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Abstract

We consider the evolution of open curves driven by curve diffusion flow. This geometric evolution
equation arises in problems of phase separation in material science and is the one-dimensional
analogue of the surface diffusion flow. The evolving family of curves has free boundary points,
which are supported on a line and it has a fixed contact angle o € (0,7) with that line. Moreover,
it satisfies a no-flux condition.

First, we discuss a result on well-posedness locally in time for curves which can be described by a
sufficiently small height function of class W', v € (%, 2], over a reference curve. In order to proof the
result, we reduce the geometric evolution equation to a fourth order quasilinear, parabolic partial
differential equation for the height function on a fixed interval. The proof of the well-posedness
of this problem is based on a contraction mapping argument: A result on maximal L,-regularity
with temporal weights by Meyries and Schnaubelt enables us to solve the linearized problem with
optimal regularity. By establishing multiplication results in time weighted anisotropic Ls-Sobolev
spaces of low regularity, we can to show that the non-linearities are contractive for small times.

Furthermore, we show the existence of a suitable reference curve for every admissible initial curve:
We smoothen the initial curve by evolving it by a parabolic equation. Afterwards, we establish
conditions on the distance of two curves which guarantee that one curve can be used as a reference
curve for the other one. By Cy-semigroup and interpolation theory, we confirm that the solution of
the aforementioned parabolic equation is in fact a viable reference curve. Combining this with the
first result, we obtain that the flow starts for every admissible initial curve of class Wy, v € (%, 2].

By exploiting this result, we can give a blow-up criterion in terms of a Ls-bound of the curvature:
If a solution of the curve diffusion flow subject to the previously mentioned boundary conditions
exists only for a maximal time T,,,, < 00, then the Ls-norm of the curvature tends to oo as
t — Tae- For the proof, we assume, contrary to our claim, that the Ls-norm of the curvature
remains bounded for a sequence in time approaching Ti,.x. A compactness argument combined
with the short time existence result enables us to extend the flow beyond T4, which contradicts
the maximality of the solution.

Zusammenfassung

Wir betrachten offene Kurven, die durch den Kurvendiffusionsfluss evolviert werden. Diese geo-
metrische Evolutionsgleichung tritt bei Phasenseparationsphdnomenen in den Materialwissenschaf-
ten auf und ist das eindimensionale Analogon des Oberflichendiffusionsflusses. Die Familie evolvie-
render Kurven hat Randpunkte, die sich frei auf einer Linie bewegen und die Kurven bilden einen
festen Winkel « € (0, 7) mit der Linie. Auflerdem ist die Bogenldngenableitung der skalaren Kriim-
mung der Kurven am Rand null.

Zunéchst diskutieren wir lokale Wohlgestelltheit fiir Kurven, die durch eine geniigend kleine
Hohenfunktion der Klasse W), v € (%,2], iiber einer Referenzkurve dargestellt werden kénnen.
Um das Resultat zu zeigen, reduzieren wir die geometrische Evolutionsgleichung auf eine quasilin-
eare, parabolische partielle Differentialgleichung vierter Ordnung fiir die Hohenfunktion. Der Beweis
dafiir basiert auf dem Banachschen Fixpunktsatz: Eine Arbeit von Meyries und Schnaubelt iiber



maximale L,-Regularitdt mit Zeitgewichten ermoglicht es, das linearisierte Problem mit optimaler
Regularitdt zu l6sen. Danach miissen Multiplikationsresultate in zeitgewichteten anisotropen Lo-
Sobolevraumen mit niedriger Regularitét hergeleitet werden, um zu beweisen, dass die auftretenden
Nichtlineritéiten fiir kleine Zeiten kontrahieren.

Dariiber hinaus zeigen wir, dass geeignete Referenzkurven fiir sémtliche zuléssige Anfangskurven
existieren: Dazu glatten wir die Anfangskurven, indem wir sie mittels einer parabolischen Glei-
chung evolvieren. Danach finden wir Bedingungen an den Abstand der Kurven, die garantieren,
dass eine Kurve als Referenzkurve der anderen dienen kann. Mit Hilfe von Cp-Halbgruppen und In-
terpolationstheorie kann bestétigt werden, dass die Kurven, die durch parabolische Regularisierung
der Anfangskurve erzeugt wurden, als Referenzkurven genutzt werden kénnen. Durch Kombination
dieser Aussage und des Existenzresultats erhalten wir, dass der Fluss fiir alle zuléssigen Anfangskur-
ven der Klasse W', v € (3, 2], startet.

Unter Verwendung der vorherigen Ergebnisse gelingt es ein Blow-up-Kriterium anhand einer Lo-
Schranke der Kriimmung zu zeigen: Falls eine Losung des Kurvendiffusionsflusses mit den zugehori-
gen Randbedingungen nur fiir eine maximale Zeit 1,4, < 0o existiert, dann wird die Lo-Norm der
Kriimmung der Losung unbeschrénkt fiir t — 7},4,. Um das zu beweisen, nimmt man umgekehrt an,
dass die Lo-Norm der Krimmung fiir eine Folge von Zeitpunkten, welche gegen T,,,, konvergiert,
beschrankt bleibt. Ein Kompaktheitsschluss erlaubt die Losung durch das Kurzzeitexistenzresultat
iber T),4, hinaus fortzusetzen. Dies steht im Widerspruch zur Maximalitdt der Lésung.
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1 Introduction

Geometric evolution equations govern a large variety of models in different fields of science rang-
ing from grain boundary motions and crystal growth to image analysis. For an overview on their
applications, we refer to [14]. Yet, while their analysis has been an active field of mathematical re-
search through the last decades, geometric evolution equations are still challenging, as singularities
can often occur in finite time and the corresponding partial differential equations obtained after a
suitable parametrization are quasilinear.

In this thesis, we contribute new results for a time dependent family of regular open curves
{T't}+>0 moving according to curve diffusion flow, i.e.

V = —0sskr, onI'y,t >0, (CDF)

where V' is the scalar normal velocity, «r, is the scalar curvature of I';, and s denotes the arc length
parameter. We complement the evolution law with the boundary conditions

or'y C R x {0} for t > 0,
K(nrm(_ol)>=7r—a at oI'; for t > 0,
Oskr, =0 at oIy for t > 0, (BC)

where nr, is the unit normal vector of I'; and o € (0, 7). A sketch is given in Figure The main
goal of this work is to investigate the behavior of this curvature flow.

I
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« «
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Figure 1.1: Evolution by curve diffusion flow with a-angle condition for o < 7.

The curve diffusion flow is the one-dimensional analogue to surface diffusion flow, which describes
the motion of interfaces in the case that it is governed purely by diffusion within the interface. It was
originally derived by Mullins to model the development of surface grooves at the grain boundaries
of a heated polycrystal in 1957, see [26]. It turns out, that curve diffusion flow is the H~!-gradient
flow of the length of the curves, see [14]. Thus, the flow is clearly related to the mean curvature
flow, which is the Ls-gradient flow of the length functional, cf. [14]. Mean curvature flow evolves
curves by the law

V=x onI'y,t > 0. (MCF)

Although, both curvature flows decrease the length of curves, there are some significant differences
in their behavior: For the mean curvature flow, Grayson showed that the curves evolving from a
smooth embedded curve in the plane keep these properties and become convex in finite time, see [19].



1 Introduction

Moreover, Gage and Hamilton proved that a convex curve in the plane, which is moving according
to mean curvature flow, remains convex and shrinks to a round point, see [I3]. Both statements are
not true for the curve diffusion flow: For evolution by curve diffusion flow, Giga and Ito gave an
example for an embedded initial curve such that the evolving curves fail to be embedded at some
point, [17]. Additionally, they have proven that the flow does not preserve convexity in [1§], like
it was conjectured by Garcke and Elliot in [I1I]. These properties of the curve diffusion flow reflect
that the evolution law leads to a forth order parabolic equation, while corresponds
to a second order parabolic equation: The proofs of the mentioned results on the mean curvature
flow are based on the maximum principle, which is not available for fourth order equations.

However, in contrast to the mean curvature flow, the curve diffusion flow preserves the signed area
which is enclosed by the initial curve during the flow, see [10]. This makes curve diffusion flow also
attractive for applications, as conservation laws can result in a preservation of volume over time. For
instance, the flow is related to the Cahn-Hilliard equation for a degenerate mobility. This equation
arises in material science and models the phase separation of a binary alloy, which separates and
forms domains mainly filled by a single component. Formal asymptotic expansions suggest that
surface diffusion flow is the singular limit of the Cahn-Hilliard equation with a degenerate mobility
for the case that the interfacial layer does not intersect the boundary of the domain, see [5]. Garcke
and Novick-Cohen considered also the situation of an intersection of the interfacial layer with the
external boundary and identified formally the sharp interface model, where the interfaces evolve in
the two-dimensional case according to and subject to an attachment condition, a Z-angle
condition, and a no flux-condition, see [I6]. This is related to the subject of this thesis in the case
a= 3.

Even though Garcke, Ito, and Kohsaka proved a global existence result for initial data sufficiently
close to an equilibrium for a 7-angle condition in [I5], Escher, Mayer, and Simqnett gave numerical
evidence that closed curves in the plane, which are moving according to (CDF)) can develop singu-
larities in finite time, cf. [I2]. Indeed, for smooth closed curves driven b%[), Chou provided
a sharp criterion for a finite lifespan of the flow in [6]. Additionally, Chou, see [6], and Dzuik,
Kuwert, and Schétzle, see [10], showed that if a solution has a maximal lifespan T},,., < 00, then
the Lo-norm of the curvature with respect to the arc length parameter tends to infinity as Ty, 1S
approached. Moreover, they gave a rate for the blow-up.

In this thesis, we want to establish a blow-up criterion for the geometric evolution equation (CDEF))
with (BC). More precisely, we will show that if a solution has a maximal lifespan T},q, < 00, then
the Lo-norm of its curvature with respect to the arc length parameter tends to infinity as ¢ ap-
proaches T},4., see Theorem 4.1.4

Since our strategy of the proof is inspired by the blow-up criterion in [10], we will explain the
cited result in the following: By assumption, f : [0, Tnaz) X St — R", Tphae < 00, is a smooth
solution of [CDF|for closed curves, which cannot be extended in time. The authors assume, contrary
to their claim, that ||x(¢)||z, is uniformly bounded in ¢ < T},,4,. Here || - |12 denotes the Ly-norm
with respect to the arc length parameter. Carrying on, they consider the normal component of the
derivative, i.e.

VR := 0K — (04K, T),

where (-, ) denotes the euclidean inner product on R™ and 7 is the unit tangent vector. Using the
motion law, they obtain differential inequalities for ||VT'R(t)|| L, for all t < T}, and for all m € N.
By the curvature bound, they iteratively establish bounds on ||VI"E(t)|| L, by Gagliardo-Nirenberg-
type inequalities. Comparing the full arc length derivatives 07"R(t) to the projected ones VT'K(t),
they can prove bounds on the Lo-norms of the full spatial derivatives of the curvature vector for all
t < Tynaz- This permits for an extension the flow beyond 77,4, which contradicts the maximality
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of the solution.

The authors use the same approach also in another context: Considering the Ls-gradient flow of
an energy which provides a bound on ||x(t)||, the strategy allows for proving global existence of
solutions and subconvergence results as ¢ — oo, i.e. convergence of a subsequence. In [I0], Dziuk,
Kuwert, and Schétzle also inspect the bending energy with length penalization for closed curves,
which is for a smooth, regular f: S — R", n > 2 given by

B[f] := /S (;W + A) ds for A € R. (B)

They obtain by the previously described technique that for smooth, regular initial data the Lo-
gradient flow of with A\ € R{ has a smooth global solution. In the case A > 0, they deduce that
it subconverges to an equilibrium after reparametrization to arc length and a suitable translation.
Moreover, they give an analogous result for the Ls-gradient flow of for A = 0 with a length
constraint.

The same strategy was also adapted to the case of open curves: In [21], [§], and [7], the authors
consider Ls-gradient flows of the bending energy, either with length penalization or with length
constraint, for open curves. For a smooth, regular function f: I — R", n > 2, I a closed bounded
interval, they look for different parameters £ and A at the energy

Elf] :/I<;|F5§|2+)\) ds for £ € R™ and X\ € R. (E)

Here, the vector ¢ is called spontaneous curvature, see [§].

Lin proved a global existence result for the L2-flow of for fixed A € R* and ¢ = 0 for open
curves with clamped boundary conditions in [21]. The gradient flow is considered among curves with
fixed boundary points and fixed tangent vectors at the boundary points. Additionally, the initial
datum is supposed to be smooth with positive, finite length and satisfying certain compatibility
conditions. Again, it is assumed that f : [0, Thaz) X I = R™, Thee < 00, is a maximal, smooth
solution. The author gains control over V" f(t) for all ¢ < T},q4, instead of V7'£(t) as in [10], where

Vif =0 f - <6tf7 T>'

He obtains bounds on ||V}*f(t)||L, for all m € N in terms of V2&(t), p € N, for all ¢t < Tps-
In contrast to the setting in [10], attention has to be paid to the boundary terms, which occur
due to integration by parts. Thus, the quantities V" f(¢) are a clever choice, as they vanish at the
boundary points due to the boundary conditions. Additionally, from the global existence of the flow
it is deduced that the family of curves subconverges after reparametrization by arc length to an
equilibrium. Dall’Acqua, Pozzi, and Spener strengthened the result of Lin in [21I] by showing that
up to a time dependent reparametrization ¢(t,-) : I — I, t € [0, 00), the whole solution f(t, ¢(t,))
converges to a critical point of the energy in Lo for ¢t — oo, see [9].

In [8], Dall’Acqua and Pozzi proved a global existence and subconvergence result for the L2-flow
of the energy for A € R{ and ¢ € R™, with fixed boundary points and such that the curvature
vector equals the normal component of £ at the boundary. In this setting, the authors also control
the quantities V}*f(¢), but those do not vanish at the boundary and thus have to be analyzed
carefully.

Moreover, Dall’Acqua, Lin, and Pozzi obtained an analogous result for the L?-flow of with
& = 0, which is complemented with hinged boundary conditions, i.e. fixed boundary points and zero
curvature at the boundary points, see [7]. Additionally, a special time dependent A is chosen to
preserve the length of the curve during the flow.

The strategy of the proof of the blow-up criterion Theorem [£.1.4)in our case is similar: For a given
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1 Introduction

maximal solution f : [0, Tyuaz) X I — R2, I := (0,1), Tynez < 00, We assume, contrary to the claim,
that ||x(t:)||z, is uniformly bounded for a sequence (t;);en. In contrast to the reasoning in [I0] we
do not work with smooth solutions: For a € (0, 5)U (%, ) the considered flow also has a tangential
component, as the boundary points are attached to the z-axis during the flow. This makes the
control of the boundary terms complicated. By just using the bound on the curvature, we obtain a
uniform W-bound for fl, which denotes the reparametrized and translated solution at time ¢;. This
motivates us to consider solutions in the space W3 ((0, Trax); L2(I;R?)) N La((0, Thnaz ); W (13 R?)),
as its temporal trace space is W2 (I;R?)). The idea is to restart the flow at these times ¢; in order to
extend the flow beyond T,,,., since this contradicts the maximality of the solution. But to achieve
this, we need a uniform lower bound on the existence time of the solutions.

We pursue the following strategy: We represent the initial curves fl by height functions over
suitable reference curves ®;. By deriving the equation for the evolution of the height functions
corresponding to and (BC)), we obtain a short time existence result such that the time of
existence is determined by the reference curve and the norm of the initial height function. Conse-
quently, we obtain a uniform lower bound on the existence time, if we can reduce to the case of
finitely many reference curves.

To this end, we observe that by the compact embedding W3 (I; R?) — W,/ (I;R?), v < 2, the set
{fi : 1 € N} is precompact in Wy (I;R?). Next, we cover this set by W, -balls around the initial
curves f;. By compactness, there exists a finite set of balls, corresponding to finitely many reference
curves, such that {f; : I € N} is still covered. Thus, we need to be able to restart the flow for initial
height functions merely of class W) (I), v < 2, and to come back to the regularity of the original
solution space.

To this end, we use the time weighted parabolic space W3 ,((0,T); La(I)) N La,,((0,T); W4 (I))
as solution space, where for a Banach space F

Ly, ((0,T);E) := {u : (0,T) — E is strongly measurable : || [t 1 Hu(t)] ||L2((0 .8 < oo} ,

and Wy 4((0,7); E) is defined accordingly, see Chapter |20 This setting allows for starting the flow

for admissible initial data in the space W24(“_1/2)(I; R?), p € (%,1]. The time weight 4 is chosen

such that
W, WP (1 R?) < CY(T;R?).
Note that

Wy Y (1 R?) o4 C2(T;R?) for ju € <; 1} .

Additionally, the solution space allows for exploiting the effect of parabolic smoothing, as the time
weight does not play a role away from zero.

A related result for the curve diffusion flow with a free boundary was proven by Wheeler and
Wheeler in [32]: They consider immersed curves supported on two parallel lines moving according
to curve diffusion flow, such that the evolving curves are orthogonal to the boundary and satisfy a
no flux condition. A blow-up criterion is given in terms of the sum of the position vector and the
Lo-norm of the arc length derivative of the curvature. Moreover, they establish criteria for global
existence of the flow.

Even though a short time existence result for and (BC) in the case @ = I has been
established for initial data of class C*t%, see [16], it is not sufficient here due to the needed low
initial regularity. In order to prove the previously mentioned short time existence result for initial
data in W24 (n=1/2) (I), pe (%, 1], we will pursue the following strategy: We consider a fixed reference
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curve ®* : I — R? of class C°, which fulfills suitable boundary conditions, and fixed curvilinear
coordinates. Thus, we can represent evolving curves which are C'-close to the reference curve by
a height function. This enables us to reduce the geometric evolution equation and to
a quasilinear fourth order parabolic partial differential equation on a fixed interval for the height
function p : [0,T) x I — R, as long as the height function is small enough. We give a sketch of the
situation in Figure

Figure 1.2: Representation of a curve by a reference curve ®x, curvilinear coordinates, and a height
function p(t, o).

The equations are of the form

pi + (0, p,05p)05p = f(p, 05 p, 02p, 03p) for (t,0) € (0,T) x [0, 1],
b1(0)0,p =0 for o € {0,1} and t € (0,7,
ba(a, p,850)05p = —g2(p, 8o p, D3 p) for o € {0,1} and ¢ € (0,7),
pli=o = po in [0,1], (PDE)

where pg : [0,1] — R is the height function corresponding to the initial curve. Moreover, the
non-linearities on the right-hand side have the structure

1(0, 9,009,020, 02p) := S(p)02p02p + S(p)O2p + S(p) (92p)" + S(p) (920)" + S(p)O2p + S(p),
92(0, 0, 00, 02p) 1= T(p) (92p)" + T(p)02p + T(p), (NL)

where the prefactors S(p) = S(o, p,dsp) and T(p) = T(c, p, ,p) are terms of lower order.
The equation (PDE]) is now solved by a contraction mapping argument: We linearize the equation
around the initial datum and obtain the problem

L(p) = (F(p), po), (LP)

for a linear operator £ which is given by the left-hand side of , where the coefficient are
evaluated at pg instead of p. The non-linear operator F corresponds to the sum of the left-hand
side terms of equation (PDE) and the terms which have to be compensated to make the problem
equivalent to n order to derive a fixed point equation, we have to solve the linear
problem for the right-hand side (F(p), pp) with optimal regularity, where p is an arbitrary element
of a suitable ball in the solution space Wy ,,((0,T); L2(I)) N L2 ,((0,T); Wy (I)). The key ingredient
for this step is a result by Meyries and Schnaubelt on maximal L,-regularity with temporal weights,
[25]: We deduce that for admissible initial data in Wé(“_lh)(l), € (%.1], there exists a unique
solution of the linear problem in Wy ,((0,T); La(I) N Ly, ((0,T); W5 (I)) for a sufficiently small
T > 0. By inverting the linear operator, we can express the partial differential equation by
the fixed point equation

p =L F(p), po)- (FP)

In order to show the existence of a unique fixed point by Banach’s fixed point theorem, it is
crucial to study the structure of the non-linearities, cf. (NL|). We have to establish suitable product
estimates in time weighted anisotropic Lo-Sobolev spaces of low regularity to guarantee that F(p)

13



1 Introduction

is contractive for a suitably small time 7" > 0. Finally, we deduce by applying Banach’s fixed point
theorem to that for every admissible initial height function there exists a 7" > 0 such that
there exists a solution to in Wy ,((0,T); La(I)) N Ly, ((0, T); Wi (I)). Moreover, the curve
corresponding to the height function is regular. In order to use this result for the blow up criterion,
we have to keep track on which quantities T' depends.

In the next step, we have to assure that for every admissible regular initial curve there exists a
suitable reference curve. By evolving the initial curve by a linear parabolic equation, we obtain a
smoothened curve close to the initial curve. In the following, we use Cp-semigroup and interpolation
theory to carry out technical estimates, which provide control on the distance of the two curves.
Moreover, we find conditions on the distance of two curves which guarantee that one curve is a
reference curve of the other one. Combining those steps enables us to confirm that the solution of
the aforementioned parabolic equation is in fact a viable reference curve.

Lastly, we give a brief overview concerning the structure of this thesis. In Chapter [2] we present
preliminary results on fractional Sobolev spaces, maximal Lo-regularity, and a geometrical estimate.
We prove embeddings and multiplication results, which are crucial for the proof of the theorem on
short time existence. In Chapter [3] we introduce the general setting of the geometric problem
of curve diffusion flow with an angle condition. Additionally, we give some properties of smooth
solutions of the problem. The main results are stated in Chapter [} We present a local well-
posedness result for rough initial data in Wé(“_lm(l) for p € (,1], cf. Theorem Secondly,
we give a blow-up criterion for solutions to the curve diffusion flow which only exists for a finite
time, see Theorem The corresponding proofs are done in the following sections: Chapter [5]is
devoted to the proof of a short time existence result for initial curves which are represented via a
sufficiently small height function over a reference curve. Afterwards, we construct reference curves
to general admissible initial data in Chapter [} Finally, we give a proof of the blow-up criterion

Theorem in Chapter [7}

14



2 Preliminaries and Fundamental
Mathematical Tools

In this chapter, we want to present some preliminary results on fractional Sobolev spaces and max-
imal Lo-regularity. Additionally, a geometrical estimate is given.

In Section [2.1] we introduce fractional Sobolev spaces and some useful properties. Moreover, we
prove an embedding theorem for these spaces. This will allow to deduce product estimates.

In Section we present a result on maximal regularity with temporal weights, see [25], which
will be an important tool to prove short time existence. Afterwards we discuss embeddings of the
involved parabolic spaces.

In the last section of this Chapter we prove an upper bound for the reciprocal length of the
curve by its maximal curvature.

2.1 Fractional Sobolev Spaces and Some Properties

The following spaces will be crucial for our setting. In large part the facts and definitions stated
in the first part of this section are derived in [24]. For more results about these spaces, e.g. dense
subsets, extension operators, trace theorems and embeddings, the reader is referred to [23] and [24].
General properties of real and complex interpolation theory can be found in [22] or [30].

Definition 2.1.1 (Weighted Lebesgue Space)

Let J =(0,T),0<T < oo and E be a Banach space. For 1 < p < oo and p € (%, 1} the weighted
Lebesgue space is given by

Lypu(J; E) :={u: J = E is strongly measurable : ||ul|p, (5 < o0},

where

Julley ey i= s £, = ([ Pl o)
Remark 2.1.2 1. (L, . (J; E), |lullz, . (:5)) i a Banach space.
2. One easily sees that for T < oo it follows
L,(J;E) = Ly . (J; E).
This does not hold true for T = co.
3. We have L, ,((0,T); E) C L,((7,T); E) for T € (0,T).

4. For pu=1 it holds L, ,(J; E) = L,(J; E).
Moreover, we define associated weighted Sobolev spaces.
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2 Preliminaries and Fundamental Mathematical Tools

Definition 2.1.3 (Weighted Sobolev Space)
Let J =(0,T),0<T < o0 and E be a Banach space. For 1 <p < o0, k € Ny, and 1 € (%, 1] the
weighted Sobolev space is given by

p,p

Wh (T B) = HE (T B) i= {u € Whio(JsB) s ul) € Ly (S B) for {0, k} }

for k # 0, where u¥) = (%)ju, and we set WS,M(J; E):=L,,(J;E). We equip it with the norm

P
p

k
o (j)’
lullw 1:5) : ; H“ Ly (JiE)

Remark 2.1.4 (W} ,(J; E), lullwy (7,m)) is a Banach space, see Theorem in Section 3.2.2 of [30].

In the following, we introduce a generalization of the usual Sobolev spaces by the means of
interpolation theory. By (-,-)o,, and (-,-)js) we denote real and complex interpolation functor,
respectively.

Definition 2.1.5 (Weighted Slobodetskii Space, Weighted Bessel Potential Space)
Let J = (0,T), 0 <T < oo and E be a Banach space. For 1 <p < oo, s € R"\N, and ;1 € (%,1}

the weighted Slobodetskii space and the weighted Bessel potential space, respectively, are
given by

Wy (i E) = (W EL W 0 p)

(1 B) = (Wl (7 E),WpLj{“(J;E))[S_LS“ .

Remark 2.1.6 1. Both spaces are Banach spaces by interpolation theory, cf. Proposition 1.2.4
in [22] and the Theorem in 1.9.1 in [30].

2. We have W 1(J; E) = Wy (J; E) and H, 1(J; E) = Hy(J; E) for all s > 0.

8. For p € (1,00) we obtain by Lemma 2.1 in [24] that the trace u — u9)(0) is continuous from
Wk (J;E) to E for all j € {0,...,k —1}. Thus, for k € N we can define

Popt
oWE (J;E) = oHE (J; E) i= {u e WE (J;E) : u)(0) =0 for j € {0,..., k — 1}} ,
which are Banach spaces with the norm of W;M(J; E). Moreover, we set for convenience
oWy (J; E) = oH)) (J; E) := Ly ,(J; E).
4. By Proposition 2.10 in [Z]], it follows for k+1—p+1p < s<k+2—p+1/p with k € Ny

s . k(7.
Wp’#(J7E)‘—>BUC (J; B),
. k(7.
H: ,(J; E) = BUC*(J; E).

If additionally one replaces the spaces W,  (J; E) and Hy (J; E) by the W, (J; E) and
OH;’H(J;E), respectively, and s € [0,2], then the operator norms of the embeddings do not
depend on J.
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2.1 Fractional Sobolev Spaces and Some Properties

5. We can define the corresponding fractional order spaces oWy ,(J; E) and oH, ,(J; E) ana-
logously to Definition [2.1.5 By Proposition 2.10 in [2}], we have for p € (1,00) the charac-
terization

)

oWy W (JiE) = {U eWw, (J;E): u)(0) = 0 for j € {0, .. ,k:}}
Hy (J;E) = {u eW, (J;E): u(0) =0 for j € {0,.. ,k}} ,
ifk+1—p+tYp<s<k+1+1—p+1p), ke No.
6. By equation (2.7) and (2.8) in [Z]], we have for s = |s| + s
oW (i B) = {u e Wil (7 B) s ull) € oWy, (1 E) }
Wi (1 B) = {ue Wl B) s ulls) e Wy (1 B) },
where the natural norms are equivalent with constants independent of J.

7. By Proposition 2.10 in [2]], we obtain that W (J; E) = oW, (J; E) for 1 —p+1/p> s> 0.
8. By interpolation theory, see (2.6) in [24)], we have the following representation of the Slobodet-
skii space: For s € (0,1) it holds
W;’M(J; E) = {u S Lp7u(‘]; E) : [’U/}W;‘N(J;E) < OO} R

where

[[u(t) — u()]|%
[wlws ,(1:E) = </ / (1=w)p t—T|1+81’Ed Tdt

Then, the norm given by

el

By = llulle, . m) + [Wws , (1:E)
is equivalent to the one induced by interpolation.

9. If E =R is the image space, we omit it, e.g. W (J):=W, (J;R).

In the following we introduce another generalization of Sobolev spaces for the scalar valued case,
see Theorem of Section 3.3.1 in [30] for the cone R* and restricted to the subset (0,7).

Definition 2.1.7 (Weighted Besov Space)
Let J=(0,T),0<T < 0. Let my,ma € N such that 0 <mj <ma < o0, 1 <p<oo,1<g<oo

and p € (%, 1}. Moreover, let 6 € (0,1) and s = (1 — 0)my 4+ Oms. The weighted Besov space is
given by

By qulJ) = (Wi (1), Wiz (1)) g, -

Remark 2.1.8 1. The Besov spaces are independent of the choice of m1 and msy, see Section
3.3.1, Remark 1, in [30]. This justifies the notation.

2. We have the representation

By, () ={u e Whl(J): [y, o) < o0},

17
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where
—(s—|s S s a dh
[l o= / (DD () = u DOy, ) S

for

{(O,T—h) forh<T
Jp =
1] for h > T.

The norm given by

lullgs, . = llullL, .+ [ulB:, .1

Pg,p

is equivalent to the norm induced by interpolation. This can be proven using Theorem in
Section 8.5.1 of [30] for the cone RY. The case T < oo can be justified by an extension
arqument like in step 1 of the proof of Theorem 1 in Section 3.6.4 of [30)].

3. For E =R the previously introduced weighted Slobodetskii spaces are Besov spaces for p = q.
By changing the order of integration, variable transformation T = t + h, and changing the
order of integration again, we obtain

(J)f/ / wi-w [f( h1)+w OF 4 qn
ppu
T—t D
/ / wa-w £ h1)+sp OF 4 at
(- Lf(1) = F@®OF
/ / e |r—t|1+ép dedr [f]WMJ)

2.1.1 An Embedding Theorem for Fractional Sobolev Spaces

We will need to improve the first part of the following embedding result, see Proposition 2.11 in
[24], to deduce multiplication results:

Proposition 2.1.9
Let J = (0,T) be finite, 1 <p < q<o0, € (%}, 1} and s > 7 >0 and E be a Banach space. Then

S : . L Gls)

Wy (J;E) = W, (J; E) holds if s—(1—p)— » >7T— — (2.1.1)
s T . 1 1

Wy (JsE) = W/ (J; E) holds if S_(l_M)_E >T—§. (2.1.2)

These embeddings remain true if one replaces the W-spaces by the H-, the oW - and the oH -spaces,
respectively. In the two latter cases, restricting to s € [0,2], for given Ty > 0 the embeddings hold
with a uniform constant for all 0 <T < Tj.

In the following, we prove a refinement of embedding (2.1.1).

Theorem 2.1.10
Let J = (0,T) be finite, 1 <p<q<oo, € (%},1} and s > 71 > 0. Then,

Wy u(J) = Wg . (J) holds if s=o>To o (2.1.3)
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2.1 Fractional Sobolev Spaces and Some Properties

This embedding remains true if one replaces the W-spaces by the H-, the oW - and the oH -spaces,
respectively. In the two latter cases, restricting to s € [0,2], for given Ty > 0 the embeddings holds
with a uniform constant for all 0 < T < Tj.

In order to prove this statement, we need the following lemmas to represent the function in a
different way, see Lemma [2.1.11] and modified Young’s inequality, see Lemma [2.1.12] for £ = R.
These lemmas are adapted versions of Lemma 7 and Lemma 5 in [29)].

Lemma 2.1.11
Let f € L, ,(J; E), E a Banach space, J = (0,T) for T < 0o, 1 <p < 00, and a > 0. Assume that

a dh
L7 =0y < 0
0

Then

1 a a a—h ds
= — ) I— S ; L a;E N
f a/o T;fdh—|—/0 /0 (I — )T fi(s T h)? dh in Ly, (Jo; E)

Proof. First of all, we show that the function h — 7, f is continuous from [0,a] to L, ,(Ja; E).
Let 0 < b < ¢ < a. Then, we have via the transformation formula

T—a
Iref = fl%,  (gomy = ITe(Te—nf = OIL (10im) :/0 [t (renf = Flle(®)]” dt

T—a

:/ [t Hllreof — Fllp(t+0)]" dt
0
T—a

g/ [(t+0)' e f = Fllm(t+b)]" dt
0

T—(a—b) L »
<[ s - 1) as
= llre—of = fI%, , (7uvim)- (2.1.4)

Using the density of C2°(J\{0}; E) in L, ,(J; E), see Lemma 2.4 in [24], we find for each ¢ > 0 a
g € C*(J\{0}; E) fulfilling || f — gllz, . (1;z) < /4. Thus, it follows for h:=c—b

Imnf = flley (oo S NFC+R)—g(+ Pz, (gay) + l9C+h) =9z, . (Jus:)
9= fllzy.aviE)
<2\f = 9gllr,,. e+ lgC+h) —9gllL, . (Javp)
€
< 3 +lg(- +h) = gllz,..(1u_y:E)-

By choosing h small enough, we obtain [g(-+h) =gz, . (s._,:z) < ¢/2 and thereby the claim. Hence,
the function

s Y () = 2/ o f () dh] € Ly (Ju: E).
0

The next step is to show that

ds

i a a—h
- X(a,1) ::/O /0 (I =m0 s b | € L ).
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2 Preliminaries and Fundamental Mathematical Tools

The function [(h,s) € [0,a] x [0,a — h] = (I — 1,)7sf] € Ly . (Ja; E) is continuous and therefore,
strongly measurable. Thus, it follows

ds
/ / I —74)7s (')||Lp,u(.fa;E)Wdh
ds
/ / F=m) f )y i) gz A

where we used the estimate in again for ¢ := s+ h, b := s. By integrating with respect to s,
we obtain

/ / I—1) (')||Lp,u(Jh)(8_:_ish)2 dh S/o (L =70) Ly, ) <]11 - i) dh,

which is finite by hypothesis. Consequently,

by the theorem on differentiability of parameter integrals for separable Banach spaces, see The-
orem 3.18 in [3], also the integral X (a,t) exists in L, ,(J,; E).

It remains to prove that the sum of X (a,-) and Y (a,-) equals f. By changing the variables u = s,
k = s+ h, we obtain

a rk dk
)= /O /0 (Tuf = T0f) dUﬁ in L, (Ja; E). (2.1.5)

Now, let o, with a > a > 0, be given. Then, it holds J, C J,. Therefore, by restriction the previous
equality holds as well in L, ,,(Jo; F) and we can consider the differential quotient of a — X(a,-)
for a € (0, . For a € (0,a) and a sufficiently small i, we have

X(a+h)—X(a,-) 1 [oth [* dk ,
( ;N)L ( ):2/ /O(Tuffq-kf)duﬁ in Ly, (Ja; E).

We obtain by the estimate (2.1.4]) for 0 <u <k < «

1 [k 1k
o AL R N Ve TR S PR
By transformation formula for v = k —w and Jo_(x_y) C Jy, for k < a <, it holds

dv
/ Iruf — 7 fll, e du < / 1F = Tofllzy sy S

where we additionally used that v < k. This expression is finite by the assumptlon on f. For a = «,
we argue analogously for the left-hand side limit. Consequently, as [k +— fo Tuf — T f) du] is
continuous from (0,a] to L, ,(Jo; E), the mapping a — X(a,-) is dlfferentlable from (0,q] into
L, . (Ja; E). Additionally, we have by restriction [a — Y (a,-)] € L, ,(Ja; E) for a € (0,a]. By the
Banach space valued version of the fundamental theorem of calculus, see Proposition 3.7 in [33], it
follows that [a — Y (a,-)] is differentiable from (0,«] into L, ,(Ja; E). Therefore, straight forward
calculations show

0X 1 [° o [1 [ )4
9a —(a) = —/0 (o f —7Taf)du = ~%a <a/0 Thfdh) (a) = —%(a) in L, (Jo; E).

a?
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2.1 Fractional Sobolev Spaces and Some Properties

Thus,
0X oY
Da (a) + %(a)

and X (a) 4+ Y (a) restricted to J, does not depend on a. Using the identity (2.1.5), we obtain by
the dominated convergence theorem that X (a) — 0in L, ,,(Jo; E) for a — 0. Combining this with
Y(a) = fin L, ,(Jo; E) for a — 0, we obtain

=0 in Ly, (Jo; E),

X(a)+Y(a)=f in Ly, ,(Jo; E) for all a > a.

In particular, this is satisfied for o = a, which proves the lemma. O

Lemma 2.1.12
Let f € L, ,(J;E), E a Banach space, J = (0,T) for T < 0o, 1 < p < o0, and g € L.(0,a),
1 <r < oo, wherea >0 and%+%>1. Let F : J, — E be given by

F(zx):= / flz+1t)g(t)dt.
0
Then, F € Lq ,(Jqa; E), where % = % + % —1, and

1 Ly raimy < WLy i 19112, 0,0)-

Proof. First, we assume that f is in C$°(J\{0}; E). By the assumptions on the exponents, we
obtain

1 1 1 1 1 1
- I=1-=>0 =N q>p and ——=-=1-=-2>0 A q=p,
p q r r q p
as 1 <r < oo, 1 <p < oo, respectively. In this proof, we denote by || - || the norm on E. Given

x € Jg, we have
|F()et ]| < / 1@+ Dl [g(t)| dt

</ NEIER)

p
q

915 (I (@ + )l =) 7 g5 dr.

Using Holder’s inequality with /g + (1/p — 1/q) + (1/r — 1/q) = 1, we obtain

S0
Q=

F@a ) < ([ s+ oy |g<t>|fdt); ([ s+ oy ar)

X ( lg(®)|" dt) .
0

By transformation formula, the second factor can be estimated by

a+x

a a+t+x
/ (1 (@ + Dl ) dt = / (F @Iy )" (/)07 4y < / (IF @)l dy
0

€T x

<71 rem
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where we used (I/y)(l_“)p <l,asy>z,and a+x < T for z € J,. Thus,

(7-7)a

F@a " < [ (s o=y oo a1 $ 8 ([ Clar a)

and by integrating with respect to x over J, and extracting the g-th root

(/. F(x)“”l_””qu); <([ [ (sl g aras)”

> ||f||§;%7%)7p (%*%)T

Lastly, we can estimate the first factor by

/Ia / (I @+ 8)l2* )" g dt do = / /Ia(|f<x+t>||x 1Y dalg(t)]” dt
a T—a+t
- / / (IF @)l — 1 #)? dylg(t)|" dt

a T—a+t
< / () dt / (LF )y ="

< gllz, 0w lfIZ, 75

where we used Fubini’s Theorem, transformation formula, and the fact that y — ¢ < y and ¢ < a.
Putting everything together, we obtain

i 1 1_1), 1_1),
1By i) < (I8l 0w 1712, L crim ) A e IS 0 < Moz 0l Ly

By the density of C§°(J\{0}; E) in L, ,(J; E), cf. Lemma 2.4 in [24], we obtain the result. O
Now we are ready to prove Theorem [2.1.10

Proof of Theorem[2.1.10, For this proof, let Ty > 0 be given.
We may assume that s ¢ N, as we have strict inequalities in : For g € (p,00), p € (1,00) and
s € N with s > 7 > 0 fulfilling the assumption, it is always possible to find an § ¢ N, s —1 <5< s
such that the assumptions still hold true for § instead of s. By the properties of interpolation spaces,
see Proposition 1.2.3 in [22], we obtain

W (J) = (W,}j}*lu), wls] (J)) — W (). (2.1.6)

PR 5] P
We distinguish between the cases 7 =0 and 7 > 0.

First, we focus on the case 7 =0: If s > 1, we can reduce to the case § < 1 in the following way:
For ¢ € (p,0) and p € (1, 00), there exists an § < 1 such that we have

.1 1
s>1>8=—-——.
p q

As s ¢ N, we have by the properties of interpolation spaces, see Proposition 1.2.3 in [22],

Wi (1) = (Wi, Wit () S W) = WL () = Wi ().

Pt Dt
s—|s].p
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Thus, it suffices to prove that

W;M(J) — B?

o 1.u(J) = Lo u(J)

This is done in the following two claims.

Claim 2.1.13 For 0 < e < s < 1, we have

Wy .(J) = By, (J),

p,L,p
with the estimate
T
ep’

[f]BS < (J) < [f]W;YM(J)

p,l,p

Proof of the claim. Since we have W, (J) =
suffices to show

B () <= Bi3E, ()

pp;p p,1,p

with the corresponding semi-norm estimates. By straight forward computations, it follows

dh
HLP;#(Jh)T

- Hh— NS ) = FOley )

1217t C) = F Ol i an

Asgin = | WEms() = 50

p,1,u

IN

T
< .
S (flB;,.. (1)

s
BPPM

1 1

SRR

for — + - =
p

p

Ly (J5R; k)

where we used Holder’s inequality. This gives the result.

Now we choose € such that 5:= s — € =1/p — 1/q. Therefore, it remains to show:

Claim 2.1.14 For 5 € (0,1), p € [1,00) and q € (p,

BS

o 1.u(S) = Lgu(J)

with the estimate

o0) it holds

if 5 —

SRR
RS

Ifllz,,.n <Clan) (T/2)~" 1y + B3, 0|

)||h€HLp,(J;R;%)

1.

SN

(2.1.7)

(J) by the remark following Definition [2.1.7} it

Proof of the claim: For the proof, we adapt the proof of Lemma 8 in [29] for the scalar valued, time

weighted case.
Let f € By, ,(J) and a > 0. Since we have

@ dh
/ Hf—TthLp,H(Jh)T <
0

we know by Lemma [2.1.11] that

fzg/o Thfdh+//

ds
( + h)?

dh

in Ly, ,(Ja)-

s “ —5 dh 5
a /0 R f _Thf”Lp,“(Jh)T < a’[flss, (1) <0

(2.1.8)
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In the following, we want to show that f isin Ly ,(J,). To this end, we estimate the first summand
of (2.1.8) by a modified Young’s inequality, cf. Lemma[2.1.12) where we set g(t) =1 and !/r =1—3
in the assumptions, thus 1/q = 1/p+1/r—1. We deduce Y/a [, 71, f(-) dh € Lq ,,(J,) with the inequality

1 a
e

It remains to consider the second summand of (2.1.8)): Setting f in Lemma [2.1.12|to f := f— 7, f €
Lp,/L(Jh) and g = (- + h)z, we obtain

1 -5
< Ml .00 < a1 flL, .-

Lq,u(Ja)

ds

a—h
| nla =m0

<Wf=7mfllz, . |-+ h)72
Lg,u(Ja)

L,.(0,a—h) "

Moreover, direct calculations yield

hl—Qr _ a1—2r

(- + h)_2HLT(O,a7h) - (%1> < Ch*=2 = Ch~ 1,

where C' = (2r —1)~+ < 1. Thus, we have
J
< |/l

and consequently the second summand of (2.1.8)) exists in L, ,(J,). The combination of the esti-
mates for both summands of (2.1.8) leads to

a—h ds
| =m0

@ dh
ah< KN = o
Lau(Ja) 0

5
Bp,l,u

(J)

1Ly, < a3 fllL, .+ [flBs | () (2.1.9)

p,lfu(

For a = T/2, it follows that

Q=

T/2 T
1—p q 1—p q
wuww<<ﬁ (t mm>m+AJthmdQ
< 9% (||f||quu(JT/2) n TlfM”fHLq(T/z,T)) . (2.1.10)

We can directly use the statement of Lemma 8 in [29] for second summand of (2.1.10) and obtain
for a :="T/a

1 T\ °
I fllz, (r/2m) < 27 ((4> I fllz, ey + [f]B;,l,l(T/z,T)> .

Combining this with the estimate

—(1—-p)
T
I fllz, ) < (2> £z, .1
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2.1 Fractional Sobolev Spaces and Some Properties

which holds true as the time weight does not matter away from zero, we obtain

~(-n) s
1 (T T
lzyrnry < 2% (5 ) (@) umww+m%mm>

Putting the estimates (2.1.10)), (2.1.9), and the previous one together, we end up with

1 —
10zt <25 (100,00 + TS o)

T\ ¢
(3) Moo + sz 0

. —(1-w) -5
Loalm (g) ((D 1Ly + [f]B;,l,AJ))]

< C(q,p) [(Z) 1Ly, + [f]B;JyM(J)‘| :

Q=

<2

O

Therefore, we obtain ([2.1.7) and consequently the embedding (2.1.3]) for 7 = 0 with the estimate

T -5
|mmwhsamnK2)ﬂmMﬂ+m@wwL

’

2 S—€ Tep N
< Clg, 1) ((T) s + 57 (2T)S‘s[f]wg,“u>>

Psp

Now we proceed with the case 7 > 0: W.l.o.g. we assume that 7 ¢ N, as we have strict inequalities
in (2.1.3). It is always possible to find an 7 < 7 ¢ N, such that the assumption still holds true. For
7 € N, we obtain

Wi () = (W (1), Wit ()

e

c—>WpT7“(J)

T=17lp

by the properties of interpolation spaces, see Proposition 1.2.3 in [22]. The proof follows the idea
of the proof of Proposition 2.11 in [24]. To this end, we set a := 1/p —1/¢ > 0 € (0,1) and fix € > 0,
such that

s—e>T+a, (2.1.11)
which is possible due to the strict inequality in (2.1.3)). Moreover, we define
ki=|s—e—aleNy and ki=k+et+ac(s—1,5s),

ask <s—e—a<k+1. W.lo.g we can assume that x ¢ N, otherwise we decrease ¢ again. Then,
there exists a § € (0,1), such that

s=rk(l1-60)+(k+1)0=r+6
and, by Lemma 2.8 in [24], we have

Wi (1) = (Wi, (1), Wit ()

s—K,p
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Using the identity

Wi () = {u e WL B) s ull e ik},

Nz
cf. (2.8) in [24], the question, whether the embeddings
K k
Wy (J) = Wi, (J)
Kk+1 k+1
Wi (J) = Wei(J) (2.1.12)
hold true is, reduced to showing
Wi B () = Lau( ), (2.1.13)
which is covered by the first case. Due to the choice of o and k, we have the equivalence
1 1 1 1
e>0 & atet+k—k——->—- & (k—k)—=>——,
p q p q

where the last inequality shows that the assumptions for the 7 = 0 case are fulfilled. Therefore, the
embedding (2.1.13) and thus the embeddings in (2.1.12)) hold true, and by the properties of real
interpolation spaces, see the Proposition in 1.2.3 in [22], we obtain

W () = (WE, (1), WEEL())

>
W) WD)

oy (W .(J), Wq’f;l(J))s_w

= W;u(‘])7

S—K,q

where
T=k(l—(s—r)+(k+1)(s—kK)=k+s—r=k+s—(k+a+te)=s—a—e¢
Due to (2.1.11)), we have 7 > 7 and, therefore like in (2.1.6),
Wi (J) =Wy, (J).
This shows the embedding .

Furthermore, we only have to consider the W-case, as the general properties of real and complex
interpolation spaces imply that one has the scale of dense embeddings

WL (J) = Hp2,(J) = Wps (J) — Hpi (J), for s1 > s9 > 53 > 54 >0, (2.1.14)

cf. (2.1) and (2.2) in [24]. More precisely, if we want to show (2.1.3)) in the H-case, we find €1, €2 > 0,
such that

1 1 1 1
s—=>(s—€)—~->(T+e)—->17— -
p p q q

is fulfilled. Then the claim follows by the previously proven result, if

Hp ,(J) = Wg .2 (J) (2.1.15)
Wi (J) = Hy ,(J) (2.1.16)

holds true, since we have consequently

Hy (J) = Wy (J) = W;:{”(J) = Hy ,(J).
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We come to embedding (2.1.15): Since s ¢ N, w.l.o.g. we can assume that [s| = |s — €] and
s — €1 ¢ N. Otherwise, we decrease €;. By the definition of Bessel potential spaces, see Definition
, we know that H; (J) = (HIE;H(J),H,Ef,frl(J))[s_Ls” is a complex interpolation space with
0 :=s— |s] € (0,1) and thus belongs to the class K (), see Theorem 1, Section 1.10.3 in [30]. But
this implies that

1, (1) = (R HE )

The Slobodetskii space W, (J), see Definition [2.1.5} is a real interpolation space with 6 — ¢, €
(0,1). Therefore, it belongs to the class J(#), since

(H;ESJ (J), HE}JLJA(J))

I

= Wy (),

9761,1

see Theorem 1, Section 1.10.3 in [30]. Using the properties of real interpolation spaces, see item (e)
of the Theorem in Section 1.3.3. in [30], we obtain that

(X0, X1)0,00 = (X0, X1)0—e1 1

for an interpolation couple (Xo, X7). This proves (2.1.15) and embedding (2.1.16)) follows analo-
gously.

It remains to show that the estimate holds with a uniform constant for all 0 < T < Tj in the
case of a oWW-space and for s € [0,2]. To this end, let f € (W, ,(0,7) and let the assumption of
be true. We use the extension operator £p € L(oW; ,(0,T),oW; ,(Ry)) from Lemma 2.5 in
[24]. The restriction operator Rr, is trivially an element of L(oW ,(R4),0W} ,(0,Tp)), where the
constant in the norm estimate does not depend on Ty. Then, it holds

HRTUE%(‘}C)HW;’H(O,TO) < Hg%(f)HW;,H(R+) < C”f”W;‘f’“(O,T)v

where we used that the constant C in the estimate for the extension operator does not depend on
T for s € [0,2]. Therefore, we obtain for 0 < T' < T} the estimate

||fHLq,/,L(OyT) < HRTog’%(f)HLq’“(O,TO) < C(TO) HRTOS%(f)HW;“(O,TO) < C(TO)HfHWS (0,7)5

psp

which shows the claim of the addendum in the (¥ -case.
In the o H-case, we use the scale of embeddings
OW;’L(J) — OH;?M(J) — OW;"L(J) — OH;L(J) for s1 > 859 > 83 > 54 > 0,

which can be proven analogously to (2.1.14): additionally, one uses the extension operator £9 €
L(oW, ,(0,T),0W; ,(Ry; E)) from Lemma 2.5 in [24] to show that the the operator norms are
uniform in 0 < T < Tj. O

2.1.2 Embeddings with Uniform Operator Norms

The following proposition shows that the operator norms in Theorem [2.1.10| are uniform in time for
all 0 < T < Ty < o if one uses a suitable norm.

Proposition 2.1.15
Let 0 < Ty < o0 be fized and J = (0,T) for 0 < T < Ty. Moreover, let p € (%,1] and E be a
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Banach space. We set for s >1— u+ %

”pHW}f,“(J;E) = llpllws ,7m) + lpr=oll - (2.1.17)
1. Letl<p<qg<o00,2>5>712>0, ands—%>7-—%,
Then W, (J; E) — W7 (J; E) with the estimate
’ 1
lollwy ey < C(D)lplws  (1:m) fors>1—p+ >
1
”p”W;M(J;E) < C(TO)HpHW;’H(J;E) fors<1—pu+ ];
2. Letl<p<qg<oo,2>s>T12>0, ands—(l—u)—%>r—%,
Then W, (J; E) — W7 (J; E) with the estimate
’ 1
Hp”WJ(J;E) < C(T0)||P||W;#(J;E) fors>1—pu+ ];,
1
||P||W;(J;E) < C(TO)HPHW;Y#(J;E) fors<1l—pu+ o

3. Let1<p<oo,22$>1—,u+%, and a € (0,1).

Then W (J; E) — C(J; E) for s — (1 —p) + % > a > 0 with the estimate

lellca e < CAlellw;  (rim-

Each of the constants C does not depend on T.

Remark 2.1.16 Based on item@ we can also prove the following statement: Let 1 < p < oo,
k € N. Then W;(J; E) — CH(J; E) for s —1/p > k+ a > 0 with the estimate

loller.e ey < Cllelwes 12y,

where C' depends on J.

In order to show this, we use the characterization of Slobodetskii spaces in Lemma 1.1.8 in [23].
Thus, we can apply the reasoning of the proof of@for w=1to 00 f € W;’k(J; E) for m < s, since
s—k>0.

Proof. Ad[1}
Let u € W (J; F) and s > 1 — pp+ 1/p. Using Proposition 2.10 in [24], we can evaluate u for ¢t =0

and set v(t) = u(0) for t € [0,Tp]. Then, v € W7 ,((0,7Tp); F) is an extension of p(0) and

To To
101w, o115y = 1P11T, 0108 = /O (" lu(0)]p)" dt = H“(O)HQE/O i

< C(To)[|u(0) -

Furthermore, we set ¥ := u — v and obtain that v € (W ,(J; E), since 0(0) := u(0) —v(0) = 0. We
deduce

lullwy ey <lollwy, e +0llwg ) < lollwy (e + Cllolwg , :8),

a,p a,
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where we used Theorem [2.1.10|for elements of (W ,(J; E). For s € [0,2] the embedding holds with
a uniform constant C' for all 7" fulfilling 0 < T' < T;,. Moreover, we have by construction of v

lullwy ;) < C(To)lw(0)|[& + Cllvllws , (1:5)
< C@u©)5 +C (lullwg 1) + C@)e0) 1)
< (@) (IuO)lle + lullwy, e )
which proves the claim in the first case.

If s <1 — p+1/p, then it follows that (W ,(J; E) = W) (J; E) and oW, ,(J; E) = W] (J; E)
by Proposition 2.10 in [24], since

1 1 1
0>s—(1—p)—=—>7—(1—-—p)— - = T<l—p+-.
p q q

Therefore, the claim follows directly by Theorem [2.1.10]for elements of W7 ,(J; E) and oW ,(J; E).

Ad[Z:
The assertion follows by the same strategy as item

Ad[3:

Firstly, let f € oW ,(J; E). Then, by Lemma 2.5 in [24], there is an extension £.f € W (Ry; E) C
W, .((0,Tp); E), whose operator norm is independent of 7. Moreover, for 1 < p < oo, s > 0 and
s—14pu—1p>0, wefind a7 e (0,min{s,1}) and a g € (p, o), such that the assumption of item
iLe.s—1+4pu—1/p>7—1/4>a,is fulfilled. We obtain £0.f € W7 ((0,Tp); E) with the estimate

1€l oy < T €2 e oz

where the constant does not depend on 7. Now, we use
1
W;((O,TO);E) — C*([0, To}; E) for 7 — p >a € (0,1),

see Corollary 26 in [29], which applies for 7 < 1. Here, the operator norm depends on Tp. Combining
both embeddings, we end up with

[fllee(o,1:E) < Hg%fHCa([(],Tg];E) < C(To) “5%f|‘vvs ((0,T0); E) = C(TO)”JCHW;‘L(J;E%

D

where the constant does not depend on 7'. This shows the claim in the oW, ,(J; E)-case.
The general case follows by the same strategy as the proof of item [} O

2.1.3 Multiplication in Slobodetskii Spaces

Lemma 2.1.17
Let 0 < Ty < o0 be fizred and J = (0,T) for 0 < T < Ty. Moreover, let p € (%,1].

1. Let f € OW;/j(J) and g € WS/S(J), then fg € Wl/S(J) and

M 2,1
||fg||W21(§(J) < C(T)||f‘|W25’(5(J) ||g||W21(§(J)’

for a constant C(T) — 0 monotonically as T — 0.
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2. Let f,g € OW;{Z(J), then fg € OWZj(J) and

for a constant C(T) — 0 monotonically as T — 0, i.e. the space OW;/E

up to a constant in the norm estimate for the product.

(J) is a Banach algebra

3. Let f,g € Ws/i(J), then fg € W;;(J) and
178021y < OOy gl s

for a constant C(T) — 0 monotonically as T — 0.

4. Let f € W5 ,(J), 1> s> §—p such that there exists aC >0 with |f| > C. Then eWws,(J)
with

1

1 <C( s 7C~’,T>.
HfHWi“(J) = HfHWz,“(J) 0

Remark 2.1.18 Using Lemma [2.1.17, items [1] and [§, we can state similar claims for functions
which do not have trace zero: Let 0 < Ty < oo be fized and J = (0,T) for 0 < T < Ty. Furthermore,

let f € W25/ (J) and g € W2/8( J), then fg € WQ/S(J) and

I£9112, ey S C(D)IfI2, o

912,55, + CANFOPllgIZ, 0

. (J) u () 20 (J) Ak

for a uniform constant C(Ty) for all 0 < T < Tp.
The proof uses Lemma|2.1.17, item : Due to Proposition 2.10 in [Z4], we can evaluate f pointwise.
We set v(t) = f(0) for t € [0,Tp]. Then, v € W;{j((O,TO)) is an extension of f(0) fulfilling

||’UH 5/3((0 Ty)) < O(T0)|f(0)‘

Furthermore, we set v := f —v and obtain that v € oW;{Z(J), since ©(0) := f(0) —v(0) =0, cf. the
proof of item[1] of Lemma[2.1.15] Then, we conclude by the previous case

2 _ 2
15012 e, <2 (17 = 010y, + 1Ol )

2 2 2
CANNS = vl 5 9123, + 21O o) s

2 2 2 2 2
NI, W, ) + TN, Nl )+ 2AFO P e,
2 2 2 2 2
CAN R 5, 0121, + CAVNFO) ||g||W2}’/3(J)+2|f(0)| 9122,

By this, we obtain a uniform constant C(Ty) for the product estimate for all 0 < T < Tj.

Proof of Lemma[2.1.17. Ad[1}

Let f € 0W25,/u( ) and g € WQ/S(J) = oW;{j(J), where the equality is due to Proposition 2.10

in [24]. We want to show that the product fg is again in W;/E(J) and fulfills the corresponding
norm-estimate. Using the embeddings (2.1.2)), cf. Proposition 2.11 in [24], and Theorem [2.1.10} we
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have
w/e D 1 1
0 2,#(J)’—>Lp((]) lfgf(l—’u)7§>,5
wa .1 1 1
2/5(‘]) > Lg,u(J) if 373 *5,

both of the operator norms of the embeddings are independent of 7. We can choose p,q > 2 such
that 1/p + /g < /2 for u € (7/8,1]. Thus, by Holder’s inequality, we obtain

179 < THGEDI I, gl i < CAONT e Il

where C(T') — 0 monotonically as T'— 0.

In order to verify the estimate for the semi-norm |[-] we use the expansion

1
W,/ ()’

Consequently, it follows

2 T e L 9(t) — f(1)g(r)?
e A S L

t—ﬂ“‘zé

T t 2
L20-w [ @) —g(M)F
=¢ (/0 /o |t — 7|1 +28 drdt

/ / 20 [(f T|1l21(7)|2 det> =C(I+11).

Using Theorem [2.1.15] item [3] on the first summand, we obtain

5 5 1
oWy () = C(J) for S~ (L—p)— 5 >a>0,

where the operator norm of the embedding does not depend on T. As f(0) = 0, this yields

2
I<Sup|f |2/ / 2(1- “>|g |1i2)1| dr dt

2
<Sup|f |2/ / 2(1—p) 1I\Y) — IV |g ( )| dr dt

[t — 7'|1+21

< CT2a||f||2 58

HgH2 1
W, 5 () W

L (D)’
where C(T) :=T?* - 0 as T — 0.

Expanding the integrand of I, we have for an s = /8 + € with a suitably small € > 0,

H_// (FHgtrle = 1o~ (( (|t)_—7f|£7>)|>2|;12d:| 2
<// 1#|g " T|s_7>p drdt) (//( t_ﬂsr))l)q'ffl:')q,
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2

T ot podrdt \”
< (717“ T t77'57%) —_ 2. ,
_<// e —=18)" ) )

where the second estimate follows by Holder’s inequality for the measure 47d¢/|t—7| and 1/p+1/¢ = 1/2.
By changing the order of integration in the second factor, we have

T t T T
| @ rtamle= ooy 5 = [Tl [ rpetadr
o Jo |t =] 0 r

t=0P1" " aw p
< e | T ()P dr < C(D)gllL, , ()
0

for C(T') :=T""/pe = 0 as T — 0. Thus, we have
[f9)? 1/8(J) @)/, wnlalz, .o
for C(T') — 0 as T'— 0. It remains to show that there are p and ¢, 1/p + 1/q = /2, such that
5/s s f _ 1 ‘th 1
oWy (J) = W7 (J), OI'S—g—‘rEWlt §>6>0,
1
Wy S () = Ly (),

where the operator norms of the embeddings do not depend on 7. By Theorem [2.1.10] p and ¢ have
to fulfill the conditions

) 1 1 1 1
g_( )_*>8+6_5 VVlth§>€>07
1 1 1
8 2 p’

Direct calculations confirm that for p € (7/8, 1] suitable p and ¢ can be chosen. Therefore, we have

a2, m ) < OOl o) < CONTE 5 ol 5
for a C(T) — 0 monotonically as T' — 0, as the operator norms of the embeddings do not depend
on T'. This proves the claim.

Ad[2

We want to show that 0W2/ "(J) is a Banach algebra up to a constant in the norm-estimate. The
proof of the || - ||z, ,(s)-part of the norm is done in the proof of item I For the HW“"/S( 7 -part, we
add a zero like in the proof of item [l We can now estimate both summands analogously to the
first summand in the previous proof and obtain

/ / 2(1— ,¢)|f ()|1+92(07'))| det<sup\f |2/ / 2(1— )|g 15_2)0|2d y

2
9
< sup |f(t) I2/ / 20w ‘ 1£2)5| drdt
teJ — 7]
2 2 2
< O™ 12, e, 91 2

where O(T) := CT?** = 0 as T — 0.
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Ad[3
Let f,g € WQ/S(J) = OW;’/E(J) where the equality is due to Proposition 2.10 in [24]. We want to

prove that fg € WQ/S(J) In order to do this, we begln with the || - ||z, ,(»-part of the norm: For

3/8 <1 —p+1/2, u € (7/8;1] we have by Lemma | item [1] and 2]

31 1
Wo/S(J) < Ly () for $ -3 >,

3 11
WolS(J) < Lg(J) for £ —(1—p)— 5 >

where the operator norms of the embeddings do not depend on 7. By direct computation, we see
that we can choose p and ¢ < ¢ fulfilling /p+1/3 = 1/2 for ;1 € (7/8; 1]. Therefore, Holder’s inequality
for p and ¢ yields

15012 = [ (00 (st) ar= ([ sy dt)g_ (/ (s’ dt)i
<M N7, 9N, .

for some C(T") — 0 monotonically as T' — 0.

The next step is to control the semi-norm [-]

for 3/s <1 — p+1/2, p € (7/8;1], and obtain

Wiy’ We use again item andof Lemma[2.1.15

1 3 1 1 1

WolS(J) = W/s() for $-5>gte
3 1 1
Wols(J) < Ly(J) for £~ (1—p) — 3 >

for a suitably small € > 0. By direct calculations, it turns out that we can choose p and ¢, such that
L/p+1/q =1/2, as long as € is small enough. Using Hélder’s inequality for the measure d7dt/|t—7|, we
deduce

Fole ) < / / - 109 T|1+2>1 G
[ (e L
L)
<([ [ (- “'ﬁw ) ) ([ (o) )
o[ ey ) (1 Gty )
<2012, (/ / ol ar dt)q
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2
+2lol?, (/ [ dt) .

We take a closer look at the second factor of the second summand: By a change of variables and
Fubini’s theorem, we obtain

[t (o = Lo [

< C(q, )Hf”L 2(J)?

where C(¢,T) — 0 monotonically as T — 0. For the second factor of the first summand, it follows
similarly

/ [ O drde < Dl

for C(q,T) — 0 monotonically as T' — 0. Thus, we have

F9lre ) < Clas >[||f|| s 1912, + 1915 vaee o 1112, 0

< C(a, T)IIf N, o1 g1, a1

for C(q,T) — 0 monotonically as 7' — 0. Combining this with the estimate of || fg||L, ,, we deduce
the claim.

Ad [
By item [3 I 3| of Lemma [2.1.15) we obtain f € C°(J). W.Lo.g. we can assume f(t) > C > 0 for all
o) b

t € J. Otherwise we replace f by —f and [C, y (—o0; —C]. By Lipschitz-continuity of 1/= on
the interval [C, 00), we obtain

[ = [ 24 00 a

<2 (/J 20 (F() 7 - 0—1\2 dt +/]t2(1_“)0‘2dt>

<2 <L2 / 2= () — ¢ dt + C(T0)> < C/ 2A=m £ ()2 dt + C(Ty)
J J
<C|flz,, )+ C(T),

where L is the Lipschitz constant of /= on the interval [C, 00). For the semi-norm part, we derive

2
2(1— ’ 7))71|
[(f / / (=) |t77—|1+25 drdt
5 2(1- If f(n)P 22
<L/ / o drdt = L1y o)

This proves the regularity and the estimate follows directly by the previous calculations. O
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2.2 Maximal L,-Regularity with Temporal Weights and
Related Embeddings

At several points in this work we need to solve linear problems with optimal regularity. The following
statements are based on the results in [24], [25], and [23].

2.2.1 A Maximal Ly-Regularity Result with Temporal Weights for Parabolic
Problems

We will introduce a simplified version of a maximal L,-regularity result with temporal weights for
parabolic problems for p = 2, see Theorem 2.1 in [25]. Before stating the theorem, we need some
notation:

Let E be a complex Banach space of class HT and p € (1/2,1]. Let J = (0,T) be a finite interval
and let I = (0,¢), ¢ € R. Furthermore, let A be an operator of order 2m, m € N, given by

A(t,o,D) = a(t,c)D*™, foroe It e J,
where D = —id, and a(t,o) € R. Let the boundary operators B; be given by
B;(t,o,D) = b;(t, o) tragr D™, forcel,teJj=1,...,m,

where m; € {0,...,2m — 1} is the order of B; and b;(t,0) € R. We assume that each of these
operators is non-trivial. Moreover, we define for ¢ = 0, ¢ the rotated operators

A¥(t,0,D) := A(t,0,D) A¥(t,e, D) := A(t,0,—D).
Furthermore, we will use the space
Co ([0,00); E) := {f : [0,00) — E is continuous with tlim f(t) = 0} . (2.2.1)
—00

We look for a solution p of

pt + A(t,o0,D)p = F(t,0) foroecl,teJ,
Bj(t,o,D)p = G;(t, o) forcedl,teJ,j=1,...,m,
p(0,0) = po(o) for o € 1. (2.2.2)

To this end, we define the spaces

Byure =Wy, (J; La(I; E)) N Ly, (J; W3™(I; E)),
EopuE = LQM(J Lo(I; E) ),
XME = W 1/2)(I E)7

IE‘j,u,E - W;;L (J7 LQ(alv )) mL2,;L (Jv W22me (QI,E)), (223)
where wj := 1 —mj/2m — 1/am, j =1,...,m, and for convenience
Fpg=Fiupx- - XFpup5

All the spaces are equipped with their natural norms. We will omit the subscript -g in the spaces
if B = R, e.g. ]EM,T = EH,T,R-
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Now we can state the maximal Lo-regularity result, which is a simplified version of Theorem 2.1
in [25].
Theorem 2.2.1
Let E be a complex Banach space of class HT and p € (%, 1]. Let J = (0,T) be a finite interval

and let I = (0,¢), c € R. Let the operators A and B;, j =1,...,m be non-trivial. Furthermore, let
the following conditions hold true:

(SD) It holds a € BUC(J x I).

(SB) For j=1,...,m it holds
either b; € C™2™m7i (J x OI) with some T; > w;,
orby,;, €Fj, andw; >1—p+ %

(E) Forallt € J, x € I, and |¢| = 1, it holds for the spectrum S(A(t,0,¢)) C Cy = {Rz > 0}.
(normal ellipticity)

(LS) For each fived t € J and o € I, for each A € C, with |\| # 0, and each h € E™ the ordinary
initial value problem

Av(y) + A”(t, 0, Dy)o(y) =0 y>0
Bj(t,0,Dy)v(y)|y=0 = h; j=1,...,m

has a unique solution v € Cy([0,00); E). (Lopatinskii-Shapiro-condition)

Furthermore, assume that w; # 1 — p+ % for j=1,....,m. Then the problem (2.2.2)) has a unique
solution p = L~ (F,G, po) € Burp, G:=(G1,...,Gm), if and only if (F,G,py) € D, where

D= { (Ré,po) €Bop xFupx Xup: forj=1,... m it holds
B;(0,-,D)po =G;(-,0) on OI ifw; >1—p+ ;}
The corresponding solution operator L™ : D — E, r.E is continuous. If L7 is restricted to
Dy = {(F,é,po) €D:G;(0,) =0 on O if w; > 1—u—|—%forj= 1,...,m}
for any given Ty > 0 the operator norm of the restriction is uniformly bounded for T € (0, Tp].

Note that in the case that the data are real-valued, then the solution is real-valued as well due
to the remark before Theorem 2.2 in [25].

In the following, we want to give some mapping properties of the involved spaces:
By the combination of Proposition 1.4.2 in Chapter IIL.1 of [2] and Lemma 2.6 in [24], it follows for
the temporal trace space
EM,T,E — BUC(j, X%E). (224)
Additionally, there exists a continuous right inverse
Xup = Eyoo B,

cf. [24] Lemma 4.3. By [24] Lemma 3.4, the pointwise realization of 95" is a continuous map

Eur5 — Hy, """ (J; La(I; E)) 0 Lo (J; W™ ™ (I; E))
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for m; € {1,...,2m}. Its operator norm is independent of T, if we restrict to oE, 7 g, where
oEu 1.5 = oWs ,(J; Lo(I; E)) N Ly, (J; W3™ (I E)).
Moreover, by [24] Lemma 4.5, the spatial trace ¢r; is a continuous map
Hy """ (J; La(I; B)) Lo (J; W3 ™™ (I B))
— W32 (J; Lo(91; E)) N Ly, (J; W™ (913 E)).

with w; :=1—mj/am — Yam, m; € {1,...,2m}. The operator norm is independent of the length of
J, if we restrict to the space

oHy " (T Lo(I5 B)) 01 Lo (J; W™ ™ (I E)).
We will often use that

W5 (I, E) = C**(I, E) — C*(I, E) (2.2.5)
fors—1/2>k+a>0,keN and a € (0,1), with the estimate

loller ey < lplloke ey < Cllpllwg gy,
cf. the Remark 2.1.16] In particular,

X,m =Wy E) < CF (I E) (2.2.6)
for 2m (u — 1/2) — /2 > k.

Remark 2.2.2 1. The previous well-posedness result is optimal in the following sense: Applying
the operators on the left-hand side of the system (2.2.2)) to the solution gives by the previously
mentioned mappings the same reqularity as demanded for the right-hand side terms.

2. Compared to the unweighted approach, this result has some advantages, see Chapter 2 in [25].
One is that the theorem allows for initial data in flexible spaces, i.e. X, g, p € (Y/2,1].
Moreover, one can directly exploit the inherent smoothing effect of parabolic equations: Let
the data (F,G,po) € Bopup X Fup x X,p, p € (Y2,1) be in D. For the solution p =
LYF,G,po) € B, 1.5, we obtain for each 0 < e<T

lollwz (e )iLa(ENAL L ()W (1:8)) < C(T) H (F7 é,po)‘

]EoylhE XF;A,EXXM,E )
Combining item 3 of Remark[2.1.9 and ([2.2.4), we deduce immediately

le(®)lx, < C(T.) |[(F.G.p0) fort € (7).

Eo,pu,eXFu, XXy E

This means that we can control a strong norm of the solution at time t # 0 by a weaker norm
at an earlier time and the corresponding data.

2.2.2 Some Useful Embeddings for Parabolic Spaces

Lemma 2.2.3
Let Ty be fized, J = (0,T), 0 < T < Ty, and I a bounded open interval. Let E be a Banach space.
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1. Then
E,u,T,E‘ — BUC(j,X%E)
with the estimate

||P||BUC(J‘,XH,E) < C(Th) (HpH]Eu,T,E + ||P\t:0HXu,E) :

2. Let m =2 in (2.2.3) and p € (L,1]. Then there ezists an & € (0,1) such that
E,u,T,]R" — Ca (j, 01 (j, Rn))
with the estimate

||P||c&([o,T];cl(1’;Rn)) < C(To) (||pHEu,T,[R" + ||p‘t:0HXu,]R") :

3. Let m = 2 in (2.2.3) and p € (%,1}. Then the pointwise realization of the k-th spatial
derivative 0%, k= 1,...,4, is a continuous map

(4—k)
E,rp < Hy '/t

o | (JiLa(I E)) 0 Loy (J3 Hy M1 )

with the estimate

< C(To) (llp]

(J3L2(1;E)N Lz, (J;Hy " (I;E)) —

HafijH;%mM E.T.E + ||pOHX[L,E) .
e

4. Let m =2 in (2.2.3) and p € (g, 1]. Then the spatial trace operator applied to the k-th spatial
derivative tr;05, k = 0,1,2,3, is a continuous map

o

Eurp — Wy (T3 Lo(01; E)) N Ly (W (1 E))
with the estimate
k
HtrllaopHW;ijz’“*1>/8(J;Lz(aI;E))mLz,“u;W;S""’“’”/2(81;E))
< C(TO) (||P| Eu.1,E + letZOHXu,E) .

Proof. Ad[1}

Let p € B, 7, p. Using the embedding (2.2.4), we can evaluate p at ¢ = 0 with p;—¢ € X, g, and, by
Lemma 4.3 in [24], we find an extension Ep € B, oo g = W3 ,(R; Lo(I; E)) N Ly ,(RT; W E))
of po, such that Ep;—g = pj;=o in I and

1EPlE, 000 < Cliope=0ll 0

where the constant C' does not depend on 7. An argumentation analogous to the proof of Lemma

2.1.15| proves the claim.

Ad[2:
In the following, we want to prove that

Ey e — C% (J;W5(I;R™)) — C (J;C(I;R™))

for a suitable s, and the corresponding norm estimate.
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First of all, we have
E.rre < Wy, (J; Lo(I;R™)) = C*(J; Ly(I;R™)) (2.2.7)

for a € (0, — 1/2) by Lemma [2.1.15] item [3| The operator norm of the embedding depends on Tj,
but not on 7T, if one uses a suitable norm, cf. (2.1.17). Moreover, by the definition of Slobodetskii
spaces combined with the properties of interpolation spaces, see Proposition 1.2.3 in [22], it holds

Xyupe = Wy (LR < W3(I,RY)
for 4(p — 1/2) > s. Additionally, we have by (2.2.5)
W3 (I;R") < CHL;R"),

if s > 14 1/2. For p € (7/8,1], it is possible to choose s such that 4(u — 1/2) > s > 1 + 1/2, thus, we
can combine the previous embeddings. By Theorem 1 in Section 4.3.1 of [30], we know that

W3 (LR = (Lo(LRY), W3 (1RY)
for @ fulfilling s = 04(p — 1/2). Thus, we have for u € X, g~
lullor(zrny < Cllullws (rrny < C||U||L2 IRW)HUH&“,W,
for a constant C' independent of T'. Replacing u by p(t) — p(s), t # s, for p € E,, 7 rn, we obtain
16(8) = p(5) e iy < Cllat) — P51y l0E) — () (2.258)

We take a look at the factors of (2.2.8]) separately: using the embedding (2.2.7)), we obtain

Ip(t) = p(8) | armny < C(TO)IE = s|% (IpllE, 2n + P1e=0ll o (rimn))
where the constant does not depend on T'. For the second factor, we obtain
() = p(s)lx, 2 < 2lPl BUC(T:X,0 2m)-

Combining these estimates and using item 1| of Lemma [2.2.3] we deduce from ([2.2.8))

a(l— 1-6
lo(t) = p()ler (zimny < C(T0)IE = 510" (Iplley rsn + 1=l ) 1ol Buoerx, w
< C(To)lt = 51 (lpllz, r.ze + lPje=oll X, 20 )

with C(Tp) independent of 7. Additionally, we obtain by X, g» < C1(I;R"), see , and item
[ of Lemma 2:2.3]

lollerorrry) < Cllpllegix, wmy < €(To) (lollg, 2an + loj=0ll X, 20 ) -

Therefore, it follows

ol caa-o) o, 73:01 (Frmyy < C(T0) (1218, 220 + 101=0ll X, 20 ) + oo ricr (7R
< O(To) (Iolle, an + lop=ollx, 50 ) »

the constant C(7}) does not depend on T
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Adl3:
Let p € 0B, 1.5 = oHs,(J; HY(I; E)) N HY ,(J; Hy(I; E)), cf. item 3 of Remark Then the
claim follows directly by applying & times Lemma 3.4 in [24].

We proceed with the general case: We know by (2.2.4) that p € E, 1 g has its temporal trace in

W;L(”fl/z)(l; E). By Lemma 4.3 in [24], we obtain an extension Ep € E, 7 g, where the operator
norm of the extension operator E does not depend on T'. The function p — Ep has again trace zero
and we can proceed as before in the proof of Lemma 2.1.15]

Ad [
Let p € 0By 1.2 = oHs ,(J; H3(I; E)) N HY ,(J; H3(I; E)). Combining item with Theorem 4.5 in
[24], we directly obtain the result. For the general case, we again apply the same strategy as before
in the proof of Lemma [2.1.T5] O

The following proposition will be needed to estimate non-linearities.

Proposition 2.2.4
Let J = (0,T) let I be a bounded open interval. Further let p € (%, 1} , k€N and q € [2,00]. Then

Lo (J, W;(“_1/2)(I)) N Lo, (J,WE(I)) = Lys (J,WE(D))

forp=p+1—-6)(1—p) € ul], ifk—i—%—%:él(u—%) (1—0)+46 and 1 =2 for a § € (0,1).
The operator norm does not depend on T'.

Proof. To show the embedding, we use
s k 1 1 .
W3 (I) — W, (I) fors—izk—gwmhqzl (2.2.9)

which follows by the definition of the spaces and by a standard embedding theorem for Besov spaces,
see for example Theorem 6.5.1 in [4]. Furthermore, by Theorem 1 in Section 4.3.1 of [30], we have

W3 (I) = (Wf(”_l/2) (I), W§(1)) for s =4 <M - ;) (1—60)+46,0 € (0,1)

0,2
with

Ilws ) < CUBIL sy 90y for @ € WRHT (D) AWE() = W3(D). (22.10)

In the following, we consider [|pz, ,z.w (1)) for a p € Loo(J, W5~ (1)) N Ly (., W (1)) for
I=2/pand i =p+ (1 —6)(1—p). To this end, we use s = k + 1/2 — /g = 4(p — 1/2)(1 — 0) + 40
and combine (2.2.9) and (2.2.10). We obtain

1-6

0
W;(u,lp)(l) ||p(t) ||W§‘(1)

1900 oty < Cllpllze ooy < C an(t) .
Li,a(J)

Taking care of the time weight, we use 1 — i = 0(1 — u) to deduce

0
oIl iy < © Hllp(t) ot (7 Ollwzn) :
2 Li(J)
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By Holder’s inequality for p = >/1—¢ and ¢ = 2/s, it follows
1-6 - 0
lollzuponwpan < [ loOysuvmy |, [ Mo s,
< C (Il _ypyaco-voryy + 10l oz ) -

where Young’s inequality yields the last estimate. Here, the constant does not depend on 7. This
shows the claim. O
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2.3 An Estimate for the Reciprocal Length of the Curve by its
Curvature

We will often use the following lemma.

Lemma 2.3.1
Let o € (0, 7). Furthermore, let c: [0,1] — R2, 0+ c(0), be a reqular curve of class C* parametrized
proportional to arc length. Moreover, let the unit tangent T := 2‘[’5 fulfill

(o) = <cosa) foro=0,1,

+sin «

where L[c] denotes the length of the curve. Then it holds
o S ——— sl
Zld = Vasina Killeo.) -

Proof. We denote by & = 97¢/(c[c))? and k = (95¢/(c[c))?, RT) the curvature vector and the scalar
curvature, respectively. Here, (-,-) denotes the euclidean inner product on R? and R the matrix
which rotates vectors counterclockwise in R? by the angle 7/2. We deduce by the fundamental
theorem of calculus

(1) = 7(0)| = /0 Lle|re](x) dz| < L[e]||x[e]le o,

/01 O0,7(x) dz

where we used that (8, 7) = 0. This follows by

0=20,1=0,(1,7) = L[J(R, T).
Moreover, we have
I7(1) = 7(0)] = 1 — 2(r(1),7(0)) + 1 = 2 — 2(cos a)? + 2(sin a)? > 2(sin a)? > 0,

for a € (0, 7). Combining both estimates, we deduce the claim. O
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3 The Curve Diffusion Flow

In this chapter, we introduce the general setting of the geometric problem of curve diffusion flow
with an angle condition. Additionally, we give some properties of smooth solutions for the problem.

To this end, we will use the following notation: Let f : I — R2 o — f(o), I = (0,1) be a
smooth regular curve. The arc length variable is denoted by s and 9s = 9-/|a, f| denotes the arc
length differentiation. Thus, 7 := dsf is a unit tangent and & := 92 f is the curvature vector. The
Euclidean inner product for vectors a,b in R? is denoted by (a,b) or a - b. Furthermore, we denote
the normal component of ds¢ by

Vs := 0s¢p — (00, T)T.

We use the same notation for the derivative with respect to t. Furthermore, let ¢ : I — R? be a
differentiable normal field along f. Then it holds (¢, 7) = 0, thus (9;¢,7) = — (¢, k). Consequently,
it follows

Vsp =050+ (¢, R) T for ¢ normal field along f.

In this chapter, vector fields with an arrow on top denote normal vector fields along f, e.g. gz;
Moreover, we use integration by parts for V. This is possible for differentiable normal fields ¢ and
1) since

s <gz§, 1/7> = <VS$, 1/7> + <q_§, VS@Z> for 5, 1[; differentiable normal fields along f.

3.1 The Geometrical Setting
We consider the curve diffusion flow
Vif = -V?E, for o € I,t € (0,T) (3.1.1)

for a time dependent regular curve f : [0,T) x [ — R?, (t,0) — f(t,o), I = (0,1) subject to the
conditions

f(t,0), f(t,1) € R x {0} for t € (0,7 (3.1.2)
£ (ﬁr‘t(U), (_01> =T—« for 0 € {0,1},t € (0,7) (3.1.3)
VsRr, (o) =0 for o € {0,1},t € (0,7) (3.1.4)

f(0,0) = fo(o) for o € [0,1],

where Ty := f(t,1), t € (0,T), and o € (0,7). Moreover, we denote by m,(c) := 9-f(t.9)/|, f(t.0)|
the unit tangent vector and by 7ir, (o) := R, (o) the unit normal vector of 'y at f(¢,0) for o € I
and t € (0,T), respectively. Here, R is the counterclockwise rotation by angle 7/2, i.e.

(0 -1 )
Rv<1 0>U for all v € R”.
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3 The Curve Diffusion Flow

Furthermore, the curvature vector Ar, of the curve Ty at f(t,0) is given by Rr, (o) := 82 f(t,0) for
o€ landte (0,T). By fo: I — R? we denote the initial datum, which is a regular function, such
that

fo(o) e R x {0} for o € {0,1},

Y. (ﬁpo (o), (_01)> —r—a for o € {0,1}, (3.1.6)

where Ty := fo(I), and 1, (o) and 7ir,(c), o € I are defined analogously. We give a sketch of the
geometrical situation in Figure [3.1

Iy

) N

-1

Figure 3.1: Evolution by curve diffusion flow with a-angle condition for o > 7.

Remark 3.1.1 By the equation (3.1.1)) the tangential movement of the curve is not prescribed. Re-
gardless, there has to ezists tangential movement for o # 7/2, since we immediately violate condition

fort >0, if Vof = 0uf holds true.

In some arguments, we will use a different representation of (3.1.1)), (3.1.3)), and (3.1.4]).

Remark 3.1.2 We can express (3.1.1) differently, with the help of the calculation
vtf = <tha ﬁFt> ﬁFt = <—V§F5Ft,ﬁrt>ﬁ1“t = _88 <VS/_{:FMﬁFt> ﬁrt = _azﬂFtﬁFta

where kr, = (Rr,,7r,) is the scalar curvature. Here, we used that (Vsq;, fir,) = 88((5, fir,) for
normal fields ¢, as Osiir, is purely tangential by 0 = Os|iir,|* = 2(dsfir,, fir, ).

Moreover, (3.1.3)) is equivalent to

r,(0) = (:E(;isnaa) foro=0,1andte (0,T).

Furthermore, we obtain by the boundary condition (3.1.4)

aslirtﬁpt = 8S<E, ﬁFt>ﬁFt = <vsﬁpt,ﬁpt>ﬁpt =0 fOT o c {0,1} andt € (O,T),
Thus, (3.1.4) is equivalent to
Oskr, =0 for o €{0,1} and t € (0,7). (3.1.7)
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3.2 Some Basic Properties of Smooth Solutions

In order to derive basic properties of the curve diffusion flow, we study the variation of some
geometrical quantities considering solutions f : [0,7T) x I — R? of the more general flow

atf = ‘7 + PTTy 5
where V is the normal velocity and ¢ = (0. f, mr,) is the tangential component of the velocity.
The proofs to the statements given in the next lemma, can be found in Lemma 7 in [I0] or Lemma
2.1 in [§].

Lemma 3.2.1

Let f : [0,T) x I — R2, (t,0) v f(t,0), be a smooth time dependent curve, such that f(t,-) is
regular and it fulfills O, f = v+ o, fort € (0,T), o € I, and with V the normal velocity and
© = (O1f,r,) the tangential component of the velocity. Given any smooth normal field q; along f,
the following formulas hold

Oy (dss) = (Bsp — (Rr,, V) dsy, (3.2.1)

0105 — 0,0 = ((Fr,, V) — 950)0s, (3.2.2)

Ay, = VsV + pFRr,, (3.2.3)

016 = V16 — (V.V + @r,, o), (3.24)

ORr, = 0,VV + (Rr,, V)Rr, + ©0sir,, (3.2.5)

Viir, = V2V + (ir,, V)Ar, + oVAr,, (3.2.6)

(ViVe = VVi)é = ((Fr,, V) = 0:0) Vb + [(Fr,, &)VV — (V.V, d)ir,]. (3.2.7)

We will use the following notation for integrals with respect to arc length.

Notation B
Let f:R?2 = R, g: I — R? be a regular curve of class C'. We use the notation

/Ihde ::/Ih(f(a))|('“)gf(cr)|da.

In the following, we will omit the subscript f in ds;, when it is clear from the context.

For the further steps, we will need the following geometric quantities.

Definition 3.2.2 (Length, Energy, Signed Area)
Let g : I — R?, be a smooth reqular curve. Then we define the length of the curve g and the
energy of the curve g by

£l = [ s,

Elgl == L[g] + cos alg(0) — g(1)]x-

Moreover, let g : I — R? and g : I — R?, I = (0,1), be smooth regular curves, such that g(0) = g(1)
and g(1) = §(0). Then, we define the signed area enclosed by the curves g and g by

1

Alg, 91 =35 [/I (9:7ig(r)) dsg +/I<§»ﬁg<f)> dsg} :
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Remark 3.2.3 1. If we study the signed area enclosed by a curve and the real axis R x {0}, the
formula simplifies to

Alg) = Alg. R x {0}] = —%/j<g,ﬁg(f)> ds,.

2. Note that the previous definition of the signed area enclosed by the curve g coincides with the
usual definition for curves without self intersection. More precisely, we have for a smooth,
reqular, closed, and embedded curve g : S' — R? by Gauss’s theorem

1

1
Alg] = —7/ <g,ﬁg(j)> |0,g| do = —/ (0,Ml9q) ds == | V-odo= [ do,
2 )s 1) 2 Ja Q

where ) is the area enclosed by the curve g.

The next lemma provides information on the behavior of the length of the curve and the signed
area enclosed by the curve and R x {0}. The bounds are crucial for our analysis.

Lemma 3.2.4 (Energy Reduction, Area Preservation, Bounds on the Length)
Let f :[0,T) x I — R? be smooth, such that f(t,-) is a reqular curve for all [0,T), and let it fulfill

BLI)-B1d) for all t € [0,7).
1. Then it holds

%S[f](t) <0 forallt €0,T).

2. Then it holds for everyt € [0,T)

LIf(1)] < % forallt € [t,T).
3. Then it holds
< A)] =0 for all t € 0.7,

4. Let A[f(0)] # 0. Then it holds

A[f1(0)m < L[f(t)] for allt €10, T).

Proof. In this proof, we will omit the arguments of the functions if the situation is contextually clear.

Ad[:
We consider
Lerr@) = LLire)] + cosa-L(7(1,0) = £t 1) = L LF(1)] + cos aldef (£, 0) — Dy £ (1, ).
dt dt dt ’ ’ dt ’ ’

Taking a closer look at the first summand, we obtain by 9|0, f| = (r,, 0:0, f)

d d
el =5 [ as= [ajp.niar= [ 00,04 = [ 000
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Integration by parts yields

AU =m0t~ [ o, 0u)do = Lt 00)h — [ (G, Vs
Thus, we infer

d

@ = [, 0ef)o — /I<’_{Fmvtf> ds + cosa[d, f(t,0) — O.f (¢, 1)1

Moreover, as 0; f(t, o) = (6tf1(gt’a)) by (3.1.2) and mr,(0) = <:E:isnaa) by (3.1.3) for ¢ = 0,1 and
all t € [0,7), it follows

(Orf(t,0),1,(0)) = cos ady f1(t,0) for 0 € {0,1} and ¢t € [0, 7).

This shows
Loty = —/<p; V.f)ds for all ¢ € [0,T) (3.2.8)
aQ = | Ty Vi s . 2.

Using V.f = V = —V27r, and integration by parts with (3.1.4), we have

d
ES[f(t)] = f/ |V.Rr,|2ds <0 for all t € [0,T),
I

which proves the claim.

Ad[2:
Due to the previous claim, we have L &[f(¢)] < 0, thus, for all ¢ € [£,T)

LIF(0)] + cosalf(t,0) — ()] = EFD] < EF@.
Moreover, we notice for L(f(t)) := [f(t,0) — f(t,1)]; that
L ()] < L),
which yields
~[cosalL[f(1)] < ~|cos al [L(f(1))] < cosaL(f(1))
for all a € (0,7). Tt follows
LIFWOIA ~ cosal) < LIF(1)] + cosaL(F(1)) = EFW] < EFD]  forall t € [1,7T),

which proves the claim.

Ad[3
Using (3.2.1)) and the equation (3.1.1)), we infer
d 1 . 1 . 1 . Lo
EA[f(t)] == §/<3tf7nrt> ds — §/<f7 Oyir,) ds — §/<f7nrt> (Osp = (Rr,,V))ds
I I I

=5 [y ds =5 [ o) as - 5 [0 - G, ) ds
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We take care of the second summand separately: Since 0,7ir, is tangential, formula (3.2.4]) yields

1 . 1 = L
~5 [ auin ) ds = 5 [ (R VLV i) + ) e ds
I I

1 = S
= 5 [ )00V i) + {7 e, ds
I

= [P = 5 [+ G T s+ 5 [ ol ) ds.

I

Here, the second equality follows by (V,V,7ir,) = 8,(V,fr,) and the third by integration by parts.
Plugging this into the original calculation, we have the representation

FATOL= W)W oiels = [(Pudiv) ds+ 5 [ othm ) Griv) ds

I

1 _
- 5/8590<f7nft>d53
I

as (f,Rp, )V, 7r,) = (f,iir,){Rr,, V). Considering the last term separately, we deduce by integra-
tion by parts

—3 [ oupds == (v )elh = 5 [ (e ds
Thus, by (7r,,7r,) = kr, and (V,iip,) = —82k it follows
d ~ o
A == [V i) ds-+ (e )7 e )T = (48,7 el
I
= [+ (e )V e Ny = ().

By using 05k = 0 at the boundary, see (3.1.7), we obtain that the first term vanishes. It just remains
to show

[, e Vs dte o — [(F, i, elg = 0 for all € [0,T).

By boundary condition (3.1.2)), we observe that [f(t,0)]2 = 0 and [0;f(¢,0)]2 = 0 for ¢ € {0,1}
and all ¢ € [0,T). Moreover, by the (3.1.3)), we have [, (0)]1 = cosa, and [fir, (0)]1 = Fsina for
o =0,1and all t € [0,7). The combination of these identities leads to

(f, 70,V iip,) = f1 cos ady f1(TF sin ) forc =0,1 and all £ € [0,T),
(f,7ir, ) = f1(Fsina)ofi cosa for o0 =0,1 and all ¢ € [0,T),

where we used ¢ = (9,f,7r,) and (V,7ip,) = (8, f,7r,). This proves the claim.

Ad [

The isoperimetric inequality states for the length of a closed curve and the enclosed area that
4rArea < (Length)?,

where the equality holds if and only if the curve is a circle with radius R = /Area/x.

Due to the statement before, the included area A[f ()] has to be preserved over time. First, we
take care of the case that A[f(t)] = A[f(0)] > 0. In our case, the total length of the curve is given
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by

LIf@)] = LIFO] + L (1) = f(t,0)]]-
We deduce by the isoperimetric inequality

0 < 4mA[f](0) = 4mA[f ()] < (L[f(1)])* < (2L[1])*.
Therefore, the half of the circumference of the optimal circle, i.e.

ALf1(0)m < LIf(1)]

provides a lower bound for L[f(¢)] for ¢t € [0,T).
In the case A[f(t)] = A[f](0) < 0, we can do the same calculations with |.A[f](0)]. O

Remark 3.2.5 Note that we did not use that [ solves the equations (3.1.1)-(3.1.5) to deduce

%E[f(t)] =- /I</%rt,vtf> ds for all t € [0,T),

cf. (3.2.8). Thus, it is fulfilled for every function f € C>([0,T); C>(I)) satisfying

[f(t,0)]2 =0 and Tran(0) = ( fs’isno‘a> for o =0,1and t € [0,T).

By the density of this set of functions in f € W4 ((0,T); Lo(I;R?)) N La((0, T); Wi (I; R?)) fulfilling
3.1.2) and (3.1.3), we deduce that holds also true for almost every t € (0,T") for solutions of
3.1.1)-(3.1.5) in the space W3 ((0,T); La(I;R?)) N La((0,T); Wi (I;R?)). Integrating with
respect to time and using Vif = V= —V2F&r,, we obtain for every t € [0,7)

£l - €15 = | t /I (., V2Ar, ) ds di for all t € [L.7).
7
Integration by parts combined with Vs = 0 for almost every t € (t,T) yields
els @] - £l =~ [ [ Ve asai <o
Due to this bound, we obtain analogously to the proof of item@for a € (0,m)

i) < 0

—_— t,T).
= 1= cosal forallt e [t,T)
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4 The Main Results

In the following, we present our main results, a local well-posedness theorem and a blow-up criterion.
To this end, we will use the following type of solution.

Definition 4.1.1 (Strong Solution, Maximal Solution)

Let fo: I — R? I:=(0,1), be a regular curve in W4(“ /2) (I;R?), p € (%,1]. Furthermore, let it
fulfill the boundary conditions

fo(o) € R x {0} for o € {0,1},
y <nr0(a), (_01>> S for o € {0,1},

where Tg == fo(I) and o € (0,7), cf. (3.1.6). We call f : [0,T) x I — R2, I = (0,1) a strong

solution of the curve diffusion flow, if the following holds true:
1. f€E, 1R 10e = Wy loc ([0,T); Lo (I;R?)) N Lo pui0c ([0, T); Wi(I; R2)), where

W;Woc([O,T);E) = {u:[0,T) — E is strongly measurable : ujx € W;H(K;E)
for all compact K C [0,T)}
for k € {0,1},

2. f fulfills (3.1.1)-(3.1.4) and there exists a reqular C*-reparametrization ¢ : [0,1] — [0,1] such
that fo(p(o)) = f(0,0) for all o € [0,1],

3. f(t,-) is for each t € [0,T) a reqular parametrization of the curve f(t,I).

If T is the largest time such that there is a strong solution on [0,T), we set Tpar =T and call it a
maximal solution of curve diffusion flow.

Remark 4.1. 2 Strong solutions are invariant under translation: Let f : [0,T) x [ — R? be a strong

solution to ( 1)) - with f(0,1) = fo(I). Then fn(t,0) := f(t,0)+(h,0)T is a strong solution
to i wzth fh (0,1) fo( I)+ (h,0)T.

We can prove that the flow starts for a fixed initial curve:

Theorem 4.1.3 (Local Well-Posedness for a Fixed Initial Curve)
Let fo: I —R2% I :=(0,1), be a regular curve in W24(”71/2) (I;R?), p e (%, 1]. Furthermore, let it
fulfill the boundary conditions

fo(o) € R x (0, 0) for o € {0,1},
4(npo(a>,(01>) e for o € {0,1},

where Ty := fo(I) and o € (0,7), cf. (3.1.6). Then, there exists a T > 0, such that f € E, rre is
a strong solution to curve diffusion flow.
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4 The Main Results

This result will be proven in two steps: In the first step, see Chapter |5 we will prove a first
well-posedness result by describing the evolving curves via a fixed reference curve and curvilinear
coordinates. This will allow to start the flow for initial curves which are in some sense close enough
to the reference curve. In Chapter [6] we generate potential reference curves by evolving the initial
curve fy by a parabolic equation. Then, we provide conditions for curves which guarantee that
they can be used as a reference curve for a certain initial curve fy. By technical estimates involving
properties of C°-semigroups and interpolation theory, we confirm that the previously generated
curves can in fact be used as reference curves in the proof of the first step.

The short time existence result enables us to deduce a blow-up criterion for maximal solutions of
curve diffusion flow if T},4, < 00.

Theorem 4.1.4 (Blow-up Criterion)
Let f:10, Traz) X I — R%, I :=(0,1), Tnaz < 00, be a mazimal solution of (3.1.1)-(3.1.5). Then,
lime,,,., [|6[f (O]l Lo0.207(0))) = 00

The proof of the theorem is done in Chapter [7]] The strategy is based on the assumption that
the Lo-norm of the curvature with respect to the arc length parameter remains bounded uniformly
for a sequence t; — Tyaz for I — oco. We will see that this allows for an extension of the solution
f beyond T4, which is contradictory to the maximality of T,,,,. This proves our assumption
wrong.
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5 Short Time Existence for the Curve
Diffusion Flow

We want to derive a short time existence and uniqueness result for the surface diffusion flow intro-
duced in More precisely, we look for a time dependent family of regular curves I' := {I';};>0
satisfying

V = —0yskr, on Ty, t>0, (5.0.1)

where V is the scalar normal velocity, subject to the boundary conditions

ar'y C R x {0} for t > 0, (5.0.2)
£ (77,1“” (_01)> =1T—-« at OI'; for t > 0, (5.0.3)
Oskr, =0 at oI'; for t > 0, (5.0.4)

with the same notation as before, cf. Remark Furthermore, an initial datum T'g fulfilling
(5.0.2) and (5.0.3) will be specified later.

In order to obtain a short time existence result, the following strategy is pursued: For a fixed
reference curve and coordinates, we can represent the evolving curves, which are "close" to the
reference curve by a height function. Thus, the geometrical problem — is reduced to a
quasilinear parabolic partial differential equation on a fixed interval, at least as long as the curve
is sufficiently close to the initial curve. The standard approach to attack these kind of problems is
a contraction mapping argument: First, the equation is linearized and the function spaces for the
solution and the data of the linearized system are chosen such that the linear problem can be solved
with optimal regularity and the nonlinear terms are contractive for small times. In the next step,
the original partial differential equation can be expressed by an equivalent fixed point problem due
to the invertibility of the linear operator. By proving that the nonlinear terms are contractive if the
time of existence is small enough, we can apply Banach’s fixed point theorem and obtain a unique
solution to the partial differential equation. In order to achieve this, it will be crucial to keep track
of the dependencies of the constants.

Note that in this chapter, we will work with fixed reference curves and coordinates. Thus, we
obtain short time existence for curves which can be described as a graph over the reference curve
with a height function, which is small in some sense. At a later point, we will also obtain a result
which allows for starting the flow for a fixed initial curve. For this, it will be important that the
result in this chapter is not achieved by diminishing the norm of the initial datum.

5.1 Reduction of the Geometric Evolution Equation to a PDE

In order to reduce the geometric evolution equation to a partial differential equation on a fixed
interval, we employ a parametrization which is similar to the one established in [3I]. To this end,
let ®* : [0,1] — R? be a regular C5-curve parametrized proportional to arc length. Moreover, let
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5 Short Time Existence for the Curve Diffusion Flow

A := @*([0,1]) fulfill the conditions

®*(0) € R x {0} for o € {0,1},
K(nA(a),(()l)) =T -« for o € {0,1},
ka(o) =0 for o € {0,1}, (5.1.1)

where 75 (0) := 9-2"(9)/c[#*] and np (o) := RTa(0) are the unit tangent and unit normal vector of A
at the point ®* (o) for o € [0, 1], respectively. Again, R is the counterclockwise 7/2-rotation matrix.
Furthermore, the curvature vector of A at ®*(o) is given by & (o) := 922" (9)/(£[e*))? for o € [0, 1].

For a sufficiently small d, curvilinear coordinates are defined as

W :[0,1] x (—d,d) — R?
(0,9) = ®*(0) + ¢ (na(0) + cot an(o)Ta(0)), (5.1.2)

where the function 7 : [0,1] — [—1, 1] is given by

-1 f0r0§x<%

0 for 2 <ax< 4
= 6 — 6 5.1.3
() 1 for%ﬁxﬁl ( )

arbitrary else,

such that it is monotonically increasing and smooth. If @ = 7/2, then cot @« = 0 and the second
summand in the definition of ¥ vanishes, cf. (5.1.2). Figure sketches the reference curve and
the corresponding coordinates.

€

Figure 5.1: A reference curve and curvilinear coordinates.

Remark 5.1.1 1. It is trivial that ¢ — U(0,q) is smooth for o € [0,1]. Since ®* and n are
functions of class C®, it follows that ¥ € C*([0,1] x (—d, d)) and

19 ca(o,1)x (—d,a)) < Cla, @, 7, |d]).

2. The tangential part is weighted by the function n, which assures that [¥(o,q)]a = 0 for o €
{0,1} and each q € (—d,d). This is important, since we want the solution to have its boundary
points on the real axis, cf. . The tangential part is constant in a neighborhood of the
boundary points and it vanishes in the middle of the curve.

In the following, we consider functions

p:[0,T) x[0,1] = (—d,d)
(t,0) = p(t,0)
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5.1 Reduction of the Geometric Evolution Equation to a PDE

and define

O(t,0) := ¥(o, p(t,0)). (5.1.4)
An evolving curve is now given by

I'y :={®(t,0)| o € [0,1]}, (5.1.5)

where we obtain ®(¢,0) € R x {0} for o € {0,1}, t € [0,T), cf. (5.0.2)), by construction.

Next, we want to express (5.0.1)—(5.0.4) with the help of the parametrization induced by (5.1.5)).

In order to improve readability, we omit the arguments at some points, e.g. ¥, = ¥, (0, p(t,0)) and
p = p(t,o). Assuming |®,(t,0)| # 0, we derive for the arc length parameter s of T’

ds

2o = 1%l = \/I\I’al2 +2(Ye, ¥g)0op + |V4|*(05p)? =: J(p) = (0,0, 05p),

where | -| and (-, -) denote the Euclidean norm and the inner product in R?, respectively. Thus, the
unit tangent 7r, and the outer unit normal nr, of the curve I'; are given by

1 1
T, = By = (U + Uy p),
= Tyt = Ty e T Vader)

nr, = RTF,, = R(I)a.

L
J(p)
For the scalar normal velocity V of I';, we have
1 1 1
V =(®y,np,) = — — —
\Pnr) = 70 70) 70

where we used that (v, Rv) = 0 for all v € R2. Moreover, the Laplace-Beltrami operator on I'; as a
function in p is defined by

o 1 1 B 1 1 ; 2
3002 = 5050 (335%) = 0 (309 * o

Thereby, the scalar curvature of I'; as function in p can be expressed by

(P, RD,) = (Yept, R(¥oy + Vy0,p)) = (¥q, RY,)py,

L
(/(p))?
cf. Appendix where U(o, p, 05p) denotes terms of the form

K(p) = (Vg RU,)O2p+U(0, p,0op), (5.1.6)

Ulo,p,000) = C (J(p)" (H () RYT, ) (o p>> (0r0)". (5.1.7
=0

with C € R, k € Z, p,7 € Ny, and B;,v; € N3, such that |5;],|v:| > 1 and |3;| + || < 3 for all
i €{0,...,p}. Here, the leading order prefactor is kept explicitly, since it will be important for the
analysis of the equation. Consequently, the first derivative of the curvature is given by

= Tt RU,)02p +T(0,p,0sp) (02p)" + T(0,p,05p)02p

+ T (o, p,0sp), (5.1.8)
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5 Short Time Existence for the Curve Diffusion Flow

where the prefactors T'(o, p, 9,p) denote terms of the form

T(0.p.0,p) = C (J(p))" (H (s BRI, ,) (o p>> (9ep)". (5.1.9)

i=0

with C € R, k € Z, p,7 € Ny, and B;,; € N3, such that |5;],|v:| > 1 and |B;| + || < 4 for all
i €{0,...,p}, see cf. Appendix for the derivation. Moreover, we have

1 & & 5 3
852’4“(/)) = W <\Ilqa R\I’U>83p + S<Ua P aop)agpagp + S(Uv Ps aop)agp + S(Ua P aap) (83[))
+ 8(0, 0, 05p) (02)” + 5(0, p,05p)02p + 5(0, p. D), (5.1.10)

with the prefactors of the form

P

S(0,p,00p) = C (J(p))" (H (Wl RV ) (@, p)) (@op)", (5.1.11)

=0

with C € R, k € Z, p,r € Ny, and ;,v; € N2, such that |3;|,|vi| > 1 and |3;| + |vi| < 5 for all

i € {0,...,p}, cf. Appendix [A:3] We assume that 1/7(s)(¥q, RV,) # 0 and obtain by (5.0.1) the
equation

pr = f%A(p)m(p) for o € (0,1) and ¢ > 0. (5.1.12)

(Wy, RU,)
Furthermore, the boundary condition ([5.0.3) is represented by

ety = (e () ) = (o ()} = o (o mon (3)). o1

Straightforward calculations together with the assumptions on the reference curve ®* show that
this is fulfilled if and only if

Oyp(t,o) =0 for 0 € {0,1} and ¢ > 0. (5.1.14)

This gives the reformulation of the angle condition.

In summary, we have deduced that the problem (5.0.1)-(5.0.4) can be expressed by

J(p)

Pt = —mA(p)H(p) for o € (0, 1) and t > 0,
Oyp(t,o) =0 for 0 € {0,1} and ¢ > 0,
O,k(p) =0 for 0 € {0,1} and ¢ > 0. (5.1.15)

Before we state the local well-posedness result for this partial differential equation, we want to
give a condition to guarantee that ®,(o,t) # 0.

Lemma 5.1.2
Let p : [0,1] — R satisfy the bound

1
2lmalleqr (1 + (cot @)2 + Clcotal I o )

llellego < =: Ko(a, ®*, 1), (5.1.16)

56



5.1 Reduction of the Geometric Evolution Equation to a PDE

and in the case o # 5 additionally

L[D*)

— =K o 1.1
12|C0ta| 1(&, )7 (5 7)

195l (0,1]) <

where C := \/2sina > 0. Then J(p) > 0 and [0,1] 3 0 — U(0, p(0)) is a regular parametrization.
In particular, if (5.1.16) and (5.1.17) are fulfilled for %Ko and %Kl, respectively, then there exists
a Ca,®*,n) > 0, such that

J(p) > C(a, ®*,n) > 0. (5.1.18)

Proof. We have to show that |®,(c)| > 0. To this end, we consider
@0 (0)* = [¥ol*(0, p(0)) + 2(T0, Wo) (0, p(0)) (o) + [¥g|*(0)(rp(0)).
Using the identities

0,0"(0) = L[D*]1A(0)
0,7p(0) = L[P*|knp (o)
Osnp(o) = —L[D*|kTp(0),

we obtain
U, (0,q) = (L[®*] — q¢L[®* ]k + gcotan’) Ta + qL[P*]kA cot anny,
U, (0,q) = U,(0) = np + cot anta, (5.1.19)

where the arguments of the functions are omitted for the sake of readability. Clearly, it holds
(U, W) (0, p) =L[®*] cot an + p(cot a)?nn’. (5.1.20)
For o # 7/2, we derive

B (1, ) > |9, (0, p(0) + 20, W) (0. plr)) 0 plo)
> [L[®*] — pL[®*|kA + pcot an’]2 —2|05p| |L[®*] cot an + p(cot ar)*nr’] .

Using (a + b)2 > (¢/2 + b)% + @®/4 for (¢/2 + b)a/2 > 0, we obtain

« 2
2, () = (K5 = el len + peotan)
*1\2
+ @ —2[0,p| |L[®*] cot an + p(cot a)*nr'] . (5.1.21)

Here a := L][®*] > 0 and ¢/2+b := £I®"]/2— pL[D*]kp + p cot an’ > 0 holds true due to the condition

(15.1.16)), since

Ller]

5~ qL[®*|kp + peot an’ >

— lal (£[®*][[kallc(o,1y) + | cot an'])
a1 1 /
> L[] 5 lol { lealleqon) + ®| cot an’|

* 1 A
> £0°] |5 = Iollealeqoay (1+ Cleotanl) | > 0.

L£[2*]
2
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5 Short Time Existence for the Curve Diffusion Flow

where C' = (v2sina)™! > 0, see Lemma Thus, it only remains to prove that the sum of

the second and third summand of (5.1.21)) is positive. By the bound ([5.1.16)) and Lemma [2.3.1] it
follows

L[®*])? §
% —2|05p| (L[®*]|cotal + |p|(cot a)?|n'])
o 2 t 2|,/
> @ _ 2‘agp| AC[(I)*”COtO[‘ + (CO a) |17A‘
2||kalleo.) (1 + C| cot om’|)
E (b* C‘ t /
> 207 [E20 _ojcotal 0,0 [ 14+ ——2lector]
! 2(1+C’|cotan’|>
@*
> L[®7] % — 2| cot ¢ |(9Up|g:| >0,

where we additionally used the bound ([5.1.17)) in the last line.

In the case a = 7/2, we have by (5.1.19) and (5.1.20)

@0 (0)] = (LI27])*((1 = p[®"]ra)* + (95p(0))* = (LIE])* (1 - pl@7]ra)*.

Thus, the bound (5.1.16) suffices to guarantee |®,(0)| > 0. By inspection of the previously derived
estimates, the addendum follows directly. O

We give a sketch of the representation in Figure [5.2

Figure 5.2: Representation of a curve by curvilinear coordinates and a height function.

In the following, the notation from Section with m = 2 is used to denote the spaces appearing
in the local well-posedness result:

Notation
For J=(0,T) and I =(0,1), we have
X, =Wy (),
Eur =Wy, (J: L2(1) N Lo, (J; W2 (1)),
Eo.u = Lapu(J; La(1)),
Fj = Wai (J5 La(OI)) N Lo, (J; Wy (1)),
where w; =1 —mi/a—1/3, j=1,2, and

FM = Flyﬂ« X FQ;M'
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5.1 Reduction of the Geometric Evolution Equation to a PDE

All the spaces are equipped with their natural norms. The definitions of the appearing time weighted
spaces have been given in Section [2.1]

Theorem 5.1.3 (Local Well-Posedness for Data Close to a Reference Curve)
Let ®* and n be given such that (5.1.1) and (5.1.3) are fulfilled, respectively. Furthermore, let
po € Xy, n € (%, 1}, fulfill the conditions

KO Kl

lpollcn < 3 and 19pollc(ry < 3 (5.1.22)
and the compatibility condition
Ospo(c) =0 for o € {0,1}, (5.1.23)

where Ky, K1 are specified in Lemmal[).1.
Then there exists a T = T(a, ®*,n, Ry, Ra) > 0, |[pol|x, < R and Hc_l”L(JEo,Mxﬁ‘umeEu,T) < Ry,
cf. (5.2.11) for the Definition of L™, such that the problem (5.1.15) possesses a unique solution

p € Eu 1, such that p(t) satisfies the bounds (5.1.16) and (5.1.17) for all t € [0,T7], and p(-,0) = po
m X,

The theorem is designed in a way, such that it can be applied at a later point:

Remark 5.1.4 1. We use the time weighted approach, as it enables us to apply the result to
initial data with flexible reqularity. Moreover, we can directly exploit the smoothing properties
of parabolic equations, see Remark[2.2.3, item[Z This property will be crucial in the proof of
the blow-up criterion stated in Theorem [{.1.7)

2. Note that Theorem[5.1.5 guarantees the same existence time T for initial data p;, | € N, which
fulfill the demanded conditions and additionally satisfy the uniform bounds

loillx, < Cr and £ (00) e, xtwx,m, v < Co for alll € N.
3. It is possible to start with an initial datum, which fulfills the condition

lpollcry < Ko and 195p0llc(ry < K

instead of (5.1.22)), but we lose the previously stated uniformity of the existence time.

It is a direct consequence of our choice of spaces that the initial curve fulfills in fact the expected

conditions in (3.1.6).

Remark 5.1.5 1. Let po fulfill the assumptions of Theorem [5.1.3 Then po € X,,, € (7/8,1],
implies po € C'(I) by the embedding (2.2.6), as 4(u — 1/2) — /2 > 1. It follows by Lemma
that J(pg) > C(a, @*,m) > 0 and that

[0,1] 20— ®(0,0) = ¥(0o, po(0))

is a regular parametrization of the initial curve corresponding to po. It holds by construction
that [®(0,0)]2 = [¥(c, po(0))]2 =0 for o € {0,1}.

2. Note that by (5.1.14) the compatibility condition (5.1.23|) implies
< (mo) (5))=n-a foro € {0,1),
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5 Short Time Existence for the Curve Diffusion Flow

where Ty := ®(0,1). Thus, the a-angle condition holds true for the initial curve.

Using the previous considerations, we are able to reduce the geometric evolution equation to a
quasilinear partial differential equation on a fixed interval: To this end, the representations derived
in (5.1.10)), (5.1.8)), and (5.1.14) are used and plugged into (5.1.15). Putting the highest order terms
on the left-hand side and remaining ones on the right-hand side, we formally obtain that problem
(5.1.15) is an initial value problem for a quasilinear parabolic partial differential equation of the
form

pe + a(o,p,05p)05p = f(p,0op, Dap, 0p) for (t,0) € (0,7) x [0,1],
b1(0)0,p = —g1 for o € {0,1} and ¢t € (0,7,
by (0, p, 0sp) 03 p = —g2(p, Do p, D2p) for o € {0,1} and ¢ € (0,7),
pli=0 = po in [0, 1]. (5.1.24)

Here, the coefficients on the left-hand side are given by

1
1(0:0.000) = T30y
bi(o) =1
(07 .0r1) = st (V) 0. (5.1.25)

The right-hand side of the first equation is defined by
F(0,0,05p,02p,82p) = 5(0,, 0,0)02p02p + 5(0, p, 05 0)2p + S(0, p, D) (92p)°
+ (0, p,05p) (920)° + 5(0, p, 05 p)D2p + (0, p, D p)s (5.1.26)
where the prefactors S(o, p, 05p) denote terms of the form

—J(p)

— 7 _S(o,p, 0, for S of the form (5.1.11). 5.1.27
(g R, (o.p) 7P 0P ELLD (5.1.27)

S(a,p,05p) =
Moreover, the right-hand sides of the second and third equation are given by

91(0) =0
2
92(0, p,05p, 05p) :=T(0,p,95p) (03p)" + T(0, p, 05p)3p + T(0, p, Dop), (5.1.28)

where the prefactors T'(o, p, 0, p) are introduced in (5.1.9)).

Deriving the motion law, we assumed 1/7(0)(¥,, R¥,)(0,p) # 0, see (5.1.12). As confirmation,
the following lemma is proven:

Lemma 5.1.6
Let po € X, such that the condition (5.1.22) is satisfied. Furthermore, let K € R*. Then, there
ezrists a T = T(a ®*,n, K, R) with ||pol|x, < R, such that for p € E, 7 fulfilling p—o = po and

lplle, » < K for 0 <T < T it holds: p fulfills the bounds (5.1.16) and (G.1.17) for gKO and 3K1.
In particular,

J(p) > C(a,®*,n) >0 foro€[0,1] and all 0 <t < T with 0 < T < T, (5.1.29)

where C'(a, ®*,n) is given by (5.1.18). Additionally, [0,1] 3 0 — U(0, p(t,0)) is a regular parametri-
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5.1 Reduction of the Geometric Evolution Equation to a PDE

zation for all 0 <t < T with0 < T < T.

Proof. By the embedding
E.r < C*(J;C' (1)),
item [2] of Lemma we have
|02 p(t) — aZ,POHC(I’) <TC(|lplle, » + lpj=ollx,.) ;

where & > 0, i € {0,1}, and ¢ € [0,T]. Note that the constant C' does not depend on 7T'. Thus, by
choosing T small enough, it holds for ¢« = 0,1

19k000) - Bl ) < T (1 + Ipucoly,) < M0 KO}
Consequently,
105 p()ll oy < 102 p(t) — 8§p0||c(1—) + ||a«i7POHC(1’) . %
is obtained for ¢ € {0,1}. The addendum follows directly by in Lemma[5.1.2} 0

Definition 5.1.7 }
For fized K, we consider the corresponding T' (o, ®*, 1, K, R) > 0 with ||po||x, < R, which is given
in Lemma[51.6 We set

Brr:=1{p€Bur:|ple,r» <K, pi=o=po} for0<T <T.

Hence, we obtain:
Remark 5.1.8 1. There exists a C(a, ®*,n, K) > 0, such that

(U, RU,)(0,p) > C(a,®*,n,K) >0 foroc|0,1] and p € B with0 < T < T.
By direct calculations, we obtain

(Wg, RY;) (0, p) = (na, [L[®7] = pL[@"]rx + pcot an'] Rr)

+ (cot anTa, pL[P* ]k cot anRny)
= L[P"] {1 —p </{A - % cot an’ — (cot 01)2772I£A):| :

where we used and the identities

(na,Rrp) =1 and (Ta, Rnp) = —1.
Ezxploiting Lemma @ again, we deduce for p € Bg r

(U, RU,)(o,p) > L]D] {1 —p (KA — Ckyp cotamy’ — (cot a)znzm\)}

> 210" [1 = Jo [salleqr (1+ Cleotar| + (cota)? ) |
> C(a,@*,n,K) > 0.
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5 Short Time Existence for the Curve Diffusion Flow

2. By the expressions for the derivatives of U, cf. (5.1.19), we additionally derive

J(p) < Cla, @, 1, K) for o €10,1] and p € B with0 <T < T.

3. The previous statements hold also true if p € Bi 1 is replaced by an initial datum pg fulfilling
the assumptions of Theorem[5.1.5.

In the following, we want to solve the partial differential equation (5.1.24)). As a first step, the
equation is linearized and the generated linear problem is solved with optimal regularity.

5.2 The Linear Problem

In order to solve the problem (|5.1.24)), we linearize it around the initial datum pgy. In the following,
we want to show that, for a suitable choice of the function spaces, the linearized problem

pe+Ap="F(t,o) for (t,0) € (0,T) x [0,1],
Bip = Gi(t,0) for o € {0,1} and t € (0,7,
Bap = Ga(t,0) for o € {0,1} and ¢t € (0,7,
p(0,0) = po(o) for o € [0, 1], (5.2.1)

has a unique solution p with optimal regularity. The linear operators A, B and By are given by

A = a(o, po, Dgpo)D* for o € [0,1],
By :=ibi(0) trar D! for o € {0,1},
By := i*by (0, po, Dy po) trar D? for o € {0,1}, (5.2.2)

where D = —id, and a,b;, and by are given by (5.1.25). Moreover, for a fixed but arbitrary
p € Bg, 1, cf. Definition [5.1.7] we set

1 1
pwm»=—(uww‘lﬂm»0

02p+ f(p,0sp,02p, 03p),
Gi(t,o) :=0,
GQ(t70-) = (b2(ﬁ7 ao’ﬁ) - b2(p0760/70)) 8gﬁ - 92(57 80’ﬁ7 ag'ﬁ)a

and G := (G1,Gy). After solving the linear problem (5.2.1)) for a general 5 € By 1, we will prove
the well-posedness of the partial differential equation ([5.1.24) by a fixed point argument.

The existence of a unique solution for the linearized problem (5.2.1) will be proven by applying
the maximal regularity result stated in Theorem 2.1 of [25] to this problem. A simplified version
of this local existence theorem is stated in Theorem Applying this, we deduce the following
theorem:

Theorem 5.2.1 (Existence for the Linear Problem (5.2.1))
Let the assumptions of Theorem hold true and let K and T be given by Definition . Then
the linearized problem (5.2.1)) possesses a unique solution p € E, v for 0 <T < T, if and only if

Feky,, GeT,,
and the compatibility condition

Bi(0,-,D)po = G1(0,) =0 for o € {0,1} (5.2.3)
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5.2 The Linear Problem

is fulfilled.

Remark 5.2.2 Note that the compatibility condition (5.2.3)) is fulfilled immediately if (5.1.23)) holds
true.

Proof of Theorem [5.2.1. We have to check the assumptions of Theorem [2.2.1]for the operators given
in (5.2.2) and F := C, which is a Banach space of class HT, as it is a Hilbert space.

First of all, by Remark [5.1.5) item [I} a lower bound on J(po) for o € [0,1] is obtained. Thus,
a(o, po, 0spo) is well-defined and positive for o € [0, 1]. Consequently, the operator A is well-defined
and non-trivial.

Now, set m; = 1 and mo = 3. It is obvious that the boundary operator B; is non-trivial as
well, as its coefficient is ib; = i. We proceed with the non-triviality of By: Like previously men-
tioned, we have J(pg) > 0 for o € {0,1}. Moreover, by Remark item [3] is obtained that
(V,, RY,)(c,po) > 0 for o € {0,1}. Thus, the coefficient i3bs (0, po, Oy po) is well-defined and non-
zero for o € {0,1}, and B; is non-trivial.

By definition, we have

w1 = 3 Wy = 8 (524)
We begin by verifying condition (SD),i.e. a € BUC(J x I). As the initial datum pg and accordingly
the coefficient of A, given by a(c, pg, 9,p0), does not depend on ¢, the time regularity is trivial. Re-
mark item |1 and Remark item |3 give a lower and upper bound on J(pg) for o € [0,1],
respectively. Moreover, we observe that for 0 < a < b < oo, the mapping [a,b] > = — (1/,73)4 is con-
tinuous. Additionally, as a sum, product and concatenation of continuous functions, the mapping
[0,1] 3 0+ J(po) is continuous. Thus, [0,1] 5 a(o, po, rpo) is continuous on a compact interval,
hence uniformly continuous and bounded.

Next, we want to verify condition (SB): For j = 1 we show that the "or"-case is fulfilled, i.e.
iby € IF1 ;. The regularity is clear, as the coefficient ib; = ¢ is constant. Moreover, we observe for

e (7/8,1]

w—§—1—z+1> 1- -|-1
L=8 77872 Ty

For j = 2 we prove that the assumptions of the "either"-case hold true, i.e. i3by € C™2472(.J x 9I)
with some 75 > wo = 1/8. We fix 79 such that 1 > 475 > 4w, is fulfilled. The time-regularity
is trivial, as the coefficient does not depend on t. As QI consists only of two points, the spatial
regularity follows directly as well.

Moreover, we have to verify the ellipticity condition (E), i.e. for all t € J, z € I and |¢| = 1,
it holds for the spectrum X(A(t,0,€)) C C1 := {Rz > 0}. The symbol of A is given by

1o, 1
Tyt ~ Tyt~

Thus, it fulfills the condition by Remark [5.1.5] item [I]

A(t,o,€) =it

Lastly, the Lopatinskii-Shapiro-condition (LS) is verified: We have to show that for each fixed
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5 Short Time Existence for the Curve Diffusion Flow

t € J and o € {0,1}, for each A\ € C,\{0} and each h € C? the ordinary boundary value problem

Av(y) + a(a)@év(y) =0 y >0, (5.2.5)
b2 (0)050(y)ly—0 = ha, (5.2.6)
b1(0)8y0(y)ly=0 = ha, (5.2.7)

ylglgo v(y) =0, (5.2.8)

bg(O’) = ﬁ<qjq,R\I}J>(o—v PO(U))} forc=0.1

has a unique solution v € Cy([0,00); C), see (2.2.1) for a definition. Note that we already proved
before, that by and b; do not vanish due to our assumptions on pg. Solving the corresponding
characteristic equation to (5.2.5)), we obtain that a solution is given by

’U(y) — coe#oy + cleﬂly + 026#29 + 036#39,

where ¢, ...,c3 € C and
Ho = %(d + Zl_))v M1 = \4/;(*5 + id)ﬂ
p2 = Vr(—a+i(=b)), pz = V/r(b+i(—a)).
Here the numbers 7, @, and b are determined by the identity
— [cos @ + isin 6] for g e | = Sl
=r isin - =
a(o) 272 |’
where A € C;\{0} and o = 0,1. More precisely, it holds
ri= A >0 a:=cos(?/4) >0 b :=sin(?/1) > 0
a(o_) 3 ) )

for 9/4 € [/s,37/8]. Due to condition (5.2.8) we see immediately that co = ¢3 = 0 and the solution
simplifies to

v(y) = c1e!Y + coet?Y.
The first and third derivative is given by

v'(0) = c1p1 + capz and v"(0) = e1pd + cops.
Combining this with and (5.2.7)), we have to show that for each (ha, hy) € C?

ho /i 3 3
M) = hz/l? , with M = (1 F2)
Co 1/b; M1 p2
has a unique solution (c;,cz). We observe that det M = puy o (2 — pu3) # 0, as g # 0 # o and

)23 = I [(2F — 2a%) +i (—dab)] #0, as @,b > 0.

This proves condition (LS).
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5.2 The Linear Problem

Finally, we observe by (5.2.4) for p € (Z,1]
L
TR 82 Ty
—1<1 1+1<1 +1 (5.2.9)
2T g g =TT =
and therefore, 1 — 4 1/p # w1, wo. O

Remark 5.2.3 By (5.2.9) it follows directly that the data space, see Theorem|(2.2.1} is given by
D= {(F,G,po) €Eo, x Fy x X, : B1(0,, D)py = G1(0,-) on 8]} .

The initial datum po does not have to fulfill further compatibility conditions than . Moreover,
we observe that the compatibility condition is fulfilled for right-hand side zero, i.e. G1(0,-) = 0, hence
D =Dy, cf. Theorem[2.2.1. Consequently, by the addendum in Theorem [2.2.1], we immediately get
a uniform estimate for the solution operator for all T € (0,Ty], Ty given, since we are automatically
in the case of Dy.

In order to obtain a solution to the quasilinear problem ([5.1.15)), cf. Theorem [5.1.3 a contraction
mapping argument is applied. We consider the linear operator £ : E, r — Eo , x F, x X,,, which
is given by the left-hand side of (5.2.1). Moreover, we set

F(t,o) ~ (i — i) Oke + 10,000,029, 05p)
]:<p> = Gl (t, 0) — 0 s (5210)
Ga(t, o) — (b2(p, O5p) — ba(po, Bsp0)) O2p — g2(p, D p, 02p)

which corresponds to the right-hand side of (5.2.1). The equation (5.2.1) is now represented by
L(p) = (F(p), po) for p € Bgr with 0 < T < T. (5.2.11)

In order to receive a fixed point equation, Theorem [5.2.1]is used for inverting the linear operator
L. Thus, it remains to show that (F,G) € Eg , x F,,.

Lemma 5.2.4
Let the assumptions of Theorem hold true and let K and T be given by Definition . Then
it holds

F(p) € Eop ><I~F# for p € Bgr with0 < T < T.

Remark 5.2.5 Fven though it is not important for the proof of this claim, we will keep track of the
dependencies of the constants, especially when they depend on the time T. This will enable us to
use the derived estimates in the proof of the contraction property of the operator F.

Proof of Lemma[5.2.4] Firstly, we want to take care of the first component of F(p), cf. (5.2.10):
More precisely, we want to show that F' € Eq,, = Lo ,,(J; L2(I)) for p € Bxr with 0 < T < T. To
this end, the following claim is proven.

Claim 5.2.6 Let K and T be given by Definition . Forpe Bgr with0 <T < T, there exists
a constant C(a, ®*,n, K) > 0, such that

S0, K)[[J(p) — J(po)ller,cn):
C(J,C(I))

H((J(;))‘1 - (J(;o))‘*)
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5 Short Time Existence for the Curve Diffusion Flow

Proof of the claim: By (5.1.29)), there exists a C(«, ®*, 7, K), such that

I

Using Remark [5.1.8] item [2, we have a C'(a, ®*,7, K) > 0 such that

< C(a, %1, K) for p € Brp with 0 < T < T. (5.2.12)
c(J.c()

1T(0)l ey < Cla, @, K) for p € Brp with 0 < T < T. (5.2.13)

Now, the Lipschitz continuity of # + 1/2* on the interval [C~!, C] is exploited: We denote the
corresponding Lipschitz constant by C(a, ®*, 7, K) and the claim follows directly. O

For the first summand of F', we have by Claim and Remark [5.1.8] item P] and

H ((J(i))‘* - (J(;O))ax) 95p

< L{|J(p) = J(po)llc(r,ccnllel Lo, crswa

La u(JiLa(1))
S O(a7 (b*7 ,r]’ K)?

for all p € Bgp with 0 < T < T.

We proceed with the estimate of || f| 1, ,(s;z.(r)) bY l|ollg, 2 cf. (5.1.26)) for the representation of
f. First, we take care of the prefactors S(o, p,d,p): We want to prove that they are bounded in
Loo(J x I) by a constant depending on «, ®*, 7, and K. To this end, we consider the structure

= - i Vi r
W) (H (Vo R (o p>) @op)"

=0

S(O‘, P aop) =

with C € R, k € Z, p,r € Ny, and B;,7; € Ng, such that |B;],|v:| > 1 and |B;| + |vi| < 5 for
all i € {0,...,p}, see and . By Remark item |1, we obtain a bound on
/(¥ ,,R¥,)(0,0). For the factor (J(p))™, n € Z we can directly use the bounds established in
and (5.2.13)), respectively. Moreover, we control p and 9,p by Lemmal[5.1.6] Finally, we take care of
the scalar products: Note that there are at most four derivatives on ¥. Combining the C*-bound
on [0 — ¥(a, q)] established in Remark [5.1.1] item 1 with the previously discussed bound on p, we
obtain

|[t.0) = w7, (@0t 0))] < Cla, @, 0, K),

loiren
for |y| < 4. In summary, a suitable bound is given by
15(0, 0o p)|l Lo (7x 1) < Cla, @7, K).
Next, we find Lo ,(J; L2(I))-bounds for the summands of f(p, 9, p, 02p, 32 p), where the prefactors

can be neglected due to the previously established bound. In the following, we will use p; and ps
to keep our calculations general. We have

HagﬂlagmHLM(J;LQ(I)) < HHagm(t)Hqu (I) Hagp?(t)”qu(z)HL“(J)

< [[lor Ollws, 1 o2 Ollws, |

?

LQ,M(J)

where the estimates follow for ¢, ¢ € [2,00] fulfilling /¢, + 1/¢. = /2 by Holder’s inequality. By
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expanding the integrand, we obtain for fi; € [, 1], i = 1,2,

102010202 |1, iy < || (£ o @l = o) gy ) £ 01 5)

La(J)
1-4 1—i
<o (Pl @lwg o) ("l lwg )|,
< CiCallpalizy, oy (rswe anllp2llLe, oy (riwe, () (5.2.14)
for 1/1, + 1/1, < 1/2. Here
o CT)—0asT—0 ifl—p—(1—fg1+1—f2) >0,
Tt if1—p—(1—fi+1—fg) =0,
C(T) = 0asT —0 if 44+ <3,
Cy = 11 1
]. lf —+ 12 = §

Our aim is to control |07 p102p2||L,.,,(7;L.(1)) in terms of ||p;|[g, . To this end, Proposition [2.2.4|is
used to estimate the right-hand side of (5.2.14), where /¢, + /¢, = 1/2, k1 = 2, ko = 3, and [; and
the time-weights fi; have to be chosen carefully.

By the assumptions of the Proposition [2.2.4] we obtain by 9i/2 = 1/i,, i = 1,2,

1 1 1 1
% 0y <1 = —t — < = d 0 0, =1 = — 4+ — = —.
1102 Ltz oM™ 102 L Tn T2

Moreover, we have by i; = p+ (1 —6;)(1 — p) € [p, 1] the equality
l—p—(Q—f+1—fig)=jun+jz—1—p
=p+A=0)A-p)+p+Q-0)1—p)—1—p
(=) + 2= (01 +602))(1—p)=(1— (61 +62))(1 — p), (5.2.15)

thus, for p € (7/8,1)

91+92<1@17#7(1*ﬂ1+1*ﬂ2)>0,
01—|—02:1<:>1—M—(1—ﬂ1+1—/]2):0,
and 1 —p— (1 —fi3 +1— i) =0 for p = 1. Consequently, to produce a constant C(T") — 0 for

T — 0, it remains to prove that for /g, + /g, = 1/2, k1 = 2, ko = 3 and p € (7/8, 1], it is possible to
fulfill 61 4+ 65 < 1. Using s; := k; +1/2 — /¢, = 4 (u — 1/2) (1 — 6;) + 46;, we directly calculate

- _ 8*(k +k +1—(—+i))
01—|—92:1—47511 1_47821:2_ ! 2 q1 92
4(1—p+3) 4(1-p+3) A(1—p+1)
25,5,
Hi-pes)  80-ped) T B0-FHY)

Hence, applying Proposition to (5.2.14)), it follows

[V

Haaplaop2HL2 u(J5La( I)) = H (HpiHLOO(J,W;(“_VZ)(I)) + ||pi||L2,u(J,W§(I))) ) (5216)
i=1

where C(T) — 0 as T — 0, as the constant of the embedding in Proposition does not depend
on T. Setting p; = p, i = 1,2, in (5.2.16)) and using the embedding of the solution space into the
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temporal trace space, see (2.2.4)), we deduce
15(a, p, aap)agpaf;pHLz (FiLa(y) S Cla,®*,n,K,T) for p € Brp with 0 < T < T.
S 3

Note that the constant on the right-hand side does in general no longer fulfill C(T') — 0 for T — 0,
as the operator norm of (2.2.4) also depends on 7'

By inspection of the remaining summands, we obtain that all terms besides S(o, p, 9yp)(02p)3
can be treated as in , where an additional 7° with s > 0 is possibly produced. Thus, it
just remains to show that (82p)% € Lo, (J; La(I)) for p € B with 0 < T < T. To keep the
calculations general for employing them later, we use again p;, ¢ = 1,2,3. By Holder’s inequality
and direct estimates, we deduce

3
H agpi
i=1

Again, we want to find bounds for the right-hand side by Proposition [2.2.4] where k = k; = 2 and
qg=q;, =6,1=1,2,3. A direct calculation shows that 6 = 0, is given by

<
Lo, (J5L2(1))

<
La(J)

3
T les®llwza
i=1

3
¢ H Hagpi(t)HLg(I)
=1

La(J)

ktg—a—4—3) 4+i-4p [11 7
SR R (h—2) _ R {,) brMEI(J}. (5.2.17)
4(3 - n) 4(3-n) 1673 8
Moreover, by ¢/2 = 1/i and analogously to (5.2.15), we have for p € (7/8,1)
3 1 -

and 1 —p—3(1—f)=0for p=1, where i =f; = p+ (1 -6;)(1 — p) € [, 1]. Using (5.2.17), we
deduce 36 < 1 for p € (7/8,1] and consequently we obtain for [ > 6

3
H 33[%‘
i=1

3
— —_ — i _'2 3
< [[e=r=30=m (B T sl o

i=1

Lo, (J;L2(I)) Ly(J)

3 3
<C(T) H Htl_”Hpi(t)ng(I)HLZ(J) =C(T) H pill L, w2y
1=1 =1

where C(T) — 0 as T — 0. By Proposition [2.2.4} it follows

3
H aZPi
i=1

3

<ML (Ioill,_ ool + Wil owsay ) (5:218)
Lo, (J3L2(1)) i=1

where the constant still fulfills C(T) — 0 for T — 0, since the operator norm of the embedding in
Proposition [2.2.4] does not depend on 7. Setting p; = p, i = 1,2, 3, and using again the embedding

(2.2.4), we obtain
||S(Ua P 809)(@3%’)3||L2,“(J;L2(I)) S C(OC,@*,TLK, T) for pE BK,T with 0 < T < T

Next, we take care of the other components of F(p): It will be proven that (G1,G2) € IF‘H for
pE BK,T; i.e.

Gy € Wi (J: 1a(0D)) 0 Lo (1 W5 (0D))
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Gy € W, (J; L2(81)> N Lo, (J; Wg/Q(aI)) .

We observe that it suffices to verify G; € W;/ (J) and G € VV2 *(J) for o € {0,1}, as the boundary
OI only consists of two points. Note that the claim for G; = 0 is trivially fulfilled.

First, we consider the regularity of p and its derivatives at the boundary 0I: Using Lemma|2.2.3]
item [3| for p € W3 ,(J; La(1)) N Lo, (J; W4 (I)), we obtain

8op € Hy" (J5 Lo(I)) N L, (T3 H3(D))

O2p € H)\(J: Lo(D)) N Lo, (J: H3 (1)),

82p € Hy* (J; Lo(I)) N Lo, (J; HY(D)) .
Furthermore, Lemma [2.2.3] item [] provides

trjo1p € Wy o (J~ Ly(dD)) N Lo, (J; Wyt (o1

tr|afagp € W2

trjor82p € Wyln(J5 La(91)) N Lo, (J; Wy (91)

n) on).
(J La(d ) ALy, (J; W01 )

tr19702p € W, H(J La(d ) N Lo, (J; W (o1 )
(7 £20D) N L ( )

Therefore, we have

OEp(- o) e Wy () for k=0,...,3 and o € {0,1}. (5.2.19)
This enables us to prove G € WQI/Z(J) for o € {0,1}: We recall the structure

Ga(t, 0) = = (b2(0, p, 0op) — b2(0, p0, Do o)) 05 — 92(p: D, Dz ),

see (5.2.10). The summand ba(a, po, ,p0)03p is clearly an element of WQI/:;(J), since the coefficient
does not depend on t. In order to prove the regularity for the other summands, Lemma [2.1.17]
item [} and Remark [2.1.18] are used: The previously mentioned results state that the product of an

element of WQ/S(J) with one of W;/i(J) is again in WQI/Z(J) Therefore, it is helpful to prove

bo(0,p, 0sp) € Woln(J),
2(2£,9p) 2l )} for o € {0,1}, (5.2.20)

T(o,p,0,p) € WQ/S(J)
see (5.1.25) for the definition of by and (5.1.28) for the representation of g» with the coefficients T,
l-b

cf. In order to achieve this, we show the following claims.

Claim 5.2.7 For p € Bg.r with 0 < T < T, it holds J(p) € W2/8(J) and J(p) € W2u( ) for
o € {0,1} with the estimates

170y 275, < Clov @0, K, T), )
’ for p € B with0<T <T and o € {0,1}.

1 * T
HWHW;/E(J) S C(O&,‘b an7K7T)
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Proof of the claim: First, we show J(p) € W;/E(J) for o € {0,1}. Recall that J(p) is given by

J(p) = |%0] = Wy + Uudop| = \/[Wol? + 2(T0, We)Orp + [W4[2(Drp)?,

where U, and ¥, can be found in (5.1.19). We notice that ¥, (o, p(-,0)) € WQ/S(J) for o € {0,1},
since its summands are either independent of ¢ or are given by p(t,o)v for v € RQ, which does not
depend on ¢. Due to the regularity of p in (5.2.19)), the claim follows directly by the definition of

the norm. Besides, U, (0)0,p(-,0) € W2/8(J) for o € {0,1} as well by (5.2.19), since ¥, does not
depend on t. Moreover, we have

(Vo Ug)0op| < |Wo||¥q|00p| < |\I’0—|2 + (|\I’q|8ap)2
by Cauchy-Schwartz-inequality and Young’s inequality. Using this, we obtain directly
”J(p)H%QH(J) = /]t2(17#) (|\I/<7|2 + 2‘<\I/0, \I/q>aop| + |\Ijq|2(aap)2) dt

S2/152(17;0 (|‘I’a\2+|‘I’q\2(3ap)2) dt
J

for o € {0,1}. For the semi-norm, the properties of the scalar product for ¥, (t) = ¥, (0, p(t,0))

yield
2
2 2(1,L|<I>|)\<I>\()I
)y rm gy < / / e drdt

_ 2
S / / 7_2(1—/L) |¢U ) 0'(5 )| det
[t — 7125

// 210 B (t) & Wodplt) = Wo(r) ~ Wedop(r) |

[t — T|1+28

<C/ / 7.2(1—/1)"110 t) = Wo(r )|2+|\pq( Iop(t) = Dop(7))[? dr dt,
~ Jo Jo

|t — 7|'+28

where we used (a + b)? < 2(a® + b?). Note that ¥, does not depend on ¢, as it is independent of
p. This shows the first claim and the first estimate. Combining this result with Lemma [5.1.6] the
second claim and the estimate follows directly by item [4] of Lemma O

Claim 5.2.8 For p € Bx.p with 0 < T < T, it holds for o € {0,1} that
5/8
< (0,q) R\II((7 q)> (0,p) € Wo . (J)

for B,y € N2, such that |8, |y| > 1 and |B|+ |y| < 4. The W;{i(])—norm of the quantity is bounded
by a constant C(a, ®*,1, K, T).

Proof of the claim. By Lemma|2.1.17] iteml and Remark[2.1.18] we know that W;/i(J) is a Banach

algebra up to a constant in the norm estimate. Thus, it suffices to prove \II(U 2 (o,p(-,0)) € W;/E(J)

for 0 € {0,1}, where 1 < |8| < 4. Cousidering the structure of the mapping [(o,q) — ¥(o,q)], we
obtain that the term has the form

V1 if B2 > 1,
v1 +v2p(t,0), else,

\Il/?g,q) (U’ ,O(t, 0)) = {
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where v1,v9 € R? are independent of ¢. The claim follows by the regularity properties of p, see

(5-2.19) and item 2] of Lemma [2.1.17) together with Remark [2.1.18 O

Now, we are ready to prove (5.2.20): Combining the results of Claim [5.2.7| and Claim [5.2.8 with
5/8 . .
the Banach algebra property of WQ#(J), see Lemma [2.1.17] item [2| and Remark 2.1.18|, we obtain

b2(0, p, Dop) = (W, R, ) (0, p) € Wy/i(J) for o € {0,1},

1
(J(p))

with a suitable estimate. We recall that 93p(-,0) € W;/E(J) for o € {0,1} by (5.2.19). As the

product of an element in WZS/E(J) with one in W;/E(J) is again in Wzl/i(J), see item [2| of Lemma

2.1.17, we deduce that the first summand of G5 is an element of W;/Z(J) for o € {0,1}.

It remains to consider
2
92(0,p, 050, 02p) = T(0,p,05p) (02p)” + T(, p, 05p)05p + T(0, p, Dsp),

cf. (5.1.28). We want to prove that the prefactors T'(c, p, d,p) are in WS/E(J) and the terms (92p)?
1
and 92p are elements of W2/2(J) for o € {0,1}. Then, the claim follows by Lemma [2.1.17] item

and Remark [2.1.18 which state that the products of these functions are again in W;E(J) for
o € {0,1} with a corresponding estimate. Recall that

T(a,p,95p) == C (J(p))" (H <‘I’€7,q>’ Rq’?o,q>> (0, p)) (sp)",
1=0

with C € R, n € Z, p,7 € Ny, and 3,y € N2, such that |3|,]y| > 1 and |8| + |y| < 4. Hence, the
claim follows directly by combining Claim [5.2.7, Claim [5.2.8) and the regularity of p, see (5.2.19),

with the fact that W;/ E(J ) is a Banach algebra up to a constant in the norm estimate, see Lemma

item [3] and Remark

Finally, we have to take care of (§%p)? and 92p in the first and second summand of go, respectively:
By (5.2.19), we obtain §%p € W;’/Z(J) for 0 € {0,1}. Thus, it holds clearly

T(0, p,00p)02p € Wy i () for o € {0,1},

by Lemma [2.1.17] item [I] and Remark 2:1.18 Additionally, it follows by item [3] of Lemma [2.1.17]
that (92p)? € W;/E(J) for o € {0,1}. Consequently, we obtain

T(o,p,0sp) (8§p)2 € W;/i(J) for o € {0,1},

by Lemma [2.1.17] item [I] This completes the proof. O

Remark 5.2.9 Combining Theorem [5.2.1] and Lemma [5.2.4), we obtain that the linear problem
possesses a unique solution p € E, 7, for p € B for 0 < T < T, if the conditions on
the initial datum are fulfilled. This enables us to invert the linear operator in equation and
consequently we receive the fized point problem

p=L"YF(p),po) for p € Bgr with0 < T < T,

which is to be solved by Banach’s fized point theorem.
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5 Short Time Existence for the Curve Diffusion Flow

5.3 The Contraction Mapping

The next step is to show that the nonlinear operator is contractive. To this end, we state the
following lemma:

Lemma 5.3.1
Let the assumptions of Theorem hold true and let K and T be given by Definition . Then

]-":BKyT—HEO,MxI’B#‘u f0r0<T<T,

given by (5.2.10), is Lipschitz continuous with a constant Cr, = C(a,®*,n, K, R,T,T) with
llpollx, < R satisfying Cx, — 0 monotonically as T — 0.

Proof. Let p; and py be in Bg r for 0 < T < T.
First, we concentrate on the first line of 7. By adding zeros, it holds

1
(J(p))*  (J(po))

’ <('](;2))4 - (J(Plo))4> 032 = f(p2, 0502, 002,05 p2)

1 1 VI 1 .
(<J<p1>>4<J<po>>4>(8°pl %p2) (<J<p1>>4 <J<p2>>4)a“p2

=T =11
+ (f(p1,05p1, 051, 03p1) = [ (2,00 pa, 05 p2, D pa)) -
=111

F(pl)—F(PQ):_ ( 4>ag—pl+f(p1780'p1783'p1563p1)

We begin with the first factors of I and II, which can be estimated similarly. For I, we obtain
analogously to Claim [5.2.6]

(J(p)* (J(p2))*

where L does not depend on T. We recall that for p € Br 7,0 < T < T, by Lemma it follows
that p and d,p are bounded in C°([0,1] x [0,T]) by 2Ko/3 and 2K1/3, respectively. Thus, we can
exploit the Lipschitz continuity of

< L|[J(p1) = J(p2)llc(r.cm)>

H 1 1
c(re)

[07 1] X [_2K0/372K0/3] X [_2K1/372K1/3] > (07 P 80/)) = J(p)

for 0 € I, p; € Bk, which follows by the fact that J(p) is continuously differentiable with respect
to the variables (o, p, d,p). The Lipschitz constant depends on «, ®*,7n, and K, but not on 7. We
obtain

H 1 1
<

(J(p)* (J(p2))*

c(J;e))

where C(a, ®*,7, K) does not depend on T'. Here we additionally used that p;;—q = po for i = 1,2.
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5.3 The Contraction Mapping

Replacing ps by po, we obtain for summand [

(J(p)*  (J(po))*

Next, the embedding

S C(a7 (I)*a777K)Ta”p1 - pO‘
c(J;e(I))

1 1
Ce(J;er (D))

Eppr — C* (j5 Cl(j))

is employed, where the operator norm does not depend on T, if a suitable norm is used, cf. Lemma,
[2:2.3] item 2] Therefore, it holds

1Ml Lo (5221 < Cla, @, K)T|p1llcocr.on oy llor — p2llE, »
< C(a, @, K)T*C([lp1lle,.» + lp11e=0llx,.)lP1 — P28, +
< C(a, %1, K, ||P0||X}L7T)HP1 — p2|

EuT>

where we used that p; € Bx 7. Note that C(a, ®*,7, K, [|po|x,,T) — 0 monotonically as T" — 0.
For the second summand 7, it follows analogously

W11y, (1;02(0)) < Cla, @%,m, K)Tp1 — p2lca(r.cr iy llp2llE, -+
S C(avq)*7n7KaT)||p1 - 102|

Eu 1

In the following, we take care of summand I77: By adding zeros, we obtain

f(p1:00p1, 02p1,05p1) — f(p2, 0 p2, 02 pa, O2p2)
= S(p1) (05103 p1 — D2p203p2) + (S(p1) — S(p2)) 02 p203 p2
+S(p1) (931 = B3pa) + (S(p1) = S(p2)) D3 p2 + S(p1) ((92p1)* — (92p2)?)
+(S(p1) — S(p2)) (822)" + S(p1) ((82p1)% — (8202)%)
+(S(p1) = S(02))(9502)" + S(p1) (9201 = zp2) + (S(p1) = S(p2)) 9502
+(S(p1) — S(p2)). (5.3.1)

where we denote by S(p;) = S(o, pi, 0spi), see (5.1.27).

First, we inspect the summands which have a factor (S(p1) — S(p2)). To this end, we consider
the representation of S(p), i.e.

1 k (X /0t v
S Opp) i= ————C(J v RO > 9p)?,
(0’, P p) <\I/q,R\I/g>(0', p) ( (p)) <}:](;< (0,q)? (0,9) (0; p)) ( p)
with C € R, k € Z, p,q € No, and B;,v; € N3, such that |5;],|v:| > 1 and |3;| + || < 5 for all
i€{0,...,p}, see (5.1.27) and (5.1.11)). We observe that for every o € [0, 1] the mapping

[—2Ko/3, 2Kof3] x [=2K1/3, 20 /3] 5 (p, Do p) = S(9, p; Dop)

is Lipschitz-continuous with a Lipschitz constant depending on «, ®*, 7, and K. By this, we obtain
by the same strategy as for the summands I and 7

1S(p1) = S(p2) oz < Cla, @1, K)|[(p1,05p1) = (P2, 00p2) |l c(7:0(D)
< C(a, @, m, K)llp1 — p2lleer iy < CE)T|pr — p2llco (101 (D)
= C(a7®*7n7KaT)||pl _p2HC°‘(j;C1(I_))? (532)
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5 Short Time Existence for the Curve Diffusion Flow

where C'(«, ®*,n, K,T) — 0 monotonically for T — 0. Furthermore, we have

||5(P1)||C(j;0((f)) <|[[S(p1) — S(P0)||C(j;0((f)) + ||S(P0)||C(j;0(f))
< C(a, @*,m, K)lp1 — polle e oy + 115(po)lle e
< C(e, @1, K) (lp1lle,..» + lpollx, + lpoller ) +1)
< C(a,@",n, K, |lpollx,.), (5.3.3)

where C(a, ®*,7, K, ||pol|x, ) does not depend on T'. By adding a zero, the first summand of (5.3.1)
reads

S(Pl) (32101321)1 - 3§P23§P2) = S(m)aipl(@f; 33%’2) + S(pl)(ﬁgpl - 5’2P2)3§P2

and can be estimated by (5.2.16): Combining this with Lemma [2.2.3] item [1 and (5.3.3) we obtain

[5(0)820; @301 =022l sz < CONSEcrcan (1931l gt im,

+ ”pj”Lg,“(LWQ“(I))) (||P1 - P2||LN(J7W24<;L—1/2>(,))|| +[lp1 — P2||L2,M(J,W§‘(I)))
< CO(a, ®*,n, K, T) [C (lpjlle,.» + lpollx,.) + lpjle, +] lor = p2lle, »
< O, @,n, K, ||poll x,.. D)llpr — p2llg,,

for ] = 1 2 and a C(a, ®*,n, K, T, ||polx,) — 0 monotonically for " — 0. The second summand
of (| can be treated analogously. Moreover, similar estimates hold true for all the summands
except for

S(p1) ((32p1)* = (82p2)%) + (S(p1) — S(pa)) (92p2)”.

We observe that they can be estimated by using (5.2.18) instead of (5.2.16) together with the esti-
mate on the prefactors (5.3.2) and (5.3.3)), respectively.

There is nothing to show for the second component of Fr. Finally, we take a look at the last
component of Fr: By adding a zero, we have

G2(p1) — Ga(pa) = — (ba(p1) — ba(po)) O3 p1 — 92(P1) + (ba2(p2) — b2(p0)) B3 p2 + g2(p2)
= — (b2(p1) — b2(po)) (92 p1 — B2p2) — (ba(p1) — ba(p2)) 3 p2

I 17

(92(,01) ( 3 )

=111

where by (p) = ba(a, p,0,p) and ga(p) = ga(o, p, Osp, 02p), respectively. By Lemma [2.1.17] item [ l
we deduce for the first summand /

1]l wrs ) = C(T) 1b2(p1) — b2(po) |l Ws (s Haapl §P2||W2}(5(J)»

where C(T') — 0 monotonically for T — 0, since (b2(p1) = b2(po))jt=0 = 0 by p1},—g = po. Consider-
ing the representatlon of by (o, p, 8,,pf cf. , we can estimate the first factor by combining the
5.2

results of Claim and Claim 8 w1th the Banach algebra property of W2/ *(J), see Lemma

2117 item 2] and R emark [2.1.18] Hence, we obtain

||b2 PI)H "/8(J) <C(a?®*an7KaT)'
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5.3 The Contraction Mapping

Clearly, it holds
||b2(p0)HW257/5(J) < C(Oé, ¢ 1 Kv T),

as the term does depend on time. Thus, it follows

||I||W21/8(J) S C(a7 (I)*v m, K7 T? T) le - p2||]Eu,T
e

for C(a, ®*,n, K,T,T) — 0 monotonically for T — 0. Here, we additionally used the mapping
Lemma [2.2.3 item to estimate ||02p; — 3§p2||W21f§(J).

We proceed with the second summand I7: In order to estimate the first factor, we use that for
o = 0,1 the mapping

[—2K0/3, 2Ko/3] x [=2K1/3,2K4/3] 5 (p, D p) = ba(0, p, o p)
is Lipschitz-continuous with a Lipschitz constant depending on «, ®*,n, and K. Thus, the estimate

[[b2(p1) — 52(P2)||W§{§(J) < Cla, @, n, K) [[(p1, 05p1) — (P2,50P2)||W;(§(J)
< Cla, @, m, K) [lp1 = p2llg,, ..

is obtained, where we again used the mapping Lemma [2:2.3] item ] It follows similarly to the
argumentation for the first summand 7

1Ll 5y < Cle, @71, K, lpollx,., T, T) llor = p2lls

/8
,/»(‘]) w, T’

where C(«, ®*, 1, K, HpOHXM,ZIN’, T) — 0 monotonically for T"— 0.

For part 111, we consider the representation of go, see (5.1.28): By adding a zero

92(p1,) — g2(p2) = T(p1)(92p1)? — T(p2)(02p2)* + T(p1)92p1 — T(p2)2p2 + T(p1) — T(p2)
=T(p1) ((93p1)* = (97p2)°) + (T(p1) — T(p2)) (97 p2)?
=:14 =11
+T(p1) (921 — 02p2) + (T(p1) = T(p2)) 9z p2 +T(p1) — T(ps),
=:Ig =:IIp =:1lc

where T'(p) := T(0, p, dsp), see (5.1.9). The prefactors T'(p;), i = 1,2 and (T'(p1) — T'(p2)) can be
estimated analogously to ba(p;) and (ba(p1) — ba(p2)), respectively. It follows

||T(p1) - T(pQ)HW;/f(]) < C(O[, q)*7na K) ||P1 - ,02| Eu,1

1T (o)l s 5y < Clev, @7, K, T), (5.3.5)

(5.3.4)

For the summands I14,IIg, and IIc the constant C(T'), which tends to zero monotonically for
T — 0, is directly generated by using estimate Lemma [2.1.17} item [1} since (T'(p1) —T'(p2))|t=0 = 0
by pij=o = po for i = 1,2. Using (5.3.4), we deduce

H(T(Pl) - T(p2)) (ag—pQ)QHW;/s(J) S C(O&, (I)*anyKv T) le - p2||IE“,T ||(ag'p2)2‘|w21(‘§(J) ’
[(T(p1) = T(p2)) 33p2||W21(5(J) < C(e, @0, K, T) o1 — pol

T (1) = T (el sy < OV T (1) = Tl ) Il 5, o = el .

Eur ||8(2,P2"W21(§(J) )
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5 Short Time Existence for the Curve Diffusion Flow

S C(aaq)*anaKafaT) ||p1 - ;02H]E#,T ’

where the constants C(a, ®*, 7, K, T, T) — 0 monotonically for T — 0. Furthermore, the bounds on
I (ang)QHWl/g(J) and |02 ps - follow directly by combining Lemma [2.2.3 item and Lemma
2, 2

2T item [3]
In order to estimate 14 and I, we exploit the uniform estimate stated in Remark [2.1.18|together
with (5.3.5) and deduce
2 N2 2 N2 * = 2 2 2 2
HT(pl) ((aapl) - (80p2) )HW;/E(J) < C(Oé, o ) 1 K7 T) H(aapl - aUPQ)(Bapl + 80p2)HW21/5(J)

| T(p1) (92p1 — 3§P2)HW21(§(J) < C(a, ®*,n, K,T)||0%p1 — agpz}’W;(E(J)-

)

Now, we can use the estimate of Lemma [2.1.17] item [3| to generate a constant C'(T') — 0 monoton-
ically for t — 0. This proves the claim. O

Remark 5.3.2 Note that the formulation of the boundary condition 0,p(t,0) = 0 for o € {0,1} and
t >0, (5.1.14), is very useful for our analysis. It is induced by condition rx(0) =0 for o € {0,1}
on the reference curve. If kp(o) # 0, we would have to use the boundary condition

(o ()=t o () o

cf. (5.1.13)). We observe that the coefficient in front of O, p itself depends on the first derivative of p.

5

Since the estimate for the Lipschitz continuity has to be done in the space Wgyz(.]) and both factors
can be expected to be elements of this space but do not have higher regularity, we would miss the
reqularity gap, which we exploited to treat some of the other non-linearities.

Now, all the tools are available to solve equation (5.2.11)).

Lemma 5.3.3
Let the assumptions of Theorem hold true and let K and T be given by Definition . Then
there ezists a T = T(a, ®*,n, By, R2) € (0,7), [lpollx, < R1 and [|L7H| g, w5, wx,m, 1) < B

Eur) —

such that there exists a unique solution p € E, v for the equation L(p) = (F(p), po)-

Proof. We consider equation (|5.2.11))
L(p) = (F(p), po), (5-2-17)
where F : E, r — Eo,, x I, is again the right-hand side of (5.2.1)),
F(t,o)
Flp) = | Gultso) | |
GQ (t, 0‘)

and L:E, 7 = Eg, X Fu x X, is defined as the left-hand side of (5.2.1). Consequently, (5.2.11) is
equivalent to the fixed point problem K (p) = p, where

K : BK,T — Eu,Tv
o K(p) i= £~ (F(p), po). (5.3.)

In order to solve the problem using Banach’s fixed point theorem, we find an extension of the initial
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5.3 The Contraction Mapping

datum pg in the following way: We consider the linearized problem in (5.2.1)) for the right-hand
side (0,0,0, pp), i.e.

pr+Ap=0 for (t,z) € (0,T) x [0,1],
Bip=0 for o € {0,1} and ¢t € (0,7,
Bap =0 for 0 € {0,1} and t € (0,7),
Pi=0 = pPo for o € [0, 1].

By Theorem [5.2.1} there exists a solution py € E,r for 0 < T" < T and we find a constant
C(Ty) > HEJHL(]EUYMX@ E, 1) > 0, such that

WX Xy
lpolle,. ~ < C(To)llpollx.. (5.3.7)

for 0 < T < Ty, cf. the Remark and Remark

For showing that K : Bx 7 — E,, r is a self-mapping, we consider

1Ee, o < 171 IF ) p0)ley i x, < €7 (1F ), , i, + D0l )

for every p € By r and ||[L7Y = ||£71||L(E0,Mx]ﬁ“xx ). By adding the zero, it follows

wiBu,m

IO enr < 171 (1F60) = F(o0)lg, , x5, + IF G0 s, , i, + 0, ) -

Now, we choose K > 0, such that

K
max { O(Ty) ool x,. ad (5358)

L IF o) g, o 1127 [0, b <

for the constant C(Tp) in (5.3.7). Note that this implies ||po]
yields

ICer < €71 (Crrllp = Folle,.o + 1F(50) e, , <, + ool x,.)
<7 Crrllo = polle,.» + [|1£7H 1F(Fo) s, , <z, + [1£7H] o0l x,.

E,r < £ by (5:3.7). Thus, Lemma

~ K K

< e Crok + 127 Ol + 5+ K
K K K
<l Cnk+0n K KL K

where we used p € Bg,r for 0 < T < max{To,T}, cf. Definition 5.1.7|, and (5.3.8). Moreover,
Lemma guarantees

| Cr < 7 and Crp <1,

by optionally making T smaller, where we used that ||£~!| and K do not depend on T, ¢f. Remark
Consequently, we obtain K(Bx 1) C Bk 1.

It remains to show that K is contractive on Bg r. Employing a similar strategy again, we have
for all p1, p2 € Br,1

1K (1) = K(p2)lls, . = [1£7(F(p1). po) = L7H(F (P2, p0)) |5,
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5 Short Time Existence for the Curve Diffusion Flow

= £ (F(p1) = F(p2), 0|5, ,
<l 1F (o) = F(p2)lls, , 5,

1
< e Crelior = palls, . < 7 o1 = p2le,

Thus K : Bx,r — Bk, is a contraction and by Banach’s fixed point theorem follows the exis-
tence of a unique fixed point p of (5.3.6) in Bx r for a small enough T' = T'(«r, ®*, 7, Ry, R2) > 0,
lpollx, < Ry and H‘C_l”L(]EO,MX]F‘MXXM;IEM,T) < Ry

Assume that p € E,, 7 is another solution to problem (5.2.11)). Then, we choose K > K, such
that K > |p|lg, .. Next, we replace K in the definition of the ball in Definition by K and
T = T(K) by T. = T.(K). Then there exists a T, € (0,T) such that K : Bg . — Bgp, is
again a contraction. Since both p and p are fixed points of K : Bg 1, — By r,, it follows that
Plo,1.] = ﬁ|[0,T*]- Let now

To =sup{t € [T%,T] : p(t) = p(t) for all 7 < t}.

If it holds Ty < T', we replace pg by p(To,-) and ¢ by ¢t — T in . Here, we can use p(Tp,-)
as initial value, since the solution spaces embeds continuously into the temporal trace space, see
(2.2.4), and p(Tp, -) fulfills the bounds (5.1.16) and (5.1.17) for 2/3K and 2/3K;, cf. Remark
item By repeating the previous argument, we obtain pjp 7..] = 2|[7y,7..], for Thx € (To,T7,
which contradicts the maximality of Ty. Thus, it holds 7o = T and p = p. O

The well-posedness-result Theorem follows immediately from Lemma We deduce the
following Corollary as a direct consequence of Theorem [5.1.3

Corollary 5.3.4

Let the assumptions of Theorem hold true and let p € E, 7 be the unique solution to (5.1.15)
given by Theorem which fulfills p(-,0) = po in X,,. Then the function (t,o) — ®(t,0) =
U(a,p(t,o0)), see which is an element of B, 1 g2, is a solution to — with ®(0,-) =
®(po)-

Remark 5.3.5 1. Note that we did not prove a statement about uniqueness of the geometric
problem.

2. We notice that for a reqular initial curve fo € C°(I;R?) fulfilling the boundary conditions
(3.1.6) and, additionally

kry(0) =0 for o € {0,1},

we can use fo as a reference curve with po = 0. Then the existence time of the solution
depends on «, fo,1n, and Y)lkr, |l co-
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6 Construction of Reference Curves

We already proved a short time existence result, see Theorem [5.1.3] which guarantees that the curve
diffusion flow starts for initial curves given by a certain sufficiently small height function of class
W3 =2(I) of a reference curve in C%(I;R2). But in order to establish a blow-up criterion for the
flow, it will be crucial to make sure that it starts for every admissible Wé(“_l/Q)(I;RQ)—curve fo-
To this end, we generate in Section [6.1] potential reference curves f¢, ¢ > 0, by evolving the initial
curve fo by a parabolic equation. Afterwards, we find criteria on the distance of two curves, which
permit to use one curve as a reference curve for the other one in Section In order to confirm
that f. are reference curves, in Section we deduce some technical estimates by the properties of
the C%-semigroup related to the parabolic equation in Section The idea of the proof is inspired
by the argumentation for the approximation of C2-hypersurfaces in Section 2.3 in [27].

6.1 Generation of Potential Reference Curves

Let fo: I — R2, I := (0,1), be parametrized proportional to arc length and in W24(“71/2) (I;R?),
w € (7/8,1]. Moreover, let fy fulfill the boundary conditions given in (3.1.6), i.e.

fo(z) € R x (0, 00) for x € {0,1},
£ (nro (z), <_01>) =T—a for z € {0, 1}, (.1.6)
where FO = fo(I_)
In order to apply the short time existence result, Theorem [5.1.3] to the curve f;, we have to

construct a reference curve for fo. More precisely, we look for a regular function ®* : [0, 1] — R? of
class C%, such the boundary conditions in (5.1.1)) are fulfilled, i.e.

®*(r) e R x {0} for z € {0,1},

£ (nA(x), (01 ) =T—« for z € {0,1},
ka(z) =0 for x € {0,1}, (5.1.1)
where A := ®*([0,1]). We use the same notations as before. Later on, we will take care of the

smallness condition of the corresponding initial height function, see ([5.1.22) in Theorem

We find a family of such curves by solving a parabolic equation subject to the previously mentioned
boundary conditions ([5.1.1) with the initial value fy. The required regularity will be proven by the
regularizing effects of parabolic equations. We consider

Of —0%f=0 for € (0,1) and t > 0,

=1/ for z € {0,1} and t > 0,

Oxf = 0ufo for z € {0,1} and t > 0,

22f =0 for x € {0,1} and ¢ > 0,
fit=0 = fo for z € (0,1), (6.1.1)
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6 Construction of Reference Curves

where the first order condition is a representation of the a-angle condition and the second order
one implies that R[f(¢)] = 0 at the boundary for ¢ > 0.

Remark 6.1.1 In general it is not possible to use fy as boundary data by reasons of the reqularity
of the function. It works in this case, since the boundary consists only of two points, which means
that the spatial reqularity can be neglected.

The following lemma provides a local well-posedness result for (6.1.1) with initial data fy of class

Wé(“fl/z). Again, we will use the notation from Section M with m = 3 to denote the spaces
appearing in the local well-posedness result.

Notation

For J = (0,T) and I = (0,1), we have
Xpme = Wy (L R?) = W, T (1 R?) for () = 3p+ 5 € (3,
Eirre = W3 5 (J; La(I;R?)) N Loy (J; W (I; R?)),
Eo,ur2 = L27ﬂ(J; LQ(I;RQ))7

Fjpre = Wot (73 Lo(01;R?)) 0 Lo i (J; Wy (91, R?)),

>J>\O-7
olut
P

where w; =1 —mj/6 —1/12 with m; = j — 1 for j =1,2,3, and
Fﬂ,,Rz = F17ﬂ7R2 X FQ,[L,R"’ X FS,ﬂ,Rz'

All the spaces are equipped with their natural norms. The definitions of the appearing time weighted
spaces have been given in Section [2.1]

Lemma 6.1.2 B
Let J = (0,T) be finite and let fo : I — R?, I := (0,1), be parametrized proportional to arc

length and in W24( 1/2)(1 R?) fm" we (% ] Then the problem (6.1.1) possesses a unique solution
f € Ejrre with a(p) = 3M+ c (% %]

Proof. Again, we employ the maximal regularity result, Theorem 2.1 in [25], see the simplified
version Theorem m To this end, we set E := C? and observe that is a Banach space of class
HT, as it is a Hilbert space. Moreover, we set for D = —i0,,

A(D)u := —9%u = DCu.

Hence, the order of the operator is 6 = 2m for m = 3. We use the following three boundary
operators

Bi(D)u = tros D, Ba(D)u = itror D'u, Bs(D)u = —tras D?u
and consequently the corresponding coefficients are given by
CL:L b1:1, bgzi, b3:—1.

In the following, we prove that the assumptions of Theorem [2.2.1] which is a simplified version of
Theorem 2.1 in [25], hold true in our case: Firstly, we look at the requirements for the coefficients
of the operators: For the operator A, we just have to check that a € BUC(J x I), cf. (SD) in
Theorem 2.1 in [25]. This is trivially fulfilled since a is just constant.
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6.1 Generation of Potential Reference Curves

For the boundary operators, we show the "either"-case in condition (SB), i.e. b; € C™:%7i (J x I
for some 7; > wj, j € {1,2,3}, where

m; 1
i=1-—2 -, 6.1.2
I 6 12 (6.1.2)
with m; = j — 1 the order of the boundary operator. The claim is again trivial, as the coefficients
of the boundary operators are constant.

Next, we prove the normal ellipticity (F) of the operator A, i.e. for all t € J, x € I and [¢] =1,
it holds that the spectrum X(A(t, z,§)) C Cy := {Rz > 0}. We have for £ = +1

Alt,z,6) = €5 =1.

Therefore, Z(A(t, z,€)) = 1, which proves the claim.

Moreover, we have to prove a condition of Lopatinskii-Shapiro-type (LS). Using coordinates
which are associated to the boundary points and the corresponding rotated operators, one easily
calculates that it suffices to show the following claim: For z = 0,1, A € C;\{0} and each h € (C?)?
the ordinary boundary value problem

Xo(y) + a(Fidy) v(y) = 0 for y > 0,
b (Fidy) v(y)jy=0 = hy for j = 1,2,3,

has a unique solution v € Cy([0,00); C?), see Definition Since R? is finite dimensional, it
suffices to consider h; = 0 in the previous condition. This means, we have to show that for each
A € C;\{0} the function v = 0 is the only solution in Cy([0, 00); C?) of the problem

Mo(y) — 8§v(y) =0 for y > 0,
v(Y)|y=0 = 0,
(£)0yv(y)jy=0 = 0,
2v(y)jy=o0 = 0. (6.1.3)

To this end, we use the following claim.

Claim 6.1.3 The solution v of (6.1.3) and its derivatives decay exponentially for y — oc.

Proof of the claim: Considering the corresponding characteristic equation for the first line of (6.1.3]),
we obtain that the components of the solutions v, (y) = [v(y)]n, n = 1,2, are of the form

5
vn(y) = cxetty, (6.1.4)

k=0
where ¢;, € C and pu, are the complex roots of the characteristic polynomial A = 8 for k € {0,...,5}.

As v is required to be in Cy([0,00); C?), we know that ¢, = 0 for each k with Ru; > 0. Moreover,
there cannot be a purely imaginary root: If p, := ie for e € R is a solution of A = u%, then the
complex conjugate ug, = fir, = —ie = —pyg, is also a root. Since the roots have the form

0+2rk . . 0427k
+28In

wr = |A| |cos fora@e[— E] and k € {0,...,5},

T
272

we obtain by Rui, = 0 = Ruy, that cos (0+27kas)/6 = 0. Thus, there exists j,, € Z corresponding
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6 Construction of Reference Curves

to kg such that it holds

0+2 0 27 -
(2jup + 1) = + 27k p 6{ 0+ 271 5]

6 6 6

As the interval has length 27-5/6, this implies that j, = j, and, thus, k, = k3 has to hold. Therefore,
the only possible choice for a purely imaginary root is ux, = pr, = 0, but this case is excluded
by A # 0. Thus, the roots cannot by purely imaginary and the claim follows by the form of the

solution in (6.1.4). O

This result enables us to multiply the single components of the first equation of (6.1.3) by v, (y)
and integrate with respect to y in (0, 00), and obtain for n = 1,2

0= [T lawPay= [ ogunt)- T an (6.1.5)

Using integration by parts three times on the second summand, we obtain
/ 86vn co(y)dy = [8 Un(y) « vn( / 35% -0 vn( ) dy
- [a;vn( ) - Byon(y) / v (y) - Do (g) dy

- [8§vn(y)~m}o / |05vn(y | dy
_ _/Om Do) dy,

Where all the boundary terms vanish due to the boundary conditions in (6.1.3). Plugging the result
into , we obtain for n = 1,2

oo o0 9
0= A/ on(y)]? dy +/ |0pun(y)|” dy. (6.1.6)
0 0

In order to deduce that v = 0, we start with the case S\ # 0: By taking the imaginary part of

(6.1.6)), it follows for n = 1,2
o
0= [ foul) .
0

Thus, v = 0 holds true, as v is smooth. We proceed with the case {SA = 0NRA > 0}: From (6.1.6))
we have for n = 1,2

o0 o0 2
0= RA / fon ()| dy + / 100 ()| d.
0 0

Since both of the summands are non-negative, but their sum equals zero, both integrals have to
vanish. Again, by smoothness we have v = 0. We conclude that in the space Cy([0,00);C?) the
trivial solution is the only admissible solution to the problem (6.1.3).

It remains to check that w; # 1 — fi +1/2, cf. (6.1.2)), holds true for j = 1,2, 3: It follows
0 1 11 1 1 3 2 1 7

S S T —1-2_—_-"L,
“i 6 12 12’ w2 6 12 4’ wa 6 12 12
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6.1 Generation of Potential Reference Curves

By 1 — i+ 1/2 € [2/3,3/4), we obtain
1 1 1

1—p+ = 1—p+ = 1—p+ =
w1 > u—i—Q, wa > /H—Q, wg < u—l—2

Finally, by applying Theorem to problem (6.1.1) we deduce that it possesses a unique solution
u = L7Yf, g,u0), g = (g1,92,93), if and only if the right-hand side of the equation, given by
(f,g,u0), is an element of a suitable product space. More precisely, we have to show that

g2 := 0 fo € W52 (J; Ly (OI;R?)) N Ly, (J; Wy (01;R?))
g1 = fo € W3, (J; L, (6I;R2)) NLy, (J; VVQS“’1 (6I;R2)) ,
uo == fo € W (I R?)

and that the initial data fulfill some compatibility conditions.

We start with the regularity: As the boundary of 0I just consists of the two points = 0, 1, the
conditions simplify to

g2 = 0ufo € W3 (iB?) . g1:= fo € We (i), wo:=fo e WU (1iR?).

The conditions on g; and g are trivially fulfilled, since the initial datum f; does not depend on
time. Furthermore, the condition on the initial data was an assumption. We proceed with the
compatibility conditions: The initial data have to fulfill the boundary conditions

1
B;(D) fo = g, for z € {0, 1}, ifwj>1—,u—|—§,

thus, for 7 = 1,2. This is trivially fulfilled by the construction of the problem. O

In summary, we found a curve f € Ej; 7 g2, which satisfies the desired boundary conditions (5.1.1])

and is arbitrarily W, (1=Y2) (1, R?)-close to the initial datum fo. This can be easily seen by

E[L,T,]R2 — BUC (j, Wg(ﬂ_lh) (I7 R2)) = BUC (j7 W24(#—1/2) (I,R2)) ’

where the embedding follows from (2.2.4). It remains to show that f(¢,-), t > 0, is smooth enough
to use it as a reference curve.

Lemma 6.1.4

Let f be the solution of problem (6.1.1) given by Lemma . Then f(t,-) € C°(I;R?) for all
te (0,7].

Proof. The proof is split into the following parts: We find a homogeneous problem equivalent to
and use the regularization effects, which follow by the fact that the corresponding operator
generates an analytic semigroup. Then we show that the regularity transfers to the solution of the
original problem.

First, we choose a function ¢ € C°°(I;R?) fulfilling

§x) = folx)
0:6(x) = 0z fo(x) for z € {0,1} (6.1.7)
93¢(xz) =0

and set up := fo —& and h := 0%¢. If f € Ej pge is the unique solution of (6.1.1)), then the function
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vi= f — € fulfills

O = Oy f = 0% f = dSv + 0%¢ for z € (0,1) and ¢ > 0,

v=f—-E=fo—fo=0 for z € {0,1} and ¢t > 0,
O =0, f — 0,6 =0, fo— 0 fo=0 for z € {0,1} and t > 0,
Pv=0%f —0%=0 for z € {0,1} and t > 0,
Vjg—o = fo — & for z € (0,1).

Thus, v € E; 7 r2 solves

v — bv = 98¢ for € (0,1) and ¢ > 0,
v =0 for z € {0,1} and ¢ > 0,
0,v =0 for z € {0,1} and t > 0,
v=0 for x € {0,1} and ¢ > 0,

Vjt=0 = Uo for z € (0,1), (6.1.8)

and problem (6.1.8) can be written as the abstract Cauchy problem
Opu(t) + Au(t) = h(t) for t € (0,7,
Ult=0 = U0, (619)

where A = =99 : D(A) — X with D(A) := {u € WJ(I;R?)| ujp; = 0,0,ujor = 0,02u)9; = 0} and
X := Ly(I;R?). The following claim enables us to exploit the properties of analytic Cy-semigroups.

Claim 6.1.5 —A is the generator of an analytic Cy-semigroup.

Proof of the claim: We observe by the proof of Lemma that there exists a unique solution
u=L"1(h,(0,0,0),up) € Bz 72 of problem (6.1.9) if and only if ug € X; := We "~ /?)(I;R?) and
h € Eo = Lo ;(J; Lo(I;R?)) and the compatibility conditions for the initial data are fulfilled, i.e.

(') =0
f € {0,1}.
Py 0} or xz € {0,1}

As this holds for each h € Eg 5 and ug = 0, the operator A belongs to the class MR, i (J; X),
i.e. the operator has maximal L, ;-regularity, see Definition 3.5.1 in [27]. By Theorem 3.5.4 in
[27] it follows that A : D(A) — X belongs to the class MR, ;(J; X) if and only if it belongs to
MR, (J; X). Thus, we deduce by Proposition 3.5.2 in [27] that there exists a Ao > 0, such that
the operator Ay + A is sectorial with spectral angle less than 7/2. We observe that the operator A
is closed and densely defined by the property of maximal regularity. Hence, by Theorem 12.31 in
[28], — A generates an analytic Cyp-semigroup. O

Now we can show higher regularity for the solution of the homogeneous problem.

Claim 6.1.6 v € C* ((0,T); C*(I;R?)).

Proof of the claim: For an h € X, which is an element of L;(.J; X) N C(J; X) for J bounded, and
a ug € X, we consider the mild solution of the Cauchy problem (6.1.9)) given by

¢
u(t) = e g +/ e~ t=94n(s) ds,
0
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6.1 Generation of Potential Reference Curves

cf. Definition 4.1.4 in [22]. As h does not depend on time, the expression simplifies to
t
u(t) = e g +/ e *Ahds.
0

Using the basic properties of the analytic semigroup generated by —A, see Chapter 2.1 in [22], we
conclude that for an 2 € X the mapping [t — e~ *4z] € C°°((0,T], D(A)) for T < co. Combining
this fact with the theorem on parameter integrals for separable Banach spaces, see Theorem 3.17
in [3], it holds

u e C*((0,T); D(A)) — C* ((0,T]; C°(I;R?)) ..

This proves the claim. O

It follows by direct calculations that fi=v+¢e Ej,7,r> solves the original problem (6.1.1)) and
that the function is in C°°((0, T]; C°(I;R?)). Due to the fact that the solution is unique, we obtain
f(t) € C5(I;R?) for t € (0,T]. O

The following lemma is needed for estimates in the next chapter.

Lemma 6.1.7
[ - lws w2y and || - [[p(a) are equivalent norms on D(A).

Proof. By the sectoriality of Ao + A the following holds true for A > \g: For each h € Lo(I;R?) the
elliptic problem

N —0%f=h for z € (0,1),
f=0 for z € {0, 1},
O.f=0 for z € {0, 1},
D2f=0 for z € {0,1},

has a unique solution f € W$(I;R?). This implies that the linear operator
At A (DAL lwsgrzs) = X
is invertible and bounded, as

A+ A) fllroamey < Al fllpaarey + [Af Lo rre) < C)fllwg r,r2)-

Therefore, we obtain
[fllpcay < CFllwg 1m2)- (6.1.10)

As D(A) is a closed subspace of the Banach space W$(I;R?), it is - equipped with the norm
| - [lws(r;r) - a Banach space. Thus, the open mapping theorem yields that the inverse

A+ A7 La(LR) - (D(A), |- lwgrime)
is bounded. It follows for f € D(A) that

1 lwgrmey = 1O+ Al gy < COl acrize).
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6 Construction of Reference Curves

and hence
[fllwgzmzy < CNA+ A fllx < C)Fflpay- (6.1.11)
The estimates (6.1.10) and (6.1.11)) show the claim. O

6.2 Characterization of Reference Curves

This section aims at to establish certain conditions which enable us to prove that the smoothed
versions of the initial curve f. := f(e,-), € > 0, see Chapter are convenient to use as reference
curves in the short time existence result, Theorem [5.1.3]

A good starting point is the formulation of conditions for the admissible initial curves for a fixed
reference curve denoted by ®*: Let ®* : [0, 1] — R? be a regular C®-curve parametrized proportional
to arc length. Moreover, let it fulfill the conditions in .

Again, we use the curvilinear coordinates in (5.1.2)), i.e.

T :[0,1] x (—d,d) — R?
(0,q) = ®*(0) + q(na (o) + cot an(o)ma (o)),

where n is given by (5.1.3]). Like before, we denote by 75 (c) = 9-2"(0)/[*] and na(c) = R7a(0)
for o € [0, 1] the unit tangent and unit normal vector of A at ®*(o), respectively, for o € [0, 1].

We begin by specifying the requested properties of a reference curve.

Definition 6.2.1 (Reference Curve ®* for the Initial Curve fy)
Let o € (0, ) be fived. Furthermore, let ®* : [0,1] — R? be a regular C°-curve fulfilling the boundary

conditions (5.1.1) and let fo : [0,1] — R? be a regular Wf—curve, g e (%,2}, fulfilling the boundary
conditions (3.1.6)), i.e.

fo(o) € R x (0,00) for o € {0,1},
£ <7”LF(, (o), (_01>> =T—« for o € {0,1}, (3.1.6)
for To := fo([0,1]). We call ®* a reference curve for the initial curve fy, if the following

conditions hold true:

1. There exists a regular C'-reparametrization ¢ : [0,1] — [0,1] and a function p : [0,1] — (—d, d)
of class WQB, such that

Jole(0)) = ®*(0) + p(0) (na (o) + cot an(a)a (0)). (6.2.1)

2. The function p satisfies the bounds (5.1.22)), i.e.

1 Ko(a, %)
lolle o) < A = )
6llmalloqry (1 + (cota)? + Cleotallln’loqoa )

and in the case a # 5 additionally

< L[o*] Ki(a,®*)
36| cotar| 3 ’

19 pll ¢ (j0,1))
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and there exists a constant C = C (a, o, 1, ||f0HW25((0,1);R2)> such that |[pllye o)) < C-
This enables us to state the main result of this section.

Theorem 6.2.2
Let a € (0,7) be fized. Furthermore, let ®* : [0,1] — R? be a regular C°-curve parametrized
proportional to arc length and let it fulfill the boundary conditions (5.1.1). Let fo: [0,1] — R? be a

reqular WQ'B-curve, B € (%,2], fulfilling the boundary conditions (3.1.6). Moreover, let X € (0,1) be
given such that the conditions

. 1 Fid
ACay/1+ (cot a)? < min {sin ( v (Com)zzl_com) , { s (2(4'144)2(‘3“0‘)2) fora# 3 }}

1 fora=73

(6.2.2)

}} (623)

INIERNE

A<mind — 1 { TiTeota]  Jora#
1+ (cot 01)27 1 for a =
hold true. If fo € BEC;O((I)*) and 8, f, € Bgo (0,87, for

(sin v)? } | 1

2 lkalleo,))

& = min {C’a(/\),

1 us :
£ = min (cota)2+1— |cota|’ @i cotaE | Jor @ #5 7 sin o o,
4 1 fora=7%

where

Cal)) = (1 — V/O\Cacota)® + (1 Aca)2) € (0, )]
for C,, given by
N —1
Co = [1+ (cota)? + Clcotall o] € (0,1]

and C = (v2sina)™! > 0, ¢f. Lemma . Then ®* is a reference curve for the initial curve fy.

The first step to prove this theorem, is to show that ¥ is a local diffeomorphism in a suitably
small neighborhood of ®*.

Lemma 6.2.3
Let X € (0,1] and d be given by

Ca

_ | (6.2.4)
l5alleo,1)

where C,, 1is given like in Theorem m Then ¥ is a local diffeomorphism on [0,1] x (—Ad, Ad)
with

|D¥|(c,q) > (1 — A\)L[D*] for (0,q) € [0,1] X (—Ad, Ad).
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Proof. Using the calculations in (5.1.19)), we obtain for the derivatives of W

0,V = L[D"] (1 — gra + gcot aZ/[E;)]) Ta(0) + L]D*]gcot an(o)kana(o),

=:b

0,V = cotan(o) Ta(0) +\1/nA(o-).

=:c =:e

Due to the fact that 74(0) and ny (o) are linearly independent for each ¢ € [0,1], we deduce by
changing the basis that

n' (o)
L]®*]
> (1= \)L[®*]. (6.2.5)

|DU|(o,q) > (1 = NL[®"] & b e — q(cot an(a))?kp

= L[D"] [1 — gkA + geot «

Combining this with the estimate

1
L[]

< Cllralleqo
for C':= (v2sina)™' > 0, cf. Lemma[2.3.1} allows for stating the sufficient condition

1 —|glllkalleqo [1 + (cot a)? + C| cot olln'leqoap| >1—A = (6.2.5) holds true.

The condition on the left-hand side is fulfilled for 0 < |g| < Ad. Thus, we conclude that the function
U is a local diffeomorphism on [0, 1] X (—=Ad, Ad) for A € (0,1]. O

Now, we first criterion for reference curves can be formulated.

Lemma 6.2.4
Let a € (0,7) be fized. Furthermore, let ®* : [0,1] — R? be a reqular C°-curve parametrized
proportional to arc length and let it fulfill the boundary conditions (5.1.1). Let fo: [0,1] — R? be a

reqular Wf—curve, RS (g, 2], fulfilling the boundary conditions (3.1.6). Moreover, let the following
conditions hold true for a X € (0,1) fulfilling the assumptions (6.2.2) and (6.2.3):

1. The initial curve Tg := fo(I) is contained in W ([0,1] x (—Ad, \d)).
2. The curves fy and ®* fulfill the conditions

folo) - &*(0)] < L=
||HA||C([0,1])

24+1—|cot % 3
|0 fo(0) — 0,9*(0)] < min{V<°°““) ot ',{ ATy Teotal Jora# g}} L[e*].
2

for a =

Then ®* is a reference curve for the initial curve fo.

Proof. The proof is done in two steps: In the first step, we show that there exist functions ¢ and p
fulfilling item [I] in Definition [6.2.1] Then, we prove the bounds given in item [2]

Step 1: Finding ¢ and p fulfilling (6.2.1)

In order to prove this, we want to use the implicit function theorem. To this end, we need the
local invertibility of the function ®* on a slightly larger open set: We extend the function ®* to

88



6.2 Characterization of Reference Curves

(—5, 1+ 5) for a small § > 0: We define the extension of ®*, which we again denote by ®*, by
®*(0) + 00,P*(0) for o € (=4,0),

O*(0) := < ®*(0) for o € [0,1],
®*(1) 4 (0 — 1)9,®*(1) for o € (1,1+94).

Furthermore, we extend the function n by
n(0)  for o € (—4,0),

n(o) := < n(e) for o €10,1],
n(l) foroe (1,14 5),

and call the extension 7 again. We observe that for a sufficiently small 6 > 0 the function ¥ is
still a local diffeomorphism on (—d,1+ ) x (—d, d), where we used Lemma For the following
argumentation, it is convenient to decompose the local inverse of ¥ at the point ¥(&,q) = p into
U1 = (II5,dy), such that

Iy € C'(U;(=0,1+9)) and dy € CH(U;(—d.d)), (6.2.6)
where U is a suitable neighborhood of p in R%. Note that the inverse is not necessarily unique.
Moreover, we need to extend the initial curve fy as well. We denote by () = 9-f0(9)/|a, fo(0)]

and np, (¢) = R, (o) the unit tangent vector and the unit normal vector of I'g at fo (o), respectively,
for o € [0,1]. Then we set

fo(O) + 6'7'{‘0 (O) for o € (—(5, 0),
fo(0) == ¢ fo(5) for & € [0,1],
fo)+ (1 —a)m, (1) foro e (1,1+494),

and denote the extension by fy again. Hence, we can define

H:(=6,1+06)x(=6,1+0)x (—d,d) - R?
(5—3 g, q) = fO(a—) - \P(Ua Q)
= fo(6) — " (o) — q(na(0) + cot an(o)Ta(0)).

For a fixed but arbitrary &o € [0, 1] it follows by (6.2.6]) that

H(00,1TA(f0(60))), da(fo(60))) = 0.

=Yo

Since W is a local diffeomorphism on (—d,14-8) x (—d, d), the function , H is invertible in (5o, yo)-
Moreover, H and 0, H are continuous in (6o, yo). Thus, we obtain by the implicit function theorem,
cf. Theorem 4.B in [33], that there exists a neighborhood Uy C (—8,1+46) of 59 and Vg C (—6,1+40)
of yo and a function g : Uy — Vj such that H(G,g(5)) = 0. As fo and ¥ are C''-maps, g is as well
of class C! in a neighborhood of .

In this way, we obtain for each &y € [0,1] a function g, which is just locally defined in Uy. As ¥
is a local C''-diffeomorphism on the domain, g is uniquely determined. Thus, two functions g, and
gp, for a,b € [0,1] with a # b, have to coincide on U, N Up. Additionally, it follows by construc-
tion that the first component of g, which is denoted by g1, fulfills g4 (0) = g1(0) =0 and g;(1) = 1.
By gluing together the locally defined functions, we obtain a C''-function g(-) with g ([0, 1]) = [0, 1].
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In order to define the function ¢, cf. Definition [6.2.1} we show that g; is injective. Consequently,
it is invertible on [0, 1] and we can define

(o) =97 ' (0) and p(a) = g2(p(0)) = g2 0 g7 (0).
By the differential rule for inverse mappings, cf. Corollary 4.37 in [33], both functions are of class C.

Claim 6.2.5 The function g1 : [0,1] — [0, 1] is injective.

Proof of the claim: We use the chain rule and obtain for & € [0, 1]
0=10s(H(5,9(0))) = (0:H)(5,9(5)) + (0,H)(5,9(5))059(5)-

By Lemma [6.2.3] it follows that 0¥ and J,¥ are linearly independent for (o, q) € [0,1] x (—d,d),
where d is given by (6.2.4). Using Condition [I} we obtain from the previous calculations that

0:91(6) =0 & 05 fo(0) = 0,%(91(5))0592(7).

Thus, we want to rule out that it holds 1, (&) || 94%(g1(F)), or equivalently nr,(¢) L 9,¥(g1(5)).
Direct calculations provide

(Inr (@)% + 104% (91 (6))]* = [, (6) — 0¥ (91(5))I?)

(1+ 1+ (cot @)*(n(91(6)))* = Inry (5) — 94 (91(5))[?) -

(nro(9),0,¥(91(5))) =

N — N

This implies that (nr,(5), 0,V (g1(5))) > /2, if
[y (6) — 93 (g1(5))* < 1+ (cot a)*(1(91(5)))? (6.2.7)
holds true. We deduce

Inro (6) = 93¥(91(6))] < Inry (6) — na(91(6))] + [na(91(6)) — 0¥ (91(5))]
< |nr (6) = na(0)] + [na () — nalg1())] +| cot an(gi(d))
=:I+I1

)

where we used triangle inequality and the definition of 9,¥. Comparing this with (6.2.7), it suffices
to show that

(I 411+ |cotan(g1(5))])* < 1+ (cot a)*(1(91(5)))?,
which is equivalent to
(I +1I)*+2|cota|(I+IT) < 1.
Solving the quadratic inequality and taking the positive solution, we deduce the condition
I+ 1T < +/(cota)?+1—|cotal = g1 1s injective. (6.2.8)

In the following, we show that (6.2.8) is fulfilled by estimating I and I separately: For the term
I =|np,(6) — na(d)|, we obtain by adding a zero

1 _ 10:£6(8)10:27(3)| — %97 (5)105 fo(5)]|
107 10(5)[1052* (3)]
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6.2 Characterization of Reference Curves

_ 192£0(8)10:2*(5)| — 9 fo(5)|0 fo(5)] | N |05£0(6)105 o ()| — 95©*(5)105.fo (5)]
|06 f0(9)1|05®*(5)] 106 f0(9)[105®* (7))
19:2"(@)] =190 fo(@)| , 100£0(3) = %6 @*(5)| 2 ) i
< < 10, fo(5) — 8, *(5)], (6.2.9
2,9°(5) oGS @ 0@ (629
where |0,2*(¢)| = L[®*], as ®* is parametrized proportional to arc length. Thus, we have by
Condition Bl

(cot @)? 42- 1 —|cotaf ' (6.2.10)

Considering the second summand 77, we deduce by the fundamental theorem of calculus

1T = |7a(0) = Ta(91(9))] <

91(5)
/ L[@*]kp(o)na(o) do| < [g1(6) — o] LI2*]||kallc(o,1)

= L[®*([g1(), D]l KAl c(j0,1))5 (6.2.11)

since |g1 () — 6|L[®*] = L[P*([g1(F), 5])] by the proportional-to-arc-length-parametrization of ®*.
Here, we assumed w.l.o.g. that ¢g1(6) < &. Thus, it remains to estimate L£[®*([g1(5),5])] by ge-
ometric considerations. By the bound on the curvature, it follows, that L£[®*([g1(5),5])] cannot
be larger than the circle arc with radius r = 1/[k| ¢([0,1]) that connects the points ®*(g1(5)) and
®*(5). It is denoted by La:[P*([91(5), 7])], cf. Figure

Figure 6.1: The estimate of £,,q.[®*([g1(7),5])] for [ka(o)| = [[kallc(o,1)) for o € [91(5), 7]

By Condition [I] of Lemma it holds

©*(61(3)) — fo(3)] = lda (fo(3))] < Ay/TF (cota)? < 2CaV1+(cota)® (6.2.12)

HHAHcO[o,l]

Moreover, we have a bound on |®*(6) — fo(¢)| for 6 € [0, 1] by Condition [2| of Lemma Thus,
we observe that

[2%(91(0)) — ()] < [®7(91(7)) — fo()] + [fo(o) — 27()]

1
< [)\Oa VIt (cota) +Ca(N)| ———
||’<0AHCO[0,1]
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6 Construction of Reference Curves

and the estimated term corresponds to the length of the doted line in Figure The inequality

Calh) = (1 — V/(ACa cota)? + (1 — /\C’a)2> <1 /(I =ACa)? = ACa,
provides

(01 (5)) — @°(5)] < 2CaV/1+ [cota)?

||“A||C([o,1])

Now, we can use basic geometry on the symmetric rectangular triangles, which arise by splitting
the grey area in Figure to estimate L[®*([g1(5),d])]. It follows

|®*(g1(0)) — ‘P*(&)MAHC([O,H)) 1
2 l5alleqo

Lomaz[®([91(6),6])] < 2arcsin (

< 2arcsin ()\Ca\/l + (cot a)z) _

||"€A||C([o71]) ’

By assumption (6.2.2)), we have

ACq/1 + (cot a)? <sin< /(cota)® +1- cota|>.

4

Hence,

(cot )2 +1 —|cot o
2[5 lle o,

is deduced. By plugging this into (6.2.11]), we obtain for IT = |nx(6) — na(91(6))]

Lmaz[®*([91(0),0])] <

\/ ta)2 +1— t
I < 2 arcsin ()\Ca\/l—k(cota)?) < Vlcota)T+1- feota] (6.2.13)

2
Combining this with (6.2.10) shows that condition (6.2.8)) is fulfilled. This proves the claim. O

By construction we obtain for o € [0, 1]
0=H(p(o),0,p(0)) = folp(o)) = @*(0) — p(o)(na(o) + cot an(o)a(0)),
hence, the identity (6.2.1) is fulfilled. Differentiation with respect to o yields

0=0,H(p(0),0,p(0)) = 05 fo((0))¢'(0) = Ty (0, p(0)) = We(0) D p(0). (6.2.14)

Step 2: Proof of the bounds given in item@ of Definition
It remains to show that the bounds on p and 0, p stated in Definition hold true. To this end,
the following claims are proven:

. Ko(a,®*,
Claim 6.2.6 It holds ||,0||C([0’1]) < M

Proof of the claim. By the identity (6.2.1), we obtain

llelleqoa)) < llp(na + cot anta)lleqoayy = I1fo o @ — 2*|lc(o,1))-
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6.2 Characterization of Reference Curves

As reparametrization does not change the || - || (jo,1))-norm, it follows

ACy+/1 + (cot a)?

<l fy — ®* o < 6.2.15
lolleo.ay) < I1fo gilleqo.) Tealloop ( )
where (6.2.12) is used for the last inequality. By assumption ([6.2.3)), the inequality
1
ACy/1+ (cota)? < - ,
6 (1+ (cota)? + Clcot al [ o1
is inferred and therefore the claim. O

. T - Ki(a,®"
Claim 6.2.7 In the case a # 7, it holds ||8Up|\c([0)1]) < 1(3 ).

Proof. By taking the inner product of identity (6.2.14) with RO, fo(¢(c)), where R is the matrix
which rotates vectors by 7/2 counterclockwise, we have

(RO5 folp(0)), ¥e(a, p(0)))0sp(0) = =(ROs folp(0)), ¥s(0, p(0)))-

Taking into account (nr,(¢),0,¥(g1(6))) > /2, see proof of Claim [6.2.5] we obtain

agp(a_) - _ <Raaf0 (@(0))7 Ve (07 p(a))> - _ <nFo (‘P(U))a \IIU(O-v p(O’))> (6.2.16)

(RO5 fo(p(0)), ¥e(o, p(0))) (nr, (9(0)), ¥y(0, p(0)))’

thus,

1050l 0,17 < 2 [Knre (0()), Wo - LN 0,17 - (6.2.17)

In the following, we use

n' (o)
L[D*]

U, (0, p(0)) = L[D] (1 — pkA + peot « ) Ta(0) + (L[®*]pcot an(o)ka) na (o),

see the calculation in the proof of Lemma First, we show that

(nr, (9(0)), Ta(0)) = /1 = (nr, (#(0)), na(0))? (6.2.18)

is small. To this end, we use again the representation

1

(nro (2(0)),na(0)) = 5(2 = Inry (2(0)) = na(0)])- (6.2.19)

By triangle inequality, it follows

[nr (0(0)) = na(0)] < |nr (#(0)) = na(@(0))] + [na(p(0)) —nalo)| = I + 1.

We observe that we already derived bounds on both summands previously, cf. (6.2.9) and (6.2.13).
More precisely, we obtain by Condition [2|in Lemma and assumption (6.2.2)) that

1 1
I d 11 .
< @ 144)%(cot a)? an < 4 144)%(cot a)?
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6 Construction of Reference Curves

Consequently, it holds

1
4 -144)2(cot or)?

nr, (#(0)) = na(o)] < 2 =

and by plugging this into (6.2.19)
1
(o (¢(@),na(0)) > 5 (2= 29) =1 -1,

Finally, we deduce by ((6.2.18|)

1
2 144| cot |

[(nr (9(0)), Ta (o)) < V1= (1=7)2 = V27 =22 < /2y =
This yields

e, (o), oo )| < [£10°] (1 s + peot a0 )| /25 + £l ot (o

Using the bound on p in (6.2.15)), we infer that

L[D*]
v D*)24/2 PN = ——— D\
[, (£(0). Wl )] < £'2/27 + LA = i+ L0
The claim follows by the assumption (6.2.3]). O

Finally, the bound on ||p||W§<<O 1)) 18 shown.

Claim 6.2.8 [|plly5 .1y is bounded by a constant, which depends on o, ®*,1 and | folly 5o 1)r2)-
2 ’ 2 s+ )s

Proof of the claim. First, we observe that 4(p — 1/2) € (3/2,2] for u € (7/8,1]. Using the characteri-
zation of Slobodetskii spaces in item 6 of Remark [2.1.6] we have for s € (1,2) that

we W3 (I) & we WHI)Au' € W3 (I) for s* := s — |s] € (0,1).

By the Claims and [6.2.7, we obtain bounds on |p||¢(jo,1)) for arbitrary o € (0,7) and on
195 pllc(j0,1)) for o € (0, m)\{7/2}. Note that in the case a = 7/2, we obtain by (6.2.17)) the estimate

for ||8Jp|\c([0,1]). Thus it suffices to show that
o for 4(p —1/2) € (3/2,2) the semi-norm (9o plyy = ((0,1)) 18 bounded by a suitable constant,

e for 4(ju — 1/2) = 2 the norm ||92

0p’|L2((0 ) is bounded by a suitable constant.

To this end, we use equality (6.2.16): We already proved that the denominator is bounded from
below, see proof of Claim [6.2.5] Moreover, we observe that W ((0,1)) < C([0,1]) for a € (1/2,1] by
Proposition 2.10 in [24]. Then it follows analogously to the proof of item [2[in Lemma that
W5 (I), s* € (1/2,1) is closed under multiplication. Moreover, Wy ((0,1)) is also a Banach algebra.
Additionally, by item in Lemma it holds /¢ € W3 (I), s* € (1/2,1), if f € W5 (I) and
f is bounded away from zero. The analogous result holds for f € W4(I). The claim follows by
combining these results. O

This proves Lemma [6.2.4] O

There is one last step to conclude Theorem from Lemma We have to show that we
can substitute Condition [1| and [2[in Lemma by conditions on the C-difference of fy and ®*,
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6.2 Characterization of Reference Curves

and on the one of their first derivatives. Note that Condition [2]is already in a convenient form. We
observe that Condition [I] cannot be achieved directly by choosing the difference small enough, as it
cannot rule out that the initial curve is negative in a neighborhood of the boundary points, cf.

Figure 6.2: We have to rule out that the initial curve is in the grey areas of the C°-neighborhood
of the reference curve A.

The next lemma solves this problem:

Lemma 6.2.9

Let ®* and fy fulfill the assumptions of Theorem [6.2.9, Then [fo(c)]2 > 0 for o € (0,z) U (y,1),
where x := min{o € [0,1] | [2*(0)]2 = &} and y := max{c € [0,1] | [*(0)]2 = & }. In particular,
the Conditions[1 and[9 in Lemma are fulfilled.

Proof of Lemma[6.2.9 The proof of the lemma is split into two parts: First we show that a
condition on the L.-distance of fo and ®* in terms of |kallc(jo,1)) is sufficient to guarantee
fo([0,1]) € ¥([0,1] x (=Ad,Ad)) U U,;—o, Bdgo(@*(i)), which is a first step to replace Condition
of Lemma[6.2.4] The remaining part is done afterwards: it can be observed in Figure [6.2] that we
have to assure that the initial curve is not contained in the grey parts in Figure [6.2

W.l.o.g. we can assume that a € (0,7/2): the handling of the case a € (7/2,7) will be the same
as the first one, as they are symmetric. Moreover, in the case a = 7/2 the bound is just given by
Ad, as cot7/2 = 0.

Now let o € [0,1] be arbitrary but fixed. By rotation, we can assume that the tangent vector of
®*(0) is horizontal. Due to the curvature bounds on the reference curve ®*, we deduce that the
curve is in the complement of two circles with radius r := (||ca|c(o,17)) " touching at ®*(o), cf.

Figure [6.3]

Ad

Figure 6.3: Estimation of the C°-neighborhood.
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6 Construction of Reference Curves

This implies that the distance of ¥(c, Ad) to the curve ®*(]0,1]) can be bounded from below by
the distance of ¥(a, Ad) to the circle around, which we denote by d. In order to quantify d, we use
elementary geometry on the grey triangle in Figure By Pythagoras’ Theorem, we have

(r —d)* = (A\dn(o) cot a)? + (r — A\d)? = d=1—+/(Mdn(c) cot a)? + (r — \d)2.

Using the definition of d in (6.2.4)), we obtain

d>r (1 — v/ (A\Cycota)? + (1 — )\Ca)2) =7Cq(N).

These con51derat10ns are a starting point to replace Condition I 1| by an C°-condition: If the fy and
®* fulfill |fo(o) — @*(0)| < d for all o € [O 1], which holds due to Condition [2) l then it follows

Fo([0,1]) € W([0,1] x (=Ad,Ad)) UU,—o,, BS" (®*()).
In order to satisfy Condition[I]it remains to prove that [fy(c)]2 is non negative in a neighbourhood of
the boundary points, more precisely for o € (0,2)U(y, 1), where z := min{o € [0,1] | [2*(0)]2 = &0}

and y := max{o € [0,1] | [2*(0)]2 = &o}. Since the situations at the boundary points are the same,
we concentrate on the boundary point ¢ = 0. By direct estimates it follows

[@*(a)}gz/ [0,®*( daf/ / [020%(5)].,, do + [0, (0)]2 d&

:/ / [020*(5)]2 do d& + sin aL[®*]o

> - /"L/ Iallcqo.n (€187]) 47 46 + sina ]
= —*||'€A||c (0.1)) (L[®*])? + sin aL[®*]o,

where it was used that

9,8*(0) = L[®*] <CF’S O‘) .

S @

We deduce

2
* : a * : *
[(I) (0')}2 > &o, if — ?H"iAHC([O,l])(ﬁ[q) ])2 + smaﬁ[fb ]O’ > fo.

By using the quadratic formula, the previous inequality holds true for o € (x_, x4 ), where

___ sinal[@"] 5 /Gina L@~ 2rallogon) LG
; [ralloon ()2

For & < (sina)?(2|[kallc(o,1)) ", we obtain by using (a® — b*) > (a — b)? for a > b > 0 to the
argument of the square root that

V28

r_ < =T.

ViIEalleqo,m) L@

Thus, it suffices to show [f(c)]2 > 0 for o € (0,Z): By the fundamental theorem of calculus, we
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have

@ = [ 0eso@ads > [ (05860~ &) a5
0 0
0'2 *1\2 : *
2 =~ Iwalleqon (£[27])" + sinal[®]o — &0,
where we used [fy(0)]2 = 0, 05fo € Bg°(&,¢>*), and for the last line the same argument as for
[©*(0)]2- The roots of the equation
2

o . X
—7||HAHC([071])(£[<I>*])2 + sinaL[®*]o — &0 =0

are given by

2(L[®*]sina — &)
z_=0 and 2y = .
T Nsalleqo. (£[@*])2

Note that zy is positive as & < L[®*]sina. Thus, [f(o)]2 > 0 for 0 € (2—,24) = (0,24) and it
remains to prove that

2AL[@sina — &) V28
l5alle o, (£[®*])? [kalleqo, £[@*]

< (£[<I>*] sin o > 1/zgo||KA||c([071])q<1>*]) A (L]0 sina > 26,).

But these inequalities follow by the choice of £y and &;.

z+ > &

The combination of this argument with the result from the first part shows that Condition [f]
holds true. As Condition [2]is fulfilled by assumption, the proof is complete. O

Proof of Theorem[6.2.2. The claim follows from the Lemmas [6.2.4] and [6.2.9] O

6.3 Some Technical Estimates

In order to prove that the smoothed curves constructed in Section [6.1] can be used as reference
curves, we need the following estimates:

Lemma 6.3.1

Let fo: I — R2, I :=(0,1), be parametrized proportional to arc length and in W24(#*1/2) (I;R?) for
1€ (%,1]. Moreover, let f(t) = f(t,") € C°(I;R?), t € (0,T), be the curves given by Lemma
cf. Lemmafor the reqularity. Then it holds for % >d0>0

L
wA=Y2) (1 gey tem ||hL2(I;R2)> ) (6.3.1)

3,2, T _
||f(€)||C2(f;]R2) <C(€ it 6HUOHV{,Al(u—lm)(j.]R2 +et? 5||h||Lz(I;JR2)"‘||f||02(1;,11§2))~ (6.3.2)

)

Additionally, we have for a sufficiently small 5 > 0

2,7 _ 3_
W@—hhmmaSCGW12WMWwvw +wﬂMmmm)- (6:3.3)
2

(I;R?)

Here, &, ug := fo — € and h := 95¢ are quantities determined by fy, see (6.1.7).
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6 Construction of Reference Curves

Proof. Since we want to take advantage of the properties of the analytic Cy-semigroup generated by
— A, we switch again to the Cauchy problem which is equivalent to (6.1.1), cf. the proof of Lemma
More precisely, we consider the abstract Cauchy problem

Opu(t) + Au(t) = h(t) for t € (0,7
Ujt=0 = U0, (16.1.9)

where A = —9%: D(A) — X with X := Ly(I;R?) and the domain

D(A) == {u € WS(I;R?) : ujor = 0,05ujpr = 0,02uj9r =0},
for ug = fo — & and h(t) = h = 98¢, € € C°°(I;R?) is given by (6.1.7). As —A generates an analytic
Cy-semigroup, cf. Claim [6.1.5] the mild solution formula can be exploited, see proof of Claim

t
v(t) = e g +/ e *Ahds.
0

Additionally, we will use the following characterization of D(A): By Lemma we know that
the norms | - [[wse(rre2) and || - [[p(a) are equivalent on D(A). We can consider the components
of u separately, as they are not coupled by the equations. Applying Section 4.3.3 in [30] on both
components of u, we obtain the representation

, 1
D(A) = BgQ){Bj}(I; R?) := {f € BS,(I;R?) : Bjfior =0 for j < s — 2} , (6.3.4)

where B; are the differential operators given by

. 1 forj=0,1,2,
Bif =bioef forbj:{o for j = 3,45

In the following, our main tool will be Proposition 2.2.9(i) in [22], which is stated here in a
notation adjusted to our problem, as —A (and not A) is the generator of the semigroup:
Let (a,p), (B,p) € (0,1) x [1,00] U {(1,00)}, and let n € N. Then there are constants C =
C(n,p, o, B) such that

thfaﬁé’(_A)neftAHL(DA C for0<t<1. (6.3.5)

(a,p),Da(B:p)) <

The statement also holds for n = 0, provided @ < 5. Moreover, we will use an inequality in the
proof of the latter proposition: For « = 0 - we set Da(«,p) = X, cf. Remark before Proposition
2.2.9 in [22] - we have

||t”+6(—A) <C for 0 <t <1. (6.3.6)

" xpaen <

We start proving the estimate . Clearly, it holds
fle) = fo=(f(€) =€) = (fo = &) = v(e) —uo.

Applying item [3] of Lemma 2.1.15] we have for § > 0
W, (I, R?) < 7 (I;R?) < C (I;R?),

for 0 < v < 66. Thus, it follows

1) = folleqrzs < Cllee) — wolly1asas o
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Choosing 8 = /12 4 4, for an arbitrary /6 > 6 > 0, we obtain
1/2466 2
Da(B,2) = (X, D(A));, = {u € W/ (I, R2) : ujpy = o} (6.3.7)
with equivalent norms. Here we used Proposition 2.2.2 in [22] for the first equality and the combi-
nation of (6.3.4) and the Theorem in Section 4.3.3 of [30] for the second identity. Consequently, we

have

17(€) = follo(zme) < Cllv(e) = uollpacs.2)-

Using the mild solution formula and the triangle inequality, we obtain

1f(e) = follozrey < C <||€_€Auo - UOHDA([M) + ‘ / e *Ahds )
0 Da(B,2)

=C ‘/ —Ae *Augds /e*SAhds
0 0
cA

where we used e “ug —ug = [ —Ae*Augds, cf. Proposition 2.1.4 (i) in [22]. For the first
summand, we obtain by (6.3.5) in case n =1, =112+, a = i — 1/2

"

) = O(I +11),

Da(B,2) Da(B,2)

IS/O 14e™* o, 5. ds §/0 14e™* M| (b @2y, Da (5,2 1011 DA (02) s

< [ Sl ds
Here, it follows analogously to the explanation of that
{u € W;l(”flm(]; R?) : wjpr = 0,091 = O}
= {u € Wf(ﬂ71/2)(I;R2) s ujpr = 0,0.uj9r = 0} = Dy(a,2)
with equivalent norms for p € (7/s,1] and i € (3/4,5/6] with i = 2/3u + 1/6, respectively. Since we

have

1 1 7 3 7 1

00— —| - — = — — — —_———— = 1
(,u 2) (12+5) i 13 5>4 5 0 for 0 < § < /s,

and equivalently 1 — (& — 1/2) + (/12 + §) < 1, we can integrate with respect to s and obtain
s
I < (Cet' 1z ||u0||W;(“_1/2)(I;R2)'

Using (6.3.6)) in the case n =0, 8 = /12 +§, a = 0, we deduce for the second summand

€ . € . 50
12 [l ) 05 < [ e iy Il ds < [ Sl ds
< Cet ]l x.

In summary, we obtain

f—-T 11
1760 = foloqrsey < € (45 unll vy gy + 5N ).
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and, by fi(u) = 2/3p + /e,

2,5 _ 11
160 = ooy < € (45l st o+ <F ).

(IE2)
where 2/3p — 5/12 — § > 2/3-7/8 — 5/12 — 6 = 1/6 — § > 0 for p € (7/8,1].
We proceed similarly for the second estimate (6.3.3): Again, we use

Da(B,2) = {u € W% (I, R2) : wjpy = 0, 0pujpr = 0} < C' (I;R?) (6.3.8)

for 8 = 1/4+ 4, where 1/6 > ¢ > 0 arbitrary. The first identity follows like (6.3.7]) and the embedding
holds due to the Remark 2.1.16] Consequently, we have
/ e *Ahds >
0 Da(B,2)

Using (6.3.5)) in case n =1, § =12+, a = ji — /2, we obtain

"

Da(B,2)

7€) ~ folen my < © (H J
0

—C(T+TI).

7§/0 HAe_SAuOHDA(M) ds S/0 HAe_SAHL(DA(a,z),DA(ﬁ,Q)) 0]l Da (a2 ds

¢ C
S ), S luollpsez) ds.

Since we have

_9

3 3
2 1 1%

a sufficiently small § > 0 can be chosen, such that 1 — (& — 1/2) + /44 6 < 1 holds true. Thus, we
can integrate with respect to s and obtain

_ i_3_§
I<Ce~i IIUOIIWAL(M—I/z)(,.RZ)v
. ;

where i —3/4—¢ > 0. Using (6.3.6) in case n = 0, 8 = 1/a+ §, a = 0, we infer for the second

summand

. € € € C
—sA —sA
T2 [l ) 05 < [ e |y Il ds < [ S5l ds
< Cei~%||n|x.
Thus, it follows
3 _ 3_

1f(e) = foller(rmzy < C <e" i ‘SHuoHW;w/z)(I;W) + et ‘*Ilhllx)7
and, by a(p) = S+ §,
(I;R?)

1560 = folloscrny < € (8ol oo g + 1l ).
2

Note that the power of € in the first summand is positive for our choice of §.
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6.4 f.is a Reference Curve

For the proof of the inequality (6.3.2) we employ the same techniques: By adding a zero it holds

fle) = (f(e) =) +&=wv(e) +&.

Thus, we consider

£ ()llc2(riez) = lv(€) +Ellca a2y < [le” ol o 7.2y + H/ e hds|
0 C2(I;R2)
+ l€llc2(rrey = T+ 11 + [l o2 (1:r2)-
In order to estimate the summand T, we choose 8 = 5/12 + 4, such that

DA(5,2) = {’LL € W26B (I,R2) : U\BI = 0,6zu|31 = 0,331”3[ = 0} — C2 (j, R2)

with equivalent norms for arbitrary 1/6 > 6 > 0, which follows again like (6.3.8]). As before, we set
a = fi — /2, which implies o € (1/4, 1/3]. Using (6.3.5) for n = 0 and 5 > «, we obtain

I=|le™“uoll ¢z

SCHe

) S c HeieA“OHDA(,e,Q)

y < Ce—5+a||u0||wj(

I;R2
—€eA
‘ HL(DAm,z),DA(ﬂ,z)) ol #) (rw2)

5 Statl S T,
< Qe izt ||U0||W4(#—1/2)(1-R2) < Cemmth 6Hu0||W4(u—1/2)
2 ) 2

(I;R?)
The second summand I7 can be treated analogously to II and we obtain

I < Ce'P||n||x < 06%75“}1“)0

Finally, we deduce

11~ 7
If()llcz(rrey < C (6 A 6HU0HW4(A¢J/2) +e 70 A x + ||5||cz(f;R2)) )
2

(I;R2)

and again by fi(p) = 2/3u + /s,

342, T _
£z <c(e FE I uol] a1 g g + €7 5||h||X+||€||cz(1;R2)>~
2

(I;R?)

This concludes the proof. O

6.4 f. is a Reference Curve

The technical estimates from the previous section enable us to apply the results of Section to
the curves f. = f(e,+), € > 0, derived in Section

The main result reads as follows:

Theorem 6.4.1 (f. is a reference curve for f; provided € is small enough)
Let fo : I — R%, I := (0,1), have the properties as in Chapter i.e. let fo be parametrized
proportional to arc length, let it be in W24(“71/2)(I;]R2), TS (%, 1], and let it fulfill the boundary

conditions given in (3.1.6), i.e.
fo(z) € R x (0, 00) for x € {0,1},
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6 Construction of Reference Curves

Y. (npo (@), <_01>) R for z € {0,1}, B16)

where T := fo(I). Moreover, let f(e,-) := fo: I — R%, € >0, be the smoothed curves generated by
evolving fo by a parabolic equation, see Lemma[6.1.9 and Lemma[6.1.4) in Chapter[6.1}

There exists an €, such that for f., 0 < € < €, the conditions in Theorem [6.2.9 are fulfilled for the
parameterizations f.ofB. and fyoB.. Here, B : I — I is the orientation preserving reparametrization
such that f. o B is parametrized proportional to arc length. In particular, f. is a reference curve
for the initial curve fy.

Note that it is not trivial that f. is a reference curve for the initial curve fy for some ¢ > 0:
Although, by making e smaller, we can diminish the C°-distance between fy and f., see , but
the curvature k of f. may explode, see (6.3.2). Therefore, we have to be careful, since the bound on
the CO-distance is proportional to the reciprocal of the C%-norm of the curvature of the reference
curve, cf. (6.2.4). In order to compare those two effects, we give a formulation of Lemma [6.2.2]in
the "initial curve perspective", i.e. in the proportional-to-arc-length-parametrization on [0, 1] of the
initial curve.

Lemma 6.4.2

Let fo and f. be as in Theorem [6.4.1. Then there exists an € such that f., 0 < € < €, is a
reqular curve. Let A\ € (0,1) be given such that the conditions and are fulfilled. If
fe € BS (fo) and 8, fc € BE' (9sfo) for 0 < € < € and

So = min {C“) g } [eal

o)’

¢ = min ) VI0ta) +1 - [cota] [ sgpmpieay  Jora#
4 ’ 1 for a =

INIERNTE

}7 Siga}K(Ea fO)a

where
K (€ fo) = L[fo] — C(¢e) > 0
for C(e) — 0 monotonically for e — 0, and Cy(\) is defined in Lemma then f. is a reference

curve for the initial curve fy.

Proof. The strategy is to go through the proof of Theorem [6.2.2] to reparametrize the inequalities
and to replace the conditions. We recall that reparametrization of the condition for f. and fy does
not affect the radius ;. Furthermore, we set

~ { (cot )2 4+ 1 — | cot { m fora;ég} Sina}
) 1 s i
2

{1 = min 4 for a =

Then, the condition for the derivatives of f. and fj is given by

10 (fo 0 Be)(0) = B (fe 0 Be) ()] < 1100 (fe 0 Be)(0)],

supposed 3. : I — I is a regular orientation preserving reparametrization such that f. o 3, is
parametrized proportional to arc length. By chain rule, this is equivalent to

05 fo(Be(0)) — 05 fe(Be(0))] < 5|aafe(/86(0))|a (6.4.1)

as B.(c) > 0 for o € [0,1]. Thus, it remains to prove that f. is a regular curve and that there exists
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6.4 f.is a Reference Curve

a uniform lower bound for |9, f| for every 0 < e < €.

Claim 6.4.3 There ezists an € such that for every 0 < e < € the following holds true: The function
fe(+) is regular with the bound

K (€, fo) < |05 fe(o)] (6.4.2)

and there exists a uniform lower bound on L[f.]
K(Ea fO) < 'C[fe]v (643)

where K (€, fo) := L[fo] — C(€) > 0 with C(e) — 0 as ¢ — 0.

Proof of the Claim: We want to use estimate (6.3.3) in Lemma For p € (7/8,1] it holds
2 T2 7 7 7T

313738 1212 12

thus, the first summand of the right-hand side in (6.3.3) has a positive ¢ power if ¢ is chosen
sufficiently small. This implies that

0,

L[fo] = C(e) = min 85 fo(o)| = C(e) < min [J;fc(0)]

c€l0,1] o€l0,1]
with a C'(¢) — 0 monotonically as ¢ — 0. Choosing € sufficiently small, we obtain

0 < L[fo] = C(&) < L[fo] = C(e) < min 105 fe(o)| < 105 fe(0)]

o€l0,1

for 0 € [0,1] and all 0 < e < € which shows the estimate (6.4.2]) and that the parametrization
is regular. Integrating the last inequality with respect to the parameter o over [0,1], we deduce
estimate ((6.4.3))

0< Llfo] - C(F) = cmw«%m0s/ 100 f.(0)] dor = £[f.]
[0,1] [0,1]

forall0<e<e O

Thus, the condition on &; in Lemma is stronger than (6.4.1) and the lemma is proven. [

We proceed with the proof of Theorem [6.4.1}

Proof of Theorem[6.4.1. By estimate (6.3.3), we see that || f(e) — follc1(r,r2) — 0 as € — 0. Thus, by
choosing € small enough, the conditions on the derivatives of f. and fy in Lemma are fulfilled
for 0 < € < €. It just remains to show the following claim:

Claim 6.4.4 Let A € (0,1) be given such that the conditions (6.2.2) and (6.2.3) are fulfilled. Then
there exists an € with 0 < € < €, such that f. € Bg)o(fo) for 0 < € < €, where & is as in Lemma

[6.4.2

Proof of the claim: We have to show that there exists an €, such that

(sin a)2} 1
2 &l fellleo,u)

Hh—ﬂ%m%m<nm{%O%
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6 Construction of Reference Curves

for 0 < e < €. To this end, we use the estimate (6.3.1), i.e.

2,5 _ 11
fo — felleor2y < Ch (63“ 12 51||UOHW4(MJ/2) +em2 51||7“L||X>

(I;R?)

for 0 < 6§ < ¢ and a rearranged version of (6.3.2) given by

1 _ _342,
>yt (e g -
2

—1
5
Telflcionrs +€127%||h +52,2>’
[6[felllcqo,1:r2) Ihllx + l€llc2(r:r2)

(I;R?)

where the d2 > 0 is a sufficiently small number and the norms are finite and do not depend on e.
Thus, it is enough to show that there exists an € € (0, €] such that the inequality

u_;
) g 0 ] )

x(e-i*“-@uuoanu1/2) +€172_62|h||X+||§||cz(1;1R2)><C' (6.4.4)

2 (I;R?)

is fulfilled for each 0 < ¢ < &, where C := C; ' min {C’a(/\), (sin a)2/2} Cy'. Direct calculations show
that the powers in € of the first factor are both positive, and that 2/3u — 5/12 — ¢; is the smaller
one. Concerning the second factor, the first summand is the only critical one, as its power in € is

negative for p € (7/s,1]. We want to make sure that the product of these worst factors has in total
a positive power. Thus, we calculate

and deduce the existence of 1, d2 > 0, such that

2 ) 3 2

This implies that the smallest power of € of the summands on the left-hand side of (6.4.4) is positive
for a pu € (7/8,1] provided 61,02 > 0 are sufficiently small. Consequently, there exists € > 0 such
that the inequality (6.4.4) is fulfilled for each 0 < € < €. O

By Claim [6.4.4] it follows that both ball conditions in Lemma [6.4.2 are fulfilled for 0 < € < €,
if € is chosen small enough. Since the conditions in Lemma are stronger than the ones from
Theorem the latter are also satisfied. It is a direct consequence that f. is a reference curve
for the initial curve fy. O

This enables us to prove the theorem on local well-posedness for a fixed initial curve.

Proof of Theorem[[.1.3. Let fo : I — R? I := (0,1) fulfill the assumption of Theorem m
Then, we obtain by Theorem a reference curve ®* = f.of3: [0,1] — R?, which is parametrized
proportional to arc length, and a corresponding initial height function pg, which fulfill the conditions
given in Definition In particular, there exists a regular C'!'-reparametrization ¢ : [0, 1] — [0, 1]

and a function pg : [0,1] = (—d,d) in W;(”_I/Q) (I), p € (7/8,1], such that

folp(0)) = (o) + po(a)(na(o) + cot an(a)Ta(0)),

where A = ®*([0,1]). By Theorem[5.1.3|and Corollary we obtain a solution (¢,0) — ®(t,0) :=
U(o,p(t,o)) to (3.1.1)-(3.1.4) with ®(0,-) = ¥(-, po(-)) and ® € E,, 7 g2. By construction, compare
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6.4 f.is a Reference Curve

the coordinates (5.1.2)) to the formula (6.2.1), we observe that fo(p(-)) = ¥(-, po(+)) = ®(0, po(-))-

This shows the existence of a solution. O
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7 The Proof of the Blow-up Criterion
Theorem

In the following, we give a proof of the main result.

Proof of Theorem[{.1.4 The proof is done in three steps. By assuming, contrary to the claim,
that [|k[f ()]l L, (0,c1(#))) is uniformly bounded for a sequence (t;);cn, we find a uniform in time
W3-bound for the reparametrized and translated solution in the first step. In the second step, we
use these points in the temporal trace space of the solution space as initial data in order to restart
the flow over finitely many reference curves. This is achieved by a compactness argument. In this
way, we establish a lower bound on the existence time of the solution, which enables us to extend the
original solution in the third step. This provides a contradiction to the maximality of the solution.

Step 1: Finding a W3-bound for the reparametrized and translated solution

Conversely, we assume that there exists a sequence in time (¢;);eny with ¢ — Tpee as [ — o0,
such that k[f(t;)] : [0, L[f(t;)]] — R satisfies an Lo-bound with respect to the arc length, which is
uniform in [ € N| i.e.

Here, f : [0, Timaz) x I — R%, I = (0,1), Tpae < 00, is the maximal solution of (3.1.1)—(3.1.5),
which is given by assumption. In the following, we want to establish a reparametrization of the
solution f(t;,-), which is translated by f(#,0), such that the we can control the W3 (I; R?)-norm
uniformly in [ € N. To this end, let

I>s—o(s)el

be the orientation preserving reparametrization such that f(t;,0,(s)) : I — R? is parametrized
proportional to arc length. Then, we denote by

L UHO)] _ &t ai(s)
LIf (&) (LU @)

the tangent vector and the curvature vector of f(t;,1) at f(t;,0(s)), respectively. Now, we define

T(t1, 00(8)) : and RIf(t)](o1(s)) :

f(th ) T — RZ,

s Ftns) = LLF0)] ( / S / R )] on() L1 ()] dy + (1,0) d§> |

By the identities

3 . 1 B

[ @) by = 2 (a5 - (0, 0).
s - N 1

/0 T(tl>al(8)) ds = L[f(tl)} (f(tl; Ul(s)) - f(07tl)) )
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7 The Proof of the Blow-up Criterion Theorem |4.1.4

we observe that

f(ti,8) = f(ti,01(s)) — f(t1,0). (7.0.2)

By substitution with z = L[f(¢;)]y, we have

1 L[f(t)] )
/O \E[f(tz)](Uz(y))|2£[f(tz)]dy=/0 [RLf ()] (ou(/cls ) |” dz
= KL I 0,207t -

since [0, L[f(t)]] 2 z — f(ti, (0u(3/£17(t)]))) is the orientation preserving arc length parametrization
of f(t;,-). By Corollary 7.15 in [20], an absolutely continuous function whose integrand is in Lo (I) is
an element of W (I). Using this result twice, we obtain f(t;,-) € W2(I;R?). Thus, we can employ
the embedding W2 (I; R?) — C(I;R?), cf. 10.13 (2) in [I] and consequently we have

0.4tn:s) = £l ([ &)Ll ay+ r(0.0))
= LIfE)] ([t o)) + 7(t1,0)) = LIf ()] 7(t1, 01(s)),
which implies |8, f(t;,0:(s))| = L[f(t;)] for s € I. Hence, s — f(t;, ) is - up to translation by f(t;,0)

- for each [ € N the orientation preserving reparametrization of f(t;,-) on I which is proportional
to arc length. Moreover, we deduce the bounds

v = EU@IE,

= LIfE) s = RIS @0 () L EM Ly (1:82)

= LLAE)E KL Ly o.c0r e -

s = 0. F 0, )

H [ = 6§f(tl’ )] HLz(I;]Rz)

By enlarging the domain of integration, a change of variables with z = L[f(¢;)]y, and Holder’s
inequality, we obtain

Additionally, we deduce

’ [s — /()ST(tl,O)dg]

Combining these bounds with the bound on the length of the curve in Remark [3.2.5] we obtain

[s — /OS /OS RIF@)](ar(w)L[f ()] dy d§‘|

g/’mumnwxmnﬁvuMdy
) 0

Lo(I;R?

Cif () )
= /0 [RLf ()] (o (3 cts )| dz < LIF()]7 (|6 @l ry 0,207t -

<1

Lo (I;R?)

1 (s ) lwz 2y < Co for each 1 € N, (7.0.3)

where we used the uniform in time bound (7.0.1).

Step 2: Restarting the flow for translated initial data
We set f; := f(t;,-). The bound ([7.0.3]) implies,
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Thus, we observe that by

M :{fl; zeN},

we have a bounded set in WZ(I;R?). By combining the statements in Theorem 2 (b) in Section
1.16.4 and Theorem 1 in 4.3.1, both in [30], with Theorem 10.9 (2) in [I], we have the compact
embedding

W3 (I;R?) — Wy (I;R?) for v < 2. (7.0.5)

Consequently, the set M is precompact in W' (I;R?). Note, that for a fixed 7 € (%2,2) we find a
w € (7/s,1) such that v = 4(u — 1/2).

In the following, we want to find a covering for the closure of M with respect to || - [[w;y (r,r2)-

By Theorem 1} there exists for each fl a reference curve ®; : [ = [0,1] — R? with the following
properties:

e @7 is a regular curve and in C®(I;R?), see Lemma

o O fulfills (5.1.1), i.e.

P/ (0) e R x {0} for o € {0,1},
£ <TLA, (0), (_01>> =T -« for o € {0,1},
Ka, (0) =0 for o € {0,1}, (5.1.1)

where A; = @7 ().

e Let 3; : I — I be the orientation preserving reparametrization such that ®; 03 is parametrized
proportional to arc length. Then, it holds that

/10 B = ®f o Billco(rirey < Eous
105 (fi 0 B1) = 0o(®7 0 B1)llcormey < évts
see Theorem for the definitions of &, and &;.

Now, we set

8o, = &o0 — i 0 BL — ®f o Billco(r:m2y > O,
810 =& — 10o(fi 0 Br) — 96(®f 0 B1)llcorm2) > 0,

and consider the balls BW;(I;RQ)(j:l o B, mini=1.28i1/2¢), which are balls in Wy (I; R?) around f; o f;
with radius mini=1,28:1/2c. Here, the constant denoted by C' is the operator norm of the embedding

i W3 (I;R?) < C' (I;R?).

2
We can cover M Wi (1R by the union of all these balls. By compactness, there exists a finite set
S C N such that it holds

VARG U pWi (IR?) (fz o, mlni2:52 51,1) .
1S
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7 The Proof of the Blow-up Criterion Theorem |4.1.4

Therefore, for each k € N there exists an | € S with fy 08, € BWZ UR)(f,0 ), miniz1.28:1/2¢) again.
Consequently, we have

~ . do,1
froBr—fio BZHC(T;W) <C ka o B — fi 061HWV(I ) <5
and analogously
&(fkoﬁk)*ao(floﬂl)u < h
C(I;R?) 2

These estimates imply

|0 B = 0 0 Billormsy < oo b= Fiom, ., +|ficosi—eionl,

C(I;R2) C(I;R2)
S1<§0,1Hﬁ0ﬂl‘1’7051H - >+Hfz p=wiop
<5 (foH- Hfzoﬂl @7 OﬁlH IR ) < &0
and
oo B — oo (@i om)| ., <&

respectively. The combination of the established inequalities with Theorem[6.2.2]shows that ®; o/, is
a reference curve for the initial curve fj,o3): There exists a regular C'-reparametrization ¢y : I — I
and a function py o : I — (—d,d) of class C, such that

Ju 0 Biler(0) = B 0 Bi(0) + pro(0)(na,(0) + cotan(o)ra, (0)),  foroel  (7.0)

where A; = ®; o 3(I). Moreover, by Condition [2| in Definition [6.2.1} pi o satisfies the bounds
(5.1.22) and the bound

||pk,0||W2’Y(I) S C (0[7(2[)2k o 5l7777 }

kaW;(I;]R%) ) (707)

which are required in the short time existence result Theorem [5.1.3] Consequently, we obtain by

(7.0.4) and the fact that S is a finite set that

lokollwy ) < I}leaéXC(Oé,q)f o B1,m,Cy) for all k € N.

We note that the time of existence T in Theorem [5.1.3] is determined by «, the reference curve
®; o B, the coordinates 7, and the constants R; and R, where

Ipollx, <Ry and |[|£~ <R,.

' HL(EOYHXF;L XX Eu ) —

We recall that £7! depends on the reference curve ®} o 4; and also on the initial curve pyo. Since
we only need finitely many reference curves to be able to represent the initial curves, it just remains
to prove that for each reference curve ®; o 3; there exists a constant C' > 0 such that

17 o0 | gy B, ) < © (7.0.8)

for each pjo € W3 (I), which corresponds to an fj, o 8 € BW2 (IiE) () o ) mini—128:1/2¢). In the
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following, the set of those py o € W5 (I) is denoted by M;. By the compact embedding

Wy (I) — Wy (I) for v > 7 > 3/2,

Wi _
which is proven like in (7.0.5), we observe that the set MZWQ @ i compact in W5 (). By direct
calculations, it follows that £(py,0) € L(E, r;Eo,, xF, x X,,) depends continuously on p o € W,/ (1)
fulfilling the bounds (5.1.22)). Thus, we obtain by a Neumann series argument that for each pj o € M;

there exists a §(px,0) > 0, such that for all p € B(I;V;(I) (Pk,0,6(pr,0)), where
W, (1) _ (7Y - _ - .
B (pi0.8(010)) = {0 € W3 (1) : 0rpler) = 0 for 0 = 0.1 and 10 — pllwg ) < Dlowa) }
the operator L(p) € L(E, ;Eo, x F, x X,) is invertible with
—1 —1
£ (p)HL(IEO,Mx]f‘uxXH;]E“,T) <2|c (pk70)HL(]EO,HX]F‘MXX“;IEM,T) :

=W (I) . wj (I) .
Moreover, we can cover M, by the union of B, (Pk,0,6(pr,0)) With k € M;. By compactness

TWa (D)

of M, , there exists a finite set S; C N such that

—Wj (I 5
4" c | BY D (pro,6(pr0)).
S;CN
Consequently, we deduce
I~

< 2max ||[£7Y(

(q)HL(]EO‘uxF“xXH;]E%T) = " kes, pk’o)||L(]Eo,u><FHXXu;Eu,T) =

for all p o € M, cf. . Thus, it makes sense to set T := minges T;. As ty, — Tynae for k — oo,
we can choose a sufficiently large k € N such that ¢ + T> Tinaz, cf. Remark item

We fix a k € N with this property. Let pgo € W24(“_1/2)(I) be the height function over ®} o f,
l € S, which corresponds to fk o fBr. By the short time existence result, Theorem we obtain
for the initial datum py o € W24(“71/2) (I) a solution

p:[0,T) x I — (—d,d),
(t,z) = p(t, ),

such that p € B, 7 := W3 ([0, T); L2(1)) N L2 10c([0, T); Wi (I)) and p(0,-) = pyo- This implies that
for

f(tv 0) = q)l* ° BZ(U) + p(t, 0) (nl\z (U) + cot an(U)TAz (0))
the following holds true:
L f€B, g = Wh, (10,7); Lau(ILR2)) 1 L ([0, T); WAL R?) )

2. f fulfills (.1.1)-(3:1.4) and there exists a regular C''-reparametrization ¢y : I — I such that
7(0,0) = Ji o Br(pr(o) for all o € I, cf. (T.0.),
3. f(t,-) is for each t € [0,T) a regular parametrization of the curve f(t,I).

Step 3: Extension of the original solution
It remains to show that we can extend the original solution f beyond T}y, < oo, which was assumed
to be maximal. To this end, we want to translate f by f(tx,0), as f(¢x,0) + f(tx,0) = f(tx,0) cf.
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7 The Proof of the Blow-up Criterion Theorem |4.1.4

(70.2). By Lemma[2.2.3] item [1] we have
fE€E, 1z 100 = Eyr_cre < BUC ([O,T — ], W= (I;]RQ)) for each 0 < e < T.

Consequently, it follows by ([2.2.6])

|f(t, 0 <[ f(t ey < ClIf ')||W§(u*1/2)(1;R2)'

We recall that by Remark the flow is invariant under translation. Therefore, f+ f (tx, 0) fulfills
properties analogous to f, see the previous step of the proof. By concatenating the "old" part of
the solution for ¢ € [0, t] and the new one for ¢ € [ty, ti —i—T) at t = t;, we obtain an extension of the
original solution as t; + T> Tnaz, which contradicts the maximality of the original solution. Thus,
the assumption on the curvature cannot be true. As the sequence (t;);cny was arbitrary, the
claim is proven. O
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A Appendix

We need the following formal calculations to derive the structure of problem (5.1.15).

A.1 Calculation of «(p)

We assume that J(p) > 0 for ¢ € [0,1] and suitable p. For a sufficiently smooth p, the scalar
curvature as a function of p is given by

k(p) = (A(p)®,nr,)

1 1 1 1 1 1
= <J<p>a" (J(p)) RN TP EAAN T R‘I’”> = <<J<p>>2¢’“’ 70 R‘I’”>
= ! <80(\I/<7 + \Ijqaap)v R(\Ijo =+ \I/qaop)>

(J(p))?
1
= = (Voo 4+ 2V0q05p + Woq (05p)* + U02p, R(Vy + Ve05p))
(J(p)) ~
Thus, we have the representation
1
k(p) = =5 (¥q, RY4)02p + U(o, p, sp), (5.1.6)
(T Voo P!
where the prefactors U (o, p, 95p) denote terms of the form
.
U(0.,02p) = C (J(p)) (H (Wl BRI, ) (@ p>> (9p)". EID
i=0

with C € R, k € Z, p,r € Ny, and 3;,v; € N2, such that |3;|,|vi| > 1 and |3;| + |vi| < 3 for all
1 € {0,...,p}. Here, we keep the leading order prefactor explicitly, since it will be important for
the analysis of the equation.

In order to differentiate k(p) twice with respect to the arc length element, we need to calculate
the form of the derivatives of 9¢.J(p), i = 1,2.

A.2 Calculation of 9,.J(p), (0,J(p))?, and 92J(p)
We recall that by definition
J(p) = 10, (¥(0, p(t, 0))| = 10,9 (07, plt, 0)) + 0, V(0 p(t, 0))D p(t, )|
= N 2 200, 00) 0, + [0, [2(D5)2

Assuming that J(p) > 0 for o € [0,1] and p is sufficiently smooth, we obtain

11
aa'](p) = imaa (|\1’0|2 + 2(\1}07 \I/q>8ap + |\Ijq|2(8op)2)

113



A Appendix

_1 1
2J(p)
+ 2|9, 20,007 p] -

[aa (|\I/0|2) +20, (Yo, \I/q>) Oop +2(Vs, \Ilq>8§p + 05 (‘\Ilq|2) (30/’)2

Thus, we have the representation
85 J(p) = U0, p, 05p)03p + U, p, 95 p), (A.2.1)
where the prefactors U(o, p, 05p) are given by .
We observe the following properties:
Remark A.2.1 1. For products of U, it holds
(U(a, p,0,p))° = U(a, p,dsp) for s € N.
2. Moreover, we obtain
O (W0r0)(@0)) = W02y (0:0) + W (2 ) (0 )up,
where B; € NZ with || +1 = |Bz| fori=1,2. Combining this with , we deduce
95 (U(0,p,05p)) = T(0, p,050)5p + T(0, p, 0sp),

where the prefactors T'(o, p,0,p) denote terms of the form

p
k i i
T(o,p,0,p) :=C (J(p)) (H <\Il’?a)q), R\I/?U}q)> (o, p)) (0sp)7, (5.1.9)
i=0
with C € R, k € Z, p,7 € No, and B3;,v; € N&, such that |53i], || > 1 and |B;| + || < 4 for
all i € {0,...,p}.

This yields the representation
2
(05J(p))> = U0, p, 0sp) (02p)" + U0, p,05p)02p + U(0, p, Ds ).

Moreover, by Remark |A.2.1] we obtain from (A.2.1)

02J(p) = 95 (U(0, p,05p)02p + U, p, 05 p))
= (T(0,p,05p)03p + T(0,p,05p)) Oz p + U0, p,0sp)0sp + T(0, p, 0sp)02p
+T(0,p,00p)

2
=T(0,p,05p)05p + T(0,p,05p) (02p)” + T(0, p,0sp)02p + T(0, p, D5 p).-

Now, we are ready to give representations for dsx(p) and 9%k(p).

: 2
A.3 Calculation of d;x(p) and 0:k(p)
Using (5.1.6]), we obtain for a sufficiently smooth p

B Oy k(p) 1 1
Ou(P) = =703 ‘J<p>a"(u(p>>3

(04, R0+ Vo, 0,0)
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A.3 Calculation of dsx(p) and 92k(p)

= ——7 (g, RV, p + 95 (U(0,p,05p)) 02p + T(0, p, 05p)02p + T(0, p, 05 p)

b
J(p)
- W<q]q’ R\p0>83p + (T(Uv 12 aap)agp + T(Ua P 80#’)) 82/0 + T(Uv P 8010)83/0

+T(o,p,05p)

1
= Ty RY,)03p +T(0,p,05p) (02p)° + T(0, p, 0op)2p

+T(0,p,00p), E18)

where we used Remark item 2] The prefactors T(c, p, d,p) are given in ([5.1.9).

For the representation of §%k(p), we need to consider derivatives of T'(a, p, 9, p).

Remark A.3.1 By the same reasoning as in item[3, we infer
0o (T(0, p, 00p)) = S(0, p,05p)02p + S(0, p, ap),

where the prefactors S’(U, p,0,p) denote terms of the form

P

S(0,p,00p) = C (J(p))" <H< () R\If&,q><a,p>> (Oop)", (B-110)

=0

with C € R, k € Z, p,7 € No, and B;,7; € N3, such that |3;|,|vi| > 1 and |B:| + |vi| < 5 for all
i€{0,...,p}.

Furthermore, we formally deduce

2, _ 05 (9sk(p)) _ 1 1 3 o 2 \2
97k(p) = i) J(p)ag<<J(p))4<\11q,R\Ifa>3ap+T( .0, 90p) (93 p)
+T(a,p,aamaip+T<a,p,aop>)
1

( ><< <1>> (Vg, RU4)05p + 05 (U(0,p,05p)) 05 + 2T (0, p, 0 p) I3 pDap

05 (T(0,p, 02p)) (020) +T(0, p, s p)32p + 85 (T(0, p, 8sp)) O
0, (T(0.0.0:7)

1 = 3
= W@q, RY)3p + T(0,p,05p)02p02p + T(0, p, 05p)0ap + S(o, p,0sp) (07 p)

~ 2 ~ ~
+5(0,,050) (02p)" + S(0,p,050)02p + S(0, p, D5 p).

Replacing the remaining T'(c, p, 9,p) by S(o, p, dyp), we obtain

92r(p) = (g, RUG)OLp + 5(0,p,0,0)02p02p + 5(0,p,0,0)92 p + 5(0, p, D) (02p)°

(J(p))®
+5(0,0,05p) (02p)° + (0, p, 05 )02 p + S(0, p, D p). (5.1.10)
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