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Zusammenfassung

Im Rahmen der Homogenisierung elastoplastischer Materialien untersuchen wir das makrosko-
pische Verhalten von Schichtmaterialien mit steifen Komponenten. Fiir die Modellierung des
Materials wahlen wir einen variationellen Zugang, der mit den Annahmen finiter Elastizitét
vertraglich ist.

Im Hinblick auf das makroskopische Materialverhalten steht die leichte Verformbarkeit
einzelner diinner Schichten der Steifheit des Materials gegeniiber, was die Frage des optimalen
Skalierungsverhéltnisses zwischen Schichtdicke und Steifheit aufwirft. Die Antwort unter-
scheidet zwei Skalierungsregime. Fiir ausreichende Materialsteifheit zeigen wir ein neuartiges
asymptotisches Rigiditatsresultat, das die relativ eingeschrankten Moglichkeiten der Materi-
alverformung vollstdndig charakterisiert. Insbesondere zeigt sich, dass unter der Annahme
lokaler Volumenerhaltung in zwei Dimensionen lediglich globale Scherdeformationen méglich
sind. Dagegen belegen wir anhand konkreter Beispiele, dass bei kleinen elastischen Konstanten
Biege- und Wrinkling-Effekte weit mehr Materialverformungen erlauben.

Mit Hilfe dieser Charakterisierung kénnen Homogenisierungsformeln fiir eine grofie Zahl
variationeller Modelle elastoplastischer Materialien durch I'-Konvergenz bestimmt werden. In
diesem Werk wird dies fiir zwei Materialmodelle, eines fiir rein elastische Schichtmaterialien
und eines im Kontext der Kristallplastizitét, gezeigt.

Fiir Materialmodelle, in denen die weichen Schichten durch eine elastische Energiedichte
mit ibereinstimmender poly- und quasikonvexer Einhiillenden beschrieben werden, geben wir
eine explizite Homogenisierungsformel an und erldutern deren Beziehung zu klassischen Zell-
und Multizellformeln.

Des Weiteren betrachten wir ein steifes Schichtmaterial in zwei Dimensionen, mit einem
aktiven Gleitsystem in den weichen Schichten. In diesem Fall wird die Homogenisierungsformel
stark von der Orientierung des Gleitsystems beeinflusst. Insbesondere bestétigen die Ergebnisse
die Erwartung, dass ein senkrecht zur den steifen Schichten orientiertes Gleitsystem von diesen
blockiert wird, wihrend eine Scherung entlang der steifen Schichten unbeeinflusst bleibt.

Nach den beiden periodischen Homogenisierungsresultaten betrachten wir abschliefend
noch ein Material mit zufélliger Schichtdicke, dessen steife Komponente vollkommen rigide ist,
sich in jeder zweiten Schicht jedoch entlang eines aktiven Gleitsystems plastisch verformen
lasst.






Abstract

In the context of homogenization of elastoplastic materials, we study the effects of a stiff
component on the macroscopic behavior of a material of fine layered structure. To model
these materials a variational approach is chosen in accordance to the assumptions of finite
elasticity.

In view of the macroscopic material response, the elasticity of the individual thin layer
stands in contrast to the stiffness of the components, leading to the question of optimal scaling
relations between layer thickness and stiffness. We answer this question by identifying two
regimes. For sufficiently strong stiffness, we provide a new type of asymptotic rigidity theorem,
which enables us to give a full characterization of the rather restricted class of macroscopic
material responses. In particular, we show that in two dimensions, if volume is preserved
locally, this class comprises only globally rotated shear deformations. In contrast, we illustrate
with explicit examples that for small elastic constants bending and wrinkling of layers leads
to much broader possibilities for deformations.

This characterization result allows to determine homogenization formulas for a manifold
of variational models for finite elastoplastic materials via I'-convergence. In this work, we
provide two homogenization results, one for elastic materials and one in the context of crystal
plasticity.

Firstly, assuming that the elastic softer layers are described by an energy density whose
polyconvex envelope coincides with its quasiconvex envelope, we establish an explicit homoge-
nization formula and discuss its relations to cell and multicell formulas.

Secondly, we consider a stiff material in two dimensions with one active slip system in every
other layer. Here, the homogenization formula strongly depends on the orientation of the slip
system. In particular, the intuition that a slip system orthogonal to the stiff layers should
be blocked, while for a parallel orientation it should be unhindered, is rigorously confirmed.
Due to the distinct differential inclusion constraints imposed on different layers on admissible
deformations, the proof requires tailor-made recovery sequences for which we give explicit
constructions.

While the above homogenization results both concern periodic layered materials, we also
give a homogenization result for randomly layered material featuring totally rigid layers and
one active slip system in every other layer.
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Elastoplastic Materials of Layered Structure

1.1 Introduction

The behavior of an elastoplastic body under external forces is determined by a large number
of different material properties, ranging from its dimensions and shape over the polycrystalline
texture, the plastic deformation processes such as twinning and movement of dislocations to
the specific structure of inter-atomic bonds [80, 128]. The physical processes determining
these properties take place on different length scales, with the actual macroscopic material
response resulting from the configuration of and the interaction between these underlying
systems, see also Figure 1.1. To describe these effects a broad range of ad-hoc models has
been in use, each expressing the behavior with respect to the individual length scale, but in
recent years interest grew in the transition between different length scales [107].

With this approach the asymptotic behavior of material models is determined computa-
tionally or, as in this work, analytically, and evaluated if the limit is a viable physical model
on the next length scale. Accordingly, parameters specific to the original length scale fade
into irrelevance by averaging effects in the homogenized model. Progress has been made by
various authors on length scale transition between e.g. discrete atomistic [23] or dislocation
models [121] to continuous material descriptions, to name two individual contributions.

In this work, we focus on a specific geometric layout of the material by assuming that it
is of layered structure. Materials of this type are constructed for various applications such
as reinforcement, but are also of natural origin, e.g. in nacre. Furthermore, we assume that
one material component is stiff in the sense that deformations of this component are always
close to rigid body motions. From a physical point of view this corresponds to a large elastic
constant.

Devoted to the study of the macroscopic material behavior of these layered materials with
stiff components, our interest lies particularly in the influence of the stiff layers. More precisely,
we aim to answer the following questions:

e How can the macroscopic response of a periodically bilayered material with stiff layers
be characterized? What is the optimal scaling relation between the stiffness and the
layer thickness for this characterization to hold?
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Figure 1.1: The macroscopic behavior of a material under external forces results from physical
phenomena on different length scales, ranging from the movement of lattice defects
on an atomistic scale, over the interaction of dislocations and specific characteristics
of the polycrystalline texture to actual macroscopic features like size or shape of
the body.

e Is there a general homogenization formula for periodically bilayered elastic materials
with a stiff material component?

e How can we characterize the macroscopic behavior of a crystalline material that is
elastically stiff as a whole, yet every other layer can be plastically deformed along one
active slip system?

e Assuming that the layer thickness varies randomly, do the above characterizations still
hold under suitable assumptions?

Geometry of layered materials. In this work, the elastoplastic body is represented by
an n-dimensional, n € N, n > 2 bounded Lipschitz domain €2 C R™. To describe the periodic
structure of fine layers we introduce a length parameter € > 0 and set P :=R"~! x [0,1) for
the periodic cell, see also Figure 1.2.

The periodic cell P itself consists of two components, the stiff and the soft one, with a ratio
of A, which we denote by

Paogi := R"™1 x (0,\] and Pyg :=R"! x (A, 1]. (1.1)

Thus, we refer to the whole soft component in € by e€Psop N 2.

Variational approach to finite elastoplasticity. We choose a variational approach
to study the properties of elastoplastic bodies. Accordingly, the physical properties of the
materials are derived from given stored energy functionals E : WHP(Q;R") — R, where
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Figure 1.2: The first chapters of this work concern periodically layered materials with respect
to the periodic cell P = R"~! x (0, 1], which we split according to a fixed ratio
parameter A > 0 in a soft part, denoted by P = R x (0, A], and a stiff part,
denoted by Pz = R"! x (), 1]. To describe the layer thickness we introduce
a length parameter € > 0. Thus, €Pyig N €2 refers to the whole stiff component
throughout 2. In certain sections of this work, we also consider more generally
e-dependent ratios A¢ or random ratios.

1 < p < co. We distinguish two fundamentally different types of deformation of physical
bodies. One is the elastic deformation of a body, the other is the plastic deformation.

For the elastic energy Eo : W1P(£;R") — [0,00), we consider the prototypical energy
density given by distance to SO(n), i.e.

Eo(u) = /Qdistp (Vu,SO(n)) dz, u € W'P(Q;R"),

which is continuous, frame-indifferent and assigns zero elastic energy to rigid body motions. To
model the stiffness of the material we introduce a penalization related to the length parameter e
via a scaling parameter o > 0. Moreover, incorporating the layered structure in the sense that
we only apply the penalized elastic energy to the stiff layers, we set E& : LE(£;R™) — [0, o0]
to be given for u € WLP(Q;R™) N LE(Q; R™) by

1
E&(u) = / — dist? (Vu, SO(n)) Lepe +W (Vu) lep,,, du, (1.2)
Q€
where W : R"*"™ — [0, 00) is a general continuous energy density satisfying

(i) (p-growth) For all F' € R™*" and constants C,c,d > 0

C|FIP —d < W(F) < C(1 + |FIP);

(ii) (Lipschitz-condition) For all F,G € R™ "™ and a constant L > 0

W(F) = W(G)| < L1+ [FIP~ + |GIFHIF - G.

For technical reasons, we extend E* to L5(Q; R™) by oo, where we denote by L5(2; R") the
set of all mean value free LP(Q); R™)-functions.

Regarding plastic deformations we consider a two-dimensional model for crystalline materials
featuring one active slip system determined by a slip direction s € S' and a slip plane normal
m € S'. Mathematically, this amounts to an energy functional that only takes finite value

11



12

Elastoplastic Materials of Layered Structure

for shear deformations in the plane determined by s and m. Introducing a parameter v € R
measuring the amount of shear, the corresponding energy Eg;p, : Wh2(Q;R?) — [0, o0] is given
by

/Wde:/|Vum\2—1d:L‘ ifVu=I+~vs®@m,
Egip(u) =< Ja Q

00 otherwise.

In the presence of elastic as well as plastic material response, we assume in accordance to
finite strain theory a multiplicative decomposition of the deformation gradient in an elastic and
a plastic part. As this decomposition is not unique, it is appropriate to consider a condensed
energy Eeon : WH(Q;R?) — R, which minimizes the sum of both energy contributions over
all possible decomposition, i.e.

Eeon(u) = / inIfR{ (dist? (Vu(I — ys ® m), SO(2)) +~?) dx.
Q€

Imposing a penalization on the elastic energy yet in contrast to the previous model throughout

the material via a scaling parameter 8 > 0 and incorporating the layered structure for the

plastic energy we set EZ : L{(Q;R?) — [0, 00] to be given for u € W11 (Q;R?) N L{(Q;R?) by

EP (u) = / P dist?(Va, SO(2) da
stiff

+ / inf (e77 dist? (Vu(l — s @ m), SO(2)) + 7?) dz.
Poos N2 ’7€R

Notice that in contrast to E, the penalization of the elastic energy in Ef also effects the

soft layers, motivating the change of notation. Again, for technical reasons, EP is defined on

L§(£;R?). To mitigate the complexities arising from the condensed energy, often the rigid-

plastic idealization is studied, which allows only rigid body motions as elastic deformations.

The corresponding energy E>° : W12(Q; R?) — [0, 0o] is then only of finite value if

30(2) ifx € E_Pstiﬂ‘ N Q,

Vu(z) € .
M={R(I+~vs®@m) | Re SO(2),y € R} if z € P N,

in which case

E°(u) = / 72 dz.
EPsofth

Results. In the following, we give an overview on the results proven in the later chapters
and discuss how they provide answers to the key questions asked above. Though these
theorems hold on a large class of bounded Lipschitz domains, certain conditions on the
geometry of the domain are required, which will be discussed to some extent in Chapter 3
and fully in Chapter 4. To avoid these rather technical considerations here, we assume that 2
is of cylindrical shape, by which we mean that Q = S x (a,a + h), where S C R"™!, n € N,
n > 2 is a bounded Lipschitz domain of n — 1 dimensions, ¢ € R and h > 0.

The first theorem gives a full characterization of the effective material responses.

Theorem 1.1.1 (Asymptotic characterization of fine bilayered functions with stiff compo-
nents). Forn >2 and 1 < p < oo let (uc)e C WHP(;R™) satisfy for a > p, a constant C > 0
and all e >0

/ dist? (Ve SO(n)) dz < Ce®. (1.3)
stlﬁﬂﬂ
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If ue — u in WHP(Q;R") as € — 0 for some u € WIP(Q;R™), then there are functions
R e W1P(Q; SO(n)) and b € WIP(Q;R™) with ;R =0 and 9;b =0 fori=1,...,n —1 such
that for a.e. x €

u(z) = R(z)x + b(x). (1.4)

Moreover, if u € WIP(Q;R") satisfies (1.4), then there is a sequence (uc)e C WHP(Q; R™)
such that (1.3) holds for o > p.

Remark 1.1.2. a) Since R and b depend locally only on x,, R and b are continuous and
thus so is also u.

b) For general bounded Lipschitz domains £ C R", the statement merely holds true for
R e Wé’f(Q; SO(n)). Yet, for Lipschitz domains of cylindrical shape with respect to the
en-direction, we have full integrability on €, i.e. R € WP (Q; SO(n)).

¢) In Chapter 3 we show a version of the necessary statement of Theorem 1.1.1 that is more
general in several regards addressing also the following relevant cases:

1) If (ue)e € WHEH(Q; R™) converges weakly to a limit function v € WH1(Q;R™) and satisfies
for 1 < g < 0o, an o > g, a constant C' > 0 and for all ¢ > 0 the condition

/ dist? (Vue, SO(n)) dz < Ce®,
ePyigN

then, there is an R € BVj,(€2; SO(n)) as well as a function b € BVj,.(Q; R™) with ;R = 0
and 0;b =0 for i =1,...,n — 1 such that

u(z) = R(z)x + b(z).
2) We may replace the constant ratio A between the material components by an e-dependent

sequence (A¢)e. In this case, the results still holds if @ > 0 and A, are such that

L= A>er b

In the presence of a local volume preservation condition, the above result implies an even
stronger restriction of limit functions.

Corollary 1.1.3 (Asymptotic rigidity). Assume additionally that w € W1 (Q;R") for r > n
and that u locally preserves volume, i.e. det Vu =1 a.e. Then, there are a constant rotation
Q@ € SO(n), and functions R € L*(2;SO(n — 1)) and a € LP(Q;R™) with O;R = 0 for all
ie{l,...,n—1} and e, - a = 0 such that

Vu=Qdiag(R,1)(I+a® ey),
where diag(R, 1) denotes the block matrixz with R and 1 on the diagonal.

Remark 1.1.4. a) In the two-dimensional case n = 2, we have R = £1. Hence, for a constant
rotation @ € SO(2) it holds that

Vu=QI+a®ey).

This result in the setting of totally rigid layers has been established by the author together
with his adviser Carolin Kreisbeck in [42].

b) These results are optimal in the sense that there are explicit examples of different
macroscopic behavior in the regime 0 < a < p.

The characterization theorems are key to understand the effects of the stiff layers on the

macroscopic material behavior. Based on these results we give two homogenization results.

The first concerns (E),, which describes a bilayered material with stiff layers and a general

energy density W on the soft layers.

| 1.1
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Theorem 1.1.5 (Homogenization of periodically layered materials with stiff components). If
a>p>n>2 and the quasiconver hull W9 of W is polyconvex, then the family of energy
functionals E® : LE(Q;R™) — [0, 00] defined by (1.2), converges in the sense of I'-convergence
with respect to the strong LP-topology to the limit functional E : LE(Q; R™) — [0, 00] given for
u € WHP(Q;R™) with u(x) = R(z)z +b(x) for a.e. v € Q, R € WP(Q; SO(n)), b € LP(Q;R™)
with ;R=0and ;b =0,1=1,....,n—1 by

E(u) = /QAWQC (A HVu— (1 - NR))dz,

and E(u) = 0o otherwise in L{(Q;R™).

Furthermore, sequences (u¢)e C LE(;R™) that are of bounded energy with respect to (E®).,
i.e. for a constant C' > 0 it holds that EX(ue.) < C for all € > 0 are relatively compact in
LB R™).

The second homogenization result determines the I-limit of (E?)., which models a stiff
material with one active slip system in every other layer.

Theorem 1.1.6 (Homogenization of bilayered materials with one active slip system). For
n =2 and B > 2 the sequence ES : L}(Q;R?) — [0, 00] converges in the sense of T'-convergence
with respect to the strong L'-topology to a functional E : L{(Q;R?) — [0,00]. Using the
notation

K.\ — {0} ifs=e2, [-2ZA0] ifsis2>0,
’ R ifs=e, |0, —2%)\] if 8189 < 0,

the limit functional E is given for u € W12(Q;R?) with Vu = R(I+~e1 ®e2) with R € SO(2),
v € L*(R), v € K\ a.e. in Q by

B(u) = A/Q (Vum — (1— N Rym|> - 1de,

and E(u) = co otherwise in L§(;R?).

Furthermore, sequences (uc) C Ly (Q;R?) that are of bounded energy with respect to (EP).,
i.e. for a constant C > 0 it holds that E?(ue) < C for all € > 0, are relatively compact in
L (S R?).

Lastly, we consider a model with random component ratio. To keep the focus on the
stochastic challenges, we only consider the rigid plastic idealization 5 = co with E>° associated
to the slip system s = e, m = e3. The ratio between each neighboring rigid and soft layer
is determined by a valued stochastic process (A?);cz taking values in (0,1) and defined on a
probability space (=, A,P). We adapt the notion of Pyig and Pysg accordingly, setting for the
i-th layer P, = (0, \;].

S

Theorem 1.1.7 (Homogenization of randomly layered materials with rigid layers). For
A € (0,1) let (A\);ez be a stationary and ergodic process with X > X for all i € Z. Then, the
family of energy functionals EX : LE(;R™) x Z — [0, 00] converges almost surely in the sense
of T'-convergence with respect to the strong L*-topology to a functional E : L3(£;R?) — [0, oc]
given for u € Wh2(; R?) with Vu = R(I+ ve; ® €2) a.e. in Q, R € SO(2), v € R by

B = g5 00

and E(u) = co otherwise in L3(2;R?).
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The lower bound on A’ is required for the deterministic characterization of the limit function
of Theorem 1.1.1 to be applicable.

Relations to active fields of research. The results presented are related to several active
fields of research. In the following, we want to give an overview on associated works, focusing
on the relations to recent developments in different communities rather than completeness.

As the necessary statement of Theorem 1.1.1 allows to conclude on the global features of
the limit v in the directions x1,...,x,_1 by local properties, it can be seen as a rigidity result.
This interpretation is even more pronounced by Corollary 1.1.3 and Remark 1.1.4. The classic
geometric rigidity result in this context is the Liouville theorem [87, Section 2.3|, which was
generalized to lower regularity by ReSetnjak, see [122]. In [72], Friesecke, James and Miiller
provided a quantitative estimate of this result, which was extended to p-growth conditions
for 1 < p < oo by Conti and Schweizer [55]. Newer developments include rigidity results for
incompatible fields [115], mixed growth conditions [54], SBV-functions [38] and rigidity results
for two- and multiwell problems, such as [55, 101, 40, 90].

The difference to classic geometric rigidity results lies in the fact that the stiffness condition
is only satisfied for non-connected subdomains and thus rigidity can only be expected to hold
in the limit of the layer thickness tending towards zero.

Theorem 1.1.5 falls in the context of homogenization of periodic integral functionals in
terms of I'-convergence. While homogenization can also be studied on the level of partial
differential equations, with an entry point to the large body of literature dedicated to this
topic given by [44, 126, 129], introductory works to the homogenization of integral functionals
are given by [91, 30] and with a focus on I'-convergence by [29].

Our result features an explicit homogenization formula, for which we will show that it corre-
sponds to the classic cell formula. The first publication providing an explicit homogenization
formula for convex energy densities was given by Marcellini [105], and Miiller [112] showed
that for general non-convex energy densities this formula does not necessarily hold, and gave
a multicell formula for non-convex energy densities featuring the exact growth and Lipschitz
conditions we assume for the energy density on the soft layers. A similar result for non-convex
energy densities obtained by different techniques is due to Braides [27].

In recent years, the knowledge on homogenization of integral functionals has been expanded
by results assuming less restrictive growth conditions such as (quasi-)convex growth [10, 7], as
well as results concerning Young measures [9] and singular integrals [6, 8].

Furthermore, the relation between cell and multicell formula has been the focus of further
research, with additional counterexamples given [17] and the equivalence of both formulas
shown near SO(n) in the context of the Cauchy-Born-rule [50].

Notice that the characteristic feature of our problem is the approximate differential inclusion
in SO(n). On the topic of homogenization of integral functions under constraints a large body
of literature has emerged, such as restrictions to manifolds [14], partial differential equation
constraints [31, 71, 106, 62] and pointwise gradient constraints [35, 36, 34, 43].

Note that the explicit homogenization formulas of Theorem 1.1.5 and Theorem 1.1.6 both
feature a strong relation to progress made in the relaxation of integral functionals particularly
in the context of plasticity models. For the former note that the condition of matching quasi-
and polyconvex envelopes is also found in relaxation results under determinant constraints by
Conti and Dolzmann [48]. The latter theorem builds on works on relaxation of plastic single
slip models [56, 47|, in the context of which recent progress has been made on two [52] and
three [49] slip systems of certain geometry. An essential building block of our result is the
compactness result obtained in [45].

For the literature on stochastic homogenization an extensive review was given by Gloria

| 1.1
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[76]. On the level of equations, a first result was given by [93], while integral functions were
considered in [60, 61], corresponding to first results on convex density functions in periodic
homogenization, e.g. [105]. The progress by Miiller [112] on non-convex density functions is
reflected in the stochastic context by [108]. Yet note, that the recent achievements in this
field by the schools of Gloria and Otto [77, 75] and Armstrong and Scott [12] concerning
convergence rates have no direct relation to the result given in this work.

Moreover, we want to point out similar physical models considered in the literature for
example in the context of linear elasticity. In view of the geometry, a relation can be seen in
two dimensions to models for fiber reinforced materials. A general introduction to this topic
is given in [104], while there is a large body of literature studying these materials analytically
[26, 85, 24, 88, 21] and computationally [109].

Another characteristic of our models is the penalization of the elastic deformations on the
stiff layers with decreasing layer thickness. This feature can also be found in models for
high-contrast materials, which have been subject of ongoing mathematical research for the
last decades, studying the influence of stiff inclusions [32, 39] as well as materials of layered
structure, also called stratified materials [19, 20]. But while the intentions of the latter are
similar to the ones in this work, the difference lies in the fact that these works consider
comparatively explicit models in the context of linear elasticity, while our approach is more
general and uses assumptions more compatible with finite elasticity.

Overview of thesis. Besides this introduction and the outlook at the end, this thesis is
comprised of five main chapters.

The first one following the introduction gives an overview on main results of the modern
calculus of variations that are relevant to this work. Starting from the direct method to
show existence of solutions for minimization problems, we focus on the importance of lower
semicontinuity, which for integral functionals is related to convexity properties of the density.
In particular, the cases of scalar and vectorial problems are distinguished to motivate the
introduction of generalized notions of convexity, such as quasiconvexity. We then proceed with
a discussion of relaxation of minimization problems and constraint minimization problems.
Next, we focus on I'-convergence, a form of variational convergence for energy functionals,
which is defined and its main properties stated. This chapter concludes with an overview on
the homogenization of material models, reviewing cell and multicell formulas for convex and
non-convex problems.

The third chapter concerns the necessary statement of Theorem 1.1.1. After a first example
an interlayer estimate crucial to the proof is established, followed by a short review of
geometric rigidity results such as the celebrated result by Friesecke, James and Miiller [72]. A
self-contained proof of this result along the lines of the original is given in the appendix to this
chapter. We then proceed with the proof of a slight generalization of the necessary statement
of Theorem 1.1.1. To establish optimality of the scaling parameter « in the theorem, we also
provide explicit bending constructions showing asymptotic behavior that is deviating from
the characterization result for less stiffness than required in the theorem.

The beginning of the fourth chapter gives a quick introduction to non-linear elasticity.
Afterwards, we prove the sufficiency statement of Theorem 1.1.1 by an explicit construction for
approximating sequences, which will also provide the basis for the subsequent construction of
sequences with optimal energy. We then proceed with the proof of Theorem 1.1.5 establishing
the result for affine limit functions first, followed by suitable localization arguments. A crucial
ingredient for the proof is Theorem 1.1.1 of the previous chapter. We conclude this chapter
pointing out the relations to cell and multicell formulas.

In the fifth chapter we give another application of Theorem 1.1.1 in the context of crystal
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plasticity. We will start with a short introduction to the physical background and proceed
with the proof of Theorem 1.1.6. First, a discussion of admissible deformations is needed,
followed by a short review of results on convex integration and the discussion of compactness
results in the context of these elastoplastic models. Building on these results, we then give an
explicit construction for the recovery sequences and a lower bound estimate to prove Theorem
1.1.6. The results presented in this chapter constitute a full reproduction of the results
published together with the adviser Carolin Kreisbeck in the context of totally rigid layers in
[42] incorporating the more general setting of stiff layers and minor technical variations.

In contrast to the previous two chapters which concerned the homogenization of periodically

layered materials, we consider in the sixth chapter layered materials of random layer thickness.

To study the stochastic effects, we again consider a model of crystal plasticity, but in contrast
to chapter 5 we restrict ourselves to the less involved rigid-plastic idealization. At first, we
establish the result for a Bernoulli model describing the layer thickness, using Kolmogorov’s
law of large numbers to obtain a homogenization result. To generalize the class of admissible
random variables modeling the layer thickness, we then give an overview on results of
ergodic theory. At the end of the chapter, we apply these ergodic theorems to generalize the
homogenization results obtained using Kolmogorov’s law of large numbers.
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1.2 Notation

The set of all natural numbers is N := {1,2,...}, while Ny = NU {0}. For a function
f: M — N between two sets M and N and a pointwise condition P we use the shorthand
{f satisfies P} := {x € M | f(x) satisfies P}.

For a set X and a subset A C X, we use the notation 1,4 for the indicator function
corresponding to A and x4 for the characteristic function corresponding to A, i.e. for x € X

1 ifxeA,

0 otherwise

0 ifzeA,

oo otherwise.

1y(z) = { and  xa(z) = {

| 1.2
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The space dimension is denoted by n € N. We call a subset (2 C R" domain, if it is open
and (path-)connected. Let © C R™ be a bounded Lipschitz domain and 1 < p < co. For
f € LY (;R"™), we denote the partial derivative in e;-direction in the sense of distributions by
0;f. By the mean value of f on §, we mean [, fdz and we denote the subspace of LP(€2;R"™)
of all functions with vanishing mean value by Lf(€; R™). The space of all Sobolov functions
that are p-integrable and k-times weakly differentiable by W*»?(Q; R").

We view a function f € WHP(Q;R") with 9;f = 0 for i = 1,...,n — 1 as locally one-
dimensional and consequently denote the derivative in e,-direction by f’ = 9, f, see also the
Appendix of Chapter 4. We call a function s € L*°(£2; R™) simple if there are finitely many
disjoint ; C Qand s; e R*, i=1,...,N, N € N, such that

N
s = Zsi 1o, .
i=1

Continuous parameters are written as subindices while discrete parameters or flags are
written as superindices. The set of all real matrices with m rows and n columns is denoted by
R™*" m,n € N, elements of which are always indicated by capital letters. For F' € R™*"
we denote by Fj; the component in the i-th row and the j-th column, where ¢ € {1,...,m},
je{l,...,n} . For 1 < ¢ < oo we define on R™*" the ¢g-norm |- |, : R™*"™ — R given for
F € R™*™ by

Bl = (L2 1F07)

i=1j=1

Qe

ifl<g<oo and |F|lec=  max | Fij]-

i=1,....m;5=1,....,n

In the euclidean case ¢ = 2 we suppress the index |- | = |- |2. We use the same notations for
the norms of vectors in R” identifying R” = R'*". For the m-dimensional identity matrix we
use the notation I,,,, suppressing the index if it coincides with the space dimension, i.e. I = I,,.

For n € N we denote by GL(n) = {F € R™"™ | F is invertible} the general linear group,
the orthogonal group by O(n) = {Q € GL(n) | QTQ = QQT =1}, and the special orthogonal
group by SO(n) = {Q € O(n) | det(Q) = 1}. We set dist(F, SO(n)) = mingegsom) [F — Q-

All geometric arguments in R™ throughout this work are to be read with respect to the
euclidean scalar product denoted by (-,-) : R” x R" — R, (x,y) = >i"; z;y; inducing the
euclidean norm | - | as the metric. Consequently, geometric objects defined with respect to a
metric such as balls are defined with respect to the euclidean norm. For example, the open
n-dimensional ball around the point z € R™ with radius £ > 0 is denoted by

B(0,0) = Bp(0,0) = {x € R" | |2| < £},

suppressing the index if the dimension of the ball is the same as the space considered. A
subset @ C R™ is called a cuboid, if there is an a € R™ and ¢; € [0,00), i € {1,...,n}, such
that

Q=a+(0,41) x (0,02) x ..., x(0,6,).

Ift; =¢eRforallie{l,...,n} we call Q a cube. In particular, we will always assume
these objects to have sides parallel to the coordinate axes.
Throughout this work we use generic constants.



Preliminary Results from
the Calculus of Variations

In this section we want to give a short introduction to modern calculus of variations and some
key concepts that we will use in the following chapters. At the beginning, we discuss the
existence of solutions to minimization problems, in particular the direct method, explaining
the necessity of lower semicontinuity and its relation to notions of convexity. We will proceed
with the concept of relaxation, with a focus on integral functionals. Also, differential inclusion
constraints will be addressed. Afterwards, we define with I'-convergence a key notion to
formulate the results of later chapters and review some of its properties. One application
of this type of variational convergence is homogenization, which we discuss next, citing in
particular results on explicit cell and multicell formulas for the homogenized energy.

2.1 Existence of solutions for minimization problems

Let X be a set and f : X — R a function. One approach to study the behavior of f is to
determine its extrema and the points at which they are obtained. This corresponds to the
goal of optimizing parameters in the various fields that utilize mathematical modeling. Thus,
by the fact that minimizers and maximizers interchange by considering — f instead of f, the
basic object of our deliberations is the set of minimizers M, i.e.

M cCc X with f(m):néi)r(lf(x) for all x € M.

The first question to answer is if M is non-empty, i.e. if minimizers do exist at all. Simply
considering the identity on an open interval of R shows this is not a given and surely there is
no general answer for functions f : X — R. Yet, even under seemingly reasonable assumptions
on X and f existence of minimizers may fail as the history of the Dirichlet-principle and the
well-known example of Weierstrafl shows [11, Section 8.2].

While at the time some authors viewed the existence of minimizers for integral functionals
among all continuous functions as self-evident, Weierstrafl gave a counterexample, considering
for a,b € R with a # b the function space [11, Section 8.2.2],

X ={peCH0,1]) | ¢(-1) = a, (1) = b},
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together with the integral functional £ : X — R given by

E(p) = /1 12(¢ (1)) dt.

-1

On the one hand as the integrand is non-negative, so is E. On the other hand, let for € > 0
the functions ¢ : [—1,1] — R be given by

a+b b—aarctan?®

< te|-1,1].
2 2 arctan% [ ]

pe(t) =

Notice that ¢ € X for each € > 0. Furthermore, since the derivative reads

/
t p— . 5
Pe(t) 2 arctan % x2 + €2

b-a ‘ te[-1,1]

we obtain the estimate
1 1
Bl)= [ 20’ a< [ (@+H0) a
-1 -1
)2 1
=€ 0 a)lz/ 26 g dt
(2arctan <)% J_1 x° + €

e (b—a)?
"~ 2arctan %

—0 ase— 0.

This implies that the minimal value of E cannot be positive. Yet, if ¢ € X satisfies E(p) =0,
then id(_; 1) @' = 0 on [~1,1]. Hence, ¢' = 0 a.e. in [~1,1] and thus the continuity of ¢’
implies that ¢ is constant, which contradicts the boundary conditions. Overall, we see that
no minimizer can exist.

A framework to show existence of minimizers is known in the calculus of variations as the
“direct method”, while the general outline of the argument can be found nameless in fields of
mathematics ranging from differential geometry to numerics.

Proposition 2.1.1 (Abstract existence result, c.f. [57, Section 3.1]). Let X be a metric space
and let K C X be a non-empty compact subset. Furthermore, let f: X — [0,00] be bounded
from below and sequentially lower semicontinuous, i.e. for all (xy)reny C X with xy, — x for
some x € X it holds that

liminf f(z) > f(x).
k—o0
Then, there is a minimizer Tmin € K C X of f, i.e.

f(@min) = iﬂnin f(x).

eK

Proof. Since f(K) is bounded from below, the infimum of this set exists and we find a sequence
(zk)ken such that

lim f(xr) = inf f(x).

k—oo zeK

By compactness of K there is a convergent subsequence (xg,)reny with limit € K. Yet now
we have

f(z) <liminf f(zy,) = klggo f(zx) = inf f(x).

l—00 zeK

Hence, = is a minimizer of f. O
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We see that besides compactness, lower semicontinuity with respect to the topology consid-
ered plays a central role. Note that, depending on the topology, it may also be necessary to
distinguish between lower semicontinuity and sequential lower semicontinuity.

2.1.1 Necessity of convexity for existence of minimizers for scalar problems

In this subsection we discuss how the lower semicontinuity of integral functions is related
to the convexity of the energy density. In particular, for scalar valued problems the energy
density has to satisfy the classic notion of convexity, while for vectorial valued problems
generalized notions of convexity are required. This overview is mainly composed from the
work of Dacorogna [57]. Alternatively, this topic is discussed e.g. in [28, Chapter 2 and 12].

In the following, let 2 C R™, n € N be a bounded open set, and W : Q x R™ x R™™ — R,
m € N an energy density corresponding to the energy functional E : WhP(Q; R™) — [0, oo,
p € (1, 0] given by

E(u) = /QW(x,u(x),Vu(z)) dz, we WP(Q;R™).

The next theorem gives a precise formulation of the statement that under suitable as-
sumptions if u is scalar, i.e. m = 1 or n = 1, weak semicontinuity of E implies that W is
convex.

Theorem 2.1.2 ([57, Chapter 3.3, Theorem 3.1]). Let W : QxR x R™™ "™ — R be continuous
and assume that

(W (z, 2z, F)| < a(xz,|z],|F|) for all (x,z, F) € QxR"™ x R™™,

where a : @ X R x R — [0,00) is increasing with respect to |z| and |F| and locally integrable in
z. If E is weak-+ lower semicontinuous in WH(Q; R™), then F s f(z, 2, F) is conver.

Note that in the scalar case, convexity of the energy density is not only a necessary but
also a sufficient condition of lower semicontinuity of the associated energy functional, see [57,
Chapter 3.3, Theorem 3.4]. The proof of Theorem 2.1.2 is based on the following lemma,
which is of interest on its own, as it also holds in the vectorial case, i.e. for n > 2 and m > 2.

Lemma 2.1.3 ([57, Chapter 3.3, Lemma 3.3]). Let W : Q x R™ x R"*™ — R be continuous
and assume that

(W (z, 2z, F)| < a(x,|z|,|F|) forall (z,z,F) € Q x R™ x R™™,

where a : @ xR xR — [0,00) is increasing with respect to |z| and |F| and locally integrable in
x. If E is weak-+ lower semicontinuous in WH°(Q; R™), then for all cubes D C Q, for all
(0, 20, Fp) € Q X R™ x R™™ ™ and all p € Wol’OO(D,]Rm) we have

1
ﬁ /D W (x0, 20, Fo + V(y)) dy > W (0, 20, Fo)- (2.1)

In the vectorial case, it does not hold in general that the integral has to be convex for the
energy functional to be lower semicontinuous. Yet, with (2.1) still valid, this motivates the
introduction of general notions of convexity, for which we follow [58, Chapter 5].

The notion of convexity which is necessary and sufficient for the lower semicontinuity of
vectorial energy functional under suitable assumptions is quasiconvexity, see [58, Chapter
8]. It was first introduced by Morrey in [111], while we will use the terminology by Ball
introduced in [16], see [58, Remark 5.2].

In one dimension this notation of course coincides with convexity.

| 2.1
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Definition 2.1.4 (Quasi-convexity [58, Definition 5.1, (ii)]). A measurable and locally
bounded function f : R™*"™ — R is called quasiconvez if for every bounded open set D C R",
every £ € R™"™ and every ¢ € Wol’OO(D, R™) it holds that

f©) < ul)' /D F(€+ Vip(a)) da. (2.2)

Remark 2.1.5. a) Observe that (2.2) can be seen as Jensen’s inequality for gradients.

b) The test functions ¢ € WOI’OO(D; R™) can as well be chosen as ¢ € C§°(D;R"), see [58,
Remark 5.2].

c¢) If (2.2) holds for one bounded open set D C R"™, then it holds for all such sets [58,
Proposition 5.11]. Hence, the definition of quasiconvexity does not depend on the choice of D.

d) Note that we only defined quasiconvexity for real valued functions, not for functions
taking values in [0,00]. As discussed in [58, Remark 5.2] the reason lies in the fact that
there is no proof that quasiconvexity of the energy density fully characterizes the lower
semicontinuity of the associated energy functional. While necessity has been shown, the
sufficiency of quasiconvexity is still an open problem.

The notion of quasiconvexity is rather abstract and since is not a pointwise condition it
is quite involved to verify. Therefore, it is convenient to define two additional notions of
convexity, which are easier to verify - one weaker, known as rank one convexity and one
stronger, referred to as polyconvezxity.

Definition 2.1.6 (Rank one convexity [58, Definition 5.1, (i)]). A function f : R™*" — [0, o0]
is called rank one convex if for all A € [0,1] and all £, n € R™" with rk({ —n) = 1 it holds
that

FOE+ (L =XNn) A€+ 1 =Nf(n).

To define polyconvexity, we first need the definition of a minor (determinant).
Definition 2.1.7 (Minor (determinant)[124, Definition 2.34], [25, Section 7.3]). For n € N
and k € {1,...,n} let

I={iy,...,ix} C{1,...,n} and J={j1,...,5kt C{1,...,n}

with i1 < -+ < i and j; < -+ < jg. The minor (determinant) ur; of order k associated to I
and J is given by the determinant of the submatrix with lines and rows specified by I and J,
meaning that by the Leibniz formula we have for the symmetric group Sy on k letters

k
prr(A) = det ((Aij)icrjes) = Z sgn(o) H Aiypyge  for A€ R™ ™.
(=1

€Sk

The vector of all minors of all orders is denoted by M € R™, where 7, = (71")2 X e X (2)2

Definition 2.1.8 (Polyconvexity [58, Definition 5.1, (iii)]). A function f : R™ "™ — [0, o] is
called polyconvez if there is a convex function g : R™ — [0, 00| such that

f(&) = g(M(&))-

The relations between the different generalized notions of convexity have been studied in
detail.
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Theorem 2.1.9 (Relations between generalized notions of convexity [58, Theorem 5.3]). If
[ R™™ 5 R, then

f convex = f polyconver = f quasiconver = f rank one convex.
If f:R™"™ — [0, 00], then
f convex = f polyconvex = f rank one convex.

Furthermore, if n = 1, then all these notions of converity are equivalent.

2.1.2 Relaxation of minimization problems

In the previous subsections, we have seen that lower semicontinuity is needed to show existence
of minimizers by the direct method, while for integral functionals this relates in the scalar
case to the convexity of the energy density.

But what can be said, if the energy density is non-convex and therefore the energy functional
is not lower semicontinuous? In this section, we discuss how to apply the techniques of the
previous section to obtain some information on the infima of the energy functional, following
[58, Section 9.1].

For a metric space X let E': X — [0, 00] be an energy functional on X. Suppose that F
is not sequentially lower semicontinuous, so the direct method cannot be applied to show
existence of minimizers. The crucial idea to obtain at least partial information on elements
u € X for which E takes a small value is to replace the original minimization problem by a
relazed problem, meaning that instead of considering the original functional E we consider a
relazed energy functional E,., which satisfies

SR P ) = ol Fral)
and, if suitable coercivity conditions are satisfied, attains its infima. Note that in view
of coercivity conditions and compactness it might also be prudent to widen the scope of
admissible functions, considering a Banach space X’ with X C X’ on which FE,q is defined.

We will see that under suitable assumptions, Fi is again an integral functional with energy
density Wye. Notice that this is not self-evident as non-local behavior may occur. However,
as the energy function ought to be lower semicontinuous, the above results yield that in the
scalar case Wi has to be convex. The fact that this is in general not a necessary condition
in the vectorial case motivates the definition of envelopes corresponding to the generalized
notions of convexity introduced above. We start this section with these definitions before
formulating explicit relaxation results.

Definition 2.1.10 (Envelopes for generalized notions of convexity [58, Section 6.1]). Let
[ R™"™ — R, then the rank one convex, quasiconvex, polyconvex and convex envelope is
given for £ € R™"*"™

frk(f) =sup{g(¢) | ¢ < f and g rank one convex},
f9€) =sup{g(¢) | g < f and g quasiconvex},

fP(€) = sup{g(&) | g < f and g polyconvex},
fe(€) =sup {g(¢) ’ g < f and g convex},

respectively.
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An example of a non-(quasi)-convex function arising in the theory of non-linear elasticity
is the density of the Saint Venant-Kirchhoff energy, which is in dimension n € N given for a
parameter v € (0,1/2) up to rescaling by [58, Section 6.6.6]

F)=|FTF -1+ —2_(|F]? - n)2
Wek(F) = | 2+ L (FP —n)

The relaxation of this energy for n = 3 has been given by Le Dret and Raoult [97]. We
limit ourselves to the result for n = 2.

Proposition 2.1.11 (Envelopes for the Saint Venant-Kirchhoff energy density [58, Theorem
6.29]). For a matriz F € R**? we denote its singular values by 0 < A\ (F) < Xo(F). For
n = 2 the Saint Venant-Kirchhoff energy density Wsx : R2*? — R is given for F € R?*2 by

1%
Wsk(F) = [FTF —1J* + E(U’F —2)?

= (\(F) — )"+ (05(F) = 1) +

v
—2v

(A (F) +25(F) - 2)*.
Distinguishing the sets

Dy = {F e R¥? | (1 —v)A}(F) + v 3(F) < 1 and \o(F) < 1}
={F e R¥? | \{(F) < Xo(F) < 1},
Dy ={F € R¥”? | (1 —v)N(F) + vA3(F) < 1 and \o(F) > 1},

we define the function g : R?*2 5 R for F € R?*2 by

WSK(F) ifF€D1UD2,
9(F) = 5 (N(F) = 1)* if F € Dy,
0 ifFE D;.

Then, for F € R?*?
Wk (F) = Wik (F) = Wgg (F) = Wgi (F) = g(F).
In particular, all envelopes of generalized convexity coincide with the convex envelopes.

We see that for the special case of the Saint Venant-Kirchhoff energy all the envelopes
coincide in two dimensions. This is also the case for n = 3, see [97].

The relation between relaxation and the quasiconvex envelope is established by relaxation
theorems such as the next, which only concerns integral functions where the integrand depends
only on the gradient. Note that far more general relaxation results establishing the relation
to the quasiconvex envelope of the energy density are known, see e.g. [58, Section 9.2.2].

Theorem 2.1.12 (Relaxation theorem [58, Theorem 9.1]). Let Q@ C R™, n € N be a bounded
open set and 1 < p < co. Let W : R"™*"™ — R be a measurable function that satisfies for a
quasiconver function g : R™*"™ — R and a > 0 for every F' € R™"*"

g(F) <W(F) and |g(F)|+ |[W(F)| < a(l+[F]).

We consider the energy functional E : WHP(Q;R"™) — R given for u € WHP(Q; R") by

E(u) = /Q W(Va) da.
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Then, the energy function E.q : WHP(Q;R™) — R given for u € WHP(Q;R™) by
Fra(u) = / W (V) da
Q

satisfies for ug € W1P(Q; R™)

inf E(u) = inf Erel(u).
u€ug+W1p(Q;R") u€ug+W5hp(Q;R™)
More precisely, for every u € WHP(§; R™) there is a sequence (ug)gen C u + W&’p(Q;R”)
such that

up = uw in LP(Q;R™)  and E(up) = Ew(u) as k — oo.

2.1.3 Minimization problems under differential inclusion constraints

As in the previous sections, let X be a metric space and E : X — [0, 00] an energy functional.
Notice that up to this point, all considerations focused on the energy functional rather than
the space X, and all results were formulated for rather broad classes of functions. Yet for
applications, the class of functions suitable for the given problem, also referred to as the
admissible functions for the problem, are more specific, as they should satisfy additional
conditions. Typical examples range from classic boundary conditions in the field of partial
differential equations, over additional partial differential conditions [31, 71, 106, 62], which
arise for example in electrodynamics, to pointwise gradient constraints [35, 36, 34, 43]. The
mathematical interest lies in the fact that these constraints may hinder direct application of
standard results of the calculus of variations.

Example 2.1.13 (Local volume preservation). For n € N let 2 C R™ be a bounded Lipschitz
domain and let u € W12(Q; R™). A typical example for a pointwise constraint on the gradient
Vu of u is the requirement that u preserves volume locally, which corresponds mathematically
to the condition det Vu =1 a.e.

The category of pointwise constraints also comprises differential inclusion constraints, which
are pointwise restrictions on the gradient of a function. More precisely, let 2 C R™, n € N,
1 <p<ooanduc€ WHP(Q;R"). Furthermore, let K C R™ ", then we say that u satisfies
the exact differential inclusion constraint, if Vu € K. If merely a constraint on the distance
dist(Vu, K) of Vu to the set K is imposed, we will refer to this condition as an approximate
differential inclusion constraint.

Similar to the way relaxation is related to the generalized notions of convexity for functions,
differential inclusion constraints motivate generalized notion for convex sets. In analogy to
the different convex envelopes for a function, we introduce different notions of convex hulls
for the set K. We cite the definitions given by Miiller. Alternatively, these hulls are discussed
in [58, Section 7.1].

Definition 2.1.14 (Generalized notions of convex sets [114, Section 4.4]). Let K C R"*",
then the rank one convex, quasiconvex, polyconvex and convex hull of K is given by

K*={FeR"™" | f(F) < i%ff for all f: R™"™ — R rank one convex},

K¥®={FeR"™"| f(F) < i%ff for all f: R™™ — R quasiconvex},

KPP ={F eR™" | f(F) < i?(ff for all f: R™"™ — R polyconvex},
K¢={FeR"™"| f(F) < i?(ff for all f:R™"™ — R convex},

respectively.

25



2 I Preliminary Results from the Calculus of Variations

26

Simple laminates. In the context of differential inclusion constraints, a particular problem
is to construct functions u € WHP(Q; R"), where 2 C R", n € N is a bounded Lipschitz
domain, satisfying for a given set K C R™*™ an approximate or exact differential inclusion
constraint. Due to their gradients being piecewise constant, particular useful constructions
are simple laminates.

Let A, B € R™ ™. Our goal is to construct - if possible - a function v € WHP(Q;R") of
layered structure with the property that Vu € {A, B}. More precisely, we are aiming for a
function whose gradient is oscillating layerwise between A and B in the direction determined
by a vector v € S”, and is constant in all directions normal to v, see also Figure 2.1.

The following result by Ball and James shows that for such a inclusion condition to hold,
the matrices A and B have to be rank one connected, i.e. rank(B — A) = 1.

Proposition 2.1.15 (Simple laminates [15, Proposition 1]). For n € N and A, B € R™*"
let Q@ C R™ be a domain that decomposes in two disjoint measurable sets of positive measure
04,0p, 1.e. 1=Q4UQp.

Let u € Who°(; R™) satisfy

Vo — A on Qa,
B on Qp.

Then, there are vectors c,v € R", |v| =1 such that
A-—B=c®v, (2.3)
a point xg € R", zo-c =0 and a function § € WH>°(Q) satisfying VO = v 1q, a.e. such that
u(z) = xo+ Bx +6(z)c, z €. (2.4)

Remark 2.1.16 (Simple laminate associated to layered structure). Assume that A, B € R"*"
are rank one connected, i.e. suppose that (2.3) holds. Then, we can define for ¢ > 0 functions
ue € WH(Q; R") with layerwise oscillating gradient via (2.4) by setting 6. € W1>°(Q) such
that VO, = v :H'EPsofth'

2.2 The notion of I'-convergence

As we aim to determine asymptotic descriptions of material models, a suitable notion of limit
and therefore of convergence is needed. Since in accordance to a variational approach the
materials are modeled using energy functionals (E). in dependence of a certain parameter
€ > 0 whose limiting behavior is to be studied, we require a type of convergence for energy
functionals that retains the variational character in the sense the minimizers for E, converge
to minimizers of the limiting functional. Such a notion is given by I'-convergence, which was
introduced by De Giorgi and Franzoni [65, 63]. Introductions to this topic are available in
several textbooks [64, 59, 28].

For our purposes it is more suitable to formulate I'-convergence in terms of sequences.
Therefore, we state the basic definition of I'-convergence also in sequential form.
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Figure 2.1: Sketch of the first component e; - u for a simple laminate u : R? — R? with
Vu € {A, B} for rank one connected matrices A4, B € R?*? orientated normal to
vesh

2.2.1 Definition of I'-convergence

Definition 2.2.1 (I-convergence, [28, Definition 1.5]). Let X be a metric space and for each
k € Nlet fr : X — [0,00] be a function. The sequence (fx)ren I'-converges with respect to the
topology induced by the metric of X to a function foo : X — [0, 00] if for all z € X it holds
that

(i) (liminf-inequality) for every sequence (xj)ren With xp — x

foo(z) < 1ikH_1>i£f Ju(or),

(ii) (lim sup-inequality) there exists a sequence (zj)ken With xp — 2 such that

fool) > likm sup fr(2x).

In this case, we call the unique function f, the I'-limit of (fi)ren, which is denoted by
Remark 2.2.2 (Recovery sequences). Since the sequence (xj)ren satisfying the lim sup-
inequality also has to satisfy the lim inf-inequality, we have

foolz) < li]gn inf f(x1) < limsup fi(zr) < fool2),
—00 k—o0

which implies that the limit limy o fr(2g) = foo(z) exists. For that reason, a sequence
satisfying this condition is called recovery sequence and one may replace the lim sup-inequality
by requiring the existence of recovery sequences [28, Section 1.2, (ii)’].

Before discussing the properties of I'-convergence, we consider a first example.
Example 2.2.3 (A first I-limit [28, Section 1, Example 1.11]). Let f; : R — R be given by
1 ift=1,
filt) =4 -1 ift=-1, teR

0 otherwise.

| 2.2
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For k € N consider the sequence (fx)ren of real functions fr : R — R given by fi(t) = fi(kt)
for t € R.

We are going to show that (fx)ken converges in the sense of I'-convergence with respect to
the euclidean metric to the function fo : R — R given by

0 ift#0,
t) =
foolt) {—1 if t = 0.
First, we consider the lim inf-inequality. Let (zx)reny C R with zp — z as k — co. We have
to show that

liminf fi,(2x) 2 foo(2)-

If © # 0, we see that for K € N with K > 1/|z| there is a ball B C R around = (with radius
smaller than |z| — 1/K) such that fx|p = 0 for all k¥ € N with £ > K. Hence, for k large
enough all z lie in B and thus for x # 0 we have limy_, o fx(zr) = 0 = foo(x). If x =0, then
foo(x) = foo(0) = —1 and since f, > —1 for all k£ € N the desired estimate holds.

Secondly, we have to construct for each x € R a sequence (yr)r € R such that y — «
and limsupy_, . fx(yx) < f(z). If x # 0, then by arguing as for the lim inf-inequality, any
sequences (yx)ken With yr — x satisfies limsup,_, o fx(yx) = 0 = f(z), and thus we may
choose in particular the constant sequence given by y; = x. If x = 0, then we consider the
sequence (Y )ken given by yr = —1/k, which satisfies fi(yx) = —1 = foo(0) = foo().

Overall, we have established that I'-limg_,~ fx = foo. Observe that the I'-limit of (fx)ren
does not coincide with the pointwise limit of the sequences, which would be given by 0.

It is also possible to define I'-convergence in purely topological terms. This has the advantage
that this formulation is valid in general topological spaces.

Definition 2.2.4 (I’-convergence in terms of topology, [59, Chap 4., Definition 4.1]). Let X
be a topological space and denote by N(z) the set of all open neighborhoods of x. For each
k € Nlet fr, : X — [0,00] be a function. Then, the I'-lower limit and the I"-upper limit of the
sequence (fx)ken are for all z € X given by

[-liminf fx(z) = sup liminf inf fx(y),
k—oo UEeN(z) k—oo yeU

I-limsup fx(z) = sup limsup inf fi(y).
k—o0 UeN(z) k—oo YEU

If the two coincide, i.e. if there is a function fs : X — [0, o0] such that

foo = I-liminf f; = I'-lim sup fi,
k—o0 k—o00

then we write foo = I-limy_,o fr and we say that the sequence (fx)ren [-converges to foo in
X or that f is the T-limit of (f)ren in X.

As pointed out in the work of Dal Maso, there is a close relation of I'-convergence of a
sequence of functions and set convergence in the sense of Kuratowski of their epi-graphs.
Hence, some authors tend to call the former epi-convergence, which is for example the case in
some literature on stochastic homogenization cited later in this thesis. Therefore, we want to
give a short overview on these results.
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Definition 2.2.5 (Set convergence in the sense of Kuratowski [59, Chap 4., Definition 4.10]).

Let X be a topological space and (Ej)ren be a sequence of subsets B C X.

The K-lower limit of (E})ren, which we denote by K-liminfy_, . Ej, is the set of all points
x € X such that for every U € N(z) there is a k € N such that for every h > k it holds that
UnNEyg#0.

The K-upper limit of (Ex)ken, which we denote by K-limsup,_,., Ej, is the set of all
points z € X such that for every U € N(x) and every k € N there is an h > k such that it
holds that U N Ej, # 0.

If both coincide, i.e. if there is an £ C X with E = K-liminfy_,. By = K-limsup;_,, E,
then E = limg_.o E} is said to be the limit of Ei in the sense of Kuratowski.

The following theorem determines the relation between I'-convergence and K-convergence
of epi-graphs. Recall that the epi-graph of a function f : X — [0, 00] is given by

epi(f) = {(z,t) e X xR | f(z) < t}.

Theorem 2.2.6 (I'-convergence and K-convergence of the epi-graphs, [59, Chap 4., Thm
4.16]). Let foo, fr : X — [0,00] for all k € N . Then, the sequence (fi)ren I'-converges to foo
in X if and only if the sequence of sets (epi(fx))ken K-converges to epi(f) in X x R with
respect to the product topology of X x R.

2.2.2 Properties of I'-convergence

I-convergence satisfies three key properties by design, which we cite from [28], but can be
found for example in [59], as well. In the following, let X be a metric space and for each € > 0
let fe : X — [0, 00] be a function.

Proposition 2.2.7 (Lower semicontinuity of the I'-limit [28, Proposition 1.28]). The I'-upper
and T-lower limit of a sequence (fe)e are lower semicontinuous functions.

Proposition 2.2.8 (Stability under continuous perturbations [28, Remark 1.7]). Assume
that g : X — [0, 00| is a continuous function. If f. converges to f: X — [0,00] in the sense
of I'-convergence, then fe + g also I'-converges to f + g.

Proposition 2.2.9 (Convergence of global minimizers [28, Theorem 1.21]). Let (f.) be
equi-mildly coercive, by which we mean that there exists a non-empty compact set K C X such
that infx fe = infg fe for all € > 0. Furthermore, assume that (f¢)e converges in the sense of
[-convergence to f : X — [0,00]. Then, the minimum of fo on X exists and

min f = lim inf f..
X ! Hoxf6

Furthermore, if (x.)e C X is a precompact sequence such that lim._,q fe(x.) = limoinfx fe,
then every limit of a subsequence of (x)e is a minimizer for f.

2.3 Homogenization of material models

To find a mathematical model describing real world systems or processes it is crucial to
identify the relevant quantities. A good model comprises all factors that influence the system
or process significantly but also neglects marginal effects to keep the model manageable with
respect to data collection and computation. Thus, while the underlying parameters and
processes for the small scale system are well understood, it may seem prudent to not consider

| 2.3
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]
? %//

=7
0 < €

Figure 2.2: One goal of this work is to determine a suitable macroscopic model for materials
with fine layered structure. To that end, we consider a sequence of variational
models with decreasing layer thickness ¢ and aim to determine an asymptotic
model in terms of I'-convergence as € — 0.

them for a model describing a large scale situation. Yet, conceiving an ad-hoc model for each
scale does not utilize the knowledge on the underlying relations.

In such situations, homogenization can be used to obtain rigorous limit models that make
precise the notion of parameters becoming negligible as they relate to averaging quantities.

While examples for applications of these techniques can be found throughout many fields from
physics to computational science, applications in material science are of particular interest, as
elastoplastic bodies feature multiple length scales with different underlying physical processes.
As mentioned in the introduction, see also Figure 1.1, the different length scales range from
atomistic models to dislocation models to continuum descriptions of the body.

In this work, we are in particular interested in a macroscopic description of materials
that feature a fine layered structure, see Figure 2.2. The main model parameter is the layer
thickness € > 0. Since we follow a variational approach, with the material described by energy
functionals, the right language to formulate the forthcoming homogenization results in is
I'-convergence as introduced in the last section.

An essential tool for the homogenization of periodic structures is the classic lemma on
weak convergence of highly oscillating functions we are citing as formulated by Dacorogna,
alternatively see e.g. [28, Example 2.4].

Lemma 2.3.1 (Weak convergence of highly oscillating functions [57, Chapter 2, Theorem
1.5]). Let Q =[[i=;(a;, b;) and let uw € LP(2), 1 < p < co. Extend u periodically to R™ with
respect to Q and set uc(r) = u(e x), then if 1 <p < oo

1
ue = u in LP(Q) as e - 0, where u(x) = |Q|/ udxy,
Q

and if p = oo we have u. — @ in L°(), as € — 0.

In later chapters, we will prove two generalizations of this result concerning functions that
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are oscillating only in a one-dimensional subspace of R™ in Lemma 3.4.1 and weakly convergent
sequences of functions in Lemma 5.3.1

Lemma 2.3.1 allows us in particular to determine the weak limit of simple laminates, see
also Remark 2.1.16, which will be essential in later chapters. Here, we want to give a first
example for the asymptotic behavior of a sequence of simple laminates that can be interpreted
as shear deformation of a layered material.

Example 2.3.2 (Weak limit of oscillating shear deformation). Let Psog and Pag as in (1.1).

For n € N let Q C R™ be a bounded Lipschitz domain and let u; € VV&)SO (R%;R?) N L3(9;R?)
be determined by

VUl :]I+’}/61®62]lp

soft *

Observe that by choosing the mean value of u; to vanish, the specification of the gradient
indeed determines the potential uniquely. Furthermore, for € > 0 we set u = uj(e!-).

Since we can identify the function 1.p, ,, with the e-periodic extension of the one-dimensional
function Ly : [0,€] = R to R via Lep,,, (z) = Lo (x2) for all z = (21, 22) € R?, Lemma
2.3.1 yields for the gradients

Vue =1+ ve; ® e ]lpsoft(e_l-) — T4 Ave1 ®ey in L2(Q;R2) as € — 0.

Again, since for each € > 0 the function u. has mean value zero, we obtain by the Poincaré
inequality for v € W2(Q; R?) determined by Vu = I + Aye; ® ey that

ue —u in WH(Q;R?) as e — 0.

In the context of integral functionals, homogenization aims to determine explicit formulas

for the homogenized energy density, similar to the desire for explicit relaxation formulas.

In certain cases, these can be expressed in the form of what is known as cell and multicell
formulas.

Definition 2.3.3 (Cell and multicell formulas [112]). Let W : R® x R"*™ — [0, 00] be an
energy density periodic on (0,1)™ with respect to the first variable. Then, the cell formula

weell . Rnxn 5 R for the homogenized energy density corresponding to W is given for
F € R™" by

Wel(F) = inf W(z, F + Vi(z)) d,
d)GWpe’e((O,l)";R”) (071)n

and the multicell formula W™t : R"*" 4 R for the homogenized energy density corresponding
to W is given for F' € R™*™ by

Wult(F) = inf inf W(z, F + Vi) da.
REN peWpL ((0,k)™;R™) /(0,k)

Both these formulas play a central role in the key homogenization results we present next.

The first result concerns the case of a convex energy density. Marcellini has first shown
for scalar u and under polynomial growth conditions that the homogenized functional is an
integral functional whose density can be expressed via the cell formula [105, Theorem 4.4]. To

remain in the vector-valued framework, we cite a version of this result formulated by Miiller.

Note that Miiller himself generalized this result in the same work to more general growth
conditions.

| 2.3
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Theorem 2.3.4 (Convex homogenization [112, Theorem 3.3]). Let Q C R™ be a bounded
Lipschitz domain and let W : R™ x R™*"™ — R be periodic on (0,1)™ with respect to the first
variable and such that

(i) W(x, F) is convex in F for all x € §;

(ii) a|F|P < W(z,F) <b(1+ |F|P) for constants a,b >0 and p > 1.
Furthermore, let € > 0 be the energy functional E. : W'P(Q;R") — R that is given for
u € WHP(Q; R") by

Eﬁ(u):/QW(%,Vu(x)) dz.

Then, the family (E¢). converges in the sense of I'-convergence with respect to the strong
LP-topology to the energy functional Eyem : WHP(Q;R") — R given for u € WHP(Q; R™) by

Fnom (1) = /Q Wweell (V) da.

In the same work, Miiller also shows a homogenization result for non-convex energy densities
leading to a homogenized functional that is an integral functional whose energy density is
determined via the multicell formula. Such a result was also obtained by Braides building on
different techniques [27].

Theorem 2.3.5 (Non-convex homogenization [112, Theorem 1.3]). Let Q@ C R™ be a bounded
Lipschitz domain and let W : R™ x R™*"™ — R be periodic on (0,1)™ with respect to the first
variable and such that for constants a,b,L >0 and 1 < p < oo

(i) alF]P < W(z, F) < b(1 + |FP) for F € R"<";
(ii) |W(z,F) — W(z,G)| < L(1 + |F|P~' +|G|P~H|F — G| for F,G € R™",
Furthermore, let € > 0 be the energy functional E. : W'P(Q;R") — R that is given for
u € WHP(Q; R™) by

Eﬁ(u):/QW(%,Vu(x)) dz.

Then, the family (E¢). converges in the sense of I'-convergence with respect to the strong
LP-topology to the energy functional Eypem : WHP(Q;R™) — R given for u € WHP(Q; R™) by

Enom (1) = /Q W (7 da.

Moreover, if the energy density in Theorem 2.3.5 is in fact convex, then the multicell formula
reduces to the cell formula [112, Lemma 4.1].

To show that the cell and multicell formula determine in general different energy densities,
Miiller also gives in [112] an explicit example of an energy density and deformations. We want
to give a small recap of these results, as the construction involves a bilayered structure.

Lemma 2.3.6 (Miiller’s polyconvex energy density [112, Lemma 4.2]). Let Wy : R?*2 — R
be given for 0 < a < % by

St _ g(] 4+ a)—4 if 6> 0
Wat(F) = |[F[* + h(det(F)) where h(§) =4 _ota ’
M(F) = [F[7 + h(det(F)) - where  h(9) {W_8(1+a)—4—8(1:2“)26 if <0,

Then, it holds for Wit that
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(i) Wa > 0 and Wi (F) = 0 if and only if FTF =1 and det F > 0;
(ii) for det F > 0 we have Wy (F) = O(|[FTF —1)?) as |[FTF — 1| — 0;

(iii) Whp is polyconver, i.e. there is a convex function g : R**?2 x R — R such that for
F € R?*2 we have Wy (F) = g(F,det F);

(iv) the growth condition |F|* — C < Wy (F) < b(1+ |F[*), F € R?*2;
(v) the local Lipschitz condition Wy (F)—Wn(G)| < C(1+|F]P+|G]?)|F-G|, F,G € R?*2,

In the next lemma, the energy density Wy is used on both the stiff and the soft layers, only
differently weighted by a factor of u > 0. For the proof, the idea is to use the fact that by (ii)
in Lemma 2.3.6 the value of Wy is small for deformations close to a rigid body motion, by
constructing a sequences whose gradient is close to a rotation on the heavily weighted stiff
material component. We will construct similar deformations in Section 3.4 and revisit parts
of Miiller’s arguments in Section 4.4.

Proposition 2.3.7 (Cell vs. multicell formula [112, Theorem 4.3]). Let Y = [0,1]?> C R?
denote the unit square. For a weight parameter . > 0 we consider the layerwise defined energy
density W, : Q2 x R?*2 — [0, 00] given by

Wﬂ(xv F) = (:H‘Pstiff (x) +ulp,,, (x))WM(F)7 (25)

where Wyt as in 2.3.6.
Then, there is an F € R?**2 and a puo > 0 such that for all 0 < pu < po we have

mult cell
wmit(py < well(F).
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We begin the study of the macroscopic behavior of materials with stiff layers by analyzing the
asymptotic behavior of sequences of functions whose gradients are close to rigid body motions
on every other layer. In particular, we determine the optimal scaling relation between the
layer thickness and the stiffness parameter, identifying two regimes. The result in the stiff
regime is comprised in Theorem 1.1.1, for which we prove a slightly more general version
of the necessity statement in this chapter, while the sufficiency statement is proven in the
next. After an introductory example we will discuss known geometric rigidity results, before
proceeding to the proof of our new asymptotic characterization result. At the end of this
chapter the optimality of the scaling relation is established by examples of limit functions
deviating from the above characterization in the regime corresponding to insufficient stiffness.

3.1 Introduction

Firstly, let us make precise the notion of a periodic bilayered structure and the related notation
used throughout this chapter.

Definition 3.1.1 (Periodic bilayered structure). For n € N, n > 2 we define P° = R~ x (0, 1]
and set P’ = je, + P° for i € Z. For a bounded Lipschitz domain @ C R™ we denote the
smallest and largest index of the layers intersecting 2 by

i — min{k € Z | ePPNQ#0} and i = max{k € Z | eP* N Q # 0}
and gather all indices of the layers in between in the index set
I8 ={kcZ|i®m> < | < bmax),

We suppress the superscript €2 if the reference is apparent from context.

For (Ac)e C (0,1) the ratio between the stiff and soft component, the periodic bilayered
structure corresponding to (A¢)e is the sequence of sets (Pitifr)e and its complements (Pyogt)e
given by

Py = R 1 x (0,A] and Pz =R ! x (A, 1].
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We identify these sets with their P?-periodic extensions in e,-direction to R”.
Lastly, the projection of x € Q on the closest layer interface below (in e,-direction) is
denoted by

LTJG = (fl'la <y Tn—1, anJ6) where for ¢ € R we set LtJ6 - GLEJ

To gain familiarity with our model for materials of layered structure and the rigidity effects
that may occur in this context, we consider a first example of deformations in two dimensions.
As mentioned in the introduction, we regard a component as stiff if its elastic deformation
apart from a mere rigid body motion requires large amounts of energy. The deformation
considered in this example actually satisfies the limiting case that the stiff layers are in fact
totally rigid, i.e., their only possible deformations are rigid body motions. In other words,

for € > 0 the deformation u, of the body satisfies the exact differential inclusion constraint
Vue € SO(2) on €Pyig

Example 3.1.2. Let Q C R? be a simply connected bounded Lipschitz domain representing
an elastic body which features for € > 0 a layered structure in the sense of Definition 3.1.1.
We consider the deformations (u)e C I/Vlicoo (R%;R?) N L3(©;R?) that do not deform the
rigid component at all, i.e. Vue|cp,, = I, but shear each soft layer along (cos7/6,sin7/6)”
and rotate it so that it is compatible to the non-deformed rigid layers. More precisely, let
s = (cos7/6,sin7/6)T = (V3/2,1/2)T denote the shear direction and m = s+ = (—1/2,v3/2)T its
normal. For a given amount of shear v € R and a rotation R € SO(2), let the deformation
gradient on the soft layer be given by

_ V3/2 —1/2 vy (—vV3 3
1y —14t
R Vudeno =Ttrs@m =1 7<1/2>®<\/§/2>H 4< 1 V3)

In view of Proposition 2.1.15, the gradients have to be rank one connected to ensure compati-
bility. Hence, let v = 2% = 21/3 and

_ [cos2m/3 —sin2m/3\ 1 (-1 —/3
~ \sin2/3  cos2/z3 | 2\\/3 -1 )’
so that

. 1({ -1 V3 -1 0 2v3 (V3 -3 —V3
wren- (T D) (5 ) ) () e

Thus, Vuelcp,,s = I and Vuelcp,,, = R(I+7vs ® m) are indeed rank one connected. Hence,

Proposition 2.1.15 entails that (u¢)e C VVI})COO (R%;R?) N L3(Q;R?) is well-defined and given by
a simple laminate.

Next, let us determine the asymptotic behavior of (u¢).. By the classic Lemma 2.3.1 on
weak convergence of highly oscillating functions we obtain

R_lvu5 = R_l I[EPstiFf + ]I ]16Psoft _i_f}/s ® m ﬂepsoft
—~(1=ANR Y4+ AX[+Mys@m in L*(:R?) ase— 0.

The Poincaré inequality then yields for the function u € W12(Q) N L3(£2; R?), determined by

R Wu=(1-MNR 14+ AI[+)\ys@m,
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that ue — u in WH2(€;R?) as € — 0. For a simplified expression for Vu, observe that since

. < ~1 (1+2)\)\/§> 3 (1 —2)\/3
2 B 1

~V3  —1+6) 0 ) = 1A2V3e @ ez

it holds that

1 1-X{ -1 V3 A0 A2V3 (=3 3
" V“=2<_¢§ _1>+<o >\>+4<—1 \/§>

_1 <__\}§ (1_—E 3_)\25\)\/5> = R YI+X2V3e; @ e3).

2

Hence, Vu = I4+)2v/3e; @ e and we see that the resulting macroscopic deformation is a
shear along es, i.e. along the layer direction. Also, the rotation R of the soft layers does not
enter the formula for Vu explicitly.

This example features two major simplifications. Firstly, the deformation satisfies the
differential inclusion constraint exactly, while we intend to study functions satisfying the
approximate inclusion constraint. This issue will be addressed in Section 3.2. Secondly, the
deformation gradients are identical on every other layer. For a general deformation of a
material with a stiff component, this will not hold. It is therefore crucial to obtain a good
estimate between the rigid body motions which the deformation is close to on different stiff
layers.

To that end, the next lemma considers a cuboid that consists of two neighboring rigid smaller
cuboids and a softer component in between, see Figure 3.1. An estimate on the gradients of
the rigid body motions is then derived using the gradient structure of the deformation.

Lemma 3.1.3 (Estimate on rigid body motions on different rigid layers). For n € N, n > 2
and £,¢; € (0,00), j € {1,...,n} with £ < {; let P := (0,£1) x (0,€2) x ---x (0, £y,) be a cuboid.
ForaeR" and£>0set PL=a+ P, Po,=a+&e,+ P. For1l <p< oo and the cuboid

Q= U (a + te,) + P,

te(0,€)

let u € WHP(Q;R™) be a deformation which coincides with a rigid body motion on Py and Py,
i.e. fori € {1,2} there are R; € SO(n) and ¢; € R such that u(x) = Rz + ¢; for x € P;.
Then,

IRy — Rill Lo (pmnxny < CC €Vl Lo (gimnxn)- (3.1)
Proof. We may assume that £ > ¢,,, since otherwise R; = Ry in which case there is nothing

to show. To avoid the need for more involved arguments close to the boundary, we introduce
P =(0,01) x (0,£3) x -+ x (0,%n/2) and set

Plza—i-%"en—i-]s and ]52:@+§en+15.

By the estimate on difference quotients by weak derivatives from Proposition 3.5.10 we obtain
ford=cy —c1 + (f — en/2)R2€n

[(R2 — Ri)a + dHLp(Pl;Rn) < u(z + (& - %)en) - u(x)HLp(ﬁ;Rn) < &IVl zrmraxn)-

This, together with the estimate of the subsequent Lemma 3.1.4 applied to the left hand side
concludes the proof. O
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Py

e

Figure 3.1: A key ingredient in the proof of the asymptotic characterization result is a
good estimate between rigid body motions on different stiff layers. For a two-
dimensional domain @, two neighboring layers, P; and P, are sketched here,
on which the deformation u coincides with a rigid body motion, determined by
rotations R1, Ry € SO(2) and a translation vectors cp, ca € R2.

The next lemma establishes an inverse Poincaré type inequality for differences of rigid
body motions on thin cuboids. Notice that the constant is invariant under scaling of the thin
direction, which is not the case for usual estimates for derivatives of harmonic maps and will
be essential later on.

Lemma 3.1.4 (Estimate on differences of rigid body motions on thin cuboids). Forn € N with
n>2andl,0; € (0,00) with </{;, je{l,...,n—1} let O = (—L1,01) X -+ X (=lp_1,ln—1).
We denote by a € R™ and h € (0,00) the cuboid P, = a + O x (—h,h). Furthermore, let
R1, Ry € SO(n) be two rotations and d € R™. Then, for 1 < p < oo there is a constant C' > 0
only depending on the space dimension n and p such that

/ Ry — Ry|Pda < oz—p/ (Ry — Ry)z + d|” da. (3.2)
P, P,

a

Proof. Step 1: Optimizing in d. To shorten the notation set A = Ry — R;. Since the LP-norm
is convex and ¢ — t¥ is monotone on [0, c0), the linearity of  — Az implies that the value of

/ Az + dP do = / Az + (d — Aa)|? dz
P, Py
is minimal for d — Aa = 0, see Lemma 3.5.7 for the explicit calculations.

Hence, denoting the (n — 1)-dimensional ball around zero with radius ¢ by B;,—1(0,¢) and
setting Py = By—1(0,¢) x (=h,h) C O x (—h, h) we obtain

h
/ |Az + d|P dz > / / |Az|P dz,, d2’
P, 0J-n
h b
_ / / (AT Az, )% dz, do,
O J—h
> [ (AT 40, 2))
Py
Step 2: Utilizing specific structure of A = Ro — Ry. To derive an estimate with a constant

C > 0 independent of h, we use the specific structure of A as a difference of two rotations,
leading to

dz. (3.3)

ATA=(Ry— R)T(Ry —R))=21—- RIR — RTRy =21 - RI R, — (RITR))T.

Observe that R Ry € SO(n). Furthermore, note that for even n, each rotation R € SO(n) is
similar to a matrix featuring only planar rotations on the diagonal with the transformation
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matrix an element of SO(n), see e.g. [92, Satz 8.3.10], i.e. there are a coordinate transformation
U € SO(n) and planar rotations ©1,...,0,, € SO(2) such that

R =Udiag(01,...,0,,)U".

For odd n, there is an additional 1 in the last entry of the diagonal.
Let U € SO(n) and Oy, ...,0,/, € SO(2) be the matrices of the representation correspond-
ing to RY Ry, then

Ry Ry = Udiag(©1,...,0,,)U" and (RjR1)" =Udiag(67,...,0],)0"

for even n and similar with an additional 1 in the last entry of the diagonal in the odd case.
Hence, with ;1 denoting the upper left component of ©;, j € {1,...,7/2} we obtain for

AT A for even n

UTATAU = 2diag(1 — 01,1,1 — 011,..., 1 — Onjp 1,1 — O y) =1 D.

Observe that each eigenvalue appears at least twice and is non-negative. In the case of odd
n, we obtain analogously a representation with an additional 0 in the last entry of diagonal,
which may be the only simple eigenvalue. Thus, for j € {1,...,|?/2|]} we have

ya
2

/15 ((ATAw,x>)gd$:/UPO ((Dz,z))? dz

> (1-0,1)% / (a2, +22,,0)8 da. (3.4)
UPy

Step 3: Estimate on the eigenvalues of ATA. Let i € {1,...,|n/2]} be arbitrary but fixed.
Notice that the integrand depends on the projection onto the plane spanned by {es;, €211},
denoted by span{es;, ezj4+1}. The intersection of span{es;, ezj41} with the (n—1)-dimensional
subspace orthogonal to Ue,, denoted by span{U en}J— that encompasses UO is at least of
dimension one, in formulas

dim (span{es;, €241} N span{Uen}L) = 1.

. 2 2 p
Since  +— (v3; + 5;,1)?

assume that

is invariant under rotation in the plane span{eg;, e2j+1} we may

span{e;,ej1} Nspan{Ue,}* = span{e;}.
Hence, using the notation z = (x1,...,z,) = (z;,%) € R" we have

P £/2 1
22422 )z de > 2/ / 2dr;di = ——p"PL (35
/Uﬁo( i) = sy (—hpy Jo T 20—1(p + 1) (3.5)

Step 4: Deriving an estimate for ||Al|Lp(p,;rnxny. The inequality (3.5), together with (3.3)
and (3.4), provides an estimate on the eigenvalue of A” A, which is for a constant C' > 0 of
the form

2
(1—0;1) < Cﬂ(][ Az +dPP de)”
P
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Taking the sum over all eigenvalues of AT A and using the fact that all norms on finite
dimensional vector spaces are equivalent, we obtain

1

P[5 tr(AT A) < ce—l(/ Az + dP dz)?
P,

Finally, note that the trace of AT A provides a direct estimate for the euclidean spectral
norm, which is related to the Frobenius norm by a constant depending only on the space
dimension n. Overall, for an absolute constant C' > 0 only depending on n and p we have

AN | < C|P| (t2(AT4))" < (Jg—P/P Az + dPP da

Pa ;Rn Xn
as desired. O

Remark 3.1.5 (Estimate for layerwise rigid body motions). Since the constant on the right
hand side of (3.2) is independent of h, the lemma by itself generalizes to functions that coincide
with (in general different) rigid body motions on every layer. In particular, we do not require
any gradient structure for this estimate to hold. Indeed, let Q@ C R"~! be a cuboid with side
lengths larger than ¢ € (0, 00) and for hi, he > 0 and a,, € R let P, := Q X (ay, ayn, + h1) and
Py := QX (an, an—hs). Suppose that Ry, Ry € L®(P;UPy; SO(n)) with Ry|p, = Ri € SO(n),
i,k =1,2 and d € L>®(P, U P,;R"™) with d|p, = d; € R™.
Then, we have for i = 1,2 the estimates

1R85 = Bl ey < CC [ |(R = B+ i da
Adding both estimates we obtain

181 = Bally oy < CCP [ |(Ry = Ro)ar+ d da.
PiUP>

3.2 Qualitative and quantitative geometric rigidity

In the last subsection we discussed only functions that coincided on parts of the material with
rigid body motions. In general we require the deformations on the stiff layers to satisfy the
approximate differential inclusion constraint that the deformation gradient is close to SO(n).
Therefore a quantitative rigidity result is necessary, that establishes that if the approximate
differential inclusion constraint is satisfied, then the deformation is close to a rigid body
motion. Such a result has been proven by Friesecke, James and Miiller in [72, Section 3].

The prototype of rigidity results regarding the differential inclusion constraint in SO(n) is
the classic Liouville theorem for smooth functions u : 2 — R"™ defined on a bounded Lipschitz
domain (2 satisfying the exact inclusion constraint Vu € SO(n).

Theorem 3.2.1 (Liouville Theorem [72, Section 3]). Forn € N with n > 2 let QO C R™ be
a bounded Lipschitz domain and let u € C*(;R™) be such that Vu € SO(n). Then, u is a
rigid body motion.

Proof. Since for a general matrix A € R™*™ the cofactor matrix cof(A) satisfies [25, Section
4.4, Satz 3]

cof (A)AT = det(A)I,
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all rotations R € SO(n) satisfy cof(R) = R. Consequently, as for all u € C*°(Q; R™) it holds
that div(cof Vu) = 0, see [68, Section 8.1.4], the assumption Vu € SO(n) implies

Au = div(Vu) = div(cof Vu) = 0,

which means that u is harmonic. Furthermore, we see that |[Vu|? —n = |I| — n = 0, so taking
the Laplacian yields by the rules for differentiation of inner products and the fact that the
gradient of a harmonic function is also harmonic

0=1A(Vu|® —n) = Vu: AVu + |[V?u|? = |VZu|%. (3.6)

Hence, u is affine and since Vu € SO(n) we obtain that Vu = R for a fixed rotation R € SO(n).
Thus, u is indeed a rigid body motion. O

Remark 3.2.2. This result is closely related to the Liouville theorem classifying conformal
maps between R™ for n > 2, see [87, Section 1.3]. Historically, a challenging question was the
right amount of regularity necessary for this statement to hold. A key contribution was made
by Resetnjak, generalizing the Liouville theorem for conformal maps to a Sobolev setting
without additional assumptions [122].

Correspondingly, the following generalization of Theorem 3.2.1 is restated in full for later
reference. Notice that the proof above also holds if the derivatives are interpreted in this
weaker notion of differentiability.

Theorem 3.2.3 (Resetnjak Theorem [72, Section 3|). Forn € N with n > 2 let Q C R" be a
bounded Lipschitz domain and let u € WH2(; R™) such that Vu € SO(n). Then, u is a rigid
body motion.

In the context of their new approach to plate theory [73], Friesecke, James and Miiller
established a quantified version of Resetnjaks theorem.

Theorem 3.2.4 (Quantitative Geometric Rigidity [72, Theorem 3.1]). Let @ C R", n € N,
n > 2 be a bounded Lipschitz domain. Then, there exists a constant C' > 0, depending on €
such that for each u € WH2(Q; R™) there is an associated rotation R € SO(n) such that

|V = Rlly2(0) < C@Q)] dist(Va, SO(m)) | 120, (3.7)

Remark 3.2.5 (Scaling behavior). a) While the fact that this result also holds in terms of
LP(Q) for 1 < p < oo in the sense that instead of (3.7), it holds for all u € W1P(Q;R") that

[Vu = R| o) < C(Q2,p)[|dist(Vu, SO(n))|| s @) (3.8)

was already announced in the original paper, the proof is not contained therein. As established
by Conti, the original proof can be generalized when supplemented by suitable singular integral
estimates for the Laplace operator [55, 46].

b) The constant C(€,p) in (3.8) is invariant under uniform scaling and translation of
the domain Q [72, Section 3, Remark]. To see this, let Y = (0,1)" be the unit cube and
u € WHP(Y;R™). By a), there is a C' > 0 and a rotation R € SO(n) such that

IV = Rilagy ey < OV, )| dist(Vat, SO Lscr
For a € R" and h > 0 we define v, € WP(a + hY;R™) by

op(z) == hu(h Y (z —a)), = €a+hY.
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Since Vup(x) = Vu(h™ (z — a)), * € a + hY the change of variables formula for x = a + hy
applied twice yields

/ Vo, — RPdz = / h"|Vu — R|P dy
a+hY Y

<cC / B dist?(Vu, SO(n)) dy = C dist?(Vop, SO(n)) dz. (3.9)
Y a+hY

Hence, we see that the estimate (3.8) is invariant under uniform scaling and translation.
c¢) In [73, Section 4], Friesecke, James and Miiller show for the case p = 2 and n = 3, that
for a thin domain P. = (0,1)? x (0, €), the constant scales with a factor of e~

For our intended applications, we require a quantitative rigidity result for 1 < p <
and for general dimension n > 2 as well as the explicit scaling behavior on thin domains.
The arguments by Friesecke, James, Miiller, Conti and Schweizer are also valid in this more
general setting. For later reference, we end this section with a restatement of the theorem
with explicit scaling of the constant on thin domains. A self-contained proof of this result is
given in the Appendix for completion following the original arguments.

Theorem 3.2.6 (Quantitative rigidity on thin domains). Forn € N, n > 2 let O c R"~!
be a bounded Lipschitz domain, a, € R and 6 € (0,1). Set Ps = O X (an,an + 9) and let
1 < p < oo. Then, there exists a constant C > 0, depending on n, p, O but not € such that
for each u € WHP(Ps; R™) there is an associated rotation R € SO(n) such that

IV = Rllpo(o) < €6~ dist(Vat, SO(m)l| o - (3.10)

3.3 Asymptotic characterization for fine bilayered functions
with stiff components

All rigidity results presented in the last subsection address functions u that satisfy the
differential inclusion constraint Vu € SO(n) in the exact or approximate sense throughout a
domain 2. In our context of layered materials with stiff components these rigidity theorems
are therefore merely applicable to each individual stiff layer.

The next theorem, which is the main theorem of this chapter, utilizes quantitative rigidity in
the form of Theorem 3.2.6, and builds on the ideas of Lemma 3.1.3 to establish an asymptotic
rigidity result.

Theorem 3.3.1 (Asymptotic characterization). Let Q@ C R", n € N with n > 2 be bounded
Lipschitz domain, 1 < p < oo and 1 < q < oo with p < q. For (Ae)e C (0,1) let (Paifr)e
be a periodic bilayered structure. Furthermore, let (u.). C WIP(Q;R") satisfy for a > 0, a
constant C > 0 and all e > 0

/ dist?(Vue, SO(n)) dz < Ce®
EPstifme

and such that for a u € WHP(; R™) we have ue — u in WHP(Q;R™) as € — 0.
If p>1 and

o -14+2-2
rez=€e1 (1—A) "2 ¢« =0 ase—0, (3.11)
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then there is an R € VVli’p(Q; SO(n)) as well as a function b € VV&’?(Q;R”) with OjR =0 and

C

0;b=0 for all j € {1,...,n — 1} such that
u(z) = R(z)x + b(x) for all x € ). (3.12)

Furthermore, if p = 1 and (3.11) holds for constant Ac = X € (0,1), then there exists an
R € BWVipe(2;80(n)) and a function b € BViec($;R™) with ;R = 0 and 0;b = 0 for all
je{l,...,n—1} such that (3.12) holds.

Remark 3.3.2 (Integrability of R’ close to the boundary). With the proof based on the
arguments of Lemma 3.1.3, the best we may expect in the case of a general Lipschitz domain 2
for the integrability of R is R € BWo.(£2;SO(n)) and R € I/Vl})f(Q, SO(n)), respectively. This
becomes apparent in the fact that the constant in (3.1) is proportional to £~!, which implies
that rigid body motions on layers of small diameter cannot be uniformly controlled. This will
be reflected by the dependence of the constants in Lemma 3.3.12 and Proposition 3.3.15 on /.
Such layers of small diameter occur for example for cones pointing in the e,-direction. Also,
observe that arguments based on the transformation of boundary pieces to half spaces by a
Lipschitz map are not expedient as they in general perturb the layered structure.

However, under certain assumptions on the geometry of €2, integrability of R’ for the whole
domain € can be concluded, in the sense that R € W1P(€; SO(n)), see Corollary 3.3.8.

If we assume that the limit gradient preserves volume locally, the class of possible limit
functions is even more restricted.

Corollary 3.3.3 (Asymptotic rigidity). Assume additionally that u € W1 (Q; R™) with r > n
and det Vu = 1. Then, there are S € SO(n), R € L>*(Q; SO(n —1)) and d € LP(Q; R™) with
0;R=0 forall je{1,...,n—1} and e, - d = 0 such that

Vu= Sdiag(R,1)(I+d® ey).

Example 3.3.4. Notice that the general formulation of Theorem 3.3.1 covers several inter-
esting cases. In particular for constant Ac = A € (0,1) and p = ¢ = 2 the condition (3.11)
is satisfied for @ > 2. Furthermore, if we consider n = 2 and assume a volume preserving
condition for the limit gradient then Sdiag(R, 1) is constant, which means that the limits
are given by globally rotated shear deformations in the direction of the layers. Under these
assumptions, also the matter of lesser integrability of R € BVjo.(£2; SO(2)) is mute.

Before proving the results of this section, we introduce notation convenient for layered
materials and used throughout this work. Here, in particular the layered structure and the
compactness arguments motivate a more elaborate partition of cuboids.

Definition 3.3.5 (Notation for nested cuboids). For n € N with n > 2 let O C R*! be a
cube and J = [a,b] C R an interval and set @ := O x J C R™. We define J' := 2J — “T‘"b and
correspondingly Q' := O x J'. For the layer index sets, we use the abbreviation I’ = I<" if
the set @ in reference is apparent from context. Also, we will apply this notation iteratively,

in the sense that Q" := (Q')’, so that Q" = O x J" for J" = (J'), see Figure 3.2.

Proof of Theorem 3.3.1. The proof is based on two preliminary propositions, the first being
the existence of a sequence (w,), of layerwise rigid body motions approximating (u)e, while
the second establishes the compactness for (w)e, which allows us to obtain information on
the limit function w. Both propositions will be separately proven in the next subsections.
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Q” E Q// E
J" — —
Q' - Q' . Q'
.............. -
J Q J! Q
Q_gen
O

Figure 3.2: The partition of the cuboid Q" in Q' and @, of half and a third the size of
Q". While Q' is motivated by the layered structure, see Proposition 3.3.10, @ is
necessary for the application of compactness theorems, see Proposition 3.3.15.

To avoid problems arising from varying length of layers, we establish the result for cuboids
Q C Q with Q" C Q using the notation of Definition 3.3.5. For a general Lipschitz domain €2,
we argue by covering 2 with cuboids @ (thin enough to satisfy Q" C Q) that overlap only
finitely many times, obtaining on each that the restriction of limit wu is of the form (3.12).
However, since Vue; = Re; for © = 1,...,n — 1, this representation is unique, and thus holds
on the whole domain .

Subsequently, let Q C Q such that Q" cC Q be fixed. Firstly, we approximate each
ue by a layerwise rigid body motion w, € L1(Q"; R™) with respect to the strong LP-norm,
using on each individual stiff layer the quantitative rigidity result on thin domains from
Theorem 3.2.6. This is done in Proposition 3.3.10, which provides the existence of a sequence
(Be)e € L®(Q"; SO(n)) with X¢|.pi = RL € SO(n) constant for each i € I/ and a sequence
(be)e C LUQ";R™) with 8;be = 0, j € {1,...,n — 1} and [|b||fa(grrn) < C(1 — A)~! such
that there are functions we € LY(Q";R™) with w,(xz) = X (:B)w + be(z) for x € Q' that satisfy

1 _ 11
e — wel|Lr(qrirny < Ce(1 = Ae) » + Ce T1—a) 't || dist(Vu, SO(n)) || Le(qr)
< Ce(l—A) 7+ Cei M1 - AE)—”%—E < Cre. (3.13)

To establish compactness for (we)., an additional estimate on the different rigid body motions
that constitute each w, is needed. Building on the ideas of Lemma 3.1.4, Lemma 3.3.12
establishes that for every £ € R with Q + e, C @’ it holds that

1Ze(- + Een) — e HLp (@) = C(&" +re) and b ||Lp(Q Ry = C(1+re). (3.14)

To show compactness for (we). we have to distinguish two cases. In the case p > 1, the

estimate (3.14), implies in particular that (bc)e is bounded in LP(Q;R™). This, together with

the estimate on (X.). allows us to conclude by Proposition 3.3.15, which is based on the

Fréchet-Kolmogorov-Riesz compactness arguments, that there is a o € WHP(Q; SO(n)) and

a function by € L4(Q;R") with 0;%9 = 0 and 0jby = 0 for j € {1,...,n — 1} such that up to
a subsequence

Ye— 3%y in LP(Q;R") and we—wo=23px+by in LP(Q;R") ase—0. (3.15)
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If p = 1, the assumption that A = A is constant implies that Proposition 3.3.10 provides
a uniform L?-bound on (b.).. Hence, again by Proposition 3.3.15, we obtain that there
is a ¥y € BV(Q;S0(n)) and a function by € LI(Q;R"™) with 9;59 = 0 and 0jby = 0 for
j €{1,...,n— 1} such that up to a subsequence (3.15) holds.

Finally, (3.13) and the uniqueness of the weak limit entails

ue —wo WHP(Q;R™) ase— 0 with wo(z) = So(x)z + bo(z), z€Q.

From (3.12) it then follows for p > 1 that b, € W1P(Q;R") and in the case p = 1 that
be € BVioe(Q2; R™), respectively.
U

Proof of Corollary 3.3.3. By the product rule for Sobolev or BV -functions [5, Example 3.97],
respectively, we have for a.e. z € Q and d(z) = R/ (x)z + V' (x)

Vu(z) = R(z) + R'(z)z @ e, + b/ (2) ® e, = R(z) + d(z) ® ep,
The local volume preserving condition det Vu = 1 implies for a.e. x € €
det(Vu)(z) = det(R(z) + d(z) ® e,) = det(I + RT (x)d(2) ® e,,).
So by the Laplace expansion of the determinant we obtain for a.e. x € Q
1 =det(T+ RT(z)d(z) ® e,) = 1 4 R(x)ey, - d(z). (3.16)

Thus, Re,, -d =0 a.e. Since d(z) = R'(z)z + V/(x) for a.e. x € Q with ;R =0 and 9;b =0
for j € {1,...,n — 1}, differentiating (3.16) yields

Re,-Re;=0 forallie{l,...,n—1}.

Furthermore, the product rule for Sobolev or BV-functions entails on the one hand for
ie{l,...,n—1}

0 =0, (Re; - Re,) = R'e; - Re,, + Re; - Rley,
so that we obtain Re; - R'e,, = 0, and on the other hand
0 = Op|Ren|* = On(Rey, - Rep) = 2Rey, - R'ey,.

Thus, R'e,, = 0 as {Rey,..., Re,} forms a basis of R”. This implies that Re,, is constant
and therefore there is a constant rotation S € SO(n) and R € L*°(Q; SO(n — 1)) such that
R=SR.

O

Lastly, we want to address the issue of integrability close to the boundary. As mentioned
before in Remark 3.3.2, certain geometries have to be excluded for full integrability to hold,
which we do with the following definitions.

Definition 3.3.6 (e,-connected domain). Let Q C R™ be an open set and for ¢t € R denote
by H; the hyperplane H; = {x € R" | x,, = t}. We say that Q is e,-orthogonally connected,

or e#—connected for short, if for every t € R the intersection 2; = H; N €2 is connected.

| 3.3
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Definition 3.3.7 (e,-flatness). Let 2 C R™ be a bounded open set and for ¢ € R denote by
Q; = H; N Q the intersection of the hyperplane H; = {x € R™ | z,, = t} with the closure of Q.
We say that 2 is e, -flat if for every ¢ € R it holds that either 2; is empty, or it has non-empty
relative interior in the sense that for every x € §; there is a § > 0 such that

B(.T, (5) NHy C .

Corollary 3.3.8 (Full integrability up to the boundary). Assume additionally that Q C R™
is e;--connected and en-flat. Then, if p > 1 we have R € WHP(Q;S0(n)).

Remark 3.3.9. Note that the restriction to e;"-connected domains directly generalizes to
Lipschitz domains that can be decomposed in finitely many e#—connected domains. Such
decompositions will be studied in Chapter 4, see Proposition 4.2.8.

Proof of Corollary 3.53.8. Let

a:=inf{z, eR| I’ e R" ' (2/,2,) € Q},
b:=sup{z, €R |3’ e R": (2, 2,) € Q}.

Since € is e--connected, there is by Lemma 4.5.6 a function R € VVli)’f(a, b; SO(n)) such that
R(2',z,) = R(z,) for a.e. z = (2',x,) € Q. By the e,-flatness of Q, we know that there is a
y € Qp = Hy N, where Hy, is the hyperplane given by H, = {x,, = b}, such that for some
dp > 0 we have B(y, dp) N Hy C Q. Notice that all elements of €, are boundary points, so
that the Lipschitz property of the domain €2, see [58, Definition 12.10], implies that there is a
ball B(x,d1) with radius 0 < §; < dg such that B(z,d1) N {y, < x,} C Q.

Hence, we know that for d :== b —d1/\/n
Q = [=9/vm,8/va]" Tt x (=(b—d),0) +y C .

Therefore, if we exhaust @ up to a null set by a disjoint family of cuboids (Q;);en of the
same cross section as () with respect to the e,-direction but of decreasing height so that the
distance to the boundary suffices to apply Proposition 3.3.10, Lemma 3.3.12 and Proposition
3.3.15 on each @, these results yield for each i € N an estimate on || R|yw1.0(q,;50(n)) bY
|ullw1.p(Q;mny With uniform constant. Hence, by the identification of R with R, we obtain
R € W'P(d,b;SO(n)). Arguing similarly at a, we obtain R € WP (a,b;SO(n)) as desired. [

The following subsections contain the propositions and lemmata crucial for the proof of
Theorem 3.3.1.

3.3.1 Approximation by layerwise rigid body motions

A key observation to characterize the limit function of a sequence (u). that is close to rigid
body motions on the stiff material component is that it can be approximated by a sequence
(we)e of layerwise rigid body motions.

Proposition 3.3.10 (Layerwise affine approximation). Let Q@ C R", n € N, n > 2 be a
bounded Lipschitz domain, @ = O x J C Q, O C R" ' J C R be a cuboid such that Q' CC Q
with Q' as in Definition 3.3.5 and let 0 < € < 3|J|. For (Ae)e C (0,1) let (Psir)e be a periodic
bilayered structure in the sense of Definition 3.1.1 and for 1 < p < oo and 1 < g < oo with
p < q let (uc)e C WHP(Q;R™) be uniformly bounded in W1P(Q;R™).
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Then, there is a sequence (Z¢)e C L>(Q';S0(n)) with Xe|.pi = RE € SO(n) constant
for each i € I/ and a sequence (be)e C LU(Q';R™) with 9;bc = 0, j € {1,...,n — 1} and
16l La(qrrny < C(L = A)™! such that for C > 0 not depending on € and A

1 3
HVuE - Z ||Lq (ePstigNQ;R™) < C(E(l — Ag)) ” dlst(Vue, SO(”))HLQ(EPSHEQQI)' (317)

Furthermore, there are functions we € L1(Q'; R™) with we(x) = Le(x)x + be(z) for x € Q
satisfying for a constant C' > 0 not depending on € and A,

1_1
Hue — w€||Lp(Q;Rn) < Ce + 06_1(1 - )\6)_1+p q H dist(Vue, SO(TL)HLq(Q/) (318)

Example 3.3.11. An important case to keep in mind is the one of constant \e = A € (0,1)
and p = q = 2. Here, we have the simpler estimates

Ve = Xellp2(cpi _nqmn) < Ce M| dist(Vue, SO))|| L2(ePyana)
and
[ue = well L2 (mrmy < Cle+ € dist(Vue, SOM)) || L2(epanar))-
Hence, we see that in this case it suffices to require that for some a > 2 it holds that
|| dist(Vue, SO(n))H%Q(GPSﬁEmQ) < Ce”,
to obtain with (w)e a sequence of layerwise rigid body motions such that
ue — wellL2(rny — 0 in L*(;R") as e — 0.

Proof of Proposition 3.3.10. In the following we will denote the union of all layers which lie
completely in Q" by Qc := U;epr eP' N Q. Notice that since 0 < e < 1|.J|, we have Q C Q..

Step 1: Construction of (X¢).. For each i € Il we apply the quantitative rigidity result
on thin domains from Theorem 3.2.6 to the sets eP? g (€2, which yields the existence of a
constant C' > 0 depending neither on i nor on €, and sequences of rotations (R%). C SO(n)
with the property that for every € > 0, and i € I] the estimate

Vue — RiHLq(eP;ﬁHﬂQ/;R"X”) <O =)~ e | dist(Vue, SOl paqeri nqy — (3.19)

is satisfied. We define (3.). C L>=(Q’; SO(n)) to be given by the rotations R! on each layer
i € I/ and extended by I on @', in formulas

26 - Z Rz :[]'EPiﬁQ’ +]I ]]'Q/\Qe .
icl’

From the estimates on the individual layers in (3.19), we obtain

HVUE E ||Lq EPstlfmee Rnx’ﬂ Z ”VUG E HLq ePl OQI;Ran)
iel!
<> Cle( )| dist(Vue, SO(n))

i€l
< O(1 = M) e dist (Vue, SOM) Ly pinoy (3:20)

[——
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Step 2: Construction of (we)e. For the construction of the sequence (we). of layerwise
rigid body motions we specify its layerwise gradients to be given by (X.).. Accordingly, we
introduce (o) C L®(Q";R™) and (be). C L>°(Q’; R™) by setting

0e(w) = Selw)r = 3 (Rix) Lpi(z) 2 €@
i€l
and

. 1 4
= Z Vilpi(z), z€Q with b= ——— ue — Rex dx.
= ‘6 stiff [ Q' Je @’

By the fact that R € SO(n) and (u) C LI(ePl;e N Q'; R™) is uniformly bounded, Jensen’s
inequality applied for the convex function x +— |x|? yields for i € I/

q
61" < gy (el o ey garmn) * 1B aepy e )

‘ sti
Hence, integrating over eP! N Q' and summing over all layers i € I/ entails

||b6||Lq(Q/;Rn) < C(l - )\E)_l.

Finally, we define for all € > 0 the function we = o + b.. Again, the fact that R! € SO(n)
yields |loe||zoo( Q/ < n||z| gy < C for all € > 0. Hence, by the choice of b, we obtain
ue — we € Li(ePlq N Q';R™) for each i € I, which enables the application of the Poincaré
inequality on each stiff layer. In particular, this implies for each layer i € I!

|lue —w < O||Vue —

q
E||Lq(ePSitiffl'WC\?’;R") Ye HLq eP’ NQ;Rnxn)”

Summing over i € I/ together with (3.20) entails (3.17) and
[te = well La(epyan@mrr) < ClIVue = Xel Laepgn@emn )
< C(1 = A) e Ml dist(Vue, SOn)) | La(ePasnna)- (3.21)

Step 3: Proof of (3.18). Lastly, it remains to estimate the difference of (we)e from (ue). with
respect to the strong LP-topology on the whole set Q. To that end, notice that on the stiff
layers we may directly utilize (3.17) proven in Step 1. For the soft layers, we need to combine
(3.17) with a one-dimensional version of the Poincaré inequality. Let ° : [i,i + 1] — R be a
smooth cut-off function with

n'=1on [i,7 + Ae], n'(i+1) =0, 'l <2,

and set 7! :=n’(e"}(1 — A\¢)"1+). For fixed 0 < € < 1|J| and i € I/, a one-dimensional version
of the Poincaré inequality yields on the soft layers

/ |ue — wel? dx
nQ!

= /P. | (e (zn)ue(@) + (1 = ni(2n) we(z)) — we(2)[" do
eP'NQ’

e(i+1)
- / / Me(n) - (ue — we)(x)’p dzx,, dz’

/ Cep/ e (0 () - (ue — we) ()] day, da’

< QCep/ |(Vue — Ré)en\p dx + Cep/ . ‘(775) (n)|P|ue — welP(z) de
PingQ’ ePi NQ!

< O Vu, - RI|1 SR < '

S LEl Ve Lr(ePINQIR™ ™) T (1 X\ )P e = Wellpp(epi, . nQrmr)”
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Summing over all ¢ € I, we obtain the estimate
i C
| ue — weHLP(Q;R") < Ce[|[Vue — ReHLP(Q’;R"XN) + m”ue - weHLP(ePstiffﬂQan)'

For the first term on the right hand side, we argue that by the uniform bound on (Vu), it
holds that

Ve — RiHLP(Q’;R"X") < [ Vuell Lo qrrnxny + HRiHLP(Q’;R"X”)
S HVUEHLP(Q/;R"X”) + TL‘Q/’ < C,
while for the second term on the right hand side, and Holder’s inequality for the exponent 4/p
and corresponding conjugated exponent 4/¢—p yields together with (3.21)

p
/ |ue — welP do < |ePstiﬁrﬂQ€\1_§(/ e —we\qu)q
epstifmee EPstifmee

_ _p_P X
<1QeP(1 = A) TP a | dist(Vue, SOMN 1T (e pnngr)-
Overall, we obtain (3.18). O

In the next lemma, we establish for an approximating sequence (w), of layerwise rigid body
motions as in Proposition 3.3.10, an estimate in the spirit of Lemma 3.1.3. This estimate will
be key to show compactness for (we)e.

Lemma 3.3.12 (Interlayer estimate for (we)e). Forn € N, n>21let Q=0 x J, J CR be
a cuboid with side length of O C R™™! larger than £ > 0. For 0 < € < %|J| and 1 <p <
let (ue)e € WEP(Q';R™) be uniformly bounded. Moreover, let (Xc)e C L>®(Q’; SO(n)) and
(be)e C LP(Q';R™) with Y| pi and be|.pi constant for each P* = R"™ x (i,i+ 1], i € I/ such
that we € LP(Q';R™) defined by we(x) = Lc(x)x + be(x) for x € Q satisfies for a sequence (r¢)e

HUE - 'LU€||Lp(Q;]Rn) S CTE. (322)
Then, for every & € R with Q + e, C Q' it holds that
1Ze(- + Een) — ZEHZ,(Q;WM) < CUP(EP +rP)  and HbgHiP(Q;Rn) < C(1+7P).

Proof. The proof of this result follows the general ideas developed in Lemma 3.1.3. The
difference lies in the fact that here, we have not one Sobolev function that coincides with a
rigid body motion on every other layer, but for each €, we have two related functions - on the
one hand, u. that is weakly differentiable on @) and on the other hand an approximation we
that coincides with a rigid body motion on each layers. Also, we do not compare the values of
w, on different layers, but compare shifts of w, to the function itself.

Firstly, the estimate on difference quotients by weak derivatives from Proposition 3.5.10
yields

[ue(- +&en) — uellLr@rr) < IEIC][Vueen || pr(qrrn)- (3.23)
By the triangle inequality we obtain for each £ € R such that Q + e, C Q'

Jwe(- + &en) — wEHLP(Q;Rn) < Jue( - +&en) — UEHLP(Q;R") + [[(we —ue) (- + fen)HLP(Q;R")
+ [|we — el Lr(@srm)
< lue( - + €en) — vell r(@rn) + 2[|we — el Lr(Qrirn)-
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To the first term on the right hand side we apply (3.23), while for the second an estimate is
provided by the assumption of (3.22). Thus, we have

||7~Ue( -+ gen) weHLp (Q;R™) < ’€|pc||vu€enHLp (Q/;R™) + CHU)e uG”I[)/p(Q/;Rn)
< C(el + 7). (3:24)

Furthermore, since it holds for d.(z) := Xc(x + €en)(€en) + be(x + Een) — be(x), x € Q that
Hwe( -+ f€n) - wé”ﬁp(Q;Rn) = /Q |(E€(CL‘ + fé’n) - Ee($))$ + dg($)|p dZC,
Lemma 3.1.4 and Remark 3.1.5 yield

Hze( -+ fen) - Ee”ip(Q;Ran) < Cgipre( -+ fen) - we”ip(Q;Rn)a

which together with (3.24) implies the claimed estimate on (3¢).. For the estimate on (b).
we argue

”bGHLP(Q;Rn) = |lwe(x) - Ee(x)IHLP(Q;R”)
< uellLo@mrny + [1Bell oo (@urmxn) [[idrn | Lo (@irmy + [ltie — wel| Lr(@urr)
S C(l + ‘Q| + T6)7

completing the proof. O

3.3.2 Compactness for layerwise approximating sequences

Theorem 3.3.13 (Fréchet-Kolmogorov-Riesz [3, U2.21]). Let 1 < p < oo and Q C R" be a
measurable bounded set. Then, a subset F C LP(Q;R"™) is relatively compact if the following
conditions are satisfied:

(i) F is bounded, i.e., there exists a constant C' > 0 such that for all f € F it holds that
£l e (rmy < C;

(ii) For all h € R™ it holds that

sup |f(x+h)— f(z)Pdx — 0 as|h| — 0;

feF /{xeRn | ¢, x+heQ}

(ii) The family F does not concentrate on the boundary in the sense that we have for
Qe :i={x € Q| dist(z,00) > €}

sup/ |f(x)Pde — 0 ase—0.
fer Janqe

Remark 3.3.14. For a cuboid Q = O x J C R" let F C WHP(Q'; R") with 9;f = 0 for all
j€{1l,...,n—1}. Then, if for 0 < ¢ < 3|J| and all f € F it holds that

1- . =
5% Jsclelg)_Hf( +&en) — fHLp (Q;R™) 0,

then F also satisfies condition 2. of Theorem 3.3.13 for 2 = @. Indeed, since @ is convex,
all f are constant along lines parallel to eq,...,e,_1 and due to the fact that Q CC Q' the
integration domain is independent of h.
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Proposition 3.3.15 (Compactness for (we)e). Forn e Ny n>2let Q=0 xJ, JCR be a
cuboid with side length of O C R"! larger than £ > 0. For 0 < e < %|J\ and 1 < p< oo let
(Be)e € L®(Q';SO(n)) such that for a sequence (r¢)e with re — 0 as e — 0 and every £ € R
with Q + e, C Q' it holds that

ISe(- + €en) = Bellfpigny < CL(EP +1P), (3.25)

and for 1 < q < oo with p < q let (be). C LY(Q';R™) be uniformly bounded. Lastly, let
we € LP(Q'; R™) satisfy we(x) = e(z)x + be(x) for x € Q.

Then, if p > 1 there is a $o € WIP(Q; SO(n)) with ||Sollywrr(graxny < C(L4+£71) and a
function by € LY(Q;R™) with 0;59 = 0 and 0jbp =0 for j € {1,...,n — 1} such that up to a
subsequence

Ye =X in LP(Q;R™) and we — wo =gz +by in LP(Q;R™) ase—0. (3.26)

If p = 1, then there is a %o € BV(Q;SO(n)) with ||Sollpy@rrxny < C(L+£71) and a
function by € LY(Q;R™) with 0;X9 = 0 and 0jbg =0 for j € {1,...,n — 1} such that up to a
subsequence (3.26) holds.

Proof. We define o, € L*®(Q;R"™) by o(x) = Xc(z)z for all x € Q. In the following we
establish compactness for (o), in the strong LP-topology and (bc), in the weak L9-topology.
For the latter, the uniform bound on (b.), in the reflexive space LI(2; R™) yields existence
of a weak limit by € L(Q;R"™) such that for a subsequence (not relabeled) b — by in
L9(Q;R™). Hence, it remains to establish the existence of a subsequence (¢;) ey and a
Yo € WHP(Q; SO(n)) such that o, — o in LP(Q;R™) as € — 0 where o¢(x) = $o(x)x since
this shows the existence of a subsequence (w;);en (not relabeled) such that we — wp in
LP(Q; SO(n)), where wo € LP(Q;R™) is given by

wo(z) = Xg(x)r + by for x € Q.

The existence of a weak limit oy of (o) may be concluded in analogy to (b¢)., but we
claim that oy bears more structure and in fact is a strong limit of (o). To prove this, the
Fréchet-Kolmogorov compactness Theorem 3.3.13 is key, using (3.25) in an argument inspired
by Friesecke, James and Miiller [72, Proof of Theorem 4.1].

Let (€;)jen with 0 < ¢; < 3|J| and ¢; — 0 as j — oo. Since (X, ), is equibounded in
L>(Q;R™ ™) it suffices in accordance to Remark 3.3.14 to establish

. . o p _
dim sup [, (- +&en) = B, p@nny = 0 (3.27)

Let § > 0 be arbitrary but fixed. Then, we split N in the finite set N5 := {j € N | r¢; > §}
and the complement N\ Nj. Observe that taking the supremum over N yields the same value

as taking the supremum of the supremum over Ny and the supremum over N\ Ns. For fixed
€; it holds for the LP-function ¥, see [3, Satz 2.14, (1)]

dim % (- €en) = Bl i)

Hence, since Ny is finite, we obtain

li Y. (- + — Y|P ey = 0.
dim, sup 1Ee; (- +&en) = B 70 (@urrxn)

o1
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To address the supremum over N\ N5 we use (3.25), which yields

lim sup [|Zc. (- +&en) — X xny < lim sup C(&P +r.) = CO.
|5|_>OJGN\N5H ne ) = ¢ T (urnxny o e ( )

As § > 0 was arbitrary, this yields (3.27).

Therefore, by the Fréchet-Kolmogorov-Riesz compactness Theorem 3.3.13 and with regard
to Remark 3.3.14 there is a subsequence ¢; — 0 and a ¥y € LP(Q; R™*") such that e, = 2o
in LP(Q;R™"™) as j — oo. Notice that since for each ¢ > 0 we have 9;X. = 0 for all
j €{1,...,n— 1} the same holds true for the limit, i.e. 9;%¢ =0 for all j € {1,...,n—1}.

Next, we turn to the question of the regularity of .. By (3.25) we can also derive an
estimate on difference quotients

/‘ +£en ) — 2P

Therefore, we obtain by taking the limit ¢ — 0 an estimate on the difference quotient of Y,
namely

dr <O (1+ g—p)

/’20 +&en) — Yo
§

This estimate, together with the fact that 0;3¢ = 0 for all j € {1,...,n — 1}, which
on the convex set () implies that g only depends on z,, yields in the case p > 1 that
Yo € WHP(Q; R™ ™), see e.g. [68, Section 5.8, Theorem 3], while it entails for p = 1 that
Yo € BV(Q;R™ ™) see e.g. [99, Theorem 13.48]. Furthermore, since strong LP-convergence
implies pointwise convergence of a subsequence we may assume that Y. converges pointwise
to Xg. By continuity of the absolute value and the determinant, it follows that 3¢ (z) € SO(n)
for a.e. € . This, together with (3.28) yields in particular

] dz < O, (3.28)

[Xo0llwir@mrrxny < C(1 +071, or 120l By (Qirnxny < C(1 + 071, respectively.

Lastly, let us consider o.. By the estimate
Io(z) = Zo(@)el s < | 1Ze(x) = Sofa)lel? dz < C diam(@)|Zc ~ Zol o gnno),

we obtain strong convergence of (o, )¢ in LP(Q; R™) to og € LP(Q;R™) given by o¢(z) = Xo(z)z
for a.e. x € Q. O

Discussion of compactness arguments.

In [42] a version of Corollary 3.3.3 was shown, namely Proposition 2.1 in that work, for
the specific case of totally rigid layers. In that case instead of the Fréchet-Kolmogorov-Riesz
compactness theorem, Helly’s selection theorem was applied with the same intent. For the rest
of this subsection, we want to argue the advantages in using the Fréchet-Kolmogorov-Riesz
compactness theorem. First, let us recall Helly’s selection theorem.

Theorem 3.3.16 (Helly’s selection theorem [84, Theorem 12]). Let [a,b] C R be a bounded
interval, and (fe)e C BV ([a,b];R™), n € N. If there is a constant C such that

||f€”LOO([a?b];Rn) <C and V(fela,b)) <C foralle>D0,
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where V(fe, [a,b]) denotes the variation of fe on [a,b] defined by

-1
V(fe la,0)) = sup { 3 [Fte1) = F)| [ a =t <t < oo <ty = b},
k=1

then, there is a subsequence (f¢)e which converges pointwise everywhere and with respect to
the L([a,b])-norm to a function f € BV ([a,b]; R™).

Remark 3.3.17 (Fréchet-Kolmogorov vs. Helly). While Hanche-Olsen and Holden have shown
in [84] that the Fréchet-Kolmogorov theorem and the Arzela-Ascoli theorem can be derived
from the same abstract compactness result, the relation between the Fréchet-Kolmogorov
theorem and Helly’s selection theorem is more direct, as the latter can be shown as a corollary
of the former. This is due to fact that for bounded interval J C R any function f: J — R",
n € N satisfies for all J CC J the estimate

/~|f(t+£) — f()|dz < |E[V(f,J) for all € € R such that J + & C J.
J

The next example establishes that small oscillations may prohibit to conclude compactness

from Helly’s selection theorem, while it can be derived from the Fréchet-Kolmogorov theorem.

Example 3.3.18 (Small scale oscillations leading to unbound variation). Let J C R be a
bounded interval and g : R — R be 1-periodic with g|jo 1) = ]1[07%]. For € (0,1) and € > 0,
we define (f.) C L>(J) by

f@t) =€Pg(ett), tel.
Then, the variation of f. can be estimated by
V(fo, 1) > 2% [e7 || = 00 ase— 0,

and is thus not uniformly bounded in €. In contrast, we have for every J' CC J and all £ € R
with J' 4+ & C J that

1 fe( - + &) = fellpany < 2€°1].

Hence, the Fréchet-Kolmogorov theorem yields that (f¢). is compact which can be confirmed
directly as the limit is obviously given by the zero function.

For our application this becomes relevant in the context of the compactness of the sequences
(3e)e. As the next example shows, certain rather artificial choices in the construction of (3).
in Proposition 3.3.10 may lead to sequences of functions of unbounded variation, that are
nevertheless admissible to Proposition 3.3.15. The underlying question, if the construction
can be improved in such a way that (X.)e features a bounded variation is still open, see also
the outlook in Chapter 7.

Example 3.3.19 (Variation of (X¢)). For this example we restrict ourselves to the case of
Q=(0,1)2p=qg=2and A\c = A € (0,1) constant for all ¢ > 0. For C > 0 and o > 2, let
(ue)e € WH2(;R?) N L3(2;R?) be the sequence of functions determined by

Vue =1+ 6%61 R eq.

| 3.3
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This sequence satisfies the estimate
HVUG - ]I||L2(€PstifEmQ§R2X2) =€2 IEPStiff N Q| S Ce2.
Besides, for Q. € SO(2) satisfying |Q. — I|? = €*~2, we obtain

Ve — QeHi?(eP;ﬁng;ww) < | Vue =l 2 (epygnarex2) + 11— Qell L2(epyipnosr2x2)
< |ePystig N Q|(e% + e%_l) < 2]€Pyig N Q|e%_1 < Ce2 N,
Hence, (X¢)e € L*(92;S0O(2)) given by

Y= Z I ]lePiﬂQ + Z Qe I[ePiﬁQ

i€1l¢,i even i€l¢,i odd

sat iSﬁeS
U€ € 2(6P5t“-f Q;R2X2) € )

since, both @) and I satisfy the requirements imposed for ¥, in Proposition 3.3.10, that are
derived from the quantitative geometric rigidity Theorem 3.2.4.
But, for the total variation of 3¢ (seen as a one-dimensional function), we obtain

oa—

V(e (0,1) > [H1Q 1 = (L™ > 0.

Hence, for 2 < a < 4 the variation of (X.) is not uniformly bounded in e.

3.4 Examples of softer asymptotic behavior for small stiffness

In this section we want to illustrate with explicit examples that if the stiffness is insufficiently
large the asymptotic behavior deviates from the characterization by Theorem 3.3.1. These
examples will be based on a common Lemma 3.4.3 containing the calculations of the limits
and the energies involved.

We start by establishing that the well-known Lemma 2.3.1 on weak convergence on highly-
oscillating functions generalizes directly to functions only oscillating in one component by
adapting the proof of Braides for the classic result [28, Example 2.4], alternatively see [57,
Theorem 1.5]. Convergence of functions oscillating in proper subspaces can also be studied
via an unfolding operator approach to two-scale convergence, see for example [116, Section 6]
for an application of these techniques in the context of in-plane oscillations in thin films.

Recall that we use for t € R and = = (2/, x,,) € R" the short hand

[tle=ele] and |z = (2, zn]c)
in order to refer to the next lower layer boundary.

Lemma 3.4.1 (Weak convergence of functions oscillating highly in one component). For
neN,n>21<p<ooand e (0,00) let ue LI (R™) with u(z + le,) = u(x) for a.e.

loc

xr € R". Define uc € LY (R™) by ue(2',x,) = u(x’,2n/e) for all x = (2, x,) € R™.

loc
Then, for all domains Q C R™ we have uc — @ in LP(2) as e — 0, where

1 ¢
u(x', z,) = Z/ w@', xy)dz,  for a.e. x = (2, 2,) € Q,
0
if 1 < p < oo. The same statement holds for p = oo with weak convergence replaced by

weak-* -convergence.
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Proof. We adapt the proof by Braides [28, Example 2.4] which utilizes Lemma 3.4.2. We

start proving the special case p = oo and £ = 1 first. Under these assumptions, it holds for

a constant C' > 0 that |[uc||ze(q) = ||ullr=@) < C. Also, for each A = (0,a)" + b, where
€ (0,00), b= (b, by,) € R, we obtain

bn+a
/ uedr = / / ue da, dz’
A (0,a)"= 140" Jby,

[br | ete [brnt+ale bn+a
= ) (/ ue dz, + ue dxy, + / Ue da:n dx’. (3.29)
(Ova)n7 +b n I_an +e€ bn-l—a

For the first and analogously for the third integral, we argue
Lbnje“!‘ﬁ
‘ / / Ue da,, dz’
(0,a)*=14b" Jby,

For the remaining second integral in (3.29), we obtain

[bn+a]e _ _ €
/ / Ue dSUn d.'E/ — / Lbn + aJE LanG € / Ue dxn dx/
(0,a)"= 14" J by |c+e (0,a)*=1+b/ € 0

= (Lbn—i-aJe—Lane—e)/oludxndac’

(0,a)"—1+b/

— udx ase—0. (3.30)
(0,a)m+b’

a" " H|ull oo gy | b Je + € = b

—0 as e—0.

Therefore, it holds that
/uedaj—> udxr ase—0,
A (0,a)7+b’

and thus the next Lemma 3.4.2 yields the claim.
Now, let u € LP(R") for 1 < p < co. We define for ¢ > 0 the approximation

u® = u i<} T Liuze) (=) Ljuc—)

that is bounded in L*°(R"™) by ¢ and inherits the 1-periodicity in x,, from u. Hence, by the
above arguments ué = u‘(t/e) converges to uc.

NOW let Q C R™ be a domain. To check the weak convergence of u, let ¢ € LP' (), where
= —|— , = 1 and consider

/Q(ue—Wdfvz/Q(ue—ui)sodw/ﬁ(ug—q?)god“/ﬂ(@?—a)¢dx.

The second term turns 0 as e — 0 by weak convergence of u¢. For the first term we have by
Holder’s inequality and the same transformation used above in the case p = oo

1 1
. c _ , C_ ,|P p
151(1) Q(u6 ue)pdy < CHSDHLP (Q)/Q (/0 ju® — ul dx") dy,

while for the third term we have by applying Holder’s inequality twice

1 1
c_ 7 , c _ 4P p
/Q(u u)pdy < Cllell (Q)/Q (/0 [ — ufP dz, )" dy.
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Therefore, both terms tend towards zero as ¢ — oo since by dominated convergence

1 1 1 1
/ (/ |u® — ul? dacn> Pdy < / (/ |[uP g1 da:n) Pdy -0 asc— oo.
a \Jo o \Jo

For ¢ # 1 the transformation y = ¢x provides a 1-periodic function and resubstitution via
the transformation formula leads to the claimed representation. ]

Lemma 3.4.2 (Characterization of weak convergence [57, Lemma 1.4]). Let Q be a bounded
open set and let (fx)ren C LP(QQ) be a bounded sequence. If 1 < p < oo, then fr — f in LP(Q)
if and only if || fll L) < C for C >0 and

/fkdx—>/fd:n forall A=(0,a)"+bC Q,ac R, beR".
A A

The same statement holds for p = oo with weak convergence replaced by weak-x convergence
and for p =1 if we require equi-integrability of (fi)ren in view of the Dunford-Pettis theorem.

The goal of this section is to give illustrative examples of macroscopic material responses
showing the differences between the softer regime and the more restricted beyond the critical
threshold, as well as the implications of the volume condition. The common idea for these
examples is to deform the stiff layers according to a vector field f. that specifies the deformation
of the middle fiber of each stiff layer, while using linear interpolation on the soft layers. The
following lemma provides a joint framework and contains the necessary calculations regarding
energy and convergence.

The constructions will be formulated on the two-dimensional unit cube, i.e. Q = (0,1)? C R?,
but can be simply extended to higher dimensional unit cubes Y™ = (0,1)" C R™ by defining
for the respective two-dimensional deformations u = (u},u?) the n-dimensional deformation
ul Y™ = R", given by

ul(z) = (ui(wl,xn),xg, . ,:Un_l,uz(:vl,xn)) for z=(x1,...,2,) €Y"

For the projection to the mid-fiber of the stiff layer, we use in the following for ¢t € R and
z = (2',2,) € R" the notation

[tle = €[] — e+ Z2e and  [2]c = (2, [a]e)-

Lemma 3.4.3 (Deformations specified by mid-fibers of stiff layers). For @ = [0,1] x [0, 2] and
€€ (0,1) let f. € C*(Q;R?) with |01 f| = 1. For A € (0,1) let (Psig) be a periodic bilayered
structure. Let 2 = (0,1)? and for 1 < p < oo let ue € Wh*(Q;R?) on the stiff layers be given
by

UE(CU) = fe([[x]]E) + (xQ - [[xQ]]s) (alfs)l([[«r]]e) fOT HS 6-Pstiff N Q7

and linear interpolation in es-direction on the soft layers € Psog N Q.
Then, we have for 1 < g < oo and all € € (0,1)

dist?(Vue, SO(2)) dz < Cell|dn foll? oo

Furthermore, if

(’l) €Hv2f5HLoo(Q;R2><2><2) — 0 ase— 0,’
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(ii) Vfe — F in LP(Q;R?*2) as ¢ — 0 for some F € LP(Q;R?>*?);
(iii) 02(Vf.) =0 for all e € (0,1) or Vfe — F in LP(Q;R?) as e — 0;
then Vu, — F in LP(Q;R?*2) as e — 0.

Proof. Recall throughout these calculations that by the definition of the layered geometry, in
particular the allocation of boundaries, it holds for each i € Z and = € P’ that |z|. € P!,
recalling the notation

|z]e = (21,...,Tp-1, [#n)c) where for t € R weset [t]c =e€|L].

We first observe that in the interior of both the stiff and the soft layer, u. is differentiable
in the classic sense, while it is only weakly differentiable on the whole domain. On the stiff
layers, i.e. for x € ePyig N Q we have 01[z]e = e; and Oq]z] = 0 and thus

Vue(z) = 0 fe([z]e) ® ex + (w2 — [w2le) (O fe) " ([2]e) ® ex + (D1 fo)* ([z]e) @ e2.

Concerning the estimate on the distance of Vu, from SO(2), the main observation is that
since |0y fe| = 1 it follows that F, := 01 fe ® e1 + (01f.)" ® ea € SO(2). Hence, as for x5 € R

|22 — [w2]e| = €| — [2] +1 - 12| < 2¢,
we obtain for each z € )
dist? (Vue(z), SO(2)) < |Vue(x) — F|?

< |wg — [w2]e|?| (D1 fo) - ([]e) |
< 2000 fell e im2y (3.31)

which implies
dist? (Vue, SO(2)) dz < Cel|Q] - ||011 fe|% o i rymar -
/btlfm ( ( )) 12 - [|O11 f. ”L (Q;R2)

On the soft layer, i.e. x € ePsot N Q we need to explicitly calculate the linear interpolation
first. Note that u. is on the interfaces between the layers given by

ue(lz]e) = fe([z]e — eea) + %6(81]“6)1‘([37]]6 — €e2)

and

Uﬁ(LxJe + )‘662) = fe([[x]]e) - %e(ale)L([[x]]e)'

Therefore, for x € Py N Q we have

ue(w) = (1 — L (2 — |w2]))ue(|z]e) + L (22 — szj Jue(|z]c + Nee)
=(1- ém—mmﬂ(me eea) + 152€(01fo) " ([2] — ee2))
+$m—MJN(MM %@L)WM)
wh—wﬂ 152601 fo) " ([x] — eea)
zy — [z2)e) (fe([2]e) — fe([z]e — €e2))
——ﬂm—LJM&m(M«f@+@mf®M)

57



3 I Rigidity for Periodically Layered Materials

o8

Thus, the gradient reads for z € €Psop N Q

Vue(z) = (O1fe([x]e — ee2) + F52e(011f)F ([2]e — €e2)) @ e
+ (22 = |22]0) (01 fe([2]e) — O fe([z]e — ee2)) @ e
— 2 (w2 — [22)) (D11 f) - ([2]e — ee2) + (Bunfe) " ([2]e) © e
+ 5 (fe([2]e) — fe([ale — ee2)) @ €2
— (01 (o] — ee2) + (O1fe) " ([]e)) @ ea.
Next, we determine the weak limit of (Vu)e in LP(Q; R"*™) as € — 0. Since Vu, contains

both terms converging in the strong and in the weak sense we introduce an auxiliary sequence
V. € L*(Q;R?*2) that only contains the weakly convergent terms. Precisely, we set

Vo= (O1fe®@er+ (01f)" @ e2)Llepyy + (O1fe ®@er + (L02fe — 52 (01 f) ) ® €2) Lepy s,

and show that for all x € Q it holds that |Vu, — V¢|(z) — 0 as ¢ — 0. By the fact that
fe € C?(Q;R?) we may apply the mean value theorem in zo-direction to obtain on the stiff
layers, i.e. for = € ePyig N Q

[Vue — Vel () < |on fe([#]e) — O1fe(@)] + [ (22 — [x2]e) (P11 fo) = ([=]e)]

+ (01 £ ([2]e) — (Bufo) ()|
< |wo — [@2]e| (1012 fellzoo(@r2) + 1011 fell Lo (@ir2) + [1(Or2f) [l e (@ir2) )

while on the soft layers, i.e. for x € ePso N Q,

|Vueer — Veer|(z) < |01 fe([z]e — ee2) — 01 fe(x)| + %d(@llfef‘([[z]]e — eey)|
+ Lloo — [w2]e + eeo| |01 fe([2]e) — D1 fe([2]e — ee2)]
+ L2 29 — 2] | [(O11 fe) L([[flr]] — eea) + (O fe)t([z]e)]
< |z — [walel|lOr2fell Lo (@im2) + 4 fﬂallfeHLoo (Q:R?)
X\$2 L] el [|012 fell oo (@:ir2) +1 6Hallfe”/:oo (QiR2)
< EC(HallJCEHLOO(Q;R2) + H812f6HL°°(Q;R2))

and for some £ € ([z2]e — €, [z2]c), implying |zo — &| < |z2 — [@2]e] + € — [22]e| < 2,

[Vuces — Vees|(x) < X |1 (fe([2]e) — fe([2]e — eea)) — Bafe()]
+ 1201 f) - ([]e — eea) + (Of) ([2]e) — 2(00f5) ()]
K102 fe(@1,€) = afe(@)] + 2 el|Ora fel Lo )

IN

< flma — &l102nfell L r2) + 52 €l 012 el L (oir2)
< eC (1022 fell Lo (@r2) + 1012 fell Lo (@ir2)) -

Hence, |Vue — Vi| < €C||V?f|| 0 (.r2) and since we have €||V2fc| 1o (gr2) — 0 as € = 0
by assumption (i), it follows that ||[Vue — Ve[| pp(qur2) — 0 as € — 0.

It remains to discuss the convergence of V,. Here, the necessity of the different cases in
assumption (iii) becomes apparent in view of the products of e-dependent functions like e.g.
O1fe ®e1lep,eng- If (fe)e converges strongly together with the fact that 1cp,,;ng A 1—Xin
L>(Q) as e — 0 by the classic Lemma 2.3.1 on highly oscillating functions we obtain

Nfe®erlepyano — (1 — N Fep in LP(Q;R**?) as e — 0,
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Figure 3.3: The framework of Lemma 3.4.3 comprises deformations of the whole body that are
determined by deformations of the stiff layers with respect to the mid-fibers and
linear interpolation on the soft layers. Hence, a first example is given by uniform
bending of the layers. Depicted here is uniform bending with respect to a circular
arc and the corresponding limit as € — 0 in two dimensions.

as products of weakly and strongly convergent sequences converge weakly to the product of
the respective limits.

For the alternative in assumption (iii) holds, i.e. if 95(V f¢) = 0 for all € € (0,1), we argue
that the convergence takes place in different variables and by Lemma 3.4.1 applied to the
product we obtain the same weak limit. Arguing similarly for all other terms in V. yields

‘/64F€1®€1—|—(1—)\)(F61)L®€2+F€2®62—(1—)\)(F€1)L®62
=F in LP(Q;R**?) ase— 0.

This completes the proof. O

In the following we discuss four examples building on the lemma just proven. Hence, we
will use its specific notation for the rest of the section.

Example 3.4.4 (Uniform bending).

Construction. In this example we bend all stiff layers in the same way, determined by
the deformation of the mid-fiber which is specified by a C?-curve g : [0,1] — R? that is
parametrized by arc length, i.e. g satisfies for all x € [0, 1] the condition |¢'(z)| = 1, see Figure
3.3. This corresponds to setting

fe(z) = f(z) = g(x1) + 2202, T EQ.

By shifting u, by a constant if necessary, we may assume u. € WH2(Q;R?) N L5 (Q; R?).
For a particular illustrative example we may choose for r > 4/x

g(t) = rsin (r_l(t — %))61 + 7 cos (r_l(t — %))62, t €0,1],

which describes a circular arc whose radius is controlled by the parameter r chosen larger
than 4/= to avoid self-intersection and fits the common associations with bending.

Energies. Looking at the elastic energy of u. on the stiff layers, Lemma 3.4.3 provides for
1 < g < oo and all € > 0 the estimate

/ L dist(Tue, SO@) do < Ceg” [ g 50 (3.32)
€ stifme
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Thus, for a = ¢ and g such that [|g"|| e (9,1;r2) < €, which is for example satisfied in the case
of the circular arc, we have for all € > 0

/ dist?(Vu,, SO(2)) dz < C.
€PyigNQ

Macroscopic material behavior. Since f. = f we can apply Lemma 3.4.3 and obtain
Vue — Vf in LP(£;R?*2) as € — 0 and since the mean values of u. vanish on ) we have
ue — u in WHP(Q;R?) as € — 0 for u € WHP(Q;R?) N LH(; R?) characterized by Vu = V.

Hence, for R defined for x € Q by R(x) = ¢'(z1) ® e1 + ¢'(z1)* ® ez we have for x € Q

Vu=Vf(z)=g(r1) ®e1+e2®ex = R(x) (I + (g3(z1)e1 + g1 (z1)e2) ® €2).

Thus, for example in the case of the circular arc, we have 91 R # 0, which establishes that the
limit deformation differs from the characterization given in Theorem 3.3.1, which would hold
for deformations satisfying « > ¢. Also, notice that for non-trivial g, the limit deformation u
does not locally preserve the volume.

For later purposes we also study another representation of the limit u. More precisely,
we show that u(z) = g(x1)e1 + xaea = Fz + (z1) for all z € Q, where F € R?*? and
(RS W;é{f(ﬂ; R?) with © = (0,1)2. Since g and v only depend on x1, the matrix F is fully
determined by Fep, as Fea = es. By the zero boundary values of ¢, we have

1
Per= [ F+ V(o) do
0

= /01 g (t)dt = [rsin (r_l(t — %))61 + 1 cos (r_l(t — %))62]é = (2rsin ((27“)_1), O)T.
Thus, we obtain
u = diag (2r sin((2r)71), 1) (z1 — %7332)T + (g9(z1) — (21 - %)QT sin ((27")_1))61'

Depending on 7, the term 2rsin ((2r)~1) can take values greater and smaller than 1. For
example for r = 8/m we have 16/7sin(7/16) ~ 0.0175 < 1.

In the next example, we adapt the bending of the stiff layers in such a way, that the limit
deformation locally preserves volume.

Example 3.4.5 (Macroscopically volume-preserving bending).
Construction. For this example the intuitive picture is a stack of paper, bent as a whole.
While the deformation of each rigid layer is of similar general form, there is a certain adjustment
from layer to layer in order to locally preserve the volume. Considering again the specific
case that the deformation of the mid fiber is given by a circular arc, this can be achieved by
monotonically increasing the radius of the arc and thus the curvature from layer to layer.
More precisely, we consider for a C2-curve g : [0, 1] — R? parametrized by arc length the
functions fe = f given by

x1
To+ 1

f@) = (22 + 1)g(——1=), =€
Energies. As in the previous example, u, again by Lemma 3.4.3 satisfies (3.32).
Macroscopic material behavior. From Lemma 3.4.3 we also obtain Vu, — Vu =V f
in LP(Q; R?*?) as € — 0 with Vu given for z € Q by

Vu(z) = Vf(z) = gl(mng— 1) ©er— xgx—:{l— 19/(x2xj- 1) © €2 +g(

T
To + 1) ® ez
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Figure 3.4: We can vary the uniform bending construction with respect to a circular arc
by adapting the curvature of the arcs in such a way that the limit is a locally
volume preserving deformation. The shape of the deformed body in the limit is
reminiscent of the one obtained by bending a stack of paper, but does not resemble
a globally rotated shear deformation as the asymptotic rigidity result of Corollary
3.3.3 would suggest in two dimensions in the regime o > q.
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Denoting for z € 2 by R(z) € SO(2) the rotation determined by R(z)e1 = ¢'(;;%y), yields
the representation

Vu(zx) = R(x)(]l + ( —eg — e1 +g'(x1) - g(x1)er — ¢ (z1) -gl(xl)@) ® 62), x €.

To + 1
This shows that any g satisfying ¢’ - g& = —1 leads to a locally volume preserving limit
deformation u, i.e. det Vu = det Vf =1 in 2. One such example is given by the circular arc,
i.e. by g(t) = sin(t — )e1 + cos(t — 3)ea, t € [0,1].

In the study of plates a well known effect is the wrinkling of plates [72, Section 5], which
can also be observed here, where it manifests in an asymptotic shortening of the stiff layers.

Example 3.4.6 (Wrinkling).

Construction. The idea of this example is to construct deformations that feature on the
rigid layers fine periodic oscillations which in the limit lead to a reduction of the length of
the material, see Figure 3.5. Note that the macroscopic deformation may still be volume
preserving, compensating the reduction in length by an increase in height.

More precisely, let 5 € R be the parameter that describes the increase in height. For the
fine oscillation, let g : R — R? be an 1-periodic C?-function parametrized by arc length and
for the length scale of the oscillations we introduce v € (0,1) and define for € € (0,1) the
family of functions g : [0,1] — R? by g.(t) = €7g(e t), t € [0, 1].

The reduction in length will be due to the weak convergence of g. as the weak convergence
of highly oscillating functions implies

1
g.—7 = / g (t)dt = g(1) — g(0) in L*(0,1;R?) as e — 0.
0

Hence for non-constant ¢’ we have |g'| < 1.
Correspondingly, we define f. by

fe(x) = ge(x1) + Brges x € Q.
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Observe that 02(Vf.) =0 and Vf. — F in L'(Q;R?) as ¢ — 0, with
F:§/®61+562®62.

An illustrative example is given by an explicit construction by Friesecke, James and Miiller
for the wrinkling of plates [72, Section 5|, which we recall in the following.

Let R: R — SO(2) be given by R(t) = cos(t)e;®e1—sin(t)e; @ea+sin(t)ea®e;+cos(t)ea®es
and 0. : R — R be a parametrization which we specify as follows: For 1 >~ > > 0 and two
values 61,605 € R, 05 > 01 we set 0, to be a smooth periodic function of period P satisfying

(1) 05 if 21 € (0,26 — 3 or zy € (367 + L7, €],
X =
! 05 if w1 € (3P + 57,365 — 1],

and |g—&\ <2(0%* - 0Ye.
Now, consider the function g, : [0, 1] — R?

/ R(6c(s))ey ds.

For this choice of g we have g.(t) = R(0(t))e1 and
g7 (t)] = | R/ (6c)0Ler| < 2(6* — ') < Ce.

Therefore, this example satisfies all the assumptions on g. imposed above and by the classic
Lemma 2.3.1 on highly oscillating functions, we obtain that g/ — ¢’ in L'(Q2;R?) as € — 0
with ¢/ the mean value of g, on the periodic cell of length €® and in particular constant.
Therefore the limit is of the claimed form

Vu=g¢ ® e + Pes @ ea,

and since ¢’ is a constant we can choose 8 such that det(Vu) = 1.
Next, let us consider the elastic energy of the deformations u.. The gradient on the rigid
layers reads

Vu, = R(Ge)(]l — (z2 — [[xQ]]e)iZiel ® 61).

Energies. For simplicity, we restrict ourselves to the case p = ¢ = 2. Lemma 3.4.3 provides
the energy estimate

dist? (Vue, SO(2)) da < 4¢*|| g7 || (om2) < 4€° 219" 70 (0,1:m2) < C*27.
Pstlﬁnﬂ

For the particular construction by Friesecke, James and Miiller, we have

1 2
=l dist(Vue, SO(2))72(q) < Ce™®

H dx

LZ‘(Q)
_ 2 2—«
= O / ‘ dxq
< C(hy — 6)%2 277, (3.33)

Therefore, we see that for every 0 < a < 2 we find a « small enough such that the elastic
energy of the corresponding sequence of deformations u. converges towards zero.
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Figure 3.5: A typical effect occurring in the context of bending insufficient stiff plates or
rods is wrinkling: Small oscillations leading to an asymptotic decrease of length.
Accordingly, small oscillations of the stiff layers indeed lead to a loss of volume in
the limit.

Macroscopic material behavior. Furthermore, Lemma 3.4.3 yields Vu, — Vu = F' in
LY(Q;R?) as € — 0. Since det Vu = det F' = g} we see that the volume is in general not
preserved for = 1. Yet, the localvolume constraint can be met for suitable values of 3 for
constructions featuring constant gj. One is given by the adaption of the explicit construction
by Friesecke, James and Miiller for the wrinkling of plates given above.

Lastly, we give an example which realizes in the regime @ > ¢ only the weaker restrictions on
limit gradients yet does not satisfy the restrictions related to the volume preserving condition.

Example 3.4.7 (Deformation with non-constant rotation).

Construction. The goal of this example is to construct a macroscopic deformation u with
a gradient of the form Vu = R(I + a ® e3), where R € L>(Q;SO(2)) and a € L?*({;R?)
featuring in particular a non-constant rotation, i.e. 02 R # 0. This can be achieved by rotating
each rigid layer by a subsequently increasing rotation angle, see Figure 3.6. Accordingly, we
specify fc = f, e € (0,1) to be given by

flx) = (1 — %)R(Zbg)el + %el +x9e2 T € Q.

Energies. Then, as 011 f = 0, the corresponding u. satisfies for all 1 < ¢ < oo and € € (0,1)
/ dist?(Vu, SO(2)) dz = 0.
stlfme

Macroscopic material behavior. By Lemma 3.4.1, we obtain Vu, — Vu = F in L'(Q;R?)
as € = 0 with

Vu=F = R(ajg)el ®er + (a:1 — %)R/(l’g)el X eg +e2 X ey
= R(z2)(T+ (— ez + (z1 — H)RT (22) R (z2)e1 + R (v2)e2) ® e2) z € Q.
Thus, indeed, Vu is of the form suggested by the asymptotic characterization Theorem 3.3.1

for a > ¢, yet with the volume preserving condition not satisfied by the limit deformation w,
Corollary 3.3.3 does not apply.

At the end of this subsection, we turn to the case of e-dependent layer ratio A. The next
example illustrates that for the asymptotic characterization of Theorem 3.3.1 to hold in the
context of decreasing volume of the stiff layers, the stiffness of the layers has to increase. We
restrict ourselves to the case p = ¢ = 2.
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Figure 3.6: We have seen with the asymptotic rigidity result of Corollary 3.3.3 that if we
assume in two dimensions that the limit locally preserves volume the only possible
macroscopic deformations are globally rotated shear deformations. Here, want
to illustrate the distinction between the characterizations of Corollary 3.3.3 and
Theorem 3.3.1 by giving an example of a sequence of deformations satisfying
the exact differential inclusion constraint, whose limit is not a globally rotated
shear deformation. This is obtained by rotating the stiff layers by a subsequently
increasing rotation angle as depicted.

Example 3.4.8 (Decreasing volume of stiff component). Consider an affine deformation
ue = u € WH2(Q,R") determined by Vu = F for a matrix F € R™™. Then, if (1 — \.) < ¢’
for g > 0 we have

/ dist?(Vue, SO(n)) dz = |e Py N Q| dist®(F, SO(n))|
EPS“HQQ
< C(1 = A)| dist](F, 50(n))| < C€°,

and obviously, (u¢). converges to the affine limit, which for general F' € R™*™ does not comply
with the characterization by Theorem 3.3.1. In particular, we see that although the elastic
energy on the stiff layers does not decrease relative to the volume, it does in absolute terms.

This illustrates, that for Theorem 3.3.1 to hold in the context of decreasing volume of the
stiff layers, their stiffness has to increase in relation to the volume decrease. This can be seen
from r. in (3.11) requiring here that o > 0 satisfies

a—2-—-243
2

rezeaTﬂ(l—)\g)flze — 0,

which would be satisfied for o > 28 + 2.

3.5 Appendix

3.5.1 Quantitative rigidity in L” and its scaling behavior on thin domains

Definition 3.5.1 ((¢, L)-Lipschitz equivalent domains). Let n € N. For ¢, L € (0,00) two
bounded Lipschitz domains € C R™ and Q9 C R" are called (¢, L)-Lipschitz equivalent if
there is a Bilipschitz map ¢ : Q1 — o, i.e. a bijective Lipschitz map ¢ whose operator norm
IIVelll = [[Vellz 0, satisties

IVell <L and [Vt <

As our interest lies in applications on thin domains representing the stiff layers we focus on
the scaling behavior of the constant in (3.10). To that end, the next Theorem is a version of
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Theorem 3.2.4 in LP for p > 2 concerning (¢, L)-Lipschitz equivalent domains. For completion,
we give the proof of the theorem along the original arguments from [72] and [73], incorporating
the adjustments by Conti for the LP-case as presented in [46].

Theorem 3.5.2 (Quantitative rigidity estimate for (¢, L)-Lipschitz equivalent domains). Let
neN,n>2 1<p<ooandl,L € (0,00). For an index set I let (U )rer be a family of
bounded Lipschitz domains Q C R™ that are (¢, L)-Lipschitz equivalent. Then, there exists a
constant C > 0 depending on p,n, ¢, L and (Q)ker but not each specific k € I, such that for
all k € T there is for each u € W'P(Qo; R") an associated rotation R € SO(n) such that

[Vu = R|| 1o rnxny < C | dist? (Vu, SO(n)) da. (3.34)
Q
We first show a preliminary result on a cube in the case p = 2.
Proposition 3.5.3 ([72, Proposition 3.4]). Let Q" = (-1,1)", Q = (—1,2)" and 1 < p < cc.

Then, there is a constant C > 0 only depending on n such that for each u € WH2(Q";R™)
there is an associated rotation R € SO(n) such that

”VU - R”LQ(Q,R"X") S CH dlst(Vu, SO(TL))||L2(Q//)
Furthermore, this estimate is invariant under uniform scaling and translation.

Proof. Step 1: Approzimation. In this first step we show that we may assume for a constant
M > 0 that ||[Vullzegry < M. Firstly, observe that for matrices of large norm, we can
estimate the norm by its distance to SO(n). More precisely, it holds for each matrix A € R™*"™
with |[A| > 24/n that

Ly < — < i — < di ) )
SIS Al - Vi< | it [1A] = |RI| < dist(4, SO(n)) (3.35)

By Lemma 3.5.9 for y = 4y/n there is a function v € Wh*°(Q"; R") satisfying for a constant
C>0

HV'UHLOO(Q//;Ran) < 4\/5 =M
and

Yu — V|22 mmmnxny < C Vul? dz
| 172(Qrmnxm) {\Vu|>2\/ﬁ}| |

<4C [ dist?(Vu, SO(n)) dz.
Q//

Thus, if the theorem holds for v, we obtain for u by the triangle inequality applied twice
HV’LL — RHLQ(Q;R"X”) S ”VU — VUHLQ(Q”;R"X") + ”VU — RHLQ(Q//;Ran)
S CH dlst(Vu, SO(n)) ||L2(Q”;R"X”) + CH dist(VU, SO(n)) ||L2(Q”;R"X”)
< CH dlst(Vu, SO(TL)) HL2(QN;Ran).
Step 2: Decomposition. The goal is now to decompose u in a harmonic function w and a

controllable rest z € W1P(Q";R™) that vanishes on the boundary of Q”. By the fact that
div cof Vu = 0, [68, Section 8.1.4], it holds that

—Au = div(cof Vu — Vu). (3.36)

| 3.5
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The function A +— |A — cof A|? is smooth, non-negative and vanishes on SO(n), cf. also Proof
of Theorem 3.2.1. Thus, its derivative is bounded on the compact set {A € R™*™ | |A| < M},
which yields

|A — cof A]? < Cdist?(A,SO(n)) for all A € R™" with |A| < M.
This motivates to choose z as the unique solution of
—Az = div(cof Vu — Vu) and 2z =0 on 9Q".
Testing this equation with z and applying an absorption argument, we obtain the estimate
V2] L2(grmnxny < C|l cof Vu — V|| p2(grmnxny < O dist(Vu, SO(n))|[r2gry.  (3.37)

Consequently, we set w := u — z, which implies that Aw = 0 on Q”, so w is harmonic as
desired.

Step 3: L*°-estimate for the harmonic part. In this step we set Q' = (—%, %)”, such that

Q C Q' C Q", and show the existence of a constant C' > 0 such that there is a rotation
R € SO(n) associated to w satisfying
||Vw — RHLQ(Q;R”X") S O” dlst(Vw, SO('I’L))”LQ(Q//;Ran).

For a cutoff function n € C§°(Q") with n > 0 and n = 1 on Q" we derive from (3.6) and the
fact that ||[Vuleo(grrnxny < M the estimate

/ V20| da < sup(An)/ IVew[? — n|dz
1 Q// Q//
gc(/ HVu]Q—n\da:—i—Q/ \VuHVz[dx—i—/ V2 dz)
" Q// Q//

< CH diSt(V’U,, SO(TL))HLl(Q//) + CHVZHLl(Q”;R"X") + CHVZH%z(Q//;Rnxn)-

Now, for the first and the second term on the right hand side, we apply Hélder’s inequality to
obtain an estimate in terms of L? and then use in the case of the second term (3.37). For the
third term we utilize the square of (3.37) and then deduce from the L*°-bound on Vu for the
estimate

I dist(Vu, SO(n))||22gn < C|| dist(Vae, SOm))|| 2gmy- (3.38)

Overall, it holds that

/ V2w[? dz < | dist(Vu, SO0))| 2om-
Ql

Now, w and therefore V2w is harmonic in Q”. Thus, the mean value theorem yields for

r = dist(Q’, 0Q)

sup |V2w|? < sup

1 2
Bl Viw(z)dz| < C| dist(Vu, SO(M))| r2(0m,
z€Q mGQ‘|B(~’CaT)| B(z,r) (z) ‘ I ( ()22

and the Poincaré inequality entails the existence of an R € R™*" satisfying

1
IV — R e (@nsny < C|| dist(Vat, SO())] 2. (3.39)
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Furthermore, by (3.37), we obtain by the triangle inequality
o dist?(Vw, SO(n)) dz < 2 o dist?(Vv, SO(n)) + |Vz|? dz
< O dist(Vu, SO(”))||%2(Q";R”><H)7
and analogously,
|Q"| dist*(R, SO(n)) = o dist*(R, SO(n)) dz
<2 o dist?(Vw, SO(n)) + |Vw — R|* dx
< O dist(Vu, SO(n))H%2(QH;Ran)~
Thus, again by (3.38), it holds that
dist(R, SO(n)) < /| dist(Vat, SOM))|| 2 regneny (3.40)

and we may assume in (3.39) that R € SO(n).

Step 4: Linearizing dist(-,SO(n)). We may assume R = I, arguing for R7v and RTw
instead of v and w, otherwise. To linearize dist( -, SO(n)) near the identity, we derive by the
Taylor expansion [81, Chapter 9, Section 29], [66, Section 6.1.9]

dist(A, SO(n)) = |3(A+ AT) - 1| + O(|A - 1]*), AeR™".
Applying this estimate to Vw, together with (3.39), yields

H%(Vw + (Vw)T) HLQ(Q;R”X") < || dlst(Vw, SO(TL))HLZ(Q) + ”VU} — HHLZ(Q;R"X")
< || dist(Vu, SO(m))|z2(0)-

Now we use Korn’s inequality, which states that for any bounded Lipschitz domain 2 C R"
and 1 < p < oo that there is a constant C' > 0 such that for each u € WHP(Q; R") there exists
an associated skew-symmetric matrix § € R™*", § = —S7 such that

IVu = S| prnny < ClIVu+ (V) || pomnny.

This mathematically well-studied estimate has mostly been considered for p = 2, in which
case also the dependence of the constant on the geometry of the domain is known, see [100],
and the references therein. For the general case 1 < p < 0o, see for example [74].

We apply Korn’s inequality to the displacement v(z) = w(z) — z, x € Q”, which shows that
there is an antisymmetric matrix S € R™*" such that

IVw =T = S r2@nxny < Cllz(Vw + (V)") =1 o ggnsny
< C|| dist(Vw, SO(n)) | r2(g) + cllVw — 1| 2(g;rnxn)
Arguing as in (3.40), we may choose I — S € SO(n).
This, together with (3.37) yields the estimate for Q" = (—1,1)". The fact that the constant

is invariant under uniform scaling and translation follows by the same arguments as in Remark

3.2.5b). 0

| 3.5
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Proof of Theorem 8.5.2. As in the Proof of Proposition 3.5.3, we start by approximating
u € WHP(Qg;R™), k € I by a Lipschitz function v € W% (Qy; R™). More precisely, we apply
Lemma 3.5.9 for u = 4,/n which yields the existence of a function v € W1H*°(Q;;R") and a
constant M > 0 such that ||Vv| feo(q, rnxny < M. Notice that since all €, are (¢, L)-Lipschitz
equivalent, we may choose M independent of the specific k£ € I.

Similar to Step 2 of the Proof of 3.5.3 we aim to decompose u additively in a harmonic
part w and a rest z. Yet, for the particular definition of the decomposition we differ from
the one given there, since, as Conti and Schweizer point out in [55], for general Lipschitz
domains LP-estimates on solutions of (3.36) may not be available, see [89]. Yet, for the proof
of this theorem, the specific boundary values are not important, so we may follow Conti and
Schweizer in setting z = div ), where 1) : R™ — R™*" satisfies the equation

cof Vu—Vu on Q",
—Ay = 1"
0 on R™\ @,

componentwise, with zero boundary data at infinity [55]. Notice that by the L>°-bound on
Vu, the right hand side of this equation is in L*. Thus, by well-known singular integral
estimates on R", see [1, Section 4], namely LP-estimates on the Riesz-operator [1, Example
4.17] via the Mikhlin Multiplier Theorem [1, Theorems 4.23, 4.28] we have for a constant
C>0andalll <g<oo

||vz||Lq(Q”;R”X”) § ||v2w||Lq(Q//;Rnxn) § CH COf VU — VUHLQ(Q”;R"X”)
S || dlSt(VU, SO(”))HLQ(Q”,R"X")? (341)
in particular for ¢ = p and g = 2, where we have used in the last estimate similar arguments
as in (3.37).

To estimate the harmonic part w, we argue by exhaustion of Ps by cubes of the form
Qa,7)=a+r(— %, %)n with side length » > 0 centered at a € R™. More precisely, we choose

a covering (Qi), y, Qi = Q(a;, ;) with
47“i S diSt(CLZ’, 8Qk) S CT’i, (3.42)

such that for a fixed natural number N € N each point x € Pj lies in at most N cubes @Q);.
Now, since w is harmonic, we obtain by the mean value property estimate on the derivatives,
[68, Chapter 2, Theorem 7]

A e iy SCO) [ Ve R da

Furthermore, since w € W12(Q;; R™), Proposition 3.5.3 together with (3.41) for ¢ = 2
entails

I ) S [ (V0 R e
L (Q(as,ri)) Q(a;i,2r;)

< Ol dist(Vw, SO()) 1 12((ar ar1))
< C|| dist(Vu, SO(n))I| £2(Q(a;,4r:)) (3.43)

where we have again used the L°°-bound on Vu.
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Now, we distinguish two cases. First, let us assume that 2 < p < oo. Then, taking (3.43)
to the p/2-th power and applying Jensen’s inequality, we obtain

Ex | V2w ) < Ol dist(Vu, SO(n))

”LOO(Q le"r'Z ||L2 Q(al 4’(’1

ORI
< Cr;? || dist(Vu, SO(”))”LP(Q (a,473))
Hence, we obtain

|Q(ag, )|} | V2wl < O dist(Vu, SOMDITo (0 (as,4r:))

> (Q(ai;ri))

Using the relation between r; and the distance of points in a cube to the boundary 0
from (3.42) we have

/ dist? (2, 90) [V>wl? de < C|| dist(Vat, SOM)IZ, (01001

Q(ag,r;) o

By summation over i, keeping in mind that at each point at most N cubes of the exhaustion
overlap, we arrive at

dist?(z, 8Qk)]V2w]p dz < CJ dist(Vu, SO(n))HI;JP(Qk). (3.44)
Q
In the case that 1 < p < 2, note that we may apply Holder’s inequality and the L°°-bound

on Vu, to derive the estime directly from the just proven estimate (3.44) in the case p = 2.
Indeed,

dist? (2, 00|V 2w dz < / dist?(z, 00 |V2w [ dar
Q Q

< C|| dist(Vu, SO(n))H%Q(Qk) < dist(Vu,SO(n))HI];p(Q )
Hence, (3.44) holds for all 1 < p < oc.
Lastly, we apply the following weighted Poincaré inequality

min / Ilf —G|7dz < C/ dist?(z, 09Q) |V f|? dz,
GERnXn Qk Qk

which has been established in [72, Equation (3.29)] by combining an embedding theorem
from the theory of weighted Sobolev spaces [96] and a standard Poincaré inequality. We have
restated the result as Lemma 3.5.4 in which we determined the particular scaling behavior of
the Poincaré constant.

Utilizing this estimate for ¢ = p and f = Vw, we obtain for a matrix G € R™*"™

1
IVw — Gl oy < c(/Q dist? (2, )| V2w dz ) " < C| dist(Vv, SO(n)) | s(ay,).
k
[

Lemma 3.5.4. Let 1 <p < oo and {,L € (0,00). Let Q and Qg be bounded Lipschitz domains
such that Q is (¢, L)-Lipschitz equivalent to Qq. Suppose that there is a constant C > 0 only
depending on n,p and o, such that for all f € WLP(Qy,R™) there is an associated G € R™
such that

/ If =GP dz < c/ dist? (2, 90|V f [P d. (3.45)
QO Q0
Then, it holds for all f € W1P(Q,R") that

/ I — GPPdz < Cn%e2pL2p/ dist?(z, 00)|V |7 da.
Q Q
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Proof. The key lies in understanding the transformation behavior of the distance function.
Denote by ¢ : Q9 — € the bijective Bilipschitz map whose gradient satisfies

IVl <€ and [[Vell < L,

that exists by the definition of (¢, L)-Lipschitz equivalence.
Then, it holds for x € ) that

L~ dist(z,00) < dist(¢ ! (x), 9) < £dist(z, ). (3.46)

since for x,y € Qp we have |p(y) — ¢(x)| < Lly — z| and |y — x| < £|p(y) — ¢(x)|. Also notice
that, if the Lipschitz bounds are sharp for points on the boundary, i.e. for x € 9y or y € 9y,
then the estimates in (3.46) are sharp.

Hence, by (3.45) there is a G € R" associated to f o ¢, for which the change of variables
formula, (3.46) and the estimate |Vp| < /n||Ve||| between the operator norm and the
Frobenius norm that also provides an estimate on det(Vy) yields

/|f—G|pdx:/ |f o — GPdet(Vy)dz
Q Qo
SCLP/ |fop—GPdx
Qo

< OLP | dist?(z,000)|(V f) 0 oP[V|P dz
Qo

< nrwee / dist? (¢~ (z), 00) |V f P dr
»(Q0)

< nIePLPC / dist? (z, 0Q)|V f|P dz.
Q

This completes the proof. O

Remark 3.5.5 (Scaling behavior of the harmonic part w). Notice that the Proof of Theorem
3.5.2 provides an estimate of the form (3.34) for the harmonic part w of u. But while the
behavior of the constant in this estimate under anisotropic scaling can be determined by
Lemma 3.5.4, this does not determine the overall scaling behavior of the constant in (3.34)
for the whole function u. The reason lies in the first step of the proof, where u function
is approximated by a Lipschitz function whose Lipschitz constant is not invariant under
anisotropic scaling. As we do not know at this point in the proof, that in fact, Vu is not only
close to a Lipschitz function, but on cubes close to constant rotations, the scaling behavior of
the estimate can be improved using this a forterior information.

Corollary 3.5.6 (Approximation by rotations on thin domains [73, Theorem 6]). For a
Lipschitz domain O C R*Y h € R and § € (0,1) let Ps = O x (h,h+ ) and 1 < p < oo.
Then, there exists a constant C > 0, depending on n, p, O but not on § such that for all
u € WHP(Ps;R™), 1 < p < oo there is an associated rotation R € SO(n) such that

IVu = R| 1o(pyrnxny < C67P [ dist? (Vu, SO(n)) d. (3.47)
Ps
Proof. The proof follows closely the arguments by Friesecke, James and Miller given in [73,
Theorem 6], only adapted for general dimension n € N, n > 2 and 1 < p < 0.
The strategy is to use the knowledge for uniform scaling of domains obtained in Remark 3.2.5
b) to construct a function of higher regularity close to Vu whose gradient can be estimated



Appendix I 3.5

with the right scaling, and then to apply the Poincaré inequality to estimate the distance of
Vu from a fixed rotation.

Firstly, since O is a Lipschitz domain, there is a covering (U)req1,.. Ny, IV € N with the
property, that after rotating the coordinates if necessary, there are bounded open (generalized)
intervals J;, C R”~! and Lipschitz maps Ly, : J, — R such that

UgNO ={z= (2 2,) €Uy | 2’ € Jy,zn, > L(2)},

U N0 = {x = (2/,2,) € Uy | ' € Jy,z, = L(2)}.

In the next two steps, we argue for fixed k € {1,..., N} returning to the global perspective

in Step 3. To shorten the notation, we drop the index in the next two steps and write U
instead of Uy.

Step 1: Estimates far from the boundary. Let K C U be a compact subset and assume
0<d< %infxeaUﬂeK |y — Z|oo- We denote by Vu the vertical average given by

(3.48)

Vu(z') = Vu(z', z,) dz,.
(h,h+5)

For 2/ € R"! we denote by Q. s the cube with side length & and lower left corner 2/, i.e.
Qur s = 2+ (0, 5)n_1.
Using a non-negative standard mollifier 1 € C§°((0,1)"!), by which we mean a function
of compact support in the unit cube, with ¥ > 0 and f(0,1)n71 ®pdx = 1 and the notation
s = 6 " 1p(571 ) we introduce the smoothed vertical average R : K — R™ by setting
R(z') = (¢p, * Vu)(z') = /
Qg 5% (h,h+0)
Now, let us study the properties of R. By Theorem 3.5.2 there is a constant C' > 0 and
rotations R,/ s € SO(n) such that on each cube Q. s we have

/

/ pa—
5y (%) Vu(z) dz' dzy,.

/ |Vu(z) — Ry s|P dz < C/ dist?(Vu, SO(n)) dz.
Q5% (h,h+6) Q1 5% (h,h+0)
Since [ 5n-1 s = 1 we can apply Jensen’s inequality to the convex function x — [z|P with

respect to the probability measure ¥5 - \*~ !, where A\* for k € N denotes the k-dimensional
Lebesgue measure which together with the L°°-bound on 1 yields

=y
0" Qs 5% (h,hts)
=y
<
61 Qs 5% (h,hts)
For the gradient of R, we argue that since f(o §yn—1 Vs dz = 0 due to the compact support of
1, it holds for ¢’ € Q5 that

|R(z) = Ry <

|Vu(z) — Ry 5P dz

dist?(Vu, SO(n)) dz.

n 2
IVR(E)IP < ‘ /Q i) 0 V@b(f " > (1,...,1)TVu(z)dz dz,
€8 ’

‘ p

o
= ‘(5*”+1/ 5*1V¢(§7z) (1., D) (Vu(z) — Ry s) dzn‘p
Qe 5% (h,h45) h

o
< 6—n+1/ 5—plv¢<§ i ) (1., 1)T‘p|Vu(z) — Ry 5P d2’ dz,
Qgr 5% (hyh+) h

< st |Vu(z) — Ry s|P dz.
ng’(;x(h,h—i-&)

71
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Hence,

IVR(E)PP <6-mHC [Vu(z) = Rar 57 dz
Qe 5% (h,h+6)

< srtlo dist?(Vu, SO(n)) dz,
Q5% (hsh+0)

and thus by the mean value theorem, there is for & € @, 5 a point y € (§',2’) such that

/ dist?(Vu, SO(n)) dz.
Q.

IR(E) — RGP < &|Vuly) - (€ —a')P < =

This implies

/ Vu(z) — R(Z)Pdz < C dist?(Vu, SO(n)) dz.
Qz/,26 Qz’,26x(h7h+5)

Lastly, we estimate the distance of R to SO(n) itself. We set g(¢) = dist (R(z' + 6¢), SO(n))
for ¢ € R 1. Then from the above estimates we obtain

1
[ alPac s 9P < 5y
0,1)1 ¢e(0,1)n-1

/ dist?(Vu, SO(n)) dz.
Q7 25 % (h,h+0)

Hence, denoting the average of g on (0,1)"~! by (9)(0,1)n—1 We see by the Poincaré inequality
that

sup  |9(¢) = (9)o)»-1] < sup  [Vg(Q)|
¢e(0,1)n—1 ¢e(0,1)n1

1

< = dist?(Vu, SO(n)) dz.

/Qw/,26 X (h7h+5)

Finally, we cover U by a lattice of mesh size §, sum over all cubes that intersect K and obtain
the estimate

/ IR — Vul’ + 6|VRPdz < / dist’(Vu, SO(n)) dz.  (3.49)
K x (h,h+9) U X (h,h+96)

Step 2: Estimates close to the boundary. We consider the case of a flat piece of boundary
first. Let U be such that UNO = U N R’ffl, UNoo =UnN 8]1%7}:1, using the notation
RV = {z = (2/,2,) € R*""! | 2, > 0} for the upper half space. Let K C U be a
compact subset. For ' € K N Ri_l we define as in Step 1 the smoothed vertical average
R(z') = (¢5 x Vu)(a'). As the support of 4 lies in the upper half space, R is well defined and
we may argue as in Step 1 to obtain a version of (3.49) with K N O and U N O replacing K
and U respectively.

Now, returning to the general case we have for U, where UNO and UNAJO can be represented
by a Lipschitz function L in the sense of (3.48). We introduce the map ¢ : UN O — R’}r_l
given by ¢(2, z,,) = (2/, 2, — L(2")), which flattens the boundary and is Bilipschitz as well as
area preserving. Analogously to the case of flat boundary, we now define

(Rop™) =1ps+ (Vuop™t).
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Again, for ¢’ € p(K) the value (Rop™1)(¢') is well defined for sufficiently small 6. By Theorem
3.5.2, there is a constant C' > 0 and rotations R¢ s € SO(n) such that

V(e ™(¢), 2n) — Rers[" A’ dzy = / g g (VUG 20) = R 4 dz,
¥ &5

< C/ dist?(Vu(Z', 2,); SO(n)) d2’ dz,
W_I(Qg/,(s)XI

/625/75><(h,h+6)

_C / dist?(Vat, SO(n)) 0 ¢~ (¢, ) dC’ dzn.
wfl(Qg/,s)XI
This enables us to argue as in Step 1 to obtain firstly

/ |R090—R§/75|pd(' <C dist?(Vu, SO(n)) ogp‘l(g’,zn)d(dzn,
Qer 5 Qgr,5 % (h,h+0)

as well as all other estimates now in terms of Ro ¢~ and Vu o ¢! instead of R and Vu. In
particular, we obtain

IR — Vul + 6| VR dz < / dist”(Vu, SO(n)) dz.  (3.50)

/(KmO)x (h,h+5) (UNS)x (h,h+5)

Step 3: Merging the estimates by partition of unity. We return to the global view and
reestablish the indices on the covering open sets Uy, k € {1,...,N}. Accordingly, let Ry,
k€ {1,..., N} denote the functions constructed in Step 2 and let (1x)re(1,..., v} be a partition
of unity subordinate to the cover (Uy) kef1,..,N}, which means that

N
nk € C5°(Uk), mk >0, Zm =1 onO.
k=1

We introduce R := chvzl nkRk, for which we have

N
R—Vu= Z ne(Ry — Vu)
k=1

and

N N
VR=> nVERi+ > V(R — Vu).
k=1 k=1

By (3.49) and (3.50) for K} = suppn; we have
/ IR — VulP + °|VRP < C / dist?(Vu, SO(n)) da. (3.51)
O x (h,h+3) Q

Finally, the Poincaré inequality together with (3.51) yield the existence of a matrix R € R™*"
such that

||R - R||LP(P5;R"X") S C(;_p/ distp(Vu, SO(TL)) dx.
Q
Arguing as for (3.40), we may assume that R € SO(n) and again by (3.51) we obtain overall
IVt = Rl oy < C5P / dist?(Vu, SO(n)) da,
Q

as desired. O

| 3.5
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3.5.2 Technical preliminaries

Lemma 3.5.7. For n € N let P C R" be the cuboid that is given for £1,...,¢, > 0 by
P=(—l1,01) XX (—lp,¥y) and 1 < p < co. Then, for each A € R"*"

c%i@% |Az — d|| Lo (prr) = 5161]%1% |Az|| e (a4 Pirr) = [|AZ| o (PiR7)-

Graphically speaking, the volume between the paraboloid described by Ax and a cuboid d + P
for d € R™ is minimized for d = 0, i.e. if the paraboloid is centered in the cuboid.

Proof. Since the LP-norm is convex, we know that each critical point of d — [|Az — d||rr(p,rn)
is a minimium. Together with the fact that ¢ — P is monotone on [0, c0), it thus suffices
to show that d = 0 is a critical point of d — | Az — dHip(P;Rn). Since the integrand
|Az — d| < diam(P)|A| + |d|, is bounded for all z € P, we obtain for the derivative with
respect to the variable d

ya
2

Dd/ Az — dP do = / Da(Az — d)% du = / Pl Az — dP-22(Az — d) d
P P P2

= p/ |Az — d|P7%(Az — d) dz.
P

Hence, for d = 0, for O := (—f1,01) x -+ X (=ly_1,0p_1) C R*1 the symmetry of the
integrand yields

ln
(Dd/ | Az — d|P dac)(O) :p/ |Az|P~2 Az dx :p/ / |Az[P~2 Az dz’ dz,,
P P O J—ty
0 ln
:p/ / |Am|p_2Amdx'dzn—|—p/ / |Az|[P~2 Az da’ da,,
OJ—ty, 0Jo

Oy ln
= _p/ / |Az|P~2 Az dz’ d,, —|—p/ / |Az[P~2 Az dz’ dz,, = 0,
0Jo 0Jo

which sufficed to show the claim. O

Lemma 3.5.8. Let A € R>*2. If Aey — (Aez)* # 0, then

min |A— R> = |A? +2—2,/|A]2 4+ 2det A
ReSO(2)

and a minimizer is given by

_ [ Aei—(Ae2)* (Aep)L+Ae
Ra=(Gatisyn elaad)

Otherwise, every R € SO(2) minimizes the problem and

min |A— R|*> = |A]® +2.
RESO(2)
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Proof. Note that

min \A— R[> = min (]Ael Req|* + |e2 — Real?)
ReSO(2 ReSO(2

= lnlnri (\Ael — 2+ |dey — v ?)

= mln (|Ael|2 + |Aea® + |v]? 4 [v 2 — 24e; - v — 246 - v7F)
in (JA[* +2+ 20 (—Aer + (4ez) ™))

|Aey — (Aeg)t|?
|Ae; — (Aeg) L]
= |AP> 42 — 2|Ae; — (Aey) ™|

= AP +2 - 2\/|AP - 24e; - (Aea)*

= A2 4+2—2\/|A]2+ 2det A,

where we have used that the problem has the minimizer

:\A|2+2—2

A61 — (1462)L
|Ae; — (Aeg)t|’

v =

if this expression is nonzero, otherwise we may chose v arbitrarily in S'. Consequently, we
have

. 1 o Ae 7(Ae )J‘ (Ae )L+A€
Ry = (v|v") = <|A317(Aez)l| |A6117(A62)E|> ’

O]

The following lemma is a version of a truncation argument by Friesecke, James and Miiller
to approximate W1P(U;R"™)-functions, 1 < p < oo on a bounded Lipschitz domain U by
Whee(U; R™)-functions. The arguments themselves are similar to approximation arguments
in [69, Section 6.6.2, 6.6.3]. For the proof we restrict ourselves to only showing the claimed
scaling behavior of the constants, referring for the rest to the original paper.

Lemma 3.5.9 (Approximation of WP~ by W1*_functions on thin domains [72, Proposition
Ald]). LetneN,n>2, 1<p<ooand {,L € (0,00). Let Q,Q¢ C R™ be bounded Lipschitz
domains such that Q is (¢, L)-Lipschitz equivalent to Qy. Then, there exists a constant C' > 0,
depending on n,p and Qo but not on Q such that for each u € WHP(Q; R"™) and each p > 0
there exists a function v € W1 (Q; R™) such that

() [Vl Lo (@mnxny < Cly;

1 Vu— Vo nxn L2p€pn§0/ VulP dz.
(i) 9= Vollygnen) < oty 17

Proof. We will prove this statement under the assumption that it holds for {2 = €y, while for
the proof of that statement we refer to [72, Proposition A.1]. Denote by ¢ : R” — R be the
bijective Bilipschitz map whose gradient satisfies

Vel < ¢ and ||Vl <L

| 3.5
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that exists by the definition of (¢, L)-Lipschitz equivalence.
Now, let u € W1P(Q,R") and p > 0, then u o o € WHP(Qg, R™), hence by [72, Proposition
A.1] there is a function v € W1H*°(Qg; R™) such that

C
IVll oo gy < Cpt and  |{u £ v} < 7/ IVl da.
= J{|Vul>p}
We consider the function v o =1 € W1°°(Q;R") since by the fact that the operator norm
relates to the Frobenius norm by |Vl < /nl[|[Vol||
[V(vo (P_l)HLOO(Q;R"X") < HVUHLOO(QO;R"X")Hv‘P_luLOO(Q;R"X") < VnlCp.

Thus, (i) holds. For (ii), we obtain using the change of variables formula and estimates on the
determinant det(Vu) by the bounds of the operator norm of Vu

/ |Vu — Voo HPde = / |[Vuop—v|P|det(Vep)| dz
) Q0
<crr [ IV (uo )P de
{IV(uop)|>u}

< L2p€pngC/{ (|Vul? o ps)| det(Vp)| da

P
[Vulop>L—In" 2 p}

< LPPniC / IVulP dz.
= . _p
{(IVul>L=tn" 2}

O
Proposition 3.5.10 (Difference quotients [68, Section 5.8, Theorem 3]). Forn € N let Q C R™
be a bounded Lipschitz domain and V. CC Q. Furthermore, let1 < p < oo and u € WHP(Q;R™).

Then, there is a constant C > 0 such that for all h € R with 1 < |h| < $dist(V,09) and
j€{l,...,n} we have

u(x + hej) — w(@)| Lovirny < ORI VUl oorn)-



Homogenization of Elastic Materials
of Periodically Layered Structure

The goal of this chapter is to prove a homogenization result for layered materials with one
stiff component in terms of I'-convergence with the energy on the soft layers specified by
a general class of energy densities. After a short introduction to non-linear elasticity to
motivate the models considered, we show for a broader class of domains €2 the sufficiency
statement of Theorem 1.1.1, giving an explicit construction for the microscopic approximation
of macroscopic deformations. This sequence will form the basis for the construction of
sequences with optimal energy, with which we proceed afterwards. The I'-convergence result is
then completed by a suitable lower bound estimate. We end this chapter by showing that the
homogenized energy density obtained explicitly in the theorem coincides with a cell formula
for a model with totally rigid layers.

4.1 Introduction to non-linear elasticity

In this section we give a brief overview on the essentials of non-linear elasticity in the language
of continuum mechanics, along the lines of the book of Gurtin on this subject [81]. Let ©
represent the undeformed body, which we choose as reference configuration. We denote the
material points by z € Q. The deformation u maps each material point x to a point y in the
deformed body. For the deformation gradient F'(x) = Vu(z) we assume det F' > 0. Adding a
dependence of the deformation on time, y specifies the motion of the body.

Crucial quantities to understand the deformation of a body are the forces on the surface
and inside the body. By Cauchy’s theorem the balance of momentum implies the existence
of a unique symmetric tensor field T'(y,t), known as (Cauchy) stress, to describe the surface
force s and the body force b by the relations

s(n)=Tn and b= po—divT,

where n is a unit vector normal to the surface, v denotes the velocity corresponding to y and p
is the density [81, Sections 14, 15]. Therefore, to model a body’s behavior it suffices to specify
T according to particular constitutive assumptions. As the deformation gradient F(z,t),

77



78

Homogenization of Elastic Materials of Periodically Layered Structure

which depends on the material point x and the time ¢, measures local distance changes, it is
natural for the stress tensor to depend only on the deformation gradient F' and the material
point x [81, Section 25], i.e.

T(y,t) = T(F(x,t), ).

Furthermore, the deformation should not depend on the orientation of the body, which means
that the response of the elastic body is independent of the observer. It can be shown that
this condition is satisfied if and only if it holds that

QT(F)QT =T(QF) for all Q € SO(n) and F € R™™ with det(F) > 0.

Notice that the stress T' depends on y and thus was formulated in terms of the deformed
configuration. To obtain a formulation with respect to a reference configuration, we introduce
the Piola-Kirchhoff stress [81, Section 27]

S = (det F)T (y(x, 1), ) F T,

which satisfies for a part P of the body €2 and its configuration P; at time ¢, the relation

Tmds :/ (det F)T(y(x,t),t)F Tnds = Snds,
OPy oP oP

where m and n are outward unit normals to P; and JP, respectively. Under the constitutive
assumptions for an elastic body and assuming independence of the observer we obtain that
S = S(F) and the relation

S(QF) = QS(F) forall Q € SO(n) and F € R™" with det(F) > 0. (4.1)

Up to this point, we have not taken into account restrictions imposed by the thermodynamic
principles such as the requirement of non-negative work in closed processes. For an elastic
deformation it can be shown that this requirement reads

t .
/I/S-Fdxdtzo
to P

for a closed process with starting time ty and end time ¢;. However, this inequality yields the
existence of a scalar function W (F,z), called strain-energy density such that [81, Section 28]

S(F,z) = £7W(F,x).

An elastic body with a Piola-Kirchhoff stress satisfying this relation is called hyperelastic. The
strain energy of a part P of the body is then given by

/ W dzx.
P

W(QF)=W(F) forall Q€ SO(n)and F € R™*" with det(F) > 0.

From (4.1) it can be deduced that

A well-known example of such an energy density is given by the Saint Venant-Kirchhoff-
material [66, Chapter 5], where

W(F) = 3(tr(G))* + ptr(G?)) with G=3i(F'F-1), FeR™™,
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and A and p are the Lamé constants.

In the following mathematical treatment, we study macroscopic deformations of elastic
materials, not their evolution. Consequently, we can disregard the time dependence. Further-
more, we will express all quantities in terms of the reference configuration and the deformation,
denoting the body by 2, the material points by z and the deformation by u, with the defor-
mation gradient given by Vu. In accordance with the deliberations above, we consider strain
energies E, : W1P(Q; R") — R given by a strain energy density Wy : R®*" — R via

E(u) :/QWel(Vu) dz,

where W satisfies at least the following common assumptions of geometrically non-linear
elasticity theory, see [72, Section 2]

(i) Weq is continuous;
(ii) Wy is frame indifferent, i.e. for all F' € R™*™ and R € SO(n) we have W (F') = W(RF);
(iii) W (F) > CdistP(F,SO(n)) and W (F) =0 if F' € SO(n).

While the second assumption is motivated from the above considerations, the first and the
third are mathematical assumptions, normalizing the elastic energy of rigid body motions to
zero and assuming continuity and quadratic growth of the energy density. These conditions
are satisfied for example by

W (F) = dist?(F, SO(n)),

which will be the prototypical elastic energy used in the following. Notice that condition (iii)
relates the elastic energy to the differential inclusion constraint discussed in Chapter 3.

4.2 Sequences of finite energy approximating possible
macroscopic deformations

The goal of this section is to establish the sufficiency statement of Theorem 1.1.1 for bounded
Lipschitz domains €2 C R™, n € N with n > 2 that are e,-flat in the sense of Definition 3.3.7.

Throughout this section, we assume that 2 C R", n € N with n > 2 is a bounded Lipschitz
domain, with further requirements to be made for the specific result. Furthermore, we consider
only materials of fixed ratio between the stiff and soft component, i.e. we consider the periodic
bilayered structure (Puif)e associated with Ac = A € (0, 1).

The claim is that if for 1 < p < oo we have u € W1P(Q;R") such that for functions
R e WP (Q; SO(n)) and b € WHP(;R") with 9;R =0 and 9;b =0 for i € {1,...,n — 1} it
holds that

u(z) = R(z)x + b(x), x €, (4.2)

then, there is a sequence (ve)e C WHP(€; R™) with ve — u in W1P(Q; R") which satisfies the
exact differential inclusion constraint, i.e. Vv, € SO(n) on €Psyg N .

In the following, we give an explicit construction for the sequence (v¢)e C W1P(£;R™).
Since (4.2) yields for the gradient

Vu(z) = R(z) + R(2)z ®@e, + V(1) ® e, = R(x)[ +a(x) ®e,), x€Q, (4.3)

| 4.2
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Q
0 0y

Figure 4.1: Due to the non-connectedness of cross sections of the domain with respect to the
en-direction, the two upper branches 21,2 may be deformed differently, with
the deformation u still satisfying dju = 0 for i € {1,...,n — 1}. An example
of such a deformation is given by u € W12(Q;R?) N L3(2;R?) determined by
Vulg, =14 2e1 ® e2, Vulg, =1 —3e; ® eg and Vu = I otherwise in €2.

where a(z) = RT (z)(R/(x)r ® e, + V' (z) ® e,), we introduce for given U := Vu the notation

1 1
Ux(z) = R(x) + XR’(Q?)J} ® en + Xb'(:c) ®en, x€. (4.4)

In the case of affine limits a suitable approximation of the limit can be constructed by
simple laminates.

Lemma 4.2.1 (Approximation of affine admissible limits). Let u € WHP(Q; R™) N LE(Q; R™)
be an affine function, with Vu = R+d®e, =: F, where R € SO(n) and d € R™. Furthermore,
let vE' € WHP(Q;R™) N LE(Q; R™) be the simple laminate given by

Vol =

™

R if & € Py N L,
Fyi=R+1id®e, ifx € ePypg N

Then, vE — u in WIP(Q;R™) as € — 0 and for each € > 0 the function vl satisfies the exact
differential inclusion constraint va = R € SO(n) on the stiff layers € Pyig N €.

Proof. Since v!'(z) = vf (£) for all z € Q, the weak convergence is a direct consequence of the

classic Lemma 2.3.1 on weak convergence of highly oscillating functions. Indeed, the fact that
XX both in L¥(R")  as e — 0,

*
]]‘GPstiff - 1 - )\ and ]]‘epsoft

implies
Vol =Rlepe +(R+1d®ey) Lep,,, = R+d®e, in L®(QR™) ase— 0.

Notice that since Vovf 1.5,

= F = (Vu), the notation is consistent with (4.4). O

Beyond affine limit functions, the geometry of 2 takes a more decisive role. The reason is
that while for a function f € W'P(Q;R"), n € N, n > 2, 1 < p < oo, the condition 9;f = 0
fori € {1,...,n — 1} implies for domains © that are e;"-connected in the sense of Definition
3.3.6, that f depends only on z,,, see Lemma 4.5.6, on general bounded Lipschitz domains €2,
f can still depend on 2’ for = = (2, z,,) € Q, see Figure 4.1.

Therefore, we will construct an approximation for e;>-connected domains first. Afterwards
we provide a general strategy to decompose Lipschitz domains in e;-connected domains and
generalize the result to Lipschitz domains that feature partitions in finitely many e;--connected
domains.
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Proposition 4.2.2 (Approximation of general admissible limits on e;-

—-connected domains).
Let Q be a simply connected bounded Lipschitz domain, that is e#—connected. Furthermore, let

1 < p < oo and assume u € WHP(Q; R™) N LH(;R™) with u(z) = R(x)z + b(x) for all z € €,
where R € W1P(Q; SO(n)) and b € LP(;R™) with ;R =0 and 0;b =0 fori=1,...,n— 1.
Then, there is a sequence (ve)e C WHP(Q;R™) N LE(Q; R™) such that ve — u in W1P(Q;R™)
as € — 0 and the property, that there are sequences (R.). C W1P(Q; SO(n)) such that

Vve = Re in €Psg NS (4.5)
and
Re = R in WP (Q;R™™)  and ||V — Ul po(epopnomnxny — 0, both as e — 0. (4.6)

Proof. Firstly, by Lemma 4.2.3 there is a sequence (R.). C W1P(Q; SO(n)) such that R, — R
in WHP(Q; R™ ") as € — 0 satisfying

R.=0on ePygNQ and |R.— AilR/HLp(€PSOfth7Ran) —0ase—0. (4.7)
We set for z € Q)
Ure(z) = Re(x) + R.(z)x ® e, + /\*1b’(3:) ® en

and
Ue = Re HEPSMHOQ +U)\,e HEPSO&QQ
Then, by (4.7) we obtain

U=R+Rar®e,lep, +N W e, lep,
~R+XNARz@en+ XN AW @6, =Vu, inLP(Q;R™™) ase— 0.

and

1Ue = Ul Lo (eppraspnsny < diam(Q) (| Re — Rl| po(omrnxn) + | Be = A R|| Lo(epynasrnen))
—0 ase—0.

Therefore, if we establish for € > 0 that U, has a vanishing curl in the sense of distributions,
then the mean value free potential ve of U, existing on any simply connected domain {2
satisfies exactly the desired properties. Since R, € WP(Q; R") with 9, R = 0 on ePyig N Q
and O;R. =0, 9;b=0fori € {1,...,n— 1} on Q we obtain for k,¢ € {1,...,n}, k < ¢ and
© € CX(2;R™) in the case £ <n

/QUGe/zC - Oppdx — /QUeeg - Oppdx = /QRgek - Opp — Reep - Oppda = 0,
and in the case £ =n
/QUEek - Opp dax — /QUeen - Oppdx = /QRgek - Onp — (Reen + (Rl + X' 1ep, ) - Oppda
= /QRéekﬂePsoft S = Réek]lﬁpsoft -ppdx = 0.

Hence, curl U, = 0 as claimed. ]
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Figure 4.2: The main idea of the construction of an approximating sequence (R¢) of R in
accordance to the layered structure is to approximate its parametrization rather
than the function itself. To that end we introduce the sequence . which on most
of € coincides with the identity for its first n — 1 components, while in its n-th
component ¢! is constant on the stiff layers and is given by linear interpolation on
the soft layers as sketched. Since this means that ¢, anticipates the values taking

by the identity, the last pair of a soft and a stiff layer has to be adapted to ensure
©0e(82) C .

The restriction to e#—connected domains in Proposition 4.2.2 merely reflects the geometric
assumptions under which the approximation of R constructed in the next lemma holds.

Lemma 4.2.3 (Approximation of R on e;-connected domains). Let € be an e;--connected

bounded Lipschitz domain. For 1 < p < oo let R € WYP(Q;SO(n)) with ;R = 0 for
i € {1,...,n —1}. Then, there exists a sequence (R.). C W'P(Q2; SO(n)) with Rc — R in
WLP(Q; R™ ™) as € — 0 such that

Ré = 0 a.e. ZTL epstiff ﬂ Q U/nd HR/E - )\_1R/HLP(EPSO&OQ§R"X") — O as € — 0

Proof. The idea of the construction is to adapt the parametrization of R in such a way that
the resulting function satisfies the differential inclusion constraint on the stiff layers exactly,
which means that, graphically speaking, we stop R on these sets, while accelerating the
parametrization of R on the soft layers.
Accordingly, we set for € > 0
Q. = U PPN =Q UePi”,
ielu{imin}

and introduce the piecewise affine function ¢, :  — R™ defined for (2/,z,) =x € Q. by

(2/, |zn]e +€) if © € €Pyifr, i.e. [Tnle + €A <2y < [Tne + 6,
(2, %(mn — @nle) + [znle) 2 € €Pogr, 1€ [Tn]e < xp < [Tn]e+ €N,

see also Figure 4.2. To ensure o (2) C Q we set on the last layer, i.e. for x € eP%™

@e(xlv :Eﬂ) = {

e = idgn on €Psogr, and (2, xy,) = (2, |zn]c + Ne) if @ € ePigr-

Observe that ¢(2) C Q and the sequence (p.). converges uniformly to the identity idgn.

Hence, (R¢)c given by R. = R o ¢, is a well-defined Sobolev function and converges
pointwise to R as R is continuous by Lemma 4.5.4. Also, since R(x) € SO(n) a.e., we obtain
by dominated convergence that R, — R in LP(£2; R™*"™).
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Furthermore, since R is absolutely continuous, see Remark 4.5.5, and ¢, is a monotone
Lipschitz function, the composition R, is absolutely continuous. Hence, the fact that R, is
constant on the stiff layers, the chain rule [99, Theorem 3.44] and the change of variables
formula yield

1
= / € pd ! € pd
IR s (o) |R (pe)pelP do < Ap/ - R (@) [P da

Epsoftﬁﬂ
1 / /1—1 /
= 5 LIRPIA o < IR

Therefore, R, is uniformly bounded in the reflexive space LP(£2; R"*™) and thus we have by a
Urysohn argument, cf. Lemma 4.5.15, that (R.). converges weakly to R in WLP(Q R™).

Lastly, note that since R = L1 R’ 0 . on €Py N Qe and ¢, = idgn on ePSOft , Lemma 4.2.4
yields
HR/E - )\71R/||Lp(epsofth;Rn><n) —> 0 as € —> 0
This finishes the proof. O

The next lemma establishes the strong convergence of R, on the softer layers. The arguments
are similar to the proof of the continuity of the shift operator, see e.g. [70, Proposition 8.5]
Lemma 4.2.4. Forn € N, n > 2 let Q C R™ be a bounded domain. Let f € LP(2;R™) and
for e >0 let . : R™ — R™ be the piecewise affine function defined for (z',z,) =x € Q by
(2, |zn]e +€) if * € €Pyigr, i-e. |Tp]e + e <y < |Tple+ e,
(2, /l\(xn —|znle) + [@nle) if x € €Peoge, i€ |Tn)e < Ty < |Tn]e + €N

QDE(JC/, wn) = {

Then,

Hf O Ye — f”LP(ePSOftﬁQ;R”) —0 ase—0.

Proof. We prove this result by approximation. Firstly, let us consider the special case of
g € C.(Q,R") instead of f. Then, by the continuity of g we see on the one hand that the

pointwise convergence of (@), to the identity yields pointwise convergence of (g o ), to g.

On the other hand, since g is compactly supported in the bounded set 2, g is bounded and
therefore we obtain by dominated convergence that

Hg O Ye — gHLP(Q;Rn) —0 ase—0. (48)

Now, let § > 0 be given. Then, as C(€2,R") is dense in LP(£2; R™), see e.g. [70, Proposition
7.9], there is a g € Cc(Q, R") such that || f — g/ Lr(irn) < 9/3. Furthermore, by (4.8), it holds
for € small enough, that ||g o @c — gll1r(cp, norr) < 9/3. Lastly, observe that by the change
of variable formula we have

IVO%—QO%MWﬂﬁmWUZ/ Mgl @ 3@ = [2n]o) + L2a o) do
soft

4]

= A [ 1f =g < 1f = gl < 5

Overall, we obtain

I|f ope— f”LP(ePSOme;]R") =|fope—go @sHLP(ePsofth;Rn) +|lg o e — gHLp(ePsome;Rn)

+ If = gllzr(epornairn)
<0400
3 3 3

Since § > 0 was chosen arbitrary, the claim follows. O

| 4.2
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For the rest of this subsection, we want to address non-e,;-connected domains and in

particular generalize Lemma 4.2.3. As mentioned above, Lemma 4.2.2 then also generalizes to
this larger class of Lipschitz domains without changes.

To assess this task, consider the non-e;--connected domain sketched in Figure 4.1. First
of all, notice that we cannot apply the construction of ¢, from the Proof of Lemma 4.2.3
directly. The underlying problem is that ¢, anticipates the values of the identity function
it approximates and thus if R takes different values on €2 and {29 the map R, = R o ¢ may
already take on € close to the boundary to €21 and €9 the values that R takes on these sets,
causing incompatibilities in the layer intersected by the boundary. In contrast, to each of the
domains Q1,2 and Q\ (23 Us), which are e;--connected, we may apply the construction of
e, yet incompatibilities at the boundary may arise. However, these can be resolved adapting
the construction. In this explicit case, one may reduce the speed of the parametrization on
the last layer of Q\ (21 U2), and accelerate the parametrization once 2y and §; are reached.

Therefore, our first task is to find a general way to obtain a decomposition in e#—connected
domains and then, assuming that the set consists only of finitely many of these, adapt the
construction of ¢ as suggested for the specific 2 of Figure 4.1.

To construct the decomposition in ef; connected domains, we first introduce the notion of
monotonically connected points.

Definition 4.2.5 (Monotonically connected points with respect to the e,-direction). For
ne N, n>2let Q CR"” be a bounded domain. We call a continuous path 7 : [0,1] — Q
monotonically decreasing in ey-direction or e,-monotonically decreasing for short, if the n-th
component function -, is monotonically decreasing.

We say x,y € Q are e,-monotonically connected, if there is a continuous path v : [0,1] — Q
that is e,-monotonically decreasing with v(0) = z and (1) = y or v(0) = y and (1) = =.
For z € 2, we denote the set of all y € {2 that are e,-monotonically connected to x by

M, ={y € Q| x and y are e,-monotonically connected}.

We say that a set M C € is e, -monotonically connected if all points in M are e,-monotonically
connected.

Remark 4.2.6. a) Notice that the same goals could be achieved using e,-monotonically
increasing maps instead of decreasing maps. For clarity, we fix one direction.

b) Note that in general, e,,-monotonically connectedness is not transitive, i.e. if M C € is a
set and x,y,z € M, such that =,y and y, z are e,-monotonically connected, then this does
in general not imply that x, z are e,-monotonically connected. This is due to the directed
character of the definition via paths that are monotonically decreasing in the e,-direction.
This implies that for x € M the set M, of points monotonically connected to z is in general not
monotonically connected. However, if M is e,-monotonically connected, then e,-monotonically
connectedness is trivially transitive as all elements of M are e,-monotonically connected.

Lemma 4.2.7 (Equivalence between e;--connectedness and e,-monotonically connectedness).

Let Q C R™ be a domain. Then, Q is e, -connected if and only if Q is e,-monotonically
connected.

Proof. Step 1: Necessity. We show that if 2 C R™ is e,-monotonically connected, then 2
is e;--connected. Indeed, assume for ¢ € R that z,y € QN Hy, where H; is the hyperplane
given by H; = {z, = t} C R". Since ) is an e,-monotonically connected set, we may
assume without loss of generality that there is an e,-monotonically decreasing continuous

path v : [0,1] — Q from z to y. But since x,, = y, = t we have ~,(s) =t for all s € [0,1],
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hence v([0,1]) € QN H;. Thus, QN H, is (path-)connected for all ¢ € R which is the definition
of e;--connectedness.

Step 2: Sufficiency. We show that if Q C R is e;"-connected, then Q is e,-monotonically
connected. Accordingly, we establish for x,y € € that there is an e,,-monotonically decreasing
path connecting x and y.

Since 2 is path-connected there is a continuous path ¥ : [0,1] — Q with (0) = x and
(1) = y. By the fact that Q is open and 5([0,1]) C Q is compact, there is a finite cover
(Bi)iequ,...nys N € N of ([0, 1]) by open balls B; C Q,i € {1,...,N}, ie.

N
3([0,1)) c | Bs C Q.
=1

Now, we construct a new path «y : [0, 1] — Q with v(0) = z and (1) = y using only the balls
(Bz-)ie{17m7 ~y and the e#-connectedness of the domain 2, yet not 4 directly. Without loss
of generality we may assume z, > y,. Denoting the projection to the n-th component by
proj, : R" - R, z = (x1,...,2z,) — =, we have

N
[Yn> za] C proj, (4(0,1]) | proj,(Bi),
=1

which implies that there is a finite partition tg = y, < t1 < ...ty = zp, k € N of [yp, ] such
that for each i € {0,...,k — 1} there is an a; € R"~! such that {a;} X [t;,t;4+1] C B; for some
jeA{l,...,n}. Now, let v; : [i,i+1/2] = Q, i € {0,...,k — 1} be the paths given by

Yi(s) = (a;,2(s — i) (tig1 — ti) + i), s € [i,i+ /2],

and let 4; : [t +1/2,i+ 1] — Q, i € {0,...,k — 1} be the paths connecting {a;} x {t;+1} and

{ait1} % {ti}1} in the hyperplane Hy,,, = {2, = t;41} that exists since  is e;--connected.

Then, 7 : [0,1] —  is given by connecting 71, 31, 72, ..., Y in this order and reparametrize
by s = 52+t to [0,1]. O

The next proposition constructs a decomposition of a domain in e,-monotonically connected
domains. Starting from the set M, the idea is to take the intersection with all M, with

y € M, to ensure the transitivity of e,-monotonically connectedness on these components.

Furthermore, to obtain a disjoint partition, we also remove points e,-monotonically connected
to elements of {2 that are not in M.

Proposition 4.2.8 (e,-monotonically connected components). Forn € N, n > 2 let Q C R"
be a domain. We set

Co=M,n [ Myn |J M, =z2€Q,
yEMz yEQ\Mz

where we denote for a set A C Q the complement of A in Q by A°. Then, for x € ), the
set Cy is ep-monotonically connected, for x,y € Q, either y € C; in which case Cy = Cy or
Cy and Cy are disjoint, and Q = U,eq Cz. We call (Cy)zeq the ep-monotonically connected
components of 2.

Furthermore, the shared boundaries between the e,-monotonically connected components
are subsets of hyperplanes Hy = {x,, = t}, t € R.

| 4.2
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Proof. We start with the statement, that C, is e,-monotonically connected. Suppose that
for x € Q) there are y, z € C, that are not e,-monotonically connected. Then, y, z € C, but
z & M,. However, since y € C; C M, we have by definition of C,

2g Con My = (Mo () Myn | M) N M, =G, (4.9)
yEMy yEQ\ My

which is a contradiction. Thus, we obtain in particular that for each x € 2 we have on the set
C, that e,-monotonically connectedness is transitive.

Hence, if 2,y € Q with y € C,, then C; = Cy by transitivity of e,-monotonically connect-
edness. Now, assume that for y € Q\ C, we have z € C; N Cy # 0. Then, z € M,,. Thus, if
y & My, then by the same argument as for (4.9), we have the contradiction z ¢ C, N M, = C;.

If y € M,, then there is an a € M, with y & M,, but z € M,, or there is a b € Q\ M, with
y € My, but z € My. But in both cases, it follows that y ¢ C,, which is again a contradiction.

By definition, boundaries of the sets M, are always subsets of hyperplanes of the form
H; = {x, =t} for t € R. Indeed, if for x € 2 one point in a connected component of {2 N H;
is en-monotonically connected, all points of this connected component are. The same is true
for C, by construction. O

Remark 4.2.9. 1) Note that it does not suffice to set for x € Q

Co=M,0 (] M,
YEMy

to obtain a disjoint decomposition. Indeed, consider the set €2 of Figure 4.1. Then, for x €
we have C, = Q \ Qo = M,, while C;, = Q; as desired. This motivates to interpret the
definition of C, as starting from M, and eliminating all y € M, for which there is a z € Q
that is connected to either x or y but not the other.

2) Note that while the construction of the decomposition of €2 in e,-monotonically connected
components in Proposition 4.2.8 does not depend on choices, it is not the only partition of {2
in e,-monotonically connected components. In general, it can be made finer by partitioning
components further in e,-direction, or coarse, as can be seen for example for the set 2 in
Figure 4.1, where 1, Q92, 2\ (21 UQ2) would be the decomposition constructed in Proposition
4.2.8, while Q9,2 \ Q2 would be another partition in e,-monotonically connected components.

3) Since cubes are e,-monotonically connected and each domain {2 C R™ can be exhausted
by at most countably many cubes, the union of all e,-monotonically connected components
Uzeq Cr = € is a union of at most countably many sets.

4) Consider again Q as in Figure 4.1. In light of the partition into e,-monotonically
connected components, observe that for z € ; the boundary between 7 and Q\ (©; U Q2)
belongs to C,. This can be seen by the fact that for y € €23 it does not belong to M,. In
particular, we see that e,-connected components may be neither closed nor open.

In the following, we will assume that for 2 the decomposition given by Proposition 4.2.8 is
a partition of  in finitely many sets. Though it is surely possible to show under suitable
assumption that a large class of bounded Lipschitz domains satisfies this condition, this is
rather a geometric topic which lies beyond the intentions of this section. Hence, we restrict
ourselves to observe, that Figure 4.1 shows an example of such a set, and proceed with the
necessary adaption to Lemma 4.2.3.

Lemma 4.2.10 (Approximation on domains with finitely many e,-monotonically connected
components). Assume that for a bounded Lipschitz domain Q the decomposition given by Propo-
sition 4.2.8 is a partition of Q in finitely many sets. For 1 < p < oo let R € WP(Q; SO(n))
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with O;R =0 fori € {1,...,n — 1}. Then, there exists a sequence (R.). C W1P(Q; SO(n))
with Re — R in WIP(Q;R™") as € — 0 such that

R.=0 a.e inePyugNQ and |R.— )\_IR/HLp(epsome;Ran) —0 ase—0.

Proof. Since for each x € Q the e,-monotonically connected component C, is e;--connected,
we merely have to adapt the construction of ¢, in the Proof of Lemma 4.2.3 to be well-defined
if Cy borders more than one other e,-monotonically connected component.

More precisely, consider for fixed x € €2 the e,-monotonically connected component C,.

To shorten the notation, set C' = C,. As usual, we index the layers in C by I, = Iec , see
Definition 3.1.1.

Let € > 0 be fixed. If #I. > 1, we define the function v, : C' — R" layerwise, distinguishing
three cases. Firstly, if not specified otherwise below, we set for i € I, U {jmin jmax

(l'/a |Znle + 6) if z € GPsitiff’
(xla %(xn — |zn]e) + anJe) if x € ePgy.

Now, if C' is bordering more than one other e,-monotonically connected component on the

upper edge, we set for i7"%*

wi(xlv xn) = {

(@', |zn]e + Ne) if x € ePlyy,
(2, xp) if z € ePlyg.

¢2?}ax (:Ela$n) = {

If C is bordering exactly one component on the lower edge, then the value for i™" is already

defined by that component and we set for i™" + 1

Y 2,) = {(9” Lonle +<) e € P
(', 52 (@0 — [#nle) + [n)e — (L= N)e) if x € €Ply.

As there are only finitely many e,-monotonically connected components the condition
#1. > 1 is satisfied for € small enough. This construction ensures compatibility between
the different e,-monotonically connected components and the claim follows arguing as in
Lemma 4.2.3. O

4.3 Homogenization of layered materials with stiff
components

In this section we will apply the characterization result of Theorem 3.3.1 and the approximation
constructed in Proposition 4.2.2 to establish a homogenization result for bilayered material
models with one stiff component and the softer modeled by an energy density belonging to a
rather broad class of functions.

More precisely, let W : R"*™ — [0,00) be a continuous energy density satisfying the
following conditions:

(i) (Quasiconvex envelope is polyconvex) It holds that W9 = WP¢;

(ii) (p-growth) For all F' € R™*"™ and constants C,c > 0 and d > 0

c|FIP —d <W(F) < C(1+ |FP);

| 4.3
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(iii) (Lipschitz-condition) For all F, G € R"*" and a constant L > 0

W(F) = W(G)| < LA+ [FIP~ + |GIPFHIF - 6.
For e > 0 and o > 0 let W& : R” x R"*™ — [0, 00) be given for (z, F') € R" x R"*"™ by

We (s, F) = e~ dist?(F, SO(n)) %f x € €Puifr,
W (F) if x € €Pyofy.
Accordingly, we define the energy E< : LE(€; R™) — [0, 00] to be given for u € W1P(Q; R™)N
L§(R™) by

B (u) = /Q W (2, V) da, (4.10)

and extend F® by oo to L5(;R™).
The next theorem determines the I'-limit of the energies (E%), as € tends towards zero for
sufficient large stiffness parameter o > 0.

Theorem 4.3.1 (Homogenization of bilayered materials with one stiff component). Forn € N,
n > 2 let Q C R™ be a simply connected bounded Lipschitz domain that is e;--connected and
en-flat in the sense of Definition 3.3.6 and Definition 8.8.7, respectively, and let n < p < oo.

If a > p, then, the family (E®). of energy functionals E¢ : LE(Q;R™) — [0, 00] given by
(4.10), converges in the sense of I'-convergence with respect to the strong LP-topology to the
limit functional E : LE(S;R™) — [0, 00] given for u € WHP(Q; R™) with u(x) = R(z)z + b(x)
for a.e. x € Q, R € WHP(Q; SO(n)), b € LP(S;R™) with ;R =0 and 9;b=0,i=1,...,n—1
by

E(u) = /Q)\ch()\_l(Vu — (1= M\)R)) da, (4.11)

and E(u) = oo otherwise in LE(Q;R™).

Furthermore, sequences (uc)e C LE(Q;R™) that are of bounded energy with respect to (E®).,
i.e. for a constant C' > 0 it holds that E*(u.) < C for all ¢ > 0 are relatively compact in
LB R™).

In the following, we will refer to the homogenized energy density by
Whom(F) = AW A Y(F — (1 - MR)),F e R F=R+d®e, for R € SO(n),d € R™.
Before proving this result, we want to give an explicit application.

Example 4.3.2 (Saint Venant-Kirchhoff-energy). Recall that the quasiconvex and polyconvex
envelope for the Saint Venant-Kirchhoff-Energy in two and three dimensions are explicitly
known, see Proposition 2.1.11. In particular the quasiconvex and polyconvex envelope coincide,
and the growth and Lipschitz conditions are satisfied. Hence, Theorem 4.3.1 in combination
with Proposition 2.1.11 provides an explicit homogenization formula.

Remark 4.3.3 (Energy densities W taking values in R). The statement of Theorem 4.3.1
generalizes directly to the case of energy densities W : R"*" — R satisfying conditions (i)-(iii),
which by the growth condition (ii) from below amounts to energy densities taking values in
[—d, 00). This follows from applying Theorem 4.3.1 to the non-negative energy density W + d
and then using the fact that (W + d)9° = W + d.
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4.3.1 The case of affine limit functions

In the first lemma, we give an energy estimate for affine limits, using the fact that on the stiff
layers, u. is close to a rigid body motion. For a similar result in the context of convex energy
densities, see Lemma 5.2.23.

Lemma 4.3.4 (Energy estimate for affine limits). Forn € N, n > 2 let Q C R" be a cuboid
and let 2 <n <p < oo. For Re€ SO(n) andd € R" let F = R+ d ® ey,. Furthermore, let
u € WHP(Q;R™) with Vu = F and let (uc)e C WIP(Q;R™) such that u. — u in WHP(Q; R™)
as € — 0. Furthermore, let there be a sequence (Z¢). € L™®(Q;R™"™) with E¢ — R in
LP(Q;R™ ™) as € — 0 such that

H(Vue — EE)HLP(EPStiffﬂQ;R"X") —0 ase— 0. (412)
Then,
lim inf W(z, Vu,)dz > A/ WP(3(F — (1 - M\)R)) dz.
=0 €PyotNQ

Proof. By the strong convergence of (Z). and (4.12) we obtain by the classic Lemma 2.3.1
on weak convergence of highly oscillating functions applied to the vector of minors

M(Vue) Lepyg = (M(VUE) - M(:6)> Lepg +M(~6) €Pytist
—~ (1 =XMM(R) in LYQ;R™) ase—0,

where 7, = (711)2 X e X (2)2, see Definition 2.1.7 for the notation on minors. Since for p > n

one has M(Vu.) = M(Vu) in L' (Q;R™) as € — 0 [58, Theorem 8.20, Part 4], this implies
M(Vue) Lep,, = M(Vue) = M(Vue) Lepq
—~ M(Vu) = (1= AM(R) in LY(Q;R™) ase— 0.

2 2
By definition of the polyconvex envelope, there is a convex function g : R >x()” SR
such that WP(F) = g(M(F)) for all F' € R™" so that

/ W (z, Vu) dz > / WP (Vu,) dz > Z/ 9(M(Vue)) dz.
softh softh N

i€l bOft Q

By application of Jensen’s inequality first in the continuous then in the discrete case we obtain
for ig € I,

S [, o MTu) ez Yler 0Qla(f, | M(Tu)a)

i€l soft i€l bOfth

> |€Pszgft N Q|#Ie : g( Z PiNQ M V’LLG) €Psott de‘)

Finally, using the notation Q¢ := U;¢;. €PN Q, the fact that |Q.| — |Q| as € — 0 together
with the uniform bound on the gradients Vu,, the continuity of the convex function g and
the upcoming Lemma 4.3.6 yields

1
o > Tim '
llgélf 0 W(z,Vue)dzr > llgélfA\Qe\ g(TQ€| /Qe M(Vue) Lep,y, da;)

QI (L (M(V) - (1 - NM(R)
_ A/Qg(M(R+§d®en))-
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Remark 4.3.5. The restriction that p > n is due to the fact that we need enough integrability
for Vu such that its minors are also integrable. A result proven by similar strategy but for
WH1(Q; R?)-functions with additional properties that guarantee convergence of the minors in
the context of crystal plasticity is given in Lemma 5.2.23.

Next, we prove the identity for minors used in the proof of Lemma 4.3.4.

Lemma 4.3.6 (An identity for minors). Let A € R"*" d € R"™ and X € (0,1). Then, for
every minor p it holds that

LA+ d@ey) — (1= Npu(A) = p(A+Ld@e,).

Proof. Though by rearranging the terms, this identity can alternatively be deduced from the
affinity of minors along rank one lines, we give a proof by explicit calculation of the minors.
Let p be of order k£ and associated to the index sets

I={iy,...;ix} Cc{l,...,n} and J={ji,...,5k} < {Ll,...,n}

with i1 < -+ < i and j; < -+ < ji. We distinguish two cases. If ji # n, the n-th row of a
matrix does not affect the value of y, which means

A+ d@e,) = (1= Npu(A) = 5 (1(A) = (1 = Nu(A) = p(A) = p(A+ 5d @ eg).
However, if jp = n we obtain

F(u(R+d®ey) — (1 - A)u(R))

1 k=1 1—A k
— X< Z sgn(a)(Aid(k),n + di(r(k)) . H Aio‘(()hjé) - ( Z sgn(o) H Aid(g)’jé)
€Sk /=1 oc€SK =1
1 1-2 1 k—1
=D, Sgn(g)(XA%w” ~ 3 Aewn T Xdi(’(’v)) T A e
ocESk =1
1 k—1
= Y sgn(o) (Az‘aw,n + Xdiaw) T A
ocESE =1

= n(A+ 3d@en).
This finishes the proof. O

The lower bound in the case of affine limits follows directly from Lemma 4.3.4, if we mind
the fact that (3¢). from Proposition 3.3.10 that takes the role of (Z¢). is only defined on cubes
contained in €2, not on the whole set.

Corollary 4.3.7 (Affine lower bound). For2 <n <p < oo let @ C R™ be a bounded Lipschitz
domain. Let (ue)e C WHP(Q;R™) N LE(;R™) with EX(ue) < C and ue — u in WP(Q;R?)
as € — 0 for u € WIP(Q;R™) N LE(Q; R™) such that Vu = F for some F € R™*™. Then,

e N
llg;lglf E?(u¢) > E(u).

Proof. Since the sequence is of bounded energy, by the asymptotic characterization established
in Theorem 3.3.1 there are R € SO(n) and d € R™ such that Vu = F' = R+d®e,,. Furthermore,
let (Q;)ien be an exhaustion of 2 with disjoint open cuboids up to a null set. By splitting
the cuboids if necessary we may assume for each z € @); that dist(z,9Q) > 3diam(Q;). Then,
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by Proposition 3.3.10, there is for each Q; a sequence (X!). C L*(Q;; SO(n)) such that
Ve — el Lo (ePyygn@isrny — 0 as € — 0 and by Lemma 3.3.12 and Proposition 3.3.15 it also
satisfies ¥¢ — R in LP(Q;; R™ ™) as € — 0. Hence, Lemma 4.3.4 implies that

1
lim inf W (V) > A / W (R4 d@e,).
e—0 EPSOfthi Ql A

Summing over all i« € N we obtain

1
lim inf E® (ue) > lim inf W (Vue) > )\/ wre (R +-d® en) = E(u). (4.13)
e—0 Q A

e=0  JeP, sNQ

O]

Next, we turn to the matter of a recovery sequence in the affine case, based on the laminate
construction introduced in Lemma 4.2.1.

Lemma 4.3.8 (Recovery sequence for affine limits). For 2 <n < p < oo let Q be a simply
connected bounded Lipschitz domain. Letu € WHP(Q; R™)NLE(Q; R™) with Vu = F, F € R™"
such that E(u) < oo. Then, there is a sequence (uc)e C WIP(Q;R™) N LE(Q; R™) such that
ue = u in LP(Q;R™) as e — 0,
limsup E®(ue) = E(u) and uc — vl € Wol’p(Q;]R"),
e—0

F

where v,

is the simple laminate constructed in Lemma 4.2.1.

Proof. The general idea for this construction is inspired by Miiller [112, Lemma 2.1 (a)]. Since
E(u) < 0o we have Vu=F = R+ d ® e, with R € SO(n) and d € R". In the following, we
use the notation F), = R + %d ® e, as introduced in Lemma 4.2.1. Accordingly, Wyom reads
for Vu=F

Whom(F) = AW A HF — (1 — MR)) = \AWE(F)).

By the fact that the quasiconvex envelope is independent of the domain, cf. Remark 2.1.5,
it holds that

Whom(F') = Ainf {][

W (F)+ Vi) dz | g € W P((0,1)"7" x (0, \); R™) }.
(0,1)m=1x(0,M)

For § > 0 let the function 15 € Wol’p((O, 1)"~1 x (0,); R") be an almost minimizer in the
sense that

Whom(F) < / W (F + Vibs) dz < Whom(F) + 6.
(0,1)n=1x(0,\)

We extend 5 first by zero to the unit cube and then periodically to R™ with respect to the
unit cube. Furthermore, for

Ne={keZ"|e(k+(0,1)")CcQ} and Q= ] ek+(0,1)"),
1€ N

and (v])e C WLP(Q;R") as in Lemma 4.2.1 we define u. s € WHP(Q; R™) N LE(; R™) by

() of (z) + eps(L) + ¢ if x € Q.
Ues(z) =
g vF(z) + ¢ if x € Q\ Qe
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where ¢ € R" is chosen such that the mean value of u. s vanishes. Graphically speaking, we
add the oscillations that almost obtain the optimal energy on every e-cube contained in €
to the laminate v/ that fits the layered structure, while we only retain the laminate on the
boundary area that is of decreasing volume. Thus, we obtain the desired boundary values for
the recovery sequence by construction.

Furthermore, a change of variables y = ¢!z and the 1-periodicity of W and 15 yield for
each k € N,

/ W%, Vies) do = " W (y, Voi + Vips) dy
k+(0,e)™ (0,1)n

- e"/ W(F\ + Vi) dy.
(0,1)n=1x(0,))
Since 15 is an almost minimizer we obtain from taking the sum over all £ € N, the estimate
[ Whom (F) < /Q WL, Vite ) Az < || (Whom(F) +0).
Thus, we have
0 Whom (F) < /ng(f, Vies) de < |92 (Whom(F) + 8) + /Q We(2, Vol ) Igq, dr.

Since W& (%, Vol') = W(Z,R) = 0 for x € Py N2 and the energy density is bounded due
to the Lipschitz condition on W, we see that Vol Lo\q, is bounded and converges pointwise

to zero as € — 0. Thus, as |Q¢] — ||, dominated convergence implies

E(F) < limsup EZ (ucs) < E(F) +6|Q|. (4.14)

e—0

Now, consider
acs = |ES (ues) = E(u)| + [lues — ull o @mrn)-

Since ues = v on Q\ Qe and eyps(e™! ) — 0 strongly in LP(;R™) as € — 0, the Poincaré
inequality together with Lemma 4.2.1 yields u. s — w in LP(Q;R") as € — 0. Thus, by (4.14)
we have overall

lim sup lim sup a. 5 = 0.
6—0 e—0
By the Attouch diagonalization Lemma 4.5.14 there is a function §(e) with lim.0 ac 5) = 0,
where existence of the limit is due to the fact that a is non-negative.
We set ue = u 5()- This sequence satisfies by construction

E2(ue) — E(u) and ue — win LP(2;R™) both as € — 0.

Furthermore, the growth condition on W yields that the sequence Vu, is uniformly bounded.
Therefore, u, is uniformly bounded in the reflexive space W1P(Q; R") implying that every
subsequence of u. contains a convergent subsequence with LP-limit u. Hence, by the Urysohn
lemma, cf. Lemma 4.5.15, we have the whole sequence u, — u in W1P(Q;R") as ¢ — 0. O

The next proposition also builds on ideas by Miiller [112] to establish that the homogenized
energy density satiesfies the similar growth and Lipschitz conditions as W.
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Proposition 4.3.9 (Growth and Lipschitz condition for the homogenized energy, cf. [112,
Lemma 2.1]). For the homogenized energy density Wyom hold similar growth and Lipschitz
conditions as for W, i.e. there are constants ¢,C > 0 and d > 0 such that for all F € R™*"
with F =R+d® ey, Re€ SO(n) and d € R"

c|FIP = d < Whom(F) < C(1+[F[P),

and a constant L > 0 such that for all F,G € R™*" with FF = Rp+dr®e,, G = Rg+da®en,
where Rp, Rg € SO(n), dp,dg € R"

Whom(G) — Whom(F)| < L(1 + |F[P~1 + |GP~Y) (IG — F| + |Re — Ry |).

Proof. Growth condition. Firstly, notice that for all F' € R™*" with F' = R+d®e,,, R € SO(n)
and d € R", it follows from

SIFI = [5R+ 3d®en| < (5 —1)|R| + ||
and
[Pl = R+ xd @ en| < 3IF|+[1 - 3IR)
that for d’ = |1 — 1| and ¢/ = } the estimate
AIF|—d <|F\| < d|F|+d (4.15)

holds.

By the admissible choice ¢ = 0 in the definition of Wy, we obtain for all F' € R™*" with
F=R+d®e,, Re€ SO(n)and d € R" that Whem (F)\) < W(F)), which together with (4.15)
shows the upper bound. For the lower bound, consider for Y = (0,1)" and given F' € R™*"™
with FF = R+ d ® e, a d-minimizer g € VVO1 P(Y;R") in the definition of Wyep. It holds by
the growth condition on W that

5+Whom<F>2/ W(FHVsoa)dxz/ c| Fx + Vips[P d — d > ¢|Fy|P — d,
Y Y

by convexity of F' — |F'|P — d. Taking § — 0 together with (4.15) yields the desired estimate.

Lipschitz condition. To obtain this result we apply the upper and lower bound estimates
established in the case of affine limits for Q@ =Y = (0,1)". Interchanging F' and G otherwise,
we may assume that Whom (G) > Whom(F). Let f,g € WEP(Y;R™) N LE(Y;R™) be defined by
Vf=F and Vg = G and let (v.). C WIP(Y;R") N LE(Y;R™) be a recovery sequence for f as
constructed in Lemma 4.3.8, and let (vl),, (v&) € WIP(Y;R") N LH(Y; R™) approximating
sequences constructed in Lemma 4.2.1 such that

v¥ —~g and of — f bothin W'P(Q;R") ase— 0.

€

Furthermore, set (we). C WHP(Y;R?) N LH(Y;R™) to be given by we = v& — vf" + v.. Then,
by construction of v, v& and the recovery sequence v,

we — g in WHP(Y;R") as e - 0 and Vw, = Rg € SO(n) on ePyig NY.

Hence, by the lower bound estimate of (4.13) we have

Whom(G) < lim inf W(Vw) dz,

e=0  JeP, Ny
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and consequently
Whom (G) — Whom (F) < lim inf W (Vwe) — W(ve) dz.
e—~0 ePortNY

Since the Lipschitz condition on W implies
p—1
/P oy W (Vwe) — W (V)| dz < C(1+ HVweHLp yirn) T HVUGHZ,(Y;R”)) P MGy — F\|

p=1
C(L+ IVwellfo vy + IVl o grmny) 7 (IG = FI+ (1 = M)|Re — Rpl),

it remains only to establish that |Vw,|” Loy rn) and HVUEHI[)/P(Y-R") can be estimated from

above in terms of |F| and |G| in the limit € — 0. On the one hand, by the lower growth
estimate on W we obtain [Vv[P(z) < 2W(Vu,)(z) for all z € Y, from which it follows by the
upper growth estimate on Wy

lim sup [[Voe||7, (y oy < limsup ¢ TEX(v) < ¢ MWhem(F) < Cc H(|FP +1).
e—0 ’ e—0

On the other hand Vw, = G — F + V., so that

e—0

tmsup [ [W(Vw) = W(Te)|de < C(L+IFP +|GI) T (G~ Fl +|Re - Re)
Psofth
Overall, we obtain

Wion(G) — Whom(F) < C(1+ |FPP +|GP)'7 (16 — F| +|Re — Rr]),

as desired. O

4.3.2 The case of general limit functions

Note that by the construction of an approximating sequence satisfying the exact differential
inclusion constraint, a large step towards a recovery sequence is already taken. To illustrate
this point, we show that in the case of a convex energy density, the approximating sequence
indeed constitutes a recovery sequence.

Proposition 4.3.10 (Recovery sequence for convex energies). Suppose that W = W is convez.
Let Q be a simply connected bounded Lipschitz domain that is eﬂ;-connected. Furthermore,
let w € WHP(E;R™) N LE(Q;R™) such that u(zx) = R(x)x + b(z) for a.e. x € Q, where
R € WHP(Q;S0O(n)) and b € LP(;R™) with ;R =0 and ;b =0 fori=1,...,n — 1.

Then, there is a sequence (ve). C WHP(Q;R™) N LB (L R™) with ve — u in WHP(Q;R™) as
€ — 0 satisfying

limsup ES (ve) < E(u).
e—0

Proof. By Proposition 4.2.2 we obtain a sequence (v). C W1P(Q;R?) with Vv, € SO(n) on
€Pyig and (4.6), in particular

||V7J6 — U)\HLP(EPSOftﬂQ;R"X") — 0. (416)

Hence, the fact that || dist(Vve, SO(n))|Lr(epyen0) = 0 and the Lipschitz continuity of the
convex energy density yield
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Eﬂ@:/%ﬂ%%@@:/ Wo(Vo,) da
Q soft NE2

< [ WelU) Lepy, da +[[ 90 = Ul
Taking the superior limit ¢ — 0, we obtain by (4.16) and the weak convergence of 1.p_, — \
in L>*°(€2) as € — 0 that

lim sup E& (v,) < )\/ W.(Uy)dx = )\/ We(R(z) + AN 'R ()2 @ e + N Hd(2) @ ey)
Q

e—0

—A/W’ H(Vu— (1 NR)) = E(u).
This shows the claim. O

Now, for non-convex W we have to incorporate additional microstructure in the recovery
sequence as done in the affine case in Lemma 4.3.8. One approach, featured for example in
the above mentioned work by Miiller [112] is to tie the general case to the already established
affine case by approximating the limit function u by piecewise affine functions. Here, this
is not practical, as the class of functions u whose gradients are piecewise constant and of
the form Vu =R+ d® ey, R € SO(n), d € R" is rather restricted. For more details in two
dimensions, see also Lemma 5.2.3.

Hence, the idea is not to use a piecewise affine function as a starting point, but rather the
approximating sequence (v¢). constructed in Lemma 4.2.2, and glue the microstructure that
is locally optimal with respect the specific values of v on v.. Note that at this point we have

to restrict ourselves to simply connected bounded Lipschitz domains that are eﬁ—connected.

Lemma 4.3.11 (Recovery sequence for general limits). Let 2 be a simply connected bounded
Lipschitz domain that is e -connected and let u € LE(Q;R™). Then, there is a sequence
(ue)e € WEP(Q;R™) N LE(Q; R™) with ue — u in LP(Q;R™) as € — 0 satisfying

limsup EX (ue) < E(u).
e—0

Proof. Firstly, note that we may assume that F(u) < oo. Otherwise the constant sequence
ue = idgn for all € > 0 satisfies all requirements. If E(u) < oo, we have by definition
of E that u € WIP(Q;R") N LE(R™) with u(z) = R(z)z + b(z), for a.e. z € Q, where
R € WHP(Q; SO(n)) and b € LP(€; R™) such that ;R =0 and ;b =0fori=1,...,n— 1.

Step 1: Piecewise constant approximation of Vu. By differentiating w in the representation
u(x) = R(x)x + b(x), a.e. x € Q as in (4.3), we obtain for d € LP(Q2; R™) given for x € by
d(z) = R'(x)x +V,

Vu(z) = R(z) + R/ (2)x ® e, + V' (2) ® €, = R(x) + d(z) ® e,, for ae. x € Q.

Based on this representation we approximate Vu by approximating each of the functions
R, R',V and the identity map idg~» by simple functions on a common partition of 2. More
precisely, there is for every 6 > 0 a sufficiently fine approximation €25 of €2 by finitely many
cuboids Q] C Q, which we index by Js such that Qs = ;¢ , Q5 satisfies [\ Q5] — 0 as
0 — 0, as well as simple functions

Ry=3 Rjlg, ds=3) djly, =2 Gilg, &= &g,

JE€Js J€Js J€Js JE€Js
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where dj,ﬁg e R, Gg € R™™ and Rg € SO(n) such that
|Rs — Rllpournxny + [|Gs — R Lo (qurnxn)
+ [lds — V|| Lo sy + 165 — idRn || Loo(@mny < 6. (4.17)

For approximation by simple functions under manifold constraints, see Lemma 4.5.12. Overall,
we define the simple function Us : 0 — R by

Us=Rs+Gsls@en+ds@en =Y U1l Qi
jeds

where
Ul =Ri+Glel@en +di@en, jeJs
By (4.17) we have the estimate
1Us — Vulloqmrnxny < [|Rs = Rl|poqurnxny + diam(Q)[|Gs — R'|| o(rnxn)
+ \lds = V'll o (orny + 1R[] Lo (irmxn) 165 — idra || oo (0irm)

< (. (4.18)

Step 2: Determining locally optimal microstructure. Applying Lemma 4.3.8 to each Q],
J € Js, we obtain sequences (zée) cwht p(Q] R™) such that

Vng —Us in Lp(Qg;R”X”) as e — 0
and

lg]% o Wo(z, Vz(S dac—/ Whom (Us) dz.

Also, the boundary values of 25 coincide with the laminate w?’ 5.e 1= Ve Us cwh OO(Q] R™) by
construction, so that @55 Q] — R”™ given by 9056 = 256 w(; satisfies 4,06 € WO ’p(Qf;, R™).
We gather this local function in @5, € WHP(€;R") defined by @5 = 3 c, ‘Pé,e ]ng

The local Lipschitz condition satisfied by the homogenized energy density Whom, see Lemma
4.3.9, together with (4.17) and (4.18) yields for Q5 = U,c s, @5

[ Waom(Us) da < /Qwhom(vw Az + C|[Us — V|l o ey + [ Bs — B pogapnsny
)

< / Wiom (V) d + C3.
Q

Thus, taking the sum over all j € Js and the limit ¢ — 0 entails

lim sup /
e—0 Qs

Step 3: Adding locally optimal microstructure to approximating sequence. As mentioned
before, the problem of the above approximation is that while it is suitable to determine the
locally optimal microstructure, the aggregate of laminates we s := ;¢ s, w} 1 ol does not

’ 5

Z W (x Vw6 )1 o dz < / Whom (Vu) dz + C6. (4.19)
jeds

feature gradient structure on the whole of . Therefore, we add the local microstructure ;s
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to v, constructed in Proposition 4.2.2 that has shown its potential as a recovery sequence in
the case of convex energy densities in Proposition 4.3.10, where no additional microstructure
is needed.

Accordingly, let us,. € WP(Q;R™) N LE(Q; R™) be given by

Use 1= Ve + Ps.c + Cses

where ¢5 € R is chosen such that the mean value vanishes.

It remains to estimate the difference in energy caused by switching from the laminates wg .
to ve. Note that on the stiff layers there is no change in energy as the approximating functions
ve as well as the laminates wg . satisfy the exact differential inclusion constraint. For the soft
layers observe that the LP-norms of Ve, Vws . and Vs . on  are uniformly bounded with
respect to € and J. Indeed, the uniform bound of Vv, on soft layers follows from Proposition
4.2.2, while the uniform bound on Vws,. and Vs is due to the construction in the Proof of
Lemma 4.3.8, with w?’ 5e being a simple laminate, 5. derived from an almost minimizer of W
and W controlling the gradient by the growth condition from below. In other words, there is
a constant C' > 0 independent of § such that

/ L [Voe + 3 [V [P 1y +[ Vs P do < C.
J€Js

By the Lipschitz condition satisfied by W, we obtain summing over all Qj , J € Js, using
the notation (Vu)y as in (4.4) and Hoélder’s inequality for integrals and sums

’ ~/5PsoftﬂQ,s W(VU(; ¢ ];6 W Vw6 6) Qj dx‘

< Z/ W (Vuse) = W(Vwi,)| dz
softhg

jeds
Zc/ J 1+|VU |p 1+|Vw5€|p 1+‘v3056|p 1)|VU —Vw5€|dx
]eJé bOfth
1
Z / Vo — Vwl |7 d:c) P
jeJ softh] ’
< ClVve = (Vuall o (e pnoirnxny + CIH(Vu)x = (Us) Al Lp (ePagene2sirxm)
< OV — (Vu)all o ey rznsn) + C6, (4.20)

where in the last estimate we have used the fact that (4.18) together with (4.17) yields for a
constant C' > 0 independent of §

[(Vu)x — (Ué)AHLP (€Paos N3 RXT)
< (5 = DIR = Rsll o(eponnasmrxn) + 31U = Us|l Lo umnxny < CO. (4.21)

Note that by the same reasoning
/ W (Vus) — W(Voe)| dx
Q
/]WVu(;6 ZWVU)(;E Q]]+|ZWVU)66) Q Vveldx

Jj€Jds Jj€Jds
< C6. (4.22)
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Step 4: Diagonalization. Since Vugs . satisfies the differential inclusion constraint on the
stiff layers exactly, we obtain by (4.20), (4.19) and the estimates of Proposition 4.2.2 that

limsup B¢ (use) = limsup [ W(Vus,)dr 4 lim sup W(Vus,)dx
e—0 e—0 Qs e—0 QN\Qs
< / Whom(Vu) dz + Cd + lim sup W(Vus,)de.
Q e—0 O\Qs

For the last term, (4.22), the growth condition on W from above and the fact that (Vo).
is strongly convergent in LP(€2; R™*™) on the soft layers in the sense of (4.6), entail for (Vu)y

lim sup W(Vus,)dr <lim sup/ W(Vve) Iog\o, dz + C6
e—0 Q\Q5 e—0 €PsoptNQY

< lim Sup/ [Vve|P Toyq, do+C§
€PyortMN

e—0

S/|(vu))\|p:ﬂ.Q\Q(5 dz+C5d—0 asd—0,
Q

where the convergence in the last line follows by dominated convergence.
Furthermore, by construction of us., we see that

lim lim us . = lim lim (v + +c =u.
lim lim s 5Ho€—>o( e + Vs + Cse)

Hence, by the Attouch diagonalization Lemma 4.5.14 there is a sequence d(e) such that
Ue = Ue 5oy € WHP(QR™) N LE(; R™) satisfies ue — w in LP(Q;R™) and

limsup EX (ue) < / Whom (Vu) dz = E(u).
e—0 Q

Finally, since the sequence (uc). is uniformly bounded with respect to the WP (Q; R™)-norm

we obtain by a Urysohn argument, cf. Lemma 4.5.15, that u, — u in W1P(€;R?) as € — 0.

This shows that u has the desired properties of a recovery sequence. ]

Lemma 4.3.12 (Compactness). Let Q be a simply connected bounded Lipschitz domain that
is ey -connected and e,-flat. Furthermore, let (uc). C LE(Q;R™) be of bounded energy with
respect to (E&)e, i.e. for a constant C > 0 it holds that E*(ue) < C for all € > 0. Then,
there is a function u € WLP(Q;R™) N LE(;R™) of the form (4.3) such that for a subsequence

(uéi)iEN
U, —u in WHP(Q;R™) ase— 0.

Proof. Observe that the growth condition on W and the fact that the norm of can be estimated
by the distance to SO(n), see also (3.35), yield that (Vue), is uniformly bounded in LP(Q; R™).
Since u, is mean value free, we obtain by the Poincaré inequality that (Vue)e is uniformly
bounded in W1P(Q; R"). Hence, by the reflexivity of L? for 1 < p < co there is a subsequence
(ue,) and a u € WHP(Q; R™) N LE(€; R™) such that ue — u in WIP(Q;R"™) as € — 0.
Regarding (4.3), the additional properties of u follow directly by Theorem 3.3.1 and in
particular Corollary 3.3.8. O

Proposition 4.3.13 (Lower bound). Let 2 be a simply connected bounded Lipschitz domain
that is e;--connected and e,-flat. Let (uc)e C Lh(Q;R™) with E¥(ue) < C such that ue — u in
LP(Q;R™) as € — 0 for u € LE(Q;R™).

Then,

e S '
h?i}élf E®(u¢) > E(u)
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Proof. As we may assume that (uc). is of bounded energy and (ue). C W1P(Q; R™)NLE(Q; R™),
Lemma 4.3.12 yields that u is of the form (4.3), which implies for the gradient that

Vu(zr) = R(z) + R'(2)x ® e, + b (x) ® e, for ae. x € Q, (4.23)

where R € WHP(Q; SO(n)) and b € WHP(Q;R™) with 9;R = 0 and ;b = 0 fori € {1,...,n—1}.

By the non-negativity of the energy density it suffices for the validity of the lim inf-inequality
to show that

lim inf W(Vue)dx > )\/ W9 ((Vu),) de = /\/ WA (Vu— (1 - A)R))dz.
€20 JePyorNQ Q Q

To establish this estimate we follow a classic strategy, previously applied e.g. in [112, Proof of
Theorem 1.3], to reduce the general case to the one of affine limits using a suitable piecewise
constant approximation of the limit gradient. Notice that for this argument a gradient
structure of the approximation is only required locally on each piece, so that the results for
the affine case can be applied to each piece separately.

Step 1: Construction of an approximating sequence. Based on the representation (4.23)
we approximate Vu as in Step 1 of the Proof of Lemma 4.3.11 using an approximation for
each of the functions R, R',1’ and the identity map idg» by simple functions on a common
lattice. To avoid repetition, we adopt the same notation as above and retain in particular the
estimate (4.17).

For 9 > 0 there exists by Lemma 4.2.1 a sequence (ws,e) C LE(S25;R™) defined separately
on each Qj satisfying w(s6 = w(;e\QJ € Wl’p(QJ R™) N Lp(Qg,R") and

We,e — Uga: + cg in Wl’p(Qg;R") as e — 0,

where CZS is such that the mean value of z + U? 530 + cJ vanishes on QJ

Besides, let (ve)e € WHP(Q; R™) N LE(Q; R™) the sequence constructed in Proposition 4.2.2,
satisfying (4.5) and (4.6).

Lastly, we introduce the sequence (z5¢)e C L (Qs;R™), given by z5 . := ue —ve +ws . Notice
that z(;6 z5€|Qg € Wl’p(Qg,R”) j € Js, and

Vzse = Vue — Voo + Vs e — Ug in Lp(Qg;R”) ase— 0 forall jeJs.

Additionally, we may assume, that in the notation of Definition 3.3.5 we have (Qg)” c Q,
splitting the cuboids Q% if necessary. For fixed § > 0 let (X!). C L>°(Q%; SO(n)), j € Js with

| .
IVte = 22l o epunnggmesn < C€7

from Proposition 3.3.10, for which we know by Lemma 3.3.12 and Proposition 3.3.15 that
¥ — R in LP(Q};R™ ") as e — 0. Then, we obtain by (4.6)

IV25.c = Rell = [Vue — R[]

Lp EPt HHQJ Rnxn Lp prt HOQJ Rnxn)
— p
= [|[Vue — 3|

Jj_ p
LP (e Py NQJ;RM M) + 1% -

Lr 6Pstlfmej sRnxm)

+ ”R R ”Lp EPbtlfme] Rnxn)

—0 as e€—0.

| 4.3

99



4 I Homogenization of Elastic Materials of Periodically Layered Structure

100

Thus, we can apply Lemma 4.3.4 to each Qé, j € Js separately and taking the sum over all
J € Js yields

lim inf W(z,Vzse)l jde >N [ WENH(Vu—(1—-NR))dz
=0 EIDSOfth(s zezj(; ( 6’ ) Qg N Qé ( ( ( ) ))

= Whom (Vu) dz. (4.24)
Qs

Step 2: Energy estimates for the approximating sequence.

In this step, we show that both the left and the right hand side in (4.24) are close to the
respective sides in the desired lim inf-inequality for (u¢)e, in the sense that taking the limit
60 — 0 yields the claim.

The Lipschitz condition established for Wiy, in Proposition 4.3.9 together with (4.17) and
(4.18) yields for the right hand side of (4.24)

[Whom (Us) = Whom (V) [[1(05) < CllUs = Vulloirnxny + [R5 = Bl| o @gnxny < C0.

On the left hand side of (4.24), we obtain by the assumed Lipschitz condition for W arguing
similarly to (4.20),

/ Z ‘W(:L‘,Vzgg) — W (z, Vu)| 1y do
EPsofthjejé ’ a

= / > W (Vue — Voe + Vwl,) = W(Vu.)| 1, dz
ejt)softr\|Q ier ’ §

<0Hv S (Vwl )1,
< Ve Z( wy ) o P

Jj€Js

Furthermore, we have in light of (4.21) and (4.17)

HVve - Z (ng,e) Ing

JE€Js

LP(ePyop Mg RX™) < vae - (VU))\||LP(EPSOme5;Rnxn) * 05’

where by (4.6)

”VUE - (vu))\||Lp(epsoftﬂQ5;Rn><n) —0 ase— 0.

Hence, taking the limit 6 — 0 yields the claim. O

4.4 Relation to (multi-)cell formulas

In this section we discuss the relation of the homogenized energy (4.11) to cell and multicell
formulas, see also Section 2.3. As we will show in the first proposition, the formula obtained
coincides with the cell formula for an energy density modeling totally rigid layers.

Proposition 4.4.1 (Relation to cell formula). Let W : Q x R™*"™ — [0, 00| be given by
Wz, F) = Xxsom)(F) Lpyg(x) + W(F) 1pq(2) z€Q F € R™™,
Then, we have

WE(F) = AWSAH(F — (1 = M)R)) = Whom(F)

for all F € R™™ of the form F = R+ d® e,, R € SO(n), d € R™ and both sides taking the
value oo, otherwise.
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Proof. Let Y = (0,1)" denote the unit cube. By definition of Wi, and the cell formula, we
see that if for F' € R™**"

WlF) = it / Wiig(z, F + V) dz < oo,
YEWLE (V,RM)

then F + Vi) € SO(n) a.e. on Py NY and thus by ReSetnjak’s Rigidity Theorem 3.2.3 there
is a rotation R € SO(n) such that

F+ViYy=Ron PygNY. (4.25)
Hence, by the periodicity of ¢ in the e;-direction for i = 1,...,n — 1 we have
Fe;, = Fe; + / o da = / Re; dx = Re;. (4.26)
Y Y

This shows that for some d € R"™, we have
FeR+dsen (4.27)

From (4.25) we conclude that Vi) = —d ® e,, on Py, meaning that ¢ has the representation
¢ = pp + @, where pp € Wp°(Y;R™) N LE(Q; R™) is the piecewise affine function determined
by

VSOF - ( ]]'Ptlff +1 A ]]'Pboft)d ® €n
and ¢ € Wgefr’ (Y;R™) satisfies Vo = 0 on Pyig N'Y. Therefore,

inf / Whig(z, F + V) d
PEWE (Y;R™)

— inf { / W(E + Vi) do | € WE(YSR"), Vi = ~d® e, on Pt}
softh
~inf / W(F+152d® e, + Vo) dx | o € W(YIR"), Vo = 0 on Pus
softh
— inf )\][ W(F ~ (1~ MR+ V) dz | o € WI(Y:R"), Vo = 0 on Pain}
bOftnY

=2 inf ][ W(F —(1—-MNR+Ve)dzx
PEW, P (Paote Y ;R™)  PoogMY

— AW(F — (1 - M\R),

where we have used that in the formula for the quasiconvex envelope zero boundary values
can be replaced by periodic boundary values, see [58, Proposition 5.13]. This establishes the
claim. O

Notice in particular, that the structure of the limit gradient F' as determined by the

asymptotic characterization of Theorem 3.3.1 is also recovered from the cell formula in (4.27).

Hence, the representation of the homogenized energy via the cell formula cannot hold in the
regime 0 < a < p as we have seen the existence of sequences in this regime in Section 3.4
satisfying the approximate differential inclusion constraint, yet not complying with the limit
characterization suggested by Theorem 3.3.1 for the regime o > p.

At the end of this section, we want to illustrate this fact with an explicit example in two
dimensions, which is inspired by arguments of Miiller, made in the context of the discussion
of cell and multicell formulas [112, Theorem 4.2], see also Proposition 2.3.7.
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Example 4.4.2 (Counterexample for insufficient stiffness). Let Y = [0,1]> ¢ R? denote
the two-dimensional unit square, p > 2. In the following, we show that there is a sequence
(ue)e € WIP(Y;R?) with ue — u in WHP(Y;R?) for some u € WP(Y;R?) of the form
u = diag(d, 1)z + ¢ with 0 < d < 1 and ¥ € W22(Y;R?) and such that for any 0 < o < p

per
liminf | WX(z, Vue)der < CA, (4.28)
e—0 Jy
yet,
/ Whom (Vat) dz — / Wel(Vu) dz = oo, (4.29)
Y Y

where Wrcigu denotes cell formula associated to Wi, as defined in Definition 2.3.3.
The following arguments are inspired by Miiller’s discussion of cell and multicell formulas
[112, Theorem 4.2], see also Proposition 2.3.7.
Recall from Example 3.4.4 that there is a sequence of deformations (uc). C W (Y;R?)
such that u. — diag(d, 1)z 4+ in W'P(Y;R?) as e — 0, where 0 < d < 1 and ¢ € WaL(Y; R?)
and satisfying by (3.32)

/ dist?” (Vue, SO(2)) dz < Ce.
€PgigrNE2

Furthermore, (V). is uniformly bounded in LP(Y;R?), i.e. [|[Vuc| 1o(y r2x2)y < C for a C > 0,
which together with the growth condition on W allows us to estimate the energy on the soft
layers by CA.

Overall, we obtain

/ W& (x,Vue)dr < CeP™ + C,
Y

and taking the inferior limit e — 0 yields (4.28).

Regarding (4.29), note that this follows directly from the arguments leading to (4.27). In
particular, (4.26) cannot hold for F' = diag(d, 1) with 0 < d < 1.

Observe that since the the construction in Example 3.4.4 can be extended to arbitrary
dimension n € N, n > 2, all arguments in this example generalize to n dimensions.

4.5 Appendix

4.5.1 Properties of locally one-dimensional functions

In the following we study the properties of functions that are locally only depending on the
n-th component z,, for z = (z1,...,2,) € R, n € N, n > 2.

Definition 4.5.1 (Locally one-dimensional function). For n € N, n > 2 let Q C R™ be a
bounded Lipschitz domain and 1 < p < co. We say a function f € LP(Q;R"™) is a locally
one-dimensional function with respect to x,, if 0;f =0 foralli=1,...,n — 1 in the sense of
distributions.

We restrict our considerations to Sobolev functions, but many arguments may also hold for
BV -functions.
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Lemma 4.5.2 (Local approximation). For n € N, n > 2 let Q@ C R" be a bounded Lipschitz
domain. For 1 < p < co let f € WIP(Q;R™) be locally one-dimensional. Then, for every
compact subset QQ C ) there exist locally one-dimensional functions fo € C*°(Q;R™) such that

fe—=f i WYP(Q:R") ase— 0.

Proof. The approximation argument constructing a sequence f. = 7. * f using convolution

with a mollifier 7, is standard, see [68, Section 5.3, Theorem 2 and Appendix C.4, Theorem 6.

It remains to check that the approximation is locally one-dimensional, which follows directly
from the derivation rule for convolution. More precisely, for ¢ = 1,...,n — 1, we have

Oi(ne* f) =mnex0if =0.
O

Lemma 4.5.3 (Local identification with one-dimensional function). For n € N, n > 2 let
Q C R” be a bounded Lipschitz domain. For 1 < p < oo let f € WEP(Q;R™) be locally
one-dimensional. Then, for every cube Q = [0,¢]" + a for £ > 0 and a € R such that Q C ,
there is a function f € WP (ay, an + £;R™) such that

flxn) = f(@',2n) for ae xz= (2, 2,) €Q.

Proof. Notice that the task is essentially to construct a suitable trace operator on @ for
locally one-dimensional functions. In accordance to the usual approach to trace operators we
approximate f|g in view of Lemma 4.5.2 by locally one-dimensional functions f. € C*°(Q;R"),
ie. fo— fin W(Q;R") as € — 0. Since each f. is smooth, 9;f. =0,i=1,...,n — 1
implies that fc(x) = fe(y) for all z,y € Q with x,, = y,. Hence, we obtain for e;,e; >0
1 p 1 an+4
n— n—
14 erk - ijHWLp(aman_A,_e;]Rn) =/ /a ‘fEk - f€j|p + |vf€k - vf€j ’p dxn
= [ Vo= S 41V o = Vo P e

= |[fer — feJ- Hg[/l,p(Q;Rn)' (4.30)

Thus, f. constitutes a Cauchy sequence in the Banach space WP (ay, a, + £;R"), and we
denote its limit by f € WP (an, a, + £;R"). By extending f constantly to @, we obtain

o= Plisoqny = | 1fe = IV + 90 = VP aa
an+4 - -
= [ FP 96 - VP da
= Enil”fﬁ - JEHa/l,p(aman_;.g;Rn)' (4~31)

Thus, we see that f. converges to f as well as the extension of f in WIP(Q;R™) as € — 0.
Hence by the uniqueness of the limit both coincide almost everywhere. O

Lemma 4.5.4 (Continuity). Forn € N, n > 2 let Q@ C R" be a bounded Lipschitz domain
and 1 < p < oo. If f € WIP(Q;R™) is locally one-dimensional, then f € C°(Q;R™).
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Proof. For each z € Q there is a cube Q) = [0,£]" + a for £ > 0 and a € R such that z € Q.
By Lemma 4.5.3, we may identify f a.e. with a one-dimensional function, i.e. we may assume
flo depends only on x,. Thus, Morrey’s inequality yields

1l vm gy < Cll gy (4.32)

In particular, f € C%(Q;R"). Arguing this way for each z € €, we obtain by the uniqueness
of a continuous representative that f € C°(Q;R"). O

Remark 4.5.5 (Absolute continuity). Notice that for a locally one-dimensional function
f € WhP(Q; R"™) actually stronger notions of continuity hold. Firstly, we disregarded that
(4.32) provides Holder continuity. Furthermore, note by absolute continuity of Sobolev
functions on lines, see [99, Theorem 10.35], we obtain that f is actually absolutely continuous.

Lemma 4.5.6 (Global identification with functions of one variable). Forn € N, n > 2 let
Q C R"™ be a bounded Lipschitz domain that is e, -connected and e, -flat and let

=inf{z, eR | I’ e R"~ N ) € Q},
b.:sup{xn€R|3x eR" 1 (2, z,) ) € Q}.

Further, let f € WLP(Q,R"™) for 1 < p < oo be locally one-dimensional. Then, there is a
function f € WYP(a, b; R"™) such that f(x',x,) = f(x,) for a.e. x = (2, 1,) € Q.

Proof. Since f is continuous by Lemma 4.5.4, the condition 9;f = 0 for i = 1,...,n—1 implies
that f is constant on all connected components of ; = H; N2, where H; is the hyperplane
H; = {x, = t}. As Qis e;-connected, we see that in fact, f is constant on each Q.

Arguing as in the Proof of Corollary 3.3.8 via the Lipschitz property of €2, the e,-flatness
of € yields that there are for £1,f5 > 0, by, as € (a,b), di,d2 € R"~! cuboids

Q1 = (0,51)71_1 X (a, bl) + (dl,O)T CQ and Q9= (0’€2)n—1 X (GQ,b) + (dQ,O)T C Q.
Since [az,b1] is compact, there is a finite partition of (ag,b;) up to a A-null set in disjoint

subintervals (a;, b;)icn, indexed by the finite index set N C {3,4,...}, with the property, that
there is an ¢; > 0 and a d; € R™! such that

Qi = (O,Ei)n_l X (ai,bi) + (dl,O)T C Q.

Lastly, we set N = N U{1,2} and £ := min,_g ¢;.

By virtue of Lemma 4.5.3 we may identify f on each @Q; with a one-dimensional function
fi € WhP(a;,b;; R"). Then, f := e fi Lg, ;) is @ WP (a,b; R™)-function and since f is
constant on each €); we have

1 = FIB s ey = LLU—fP+Wf—Vﬁﬂx
< diam(Q)" 1 Z /bi If - fi\p +|Vf— Vf,-]pdxn

< 7" diam ()" 12/ |f = filP + |V f = Vil dz = 0.
iIEN
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Remark 4.5.7. Since all arguments are made locally, notice that for general e;--connected
Lipschitz domains Q Lemma 4.5.6 holds for f € Wl?(Q;R") with f € W,2"(a, b; R™).

ocC ocC

Lemma 4.5.8 (Global approximation). Forn € N, n > 2 let Q C R be an e;--connected

bounded Lipschitz domain. For 1 < p < oo let f € WHP(Q;R") be a locally one-dimensional
function. Then, there exist locally one-dimensional functions f. € C°(Q;R™) such that

fe— f in WYP(Q;R™)  ase— 0.
Proof. Let

a:=inf{z, €R| I’ e R" ' : (2/,2,) € Q},
b:=sup{r, € R |3’ e R : (2, 2,) € Q}.

By Lemma 4.5.6 we can identify f with a function f € WP (a, b; R"). By standard approxi-
mation theorems [68, Theorem 3, Section 5.3.3] there is a sequence f. € C*°([a, b]; R"™) with
fe = f in WYP(a,b;R"™), and by arguing for the constant extensions as in (4.31) also in
WLP(Q;R") as € — 0. O
Lemma 4.5.9 (Extension). For n € N, n > 2 let Q@ C R" be an e;-connected bounded
Lipschitz domain and for 1 < p < oo let f € WLP(Q;R"™) be locally one-dimensional.
Furthermore, let Q@ C R™ be the cuboid of minimal height containing 2. Then, there is an
extension f € WYP(Q';R"), with Q' as in the Proof of Theorem 3.3.1, such that flq = f and
f is also locally one-dimensional.

Proof. By Lemma 4.5.6, we may identify f with a one-dimensional function and then extend
it constantly to a function f € W1P(Q;R"™). Then, using the approximation result of Lemma
4.5.8 we may apply the usual higher-order reflection of f on the top and bottom of @ with
respect to the e,, direction, which yields a function f € WP (Q"; R™) with

1 llwo(@rrny < ClIf lwre@rn)s

and inherits from f by reflection the property that f only depends on z,, see [99, Exercise
10.37] or [68, Theorem 1, Section 5.4]. O

The next lemma addresses the question of approximation under manifold constraints, which
in our case would be the restriction to SO(n). The main ingredient is the tubular neighborhood
theorem.

Theorem 4.5.10 (Tubular neighborhoods [33, Theorem 11.4]). Let N be a compact smooth
submanifold of R¥ and let Z(N,e) = {(xz,v) € N x RF | v L T,N,|jv|]| < €} be the e-
neighborhood of 0 in the normal bundle. Then there is an € > 0 such that 0 : Z(N, €) — RF
given by 0(z,v) = x + v is a diffecomorphism onto the neighborhood {y € R* | dist(N,y) < €}
of N in RF.

The next lemma combines classic approximation results for Sobolev functions on manifolds
[82, Theorem 2.1] with the properties of locally one-dimensional functions.

Lemma 4.5.11 (Smooth approximation under manifold constraints). Let N be a compact
manifold isometrically embedded in R* for k € N. If 1 < p < oo and f € W'P(Q; N) is locally
one-dimensional, then there is a locally one-dimensional sequence (fo)e C C™(; N) with
fe— f in WIP(Q; RF) as e — 0.
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Proof. We follow the general ideas outlined in [82, Theorem 2.1] applied to locally one-
dimensional functions. By Lemma 4.5.8 there is a locally one-dimensional approximating
sequence (fo)e C C®(Q,R*) with f. — f in WIP(Q;RF) as € — 0.

By Morrey’s inequality, see (4.32), locally one-dimensional W1P(£2; R¥)-functions embed
in a Holder space, so the convergence of (fe)e is uniform. Thus, for € small enough, all f,
lie in a tubular neighborhood U C R* of the embedded manifold N, whose existence follows
from Theorem 4.5.10. Therefore, the nearest point projection 7 : U — N is well-defined and
smooth. Thus, 7 o f, is smooth and 7o f. — wo f = f in WHP(Q,R¥) as ¢ — 0. O

Lemma 4.5.12 (Approximation by simple functions). Let Q be an e:--connected domain and
let N be a compact manifold isometrically embedded in R for k € N. If 1 < p < oo and
f € WYP(Q; N) is locally one-dimensional, then, there is a sequence of locally one-dimensional
simple functions (s¢)e C L>(Q; N), such that s — f in LP(Q;R¥) as e — 0.

Proof. By Lemma 4.5.11 there is a sequence (f5)s C C*°(Q; N) of locally one-dimensonal
functions with f5 — f in WHP(Q; R¥) as 6 — 0, in particular f5 — f as in LP(Q;R¥) as § — 0.
Since fs is locally one-dimensional and € is e:"-connected, we may identify it for

a:=inf{w, eR| I’ e R"': (2/,z,) € O},
b:=sup{r, €R |3’ e R : (2 2,) € Q},

with a function f5 € C*°([a, b]; N). By standard approximation theorems, see e.g. [4, Theorem
VI.1.2], there is for each § > 0 a sequence of simple functions (zs.). C L>([a, b]; R¥) such that
25 — fs uniformly on the compact set [a,b] as € — 0. As in the proof of Lemma 4.5.11, we
have for € small enough, that all z5 lie in a tubular neighborhood U C R* of the embedded
manifold N, see Theorem 4.5.10. Hence, applying again the smooth nearest point projection
7 : U — N we obtain that 7o z; . satisfies w025, — 7o f5 = f5 in LP(€; R*) as € — 0. Hence,
we have

lim lim |7 0 25, — fll o omre) = Wm [ fs = fllzomr) = 0.

Thus, by Attouch’s diagonalization argument of Lemma 4.5.14, there is a subsequence
(Se)e C L®°(2; N) of (7o z5.)s, such that

se— f in LP(;RF) ase—0,
as desired. O

Remark 4.5.13. Observe that Lemma 4.5.12 generalizes directly to bounded Lipschitz
domains {2 for which the decomposition given by Proposition 4.2.8 is a partition of €2 in finitely
many sets. Indeed, it suffice to apply Lemma 4.5.12 to each e,-monotonically connected
component yields a simple function on €2 that is locally one-dimensional.

4.5.2 Technical tools

Lemma 4.5.14 (Attouch diagonalization argument, [13, Lemma 1.15, Corollary 16]). Let
(@i 5)ijen C [0,00] be a doubly indexed family. Then,

(i) there exist maps i — j(i) increasing to oo, such

liminf a; ;(;) > lim inf (liminfa; ;);
i—00 J—0 100
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(ii) there exist maps i — j(i) increasing to oo, such

lim sup a; O lim sup ( lim sup ai,j) :
i—00 ’ Jj—oo i—00

Lemma 4.5.15 (A Urysohn argument). Forn € N let Q@ C R™ be a bounded Lipschitz domain
and let 1 < p < oo. Furthermore, let (uc)e C WHP(QR™) with ||uellwrsorny < C for a
constant C > 0 and all € > 0 and uc — u in LP(;R™) as e — 0 for a u € WHP(Q; R™). Then,
ue — u in WHP(Q;R") as € — 0.

Proof. Since (u). is uniformly bounded in the reflective space W1P(2;R™), every subsequence
of (ue)e has a convergent subsequence (uc,)jen and since WP(€;R") embeds continuously in
LP(Q;R™), uniqueness of the limit yields ue, — u in WP(Q;R™) as j — co. As this holds for
any subsequence of (u), we obtain by the Urysohn property, that u. — u in WHP(€;R") as
e — 0. O
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Homogenization of Bilayered Structures
in Crystalline Plasticity

In this chapter we obtain an explicit homogenization formula for a single slip crystal plasticity
model. The results proven generalize and reproduce the results published together with the
adviser Carolin Kreisbeck in the context of totally rigid layers in [42], incorporating the more
general setting of stiff layers besides minor technical changes. We will begin with a short
overview on the physical background of the crystal plasticity model analyzed in this chapter.
After a discussion of admissible micro- and macroscopic deformations for these material models
and an overview on the technique of convex integration we proceed with the proof of the
main Theorem 5.2.1 formulated in terms of I'-convergence. As typical for a I'-convergence
result, we will establish compactness, construct recovery sequences and give the lower bound
estimate in that order.

5.1 Introduction to crystalline plasticity

In this first section, we give a short introduction to the underlying physical principles, for
which we follow the work of Lubarda [102].

Besides the reversible elastic behavior discussed in Chapter 4 many materials exhibit an
irreversible material response to outside forces, which we refer to as the plastic deformation of
the material. In the following we restrict ourselves to models for materials that are known
as rate-independent models. Considering the evolution of a deformation in time, the current
configuration of a rate-independent material depends only on the history of the evolution, yet
not on its rate. In rate-independent models the notion of a yield locus is introduced, which is
bounded by the yield surface [102, Chapter 8]. Stress variations contained in the yield locus
entail a purely elastic response, while an instantaneous plastic material response occurs if
they exceed the yield surface.

The properties of the yield surface reflect the underlying microscopic processes on different
length scales that govern the macroscopic plastic deformation such as twinning and movement
of dislocations or formation of microstructures within the material, which can be observed
in experiments. Furthermore, due to effects like hardening, i.e. the increasing resistance of
the material to plastic deformation over prolonged deformation, which itself is influenced for
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example by the interaction of dislocations, the macroscopic deformation depends on the history
of the evolution. From a modeling point of view, the plentiful microscopic parameters involved
motivate what is known as an internal variable approach [102, Section 4.4], introducing
additional variables whose evolution is prescribed by flow rules.

We will specify the yield surface according to common assumptions of crystal plasticity.
Considering the atomic lattice structure of a metal, the experimental observation that the
energy required to move whole planes of atoms against each other exceeds by far the real
values for plastic deformation of the lattice, lead to the finding that the underlying process is
the movement of discrete lattice defects, called dislocations. Our point of view from a larger
length scale does not resolve this dislocation structure but merely comprises its effects in the
assumption of one active slip system describing the possibility of a shear deformation by a
continuous parameter [102, Chapter 12].

5.1.1 A single-slip model for finite crystal plasticity

In the following we define a specific model for crystal plasticity, following the work by
Carstensen, Hackl and Mielke [37]. Alternatively, see [118]. While the plastic variables are
governed by a flow rule corresponding to one active slip system, the time dependence of the
process is addressed by a discretization process. As we choose a variational approach, for each
time step a minimization is introduced that is associated to the equations of the incremental
problem. Overall, the resulting variational model will describe the plastic deformation of a
crystalline material with one active slip system in the first time step of the discretization.

Note that a different approach is given by the framework of energetic solutions developed
by Mielke and several coworkers, recasting the evolution laws in a global stability condition
and an energy inequality. For an introduction to this framework, see [110].

In accordance to the work of Kroner [95] and Lee [98] we assume multiplicative decomposition
of the deformation gradient F' = F, - F}, in an elastic part F, and a plastic part F}, [102,
Chapter 11]. Note that this decomposition is non-unique and corresponds to the idea of a
stress free intermediate state that is not observed experimentally. For a recent mathematical
approach to justify this assumption see [119, 121, 120]. Due to the problems arising by the
non-uniqueness of the decomposition, a common simplification is the rigid-plastic idealization,
which disregards elastic deformations by only allowing plastic deformation and rotation,
corresponding to the restriction F, € SO(n).

We introduce the internal plastic variables p € R™ and assume that the Helmholtz free
energy is described by an integral functional with a density of the form

W (F, Fy,p) = W(Fe,p),

see also [118, Section 2.1]. The Piola-Kirchhoff stress tensor 7', the plastic stress tensor @
and the internal forces g are then given by

ow ow ow
T: _— = -, = -
@ @F;l 4 Op

To simplify the notation, let P = F;'. The evolution of the plastic variables (P,p) is now
determined by the yield function ¢ describing the yield surface. More precisely, assuming the
principle of maximum plastic dissipation [86, Chapter 3], [125, Section 1.4] holds, a flow rule
for (P,p) can be derived from ¢.

Modeling the plasticity of a crystalline material with one active slip system determined
by a slip direction s € S”~! and a slip plain normal m € S"!, s-m = 0, we consider the
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Figure 5.1: Typical ductility experiments apply forces to the bases of cylindrical mono-crystals.

The material responds by deforming along slip planes, determined by the slip
direction s and the slip plane normal m, which allows to conclude on the underlying
movements of dislocations.

particular yield function given by [37, Section 6.]
p(P1Q,q) = |s"PTQm| —r —q,

see also Figure 5.1. Physically, sT PTQm represents the resolved shear stress on the plane
normal to m, while » > 0 specifies the initial yield stress [83, Section 3.6]. Notice that
PTQ = —FI9r,W(F.,p) does not depend on the plastic deformation F},.

The associated flow rule to ¢ is then for a slip rate parameter A > 0 given by

(P~1P,p) = A\(sign(s” PTQm)s @ m, —1),

see also [118, Section 3.2], a result going back to the work of Rice [123].

Assuming the body to be initially not deformed, i.e. setting the initial condition Py = I, it
can be deduced that for v = Asign(s” PTQm)

P=I+~vs®@m.

The plastic variables (P, p) are thus determined by the parameter .

To resolve the time dependence of the variables we partition the time interval [0,7] in £ € N
time steps 0 = tg < t1 < --- < ty = T and since each time step is of the same general structure,
we merely consider the first one with initial data (Py,po) given and (P,p) = (Pi,p1) to be

determined in the time period 7 = t; — tg. Accordingly, the flow rule needs to be discretized.

Notice that in particular P~1P allows the application of different discretization schemes, with
the discretized P~! to be chosen e.g. as a certain value or a convex combination of values
taken in the specific time step.

To determine the internal plastic parameters (Pp, p1), we assume that in each time step the
energy of the system is minimized by these quantities. Hence, a time independent minimization
problem is introduced, incorporating the discrete flow rule and additional constitutive relations
in the sense that these are satisfied by stationary points of the energy functional, see [37,
Section 4,5]. The resulting energy functional is of the form

E(u,, P,p) = /Q W (VuP,p) +rly — ol - f - udz.
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s# e

S =€ S = €9
— / s # ea I

Figure 5.2: In the context of layered materials with stiff components, the orientation of the
slip direction of an active slip system in the softer layer plays a decisive role.
Graphically speaking, if s = e; the slip system is unblocked, while for s = es, the
slip is orthogonal and thus intuitively impeded by the stiff layers. This will be
reflected by the macroscopic behavior of the material determined by Theorem
5.2.1.

Splitting the energy W additively in an elastic part W, and a plastic part that is associated
with isotropic, linear hardening with hardening modulus a > 0 we obtain

W (Fo,p) = Wa(Fo) + gp?

This leads under the assumption that »r = 0 and a = 2 to
E(u,P,p) = / Wo(VuP) +p* — f - udz.
Q

Lastly, choosing po, 70 such that p = —|vy| and using the fact that P =1+ s ® m results in
the condensed energy

E(u) = melﬂg/ We(Vu(l+vs @m)) + [y — f - uda. (5.1)
v€ER JO

In the following sections we want to study homogenization of models for layered material

involving this type of plastic deformation energy.

5.1.2 A model for layered materials with stiff components in finite crystal
plasticity

In the following we study two-dimensional models for bilayered materials that feature a stiff
component. Yet, in contrast to the previous chapter, we assume that the whole material is
stiff in the sense that the elastic constants are large. However, we also assume that every other
layers can be plastically deformed along one active slip system. On these layers the differential
inclusion constraint is therefore imposed on VuP rather than Vu, where P = [+ vs ® m with
v €R.

In view of the exact differential inclusion constraint, which requires VuP € SO(2) we
introduce the sets

Ms={FeR*? | F=R(I+vys®@m),R € SO(2),y € R}
={FeR>?| det F = 1,|Fs| = 1},

and
Ny ={F cR*?| detF =1,|Fs| <1}.

The relation between these two sets will be discussed later, see Remark 5.2.7.
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Furthermore, we introduce energies motivated by (5.1). However, we disregard the loading
term, specify our choice for the elastic energy, which comprises again a penalization factor
and tailor the notation to the particular case of two dimensions.

Accordingly, we define the energy density Wy, : R?*? — [0, oc] given for F' € R?*2 by

V2 =|Fm?> -1 if F=R(I+vys®m) € Ms,

] (5.2)
o0 otherwise,

Wslip(F ) = {
which describes the deformation along one active slip system. To model the elastic energy we
introduce for 8 > 0 the penalized energy density W5 : R?*2 — [0, o) familiar from previous
chapters that is given by

WA (F) = e Pdist? (F,50(2)), F €R*>2

In the context of the rigid-plastic idealization we consider W° : R2*2 — [0, oc] that is for
F € R?>*2 defined by

0 if FeSO(2),

oo otherwise.

W (F) = { (5.3)

We define the layered structure by specifying the energy density for z € Q and F' € R?*2 by

Wh(z, F) = min {W/(F.) + Waip(Fp) 1p

soft

| F = F.Fy},

see also Figure 5.2, using the notation W for the energy density with W in place of W2.
Lastly, for ¢ > 0 we introduce the energy functional E? : L}(Q;R?) — [0, 0] that is defined
for u € WH1(Q; R?) by

Ef(u) = /Qwﬁ(f,Vu(:L‘)) dz

and E?(u) = oo otherwise in L}(€Q;R?). Note that the relaxation of the energy W4, that
models the soft layers here has been studied in [45].

Before proceeding with the analysis of the model, we want to give a first example of a
simple macroscopic shear deformation to illustrate the setting.

Example 5.1.1 (Macroscopic shear deformation). Suppose we have one active slip system

in the soft layers that allows to shear this component in the direction along the layers, i.e.

s = e1. The question is, if a macroscopic shear deformation can be obtained, i.e. if there
is a convergent sequence of deformations (u.) C WH2(Q;R?) N L3(£; R?) whose weak limit
u € WH2(Q; R?) N L3(;R?) is a simple shear deformation of the form

Vu=1I+ve1 ® ea,

where v € R describes the amount of shear. While Theorem 5.2.1 will answer this question
positively, we want to give an explicit construction for (u.) at this point.

As on the microscopic level, the energy functionals (E?). impose a penalization on the
deformation of the stiff layers, the idea of the construction is not to shear these layers at all,
but compensate on the soft layers by shearing more. Accordingly we consider the deformations
(ue) € WH2(Q; R?) N L3(£2; R?) given by

1
Vue =1+ X’y ]16Psoft e1 ¥ eq.
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Then, by the classic Lemma 2.3.1 on weak convergence of highly oscillating functions
1
Vue =1+ X'y lep,e1®ex —=1+7ve1 ®ey in LZ(Q;RQXQ) as € — 0.

Thus by the vanishing mean values and the Poincaré inequality u. — u in W12?(Q;R?) as
€ — 0. Since we do not shear the stiff layers, HVUEH%2(Q~R2) < (24+7%/»2)|92] < C for a constant
C > 0. For the energies, we obtain by the same arguments

1 1
EP (ue) = /Q FVQ Lep,, do — X /972 dz = E(u) ase— 0,

with E as in Theorem 5.2.1.

5.2 Homogenization of layered materials with stiff
components in crystal plasticity

In this section we utilize the asymptotic characterization result of Theorem 3.3.1 and build
on the results by Conti, Dolzmann and Kreisbeck [45], in particular for the question of
compactness to show the following homogenization result.

Theorem 5.2.1 (Homogenization of layered stiff material with one active slip system).
Let Q C R? be a simply connected bounded Lipschitz domain that is e:-connected in the

Lo
sense of Definition 3.3.6 and (EP). as specified above. If B > 2, then (EP). converges to a
functional E : LE(Q;R?) — [0,00] in the sense of T'-convergence with respect to the strong
L?(2;R?)-topology. Using the notation

Ko\ = {0} if s =eo, [—2)\%70] if s189 > 0,
’ R ifs=e;, [0,-2\%2] ifsis0 <0,

the limit functional E is given for each u € W2(Q;R?) with Vu = R(I + ve1 ® ez), where
Re SO(2), v€ L*Q), v € Ks a.e. in 2, by

B(u) = )\/Q 11(Vu — (1= \)R)m|? — 14,

and E(u) = oo otherwise in L?(£2;R?). Moreover, sequences of bounded energy with respect
to (EP)., i.e. sequences (uc)e C WH2(Q;R?) with EP(u.) < C for all € > 0, are relatively
compact in L?(Q;R?).

Remark 5.2.2. a) An alternative representation for the homogenized energy F is given for

u € WH2(Q; R?) with E(u) < oo by

1 2 2
E(u) = )\/ ’—(Vu —(1— /\)R)m’ —1lde = S—l/ v dx — 25152/ ydz.
QlA A Ja Q
b) The set K ) can be written as
Kix={yeR|[s+ %8261’ <1}

Indeed, we have

2 2 2
1> ‘s + %8261‘ = (31 + }32) + s% =1+ 2}8182 + %s%,
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which is equivalent to

0> s2 (slfy + ;—iny> = 31527(1 + 21/\27)
This inequality holds for v € R if and only if v € K ».
c¢) The theorem generalizes directly to bounded Lipschitz domains €2 for which the decom-
position given by Proposition 4.2.8 is a partition of €2 in finitely many sets.
d) A special case of the this theorem was proven in [42, Theorem 1.1] assuming that the
layers are rigid in the sense of a rigid-plastic idealization.

The following subsections concern the proof of Theorem 5.2.1. To avoid repetition, we
assume throughout the rest of this section that €2 is a simply connected bounded Lipschitz
domain that is e;-connected

5.2.1 Admissible micro- and macroscopic deformations

In preparation for the proof of Theorem 5.2.1, we consider sufficient and necessary conditions
for microscopic deformations u. and macroscopic deformations u to be admissible. For the
former, this corresponds by our choice of a variational approach to the study of deformations wu,
of finite energy with respect to E?, i.e. functions satisfying E?(u.) < oo. For the latter, from
the point of view of I'-convergence, in particular the lim inf-inequality, the subjects of interest
are the limits u of weakly convergent sequences of microscopic deformations u, of finite energy,
ie. ue — u in WH2(Q;R?) with Ef(u.) < C for a constant C' > 0. The goal of this section is
in particular to establish a relation between admissible micro- and macroscopic deformations,
providing for all possible macroscopic deformations u explicit microscopic deformations ue
that converge to u.

We first tend to microscopic deformations. Notice that we have seen a first example of a
laminate construction of finite energy with respect to EX for s = (v/3/2,1/2)7 in Example 3.1.2.
Our first task is to determine all possible laminate constructions satisfying the constraints
imposed by E? in dependence of s € S!, which means determining all rank one connections in
M, see also [42, Lemma 3.1] and [41].

Lemma 5.2.3 (Rank one connections in My). For R,Q € SO(2), v, € R let F,G € My be
given by F = R(I+~vys®@m) and G = Q(L+ (s®@m). Then, F' and G are rank one connected,
i.e. rank(F' — G) = 1, if and only if one of the following conditions is satisfied:

(i) R =Q and vy # (, in which case ' — G = (y — ()Rs @ m;

(it) R+ Q and y—( = 2tan(g), where § € (—m, ) denotes the rotation angle corresponding
to QTR given by QT Rey = cos(0)ey + sin()eq, in which case

¥—¢
F-G= m@(((—v)s—l—%n)®(23+(7—|—C)m).

Proof. Since multiplying F' — G by the rotation S = (s, m) € SO(2) does not affect its rank
and STs @ mS = e; ® eg implies F.S,GS € M., it suffices to consider s = ¢; and Q = I. In
that case, for F' — GG to be of rank smaller than 2 it is necessary that
0=det(F—G)=—(F—Ger- ((F—G)es)” = (I — R)ey - (R—T)es + (YR — (T)ey)
=([I—R)er- (I- R)er — (I —vR)ez) =2 — Rey - (2e1 — (¢ — 7)e2).

| 5.2
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Thus Rej = (r1,72)7 has to be a solution of the problem
2r1 + (v — {)ro =2 subject to r% + r% =1.

Geometrically, the equation describes a line in R? through (1,0)7, while the constraint
describes a circle around 0 with radius 1, and consequently for v # ( this problem has two
solutions. Algebraically, substituting r; as in the equation into the constraint leads to a
quadratic equation in ro reading

TQ((’Y -() - WT2>

with the solutions r9 = 0 and

=0,

4(y —¢)

S

corresponding to r; = 1 and
Cy=C Av=¢ _4-(=¢)
2 4+(v=¢)? 4+(y-0O¥

respectively. Furthermore, as by definition r; = cos(f) and re = sin(f) the trigonometric
identities

7”1:1

1 — tan?(z)
1 + tan?(x)

2 tan(z)

and SIH(Q"E) = HTIP(I')

cos(2x) =

yield v — ( = Qtan(g).
Consequently, we obtain for Rej the representation Req; = eq or
4— (y—()? —
(=P, , 46-Q
A+ (y=¢)2 4+ (r-¢Q)p
In the former case, we see immediately that ' — G = (v — ()Re1 ® ea. In the latter case, the

calculation is more extensive. By the above representation we have

—2(y —¢)° 4(v = ¢

R61 =

(F—G)ey = Rey —eg = i1 (’Y—C)Qel + g (7_<>2€2.
Also, since Rea = (Rep)™ it holds that
(F —G)ez = Rea — ea + yRey — (e1 = (Rey — el)J‘ + YRe1 — Ceq
—2(y = ¢)? 4(vy — 4 — (v — ()2 A~ —
4 +((77 _%262 1 +(Zv —%261 Iy 8 : 8261 i vm@ e
_ A =0y (=P A0 =0 220 = Oy = Q)
4+ (v —¢)? 4+ (v—-0)7?
__ 0+ 90 =9 200 =00 +0)
4+ (y—¢)? 4+ (y—¢)?
Overall we obtain
7—¢

F-G= 5 ((C=7)e1 +2e2) ® (2e1 + (v + ()ea).

44+ (v =)

Lastly, since we only consider two dimensions, matrices of rank smaller than 2 can only have
rank 1 or 0. To exclude the latter, i.e. F' = G, the requirement that R # @ or v # ( suffices.
This concludes the proof. ]
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Since we aim to construct laminates tailored to the layered structure, only particular rank
one connections are of interest to us, see also [42, Remark 3.2].

Corollary 5.2.4 (Rank one connections compatible to the layered structure). For rotations
R,Q € SO(2) and~y,( € R let F,G € Mg be given by F = R(I+~vs®@m) and G = Q(I+{s®@m)
such that F — G = a ® ey for some a € R?\ {0}. Then, either

(i) s = e1, in which case it must hold that R = Q and v # (; or

(i) s # e1, in which case it must hold that v + ¢ = 2¢. This implies that a given v

determines ¢ and therefore QTR is determined via 6.

Now that we have determined sufficient conditions for a simple laminate construction to
be admissible for E® we intend to characterize all possible macroscopic deformations. The
arguments will feature prominently the rigidity results of Chapter 3. Note that the additional
assumption on the strong convergence of Vu,s can also be derived from the uniform bound on
the energy of (u¢)e, which we will establish in the compactness arguments later, in particular
in (5.6). The proof is similar to the arguments given in the beginning of [42, Section 3.1].

Lemma 5.2.5 (Necessary condition for admissible macroscopic deformations). For a bounded
Lipschitz domain Q C R? let (uc)e € WHH(QR?) with E.(u.) < C for all € > 0 such
that ue — wu in WY R?) as € — 0 for some u € WY2(Q;R?) with det Vu = 1 and
[Vues|| 2 (omr2y — [ as € = 0.

Then, there is a constant rotation R € SO(2) and a v € L*(Y) such that

Vu=R(I+~ve1®ex) and e K,y a.e. inQ.

Proof. The asymptotic rigidity result of Corollary 3.3.3 for r = n = 2 yields the existence of
R € SO(2) and a v € L?() such that Vu = R(I + ve; ® e3), or, in other words, Vu € M.,

Furthermore, Conti, Dolzmann and Kreisbeck established in [45, Theorem 1.1], that for a.e.

x €
Vu(z) e Ny ={F e R"" | det F =1, |Fs| < 1}.
For more details on the set N, see also Remark 5.2.7. Thus, we know that for a.e. z €
Vu(z) € Me, N NG.
From this it follows directly that for a.e. x € Q2
s 4+ v(x)s2e1]? = |(T4 y(x)er @ e2)s|> = |[R(I+ v(z)e1 ® e2)s]? = |Vu(z)s|> < 1,

which in view of Remark 5.2.2 is the case if and only if v € K 1.

At this point, a second consequence of the stiff layers, which are of asymptotic volume
fraction of |Pyig| = 1 — A, enters by an argument similar to Lemma 4.3.4 and Corollary
4.3.7. Using the notation of Definition 3.3.5, let for z € 2 be @ C 2 such that x € @ and
Q" cc Q, then, by Proposition 3.3.10, Lemma 3.3.12 and Proposition 3.3.15, there is a
sequence (X)e C L®(Q';SO(2)) such that [|[Vue — Xel[11(cp qnorr2x2y — 0 and ¥e — R in
L' (Q;R?*2) as € — 0. Thus, on the stiff layers

Ve Lepyy = (Ve = Be) Lepyyg 75 Lepyyy — (1= AR in LY(Q;R?) as e — 0,
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while on the soft layers
(Vues) lep,,, = Vues — (Vues) lep,, — RO+ ver @ ez)s  in LY(Q;R?)  as e — 0.

Also, the assumption ||[Vues|[r2qr2) — [ implies |(Vues) Lepy, | = [Vues| Lep,,, —A in
L?(92) both as ¢ — 0. Hence, for any open ball B C @ with z € B the weak lower
semicontinuity of the L!-norm implies

/B |[R(AL+ ve1 ® e2)s|dz < li_r}r(l]/B |(Vues) Lep,,, | dz = |B|A.
Dividing the inequality by its right hand side we obtain
][ |s + A Lysoeq|dz < 1.
B

Therefore, by the Lebesgue point theorem and by Remark 5.2.2 we have v € K, ) a.e. in
Q. O

The next lemma shows that elements of Ay can be written as convex combinations of
elements of M,. This problem was first studied in the context of relaxation of energy
functionals describing slip systems by Conti and Theil [56] and for this specific energy with
linear hardening it was obtained by Conti [47]. Here, we give a variation of the argument also
featured in [42, Lemma 3.3].

Lemma 5.2.6 (Convex decomposition of elements in N\ My). Let N € Ny \ M. Then,
there are matrices F,G € Mg with |Fs| = |Gs| =1 and rank(F — G) =1 and a p € (0,1)
such that

(i) N=upuF+ (1—pn)G and (ii) INm| = |Fm|=|Gm)|.

Proof. As F,G € M, we have to find rotations R,Q € SO(2) and v,( € R such that the
statement holds for F'= R(I+~vys®m), G = Q(I + (s ® m) and a suitable u € (0,1). For (ii)
to be satisfied it is therefore necessary that

V2 4+1=|m+~s)?=|Fm|*>=|Nm|®> and |¢|>+1=|m+(s]?>=|Gm|* = |Nm|>.

These conditions are satisfied for 4 = \/[Nm[2 — 1 and { = —4, which are well-defined since
1 =det N <|Ns||[Nm| and |Ns| < 1 imply that [Nm| > 1. It remains to determine p and
the rotations R, Q). Since F' and G are supposed to be rank one connected, and R = () would
entail N € M, Lemma 5.2.3 yields

Ns=Gs+ p(F —G)s

=QI+{s®@m)s +M4+7(7_C<)2Q((C —7)s+2m) @ (2s + (y+ )m)s
=Qs+ 2M4+P1’Y__CC)2Q((C —7)s+2m).

Hence, for our particular choices of 4 and ¢

Ns=Q(s+ 12?;2 (m —7s)). (5.4)
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Figure 5.3: Since the function z — z(z — 1) + ¢, t € R takes its minimum at 1/2 with the
value 1/4 + t it has for ¢ € (0, 1/4) two zeros at py, po € (0,1) with g + p2 = 1 by
symmetry.

To determine candidates for u we take the squared norms on both sides of the equation and

obtain
291 ENE 271 2 29p 2
Ns|? = S ey — =(1-
|Ns| ‘61%- 1_1_52(62 761)‘ ( 1+,—yg) (1_1_,?2)
APu 29u 2
—1- 1
1+’72+( * )(1+&2)
47 2 47
= — — 41
1+42 Tt
452
= 1+§2u(u—1)+1
Hence, for 4 we have
(1+75*)1—INs[*) [Nm[>  1—|Ns|?
0=p(p—1 = pu(p—1 : .
plp—1) + 172 plp—=1) + = Nl =1
Since % < 1 is equivalent to 1 < |Ns||Nm|, which is always satisfied, the

equation has always two solutions p; € (0, %) and po € (3,1) with 1 + po = 1, see Figure 5.3.
Notice that if the equation holds for the norms, we always find a @, € SO(2) in dependence
of the choice of 1, such that (5.4) holds. Furthermore, by Lemma 5.2.3 we know that R, is
determined via the relation 7 — 2 tan(g), where 6 is the rotation angle of QERM.

Therefore, it remains to choose from p; and po the one satisfying

Nm = pFm+ (1 — p)Gm.

To that end, observe that for a G satisfying (5.4) it holds that

(Ns)t-Gm = (m—l— 12152 (s — ’ym)) -(m—n~s)=1.

Thus, in any case, independent of the choice of i, Gm is an element of the set
{a €eR* | (Ns)*-a=1}n{a € R? | |a| = |Nm]}.

Notice that geometrically the former set describes a line in R? while the latter describes a
circle, and since Ns lies on the line and inside the circle as |[Ns| < |[Nm/|, the intersection
has exactly two elements, one of them being Nm. Hence, we may choose the u € {u1, ua}
corresponding to Gm = N'm. From that choice it is immediate that Nm = pFm+ (1 — p)Gm.
This equality also shows that interchanging ~ and ( in the beginning amounts to switching F'
and G. O
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Remark 5.2.7 (Quasi-convex hull of My). As established by Conti and Theil, the quasiconvex
hull of M is given by the set [56, Theorem 1]

Ny={FeR¥?| det F =1,|Fs| <1}.
Furthermore, it coincides with the rank one and polyconvex hull of M. The upper bound,
i.e. that N, is the rank one hull of M, can be seen from Lemma 5.2.6, while the lower bound,
that N is the polyconvex hull of M follows from the fact that the defining conditions of N
are polyconvex.
In [45], Conti, Dolzmann and Kreisbeck established in the compactness argument of [45,
Theorem 1.1] that weak limits of sequences of deformations that satisfy an approximate

differential inclusion in My are pointwise contained in Ny as well. Note that we will recall
parts of their argument in Proposition 5.2.13.

Lemma 5.2.8 ([42, Lemma 3.4]). Let A € (0,1) and s € S'\ {e1}. Then,

(i) For giveny € K\ and R € SO(2) there is an N € M, NN, namely N = R(I+3e1®es)
satisfying

Ney =Re; and AN+ (1—AN)R =R+ ve; ®e3);

(ii) For given N € N and R € SO(2) with Rey = Ney there is a v € Ky » such that

AN + (1= MR = R(I + ve1 ® e3).

Proof. (i) Consider N = R(I+Ye1 ®e2) € Me,. Then, Ney = Rey and [Ns| = |s+ Yszeq| < 1
by Remark 5.2.2 as v € K, . Hence, N € N;. Lastly,

AN+ (1-=ANR=AR+YRe1 ®ea+ (1 —AN)R=R(I+ ve; ®ez),

as desired.
(ii) Note that since Ne; = Rej and 1 = det N = (Nej)* - Nea we have

Rey = (Rep)t = ((Nep)t - Neg)(Nep)t.
Also,
Nes = (Ney - Nea)Ney + ((Nel)L . N.eg)(Nel)l = (Nej - Nea)Nej + Res.
Hence, since Ne; = Rej, it suffices to observe for Ney that
ANeg + (1 — A)Reg = Reg + AM(Nej - Nea)Nep = R(I+ A(Nej - Neg)ep ® ea)ea,
so that by s = sie; + sqoeo we have
|s + (Ney - Neg)sger| = /\_1\(R(H + A(Nep - Neg)eg ® ea)s — (1 — AN Rs| = |Ns| < 1,

which implies ANe; - Nea € K, ) by Remark 5.2.2. Thus, v = ANej - Neg satisfies all claimed
properties. ]
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5.2.2 The technique of convex integration

As the previous section suggests, the key to satisfy the differential inclusion constraint is the
interplay between M and its quasiconvex hull N, in the sense that functions with gradients in
N can be approximated by functions with gradients in M. Problems of these structure arise
in many branches of mathematics, and the associated theory is known as convex integration
[78, 79]. In the context of elastoplasticity, this theory has been advanced by the work of
Miiller and Sverdk [113] that will also find application here. For our purposes it is furthermore

necessary to know very explici e structure of the gradients of the approximating sequences.
y to k y explicitly the struct f the gradients of the approximating seq

For My C Ny such constructions have been developed by Conti and Theil [56] whose results
we summarize in our notation in Corollary 5.2.9.

The goal of this section is to condense the aspects of the work of Miiller, Sverdk and Conti,
Theil relevant to us in the following corollary, see also [42, Corollary 3.7].

Corollary 5.2.9 (Convex integration of Ns). Let N € Ns. If N € Ny \ Ms let F,G € M
and p € (0,1) as in Lemma 5.2.6, otherwise let F = G =N € M and p € (0,1).

Then, for every & > 0 there exists 15 € W (Q;R?) and Qs C Q with |Q\ Q] < & such
that v¥s coincides with a simple laminate between F' and G with weights p and 1 — u and period
hs < 9 in Qs,

Vips € Mg a.e. in Q, s = Nz on 0Q, |Vipsm| < |Nm|+0 a.e. in Q. (5.5)

In particular, |Vipsm| = |Nm| a.e. in Qs, and Vips — N in L=°(Q;R**?) as § — 0.

This corollary results from two major theorems. The first one is a construction by Conti
and Theil that approximates for N € N\ M; the function u(z) = Nz, x € Q by a finitely
piecewise affine function that coincides with a laminate with gradients in M on a large part
of  and features a gradient in A on the rest.

Theorem 5.2.10 ([56, Theorem 4]). Let pu € (0,1) and suppose that F,G € M are rank one
connected with Fs # Gs and N = pF + (1 — u)G € Ns.

Then, for every 6 > 0 there are h > 0 and Qs C Q with |Q\ Q5] < & such that the
restriction to Qs of any simple laminate between the gradients F' and G with weights p and
1 — u and period h < h{ can be extended to a finitely piecewise affine function s : Q — R?
with Vips € Ny a.e. in Q, P¥s(x) = Nz for x € 99, and dist(Vi)s, [F,G]) < § a.e. in Q, where
[F,G]={tF 4+ (1—-t)G | t € [0,1]}.

To obtain a function whose gradient is almost everywhere in M, Conti and Theil [56,
Section 3] suggest to apply the convex integration results by Miiller and Sverék.

Theorem 5.2.11 ([113, Theorem 1.3]). Let M C {F € R?**? | det F = 1}. Suppose that
(Us)ien is an in-approximation of M, i.e., the sets U; are open in {F € R**? | det F = 1}
and uniformly bounded, U; is contained in the rank one convex hull of Uiyq, i.e. U; C Uy for
every i € N and (U;); converges to M in the sense that if F; € U; for i € N and |F; — F| — 0
as i — oo, then F € M.

Then, for any F € Uy and any open domain Q C R?, there exists 1 € W1°(Q; R?) such
that Vi € M a.e. in Q and ¢(x) = Fx for x € 0.

Proof of Corollary 5.2.9. For N € M there is nothing to do. If N € N\ M, Theorem
5.2.10 yields for § > 0 that there is a set {25 and a function 15 : Q@ — R? that is piecewise
affine, coincides on 25 with a simple laminate with the gradient oscillating between F' and
G with a period of hs < min{d, hJ}, and features Vi)5 € N a.e. in Q and ¢5(x) = Nz for

| 5.2
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x € 09). As F and G are chosen according to Lemma 5.2.6, we have |Vi)sm| = |[Nm| a.e. on
Qs and on the rest of €2, we have for a.e. © € € the estimate

|[Vs](z) — [Nm|| < trer[l(i)q] |Vips(z)m — (tFm + (1 — t)Gm)| < dist (Vips(z), [F,G]) < é.

Now, we apply Theorem 5.2.11 to each of the finitely many domains, where V5 & My using
the fact that the sets (U?);en defined for each i € N by

(2
U= {FeR¥? | det F =1,1-2"0"Y < |Fs| < 1,|Fm| < |[Nm| + 6}

are an in-approximation of Mg N {F € R™™ | |Fm| < |Nm|+d}. O

5.2.3 Compactness for sequences of bounded energy

A mathematical challenge in this model of crystal plasticity is the issue of compactness. We
recall the common example of the decomposition in elastic and plastic part of the curve
F : R — R™™ in the space of all deformation gradients given by [51, Remark 1.2, (iv)]

F(t) = (é t;) - (é 3) (é i) — R()F,(t), teR.

By concatenating F' with a function ¢t € L?(2;R?) we observe that due to the component
Fio, we only obtain F ot € L*(Q; R?*2). This also implies that if a sequence of deformations
(ue)e € WH2(Q;R?) N LE(Q;R?) is of bounded energy with respect to EZ, i.e. for C > 0 it
holds that E?(uc) < O, it merely follows for a constant C' > 0 that Vel L1 (qirax2y < C for
all € > 0 which is not enough to conclude that (u). is relatively compact with respect to the
weak topology of W11(Q; R2*2).

Hence, a more involved analysis is needed, a problem that was comprehensively solved
by Conti, Dolzmann and Kreisbeck in [45]. A main issue to overcome is to establish that
det Vu = 1 whose solution is based on a generalization of the classic div-curl lemma due
to Murat and Tartar in their study of compensated compactness by Conti, Dolzmann and
Miiller.

Theorem 5.2.12 (Generalized div-curl lemma [45, Theorem 2.2|[53, Corollary]). Assume
(ue)e € WHYHQ;R?) and let Vu, = A + B, for sequences (Ac)e C L*(;R?X?) such that
det(Ay) is equi-integrable and Ay — A in L*(Q;R**2) for some A € L*(Q;R?*?) and
(Bo)e € LY(Q;R?X?) such that Be — 0 in L' (€;R?**?) both as € — 0. Then,

det Ay, —~det A in L'(Q;R**?) ase— 0.

Proposition 5.2.13 (Compactness). Let (uc). € WH(;R?) N LE(Q;R?) be a sequence of
bounded energy with respect to (E2)., i.e. ES(u.) < C for a constant C > 0. Then, there
is a function u € W12(Q;R?) N L3(Q;R?) and a subsequence (uc). (not relabeled) such that
ue — u in WHL(Q;R?) as € — 0. Furthermore, there is a rotation R € SO(2) and a function
v € L2(Q) with Oy =0 and v € K\ a.e. in Q such that Vu = R(I + vye; ® ez).

Proof. Tt suffices to show the existence of a weak limit u € W12(Q;R?) N L3(£; R?) with
det(Vu) = 1. The additional properties of the statement then follow by Lemma 5.2.5.

To establish the existence of u, we follow the original arguments by Conti, Dolzmann and
Kreisbeck [45, Section 3|. We start with a closer study of the bounds on Vu.. Note that we
can represent each Q € SO(2) by a vector a € S! via Q = a ® s + a* ® m. Furthermore,
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observe that since the function v — ~? is convex and of quadratic growth and S' is a compact
set, the minimization problem imposed by the condensed energy has for each F € R?*? a
solution (al’, 7)) € S! x R, which means that

W(F)= inf (6—5|F(H—7s®m) —a®s—aL®m\2+ |W\2>

vER,aeSt

= min_(P[F(s@stmam—ysom)-aws—a oml +|?)
vER,aeSt

= min_ (e (|Fs—af* + [Fm —yFs - a*|*) + |7 ?)
~ER,a€St

= P(|Fs —al P +|Fm — 7 Fs — (al ) [*) + v . (5.6)

Now, rewriting Vu, with respect to the basis s,m € R?, and rearranging terms to mirror
the terms appearing in (5.6) we obtain

vue = Ae + Be,
where for a.(x) := V@) and Ye(z) 1= %(VU)(JT)

A, :ae®s+('yea€—|—ai)®m
Be = ((Vue)s — ae) @ s + (Vue)m — ve(Vue)s — ael) Q@ m 4+ Ye((Vue)s — ac) ® m.

Furthermore, it follows from (5.6) that ||ve[|z2(q) < C and
1(Vue)s — aelagamn) + [(Vum —1e(Vue)s — ot [3agze) < O =0 as e = 0.
Also, by Hoélder’s inequality we have
7e((Vue)s — ac) HLI(Q;RQ) —0 ase—0.
These estimates imply the existence of a subsequence (not relabeled) such that

ac —a in L®(Q;R?), A, — A in L2(Q;R?*?),
B — 0 in L'(Q;R**?), ue — u in LY R?), as € — 0.

Thus, [udr =0 and Vue — A in L' (Q; R?*?) as € — 0, which yields Vu = A € L?(; R?*?).
This shows the existence of the limit u and it remains to establish that det Vu = 1. Though
Vu is merely in L'(Q; R?*?) we have A, € L?(2;R**?) and A, — Vu in L?(Q; R**2). Hence,
we can calculate

det A. = det (ae ®@ s + (Yeae + al) ® m) = at - (Yeae + ael) =1.

In particular, det A¢ is equi-integrable and thus, by the generalized div-curl lemma of Theorem
5.2.12, we obtain

det Vu = lim det A, = 1,
e—0
as desired. This finishes the proof. O

Remark 5.2.14. Note that the arguments establishing the existence of the limit u and
det(Vu) =1 do not depend on the power of 3, while of course the rest of the statements only
holds for 5 > 2 as they are derived from the asymptotic rigidity result of Corollary 3.3.3.
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5.2.4 Construction of recovery sequences

The construction necessary in the case s # e is overly complicated if s = e; and a simpler
approach actually allows to prove a slightly more general result. Therefore, the first part of
this subsection will concern the case s = e; only, followed by the case s # ey afterwards.

We first introduce the more general energy density modeling mixed hardening. Let for

7 > 0 the energy density W, : R2%2 — [0, oc] for F' € R?*2 be given by

. {72 +7ly] if F = R+ ve; ® es) with R € SO(2),v € R,
slip —

o0 otherwise,

and for € > 0 let E7 : L3(Q;R?) — [0, 0c] be defined analogously to EF.
Furthermore, we define the functional E™% : L2(Q;R?) — [0, 00] by
1
/ X72 +71lylde  if w€ WH2(Q;R?), Vu = R(I + ve1 ® e3)
- Q
ET(u) = with R € SO(2), v € L2(Q),
00 otherwise.
We start with the upper bound estimate for s = ej, see also [42, Section 4]

Proposition 5.2.15 (Upper bound for s = e;). Let u € L3(2;R?), then there is a sequence
(ve)e € WH2(Q;R?) N LE(Q;R?) such that ve — u in L2(;R?) as e — 0 and

1 T’ﬂ < T

1%EE (ve) < E™(u).
Proof. Firstly notice, that if E7(u) = oo, we may just choose the constant sequence (u)e,
which is why we may assume the case E7(u) < oco. Therefore, there are R € SO(2) and
v € L?(2) such that Vu = R(I+ ve; ® e3). The idea to avoid penalization of the gradient by
the constraints imposed by E7? is not to shear the stiff layers and compensate by additional

shearing of the soft layers, see also Figure 5.4
Accordingly, we define for € > 0 the oscillating function v, € L?(2) by

_ 7
Ye = X ]]-EPSOftﬁQ .

The classic Lemma 2.3.1 on the weak convergence of highly oscillating functions yields
lepno — A in L®(Q) and thus, 7. — v in L?(Q2), both as ¢ — 0. As Q is simply
connected and curl(R(I + v.e1 ® e2)) = 0 in the sense of distributions, there are functions
ve € WH2(Q;R?) N LE(Q; R?) such that

Voe = R(I+ yee1 ® e2) = R(I+ %’Y Lep,no €1 @ €2)
— R(I+ve; ® e2) = Vu in L2(Q;R**?) as e — 0.

As we assumed that the mean of v, vanishes on 2 the Poincaré inequality yields ve — u in
WhH2(Q;R?) and thus ve — u in L?(2;R?). Finally, we obtain for the energies

2
T8 () — 2 Y G o
Ew) = [ sttriddr= [ (G +7) Tenere da
1
— / X’Y2 + 7|y|dz = E7(u), in L>(Q) ase—0,
Q

as desired. O
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R € S0(2)

R(I+ %’}/61 ® e2) € M,

R € S0(2)

R(I+ %’yel ® e2) € M,

R € S0(2)

Figure 5.4: For the recovery sequence, the task is to construct macroscopically a globally
rotated shear deformation. On the microscopic level, the shear is impeded by the
stiff layers. The idea is to forgo shearing the stiff layers at all, yet compensate
on the softer layers by shearing more, namely by a factor of 1/x. Since s = e, we
obtain for any amount of shear a compatible construction.

Remark 5.2.16. Since (2 is assumed to be e5-connected in the sense of Definition 3.3.6, the
function v, constructed in the proof has a very simple representation given by

ve(r) = R(ﬂc +/ 276(75)61 dt) +c, x €,
0

where ¢ € R? is chosen such that the mean value of u, on € vanishes.

Next, we will construct a recovery sequence for general s € S' which features in contrast to
the one constructed for s = e; the formation of microstructure, see also [42, Section 5]. Since
the relaxation for a mixed energy density like W, is not known [47, 3. Discussion], we can
only handle energy densities modeling linear hardening.

Proposition 5.2.17 (Upper bound for s # e;). Let u € L3(%;R?), then there is a sequence
(ue)e C L3(S;R?) such that ue — u in L?(S;R?) as e — 0 and

i B —
13}% EP(u¢) = E(u).

Proof. Firstly, note that for F(u) = oo, we may choose any sequence (uc). C L3(£;R?)
with ue — u in L?(Q;R?) as ¢ — 0, in particular the constant sequence u. = u for all
€ > 0. Hence, we may assume that F(u) < oo, in which case u € W1H2(£;R?) N L3(£; R?)
with Vu = R(I + ve; ® e2), where R € SO(2) and v € L*(Q) with v € K, . In this case
Proposition 5.2.21 provides the desired sequence. The idea of the construction is that we
may approximate the general limit function with a piecewise affine function. This is done in
the Proof of Proposition 5.2.21. For each piece, one could use a laminate with gradients in
N to approximate the affine limit, which is shown in Lemma 5.2.18. But such a laminate
construction is in general not admissible for E?. Hence, we replace in Lemma 5.2.19 large
parts of the soft layers by a finer laminate converging to a function with gradient in N and
use convex integration to fit the boundary data, see also Figure 5.5. To ensure compatibility
between the different affine pieces, the construction has to be adapted on the boundaries,
which is done in Lemma 5.2.20. O
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N=uN*T+(1—p)N~
Nt, N~ eM, pe(0,1)

1

_ convex
integration
1

Figure 5.5: Compared to the case s = e1, the construction of a recovery sequence in the case
s # e1 is more involved, in particular to ensure compatibility of the different parts
of the material. Firstly, we construct a laminate which takes on the softer layers
values N € N,. Afterwards, we replace N by a finer laminate with gradients
NT,N~ € M, approximating N on most of the softer layer and apply convex
integration on the rest to obtain compatible boundary values.

In the following we proof the individual lemmata needed in the proof of the upper bound
for s # ey.

Lemma 5.2.18 (Laminate for constant v with gradients in Ny). For each affine function
u € Wh2(Q; RH)NLA(Q; R?) with Vu = R(I+ve1®ez2) and vy € K 5, there is an N € Mg, NN,
namely N = R(I+3e1 ® ez), such that for the simple laminate vy € W (R2,R?) given by

V’Ul:R]lps —|—]\fﬂpS

tiff oft ?

the sequence (ve)e C WH™(Q; R?) N L3(;R?) defined by Vv, = Vi (e™! - ) satisfies ve — u
in L2(;R?*?) as € — 0 and

/ |Voemn|? — 1daz — )\/ INm|* —1dz = E(u) ase— 0.
Q Q
Proof. Lemma 5.2.8 yields the existence of an N € Ny such that

AN+ (1=XN)R=R(I+ve; ®e2) and Nej = Rey.

Hence, R and N are rank one connected and with N — R = 1 Re; ® es and therefore v, is
well-defined. Furthermore, we obtain by the weak convergence of highly oscillating functions

Vue = AN+ (1 —=ANR=Vu in L*(Q;R**?) ase— 0,
while for the corresponding energies we have
/ |Voem|? — 1dz = / (|Nm|2 —1) Lep, 0 do
Q Q

—>>\/|Nm|2—1d:1::E(u) in L?(Q;R?) ase— 0.
Q
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Lemma 5.2.19 (Admissible laminate for constant 7). For R € SO(2) and N € Ny let
vy € WH(R2 R?) satisfy
Vo, = R]lpstifr +N ]lps

oft ?

and let (ve)e C WH(Q;R?) N L3(;R?) given by Ve = Vui(e7! - ) converge weakly to a
function v € WH2(Q; R?) N LE(Q;R?), d.e. ve — v in WI2(Q;R?) as e — 0.
Then, there is a sequence (we)e C W12(Q;R?) N L3(Q;R?) such that

we — v in WH2(QR?) as e - 0 and  limsup EP (w.) < E(v).

e—0

Proof. Let C = a + (0,£)?, a € R%, ¢/ > 0 be a cube containing  with dist(z,0C) > 1
for all z € Q. Choosing C large enough we may assume |[P° N C| = 1-/, i.e. P? is not
intersected by the upper or lower edge of C. By Corollary 5.2.9 there is for each § =€ € (0, 1)
a function ¢, € WH= (P2, N C;R?) such that (5.5) is satisfied for § = € and Vi), = N in

SO

L®(PY. NC;R?*2) as € — 0. For x € P°NC we set

pe(@) = (ve(@) = Na) Lponc,

and extend this function periodically with respect to P in es-direction to . € W1°(R2; R?).

Furthermore, we set z. = v; 4+ ¢, and obtain by the fact that Vi, — 0 in L= (R?; R?*?) as
€ — 0, that

Vze = Vo in L®(R%R*>?) as e — 0. (5.7)
Lastly, we introduce w. € WH2(R?;R?) N LE(Q; R?) given by
Vwe = V(e ) =V + Vi (et ).
Notice that by construction, Vw, € M a.e. in  and in particular Vwe = R € SO(2) on
€ Py N Q. Furthermore, due to (5.7) Lemma 5.3.1 yields

1
Vuw, = / Vordes = AN+ (1= VR =Vu in L2(QR?) as e — 0.
0

Finally, we consider the energies. Since |Vwem| = || < |[Nm| + € a.e. in Py, N C and
|[Rm| =1 and 1 < |[Nm| it follows that

lim sup E (w,) = lim sup/ (IVwem|? = 1) 1ep, o do
Q

e—0 e—0

S 11_{% Q (‘Nm‘2 - ]') :ﬂ'epsoftmﬂ dl‘ = E(U’)

O

Lemma 5.2.20 (Recovery sequence for piecewise affine limits). For each (finitely) piecewise
affine function u € WH2(Q;R?) N L3(Q;R?) with Vu = R(I + ve1 ® eg) for R € SO(2)
and v € L*(Q) piecewise constant satisfying 01y = 0 and v € K\, there is a sequence
(we)e € WE2(Q;R?) N LE(Q; R?) such that

we = u in WY R?) ase — 0 and  limsup EP (w.) < E(u).

e—0
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Proof. We denote by €', indexed by a set I, the domains, where Vu and thus v takes the

constant value v € R. In accordance to with Lemma 5.2.18 we set N’ = R(I —0—7161 ® e2).
Since 2 is assumed to have Lipschitz boundary and 91y = 0 in the sense of distributions
it follows that the interfaces I'V = QiNQJ, i,j € I, are either empty or there are t; € R,
indexed by a set Iy such that TV C R x {tk} Furthermore this implies that Q' is itself a
bounded Lipschitz domain and thus Lemma 5.2.19 yields that there is a recovery sequence
(wl)e € WE2(Q1;R?) for constant v¢ such that Vw! = R on ePyig N . Overall, we define
(wh)e € WH(Q;R?) N L(©; R?) by

Vw, =R+ Z(Vu}i 1gi —R) ]lﬂ\UkEI X([tg]ete | thrle)

i€l

Since Vw! and R are compatible along the layer interfaces (R x €Z) N, it follows that u.
has gradient structure and by choice of w! and the fact that

‘Q\ U Rx ([tkle + € [trrie)
kelr

< 2diam(Q)|Ir| ase—0

we have
we = > (AN'+ (1= AR)1gi =Vu in L*(R*?) ase— 0,
i€l
while we obtain for the energies

2 —
/Q [Vewem|” — 1de = /6 soft M2 Z [N m| o 1) ]1|Q\Uker *(Itk]eteltir]e) dz

i€l

—>)\/Z (IN'm|? = 1) 1gi dz = E(u) as e — 0,

i€l
as desired. O

Proposition 5.2.21 (Recovery sequence for general limits). Let u € W12(Q; R?) N LE(Q; R?)
with Vu = R(I + ve; ® e3) for R € SO(2) and v € L?() with 1y =0 and v € K. Then,
there exists a sequence (uc). C W12(Q;R?) N L3(;R?) such that

ue — u in WH2(Q;R?) as € =+ 0 and limsup E°(u.) < E(u).

e—0

Proof. Based on Lemma 5.2.20 we argue by approximation and diagonalization. Accordingly,
let ((F)ren C L2(Q, K;.)) be a sequence of locally one-dimensional simple functions approxi-
mating the locally one-dimensonal function v in the sense that (¥ — v in L?(Q), see Lemma
4.5.12. Correspondingly, for k € N we introduce (w")reny € WH2(;R?) N LE(€; R?) given by
VwF = R(I + ¢*e; ® e2). Note that by the Poincaré inequality there is a constant C' > 0 such
that for all k € N

lu — w¥(lp2@pe) < CVu — Vo | 2 qpexe)
= CHR(H +ye1 ®ez) — R(I+ Ckel ® eQ)HLz(Q;Rsz) =Clv - CHLQ(Q)

and, since v and (j are bounded in L*°(Q), it holds that

[Bu) - B@")| < [ 112 = (¢ de < Clly = Hliaey
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Now, let (wF). ¢ W12(Q;R?) N L3(£;R?) be a recovery sequence for wy, given by Lemma
5.2.20, so that for all £k € N

[|wk — wkHLZ(Q;RQ) —0 and E°(w*) — E(w*) both as e — 0.
Thus,

. . k B,k : k k
]gli{{.lo lg% (Hwe - UHLQ(Q;RQ) + ‘Ee (we) - E(U’)D < kligolo (H’LU - uHL2(Q;R2) + ’E(w ) - E(u)‘)

=0.

Hence, the diagonalization Lemma 4.5.14 by Attouch yields the existence of a sequence

k(e)

Ue = we *~ satisfying
uc —u in L2(QR?) and EP(u) — E(u) both as e — 0.

Furthermore, since u is uniformly bounded in W12(£2; R?) we obtain by the Urysohn argument,
cf. Lemma 4.5.15, that u. — u in W2(Q;R?) as € — 0. O

Remark 5.2.22. Observe that the es-connectedness of (2 is only needed in Proposition 5.2.21
for the approximation argument by simple functions. Hence by Remark 4.5.13, Proposition
5.2.21 generalizes directly to bounded Lipschitz domains 2 for which the decomposition given
by Proposition 4.2.8 is a partition of ) in finitely many sets.

5.2.5 The lower bound estimate

For the lower bound, we follow the general strategy applied for the elastic energy in Chapter 4,
in particular of Lemma 4.3.4 and Proposition 4.3.13. Yet note, that these results cannot be
directly applied. In particular Lemma 4.3.4 only holds for sequences in W1P(Q2; R") with
p >n > 2 to guarantee the weak continuity of the minors. For the model of crystal plasticity
discussed here, the deformations are merely functions in W11(Q; R") so we have to adapt the
arguments using the techniques developed by Conti, Dolzmann and Kreisbeck in the context
of compactness, see Subsection 5.2.3.

Though our application is solely restricted to n = p = 2, the next lemma holds in all
dimensions for a convex energy density W, in which case in contrast to Lemma 4.3.4 the
requirement of a gradient structure and the restriction to p > n can be dropped.

Lemma 5.2.23 (Energy estimate for affine limits and convex energies). For n € N and
1<p<oolet W:R"™" —[0,00) be a convex energy density. Let U — F in LP(Q;R™™) as
€ = 0 with F = R+ d® ey, and let there be a sequence (Z¢)e C L (Q;R™ ™) with Ec — R in
LP(Q;R™™) and [|Ue — Z¢|| 1 (nePysgrrxny — 0 both as € — 0.

Then,

limint [ Wi(z,U,)de > /\/ W(R+ A ey) da.
e—0 0 0

Proof. Firstly, we have to determine the asymptotic behavior of the sequence Ue 1cp,,,;. Since

1Ue = Zell Lo (0nePygrrxny — 0, Ec — R in LP(;R™*") and by the classic Lemma 2.3.1 on

weak convergence of highly oscillating functions 1.p, .. — (1 — )) as € — 0 it holds that

tiff

Uclepyyy = (Ue = E) Lepyy +Zc Lepyy — (1= AR in LP(Q;R™™)  as € — 0.
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Together with the fact that U, — F in LP(Q; R™*™) this implies

Uelep,,, = U — U1, —~F—(1-=XR in LP(Q;R™") ase— 0.

oft stiff

Hence, by Jensens inequality and the continuity of convex functions yields

liminf | We(z,U:)dz > liminf W(Ue) dx
e—0 QO

e—0 GPSOft N

1
€ Peott N 2] JQnePuos

. . 1
= A|Q] hgglfW(m /Q UeLep, g da?)
= AQWAH(F - R(1-\)))
— )\/ W(R+ X 'd®e,)dz, (5.8)
Q

> Aymhgélfw( Uedz)

which is the estimate desired. O

As for the results concerning elastic models in Chapter 4, we can use this lemma to establish
a lower bound in the case of affine limits, while the general case builds directly on the lemma,
rather than the result for the affine case. We therefore proceed directly to the general lower
bound, see also [42, Section 5].

Proposition 5.2.24 (Lower bound for general limits). For u € L3(£2;R?) suppose that
(ue)e C L3(;R?) is a sequence with u. — u in L*(Q;R?) as € — 0. Then,

llgélf EP(uc) > E(u).

Proof. If liminf._,q Ef(ue) = oo there is nothing to show. We therefore may assume that
EB(ue) < C for a constant C' > 0, arguing for a subsequence of (uc). if necessary. By Lemma
5.2.13 and a Urysohn argument, cf. Lemma 4.5.15, we see that there is a rotation R € SO(2)
and a function v € L?(Q) with 817 = 0 and v € K  a.e. in  such that Vu = R(I+ve; ®e2).

Now, we approximate the v by essentially one-dimensional simple functions, using Lemma
4.5.12 and the same notation as in Lemma 5.2.20. Let ((x)reny C L?(2) be a sequence of
simple functions with ¢, — v in L?(Q2) as k — oo of the form ¢, = 1%, ¢} 197; such that

the partitions = (Qi)ie{17...,nk} are nested in the sense that each Qf can be written as
a finite union of sets 2] 41 For s # €1 we may furthermore assume that the sequence is
monotone , i.e. (x < (ry1. Since Q is assumed to be e;-connected and 9y = 0, the interfaces

sz = Q}C N Qi, i,7 € {1,...,n} are either empty or there are t, € R indexed by a set I}; such
that F?g C R x {t¢}. Furthermore, we introduce wy, C WH2(Q;R?) N LE(2; R?) determined by
Vwg = R(I+ (re1 ® e2) for k € N, which will serve as an approximation of w.

Regarding (u)e the discussion of compactness in Proposition 5.2.13 suggests to reuse the
decomposition of Vu, = Ac + B¢ from the proof of this proposition. In particular, the fact
that

lim inf/ A2 — 1de < liminf [ W(Vu,)dz (5.9)
e—0 Q e—0 Q
allows us to argue for the convex energy density A + |A|?> — 1 rather than the more involved
condensed energy [45, Section 3]. Naturally, this applies only to the soft layers, which suggests
to consider instead of Vu, the functions (U,). C L%(Q; R**?) given by

U€ = (VUE) :H‘Epstiff +A€ :H'EPsoft .
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Next, our goal is to obtain an approximation (Z¥). ¢ L?(Q;R?) of Vwy, on the level of
finite € > 0 that is close to U.. More precisely, we define Z* := U, — Vv, + Vo¥ for sequences
(ve)e and (vF). € WL2(Q;R?) N L3(Q;R?) that satisfy for all k € N

ve = u and v* = w, both in WH2(Q;R?) as e — 0. (5.10)

Furthermore, to avoid interference with the differential inclusion constraints on the stiff layers
the constructed sequences should satisfy for all kK € N and € > 0

V’Uf = Vv, a.e. in ePyig N1, (5.11)
and, to control the distance to Ue in terms of k, we seek an estimate of the form
Hva - V”eHL2(Q;R2x2) < CHCk - ’Y||L2(Q) (512)

Choosing for (v)e and (v¥), recovery sequences for u and wy, respectively, would provide
sequences that satisfy (5.10) and (5.11), yet (5.12) is obscured by the here unnecessary
microstructure attached to recovery sequences that ensure the deformations are admissible.
Therefore, we choose sequences constructed along the same lines as the recovery sequences
in Lemma 5.2.18 ; Lemma 5.2.20 and Proposition 5.2.21, but skipping the contributions of
Lemma 5.2.19. ;

In accordance to Lemma 5.2.18 and Lemma 5.2.20 we define for N} = R(I +77’“61 ® e2) the
functions v* € W12(Q; R?) N L3(Q; R?) by

ng
K _ i ,
Vo = R+ ;(Nk: — R) Lgi Lepy ﬂQ\Ueezg Rx([te)etelteste) -

For each k € N, the weak convergence of highly oscillating functions applied to each Qi;
together with the fact that

‘Q\ U R x ([trle + € [trr1]e)

kel

< 2diam(Q)e-#IL -0 ase—0

yields vF — wy in WH2(Q; R?).

In the case s # ej, we obtain from (v¥). the sequence (vc)c by applying the Attouch
diagonalization Lemma 4.5.14 as in Proposition 5.2.21 a subsequence v, = vf © 4 in
W12(€; R?). Hence, we see that (5.10) and (5.11) hold. To establish (5.12) observe that for

k,K € N and € > 0 the definition of both N} and Qi yields

Nk NK

HV’U —V’U ||L2 Q;R2%2) <HZZ N]I( :H.Qz ]]_
i=1j=1

LQ(Q;R2X2)

Ng NK

— AHZZ (ck— ¢k ) Lgi Loy

i=17=1

12(9)
1
= XHCk —Cxllz2 @)

Thus, since the sequence ((j)xken is for s # e; assumed to be monotone, we have

Gk = 2 (0)-

>| =

[90f = rellzaaipees) < sup |90 = VoKl paagan <
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For s = e; we may choose for v, the much simpler recovery sequence constructed in Proposition
5.2.15, in which case (5.12) follows immediately.
Now, let us return to (ZF). € L?(Q; R?*?) given by

ZF = Uc — Ve + V!

and consider its properties. By (5.11) we see that V¥ lep,s = VUe Lep,,s = R and thus we
have for each x € ePyig N

dist(Z*, SO(2)) = dist(Vue, SO(2)).

Thus, arguing by exhaustion as in Corollary 4.3.7 we may assume by Proposition 3.3.10,
that there is a sequence (3¢). C L*(Q; 50(n)) such that || ZF — S||;2qr2) — 0 as € — 0
and by Lemma 3.3.12 and Proposition 3.3.15 it also satisfies ¥ — R in L?(Q;R?*?) as
¢ — 0. Furthermore, on each Q}C we have that Vw. = R(I + %Cfel ® ez) and VzF — Yy,
in L2(Q;R**%) as ¢ — 0. Hence, Lemma 5.2.23 applied to each Q2 and summing over
ie{l,...,n;} yields

limiélf/ 1ZE2 - 1dz > )\/ W(R+ N"Cer ® e2) do = E(wy). (5.13)
€e— 9] Q

Finally, it remains to show that taking the limit & — oo in (5.13) establishes the claim. We
observe for the right hand side that by Hélders inequality the fact that (Vwg)gen is uniformly
bounded in L?(Q;R2*?)

B(w) ~ Bw)] < [ [IVul? = [Vul dr

1
= C(/ Vg — Vu\2dg;) P <O — 2@ — 0 ask—0.
Q
For the left hand side of (5.13) we argue analogously using (5.11) and (5.12)

‘/ |Zf|2—1dx—/ \Ae\z—ldx‘ SC’/ \Vok — Vo |? da
Q Q €PaottNQ

C
SXHQC—’YHL%Q)—)O as € — 0.
This, together with (5.9) yields the claim. O

Remark 5.2.25. Notice that the e%—connectedness of Q is only needed for the approximation
argument by simple functions. By arguing locally on cubes C CC €2 and exhausting € with
such cubes, the result can be extended to general bounded Lipschitz domains. However, with
Proposition 5.2.21 requiring this restriction on the geometry of €, we may also assume it here.

Remark 5.2.26 (Addition of a term linear 7). For E7? note that by the lower semicontinuity
of the L'-norm, a lower bound estimate can be easily derived from the lower bound for Ef
Indeed, the uniform bound on (E?(u.))c yields weak convergence of v — v in L%(Q; R?) as
€ — 0. Hence, by lower semicontinuity of the L'-norm we have the estimate

1iminf/ |’y€|dx2/ |v| d.
e—0 0 Q

Overall, we obtain

e—0

lim inf E7? (uc) = lim inf E77 (u,) + lim infT/ Vel dz > E(u) + 7'/ |v|dz = E7 (u).
e—0 e—0 Q 0

Notice that this estimate holds independent of the slip direction, but we have shown a matching
upper bound only in the case s = ej.



Appendix

5.3 Appendix

The following result is a generalized version of Lemma 3.4.1 on the weak convergence of
periodic functions in one component. Here, we restrict ourselves to the case of p = oo as this
requires only a slight adaption of the original proof.

For weakly convergent functions periodic to the unit cell (0,1)" C R™ a self-contained proof
was given by Lukkassen and Wall [103]. As mentioned before, a more comprehensive study
of this type of results motivates the introduction of the notion of two-scale convergence and
techniques such as the unfolding operator.

Lemma 5.3.1 (Weak convergence of highly oscillating weakly convergent functions). For
n €N and ¢ € (0,00) let (ue)e C L®(R™) be uniformly bounded with u.(z + le,) = uc(x) for
all x € R™ such that for some u € L®(R™) we have u. — u in L®(R") as ¢ — 0. Define
(ve)e T L®(R™) by ve(a', ) = ue(',2nfe) for all x = (2, z,) € R™. Then, for all domains
Q C R™ we have

* 1 4
ve =@ in L™®(Q) as e — 0, where v(x)= Z/ udxy,.
0

Proof. We merely adapt the proof of Lemma 3.4.1. Arguing as before, we may assume that
¢ =1 and obtain by the uniform bound on (u.), for each A = (0,a)™ + b, where a € R, and
b= (V,b,) € R" that

I_bn"‘aje
lim | v.dx = lim ve dx,, da’.
e—0./A =0/ bn ]
Thus, the key is to substitute (3.30) by
Lbn+aj€ bn € bn [ €
/ / fedz, dz’ :/ Lbn + ae = [bn) 6/ ue(z', 22) day, da’
(0,a)"=1+4b" J |bn|e+e (0,@)"—1+V € 0
1
= ([bn +a)e— [bn]e —€) / / ue(z', 2y day, da’
(0,a)*=1+b" JO
— udxr ase— 0.
(0,a)"+b’

Hence, Lemma 3.4.2 entails the claim.

| 5.3
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Homogenization of Materials
with Randomly Layered Structure

Up to this point, we have only considered strictly periodically layered materials. In this
chapter we want to broaden our view towards layered materials of random layer thickness. To
keep the focus on stochastics, we will restrict our considerations to the rigid-plastic idealization
of the elastoplastic model considered in Chapter 5 with the slip system s = e, m = es active
in every other layer.

To illustrate the necessary changes, we consider in the first section a simple Bernoulli model.

In the following sections, we then give a short overview of ergodic theory to extend the result
to more general stochastic processes.

6.1 Introduction to stochastic homogenization

6.1.1 Transition from periodic to random layer thickness

Before considering explicit material models, we want to address the key question arising in the
transition from periodic to stochastic homogenization: What suitable property of a stochastic
process can substitute periodicity and what technical arguments take the place of convergence
results such as the classic Lemma 2.3.1 on the weak convergence of periodically oscillating
functions?

Let us first review the periodic structures. For a constant ratio A € (0,1) between stiff and
soft layers we previously defined

P =R x (0,A] and Pyg =R x (A, 1],

and extended this structure periodically to R? with respect to the periodic cell R x (0,1]. We
may also define periodic functions tailored to this layered structure, for example, the function
f € L>®(R2,R) given by

f(x) = 1p(x) = Lo (22) for v = (z1,22) € R2.

Notice that f is periodic with respect to R x (0, 1] in the sense that f(x + e2) = f(z) for all
z € R2.
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Now, assume that the ratio between a pair of stiff and soft layers can take two values
A% € (0,1) at random. More precisely, we introduce for p € (0,1) a family of independent
random variables X = (X;);cz that are Bernoulli distributed with parameter p and are each
defined on the probability space (Z;,.A;, P;) with their product space denoted by (Z,.4,P). In
the following we will identify X; with the respective projections on the product space (Z, A, P).
For the two possible component ratios A, A2 € (0,1) we define for each i € Z the random
variable \; = A! + (A2 — A1) X; and set correspondingly for i € Z

i a =R x (i,i+)) and Plg=Rx (i4+N\,i+1), (6.1)

see also Figure 6.1. Coming back to the key question asked in the beginning, consider for
P% =R x (0,1] the function 1 5, : P® x E = R, where we set 1(g 5,](2,w) = L(g re(w) (%) of
(r,w) € P’ x Z. In contrast to the periodicity condition, under which the function would
coincide with its shift by ies, i € Z, the value of the function should be related to the layer
thickness determined by the random variable X;. Accordingly, we would expect the extension
of T(g,5y to R? to satisfy the relation

Lo (@ +ie2, ) = Loag(, -), (z,w) €R*xE.

Note that for given z this is a relation between two random variables, as 1 y,] is depending
on a spatial as well as a stochastic variable. In general, a function f would for a given point
x still depend on the stochastic variable, so a meaningful analogon to a periodic function f
is given by a function f € L>®(R?; L'(Z, A,P;R)), where L>®°(R?; L'(Z, A, P;R)) denotes the
usual Banach space valued LP-space, such that there is a function g € L>(P° x {0, 1}; R) with

flpo(x, -) = g(x, Xo) and f(x +ies,-) =g(x,X;) i€Z forxze P

Notice that g( -, X;) is B2 ® A;-measurable, as concatenation of the B2 ® P({0, 1})-measurable
function g with the B? ® A;-B? ® B'-measurable function (idgz, X;), where B? denotes the
two-dimensional Borel sets.

This definition of f implies for the integrals of f over P; that for ¢ € Z

) dz = / g(w, X;) de € L' (Z;, Ai, P R).
pi po

In particular, for each i € Z we have that [p; f(z)dz is A;-measurable by the theory usually
developed in the context Fubini’s theorem, see e.g. [67, V.2, Satz 2.1]. Furthermore, the family
of random variables ( [p; f(z) dz);cz is independent.

In the next sections, more precisely, in Subsection 6.3.1, we will see how to incorporate the
features obtained via the stochastic process (X;);ez directly into the probability space.

For our applications we need to substitute Lemma 2.3.1 on weak convergence of highly
oscillating functions by a suitable result on the asymptotic behavior of means of random
variables. The simplest theorem of this type is given by the law of large numbers, whose
descendants branch into the fields of ergodic theory, renewal theory and others. Later on, we
will utilize ergodic theory to derive a more general substitute for Lemma 2.3.1.

Theorem 6.1.1 (Kolmogorov’s strong law of large numbers [18, Korollar 12.2]). Let (Xx)ken
be a sequence of independent, identically distributed, integrable real-valued random variables.
Then,

k
lim %Z (Xi —E(X;)) =0, a.s.

k—o0 et
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Figure 6.1: In contrast to the periodically layered materials considered previously, we assume
that for each pair of a stiff and a soft layer, there are two possible layer ratios,
A1, A2 € (0,1), both occuring with a certain probability. The overall configuration
of the layered material is thus determined at random, with the randomness on
each pair of a stiff and a soft layer modeled by independent Bernoulli distributed
variables.

Remark 6.1.2. Notice that the result above directly generalizes to a family (Xj)kez with
X} as in the statement by splitting the sum over Z into one sum over —N and another sum
over N, and then applying the theorem twice.

The next proposition revisits the arguments made to prove Proposition 3.4.1 and is a
simplified version of results usually obtained for more general stochastic processes such as
Proposition 6.3.13. As it suffices for later applications, we restrict ourselves to the case of one
space dimension.

Proposition 6.1.3 (Weak convergence via the law of large numbers in one variable). Let
f € L®(R,L'(E,P;R)) be such that (fy f(z + i)dx)icz is an independent and identically
distributed family of random variables. Then, the sequence (f.). given by fo(z, -) = f(e tw, -)
satisfies

fe i\E(/Ol f(z, )daz) in L°(R) as € — 0, a.s.

Proof. We again utilize Lemma 3.4.2. For a € R and h > 0 let [a,a + h] C R be an interval

and set I, = Ila’aJrh]. Then, for small € > 0 we have
a+h la]e+e la+h]e a+h
[ s o= [T fiw o da fo(w, ) o+ f(a, ) da.
a a la]e+e la+h]e

For the first and analogously for the third term on the right hand side we argue

lalete
[ s de < Il pseyllale+ e~ al 0 as 0.

For the second term, a change of variables leads to

/LL(théfe(x, Jar=eY [ gt ')dx:elleuu;/olf(eri’ )de.

aJete icl. icl,

| 6.1
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Now, since €|I| — h as € — 0 and by Kolmogorov’s strong law of large numbers in the version
of Theorem 6.1.1 we obtain for the family (fol f(z+1, -)dx)ez that

Z/fm+z~da:—>E/f as € — 0.

i€l

| e]

Thus, we have for all intervals [a,a + h] C R

[ gt yaw o ne( [ gteyan) = [TUE([ @ ar)ay

and Lemma 3.4.2 yields the claim. O

6.1.2 Homogenization of a Bernoulli model for layered materials

In this section, we want to develop the Bernoulli formulation for the geometry of layered
materials of the previous section into a variational model for crystalline materials.

Example 6.1.4 (A Bernoulli model for layered materials). Let 2 C R? be a bounded Lip-
schitz domain modeling the material. Recall the notation leading up to (6.1): We consider for
p € (0,1) a family of independent random variables (X;);ez that are Bernoulli distributed with
parameter p. The underlying product probability space is denoted by (Z, .4, P). Assuming
that the ratio between a pair of stiff and soft layers can take the values A, A\? € (0,1), we
introduce the random variables A; = A! + (A2 — A1) X;. The stiff and soft layers are accordingly
defined for i € Z by
Plp=Rx(i,i+X) and Plg=Rx(i4+ \,i+1).

Hence, in the following eP! ; denotes for each i € Z the soft component of the i-th layer,
which is with probability P(\; = A!) = P(X; = 0) = 1 — p of thickness eX!.

It remains to adapt the energy functionals introduced for crystalline materials in Chapter 5
to the randomly layered structure, with the allocation of the energy densities now depending
on the actual realization of the layered structure.

Accordingly, we consider for € > 0 the energy functional

E> : LA R?) x E — [0, o0]

given for u € WH2(;R?) N L3(Q;R?) and w € Z by
B (u,w) = /QWslip(vu(x))ﬂepsofcﬁﬂ(x’w) + Wgo(vu(x))]ldjsﬁffﬁﬂ(x?w) dez, (6.2)

where the energy densities Wyjip, and W are defined as in (5.2) and (5.3), respectively. As
for previous energies, we define £ on L3(Q;R?) x Z.

Remark 6.1.5 (I'-convergence in a stochastic setting). In the following we aim to determine
the I-limit (E2°)e>o. Yet, since (E2°)(~0 depends on the stochastic variable w € =, it remains
to specify the meaning of I'-convergence in this context.

The notion we want to consider is almost sure I'-convergence in the sense that for almost
every w € Z, there is for each u € W12(Q; R?) N L3(£2; R?) a recovery sequence and for each
sequence u, — u in L?(Q;R?) a matching lower bound estimate, a notion that is for example
also used in [117].
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Next, we want to consider in analogy to Example 5.1.1 simple shear deformations in the
Bernoulli model.

Example 6.1.6 (Shear deformations in the Bernoulli model). The goal of this example is
to show that simple shear deformations can be attained almost surely as limit functions. In
contrast to the case of periodically layered materials, the construction can, and in general has
to be tailored to each realization.

Let the macroscopic shear deformation u € W1H2(Q; R?) N L3(Q; R?) be given for R € SO(2)
and v € R by

Vu = R(I+ ve; ® e3).

As in the periodic case, the challenge is imposed by the rigid layers, and we apply the same
strategy as there, which is shearing more on the soft layers to compensate for the presence of
the rigid layers. In the periodic case where the component ratio for each pair of rigid and soft
layer was identical, we scaled the amount of shear on the soft layer by a factor of 1/x. For
random component ratios we scale by 1/E();) instead, with the expected value for the thickness
of the i-th soft layer given for each ¢ € Z by

E(\) = (1 —p)A! +pAZ.
However, to tailor the approximating sequence to the specific realization, we introduce the
function o € L*>°(R?; L' (Z;P; R)) given by
O'(IEW):LZH' (xw):LZ]l-- (z9,w), (z,w)€ER*xE
’ E()\;) 4 Plog E(\;) 4 (4, (i+2:)) L2, W) ’ =
1E€EL 1EL
and set o(z,w) = o(e 1z, w) for (r,w) € R? x Z.

Observe, that by definition of ¢ via (X;);cz we have for g € L=(P° x {0,1};R) given by

9(x, &) = Lo y(a2) Liop (&) + Lo pzy(a2) 113 () (,€) € PP x {0,1},

the representation o(z,w) = g(z — i, X;)(w), (z,w) € P* x E, i € Z. The representation also
shows that we may identify o with a function in the one variable z3. Hence, ([{T! o dz);cz is
a family of independent and identically distributed random variables, and thus Proposition

K3
6.1.3 yields the existence of a set Z C = of full measure, i.e. P(Z) = 1 such that for all wy € =

1 1

oe( - ,w iIE/JQI:,-dx: 1E/]l Tdzy) = A-E(N\)=1 ase— 0.
(+,wo) ( ) (x, ) ) E(v) ( o (O 2) E(\i) (Ai)

Now, consider for fixed wy € 2 the sequence (ue). C WH2(€; R?) N L2(€; R2) given by

Vue(z) = R(I+ yoe(-,wo)er @ e).

To verify that ue — u in WH2(Q;R?), firstly note that yo.(-,wg) — 7 in L?(Q), which
yields Vu, — Vu in L?(£; R?*?) and since we required the mean value of u, to be zero we
have ue — u in W12(Q; R?).

Finally, let us consider the asymptotic behavior of the energy of (uc).. For this calculation,
note that o2 € L>°(R?; L}(Z,P,R)) as 02 = 1/E()i) - 0, so that again Proposition 6.1.3 implies

* 1 1 1
o2(-,wo) —\E(/Y(,—Q(x, )d:r) = E()\i)2E(>\i) = E(v) = A= )N T pa as € — 0.

| 6.1
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Therefore, we obtain
Efo(ue):/72af(-,w0)dx /Pyaexwo dx—> /'y x, ase—0,
Q

where again the difference to the periodic case is the scaling factor of 1/E(\") instead of .

The sequence constructed in the last example provides a recovery sequence in the following
I'-convergence result.

Theorem 6.1.7. Let Q C R? be a simply connected bounded Lipschitz domain which is ef;—
connected in the sense of Definition 3.5.6. Then, the family of energy functionals (E°). defined
in Example 6.1.4 by (6.2) converges almost surely in the sense of I'-convergence with respect
to the strong L?-topology to a functional E : L3(£;R?) — [0, 00] given for u € WH2(Q;R?)
with Vu = R(I+ ve1 ® e3) a.e. in Q, R € SO(2), vy € R by

and E(u) = oo otherwise in L*($;R?).

Proof. Upper Bound. Suitable sequences have already been constructed in Example 6.1.6.

Lower Bound. Not to repeat all arguments of Section 5.2.5, we restrict our efforts to proving
the case of affine limits, which takes the role of Lemma 5.2.23 in this context. With regard
to asymptotic rigidity we apply techniques from [42], besides the more general arguments
of Section 3. In particular, note that the application of Jensen’s inequality is replaced by
arguments utilizing the properties of Lepi and Lepi that are well understood in this
stochastic setting.

Indeed, since by ]lepsitiﬂ(ac,w) =1pi (z/e,w) = (g n,)(*2/e,w), (7,w) € eP'x 2, i € Z, we
can interpret 1 p pi o asa one-dimensional function in space and arguing as in Example 6.1.6,

Proposition 6.1.3 yields that for a set of full measure 2 C E, P(Z) = 1 we have for all wy € =

1
Lep, o (-hwo) = E(/O Lo (x2)dry) = E() = (1—p)A' +pA? i L*(Q) as e = 0.
For the following arguments, let for wy € 2 fixed (uc) € WY2(Q;R?) N L2(Q; R?) with
E>(ue,wp) < C for a constant C' > 0 converge to a limit function u € Wh2(Q; R?) N LE(Q; R?)
that is affine.
Since E°(ue,wp) < C we know for each € > 0 that u. satisfies the pointwise differential
inclusion constraints

Vue € SO(2) on €Pyig and Vue € Mg, on ePyg  a.e.

In particular we have |Vucea| = 1 on e Py a.e.
Furthermore, by ReSetnjak’s Theorem 3.2.3 there is for each rigid layer eP? iy ¢ € I a

rotation R¢ € SO(2) such that
Vu. = R. € SO(2) on ¢P:

sti

&N Q.

As in the proof of the rigidity result of Theorem 3.3.1 we gather all these rotations in the
function (E)e C L*(%; SO(2)), given for Q¢ = ;s eP" NQ by

Se=> Rilpi+Ilgq, -
i€l
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Since A1, Ao > A > 0 for some A > 0, the estimate on rigid body motions on different rigid
layers of Lemma 3.1.3 yields for all i € I, \ {imax — 1}

|RH — R| < Ce.

Summing over all layers, this entails that the variation of (¥), is uniformly bounded. Hence,
by Helly’s selection Theorem 3.3.16 (applied to X, as a one-dimensional function) we obtain
the existence of an R € L>(€; SO(2)) such that ¥, — R in L?(2;R?*?) as ¢ — 0.

Besides, as A1, A > A > 0 for some A > 0, we may assume by the characterization result of
Theorem 3.3.1 that v € WH2(Q; R?) N L2(Q; R?) with Vu = R(I + ve; ® e3), v € R, in light
of the fact that Vue; = Re; uniquely determines the rotation R. Hence, we have

Vuclep,e(- wo) = (1—E\))R in L*(Q,R*?) ase— 0.
This, together with the fact that Vu, — Vu in L2(Q; R?*2) as € — 0 yields

Vuclep

soft

(-,wo) = Vu— (1-EN))R in L*(Q,R*?) ase— 0. (6.3)

In particular, this convergence holds also in L'(£, R?*2).
As mentioned before, we now replace the application of Jensen’s inequality which was used

to conclude in Lemma 5.2.23 by techniques from [42] based on the properties 1.p, ., to show
1 .
/Q m’Vueg —(1- E(/\i))R]2 —E(\)dx < hgglf/g |Vuces|* — 1dz.
By (6.3) and the lower semicontinuity of the L!'-norm we obtain
/ |[Vues — (1 — E(\;))Rez| dz < lim inf/ |Vucea|Lep,,,, dz. (6.4)
Q e—0 Jo

With u affine, we have Vu constant, and thus the left hand side can be estimated by
0| Vues — (1~ E(\)Rea| = | / Vues — (1~ E(\))Rez de|
Q
_ / Vues — (1 — E(A;))Rea| da. (6.5)
Q

To estimate the right hand side of (6.4), we set . := Uicre eP'NQ and argue

[ 1V ucesl Ve do = [ [Vucesl Lpy dot [ Vo] Lep, da
Q Qe Q\QE
1
S /Q ‘Vu€e2 ]]‘epsoft ‘ ]]‘epsoft dx + |Q \ Q€|§ HvueeZHLZ(Q,RQ)
1

< [IVucea Lepy, l2(0m2) | TePios l22(0) + CI2 N €[ (6.6)

Overall, squaring (6.4) together with (6.5) and (6.6) entails
yQ|/ |Vuey — (1 — E(\;))Res)? dz (6.7)
Q

< liminf [ Vuces Tepo (- wo) [ F2(re) | TP (-5 w0) [ 72(0sm2)- (6.8)
e—0
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As on each rigid component |Vuces| = 1 we have for the first factor on the right hand side
[Vuees Lep,g, 720y = /Q [Vucea* 1ep,,,, dz
:/ \Vueeglzdx—/ \Vauces|? 1ep,,, do
Q Q
= | Vucez||72qp2) — /Q Lep, e da.
Observe that
” 16Psoft(‘7w0)"%2(ﬂ) = \/§\2|HEPsoft('7w0)‘2dx :/Sl]]‘epsoft(.7w0) dx - ‘Q|E()\l)7 as €_>07
and similary
| Lepyue (- ’WO)H%?(Q) = Q|1 —E(N;)), ase—0.
Hence, (6.7) implies
fo] /Q [Vauez — (1= E(\))Rez|” dz < [QIEQN) (liminf [Vuces |72 — 121(1 = E()) ).

By rearranging the terms, we obtain the claimed

1
/Q E(\) [Vues — (1 —E(A;))Rea|* — E(\) da < hgl}(?f/g Vueeo|? — 1da.

O]

Of course, basing the model on a sequence of independent identically distributed random
variables is very restrictive and in the last century there has been great progress in generalizing
the law of large numbers, spawning whole new fields of stochastic analysis, such as ergodic
theory and renewal theory.

In the following we want to give a short introduction to ergodic theory and an overview on
classic results in the theory of stochastic homogenization.

6.2 Elements of ergodic theory

6.2.1 The notion of ergodicity

This section is composed of selected results of ergodic theory with the aim to give a short
introduction to the field and establish pointwise ergodic theorems for multiparameter and
amenable semigroups, which provide a solid basis for a generalization of the Proposition 6.1.3
to a broad class of stochastic processes. We will follow the book of Krengel [94, Chapters 1, 2,
6], augmented by certain elements from other sources explicitly indicated below.

Definition 6.2.1 (Endomorphism [94, §1.1]). Let (2, A, u) and (€', A’, 1) be measure spaces.
We call a map 7: Q — Q" a homomorphism from (Q, A, u) to (U, A, 1), if 7 is measurable
and the measure o 7! on A’ given by (o7 1)(A") = u(r=1A4’) for all A’ € A’ coincides
with 4/, ie. port =y

A map 7 : Q — Q is measure preserving if it is measurable and it holds that po77! = p.
Since 7 is in this case a homomorphism from (2,4, ) to (2,4, 1), we also say it is an
endomorphism. A measure u satisfying p o771 = p for an endomorphism 7 is call T-invariant.
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Example 6.2.2. Classical examples of endomorphisms are translations on (R™, B, \"), where
for n € N we denote by B" the Borel-o-algebra and A" the n-dimensional Lebesgue measure,
as well as the rotation  — x + « mod 1 on [0,1) for a > 0, also together with the Lebegue
measure and the Borel-o-algebra.

Definition 6.2.3 (Contraction [94, Definition 1.1]). Let (V, || - |lv), (W,] - |lw) be normed
vector spaces and T': V' — W a linear operator and let [|T'||| = ||T|| z(v,u) denote the operator
norm given by

Tl = sup [IT'fllw-
If1lv<1

We call T' bounded if [|T||| < oo, a contraction if ||T||| < 1 and an isometry if | T fllw = || f]lv
forall f e V.

If a partial order is defined on V, the positive cone is given by V't :={f € V | f > 0} and
T is called positive if T(V*') =W,

Example 6.2.4. Let 7 be an endomorphism on (2,4, i), then for p € [1, 00|, the operator
T:LP(Q,A, 1) — LP(Q, A, u) given by

T(f)=for

is a positive isometry, where (LP(Q, A, pu))T ={f € LP | f > 0 a.e.}.
Indeed, the operator is linear, preserves the sign of a function and since the measure p is
T-invariant, we have

/Qfordu:/T_l(mfwdu:/Qfd(uw—l):/Qfdu.

Hence, for 1 < p < oo we obtain

1Tl = sup 1T fllr0,a) = sup 1T £l e (0,4,
Ifller(o,a,m <1 lforllLr(a,a,)<1
= sup 1Tl r 0,40 =1,

ITfllp(0,a,)<1

while the claim holds also true for p = 0o, as the essential supremum of f o 7 with respect
to the measure p coincides with the essential supremum of f with respect to the measure
Jixe; 1= L.
Definition 6.2.5 (Invariant sets [94, Definition 1.1]). Let (€2, .4, ) be a measure space. A
measurable map 7 : Q — Q is called null (set) preserving if for all A € A with pu(A) =0 it
holds that po771(A) = 0.

For a null preserving map 7: Q — Q, a set A € A is called 7-invariant if 77'(A4) = A. The
o-algebra of all invariant sets is denoted by Z.

Example 6.2.6. By definition, an endomorphism on a measure space is always null preserving.

Definition 6.2.7 (Conditional expectation [18, Satz 15.1]). Let F be a sub-o-algebra of A
such that the restriction of y to F is o-finite. Then, for each f € L'(£, A, u) the F-measurable
function fo € L*(, A, i) that satisfies

/fod,u:/fdu for all A € F
A A

and is uniquely determined up to a set of measure zero is called the conditional expectation of
f with respect to F. In reference to the notation for the expected value, we use for f the
notation E(f|F).

| 6.2
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Remark 6.2.8. The existence and uniqueness of fy up to a null set is a consequence of the
Radon-Nikodym theorem. For more details see [18, Satz 15.1].

Definition 6.2.9 (Ergodicity [94, Definition 1.7]). Let (£2,.A, u) be a measure space and
7 :  — Q a null preserving measurable map. We call 7 ergodic if all T-invariant sets A satisfy
p(A) =0 or pu(A°) = 0.

Remark 6.2.10. 1. Graphically speaking, 7 is ergodic if the space cannot be decomposed
into two non-trivial T-invariant subsets.

2. If 7 is ergodic, the g-algebra of all invariant sets Z is “almost trivial”, in the sense that
it may contain a set A € Z with A # 0,9, but A differs from these sets only by a null set.

Lemma 6.2.11 (Ergodicity of endomorphisms [94, Chapter 1, Section 4]). An endomorphism
7:Q — Q on a measure space (2, A, ) is ergodic if and only if each measurable T-invariant
function f: Q) — R is constant p-a.e.

Proof. Firstly, observe that a real valued function f is 7-invariant if and only if {f = a}
is 7-invariant for all o € R, since depending on the assumption either the first or the last
equality in

{f=al={for=a}=17"{f=a}={f=0a} (6.9)

is given. Hence, {f = a} € Z. However, if T is ergodic, it holds for all A € 7 that pu(A) =0
or 1(A€) = 0. Thus, for each o € R we have u({f = a}) =0or p({f = a}) =0, ie. f is
constant p-a.e establishing sufficiency.

To show the necessity, notice that all characteristic functions 14 with A € Z are 7-invariant,
as can be seen by (6.9) for f =14 and a € {0,1}. Thus, by assumption, 14 is constant p-a.e.
and hence p(A) =0 or p(A°) = 0, which implies that 7 is ergodic. O

Remark 6.2.12. In the context of the ergodic theorems that are to be discussed now, Lemma
6.2.11 shows that in particular for ergodic 7 the Z-measurable function E(f|Z) is constant
and thus coincides with the constant function w — E(f).

As the definition of ergodicity is for itself an abstract notion, we end this subsection with a
sufficient condition for ergodicity, the so-call mixing condition.

Definition 6.2.13 (Mixing condition [94, §1.4]). An endomorphism 7 on a finite measure
space (9, A, u) is called mixing if for all A, B € A it holds that

: —kpy _ H(A)u(B)
kli)nolou(AﬂT "B) = Q)

Lemma 6.2.14. Every mizing endomorphism T on a finite measure space (2, A, p) is ergodic.

Proof. Suppose that A € A is a T-invariant set with 0 < u(A) < (). Then,

o kg HE(A)
u(A) = Jim p(AnTHA) = nQ)’

which implies pu(A) = (), contradicting the assumption. Hence, for every 7-invariant A € A
we have p1(A) = 0 or u(A°) = 0 which implies that 7 is ergodic. O
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6.2.2 Ergodic theorems

A classic result of ergodic theory is the mean ergodic theorem of von Neumann. Though it is
not of particular interest for our intentions, it still ought to be cited for completeness.

Theorem 6.2.15 (Von Neumann’s mean ergodic theorem [94, Theorem 1.5, Proposition 1.6]).

If T is an endomorhpism on (Q, A, u) and p is o-finite on the o-algebra I of T-invariant sets,

then, for all f € L*(2, A, ) it holds that

k
1
EZfOTk — E(f|Z) in L*(Q) ask — cc.
i=0
To shorten the notation for sums and averages we introduce for a given linear operator T’
and ke N
k—1 '
Skf=>_T'f, and Apf =k 'Sif.

=0

Also, for the maximum over the first & sums and averages, we write
MZf =max{Sif,...,Scf}, and Mf=max{Af, ..., Apf}.

Lastly, we set Moo f = suppeny My f.
In the context of an endomorphism 7 the notation introduced here always refers to the
linear operator given by concatenation with 7 from Example 6.2.4.

Theorem 6.2.16 (Maximal ergodic theorem (Hopf ’54) [94, Theorem 2.1}). Let T be a
positive contraction in L*(Q). For f € LY(Q) we set E, = {Myf > 0} and Es = U3, Ey.
Then,

/fd,uz() and / fdu>0.
Ey, Ex

Proof. The proof given follows Kregels presentation of arguments given originally by Garsia.

For a function f: Q — R, we denote by f* = max{f,0} the non-negative part of f. For
£=1,...,k the fact that (M,ff)Jr > S, f that T is positive implies

FHTME)Y > f+TSef = Sesa f.
This together with f > f — T(MZ f)* = Sif — T(MP f)* yields
f>8f —T(MPf)t fort=1,... k.

By taking the maximum in {1,...,k} we obtain f > M7 f — T'(M; f)*. Observe that since
T is a positive contraction, we have for all g € L'(Q) with g > 0 the estimate

/diuz lgllzr) = 1Tl L1 @) Z/Qngu-

Hence, integration over Ej entails by definition of Ej

fduz [ MEF =T du
= [ QaEp*t =TI D" dp
=[O du= [ TQIE ) dn
Q E},

= [OaEp*tap- [ TR du =0
Q Q

The second estimate follows by taking the limit k& — oo. O

Ex
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Remark 6.2.17. Notice that the statement also holds if we replace Ej, by Ej, = {M;f > 0}.
The reason is that if M = 0 for all k € N, then f = S f = 0 and therefore the set {Myf = 0}
does not affect the value of the integral as f{Mkf:O} fdu=0.

As a corollary we obtain the maximal ergodic inequality, a result that was already known
by Wiener.

Corollary 6.2.18 (Maximal ergodic inequality [94, Corollary 2.2]). Let T be an endomorhpism
on the measure space (Q, A, 1). Then, for all @ > 0 and all f € L*(Q) we have the estimate

p(Mif > a) < a Y fllpio)-

Proof. Observe that the triangle inequality implies for f € LY(Q) that (A f)ren C LY(Q) is
uniformly bounded and thus also M}, f € L'(Q) yet without a uniform bound. Consequently,
we obtain that {Myf > «a} has finite measure, and we have to show the explicit uniform
bound. To shorten the notation, we set A = {Myf > o} and set B 4 = {My(f —als) > 0}.
Theorem 6.2.16 yields

/ (f —aly)du >0.
Eg,a

Besides that, there exists for each w € A a ¢ < k with Ayf(w) > . Thus, it holds that
Sk(f —ala)(w) >0, which implies w € Ej 4. Overall, we obtain A C Ej, 4, which leads to

£l @) 2/ fdu> a/ 14 dp = au(A).
Ek,A Ek,A

O]

Theorem 6.2.19 (Birkhoff’s ergodic theorem [94, Theorem 2.3]). Let 7 be an endomorphism
on a measure space (2, A, ) and f € L_l(Q) Then the averages Apf converge p-a.e. to a
T-invariant function f € LY(Q) with || flli) < [fliiq) such that for each A € T with

p(A) < oo it holds that
/ fdu= / fdp.
A A

Furthermore, if 1(Q) < oo then Apf — f = E(f|T) in L(Q).

Proof. Firstly, observe that due to

Aprf = (B 4+ 1) Spaf = (b +1)"Lf + k_]il(k:_lskf) or—(k+1)Lf + k_’“HAkf o

the functions f* = limsup;_,., Axf and f¢ = liminfj_,oo Ay f are T-invariant.
Next, we show that both functions are u-a.e. finite. Indeed, for 8 > 0, arguing as in (6.9),
the set Dg = {f" > [} is 7-invariant and satisfies

Dg ={f"> B} c{Myf = B}.

Thus, by the maximal ergodic inequality from Corollary 6.2.18 we obtain

1(Dg) < p(Myf > B) < B fllpi(o-
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Hence, since {f* = 0o} = gen{ /" > k}, the continuity of x from above entails
U 1 u N -1 _
p({f" = oo}) = lim u({f*>k}) = lim &=| |11 o) = 0.
This yields f* < oo a.e. and by symmetry, f¢ > —co a.e. as

u(ff < a) = p( —limsup Ap(—f) < @) < |a| Y fllp2  for a < 0. (6.10)
k—o00

Now, we show that A, f converges p-a.e. Suppose it does not, then we find rational numbers
a < 3 such that the set B := {f* < a < 8 < f*} has positive measure. Since o < 0 or 3 >0
we find that B C Dg = f* > for B C { f¢ < a} and we have seen previously that in both cases
the superset is of finite measure. Thus, p(B) is finite. Furthermore, B = {f* < o} N{f* > 3},
which shows that B is 7-invariant. Thus, setting ' = (f — 8) 15 we have for all k¥ > N that
f"o7" vanishes outside B and B = {w € Q | In € N such that Sif'(w) > 0}. By the maximal

ergodic inequality from Corollary 6.2.18 in the variant of Remark 6.2.17 we obtain

Bu(B) S/deu-

Arguing by symmetry for f” = (a—f) 1p yields [ f du < ap(B). By adding both inequalities
we see that

au(B) < Bu(B),

which can due to a < 3 only hold if u(B) = 0. Thus we have established that f* = f¢ a.e.

and together with the fact that these functions are finite u-a.e. we conclude that there exists
a measurable function f = f* to which (A f)ren converges p-a.e. We proceed by showing
that HfHL1(Q) < I fllz1()- To that end, we decompose f = f* + f~. By the Lemma of Fatou
we see that

/fid,u:/limiankfid,ugliminf/Akfid,u:/fid,u,
Q O k—oo k—oo JQ o)

where in the last step we have used that (2 is 7-invariant and therefore [, f o 78 dp = [ f du.

Since [f| = f* + f~, this shows || fl|11 () < [Ifllz1(0)-

For the characterization of the limit through (6.10), let A € Z be of finite measure. By
using the decomposition f = f* + f~ we may assume that f|4 > 0. Since f € L'(A), there
is for each € > 0 a K. > 0 such that g. = f — (f — K.)" satisfies ||g[|11(q) < €. Since g is
non-negative and A 7-invariant it holds that

/(Akf—Ke)+dM§/ Ak(f—Ke)+dM:/ Akgeduz/geduz/ |9l dp <.
A A A A A

By Lemma 6.4.1 this shows that (Agf)ren is uniformly integrable. Since convergence in
L'(Q) is equivalent to u-a.e. convergence and uniform integrability of a sequence, the fact

that [, Apfdp = [, fdp implies

/Afd,u,:/Afd,u,. (6.11)

Lastly, if 4(Q) < oo equality (6.11) holds for all A € Z, which implies that f = E(f|Z) and
by the uniform integrability of (Axf)ren on €2 the sequence also converges in L!((). O
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Up to this point, we have considered the limits of sequences of additive structure in the
sense of (Sif)ren for f € LY(2). In the context of lower bounds for I'-convergence, the
variational structure gives rise to subadditive rather than additive behavior of sequences.

Nevertheless, a subadditive structure also allows to establish convergence results, as the
following lemma shows for sequences of real numbers

Lemma 6.2.20 (Convergence of subadditive real valued sequences [94, Lemma 5.1]). Let
(9k)ken C R be a subadditive sequence of real numbers, i.e. for i,j € N we have gi+; < gi + gj.
Then, the sequences (k™ gp)ren converges to v = infren{k 'gi}.

Proof. Let N € N. Then, for each k£ € N there are ng,ry € N with 1 < rp < N such that
k = npN + r;. In the limit & — oo, we have k™ 'r, < k™'N — 0 and thus k&~ 'n;, — N~L
Hence, by the subadditivity of (gi)reny we obtain

v <kl <E N gnn F9) < (KT ng) - N - (N7 lgn) + 571 max g,
1<r<N

Thus, passing to the limit k — oo yields

v < liminfn tg, < N~lgy.

n—oo

Finally, taking the infimum in IV provides shows the claim. O

The applications call for a more involved notion of subadditivity, introduced in the next
definition.

Definition 6.2.21 (Discrete parameter subadditive processes [94, §1.5, Section 1]). Let 7 be
an endomorphism on the measure space (2,4, 1) and set Q = {(i,7) € Z*> | 0 <i < j}. A
family F' = (Fi ;)@ 5eq C L'(Q) is called a subadditive process if

(i) Fijo1 = Fi1 41 for (i,)) € Q;
(11) Fi,h S Fl,j + Fj,h for (Z7j)7 (j7 h) € Q7
(iii) v(F):=inf {7 [ Fyjdp | k € N} > —oc0,

where v(F) is also known as the time constant of the process F. F is called a superaddi-
tive process if (—F; j)( j)eq is subadditive and an additive process if it is both super- and
subadditive.

Remark 6.2.22. a) If F is an additive process it has the form

Jj—1 Jj—1

k

Fi,j — ZFk,k’—i-l = ZFOJ oT".
k=i k=i

Thus, the a.e.-convergence of k:_lFoyk for additive processes is a consequence of Birkhoff’s
ergodic theorem.

b) Let us consider the sequence (g;)jen C R given by g; = [, Foj dp. Since 7 is measure
preserving, condition (i) entails [ Fj;du = [ Fit1,j+1 dp. By condition (ii) we obtain for
i,7 €N

9i,j :/QFO,H-j du < /QFDJ_’—Fi,iﬂ-j dp
S_/QFo,idM-F/QFO,jdH:gi+gj,

which shows that (g;);jen is a subadditive sequence of real numbers.
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The corresponding ergodic theorem for subadditive processes is known as Kingman’s ergodic
theorem.

Theorem 6.2.23 (Kingman’s ergodic theorem [94, Theorem 5.3]). Let 7 be an endomor-
phism on the measure space (Q,A,p) and F = (Fj ;)i eq o subadditive process for 7.
Then, (k™ Fox)ren converges a.e. to a T-invariant function feL Q). If n(Q) < oo, then
(k~'Fyx)ren converges also in LY(Q) and v(F) = [ fdu.

All ergodic theorems considered so far concerned one endomorphism on a measure space,
for example a shift in one certain direction. For multi-dimensional homogenization problems
this is insufficient, as also the periodic case requires typically periodicity in all space directions.
Therefore we close this subsection by considering pointwise ergodic theorems for multiparameter
semigroups which involve multiple endomorphisms, following [94, Chapter 6].

For n € N, we use for subsets of V = Nj the notation for intervals in the sense that
for a,b € V such that a < b with respect to the componentwise partial ordering we write
[a,b) ={c€V|a<c<wv} V. The set of all nonempty intervals in V is denoted by J. For
finite sets A C V we denote the number of elements of A by #A. Furthermore, we will use

multi-index notation, setting in particular for operators 71, ...,T, and k = (k1,...,k,) € V
T, = Tikl .. Trlf", Sk = Z Ty, A = (#[ka))ilsk
£e€[0,k)

With more than one endomorphism involved in multiple dimensions, problems may arise
concerning the interaction of different endomorphism. Firstly, the endomorphisms may not
commute. In this work we restrict ourselves to commuting endomorphisms which define a
semigroup 7 = (7 )key by Tk = Tfl .. Tff" A second problem arises from the interpretation
of k — oco. While it will always mean that k; — oo for i = 1,...,n, rates of convergence that
are too unsimilar in different directions can hinder a meaningful convergence result. To that
end we will only consider regular families in the sense of the following definition.

Definition 6.2.24 (Regular family [94, Chapter 6, Definition 2.4]). A family (Iy)ken, Iy CV
for k € Nis called regular (with constant C' < 00) if there is an increasing sequence (I},)gen C J
with I, C I}, and #I;, < C#I}, for all k € N. If additionally ey I, = V, then we write
limkﬁoo Ik =V.

An example of a regular family of constant 1 is any increasing sequence of set in 7, so
this condition imposes that the sequence of sets does not deviate to much from increasing
sequences rather than restricting the overall geometry of the sets.

Next, we generalize our notion of subadditive processes to the multidimensional context.

Definition 6.2.25 (Subadditive process [94, Chapter 6, Definition 2.1]). A subadditive process
with respect to a semigroup of endomorphisms T on a measure space (2, A, u) is a family
F = (Fy)e7 C LY(Q) which satisfies

(i) Fromy = Fryg forall I € J and k € V;
(ii) Fy < Zle Fry, for disjoint sets I1,...,I; C J, k € N such that I = le I; € J;
(iil) y(F) :=inf {(#) ™ [ Frdu| I € T} < oo

The quantity v(F') in the third condition is also referred to as the spatial constant of F. If —F
is subadditive, then F is called superadditive, in which case the spacial constant is obtained
by taking the supremum. F' is called additive if both F' and —F are subadditive. Notice that
additive processes are of the form Fy = > .., Ty f for f € L}(Q).

| 6.2
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additive process subadditive process
1-dim Birkhoff Kingsman
n-dim Tempel’man Akcoglu-Krengel

Figure 6.2: In this section, we discuss four major ergodic theorems, that can be distinguished
by the categories that they either concern sub- or additive processes or either one-
or multiparamter processes.

The multidimensional result corresponding to Birkhoff’s ergodic theorem is Tempel’'man’s
ergodic theorem, originally published in [127].

Theorem 6.2.26 (Tempel'man’s ergodic theorem (1972) [94, Chapter 6, Theorem 2.8]). Let
T1, ..., Tn be commuting endomorphisms on the measure space (2, A, n) and (Ix)ken C J a
reqular family such that limy_, I, = V.

Then, the sequence (Arf)ken given by Agf = (#11) 1Sy, f converges a.e. for all f € LP(S2),
where 1 < p < o00.

For subadditive processes the multidimensional analogon to Kingman’s ergodic theorem is
the ergodic theorem by Akcoglu-Krengel, originally published in [2].

Theorem 6.2.27 (Akcoglu-Krengel’s ergodic theorem [94, Chapter 6, Theorem 2.9]). Let
(F1)reg be a subadditive process and (Iy)ken C J a reqular family such that limg_oo I = V.
Then, the sequence (Agf)ken given by Apf = (#1x) 1S, f converges a.e. as k — oo.

6.3 Stochastic homogenization via stationary ergodic
processes

6.3.1 Applications of ergodic theory

In a stochastic context, it is preferable to focus on measurable functions rather than the
underlying measure spaces. As usual, we refer to a measurable function defined on a probability
space as a random variable. A sequence of random variables which is indexed by an ordered
set (so that there is a notion of progression) is called a stochastic process. In the following we
focus on stochastic processes indexed by Z. We follow [94, §1.4].

Definition 6.3.1 (Probabilistic setting). For a measurable space (E, F) we denote by (EZ, FZ)
the product space with FZ the product-o-algebra. The projection map on the j-th component
is denoted by proj; : (E%, F) — (E, F).

Let (2, A’, P) be a probability space, then an E-valued stochastic process with parameter
space Z is a family Y = (Y} )gez of random variables Yy : Q' — E. The distribution of Y is
the probability measure P oY ~! on FZ.

For a family of probability measures (ux)rez on (£, F), the product measure p = [[cz t
is the unique probability measure on FZ characterized by the condition, that for all finite
J CZand all A; € F, j € Z it holds that

u( (Y proi;'(4)) = TT mi(4,).

jedJ jeJ
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Furthermore, we call the random variables (Yy)rez independent if for all finite J C Z and for
all Ay € F, k € Z it holds that

P Y (An) = TT PO 4p).
keJ keJ
Definition 6.3.2 (Shift). Let (E,F) be a measurable space. The map 0 : EZ — EZ given
by proji(0w) = projy,1(w) is called (bilateral) shift.

Remark 6.3.3. The bilateral shift is a bijective map and both # and #~! are measurable
with respect to FZ.

Example 6.3.4 (Bernoulli shift). Let (E,F) be a measurable space and let (u)ren be a
family of probability measures on F and denote the product measure by p = [],cn px. Notice
that p is f-invariant if and only if all 4; are identical. In this case we call § a (bilateral)
Bernoulli shift.

Recall that a family of random variables Y = (Yj)rez is called identically distributed if all
distributions P o Yk_1 coincide. Thus, if Y is a sequence of independent identically distributed
random variables, the distribution of Y coincides with the product measure of the distributions
of Y., k € Z and is therefore a Bernoulli shift.

Lemma 6.3.5 (Bernoulli shifts are mixing). Let (E,F,v) be a probability space and denote
the corresponding product space with (EZ,}"Z,M), where @ = [[rezv. Then, the Bernoulli
shifting operator 0 is mizing.

Proof. We have to show that for all A, B € A it holds that

u(A)u(B)
n()

To that end we apply a Dynkin argument. First, consider the o-algebras A(i, k) which are
generated by the o-algebras proj,;1 F for i < j < k,k # too. Since 6 is a Bernoulli shift,
we find for n € N that u(ANO"B) = p(A)u(B) for all A € A(ky,k2), B € A(j1,72) with
k1 < ko < oo and j; < ja2 < 00 as soon as j; +n > ko, because 0"B € A(j1 + n,j2 + n) and
for these n it holds that A(k1, k2) and A(ji + n, jo + n) are independent as p is a product
measure. Thus, A and 67" B are independent. Overall, it holds that

nli_)ngou(Aﬂﬂf B) =

lim pu(ANO"B) = p(A)u(B)

forall A, B € & := Uy, j£100 A(k, [). Next, we establish that & is closed under finite intersection.
This is due to the fact, that if A € A(ky,k2) and B € A(j1,j2), then we have AN B €
A(min(ky, j1), max(ka, j2)), which implies AN B € £.

Next, we show that the set D defined by

: n (A)pu(B)
D= {AGA} nh_)ngou(Aﬂe B):%forallBeg}

forms a Dynkin system. This is due to the fact that Q € D as u(QNI™"B) = (0 "B) = u(B)
for all B € £. Furthermore,

nan;O w(A°NO"B) =0 "B) — nlL}HOIO w(ANO"B)=u(B)—

p(B) _ p(A)pu(B)

= (u() () s = O
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for all A € D and B € £. Finally for a family (A;);en of disjoint elements of D and B € £ we
have

. n . w(B w(B
tim (4007 B) = Y Jim u(4;nB) = 3" w(A) D) = () a) 4B

T e ieNn icN 1(92) ieN 1(§2)
Thus, D forms indeed a Dynkin system. Now, we know that £ C D C A and on the other

hand, since £ is closed under finite intersections and A is generated by the cylinder sets which
are elements of the o-algebras A(k,l), k,l # +oo and hence is generated by £ we see that

A=0(&)=46(E) CD,

where o(€) and §(E) denote the o-Algebra and the Dynkin-system generated by £, respectively.
By the same arguments as before, we obtain that the set D’ defined by

_ m(A)u(B)
©($2)

forms a Dynkin-System. Furthermore, £ C D’ C A, which leads as before to
A=0()=46(E) CcD,

D = {B eA ‘ nh_}ng@u(A Né~"B) for all A € A}

which completes the proof. O

Remark 6.3.6 (Relation to Kolmogorov’s strong law of large numbers). Coming back to
the setting of the introduction in Section 6.1, let us consider an independent and identically
distributed family of E-valued random variables Y = (Y )ren. Then, Lemma 6.3.5 and Lemma
6.2.14 show ergodicity and thus we obtain by Birkhoft’s ergodic theorem 6.2.19 applied to
the endomorphism 6 on (E%, % P oY1) the statement of Kolmogorov’s strong law of large
numbers.

Yet, note that Birkhoff’s ergodic theorem is still applicable if we merely have that P oY 1
is f-invariant, for which independence is not necessary. Since in this case it holds that
PoY '=PoY lof'=Po(foY) !, we introduce the following notation.

Definition 6.3.7 (Stationary process). An E-valued stochastic process Y = (Y} )rez is called
stationary if Y and 6 oY have the same distribution, i.e. 8 is an endomorphism on the
probability space (E%, FZ PoY™1).

The next proposition considers the converse, i.e. endomorphisms generating a stationary
process.

Proposition 6.3.8 ([94, Chapter 1, Proposition 4.1]). Let T be an endomorphism on a
probability space (2, A, 1), (E, F) a measurable space and f : Q — E a measurable function.
Then the sequence (Zi)xen given by Zy = f o 1" is a stationary process.

In the context of processes it is more convenient to express invariance and ergodicity with
respect to the process.

Definition 6.3.9 (Invariant sets and ergodicity of processes). If Y = (Y)ren is defined on
(, A", P) we call B € A" invariant if there exists some A € A such that

B ={(Y,Yet1,---) € A}

holds for all £ € N. Note that this is equivalent to the existence of an A* € A with B = Y1 A*
and #~1A* = A*. We denote the o-algebra of all invariant sets by Z'.
Y is called ergodic if any invariant set B € A’ satisfies P(B) =0 or P(B¢) = 0.



Stochastic homogenization via stationary ergodic processes

Furthermore, it can be shown that ergodicity of stationary processes is preserved by
measurable maps.

Proposition 6.3.10 ([94, Chapter 1, Proposition 4.3]). If Y = (Yj)ien is stationary and
ergodic and f : EN — E is measurable, then Y = (Y;)ien defined by Y; = f(Y;,Yii1,...) is
ergodic.

Finally, we can reformulate Birkhoff’s ergodic theorem in the context of stationary processes.
For the proof one may argue as in Remark 6.3.6.

Theorem 6.3.11 (Birkhoff’s ergodic theorem for stationary processes [94, Chapter 1, Propo-
sition 4.4]). If Y = (Yi)ken is a stationary real valued process and Yy is integrable, then

k
lim k71> Y, = E(Y1|T').

k—o0 -1
IfY is ergodic, then the limit is given bv E(Y1) = E(Y1|Z').

6.3.2 Homogenization of randomly layered materials with rigid
components in crystal plasticity

First, let us revisit Proposition 6.1.3. Replacing the application of Kolmogorov’s strong law of
large numbers by Birkhoff’s ergodic theorem in the formulation for stationary processes in
Theorem 6.3.11, we obtain the following proposition.

Proposition 6.3.12 (Weak convergence via ergodic stationary processes in one variable).
Let f € L®(R, L'(E,P;R)) with the property that the family of random variables (fl,i+1))iez
is ergodic and stationary in the sense of Definition 6.3.7. Then, the sequence (f.). that is
given by fo(z,w) = fle 'z, w) satisfies

feﬁE(/Ol f(z, )d:v) in L°(R) as e = 0, a.s.

This result is the one-dimensional case of the following multi-dimensional weak convergence
result. For the proof, Birkhoff’s ergodic theorem has to be replaced by multiparameter ergodic
theorems such as Tempel’'man’s Ergodic Theorem 6.2.26.

Proposition 6.3.13 (Weak convergence via ergodic stationary processes [22, Theorem 1.1}).
Forn € N let 7 = (1;)kezn be a group action of (Z',4) on the probability space (=, A,P).
Assume that T is ergodic and let f € L>®(R", L'(Z,P;R)) be stationary in the sense that for
all k € Z™ we have almost surely

flx+kw)= flr,w) a.e.

1

Then, the sequence (fe)e that is given by fo(z,w) = f(e™ z,w) satisfies

fEiE</ f(z, )dx) in L°(R) as e = 0, a.s.
o,n)"

Now, using the convergence results via stationary processes from Proposition 6.3.12 in place
of the results for independent and identically distributed processes from Proposition 6.1.3, we
obtain the following homogenization result.
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Theorem 6.3.14 (Homogenization of randomly layered materials with rigid layers). Let
Q C R? be a simply connected bounded Lipschitz domain which is e;--connected in the sense of
Definition 3.8.6. For X > 0 let (\;)icz be a stationary and ergodic process with \; > X for all
i € Z. Then, the family of energy functionals E® : L3(;R™) x Z — [0, 00] converges almost
surely in the sense of I'-convergence with respect to the strong L*-topology to a functional
E : L33 R?) — [0,00] given for u € WH2(Q;R?) with Vu = R(I + ve1 ® e2) a.e. in ,
ReSO(2),vyeR by

msz&Oé%da

and E(u) = co otherwise in L3(2;R?).

We end this chapter with a short overview of the key contributions on stochastic homoge-
nization.

Key contributions. For a more extensive literature review on the topic of stochastic
homogenization see [76].

A first major contribution to the stochastic homogenization of nonlinear integral functionals
was given by Dal Maso and Modica [60] in 1986, which was complemented in the same
year by a publication by the same authors [61] that first made use of ergodic theorem by
Akcoglu-Krengel which we cited in Theorem 6.2.27, which was originally published in 1981 [2].

Following the recent progress of the late 80s on the homogenization of non-convex inte-
gral functionals, such as [27, 112], Messaoudi and Michaille established a first stochastic
homogenization results for this class of functionals [108].

Notice that these publications concern the analysis of nonlinear integral functions, while
large parts of the literature study partial differential equations with stochastic coefficient
fields, starting with the work of Kozlov [93].

In recent years, the theory of stochstic homogenization gained new momentum through
the contributions of the schools of Gloria and Otto [77, 75] and Armstrong and Scott [12].
These results concern optimal convergence rates, which are a peculiarity of the stochastic
homogenization problems as these are trivial in the periodic case.

6.4 Appendix

Lemma 6.4.1 (A criterium for uniform integrability). Let (2, A, i) be a finite measure space,
i.e. 1()) < oco. Let (fu)ren C LY(Q) with fi. > 0 be a uniformly bounded sequence with
the property that for each € > 0 there exists a K. > 0 such that for all k € N it holds that
Jo(fi = Kt du < e. Then, (fx)ken is uniformly integrable.

Proof. Let € > 0 and K, such that for all k € N we have [o(fx — K¢ )t dp < e and let M >0
be the uniform bound on the norm of (f)ken, i-e. for all k € N it holds that || fx|lz1 (o) < M.
Note that we may assume that K, — oo as € — 0 as otherwise, f € L*°(Q2) and the claim
follows immediately.

Observe that for C > 1

/ frodu = fo— Cdu+ Cdp
{fi>C?} {fk>C?} {fk>C?}

<[ p-cat Cdp= [ fi=CautCul{fe > C?)).
{fk>C} {fi>C?} {fx>C}



Appendix I 6.4

and since the Markov inequality yields

Wi > O < Sl

we have

1
[ ddns [ - Cdp Sl
{fi>C?} {fi>C} c

M
g/ fr— Cdp+ =
{fx>C} C

Thus, if we set C' = K, and send € towards 0, we find that [ (fo>C?) fr du converges uniformly
to zero. This is for finite measure pu equivalent to uniform integrability. O
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Outlook

We end this work with a short recapitulation on the result obtained, discussing related open
questions and pointing out paths for future research.

The first result proven in this work was Theorem 1.1.1 which gives a full characterization
of possible macroscopic deformations of layered materials with a sufficient stiff component. In
particular, the question of optimal scaling relations between stiffness and layer thickness was
answered. This result is tailored to layered geometries, for which it provides new insights where
previous work often focused on stiff inclusions [32, 39] or stood in the context of linearized
elasticity [19, 20].

Future work could concern more complicated geometries, with the decisive property being
that the stiff components spans throughout the material, for example periodic lattices or
branching structures.

Other applications of the techniques developed may be models for polycrystals with the
stiff material modeling the grain boundary. Besides a more general geometry, this would also
require a careful analysis of the thickness of the boundary. A basis for this research is provided
in this work with the study of e-dependent layer ratio for Theorem 1.1.1 in Chapter 3.

Building on the asymptotic characterization of Theorem 1.1.1, Theorem 1.1.5 provided an
explicit homogenization formula for variational material models with stiff components, where
the soft component is given by an energy density that satisfies on the one hand p-growth and
Lipschitz conditions. From a technical point of view, recent progress, such as [10, 7], may
allow to lessen these conditions. On the other hand, we required that the quasiconvex envelope
coincides with the polyconvex envelope, an assumption also found in the context of relaxation
with determinant constraints [48]. In our case, as mentioned in Chapter 4, this condition
is related to the question if fine oscillations between different stiff layers allow energetically
lower deformations of the soft layers. If the answer is positive, the theorem presented would
not generalize to the case without the condition on the convex envelopes. Yet, at this point,
this question remains open.

In the context of crystal plasticity, we presented with Theorem 1.1.6 a homogenization
result that characterized the macroscopic behavior of a stiff material with one active slip
system in every other layer in terms of I'-convergence. For the model considered, a physically
rational generalization would be to assume more than one slip system in every other layer. Yet,
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the limiting factor to these generalizations is the fact that except recent progress for certain
geometries [52, 49], the corresponding relaxation formulas are not known. Another possible
variation would be to still consider single slip systems, but with different slip directions.

We concluded this work with the study of randomly layered crystalline materials, where we
established with Theorem 1.1.7 a homogenization result concerning the rigid-plastic idealization
of the model considered in Theorem 1.1.6 but with randomly varying layer thickness. In
particular we showed that in this special case the characterization by Theorem 1.1.6 essentially
holds true. To obtain this result we assumed that the layer thickness is always larger than a
fixed lower bound. This was due to the fact that the deterministic asymptotic characterization
result still had to be applicable. The natural question is if the asymptotic characterization
itself can be transferred to the context of random layer thickness. Again, a first step in
this direction has been taken with the study of e-dependent layer ratio for Theorem 1.1.1
in Chapter 3. Though such results are yet to be obtained, an ambitious vision would be
applications in the context of fiber reinforced materials with highly aligned fibers.



Bibliography

[12]

[13]

Abels, H. (2012). Pseudodifferential and singular integral operators. De Gruyter Grad-
uate Lectures. An introduction with applications. De Gruyter, Berlin.

Akcoglu, M. A. & U. Krengel (1981). Ergodic theorems for superadditive processes. J.
Reine Angew. Math. 323, 53—67.

Alt, H. W. (2012). Lineare Funktionalanalysis. 6te Auflage. Springer-Lehrbuch Master-
class. Springer, Berlin, Heidelberg.

Amann, H. & J. Escher (1999). Analysis. II. Grundstudium Mathematik. [Basic Study
of Mathematics]. Birkh&user Verlag, Basel.

Ambrosio, L., N. Fusco, & D. Pallara (2000). Functions of bounded variation and
free discontinuity problems. Oxford Mathematical Monographs. The Clarendon Press,
Oxford University Press, New York.

Anza Hafsa, O., N. Clozeau, & J.-P. Mandallena (2017). Homogenization of nonconvex
unbounded singular integrals. Ann. Math. Blaise Pascal, 24(2), 135-193.

Anza Hafsa, O. & J.-P. Mandallena (2011). Homogenization of nonconvex integrals
with convex growth. J. Math. Pures Appl. (9), 96(2), 167-189.

Anza Hafsa, O. & J.-P. Mandallena (2012). Homogenization of unbounded singular
integrals in W, Ric. Mat. 61(2), 185-217.

Anza Hafsa, O., J.-P. Mandallena, & G. Michaille (2006). Homogenization of periodic
nonconvex integral functionals in terms of Young measures. ESAIM Control Optim.
Calc. Var. 12(1), 35-51.

Anza Hafsa, O., J.-P. Mandallena, & H. Zorgati (2015). Homogenization of unbounded
integrals with quasiconvex growth. Ann. Mat. Pura Appl. (4), 194(6), 1619-1648.

Archibald, T. (2016). “Counterexamples in Weierstral’s work”. In: Karl Weierstrafs
(1815-1897): Aspekte seines Lebens und Werkes — Aspects of his Life and Work. Ed. by
W. Koénig & J. Sprekels. Wiesbaden: Springer Fachmedien Wiesbaden, pp. 269-285.

Armstrong, S. N., P. Cardaliaguet, & P. E. Souganidis (2014). Error estimates and
convergence rates for the stochastic homogenization of Hamilton-Jacobi equations. J.
Amer. Math. Soc. 27(2), 479-540.

Attouch, H. (1984). Variational convergence for functions and operators. Applicable
Mathematics Series. Pitman (Advanced Publishing Program), Boston, MA.

159



160

Bibliography

[14]

[15]

[16]

[17]

[18]

[19]

[20]

21]

Babadjian, J.-F. & V. Millot (2010). Homogenization of variational problems in manifold
valued Sobolev spaces. ESAIM Control Optim. Calc. Var. 16(4), 833-855.

Ball, J. M. & R. D. James (1987). Fine phase mixtures as minimizers of energy. Arch.
Rational Mech. Anal. 100(1), 13-52.

Ball, J. M. (1976/77). Convexity conditions and existence theorems in nonlinear
elasticity. Arch. Rational Mech. Anal. 63(4), 337-403.

Barchiesi, M. & A. Gloria (2010). New counterexamples to the cell formula in nonconvex
homogenization. Arch. Ration. Mech. Anal. 195(3), 991-1024.

Bauer, H. (2002). Wahrscheinlichkeitstheorie. 5te Auflage. De Gruyter Lehrbuch. De
Gruyter, Berlin.

Bellieud, M. (2017). Homogenization of stratified elastic composites with high contrast.
SIAM J. Math. Anal. 49(4), 2615-2665.

Bellieud, M. & S. Cooper (2017). Asymptotic analysis of stratified elastic media in the
space of functions with bounded deformation. SIAM J. Math. Anal. 49(5), 4275-4317.

Bellieud, M. & 1. Gruais (2005). Homogenization of an elastic material reinforced by
very stiff or heavy fibers. Non-local effects. Memory effects. J. Math. Pures Appl. (9),
84 (1), 55-96.

Blanc, X., C. Le Bris, & P.-L. Lions (2007a). Stochastic homogenization and random
lattices. J. Math. Pures Appl. (9), 88(1), 34-63.

Blanc, X., C. Le Bris, & P.-L. Lions (2007b). Atomistic to continuum limits for
computational materials science. M2AN Math. Model. Numer. Anal. 41(2), 391-426.

Blanchard, D. & G. Griso (2012). Asymptotic behavior of structures made of straight
rods. J. Elasticity, 108(1), 85-118.

Bosch, S. (2008). Lineare Algebra. 4te Auflage. Springer Lehrbuch. Springer, Berlin,
Heidelberg.

Bouchitté, G. & M. Bellieud (2002). Homogenization of a soft elastic material reinforced
by fibers. Asymptot. Anal. 32(2), 153-183.

Braides, A. (1985). Homogenization of some almost periodic coercive functional. Rend.
Accad. Naz. Sci. XL Mem. Mat. (5), 9(1), 313-321.

Braides, A. (2002). I'-convergence for beginners. Vol. 22. Oxford Lecture Series in
Mathematics and its Applications. Oxford University Press, Oxford.

Braides, A. (2006). Topics on concentration phenomena and problems with multiple
scales. Lecture notes of the Unione Matematica Italiana 2. Springer, Berlin.

Braides, A. & A. Defranceschi (1998). Homogenization of multiple integrals. Vol. 12.
Oxford Lecture Series in Mathematics and its Applications. The Clarendon Press,
Oxford University Press, New York.



[44]

[45]

Bibliography

Braides, A., I. Fonseca, & G. Leoni (2000). A-quasiconvexity: relaxation and homoge-
nization. ESAIM Control Optim. Calc. Var. 5, 539-577.

Braides, A. & A. Garroni (1995). Homogenization of periodic nonlinear media with
stiff and soft inclusions. Math. Models Methods Appl. Sci. 5(4), 543-564.

Bredon, G. E. (1993). Topology and geometry. Vol. 139. Graduate Texts in Mathematics.
Springer, New York.

Carbone, L. & R. De Arcangelis (1999). Unbounded functionals: applications to the
homogenization of gradient constrained problems. Ricerche Mat. 48(1), 139-182.

Carbone, L. & R. De Arcangelis (2002). Unbounded functionals in the calculus of
variations. Vol. 125. Chapman & Hall/CRC Monographs and Surveys in Pure and

Applied Mathematics. Representation, relaxation, and homogenization. Chapman &
Hall/CRC, Boca Raton, FL.

Cardone, G., A. Corbo Esposito, G. A. Yosifian, & V. V. Zhikov (2004). Homogenization
of some problems with gradient constraints. Asymptot. Anal. 38(3-4), 201-220.

Carstensen, C., K. Hackl, & A. Mielke (2002). Non-convex potentials and microstruc-
tures in finite-strain plasticity. Proceedings of the Royal Society of London. Series A:
Mathematical, Physical and Enineering Science, 458(2018), 299-317.

Chambolle, A., A. Giacomini, & M. Ponsiglione (2007). Piecewise rigidity. J. Funct.
Anal. 244 (1), 134-153.

Cherdantsev, M., K. Cherednichenko, & S. Neukamm (2017). High contrast homogeni-
sation in nonlinear elasticity under small loads. Asymptot. Anal. 104(1-2), 67-102.

Chermisi, M. & S. Conti (2010). Multiwell rigidity in nonlinear elasticity. SIAM J.
Math. Anal. 42(5), 1986-2012.

Christowiak, F. & C. Kreisbeck (2015). Laminate structures in plastic composite
materials with rigid layers. Proc. Appl. Math. Mech. 15, 539-540.

Christowiak, F. & C. Kreisbeck (2017). Homogenization of layered materials with
rigid components in single-slip finite crystal plasticity. Calc. Var. Partial Differential
Equations, 56(3), Art. 75, 28.

Cioranescu, D., A. Damlamian, & R. De Arcangelis (2006). Homogenization of integrals
with pointwise gradient constraints via the periodic unfolding method. Ric. Mat. 55(1),
31-53.

Cioranescu, D. & P. Donato (1999). An introduction to homogenization. Vol. 17. Oxford
Lecture Series in Mathematics and its Applications. The Clarendon Press, Oxford
University Press, New York.

Conti, S., G. Dolzmann, & C. Kreisbeck (2011). Asymptotic behavior of crystal plasticity
with one slip system in the limit of rigid elasticity. SIAM Journal on Mathematical
Analysis, 43(5), 2337-2353.

161



162

Bibliography

[46]

[47]

[48]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

Conti, S. (2003). “Low-energy deformations of thin elastic plates: isometric embeddings
and branching patterns”. Habilitationsschrift. Universitdt Leipzig.

Conti, S. (2006). “Relaxation of single-slip single-crystal plasticity with linear hard-
ening”. In: Multiscale Materials Modeling. Ed. by P. Gumbsch. Freiburg: Fraunhofer
IRB, 30-35.

Conti, S. & G. Dolzmann (2015). On the theory of relaxation in nonlinear elasticity
with constraints on the determinant. Arch. Ration. Mech. Anal. 217(2), 413-437.

Conti, S. & G. Dolzmann (2016). Relaxation in crystal plasticity with three active slip
systems. Contin. Mech. Thermodyn. 28(5), 1477-1494.

Conti, S., G. Dolzmann, B. Kirchheim, & S. Miiller (2006). Sufficient conditions for
the validity of the Cauchy-Born rule close to SO(n). J. Eur. Math. Soc. (JEMS), 8(3),
515-530.

Conti, S., G. Dolzmann, & C. Klust (2009). Relaxation of a class of variational models
in crystal plasticity. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 465(2106),
1735-1742.

Conti, S., G. Dolzmann, & C. Kreisbeck (2013). Relaxation of a model in finite plasticity
with two slip systems. Math. Models Methods Appl. Sci. 23(11), 2111-2128.

Conti, S., G. Dolzmann, & S. Miiller (2011). The div-curl lemma for sequences whose
divergence and curl are compact in W1t C. R. Math. Acad. Sci. Paris, 349(3-4),
175-178.

Conti, S., G. Dolzmann, & S. Miiller (2014). Korn’s second inequality and geometric
rigidity with mixed growth conditions. Cale. Var. Partial Differential Equations, 50(1-
2), 437-454.

Conti, S. & B. Schweizer (2006). Rigidity and gamma convergence for solid-solid phase
transitions with SO(2) invariance. Comm. Pure Appl. Math. 59(6), 830-868.

Conti, S. & F. Theil (2005). Single-slip elastoplastic microstructures. Arch. Ration.
Mech. Anal. 178(1), 125-148.

Dacorogna, B. (1989). Direct methods in the calculus of variations. Vol. 78. Applied
Mathematical Sciences. Springer, Berlin.

Dacorogna, B. (2008). Direct methods in the calculus of variations. 2nd edition. Vol. 78.
Applied Mathematical Sciences. Springer, New York.

Dal Maso, G. (1993). An introduction to I'-convergence. Vol. 8. Progress in Nonlinear
Differential Equations and their Applications. Birkhduser Boston, Inc., Boston, MA.

Dal Maso, G. & L. Modica (1986a). Nonlinear stochastic homogenization. Ann. Mat.
Pura Appl. (4), 144, 347-389.

Dal Maso, G. & L. Modica (1986b). Nonlinear stochastic homogenization and ergodic
theory. J. Reine Angew. Math. 368, 28—42.



[62]

[63]

[64]

[73]

[74]

[75]

[76]

Bibliography

Davoli, E. & I. Fonseca (2016). Homogenization of integral energies under periodically
oscillating differential constraints. Calc. Var. Partial Differential Equations, 55(3),
Paper No. 69, 60.

De Giorgi, E. (1975). Sulla convergenza di alcune successioni d’integrali del tipo
dell’area. Rend. Mat. (6), 8. Collection of articles dedicated to Mauro Picone on the
occasion of his ninetieth birthday, 277-294.

De Giorgi, E. & G. Dal Maso (1983). “I’-convergence and calculus of variations”. In:
Mathematical theories of optimization (Genova, 1981). Vol. 979. Lecture Notes in Math.
Springer, Berlin, 121-143.

De Giorgi, E. & T. Franzoni (1975). Su un tipo di convergenza variazionale. Atti Accad.
Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8), 58(6), 842-850.

Eck, C., H. Garcke, & P. Knabner (2017). Mathematical modeling. Springer Undergrad-
uate Mathematics Series. Springer, Cham.

Elstrodt, J. (2005). Maf- und Integrationstheorie. 4te Auflage. Springer-Lehrbuch.
Grundwissen Mathematik. Springer, Berlin.

Evans, L. C. (1998). Partial differential equations. Vol. 19. Graduate Studies in Mathe-
matics. American Mathematical Society, Providence, RI.

Evans, L. C. & R. F. Gariepy (2015). Measure theory and fine properties of functions.
Revised. Textbooks in Mathematics. CRC Press, Boca Raton, FL.

Folland, G. B. (1999). Real analysis. 2nd edition. Pure and Applied Mathematics (New
York). Modern techniques and their applications, A Wiley-Interscience Publication.
John Wiley & Sons, Inc., New York.

Fonseca, I. & S. Kromer (2010). Multiple integrals under differential constraints:
two-scale convergence and homogenization. Indiana Univ. Math. J. 59(2), 427-457.

Friesecke, G., R. D. James, & S. Miiller (2002). A theorem on geometric rigidity and
the derivation of nonlinear plate theory from three-dimensional elasticity. Comm. Pure
Appl. Math. 55(11), 1461-1506.

Friesecke, G., R. D. James, & S. Miiller (2006). A hierarchy of plate models derived
from nonlinear elasticity by gamma-convergence. Arch. Ration. Mech. Anal. 180(2),
183-236.

Geymonat, G. & P. Suquet (1986). Functional spaces for Norton-Hoff materials. Math.
Methods Appl. Sci. 8(2), 206-222.

Gloria, A., S. Neukamm, & F. Otto (2015). Quantification of ergodicity in stochastic
homogenization: optimal bounds via spectral gap on Glauber dynamics. Invent. Math.
199(2), 455-515.

Gloria, A. (2012). “Qualitative and quantitative results in stochastic homogenization”.
Habilitation & diriger des recherches. Université des Sciences et Technologie de Lille -
Lille 1.

163



164

Bibliography

[77]

(78]

[79]

[80]

[81]

[92]

[93]

Gloria, A. & F. Otto (2011). An optimal variance estimate in stochastic homogenization
of discrete elliptic equations. Ann. Probab. 39(3), 779-856.

Gromov, M. L. (1973). Convex integration of differential relations. I. Izv. Akad. Nauk
SSSR Ser. Mat. 37, 329-343.

Gromov, M. (1986). Partial differential relations. Vol. 9. Ergebnisse der Mathematik
und ihrer Grenzgebiete (3). Springer, Berlin.

Guo, Z. (2007). Multiscale Materials Modelling: Fundamentals and Applications. Wood-
head Publishing Series in Civil and Structural Engineering. Elsevier Science.

Gurtin, M. E. (1981). An introduction to continuum mechanics. Vol. 158. Mathematics in
Science and Engineering. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers],
New York-London.

Hajtasz, P. (2009). “Sobolev mappings between manifolds and metric spaces”. In:
Sobolev spaces in mathematics. I. Vol. 8. Int. Math. Ser. (N. Y.) Springer, New York,
185-222.

Han, W. & B. D. Reddy (2013). Plasticity. 2nd edition. Interdisciplinary applied
mathematics. New York: Springer.

Hanche-Olsen, H. & H. Holden (2010). The Kolmogorov-Riesz compactness theorem.
Ezpo. Math. 28(4), 385-394.

He, Q.-C., H. Le Quang, & Z.-Q. Feng (2006). Exact results for the homogenization of
elastic fiber-reinforced solids at finite strain. J. Elasticity, 83(2), 153-177.

Hill, R. (2004). The mathematical theory of plasticity. 1st edition. The Oxford engi-
neering science series 11. The Clarendon Press, Oxford University Press, New York.

Iwaniec, T. & G. Martin (2001). Geometric function theory and non-linear analysis.
Oxford Mathematical Monographs. The Clarendon Press, Oxford University Press,
New York.

Jarroudi, M. E. (2013). Homogenization of a nonlinear elastic fibre-reinforced composite:
a second gradient nonlinear elastic material. J. Math. Anal. Appl. 403(2), 487-505.

Jerison, D. & C. E. Kenig (1995). The inhomogeneous Dirichlet problem in Lipschitz
domains. J. Funct. Anal. 130(1), 161-219.

Jerrard, R. L. & A. Lorent (2013). On multiwell Liouville theorems in higher dimension.
Adv. Cale. Var. 6(3), 247-298.

Jikov, V. V., S. M. Kozlov, & O. A. Oleinik (1994). Homogenization of differential
operators and integral functionals. Translated from the Russian by G. A. Yosifian.
Springer, Berlin.

Kowalsky, H.-J. & G. Michler (2003). Lineare Algebra. De Gruyter Lehrbuch. 12te
Auflage. De Gruyter, Berlin.

Kozlov, S. M. (1979). The averaging of random operators. Mat. Sb. (N.S.) 109(151)(2),
188-202, 327.



[100]

[101]

102]
[103]

[104]

[105]

[106]

107]

[108]

[109]

[110]

[111]

Bibliography

Krengel, U. (1985). Ergodic theorems. Vol. 6. De Gruyter Studies in Mathematics. With
a supplement by Antoine Brunel. De Gruyter, Berlin.

Kroner, E. (1960). Allgemeine Kontinuumstheorie der Versetzungen und Eigenspan-
nungen. Arch. Rational Mech. Anal. 4, 273-334.

Kufner, A. (1985). Weighted Sobolev spaces. A Wiley-Interscience Publication. Trans-
lated from the Czech. John Wiley & Sons, Inc., New York.

Le Dret, H. & A. Raoult (1995). The quasiconvex envelope of the Saint Venant-Kirchhoff
stored energy function. Proc. Roy. Soc. Edinburgh Sect. A, 125(6), 1179-1192.

Lee, E. H. (1969). Elastic-plastic deformation at finite strains. J. Appl. Mech. 36, 1-6.

Leoni, G. (2009). A first course in Sobolev spaces. Vol. 105. Graduate Studies in
Mathematics. American Mathematical Society, Providence, RI.

Lewicka, M. & S. Miiller (2011). The uniform Korn-Poincaré inequality in thin domains.
Ann. Inst. H. Poincaré Anal. Non Linéaire, 28(3), 443-469.

Lorent, A. (2008). An L? two well Liouville theorem. Ann. Acad. Sci. Fenn. Math.
93(2), 439-473.

Lubarda, V. A. (2002). Elastoplasticity theory. CRC Press, Boca Raton.

Lukkassen, D. & P. Wall (2002). On weak convergence of locally periodic functions. J.
Nonlinear Math. Phys. 9(1), 42-57.

Mallick, P. (2007). Fiber-Reinforced Composites: Materials, Manufacturing and Design.
3rd edition. Mechanical Engineering. CRC Press.

Marcellini, P. (1978). Periodic solutions and homogenization of nonlinear variational
problems. Ann. Mat. Pura Appl. (4), 117, 139-152.

Matias, J., M. Morandotti, & P. M. Santos (2015). Homogenization of functionals with
linear growth in the context of A-quasiconvexity. Appl. Math. Optim. 72(3), 523-547.

McDowell, D. L. (2010). A perspective on trends in multiscale plasticity. International
Journal of Plasticity, 26(9). Special Issue In Honor of David L. McDowell, 1280-13009.

Messaoudi, K. & G. Michaille (1994). Stochastic homogenization of nonconvex integral
functionals. RAIRO Modél. Math. Anal. Numér. 28(3), 329-356.

Miehe, C., J. Schroder, & M. Becker (2002). Computational homogenization analysis
in finite elasticity: material and structural instabilities on the micro- and macro-scales
of periodic composites and their interaction. Computer Methods in Applied Mechanics
and Engineering, 191(44), 4971-5005.

Mielke, A. (2005). “Evolution of rate-independent systems”. In: Evolutionary equations.
Vol. II. Handb. Differ. Equ. Elsevier /North-Holland, Amsterdam, 461-559.

Morrey Jr., C. B. (1952). Quasi-convexity and the lower semicontinuity of multiple
integrals. Pacific J. Math. 2, 25-53.

165



166

Bibliography

[112]

[113]

[114]

[115]

[116]

[117)

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

Miiller, S. (1987). Homogenization of nonconvex integral functionals and cellular elastic
materials. Archive for Rational Mechanics and Analysis, 99(3), 189-212.

Miiller, S. & V. Sverdk (1999). Convex integration with constraints and applications to
phase transitions and partial differential equations. J. Eur. Math. Soc. (JEMS), 1(4),
393-422.

Miiller, S. (1999). “Variational models for microstructure and phase transitions”. In:
Calculus of variations and geometric evolution problems (Cetraro, 1996). Vol. 1713.
Lecture Notes in Math. Springer, Berlin, 85-210.

Miiller, S., L. Scardia, & C. 1. Zeppieri (2014). Geometric rigidity for incompatible
fields, and an application to strain-gradient plasticity. Indiana Univ. Math. J. 63(5),
1365-1396.

Neukamm, S. (2012). Rigorous derivation of a homogenized bending-torsion theory for
inextensible rods from three-dimensional elasticity. Arch. Ration. Mech. Anal. 206(2),
645-706.

Neukamm, S., M. Schéffner, & A. Schlémerkemper (2017). Stochastic homogenization
of nonconvex discrete energies with degenerate growth. SIAM J. Math. Anal. 49(3),
1761-1809.

Ortiz, M. & E. A. Repetto (1999). Nonconvex energy minimization and dislocation
structures in ductile single crystals. Journal of the Mechanics and Physics of Solids,
47(2), 397-462.

Reina, C. & S. Conti (2014). Kinematic description of crystal plasticity in the finite
kinematic framework: a micromechanical understanding of F = F¢FP. J. Mech. Phys.
Solids, 67, 40-61.

Reina, C. & S. Conti (2017). Incompressible inelasticity as an essential ingredient for
the validity of the kinematic decomposition F = F¢F'. J. Mech. Phys. Solids, 107,
322-342.

Reina, C., A. Schlémerkemper, & S. Conti (2016). Derivation of F¢F? as the continuum
limit of crystalline slip. Journal of the Mechanics and Physics of Solids.

Resetnjak, J. G. (1967). Liouville’s conformal mapping theorem under minimal regu-
larity hypotheses. Sibirsk. Mat. Z. 8, 835-840.

Rice, J. (1971). Inelastic constitutive relations for solids: An internal-variable theory
and its application to metal plasticity. Journal of the Mechanics and Physics of Solids,
19(6), 433-455.

Shafarevich, I. R. & A. O. Remizov (2013). Linear algebra and geometry. Translated
from the 2009 Russian original by David Kramer and Lena Nekludova. Springer,
Heidelberg.

Simo, J. C. (1988). A framework for finite strain elastoplasticity based on maximum
plastic dissipation and the multiplicative decomposition. I. Continuum formulation.
Computer Methods in Applied Mechanics and Engineering, 66(2), 199-219.



Bibliography

[126] Tartar, L. (1986). “Remarks on homogenization”. In: Homogenization and effective
moduli of materials and media (Minneapolis, Minn., 1984/1985). Vol. 1. IMA Vol.
Math. Appl. Springer, New York, 228-246.

[127] Tempel’'man, A. A. (1972). Ergodic theorems for general dynamical systems. Trudy
Moskov. Mat. Obsc. 26, 95-132.

[128] Weinan, E. (2011). Principles of Multiscale Modeling. Cambridge University Press,
New York.

[129] Zhikov, V. V. (2002). Averaging of problems in the theory of elasticity on singular
structures. Izv. Ross. Akad. Nauk Ser. Mat. 66(2), 81-148.

167



	Elastoplastic Materials of Layered Structure
	Introduction
	Notation

	Preliminary Results from the Calculus of Variations
	Existence of solutions for minimization problems
	Necessity of convexity for existence of minimizers for scalar problems
	Relaxation of minimization problems
	Minimization problems under differential inclusion constraints

	The notion of Gamma-convergence
	Definition of Gamma-convergence
	Properties of Gamma-convergence

	Homogenization of material models

	Rigidity for Periodically Layered Materials
	Introduction
	Qualitative and quantitative geometric rigidity
	Asymptotic characterization for fine bilayered functions with stiff components
	Approximation by layerwise rigid body motions
	Compactness for layerwise approximating sequences

	Examples of softer asymptotic behavior for small stiffness
	Appendix
	Quantitative rigidity in Lp and its scaling behavior on thin domains
	Technical preliminaries


	Homogenization of Elastic Materials of Periodically Layered Structure
	Introduction to non-linear elasticity
	Sequences of finite energy approximating possible macroscopic deformations
	Homogenization of layered materials with stiff components
	The case of affine limit functions
	The case of general limit functions

	Relation to (multi-)cell formulas
	Appendix
	Properties of locally one-dimensional functions
	Technical tools


	Homogenization of Bilayered Structures in Crystal Plasticity
	Introduction to crystalline plasticity
	A single-slip model for finite crystal plasticity
	A model for layered materials with stiff components in finite crystal plasticity

	Homogenization of layered materials with stiff components in crystal plasticity
	Admissible micro- and macroscopic deformations
	The technique of convex integration
	Compactness for sequences of bounded energy
	Construction of recovery sequences
	The lower bound estimate

	Appendix

	Homogenization of Materials with Randomly Layered Structure
	Introduction to stochastic homogenization
	Transition from periodic to random layer thickness
	Homogenization of a Bernoulli model for layered materials

	Elements of ergodic theory
	The notion of ergodicity
	Ergodic theorems

	Stochastic homogenization via stationary ergodic processes
	Applications of ergodic theory
	Homogenization of randomly layered materials with rigid components in crystal plasticity

	Appendix

	Outlook

