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Abstract. The third-order nonlinear susceptibilities y&)., (—ws;; ®,, ®;, w,) versus
concentration are determined for rhodamine 6G, fuchsin, and methylene blue in methanol.
Third-harmonic generation of a modelocked Nd-glass laser is applied. The real and
imaginary part of the nonlinear susceptibility are measured. A resonance enhancement due

to absorption bands is observed.

PACS: 42.65, 42.65 B

Phasematched third-harmonic generation in dye so-
lutions was studied in the past as potential process of
efficient frequency tripling [1-6]. The conversion
efficiency 5 could be increased about a factor of 50
(fuchsin [1-4]) to 4000 (hexamethylindocarbocyanine
iodide [5]) compared to the neat solvent. Phasematch-
ing was achieved by utilizing the anomalous dispersion
of the refractive index of the dye solutions. The
absolute conversion efficiency remained weak (n=x2
x1071! in fuchsin [2], n~2x107° in hexamethyl-
indocarbocyanine iodide [5] at 107 W/cm? laser in-
tensity) because of light absorption at the third-
harmonic frequency limiting the interaction length.
The nonlinear hyperpolarizabilities of dye molecules
were estimated and related to conjugated bonds and
two-photon-resonances [5].

Here we determine the dependence of third-order
nonlinear susceptibilities y3., (—w;; 0, ®;, ®,) on
dye concentration for rhodamine 6G, fuchsin and
methylene blue in methanol. The efficiency of conver-
sion of picosecond light pulses of a mode-locked Nd-
glass laser to the third harmonic is measured. The
nonlinear susceptibilities are deduced by comparison
with calculations [7]. The absorption coefficients and
refractive indices entering the calculations are sepa-
rately measured [8,9]. The nonlinear susceptibilities
comprise contributions from the solvent and the

solute. The complex solute hyperpolarizabilities are
determined and compared with the real solvent hyper-
polarizability. The resonance enhancement is ana-
lyzed.

1. Experiments

The experiments are carried out with single picosecond
light pulses from a passively mode-locked Nd-
phosphate glass laser. The experimental setup is iden-
tical to that of [ 7]. The most important characteristic of
the arrangement is the location of the sample cell into a
vacuum chamber and the use of cell windows with
thickness equal to even integer multiples of the
coherence length (achieved by tilting the sample to
angle 0 =6°). For this arrangement the detected third-
harmonic signal originates entirely from the liquid
under investigation.

The theory of [7] is applied to calculate the nonlinear
susceptibility values from energy conversion measure-
ments. The measured energy conversion is given by the
ratio of third-harmonic energy behind the end of the
cell W,(d ) to the input fundamental energy in front of
the entrance window W;(a_)
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It is related to the input-pulse peak intensity I,,(a_)
(Gaussian temporal and spatial pulse shape assumed),
the nonlinear susceptibility y2., (—w;; o,, ©,, ®,)
(abreviated by x®), the absorption coefficients o, o3
and the refractive indices n,, ny by

n= 33/2 IX(3)|212 (a-)

=R 511 —Ry (@11 R, (a)]°[1 - u(b)]3
M?(a)M*(b) (2)

a, b, ¢, d denote the air-window, window-solution,
solution-window, and window-air interfaces along the
light path, respectively. The subscripts — and +
indicate the positions in front of and behind the
interface, respectively. R,, and R, ; denote the light
reflection at the interface. They are approximately
given by R, ~R=(n_—n,)*/(n_+n,)* M(a) and
M (b) describe the changes of the beam diameter of the
input light at the air-window and the window-
solution interface, respectively. These magnification
factors are M=cosf,/cosf_  with sinf,
=(n_/n,)sinf_. The constant k is given by

n2v3{exp(—3a,lp)+exp(—asls)—2exp[—
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their S, — S, absorption band between ¥, and v;. But
the effective interaction length remains generally short
[legr (4k) 2 2/03].

The absorption coefficients o; and o5 of the dye
solutions were measured with a spectro-photometer.
Cell thicknesses down to 10 pm were used. The refrac-
tive indices (relative to air) of the fused silica cell
windows are n,=1.4497 and n;=1.4765 [10]. The
refractive indices n,;=1.3214 and n;=1.3420
(T=25°C) of the solvent methanol were measured
with a Pellin-Broca prism apparatus [8] while the
refractive indices of the dye solutions were determined
with a reflection technique [9]. The unknown suscepti-
bility values |x®)| are extracted from (2) by comparing
the measured energy conversions with calculations.

2. Results

Methanolic solutions of rhodamine 6G, fuchsin (C.L
No0.42510) and methylene blue (C.I. No.52015) are
investigated. The absorption spectra of the three dye

(o3 +300)lp/2] cos(Ale)}

nyndedci[(o; — 30,)%/4 + Ak*]

V=0w3/(2ncy) =v3/co=1/15 is the wave number of the
third-harmonic light. ¢, is the vacuum light velocity. I,
is the inner cell length. The wave vector mismatch is
Ak=6nV,(ny—n,) (V; =1/4,, ,, =1055nm).

For transparent media (o, = a3 =0) x reduces to

_ An*V] sin®(Akly/2)
K= mni’c%s% (4k/2) “)

and the energy conversion 7 is modulated with cell
thickness I, (Maker fringes). The mean energy conver-
sion (averaged over a modulation period) is defined as
1=("max + Mmin)/2- The neat solvent methanol has
negligibly small absorption (¢, =0.112cm ™!, a3 =0)
and the third-harmonic generation is governed by (4).
For dye concentrations C > 10~ 2 mol/dm? the absorp-
tion coefficient o5 at the third-harmonic frequency is so
large that the second and third terms in the curly
brackets of (3) are negligible and « reduces to

— 2"’% exp(—3a118) (5)
nsniegesl(as —3e)?/4+ 4k*]

The third-harmonic signal does not any longer exhibit
an oscillatory length dependence. The effective interac-
tion length is

lge=[ (a3 — 30t,)*/4+ AKk*] 12

Phasematched third-harmonic generation (4k=0,
ny=n,) is achievable in some dye solutions having

©)

solutions are depicted in Fig.1 (dye concentration
10~ *mol/dm?). Rhodamine 6G has absorption peaks
at 2w, and ws;, fuchsin absorbs at 2w, while methylene
blue has no absorption maxima at w,, 2w, or w;.
The measured energy conversions versus dye con-
centration are depicted by the open circles in Figs. 2—4.
The normalized quantity #/I%,(a_) is plotted. The
uncertainty of data points is approximately

Aln/I5:(a-)1/[7/151(a-)] = £0.3

due to uncertainties in the energy conversion and
intensity detection. At small dye concentrations up to
some 10~ 3mol/dm?® the mean energy conversion re-
duces to approximately half the neat solvent value due
to absorption of the generated third-harmonic light
[exp(—a3lp)—0 in (3)]. Then the energy conversion
increases with concentration. In methylene blue a
maximum is reached around 0.37 mol/dm?3. This max-
imum energy conversion coincides with phasematch-
ing (7oc|x® 1 (03/4+ AK?), 12 = 3" + 1), 125 C,
azocC; S: solvent, D: dye).

The absorption coefficients a; and o versus con-
centration are displayed in Fig. 5. Within the experi-
mental accuracy the absorption coefficients are pro-
portional to the concentration.

The concentration dependence of the refractive indices
is shown in Fig. 6. For rhodamine 6G and fuchsin the
refractive indices grow linearly with concentration. In
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Fig. 2. Energy conversion and third-order nonlinear Fig. 3. Energy conversion and third-order nonlinear

susceptibility of rhodamine 6G in methanol versus
concentration. Open circles, measured energy conversion. Closed
circles, calculated nonlinear susceptibilities from measured
energy conversion. Curves are calculated: 1-4 belong to
fi/I3(a_), 1'-4' belong to [y®. 1,1: ¥’ =1.33 x 10~ ° Cm*/V3;
2,2 yP=4i137x1075° Cm*/V3; 3,3 y§'=—141x107%°
Cm*/V3; 4,4 solvent methanol & =93(—CMp)oo,
Y§9=627x 10" Cm*/V3, ¢,=0.79132g/cm> My=479.02
g/mol, o(C=0.2mol/l) =0.8239 g/cm>. Sample length ;=2 mm

susceptibility of fuchsin in methanol. Arrangement as in Fig. 2.
Curves 1,1: 9 =119x107°°Cm*/V3; 2,2": y§=+i124
x 10739 Cm*/V3;3,3": 9= —1.29 x 107 %° Cm*/V3; 4,4’ meth-
anol, Mp=337.85g/mol, o(C=0.2mol/dm>®)=0.8067 g/cm>.
Sample length [z=2mm
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Fig. 4. Energy conversion and third-order nonlinear
susceptibility of methylene blue in methanol. Arrangement as in
Fig.2.Curve 1,1':957=3.99 x 107%° Cm*/V3;2,2": y@' = +i4.27
x107%°Cm*/V3; 3,3 9P =—-457x10"%"Cm*/V3; 4,4':
methanol, Mp,=355.89, ¢(0.2mol/dm?)=0.8162 g/cm>. Sample
length lz=2mm for C<0.06 mol/dm3, otherwise I;=0.2 mm

case of methylene blue they rise sublinearly in agree-
ment with [6] (absorption spectrum deviates from
Beer’s law). The effective interaction length [ ¢, = [4k?
+ (23— 3,)?/4] '/ is included in Fig. 6.

The experimental third-order susceptibility values
|x®)| are calculated from the measured 7 values with the
aid of (2). The obtained values are depicted by closed
circles in Figs. 2—4. Their uncertainty 4|y®|/|®| ~0.15
follows from the uncertainty of the 7/I3,(a_) values.
The nonlinear susceptibility x'® comprises contri-
butions from the solvent (S) and the solute (D). It may
be written as

=1+ | (6)

The solvent susceptibility is

(3)

N, —NpMp/N
W=y -y ool

— (3)
=X
0 Nso Qo

, ™

where ¥§3) is the nonlinear susceptibility of the neat
solvent. It is real and positive (far off resonances). N
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and Np= CN, indicate the number densities of solvent
and dye molecules, respectively. N,=6.022169
x 10%3mol ! is the Avogadro number. Ny, is the
number density of the neat solvent. ¢ and g, are the
mass densities. M, is the molar mass of the dye
molecules. The densities were measured with a
pycnometer.

x$) is the apparent nonlinear susceptibility of the dye
[11]. It includes the intrinsic contribution of the dye
molecules and the contribution of the dye-solvent
interaction [11]. In general, ¥3’ is complex and may be
written as

1§ =18 —ix§” =¥ lexp(—ig). ®)

It may be expressed in terms of the apparent hyper-
polarizability y$ = [y$|exp(—ig) of the dye by

(3) .
XD,xxxx(_(D:h Wy, Wy, C01)

)
=Myg,)xxxx(_wii;wl’wlswl)a (9)
o

where L™ =(n3+2)(n?+2)3/81 is the Lorentz-local-
field correction factor. The definition of y§ follows
[12], it differs from the previously used definition in
[11] taken from [13] by y$X[12])=y$A([11])/24.
The solid curves for #/I3,(a_) and |x®| in Figs. 24 are
calculated by fitting y§’ to the experimental energy
conversion measurement at the highest dye con-
centration. The phase angles ¢ are set to ¢ =0 (curves 1
and 1, y§ positive), ¢ = +90° (curves 2 and 2/, y§’
imaginary, + sign undetermined) and ¢ = 180° (curves
3 and 3/, ¥ negative). The concentration dependence
of #i/I3,(a_) or of [y® at low concentrations
(€ <0.04 mol/dm?) allows to determine the phase of
the complex hyperpolarizability and susceptibility.
The best fitting y$’ values are listed in Table 1. The
dashed curves 4 and 4’ in Figs. 2-4 indicate the
contributions of the solvent to #/I3,(a_) and [¢®).
The solvent contribution #s/I3;(a_) grows quadrati-
cally with the effective interaction length I¢. The dye
contribution #p at phasematching is independent of
the actual dye concentration, since 7jpoc|x5’|?/«3 with
[ oc C and az0cC.

3. Discussion

The experimental findings listed in Table 1 are:

i) The absolute hyperpolarizability |y$] is nearly the
same for all three dyes despite the fact that rhodamine
6G has two resonances (absorption peaks near 2w,
and w;), fuchsin has one resonance (absorption band at
2w,), while methylene blue has no resonance.

ii) The dye hyperpolarizabilities |y$)| are about a
factor of 1000 larger than the solvent hyperpolariza-
bility y§.
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Fig. 5a—c. Absorption coefficients at w,(4) and w,(0) versus dye
concentration. (a) Rhodamine 6G in methanol. (b) Fuchsin in
methanol. (c) Methylene blue in methanol

Table 1
Substances Hyperpolarizability
A
Al @

[Cm*/V?] [esu]® ]
Methanol 6x10793 5x10738 0
Rhodamine 6G 14x107%° 1.1x10734 110+30
Fuchsin 12x107%° 1.0x 1073 90+30
Methylene blue 4x10°°° 32x1073% 0+30

Transformation factors are y®)(esu)=28.0888 x 1024 y3)(SI) and
2®(esu)=(9 x 108/4n)y ST [11]

iii) The hyperpolarizability of rhodamine 6G and
fuchsin is mainly imaginary while the hyperpolariza-
bility of methylene blue is mainly real.

The experimental results are analyzed in the following.
The anharmonic oscillator model [11] is inappropri-
ate since it does not cope with the two-photon
resonances at 2w, : It leads to

V(s)(_w:;; Oy, Wy, W)
=(Em/af2e*)y N w,)*yNw;)
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Fig. 6a—. Refractive indices relative to air at w,(4) and w;(0)
versus dye  concentration. T=25°C, A;=1.055nm,
23=351.7nm. (a) Rhodamine 6G in methanol. (b) Fuchsin in
methanol. () Methylene blue in methanol. The effective
interaction lengths I ;= [(a3 —3a)?/4 + Ak*]~ /2 are included

where ¢ is the anharmonic coupling constant, m the
electron mass, f the oscillator strength, e the electron
charge and y'*Y(w,) the linear polarizability. y(2w,) is
not involved.

The quantum-mechanical perturbation theory for
electric dipole interaction is applied here. A general
expression for the hyperpolarizability Y&, (—ws; @4,
;, w,) is found by third order perturbation theory.
The result is [14-17]

P — 03504, 04, )
et glxla) {alx|b)<{blx|c){c|x|g)
B Fg%"}; [(wa —w3) (0 —20,) (0. — ;)
<glx|a) {alx|b) <{blx|c){c|x|g)
(0F +0y) (0, —20,) (0, — ®y)
glxle> {c|x|b)<b|x|a)<alx|g>
(0F + w3) (05 +20,) (0F + @y)

+ <glx|ey {clxlb) <blx|a) {alx|g> ] .

(0, —0y) (0 +20,) (0F + )

(10)
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The three summations run over all states of the system
(ground state |g) and excited states). w,, w,, and w, are
complex quantities, i.e. w,=Q,—iI, with a=a, b, or c.
The real part Q, is equal to a transition frequency from
the ground state |g) to an excited state |a), the
imaginary part I', is equal to the half width at half
maximum of the absorption line at frequency 2, and
describes the relaxation processes. Each of the four
terms in the bracket contains a product of four matrix
elements in the numerator and a product of three
frequency expressions in the denominator.

The first of the four sum terms contains three re-
sonance factors (w,—w3), (w,—2w,), and (w,—w,)
while the other three terms have either two, none or
one resonance factor. The first term contributes most
to y*® and is only remained. Equation (10) is appro-
ximated by

ygc}xx(_wS; Wy, Wy, (1)1)
e4
R
{glxlay<alx|b) {blx|c){c|xlg)

(0= 03) (0, — 20,) (0, — @)~

(1D

Equation (11) may be further simplified by retaining in
the triple sum only those transition frequencies that are
nearly resonant to the frequencies ws, 2w, or w; and
therefore contribute most. This procedure leads to the
following expressions for the three investigated dyes:

i) Rhodamine 6G

?g,)xxxx( —W3; 01, W, W)
- et < {g|x|348><348|x|530)
s (w348 — @3) (0530 —200;)
<g1x|280><280]x|530) ) 3 {530Ix|cy{clxlg>
(0350 —@3) (0530 —2w1) /) ¢ W, —w,
(12a)

Nl <_ {g|x|348> {348|x|530)
- h3 F348F530
; {glx|280> (280|x|530>>
(2280 —@3) 530
<530]x|c){c|xlg)
. ; Q. —w,
_ et [ {gIx|348) (348|x|S30)K 5
E <_ I3481530(82345 — 04)
; {gx]280) <280|x|530>K ¢ )
(2280 — 03)530(R345 — 1))
The retained transition frequencies are indicated by

the corresponding wavelength numbers in nm (Fig. 1).
The enlarged |y§’|-value compared to the solvent is due

(12b)

(12¢)
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to the resonance enhancement at w5 and 2w,. Since the
transition dipole moment {g|x|348) is smaller than
{g|x|280) (smaller absorption cross section) the second
term in the bracket of (12b) dominates and »§’ is
complex with a greater imaginary than negative real
part. This behaviour is found experimentally. In (12c)
the lowest non-vanishing frequency term (Q;,4 — ) is
singled out and the remaining quantity is abreviated by
the constant

Kr= 3 {530[x|c){c|xlg) (2348 — 01)/(2—y) .
ii) Fuchsin

yg‘,)xxxx(—wiﬁ; @y, W1, 601)
et (gIx|290) (290[x[550)

s (0290 —®3) (@550 —201)

<550]x|e Lclxlgy

. 13a
; pr— (13a)
Nié {g]x|290><290]x]|550)
R (R200—®3) 550
{550]x|cy<clxlgy
. 13b
; 0o, (13b)
4
_.e {g]x|290><290|x|550>K ¢ (130)

=1 .
# (2290 — @3)550(R290 — 1)
K is given by
Kp=3<{550[x|c) {clxlg) (2390 — 01)/(R:— @)

The resonant term at w, =350 nm is neglected since the
transition dipole moment {g|x|350) is very small (very
small absorption at 350 nm, compared to 290 nm, see
Fig. 1). The |y$| value is enhanced by the two-photon
resonance at 2w, and the small difference frequency
term Q2,40 — @5 [(Q,90 — @3)/I's50~ 3]. Equation (13)is
imaginary in agreement with the experimental findings
(Table 1).

iii) Methylene blue

3 .
y;),)xxxx(_w:ia Wq,04, Cl)l)

_ e* {glx[290) (Z <290|x|b> <b|x|650>>
b

3 wy90— 5 wy—20,
<650}xlg) (L4a)
Wgs50—Wq
et <glx|290><650]xg)
3 (Q200—®3) (2650 —®1)
<290|x|b> <{b|x|650
. 14
%’ Q,—2mw, (14b)
_ &t (glxi290)<650lx1g) Ky (140)

® Q200 —w3) (2650 — )20, .
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K, represents the constant
K,,= > {290|x|b> <{b|x|650>2w, /(2, —2w,) .
b

) is positive. For a crude comparison of the hyper-
polarizability of methylene blue with fuchsin one may
compare the resonance denominators leading to y§’

(methylene blue)/|yS’ (fuchsin))|
A I550(2200 — @1)/[(Q650 —01)20,]1~0.29.

This ratio is in good agreement with the experimental
ratio 7’ (methylene blue)/|y’ (fuchsin)| ~0.33. Due to
the broad absorption bands of the dyes, 7’ remains
large even if frequencies w,, 2w,, and w; do not
coincide with transition frequency Q,.

An order of magnitude estimate of the ratio [y]/y§>
for the investigated dyes and the solvent methanol may
be found by comparing the frequency denominators
e

o1 (2s—3w,) (%5 —2m,) (s — )
(3)

~ . 15
1 ms —03) (@ps — 201 (@01 — 1) 43)

Qg is an effective transition frequency of the solvent
lying near to the lowest strong electronic absorption
band. wp; =Qp,; —il},; represent the relevant dye tran-
sition frequencies of (12¢) to (14c). Setting two fre-
quency factors of the dyes equal to 1000cm ™! and
the third one equal to 10000cm™' and using the
experimental ratio [y8|/y§?~ 1000, one obtains an
effective  solvent transition  frequency of
¥s=Qg/(2mcy) ~46000cm ™! (Ag=217nm). Near this
frequency methanol has its first electronic absorption
band. Equation (15) gives a reasonable result.
Anenlargement of y§’ due to conjugated double bonds
was discussed in [ 18-21]. Here we need the conjugated
double bonds only to bring the S, absorption band to
the visible region between w, and w;. Enlargement of
75’ beyond that expected from the resonance denomi-
nators is not observed.

4. Conclusions

The third-order nonlinear susceptibility of dye so-
lutions versus concentration was analysed. A special
arrangement was used to avoid disturbing third-
harmonic generation from the environment. At low
dye concentrations the energy conversion is sensitive
to amplitude and phase of the complex dye hyper-

31

polarizability. The real and imaginary part of the
hyperpolarizability were determined. Theoretical ex-
pressions for the hyperpolarizability derived from
third-order perturbation theory explain the experi-
mental findings. The enlarged dye hyperpolarizability
compared to the solvent (|y§|/y§¥~1000) is well
understood by the broad absorption bands at or near
to the involved frequencies w,, 2w, and w;=3w,.
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