21, 22) + Xl/ da— (Qf(?«’l, z2) = f(212, 22) — f(a1, 231))
0
1 a
+ [ da [T ap(axir) + Axp(r)Pi) Fo1 ). (B.4)

The choice of AX&), is a matter of convenience, e.g., it can be put to zero.

The two-loop kernel X() is defined as a solution to eq. (3.7b)

1 1
[SSB),X@)} = 2120 ¢ {X(l), z1 + 2’2} <50 + 2H(1)) t5 {X(l), 2’12A(1)} ; (B.5)
where [16]
@2 _ @ , e
z19\ = 212A+ + 1 [H ,21 + ZQ]. (BG)

The operator Af) takes the form
@ 1 &
AP (o1, = [ da [ d8[w(0,8) + (0 8P [ et ) = F(:10 551
1 1
4 /0 du /0 dt () [ (248 22) — (0. 240)]. (B.7)

Explicit expressions for the functions w(a, 3), w®(a, 8) and s(7) can be found in [16] (see
appendix C2).

The solution can be written as a sum of three terms corresponding to the three con-
tributions on the r.h.s. of eq. (B.5),

X = Xp? + Xy + Xy, (B-8)
where

2) _ 1
4

=550 (3« 1),

2

nv’

X2 = %[AX.(D x0] - %X(M). (B.9)
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The operators T(?, T are given in appendix C and X2 X(22) gre defined as solutions
to the following equations:

(S, XCD) = XU, 21 4 2], S, X)) = 2,40, XO]. (B.10)

One obtains

1 _
X@D f(z1, 25) = ch{— /0 do (S (1=X1) Ina-+In a )2/ (21, 22) = f (28, 22) — (21, 281)]

1 &
+/ da/ g In(1—a—f) (Ax(T)+AXp(T)IF’12>f(zf‘2,zgl)}, (B.11)
0 0
where X1, Ax(7), xp(7) are the entries in (B.4), and

X2 f (21, 22) =

! ' [lma (1
:40%{/ da/ du [na <ln@—|—2>+
0 0 « 2

[ [ 5[ 2000+ 0209)) 1o ) — o 80— et ) + o)

19(;)} [2]‘(21, z2) — f(213', 22) — f (21, zg‘f‘)}

S|

+ (Joe) + 90(8) ) f(z;g,zg)] } (B.12)
where
1 _ .
V(o) = —a<lnalna+2alna+2alna> ,
o(a) = 2( Lis(a) — Lis(0) ~ @ Lin(a) + na Liz(a)) + élnaln@ + %ma, (B.13)

1a 2 1
Ha) = g(Lig(d)—ln2 a) —§gln2o7—|— <a—a> Inalna— (3—!— )lna—(a—a) Ina—2.

a

el el

The operators X%i), X%) which originate from the two-loop anomaly Af) are rather in-

volved. We obtain
(2) ! u [!da au ou
K1) = [l [ o) (0] 21, 22) = 1685 20) = 1, 2519)
1
+/ daéia@)[2 (21, 22) = (25, 22) = f(21,281)] (B.14)
0
where »(«) is one of the functions entering the two-loop conformal anomaly (B.7) and
2 Qa . _ _ . _ 1 3 — . 1 _ 1 9 _
&a(a) = ZCFa —Lig(a@) + Ina Lis(a) + 3 In® @+ Lig(a) + —lnalna — Zln a
a
3 _
—_alna—Blna]—l—CFOna—i-alna). (B.15)
a N, oY

c

Finally

1 a
2311, 2) = O [ da [ a8|Cr el )+ - (b (0051668 (0,01 | £ )
(B.16)
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where

b (o, B) = =2 [L13<6¢)—Lig <1—%> +i [Lig(a)—Liz <%>] +1In7 Liy <1—%>

(07

1 _
+ glndlnﬁ—l—(a “~ 6)] ,
20
a

&h(a, B) =2 [Lig(,@)—2Li3(ﬁ)—Lig <1—2) —Lis (@) +In 7 Li (1—2) +In (é) Lis(3)
BInf +

(67

+ é <Li2(6) — Liy (?)) + 2éLig(ﬁ) + %lndlng + g

and

i, 8) =In(1 —a— B)In(r 7) — %1n3(1—oz—ﬁ)—}-Sln@lnB—lnozlnﬁ

+ [—6 Lig(@)—10Liz(a)+2Ina Lis(a)+6In o Lig(a)+Inaln @ (In a+Ina—2)

1 1 7 1 2 4

- 4ﬂ(LiQ(a)—LiQ(1)) —cfa-Zm?a+-Inla—=lnat—Ina+15na
« 3 « 2 o «

+ (a + ﬁ)} . (B.18)

. _ aﬁ
In all expressions 7 = a5

C T kernels

The T®) operators, k = 1,2, ... are defined as solutions to the differential equation (3.10)
(SO 1®) =\ 2 + ), (C.1)

inv?

where Hl(fg are the SL(2) invariant parts of the evolution kernel which have the general
decomposition as shown in eq. (3.13). This equation can easily be solved:

1 ~ln a
T0f(o1,20) = T, [ da™ 2% (Flathy2) + 71, 55)

0
1 a
+ [ Lo ["agn(1—a = 5) (R0 + P et ). (©2)

where the functions Xi(rlf\),, Xi(f ) for one loop, k = 1, and two loops, k = 2, are given in

egs. (3.15) and (A.2), respectively.
The T?) kernel is defined as the solution to

1S9 1) = [T, 2y + 29) . (C.3)

Using the explicit expression for T() = Tl(i‘), (2.13) one obtains after a short calculation
1

1
TgQ)f(Zl,Zg) = —2/ do
0

aln®a

(£(e22) + F(a1.2))

«
1 1 o
+2/0 da/o d61n2(1—a—5)f(zf‘2,z§1). (C4)
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We stress again that egs. (3.10) determine the T-kernels up to the SL(2) (canonically)
invariant parts. Our choice in (C.2) and (C.4) corresponds to the following condition on
(k)

the eigenvalues of these kernels: let 'yi(rlfg (N) be the eigenvalues of the invariant kernels H;

(corresponding contributions to the anomalous dimensions),
k) _N k N
Hi(n\)/’ZlQ = ,Yi(n\z(N)ZdZ : (C5)

It is easy to check that eigenvalues of the kernels defined in (C.2) and (C.4) are given by
the following expressions:

d
T(k)zljg = T(k)(N)Z{\é, T(k)(N) = deffg(N) )

1

2 2 2
TP = TP (=, TP = 557

(N). (C.6)
This choice is convenient for our present purposes as it leads to a certain symmetry of the
three-loop invariant kernel Hl(i"), that allows one to obtain somewhat simpler expressions,
see section 5.
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