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We consider the renormalization of four-fermion operators in the critical QED and SUðN c Þ version of
the Gross-Neveu-Yukawa model in noninteger dimensions. Since the number of mixing operators is
infinite, the diagonalization of an anomalous dimension matrix becomes a nontrivial problem. At leading
order, the construction of eigenoperators is equivalent to solving certain three-term recurrence relations. We
find analytic solutions of these recurrence relations that allow us to determine the spectrum of anomalous
dimensions and study their properties.
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I. INTRODUCTION
Quantum field theories (QFTs) in noninteger dimensions
d < 4 were introduced as a tool to calculate critical
exponents in three-dimensional systems at a phase transition point [1]. As a rule, QFTs in d ¼ 4 − 2ϵ possess
nontrivial critical points with coupling constants being of
order ϵ. It allows one to calculate critical dimensions as
power series in ϵ and extrapolate results to ϵ ¼ 1=2. The
current state of the art ϵ-expansion technique and the
corresponding references can be found, e.g., in Refs. [2,3].
It is clear, however, that QFTs in noninteger dimensions
are not full fledged quantum field models—no real physical
system is described by these QFTs. Thus they are not obliged
to comply with expectations based on physical principles. It
was shown in Ref. [4], in the example of φ4 theory, that such
models are necessarily nonunitary. In the φ4 model, the
lowest state with a negative norm is associated with an
operator of rather high dimension (Δ ¼ 15), and the first
complex anomalous dimensions appear for operators of
dimension Δ ¼ 23. Therefore, one may hope that the effect
of these states on, e.g., the operator product expansion
(OPE), could be neglected. In the fermionic models, however, the negative norm operators have a rather low, Δ ¼ 6,
canonical dimension [5] and can hardly be ignored.
Physical observables in conformal field theories (CFTs)
are correlation functions of local operators. One is interested,
in particular, in their behavior under scale and conformal
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transformations. Therefore the basis of operators which
transform in a proper way under scale and conformal
transformations plays a distinguished role. In perturbation
theory, such a basis is constructed by diagonalization of the
anomalous dimension matrices. Since only operators of the
same canonical dimension mix under renormalization, such a
matrix has a finite size in scalar field theories. In a fermionic
QFT, the situation is quite different—the number of mixing
operators is, in most cases, infinite. The simplest example of
this kind is given by the four fermion operators,
On ¼

1
ðq̄Γμn1 …μn qÞðq̄Γnμ1 …μn qÞ;
n!

ð1Þ

where n ¼ 0; 1; … and Γnμ1 …μn is the antisymmetrized
product of the d-dimensional γ-matrices. All these operators
have canonical dimension Δ ¼ 6 and mix under renormalization. Customarily, the operators with n ≤ 4 are called
physical operators, and all others, since they vanish in d ¼ 4,
evanescent ones.
In the QCD context, four-fermion operators arise in the
description of nonleptonic weak decays of hadrons. Their
renormalization was studied in [6–8]. It was shown in [7]
that the mixing between evanescent operators and the
physical ones can be avoided by an appropriate modification of the subtraction scheme.
Here we are interested in a different challenge—
constructing operators which have certain scaling dimensions at a critical point. Since the size of the mixing matrix
for the operators (1) is infinite, it is far from obvious that it
can be done in all situations. Solving the eigenvalue
problem, one has to impose certain requirements (quantization conditions) on the solutions. Since we are interested
in determining the scaling properties of the correlators of
operators (1), in particular the simplest one hOn ðxÞOm ð0Þi,
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it is reasonable to require the correlation functions
between two eigenoperators to be finite, i.e., for OΔ ¼
P
∞
n¼0 cn ðΔÞOn ,

In order to construct
P an operator with a certain scaling
dimension, Oγ ¼ n cn On , one has to find the left eigenvectors of the matrix γ,

hOΔ ðxÞOΔ ð0Þi < ∞:

X
1
cn γ nm ¼ γcm ≡ a γ̄cm :
2
n

ð2Þ

This condition is always fulfilled if the mixing matrix has a
finite size, as in the case of scalar field theories, but leads to
nontrivial “quantization” conditions for infinite matrices.
In this work, we consider renormalization of fourfermion operators in two theories: the critical QED and
SUðN c Þ Gross-Neveu-Yukawa (GNY) models. The first
model (QED) was used as an example by Dugan and
Grinstein in their analysis [7]. In both cases, the spectral
problem is equivalent to solving certain three-term recurrence relations. We present analytic solutions to these
recurrence relations and discuss the possibility to satisfy
the condition (2).
The paper is organized as follows: In Sec. II, we present
the solution to the one-loop mixing problem for the
operators (1) in QED. The operator mixing in the GNY
model is discussed in Sec. III. We introduce an extended
GNY model in Sec. IV and study the renormalization of
four-fermion operators in this model.
II. CRITICAL QED
In d ¼ 4 − 2ϵ dimensions, QED with N f fermions has
an infrared stable critical point at a ¼ a (a ¼ e2 =4π 2 )
a ¼ 3ϵ=N f þ OðϵÞ:

ð3Þ

At the critical coupling, the theory (in the Landau gauge) is
scale invariant.1
Renormalization of four-fermion operators (1) in QED
was studied in [7]. In order to avoid unnecessary complications, it is convenient to assume that the fermion and antifermion fields have different flavors. At the critical point
the renormalized operators ½On satisfy the renormalization
group equation,
ðδnm M∂ M þ γ nm Þ½Om ¼ 0;

γ nm ¼

a
½ðn þ 2Þðn þ 1Þδnþ2;m − 2ðn − 1Þðn − 3Þδn;m
2
þ ðn − 5Þðn − 6Þδn−2;m :
ð5Þ

The model can also be analyzed with the 1=N f expansion
technique; see Ref. [9] for a review and references. For a
discussion of the three-dimensional model (QED3 ) and its critical
properties; see, e.g., [10–12].
1

Since there is no mixing between the operators On with odd
and even index n, each set can be analyzed separately. The
analysis in both cases goes along the same line, and we
therefore consider odd n only.
The transpose matrix γ T (from now on the indices n, m
take odd values) has a three-diagonal form
0a

1

B d1
B
a
B

γT ¼ B 0
2B
@ 0

1
C
C
C
   C;
C
A

b3

0

0

0

0

a3

0

0

0

0

d3

a5

b7

0

0

0

d5

a7

b9

0





  

 

ð7Þ

where an ¼ −2ðn − 1Þðn − 3Þ, bn ¼ ðn − 5Þðn − 6Þ, dn ¼
ðn þ 2Þðn þ 1Þ and we take into account that b5 ¼ 0. The
two-by-two block in the upper–left corner describes mixing
between the physical operators, O1 and O3 . The corresponding eigenvalues are γ̄  ¼ 6. The eigenvectors
corresponding to these eigenvalues take the form
cþ
n ¼ 1;

c−n ¼ ðn − 2Þ;

n is odd;

ð8Þ

and the two operators O are
X
X
On ;
O− ¼
ðn − 2ÞOn ;
Oþ ¼

ð9Þ

n∈N−

n∈N−

where sums go over odd integers.
All other eigenvectors of the matrix γ have the form
c⃗ ¼ ð0; 0; c5 ; c7 ; …Þ. Indeed, the subspace spanned by these
vectors is an invariant subspace of the matrix γ. Looking for
solutions in the form c2kþ5 ¼ sk ð2k þ 5Þ!=ð2kÞ! with
k ¼ 0; 1; 2; …, one gets the following recurrence relation,
1
Ck sk−1 − ðAk þ Ck Þsk þ Ak skþ1 ¼ ðγ̄ − 26Þsk ;
4

ð4Þ

where M is the renormalization scale and γ nm is the
anomalous dimension matrix. At one loop, the matrix γ
takes the following form [7]:

ð6Þ

ð10Þ

where Ck ¼ kðk − 1=2Þ and Ak ¼ ðk þ 3Þðk þ 7=2Þ.
The above equation is nothing but the recurrence relation
for the continuous dual Hahn polynomials [13,14]. Its
solutions take the form
 

−k; 3 þ iν; 3 − iν 
1 ;
ð11Þ
sk ðνÞ ¼ 3 F2

3; 7=2
where ν is given by ν2 ¼ ð−γ̄ − 10Þ=4. For large k, the
coefficients sk ðνÞ have a powerlike behavior
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where rðνÞ ¼ 15 · 2iν =Γð3 þ iνÞ. These functions form a
complete orthonormal system on L2 ðRþ Þ [13,14]
Z
0

∞

dνμðνÞsk ðνÞsn ðνÞ ¼ δnk

ð2kÞ!
;
ð2k þ 5Þ!

ð13Þ

where
μðνÞ ¼

1 νð1 þ ν2 Þð4 þ ν2 Þ
:
225
sinh πν

ð14Þ

In order to fix the allowed values of ν, let us consider the
correlator of two eigenoperators:
X
sk ðνÞO2kþ5 ðxÞ:
ð15Þ
Oν ðxÞ ¼

where we have included the one-loop correction to the
operator dimension jxj−12þ8ϵ → jxj−2Δν with


5
2
ð22Þ
Δν ¼ 6 − 4ϵ − 2a þ ν :
2
Note that the anomalous dimensions of evanescent operators are negative.
The relation inverse to Eq. (15) reads
Z ∞
O2kþ5 ðxÞ ¼
dνμðνÞsk ðνÞOν ðxÞ:
ð23Þ
0

It results in the following expression for the correlator of
two (one-loop renormalized) evanescent operators (1)
Z

k≥0

Note that the sum involves evanescent operators only. The
operators Oν , as follows from Eq. (11), are even functions of
ν, Oν ¼ O−ν .
The leading order correlator of two basic operators (all
fields have different flavors) was calculated in [5]
hOn ðxÞOm ð0Þi ¼ δmn

24ωðnÞ
;
π 8 jxj12−8ϵ

ð16Þ

where

ωðnÞ ¼

1=n!ð4 − nÞ!

n≤4

2ϵð−1Þ ðn − 5Þ!=n!

n≥5

n

ð17Þ

:

Note that for the evanescent operators, n ≥ 5, the weight
factor ωðnÞ is proportional to ϵ and sign changing.
Then for the eigenoperators (15), one obtains
hOν ðxÞOν0 ð0Þi ¼ jxj−12þ8ϵ Rðν; ν0 Þ;

ð18Þ

0

where the residue Rðν; ν Þ is given by the sum
X ð2k þ 5Þ!
Rðν; ν0 Þ ∼ −ϵ
sk ðνÞsk ðν0 Þ:
ð2kÞ!
k

ð19Þ
0

For large k, the summand decays as k−1iνiν and
0
k−1iν∓iν . Thus, the sum diverges if ν has a nonzero
imaginary part. For real ν, the correlator (18) can be
understood in the sense of distributions. Assuming that
ν, ν0 ≥ 0 and taking into account Eq. (13), we get
X ð2k þ 5Þ!
k

ð2kÞ!

sk ðνÞsk ðν0 Þ ¼ μ−1 ðνÞδðν − ν0 Þ:

ð20Þ

For the correlator, it results in
hOν ðxÞOν0 ð0Þi ¼ −

48ϵ −1
μ ðνÞδðν − ν0 Þ;
jxj2Δν

ð21Þ

hOn ðxÞOn0 ð0Þi ¼ −48ϵ

0

∞

dνμðνÞ

sk ðνÞsk0 ðνÞ
:
jxj2Δν

ð24Þ

where n ¼ 2k þ 5, n0 ¼ 2k0 þ 5.
Coming back to the physical operators O , we note that
these operators contain an infinite tail of evanescent
operators; see Eq. (9). The contribution of the evanescent
operators to the correlators, hO ðxÞO ð0Þi is of order ϵ
and, strictly speaking, beyond our accuracy. Nevertheless,
we stress that the corresponding sum converges.
Since the operators O have different scaling dimensions, their correlator has to vanish. One can easily check
using (9) that hOþ ðxÞO− ð0Þi ∼ OðϵÞ as it should be. It can
also be easily checked that the correlator of an evanescent
operator with the physical one is of order ϵ as well,
hOν ðxÞO ð0Þi ¼ OðϵÞ.
III. OPERATOR MIXING IN THE
GROSS-NEVEU-YUKAWA MODEL
In this section, we briefly consider the specifics of
operator mixing in the GNY model [15]. The one-loop
anomalous dimension matrix for the four-quark operators
(1) has been calculated in Ref. [5]. It has the following
structure: the operator On¼0 is renormalized multiplicatively, and the anomalous dimensions matrix for the
operators On , n ≥ 1 has a block-diagonal form,
γ ¼ diagðA1 ; A3 ; A5 ; …Þ;

ð25Þ

where each block Ak , with k being odd, describes the
mixing between the operators, Ok and Okþ1 . The blocks Ak
depend nontrivially on k but all have the same eigenvalues.
Thus at the one-loop level, there are only two different
anomalous dimensions, γ  , which correspond to two
different eigenvalues of the blocks Ak . The anomalous
dimension of the operator On¼0 coincides with γ þ .
Surprisingly enough, the matrix γ preserves this form at
the two-loop order as well. We obtain the following
expression for the block Ak
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k−1
−1
nf þ 12
Ak ¼ 2u 1 − u
4
−ðk þ 1Þð4 − kÞ 2 − k


19
0
1
;
ð26Þ
− u2
2
4ðk þ 1Þð4 − nf Þ 4nf þ 3
where nf ¼ N f × tr1 and the critical value u for the GNY
model reads [15,16]


2ϵ
12ϵ
u ¼
ð27Þ
1þ
þ Oðϵ3 Þ:
nf þ 6
nf þ 6
The eigenvalues of the blocks Ak do not depend on k,


7nf þ 36
þ
γ ¼ 6u 1 − u
;
12


2nf þ 5
γ − ¼ −4u 1 − u
;
ð28Þ
8
and the anomalous dimension of the operator On¼0 is still
equal to γ þ .
The explanation for such degeneracy of the anomalous
dimensions is the following: let us consider two sets of
operators,

intertwines the blocks Ak and Am ,
Ak Ω̃ðkmÞ ¼ Ω̃ðkmÞ Am :

Hence, they have the same eigenvalues, as Ω̃ðkmÞ is a
convertible matrix.
In a similar manner, one can easily show that the
vector c⃗ k ¼ ðΩ̃0;k ; Ω̃0;kþ1 Þ is an eigenvector of the
matrix ATk ,
ATk c⃗ k ¼ γ 0 c⃗ k ;

IV. SUðNc Þ GROSS-NEVEU-YUKAWA MODEL
ð29Þ

The operator On and O0n obey exactly the same RG
equation. At the same time, they are related to each other
by Fierz transformation (A4),
X
O0n ¼
Ωnm ðdÞOm :
ð30Þ
m

Going over to the renormalized operators, one gets
X
½O0 n ¼
ð31Þ
Ω̃nm ðdÞ½Om ;

We consider the SUðN c Þ extension of the Gross-NeveuYukawa model [15]. This model describes a system of
interacting fermion and scalar fields. (The bosonic model of
this type was considered in Ref. [17–19].) The fermion field
has two isotopic indices, q ¼ qi;I that refer to the SUðN c Þ
and SUðN f Þ global groups, respectively. The scalar field is
in the adjoint representation of the SUðN c Þ group,
σ ¼ ta σ a , and we assume the standard normalization
trta tb ¼ 12 δab for the generators ta . The renormalized action
takes the form
Z

m

SR ¼

where ½On ¼ Znm Om (½O0 n ¼ Znm O0m ) and
Ω̃ðdÞ ¼ ZΩðdÞZ−1 :

ð32Þ

The matrix Ω̃ is a finite matrix (has no ϵ poles) of infinite
size which depends on ϵ and the coupling constants. Taking
the derivative M∂ M on both sides of Eq. (31), one finds that
at the critical point, the anomalous dimension matrix γ
commutes with Ω̃,
γΩ̃ ¼ Ω̃γ:

ð36Þ

where γ 0 is the anomalous dimension of the operator On¼0.
Hence, γ 0 coincides with one of the eigenvalues (28),
namely γ 0 ¼ γ þ.
Thus, we conclude that as long as the matrix γ retains a
block-diagonal form, its eigenvalues will be degenerate. We
expect that the degeneracy of the anomalous dimensions in
this model will be lifted by the three-loop corrections. It is,
however, simpler to consider a model where the degeneracy
is absent already at the one-loop order.

On ¼ ðψ̄ 1 Γn ψ 2 Þðψ̄ 3 Γn ψ 4 Þ;
O0n ¼ ðψ̄ 1 Γn ψ 4 Þðψ̄ 3 Γn ψ 2 Þ:

ð35Þ

ð33Þ

Then, provided that the matrix γ has a block diagonal form
(25), it follows that the matrix


Ω̃k;mþ1
Ω̃k;m
Ω̃ðkmÞ ¼
ð34Þ
Ω̃kþ1;m Ω̃kþ1;mþ1

þ

dd xðZ1 q̄∂q þ Z2 trð∂σÞ2 þ Mϵ Z3 gq̄σq
1 2ϵ
M ðZ4 λ1 ðtrσ 2 Þ2 þ Z5 λ2 trσ 4 ÞÞ:
4!

ð37Þ

For N c ¼ 2, ðtrσ 2 Þ2 ¼ 2trσ 4 , so that one of the couplings
becomes redundant and can be put to zero (we choose
λ1 ¼ 0). Introducing the notations
nf ¼ N f × trγ 1;

u ¼ g2 =ð4πÞ2 ;

λ̄i ¼ λi =ð4πÞ2 ;

ð38Þ

one obtains the following one-loop renormalization constants
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where CF ¼ ðN 2c − 1Þ=2N c and


3
1 λ̄22 N 2c þ 3
λ̄1 N 2c þ 7 λ̄2
þ
þ
;
Nc −
Z4 ¼ 1 þ
2N c
8ϵ λ̄1 N 2c
ϵ 24
6ϵ


9
1
6 nf u2
λ̄2
þ λ̄1 −
Z5 ¼ 1 þ
:
ð40Þ
Nc −
Nc
2ϵ
ϵ λ̄2
12ϵ

ω ¼ 2ϵð1 þ OðN c =nf ÞÞ:

Since all eigenvalues of ω are positive, the critical point,
ðu ; λ̄1 ; λ̄2 Þ, is IR stable. Note that although λ̄1 < 0, the
scalar potential VðσÞ ¼ λ̄1 ðtrσ 2 Þ2 þ λ̄2 trσ 4 is positive
since λ̄2 þ N c λ̄1 > 0.
Numerical analysis shows that the stable critical point
exists for all N c if nf is sufficiently large. For large N c , the
necessary condition boils down to nf > 2N c .
Let us study the renormalization of four-fermion operators in this model. First, we note that the operators (1) are
not closed under renormalization, and one has to consider
the extended set of operators

For the index η, one gets
η ≡ 2γ q ¼ uCF þ Oðϵ2 Þ:

ð41Þ

The one-loop β functions take the form


N 2c þ 7
N 2c − 3
βλ̄1 ¼ λ̄1 −2ϵ þ nf u þ λ̄1
þ λ̄2
12
6N c


1 2
3
þ λ̄2 1 þ 2 ;
4
Nc


N 2c − 9
βλ̄2 ¼ λ̄2 −2ϵ þ nf u þ λ̄2
þ λ̄1 − 12nf u2 ;
6N c



nf N 2c − 3
;
βu ¼ 2u −ϵ þ u
þ
2N c
4
and for N c ¼ 2 (λ1 ¼ 0),


11
βλ̄2 ¼ λ̄2 −2ϵ þ nf u þ λ̄2 − 12nu2 :
24

1
ðq̄Γμn1 …μn qÞðq̄Γnμ1 …μn qÞ;
n!
1
Ôn ¼ ðq̄Γμn1 …μn ta qÞðq̄ta Γnμ1 …μn qÞ:
n!

On ¼

ð43Þ

XTn ¼ ðOn ; Ônþ1 ; Ônþ2 ; Onþ3 Þ;



d
N2 − 4
M
þ 2η þ Hn Xn ¼ −u c
Y ;
dM
2N c n

The matrix ωik ¼ ∂ gi gk at the critical point reads
CF ð2 − nÞ

B CF
B 2N ð4 − nÞ
B c
Hn ¼ 2u B
B
0
@
0

nþ1

0

ð49Þ

where the matrix Hn and vector Y n take the form
0

0

− 2N1 c ðn − 1Þ − N4c ðn þ 2Þ
− N4c ð3 − nÞ

ð48Þ

where n ¼ −1; 1; 3; … (of course, the operator On¼−1 in
X−1 has to be omitted.).
At the critical point, the RGE for the operators Xn can be
written in the form

ð44Þ

To find the other two couplings, we assume that nf ≫ N c ,
Then, one gets (up to OðN c =nf Þ terms)


96ϵ
1152ϵ
3


1þ 2 :
ð45Þ
;
λ̄1 ¼ − 2
λ̄2 ¼
nf
nf
Nc

0

ð47Þ

Hereafter, we assume that all fields have different flavors.
In order to write the anomalous dimension matrix, it is
convenient to organize the operators into the following
multiplets,

ð42Þ

For the critical u-coupling, one immediately gets
u ¼ 4ϵ=ðnf þ 2N c − 6=N c Þ þ Oðϵ2 Þ:

ð46Þ

1
2N c

n

2−n

For N c ¼ 2, the rhs of Eq. (49) vanishes and the
anomalous dimension matrix acquires a block-diagonal
form, with the block being equal to the matrix Hn . As could
be expected from the discussion in the previous section, the
eigenvalues of the block Hn do not depend on n, and the
anomalous dimensions take the following values:


9
3
γ ¼ 6u ; u ; 2u ; − u :
2
2

1

C
C
C
C;
CF
C
2N c ðn þ 3Þ A
CF ðn þ 1Þ
0

0

0

1

C
B
B ð4 − nÞÔn C
C
B
Yn ¼ B
C:
B ðn þ 3ÞÔnþ3 C
A
@
0

ð50Þ

For N c > 2, Eqs. (49) do not decouple for different n
and, although they can be reduced to the three term
recurrence relations, are still too complicated to be
solved analytically. The problem becomes more tractable
in the large N c limit. In this limit, N c → ∞, with N c =nf
being fixed, the operators with and without a hat
decouple from each other. Moreover, there is no
mixing within the operators On themselves so that each
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operator On evolves autonomously in this limit.
The anomalous dimensions of the operators On with
even n and odd n are

tk ðλÞ ¼

Z

γ −n ¼ u N c ð3 − nÞ þ Oðϵ2 Þ;

ð51Þ

ð52Þ

n

one finds that, if the coefficients cn satisfy the recurrence
relation
2λcn ¼ ncn−1 − ðn − 4Þcnþ1 ;

n

Ôλ¼1
Ôλ¼0

X
1
¼
ð−1Þ2nðn−1Þ ðn − 1Þðn − 3ÞÔn :

n

ð54Þ

n

All other solutions of the recurrence relation (53) have
the following form,
I
1
dz
ckþ5 ðλÞ ≡ tk ðλÞ ¼
ð1 − zÞ−3þλ ð1 þ zÞ−3−λ
2πi zkþ1



−k; 3 − λ 
k ð3 þ λÞk
−1 ;
¼ ð−1Þ
F
k! 2 1 −k − 2 − λ 
ð55Þ
where the integration contour encircles the point z ¼ 0.
Since the coefficients cn ¼ 0 for n < 5, the corresponding
eigenoperator is built from the evanescent operators only.
The functions tk ðλÞ are polynomials of degree k in λ, (anti)
symmetric under λ → −λ, tk ðλÞ ¼ ð−1Þk tk ð−λÞ. The
asymptotic of tk ðλÞ for large k reads

ðk þ 5Þ!
;
32k!

ð57Þ

with respect to the measure
λð1 þ λ2 Þð4 þ λ2 Þ
;
sinh πλ

ð58Þ

which coincides, by chance, with the measure (14). It
implies, in particular, that t2k ðiλÞ ∼ sk ðλÞ. We discuss it in
more detail in Appendix B.
In order to fix the allowed values of λ, we consider the
correlator of two eigenoperators. At the leading order it
takes the form
hÔλ ðxÞÔλ0 ð0Þi ∼ jxj−12þ8ϵ Rðλ; λ0 Þ;

ð59Þ

where the residue R is given by the sum [see Eq. (17)]

ð53Þ

then ðM∂ M þ γ λ ÞÔλ ¼ 0, where γ λ ¼ u N c ð1 − λÞ.
As was discussed in Sec. II, the solutions to (53) must
ensure that the correlator of eigenoperators hÔλ ðxÞÔλ0 ð0Þi
is finite.
For the “physical” operators (such that not all cn ¼ 0, for
n < 5), one easily obtains
X
1
Ôλ¼2 ¼
ð1Þn ð−1Þ2nðn−1Þ Ôn ;
X
1
¼
ð1Þn ðn − 2Þð−1Þ2nðn−1Þ Ôn ;

dλϰðλÞtk ðiλÞtj ðiλÞ ¼ δkj

ϰðλÞ ¼

Looking for the eigenoperator in the form
X
nðn−1Þ
ð−1Þ 2 cn Ôn ;

∞

−∞

respectively. At the same time, the operator Ôn satisfies
the following equation:

Ô ¼

ð56Þ

They form a complete orthonormal system,

2
γþ
n ¼ u N c ðn − 1Þ þ Oðϵ Þ;

ðM∂ M þ 2ηÞÔn
uN
¼  c ð−1Þn ½ðn þ 1ÞÔnþ1 þ ðn − 5ÞÔn−1 :
2

k2−λ
k2þλ
þ ð−1Þk
þ …:
Γð2 − λÞ
Γð2 þ λÞ

Rðλ; λ0 Þ ¼

X
ð−1Þk
k>0

k!
t ðλÞtk ðλ0 Þ:
ðk þ 5Þ! k

ð60Þ

The sum diverges unless Reλ ¼ 0. For imaginary λ the
correlator (59) exists in the sense of distributions. Thus the
anomalous dimensions of the operator Ôλ is complex,
γ λ ¼ u N c ð1 − λÞ.
One notices that there is a certain resemblance between
the anomalous dimensions of four-fermion operators in the
SUðN c Þ × SUðN f Þ GNY model and QED. Mixing among
evanescent operators results in a continuous spectrum. In
QED, the anomalous dimensions stay real, although negative, while in the GNY model they become complex. Of
course, it is not excluded that this effect is an artifact of the
one-loop approximation. Indeed, the spectrum is mainly
determined by details of the anomalous dimension matrix at
large n. At one loop, the matrix elements γ nm grow with n
as ϵn2 and ϵn in QED and in the GNY model, respectively.
One has all reasons to expect that higher-order corrections
will scale as ðϵn2 Þk and ðϵnÞk . Whenever ϵn, ϵn2 ∼ Oð1Þ,
these corrections have to be resummed. Such a resummation can drastically change the large n behavior of the
matrix elements.2
Finally, we consider an example to show that the
construction of operators with “good” scaling properties
is not always possible. Let On and O0n be the operators
introduced in Sec. III, Eq. (29). These two sets of operators
are related to each other by the Fierz transformation (30).
2

In QED, the anomalous dimension matrix in the physical
sector at two loops was obtained in [20].
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The correlators of the operators
f nm ðxÞ ¼ hOn ðxÞOm ð0Þi ¼ hO0n ðxÞO0m ð0Þi;
f 0nm ðxÞ ¼ hOn ðxÞO0m ð0Þi;

ð61Þ

are well defined in the perturbative expansion (here, for
definiteness, we consider QED model) and satisfy the same
RGEs. Namely, for φ ¼ f, f 0 one gets (at the critical point)
M∂ M φnm þ ðγφÞnm þ ðφγ T Þnm ¼ 0:

all these properties are likely to be true in general for
theories with fermions in d < 4 dimensions.
It is expected that in the d → 3 limit, these continuous
spectrum operators should somehow decouple from the
physical operators so that the evanescent operators can be
consistently put to zero. Clearly, this property is hard to check
within the ϵ expansion where only a few terms in the series
could be calculated. It seems that alternative approaches such
as the 1=N expansion are better suited for this purpose.

ð62Þ
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matrix γ, γ nm cm ðνÞ ∼ cn ðνÞ and second, the product
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one finds that while the first condition leads to the same
vectors cn ðνÞ, the normalization condition changes. Now it
reads (at the leading order in ϵ)
X
R0 ðν; ν0 Þ ∼
cn ðνÞΩnm ωm cm ðν0 Þ < ∞:
ð63Þ
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APPENDIX A: γ MATRICES IN d DIMENSIONS
The antisymmetrized product of γ matrices is defined as
ðnÞ

ðnÞ

Γμ ≡ Γμ1 …μn ¼

nm

The matrix Cnm ¼ Ωnm ωm is symmetric in n, m and grows
as ∼nm for large n and fixed m. It is easy to see that the
sums in Eq. (63) diverge for any ν; ν0. It means that while
f 0nm correlators satisfy exactly the same RGE as f nm , the
former cannot be brought to the form (24).
This statement can also be formulated as follows. The
matrix γ commutes with the matrix Ω, e.g., γΩ ¼ Ωγ.
However, while cn ðνÞ is an eigenvector of γ,Pit does not
belong to the domain of the operator Ω, i.e.,
Ωnm cm ðνÞ
diverges.
The conclusion is that in noninteger Q
dimensions, the
possibility of representing the correlator h k Ok ðxk Þi as a
sum of the correlators with “good” scaling properties
depends on the operators Ok in question.

1X
ð−1ÞP γ μi …γ μin ;
1
n! P

where the sum is taken over all permutations. Below we
collect some formulas which were helpful for the calculation. The effective technique for handling γ-matrices can
be found in Refs. [21,22]. Let us denote
ðnÞ

ðnÞ

Γn ⊗ Γn ≡ Γμ1 …μn ⊗ Γμ1 …μn :

ðA2Þ

Then one finds
γ μ Γn γ μ ⊗ Γn ¼ ð−1Þn ðd − 2nÞΓn ⊗ Γn
γ μ Γn ⊗ γ μ Γn ¼ Γn γ μ ⊗ Γn γ μ ¼ Γnþ1 ⊗ Γnþ1
þ nðd − n þ 1ÞΓn−1 ⊗ Γn−1
γ μ Γn ⊗ Γn γ μ ¼ Γn γ μ ⊗ γ μ Γn ¼ ð−1Þn ðΓnþ1Þ ⊗ Γnþ1
− nðd − n þ 1ÞΓn−1 ⊗ Γn−1 Þ:

V. SUMMARY
We have considered the renormalization of four-fermion
operators in the critical QED and extended GNY models.
The anomalous dimension matrix in both models is of
infinite size so that in order to make the diagonalization
problem well defined, additional restrictions have to be
imposed on the solutions. It is natural to demand for the
correlation functions of the eigenoperators to be finite in the
ϵ expansion, Eq. (2). By diagonalizing the anomalous
dimension matrix in both models, we found that in both
cases the spectrum is continuous and, for the extended
GNY model, complex. Moreover, we argued that not all
correlators can be expanded as a sum (integral) of contributions with specific scale dependence. We expect that

ðA1Þ

ðA3Þ

The Fierz identity in d dimensions has the form
γδ
Γαβ
n ⊗ Γn ¼

∞
X

γβ
Ωnk ðdÞΓαδ
m ⊗ Γm :

ðA4Þ

m¼0

The Fierz coefficients Ωnm can be written as follows [22]:
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nðn−1Þ mðm−1Þ
1
Ωnm ðdÞ ¼ ð−1Þ 2 þ 2 =tr1
2
× ½1 þ ð−1Þm þ ð−1Þn − ð−1Þnþm 

×

1 dn
ð1 þ xÞd−m ð1 − xÞm jx¼0 :
m! dxn

ðA5Þ
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The matrix Ω has to satisfy the consistency relation,
∞
X

Ωnm ðdÞΩmk ðdÞ ¼ δnk :

ðA6Þ

Next, we demonstrate that the polynomials in Eq. (11) and
(55) coincide, sn ðλÞ ∼ t2n ðiλÞ. Let us consider the recurrence relation,

m¼0

2λpn ¼ ðn þ 2μ − 1Þpn−1 − ðn þ 1Þpnþ1 ;

The series converges in the region n, k ≤ d and for other d,
it has to be understood as an analytical continuation [23].
With the help of the representation (A5), the sum in (A6)
can be easily evaluated resulting in δnk 2d =tr2γ 1. Thus the
consistency relation (A6) holds only if the trace of the unit
matrix is chosen to be [23],
trγ 1 ¼ 2d=2 :

ðA7Þ

Notice that this expression coincides with the dimensions
of the canonical (finite-dimensional) γ matrix representation only for even d.

which for μ ¼ 3 is the recurrence relation for the polynomial tn ðλÞ. The solutions have the form
I
1
dz
pn ðλÞ ¼
ð1 − zÞ−μþλ ð1 þ zÞ−μ−λ
2πi znþ1
 

−n;μ − λ 
n ðμ þ λÞn
 − 1 : ðB5Þ
¼ ð−1Þ
F
n! 2 1 1 − n − μ − λ 
After rescaling tn ¼ ð2μÞn =n!bn , the recurrence relation
takes the form
2λbn ¼ nbn−1 − ðn þ 2μÞbnþ1 :

APPENDIX B: HAHN POLYNOMIALS
Here we collected some basic facts about the dual
continuous Hahn polynomials, Sn ðx2 ; a; b; cÞ, which are
defined as [13]

Sn ðx; a; b; cÞ ¼ 3 F2

 
−n; a þ ix; a − ix 
1 :
a þ b; a þ c 

They satisfy the recurrence relation
ðAn þ Cn − a2 − x2 ÞSn ðxÞ ¼ Cn Sn−1 ðxÞ þ An Snþ1 ðxÞ;
where

ðB6Þ

After some algebra, it can be transformed to the equation
4ðλ2 − μ2 Þbn ¼ ðn þ 2μÞðn þ 2μ þ 1Þðbnþ2 − bn Þ
þ nðn − 1Þðbn−2 − bn Þ;

ðB1Þ

ðB4Þ

ðB7Þ

which involves the even/odd polynomials pn only. Having
put n ¼ 2k (n ¼ 2k þ 1) one find that (B7) coincides with
the defining relation for the continuous dual Hahn polynomials, Sk ðiλ; μ; 0; 1=2Þ for even n, and Sk ðiλ; μ; 1=2; 1Þ
for odd one. Taking into account the initial conditions
pn¼0 ¼ b0 ¼ 1 (b1 ¼ −λ=μ), one gets
 
−k; μ þ λ; μ − λ 
1

μ; μ þ 12



−2k; μ − λ 
ðμ þ λÞ2k

−
1
¼
F
ð2μÞ2k 2 1 1 − 2k − μ − λ 


Cn ¼ nðn þ b þ c − 1Þ;

3 F2

An ¼ ðn þ a þ bÞðn þ a þ cÞ:
They form a complete orthonormal system on L2 ðRþ Þ,
Z
1 ∞
dxwðx; a; b; cÞSn ðxÞSm ðxÞ
2π 0
Γða þ bÞΓða þ cÞ
¼ δmn n!Γðn þ b þ cÞ
; ðB2Þ
ða þ bÞn ða þ cÞn

and
 

−k; μ þ λ; μ − λ 
λ
1
F
μ3 2
μ þ 12 ; μ þ 1 



−2k − 1; μ − λ 
ðμ þ λÞ2kþ1

−
1
:
¼
F
ð2μÞ2kþ1 2 1 −2k − μ − λ 

where the measure function reads
wðx; a; b; cÞ ¼

jΓða þ ixÞΓðb þ ixÞΓðc þ ixÞj2
:
jΓð2ixÞj2

ðB3Þ

ðB8Þ

ðB9Þ

Having put μ ¼ 3 in the relation (B8), one finds
that sk ðλÞ ¼ 6ð2kÞ!=ð2k þ 5Þ!t2k ðiλÞ.
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