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ABSTRACT: We present the results of a lattice study of the normalization constants and sec-
ond moments of the light-cone distribution amplitudes of longitudinally and transversely
polarized p mesons. The calculation is performed using two flavors of dynamical clover
fermions at lattice spacings between 0.060 fm and 0.081 fm, different lattice volumes up to
myL = 6.7 and pion masses down to m, = 150 MeV. Bare lattice results are renormal-
ized non-perturbatively using a variant of the RI'-MOM scheme and converted to the MS
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calculated. The chiral extrapolation for the relevant decay constants is worked out in detail.
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the values of the second Gegenbauer moments @y = 0.132(27) and a3 = 0.101(22) at the
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renormalization. Discretization errors cannot be estimated reliably and are not included.
In this calculation the possibility of p — 7w decay at the smaller pion masses is not taken
into account.
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1 Introduction

In recent years exclusive reactions with a large momentum transfer to a light vector meson
V = p, K* ¢ in the final state are attracting increasing attention. Prominent examples
are provided by B-meson weak decays, B — Vw, B — Vv, B— Vv, B— Vutu~, etc.
Their study constitutes a considerable part of the experimental program of the LHCb col-
laboration at CERN [1] and the future Belle IT experiment at the upgraded KEK facility [2].
Among these processes, the decays B — K*utpu~ and By — ¢u™p~ are of particular rele-
vance as the angular distributions of the decay products give access to a host of observables
that are sensitive to new physics, see, e.g., ref. [3] for a recent review. Another example
is deeply-virtual exclusive p-meson production (DVMP) in electron-nucleon collisions at



high energy, eN — epN, that, besides deeply-virtual Compton scattering (DVCS), allows
one to resolve the transverse distribution of partons inside the nucleon. The correspond-
ing cross sections were measured by the HERA collider experiments H1 and ZEUS and
the fixed target experiments HERMES (DESY), CLAS (JLAB), and Hall A (JLAB) at
small and moderate values of the Bjorken momentum fraction zpj, respectively. In the
future, exclusive vector meson production will be studied with unprecedented precision at
the electron-ion collider (EIC) [4].

The standard framework for the theoretical description of such processes is based on
collinear factorization. In this approach the vector mesons are described in terms of light-
cone distribution amplitudes (DAs) that specify the distribution of the longitudinal mo-
mentum amongst the quark and antiquark in the valence component of the wave function;
the transverse degrees of freedom are integrated out. In general, meson and baryon DAs
are scale-dependent non-perturbative functions and their moments (weighted integrals over
the momentum fractions) are given by matrix elements of local operators. From the phe-
nomenological point of view the normalization (representing the value of the wave function
at the origin) and the first non-trivial Gegenbauer moment that characterizes the width of
the DA are the most relevant quantities. For example, knowledge of the second moment
of the DA of the longitudinally polarized p meson is crucial for global fits of generalized
parton distributions from the DVMP and DVCS data [5].

The p-meson coupling to the vector current is known experimentally and the other
parameters were estimated in the past using QCD sum rules [6], see also ref. [7] for an
update. Lattice calculations of the tensor coupling have been reported in refs. [8-12] and
the second moments in ref. [13].

In this work we present new results using two flavors of dynamical clover fermions at
lattice spacings between 0.060 fm and 0.081 fm, different lattice volumes and pion masses
down to m,; = 150 MeV. Our approach is similar to the strategy used in our paper
on the pion DA [14]. In addition to a much larger set of lattices as compared to the
previous studies, a new element of our analysis is a consistent use of non-perturbative
renormalization including mixing with the operators containing total derivatives. As the
coefficients for the conversion between our non-perturbative renormalization scheme on
the lattice and the MS scheme are not available in the literature for tensor operators, we
have performed the necessary calculations in continuum perturbation theory to two loop
accuracy. The chiral extrapolation for the relevant quantities is worked out in detail.

Although our calculation presents a considerable improvement as compared to earlier
studies, there are still several issues that we do not address in this work. First and foremost,
we only consider p mesons and leave the effects of the SU(3) flavor breaking for a future
study. Likewise, we do not consider w mesons that would require the calculation of dis-
connected diagrams and different techniques. We also do not attempt to take into account
effects due to the p — 77w decay that becomes possible at the smaller pion masses used
in our simulations, although for the short-distance observables considered in this work it
seems unlikely that such effects are of principal importance. Last but not least, discretiza-
tion errors cannot be estimated reliably using the set of lattices at our disposal, which may
be an important problem in such calculations. We expect to be able to improve on some



of these issues using new Ny = 2 + 1 lattice configurations that are being generated in the
framework of the CLS initiative [15]. This work, aiming in the long run at smaller lattice
spacings with the help of open boundary conditions, is in progress.

The presentation is organized as follows. Section 2 is introductory, we collect the nec-
essary definitions and specify the quantities that will be considered in this work. Section 3
contains a list of the correlation functions that we compute on the lattice. The lattice
ensembles at our disposal and the procedure used to extract the signal are described in
section 4. A non-perturbative calculation of the necessary renormalization factors is de-
scribed in section 5, supplemented by appendix A, where we consider the renormalization
of the same operators in the continuum and sketch a two loop calculation of the corre-
sponding conversion factors. Complete results needed for the evaluation of the matching
coefficients between our RI'-SMOM scheme (defined as in ref. [14]) and the MS scheme are
presented in the auxiliary file attached to the electronic version of this paper. Section 6 is
devoted to the data analysis and the extrapolation to the physical pion mass using, where
available, chiral effective field theory expressions derived in appendix B. The final section 7

contains a summary of our results and a discussion.

2 General formalism

2.1 Continuum formulation

The p meson has two independent leading twist (twist two) DAs, QS','D and ‘Z% [16], cor-
responding to longitudinal and transverse polarization, respectively. Neglecting isospin
breaking and electromagnetic effects, the DAs of charged p* and neutral p° mesons are
related so that it is sufficient to consider one of them, for example, p™. The DAs are defined
as meson-to-vacuum matrix elements of renormalized non-local quark-antiquark light-ray
operators,

(Old(z1n)hz1m, zen]u(zan)|p* (p, X))
1
— mpfp(e()‘) n)/o dx e*ip'”(zl(lfx)“”)d)';)(a:, W, (2.1a)
), (0ld(z1m) o [z1m, zenlu(zan) |0 (p, A)
! 1 .
= ifg (e(lA ) ~e(l/\)) (p-n) / dx e_’p'"(zl(l_“)“”)qbt(x, ), (2.1b)
0

where 0, = %[y, 7], 21,2 are real numbers, n# is an auxiliary light-like vector (n? = 0),
and [pT (p, \)) is the state of the p* meson with on-shell momentum p* = m? and polariza-
tion A. The straight-line path-ordered Wilson line connecting the quark fields, [z1n, zon], is
. L o ) .

inserted to ensure gauge invariance. The p-meson polarization vector e, has the following

properties:
eMN.p=0, Z e,(})el(})* = —Nuw + % , (2.2)
by P
and we use the notation
o) (A)_e()‘)-n _Wi’
€ip = Cu p-n <pu - n”p) . (2.3)



The variable x has the meaning of the fraction of the p meson’s light-cone momentum p-n
which is carried by the u-quark, whereas 1 — z is the momentum fraction carried by the
antiquark d, and p is the renormalization scale (we assume the MS scheme). The scale
dependence will often be suppressed in what follows.

The couplings f, and f;;r appearing in (2.1) are defined as matrix elements of local

operators:
(01d(0)y,u(0) " (p, A)) = frmpel) (2.42)
(0[d(0)a,u,u(0)|p* (p, N)) = if5 (eVp, — eVp,) - (2.4b)

In the following, we will refer to them as vector and tensor couplings, respectively. The vec-
tor coupling f, is scale independent and can be extracted from experiment, see appendix C
in ref. [17] for a detailed discussion. One obtains [17]

for = (2104 MeV,  [1) = (221.5£3) MeV, [ = (209.7£3) MeV,  (25)

where for the neutral p meson we quote separate values for the wu and dd currents. The dif-
ference in the given three values is due to isospin breaking and electromagnetic corrections,
which will be neglected throughout this study.

The tensor coupling pr is scale dependent and is not directly accessible from experi-
ment. To leading order one obtains

a Cr/Bo
F3 () = £ (no) <a:((/i)))> : (2.6)

where Cp = (N2 — 1)/(2N,), Bo = (11N, — 2Ny)/3, N, = 3 is the number of colors and
Ny the number of active flavors.
The DAs are normalized to unity,

/ldx Pht(x) =1, (2.7)
0

and, neglecting isospin breaking effects, are symmetric under the interchange of the mo-
mentum fractions of the quark and the antiquark,

Ft(a) = g5l —2). (2.8)

For convenience we introduce a generic notation (- - - ! for the moments of the DAs defined
as weighted integrals of the type

1
(xF(1 — z)y™ = /0 drz®(1 — z)! qﬁl;)’l(x) . (2.9)
The symmetry property (2.8) implies

<(1 _ x)k$l>ll,l — <(1 _ :L,)ll,k>ll,l’ (2‘10)



and in addition we have the (momentum conservation) constraint
<(1 _ x)kxl>ll,J. _ <(1 _ x)k+1xl>ll,l + <(1 _ x)kxl+1>ll,l ) (2'11)

Hence the set of moments (2.9) for positive integers k, [ is overcomplete. We introduce the
variable

E=220-1, (2.12)

corresponding to the difference of the momentum fraction between the quark and the
antiquark and consider £ moments

<§n>|l,l — <(2.%' _ 1)”)"717 n = 2, 47 6, ey, (213)

or, alternatively, Gegenbauer moments

S St D D) (C32(20 — 1) )M (2.14)

n

as independent non-perturbative parameters. The two sets are related by simple algebraic
relations, e.g.,

o7

ay = — (5()" —1). (2.15)
12

The rationale for using Gegenbauer moments is that they have autonomous scale depen-

dence at the one loop level

I(0)
o Yn /(280)
i) = ch o) (Z0) T (2.16a)
(3 =2) /(280)
s
k00 = abtuo) (22 ) . (2.16b)
The anomalous dimensions are given by
n+1 n+1
1 3 1 1 3
o) _ 1 3 1(0) _ L 3\ 91
= 8Cr (; k4 2m+1)(n+ 2)) T =8CF (k:l k 4) (2.17)

As Gegenbauer polynomials form a complete set of functions, the DAs can be written as
an expansion

qﬁ';;l(x, p) =6z(l —z) |1+ Z ayt(p)CyP 2z —1)| . (2.18)
n=24,...

Typical integrals that one encounters in applications can also be expressed in terms of the
Gegenbauer coefficients, e.g.,

U de
/01—93 I;;l(fﬂ,ﬂ):?’

1+ i a'lz}(u)] . (2.19)

n=24,...



Since the anomalous dimensions increase with n, the higher-order contributions in the
Gegenbauer expansion are suppressed at large scales so that asymptotically only the leading
term survives, usually referred to as the asymptotic DA:

g[)'l;l(x,,u — 00) = ¢as(z) = 62(1 —x). (2.20)

Beyond the leading order, higher Gegenbauer coefficients a, mix with the lower ones,
ak, k < n [18, 19]. This implies, in particular, that Gegenbauer coefficients with higher
values of n are generated by the evolution even if they vanish at a low reference scale.
This effect is numerically small, however, so that it is usually reasonable to employ the
Gegenbauer expansion to some fixed order.

2.2 Lattice formulation

From now on we work in Euclidean space, using the same conventions as in ref. [14].
The renormalized light-ray operators entering the definition of the DAs are defined as the
generating functions for the corresponding renormalized local operators, cf. ref. [20]. This
means that moments of the DAs, by construction, are given by matrix elements of local
operators and can be evaluated on the lattice using the Euclidean version of QCD.

Our aim in this work is to calculate the couplings f,, f,? and the second DA moments.
To this end we define bare operators

Vu(z) = d(@)vuu(z), (2.21a)
Ty (z) = d(z)omu(z) (2.21b)
and
V/J:Ilsz(x) = 7('%)711 (DVB,O + ﬁl/ﬁp + QBuﬁp) u(z), (2.22a)
Tt o (2) = d(@)y (DD + ByDy 2D, Dy ) u(@) (2.22b)

On the lattice the covariant derivatives will be replaced by their discretized versions.

Projection onto the leading twist corresponds to symmetrization over the maximal
possible set of Lorentz indices and subtraction of traces. The operation of symmetriza-
tion and trace subtraction will be indicated by enclosing the involved Lorentz indices in
parentheses, for instance, O(,,) = %(OW +Ouu) — %5111/0)\/\' Note that for the operators
involving the o, -matrix also those traces have to be subtracted which correspond to index
pairs where one of the indices equals p or v.

Using the shorthand ﬁu = ﬁu — D/u the operator V,~

(uvp) () can be rewritten as

—

and its matrix element between the vacuum and the p state is proportional to the bare

value of the second moment (£2)!:

<O|‘/(;Vp) |P+ (p’ )\)> = MNVP) <£2>Illaare ) (224)



where N, (uvp) 18 @ kinematical prefactor. The operator V(:yp) (z) in the continuum reduces
to the second derivative of the vector current,
Vv(—/tup) ($) = a(uallcz(x)’yp)u(x) ) (225)
so that
<O‘Vv(:l’p) ’P+ <p’ )\)> = MNVP) <12>Ill)are (226)

bare = 1 by construction, this is no

with the same prefactor. While in the continuum (12)
longer true on the lattice because the Leibniz rule holds for discretized derivatives only
up to lattice artefacts and hence (2.25) is violated. As we will see below, the deviation
from unity for the renormalized (12)"is small. Nevertheless, it still has to be taken into
account and affects the relation between (£2)' and the Gegenbauer moment at finite lattice

spacing [14]:

o = (52— (12)) (2.27)

+

The situation with the tensor operators Tu(l/pa) and the corresponding matrix elements

(---)* is similar.
The operators V(;Vp) and V(:Vp) mix under renormalization even in the continuum, as
do T}; and T

(vpo) w(vpo
O(4) symmetry of Euclidean space is reduced to the discrete H(4) symmetry of the hyper-

) Additional mixing could result from the fact that the continuous

cubic lattice. This is particularly worrisome if operators of lower dimension are involved.
Fortunately, in the case at hand it is possible to avoid additional mixing by using suitably
chosen operators, which will be detailed below.

3 Lattice correlation functions

The basic objects from which moments of the p DAs can be extracted on the lattice are
2-point correlation functions. In order to “create” the p meson we use the interpolating
current ¥, (x), which is defined as V,(z) with smeared quark fields. For details of our
smearing algorithm see section 4. Let O be a local (unsmeared) operator, e.g., one of the
operators defined in eq. (2.22) above. One then obtains for the 2-point function in the
region where the ground state dominates

@ Y POV (0) = 5 A0 % | ) (e + 000 (<1 FI0) @)

with

A0, %, | p) =Y _(010(0)[p™ (p, M) (0™ (p, V)] %] (0)[0) . (3.2)
A
Here T is the time extent of the lattice, a is the lattice spacing, and F denotes the energy
of the p state. The sign factors o are determined by the Dirac matrices in the creation
operator (which is in our case always 7, ), while oo are the analogous factors for O (see
table 1), and n; is the number of time derivatives in O.



D1 v v %% Y ¥ Yk Y04
c 1 1 -1 -1 1 -1 1 -1

Table 1. Sign factors o for the different Dirac matrices I'. Here j, k € {1,2,3} and j # k.

For the decay constants and the second DA moments of the p meson we have to evaluate
the following set of correlation functions:

Cun(t,p) = a Y e P, (6,%)%(0)) (3.3)
Chuw(t,p) =@’ Zx: e~ PV, (%) 41(0), (3.3b)
Chourv(t,P) = a* Y €™ (T, (8, %),](0)) | (3.3¢)
v () = @® Y PV (8,3)%1(0)) (3.3d)
Chroppapa () = a® Y P (1:%)71(0)). (3.3¢)

3.1 Decay constants

In order to determine the leading twist p-meson couplings we use the correlation functions

1
(gjj(t, O) = Zpi(e_mpt + e_mp(T—t)) 4o (3.4&)
2m,
1
ij(t, 0) = mpfp\/Zi,% (e_mpt + e—mp(T—t)) 4+ (3.4b)
P
C4jj(t, 0) = —imppr\/Zpﬁ(e—mpt _ e—mp(T—t)) +o (3.4c)
P

with j = 1, 2,3, assuming the dominance of the lowest one-particle state.

In the actual fits we average over the forward and backward running states. As in
our simulations the signal disappears in the noise well before the middle point ¢ = 7'/2
in the time direction is reached (see figure 1 for an example), the “mixing” of these two
contributions is completely negligible. Therefore we work with simple exponential fits,

1 & n ZP —mpt
3 > 1E5(1,0) = om € (3.5a)
j=1 p
3
1 - vV _pm
3 Zt+0jj(t, 0) = fP 2 Le pta (3.5b)
j=1
1 ’ n . 2T ZP —m,t
3 D £ Cujy(t, 0) = —if] e (3.5¢)
j=1
where the averaging operator t4 is defined as
. 1
tC(t,p) = 5(C(t,p) £ C(T ~ t,p)) (3.6)



The decay constants f, and fg can be obtained by simultaneously fitting the cor-
relation functions (3.5a)—(3.5¢). The result for the mass is then dominated by the two
correlation functions (3.5b) and (3.5¢) that contain an unsmeared operator at the sink, be-
cause they have much smaller statistical errors. However, they exhibit larger contributions
from excited states so that the isolation of the ground state is less reliable. Therefore we
first fit the correlator with a smeared operator at the sink, (3.5a), to extract Z, and m,,.
These values are then inserted in egs. (3.5b) and (3.5c¢) in order to obtain f, and pr as well
as pr /f, from a second fit. This procedure is repeated on every bootstrap sample allowing
an estimation of the statistical error.

3.2 Second moments — the longitudinal case

Multiplets of twist-2 operators suitable for the evaluation of the second longitudinal mo-
ments consist of the operators

OF = Visany (3.7a)
Oy = Viiag (3.7b)
057 = v{i;24} (3.7¢)
O = Vit - (3.7d)

Here and in the following {--- } denotes symmetrization of the enclosed n indices with an
overall factor 1/n! included. The two multiplets (’)f, ceey (’)Z and Oy ,...,0; both trans-
form according to the irreducible representation 7'2(4) of the hypercubic group H(4) [21].
Their symmetry properties ensure that under renormalization they can only mix with each
other, but mixing with additional operators of the same or lower dimension is forbidden.
The amplitudes (3.2) of the 2-point functions (3.1) where O is one member of these mul-
tiplets are related to the amplitudes where O is a component of the vector current V,, by

AOF, %, |p) = —554; (p2p3sA(Vy, ¥, | p)+ip2 EA(V3, ¥, | p) +ipsEA(V2, ¥, |p)),  (3.8a)
1
A(OF, %, |p) = 3R' (p1psA(Va, ¥, | p)+ip EA(Vs, ¥, | p)+ipsEA(VA, ¥, |p)),  (3.8b)

1
A(OF,7,|p) = —§R'L[(p1p2A Vi, %, |p)+ipe EA(V1, ¥, |p)+ipt EA(Va, %, |p)),  (3.8¢)

1
A(OF, %, |p) ——§R"i(p1p2A Vs, 7, |P)+p1p3sA(Va, ¥, | P)+p2psA(V1, ¥, |P)).  (3.8d)

In order to be able to write these and some of the following formulae in a compact form
we have introduced the notation R!,, where R (R") is the bare value of (12)! ((£2)").
We will try to increase the signal-to-noise ratio by considering only correlation functions
with the smallest non-zero momentum in one spatial direction, which is equal to 27 /L on a
lattice of spatial extent L. Therefore we exclude (’)iIE from our calculation. After averaging
over all suitable combinations as well as over forward and backward running states, the



second longitudinal moments can be obtained from the ratio

A2t 2
1 3 p_t_c{4jk}k(t’ fﬂ-ej) N _277TE1.R|| 3.9
6 Z Z — 27 . - L 3Z =+ ( . )
j=1 k=1 p+t+Ckk‘ (t7 fej)
k#j
where momentum averaging is accounted for by the operator p.:
. 1
3.3 Second moments — the transverse case
In the transverse case we consider the following multiplets:
+ + + + +
Ol,T = T13{32} + T23{31} o T14{42} o T24{41} ) (3.11a)
+ + + + +
O2,T = T12{23} + T32{21} o T14{43} o T34{41} ’ (3.11b)
+ ot + + +
OS,T - T12{24} + T42{21} B T13{34} o T43{31} ’ (3.11¢)
+ ot + + +
O4,T - T21{13} + T31{12} B T24{43} o T34{42} ’ (3.11d)
+ _ ot + + +
O5,T - T21{14} + T41{12} B T23{34} o T43{32} ’ (3.11e)
+ + + + +
O6,T = T31{14} + T41{13} - T32{24} - T42{23} : (3.11f)
The two multiplets OfT, . .,Oér 7 and O p,...,0y 1 both transform according to the

(6)

irreducible representation 7, ’ of the hypercubic group H(4). As in the case of the multi-

plets (3.7), mixing with additional operators of the same or lower dimension is forbidden

by symmetry. The amplitudes (3.2) of the 2-point functions (3.1) where O is one member

of the multiplets (3.11) are related to the amplitudes where O is a component of the tensor

current T}, by

A(OF 7, %, | p) = —RL(paps A(Ti3, %, | ) + pips A(Ths, 7, | )
+ipyE A(Tun, 7, | p) + ip1 E A(Ta2, %, | P))
A(Oy 1,7 | P) = —RL (pap3 A(T12, %, | p) + pipa A(Ts2, %, | p)
+ip3sE A(Tu1, ¥, | p) + i E A(Tu3, %, | p))
A(O37, 7 | p) = —Ri(pip2 A(Taz, %, | p) — p1ps A(Tus, 7 | P)
+ip2E A(Th2, %, | p) +ipsE A(T31,%, | p))
A(OjfT, ¥, | p) = —RL(pips A(To1, %, | p) + pip2 A(T31, % | )
+ipsE A(Tua, ¥, | p) +ip2E A(Tu3, ¥, | P))
A(O?,E,T? ¥, | p) = =R (pip2 A(Tu, % | P) — p2p3 A(Tus, %, | p)
+ip1E A(To, ¥, | p) +ipsE A(T32, %, | P))
A(Ogp: ¥ | P) = —RL(pip3 A(Tun, % | P) — paps A(Tu2, ¥, | p)
+ i EA(Ts1, %, | p) + ip2E A(Tas, %, | D)) -

Here Rt (R1) is the bare value of (12)4 ((£2)4).

~10 -

(3.12a)

(3.12b)

(3.12¢)

(3.12d)

(3.12¢)

(3.12f)



K mz[MeV] mS°[MeV] Size mzL  Neonf(X Ngre)

B =5.20, a = 0.081 fm, a~! = 2400 MeV

0.13596f 280 278 323 x 64 3.7 1999(x4)
B =5.29, a =0.071 fm, a~! = 2800 MeV

0.13620f 422 422 323 x 64 4.8 1998(x2)

0.13632 295 290 323 x 64 3.4 1999(x1)

0.13632 289 290 403 x 64 4.2 2028(x2)

0.13632f 290 290 643 x 64 6.7 1237(x2)

0.136407 150 150 643 x 64 3.5 1599(x3)
B = 5.40, a = 0.060 fm, a~! = 3300 MeV

0.13640 490 488 323 x 64 4.8 982(x2)

0.13647f 426 424 323 x 64 4.2 1999(x2)

0.13660 260 259 483 x 64 3.8 2178(x2)

Table 2. Ensembles used for this work. For each ensemble we give the inverse coupling 3, the
hopping parameter «, the pion mass m;, the finite volume corrected pion mass m2° determined
in ref. [22], the lattice size, the value of m, L, where L is the spatial lattice extent, the number of
configurations N.onr and the number of sources Ny, used on each configuration. Note that the pion
masses have been slightly updated compared to the numbers in ref. [14]. The ensembles marked
with T were generated on the QPACE systems of the SFB/TRR 55, while the others were generated
earlier within the QCDSF collaboration.

As in the longitudinal case, we only consider correlation functions with the smallest
non-zero momentum in one spatial direction and perform averages similar to those in
eq. (3.9). This leads to the following ratio for the second transverse moments:

1 23: 23223: Pty (Oi{zljl}l (t,2%e;) — C;C'E{kﬂ}l (t, Ze;))
05 21l prt—Cuu(t, 3e;)
7 k#j o . )
P i (e — G0 aem) oy

+ — = -""EZiRL. (3.13)
p_t+lel (t, %’Tej) L 3 +

4 Details of the lattice simulations

For this work we used gauge configurations which have been generated using the Wilson
gauge action with Ny = 2 flavors of non-perturbatively order a improved Wilson (clover)
fermions. A list of the ensembles used is shown in table 2. We used lattices with three dif-
ferent inverse couplings 8 = 5.20, 5.29, 5.40, which correspond to lattice spacings between
0.06 fm and 0.081 fm. The pion masses vary between 150 MeV and 500 MeV, with spatial
volumes between (1.9 fm)3 and (4.5 fm)3.

In order to increase the overall statistics we performed multiple measurements per con-
figuration. The source positions of these measurements were selected randomly to reduce
the autocorrelations. To obtain a better overlap with the ground state we applied Wup-
pertal smearing [23] in the interpolating current ¥, using APE smeared gauge links [24].
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Figure 1. The data points in these plots show R!. calculated from the time- and momentum-
averaged correlation functions according to eq. (3.9) on the 8 = 5.29, k = 0.13632, L = 32a, T' = 64a
ensemble. The cyan-colored bar indicates the fitted value of R"i, the error and the fitting range.

For the statistical analysis we generate 1000 bootstrap samples per ensemble using
a binsize of 4 to further eliminate autocorrelations. For the purpose of maximizing the
statistics of the second moments, we average for each bootstrap sample over all suitable
combinations of 2-point functions, all possible momentum directions as well as over forward
and backward running states as pointed out in egs. (3.9) and (3.13). In order to reduce
contributions from excited states the choice of the starting point of the fit range is impor-
tant. As an example, figure 1 demonstrates that, with increasing source-sink distance, the
excited states fall below the noise and plateaus of the correlation functions for R!. emerge.
The starting time tgar¢ is then chosen in such a way that fits with even larger starting
times no longer show any systematic trend in the fitted values. Multi-state fits (over larger
fit ranges) yield consistent results.

5 Renormalization

Having computed the bare values of the second DA moments, we are left with the task
of renormalizing these bare quantities to obtain results in the standard continuum MS
scheme, which is used in the perturbative calculations of the exclusive reactions discussed
in the introduction. As already mentioned above, our bare operators are chosen such that
there is only mixing between the respective + and — operator multiplets, so we have to
determine 2 X 2 mixing matrices such that

01\_TS = 71107 + 212(9+ , (5.1&)
OI\JFTS = Z9O7T .

One then obtains for the second moments of the DAs in the MS scheme

L 7 re AL oL L ALy il L
NS~ 19 [5G R+ (5¢r — G2 Ry ] (5.2)
L Ll | Ll
<€2>MS =R+ G R, (5.3)
L L il L
<12>MS = (R, (5.4)
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where

I 1
'.'._@ g.l.—@ (5.5)
VT 0 T gy |

with the renormalization factors Zy and Zp of the vector and the tensor currents, respec-
tively. Note that one cannot expect CIZI’;‘ to be equal to one, since the Leibniz rule holds on
the lattice only up to discretization artefacts.

We want to evaluate the renormalization and mixing coefficients non-perturbatively
on the lattice employing a variant of the RI'-MOM scheme, because lattice perturbation
theory is not sufficiently reliable. Since forward matrix elements of the 4+ operators vanish
in the continuum limit, we cannot work with the momentum geometry of the original
RI'-MOM scheme but must use a kind of RI'-SMOM scheme [25]. We follow exactly the
same renormalization procedure as in our investigation of the pion DA [14]. Thus, we need
the MS vertex functions of our operators in order to convert the results from our SMOM
scheme to the MS scheme. While these are known to two loops in the longitudinal case,
i.e., for the operators (2.22a), see ref. [26], as well as for the currents (2.21), see ref. [27],
the corresponding results for operators with derivatives involving the matrix o, e.g., the
operators (2.22b), are not yet available in the literature. Therefore we discuss the latter
case, the so-called transversity operators, in appendix A.

In the end, we determine the matrix Z(a, po) (and analogously ¢(a, 1)) at the reference
scale g = 2 GeV by fitting the chirally extrapolated Monte Carlo results Z(a, u)pc with
the expression

Z(a, p)mc = W (p, o) Z(a, po) + Ara®u® + Az(a’pi®)? + Az(a®®)?, (5.6)

where the three matrices A; parametrize the lattice artefacts and W (u, o) describes the
running of Z in the three loop approximation of continuum perturbation theory.

Ignoring the very small statistical errors, we estimate the much more important sys-
tematic uncertainties of Z(a, pg) by performing a number of fits, where exactly one element
of the analysis is varied at a time. More precisely, we choose as representative examples
for fit intervals 4 GeV? < p? < 100 GeV? and 2 GeV? < p2? < 30 GeV?, and we use the
expressions for the conversion functions with nj60ps = 1,2. For the parametrization of
the lattice artefacts we either take the complete expression in eq. (5.6) or we set A = 0.
Finally, we consider values for ry and r9Agg corresponding to the results given in ref. [28].
The various fit possibilities are compiled in table 3.

As in the case of the pion DA, the largest effect comes from the variation of njgops.
In order to obtain our final numbers for the second moments of the DAs we extract them
from the bare data R"f using each of these sets of values for (i1, (12 and (2. So we
have six results for each of our gauge field ensembles. As our central values we take the
results from Fit 1. Defining §; as the difference between the result obtained with the (s
from Fit ¢ and the result determined with the (s from Fit 1, we estimate the systematic
uncertainties due to the renormalization factors as /03 + (0.5-03)2 + 87 + 62 + 62. Here
we have multiplied d3 by 1/2, because going from two loops to three or more loops in the

perturbative conversion functions is expected to lead to a smaller change than going from
one loop to two loops. This should amount to a rather conservative error estimate. The
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Fit Fit interval = njops  Lattice r0 Sy
number (in GeVz) artefacts  (in fm)
1 4 < p? <100 2 A3 #0  0.50 0.789
2 2 < p? <30 2 Az3#0 050  0.789
3 4 < p? <100 1 A3 #£0 050  0.789
4 4 < p? <100 2 Az3=0 050  0.789
5 4 < p? <100 2 A3 #0  0.49 0.789
6 4 < p? <100 2 Az #0 050  0.737

Table 3. Choices for the fits of the renormalization and mixing coefficients.

renormalization factors Zy and Zr needed for the evaluation of f, and fg, respectively,
are calculated in the same way.

6 Data analysis

From the bare values of f, etc. we obtain renormalized results in the MS scheme with the
help of our renormalization (and mixing) coefficients on each of our gauge field ensembles.
With the range of ensembles available (see table 2) we are able to study the pion mass
dependence and, to only a limited extent, volume and discretization effects. Since our
lattice spacings do not vary that much, a continuum extrapolation cannot be attempted.
Moreover, the impact of the finite lattice size on matrix elements of possibly unstable states
is not straightforward. So we take into account results from all lattice spacings and volumes
for our final numbers.

Considering the pion mass dependence, we make use of Chiral Perturbation Theory
(ChPT) for vector mesons [29-31] to obtain the one loop extrapolation formulae for the
decay constants

2 2
_ £(0 My mz 2), 2 3), 3 4
Re f, = f[g )<1 ~ Tom2p? 10g</ﬁ?¢ )) + fp( Im?2 + f[g Im3 +O(ml), (6.1a)
2 2
T _ ¢T(0 my my T(3
Refp_fp()< o 2F21g<ux>>—|—fp m2 + fLE&mE + 0(m?), (6.1b)
fT m2
f—p_éfp ( o 2F21g(ﬂx>>+5fp m2 +6fp m3 + O(mb). (6.1c)

Details on the ChPT calculation are given in appendix B. For 2m, < m,, i.e., below the
decay threshold this infinite-volume calculation yields complex numbers. However, as we
neglect instability effects in our lattice computation, which is necessarily done on finite
volumes, we use only the real part to fit the mass dependence of our data. The pion decay
constant Fj. is kept fixed at its physical value 92.4 MeV, and the chiral renormalization
scale p, is chosen to be 775 MeV.

Estimates within ChPT suggest that the third-order term oc m3 is not negligible for
most of our masses (see appendix B). Our data confirm this expectation — the third order
term is required in order to fit over the full range of pion masses. Consistent fits are obtained
including only second order terms for m, < 300 MeV, however, we have, essentially, only
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Figure 2. ChPT fits using eqs. (6.1) for the decay constants T f;r and their ratio, including
(left) and excluding (right) the data point at m, = 150 MeV. The violet dashed line indicates the
position of the physical pion mass. The band indicates the one sigma statistical error.

two pion masses in this range. Alternatively, one can ignore the information from ChPT
and perform polynomial fits, i.e., drop the logarithmic term in the fit functions (6.1). This
yields very similar results. We expect that a fit including the larger pion masses will yield
more reliable numbers than simply taking the values at m, = 150 MeV as our final results
because, in particular, the lattice used at this pion mass is relatively small.

In order to get at least some idea of the influence of the instability of the p we perform
two kinds of fits, including all masses or excluding the results at m, = 150 MeV, which
should suffer most from the decay. The resulting ChPT extrapolations for the normalization
constants are shown in figure 2. Note that the extrapolated values at the physical point
are reasonably consistent with the data at the lowest pion mass.
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Figure 3. Linear fits for the second Gegenbauer moments a"2 S aé S of the linearly and the
) s

transversely polarized leading twist distribution amplitudes, including (left) and excluding (right)
the data point at m, = 150 MeV. The violet dashed line indicates the position of the physical pion
mass. The band indicates the one sigma statistical error.

For the second moments of vector meson distribution amplitudes (see figure 3) no ChPT
calculations are available. It is known that these quantities for pseudoscalar mesons [32, 33]
and the nucleon [34] do not contain chiral logarithms in leading one-loop order. The
reasons are rather generic and may apply to vector mesons as well. Therefore we stick to
simple linear fits in m?2 depicted in figure 3. There is no discernible dependence on the
lattice spacing. Errors stemming from the renormalization constants are not included in
figures 2-3. We perform an extrapolation for every choice given in table 3 and compute
the error of the extrapolated result at the physical point caused by the uncertainties of the
renormalization factors from the differences of the extrapolated numbers as indicated at
the end of section 5.

Although our data do not allow us to study finite-size and discretization effects sys-
tematically, we can make some observations. Considering volume effects, for g = 5.29,
xk=0.13632 we have ensembles with three different volumes at our disposal (m,L=3.4-6.7).
The effects for the decay constants are sizable, see figures 2 and 4. Unlike the well-known
cases of pseudoscalar meson and baryon masses, the chiral extrapolations cannot be con-
verted directly to predictions for the leading large-volume behavior. The problematic con-
tributions cancel, however, in the ratio of the decay constants pr / Jfps s0 that it is straight-
forward to compute the leading finite-volume corrections for this ratio (see appendix B).
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Figure 5. The left and the right plot show <12>|1|\/Ts and (12>Jl\‘TS, respectively. The violet dashed line
indicates the position of the physical pion mass.

It turns out that the corrections are numerically tiny so that from the ChPT analysis
one expects that finite-volume effects for pr / [, are much smaller than for the couplings
themselves. This expectation is in agreement with our data, as shown in figure 4: the
finite-volume effects for the ratio pr /f, (right panel) are considerably smaller than for the
vector coupling f, itself (left panel). Since in phenomenological studies of hard reactions f,
will always be set to the experimental value, the ratio pr / [f,» which is not experimentally
accessible, is a much more interesting quantity. So we do not perform an infinite-volume
extrapolation for f, and use this measurement mostly for normalization purposes (e.g.
computing the second moments). On the other hand, the observed volume dependence
of f;;F / J, 1s small compared to the statistical errors and an infinite-volume extrapolation
would not have any significant effect.

One can see from figure 3 that the second moments tend to increase with the spatial
volume, however, less significantly than for the normalization constants and the data points
have comparatively much larger error bars. As mentioned above, the ChPT analysis of the
second moments is not available but the corresponding quantities for stable hadrons have
no leading chiral logarithms and a very mild finite-volume dependence. We have checked
that excluding the smallest-volume lattice with m,L = 3.4 from the fits does not have any

noticeable influence on our results.

17 -



foMeV]  fIMeV] ey al a3z
analysis 1 199(4)(1) 124(4)(1) 0.629(7)(4)  0.132(13)(24) 0.101(18)(12)
analysis 2 194(7)(1) 123(5)(1) 0.642(10)(4) 0.117(16)(24) 0.093(20)(11)

Table 4. Results in the MS scheme at u = 2 GeV from the two analysis methods explained in
the main text. The numbers in parentheses denote the statistical error and our estimate of the
uncertainty introduced by the renormalization procedure.

Discretization errors are notoriously difficult to control. A certain insight can be
obtained looking at the quantities <12>III\/TS and (12>i/[—s, which indicate the violation of the
Leibniz rule at finite lattice spacing. In the continuum limit they should equal one for

all pion masses. Results for all ensembles are plotted in figure 5. Again only statistical
errors are shown, the uncertainties resulting from the renormalization coefficients are much

smaller. While <12>'1'\4—S
of about 1%, we observe deviations from one of up to 2% for <12>i4—s. Note that these
deviations are noticeably smaller than what we found in the case of the pion [14].

equals one within the statistical errors with a maximal deviation

7 Results and conclusion

In table 4 we compare the results of the two kinds of final fits that we have performed.
The values in the row labelled “analysis 17 have been obtained by fits to all data points,
while the row labelled “analysis 2” contains the results from fits where the data with the
smallest pion mass have been excluded. In the case of f, pr, and pr / [, we have used the
fit functions (6.1), whereas the second Gegenbauer moments have been fitted with linear
functions of m2. One sees that the results of the two fits are in very good agreement, which
may be an indication that p-meson decay, p — 77, is not of major importance for the short-
distance quantities that we are considering here. Discretization errors and finite-size effects
might be more important, but, unfortunately, cannot be estimated reliably using the set
of lattices at our disposal. We expect to be able to quantify the discretization errors using
the new Ny = 2+ 1 lattice configurations that are generated currently in the framework of
the CLS initiative [15].

Comparing to the pion case we observe that for the p meson we are able to access
the second Gegenbauer moments using momenta with a single non-zero component (see
egs. (3.8) and (3.12)), while we have to consider momenta with two non-vanishing compo-
nents in order to compute ao in the pion. This helps to reduce the statistical noise and the
corresponding error.

As our final results we adopt the numbers from analysis 1. Although the systematic
uncertainty due to finite-volume effects, which we cannot estimate reliably, could be sizable
in the case of the decay constants f;f and f,, the agreement with the experimental value
f» = 210(4) MeV seems reasonable. Note that the latter number refers to p* (see eq. (2.5)).
Sum rule calculations [6, 7] yield f, = 206(7) MeV and fI = 155(8) MeV, where the
numbers given in ref. [7] at the renormalization scale ;1 = 1 GeV have been evolved to
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Io /1, db a3
this work 0.629(8)  0.132(27) 0.101(22)
sum rules [6, 7] 0.74(5) 0.11(5) 0.11(5)
lattice [9] 0.72(3) - -
lattice [10] 0.742(14) - —
lattice [12] 0.687(27) - -
lattice [13] - 0.20(6) -

Table 5. Final results together with QCD sum rule estimates and older lattice QCD data. The
renormalization scale is yu = 2 GeV.

i = 2 GeV in leading order of perturbation theory with Ny = 2. In view of the fact that
the systematics are not yet fully controlled, the discrepancies do not look worrying.

In table 5 we compare our main results, i.e., the values of f;;r / Jos a"2, and aJQ', with
QCD sum rule estimates and older lattice data. The statistical and renormalization errors
of our results have been added in quadrature. Again, the sum rule numbers at p = 2 GeV
have been obtained from the original results at 4 = 1 GeV by leading order evolution
with Ny = 2.

Some of these quantities have already been investigated on the lattice. The BGR
collaboration [10] has evaluated the ratio f7/f, in the quenched approximation with chi-
rally improved fermions at a lattice spacing ¢ = 0.10 fm and found f;;F /f, = 0.742(14)
at u = 2 GeV. Further related results have been reported in refs. [8, 9, 11]. The RBC
and UKQCD collaborations [12] have used Ny = 2 4+ 1 domain-wall fermions at a lattice
spacing a = 0.114 fm and masses down to m, = 330 MeV to obtain fg/fp = 0.687(27) at
p =2 GeV. In ref. [13] they found (£2)! = 0.27(1)(2) at the same scale. Adding the two
errors in quadrature and utilizing the relation (2.15) yields a!, = 0.20(6).

All existing results are, generally, in good agreement, apart from the ratio of decay
constants pr / f,» which in our case is somewhat smaller than the values obtained in other
investigations. This ratio depends strongly on the pion mass, cf. figure 2, and the extrapo-
lation could be affected by the p — w7 decay at this level of accuracy. Clarification of this
issue by doing a Liischer-type analysis including four-quark interpolators would be highly
desirable since the tensor coupling enters the QCD calculations of the B-decay form factors
at large recoil (see, e.g., ref. [17]), where, in some cases, there is a tension with predictions
of the Standard Model. Our value for the second Gegenbauer coefficient as is significantly
more precise compared to previous results. At this level of accuracy, we start to be sensi-
tive to the difference between the longitudinally and transversely polarized mesons. Our
results suggest that a"2 may be slightly larger than aé, although the difference is not yet
statistically significant. The 20% accuracy for a"2 achieved in our work is interesting for
studies of deeply-virtual vector meson production in electron nucleon scattering using the
GPD formalism [5]. Such processes will be investigated with high priority at the JLAB
12 GeV upgrade and, in the future, at the EIC.
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The work reported here will be continued using CLS Ny = 2 + 1 lattice configura-
tions [15]. Apart from the study of discretization errors our goal is to consider DAs of the
whole SU(3) ; meson octet, with emphasis on properties of the K* meson, which is of prime
importance for flavor physics. This work is in progress.
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A Transversity operators in the continuum

In this section we review our construction of the continuum Green’s functions which will be
used for connecting the MS scheme to the RI'-SMOM scheme employed on the lattice. The
procedure we follow has already been applied to several similar quark bilinear operators [26,
27, 40] and we will highlight the salient differences for the transversity operators considered
here. The notation of this section very much runs parallel to, for instance, ref. [40], to which
we refer the interested reader for more background. First, the two classes of operators we
are interested in are the flavor non-singlet operators,

O = SPquDst, OL2 = 89y (V) A
Ol =8UquwDsDyp, O3 =88, (YD) , 0L = 88,0, (V) '

where the operators with a single derivative have been included for completeness. We
define ¢* = L[y#, 4] which is related to o by

o = i, (A.2)
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Our use of ¢ is to retain the same conventions with earlier renormalization of similar
operators [26, 27, 40] and our use of generalized -matrices which we discuss later. To
define the action of the symbol S, which imposes certain symmetrization and tracelessness

T from
n

conditions, it is best to consider the generalized transversity operators O,,, ., .,

which we will focus on the values of n = 2 and 3. Specifically, [41],

ni oL =0 (i>1), npioL =0 (A.3)

UV1...Vj...Un MV1. Vi Vj.Un

where the label T includes all possible total derivative operators. When n = 2, for example,
then

SPe D7 = st D4+ P D"y — 0" P Dy

(d—1)

+ (<7 Dap + 745" D) (A1)

1
(d—1)

for the first operator of the T5 sector with again a parallel definition for the total derivative
operator [42]. In our construction for the T3 operators we have taken the convention to
include an extra factor of 1/6 in the definition of S. We will use T3 and T3 to refer to a sector
as well as for the non-total derivative operator of each set. It will be clear from the context
which is meant. The labelling for each derivative of a total derivative operator is one 0
symbol applied to the sector label. In defining the operators we have omitted the explicit
flavor indices and note that our perturbative renormalization will be for massless quarks;
in other words we are in the chiral limit. The total derivative operators are required since
there is operator mixing within each separate sector. It would not usually be necessary to
include these but since the Green’s functions they are needed for are non-forward matrix
elements, then a momentum will flow through the operator insertion and the mixing will
be activated. Part of the evaluation of these matrix elements requires the renormalization
of the operators. Again our basis choice is partly driven by the need to simplify this aspect.
Operators with the same quantum numbers and dimension will mix under renormalization.
However, for our choice the mixing matrix will be upper triangular. For instance, we have

T Ty I
ol = zliol (A.5)

10

for [ = 2 and 3 where the subscript o denotes the bare operator. Then

T: T: T:
zZi="0 2 ) =0 2wy (A.6)
22 0 0 23

We use 1 and 2 to label the elements of the T5 matrix where 1 is the operator T5. Similarly
1, 2 and 3 label the T35 matrix elements which respectively correspond to T3, T3 and 09T5.
The explicit mixing matrix for the T5 system has been determined in ref. [42] to three loops
in the MS scheme. Prior to the results we present here, the T3 matrix was known only
partially to the same order. Entry (ij) = (11) is the renormalization constant for the
operator T3 itself and the remaining two diagonal entries are the same as the operator 15
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and the tensor current [42—44]. In other words the operators of the Th system without
the total derivatives. In addition the off-diagonal element (ij) = (23) is known purely
because the non-zero entries of the final two rows of ZZ“ are the non-zero entries of the ZZ-?
matrix. We have determined the final two off-diagonal elements of Zlig“ by renormalizing
the operators in a quark 2-point function where the momentum of one of the external quark
legs is nullified. In other words there is a non-zero momentum flowing through the inserted
operator. This was the method used to determine a similar mixing matrix for the third
moment of the usual twist-2 Wilson operators in deep inelastic scattering [26]. However,
in ref. [26] it was noted that such a computational setup was not sufficient to determine
each of the (ij) = (12) and (ij) = (13) elements separately. To disentangle them an extra
piece of information was required. This is achieved here for T3 by the identity

zls =zl _ zls (A7)

which is straightforward to establish by integration by parts. Thus to deduce these re-
maining two off-diagonal elements we have applied the MINCER algorithm [45] to the three
loop renormalization of the operator T5. As the resulting anomalous dimensions for 75 are
given in ref. [42], we record the first row of the three loop anomalous dimension mixing
matrix for T3 which is

13 2
i (a) = 5 Cra+ Cp[1195C 4 — 311Cp — 452NfTF]§—4

+ Cp[10368¢3C% + 126557C3 — 31104(3CACp — 30197C4CF — 67392(3CAN; T
— 38900C 4 N; Tk + 20736(3C% — 174340% + 67392CF N T

— 505520 Ny Ty — 4816Nf2TF] ﬁ +0(a),

a
71 (a) = gC’Fa + Cp[=125Ca + 34CK + 64N Tr] -

+ CF [ — 5184¢3C% — 679007 + 15552(3CAC — 18557CACr + 10368¢CaN; T
+694C A Ny T — 10368(3C% + 16736C% — 10368(3Cr Ny Tr + 10696CF Ny T

2

3
2
+ T52N7 T @ + O(a),

'Y%( ) CF(Z + CF[lch —109CF + 2ONfTF]

2

54
+ CF[ — 47952¢3C3 + 32969C3 + 132192(3C 4C — 138749C4Cp

+ 25920¢3CAN; T — 320004 Ny T — 72576(3C% + 273320%

— 25920¢3C Ny T + 39040CE Ny T + 2000NFT2] —o— + O(a?), (A.8)

4860
as the remaining rows are given in ref. [42] where a = ¢g*/(167%). Here (, is the Riemann
zeta function. We note that our anomalous dimensions pass all the usual consistency checks.
In particular we derived (A.8) in an arbitrary linear covariant gauge and checked that the
gauge parameter cancels as it ought to for gauge invariant operators in the MS scheme.
Having summarized the renormalization of the operators of interest the next stage
is to provide the perturbative corrections to the Green’s function where the operator is
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inserted in a quark 2-point function. As we are considering non-forward matrix elements
there is a momentum flowing through the operator. More specifically we consider the
Green’s function <1/J(p)(9£llmm+1(—p - q)vﬁ(q)> for the two cases | = 2 and 3. There are
two independent external momenta p and ¢ and we will evaluate the Green’s function at

the fully symmetric point given by

PP=¢=@p+q?=—1", (A.9)
from which we have )
p . q f— 5”2 5 (A.- 10)

where p is a mass scale. For this section we will take this scale to be the same mass scale
that is used in dimensional regularization in d = 4 — 2¢ dimensions to ensure the coupling
constant is dimensionless in d-dimensions. Therefore, our results for the Green’s function
will not have any logarithms of mass parameter ratios. As each Green’s function has free
Lorentz indices we choose to decompose them into a basis of Lorentz tensors denoted by
P(T,j) Wa(p, q) and P(Tk‘“’) ng(p, q). Here Ty and T3 indicate the sector as the basis will be
the same for the Green’s function with the total derivative operators of each sector too.
The choice of tensors in each basis is not unique. However, each basis is large due to the
number of objects available to build the tensors. These include the momenta p* and ¢ as
well as n*¥. In addition there are Lorentz tensors built from the y-matrices. As in previous
perturbative evaluations [26, 40] we use the generalized y-matrices of [46-48] denoted by

F’(ﬁ)” " and defined by

Thsbn = gl ypnl (A.11)

for integers n > 0. In the definition an overall factor of 1/n! is understood. These matrices
span the spinor space when dimensional regularization is used. As an aside we note that
it is in this context that our choice of ¢*¥ in the operator definition fits naturally. The
algebra and properties of these matrices is well-established [49, 50]. We note one specific
property which is important here which is

b (Y7 DY ) o Gy [0 (A.12)
where there is no sum over repeated m or n and I#1#m¥1--¥n g the generalized unit matrix.
The key point is that this trace partitions the space spanned by the tensors in the basis
into distinct sectors. As we consider the operators in massless QCD, only T, F’é’j) and
F’(‘ 4'/)” will be needed. For T3 it might be expected that F’(g)'”“ ¢ would be required but
the symmetrization conditions exclude this y-matrix from the basis. Finally with these
objects we have constructed the tensor basis for each sector. For T, that involves 30
tensors consistent with the symmetry properties of the inserted operator. A sample set is
presented below. For T3 there are 42 tensors and for space reasons these as well as the full
Ts set are given in the attached data file.

The next step is to compute the coefficients in the decomposition of each Green’s func-

tion into their respective tensor basis. In other words we need the values of the amplitudes
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Ea)l( ,q) where we write

<1/1( YO (= p—Q)@E(Q)>

T
_Clzp(k R pv Q) Za;(p#]) 2

—2=—p2? ’
(A.13)
with No = 30 and N3 = 42. The factor C; is a sector specific normalization to account

p?=q?=

for the differing dimensionalities of the tensor basis and Green’s functions for each sector.
Thus we have Co = —i and C3 = p?. The algorithm to determine these coefficients has been
given in refs. [26, 40] for instance. Briefly, to apply the multiloop perturbative integration
techniques to find these amplitudes we have to extract scalar Feynman integrals which is

achieved by a projection method. The projection matrix, M required for each sector is

ij
constructed from the respective tensor basis [26, 40| as it is the inverse of the matrix

p2:q2:_u2) : (A.14)

Due to the size of the matrices, their explicit form is given in the auxiliary data file provided.

j\/g;l =tr (777-} (p, q)P(T];)u1---uz+1(p’ q)

(4) 1P

Nevertheless, the partitioning due to the generalized y-matrices provides a computational

p2q2—u2)

(A.15)
Next we briefly note the practical details of actually carrying out the two loop evalua-

shortcut. Hence we have

20 (0 1ZMTlt (P 0.0) ($IO 0~ 0(0)

tion of the Green’s function which proceeds in an automatic way. The Feynman diagrams
are generated using the QGRAF package [51]. These have to be converted to FORM [52, 53]
notation after all the Lorentz and color indices have been included. There are 3 graphs at
and 37 for O3 with fewer graphs

o nrop

one loop. At two loops there are 32 graphs for Ouv
for total derivative operators. After this the Feynman rules for either operator together
with the propagators and vertices are substituted and the various amplitudes are projected
out to produce a large number of scalar Feynman integrals that need to be calculated. To
achieve this we have used the Laporta algorithm approach [54]. After projection the scalar
products of the momenta in the numerators of the integrals are written in terms of the
propagators. In addition there may be propagator forms which are not present which are
referred to as irreducible. In this format the Laporta algorithm [54] is then applied which
uses integration by parts to systematically construct all the algebraic relations between
reducible and irreducible scalar integrals for a specific momentum topology. The upshot is
that all the required scalar integrals are written in terms of a small basis of master integrals
whose € expansion is known from direct computation [55-58]. Therefore, we are able to
reduce all the scalar amplitudes to known integrals and hence evaluate them exactly at one
and two loops. Whilst this is in essence the Laporta method [54] one has to construct the
relations in a practical way. We have chosen to use the REDUZE package [59]. Moreover,
the output files from the database that REDUZE builds is straightforward to interface with
the FORM modules that constitute the automatic computation. For the two loop calcula-
tion we perform here, it transpires that for the REDUZE setup there is only one momentum
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topology at one loop and two at two loops. The latter are the ladder and non-planar
topologies. All the Feynman diagrams that we have to compute can be mapped into these
three cases. The final stage is to carry out the overall renormalization. This is achieved by
computing all the graphs as a function of the bare parameters, such as the coupling constant
and gauge parameter, following the procedure introduced in ref. [60] for automatic sym-
bolic manipulation loop calculations. Then the renormalized parameters are introduced via
the usual renormalization constant definitions with the operator renormalization constants
being extracted at the end to leave the finite expressions for each scalar amplitude.

To allow orientation to the full data available in the attached data file we give a selection
of the various amplitudes. We provide these in numerical form for one representative from
each I'(,)-matrix partition for both operators of the 75 sector. For instance, we have

»

3 (p,q)| = —1.000000 + [0.271008a + 2.395659]a

+ [1.3296260% + 2.430759 — 6.178403 Ny + 55.151461]a” + O(a®),

572, (v, )| = [0.4722690 + 1.416806]a

+ [1.7958950% + 3.195370c — 2.817413N; + 36.018151]a® + O(a?),

S5 (P 0)| = [-0.2222220 — 0.666667]a

+ [~0.80844602 — 4.040708cx + 0.886539N; — 14.783322]a* + O(a?)
Z?QT)Q (p,q)| = —1.000000 + [—0.062325c + 0.062325]a

+ [0.0544450% + 0.640942 — 1.600114N; + 17.009954]a® + O(a®),
203 (p,a)| = [0.3472450 + 1.041736]a

+[1.302171a? 4 3.618039a — 1.851976 N} + 25.400736]a? + O(a®),

0
2(27;)2) (p,q)| = [-1.041737c — 3.125210]a
+ [3.90651202 — 10.854117c + 5.555928 Ny — 76.202209]a> + O(a®) ,
(A.16)
where « is the gauge parameter and the restriction --- | stands for evaluation at (A.9)

and (A.10). Although we are only interested in the values in the Landau gauge, defined
by a = 0, we have performed our computations for arbitrary «. This is mainly as a check
on the renormalization of the operators since their anomalous dimensions are independent
of a in the MS scheme.

Next we summarize some aspects of the tensor basis and projection matrix for the 15
sector. Indeed one purpose of this summary is to provide an aid to the understanding of
the full information given in the attached data file for both 75 and T5. Due to the size of
the bases and matrices we used, a useable electronic format is more appropriate for their
representation. First, we present a selection of tensors in the 75 basis choosing several
representatives from each I'(,)-matrix partition. When one of the external momenta is
contracted with a Lorentz index then that momentum appears as an index. For example,
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for Ty we have

1
T
P(QQ)M]/J(p7 Q) = Suwqo + Spo Qv + [2§quVQJ — Svgqudo — §aquQV] E )

T
P(52)MV0 (p,q) = SupMuo + SopMuw
+ [qup%/q(y + dgupQuQa + SpQuies + dgquuQJ + SCqu/qu' + dgl/qpaqM

+SvgPoqu + dquq;LQJ + 2§1/qq,qu + dgcrpq,u,QV + Sopquqy + dCUquqV

1
+3§aqpqu + dgaqpqu + SoqPvqu + d§aqqqu + 2§UqQ;1qy] ? ,

T 1 1 1
P(17)ul/0(pa Q) = |SupPvPo — SupQvdo — SvqPulo — iguqq;LQU — SoqPuqv — i%qqﬂqy E )

T
Piasyue (P @) = Muopul (o)

2d 2 d 4
+ | dPudvle = 5 PvPolu + 3PvPoln = 5Pvlpde + 3Pviudo
d 4 d 2 F(O)
_ngQ,uqy + ngQ,uQV + ngQVQG + gCJ,uQVQU ? )

T L'

73(27)”,,0(197 q) = [pupupa — Pudvdo — Pvqpdo — Poduv — qm]zzqg] ? )
1

T

P(229),uucr(p’ q) = [F(4) pvpgPo + L) popgPv] 2 (A.17)

We have only shown one tensor from the final partition as the other is given by replacing
the uncontracted vector p by gq.

For each of the bases we have explicitly constructed the projection matrix coefficients.
For T3 as there are 30 projectors this would correspond to a 30 x 30 matrix where the
entries are rational polynomials in d. However, as we are using the generalized basis of
~v-matrices in d-dimensions the projector matrix is block diagonal due to the property
of (A.12). In other words

Mg) 0 0
M= 0 Mg o |, (A.18)
0o 0 M

(4)

where the subscript on the block matrices corresponds to the label of the analogous I'(,,)-
matrix appearing in the projection tensor. Each of these partitions is of different size being
respectively 22, 6 and 2 dimensional. Given the size of the first two submatrices it is again
not feasible to display all entries. Instead we choose to give a few reference entries to
facilitate the extraction of the full matrices from the data file. We have

2 8(d+1)
2 T _ 2 Ty _
H M) 20 = od—2)d—3)d " M) 1510 27(d — 2)d’
2 1
2 To _ 2 Ty - -

.9 Ty
where indices of M (0 ij

tensor basis by adding 22. Finally, the remaining sector is compact enough to record it

range from 1 to 6 and these can be mapped to the labels of the
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completely as

- 1 21
MG = e (1 2) . (A.20)

Overall the matrix M7”2 is symmetric as is M”3. Finally, this information should be
sufficient to connect with the full electronic representation for both sectors.

B Chiral extrapolation

B.1 Effective field theory framework

In the specific framework of Chiral Perturbation Theory (ChPT, see, e.g., refs. [61-63])
applied here, the generating functional of all QCD correlators is evaluated by means of a

path integral involving an effective low-energy Lagrangian Leg(U,v,a,s,p,...) (compare
with ref. [61], and egs. (1) and (2) of ref. [30]),

200l = (0] T exp ( [ dwabn(wr  sa) = s = i) + o—wﬂq) 0)

= /[dU] exp(z'/d4x£eff(U,v,a,s,p,ﬂ). (B.1)

Formally, all QCD Green’s functions can be obtained by taking functional derivatives
of the generating functional w.r.t. the external (Hermitian) scalar, pseudoscalar, vector,
axial-vector and antisymmetric tensor source fields s,p,v",at,t*”. It should be noted
that the tensor structure with an additional 5 is not independent due to the identity
s = %EWMUPU. The dots stand for other possible source fields (for example, the cou-
pling to symmetric tensor fields has been considered in refs. [64, 65]). The tensor source
t" has been incorporated in ref. [66]. The matrix field U collects the pion (Goldstone
boson) fields in a convenient way (see below). The effective Lagrangian has to be in-
variant under local chiral transformations of the Goldstone boson and source fields, and
shares all other symmetries of Lqgcp. A formal proof that low-energy QCD can indeed
be analyzed in this way has been given by Leutwyler [62]. Under chiral transformations
(L,R) € SU(2)1, x SU(2)R, the quark and external source fields transform as

1 1
qL = 5(1_’75)q_>LQL7 qR = 5(1+V5)q_>RQR’
=t —at = LIPLH LML, r = ok 4o — Rr*R' 4 iROVRY,
s+ip—>R(s+ip)LT, s—ip—>L(s—ip)RT,

" — RtMWLT

where

. pHYp Y _ pHVp L p
t/“/'_Pg Utpg, t/U/_PL atp0+PR Ut;[ma

v, 1 . v ]‘ .
P = (99" = 970" — a7 PR = 1 (99" = 970" i),
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The effective Lagrangian and the perturbative series are ordered by a low-energy power
counting scheme, counting suppression powers of Goldstone boson momenta and masses
(or quark masses). For details and further references, we refer to refs. [61-63]. At leading
chiral order, the effective Lagrangian describing the interaction of the pseudo-Goldstone
bosons (pions) with the external source fields and each other is given by (see ref. [61])

2 2

£ = TVUIRD) + 0T U, (B.2)
with x = 2B(s+1ip), s = M +ds, where M is the quark mass matrix, and ds the remaining
part of s. The brackets (---) denote the flavor (or isospin) trace, F' is the pion decay
constant in the chiral limit (F' ~ 86 MeV), and V,U = 9,U — i(v, + a,)U 4+ iU (v, — ay) .
Here U = exp(iv/2¢/F) with ¢ = ¢? ), where j is a channel (particle species) index which

labels the specific pion, and A are the pertaining channel matrices. We write out ¢ as
¢ =N 4N 4 AT, AT = %(7’1 +it?), AT = %( Vir?)y, N\ = ET ,
(B.3)
where the 7% are the Pauli matrices. The matrix field U transforms as U — RUL' under
chiral transformations. We also introduce u as the square root of U, u? = U, which
transforms as u — RuKT = KuL, thus defining the so-called compensator matrix K =
K(L,R,U) (which is also unitary). Below we shall set the external fields p,a to zero,

s = M (the quark mass matrix) and set v, = vz%, b = tfw% . At fourth order, we have
£ =SB, ) — ST, )+ (B.4)
M =i (et u i AT [0, w , .

where we only show the terms needed for our present work (see refs. [61, 66, 67] for the
complete Lagrangian at that order, and eq. (B.7) for the definition of the operators u*,
F/f/ and T;,E/)

B.2 Chiral Lagrangians for resonances

Explicit vector meson degrees of freedom have been incorporated in the effective Lagrangian
of ChPT already in refs. [29, 30]. In the following, a “heavy vector meson” framework was
set up [31, 68-71] to deal with problems related to the modified power counting in the
extended effective theory, caused by introducing a new heavy mass scale (the vector meson
mass in the chiral limit). Today, it is better understood how to deal with such problems in
a manifestly Lorentz-invariant way, by employing the freedom of choice of the subtraction
scheme for the effective field theory [72-74]. Such methods have been applied to the case
of heavy meson resonances in refs. [75-82]. We refer to these references for details on the
vector meson effective field theory outlined below.

Keeping in mind the transformation behavior of the external source fields v,, a, and
t,,, given above, we can write down the following terms describing the interaction of the
vector mesons with the external source fields and the pions (compare also the previous
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references, and ref. [83]):

i fv 1 gy
£t = ZVAFE VY 4 FHTEV) 4+ [, u ]V
2\/’< > fV< 72 > 2\/§<[uﬂ u} >
fmu v o #w v g
4\[ewpa<V“{ , FY70) + —ﬁewpa(V“{u T+ (B.5)
14
lH g 14 g
£, — —QA €ppo ({D"VY, VPIuT) + -+ | (B.6)

VI = DHVY — DVVH .= QRVY — QP VH 4 [TH, VY] — [TV, VH],

1
It = 3 (uT[é?“ — (" + a")|u + u[0* —i(v* — a“)]uT) ,
ij, = u]*—’uL,juJr + uTFﬁ,u, Uy = iul (VuU) ul

F;ﬁ’L = au(vu + al/) - 81/('0# =+ a“) - Z'[(UH + a#), (Ul, + al,)] ,
TjE =ult ,,uJr :I:utT LU
V.U =0,U—i(vy+ a,)U +iU(v, — a,) , u=VU,

Vi, = pu)\” + AT 4 Py N+ 7%]12X2, No=AT N =\ (B.7)
see eq. (B.3) for the channel matrices A. We have used a large- N, argument here to cast
the p and w fields in the matrix form of the last line in eq. (B.7), compare also with eq. (27)
of ref. [31]. The dots indicate terms of higher chiral order, terms involving external source
fields s,p (which are not needed here), or terms involving more derivatives, which result
in contributions of the same form as those resulting from the terms given above, when
using the equations of motion or field transformations [84]. The vector field propagator in

momentum space is

Nuv — %
. m
Dyw(q) = (*Z)fm%f- (B.8)

B.3 Extrapolation formulae

For the sake of completeness, we first discuss the pion matrix elements
T .
(0lg - Yualm” (p)m(k — p)) = e (2p — k) fn (K) (B.9)

(Ol oyl n? (0)7 Ok = ) = € (b, — by S (1), (B.10)

The standard framework of ChPT yields

k2 M? 4M?—k?
v 2y 1 _ 2 2
v (k) =1 6@ FT <967T A +3+log< ; >>+6F2 Le(K*) +0(p"), (B.11)
A k% +3M? M? k2 4M? — k2 -
2 Az N oM My 2
w(F) = 7 <1 6(anF)? 08 < ui) s@rreE T gpz ek )>
+ A M2+ Xk + O(p?), (B.12)
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where the loop function I,(k?) is given at the end of this appendix, in eq. (B.25) (it
vanishes for k? — 0, and is complex for k% > 4m?2), and L, A A, are renormalized low-
energy constants, which depend on the scale u,. M is the leading term in the quark-mass
expansion of the pion mass my, derived from the Lagrangian (B.2) (at the order we are
working, it can be set equal to the pion mass). We note that, up to corrections of two
loop order, these expressions for the form factors are consistent with the constraints from

elastic unitarity,

Im fr (k%) = fr (K)o (k*)t" (k%) ,

Im fL (k) = fL (KoKt (k?), 4m2 < k* < 16m2, (B.13)
where o(s) := /1 — 4";%, and t%(s) is the isospin I = 1, p-partial wave amplitude for 7m

scattering, _
eQzé% () 1

tl(S) = T(S) for 4m72.r <s < 16m721. .

It easily follows that the form factors fes must have the phase d}(s) in the elastic region.

B.4 Contributions to p matrix elements

Here we use the definitions

Ta
(0la—5wualo”(k, A)) = 0% mpeN) £,/ V2, (B.14)
T¢ ca
(01G-0glp" (k, ) = i (e[ hy — eVh) £/ V2, (B.15)

and find at the one loop level up to O(p*)

[ox Iy Agv fo. (k? 4 frwgh
mpfp — ch <ka2 <1_> —|—Cvk‘2M2 + giTl’Tr( )k‘QI;?W(/{Q) o f 9ga kQI?w(k2)> ,

V2 F? F? F?
(B.16)
Ir 1 I et 2gv fL.(k?)
ALY /¢ 9 A A I Vo2 g 29V I\ )y 27A (4.2
VB (55 (1) + gy e
T
4 (T +fl gv
Tw \/5 A
- ( Fo2 ) I;‘w(kQ)). (B.17)

Here we have to set k% = s equal to the rho pole, k% — spo1e = m% —1im,I, [85]. The wave

function renormalization factor is derived from the p self-energy I,(s),

~1+ iﬂp(s)‘

1
ZX =
ds

)
S0l Spole
pole

where the contribution of the one loop graphs to the self-energy is given by (compare

ref. [80
[ ]) loop 4529‘2/ A SS(QX)Q A
I[P (s) == — i IZ (s) — g2 I, (s) + tadpoles. (B.19)
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The “tadpole” terms can be taken to be energy independent at the order we are working
to. The integral A can be deduced from egs. (B.23)-(B.26) below, and I, is given
by eq. (B.29) (with my — my, &~ m,). The local terms proportional to cy, cl, can be
associated with local operators (Ff,x+V*), (T)f,x+ V") etc., and can be used to absorb
(real) terms of O(M?) from the loop integrals. The loop functions are given at the end of
this appendix (14, = I;:lv(mv — my, = m,)). In the one loop approximation, we evaluate
the loop integrals at k2 = ml% (the imaginary part of the pole position is generated by loop
graphs). The leading non-analytic term in I is given by
M3

A
Iﬂw(mi ~m?) = yrw— +..., (B.20)
o

and the terms of order M° and M? are absorbed in the corresponding LECs. The chiral
logarithm of this integral is of O(M*). One finds

T T 2 2 \% T
M M 2 o
Refp ~ fV <1 10g< . > (56.7‘[2 9ga (1 \[Trw f >7‘[3)’
I

fo T V2myfy | 32m2F2 2 127 F2m,, fT fv
(B.21)
where dc is the following combination of (renormalized) LECs,
T
oc = C—‘,} -
fv fV

The coefficient of the leading chiral logarithm is in agreement with ref. [67]. With ¢'| ~ %
(see ref. [80], and references therein), the coefficient of the third-order term should be
of order ~ 3 GeV~3. Inserting this estimate, and py = 770 MeV, the third-order term
becomes comparable to the leading chiral logarithm for M 2> 200 MeV, so it might give a
non-negligible contribution for most data points.

In eq. (B.21), we have written the result for the chiral expansion of Re pr / fp, which
motivates the extrapolation formula (6.1c), while the formulae (6.1a) and (6.1b) result
from (B.16) and (B.17), respectively, upon inserting the explicit expressions for the loop
functions given below. The cusp effects and imaginary parts in the chiral behavior of the
couplings could only be extracted indirectly from the computed correlators, which are real
on Euclidean lattices with a finite volume. A more thorough analysis is needed to deal with
such complications. It is, however, important to note that the leading non-analytic terms
given above are not afflicted by this deficiency. This can be deduced from the fact that
they agree with the corresponding results in the heavy vector meson framework [67, 71],
where the unitarity effects due to the nm loops are either dropped or derived from contact
terms of a non-Hermitean part of the effective Lagrangian (see, e.g., ref. [68]).

In the expression for the ratio given in eq. (B.21), the factors of \/Z) and the non-
analytic terms in the loop function I;r“,r containing the imaginary part cancel at one-loop
order. Due to this simplification, it is straightforward to compute the finite-volume cor-
rections for this ratio. Here, we attempt only an estimate of the leading finite-volume
correction, related to the O(M?) ‘chiral-log’ term contained in the tadpole loop integral
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I (compare eq. (B.27) below). According to the standard formalism of ChPT in a finite
cubic volume V' = L3 [86], this loop integral is replaced by its finite-volume counterpart

S~ ME (ML)

I =7
T mt 42 L|K|

(B.22)
0#£keZ3

Here Ki(z) is the modiﬁed Bessel function of the second kind, which decays exponentially
for large positive z, K1(z) = y/9ze . Inserting (B.22) in (B.16) and (B.17) yields the
leading finite-volume correctlon to the ratio of eq. (B.21) upon a straightforward chiral
expansion.

B.5 Loop functions

To render this appendix self-contained, we give the definitions of the loop integrals occuring
in the formulae above. The loop integral with two pion propagators is given by

d’l i
Inn(s) = / ) (17— M 33 K =:s. (B.23)

It diverges when the space-time dimension d approaches 4,

1 M?

X

d—4
5= ;‘gﬂ (d14 - jllog4m) + T'(1) +17)

however the difference I (s) := Irx(s) — Iz (0) is finite,
4M2

I = B.24
o 16772 M2 §(s'—s) ( )

where it is understood that real values of s are approached from the upper complex plane
for s € [4M?, 00). Explicitly,

Ion(s) = 812 (1+ao( ) artanh (-

>> ;o oo(s)i=1/1— 4M2. (B.25)

00(8) S

In the chiral limit (M — 0),

_ 1 MQ
Ler(5) 6.2 (1 + log (—;‘)) :

Note that this integral has an imaginary part Im I (s) = —oo(s)0(s —4M?)/(167) for real
s > 4M?. We have also employed the abbreviation

1

IA = @D (21 — (s — 4M*)I;) | (B.26)
where ; ) )
d4 i .M M
I = = 2M*\ log [ —5- B.2
/ (2m)d 12 — M2 T grz 08 ( I > ’ (B-27)
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for d — 4. The scalar integral including two different propagators can be written as

(8 - m2 ) T
167r2v T (),

d¥ i
IﬂV(k2 =s)= / (27T)d (k—1)2 — m%/—)(ZQ — M?) = nv(m%/) -

(B.28)

and we refer to appendix B of ref. [80] for details on the chiral expansion. We also use

Ly = ((4sM? — (s + M = mp)) ey + (s + M = mi) [ + (s — M? +mi)) Iy),
(B.29)
where Iy is given by the formula for I, with M — my . Here, the letter V' stands for the

vector meson running in the loop (p,w,...).

1
4s(d—1)
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