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In this work we present the results of our investigation of SU(2) gauge theory with two Dirac fermions in
the adjoint representation (aQCD2), which belongs to the class of strongly interacting gauge theories that
are of basic interest for extensions of the Standard Model. We have done numerical lattice simulations of
this theory at two different values of the gauge coupling and several fermion masses. Our results include the
particle spectrum and the mass anomalous dimension. The spectrum contains new exotic fermion-gluon
states and flavor-singlet mesons. The mass anomalous dimension is determined from the scaling of the
masses and the mode number. The remnant dependence of the universal mass ratios and mass anomalous
dimension on the gauge coupling indicates the relevance of scaling corrections, such that earlier estimations
for the universal fixed point value of the mass anomalous dimension are incomplete without their inclusion.
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I. INTRODUCTION

New strongly interacting gauge theories are interesting
possibilities for an extension of the Standard Model of
particle physics. This leads to the general theoretical
question about possible realizations of these interactions
and, in particular, whether a dynamics and a particle
spectrum completely different from QCD can be observed.
These questions motivate the investigation of SU(N) gauge
theories with different numbers of fermions in different
representations of the gauge group. Particularly interesting
are theories with an infrared fixed point in the “conformal
window.”
The possible realizations of strong interactions that

might be relevant for extensions of the Standard Model
are a motivation for our current investigation of theories
with fermions in the adjoint representation of the gauge
group. The adjoint representation is particularly interesting
among the higher representations of the gauge group. This
representation is employed in several interesting theories,
including supersymmetric Yang-Mills theory and techni-
color candidates. The objectives of our investigations are,
however, not phenomenological aspects of theories extend-
ing the Standard Model, but to study basic nonperturbative

characteristics of the dynamics and structure of gauge
theories different from QCD.
One example for extensions of the Standard Model are

technicolor theories [1,2]. They provide a more natural
representation of the electroweak sector by introducing a
new strongly interacting sector on a higher energy scale.
The Higgs particle emerges as a light scalar bound state of
elementary particles in the new sector. The absence of other
bound states in the same mass region requires a mechanism
for the generation of a strong mass hierarchy with a light
scalar. This cannot be achieved by a simple modification of
standard QCD.
This non-QCD-like feature, and other related ones, could

be obtained as a consequence of a “walking,” i.e., near IR
conformal behavior of the gauge coupling [3]. The running
of the gauge coupling typically becomes slower with an
increasing number of fermions, which is already evident
from the perturbative beta function. With a suitable set of
fermions a conformal window appears, in which the
running terminates at an infrared fixed point, where the
theory becomes scale independent. The upper boundary of
the conformal window, where the fixed point disappears
due to the loss of asymptotic freedom, is determined by
the perturbative running in the weak coupling regime,
whereas the lower boundary can only be investigated by
nonperturbative methods. Several analytical [4–6] and
numerical lattice studies [7–15] have been dedicated to
the investigation of the conformality of different gauge
theories. For a review concerning the lattice results,
see [16–19].
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Theories with fermions in higher representations are
favored in this approach since they allow for a near IR
conformal behavior with a relatively small number of
fermions. In particular, the theory with Nf ¼ 2 Dirac
fermions in the adjoint representation of SU(2), also called
minimal walking technicolor, has interesting applications
in phenomenological models [20]. Apart from that, the
questions about the size of the conformal window and
theories with different realizations of strong interactions are
of basic quantum field theoretic interest.
Other interesting gauge theories with fermions in the

symmetric and antisymmetric tensor representation are
related to models in the adjoint representation by large
Nc equivalence. This leads to constraints for the conformal
window of models in the symmetric representation that can
be deduced from the adjoint one [21].
In this work we present our results for SU(2) gauge

theory with Nf ¼ 2 Dirac fermions in the adjoint repre-
sentation (adjoint QCD, aQCD2), including a comparison
to our previous studies of supersymmetric Yang-Mills
theory, which corresponds effectively to a Dirac fermion
flavor number Nf ¼ 1=2. We focus on the near IR con-
formal behavior, the appearance of a light scalar particle,
and a large mass anomalous dimension. Compared to other
studies of such models, our results include the investigation
of particle states that have not been considered so far,
namely new exotic fermion-gluon bound states that are
special in this theory, and mesonic states in the flavor
singlet channel. Moreover, we have determined the mass
anomalous dimension with a new method similar to the one
introduced in [22] for the determination of the mode
number. Our results on the dependence of the anomalous
dimension on the bare gauge coupling give new evidence
for the relevance of scaling corrections.
The existence of an infrared fixed point is a universal

feature of a given theory, but the direct determination of the
conformality from the running of the coupling might be
biased by technical difficulties and the scheme dependence.
An alternative approach for the determination of universal
properties like the existence of the fixed point and the mass
anomalous dimension is the investigation of mass deformed
theories. The conformal behavior of such a theory mani-
fests itself in the particle spectrum. In the first approxima-
tion, the masses M of all states should scale to zero
according to M ∝ m1=ð1þγ�Þ, where m is the residual quark
mass, and the mass anomalous dimension γ� is the same for
all states [23]. This hyperscaling should be observable if m
is below a certain threshold. It is quite different from the
chiral symmetry breaking scenario, where a clear separa-
tion between the pseudo-Nambu-Goldstone bosons (pNGb)
and the rest of the spectrum appears at small m, and
eventually the mass of the pNGb goes to zero in the chiral
limit, whereas the masses of the other particles remain
finite. It is in general difficult to discern to which of the two
classes the considered theory belongs, since one is always

restricted to a limited range of m in the lattice simulations,
and the chiral limit m ¼ 0 can only be reached by
extrapolation. An additional difficulty is the influence of
the gauge coupling, which is expected to be irrelevant at the
infrared fixed point, but can in principle still be nearly
marginal; i.e., the scaling exponent is y0 ≲ 0. The inclusion
of the related scaling corrections has been the subject of
recent investigations [24]. It turned out that the inclusion of
these corrections was essential to arrive at universal results
from simulations with different lattice actions. In our
current work we make first investigations of the signifi-
cance of these scaling corrections. The investigation of
these effects is important since they might explain the
differences in various estimations of the universal behavior
of technicolor candidates. A complete analysis of these
effects would, however, require a larger number of
simulations.
In a QCD-like theory asymptotic freedom implies that

the continuum limit is reached at vanishing gauge coupling.
The dependence of physical quantities on the gauge
coupling is hence essential to determine the universal
continuum limit. On the other hand, the gauge coupling
is irrelevant in a theory in the conformal window, as long as
it is not in the strong coupling regime. However, the
position and the existence of the infrared fixed point are
not known a priori and hence one cannot rely beforehand
on these assumptions. Even if the β-function has a non-
trivial zero, corrections to the scaling behavior appear in the
weak coupling regime, where the effects of the lattice cutoff
disappear. Our results show that indeed the scaling proper-
ties of adjoint QCD on the lattice do depend on gauge
coupling. In particular, the mass anomalous dimension γ� is
lower if it is extracted from our ensembles with larger β.
A comparison with supersymmetric Yang-Mills theory,

which is clearly below the conformal window, might help
to resolve the differences between the conformal and the
chiral symmetry breaking scenario. In such a comparison it
is important to choose a comparable lattice realization since
lattice artifacts might have a significant influence on the
scaling behavior.
This paper is organized as follows. In Sec. II we present

an overview of the general chiral symmetry pattern and the
continuum formulation of adjoint QCD. In Sec. III we
present our general setup for the numerical investigations of
aQCD2, including the considered lattice action. In Sec. IV
we discuss the range of the simulation parameters.
Section V summarizes our numerical results for the particle
spectrum of this theory with a focus on the most important
states, the glueball, the fermionic spin 1=2 state, and the
scalar singlet meson. This includes details about the
uncertainties in the numerical estimations. Estimates for
the mass anomalous dimension from the particle spectrum
and the mode number are provided in Sec. VI. We also
include a short explanation of the method for the mode
number estimation since it is different from the one used in
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the earlier investigation of this theory. In Sec. VII we finally
discuss implications of our results and possible directions
for further investigations.

II. CHIRAL SYMMETRY BREAKING SCENARIO
AND CONFORMALITY IN ADJOINT QCD

The theory investigated in this work is SU(2) adjoint
QCD with Nf ¼ 2 Dirac fermions (aQCD2). The
Lagrangian of adjoint QCD has the following form:

L ¼ Tr

�
−
1

4
FμνFμν þ

XNf

i¼1

ψ̄ iðDþm0Þψ i

�
: ð1Þ

Here ψ is a Dirac-Fermion in the adjoint representation of
SU(2) with the covariant derivative

Dμψ ¼ ∂μψ þ ig½Aμ;ψ �: ð2Þ

The adjoint representation is consistent with the
Majorana condition λ ¼ CλT , which means that each
Dirac fermion ψk can be decomposed into two Majorana
fermions λi, and the two Majorana flavors are not mixed
by the action. In particular, using ψk ¼ 1ffiffi

2
p ðλ2k þ iλ2kþ1Þ,

one gets

L ¼ Tr

�
−
1

4
FμνFμν þ 1

2

X2Nf

k¼1

λ̄kðDþmÞλk
�
: ð3Þ

In this way, theories with an odd number of Majorana
flavors can be considered to have half integer Dirac flavors.
Chiral symmetry breaking results from the formation of a

condensate in the massless theory or from a mass term. In
our present case the breaking pattern is different from QCD
and related to the transformation properties of the Majorana
flavors. The left-handed and right-handed Weyl compo-
nents of the 2Nf Majorana field are, however, not inde-
pendent since they are related by the Majorana condition.
Considering the action formulated in terms of Majorana
fermions in theWeyl representation, one observes the chiral
symmetry breaking pattern [25]

SUð2NfÞ → SOð2NfÞ: ð4Þ

As a consequence, there are 2N2
f þ Nf − 1 pseudo-Nambu-

Goldstone bosons (pNGb) generated in adjoint QCD, if the
chiral symmetry is broken by the chiral condensate as in
QCD. The chiral symmetry for the Dirac fermions,
SUðNfÞ×SUðNfÞ×Uð1ÞV broken to SUðNfÞV × Uð1ÞV ,
is of course included as a subgroup of the above SUð2NfÞ.
In particular, the unbroken SOð2NfÞ contains always the
vectorlike Uð1ÞV and the same pseudoscalar mesonic states
(pions), which can be formulated with Dirac fermions for
Nf > 1, provide a signal for pNGb. For Nf < 2 the

operator ψTCγ5ψ describes a pNGb [15]. This signal
can also be used for chiral symmetry breaking in super-
symmetric Yang-Mills theory considered in a partially
quenched setup [25]. In the chiral limit the spectrum is
expected to be separated into the light pNGb and the other
heavier states.
If the theory is inside the conformal window, a com-

pletely different behavior of the spectrum is expected. In
the conformal limit, where the fermions become massless,
there is no remnant mass scale. The beta function
approaches the infrared fixed point in this limit.
Consequently all masses scale to zero according to M ∝
m1=ð1þγ�Þ with the renormalized quark massm and the mass
anomalous dimension γ� at the fixed point. The ordering of
the different states is not determined in this scaling relation.
Nevertheless, one might expect a light scalar as an
approximate dilaton due to the restoration of dilatation
symmetry in the conformal limit. Indeed, several inves-
tigations have found indications for a light scalar in (near)
IR conformal theories. Even though all masses scale to
zero, their ratios can be extrapolated to the conformal limit.
It seems that these ratios are a universal characteristic for
each (near) IR conformal theory [26].

III. ADJOINT QCD ON THE LATTICE

Our lattice formulation of the theory employs the Wilson
gauge action built from the plaquette variables Up and the
Wilson-Dirac operator in the adjoint representation. In its
basic form the lattice action reads

SL ¼ β
X
p

�
1 −

1

Nc
RetrUp

�
þ

X
xy;Nf

ψ̄
nf
x ðDwÞxyψnf

y ; ð5Þ

where Dw is the Wilson-Dirac operator

ðDwÞx;a;α;y;b;β ¼ δxyδa;bδα;β

− κ
X4
μ¼1

½ð1 − γμÞα;βðVμðxÞÞabδxþμ;y

þ ð1þ γμÞα;βðV†
μðx − μÞÞabδx−μ;y�: ð6Þ

The hopping parameter κ is related to the bare fermion mass
via κ ¼ 1=ð2m0 þ 8Þ, and the index Nf runs over the
number of different fermion flavors, where here Nf ¼ 2.
The link variables UμðxÞ are in the fundamental repre-

sentation of the gauge group SU(2). The adjoint gauge
field variables VμðxÞ in the Wilson-Dirac operator are the
corresponding elements in the adjoint representation. They
are defined by ½VμðxÞ�ab ¼ 2tr½U†

μðxÞTaUμðxÞTb�, where
Ta are the generators of the gauge group normalized such
that 2tr½TaTb� ¼ δab.
The basic lattice action has been applied in earlier studies

[7,9,27]. In our simulations we use an improved version of
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this lattice action with a tree-level Symanzik improved
gauge action and stout smearing for the link fields in the
Wilson-Dirac operator [28]. It is expected that these
modifications reduce the lattice artifacts. In most of our
runs the stout smearing is iterated three times with the
smearing parameter ρ ¼ 0.12.
Our numerical lattice simulations have been performed

with the two-step polynomial hybrid Monte Carlo (PHMC)
algorithm [29]. This algorithm is based on polynomial
approximations of the inverse powers of the lattice action.
The first polynomial gives a crude approximation which is
corrected by the second polynomial. This correction is
especially important near zero fermion mass, where the
inverse power has a singularity. In our simulations we have
chosen the second polynomial in such a way that the lower
bound of the approximation interval was by about a factor
10 smaller than the smallest occurring eigenvalues. In this
case the approximation is already so good that in practice
no further correction by a reweighting factor is necessary.

IV. SIMULATION PARAMETERS AND
CONTINUUM LIMIT

In a confining gauge theory with a mass gap, the lattice
spacing is determined by the coupling constant β. It can be
defined in terms of a scale setting quantity such as the
Sommer scale r0 or the string tension

ffiffiffi
σ

p
. Due to

asymptotic freedom, the lattice spacing decreases as β is
increased.
Close to the fixed point in an IR conformal gauge theory

β is an irrelevant parameter which implies only a weak
dependence on this parameter. In the IR conformal theory
the continuum limit can be defined only in terms of the
lattice spacing in units of the volume, the only remaining
scale. Nevertheless, the theories in the conformal window
are still asymptotically free and the continuum limit
corresponds to the limit where β goes to infinity.
Consequently a relevant dependence on β is expected
further away from the infrared fixed point and closer to
the Gaussian fixed point. In a first approximation the β
dependence appears as a correction of the scaling close to
the fixed point. This has been investigated in a finite size
scaling analysis [24], where an agreement between results
from different lattice actions has been possible in this way.
The connection between scaling corrections and discreti-
zation errors has been pointed out in [19].
A finite mass breaks conformal symmetry and implies

further corrections to the simple scaling picture. The mass
term in the action is a relevant parameter and the renorm-
alization group flow hence does not approach the infrared
fixed point. However the running of β is still expected to be
rather weak at least for smaller masses. At a fixed mass, the
influence of lattice artifacts can be investigated by compar-
ing different values of β, where the largest value corre-
sponds to the smallest lattice spacing.

In fact, in numerical simulations it is for several reasons
impossible to reach the limit of an exactly vanishing
fermion mass. In a conformal theory this limit would
introduce severe finite size effects and hence the interpre-
tation of the particle spectrum would be difficult. In
addition, the range of fermion masses is limited by the
updating algorithm, where the cost of the simulation rises
exponentially if the fermion masses are approaching zero.
The possible range of β values in aQCD2 is constrained

from below by the bulk phase transition. The bare param-
eters of this transition in our investigations are different
from those in previous investigations, which is related to
the change of the gauge action. With our lattice action we
determined the position of the bulk transition to be around
β ¼ 1.4. The control of finite volume effects is important in
the investigations of an IR conformal theory. Therefore in
our first analysis we have chosen β ¼ 1.5, which is not
much above the bulk transition. This allows changing the
lattice volume in a wide range. In a second step we have
also done simulations at β ¼ 1.7 to check for possible
lattice artifacts and scaling corrections.
The pseudoscalar meson mass in lattice units in these

runs was in the range between 0.9 and 0.2. Finite size
effects are generally quite significant in simulations of
(near) IR conformal theories. We have found that at small
lattice volumes the ordering of the states is significantly
changed. The most relevant scale for the finite size effects is
the mass of the lightest bound state, in aQCD2 the 0þþ
glueball. The finite size effects lead, however, to a larger
mass of this particle, which makes the estimate ambiguous.
Therefore we have considered the mass of the pseudoscalar
meson which can be easily determined quite precisely.
In general it is possible that there are also phase

transitions and indications of deconfinement at small
box sizes. We have checked the distribution of the
Polyakov line at the smaller masses for any signal of a
transition. We have not found an indication for a transition
in any of the simulations (see, for example, Fig. 1), but at
β ¼ 1.5, κ ¼ 0.1350 on the 243 × 64 lattice there is a
significant broadening of the spatial Polyakov line distri-
bution. Therefore we have excluded this run from the
analysis.
A known difficulty of numerical simulations near the

continuum limit is the freezing of the topological charge of
the gauge field in the finite physical volume of the
simulation (topology freezing). This effect can be made
mild by choosing longer hybrid Monte Carlo (HMC)
trajectories [30,31]. Therefore, in most cases we ran the
PHMC updates by HMC trajectory of length 2, which
mostly resulted in acceptable integrated autocorrelation
times of the topological charge. For the smallest fermion
masses, however, this autocorrelation time is drastically
increased to about 500 in HMC time, a value which is just
by a factor of 10 shorter than the total HMC time of the
simulations. This problem is present in the runs at (β ¼ 1.5,
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κ ¼ 0.135) and (β ¼ 1.7, κ ¼ 0.13). In these cases the
sampling of different topological sectors is poor. As shown
below, these are the runs that are also affected by large finite
size effects and therefore they are not considered for the
main results.

V. THE LIGHTEST PARTICLES

The primary focus of our investigation is the spectrum of
lowest lying bound states in adjoint QCD. The bound state
spectrum consists of mesonic states, glueballs, and mixed
fermion-gluon states. We consider these states as functions
of the renormalized fermion mass, which we take to be the
partially conserved axial current (PCAC) mass mPCAC,

determined through the partially conserved axial-vector
current relation. In addition to the particle masses, we have
determined the string tension σ from the static quark-
antiquark potential and the pseudoscalar decay constant Fπ .
The considered mesonic states include the pseudoscalar

ones created by ψ̄ iγ5δijψ j in the singlet and ψ̄ iγ5τ
a
ijψ j,

a ¼ 1, 2, 3, in the triplet channel, where τa are the Pauli
matrices, corresponding to the adjoint eta prime meson
(ma−η0 ) and the pseudoscalar meson (mPS), respectively.
The triplet and singlet channel for the operator ψ̄ iψ j

correspond to the scalar meson (mS) and the adjoint f0
(ma−f0) meson. In addition, also the vector meson (mV),
created by ψ̄ iγkψ j (k in spatial direction), and the pseu-
dovector meson (mPV) in the triplet channel, created by
ψ̄ iγ5γkψ j, have been considered. In the current analysis we
have also measured the scalar glueball (m0þþ) and a mixed
fermion-gluon state with spin 1=2 (m1=2).
The results for the masses of the different states are

shown in Figs. 2, 3, 4, and 5. First of all, it can clearly be

FIG. 2. The results for the mass spectrum of aQCD2 at β ¼ 1.5,
along with the masses, pseudoscalar decay constant, and string
tension σ as a function of the renormalized fermion mass mPCAC
in lattice units; see Table V in the Appendix.

FIG. 3. The ratio between the different quantities and the
pseudoscalar meson mass at β ¼ 1.5. The plot includes a fit
assuming an approximately constant value of these ratios as a
function of the fermion mass; see Table I.

FIG. 1. Histogram of the absolute value of the Polyakov line in
the spatial direction for two different volumes (β ¼ 1.5,
κ ¼ 0.1350). A peak at a nonzero value of this quantity would
indicate the deconfinement phase transition. Like for all other
considered parameters, the theory is in the confined phase. The
increasing width at the smaller volume indicates a tendency
towards the deconfinement transition.

FIG. 4. As in Fig. 2 but with β ¼ 1.7.
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observed that the mass hierarchy is different from the one
in the chiral symmetry breaking scenario. Instead of the
would-be Goldstone particle (mPS), the scalar (0þþ) glue-
ball is the lightest state in the theory. Furthermore, the ratios
of different quantities divided by mPS are not divergent in
the zero fermion mass limit, as it would be the case for
Goldstone particles. Instead, they approach approximately
constant values. These observations are consistent with an
IR conformal behavior of the theory.
At the smallest fermion masses, in particular for κ ¼

0.135 at β ¼ 1.5, the results deviate significantly from the
expected constant mass ratios. The vector meson mass ratio
is relatively stable, but for the glueball even an inversion of
the mass hierarchy withmPS < m0þþ is observed. The ratios
of string tension and pseudoscalar decay constant over mPS
increase in this region; see Fig. 6. A similar observation has
been made for the string tension in [9], where it has been
traced back to a finite size effect at small mPSL. We
therefore conclude that the inverted mass hierarchy at these
small fermion masses is not a physical feature, but rather a
finite size effect. A more detailed investigation of this effect
would require simulations on very large lattices, which is
beyond the scope of our current investigations. In the
estimates of the mass ratios we have therefore excluded the
run at β ¼ 1.5, κ ¼ 0.135 and, for the same reason, the run
at β ¼ 1.7, κ ¼ 0.130. Note that the clear distinction of the
chiral symmetry breaking and the conformal scenario is
quite challenging due to the limited accessible parameter
space. A chiral symmetry breaking would be indicated by a
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
mPCAC

p
divergence of the mass ratios at small fermion

masses. Our data do not favor this scenario, in particular by
the precise values for mV. Nevertheless, this scenario might
still become dominant at even smaller fermion masses. The
heavy meson mass ratios mS=mPS and mPV=mPS might in
addition have a subleading linear behavior that we are not
able to determine reliably.
In spite of the limitations on the mass ranges, we are able

to provide estimates for the universal ratios between the
different observables and the pseudoscalar meson mass

mPS. These are based on at least two values of the mass for
each β. The results are shown in Table I, where also the
results of [27] are presented for comparison. The general
ordering of the masses at both β values is preserved, but all
the ratios of masses to mPS decrease from β ¼ 1.5 to
β ¼ 1.7. For the meson masses the changes are below 8%,
and for the spin 1=2 state they are slightly larger. The
glueball mass, however, gets corrections of the order of
50%. Consequently, the gap between the glueball and the
meson masses is significantly increased at the larger β
value. This considerable difference cannot be explained by
the slightly different range of mPCAC in units of mPS for
β ¼ 1.5 and β ¼ 1.7. In particular, the amPS range is
consistent for the two β values. Therefore we conclude
that towards the continuum limit the difference between the
scalar glueball and the rest of the spectrum is in fact
increased.
We would like to note that the data in [27] are all

approximately between our results at β ¼ 1.5 and β ¼ 1.7.
Hence it seems that our results at the coarse lattice spacing
have larger lattice artifacts, while the finer lattice spacing is

FIG. 5. As in Fig. 3 but with β ¼ 1.7.

FIG. 6. Further details concerning the plot in Fig. 3. These
figures now include the data at κ ¼ 0.1350 too. The upper panel
shows the string tension and the pseudoscalar decay constant. In
the lower panel, the complete set of ratios is shown in the lower
mass region.
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closer to the continuum limit than in [27]. The string
tension deviates from this observation, but the values
provided in the literature show a considerable variance
and hence seem to be subject to significant systematic
uncertainties. The uncertainties in our measurements are
indicated by the broad plateau estimation of the mass ratio;
see Fig. 6. Further details of our measurement can be found
in Sec. VA.
Our arguments concerning the continuum limit in this

section are based simply on the asymptotic freedom of the
gauge theory, which implies a decreasing lattice spacing
approaching β ¼ ∞. If we assume that the theory is already
close the conformal fixed point, the differences between the
results in Table I are an indication for scaling corrections.
These effects seem to be relevant and to produce a
significant correction for the mass ratio of the scalar
glueball and the pseudoscalar meson mass.

A. Scalar glueball and string tension

The 0þþ glueball appears to be the lightest scalar particle
in aQCD2. Despite a possible mixing with the scalar singlet
meson operators, it seems to have a reasonable overlap with
the ground state in the scalar sector as will be detailed in
Sec. V B. Hence it provides the signal for a possible Higgs-
like bound state. In some cases we have also obtained an

estimate for the 0−þ glueball mass (see Table II). It appears
to be lighter than the pseudoscalar singlet meson, but the
systematic uncertainties are quite large.
We determine the 0þþ glueball mass using as interpolat-

ing operator the fundamental plaquette built from four links
and the 0−þ is given by the product of eight links with
suitable shape. In order to reduce the contamination from
excited states and thus determining the effective mass
already at small time-slice separations we used the varia-
tional method based on APE smeared operators. In total,
between L ¼ 16 and L ¼ 20 smearing levels were used in
the variational method, each separated by 4 or 5 steps; the
smearing parameter was fixed to ϵAPE ¼ 0.5.
Figure 7 shows an example of the fitted mass value for

different ranges ½tmin; tmin þ l�. A clear plateau appears
already at tmin ¼ 2. Using this approach we can determine
the mass value with a relative error starting from 10% for
some ensembles.
For a theory in the confined phase, the potential between

a static quark-antiquark pair in the fundamental represen-
tation grows linearly at large separations. The coefficient of
the linear rise is the string tension σ. In a theory with adjoint
matter the chromoelectric field is not screened and σ is a
well-defined quantity. In an IR conformal theory the string
tension will vanish in the limit of massless fermions.

TABLE I. The masses of the different states in units of the pseudoscalar mass mPS. The estimation is based on the approximate
independence of mPCAC. At β ¼ 1.5 the results from simulations on 323 × 64 and 483 × 64 lattices with a κ range between 0.1325 and
0.1344 are taken into account. The results for β ¼ 1.7 are obtained from the average of the κ ¼ 0.1285 and κ ¼ 0.1290 simulations on a
323 × 64 lattice. For comparison the results of [27] are shown, where for each state we have taken the result at the smallest value of m0.
Fπ is an estimate from a plot in [27] and for the string tension we have shown the values for two different values of m0 since there are
considerable deviations. In the last line also the range of the reference scale mPS in lattice units is provided. Note that Fπ corresponds to
the unrenormalized bare value.

State β ¼ 1.5 β ¼ 1.7 Ref. [27]

mV 1.0825(58) 1.051(12) 1.044(43)
mS 1.285(24) 1.190(14) 1.222(52)
mPV 1.329(21) 1.232(13) 1.26(35)
m0þþ 0.620(35) 0.398(48) 0.458(15)
Fπ 0.1831(23) 0.15156(72) 0.178(5)ffiffiffi
σ

p
0.171(16) 0.1327(44) 0.0959(14)–0.1319(10)

m1=2 0.948(24) 0.86394(52) � � �
mPCAC range 0.1808(22)–0.2490(12) 0.2457(12)–0.26776(42) 0.1872(84)–0.2323(35)
amPS range 0.29986(46)–0.58848(98) 0.5360(25)–0.57247(16) 0.6401(11)–1.183(1)

TABLE II. Masses for the singlet mesons a − f0 and a − η0 in lattice units and, for comparison, also for some triplet mesons and the
glueballs.

LS LT β κ ama−f0 ama−η0 amPS amS am0þþ am0−þ

24 64 1.5 0.1325 0.511(53) 0.634(14) 0.58710(27) 0.767(12) 0.350(25) 0.62(9)
32 64 1.5 0.1335 0.295(70) 0.474(49) 0.44212(28) 0.561(12) 0.260(25) 0.44(5)
48 64 1.5 0.1344 0.320(69) 0.342(36) 0.29986(46) 0.3816(87) 0.180(30) 0.32(4)
32 64 1.7 0.1285 0.515(52) 0.574(28) 0.57247(16) 0.6902(62) 0.230(25) 0.43(1)
32 64 1.7 0.1290 0.419(66) 0.504(31) 0.5360(25) 0.6312(23) 0.210(30) 0.36(2)
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We determine the string tension from the expectation
value of the Wilson loop hWðr; tÞi. To this purpose we first
define the generalized potential:

Vðr; tÞ ¼ ln
hWðr; tÞi

hWðr; tþ 1Þi : ð7Þ

The method consists of two steps: in the first one we
determine the static quark-antiquark potential fitting Vðr; tÞ
for every r, in the interval ½tmin; tmax ¼ LT=2 − 1�, to the
function [32]

Vðr; tÞ ¼ VðrÞ þ c1e−c2t; ð8Þ

in the second step we fit the potential VðrÞ to the form
of the Cornell potential, in the interval ½rmin; rmax ¼
LS=2 − 1�, and we determine the value of the string tension.
We have verified that, compared to supersymmetric

Yang-Mills theory, the value of tmin, in the first fit, has
to be increased from the value 2 to the value 3 and the
value of rmin, in the second fit, has to be increased from 2
to 4. As a consequence, the potential VðrÞ is characterized
by large error bars, in particular at large r=a as can be seen
in Fig. 8, and the final string tension has a relative error∼10
times larger than the case of supersymmetric Yang-Mills
theory.

B. Singlet meson states and a second signal
for the scalar channel

In our work we investigated the singlet meson sector of
adjoint QCD for the first time. The measurement of these
states is more challenging than for the rest of the spectrum,
because their correlation functions contain disconnected
fermion contributions. For the calculation of these con-
tributions we have used the same methods that we have
already applied in our studies of supersymmetric Yang-
Mills theory. It turns out that there are significant system-
atic uncertainties in the measurement of these states and
therefore the reported errors are most likely underesti-
mated. The results for the masses are shown in Table II.
The primary aim of these investigations is to obtain a

second signal for the scalar channel. The a − f0 has the
same quantum numbers as the 0þþ glueball, and hence both
operators have overlap with the ground state in the scalar
channel. The overlap with the ground state might, however,
be small such that a significant contribution from excited
states is present. In the case of supersymmetric Yang-Mills
theory and one-flavor adjoint QCD it turns out that there is
a reasonable agreement between the two signals in the
scalar channel.
In aQCD2, the measurement of the connected and

disconnected contributions of the correlators leads to quite
different results in the scalar and the pseudoscalar case.
While for the a − η0 meson the disconnected contribution is
almost negligible [see Fig. 9 (rhs)], it is the dominant
contribution for the a − f0, as shown in Fig. 9 (lhs). The
large disconnected contribution is the reason for the large
difference betweenmS andma−f0 . The scalar singlet meson
mass (ma−f0) is consequently much smaller than the mass
in the triplet channel (mS). Nevertheless, there is no
degeneracy with the light scalar glueball. The mass of
the scalar singlet meson is of the order of the pseudoscalar
meson mass mPS or even lighter. It is interesting that in
several investigations of near IR conformal theories a
similar approximate degeneracy between the scalar singlet
and the pseudoscalar meson has been observed [14,33].
Our results are an indication that the ground state in the

scalar channel is dominated by the glueball state. An
analysis of the mixing between the glueball and the
a − f0 meson will provide further information about the
overlap of the different operators with the lightest state.
Taking into account the systematic error in the evaluation

of the singlet mesons, the a − η0 meson is almost degenerate
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FIG. 8. Static quark-antiquark potential for two values of κ. At
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error bars.
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with the pseudoscalar meson. The difference between these
states, which in QCD is related to the axial anomaly, is
negligible within the current precision.

C. Spin one-half states and possible
fractionally charged particles

A specific feature of theories with fermions in the
adjoint representation of the gauge group is the presence
of mixed fermion-gluon states, which do not occur in QCD.
The most interesting one is a fermionic spin 1=2 particle
represented by the operator

Ospin-1=2 ¼
X
μ;ν

σμνTr½Fμνλ�: ð9Þ

This particle is of particular importance in supersymmetric
Yang-Mills theory, where this gluino-glue particle is the
fermionic member of the scalar supermultiplet of bound
states. Unbroken supersymmetry implies a degenerate mass
for all the states of the supermultiplet, and hence it has the
same mass as the lightest scalar and pseudoscalar particle in
this model.

In aQCD2 the spin 1=2 state is relevant for phenom-
enological considerations, since it leads to fractionally
charged particles, when a naive hypercharge assignment
is assumed. Even though the mass of these particles is
unknown, they have been considered to disfavor the
phenomenological relevance of the theory. This was essen-
tially one of the motivations to consider SO(4) gauge theory
as an alternative [34]. On the other hand, in [35] the
existence of such particles has been considered as an
alternative dark matter scenario.
Our results for the mass of the spin 1=2 state are

contained in Table I. They show that the mass of the spin
1=2 state is well separated from the lightest scalar particle.
On the other hand, it is slightly lighter than the pseudo-
scalar meson, which means that it could be one of the first
experimentally observable “new physics” states if this
theory is realized in nature.

VI. THE MASS ANOMALOUS DIMENSION

Besides the ratios of different observables, the mass
anomalous dimension γ� is also an important universal
property of an IR conformal gauge theory. Given the ratios
and the value of γ�, the main properties of the theory are
determined. The mass anomalous dimension is of particular
importance for phenomenological considerations, since in
the walking technicolor scenario a large value of γ� is
required. We apply two different methods to determine the
value of γ�. They are based on the properties of the particle
spectrum and of the mode number.

A. Scaling of the particle spectrum

The fact that the masses of all states should scale
according to the universal formula

M ∝ ðmPCACÞ1=ð1þγ�Þ ð10Þ

can be used to determine the mass anomalous dimension
directly from the particle spectrum. The simplest way to
determine the exponent is a linear fit in a double loga-
rithmic representation. It turns out that for most of the
masses the fit errors are large, and the fit results spread over
a range of γ� between 0.13 and 0.57. For a first estimate it is
thus reasonable to consider only the most precise fits.
Restricting the analysis to those states that lead to a fit error
smaller than 10% reduces the fit to the pseudoscalar and
vector meson mass. The results of this fit are shown in
Table III and Fig. 10. From these data one obtains a mass
anomalous dimension around γ� ¼ 0.3, and there is a
tendency towards a smaller value at the larger β.
The large errors for several observables mean that these

fits represent only a rough estimate of the mass anomalous
dimension. A precise determination of the mass anomalous
dimension requires more control over the parameter range.
This can be achieved by fits of the mode number, where an

FIG. 9. Disconnected and connected contributions to the a − f0
(above) and a − η0 (below) correlators. The sum of both parts
gives the final correlation function. The mass is obtained from the
exponential decay of this function at large distances.
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ultraviolet and infrared cutoff is introduced by the fit
boundaries. The consistency with the scaling of the
spectrum can then be confirmed subsequently. In the
scaling formula also the approximate influence of the finite
volume can be taken into account by expressing the states
in units of the box size L. This scaling with the value of γ�
obtained from the mode number is shown in Fig. 11 (see
Sec. VI B). As can be seen, within the current precision the
data of the particle spectrum are consistent with the scaling
obtained from the mode number. Note that in both cases the
value of γ� ¼ 0.274 is preferred in comparison to γ� ¼
0.376 by the smaller chi square in the linear fit of mPS.

B. Mode number

The mode number, which is the integrated eigenvalue
density of the Dirac operator, allows for a more precise
estimate of the mass anomalous dimension [36–38]. On the
lattice the most practicable definition is obtained from the
spectral density of the Dirac operator. Let

ρðωÞ ¼ 1

V

X
k

hδðω − λkÞi ð11Þ

be the spectral density of the massless Dirac operator. The
mode number νðΩÞ, defined to be the number of eigen-
values of the positive-definite operator D†

wDw below some
limit Ω2, is given by

νðΩÞ ¼ 2

Z
Λ

0

ρðωÞdω; ð12Þ

where the cutoff for the integral is Λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 −m2

R

p
, and mR

corresponds to the renormalized quark mass, i.e., is propor-
tional to mPCAC. Finally, the mass anomalous dimension is
obtained froma fit of themodenumber (see [36]) according to

νðΩÞ ¼ a1 þ a2ðΩ2 − a23Þ2=ð1þγ�Þ: ð13Þ

The constant a1 is expected to scale like m4
PS, and a3 is

proportional to mPCAC, but for our considerations these
constants are not relevant.

FIG. 10. The fit for the mass anomalous dimension γ� from the
masses mV and mPS. The considered subset of the data and the fit
results are given in Table III.

TABLE III. The values of the mass anomalous dimension
determined from the fit of mPS and mV. These results are based
on a linear fit in a double logarithmic representation. At β ¼ 1.5
only the result on the 323 × 64 and the 483 × 64 lattices without
κ ¼ 0.1350 are considered. At β ¼ 1.7 the values on the 323 × 64
lattice without κ ¼ 0.1300 are taken into account. A fit of the
other states is excluded due to the large fit error.

Observable β γ�

mPS 1.5 0.2958(45)
mV 1.5 0.295(26)
mPS 1.7 0.289(17)
mV 1.7 0.263(28)

FIG. 11. A check for the consistency of the scaling of the
particle spectrum, with the mass anomalous dimension deter-
mined from the fit of the mode number; see Table IV for the
values used. The figure above is for β ¼ 1.5 and the one below
for β ¼ 1.7. The approximate volume scaling has been taken into
account, where L ¼ Ns is the box size in lattice units. The linear
fit lines show the predicted approximate finite size scaling
relation.
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The projection method used in the earlier investigations
of the mode number was first proposed in [39]. It is based
on a rational approximation of the projection operator P in
the region below a certain threshold of the eigenvalues. The
mode number is hence defined as

νðΩÞ ¼ hTrPðΩÞi; ð14Þ

where the trace is obtained by a stochastic estimate. The
projection operator is approximated by means of a poly-
nomial approximation of the step function hðxÞ using

PðΩÞ ≈ hðXÞ4; with X ¼ 1 −
2Ω2�

D†
wDw þ Ω2�

: ð15Þ

The parameter Ω� ≈Ω is adjusted in such a way that the
error of the approximation is minimized (see [39] for
further details).
More recently a different method, based on a Chebyshev

expansion of ρ, has been proposed in [22]. We have mainly
used a variant of this method, but we also checked the
consistency with the projection method. For the Chebyshev
expansion method the spectrum has to be rescaled to the
interval ½−1; 1� according to

M ¼ 2D†
wDw − λmax − λmin

λmax − λmin
; ð16Þ

where λmax and λmin are the maximal and minimal eigen-
values of the operator D†

wDw. The integral of the spectral
density ρM of the rescaled operator multiplied by the
Chebyshev polynomial Tn of order n,

cn ¼
Z

1

−1
ρMðxÞTnðxÞ; ð17Þ

is estimated stochastically with NS random Z4 noise
vectors vl:

cn ≈
1

NS

XNs

l

hvljTnðMÞjvli: ð18Þ

Based on the orthogonality relations for the Tn, the spectral
density ρM is now approximated by

ρMðxÞ ≈
1

π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
XNp

k¼0

ð2 − δk0ÞcnTnðxÞ: ð19Þ

The eigenvalue density of D†
wDw is obtained from a simple

map of the interval ½−1; 1� back to the original eigenvalue
region.
The integral in the definition of the mode number can be

performed analytically. In our measurements we considered
polynomials of order Np between 2000 and 4000. As a

check we have compared the results of the two methods
with the mode number obtained from a complete numerical
diagonalization of D†

wDw on small lattices. In addition we
performed measurements with both methods on a small
number of configurations on 243 × 64 lattices. The results
of these checks are shown in Figs. 12 and 13. Additional
investigations and comparisons will be done in the future
for further understanding of the different methods. At the
moment, for the present measurements of the anomalous
dimension based on a limited range of Ω, both methods are
compatible.

FIG. 12. A test of the projection method and the Chebyshev
expansion method for the determination of the mode number. The
two methods are compared to the numerical diagonalization of
the complete matrix on a 44 lattice for one configuration. In case
of the projection method we also included the stochastic error
from the five noise vectors. The Chebyshev expansion is based on
a polynomial of order Np ¼ 1000 and Ns ¼ 10 estimators.

FIG. 13. The comparison of the projection method and the
Chebyshev expansion method for the determination of the mode
number for one configuration on a 323 × 64 lattice (β ¼ 1.7,
κ ¼ 0.1290) with Np ¼ 2000, Ns ¼ 10 for the Chebyshev
expansion and only one estimator for the projection method.
The projection method is based on a polynomial approximation
of order 32.
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The fitting procedure of the mode number νðΩÞ deserves
special mention. Because the fitting data are strongly
correlated, to determine correctly the value of χ2=dof,
we used the usual χ2 method, taking into account the
correlation matrix. As discussed in [40], to estimate
correctly the value of χ2=dof, the square of the number
of fitted data has to be smaller than the number of
configurations used. Because the mode number is measured
on a number of configurations ranging in the interval [100,
1000], the number of fitted points ranges in the interval [10,
30]. For comparison, the fitting parameters have also been
determined by means of uncorrelated fits, using in this case
a number of fitted data of the order of the number of
configurations [41], giving compatible results.
Another issue in the fitting procedure is related to the fact

that Eq. (13) can be used only in a certain intermediate
range of eigenvalues, that can be determined only by a
systematic study of the quality and the stability of the fit.
As shown in Fig. 14, we fit the data for different values of
the range ½Ωmin;Ωmax�, looking for values which guarantee
a plateau in χ2=dof ∼ 1 and in the value of the mass
anomalous dimension γ�. Our results for the mass anoma-
lous dimension are presented in Fig. 15. The results of the

fits are shown in Table IV. In this table we also considered
the runs with sizable finite size effects, because we assume
that these effects only influence the far infrared region and
not the part relevant for the fits. The results for these runs
are compatible with the other runs.
The values of γ� obtained via mode number are in

reasonable agreement with those from the mass spectrum,
especially for the smaller lattice spacing at β ¼ 1.7.
Our result at β ¼ 1.5 is consistent with [36], where γ� ¼

0.371ð20Þ has been reported. The value at β ¼ 1.7, how-
ever, appears to be significantly smaller. Thus there is still a
remaining β dependence of the mass anomalous dimension,
reducing its value towards larger β values. It is interesting
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FIG. 14. Results for γ� and χ2=dof for different fit ranges
½Ωmin;Ωmax�. Above: Lattice 323 × 64, β ¼ 1.5, κ ¼ 0.1350.
Below: Lattice 323 × 64, β ¼ 1.7, κ ¼ 0.1290.

FIG. 15. The mode number data that have been used in the final
fit to obtain the results presented in Table IV.

TABLE IV. The mass anomalous dimension obtained from fits
of the mode number. For comparison we provide also some
reference values from the literature obtained with several different
methods: Refs. [36,42] are based on the mode number analysis.
In [42] this is done in a volume-reduced large Nc gauge theory.
References [10,43] apply a Schrödinger functional analysis.
References [9,19] use finite size scaling for the determination
of the mass anomalous dimension.

Ns × Nt β κ Fit range γ�

24 × 64 1.5 0.1325 0.21–0.40 0.39(3)
32 × 64 1.5 0.1335 0.21–0.40 0.38(1)
48 × 64 1.5 0.1344 0.15–0.38 0.380(10)
32 × 64 1.5 0.1350 0.11–0.37 0.375(4)
Average 1.5 0.376(3)
32 × 64 1.7 0.1285 0.38–0.57 0.270(15)
32 × 64 1.7 0.1290 0.36–0.59 0.260(20)
32 × 64 1.7 0.1300 0.28–0.50 0.285(15)
Average 1.7 0.274(10)
Ref. [36] 0.371(20)
Ref. [42] 0.269(2)(5)
Ref. [43] 0.20(3)
Ref. [10] 0.31(6)
Ref. [9] 0.22(6)
Ref. [19] 0.50(26)
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to note that such smaller values have also been reported in
other works, for example, in [43].
Note that the estimates of γ� discussed in this work show

a remnant dependence on the gauge coupling, and are thus
not precisely identical with the universal value at the IR
fixed point. The determination of the value at the fixed
point would require us to include scaling corrections in the
analysis, which is beyond the present possibilities.

VII. CONCLUSIONS

In this work we have presented results for SU(2) gauge
theory with two flavors of Dirac fermions in the adjoint
representation regarding the particle spectrum and con-
cerning general signals for conformality at two different
values for the inverse gauge coupling β and several masses
of the two adjoint Dirac fermions. The structure of the low-
lying spectrum of particle masses shows clear indications
for an IR conformal behavior. This qualitative observation
was complemented with quantitative results for the uni-
versal mass ratios and the mode number.
In earlier investigations the (triplet) mesonic spectrum

and the glueballs were considered. Note in particular the
detailed studies of finite volume effects in [27] and of the
mode number in [36]. As shown in Table IV, these rather
precise estimates for the mass anomalous dimension are not
consistent with other investigations based on alternative
methods. Our results indicate that the consideration of the
dependence on the gauge coupling β and the corresponding
scaling violation provides the missing link between these
estimates. At the smaller β value we find, despite the
differences in the lattice actions, results consistent with
[27,36]. At the larger β value, however, we find signifi-
cantly lower results for the masses in units of the pseudo-
scalar mass, especially for the glueball, and a smaller mass
anomalous dimension. Bearing in mind that different lattice
actions have been used, the unimproved one in [36] and the
clover improved fermion action in [43], our results indicate
that the mass anomalous dimensions converge towards a
universal value in the continuum limit only, if possible
scaling corrections are included. It seems that towards that
limit aQCD2 becomes even more conformal in the sense
that the gap between the scalar particle and the rest of the
spectrum is increased and the mass anomalous dimension
gets smaller. In fact, our results indicate that the differences
between various numerical results for the mass anomalous
dimension are rather related to scaling corrections than to
the differences between the considered approaches.
Our work also provides a connection to the large Nc

results presented in [42]. The mass anomalous dimension in
conformal SUðNcÞ adjoint QCD is expected to depend only

weakly on Nc. Therefore the investigation in a large Nc
volume-reduced theory might be a valid approximation.
The mass anomalous dimension obtained in this approach
is consistent with our results at β ¼ 1.7.
In addition to these results, we have also been able to

investigate particle states that have not been considered
before. The one with the most interesting phenomenologi-
cal consequences is the spin 1=2 state. We have found that it
is considerably lighter than the mesons, and therefore it
might eventually be interesting from a phenomenological
point of view.
The general picture of the particle spectrum in aQCD2

appears to be ordered starting with low mass pure gluonic
states (glueballs), followed by heavier mixed fermion-
gluon objects, and finally the rather heavy triplet mesons.
We have also measured the singlet mesons in the particle

spectrum of aQCD2 for the first time. The most interesting
state is the scalar singlet meson. Having the same quantum
numbers as the lightest scalar particle in the theory, it may
give additional information about it. Due to the dominance
of the disconnected contributions, the mass of this particle
is comparable or even below that of the pseudoscalar
meson, the lightest meson in the triplet channel. This is
similar to the observations reported in other studies [14,33]
of (near) IR conformal theories. However, the ground state
in this channel seems to be dominated by the gluonic
contributions, and hence the effective mass in the meson
channel is still higher than the one in the glueball channel.
Therefore it is not sufficient to measure only the mesonic
contribution to get a complete picture for the lightest scalar
in this theory.
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