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Abstract

We rigorously show the sharp interface limit of a coupled Stokes/Cahn—Hilliard system in
a two dimensional, bounded and smooth domain, i.e. we consider the limiting behavior of
solutions when a parameter € > 0 corresponding to the thickness of the diffuse interface tends
to zero. We show that for sufficiently short times the solutions to the Stokes/Cahn-Hilliard
system converge to solutions of a sharp interface model, where the evolution of the inter-
face is governed by a Mullins—Sekerka system with an additional convection term coupled
to a two—phase stationary Stokes system with an extra contribution to the stress tensor,
representing the capillary stress.

To show the sharp interface limit, we construct suitable approximate solutions to the
Stokes/Cahn—Hilliard system, by devising an inductive scheme which allows for the con-
struction of terms of arbitrarily high order in the formally matched asymptotic calculations.
As a novelty, we also introduce fractional order terms, which are of significant importance.
In order to estimate the difference between the exact and the approximate solutions, we
make use of modifications of spectral estimates shown in [?4] for the linearized Cahn-Hilliard
operator. The treatment of the involved coupling terms poses several complications, which
have to be overcome by intricate analysis.

Wir fithren einen rigorosen Beweis fiir einen scharfen Grenzschicht-Limes eines gekoppel-
ten Stokes/Cahn—Hilliard Systems in einem zweidimensionalen, beschrinkten und glatten
Gebiet. Dazu betrachten wir das Verhalten von Losungen, wenn ein Parameter ¢ > 0,
welcher die Dicke der diffusen Grenzschichtregion beschreibt, gegen Null geht. Wir zeigen,
dass Losungen des Stokes/Cahn—Hilliard Systems fiir hinreichend kurze Zeiten gegen Losun-
gen eines scharfen Grenzschicht-Modells konvergieren, in welchem die Evolution der Gren-
zschicht durch ein Mullins—Sekerka System mit zusatzlichem Konvektionsterm bestimmt
wird, welches an ein Zwei-Phasen Stokes System gekoppelt ist, das einen zusétzlichen, Kap-
illarkrafte reprasentierenden Term im Spannungstensor aufweist.

Um den scharfen Grenzschicht-Limes zu beweisen, konstruieren wir geeignete Approxima-
tionslosungen des Stokes/Cahn-Hilliard Systems mit Hilfe eines induktiven Schemas, welches
es uns erlaubt, Terme beliebig hoher Ordnung in den Rechnungen zur formalen asymptotis-
chen Entwicklung zu konstruieren. Als Neuerung fithren wir zusétzlich Terme gebrochener
Ordnung ein, die sich im Verlauf der Arbeit als zentrales Element herausstellen. Um die Dif-
ferenz zwischen den exakten und approximativen Lésungen abschétzen zu kénnen, nutzen
wir eine Modifikation der Spektralabschitzung fiir den linearisierten Cahn—Hilliard Opera-
tor, welche in [P4] gezeigt wurde. Die Behandlung der vorkommenden Kopplungsterme wirft
mehrere Schwierigkeiten auf, welche einer aufwendigen Analyse bediirfen.
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1. Introduction

“According to Gibbs’ theory, capillary phenomena are present only if there is a
discontinuity between the portions of fluid that are face-to-face. [...] In contrast,
the method that I propose to develop in the following pages is not a satisfactory
treatment unless the density of the body varies continuously at and near its
transition layer. It will not be without interest to show that the two apparently
contradictory hypotheses lead to values of the same order of magnitude [...].”

—Van der Waals, [45]

Classically, the transition between two immiscible fluids was considered to be abrupt, in
the sense of an appearance of a lower-dimensional surface separating the phases. Famous
historical figures such as Young, Laplace and Gaufl were advocating this point of view and
developing the theory behind it, see [I5, 46]. Considering the transitional layer to have
zero thickness, it is reasonable to take into account geometric quantities such as curvature
and physical properties such as surface tension. The behavior of a multiphase system is then
governed by the intricate interactions between the bulk regions and the interface, mathemat-
ically expressed as equations of motion, which hold in each fluid, complemented by boundary
conditions at the (free) surface. Models incorporating these ideas — often called sharp inter-
face models — and the corresponding free-boundary problems have been widely studied and
used to great success in describing a multitude of physical and biological phenomena. These
range from the classical Stefan Problem, over image development in electrophotography, the
theory of two-phase bio membranes, fluid flow through porous media, up to tumor growth,
see (IR, 50, B0, 07, 32] and the references therein.

However, fundamental problems arise in the analysis and numerical simulation of such
problems, whenever the considered interfaces develop singularities. In fluid dynamics, topo-
logical changes such as the pinch off of droplets or collisions are non-negligible features of
many systems, having a significant impact on the flow.

Conversely, diffuse interface models turn out to provide a promising, alternative approach
to describe such phenomena and overcome the associated difficulties. In these diffuse inter-
face (or phase field) methods, a partial mixing of the two phases is taken into consideration,
allowing for the quantities, which were localized to a surface in the free-boundary formulation,
to be spread out throughout an interfacial region. To this end, an order parameter (poten-
tially signifying concentration, density, velocity etc.) is introduced, which varies rapidly, but
smoothly, throughout a thin interfacial layer, heuristically viewed to have a thickness pro-
portional to a length scale parameter ¢ > 0. As emphasized by the introductory epigraph,
these ideas go back to the writings of Van der Waals and Lord Rayleigh and have gained
considerable traction with the works of Cahn and Hilliard, see |15, 45, 23] with regard to the
historical sources and e.g. [39, 0, 2, 20] for more recent results.

Naturally, together with the appearance of a transitional layer of thickness corresponding
to € > 0 the question of the limit case ¢ — 0 arises. This so-called sharp interface limit
is in fact a question about the connection of sharp and diffuse interface models. As phase
field approaches may also be used as a tool, alongside level set methods and parametric



1. Introduction

techniques, to numerically solve free boundary problems and surface evolution equations
(see also [27]), it is of paramount importance to know that they asymptotically approach the
correct sharp interface models.

Concerning the flow of two macroscopically immiscible, viscous, incompressible Newtonian
fluids with matched densities, a fundamental and broadly accepted diffuse interface model
is the so-called model H, derived in [39, 36]. This model consists of a Navier-Stokes system
coupled with the Cahn-Hilliard equation and is of the form

pove + pv© - Vv —div (2v () Dsve) + Vp© = —ediv (Vc @ V) in Qp, (1.1)
divv® =0 in Qr, (1.2)
Ot +v© - Vet =m ApuS in Qr, (1.3)
p = —eAc+ e f () in Qp, (1.4)
(v, ) lt=0 = (v§, ) in Q. (1.5)
Here T > 0, 2 C R", n € N, is a bounded and smooth domain, Qp = Q x (0,7) and

(a®b)m = a;b; (1.6)

forall i,5 € {1,...,n} and a,b € R™. v and p° represent the mean velocity and pressure,

€ 1 € T

Dyve = 3 (Vv + (Vv ) , (1.7)

¢ is an order parameter representing the concentration difference of the fluids and p€ is the
chemical potential of the mixture. Moreover, v{j and c{j are suitable initial values, p is the
(supposedly constant) density of the fluids, v is the viscosity of the mixture and m® > 0 is
a mobility coefficient related to the strength of the diffusion in the mixture. The function
f : R — R is supposed to be a homogeneous free energy density of double-well shape, the
exact specifications of which will be given later. This system is usually supplemented by a
no-slip boundary condition for v¢ and Neumann boundary conditions for ¢¢ and u¢, i.e.

(v ngq - Ve ngg - Vi) = 0 on 9rf,

where 07 = 0Q x (0,T) and nyq denotes the outer unit normal. To gain an inkling of the
sharp interface limit of a system like (IZ0)—(I=3) the so-called method of formally matched
asymptotics has in recent years proven to be a very flexible and accessible approach, see e.g.
[0, 83, A3]. The underlying idea of this method is to assume that the appearing variables may
be expressed as power series or asymptotic expansions in €, with different expansions close
to and away from the interface, which allows for the consideration of different length scales.
Additionally, the expansions are supposed to satisfy certain matching-properties, providing
a connection between the bulk and interfacial regions (for more detailed assumptions and
explanations, see the introduction of Chapter B).

In the case of (IM)—(I=5) such formal calculations have been done in [d] and yield in the



case of a constant mobility m® = mg > 0 the sharp interface system

POV + pv - Vv —vEAV + Vp =0 in QF(t),t e (0,7), (1.8)
divv =0 in QF (t),t € (0,7), (1.9)

Ap=0 in QF (t),t € (0,7), (1.10)

[2v*Dyv — pI| nr, = —20 Hp,nr, onI,te(0,T), (1.11)

= oHr, onI,te(0,T), (1.12)

Vi, +np, v = % lnr, - V4] on Ty, t € (0,7), (1.13)

[v]=0 onI,te(0,T), (1.14)

V=0 = Vo in Q, (1.15)

I'(0) =T, (1.16)

closed by suitable boundary conditions on 9Q x (0, T'). Here € is the disjoint union of Q7 (¢),
Q™ (t) and T for every t € [0, Tp], where I'y = 9Q7 (¢), nr, is the exterior normal with respect
to Q7 (t), and Hr, and Vi, denote the mean curvature and normal velocity of the interface
I';. Furthermore, we use the notations

9] (p, 1) := ,101{{% (9(p+mnr, (p)h) —g(p—nr, (p)h)) for p Ty,

1

1
0= / V2f (s)ds, (1.17)

-1

and denote by I'y a given initial surface and by v* the viscosity in the bulk phases.

D50

Figure 1.1.: A schematic representation of the general situation.

The identities (I8), (I9) correspond to the conservation of linear momentum and mass
in the fluids, while (IZI0) represents the jump in the stress tensor and (ICI3) is a Stefan type
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condition for the evolution of the interface. If mg vanished, i.e. no diffusion of mass was
taken into account, the latter would reduce to a pure transport equation. The system of
equations (II0), (I12) and (CI3) (with v = 0) are also known as the Mullins—Sekerka flow
and may be obtained as the H~! gradient flow of the area functional, see e.g. [34]. Hence,
system ([CX)—(IIMH) is commonly referred to as a Navier—Stokes/Mullins—Sekerka system.

Regarding the existence of solutions for (I0)—(IZ3) we refer to [2, [9]; short time existence
of strong solutions of (IZ8)—(IIH) was shown in [I1] and existence of weak solutions for long
times in [0]. Despite these analytic results and the formal findings for the sharp interface
limit, there are only few attempts at rigorously showing the convergence of solutions of the
diffuse interface system (IC)—(ICH) to solutions of the sharp interface system (IC8)—(ICIQ) as
€ — 0. This does not only hold true for the model H, but reflects the general situation in
the theory of two-phase flows in fluid mechanics. One approach to rigorously proving sharp
interface limits uses the notion of varifold solutions discussed in [Z5]; in the setting of two
phase flows, such results for large times were shown in [0] for the model H and in [5] also for
the more general situation of fluids with different densities. The pursued strategy in these
works is to show (weak) compactness for the families of weak solutions to the corresponding
diffuse interface system in suitable spaces, which then allows for the extraction of a convergent
subsequence. It is then proven that the limit of such a subsequence is given by a varifold
solution of the affiliated sharp interface system. The limitations of this technique are inherent
to the underlying mathematical principles, as the notion of varifold solutions is rather weak
and no convergence rates may be obtained from the compactness arguments.

Another approach is based on the works [d2] and [i4], where the method of formally
matched asymptotics is used as a basis. It is assumed that both the considered diffuse and
sharp interface model have smooth solutions in a short time interval (0,7); in the case of
[d] these systems consist of the Cahn-Hilliard equation and the Mullins-Sekerka (or Hele-
Shaw) system. Using matched asymptotic expansions, an explicit approximate solution to
the diffuse interface system is constructed, usually consisting of significantly more terms
than needed for an only formal investigation. The key element of the argumentation is then
to show that the difference between the real solutions and the approximate solutions tends
to 0 in suitable (strong) norms as € — 0. As the detailed structure of the approximate
solutions is known, it may then easily be verified that they in turn converge to solutions of
the underlying sharp interface system, yielding a result for the sharp interface limit. This
strategy has been successfully adapted to a lot of different problems over the years: in [26]
the mass conserving Allen-Cahn equation was connected to the volume preserving mean
curvature flow, in [IT0] it was used to show the convergence of the Cahn-Larché system to a
modified Hele-Shaw problem and in [22] several phase field models were considered. Most
recently the approach has also been used to show the sharp interface limit for an Allen-Cahn
system with 90°-contact angle, see [8].

However, in view of two-phase flow models in fluid mechanics and the arising difficulties
therein, the first and so far only convergence result with convergence rates in strong norms
is [B]. Considering a coupled Stokes/Allen-Cahn system in two dimensions, it is shown that
smooth solutions of the diffuse interface system converge for short times to solutions of a
sharp interface model, where the evolution of the free surface is governed by a convective
mean curvature flow coupled to a two-phase Stokes system with a modified stress tensor,
accounting for capillary forces. The Stokes/Allen-Cahn system is analyzed as it allows for the
study of arising problems in the context of two phase flows within a simplified setting, neither
having to take into account the instationary character and the nonlinearities of Navier-Stokes
type equations, nor having to deal with a fourth order partial differential equation like the



Cahn-Hilliard equation and its more technically involved asymptotic expansion.

This contribution builds upon the ideas introduced in [6] and aims to establish the first
rigorous result in strong norms for a sharp interface limit of a two phase flow model involving
the Cahn-Hilliard equation with convergence rates. In doing so, we hope to build another
cornerstone on the way to rigorously showing the sharp interface limit for model H.

More precisely we consider the Stokes/Cahn-Hilliard system

—AVE 4+ Vp© = puVce in Qr, (1.18)
divvc =0 in Qr, (1.19)
Ot + v - Ve = Apf in Qr, (1.20)
1
pe = —eAct + ~ f' () in Qr, (1.21)
€
cfli=0 = ¢§ in Q, (1.22)
(=2Dsve +pI) - npgg = apv® on 072, (1.23)
ut=0 on Opfl, (1.24)
=-1 on Or2, (1.25)

where  C R? is a domain with smooth boundary, ag > 0 is fixed and cf is certain “well-
chosen” initial data (see Theorem BZ1 for more details; we allow perturbations of some order

of € around a given value). Note that for 1) € CF5, (Q) := {w e Cg° (9)2‘ divy = 0} we have
by (21

/,szc6 ~pdx = / (—eAcGVc6 + %V (f (ce))> ~pdx = —e/div (Ve ® Vo) - ypde,

Q Q Q

where we used integration by parts and div (Ve ® Ve©) — 1V Ve |2 = Vet Act in the second
equality. Thus, in the case of a no-slip boundary condition for v instead of (5-8G), the right
hand sides of (IM) and (IIX) coincide in the weak formulation.

Existence of smooth solutions to (ITI8)—(IZ23) can be shown with similar methods as in
[2], where the considered model is in fact way more complicated, as it involves the full
Navier-Stokes equation. A word is in order about the unusual choice of boundary condi-
tions (IT23)—(23). (I23) can be thought of as a modified do-nothing boundary condition
(=2Dgve + pI) - ngg = 0, which is equivalent to the case ap = 0 or as an altered Navier
boundary condition. Physically, it would be sensible to consider (I"2Z3) when €2 is enclosed by
a porous medium or a membrane, which allows for a flow in normal direction to the bound-
ary, tied to the occurrence of certain stresses. The only reason we prescribe such boundary
conditions instead of periodic, no-slip or Navier boundary conditions, are major difficulties
which arise in the construction of the approximate solutions for v¢. A more detailed ac-
count is given in Remark 623. Classically, the Cahn-Hilliard system is complemented with
Neumann boundary conditions for ¢¢ and p. While it is rather unproblematic to adapt the
present work to Neumann boundary conditions for ¢, major issues arise when considering
Onyott = 0 instead of (I24), see Remark 1. To circumvent these problems and as the
focus of our interest and analysis lies in the obstacles and difficulties occurring close to the
interface I';, we decided on the present choice of boundary conditions.
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We will show that the sharp interface limit of (IIR)—(IC23) is given by the system

~Av+Vp=0 in OF (¢),t € [0,Ty], (1.26)

divv =0 in QF (t),t € [0,Ty], (1.27)

Ap =0 in OF (¢),t €[0,To], (1.28)

(=2Dgv + pI) ngo = apv on O0p, €2, (1.29)
w=0 on Or, (2, (1.30)

[2Dgv — pI|np, = —20 Hr,nr, onI'y,t €0, Tp], (1.31)

w = cHp, onI'y,t €0, Tp], (1.32)

—Vr, +nr, -v= % [nr, - Vi on I'y, t € [0,Tp], (1.33)
[v]=0 onI'y,t €0, Tp], (1.34)

I (0) = Ty, (1.35)

where we used the same notations as before and 7y > 0. Regarding the existence of local
strong solutions of (I"28)—(I=33), the proof in [I1] may be adapted, where a coupled Navier-
Stokes/Mullins-Sekerka system was treated. Regularity theory for parabolic equations and
the Stokes equation may then be used to show smoothness of the solution for smooth initial
values.

Through the course of this thesis, we will present an inductive scheme for the construction
of approximate solutions {c¢, 1%, vy, P4 } .~ to (I8)—(I=23) and show the existence of some
Ty > 0 such that the difference between ¢ and ¢ goes to zero in L™ (O, Ty; HY (Q)) with
H™1(Q) := (H] (Q))/, L? (Qr,), L? (0,Ty; H' () and many other norms as € — 0 with
explicit convergence rates, for some small 77 > 0. These rates will depend on the order up
to which the approximate solutions have been constructed. Moreover, we will also present
convergence rates for the error v¢ —v¢ in L' (0,71; L9 (Q)) for ¢ € (1,2). This result is stated
in Theorem B71. The key to this endeavors will be a modification of the spectral estimate for
the linearized Cahn-Hilliard operator as given in [?4], see Theorem BT in this thesis. As
in [6], the main difficulties which arise in the treatment of the Stokes/Cahn-Hilliard system
are due to the appearance of the capillary term pcVee in (ITIR) and the convective term
v€ . V¢ in (20). Although we may build upon the insights gained in the cited article,
several new and severe obstacles arise in the context of system (ICIR)—(I=25) which have to
be overcome with sophisticated techniques. Apart from the already mentioned improvement
of the spectral estimates, we would like to highlight three of these ideas and approaches that
are central to this thesis:

First, we need to get higher order terms in the construction of the approximate solutions
than in [B] to ensure that the error estimates hold. Additionally, the outer expansion in the
situation of a Cahn-Hilliard system is, in contrast to the Allen-Cahn case, not trivial. Thus,
we devise an inductive scheme for the construction of arbitrarily high orders of the asymptotic
expansion, which also includes the construction of a boundary layer expansion. This ensures
that the approximate solutions also satisfy the boundary conditions (IZ23)—(IZ25). The
construction scheme is based on a mixture of [4] and [26], with alterations and additions
necessary to adapt to the coupling of the Stokes system.

Second, terms of fractional order are considered in the asymptotic expansions. The neces-
sity of such terms is at its core a consequence of our treatment of the convective term v¢-Vc©.
Omitting them would result in insufficient estimates for the so-called remainder terms, which
consist of the error that occurs when considering the approximate solutions in (ICI8)—(I—21)

10



instead of the real solution. A similar problem in [G] is solved by the intricate analysis of
a second order, parabolic, degenerate partial differential equation, see Theorem 2.12 in the
cited work. However, in the present situation a similar approach leads to a fourth order,
parabolic, degenerate equation of Cahn-Hilliard type on an unbounded domain, presenting
extreme difficulties. The introduction of fractional order terms renders such considerations
unnecessary, with the caveat that while the produced terms are smooth, they may not be
estimated uniformly in € in arbitrarily strong norms. This is the cause for many technical
subtleties in Chapter B.

Third, we use a spectral decomposition as shown in [24] to gain a better structural under-
standing of the difference R := c® — ¢ close to the interface. To be able to more accurately
describe the decomposition, we introduce the so-called optimal profile 8y : R — R, which is
the solution to the ordinary differential equation

—0!+ f'(6) =0 inR
00 (0) =0, lLim 6 (p) ==+l (1.36)

p—too

and appears frequently in the context of the Allen-Cahn and Cahn-Hilliard equation. With
the help of this function, we will be able to show that in the leading order R resembles

o, (d%) Z (Prr,) in the interfacial region, where dr, denotes the signed distance function

to the interface, Z : I't — R a suitable function and Prr, the projection onto the interface
(for precise information see Assumptions I1). This reflects well upon the intuition that c©
acts like an optimal profile multiplied by tangential terms close to its zero-level set, since
the leading order of ¢ turns out to be a scaled 6y and thus the above resemblance could
be interpreted as the first order of a Taylor expansion. Throughout the course of this work,
most notably in Subsection 52 and Chapter B, this decomposition of R allows for many
improved estimates without which we would not be able to show the main result of this
thesis, Theorem B

This thesis is organized as follows: In Chapter B, we give a short overview of the most im-
portant tools used throughout this thesis, which include existence results for certain ordinary
differential equations arising in the process of the later performed inner expansion. More-
over, we review some differential geometric results in Section EZ3, which will be useful when
working close to the interface I'; and discuss results for a class of functions with exponential
decay in R, referred to as remainder terms, in Section 2. While Section 272 is concerned
with the existence of weak and strong solutions for inhomogeneous Stokes equations with
boundary conditions akin to (I"23), Section 4 includes existence results for evolution equa-
tions on the interface coupled to certain two-phase systems. The analysis of the latter is
important for the construction of the outer expansion in Chapter B.

Chapter B consists of detailed adaptations and modifications of results from [?4], Chapter
2. We need this adaptation since we work with a different stretched variable and need to
ensure that all results, in particular the ones involving the decomposition of ¢ — ¢ and
the spectral estimate for the Cahn-Hilliard operator, also hold for our scaling. The main
result of this part is the modified spectral estimate presented in Theorem B2, which is
of paramount importance in Section 2. Corollary BT together with Lemma B9 yield
structural information which will be applied to our situation in Proposition B28, showing
the aforementioned decomposition for R.

The centerpiece of this work is presented in Chapter @, where Theorem EZ1l — the main
result — is stated and a precise account of the properties of the approximate solutions is
given in Theorem B=3. In detail, we rigorously show the sharp interface limit for the coupled

11
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Stokes/Cahn-Hilliard system ([CI8)—(IZ24), establishing the first non-formal result for strong
solutions of a coupled Cahn-Hilliard system in the setting of two phase flows. We prove that
during the time of existence of smooth solutions to (II8)—(I23) and (IC2H)—(I=33) there is
some T > 0 such that the errors ¢ — ¢4 and v¢ — v tend to 0 as € — 0 in suitable norms.
We show this under the assumption that the initial values cfj are of some predefined form.
To gain a first, weak control of the quantities c¢, u¢ and v¢ we show some energy estimates
in Section 8. All subsequent parts following Chapter @ consist of auxiliary results needed
to prove Theorem B,

The construction of approximate solutions in Chapter B is the first of these. Based upon
the approaches in [I4, 26, 6] we devise an inductive scheme for the construction of inner,
outer and boundary terms of arbitrarily high order of the asymptotic expansions for solutions
of (IIR)—(C24). At the end of Section 51, we shortly discuss necessary changes in the argu-
mentation if an instationary Stokes system or the Navier-Stokes equations were considered
instead of (ITR)—(I19) or if the right hand side of (ITIR) was replaced by —ediv (Ve ® Vo).
In Section b2, we introduce an auxiliary function w{, which turns out later to be the leading
term of the error in the velocity v§ — v¢. The results in this section are already formulated
in preparation of the following section, causing some rather complicated notations. These
will however pay off in Section 523 and more precisely in one of the main results of this part,
Theorem B32. At its core, this theorem proves the existence of certain fractional order terms
in the asymptotic expansion, which are defined with the help of solutions to a nonlinear evo-
lution equation involving w{ on the interface coupled to a two-phase Stokes and linearized
Mullins-Sekerka system. Additionally, e-independent control of certain norms is provided.
This becomes an issue due to an implicit dependency of the fractional order terms on Vc¢,
which blows up as € — 0 (cf. Lemma B2).

To rigorously justify that the “approximate solutions” constructed up to this point in the
work really are a good approximation of solutions, it is necessary to analyze the so-called
remainder in Chapter B. This remainder is nothing else than the error that occurs when
the functions ¢, p%, v4, p% are plugged into the equations (ICIR)—(I_2Z1). The majority of
Chapter B is thus made up of estimates for the different appearing terms, with Theorem 612
connecting the parts. The major reason for most of the technical and cumbersome analysis in
this part of the thesis is that we have no e-independent control of arbitrarily strong norms of
the fractional terms. Furthermore, some terms appearing in the remainder are of a relatively
low order in € and thus demand for special techniques to be applied. The most prominent
example of this is Lemma BG9.

The last part of this thesis, Chapter [, is dedicated to putting the different pieces together
and proving Theorem BTl. However, in an attempt to make the final proof more accessible,
many auxiliary results are outsourced and shown before the actual “main proof”. This is
in particular true for the necessary estimates of the error in the velocity v — v¢, which is
treated in detail in Subsection 1. The final proof in Section [ is then again based upon
the ideas presented in [B].

Throughout this contribution, we work under the following assumptions.

Assumption and Definition 1.1 (General Setting).
1. Let M >4, ap > 0 and Q C R? be a domain with smooth boundary.

2. Let 'y CC Q be a given, smooth, non-intersecting, closed initial curve. Let moreover
(v,p, 1, I') be a smooth solution to (I28)—(I=34) and (c, u<, v, p¢) be a smooth solution
to (II8)—(T=24) for some Ty > 0. We assume that (Ft)te[o%} is a family of smoothly

evolving, compact, non-intersecting, closed curves in €, such that I' = Uyc(o 1, x {t}.

12



3. We define Q7T (t) to be the inside of T'y and set Q™ (t) such that 2 is the disjoint union of
QF (t), Q (t) and Ty. Moreover we define Q% = Ureo Q2 (8) x {t}, Qp == Qx (0,T)
and also OpQ := 00 x (0,T) for T € [0,Ty].

4. We define np, (p) for p € Ty as the exterior normal with respect to Q= (t) and Vr,, and
Hr, as the normal velocity and mean curvature of I'y with respect to nr,, t € [0, Tp].

5. Let
dist(Q™ (t),x) if x ¢ Q™ (t)

dr: Qr = R, (2,) = {dist(9+ (t),2) ifzeQ (1)

be the signed distance function to I' such that dr is positive inside QJTFO.

6. We write
Iy () :={z € Q||dr (z,t)] < a}

for a > 0 and set

T(o;T):= ] Tu(e)x{t}

t€[0,T]

for T € [0, Tp).

7. We assume that 6 > 0 is a small positive constant such that dist(T'y,0Q) > 50 for
all t € [0,To] and such that Prp, : Ty (30) — Iy is well-defined and smooth for all
t € [0,To] (¢f. Lemma 22 for existence of such §). In the following we often use the
notation

I'(29) :=T'(20;Tp)
as a simplification.

8. We also define a tubular neighborhood around 0X): For this let dg : Q@ — R be the
signed distance function to 02 such that dg < 0 in Q. As for I'y we define a tubular
neighborhood by

0N (a)={reQ|-a<dp(z) <0}

and
orQ (o) = {(z,t) € Qr|dp (z) € (—a,0)}

for a > 0 and T € (0,Tp]. Moreover, we denote the outer unit normal to Q by nsq
and denote the normalized tangent by Toq, which is fized by the relation

nyq (p) = < (1) _01 >TaQ (p)

for p € 9. Finally we assume that 6 > 0 is chosen small enough such that the
projection Praq : 02 (5) — 02 along the normal nyq is also well-defined and smooth
(existence of such 6 may be shown as in Lemma ZI1).

13



Figure 1.3.: Typical form of the double-well potential f represented by f (z) = % (3:2 — 1)

14

1. Introduction

Figure 1.2.: The tubular neighborhoods around T'; and 0f2.

We also consider the following properties for the potential f .

Assumption 1.2 (Double Well Potential). In the following we will consider a double well
potential f which satisfies the following assumptions:

f:R = R is a polynomial of fourth order satisfying f (£1) =0, f'(£1) =0, f”(x1) >0
and f (s) = f(—=s) >0 for all s € (—1,1). Moreover we assume that there exists C > 0 such
that

sf@(s)>0 if |s|>C
and that ky := @ >o.

0.9

|
08fF |
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2. Preliminaries

Since we will make extensive use of the following function later on, we will define it here and
always reference back to this definition.

Definition 2.1 (A cut-off function). Let 6 > 0 be given as in Assumption Il and £ € C* (R)
be a function such that

1. £(s)=11if |s] <4,
2. £(s) =0if |s| > 20,
3. 0> (s) > —41if § <|s| < 20.

We call this function the cut-off function.

2.1. Important Ordinary Differential Equations

The inner expansion that we construct in Subsection BT will require intricate knowledge
of certain ordinary differential equations and their solutions. This section is dedicated to the
collection of results regarding these problems. The proofs of the statements in this section
can be found in detail in [47], pages 14 pp., and will thus not be repeated here.

Lemma 2.2. Let f € C™ (R) be given as in Assumption I3. Then the ordinary differential
equation (I=38) allows for a unique, monotonically increasing solution 6y : R — (—1,1).
This solution furthermore satisfies the decay estimate

102 (p) — 1| + ]93”) (p)’ < Cpe=ll Wp e R, n e N\ {0} (2.1)

for constants Cp, > 0, n € N\ {0} and fized a € <O,min {\/f” (=), f" (1)})

Proof. See [@7], p. 14, Lemma 2.6.1. O
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Figure 2.1.: Form of 6 in the case of f (z) =} (2% — 1)2.

Lemma 2.3. Let U C RY, 0y be given as in Lemma 23 and let A: R x U — R, (p,z)
A(p,x) be given and smooth. Assume that for all x € U there exists AT (x) such that
A(Ep,z) — AT (2) = O (e=*) as p — co. Then for each x € U the system

Wep (ps ) = " (00 (p)) w (p, ) = A(p,x) Vp €R
w(0,2) =0,

has a solution w (.,x) € C? (R) N L*>® (R) if and only if

[ A6.2)8 (0 dp=o.
R

In addition, if the solution exists, then it is unique and satisfies for every x € U and l €

{0,1,2}
A* (z)

S (£1)
where « is given as before. Furthermore, if there are some M,L € N such that A(p,x)
satisfies for every x € U

Dﬁ) [w (£p,z) + } =0 (e7*) as p — oo,

D;nDi) [A(£p,x) — A* (2)] =0 (e7*) as p — o0
for allm e {0,...,M} andl € {0,...,L}, then

D;”Df) w (+p,x) + ;}/i(f;)) =0 (e™) asp— (2.2)

for allme{0,...,M} andl € {0,...,L+ 2}.

Proof. See [@7], p. 16, Lemma 2.6.2. O
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2.1. Important Ordinary Differential Equations

Lemma 2.4. Let U C R™ be an open subset and let B : R x U — R, (p,z) — B (p,x) be
given and smooth. Assume that for all x € U the decay property B (£p,x) = O (e~ ") as
p — 00 s fulfilled.

Then for each x € U the problem

wpp (p,z) = B(p,w) Vp R
has a solution w (.,z) € C? (R) N L> (R) if and only if
/B (p,x)dp =0. (2.3)
R

Furthermore, if wy (p, z) is such a solution, then all the solutions can be written as

w(p,x) = w. (p,x) + ¢ (),

where ¢ : U — R is an arbitrary function.

In particular, if (Z=3) holds,

T

p
wy (p, ) = / B (s,x)dsdp (2.4)
0 -

oo

is a solution.
Additionally, if [ B (p,x)dp =0 for all x € U and there exist M, L € N such that

D;”DLB (£p,2) =0 () as p — o0

for allm € {0,...,M} andl € {0,...,L} then there exist functions w (x) and w™ (z) such
that
D;”Dﬁ) [w(£p,x) — w* ()] =0 (e*) as p — o0

for allme{0,...,M} andl € {0,...,L+ 2}.

Proof. See [@7], p. 19, Lemma 2.6.3. O
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2. Preliminaries

2.2. Stationary Stokes Equation in One Phase

As the stationary Stokes equation will play an important role in later parts of this work we
will give a short reminder of some results. For a thorough work on steady-state problems
related to the Navier-Stokes equation, albeit with different boundary conditions, see [31].
Throughout this Section, we assume that Assumption I holds.

We consider the one-phase stationary Stokes equation

—-Av+Vp=f in Q, (2.5)
divv = ¢ in Q, (2.6)
(=2Dgv + pI) ngg = apv on 0N} (2.7)

for given £ € V;(Q) and g € L? (). We denote C (Q) := {u e C™ (ﬁ)z‘divu = O},

——H1(Q2
H!(Q):=Cr(9) 1 and set

1 i —

v, (@) = {gg Lo (28)
L2 (Q if g =0,

Hy (@) := {L2((Q))2 elsi.

and let V; (Q2) denote the dual space of V; ().
We call v € V,; () a weak solution of (223)—(2=2) if

2 | Dsv:Dgpdx +ag [ v-pdH! (s = (£, )y, (2.9)
/ /

o

holds for all ¢ € C5° (Q2) and

divv = g in L* (). (2.10)
Note that in the case g = 0 the condition (E10) is already included in the definition of
the space V) and can thus be omitted. Moreover, a classical solution to (2Z3)—(277) is a

weak solution, if g = 0 almost everywhere on 9€). The following lemma immediately implies
coercivity of the bilinear form induced by (279).

Lemma 2.5 (Modified Korn Inequality). Let n € N and Q@ C R™ be a bounded domain with
C'-boundary and let v C 0K be an open subset. Then there exist Cy, Co > 0, depending only
on  and v, such that

lull 71 () < CrlIDsull 2y + Callull 2y Yu € H' ()"
Proof. See [13], p. 10, Corollary 5.8. O
Theorem 2.6. For each g € L? (Q) and f € V, (Q) there is a unique weak solution v € V, ()

of (Z3)—-(2=1). Moreover there exists a constant C (2, ag) > 0 which is independent of f such
that

V210 < € (2. a0) (IEllyy0 + 920y ) - (2.11)

18



2.2. Stationary Stokes Equation in One Phase

Proof. We first consider the case g = 0. Then the statement is a direct consequence of the
Lax-Milgram Lemma if we can show that

B:VyxVy =R, (u,v)¢—>2/Dsu:stdx+a0/u-vd7-l1(s)
Q o0

is bounded and coercive. The boundedness of B follows immediately from the Trace The-
orem, as trgq : H' () — L2 (09) is continuous and the coercivity is a direct consequence
of Lemma 23. Thus there exists a unique solution v € H} (Q) of B (u,) = f (¢) for all
Y € H! () and we have the estimate

VIl 1) < € (€, a0) Iflly @) -

Let now g € L* (Q) be arbitrary and f € V, (€2). By standard elliptic theory there is a unique
solution ¢ € H? () N H} (Q) of

-Ag=yg in Q,
q=0 on 0f),

with ¢l g2y < Cllgllp2(q)- As in the first part of the proof, there is a unique solution
v € H} (Q) to (29) for the right hand side

f () :=f () — 2/173 (Vq) : Dapda — ao/Vq ~pdH?! (s)
Q o0

Now we define v := v + V¢ and immediately find divv = g in L? (Q). Moreover
B(v.0)=F(W)+2 [ D.(Va): Do+ an [ Va-vdit! (5
Q o0

=f ()

for all ¢ € HL (€2). Now the definition of v and v together with the H?-estimate for ¢ and
the Trace Theorem yield

IVl < € (@,00) (1€l + l9ll 2oy ) -

The following corollary yields existence of a pressure term.

Corollary 2.7. Let g € L?>(Q) and f € L? (9)2 Then there is a unique weak solution
(v,p) € Vy x L?(Q) of (Z)—(Z21) in the sense that

2/st:Dszp—pdivwdwrao/v.wd%l (s) —/f.zpda;
Q o0 Q

for all ¢y € H' () and (ZID) holds. Moreover, there is a constant C > 0, independent of v
and p, such that

17 2) sy enzcey < C (IEll ey + 9l 2y ) -
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2. Preliminaries

Proof. Let v be the weak solution to (229)—(210) as given by Theorem EG. Elliptic theory
implies that Ap : H2(Q) N H} (Q) — L?(Q) is bijective, where Ap denotes the Laplace
operator supplemented with Dirichlet boundary conditions. Thus, the adjoint operator
(Ap) : L () — (H*(Q)NH] (Q))/ is also bijective. Using the Trace Theorem and
Holder’s inequality we find that the operator

F(p) = /QDSV : Ds (V) —f-Vpdr + ao/v VodH! (s) Ve e H?(Q)NH ()
Q o0

is bounded and linear and thus the Riesz Representation Theorem yields the existence of
p € L% () such that

(pa A(p)[ﬂ = <AID ((p7 ')L2) ’90>(HQ(Q)OH(%(Q))/,HQ(Q)HHS(Q) =F (()0) (212)
for all p € H?(Q) N H} (). The operator ((A[))')f1 is bounded and we find

1Pl 20y < CHF”(HZ(Q)mHg(Q))/
< € (IMlrs (e + £l 2o

< C (el 2oy + lgll 2y

where we used (210) in the last line.
Let now ¢ € H' (2)? and let ¢ € H? (Q) N H} (Q) be the unique solution to

Ag = divy in Q,
q=0 on 0f).

Moreover set 1y := ¢ — V¢, which satisfies divy)g = 0. Then,

/QDSV : Dty — pdivepde + ozo/v SpdH? (s) = /f <podz + /2st : Ds (Vq) — pAgdx

Q o) Q Q
+ ag / v - VqdH! (s)
[2}9]
= /f-’l/)d.%’,
Q

where we used (Z9) in the first equality and (22) in the second. As ¢ € H' (Q)? was
arbitrary, this yields the claim. O

Theorem 2.8 (Existence of Strong Solutions). Let g = 0 and f € L? (Q)?. Then there exists
a unique solution (v,p) € H2 (Q)? x H' (Q) to () (2Z7), which satisfies the estimate

IVl 2 ) + 1Pl @) < ClIEll L2 -

Moreover, if f is smooth, then v and p are smooth as well.
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2.2. Stationary Stokes Equation in One Phase

Proof. For q € (1,00), Theorem 3.1 in [d9] (Which was already shown in [B5]) implies that
there is A > 0 such that for every g € L4 (Q)? and a € w} (2)? the problem

AMu—Au+Vg=g in Q,
divu =0 in Q,
(—2Dsu+¢l)npg =a on 09 (2.13)

admits for a unique solution (u,q) € W2 (Q)? x W} (€). Additionally, the estimate

lullwze) + lallwyay < € (gl zaa + lallwye) (2.14)

holds. Considering a weak solution (v,p) € Vo x L? (Q) of (ZZ8)—(2=7) as given in Corollary
27 and defining g := f + Av € L? ()% and a := agv € H! (Q)?, we now introduce (u,q) €
H?(Q) x H' (Q) as the strong solution to (213) regarding these data. Writing w := u — v
and r := ¢ — p we find that (w,r) is a weak solution to

Aw — Aw + Vr =0 in Q,
divw =0 in Q,
(—2Dgw +1rI)npgg =0 on 012,

since

/)\ww +2Dyw : Dy — rdivipder = / (Au—Au+Vgq) -1 —Av-¢p —2Dgv : D) + pdivipde
Q Q

—/a-¢dH1

o0

—/(g—/\v—f)-wdx
Q
=0

for all ¢» € H' (). Choosing 1) = w we immediately find that w = 0 a.e. and thus u = v,
in particular v € H? (Q)%. Furthermore, w = 0 implies V7 = 0 in Q and r = 0 on 9%, so
that we can conclude 7 = 0 a.e. in Q leading to p = ¢ and p € H' (Q2). The estimate follows
from (214) and (21). For higher regularity one may employ typical arguments used for
elliptic partial differential equations, e.g. test with suitable difference quotients and locally
transform to the half-space case when close to the boundary. O

Lemma 2.9. Let g =0 and f € V{j, and let v € HL (Q) be the weak solution to (Z=)-(21).
Then for all ¢’ € (1,2)

f(y
||V||Lq’(Q) <y Sup, W
PEWZ( ()2 150 M’HW2

where % + % =1 and Cy > 0 is independent of v and f.

Proof. For this we introduce T (u,p) := —2Dsu + pI for u € W (Q), p € L* (Q) and set

D (Ag) = {u € I/Vq2 (Q)’ divu=0,dp € qu (Q) s.t. T (u,p)nlspn = Oéoll|aQ} )
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2. Preliminaries

We define the operator
As:D(As) C LL(Q) - LL(Q), u— P, (—Au+ Vp),

for p as in the definition of D (Ag) and where P, denotes the Leray-Helmholtz projection
given by
Py : L9 (Q)* = LE(Q), ¢ = Py () = & = Vr,

where r € qu,o (€2) is the unique weak solution to

Ar = divy in Q,
r=20 on 0f).

See [3], Lemma 2.4, p. 6 for existence and uniqueness (as € is a bounded domain in our case,
see also the remark after Definition 2.2 in the cited article). Here, div- is understood in the
sense of distributions.

First, we show that Ag is well defined. For this, let u € D (Ag) and p1,p2 € qu (©2) such
that T (u, p;) n|sa = apulsq for i € {1,2}. Then we have p; = py on 9. Now consider

Py (-Au+Vp;) = —Au+ Vp; — Vr;,
where r; € qu,o () is the weak solution to

Ar; = Ap; in Q,
ri =0 on 9.

Note that div (Au) = 0 in D' (Q2) as divu = 0, resulting in P, (Au) = Au. The uniqueness
of the weak solution and p; — p2 = 0 on 92 imply 1 — r9 = p1 — p2. Thus,

P, (=Au+ Vpy) — Py, (—Au+ Vpy) = Vp; — Vps — (Vry — Vrs)
=0

which implies that Ag is well defined. Moreover, Ag is positive regarding the L? scalar
product, i.e.

/(Agu) -udz = / (—Au+ Vp) - udz

0 0
= /2]Dsu]2dx+ao/u2d7-[1 (s)
Q o0
> C |lull72 () (2.15)

for some C' > 0 and u € D (Ag), where we used Lemma 273 in the last line. This immediately
shows the injectivity of Ag. Concerning surjectivity, let f € L% (Q). As ¢ > 2, Theorem
28 implies that there is a unique strong solution (v,p) € H?(Q) x H' (Q) to (238)-(27)
(with f replaced by fand g = 0). Choosing A > 0 as in the proof of Theorem I8, we find
that g := f + AV and a := ooV satisfy g € L¢(Q) and a € W} (92) as a consequence of the
Sobolev Embedding theorem. Thus, Theorem 3.1. in [@9] implies the existence of a unique
solution (u,r) € W2 (Q) x W,/ () to (213) and an analogous argumentation as in the proof
of Theorem 8 leads to the insight that v = u and p = r hold along with the estimate

oy’ (2.16)

W llwz) + lIPllwpo) <€ Hf‘
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2.2. Stationary Stokes Equation in One Phase

In particular, T (V,p) n|oq = ag¥V]sq is satisfied, so v € D (Ay), and since —AV + Vp =
holds in L9 (2), we have A, (v) = f. In fact, this not only implies surjectivity, but also the
existence of a bounded inverse Ag' as a result of (218). Consequently, (D (As), |1 As) is a
Banach space, where ||.|| 4 denotes the graph norm. All these considerations result in the

fact that the adjoint A’ : (L% ()" — (D (Ag))’ is an invertible, bounded operator.
Let now v € H!(Q) be the given weak solution to (23)—(220) and fix ¢ > 2. Then

v e LT (Q) = (L% (Q)) and we have for 1 € D (Ag)

(A5V: ) (p(ag)y pras) = / AV V) v
Q

:2/DSV:DS@ZJdaj—|—a0/@ZJ-Vd:U
Q oN

= (£,9) (p(ag)) DiAg) »

where we used divv = 0 in the first line to get rid of the Helmholtz projection and the
property of v as a weak solution combined with V{j C D (Ag) in the last line. As a result
Ayv =f in (D (Ag)) and thus v = (A’S)_l f in (L% (Q))" which enables us to estimate

-1
¥l oy = | (45) fH(Lg(Q)), < Ol ppagy < ClIEl gy
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2.3. Differential-Geometric Background

Throughout this work we will deal with evolving hypersurfaces and tubular neighborhoods as
those are the domains of the inner terms considered in the process of asymptotic matching,
cf. Chapter B. This section is thus dedicated to outlining the relevant results and notations
we need in order to efficiently handle the differential-geometric difficulties. The results here
are based on Chapter 4 in [P6] and Chapter 2.1 in [G]. Details about the signed distance
function and some other basic presented statements can be found in [38].

In this section we assume that Assumption Il holds. We will use the following notations
and conventions throughout this chapter:

We parameterize the curves (Ft)te[o,To] by choosing a family of smooth diffeomorphisms

Xo: T! % [0, Tp] — Q (2.17)
such that 9sXq (s,t) # 0 for all s € T!, ¢ € [0, Tp]. In particular
U Xo(T'x {t}) x {t} =T.
te[0,To]
Moreover, we define the tangent and normal vectors on I'y at X (s,t) as

8sAXVO (87 t)

0 -1
T(s,t) := 19X (5.0)] and n (s, 1) := ( 1 0 > 7 (s,t) (2.18)

for all (s,t) € T x [0, Tp].
We choose X (and thereby the orientation of I';) such that n(.,t) is the exterior normal
with respect to Q7 (¢). Thus, for a point p € I'; with p = Xy (s,t) it holds nr, (p) =n(s,t)
Furthermore, we define V (s,t) := Vr, (Xo (s,t)) and H (s,t) := Hr, (Xo (s,t)) and note
that
V (s,t) = 0; X0 (s,t) -n(s,t)

for all (s,t) € T! x [0, Tp] by definition of the normal velocity.
Notation 2.10. Let d € N. For a function v : I' — R? we define

(Xov) (s,t) :==v (X0 (s,1),1) (2.19)

for all (s,t) € T! x [0,Tp]. On the other hand, we define for a function h : T! x [0, Tp)

(X[)“’_lh) (p) == h (X' (p)) (2.20)

for all p € Ty, t € [0, Tp].

The following lemma guarantees that if we choose § > 0 small enough, we get a unique
decomposition of every x € I'; (30) into a surface and a normal part.

Lemma 2.11. There exists 6 > 0 such that the orthogonal projection
Prp, : T4 (36) —» Iy
is well defined and smooth for all t € [0,Ty] and the mapping
& T (30) = (=30,30) x Ty, © — (dr (z,t), Prp, (x))

is a diffeomorphism. Its inverse is given by ¢; ' (r,p) = p + rnr, (p).
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Proof. See [@4], Chapter 2.3.1. O

Although Prp, and ¢ are well defined in I'; (39), almost all computations later on are
performed in I'; (29), which is why, for the sake of readability, we work on I'; (26) in the
following.

Combining ¢, Land Xy we may define a diffeomorphism

X @ (=26,26) x T! x [0, Ty] — I'(20),
(r,s,t) = (671 (1, Xo (s,1)),t) = (Xo (s, t) +rn(s,t),t).  (2.21)
The inverse is given by
X717 (20) = (=26,20) x T' x [0,T0], (x,t) = (dr (x,t), S (z,t),t), (2.22)
where we define
S (z,t) := (X&1 (Prr, (:U)))1 (2.23)
for (z,t) € I'(26) and where (.), signifies that we take the first component. In particular it
holds S (z,t) = S (Prr, (z),t).
Notation 2.12. We write n (x,t) := n (S (z,t),t) and 7 (z,t) := 7(S (x,t),t) for (z,t) €
I'(36).

Q°(t) Q(t)

Figure 2.2.: Decomposition of z € I'; (20) into (r,p) € (—24,25) x I'; using ¢.
The following lemma summarizes many important properties and connections between
dr,S,V,H and n.

Proposition 2.13. Let ¢t € [0, Tp].

1. For all x € T'y (20) the equality
|Vdr (z,t)] =1

holds.
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2. For all s € T' we have
Adr (XO (S, t) ,t) =—-H (S, t) .

3. For s € T! and all r € (—26,25) we have
—Odr (X (1, 8,t)) =V (s,1)

and
Vdr (X (r,s,t)) =n(s,t).

4. For all x € Ty (20) the identity
VS (z,t) - Vdr (z,t) =0
holds.

Proof. Ad 1) This follows from 3.
Ad 2) See [#4], Chapter 2.3.2.
Ad 3) For the first identity see [26], Chapter 4.1, for the second one see [44], Chapter 2.3.1.
Ad 4) See 28], Chapter 4.1. O

Notation 2.14. For a function ¢ : I' (26) — R we define

& (r,s,1) := ¢ (X (r,5,1)).
We often write ¢ (r, s,t) instead of ¢ (r, s,t).
Lemma 2.15. Let ¢ : I'(20) — R be twice continuously differentiable. Then the following
formulas hold
%o (z,t) = (=V (S (2,1),t) 0y + 0, ) ¢ (dp (x,t),S (z,t),t),
Vo (2,) = (n(S (2,8),1) 0, + V)  (dr (2,8), S (2,) 1),
A¢ (z,t) = (Orr + Adr (2,t) 0, + A) ¢ (dr (2,1), S (z,1) , 1),

for all (z,t) € T (25). Here we use for (r,s,t) € (—=268,28) x T! x [0,Tp] the notations
O (r,s,t) = (0 + 8,5 (X (r,5,1)) ds) & (1,5, 1),
VIO (rys,t) = VS (X (r,5,1)) s (1, 5,1)
AT (r,s,t) = (AS (X (r,5,)) 05 + (VS - VIS) (X (1,5,1)) ss) & (1, 5,1). (2.24)
Proof. This follows by using chain-rule and the identities stated in Proposition PZ13. O

In the situation of Lemma P13 we also define
D}¢ (r,s,t) = (D*S05 + VS @ VS0ss) ¢ (1, 5,1) (2.25)
for future use.

Corollary 2.16. Let v : I' (25) — R? be continuously differentiable. As for scalar functions
we write v (r,s,t) :=vo X (r,s,t). Then we have

divv (z,t) = (n (S (z,t),t) 0, + diVF) v (dr (z,t), S (z,t) ,t)
for all (x,t) € T (20). Here we use for (r,s,t) € (—25,25) x T x [0,Tp] the notation
divl'v (r,5,t) = VS (X (r,5,t)) - D5V (1, 5,1) . (2.26)
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Proof. Again, this follows by chain-rule and using the identities from Proposition Z13. [J

Notation 2.17. Later on we will use the notation

Vi (z,t) := VS (2,t) 56 (dr (x,t), S (x,t) ,t)
and

divl'v (z,t) := VS (2,t) 0,¥ (dr (x,t), S (,1) ,t)
for (z,t) € I' (26) and ¢, v as in Lemma P15 and Corollary 210.

Using Notation T4, Lemma T3 and Corollary P18 we find that we have the decompo-
sitions

Vo (2,1) = On¢ (z,t)n + V' (1), (2.27)
divv (z,t) = Oqv (z,t) - n + divli'v (z,1) (2.28)
for all (z,t) € I (26), as
d
2 (00 X) ltrs.0)=(dr(z.0),5(0.6) = Ond (2,1).

Proposition 2.18. Let v* : QfTEO — R? be continuously differentiable and we denote in the
following [v] (z,t) = vt (z,t) — v~ (x,t) for (z,t) € T (similarly for derivatives). Then it
holds

2[Dyv]-n = [0qv] — Vn- [v] + V' [(v-n)] + ([divv] — div" [v])n on T,

where Dgv is defined as in (7).

Proof. For (z,t) € I' we have

2[Dgv] (z,t) -0 (S (x,t),1)

= <VvJr + (Vv+)T - (Vv_ + (Vv_)T)) (z,t) -n(S (z,t),1)
= [Oav] (2,8) + [V (v (2,1) - n (5 (2,1) ,1))] = V (

= [0av] (z,t) =V (0 (5 (2,1),1)) - [v] (2,1)

[Onv] (z,t) =V (n (S (z,t), 1)) - [v] (2, 1)

([dlvv] (x,t) — divt [V] (:U,t)) (x,t),

where we used (2227) in the third equality and dyn (S (z,t),t) = 0 (which is a consequence
of Proposition Z713) as well as (Z228) in the last equality. O

t)
(VY (v n)] (2,t) + [0n (v - n)] (2,t) n(z,1)

Remark 2.19. If h : T! x [0,7p] — R is a function that is independent of r € (—24,20),
the functions 9} h, VI'h and Al'h will nevertheless depend on r via the derivatives of S. To
connect the presented concepts with the classical surface operators we introduce the following
notations:

Dt,Fh (S’ t) = a{h (07 S’t) )
Vrh(s,t) = VIR (0,s,t),
Arh (s, t) = AVh(0,s,t).
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Later in this work (from Subsection B2 on forward) we will often consider h (S (z,t),t)
and thus will write for simplicity

O h (x,t) := (9 + 84S (z,t) Ds) h (S (z,1) , 1),

VIR (2, 1) == (VS (2,8) 95) h (S (x,1) 1),

AR (z,t) == (AS (x,t) 05 + VS (x,t) - VS (,t) Dss) h (S (z,1) , 1) (2.29)
for (x,t) € I'(20). Using the definitions and notations from this chapter we gain the identity

O h(z,t) = X§ (Of h) (s,t) = 9y h(0,8,t) = Dyrh (s, t) (2.30)
for (s,t) € T x [0,Tp] and (Xo (s,t),t) = (x,t) € I'. This might seem cumbersome but turns
out to be convenient throughout this work.
In later parts of this thesis, we will introduce stretched coordinates of the form

dr (z,t) —eh (S (z,1),1)

€

P (z,t) = (2.31)

for (x,t) € T'(25), € € (0,1) and for some smooth function h : T! x [0, Tp] — R (which will
later on also depend on €). Writing p = p¢, we have the equality

r —eh(s,t)

p(r,s,t)= -

for (r,s,t) € (—25,26) x T x [0,Tp]. The relation between the regular and the stretched
variables can be expressed as

X (p,s,t) =X (e(p+h(s,t),st) = (Xo(s,t)+e(p+h(s,t)n(s,t),t). (2.32)

In subsequent chapters we will often consider concatenated functions ¢ (p(x,t),x,t) for
¢ : R xTI'(20) — R. In regard of the derivatives, we get the following lemma:

Lemma 2.20. Let ¢ : R x I' (25) — R be two times continuously differentiable and let p be
given as in (ZZ31). Then the following formulas hold for (z,t) € T'(20) and € € (0,1)
0 (6 (p () 2,1)) = (e V(S (2,) 1) = Oy h(x,1)) Bp (p (2,8) s, 1) + 04 (p (2, 1) 2, 1)
V(@ (p(x,t),2,6) = (¢ (S (2,0) 1) = V' (2,1)) 8,0 (p (w,1) , 2, 8) + Vi (p (2,1) 2, 1)
Ao (p(a,t),m,1) = (24 \vfmx,t)y ) pp¢>< (=, > >
+ (e 'Adr (z,1) 1)) 8, ),x,t)

+2 (e 'n (S (1) ¢ )— "h(a, ))'anpé(p(%t),x,t)

+ Ao (p(x,t),2,t).
Here V, and A, operate solely on the x-variable of ¢.

Proof. This follows from the chain rule and Lemma P18 |, Proposition 2713 and the notations
introduced in Remark 2-19. ]
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2.3.1. Divergence Theorem for Surface Operators

For certain considerations in this work it will be important to have formulae for integration
by parts of the surface operators divl and V'. The following subsection is based on 6],
Subsection 2.2.

By (2227) and (ZZ28) we have

Viu(z,t) = (I -n(S(z,t),t) @n (S (x,t),t) Vu(z,t) (2.33)

and
diviv (z,t) = (T —n (S (z,t),t) @n (S (z,t) ,t)) : Vv (z,1) (2.34)

for continuously differentiable u : I' (28) — R, v : I' (25) — R2. The following lemma is a
consequence of this representation.

Lemma 2.21. Let t € [0,Tp] and v € H* (T4 (8))?, u € H' (I'; (§)). Then it holds

/ udivl vdz = — / Vi - vdz — / uv - nrdx + / u((I-n®n)-v) vdH(s),
L'4(8) I': () I'¢(6) a(I'+(5))
where k = —div (n (S (x,t),t)) and v (s) is the outer unit normal to T'y (§) for s € 9 (T'y (0)).
Proof. First off, we calculate

div(I—n(S(z,t),t) @n (S (z,t),t)) = —=div(n (S (z,t),t

where we used (D (n (S (x,t),t)))n (S (z,t),t) = 0, which is a consequence of Proposition
213 4). The claim now follows from (P=33), (2=34), and the divergence theorem. O

For later use we define
(00, V] u:=0n (I-0n®n)Vu) — (I-n®n)V (dqu) (2.35)

and compute

2

[0, V] u==>"(I-n®n)Vny)dy,u

i=1
2
= — Z Vrniaxiu
i=1
= —-VS(0sn - Vu)

by the definition of V' in (224). As dsn-n = 0 (which follows by deriving |n (s, t)|* = 1
with respect to s) we find by (IZ:ZZI)

(00, V'] u=-VS (0n-V'u). (2.36)
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2.4. Remainder Terms

To have the means for a systematic treatment of the appearing terms in Chapter B, we will
introduce concepts similar to those in [6], Section 2.5. The first of these are functions with
mixed regularity in normal direction to I' and along I'. Let in the following Assumption [l
hold.

Definition 2.22.
1. Let 7 € [0,7p] and 1 < p < oo be given. We set
LP>° (T (20)) := {f : 't (20) — R measurable| || f|| 1p.co (1, 25)) < oo} ,

where

hSA

1oy = | [ esssupyicas |7 (X (s ) s
Tl
Here X (r,s,t) := Xo (s,t) +rn(s,t) denotes the first component of X.

2. Let T €[0,Tp], 1 < p,q < oo and «a € (0,25) be given.We set
LY(0,T; LP (T (a0))) := {f : I' (o, T) = R measurable| || fl| a0 7001y (a))) < oo},

where

RS2

T / / @ de | at

In a similar way, we define L4 (0,7; LP (Q\I'; (v))) and the according norm.
Lemma 2.23. Fort € [0,T] it holds
H' (T (20)) < L™ (I (29)).

Proof. Let I C R be bounded and g € H' (I). Then the Gagliardo Nirenberg interpolation
theorem implies
1 1
Il < € () gl sy gl

Let now f € H' (T4 (26)) and we write f (r,s) := f ((X (r,s,t));). Note that H' (T; (26)) —
L? (Ft; H!' (-2, 2(5)) NH! (Ft; L? (—26, 25)). We may compute

/Hf HLOO( 26,26) d8<c/”f’L2 —26,26) ||f||H1 _25,25) 48

<C HfHLOO(Tl;LQ(fw,Qé)) 1A T2 ¢zt (26,26
< C NN rrzz(—25.28) 11 T2 (s (2526
< C Nl esy)

Here we used H! (T') < L> (T') in the third line as T is one dimensional (in particular
T\ {s} = (0, 1) for arbitrary s € T!). O
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Lemma 2.24. Let h: T! x [0,Ty] — R be continuous, € € (0,1), t € [0,T]. Then there are
constants C1,Co > 0 independent of h,e and t such that
1. for all ) € LY (T4 (20)), n € L' (R)

o ("2 s ) v

2. for all ¢ € L¥* (T4 (26)), n € L*(R) and u € L? (T (29))

Hn <df("t) — R (S(.,1) ,t))m

€

< Crelnll gy 11 1o, 26 -
L (28) LA(R) 1Pl Lo (1, (26))

1
< Che2 HnHL?(R)”w”LZOO(Ft(Zé))||u||L2(Ft(26)) :
L1(T¢(29))

Proof. Ad 1) Doing two changes of variables we get

Hn(w—hw(-,w,w)w

€

L1(T¢(29))
26
://)nC_h(s,t))le (1, 5,1))| [det (VX1 (r, 5,))| drds
1 s

% 7h(57t)

<C [1voXilimiaay [ clnlo)ldods
T! — 2 _p(s,t)

€

< Cel[$ll proe(r, 6y Ml L1 (w) -

Here we used the uniform boundedness of |det (VX1)| in (=26, 25) x T! x [0, Tp] in the second
inequality:.
Ad 2) The same change of variables as before yields

Hn <dr("” — R (S(.,t) ,t)> bu

€

L ('¢(20))

20

,

<C [0 0 Xl apony [ [n (%= hsit)) w0 det (90 dras
Tl —26

%

20

X% |det (VX7)|d d

LQ(%’%)( Ju (X1)|” |det (VX7)|dr s
26

< c/ I 0 Xl e (s |1 (= = 2 (s,)
T1

1
< Ce2 HUHL?(R) kuLZW(Ft(Qé)) HUHL?(rt(za))

where we used Holder’s inequality in lines two and three and again employ the uniform
boundedness of |det (VX7)| in (—26,26) x T! x [0, Tp] . O

The second important concept we want to introduce in this section are remainder terms.
These are families of functions depending on €, which have exponential decay in their p
component. All inner terms of the asymptotic expansion (cf. Subsection 612), when derived
with respect to p, satisfy this property due to the inner-outer matching conditions. This
exponential decay will allow for extra orders of € to be produced when integrating.
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Definition 2.25. Let n € N, ¢g > 0. For a > 0 let R, denote the vector space of all families
(Pe) ce(0,e0) OF continuous functions 7 : R x I' (20) — R" which satisfy

|7e (p, z,t)| < Ce™ Pl for all p € R, (z,t) € T (26) e € (0,1).
Moreover, let R be the subspace of all (7) c€(0,e0) € Ra such that
Te (p,z,t) =0 for all p € R, (z,t) € I

Let now a family (he).c(g ) of continuous functions he : T! x [0, Tp] — R be given which

satisfies
K = sup |he (5,1)] < o0, (2.37)
€€(0,e0),(s,t) €T x[0,T]

with €o € (0,1) and (T¢) ¢ (g, C [0, T0]. In the following we define for (7¢) ¢ (g ¢,) € Ra

dr (z,t)

€

re (z,t) := fe( — he (S(x,t),t),x,t) V(z,t) €T (20),e € (0,¢) .

Lemma 2.26. Let ¢g >0, o > 0, (Fe)cc(g.¢p) € Ra and (he)ec(o,e,) Such that (2=37) holds.

1. There is a constant C > 0 independent of € € (0,¢€p), such that

ie(Lant)]
€

for 1 <p < oo and for all € € (0, ).

< Ce%
LP(R)

sup
(z,t)€T(20)

2. If additionally (fg)ge(om) € RY holds, then there is a constant C > 0 independent of
K, T, and € € (0,€p) such that

1
suplre (X (5,8) )| po(_as2s) < C(1+ K)er™
te(0,T¢),s€TL

forall1 <p<oc ande € (0,¢).
Proof. See [6], Lemma 2.6. O

Corollary 2.27. Let a > 0, (fe).c(oy) € Ra and (he)ec(o.,) be given, such that (237)
holds. Moreover, let j = 1 if (f6)€€(0760) € RY holds and j = 0 else. There is a constant
C > 0 independent of ¢, T, and K such that

la (S (1)) reell i, 257y < C (14 KY€ [l @l gy lla (S ()l 2y (2.38)
_—
la (S (1)) rellr2ryos) < C (1 + K) €2 [l p2r, (2.39)

for all p € H' (Q), a € L? (Ty), t € [0,T.] and € € (0, ).
Proof. See [G], Corollary 2.7 . O
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2.5. Theory of Maximal Regularity

In the next chapter we will make heavy use of the theory of maximal regularity. Thus, we
give a short overview of the basic definitions and results which we will use. These are taken
from [I6] and all the proofs of the statements can be found in that article.

In this chapter let X and D be two Banach spaces such that D is continuously and densely
embedded in X.
Definition 2.28 (LP-maximal regularity). Let p € (1,00).

1. Let A € £L(D,X). Then A has LP-maximal regularity and we write A €¢ MR, if
for some bounded interval (t1,%2) C R and all f € L” (t,t2; X) there exists a unique
ue Wwhp (t1,t2; X) N LP (t1,t2; D) such that

Ou+ Au= f a.e. on (t1,t2),
u (tl) =0.

2. Let T>0and A:[0,7] - L (D, X) be a bounded and strongly measurable function.
Then A has LP-maximal regularity and we write A € MR, (0,T) if for all f €
LP(0,T; X) there exists a unique u € W1 (0,T; X) N LP (0, T; D) such that

ou+ A(t)u=f ae. on (0,7),
u(0) = 0.
It can be shown that if A € MR, for some p € (1,00) then A € MR, for all p € (1, 00).
Hence, we often simply write A € MR.

Definition 2.29 (Relative Continuity). We say that A : [0,7] — £ (D, X) is relatively
continuous if for each ¢ € [0,7] and all € > 0 there exist 6 > 0, n > 0 such that for all
x € D and for all s € [0,T] with |s — t| < J the inequality

[A{)z—A(s) x|y <ellzllp+nllzlx
holds.

Theorem 2.30. LetT >0 and A : [0,T] — L (D, X) be a strongly measurable and relatively
continuous function. If A(t) € MR for all t € [0,T] then A € MR, (0,t) for every
0<t<T and every p € (1,00).

Proof. [I6] page 9, Theorem 2.7. O

A very important tool for proving maximal regularity properties of different operators are
perturbation techniques. Employing these can often help to show maximal regularity for a
variety of operators by separating them into a main part (for which maximal regularity can
be readily shown) and a perturbation.

In the following we give a perturbation result which is key to many results in the next
chapter.

Definition 2.31 (Relatively Close). Let Y be a Banach space such that
D—Y — X.
We say Y is close to X compared with D, if for each ¢ > 0 there exists 7 > 0 such that
lzlly <ellzllp +nllelly

for all x € D.
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Proposition 2.32. Let Y be as in Definition 2232 and let furthermore the inclusion D <Y
be compact. Then'Y is close to X compared with D.

Proof. [I6] page 11, Example 2.9 (d). O

Theorem 2.33 (Perturbation). Let T' > 0 and Y be a Banach space that is close to X
compared with D. Furthermore, let A : [0,T] — L(D,X) be relatively continuous and
B:[0,T] — L (Y, X) be strongly measurable and bounded. If A (t) € MR for everyt € [0,T]
then A+ B € MR, (0,T).

Proof. [16] page 12, Theorem 2.11. O
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2.6. Parabolic Equations on Evolving Surfaces

The main goal of this subsection is showing existence of strong solutions for a stationary
Stokes/linearized Mullins-Sekerka system, which will be of central importance in Chapter B,
more precisely in Subsections BT 8 and B8 and Theorem B332. Let Assumption I hold
in the following.

We introduce the space

Xp = L2 (O,T; H? (T1)> nH (o,T; H? (']1‘1)) (2.40)
for T € RT U {o0}, where we equip X7 with the norm

1l x, = ||h||L2(O,T;Hg(T1)> + ”hHH1<o,T;H%(1rl)) + [[hle=oll g2y -

Proposition 2.34. Let T € (0,00). Then we have

1. (HE(TY), HE(TY)), = B2(TY),

)
27
2. Xp — C° ([O,T]  H? (Tl)) where the operator norm of the embedding is bounded in-
dependently of T,
3. Xr < Hz (0,T; H2 (T")),
4. Xp s H3 (o,T; H3 (']1‘1)) .
Proof. Ad 1) See e.g. [40] page 330, Theorem B.8.
Ad 2) See e.g. [[], Lemma A.8.
Ad 3) and 4) According to [41] Proposition 3.2 we have Xp < H? (O, T; Hat(1-0)3 (']I‘l)>.

Thus, 3. follows for o = % and 4. for o = % O

Theorem 2.35. Let T € (0,Tp]. Let b : T! x [0,T] — R? and by, be : T! x [0,T] — R
be smooth given functions. For every g € L? <O,T;H% (Tl ) and hy € H? (Tl), there is a

unique solution h € X of

Dirh+b-Vrh—bih + X; ([%t “D —g on T x (0,T), (2.41)
h(.,0) = hg on T,

where plox () € H? (Q* (), fort €[0,T), is determined by
Apt =0 in OF (1), (2.42a)
pt = X5 (0Arh £ boh) on Ty, (2.42D)
p =0 on 0. (2.42¢)

Furthermore, the estimates

Zi: HHiHLQ(O,T;HQ(Qi(t))) < Clhllxy » (2.43)
Zi: HNiHLG(O,T;Hl(Qi(t))) < Clhllx, (2.44)

hold for some constant C > 0 independent of p and h.
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Proof. We may write (221) in abstract form as

Oth+ Ah =g in T! x [0,7],
h(.,0) = hg in T,

where A depends on both variables (s,t) € T! x [0,T]. Now we fix ¢y € [0, 7] and analyze
the operator A (tg), where we replace t with the fixed ¢y in all time dependent coefficients.
This is done in order to later on use Theorem PZ33 to show the maximal regularity of A.

In order to understand this operator we define

SR

Dy, (H3 (TY) = HE (Ty,), hs (XS"_I (aAph)) (.,t0),
Spy :H?2 (Tyy) = H? (QF (o)) x H? (Q (to)) , fe (AN,

(
By H? (2 (t0)) x H (2 (1)) = H (T') . (u.”) o (5 (V-1 ) (to).

Njw

where (A N)fl (f) represents the unique solution (,u}, ,U,]_V) to

Apt =0 in QOF (o), (2.45a)
,uﬁ =f on I'y,, (2.45D)
Vi -npo =0 on 0f. (2.45¢)

In the literature the concatenation By, o St]g is often referred to as the Dirichlet-to-Neumann
operator and Ay (tp) 1= By, © Stjg 0 ®y, is called the Mullins-Sekerka operator. It can be
shown that

A [0,7) = £ (H3 (T'), HE (T'))

has LP-maximal regularity, i.e. A9 € MR, (0,7"). We will not prove this in detail but just
give a short sketch describing the essential ideas: first, a reference surface ¥ CC € is fixed
such that I'; can be expressed as a graph over X for ¢ in some time interval [tN,f + e] C [0,T7.
e.g. one may choose ¥ := I'g and then determine ¢y > 0 such that I'; may be written as
graph over Ty for all ¢ € [0, o], which is possible since I" is a smoothly evolving hypersurface.
Next, a Hanzawa transformation is applied, enabling us to consider (225d) as a system on
fixed domains QF and ¥, but with time dependent coefficients (see e.g. [I1], Chapter 2.2
and [47], Chapter 4). Here, QF, Q= and ¥ denote disjoint sets such that Q" = ¥ and
Q=0TUQ UX holds and we assume in the following that ¢y € [0, €9]. To be more specific,
the Hanzawa transformation results in a system of the form

a(z,t, V)it =0 in OF,
p=f on %,
Vi~ -ngo =0 on 01},

where a is the transformed Laplacian, depending smoothly on ¢t and f is the transfor-
mation of f. Applying the Hanzawa transformation (and the diffeomorphism X, from
Section 23) also to the operators ©;, and By,, we end up with a transformed opera-

tor Ao (o) € L (H% (2),Hz (2)) and [44], Corollary 6.6.5, p. 301, implies that Ag (to)
has LP-maximal regularity. As all involved differential operators and coefficients depend
smoothly on ¢, it is possible to show that Ag : [0,€] — £ (H% (%) H2 (E)) is relatively

continuous, wherefore Theorem P30 implies A, € MR, (0, €) and, transforming back, also
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Ap € MR, (0,€0). Repeating this procedure with a new reference surface ¥ := I'¢, and
iteratively continuing the argumentation, we end up with Ao € MR, (0,T).

We proceed by showing that A (tg) = Ao (to) + B (to) holds for some lower order pertur-
bation B, so that we may use Theorem PZ33. The first step in that direction consists of
correcting (225d) to a system with Dirichlet boundary data. We introduce

SPHE () — H? (Q (t0)) x H (2 (t)), £ — (Ap) ™" (£),

where (,uB, Ml_)) = (AD)f1 (f) is the unique solution to (225d), replacing Vi -ngo = 0 by
pp = 0 on 9R2. Moreover, we write 5’% = S£ — St]g and observe that the equality

Bto o S£ o :Dto = A (to) + By (to) (2.46)

is satisfied, where By (t9) := By, © Sto o @to Let f € H3 (T,) be fixed, (uh,pp) =

SP(f), (k. ny) = SN(f) and @* = pf — pay, implying (i*,i~) = S5 (f). Then
At € H?(QF (t)) solves

A =0 in OF (t9),
=0 on I'y,,
g = iy on 0}

and elliptic regularity theory implies

and gt =0 in Q% (¢y). To further our argumentation, we show

For this let v (z) := £ (4dp (x)) for all x € Q, where £ is the cut off function from Definition
2. In particular suppy N Ty = @ for all ¢ € [0, 7] by Assumption I, and v = 1 in 99 (g).
Denoting fi := yuy € H?(Q (tg)), we compute using Apuy = 0 in Q7 () that 4 is a
solution to

Ap=2Vy-Vuy + Ayuy in Q7 (to) ,
=0 on I'y,,
Vii-ngg =0 on 0,

which, again regarding elliptic regularity theory, implies
12l 220ty < € il e @ ro))
This is essential in view of (Z2R) as it leads to
il 0y = 103 00 < € Il o < € N ooy
< Cllunll

H? (Teg)

where we used the continuity of the trace operator tr : H? (Q~ (to)) — it (092~ (to)) in the
first inequality (cf. [40], Theorem 3.37, p. 102) and standard estimates for elliptic equations
in the second and third inequality.
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Let now h € H? (Ty) and (it, i) := Sf 0Dy, (k). Our prior considerations enable us to
estimate

B, o 580 D (1)1 g1y < € 7

HHZ(Q—(to)) =C HM&HH%(@Q)
< Cllixl 3 g, = € loanl],

HE (T
<C HhHHj(Tl ;

where we employed the continuity of the trace in the first line, (227) in the second, (ZZ8)
in the third and the definition of i in the fourth. As H3 (Tl) is dense in H?3 (']I‘l), we may
extend By (to) to an operator

By (to) : H? (T') — H2 (T, (2.49)

which shows in regard to (2248) that we may view By, o SP o Dy, as a perturbed Ay (to).
Next we take care of the term involving by in (2224d). For this we consider the operator

By (to) : H3 (1) — H3 (1) s X5 ([Oag, ).

where puf € H? (Q% (t)) is the solution to

Apy =0 in QF (o) ,
M1i = +boh on I'y,,
uy =0 on 0f).

We estimate

1B (to) ll 3 gy < € H [anrto Nl} HH;(HO) <C <HM1+HH2(Q+(tO)) + Hul_HHQ(Q—(tO))>

<C ||h||H2 ) (2.50)
where C' > 0 can be chosen independent of h and ¢y € [0,7]. Here we again employed the
continuity of the trace operator and elliptic theory.

Defining

Blto) : H? (TY) — Hz (TY) ,h s B (to) h := b (., t0) Dsh — by (-, to) h+ (Bo (to) + By (o)) h,
with b := b - VS, and using (Z50) and (229), we find that

1B (to) hll 1 pay < ClIBN g

H2(’£r1)— s (T1)

Thus, we can extend B (tp) to a bounded operator B (tg) : H3 (T') — H? (T'). Since
H3 (’]I‘l) is close to H3 (’]Tl) compared to Hs (']1‘1), as the embedding Hs (Tl) < H3 (’]I‘l)
is compact (see Proposition 2Z32), we get due to the perturbation result Theorem 2233 that
A = Ay + B has LP-maximal regularity for all ¢ € [0,T].

Regarding the given estimates, (223) follows immediately by elliptic regularity theory and
(222) by applying theory for weak solutions, since
<c||xst arh+bon)| <Ol

H32 (Ty)

HH:EHHl(Qi(t)) H3 (1)
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2.6. Parabolic Equations on Evolving Surfaces

for almost all ¢ € [0, 7] and thus

1y <C <Cllhly, .

[l 3

L5(0,T;H (+ (¢ L6 (O,T;H?(’]I‘l))
Here, the last inequality is a consequence of H 3 (0,T;Y) — L5(0,T;Y) , as implied by the
Sobolev embedding theorem, where Y is a Banach space, and Proposition 4). 0

Theorem 2.36. Let T € (0,Ty] and t € [0,T]. For every f € L2 (Q)?s € H3 (Ty)?.a
H3 (Ty)? and g € Hs (09)? the system

—AvE 4+ Vpt =f in QOF (1), (2.51)

divv® =0 in QOF (t), (2.52)

(—2Dsv- +p Dngo =agv_ +g on 0%, (2.53)
[v]=s on Iy, (2.54)

[2D;v —p I nr, = a on I'y (2.55)

has a unique solution (v*,pt) € H? (O (t)) x H' (QF (t)). Moreover, there is a constant
C > 0 independent of t € [0, Ty| such that

1V P 2 () x i (22 (1)) SC(Hme(Q) sl g,y T lall g, + HgHH%(m)> (2.56)
holds.

Proof. As a first step, we reduce the system (2Z51)—(2255) to the case s = 0. Elliptic theory
implies that the equation

Ag=0 in Q (¢),
Vq-nr, =s-nr, on I,
q=0 on 052

has a unique solution ¢ € H3 (Q~ (t)) since s € o (T'y) and we have the estimate
gl s~y = Clisll 4 p, -

Regarding the tangential part of s, we may solve the stationary Stokes system

—Aw+Vp=0 in Q7 (t),
divw =0 in Q(t),

w = ((s = Vq) - m,) m, on Ty,

w=0 on 0,

where T, (z) =7 (XO*1 (z)) for z € I'; and T is given as in (ZI8). We may find a solution
(w,p) € H> (2™ (t)) x H' (9~ (t)) (made unique by the normalization fQ*(t) pdz = 0) and
also get the estimate

Wl 20 o) + 1Pl -y < Cllsll g, -

Thus, defining
w:=w + Vg, (2.57)
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the couple (W, p) solves

—Aw+Vp=0 in Q° (t),
divw =0 in Q7 (t),

W =S on I'y,

w=0 on 0f2,

and may be estimated by s in strong norms. Next, let

g =g+ (2D,w — pI) - ngg + agw € H2 (99)
and a:=a— (2Dsw —pl)-n € o> (I'y), where the regularity is due to the properties of the

trace operator. Then, for every strong solution (v*, p*) of (2250l)—(2353), with s =0 and g, a
substituted by g, a, the functions

(v+,p+) = ({/+’ﬁ+) and (v_,p_) = (\?_ +W,p~ +]5)

are solutions to the original system (2251)—(2253). So, we will consider s = 0 in the following
and show existence of strong solutions in that case.

As a starting point for that endeavor, we construct a solution (v,p) € H} (Q) x L? () to
the weak formulation

/ 2D,V : Dy + pdivepda + / aov - pdH! (s) = / f-ode + / a-pdH! (s)

Q oN Q Iy

— / g - pdH! (s), (2.58)

o0N

where v € H' (Q)?. Considering first ¢ € H! (Q) and the right hand side as a functional
F € (H} (Q))/, the Lemma of Lax-Milgram implies the existence of a unique v € H} (Q)
solving (2358) for all ¢p € H} (Q), where the coercivity of the involved bilinear form is a
consequence of Lemma P4. As in Corollary P70, we also get the existence of a unique
pressure term p € L? (Q2) and the estimate

1 D)l @yzzey < € (I€z2@) + all 3 0+ 18l3 00, ) - (2.59)

We now show higher regularity of (v,p) by localization and the appliance of results well-
studied systems.

Let n* € C*> () be a partition of unity of €, such that the inclusions QF () UT; (6) C
{zeQnt(z)=1} and 9Q(5) C {z € Qn~ (x) =1} hold. We define UT := supp (nF),
oUy :=0U~\0N2 and

U:= {zeQnt () €(0,1)} ={zeQn (z) €(0,1)}.

Moreover, we set p~ := pn~ and v~ := vn~ in {2 and we correct the divergence of v© with
the help of the Bogovskii-operator: Let ¢ € C2° () with supp (¢) C UT\U and [, ¢dz =1
and set

gi=div(v) —¢ / div (v7) da
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2.6. Parabolic Equations on Evolving Surfaces

in Ut. As v € H} (Q), we have div(v™) = v-Vy~ and thus § € Hj (UY), [+ gdz = 0.
Consequently, [31], Theorem I11.3.3, p. 179, implies that there is v— € H3 (U"), which we
extend onto €2 by 0, satisfying

dive™ =gin U™,
‘A’iHH2(Q) < CHVHHl(Q) : (260)

Therefore, v~ := v~ — v~ fulfills divv™ = 0 in U~ since ¢ = 0 in that domain. Let now
v e{weH (U)|w=0ondU, }, then

/QDS\'/_ : Dty — p~divepdx + /ozox'/_ ~pdH? (s)

U-— oN
= / 2Dv™ : Dgtp — pdiv (¥~ ) + (pVn ™) - da + / aov - pdH? (s)
U- oN
- / 2D : Dypda
0
= [ teordo— [ vdnt () + (V) - vds
U- o
+ / 2div (DV) - ¢ + (2DsvVn~ —div (v® Vi~ + Vi~ @v)) - ibda,
e

where we used the definition of v~ and p~ in the first equality and integration by parts
together with v~ € H2 (UT) and Vi~ = 0 on U~ in the second equality. Additionally, we
employed the fact that (v,p) is the weak solution to (EZ58). Hence, (V—,p~) are a weak
solution to the system

AV 4+Vp =f in U,
divv™ =0 in U™,
v =v" on OUj ,
(—2Dv™ +p I)npo = v~ + g on 092, (2.61)

where
f:=pVn~ +2div (DsV) +2DgvVn~ —div (v ®@Vn  +Vn ® V) e L? (U_)

and v~ € H> (8UJ) by the properties of the trace operator. Writing g := agv™ + g, using
localization techniques and results for strong solutions of the stationary Stokes equation in
one phase with inhomogeneous do-nothing boundary condition (cf. Theorem 3.1 in [49]) and
with Dirichlet boundary condition (cf. [31]), we find that (v—,p~) € H2(U~) x H' (U").
Moreover, regarding (260), (259) and the definition of f, we get

15 2w yxmw- < © <”f”L2<Q) Hlalys i, * ”gHH%(@Q)) '

Analogously, we define vt := vy and v € H? <U ) as a solution to dive™ = divv™'. Here,
we do not need to correct the mean value, since

/divfﬁ'dx = /v . naUn+dH1 (s) =— / divvdz = 0.

U U {nt=1}
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We set v := vt —¥T and p™ := pn* and get after similar calculations as before that
(vt,pT) is a weak solution to the two phase stationary Stokes system

~AvVt +Vpt =f in U+, (2.62)

divvt = in U™, (2.63)

vt =0 on OU™t, (2.64)

[vf] =0 on Iy, (2.65)

[2D,v" —p*I] -np, =a on Iy, (2.66)

where f € L2(U"). Then, [48], Theorem 1.1, implies that VIa+@ € H*(QF (t) and

VHynare € H2(UT\QT (1)), and also that the pressure satisfies pT o+ € H' (QF (1))
and pt |y o+ € H (UT\QT (¢)) with estimates in associated norms. In particular, v = v
in Q" (t) and v=vt + v~ + VT + 3V~ in Q (¢), yielding the desired regularity and (2=58).
To show that C' > 0 may be chosen independently of ¢ € [0,7p], one may make use of
perturbation arguments, see e.g. the proof of Lemma 2.10, [6]. O

Theorem 2.37. Let T € (0,Tp]. Let b : T' x [0,7] — R2?, b : T! x [0,T] — R, a :
QX[O,T] —)R, az, as,as : F—)R, ag : OTQ —>R, aj ZQX[O,T] —)RZ, ag,az, a4, Ay : T —>R2
and ag : OrQ) — R? be smooth given functions. For every g € L? (O,T;H% (T1)> and
ho € H? (']I‘l) there exists a unique solution h € Xt of

Dyrh+b-Vph—bh + %Xg; (v +v7)np,) + %X{f ([Our,e]) =9 T (0,1).

h(.,0)=hy in T,

where for every t € [0,T), the functions vt = v* (x,t), p* = p* (x,t) and u* = p* (z,t) for
(z,t) € QF with v¥ € H?(QF (1)), p* € H' (Q* (1)) and p* € H? (Q* (1)) are the unique
solutions to

At =ay in QF (1), (2.67)
pt = o Xy (Arh) £ aa Xt (h) + a3 on Ty, (2.68)
U= ay on 082, (2.69)
—AvE 4+ VpE = ay in QOF (t), (2.70)
divv®t =0 in QF (1), (2.71)
V] = az on Ty, (2.72)
[2D,v — pI)nr, = a3 X; ' (h) + a4 X (Arh)
+as Xy (Vrh) + as on Ty, (2.73)
(=2Dyv™ +p I)ngo = apv™ + ag on ON. (2.74)

Moreover, if g, ho and b, b, a;, and a; are smooth on their respective domains for i €
{1,...,5},5 €{1,...,6} then h is smooth and p*~, v* and p* are smooth on QF (t).

Proof. We show this by a perturbation argument. First of all note that we may without loss
of generality assume that a1, a3, a4, a1, as, as, ag = 0 on their respective domains. The
above system may be reduced to this case by solving

AfF =a in OF (1),
At = as on Iy,
T =ay on 052,
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with the help of standard elliptic theory and

—AVE 4+ Vit = ay in QF (),

dive® =0 in QF (1),
[V] = ay on I'y,
2DV —p| -n=a3 on I'y,
(—2D5\7_ —1—13_1) ‘ngn = gV + ag on 0,

with the help of Theorem PZ38 and setting

9= 925 ([0, 0] )~ 325 (5 +%7) ).

Now let t € [0,T], h € oz (T') and let v,jf € H%(QF (1)), p; € H* (F (1)) be the solution to
(2Zm)— (=), Multiplying (2270) by vf and integrating in QF (¢) together with integration
by parts and the consideration of the boundary values (2273) and (2=74) allows us to deduce

/2|D5v;|2dx+ / z}psv,;ﬁdm+ao/|v,;|2dﬂl (s)
QF () Q= (t) 89
- / (agh + X (Aph) + asXo ! (vph)) vy dH (s) . (2.75)
Iy

Hence, by Lemma 273 and the continuity of the trace we find
V0 N i1 -9y < € 1Bl 2 (2.76)
for C independent of h and ¢. Lemma P23 also implies
+|2 +12 g1 +1|2
/ 2|Dsvy | dz + / Vi [T dH () = C vy [ s o)) -
Qt+(t) I

leading to
Vi -y < C 1Bl 2oy (2.77)

due to vj = v; on I, (276) and (2=75). Defining
1
B(t): H (T') = H? (T'), hs B(t)h = S X5 (v +v,) -nr,).,
we may use (2278) and (2-77) to confirm

1B (t) < C [l g2y

hll ah )
for C' > 0 independent of h and ¢t. As H3 (T') is dense in H? (T') we can extend B () to an
operator B (t) : H? (’]I‘l) 5 H3 (’]Tl) and we conclude using Proposition 2232 that H? (’]Tl) is
close to H> (Tl) compared with Hs (Tl).

The existence of a unique solution h € X7 with the properties stated in the theorem is
now a consequence of Theorem 233 and Theorem P33, Higher regularity may be shown by
localization and e.g. the usage of difference quotients. O
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The results in this chapter are adapted from [24]. They will be essential in the proof of the
main theorem in Section 72, but we may not directly use the results obtained in [24] since
we employ a different stretched variable. For this reason and for the sake of completeness,
we present the results and detailed adaptations of the proofs to our situation again here. We
consider the following situation:

We assume throughout the chapter that ¢y > 0 is fixed and f refers to a double well
potential with properties as in Assumption I2. Moreover 6 is the optimal profile from
Lemma 22 and n € N.

Let 2 C R"™ be an open and bounded subset, and let I' be an n — 1 dimensional closed,
smooth submanifold of R™ such that I' CC Q and Q = QT UQ~ UT for disjoint sets QF C €,
satisfying 9Q" = I'. Note that we do not consider I' to be an evolving hypersurface in this
chapter.

We use similar notations to the ones introduced in Assumption I and Subsection 2Z3.
In particular we write dr for the signed distance function (negative in 7 ) and Prp for the
orthogonal projection onto I', which is well-defined in

I'(20) ={z € Q||dr (z)| < 26}
for some small enough § > 0. We define
¢:T(20) = (—26,20) x T', . — (dr (z), Prr (x)) (3.1)
to be the corresponding diffeomorphism with inverse
¢1:(=20,26) x T =T (26),(r,s) — s+ (s).

Moreover, we define
J (r,s) := det (d (d)_l) (r,s)) (3.2)

to be the Jacobian of ¢~!. Here d (qb_l) (r,s) denotes the differential of the mapping.

In contrast to Subsection P23, we use differential operators on I' in this chapter (since
we are working with arbitrary space dimensions). In the following let V. denote the usual
surface gradient, i.e.

n—1
Voh(s) =Y (dh(s)m) 7,
i=1
where h: I' = R and {7,...,7,-1} is an orthonormal basis of T,I" — the tangent space of '

at a point s. For a function g : I' (20) — R we set

Vrg (x) := Vg (z) —nr (Prr (2)) (Vg (x) - nr (Prr (2))) - (3.3)
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Assumption 3.1. Let € € (0,¢q) and & be a cut-off function as in Definition 22 for 6 > 0
as before. We assume that ¢ : Q@ — R is a smooth function, which has the structure

e o) =€ (@) (00 (L 0 (Proa) ) + ot (Pre (@) (T - e (Pre ) )

€ (dr (2) 4" (2) + (1= € (dr (@) (57 (@) xor @)+ @) xa- () (34)

for all x € Q. The occurring functions are supposed to be smooth and satisfy for some C* > 0
the following properties:
01 : R — R is a bounded function satisfying

/91 (0)" £ (o) dp = 0. (3.5)
R
Furthermore, p¢,q° : T' (20) — R satisfy
€
sup  sup p° (Prr(x))| + ¢ (z ) <, 36
e€(0,e0) €T (26) <| ( (@) € + |dr (z) — ehe (Prr ()| 1q° ()] (3.6)

he: T = R fulfills

sup sup (| (s)| + |V-h(s)]) < C* (3.7)
e€(0,e0) s€l’
and czi 1 QF = R (which we may view as extended onto Q by 0) satisfy
+ 5T >0 in QF. (3.8)
Additionally, we suppose that
sup (Sup ¢4 (z)] + sup |[Vrchy (@I) <" (3.9)
e€(0,e0) \z€EQ z€Il'(8)

holds and that there exists a constant such that away from the interface I’

1
inf inf "(c > — 3.10
EGI(BI,EO) xe(l‘lr\ll“@) / (CA (37)) - C* ( )

holds.
Notation 3.2.

1. For notational simplicity we choose § = 1 throughout this chapter. For s € I we define

= (Lo w1 o)

€ €

and set [; := (—1,1). We furthermore introduce the stretched variable p¢ (x) = -
he¢ (Prr (x)) for z € I' (2), with the corresponding diffeomorphism

F:IP = 1, p—e(p+h(s)).

In the following we write
J(p,8) = J(FE (p),s)
for (p,s) € I? x T
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2. We assume that ¢y > 0 is chosen small enough such that
(-1,1) C I? (3.11)
for all s € I" and € € (0, ¢p). This is possible since

1 1 1
Z ke > 2 _ |h > _ 0O
C () 2 = (9] 2
1
>
— 2¢
and 1 !
_,_hf(s)g_i

€ 2¢
for € € (0,€9) and €y > 0 small enough.

3. In order to simplify the notations and improve readabilty, we will in this chapter identify
functions of z and of (r, s) in I" (29) via the diffeomorphism ¢ introduced in (81), i.e. we
write g (r, s) instead of g (¢! (r, s)) for g defined on I' (26) and (r,s) € (—26,26) x I.

4. Let ¢ : Q — R. Then we define
\Il<p7 5) = \ﬁl/f (6 (p+h€ (8)>75) (312)

for s € I' and p € I7. We will use this relationship between small and big greek letters
throughout this chapter.

5. Let € € (0,¢9) and s € . Moreover, let g1,g92 € H! (I1) and G1,Go € H' (I¢). Then
we define

(G, ) = / G1 (p) Gz (o) dp, IG2 = (G, Gh).
I
(G1,Ga), = / G1(p)Ga(p) T (FS (). s)dp,  |Gul3 = (G, 1),
I:
(g1, 92) = / 0 (r) g2 (1) J (ry ) dr, 02 = (g1.91),
Iy
and write

G]_J_GQ <= <G1,G2> = O,
Gi1l,Gy & <G1, G2>J =0,
91192 = (91,92); = 0.

Furthermore, we define

LY (G1,Ga) == /3pG1 (p) 0,G2 (p) + 1" (60 (p)) G1 (p) G2 (p) dp,
Is

L7 (G1,Ga) = / (8,G1 (9) 0,G2 (p) + £ (¢ (F¥ () .5)) G () G (9) T () dp,
IS

€

LY (g1, 92) :== / (e@rgl () Orga (1) + € L7 (5 (1, 5)) g1 (7) g2 (7")) J (rys)dr.
I
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A short motivation regarding the introduced notations: We will consider two related
differential operators in this chapter. The first one is

Lo =02+ [" (60)

in I?, complemented with the Neumann boundary condition
d 1 1
d—p~:00n {—E—he(s),e—he(s)}

for fixed s € I'. We treat this as a reference operator and gain many important insights by
studying it. The corresponding bilinear form, regarding the scalar product (.,.), is given by
LY (...

However, we will be more interested in the properties of

L=~ (J) 10 (JDp) + [ (¢4 (- 9))
in I?, complemented with the Neumann boundary condition

d 1 . 1 .

d—p-—Oon {—E—h (S)’E_h (s)}

This is the operator which actually appears in Theorem B2 and we will gather results for
this operator in Lemma B™. The corresponding bilinear form, regarding the scalar product
(.,.); (see also Remark B3), is given by L7 (.,.).

Before we go into detail analyzing Lo and £; we show some fundamental results:

Lemma 3.3. For all s € I" and p € I7 it holds

n—1
T (ps) = J(F (p),s) = [] M+ e(p+h(s) ki (s)),
i=1
where ki, i € {1,...,n— 1}, denote the principal curvatures of T'.
Proof. See [76], Lemma 4. O

Remark 3.4. Lemma B3 implies that (.,.); and (.,.); are in fact scalar products. This is a
consequence of J (0,5) = J (F* (—h¢(s)),s) = 1 and the fact that ¢! is a diffeomorphism,
which implies that there is some ¢y > 0 such that det (D (¢~ (r,s))) > ¢o for all (r,s) €
I; x I'. In particular, the induced norms are equivalent to the standard L?-norm.

Proposition 3.5. Let ¢,9 € H' () and ®, ¥ be given as in (3I13). Then

1. L7(0, ®) = L’ (1, ¢),

2. (4, 0); = (¥, @),

3. Jry €IV + e () vPde = [ L7 (0 (8) 00 (1 9) AH" T (s) + € [ryyy Vo0 da,
hold for all s € T.

Proof. Ad 1) and 2): the assertions follow directly from the corresponding definitions in
Notations B2 by using a change of variables and noting that d%Fj (p) =e.

Ad 3): We remark that 9, (¢ (¢~ (r,s))) = Vi (¢~ (r,s)) -nr (s) for (r,s) € (—=2,2) xT
and thus get the statement by a change of variables and the decomposition of the gradient,
see (B3) O
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3.1. Spectral properties of L, and L;

Suppose that s € T is fixed. The bilinear forms L° and L7 are coercive, i.e. for ¥ € H! (I?)
it holds

Lo, ) > 60 ||| F1 g5y — o 217, (3.13)
2 ~
L7 (w, ) = 00 (015 + | ¥'][5) = o 213, (3.14)

for some fixed dg > 0 and

co:= max _|f"(7)| + do, (3.15)
T€[-1,1]

_— " 5 3.16
e [F )]+ (3.16)

for C* as in (B9). Moreover, they are symmetric and the embedding H' (I¢) — L? (I¥) is
compact, so there exist sequences of functions {¥Y (., 5)}ieN AWk (5 8) b peny C H (IF) and
of real numbers {\! (s)}ieN A (8) ey C R such that

1. each WY (., s) is an eigenfunction of £y with eigenvalue A) (s), i.e. is a weak solution to

000 (5) = A (5) W0 (., ) in 12,

0,09 (.,8) =0 on OI?, (3.17)
and each Wy, (., s) is an eigenfunction of £; with eigenvalue \; (s), i.e. is a weak solution
to

[:J\I/Z' (.,8):)\,' (8) \I/l' (.,S) in I?,

0¥ (.,s)=0 on OI¢. (3.18)

2. {\ (5)}1 en 1% (8) ey are monotonously increasing sequences such that it holds
M (s), Ak (8) = o0 as i,k — oo.

3. The eigenfunctions {¥? (., s)}ieN form a complete orthonormal system in L2 (I?,(.,.))
and the eigenfunctions {Wy, (., )}, form a complete orthonormal system in the space

L2 (Issﬂ <'7 >J)

As the coefficients of £y and L; are smooth, elliptic regularity theory also implies that
{wl(, S)}z’eN’ {W (., 5)}pen are classical solutions to (817) and (8I8). See [d0], Theorem
4.12 for the spectral decomposition (the result for £; follows when considering the scalar
product (.,.); on L? for the corresponding Gelfand triple) and [(2], Theorem 8.1.5 for the
elliptic regularity in the Neumann case. In the following, we will often drop the s-dependence
of \IJ?, \I'k,)\? and ;.

The next proposition reveals more details about the smallest eigenvalues and the corre-
sponding eigenfunction:

Proposition 3.6. Let s € I'. Then it holds for all € € (0,¢€p)

1. the eigenvalues satisfy

- (3.19)
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3. Spectral Theory

2. The eigenfunction ) corresponding to the smallest eigenvalue X can be chosen to be
positive in I7. Moreover, )\(1) is simple, i.e. if ® is any other solution to (3I1) for )\(1),
then ® is a multiple of VY.

The same statement holds true for W1 and A1.

3. The vartational principles

Al =inf { LO(U, )| ¥ € H' (IF), | V]| = 1} (3.20)
and
A) = inf { LO(V, U)| ¥ € H' (IF),|| V|| = 1,0 LU)}
hold. The same equalities are satisfied for A1 and \o if we replace L° by L7, ||.| by
|.Il; and L by L.

Proof. Ad 1) Let )\? be an eigenvalue with corresponding eigenfunction \II?. Then it holds

0= (000, 08) = 10 (9, 00) = 923, — o [0

(2

(e)
> —Cp

by (B13). The same is true for A\; by (BJ4) when we substitute the norms and scalar
products correspondingly.

Ad 2) We set X := H3(I?) and replace Lo with Ly + cp in this proof (this does not
change the eigenfunctions). Due to the Sobolev embedding theorem we have a continuous
embedding X — C? (fg) and a compact embedding H® (I?) — X. Using elliptic regularity
theory (see again [12], Theorem 8.1.5) we get that the unique weak solution of Lou = f with
Neumann boundary conditions for f € X satisfies u € H® (If) and thus

S:X—-X, fu
is compact. Moreover, S is self-adjoint and bounded. Now we define the cone
C:={feX|f>0in I}

and show that we have
S (f)>0in I? for f € C\{0}. (3.21)

For f € C\{0} we have Lou = f > 0 in I?. It follows that u has no negative minimum
inside of I¢, since otherwise the strong maximum principle would imply that w is constant

and non-positive in I and thus
f=Lou<0< fin I7,

contradicting the choice of f. Now assume that w has a non-positive minimum in some
xo € 0I7. Then —u (xg) > —u(x) for all x € I? and Hopf’s lemma (cf. [29], Chapter 6.4.2)
implies —u' (o) > 0, which contradicts the boundary condition u satisfies and leads to (B=21).

Now Theorem A= implies that the spectral radius 7 (S) is a simple eigenvalue of S and
admits for a positive eigenfunction. As yu is an eigenvalue of S iff A\ = 1 is an eigenvalue of
Lo and the according eigenfunctions coincide, this shows 2). An analogous proof holds for
Ly.
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3.1. Spectral properties of Ly and Ly

Ad 3) Let L be the bilinear form corresponding to Ly + ¢o with respect to (., .). {‘I’?}ieN
1
is a complete orthonormal system of L2 (I?,{(.,.)) and {(/\,? + 60)75 \IJ(Z)} N is a complete
1€

orthonormal system of H! (I?, L) since on the one hand
L9, W9) = (Lo + co) ¥, 9) = (A + o) &7,

which implies orthogonality. On the other hand, it holds for a function ® € H! (I?) satisfying
L{¥ @) =0 for all i € N that

(A + o) (B9, @) = L(TY, @) =0

for all i € N and thus ® = 0 in I?. This yields completeness of the system, see e.g. [62], Satz
V.4.9. In both equalities we used the Neumann boundary condition for \I’?. Thus, we get

1
for & € H' (I?) with |®] =1, ®LU0 for all i € {1,..., K} and p; = L <<1>, (N + ) 2 \11?>

L{(®,®) = lim (ZMZ> = lim (iv: ()\?Jrco) <\I/?,q>>2> (Mki1 + ) B2

N—oo N—oo \ 4
=0

Subtracting cg ||®|| from both sides, the statements follow immediately. The proof follows
along the same lines as in the case of L7 when replacing the scalar products and norms. [

Before we may discuss the main results of this subsection, we show a very technical auxil-
iary result, which guarantees that eigenfunctions corresponding to “small” eigenvalues have
exponential decay close to the boundary of I?.

Proposition 3.7. Let m := \/min {f” (1), f” (-1)}, s € I and let ¥ be any ||.||-normalized
eigenfunction of Lo corresponding to an eigenvalue A < mTQ. Then there exist €; € (0, €o] and
ca2, C > 0 independent of € and s and such that

| (p,s)| < Ce™ 27 for all p € [+ (c2+ 1) el —he (s)], (3.22)

for all e € (0,¢€1).
This also holds (with different constants ca, C' and €1) if ¥ is a ||.|| ;-normalized eigen-
function of Ly to an eigenvalue \ < mTQ.

Proof. Since 6y (1) — +1 for 7 — 400 and 6y is monotonously increasing, there exists some
cg > 0, such that inf| >, f" (6o (1)) > #. Using this, we want to show that for each
be [02, e —he (s)] we may apply a comparison principle to deduce

cosh (% ((6*1 — h¢ (s)) — p))

(0,8 < B (o) 2= 10 0,9)] S i (3.23)
2
for all p € [b,e™* — h¢(s)] and
cosh (2 ((e 1 € (s
¥ (p,5)] < B (p) o= | (=b,5)) LB LT+ () +) (3.24)

cosh (% ((e71 + he (s)) — b))

for all p € [—e~ ! — he(s),—b], for all € € (0,€). Here we choose €; < where C* is

the constant from (B22) and €; € (0, €.

I
co+C*
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3. Spectral Theory

We initially assume that ¥ is positive. In order to show (823) and (8=2d) we observe that,
since ¥ is an eigenfunction of the operator Ly, we have

2
Ozﬁo(\II)—/\\I/:—af,\lurf”(eo)\lf—)\\l/z—8§\IJ+\I/<—TZ>
U (

on [—e ' —h(s),—b] U [b,e! — h¢(s)] and thus L(U(,s)) = 82 U(.,s)— mT
On the other hand, we may compute

2 2 2
2+ _ M pt gt (M ™M) <
et — 5 @(4 2)_0

and Conclude L(U (., s))>L(®T) on [b,e7! — h(s)] and analogously L(U(.,s))>L(D)
on [—e ' —he(s),—b]. Since 9,V (£e! —h(s),s) = 0,9 (e~! —h(s)) = 0 and it
holds W (&b, 5) = |U (£b, s)| = ®* (£b), Lemma AT from the Appendix implies the desired
inequalities (B223) and (824). The same ideas may be applied to the case that ¥ changes
its sign throughout the intervals (or is negative); then the comparison principle has to be
applied on the domains of constant sign for ¥ resp. —V.

Since ¥ is normalized we have

co+1 2
== | [ we) =)

Cc2

for some £ € [cg,ca + 1], by the mean value theorem. We may thus choose by € [ca, co + 1]
such that |U (£bg, s)| < 1 and get from (B23) and (B=24)

cosh (3 (7' — k< (s)) —p)) e

U (p, s)| < Cosh(é((e_l i) ) for all p € [e2 + 1,7 — A (s)]
cosh (2 ((e1 +h(s)) +p)) 1 e B

¥ (e, 9)l < cosh(é (e + A (s)) — bo)) for ll p & [~ ~ 4 (s), = (ex + )]

o Bbo 4 o~ B T (s))—bo)

< e3P (1 + e_m((e_l_he(s))_p)>

m
e~ zb0

_m, < e G O) 6%(6*1_}16(5)) +e 2 5 (71 =he(9))- 2p)>
2 e 2

<e %P (26%@2“))

for all p € [CQ +1,et—ne (s)] . Analogously we get a similar estimate for every p €
[—e7! — h(s),— (c2 +1)], leading to the assertion.

Now let ¥ be an eigenfunction of £;. We have ¢ (p, s) = 0o (p) +€p° () 01 (p) +€2¢° (p, 3)
for (p,s) € I¢ x I and we can again find ¢z > 0 such that for € small enough we have due
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3.1. Spectral properties of Ly and Ly

to (88) the estimate inf ¢ s\ (—cy,c0) f7 (¢ () = %. Moreover, we can consider the same

functions @ and ®~ and find for positive ¥ that
~ 1 m2
L(Y(.,s)):=(J) 0,(JOY¥(.,5)) — 7\11 (.,8) >0.
On the other hand we get
(J) 1 9,J9,0T < Cedt

for some C independent of € and s, as ‘(Je)fl‘ < C for C independent of € and s and

9,J¢ € O () (cf. Lemma (83)). Moreover |9,®"| < C®™ as sinh (p) < cosh (p) for all p € R.
Thus,

2
At +(_Mm
L(®T) < < 4+Ce><0

for € > 0 small enough. The rest of the proof then follows along the same lines, with the
only difference that |¥ ()| < C due to ||¥||; = 1 and the uniform lower bound on J¢. [

The following lemma is a modified version of Lemma 2.1 in [24] with an extended proof,
adapted to our situation that the eigenvalues \IJ? depend on s.

Lemma 3.8. Let Assumption B2 hold, let s € T be fized and set [ (s) := H{%H_l. Then
there are C,Cy,Cy > 0 independent of s and €, € (0, €|, such that for all € € (0,¢€1):

1. The principal eigenvalue N (s) and the corresponding positive, |.|-normalized eigen-
function U9 (., 5) of Lo satisfy

N ()] < Cre 2, (3.25)

where C1 only depends on €y and Cy depends on «, which is given as in Lemma 223,

and on m := \/min {f" (1), f" (-1)} .
2. It holds

A (s) = inf LYV, ) > C. (3.26)
VeH! (1), | =1
T1T0(.,s)

3. The function R (p,s) := WY (p,s) — B (s) 0} (p) fulfills

C.
IR+ 119,R]| < Cre™ <. (3.27)

Proof. Due to Proposition B8 2) ! is simple and ¥? can be chosen to be positive. Due to
1) and 3) of the mentioned proposition, we find

—cg < A < LY (86}, 58))
1_he(s
_ g <<ﬁoeg,eg> T [egeg]il_}fegs))
Ca
< Cle_T (328)
for ¢y as in (B3) and some constants C1,Cy > 0 independent of € and s. In the last step

1_pe
we employed Lo, = 0 and the fact that [0(6f]° , }i;fzs) < Cle_% holds for all € € (0, ¢p).
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Both follow from Lemma P2 and C depends only on a and m since |1 — ke (s)| > o for all
s € I, see Notation B2 2). Moreover, we used

N

1 )
B <poim | [ (8)7an) . (3.20)

1

cf. (BD).
Now we only have to take care of the lower bound of \Y. We first observe that we may
choose €; > 0 small enough such that \) < %2 and thus Proposition BZ2 implies

|09 (p,s)] < Ce 2Pl for all p € [£(co + 1), e — A (s)] (3.30)

for all € € (0,€1), where C and ¢y are independent of € and s. Using this, we get

L_pe(s
N (.6) = (Low. o) = (. Lotl) — [0598] 1",

_C
> _Cle €y

where we used the same properties of 6], as above and where Cy only depends on « and
m. Thus, we may reduce the problem of proving the lower estimate for A} to proving that
(¥Y,6() has a uniform positive lower bound. As ) > 0 in R and U{ is positive, the claim
follows if we can show that there exists some c¢* > 0 independent of € such that ¥ has a
uniform and positive bound from below in (—c*, ¢*).

Since (8231) holds and ¥Y is normalized, we may find some ¢* > 1 > 0 independent of
€ > 0 such that

c*

1

[ 18 @ >

7C*
holds. Due to the positivity of ¥¢ and the uniform bound on A} we may use Harnack’s

inequality (cf. [29], Chapter 6.4, Theorem 5) for the equation (L'o — )\(1)) U) = 0 in the
interval (—c* — €, ¢* + €) for small € > 0 and get

1
2

C*
1
it W8> sp WeC (o [P >oue)
—c*

(—c*,c*) (—c*,c*)

where C depends only on ¢* and the coefficients of £y — A}, which are uniformly bounded
(in € and s). As we remarked above, this proves the assertion 1).

In order to prove 2), we first observe that if \J (s) > mTZ holds, there is nothing to show.
We therefore assume A9 (s) < mTQ holds and may thus use the results of Proposition B2 for
the |.]-normalized eigenfunction ¥9. Furthermore, there exists exactly one xo € I with
U9 (z9) = 0 (cf. [37] Theorem 1.3.2). Since it is shown in Proposition B2 that for every
b € [co,e! —h(s)] the estimates (823) and (824) (found below) hold, we may deduce
Tg € (—c2,c2) (otherwise W9 would be zero in an entire interval). Note that xg = z¢ (s)
depends on s. We assume without loss of generality that ¥ is positive in (xg, el —he (5)]
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3.1. Spectral properties of Ly and Ly

We get a first estimate on \J by using the equality Lo¥) = AJUY in I? and calculating
e 1—he(s) e~ 1—he(s)
A9 / Woydp = / LoW04dp

Zo o

e 1—h<(s)
_ / WHLobpdp + (W05 — 0, (U9) 65,

o

L he(s)

Ca

>0, (\I/g) (w0, 8) 0 (z0) — Cre” < .

In the last inequality we again used the properties of €[, as we did before in the proof of 1)
together with |9 (p, s)} < Ce 2l (see again Proposition B-7) and

Y (z0,8) = 0, (\Ifg) (e —h(s),s) =0.

Thus, we have

C
0p (\11(2)) (xo,s) O (xo) — ClefTQ
fe_lfhf(s) \Pge(l)dp

o

A2

v

(3.31)

As U9 is normalized we may estimate
et —he(s)

U30odp < [|22|] [165]] < [166]] sy = €

o

where C is again independent of € and s. So we may prove the desired lower bound for \J
by showing that 0, (\Ifg) (z0, s) is strictly positive, independent of ¢ > 0. For this we will
employ Hopf’s lemma and carefully consider the constants appearing in the proof (cf. [29]
Chapter 6.4.2).

First off, note that since ¥Y is normalized, we can choose ¢* > max {1, c2}+ 1 independent

of € and s such that )
c* 2
1
( / (@)’ dap| >3,
C*

. . 2
if € is small enough. Moreover, —cy < A < 7~ and we have

(Lo+co) U= (A} +co) T <0 (3.32)
1
in (—c*, o), as ¥J is negative in that domain. Assume now that <ff2* (\Ilg)de> * > 1 (if

this does not hold, then one may repeat the following argumentation on (zg,c*) with —¥9).
Then it follows
‘\Ilg (pmm,)‘ = max \\1/3| >c>0
pE[—c*,@o]
for some constant ¢ independent of s and € and for some py,q, € [—c*, xg]. Before we may
now go into the details of the application of Hopf’s lemma, we need some more information
on ¥ . Due to (B332) we have

8pp\lig > (f” (00) + CO) \Ifg Z *260 "Ifg’
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3. Spectral Theory

as W) is negative, and thus for all p1, p2 € [—c*, x0], p1 < p2, we have

c*

P2
/a,,qugdp > — / 2¢ ‘\Ilg|dp
p1

—c*

—c |||
—é,

AVARLYS

(3.33)

where ¢ > 0 only depends on ¢y and ¢* and is thus independent of € and s.

First we show that we may assume that pp.. € [—c*,x9 — d1] for some fixed §; > 0
independent of € and s. For this let pye. € (zg — 01, 2¢) for some d; which we choose below.
Then

0 < ¢ < U5 (20) = U3 (Pmaz) = (£0 = Pmac) aplpg ()

and thus
c

0,05 (€) > — (3.34)
01

for a suitable point £ € (Ppmaz, o) by the mean value theorem. Thus,

o
9, (o) = /appq’gdﬂ + 0,15 (¢)
13

sy C
_C JR—
01

v

>1

by choosing d; small enough, depending only on ¢ and c¢. Here we used the fundamental
theorem of calculus in the first step and (B333), (8334) in the second.

Thus, we may assume that pya. € [—¢*, 29 — 01]. Let now z := —¢* — 1, R:= xp — z and
T = Pmaz — 2. Moreover, we define

v(p) = e~ Np=2)" _ —AR?

for p € (z+r,z+ R) =: J and for some A\ which we choose in the following way:
It holds

(Lo + co) v (p) = e (=402 (p = 2 +- 20+ (" (60 () + o) )

e,)\(pr)z (_)\27,2 4 2)\ 4 2C0)

e MPB” (L0249 4 2¢))
0

IN

IN A

for A > 0 big enough, independent of € and s, where we used r > 1 in the third step.
Moreover, for € > 0 it holds

\Pg (pmaa:) + gv (Z + 7”) S _C+ g (e—Ar2 _ e_AR2>

and since 1 <r < R —§; and
1<R<2 (3.35)
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3.1. Spectral properties of Ly and Ly

we can choose € > 0 independent of € and s such that

0= U9 (20) > U3 (Pimaz) + & (Pmaz)

and of course
\1/3 (xg) = \Ifg (z0) + €v (z0)

as v (zg) = 0 by definition. Thus, we have
(Lo + co) (P§ + év — Wy (20)) <O
in J and
T+ év — Uy (29) <0

on 9J and thus the weak maximum principle implies
8, (V9) (z0) > —&v' (z9) = 2ARée M > €' > 0

for some C' > 0 independent of € and s, due to the choices of A and € and (B23H). In view of
(8331), this proves 2).

To obtain assertion 3) we introduce a technique that will also be helpful in the proof of
Lemmata B and B0 (although we will use it there in a slightly different way). The idea is
to analyze a decomposition of ¥? into a multiple of 6(, and a part that is orthogonal to v
which will be shown to have exponential decay.

To get this decomposition, we define a (s) := ﬂf[g W90, dp and (\Il?)J' (p,s) == BO; (p) —
a(s) WY (p,s) for p € I¥, s € . Note that a(s) > 0 since ¥{,0) > 0. From the definitions
we immediately get W9 L (\Il(l))l and

2 12 i 2
1=5 [ (66" do = ()] + 0 o) (U0, (9) ) - o)? 08
Ig
2
= @)t +at, (3.36)
which in particular implies a (s)> < 1 for all s € I'. Regarding (328), we also get
_C2 0/pn np! 270 /30 @O 0 0L (g0t
Cre™ < = LU(B0, ) = a(s)” L7 (¥, ¥7) + L <(‘I’1) (1) >
2
> a(s)” X0+ A3 (w9) ]
where the last inequality is implied by 1) and 2). The second identity is an auxiliary result

which is shown at the end of this proof.
Using the estimates on A?, A\ and a (s)? < 1 we find

Ca

[ < e

and thus also
2 _C2
a(s)*>1—-Che
by (B338). As a(s) is strictly positive due to its definition, this implies

c2

>1-— C’le_T

SIS

a(s) > (1 - Cle_%>
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for € > 0 small enough. Now we have
o6 — WP = [ 5° (66)* ~ 20856+ (¥9)° do
IS

Ca
=2-2a(s) <Cie <,
howi
showing .
IR|| < Cre™ <.

In order to estimate 8,,73 we calculate

1868 — 0,99||” = / (865)* — 28640,99 + (9,19)° dp. (3.37)

Moreover,

< [ @) Pap+cre?,
Ig

where we used (B723) in the first inequality, the decay of |R|| in the second inequality and
1" (60) 6} = d% (1" (6)) = 6] due to (I=38) as well as integration by parts and the exponential
decay of 6, in the last inequality. On the other hand, we have

- / 266000, 10dp = / (A2~ 7 (6)) 209536

Is Is

=~ [ 8= 17 60) 2 ((985)" + RBy)
Ig
< -2 / (8%65)" dp+ 2 / 1" (60) (64)° Bdp + Cre™ 2
Is Is
< —2/ (85)° B + Cre™ =,

Ig

where we again used the decay of ||R|| in the third line and (8223), f” (6p) 6(, = 6’ and ()
in the last step. Plugging those two estimates into (B337) yields the claim.
As mentioned before, we still have to show

L° (860, 80) = a(s)” 1 (8, ) + L0 ()", (¥9)7). (3.38)
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3.1. Spectral properties of Ly and Ly
Plugging in the definition of (\I'?)L gives
L° (65, 805) = a (s)” L° (W9, W) + L0 ((99) ", (¥9) ")

+2a (s)/ap (¥9) a, ((\p?)L) + £ (00) B9 (9) " dp
I

and since WY is an eigenfunction with Neumann boundary condition and W9 | (\Il(f)J' we get

/a (s) 9, (¥9) 9, ((‘I’?)L> + 1" (6o) WY (‘1/(1))l dp

Is
= a(s) (LoW}, (W) ) +as) |9, (1) (\pg)ﬂw
= a(s) M () (w1, (¥9) ")
=0,
completing the proof. ]

Next we prove similar properties as in Lemma B= for the eigenvalues of the operator L ;.

Lemma 3.9. Let Assumptions B2 hold, let s € I' and let 5 (s) = ||96H_1. Then there are
€1 € (0,€9] and C > 0 independent of s, such that for all € € (0,€1):

1. The principal eigenvalue A1 (s) and its ||.|| ;-normalized positive eigenfunction ¥y (p, s)
of L satisfy

I\ ()] < Cé? (3.39)

forall s €T and

’

U (p,s) == W1 (p,s) — B(s) 0 (p)

Julfills
sup (Il [, +]|wh), | ) < ce (3.40)
2. It holds 1
A2 (s) 2 &
forallseT.
3. It holds

sup (9,01 (5 8)l1) < C (e + IVecil ey
sel’

Proof. Ad 1) First of all, we show that we may express L in terms of L° plus some pertur-
bation of higher order in €. This will allow us to use results from Lemma B=3.
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LW W) = [ [T ()] + 17 (F2 ()5 T () d

€ s 2
_/ap,]s (p,s) W (p) W, (p)_i(aﬂ }fkp)g(p))

dp

By ()] + (5 (F2 (), ) ¥ (p)dp

€ s 2
_/;a,, (\If (p)2) 9, (p, 3)+i(ap<f }fa(pf;(ﬂ))

dp
By ()| + 7 (4 (B2 (), ) ¥ ()2

Lo o (2000 (p,) ) (9,7¢(p,5))°
—I—/4\I/(P) (( je(p,s) >_ ;e(p,S)Z >d

~ L_he(s
720, ¢ (.,s)] )

1
2

9

Je(., )

féfhf(s)

where we used integration by parts in the last step. Thus,

(3.41)

holds, with

G (p,s) =€ 2 (£ (cy :
N (2(83 S (0).8) (0,7 (F? (p),s))2>
1\ T TE () :

S
&

5(p).s) J(F2(p),s)

Due to the structure of ¢4 as noted in (84), the smoothness of f and I' (and thus also of .J),
(8W) and the boundedness of 6y, 61, we find using a Taylor expansion

7 (0.9 < O+ (|79 (00 (0)) 24 (s + 2 (o) mr ()
+ 25 max [0 (@ (501 () + 4 s+ F (e (3))°
< Cr (g (s + F2 () nr (9)]) + Co
<C(1+p). (3.42)
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3.1. Spectral properties of Ly and Ly

Here, C, C1, C5 > 0 are independent of both ¢ and s. Now we are able to find an upper

bound for A\; : using (822) and the fact that we have HBJ_% (F2(.),9)6, L= 18651 = 1,
we may employ (BZT) to calculate
A (s) < L7 (B(I) 77 00, 8(J) 2 65 )
270 /g pf € (3) 1\2 2
< B2LO (6}, 04 + Bep* (s) / 79 (60) 0, (6)* dp + O, (3.43)
IS

where we used Proposition B8 in the first step and the exponential decay of 6y and its
derivatives (cf. (1)) in the second. Now it holds

1 (0,00) = [0400] ") < Cre Ot

for € small enough and Cj, C2 > 0 independent of € and s, see also (8228). Furthermore,
(B3) implies

5 [ 19 o @ < [ 1100 0
IS

R\Z¢

< Che O, (3.44)

where we used the uniform boundedness of § (for e; small enough, cf. (83229)) in the first
inequality, as well as §; € L* (R) and the decay of 6, in the second. Thus, we get the desired
upper bound Ay (s) < O (€?) from (B23), as p© is uniformly bounded due to (8T).

Next we will find a lower bound for A;. First off, we note that we may choose € small enough
to ensure \p (s) < mTQ. Corollary B2 thus implies that the normalized positive eigenfunction
Uy (.,s), s €', corresponding to \; satisfies (8722).

We define ¥y = (J°) 20 and use a decomposition similar to the one in the proof for
Lemma B 3). That is, we define a (s) := <\i/1 (.,s), ¥ (., s)> and (\I/(f)l (p,s) =W (p,s)—

a(s) ¥ (p, s), where we again have W9 | (\Il(l))l and a (s) > 0 as both eigenfunctions and J*
are positive. The main idea now is to use (BZd) to establish a connection between A\; and
A} and showing that the perturbations of LY are only of order €2.

Using U9 (p,s) = B0, (p) + R (p, s), where ||R| < Cre=Cze (cf. Lemma BX 3)), we may
calculate

[ 19600061 0) (16.5)) o) < a6 [ £ (00 0)) 61 (0) (W8 (0,)*
I3 Is

4 [ 1960061 60) (99)* 0.5)) o

+20(9) [ 19160 (9)) 61 (0) 91 (9, ) ()" (p.5)dp
IS
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3. Spectral Theory

<o | 8| [ 196001 (8)" dp| + e
Ie

s (|« ot oty

<0 <6021 + H(\If?)LHQJr H(@?)ﬂ‘) , (3.45)

where we used Hélder’s inequality and (824) in the third line and || ¥9|| = 1 in the last. We
also employed the uniform boundedness of a (s), which follows from

a(s)?=1- H(\IIS))LHQ <1
Now we calculate a lower bound for A\;: using (821) we get
A (s) = L7 (U, 0y)
= 20 (B, 0) ' () [ 19 60 (0) 61 (0) B (0.2 dp+ € [ 7 (05) T (9,
Is Is

Uy (., 8)20,J (F5(.),s)
J(FE(),s)

1_pe
€
€

2

_l_he
> 10 (0,00 = e (e o) [+ o))

—0362/(1+\py)@1(p,3)2dp
IE

> a(s)” L0 (09, w9) 4 L0 <(\I,(1))L 7 (\Il(l))L> Oy (H(‘I’?)L‘r N H(‘I’?)L‘D
-G (3.46)

Here we used (823) and (BM) in the third step and the exponential decay of ¥; in the third
and the fourth step. Furthermore, we used an analogon to (8=38) for LY <\I~/17 \ill> in the last

inequality, which may again be justified by the circumstance that ¥9 is an Eigenfunction of
Lo and W9 L (¥9)" holds.
We can further the above estimate by computing

AL (s) > a(s)* AY + A9 H(‘IJ(I))LW — Cie <H(\1;(1))lH2 N H(q;(l))iH) — Cyé?

> —Cre @t 1| (xp?)LHQ (Cs — €Cly) — Cse

(w9) "] - Coe?
> & ()| - caef o) - cae
> o - e
for €; — and thus e — sufficiently small. Here we used the definition of A}, A9 in the first

inequality, a (s)2 < 1, (B23), and (B20) in the second inequality and the smallness of € in
the third. The last estimate holds due to Young’s inequality.
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The upper bound on A; now implies

(@) = ce (3.47)
leading to
2
I\ (s)] < Ce2 and a(s)® =1 — H (\p?)LH >1-Ce (3.48)
and in particular
1
a(s)> (1-Ce*)? >1-Cé. (3.49)

Thus, we have finished our estimate of A;. It remains to show (8Z0).
In order to do that, we remark that (8Z8) also implies L° <(\II?)J‘ , (\P?)J'> e (62). In

conjunction with the definition of L° and the estimate for (\I/‘f)J'

, this leads to
Ha,, (\pg’)lH c0(). (3.50)
Combining ¥y = a¥9 + (\11(1))L and WY = 30} + R, we find
wF = (7972 (a (865 + R) + (W) ) - 86,

= (J)~ (,896 (a - (Jf)%) +aR + (w?)l) . (3.51)

=

As1—-Ce? <a<1and (JG)% >1—0(e|p+ he(s)]) due to Lemma B3 we have
a—(J)2 =0 (elp+he(s)|) ¥pe It sel.
Thus, we have

I ol = [ (07 (30 (o= 09F) + R+ 01))) oy

IS

€

<ol e [+ n o) ap+ IR+ 00)
/

€

< Cé. (3.52)

Here we used (B822d) in the first step and (8227), (B21), as well as the decay of €[, in the last
step.
To estimate the derivative we calculate

-1 el L p =3 A T€
9,0 = (J) 2 <503(a—(J)2)+aapR+ap(\p?) ~ 50 () zapJ>
1 - €
-5 () 19, J Uk,

Due to Lemma B3 we have 0,J = O (¢) and C' > J(p,s) > cforall p € I?, s € I'. Thus,
we can estimate 9,U} in a similar fashion as in (8552) using (850) and the estimate for ,R
in (B222). This proves the claim.

Ad 2) and Ad 3): As there arise no new difficulties, we refer to [24], pp. 1381 for the
proofs. O

63
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3.2. Useful Decompositions

As {¥;},cy form a complete orthonormal system of L? (I, (.,.);), we can write every ® €
L2 (I%) as ® = (D, V), ¥y + ¥R with UR L ;0. If we can additionally control L’ (®, ®),
we will also be able to control L7 (¥R UR) as L7 (U, ¥1) = Ay € O (€?) by (B39). Note
that this is essentially how we proved (820), where we used ¥{ and (.,.) instead of ¥; and
(.,.) ;- These ideas are the cornerstones of the following lemma.

Lemma 3.10. Let Assumption B hold and let e > 0 be given as in Lemma BA. Let
e HY(I'(1)) and Ac € R such that

[/l 2y =1 and / €[Vol? + e L f7 () vida < A.. (3.53)
r(1)

Then there exist constants C,C1,Cy > 0 and functions Z € H' (T') and y® € H'(T'(1))
such that

b (r,8) = 37 (s) ¥ (g — R (s) ,s) + R (r, s) (3.54)
for almost every (r,s) € (=1,1) x I', satisfying
2
H@bRHm(ru)) < C (ehe +€7) (3.55)
and A
2 €
1Z1 3y + IV 220y + HwRHHl(F(l)) <C (1 + 6) : (3-56)

Proof. We set

and define
PR (r,s) =1 (r,s) — Z(s)1 (r,s) (3.57)

for almost all (r,s) € (—1,1) x I'. Then the identity (854) is fulfilled and for s € I' we
compute

(Y1, 90®) ;= (1,0) ;= Z (s) |5 = 0 (3.58)

due to the definition of Z, Proposition B8 and [¢1]; = ||¥1]|; = 1. Thus, ;L 4R for all
s eI and

1= / (6, 10) , AH" (s)

r

_ / B2+ 22 (s) dH L (s).
r

Furthermore, we have

L7 (¢ (8),0 (8) = L7 (0™ (9) 9™ (L 9) + Z2 () L7 (91 (1 9) 01 (8)) . (3.59)
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3.2. Useful Decompositions

We may deduce this by calculating

LJ (¢ (’a 5) 7’¢ (‘a 5)) = / (€¢r2 + e_lfﬂ (CeA) 1[)2) Jdr
I
= LJ (¢R (‘7 S) 71/}R ('7 S)) + 22 (8) LJ (7/)1 (‘7 5) 71/11 (‘7 S))
+ %Z(s) / (8,9R0, T, + f" () R, ) Jdp, (3.60)
12
where we define UR (p, s) := /ev® (e (o + h¢ (s)), s). Due to (858) and Proposition B we

have UR | ;U and as ¥, is an eigenfunction of £; fulfilling a Neumann boundary condition
we get

/ 9,9R0, W, Jdp = — / TR, (J0,%)dp
Is Is

= / A (8) URW g€ — 7 () URW J4dp
— [ e v,

where we used integration by parts in the first equality. Plugging this result into (8%0)
immediately leads to (8259).

In order to prove (B353), we now utilize Lemma B9. Using the assumption (B53) and the
decomposition of the gradient as discussed in (833) we find

A > /elvw\z—i-e_lf”(cil)dex

(1)
- / L (4, 4) dH" (s) + ¢ / V0 de
T (1)

> /LJ (PR R) + Z2 (s) L7 (1, ¢1) AH™ 1 (s) + € HVWHQH(F(U)
T

> ( / L7 (UR, R 4 Z (5)° L7 (Ty, 1) A" <s>) + eIV 2y
I

_ 2 e
>t [ LR+ 22 (6) M ()M (5) + eIVl gry
I

— 2
2 € 101 HwRH[P(F(l)) +e€ HVTdJH%Q(F(I)) - 602, (361)

where we used (8329) in the third line and Lemma B in the fifth line. Moreover, we used

/22 (s)dH" ! (s)=1— Hz/;RHQLQ(F(l)) <1 (3.62)
r
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in the last inequality. This leads to
_ 2
M Y™y + €IV Taq)) < O (Ae +6) (3.63)

and in particular proves (B3h3) as well as the estimate for V1 in (B50).

Next, we prove the estimate for ||Z||? m1(ry in (820): The L%-norm of Z has already been
taken care of in (B62) leaving us with the task of estimating the derivative. We proceed by
first estimating

Vo] = / ‘VT(%\IH <£ — h(s) ,s) ‘2 J(r,s)dr
I

:/ e (£ 1 (5),5) Wb (5) + Ve (5= (s), )‘QJ(r,s)dr

I

< c/ (19,21 (0.8) Vo (5) + V01 (p, ) ) T (. 5) dp

<1 [ @01 (0.5 I (p5) dp+ G (4 Vi )
I:

<C (Haquln?, + 1) : (3.64)

where we used Lemma B 3) and assumption (BZ7) in the fourth line and assumption (B79)
in the last. Using Lemma B 1) we furthermore find

10,9011, + / £ (5 (F2 (9) 1)) W1 (p.)° I (p.s) dp < €€

leading to

0,0} < mae |17 (¢4 @)] )5 + O < ©

as ¢ is uniformly bounded by our assumptions and H\IJlHQJ = 1. Plugging this into (B854)
leads to

sup V|7 < C (3.65)
se

By the definition of Z we have

[ z@Eaet
T

(Vo) J7H) )2 aH = (s)

< / (9], [91]), + (][9]} + (

r

2
= ”VTT/’”%WUﬁ/ <\¢|J (ilelgmwl!ﬁ!wl (V. J) Jl\J>) dH™ 1 (s)
r

< | V.ll7 (T'(1)) +C'1/W\J/\I’1 (p,8)* |Vrd (e (p+ he (), 8)|> dpdH™ ™ (s)

IS
+ Co 1911720y, - (3.66)
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3.2. Useful Decompositions

where we used [¢1]|; = 1 in the first step and (BB3) in the last. Since
11 (p,s)| < Ce 2Pl for all p e [+ (c2+ 1) et —he (s)]
for all € € (0,€1) by Proposition B we can use Lemma B3 to get
[ #0915 )P ep < €
Ie
for some C' > 0 independent of € and s. Thus, (868) implies
[ 192 &R a1 ) < 9200y + €

r
<C(e'Ac+1), (3.67)

as [[¥ll 2(r(1)) = 1, where we used (B%3) in the the second inequality.

Since the estimates for ||V, 4|72 (r(1y) and | B have already been shown in (B53),

2y
we only need to consider V¢® = 9,4Bnr + V. ®. We note that we may use the estimates
in (B3) and the previously found inequalities to show

/ L7 (9B Ry aH™ ! (s) < Ac + Ce
T

thus leading to
o™ [zaqey) < At Cetea Juax |1 (¢4 (@))€ / [R5 an" ! (s)
r

<C(Ac+e)

by (B53) and the uniform boundedness of ¢.
To estimate the surface gradient, we observe that the definition of ¢® implies

qu/)R (Tv 5) = VT¢ (Tv 5) -V:Z (8) ¢1 (Ta 5) -Z (S) v7'101 (T, S)

for almost all (r,s) € (—1,1) x I'. Thus, we have

2
HvaRHm(r(l)) <Cr | IVl 2oy + / ’VTZ(S)\g/”L/Jl (r,$)° J (r,s) drds
iy I

+ Cysup V-] ||Z||12L11(r)
sel’
<C (eflA6 + 1)
due to the estimate (803), the estimate on [|Z]| 1y and the estimate on V;¢; in (853),

and the identity |1 (., s)|2J = 1. This proves the assertion. O

A similar result also holds if ¢ is not normalized. This will in fact be essential later on,
as it yields important structural information on the difference between the exact solution c*
(of (IR)—(I23)) and its approximation. The most important applications of the following
corollary can be found in Lemma and in Theorem B2 (in particular in the auxiliary
results Proposition B8 and Lemma B9).
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Corollary 3.11. Let Assumptions B hold and let e > 0 be given as in Lemma 3. Let
€ HY(I'(1)) and A € R such that

/ € |V@ZJ|2 +e L (c%) P2z < A..

(1)

Then there exist functions Z € H' (I') and v® € H' (I'(1)) such that

U (rs) = 2 Z(s) W (S = (s),5) + ¥R (rs) (3.68)
for almost every (r,s) € (—1,1) x I', satisfying
R||2 2 2
Hw HL2(F(1)) <C <€Ae te H1/1HL2(F(1))> (3.69)
and A
1210y + 1981320y + 1™ e (Hwan ) + ) . (370)
Proof. We define
§i= ot
191 201y

Then we have

12 A
+e () PPde < ——
190172 y)

/-

(1)

and may use Lemma BT to obtain the existence of some functions Z € H* (") and A=
H' (T'(1)) such that

b (r,8) = €37 (s) W (f—hf( ), s) R (1, 5) (3.71)

with
Il

e

A
<cC (1 + 2) (3.72)
ellYllz2may)

Ac
, <C <62 + 8) : (3.73)
L2(r) 1911720y

Furthermore, if we define ¥ (r, s) := 20, (L —h(s),s), Z(s):= (¢Y1,¢),; and P® (r,s) :=
Y (r,s) — Z (s) 1 (r,s) we have the identities

HY(T)

and

wR\

Z(s) = W)y = (0 10l ey ) = Z () 1))
and

PR (r,s) = W (r,s) ‘WHI}(FQ)) +7 (s) ”1/)”1:2@(1)) Py (r,s) = U (r,s) ’WHL2(F(1))

for almost all (r,s) € (—1,1)xI". Thus, it holds (B68) as a result of (B711) and the inequalities
(82m) and (81) follow after multiplying (8=72) and (B=Z3) by ||1/1||%2(F(1)). O
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3.3. The Spectral Estimate

Now we show the main theorem of this section, a spectral estimate for the Cahn-Hilliard
operator. The proof is based on [G], Theorem 2.13 and [?4], Theorem 2.3. This spectral
estimate builds the foundation of the proof of Theorem BT, which is the main result of
this work. In the following we consider H{ () equipped with the scalar product (u,v), =
Jo Vu - Vodz. The induced norm |.|; is equivalent to the usual H Lnorm by Poincaré’s
inequality. Moreover, we set

/

H = (Hj ().

Theorem 3.12 (Spectral Estimate). Let Assumption @ hold. There exist constants Cy > 0,
Ca >0 and €1 > 0 such that for all b € HE (Q) it holds

/6 IV ? + e (¢h) wPdz > Oy (6 19 1122(q) + € 19l 2nray) + € Hvﬂ/’H%?(ru)))
0

+ (S 1900y + I8 B onray)
— Ca 31y - (8.74)

for all e € (0,¢€1).

Proof. Let ¢ € Hi (). First of all we will show that there exist Cy,Cy > 0 such that

/ €|V + e 1 f () e > / e|VY]* + Cre ! [ da
Q Q\I'(1)

te / V6 do — Coe [0 2agq (3.75)
(1)

holds for € small enough.

Due to (B10) we may estimate

/ eIV + e () e > / €|V + Ce [y da

) O\I(1)

" F/ / (el + €[V + 7 (¢3) 0?) Jards

> / e|w|2+ce—1|¢|2dm+e/va¢|2dx

Q\I'(1) (1)

+ [T s

r
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Setting W (p, s) = /ey (e (p + h (s)), s) we may estimate

/LJ (¥, ) ds = e_l/L‘] (U, ) ds

T I
>t [ ) as
r
> —Ce/w2dx,
Q

where we used Proposition B3 1) in the first line, Proposition B8 3) in the second line and
Lemma B 1) together with Proposition B3 2) in the last line. This proves (BZ73).
We observe that we may now use (BZ73) to derive

/6 Vo ? + e (c5) pPdz > Cy <€ IV 1220y + € 18lZ2@nray) + € ||V¢||%2(Q\F(1))>
0
+ C1€® | Vl[72() — Cae [¥]l72(0) (3.76)

for C1,Cy > 0 and all € € (0,¢;), after choosing €; so small that € < % is fulfilled. The
inequality (B8=78) follows from the estimate

/ |Vl + et () YPda = (1 - €) / e|VY + et () vidx
Q

Q
+ €3 |V¢]2 dz+e [ f" () p?dz
[t

>Cy <€ IVl 72y + € 1812 @y + € ||v¢||%2(9\1“(1)))
+ € | VlI72(q) — Coe [$l17 20y -

Now, in order to prove (BZ7d) we fix a constant ¢ > C and € € (0,€p) and consider two

different cases:
First, we assume

[ eIV e 6de > e[l
Q
This leads to the claim immediately, since adding that inequality to (BZ78) gives

/6 V> + e L7 (cfy) ypPda > C <€ 19ll720) + €IVl T2y + € ||V¢||%2(Q\r(1))>
0
+CE VY1720

for C' > 0, which is equivalent to (B=7d) with Cy = 0.
In the opposite case, that is, if

/ e[V + e (c5) pPda < ce [l 2
Q
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holds, we have to invest a little more work. Let w € H? (Q) N H{ () be the unique solution

to

—Aw =1 in ,
w=~0 on 0f).

Then [24], Theorem 3.1, implies
CellYll720) < IVwlZa(q) -

Moreover,
H@ZJH%I—l(Q) = ”vaQLQ(Q)

which follows from

/ nde| = / V- ndz| < IVl g 199020,
Q Q

(3.77)

(3.78)

(3.79)

for all n € H} (), n # 0, where equality is realized for n = w. Thus, we get by (822) and

(m) 2 2 2
—ellYlze ) = €ll¥lzo ) — ClYlE-10) -

which yields

/6 VP + e f () ¢Pda > C (6 H¢H%Q(Q) +et 19l L2ray) +€ HVWHizml)))

Q

+C (6 IVel T2 @ray + € HV%Z)H%z(Q)) — C¢lF-10

when plugged into (BZ78). This proves the assertion.
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4. The Main Result

The following result is the central theorem of this thesis.

Theorem 4.1 (The Main Result). Let Assumption T3 hold, let f satisfy Assumption T2 and
let € be a cut-off function for & > 0 as in Definition 2. Let moreover v (x) := £ (4ddp (x))
for all x € Q and let for e € (0,1) a smooth function ¢§ : Q@ — R be given, which satisfies
16l ) < Cyo€™ for some Cy, > 0 independent of €.

Then there are smooth functions c5 : Q x [0,Tp] — R,vS : Q x [0,Tp] — R? for e € (0,1)
such that the following holds:

If (v€,p, ¢, uf) are smooth solutions to (II8)—(—2ZA) with initial value

¢ (2) = ¢4 (z,0) + 45 (2) (4.1)

for all x € Q, then there are some €y € (0,1], K >0, T € (0, Tp] such that

e = call 2020y + IV (€ = €l 20 ooy < KMz, (4.2a)
eIV (" = )l 20 200mu0y)) + 1167 = Call 207220010 (6))) < KeM+s, (4.2b)
€2 [ (c° — D llzzorz2waey) + 16— Eall o010y < K, (4.2¢)
/ €1V (" =)+ e 7 (c4) (¢ = ¢)* d (x,1) < K2, (4.2d)
Qr
17 (e = D) | Lo orsnz ey + €2 A (€ = )l 2y < K2, (4.2¢)
7V (¢ = Dl 20y + 117 (€€ = 1) V(€€ = )l 20y < KM, (4.2f)
and for g € (1,2)
IV = vall o zioey < O (@) M2, (43)
hold for all € € (0,€y) and some C (K, q) > 0. Moreover, we have
lim ¢y =+1in L™= (Q7) (4.4)
and
lim v = v* in L° (o, T, H? (Y (t))2) (4.5)

where Q. CC QF and Q. = Utelo,r €Y (£) x {t}.

Throughout this work we will often consider the following assumptions. They allow us
to separately consider many steps of the proof of Theorem El such that the final proof in
Chapter @ can be kept rather short.

Assumption 4.2. Let vy (z) := & (4d (z)) for allx € Q. We assume that ca : 2x[0,Tp] — R
is a smooth function and that there are eg € (0,1), K > 1 and a family (T¢) (o)  (0,T0]
such that the following holds: if ¢¢ is given as in Theorem f1 with c§ (x) = ca (x,0), then it
holds for R := c® — ¢
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< KM3, (4.6a)
L2(0.TL2(@\(6)))

1
r
IRl 2@y + IV Rl 20 12 ruiayy) + H (ERv VR>
3
e 0nRll 20,1, 12(r06))) + 1RN oo 0.1 110y < K™y (4.6b)

/eyVR|2+elf” (c) (R)?d (z,t) < K?2M | (4.6¢)
Qr,

€

1
€2 |VRl (01502 () + (€ YAR, YV R, AR (VR))| 120y, ) < KV (4.6d)
for all e € (0,¢€p).

A major part of this work lies in the construction of suitable approximate solutions and
showing that they solve the system (II8)—(I23) up to a sufficiently high order.

Theorem 4.3. Let Assumption I be satisfied. Then for every e € (0,1) there are

€ € . 2 € € (.
vy, wi O — R ¢, 1%, 0% : Qr, = R

and
rs : Qg — RZ’ Tdiv: Ters ez - Oy — R
such that
AV VDl = Ve 41, (4.7)
divvy = 7§ivs (4.8)
Orcy + (v + M7 Wil € (dr) ) - Vel = Apy + e, (4.9)
o = —eAdy + e f () + i, (4.10)

in Qr,. Furthermore, the boundary conditions

¢y =-1, =0, (—=2Dsv$ + p4I) ngo = apvy (4.11)
are satisfied on O, Q. If additionally Assumption F-3 holds for ey € (0,1), K > 1 and a
family (T, )ee(o ) C (0,Ty], then there are some €1 € (0,€], C (K) > 0 depending on K
and Ck : (0,Tp] x (0,1] — (0,00) (also dependent on K ), which satisfies Cx (T,€) — 0 as
(T,e) — 0, such that

T.

/ /7’€CH1 (z,t) ¢ (z,t)dz|dt < Ck (T.,e) M el Loe (07011 () -
0 10

T,
//ramxt( (x,t) — 4 (z,t)) dz dtSCK(T€,6)62M,
0 10

||rS||L2(0 Te;(HY())) + H”’dw||L2 ©Qr,) = C(K) M,

for all e € (0,€1) and ¢ € L™ (0,T; H' (0)).
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4.1. An Energy Estimate

To gain an idea of the proof of Theorem BT, consider the following heuristics: assume that
&, 1S, DYy, v are given, such that (222)-(EM0) hold, where w{ = 0 for now. While these
functions may be good approximate solutions to (I”I8)—(0I—23) in the sense that r§, rS., r&m
and 7y, are “small”, in order to establish estimates of the kind (B=2), we need to connect
the approximations to the real solutions ¢, u€, p¢ and v¢. At the core of this endeavor
lies Theorem BT2: Denoting R := ¢ — ¢, we test the difference between (822)-(E-10) and
(CIR)-(21) by ¢ := —AL'R, where Ap is the Dirichlet Laplacian, which results due to
(BZ7) and the Gronwall inequality in an estimate similar to

T

IRl om0+ € IRy < [ | [ reme + renR v - 9 = v - Vityda at.
0 12

Of course, in the actual proof in Section [2 the estimate will involve more different norms of
R and be significantly more complex, but this simplified presentation allows for two major
insights: first, it is imperative to construct approximate solutions in a way that enables us to
establish suitable estimates for r&y; and r&y, as these correspond to the convergence rates
we aim to find. For this, we make use of the method of matched asymptotic expansions,
devising an inductive scheme for the construction of terms of arbitrarily high order. Second,
we need to control the difference v¢- Ve —v¢ - V5, the appearance of which is a consequence
of the convection term in (I"20). To gain said control, we need to invest a lot of technical work
and introduce new ideas, which are mainly based on the procedures in [6]. A cornerstone to
that approach is the introduction of an exact solution v¢ to equation (IIR), where the right
hand side is substituted by the approximation ;% Vc§y. With the help of the results for the
stationary Stokes equation shown in Section B2, we will be able to find estimates for both
v —v€and v€ — v§.

These basic ideas dictate the structure of the following work: Chapters B and B are con-
cerned with the construction of approximate solutions and the derivation of suitable esti-
mates for the terms r§, r§;,, 7oy and 76y These considerations are made significantly
more difficult due to the introduction of w{ in (E29), which can be interpreted as the leading
term of the error v¢ — v€. Nevertheless, this insertion is of utmost importance in the proof
of Theorem EZ. In Chapter @, we first delve deeper into analyzing the errors v¢ — v¢ and
v¢ — v in Subsection [0 before putting all the pieces together in Section 2.

4.1. An Energy Estimate

In the following we will derive an energy estimate for (IIR)—(I=25). We consider for € > 0
the Ginzburg Landau energy

B () (1) = ;/|Vc€ (2, D) da + 1/1' (¢ (,0))da for t € [0,Th].  (4.12)
Q Q

Moreover, we assume that there exist ¢g > 0 and a constant Cy > 0 independent of €, such
that
E*(c§) < Cp (4.13)

and
||CBHL<>O(Q) <o (4.14)

for all e € (0,¢y). We will show in Proposition 72 that these conditions hold for the initial
condition () and ¢ as in Theorem AZ3.
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4. The Main Result

Lemma 4.4. Let (¢, uc,ve,p) be a classical solution to (II8)—(I=24) and let ¢ > 0 and
Co > 0 be given such that (-13) and (G-14) hold. Then there is some €1 € (0,€p) and some
constant C > 0 , depending only on Ty, Cy and €y, such that

€ |Ac 21 + € Sl[l()pt] Ve (122 + (V1S Vvl T2, + a0 V]2 0,0) < C
TE

for all t € [0,Tp] and € € (0,€1).

Proof. Let t € [0,Tp]. By the fundamental theorem of calculus we get

t

E () (t) - / / €. VOt + % £1(c) B dadt
Q

1
—€eAcOict + ~ f' () Opctdadt
€

O

o\w o\W o
EO\

pe (Apc —ve - Vo) dadt, (4.15)

where we used integration by parts in the second equality and (IZ20), (IZ20) in the third.

There do not appear boundary terms since we assume Dirichlet boundary conditions for p¢
and ¢ (cf. (C24)—(I27)).

Moreover, we have

t
//,u ) dadt
0

v (—AV® + Vp©) dzdt

t
/\ 6\2dxdt+//a0 v dH! (s) dt, (4.16)

0 o0

O\m o\hF
D\

where we again used integration by parts in the last equality, together with the boundary
condition (I23) and divv® =0 in Q.

Together we get by (B-13), (E18), integration by parts and the dirichlet boundary condition
satisfied by u¢

+

o —

t
/|V,LL€!2+|VVE]2dxdt—|—//ag V2 dH (s)dt = E(cf),
Q

0 02

which implies the claimed estimate (without the ||Acf(| 2 (q,) term) due to the positivity of

1.
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4.1. An Energy Estimate

Considering the Dirichlet boundary condition of u¢ we get

A 20, <
<
<
<

<

1, . 1 ¢

< 18N p2y) + 2 Hf/ (¢ )HLQ(Qt)

1 1
“ClIVElrae) + 2 1 L2y
(1+ e Wscan)

(1 + HVCEH?ioo(o,t;H(Q)))

(r+)

WA QDO

for € small enough, where we used Poincaré’s inequality in the second inequality, and the
fact that f is a polynomial of fourth order by Assumption 2 in the third inequality. The
fourth inequality is due to H' (Q) < L° (2) and again Poincaré’s inequality (applicable since
¢ satisfies Dirichlet boundary conditions) and the last inequality is justified by the energy

estimates shown before.

O]
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5. Construction of Approximate Solutions

In the following we use the method of matched asymptotic expansions to construct approxi-
mate solutions (¢, 1%, vy, p%) of (II8)—(I24). Throughout this chapter the formalism “~”
will represent a formal asymptotic expansion ansatz, that is, writing u® ~ >, €*uy, means
that for every integer K € N we have -

K
ut = Z fup, 4 gy BT (5.1)
k=0

where @41 is uniformly bounded in e.

Whenever the method of asymptotic expansions and asymptotic matching is used in the
literature, two different ways of presenting these techniques and the corresponding findings
are frequently encountered:

The first is to just present the results, that is, give some rather explicit form of the
expansion terms involved and show that everything works out fine for this choice of terms.
For a reader experienced in the field of asymptotic expansions, this yields the most useful
information in as little space as possible. The caveat is that for the inexperienced reader,
the formulae for the approximate solutions seem to appear by “magic”, with no hint as how
to apply the technique to a different set of problems.

The second approach is to write down the whole process of asymptotic matching, ana-
lyzing the different orders in detail and discussing the compatibility conditions and steps
for solving(which also has to be done for the first way at some point). This tends to be
cumbersome and technical, but also more educational than the first approach.

Thus, in this work we decide to stick to the latter path and show the reader all necessary
involved steps. The logic of the construction of approximate solutions can be laid out as
follows:

First, we assume that the solutions (¢, u€, v¢, p¢) of (CIR)—(I24) are of a form similar to
(60) for some K € N (depending on the needed order of approximation). Then we derive
necessary partial differential equations and ordinary differential equations which have to hold
under these assumptions and also conditions which have to be satisfied for the differential
equations in order to be solvable. These steps will be performed in the inner, boundary and
outer region, i.e. close to the interface I', close to the outer boundary 92 (both in stretched
coordinate systems) and in the intermediate domain. The details are given in Subsections
BT b1 613 and 614.

Subsequently, we drop the assumption of existence of an expansion and explicitly construct
solutions to the before derived differential equations, which is done in Subsections 5173 and
BT, leading to Lemmata bT9 and B2

This chapter consists of three parts: First, we construct M + 1 terms of the approximate
solutions, where the analysis (regarding the Cahn-Hilliard part at least) is based on 4], [47]
and [Z6]. The inductive construction of the terms for the stationary Stokes part incorporates
ideas from [6]. In the second section, which is based on [6], we introduce a function w§
which will turn out to be the leading term in the error v¢ — v. This term is both central
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5. Construction of Approximate Solutions

to proving Theorem E—1l and to showing suitable error estimates for the velocity. As w{ can
be considered to be a term of order M — = appearmg in the asymptotic expansion, the third
part of this chapter deals with constructlng terms of precisely that order. An essential part
of that construction is Theorem 532, which is also based on [f].

The work in this chapter is done under Assumption 0II.

Figure 5.1.: The different zones of the asymptotic expansion.

5.1. The First M 4+ 1 Terms

5.1.1. The Outer Expansion
We assume that in QF , \[' (20) the solutions of (II8)—(I=25) have the expansions
¢ (x,t) = T (2,t) + eci (2,1) + 25 (x,t) + ...,
pe (@, t) &~ py (2,8) + epy (w,8) + Epy (,8) + ..,
ve(x,t) =~ g(x,t)—kevit(x,t)+62V§E(x,t)+...,
P (2,t) ~ pT (x,t) + ept (x,1) + E€p3 (x,8) + ..., (5.2)

where cki, ,uj, Vki and pf are smooth functions defined in Q%O. Plugging this ansatz into
(IIR), (@), (20) and (=20) yields

- Z ekAv,f + Z ekVpk = Z eku,fech]i (5.3)
k>0 k>0 k,j>0
Z ekdivvl,jcE =0 (5.4)
k>0

Zkatck Ze vi |- Zechki = ZekAuf (5.5)

k>0 k>0 k>0 k>0
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5.1. The First M + 1 Terms

and
Ze ,uk = Z kAck + f Ze [ (5.6)
£>0 k>0 k>0

for all (x,t) € Q%O. Using a Taylor expansion we get

J+1)
P e ) = p (@) + e (@) St + 3 A0 [ g
k>0 k>1 §>2 k>1
=f (cg) +ef” (co Z i lcf + € Zek_lfk (c(f, e cf) , (5.7)
k>1 k>1
+ . so1s + + + +
where for fixed ¢y the functions fj are polynomial in (c1 ey C ) Moreover, f (co yers C )
are chosen such that they do not depend on e. Plugging this into (60), we get
1 _
Ze ,uk = —eZekAcf + gf’ (CB—L) +f" (coi) Z ek 1(:%
k>0 k>0 k>1
+eZek*1fk (c(j)[,...,cki) (5.8)
k>1

and matching the O (e_l) terms yields f’ (coi) = 0. In view of the Dirichlet boundary data
for ¢ we set
= +1. (5.9)

This simplifies all equations that involve derivatives of c(:)t, e.g. (63H) becomes

Zekatck Ze Vk; . Zechf = ZekA,uf ) (5.10)

k>1 k>0 E>1 k>0
thus we get by matching the O (1) terms
Apg =0 in Q7 . (5.11)
Doing the same in (633) and (64) we find
—Av(j)[ + Vp(jf =0 in Q%Oa
divvg =0 in QF . (5.12)
Comparing the higher order terms O (e’“), where k > 1, yields:
1. For c,f the identity

+ + + +
ot = i1 + Ay — fio1 (€055 Gy) O (5.13)
k 77 () g |
oy + +\ _
by rewriting (68), where we set ¢y = fo (cj) = 0.
2. For ,uf
k
A,uf = (%c,f + Zvji : ch_j in QJTEO (5.14)
j=0

by (B0) (where we include the vanishing V,f . ch)t term just for notational coherency
with later considerations).
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Construction of Approximate Solutions

3. For v,f and pf

—AvVi +Vpi =Y Ve, in QF
divvif =0 in Q7 (5.15)

by (633) and (634).

Remark 5.1. Concerning the outer expansion, we remark the following:

82

1. As we will only construct coi, ceey cf/f 41, We need to consider the remainder of the Taylor

expansion of f’. In this case, we choose to expand f’ up to order M + 2 and get

M+1 M+1 M
(Ze ck> = CO)—i-ef" Co Z k= 1ck +62Zek*1fk(ca[,...,cf)
— k=1
M+2 i
+ € +f€(co,...,cM+1).

Here fe (c(jf, ey cﬂﬂ) consists of polynomials in (cic, - ,cﬁﬂ), which may be of even
higher order in e and which are either multiplied by fU ( i) for j € {2 , M+ 1}
or by f(M+2) (¢ (Co - ,cﬂ_ﬂ)) for suitable ¢ € |:CO ,Z]kwgl ekcﬂ If ck € L™ (Qi)
for all k € {0,..., M + 1}, there is a constant C' > 0 independent of ¢, such that for
all e € (0,1)

Hf(M+2) (& (et .. ,c]\i“l))HLm(Q%) <C

holds. In this situation, it holds in particular

il <

for all € € (0,1).

. In view of the definition of C(j)t we argued on basis of the Dirichlet boundary condition

for ¢¢. We could also choose céc = —1, but this case corresponds to a one-phase system.

. In order to find unique solutions (uki,pf,v,f) to (1), (B4) respectively (612),

(6138) we need to prescribe boundary conditions. We use the solutions of the inner
expansion and the inner-outer matching conditions to gain the necessary boundary
conditions on I'. In particular, we get Dirichlet data on I' for (654 and prescribe the
values of [2Dsvy — pi] -n and [vg] on T for (6135). The boundary condition on 92 will
be derived from the solutions of the boundary layer expansion and the outer-boundary
matching conditions. These yield Dirichlet data on 92 x [0,Tp] for (6Id) and also
values for a boundary condition as in (I"23).

. Note that we assume that the expansions in (62) hold true only in Q%O\F (26;Tp),

but we want all the single terms of the expansion to be well-defined and smooth in all
of QfTEO (and even in Q%O UTI'(20;1)), see below). Furthermore, we demand that the
formulae (63), (63), (53), and (62) hold in Q7 .



5.1. The First M + 1 Terms

5. As mentioned above, we will need (cf, ,ui Vki, pf) for £ > 0, to not only be defined in
QfTE , but we have to extend them onto 7, UT' (20;Tp). For ,uf and p,f we may use any
smooth extension, so one possibility is to use the extension operator defined in [51],
part VI, Theorem 5. It is trivial to extend ca—L and if all (cf, ,uf) for i < k — 1 have
been defined on Q%O UT' (26;Tp), then cf is as well, by (B13).

For v,f the extension process is slightly more involved, as we would like to find a
divergence free extension. For this we use a similar approach as was used in [6],
Section 3.1. That is, we first use the extension operators €= : H' (QF (t)) — H' (R?)
(componentwise) for i € N to extend v,f onto R? as a H' function. Then we define
smooth cut-off functions ¢+ : Q@ — R, such that & = 0 in QF (¢)\I'; (30), £+ = 1
in Q\ (2T (¢)) and £ > 0 in QJF( ) N T (36). Moreover, we choose smooth functions
%, which satisfy suppy® C (QF (£) NIy (36)) \I'; (26) and [, *da = 1. Then g*

div (¢Fe* (vk )) € H} (Ft (36) \QF (¢)) due to dlvv,f = 0in QF (t) and the deﬁmt10n
of the cut-off function ¢*. Moreover,

=ty / Gdz € H (T (36)\QF (1))
and

L1 (30)\Q2% ()

By [31] Chapter ITI, Theorem 3.3, there is a solution v+ € Hi™ (F (36) \QF ()) of
divv® = §*. Extending v* onto QF (¢ ) by zero, we find that Si (vk ) = ¢ret (v,f) —

vEis a dlvergence free extension of Vk, in I'; (20). In particular we have the identity

Si(vk)]Qi )—Vk in OF (t) and

Hgi \ N e @t ur,e) = ¢ Hvk HHQ(Qi( #) (5.16)

The last inequality is due to

~4 +
HV HH2(rt(35)\Qi(t)) <G BONQEW) = Ca Hvk HHQ(Qi(t)) :
For later use we define
k
Uki (x,t) = A,uf (x,t) — 8tck x,t) Zv Vck _j(,t),
7=0
Ut => U, (5.17)
k>0
and
k—1
Wi (2,t) = —AVi (2,t) + Vi (2,t) — Z ,u;E (z,t) ch_j (x,t),
§=0
W =3 "W, (5.18)
k>0

for (z,t) € Q%O UT (20). Note that by (674) and (613) we have Wi (z,t) = U,;t (x,t) =0
for all (z,t) € Q3.
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5. Construction of Approximate Solutions

5.1.2. The Inner Expansion

Close to the interface I' we introduce a stretched variable

dr (JJ, t) — eh® (S (l‘> t) 7t) for all (.’L‘, t) el (25) (5.19)

P (z,t) == ;

for € € (0,1). Here h¢: T! x [0,Tp] — R is a given smooth function and can heuristically be
interpreted as the distance of the zero level set of ¢ to I', see also [26], Chapter 4.2. From a
more practical viewpoint, regarding the construction of the inner terms in Subsection b1,
the presence of h¢ and more precisely its expansion enables us to satisfy the compatibility
condition of Lemma B9. In the following, we will often drop the e-dependence and write

p(x,t) = p°(z,1).

I

e h®

Q(t) Q(t)

Figure 5.2.: Heuristics of A close to the surface I';.

Now assume that, in I' (20), the identities

f@ﬁ—ﬁ(wa he (S ( ,%Q

dr (@.1) >

=
[
/-\
JR
~~

] >
T, t
a (6 ) _he(s (S > (5.20)

hold for the solutions of (ICI8)—(I=23) and some smooth functions ¢, i, p¢ : R x I' (2) —
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5.1. The First M + 1 Terms

v¢: R x I'(20) — R2. Furthermore, we assume that we have the expansions

c (p,x,t) =~ Z e (p,x,t),

k>0

i (p,,t) = Y e g (p, 1),

k>0
(o, t) =Y i (pa,t)
k>0
“(p,x,t) Ze vi (p,x,t) (5.21)
k>0
for all (p,x,t) € R x I'(29) and also
e (s,t) & > Fhpa (s,1), (5.22)
k>0

where cg, g, pr : R xT'(28) = R, vi : R xT'(28) — R? and hy, : T! x [0, Ty] — R are smooth
functions for all £ > 0.
Using Lemma and the ansatz (A220) we may compute

Ohe (@, t) = Dy (p (2,1) s 2, 8) (1@@ (2,1) — 0L R (a, t)> F 0 (p (2,8 2,8)
Ve (2,8) = 8,6 (p (2,1) 2, 1) <1n (S (2, ) 1) — Ve (a, t)> LVE (p(at),1t),
A (,) = 0pp (p (2,1) ,2,1) (612 + |V e (m,t)f)

0,6 (p (. 8) 2, 1) CAdF (2,1) — ATRE (a, t))

+ 2V, (p (2,1 2, 1) - Cn (S () 1) — V'he (x, t))

+ A (p (z,t) 2, 1) (5.23)

When referring to ¢, i, p, v and the expansion terms we write V = V, and A = A,. The
expressions O h¢ (z,t), VI he (x,t), AUh¢ (2,t) and D2k (z,t) are for (x,t) € T'(25) to be
understood in the sense of Remark PZ19. Equivalent formulae to the ones above also hold
for u¢ and p°.

The derivatives of v which are necessary for the inner expansion are given by

1
divv® = 9,v° - <n —

v hE) + divve,
€

1 1 1
AVE = 8,7 (62 + \Vrh€|2> + 9,V <6Adp - AW) +2(Va,v9)T . <n

€

- v%)
+ AVE

In order to match the inner and outer expansions, we require that for all k£ the so-called
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5. Construction of Approximate Solutions

inner-outer matching conditions

sup 8;”8;‘82 (ck (£p,z,t) — it (z, t))| < Ce P, (5.24)
(2,t)€(26)
sup 8;"6?62 (Mk (£p,x,t) — ulf (z, t)) < Ce @, (5.25)
(2,t)eT(26)
sup 8?8?62 (vk (£p,x,t) — v,f (z, t)) < Ce @, (5.26)
(2,t)eT(25)
sup 8;"6?82 (pk (£p,2,t) — v (a, t))| < Ce (5.27)

(z,t)€T(26)

hold for constants o, C' > 0 and all p > 0, m,n,l > 0.

Remark 5.2. A deeper insight into the importance of the matching conditions will only be
possible after the gluing of the inner and outer solutions and the subsequent analysis of the
remainder in Chapter B, see in particular Theorem 612 and Remark B13. In those sections
we will only use the matching conditions for m,n,l € {0,1,2}. However, since the ordinary
differential equations for (ck,cf,,uk,uki,vk,v,f,pk,pf) (cf. (62M), (622), (624), (62[)) are
dependent on derivatives of lower order terms, it is necessary and sufficient for the matching
conditions to hold for m,n,l € {0,...,C (M)} for some C (M) € N depending on the general
number of terms in the expansion.

As stated before, we interpret { (z,t) € ' (29)|dr (z,t) = eh® (S (z,t),t)} to be the 0-level
set of ¢¢. Thus, we normalize ¢* such that

& (0,2,t) =0

holds for all (z,t) € I'(20) and k > 0.
In view of the above given equations for derivatives, we may rewrite (I'I8) and (1Y) as

—0,,V + €0, = € (apefAdp +2(V9,v) n+ [fapaen)
@ (~2(V9,9)" T b+ 0,9 VI e|” = 0,9 AThe — 10,V ke
+0,pV R + AVE — Vi + 1°VE)
= R¢ (5.28)
9,V n =€ (9,9 - VI'he — divve), (5.29)
where the equalities are only assumed to hold in

dr (:L‘,t)

€

56::{(p,a:,t)€R><F(25)|P: —hE(S(ﬂz,t),t)}.

Regarding (IZ20) and (IZ21) we get the equations

Bppl® — f/ (¢°) = € (=i — B, Adp — 2V, - n)
€ (=00 [V h[" + 0, ATRE +2V0,0° - VIhe — AF) (5.30)
Oppil® = €(0,¢° (Opdr + V© - n) — O,i°Adr — 2V, fi° - )
+ €% (=0,¢° (O h* + ¥ - VERE) + 0,1 AT R
— Qi [ VIR + 2V0, - VTR 4+ V¢ V& + 0, = AfF) - (5:31)
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5.1. The First M + 1 Terms

in S¢. In the above identities, the operators V, A, div, and D? are only operating on the
spatial variable z, with p fixed.

Note that (528)—(6231) are only derived and supposed to be fulfilled on the set S¢, but
we may view these equations as ordinary differential equations in p € R, where x and ¢ are
considered to be fixed parameters. Moreover, we may add extra terms into the equations
which vanish on S€¢, as those do not change the original problem. However, these “artificial”
terms are essential when it comes to ensuring the matching or compatibility conditions (cf.
Subsection 513).

Thus, we introduce the functions ¢ (z,t), j(x,t) and [ (x,t) as well as u‘(z,t) and
q° (z,t) for (x,t) € T'(25). As a rough guideline, the functions g€, j¢, and q¢ will enable
us to fulfill the compatibility conditions in I' (26)\I'. I¢ and u® on the other hand are of
importance when it comes to fulfilling the matching conditions in I' (26) \I'. Furthermore,
we introduce the following essential function:

Proposition 5.3. Let 0y be chosen as in Lemma 2Z23. Then there is a smooth function
n: R —[0,1] such that n =0 in (—oo0,—1], n =1 in [1,00) and ' > 0 in R, which satisfies

[ (10-3) tr0ran=o. (5.32)
R

Proof. By Lemma the identity (532) is equivalent to [, n6idp = 1 which is again equiv-
alent to

1
[ o =00(1) (5.33)
21

for smooth functions 7 satisfying n = 0 in (—oo, —1] and n = 1 in [1, 00). The last equivalence
is due to (E70). Since moreover fil 0hdp = 6 (1) — 6y (—=1) > 6y (1), as 6y (0) = 0 and 6y
is monotonically increasing, we can always find a smooth function ¢ : [-1,1] — [0, 1] with
¢ >0and ¢(—1) =0, ¢ (1) =1, *) (1) = 0 for all k € N such that (6:33) is satisfied for
¢ (e.g. by modifying a standard cutoff function). This yields the result by choosing 7|(_1 1)
accordingly. O

In the following, we let n be a fixed function satisfying the properties of Proposition B3.
It will serve a variety of purposes in the upcoming analysis: its derivative serves as a cutoff
function around 0, ensuring that the matching conditions may all be satisfied. Furthermore,
it ensures that the right hand side terms V*=1, Wk=1  A*=1 and B¥-! of (52m), (522),
(6232), (62M), which are introduced below, still have exponential decay after the addition of
extra terms. The normalization (5232) plays an important role in Step 3 of Subsection EI0.
In essence, multiplying the newly introduced functions ¢¢, ¢ etc. by derivatives of 7 yields
proper behaviour in p.

For later use we also define

9= (p) =1 (—C £ p)

for an arbitrary constant C > 0 and p € R.
Using these auxiliary functions, we assume from now on that the following equalities are

fulfilled in R x T" (24):

—0p,v¢ =R+ (—un" (p) + a4 (p)) (dr — € (p + h))
+ €2 (W+nCS’+ + W_ncs’_) , (5.34)
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5. Construction of Approximate Solutions
0,V -n=ce (apfﬁvrhe —divv®) + (u*- (n— EVFhE)) n' (p) (dr — e (p + h9)), (5.35)

B — [ () = € (—ji — B,&* Ady — 2V,& - n)
€ (=05 [ VIR + 0,8 ATRE + 2V0,2 - VI I — A
+9 (p) (dr — € (p + 1)), (5.36)
Dppii€ = € (8,2 (Dydp + ¥° - 1) — D,fi Adp — 2V, i - n)
+ €2 (=0, (Of b +¥° - V' hE) + 0, AT he
— Qi [ VTR + 2V0 i - VI 49 V& + 0, — AJK)

+ (10" (p) + 31" (p)) (dr — € (p + 1))
+ €2 (U+7705’+ + U_UCS’_) ) (5.37)

The terms U* and W (cf. (617), (6I8)) are used here in order to ensure the exponential
decay of the right hand sides, which is necessary for the compatibility conditions in Subsection
513. Although most of the appearing terms in (632) and (6237) already have exponential
decay due to the matching conditions and the properties of 7, the terms involving only
space or time derivatives (and none in p) only get the decay due to the outer equations
(613) and (613). But those outer equations do not hold for the extensions of the involved
functions. To deal with this problem, we introduce U* and W*. For more details, see
the proofs of Lemmata b9, 6510 and 610, In this context C's > 0 is a constant which will
be determined later on (see Remark 5H). Now we plug the expansions (52211), (5=22) into
the derived equations and equate the €® terms. We also assume that the newly introduced
functions have expansions of the form

u‘ (ZL‘,t) %Zuk (x,t)ek, I (:Eat)%ZZk ({L‘,t)Ek,
k>0 k>0

q (z,t) = > a (@, 1) ¥, 3@, t) ~ Y g (1)
E>0 E>0

g () = > gk (w,1) 1, (5.38)
E>0

for (x,t) € T'(26) and (s,t) € T' x [0,7p]. We gain the following ordinary differential
equations in p:

1. For (A28) we get

—8/)/) (VO — uondp) = 0, (539)
—0pp (Vi — (ugdr — ughy) n) + Oppr—1n = vE-l (5.40)

for k > 1, VF=1 = V*=1(p 2,t) as defined below and p € R, (x,t) € T (26).
2. For (A229) we get

0y (Vo -n —ug - ndrn) =0, (5.41)
0y (Vi - n — (updr — uphy) - nn) = WFL 4V, - (6pvo - uodpn') (5.42)

for k> 1, Wkt = Wk=1(p, x,t) as defined below and p € R, (z,t) € T'(20).
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5.1. The First M + 1 Terms

3. For (B330) we get
OppCo — f'(co) =0, (5.43)
Dppci — " (co) e = Ak—1 (5.44)
for k > 1, A*=1 = A*=1(p, z,t) as defined below and p € R, (z,t) € T'(26).
4. For (5331) we get

App (1o — londr) =0, (5.45)
Opp (i — (lndr — lohy) n) = B*~! (5.46)
for k > 1, B¥=! = B*1 (p, x,t) as defined below and p € R, (z,t) € T'(29).
In the above systems we used
VEL = g vi 1 Adr 4 2(VO,vi1) n = 2(V,ve) Vg1 — d,voA hy 4
+ 0oV hy—1 + 8520,,voV by 1 - Vg + BY (1100,ck-1 + p—10,c0) n
— 1100,c0V" hi—1 + Qi—1'dr — qon'hy—1 + <P + 5lfh1) w10 4+ win" hy—

FYR? (5.47)
k—2 k—2 k—2
V2 = Z HiOpCl—1—in + Z 11i0,c; V' hy + Z win by
i=1 i,5,l=0 =2
i+jH=k—1
k—2 k=2
- Z Qi1 h—1-i — dk—21'p + AVi_o — Vpp_s + Z HiV Cp—2—i
i=1 =0
+ WZ,QUCS’+ + W;;,QUCS’_a (5.48)

wh=1 = 5’f8pvk,1vrh1 + 8pv1VFhk,1 —divvg_1 —up_1 -nn'p — (5]fuk,1h1 -nn’
—uy-np'hp_y — 6F (w1 - Vh +u - Vrhk—1) drnf
+ug - (VFhk_lp + 55 (Vphk_lhl + Vphlhk_1)> 77/ + WkiQ, (549)

k—2 k—2 k—2
whk=2 = Z OpviVihg_; — Z w; -y hy_; — Z u; -V hyidrn
i—2 i=2 =2

k—2 k—2
+ 77, Z u; - Vrhk,if1p + Z u; - Vrhjhl , (5.50)
i=1 iGl=1,it+j+l=k

and

AR = 1 — Opck—1Adr — 2V ekt -0+ fr—1 (co,- -y Ch1) + gr—17'dr
— 8520,,c0V  hi_1 - VVhy + 8,c0 A iy + 2V 0,0 - Vg1 — goh—11/
+ A2 (5.51)
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5. Construction of Approximate Solutions

k—2 k—2
AF2 = Z ~0ppCiV hi - VU | — gr_anp — Zgihkqfﬂ?/
i=0,j,1=1,i+j+l=k i—1
k—2
+ <Z 3pCiAFhk_1_i + 2V6pci . Vrhk_l_i> — Acp_o, (5.52)
=1

and
Bt = 9,c_10vdr + BY (Dpcr—1Vo + 0pcoVi—1) - 1 — Oppig_1Adr — 2V8ppup—1 -1
— U1 p = 0l 1han + jr—1m'dr — Dpcovo - VE hi—1 — pcody hi—1
— 528,10V hi—1 - VU by + 00 A by 1 4 2V 0,10 - Vg4

— lhy—1n" = johy—1n + BF2, (5.53)
k-2 k—2
Bk_2 = Z apck_l_ivi -n— Z 8pcivj . Vrhl
i—1 i,j=0,l=1,i+j+l=k—1
k-2 k-2
- Z Opptis V' by - ViR | — Z lihg—in" — jr—2n'p
i=0,5,1=1i+j+I=k i—2

k—3
+ < —0pCh—9—iOf hit1 + Oppik—2—i A hi + 2V s o - VFhi)

i=0
k=2 k=2

= ikt + Orch—a — Apg—a + Y ViVer_o
i=1 i=0

ULt + U0 (5.54)

In all of the above identities we used the following conventions:

Notation 5.4.

1. If the upper limit of the summation is less than the lower limit, then the sum is to be
understood as zero.

2. All functions with negative index are supposed to be zero. In particular V=! = W1 =
A1 = B~1 = 0. Moreover, hg := 0.

gh — : ifi=k,
R |

else

3. We introduced the notation

6,_{0 if i =k,

1 else.
4. We define fi_1 (co,...,ck—1) (appearing in (551)) in a completely similar fashion to

(622). In particular, we will later on also use a remainder term f as discussed in Remark
61 for the inner solutions. We use the convention fy (¢p) = 0.
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5.1. The First M + 1 Terms

We will see after the construction of the zeroth order terms that the term hj appearing
on the right hand side of (522) is actually multiplied by 0.

Remark 5.5. Note that W+ and U®, which we inserted in (6-34) and (537), are not mul-
tiplied by terms of the kind (dr — e (p + h¢)). So we have to make sure that they do not
appear in the actual equations for v© and ¢, that is, we have to make sure they vanish on
the set S€. This is accomplished by choosing the constant Cg > 0 in a suitable way.

In particular we set

Cs = [hillcoer xjo,m)) T 2

and assume that

> Fhpaa (S(z,t) )| <1 (5.55)
k>1

holds for all € > 0 small enough. We will see later on that h; does not depend on the term
€2 (U+7705’+ + U_nCS’_) and €2 (WJrnCS’Jr + W_T]CS’_), so this choice of C's does not cause
problems.

To understand why the choice of C's prevents the aforementioned problems, let (z,t) €
I' (26) and

pzw_hﬁ(g(x’t)’t)zw

€ €

=) g (S (2,1 ,1).

k>0

In particular (p,z,t) € S¢. By choosing € > 0 small enough, we may ascertain that

‘p — (dr(::t) — hy (S (z,t) ,t))‘ =) (S(at), )] <1 (5.56)

k>1

holds for all (x,t) € T'(26). If dr (z,t) > 0, it follows per definitionem that (z,t) € QF and
from (A58) that

dr (z,t)
> -~ 7
p= €
=—-Cgs+1.

hi (S (.T,t) 7t) —-1=>- (hl (S (ZC,t) ?t) + 1) 2> = (th”c’o('ﬂ‘lX[O,To]) + 1)

Thus, s~ (p) = 0 and since (x,t) € QF we have W™ (2,¢) = U* (2,t) = 0 and so
&2 (U+7]CS7+ + U_77057_) — 2 (W+77C's7+ + W—nc&—) —0.

By an analogous procedure we get
p<Cs—1
if dr (z,t) < 0, which shows that the equations for v¢ and ¢ are not influenced by the
addition of €2 (UTn%sT + U™ n% ~) and 2 (WTnCs:t 4+ WnCs:7).
5.1.3. Compatibility Conditions

Up to this point we have assumed that close to I the exact solutions (c€, uf, v, p¢) have
expansions as in (520) and (5220). Under that assumption we were able to derive the
necessary ordinary differential equations given in (5720)-(521).
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5. Construction of Approximate Solutions

Now in order for those differential equations to be well-posed, the respective right-hand
sides have to satisfy certain conditions, the so-called compatibility conditions. These are
given in the following results, which build on Lemma =3 and Lemma 2. On the other hand,
these results also allow for an explicit construction of the terms (¢, pg, Vi, px) for certain k,
which we will use in the inductive scheme presented in Subsection B14.

The strategy of the proofs for the following lemmata is similar to [A7, I4]. In this subsec-
tion, it is assumed for all results for order £ > 2 that the zeroth order terms are of the form
presented in Lemma BT9 and for order £ = 1 that ¢y = 6y and c(jf = +1. We introduce the
following notation:

Notation 5.6. For k > 0 and g+ = cki,,uf,v,:f,plf we denote
18] (2,) := BT (a,t) — 87 (x,t) ¥ (z,t) € T (29).

Lemma 5.7. Let k > 1 be an integer and A¥=1, A*=2 be defined as in (E51) and (G53).
Moreover, assume that the matching conditions (B-22)-(6=22) are satisfied for (¢;, ;) for all
le{0,... . k—1}.

Then (©74) coupled with the normalization cy, (0,z,t) =0 for (z,t) € I' (25) has a unique
bounded and smooth solution c if and only if, in the case k =1,

o+ oAdr —ngodr =0 in I (25) (5.57)
or, in the case k > 2,
fii—1 — 7 (ge—1dr — gohp—1) — oAV hy_y = AF=2 in T'(26), (5.58)
with
. 1
fucs 2.8) = 5 [ e (006 (0) (5.59)
R
.1
=5 [ 08 (). (5.60)
R
1 , 2
o=5 [ ()" dp, (5.61)
R
~ 1
AF2 (1) = 3 / (=0pck—1 (p,x,t) Adr (z,t) — 2VO,pcp—1 (p,x,t) -n(x,t)
R

it (€0, sk (., 8) + A2 (p,2,)) 6 () dp.

Additionally, ¢ satisfies the matching condition (B-23) with c,f given as in (B13).

Proof. We prove this by using Lemma 223. Equation (6557) follows directly from that result,
when using ¢g = 6y. Regarding the case k > 2: Since the matching conditions hold, we get

for
k=14 .+ + + +
A ==y — Ao+ fr1 (CO yees vck—l)

the estimate
Ak—1 (p,x,t) — Akt (x,t) = —pu—1 + u,f_l — Acp_o + Acl,j_2
+ fre1 (coyvvenm1) = oot (e y) + O (e79°)
=0 (e_c”)
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5.1. The First M + 1 Terms

as p — oo. Here we also used ' = 0 in R\ (—1,1). The case p — —oo can be treated
similarly.

Thus, Lemma P23 implies that (624) with normalization ¢ (0,z,t) = 0 for all (z,t) €
I' (20) has a unique bounded solution if and only if

/Ak_1 (p,x,t) 6, (p)dp =0 for all (z,t) € '(20).
R

This condition is equivalent to (B58) if we note that ¢ (p, z,t) = 6 (p) and thus

1
/ Vo, coblydp = 0, / Bppcobydp = / 50 (65)* dp = 0.
R R R

By a slight abuse of notation we also plug the terms involving cx—1 (but no other terms of
order k — 1) into A*~2, as they only depend on terms of order k — 2 or lower and can thus be

treated as terms of order k — 2 (cf. the discussion in Step 1 of Subsection 518). Now (22)
implies the matching condition since cf = —% by (513). O

Remark 5.8. The definition of ¢ in (661) coincides with the one given in (ICI7). To gain
this insight, first remark that 3 (6)° = f (8o) as a consequence of integrating (I=3G). Thus,

we find
;/(96)2dp:/f(90)dp=/W%dpz;/I\/md&
R R R -1

Lemma 5.9. Let k > 1 be any integer and B*~1, B¥=2 be defined as in ((653) and (5-59).
Moreover, assume that the matching conditions (5-23)-(6227) are satisfied for (¢, i, vy) for
alle{0,... k—1}.

Then (BZ4) has a (smooth) solution if and only if, in the case k =1

20, dr + /06V0 -ndp — [MO] Adr — 2 [V,UQ] -n+ g+ jodr =0 (5.62)
R

or, in the case k > 2,

B? = /96 (=Vi—1-n+vo -V hp_1) dp +20] hi—1 — [po] AT hy—1 — 2[Vio] - VVhy—y
i

+ [Nk—l] Adr +2 [Vuk_l] n— lk—l — (jk—ldF - jOhk—l) (563)
in I'(26), with

8k_2 ($at) = /apck—l (Paﬂf,t)vo (,O,l‘,t) -Il(:L‘,t)—l—Bk_Q (p,x,t) d,O

—00

+ [cx—1] (x, ) Opdr (z,1) .
Furthermore, if (B283) holds, then the solution is of the form

() = i ) (O o) (,0) = Lo () (8 (2.0) ) () — 5

+ pi—1 (p,2,1) (5.64)
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5. Construction of Approximate Solutions

where fiy, is an arbitrary (smooth) function and py_, depends only on functions of order k—1
or lower and is uniquely determined by the normalization

[ 11 006 () dp =0V (at) €T (25). (5.65)
R

Additionally, py_, satisfies
Dy DD, (i (hp, 1) — ™ (5,8)) = O (€77) as p = o (5.66)

for all m,n,l > 0 for some u,:i depending only on functions of order k — 1 or lower.

Proof. We want to use Lemma P4 and first need to make sure that B*¥~! has exponential
decay in p. For B® (the case k = 1) this follows directly from the matching conditions and
the properties of 7. In the case k > 2 we additionally use

k—2
Orck—2 — A2 + Zvi -Veg_oi + UI:—277CS’Jr + Uk——gncs’f =0 (e—om) as p — £0o
i=0
in I" (29), since (614) holds in QfTEO and Btcf_Q — A,uf_Q + z;:oz Vgthf_Q_i + U,;t_Q =0in
QF, NT(29).
Due to the matching conditions, the requirement [, B¥~"'dp = 0 is equivalent to (6562) for
k =1, or (633) for k > 2, if we note

/77” (p)dp = /Oppuo (p,z,t)dp =0 and /77” (p) pdp = —1
R R R

for all (z,t) € I'(20). As in Lemma B35S, we consider the c;_1 terms as terms of order k — 2.
Then the claim follows from Lemma 24 and the normalization (5565) can be achieved by
just adding a suitable constant. O

Lemma 5.10. Let k > 1 be any integer and VF=1 and V¥=2 be defined as in (527), (523).
Moreover, assume that the matching conditions (0-24)-(0=217) are satisfied for (cy, p, Vi, pi—1)
foralll € {0,..., k—1}.
Then
— 8pp (vip — (updr —uphg)n) -7 = vkl T, k>1 (5.67)

has a solution for all (z,t) € I' (26) if and only if, in the case k =1
[vo] - TAdp + 2 ([VVO]T n) 4o Tdr —ug T =0 (5.68)
or, if k > 2,
VE2T = v ] - 7Adp = [vo] - A by +2 (Vi) m) - 7 = 2((Vvo))" Vil - 7

+ (_ ('“(J)r + Ma) + [po]) Vi 1 74+ ap_1 - Tdr — qo - Thi1
T Uk-1T (5.69)

in I' (26), where o is defined as in Lemma BT and

VE=2T (1) = —/VkQ (p,x,t) - 7 (2,t) dp.
R
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5.1. The First M + 1 Terms
Furthermore, if (E263) holds and k > 2, then the solution is of the form

Vi (p,x,t) T = ’UZ; (.T,t) + (uk (.CC,t) dr (.T,t) — U (wvt) hy, (S (Ji,t) 7t)) - T <77 (,0) - ;)

TLU]:fl (psz,t) (5.70)

where vy, is an arbitrary function and v,:fl depends only on functions of order lower or equal
to k — 1 and is uniquely determined by the normalization

/ op" L (o, 1) 0y (p)dp =0 ¥ () € T (20).
R

Additionally, U;fl satisfies

DQ”D?DL (v;fl (£p,z,t) — vgf’li (x,t)) =0 (e*) asp— (5.71)

for all m,n,l > 0, for some vgf’li depending only on functions of order lower or equal to

k—1.

Proof. In the case k = 1, the statement follows from the matching condition for vy and
the properties of . For k > 2, the exponential decay of V¥~1. 7 is due to the matching
conditions and the fact that

k—2
Avy_9g — Vpi_o — Z wiVer—o_; + ‘7\/71__27705’+ + W,;_ans’f =0 <6—0|p|>
=0

as p — £00 in I' (20). This may be shown as in the proof of Lemma 59. Note in particular
that Veg = 0.

Concerning the equivalence of fR VE=1. 7dp = 0 and (569), we note that the matching
conditions imply

/8ppvodp =0, (5.72)
R

and it holds . )
no =5 (g +1o) + (15 = 1) <77—2>

by Lemma 619 below. Thus, using (6532) we find
/uoapc()vrhk_ldp = (,uar + ug) Vi hy_q. (5.73)
R

Furthermore, [, 7"dp = 0 and [7"pdp = —1 as well as n-7 = 0. The statement then
follows from Lemma PZ4. O

Lemma 5.11. Let k > 1 be any integer and VF=1 and V=2 be defined as in (5-47)
and (028). Moreover, assume that the matching conditions (6-24)-(EZ1) are satisfied for
vy, pis e, pi—1 for alll € {0,...,k — 1} and also for px—1. Then

- app (Vk - (ukdr - UQhk) T]) n = ‘/.k_1 n — 8ppk_1, k >1 (5.74)
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has a solution for all (xz,t) € T'(20) if and only if, in the case k =1,
[vo] - nAdr + 2 ([VVO]T n) n—[po] + (1 + 1) + 0 -ndr —up-n=0 (5.75)

or, in the case k > 2,

VR20 — [ 1]+ [ve_1] - nAdr — [vo] - nA Ay + /Mk13pcodﬂ
R

+2 (([Vkal])T n — ([Vvo])" VFhkq) ‘n+qg—1-ndr —qo - nhg_;
— Ug_1 1, (5.76)

where

]_)k_Z)n (x’ t) = /Moapck_l + vk_2 : ndp
R

Furthermore, if (E28) holds, then the solution is of the form

Vi (96 1= o (5,0) + e o) (,0) = o o) (5 2000 m ()~ 5

o (py, 1), (5.77)

where vy} is an arbitrary function and U]ICI’_*l depends only on functions of order lower or equal
to k — 1 and is uniquely determined by the normalization

/ o (poast) O (p)dp = 0V (2,1) € T (20). (5.78)
R

Additionally, vl?’_*l satisfies

D;”DfDi, <v£’j1 (£p,x,t) — v,?fl’i (:E,t)) =0 (e ) as p— o0 (5.79)

for all m,n,l > 0, for some v,?j

k—1.

ii depending only on functions of order lower or equal to

Proof. The proof is very similar to the proof of Lemma BT0. In particular, the exponential
decay of the right hand side of (6=74) follows as before, considering the assumed matching
conditions. To get the condition (E-78), we use V'h; - n = 0 for arbitrary 4, see Proposition
P13, and the properties of n. Moreover, we may use the properties of . Lemma P4 again
implies the statement. Note that in order to get the term pd + py in (B273) we use an
argument similar to (BZ73).

As before, we view ¢;_1 as a term of order k — 2 and thus the right hand side of (5272)
and then also v,?’_*l only depend on terms of order k — 1 or lower. O

Remark 5.12. Note that we cannot use Lemma BT if we have not verified that the matching
conditions for pi_; are satisfied. For this reason, we will in the following induction in
Subsection B8 only assume that (6270) is satisfied, which does not guarantee the existence
of a solution v unless the aforementioned properties of py_; are shown.
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5.1. The First M + 1 Terms
In particular (6278) implies

/Vk—l -ndp = [pp_1] for all (z,t) € T (26)
R

if the matching conditions (5224)—(6227) are satisfied for the functions vy, y, ¢;, pj—1 for all
l1e{0,....,k—1}.
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5. Construction of Approximate Solutions

5.1.4. The Boundary Layer Expansion

To be able to guarantee that the approximate solutions satisfy boundary conditions akin
to (C23)—(I24), we also need to consider a separate expansion close to the boundary of
Q). The process of finding the terms of the boundary expansion resembles the one for the
inner expansion, as we also introduce a stretched variable. Note that due to the general
Assumption 00 the projection

Prag : {z € Q|dg (z) € (—6,0)} — 99

along the normal of 02 is well-defined and smooth.

Notation. In the following we write ngq (z) := ngq (Praq (z)) and m9q (z) := 190 (Praq (z))
for x € 02 (9).

We assume that for (z,t) € 9r§2(d) the identities

Ve (2,1) = v§ (dBe(x),x, t) (5.80)

hold for the solutions of (II8)—(I25) and smooth functions cg, ug, pg : R x 01,2 (0) — R,
vg 1 R x 93,9 (0) — R% Furthermore, we assume that the expansions

cg (z,2,t) = —1+Zeck z,x,t)

k>1
ug (z,z,t) ~ ZekukB (z,2,t),
k>0
k>0
(z,2,1) 26 (z,x,t) (5.81)
k>0

are given for all (z,z,t) € (—00,0] X 07,2 (6). As in the case of the inner expansion, we also
assume that the outer-boundary matching conditions

sup s (ckB (z,2,t) — ¢ (z,1))| < Ce®, (5.82)
(2,t) €01 2(0)

sup omoro. (,u? (z,2,t) — py, (z,1))| < Ce®, (5.83)
(x,t) €01, 2(5)

sup L (VP (2,m,t) — v (2,1))| < Ce®?, (5.84)
(2,t) €07, Q(0)

sup omoro. (pkB (z,z,t) — py (z,1))| < Ce* (5.85)

() €D7, U(3)
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5.1. The First M + 1 Terms

hold for some constants o, C' > 0 and all z < 0, m,n,l > 0. Plugging the assumed form of
the exact solutions (6R0) into the equations (ICIR)—(IZ21l) we obtain for (x,t) € dr, £ (d) and

z = d%(x) the identities

—0,,vg + 0.pgVdp = €(20,DvgVdp + 0, vgAdp + p0.cgVdp)
- (Avg — Vph + 15Vl
0.vg - Vd = —edivvg,
where V, div and A only operate on the spatial variable z, not on z. In the calculations we
used |Vdg|* =1 for (z,t) € 95, (0).
Moreover, we have
0,65 — f1(cg) = —€ (u§ + 20.Vcg - Vdp + d.cg Adp) — €2 Ac,
Oz = €(—20,Vug - Vdp — 0, ugAdp + vy - Vdd.cp)
+ 2 (Opcg + vE - Vg — Aug) -

Using the expansions as given in (631) and equating similar orders of € — as before in the
inner and outer expansions — we get the ordinary differential equations

~0.,VE + 8,pp 1 Vdp = Vi k>0, (5.86)
d.vB - Vdg = —divvP | >0, (5.87)

Oszcp — f(—1) P = Al k>1, (5.88)
Oopp = B k>0, (5.89)

for (z,z,t) € (—00,0] x 01,9 (5), where V'E;_l = Vg‘l (z,2,t), A%‘l = AkB_1 (z,x,t) and
BE' = BE ! (2,2,t). In detail, we have

Vi = 20,DvP | Vdp + 0,vp 1 Adp + uSd.cp 1 Vdp

k=2
i=0
Here we made use of the fact that c§ = —1 and thus 0'0¥cE =0 for k > 1or 1 > 1.

Moreover,
At = B —20,VeP | - Vdp — d.cp 1 Adp — Acp o+ fra (COB, ce ckB_l) (5.91)
and

BE = —20.Vup | Vdp — 0:pf \Adg+ Y VP Vdpd.cP + O,

i,j>0
itj=k—1
+ > vPVEE AP, (5.92)
i.j>0
i+j=k—2

We used the convention that all terms with negative index are supposed to be zero, i.e.
p—2 = p—1 = 0.
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5. Construction of Approximate Solutions

To enforce the Dirichlet boundary condition we suppose that
M]l?_l (07 z, t)

S (=1)
pB (0,z,t) =0 for all (x,t) € 0,2,k > 0. (5.94)

cB(0,z,t) = for all (z,t) € O, (8),k > 1, (5.93)

Regarding the boundary condition of the Stokes system we calculate

2D, <ka (dBE(@,:E,t)) noo (z) = %(1 + 190 (2) ® ngo (2)) D,vB (dB (‘”>,x,t>

dp (x)

+ 2D5v£’ < , T, t> nyq (x)

and thus impose

— (I +1npq (2) @ naq ()) 2,vE (0,2,t) = 2DvE | (0, z,t) ngg ()
—pP 1 (0,z,t) npq () + agve_, (0,z,t)  (5.95)

for all (z,t) € 0, k > 0.

Remark 5.13. Let us comment on the boundary condition (5293). The reason for choosing
this is threefold:

First and foremost, we want the equality c¢P (0,z,¢) = 0 to hold for (z,t) € 97,9 and
k > 1, which corresponds to a Dirichlet boundary condition for the approximate solution ¢
(cf. Definition B2). Equation (A793) ensures this equality, if (5°94) holds for k£ — 1.

Second, we want to get a unique solution ckB on 07,2 (9) and thus need a normalization
like (5293) to hold on all of 97,2 (§). Moreover, choosing (6:93) we may ensure that c2 only
depends on terms of order k£ — 1 or lower.

Third, (6293) allows us to immediately deduce that cB (z,z,t) = ¢| (z,t) for all (x,t) €
01,92 (0), see Corollary BI8. Choosing (693) differently for higher orders, one may show
that even more terms of the boundary layer expansion “vanish” in that way. As we do not
need this result in the present context and it would needlessly complicate matters, we skip
it here. See [14], Lemma 4.7 for the argumentation in the Neumann case.

Lemma 5.14. Let k > 1 and assume that for alli € {0, ...,k — 1} the functions c; , pu; , v; ,
p;, B, uB, vB, pB . are known and satisfy the matching conditions (5=82)-(G84). Then
equation ([B88) together with the boundary condition (B93) has a unique bounded solution
cB in (—o00,0] for all (z,t) € Or,Q(5). Moreover, the solution cP satisfies the matching

condition (G83) with ¢, as in (13) and the boundary condition (G493).

Proof. The proof is very similar to the one given in [d7], Lemma 3.2.14, p. 59 and we will
only show the existence of a unique bounded solution for the different boundary condition
(63). For the matching condition (6582) we refer to [47] (note that f’ transfers to f” in the
present work).

We fix (z,t) € 01,92 (0), rewrite (5288) into

X' (2) = Ax(2) + g (2)

and use the boundary condition (593) to gain an initial value x (0) = xg, where x; (z) =

Bt xa) = %60 A = () o )@ = (e, ) mdx -
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5.1. The First M + 1 Terms

Co

eigenvalues of A, we can choose a transformation matrix 7' € R?*? such that

1 B
" 0’ 7t . . .
( f (_l)ukfl( z¢) > Here Cy € R is an arbitrary constant. Since +/f” (—1) are the

Setting w (z) = T~ !x (2) we find
w' (2) = Dw (2) + h(z) (5.96)

with initial value w (0) = T~ !xg, where h(z) = T~ !g (). The general solution of (598) is
given by

w(z) = C’le*mzel + CheVI"("2gy 4 /diag (e*\/ Fr(=0(e=s) ev fﬂ(leZ*S)) h(s)ds

0

where ey, ey are the standard unit vectors in R? and C;, Cy € R are constants which will be
defined in the following. As all lower order terms are supposed to be known and satisfy the
matching conditions, we find that h is bounded in (—o0,0]. Thus, we may show that the
solution w is bounded in (—o0, 0] if and only if

Cy=— / eVI"=Dshy () ds.
0

Considering the initial value, we have

B (0,x,t
Cire1 +Coeg =w (0) = Tﬁ1 (Mk}/llé_l))el + C()GQ)

and may therefore determine

1
Chp=—
0 elT*192

B (0,z,t
<C1 — e1T_1e1 ‘Iuk}/l/ E_le), )>

and

B
1 M1 (0,2t
Cy = exT 1 (lffllli—l))el + C()GQ) .

Note that e; T 'ey # 0 since

—1 —1
T_l . elDT €9 . e1T Aeg .
€1 €2 =

1
VYD Ve V(D

which would imply e;7T ey = ;T 'e; = 0 otherwise — a contradiction to the invertibility
of T~!. This shows that there is a unique bounded solution to (E8R) satisfying (E93). [

elT_lel,
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5. Construction of Approximate Solutions

Lemma 5.15. Let k > 0 and assume that for all i € {0,...,k — 1} the functions c; , p; ,
vy, p;, B, 1B, vB, pB . are known and satisfy the matching conditions (582)-(584) as
well as the outer equation

i
Ap; = ey + Zv]_ . VCZ'__]' m Q;O.
§=0

Moreover, assume that p, is known and satisfies

0 z
py, (x,t) = — / / BE! (2, x,t) d2'dz (5.97)

—00 —O0

for all (z,t) € O, Q2. Then

g (z,2,t) = py (v,t) + / / Bg_l (7,2, t)d2'dz, (z,2,t) € (—00,0] X O, 2 (0) (5.98)

—00 —O0

satisfies the boundary equation (83), the boundary condition (£-94), and the matching
condition (EX3).

Proof. First, we ensure that u']% and the right hand side of (697) are well-defined. This can
be verified as follows: as we suppose that the matching conditions and the outer equation
(612) hold for all ¢ € {0,...,k — 1}, we have

sup AP o+ Z vB. Vc}3 — ApP | < Ce?

(z,t) €01, 2(5) i,j>0
i+j=k—2

for all z € (—o00,0]. All other appearing terms in B]’?l include derivatives in z-direction,
which vanish exponentially fast as z — —oo due to the matching conditions. Thus,

sup )Bg‘ll < Ce*?
(w,t) €01, 20)
for all z € (—o0, 0], which implies that u§ and (527) are well-defined. The boundary condi-
tion (629) and the matching condition (583) now follow immediately from the definition of
ks and the condition (5:97). That uf satisfies equation (689) follows by differentiating the
defining equation twice with respect to z. O

To improve the readability of the following lemma we define

0 k—2
Uh2 .= / ,u(?ach_lnm + AVE—2 - VpkB—Q - Z M?VCkB—2—z‘d5
e i=0

+ (D (ﬂH) v (ﬂ’f”)) ngq + U2 (Adp — ag) + div (fj’“‘z) ngo,  (5.99)
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5.1. The First M + 1 Terms

where
0 0 z
Uk2 (z,t) :=— / divv,]?_g (Z,x,t)dZ | ngg — / / Vg72 (z',x,t) -TondZ/dZ | Tan
_oo —00 —00

for k>0, with U2 =U"1 =0.
Lemma 5.16. Let k > 0 and assume that for all i € {0,...,k— 1} the functions c; , p; ,
v, , D cB, uB, vB, pB | are known and satisfy the matching conditions (533)—(BE84) as
well as the outer equations
k—1
—Av; +Vp; =Y p: Ve, in QO ,
j=0
divv, =0 in Q:;O.
Moreover, we assume that
(—2DSV,;1 + p,?fll) ‘Mg = QpVy_| — U2 on o, Q (5.100)

for UF=2 as in (599) and that for i € {0,...,k — 1} the terms v> and pB | are given by

V? (z,2,t) = — / / Vgl (z',x,t) - Toq (x,t) dz'dz | To0 (z,t)
- / divvE | (2,2,t)dZ | ngq (z,t) +v; (x,t) (5.101)

and

P2 (2,1,t) = / Vit (Z,2,t)  ngq (z,t) d2 — divvl | (z,2,t) + p_y (2,1)  (5.102)

—0o0

for (z,z,t) € (—00,0] x 01,2 (8). Then, for any smooth v, : Q. — R? the terms vB, pB |

defined by (E1mM), (GI02) (for i = k) satisfy the boundary equations (B=38), (5X7), the
boundary condition ((94) and the matching conditions (6-33), (E=34).

Proof. Note that the assumed matching conditions and outer equations imply that all in-
volved integrals exist, which can be seen similar to the argumentation in the proof of Lemma
615, Thus, U2 and vB, pB, i € {0,...,k}, are well-defined and smooth. Note also that
the definition of pP ; in (EI02) does not lead to circular reasoning, as Vi; * only depends on
p?_Q and not on pEl. Additionally, it follows from the definition that ka, pE_l satisfy the

matching conditions (584), (68H). Remark here that due to our assumptions
lim, ., _oodivvp | (z,2,t) = divv,_ (z,t) =0

for all (z,t) € 07,2 (9).
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5. Construction of Approximate Solutions

To validate that the boundary equation (5=88) is satisfied, we differentiate (EI01) twice
with respect to z and get

8ZZVkB = <(6 d1vvk 1) nyo + <Vk TaQ) Tag)

=— ((Vﬁ_l : nasz) ngo — azpk 1nan + (V’C Tan) Tasz)

in (—o0,0] x 01,82 (8), which implies (586). Here we used (51102) differentiated with respect
to z in the second line. (6331) follows immediately by differentiating (62I01) once with respect

to z and taking its normal component.
Next we verify that the boundary condition (5-95) is satisfied. For that we compute

0
P2 (0,2,t) = / V%‘l (2,2,t) - npadZ — divvp 4 (0,2,t) + p,_, (z,1)

= (2(DviZy (0,2,) = Dvi_y (,1)) mog + (viiy (0,2,1) = vi_, (2,1)) Adp) - nog
+0,vp (0,7,t) - ngo + pr_, (2,1) + RP_5 (2,1) - nog

= (2 (DstB—1 (0,x,t) — Dgv,_, (:L‘,t)) nyqo + ag (v,]?_l (0,x,t) — Vi (x,t))) -1y
+ ((D (Vk,B_l (0,2,t) —v,_4 (:U,t))) npo + (v,]?_l (0,2,t) — v, (;U,t)) (Adp — ao)) ‘NHQ
— ((V (VkB,I (0,2, t) — v, (, t))) IlaQ) -npo + QankB (0,z,t) - ngo + diVVkB,1 (0,z,1t)
+ Py (2.6) + R 5 (2,1) - naq, (5.103)

for (z,t) € 01,2, where we used —divv/,]?_1 = 6zka nyq , which is due to (601), and the
notation

0
k—2
R, = / pE D=l 1Mo0 + AVE 5 — Vi, — ZM?VCkB—z—idg-
e i=0

Here we consider cE_l as a term of order k — 2, which is justified, as it only depends on terms
of order k — 2 or lower (cf. Lemma 614 and Subsection 518, Step 1). Now by (5I1) it
holds

0
Vi (0,2, 8) = vy (2,1) = — / divvp 5 (Z,2,t)dZ | npg

(/ /Vk 2 2 x t) Tandz'dZ | Taq (5.104)

and

divvB | (0, z,t) = —div leVk 9 (Z,2,t)dZ | npq (x,t)

—div /Vk 2 2w, t) - Toq (2,t) d2'dZ | Toq (z,t) | |
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5.1. The First M + 1 Terms

since it holds divv, , = 0 as a consequence of (513). Using this in (EI03) we get

Pe-1 (0,2, t) — (2Dyvp | (0,2, 1) ngg + agvi_y (0,2,t) + 20.vE (0,2,1)) - nag
=Py — (Dsvi_Don + aovi_;) 1o + U2 ngg
=0

for all (x,t) € 01,2, due to (BOM0). This shows the assertion for the normal part of (B9H),
as
(I+np0 (z) ® ngg (z)) 9.ve (0,2,t)) - ngg = 20.v (0,2,t) - ngg.

For the tangential part we may use a similar strategy and consider

0
—0.vB(0,2,1) - Tog = / VE T (2,2,t) - TodZ
—0oQ

= (2 (DstB—1 (0,2,t) = Dyvy_ (2,t)) nag + ag (VkB—l 0,2,t) = vi_; (2,1))) - o0
+ (D (v (0,2,8) = vy (2,1) = V (viiy (0,2,1) — vi_y (2,1))) naq) - Tog
+ (Ve (0,2,t) = vi_y (2,1) (Ads — ao) - Toa + R 5 (2,1) - T

for (z,t) € 0r,. Again using (6104), we find

— (2DsvE_ (0,2,t) npq + agve_; (0,2,t) + 0, vE (0,2,1)) - Taq
= — (2DSV’;71118Q + 040"1;1) - Toq + Uk2. ToQ
-0

for (z,t) € 01,2 due to (B10D). O

Remark 5.17. Lemmata BTA and b8 provide boundary conditions on Or, €2, which we will
refer to as boundary compatibility conditions in the following. These complete the
system (BI57)—(660), which will be introduced in Subsection 518, allowing for outer and
inner expansion terms of order k to be constructed. More precisely, the strategy pursued in
Subsection b8 will be the following:

Assume that for all 4 € {0,...,k — 1} the functions ¢;, u; , v, , p;, c?, ,u?, V,P, PE1 are
known and satisfy all the usual conditions (matching conditions, outer equations, boundary
compatibility conditions, ...). Then Lemma 6514 immediately yields cB and (592) implies
a Dirichlet datum for p,  on J7,Q (note that Bgﬁl does not depend on p?_l and is thus
known). Next, we may construct p/,CB_1 via formula (6102), as p,_, is known, and thus gain
knowledge of U*~1. This allows us to impose boundary condition (EI00) for v, and p,,
leading to a closed system for the outer terms, which may then be solved. Having ¢, , p,,
Vv, , p, at our disposal, we may use Lemma 613 and Lemma B8 (more precisely (510I))
to construct ukB and vk,B. Then we may iteratively continue this process, cf. Subsection 610.

Corollary 5.18. Let ¢; = —1, p, be a solution to (BI1) satisfying the boundary compati-
bility condition (GTT) and c; be given as in (GI3) in Qp, . Then u8 (z,2,t) = py (z,t) and
B (z,2,t) = cf (x,t) for all (z,z,t) € (—o0,0] x 7, Q2 (6).

Proof. By (613) we have

f(=1)

G
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5. Construction of Approximate Solutions

and (B98) implies uf = pg in (—o0,0] x 97,2 (6). Thus, (588) for k£ = 1 implies
8226113 - f” (_1) Cll3 = _Ha

and with regard to (693), B = % = ¢, is the unique solution in (—o0, 0] x 07,2 (§). O
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5.1. The First M + 1 Terms

5.1.5. The Zeroth Order Expansion
In the following, we present an explicit scheme for constructing the lowest order terms
60 = (VOa V(:)ta V637 uo, 9o, 40, M(:)ta ,U(])i).a €o, C(:;:a COB7 lO7j07 gO>p(:)t) .

Since it will be part of the inductive hypothesis in Subsection 618, we also make sure that
the compatibility conditions (6557), (5562), (668), and (5=73) are satisfied.

As most steps will be revisited in Subsection B8 in more generality and are also carried
out in more detail, we refer to that part for more explanations on technical details.

1. We have already established in (53) that ¢ = +1 in Qf_ﬁo and have shown in Lemma
22 that co (p,x,t) = 6o (p) is the unique solution to (6Z3) in R x I'(2J). In the
boundary layer expansion we have explicitly chosen ¢ (z,z,t) = —1 for (z,z,t) €
(—00,0] x O, (9).

2. In order to satisfy the compatibility condition (6557) for k& = 1, the identity

fio (z,t) = —oAdr (z, )
has to be satisfied for all (z,t) € I.

3. All bounded solutions on R to (523) are constant in p and so we can write

() = o ot) o ) e .0) (n(5) = 5 ) ¥ (pant) €RXT(20) (5.105)

for some yet to be determined function fig. Regarding Step 2 and using (6232) we set
o= —0Adr onl (5.106)
and thus have for (z,t) € T

wo (p,x,t) = fig (z,t) = —oAdr (z,t) . (5.107)

4. By letting p go to +oo in (B05) we may deduce that it is necessary and sufficient to
set

i (x,t) = lgn po (£p,z,t) = —oAdr (z,t) V(x,t) el (5.108)
p—r00

in order for the matching condition (5=23) to hold. As a consequence of (5I1) and
(697) we may now solve the outer equation

A,ua[ =0 in QJTEO
,ua[ = —oAdr onT
to =0 on 07, €.

In particular, we have
[o] =0 on T. (5.109)
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5. Construction of Approximate Solutions

5. To enforce the matching condition in (6I03), the equation

108

i (1) = o (,0) % o (1) dp (.1 (5.110)

has to hold for all (x,t) € I (26). It is therefore necessary and sufficient to define

o (0.0) 1= 5 (i (2.) 4 45 (2.0) . for (2,0) €T (26), (5.111)
1 + _
oy o aten (Mo (@:1) =g (2,1) (z,t) € D (20)\I,
lo(z,t) : {Vdr (00) -V (1 (2. — pi (1)) (1) € T. (5.112)

Note that [y is a smooth function in I' (26) since pug — pg vanishes on T'.

. As the right hand side of (639) is zero, all bounded solutions have to be constant in

p, implying the form

vo (p,z,t) -n(x,t) =vy (z,t) +ug (x,t) -n(z,t)dr (z,t) <17 (p) — ;) (5.113)

for all (p,z,t) € R x I'(25) and for some function v§. For the matching condition
(6220) it is necessary and sufficient that

1
V(:)t'nzv(r)lzl:in'ndr
holds in I"(20). In particular, we get
Vo] - m=0 (5.114)

on I' and it is necessary and sufficient to define

v = % (vi +vy) -n  inT(20), (5.115)
no Jar (V0 =vo) o) in T'(26)\T',
up-n:= {Vdr V(v —vy)-m) onl. (5.116)

By this definition, vg and ug - n are smooth functions if v(jf is smooth.

Considering the tangential part of (5239) we find that every bounded solution has to
be of the form

vo (p,x,t) -7 (x,t) = v (x,t) +ug (x,t) - 7 (x,t) dr (x, 1) <7] (p) — ;) (5.117)

for all (p,z,t) € R xI'(2J) and some function vj. Due to the matching conditions, the
identity

1
v(jfw':vgiiu(yrdp
has to be satisfied in I" (29), yielding

[vo] - 7=0 (5.118)



10.

11.

5.1. The First M + 1 Terms

on I' and the definitions

=g 06 ) 7 e, (5.119)
o Ja (v —vg) ) in T' (26)\T,
ug T i= {%dr -V ((v§ —vy)-7) onT. (5.120)

The functions v] and ug - 7 are again smooth if v is smooth.
0 g 0

. This and the next step guarantee that the compatibility conditions of Lemmata 610

and BT are satisfied on I' for £ = 1. This will yield a condition for the jump of the
stress tensor [2Dsv(y — pol - n.
In order for (6B5X) to hold on I' the identity

vo] - TAdp + 2 (([vvo])T n) r—uy-T=0
has to be satisfied on I'. Using (5118) and (E120) we deduce that this is equivalent to
[Oavo - 7] =0 (5.121)

on I

. The identity (5-73) is equivalent to

[vol - nAdr — [po] +2 (([Vvo) n) 0 —ug - n = — (i +115)
on I'. Using (A00R), (6114), and (5116) we find that
[Onvo - 1 — po| = 20Adr
has to be fulfilled in order for the compatibility condition to hold on I'.

By Proposition PZI8 we find that 2 [Dsvo]-n = [On Vo] holds as a consequence of [vg] = 0
on I' and divva—L =0in QfTEO. Hence, we have by steps 9 and 10

[2Dgvo — po] - n = 20 Adrn.
We also need to make sure that the compatibility condition (552) is satisfied on T, i.e.

20 dr + /96V0 -ndp — [uo] Adp — 2 [V/Jo] ‘n+1lp=0
R

on I'. By (5013), (5013), (509) and (5I17) this is equivalent to
20idpr = — (var +Va) ‘n — [Vyg] - n.

Summarizing previous steps and taking into account the outer equations (612) and
(61), as well as the boundary compatibility conditions (597) and (6100) (where the
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5. Construction of Approximate Solutions

12.

110

right hand sides vanish), we end up with the closed system

—Avy +Vpy =0 in O |
divvg =0 in Q%O,
ApE=0 in QF ,
(—ZDSVa —|—paI) npo = gV, on Or, (2,
o =0 on 07, €2,
[2Dsvg — poI]n = —20Hrn on I,
u§ =oHr on I,
1 _ 1
—Vp—i-in-(vg—i—vo):i[@nuo] on T,
[vo] =0 onT,

for u(jf,v(jf and p(jf. Here we used Proposition 213 2) and 3) for Adr = —Hp, and
Oidr = —Vr. By construction this immediately yields up and vj,vg and also vq - 7
which then also satisfies (5228). Note that this system coincides with (I"28)—(0I=33).

Now we have to make sure that the compatibility conditions for k = 1 are also satisfied
in I' (20) \I'. In order for (6557) to hold in I' (20) \I' we define

9o = arar (10 + pg + 20 Adr) in T'(20)\T,
0 QiﬁVdF -V (M(J)r + py + 20’Adr) on T,

(5.122)

which is a smooth function in I' (25). Analogously in order for (562), (5568) and (5-73)
to hold in I" (20) \I" we set

1
jo = o (=20udr = (v§ +vo) -mt (w5 — g ) Adr +2 (aptg — Gaptg ) + o)
in I (20) \I', and

jo:=Vdp -V (—26tdp — (var + Va) -n+ (,ug - ,ua) Adr)

+ Vdr - V (2 (Onpg — Onpg ) + o) (5.123)
on I,
Q= é (= [vo] - TAdr — 2 (8uvg — Ouvy ) - T+ 1ug - T) in I'(20)\T,
0 Vdr-V(— [vo]-TAdF—Q(OnvE)"—Gnva)-T+u0-T) on I,
(5.124)
and

1
qg-n::E(—[vo]-nAdF—2(8nv8“—8nv5)-n+[po]+u0-n+(,u8“+ua))

in I (20) \I', and

qo -n:=Vdp-V (— [vo] - n (Adr — Oudr) — 2 (Onvg' — nvo_) -n -+ [po])
+ Vdr -V (UO -n+ QO‘Adr‘) (5.125)

on I'.
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13. With the knowledge of v and p; we may construct the remaining zeroth order terms
V(])3 and ,uOB of the boundary layer expansion by using Lemmata 518 and 614, where
pB, = 0. In particular, (6598) and (6201) imply uf = py and v = v, . Additionally,
anticipating the construction of pOB in Subsection bI @, we have divvé3 =divvy =0
and V§ - ngg = 0 and thus also p = Py by (51102).

Lemma 5.19 (The zeroth order terms). Let Assumption I hold and let (v¥,p*, ut) be
extended onto Qéﬁo UT (26;Tp). Let moreover ) be given as in Remark B23 and 0y as in Lemma

. + + £ * + .
2. We define the terms of the outer expansion (co G s Vo > DY ) for (z,t) € Qr, Ul (20;Tp)
as

g (2,t) = +1, ud (2,t) = p* (2,1), v (2,t) = vE (2,1), pF (2,1) = p* (2,1),

the terms of the inner expansion (co, o, vo) for (p,z,t) € R x I' (20;Tp) as

and the terms of the boundary expansion (c(])g,uoB,v(])g,p(])?’) for (z,z,t) € (—00,0] x 01,9 (9)
as

c(]]3 (z,2,t) = —1, [LOB (z,2,t) = pg (x,1), v(])3 (z,2,t) = vy (z,1), pOB(

Moreover, we define fip by (E111), ly by (EI12), v§ by (EIIH), vf by (EI1A), up by (BI114)
and BI2D), go by (B123), jo by (E123) and qo by (B:123) and (E123).

Then the outer equations (G2), ([B11), (EIB), the inner equations (6-33), (B-71), (073),
(BZ3), the boundary equations (80)—([X3) (for k = 0), the inner-outer matching condi-

tions (0-23)-(627), the outer-boundary matching conditions (C83)—(E84) and the boundary
conditions (B-93) and ([@93) (for k = 0) are satisfied. Moreover, the compatibility condi-

tions (B237), (602), (B68) and (EZ23) and the boundary compatibility conditions (637) (for
k=0) and (EIm) (for k = 1) are satisfied.

Proof. This follows directly from construction. O

z,x,t) =py (z,1).

Remark 5.20. It holds
up=0onTl (5.126)

since Ug - 7 = [Onvo - 7] = 0 on I' due to (B121) and up - n = [Onvo - n] = divl [vo] =0 on T,
which is due to divvi = 0 on Qgﬁo and [vo] =0 on I

Remark 5.21. Note that we gave the form of pOB for the sake of completeness in Lemma 519,
although it is actually not part of &y. The strategy for constructing pg will be given in the
next subsection, Subsection bBI4. It is constructed along with the terms of order 1, although
it turns out that it only depends on terms of order 0 and may thus be treated as such.

5.1.6. Basic Strategy for Solving Each Order

Now we assume that for all ¢ € {0,...,k — 1} the system

+ B + B + B . + B
62' = (Viavi y Vi Wiy Qi iy by 5 [ 5 Ciy G5 € hivlia]iagiapifhpi api—l) (5127)
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5. Construction of Approximate Solutions

is known and satisfies the inner-outer matching conditions (624))—(622), the outer-boundary
matching conditions (682)—(683), the boundary compatibility conditions (6:97) (for k = i),
(61ma) (for k — 1 = i), as well as the compatibility conditions (A5R), (663), (604), and
(6278) (cf. Remark B12 regarding the last one). We solve for order k by following these steps
(note that for the pressure term, we have to construct py_1, pkELl and pf):

1. ck Qi — R may be directly calculated using formula (613) for which only terms
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of order i < k — 1 are needed. Since the compatibility conditions are supposed to be
fulfilled, we may use Lemma B2 to get ¢ : R x I'(26) — R. Regarding boundary
expansion terms, the function ¢B : (—o0,0] x 97,92 (§) — R can be found using Lemma
614 and p2 | : (—00,0] x 9,2 (6) — R can be defined by (502). Note that in this
entire process, we only needed &; for i < k—1 (and the compatibility condition which
is provided by the mathematical induction) and may thus regard clf, ckB, pkal and cy

to be depending only on order i < k — 1.

. In the following steps, we assume that hj is known. In order to satisfy the compatibility

condition (658) restricted to I' for order k + 1 we have to demand

fix = AF7L — figohy + o Al hy, (5.128)

onI.

. By the induction hypothesis, the compatibility condition (663) is satisfied and we have

() = i o) (e o) e (,0) = Do ) (5 (,0) ) () — 5 )
+ pg—1 (p @, t) (5.129)

for all (p,x,t) € R x I'(29). By (B532) and (663) we furthermore find

fig (1) /90 ) dpfiy (z,t) /90 p) bk (psx,t) dp = fig (x,t)  (5.130)

for all (z,t) € I' (20). Restricting (6129) to I' we may conclude using step 2
e (o, t) = A (2, 1) — 7go (2, 1) by (S (2,1) ) + oAV hy (S (2, 1) , )

o t) b (S (1) 1) (n () - 1) b (prt)  (5.131)

2
for all (p,z,t) € R x I.

By letting p go to oo in (B31) we find that in order for the matching condition
(6229) to hold, it is necessary and sufficient to have

:uf (CE, t) lim g, (pa Z t)

p—rFoo
=AM (2, t) — figo (w,8) by (S (w,8) 8) + 0 A hy (S (1) )
1 *
F lo (w,8) i (S (2, 1)) + e (2, 1) (5.132)
for all (z,t) € I'. With this knowledge we may find the solution ,uf to equation (B12)

of the outer expansion and extend it as discussed in Remark 61 onto QF UT (26). By
construction, ,uf only depends on hj and terms of order lower or equal to k — 1.



5.1. The First M + 1 Terms

5. Using the matching condition again and letting p go to +oo in (6129) yields by the
properties of ) that

U;gt (.%‘,t) = [k (.Z',t) + % (lk (x7t) dr ((IZ,t) —lo (.%',t) hi, (S (xvt) 7t)) + MZi (x7t)

has to hold for all (z,t) € I'(26). It is thus necessary and sufficient to define l;, and fig
as

_ 1 - s P
B = 9 <Mi—: + oy — ,uki_l - Mk7_1> in I'(26) , (5.133)
e (u}ﬁ = =y T+ lohk> in ' (26) \T',

Iy, := N o - Y
Vdr -V (1f = 1yt~ 1+ ups +lohy ) on T

(5.134)

Note that [ is a smooth function by this definition as the enumerator vanishes on I'.
Furthermore, it depends only on h; and some lower order terms. At this point it is
easy to see why we had to introduce [€ in the first place, as fulfilling the matching
conditions in I"(2d) \I' would otherwise be impossible. The same observation holds
true for u® which we will define in a similar way in Steps 7 and 8.

6. Next we construct px_1. Multiplying (60) by n, we get that if there exists a solution
to (62M), (B22) satisfying the matching conditions, it is necessary that py_q fulfills the
ordinary differential equation

8ppk_1 = (9pp (vip — (updr —uphg)n) -n+ Vi1.n (5.135)
in I" (20) and that
8p (Vk - (ukdp - llohk) 77) -n = I/Vk_1 + Vrhk . (8pV0 — UQdFT}/) (5.136)

in I' (20) by (622). Note that by (5013) and (614) it holds d,vo = updrn’ and thus
the term hy on the right hand side of (5I38) vanishes. Assuming that py_; satisfies the
matching conditions, integrating (6I35) and using (5I36) we get that it is necessary
to choose

p 0
1 1~ ~ 1. N
perpat) = ([ VGt n@nds- [V Gt ni o
—0o0 P

1, _ e
+ 5 (pk—l (.’L‘,t) +pz_1 (:E, t)) +W ! (p,x,t) . (5'137)
Moreover, Wk=1 € O (e_c|”|) as p — Foo due to the matching conditions of the lower
order terms and fpioo VF1l.ndpe O (e*CW) for p — 00, since VF~l.n e O (e*CV")
for p — +o0o. Defining pi_1 in this way, the matching conditions are satisfied, as

/Vk1 -ndp = p:_l —pj_q in I' (20)
R

by the induction assumption, see Remark 612, Furthermore, this form of p;_; ensures
that every solution to (520) also satisfies (542) and py_; depends only on terms of
order k£ — 1 or lower.

In order to find vy, v,f, pf we will in the following deduce a closed system for the outer
equations, which involves finding [2Dsvi — ppI] n and [vg].

113



5. Construction of Approximate Solutions

7. By the induction hypothesis, the equality (B-78) is satisfied and by step 6 the term
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pr—1 fulfills the matching conditions so that Lemma 611 is applicable. Then (5Z71)
yields

1

) + v (p,x,t) (5.138)

Vi (981 ) = of (22 ) + (e = wal)m (1) —

for all (p,x,t) € R x T'(2§). Using the definition of n and (6279), we get

lim vy (£p,z,t) -n(z,t) = i% (ug (x,t)dr (z,t) —ug (z,t) hg (S (z,t),t)) -n(x,t)

p—00

+ ol (2, ) + 0 (2, t)

for all (z,t) € T'(29). To satisfy the matching condition, we require

1 *
v,f n=u;F Juo- nhy, + v, + onT (5.139)
and thus
vi] n= (v —vy) n=v"" - (5.140)

on I' since ug = 0 on I' due to (B128). Furthermore, to satisfy the matching condition
on I' (26) \I', it is necessary and sufficient to define
1

op =5 (v +vi) m— ot — o) in T (29), (5.141)
dlp ((v,:r vy) -n— v,?’*”L + o +up - nhk> in ' (26) \T',

Ug -1 = + n,*,+ n,*,—

Vdr -V (v —=vi) n—v"" + 077 +ug-nhy) onT.

(5.142)

Note that by this definition, the normal component of uy, is a smooth function in I" (29)
as the numerator vanishes on I'. Furthermore, remark that this procedure differs from
the one in Steps 4 and 5 since at this point we have not found V,f (not even on I') but
just rewritten v} and uy - n in terms of vf: (and of course hy).

. Using the compatibility condition (6569) allows us to derive similar equalities as above

for the tangential components. That is, due to (5-70) we have

Vi) = () (,0) = wa (2,0) e (8 (2,00, 7 () - 5

+of (z,t) + v (p,a,t) (5.143)

for all (p,x,t) € R x I' (25). The definition of n and (5-71) yields

lim vy (£p,z,t) -7 = :I:% (ug (z,t) dr (z,t) —ug (x,t) h (S (z,t) ,t)) - 7 (x,t)

p—00

+ vf, (z, t)—l—v,:*i(x,t)

for all (z,t) € I' (26) . Again, we need

1 x
v,f T=v F Juo- Thy + v, 1i onT (5.144)
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in order to satisfy the matching condition and thus
- + T %, —
[Vi] -7 = (V]j —vy) T =v = (5.145)

on I', where we again used ug = 0 on I'. Also, on I" (20) \I' it is necessary and sufficient
to define

1 * =\ .
of =5 (v +vi) o= o o) in D (20), (5.146)
E((F = vp) T = o o o iy ) in T (20)\T,

U= T 2= + — %, + T,*,—
Vdr -V (Vk—Vk)-T—’Uk_l +v,”y +ug-1h) onlT.

(5.147)

As the numerator vanishes on I', the tangential component of ug is also a smooth
function in I (20).

9. This and the next step will yield [2Dsvy — ppI] n. As it is part of the inductive claim
that (B569) has to be satisfied for order k + 1, we restrict the equation to I' and get
that

2 (([vvk})T n) T -7 = — [vg] TAdp + [vo] - TA Ry,
+2 (((Vvo))" V7l ) 7 = [po] T - 7
+ (ug +1g) Vi -7+ qo - Th + VLT (5.148)

has to hold on I". Now since V7 (S (z,t),t) -n (S (z,t),t) = 0 for all (z,t) € I (20), cf.
Proposition 2713 4), we have

[OnvVi] - T = (([Vvk])T n) 7=Vdpr -V ((vi —vg)-7) onT. (5.149)

Plugging (5141), (5047), (6149), (A108) and [vo] - 7 = 0 on I into (A4R), it turns
out that we have to set

[OnVy - 7] = Vdr -V (—v,:ff— + U,:Tl_ +ug - Thk> — [po] Vi, 7
- (v,Zf’fr — v;f’l_) Adr + qq - Thy,
+2 (([vVo])T thk) 1 — 20AdrVE Ry -7 4 VLT (5.150)

in order for the compatibility condition to hold on I'. Note that on the right hand side
only terms of order £ — 1 or lower and hy appear.

10. Restricting (6278) to I' for order k + 1, we deduce that
T
2 (([Vvk]) n) ‘n—uy-n = [pg] — [vi] - nAdr
+2 (([9vo))” VIhe) -1+ ao - iy

+ [vo] - nA Ry, — /,U«kapcodp 4 Pkl (5.151)
R
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5. Construction of Approximate Solutions

11.

12.
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has to hold on I". Similar as in (6129), we find that due to the equality Vn (S (x,t) ,t)-
n (S (z,t),t) =0 (cf. Proposition 213 4) ) we get the identity

[OnVi] - n = (([Vvk])T n) n=Vdr-V((vi —v;)n) (5.152)

on I'. Moreover, the form of yy as given in (6129) and the identity (630) imply

/ pbodp = 2ji = 2 (Ak—l — figohu, + UAFhk> :
R

Combining this, (5040), (5042), (5052) and [vo]-n = 0 on I" with (AI51) we get that
[Ouvic -1 = p] = V- V (—0f 4+ o+ ug - nhy )
- (v,?’_*fr - U;?’_*i_) (Adr) + qo - nhy, + 27gohy,
+2 (((Vvo))" Vil ) -1 = 20AT Ry + V7m0 4871 (5.153)

has to be satisfied in order for (5278) to hold on I'. Again, remark that on the right
side only terms of order k — 1 and hy appear.

Having (BI50) and (5I53), we found an explicit representation of [Onvy — prn] =
[OnVi -0 — pg] -0+ [Opvy - 7] 7. Using Proposition P18 together with the facts that
divv,f = 0 and that [v] is known on I' via (5140) and (6123) and only depends on

terms of lower order, we get
2 [stk] -n = [8nvk] + Sk—1-

Here s;_1 is a term that depends only on expansion terms of order k — 1 and lower.
This gives us a complete system for the outer equation, which may be solved for V]f
and pf . Using the definitions in Steps 7 and 8 we immediately obtain u; and v with
all needed matching conditions.

In this step we we will find hi. The last compatibility condition, which is not yet
satisfied on I', is (6063). Restricting (563) of order k + 1 on I' and utilizing the
definition of uy and I, we get

B = /96 (—Vk ‘n+vg- Vrhk) dp + 28{}% -2 [V,u,()] . Vrhk + [Mk] Adr
R
+2[Vik] - =l + johy,
where we used that on I' we have [uo] = 0, cf. (BT09). We may rewrite
T / n 1 n,x r
20, hi, = [ 0y | vy —uphg - n n(p)—§ +v, 7 —vo- Vi hg | dp
R

+2 (Vo) VT — (—lohi + 1y = 1y, ) Adr
-2V (uf — ) - m+V (,u;r —MZ’: — Wy +lohk) ‘n
— johg + BF 1 (5.154)
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by employing the identities

1

Vk-n=v;?—uohk-n<n(p)—2) + o (pyw,t),

[:uk] = —lohy + ,U/;;’jl - 'ul?:l’
lk=V (uk+ — Ty s+ lohk) -,
(Vi) =V (1 = 1) (5.155)

on I', where the first three equations are due to (6277), (6132) and (5134).
Using (A332), (278) and (B140) in the first line of (5154) and combining all terms of

order k — 1 or lower in a new variable denoted by h;_; yields
20, hyy = (vif +v;) -n— / 0hvo - Vi hgdp 4+ 2 [V o] - VEhy
R

+ (loAdr — jo + Vip-n) by, = V (uf — pg) -n+ 1oV g -n+ hj_;.
Because of [Vyg] = nly (see (B1M)), vo (p,2,t) = vo (z,t) = 1 (v +vy) on T (see
(6117) and (6113)) and since V' A - n = 0 due to Proposition 213, we have
2(9{]1;C = (v,thv,:) ‘n—2vg-VVhy
+ (loAdp — jo + Vg -m) hyy — V (f — p) -n+ hj_. (5.156)

Taking into account the boundary compatibility conditions (697) and (5100) (for k
instead of k — 1) on 01,82 , we have the following system for (u,f, v,f, pf, hk)

Api =aj_, in 0, (5.157)
1 -

uf = aii + <:F210 — 7790) hi + ocArhy on T, (5.158)
—Avf: + fo =a; in Q%O, (5.159)
divvy =0 in O,  (5.160)
py =aj_; on 07,8, (5.161)
(=2Dyv; + pI) noo = apvy, — aj_, on 95,2, (5.162)
[vi] = aj_, on T, (5.163)
2D,vi — pp]n=a}_ hp+a) AV hy+af Vihp+a% | onT, (5.164)

8trhk = —Vo- Vrhk + az_lhk — ag_l

1 _ 1 _

+ 5 (vi4v,) n— 3 (Onpit — Oupiy,) onT, (5.165)
hye (2,0) = 0 onTo.  (5.166)
Here the terms ai_ |, al | fori e {1,...,6}, 1€ {1,...,6} only depend on expansions

of order k — 1 or lower. In particular, as we have seen in the construction of the outer
system (514) and (61H), we have

k-1

k-1
1 _ + + + 1 _ el =
ap_, = O, + g vi Ve, ap = E 1 Ve,
=0 j=0
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5. Construction of Approximate Solutions

where Cf can be seen as a term of order k — 1, see Step 1. With regard to (6597) and

(6100), we have

0 2
a%_l = —/ /Bg_1 (z’,:c,t) dz'dz,

—00 —O0

aj_; =U""!

for B ' as in (E92) and UF~! as in (529). Here U*~! is known, since cP and pP |
have already been constructed in step 1.

Note that in order to find the equations (6151)—(A16A), we have used the compatibility
conditions (663), (669) and (5-78) for order k + 1 only on I', where it holds (due to
the smoothness of the outer solutions)

lefl =W, , =0, Ul:rfl =U,_,=0.

Hence, for k = 1 we note that h; is independent of the terms €2 (WJFnCS’Jr + W*nCS’*)
and €2 (UTn®sT + U~n®s~), which we added in (6534) and (6337). In particular,
is independent of C's and we may proceed as in Remark B once hy is constructed.
Theorem 22374 now yields the existence of a smooth solution (,uf, v,f, p,f, hk).

13. We still have to make sure that the compatibility conditions (658), (6063), (5569) and
(6=78) also hold in I" (26) \I" for k+1 as this is part of the assumptions of the induction.
Note that we have yet to choose the functions g, ji and q in I' (26). We may now
define g uniquely so that the compatibility condition (658) for &+ 1 is fulfilled for all
(x,t) € I'(26) \I'. Furthermore, by step 2, (658) is already satisfied for £+ 1 on I" and
all involved functions are smooth. Thus, we may extend g; smoothly to I" (26).
Following a similar line of argumentation we may define ji, qi - 7 and qi - n as smooth
functions such that the compatibility conditions (6563), (6569) and (5-78) are fulfilled.

14. To find P and vB we may now use Lemmata 618 and 518 (more precisely (50)
for VkB), which immediately guarantee that the outer-boundary matching conditions

(6=3), (bX4) are satisfied, along with the boundary conditions (694) and (b93).

Lemma 5.22 (The k-th order terms). Let k € {1,..., M + 1} be given, let Assumption I
hold and assume that &y, ...,Sk_1 (as defined in (BTZX)) are given and satisfy the matching

conditions (B-24)-(EZ1). Moreover, assume that the compatibility conditions (-58), (E03),
(B289) and (B778) hold for k. Then there exists

+ B + B + B : + B
Gk‘ = (vkvvk » Vi Wk, Aks By g s B 5 Cks C 5 C 7hkvlk7]kagk7pk*17pk 7pk—1)

such that for k-th order the outer equations (B13), (6-14) and (EId), the inner equations

©Z1), ©72), [©74) and [©Z4), the boundary equations (BE80)-(E82), the inner-outer
matching conditions (B-24)-(E22), the outer-boundary matching conditions (B-83)-(G84d)
and the boundary conditions (B-93)—-(24) are satisfied. Furthermore, the compatibility con-
ditions ([B23), (@83), (GHA) and (E78) for k + 1 and the outer compatibility conditions
(B=32) and (@ITM) (for k instead of k — 1) are satisfied.

Proof. First we may define ic,f, Cs ckB, pkB) as in Step 1 of Subsection EIG. Next, we choose
the functions (hy, ,uki,v,f,pk_l) to be the solutions to (AIh7)—(b6H), for which existence
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5.1. The First M + 1 Terms

and uniqueness is shown in (2237). Then the remaining functions in &y, can be defined as in
the different steps of Subsection 5I: py as in (B129) with fig and Ij as in (5133), (5134)
and py_1 as in (B137). Furthermore, we define v, as in (5138) and (6143) with v}, v and
uy, as in (BI3R), (6143) and (B147), (6147). qy,j; and gi, are defined as in Step 13 and P,
v,? as in Step 14.

Regarding the claims, we first of all note that ¢ satisfies the inner-outer matching condition
(624) due to Lemma 657. The term pj_; satisfies the inner-outer matching condition (h~27)
since VF~1 . n and W*~! have exponential decay in p and it holds Jz VFi=1.ndp = [pr_1] in
I' (20) due to (BZ78) (cf. Remark 5712).

Now all the outer equations and the boundary compatibility conditions (6297) and (6110)
are satisfied by the definition of (cf, ,uf, v,f, pf) and the inner equations (62M), (624) and
(B3B) are also satisfied due to the Lemmata 572, 69, 610 and 61 and the definition of
(Ck,y pk, Vi ). The inner-outer matching conditions (523) and (5=28) are satisfied by (ug, vi)
due to the definition of fiy, I, and (E3B8), respectively the definition of v}, v],u) and (B221),

Note in particular that the definition of py_; implies that every solution of (620) fulfills

- 8pp (Vk — (ukdr - uohk) 77) N = —8,,Wk_1. (5.167)

Thus, (B067) implies that the last inner equation, (622), is also satisfied.

In regard to the boundary equations (ARG)—(6X9), the outer-boundary matching condi-
tions (A82)—(684) and the boundary conditions (593)—(594), we refer to the Lemmata 614,
A TH and BT8.

It remains to show that the compatibility conditions for order k + 1 are all fulfilled. First,
we show that they hold on I': for (6558) this follows from the condition (6158), which implies
due to the definition of p (in (B29)) that (B2R) and thus (558) holds. Moreover, (553)
is equivalent to (BI6H) as discussed in Step 12 and (5569), (6Z78) are equivalent to (5164)
as discussed in Steps 9-11.

By the definition of qg, jir and gx the compatibility conditions then also hold on I' (26) \I'.

O

Remark 5.23. This is a good place to remark upon the difficulties that would arise if we
considered e.g. no-slip boundary conditions for v¢. In that case, we would demand for
v to also satisfy v§ = 0 on 07,2, which may be achieved by suitable changes to the
presented boundary layer expansion. However, if v,]? (0,z,t) = 0 was supposed to hold
for (z,t) € 01,92, we would need to prescribe inhomogeneous boundary data of the form
v, (x,t) = U1 (2,t) for (z,t) € 7,9, for a suitable function UF~1. This can be verified
by a similar argumentation as presented in Subsection BT, more precisely as in Lemma
B16 and (BI00). As a consequence of divvkjE =0in Qéﬁo, we may then calculate

0= / divv;da + / divv, dz = — / [vi] - nr,dH! (p) + / v, -ngodH! (p)

ot RO T, 80
= — /32—1 . nptd?-[1 (p) + /ﬂkl -ngodH? (p)
Ty o0

for t € [0,Tp], where we used the divergence theorem in the second equality and (6I63) in
the last. But this equality does not have to be satisfied for arbitrary k. To avoid such issues,
we restricted ourselves to the case of the boundary condition (I—23).
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Now we “glue” together the inner and outer expansions of ¢€ in order to get an approximate
solution. We will repeat this later for approximate solutions of u€, v¢, p¢, cf. Definition G2.

Definition 5.24 (A First Approximate Solution). Let &y, ..., Sy4+1 be the expansions up
to order M +1 as given in Lemmata 619 and 522. Let furthermore some ¢y > 0, 7" € (0, 7]

and a family of functions <i~f) 0c0) C X7 be given, with Ao = 0 (cf. (240) for the
ec(0,€e0

definition of X7v). In the following, we write H := <Be) 0c0)’
€

Now we define
M

WG (s,) = Y €yt (s.) + 73R (5,1) (5.168)
=0
for (s,t) € T!x[0,T']. Note that h€ (s, t) is well-defined for all (s,t) € T!x [0, T'] since X7/ <
C? ([0,7"];C* (T')) due to Proposition 2) and the Sobolev embeddings. Furthermore,
we set

M+1
1 (p,z,t) Z e'ci (p,z,t) (5.169)
M+1 ‘
A (1) = 3 ée; (o7 (1) ,2,1)
i=0
for p e R, (z,t) € I'(26;T") and
d t
ot (z,t) = = (2.t) _ hSH (S (2,t) 1) . (5.170)
€
For the outer part we set
M+1 4
Co (x7t> = Z € (Cj_ (x7t) Xo+ (xvt) + Ci_ (.’E,t) XQ- (.’L',t))
i=0

for (z,t) € Qs and for the boundary part we define

M+1
cB (z,t) = Z ecB <dB($’t),$,t>
€

=0

for (z,t) € O/ (9).
Let £ € C*° (R) be the cutoff function as defined in Definition 21. We now define the
approximate solution

CB in O Q2 (%)
13 (2dB) cB + (1 —¢£ (QdB)) co in O} (5) \8T/Q ( )
M=o in Qp\ (92 (6) UT (26;T")) (5.171)
E(dr)ef + (1 —£€(dr)co  inT (25 T)\L(6T"),
[ cH inT (67"

in Q7. In the following, we will also use the alternative way of writing

T =¢(dr)efl +(1—¢(dr)) (1 - € (2dB)) co + £ (2dB) cB
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5.1. The First M + 1 Terms

Later on, the family H will be replaced by the terms of correct order hj\/[_ 1, which will

then depend on €. But in order to find those terms we need some preparationg first, which
will turn out to be more flexible and notationally consistent when they are done with an
arbitrary family of functions H.

At the end of this section, we would like to shortly discuss the effects of different choices
in equation (IIR) on the ordinary differential equation for v as discussed in (620).

Remark 5.25.
Substituting Ve by —ediv (Ve @ V): First note that div (Ve @ V) = Ve Act +
iV Vs |? and that

1 1 1 1
5V Ve = Oppi <€n - v%) (8,,66 (62 + ]th€\2> + Ve - <€n - v%))
+ 9, (va,ﬁ (612 + |thf\2> + D% <1n - th€)>

1
+ 0, <D2deE€ — DEREVE + 8p65D%h€VFhE)
€

+ <1n - th6> (VE - VO,&) + VI,é <va€ : (111 - th6>>

€
+ 0, Cn - VFM) (vapaf : (111 - th6>) + D?EVeE,

where we used the form of & as given in (620), the identity Vdr (z,t) - VUhe (2,t) = 0
and the notation D2 as discussed in (2225). Here we skipped the explicit notation of (z,t),
p(x,t), S(x,t) in favor of the brevity of presentation. Using this and the formulae for V€,
Acf in (B723) we get

—8,,V¢ = —20,,6°0,n
€ (Opp 20,6V B = V&) + 0,9 Adp +2(V9,7) " m
— (05" + (8,8 Adp + 3(V8,& - m) ) = 0,EVI,& — (V& - ) i)
+ & (<2(99,)" - VIR + AV + 9,9 [VIe|” = 9,9 AT e
+ 0,V R + V& -1 (0,,6VE R — VO,¢) — Vi — 8,6°D? () n
+ (8,6°Adr + 2V 8, - n) - 0,6°VE he + 0,6°VEhe (VD,é - n)
+ (—2appaf IVThe]® + 0,6 AThe + 3V, VI he — Aaf) (9, - m)
— D2 (dr) V&9, — (V& - VO,&)n+ V&« - VIh i)
(=0 [V R[4 0, ATH + 290, - VIR ) (0,67 0 + V&)
+ AF,EVI R + VU he[? 0,60,,cV e — | VI he|” 0,8V,
— (8,8°) DE (hS) - VURE 4+ V& - VIR (=0, VI he + V0,E)
+ 0,8 D? (&) VIR — 0,6V hE (V0,¢° - VI RE) + 0,8 DE (h°) VE
+ (V& V,e) VI he — div (VE ® vaﬁ)> (5.172)

instead of (B228). Some remarks:
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5. Construction of Approximate Solutions

e In this case, terms of the expansion of ¢¢ of the same order as of v¢ appear in (621).
In particular, the term 0, (0,¢,0,co) shows up on the right hand side of the ordinary
differential equation (B2M). But this does not cause problems in the construction
scheme, as ¢, can be viewed as a term of order k — 1.

e Nearly all terms that are multiplied by €2 and €3 are harmless, the sole exception being
€2 (AvE — V) —e3div (VE€ ® VE©) which corresponds to the outer system and needs to
be taken care of with the help of a function W™ as in (518). In view of the estimates
for the remainder terms, all second derivatives of h¢ deserve a second glance, as we will

see later on that hj\/[_ , can only be controlled independently of € in the space Xt (see

2
(22m) for the definition). Nevertheless, it is possible to estimate these terms using the
same strategy as in Lemma 677 1).

Considering the Instationary Stokes Equation: Having 9;v¢ — Av® + Vp° on the
left hand side of (ITIR) results in additional, higher order (in €) terms related to the time
derivative. More specifically, we get

R := R — €9,drd,v" — € (0,v° — 0,v°0; h*) (5.173)

as the right hand side of (E228) (or the same terms added to (B2I72) if one chooses to use the
alternative right hand side). Thus, in the ordinary differential equation for v; no new terms
of order k appear, but only new terms of order k£ — 1 and lower. It is however noteworthy
that the term 0,v¢9; h leads to the appearance of [vo] - 70} hy and [vo] - nd} hy in (614S)
and (6I51) respectively. But as [vo] = 0 on I' this does not lead to the appearance of 9} hy,
in (5O064). Hence, the general strategy of constructing the k—th order terms can easily be
adapted to this situation; the only real difference lies in showing existence for solutions of the
adapted system (BI57)—(5060) where the outer Stokes equation is now instationary. The
structure of V#~1 if we considered the Instationary Stokes Equation with right hand side
—ediv (Ve @ Vo) (as discussed above) is given in Appendix B

Considering the full Navier-Stokes Equation: Having 0;v¢ 4+ v¢ - Vv¢ — Av® 4 Vp°©
on the left hand side of (IIR) results in

R =R — ev°- 9, @n + € (V9,v° @ V' he — ¥° - V¥°)

as the right hand side of (628), with R as in (5IZ3).
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5.2. A First Estimate of the Error in the Velocity

5.2. A First Estimate of the Error in the Velocity

Let the assumptions and notations of Definition hold in this subsection. Moreover, we
will use the function spaces introduced in Section and introduce:

Notation 5.26. Let n € N and a,b € R™, then we denote

a®Rsb:=a®@b+bR®a.

For T € (0,Tp], € € (0,6) and H = (iLE> (o) C X7 with h€|;—g = 0 we consider weak
solutions Wi’H : Qpr — R? and qi’H :Qr — R of
AW 1 v = —ediv ((vc;H —nt ) ®, VR ) in Qr, (5.174)
divw$ =0 in Qr, (5.175)
(—2D%5" + ¢7'T) - ngo = agwi” on 9 (5.176)
e,H

in the sense of (Z). Here we denote RY := ¢¢ — ¢, where ¢¢ : Qp, — R is a smooth
solution to (II8)—(IZ3) with ¢ defined as in (B0), for ¢ = ciiH and fixed v§. Note that
c® does not depend on H, as

M+1 M+1 dr (x,0)
A (z,0) = Z é'c; (p" (2,0),2,0) = Z e <F€’,x,t>

i=0 i=0
due to h;|i—o = 0 by construction for i € {1,..., M + 1} and i~f|t:0 = (0. Moreover, we define
h’ by
3 ~
h' (z,t) == —¢ (dr (z,1)) Opcr (p™ (2,t) ,3,t) M2V RS (2,1). (5.177)
Introducing h¥, we avoid considering a term which is quadratic in k¢ on the right hand side

of (6I74), enabling us to show Proposition B30 — an essential part of Theorem 532. By
definition, we have

(VCZH - hH) (pH (z,t),2,t)
= ¢ (dr (z,1)) Vdr (x,t) cH (z,t) + € (dr (z,1)) (Ver (pH (z,t),z,t))

M
+ & (dr (1)) (8,)&1 (p" (z,t),2,1) CVdF (@,t) = > €V hip (:r,t)))

=0
(1~ € (dr (2,))) (1 — € (2dg (2,1))) co (@,8) + € (2dg (2,8)) cp (2,)) (5178

for (z,t) € Qpr. As we consider v~vi’H to be a weak solution, we understand the right hand
side of equation (EI74) as a functional in (Vj)' given by

£ (¢) = / € ((Vci;H - hH) © VR + VR @ (vcf{f - hH)) Vipde  (5.179)
Q
for ¢ € Vj and fixed ¢t € [0,T]. As H C Xy, Theorem PTG implies the existence of a unique
weak solution.

Although — from a logical point of view — it makes sense to introduce \X/iH at this point
in the thesis, it is difficult to give a thorough explanation of why it is necessary to introduce
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5. Construction of Approximate Solutions

~ e H . . . . . .
wy"" without the notion of approximate solutions and remainder terms as constructed in

Chapter B. So we relocate the information of the precise use of V~Vi’H to the beginning of
Section . For now it suffices to know that v~vi’H plays a key role in estimating v¢ — v
(where v is a — yet to be defined — approximation of v¢) as it turns out to be the leading
term in the error of the velocity.

To gain an intuition as to what order of € we might expect when estimating v~vi’H7 we can
use Holder’s inequality in (B2I79) to get

£ ()] < e HVC?H - hHHLoo(m IV R 2y 19210

and as VCZH € O (') in L™ close to I' and ||VRHHL2(Q) €0 (eM_%> if (A6a) and (EBH)

hold, we expect ‘WiH‘ O (EM _%> In fact we will improve this first estimate
L2(0,T)(H' ()
by a power of € in the main result of this chapter, Lemma 529.
An important tool for that result will be a decomposition of R close to the interface as
suggested by Corollary B11. In order to use this, we have to make sure that ¢ has the form

needed to use the results in Chapter B.

5.2.1. Decomposition of R

Lemma 5.27. Let ¢g > 0, T" € (0, To] and families (T¢) (o .,y C (0,T7], H := (7f> 0c0)
’ ec(0,e0

X with l~f|t:0 =0 be given. We assume that there is C > 0 such that

h¢ <C (5.180)

sup
€€(0,€0)

holds. Then there is €1 € (0, €] such that CZH (., 1) satisfies Assumption B for all t € [0, T]
and € € (0,€1), where the appearing constant C* does not depend on €, T, H or C.

Proof. First of all, we note that there exists e; € (0, €], which depends on C, such that

dp (z,t)

)
— .181
2¢ (5.181)

1S )0 >

for all (z,t) € T'(26;Tc)\I' (0;T¢) and € € (0,€e1). This is due to the fact that Xp —
C?([0,7];C* (T")) and that (5I80) holds. After possibly choosing €; > 0 smaller, we may
ensure that

100 (b (2,1)) = Xa+ (2,1) + X0 (2,)] +6) (p (x,1))] < Cre~C22 (5.182)

holds for all (z,t) € I'(26;T:)\I' (6;T¢) and € € (0,€1), as a consequence of (EI), where

C1,Cs > 0 can be chosen independently of €;. As a last condition on €; we impose that

M—3
¢, ° < 4L such that

Qi

M3 |hell <1 (5.183)
X,
for all € € (0,€1). In particular, this implies
e ‘ c* 5.184
‘ A lleoomcr () ~ (5.184)
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5.2. A First Estimate of the Error in the Velocity

for all € € (0,¢;), where C* is independent of C, H and T, since the operator norm of the
embedding X7, < C° ([0, T.); H? (']I‘l)) is independent of T, cf. Proposition 2234 and since
hi € C° ([0, Ty]; C* (T*)). Thus, assumption (822) follows.

By definition in (BI71), we have

T =¢(dr)ef + (1 —€(dr)) (1 - €(2dB)) co + £ (2dB) cB

Moreover, ¢ € L (Q7+) by construction and
V-,-CZH (x,t) = VFCZH (x,t)
T (,oH (x,t) ,x,t) VFhZH + (Vréj) (pH (z,t) ,m,t)

Loo(T(26:T0))
to (BI34d), which implies assumption (89). Assumption (83) follows immediately from

the definitions of ¢p and cg, as co = £1 + O (€) in L™ (Qéﬁo) and cg = —1+ O (e) in
L*> (01,92 (9)). Next, we show

for (z,t) € T'(6,T") and 9,é7, Véy € L (T (20)) as well as HtheH H < C* due

cf =00 (p") + ep® (Prr,) 01 (p) + €4,

where 60 satisfies (B33) and p€, ¢¢ satisfy (B0). As ¢y = 0y by Lemma bT9 and cg,...,cpr41 €
L> (R x I'(26)), the only thing we need to show is that ¢; can be decomposed suitably. By
(622) and (6350) ¢; satisfies

OppC1 — 1" (0) c1 = —po — O Adr + gon'dr for all (p,z,t) € R x T'(26).
Thus, we find by (603) and (6708) that
ppc1 — " (60) c1 = Adp (o — 6p) for all (p,z,t) e RxT

foro =1 [o (96)2 dp and thus ¢1 (p, z,t) = Adr (z,t) 01 (p) for all (p,z,t) € R x I, where 6;
is the unique solution to

0! — 1" (6p) 0, = o — 6,
61 (0) =0

on R with #; € L (R). 6, exists since [; (0 — 6f)) 6hdp = 0 by the definition of o (cf. Lemma
23) . Moreover, we have

oz/ﬁ"@_ﬂ@dp:/bgwq_fq%wgdp

/ 07 (—07 + 1" (80) ) dp + / £ (80) ()7 01dp

R

z/fgww@&9ﬂm
R

where we used the equation for 6; in the first line, integration by parts in the second line
and (I238) in the third. Thus, 0 satisfies (83). Setting p¢ = Adp in I' (2§) and

q (x,t) == % (c1 (o™ (2,t) ,@,t) — p° (Prr, (z),1) 01 (p" (2,1))),
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5. Construction of Approximate Solutions

we can write
a1 (p™ (2,t) ,@,t) = p* (Prr, () ,1) 01 (p (2,1)) + €G° (2,1) .
Now we estimate

€

q (z, )] = |1 (p" (z,t),2,t) — c1 (p™ (,t), Prr, (2) 1)

= [Vzer (" (2,8) € (2) 1) - (2 = Prr, ()]

<C ’dr (.’E, t)’

<e(Clp™(z,t)]|+C"),
where we used a Taylor expansion in the second line and the definition of p as well as
(6IX4) in the last line. Here C' > 0 only depends on ¢y, as |Vgze1| € L (R x I'(26)). This
shows assumption (BM).

Finally, assumption (BIM) follows by choosing €; > 0 small enough, since f” (+1) > 0
by our assumptions and since ciiH =414 O(e) in L™ (Q\I' (6,7")). This can be derived

from the fact that co = £1 4+ O (¢) in L™ (Qf_ﬁo> and cg = —1 + O (¢) in L™ (01,22 (0)) as
remarked before, and ¢; = 0y (p™) + O (€) in L (T (26;T")), where

80 (" (2.)) = Xa+ (@,6) + xo- (2,1)] < Cre™ @
by (6I32) for (z,t) € I'(25;T:) \I' (6;T¢). This shows the claim. O

The following proposition appears very technical at first glance, but at its core lies the
idea that across the interface R¥ should resemble ) plus some perturbation terms of higher
order in e.

Proposition 5.28. Let ¢g > 0, 7" € (0,To] and families (T¢).coy C (0,1'], H :=
(if) ce(0c0) C Xpr with iﬂt:g = 0 be given. Let Assumption F-3 hold for ca = CZH and
we assume that there is C > 1 such that

Be

sup <C

€€(0,¢0)

holds. We write 5 5
I3t= <_ —hG" (s.0), ~ =g (s,t))

€

for € € (0,e0), s € T' and t € [0,T.]. Then there is e € (0,¢0] and there exist Z €
L?(0,T;; H' (TY)), F}* € L? (0, Tc; H (T4 (6))) and smooth F{* : T (8;T.) — R such that

R (x,t) = 27 (S (z,1),t) (B(s,)0) (b (2,1)) + F (2,)) + F3* (2,t) (5.185)
for almost all (z,t) € T (§;Tc) and all € € (0,€1). Here 8 (s,t) := H%H;(Is,t).
Furthermore, there exist C' (K), C > 0 independent of €, T., H and C such that

181l oo (r1 x (0,72y) < €

and

| F3* < C(K)&M+t (5.186)

2
HLQ(F((S;TE))
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5.2. A First Estimate of the Error in the Velocity

and
2 2 _
HZHL2(O,TE;H1(T1)) + HFQI:LHL2(O7TE;H1(Ft(5))) < C (K) €2M ! (5187)
for all e € (0,¢€1).
Lastly, it holds

sup _sup / (IFE (s, ) + [0, PR (p,5,0[*) I (pos, ) dp < C(K) & (5.188)
te[0,Te] seTt J

for all e € (0,€1). Here,
FR(p,s,t) = FR (X (e (p +h5T (s,t)) ,s,t)>
for X as in (Z22) and
J(p,s,t) = J (e <p+ h (s,t)) ,S,t)

with J (r,s,t) := det (D, 5 X) (r,s,t) (see further (E3)).

Proof. The proof essentially relies on Lemma B and Corollary B1. Let ¢; be chosen as in
Lemma BEZ2. First of all, we note that (E76d) implies

/ € ‘VRH‘Q e L f” <02H> (R")2d (v,t) < CK?eM
Qr,

€

and ciiH satisfies Assumption B by Lemma 527 for all € € (0, ¢;). Thus, we have by (B10)
H|12 _—1gn( eH H\ 2
/ E‘VR } +ef (C/x )(R ) dx >0
Q\T'¢(9)

and get for
Ac(t) == / € ‘VRHF +etf (czH> (RH) 2da
I'¢(9)

the estimate
T.
/ A (t) < CK2e*M, (5.189)
0
Hence for each ¢ € [0,7¢], Lemma B0 implies the existence of functions Z (.,t) € H' (T*)
and FR(.,t) € H' (T (8)) such that
RH (z,t) = 27 (S (z,t),t) Uy (p™ (2,t), Prr, (z),t) + F3* (2,t)

for almost all = € I'; (0) and all € € (0,€;), where ¥; is the same eigenfunction as in Lemma
B. Here we possibly had to choose €; smaller than before. Moreover,

2 2
IR Oy ay < € (ehe 0+ R (D] o, 51)

")

€

1Z (o)1 oy + HF?(vt)Hi{l(rt(a)) =C <HRH ("t)Hi?(Ft(é)) *
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5. Construction of Approximate Solutions

for all € € (0, €2). Note in particular that C' > 0 is independent of ¢, T., H and C' as we only
used C* — which is independent of these variables as well, by our choice in Lemma 6270 — in
the estimates in Chapter B. Since HRHHiQ(QT ) < CK?2M=1 and (61=9) hold due to (EB),
integration over (0,7¢) yields (AI=8) and (EESZ)

Moreover, we can use Lemma B9 1) for ¢ € [0,7.] to get the existence of a smooth FF
satisfying Ff¥ (z,t) = Uy (pf (z,t), Prr, (@) ,t) — B(S (z,1),t) 6} (p¥ (x,t)) which fulfills

(6IRR). Lastly, S (s,t) = HG()HZ;( ) < Heg”;%(fl,l) for €1 small enough. O

t
2

5.2.2. Estimates concerning W'

Now we show the main result of this subsection.

Lemma 5.29. Let g > 0, T' € (0,To] and families (T2) ¢ (p..,) C (0, 7], H := (BG)EE(O .

X with ﬁe\tzo = 0 be given. Let Assumption -3 hold for c4 = CZH and we assume that
there is C > 1 such that

he <C (5.190)

sup
€€(0,¢0)

holds. Then there exists a constant C (K) > 0, which is independent of ¢, T., H and C, and
some €1 € (0,€) such that

< C(K)eM 3, (5.191)

~ e, H
Wi

L2(0,T5H ()
for all e € (0,€1) and T € (0,T¢].

Proof. As H is a fixed family of functions, we drop the explicit notation throughout this
proof, i.e. we write ¢, h%,h, ... instead of ci;H,hZH,hH, .... Let €; be chosen as in the
proof of Lemma 527, i.e. such that (6X1), (E182) and (5I=X3) holds.

Since w{ is a weak solution to (BI74)—(5178) in Q7,, we have due to Theorem PG

HWﬂ’L?(O,T;Hl(Q)) <C ”fGHLQ(O,T;Vé(Q))

for all T' € (0,T¢), where f€ is given as in (5I79). Thus, we estimate £ (¢) for an arbitrary
Y € L2(0,Te; Vo (), ¥ # 0, as (L*(0,T; Vo (Q)))’ = L2(0,T; V] (Q)). Let in the following
T € (0,T¢].

As a starting point, we decompose

/6(ch4 W)@ VR Vid (2, 1) = / €(Véy —h) @ VR : Vibd (x, 1)
Qr '(6,T)
+ / (Ve —h)®@ VR : Viyd (x,t)  (5.192)
Qp\I'(6;T)
and estimate the two integrals on the right hand side separately. The second summand in
f¢ (due to ®s) may then be treated completely similar to the approach below.

To estimate the second integral in (62192), note that cr, Vér, 9,61, Vi h; € L (T'(26)),
ie{l,....M+1}, co,Vco € L*®(Qr,) and cg,Ves € L (01,92(6)) by construction
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5.2. A First Estimate of the Error in the Velocity

and that we may employ (6182). Thus, |Vcy (z,t) —h(z,t)] < C; (1 + %e*@%) for all
(x,t) € Qr\I' (§; Tc) and € € (0,€1) and we may estimate
T
/ / [e(Vcy —h) @ VR : V| dadt < Ce ||V R 120 7.2 (\ro o)) 1P 220,700 (02))
0 Q\I'+(9)
1
< C(K)eMtz 191 20,710 (02))
for T € (0,T,), where we used (E5ad) in the last inequality.
Dealing with the first integral on the right hand side of (6192) will be more complicated.

We compute
/ €(Vcy —h)®@ VR : Vid (z,t)
r'(6;T)

M
= / 0, (p) (n —¢€ <Z eiVFhHl)) ® VR :Viyd (z,t)
I(5:T) =0
+ / ¢ (v (¢ — 0o (p)) — (h + 0, (p) EM—%VFBE)) ® VR:Vid (z,t), (5.193)
I(5:T)
where we employ the shortened notations p = p (z,¢) and n = n (S (z,t),t).
As (¢4 —6pop)(z,t) = Zf\f{l ici (p(x,t),x,t) for all (x,t) € T'(5;T.) we find by the

same L°°-estimates as before, that there exists some C' > 0 independent of K and € such
that

/ _3 Te
V(e = 00 () = (1 + 6 (o) M2 V0
for all (z,t) € I (§;T¢) and thus

<C

T

[

e (V(ca =00 (p) = (n+6 () 3VIR) ) @ VR w}‘ dzdt
I'¢(5)
< CelVRI 20,0200 sy 1V 220,051 (02))
_1
< C(K)eMz H¢||L2(0,T;H1(Q))

for T € (0,T] and € € (0,€¢;1), by (E8).
Using the boundedness of 6)) in L> (R) and that of V' h; in L% (I (20)),i € {1,..., M + 1},
we also find
T

/ / 166 (p)n© VIR : Vo[ dzdt < C HVFRHLZ(O,T;B(H(&))) 19N 20,7501 ()
0 T (3)

_1
<C(K)eM—2 11l L2011 (52)) »

/]

0 T¢(3)

M
by (p) (Z eithm) ® VR : Vi

1=0

dadt < Ce|[VR| 120 7,2 (0,00 191 200,701 (02))

_1
< C(K) M2 |19l 20 1 ()
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by (E3). Hence, plugging these results into (6I93), we obtain

/ €(Vcy —h)®@ VR : Vipd (z,t)| < / 0 (p)n @ nOu R : Vapd (x,t)
'(6;T) I'(6;T)

+C(K) M3 21l 20,11 ()

for T € (0,T,) and € € (0,¢€1).
In order to treat the remaining term

7:= / 0 (p) n @ ndp R : Vopd| (,t),

INCHY

we have to use a more sophisticated technique since we would not get a sufficiently high
order of € in the estimate if we just used L bounds and (B=6) as before. The strategy is to
make use of the additional information about R provided by Proposition b28. Since ¢ € Vj,
we have divy) = 0 which implies by (Z228) that

diviy = -9, - n=-n®n: Vi

holds. As the assumptions of Proposition are satisfied, we may estimate Z using (5I=3)
so that

7= / 6 (p) On (5%2 (S (z,t),t) (B(S (2,t),t) 0} (p) + FI¥) + FQR) diviepd (, 1)

INGH )

< / 05.0) (425 (0.0) ) (505 (0.0) 0185 () -+ 0T ) ) v (2.1
'(6;T)
104 (p) OnF3* (2,) divi | d (=, 1)
1(3:7)
/ / ) B2 (5 (2.0).6) 5 (S (2,1) 1) divrweads
0 T4 (6

,_he

(s,t)
+ O // / 0o (p) €~ 2Z(s )0, FR (p,s,t)divpepJ€ (p, s, t) dpdsdt

0 T' —2_he (s,t)

R
+ Ca HF2 HLQ(O,T;Hl(Ft(é))) ||1/’||L2(0,T;H1(Ft(6)))
=N"+T+Ts.

Here we used the same notations as in Proposition and in the first lines the short
notation p = p (z,t). Now (AIX1) implies

Tz < C (K) M2 $ll a0 o (o o))
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5.2. A First Estimate of the Error in the Velocity

and we may estimate Jo by

N

T Ik (s:t)
Jo < Ce M 9]l 2o i (ru o)) //Z(S,t)Z / (0, FT (p, 5>t))2 Jedpdsdt
0 Tt —2—h&(s,t)
< CUZ1 20,011 vy 191 200,710 (04 6)))
< C(K)M2 19N 220,181 (04 (6))) >

where we used (AIRR) in the last line. To treat the remaining integral, we may use Lemma
221 to get

T

7 < / / %VF (0 (0 (0)?) 3 2(S (2.1) 1) (S (1) 1)) - bddt

0 T'¢(8)

/ On (0 (0)?) € HZ(S (2.) 1) (S (2.0) 1) ¥ - e 1) s
0 T¢(5)

T

[ o, (o (0 hs0) ) 2 (0 B0 (65,0
(e

T

/

dsdt

+

+C
T

+C

dsdt

0p (06 (65 —h§ (s,t)) > € 27 (s,t)B(s,t)(—0,s,t)

0 T1
=T+ TR+ T+ T

Now

T
j13’+ gCle_ge_CQ;e//]Z(s,tﬂ sup [t (r,s,t)[dsdt
7"6(—575)
0 T!

_3 0y d
< Crem 2 e P || 2| o sy 1l 2o 7 ragoy
_1
<C(K)eM—z2 191 22 0,78 (12 0))) »

where we used (5I82) and the uniform bound on 3 in the first step and H' (T (6)) —
L% (T'; (4)) (cf. Lemma P=23) in the second step. j13’_ can be estimated analogously. For
JZ, we use integration by parts and get

T
FE<|[ [ 60) 28 @) 5(S (.0).0) O n(S (2:8),0) 1 o 1)
0 'y (8)
T
+C/ / ’(96(p))26 57(S (2,0),) B (S (2, 1) ,t) | dedt
0 Ty(6)

N
+C (K)e HW|L2(0,T;H1(Ft(5)))
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5. Construction of Approximate Solutions

_1 1 2
< Ce 2 || Z]| 20,1 (o)) 191 220,111 (14 5)) €2 H(%) ‘

g
+ C (K) e 2 |9l 20 2.1 (1o (5)))
_1
< C(K) M2 19 2o o (o)) -

where the exponential decaying term in the first inequality is a consequence of the appearing
boundary integral, which may be estimated as in the case of Jf”i. Moreover, we used a
change of variables 7 — £ — h9 in the second step and (BIZ7) in the last step.

Now we discuss Ji! — the last term we need to estimate. Note that by the definition of /3
in Proposition b28, we have

L2(R)

S—h&(s,t) ;
1 1
VB (s, )=~ 5 (66(0)7) dp (-V"h2y)
1166 HLQ(Ist) s P
_E_hi(svt)
S 016_02%
for all € € (0,€;), due to (BI82) and eM=3 || e . < 1, cf. (6I83). Thus, we compute
Te
’ 1
gh<|[ [ 505" (8@ 0)?) 32 0.0),0)B (S (w,1) 1) - ot
0 T¢(5)
’ 1
[ ] 5 15T (B @ 0)?) 328 (0.0),0)B(S (1) 1) - o
0 T¢(6)
’ 1
[ ] 50 (80 .0)2) 9T (2 (S (0.6),) 5(S (2.0) ) - et
0 T'¢(9)

dadt

T
<c 0// (9% (o (e, 0))2) YV RS 52 (S (2,8) 1) B (S (2.1) 1) - Do
T
// 0y (0 (0 (,0))%) V032 (S (2,0),1) 55 (a,1) 1) - | dad
0

+03/ (eg (p (. ))2) € 3V Z (S (2.2) 1) B(S (2.1) 1) - O] ot

Ol"t

+04// (96(p(a:,t))2>e’%asZ(S(x,t),t)ﬁ(S(:c,t),t)z/z‘dxdt

0 T¢(6
+ e 1M 2 s oo 12 20,21 vy
< CLIZ N 2ot oy I 2oz ooy + Co () €03 100 2o g oo o)
<C(K)eMz 11l L2011 (04 5 -
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5.2. A First Estimate of the Error in the Velocity

Here we used the definition of [0, V'] in the first estimate (cf. (2238)) and integration by
parts, (2238) and the exponential decay of V'3 and the boundary terms in the second step.

. < 1. This concludes the proof. O
Te

In the third step we again used ¢V =3 ||he

The following proposition is rather technical but will be useful in the proof of existence
for the (M — %)—th order of the expansion of h¢, see Theorem B=32.

Proposition 5.30. Let ¢y € (0,1) and T" € (0,Tp] be fized. Furthermore let for a given

family H = (if) o C Xpr with he\t —o = 0 the function W7 A pe defined as the weak
€c 60

solution to (B-173)-(B18) for € € (0,e0). Then the following statements hold:

1. For all e € (0,€0), there exists a constant C (€) > 0 such that

"
W

SCU((T’

L2(0,T";H(Q)) L2(0,T; Hl(Tl))> ’

2. Let Hy = (h{) (0,e0) s H2 = (h;)ee(o e) C X177 be given. For all € € (0,€0), there exists
a constant C (¢) > 0 such that

1
eHi _ ek <C(e(T)7 (14 ks, ) IA5 = hslx,,

i -

L2(0,T7;H1(2))

Proof. Ad 1) By Theorem P, there is a constant C' > 0 such that

HWH‘ <C He ((VCZH - hH> ®s VRH)‘ . (5.194)
L2(0,T",HY(Q)) L2(0,T";L2(Q))
Now in order to further estimate the right hand side, we first note that
e, H H C
sup Ve (x,t) —h™ (z,t)| < — (5.195)

(2,t)€Qx (0,17)

with a constant C' > 0 that does not depend on H. This can be deduced from representation
(BI7R) and the fact that cg and its appearing derivatives are in L* (97,2 (9)), co and its
derivatives are in L™ (Q7,) and ¢y and its appearing derivatives are in L> (R x I' (26; Tp)).
So we compute

H (vcﬁH hH) VRH‘

L2(Qqr)
e H H € v H e .
< ) p—
H (VC ~h ) OV L2 H (VC —h ) ®© (VCA b )‘ L2(0)
e (ves —ntt) @ nt|
L2 QT’
<era o
<Ci () (T)2 +C2(e) ||V L2(D(26:T"))
1
< C(e) <(T') 4+ HhEH(LQ(o,T';Hl(Tl)))> ’
where we used that c¢ is a known function and thus
sup [|Ve| 12(q) < C(€) (5.196)

te(0,77)
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5. Construction of Approximate Solutions

holds for some e-dependent constant C (¢).” Moreover, we employed the smoothness of
the mapping S : I' (26) — T! in the last line. A completely similar approach for VR ®

(VCZH - hH) yields 1).

Ad 2) We write
foll .= ((VcE H hH) sV (c — CZH>>

and get using Theorem 28 that

H w5l (5.197)

L2(0,T7;H(Q)) =C er’Hl - fE’H2HL2(o,TI;L2(Q))

holds, since WS — Wi is a weak solution to (6I74) (5I78) with right hand side given
by div (fﬁ’Hl — fG’HQ). Now in order to show 2) we first note that

DEDL (er (o™ (2,1) 2, t) — &1 (" (2,1) ,2,1)) = DA DLey (€ (w,8) 0, ) €72 (h§ — )

for all (z,t) € T'(26,T") and k,l € {0,1} due to Taylor’s theorem. Here & : ' (26,7") — R is
a suitable function depending on H; and H,. Since all the terms which do not depend on
H,, Hy cancel, we may estimate

((vei™ =) — (V™ —n™) ) @ ves
by (698), a Taylor expansion and X7 < C? ([0,7”]; C* (T')). Next, we may estimate
(VCZHl B hHl) ® (V e, Hy hHl) _ (V e, Ho hH2> <V e, Ho hH2>
< (ot -) o (o) W,

el ) i) o (o)

< C (1) |Ih§ sl

1
< C(e) (1) [Ihs — hslx,,

L2(Qp)

L2(Qqv)

L2(Qqr)

by (6193), a Taylor expansion and Xp/ — CY ([07T’] C1 (Tl)). Here, the constant C' > 0
may in fact be chosen independent of € > 0 since M > 4.
Lastly, we compute

H (vce H1 hHl) @ h (Vce Ha th) ® hiP
S H (vczHl _ hH1> ® (hHl . hH2)
L2(Q)

+||((ved™ —ni) = (Ve —nfh) ) @ nit

L2(Qp)

L2(Qpr)
and note
[h — hHQHLZ(QT/) < CM=2|9,6r (p™) VTS — 9,61 (™) VFhGHLQ )
< CM 5 [|9,6r (p™) (V7hS = VIhE) | (g,
+CM 3 (|91 (") = 0521 (02)) VRS oy -

"More precisely, we could use Proposition 2 and Lemma B2 at this point to find that we may choose
C(e) = Ce 2 for some C > 0. However, as this more accurate constant yields no advantage in the
following, we decided to skip it in favor of the brevity of presentation.
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5.2. A First Estimate of the Error in the Velocity

By similar arguments as made before, this yields

1
<C(T)? (1 + \|h§||XT,)

ef| (vei™ ") owf — (Ve —w) o L2(0THL2(Q)

lng — Bl -

Plugging these results into (5197) and noting that the exact same observations hold for the
transposed matrices, we have proven 2). ]
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5. Construction of Approximate Solutions

5.3. Constructing the (M — 3)-th Terms

Our goal is to construct approximate solutions (v%,p%,c%,p%) which fulfill (£22)—(210) in
Qr,, where r§, r§;,, 76y and rgy, are suitable error terms, which will be discussed in detail
in Chapter B. In (B79) we consider

woll = 71 (5.198)

instead of w{, where v~viH is the weak solution to (BI7d)-(AI7H). Moreover, we write
wol|p (z,t) := W& (Prp, (x),t) for (x,t) € T'(26;Tp) and we use a suitable family H =
(he)ee(o,eo) C Xr,-

The definition of the normalized function wi’H

in (ACT9R) is motivated by the result in
(6T9M), which allows for VNVi’H to be viewed as a term of order M — % Due to this appearance
of a non-integer order term, it is natural to also consider non-integer order terms in the
expansion of (¢, u€, v¢, p¢). More specifically, we assume that terms

)

M-

[NIE

+ + + +
(VM, ’pr ’CMfl’qu
2

[N

1
2

N

appear in the outer expansion, which are defined in Q%O, and that terms

M—1
€ 2(v 1 1,C 1 1

( M_§7pM_§7 M_EauM—§)
appear in the inner expansion, which are defined in R x I'(2d;7). Moreover, we assume

that there is a term eM_%hM_% : Tt x [0,Tp] — R appearing in the expansion of h¢ and

further that there are e _%uM_ 1 and €M -3] 1 appearing in the expansions of u® and
l¢. We assume that all these funcgions are smooth2in their respective domains; thus we can
also consider Wi’H and W;’H to be smooth, due to regularity theory. Note that we will not
ensure any compatibility conditions on I' (26) \I' for higher orders and consequently do not
introduce Aps— s jM_% Or Gpy_1.

A crucial detail in the following construction is that we will not get uniform control in € of
higher norms of A M-} This is a consequence of the appearance of Vc€ in the definition of
wi’H, cf. Theorem B32 for the technical details. As all other terms of order M — 1 depend
on h,, 1 (the sole exception being ¢;, 1 which will be shown to vanish), we will in turn only
have limited control of them. This fact will magnify the amount of work needed to estimate
the remainder terms r§, rg;,, réy; and rgyy. Due to this e-dependence we will sometimes

write hS, 1 instead of by, 1 for emphasis.
2

In the following, we will fix H = (h6 1)
M-3 €€(0,¢0)

family H in the notations when referring to H, i.e. we write h = hfl| w§ = w{
forth.

As before in Subsection B we will now first deduce which equations have to be satisfied,
if those fractional order terms exist, and then construct them using the same results for
ordinary differential equations as before. As we introduced no other non-integer order terms
so far, most of the terms up to order M + 1 constructed before will not be relevant. In the
following, we only assume that Gy and &; are given as in Subsections B3 and B4, resp.
Lemmata 619 and 622.

and drop the explicit dependence on a

H
and so
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5.3. Constructing the (M — %)—th Terms

5.3.1. The Outer Expansion
Applying the same Taylor expansion as before in (I"21), see (627), we explicitly get in Q%O

ci[_% =0, (5.199)

which can be derived similarly to (613). From (IIR)—(I19), we deduce that the equations

—AVy 1+ Py =0 in QF (5.200)
divvy, . =0 in Q7 , (5.201)
2
have to hold, as Vc?&il = Vcoi =0.
2

Using c]\ij_l = 0 in (Z20), we get
2

+ + + + + + : +
A,LLM_% = Oth_% +VM_% Ve + vy 'VCM_% =0 in Q. (5.202)

As in the construction of the lower order terms, we get corresponding boundary conditions
for (h=200)—(6201) and (62202) on I' from the inner expansion. These boundary conditions

will turn out to not be trivial. But note that, since Cﬁ,l = 0, we do not have to construct

2
a boundary layer expansion, as we may explicitly prescribe the boundary values
<—2DSVX4_é + pX/[_éI> nygo = aov&_% on O, €2

for (5=200)—(6=201) and the Dirichlet datum

NX/[_% =0
for (5202).

+ +

. +
In the following, we assume that <vMé,pM%,cM%,

,u?@i 1 > are smoothly extended
2

unto Qfﬁo UT (20;Tp), as discussed in Remark 571 for the integer order terms.

5.3.2. The Inner Expansion

We assume that the matching conditions (624)—(6221) hold for the inner terms v, 1, p,, 1,
2 2
Cpr—1, Hp_1. As these are the first terms of fractional order which we introduce, it can
2 2

be derived from the general form (534)—-(637) that the inner terms satisfy the following
equations:

~0pp (Var-y = (Wa_ydr = uohy_y ) n) =0, (5.203)

By (Varoy-n = (wp_ydr = oy, 1) -mn) =0, (5.204)
Oppcrr—1 — f" (co) epy_1 =0, (5.205)

D,p (MM_% - <ZM_%dp - lohM_%) n) —0 (5.206)

in R x I'(26;Tp). Note that we have used V'h,, 1 - (9,vo — uodrn’) = 0 in R x I' (25; Tp)
2

on the right hand side of (62204, which is a consequence of the definition of vy and uyg, cf.

Lemma bT19.
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5. Construction of Approximate Solutions

As before, we complement (52205) with the normalization a1 (0,z,t) = 0 for all (z,t) €
I'(20; Tp). Then we immediately find that ¢,, 1 = 0 is the unique solution to (5203) by
2

Lemma 273. ) ) ) )
Now we introduce terms VM~z, WM—2 AM=3 BM=3 which correspond to the respec-
tive terms in (620)-(548) for order k = M + 1, ie. right hand sides for fictive terms

(v MalsDpradlsCpryls Hppy ;) which we will not construct. Nevertheless, we will hold on to
2 2 2 2

part of the construction scheme of the terms of integer order in that we assume that certain
“compatibility conditions” are satisfied for the next order. We define

AM_% = _HMf% — 28ppCOVFhM,% . Vrhl + 8pcoAFhM7% - gUthén/’ (5.207)
BM-3 = BPCOVM*% ‘n — 8p,uM7%Adr — 2V8PMM7% ‘n — leén” (p+ h1)
— apCOVQ . VFhMié — 28ppu0VFhM7% -Vhy — 8pcoatrhM7% + 8p,LL0AFhM7%
+ 2V, 0 - VFhM% —hys (in” + jon') + wi|r - nd,co, (5.208)

VM= = 0,v, 1 Adp +2 ((vava_é)T n— (Vo,vo)" thM_;) — OpvoAThy s
—Oppp 11 + appOVFthé + 28ppvoVFhM7% VA + ,quéapcon
- poapc(JVFthé +(p+ h1) quén" + hM*% (win” = qon’) (5.209)
and
WwM-3 — va_%VFhl + 8pv1thM_% — diva_% —uy - ny (p+ hy)
—uj - nn'hM_% — (uM_% . Vrhl +uy - VFhM_%) dpn’
g (Vhyap+ (Thy shi+ 9 hihy 1)) o, (5.210)
M+

These are all terms of order ¢ 72 appearing in the accordingly adapted (6234)—(6337) (as
cs_1 vanishes). Note in particular the appearance of w{|r - nd,co in (52208) which is due
2

to the fact that we want to approximate (£79).

Corollary 5.31. Let € > 0, Gy and S be given as in Lemmata BI2 and and assume
that (VMfé,pré, Cpr1 MM—%) satisfy the matching conditions (B-23)—(@=21) for k = M —

%. Then it holds

1. fRAM_%G’Odp =0 for all (z,t) € T iff
fing—y = oA by 1 = gohy_17] on T (5.211)
where 7, [LMié are given as in (G2A2) and (E00).
2. |z BM_%dp =0 for all (x,t) € T iff

0:/06 (vM_% 'n—vo-VFhM_%>dp— [uM_%} Adr — 2 [V,U/M_%} -n—i—lM_%
R

— 28{th§ + o) AFthé + 2 [Vo] - VFthé —Johyr_1 +2wilr-n. (5.212)
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5.3. Constructing the (M — %)—th Terms

1

3. JoVM~2 .ndp =0 for all (z,t) €T iff
0=— [pré} n [VM%} “nAdp + 2 <([vaﬂ)Tn — ([vvo))” VFhM;) ‘n

+ /,uM_é%dp —qp - nhM_% —uy1em (5.213)
R

4. fRVM_% -7dp =0 for all (z,t) € T iff

T
0= [VM_l] T Adp + 2 <([VVM_1D n— ([Vvo))” thM_1> T
2 2 2
r r o _ )
+ [po] V hM_% T+ 20AdrV hM_% T—qo ThM_% Uy 1T (5.214)
Proof. This can be shown by direct calculations, where similar properties of zero—order terms
are used as in the proofs of Lemma 571 — Lemma BT O

5.3.3. Construction Scheme for the (M — })-th Order Terms

Now we will construct

- + + + +
GM_% = <VM_57VM_éauM_énu'M_é7/~LM_§7CM_;7CM_§7hM_;alM_é7pM_;> .

Many steps are similar in kind to the ones in Subsection BT@. But we will not en-
force compatibility conditions for a higher order in I'(2)\I', we will just make sure that
(B21mM)—(62214) are satisfied.

1. As we assume Crrt (0,z,t) = 0 for all (z,t) € I'(25;Tp), cp,

solution to (A203) in R x I'(26;7)) and by (BT99) also ¢

= 0 is the unique

1
2
E_ = (. Thus, there is no

SIS

M — 1 order term in the expansion of ¢*.

2. Assume from now on that h,, 1 is known. In order to satisfy (52211), we demand

ﬂMf% = UAFthé —gothéﬁ

on I

3. Lemma P4 implies the existence of a bounded, smooth solution to (5=208). Moreover,
this solution is then of the form

gy () = (Lo (@) dp (@,8) =T (2,6 by 1 (S (2,) 1)) <n (p) - ;)

iy (1) (5.215)

3
for all (p,x,t) € R x I'(20;Tp). Due to the properties of n as discussed in Proposition
b3 we get
ﬁM_% (337t) = :[LM_% (.Z‘,t)
in I' (20; Ty) and thus by Step 2 (52213) reads for (p,x,t) €e R x T’

gy (p8) = o8y~ gy (5 228).) (o)~ 3 )

— gohyy_ 17 (5.216)

1
2
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5. Construction of Approximate Solutions

4. In order for the matching condition to hold, (522I8) implies that it is necessary and
sufficient to set

1
By (0t) = oA Ry s — ol 37T o (5 iy 1 (S(w1),0)  (5:217)

2

for (z,t) € T', which together with (A=202) yields a closed system for the outer term.
Thus, we assume in the following that MJE , are known (depending on h,, 1) and
-1 X

extended unto Q%O UT (26;T0).
5. It is necessary and sufficient for the matching conditions in I' (29; Tp) \I" to hold, to set

1 _ .
fopy_1:i= = (ML_; +,uM_%> in I (26; Tp) . (5.218)

1
2 2
i (uLé —Hy 1t lohM_;) in I' (26; To) \T',

Vdr -V <”X4; _’MX/P% —i—lohM_%) on I'.

(5.219)

Ly 1=
M-3

6. As the right hand sides of (62203) and (62204) are 0 since ¢, _ 1= 0, we do not
need to construct a term p,, s, as every bounded solution on R x I' (26) to (522103)
2

automatically satisfies (A204).

7. As mentioned in Step 6, the right hand side of (5203) equals 0 and thus Lemma 22
implies

Va1 () = (W (@0 dp (,8) = o (2,8 by (1)) (n (p) - ;)

+ 91 (2,1 (5.220)

3
and in order to satisfy the matching conditions it is necessary and sufficient that

V:I:

M— = VM—% + (uM_%dr —uohM_%>

1
2
holds in I' (20;Tp). In particular

[vaé] —0onTl, (5.221)

since up = 0 on I' due to (BI28). In order for the matching condition to hold on
['(26) \I' we set

1
Var1i= <v 7%—|—v_ > in I" (26; 7o) , (5.222)

(5.223)
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5.3. Constructing the (M — %)—th Terms

8. We want to ensure that [p VMfédp = 0 holds on I". By (B214), for the tangential
component this is equivalent to

[anvM_l -T} - (anuOhM_l +2(1Vvo))T Vi hy, 1 — [po] thM_l) ;
2 2 2 2
r
+ (qothé — QO'ACZFV th%) - T
on I', where we used (A223), (6149) and (5=22).
9. Due to (5213), we require
OnVy;_1-n— pM,l} = <3nu0hM7; + 2 ([Vvo])T VFhM,l + OIOhM,;) -n
2 2 2 2 2
-2 (JAFhM_% — gohM_%ﬁ>

on I', where we used the same techniques as in Step 8 and

/,uM_é%dp —9 <0AFhM_% — gohM_%ﬁ>
R

by (6218).

10. Using Proposition 28 and [VM_%] =0on I we get

2 |:DSVM7%} n = [(‘)HVM%} .
So together with (5=200)—(5=201) we now have a closed system for the outer terms.

11. We next state the complete outer system. Due to (52212) [, BM 7%dp = 0 is equivalent
to

0:/96 (VM_% -n—VO-VFhM_%>dp— [uM_%} Adr —2 [VMM_%} -n+lM_%
R

- 28chM—% + [wo] AFhM—% + 2 [Vl - VFhM—% —Johp 1 +2wilr-n

on I'. Using that on I' we have fR 0hvy 1 - ndp = (V]J\} vy, 1> -n, vo =
2 -3 3

3 (Vo +vg), [/JM%} = —lohy 1l 1 = [ nqu%} + Onlofiy, 1 (o] =0, [Vuo] =

nly, by (62220), Lemma 619, (52217), (5219), (500R), (5010), respectively, we get the
equivalent equation

N

28{hM_% = <v;\}% Vi

+ (loAdF — Jo + anl(]) th% + QWE‘I‘ - n. (5.224)
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5. Construction of Approximate Solutions

Taking all gathered information together, we get the following system for the functions

+ + +
AAVERTY VREY STy SV
M- PPy 1M =3

A,@ié =0 in Q7 , (5.225)
—Avi_% + Vp]\i/[_% =0 in QF , (5.226)
divv]j\;_% =0 in Q7 , (5.227)
NX/[,% =0 on Or, (2 (5.228)
( 2D, sV 1 +py, 11) npo = Vv, ! on Op, €2, (5.229)
in the bulk,
£ =oAln 1z —7igo | h r 2
By =08 hy 1+ F5lo =190 ) iy 1 onT, (5.230)
2 2 2
[QDVM 1—pM ]n—VuonhM 1—[p0]v Py 1+Q0hM 1
2 ([Vvo))* thM_% — 20 Adpr V! Iy
=2 (oA hy 1~ gohyy 1) m onT, (5.231)
[vM_%} ~0 onl, (5.232)
1
8trhM 1—§(l0Adr—jo+8lo) M_1twp-n
1
—1-5 (v;\r/[ 1 +VM—;) n—vo-V h, 1
1 N _
-3 <6n#M_§ - an,uM_;> onT, (5.233)
hM_%‘t:() =0 on Fo, (5234)

at the interface.
Note that the evolution equation for h,, 1 is not linear, as w{-n depends on h,,_ 1 via

(67a). Consequently, proving solvablhty is more involved for (B=223)—(6=234) than it
was for (5157)-(5068). Moreover, due to the dependency of w{ on V¢, we will not get
estimates uniform in € > 0 for h;, 1 in arbitrary norms. We will show the existence

of solutions for (5-22Z8)—(6234) in the following theorem.
Theorem 5.32. Let ¢g € (0,1) and the space Vi be chosen as in (2-8).
1. There exist unique solutions hj\/[_% € Xy, ”Ei% € L?(0,To; H? (% (t))) and

(viymiisy ) € 22 .70 B2 (90 (1) x 22 (0.1 (25 0)

of (E2ZA)-(5233) for all € € (0, €0), where
Mtwi = Wi € L? (0, Tp; Vo)

is the weak solution of (0-174)-(@178) with H = (hj\/[ 1) .
~ 2/ e€(0,e0)
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5.3. Constructing the (M — %)—th Terms

2. If Assumption -3 holds for cy = CZH, there exist €1 € (0, €] and a constant C (K) > 0
independent of € such that
‘ < O (K) (5.235)
X7,

and, writing Zr, := L* (0,T.; H? (Q* (1)) N L5 (0, T.; H' (OF (1)),

for all e € (0,¢€1).

My

1
2

+,e

+,e
pM

+e
Har

v < C(K) (5.236)

LS(0,T; H (Q%(1)))

+
ZT,

l

: LE(0,Te; H2 (2 (1))

Proof. 1t is important to be aware that w{ depends on hS  , since it is a solution to (E174)

2
where ¢, depends on

dr :L',t €
p($,t) = (6) - hA (S(.%’,t) 7t)
inside of I'(26) and h{, , is a summand in A%, see (BI68), where he = h$, 1. Hence we

)
cannot simply use Theorem 237 to get a solution for (5227)—(6234) but we have to use a
ﬁxed point argument Hereinafter, we will drop the e-dependence in the notation, i.e. write
,uM 1 instead of ,uM 1 etc.

Slmphfymg the notatlon we consider the system

A,@f% =0 in QF, (5.237)
,@_% = oAy +a Fhy o onT, (5.238)
—AV?‘E/[_% + Vp]j\;_% =0 in O, , (5.239)
divvﬂiﬁé =0 in QF, (5.240)
[VM%] =0 onT, (5.241)
[QDSVM_; — pM_;} ‘n= ath_; + aQAFhM_; + GQVFhM_% on I, (5.242)
2 2 2 2
v, ili=o = in QF (0), (5.243)
-3
Ophy—y =a’ - Vihy 1 +a’hy o
+2<VJJ\F4—§+VM—;) n
1 _
hM,% li=0 = on I'y (5.245)
for some smooth functions av*,a? a® : I' — R, al,a?,a : I' — R? which are defined by

Now we introduce the auxiliary operators

SV Xp, — L? ((),TO; H3 (Ft)> s trp (vE4vT) on

and
St X, — L? <O,TO;H% (I‘t)) ,h = trp (Bn,u+ — n/f) ,
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5. Construction of Approximate Solutions

where v and 7 are the unique h-dependent solutions to (6239)—(6243) and (5-237)(6238)
and trp denotes the trace. The unique solvability for v follows from Theorem PZ38 and for
u from general elliptic theory.

Thus, we may write the evolution equation (5=244)—(5241) as

Dt,FhM—% +a- thM_% — ahM_%
1 * * € :
+5X5 (sv (thé) T (thé)) = X (WS - n) in T x (0, 7)), (5.246)
hli—o =0 in T!

for some smooth coefficients a : T! x [0, Tp] — R, a: T x [0, Tp] — R, where we used (2230).
We now define

1
L(h):=2D;rh+a-Vrh—ah+ §X5 (S8Y (h) +S"(n)),
N (h) := X} (wi’h . n)

for h € X7, where Wi’h = Wi’H as in (B19R) with H = {h}
(52218) as a fixed point equation via

e€(0,e0)" With this we may write

h =LY (N (h)) for h € X7, with h|y—o = 0 in T". (5.247)

Note that the bijectivity of the operator L : Xy — L2 <0,T’;H% (’]I'l)) for every T' €

(0, Tp] follows from Theorem 2237 and thus L~! is bounded by the inverse mapping theorem.
Moreover, the norm of L~! is bounded by a constant c¢; > 0 independent of 7" € (0, Tp).
Remark furthermore that we do not let L™! depend on initial values, as we will in the
following always consider L™! to be the solution operator corresponding to initial value 0.

Now we want to show that (52247) really has a fixed point in X7 for some 7" € (0, Tp).
Using the uniform bound of L~! and the continuity of the trace operator together with
Proposition 530 2) yields for hy, he € X7 and T" € (0, Tp)

HLil (N (hq) —N(hz))HXT, <C HXGk <<Wi’h1 — w?}”) n)‘

L2 (o,T';H%(Tl))

<C st,h1 _ Ws,hg
- ! b llzzorrm )
1
< C(e) (T)? (1 + ||h2HXT,) Iy — hallx, - (5.248)

Now we define R = R(e,Tp) = 2||L7" (N (0))||y, . For T" € (0,Tp] and h,hi,hy €
- 0
Bx,, (0; R) we have due to (5-248)
1
[L7H W (h1) =N (h2)) ||, < C(€) (T)2 (L4 R) [l — Dol x,
and

IZ WV )y, < IV (B) =N )|k, + 127V 0D,

R

<C©(T): U+ R) Iy, + 5
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5.3. Constructing the (M — %)—th Terms

2
Hence, by choosing T (¢) < min { (W) ,To}, we get that L'\ is a contraction

and a self-mapping in Bx, (0; R) and thus the Banach fixed-point theorem implies that
there exists a h* € Xr (. satisfying (5=247).
Now we assume that the maximal existence time T™ of h* is smaller than Ty and want
to lead this to a contradiction. For this, we first show an a priori estimate: it holds for
"€ (0,77
sup (11 () 3y < C IR,
te(0,77)

<CIN ()7

12 (013 (1))
<C (HXS‘ (wi,h* n)‘ ; (OT;H%(W)))

<o |1+ / I (o) 2y |

where we used the embedding X7 — C° ([O,T’ ]; H? (’]I‘l)) in the second inequality, the
uniform bound on L' in the third inequality and the continuity of the trace operator
together with Proposition 5230 1) in the last step. Using Gronwall’s inequality we get

sup [|A" ()] r2¢pry < e (€, To)
te(0,7%)

for some constant ¢; = ¢1 (¢,7p) > 0. Now let hg € H? (T') with Iholl pr2(r1y < c1. We are
interested in solving

L (h) = N (h) in T' x (0,77), (5.249)
hji—o = ho in T* (5.250)

for some T € (0,Tp]. It is possible to show that there exists h € Xo with HfLHX <

2 |lholl pr2rry < 2¢1 and hli—o = ho (see e.g. [7]) and we may thus consider the problem

L(v) =N (v) in T x (0,77),

Vjp—p = 0 in T*

Withh:v+ﬁandj\~/(v):/\/<v+ﬁ>—L(ﬁ). Now let

R := 2max {cl,

o (o)

)
XTO}

1" € (0,Tp) and v, vy, v2 € Bx,, (0; R) and we get again by (5224R)

i (e 4

< C(e) (T')? (1 n H i XW) lor — vallx,

<C () (1) (1+2R) lor — il x,,

Xopr
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5. Construction of Approximate Solutions

and

[t ()]

<Je (v -x o), | (o)

X XTO

<C(e) (1) <1 + HﬁHXT) Iollx,, +§

1 . R
<O ()7 (1+R) llolx,, + 5
Thus, there exists T = T (Tp, €) such that (52229), (52250) has a unique solution h € X

Thus, solving (62229), (62250) with hy = h*| w.lo.g. T < T*) we get a continuation

A 11 (
of h* onto (0,71 + %) This is a contradiction to the maximality of T* and thus A M-1 =
h* € Xg, for all € € (0, €]

Hence it remains to prove the second statement. Let T, > 0 be given for € € (0,¢g) as in
the assumptions. We have shown

L (hjw_%) =X} (wi’H : n) in T x (0,7), (5.251)
h;w_%hzo =0 on T!,
for H = (h6 ) . Thus,
M_% e€(0,e0)
1 e H
he < HX( oH )( < 57 ‘ 252
‘ M=3llxg ~ Gl (waom 2(osm ()~ < M1 Y oo () (5.252)

for all 7" € (0,Tp). Here Cy can be chosen independently of 7". Now we choose C' (K) as in
Lemma (note that this constant is independent of the choice of A€ in the lemma) and
define ¢ (K) := 2C,C (K). Then we find that

T! .= sup{t € (0, Ty)] ‘

<))

hS . 1
M-3llx,

€

satisfies T¢ > 0, due to the continuity of the norm ||.||y, in £ > 0 and since A,

H?(Th).
Using Lemma again (with 7! instead of T¢), we get the existence of €1 € (0, €] such

that
H - e,H‘
Wl

_;|t=0 =01in
2

< C(K) M3
L2(0,T4:H(Q))

for all € € (0,€;1) with the same constant C (K) as above. Thus, by (62252) we have

for all € € (0,€1). By the definition of 7! this already implies T/ = T..

(67238) then follows from (223), (224) and (E58) taken together with the embedding
Hs (0,T.;Y) < L5(0,T.;Y) for a Banach space Y and Proposition 2234 4). This concludes
the proof. O

RS,

1 =
2 llx,, 2
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5.3. Constructing the (M — %)—th Terms

Remark 5.33. Let <h€ 1,V]j\E/[E 1 ,pM 1,uM > be given as in Theorem B=32 for some € €
(0,¢€p).

1. As b, 1 € X, the right hand side of (6I72) is already in L2 (Q7,), so by regularity

theory and a bootstrap argumentation, we see that hS, , and w{ are smooth functions,
2

+.¢e +.e
M— 1 ’pM 1 ’ ,UM 1
the missing regularity, but the m1ss1ng control of higher norms uniformly in e.

which transfers to (V > . So the true difficulty in the following is not

2. As for lower order terms, we may also extend u M 19 p M 19 VEE , onto Q%O U (26)

by using the same extension as discussed in Remark Bll. As the extension operator
et . Wk (QF (1) — sz (R?) is continuous, we get in particular

e (554)) <<
2/ |k (Q* (1)U (26))

for k € N, where we can choose C' independently of ¢ € [0, 7p]. Similar estimates hold

for pj\/[_% and ij_% (for the latter see (5IM)).

+.e
“M

2ILHR(QE(1)

3. In the following we write ¢ = CZH for H = (h6 , where CZH is defined in

M—l)
2/ e€(0,e0)
Definition b24.

In the following we will use p* M 1) V]j\E/[6 ; and pjE o€ _y 88 functions on QF UT (26) and not
2

explicitly mention the extension operators. After these considerations we may define the
(M — f) —th order terms.

Lemma 5.34 (The (M — 7) —th order terms). Let Assumption T2 hold and let n be given
as in Proposition B23 and Oy as in Lemma B2B. Let moreover &; be given as in Lemmata
BT, 523 for alli € {0,...,M + 1} and let € € (0,1).
M— l’pM 17:LLM
unique solution to ([(B22Z4)-(0-234) as given by Theorem BZ32 1) and we consider vM L
pM’_l, MM_l to be extended onto QJTEO U T (20;Ty) (c¢f. Remark B=33). Moreover, we set
2 2

Then we define the terms of the outer expansion h6 1,vie > as the

e , = 0in QjTEO. We define the terms of the inner expansion given by the functions
2

(s s Ve s Py sy ) for (poat) € Rx T (285 T0) as

C(]SW—% = 0,
oy (0 t) = i 4 (2,80 (p) + a4 (st (L= (p), (5.253)
Viros (@) = vt (@60 () + v, (1) (1= (p)), (5.254)
Further, we define 15, 1 and ‘15\4,1 as in (Z13) and (B2223) (substituting M]j\E/[_y v]j‘z_l,
T2 2 2 2
hyy_ 1 in these formulae by M L ij‘[/Ie L h6 1)

Then the outer equations (IZEED) (IZEZ?IZ) the inner equations (B203)-(E208) and the
identities ((211)-(0-213) are all satisfied.
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5. Construction of Approximate Solutions

Proof. As <h l,vi[e 1 ,pM L u v 1) solves (B223)—(h-234) it is immediately clear that

the outer equations () () are satisfied.
Concerning (52211), we compute

1 / 1 / 1 +,€ —,€ I ~
5 /%u?w_;dp =3 /902 (uM_; iy dp=0oA 1 —gohiy 17,
R R

where we used (B32) in the first equality and (62230) in the second. The validity of (52213),
(6214) and (62212) then follow by the same arguments as made in Steps 8-12 of Subsection
h33.

Regarding the inner equations (5203)—(62208) we compute exemplarily

Far—1 — (lfw,;dr - lohjhl) n= u;f_l in T'(26) \T,
Moy 1 + loh, L= HM_, on I,
where we used the definition of ZF\/[, 1 in the first equality and [ By } = —lyhs -1 onI' in

the second equality. The latter is a consequence of (62230). This 1mphes (5208). Equatlons

(6203) and (5=204) follow in the same way, remarking up = 0 on I" and [ Vi1 ] =0onl.
2
(6203) is a direct consequence of ¢, , = 0. O

2

Notation 5.35. Assume that the assumptions of Lemma 5234 holds. In the following, we
collect the terms of order M — % and write

e € +.€ € € +.e € € ¢ +e
GM—% T (VM—é’VM—;7uM—é7MM—é"uM—%7hM—é7lM—é7pM—§7pM—é) .

. . . . +e +
For simplicity, we often write v,, 1 =v¢ |, v, =v,
’ M—3 M-3' "M-% M—3

fractional and integer expansion orders together, as in Section Bl

etc., especially if we consider

Note that, although we assumed it during the construction, we may not give estimates
similar to the matching conditions for lower order (524)-(5=27), i.e. estimates of the kind

sup
(z,t)E€T(26)

Dl;Di < My (:tp,:v t) — ,ui_% (a:,t))’ < Cre @l for all p >0

€ €
for the terms ,uM_%, v

L?(0,T; H* (" (t))) < € ([0,T];C° (Q+ (t))) and we have thus no € independent control
over the appearing terms for p € (0, 1).
Nevertheless, if p > 1 we have p, . (£p,2,t) = u]\i/l’e_l (z,t) for (z,t) € I'(20), by its
2 2

definition in (5253) (this also holds true of course for v{ , and pj, .). Consequently,
2

, and Py - This follows since e.g. there is no embedding
2

we may later on show Proposition B0, which is a suitable substitute for the matching
conditions.

The following lemma allows for a better understanding of the structure of the terms AM=3 2,
BM=3 and VM~2 and is the main reason why we assumed (5211)—(6214). The importance
of the lemma will become apparent when showing Lemma B9, where it is the key ingredient.
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5.3. Constructing the (M — %)—th Terms

Lemma 5.36. Let the (M — %)fth order terms be given as in Lemma and let the
assumptions of Theorem B33 2) hold and let € € (0,€;).

1. There are L1, Ly € N such that
AM p,xt ZAk (z,t) A2 (p) for (p,x,t) € R x T'(26)

and

AM=3 (p x.t) ZAIF x,t)A ( ) for (p,x,t) e R x T,

where HA%HLW(R) + HA?FH < C for some C > 0 independent of €, and

L>(R)

<C(K 2
L5(0,Te; L3 (L)) CK) (5.256)

(151 — Ve

forallk e {1,...,L1}, j € {1,...,La}. Moreover, there are C,a > 0 independent of €
such that

T2
/ a2 0pdp| < Cemomintrim) (5.257)
T1

for 71,72 > 0 large enough and all j € {1,..., La}.

2. There are K1, Ko € N such that
BM p,xt ZBk z,t)Bs (p) for (p,x,t) € R x T'(26)\I'

and

BM p,xt ZBIF x,t)B ( ) for (p,x,t) e Rx T,

where Bz, eo ( °‘|P|) for p — oo and

1,1“‘

HB}CHLQ(F(%;TE)) + HBj <C(K) (5.258)

L2(0,Te;L2(Ty))

forallk e {1,..., K1}, j € {1,...,Ka}. Moreover, there are C,a > 0 independent of
€ such that

T
/ B dp| < Cemomin{mim) (5.259)
1
for 11,79 > 0 large enough and all j € {1,..., Ks}.
3. There are N1, Ny € N such that

Ny
VY=L (p,2,t) = Y Vi (2,0) VE (p,3,1) for (p,a,t) € R x T(20)
k=1
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5. Construction of Approximate Solutions

and
N2

vM-3 (p,x,t) = Zvjl.’r (z,t) V?’F (p,x,t) for (p,z,t) e Rx T,
j=1

where Vi, V?’F € R, and

< C(K)

T
HV119HL2(I‘(26;T5)) t HV; ‘ L2(0,T;L2(Ty)) —

forallk € {1,...,N1}, j € {1,..., Na}. Moreover, there are C,a > 0 independent of
€ such that

T2

sup /V?’de < Ceomin{rim} (5.260)

(z,t)el
T1

for 11,79 > 0 large enough and all j € {1,..., Na}.
Proof. Ad 1) Plugging the explicit structure of 5,1 s given in (67253) into the definition
2
of AM~3 (see (B207)) we get

M- 1 +,€ —€ +,€ —€ 1
=g (g ity ) = (it —icy) (- 3)

Tye r T'ye €
— 20ppc0V hM—% -V hy + 0pc0A hM—% — gohM,%W/ (5.261)
= AR (Opc0 — ) +goh, 1 (=0 ) — (D —n 77—1
M—3 7P M—3 M-z "M-3 2
— 20,0V 1,1 - Vil (5.262)
2

on R x I, where we used (52230) in the second line (which is satisfied due to construction
in Lemma B334). Since (622611) also holds on R x I'(24), we get the first decomposition by
setting Al := —1 (D 40" >, AZ:=1, 4= —< e e >, AZ = (n—1), ete.
g Al =3 <MM_§ My ) A } s =it ) A= (= 3)
and noting that co (p,z,t) = 6 (p). Setting A]" = Arhjw,;: AP = (9,0 — 0), ete. we get
2

the desired splitting on I' (with Ly = 4). It is clear by the properties of ¢y and 7 that all
terms Ai, A?’F are bounded on R. Now

@pco — o) + (—rf +7) — (1= 2) = @pe0) ) Bhdp = 0
/ o2) )

by (661), (500), (532) and the fact that J,,cob], = %d% (6})°. Since ¢( has exponential
decay by (1) we get (52251).
Now note that by definition in Remark 2219 we have e.g.

ARG, s (@,t) = (AS (2,6) 0, + VS (2,0) B ) s (S (2,8),1),

2
where S is a smooth function and can be uniformly estimated in I' (26;7)) along with its
derivatives. Thus, by (62233) and Proposition P23 3) it follows

< C(K)

Alpe he L —ovihe L .VTh )
H M_%—i-go M—3 M—3 ! LS(0,T;L2 (T4 (26)))
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5.3. Constructing the (M — %)—th Terms

and the same estimate also holds true if we exchange I'; (26) for I';. On the other hand, the
continuity of the trace operator implies

H [/ﬁw,%} L5(0,Te;L2(Tt)) =¢ (‘

and the continuity of the extension operator as discussed in Remark B33 implies

H [Mj‘/l_%] L6(0,T¢;L?(T¢(26))) =¢ (‘

where [:UJR/[, 1 } = u;‘rj_ L o L Since (52238) holds, the claim follows.
Ad 2) We have by definition of BY ~3 in (520R)

M-t 1 +,€ —,€ +,€ —€ 1
B <o ( (5 (i i)+ (i vy (-3)) )

+ 0pc0 (—vo . Vrhjw - 8{h§\47% + wi|r - n) — (5\479 n"p

+.,€
H 1

T2

—€

u
L5(0,T; HY (Q (1))

L5(0,T; HY (24 (1))) E

—,€

+HU’ 1

+,€
ILLM_%

_1 Y
2

L5(0,Te; H (QF (1)) LG(UaTe;Hl(Q‘(t)))>

1

2

—n <Adr (,U—he L= 1) + 20n <M+7€ L= 1) + johS
M-1 M-1 M—3 M—3 M-

4o (—ljw_%hl _ hj\/[_%ll) — 20,109 by 1 - V'

+ apﬂoﬁrhjw—% +2Vppo - Vrhiwf%

[N

on I' (20), where we used (A2254)) and (5-253). This makes the decomposition on R x I' (26)
obvious if we note that by (5-I03) we have

Vedhuo = Vi ([1o]) Ohn in R x I'(20) ,i € {0,1},1 € {1,2}

and it is again clear by the properties of ¢y = 0y and 7 that all terms Bi exhibit exponential
decay.
Now for the decomposition on I': By (52233) it holds

1/ 4 _
of 5‘4_;—2<VM’6_§+V]\4’6_1>-H
1 , . _
—Wi'n‘FVO'Vthw,% =3 <(lgAdp—]0+8nlo)hMé — On <u;\}’€1 —uM’€1>>
2 2

on I' and thus

_1 p e 1 . 1
BM P— <vj4’_é — V]\/[’—é> ‘n <77 — 2> apCO —|—j0h§\4_% <20p60 _ 77/)

€ —€ 1 €
_ (U/Adr <“A+/j—§ - uM’_l) + 2loAdp8pcohM1>

2 2
+ 0, +e e 160—”_2’ 4O lohe —"—lac
n\Hu-t " Hyy )\ Q%0 m P2l nlohyy_1 ( =n"p = 50pc0
+2V0,u0 - VRS, s

2
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5. Construction of Approximate Solutions

on RxI', where we used the structure of I ., on I as given in (5219). Using ,uLE_ 1y =
2 2 2
—lohjw_% on I' due to (62230), 0,0 = Oppto = 0 on I' due to (610H) and Vrhjw_% -VO,po =

VFhEWJ -nlpn’ =0 on I also by (BIH), we arrive at

M

1
2 2
+,€ —,€ 1 i / € i 1
+ On Paj—y =Py 58,)60—77 p—2n +8nlohM_% =1 p—§8p60

2

(g i)

. C 1 . 1
BM-3 _ <vj\_4 — vM’l) ‘n (77 (p) — 2> Opco + hM—% (Jo — loAdr) (26pco — 77’)

on R x I'. This implies the sought after decomposition if we set Bi’r = (VLE_ 1 V]T/[E_ 1 > ‘n,
2 2

B?’F = (17 (p) — %) 0pco, etc. As before the Bi’r terms show exponential decay. The integral

over the Bi’r terms has exponential decay due to the properties of 7 (see Proposition 63)
and cg, since e.g.

1
/<28pco—77”p—2n’) dp:1+/77dp—2:0, /n”dp:O.

R R R

This implies (57259).

The L? — L? estimate for the terms of kind B,lg’F and B} now follows from (52233), (5-238)
and the continuity of the trace operator H' (% (t)) — L? (T'y) as well as from the continuity

of the extension operators for ,u,f; L and v M’E L
—3 —3

Ad 3) We use the definition of VM-3 in (h209)

T
VM_% :77’ (2 <V (V]V[’E_ —v_’e_ >) n— <p]\+/[’€_1 —p;/[’e_1> Il)
2 2
/ +,€ —,€
+n <(VM; —V.

—h
+ 0,c0 (u;\r/f_én + u;;_% (1-— 77)) -n — 8pcou0VFhM_% + Gppovrhj\/[_%

[N
N|=

1 1
M-1 M-1

N

Adv =1y _yan) =~ 2(Vo%0) T,y — 9vaAh

+ 205, %0V s V4o (o + 1) uy, s+ h;w_%ul) :

where we used (5253), (6253) and (62254). Noting the matching conditions for vo, po,
po as well as the properties of ¢g = 0y and 7, this representation immediately yields a
decomposition into terms of kind V,lg and Vz, where Vi € Ra.

Now on I' we observe that d,vo = 0,,vo = 0 by (B113), (6112) and pg = —oAdr

by (6107). Since [v€ _1} = 0 on I' by (A232) and divvE*, = 0 by (6227), we have
2

M 1
M*g
|:8n"E

o1 } =2 [stiwi 1 -n} by Proposition 218 and thus using (A-23T) for the structure
2 2
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5.3. Constructing the (M — %)—th Terms

-1 € —,€
vM—3 — (77, +7INP) <8n (VE_% - VM_;> +8nu0h§w_1>

2

+2 (0 (Vo))" = (V9,v0)" ) V7RG, 1 + (9p0 =1 [pol) V' B3, s
1 ) ) _
+ (28,000 — 77/> (20 (AdrVPthé + AFhMién) — gohM,%ﬁn>
]' € €
g (= o (g 40 ym).

Here we also used the structure of uj, , on I as given in (5223) and
2

1
+7€ —€ _ I'ze ~ -
MM_%U‘HLM_% (1-n)=0A hM_% = goly 11 —1lo (77— 2)

due to (6230). Now we set Vi'T = n' + 1/"p, V3 = ' ([Vva])" — (VO,vo)", ete. and

vl = <8n (V;f; _ VX[;) + &ﬂloh;w_;), vyl = QVFh%_% etc. We have

1 1
/n’ +1"pdp = /28p(:o —n'dp = /apco <77 - 2) dp = /n”dp =0
R R R R

by the properties of  and 6y and all integrands have exponential decay. For 7, > 0 large
enough we also get

T2
/ dopo — 1 [pol ds| < |po (2,2, t) — pg (z,t)| + |po (=71, 2,t) — py (2, 1)]
T1

< (Ce @ min{7,72}

due to the matching condition for py for all (x,t) € I". The same argumentation holds for
7' ([Vvo))" = (VA,vo)T, so we get (5260).

Again the L2 — L? estimate for the terms of kind Vi and v}, follows from (5-235), (62238),
(6223), the continuity of the trace operator H' (Qfﬁ) — L% (T'y) and the properties of the
+e

extension operators for v Mol
-2

and pl\i/;_ ,, see again Remark B33. O
2

Remark 5.37.

1. We will not construct terms of order M + % as the right hand sides of the according
ordinary differential equations (similar to (2203)—(5208)) would depend on derivatives

of the kind Of h, . and Ah{, , amongothers. Asaresult, the already tenuous control
2 2

(independent of €) we have over the terms of order M — 3 would only get worse for
terms of order M + % On the other hand, terms like A,uMJrl,(?tvMJr;, etc. would
2 2

appear in the remainder and have to be estimated suitably, which the missing estimates
prohibit.
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5. Construction of Approximate Solutions

2. Note that we may construct arbitrarily high integer orders of the expansion in the way

154

described in Section 6 without knowledge of the expansion of fractional order M — %
This is true as long as we do not consider products of fractional order terms in the right
hand sides of the ordinary differential equations (620), (623), (624), (628) (and also
in the outer equations) which — taken together — yield an integer order of €. In other
words: all higher order terms, which come up due to the construction of the fractional
order of the expansion, appear in the remainder terms (cf. Section B1l) and are not
taken into account when constructing the integer orders of the expansion.
Nevertheless, if one wanted to include the higher order terms appearing due to the
fractional order in the construction of the integer order terms, the following should be
considered: in order to appear in A*, B* V¥ or W* for an integer k, (at least) two
terms of fractional order need to be multiplied; the lowest integer order of the expansion
which would be influenced by such a product is 2M — 1 (which can be readily verified
by considering (528)—(531)). As (in our case) M > 4, we may construct expansions
up to order M + 1 without having to worry about the appearance of fractional order
terms.



6. Estimates for the Remainder

It is of great interest to what extent the constructed approximate solutions “solve” the
original system ([CI8)—(IZ25). More precisely, it is important to show that the remainder
terms r§, 5, "&H1» oo, Which are given as in (B27)—(B110), are perturbations of a high order
of e when considered in suitable norms. This will be a key element in proving the main result,
Theorem B, as this is a guarantee that the approximate solutions really approximate the
original equations properly. The exact statement of the result we need is given in Theorem
B2, which is also the fundamental result of this chapter.

This chapter is made up of three sections: first we properly define the approximate solu-
tions by gluing together the constructed inner, outer and boundary terms and take a closer
look at the structure of the remainder terms. This structural knowledge allows for auxiliary
results to be shown in the next segment. These will significantly shorten the amount of work
we have to invest in the last third, where we show the main result of this part, Theorem
B2, Taken together, the definition of the approximate solutions in Definition B2 and the
estimate for the remainder terms in Theorem EI2 prove the main result for the approximate
solutions, Theorem Z=3.

As in Chapter B we assume that Assumption I holds throughout this chapter. Moreover,
we introduce some additional notation, which will considerably improve the readability of
this chapter.

Notation 6.1. Let £ € N and ¢ € R. Then we define
1V =H{o,....k}u{q}. (6.1)
The following definition is central to this work.

Definition 6.2 (The approximate solutions). Let € € (0,1), let Assumption 0T hold, let
So,...,6 41 be given as in Lemmata bT9 and and let G,, 1 be given as in Notation
2

b33, Furthermore, let € be the cut-off function from Definition ZZ1. We define

hf4 (Svt) = Z 6ihiJrl (87t)
iel™M
M—35

for (s,t) € T! x [0, Tp] and
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6. Estimates for the Remainder

1. We define the inner solutions as
M+1

cr (z,t) :== Z €ei (p(z,t),z,t),

1=0

/A[(l‘,t) = Z Ei/ﬁz‘(P(%t),x’t),
vy (z,t) == Z evi (p(z,t),x,t),

pr (z,t) == Z epi (p(x,t), 1),

for all (z,t) € T'(20) and write
cri(x,t) :=ck (p(2,t),2,1) Y (z,t) € T (29), (6.2)
and similarly gy etc.

2. We define the outer solutions as
M+1

co (x,t) := Z ¢ (cj (x,t) X@ (z,t) +¢; (x,1) Xo; (azjt)> ,

1=0

o e.0)i= X< (uf (0.0 (0.0 4w (2.0, (220).
vole)i= Y ¢ (W 0 0.0+ vy (@0)xg, (00).

po (z,t) :

I
mﬂ
N
=
ST
—~~
K
=
=<
)
A
®
~
~—
-+
;ﬁl
—~
s
=
=
e}
S
—~
K
=
N———

for (x,t) € Qg, and write

cok (@,t) :=cf (x,t) xgr (z,t) + ¢, (z,1) xo- (z,1), Y (z,t) € Qr, (6.3)

and similarly po i ete.

3. We define the boundary solutions as
M+1

e (x,t) == -1+ Z €cB (2 (x,t),2,1),
i=1

p (z,t) = Y dup (z(x,t),2,1),
z‘eIA]‘;“ll

-2

vB (z,t) := Z evB (2 (z,t),z,t) — eM‘HVﬁ_H 0,z,1),

7;611W+1

1
M-

pB (z,1) := Z epP (2 (2,t),2,1),
z‘e[}l\”j 1
-2
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for (x,t) € 01,82 (9), where we set

uAB/I_% (z,z,t) :== ,u];[_% (z,1t) ,V]\B/[_ (z,x,t) :== V]T/[_% (z,t),

1
pﬁ_% (z,z,t) :== p&,% (x,t) (6.4)
for (z,2,t) € (—00,0] x 97,9 (6) and write
e (2,) = B (2 (2,1) 2, 0) (2,1) € D, (3) (6.5)
and similarly up j etc. Here we include the peculiarity in vg, i.e. we write

VB,M+1 (‘T7t) = Vﬁ—l—l (Z (Cﬂ,t) ,$,t) - VJ%[—&-I (0’ L, t) :

4. We define the approximate solutions

=& (dr)er + (1 =& (dr)) (1 — &(2dB)) co + £ (2dB) cB,
py =& (dr) pr + (1 =€ (dr)) (1 — £(2dB)) po + £ (2dB) pB.
vy =E&(dr)vi+ (1 -¢&(dr)) (1 —&(2dB)) vo + & (2dB) VB,
pa =& (dr)pr + (1 =& (dr)) (1 —€(2dB)) po + £ (2dB) pB, (6.6)

in Q7, and write

CAk (a;,t) = f(dr) cri+ (1 —¢ (dr)) (1 ¢ (2dB)) cokr+ 13 (2d]3) CB.k (67)

for all (z,t) € Qp, and similarly 14 5 etc.

This definition implies in particular Pan-1 = & (dr) fpar-1+ (1 =& (dr)) o1 and a
similar structure for v, MLy Pan-L-

In the following, we will need the boundedness of hj\/[_, (cf. Theorem K232 for existence)
and thus work under the following assumptions.

Assumption 6.3. Throughout this chapter we assume that Assumption [z3 holds for ca = ¢
and €9 € (0,1), the family (Te) (g ¢y and K > 1. Moreover, we assume €1 € (0, €o] is given as
in Theorem B=33 2) and such that (ECX91) holds for w§, the weak solution to (5-173)-(5178)

with H = (if .
M_% €€(0,e0)

Note in particular that the assumptions of Lemma 527 are satisfied in this situation and
we may thus access the results of Chapter B.

Remark 6.4.
1. There is some C > 0 such that
chfél”Loo(QTO\p(gg)) < Ce (6.8)

for all € € (0, 1) small enough. This is the case, since ¢i = +1 in Q%O (cf. (639)) and since
@ = —1and P = ¢f in 97,9 (6) due to Corollary (5I8). Thus, Vco = Vet + 0O (¢?)
in L> (Q%O \I' (25)) and Veg (z,t) = eVey (z,t) +€0.¢8 (2 (2,1) , 2, t) ngo (z) + O (€?)
for (z,t) € 0,2 (9).
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6. Estimates for the Remainder

2. It holds
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1Pl coo,z0501 0y 28y)) < € (K) (6.9)

for some C' (K) > 0 and all € € (0,¢;). This is a consequence of the uniform bounded-
ness of hg, k € {1,..., M + 1}, and (6=233) for h$, 1 since X, < CO ([O,TE] Ot (’]I‘l))
by Proposition E234 and the Sobolev embedding théorem.

. The choice Nﬁ_; (z,2,t) == p,, 1 (z,t) (and also for the other (M — $)-th terms) in
2

2
Definition B2 reflects the fact that we do not need an explicit boundary layer expansion

for the (M — %)fth order, as c]j\c/[_ , vanishes anyway and the other boundary data may
2

be explicitly prescribed.



6.1. The Structure of the Remainder Terms

6.1. The Structure of the Remainder Terms

6.1.1. The Inner Remainder Terms

In the following, let Assumption B33 hold and we work under the notations and assumptions of
Definition 622. We now analyze up to which order the equations (ICIR)—(I=21) are fulfilled by
the inner solutions cy, uy, vy, pr. For this we use the ordinary differential equations satisfied

by (¢k, ps Vi, p—1) for k € {0,..., M + 1} as constructed for the inner terms and evaluate
them at J
t
o 1) = 0D pe (530, ,1) (6.10)
€

for (z,t) € I' (26;T¢) and € € (0,€;). Before we give the explicit formula, note that there is
€2 € (0, €1] such that for all € € (0, e2) we have

> hipe | <1
ie[ﬁ,%
due to (62235). Thus, (6558) is satisfied and using Remark 58 we get
€ (UJW)CS’Jr + U_nCS’_) ‘p:dg_hz =2 (W+77CS’Jr + W_ncs’_) |p:d%_h2 =0.
Let in the following € € (0, e2). Using the inner equations derived in Chapter B we get
oier +vy-Ver + M—3 wilp - Ver — Apg
= M (9pcrr+10idr — Oppunr1Adr — 2Vppipi1 -1 — ' p — L1 p)

M+1 M+1
+ eM_zwﬂp . E €' 18pcin + E — g ez"']@pcivrhj_,_l + €'V
i=1 =0 e TM
]GIM_%
i+7 T i+7 r T
— E € ]8pci8t hj+1 + E e (2V8puz -V hj+1 + 8p,ulA hj+1)
0<i<M+1 e TMAL s oTM
jerM el I s
M-3 S 1
o 1 7,+3_M—§
+j>M—3
1 o o
) i+j ) i+j+l Aval
+ g R - E (e 6pc]n) — g (e 0pc; V™ hip1
| Cosii osisiin
2 i+j>M+3 lGIM_%
itjH>M—1

L 1 L
- > (6’+J+lappm‘vrhj+1 : VFhHl) - > (el hjsa)

-TM+1 M T M+1 . oM
zEIM_ J’lGIM, lEIA/[_%,_]GI{ 3

1 3 M-—3
3 3 3
itjHI>M -1 it >M+1
M+1
itk 1 ; Mol
— E (61—'— 7in hk+1> + E € (8tcz- — A,ui) — € ZA/LM_%
0<i<M =M
ker™M
M=y
i+ >M—4
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6. Estimates for the Remainder

+ Z GZJF]VZ"VCJ‘-FEM 2BZM 2

I]\4+1

0<]<M
z+]2M75

= e (6.11)
in I' (29; T¢), where w{ is given as in Theorem 532. We also get
eAcl — ety (CI) + !
= M (8pCM+1AdF +2V0,enrs1 -0+ gun'p — farsa (o, .-, CM+1)>

—€ Z ¢t (8pciAth+1 +2Vo,c; - vrh]’+1)
0<7,<M+1

jerM
M-3

iJrJZM*Q

5+l r r it
+€ E €0,V hjyr - Vit + E et gin'hj
0<i<M 0<i<M
. M
]lGI % ]EIM 3
z+]+l>M— i+J2M+2

M+1
+ € Z e'Ac; + EMH;LMH M3 pM =5
i=M
=: TEHQ,I (612)

in T (26;T,), where far41(co,...,car11) is defined as in Notation 62 (resp. Remark 51 1)).
Furthermore,

divvy = 6M+1diVVM+1 — E €Z+]8PV,' . thj-i-l + E ety - nn’hj+1
z€]M+ JEM 4 zeIM+ Jert
2 2
z+32M+§ z+sz+§
i+ r / i+ r /
+ E et - V' hjpn'dr — e E e - Vi hjpn'p
M+l M M+1 M
] ,]EI]\/[ 3 I ,]EIM %
H—JZM+2 Z+J>M—%
o 1 _1
—€ > eTIRa,  Vhy by — M 2w M 2
M+1
zGI 10> kEIM7%
z+]+k2Mf%
-
= 8.1 (6.13)

and
—Av;+ Vpr — piVer

= EM (—QOVMHAdp -2 (VavaH)T n-+ QMT]/p — uM+17]//p>

1 L o
2 : i § : ) l T r
E € +J,ui8pcjn - € It appviv ther hl+1
M+1 M+1 M
ZGIM,% 7,6[ 1 ’]’ZEIM,
0<j<M+1 z—i—]—&—lZM—%
i+j>M+3
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6.1. The Structure of the Remainder Terms

— Z €i+j3ppivrhj+1 + Z €i+‘j+l,ui8pcj VFhH_l

ielM | jerM 0<j<M+1
M-z M- ierMF jerM
Z+JZM—§ ]\/[,Q ]M—g
itjH>M—1

+ Z 6i+j <8pViAth+1 + 2 (Vapvi)T VthH)

z‘elj\‘;“ jerM

it >M—1
1 o o
+€ o 2 : €l+]ui77//hj+1 + } : €z+j+1qm/hj+l
M4l M 0<i<M
ZEIM,LJEIM_S ="
2 Jer” s
i+i>M+} LN
+j>M—5
M+1
: _1
— E EZAVi—l-EMVpM—EM 2 (Avaé —Vpré)
=M
L 3 _1
- E €T Ve; — MavM—2
0<j<M
serMr!
M-—5
it >M—1
=:1§; (6.14)

in I (26;7.).

6.1.2. The Quter Remainder Terms

By definition of the outer terms and the outer equations considered in Chapter B we get the
identities

l . .
Oico +vo - Veo — Aup = €M+2VO7M7% -Veoa + Z 67’+jVO’Z' -Veo,j

ieI]\AZjl%
0<j<M+1
PR 3
Z+]ZM+§
— . o€
= TCHLO (615)
and
M+1
—1 g1 j M+1F + + M+1
€Aco — ¢ " f' (co) +po =€ Z €Aco; — " farpr (cps - ) H € o
i=M
M—1
e Pho -1
— . €
=: 72,0 (6.16)
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6. Estimates for the Remainder

in Q}O uQr (see Remark 611 1) for the definition of Faran (ci e ,cf/‘,+1)). Furthermore,

—Avp + Vpo — poVeo = *EM—%:“’O,M*%VCO,I - Z €0, Veo,;

ierM+1
M

2
0<j<M+1
it >M+3

= I‘S’O

and

divvo =0 =174y 0

in Q;O U Q}O.

6.1.3. The Boundary Remainder Terms

(6.17)

(6.18)

To gain the form of the remainder close to the boundary of €2, we consider the ordinary
differential equations (586)—(684) satisfied by (ckB,,u?ka, pkal) for k € {0,...,.M + 1}

and evaluated at

for (x,t) € 0,2 (0) and € € (0, €1). Furthermore, we may use the outer equations as discussed

in (b223)—(6=227) for <MAB47%’V1]\347§’]9]1\3/17§>' Then we find

oie + v - Ve — AMB

1 w
= eM (=20, V- Vi — Ophp Adg) + = > €TvE - Vdpd.cP

€ 0<ij<Mt1
> MA41
M+1
+ Z ¢ (8tc? — A,u?) + Z etiyB. Vc}?'
i=M 0<i,j<M+1

itj>M

M+1_B v, B | -1 B
— e v ]i=0 - g (EJVCJ- + ¢ VdB('?zcj)

1<j<M+1
1 . 1 .
+ M3 Z 6371‘,;47; -Vc}3 + Mt Z ej’Qv]&il 'VdBazC}?’
1<j<M+1 2 2<j<M+1 2
— . €
=:TCH1,B> (6.19)
where we used 830(])3 = 820113 = 0, see Corollary BIR. Moreover, we calculate
—1 g1 M+1(, B B B
eAcg — € ' f' () + pB = € (tppp +20.Vepr,, - Vdg + 0.0y Adg)
M+1
i A B M4+1 7 B B M-1 —
+€Z€ZAC¢ — " (Co,--->CM+1)+€ PR a
=M 2
—. €
=:TCH2,B> (6.20)
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6.1. The Structure of the Remainder Terms

1
—~Avp + Vpg — ugVep = € (=20, Dvyy 4, - Vdg — 0:viy41) — - > uPo.cPVids

0<i,j<M+1
+)> M1
M+1
- Z € (AVZB) + Mvpl — Z elﬂp?Vc?
i=M 0<i,j<M+1
it >M
M B M+i - j— B
+ M TAVE om0 — € +2NM_; Z ¢/ Ich
1<j<M+1
1 i
— 61\/l+2,uM_l Z € 2VdB@Zc;3 (6.21)
2<j<M+1
=r§p (6.22)
and
divvg = M*! (diVV]\B4+1 - diVV}\B/[H\Z:o)
=: T(eiiV,B (623)
in 07,2 (9). Moreover, the boundary conditions
u =0, (6.24)
cg = —1, (6.25)
(=2Dsvp + pBI) - nyo = v (6.26)
are satisfied on dr, (2.
Remark 6.5.
1. That (628) is satisfied is a consequence of the modification in the definition of vg in
Definition B2.
2. The approximate solutions ¢, u%, vy, pS satisfy (B11) by construction, i.e. as a con-
sequence of (593)—(694) and (A22R), (62229).
3. As the appearance of ¢ _%,u{;_ 1 “drags down” the order of € of TCHaB» We introduce
the notation )
~ M—1
TCH2,B ‘= TCH2B — € 2Hho,M-1 (6.27)
in 07,2 (6), which will later on simplify the proof for a slightly better estimate of
Teneps of- (CB8). Note that ey, g € O (eM*1) in L™ (07,2 (9)).
4. One may be tempted to simply cut off the (M — %)fth order terms close to the bound-

ary in order to gain boundary remainder terms which are independent of the more
complicated (M — %)fth order terms. But this approach is ill-advised, as it results
in the appearance of terms of relatively low order. For example, consider in Q:}O the

function v, Mol = (1-&(dB))v,, 1. Then Av, Mol = (1-&(dB))Av,, 1 —
’ - ’ 2

N

T
2¢' (dB) ngq <VV;/I_ > —¢&" (dp) AdBV;/[_%, but the terms including derivatives of &

do not solve any outer equation and thus would appear with only order ¢ =3 in (B222)
resp. (B11), depending on the support of the cutoff function.

1
2
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6. Estimates for the Remainder

6.2. First Estimates

There are a variety of terms appearing in the inner remainders (621)—(614), which all need
to be estimated in order to prove Theorem BT2. We outsource these estimates into auxiliary
results which we show in this subsection.

In order to streamline the results a little, we define

TG = U {C’Lalfélalzna,]ln} 5
{0, M1}

/fdG = U {V’iu u;1, qln} )
i€{0,...,M+1}

where we collected all orders of ¢; and p; which are bounded independently of €. Moreover,
we introduce

771 = U {hj,Vth,Ath,afhj,Vrhj Vrhz}
i,jeIM:rll\{O}
As before, let Assumption 63 hold. The following lemma will yield estimates for almost

every term in (EI), except for BM-3 2, which is treated in Lemma B69.

Lemma 6.6 (Estimates for ¢y, ;). Let f € Ta, g € Ty or g € L™ (I'(26;Tp)) and ¢ €
L> (0,To; H' (T (26))). Then there is some constant C' (K) > 0 such that for

1
R(K, e, Te,p) = C(K) L& ||/l oo 0.1 11.(r 26)))
and all € € (0,€1)

1. it holds
HDlef ggp’ L1(T(26:T%)) < R(K 6 T 9)
forle{1,2}, ke {0,1}.
2. it holds A .,
2 ||l5, Y hip T <R (K,e,Te,p)

forie I%fé\ {0}.
3. it holds

H (Wﬂr . apcin,w‘ﬂp . 8pclvrhj,wﬂr . EVCl) %(K € Te, )

‘PHLl (T(26;T2)) =
forie{l,...,M+1},j elﬂj\ﬁé\{o}, 1€{0,...,M +1}.
4. it holds
[(@pcjvi-m, 8pcj"i'Vrhk)‘PHLl(r(msT)) R(K, e Te,p)
forj € {0,...,M +1}, zeJM+ ket \{o}.
5. it holds

H(vapuM 1+ Vhiy Oyt Vhi - Vhy, iy 1Ah>gp‘ <R (K, e, T, ¢)

LY(T'(26);T%)

fori,je Iﬁf%\ {0}.
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6.2. First Estimates

6. it holds

<eM-lg (K,e,Te, )

forie[ﬁjé,je{O,...,M+l} suchthati—l—jZM—%.

(GM*%Aujwil, ety - Vq) go‘
2

LY (T(26;T))

Proof. The proof makes heavy use of the fact that (5-233) and (A-238) hold under Assumption
B3,

Ad 1) Due to the matching conditions (5224) and (5=23) and the definition of 1 in Propo-
sition B3, all f € T, satisfy Dﬁ,D’;f € Ry for l € {1,2}, k € {0,1} and some o > 0. For a
reminder of the space R,, see Section 4. Now let g € 7. Since S : I' (26) — T (as defined
in (2223)) and its derivatives are bounded in I' (2) we have

g (2, 1) < Cla(S (z,t),1)]

for some function a : T! x [0,Ty] — R (where a is given by a suitable derivative of the
corresponding h;, i € T ]]\\jji\ {0}, or h; itself, see Remark 2719).
2

Thus, we may use (238) to get

Te
| [pipks - gel et < Ce [ latll Il &
F(25§Te) 0

1
< OT2 lall 2,1y sy 101l poe 0,711 (4 26 -
Now if g corresponds to h; or its derivatives for [ € {1,..., M + 1}, then a may be uniformly

(in €) estimated in L ((0,7p) x T'). In case g corresponds to h$,_1 or its derivatives, we
2
use

€
LY

Xr,

€ € 271€ € € 2
H (hM_%,85hM_%,8ShM_%,8thM_é, <8ShM_l> )

2

< C"
L2((0,T¢)xT1)

which follows from the definition of X7 and the fact that Xp — L? (O, T; W} (Tl)), due to
the Sobolev embeddings theorem. Since (62235) holds due to Assumption B3, this proves
the claim. If g € L>° (I" (29;Tp)) similar estimates follow with a = 1.

Ad 2) Since X7, < CY ([0,T.] x T') due to Proposition 2), we get by Lemma 2)

1
€2

F(25§T€)

d(z,1) < C(K)eT?

€ "y . €
ZM*%T] hi lM*% L2(T(28;T%)) HQPHLW(O’Te;Hl(F‘(%)))‘

Here we also used H! (T; (26)) < L% (I'; (26)) as implied by Lemma 223 and again the
bound on A, ., cf. (6235). Considering [{, . as given in (5219), we note that the numer-
2 2

ator in the definition, ,uj\;’il — ,u;\}’il + loh,_1, vanishes on I' due to (5230). Thus, the
2 2 2
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6. Estimates for the Remainder

mean value theorem implies for a function v : (—26,25) — (—24, 29)
2
ar | dsae

15\4_7

L2(T(25;Te)) - }‘HOh %)(X(’Y(T),s,t))

// sup [ty (X s.0)| dsat

(—24,26)
Cy ||RS
+ 2H M=3 1| 12((0,1.) xT1)
2 2
<C ‘u*‘ +Hu"6
( M=3 2o @ o) M2 p2o.m - o)
2
e ‘ 6.28
+‘ M=3 |l r2((0,1,)xT) (6.28)

Here we again used H' (I'; (26)) — L*°° (I'; (26)) as shown in Lemma 2223 and the continuity
of the extension operator, cf. Remark 6233. Moreover, we used the notation [Miw— L } =
wh M_i — M 1 28 before. Now (6233) and (52238) imply the claim.

Ad 3) As 0, i € Rq for i € {1,..., M + 1} we may again use (2238) to get

1
/ (Wil - nO,cip|d (x,t) < CeTE |Will 20,1020, 1] Loo (0,11 (11 26))) -
I'(26;T)

Since w§ = (cf. Theorem 632 1)), we get due to Lemma and the continuity of

M- %
the trace operator

€ C = €
Wil 20,7522 (r0)) < 1 Wil 20,7001 () < € (K)

and thus )
(Wilr - nd,pcip|d (z,t) < C(K) €T 1@l oo (0,111 (r, (26)) -
'(26;T)
For j € {1,..., M + 1} we have sup, 4 cr(25:1) !Vrhj (x, t)’ < C' by construction and for j =

M — § we have SUD(4,) €T (2652 ) Vrhj\/[,; (a:,t)’ < C(K) since X7, — C° ([0, T.];C* (TY))
2

as before. Thus, we get
1
(Wilrd,a V' hje|d (a,t) < C(K) €T 101l Loo (0,717 (D4 26))
F(25§Te)
by similar arguments as above. Last, we have Vcy = 0 (as ¢o (p,x,t) = 6y (p), cf. Lemma
6519) and may use the uniform boundedness of V¢; for I € {1,..., M + 1} to get
1
/ (wilr - eVeap|d (z,t) < CeTe (Wil 20 1 020,)) 190 Loe (0,111 (11 26)))
I'(26;Tc)

1
< C(K) €T 19| poo (07,10 (1 (26))
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6.2. First Estimates

which proves 3).
Ad 4) Again we note d,c; € Ry for all j € {0,..., M + 1} and Hvrhj\/j 1 <
T2 1L (T(26;T¢))
C (K) due to (6238) and X7, < C° ([0,T.]; C* (T')). Thus, the only interesting terms are

those involving Vi1 Using the explicit form of Vi, 1 as given in (6252) and Lemma
2 2
2), we get
1
r 2 +, )
/ ‘8,,ch§\47% ‘(n—= V" hy) cp‘d(:v,t) <CTée VMi% + vMi%

I'(26;T%) L2(0,Te;L*°°(T'¢(29)))

el oo o111 26 -

By H' (T (20)) < L% (T';(20)), (6238) and the continuity of the extension operator we
get the claim.

Ad 5) To show this, we use the explicit structure of x5, , as given in (6-253) and estimate
2

/ ‘vap%_% VP hio|d (1)

T'(205T)

T. 26
< C'//|85hi (s,1)] / ‘vapujwﬁ (E —h4 (S,lf),X(r,S,)f)) po X|drdsdt

0 T! —26

T,
<ce [ [l s |[is, ] (X (s o) o x|asat [ 1 ()] ap
R

0 o re(—26,26)
T
< Ce / [V ] po ooy NP ey 196l e 0 12y
0
1
< C(K)€T? ‘;ﬁ’e +Hu’€1
L2(0,Te; H2(Q (t)))

E L2(0,Te; H?(Q (1)) 2

) ”90||L<>o(0,T;H1(Ft(25)))
1

< C(K) €T [l oo 0,11 (0 (26)) - (6.29)
Here we again used H! (I'; (26)) — L** (I'; (20)) together with the continuity of the ex-
tension of Niji; onto QF UT (26) in the fourth inequality and (52238). Moreover, we used
2
Vh; (m,t)‘ < C(K) for j € I]\Ajji\ {0}, as already noted in 2) and 4). The

2

SUP (z,t)el(26;T)
same procedure yields an estimate for Gppujw_%Vhi -Vh; and apuiw_%Ahi, 1,] € Iﬁjé\ {0}.

For the latter, it is necessary to use X7, < C° ([0,7¢]; H? (T")).
Ad 6) We define

Ck := sup sup |h& (s,1)] (6.30)
e€(0,e1) (s,t) €T x[0,T]

which is well defined due to Remark B4. As A'u;\/[f% =1 (Au;jgé) +(1—mn) <A,u]:4’eé>
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6. Estimates for the Remainder

and A,uj\id’e_l =01in Qi by (622Z3), we find
2

/ )Au%,éwld(x,t)
QF NC(285Te)

Te 26
<0 [ [ st s [ |07y (= o0 arsar
0 1 0

1
€2 [|(1 =)l L2 g .00

1 —,€

11
< C(K)TE e 19|l oo 0,712 (02)) » (6.31)

where p (r,5,t) = £ — h% (s,t) in the second line and where we used n —1 = 0 in (1,00),

the continuity of the extension operator for ,ui’E , and (62230) in the last line. A similar
M—3

estimate holds on Q7 NT'(26;Te).

Since Vg = 0 the remaining terms are now of order €™ and can be estimated by simply
using Holder’s inequality and L°° bounds on the functions v;,¢; for i € {0,..., M + 1},

respectively the L%-estimates for Vi, 1 in (6238) as before. O
2

Lemma 6.7 (Estimates for r§ ;). Let v € Ta and g € Tp, or g € L™ (I'(26;Ty)) and let a

function z € L* (O,TE; H! (Q)2> be given. Then there is some constant C (K) > 0 such that
for
E(K,e2) = C(K)ellz| 120 1. 11 (02

and all e € (0,€1)

1. it holds

L 0k
[ |piots| il < € e.2)

['(265Te)
forle{1,2}, ke {0,1}.

2. it holds

HappivrhszLl(F(Zé;Te)) <E(K.e2)

foralli € INf 1, j € I\ {0}
3. it holds

< E(K,e,2)

T
H <8pvjw_1AFhi, (Vovi,_s) - v%) z
2 LY(T(26;T¢))

2

and

¢ VSR v
Hapva_%V hi -V hjz‘ LY (26Tc))

<& (K, e, 2)

foralli,j e I]J\‘/[/[fé\ {0}.
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6.2. First Estimates

4. it holds

€2

< E(K, e, 2z)

1/
h.
=3 T2 L s

forallie I%fé\{o}.
5. it holds

< M8 (K, €, 2)

M*% (AVE B vi%s ) i+J AV4 )Z‘
[ () s

L1(T(26;T¢))

forallielj\]\ji,je{0,...,M—|—1} withi+j > M — 3.

6. it holds
[ (idpcm, pi0pc; V" ) ZHLl(F(QzS;TE)) <&(K,ez)

forallie IN*1, jef0,...,M+1}, L e I}/*1\ {0}.
T2 T2

Proof. The proof is very similar to the proof of Lemma B@. In particular, it relies heavily
on the fact that h;, 1 is uniformly bounded in the X7, norm due to (5-233), which holds
under the Assumption B33, so we will not repeat this fact in every step.

Ad 1) Since ‘DéDlgv} € Ra, we may argue as in the proof of Lemma B3 1) that for g € Tj,
it holds due to (Z3R)

/ DLDkv

I'(26;Te)

9l |z|d (z,t) < Ce HZHL2(0,T€;H1(Q)) HaHLZ((O,TE)XTl)

< C(K)ellzll 20101 0)) »

where a corresponds to hj,dshj,0;h; etc. depending on the form of g € T7,. If g €
L*> (T" (26;Tp)) the estimate follows by setting a = 1.

Ad 2) The only interesting terms are 6pp‘;wilvrhjz for j € I]J\‘/[/Iji\ {0}, since all other
2 2
terms can be treated as in 1). We use the explicit form of p§ , as given in (5253) to
2

compute

Happj\/[_%vrhjz

<o® e[y,

< €
C(K)e [pM*%} L2(0,Te; HY (T4 (26

< C(K)elzll 200 m ) -

H77/”L1(R)

LY(T(26;T:)) 0,Tc); L= (I'¢(26)))

V4 .
. 121l L2 0,721 (00))

where we used Lemma 1) in the first inequality, H' (I'; (28)) < L% (I'; (25)) (cf.

Lemma PZ23) in the second inequality and (B°236) together with the continuity of the ex-

tension operator for pj[_ ; (cf. Remark 633) in the last inequality. Here we again used the
2

. +,€ —,€
notation [pe 1} =p =D, 1.
M-1 M-1 M-3
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6. Estimates for the Remainder

Ad 3) Using the explicit form of VY, 1 as given in (6252, we exemplarily calculate

_1
2

T
/ ‘(va,,vjw_l) -V hz| d (2, 1)
2
['(265Te)
T.
< CG/HashiHLz(qu) vafw_%} Loy (25) 121l .00 0, 28y N7 | 11 gy
0

< Cellhill pao, 1. m2 (1)) H [VV?W—%}

< C(K)ellzll 201,11 ()

L4(0,Te; H1(T'4(26))) HZHLQ(U,Te;Hl(Q))

_1
for all i € I]\AiLf\ {0}, where we used H! (I'; (26)) — L** (T; (20)) in the second inequality
and the continuity of the trace operator, (62230) and X7, < H> (O,Tﬁ;H2 (']I‘l)) in the

last inequality. The same procedure can be used to estimate Jp,v, 1 VPR - VPh; and
2
3pv§v[_%AFhi for all 4,5 € Ij‘\jf%\ {0}.
Ad 4) Again, the only terms which cannot simply be estimated by the same means used

in 1) are the ones of the form u, ,7"h;z for i € I]]\\;[fi\ {0}. Lemma 2) implies
2 2

1
€2 ||lu

€ "h' ‘
1 Z
ML T

<C(K)ellu
nrasmy = C )eHuM‘%

L2(1(26:T)) HZHLQ(O,Te;Hl(Q))

and in a similar fashion to (B28) it follows by the estimates for v° | in (5:238) that

M—-1
holds, which yields the claim.

2
< O (K) (6.32)
Ad 5) Let Ck be given as in (6230). Since

€
u 1
M=31lz2(r26;10)

2

|
<
i
2.
a
Bl
N——
—~
—_
|
3

and Avjj\[/l’e_% — ij\tf_% =0in Qi by (62228), we have

/ (v, = Vi, ) 2[d @)

Qf NI (26;Te)

Te 25
<0 [ [laliasan [ |aviity = w10 = mlacen
0 1! 0

1
< C(K) |zl 207,11 02y €2

Here we used the continuity of the expansion together with (5=238) in the last line.

Now the products p;Ve; are multiplied by eM (or even higher powers of ¢) as Veg = 0 and
can thus be estimated in L (T (28;Tp)) or in L? (' (26;T,)) with the help of (5238) which
yields the claim.
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6.2. First Estimates

Ad 6) Considering only the case i = M—% and noting d,¢; € Ry foralli € {0,..., M + 1},
we immediately get

H (“jw—%apcj (n— vrhl)) I @sm)

+,€ €
b _|_ b
NM_% H# -1

< C(K)elzll 20,10 @) (‘ o Hl(Q(t)))>

L2(0,T; HY(QF(1)))
< C(K)elzll 20,10 @)

by the same means as before. O

The following proposition greatly simplifies the estimates for the remainder terms occurring
in (BI2), as it gives better control of the error in the approximation ¢ — ¢4 in the L'-norm.
This is a consequence of Proposition 623.

Proposition 6.8. Let R = c® —c4. It holds

1
IR L1 rgsiry) < C (K) T2
for all e € (0,¢€1).

Proof. Due to Assumption 623, we may use the results of Proposition and find that R
can be decomposed as in (BI8H) with according estimates. Thus, we get

1
+CT¢ HFQRHLQ(O,Te;LQ(Ft(J)))
< CTe% (6% 1Zl 120, 7,:12 (1Y) (1 + 6%) + C (K) €M+%)

1
<C(K)T2eM

for all € € (0,€;1). Here we used (BI88)—(AI88) in the second and third inequality. O

When inspecting the remainder terms (624)—(B627), it catches the eye that the terms
AM_%, BM_%, VM=3 and WM=3 are multiplied by a lower power of ¢ than the rest.
Gaining these missing powers of € needs delicate work; the main ingredient for this is that
we have intricate structural knowledge of AM =3 etc. due to Lemma 636.

Lemma 6.9. Let ¢ € L= (0,T,; H' (), z € L? <O,T€;H1 (9)2) and R = ¢ — c. Then

171



6. Estimates for the Remainder

there is ez € (0, €1] such that for all e € (0, €2)

Te
eM_g/ /BM_égodx
0 [T¢(d)
Te
EMS/ / (VM*%>‘zdx
0 |re(6)
Te
M3 /AM%Rdx
0 |r.(5)

1 1
gw—anﬂW—a

<
L2(0,T;L?(T'4(20)))

N

1
dt < C(K)eM <Te + €2> ol oo (0.10: 11 (52)) -

dt < C(K) " ||zl 201,01 ) »

C (K) €M,

Proof. For the sake of readability we will write throughout this proof

(f)r (p,ﬂ?,t) =f (p,l‘,t) —f (pa Prr, (3}) 7t)

for an arbitrary function f depending on (p,x,t) € R x I" (4;T¢) (and similarly for functions
depending only on (z,t)). Moreover, for functions ¢ : " (§; T.) — R we use the usual notation
P (r,s,t) = (X (r,s,t)) for (r,s,t) € (=9,0) x T! x [0,T;] and write

J* (,O,S,t) = J<€ (,O—i-hfq (S,t)) 737t) v(pasvt) S I?t x Tl X [OaTO]

with J (r,s,t) := det (D(m)X) (r, s,

S n ) 2 ().
€

IPt= (

t) for (r,s,t) € (—6,8) x T! x [0,T;] and

€

Proof of (5233): We use a splitting

1

1 1

(6.33)

(6.34)

(6.35)

(6.36)

BM—% (p,{B,t) _ BM—2 (p7 P7Tt (33) ,t) —+ (BM_2 (p,x,t) — B]V[_2 (P, PTI‘t (x> 7t)> ’

1

denote BM_%|F (p,z,t) :== BM~2 (p, Prp, (z),t) and get

Te

Te

/ / BM_%goda: dtg/ / BM_%]rgod:c dt

0 [T¢(d)

0 |T¢(s)
Te

+/ / (BM’l —BM’%]p> odz|dt
0 |15

=: 1 + Jo.

The fundamental theorem of calculus implies ¢ (r,s,t) = ¢ (0,s,t) + for Onp (7, s,t)dr for
(r,s,t) € (—0,6) x T! x [0,T] and we write

Te

172

0
//BM_§|pg0 (0,s,t) J (r,s,t)drds| dt

T1 Z6
Te ) r

TE ::/ //BM_éhﬂ/ancp (7, s,t)drJ (r, s,t) drds| dt.
0 Irt =5 0



6.2. First Estimates

Concerning Ji' we use the splitting of BM=3 on R x I as in Lemma 638 2) and get

%, Te 2-hy
2
Il < Z//‘BIICF (O,S,t)gp(O,s,t)‘ € / Bi’r (p) J€ (p, s, t)dp| dsdt.

Since supc(q,c,) th‘l”Lw((O,Te)le) < C(K) due to (639) it holds

‘5 —hG| > o C(K)> ; for e > 0 small enough. (6.37)
€ €

€

Moreover, we have
J(p,s,t) =1+ ¢€(p+h$(s,t))k(s,t) (6.38)

by Lemma B33, where & (s,t) = (X (s,t)) denotes the (principal) curvature of 'y at a
point X (s,t) = p € I't. Thus, we may use that Bi’r satisfies (5259) and H* (['; (9)) —
L% (T (8)) for ¢ to get

_ad
Il msmay € (7% +e0 ()

1 Ko I
2 1
st <cnt§ |
P ; Follzorsee

< C(K) € el oo o121 (52))
for € > 0 small enough. Here we also used that ‘B?’F (p)‘ < Cre= 2l for p € R (cf. Lemma

636 2)) and thus
/ B2T () (p 4+ 1y (5,1))d (p) < C (K)

15t

for all (s,t) € T x [0, T].
To treat J we again use the fact that all terms of kind Bi’F exhibit exponential decay
and thus

Ko Te g
T2 <O [ [10ug (.0l sp B O5.0)] [ 1l

k=17 )

Bi’r (p(r,s,t)) ‘ drdsdt

) €
c—ha

Ko T
3 1
<O [ [10uo sl s B 00| [l nl?

k=1 1 -6
0T = ~ha

Bi’r (p)‘ drdsdt

K
3 3 1,0
< Ce2 Y T2 ||l oo (0,10 (1 (5))) ’Bk ‘

L2(0,T.;L2(T
pt (0.T5L2(T))

3 1
< C(K) e2T (1@l poo (0,151 (02))

where we used (5258) in the last inequality.

1 .
Now we consider Jp: here we use the explicit form of BM~2 as given in (5208) and
separately estimate the occurring terms. First, note that there appears no term involving

173



6. Estimates for the Remainder

r r
wi|r in (BM_%> as it cancels out. In order to estimate the term (Vﬁpuj\/[_l -n) =
2

r
n' ([V,u?ui 1 D -1 (where the equality follows from (5253)), we compute

dadt

([ 1]) e

5
// U ([VMEW—%] (r,s,t) = [Vﬂfw_%] (0787t)) 'ngo‘ drdsdt
5

0 r
< C’/// n'/@ﬁ [Ni\g_l} (7, s,t)drp| drdsdt
2
1 0

0 T! —
T S—hg
2 s / eri] 3
SC//Ha“ [“M—%Hp(_m 1l oo 5.6 / n' (p) (p+ %)% | e2dpdsdt
o 2-hs
2 3
SO TE ||y = 1y 1l ooz oo €5
M3 M=y L2(0,Te; H2(T4(6))) L O.T6HN (e (9))

33
S C(K) T ez (|l poc 0.1 11 1y (6))) » (6.39)
where we used H! (T'; (6)) < L*° (T'; (0)) in the fourth inequality and (5-238) together with
r

the continuity of the extension operator for u]j\E/[E_ ; in the last inequality. <apCOV§\/[7 1 ) and
2 2

r r
(80M34,%Ad1“> may be treated in a very similar fashion. For (15\47%77” (p+ h1)> note that

by Taylor’s theorem used with integral form of the remainder, we get by the definition of
19,1 in (209
2

€ r h (T — F) 2 +,€ —,€ 2 € ~ ~
‘(lM—é) (r,s,t)’ = /7“ <6n </1M_; ~ Myt +6nlohM_% (7,s,t)drF
0

< Crz (6.40)

o; <NX4’€_§ - ﬂsz_é) +3l0hS,

2

L2(—5.6)

for (r,s,t) € (—=9,0) x T! x (0, 7). This allows for the same strategy to be used as in (E39).
By Remark B9, we have

(AThS,_y (1)) = (AS (e, Dubsy_y (S (2,1), 1)

+ VSthFOQhe S(z,t),t 6.41
(| (7)|) sM_%( (3)7)' ( )
Thus, (2238), Oppo € Rq and (B2Z35) imply

T.

I'je r 3 2
/ / (8pugA hM—%) pdr|dt < C(K)Tée ‘
0 |T¢(5)

Y

-3 L2(0,Tc;H2(T1)) | sOHL""(O,Ts;hﬂ(ﬂ))

1
< C(R) T2 9] g o, a1 ) - (6.42)
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6.2. First Estimates

The remaining terms

(apcovo VIR, 1 20550V R,y -V by 0c00f B 1,2V 000 - VTS,

[
N—
—

and .
l he . he /)
< 1 M,%n »JO M,%n
may then be treated in a similar fashion, which proves (6233).
Proof of (634): This can be shown analogously to (6233) due to Lemma 3), if we
1

remark that z is only in L? in time and thus we may not expect T2 to appear on the right
hand side. Due to the similarities we shorten the proof: we again consider

Te Te T.
I
/ /VMé.zdx dtg/ /VM%yF~zdx dt + / (VM*%)  zde| dt
0 |T¢(5) 0 |1 (5) 0 |T4(9)
=: U +U>

Then we use Lemma 6238 3) and (62260) to estimate

/

'I[‘l

<VM ) Ir-z(0,s,t)J(r,s,t)drds| dt

O\ﬁ
oq\(},

Ny T. gihi
< Z / / 0 § t) (07 S, t)‘ esup(:c,T)EF / VZ-I (pa Z, 7—) Je (p’ z, T) dp dsdt
k=17 11 5" e,

_as
< O (K) ellell 2oz (s (67 +€C (K)

3
< C(K)e2 |zl 201 m1 () -

As before, we also get

T ) T
/ // (VM_%) ]p~/8nz (7,s,t)drJ (r, s, t) drds| dt
0 ITt =5 0

N2
1
< )Y Ml oo € / z<p+1>(supr\vk (p,,t)| dp
k=1 ® x,t)E

3
< C(K)ez ||zl 201,11 ) -

Using these two estimates and the fundamental theorem of (ialculus implies the estimate for
U,. To estimate Us, we again use the explicit form of VM ™2 as given in (6229) and take a
similar approach to (6239) for the terms

T r
(—8pvj\/[_;Adp—2 ((Vapvj\/[_%) n) +MM_%8pcon_u§\J—%77” (p+h1)+8pp§\4_%n> '

r r
Note that for (uiw_ 1 ) a similar estimate to (620) holds. The other terms in (VM _%>
2

then consist of some derivative of A, (which we may estimate in L? (O,Te;L2 (Tl)))

N
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multiplied by an element in RY. These terms may thus be estimated as in (EZ2).
Proof of (B3H): To prove (6233) we first use the decomposition of R as in (5I85) and the

decomposition of AM =2 as in Lemma 5238 1) to get

Te
/ / AM=3 Rdz| dt
0 |Tu(5)

Te 0

<Ce2 Z (s,8) B (s, )| | [ 6 (p(r,s,8) AM=2.] (r,s,¢)dr| dsdt
/] /

1
2

) €

L T <
+C€_;Z//|Z(Sat)‘HAllc('75’t)HL2(5,5) / e[ FE[TAp | [[AR]] ey sl

k=10 1 =5 _he,

L1 1
+ CZT€3 HF2RHL2(0,T€;L2(Q(5))) HAllfHLG(O,Te;LQ(Ft(é))) HA’%HLOO(R)
k=1

=11+ 1y + Is.
We start with analyzing Z;: we split

AM_% (p,xgt) = AM_%|F (p,iﬂ,t) + (AM_% (p,l’,t) - AM_%|F (p,.’E,t))

and write

I 0 (r,s,t) AM_%h“J(’I“,S,t) dr|dsdt

=t [ 1200

Now for Ill, we use the decomposition in Lemma 1) on R x T to get

==
I
ml
ol
—
—
N
—
»
o~
=

r
06 (Ta S’t) (AM7%> J (T, S,t) dr| dsdt.

/
/

Lo T, T-hy
I < Z(% //|Z (s,t)] ‘Ai’r (0,s,t)|€ / Ai’r (p) 6, (p) I (p,s,t)dp| dsdt.

The estimate in (637), (638), the properties of Az’r as shown in (6257) and the exponential
decay of 6} imply

ald

LE efT—l—C(K)e) < O (K) Mt

Lo
1
I} <Ce2 > | Zll 2002 HAk ’
k=1

L2(0,T;L2(T})) (

for € > 0 small enough, were we used (BI%7) and (A=258) for Ai’r.
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6.2. First Estimates

In order to estimate Z?, we again use the explicit structure of AM=35 and first of all analyze
the term

(1) et = (i) o+ (1) @000t 3

M-2\"
which appears in (A _5) . We estimate

%//\Z s, )] /90 (rys,t)) ( ) n(p(r,s,t))J (r,s,t)dr| dsdt
| 6
0 Tt

é—h;
<C g//|Z (s,t)] sup <
(—6,8)

anuﬁi;(nsJ)D / 106 (p)] |p + hy| dpdsdt
+,€
M-—1

=5 _pe
2 L2(0,T5;H2(Tt(5)))>

€ A

< C(K)EM—H ("u

< O (K) M,

Here we used the fundamental theorem of calculus in the first inequality and Lemma 2723,
the exponential decay of 6, and (BIX1) in the third inequality. The last inequality now
follows from (5223@) and the properties of the extension of ,u;\r/f. We may treat the term

r
<u;4’61) (z,t) (L —n(p(x,t))) completely analogously, which finishes the sought after es-
2
r
timate for (“34-%) .

Due to (621), we will now only consider the term (\VS (z,1)] ) O2he (S (z,t),t) in

M— 1
AM _%, the other occurring terms only involve derivatives of lower order and can be treated
in the same manner. Applying similar techniques as above, we get

M\H

)
Z( 0! S|? Fa2h€ dr|dsd
Z(s, 01| [ 06 (rst) (IVSI?) 02h5, T (s, 1) dr| dsdt
—0

3
2

< c:&§ 1Z1| 20,1 L2(11) Hh o

1
M=311Ls(0,1;2(T1))

Now (AI%7), (A233) and Proposition 3) again together with Hz (0,T.) — L5(0,T.)
yield the claim.

Concerning 7 and Z3: using Holder’s inequality, (6187), (6188), the uniform boundedness
of A? in R and (52258) for A} we get

1 1
I, < C(K)T. 36_%6M_%€%€:C(K)T636M+%.
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6. Estimates for the Remainder
Noting the estimate for FF in (6I%8), we also get

1 1
Iy < C(K) TP M3 = O (K) T3 M+e.

Combining the estimates for 7,7y and Z3, we get (B33).
Proof of (B38): Concerning (6230), we first note that

(p,x,t) = divv—’]\;j’il (z,t)n(p) + divv;[’i% (z,t)(L=n(p)) =0

: €
divv W !

1
2

+e

L.
M—3

by construction (cf. Lemma B234) and the properties of the extension operator for v

We show the estimate by using the explicit form of W “3: we compute

T, Py
2 2
OV Vrh1’ < C’e// sup HV€ } (r,s,t)’ / n' (p) dedsdt
H PIM—3 L2(D(265T¢)) re(—26,268) M—3 ‘ }
0 m — 2 -hg
2
< Cellvhe, —v©
M= M-3 L2(0,Te; H2 (¢ (26)))
<C(K)e
where we again used H' (T (26)) < L*° (I';(26)). This argumentation can easily be
adapted for 8pv1VFh§VI_%, up - nn’h?w_%, up - Vrhjw_%dpn’ and ug - Vth‘/l_%pn’, ug -
(Vrhjw_%hl +VFh1h§\4_%> n since X7 — C° ([O,Te] C1 (Tl)). To treat the ujw_% .

nn' (p+ h1) term, we note that we may employ a similar strategy as we did when esti-
mating /5, , in (628). We use the mean value theorem and the definition of uf, , in
2

M-1
(6223) to estimate

2

2
€ . / h ’
HuM*% iy (p+ ) L2(I'(26:T2))

Te 26

2
< C// / (an (V]—:—/je—é o V]Ge—% + UOhj\/.f_%) (X (’7 (T) 737t)) 77/ ’ (P (r7 S’t) + hl)) drdsdt
0 T —25
2 2
M-} M-1 M-3 L2(0,Te;L2:°°(T'4(26))) R ’ |
< C(K)e,

where 7 (7) is a suitable point in (0, r) and where we used (5238), (6238) and H! (T'; (20)) —

L% (T'; (26)) in the last estimate. A similar estimate can be used for u), -VYhidrn', which

proves the claim. O

[NIES

Before we formulate and prove the main result of this section, we show the following
proposition, which will be used as a substitute for the matching conditions (5=23)—(6224) for
“?\475’ Vj\/lf% and p?wié.
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6.2. First Estimates
Proposition 6.10. There is €3 € (0, €1] such that for all € € (0, €2)

=0
p=p(x,t)

ki € +,€ - —,€
D, D, <MM_5 (p,w,t) — (uMéx% +uM§XQTO> (:lf,t)>

=0

_1
2 p=p(z,t)

k!l +, -
D;nDpr <v§\4§ (p73}7t) - <V1\46 X%‘FVME%XQTO) (mat)>

piw,l (p (.’E,t) 7x7t) - (pE€1XQ++pX/Ij€1XQT > (Jf,t) =0
PRRRLL 2 0

N

for all (x,t) € T (20; T )\ (6;T¢) and m,k,1 > 0.

Proof. Let (x,t) € I' (26; Te) \I' (3; T¢) such that o € QF (¢). Since [|h || joo (0 1,y 1) < C (K)
for all € € (0,€p) due to (69), we have
dp (z,t) )
= - " 7 — >

for € > 0 small enough. Then we have due to the explicit form of x§, , in (6=253)
2

DEDL (1 (o) =i, (00

2

= D5 o) - DD (1, i, )

=0

p=p(z,t)

for I,k >0,asnp=11in (1,00). Asn =0 in (—oo0,—1), we may use a similar approach to
gain an analogous identity if x € Q7 (¢). The results for vy, 1 and p§ . follow in the same
2 2

way. ]

The next corollary is a direct result of Proposition 610 and the matching conditions for
the integer orders.

Corollary 6.11. There is e3 € (0,€1] such that for all € € (0, €2)

! : -
J— - < ‘
HDI (s MO)HL‘X’(F(%;Te)\F(é;Te)) * HDQ” (o ~ up) Lo (0. A\ (3)) clme
Dl _ Dl - K 7%~
H w (er CO)HL""(F(%;Te)\F(&Te)) - H »(co = cB) L= (05, 20)\0r2(3)) ~ e
Dl - Dl B K M+1
H » (V1= Vo) HL"O(F(%;TJ\F(&;TJ) " H »(vo=vs) L= (05, 20\ 2(3)) ~ e
¢

lpr = poll e resmremy) T 1Po =Pl e (a7, a@pora(2)) < € (K) e
for 1 € {0,1} and constants C (K),C > 0.

Proof. Due to the matching conditions (6225) and Proposition B0 it holds

< Cefap(xvt)

07 O (1w (py2,t) — gy (1))

sup

(x,t)€QF, NT(25;Te)\I'(5Te) p=p(t)

for m,i € {0,1} and k € Iﬁi’i As in the proof of Proposition B0, we have p (z,t) > %
2
for € small enough, which yields the sought after estimate as we have a similar estimate in
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6. Estimates for the Remainder

Qr, . Note that the term Vrhi‘, which occurs when considering Vuy, can be uniformly
controlled, cf. Remark 6. Close to 92 we have by (5=83)

sup
(,t) €07 2\ ()

a;na; (ME (Z, T, t) - Ml; (.%', t)) ‘z:z(m)

dp ()

for z (z) = 2= and k € I]]\\jﬂ; note in particular ,u?/[ 1 = p,,° ;1 as defined in (64). This
—3 2 —3

shows the estimate for uy, o and pug. The other estimates follow completely analogously.
Note that for kK = M + 1, we have

M+1 Dl v —V H
€ H » (VoM+1 — VBM+1) L2 (07, 26)\0r.2(3))

<Ce 5, M [v2r+1 (0, ')HL‘”@TOQ(‘;))

accounting for the special case. O

6.3. Main Theorem

The following theorem is the main result of this section and at the same time proves Theorem
3.

Theorem 6.12 (Remainder Terms). Let Assumptions T2 and =3 hold and let for € € (0, €g)
the functions ¢y, u$, v, p%, hé be defined as in Definition and r§, Ty, TeH1s TOH2 D€

given as in (§-1)-(G13), for w{ = ﬁwfvi Here w$ is the weak solution to (B-173)—(E1708)
e T2

with H = <h§\/[ 1) 0’ Moreover, let p € L (O,TE; H? (Q)) and R = c¢—c. Then there
2/ e€(0,e0

is €2 € (0,€1] and a constant C (K) > 0 such that for all € € (0, €2)

Te
1 1
[ | remeasat < 0 ) (Tz +e2) Ml e 01,002 (6.44)
0 I
Te
1
[ | [ remas|a < cx) (Ts +e%> M, (6.45)
0 I
HrgHL2(07TE;(H1(Q))’) < C(K)eM, (6.46)
HréivHLQ(QTe) < C(K)eM. (6.47)

Proof. As before, we will use the notation 9 (r,s,t) := ¥ (X (r,s,t)) for (r,s,t) € (—20,29) x
T! x [0,T,] for functions 1 : ' (20;7T.) — R. Let in the following és € (0, ¢1] be chosen such
that the results of Section B2 hold and let € € (0, €2).

Proof of (E44): Since § (dr) = 1 in I (6; 7o), we have rgyy = 1oy ; in I'(6;7e) with réy
as in (B01). Now

€ l l
/ / rem, rede| dt < C(K) (TE + 62) M HQDHLOO(O,TE;Hl(Q))
0 |T¢(5)

holds due to Lemma GB and Lemma B3, more precisely (6233).
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6.3. Main Theorem

Moreover, we have (1 —¢(dr)) (1 —¢(2dg)) = 1 in Q7 \ (I'(20;T¢) U072 (9)) and thus
TGH1 = "m0 in that domain, with 76y, o as in (B13). Now all terms in r¢yy; o which do not

involve Vij, , can be estimated in L> (Q7,\I' (26; 1)), yielding the sought-after estimate.

The terms 1nvolv1ng Ve , can be treated by using Holder’s inequality and (52238), i.e.

M-1
et - 5 M+1 || et
S B R P Y T [ e
2 2 L2(Q+)
0 Q+(t)\I't(26) Te
< C(K)T2 M43 ol oo (0,7 H(9)) (6.48)

for j € {1,..., M + 1}. The same argumentation also holds in Q7 ().
Close to the boundary, in 07, (%), we have £ (2dg) = 1 and thus rgy; = 76y g- As in

the outer case, all terms not involving v&i , may be estimated in L*™ (01,2 (6)), the rest
2
can be estimated as in (6Z3).
Next, we give estimates for r&yy in I' (26;T,) \I' (§; T¢): By definition of ¢ and ;i in (63)
we have
rom = € (dr) réuy,r + (1= €(dr)) rém o
1
+¢ (dr) (Oudr + v - m+ M wS | g (dr)) (er = o)
+ (viy - (€(dr) Ver + (1 = €(dr)) Veo) = (dr) vi - Ver — (1 =€ (dr)) vo - Veo)
— (1 = p10) (€" + €' Adr) + " Ewir - Veo (dr) (1 - & (dr)
~2¢n- ¥ (s — po) (6.49)
The term (1 —¢&(dr)) 7oy o may be treated in the same fashion as in the outer domain
Qr\ (T'(26; Te) U 01,82 (0)), estimating |1 — £ (dr)| < 1. Regarding & (dr) r&gy . there is a
subtlety we have to deal with: all appearing terms in the explicit structure of the difference
¢ (dr) (rEHLI — (—:MngM7%> can be estimated with the help of Lemma B®H. But we may

not simply use (6533) for £ (dr) EM_%BM_%(,D in I' (29).
To remedy that situation let J = (-2, —0) U (4,20) and we compute, using Lemma 5230
2),

Te

/ ‘ﬁ(dp)eM_%BM_%gO’d(x,t)

0 T¢(28)\I'+(5)

Te
<C€M3///‘BM%QO‘d’Fdet

Z//H‘P StHLoo 2525/‘Bk rstBk (r,s,t) ‘drdsdt

<C M_Z//H‘P 8,01 oo (25,26 [IBk (- 8,0 225 26) |B% (p )| 2y dsdt. (6.50)

k=10 11

181



6. Estimates for the Remainder

Now since sup, ¢ (g ey) Hhil”LOO((O,TE)le) =: cx < oo holds (cf. (B3)), we get

5 5
Z—h > — .
~ G = o (6.51)

for € > 0 small enough. Thus, we may calculate for k € {1,..., K1}

20 [eS)
/\Bi (p(r.p ) dr <e / |B7 (p)fdpge/haz (o) dp
1) 5

[
C2

< eCie < (6.52)

for some constants C7,Cy > 0, where we used B% e O (e_O"p') due to Lemma 638 2). A
similar estimate holds on (—2§, —¢) and we may thus continue estimating (6250) and get

/ / M3BM Sl d (2 1)

0 Ty (200\I'(

Ki
Mo _@
< CT2 Ml oo (0,7, HL(Q)) Z HBkHL2 @51 € ©
k=1
1
< C(K)T2M |l @]l o 0.1 () (6.53)

for € > 0 small enough, where we used H! (T'; (26)) < L? (I'; (20)) in the first inequality
and (A258) in the second inequality. This yields the desired estimate.

Concerning &’ (dr) <0tdp +v4 n+ eM_%wﬂp -né (dp)> (¢r — co) in (B29), we exemplar-
ily compute

/ / 2w§|p-n(01—co)<p)d:ndt

0 T(20)\T'+(5)

1 1
< CT2 M_iwi

L2(0.T,H1(9) HSOHLoo(o,TE;Hl(Q)) ler — CO”LOO(F(26;T6)\F(5;TE))

% M—_1l _C2
< C(K) Te e ze” e [l poo (0,Te; HL())
< C(K)Te ||90||Loo (0,T; HY()) (6.54)

where we used the continuity of the trace operator H' (QF (t)) < L? (I'y) and the embedding
H (T (26)) = L**° (T (20)) in the first inequality. In the second inequality we used Lemma
and Corollary BI. An analogous (but simpler) argumentation may be used for d,dr €
L (" (26;Tp)) and (vi‘ - erévA M_;) € L™ (Q27,) (cf. Definition B2 for notations). The

estimate for e 7%vf4 M1 then follows by using (5-238).

The terms 26'n - V (ur — po) + (1 — po) (§” + € Adr) in (629) may be treated by using
Corollary 6.
For the third line of (E29), we calculate
VZ . VC[ — V- VC[ = (1 — 5 (dr)) (VO - V[) . VC[
v& - Veo —vo - Veo =& (dr) (vi —vo) - Ve
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6.3. Main Theorem

and Corollary 611 yields the estimate as before.
The only remaining, not estimated term in (6249) can be treated by

T,
—1 e 3 (e
/ / ‘EM 2wilr - VCOS!?’ dedt < CeT Wil 20,101 @) 191 oo 0,750 ()
0 Ty (26)\T4 ()

1

< C(K) "2 [l oo .1, 11 (02 »
where we again used the continuity of the trace combined with Lemma and the fact
that Veo = O (€) in L™ (QfTEO)

Thus, we need only consider r&y; in 0r,Q () \0r.Q2 (%): here we get a structure very
similar to (629), as we have

rem = (1= €(2dB)) rém 0 + € (2dB) rem g + 26 (2dB) (OidB + v - nog) (cB — co)
+ (v - (1 =€&(2dB)) Veo + € (2dB) Ver) — (1 =€ (2dB)) vo - Veo)
—&(2d) v - Ve — 4y - V (uB — po) — (uB — po) (48" + 26/ Adg) .

The proof now follows in a very similar fashion to the one for (629), considering the already
shown estimates for roy; o and rgy; g as well as the estimates close to the boundary in
Corollary 6B11. This shows (624).

Proof of (E45): We use a similar approach as before: in I' (6;7¢) we have r&yy = r&pa
where rGy, ; is defined in (612). For all terms in rgy, ;. which can be estimated in
L*> (I"(26;T¢)) (uniformly in €), we may use Proposition 63 to gain the claim. Noting (639),
the only terms that may not be treated in this fashion are the ones involving Arhjui , and

2

AM—3, Regarding —2 AM 7%, we may use Lemma B9, more precisely (6233). Concerning
Arhj\/[_%, we compute

1 € €
€M+2 / ‘AFhM_%apclR’d(x,t) S C€M+1 H <8§hM_%7ashM—1

5) HLOO(O;TG;LQ(W))HRHH(QTe)

I'(6;Te)

sup |0pc1 (., 2, )]
(z,£)€T(26;Th)

L2(R)
< C(K)eMts,

where we used d,c1 € Ra, Xr — C([0,7]; H* (T')) (cf. Proposition 2)) and the
L%-estimate for R in (£8).

In Q7 \ (I'(26; T¢) U 01,2 (6)), we have r&ye = 7o o With 76y o as in (E18). For that,
we compute (exemplarily in Q% (¢) to shorten the calculations)

+,€
HM 1

T2

1
M2t | Rldadt < CT# M3

2

||R”L2(L2(QT \I(8;T%)))
0 Q+(¢)\I'4(26) LS(0,Te; L2 (Q+(2)))

1
< C(K)T3M

where we used (5238) and (£8). As ¢ € L™ (Qch()) for all 4 € {0,..., M + 1}, a similar
estimate follows by again using (£6) for the remaining terms in TCH2,0 (cf. Remark 571 for
the f term).
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6. Estimates for the Remainder

In 07,.Q (g), it holds ryy = répe g and we may proceed as in Qr, \ (I' (26; T¢) U 07,42 (6)).
In T"(20; T¢) \I' (8; T¢), we have

rene = € (dr) (eAcy + pr) + (1= €(dr)) (eAco + po) — ¢ 1 f' (¢4)
+ € ((C] —co) (5" (dr) + ¢ (dr) Adr) + e2¢ (dr)n-V(c; — Co)) . (6.55)

The estimate for the second line in (6253) follows by similar techniques as in the proof of
(6223), by using Corollary G
For the first line, we use a Taylor expansion to get

f1 () = f(en) + £ (o1 (ch, er)) (co —er) (1 = € (dr))
f1(ca) = ' (co) + f" (o2 (4, c0)) (co — er) (=€ (dr)) ,

where o1 (¢4, ¢r), 02 (¢, co) are suitable intermediate points. Thus, the first line of (653)
reads

¢ (dr) (TEHQ,I) + (1 =& (dr)) (TEHQ,O)
+e ' (co—er)€(dr) (1 =& (dp)) (—f" (02 (¢, c0)) + £ (01 (¢4, er))) - (6.56)

Now ¢, co,cr € L™ (I' (26;Tp) \I' (0; Tp)) uniformly in e and thus

[ (o)], [f" (o2)| < sup |f"(z)| <C.
xE[—Cl,Cﬂ

Since (co —cy) = O (6_%> in L (T'(20; ) \I' (6;T¢)) for small e (see Corollary BI),
we may estimate the last part in (656) as before and the term involving rgyy o as in
the case of Qr.\ (I'(26;Tc) UOr.2(5)). Regarding rgy, 7, although we may not use the
decomposition of R anymore (Proposition B8 only holds in I'(d;7%)), we may now use
1Rl 207220010 5))) < C (K) MF3 due to (2%d). Thus, all terms in r¢y, 7, Which can
be estimated in L> (I" (29; T¢)) (uniformly in €), are of no concern. This leaves us with terms
involving Arhj\/[,l (which may be treated as before) and & (dr) M3 AM=3 | since (6239)

2
only holds inside I" (0;T¢). According to (Z0) and Lemma 6538 1) we may estimate

Ly
_1 _1
M3 / M2 R]d 1) < € () M S (0| pgomneenony)
(28T )\I(5:T) k=1
1
<C(K)eMT3,
Now we only have to consider the situation in 07, (5) \07.§2 (%
resembles (653) in that we get

): The structure heavily

reme = € (2dB) (€Acg + pB) + (1 — € (2dB)) (Aco + po) — € ' f(¢%)
+e€ ((CB — Co) (45” (QdB) + 25/ (QdB) Adr) + 64{' (dB) nygq -V (CB — Co))

and the estimate follows in a similar way as for (6253). Thus, we have completely estimated

TCH2:
Proof of (E48): The approach to showing (620) is very similar to the one used for (624):
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6.3. Main Theorem

we have r§ = r§ ; in I' (6; 7¢) with r§ ; as in (614) and may then use Lemma 67 and Lemma
639 (more precisely (6234)) to get

/ r§ ;- zd (1) < C(K) e |zl 2o 1 )
F((S,Te)

for all z € L? (0, T.;H! (Q)), implying the estimate in I" (J; 7).

In Q\ (T (26; Te) U 97, £2 (9)) it holds r§ = r§ ; and we may simply estimate the occurring
terms in L (Q27,) (as they are already multiplied by €™ or even higher powers of €) or with
the help of (62238), which leads to the desired inequality.

In 07.Q2 (%) it holds r§ = rgB, allowing for a similar approach as for the outer remainder.
In I'(26; T)\I' (6, T¢), we have

r§ =& (dp)r§;+ (1 — € (dr))r§ o — (¢ (dr) Adr +£" (dr)) (vi — vo)
—2¢'(dr) D (vi = vo)n+& (dr)n (pr — po) — p4€’ (dr)n (cr — co)
+ (=4 (€ (dr) Ver + (1 = €(dr)) Veo) + & (dr) urVer + (1 =€ (dr)) poVeo) . (6.57)

To estimate r§;, we may again use Lemma B2 as inside I' (6;7%), but have to be careful
when estimating eM_%é (dr) (VM_%> z, since (623) cannot be used. But, as for rgy; , we

can get the sought-after inequality in I' (25; T¢) \I" (9, T¢) by using an approach analogous to
(653), which is possible since Lemma 3) guarantees Vi € R,. r§ o may be treated as in
Qr\ (I'(20; T¢) U072 (9)) and due to Corollary 611 we get the right estimate for the terms
involving (vi —vo), V(v —vo), (pr — po) and (¢ — co).

Regarding the last line of (6237), we have

(=p% +pr) Ver = (1= &(dr)) (ur — po) Ver
(=& + po) Veo = & (dr) (po — ur) Veo,

allowing for the usage of Corollary Gl

As in the proofs before, the estimates in 07,2 (§) \07.§2 (%) may be shown as in in the case
['(20;T)\I' (6, T%).
Proof of (E47): We observe that in Qr,\ (I (20; T¢) U 01,2 (6)) it holds rg;, o = 0 by (B13)
and thus in particular r§,, = 0 in Q7 \ (I' (20; Tc) U 01,2 (6)). In I' (26; 1) we have

iy = & (dr) ry r + & (dr)n- (vi —vo).

As before, we can treat the term &’ (dp)n - (vi — vp) by using Corollary 511
For rg;, ;, as defined in (B13), we first note that we may use (638) to suitably estimate

M-z M3 Moreover, divvyry1 € L (R x I'(20;Tp)) by construction and to estimate the
products 9,v; - Vrth, where 1 4+ 5 > M + %, we use that

10vill aceasiry [V it |l oo rosireyy < € ()

foralli € I]\Ajiri,j € IA]‘?_@ due to construction in the case of i,j € {0,..., M} and i = M+1
2 2

and due to (5-Z38) resp. (5238) in the case of j = M — 3 resp. i = M — 1. Similarly, we get

i nll ey Wl oy < C (KD,
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where we receive an L? — L? estimate for u}, . in the same fashion as in (632). The other

2
terms appearing in the definition of 7§;, ; can then be treated in the same way.
In 07,9 (8), we finally have

7ﬁw225(2dB)T&mB‘*28(2dB)naQ(VB-—Vo)

and the form of r§;, g together with Corollary BI0 implies the estimate. Thus, we have
proven the claim. O

Remark 6.13. In light of the technique used to estimate the remainder terms, this is a good
place to remark upon the differences of our approach of constructing approximate solutions
to the one used e.g. in [26]. There, the terms ¢ are functions in (p, S (z,t),t) instead of
(p,x,t) as in our case, where (p,z,t) € R x I' (26; T). While using (p, S (z,t),t) intuitively
seems to make more sense, as it can be interpreted to be a stretched representation of
coordinates (x,t) € I' (20;7), this ansatz should only be chosen if it is clear that the outer
terms are constant in QJTEO (which is true in the case of the Allen-Cahn equation). If we
considered expansions of ¢, uf, ... in coordinates (p, S (z),t), we would only be able to
enforce matching conditions on I'. In particular, it is in general not possible to satisfy

sup |ck (:l:p,S(x),t)—cf (:L‘,t)| E(’)(e_c’)), as p — 00,
(z,t)€T(26;T)

if cf is not constant. Thus, terms of the form & (dr) (c; — co), which appear due to the
“gluing” of inner and outer terms with the help of the cut off function &, resulting in integrals
of the form
ek (.S (2, 1) 1) = ¢ (x,1)| d (2, 1)
[(28;T)\I'(6;T)
cannot be estimated with a high enough order of e.

While Theorem 612 gave important estimates for the remainder terms, we will also need
estimates in other norms, which we are given in the following lemma.

Lemma 6.14. Let the assumptions of Theorem hold. Then there are €2 € (0,€1] and a
constant C (K) > 0 such that for all € € (0, €2)

(K)C (T, e) e (6.58)
(K)eM (6.59)

||T€CHQVCE4||L2 (O,Tg;(Hl(Q)2)/> S C
C

IN

el 22 (ar,0(2))
where C (T, e) — 0 as (T,e) — 0.

Proof. We start by showing (E58). For v € H' (Q)Q, we consider

/TEH2ch4 spdx| < / TEHMVCEA <pdx| + / roma Vey - Ydo (6.60)
Q T'+(5) O\ ()

and begin with analyzing the integral over I'; (9).
First off note that

(1
Vs =6, <6n - Vrhil) + dpcin+ O (e) (6.61)
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in L (I"(6;T¢)) by construction and the fact that HVFh;HLw(F(%_TE)) < C(K) by (639).

Thus, for all terms g : I'(26) — R appearing in TCHa,I» which are multiplied by at least e
and which may be estimated in L>° (T' (20;T,)) uniformly in €, we may use the estimate

1 ) 1 1
[t ((n-vts) w)as| < Tl ol < (5 +009))

T'¢(0) L2(0,T%)

1
< C(E) T2 |9l gy »

where we used H! (T'; (20)) < L% ('t (26)) and the exponential decay of 6}, in the first line.
As discussed in the proof of Theorem B2, this works for all terms in TCHe, €xcept those

involving AM_% and AFhM_;. For the latter we get
2

€
1
M-1

€ 1 3
/ ATRG 1 Opeily <6n-¢> dx < CT?
I'¢(9)

L°°(07T5;H2(’]T1)) HwHH1 (Q)
L2(0,T¢)

1
< C(K) T2 [l 110

where we used the same techniques as before together with Proposition 2).
The most difficult part of the proof is to show

M| [ ANV s < C(K) T 6]y (6.62)

Ft(é) LQ(O,TE)

For this, we will employ similar techniques as used in the proof of (E3353) and (633), in
particular we will use the same notations as discussed right at the beginning of the proof
of Lemma BE9. We will first consider %06n instead of Vc9. Using the fundamental theorem
of calculus we have 9 (r,s) =1 (0, s) + fOT Ot (7, 8)dr for (r,s,t) € (=§,8) x TL. Thus, we
may write

1)
1 1
[ At vl <2 [ o .0)1| [ AV 30600 5,0 dr|ds
€ €
T'¢(6) T! -5

1) r
+Cl// AM—éF95/6n¢ (7, 5,t) dF| drds
€
Tt =9 0

1
02 M_l r /
+6// <A z) Gow‘drds
T —§

= I + I} + To.

187



6. Estimates for the Remainder

By Lemma 6338 (after choosing € > 0 small enough such that (6237) holds), we may estimate

) €
c—ha

L
Tl < i/ ‘1/)(0 s) Ak ) / Ai’F%J&dp ds

k=1 1 [ €
T 2—hg

€

e (6*02% + O (K) e)

and thus

H"Z'-1HL2(OT) < (K)6H1/}HH1(Q)

due to (5=250).
Concerning Z?, we have

é
HIQHLQ(OTE /WHHl ~5,8) /’AM 2|r007°2 drds
-0 L2(0,T¢)
% 1 — ALl
kz:: 6l || ‘mo,n;m(m)
L
< C(K) T8 e2 |9l g
by (6230). Additionally, we used ||A¥"]| < Cforall k € {1,..., Ly} in the second line.

L>*(R)
For 7y, we need to consider the explicit structure of AM=3 and show two exemplary

r
estimates, all others follow along the same lines. First, we consider the term (”5\4— 1 )
2

%) see also (B23) for the detailed structure):

(4
< ) e

1
<C/ sup (rys |/ /6nMM , (r,s,t) dr6p| drds

appearing in

drds

Eﬂq re(—55
2-hg
< C'/ sup (r,s)| sup 811:“&6_1 (r,s,t)‘ / le (p+ h$)| }96|dpds
re(=6.,6) 2 ;
—e—hy

C(K) ell¢ll

)

2llm2Q+ ()

A4

where we used the fundamental theorem of calculus in the first line and H' (T (§)) —
L% (T (§)) together with the continuity of the extension operator in the last line. The
r

estimate for <,u;4’61> 7 follows analogously.
2
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r
Second, we consider the term (|VS (w,t)\2) agh;/[_l (S (x,t),t), as all other occurring
2

A\ T
terms in (AM 75) consist of lower derivatives of h{, , and can be treated in the same way.
2

Using similar techniques as in the estimate above, we get

[
1 2 r 27 € / €
6// ‘ (IVSP)" 02hs, 1000 |drds < C (K) €11y ||y s
T =6

Thus, we get by (62233) and (5-230)
||I2HL2(O,T€) <C(K)e ||¢||H1(Q) ‘

Taking the estimates for Z{, Z? and T, together, we have
1

M| [ AN g s < C(K) C (Tye) M [l gy
€
I'e(9) L2(0,T%)
Regarding (662), we next compute
1 L 1
/ ARG R - vz < O UK) S [8E o asy 190 e vz €2 1001 o
r)(6) k=1
t
where we again used Lemma B=38. Thus,
1
Mzl [ AN R e < CE)TEM 9]l 1
I't(0)

L2 (O’TG)

and a similar estimate holds for d,c; - n, since d,c1 € Ro. As all other terms appearing in
V¢ are already of order € “better” (see (66)), this proves (662) and as a consequence also

/ rens 1V - s < C(K)C(T,0) M [l oy -

T':(9) L2(0,T2)

In view of (B30), we still need to consider ‘fQ\Ft(é) repe Ve - Ydz|. But this term may be

treated with similar techniques as used in the proof of (623), taking into account matching
conditions and the fact that

10,ck (p (2,1), 2,1)] < Cre= 2 ¥ (2,t) € T (26; T\ (6;T,)

for e small enough and all k& € {0,..., M + 1}, together with Vc§ € O (¢), which holds in
L= (Qqp,\I' (20;Tp)) (cf. Remark 64). This shows (E53).

(629) follows immediately by noting that r&y, = T 0 Or, Q2 (g), the form of the
boundary remainder terms (6E19) and the fact that all occurring terms in those boundary
remainders are either uniformly bounded in L* (97, (§)) or may be estimated in L? (Qi)
with the help of (5=231). O

189






7. The Proof of Theorem

In the final chapter of this work, we will combine all the results shown so far to prove
Theorem B—1. We do this in two parts: first, in Section 1, we take care of additional, rather
technical issues. Many of these revolve around the error in the velocity v¢ — v$ and how
to estimate it; we outsource the corresponding results into their own subsection, so that the
actual proof of Theorem B71 is a little less cluttered. The second part, Section 2, is then
only concerned with showing the main theorem.

7.1. Auxiliary Results
Without repeating it, we will consider the following assumptions throughout this section.

Assumption 7.1. We assume that Assumption I holds, that ¢, 1%, v, 0%, h% are defined
as in Definition B3, that &y, Teme, TS Thiy e given as in (1) (@-10), that W{ is given as
in Section B2 and that Assumption [-3 holds for ca = ¢4, €o € (0,1), K > 1 and a family
(Te)ee(0,e0) € (0, To]. Moreover, we assume that €1 € (0, €o] is chosen small enough, such that
Theorem B33 2), (G193) and Theorem BI3 hold. We denote R := ¢ — 5.

The following proposition guarantees that the energy estimates in Section B may be used.

Proposition 7.2. Let ¢ € (0,1) and 9§ : & — R be a smooth function satisfying the
inequality ||[§llcr gy < Cyo€™ for e € (0,¢0). Moreover let

cg (x) :== ¢ (2,0) + 95 (z) Vo € Q.

Then there is some € € (0,€0] and a constant Co > 0 which only depends on €, Cy, and
SUDce(0,60) 1€ (%, 0)[| o () SuCh that

E*(ch) < Co, |Ic§ll o) < Co
for all e € (0,€), where E€ is given as in (Z-13).

Proof. For simplicity we consider ¢ () = ¢ (,0) and highlight the situations where 9§

would play a role. The estimate on ||c§]| Loo(q) follows immediately by the construction of

. Considering § [, V¢4 (z, 0)|? dz we note that |]ch4HLoo(QT \"(26)) < Ce by (B3R) and we
0

estimate

5 [ ea@ofdr< s [ 1= @) Veo w00+ 9 (€ (dr) (er ~ co) (2,0) do
T'o(29) Do(26)
+§ / € (dr) Ver (x,0) ] da. (7.1)
I'o(24)
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7. The Proof of Theorem

Now we have Vg (.,0) € O(e) in L>®(Q) and ¢ —co € O (1) in L>® (' (2J)). Moreover,
p(x,0) = dr(w 0) , as h§ (z,0) = 0 by construction, and thus
1
Vero (2,0) = 0 (p(2,0)) - (2,0).
In particular

s [ Ve @otar <ol [ @ o)

F0(26) F0(25)

25
< C/ / 0 (p)* dpds < C.
T _26

As é€¥Ver g, € O(1) in L% (T (26)) for k > 1, we may use (1) to find
% / Ve (2,0)]* dz < C).

I'o(29)

Note that 1§ can be uniformly estimated in C' () and is multiplied by €, so would cause

no troubles in these estimates. For the second term in E€ (cfj), we compute

[ t@a-r [ FE@E@0-ndsc

EQ+(0)\Fo(25) QF(0)\T'o(29)
for some suitable 5 (z) € (1,c% (x,0)), where we used a Taylor expansion around 1 in the
first step and the fact that ¢ = £1 4+ O (e) in L™ (Q%O\F (26)). A similar estimate holds
in Q= (0)\Ip (20).
In At := Q% (0) N (T (26) \Lop (8 )) we find

o[t / £ (B @) (€ @r)er (2,0) + (1= € dr)) o (,0) — 1) d
At

< C+€/f’ B (@) € (dr) (er (2,0) — co (x,0)) dz < C

for all e small enough, where we again used a Taylor expansion in the first line, co = £14+O (¢)
in L™ (Q%}) in the second line and the matching conditions in the last line. Again, a similar

estimate holds in 27 (0) N ("o (29) \I'¢ (9)).
Finally, inside I'§ (6) := Q% (0) N T (8), we have

c [t =1 [ 7 (5@) @0 - ds
T3 (8)

T4 (9)

<coi [ 7 (3@) @@ - 1
T (9)

<01+02//|90 —1|dpd8<0

T
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7.1. Auxiliary Results

where we used ¢y = 0y + O (€) in L™ (I' (26;Tp)) in the second step and (E0) in the last step.
Again, a similar estimate holds in Q= (0) N Ty (6). This shows

c [ r@arza,

where the appearance of ¢j would have changed nothing in the argumentation. This proves
the claim. O

Lemma 7.3. For all e € (0,¢1)
1. it holds for all « € (0,1)

_3 _ a
HRHLZ(O,TG;LOO(Q)) SC(K,&)GM 2€ (M+2) ,

2. it holds )
IVER| oo (0.1, 02(0)) < C (K) €72, (7.2)

3. it holds for all k € (0,1)
1 s
VR oo 0,1, 024w (0)) < C (K) e 272887,
4. it holds
(-1
1B Lo 0,122 (0)) < € (K) ex(M=3),
Proof. Ad 1) For a € (0,1) it holds
1Rl ey < € (@) IRl ey < € (@) RISy | RS2y - (73)

Here the first inequality is due to the Sobolev embeddings, as 1 + o — % > 0 by the choice
of a, and the second inequality is a consequence of interpolation theory, as H'*t% () is the
interpolation space with respect to (H1 (), H? (Q)) of exponent «, cf. [@0] p. 330, Theorem
B.8. In order to control the H?-norm of R we use elliptic regularity theory to get

IR g2y < C AR 120 »

which holds since R|s, o = 0. Due to the construction and since h is uniformly bounded
in X7, (cf. (62238)), it can be easily verified by direct calculations that

1

1Al 2y, < C () =

(see (B223) for the concrete form of the derivatives of the single terms close to I') and we
may thus use Lemma B4 to get

_7
|AR] g0,y < C (K) e, (7.4)

where C' (K) depends — apart from K — only on Ty and Cy (where Cj is the constant from
(213)). Using this and (£8) in (=3), we find

193



7. The Proof of Theorem
Ad 2) We employ Lemma B4, which yields

1 1 € €
€2 |[VR| Lo o,1,:02(0)) < €2 <||Vc ILos (0,12:22(0)) + HVCAHLOO(O,Te;LQ(Q))) < C(K).

Here we used

1 1 1
€2 ||Vl oo omi22()) < €2 ||00 (p) = +C(K) < C(K),
€llLoe (0,15L2 (0 (26)))
where the uniform bound on ¢y, Cf, cB and their derivatives for k € {0,..., M + 1} and the

boundedness of h{, , in X7, was employed, together with (2339) for a = 1.
2
Ad 3) First, note that for k > 0 and U C , we have

1A K
1Bl 2ny < C1 IRIE IVRIZE + Ca 1Bl 20) (7.5)
for C1,Cy > 0 due to the Gagliardo-Nirenberg interpolation inequality. Moreover, ([Z3)
implies
1 _r_ K
IRl e oszemin < O IR oy IVRIEE 1 s o)

+ Oy H’YRHLOO(O,TE;LQ(Q))
< C(K) M—t—grM (7.6)

by (2) and (E6d).
Ad 4) We have

2
1R o0 0,7 22(0)) < 1Rl poo o1 m-102)) IVRI oo 0. 1522(02))
< C(K) M3,

where the first line is due to an estimate similar to (879) and the second line follows from
(E60) and (22). O

The following lemma is an adapted version of [6], Lemma 5.4.

Lemma 7.4. Let u € H' (Q). Then there is some constant C' > 0 such that

=

1
ull 33 ry5)) < C (Hu||L2(I‘t(6)) + HVFUHLZ(Ft((;))> ’ (HUHLQ(Ft(é)) + HanuHLZ(Ft(&)))
2
: <||u"L2(Ft(5)))

holds for all t € [0, Tp).

Proof. In this proof we write u (p,7) = u (p + rar, (p)) for (p,r) € I'y x (=6,6) and for fixed
t € [0,T7]. First of all, we note

3

1)
Jullsy < € [ [ Tuton an @) ar = € Jull e,
-0 I'y

L3(—5.0)
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and deduce by using the Gagliardo Nirenberg interpolation theorem, that

1 5
ull ey < € Nullfs ey NullSaqey,

holds, as I'y is one-dimensional.
Combining these results and using Holder’s inequality leads to

3
3 1 5
u < C||||ul¢ ul| ¢
H HLS(I‘t(&)) = ” HHl(I‘t) H HLQ(Ft) L3(=6)
5
1 4
2 2 1
< i),y | [ 1@ 0
I L3(=5.)
! :
Using Gagliardo-Nirenberg again leads to
1 4
lall 19,55 S Clullin s Il o5
and thus to
; : : s
lulisan < €Wl |1 cca 002 .
t
% 1
< O\l o sp I1hmsn|lya, [Tlez ,
where we have used Holder’s inequality in the last step. ]

Lemma 7.5. Let Cy > 0 be given, f: R — R satisfy Assumption I3 and let
N (wR) = f (u+ R) = (w) = " (w) R

for (u, f%) € [-Co, Co] xR. Then for every p € [2,3] there exists a constant Cp, > 0 depending
only on p, the Norm Hchg([_gCO 3Co)) and Cy, such that

) 2 -
holds for all u € [~Cy, Cy] and R € R.

Proof. See [14], Lemma 2.2. O

7.1.1. The Error in the Velocity

For € € (0,¢p) we consider strong solutions v¢ : Qp, — R? and p€ : Q7 — R of the system

~AVE 4+ VP = 16 Ve in Q. (7.7)
divve =0 in Qg,, (7.8)
(—QDS? + FI) npg = agve on 8TOQ (79)
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(cf. Theorem E8) and weak solutions — in the sense of (Z29) — w5 : Q7 — R? and ¢5 : Qp, — R
of

—AW5 + Vg5 = —€(div(h®, VR) 4+ div (VR ® VR)) in Qg (7.10)
divw§ =0 in O, (7.11)
(—2Dsw$§ + ¢5I) npo = apw$ in 07,2, (7.12)

where h is defined as in (6277) for H = (h6

v 1) . We consider the right hand side of
~ 2/ e€(0,e0)

(Z1M) as a functional in V, given by

g (¢) = e/ (h®s VR) 4+ (VR ® VR)) : Viydz. (7.13)
Q

To gain an understanding of why we introduce v¢, w§ (cf. Section 62) and w$§ consider
the following: a fundamental part of the strategy of showing Theorem B is to consider the
difference between the “exact” equations (I"20), (IZ20) and the equations (£79), (A1) that
are satisfied by the approximate solutions. In the process, there appears an error term of
the form v¢ — v which has to be estimated suitably. Now the difference between v© and v¢
stems from the right hand side of (Z22), where % V¢ appears instead of ©Vce as in (IIR).
Nevertheless, this distinction allows us to easily estimate the error vé —v¢, see Theorem 3.
What is still missing is a handle on the error v¢ — ve¢. In [6], Section 3.2., similar functions
w{, w$ are introduced with the advantage in mind that v¢ — v¢ = w{ + w§. This equality
does not hold in our case due to the different forms of the right hand sides of (IIR), (=2)
and (BT74), (10) and the different boundary conditions. Introducing

Ve, = Ve — (VE+ Wi + W) (7.14)

err

we have v — v€ = v¢  + Wi + W§, so if we can control v¢,,., w{, and w5, we can control

the actually sought after error v¢ — v¢. The foundation for this was already set in Section
62 with Lemma b™29; the estimates for w§ and v¢,, are shown in the different results of this
subsection.

Lemma 7.6. Let w§ be the unique weak solution to ((ZID)-(Z13) in Qr, for € € (0,€1).
Then it holds for all v € [1,2] and q € (1,2)

2(M—1)

HVNV2HLT(0,TE;L¢I(Q)) <C(K,rqe (7.15)
for all e € (0,¢€1).

Proof. For unique, weak solvability of (ZI0)-(ZI2), see Theorem ZB. Since Q C R?, we
have qu, () = C°(Q), where % + % =1 and thus for ¢ € Wq% and ¢ as in (C13)

g () <Cl(g)e <”h ®s vRHLl(Q) +[[VR® VR”Ll(Q)) “w“Wj,(Q) )

so Lemma 9 implies

W5l r0,1sna0)) < C (@) € (HVR ®hll o) T IVRE® VRHLT(O,TC;Ll(Q))) :
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Concerning VR ® h, we use X7, < C° ([O,Te] Ot (']Tl)) and 0,¢r € Ry (cf. (B169) for the
definition of ¢7) and get

ST U .
e|[VR® hHLr(O’Te;Ll(Q)) < CeM2er Haﬂcf||L°°(F(25;T0);L2(]R)) HhM—%

CO([0,T];C1(T1))
: HVR”L2(0,T6;L2(Q))

< C(K)eM—3
for € € (0, €1) by (62235) and (BH). Concerning VR ® VR, we compute

2 9_2
eIVRO VR 1o 1010 < €ENVERIL2 0120 IVEI 0.1 22(00))

2

1 277 14l
(62 HVR||L°°(0,T6;L2(Q))) et

3N

<C(K)e (EM_%>

2M _ 2
s

<C(K)er
for € € (0,€1), again by (£8) and (T2). Putting the estimates together, we get

~ 2M—2 _3
I8 202y < € (Bomq) (€577 4+ 2473)

and since r > 1 the claim follows. ]
Lemma 7.7. Let p € L™ (0,T; H' (Q)) and let the assumptions of Lemma LA hold. Then
there is some r’ > 0 such that

Te

/ / (9 - Vi) | dt < C () T2 ol e o mrrs sy
0 I

for all e € (0,¢€1).

Proof. Let r € (1,2). We have Vc¢§ € O (e) in L (Qp,\I' (26)) and thus

T. Te
/ / (W5 - Vi) pda| dt < Ce || oo o 1, m1.(62)) / W5l Lo dt
0 |Q\I'+(26) 0

1
< CeT [|@ll Lo o111 () 1W2llLr 0,72520 ()

1 2(M—1)
T"_l

<C(K)T’ H‘p”LOO(O,TE;Hl(Q)) € (7.16)

by (13) for ¢ € (1,2). Here we also used H! (Q) < L*(Q) for all s > 1 in the first line.
The same estimate holds for (V& (dr) (c; — co) + (1 — €& (dr)) Veo) in I'y (26) \I'; (0), where
one may use Corollary B

Next we consider the “worst” term in I' (26;7¢), V (cro(z,t)) = V (6o (p(2,t))) (for a
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reminder of the notation ¢y, see (622)): we compute

7 / (W5 - V (00 (p (x,1)))) € (dr) pda| dt

0 |I'+(26)
Te

< / / ‘ <\7V§ . (n — 6vrhf4 (l'yt)) %06 (p (-%',t))) ") dadt
0 T'¢(29)

T
< C(K) ¢l oo 0,1 m1 () 61/||"~"2”Lq(ﬂ> At [|6]] oo )
0

2M-1) 4

1
S CE)TE el poeo,rsmr ) € 7

Here we used (B9) in the second estimate and (13) in the last line. Since V (¢; —c¢rp) €
O (1) in L™ (I" (26;T¢)), we immediately get

Te

- % 2AM-1)
[ [ 59— cr)ods|dt <€) T2 1ol oo €
0 |re(26)
by similar arguments as in (13).
Thus, we ultimately obtain
T.
iy c L 2M-1) 4
1 55 Ve pa|de < )T ol oo €7
0 lo
Now for r € (1,2) it holds w -1 > Miff r < 2(]\]\4/[;11) and we have 2(]\]\44;11) > g
since M > 4. Hence, there always exists r € (1,2) (and with it ' € (2,00)) such that
62<MZI)_1 < éM which concludes the proof. ]

Theorem 7.8 (Error in the Velocity). Let v€ be a strong solution to (Z1)-(tZ2), let the

assumptions of Lemma I8 hold and let v§,, := v¢ — (V€ + W§ + W§).

1. There is a constant C (K) > 0 such that
Ve = VeIl 20751 () < C (K) €™
for all e € (0,¢€1).

2. There are constants Cp,Co,C (K) > 0 such that for all B € (O, %)

Vel ey < Ch (||reH2w;||(H1(my+e||vm|;;2§g oy IWVRIEZ )
g ( (2)) ( (2))
+ e |VR|ZD o VR (7.17)
2 r2(o0(8)) "V H (a0(8)) '
and
||VZTTHL1(O,T€;H1(Q)) < CO(K)C(Te€) M (7.18)

for all e € (0,€1), where C (T,e) — 0 as (T,e) — 0.
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Proof. Ad 1) By definition, v§ — v¢ satisfies

AV =T+ V(5 — ) = 1§ in Or,.
div (v§ — ve) =15y in Qr,,
(=2Ds (v = v©) + (pa — p9) Dmgg = ao (viy — v°) on O,

Thus, we have by Theorem P8 and since rg;, = 0 on 07, (cf. (B223))

IV = ¥l zomamnay < C (I8 oz ey + i liz@n)

and the claim follows from Theorem 612, in particular (628) and (627).
Ad 2) Using integration by parts, we find that for ¢ € H} (), we have

/QDS (v€ = v€) : Dgpdz + / (Ve —v) - pdH (s) = / (Ve — puyVey) - pde. (7.19)

Q o0 Q
Plugging in (I"21) and (E10) we get

[ 9 = i) - vda
Q

— / <—e (ActV e — AcyVy) + %V (f () = f(ca)) = TéHQVC;) de
Q

= e/ (—=div (Ve @ Vo) + div (Ve @ Veh)) - da — /rEH2V0f4 -pdx
Q

v |VCE|2 - |vc;,\2) pda

N |

= e/ (VeE @ Vet — Ve @ Vey) : Vipdr — /TCH2VCf4 ~pdx
Q Q
1

+e / <(VCA ®@Vcy — Ve @ Ve )npa + (|Vc | - |Vc§1|2> nag) ~pdH! (s). (7.20)
o0

In the first step, we used (IIR) and (2710), in the second step we used integration by parts,
the fact that ¢ = ¢ = —1 on 07§ (due to (I"Z3) and the construction of cg) together with

f(=1) =0, and the formula div (Ve ® Vc) = AcVe + 1V (|Vc|2) for smooth ¢: Q — R. In

the third step, we again used integration by parts; note that 1 € HZ (Q).
Regarding the definitions of w§ and w§ (cf. (BI74), (10)) as weak solutions, we have

/QDS (W +WS) : Dgapdx + ag / (WS + W5) - pdH? (s)

Q o0

(Ve —h) ®; VR+h®, VR+ VR® VR) : Vibda

(VeE @V =V @ Vehy) : Vide, (7.21)

:a\ @\
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7. The Proof of Theorem

where h is defined as in (6177) (with H = (h§\4 1) 0 as always in this chapter) and ®;
~ 2/ ¢e€(0,e0

as given in Notation 528. Here we used the calculations

Ve ®s VR =V @5 Ve — 2V ® Ve§y
VR® VR =Vc @V —Vcy ® Ve + Vc§ @ V.

So defining v¢,, as in (T14) and taking into account (Z19), (7=20), and (—21), we find that

V¢, solves

/2D v, Dspda + ao/vgw pdH?! (s)

Q o0
:e/<(ch4 ® Ve — Vet @ V) ngg + = (|Vc \ \ch4|2)nag> SpdH?! (s)
[2J9)
— /TECHQVCQ -pdx
Q
=F(¢) (7.22)

for all ¢y € H} (Q). Thus, in order to get an estimate in L' (0, T,; H' (2)) (or only H' (Q2)) for

v¢,, we need to find a suitable upper bound for ||]:6HL1(07T6;(H51T(Q))’) (or only [[Ffl g1 (qy)-

Due to Lemma 614 we have

T. T,
/ / rena Ve - dda dt < / IVl sy 1001
0 I 0

< C(K)C(T., €)M, (7.23)

where C' (T, e) — 0 as (T,e) — 0. Thus, we only need to estimate the appearing boundary
terms in (C22).
For this, let g € (0, %) and we compute

Te
e//](yweﬁ— \vc;F)w)dHl (s)dt

0 00

T.

e//(\VR]2+2|VR|\ch4|) | dHL (s) dt
0 90
Te

C [ (eIVRE 200 + IV R renom) 11,3 e A

C [ (VR s + @ VR s ) Wl

€

<0 [ (CIVRIE )y VRIS ) 10l ey

/\
o\,ﬂ D\ﬁ O\
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Te

+Cz/ < 2 HVRHLQ(m(g)) HWVR||2+6 ) 11 (7.24)
0

<ae ||VR||;;§§TEQ(§)) IV RIE o ) ¥l

1 +5

where we used in the second inequality that V¢ = O (€) in L™ <8TOQ (g)) due to (EX) and
that H 2 (092) — L*(09) for all s > 1 by the Sobolev-Embeddings Theorem, as 9f) is one
dimensional. In the third inequality we used the Trace Theorem (cf. [40], Theorem 3.37, p.

102), which implies the existence of a continuous mapping H 3+8 (Q) — HP (09Q). Moreover,
we used that H” (89) % L**8 (9€2), which is again due to the Sobolev-Embeddings The-

orem, since 3 — 2 —m for 5 > 0. In the fourth estimate, we used that for a bounded

domain U C RQ, Ha2th (U) is an interpolation space with respect to (L? (U),H' (U)) of
exponent % + (3. Now we may estimate
IVWVERl 1) < IV (0 B) 1) + IVYRI 10
< Cl(vAR, VR, B)l| 12 (a0(2)) (7.26)

due to elliptic regularity theory and the definition of 7. Using this in ("23) together with
(E6a) and (E6d), we find

Te
1
e//((|vc€|2— Ve ?) | dr () dt < ] ) C (K) <62M—%—6+T36M+i—; )

0 09

< [l € )

N|—=
+
=
~——
M
=

as M >4 and 8 > 0 can be chosen sufficiently small.
For the remaining, not estimated term in ("22), we note

; // (—Ve ® Ve + Ve, @ V) nga - | dHY (s) dt
0 o0

g//\(VR®VR+ch4 ®s VR)| || dH! (s) dt
0 90

T:
< [ [ (19RE+219RIve)) 1ol an s)ar

0 90

and may then proceed as in (Z25). This proves (I8) and also (1), if we drop the time
integrals in (723) and (724). O

An immediate consequence of this theorem is the following corollary.
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7. The Proof of Theorem

Corollary 7.9. Let the assumptions of Theorem I8 hold and let ¢ € L (O,TG;H1 (Q))
Then it holds

Te

_ 1
1 5 =5 Vespaa| dt < €UV TEM el 0 (7.27)
0 IQ
Te
1 veer - Vetaodaat < € (1) € (€ T) M ol o vy (7.28)
0 1Q
T,
/ / RvS,. - VRy2dz|dt < C(K)C (e, T,) M1, (7.29)
0 IQ
T,
1 veor - TReda| @t < €. (1) 0 (€T el oy (7.30)
0 IQ

for all e € (0,€1) and C (e,T) — 0 if (¢,T) — 0.

Proof. In Qp \I' (26;T,), we have V¢ € O (€) in L> by (BR) and thus get the estimate by
simply using Holder’s inequality and Theorem 8 1). It remains to give an estimate for

/ (v6 — ¥9) - Vel d () < / I(v5% — ¥9) - (6¥er + Em (1 — o)) o] d (1)
I'(20;T) I'(265T)
4 / (v5 = ¥9) - (1 — €) Veo) ol d (a.1)
I'(26;T)

We have Vep € O (€) in L™ and the term involving (¢; — ¢o) can be handled by using the
Corollary (6710), Holder’s inequality and Theorem IR 1) as before. Moreover, we estimate

T.
/ (v6 = V9) €V eropld(a, £) < C / / 1v% = 59) @l e asa) / 16} (n -+ VThS) |dpdsdt
T(28:T0) 0 1 R

Te

< C(K) / V5 = V7l L2 oy 191 ey 25y
0

1
< C(K)TEEM (@l oo 0. 1mr ) »

where we used H' (T'y (26)) < L% (T'; (20)) together with Theorem 8 1) in the last step.
For k > 1 we can use Very € O (1) in L*(T" (20; T¢)) uniformly in e. This proves (I-27).
(28) follows in the same way by using (IR) and noticing that we may not generate a
1
term T¢ as we only control [|VE,,.[| 1o 7 m1(q))-
For (29) we need to invest more work: Since H' (2) < L* () for all s > 1 we have

T. Te
/ / RVS,, - VRyAde| dt < C / Ve s IRl 2y IV Rll oyt (7.31)
0 Q 0
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for k > 0. Regarding ([ZI7), we need to show three estimates:
First, we have

T
/ IV el ey IRl 2 on oy 11V Rl 2 gy
0

< ||T€CH2vcf4||L2(07T€;(H;(Q))’) ||7R||L°°(O,T€;L2+'”~(Q)) ”/VVRHL?(QTG)
< C(K)C(T., €)M (EM_%_‘HLHM>

< C(K)C(T.,e) M1 (7.32)
where we used Lemma 614, (E6d) and Lemma =3 3) in the second line and the fact that
M > 4 and k > 0 can be chosen arbitrarily small in the last step.

Second, we estimate for g € (O 1)

)2
T,
IV R o IR, 2Rl o 19V Rl 2oy
0
< Ce|IVRIL (G ooy IWVRILG

12(05,2(2)) 1207.:11(@) VBl L0102 0)) IV Bl Lo 0,152

< C (K) <62M_%_B€M_%_2:NM€_%)

< C(K)eM—3, (7.33)

where we used (C28), (E6a), (I6d), Lemma 3 3) and (2) in the third line and the fact
that M > 4 and that 5 > 0,k > 0 can be chosen arbitrarily small in the last line.
Third, we have

Te
l,g l+5
[ NVRIE o) VTR DBl 10 Rl
0
2 3-8 3+8
< Ce ||VRHL2(3T€Q(3)) H/YVRHL?(O’TE;Hl(Q)) ”7R‘|L°°(O,T€;L2+"”~(Q)) ||7VRHL2(0,T6;L2(Q))

5_28 _1__k 1
< C(K) <6M+Z—5€M 2 2+5M€M—§)

< C(K)M-3, (7.34)

where we again used (C24), (64), (E6d) and Lemma 3 3) in the third step and the fact

that M > 4 and that § > 0, x > 0 can be chosen arbitrarily small in the last line. Now
(3W)—(I=33) together with (I7) yield (29).
Concerning the last estimate, (=30) we note

/Vgrr - VRpdz| < ||VZT1‘HH1(Q) HVR||L2(Q) HQDHL‘*(Q) :
Q

Regarding ([I7), we again consider three different terms:
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7. The Proof of Theorem

First,

T
/ etV el oy 19 Rl gy 1o
0

< HTECHQVCil‘|L2(07T€;H1(Q)’) ||VR||L2(QT€) ||‘P||Loo(o,T€;H1(Q))
< C(K) C (Te, ) M2 gl o010
< C(K) C(Te, €) € 1ol oo (0. 1ren (o)

where we used (6558) and (E8) in the third line and M > 4 in the last line.

Second,

T,
SR o) VRIS, I9RI ) Il a0y
0

IN

IN

C

15 1
C(K)eM 2Pz [l oo 0,111 (02))
C (K) C(Te, €) € (]l oo (0 11 (1))

IN

for 8 € (0,%), where we used (E8) and (72) in the third line and M > 4 in the last.

Third,
i 2 3-8 318
/6 ||VRHL2(8Q<g)) ||’YVRHH1(Q) HVRHL?(Q) ”80||L4(Q) dt
0
1_ 1
< Ce||VR|Z 0

5_6 p—3
< C(K) M2 M2 ||9l| oo 0.1 ()

< C(K)C(Te,e) M H@HLO@(O,TE;Hl(Q))

£2(ar,9(2)) H’.YVRH[Q,Q((),TE;HI(Q)) HVRHLQ(QTE) H‘P”LOO(O,TE;HI(Q))

1-2 1+2
€ HVRHLQ(gTEQ(%)) ||7VR”LJ2F(£T€;H1(Q)) HVRHLOO(O,TE;Lz(Q)) H‘PHLOO(O,TE;Hl(Q))

for g € (0, %), where we used (E8) in the third line and M > 4 in the last line. This shows

(=0).

Lemma 7.10. Let p € L (0,T.; H' (Q)). Then it holds for (w§)" = w{ — w§|p

1, . 1
/ p (W)" - nb) (p) pdz|dt < C(K) (T.)? ¥ 11l oo 0,101 (02))
0

O

(7.35)

. ] 1
/ (W) - VIR46; (p) pda| dt < O (K) (To)2 @l oo o iy » - (7-36)
0

for all e € (0,¢€1).

204

T

~ ¢ n € 1
/ (Wl)r . (z — thA) 68pC1§0dx dt S C (K) (Te)Q €M+1 HSOHLOO(O,TE;Hl(Q))
0

(7.37)



7.1. Auxiliary Results

Proof. In order to prove the first inequality, we fix t € (0,7¢) and let ¢ : I'; (20) — (—20,20) x
I'; be defined as in Lemma PI0. Moreover, we define J (r,p,t) := det (d (cbt_l) (r,p)),
where d (gb; 1) (r,p) denotes the differential. To simplify the following presentation, we write
Y (r,p,t) =1 (¢t_1 (r,p) ,t) for functions v defined on I'; (26). Now we may compute

1 ~ € ~ €
/ L w5 — wSlp) - 08} (o) pdz
F

)
// <1 7’ y Py ) ‘;’Vi: (Ovpvt)) -nry, (p)> 96 (p (Tapat)) 2 (Tvpvt) J (T',p,t) dﬂl (p) dr
-0 Iy

)

/ / / L g, o)W (7,9, ) - 1r, (6) A0l (p (1,9, 1)) 0 (1, £) T (v, p, ) AHY (p) dlr

€
6Tt O

0 r
- /// _%diVTwi (O’,p, t) 06 (:0 (rapa t)) ® (T‘,p, t) J (T,p, t) dO’d’H1 (p) d'r’ (738)

—o0I'y O

where we used the fundamental theorem of calculus in the second step and
0 = divw] = On, Wi - nr, + div, W

in the last step, where div,; denotes the surface divergence. Using Fubini’s and Gauf3 theorem,
we may further estimate (73R)

1 ~ € ~ €
[ i)t (o) oo
I'+(9)

é
= / /1«75 (U,I),t) -V, (06 (p (T,p,t)) ) (T’p’ t) J(T,p, t)) del (p) dodr
0

V~Vi (O-’p7 t) -nr, (p) K (p) 06 (P (Tvpv t)) ¥ (Tvpv t) J (Tvpv t) dHl (p) dodr

where x denotes the mean curvature and V. the surface gradient. To estimate the occurring

205



7. The Proof of Theorem

integrals, we note that

r

/VNVi (O’,p,t) do| <r ||Wi ('7p)t)HL°°(—5,6) <Cr ||V~Vi ('7p7 t)HHl(—Ls,é) (739)
0

holds for all p € T'y and r € (=46, 9).
After a change of variables, we get

I=hy
L] < Ce / I oDl oy [ (Ve (0T) (o 1) 020) o+ 1) 0 ()] ! )
—2-h
1. , 1
< C(K)ez W (O p2(ry i (—o,0) [(p+1) 00HL2(R) (HSOHHl(Q) te2 ||90\|L2,oo(rt(5)))
Lise
< C(K) ez [[wy ()l o lell o

where we used (Z39), ||k AHCO om.crry <C (K) as in (63) and the uniform boundedness
of V..J in the second step. In the last step, we used Lemma P23 and the exponential decay
of 6, cf. ().

Thus, we get

N

1.
€2 ||Wﬂ|L2(0,T€;H1(Q)) HQOHLOO(O,TE;Hl(Q)) :

T,
[l < ¢ ) (1)
0

In a similar manner, we may take care of I;. Performing the same change of variables as
above and observing V. (p (r,p,t)) = V, (h% (S (p,t),t)) leads to
2=hy
111 < e [ 198l csp Ilimion [ 105 S (.0). 01| (0 = 13) 6 ()] it )
—ehy
< C(K) ellwi (Ol aym a0y 191l L2000, (6))
< C(K)elwi (D)l o) 1l m ey sy -

where we again used the uniform bound on A9 in the second step and Lemma 223 in the
last. Thus, we have

N

€l[willzz (0,T;H(Q)) H‘:OHLOO(O,Te;Hl(Q)) .

/|mdt<c K)(T.)

A completely analogue procedure, together with the fact that |k (p)| < C for all p € T,
yields

1
/|I3\ dt < C(K)(T') % e [Will p20.1..m1.0)) 190 Lo 0,11 ) -

Lemma together with the estimates on I1, I and I3 completes the proof for (=33).
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To prove ([Z38), we calculate

[ (= W10,)) - B S (20) 0006 () s

0
< C// (W (X (r,5,t) — W§ (X (0,5,1))) - VIRG (s,1) 05 (p (X (r,5,1))) ¢|drds

Tt =6
o r
< C/// |(8n\7vi) (X (Uv s7t))’ do |thEA (S,t) 96 (p (X (T, S,t))) gp‘ drds.
-5 0

Using that
[ @u5) (X (15,10 do| < 195 CX o)l g VI
0

holds for all » € (—§,0), s € T!, ¢t € [0,T,], we may proceed to estimate

[ (= W10,)) - V78 (S .00 )

T+ (9)
$=hy
~ € 3 ’
<€) [ 195X sl o Wolimn [ € o+ 1165 ()] dpas
™ —2—hy

3 15€
< CE) e WL (Do) lellm ) -

where we used the same techniques as before. Integration from 0 to T, and Lemma
yield the assertion.
The proof of (=37) follows analogously to the proof of (Z38) since d,c1 € Ra. O

Lemma 7.11. Let ¢ € L™ (0,T; H' () and w§ = Wi Then it holds
-2

M
Q

for all e € (0,€1), where C (T, e) — 0 as (T,e) — 0.

N

(W — W[ &) - Vcpdr|dt < C(K) C (T, €) eV 1l oo (0,711 () -

o\ﬁ

Proof. In this proof, we denote R¢ = M3 (w§ — W[ &) - V. Since Ve € O (e) in
L*> (Qp,\I' (29)) (cf. (B3)), we have

Te Te
/ / Repdx|dt < Ce/ / |Wip|dzdt
0 |o\T(26) 0 Q\T'¢(26)

< Cel|Will 20,111 @) 191 oo 0,105 112
1
S C (K) 6M+2 ||SO||L°°(07T5;H1(Q)) (740)
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due to Lemma B29. Next we estimate

T
[ [ reeasjacs [ ] i - wilod)- (€9er + €nter - co)) ¢ d o)
0 |74 (20) I'(26;T.)

M (wi = Wil &) (1= ) Veo) gl d(wt)  (T41)

]
I'(26;Te)

The term involving c¢; — co may be suitably estimated by using the matching conditions in
Corollary 610, Hélder’s inequality and the fact that [[W[rl z2(r, 2s)) < C Wil g1 (r, 25)) due
to the continuity of the trace operator. Now

M+1
Ver (x,t) = Z ¢ <8pci (p(z,t),x,t) (n(S’(:i,t),t) - VR4 (, t)> + Vaci(p(x,t),, t)>
=0

by definition. Since V,co = 0, we have M €V ¢; € O (€) in L (T (26)) and we get a
similar estimate to (M) for the terms of kind V ¢;. Choosing € small enough, we have

dr (J?, t)

9
2€

h;(S(x,t),t)‘ >

for all (z,t) € I (26; Tc) \I' (6; T¢) due to the uniform bound on h%. As J,¢; € R, this leads
to

Sup |8ﬂci (p(z,t),z,t)] < 016_02%-
(2,t) €T (26, T )\ (6;Tc)

Thus, we have

-1 € € n €
M fwi = Wil €l [0y (p @) 2 0) (2 = 970G )| el d (@)
T'(26;Te)\TI'(6;T)

e 1 ., o8
< CE) W20 7o ) 19120 rsm ) £ Cre o

1
< C(K) M2 |9ll oo 0,121 ()

hE

i < C(K) due to (B3).
~3

CO0T;CN(TY)
So we have reduced the task of estimating (Z) to showing

f o
)

D(8;T.
< C(Tye)C(K) M HSOHLoo(o,TE;Hl(Q))

for all i € {0,..., M + 1}, where we have used ‘

(w5 = wilp) - (¢9pe: (p (@8) 2.8) (= = V70 ) ) o d (a,1)

fori € {0,..., M + 1}, where C (T,e) — 0 as (T, ¢) — 0. For i € {0,1} this is a consequence
of Lemma [10. For ¢ > 2 this is a consequence of d,¢; € L™ (R x I'(26)), allowing for a
similar estimate as in (Z0). This shows the claim.
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O

7.2. The Proof of the Main Result

Let the assumptions of Theorem BT hold. Let c%, 1%, v, 0%, ¢ be defined as in Defini-
tion B2 and let w{ and w5 be weak solutions to (AI74)-(b178) (with H = (hjw 1) )s
6?60

3
and (Z10)—(Z12) and let v€ be a strong solution to (Z-2)—(Z9). We denote w{ = —r.
€ 2
Additionally, let (v€,p€, €, u¢) be smooth solutions to (ICI8)—(I=25) such that

co (2) = ¢4 (x,0) + 4 (2) (7.42)

is satisfied. Note that Proposition 2 implies that Lemma B4 is applicable in this situation.
We define R := cf — ¢ in Qp, and let ¢ (.,t) € H? (Q) N H} (Q) for t € [0,Tp] be the unique
solution of the problem
—Ap (,t)=R(.,1) in £,
e(,t)=0 on €.

Standard regularity theory yields the smoothness of ¢ and we have

o C0) 1) < IR (5 0) 2y < Cigoe™

for all € € (0,1). This implies the existence of some family (7¢) (1) C (0,70] and K > 1
such that Assumption B2 is satisfied (and in particular (B56) holds for 7.) and such that

K
o O ) S IR 0)| 2y < 56M‘ (7.43)

Moreover, we may choose ¢y € (0,1) small enough, such that (E91), Theorem 632 2) and
Theorem B2 hold. This implies in particular that Assumption 71 is satisfied and that we
may use all the results shown in Section 1. Now let T € (0, Tp] and for € € (0, eg) we set

T :=sup{t € (0,7]| (£8) holds true for ¢} . (7.44)

We will show in the following that we may choose T' € (0, Tp] (independent of €) and ey small
enough, such that T, = T for all € € (0, ¢p).

Testing Procedure with ¢
Let T € (0,Tp] be fixed. Multiplying the difference of the differential equations (I20) and
(B9) by ¢ and integrating the result over € yields

0= /90 (R + (v - Ve = vy - Vel — Wilp - VEu€ (dr)) — A (u° = pa) + rem) de
Q

= /soat (=A¢) + @ ((v©- VR) = (v = v) - Vi + (Wi — wi[ré (dr)) - V&y) do
Q

4 / 0 (Vo - Ve + W5 - Vil — A (1 — 1)) + prégmda (7.45)
0
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for all t € (0,T). In the second equality we used the definition of ¢ and the identity
ve-Ve —vG Ve =v - VR+ (W] +W5) - Ve — (v —vE) - Ve + Ve, - Vg, (7.46)

which is a consequence of the definition of v¢
we now write

(cf. (IA)). In order to shorten the notation,

£ (RT) = / e IVR]? + e L () B2d (1),
Qs
N (¢4, R) := f' (¢4 + R) = f' (%) — f" (c4) R
and )
RE o= (M (—wi + wileg (dr) - Ve

which — regarding the formulae for ¢ and p in (I20) and (B10) - leads us to

zdt/ywy d:c+/<p(vf-VR)+6\VR\2+6—1f” (c%) R* + ¢ 'N (¢4, R) Rdx
Q

- /90 (v§ —ve) -V — w5 -V —ve,, - V4 —rem + RY) + Rregpdr (7.47)
Q

for all t € (0,7"). We obtained this equality by using integration by parts in (ZZ3) and
noting that the boundary integrals vanish due to the Dirichlet boundary conditions satisfied

by ¢, puf and pc.
Using Theorem B2, we obtain

. _ 2
/6 IVR]> + e f" () R*dz > € (6 HRH%'Z(Q) +e ! IRl 20nr, (5 T € HVFRHm(rt(a)))
0
3
+Co (S IVRI (@) + €I VR 2aroy)

—Cs ||V90||L2(Q) (7.48)

and due to Lemma 3 and the assumptions on f, we get
1 C
- //\/(c;,R) Rdz > —— / IR|? da.
€ €
Q Q
Plugging these observations into (ZZ7) enables us to get

_ 2
2dt/|v¢‘ dz 4 Ch (H(ER 63VR)HL2 +[[(e7'R, GVR)HH (Q\T4(5)) +€HVFRHL2(D(6)))

< /((vi‘—vﬁ)-Vcig—l—réHl w5 Ve +RE—vE- VR —vi,,. - Vcy) edr
Q

C
+C2 IVol2aq) +€3/!R|3dm+ /Rrgmdm : (7.49)
Q Q
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7.2. The Proof of the Main Result

To shorten the notations, we introduce one last notation,

RS = / (V5 = V9) - Vet + i — Wh - Ve + RS — V5 VR — Ve, - V) pda|
Q

—&-C’?’/\R]de—i- /RréHgdx
€
Q

Q
Gronwall’s inequality now yields
T/

s [V (e < e | IV (Ol + / RSt | . (7.50)

Integrating (729) over (0,7”) and using (Z50), we get
2 _
o IVl 72 + [ (R, € |VR|)HL2(Q +[(e'R, €|VR’)HL2 (Q\I(5:T7))
eIV R iy < C @) | 196 (00 / RSdt (7.51)

for some positive constant C' (1) > 0. On the other hand, (27) together with (Z50) and
(Z3) also implies

TI
E(RT) <C(Thy) vaa(.,o)HQLQ(Q) +/R8dt : (7.52)
0

In regard to our definition of T, the idea now is the following: as (£08) and (Z3) hold for
T. by construction, we will show that we may choose T € (0,Tp] in the definition of T, and
€o > 0 so small, that

K? K2
C(To) [ IV (-, 0) 720 /RSdt < TE2M+ 762M

< K%M

for all € € (0,¢p). By (Za0) and (52) and the definitition of T, this implies (B2a)—(E2d).

Estimating RS:
Due to Theorem 612, in particular due to (624)—(624), and since (1) holds for T, we get

T. Te
/ /RTECHQdm dt —I—/ /réchpdx dt < C(T,e) C (K) M
0 1Q 0 IQ
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7. The Proof of Theorem

with C' (T, e) — 0 as (T, e) — 0. Moreover, by Corollary 9 we immediately get

Te

1
/ /(VZ — Vo) - Vc§edz|dt < C (K)T2eM,
0 IQ
Te
/ /VEW SVcpdz| dt < C(K)C (T, €) M.
0 IQ
Lemma [ yields
Te
/ /Regodas dt < C(K)C (T, €)M
0 10

and Lemma [ implies

O\ﬁ

/ (WS - V) edz| dt < C (K) C (T, ¢) M
Q

with C' (T, e) — 0 as (T,¢e) — 0.
Next we consider % fQT ]R\S dz: As a consequence of Lemma [4 we have

T
/||R|’?i3(rt(5)) dt
0

T

€

1 1 2
< C/(”R‘L2(Fz(5)) + HVFRHLQ(FM))) ’ <”RHL2(F1(5)) + ”anRHLQ(Ft@))) ’ (HRHm(rt(a))) dt

0
1

)5

HR”%‘l(O,TE;LQ(Ft(&))) ) (7.53)

<C (HRHL2(O,T€;L2(I‘,5(6))) + HVFRHLQ(O,TE;L2(D(6))

=

NI

: <|’R"L2(O,T€;L2(Ft(5))) + HaﬂR”LQ(O,TE;LQ(F,:((S))))

where we used Holder’s inequality in the last line.
The only term we have no control over yet is the last one, so we need to find an appropriate
estimate. Since

||R||i2(g) = /—ASORde = /VW - VRdz < ||V90HL2(Q) ||VRHL2(Q)7
Q Q

we may deduce

2

N

Te
IR 40.75020) < (/VSO%‘Z(Q) IVR(Z2q) dt)
0

< sup [Vl ) VRl 2y, - (7.54)
7€(0,T¢)
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7.2. The Proof of the Main Result

Regarding (E8), (Z53) and the definition of T, this implies
Te
1 1
/|’R‘i3(rt(é)) dt < —CK3exM-1aM—1eMM—3 = OR33M—3 < CK33M+s
€ €
0

as M > 4.
On the other hand, we have, for € > 0 small enough,

T, T,

1 1

E/HRHii‘(Q\Ft(é))dt < €C/||R||H1(Q\Ft(6)) IRIZ2 00, (5))
0 0

1
OBz 07sm @1 0)) IR0 1eL2 @\ 6)))

<
< ECKseM—%GzM—g

€
< CK32MHL (7.55)

where we used the Gagliardo Nirenberg interpolation theorem, (254) and (£8).

The last term we have to estimate is fOTE fQ Ve VR(de:! dt: We compute

T. Te
/VE - VRpdx|dt :/ /v6 - VoRdx|dt
0 IQ 0 IQ
Te
</ /vi-Vngd:ﬁ + /(ve —v9) - VoRdz| dt. (7.56)
0 IQ Q

Before we continue with the estimates, we introduce

A M—1
VG i=vVvy —¢ QVZ’M_% € L™ (Qr,)

(see Definition B2 for notations). We first off compute

Te Te 2
/ /v;.wRdx dtg//W((l—y)\?i‘) (Vo ® V)| 4] =) ¥4 - ¥ (@) dzdt
0 1Q 0 Q
T.
+/ /7\72-Vg@Rdm dt, (7.57)
0 IQ

where we used —A¢ = R and introduced v, as v does not satisfy Dirichlet boundary
conditions (nor does ¢ satisfy Neumann boundary conditions).

Now |VV§ (z,t)| < |¢ (dr (x,t)) Opvo (p (x,t) , @, t) %‘ + C (K), which is a consequence of
the uniform boundedness of the terms vy, vi¥ and vP and of Hh;HCO(O’TE;Cl(Ft(%))) < C(K)
(see (69)). Moreover, by (5113) and (5114), and since dr (z,t) = € (p (z,t) + h% (z,t)) for
(x,t) € I'(26), we have

10pvo (p (2, 1), 2, 1) < enf (p (1)) (p (2, 1) + Iy (2,1)) o (2, 1) (7.58)
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7. The Proof of Theorem
for (z,t) € T'(24), which results due to ' (p) p < C for all p € R and ug € L™ (I'(24;Tp)) in
Te

1] 7@ =295): (Voo Vo) deldt < €0 TVl o 20y < € () T,
0 IQ

by (E6H) and the facts that ¥4 € L> (Qg,) and v, 7 are bounded.
Concerning the second term on the right hand side of (Z57), we note that

|div (vim)’ < ‘E (dr) 0pvo - n% +C(K)<C(K)

in Q7. for some C' > 0 independent of €, where we used (58) and (69) again. Thus,
v (94)l 0y < € (K) and

Te

e 1
J 1] (@59 (5196 ) el e < C OO T IV elwsniay < € )T,
0 IQ

For the third term on the right hand side of (57), we may directly use (E56) to get

Te
1
/ /7‘754 - VoRdz|dt < CTE [Vl pooo.7,:12 ) 1Bl 20 \r 20510
0 10
1
< C(K)TZ2eM+s.

Regarding (58), we next estimate

Te
/ /EM_évix,M—l -VpRdx|dt < M=3
0 10

€

v 1
AM-1

HVSOHLOO(O,TE;LQ(Q))

2 L2(0,Te; L0 (Q2))

MRl 20,7522 (0)
< C(K) Mz eMM—g

< C(K) M3

as M > 4. Here we used in the second inequality the explicit form of v¢ , in (5=252)
2
and the fact that v]j‘i;e_l < C(K) due to (B2238) and the Sobolev
2| L2(0,T¢; Loo (QE (1)U (26)))

embedding H?(2) — L™ (2). Moreover, we employed (2B). To finish off estimating
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7.2. The Proof of the Main Result

Te
Jo

ve- VR(pd:c‘ dt we consider

//V—VA -VoRdz|dt
0 12
7

/ Vi, + Wi+ W5+ (V€ —vY)) - VeRdz| dt

0
( Wil 20,1400y + IVE = Vf4||L2(0,TE;L4(Q))) Vol Loo 0,120 1Bl 120,704 )
T, T,
/ / - VRepdx dt—i—/ / Ve - VRpdz| dt
0 0 19
T,
< C(K) (eM—% +6M) MM—3 4 / / -VRpdz|dt + C (T, ¢) M
0
T
< C(K) (62M+% +e2Mts 4 (T, e) EZM) + / / W - VRpdz| dt, (7.59)
0

where we used Holder’s inequality and v¢,, = v — (v + w{ + w$) in the first step, Theorem
3 1), (609W), (AW) and (730) in the third step and the fact that M > 4 in the last step.
Regarding the w§ term we first note that for x > 0 we have

IVRI| 120, 750245(0)) < C (HVRHB(ZS;) HARHEJEKQT + HVR”LQ(QT€)>

< O (K) (eM —3 ¢ (M+2) 2+n) (7.60)

where we used the Gagliardo Nirenberg interpolation theorem in the first line together v7vith
1R]| g2y < C |AR|[ 2 due to elliptic regularity theory and [[AR|[ - Q) SO Je z as

in (2). Thus we may estlmate for k >0and 2> ¢q > o 2+f

€

T

/‘7\’5 VRedz| dt < [|[Wl 12001, 190)) IV BRI 12071247 00)) 9] Lo (0,111 ()
0
( ) 3M—g —(M+2) 55

C
C

IN A

( ) 2M+a

for some o > 0, where we used (13), (GH) and (ZB0) in the second line together with the
fact that M > 4 and that x > 0 may be chosen arbitrarily small.
With regard to (Z59) we get

Te

//v —vS) - VoRdz|dt < C(K)C (T, €)M
0

which concludes the estimates for fOTE

ve. VRgod:U| dt.
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7. The Proof of Theorem

This shows the estimate for RS. Nevertheless, (Z51) and (Z52) do not imply estimates
of the kind (828) and (E=2). For those, we need to apply another strategy.

Testing with v2R:
Let again T" € (0,Tp]. Multiplying the difference of the differential equations (I=20) and
(E9) by v?R and integrating the result over Q7 yields

0= /72R(atR+Ve Ve = vl Ve — A (pf = i) + 16 de

d _
— (R?) v*dz + /72R (V- VR+v, -V + (Ve —v§ + Wi +w5) - Vchy)de
Qr

Q
+ /’}/2RT6H1 — A (¥’R) (GAR + % (f" (<)) R+ N (¢4, R)) — T’ECH2> dz, (7.61)
Q

where we used suppy N suppny = ) in the first line and (Z28), integration by parts and
R = pf = p6 = 0 on 97,2 in the second line.

As ¢ = =1+ O(e) in L™ (01,9 (g)), we have f”(c5 (z,t)) = f"(-1) + ef (x,t) for
(x,t) € O, 2 (g) by a Taylor expansion, where f € L (8TOQ (g)) Moreover,

V (v*R) = 2yRVy +~?VR,
A (Y’R) = A (y*) R+4yVy-VR+~*AR

in 07,92 (%) and we may calculate

i/ A (R) () R = - / V(v*R) f"(=1): VR = €A (+*R) fRdx
Q Q

1 1
= Ef// (—1) ||7VR||i2(Q) + e/f” (“1) RV (1) - VRdz
Q

- / A (¥*R) fRdaz, (7.62)
Q

where we used integration by parts in the first step and the fact that the boundary terms
vanish due to R = 0 on O7,€.

Moreover, we have

VN (¢, R) = Vel ([ (ca+ R) = [ (ch) = [P (¢2) R) + (/" (¢4 + R) = " (¢%)) VR
= Ve D (©) B + (£9 () R+ /9 (&) B?) VR

=y Vea R+ (9 (¢4) R+ ks R?) VR,
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7.2. The Proof of the Main Result

due to Assumption 2. This yields

/—A (v*R) %N(%R)d(w,t) = 1/kf (Iv(VR)RP + V () B*- VR) d
& Q

1
+- / V (v’R) - (kfvc;fﬁ + 1O () RVR) dx
Q
1 1
— k9 VRI Rl + 1 [ N7 (& R)do, (163)
Q

where the boundary terms due to integration by parts vanish since f'(—1) = R(z,t) =0
and ¢ (z,t) = —1 for (z,t) € 01, 2. Here we used the notation

NV (¢4, R) = ksV (12) R® - VR + V (12R) - (kfvc;,R? CONEA RVR) . (7.64)

Additionally, we compute

/—A (V*R) (—eAR) dz = € |YAR||}2(q) + 6/4’}/V’}/ -VRAR + A (v*) RARdz. (7.65)
& Q
Plugging (762), (763) and (Z63) (noting that ks, f (—1) > 0) into (ZB) and integrating

in time yields

1
t S(}]II%) VR ()72 + € VAR 2(q,,) + - I(YV R, YRV R)| 720,
(0,7

T/
< |y~yR(.,o)\|§2(m+01/ /fyzR(ve-VR—i—(vZW—i-vE—vf4+vVi+vV§)-ch4)dx dt
0 19
T’ 1
+Cz/ /72RTEH1 +e(A(W})R+49Vy-VR) AR+ g/\/V (¢5, R) dz|dt
0 [Q
T’ 1
+C3 / / A (v’R) <fR—7"€CH2) + RV (7?) - VR-f" (1) dz| dt. (7.66)
0 1Q

If we may now give suitable estimates for the right hand side of (Z&8), replacing 7" by T,
we get (B22d) and (E=A).

Estimating the Right Hand Side of (Z68):
Starting from the bottom (ICBH), we have

T.

1 C
J1[ 701 RORL 17 (-1 ds|dt < S 10V Rl 199R ] 3(or,0(3))
0 1Q

< C(K)e&M—3 (7.67)

due to (B6a) and (E6d). For the next term, we note réyy = rée g i 07,2 () and use
Remark B3 3) to write
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7. The Proof of Theorem

T.

1] 2 0B rerpds| dt < CLOAR TR B a0y, 05 sl oy o2
0 IQ

Te
+C'2/ eM_é/V(’ﬂR) Vi, 1dz|dt
0 Q ’
<CO(K)eM 4 M3 ||vy~ VR, R
S CE A Vg g ) 1OV P i2(or ()
< C(K)eM-3, (7.68)

where we used integration by parts in the first step and the boundary terms vanish since

ty, 1 =0on 0r,Q by (6228). In the second step, we used (E5a) and (E6d) and in the last

1
3
step (6230) and again (ABGa), (E6d). Similarly, we get

T,
/ /A (¥*R) FRAz|dt < C| (VAR VR, R)| 12057, 0(2)) 1Bl 22 o, 0(2))
0 IQ

<C(K)eM—3, (7.69)

Skipping NV (c§, R) for now, we next estimate

Te

/ /64 (Vy-VR)yARdz|dt < Ce Hf}/ARHLQ(QTe) HVRHL?((?TEQ(g))
0 1Q

< M3 (7.70)

due to (E5d) and (E6d). Additionally,

Te Te

/ /EA (v*) RARdz| dt :/ /E(VA (v') R+ A (¥*) VR) - VRdz|dt

< Oc (1Bl 2(o5,0(2)) 1V Bl 2(or,02)) + IVEI 2005
< C(K) M, (7.71)

where we used integration by parts in the first line and the boundary terms vanish due to
the Dirichlet boundary condition for R. In the last step, we used (£76a). Now

Te

/ /72RréHldx dt < CIIR|l 2 (o, 0(5)) Ircaill 2 (o, 0(2))
0 [Q

< C(K)Mts (7.72)
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due to (ABd) and (6259) and

/ V2R (V€ — v + W + WS) - Veqd (2, 1)
Te
< Ce|[Bll 2(a,,0(3)) <||$— Valleorm @) ||‘7V§||L2(0,TE;H1(Q))>
+ Ce HR||L2(0,T€;LL1’ (aQ(g))) ||WEHL2(O7T€;LQ(Q))
< C(K)eM—3, (7.73)
where ¢ € (1,2) and % + % = 1 and where we used Vc§ = O (€) in L™ (97,Q (g)) (cf.
Remark B4 1)) in the first step. In the second step we used (59T), Theorem R 1) and

(TI35) together with H' (99 (g)) s LY (02 (%)) and (253).
Now using (67)—(-73) in (B0), we find

1
sup [|yR (-, 1)l[720) + € H’YAR”%Q(QTE) o (VVR, VRVR)|’2L2(QT€)

te(0,T¢)
Te 1
<C / /’yzR(VE~VR+Ver'VCf4)dx + /eNv(c%R)dw dt
0 1o Q
2
+C(K)eMs 4 KTeW, (7.74)

where we also used ||[yR(.,0) H%Q(QT ) < %262]\/[ , cf. (Z3). So we have three more estimates

to show:
1. Estimating f0T€

Jo V2RV, - V& da| dt:

Te
/ /72Rvé7”7" ’ VC2d1L‘ dt <e H’YRHLOO(O,TC;LQ(Q)) HVZT’I‘HLl(O,TE;Hl(Q))
0 12

< C(K)eMts,

where we again used Vc§ = O (¢) in L™ (07,1 (g)) in the first line and (IX), (E6d) in the
second line.
2. Estimating fOTE Jo ANV (¢, R) da| dt:

Using the explicit form of AV given in (Z64), we calculate

Te

1
/ /NV(C;,R)dZE dt
€
0 [Q
Te
= / / keV (v*) R?-VR+V (¥*R) - <k‘fVCf4R2 + f® (c;)RVR) dz|dt
0

Q
Te Te

/ kiV (%) R* - VRAz|dt + C1 | R| sy \resimy) + Co / / Y*VRR*dx|dt
0 1Q 0 1Q

oA
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7. The Proof of Theorem

Te

1
+ 03— / / V (v*R) RVRdz|dt, (7.75)
0 1Q

where we again used V5 = O (e) in L™ (91,Q (g)) in the last step. Now we have

T.
1

6/ /k:fv (v*) R* - VRdz| dt

0 IQ

IN

Te

1 2

2C [ INRIV Rl ) IR o0 gy
0

1
< EC VR |VR|||L2(QT€) HRHLOO(O,TE;L?(Q)) HRHLQ(O,TE;Hl(BTGQ(g)))
< C(K) leMez M3
< C(K)eM,
where we used the Gagliardo Nirenberg interpolation theorem in the second line and (BT6)
together with Lemma 3 4) in the third line. The final estimate holds true since M > 4.

Next we have
IR L3 p\rzoimy) < € (K) Mt

due to (53) and
T,
1
/ /72VRR2dx dt < C VRV Rl a0y IR a7, 00 2y) < € (K) M5
0 IQ

due to (EHd). Regarding the last term in (_73) we have on the one hand

T.

1 —1
/ / (ny?) R?’VRdz| dt < Cz ”7RVR“L2(QT€) HRHLQ(BTeﬂ(%)) < C(K) 2M—3
0 1Q

a | =

as before and on the other hand

T. Te

. 1

6/ /72 (VR)? Rdz|dt < 6/||RHL2(Q) IV VR[4 dt
0 1o 0

1
< OBl oo o,riz200)) 17V Bl p20r,) 1V Rl p20,7;8100)

< C(K) ez 1M MLl
1

< C(K)eM~2,

where we again used the Gagliardo Nirenberg interpolation theorem in the second line and
(73 4) together with (£8) in the third line. Note that

1YV Rl 3 0y < 7Rl 30y < C 1A Ry
< C (IWARI 2oy + VR Bl 2onis) )
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by elliptic regularity theory. All in all, we have with (Z3)

Te

1
/ /Nv (%, R)dx dt < M3,
€

Q

0

3. Estimating fOTe
We have

Jo 7R (v¢- VR)dz|dt:

/ v*R(v¢ - VR)dz|dt

Q
Te
< / / Y*R(vS,, - VR)dz| + / (Ve = V<) - %v (R*y?) dz|dt
0 1Q Q
Te 1
€ _ € L 2 2
+/ /(v Vi) 2V(’y ) R*dz|dt
0 1Q
1 [
§C(K)C(6,T€)62M71+§ /{(VE—V2+W§+VV§)'V(’YZ) R +|vy -V (%) R?*|d (=,1)
QTe
SC(K)C(({,TG)GZM1+/|(v€—vf4+v~v§+v~v§)'V(72)R2‘d(a:,t)
QTE
Te
+eM—%//‘v;;_1 .V (%) R?| dt,
2
0 Q

where we used integration by parts together with the facts that v¢ — v

and R = 0 on 01,9, as well as (Z29) and the definition of v¢,, in (Zd4) in the second

step. In the third inequality, we used v§ — 6M7%V;,M—% € L™ (Q,) and (ABa). Note that

e il
¢pp is divergence free

VZ,Mfé - V]Tf,% in 07,2 (g) We may continue estimating

/ |(v€ = vy + W) - V (v°) R?|d (a,t) < (H? = Vall2orm @) + ||V~V§HL2(0,T€;H1(Q))>
Qr,

AR oo (0,124 5 () 1B L2 67, 0(2))

1 K
< C(K) (eM + €M7%> M-z M Mg

< C(K)eM,

where we used H' (Q) < L* (Q) for all s > 1 in the first inequality, Theorem = 1), Lemma
(in particular (6191)), Lemma 3 3) and (E5d) in the second inequality. In the final
step, we made use of the facts that M > 4 and that x > 0 may be chosen arbitrarily small.
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7. The Proof of Theorem

24K

= @)1 and compute

Regarding w§, we choose k > 0 and ¢

/ W5 -V (v%) R?| d (2,) < W5l 22072 .aqy) VR oo 0.1 224 () 1R I 220 11100 ()

1 K 3
)EM_l M—Eeme€M—§e—(M+2)a

(
(

for a > 0 , where we used (13), (A6d) and Lemma 73 1) in the first line as well as the
fact that M > 4 and that we may choose o > 0 and x > 0 arbitrarily small in the last line.
For the term involving v;; 1 we compute

<C(K,o €
<C Ka)e2M_%

—,€
1
CM—3

e 1
v SV (3P R d (x,t) < CeMz VRN Lo 0,12522(02))
2

L2(0,T; L= (27 (1))

Bl or,a(3))
< C(K)eMz
< C(K)e,
where we used (5:238) (together with H? (Q~ (t)) — L*® (2~ (¢))) and (&B) in the second

estimate and M > 4 in the last line.
Thus, we have shown

Te
/ /fyzR(ve-VR) dz|dt < C(K)C (T.,€) M1,
0 1Q

and with that may conclude using (IZ74) that

sup [[YR ()| 720y + € VAR Z2(qy, )
te(0,Te)

1 _
+- |(vVR, VRVR)H%Z(QTE) < C(K)C (T, e) M1, (7.76)

Putting the Pieces Together
Altogether we have shown

T
/ RSdt < C (T, ¢) C (K) M
0

and may now choose ¢y > 0 and T € (0, Tp] sufficiently small, to ensure

2 _ 2
0<SB£T HV@H%%Q) + H(ER, ¢ |VRDHL2(QT€) + H(f 'R, ‘VRDHL2(O,TE;L2(Q\F,5(6)))

2

) K
+ e[ VRl a0 mnariony < 56

by (50),

2
aamgéﬁM
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by (C52) and

1 K% 50
sup VR (., 0)[17200) + € IVAR| 20y + ~ (WY RARVR) 7200, ) < 7€2M '
te(0,T¢) € € €
by (Z78). By the definition of T¢ in (ZZ4), this implies T. = T. This shows (£22).
Regarding (223), we have by the definition of v¢,, in (13) for g € (1,2)

IV =vallLomra@) < IVerr + Wi+ Wall Lo mnay) + C IV = Vallio. 2 )
< CO(K,q) 3

by (BT9), (I5) and Theorem 8. The convergence results (B4) and (E=3) are then due to
the construction of ¢ and v¢, more precisely Definition B2, where it is important to note

(62238) for V]:::/[E 1 Thus, all claims are shown.

Remark 7.12. In this final remark, we want to discuss the consequences of considering Neu-
mann boundary conditions 0,1 = 0 on 07,2 instead of (IT24). Of course, in this case we
would construct p$ such that On,,un% = 0 is satisfied on 0r,§2. To gain (CZ7), which is a
vital point of the proof, we need to ensure that

[ttt —ude= [ Mgt~ uy)da
Q

holds, which is satisfied if we choose Neumann boundary conditions for ¢. In particular, ¢
should be the solution to

—Ap(.,t) =R(.,t) in Q, Ony,e =0 on 09, (7.77)

made unique by a normalization of the kind [, ¢ (.,t)dz = 0. However, in order for (IZ7)
to be well-posed, fQ R (.,t)dx = 0 needs to be satisfied, where

t
/th —// (cf—c4 dxd7+/cg—cf4|t0dx
0

Q

t
://dlv vQ)ch + wilp - VcAﬁ—rCHldde+/ — 4 li=odx
0 Q

in the case of no-slip boundary conditions for v¢. This expression does not vanish and is
also not of a high enough order of € to make a different strategy viable™. A similar problem
arises in the case of periodic boundary conditions. To circumvent this difficulty, we decided
to stick to Dirichlet boundary values.

!Such as the the one suggested in [i4], Remark 2.1.
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A. Appendix

Lemma A.1 (A Comparison Principle). Let I = (a, 5) C R and we consider the differential
operator L given by

Lu(z) =a(z)u" () +b(x)u (z) + c(z) u(z)

for all x € I and w € C*(I), where a,b,c € C°(I) with a > 0 and ¢ < 0 on I. Let
furthermore vy, vy € C? (f) be functions fulfilling

Lvy () > Lvg (x) forallxz €1

and
v (a) < w2 (a), vy (B) <vh(B).

Then
v1 (z) <wg(x) forallx € 1.

Proof. The proof is a modified version of the usual proof presented for the comparison
principle of elliptic operators. Let © = v1 — v9. Then we have Lo > 0 in I and

() < 0,7 (8) <0. (A1)

If o (z) < 0 holds for all z € I there is nothing to show. Thus, we assume that there exists
zo € I with 0 (zg) > 0 and define I™ := {z € I| 0 (z) > 0}, which is consequently open,
bounded and non-empty. Lo > 0 in I implies

Lot (z) := at” (x) + ' () > —c(z) 0 (x) >0 (A.2)

for all z € I'". Hence, the weak maximum principle for elliptic operators used on Ly and I+
implies
max v () = max 0 (x) (A.3)
zelt z€dI+

and v (z) =0 for OIT NI. If OIT NOI = {a} or DI NI = O holds, this already implies

max ¥ (z) < max? (x) = max v(z) =0
zel zel+ redlt+
in contradiction to the existence of a xy with v (zg) > 0.

So we only have to consider the case 8 € I NAI. Assume o (3) > 0, otherwise there is
nothing to show. In particular, max o (z) = 0 (8), which is implied by @ (o) < 0. Due
to (B33) it has to hold ¥’ (8) > 0 and thus it follows ¢’ (8) = 0 by (B). As o € C? (I), we
can use (A32) on I+ and get

6//5 Z—C(ﬁ)f)ﬁ >O

3z -2

This implies that g is a local minimum in contradiction to (B=3). Thus, ¢ (8) < 0, which
shows the assertion. O
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A. Appendix

A.1. Krein-Rutmann Theorem

Definition A.2 (Cone). Let X be a real Banach space.

1. K C X is called a cone, if K is a closed, convex set such that AK C K for all A > 0
and K N (—K) = {0}.

2. If in addition K has nonempty interior K°, then K is called a solid cone.

Proposition A.3. Let ) C R" be open and bounded, n € N and X := C? (Q) with the norm
HfHCQ(Q) =D )s<2 H@SfHCO(Q) for f € C?(Q), and let K := {f € X|f>0inQ}. Then
K is a solid cone.

Proof. This follows immediately from the definition. O

Theorem A.4. Let X be a real Banach space, K C X a solid cone andT : X — X a
compact linear operator which fulfills Tu € K° for u € K\ {0}. Then

1. The spectral radius v (T) satisfies r (T) > 0 and is a simple eigenvalue with an eigen-
vector v € K°. There is no other eigenvalue with an eigenvector in K.

2. [\ <7 (T) for all eigenvalues A # r (T).
Proof. See [28] Theorem 1.2. O

A.2. Expansion for an Instationary Stokes Equation

As mentioned in Remark 623, we will give the structure of the inner expansion equa-
tion (520) in case we considered an Instationary Stokes Equation with right hand side
—ediv (Ve @ V¢°) instead of (II8). The equivalent to (6220) would read
—0pp (Vo — ugndr) = —0pp—1n — 20,,c00,con
—0pp (Vi — (ugdr — phy) n) = —0,pr—1m — 2 (9, (9pcr0pco)) 0
+ <8pp,1 +0p (6000)2) Vb + VL

for k > 1, where VF—1 = V-1 (p,x,t), (p,z,t) € R x T'(20), is given by

VEL = 578520, (0pck-10,c1) 1+ 05 B52 (9, (9pck—10,c0) VE hi + 0, (9p10pc0) V1)
— 8ppch1V o — DppoVer_1 + Opvi_1 (Adp — dydr) +2(VI,vi_1)' n
—2(V,vo) VVhy—1 — 0pvo (AT hy—y — 0F hi—1) + 9,poV i1
+ 520,,voV hy_1 - VVhy + (8,c0Adr + 2V D,c - 1) DoV hyy
— /Bf (20,c00,ck—1Adr 4 3 (VO,co - 1) Opci—1 + 3 (VOpci—1 - 1) 0pco) 1
+ (Veo - 1) 9ppcoV hi—1 + (9pco A byt + 3V 0,0V hy—1) (9pcom)

+ 8,,c0vfhk_1 (VOyco -m) + Vg - Vrhk_lﬁppcon — 0pcoVOpci—1

— BY (Vg1 -1) dppco + (Veo - 1) Bppe1) 0 — B540,,¢0V hy—1 - VVhy (8,¢0 - 1)
— 0pck—1V0pco + dk—11'dr — qon’hi—1 + (P + 5{%1) w10+ win"hp_

+ VR,
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A.2. Expansion for an Instationary Stokes Equation

k-2 k-2
VI = =2 ( 8pﬂckiapc’in> " Z 20,¢i0p¢; V' Iy
; i,j=0,l=1,i+j+i=k

k—2 k—2
— < 8ppck_1_,Vci> — Z (8pck_1_,~6pcl-Adp +3 (Vapck_l_z‘ . n) Opci) n
=1

+ Z —0pCl—1-iVO,ci — (Veg—1-; - n) 6ppcin)
i=1
k—3
+ —2(VO,vi_oi)" - Vhi1 — 8,vi o (AT hipr — @Fhiﬂ))
i=0
k—3 k—2
+ Z 0 pk,g,ivrhiﬂ - Z (<8pck,2,iAdF + QV(aka,Q,i . Il) VCZ)
i=0 i=0
k—2
Z dr Vck 2— z@ Cz (Vck 24" V8 Ci) )
=0
k—2
+ — (Veg—2—i - m) VO,c; — Ack—2_i0,cin — OpCr—a— ,D? (ci) n)
1=0
+ Z 9,pviVihj - Vihy
i=0,,§,l=1,i+j+I=Fk
k—2
+ Z (8pCiAdr + 2V8pci ‘n) 8pchFhl + (V¢; - n) 8ppcjvrhl
1,j=0,l=1,i+j+l=k—1
k—2
- > (8,ci AT B + 3V8,c: VI hy) (9,cm)
i,1=0,j=1,i+j+l=k—1
k—2
+ Z 9,ciVE h; (Ve - ) + Ve - VEhi0,,cm
i,1=0,j=1,i+j+l=k—1
k—2
+ > —28,,¢;V - VYV (Bpem - 1) | + Z win hi—s
i,m=0,j,l=1,i+j+l+m=k
k—2
=Y an' b1 — Aron'p — Ovi—o + Avi_y — Vpg_s
i=1
k—3
=) div(Ve ® Vep—s—i) + Wi_yn@t + Wi _n©™ 4 943,
i=0
k—3
ij_g =+ Z (apciAthH + QV(?pCiVthJrl) VC[ + ACiapCjVFhl_H
1,4,l=0,i4j+1=k—3
k—3
+ Z (VCZ . Vrhj_H) VapclapCiDg (Cj) Vrhl+1

4,5,1=0,i+j+1=k—3
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228

k-3
2 r
> 9pci D} (hjy1) Ve + (Vei - Ve;) VV by
k-3
r r
> Oppci (V' hjs1 - V' hugr) Ve,
k-3
Dpci AV B 10,¢V D
pti j+10pC] m4+1
k-3
r T
> 2(VOpei - V' hjt1) eV i
k-3
r r
Z (V hi—l—l : V hj+1) 8pclvapcm
i,3,L,m=0,i+j+l+m=k—3
k-3
2 r
Z 9p¢i0pc; Dp (hiy1) V' By
k—3
r r
> (Vei - Vhjt1) 0pprVE hunta
1,3,0,m=0,i+j+l+m=k—3
k-3
r r
Z —chiV hj+1 (Vapcl -V hm+1)
1,5,L,m=0,i+j+l4+m=k—3
k-3
r r r
Z OppCi (V hjy1-V hl+1) 0pem V" hat1
i,3,L,m,a=0,i+j+l+m+a=k—3
k—3
r r T
Z (V hit1-V hj-i-l) apclappcmv hat1
7/7],l,m,()é:0,7,+]+l+m+a:k‘_3



List of Notations

D
\Y%
Dy
or VT AT
D
divF
Dir, Vr, Ar
[0n, V']

a (bold letter)

0
Bs

Q
Qr, 0rQ)
)
O* (1),07
r,.T
I (@), T (o;T),T(26)
00 (a),0rQ (a)

nr,, Nsn
n,T
Vr,, Hr,
PT‘F”PT’BQ
dr,dp
S:T(20) — Tt
Xo
X5, X5
X

Ra
LPee (T (o))
L9(0,T; LP (I't (@)))
Xr
H?% s>0
H—l
Wy, Wyz)

p1° 0.p

Jacobian Matrix
Gradient
(=2)
(222), Notation 2714

(223)

(2m)

Remark 2719

mm

Element in R? or R2-valued function
Euclidean scalar product on R?, e.g. a-b
(D)

Notation

smooth domain in R?

Qr :=Qx(0,T), 0rQ2:= 002 x (0,T)
Assumption I 7) and 8)
Assumption [T 3)
Assumption [0 2)
Assumption [0 3)
Assumption [0 8)

Assumption -1 4) and 8)
(1R), Notation T2
Assumption [0 4)
Assumption I 7) and 8)
Assumption I 5) and 8)
(223)

(2132)

(219), (22m)
(2=2m)

Definition 2223
Definition 2222 1)
Definition 2722 2)
(22m)
H?® := W3, Sobolev-Slobodeckij space
i = ()
Real interpolation space of exponent 6
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230

C

€

€ €
15 M 1-V 15D 1
M- Py V-1 Py b

to
g
m,v,p
€, 11, Ve, p°
€
+ + .+ +
& 7;’1/ ’V ’p
,ek ki,e b i,e
'LLM—%’VM—%’pM—%
e, pe, Ve, pe
Cky Uky Vi, DE
R,

ex), [kl Vi), [pk]

€

Uk, Ak, g, Jks gk
Wyl
CB: 1B VB PB
B, g, ve,pp
Cas K5 Vi, Py hy
cr, 1, v, pr and cr, ...

co, 1o, Vo, po and co, ...
CB, /B, VB, PB and CB ;...

B B B
NM*%’va%’pré

n
UE, U, Wi, W
fr(coo o ef), f (co, - o
e, H
hi
Ccr

H &H
Cr,Cy
H

€ € € €
TcH1 TeH2: T'SH Tdiv
€ € € €
TcH1,10 TCH2,1> Tdiv, > TS, 1

€ € € €
TcH1,00 "cH2,00 Tdiv,00 T'S,0

€ € € €
TcH1,B>"cH2,B"div,B> T'S,B

h¢
M—3

,Ck)

double-well potential, Assumption 2

Lemma 222
(17),(65)
Assumption I 1)
Assumption I 1)
(6139)
(52)
Lemma

)
(B=21)
E22)
Notationhd
Lemma
=
Lemma
(5=0)
(B=1)
Definition 62
Definition 62 1)
Definition 62 2)
Definition 62 3)
Definition G2 3)

Proposition b33
(512),(618)

(622), Notation b4 4)

(T5)
(5m)
Definition
(617m)
(61D)
Notation 54 3)
(6T

Subsections b1 4, b1H, b33




|

glr (z,t) = g (Prr, (z) , )
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