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We consider a diffuse interface model for tumour growth consisting of a Cahn—Hilliard
equation with source terms coupled to a reaction—diffusion equation. The coupled system of
partial differential equations models a tumour growing in the presence of a nutrient species
and surrounded by healthy tissue. The model also takes into account transport mechanisms
such as chemotaxis and active transport. We establish well-posedness results for the tumour
model and a variant with a quasi-static nutrient. It will turn out that the presence of the
source terms in the Cahn—Hilliard equation leads to new difficulties when one aims to
derive a priori estimates. However, we are able to prove continuous dependence on ini-
tial and boundary data for the chemical potential and for the order parameter in strong norms.
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1 Introduction

Several new diffuse interface models for tumour growth have been introduced recently in
Garcke et al. [11]. Amongst them is a Cahn—Hilliard equation coupled with a reaction—
diffusion equation for a nutrient species. The model equations are given as

0, = div(m(e)Vp) + (Ap0 — La)h(e) in Q x (0, T), (1.1a)

=AY (¢) — BAdgp — y,0 in Q x (0, T), (1.1b)

0,0 = div(n(¢)(xs Vo — 1o V@) — A.ah(@) in Q x (0, T), (1.1¢)

0=V -v=Vu-v onI x(0,T), (1.1d)

@)y Vo -v=K(0s —0) on I x(0,T). (1.1e)

Here, Q € R? is a bounded domain with boundary I' := 0Q, ¢ denotes the concentration
of an unspecified chemical species that serves as a nutrient for the tumour, ¢ € [—1,1]
denotes the difference in volume fractions, with {¢ = 1} representing unmixed tumour
tissue, and {¢ = —1} representing the surrounding healthy tissue, and p denotes the
chemical potential for ¢.
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In the system (1.1), 4, B, and K denote positive constants, m(¢) and n(¢p) are positive
mobilities for ¢ and o, respectively, W(-) is a potential with two equal minima at +1, g,
denotes a nutrient supply on the boundary I', and h(¢) is an interpolation function with
h(—1) =0 and h(1) = 1. The simplest example is h(¢p) = %(1 + @).

The non-negative constants 4,, 4, represent the proliferation rate and the apoptosis
rate of the tumour cells, respectively, and the non-negative constant 1. represents the
consumption rate of the nutrient. Here, we note that these are only active in the tumour
regions, and the healthy tissue does not proliferate, or consume nutrient or undergo
apoptosis.

We denote y, > 0 as the diffusivity of the nutrient, and y, > 0 can be seen as a
parameter for transport mechanisms such as chemotaxis and active uptake. To see this,
we note that in (1.1a) and (1.1c¢), the fluxes for ¢ and ¢ are given by

q, = —m(@)Vu = —m(@)V(A¥'(¢p) — BAp — 1,0),
4, = @)V (1T — %o P),

respectively. The term m(¢)V(y,0) in g, drives the cells in the direction of increasing
g, i.e., towards regions of high nutrient, and thus it models the chemotactic response
towards the nutrient. Meanwhile, the term n(¢)V(y,¢) in ¢, drives the nutrient to regions
of high ¢, i.e., to the tumour cells, which indicates that the nutrient is moving towards
the tumour cells. Note that V¢ is non-zero only in the vicinity of the interface between
the tumour cells and the healthy tissue, and thus this term only contributes significantly
near the tumour interface. In Garcke et al. [11], the authors interpreted this term as
the mechanisms that actively transport nutrient into the tumour colony, and establish
a persistent nutrient concentration difference between the different cell compartments
even against the nutrient concentration gradient. The term “active transport” is used in
the biological sense that some kind of mechanism is required to maintain the transport,
which is in contrast to passive transport processes such as diffusion driven only by the
concentration gradient.

We note that in (1.1), the mechanism of chemotaxis and active transport are connected
via the parameter y,. To “decouple” the two mechanisms, we introduce the following
choice for the mobility n(¢) and diffusion coefficient y,. For a positive constant > 0
and a positive mobility D(¢), consider

n(@) =nD(@)1,", 1o =1""1o- (1.2)

Then, the corresponding fluxes for ¢ and ¢ are now given as

q, = —m(@)V(A¥ (¢) — BAp — 1,0),

(1.3)
4, = —D(p)V(s —no),

where the parameter y, controls the effects of chemotaxis, and the parameter 5 controls
the effects of active transport.
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We introduce the free energy N for the nutrient as
N Ao 2
(@.0) =5 lo|" + 1p0(1 — @), (1.4)
and its partial derivatives with respect to ¢ and ¢ are given as
Ns =250+ 1o(1 =), Ngy=—y,0. (1.5)

Note that, by the boundary condition Vg -v = 0 on I', and the definition of N, (1.5), we
have

VNg - v=yNVo-v—y,Vo-v=yVo-vonl.

Thus, by testing (1.1¢) with N4, (1.1b) with 0;¢, (1.1a) with u, and summing the resulting
equations, one can show the following formal energy identity is satisfied:

d
& o [aver+ 3196+ 5 lof ot - )] 0

+mewﬁ+mmefw+/me—%mW* (1.6)
r
+A{wuw—w»mw+zwmwNJM»=a

where H¢~! is the (d — 1)-dimensional Hausdorff measure. To derive useful a priori
estimates from (1.6) we face a number of obstacles:

(1) the presence of source terms ph(¢)(4, — 4,0)+ N ;A.0h(¢) deprives (1.6) of a Lyapunov
structure, i.e., an inequality of the form %V < aV, for & = 0 and a suitable function V;
(2) the term o(1 — @) in the nutrient free energy N(¢, o) can have a negative sign;

(3) the presence of triple products pah(¢) and ch(@)N 4.

One way to control the triple products with the usual H'-regularity expected from o, ¢
and u is to assume that h(-) is bounded. The simplest choice is

h(p) = max <O,min (;((p + 1), 1)> ,

which ensures h(—1) = 0 and k(1) = 1 as requested. By considering the bounded functions
h(-), we can control the source terms ph(¢)(A, — Ay0) + NsA.0h(p) in (1.6), and thus
applications of Holder’s inequality and Young’s inequality will lead to (see (3.12) below)

d
5 L [Av@+ 3 90R + 210 + poa1 - 0)] a

+k1@vm@%b+uvaP + o)
~kalloll2 0, — kallol2 0, — kel Vol

(1.7)

L2 = <G

for some positive constants ki, ks, k3, k4 and C. The sign indefiniteness of the term y,0(1—¢)
means that we have to first integrate (1.7) in time and then estimate with Holder’s
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inequality and Young’s inequality. Thus, we obtain

B

T
+hy /0 (IVaI2, 0, + IV NG 12, ) + ol r) ) ot (18)

2 2 2
- k2||6||L2(0,T;L2(Q)) - k3 ||¢||L2(0,T;L2(Q)) - k4HVqDHL2(O,T;L2(Q)) < C’

for some positive constants ks, k¢ and C. A structural assumption (2.4) on the po-
tential ¥ will allow us to control HQDHL(Q) with |[¥]|,,q, (see (3.16) below). This will
lead to

B

T
+k1/0 (vl + VNGl g + o)) de (1.9)

- szO-HiZ(O,T;Lz(Q)) - k8||lP(§D)||L1((),T;L|(Q)) - k4Hv§DH2L2(0’T;L2(Q)) < Cf

for some positive constants ky, ks and C. To apply the integral version of Gronwall’s
inequality, we have to assume that the constant A satisfies 4 > k7. This is needed in
order to derive the usual a priori bounds for ¢ and u in Cahn-Hilliard systems with
source terms. However, we point out that the constant A is often chosen to be 4 := 18',
where y > 0 denotes the surface tension and ¢ > 0 is a small parameter related to
the interfacial thickness. For sufficiently small values of ¢ or sufficiently large surface
tension y, we see that A > k; will be satisfied, and thus it is not an unreasonable
constraint.

Let us consider the nutrient equation (1.1¢) with the specific choice of fluxes (1.2),
leading to

0i0 = div(D(9)Va) — ndiv(D(9)V @) — L.ah(p).

Performing a non-dimensionalisation leads to the following non-dimensionalised nu-
trient equation (here, we reuse the same notation to denote the non-dimensionalised
variables)

K0;0 = Aa — 04¢p — ach(p), (1.10)

where k > 0 represents the ratio between the nutrient diffusion timescale and the tumour
doubling timescale, 0 > 0 represents the ratio between the nutrient diffusion timescale
and the active transport timescale, and o > O represents the ratio between the nutrient
diffusion timescale and the nutrient consumption timescale.

In practice, experimental values indicate that k < 1 (see, for example [3, Section 4.3.2])
and we assume that the timescales of nutrient active transport and nutrient consumption
are of the same order as the timescale of nutrient diffusion, ie., 0 ~ O(1), a ~ O(1). This
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leads to the following quasi-static model,

0, = div(m(e)Vp) + (A0 — Za)h(e) in Qx (0, T), (1.11a)
=AY (p) — BAdp — y,0 in Q x (0, T), (1.11b)
0= div(D(¢)Va) — ndiv(D(p)Ve) — L.ah(p) in Q x (0, T), (1.11¢)
0=V -v=Vu-v onI x(0,T), (1.11d)

D(p)Va -v =K(06o — 0) onI x(0,T). (1.11e)

Note that the loss of the time derivative 0,0 implies that an energy identity for (1.11)
cannot be derived in a similar fashion to (1.6). However, if we test (1.11b) with 0;¢, (1.11a)
with y,0 + i, (1.11c) with ¢ and add the resulting equations, we formally obtain

d B _
i | [aver+ 3o ox

+ / m(e) |Vul* + D(¢) [Vo|* + ich(e) |o|* dx + / Ko dH*!
Q r (1.12)
- /Q ()7, Vi- Vo + DIV - Vo dx + /Q (2 — a)h(@)(p0 + 1) dx

+/K00'00 dH 1.
r

Here, we point out that there are no terms with indefinite sign under the time derivative,
and so we expect that there will not be a restriction on the constant A as in the model
(1.1). In principle, we can also perform the same testing procedure to (1.1a), (1.1b), and
(1.10) to obtain a similar identity to (1.12) with an additional term %guaﬂiz @ Oon the
left-hand side. However, the a priori estimates obtain from a Gronwall argument will
not be uniform in x, which is due to the fact that the source terms involving ¢ on the
right-hand side cannot be bounded any longer with the help of §||0H2L Q) On the left-hand
side.

Thus, in this work, we cannot realise (1.11) as a limit system from (1.1a), (1.1b), and
(1.10) as k — 0, and the well-posedness of (1.11) will be proved separately. However, if
we supplement (1.1a), (1.1b), and (1.10) with Dirichlet boundary conditions, then we can
rigorously establish the quasi-static system (1.11) as a limit system of (1.1a), (1.1b), and
(1.10) as k — 0. For more details, we refer to Garcke and Lam [10].

We now compare (1.1) with the other models for tumour growth studied in the literature.

In Hawkins-Daarud et al. [12], the authors derived the following model:

01 = div(m(@)V) + P(9)(xo0 + xo(1 — @) — 1), (1.13a)
p=AY(p) — BAp — y,0, (1.13b)
00 = div(n(@)(%sVa — 1,V @) — P(9)(3s0 + yo(1 — @) — 1), (1.13¢)

where we see that the chemical potentials N, and u enter as source terms in (1.13a) and
(1.13¢), and P(¢) is a non-negative function. Subsequently, if we consider

Xe =1, xo=0, n(p)=m(p)=1,
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n (1.13), then we obtain

Orp = Ap+ P(g)(o — p), (1.14a)
u=AY'(¢p) — Bdo, (1.14b)
00 = Ada — P(¢p)(a — p). (1.14c¢)

Furnishing (1.14) with homogeneous Neumann boundary conditions, the well-posedness
of the system and the existence of the global attractor have been proved in Frigeri et al. [9]
for large classes of non-linearities ¥ and P.

The corresponding viscosity regularised version of (1.14) (where there is an extra a0,u
term on the left-hand side of (1.14a) and an extra a0;¢ term on the right-hand side of
(1.14b) for positive constant o) has been studied in Colli et al. [4], where well-posedness is
proved for a general class of potentials ¥, and for a Lipschitz and globally bounded P. The
asymptotic behaviour as « — 0 is shown under more restrictions on ¥ (polynomial growth
of order 4) and the authors proved that a sequence of weak solutions to the viscosity
regularised system converges to the weak solution of (1.14). Further investigation in
obtaining convergence rates have been initiated in Colli et al. [5,6], and the corresponding
sharp interface limit is obtained via a formally matched asymptotic analysis performed in
Hilhorst et al. [13].

For (1.14), there is a natural Lyapunov-type energy equality given as

d
3 L [aver+ 390k + 510 ax

(1.15)
il(Q) + vaniz(g) + /QP(go)(O' — ,u)z dx =0.

Since all the terms are non-negative, the standard a priori estimates can be obtained even
in the case where W has polynomial growth of order 6 in three dimensions. In contrast,
for (1.1) we have to assume that the derivative W’ has linear growth, thus restricting our
class of potentials to those with at most quadratic growth (see Section 7 below).

The quasi-static model (1.11) bears the most resemblance to [7, Equations (68)—(70)]
when the active transport is neglected (i.e., # = 0). We note that the focus of study seems
to be the linear stability of radial solutions to the resulting sharp interface limit when we
set A =+ and B = ¢, and send ¢ — 0. To the best of our knowledge, there are no results
concernmg the well-posedness of (1.11).

We also mention another class of models that describes tumour growth using a Cahn—
Hilliard—Darcy system,

dive =S, (1.16a)

v = —M(Vp + uVo), (1.16b)

010 + div(vp) = V - (m(@)Vu) + S, (1.16¢)
u=AY(p) — Bdo, (1.16d)

where v denote a mixture velocity, p denotes the pressure, M is the permeability, and
S denotes a mass exchange term. For the case where S = 0 and M = 1, the existence
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of strong solutions in 2D and 3D have been studied in Lowengrub et al. [17]. The
global existence of weak solutions in two and three dimensions via the convergence of
a fully discrete and energy stable implicit finite element scheme is established in Feng
and Wise [8], and uniqueness of weak solutions can be shown if additional regularity
assumptions on the solutions are imposed. For the case where S # 0 is prescribed and
M = 1, existence of weak and strong solutions can be found in Jiang et al. [14]. A related
system, known as the Cahn—Hilliard—Brinkman system, where an additional viscosity term
is added to the left-hand side of the velocity equation (1.16b) and the mass exchange S
is set to zero, has been the subject of study in Bosia et al. [2]. Meanwhile, in the case
S =0 and M is a function depending on ¢, the system (1.16) is also referred to as
the Hele-Shaw—Cahn—Hilliard model (see [15,16]). In this setting, M is the reciprocal of
the viscosity of the fluid mixture, and we refer to [23] concerning strong well-posedness
globally in time for two dimensions and locally in time for three dimensions when Q is the
d-dimensional torus. Long-time behaviour of solutions to the Hele-Shaw—Cahn-Hilliard
model is studied in Wang and Wu [22].

The structure of this paper is as follows. In Section 2, we state the assumptions and the
well-posedness results for (1.1) and (1.11). In Section 3, we derive some useful estimates,
and in Section 4, we prove the existence of weak solutions to (1.1) via a Galerkin
procedure. Continuous dependence on initial and boundary data for (1.1) is shown in
Section 5. In Section 6, we outline the proof of well-posedness for (1.11), and in Section
7, we discuss the issue of the growth assumptions for the potential.

2 Main results
2.1 Notation and useful preliminaries

For convenience, we will often use the notation L? := LP(Q) and W*? := W*P(Q) for any

€ [1,00], k > 0 to denote the standard Lebesgue spaces and Sobolev spaces equipped
with the norms || - ||r» and || - ||+.. Moreover, the dual space of a Banach space X will be
denoted by X*. In the case p = 2, we use H* := W*? with the norm || - || .

For any d € N, let Q C IR denote a bounded domain with Lipschitz boundary I',
and let T > 0. We recall the Poincaré inequalities (see, for instance [21, Equations (1.35),
(1.37a) and (1.37¢)]): There exists a positive constant Cp, depending only on Q and the
dimension d, such that for all f € H!,

17 =71,
£l

CelIVS Il (2.1)

<
< Co (IVFllz + 11fler)) » (2.2)

where f = ﬁ fodx denotes the mean of f.

Assumption 2.1

(A1) Zp, Aa, Ae, 1 and y,, are fixed non-negative constants, while y;, A, B and K are fixed
positive constants.

(A2) The initial and boundary data satisfy

po € H', aoe€L? 0o € L*0,T;LXI)).
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(A3) The functions m, n, h and D belong to the space C°(IR), and there exist positive
constants hoo,, mg, my, Dy, D1, ng and ny, such that for all t € R,

mo<m(t)y<my, nyp<nt)<n, Dy<D({t)<D;, 0< ]’l(t) < heo. (2.3)

(A4) The potential ¥ € C"(IR) is non-negative, continuously differentiable, with globally
Lipschitz derivative and satisfies

Y(6)= Rt — Ro, | P'(0)] < Rs(1 + |t]), (2.4)

for positive constants Ry, Rs, and a positive constant Ry such that

22
A> XU—}%. (255)
Definition 2.1 We call a triplet of functions (¢, u, o) a weak solution to (1.1) if
o, € H'(O,T;(H))NL*0, T;H"), peL*0,T;H"),
with @(0) = @o, 6(0) = 6o and satisfy for {,$,é € H' and a.e. t € (0, T),
0u.0) = [ =m()Ti- VE+ Gy = 2ho)d dx. (264)
/Quqﬁ dx = /QA‘I"(qo)d) + BV V¢ — y,0¢dx, (2.6b)
@0.8) = [ no)rVo  1,50) - T~ duah(e)e dx (2.6¢)

+/ EK (0o — o) dHT,
r
where {-,-) denotes the duality pairing between H' and its dual (H")*.

Theorem 2.1 (Existence of global weak solutions) Let Q C IR? be a bounded domain with
Lipschitz boundary I' and let T > 0. Suppose Assumption 2.1 is satisfied. Then, there exists
a triplet of functions (@, u,c) such that

@ € L0, T:H'YNH'0,T:(H")"), peL*0,T;H")
o€ L0, T;H)YNnL®(0,T;L*NHY0,T;(H")"),

and is a weak solution of (1.1) in the sense of Definition 2.1.

The embedding of L?(0,T;H')N HY(0, T;(H")*) into C([0, T];L?) guarantees that the
initial data are meaningful. We point out that the assumption (2.5) arises from using
Young’s inequality to estimate the term y,0(1 — ¢) in (1.6), and is by no means an optimal
assumption. See Remark 3.1 for more details. In addition, Theorem 2.1 gives the existence
of weak solutions in any dimension. This is thanks to the fact that ¥ has linear growth
(see (2.4),).
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Next, we show continuous dependence on initial and boundary data and uniqueness of
weak solutions under additional assumptions on the interpolation function h(-) and the
mobilities m(-) and n(-).

Theorem 2.2 (Continuous dependence and uniqueness) Let d < 4. Suppose h(-) € C*(R),
m(-) and n(-) are constant mobilities (without loss of generality we set m(-) = n(-) = 1). For
i=12 let

¢ € L0, T;H)NH'(0,T;(H'")), e L*0,T;H),

o€ L0, T;H)YNL>®0,T;L*)NH' 0, T;(H")*),

denote two weak solutions of (1.1) satisfying (2.6) with corresponding initial data ¢;(0) =
®o; € HY, 0i(0) = a0; € L?, and boundary data 6.; € L*(0, T; L*(I")). Then,

sup ([lo1(s) — o2(s)172 + [[@1(s) — @2()]72)
s€[0,T]

+ [ — ﬂZHiZ(O,T;LZ) + V(a1 — GZ)HiZ(O,T;Lz)
+ [lor — 0-2“%2(0,T;L2(F)) + IV(p1 — QDZ)HiZ(O,T;LZ)

<C (||00,1 =602l + llpos — @ozllz> + |60t — 000,2HiZ(O,T;L2(F))) ;

where the constant C depends on ||oi||p=o.r:12), T, K, hoo, 2, d, A, B, Ay, Ae, Jar Yg» Xo» and
Ly, Ly which denote the Lipschitz constants of h and Y’ respectively.

We point out that Theorem 2.2 provides continuous dependence for the difference
of the chemical potentials || — 12([;2 Qo) and also with a stronger norm ||¢:(t) —
@2(t)|| Lo (0,212 for the difference of the order parameters. This is in contrast with the
classical norm ||@1(t) — @2(t)||Loc(0,7H1)<) One obtains for the Cahn-Hilliard equation,
compare [9, Theorem 2].

We will now consider the quasi-static system (1.11).

Definition 2.2 We call a triplet of functions (¢, 1, 0) a weak solution to (1.11) if
o,u€ L0, T;HY, ¢eHY0,T;(H"))NL*0,T;H"),
with @(0) = ¢o and satisfy for {,1,& € H' and a.e. t € (0, T),
000 = [ “mlo)Vi VL + o~ ZMoN dx, (270
/Q,uidx = /QA‘I”(QD)X—I—BVq) -V —ye0idx, (2.7b)
/r EK(00o — 0)dH = /Q D(¢)(Vo —nV @) - VE+ Aoh(p)E dx. (2.7¢)

Theorem 2.3 (Existence and regularity of global weak solutions) Let @ < R? be a
bounded domain with Lipschitz boundary I' and let T > 0. Suppose Assumption 2.1 is
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satisfied, and let A be a positive constant which need not satisfy (2.5). Then, there exists a
triplet of functions (¢, u, a) such that

o, u € L*(0,T;H"), @€ L>0,T;H)NH"0,T;(H')),

and is a weak solution of (1.11) in the sense of Definition 2.2. Furthermore, if 6o, €
L>®(0, T; L*(I')), then

o€ L>0,T;H).

In Section 6, we derive the a priori estimates and deduce the existence of approximate
solutions on the Galerkin level. The proof of Theorem 2.3 then follows from standard
compactness results. In Section 6.4, we show the continuous dependence on initial and
boundary data and uniqueness under additional assumptions.

Theorem 2.4 (Continuous dependence and uniqueness) Let d < 4. Suppose h(-) € C*(R),
m and D are constant mobilities (without loss of generality we set m = 1). For i = 1,2, let

@ € L*0,T;HYNH' O, T;(H")"), we€L*0,T;H"), o€ L>0,T;H"),

denote two weak solutions of (1.11) satisfying (2.7) with corresponding initial data ¢;(0) =
@o; € H' and boundary data co.; € L(0, T ; L*(I")). Then,

SEPT]H%(S) — ()72 + i — malliz0.r:02) + V(@1 — @) 20712
se|0,

+ [|V(a1 — G2)||i2(0,T;L2) + llon — 62”%2(0,T;L2(F))

<C (”@0,1 - 400,2”%2 + loco1 — 0-00,2”%2(0,T;L2(F))) )

where the constant C depends on ||6i|| 1.1y, K, Q, A, B, Lp, Ly, 4y, Ae, Zar Y%, d, D,
nand T.

3 Useful estimates
We will use a modified version of Gronwall’s inequality in integral form.
Lemma 3.1 Let o, ff,u and v be real-valued functions defined on I := [0, T]. Assume that

o is integrable, B is non-negative and continuous, u is continuous, v is non-negative and
integrable. Suppose u and v satisfy the integral inequality

u(s) + /Osv(t) dt < afs) + /05 p(tu(t)ydt Vsel. (3.1)
Then,

u(s) + /05 v(t)dt < a(s) + /OS o(t)f(t) exp (/Sﬁ(r) dr) dt. (3.2)
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This differs from the usual Gronwall’s inequality in integral form by an extra term
Jo v(t)dt on the left-hand side.

Proof Let
w(s) = u(s) + /Sv(t) dt.
0

Then, by (3.1) and the non-negativity of f and v,

w(s) < als) + /S p(tyw(t)de.
0

Applying the standard Gronwall’s inequality in integral form yields the required
result. g

Below, we will derive the first a priori estimate for sufficiently smooth solutions to (1.1),
in particular this will hold for the Galerkin approximations in Section 4.1. We choose to
present this estimate here due to the length of the derivation.

Lemma 3.2 Suppose Assumption 2.1 is satisfied. Let (¢, u,a) be a triplet of functions sat-
isfying (2.6) with @(0) = o and ¢(0) = 69, and ¢,a € C'([0, T]; H'), u € C°([0, T]; HY).
Then, there exists a positive constant C depending on T, Q, I', d, Ry, Ra, Rz, the parameters
Aps 2ar her Tar Ag» Moo, Mo, Mo, A, B, K, the initial-boundary data || ool 200.7:12r)): [|9(0)] a1,
and ||a(0)||2, such that for all s € (0, T],

1P + o) + o)1z (3.3)
+ Hvﬂniz(o,s;m) + HVGHiZ(O,s;LZ) + HUHiZ(O,s;LZ(F)) <C.

Proof Let
co = /Q [A‘P((po = Vool + & ool + ,{wao(l—q)o)] dx, (34)

denote the initial energy. Then, by the assumption on the ¢y and gy, Holder’s inequality
and Young’s inequality we see that ¢ is bounded.

Substituting { = p, ¢ = 0,¢, and & = y,0 + y,(1 — ¢) = N, into (2.6) and adding the
resulting equations together, we obtain

d
E/ [A‘P(q))Jr Vol + o’ + zp0(1 — )] dx

+ / (@) [V + n(e) |75 Vo — 7, Vo[> dx + / Ky, | dr!
Q r
(3.5)
T /Q h9) (e (200 + 20(1 — 0)) — (hpo — Apt) dx

- / K1 + 70(1 — 0))ose — K7(1 — @)o dH™ =0
r
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We first estimate the mean 7 using (2.6b) by considering ¢ = 1 and using the growth
condition (2.4), leading to

2

12 = [ e = ! /QA\P'«» — 1podx

_ 1 1\2
< 10" (4Rs 0] + ARl ]l 2 [Q1F + 1, 012 121

—1 2
<3107 (2R 9] + AR ol12: 101 + 220l 191)

Employing the Poincaré inequality (2.1) we have

2C3||Vullz> + 2[zl7

Il <
< 263 ValE + 6 (A°R31Q + A°R3lo|I7> + 75 llollZ) -

(3.6)

Then, by Holder’s inequality and Young’s inequality, we can estimate the source term
involving p as follows:

1
<o (Zglloles + 20 194°) el

‘ |, o)z = hadx
2 192

hoo/lp 2 2
< 4 ”O'HLZ + C(a%}vaa hooa |QD + (al + aZ)H/“‘HL2
4 (3.7)
< 2C3(ar + @) || V2> + Clar, az, 2as hoo, |Q, A, R3)
2 12

+ < Gar 0@+ az)x3p> lollz: +64°Rs(ar + aa)l oz

for some positive constants a; and a, yet to be determined. For the term involving 4., we
obtain from Holder’s inequality and Young’s inequality

‘ /Q 1eh(@)0 (10 + 10(1 — @) dx

< Aehoo (16l 122 + 2ol @l oz + 2o llolLr) (3.8)
asy N (
< A(thoo <Xg' + a4 + %) ||O-||il + /b(rhoo 2}/;3 ||(,0||%2 + C(|Q‘ 9}%’7 hOO’ Xo'a X(/h a4)a

for some positive constants a3 and a4 yet to be determined. For the terms involving
the boundary integral, we have by Holder’s inequality, Young’s inequality and the trace
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theorem,

'/ Lol = )0 — 150000 — 1p(1 — )G dH!
r

< Xo (||<7||L‘(r) + H<P||L2(F>HUHL2(r)) + xollo 2 llosoll 2y
+ xollosolliry + 2ol @l 2y loso |2

2
pd
< (as+ %) llolitr) + (2; +a6> ol + Clas,a 2o: 265 1T (1+ oo o))

2

1

< (as+ %) lloli3r, + € (2;"
(39)

for some positive constants as and ag yet to be determined. Here, Cy; is the constant from
the trace theorem which depends only on Q and d,

) ol +C (1 + HaooHiZ(r)) )

oy < Cullfllm VfeH.

Employing the estimates (3.7)—(3.9), and using the lower bounds of m(-) and n(-), we
obtain from (3.5)

d
3 o [aver+ S 18R+ 5 1o o - )] 0

+ /Q (mo — 2C3(ar + a»)) |Vu|2 +no |y Vo — ){(QV(p|2 dx

2
IR . WP R A 2 [ Ko 2
+1</r(xg as— %) o dn K/QCtr<2XJ+a6> Vol dx

h2_ 22 a
. oo’tp 2 5 3o 2
,/52 < 4&1 + 6((11 + aZ)X(p + jvchoo (/fa + as + B ) |O-| dx

2
X 2
| (642R2 dehoo L2y k2| Lo d
/Q < s(ar +az) + s +KCy; 2. +ag | | " dx

<C (1+loaolier)

(3.10)

where C is independent of ¢, ¢ and p. By the triangle inequality, Minkowski’s inequality
and Young’s inequality, we see that

2
1:Valt: < (IVNg e + 7o Vellz)” <

Vol (3.11)

We now choose the constants {a;}%_; to be

1o a—& a3 =a4=ag =1
SCI%, 5 — ) 3= 044 = U — 1,

ar = day = 4
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and write
_ Mo . Lo : 2 [ % 2
€=, 6 ;KZ’ c3 '=KCj; <2Xa + 1) + 2,10,
m::”%fcﬂggg 1o+ dchoo (xa+1+%‘”>,
3mg o Lo X<2/J
cs = 2C2AR3+2h +KC2 (210—1—1),

where the additional xéno in the constant c¢3 comes from (3.11). Then, (3.10) becomes

d

E/ {A‘I’((p = Vol + (oo (1 — )] dx

+/ ¢ |w|2+%|vo\2 dx +/C2|a|2 dHi- (3.12)
Q 2 r

— L eslol +eslol + e Vo dx <€ (14 o).

Integrating (3.12) with respect to t from 0 to s € (0, T] gives

S [0+ 5 V005 + 5 ot + 7511~ x50 d

2
2 oy 2 2

+ il Vallzose) + > 2 Ve ll20s02) + lloliaosizmr (3.13)

2-(0,s;L2) - CSH@H%z(o,s;LZ) - C3||V€0||i2(0,s;L2)

<c+C (S + ”GOO”%,Z(O,s;LZ(F))) >

where the constant ¢g is defined in (3.4). By Holder’s inequality and Young’s inequality,
we have

[ ot = x| < sl + ol ol
(3.14)
Ao 2 Lo 2 2X§? 2
< g llollze + Clxos 196, 20) + -l + p |z,
and thus from (3.13) we deduce that
B %o 21,
Al + FIVeE + F oGz = — el

2 nojts 2 2

+ 1 ”v:uHLZ(O,s;LZ) + THVJHLZ(O,S;LZ) + 62||0||L2(0,5;L2(l")) (315)

- C4||0||22(O,S;L2) - CS||¢’Hi2(o,s;L2) - CSHVQ’Hiz(o,s;LZ)

<+ C (1 + T+ Hffoo||i2(0,T;L2(”)) ’
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Now, by (2.4), we have

1
ol = [ 1of* ax < - ([ wiorax + Roj0)) = ¥ + 2101, G16
Q 1 \JQ
and, for any s € (0, T'],
1 R,
H(P||%2(0,5;L2) < E||T(¢)|‘L1(O,S;Ll) + R, Q) s. (3.17)
Thus, using (3.16) and (3.17), we obtain from (3.15)
2)@
A= | ¥ (@)l + *IIV¢> S+ % 4 1o(s) [
Xo X1
—W(@))0s:1) — 3l VOl L2002 — Callol om0, (3.18)
2 oy
+ el Va5 + > )
<C (1 +T+ ||Uoo||iz(o,T;L2(r))> =10
for some positive constant ¢, independent of s € (0, T, u(s), o(s), and ¢(s). Let
22 B
Cmin = min <A - X(:;({pl 5 5: {f) 5 Cmax ‘= maX(CS/Rl,C3, C4).
Then, ¢yin > 0 by assumption (see (2.5)), and we obtain from (3.18) that
cain (@D + [ V(s) 72 + llo(s)][72)
e
+c HVNHiZ(o,s;LZ) + THVU”iZ(o,s;LZ) + C2H‘7H22(o,s;L2(r)) (3.19)

N
< [ ems (@ + V013 + o) de +c.
0
Substituting

8) = (@)l + IVE)IIZ + o)z,

e
o(t) = — (e[ Vald: + 22 |Vo 2 + ol )
min 2
Cy Cm:
os) = ——, P()="2
Cmin Cmin

into Lemma 3.1, we obtain from (3.19)

(sl + [Vo(s)I22 + [la(s)][2-

1 2 nojts 2 2
+ o (Cl ||V‘u||L2(0,s;]_2) + D ||VO—HL2(0,S;L2) + CZHGHLZ(O,S;LZ(F)) (320)
Cx * Culmy Cime
< +/ S eXp (m(s - t)) dt <oo Vse€(0,T].
Cmin 0 min Cmin
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Together with (3.16), we find that there exists a positive constant C not depending on ¢,
i, and ¢ such that

(@)L + le@)l + llo(s)]7: (3.21)
+ HV.“H%}(O,S;LZ) + ||VG||A%2(O,S;L2) + HUHiZ(O,s;LZ(F)) <G
for all s € (0, T]. =

Remark 3.1 The necessity of (2.5) comes from the fact that in (3.12), we cannot apply
Holder’s inequality and Young’s inequality like in (3.14) to estimate the term

d
G et = s,

as inequalities are not preserved under differentiation.

4 Global weak solutions
4.1 Galerkin approximation

We obtain global weak solutions via a suitable Galerkin procedure. Consider a basis

{w;}ien of H' which is orthonormal with respect to the L?-inner product, and, without

loss of generality, we assume w; is constant and hence fQ widx =0 for all i = 2. In

the following, we take {w;}ien to be eigenfunctions for the Laplacian with homogeneous
Neumann boundary conditions,

—Aw; = A;w; in Q, (4.1a)

Vwi-v=0 onl, (4.1b)

where A; is the eigenvalue corresponding to w;. It is well-known that the {w;},en can

be chosen as an orthonormal basis of L? and then forms an orthogonal basis of H'.

As constant functions are eigenfunctions, w; can be chosen as a constant function with
A1 = 0 (see, for instance [19, Theorem 8.4]). Let

Wy :=span{wy,...,w;} C H',

denote the finite dimensional space spanned by the first k basis functions. We now consider

k
Zuk(rw(x et x) = Zﬁ,mw (x). or(t,x) = D 7f(Owilx),  (42a)
i=1

i=1 i=1

and the following Galerkin ansatz:
/Qatmkwj dx = /Q—m((pk)Vuk -Vw; + (Ap0x — Ag)h(@i)w;dx, (4.3a)

/Q/lijdX = /QA‘{"(qok)wj—l—BV(pk~ij — Zpokw; dx, (4.3b)
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/Q 0w dx = /Q 1) (s Vor — 1o Vi) - VW; — Zeorh(@r)w; dx (4.3¢)

+/F1<(aoo — o )w; dH!,

for 1 < j < k. We define the following symmetric matrices with components:

(M});i / h()wiw; dx, (Mr)ji = /F wiw; dHT,

(Sh)ji = /Q m(@r)Vw; - Vw;dx, (Sy); = /Q n(@r)Vw; - Vw;dx,
for 1 < i, j <k. Let 6;; denote the Kronecker delta, and we introduce the notation

= /QIP'(q)k)wj dx, ij = /r Toow; dHT, h’; = /Qh(qok)wj dx,

'ﬁk = (wlf’“.,wllz)—r’ Zk = (Zk,...,Z,i‘)T, hk = (hk,___,hllz)—r’
Mij = QWindx =0, Sij = /QVW,wVWjdx,
for 1 < i,j < k, so that we obtain the following initial value problem for a system

of ordinary differential equations for ay := (of,...0)T, B, = (B5,..., BT, and y, =
00T

d

= — Sk B+ 2, My — 2HE, (4.4a)
B = AY* + BSa — 1,74 (4.4b)

d

ayk = —Sﬁ(x,ryk — Lp%%k) — XcMﬁyk —KMry, +K2k. (4.4c)

Substituting (4.4b) into (4.4a), we obtain

d
ar% = —SulAVE + BSm— ) + A My, — 2l (45a)
d
3Tk = ~Sulen = o) — ZeMly — KMy, + KXY, (4.5b)

and we complete (4.5) with the initial conditions

(o0);(0) = /Q powpdx,  (3,05(0) = /Q sow;dx for 1< j <k, (46)
which satisfy

k k

> @i Owi|| < llgollg.  ||>_@iOwi|| < looll2 Vk €N.

i=1 H! Jj=1

12

We remark that (4.5) is a non-linear ODE system and S*, S*, y*, M} depend in a
non-linear way on the solution. Continuity of m(-), n(-), h(-) and W'(-) imply that the
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right-hand sides of (4.5) depend continuously on «; and y,. Thus, we can appeal to the
theory of ODEs (via the Cauchy—Peano theorem) to infer that the initial value problem
(4.5) has at least one local solution pair (ax,y,) defined on [0, ;] for each k € IN.

4.2 A priori estimates

Next, we show that ty = T for each k € IN by deriving a priori estimates. By the
Cauchy—Peano theorem, (4.4b), and (4.2), we see that

o1 ox € CH[0, k] Wi), e € CO([0, 1] ; Wi).

We proceed similarly to the derivation of (3.3). Let d;; denote the Kronecker delta.
Multiplying (4.3¢) with 7,75 4 y,(w; '61; — t) and summing from j = 1 to k leads to

/Q 3042001 + Zo(1 — 1)) + 1(1) |1 Vr — 2 Vil dx
_ /Q reoeh(@0) 100k + 10(1 — @) dx (4.7)
4 / K (0o — 00) (1005 + 10(1 — @) &1
r

Here, we used that wy is constant, Vw; = 0, and the linearity of the trace operator. Next,
we multiply (4.3a) with ¥, and summing the product from j = 1 to k leads to

/Qmok — hyoeh(r) + Aah(o) i+ m(gn) Vil dx = o. (48)

Similarly, we multiply (4.3b) with %oc’]‘», and summing the product from j =1 to k gives

0= /Q (—t + AW (1) — 70000001 + BV oy - Vo dx. (49)

Upon adding (4.7)—(4.9) we obtain

d B 2, S 2
3 L [Are0+ 5 ol + S o + ot - g0 ax

+/ m(ox) Vi) + n(r) [70Var — 1,Ver|” dx + / K1, |ox]* dH!
Q r (4.10)

+ /Q 7eaeh( 0 o0k + 71 — 00 + (a — Ao (i) dx

- / Kooo(ook + 201 — 91)) — Kaizo(l — @) dH! =0,
r

Thanks to Young’s inequality, Poincaré inequality and the trace theorem, we can deduce
that an analogue of (3.12) holds for ¢, o) and p via a similar calculation to that in the
proof of Lemma 3.2. Then, following the proof of Lemma 3.2, we obtain the following
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discrete a priori estimate
sup (|1 (@r(s)lles + [ @r()Iz + llow(s)]72)
s€[0,T] (4.11)

+ HvﬂkHiz(o,T;Lz) + ”VO—kHiZ(O,T;LZ) + ||6k||i2(0,T;L2(l")) <G,

where C is the constant in Lemma 3.2. Setting j = 1 in (4.3b) leads to

Wi dx =/ AY'(@r) — 2p0k dx,
Az 0 ?

and applying the same calculation to that in (3.6) we obtain analogously

2
s < 2C2 Vel +2 | Jax] o

< 2G| Viuel|3> + 6A°R3| i ||7> + 675 llokl|7> + C(A, Rs, |Q)).

(4.12)

Integrating with respect to time from O to T, and using (4.11), we obtain

”:ukHiZ(O,T;LZ) <C (HvﬂkHiz(O,T;Lz) + ”(Pk”iz(O,T;LZ) + ”akHiz(O,T;LZ) + 1)
< C(1+0).

(4.13)

Thus, with (4.11) and (4.13), we see that there exists a positive constant C depending on
C and T such that

S(l(l)PT] k()| + |kl 20,7210y + 1ok | 20,701y < C,s
€,

N

for all k. This a priori estimate in turn guarantees that the solution {¢x, o, ux} to (4.5)
can be extended to the interval [0, T], and thus ¢, = T for each k € IN.

4.3 Passing to the limit

Let II; denote the orthogonal projection onto W) = span{wy,...,w}. Then, for any
{ e L*0,T;H"), we see that

k
/Qa,qokC dx z/Qaz(pkaC dx zjzl:/ga,gok{fkjwj dx,

where {{xjti<j<k C R¥ are the coefficients such that IT,{ = le;l kjw;. Thus, from (4.3a),
and the boundedness of m(-) and h(-), we find that

T
/0 /Q deprl dx

<my ||V

L2(Q%(0,T)) V1T ||L2(Q><(()’T))

) [ (4.14)
+he (jtho-k”Lz(Qx(O,T)) + 4a ‘Q|2 T2> ”HkCHU(QX(o,T))

< Cll¢l 2,120,
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for some constant C > 0 independent of k. Similarly, we obtain from (4.3¢) that

T
/ / atakc dx
0o JQ

sm (x(; VGkHLZ(Qx(o,T)) + Xw||v99k||L2(Qx(o,T))) HVHkC”LZ(QX(O,T))

+ Zehool|owll 2 0.y TN 2@ 0.7
+ KCi (||Joo||L2(r x(0,7)) T ||‘7k||L2(Fx(0,T))> HHkCHLZ(O,T;HI)
< CllL2,1:11),

for some constant C > 0 independent of k. Hence, together with (4.11) and (4.13), we find
that

{@i }ken bounded in L>®(0, T; H')Yn H'(0, T;(H")*),
{1 }ren bounded in L*0,T:H"Y),
{6} }ren bounded in L>=(0, T;L?) N L*(0, T; H')N L*(0, T; L*(I')) N H'(0, T; (H")*).

By standard compactness results (Banach—Alaoglu theorem and reflexive weak compact-
ness theorem) and [20, Section 8, Corollary 4], we obtain, for a relabelled subsequence,

Qo — @ weakly-+ in L(0, T;H"),

QO — @ strongly  in C([0, T]; L") N L*(0, T; L) and a.e. in Q x (0, T),
0;pr — 0,0 weakly in L2(0, T;(H")*),

oK — 0 weakly-+ in L*(0, T;H') N L>(0,T;L*) N L*(0, T;L*(I')),

ox — 0 strongly  in L*0, T;L?) and a.e. in Q x (0, T),
di0k — 0,0 weakly  in L*(0, T;(H')*),

e — U weakly in L*(0, T;H"),

where p € [1,00) for dimensions d = 1,2 and p € 1,% for dimensions d > 3. In
particular, the above compactness holds for p € [1,2] in any dimension d, i.e., ¢y — @
strongly in L>(0, T;L?) = L*(Q x (0, T)).

For a fixed j and 6 € C>(0, T), we have 6(t)w; € L*(0,T; H'), and so, by the triangle
inequality and Holder’s inequality, we obtain

T
| 1o = o) dx dr < o = olaranlionliara — 0 as k — .
In particular, we have
(1+ |@k]) [0w;] — (1 +|@|) [6w;| strongly in L'(Q x (0, T)) as k — oo.
By continuity and the growth assumptions on ¥’(-), we have

Y(pk) — P'(p) ae. ask — oo, | (@r)dw;| < Rs(1 4 |ox]) |[dw;].
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Then, the generalised Lebesgue dominated convergence theorem (see [18, Theorem 1.9, p.
89], or [1, Theorem 1.23, p. 59]) yields that

W (@r)dw; — P'(@)dow; strongly in L'(Q x (0, T)) as k — oo,
j j

which leads to

T T
/ / W' (pk)ow;dx dt — / / ¥ (p)ow;dx dt as k — oc.
0o JQ o JQ

Next, by continuity and boundedness of m(-), we see that m(px) — m(p) ae. in Q x
(0, T), and applying Lebesgue dominated convergence theorem to (m(¢px) — m(@)) [0 Vwj|
yields

[l (m(er) — m(q’))éVWJHLz(QX(O‘T)) — 0 as k — oo.

Together with the weak convergence Vy, — Vu in L2(0, T ; L?), we obtain, by the product
of weak-strong convergence,

T T
/ / m(@r)oVw; - Vi dx dt — / / m(@)oVw; - Vudx dt as k — oo.
0o JQ 0o JQ

Terms involving n(-) and h(-) can be dealt with in a similar fashion.
Multiplying (4.3) with 6 € C°(0, T'), integrating in time from 0 to T, and passing to
the limit k — oo, we obtain

T T
/0 3(0) (D, wj) dt = /0 /Q 3(t) (=m(@)Vu - Vw; + (Zp0 — Aa)h(@)w;) dx dt,
T T

/ / o(H)uw;dx dt = / / o(t) (A‘P'((p)wj + BV -Vw; — Xq,awj) dx dt,
/ 0(t)(0,o,wj) dt = / / 5(t) Q)(sVo — 1o V) - Vw; — /l(,ah(q))wj) dx dt

+/0 /Fé(z)K(aoo—a)w,-dHH dr.

Since this holds for all 6 € C2°(0, T), we infer that (¢, i, o) satisfies

(Orp,wj) = /Q —m(@)Vu - Vw;+ (4,0 — L )h(e)w;dx, (4.15a)
/Q,uwjdx =/QA‘I’/(go)wj—i—BV(p~ij—;{q,owjdx, (4.15b)
(0o, wj) = /Q (@) (s Vo — o V@) - VW; — Jcoh(@)w; dx (4.15¢)

—i—/K(aoo—a)wjde_l,
r
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for a.e. t € (0, T) and for all j > 1. As {w,};cn is a basis for H', we see that the triplet
(@, 1, o) satisfies (2.6) for all {, 1, ¢ € H'. Moreover, the strong convergence of ¢ to ¢ in
C([0, T];L?) and the fact that ¢, (0) — @o in L? imply that ¢(0) = ¢o. Similarly, by the
continuous embedding

L*0, T;HYNH' 0, T;(H"*) c C([0, T];L?),

and that ¢;(0) — og in L%, we have ¢(0) = . This shows that (¢, 4, ¢) is a weak solution
of (2.6).

5 Continuous dependence

Suppose, we have two weak solution triplets {¢;, i, 0 }i=12 to (1.1) satisfying the assump-
tions of Theorem 2.2. Let us denote the differences by

Q=@ — @2, 0:=01—03 M=/ M) o =0l 0 (5.1)
Then, we see that

@ € L0, T;H)YNnH' 0, T;(H")*"), peL*0,T;H"),
o L0, T;HHYNL®0,T;L>)NH'0, T;(H")*)n L*0,T;L*I'))

satisfy
(0i0,() = /Q =V -V + 2p(arh(er) — a2h(92)) — Za(h(@1) — h(g2)) dx,  (5.2a)
/Q pidx = /Q AW (¢1) — ¥ (92)2 + BV - Vi — y,04dx, (5.2b)
©00.8) = [ o - 1,V 0): Ve dx (520)
= /Q de(arh(@r) — aah(@a))é dx + /F K(Zo —0)édHit,

for all {,,¢ € H! and for ae. t € (0, T). Testing with { = ¢, ¢ =0, . = i — y,0 leads to

! lol7. = /Q V-V +i(aih(er) — a2h(@2))e — Ld(h(@1) — h(2))pdx, (5.3a)

1~ Ko

lollz: = ~ 411V

d
dt
d
= ) (5.3b)

N = N

+ /Q 1V Vo - 2oihlpn) - ahlp)odx + K [ Zooanil,
r

il = /Q A (1) — P (@2)(t — 700) + BV - V(i — 7,0)dx (5.3¢)

2 2
+ Xq)Ho-HLZ'
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Upon adding the products of B with (5.3a) and (5.3b) with (5.3c), we obtain

o]
D—‘Q_

= (lollZ: + llellz:) + i = x5 llo i + BiolIVolli: + BK ollz)

/Q(Ulh((l)l) — 62h(92))(4pBo — 4:Bo) + A(Y'(¢1) — ¥ (2)) (1 — 740) dx

— B, /Q (h(¢1) — h(92))p dx + BK / oo dH! (5.4)
I
< /Q (11 L |0] + oo [0} B 0] + 2B |6]) + AL || (1] + 7 |o]) dx

) 2 BK BK
+ [ B of dx + 251wl + ol

where we have used Holder’s inequality and Young’s inequality on the boundary term
involving X, and the Lipschitz assumptions on h(-) and ¥’(-) to deduce that

lo1h(p1) — a2h(@2)

)| < lai1] [h(e1) — h(@2)| + |o| [h(p2)| < |o1| Li @] + heo |a],
¥ (1) — V(p2)| <

Ly |o].

Next, let us consider a constant X > 0, yet to be determined, and consider testing with
A= X in (5.2b). Then Holder’s inequality and Young’s inequality lead to

BX| Vol = X /Qw FACY (02) — W(g1) + 700)p dx

< C(X, A s, L) (Il 2 lolliz + llllz: + ol lolli2)

(5.5)
1
< g luli: + €%, A, 70, L) (0122 + lol7:)
Adding (5.5) to (5.4) yields that
B d
5 a7 (o 12 +lloli:) = xllelz:
»  BK . 2 2
+ B, Vol + =5 o, + BRIVl +
Lo 2 2 BK 2 (5.6)
< g Il + €A, B, L s 00 L) (Il + 0132) + = Zee B

4 /Q (1] L 9] + hoo [01)(B 9] + 2B |a]) + ALug o] (] + 20 o) dx.

By Holder’s inequality, Young’s inequality and the following Sobolev embedding for
dimensions d < 4,

Iflls < Csllf | Vf € HY, (5.7)
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where Cg is a positive constant depending only on Q and d, we have

/Q(lalth\<P|+hoo|0|)(/1pB|<P| + 4cBla]) + ALy @] (|u] + %4 o)) dx
< LuZpBllaillizl| 2 + LuZeBllonllizll el s ol s
1
+ C(Ap, B, 2, hooy A, Ligr 1) (|9l + llolI72) + leﬂ\liz

B
< (céLthp|o-1||m,T;L2) ; %c;‘Lizzmﬁw(o,T;U)) ol
o

Bys
2

1
+C (leli: + lolli2) + Zllulz: + == VoL,

where the positive constant C depends on 4, B, ¢, hoo, 4, Ly, 7, and y,. In turn, from

(5.6) we obtain

B d
= (ol +llol:)

By, BK
29013 + 25l + BX Vol

1 ,
- BcéLhHGIHLW(O,T;H) (/lp + 72}( CéLh/“(2:||O'1|L°°(O,T;L2)) ||V<P||i2
g

BK
<C(lglR: + Io13:) + = 12wl

1
+ EHHHiz +
(5.8)

where the constant C depends on |61 | L<.7:12), Cs, 4, B, Ly, 4p, Ac, hoos %9 Xo» X, and
L. We now choose

1 )
x> (CéLhiﬂal Lo 0.7:22) + ichﬁﬂgHUl %OO(O,T;LZ)) )
and so there exist constants ¢, C > 0 such that
d
< (lolli: + leli:) = € (loli: + llellZ:)
+llallg: + 1Vali: + llollzr + 1Vollz: < ol Zsollfzqr,
and a Gronwall argument yields
S
(lo)Iz: + lle)lZ:) +/0 Iullz: + Va7 + llollz ) + [ Vellz. dt
< CCXP(CT)HZoo||%2(0,T;L2(r)) +exp(CT) (||'7(0)Hi2 + ||€0(0)||i2) )
for any s € (0, T]. Taking the supremum in s on the left-hand side yields the desired

result.

6 Quasi-static nutrient

For the existence of weak solutions to (1.11), we will only show the existence of solutions
at the level of the Galerkin approximation and provide the necessary a priori estimates.
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6.1 Existence of Galerkin solutions

Similar to Section 4.1, we consider the Galerkin ansatz
/Qat(pkwj dx = /Q—m((pk)Vuk~ij+(lpak — da)h(pr)wjdx, (6.1a)
/Qukwj dx = /QA‘P'(q)k)Wj + BV i - Vw; — go01w;jdx, (6.1h)
/FK(%o —a)w,; dHT! = /QD(cpk)(wk — Vi) - Vw; + deoxh(w;dx,  (6.1¢)

with the finite-dimensional functions ¢, o, and i as defined in (4.2). Then, (6.1) can be
written in terms of the following initial value problem

d
G = ~Subit My — 2l (62a)

B = AY* + BSa — 1o, (6.2b)
0=S5%(y, —naw) + A-Mky, + KMy, — KXF, (6.2¢)

with initial data «;(0) defined in (4.6). Here, the matrix S’l‘) is defined as

(S = /Q D(@)Vw; - Vv dx,
for 1 <i,j < k. Upon rearranging, we see that (6.2c¢) can be written as
(Sh + AM} + KM )y, = nSpay + K",

Note that for a general coefficient vector & = (51,...,£k)T e R¥ corresponding to v :=
Zli;l Ew; € Wy, we have

ET(SK 4 aMl+KMp)E= /QD(q)k) [Vo|* + Ach(gr) o) dx + / K [ dx >0,
r

where we used that A, = 0, h(-) = 0 and D(-) > 0. This in turn implies that S’f) + icMﬁ +
KM is positive semi-definite. Moreover, by the Poincaré inequality (2.2) it is clear that

0=¢"(SK + 1Ml +KMp)é —=v=0<=&=0,

and thus S’B + /chﬁ + KM is an invertible positive definite matrix. We can now write
(6.2) in terms of an initial value problem in oy,

d k k ko k
—oa; = —B — ol — A
; o S Soy — A SV 63)

+ (1o Sk + 2pM3) (S + 2M}y, + KM )~ (nSpoy. + KZ*),

with o (0) as defined in (4.6). We find that the right-hand side of (6.3) depends continuously
on ay, and for every k € N the existence of a local solution defined on [0, t] is guaranteed
by the Cauchy—Peano theorem.
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6.2 A priori estimates

The derivation of a priori estimates for the Galerkin solutions follows in a similar manner
to Section 4.1. Multiplying (6.1a) with ﬁﬂ? + ;((py’]? and (6.1b) with (ft oc’j‘, and summing from
j=1tok gives

d B
*/ {A‘I’/(éok) + |V(Pk|2:| dx —|—/ m(er) Vi - Ve + 7p0k) dx
dt Jo 2 Q (6.4)

- /Q (0t — A)(@) (i + 700) dx.

Let W denote a positive constant yet to be determined. We multiply (6.1¢) with Wyf and
sum from j = 1 to k, leading to

W /QD(q)k)(WakF Vo - Vo) + e ok h() dx

(6.5)
= / WK (600 — ox)ax dH.
r
Summing (6.4) and (6.5) leads to
i/ AY¥(or) + =l IVoi|*| dx +/ WK |oi|* dH!
dt Jo 2
+ Lm0 [V + WDlp0) [Vl + Wichton) il d

(6.6)

/ (Zpok — Za)M( @)1tk + %p0k) — 1omM(@k)V ik - Vo dx

+ /QWD(qok)nV(pk - Vo dx +/ WK oo, dH.
r

Neglecting the non-negative term fQ Ac(@r) |o'k|2 dx, and using the boundedness of m(-),
D(-), and h(-), and applying Holder’s inequality and Young’s inequality we have

d B
3 | Javen+ |m|ﬂ dx + il + WGl + Wy

< X(/?

< Wf”“oo“%z(r HV

(6.7)
d ,
+ (hoo/upzl +d2) ||yk\|iz + oo (’lpzdl + Apo +d3> llaw|32

+ C(d2> d35 X(/la /la; h007 |Q|)7

for some positive constants dy,ds,ds yet to be determined. Employing (2.2), we see that

lowli: <263 (19wl + lloelEr)) - (63)
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and from (4.12) and (3.16) we have

|7 < 2GRV pell72 + 64 R3[|l 72 + 675 llowI 7> + C(A, R, |Q)
6A2R§

< 263 Va3 + ¥ (@i)l| + 67 lloxlIz: (6.9)

+C(A,R1,R2,R3,|QD-

Substituting (6.8) and (6.9) into (6.7) leads to

d
2 [areot + Z1veu] -

m dy
+ 1V e (20 —2C2 (h Iy 2+ d2>)
K

1 , di
+ lowllZ2r) <w2 —2C} (hoo (}”"Zdl + pto + d3> + 65, (hoo)vpz + d2>)>
Dy xim 1 . d
+ | Va2 <W20 _ /cpz L a2 (hoo <Al,2dl + Apto + d3) + 61, (hooﬂ,,zl +d2>>>
6A4°R3 d
||\P (23 ||L1 1 (hoo P 21 +d2>

< C(R1>R2>R37A’ W)K,d27d37 X(P, ;La’ hOO’ |Q|) (1 + HGOCH%‘Z(F)) .

(6.10)
We choose
my my
d = ——, =——, d3=1,
' 8hi,C2 T 1602
and
W > min 2 2 X(Z’)rm—i-ém 2 +2Chh M—FA +1
K Do 2 4 OX(p Pioo mo vk
so that there exists a positive constant ¢ such that
4 ¥ @Il + 5 ||V<PkHLz - TI%RI”T((P/()”L‘ - IVl
+@ (V3 + 190t + ol ) < € (14 low ) -
A Gronwall argument gives
sup (|[¥(ex(s) 1 + [IVor(s)llz)
s€(0,T]
IVl 0722y + IV 0kl 20 7:02) + N0kl 20,7020y (6.11)

2
<C (1 + ||Goo||L2(o,T;L2(F))) ’
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for some positive constant C that does not depend on ¢y, o and uy. Here, we see that for
the quasi-static model (1.11) the assumption (2.5) for the constant A4 is not used. Invoking
(6.8) and (6.9) give

Hﬂk”ZLZ(o,T;LZ) + ||0k||2L?(0,T;L2) <C (1 + ”O—OO“iZ(O,T;LZ(F))) . (6.12)

The above a priori estimates (6.11) and (6.12) imply that we can extend the solution
{@k, ik, ok } to the interval [0, T], and thus ty = T for all k € IN. Together with (4.14) we
obtain

{1 }ren bounded in L>=(0, T; H') N H (0, T;(H")*),
{1 }ren bounded in L*(0, T; H'),
{0k }ken bounded in L*(0, T; H') N L*(0, T; L*(I')).
Uniform boundedness in the above spaces and the standard compactness arguments allow

us to pass to the limit k — oo in (6.1) to deduce the existence of a weak solution (¢, u, o)
to (1.11) in the sense of Definition 2.2.

6.3 Further regularity
Suppose that o, € L>®(0, T; L>(I')), then substituting ¢ = ¢ in (2.7¢) leads to

/ K(0oo —0)adH™ = / D(¢)(Vo —nVe)-Vo+ A |o'|2 h(p)dx.
r Q

By the non-negativity of A. and h(-), the boundedness of D(-), Holder’s inequality and
Young’s inequality, we obtain

K D17’]2

Do K
—EMVﬂﬁr+§wﬂﬁmw<—Emeéw)+—3—uvwﬁL (6.13)

As ¢ € L>®(0,T;H") and o, € L>(0, T;L*(I')), taking the supremum of t € (0, T] in
(6.13) and by applying the Poincaré inequality (2.2), we find that

o€ L0, T;HY).

6.4 Continuous dependence
Suppose, we have two weak solution triplets {¢;, i, 6, }i=12 to (2.7) satisfying the assump-
tions of Theorem 2.4. Let ¢, u and ¢ denote the differences respectively. Then
@ € L0, T;H')NH'(0,T;(H')),
weLX0,T;HY), o€ L>0,T;H"),
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and
(0i,0) = /Q =V -V + Ay(a1h(er) — a2h(92)) — Aa(h(@1) — h(p2)){ dx,  (6.14a)
/Q uldx = /QA(‘P’(gol) — ¥ (¢3))A+BVe-Vi— LoOAdx, (6.14b)
0= /Q D(Vo —Vg) - VEdx + /Q Je(arh(@1) — a2h(@2))E dx (6.14¢)

+/FK(J — T )EdHT,

for all {,1,¢ € H' and for ae. t € (0,T). Testing with { = ¢, ¢ =0, 1= ¢, and 1 = pu

leads to
1d,
EE”(pHLz = o —Vu- Vo + p(a1h(er) — a2h(92))@ — La(h(@1) — h(p2))e dx, (6.15a)
DIVoli: = ~Klolr, + [ Dive- Vo~ iaibion) ~ oahigalodx  (6150)
+K / oo dHT,
r
/Qmp dx = /QAOP’(@I) —W(2)p — 1,00 dx + B[Vl (6.15¢)

||,uH2Lz = /Q AY' (¢1) — W (p2)u+ BV - Vi — ALoopudx. (6.15d)

We proceed similarly to Section 5. Let ), Z denote two positive constants yet to be
determined. Upon adding the product of B with (6.15a), the product of Z with (6.15b),
the product of ) with (6.15¢), and (6.15d), we obtain

B d
2 dt
1z (anniz + Kol + i [ oo |of dx)

lollz: + llullZ: + BY[ Vel

= /Q Bip(a1h(@1) — 02h(92))p — Bia(h(p1) — h(¢2))e dx (6.16)
+ /Q DnZvV¢ -Vo — . Zai(h(p1) — h(¢z))o dx + ZK /r oo dri!

+ [ Yo — A (01) = Wo2)0Y = 10+ 1,00 ~ w)dx,
where we have used the splitting

(01h(p1) — 02h(@2)) = |o|* h(g2) + a1(h(@1) — h(p2))a.
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By Holder’s inequality, Young’s inequality and the Sobolev embedding (5.7), we find that
the first line on the right-hand side of (6.16) can be estimated as

/Q Bip(a1h(@1) — 02h(92))p — Bla(h(p1) — h(@2))e dx

ByllolzLallollzs + Blphssllolliz [l > + BiaLulollz:

<
2 24212 2 (6.17)
< (B4, Lalloi[|L.r:02Cs + BAaLi + B> 2512) [l 72

1
+ BAyLallorlliory G Vel + 7 llolie-
Meanwhile, the second line on the right-hand side of (6.16) can be estimated as
/Q DnZvV¢ -Vo — 2. Zo1(h(e1) — h(gz))o dx + ZK/ Sooo dHiT!
r

7||V ||L2+ ||V</>||L>+le (lotllsLullelzslloll22)

ZK ZK
+— ||Zoo||L2(r +— ||U||L2

ZD;1

(6.18)
<2||v6||iz+< o+ 220 g CILE ) 191

1
+ 2L o1 e o am Cs o7z + I oz

ZK ZK
T”Zooniur)‘*‘T”U”iZ(r)

Here, we point out that we use the assumption ¢; € L>(0, T'; H'). Similarly, the last term
on the right-hand side of (6.16) can be estimated as

/Q Vio — A (91) — ¥ (02))0Y — 1) + 1,0V — ) dx

< Vllullzzllolle + ALy (Vllelz: + loll2llul2)

(6.19)
+ 1oVl ol + xolloll ol 2

3
< lullz: + €AY, Ly g0 ll7: + 225 o172

Substituting (6.17)—(6.19) into (6.16) leads to

d B DZ ZK
LB o+ 2wl + 221901 + 2 ol — ol
ZDn? \ ,
+ ||v§0||iz <By - —— — B4Llay ||L°°(0,T;L2)C§ - 22/“5”0'1 ioo(o,T;Hl)L%ng)
1 ZK
ol (2 +3) < Szl

where we have used the non-negativity of () and A, to neglect the term A.h(¢;) |o'\2, and
C is a positive constant depending on A4, B, Y, Z, Ly, Ly, %> 4ps> 4as 2e> Cs, |01 Lo 0,7:11)
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and hs. By (6.8), we see that

1 1
32 (DIVelR: + Klloli) - (223 +5) lol:

1 . 1
><2meULK}—X¥<Mi+2>>0W%M;+|abwo,
and so in choosing
4C3 , 1
> — 2 =,
min(D, K) ( Lot 2
1 [ ZDy?

y> B (2 + By Lot || Cs + 274

2 24
‘71|Loo(o,T;Hl)Lth) >
we find that there exist constants C,¢ > 0 such that

d _
rlleli: = Clleli: + leli: + 1Velli: + ol + IVeli: <@l Zwllir,

and a similar argument to Section 5 yields the desired result.

7 Discussion

We point out that we are not able to improve our class of admissible potentials to those
with polynomial growth of order higher than 2. In particular, our well-posedness results
do not cover the case of the classical quartic double-well potential. This is due to the fact
that in the derivation of (3.3) (specifically in (3.7)), we encounter a term of the form

iz (1+1o]r2) - (7.1)

If we use the equation for the chemical potential, this leads to a term of the form

1" (@)l (14 llollzz) - (7.2)

If ¥’ has polynomial growth of order g, i.e., |¥'(1)| < R(1+]t|?) for some positive constant
R and for all t € R, then we have to control the product

el (1+lloll2)

with the H'-norms of ¢ and . In the absence of any a priori bounds before (3.3), we
have to consider ¢ = 1, that is, ¥ has at most quadratic growth.

This differs from the analysis of [4,9], where the Lyapunov-type energy identity (1.15)
automatically gives a first a priori estimate without the need to estimate the square of
the mean of y, or equivalently an estimate on ||¥'(¢)||;>, which is present in our setting.
Instead of (2.4), we may also consider potentials that satisfy

W/(s)| < kiv/¥(s) + ko, (7.3)
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for positive constants k; and k;. This yields

1 1
W' (@)l < killv/(@)ll12 + ko |Q < ki |Q7 [[W(@)]| 2 + k2 |9

This allows us to estimate (7.2) using |¥(¢)||. instead of relying on any growth assump-
tions on ¥'. However, a scaling argument with W(s) ~ |s|" shows that (7.3) is satisfied
only if r < 2. Thus, we do not gain much if we replace (2.4), with (7.3). Moreover, (7.3)
seems to be a more restrictive assumption than (2.4),.

Lastly, we note that [9, Lemma 2] provides an approximation procedure to potentials
with polynomial growth of order 6 by a sequence of regular potentials with quadratic
growth. This is accomplished by means of a Yosida regularisation of the derivative ¥'.
However, we are not able to apply this idea to our analysis as the key priori estimate
(3.3) is not uniform in the constant Rz, which acts as the regularisation parameter in the
corresponding Yosida approximation.

8 Conclusion

In this work, we provide well-posedness results for a system coupling a Cahn-Hilliard
equation and a parabolic reaction-diffusion equation to model tumour growth with
chemotaxis and active transport. The existence of weak solutions is shown using a
Galerkin procedure. In contrast to some diffuse interface models for tumour growth
studied in the literature, the model presented here admits an energy equality with non-
dissipative right-hand sides and allows for some realistic source terms. The presence of
the source terms places some restrictions on the class of admissible potentials, namely
potentials with quadratic growth. In addition, we also study a system coupling a Cahn—
Hilliard equation and an elliptic equation, which is realistic when bulk diffusion of the
nutrient is fast and is often the case in applications. We are also able to prove the
continuous dependence on initial and boundary data for the chemical potential yx in
L*(Q x (0, T)) and for the order parameter ¢ in L>(0, T ; L>(Q)).
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