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Abstract

We study the evolution of double bubbles driven by the surface diffusion flow. At the triple junction
we use boundary conditions derived by Garcke and Novick-Cohen in [32] in the case of curves. These
are concurrency of the triple junction, Young’s law, that fixes the angles at which the three surfaces
meet, continuity conditions for the chemical potentials and balance of flux conditions. In [32], Garcke
and Novick-Cohen showed also short time existence in a Holder setting and Arab proved in [5] stability
of planar double bubbles moving due to surface diffusion flow. In this work, we generalize these results
to arbitrary space dimensions. Hereby, we will first apply our techniques to closed hypersurfaces to
illustrate them. The results for this situations were already proven by Escher, Mayer and Simonett in
[23] but with different methods.

For the short time existence result we consider reference triple junction clusters for which each hy-
persurface is a submanifold of R"*! of class C°t®. We then show that for triple junction clusters
that can be described as graphs over the reference frame with a combination of a height function
sufficiently small in the C*t®-norm and a tangential part, which is given as function in the height
function, there exists a solution in the parabolic Holder space C*+®1* %, To prove this we reduce the
problem via direct mapping to a fourth order, parabolic partial differential equation on the reference
frame. Hereby, the tangential part will contribute non-local terms of highest order. We then linearise
the problem around the reference cluster and firstly consider only the highest order terms. For the
reduced system we show existence of weak solutions with a Galerkin approach. Afterwards, we localize
the equations both around points in the interior of the hypersurfaces and on the triple junction. For
this problem we get well-posedness in a C4t®1+% _setting using classical results from Ladyzenskaja,
Solonnikov and Uralceva, cf. [38]. With compactness arguments we then identify the weak solution
locally as limit of solutions of the localized problem and thus get C*+® 1+ % _regularity for the weak
solutions. Using perturbation techniques we conclude this result also for the complete linear problem.
Finally, we get our existence result for the non-linear problem using a contraction mapping argument
where technical difficulties arise due to the non-local tangential part and the fully non-linear angle
conditions. Uniqueness of solutions remains an open problem.

In the second part of the work we show that if the reference surface is a stationary double bubble then
there is a ¢ > 0 such that for all initial data with C**®-norm less than o the solution constructed
above exists globally in time and converges to another stationary double bubble. This is done by
verifying a Lojasiewicz-Simon gradient inequality for the surface area. During this the non-local tan-
gential part causes crucial problems and has to be replaced by a local one. The proof of the gradient
inequality itself uses then the results of Chill, see [I3, Corollary 3.11]. Afterwards, we need to show
parabolic regularization of the flow using the parameter trick to get bounds in the C*°-norm for
arbitrary large k. With this the proof of stability can be carried out applying standard arguments.

Zusammenfassung

Wir betrachten Doppel-Blasen, die durch den Oberflichendiffusionsfluss evolviert werden. Auf der
Tripellinie verwenden wir die Randbedingungen, die von Garcke und Novick-Cohen in [32] im Kur-
venfall hergeleitet wurden. Dabei handelt es sich um die Erhaltung der Tripellinie, das Youngsche
Gesetz, welches die Winkel, in denen die drei Flachen auf einander treffen, festlegt, Stetigkeitsbedin-
gungen fiir die chemischen Potentiale und die Gleichheit der Ableitungen der mittleren Kriitmmungen
in Richtung der &uleren Konormalen. Garcke und Novick-Cohen zeigten in [32] auflerdem Kurzeitexis-
tenz in Holderrdumen und in [5] wurde von Arab Stabilitit planarer Doppel-Blasen, die sich auf Grund
von Oberflachendiffusion bewegen, gezeigt. In unserer Arbeit verallgemeinern wir diese Resultate auf
beliebige Raumdimensionen. Wir wenden unsere Methoden zuerst auf geschlossene Oberflichen an,



um deren Funktionsweise zu erklidren. Die Aussagen wurden fiir diesen Fall von Escher, Mayer und
Simonett in [23] mit anderen Techniken gezeigt.

Fiir die Kurzeitexistenz betrachten wir Referenzcluster, bei denen jede einzelne Oberfliche eine Un-
termannigfaltigkeit des R"*! mit Regularitit C°* ist. Wir zeigen, dass fiir alle Triplelinien-Cluster,
die sich mittels einer Hohenfunktion, die klein genug in der C**®-Norm ist, und eines Tangentialteils,
der als Funktion in der Hohenfunktion gegeben ist, als Graph iiber dem Referenzcluster schreiben
lassen, eine Losung in dem parabolischen Holderraum C*+*1* % existiert. Fiir den Beweis reduzieren
wir das Problem zu einer skalaren, parabolischen, partiellen Differentialgleichung vierter Ordnung auf
dem Referenzcluster. Dabei liefert der Tangentialteil nichtlokale Terme hochster Ordnung. Danach
linearisieren wir die Gleichungen im Referenzcluster und betrachten anfangs nur die Terme hochster
Ordnung. Fiir dieses Problem zeigen wir die Existenz schwacher Losungen mit einem Galerkinansatz.
Danach lokalisieren wir das Problem sowohl um Punkte im Inneren der Fliachen als auch um Punkte
auf der Tripellinie. Fiir die Lokalisierung erhalten wir Wohlgestelltheit in C4t®!*% durch Anwendung
der Resultate von Ladyschenskaja, Solonnikov und Uralceva, siehe [5I]. Mit einem Kompaktheitsar-
gument identifizieren wir die schwache Losung lokal als Grenzwert von Losungen des lokalisierten
Problems und erhalten damit auch C4+®1*%_-Regularitit fiir die schwache Lésunge. Durch ein
Storungsargument folgern wir hieraus das gleiche Resultate auch fiir das komplette linearisierte Prob-
lem. Schliellich erhalten wir das Existenzresultat fiir das nichtlineare Problem mittels des Banach-
schen Fixpunktsatzes. Hierbei entstehen technische Schwierigkeiten durch den nichtlokalen Tangen-
tialteil und die voll-nichtlinearen Winkelbedingungen. Eindeutigkeit fiir die Losung des geometrischen
Flusses bleibt ein offenes Problem.

Im zweiten Teil der Arbeit zeigen wir, dass es flir Referenzcluster, die stationire Doppel-Blasen
sind, ein o > 0 gibt, sodass fiir alle Anfangsdaten mit einer C**®-Norm kleiner oder gleich o die
gefundene Losung global in der Zeit existiert und gegen eine andere stationdre Doppel-Blase kon-
vergiert. Hierbei nutzen wir einen Ansatz mit einer Lojasiewicz-Simon Gradientenungleichung fiir
die Oberflichenenergie. Bei deren Beweis entpuppt sich der nichtlokale Tangentialteil als kritisches
Problem, weshalb er durch einen lokalen ersetzt werden muss. Die Ungleichung selbst kann dann mit
den Resultaten von Chill; siehe [I3, Corollary 3.11], gezeigt werden. Danach muss parabolische Regu-
larisierung des Flusses mit Hilfe des Parametertricks gezeigt werden, um Schranken in der C*°-Norm
fiir beliebig grofle k zu zeigen. Mit diesen ist die Stabilitdtsanalyse mit Standardargumenten moglich.



Acknowledgements

I would like to thank everybody who supported me academically and personally in the last four years.
Without all those great people this project would not have been possible.

First and foremost, I want to thank my supervisor Prof. Dr. Harald Garcke for suggesting the topic
of this thesis and supporting me in solving all arising problems during the project. He has also been
my guide through my whole academic adolescence beginning from my Bachelor thesis. Prof. Dr. Gar-
cke provided me with a lot of understanding and intuition for mathematics for which I am very grateful.

I would like to thank Prof. Dr. Helmut Abels who always found time to share his expertise with
me. In particular, the discussions about parabolic smoothing and the parameter trick were very help-
ful.

Furthermore, I want to thank Prof. Dr. Ralph Chill and PD Dr. habil. Mathias Wilke for the helpful
discussions concerning the Lojasiewicz-Simon gradient inequality.

I am very grateful to all the great colleagues I had around me at the faculty. They always cre-
ated an inspiring working atmosphere and I would like to name (in alphabetic order) the following
who became very important to me. Tobias Ameismeier is one of the most energetic people I have
ever met and him being around was always bracing. Christopher Brand inspired me with his broad
knowledge and interest for mathematics and all the discussions we had. I have worked together with
Dr. Julia Butz since our Master’s degree and during my time as PhD-student she was also a per-
son who enabled me a lot of perceptions. Matthias Ebenbeck is the kind of reliable and perfectly
balanced guy you do not want to miss as a friend. Dr. Hans Fritz was always like a mentor for me
and I grew personally from our conversations. Dr. Johannes Kampmann always had a sympathetic
ear for my questions and took a lot of time to discuss them. I shared a lot of research interests and
ideals about good mathematics with Julia Menzel and I enjoyed working and discussing with her.
Alessandra Pluda, Ph.D., inspired me with her geometrical intuition she shared with me during a
lot of nice Italian lunches. Maximilian Rauchecker was very supportive in all difficult situations and
always found time for me. Felicitias Schmitz was the best office mate one could imagine and my ideas
always caught fire with her. Dr. Johannes Wittmann’s unfailing joyful kind made the faculty a much
warmer place for me.

I gratefully acknowledge the financial support by the DFG graduate school GRK 1692 Curvature,
Cycles, and Cohomology in Regensburg. Also, I would like to thank all participating people for pro-
viding an interdisciplinary community.

Last but not least, I want to thank Dr. Markus Meiringer. During high school he gave me the
first impulses for mathematics and he is still a very dear friend to me.






Introduction

A geometric evolution equation is a law that either describes the evolution of a geometric object or a
geometric quantity of a fixed object. These kind of problems have both motivations from applications
in natural sciences and mathematics. With such equations one can describe for example crystal growth
(see e.g. [8]), two-phase flows of two mixed liquids (see e.g. [47]), and flame propagation (see e.g. [50]).
Also, they are used in image analysis, see e.g. [6]. Another very prominent application of geometric
flows in mathematics is given by Perelman’s proof of the Poincaré conjecture. In his work [46], the
author used the Ricci flow together with so called surgery techniques to give a complete topological
characterization of simply connected, closed 3-manifolds. This shows how broad the possibilities in
this subject are.

For this thesis we are interested in evolution laws that describe evolution of geometric objects. Typical
examples for such are the mean curvature flow

Ve = Hr), (MCF)
the surface diffusion flow,
Vi) = —Arw Hr, (SDF)
and the Wilmore flow
1
Vo) = =Ar Hra) = Hr e * + 5 Heg): (WF)

Hereby, I'(t) denotes an evolving hypersurface, Vp(; its normal velocity, Hp) its mean curvature,
Ar(;) the Laplace-Beltrami operator and I/ ;) the second fundamental form. From these evolution
laws we see directly a general problem of these flows. They only fix the normal velocity and so these
problems are degenerated as motion laws for the particles of the surface. So, to get a well-posed prob-
lem of the geometric object one has to restrict freedoms in the tangential motions. In [44, Proposition
1.3.4] it is proven that for manifolds without boundary solutions of the mean curvature flow with
different tangential parts are equivalent up to reparametrisation. This result can be generalized to
general flows but things are more complicated when manifolds with boundaries are involved. Near the
boundary we cannot completely ignore tangential parts as a reparametrisation has to map boundary
points to boundary points. Before we now move to our problem we want to mention that writing
these problems in local coordinates results in quasi-linear systems which makes them more difficult
then they look at first glance.



1 Introduction

In this thesis we study motion by surface diffusion flow. This law was first proposed by Mullins
[45] in 1957 to model the motion of grain boundaries of a heated polycrystal. This was identified by
Cahn and Taylor in [IT] for closed hypersurfaces as H ~!-gradient flow of the surface energy and also
linked by Cahn, Elliott and Novick-Cohen in [I0] with the Cahn-Hilliard equation with degenerate
mobility as its sharp-interface limit. Short time existence and stability of stationary points was dis-
cussed by Elliott and Garcke in [22] for closed, planar curves and generalized to the higher dimensional
case by Escher, Mayer and Simonett in [23]. Finally, we want to give an overview on some results
concerning long time behaviour. For mean curvature flow one can observe typical properties linked
to maximum principles. For example, Grayson showed in [34] that a smooth embedded planar curve
preserves this properties and becomes convex in time. This can be combined with the work of Gage
and Hamilton [26] where the authors showed that a convex curve in the plane moving due to mean
curvature flow remains convex and shrinks to a round point. This is both false for surface diffusion
flow as it was proven by Giga and Ito in [27] [28].

Figure 1.1: The picture shows the considered kind of triple junction cluster. In total, there are three
hypersurfaces. In this illustration these are the two spherical caps and the flat blue area.
The red line marks the triple junction, which is the boundary of all three hypersurfaces.
Note that if the two enclosed volumes are unequal the blue surfaces will normally bend
into direction of the larger volume.

Now we want to talk about the geometrical situation studied in this thesis. We will consider three
embedded, oriented, compact, connected hypersurfaces I'',I'2,T'® in R™ that do not intersect with
each other. Furthermore, their boundaries coincide, that is

ort =or? =or? .= 5,

and so they meet each other in a triple junction ¥. The most prominent example for this kind of
geometry is the so called standard double bubble that was proven in [36] to have the best ratio between
its surface area and the enclosed volume. We will now consider an evolution

[(t) := TH(t) UT?(t) UT3(t) U B(t),

that fulfils at every time (SDF) and in addition on 3(¢) the boundary conditions

AT (t) = ar2(t) = oT3(t) = B(t), (CC)

A(VFi(t)vl/Fj(t)) :eka (Z’]ak) € {(17253),(2737 1)7(37172)}7 (AC)

Y Hroy +7*Hre ) +7° Hrs gy = 0, (CCP)

Vi Hriy - vrie) = Ve Hrz) - vre) = Vs Hre ) - Vrs(o)- (FB)
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Here, vri(;) denotes the outer conormal of Ié(t), v1,v2,+> constants determining the energy density on
the hypersurfaces I'*(¢) and 01,602,603 € [0, 2] given angles, that are actually given by the 4%. Indeed,
the condition (AC) is equivalent to Young’s law

sin(@')  sin(6%)  sin(6?)

,-Yl ,}/2 73

)

that was derived in [54] as balance of mechanical forces. The condition (CCP) results from continu-
ity of the chemical potentials at the triple junction and (FB) are the flux balances. (CC) gives the
concurrency of the triple junction during the flow. For the motivation of these boundary conditions
as sharp interface limit of a Cahn-Hilliard equation with degenerate mobility see [32].

We will prove two main results in this thesis. The first one is short time existence in a Holder
setting for triple junction clusters that are for some o € (0,1) close enough in the C**®-norm to a
C5+o reference surface. Hereby, we follow the ideas from [32], which were also applied in [31]. In
these works the authors linearised the problem over a fixed reference frame and then used directly
the results from [38]. The non-linear analysis is then as usual based on a contraction argument using
Banach’s fixed-point theorem. In our situation we get more complications due to the higher space
dimensions. In contrary to curves general manifolds cannot be written as parametrisation over one
domain in R™. Thus, we can apply [38] only locally and we therefore need to construct a global weak
solution and connect both problems using compactness arguments. Additionally, there are three other
main problems in the analysis we want to explain. Firstly, as mentioned before, we have to reduce
the tangential freedom to get a well-posed problem. Hereby, we use the ideas from [I9] and as a
consequence we get non-local terms in highest order. The authors observed that in the linearisation
of their equations all non-local terms appear only in lower order. We want to emphasise that this
is natural for the linearisation in the reference frame of expressions caused by tangential terms in
curvature quantities. Thus, in the linear analysis of curvature flows we do not expect non-local terms
to cause technical problems in general. For the non-linear analysis the authors of [I9] modify theory
for fully non-linear equations from [42]. In our work, we want to show that this is not necessary and
we can use directly the quasi-linear structure of the non-local terms. The second difficult aspect are
the angle conditions (AC). They will lead to a fully non-linear boundary condition for which we need
techniques from [42]. Also, this will cause essential problems proving parabolic smoothing. Thirdly,
in the weak analysis of the linearised problem we get an energetic problem with the inhomogeneities
of all lower order boundary conditions. These have to be included in the end using perturbations
techniques. As final comment we want to remark that we expect that the application of maximal
L,-regularity like they were used in [49] is in principle possible. But as we have boundary conditions
of mixed orders we cannot apply the results directly.

The second main result of this thesis is that the evolution due to surface diffusion of triple junc-
tion clusters close to stationary double bubbles will exists globally in time. Furthermore, the flow
converges to another stationary double bubble. This was already proven in [5] for planar double bub-
bles. The author used there the generalized principle of linearised stability which is also applied in
related works. Depner proved in [I6] linearised stability of mean curvature and surface diffusion flow
with boundary contact and with and without triple lines. Abels, Garcke and Miiller proved in [1] sta-
bility of spherical caps evolving due to Wilmore flow. A different approach was used in [23] where the
authors used centre manifold analysis to prove stability of stationary points of surface diffusion flow
on closed hypersurfaces. Both methods are difficult to apply in our situation as one needs a precise de-
scription of the set of equilibria of the flow. In [5] the author was able to give one in the case for planar
double bubbles. But there the triple junctions are only points. In higher space dimensions they itself
will be non-trivial geometrical objects causing more degree of freedoms in the set of equilibria. Thus,
we used an approach with a Lojasiewicz-Simon gradient inequality. Hereby, one uses the fact that once
such an inequality is proven we get estimates for the time derivative, cf. [I4] Section 4] for a detailed
explanation. In [I3] the author gave a general result concerning prerequisites for a Lojasiewicz-Simon
gradient inequality to be true. To use this in most situations a more practical version this results was
written down by Feehan and Meridakis in [25]. This method is easy to apply and was for example also

11



1 Introduction

used in situations with higher codimensions, cf. [I4] and [I5]. In our work several aspects made the
application more complicated than in the mentioned works. Firstly, most authors consider L2-gradient
flows. Our problem is related to a H~!-flow but the gradient flow structure itself is not clear. Thus, we
have to do some modification in the stability argument. Secondly, due to the higher space dimensions
one cannot work in the natural function spaces one would expect. In these spaces the geometric objects
cannot guaranteed to be C2-manifolds. To solve this complicated interpolation arguments are needed.
Thirdly, the non-linear boundary conditions on the triple junctions are difficult to fit in the classical
setting of [13, Corollary 3.11.]. In [I5] the authors considered open curves with clamped boundaries.
This results in linear boundary conditions which are much easier in their analysis. Finally and most
critical is the tangential part of the flow. During our work we realized that a non-local tangential
part will not be suitable to work with and so we have to replace it later in the work with a local version.

As an outlook we want to give some examples of further questions related to the topic which are
not discussed in this thesis. The short time existence results remains open for general C*+®-surfaces.
Here, suitable approximation results for triple junction clusters like they were proven for closed hy-
persurfaces in [49] are needed. Additionally, like in many higher dimensional situations the question
for existence and uniqueness for the original geometric problem remains unanswered.

Lastly, we give a brief overview concerning the structure of this thesis. In Chapter 2 we will ex-
plain basic notation used in this thesis, recall necessary results from function analysis and give an
overview of function spaces on manifolds we will use. In Chapter 3 we motivate our strategy to prove
short time existence by applying it on closed hypersurfaces. This result was already proven in [23] with
other methods. In Chapter 4 we will then use this methods on triple junction clusters. In Chapter
5 we will show stability of stationary points of surface diffusion flow on closed hypersurfaces. This
results was also already proven in [23] with other methods. Finally, we will prove stability of standard
double bubbles evolving due to surface diffusion flow in Chapter 6.

12



Preliminaries

2.1 Notation Conventions

Throughout this thesis we will work with two different kinds of time-evolving geometries: either
closed (i.e. compact and without boundary), embedded, connected, orientable hypersurfaces or triple
junction surface clusters of three compact, embedded, connected hypersurfaces. We will denote in
both cases by I'(t) the geometric object at time ¢. In the case of closed hypersurfaces we will denote
by 2 the volume enclosed by I'. In case of triple junction manifolds we will denote by I'*,I'2 and I'3
the three hypersurfaces and by X(t) the arising triple junction, that is

Y(t) = o (t) = aT%(t) = ar3(t).

Two of the hypersurfaces will always form a volume containing the third hypersurface, which we will
choose to be I''. By Q15 and Q3 we denote the volume enclosed by I'' and I'? resp. I'' and I'3.
We choose the normals of the hypersurfaces, which we will denote in both cases by IV, such that the
normal of I'; points in the interior of Q12, the one of I'? outside of Q12 and the one of I'® into the
inside of ©13. The outer conormals will be denoted by v.

Furthermore, we use the standard notation for quantities of differential geometry, see for example
[37] or the second chapter of [16]. That includes the canonical basis {9;}i=1,.. , of the tangent space
T,I' at a point p € I' induced by a parametrisation ¢, the entries g;; of the metrical tensor g, the
entries g/ of the inverse metric tensor g—!, the Christoffel symbols F; & » the second fundamental form
I1, its squared norm |I/1|* and the entries h;; of the shape operator. We use the usual differential
operators on a manifold I', which are the surface gradient Vp, the surface divergence divp and the
Laplace-Beltrami operator Arp(cf. [16, Section 2.1]).

By p we will denote the evolution in normal direction and by u the evolution in tangential direction,
which we will use to track the evolution of I'(t) over I'y via a direct mapping approach. T', resp.
I', , will denote the (triple junction) manifold that is given as graph over T, cf. and .
Sub- and superscripts p resp. p on a quantity will indicate that the quantity refers to the manifold
Iy ;.. Hereby, we will normally omit ;& as long it is given as function in p. An asterisk will denote an
evaluation in the reference geometry. Both conventions are also used for differential operators. For
example, we will write V, for Vr  and V., for Vr,. We will denote by J, the transformation of the
surface measure, that is,

dH™(T,) = J,dH"(T.).

13



2 Preliminaries

If we index a domain or a submanifold in R™ with a T or ¢ in the subscript, this indicates the
corresponding parabolic set, e.g., I'r = T x [0,7]. With an abuse of notation, in most parts of the
work we will not differ between quantities on I', , and the pullback of them on I'.. In the parts
dealing with triple junction manifolds the index ¢ will be used to indicate that a quantity refers to the
hypersurface I'". A quantity in bold characters will refer to the vector consisting of the quantity on
the three hypersurfaces of a triple junction, e.g., p = (p!, p?, p%).

For the used function spaces we want to clarify that a subscript (0) denotes in the case of closed
hypersurfaces a mean value free function and for a function p on a triple junction manifold I" the

condition
/ prdH™ = / prdH™ = / pPdH™.
T1 T2 T3

Also, we denote by f,. fdH™ the mean value of a function f € LY(T), that is,

]ifd?-l” = Area(l")_l/rfd’;'-{".

If T is a triple junction manifold then the subscript TJ in a function space will indicate that the
function space has to be read as product space on each hypersurface. For example, we write

L% ,(T) := L*(T") x L*(T?) x L*(T'®).

In the chapter about stability we follow the notation of [I3]. In particular, E : V' — R denotes an
energy functional (in our case just the surface area) on a Banach spaces V', M its first derivative and
L£(0) its second derivative at point 0. Hereby, we will always consider £(0) as function on V with
values (on a subset of) V’.

Finally, we will always use the convention of dynamical constants. This will also be used for coefficient
functions of lower order terms. The latter will be introduced in Section .4

2.2 Some Important Results from Functional Analysis

During this thesis, a lot of problems will be dealt with by using the implicit function theorem for
functions between Banach spaces. Therefore we want to mention the following version from [55]
Theorem 4B].

Proposition 2.1 (Implicit function theorem of Hildebrandt and Graves).
Suppose that:

i.) the mapping : : U(zo,y0) C X XY — Z is defined on an open neighbourhood U(xg,yo), and
F(zo,y0) =0, where X,Y, Z are Banach spaces over K € {R,C} and zg € X,yp € Y.
it.) OyF exists as a partial Fréchet-derivative on U(xo,yo) and 0y F(x0,y0): Y — Z is bijective.
iti.) F and OyF are continuous at (xo,yo).
Then, the following are true:

a.) Existence and uniqueness: There exist positive numbers ro and r such that for every x € X
satisfying ||x — xo||x < ro there is exactly one y(x) € Y for which ||ly(z) — yolly < r and
F(z,y(z)) = 0.

b.) Continuity: If F is continuous in a neighbourhood of (xo,yo), then y(-) s continuous in a
neighbourhood of x.

c.) Continuous differentiability: If F is a C™-map on a neighbourhood of (xo,y0), 1 < m < oo,
then y(.) is also a C™-map on a neighbourhood of xg.

For our work on stability, analyticity of functions between Banach spaces is an important concept. To
define it, we first have to introduce so called power operators.

14
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Definition 2.2 (Power operator).

Let X and Y be Banach spaces over K € {R,C}. Let there be given a k-linear, bounded operator
M: X x---x X =Y which is symmetric in all variables. A power operator of degree k is created
from setting for all m,n € {0,1,....k} withm+n=%k and z,y € X

Max™y" == M(x,..,2, y,...,y ).
S—— Y——

m times n—times

Definition 2.3 (Analytic Operators between Banach Spaces).
Let Z and Y be Banach spaces over K and T : Z D D(T) — Y defined on an open set D(T).

i.) T is called analytic at zg € D(T), if there is a sequence {T}}ren, of power operators of degree
k together with an open neighbourhood U of zy € D(T') such that for all z € U the series

Sz = ZTk(z — z)F (2.1)

k=0

exists and we have Sz =Tz for all z € U.
ii.) T is called analytic on an open subset V.C D(T), if it is analytic at every point zo € V.

Remark 2.4. Note that if T is analytic at a point zg, this implies that T is analytic in an open
neighbourhood of zo, cf. [55, p.98].

Very important for our work will also be that the implicit function theorem inherits also analyticity,
which is Corollary 4.23 in [55].

Corollary 2.5 (Analytic version of the implicit function theorem).
If in the situation of Propositz'on the function F is also analytic at (xo,yo0), then the solution y is
analytic at xg as well.

The last thing we want to mention is the following fact about compact perturbations of Fredholm
operators, which is Proposition 8.14(3) in [55].

Proposition 2.6 (Compact perturbation of Fredholm operators).
Let X, Y be Banach spaces, B : X — Y a Fredholm operator and C : X — Y a compact operator.
Then the sum B+ C : X — Y is also a Fredholm operator and the Fredholm index satisfies

ind(B + C) = ind(B). (2.2)

2.3 Function Spaces on Manifolds

In this section we want to introduce the two most important function spaces on manifolds we will use.
These are Sobolev and parabolic Holder spaces. In this section, (T',.4) will always be a compact, ori-
entable, embedded submanifold I' of R"*!, either with or without boundary, together with a maximal
atlas A.

2.3.1 Sobolev-Spaces on Manifolds

Definition 2.7 (Sobolev spaces on manifolds). Let T be of class C7,j € N. Then we define for
keNk<j,1<p< oo the Sobolev space W P(T') as the set of all functions f : T — R, such that for
any chart p € A, : V — U with V. C T,U C R" the map f oo™t is in W*P(U). Hereby, W*?(U)
denotes the usual Sobolev space. We define a norm on W*P(T') by

I lwenwy = D_IF o 07 Hlwenw,, (2:3)
i=1

where {¢; : Vi = U; }iz1,...s C A is a family of charts that covers T.
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Remark 2.8 (Equivalent norms on W*»(T)).

i.) The norm on W*P(T') depends on the choice of the p; but for a different choice we will get an
equivalent norm as the transitions maps are C7.

ii.) For the space WLP(T) we will use the norm

1l = ( [1vesr+ Ifl”dH”> " (2.4)

Equivalence to follows directly from the representation of the surface gradient in local
coordinates.

iii.) As usual we will write H*(T) for W*2(T).

We want to make some further remarks on three properties of these spaces. The first one is a sufficient
condition such that we get a Banach algebra structure.

Lemma 2.9 (Banach space property of Sobolev spaces).
Let T be smooth, k € N;1 < p < 0o, and assume that

2n

Then, W*P(T) is a Banach algebra. In particular, H*(T') is a Banach algebra for k > n.

Proof. Tt is enough to show the result in local coordinates. So, we consider for a bounded domain V'
two functions f, g € W*P (V). For any multi-index o with |a| < k the partial derivative d,(fg) is due

to the Leibnitz rule a sum of terms of the form 9% f9*2g with |a;|+|az2| = |a|. As each derivative of f
and g is in LP(V) it is enough to guarantee that W*?(V) — cls] (V). Using the Sobolev embedding
this is true as long as (2.5)) is fulfilled. O

For the next two results we will consider a triple junction cluster I'. For a differentiable manifold the
Poincaré inequality is well known, cf. [35, Theorem 2.10]. This can also be used for each surface of
I'. But by imposing additional boundary conditions one also can guarantee a version for the whole
cluster.

Proposition 2.10 (Poincaré-type inequality on triple junction manifolds).
Let v* > 0,1 =1,2,3. Consider the space

3
E ,ylpl — 07/ pldHn _ / deHn — / p3d7_ln} . (26)
i—1 1 2 3

Then, there is a constant C' > 0 such that for all p € £ we have

&= {P € Hy,; ()

lpllzz @) < ClIVrpllLz - (2.7)

Proof. This was proved in |16, Lemma 4.29] for the situation with boundary contact. The proof only
uses the structure at the triple junction and therefore can also be used in our situation. O

For the study of weak solutions we will need an Ehrling-type lemma.

Proposition 2.11 (Ehrling-type lemma on triple junction).
For every € > 0 there exists a C. > 0 only depending on € such that for all u € H}J(I‘) it holds

ull2s) < el Vrullpz ) + Cellullrz () (2.8)
Proof. Assume by contradiction that for some € > 0 there is a sequence (wy,)n,en C Hi;(T') with

[l 2y > el Vodinllzz o + nlldalss, - (2.9)
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2.3 Function Spaces on Manifolds

Then consider for all n € N the function w,, := u,, - ||1]n\|221(2)3. Note that due to (2.9) this is well
defined. Now, multiplying (2.9 with H'EnHZzl(E)g implies that

T

() JF”|\Un||L§J(r)~ (2.10)

From this we conclude that (w,)nen has to converge to 0 in L% (') and that [Vrun|zz ) is
uniformly bounded by % Thus, (w,)nen is bounded in H (") and consequently there is a subsequence
(Wn, )ren converging weakly to a w € H}.;(I'). Due to the compact embedding H7}.;(T') — L% ,(T)
this sequence converges strongly in L2 ;(T') and by uniqueness of limits this shows that w = 0. Using
compactness of the trace operator we see that w,, also converges strongly in L2 ;(X)? to 0. Now, this
is a contradiction as we constructed u,, to be normalized in L2 ,(¥)? and therefore we conclude our
claim. O

The last thing we want to mention concerning Sobolev spaces is the space ™. In the case of a closed
hypersurface I" this denotes the dual space of £ = H (10)(F) and in the case of triple junctions the dual

space of £ from . As we showed above we have a Poincaré inequality on both spaces and therefore
an equivalent inner product on these spaces is given by the L?-product of the surface gradients. Using
the Riesz isomorphism we can identify the elements of H~! with &, that is, for every f € H~! there
is a unique p € &£ with

/er,o-vacm" = f() V€& (2.11)

But this is nothing else but the weak formulation of
—Arp=f on Iy, (2.12)

in the closed case and otherwise the weak formulation of

—Aript = f° onTi i=1,23, (2.13)
pt+p+pP =0 on X, (2.14)
Dpipt = 0,2p% = 0,5p° on X. (2.15)

Therefore, we will write for the element from the Riesz identification (—Ar)~!f and get the inner
product on H~! by

(f. ghor = / Vr((—Ar) 1 f) - Vr(—Ar) )K", f.geH L. (2.16)

We will later need the following interpolation result.

Lemma 2.12 (Interpolation between H ! and H?).
Let T be either a closed hypersurface or a triple junction cluster. Then we have for all p € € that

o7y < el @ llela - (2.17)

Proof. We will only consider the case of triple junctions as the closed case works alike without boundary
terms. Using the properties of (—Ar)~! and the Cauchy-Schwarz inequality we get

3 ] .
/Fp2d7-l" = Z./r —Ari ((—Ap)_lp)zpld';’-l"
i=1
3 , _ 3 o
= VFz’ ((—Ar)ilp)l . szpldr}{n - /2‘: vai ((—Ar)ilp) . leld,}'[n71
= i=1
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= Z VFi Ar)ilp)i : Vpipidan

< ||p||H—1(F)||p||H1(F)~

This shows the claimed estimate. O

2.3.2 Parabolic Holder-Spaces on Manifolds

Now, we want to move on to the second kind of important function spaces, the parabolic Holder
spaces. It is both possible to introduce these spaces on manifolds in local coordinates, e.g. [42] p.177],
or without, e.g. [19]. We prefer the first approach as we want to use local results. We will first
introduce these spaces on a bounded domain 2 in R™ with smooth boundary 992. For this, we first
need for o € (0,1),a,b € R the two semi-norms for a function f : Q x [a,b] — R given by

[f(z1,t) = f(x2,1)]

<f> ot = sup
o z1,22€Q,tE€[a,b] |£E1 - x2|a
t t
(= sup (@, t1) = f(j 2)|
2€Q,t1,t2€[a,b] [t1 — to]

Now, we define for k, k' € N;a € (0,1),m € N the spaces

COQ x [a,0]) := {f € C(Q x [a,b])[{f)z,0 < 00},
[ fllceo@x(ap) = 1fllso + (flaa
Co(Q x [a, b]) ={f € C(Qx [a,0)[(f)t,a <00},
[fllco.a@xian) = 1 Flloe + {Ft.ar
CF+a0(Q x [a,b]) := {f € C(Q x [a,b))|Vt € [a,b] : f € C*(),
VB eNG, |8l < k:05f € C™(Qx [a,b])},
I flloran@xiasy = 2 105 Flloo+ Y (OFwar
|BI<k |8l=k
CRHo S5 (O x [a,b]) == {f € C(Q x [a,b])|V8 € NI',i € No,mi + |B| < k :
005 f € C™O(Q x [a,b]) N CO T2 (Q x [a, b))},
Il hretste gy = 2o (llaéaﬁflloo 10051 o ezomprictan (Qx[a,bp)

0<mi+|8|<k

+ Z ||af5§f||caw0(§2x[a,b])~
mi+|B|=k

Hereby, we denote by 8;; a partial derivative in space with respect to the multi-index 3 and 9} the
i-th partial derivative in time. The parameter m corresponds to the order of the differential equation
one is considering and in our work it will always be four. Now, we can also define parabolic Holder
spaces on submanifolds as follows.

Definition 2.13 (Parabolic Holder spaces on submanifolds).

Let T' be a C"-submanifold of R™, either wzth or without boundary. Then we define for k € Ng, k <
r,a € (0,1),a,b € R,m € N the space Chta, 55 “(T x [a,b]) as the set of allfunctions f:T =R such
that for any parametrisation ¢ : Q@ — V C T' we have that f oy € Chta i = (Q % [a, b]).

Remark 2.14 (Traces of parabolic Holder spaces).

On the boundary % of I' we may choose ¢ to be a parametrisation that flattens the boundary. From
this we see that

f c Ck-‘ra,k/-l—o/ (F « [a,b]) . f|2><[a1b] c Ck—i—a,k’-&-ou (E » [a’bD
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2.3 Function Spaces on Manifolds

Remark 2.15 (Hélder regularity in time for derivatives).

In some works these spaces are introduced with lower Hélder regularity in time for the lower order
derivatives, cf. [42] and [19]. Actually, this approach is equivalent due to interpolation results for
Hélder continuous functions, cf. [42, Proposition 1.1.4 and 1.1.5].

The following properties are proved only in the case of parabolic Hélder spaces on bounded domains
of R™. Due to the definition in local coordinates they are also true for parabolic Hélder spaces on
submanifolds.

Like in most works on well-posedness, product estimates will also be crucial in our work. Regarding
this, we have very good properties in parabolic Holder spaces.

Lemma 2.16 (Product estimates in parabolic Holder spaces).
Let k,m e Nya € (0,1) and f,g € Ch+a s 2 (Q % [0,T]). Then we have

fg € CrHroSE (@ x [0,T]), (2.18)
and furthermore we have that

< |/l (2.19)

1l s e 9]l

k4 — k+oa —
(@x[0,T]) crte 5T @xo, ) ekt TR (@x[0,1))’

7. (IIfII vro 52 oy ll0ne + I losolol e g o ) (220

Proof. Using again the Leibntz rule we see that all partial derivatives, that exist for f and g, exist
also for fg. Furthermore, we note for x,y € Q,s,t € [0,7] and any & that

1/l < 1Ifllocllglloo,
((f9)(@, ) = (Fg)y, D _ |f(x, )] -19(z,t) = g(y, O] + | [z, 8) = fly,D)] - 19y, 1)

|z —y|* - |z —y|*
< A=l e =Pl gy
|(fg)(x78) — (fg)(x7t)| < ‘f($,8)| i |g(x,s) - g(:v,t)\ + |f($7s) - f(y7t)| ) |g(1‘,t)|
s — ¢ N |s —t]@
lg(z,s) —g(@,t)| | |f(z,8) = fz, 1)
— ||f||<>0 | t|o‘ + |S—t|6‘ ||g||00

These can be applied on all derivatives to derive ([2.20)). Then, (2.19) is just a weaker statement, which
often will be enough for our calculations. O

A very important fact, which allows us in many situations to study only the highest order terms, is
the following contractivity property of lower order terms. We will prove this only in local coordinates
but due to the definition of parabolic Holder spaces this is also true for submanifolds of R"™.

Lemma 2.17 (Contractivity property of lower order terms in parabolic Holder spaces).
Let Q C R"™ be a bounded domain with smooth boundary and

k' €{0,1,2,3,4}, K < k,a € (0,1),a,b € R.

Then, we have for any f € Ch+a g ™ (Q x [a,b]) that

, < (G —a)® ta . .
||f||ck/+a,k £ o) = Hf’t:anck +a@) T C(b—a) ||f||ck+a,kj; @x[at]) (2.21)
Hereby, the constants C' and & depend on o, k, k' and Q. Especially, if f|t:a =0, we have
Vte <C(b-— 2.22
90 g gy < OO @IS g (222)
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Proof. Note that due to k" # 4 the space C* o e (9 x [a, b]) will not contain any partial derivatives
in time. In the following, 825 f will denote any derivative in space with respect to a multi-index S with

|8] < k'. For the three different parts of the norm in C*+o: e (Q x [a,b]) we get

\IBH
195l < sup |05£ (2,0)] + (b = @) 505 _, e
€
< 162 O k*\lZHa
<1957, @lloo + Clb = @) TF 2Nl g

A

<a/§f>:c,o< = Slup ||313§f||oo

i=1,...,n

ZIBl=1ta
< (3 5 y [e’e) b* —18l-1+a _
< s (1005l + 0= @) 005 i)
< - b k*\ﬂL*l«#&
<17 @lorro@ + 0= TN e
x ‘8$f($,t1)—81f($7t2)|
<8,3f>t K=l8lta = SUp - k’—ﬁ\/ﬂ+a
o4 x€Q,t1,ta€a,b] [t1 —to| 2
ewt [0 f(,t1) — OF f (2, 12)|
= _sup (1 —te) 7 =~ k |Bﬁ|+a
zEQ,tl,tze[a b] ‘tl — t2|
<(b-—a)" o < (b— _ .
< (=) (5], oo oigise < (=) e B (@ fa b))
Together this shows the claim. O

As a final remark of this chapter we want to mention that we sometimes identify Sobolev and Holder
spaces (in local coordinates) with Besov spaces, especially to use interpolation and composition results.
As we do not need them on manifolds we will not introduce them here but they can be found, e.g., in
[53].
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Short Time Existence for the Surface Diffusion Flow of
Closed Hypersurfaces

In this chapter we want to prove a short time existence result in a Holder setting for the motion of
closed hypersurfaces evolving by the surface diffusion flow. The result itself was already proven in [23]
but we want to demonstrate the ideas of [19] in an easier setting before moving on to a triple junction
geometry. We prove the following result.

Theorem 3.1 (Short time existence for the surface diffusion flow on closed hypersurfaces).

Let T, be a closed, oriented, embedded hypersurface in R™"*t1. Then, there is an eg > 0 and a T > 0
such that for all hg € C*2(T,) with ||ho|| < € a solution of the surface diffusion flow with initial
surface L'y, exists up to time T'.

3.1 Surface Diffusion as Gradient Flow

As we mentioned in Chapter 1, surface diffusion was suggested in the fifties by Mullins to describe
the evolution of grain boundaries of heated polycrystals. From a mathematical point of view this
motion law has the structure of a gradient flow of the surface area. We want to explain this in more
detail. Consider the set MH™ of all C2-hypersurfaces in R"*!1. In [48] it was proven that this has
the structure of a Banach manifold, where locally around a C3-hypersurface I', a parametrisation of
MH" is given by using C?-distance functions on I',. Precisely, the authors showed that for any other
surface I' € MH" that is close enough in a C%-sense there is a p € C%(T'*) with

I'={x+p(x)N(z)|lz € T.}. (3.1)

In this section, I', will always refer to the hypersurface given as graph over I, via . This shows
that one can identify the tangent space of MH™ at I'* with normal velocity fields of class C2. This is
also true for a C?-surface as by definition it is given as C?(I'*) and we can identify the normal velocity
fields of T and I', as long as

N.(z) - Nr(z + p(x)N(x)) # 0, Vo € I,. (3.2)

This is guaranteed for all p small enough in the C*-norm as the normal field depends continuous on
p and its first order derivatives, which we will see in more detail in Chapter [5] Lemma [5.9] Now
restrict this set to the submanifold N'H" of all hypersurfaces enclosing the same fixed volume V.
Due to Reynolds transport theorem we get that a motion in N'H™ requires the normal velocity to be
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3 Short Time Existence for the Surface Diffusion Flow of Closed Hypersurfaces

mean value free. On 020 (T') we have a Poincaré-inequality and so the H~!-product is well-defined on

TrNH", cf. Section Consider now an evolution I'(¢) in NH". Then, we have for the evolution
of the surface area Area(I'(t)) that

d — n
%A(t) = / —Hp(t)VF(t)dHn = / _HF(t)(_AI‘(t))((_AF(lt))VF(t))dH
I'(t) r'(t)

= /F(t) Ve (=Hrw) - Vew (A5 Vew) = Brw Hreas Vo) w-r- (3.3)

This shows now that in N'H" the H ~!-gradient flow of the surface area is given by the evolution law

Vi) = —Are Hrg)- (3.4)

3.2 Transformation and Linearisation

The equation we derived in the previous section is not suitable for classical analytical settings as it
results in functions space that change in time. Also, the law itself is only well-posed as evolution
in the set of hypersurfaces. As it only determines the normal velocity we get for the motion of a
single point a degeneration in tangential directions. The classical way to overcome this problem is a
direct mapping approach, i.e. we track the evolution over a fixed reference frame I', using and
get a new problem on the reference geometry. This both fixes the function spaces and also makes
the problem well-posed as we then basically assume that every material point only moves in normal
direction. For a smooth flow one can always write the evolution in this form due to the results for
the manifold MH" proven in [49, Chapter 2] and so the unique existence of solutions of the following
analytic problem actually proves the existence of a unique geometric solution of .

This means we are now searching for a function p : T'x x [0,7] — R such that for the evolving
hypersurface of an initial surface I'g moving due to we have that

I'(t) ={z+plz,)v.(z)|z € T} Vte[0,T]. (3.5)
Thus, we get a parametrisation of I'(t) via the time depending function @, : I's — I'(t) given by
x>+ p(x, t)ve(r) Vel

Additionally, for a given local parametrisation ¢ : U — V with U C R™,V C T', we get a local
parametrisation ¢,y of I'(t) via @, 1= @, 0 .
To get a parabolic equation for p we observe that the normal velocity is given by

V(x,t) = 0ip(x, t)(Nu(z) - Np(z)), (x,t) € Ty x [0,T7]. (3.6)

We recall that the product of the two normals is unequal to zero in every point as long as p is small
enough in the C'-norm. With this, we can rewrite (3.4) as

(9tp = _ﬁApHp on F* X [O,T],

(SDFC) {
p(0) = po on I',.

Note that as we mentioned in Section [2.1| we will not differ between the quantities on the hypersurface
['(t) and their pullback on T,.

We now want to linearise (SDFC) pointwise around p = 0, i.e., we will calculate the linearisation
in the reference frame. For this we want to note the following well-known results for purely normal
evolutions.

Lemma 3.2 (Evolution of geometric quantities of closed hypersurfaces).
Asume that T'(t) is an evolution that is purely normal at t = 0. Then we have

atgij |t:0 = 2Vhij7 (37)
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Ohg”|,_, =2Vh¥,
ON|,_y=~Vr@oV,

O H|_y = Ar)V + VI, (3.10)
n
=Y Vi*(9igj + i9i — i) (3.11)

— " (8i(Vhij) + 0;(Vha) — 0i(Vhiy)).

Proof. In [44] Section 2.3], the first four identities are proven for the mean curvature flow and in all
calculations one can replace H with V. The last identity follows from applying the others. O

With this we get for the hnearlsatlolﬂ of A, H., for any v € C*(T',) that

d d [ &
% (AFE,UHEU) |€:0 = % Z gé]v <az]Hav ZrzjakHEU>

ij=1

= Zlg* ( zjd av =0 Zrk*ak 5“5 O)
1,7

=Ar, (4L Hevlc=0)=Ar, (Ar, v+o|I1.]?)

n d i k,* ksv
o P O ST A B o L
5,j=1 | —_———
=2uh Cf-
- A*A*U + AP(’U)a

where the lower order term Ap(v) contains derivatives of up to order two with coefficients in C*(T',.).
Due to the last fact we can take care of this term later using a perturbation argument. For the
linearisation of ﬁNp we get

d 1 _ —# (Vo) N @3
d<w)‘ Ty e 1)

With the product rule and N, - N, = 1 we conclude the linearised problem

v =-AANv+Ap(v)+f onT, x[0,T],

3.13
v(+,0) = v on I',. ( )

(LSDFC) {

Hereby, f € C%% (T r) is an included inhomogeneity that we will need later.

3.3 Analysis of the Linearised Surface Diffusion Flow

We now want to discuss the analysis of (LSDFC), which will also give us the main strategy for our
work on triple junction manifolds. At first, we will only consider the reduced system (LSDFC)p
that is just (LSDFC) without Ap. We will introduce a concept of a weak solution of (LSDFC)p
and will then show that for any § € L?(0,T; L*(T.)) a unique weak solution exists. In the next step
we will apply locally Hélder theory to see that the localized problem has for any 7" > 0 and any
fe Cxi(T,r),v € C**(T,) a unique solution in C*+**+% (T, 7). Then we will check that we
can approximate the weak solution constructed before with solutions of the localized problem and
together with a compactness argument we conclude Hoélder regularity for the weak solution. In the

1Note that for the linearization the normal velocity is just v!
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end, we will include A(v) using a perturbation argument. Our final result of the section will be the
following.

Theorem 3.3 (Short-time existence for (LSDFC)).
There is a T > 0 such that for all f € C*%(Ty7) and vg € C*T(T.) there exists a solution v of
(LSDFQC) in C*** (T, 1) and we have the energy estimate

H’U”c‘**“el*%(p,‘j) < C(HfHoa’%(p*yT) + H’UO”C“*O‘(F*))' (314)
Hereby, the constant C' does not depend on f and vy and holds also for any smaller T.
To find a suitable concept of weak solution we observe that for any ¢ € C°°(T'.) we have formally

/ (—A A v)pdH™ = / V. (A0)  VapdH™ = | —AwAbdH™.

* I

*

This motivates to define

L:=L*T,),
Lr = L*0,T;L*(T.)),
£ := H*(T,),

Er = L*(0,T; H*(T,)),
Blv, 1] ;:/ A APdH™, Vv, ip € E,
I

and introduce the following definition of weak solutions.

Definition 3.4 (Weak Solution of (LSDFC)p).
We say that for § € L and vg € L a function

v € Ep, withv' € L*(0,T;E71),
is a weak solution of (LSDFC)p if we have

<’Ul7 ¢> + B[U’ 1“ = (fv '(/))7 (315)

for all Y € € and almost all t € [0,T) and additionally
v(0) = vp. (3.16)

Hereby, (-,-) denotes the usual dual pairing of E~* and € and (.,.) the L?-product.

Like in the standard situation one can show that if a weak solution is in C*1(T', x [0,T]) it solves
(LSDFC)p classically but we will skip the details here. We now want to show existence of such weak
solutions.

Proposition 3.5 (Existence of weak solutions of (LSDFC)p).
For any f € Lr,vy € L*(T',) there exists a unique weak solution v of (LSDFC)p and we have the
energy estimate

Juax [[vll 2wy + [ollzzome) + 1V 2 0.6y < CUIfle20.m32200) + ol 2 (r.))- (3.17)

Proof. We want to apply a Galerkin scheme. Firstly, we need an orthonormal basis (u,)>_; of £
that is also an orthogonal basis of H?(T',). For this we consider the problem

(w,¥)e = (f,¥)c VW €EE, (3.18)

for f € H?(T',). The Riesz representation theorem give us the existence of a unique solution S(f).
Additionally, the problem corresponds to a fourth order elliptic problem and thus by applying elliptic
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3.3 Analysis of the Linearised Surface Diffusion Flow

regularity theory from [52, Theorem 11.1] we see that S is a continuous mapping from & to H*(T,)
and thus by composition with a compact Sobolev embedding a compact operator from £ into itself.
Additionally, by construction the operator is self-adjoint and so we can apply spectral theory to obtain
an orthonormal basis (4, )oo_; of £. Furthermore, due to this is also an orthogonal system of £
and also a dense subset of £ as it is dense in &, which itself is dense in £. So, by definition (u,)5>_,
is an orthogonal basis of £ and after normalization we get the sought (u,,)%°_;.

Next, for a fixed m € N we make the ansatz

om (1) = db, (tup,
k=1

with unknown coefficient functions d¥,. Supposing that these are differentiable, (3.15) and (3.16])
transform to

d - Kl gl k
—dm(®) +;e d () = f*(@), k=1,..,m, (3.19)
d¥ (0) = vk, E=1,..,m, (3.20)
where we used the abbreviations
kl .__ B k o k._
e := Blug,w], [*(t):=(ft),ur)r2, vy := (vo,ur)r2.

For this system the Caratheodory existence theorem, cf. [I2 Chapter 2, Theorem 1.1], guarantees us
the existence of a unique solution, which is differentiable almost everywhere.

We now need an energy estimate for the approximating solutions. We first note that we can apply
locallyﬂ interior H2-regularity (see e.g. [24, Section 6.3, Theorem 1]) on the Poisson’s equation on T,
to get

lullz < CUIAwlZ + llulZ), Vue&. (3.21)
Like in the flat situation we have for v,, that for almost all ¢ € [0, T] it holds
(04U, Vm) + Blom, vm] = (f, vm)- (3.22)

As we have Blv,, U] = |Asvp||%, we may apply (3.21)) to get
d
Zlomlz + Cllvmllz = Clomlz < (Fvm)- (3.23)

Now, using the weighted Young’s inequality on the right-hand side leads to

d d
7 Ulomlz2) < = (lomllZz) + 2lloml7e < Cullomlzz + Collfl1Z2, (3.24)

for almost all ¢ € [0, 7] for suitable constants Cy, Cy.We may apply Gronwall’s inequality to get

lom(® < € (Jom(0)3: + Call /12 0,z:0r.)) - (3.25)

As |, (0)]|22 < |lvg|22 due to the construction of v,, and the fact that wu,, is an orthonormal basis
of £, this yields

nax [om@®1Z < CUIFIIZ, + lvollZ)- (3.26)
€[0,7]

2We will skip details how to connect the regularity of the localized problem with the original problem as this works
very similarly to the arguments in the proof of Proposition @
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3 Short Time Existence for the Surface Diffusion Flow of Closed Hypersurfaces

Now, integrating the second inequality in (3.24) in time we get

lvmllZ, < lvmO)IZ = [l (TIZ + CllvmlIZ, + IFlZ,)
< CT([IflIZ, + llvoll2)- (3.27)

Finally, we can argue as in the proof of [24, Section 7.1.2, Theorem 2] to get
[l 206 1) < ClllvollZ + IIFI1Z..)-

This shows (3.17)) uniformly for all v, and so we get the existence of v € Ep,v" € L2(0,T;E~ ) and a
subsequence {vy,, }7°, C {vm }00_; with

Um, = v weakly in &, (3.28)
vl = weakly in L?(0,T;E71). ’
The rest of the proof can be carried out like in the proof of [24, Section 7.1.2, Theorem 3,4] O

For technical reasons, we will need higher H*-regularity.

Corollary 3.6 (H*-regularity for weak solutions of (LSDFC)).
Suppose that vg € H*(T.). Then, the solution from Proposition is in L2(0,T; H*(T.)) and we
have

C(Ifllz2c0,m;z2(r.y) + llvoll 2.y + vl L200,7:0)) (3.29)
CIfllz2(0,7:22(r.)) + llvollz2(r.y)-

lvllz2 0,754 (0. )) <
<

Proof. As in the proof of [24, Chapter 7, Theorem 5] we see that v’ € L?(0,T; L*(T,)) and

V' L2007 L2r.)) < CUIfllz200,m2(r.)) + llvoll g2 (r.y)-

Applying [52] Chapter 5, Theorem 11.2] gives the first inequality and then together with (3.17) the
sought result. O

We now want to verify Holder regularity for the constructed weak solution for smooth enough initial
data and right-hand sides. We have to study the localized problem first. For this we take any point
x € Iy and a local parametrisation ¢ : B1(0) — V with some open neighbourhood V of z on T,.
Then, we choose a smooth cut-off function x : B1(0) — [0, 1] with

x=1on B1(0), supp(x) C Bsz(0).

This induces now via pushforward a cutoff function on V', which we will also denote by x with
corresponding properties. Setting now v := xv we observe that the Bilaplacian of v in local coordinates
is given by

n n n n n n
Z gijaij Z gflak[ﬁ— Z F;’;’*(“)mﬁ + Z F;’;’*Z“)m Z gflakﬁ— ZPL’Z‘@[&
m=1 m=1 =1

ij=1 k=1 k=1
n
_ ij kla ~ .7
= 95 9x OijkiV + Aq0qU.
t,5,k,1=1 |a|<3

The coefficient functions a, are constant in time and at least C'T® in space. Therefore, this motivates
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3.3 Analysis of the Linearised Surface Diffusion Flow

to consider the localized problem (LLSDFC) given by

8tv+2”kl 1g*g* DijhiV = 2o <3 GaOa T=7f on Bi(0)x[0,7],

1=0 on 9B1(0) x [0,T],
0,0 =0 on 9B4(0) x [0,T7,
:J’t:O = ’170 on Bl(O)

Hereby, v denotes the cut-off of the initial data from before and the term?contains some perturbation
terms resulting from the localization. We will discuss them later when we actually show regularity
of the original weak solution from Proposition [3.5] Now, we want to see that this problem admits
maximal Holder regularity.

Proposition 3.7 (Holder regularity for (LLSDFC)).
For any § € C*% (B1(0) x [0,T)) and vy € C*(B1(0)) the system (LLSDFC) has a unique solution
v in G145 (B1(0) x [0,T)) and we have the energy estimate

70l grve+2 (3, coppo.zry < €Tl (5, 0y oy + ITollsa(aacon): (3.30)

Additionally, for any domains Q', Q" C B1(0) with Q' C Q" and dg (', B1(0)\Q") > 0 we have
||€}/||C4+a’l+%(ﬁfl—v) S C(”f”Cu’%(Q&L) + H50||C4+01(Q//) + ||:l7HL2(Q//)T) (3.31)

Proof. We want to apply Theorem VI.21 of [21]. Firstly, we note that the system is uniform parabolic
in the sense of Petrovsky as we have

Lo(z,t,i¢,p) =p+[Cly, V¢ ER",

where |.|; denotes the norm induced by the inverse metric tensor g, L. This polynom has just one p-
zero, that is —|¢|3. So, we may choose s = 4,7 = 1 and Jo = ||g;"* | to fulfil the parabolicity condition.
Thus, the problem (LLSDFC) fits in the setting introduced in [2I], Section VI.3] with

b:27 m=1, 7"1:0, 7’2:1, 901590250) bl ( ):17 b2 ( ):ZL'Q.

[e%e 7)) o

As mentioned above all a,, are in C1+*(B1(0)x [0, T]) and the bl ,¢ = 1,2, are in C*(9B1(0) x[0,T]).
Furthermore, 9B1(0) is of class C*° and thus the smoothness conditions (a3, S24 and Bo5 are fulfilled
for | = «. Additionally, the condition (3.5) from [21] Section VI.3] is also fulfilled as r, —2b = —3 and
ro — 2b = —2. Finally, 9y equals zero in a neighbourhood of 9B;(0) and consequently compatibility
conditions of any order are fulfilled. Hence, we can apply Theorem VI.21 in [21I] to get the sought
result.

The estimate (3.31)) follows from [51, Theorem 4.11]. O

Next we want to link the localized problem with local regularity of the solution v from Proposition
The idea is the following. First, we find a suitable problem for the cut-off of v on V' that also has
a unique weak solution that coincides with the cut-off of v. In local coordinates we will then basically
have problem (LLSDFC) with the only problem that the right-hand side f is only in L?(B;(0)).
Approximating f and using a compactness argument will finish the proof.

We observe that formally we have

ALALT = Ay (XAsv + 2V,0 - Viex + vALY) = XALA0 + fp,
fp = AuxAwv 4+ 2V x - ViAww + AL (2V0 - Vix + vALX),
at,’l‘;: X@,gv.
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3 Short Time Existence for the Surface Diffusion Flow of Closed Hypersurfaces

Thus, it is natural to consider

OV +AANT=Ff onV x[0,T],
v=0 on OV x [0, T,

(3.32)
O,v=0 on OV x [0,T7,
v(-,0) =7 onV,
where v is understood as the normal of V' as submanifold of I', and we set
fi=xf+7p. (3.33)

Note that due to Corollary [3.6| the term f is well-defined and in L2(0, T} L2( <)) Slmllarlyl 3 to the
proof of Lemma [3.5 we can show the existence of a unique weak solution v with the same energy
estimates as in and using definition we see that v = xv. So, if we can now link with
the localized problem we will get the desired Holder regularity for v.

Proposition 3.8 (Holder regularity for solutions of (LSDFC)p).
Suppose that f € C%% (L, 1),v9 € CH(T,). Then, there is an open subset V' C V with

v

=v, 0

, € CHel (V7 < [0,T)),

v \4

on which the energy estimate
9l gusenst g < Ol gy + Reollcrso ). (3.34)

holds. Consequently, we have v € C’4+a’1+%(F*7T) and the energy estimate

lollgurenst o, gy < Cllflga o,y + lollcaace.y). (3.35)

Proof. We will use the abbreviations

Uy := B1(0), Us := By(0), Uz := By(0), Uy := B1(0), Q; := ¢(Uy).

i
M—‘

We choose an approximating sequence {f, }neny C C*% (Uy x [0,T]) of § with

”fn - f||L2(U1><[O,T]) — 0, ”fn”Ca (Uax[0,T]) = Hﬂ oY T (U3><[0 T7) ||fHCa,%(U3><[07T])' (3'36)

The second property can be guaranteed for example in the following way. We choose any approx-
imating sequence on (Uy\Us) x [0,T], on Uz x [0,T] just f = f and combine both approximations
via a partition of unity. The problems (LLSDFC') and 1) with inhomogeneity f,, we call now

(LLSDFC),, resp. (3.32)),. Due to Propositionwe get a unique solution v,, € C4+1+% (U, x[0, T))
of (LLSDFC),, and v,, o ¢~ !(which we will also denote by ©,,) is the weak solution of (3.32)),,. Using

(3.17) and (3.36) we get

Bl 202301200 < € (annmm o) + 1ol 2 )

C (Il z2(@uxiomy + Ivollzz(an ) (3.37)

(||f||L2 Qaxjo,7)) t lvllL20,15m3 Q) + ||U0||L2(Q4))
< C'(||f||L2‘ r.o) +llvollz2r,y)-

In the third inequality we used the identity (3.33)) and in the fourth step (3.29). This implies now the
existence of a subsequence {Uy, };en together with an v € L?(0,T; H?(Q4)) such that

Un

) (3.38)

3The main difference is that we have to include the Dirichlet and Neumann boundary conditions in the space &.
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3.3 Analysis of the Linearised Surface Diffusion Flow

Due to the defintion of weak convergence and the construction of weak solutions we see that v is also
a weak solution of (3.32)) and by uniqueness of weak solutions we get v = v. We denote the sequence
{Vn, } by {U,} and now calculate for its Holder norm

||5n||c4+@:1+%(Ql,T) < C(llfn‘lcm%(sz[o,T]) + ||§0HC'4+“(Q2) + ||17n||L2(Q2><[0,T]))
< Clfllge g gy ) T volloste(qe) + Ifllz2 . ) + lvollL2cr.y) (3.39)

< Olfllgez o,y + Iollcssacr,y):

Here, we used in the first inequality the Holder estimates for the localized problem and in the
second inequality and . Now, as we have uniform bounds for the Holder norms of all
derivatives of up to order four this shows that the sequences of all derivatives are equicontinuous.
Additionally, the bounds on the derivatives show that the sequences of all derivatives are bounded
in CY. Applying Arzela-Ascoli on all derivatives and using the fact that uniform convergence of
derivatives implies differentiability of the limit, we see that a subsequence {U,, }iey converges in
04’1(F*,T) tov € C4’1(I’*7T). Additionally, the limit is also Holder continuous with the same bounds
as we have for any =,y € V; and any partial derivative 9,0y in space and time that

10001 0(x) — 0,00(y)| = lim 8,0V, () — 8,0:0n, (y)] < Cd(, y) e,
— 00

where a(k,t) denotes the Holder exponent corresponding to the derivative. Using again uniqueness of
lirr.lits we see 0 = v = v and thus we get 1' onV’' = @(B% (0)). Then, 1) is a direct consequence
using compactness of T',. O

We are now almost done with the analysis of the linear problem. In our last step, we have to include
the lower order term Ap via a perturbartion argument.

Proof. (of Theorem We fix f and vg and consider the solution operator S(f, vo) given by Proposition
Setting for any v € C*+ % (T, 1)

f(v) =f- AP(’U)?
we get a mapping

S’ : C4+O"1+%(F*,T) — O4+a*1+%(F*,T),

v = S(f(v), vo)-

We claim that S is a contraction for T’ chosen small enough. To see this we first observe that for all
v, v € CHOIHT(T, 1) we have due to the structure of Ap and Lemma that

AP (V1 = v2)llgag (p_ g < Cllvr = v2ll sya,32e )< CT||lvy — va|| patan+g

(T, 1 (Pwr)’

for some & € (0,1). Thus, we conclude using linearity of S that

1S(v1) = S2)ll gt 1,y = IS(APVL = Apv2,0)| pasaivg

< Ol Ap(vi — v2) (3.40)

Hca,% (Twr)

S CT&H’Ul - v2||c4+a,l+%(l—‘*)’r).

Here, we used in the second step the energy estimates for S. Consequently, choosing 7" small enough
we get a contraction and then Banach’s fixed-point theorem gives us the existence of a unique fixed
point, which is the sought solution of (LSDFC). Note that the estimate is independent of f
and vy and so the constructed T is. O
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3 Short Time Existence for the Surface Diffusion Flow of Closed Hypersurfaces

3.4 Analysis of the Non-Linear Problem

Before we start we want to make a comment on notation. Recall that according to Definition [2:13]
the norm of parabolic Holder spaces is defined in local coordinates. To keep notation simple, in the
following section we will write the norm for a parabolic Holder space on I'y even if we are working in
local coordinates.

We now want to find a solution of (SDFC) by connecting the non-linear problem with the linear one.
For this, we introduce for R, > 0 and pg € C*t%(T) the sets

Xrs:={peC T lp— poll garan+g o,y < B},
Y§ = CO"%(F*’[;).

Hereby, Xg s is equipped with the C4re1+ % norm. Observe now that with the inhomogeneity oper-
ator

S:Xps—Ys,
1
P —> —mApHp —+ A*A*U - Ap(p),
the solution of
v+ ALAv — Ap(v) = S(p) on T, s,
v(+,0) = po on T,

is just the solution of (SDFC') with initial data py. Let L be the solution operator from Theorem
and set

A:=LoS:Xps— CHelTi(T,).

We have to prove the existence of a unique fixed-point of A for § and € := ||po||ca+e(r,) sufficiently
small and R sufficiently large. For this we will first verify that for any R > 0 we can choose § small
enough such that A is a %—contraction and afterwards that with this choice of § we can choose R
sufficiently large such that A is also a self mapping. But first we want to briefly check that A is

well-defined.

Lemma 3.9 (Well-definedness of A).
There is an ey > 0 such that for all R > 0 and all € < ey there exists a dw (e, R) such that S (and
consequently also A\) is well-defined.

Proof. As we mentioned in Section [3.2] the operator S is well-defined as long we can guarantee that
p(t) is small enough in the Cl-norm. Due to the Hélder-regularity in time we have for all p € Xp s
that

le®)llcrr.y < llpollesr.y + llp = pollcrr,)

4
4—ita T
<e+C <t8t(p —po)lloc + >t ?p_(aﬁ(p - po)>t,4;+a>
i=1 =t
< e+ Cmax(t,t)[lp — pollxp,s
< e+ C(max(0,0%)R).

This shows that for any o > 0 we will have ||p(t)||c+r,) < o for e < § and 0 < 525 if 0 is larger than

[od

1
R R) * . From this we conclude the claim. 0

one or otherwise § < (

In the rest of this section we will always assume that € < ey and that § is chosen small enough
accordingly to Lemma[3.9] For technical reasons we will need the following observation before moving
on to the contraction estimates.
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3.4 Analysis of the Non-Linear Problem

Lemma 3.10 (Properties of lower order terms).

i.) For any parametrisation ¢ : V. — U C Iy and for all i,j € {1,...,n} we have that the gfj,gzj
and N, are Lipschitz continuous in p as maps

CHOIEE(D,) — OO (V) resp. CHOIHE(D,) - T (VRY).

it.) In particular, this is true for the mapping

pgigy NN,

foralli j, k1l € {l,..,n}.

Proof. This can be proven as Lemma [1.22] As the situation here is even easier, we will skip the
details. O

Lemma 3.11 (Contraction property of A).
There is an g9 < min(ew, 1) with the following property: for any R > 1 and € < g there is a
§(R,e) > 0 such that A : Xg 5 — C*T1T5(L,) is a &-contraction.

Proof. Let € < min(ew, 1) and R > 1. Consider p1, p2 € Xg 5 and observe that A(p1) — A(p2) solves

Ov + ALAv — Ap(v) = S(p1) — S(p2) onT, s,
v(,0) =0 on T,

Then, due to the energy estimates ((3.14) we have that

[A(p1) = Alp2)llx5,s < ClIS(p1) — S(p2)llv,s-

Thus, if we can show that S is a contraction mapping, we are finished. For this we first note that in
local coordinates we have that

n
Z gzjglglaijklp + LOT,
64,k l=1

A H,

n
AsAup = Z 97 g5 0ijrp + LOT.
ik l=1

This implies that the terms of highest order in S(p;) — S(p2) write as

n

1 ij ki ij ki 1 ij ki ij ki
Z <_Mgzjlgplaijklp1 + 99 Oijripr + mgggpzaijklp2 — 994 Oijrip2

i johl=1

9. 1 ij Kkl O ij kl 1 ij .kl
;1 e | g gt R B AT vy 015
.,

Now, by subtracting and adding 0j;xip2 (g* gkt g gp 1) we get for each summand

. 1 1 1
(Dijrip1 — Oijrip2) (gijgfl Mgz)]lgﬁf) + Oijkip2 (N N, 95 g — N*.Ngzjlglpcg :

P1

=(I) :=(I1)

We will now discuss (I) and (II) separately. For the first term we have

1
Il < Cllosalor — p2)lhalool' = 5o I,
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3 Short Time Existence for the Surface Diffusion Flow of Closed Hypersurfaces

(o7 1 .
< Cllor =l (=4 00058 = 0 e )

< Cllpr = palixn, (e +0%p1llxp.s)
< Cllp1 = p2llxns (e + 6% (R+2))
< Cllp1 = p2llxp,s (¢ +2R5%) .

Here, firstly we used Lemma[2.16] then in the second inequality Lemma[3.10} in the third line Lemma
and in the last line the definition of X 5. On the other hand, we have

1 1
I lys < CHaijlclP2||YaHN N, 990 N, N, N Il
5 1 ij Kkl
< CHpQHXRa(S HN N ngzgp2
< C(R+¢)6%|p1 — P2||XR,5
< 2CR6%||p1 — p2llxps

ki
nglgp | 1+a,1+T“(F*,5)

Here, we used Lemma for the first inequality, in the second inequality Lemma and in the
third inequality Lemma and the definition of Xg 5. In total, combining the estimates for (I) and
(II) shows that

1S(p1) = S(p2)llys < C (e + R6%) llpr — pallxps- (3.41)

By choosing ¢ < min (1, Ew, %) and § < min (5W (R,e), (4RC)*5‘_1> we can guarantee that S is an

%—contraction, which finishes the proof. O

With this result choosing R large enough will make A a self-mapping.

Lemma 3.12 (Self-mapping of A).
For R > 1 given, let e(R) and §(R,e(R)) be chosen as in Lemma|3.11} Then, there is a Ry > 0 such
that for all R > Ry the map A is a self-mapping.

Proof. We observe that for any p € Xg s we have due to the contraction property of A that

HA(p) - p0||C4+“>1+%(1"*) < ||A(p) - A(po) + A(po) - p0||c4+a11+%(p*)
<IAP) = Apo)llgrrensg gy + 1AGO) — pollgismrea e, (342)

1
< §HP - PO||C4+a,1+%(F*) + 1A(po) — poll pa+anrsg r.)

IN

1
§R + ||A(po) — p0||c4+a,l+%(l—\*).
We now observe that as pg is constant in time it solves
O¢po + AxAspo — Ap(po) = AsAupo — Ap(po).

Therefore, due to the construction of A the function A(pg) — po solves the problem

1
N N A H on F*,(Sa

v(0) =0 on I',.

v+ AAv — Ap(v) =

Using the energy estimates for S we conclude

< CHPOHC“‘“(F*) < CE(R) < C. (343)

1
[1A(po) = poll gaairg p,y < C HN-NA”“H”D
p *
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3.4 Analysis of the Non-Linear Problem

Choosing now Ry = 2C we get with (3.42)) for any R > Ry that

1
||A(p) — p0||C4+a,1+%(F*) S §R + C&‘(R) S R. (344)

So, with this choice of R we get that A is a self-mapping. O
With this work done we can now prove easily the main result of this chapter.

Lemma 3.13 (Fixed-point of A).
There is a Ry > 0 such that for all R > Ry and £(R),0(R,e(R)) chosen as in Lemma the map
A: Xps— Xpgs is well-defined and has a unique fized-point. In particular, this shows Theorem .

Proof. Due to the Lemmas [3.11] and we can apply Banach’s fixed-point theorem, which then
proves the claim. O

Remark 3.14 (Uniqueness in the analytic setting).

We want to emphasise that the solution just found is actually unique in C*t*'*5(T,). One might
think that by enlarging R we get another fized-point in a new function space. But we have for Ry > Ry
and the ezistence times §(R1,€),5(Ra,0) from Lemma[3.13 that 5(R2,e0) < 6(Ri,€) and consequently

XR1,5(R2,60) C XR2,5(R2,60)'

So if there was another fized-point in Xg, s(r,.c,), we would have two fived-points in Xg, 5(Rs,c0)- On
this set Banach’s fixed-point theorem is still valid and so both solutions have to be equal on the time
interval [0,0(Ry,¢)]. Fiz now any Ry > Ry and observe that on X g, s(r,.c,) we have a unique solution
that is in XR, §(Rs,e0), Which is in the interior of Xp, 5(Ry.e0)- Now, if we had two solutions, they
would have to to be equal on a small time interval by the argumentation we just used. Consider now
the mazimal time T such that the two solutions are equal. Then, due to continuity reasons the second
solution remains in the Rg-ball for a short time after T' as up to T' both solutions are in the interior
of the Ro-ball. But on this set the solution is unique and thus we get a contradiction. This shows that
our solution is indeed unique on the time interval [0, d(Ra, £0)].
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Short Time Existence for the Surface Diffusion Flow of
Triple Junction Manifolds

After we understood our principal strategy to prove existence of solutions in a Holder space setting
in the last chapter we will now apply it to prove the first main result of this thesis, that is (analytic)
existence of the surface diffusion flow on triple junction manifolds. We will first describe the considered
geometry and derive suitable boundary conditions to guarantee a structure alike to a H ~!'-gradient
flow of the surface area with volume preservation. Then we will introduce the parametrisation of
the evolution over a reference surface and state the considered analytic problem. Afterwards we will
discuss necessary compatibility conditions for the analytic and geometric version of the flow, show
equivalence of both and state our result on short time existence. We may then start the procedure
from the last chapter to prove it.

4.1 The Model and its Physical Properties

Let I'', T2, T2 be three embedded, orientable, compact C4T-hypersurfaces in R"*! with a common
boundary ¥, that is OI'! = 0I'? = 9I'® := X, which is then an embedded submanifold of dimension
n — 1. The three hypersurfaces shall not intersect with each other. Every pair of two different
hypersurfaces I'* and IV forms then a closed volume, which we denote by ;;, and there is precisely
one choice such that the third hypersurface is included in this volume. Without loss of generality
let T'! be inside the domain bounded by I'? and I'®. For I'! we choose the unit normal field N?!
pointing inside of 05, for I'?> we choose N2 to point outside of €215 and for I'® we choose N3 to point
inside of €213. The corresponding outer conormals of the hypersurfaces will always be denoted by v*.
In the introduction, we gave a physical modelling for the flow and the arising boundary conditions.
Here, we would like to give a mathematical motivation. We want to construct a motion that both
minimizes the surface areas and preserves the enclosed volumes €215 and §213. Hereby, we consider a
slightly generalized energy by assuming that each hypersurface has constant, positive surface density
~% i=1,2,3. That is, we consider the surface energy function given by

E(T(t)) := Z/i(t) yidH™. (4.1)
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

Motivated by the H~!-flow and its properties for closed hypersurfaces from the last chapter, we expect
as a good candidate for the motion law

Vri(ty = —Ari) Hrir) fori=1,2,3. (4.2)
For this flow we derive for the change of the volume of 215 using Reynold’s transport theorem that

d
% ldx = / Vaﬂm(t)dHn
Q12(t) 9012()

= Ari gy HriydH"™ — Arz () Hrz (1 dH"
Tl(t) 2 (t)

= ® VFl(t)HFl(t) . Vl“l(t) - sz(t)sz(t) . sz(t)dHn.
3(t

One obtains a corresponding result for the evolution of the volume of 213 and so a sufficient condition
to guarantee preservation of the bulk phase volume is

Vpl(t)HF1(t) SUri(y) = VF2(t)HF2(t) U2 = Vps(t)Hps(t) Vs (y) on X(t). (4.3)

Now, we get for the evolution of the surface energy using the surface transport theorem (cf. [49]
Section 2.5, Paragraph 4]) that

3 3

d 7 n 7 7 n

dt< E /i(t)ﬁ’ dH > = E /i(t)v Hri ) AriryHrisy + 7" (Vi) - orir))dH (4.4)
=1 i=1

3 3
:Z/v =7V Hri PdH” + Z/ Y Hri () O Hri o) 7' vri ey - veidH"
i—1 JT(1) i—1 7 5()

Hereby, vp, (+) denotes the undetermined tangential velocity of the flow. Due to (4.3) the second term
will vanish, if we have that

v 'Hriy + v Hrzgy + v  Hrs) = 0 (4.5)

on the boundary. For the third term we observe that due to the projection on the outer conormal we
have for i = 1,2, 3 that

Ury () Vriey = V' (t) - vrige, (4.6)

where v*(t) denote the complete velocity field of I'(t). To guarantee the concurrency of the triple
junction the v*(t) have to match on ¥(t). Thus, by postulating on (¢) the force balance

Y uri ) + Y vrey + Y rrs @y =0 (4.7)

we can guarantee that the third term in the second line of will vanish. Condition can only
be fulfilled when the three conormals are in the same plane. Note that this is guaranteed due to the
existence of the triple junction. The outer conormals are elements of the orthogonal complement of
the tangent space of ¥(¢) that is a two dimensional space. fixes actually the three contact angles
6%, 62,03 given by

4(”1”(1&)7 VFj(t)) = 9k7 (imja k) € {(la 2, 3)7 (2a 3, 1)7 (3a 1, 2)}a o' + 0* + 0% = 2m.
The three angles are determined by Young’s law

sin@!  sin#?  sin#?
'71 = ,72 = 73 ) (48)
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4.2 Parametrisation and the Analytic Problem

which is actually equivalent to (4.7)), see, e.g., [16, Lemma 4.1]. In total, we get the system (SDFTJ)
given by

Vi) = —Ariey Hri) on TI'(t), i =1,2,3,t€[0,T] (4.9)

ZL(vriy, vre) = 0%, Z(vreqy, vrs ) = 0" on X(t),t€[0,T], (4.10)
0 =~"Hris) + v Hrey + Hps(t) on X(t),t € [0,T], (4.11)

8,,F2(t)HF1( ) = 8yrz(t)sz(t) = 8,,F3(t)Hpa(t) on X(t),t € [0,T], (4.12)
AT (t) = ( ) for i =1,2,3,t € [0, 7], (4.13)

I (0) = fori=1,2,3. (4.14)

Here, we denoted by 'y = I'*(0) some initial triple junction cluster with triple junction ¥g. We note
that for a smooth solution I'(t) of (SDFTJ) the initial surface I'g has to fulfil the boundary conditions

[E10)- (E12) and
’ylApl(t)le(t) + '72Al“2(t)HF2(t) + 73AF3(t)HF3(t) =0 on Xp. (4.15)

The last condition follows by considering a smooth curve c : [0, T] — R" ™! with c(t) € %(¢),c(0) = o
for any o € Xy. Then we get Vyiy(o) = (¢/(0), Nri(gy) for i = 1,2,3. Note that due to the choices
of the normals they are given as Ruri(;), where R is a suitable rotation in the two dimensional plane
spanned by the conormals, and so they also fulfil the balance law . Thus, we conclude

3

Z’Y Ari(o)Hri() (o ZV Vei(0)(0) = =D _(¢'(0), 7' Nr+(0y (0)) = 0.

i=1 i=1

This gives us the geometrical compatibility conditions

T fulfil
(GCC) { o fulfls (1.10) . (4.16)

AFI(O)HFI(O) + AI‘?(O)HF?(O) + 7y A[‘S(O)HFS(()) =0 on X.

To study this analytically we will use a parametrisation over a fixed reference frame following the idea
of [19, Section 2.1].

4.2 Parametrisation and the Analytic Problem

Similar to our work in the case of closed hypersurfaces, we want to write the evolution of the hypersur-
face as a normal graph over a fixed reference triple junction manifold I’y := I'' UT2UT2UX,,, which we
will need to be of class C°T®. But here we have to allow a tangential part near the triple junction X,.
Otherwise the parametrisation could only describe evolutions with a stationary boundary as other-
wise concurrency of the triple junction would be not fulfilled. On the other hand, the parametrisation
cannot have too much tangential freedom as otherwise this will result in a degenerated PDE system.
Therefore, we follow the ideas of [I9] and observe that as long as the tangential part on the triple
junction is purely conormal we will get a linear dependence between the normal and the tangential
part. This motivates to describe I' as image of the diffeomorphism

1 LT n+1
o, T8 x [0,T] — R,
(0,1) = 0+ p (0, ) Nrs (o) + g (0, )7 (), (4.17)

where 7¢ are fixed, smooth tangential vector fields on I'? that equal vpi on X, and have a support in

a neighbourhood of ¥, in T'.. The tuple (p, 1) consists of the unknown functions for which we want
to derive a PDE system. We know from the work of [I8] that the condition

1 A2 _ #3 %
, u(0t) =, ,(0,t) =P, ,(0,1) for o € ¥*,t >0, (4.18)
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

which guarantees concurrency of the triple junction, is equivalent to

1.1 2 2 33 -0 v,
{70 +7°0° +7°p on ¥, (4.19)

u="Tp on X,.

Hereby, the matrix 7T is given by

c c
T=1|-< o <
- 2 s2 )
cf 2
e —%
53 53

with s* = sin(f?) and ¢! = cos(#*). The second line in implies that the tangential part p is
uniquely determined on X, by the values of p. This motivated the authors of [I9] to get rid of the
degenerated degrees of freedom of p by setting p'(o) := u(pri (o)), where pri denote the projection
from a point on I'Y to the nearest point on X,)'| This choice will now lead to a non-local problem
but for the concerns of the proof of short time existence this will not lead to technical difficulties.
During the discussion of the stability result it will be a crucial obstacle and then we have to consider
a different tangential part. But for the rest of this chapter p will always be given by this choice.

We now want to find a suitable PDE-setting for p. To begin with, we retract the equations from I'(¢)
on I'".. From here on, we will write I', resp. X, when referring to the triple junction cluster and
the triple junction given as image of ®, ,,. Also, we will use sub- and superscripts ¢ and p to denote
pull-backs of quantities of the hypersurface I', or of the triple junction 3,. This will also be applied
on differential operators. So for example we will write for (o,t) € 'Y x [0,T],i = 1,2, 3,

H;(O’, t) = HFZ((I);.LH(O—’ t)),
A, Hy(0,t) == (AF;-) HF;)) (®p (0, 1)).

Later, we will also sometimes use this notation when we consider the quantities on I', but it will be
always clear what is meant.
The system (SDFTJ) rewrites now as the following problem on T,.

=-A,H, onTi te[0,T],i=1,2,3,
Yol +7207 + 4% =0, on X, t € [0,T],
(N}, N2) = cos(6?) on X,,te[0,T],
N2 N3) = 6 Y., t€ 0, T
) o s g ot (4.20)
Y H,+~v*Hy+~+°H, =0 onX,,tel0,T],
VoH} vy =V ,H. V2 on X, t €[0,T],
VoH} v =V ,H} v} on X, te[0,T],
(p'(o, 0),/ﬂ(0’ 0) = (pb,uy) onTi x X, i=123.

Here, we assume that the initial surfaces are given as I'}, = Ff)i i ;i =1,2,3 for p, small enough in the
0°F0

C**%norm and py = T p,. This will then guarantee that the '} are indeed embedded hypersurfaces,
cf. [19, Remark 1] .

We want to see that actually yields a fourth order PDE system for the functions (p!, p?, p%).
The argument is the same as in [I9], only the operator F is in our case induced by the Laplacian of
the mean curvature. We will state it for the sake of completeness. For a better readability we will
omit the projection pr’ in the variable p. Observe that the Laplacian of the mean curvature operator

1Th‘is map is only well-defined on a neighbourhood of £ in I': but we only need p® to be defined on the support of
7% and this may be supposed to be small enough.
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4.2 Parametrisation and the Analytic Problem

can be written in local coordinates as

n

> F%0,0k(g" hum) + Lot

Jik,lm=1

Thus, A,H, only depends on the values of p’, u® and their covariant derivatives of up to order four
and so we can write it as

—ApHi(o,t) = H} <J,pi((r, 1), Vpi(0,), V2pi(0,1), V3pi (0, 1), Vipi (0, 1),

— —2 =3 4 i
(o, 6), Via(o, 1),V u(0,8), Vo (0, ), V' palo, ) ) = HA (0,1, p. ),

~. . —k
for a suitable function Hj. Here, we denote by V¥ the k-th-covariant derivatives on I'i and by V
the k-th-covariant derivatives on X.. Following the argumentation in [I9], we can rewrite the first
equation in (4.20) to

Oup'(o,t) = a'(o,t, p', u' ) HA (0,8, p', ') + af (o, t, p, ') O’ (4.21)

where the functions

1
(Ni(o), Ni(o,t, pt, )’
(ti(0),N'(0,t,p", "))
(Ni(0),Ni(o,t, p?, )’

ai(o,t7pi,ui) = (0, pi(o, t)7ui(o, t),Vpi(a7 t),ﬁ,ui(o, t)) =

at(o,t,p', p') == al (o, p'(0,t), 4 (0,1), V' (0,t), V' (0, 1)) = —

are chosen as in [I9] and the function N is - similarly to I;IA - chosen such that we have
Ni(o,t) = N'(o,t,p', i) = N'(0, ' (0, 1), 1 (0, 1), V' (0, 1), V' (0, 1)),
for a suitable function Ni, cf. [19, p.309]. Now using (4.19) we get
Oip' = F'(p',pls ) + ai(p', p|s, V0T (popr)), (4.22)

s)(01) = a' (0.t (Tply )') Ha (0,60 (Tplg )') . (0,8) € TL x [0,T],i = 1,2,3,
Z*)i)’ (U7t)€FiX[O7T]7i:152,3.

F' o' p
@i ply )0.1) : = ai (0,1, (Tp

To get a parabolic equation in p we have to rewrite the time derivative of the non-local term. To this
end it is enough to calculate 9;(T (p o pr))’ = T(d:(p o pr))! on X,. Using the notation

Flp,plg) = (F (Pl )(0.1) 1 5 (0,t) € Sur,
Di(p, ply, ) := diag <(a?(pi, pls. (o, t))izl , 3) (0,1) € S 1,
allows us to write (4.22)) in the vector form

0o =F(p,ply,) + Dilp. pls, )T (9ip) on .. (4.23)

Rearranging this leads to
(Id =Di(p, p|s, )T)0p = F(p,ply, ) on X.. (4.24)

Observe here that Id —D;(p, p’z )T is invertible for p small enough in the C'-norm as for p = 0 this
is just the identity map due to af[ (0) = 0. Thus, we can define

P(p. ply, )(0) =T (14 -Dy(p. ply, )(@)T)  on 3., (4.25)

39



4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

getting
Towp =P(p,pls, )F(p,pls, ) on X.. (4.26)
This gives us now in the neighbourhood of ¥, in I'., where pr’ is defined, the desired relation
oui' (o' (0)) = ({Plos ol ) F (o0l )} oor) (@), (4.27)
From this, we get the following, in the space variable non-local formulation of (4.21)):

o = F (o, pls.) + ai(o ol ) ({Plosplg ) F ool ) b opr) onTix(0,7)  (428)

Observe that like in [19] the non-local term appears in highest order. So, the analysis is much more
involved than a simple perturbation argument for lower order terms.
To state the boundary conditions we use the analogous notation

Hy (o, ) H(Jtp» ),

HO(U . H a,p Op'r))i(o" t)7Vpi(O', t)7§(7d(popr))i(g’ t)v
V20! (0,1), V' (T(popr)) (0,1))
VHl(at)zH (atp7 ),
HV = H T(popr))i7v/)i(g7 t%v(T(pop’l‘))i(O’, t),

vzpl(mt) (T <popr))l‘(a,t),v%i(a,t),ﬁﬂpopr»i(a,t)),
vp(o,t) = Ni(o,t, p, ),
N(0,t, p. 1) = N (0,0(0,0), (T(p o pr))'(0,6), V' (0,6), U (T (p o pr)) (01, 1))

With this the boundary conditions on Y, are given by

(p) :==7"p" +7°p" +7°p* =0, on T, x 0,77,
(p) := N (o,t, p, ), N?(0,t,p, ) — cos(8®) = 0, on T, x [0,T],
G*(p) := (N?(o,t, p, ), N*(0,t, p, p)) — cos(6') =0, on 2, x [0, 7],
G (p) :==~"Hy(o,t,p, p) + v Hj (0,t, p, ) + ¥*Hi (0,1, p, ) = 0, on T, x [0, 7],
(p) := Hy(0,t, p, p) - N5s(0,t, p, ) — HE (0,1, p, ) - N3 (o, t, p, ) = 0, on B, x [0, T,
G%(p) := H (0.t p,p) - Ni(0.t, p,p) — Hy (0,1, p, p) - N3(0,, p, p) = 0, on X, x [0, 7],
(p) = (G"(p)),_, ¢ =0, on X, x[0,7].

In total, (SDFTJ) rewrites to the following problem for (p!, p2, p?)
8tpl:,CZ( i? E*) on ka X [OvT]vi:172a37

G(p)=0 on X, x [0,T], (4.29)
p'(+,0) = piy on ¥,

where we used the abbreviation

K0! pls.) o= F(o' pls.) b (0 pls.) ({Plo.ply ) F (ool )y opr) . (430
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4.3 The Compatibility Conditions and the Existence Result

4.3 The Compatibility Conditions and the Existence Result

For a solution of (4.29) that is smooth up to ¢ = 0 we will need compatibility conditions similar to
those we derived in (4.16]) for the geometric version of the problem, which are the following.

g(p()) =0 on 2*7

i (4.31)
gO(Po) = Z?:fY K (P07Po|2*) =0 on X,.

(ACC) {

Hereby, the first line is just the same as in and only states that the boundary conditions
are fulfilled by the initial surface. The second condition follows for a smooth solution of by
differentiating G'(p) = 0 in ¢t = 0 and using the equation for d;p’. As we would like to start arguing
from the geometric point of view we want (GCC) and (ACC) to be equivalent conditions which is
indeed true. This is clearly true for (4.16)); and 1 as both just state that the boundary conditionsﬂ
are fulfilled. The rest is proven in the following Lemma.

Lemma 4.1 (Equivalence of geometric and analytic compatibility conditions).
Assume that for the initial data (pg, pg) we have G(p) =0 and T po = po. Then, for py small enough

in the Ct-norm, (4.16))2 and (4.31)2 are equivalent.

Proof. The arguments are similar as in [I9, Lemma 2] but for the sake of completeness we will state
it here with comments on some details.

Using our usual notation convention every term with subscript 0 will indicate the evaluation at the
initial triple junction, that is in the analytical setting just (pg,p0|2*) respectively (po,p0|2*). With

the additional notation £ = (TKg)" and Lo = T Ko we want first to derive
((K4NL 4 LyTl), Ng) = =Dy H on . (4.32)
To do so, we notice that

’C6 = aé(ArpO HZ,O) + CL?O (T(Id —DT70T)_1.Fo)i = aé(APoHFi’o) + (DT70T(Id —'DT,QT)_lfo)i R
ICo = Fo+ DioT(Id—D; oT)* Fo.

Here, we used in the second equality that D; o is just multiplication of the i-th component with a%o.
With the definitions of a* and afr, the first equality gives us after multiplication with (N!, N¢) that

Ko(NL, NGy = =D p, Hy = (71, Ng) (T(1d =Dy oT) ™' Fo) "
This is just the first summand in the scalar product in (4.32) and so to prove this its enough to show
(L, N3 (T(1d =Dy o T) ' Fo)' = —L(rl, Ng)-

Observe that this identity is true if (¢, N¢) = 0 and so w.l.o.g. we may suppose (7¢, N¢) # 0. Then
we can divide the equation by this term and get, again considering the corresponding vector problem,

T(1d =Dy 07) ' Fo = TKo & T (1d=Dy,oT) ' Fo — Ko) = 0.
In [19] it was proven that
(Id =Dy oT) ' Fo — Ko =0,

which gives us (4.32]).

2Recall the equivalence of ([#.18) and (4.19)!
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

To derive the desired equivalence of the compatibility conditions we consider the matrix A given by

Observe that for p; = 0 we get A = Id and as all arising quantities are continuous functions in the
values of p, and its first order derivatives we see that A is invertible for p, small enough in the
C'-norm. Analogously to the usual notation conventions we set

~ = (%9492, ~t = {z € R¥(z,v) = 0}, A, H, = (APOH;O,ApOHgo,APOHgO).
The identity (4.32)) may now be rewritten as
Ay = —A, H,,. (4.33)

As 1) is equivalent to —A, H, € ~t, dj is equivalent to Ko € v+ and A is invertible for
P, small enough, the problem reduces to Ay = ~1. From here the proof is precisely the same as in
[19] so we restrict ourselves to give a proof of the used identity

N NI+ (Tn)iri =/ NI+ (Tn) 7! for n €+,

But as 2;3:1 vint = 0, the pair (n,7Tn) fulfils the conditions (4.19) and then by [I8, Lemma 2.3] for
any point o € ¥, we have

o+ 10" Ni(o) + (Tn)'ri(0) = o + 17 Ni(0) + (Tn)’7i (o),

which is equivalent to the identity above. O

Now we are able to state the main result of this chapter.

Theorem 4.2 (Short time existence for surface diffusion flow with triple junctions).

Let T, be a C*t-reference cluster. Then there exists an g > 0 and a T > 0 such that for all initial
4+ . . . e .y

data py € C15*(Ty) with ||p0||0;§a(r*) < &g, which fulfil the analytic compatibility conditions ,

there exists a unique solution p € C;JEQ’H%(F*_’T) of ,

Remark 4.3 (Geometric existence and uniqueness).

i.) We say that a geometric flow has geometric existence resp. geometric uniqueness if the geometric
problem - that is in our situation (SDFTJ) - has a solution resp. a unique solution T'(t). In
contrast, analytic existence resp. uniqueness refers to existence resp. uniqueness of solutions of
the analytic formulation . Naturally, we would like to deduce geometric results from the
analytic ones.

ii.) Theorem guarantees geometric existence for CoY®-initial surfaces as in this case we may
choose T, =Ty and thus p, = 0. For C***-initial surfaces one would need approzimation results
or hypersurfaces with boundary similar to those in [{9, Section 2.3] for closed hypersurfaces.
h ith bound imilar to th in [49, Section 2.3 losed h

i1i.) Analytical uniqueness follows as in[3.14. Geometric uniqueness, though, remains like in many
works on geometric flows an open problem.

4.4 Linearisation

We now want to linearise the non-linear problem around the C5*_reference frame I',. This is done
pointwise in every p € I', UX, meaning the following. For any fixed point ¢ € I%;i = 1,2,3 or 0 € X,

42



4.4 Linearisation

any term in (4.20]), which are all given as functions in o and the functions p and p, and any tupleﬂ
(u, ) € (CH2(T) x CHo(I2) x CH(Id)) x (012 (2))°,

fulfilling , we replace p' with eu’ and p' with e¢?, differentiate the new expression in e and
evaluate this for ¢ = 0. We observe hereby that due to its linear structure will also hold for
(eu,ep) and as before all terms are well defined for (u, ) small enough in the C***norm for every
t so at least for e small enough.

Remark 4.4. The goal of this process is to derive a linear equation on I'y. Our procedure, though,
will lead to equations in local coordinates. But as we linearise geometric quantities that are itself
independent of local coordinates we conclude that the equations we derive have to represent a global
equation on I'y. We will get this form for the terms of highest order and all other terms will be dealt
with by using perturbation arguments.

In the following, we will index a geometric quantity with eto denote the quantity on I'c, -, at the
point @, c,(0,t). We will omit the fixed time and space variable (o,¢) and also the projection in
the ¢-terms. For the analysis we will do later it is not important to know the lower order terms
precisely. Thus, we will denote them only in qualitative form using dynamical coefficient functions
a**#, which denotes some function on the corresponding hypersurface I’ that has C***-regularity on
this surface. Also, like dynamical constants the a*+* may adapt from line to line. Before we start
with the equations we will calculate the linearisations of some basic geometric quantities we will need
later.

Lemma 4.5 (Linearisation of basic geometric quantities).

%al’?s E 0 3+a i + a3+as01 4 a4+aakuz + a4—i—o¢aksoz7
dggkl |E 0 3+a i + a3+as0i 4 a4+aak<pi + a4+a81g0i7
d .
dggicls E 0 3+a % 3+a i + Z a4+aaj<pz,

d%( | = a2 oul 4 g2to z+za3+aa ul +Za3+o‘8 ©" +Za4+“8jj'<ﬁz

Proof. Differentiating the parametrisation of I'? given as composition of the map ®* and a local

eut,ep
parametrisation of I we get
0p° = 0)" + (Ohu' )N + ew' O NI + e’ Op7i + Ok’ 7L, (4.34)
d 'l 1 1 1 i
d—ga 5’8 o = (Opu’ YN+ u' O NI 4 @' 07! + Opip' ! (4.35)

This shows the first equality. For the linearisation of the g;’f we observe
d

9 e _ /& 1,8781,* + 7,7*7781,76
de Ikl le=o <d5 k29 - ko g2 -
= Oyut (N5, 0)") +ut (O, 0) +0he' (73,01 ' (O, 01)
—— —_— ———— —_———
=0 CS+0< C4+a CB+0<
+ ot (077, N +u (077, ONG) +0u (07, mi) +¢ (07, Orm)
—— ——— — ——
=0 C3+a Cit+a O3+a
3+a z_’_a3+o¢<pz a4+°‘8ktpi+a4+o‘3kgoi.

3We want to remark that in this section unlike our usual notation convention the term ¢ will refer to the tangential
part in the linearisation and not to a local parametrisation.
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

For the gf! we use the identity
Z il
glzc;gge = k' (436)

Differentiation, evaluation in € = 0, multiplication with g ™ and summing over k then yields

d m i,x _km d m
Z (dé‘gk] ‘E 0) gf* gil* - Z (Zng gf* ) dsgz ele=0 dggi722l’€:0‘ (437)

J.k

Y
=5

Here, we used the symmetry of the metric tensor. As the gll have C4t%regularity, this proves the
result above. Finally, we recall that the Christoffel symbols have the form

i 1 i, i
(T = 295 Ok + 0915 — 03947 )-
J
The claim then follows by applying product rule and the previous results. O

With this we can now start to linearise 1. The results for the normal velocity and the mean
curvature operator can be found in [I9, Section 3]. With these and the lemma above we only have to
take care of the surface Laplacian of the mean curvature. Using its formula in local coordinates and
product rule we get

@ d i d 1 i d —m ie i
7AFLH {a 0 Ari%HsL:O + ; <dggi,a a—o) O H, *Zm: (dg( k) |6_0> OmH. .
’ Clte C2+a

Let us first consider the Ar -term. Using the results from [I9} Section 3] for the linearisation of the
mean curvature operator we derive

Ari —H?| _ = Api A’ + [T Apiu’ + Ap [T u' + 2(Vr: [TTL?, Vi u')
* de e=0 * * * * * *

C3+a Cl+°‘ C2+a

+ Ari @' (Vi HL, 71y + Ari (Vi HL 72) 0 + 2(Vri (Vi H, 1)), Vi @)

— ——
C2+ta Co Ol+a

= Api AFi u® + Z (a““@klui + a2+aakl¢i)

k.l

+ Z (a2+aakui + a1+aak¢i) 1+a 7 + aasaz

For the other two terms we just put in the results from (4.5) and correct them with the regularity of
the new coefficients and get

a1+au2 1+a ’L+§ a1+aalu +§ a1+aal<p +§ a2+aa”/
LU

Adding up both we conclude finally

d

T (CARH) |y = —Audu + A+ Cpopr),

where we used the abbreviations

Aiui = Za3+aaklui + Za1+aakui + al-i—aui’
Tl &

44



4.4 Linearisation

Clpt = Z a?t 0" + Z a' oL’ + a%y'.
k,l k

In total, the linearisation of (4.20), reads as
out = —A At + At + Pt

The angle conditions were linearised by the authors of [I8] and can be found there and the (4.20)), is
already linear. For (4.20), we can just plug in our knowledge of the linearisation of the mean curvature
operator from [I9, Section 3]. Summing up this leads to

0= Avu + 2 Au® + A’ + L Put + 2211 Pu? + 2P [P’
HANVH L et + 2 (VL HE, 72)0" + 7 (VL H 7)o

Observe that we can express ¢ as Tu, which is a local term on the boundary. So, we can write the
equation above in the form

YA+ 72 A2 + B3 AR+ ASCTu =0, (4.38)
where we used the abbreviation
3
AGCPu = S A TP 44 (Vs HE 7)o
i=1

It remains to linearise G® and G°. Before we can go on with this we need some qualitative results for
the linearisation of the normal and the conormal.

Lemma 4.6 (Linearisation of the normal and the conormal).

d - , ; ; :

?EN;}EZO — Z (a4+o¢8luz + a4+aalgp1) + a3+o¢u1 + a3+o¢<p1’
=1

d . n ) ) ) .

dz”é‘szo — Z (a4+aaluz + a4+o¢al<pz) + a3+auz + a3+a@z.

=1
Proof. Writing N¢ as

,€ i€
07" X - xOF

107° x < Ol

(4.39)

the first part follows using the quotient rule from Lemma If we choose 95 such that {05, ...,05_}
is a basiﬂ of the tangent space of ¥, we can write the conormal as
NG 00 5o 0

; i,€ ?;1 ’ (440)
[NZx 8y x -+ 0,24

and thus the second equality follows from Lemma [L.5] and the first equality. O

With this in mind, we can now as before write the surface gradient in local coordinates and then find
the derivative using the product rules and the results for the geometric quantities. We have that

%(VFQHEV‘E) |5:O = <dEvFiH5|E—O> Vi + V*H* %VEL:O
O2+o

4If this holds for the reference frame, it will also be true for ¥, as this is parametrised via the composition of Peouep
with the parametrisation of ..
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

= V. | A’ + [ILPw' + (VLHL 7)) @' | - vl
—— ———
C3+a O2+a

+ a2+ocui + Z a2+a6lui + Z a2+aalu7i + a2+aui

1 1

= V.(Au') v+ Z a*reout + a® Tl

1
Note that in the second equality we directly write the terms arising from both the linearisation of

the conormal and the gradient in the short notation for lower order rest terms. Linearising both flux
terms we get

Vo(Aut) - v = Vo (Al -vi = Ach(ui,uj),

where we used the abbreviation

n
AZFC(UZ, u!) = E a?toou’ + o>’ 4 a? T + o,
=1

Summing up the work of this section we get the following linear system.

Out = —AAut + Al + (T (wo pr))t on I't x [0,T],i=1,2,3,

yiut 4+ y2u? + y3ud =0 on X, x [0,T],

Opiut + ITH(wi,v])(Tu)t = ,2u® + 112(v2,2)(Tu)? on X, x [0,7],
(LSDFTJ) angﬁ Jlrllfguf,uf)(Tz;)Q =36y§u?;40rp11§(yf,uf)(’ru)3 on Ei x [0,T],

YAt + AW+ AW+ ASY =0 on X* x [0,T],

dv1 (Asul) = 0,2 (Au?) = ABFC (u! u?) on X* x [0, T,

D2 (Asu?) — 0,3 (A u?) = ABFC (u?, u?) on X, x [0,T],

u'l,_y = b on I't.

Here, we directly rewrote the ¢-terms via the linear relation with u to get an equation solely in w.
We note that the non-local terms only appear in second order and so we can do the linearised analysis
without them and include them later using a perturbation argument. The same holds for the lower
order terms in u.

Thus, the linear equations write with regard to their analytic structure as
ot = ,élj;m(ui,u’E ) +§ onTi x[0,T],i=1,2,3,
Bu=©0 on X, x [0,T7], (4.41)

i i i
u’tzo—uo onI",1=1,2,3,

where we used the notation
A;ll(uiv u’z*) = A%/V(uz) + AlID(ul7 ’u’|2*)7
Aly(u') = —AL A
Ap(u',ulg, ) = Z a* T O’ + Z a?t0pu’ +a'tu’ + Z a*T O (T (u o pr))’

k,l k k,l

i Z a1+aak(T(u op,’,,))i + aa(T(’u, Op'r’))iv
k

B = Bw + Bp,
Blu _ B‘I/V,ul — ’71’11,1 +’YZ’LL2 +,_Y3u3’

Biu = Oy ut — &,EuQ,
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4.5 Analysis of the Linearised Problem

Biu = IT}(v) v})(Tu)! — I12(V2, 2 (Tu)?,
BWu = 8yzu -0, su
Bpu_m( V2, *)(Tu) — I (W], v))(Tw)?,

Wu—Z*y Au

Bhu = > TP +0, HE(Tw)
i=1
B%Vu =0, (A*ul) — 02 (A*uQ)7
Biu = i(aHa@kul +a't*0pu?) + a®ut + a®u?,
k=1
BSyu = 0,2 (Au®) — 9,3 (Au?),
Bhu =0,2 + i(aHo‘@kuQ + a0 u?) + a“u? 4 a®ud.
k=1

Additionally, the f* and b’ denote possible inhomogeneities. Choosing them as
L) = —Afﬂl (ui,u‘z*) + F (u’,uﬂZ) + az% (ui7u|2*) ({’P(u,u‘z*)f'(u,ulz*)} 0pr) ,
b (u) = G (w) — B (u),

we can rewrite problem (4.29)) in the form for the fixed point problem we will study after the linearised
analysis.

4.5 Analysis of the Linearised Problem

In this section we want to derive an existence result for the linearised system derived in the section
before. We will first study the system without the non-local terms, zero initial data and and some
other terms causing technical troubles. Once we have derived a solution theory of the reduced system
with Holder-regularity we can include the missing terms with a perturbation argument in the last
section. We then get the following result.

Theorem 4.7 (Short time existence for (LSDFTJ) with zero initial data).
Set 01 = 0,00 =03 = 1,04 = 2,05 = 06 = 3. For every a € (0,1) there exists a dg > 0 such that for
all

4ta—o;

fle Opf (D) i=1,2,3,b0 € O =T (2, 5), i=1,..,6,

that fulfil the compatibility conditions

(2 +°)] o = 0.0, =0 0n %, i=1,..,6, (4.42)
problem with zero initial data has a unique solution (u',u? u®) € C;ta’l+%(F*)5o). Moreover,
there exists a constant C > 0 with

6
N <C .9 b ooy . 4.43
el prnnr ) < (nﬂw PO 3 L I ,(M)> (4.43)

In the last subsection we will also discuss that the last theorem implies short time existence for
non-zero initial data and get the following consequence.
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

Corollary 4.8 (Short time existence for (LSDFTJ)).
Let 0;,i = 1,...,6 be defined as in Theorem . For any a € (0,1) and initial data ug € C%T]O‘(F*)

4ta—o;

there exists a dg > 0 such that for every § € C?:]% (T.s,) and b € O (%, ;)i =1,...,6
fulfilling the inhomogenous compatibility conditions

(Y A+ 2R+ 3P|,y = Boluo) = — X0, v ALy,

i i . (4.44)
b |t:0 = —Bluy, 1=1,...,6,

(CLP) {

on X, the problem with initial data wy has a unique solution u € C*+1(T, 5.). Moreover,
there exists a C > 0 with

6
”u”CAHa’HTa(F*,JO) < C <||f||C;J?{ (Tu.s0) + ||UOHC;1$Q(F*) + Z Hb ”C4+O‘Gi’4+a40i(2*,50)> . (4.45)

TJ 1=1

4.5.1 Existence of a Weak Solution for the Principal Part

In the first step of the linear analysis we want to show existence of a unique weak solution. For this,
we have to find a weak formulation of the problem such that sufficiently smooth solutions will fulfil
the equations and all boundary conditions in a classical sense. Here we get a technical problem as
the direct test procedure, which we successfully used in Section [3.3] will lead to a concept of weak
solutions, where we search for solutions in H#,(I'). In this setting we can put the boundary condition
(LSDFTJ)1,(LSDFTJ)2 and (LSDFTJ)3 in the space of testfunctions but the sum condition for
u on the boundary will then reduce the degree of freedom of the testfunctions on the boundary. But
then we can only write two boundary conditions in the equation itself as otherwise we cannot retrieve
them for a classical solution. Thus, with this approach we cannot fit all six boundary conditions in
the weak formulation.

To solve this problem we need to split the fourth order parabolic problem in a coupled system of a
second order parabolic and a second order elliptic equation. Then we can put one boundary condition
in the space of testfunctions for each equation and two boundary conditions in both of the equations.
For the split we need to introduce an artificial variable that we choose as

= At + Cyut, i=1,2,3,

which equals the linearisation of the mean curvature operator up to lower order terms. Originally,
that was our candidate for v; as the system basically splits in two subsystems for u and (d%H 2)1‘:1 93
with symmetric boundary conditions. But this choice leads to non-local terms that cause energétic
problems. Now, we consider in the formulation of problem only the terms marked with a
subscript W, which leads to

du' = A" = C' +§ onTL x [0,T],i = 1,2,3,

vi= Bt Ot onTix(0.7)i= 1,23

Yt +y2u? + 43U = b on B, x [0,T7,

dut — yru? = b on %, x [0,77,

(LSDFTJ)p { 8,20 — d,00* = b7 on ¥, x [0, 7], (4.46)

ylut #4202 4303 =b*  on X, x [0,7],

5%1)1 — (9,41)2 =p° on X, X [07T]7

8,,31)2 — 6,,31)3 = pS on X, x [0,T],

u’t:OZO onI? i=1,2,3

Hereby, the terms —C,v* and C,u’ are included to guarantee coercivity for the weak differential
operator. The constants C, and C,, are chosen large enough such that these hold. During the proof of
existence of weak solutions we will see that they only depend on the system. Once we haven proven
Holder regularity for this system they will disappear in the perturbation argument.
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4.5 Analysis of the Linearised Problem

Remark 4.9 (The inhomogeneities b — b*).

In [19] a possible inhomogeneity b' was not discussed as neither for the non-linear analysis nor the
localization procedure an inhomogeneity arises in this boundary condition. Indeed, one can include
them with the standard procedure for Dirichlet-type boundary conditions. In our situation, we have to
deal with supplementary technical problems. The split of the system causes energetic problems such
that we cannot allow inhomogeneities b2, 63 for the weak analysis. Also, condition 6 s written in
the space of testfunctions and thus has to be homogeneous, too. But all the inhomogeneities b2, b3, b*
are needed for the non-linear analysis as the corresponding boundary conditions are non-linear. So our
strategy is to omit them now and include them after proving Hélder-regularity for the system without
these inhomogeneities. This will be carried out in Subsection [[.5.4] using perturbations arguments. As
an additional technical problem we need to improve the localization procedure compared to [19] such
that we get there no inhomogeneities in the corresponding boundary conditions when localizing the
problem.

We now search for a functional analytic setting for the weak solution theory. Formally, multiplying the
equation for u* with a smooth function v*¢* such that 25’21 ~v*¢* = 0 on ¥, integrating and summing
up we see that

3 3
i=1 E i=171%
3 . . . . . . .. .
_ Z/ ’YZV*UZ . V*Cz +’7lCuUZCZ o ,Yzszden
i=1 YT

3
+ /E Vv (A
i=1 *

For the boundary term we get using (4.46]); and (4.46)s that

3
Z/ Y, vl :/ Y (8,20 + 67)CE + 420,202 + 73 (B,207 — 68)CPdH "
=17 2~ x

L.

_ / ,ylbf)é-l o 73b6<3d7_ln71.

*

3
(Z 714—1) 81,37)2 4 71554-1 _ 7356C3d7{n_1
i=1

Similarly, testing the equation for v’ with (¢ and summing up we get
3 3
i=17/T% i=1/T%
3 3
= Z/ ,yzv*ul . V*Cl + ,yicvuicid/}_ln _ Z/ ’}’iayiuigid%n_l,
=1 I i=1 *

where we see for the second term in the last line using (4.46))4 and (4.46))5, that
3 3
Z/ ,yzayiuzgzd/}_tn—l — / (aVEUQ)Z,yzC'Ldan—l =0.
i=1 7%~ T i=1
This motivates us to choose the following setting. We consider the function spaces

L:=L*(Ly) x LX) x L*(I),
Ly = L*(%,)3,
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

M= DY) x HY (D) x (DY),
H-'i=H YY) x H(T?) x H1(T?),
E:={uc 7—[1|'y1u1 —|—'y2u2 +~7%u® =0 a.e. on DI

and the continuous operators given by

3
(O, C)auar =Y _ ¥ (Ortt*, ¢ aar dueE ' CEE,
=1
Bulv,{ == / Vo' Vil + Cuu'CldH” v.(€L,
i=1 I
Bylu, ] == Zvl/ V.l - V't + Coyulth dH® u,p €&,
i=1 ri
bGit)i= [ A0°C P cee,
I
fG0 =Y [ arcan cee.
i=1vT%

For clarification we note that (-, -)qua1 in the first line on the right hand side is the usual duality pairing
between £~! and £. Now we can define a suitable weak solution concept for our setting.

Definition 4.10 (Weak Solution of (LSDFTJ)p).
We call a tuple (u,v) € L?(0,T;&) x L?(0,T; &) with d;u € L?(0,T;E~Y) a weak solution of (4.46) if
for all ¢, vp € € and almost all t € [0,T] it holds

<8tuac>dual = Bu['U7C] + bu(Cvt) + fu(C?t)v (447)
(A/va w)ﬁ =B, ['u,, "Mv
and additionally it holds
ul,_, = 0. (4.48)

Before we go on we check that this is a reasonable solution concept.

Lemma 4.11. A weak solution (u,v) of with w € CYY (T, x [0,T)) 4s a classical solution of

4.40). Furthermore, every classical solution with C*'-reqularity is a weak solution.

Proof. Suppose that (u,v) is a weak solution of (4.46) with w € C*(T', x [0,T]). Note that for
¢t € C§°(TL) the function ¢ = (¢1,0,0) is a valid test function. Inserting this into the second line of

(D) we get
[ amicanr = [ 1 9nut Vet vt Cutciant = [ (<9 (Anut) +91Coat)
r! rt It

where we used that due to the choice of ¢! the terms b, and the ones coming from integration by
parts vanish. This implies that

Ul = —Ar‘i’ul + Cvul, (449)

holds pointwise due to the fundamental theorem of calculus of variations. Analogously, this follows
for v2 and v®. Inserting this in the first line of (4.47) and again testing with (¢*,0,0) we get

/ e / M (CApt 4 Cot! )i € — A Cu(—Apsu! + Cou )t A AR
ri ri
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4.5 Analysis of the Linearised Problem

_ / (=7 Ap Apsd + 4 O A ut + 7 CuA ! — 1O, Col +411) (LM,
ry
again using the structure of ¢! and recalling that the classical time derivative of w corresponds with
its distributive time derivative. Using this we get
o' = —y'Ap Apiut +4'Co At + A Cu AU — A CL Ot + 4 (4.50)

and by the same calculation we get the equation also on the other hypersurfaces.
Next, we want to see that u fulfils the boundary conditions |4.46-(4.46))s as well. For any ¢ € C*(Z,)
we choose a smooth continuation of (y*)~!¢ on I'! and a smooth continuation of —(7?)~1¢ on I'2,

which we also call (y1)7¢ resp. —(y2)7!¢. Testing (4.47)2 with ((41)71¢, —(v?)71¢,0), which is a
valid testfunction, we get

1 1 1 1

/ 'ylvl—lCdH” —/ 72112—2Cd7-l" :/ V'Vl v, <1C> +’levu1—1<d’H”
rt Y r2 v rt v v
1 1

- / 7Vl -V, <2c) +9*Cou? 5 CdH™.
2 Y Y

Using integration by parts on the first summand in both integrals on the right hand side and using
that we already know that v* = —A,u’ 4+ C,u* holds pointwise, this reduces to

/ (Bprut = Dy2u)(dH ™ =0
DI

Again using the fundamental theorem of calculus of variations this implies that (4.46])4 holds classically.

The conditions (4.46)s, (4.46)7 and (4.46)s follow with the same procedure and (4.46))3 and (4.46))s
O

are already part of the definition of the solution due to the choice of €.

Next, we show existence of a unique weak solution of (LSDFTJ)p.

Proposition 4.12 (Existence of weak solutions of (LSDFTJ)p).
For all § € L?(0,T;L) and b°,6° € L2?(0,T;L?(X.)) there exists a unique weak solution (u,v) of
and we have the energy estimates

ogltagXT lu®)lle + llull20,1e) + 1U |22 0,7,6-1) + [l 20,736 (4.51)
6 .
<cC (Hf”L"’(O,T;L) +) Hbl”L?(O,T;L?(E*))> :
i=5

Proof. We want to apply the Galerkin scheme. As in [I9] we can choose the eigenfunctions (z;),en
of the eigenvalue problem

VAL = My onTi,i=1,2,3,
Vil 44222 £ 4323 =0 on 3., (4.52)
(‘Lizl = (%32’2 = (%32’3 on X,.

as orthonormal basis of £ equipped with the inner product
(F.9)rc=Y 7" [ fgdn" (4.53)
i=1  JT%

In [19], the authors proved also smoothness of these functions. Note also that due to the fact that
the z; are weak solutions of this eigenvalue problem, they are also orthogonal with respect to the
products B,, and B,. We now search for weak solutions (@, v,,) of the problem projected to the
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

m-dimensional subspace Z,, := (;);j=1,...m of £, i.e. we search for solutions of

<atumazj>dual = Bu[vmazj] + bu(zj7t) + fu(zjvt)a .] = 17 ceey M,
(Vm, 2j)ye = Byoltm, 25], j=1,...,m, (4.54)
u(-,0) = 0.

We will index (4.54]) with an m to clarify on which space we are projecting. Solutions of (4.54)),, are
of the form

U (2,8) = 3 (1) (a),

Jj=1

O (2,8) = > bmj(t)2;(2).

<.
=

Due to the orthonormality of the z; with respect to the product (4.53) we get the following ODE-
System for the coefficient functions a,,; and b,,;, where we use the orthogonality properties with
respect to B, and B, discussed above.

i (1) = b (8) Bulz;, 23] + bu(zj3) + fu(z:t) j=1,..,m,
b (t) = am;(t)Bulz;, 2] 7=1,...,m,
am;(0) =0 j=1,..,m.

Inserting the equations for b,;(t) in those for a;,;(t) we get a standard system of ODEs for which

we can apply the Theorem of Caratheodory to show existence of absolute continuous solutions a,;.
Inserting this solution in the second equation we also get the b,,; as functions in L?(0, T;R).

The next thing to do is verifying an energy estimate for our problem. We notice that for the solution
(Upn, V) Of (4.54),,, the functions dyu, and v, are valid testfunctions. Thus, we can test the first
equation in m with v, and the second equation with dyu,, to get

3 3 3
Z’yi’/ Opul vl dH™ = —nyi/ V.0 [PdH™ — ’710“2/ [vl |2dH"
i=1 ri i=1 ri i—1 /I
+> 9 / fog,dH" + / v'0%0,, — 7000 A1 (4.55)
=1 JI% D

3 3

, ) ) , 1 . 1 ;
g 'yz/ vy, Opuy, dH™ = g 'Oy f/ |V |2dH™ + ny/ lul |2dH™ ] .
i=1 I i=1 2 I 2 i

*

Subtracting the first equation from the second and rearranging the terms leads to
3 1
> ( [ v pann o, | |v:n|2dw> ') <2 [ cv|u:n|2cm”> (456)
i=1 e e I

3
=Y <¢‘ / fiv:'nd}z"> + / Y%, — 77000 dH"
i=1 L .

Applying the weighted Young-inequality gives us

3 3 i i
i i n Y i12 3qm , €Y i 2 3m
) <> L - .
‘ v/rifvdef‘ 2€/ﬁ|f|d7—[+2/ri|vm|d7{7 (4.57)
1=1 * =1 * *
TSl dH 1 < 162 e+ S0 |2 (4.58)
v m =50 v L2(g,) T g WmllLz(z.) .

*
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e 1 e
[ =t < e Ry + Sl (4.59)

Note now that Lemma implies for any g € H' that
19°17 25 < E°IIVagllZ + 22C=Vegllcliglle + C2lgllZ < 22%(|V.gliz + 2C2lg|Z.

Therefore, we conclude

e _
5 (o ey + W5 e,y ) < 82 Va2 + C26 w3 (4.60)

Applying (4.57)-(4.60) on (4.56) we get

3

) ) ) 1 ) )
Zv(/ |v*v;n|2dm+cu/ |v:n|2dm> + 8, <¢2/ |V*u§n|2+Cv|uinde”>
=1 ri ri ri

3 .
v ; .1
< Z %/I: ¥ |2dH + 2/ (||’Ylb5||%2(z*) + ”7356”%2(2*)) (4.61)
i=1 i

3 i
+ T [ P + SV + €2
i=1 “
Now choosing € = %7 ¢’ = min(vy1,72,73),e = 1 and then C, large enough we can absorb the w,,- and
V.wy,-terms on the right-hand side by the ones on the left-hand side to get
O(lumlie + IViwmlie) + Cllwnlz + IViwnlz) < C(10°[ 222y + [10°022(c.) + If1Z2).  (4.62)
In particular, we get for all ¢ € [0, T that
Oc(llwml3e + 1 Vitml32) < CI10°172s,) + 10°1Z2 (s, + IFIZ) (4.63)

Integrating this in time using «(0) = 0 leads to

¢
lwm @132 + [V eum @), < C/O (llbs(t)lliz‘(z*) 0O 172, + ||f(t)||2é) dt (4.64)
< C(I9°135 0,125y + 18320202580 + IT320700))
for all ¢ € [0, T]. Integrating (4.62)) from 0 to 7" implies for v,, that

[vml 720,756 < C10° 172007502050y T 10T 20,0250y + T 220,75 ) - (4.65)

It remains to study the norm of d;u,, which can be carried out with a standard argument. We first
introduce the space 7€ that contains all elements of £ and is equipped with the inner product

(v, W) e == (Viv, Viw)y o + (v, w) 2. (4.66)

Note that as the z; are classical solutions of the eigenvalue problem (4.52) they are also orthogonal
sytem in y€. Also, the norm induced by the vE-product is equivalent to the norm on £. Now, choosing
any v € £ with ||v||e <1 we write v = v1 + vy with

vy € span{z;}tj=1, .m, (V2,%j)y2=0,7=1,...,m. (4.67)
Due to equivalence of norms we get ||v|| < C’ for a constant independent of v and

[v1llve < llvlle < C, (4.68)
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due to the orthogonality of the z; in £,. Then, again using equivalence of the norms on £ and &, we
conclude |lvy]lge < C for a C independent of v. With this in mind we get the estimate

(Ot V) duat] = |(Drttm, v')-c]
(I1B(vm, v1)] + [ fu(v1))] + [bu(v1)])
< C(lvmlle + il + 116°[ 2.y + 116%] 2 (2.,))
< C(Iflle + 116%] 2csy + 6% 12(s.y)-

Here, we used (4.62)) in the last inequality and for b,(v1;t) we used the Cauchy-Schwarz inequality
and continuity of the trace operator to derive

by (v151)] < C([[6° ()| L2 llv1 2250y + 1108 O 2 |03 | £2(5.))
< C(I6°() 2z, + 10° ) L2csy) v lle
< C(I6°®) 2z, + 16° )| r2(s.))-

As this holds for all v € £ with ||v]|¢ <1 we deduce for almost all ¢ € [0, T] that

10cum®)le- < C(lflle + 167 W)l z2cs.) + [6°B)|z2(s.)), (4.69)

and thus

10cumlZ20.1.6-1) < CUIfI17200.1.2) + 10°1 20,7, 22200y + 8% 20,1225 ) - (4.70)

So in total we get the energy estimate

s (e ()12) + lumla0.0) + oo r. + 100 o (71)
< C(If1720,7:2) + 0% 172007, 225.y) + 10° 720,722, )))
These energy estimates imply that there are u € L*(0,T; &), dyu € L*(0,T;E71) and v € L*(0,T;€))
together with subsequences (which we will identify with the original sequence) of u,,, u}, and v,, such
that

Uy, — U in L2(0,T;€&),
O, — Opu  in L2(0,T;E71),
Uy — U in L2(0,T;€).

We note that like in the standard case we get that the weak limit of 0;u,, indeed corresponds with
the weak time derivative of w by using the definition of a weak time derivative and weak convergence.
Next we want to see that (u, v) is the sought weak solution. For any fixed N € N and smooth functions
{dg}r=1,... v we get for any m > N

T T
/ (Dt €ttt = / Bulm, ;1] +bu(C:8) + fulC, t)dt,
0 0

/f(vm,oawdt:/OTBv[um,c;t],

for ¢ = Z;V=1 d;z;. Note that for fixed ¢ each term gives an element of (L(0,T;€))" or (L(0,T, 5’1))/
and so we can - using the definition of weak convergence - pass to the limit to get

T T
/ (Ot )t dt = / Bulv, ¢ 1]+ bu(Ct) + fulC,)dt,
0 0

/OT@?c)Lvdt— /OT By[u, ¢:1].

54



4.5 Analysis of the Linearised Problem

As the considered test functions ¢ are dense in L?(0,T; &) this holds for all such functions implying
that holds for allmost all ¢ € [0,7]. Thus, it remains to show that «(0) = 0, which follows as
in the proof of [24] Theorem 3, p.378]. Finally, to derive uniqueness of the weak solution we observe
that for two solutions (u1,v1), (ue, v2) the difference (u,v) solves with § = 0,b° = b5 = 0 and
then the energy estimates imply (w,®) = (0,0) and the proof is finished. O

For technical reason in the localization argument we will need a result on higher Sobolev regularity.

Corollary 4.13 (H3-regularity of u).
The solution u found in Propositz'on is in L*(0,T; H3;(T'.)) and we have the estimate

3 6
lwllzz0,7:m2 0.y < C <Z 17l 2 0.0y + ) |bl||L2(o,T;L2(2*)>> : (4.72)
=1 =5

Proof. For every t € [0,T], the function w is a weak solution of the elliptic problem

—Aul + Cyut =o' onT, i=1,23,
'ylul + 72u2 + 'y?’u?’ =0 on Y,

8,iu1 — 8@’&2 =0 on X,

3,,3u2 — 3,,3113 =0 on Y.

As we have v € W%]z (") and it was shown in [I9, Lemma 3] that the Lopatinskii-Shapiro conditions

for these boundary conditions are satisfied, we may apply elliptic regularity theoryﬂ from [] to get
3,2

u(t) € Wy (T') and

lu@lag, . < llv@le,

and then with (4.51])

3 6
ull 20,7505 (r,y) < 1V L2qo,rie) < C (Z 17l z20mic) + ||bl|Lz<o,T;Lz<z*»> :

=1 1=5

This shows the desired estimate. O

4.5.2 Schauder Estimates for the Localized System on the Boundary

In the next step we want to derive Schauder-estimates for the localized problem. For every point away
from the triple junctions this follows as in Lemma [3.7] as regularity is a local property. Thus, we will
discuss the analysis only around an arbitrary point o € X,.

We want to apply the theory of [38] and for this we need to rewrite the problem in local coordinates
around o. Hereby, it is sufficient to prove the result for one parametrisation which allows us to
choose a special parametrisation that will make the discussion easier. To do so we choose § > 0
sufficiently small such that for i = 1,2,3 the projection on ¥, is well defined on V¢ = Bs(o) C T'i.
For Vy := Bs(0) C X, we choose R > 0 together with U = Bgr(0) N R’} and any parametrisation
¢ :Un{z € Rz, = 0} — Vx. Now we extend this ¢ to diffeomorphisms ¢’ : U — V' by the
distance function. To be precise this induces diffeomorphisms

(pi U=V, (xvd) = Vi ((p(x)7d),

where (z,0) € UN{z € R"|z,, = 0}, (x,d) € U and vy_,: (0, d) denotes the evaluation of the geodesic
through a point o € ¥, in direction —v¢ at distance d . Note that for these parametrisations it holds

5Actually, this is applied for a localized problem in the interior like in Lemma and near the boundary like in
Subsection @ The connection to the original problem is made similarly.
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

that
g:Ln = 17931[ =0 for( 7é n, (473)

and the same holds for the inverse metric tensor due to to the inverse matrix formula for matrices in
block form. We now want to study problem (4.46)) localized on Bg(0). Using the notation

C:=90UN{zx, =0}, S:=0U\C,

we see that for the localization of we only have boundary conditions on C'. In order to get a
well-posed problem we have to do a cut-off away from .S so we choose € < g together with n € C*°(U)
such that supp(n) C U N Br—-(0),n =1 on U N B.(0). In the following, we will write for this cut-off
of the parametrised function u again to keep notation simple. We want now to consider the problem

o+ 3 g+ Apfu) = £ onUx[0.7)i = 1,23
Gk, lm=
yrul +y2u? +y3ud =0 on C x [0,T],
Oput — Opu? +Ba(ul,u?) =0 on C' x [0,T],
Onu? — Opu? + B3 (u?,u?) =0 on C x [0,T7,
3 n )
> ‘;I’yigjkajkui + By (ut,u?,u?) =0 on C' x [0,T],
(LLP) 4§ "0 7 ,
_gjl (91" Onjrut — g3 Oppu?) + Bs(u',u?) =65 on C x [0,7),
j) =
S (g3 Onpu® — g Onjru®) + Be(u?,u?) = 6 on C x (0,7,
jk=1
u =0 on Sx[0,T], i=1,2,3,
Aul =0 on S x[0,T], i=1,23,
ut|,_, = uo onU,i=1,2,3.

We used here that due to the choice of our coordinates the derivative in direction of v¢ is given by
—0p,. Also, we only need the highest order terms for the following discussion, which are given by the
highest orders terms in the surface Laplacian and the surface Bilaplacian. All other terms are written
in the Ay, and B;. The inhomogeneities by to by were excluded from (LLP) as they also were for the
weak analysis and so we cannot use them later when proving Holder-regularity for the weak solution.
Actually, the following analysis would also admit these inhomogeneities. The boundary conditions on
S are relatively arbitrary as w vanishes near S and so fulfils any linear boundary condition. Note that
the boundary condition on S and C' are compatible as u solves both near 95 N AC due to the cut-off
procedure. As a final remark we want to mention that we will need better properties for n later but
we will discuss this in the next section. Now, we want to show that (LLP) fulfils the prerequisites to
apply [38, Theorem 4.9].

Remark 4.14 (Regularity of oU).
To be precise we will need smoothness of QU for the analysis now. But as we cut off the problem away
from S we may assume w.l.o.g. that the problem is indeed defined on such a domain.

Firstly, we want to see that for the system above the basic requirements described on page 8 of [3§]
hold. Setting s; = 0 and t; = 4 for ¢ = 1,2, 3, the degree conditions for the differential operators are
fulfilled. For the parabolicity condition we see that b = 2 and

Lo(x,t,¢,p) = diag(p + |C|2 . p+ [C[2,. p+[C[2,),

3
31‘)’

Lz, t,¢,p) = [ [0+ 1¢

i=1

for any p € C,{ € R™, where | - |,, denotes the norm induced by the inverse metric tensor g;. Thus,
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4.5 Analysis of the Linearised Problem

4

g:» for which one has

the roots of L with respect to p are precisely p; = —|(|
pi < =,

for a suitable ¢ > 0 fulfilling ¢|(| < [¢],4, for ¢ = 1,2, 3, which exists due to the equivalency of | - | and
|- |g:- Note that as the inverse metric tensor is bounded, ¢ can be chosen independently of « and thus
the equations is even uniformly parabolic with b = 2.

For the boundary conditions we get the following numbers.

Oq
-4
-3
-3
-2
-1
-1

.

GJOT%C»DN})—‘»;Q
S WO = Ol
W WN —= = Ol
WO = O OoOlWw

This means that the number [ used in Theorem 4.9 can be an arbitrary number larger than
maX{Oa 01, 706} = 0’

which works for us as we will need [ to be the Holder-continuity of the space derivatives, so an
a € (0,1).

Hence, we see that (LLP) is indeed of the form covered by the theory of [51] and so we now have to
check the complementary and compatibility conditions.

For the original version of the complementary conditions in [38] one has to check that a certain matrix
has full rank. In our case, this would lead to a matrix with 12 rows and columns. A more elegant
way is to check a version of the Lopatinski-Shapiro conditions where we have to study non-trivial
solutions of an ODE-system. In |21} 1.2] the authors proved equivalence of the both conditions and in
[39] a very concrete formulation is given. The formulation is even easier in our situation as we have
an already linearised system.

To state the corresponding ODE system for a function ¢ = (¢1, g2, ¢3) € Co(Ry,C3), where the
subscript zero denotes functions that vanish at infinity, ¢ € R®N{z, = 0} and \ € {z € C|Re(z) > 0},

we first have to determine the principal parts Ay of the equation itself and the principal parts Bjy of

the boundary conditions. For the first one, we note that a;jp, = diag ((g{kgém)?zl) is the coefficient

function of Jjxmu. But due to (4.73) we have ajrm # 0 if and only if either j =k =l=m =mnor
none of them equals n. So, this leads to the corresponding differential equation

For the boundary conditions the linearisations formed in [39] are just the boundary conditions itself
as we already have linear equations. Therefore, we have to derive the induced conditions for y. The
zero-order condition (LLP)s will just give the same conditions for y. For the first order conditions
(LLP)3 and (LLP), we see that the coefficient functions are zero except for the one of d,u. So we
get the condition

¢y =¢y =05 y=0.
For (LLP)s we again see that the coefficient functions are given by the ¢’ and so again they will
only be non-zero for either j = k = n or both j and k unequal to n leading to

3

> (1

i=1

Finally, for (LLP)g and (LLP)7; we see that coefficient functions unequal to zero have to have one
derivative in direction of e, and the other two, with the same arguments as before, have to be both
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

either equal to 0,, or unequal to it giving us

g — IR0+ 1,00 =0, y=0,
0 — 2,0+ IO, 05 =0, y=0.

To sum up, the Lopatinski-Shapiro conditions read as follows. We need to verify that for all
¢ € R" 1 X\ e {z € CRe(z) > 0} with (), ') # (0,0)

the only solution ¢ = (¢1, ¢2, ¢3) in Co(R, C?) of the ODE-system

Api + |5 di + 0" =0, y>0,i=1,23,
3 .
27’@ =0 y=0,
¢1 ¢2 ‘1’3 y=0, (4~74)
3
Zvi(lé’lid)i —¢!) =0 y =0,
///_ //I |<‘ ¢/1+|C/|£272¢12:O y:O,
=5 — 2,05 + |2, 5 =0 y =0,

is  =0.

To prove this we use a straightforward energy method. We first note that due to the structure of the
differential equation, all solutions are linear combinations of functions of the form exp(+/—X — |{/[*y).
If such functions converge to 0 for y — oo then all their derivatives converge, too. Now, testing the
first equation in with v%¢; and summing over i = 1,2, 3 gets us

3 o0 3 (o]
> oA+ /0 |6il*dy +> A /0 ¢} Gidy = 0. (4.75)
=1 =1

The first sum in (4.75)) has already a good structure, so we focus on the second term. Integration by
parts twice yields

Zv / ¢”“¢>zdy—§jv & (0)3:(0 / S Edy
3
Z /// +Z fy¢” ¢’ _|_Zry/ |¢;/‘2dy (4.76)

=(I) =(II) =(III)

Here, we used that the solution and all their derivative vanish as y — co. We now want to study these
terms separately. For brevity we will omit the variable 0. The sum (I I I ) is already non-negative, so
we have nothing to do. For the term (I) we use the last two lines in ) to express ¢}’ and ¢4 and
we derive

(1) =" (65" = I¢'15,05 + [C'5,01) b1 +7° 05" by +7° (05" — I¢'5, 65 + IC'[5,05) ds

3
= Y b 2 0ith + IG5 e + 05 (—7 5, B0 — VPIC 12, Bs) (4.77)
L,_/ =72[¢'|2, b2

=0

gi

3
=¢1 > I
=1
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4.5 Analysis of the Linearised Problem

Here, we used in the last two steps the second and third line in (4.74]). We now have a look at the
term (II). Due to the third and the fourth line in (4.74) we see

3 3
(II) = =@ Y A = =41 > +'I(12 - (4.78)
=1 =1

Putting (4.77)) and (4.78]) in (4.76]) implies that

3 %) 3 00 3
Zvi/ ¢} Gidy = Zv/ |67 [Pdy + 2Jm <¢’1 > IC’IQﬂl@) : (4.79)
i=1 0 i=1 0 i=1

Combining this result with (4.75) we derive

3

oo 3 0o 3
SV A+ /0 |6ildy + >+ /0 |67 |2 dy + 2Jm (gﬁiZK’;n%i) = 0. (4.80)
=1 =1

=1 = =

As )\ has a non-negative real part all terms of the left-hand-side have non-negative real part. For
¢’ # 0 we get therefore

/ ¢s?dy =0, i=1,2,3, (4.81)
0

which already implies ¢ = 0. For ¢/ = 0 the equation above reduces to

3 oo 3 oo
Sovn [ oy +y [ 6Py =o, (4.82)
i=1 0 i=170

as | - |g, is also a norm on R™. If Re(A) # 0 we can argue as before. Otherwise it has to hold that
Jm(M\) # 0 and as the second sum is real this again implies and we hence showed ¢ = 0.
Consequently, the Lopatinskii-Shapiro conditions are fulfilled on OU.

It now remains to consider the compatibility conditions according to [38, p98]. As we choosel = a < 1,
we only need compatibility conditions of order 0. Due to the values of o, only for the first boundary
equation i, can take the values 0 and 1. For all other i, we just get the trivial compatibility condition
that the boundary condition has to be fulfilled for w = 0. The only non-trivial compatibility condition
is therefore

3 3
0= out = YT
=1 =1

using the first line in (LLP). Finally, we can use [38, Theorem 4.9] to get the following existence
result for (LLP).

Proposition 4.15 (Schauder Estimates for (LLP)). The system (LLP) has a unique solution u €
CHHel+3 (U x [0,T])? if and only if the compatibility conditions

6°=16°=0 on C x {0}, (4.83)
> =0 on C x {0}. (4.84)
are fulfilled.

4.5.3 Schauder Estimates for the Principal Part of the Linearised Problem

We now want to show local Holder regularity and Schauder estimates for the weak solution constructed
in Proposition by connecting the weak problem and the localized problem. This we cannot
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

conclude from the results in the last section. So far, we do not know that the solution there is
the same as the cut-off of the weak solution w constructed in Section for a right-hand-side
fe C’;:]% (T,) and bs,bg € C'Ho0+e)/4(%*)  Our strategy for this is to multiply w with a cut-off
function 7, that is 1 locally in time and space around (o,t) € ¥, x [0,T] and has compact support in
im(p?). For this function nu we can derive a new PDE system that has nu as unique solution. The
arising inhomogeneities f and b® and b® are only in L2(0,T; L2, ,(T)) resp. L*(0,T; L2(2,)) and so to
apply the results from Section [1.5.2] we have to consider a suitable approximating problem. Finally,
we have to show that the solutions of this approximation converge on a subset to nu and that the
limit has C*+® 1+ % _regularity and thus w has.

Consider now a fixed point (o,t) € X, x [0, T]. The choice of 7 has to be a bit more specific than in [I9]
as we have to guarantee that our cut-off procedure will not produce inhomogeneities in the linearised
angle conditions or the linearisation of Bs. We choose neighbourhoods Q} of o € T'Y such that the
projections priz* are well defined and the intersections Q4 N X, equal for all i = 1,2,3 a common set
Q%Y C =,. We choose now a cut-off function ns, € C®(Qy), such that nx, has compact support in
@y~ and 7y, =1 on a neighbourhood of ¢ in Qf*. Now, we extend 7y, via a cut-off of the distance
function on QY. Precisely, we choose a cut-off function 74 : [0,1] — [0, 1] with supp(na) C [0,€) for
some € < 1, ng = 1 on a closed interval containing 0 and such that for all i = 1,2, 3 the function

n' = nans : Q4 — [0,1], (4.85)
@~ 1a(dists. (2))ns (pry, (2)),
has compact support Q% in Q. Note that for any point z € Q* we have now
dyin'(z) =0 (4.86)

for i = 1,2,3. This is exactly what we need for our analysis. We want to note that one could multiply
n' with a cut-off funcion in time to attempt to prove parabolic regularization away from ¢ = 0 but
here we do not need this.

We will need some additional notation now and set

Ci:=0QiN%,, S :=0Q\C;, 1=1,234,i=123.

Hereby, the sets Q% and Q% will be constructed later and as Q! N X, = le* for i = 1,2,3 we have
C} = C for i = 1,2, 3. Following our plan, we now want to derive a PDE for & = nu. As u is a weak
solution of (4.46) we calculate formally

0yt = 1" opu’ + (Oyn*)u’, on Q4 x [0,T],i=1,2,3,
A =0t Aut 4 2(V.n', Vau®) + (AunHu’, on Q4 x[0,T],i=1,2,3,
—AAT = ' A A — 4A (V' Vb (4.87)
+ 20U A — WAL, on Q4 x [0,T],i=1,2,3,
Oyl = n'0u’ +u'd,in' =00, on QY x [0,T],i=1,2,3.

From this we see directly that w solves formally
' = —Api Api @+ CoAps @ + CuApi @ — C,Cul + 17,
with the new inhomogeneity

Fo=n'f + (0 )u' + 48, (Varp', V') — 280" A
+ul A —2(Cy + C)(Vun', Vau') — (Cy + C) A’ - ul.

Observe that due to the L?(0, T; H?)-regularity of u! from Corollary ' is in L2(0,T; L?). To get
a formulation for which we can get unique existence of a weak solution we need to do a split again.
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4.5 Analysis of the Linearised Problem

Therefore, we write the equation as
8@’ = Apiv' — C, 0+,
v = —Apiﬂi + C,u'.
From we deduce for the boundary conditions for u’ that
Oyi ut — ayiﬂj = s, (0y: u’ — Buiuj). (4.88)

Hence, we get the boundary conditions

Yt + ¥+ P =0 on Cy x [0, T,
a,,iﬂl — (9,,3&2 =0 on Cy x 0,77,
81,3a2 — al,gﬂg =0 on Cy x [0, 7).

Now we have to determine the boundary conditions fulfilled by o°. First we note that on Cy x [0, 7]
it holds that

3 3
DA =) A (AT + O
=1

i=1

3
= Z,\/i <_771A*Ul + nicvui - 2<v*77i’ v*ui> - (A%Z)UZ>
i=1

3 3 3
=n" Y At = A"y Ayt - <V*771, Z’yiv*ui> = 0.
i=1 i=1 i=1

Here, we used in the third identity that the n’, V.n' and A.n* equal on C4. For the last identity
observe that the first two summands vanish due to the boundary conditions for w and v. For the last
summand we note that by choosing the same local parametrisation as in the section before we can
write

V' =V u' + (8, u')v.

Furthermore, Z?:l ~u? = 0 implies by differentiating also Z?Zl ¥iVe,ut = 0. Thus, using the
boundary conditions for 4 and the angle conditions for the reference surface we calculate

3 3 3 3
SVt = Ve + 3 Bt = Ot = .
i=1 i=1 i=1 i=1
In total, this proves
ZWZW =0 on Cy x [0, 7).

It remains to study the Neumann-type boundary conditions for ¥°. For this observe that
o' = 0" = (A )u’ = 2(V.n', Vi),
and so
8y 0" = (D' W'+ 0" (D3 0") = (8s Aun " + (Aun’)D,iu’
——
=0
—2(0,: V', V') = 2(V.n*, 0,: V.u').
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

There, we get on Cy the boundary conditions

8,10t — 8,20% = b°, on Cy x [0, 77,

8,20 — 8,30° = b°, on Cy x [0, 77,

with

b° = nb° — (O Aun)u' —2(0,1V.n', Viu') — 2(V.n', 0,1 Vi ut)

+ (61,5A*7’]2)U2 + 2<aufv*n27 V*U2> + 2<v*772; aufv*uz>7

66 = 7% — (9,2 Aun?)u? — 2(0,2V.n?, Vu?) — 2(V.?, 8,2 V.2

+ (v Aran®)u® +2(0,: V., Viu?) + 2(V.n?,0,: V,u?).

Here, we used that

(An) (Opru' — dy2u®) = (An) (9,20° — 9y3u®) =0 on Cy.

Therefore, we get the following problem for u

U — A + O =, on Q% x [0,T], i=1,2,3,
V4 AT — Cut =0 on Qi x [0,T], i=1,23,
At + 420+ 3 =0 on Cy x [0, T,
Dyt — 0,20 =0 on Cy x [0,T],
0,2 — ,3° = 0 on Cy x [0,7),
Y+ %2 + 3% =0 on Cy x [0,T], (4.89)
8,10t — 9,20% = b° on Cy x [0, 77,
8,20% — 9,30° = b° on Cy x [0, T,
=0 on Sy x [0,T], i=1,2,3,
70=0 on Sy x [0,T], i=1,2,3,
=0 on Q) x {0}, i=1,2,3,

with the inhomogeneities ?if[;f’ and bS chosen as above. Note hereby that due to the chosen support

of n we have

¥ e C¥T(QL x [0,T]), i=1,23,

Ei

QL x[0,T] = fz
| = bl e CTrt/i(Cy 5 [0,T]), i =5,6,

Cix[0,T
and furthermore
§ e L3(Qq x [0,T)),6% € L*(Cy x [0,T7)),6° € L*(Cy x [0, 7)),

and additionally we have the estimates

150l 2@i xo,m) < C (HfiHLQ(Qix[O,T]) + Hui||L2(O7T;H3(Q4))> ;

3

||b5||L2(C4><[0,T]) S C <b5||L2(C4X[O,T]) + Z ||uz||L2(O,T;H3(Qi))>
=1

16%]| 22 (cuxior)y < C <b5||L2(C4><[O,T]) + Z ||uz||L2(O,T;H3(QfL))>
=1
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4.5 Analysis of the Linearised Problem

as all terms in ?Z except for f’;are products of derivatives of ' and derivatives of u’ of order not larger
than three and all terms in b’ except for b’ are products of derivatives of 1 and derivatives of u’ of
order not larger than 2 and the latter are due to compactness of the trace operator bounded by the
H3-norm of u. _ _ _ _

We observe that b! = b2 = b® = b* = 0 and so we can derive the same weak existence theory as in
Section [£.5.1] The only difference is that we include the boundary conditions on Sy directly in the
solution space and thus we do not want to repeat the procedure. Also, by construction

u=nu, v=nv-—(Amnu-2(V.nV.u),

is a weak and therefore the unique solution of this system. So if we can show appropriate Schauder
estimates on an open subset of (Q} x Q% x Q3) x [0, 7] we are done.

For this we now want to apply the result of the section before on the parametrisation of on a
common domain. If?"7 b and b8 were in C* % resp. C1Te(+0)/4 we could directly apply Proposition
But as these quantities have only L2-regularity we have to approximate the problem. Precisely,

we take sequences fi, b3, bS fulfilling

I —FHLz(ng[O,T]) =0, 65 = 05| r2(cuxporp — 0, 168 — 68| 2 xioy) — O, (4.93)

and additionally we need on subset Q% C Q% as n — oo that

IFnll oo g (g x oy < ”fl”cav%@gx[om - ”fl”cm%@éx[omn’
160 | creavarsaqoyx o)) < N0 lorraararsayxior)) = 16°[lcrraararracyxjor), (4.94)

165 | c1+ertarraqoy xjo.r)) < N0%]lrtaararaesxpor) = 6%l crra.ararraqosxjo.m)-

One possibility to guarantee the condition 1} is to choose one C®®/2-approximation of ?ﬁl on
Q4\Q3 and take f*, which equals {* on Q3, as C®T-approximation on Q3. We then get a suitable
approximation on (4 by connecting both approximations via partitions of unity. The same procedure

can be done for b® and bS. o B
We now call problem (4.89) with the approximating inhomogeneities i, b3 and b8 problem (4.89)),,.

The parametrisation of this problem has a unique solution u,, € C’;EO"H% (Q4 % [0,T]) due to Propo-
sition On the other hand, (@,,v,) with ), = —Ap: !, + C,, is also a weak solution of (4.89),
and so using the estimate (4.72)) we get

3 3 6
> a2, rms@) < € (Z Il 20,7220 + D ||E’Z||L2<0’T%L2<C4>>>

i=1 i=1 =5

3 6
<C (Z 171122 (@i xo,77) + Z ||bz||L2(C4><[O,T])>
=1 1=5

3 6 3
c (Z 15 2@ x o,y + D 1%l L2 (caxion + D “Z||L2(0,T;H3(Qi))>
=1 1=5

i=1
3 ‘ 6 )
<C (Z 17 1l 22Quxory + Y ||bz||Lz(c4x[o,T]>> .
=1 1=5

In the third inequality we used and in the last inequality. This yields now that both
u,, and v,, are bounded in L?(0,T; H;(Q4)) and so we can find subsequences (Wy, )n, and (Un,)n,
converging weakly to u,v € L*(0,T; H*;(Q4)), which forms a weak solution of (4.89). Due to
uniqueness of the weak solution it follows

IN

uU=1u in Q4X[O7T].
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Now we need bounds for the Hélder-norms to get weak convergence in that space, too. For this, we
use the local estimates from [38, Theorem 4.11] for Q1 C Q2 to derive

3 3 6
2 Ha;llc‘wml*-%(inx[o,T]) <C (Zl ”ﬁLHC“'%(ng[O,T]) + 25 ||b:L||C1+”‘v(1+0‘)/4(C2X[O,T]))
3 .
+C Z a1 2 Qs xj0,11)
=1
< (I e % (@ixqory T D N6 lrsaaroraesxio,m)
im1 i=5
3 .
+ CZ a1 2 (@i xjo,11) (4.95)
=1
3 6
<C (Z ||f1||cav%(ng[07T]) + Z ||bz||01+a,(1+a)/4(03><[O,T])>
im1 i=5
3. 5
+C <Z 171122 (@i xo,77) + Z ||b2L2(C4><[0,T])>
=1 =1
3 . 6 .
<C (Z ”fl”C“'%(ng[o,T]) + Z ||bz||01+a,(1+a)/4(c4><[O,T])> .
im1 i=5

But this implies now that the subsequence ,, constructed above is bounded in C*(Q; x [0,T]) and
as the Holder-norms are bounded it is as well equicontinuous. Thus, the theorem of Arzela-Ascoli
applied on every derivative gives us the existence of a subsequence, which we again call u,, that
converges to some & € Cp/5(Q1 x [0,T]). Indeed, we also have @ € C7*' ™ *(Q; x [0,T]) as for any
covariant derivative V¥ of up to order 4 in space we have

VA@i (2, 1) — VM (y,0)] = lim [V, (2,0) — VR, (4, 8)] < Cle — g7,

n;— o0
for any points (x,t), (y,t) € Q4 x [0,T] and we also have

040" (2, t1) — O (m,t2)| = lim [, (z,t1) — U, (2,t2)| < Clty — 2|7,

n;— 00

for any points (x,t1), (z,t2) € Q4 X [0,T]. The same argument can used for the Holder regularity
in time of the partial derivatives in space. Also, observe that we have for u the estimate (4.95]).
Uniqueness of limits now implies

u=u on Q1 x [0,7).
As we have © = w on @7 x [0, 7] this implies now the desired Schauder-estimate for u, namely

3 6

Fellgazees g, pom < 0(2 I¥llce% (@uxiorp * ; [¥llorsncomsc@u o)

holds. This finishes the study of (LSDFTJ)p and summing up the work of the last three subsection
we get in total the following result.

Proposition 4.16 (Existence theory for (LSDFTJ)p).
For all T > 0 the problem (LSDFTJ)p has for all

feChy (Dr), b5,6° € CMe 8 (s, % [0,T))
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that fulfil the compatibility conditions
(P )] = 0,67,y = 0 on ., i = 5,6,

. . . Ao, it .
a unique solution in Cp, " * (I r) and we have the energy estimate

TJ

6
1+ < e i 1+a .
nu%Hm“wﬂqc(ﬁQﬁ”Hﬂ+;;w|dw,z@M) (496)

4.5.4 The Analysis of the Full Linearised Problem

The system we studied so far differs in three aspects from the original problem. Firstly, we miss
inhomogeneities in the first four boundary conditions. Secondly, both in the parabolic equation itself
and the boundary conditions lower order terms are missing. And finally, we have to include general
initial data. These final steps are carried out in the next three corollaries.

Corollary 4.17 (Inhomgeneities in (LSDFTJ)p).
For any

bl e C4+a’1+%(2*,T), 62, b3 e C3+a’(3+a)/4(2*,T)7 b4 c C2+a,(2+a)/4(2*’T)’

the system has a unique solution u € C;?a’1+%(F* x [0, T]) and we have the energy estimate

3 6
||u||c;1j:]a,1+%(r*’T) S C <z; ”leCD"%(Fi,T) + ; ||bl||c4ai+a,(4(r,;+o¢)/4(2*‘T)> . (497)

Hereby, the o; are chosen as in Theorem[{.7]

Proof. The crucial problem here is that we are missing the Neumann inhomogeneities b? and b3.
The boundary condition linked to b' and b* are of Dirichlet type and so we could include them
using a standard shifting argument by first solving a Bilaplacian equation for b* and then directly
shift the equation with an extension of b'. In our case, we have to do the shifting procedure more
carefully to not influence the other boundary conditions. For this we use ideas of [29]. For any
b* € 2+ (2+)/4(%, 1) the system

b+ ArzArzb+b =0 on T2 x [0,T],
b=0 on X, x [0,T],
—Arz2b = b* on ¥, x [0,T],

b(x,0) =0 on I'2,

has a unique solution b € C*t*1+%(I'2) fulfilling the energy estimate
||B||C4+“’H%(F§) < C‘|b4||03+0¢,(3+a)/4(2*). (4.98)
This can be proven with the same strategy as before except that we do not have to split the parabolic

equation and so we really can include the inhomogeneity b*. Now we define the auxiliary function
x:T2 - R by

(&) = 5(dists. (a) Pn(dists. (2))b(a).

where 7 : [0,00] — [0, 1] is again a suitable cut-off function with n = 1 on [0, ] for some sufficiently
small €. Note that distzz* -n € C5+°"°°(I‘iT) and so || holds also for x. Define finally x by setting
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

it zero on I'! and I'2. Now solving (4.46) with

P =1 =0~ ArtArix + (Cu + Co)Aryx + CuCox
6% =% + 9,1 (~Arix),
6% = p°
the function u + y is the wished solution of (4.46)) with included inhomogeneity b* and (4.98)) implies

together with the already known energy estimates the estimate (4.97)).
To include the inhomogeneities b', b2 and b3 we can argue in a similar way. O

Corollary 4.18 (Lower order terms for (LSDFTJ)p). Corollary[4.17 stays true if one includes the
lower order perturbation terms Ap and Bp. In particular, this shows Theorem[].]

Proof. We consider (LSDFTJ) as a perturbation of (4.46). That is, given any
ul,_, = 0}

Fi(u) = — Apu, b'(v) = b’ — Bhu.

ue X = {u € C;T,Q’H%(F*,T)

we want to solve (4.46]) with inhomogeneities

Note that f and b fulfil the compatibility conditions (CCP) as ¢, and BY% vanish on X at t = 0.
This implies that the solution A(u) exists due to Corollary We claim that for T small enough
the map A : X — X is a contraction mapping. Then, Banach’s fixed point theorem gives us the
unique solution. _

For u,v € X we note that the difference A(u)—A(v) solves with inhomogeneities f* = A% (u—wv)

and b® = Bi,(u — v) and due to estimate (4.97) we have

3
IAG) ~ Al < O3 b (= 0)lon e,

6

+Co 3 1B 0) o orsets oo s, -
=1

There are two different kind of terms that appear in the perturbation operators Ap and Bp. One are
lower order partial derivatives of u — v with C'*-coefficients only depending on the reference geometry.
For these we may directly apply Lemma[2.17]to get the sought contractivity property if 7" is sufficiently
small. Note that the regularity of the coefficient functions is not a problem due to Lemma The
other terms are the non-local ones. But here we see that they are also of lower order (second order
terms are the highest order arising) and by the chain rule all space and time derivatives are bounded
by space and time derivatives on the boundary and so by the Holder-norm of uw — v itself. So, this

shows us that for T sufficiently small A is a %—contraetion, which finishes the proof. O

Corollary 4.19 (Proof of Corollary. The short time existence result for (LSDFTJ) holds for any
ingtial data fulfilling the compatibility conditions (CLP) with the energy estimates as in Corollary .

Proof. We can do the same procedure as in [I9] by shifting the equation by p,. The condition
(CLP) will guarantee that the compatibility condition for Theorem [4.7|are fulfilled and the additional
inhomogeneities give us the sought energy estimate. O

4.6 Analysis of the Non-Linear Problem

We now want to use the result for the linearised problem to get short time existence for our original
problem (4.20]). Here, we make a change in the strategy compared to the one applied in [19]. In their
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4.6 Analysis of the Non-Linear Problem

work the authors used the analytic formulation (4.29)) to formulate the fixed-point problem. But as
we considered the parametrised, geometric versio for the linearisation, we think that it is more
natural to use this version. Additionally, one sees with this approach directly that the contraction
properties for most terms follow from the quasi-linear structure. This includes also the non-local
terms, which in the end cause much less technical problems than one would expect at first glance.
Actually, we will have to put the most work into the angle conditions as these are fully non-linear.
Our main strategy is now to write as a fixed-point problem which we do in the following way.
For p, € C***(T',), 04,i =1,...,6 as in Theorem R,e>0and § > 0, which we always assume to
be smaller than the éy from Corollary we consider the setd]

e d+a,1+<
Xisi={p € o™ ) [ 1p(O)crie) < e llp = p(O)lxns < R}

3
44,1+ < i i
X5 = {p €Cpy " (Ths) ’ p(0) = pg, > 7’0" =00n T, llp— pollixns < R} 7

i=1

6
o, G —oita, izt
Y5 := Cp)' (Tas) ¥ (H Clete T (E*,5)> :
=1

We will denote by || - [ x5, and || - ||ly; the canonical norms on X5 5 (resp. X7°) and Y. Observe
that we have ||pg|lxp,; = ||p0HC;L{F]c¥(F*) and therefore
¥p € X Ipllxns < B+ loollose ). (4.99)

On these sets we consider the inhomogeneities operator S := (f,b) : X 1‘;05 — Y5 given by

](l(p) = atpl - sz + APHZ) - A;ll(pia p’z*)a = ]-7 27 33 (4100)
b'(p) := B'(p) — G'(p), i=1,..,6. (4.101)

Here, we used the notation from Section Furthermore, we define L : Y5 — X 1205 as the solution

operator from Corollary and A:=Lo§S: X;% - X g”&. The main result of this section will now
be the following.

Proposition 4.20 (Existence of a fixed-point of A).

There exists €9, Rg > 0 with the following property. For all R > Ry and € < gg there exists a § > 0
such that for all p, € C*T(T.,), fulfilling ||py|| < €0 and the geometric compatibility conditions ,
the map A : Xﬁ% — Xﬁ‘j(; is well-defined and there exists a unique fized-point of A in Xps.

As in Section [3:4] the proof splits into three main parts. We will first verify that if we choose e
sufficiently small we can guarantee that A is well-defined as long as §(R) is also sufficiently small.
Then, we will check that for & small and R large we can find a §(R, ) such that A is a 3-contraction.
Finally, we will see that with this choice of § we can choose R large enough such that A is also a

self-mapping on X Ig? 5+

Lemma 4.21 (Well-definedness of A).

i.) There is a ew > 0 such that for any R > 0 and € < ey there is a dw (e, R) > 0 such that S is
a well-defined map Xg s — Y.

it.) For all initial data pq fulfilling the geometric compatibility condition and the bound from
i.) we have that S(p) fulfils the linear compatibility condition |) for all p € X}g%. .

iti.) Choosing €, R, and p, as in i.),i.) the map A : Xﬁ% — X}p%‘fé is well-defined.

Proof. For i.) we have to check both well-definedness of the geometric quantities in §f and b and the
right regularity. For the first part recall that due to the Hélder-regularity in time for space derivatives

6Note that in X I’;O s we include the sum condition for p on the parabolic boundary to guarantee compatibility conditions,
which we will see in the proof of Lemma@
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

we have for a multi-index 8 with 1 < [B| <4 and any p € X§, 5 with p(0) = p, € CF5%(T,) that

4—|Bl+a 4—|Bl+a

1050 lloc <t T (5P)t,(a—181+a)/2 + [105P(0)lloc <777 (R+2) +llpollgater,)-  (4.102)

Additionally, we have that
o)l < 8[10tplloc + [|P(0)lloc < 6(R+2) + [|pollcater.)- (4.103)

Together, this implies for 6 < 1 and all ¢ € [0, §] that
Iplley, ) < O (5B +2) + lpollosse) < COR+) + ) (4101)
Now, for any C" > 0 we get for ¢ < % and ¢ < #R/—&-s) that

lp()llcs .y < C". (4.105)

Thus, we can get a bound for the C2-norm of p sufficiently small such that [I9, p. 326] implies that
all geometric quantities - in particular the normal, the conormal and the inverse metric tensor - are
well defined. It remains to show that these objects have the required regularity. For the normal and
conormal this follows directly from the representations from Lemma For the inverse metric tensor
we observe that matrix inversion is a smooth operator GL,(R) — GL,(R). This follows by applying
the inverse function theorem on the map

GLy(R) X GLn(R) = GL,(R),(A,B) — A- B —E,.

Applying now composition operator theory for g~ first as a function in time and then as function in
space we get that ¢! has the same Holder-regularity as g. This implies now S(p) € Y.
For part ii) we get from the geometric compatibility conditions (4.16)

3 3 3
> A Fle =D 7 (@' (0) = VE(0) = Y A Alyu(ph)  on T (4.106)
=1 =1 =1

So, it remains to see that the first sum vanishes. But as we included the sum condition for p on the
triple junction on in X g(’é we get immediately

3
> 4o’ (0) = 0. (4.107)
i=1

For the sum of the V we can argue like in the derivation of (4.16). The compatibility conditions for
b? follow directly from G(p,) = 0, which in total shows ii.).
The last part follows from i.) and ii.) as L is well-defined as long as S(p) fulfils the linear compatibility

conditions (4.44)). O

In the following we will always assume that ¢ and R are chosen such that Lemma [£.21]is fulfilled. Now
we want to derive suitable contraction estimates for the operator S. Hereby, we will use the norm
on Y5 also when dealing with components of S. Before we can start with this we have to check some
regularity results for the involved quantities.

Lemma 4.22 (Lipschitz continuity of geometrical quantities).
Suppose that 0,e <1 and R > 1.
i.) The mapping

d+a,1+ 5
Xgrs— Cry (Zss),p = n(p),

1s linear and Lipschitz-continuous.
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4.6 Analysis of the Non-Linear Problem

ii.) For any local parametrisation ¢ : U — V C T, i =1,2,3 the gfk,gﬁ;k are Lipschitz continuous
as maps

X%s — O3S ().

and N, is a Lipschitz continuous function in p as map

34+a

X5 — C¥F™s

(Ty5,R™).

iti.) For any local parametrisation ¢ : U — V C X, the g;’k,gf;k and N, are Lipschitz continuous
functions in p as maps

XG5 — O (Up).

Furthermore, all arising Lipschitz constants are independent of 6.

Proof. For part i.), the mapping is linear and then Lipschitz-continuity is equivalent to boundedness.
For this, we see that due to the structure (4.19) for g we have that

o < @ < o .
Hp’(p)|‘0;“*;a=l+4 S e) = C(7)||p||cita,l+4 (Sag) = C(’Y)HPHC;-;GJ-HI (T..s)

The constant C(«) only depends on -« and is therefore the sought time-independent Lipschitz constant.
For the g%, we recall the formula for the 9% (4.34). This shows that the gf; can be written as sum
] . . ] . . . ZJ . . .
of 25 terms of two different kinds. The first ones are linear terms in p, which are obviously Lipschitz
continuous as the requested maps with time independent Lipschitz constants. For the quadratic terms
we observe that, for example, we have for u,v € X 5,4 =1,2,3 and j,k € {1,..,n}
|0;u O u’ — 00" O’ |

olto Lo < ||(a u' — a jU )aku || Lta + ”8 v (aku — O’ )H clto

olte 1+Ta

< ||aku1||cl+a,l+Ta ”u - ’U”XR,(S + ”8]'0 ||Cl+a,1+T“ Hu - UHXR,(S

<2(R+e)lu—vllxg, <4R[u—vlx,,-

So, this shows that also this kind of terms is Lipschitz continuous with a constant only depending on
R.

For the g{,’“ we recall that they result from composition of gf with the matrix inversion. The latter
is, at least on the image of g#, which is bounded on XF, 5, Lipschitz continuous. This is also true for

all derivatives of this map. Now we can explicit calculate the first order derivatives of gi”“ in terms
of derivative of p and derivatives of the matrix inversion and then use Lipschitz continuity of both to
get Lipschitz continuity of gf,k.

For N, we recall (4.39) and see that for the numerator we can argue as for the gf,. Then, the

rest follows with the same composition operator arguments as for the gf,k. Finally, iii.) is a direct
consequence of Remark O

Lemma 4.23 (Contraction estimates for S).
Suppose that §,e < 1 and R > 1. Then, for all u,w € X}’;Oé there is an a € (0,1) such that the
following contraction estimates hold:

|0cu — Vo — Opw + Viy ||y
[AuHy — Agu(u) = AwHuy + Aau(w)lly;
[F(u) = f(w)lys <
|6} (w) — b (w)][y; =0
16%(u) — b*(w)]ly, < (C(T4, R)§* + C(TL)e) [|u — w| xp
16%(w) = 0% (w)|ly; < (C(Ts, R)3Y + C(T)e) [lu — wllxy 4,

C(To) (e + ROY)|lu — wl xp 5
CT)(e+ RO [u — wlxp,,
C(F*)(E + R6a)”u - wHXR,é’
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6% (w) = b*(w) |y, < CIRS u — w|xp 5,
167 (w) — b7 (w)ly; < C(CORS u — w|xp 5,
16°(w) — b%(w)ly; < C(LIRS u — w|xp 5
1S(u) = S(w)lly; < (C(Is, R)I™ + C(Tu)e) [lu — wllxy -

Proof. For the first line we note that the term on the left-hand-side equals

01 — Ny - Ni) — Osw (1 — Ny - Ni) + Oept (W) T + Ny — Oppu(w) T - Ny,

=(I) =(I1)

We will discuss the terms (I) and (II) separately. Firstly, we rewrite (I) as

and observe using Lemma Lemma Lemma [4.22ji.) and (4.99) that

[0¢w (New — Nu)) - Nully, < [|0sully, [(Nw — Nu) - Nully,
< O [[ull x5 0% (Nuw — Nu) - N*HC;T,“T‘* I )
< C(C)(R +€)0%u — wl xp,s
< C(T)2R||u — wl xp -
1(0eu — yw) (1 = No - Nolly, < [0ru — Oyw|ly;[]1 — Naw - Nully
< lu = wlxz, C(T2)6 1 = N - N*||C;+]ar°’+T“(FM)

< C)0%|w xp sl = wlxe s
< C(T)(R+€)0%lu — wllxy
< O(T)2R6||u — | x -

In total this implies
I(Dllys x < CTL)RI[lu = wllx, ;-
Next, we write the term (II) as
O p(w)7 - Ny — Oy pp(w) 7o - Noy + Oy pp(w) 7 - Noy — o) 7 - Nuy,
and derive using Lemma 4.22].) and ii.), Lemma [2.16] . Lemma [2.17] - and ( - ) that
10t p(w) (N = Naw) - T [l < [[0ep6(w) |y [|(Now = Naw) - 7ol

< [lp(w)l|x s C T [[(Naw = Nuw) « Tl sy 250

CTJ R (Ts.5)

< CTo)|lwllxp 6w — wlxps
< C)(R+€)0%u — wllxy,,
< C(F*)ZR(SQH'U’ w”XR 59

1(Oep(w) = Oepp(w)) Nuw - Tllys < [[0epr(ue = w)llys [ Nuw - 7ol x5

(4.118)

Ol — )| x, (s+ 5N 7ol s e 5))

TJ

Tollu — wllx, s (e + 6% |ulxy ;)
Tollu —wllx,,; (e +6*(R+e))
Tl — wxg, (6 +26*R).

VAN VAN VAN
Q Q Q
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From this we conclude

IID)lly; < O (e +5R) [u— wlx, . (4.119)

The estimates (4.118)) and (4.119) imply together (4.108)).
For (4.109) we note that the highest order terms on the left-hand side are given in local coordinates
by

(g2Fgh™ (N - NL)) Ojrim — (925 g (N + N2)) Ojttmw — g2% 61 Ot (u — w)
+ (63F 90" (Nuw - 7)) Ojpamtn(w) = (925 9ot (Naw - 7)) Ot (w).

We abbreviate the local terms in the first line by (I) and the non-local terms in the second line by
(II). First, we rewrite (I) as

— 927" Opim (w — w) + gIF g (Nuw - N) Ojim (w0 — w) — g3F g™ (Nu - N.) O (uw — w)

+ g0 g (Nu - N.) Ojtimtt — gy g (Naw - Ni) Ojimw

= (—gl* g™ + giF 9" (N - N.)) Qi (w — w) + (927 94" (Nu - No) = gl 94" (Nuw - o)) Ojpimw
(A) (B)

Now, we observe that due to Lemma [4.22f.) the function

X5 = COFO5 (L),

p > gllgh™ (N - N,

is Lipschitz continuous and the evaluation at p = 0 equals gikgim. Thus, we get

1Ay < O gl g™ (Nuw - Nio) = g2 | oy 2

u—w
t (1"“5)” ||XR,6

T
3l xp s 1w — wllxp 5

I (R+¢)llu—wlxp,
§*2R||u — w||xp 45

o) ik 1 ik
NG (Ve Vo) = b0 (Voo No) | e ol

u Ju
s %,5)

AN
/—\/\9\/—\
=
*
~— ~— ~— ~—

< CT.)0%u — w| x, ;2R
Together this implies

I(Dlly; < CT)I"Rllu — wllxp,- (4.120)
Now, we write the term (I1) as

gﬂkgzm (Nu . T*) ajklml‘/(u) - gﬂkgzm (N'u. : T*) ajklml’/(w)

(4)
+ g2F gl (N - 74) Ojtimp(w) — g2 gl (N - 7)) Ojrimit(w) -

(B)

Using Lemma .) we see that the function

3+a, Mo
XRy(; — CTJa 4 (F*)(s)
pgligs (Np -7,

is Lipschitz continuous and the evaluation at p = 0 equals 0 . Thus, we can estimates similar to those
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applied in Lemma for term (I) and then get

IID)ly; < O+ R™) [ — wlx, . (4.121)

Combining the estimates (4.120)) and (4.121)) we get and then together with we conclude
[110).

Next we have to deal with the boundary operator b. We start with b2 resp. b3 that correspond to the
angle conditions. These are actually the technical most challenging as they are fully non-linear and
so the arguments we used so far will fail. We will explicitly have to use the fact that B? resp. B? is
the linearisation of G2 resp. G? and follow the ideas of [42, Chapter 8].

Before we can go on we have to find representations of the function IV ; - N, 2 and Ng - N g that only
depend on a finite number of values and show some regularity results for their partial derivatives.

Lemma 4.24 (Representation of N}, - NJ).
There is a function

N2:CsxRxRxR"xR* - R
such that we have for all p € Xg 5 and (0,t) € X5
(N; . N2> (o,t) = NY2(a,t,p' (x, 1), p°(2, 1), VD' (2, 1), VP> (x,1)).

Hereby, we denote by p* resp. p* the functions p' resp. p? in local coordinates with respect to a
parametrisation ¢ = (p', 0%, ©®), where ¢ is a local parametrisation of T'L locally around o, and
z = ¢ (o). Additionally, all partial derivatives of N2 with respect to the values of p' and 8;p" with

i=1,2 and j =1,...,n, which we denote by |,i) resp. g, i), are in O3+ %% gnd we have
||8N12||03+a‘3¥ < C(F*a R)7 (4'122)

for 0 e {8[[,1'], a[ajpi]

i=1,2,j=1,..,n}.

Proof. We recall that the normal N; is given as a normalized cross product of the transformed tan-
gent vectors, cf. (4.39). By the definition of the cross product as formal determinant this implies
immediately that the components of the numerator, which we will denote in the following by N, are
of the form

a*t(x) P™(p'(x), V' (z)),

where the function a only depends on the reference geometry and P™ denotes polynoms in the values
of pi(x) and Vpi(x) of up to order n which itself does not depend on the point z. This holds then also
for the squared norm of Ny, As N}, is the composition of || N || and Nj, with smooth functions this
shows the existence of N'2. For its partial derivatives at a fixed (x,t) we get by elementary calculation

OUNNIZ-INK1I?)
VNG TNZPO(NY - N3) = (N4 NF) e LI
RNk

8N12 —

Now, both (N} - N%) and (|| N4||? - | N%||?) are again polynomials of up to order (n — 1)n resp.
(n? — 1)n? in p' and Vp' and are thus in C3+*%  Also, due to the Banach algebra property of
Holder-spaces their norms are bounded by powers of the C4+o 1 norm of p and so they are bounded
by a constant C'(T',, R + €). As before we can control R + ¢ by 2R and so we choose the constant
to be independent of €. Furthermore, as the functionsﬂ frx— % and g : x — /T are C*™ on R,
away from 0, theory for composition operators for Besov spaces (see e.g. [53]) gives us the sought
regularity for ON'2. As the composition operator is also continuous it changes the bound for IN'2
only by constant and so we are done. O

"Hereby, we formally replace f and g by C°°(R)- functions f,g with f = f,g = g on (e, 00) for & small enough.
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4.6 Analysis of the Non-Linear Problem

We now proceed with the contraction estimate for b2. For any u,w € X}’;‘]& we write

b%(u) — b*(w Z@Zu—w jLZZ@z u' —w')

= 1] 1
+Z@1u—w +ZZ@Na w'),
=1 j=1

where we used the abbreviations
/ 91,y N (sw + (1 — s)u) — By, N2 (po)ds,
@;- / /o, pi ]N 2(sw+ (1 —s)u) — 8[@jpi]N12(p0)ds,
o) = /] 91, N (3py) — 1 N'2(0)ds,
;;0 = /0 8[8jpi]N12(Sp0) - B[ajpi]le(O)ds.

Hereby, we used that as B? is the pointwise linearisation of N, ! N 2 we can also write it in terms of

ON'2. Furthermore, all the arising functions © are also in C3+a * due to the theory of parameter
mtegrals. Additionally, their norms are also bound by a constant C (T4, R). As

sw+ (1-— s)u‘tzo =p,
we get ®|t:0 =0for ©® € {@ﬂ@ﬂi =1,2,7=1,...,n} and therefore we conclude

[©]cs0 < 6%(O)y,e <65C(Is, R),

3
' 4

as all derivatives of © are at least in C*%. Additionally, all © inherit the bound (4.122)) as it holds
uniformly in s. From this we deduce

loD(w —w') e <107 s,
e
<O, R)D(u' = w))cso + C(Tw, R)§T | D(u’ — ')

S C(F*,R)é% ||u — ’lUHC4+a,1+%,

sga [[D(u’ = w')cao + (|0 ool D(u’ — w')]| s 50

lgseo oSt

Cd+a

where D denotes the to © corresponding differential operator, which is the identity for ©% and 9;
for ©%. For the ©f and O, we can use that due to the work in the proof of Lemma we have

Lipschitz contlnultyl 8| of the ON12 as maps C4+ol+$ 5 03+ and this implies then that
1©0ll 51,3852 < CTW)llpollorre < C(T)e,
for ©¢ € {@6,@§-,0|i =1,2,7=1,...,n} and consequently
1©0D(u! —w)| o ze < OT)elu— w]xy,.
where D denotes again the differential operator matching to the choice of ©¢. In total we deduce
162 (w) = b*(w)]ly; < (C(Ls, R)OT + C(Tu)e)u — wllx, -

For b3 we can argue analogously and thus we conclude ( and ( E

8Note that the Lipschitz constant here is independent of R as we need the ©g only as a function in the initial data!
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4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

For b* the highest order terms of b*(u) — b*(w) are given by

NE

viglh, (NG - NI) Ojeu’ —~viglh, (N, - NI) 9jrw’ — ~'gl% 01, (u' — w')
1

o
Il

17,

w

+

i

'Mz ﬁMﬁ

Viglh (NG - 78) Ojupr (w) — v gl% (Niy - 72) Qs (w).
1

E
I

17,

Like before we will discuss the local terms in the first line and the non-local terms (which are actually
local on the boundary) in the second line separately. In the first line we add and subtract

3 n
k ik i
> [V’gfu - NY) fvzgi,*} djrw’
i=1 j,k=1

and in the second line we add and subtract

Z Z Vgl (NG - 72) et (w).

i=1 j,k=1

We then can argue as in the proof of (4.109)), using this time Lemma [4.22jii.).
Finally, we have to consider the difference in b° resp. bS. In highest order we have for b°(u) — b (w)

Z g *) anjkul - g{ﬁw (N'Llu . N*l) anjkwl - g{,k*anjk(ul - wl)
7,k=1
Z 92 u (N2 : N*Q) anijQ - g%ffw (NE; : Nf) anjka - gg,’ianjk(UQ - wQ)
n
ik ik
+ Z g{,u (Nzlz ) 7'*1) 8njkﬂ1(u) - .‘]i,w (leu ) 7'*1) 6njk:u1(w)

— > B (N2 72) Onjre® (w) = g3y (N2, - 72) Opjrept® (w).

Now by adding and subtracting the terms

n
Z g{fcu (Nzll,Nj) 6n]k ut —w' Z g )8njk(u2—w2),
Jk=1 J,k=1
n
Z g{ffu (Nzlt 7'*1) n]’fﬂ Z 9 *) anjkﬂz(w)v
Jk=1 J,k=1

in this order to the four lines, using Lemma |4.22]jii.)we can argue as before to get the sought estimate.
The difference b°(u) — b%(w) is dealt with in the same way and then ([4.117) is a direct consequence
of the previous results. O

From this we may now easily conclude that A is a contraction mapping for suitable € and 4.

Corollary 4.25 (Contraction property of A).
There is an g9 < min(l,ew) with the following property: for any R > 1 and € < gy there is a
0(R,e) > 0 such that

A XEy — O™ (T, )

s

is a §—contmctzon
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4.6 Analysis of the Non-Linear Problem

Proof. Let v,w € X}’%‘j&. We observe that A(v) — A(w) solves 1D with

(f,6) = S(v —w), wy=0.

Suppose now that £, < 1. Then, we can apply the energy estimate (4.45) together with Lemma m
to derive

IA(v) = Aw)xp5 < (CL(Ts, R)Y + Ca(Tu)e) o — wllxp (4.123)

with suitable constants Cy (T, R) and C3(T'x). Now choosing

1

1 1 a
< — < | ——— .
fSgomy °S (401(F*, R)> ’ (4.124)

we get the sought property for A. O

Finally, we need that A is also a self-mapping, which we can guarantee as long as R is sufficiently
large.

Lemma 4.26 (Self-mapping property of A).
For given R > 1 and € < gg let 6(R, &) be chosen as in Corollary . There is an Ry > 0 such that
for all R > Ry the map A is a self-mapping on XI’;?(;.

Proof. For any u € X 1‘;05 we get

IIA(U)—pollc4+a,1+Ta(F < [[A(w) - (po)llcmm(F )+HA(P0) Poll i, 152

TJ ,5) T 8 b (Tas)

R
< —+|A ,
=5 H (pO) pOHC;T,a %(F* 5

where we used that A is a i—contractlon on Xgoé As we want to R to be independent of p, we now
want to find an estimate for the second summand that is uniformly in €. For this, we note now that
the function w := A(p,) — p, solves the system

duw' = Ay’ + o (o) on I} 5,i=1,2,3,
Bw =0 on X, s, (4.125)
wi|t=0:0 on Fiai:17233a

with the inhomogeneity
fo(po) = Ap, Hy, - (4.126)

We want to give a short explanation of this. As A(p,) and p, have the same initial data their difference
vanishes at t = 0. The boundary inhomogeneity operator from (4.101)) does not explicitly depend on
the time and so we get

B(A(po))(t) = B(A(py))(0) Vit € [0,0]. (4.127)
Furthermore, due to the compatibility conditions (4.16) for p, we get
B(A(po))],—o = B(Po)],_y- (4.128)

Combining (4.127) and (4.128) we derive (4.125)).
Finally, recalling (4.100|) we see that

f'(po) = Ap Hy, — Auu(p: pols;,) (4.129)

(0]



4 Short Time Existence for the Surface Diffusion Flow of Triple Junction Manifolds

Additionally, p, solves (4.41); with f* = A%, (p}, p|Z ). Together this shows now also (4.125));.
We now can apply Theorem as due to the geometric compatibility conditions (4.16|) the condition
(4.42)) is fulfilled for f4(p,) and therefore get using that (4.43))

3
lollgarervn ) < 02 lfolPllgrraseg i ) < C'(0):

Here, we used that A,H, depends continuously on derivatives of up to order four, cf. Sectionfd.2}
This leads us now to

Alu) — p, a R l

H ( ) ()HC;JQ’I 4 (F*,(;) < 5 + C (€)~

By ChOOSng 130 > 20’(5) we get A(U) S XR?(S for all R > RO and so this shows that A is celf-
" O

Proof. (of Proposition [4.20) Lemma m guarantees well-definedness of A. Then, Corollary and
Lemma show that A is a self-mapping on X}’%‘)& and a %—contraction. We then can apply Banach’s

fixed-point theorem to get the existence of a unique fixed-point of A in X}goé. O

From this we conclude immediately Theorem [{.2] Observe that due to our efforts in the proof of
Lemma @ the existence time and the bound for the solution by the Radius R is uniformly in p.
This finishes our study on well-posedness of the problem and we now move on to the qualitative
behaviour near stationary solutions.
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Stability of the Surface Diffusion Flow of Closed Hyper-
surfaces

In the next two chapters we aim to derive global existence and stability results for the surface diffusion
flow near stationary solutions. In this chapter we will consider the case of closed hypersurfaces. For
this situation stability results are already well know, e.g. [23]. But the techniques used there are not
suitable for the geometric difficulties of triple junctions in higher space dimensions. We will verify the
results using an approach with a Lojasiewicz-Simon gradient inequality.

5.1 Technical Problems Proving a tojasiewicz-Simon Gradient
Inequality: Setting for 7{!-flows, Banach Space Settings,
Interpolation Problems

In 1962 Stanistaw Lojasiewicz found in his study of analytic functions an estimate for the distance of
a point to the set of the roots of the function. In the same work [41] he realised that his inequality
can be used to show linear stability of equilibria of ordinary differential equations with a gradient flow
structure. This idea was used by Simon in [5I] to show the same results for PDEs with gradient flow
structure and since then a lot of authors used this idea. The big advantage of this method is that one
does not need to have a detailed knowledge of the set of equilibria and the stability argument is straight
forward once a Lojasiewicz-Simon gradient inequality, which we will abbreviate in the remaining work
with LSI, is proven. A very important and general result on this is [I3], wherein the author showed
that the critical condition of analyticity of the first derivative of the energy functional (even C'° is
not enough to guarantee a LSI) needs only to hold on a subset called the critical manifold, which in
most application is of finite dimension. Nevertheless, most authors use [I3, Corollary 3.11], for whose
application most authors normally verify that the first derivative is analytic (on the whole space!)
and the second derivative evaluated in the equilibrium is a Fredholm operator of index 0. Hereby it
is often suggested that the Hilbert structure is essential (see especially [I5]) which strongly restricts
the general result of [13]. But actually, this is not the case and in [25] an overview of different results
about LSIs is given, from which we will use the following for our work, where we use the notation of
[13] to state the result.

Proposition 5.1 (Feehan, Maridakis, 2015).

Let V,W be real Banach spaces with continuous embeddings V. C W and T : W < V' such that the
embedding j : V < V' is a definite embedding, that is the bilinear form V xV = R, (z,y) — j(y)(x)
1s definite.
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5 Stability of the Surface Diffusion Flow of Closed Hypersurfaces

Let U C V be an open subset, E: U — R a C?-function such that M = E' is real analytic as a map
U — W. Furthermore, suppose that o, € U is a critical point of E and L = E"(2) is a Fredholm
operator with index zero as mapping V. — W. Then, there are constants C' € (0,00),0 € (0,1] and
0 € (0, 3] such that for all x € U with

2 — zoo|lv < o,
we have

|B(x) = E(zoo)|'™" < ClIM(2)]lw- (5.1)

Remark 5.2 (M and £ as maps with values in W).

We want to note that if we consider M and L as maps with values in W this is not completely precise.
Formally, we are considering T~ o M and T~' o L. When we introduce our setting later we will
explain how the operators should read.

So, the only prerequisite we need, to use the standard procedure, is definiteness of the embedding
V — V’ induced by the choice of the embedding W — V' in [I3], Hypothesis 3.4i)]. In our situation -
and we expect this to be true for any application, that is motivated by a gradient flow structure - the
embedding is induced by a inner product and in this case definiteness of the embedding follows from
definiteness of the product.

Now we want to discuss how to choose the spaces V' and W. For the application of the LSI to prove
stability we need W to be corresponding to the gradient flow setting. In our situation, we have an
H~1-gradient. Recall that for a Hilbert space H and a linear map F : H — R, we have for any 2 € H
that

VuF(z)€e H, F'(z)eH'.

From this we conclude that M(z) needs to be in the dual space of H~! that is by reflexivity of
the Sobolev spaces just H'. Therefore, we expect W to be H'. As we need £(0) to be a Fredholm
operator the space V is induced naturally by W and the order of £(0). Up to lower order perturbation
the second variation of the surface are is given by the Laplacian and so the expected space for V' is
H3. We want to note that there are also other possible choices. For example, one could also work
with V = H' and W = H~!. This is linked to the formulation and in some sense it is more
natural. M will then be the negative Laplacian of the mean curvature which gives us a connection to
the surface diffusion flow. But then we get in higher space dimensions surfaces that are only varifolds
which brings new difficulties.

So far we have not used the fact that [13] is a general result in a Banach space setting. But as we
just mentioned regularity of the surfaces is a more critical issue compared to the situation of the
Wilmore flow. There, the operator L is a fourth order differential operator and as the Wilmore flow is
a L2-gradient flow this yields V = H* and thus W = L?. Additionally, the works cited above restrict
to curves and surfaces and for this space dimensions the involved Sobolev spaces will have Banach
algebra structure and embed into C2. As we want to work in arbitrary space dimensions we cannot
guarantee this for H? any more and so we have to do a modification. Our first idea hereby was to
choose the setting V = W3? and W = WP for sufficiently large p such that the two properties
mentioned hold for V. As we worked for our short time existence in a Holder setting no additional
regularity theory is needed. In the end this method has a problem in the application. Although we
can prove a LSI in this setting yields an estimate by the LP-norm of VrHr. But we need an estimate
by its L?-norm as this is the quantity associated to the gradient flow structure of the surface diffusion
ﬂowﬂ This forces us to use interpolation arguments. Due to the Holder-inequality we have for any
q > p that

IVeHr |l ooy < IV Hr | p2(ry - IVeHr | oy (5.2)

'Recall that |VrHrl||2 = || — ApHr||3-1!
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5.2 Parametrisation of Volume Preserving Hypersurfaces and the Surface Energy

where the interpolation exponent 6 is given by

1 1-6 0
= 47 5.3
, 5t (5.3)

In principal, this would lead to the desired bound as we have bounds for ||V Hp H%q(r) due to parabolic
smoothing for the surface diffusion flow. But we see that as ¢ — co we get

_ 2
1-60— —. 5.4
p (5.4)

That means that we have an upper bound for 1 — 6. But if we apply this interpolation procedure on
the right-hand side of this increases the Lojasiewicz-Simon exponent 1 — 6 by ﬁ and so by
£. We then cannot guarantee that the LSI exponent is less than one. But we need this property to
apply our stability argument and so this is not a possible solution. Using embedding theory for Besov
spaces we were at least able to work with submanifolds in R®. But as we want to have results for any
space dimension we have to find a new approach.

We then decided not to modify integrability but differentiability. The advantage in this approach is
that on the scale of differentiability the interpolation exponent will get as good as we need it as long
we can guarantee parabolic regularization and C*-estimates for arbitrary large k, which again follow
from parabolic smoothing properties of our flow.

One might now argue that one does not need a Banach space setting after all but we want to note
the only problem in our situation are the interpolation properties of Sobolev spaces. There might be
other situations where this idea is useful.

Remark 5.3 (The situation for the volume preserving mean curvature flow).

Although we do not discuss it here we want to mention that our work basically shows also stability for
the case of volume preserving mean curvature flow. One can use the same LSI and only has to see
that one also has parabolic reqularization for this flow which we expect to be true.

Now we use the discussed idea to prove the stability result from [23]. Precisely, we show the following;:

Theorem 5.4 (Stability of spheres with respect to the surface diffusion flow).
Let o > 0. Any closed sphere I’ in R"* is stable with respect to surface diffusion flow in the following
sense:

i.) The stationary solution p =0 of (SDFC) is Lyapunov stable with respect to the C*t*-norm.

i.) There is an €5 > 0 such that for all initial data py with ||pol|care(r,) < s the solution of
(SDFC) converges for t — oo to some ps € C***(L,). Furthermore, T,_ is a (possibly
different) sphere enclosing the same volume like T.

5.2 Parametrisation of Volume Preserving Hypersurfaces and the
Surface Energy

For the rest of this chapter let I', be a closed sphere. We cover I', with two parametrisations ¢ 2 :
Z12 — Z1,2 C Iy, where we assume for technical reasons that

det(g(p)) > Vp € Zy, Zs. (5.5)

[N

One can construct such parametrisations for example by using the stereographic projection.

As in Chapter [3| we denote by MH" the Banach manifold of all closed, embedded, orientable hyper-
surfaces in R of class C2, which was studied in [49, Section 2.4]. The natural energy functional
E would now be the surface area of a surface I' € MH". But as we need to have a suitable Banach
space to work with, we parametrise as before the elements of MH™ via distance functions over I',.
But spheres will only be minimizers of the surface energy if we fix the enclosed volume, which is
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5 Stability of the Surface Diffusion Flow of Closed Hypersurfaces

guaranteed by the isoperimetric inequality. This is a non-linear constraint that we have to write in a
Banach space using a suitable parametrisation. Such one is constructed in the following lemma.

Lemma 5.5 (Parametrisation of volume-preserving distance functions).

i.) There exists a neighbourhood U of 0 € C(20)(F*) and a neighbourhood U of 0 € C2(T',) together

with a unique C2-diffeomorphism v := (Id+7) : U — U, where 3(p) is constant for all p € U,
such that | encloses the same volume as I's.
ii.) For the first and second derivative of the function 5 we have

7(/’0)/’ = - f’?(po) p(NF’V(po) ’ N*)dan
Joo o Na(oo) - NudH"

(po)

T ) = Aralr) " [ Hppar,

for all po € U and p,p € C(20)(F*).
Proof. Note that C(ZO) (T'4) is a complemented subspace of C?(T',) and a projection is given by
P:C*(T.) = C§(T.),v = v — fr. vdH™,

whose kernel is given by the subspace K of constant functions. Thus, we can write C?(T',) as direct
sum C(QO)(F*) @ K. We consider the functional

G:C*(I,) =R,
p +— Vol(Q,) — Vol(€2).

We want to apply the implicit function theorem on G and therefore we write p € C%(T',) as po + p1 €
C(QO) (T'x) @ K. By Reynold’s transport theorem we have for all p; € K that

82G(p)[)1 = / ﬁ_)lNl"p N*dHn,
Lp

3G (0)p1 2/ p1dH"™ = p1Vol(Q*),
I

as the elements of K are constant functions. Hence, 92G(0) : Z — R is non-zero and thus bijective as
it is a linear map from an one dimensional vector space in another. We note that existence of the first
variation guarantees Fréchet differentiability as G restricted on K is a map between one-dimensional
Banach spaces. Furthermore, ;G is continuous on a neighbourhood of (0,0) as both the unit normal
Nr, and the metric tensor are continuous functions C?(I'y) — C*'(I',) and additionally the integral
operator [ : Cy(T'x) — R is continuous. The function G can be written as

1
T n+1

1

/F h Id-N,dH" = —— /F * (Id-N,)J (p)dH". (5.6)

G(p) —

In Lemma we will see that N, and J, are analytic in p and so G is. Thus, we can apply the
implicit function theorem [55, Theorem 4.B] to get the existence of a neighbourhood U C C’(QO)(F*) of
0 together with a unique, analytic function 5 : U — K with G(v(p)) = G(p,75(p)) =0 for all p € U.
For the first order Fréchet derivative of v we first note that we can identify K with R via the obvious
linear isomorphism and as this does not influence the derivative we will consider + as such map. Then,
the method of implicit derivatives yields

d

0= %(G("V(')))(po) - /rwo)(p +5'(P0)p)Nu - Ny () dH",
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5.2 Parametrisation of Volume Preserving Hypersurfaces and the Surface Energy

and by rearranging terms we conclude

N, )dH"
“N.dH"

I o0 °
¥ (po)p = f""’ w2 T
I

po € U, p € CF(T.). (5.7)

v(r0) 'Y(p")

For the second order Fréchet derivatives we can - again considering 7'(pg)p as an element in R - apply
the quotient rule and get

e VR (fr, B (N ) - Ne)| g = Hop)dH™ = [i pdH" 4 F(epo)| .,
(fr* 1d7—l"

V' (0)pp =

= Area” '(T,) / H.ppdH",
.

for all p, p € CF(T's), where we used the abbreviation

v(P0o)

the fact that we have [.. pdH™ = 0 and that we have

D
= —Np_
o P (De F’Y(p))

as at pp = 0 variation in any direction corresponds to a purely normal movement at time zero and
hN, is constant along purely normal evolution. O

D

— N, =pVr,p-N,=0,
De AR WY

(p(NF,Y(ﬁ) ' N*)

e=0

Remark 5.6 (Choice of the space V).

For the proof of the LSI we will work with Sobolev spaces that embed into C*(T.) and thus we can
use the result from the previous lemma. As we additionally want to have that V is a Banach algebra
we choose V = H(ko (I'y) with k > max(%,2 4+ §) = 2+ &, which guarantees both properties due to
Proposition [2.9 Additionally, we assume for technical reasons in the stability analysis k larger than
5.

We are now able to define the energy functionals E and E via

E:U R E(p) := Area(T,), (5.8)
B0 =R B(p) = B(r(p), (59)

where we redefined the neighbourhoods U ¢ H (0)( «) and UcH k(T,) of zero. Before we move on

showing the prerequisites for [I3, Corollary 3.11], we calculate the first derivative of E on U and the
second derivative in 0, which we will need later.

Lemma 5.7 (Derivatives for E).
For all po € U and p,p € H(kO) (T) we have

B (po)p = — / H, () (04 7 (p0)0) (N oy - No)AH,

v(P0o)

:/ I _ fr* Hey(p0) (N (po) * Ni) Iy (po) dH™ (N N pdH™
r. v(po) fl“* NF’y(po) 'N*J'Y Po)dH v(po) * v(po)

B"Opp= [ (~Ar.o)p— IILPoptH".

*
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5 Stability of the Surface Diffusion Flow of Closed Hypersurfaces

Proof. We write E=FEo ~ and use the chain rule to get

E'(po)h = E'(7(p0))Y (po)p = E'(+(p0))(p + 7' (0)p)-
The well-know formula for the first variation of the surface area (see e.g. [16], Lemma 2.46)),

A e =~ [ vHa, (5.10)

dt Jr) r(t)

implies the first identity for E’(po). For the second line we observe that as §(pg)p is constant, we get

‘/Fw(po)

Heytpo) (N o) - No) T (o) dH”
_ _/ SNy o) Jr, Hyto0) Nopo) - Ne) I (o) Ty dH"
: Ir oy Notoo) - NedHL

From this we directly get the second identity for E.
For E" we observe that the first derivative has a product structure and thus we see

(WI(PO)P)HW(Po)(Nv(pn) N )dH™ = ’_Y/(PO)P/F Hy(00) (Ny(po) - Vo )dH" (5.11)

~v(po)

E"(0)p5 = [E"(0)Y(0)5] 7'(0)p + E'(0)7"(p)7 (5.12)

where we used that v(0) = 0. For the second variation of E we apply again the surface transport
theorem to see

N B D o
E”(O)pp = —/F Fg (Hﬁﬁp(NFaﬁ . N*)) |€:0 — prpd’}'{ ' (513)
= [ H2op—plarp+ (L R

In the second equality we used the normal time derivative of the mean curvature operator (3.11]) and
as before the fact that the material derivative of the other factor vanishes. Due to (5.5)i) we have
that 4/(0) is the identity and together with ii) and (5.12)) we obtain

B (0)pp = /F prﬁ—pAr*ﬁ—(U*)Qpﬁ—H*Area(F*)1( H*pﬁd?l") "

T

constant on I',

- / H2pp — (Ar. p)p + (IL)?pp — H2ppdH" (5.14)

= /F (=Ar.p)p— (IL.)*ppdH™.

5.3 Proof of the tLojasiewicz-Simon Gradient Inequality

We now want to prove the LSI for E in 0, which corresponds to the stationary solution I'.. Hereby,

we choose the setting V' := HZ“O)(F*), W= H(kO;Q(F*) with k chosen as in Remark |5.6{ and

T:W<—>V’:p»—>(p—>/ ppd?—t”). (5.15)
r.

82



5.3 Proof of the tojasiewicz-Simon Gradient Inequality

Note that by Remark [5.2|and Lemma [5.7|this means that we will consider £/ and E”(0) as maps with
values in W in the following sense:

= fr H"/(po)(Nv(po) 'N*)Jv(po)dHn
E’ = | H — == N. - N,)J. , eV, 5.16
('00) ( 7o) fF* NFw(po) ’ N*J’Y(Po)dHn ( 7(eo) ) 7(po) po ( )
E"(0)p=—Arp.p—|IL)?p, peV. (5.17)

With the general strategy of section [5.1|in mind we begin by showing the Fredholm property of E”(0)
and verify afterwards analyticity of E’.

Lemma 5.8 (Fredholm property of E”). E"(0):V — W is a Fredholm operator of index 0.
Proof. For f € L%O)(F*) the heat equation
—Ap,u= fonl,

admits a unique weak solution in H (10) (T's), which follows from the standard Lax-Milgram procedure
as we have a Poincaré-inequality on H(IO)(I"*)7 see [35, Theorem 2.10]. For f € H(kojz(l"*) we can apply
on the localized problem elliptic regularity theory (see e.g. [33]) and by the same procedure as in the
proof of Proposition that shows that (—Ar,)~! is a continuous operator W — V. From this we
conclude that —Arp, : V — W is a continuous isomorphism and thus a Fredholm operator of index
zero. On the other hand, the multiplication p — —(I1,)?p is obviously a compact operator V — W.
So, E" (0) is a compact perturbation of a Fredholm operator of index zero and by Propostion
E" (0) has the same property. O

Lemma 5.9 (Analyticity of E').
Let ¢ : Z — Z be one of the two local coordinates chosen in . Then, the following maps are analytic
on sufficiently small neighbourhoods 0 € U C H(’“O)(F*) resp. 0 € U C H*(T,):

i.) U— H-YZ, R, ps 8 i=1,..,n,
ii.) U— H"YZ),h gl p gi,i,j € {1,..,n},
iti.) U — H"1(Z),p — J,,
iv.) U— H*Y(Z,R"1) p— N,
v.) U— H*Y(Z),p— N, - N,,
vi.) U — H*2(Z),p — hE,
vii.) U — H*2(Z),p— H,,
viii.) U — H*(T,), p = v(p),
iz.) U—W,prs E’(p).
Proof. We recall that the transformation of the 0; is given by
0f = 95 + 0;pN. — pR' 9},

where we used that for the Weingarten map of the sphere we have 9;N* = —R,197. Thus, 9; is an
affin-linear map in p and therefore analytic. For the gfj we conclude

95 = 95;(1 = 2R p+ R.%p®) + 0,p0;p.
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5 Stability of the Surface Diffusion Flow of Closed Hypersurfaces

The first summand is a polynom in p and thus analytic. The second can be written as evaluation of
the symmetric 2-linear form

1
a(p1, p2) == 5(32'P13jp2 + 0;p10;p2),

and so is also a power operator. This implies analyticity of the gipj. For the gf)j we note that the
inverse matrix G;! is by Cramers rule given by (det(G,)adj(G,))". As the determinant is a sum of
n-linear functions, it is analytic and so the adjugate matrix. Then, G;l is analytic as product of
analytic functions and with G;l also its entries are analytic.

For the transformation of the surface measure we have that (see [49, (2.43)])

Jo=alp)u(p), dH"(Tp) = JpdH" ()

with
n § - A
alp) =T =psi), plp) = A+I(I = pLr.) ™ Ve pll*)*.
i=1
In our situation I', is a sphere of radius R, and so k] = R% and Lr, = —%Id. The map p — a(p)

takes values in H*(T,) as x} is C™. Thus, the factors (1 — }p) are H* and so is a due to the Banach
algebra property of H*(T',). Also, a is a polynom of degree n in p and therefore analytic. For u(p)?
we have

2

R
w(p)? =1+ HR—pVF*p

By the geometric series we have R% = >0 (%)i which is a convergent series in H¥(T',) for U

sufficiently small. This shows analyticity of

R
o H*T,) = H*T,). (5.18)
Furthermore, we have that
Vr, : H¥T,) = H1(T,,R™), (5.19)

is a linear, continuous map and thus analytic. This implies analyticity of

Rivp*- : HH(T,) — HY(T,,R" ), (5.20)

as product of analytic functions. The squared norm is a quadratic form from which we conclude that
w(p)? : H¥T.) — HFY(T,) is analytic. Finally, we observe that u2(0) = 1. As the square root
function is analytic in 1, this implies analyticity of p and together with the analyticity of a we get
that J, is analytic.

For the normal N, we choose a different representation. Following again [49] we have that

Ny +a,

N,= ¢
7N+

with a,(p) € TpIx. As we have Nj, -9 =0 for all i = 1,...,n, it follows

0= (Nu +a,)(9] + 0ip — p0;) = 0;p + a,0; (1 — p),
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5.3 Proof of the tojasiewicz-Simon Gradient Inequality

and hence
Oih
or = — 9
ap A 1—h
As seen above, 1= is analytic in p = 0 and p — —9;p is also analytic as linear function. Thus, a, is

analytic. The scalar product induces a bilinear function and is therefore analytic. The square root
function is analytic in p = 1 and as a, = 0 for p = 0, this holds for N, + a, at p = 0. So, the
denominator is also analytic and therefore the whole function. Part v.) follows directly.

For part vi.) we compute the second order derivatives of ¢,

This is a linear, continuous map H*(Z) — H*=2(Z,R"*!) and consequently analytic. Due to iv)
this implies analyticity of hf ;- Part vii.) follows from the local representation of the mean curvature
operator, ii.) and vi.).

For the parametrisation v we recall formula ) for the constraint G and by the previous results we
see that G is analytic. From Corollary [2.5] it follows that « is also analytic.

For the final step we recall that according to we have that £’ as element of W C V' is given by

= Jr. Hoto0) Ny o) - N ) I o) A"
e fF* NF’Y(PO) ’ N*J’Y PO)dH

) (Vo) = Ne) T(po)- (5.21)

Our results before imply the analyticity of this term. Here, we use that the pullback of functions in
H*~1(Z) to functions in H*~ 1(Z ) via ¢ is linear and so analytic and that we have

E'(p) = E{(p)x1 + E3(p)x2, (5.22)

where E;(p) denotes the expression E’(p) in one of the two local coordinates and {x1, x2} is a partition
of unity. Both maps E’'(p); — E’(p)ix: are linear and so analytic.
It remains to verify that (5.21)) really is mean value free. This follows from

Jr. Hovtoo) Noyp0) - Nio) Iy (o) dH™ "
/ SRl ot — (Ny(po) - Ne) Sy (o) dH

fr NT () = Ny (o) A"

- N, J dH™
_ _fl“* Hey (50) (Noy(po) ) (po) / (N - Ny dHT
fr* NF’Y(Po) “ Ny (pg)dH™ . ’ ’

_/r Hey (50) (Noy(po) = Ni) I (po) AH™ =

With these two things proven we can now head on the sought gradient inequality.

Theorem 5.10 (Lojasiewicz-Simon gradient inequality for the parametrised surface area).
Consider the energy functional E : U — R from (5.9). Additionally, let W = WFS3(T,) and W — V'

- (0)
be chosen as in (5.15)). Then, there exists a 0,C > 0 and 0 € (0, 1] such that
|E(z) — E(0)]""° < C|E'(2)|lw, z € B,(0) C V. (5.23)

Proof. The embedding V € W < V' is definite as the L?-product is. Furthermore, we have due to
Lemma [5.7 that

E’(O)p:/ (H — Area(T’ / H, d’H") pdH".
.
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5 Stability of the Surface Diffusion Flow of Closed Hypersurfaces

But as H, is constant we have

Area(T,) ™! / H.dH" = H,. (5.24)
T,

This implies E’ (0) = 0 and so 0 is a critical point of E. The claim follows together with Lemma
and from Proposition O

5.4 Global Existence and Convergence Near Stationary Solutions

We now want to use the results of the section before to prove Theorem Consider initial surfaces
I'o that can be written as graph over I', with a C*T(T,) distance function hg. From Theorem
we already know that there is a g9 > 0 and a 7' > 0 such that for all pg € C*T(T,) with ||po|| < €0
there exists a solution of in G443 (T, 7). Additionally, from [23, Theorem 1.1] we get that
this solution is smooth away from ¢ = 0 and for all k£ > 0 there is a constant C}, with

Ck
o) ller .y < THP(O)”C‘l(F*)a t € (0,7]. (5.25)

This will be crucial for some interpolation estimates later. Before we can start with the stability
analysis itself we have to modify Theorem [5.10] In this version, the energy is defined on the set of
distance functions. But it is more convenient to get an estimate that uses solely the geometry of the
surfaces. Therefore, we want to prove the following.

Lemma 5.11 (Geometric LSI for the Surface Energy on Closed Hypersurfaces).
Consider for k' .= %k‘ + 2 with k,0 from Theorem 5.1;3 and any R > 0 the set

Zg = Bg(0) c H*(T,).
Then, there is a 0 > 0 and a C(R) > 0 only depending on R such that for all
p € H*T.)N Zg, ol e,y < o, (5.26)

such that T', fulfils the volume constraint Vol(Q,) = Vol(Q,), we have that

1(2-28
2\ 2-¢

IE'(5)llw < C(R) </F IVr,JHdeH"> : (5.27)

with
pi=p— ][ pdH". (5.28)
T.

In particular, we get the following geometric LSI: there is a (possible smaller) o > 0, C > 0 such that
for 6 := % and all p fulfilling (5.26) and the volume constraint we have that Vol(Q) = Vol($2,)

1/2
|E(T,) — E(I)[*7? < C(Xa) </ |VppHp|2dH"> : (5.29)

P

Proof. With the same argumentation as in Lemma we see that E’ is an analytic, and so a Lipschitz-
continuous operator H* (T',) — H* ~2(T,) and hence we have
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5.4 Global Existence and Convergence Near Stationary Solutions

This allows us to apply an interpolation argument to conclude

2] a 2-—20
0 2

1B @llw < CIE @77 - 1B @50, < CRIE @) (5.30)

So, it remains to study || E’ (P)%2. As E'(p) is mean value free, we can apply Poincaré’s inequality to
control its L2-norm by

/1" ‘V*Hp‘zDi + Q(V*HP ’ V*Dp)Dp(Hp B Mp) + (Hp B Mp)2|v*Dp|2dHn7 (5~31)

where we used the abbreviations

fr* H’v(po)(Nv(po) ) N*)Jv(po)dHn

D,:=(N,-N,)J, M,:=
P ( 14 ) 14 P fF* NFw(po) 'N*J’Y(po)dHn

We now want to see that we can control (5.31]) by
V. H,|?dH.
.

For this, we can estimate the first term using D, is bounded due to the C?-bound (5.25) we have for
p- For the second term we can estimate the product of the gradients using Cauchy-Schwarz inequality
and then use boundedness of D,,V.D, and H, — M, due to he C*-bounds on p. For the third term,
we first use boundedness of V. D, to get

/ (H, — M,)*|V.D,?dH" < c/ (H, — M,)*dH".

* *

Furthermore, we observe with the abbreviation
MV, (H,) ::7[ H,dH",
.

that
(H, — M,)* = H} —2H,M, + M; < C(H} — 2H,MV.(H,) + MV.(H,)*) = C(H, — MV.(H,))*,

where we used in the second step that M, = fr* H.dH™ is a negative constant and due to the
C?-bounds we have uniformly estimates

cMV,(H,) < M, < CMV.,(H,).

Now, we can apply Poincaré’s inequality on H, — MV, (H,) to get
/ (H, — M,)?|V.D,PdH" < C [ |V.H,|*dH".
* .

In total we now have shown that

2-26
2—6

VB G2 < ( / |v*Hp|2de")

Finally, we use continuous dependency of the surface gradient the surface measure in p to conclude

(5.27). The geometric LSI (5.29)) follows now from (5.27)) and ([5.23)). O

Now we can proof Theorem Recall that in Remark [5.6] we chose k larger than five. Consider the
solution p(-) of the surface diffusion flow from Theorem There, we also determined a bound ¢q for
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5 Stability of the Surface Diffusion Flow of Closed Hypersurfaces

the initial data such that we have short time existence on a time interval [0,T]. Now, due to ([5.25)
we can choose the initial data pg sufficiently small such that for ¢ € [Ty, T] with Ty := % we have that

lp®llex .y < Z := min(o, <), (5.32)

where o is as iriLemma We define now T as the largest time such that (5.32)) holds on I := £, T).

Note that on I the solution p exists as we can apply at every time ¢ our short time existence result.
Then, we can apply Lemma to derive

d

-G ET®) ~ BC.) = ~0(Er) - BC) [ Vi

I'(t)

— 0(E(T(1) - B(T.))" / | (ArHr) Hrpdi”

—o(Br®) - Er) | IV (5.33)

1/2
>C (/ |Vr(t)Hr(t)|2d7'l”>
r(t)

= CllAr@ Hrew 110

Hereby, in the fourth step we used the LSI from Lemma Note now that we have due to the
continuous transformation of the normal, the C®-bound for p and Lemma that

10:p(®) | 72r,y < C/p< ) | Ay Hr | 2dH"™ < Cl|Aray Hrwlla- @ap lAre Hoo lar ey (5:34)
t
< Cl|Argy Hrgy -1 (ree)-

Combining (5.33]) and (5.34) we get

d

5 (ET®) = E(T.))". (5.35)

10ep(D)]| 72,y < —C

Integrating this in time yields for any s € I that

lp(s)ll2r.y < llp(s) — p(To)ll L2,y + llp(To)lz2(r,) < 10epll—1dt + [[p(To) L2 (r.)
T
0

< \/ / 100l agr e+ 0T
< \/-C(E(T(s) — E(.)? + C(E(T(Ty)) ~ BT + Clo(To) o, (5:36)
< C(E(T(Ty)) — E()# + Cllo(To) | Zava

8 A
< Cllp(To)llézvar,) + Cllo(To) [ é2+a

0
< O”pOHéZJra(F*)'

Here, we used in the third inequality the Holder inequality, in the fourth inequality , in the
fifth inequality the fact that —C(E(I'(s)) — E(T'x)) is negative as I', is a minimum of the surface
energy, in the sixth inequality Lipschitz-continuity of the surface area in the C®-norm and in the
seventh inequality Hélder continuity of p in time, where we used that due to Lemma [3.13] the Holder
coefficients in time are uniformly bounded. Additionally, we used in the fourth inequality that

1-£ )
ATl ooy < CllP(To) ey (5.37)

0
16T 5 ., < CloT) Eogr

T.
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5.4 Global Existence and Convergence Near Stationary Solutions

where we used interpolation results for Holder spaces and (5.25]). Using (5.36)) we derive for all ¢ € T
for the C*(T,)-norm of p(t) for some B € (0,1) that

_ B 86
le@®llcxr.y < Cllo@lgar e le® ey < ClloollErrar,y < Ce2. (5.38)
(T) () ()
Now choosing ¢ sufficiently small we get hat
Z
lpllerr.,) < 3 (5.39)

But then we can apply our short time existence result shortly before T to get a larger existence time
and due to continuity reasons the new solution will fulfil ||p(t)||cxr,) < Z a short time interval after

T. As T:vvas chosen to be the maximal time with this property, this implies that T cannot be finite
and so T' = oo and p(t) exists globally.

As E(T'(t)) — E(Ty) is strictly decreasing while bounded below by zero as T, is a local minimum, we
deduce from that d;p is in L*(R*, L?(T,)) and therefore the limit p., exists in L%(T',). Again
doing interpolation and using (5.25)) we get that p(t) is a Cauchy-sequence in C*+(T,) for all k € N
and thus we have convergence in C*T%(T,) to poo. Finally, as ps, has a H*-norm less than o, we can
apply the LSI to get

1/2
E(roo)E(r*WSO( / |VFxHFoo|2d7'l") < ClAr_ Hr ey - He 2y (5.40)
T

oo

< CllAr, Hry [z, = 0.

In the last step we used that as 9;p € L'(R™, L*(T'y)) and consequently [9;p(t)||r2(r.) — 0 as t — oo,
this implies using the motion law (SDFC) that also ||ApyHrllz2r,) — 0 as t — oo.

From we conclude that I's, has to be a minimum of the surface energy with the volume constraint
Vol(T's) = Vol(T'x) and consequently a sphere. Therefore, choosing €g such that holds, finishes
the proof of Theorem [5.4fi.).

For the proof of part i.) we want to notice that the argumentation we just used also works when
we replace Z in with any 0 < Z < Z. Thus, for any C' > 0 we can choose pg and Ty small
enough such that ||p(t)||cater,) < C on [0,Tp] by (4.104). Then, by choosing pg possibly smaller
we can also guarantee that [|p(To)||cx(r,) < min(C, Z), again using parabolic smoothing of the flow.
Consequently, we will also have ||p(t)||cx(r,) < min(C, Z) on [Ty, o0). This shows Lyapunov stability
of (SDFC) and we are done.
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Stability of the Surface Diffusion Flow of Double-Bubbles

Now, we consider the case of a triple junction geometry. Before we do so, we will redefine some
notation for the rest of the section. Let I', C R™*! be a minimizer of the surface area energy
functional enclosing two given volumes V5" := Vol(Q;2), V5* := Vol(Qy3). Hereby, we restrict to
the case 7' = v2 = 43 = 1 although we expect that our work can be generalized. By the work of
[36] we know that I, is a double bubble fulfilling the 120°- condition on the triple junction. If I'
is a spherical cap we will denote by R’ its radius. As before we want to parametrise triple junction
manifolds near I', via a pair of distance functions p in normal direction of I', and a tangential part w.
During the calculations we realize that the tangential part chosen by the authors of [I9] is not suitable
to apply the results of [I3]. The non-local form of p makes it impossible to choose suitable Banach
spaces V, W together with an embedding W < V* which we will discuss in detail in the first section.
So before we can go on we have to do find an alternative formula for g which is discussed in the second
section. Afterwards, we find an implicit parametrisation of the set of distance functions describing
volume preserving triple junctions. With this geometric description we can find a suitable setting to
prove a Lojasiewicz-Simon gradient inequality for the corresponding energy functional induced by the
surface energy. Then, in the last section we are able to prove the second main result of this thesis,
which is the following.

Theorem 6.1 (Stability of stationary double bubbles wit respect to the surface diffusion flow).
Let o > 0. FEvery stationary double bubble T', is stable with respect to the surface diffusion flow in the
following sense:

i.) The stationary solution p =0 of (SDFT.J) is Lyapunov stable with respect to the C*+*-norm.

ii.) There is an eg > 0 such that for all p, € C35%(T.) fulfilling ||p| < es and the compatibility
conditions (4.31]) the solution from Theorem converges fort — oo to some p.,. Furthermore,
Ty is a (possibly different) standard double bubble.

6.1 Technical Problems Proving a tojasiewicz-Simon Gradient
Inequality: Non-local Tangential Parts, Non-linear Boundary
Conditions

In the last chapter we already discussed the basic idea of the choices for V' and W in the context

of the surface diffusion flow. Now, our geometric objects have a triple junction which causes two

new difficulties to arise. Firstly, we will need to include some boundary conditions to guarantee the
Fredholm property of the second derivative of the surface energy which is again the surface Laplacian.
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6 Stability of the Surface Diffusion Flow of Double-Bubbles

This conditions should be connected to our flow as for the stability argument itself the solution p of
(SDFTJ) should be an admissible function. As we have a second order differential operator we can
only allow for three conditions and the natural choice are the angle conditions and the concurrency
of the triple junction.

The application of the Lojasiewicz-Simon technique on the situation with non-linear boundary condi-
tions was - according to our knowledge - not discussed, yet. This situation is much more complicated
than linear boundary conditions, that, e.g. were discussed in [2] or[I5] as there one can just write
these conditions into the space V. Our first idea to overcome this was to include these non-linear
boundary conditions in V' by parametrising them over the linearised boundary conditions. This is
actually possible and we will use this during the proof of Lemma Also, we can include this in the
parametrisation of the non-linear volume constraints we will need in the situation of double-bubbles
to. But then, as in Lemmal[5.7] we will get in the first derivative of the considered energy terms arising
due to the parametrisation of the non-linear boundary conditions. These terms cannot be fitted in
our settingﬂ and so we have to find a different approach. The idea is then to write the boundary
conditions in the energy F itself. The consequence of this is that the space W needs to have some
trace parts for this boundary conditions. At first glance, that is bad for our stability analysis later
as there these trace parts do not appear. But we just chose the boundary conditions for the surface
diffusion flow such that these terms vanish, cf. and its consequences. So, in the stability analysis
we will indeed have the norm we want to work with.

The second technical difficulty is the tangential part p. In we see that in the first derivative of
the surface energy at a point p € V we get a term of the form

3 .
> [ ntergtpan (6.1)
i=1 1%

with some function g in p and p € V. To apply our method, we need (6.1)) to be of the form

3 .
> / g, (6.2)

with another function g in p. Observe now that if p vanishes on ¥, we will have 1‘(p) =0 on I' and
thus (6.1]) vanishes as well. Then, applying the fundamental lemma of calculus of variations on (6.2)
we see that

g=0. (6.3)
But as the functional corresponding to (6.1 is not the zero functional, we cannot write (6.1]) in the
formulation (6.2]). Thus, the non-local tangential part cannot be dealt with our LSI methods and so
the only possible solution is to replace the tangential part by a local version that describes the same
set of triple junction manifolds as long as p is small enough.

Remark 6.2 (Non-linear tangential parts).

Although we did not study what happens in the case of non-linear tangential parts, we expect that these
should in general not be a problem. One only needs to guarantee that their linearisation fits in the
chosen setting for W — V* for the analyticity of the first derivative. The evaluation of the second
derivative at the reference frame normally depends only on the evolution in normal direction and so
the tangential part does not matter at all.

6.2 Choice of the Tangential Part

As mentioned above we want to get rid of the non-local term of the tangential part. On the other
hand, we still want the tangential part to be given as a function in p as otherwise we would have

LObserve that in the derivation of (5.11)) we used the fact that 5'(po) takes values in a one dimensional space. This
still works if 7’(pp) takes values in a finite dimensional space, which we will see in Lemma But if we put the
boundary conditions into «y, this will not longer be the case!
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6.2 Choice of the Tangential Part

different degrees of freedom for the first and second derivative of the surface area, which would be a
problem in the proof of the LSI. The idea to achieve such a tangential part is surprisingly easy. We
observe that the linear connection between p and p is the same along the triple junction. This
suggests to use the matrix 7 also in the interior to get at every point the tangential part p as function
of the normal part p. The constructed function will then involve no projection on ¥, and thus be
purely local. The only problem hereby is that for the calculation we have to evaluate all the p; in
one point and technically each p; only exists on I'.. But we can solve this by identifying the three
hypersurfaces via diffeomorphisms.

More precisely, for B = B1(0) C R™ we choose C'*°-parametrisations

® = (p1,02,93) : B— (R"T1)? (6.4)

of (TL,T2,T3) such that for all z € 9B we have that

p1(2) = p2(2) = p3(2). (6.5)

We note here that it is indeed possible to parametrise each I'. with one parametrisation as I'? is either
a spherical cap or a flat ball in a hypersurface. Now, we can define the new tangential coefficient field
te on B via the linear connection from before and then do a pushfoward, that is,

pa(p) = (T(poyp ™)) o (6.6)

By construction this function fulfils the necessary condition for the concurrency of the triple junctions.

Remark 6.3 (Linearisation results for the new tangential part).

In the next section we will use the same linearisation results of [18] and [T7]] for the boundary conditions
as in the chapter for short time existence. This is indeed possible as in these works the calculations
were done for a general tangential part and so they work both for the original tangential part 2

and the new one .

Before we can use this new tangential term we have to check that by this procedure we describe the
same triple junction manifolds as in the short time existence result which is carried out in the following
lemma. There, we will denote by ppoi the tangential part we used in Chapter @ and by pq the

tangential given by .

Lemma 6.4 (Equivalence of the tangential parts).
For every k > 2 we consider the space

ClyoTs) :=={p € Cf;(T\)|p' =0 on S,,i=1,2,3}. (6.7)

There exist r,r' > 0 (depending on k) together with a map
F: Cfy(Ty) D Br(0) = Bp(0) C CFyo(T), (6.8)

such that the map F = F +1d fulfils for all p € B,(0) that

Lpuer(e) = UF(p)uc(F(p)- (6.9)

Proof. Consider for X = Ck (T',),Y = Z = C%LO(F*) themap G: X XY — Z

(p,P) = (> dpr(x + (o' + 7)) (@)vi(2) + (na(p + P) (@) T (@) Tp o (0))i=1.23-

Hereby, dy denotes the usual Hausdorff distance from a point to a compact set. Note that G has
indeed values in Z as ppgx and pg equal on .. Therefore, I'y - (p) and I'p15 4 (p15) have the
same triple junction as p+p = p on X,. We want to use the implicit function theorem to find a

map F with G(p, F(p)) = 0 for p small enough. Then, the surfaces F}(p) pe(F(p)) are subsets of
I 4

pnar(p) Additionally, they are simply connected and have the same boundary as I"

and
p.upc K (P)
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6 Stability of the Surface Diffusion Flow of Double-Bubbles

consequently they have to be equal to F;_ ppar(p) So, F fulfils |@i We claim that
8:G(0,0)p =p, peCq,(T.). (6.10)

In order to see this we will calculate G(0,ep) pointwise. There are two geometrical situations that
could arise. The first is that x + p'(z)v! + (ug(p)(x)); lies within the Ri-tube of I'\. The second
possibility, which in theory could also arise, is that points near X, could leave the R’ tube. We want
to see that for p small enough in Y only the first situation is possible. For this we note that for any
o € I'. the ball with radius min(R’, ||o — pry,_(0)||gn+1) is completely contained in the R’-tube of I'%.
Hereby, pry, denotes the projection the projection on the nearest point on ¥,. This is at least near
>« well-defined. By elementary geometry we see that

(6.11)

 (dps
lo — pry,. (o) |ges1 = 2R’ sin (F("prz("))) .

R’L

Thus, this quantity as function in dr: (o, pry_(o)) has a derivative larger than 1 close to zero. On the
other hand, we know that

3
lz = (2 + ' (@)vi(2) + pe(p(2)) () lrnes < C(Ip' (@) + Y [P (2)])

j=1
< Cdpi (z, prs, (2))[pllcr,

withe the constant C' only depending on the linear relation between p and p but not on the point x.
So, by choosing 7’ small enough we can guarantee that the point x + 5 (z)vi (x) + pg(p(x)):7: () lies
within the ball within the ball around z with radius min(R’, ||z — pryg_(z)|gs+1) and so within the
Ri-tube of I'. Note that this argumentation is also true if I'? is a flat ball.

We return now to the proof of where we can now restrict to the first situation. If I'? is a flat
ball this is clear as we then have for p € Z and ¢ > 0

dp(x +ep' (2)vi(2) + (ng(ep)(2))'Ti(2), T,) = du(x + €p' (2)vi(2), L) = ep' (). (6.12)

Here, we used that in this case the tangential movement is parallel to I':. Thus, this will not change
the distance to I'.. Taking the limit € — 0 we get easily .

We now consider the case that I'Z is a spherical cap. From elementary geometry we know that the
nearest point on I, from x + p'(z)vi(x) + pa(p(x)):7i(x) is given by the intersection of the straight
line between Ty e (B) and M! and I':. By Pythagoras’ theorem we get that

G (0,2) (x) = y/ (B + 29)” + |ty (P) (@i (@) — R

= (RL+¢7') + 3 |l ue(P)(@)ri()|* + () - R;.

(R +7)
Here, we used p&(ep) = eu,(p) and a Taylor expansion. This implies

G.5p)-G0.0) __ 1

—\ i, |12 4
: Pt s e @R + o).

This converges uniformly in z to p'(x) for e — 0 as p&(p)(z)7*(z) is bounded in x. This shows
(6.10). Continuity of G and 9oG follows from the formulas in [49, Section 2.2], which we can apply
as the points z + (h; + h)(z)vi(x) + (ua(h + h)(z));7i(z) stay in the tubular neighbourhoods of
I for 7 and 7’ small enough. Therefore, we can apply the implicit function theorem to show

h,upcx (h)
the claim. O

In the following, when we write p we will always refer to g, unless said otherwise and if we omit the
tangential part in the notation, the used tangential part will always be pg.
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6.3 Parametrisation of the Set of Volume Preserving Triple
Junction Manifolds

Next we need to rewrite the set of the volume preserving distance functions over a Banach space. The
situation differs from the one in Section [£.2] for two reasons. We have additional non-linearities we
would like to include in our setting. These are the angle conditions which would make the variational
formulas and the analysis for the proof of the LSI easier. But as we argued in Section this will
lead to technical problems in the proof of the LSI and so we will not parametrise them. The second
difference compared to the closed situation is that the space of (suitable) constant functions is not
the best choice for a complementary space of the tangent space of volume preserving triple junctions.
It is more convenient to work with functions that vanish near ¥, to avoid additional tangential parts
and so we will choose suitable bump functions.

To construct our setting we start with

U:={ueC7,I,)

vt +7%u? +~43u® =0 on E*} . (6.13)

Note that we can put the condition for concurrency of the triple junction already in U as it is linear.
Now, we have again to consider the tangent space of volume preserving evolutions, which leads to

/ vld”H":/ vzd'}-[”:/ vgd"H”} (6.14)
rt r2 I3

The equality condition for the integrals follows directly from applying Reynolds’ transport theorem
on the evolution of the enclosed volume and corresponds to the meanvalue freeness condition we got
in the previous chapter.
Now we need to construct a suitable complemented space of U;. To this end, we choose f* € C>(T'!)
and f? € C>(T'?) with

U :{’UEU

supp(f') cC T\supp(rl), / Flanr =1,
r1

supp(f?) CC T2\supp(72), / P =1
2

and set

Uy :=span(f!, f?). (6.15)
Here, we consider f!, f? as functions in C$%(T',) extending them by zero. The space Us is closed being
finite dimensional. Observe that the choice of the support of f! and f? guarantees that addition of

linear combinations of them to other distance functions p will not change the tangential part. Before
we go on we have to check that U; and U, are indeed complementary spaces in U.

Lemma 6.5 (Complementarity of Uy and Us). Uy and Us are complementary spaces in U.

Proof. For a,b € R and f = af? + bf3 we have that
/ fdH™ =0, / fdH" =a, | fPdH" =0b.
ri r2 rs

Thus, only for a = b =0 we have f € Uy and therefore U; N Us = {0}. On the other hand, for p € U
it holds that

p=(p—af’=Bf)+af’+4f

o= / deHn _ / pldHn,B .— p3dHn _ / pldHn
r2 rt rs i
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6 Stability of the Surface Diffusion Flow of Double-Bubbles

Hereby, we have that (p — af? — Bf?) € U; and so we conclude U = Uy + Us. O
Now we are able to prove the existence of the sought parametrisation of the volume constraint.

Lemma 6.6 (Parametrisation of the volume constraint for triple junction manifolds).
Let U = Uy @ Uz be as above. Then, there exists an open neighbourhood Uy of 0 in Uy and an open
neighbourhood U of 0 € U together with a unique map 7 : Uy — Us such that the map

vi=1d4+7:U; = U (6.16)

parametrises the subset of all functions U that belong to triple junction manifolds fulfilling the volume
constraints. Furthermore, 7 is analytic and we have for the first derivative of v for vg € Uy,v € Uy
that

Jr1 (UIN*I'HAI(”)Ti)'an,(uo)dHn_fﬂ (U2N3+“2(v)7*2)'N3<vo)dHn
~v(vg) v(vg) fl
Jrz  NEND)dH”
—/ _ v(vo)
Vo)V = 3, . _ " 6.17
’Y( 0) frg (v3N3+u3(v)Tf)~N3(UO)dH"7JF1 (lej+,u1(v)‘ri)-NW1(vU>d’H ( )
v(vo) 3'v(vo) f2
j 3N ™
JFS N Nv(vo)dH

Proof. Consider the functional

G:U=U,0U; > R?

_ Vol(Q15) — Vi*
ww)=ur (Vo1<933> i)

We want to apply the implicit function theorem and so we have to consider the partial derivative
02G(0,0). For w = af' 4+ bf?,a,b € R we get by transport theorems

L 1dan
aooe= (5100 ) - (4)

This shows that 92G(0,0) : W — R? is bijective. Continuity of 9>G and analyticity of G follow as
in the proof of Lemma [5.5 and so we get the existence of an analytic function 4 with the desired
properties.

Now, for 4/ we do an implicit differentiation and rearrange the terms afterwards to get . We
hereby used the fact that 4/ can be seen as element in R? and that 7(v) does not change the tangential
part of v. This yields then (6.17). O

Remark 6.7. One could also calculate 3" (0) using the same procedure as in the case of closed hyper-

surfaces. But for the application later we only need E”(O) and for its calculation we can also use the
results from [36].

6.4 Variation formulas for the Parametrised Surface Energy

We now derive the formulas for the first and second derivative of the surface energy. Before doing so
we want to specify the notation for the different energies arising in the setting. By the plain E we
denote the surface energy as a functional on the set of triple junction manifolds near the considered
stationary point I'y. The functional E arises from F by the parametrisation of these triple junction
manifolds using distance functions p and the associated tangential part p(p). Finally, we restrict E
on the set of distance functions belonging to triple junction manifolds fulfilling the volume constraints,
which we parametrise using the function v constructed in the previous section. In total, we get the
energy functional

3
E: G300 2V 5 Rpms Y Avea (T, ). (6.18)

i=1
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on the space

3

p'=0on E*,/ ptdH™ 2/ prdH™ :/ p?’d?-["}. (6.19)
ri r2 r3

The variation of this can again be calculated using the surface transport theorem and for p, € ‘7, pE
C2, . (0y(I'+) this leads to

C%J,C,(O)(F*) = {P € C%J(F*)

i=1

3
Blogp==-3 [ Hipy (/N4 ()i + [ (p0)p M) - Ny pdH”  (620)

i=1 FW(PO)

/ Z PN+ (P)TL) - V(o) M

Ev(po) i=1

Hereby, we used that 7/(p,)p vanishes on ¥,. For later use we need to rewrite the boundary term in
(6.20)) such that it does not depend on p'. Using p' = —p? — p? and

1 1

I =—ﬁ(02_p3)7
2= - %(p )= %(2,0 +p%),
W= — %(p —p ):ﬁ@p +p%),

we can rewrite it as

1 1
2 2 2 1 1 1 2 2
—/E*p (N3 Vo) = N2 Vo) — V3 Pateo) T T Paleo)
2 3 3 3 3 3 1 1 1 1 1
T T 00 B0 TP Vo) = N o) BT V) (6.:21)
2 2 o 1 5 3 n—1
- ﬁ * I/'V(po) B %T* . V’Y(Po)) ’Y(PO)dH

We also need to rewrite the tangential and the v-part in the first line in (6.20). For the first one we
have

) 1
_ 1 2 3 1 1
- Z/ p AP “(p)7 N;(po)dHn - /Fl Hw(po)ﬁ(P = P77y 'Nw(Po)dHn
’Y(P ) v(po)
1 1
2 3 1\,2na72 n 3 1 2\, 3 3 n
+/FZ Hv(p())ﬁ(P — PN o M +/F3 Ho) 50" =P - Nopdt™ - (6.22)
v(po) v(po)

1—1 1 1 1—1 i+1 z+1 1+1 n

—Z Hw(po) Ny T o)™ Nylpgy) e, dH™

Hereby, an ¢ — 1 = —1 has to be read as 3. Additionally, we did abuse of notation by just considering
Hi7L 7=t N1 resp. HtL i+l N+l a5 functions on I'.. To be precise one would need to include
a pullback. For the 4’-term we need to do the same trick as in the proof of the second identity for E
in Lemma [5.7] using the two dimensional structure of the range of . We will skip this here for the
sake of readability. _

The second variation of E was already calculated in [36], Proposition 3.3] varying twice in the same
direction. For the variation in two different directions p, p € C% 1,C,(0) (T'x) we then get by polarization
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6 Stability of the Surface Diffusion Flow of Double-Bubbles

that
3 . .
E"(0 Z / (Aup’ +|ITE %) praM™ — / Z Lipt —q'ph)ptdH (6.23)
i=1 . =1

with ¢! = (k1 + £2)/V3,¢* = (kl — k2)/V/3 and ¢® = (—kL — Kk2)/V/3. Recall that the movement
induced by p is purely tangential at the reference surface and therefore vanishes. Again with the next
section in mind we rewrite the boundary term using p! = —p? — p° as

/ (0029 = 0y1p' — P>+ ¢°p")0° + (0u3p” — Dy1p' — ¢ + ¢'p")pPan . (6.24)
Yk

6.5 The tojasiewicz-Simon-Gradient Inequality for the Surface
Energy on Triple Junction Manifolds

Now we can proceed to the proof of the LSI in the case of triple junction manifolds. We first need a
setting for [25] and so similar to the previous chapter we set for m > 2+ §,m e N

3
Zpi =0on Z*,/ prdH™ = / pPAH™ = / p?’d'H”} , (6.25)
rt 2 s

i=1

V= {P € Hyy ()

3 2
W= HIXT,) x (H”“?(Z*)) , (6.26)
3
W= V*: (§,6%6%) — <p — Z/ fiptdH" +/ b2p® + b3p3dH”1> : (6.27)
i=1 /T8 T

Here, we get only two copies of H;LJ_% (34) as one degree of freedom is lost due to the sum condition.
Note that due to our choice of m we have that V < C?. In particular, V and W are Banach algebras.
Reminding Remark [5.2] we note that due to (6.20)), and this means we consider E’ as
map with values in W in the following way:

E/(Po) = (f(Po)v b*(py), bg(ﬂo)) s PV, (6.28)

Mm

i _ i i = NG Z+ z+ i+ )
F'(po) = | Hipy) (N2 47 (po)'N) - v(p ) + H ] & Nw(;o)) Do)’
j=1

1 1 2 L
2 _ 2 2 1 1 1 1 2 3 3
0%(po) = N2 Vi) = Ne - Vaop) = BT Paton) T 5T Vit T T Va0 Taien
1 2 1
3 _ 3 1 1 1 1 2 2 3 3
0%(p0) = N2 Vi) = N - V3o + BT Vato0) = 5T Vit t BT Va0 T e

Using (6.23) and (6.24), we get for E”(0) as mapping V — W that

—Ar,p—|[IL[*p
pr | 020” =dup' —Pp* +4'pt |, peV. (6.29)
dysp® = 0uip' — p* + ¢'p'

Now, we want to verify the prerequisites to apply Theorem to E:V = R. We begin with the
analyticity of the first variation.
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Lemma 6.8 (Analyticity of E').
There are neighbourhoods

OeUCV,OeﬁC{peH%(F*)

3
Zpi =0 on Z*}
i=1

such that the following maps are analytic
i.) U— HE N T, R, gy 9 forall j =1,...,n,
- 3
U - (Hm*%(z*,wﬂ)) ,p 0P fiirall j=1,...n— 1.

ii.) U— H}”fl(F*),p — gfk,p — gf,k for all pairs j, k € {1,...,n},
~ 3 .
U— <Hm_%(§]*)) , P gfk,p — gi,k for all pairs j, k € {1,...,n—1}.

iii.) U — HE Y (0L, pes Jr,,
~ 3
U— (Hm—%(r*)) p s,

iv.) U — HI YL, R ps N,

U— Hp;HT.),p+ N, - N.

U— HP N TL),p= Np - T

- 3
v.) U — (H’”‘%(E*,]R"H)) P,
- 5 3
U— (Hm_i(z*)) PV Ny pi= vy Ty
vi.) U — HI2(TL), p %y, for all pairs j,k € {1,...,n}.
vii.) U — HP72(T,), p — Hp.
viii.) U = HJ,(T.), = 1(p).
ir.) U— W,p— E(p).

Remark 6.9 (Argumentation in local coordinates).
Remember that we parametrised all hypersurfaces over the same domain, cf. Section [623 Therefore,
the 0i, 9i5, 9" and h;; are global quantities and we do not need a localization argument as in Lemma

Proof. Before we begin with the proof itself we want to remind that pullback and pushforward of
function spaces on I'y to function spaces in local coordinates are analytic operators. So, we can work
in the Sobolev spaces of local coordinates.

For the transformation of the d; we recall from Section [£4] that

9 = 07 + (9;p) N« + pOi Ny + 05 pu(p)Tic + p(p)0;Twc.

The first summand is constant, the second and third clearly linear in p. As p is also linear in p
and partial derivatives are linear operators this shows that the other terms are linear in p. Thus, 8;-’
is affin-linear in p and therefore analytic. As due to our choice of m we have that H7'; I(T,) is a
Banach algebra, the first part of ii.) follows directly from i.) as products of analytic functions between
Banach algebras are again analytic. For the g/* we use as in the proof of the fact that the inverse
matrix is an analytic operator. For iii.) we use again that Jr, resp. Jx, are given by \/9r, Tresp.
/0%, and these quantities are analytic due to theory for composition operators and the fact that the
determinant and the square root are analytic on suitable domains.

Using the multi-linear structure of the crossproduct and the analyticity of 6;’ we conclude analyticity
of the crossproduct of the (’“)f . Its normalization is then analytic due to composition operator theory
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and so we get the first part of iv.) from which we get the results for the other functions. With
analyticity of N, we can argue for v.) in the same way as the outer conormal is given as normalized
crossproduct of N, and the 8;7 forj=1,...,n—1. For the h;’ « We have to study the second derivatives
for which we get

8j8k<pp = h;k + (8]8kp)N* + 6kp8jN* + 8jp5kN* + pajakN*
+ 00k (p)Ts + Oppt(p)0; 7 + O51(P) Ok Tsc + 11(p) DOk T

Again using the fact that p is linear in p we see that this is an affin-linear function in p and thus
analytic. Then, h? ik 18 analytic as product of analytic functions. Analyticity of H, is a consequence
of ii.) and vi.). For viii. ) we can argue as in the proof of Lemma [5.5 to see that the function G from
Lemma is analytic and thus by the analytic version of the implicit function theorem (cf. Corollary
v is.

Now we remind what E’ as function with values in W actually is, cf. . Analyticity of these
expressions follows now from the results i.)-viii.), which finishes the proof. O

Now it remains to show that E”(0) is a Fredholm operator of index 0.

Lemma 6.10 (Fredholm propety of E”(0)).
The map E"(0): V — W is a Fredholm operator of indez 0.

Proof. We remind here that gives us E”(0) as map with values in W. As in the proof of Lemma
[-8]it is enough to prove bijectivity of the main part. Then, the claim follows as compact perturbations
preserve the Fredholm index.

Therefore, we consider the elliptic problem

—Arip' = f' onT% i=1,2,3, (6.30)
PP+ =0 on Y, (6.31)
Dy2p® — Opup' = b on X, (6.32)
Oysp® — 0up' =b* on ¥, (6.33)

for f € L7;(T.),b%b* € L*(X,). We observe that for a classical solution p and a testfunction
P e C2 7.c(I'x) multiplication of 6.30f with +°, integrating over I and summing over i yields to

Z/ frtdn” = Z/ ApydH" = Z/ V.l - VpidH" — /Z i) i

*11

- Z / VL VLH — [ B pM (0% — ) + 0,207 + B, p A

P

3
= Z/ Vop' - VldH" — / (02p® = B p') ¥° + (Dusp® = Dp') WPdH"
i—1 /T P

3
= Z/ V.p' - VaidH" — / b2? + b iU
i=1 /1% 2w
Therefore, we get the following weak formulation. We set
E:={peHp;T)'p" +7*0°+7°p* =00n 5.},

3
Blo.w):= Y [ Vg Vasin, vpwe.
i=1Y1%

3
=> | fdnn+ / VY + 0P AH T, Y € €,
=1 JT .
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and consider the problem

B(p,%) = F(¢), Vipekl. (6.34)

Due to Lemma [2.10| we get that B is a continuous, coercive bilinear form and then the Lax Milgram
lemma gives the existence of a unique solution p € £ to . For f € H}”J_2(F*) and b2,b3 €
H™=3 (X4) we can apply locally elliptic regularity theory from [4] to get that p is actually in H7?,(T',).
Note that the necessary complementary conditions were proven in [I9, Lemma 3|. From this we
conclude that the operator

—Ar.p
P 3u3P2 - au}pl )
dysp® — 01 pt
is bijective as a map from V to W, which finishes the proof. O
With this we deduce the desired LSI for the surface energy.

Theorem 6.11 (LSI for the parametrised surface area of triple junctions).

The Lojasiewicz-Simon gradient inequality for E holds in 0 € V for the setting — for'V
and W, i.e,. there ezists o,C > 0 and 0 € (0,1] such that for all x € V with ||z|| < o it holds that

|B(z) — E0)]'~° < O||E'(z)lw- (6.35)

Proof. The embedding V' C W — V' is definite as the L2%-product is. The point 0 is indeed a critical
point of E as we have 7/(0) = 0 due to (6.17) and then because of (6.20) for any p € V that

3 3
By ==Y [ mpane = [ St
i=1 /1% E

Y i=1

f/ (fofo)pldH”f/ prZdH”—/ H3p3dH™ =0,
Il 2 r3

where we used in the second equality that both the u* and the H: add up to zero and in the third
equality the constraint of p. The claims follows now from Theorem [5.1] using Lemma [6.8|and [6.10] [

6.6 Global Existence and Stability near Stationary Double Bubbles

We now want to use Theorem to proof stability of stationary double bubbles evolving due to
surface diffusion flow using the strategy from Chapter Before we can do this we have to check
that admits parabolic smoothing for the solution found in Theorem [4.2] Hereby, the usual idea
is to use the found solution to write the coefficient functions as fixed functions. This yields then a
linear problem on which one could apply again theory from [5I]. Unfortunately, the fully non-linear
angle conditions prevent us from doing this. As the coefficient functions are of the same order as the
boundary itself they will not have enough regularity to derive higher regularity.

Therefore, we will use the parameter trick instead. The smoothing result will only be true for reference
frames that are stationary solutions. But this will be enough for the stability analysis.

The strategy of the proof splits into three steps. We will first use the parameter trick to show that
away from t = 0 the time derivative 9, p inherits the space regularity of p. From this we will get that
the space regularity of p is increased by four orders. Finally, we can start a bootstrap procedure using
the regularity we already have for p from Theorem

Proposition 6.12 (Higher time regularity of solutions of (SDFTJ) near stationary double bubbles).
Let k € N>y, € (0,1),T > 0,t, € (0,T]. There are e, Cy, > 0 with the following property. For any
initial data py € CH5*(T) with ||py|| < ek, such that the solution p of fulfils

d+a,1+< «@
p e Cor™ T, 1) N CEeO T, x [y, T)), (6.36)
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we have the increased time regularity

hp € CrtO (D, x [ty, T)) (6.37)
and we have the estimate
Cr
||atp||c§§a’°(r*><[tk,T]) < EHPO”C;J‘;"‘(F*)‘ (6.38)

Proof. We first need to construct a parametrisation of the non-linear boundary and compatibility
conditions over the linear ones. For this we consider the spaces

Criiec (Mur) = {p e O™ " (0ua)| Blp) =0, Bo(p) =0 on X, (6.39)
Xy = O oo (Dar) NCEEO (T x [t, T)), (6.40)
Yi=C%(8,), (6.41)
Y2 =118 (C4+a—‘”v“a4’” (S,.7) N CHHO0(, x [t T})) . (6.42)

Recall that B denotes the linearised boundary operator and the sum condition in the first space is
linked to the linearised compatibility conditions, cf. (4.44). Additionally, the o; correspond as before
to the order of the boundary conditions, see Theorem [£.7] Now we consider on these spaces the
operator

G:Xn®Zy > Y x Y2,
(w,a) = (Go((u+a)|,_,),G(u+u)).

Hereby, G denotes the non-linear boundary operator and Gy is corresponds to the non-linear compat-
ibility conditions, see . Z; is a suitable complementary space of X which we want to construct
in the following. As we want to apply the inverse function theorem on G we want to have that G is
a bijective mapping Z — Y x Y}2. Thus, the space Z, needs to contain exactly one representative for
every possible value of the 826, which is given by the linearised boundary and compatibility operator.
Note that actually every complementary space Zj of X will have this property. If z,y € Z; fulfil
02G () = 02G(y) then their difference is in ker(02G) and thus by construction in Xj. This implies
now that x —y = 0.

For better readability we will write the construction of the space Z; in the following lemma.

Lemma 6.13 (Existence of a complementary space of Xj).
There is a closed complementary space of X in C’;—;Q’HZ(F*I) N RO, x [te, T)).

Proof. We will construct Zj as sum of two spaces, each fulfilling one of the two objectives. First,
consider

Zk = {b e M, CcHro—onltemod/4(, 1y b|,_, = 0} NS, Ckra=oa0(s, x [ty, T)).

We can now apply the continuous solution operator from Theorem with Zf to get a subspace

o, lta
of Cé? "% (Ts,r). Additionally, for (LSDFTJ) we can apply the standard localisation argument on

[tx, T] to get that these functions are also in C*¥+*0(T', x [t;, T]) with corresponding energy estimates.
Therefore, we get a continuous operator on ZF with values in X} and thus its image, which we will
call ZF is a closed subspace and therefore a Banach space.

With the elements of ZF we can adjust the values of the linearised boundary operator away from
t = 0. Now we need another space to control the boundary values at ¢ = 0 and the compatibility
condition. For this we consider the space

Zy = C¥(X,) x TI_, C*To7i(%,).
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6.6 Global Existence and Stability near Stationary Double Bubbles

Now we construct for every (bg, b) € Zy the solution ug of the elliptic system

3
= 4 Alyug = by, onT? i=1,23,
i=1
B(ug) = b, on X,.

Hereby, we formally extend 1y on I'y,. Now extending these functions constantly in time we get a set
of functions in C’;j;a’pr% (Ts,r) which we call Z,. Note that due to continuity of the solution operator
of the elliptic problem the space Z5 is closed.

Now we can set Zj, := Z¥ x Z3. Obviously, we have ZFNZy = {0}. Additionally, Z is a closed subspace

of O+ % (D, 7) which we see by the following. Suppose that we have a convergent sequence
(Zn)nEN = (Z;, + ZZ)TLEN cZ

Then (2} + Z%)|t:0 = 2721|t:0 converges in the C**®-norm and as Z, is closed the (constantly in ¢

extended) limit 22 is in Z,. This implies that
(Zrll)nGN = (2711 + Zrzl)nEN - (ZZ)nGN

converges also in the C*tel+ % norm and as Z; is closed the limit 2! is in Z;. Hence, Z is a closed
subspace and thus a Banach space. O

We continue now the proof of Proposition Observe that 9,G(0,0) = (Bo,B) and due to the
construction of Z this is now bijective. So, we can apply the implicit function theorem to get the
existence of a unique function v defined on a neighbourhood U of 0 with G(u,y(u)) = 0. The set

{u+~y(u)|u e U} (6.43)

describes all functions fulfilling the non-linear boundary and compatibility conditions near 0. In the
following we will write 4 := Id ++v and Px, for the projection on Xj.
For some small 0 < € < 1 we now consider the map

G: (1 —&l+ 5) x C%TI,OLL/CC(F*) X Xj — C;L’JE,OIL/CC(I‘*) X ka

(N w0, w) = (P, (F()|,_y — 7(10)), Vi) + A5 Hs () -
where we use the spaces

3
Y 0 =0on Ew} NCE 0T, x [ty, T)).

X = {P € Cry (Tur)

i=1

Note that the second component G5 indeed fulfils the compatibility condition of X, as due to (4.16|)
we have

1 1 2 2 3 3 _
A (A?(H)HW(M) + A B + AW(u)HW(u)> =0.

The fact that the normal velocities sum up to zero was proven in the proof of Lemma[.21] We observe
that as I', is a stationary solution of (SDFTJ) we have that G(1,0,0) = 0. Furthermore, G is an
analytic operator as it can be written as the sum of products of linear, continuous maps and parabolic
Holder-spaces have a Banach algebra structure. Finally, we have for the partial Fréchet-derivative
05G(1,0,0) that

85G(1,0,0)u = (o, (9 — Aa)7 (0)u). (6.44)
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6 Stability of the Surface Diffusion Flow of Double-Bubbles

This follows from

d

2P, (W], = 7(w0)) = P (w+ 7' (0)w)],_,)
= Px, (u)|t:0 + Px, (’Y/(O)“)L::o = u|t:0’

as 7' (0)u € Zj and thus its projection vanishes. Due to the resultE| from Corollary we see that
05G(1,0,0) is bijective and then the implicit function theorem yields the existence of neighbourhoods

(LO)eUcC (1—e1+¢)xCri5ecTs) (6.45)
and
0eV CCphioe (Tur) (6.46)

together with a unique, analytic function ¢ : U — V such that for all (A, ug) € U we have that
G(/\,’U,Q,C()\,'u,o)) =0. (647)

On the other hand, we may consider the solution of (SDFTJ) with initial data p, denoted by Po,-
Then the time-scaled function

Poyx i= Ppo (T, At) (6.48)
also solves (6.47)) and by uniqueness we get
C(A Po) = Ppy a- (6.49)

Consequently, this map is smooth in A and we have
8,\pp07>\(t) = tatppo(-, At).

From this we conclude that d;p, (-,t) € CFte(T,) for all t € [ty, T]. Finally, we observe that

1 1
10x¢ (L, o)l x S/O 10205C(1, 5po) po | x,. ds S/O Cllpollca+ads = Cllpg|lcare- (6.50)

Here, we used in the second step that ¢ is analytic and thus its derivatives are bounded on U. This
shows the claim. O

In the next step we want to use the gained time regularity to show additional regularity in space.

Proposition 6.14 (Higher space regularity of solutions of (SDFTJ) near stationary dubble-bubbles).
ForT >0,k € N>y, ti, € (0,T], there is Dy, C}, > 0 such that for all solutions

pe Cry™ (T ) N CRE O x [t T)) (6.51)
with
k+a,
Oip € Cpi ™ (Ts x [tr, TY), 10:p) | oo, o 17y < Do (6.52)

we have that p(t) € CEF3T(T,) for all t € [ty, T] and

/
k
HpHC?;Ha,o(F* x[t,T]) < EHBtpHC%a,o(F* X [ti,T])" (6.53)

2 As mentioned above we get higher regularity away from ¢ = 0 for (LSDFTJ) for smooth enough data.
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6.6 Global Existence and Stability near Stationary Double Bubbles

Proof. We consider the operator

G : CE7' (1) x CEFF(T,) = O (L) x T, CFHtemoi(s,),
(f.p) = (=ApHp —1,G(p)).

Hereby, G denotes the non-linear boundary operator from (4.29) and the o; are chosen as in Theorem
We have that G(0,0) = 0 as I', is a stationary solution of (SDFTJ) and additionally we observe
that due to our results from Section 4] we have

9:,G(0,0)p = (Aau(p), B(p)).

As we checked in Section [1.5.2] the Lopatinskii-Shapiro conditions for this system, we may apply the
results from [4] to see that 92G(0,0) is bijective. Hence, the implicit function theorem yields the
existence of neighbourhoods 0 in U € C4'**(T,) and 0 in V C CEF*T*(T,) and a unique, smooth
function ¢ : U — V fulfilling

G(f,¢(f) = 0. (6.54)
Now, we want to connect this with the solution p of (SDFT.J). For this we observe that for
f(p(t)) == Vp(t) = (Qep(t)Ni + Oepr(p) (1) 7s) - Np(r) (6.55)
we have §(p(t)) € C¥=1+2(T,) and
G(f(p(t)), p(t)) = 0. (6.56)

Due to uniqueness of ¢ this shows ((f(p(t))) = p(t) and thus p(t) € CCIE?"H”O(I’*). The estimate

(6.53)) can be proven as in ((6.50)). O
In the final step we start now a boot-strap procedure to get arbitrary high space regularity.

Proposition 6.15 (C*-regularity in space near stationary double bubbles).

Let p be the solution of (SDFTJ) from Theorem with initial data p, and existence time T. For
every k € N>y and ty, € (0,T) there are e, > 0,Cy > 0 such that for all p, € C3.5%(T.) with ||p|| < e
we have

C
k+a, k
p e Ch™ T x T, Iplosseoe e < 1o lPollotse oy (6.57)

Remark 6.16 (C*°-regularity).
As we might have €, — 0 for k — oo this does not show C°°-regularity. But for our stability analysis
it will be enough to choose k big enough depending only on the dimension of the surrounding space.

Proof. Proposition and Proposition start a bootstrap procedure as for k = 4 condition ((6.36)
is already fulfilled due to Theorem [:2] Then, in every step we gain three orders of differentiability in
space, which shows the claim. O

With this parabolic smoothing result we can now as before transform the analytic LSI from Theorem
[6-1T] to a more geometric version.

Lemma 6.17 (Geometric LSI for the Surface Energy on Triple Junctions).
Consider for k > max(24 %,5) and k' := %k + 2 with 6 from Theorem and any R > 0 the set

Zp = Br(0) C HE (T,).
Then, there is ac > 0 and a C(T) > 0 only depending on R such that for all

pE {H§J(F*)OZR‘p1+p2+p3:0 on .}, (6.58)
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6 Stability of the Surface Diffusion Flow of Double-Bubbles

such that ', fulfils the volume constraints

Vol(Qf,) = V2, Vol(Qf3) = V2, (6.59)
and the angle conditions ([4.11) with 6° = 2= i = 1,2,3,, we have that
(2 20)

IE@ I <) S IE@IE), (6.60)

i=1

where p is the projection of p on Uy induced by the map v from Lemma- In particular, we get the

following geometric LSI: there is a (possible smaller) o > 0, C' > 0 such that we have for 6 := 2 and
all pE X1 OXQ that

3

1/2
[E(L,) — B[ < C(X,) Z(/ |va;|2dH”>

i=1

dHn. (6.61)

3
C(X5) Z/p Ve Hrs |
i=171%

Proof. We first observe that the angle conditions guarantee that the H k=3 (2,)%-part in the W-norm
of E'(p) vanishes. We can apply on each of the remaining three terms the interpolation argument

(5.30) to get . We apply this now on ((6.35]) to get

2-0

|B(T,) ~ B[ < C(R (Zus’ ||L§(§9))> 7 ZHE Moo, (662)

where we used Jensen’s inequality in the last step. Now it remains to study the L?-norm on the
right-hand-side. As we have a Poincaré inequality on the space V from (6.25) with m = 1, we can
control these terms by

3
Xg)Z/F_ |V of[2dH", (6.63)
=171%

with
b i ] —/ i \TT H‘J z+ i+j )

Fro= | Hypyy (N 47 (P0)'N2) - Ny + —= Vil Z H G NoGo) | e+ (6:64)
This can be taken care of similiar to (5.31]) and leads to the first line in (6.61). For the second line
we apply equivalence of norms on the vector x := (\/fri(t) |vr‘i(t)HFi(t)|2dHn) in R3. O

i=1,2,3

As before we can now use this geometric version to prove stability. In the following, k, k', o are chosen
as in Lemma and €9 and T are the bounds for the initial data and the existence time from
Theorem (4.2} . We consider for p, € C35*(T.), that fulfils the compatibility conditions and
llpoll < eo, the solution from Theorem [£.2] By choosing p, sufficiently small we can guarantee due to
Proposition [6.15| that the solution p fulfils for all ¢ € [22, T]

le(®)llcs .y < Z := min(o, &). (6.65)

Thus, we can apply (6 on this set. We consider now the largest T such that (| is fulfilled on
I:= [ T] Note that due to Theorem the solution p exists on this interval. Then forall t € T
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6.6 Global Existence and Stability near Stationary Double Bubbles

we have that

- S(BIT) - B = -0(BT() - Br.) Z [ Ve
— B(B(T (1) - E(N.))" 12 [y CAr )
= B(E(() - BT Z |, Feo ol

/( Z vr‘l(t)H]__‘l() VF7( ))Hpq,(t)d’Hnil
by

3
>C Z / Vi Hrigy|  dHP (6.66)
i(t)

= COl|Ar Hr lln-1 ()

> C||Arw Hr |72 0y

> C||Arw Hr l72r,)

= VeI,

= Cl10:p(t)(Np(e) - Nu) + 0epa(t) (Npey - 7) |72

> C[1000(6) (Nogey - No)llzce.y = 19:2(8)(Npgey - 7)1
> Cll9ep(t)(Np(ry - Nolll72(r,)

> Cllawp(t)|72r.)-

Hereby, we used in the fifth line the boundary conditions for (SDFTJ) and (6.61)), in the seventh line
a combination of Lemma and Proposition cf. (5.34), in the eleventh line the inverse triangle
inequality, in the twelfth line the fact that we can control the L2-norm of the tangential part due to

1 3
|Np(t) Ty| < 5 < 1 < |Np(t) - N, (6.67)

and finally in the thirteenth line the bound (6.67) for N, - N.. In total, this yields the estimate

10ep(t)lI72(r,y < —C d( E((t)) - E(\)". (6.68)

Integrating this in time we get with the same argumentation as in for all s € I that
16() 122y < llp(s) = p(To) 22 qry + [0(T0)ll2z )

/ 10wpll 2 rydt + 10(To) 2 )

\/ / loupzy it + 0T g

—C(E(I'(t)) — E(I.)? + C(E(I(Ty))) — E(I'.))’ + IIP(To)HéJ(F*) (6.69)

< c<E<r<To>> ~ B(T.)% +Cllp(T)| 2

C2h(r.)

< Cllp(To)]|: +Clla(To)l|

CZ+Q(F ) C2+o¢(F )
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6 Stability of the Surface Diffusion Flow of Double-Bubbles

9

Finally, from this we derive for every ¢t € I and some 3 € (0,1) that

Bo

le@llcx, .y < Cllo(t )IICk,/ w7z ) < C||P0||02+a(r , < Ce7 (6.70)

Here, we used in the first step interpolation results for Besov spaces, in the next step and
Proposition [6.15 and finally the bounds for the initial data. By choosing

e < efr In(55) (6.71)

3

we get for all ¢ € I that

N

le®lict, . < 5- (6.72)

Applying close to T our short time ex1stence Theorem and using again Proposition we see
that T' cannot be maximal such that is fulﬁlled Th1s shows now that T = oo and consequently
global existence of p. Now, like in Sect1on we get convergence to an energy minimum, which is
another standard double bubble. Also, the argument for the Lyapunov stability is the same. In total,
this finishes the proof of Theorem
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