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1. Precision tests of the flavor sector of the Standard Model may
reveal new physics and remain high on the agenda. Main attention
has been so far focused on B-mesons but interest is developing to
the heavy baryon decays as well. Such baryons are produced co-
piously at the LHC and, as more data are collected, studies of rare
b-baryon decays involving flavor-changing neutral current transi-
tions have become quantitative in order to make an impact on the
field. In particular, the A, — At~ decays are receiving a lot of
attention, see e.g. Ref. [1] and references therein.

Theoretical description of the b-hadron decays is based on fac-
torization theorems that make use of the large mass of the b-quark
in order to separate calculable effects of short distances from the
nonperturbative large distance physics. The corresponding formal-
ism is similar but much less developed for baryons as compared
to mesons. A recent discussion using SCET formalism can be found
in Ref. [2]. For the exclusive decays involving large energy re-
lease in the final state, the relevant nonperturbative quantities
are baryon wave functions at small transverse separations, dubbed
light-cone distribution amplitudes (DA). Their study was started in
Refs. [3-5] where the complete classification and renormalization
group equations (RGE) that govern the scale-dependence are pre-
sented.
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In this work we point out that these equations have a hid-
den symmetry and completely integrable in the case that the light
quarks have the same helicity. In other words, we identify a non-
trivial quantum number that distinguishes heavy baryon states
with different scale dependence and obtain exact analytic solu-
tion of the evolution equations. This phenomenon is similar to
integrability of RGEs for the light baryons [6,7] and, in a more gen-
eral context, to integrability in high-energy QCD [8-10] and in the
N = 4 supersymmetric Yang-Mills theory [11-13] that attracted
huge attention as a tool to check the AdS/CFT correspondence. The
integrable model that we encounter in the present context is dif-
ferent; it has been discussed recently in [17].

The similar equation for the case that the two light quarks
have opposite helicity contains an extra term that breaks integra-
bility and creates a “bound state” with the anomalous dimension
separated from the rest of the spectrum by a finite gap. The cor-
responding eigenfunction is found numerically. It describes the
momentum fraction distribution of the light quarks in, e.g. Ap, at
large scales and can be called “asymptotic DA” in analogy to the
accepted terminology for hadrons built of light quarks.

2. Consider at first the leading-twist DA of a baryon containing
an infinitely heavy quark and a transversely polarized “diquark”:
a pair of light quarks with aligned helicities. It can be defined
as [4]
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Here q1 2 =u, d, s are light quarks separated by a lightlike distance,
hy(0) is the effective heavy quark field with four-velocity v, C is
the charge conjugation matrix, u(v) is the Dirac spinor yu(v) =
u(v), and €” is the diquark polarization vector, v/*¢€, = 0. The
transverse projections are defined with respect to the two auxil-
iary light-like vectors n and n which we choose such that v, =
(ny+n,)/2, v-n=1,n-n=2:
ef=gle, gV =g — ("R + Vi) /(1) (2)
and similar for yf . The Wilson lines connecting the quark fields
are not shown for brevity. The heavy quark field h, can itself be
related to the Wilson line as [18]

0
<O|hv(0)|h,v)=Pexp|:ig / davﬂA“(av):|, (3)

so that the operator in Eq. (1) can be viewed as a pair of light
quarks (a diquark), attached to the Wilson line with a cusp con-
taining one lightlike and one timelike segment. Finally, the cou-
pling féz) is defined as the matrix element of the corresponding
local q1q2h, operator; it is inserted for normalization [4]. The pa-
rameter p is the renormalization (factorization) scale. We tacitly
imply using MS scheme.

The product efu(v) on the right-hand-side (r.h.s.) of Eq. (1)
can be expanded in irreducible representations corresponding to
physical baryon states with J” = 1/2% and JP = 3/2% using
suitable projection operators, see [4]. These (ground) states form
the SU(3)r multiplets (sextets), Xy, 5p, £2p and Xy, &y, 25, re-
spectively, which are degenerate in the heavy b-quark limit. The
double-strange £2;, baryon is of special interest for flavor physics
as it only decays through weak interaction. The DA ¥, (z1, z3; L)
is written usually in terms of its Fourier transform

o0
Wiz )= | do / dwpe @ HTR2Y ) (wy, wy; )
0

0\8 0\8

1
wdw/due’iw(”22+ﬁzl)d~/l(a), u; 1), (4)
0

where z = {z1,z2} and in the second line we redefine w; = uw,
wy = uw with u =1 — u. The variables w; and w, correspond to
the energies (up to a factor two) of light quarks in the baryon rest
frame. The DA (4) is the most important nonperturbative input in
QCD calculations of exclusive heavy baryon decays to the leading
power accuracy in the heavy quark mass.

The scale dependence of lINIJ_(a), u, () or, equivalently, ¥, (z; w),
is governed by the renormalization group equation [3,4]

3 9 20 ©) oy —
(u@ + ﬂ(as)aTls + QH) f5  (WW¥i(z; n) =0. (5)

The evolution kernel H is an integral operator which can be de-
composed as

H=H1 +H) +H — 4. (6)

The kernels 7—[27 are due to heavy-light quark interactions,

1

d o .
Hif(2) = / ;a[f(z) —af(@zi, z2)] +In(izip) f (2),
0
1

d
Hif(2) = / —[f@-af@.az)] + iz @. (7)
0

They are identical to the Lange-Neubert kernels [19-21]. The re-
maining contribution

1

da _ _
Hi2f(2) = / — [2f@—af(2 z) —af(2.7)] (8)
0
takes into account the interaction between the light quarks; it is
similar to the standard Efremov-Radyushkin-Brodsky-Lepage evo-
lution kernel for the pion DA. Here and below we use the notation

2§y =0z1+az,, a=1-oa. 9)

The evolution kernels (7), (8) can be written in terms of the gen-
erators of the collinear subgroup of conformal transformations
S, =7%0,+2jz,

So=20;+]j, S-=-0, (10)

where j =1 is the conformal spin of the light quark. The genera-
tors satisfy the standard SL(2) commutation relations

[S+,5-1=2S0,  [So,Sx]==S5+. (11)

One can show that [23]
HE=In(insY) — v,  Hi=n(insP) - v,

where S(j), Sf) act on the first, z1, and the second, z, light-cone
coordinate, respectively. The last kernel (8) is written in terms of
the two-particle Casimir operator 5%2 [24]

Hiz=2[v(J12) =¥ (D], (12)

where §3,=S,S_+ So(So — 1) = Ji2(J12 = 1), S1 =S} + 5%
etc., and ¥ (x) is Euler’s digamma function. Thus, the complete evo-
lution kernel takes a very compact form

H=1In(inS") +In(inS?) + 2v (J12) — 4¥ ). (13)

The evolution equation for the DA in momentum space,
v, (w1, wo; ), is given by the same expression with the SL(2)
generators in the momentum space representation [22]. Eigenfunc-
tions of H correspond to the states that have autonomous scale
dependence and the corresponding eigenvalues define anomalous
dimensions.

3. Our main result is that this evolution equation can be solved
explicitly. To this end we consider the following operators

Qi =i(sP +59),

It is possible to show that Q; and Q; commute with each other
and with the evolution kernel H:

[Q1, Q2] =[Qq, H] = [Q2, H] =0. (15)

The first two relations are trivial, the last one can be verified using
the explicit expressions for @, and H.

If H is interpreted as a Hamiltonian of a certain quantum-
mechanical model, the operators Q; and Q» correspond to the
conserved charges. In the formalism of the quantum inverse scat-
tering method (QISM) the charges Q1, Q, appear in the expansion

Q2 =55"sP —s's{). (14)
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of the element C(u) of the monodromy matrix,

Cu) =uQq + Q.
The commutation relation [C(u),H] = 0, and its generalization
to more degrees of freedom then follow directly from the QISM
[14-16]. Note that in classical applications of integrable models
one encounters Hamiltonians that commute with the sum of di-
agonal elements, A(u) + D(u), of the monodromy matrix. In our
case the Hamiltonian commutes with C(u), which corresponds to
a new, nonstandard integrable model.

The conserved charges QQ1, Qo are self-adjoint operators with
respect to the SL(2, R) invariant scalar product

(@|W) = /d221 /dzzz ®(2) ¥ (2), (16)
C_

where the integration goes over the lower complex half-plane,
Imz; < 0. The eigenfunctions of C(u) provide the basis of the
so-called Sklyanin’s representation of Separated Variables and are
known in explicit form [25]. They are labeled, for the present case,
by two real numbers: s > 0 and x € R such that

CW) s x(21, 22) = s(u — X) s x(21, 22), (17)

with
1

$sx(D) =5 det(g) exp[is(@/z1 +a/z2)]
72 4 a

els/z1 ] o .
=5p(x) oy 1Fi(1+ix,2,is(z5 " — 271)), (18)
142
where
p(x) = mx/sinh(x). (19)

The eigenfunctions ¢ x(z) form a complete system in the Hilbert
space defined by the scalar product (16)

(¢s’ X |¢s x) =

Since the conserved charges Q; and Q; commute with the Hamil-
tonian H, they share the same set of eigenfunctions,

Hes x(2) =¥ (S, X)¢s,x(2). (21)

The simplest way to calculate the eigenvalues is to compare the
large-z asymptotics of the expressions on the both sides of this
equation. In this way one obtains the anomalous dimensions

—S(S—S)S(X—x’). (20)

Y (s, x; ) = 21In(us/so) + E(x),
EX) =y +ix)+ (1 —ix)+ 2y (22)

where so = e2~E, Going back to the RGE equation (5), we expand
the DA ¥ (z, u) over the eigenfunctions of H

oo o0
dx
vy (z, M)Z/dSS/ Em(s,xz W) s x(2). (23)
0 —
The expansion coefficients 7, (s,x; ) = (¢sx|¥1) evolve au-
tonomously,

—5
380

FE@m (s, % w) = fi? (Lo (s, x; Mo)(%>

8
oS\ 3Po
% [ 222
So

4 4
L%[f(x)—ﬂoa;fuo)]’ (24)

where L = as(uw)/as(io), Bo = %NC - %nf. For large scales, the
coefficients 1 (s, x; u) slowly drift towards smaller values of both
parameters: s — 0, thanks to the factor s8"L/3f0 and |x| — 0, tak-
ing into account that y(1 + ix) ~ In|x| for x — *oo.

Going over to the DA in momentum space, ¥, (w, u; u), we de-
fine the corresponding eigenfunctions as

bs.x(w, u) = (e AT g (21, 27)). (25)
Using that (e=*2|z2e15/2) = —(1/+/ks) J1(2+/ks) [23] one obtains
~ 1 ! do o
¢s,x(a),U)=w\/ﬁ0 Jaa Y™

x J1v/'wsail) J1(2v/wsau). (26)

The eigenfunctions as,x(a), u) are orthogonal and form a complete
set:

% 3da)/du uﬁas,x(a),u)aj,’x,(w,u) =8(s—5)8(x—x),
0
(27)
3= i i dx ~ Tk /o / ’
1) uu/sds/ Eqbs,x(a),u)%x(w,u )=8(w—)s(u—u').
0 —00
(28)

Making use of Bateman’s expansion for the product of two Bessel
functions we obtain a series representation

Psx(@. 1) = Zz" Claa- 2u>Hn<x)—_12n+z<2\/ ).
n 0
(29)
Here C3/ 2(x) are the Gegenbauer polynomials, J2n4+3(x) are Bessel
functions, and
1 2
vy = BT DO+2) (30)
4(2n + 3)

The functions Hy(x) are given by the continuous Hahn polynomials
up to the prefactor p(x):

1
H,Ax):i"/du(%) 321 —2u)
0

n+1Dn+2) , —n,n+3,1+ix
=— i"p(x) 3F; < 2 ‘1> (31)

e.g.
P~ @WH® =1,  p ' ®H1(x) =3x,

p  (H2(x) = 5% — 1, (32)
etc. Hahn polynomials are real functions, have the symmetry

Hp(x) = (—1)"H,(—x), and form a complete orthogonal system. In
our normalization

o0

dx
/ —— Hn(X)Hmn (%) = »ndmn. (33)
2w

—00

Collecting everything we obtain the final result:
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~ 2 - 7 dx 7 ~
¥ (o, u; 1) = o ull T sds gs x(w, N1 (s, x; 1),  (34)
0

—0o0

where the scale dependence of 1, (s, x; 1) is given in Eq. (24). The
expansion coefficients of 7, (s, x; ) in Hahn polynomials are re-
lated to the expansion coefficients of ¥, (w, u; ) in Gegenbauer
polynomials,

Nis,xm) =Y iy (s WHax)

3/2

Wy (@,u; ) =uil Yy ¥ (@; )Gy @u = 1), (35)

by the Bessel transform (cf. Eq. (30) in Ref. [23])

Vit (: ) = / d5/50 Jan43(2/5@) I (5: 10). (36)
0

Making use of the asymptotic expansion for the Bessel function
one finds that the small-s behavior nnL (s) ~ sPn translates into the
large-w asymptotics of the function w,f-(a)) ~ w~1=Pn ynless there
is some cancellation, see below.

The expansion coefficients at the reference (low) scale can be
calculated from a given model of the DA as

00 1
1L (s, X; o) = f wdo / du ¢} (w0, WL (0, u; o). (37)
0 0

In the existing studies it is usually assumed that @L(a), u; (o) is
decreasing exponentially at large energies w. For a rather general
model of this type

clPou—-1 (38)

Kn ,—w/én

~ ) v w\"e

V) (w, u; o) = wul E cn<—) o
n

en n

one obtains
NL(s,X; po) =5 Y _ i"cn(s€n)" Hn (%)
n

'(n+4+ky) n+4+ Ky
I'2n+4) 2n+4

— sen>. (39)

In particular, for the simplest phenomenologically acceptable
model [3-5]

~ e~/
W) (0. u; o) = @*ull—5— > L(5.X; [o) = p(X)se .
€
0
(40)

Exponential decrease ~ e~®/¢n of each Gegenbauer harmonics in
(38) amounts, from the view point of the relation in Eq. (36), to the
fine tuning such that all leading power terms in the asymptotics
w — oo drop out. This fine tuning is, however, destroyed by the
evolution so that a power-like asymptotics is always generated.

To see this, consider the simplest model in (40) corresponding
to the term n =0 in (38) as an example. As the result of the evo-
lution (24) all harmonics with n > 0 become excited

M (s, ) = Cr(1)s(pos) ~2e €0 (41)
where § = —8/38pInL and

() ~ / dx Ho() LMW H, (x). (42)

For the corresponding coefficients in the Gegenbauer expansion
(35) one obtains using (36)

P n+2
Uik, ) =cn(meo‘2(€—") (9)

Mo €0
rn+4-29) <n+4—5 w)
o 111 .

- — 43
r2n+4) 2n+4 €o (43)

The confluent hypergeometric function 1Fq(a, b|w) decreases as a
power of w at w — oo, cf. Eq. (62) below, unless a—b is a nonneg-
ative integer, in which case the asymptotic behavior is exponential.
Thus, unless § =0 and n = 0, we obtain

Vi (@, ) ~ (@/€0)>*. (44)
Note that the asymptotic behavior is the same for any n.

4. Next, we consider heavy baryons with the light quarks hav-
ing opposite helicity. The scale dependence of the leading twist
DAs does not depend on the spin of the light quark pair and is
the same for the j* = 0% SU(3)r triplet and all longitudinal DAs

of heavy baryons in the j® =17 sextets, see [4]. For definiteness,
consider the Ap-baryon DA [3,4] defined as

(0|[u” (z1n)Cysitd(zan) |hy (0)| A(v))
= fP)Waz1, 225 WUAV). (45)

The evolution equation for W, (z1,zz; ) contains an additional
term corresponding to the gluon exchange between the light
quarks (in Feynman gauge)

1 a
Hiz > Hiz — SH12, SH12 f(2) =fd0‘fdﬂf(z(1¥2722ﬁ1)
0o 0

(46)

that corresponds to H+ H —1/J12(J12 — 1) in the SL(2)-invariant
representation of the evolution kernel in Eq. (13). Expanding
Y4 (z1,22; u) in terms of the eigenfunctions (18) of the integrable
Hamiltonian (13)

o0 o0 d
Yalz, ) = / dss / %m(s,x; Wds x(2) (47)
0 —00

one obtains the RGE equation for the expansion coefficients
na(s, x, L)

d d 20 US
< f P (wmacs,x, )

o
2x
:3—7Tsf/(‘”(,u)/dx/v(x,x/)nA(s,x/,u), (48)
—00

where £(x) is defined in Eq. (22) and the kernel V (x,x’) is given
by the matrix element

(bs' x [0 H12|Ps x) = 8(5 - 5/)V (X, X/)- (49)
We obtain
V(xX) = 1 Z —1 Hi®)Hn(X)

27 &7 D+ 2)

_ 1 x—x  msinhm(x—x)
" 2sinhm(x—x) | xx' sinhrxsinh T x’

:|. (50)
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Fig. 1. The spectrum of eigenvalues E(x,) = E, of the discretized version of Eq. (51)
X+ xp=(2n+1)/200, n=0,1,...,99 (blue dots) compared to the “unperturbed”
spectrum £ (x,) (red solid curve). In order not to overload the plot, only every sec-
ond eigenvalue is shown. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

0.0 0.5 1.0 1.5
x

Fig. 2. The x-even eigenfunctions r],:r (Xp) = n,:r(—xn) for k =0 (the ground state),
and k =10, 50, 100, 150 (from left to right), for L =5 and N = 500. Normalization
is arbitrary.

It is easy to see that V (x,x) ~ 1/(2wx?) for large x, and decreases
exponentially in |x — x/|.

In order to solve (48) one needs to find the eigenfunctions of
the integral equation

EXNEX) — [Vnel(x) = Ene (x). (51)

If V. — 0, obviously all eigenfunctions are localized in x, ng(x) ~
8(x —a). The spectrum of eigenvalues is continuous, E; = £(a) > 0,
and double degenerate since £(a) = £(—a). In order to under-
stand the effect of the “perturbation” V we consider the dis-
cretized version of this equation: x — x, = (n+1/2)Ax, Ax=L/N,
n=—N,...,N — 1. The unperturbed eigenfunctions, ny(x;) =
Snk, correspond to local excitations at the k-th site. Discretiz-
ing the integral in (48) one replaces the original eigenvalue
problem (51) by the eigenvalue problem for the matrix Vy =
Sk (Xn) — AXV (Xn, Xm). Since V (x, x') = V (—x, —x/), all eigenstates
have definite parity with respect to x — —x; the double degen-
eracy is lifted and one can study x-even and x-odd eigenstates
separately. Diagonalizing this matrix numerically we find that the
shift of eigenvalues as compared to the unperturbed spectrum is
surprisingly small, §E = E — £ < 0.003, for all eigenstates except
for the lowest one, cf. Fig. 1, and the corresponding eigenfunctions

Nk (xn) remain well localized around the point X, see Fig. 2. At the
same time the lowest x-even eigenstate changes drastically: It be-
comes delocalized, see Fig. 2, and separated from the rest of the
spectrum by a finite gap!

AE = Eg~ —0.3214. (52)

In the continuum limit (Ax — 0, L — oco) this phenomenon can be
understood as creation of a bound state in addition to the contin-
uum spectrum that remains to be largely unperturbed. The “wave
function” of this (lowest) state can be approximated to a good ac-
curacy (better that 1% for |x| < 3) by the following expression:

o) =~ V2Eo P (X)
O AxeEo— eI

It can be convenient to expand this function in Hahn polynomials

no(0) =1. (53)

=Y xaHa(), (54)

n=0,2,...

where the first few coefficients read

X0 ==0.612, x2 ~ —0.126, x4 =~ 0.0574,
X6 >~ —0.0338, xs =~ 0.0226, x10 =~ —0.0163. (55)
The normalization is given by
00 o
d—xnz(x):Z}f x2 ~0.0758 (56)
27 10 nAn = '
00 n=0

Coming back to the representation of the DA in the form (47) we
can separate the contribution of the discrete (lowest) level as

Nas, X, 1) =Eo(s, W Xg M) + 0y (s, X, 1) (57)

where the function n’, (s, x, t) accounts for the contribution of the
continuum spectrum and must be orthogonal to ng(x),

/dxno(X)n’A(s, X, ) =0. (58)

Going over to the momentum space we obtain for the contribution
of the lowest state (asymptotic DA)

DT P (w, u; )

_.8 oo
) 1 2 - ) %[Eo—"—”]/ dx
— wuul — L3P0 Boas (i1g) — X
A (o) X (u()) = No(X)

—0o0

2 InL
s\ 3
Ho ) ° (59)

x
x / sds ¢s x(@, u)&o (s, Mo)(—s
0
0
cf. Eq. (24). Note that the restriction to the contribution of the
discrete level implies a certain relation between the momentum
fraction distribution between the two light quarks and their total
momentum w, the remaining freedom is encoded in the “profile
function” &y(s, o) at the reference scale, which can be arbitrary.
For the simplest ansatz

£o(s, o) =se >0, (60)

' The size of the gap coincides with the gap in the spectrum of anomalous dimen-
sions of three-light-quark operators in the large-N limit [7], indicating that these
problems are related. Unraveling this connection goes beyond the tasks of this let-
ter.
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Fig. 3. Asymptotic Ap distribution amplitude for the simplest choice (60) of the
profile function &y (s, o).

cf. (40), we obtain (at the scale o)

~ 1 _ '(n+4)
(0) nf Xn 3/2

v U =— E = )—0C -2
4 (w,u) uu i <X0> nta " ( u)

5 2 n+-2 : n+4 _2
) T'\2n+4l g
2 4
1 1
-2 - 2(E)E)
€ €0 42\ X0/ \ €0
6 w
xc§/2(1—2u)1F1<8‘——)+ } (61)
€

where the first few Hahn expansion coefficients x, are given in
Eq. (55). The function lfffxo)(a),u) is plotted in Fig. 3. Note that
the contributions of higher Gegenbauer polynomials Cﬁ/z(l —2u)
in (61) are accompanied by increasing powers of w so that the
deviation from the “naive” ~ uu shape is increasing with the en-
ergy: the distribution becomes broader. Taking into account that
for large w

2 n+4|  \_ L,lCn+4
w 1F1<2n+4 w>_a) 7F(n) , n>0, (62)

we see that all terms in this expansion except for the first one
have a power-like asymptotics at w — 0o0.> One formally gets

o0
~ ) ro+4
T ~ oun Y (X TOAD 37200 gy,
4 w00 Sa o \x/) Im

(63)

The series in (63) is divergent indicating that for large w the func-
tion II//(‘O) (w, u) develops end-point singularities (at u — 0, 1). This
feature is rather robust and does not depend on the precise choice
of the profile function &y(s, u) provided it vanishes sufficiently fast
at s — 0 and s — oo.

We expect that the model of the A, DA in Eq. (61), or a more
general one in Eq. (59), will be sufficient for phenomenological
applications. If necessary, the contributions of the continuum spec-
trum (57) can be added, in which case the scale dependence of

2 The exponential falloff of the first term is tightened to the particular choice of
the profile function (60) and in this sense accidental.

n’y(s,x, ) can be approximated using Eq. (24). In this approxi-
mation the orthogonality condition (58) will not hold at all scales,
which is, however, unlikely to be numerically significant.

The evolution equation for the Ap DA has also been discussed
in Ref. [5] using a different representation 14 (s, x) — p2(Wr, x)
where we use the notation » for the variable called u’ in [5] to
avoid confusion with the momentum fraction. The relation is sim-
ply s =1/w; for the first variable, whereas going over from the x-
to x-representation corresponds to the Fourier transform

ﬁ(%)=/dxn(><)<%) =/dxn(X)ei"X,

p=InZ, z=1-=x (64)
X

In other words if our variable x (17) is interpreted as a quasi-
momentum, then p = In(x/x) is the corresponding generalized
coordinate.> For the ground state 19 (x) = no(—x) implies A (x) =
flo(1 — ).

The end-point behavior of 7g(x) is determined by the position
of the (nearest) singularity of 1no(x) in the complex x plane. A sin-
gularity (simple pole) at xg = =ia corresponds to 7o (x) ~ [xx]® for
x — 0, % — 1. The position of the singularity can be related to the
value of energy Ey, alias the lowest anomalous dimension. One can
show that the term in V in Eq. (51) does not contribute close to
the singularity so that the following exact relation holds:

Eo=E@Xo)=v(A+a)+y¥(1—a)+2y. (65)

Using an (approximate) value Eg = —0.3214, Eq. (52), we obtain,
to the same accuracy

a = 0.3460. (66)

Assuming that the asymptotic ~ [xx]% behavior can be extrapo-
lated to the whole interval x € [0, 1] one obtains a model for the
eigenfunction of the ground state

fo(x) =[x#]® + no(x)=Tla+ixI[a—ixl/T?[a]l, (67)

which turns out to be in good agreement numerically with a more
complicated parametrization in Eq. (53).

This result agrees well with the approximation for the asymp-
totic A, DA in the x-space py(w;,x) ~ [xi]'/® found in Ref. [5]
(see Fig. 4 there) by expanding the eigenfunction in Gegenbauer
polynomials and retaining the first few terms. Numerical conver-
gence of this expansion (away from the end-points) observed in [5]
is in fact directly related to our result that the lowest eigenstate of
the evolution equation is separated from the continuum spectrum
by a finite gap (52).

The above discussion cannot be directly applied to all other
eigenstates of the evolution equation that belong to the contin-
uum spectrum. In particular for the integrable case these solutions
are given by plane waves, 7j(x) ~ e/P*, and possess an essential
singularity at » — 0,x — 1. This singularity is only seen in ex-
treme proximity to the end-points and cannot be found using the
Gegenbauer expansion. Whether such singularities are important
for phenomenological applications remains to be studied.

5. To summarize, in this letter we have studied the evolution
equations that determine the scale dependence of leading-twist
DAs of heavy-light baryons containing one infinitely heavy and
two light quarks. The evolution equations are different for the

3 We thank the referee for suggesting to make this comparison.
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cases that the light quarks have the same, or opposite, chirality.
For the first case, which corresponds to transverse DAs of j* =1+
sextets (X, Bp, £2p and Xy, 5y, 27), the evolution equation turns
out to be completely integrable, that is it has a nontrivial in-
tegral of motion. The anomalous dimensions form a continuum
spectrum parametrized by two real numbers, s and x (22), and
the corresponding eigenfunctions are known exactly (18), (26). For
the second case (j* = 0% SU3)f triplet and all longitudinal DAs
of heavy baryons in the j” =17 sextets), integrability is broken
by an additional contribution to the evolution kernel that effec-
tively corresponds to an attractive interaction between the light
quarks and creates a bound state. As the result, the lowest anoma-
lous dimension becomes separated from the rest of the spectrum
(that remains continuous) by a finite gap (52). The corresponding
eigenfunction is delocalized in the x-space and can be found us-
ing numerical methods (53) (see also (67)). It can be interpreted
as the asymptotic DA at large scales (59), (61) and deviates signif-
icantly from the naive ~ u(1 — u) shape at large quark energies,
cf. (63) and Fig. 3.

We expect that evolution equations for the higher-twist DAs of
heavy baryons [3,4] and for the three-particle quark-gluon DAs of
B-mesons in the large-N. limit [21] have similar properties and
can be studied using the same methods. These can be important
for practical applications since heavy hadron decay form factors
for physical values of the b-quark mass are likely to be dominated
by soft contributions that can be related to higher-twist DAs using
light-cone sum rules, see e.g. [1,26].

Analogous unconventional integrable models with the Hamilto-
nian commuting with the diagonal entry D(u) of the monodromy
matrix have appeared recently in the studies of high-energy scat-
tering amplitudes in the N =4 supersymmetric Yang-Mills theory
[27-30].
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