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Abstract The third-harmonic generation of picosecond light pulses in a calcite crystal is 
studied experimentally and theoretically. A passively mode-locked N d : phosphate glass 
laser is used in the experiments. The third-order nonlinear susceptibility components and 
the effective third-order nonlinear susceptibility of type II phase-matched (ooe-»e) third-
harmonic generation are determined. 

P A C S : 42.65C 

Conversion of laser light to the third-harmonic frequ­
ency may be achieved by cascading second-order 
nonlinear optical processes or by direct application of 
a third-order nonlinear optical process. The cascading 
of phase-matched second-harmonic generation, 
a>l + (D1->(D29 and phase-matched frequency mixing, 
CD2 + Q)1^KD39 in two separate crystals without inver­
sion symmetry is an efficient technique of light gener­
ation at the third-harmonic frequency co3 = 3(0^ [1-3]. 
Direct phase-matched third-harmonic generation in 
gases (rare gases, metal vapors) is applied to generate 
vacuum ultraviolet coherent radiation [4-6]. The 
efficient third-harmonic generation in some phase-
matched organic dye solutions was analysed recently 
[7-10]. The phase-matched third-harmonic gener­
ation in a single crystal without inversion center is 
possible by cascading second-order effects and by 
combining second-order effects and direct third-
harmonic generation [11-13]. In birefringent crystals 
with inversion symmetry second-order processes are 
parity forbidden but direct third-harmonic generation 
is allowed and angular phase-matching is possible [11, 
13-16]. 

In this paper the phase-matched direct third-
harmonic generation in calcite is studied [11,13-16]. 
Calcite is an uniaxial crystal of trigonal crystal symme­
try (space group R3c, point group 3m). It has an 
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inversion center. Picosecond pump pulses of a pass­
ively mode-locked Nd-phosphate glass laser are ap­
plied. Type-II phase-matching is applied (ooe->e inter­
action with phase-matching angle 0 = 36°, o: ordinary 
ray; e: extraordinary ray). The energy conversion 
versus pump pulse peak intensity is measured. The 
relevant third-order nonlinear susceptibility compo­
nents and the effective nonlinear third-order nonlinear 
susceptibility xiff, n a r e determined. The influences of 
spectral width, beam divergence, and beam diameter 
on the third-harmonic conversion efficiency are 
analysed. 

1. Theory 

The third-harmonic generation is described by the 
nonlinear wave equation [17-19] 

with 

E=i{Et e x p p ^ f - k j r j j e ! 

-r-E3exp[i(cü3t-k3r)]e 3 + c.c.} (2) 

and 

P N L = i { P N L , i e x p [ i ( o ; 1 r - k ? r ) ] 

+ P N L , 3 exp[i(tt)3f - k§r)] + c.c.}. (3) 



Fig. 1. Light propagation in crystal-fixed (xyz)-frame and in 
laboratory (ATZ)-frame. z is parallel to optical axis of calcitc 

r. is the relative permittivity tensor. fi0 is the vacuum 
permeability. c 0 is the vacuum light velocity. E{ and E3 

are the electrical field strengths of the pump laser 
(circular frequency (o{) and of the third harmonic light 
(cwj = 3w,), respectively. k t and k 3 are the correspond­
ing wavevectors. e, and e 3 are unit vectors. P N L § , and 
P N L , 3 a r e ^ e third-order nonlinear polarizations at the 
circular frequencies w, and w3, respectively. 

Neglecting pump pulse depletion (£ j=cons t ) , se­
lecting pump pulse propagation in Z direction, and 
using the slowly varying amplitude approximation (1) 
reduces to [20-22] 

3 Ä * fc3cos2a3 - ~ - + ~ e 3 e 3 e 3 

dE3 

dt 

2 
- i ^ 3 e 3 P N L , 3 e x p ( y / c Z ) ; (4) 

a 3 is the walk-off angle between wave-vector direction 
k 3 and ray direction s c 3 of the third-harmonic light 
(Fig. 1). Ak = k3~k3

J is the magnitude of the wave-
vector mismatch. The transformations 

t' = t- t(i)3e3Z3e3/(c%k3 cos 2 a 3 ) ]Z 

and Z ' = Z reduce (4) to 

e 3 P N L 3 cxp(i AkZ') 
BE, 
dZ' 2k3cos2a3 

2n 3 cos 2 a 3 

e 3 P N L . 3 e X P ( ^ f c Z ' ) ' (5) 

For the last equality the relation k3 = n3(D3/c0 has been 
used. n3 is the refractive index at the circular frequency 
co3. 

The dispersion of the refractive index causes phase-
mismatching. In the uniaxial crystal calcite collinear 
phase matching, Ak = 0, is possible by angle tuning. 
Figure 1 depicts the light-propagation scheme in cal­
cite. (x,j>,z) represents the rectangular crystal-fixed 
coorindate system. The z-axis is parallel to the optical 
axis (c-axis). The wavefront propagation is parallel to k 
( k ± D , D is dielectric displacement, Z-axis). The ray 
propagation (energy flow direction) is parallel to s 
(s_LE). The electrical field strength of the ordinary ray, 
E°, is oriented perpendicular to the (z, k)-plane (D° || E°, 
k 01| s0). The electrical field strength of the extraordinary 
ray, E e , is located in the (z, k)-plane ( D e l k e , k e || k 0 1| k, 
E e l s , L (k, se) = L (D e , E e ) = a). The vectors E°, D e , and 
k span the rectangular (X, Y, Z) laboratory coordinate 
system. 

The dispersion of the principle refractive indices, n0 

and we, of calcite is depicted in Fig. 2 [23] (negative 
uniaxial crystal). Phase-matching is achieved by adjus­
ting the angle 0 between optical axis z and wave-vector 
k. Three different phase-matching configurations are 
possible by applying different combinations of ordi­
nary and extraordinary rays: Type-1 phase-matching 
applies ooo->e interaction, type-II phase-matching 
uses ooe-+e interaction, and type-Ill phase-matching 
is achieved by oee->e interaction [24]. The azimuthal 
angle 0 does not influence the phase-matching, but it 
influences the effective nonlinear susceptibility (see 
below). 

The phase-matching angle 9 for collinear ooo->e 
interaction (type I) is found by the relation 

Ak = fee3 - 3fc01 = 6TCV , [n e 3(0,) - n0 x ] = 0 (6) 

(fc§ = 3 / C o 1 ) . The extraordinary refractive index at angle 
0 is given by 

n e ( < 9 ) = ( n e

2 c o s W 4 s i n 2 0 p * ( 7 ) 

Insertion of (7) into (6) gives 

0/ = arc cos . p i s f " e w , y / 2 i 
(8) 

The refractive index data of calcite give a phase-
matching angle of 0, = 29.64° for a pump laser wave­
length of A, = 1.054 |xm. 
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Fig. 2. Dispersion of principle refractive indices of calcite (from 
[23]) 

The phase-matching angle for the collinear ooe-»e 
interaction (type II) is obtained from the relation 

Ak = ke3 2 / C O 1 kei 

= 2 7 r v 1 [ 3 n e 3 ( ö / / ) - 2 n o l - W e l ( ö / / ) ] = 0 (9) 

(/c§ = 2fc0l + / c e l ) . Equation (9) is solved numerically. A 
phase-matching angle of 0U = 35.96° is obtained for 
A, = 1.054 um. 

The phase-matching angle for the collinear oec~>e 
interaction (type III) is determined by the relation 

= fcc3 — kQ i — 2kc j 

^ 2 ^ [ 3 f i C 3 ( 0 , ^ (10) 

m = kol + 2/c e l ) . The phase-matching angle is 9ni 

= 50.16° for ^ = 1 .054^ . 
The phase-matching angles 0h. 0Ih and 0IU versus 

wavelengths kx and A3 arc depicted in Fig. 3a. The 
crystal is transparent between 200 nm and 2.2 jam [25]. 
Within this wavelength region type I and type II phase-
matching are possible (0.6|j,m5^ t :g2.2ujn; 200 nm 
= A 3 ^ 730 nm). The type III phase-matching is limited 
to kx ^ 720 nm (X3 ^ 240 nm). 

The walk-off angle a between ray direction s and 
wavevector direction k (Fig. 1) of extraordinary pola­
rized light is given by [22] 

tana=isin(20)n e

2(fl)( \ ~ V)- 0 1 ) 

The walk-off angles a, and a 3 versus wavelength are 
depicted in Fig. 3b for type-II phase-matching. 

The third-order nonlinear polarization, P N , , of (1) 
is given by [26] 

P N L = 4 £ 0 F > : E E E . (12) 

The third-order nonlinear polarization, P N L < 3 , of (3) 
reads 

PNL, 3 = £()£ 1 a& 1 bE 1 J?3> 

(-<x)3;(ou(Du(ol)':elaelhelc (13a) 

or 

j,k,l = x,y,z 

(-(o3;wl,(olJ(»l)elajeib.kei<j- (13b) 
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Fig. 3. (a) Phase-matching angle versus wavelength for typc-I ((),, 
ooo-+e), type-II (0lh ooc->c), and type-Ill phase-matching(0Uh 

oee-»e). (b) Walk-off angles a, (wavelength A,) and a 3 (wave­
length A3) for type-II phase-matching 



E u = Eue , . , EXh = EXhexh, and E l c = E l c e t c are the E 3 ( / ) = - i 
electrical field strengths of the pump light at frequency 
(o{. e l f l, e t / >, and e l c represent unit vectors. 

In case of ooo->e phase-matched third-harmonic 
generation (type I) it is E l a = E l f e = E l c = £ ° e 0 l with 

ExßXbEXc^ 
2n3c0 cos 2 a 3 

exp(Ldfc/)-1 

Uk 

E\(X, Y,t') = E10 exp ( - X-£r^j exp ( - ^ ) • (14) ' 2n 3 c 0 cos 2 a 3 

In case of ooe->e phase-matched third-harmonic gen­
eration (type II) it is E I a = E l f r = £:<JeOI and E l c = E^e e l . 
P N L 3 becomes maximal for E° = 2E\ (ßn = arc -
cotan(2) = 26.57°, see Fig. 1). E°x and E\ are given by 

X2+Y2S 

2r2

0 

eHX9W) = El0cos(ßn)exp 

x e x p(-S)' 
E](X,Y,Zjf) = Exosm(fiu) 

r x 2 + ( y + a , Z ) 2 

(15a) 

x exp ?r2 z r 0 

x exp I — 
HI 

(15b) 

For oee->e phase-matched interaction it is E l a = E ° e o l 

and E l h = E 1 ( . = E ° e c l . P N L 3 becomes maximal for E\ 
= E\ß (ßm = arctan(2) = 63.43° = 90° - ß „ , see Fig. 1). 
E°i and E\ are given by 

£? (* , y,t') = £ 1 0 c o s ( / J ; / < ) e x p ( - ^ r ^ ) 

.'2 ' t 
M0 

x exp 

E\(X,Y,Z,t') = El0sin(ßlu) 

(16a) 

f X 2 + ( V + a , Z ) 2 ] 
C X P | - 2 r f - \ 

x exp I — Jt2 zi0 

(16b) 

Gaussian pulse shapes are assumed. 
Insertion of (13a) into (5) gives 

<1E3 

with 

— l 
CD? 

2n3c0 cos a : 

xexp(idfcZ') (17) 

(18) 

< o = (^o%)~1 is used. Neglecting the effect of the walk-
off angle a, (15b and 16b) the integration of (17) gives 
fo r£ 3 (0 ) = 0 

(\Ak\\ sin(Akl/2) 
x e x p ^ — 

Akl/2 
(19) 

The generated third-harmonic intensity is obtained by 
using the relation I = (nc0s0/2) \E\2: 

o3l2

 3 2 

n3nlanXbnXcctslcos"(x3 

sin2(Jfc//2) 
(20) 

(Akl/2)2 ' 
The energy conversion of third-harmonic light gener 
ation is given by 

rj = W3(l)/Wx(0) 

[ 00 OD OO 

I dX I dY \ dt'lß,X,YC) 
— oo — 00 — 00 

[ oo oo oo 

I dX \ dY j d t 7 , ( 0 , A M ; n 
— 00 — 00 — 00 

For type-I interaction (ooo-*e) (14) the energy conver­
sion becomes [19] 

1 „ 2 / 2 / 2 | v ( 3 ) 12 

3 3 / 2 M e ^ X . C ^ C O S 4 ^ 

sin2(Jfc//2) 
(zlk//2)2 ' 

for type-II interaction (ooe->e) (15a and 15b) 

1 
^ /=3^cos 4 ( /3 , , )s in 2 (0 , , ) 

<»\l2l\o\£lu\2 

(21a) 

«e3(0 / / )"ol"el(0 / / )<&O C O S 4 0 C 3 

sin2(zlfc//2) 
{Akl/2)2 ' 

and for type-III-Interaction (oee->e) (16a and 16b) 

Im = 3372 c o s 2 ( £ m ) sin 4(jS / / 7) 
2/2 f2 I (3) 12 

(21b) 

n e 3 ( Ö / / / ) n 0 i « e i ( Ö / / / ) c ^ o c o s 4 a 3 

sin2(^fc//2) 
(JW/2) 2 

(21c) 

J10 is the input pulse intensity inside the crystal. In the 
experiments the reflection losses have to be separately 



considered. In the case of phase-matching, 4fc = 0, one 
hassin2(4fc//2)/(Jfc//2)2 = l . 

The effective nonlinear susceptibilities xiffj, xiff,//> 
u s e d xiVrju are found by the following considerations. 
Setting /= 1,2,3 for i = x,y ,z and using the contrac­
tions [24] 1=xxx, 2~yyy, Z — zzz, 4 = yzz, 5 = yyz, 
6 = xzzr 7 = xxz, % = xyy, 9 = xxy, 0 = xyz for jkl [see 
(13b)], the effective third-order nonlinear suscepti­
bility, x?ff (18), of calcite (3m point group) may be 
rewritten to 

Z $ = e 32< 3 )em (22) 

with 

e3=(e3x9e3y,e3z) (23) 

Xu 0 0 0 0 #16 0 

0 Xi l 0 Xl6 ~ Xio 0 

0 ~ X 3 9 #33 0 X 3 5 0 Z35 

For 0 0 0 - * e interaction the application of (22-27) 
gives 

Zerr. / = X39 sin(ö 7 -f <x3) cos(3(/>). (28) 

In case of ooe-»e interaction, the effective nonlinear 
susceptibility is 

X?rl // = lh 11 cos(0 ; / + a,) + x , 0 sin(07 7 + a,) 

x sin(30)] cos(0 7 7 + a 3) + [* 3 5 sin(ö// + ocx) 

+ X39 cos(07 7 + a,) sin(3<£)] sin(0 7 7 + a 3 ) . (29) 

The effective nonlinear susceptibility for oee-+e inter­
action is 
X?flui = {Xio sin[2(0 i 7 / + a,)] cos(0 7 7 / + a 3) 

+ X39 cos 2 (0 7 7 / + a,) sin(0 7 7 7 + a3)} cos(3(/>). 
(30) 

0 Xio\ 

hit 0 (24) 

X39 0 / 

"in" (25) 

and 

l*\ax*\bx*Ux \ 

eiaye\bye\cy 

*\az* \bz* Icy + e\azeibyeuz + e lay* \bz* \ cz 

*Uy*\ by* 1 cz + * I ay* 1 bz* Uy^*\az* iby* 1 cy 

*\az*\bz*Ux^*\az*\bx*\cz^*\ax*\bz*\cz 

*\ax*ibxe\cz^*\ax*\bz*\cx^e\aze\bxe\cx 

elayelbyeUx + e \ aye 1 bxe 1 cy + ^ 1 ax^ 1 by^ 1 cy 

^ l a ^ l b ^ l c y + ^ l a ^ l b / l c x + ^ l a y ^ l b ^ l c x 

\ I tlaflblfiui I 

The unit vectors e0 and e e of the ordinary and 
extraordinary field strenghts are given by 

(26) 

and 

(cos(0+a)cos</> \ 
cos(0 + a)snv/> (27) 

-sin(0 + a) / 
in the (x,y,z) crystal frame. The susceptibility tensor, 
2 ( 3 ) , of calcite is taken from [22,24,28]. The Kleinman 
symmetry condition [27] simplifies the j ^ 3 ) tensor 
components to Xio = Xio and Xis^Xie [24]. 

Type-I third-harmonic generation is caused by the 
coupling constant 

X i o = Ä ( ~ ö > 3 ; ^ i ^ i ^ i ) -

X^lj has a maximum for </> = 0° and it is zero for 
</> = 90° and 270°. Type-II third-harmonic generation 
has contributions from 

Xii=Xxx)xx(-<»3',<t>u(»i^\)> 

Xio = Xxxyz(-oj3;a)uo)ua)x)y 

X35=X?yyz(-0>3',«>l,a)u(Dl) 

and 

X39 = y!z%(-^3'9col,(ol9a)l)(x39 = Xio)' 

Type-Il l third-harmonic generation is caused by Xio 
and X39 (Kleinman symmetry: X\o = X39\ * $ , / / / H A S A 

maximum for 0 = 0° and it is zero for (j> = 90° and 270°. 
The conversion efficiency of phase-matched third-

harmonic generation is reduced by the beam diver­
gence, the beam diameter, and the spectral bandwidth 
of the pump pulse. 

The ratio of energy conversion, rj(A9)/ri(0), of a 
pump pulse of beam divergence angle AO ( F W H M) and 
of a non-divergent pulse (A0 = 0) is approximately 
given by 

J e x p [ - ( W 2 ] ( i ) A k 

2 1 v -fdff 

I exp[-(fl'/0o)2]<*0' 
0 
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Fig. 4. Reduction of third-harmonic energy conversion efficiency 
by pump pulse divergence AO (FWHM, in crystal) for type-II 
phase-matching. Curves / / = 0.1 cm; 2 / = 0.2cm; 3 /=0.5cm; 4 
/=! cm; 5 / = 2 cm; 6 /=5 cm. Effective wave-vector mismatch 
due to beam divergence is included (dashed curve). A, = 1.054 urn 

with ^ = d0/{2[ln(2)] 1 / 2}. The value of the integral in 
the denominator is (nl,2/2)0o. The angular derivative 
of the wave-vector mismatch is 

dAk/dff Ä - 2.5 x 10 4 cm " 1 rad ' 1 

at the phase-matching angle 0 7 / = 35.96°. In Fig. 4 the 
reduction of energy conversion versus pump pulse 
divergence A6 is plotted for various sample lengths 
(ooe-^e interaction). For a crystal length of / = 2cm 
and a laser beam divergence of AO = 5 x 10~ 4 rad the 
reduction of the energy conversion is rj(A9)/ri(0) = 0.22. 
AO is the beam divergence ( F W H M ) inside the crystal. 
It is related to the beam divergence outside the crystal 
by AOoul^nolA0. 

An effective wave-vector mismatch, Akeff, due to 
the laser pulse divergence may be determined by 

Ak 

00 ()Ak 
j e x p [ - ( ö ' / ö 0 ) 2 ] ^ O'dO' 
0 ov 

ef f" 

J exp [ - (Ö7ö 0 ) 2 ]^ 

1 ^ AO 
2[7rln(2)] 1 / 2 d0 

(32) 

Akc{r(A0) is included in Fig. 4 (dashed line). The pump 
laser may be focused to a line in the YZ plane in order 

to increase the pump pulse intensity without increasing 
the relevant beam divergence. 

The reduction of energy conversion due to the 
spectral bandwidth Av ( F W H M ) of the pump pulse is 
approximately given by the ratio 

s i n ( <w v,/2> 
J e x p [ - ( v 7 v 0 ) 2 ] - - T A - . ^ dv' 

rio) 

-w~vl/2> 
(33) 

J exp[-(v' /v 0 ) 2 ]dv' 
o 

with v 0 = Jv/{2[ln(2)] 1 / 2}. 
The value of the integral in the denominator is 

(7t 1 / 2 /2)v 0 . The frequency derivative dAk/dv at the 
ooe->>e phasematching angle is dAk/dv 
= 1.38cm" V c m " 1 . Besides the third harmonic pro­
cess (Dx +(DX +0)^0)3, the frequency mixing co{ 

-\-((D1—ÖÜJ) + (W1 +ö(o)^>(D3 contributes to light gen­
eration at co3(öco<Aa) = 2nc0Av). The frequency mix­
ing reduces the wave-vector mismatch. For bandwidth 
limited pulses it is assumed that the spectral width of 
the third-harmonic light is about the same as the 
spectral width of the pump pulse and the frequency 
derivative of the wave-vector mismatch is appro­
ximated by dAk'/dv~(\/3)dAk/dv. For chirped pulses 
(self-phase-modulated pulses) [29-32] the pulse spec­
trum changes with time and only third-harmonic 
generation is relevant (dAk'/dv~ dAk/dv). 

The reduction of energy conversion rj(Av)/rj(0) 
versus spectral width Av is plotted in Fig. 5 for some 
sample lengths. The lower abscissa belongs to the 
spectral width of chirped pulses (dAk'/dv = 1.38). The 
upper abscissa belongs to bandwidth-limited Gaussian 
pulses (dAk'/dv = 0.46). The pulse duration At of the 
pump pulse ( F W H M ) is indicated. It is related to the 
spectral bandwidth Av ( F W H M ) by At 
= [21n(2)/7r]/(zlvc0) [34]. For a bandwidth-limited 
pulse of 5 ps duration the third-harmonic energy in a 
2 cm long calcite crystal is reduced to rj(Av)/rj(0) = 0.9. 
For a self-phase-modulated pulse of /lv = 2 0 c m " 1 the 
energy conversion in a 2 cm long calcite crystal reduces 
to ri(Av)/ri(0) = 0A. 

A n effective wave-vector mismatch due to the 
spectral width of the pump laser may be defined by 

Ak eff " 

oo dAk 
J exp[-(v ' /v 0 ) 2 ] — v ' r f v 

f e x p [ - ( v 7 v 0 ) 2 W 
o 

1 
2[7tln(2)] 1 / 2 dv 

dAk' 
Av. (34) 

The Akcff(Av) curves for bandwidth-limited (dashed 
line) and chirped (dash-dotted line) pulses are included 



in Fig. 5. The picosecond pump pulses may be selected 
in the rising part of the pulse train in order to avoid 
severe spectral broadening by self-phase modulation 
[33]. 

The walk-off angle a, (11) limits the interaction 
length of the qoe-»e phase-matched third harmonic 
generation. For the situation of phasematching 
(Ak = 0) the reduction of energy conversion due to the 
finite beam diameter Ad ( F W H M ) is approximately 
given by (r 0 = Jd/{2[ln(2)]1/2}): 

rj(Ad) IZ1 exp<" [ 2 y 2 + ( r + « r Z n i ' l W d Z 
rj(co) ~~ 

J Z J cxpt-3Y2/r2o]dYdZ 
0 - oo 

3Ad2 

81n(2)a2/2 

PULSE DURATION At [ps] 

10 100 

SPECTRAL BANDWIDTH Av [cm-1! 
Fig. 5. Reduction of third-harmonic energy conversion efficiency 
by spectral bandwidth of pump pulse Av for type-II phase-
matching. The solid curves versus the lower abscissa belong to 
chirped pulses, while the solid curves versus the upper abscissa 
belong to the bandwidth limited pulses. Curves //=0.1 cm; 2 
/=0.2cm; 3 i=0.5cm; 4 / = 1cm; 5 /=2cm; 6 1=5cm. The 
effective wave-vector mismatch due to spectral bandwidth is 
included. The dashed curve belongs to bandwidth-limited pulses 
and the dash-dotted curve is responsible for chirped pulses. Xx 

= 1.054 um 

T — i — i — i — i — i — i — i — i — i — i — i — i — r 

0 05 1.0 
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Fig. 6. Dependence of third-harmonic conversion efficiency on 
pump laser beam diameter Ad (FWHM) for type-II phase-
matching. Curves / /=0.5cm; 2 /=1 cm; 3 / = 2cm; 4 / = 5cm. 
Effective interaction length versus beam diameter is included 
[dashed curve, for definition see text and (36)]. A, = 1.054 urn 

The walk-off angle for ooe-»e interaction at 
Xx = 1.054 nm is a, =5.83°. rj(Ad)/ri{oo) versus Ad is 
plotted in Fig. 6 for various sample lengths. In case of 
Ad=5 mm and /=2 cm the reduction of energy conver­
sion efficiency is rj(Ad)/ri(ao) = 0M. The pump laser 
may be focused with a cylindrical lens to a line focus 
along the Y-axis in order to increase the pump pulse 
intensity without reducing the relevant beam diameter. 

A n effective interaction length, / e f f , may be defined 
by equating the conversion efficiency of a crystal 
without walk-off angle of length / e f f with the conver­
sion efficiency of a infinitely long crystal having a walk-
off angle a t . The effective length is found to be (35) 

/ c f f - [2lS(2)] 

Ad^ 
2a, 

(36) 

lef{(Ad) is included in Fig. 6 (dashed line). For Ad 
— 5 mm the effective interaction length is / e f f = 3.6 cm in 
case of ooe-»e interaction at A, = 1.054\im. 

In case of wavevector mismatch, Ak^O, the walk-
off angle loses its importance if the coherence length 
[19] lcoh = n/\Ak\ becomes less than / c f f . 

The refractive indices of calcite are temperature 
dependent. A temperature change of A T causes a wave-



vector mismatch -^~AT and a reduction of third-
o I 

harmonic energy conversion of 

(dAk 
riiAT) 

sin2 \ — ATlß\ 

•ATI/2 I 
(37) 

dT 

The temperature derivative is approximately 

dAk/dT -6 x 10~4 cm'l/K[ooe-x:, 4, = 1.054um, 

7=20 °C, (9) with n(T+ A T) = n(T) + ~ A T, - J - from 
oT oT 

[23]J. This value is negligibly small. 

The energy conversion as a function of crystal 
orientation (ooe->e interaction) is depicted in Fig. 7. 
The curves are normalized to rj(0Ih A0=0, Jvj=0) . 
A crystal length of /=2 cm is used. The influence of the 
walk-off angle is not included. Curve 1 is calculated for 
A0=0 (parallel light beam) and Av = 0 (monochroma­
tic light) by use of (21b) 

M0)/ri(On) = sin2( Akl/2)/(Akl/2)2l • 

The curves 2-7 belong to increasing beam divergence 
AO and Av=0. The curves 8-12 are calculated for 
^0 = 0 and rising spectral bandwidth Av of bandwidth-
limited pulses (dAk'/dv = 0A6). The curves are cal­
culated by generalizing the relations (31) and (33) to 

for the interaction length. The group refractive index is 
given by [35] 

1 -
v dn 
n dv 

(39) 

The time delay per unit length between ordinary and 
extraordinary ray of the pump pulse is {St/Sl)olel 

= K o i -w gei(0))/c o = 1 5 6 P s / c m at At = 1.054 urn. The 
overlap length, / o v e r , for a pump pulse of duration Ati 

( F W H M ) is 

' o v e r ~ (8t/öl)oU1 

(40) 

'over versus At is plotted in Fig. 9a. 
The group velocity dispersion broadens the dur­

ation of the third-harmonic light. Without group 
velocity dispersion the duration of the third harmonic 
light is At3 = At/31'2 [(20); / 3oc/*oc e x p ( - 3 t 2 A ä ) ] as 
long as no pump pulse depletion occurs. The time 
delay per unit length between the third harmonic light 
and the ordinary ray of the pump pulse is 
(8t/3l)e3oi 2* 2.6 ps/cm. This time spreading between the 
third-harmonic light and the pump pulse broadens the 
third-harmonic pulse duration to 

At3*tiAt2+(öt/Sl)2

3oll'2y12 (41) 

/' is the shorter of the lengths / and / o v e r . The approxi­
mate third-harmonic pulse durations versus crystal 

0 ' 2 \ » / v ' 2 \ S i " 2 ( M ° 

ri(OyA0,Av) 
02o 

dAk „ dAk ' \ 1 

dAk dAk' . 

( 0,2\ 0 0 / v , 2 \ 
(38) 

The oscillations for A0=0 and Av=0 are lost readily 
for increasing AO and A v-values and the half widths of 
the angular tuning curves broaden while the conver­
sion peak at 0 = 0 / 7 reduces. 

In Fig. 8 some realistic angular energy conversion 
tuning curves for the combined action of AO and Av are 
depicted and experimental points are included (see 
below). The curves belong to chirped pulses (dAk'/dv 
= 1.38x 10~ 4 cm~7rad) except curve 1 (bandwidth 
limited, /dv = 3cm~ 1 ). 

The interaction length is limited by the wavevector 
mismatches due to divergence and spectral width and 
due to the walk-off angle. For nondivergent (A0-+0), 
bandwidth limited pulses of large beam diameter the 
group-velocity dispersion may be the limiting factor 

length are shown in Fig. 9b for two different pump 
pulse durations. 

2. Experimental 

The experimental setup is shown in Fig. 10. A passively 
modelocked N d : phosphate glass laser is used which 
generates picosecond pulses of about 5 ps duration at 
1.054 urn [33]. A single pulse is selected from the pulse 
train with an electro-optical switch. The separated 
pulse is amplified in a double-passage through a 
Nd:phosphate glass amplifier. In some experiments a 
second Nd:phosphate glass amplifier was applied. The 
pump pulse divergence and the beam diameter are 
measured with the diode array systems DAI and DA2. 
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Fig. 7. Normalized energy conversion efficiency versus internal 
phase-mismatching angle for type-II interaction. Curves 1-7: Av 
=0 with (/) -40=0, (2) A0=\O~A rad, (3) A0 = 5x 10"4 rad, 
(4) <d0=lO~3 rad, (5) d0 = 2 x l O ' 3 rad, (6) ^0=5xlO" 3, 
and (7) J0= 10"2 rad. Curves 8/2: <40=O with (8) = 5 cm" \ 
(9) Jv t = 20 cm - 1 , (10) ̂ = 5 0 cm""1, (//) ^ = 100 cm - 1 , 
and (12) Jv = 200 cm - 1 . Curves are calculated for bandwidth-
limited pulses. Xx -1.054 um 

EXTERNAL PHASE-MISMATCHING ANGLE (0-0D)o u t [rad] 
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Fig. 8. Normalized energy conversion efficiency versus internal 
(lower abscissa) and external phase-mismatching angle (upper 
abscissa) for type-II interaction in calcite. Left half: AO-5 
xl0" 4rad; right half: A0= \ xl0~ 4rad. Curves / are band-
with limited with Avl-3cm~l. The other curves are chirped 
with (2) A ?! = 10 cm " l , (3) A v, = 20 cm ~ 1 , (4) A v, = 40 cm " 1 , and 
(5) idv^SOcm"1. The filled points belong to azimuthal angle 
4>=90°. The open points belong to </> = 270°. (A): dvsScm""1; 
(O): ^vs lOcm* 1 ;^): ^v^20cm~ !; (•): / I 4 0 c m " 1 

Fig. 9. (a) Overlap length between ordinary and extraordinary ray of pump pulse versus pump pulse duration in calcite A, = 1.054 urn. 
(<5r/<$/)oiei = 1.56ps/cm. (b) Broadening of pulse duration of third harmonic light in calcite crystal due to group velocity dispersion. 
Aj = 1.054 urn, (&/<5/)c3ol=2.6ps/cm. Solid curves belong to (/) At = 5ps and (2) 4f = lps. Dashed curve gives time delay be­
tween extraordinary ray at A 3 and ordinary ray at Xx 
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Fig. 10. Experimental arrangement. DAI and DA2, linear diode 
arrays. CL1-CL3, cylindrical lenses. SP, 30cm grating spec­
trometer. VID, vidicon of optical spectrum analyser. PD1 and 
PD2, vacuum photodetectors. DC, saturable absorber cell for 
intensity detection. CA, calcite crystal. F, filters. L, lens. PM, 
photomultiplier 

The spectral distribution of the pump pulses is regis­
tered with a spectrometer SP and a vidicon system 
V I D (optical spectrum analyser). The input pulse peak 
intensity is determined by nonlinear transmission 
measurements through a saturable absorber D C [36] 
(Kodak dye No. 9860 in 1,2-dichloroethane) with 
photodetectors P D 2 and PD1. 

The third-harmonic light is generated in the angle 
tuned calcite crystal C A . Type-II phase-matching is 
applied (0„ = 35.96°). The azimuthal angles 0 = 90° 
and 0 = 270° are used. The angle ß between pump 
pulse field strength E{ and X-axis is ß = arccotan(2) 
= 26.57° (optimum condition, see above). The crystal 
length is / = 2 cm. In some experiments the input pump 
pulse intensity is increased by forming a line focus in 
the KZ-plane with a cylindrical lens C L 3 (increase of 
intensity withouth an increase of relevant beam diver­
gence). The generated third harmonic light is detected 
with the photomultiplier P M . The energy conversion 
efficiency rj is determined by calibrating the photomul­
tiplier P M to the photodetector PD1 . 

3. Results 

The experimental points in Fig. 8 show the angular 
dependence of the third-harmonic signal. The lower 
abscissa gives the phase-mismatching angle inside the 
crystal. The upper abscissa presents the external phase-
mismatching angle outside the crystal 1(9 — 9n)out 

~ n o l ( 0 ~ 0 / 7 ) ] . The filled points belong to 0 = 90° and 
the open points belong to 0 = 270°. The circles are 
adjusted to the calculated curve of J 0 = l O ~ 4 r a d and 
zJv = 2 0 c m _ 1 . The measured points fit well to the 
calculated curves. The measured pump beam diver­
gence is in the region between 10" 4 rad and 
5 x 10 4 rad. The applied beam diameter was approxi­
mately 5 mm. The spectral width of the pump pulses 
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Fig. 11. Third-harmonic energy conversion efficiency versus 
input pump pulse peak intensity. Type-H phase-matching is 
applied. Crystal length / = 2cm. Pump laser wavelength Xx 

= 1.054 um. Filled points belong to azimuthal angle 0 = 90°. 
Open points belong to <j>-2W\ Curve / and triangles: A0~ 1 
x 10~4, Av-5cm~x and Ad = 5mm. Curve 2 and circles: A0~ \ 
x 10~4rad, /1v = 20cm 1 and Ad = 5 mm. Dashed curve: A9 — 0, 
zlv=0, and Ad->oo. The curves are calculated (21b) with 
^,//(0 = 9Oo) = ̂ >//(0 = 27O°) = 3 x l O - 2 4 m 2 V - 2 

was varied by changing the position of the selected 
single pulse within the pulse train. 

In Fig. 11 the energy conversion rj at the phase-
matching angle 9n is plotted versus input pulse peak 
intensity 7 1 0 . The open points belong to the azimuthal 
angle 0 = 270°. The filled points belong to 0 = 90°. 
Within the experimental accuracy the energy conver­
sion efficiency for 0 = 90° and 0 = 270° is the same. The 
solid curves are fitted to the experimental points. The 
dashed curve belongs to Av = 0 and A9=0. The fitting 
parameter is the effective nonlinear susceptibility. Its 
value is zif/,//(0 = 9O°) = ^ f , / / ( 0 = 27O°) = (3.O±O.6) 
x l 0 ~ 2 4 m 2 V " 2 = ( 2 . 1 5 ± 0 . 5 ) x l 0 - 1 6 e s u (lesu 
= ( 9 x l 0 8 / 4 ; c ) m 2 V - 2 [26]). 

For our experimental systems the highest obtain­
able pulse intensity was about 1 0 n W / c m 2 . It was 
achieved by using a cylindrical length of 30 cm focal 
length and by selecting pulses from the pulse train 



maximum (Av ~ 20 cm" 1 ) . The relevant beam diameter 
in the Z^-plane remained Ad ~ 5 mm. The highest 
conversion efficiency was about 1 x 10"~4. 

4. Discussion 

The effective third-order nonlinear optical suscepti­
bility zi?f,// contains the three independent suscepti­
bility components Xi i , Xio = X 3 9 , and x 3 5 . Xii has been 
determined previously by non-phase-matched third-
harmonic generation [19] (Ej lc-axis , k^c-ax is ) . A 
value of Xn = 5.2x 1 0 ~ 2 3 m 2 V " 2 has been obtained. 
Using xn of [19] and ^ , / / ( 9 0 ° ) ^ ^ , / / ( 2 7 0 ° ) of this 
work the susceptibility components Xio and Xss are 
found to be | X l 0 l = ( 0 ± 5 x 1 0 " 2 5 ) m 2 V ~ 2 and Xzs 
~ —6.5x 1 0 ~ 2 4 m 2 V ~ 2 . The values of the suscepti­
bility components are not very accurate because of the 
uncertainties of the effective susceptibilities. 

In our experiments we were limited to input pulse 
peak intensities / 1 0 ^ 1 0 n W/cm 2 . The focusing with 
the cylindrical lens did not lead to higher intensities. 
The damage threshold peak intensity / t h was deter­
mined by focusing with a spherical lens into the crystal. 
The damage threshold was found to be / 1 0 , t h 

> 1 0 1 3 W / c m 2 for single picosecond pump pulses of 
about 5 ps duration (no surface and no bulk damage 
observed for J 1 0 ^ 1 0 1 3 W/cm 2 ). Increasing the pump 
pulse peak intensity to J 1 0 = 2 x 1 0 1 2 W / c m 2 would 
lead to an energy conversion efficiency of>;^0.20 for 
band-width limited pulses (J0 = l x l O ~ 4 , ^ v ^ 3 c m ~ 1 , 
Aden5mm, I=2cm). For high power picosecond 
lasers, as used for laser fusion experiments [37], calcite 
should be an useful crystal for efficient direct third-
harmonic generation. 

5. Conclusions 

The direct third-harmonic generation in calcite suffers 
from the very small effective third-order nonlinear 
susceptibility and the large walk-off angle. The damage 
threshold of the crystal is very high for picosecond 
pump pulses ( / 1 ( U h > 1 0 1 3 W/cm 2). The application of 
non-divergent, bandwidth-limited, large-diameter 
picosecond pump pulses of intensities in the T W / c m 2 

region offers the possibility of efficient third-harmonic 
generation with energy conversions in the ten percent 
region. 
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