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Abstract

Many financial contracts are equipped with exercise rights or other features enabling
the parties to actively shape the contract’s payoff. These decisions pose a great
challenge for the pricing and hedging of such contracts. Yet, the literature lacks a
consistent way of dealing with these decisions, and instead only provides methods
for specific contracts and not transferable to other models.

In this paper we present a framework that allows us to separate the treatment
of the decisions from the pricing problem and derive a general pricing principle for
the price of an option with decisions by both parties. To accomplish this we present
a general version of the duality between acceptance sets and pricing functions, and
use it to translate the pricing problem into the language of acceptance. Expressing
certain aspects of economic behavior in this language is sufficient to fully eliminate
the decisions from the problem.

Further, we demonstrate why time consistent pricing functions are crucial when
dealing with options with embedded decisions and how the ad-hoc pricing functions
used in many contributions can be derived if time consistency is added to our min-
imal set of assumptions.
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1. Introduction

A theory of option pricing should be a rational theory that tries to explain more
with less by formally deriving far reaching results from a small set of assumptions—
a property that we call scope of a theory. A sharp distinction between assumptions
and results as well as between motivation of the former and proof of the latter is
crucial for the quality of a theory. The pursuit of a theory with such properties
is witnessed by the literature from the past sixty years in this field, most notably
by the titles of important papers such as “Rational theory of warrant pricing”,
Samuelson (1965) or “Theory of rational option pricing”, and the use of Occam’s
razor to “analyze the assumptions to determine which ones are necessary” (Merton,
1973).

Usually, derivative pricing theories focus on the contingency of the contracts,
while often not applying the same rigor to the decisions embedded in the contract.
Of course, the holder’s decision at expiry of European options is trivial, yet there
exists many contracts that include complex decisions by either one or both of the
parties (i.e warrants). Furthermore, every contract considered from the point of
view of a hedger includes a vast number of non-trivial hedging decisions. Current
option pricing literature does not handle decisions on the theory level but instead
on an ad-hoc basis and — making things worse— in a way that is tightly entangled
with the description and specifics of the model at hand.

In this paper we will present the foundation of a pricing theory that is powerful
enough to abstract over the treatment of decisions in financial contracts and that can
be derived from a small set of easily accessible assumptions and axioms. It is inspired
by the current research on acceptance sets and their connection to coherent or convex
risk or monetary utility functions (Artzner et al., 1999; Follmer and Schied, 2002;
Artzner et al., 2007). Even though our pricing functions are more general and not
restricted to convex, coherent measures or monotone measures, we are able to derive
this connection by explicitly employing the notion of an acceptable opportunity (a
generalization of arbitrage opportunities, see Carr et al., 2001). Furthermore, we do
not rely on a specific model for market price dynamics.

The literature on pricing of American options or warrants serves as an illustrative
example of the problem we are trying to solve. The relevant publications can be
classified into three stages. The first stage lies in the pre-risk neutral world, with
its most prominent representatives being Samuelson (1965); McKean (1965); Chen
(1970); Merton (1973). While still struggling from the lack of a meaningful notion
of the price of a derivative security, these authors simply postulate the properties
that the price of an American option should fulfill. Samuelson (1965) and McKean
(1965) both postulate that the price cannot be lower than the values of either the
exercised or continued versions of the option. McKean (1965) goes on to define the
price as the smallest value that fulfills these properties. Samuelson (1965) fixes the
price to be the maximum value of exercised and continued version of the option.
Both authors then derive formulae for different stochastic market models. Chen
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(1970) defines the American option as a series of European-style compound options,
for which the holder at each time period either receives the exercise price or the next
option depending on which one has a greater value. In his seminal work, Merton
(1973) postulates the existence of a continuation region of a certain shape within
which the price satisfies the Black-Scholes-Merton equation, and that its boundary
be chosen in a price-maximizing way.

These theories can be considered to be of high quality, as the postulates and
assumptions are clearly introduced as such at the beginning. The fact that for-
mally complex properties of the price are simply postulated or defined as opposed
to being consequences of simpler assumptions somehow limits their scope from a
theoretical modeling perspective. This of course, does not apply to the derivation of
the Black-Scholes-Merton equation. Instead, it applies to the situation concerning
the theoretical treatment of the early exercise feature and the resulting decisions
embedded in the contract.

Among the noteworthy contributions of the next stage are Brennan and Schwartz
(1977); Parkinson (1977); Cox et al. (1979); Geske and Johnson (1984). The aim of
these articles is shifted towards providing usable algorithms to calculate the price
of an American option. To this end they merely adopt the theoretical foundations
of earlier contributions, thus inheriting their limited scope. Also, the quality —
from the perspective of the treatment of decisions — suffers from an obscure use
of assumptions, possibly even their complete absence (e.g. Brennan and Schwartz,
1977).

The third stage concludes the development of a theory for the decisions embedded
in American options, providing a basis for subsequent publications. Bensoussan
(1984), like Samuelson (1965), but in a different framework, starts by postulating
a type of complementarity problem for the price and then shows how the price is
the solution to an optimal stopping problem. This is taken up by Karatzas (1988,
1989), who defines the price as the smallest amount of capital required to set up
a super-replication strategy and is able to arrive at the same conclusion. In this
setup, the explicit distinction between assumptions and theorems as well as between
motivation and proofs warrants the quality. But more importantly, Karatzas (1989)
finally fulfills the requirement of scope: His analysis opens the door to obtain all
previously published results from one easily accessible definition of the price.!

The academic literature on American options is not an isolated case. The fol-
lowing shortcomings are equally applicable to the literature on all other types of
options with embedded decisions (chooser, passport, shout, swing options etc.) as
well as many textbooks on derivative pricing. The robustness and validity of the
methods used is hard to verify, often difficult to follow with rigor, and different
approaches are impossible to compare without further (mathematically involved)
investigation. Contributions such as Myneni (1992), providing a detailed survey

1See Mymeni (1992) for a detailed summary of the derivations and equivalences of the different
formulations for the price of an American option.
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and proof of equivalence for the different approaches to pricing an American option,
show that these problems can be overcome with time for particular contracts in
particular frameworks.

The much larger problem is the lack of any progress towards a coherent theory
for options with embedded decisions. This results in a situation, in which the meth-
ods developed and the knowledge gained are not transferable; they do not actually
deepen our understanding of the matter and provide no insight into the nature of
the underlying problem. Instead, there remain many unanswered questions, most
importantly: Are the various postulated methods consistent? Which assumptions
about the decision making process are needed to derive the current results? Is the
argumentation also valid in different models? Is an exclusion of the possibility of
clairvoyance (as done by Karatzas, 1988) actually necessary for deriving the pricing
equations? Will the calculated price be correct if this assumption fails to hold?

While it could be the case that answering these questions was not the inten-
tion of earlier constributions, many articles still contain a considerable amount of
argumentation motivating their numerous and, at times, quite obscure and com-
plex assumptions. To answer these questions, we offer a framework in which all the
postulated price properties can be (formally) derived from much simpler principles.
This renders the mostly unsatisfactory explanations superfluous and dramatically
reduces the argumentative burden. As an example we will demonstrate below, how
the arbitrage-free price of an option in an incomplete market can be formally derived
within our theory from a small set of assumption.

Section 2 commences with the usual probabilistic setting of a filtered probability
space. On top of that we will define decision procedures, which describe the choices
made by the agent or counterparty in every possible evolution of the world. In the
language of probability theory, a decision procedure is a stochastic process ¢, where
¢¢(w) stands for the choice made at time ¢ in the world state w. With the concept
of decision procedures we are able to describe options with embedded decisions.
Traditionally, options are modeled by their cumulative discounted payoffs expressed
as random variables. A natural generalization to options with embedded decisions is
to consider an option’s payoff f as a function that assigns every decision procedure
¢ a random variable f(p) : w — f(p)(w) describing how much is paid out in each
world state w, if the agent and counterparty follow the decision procedure .

At the core of our formalism lies a duality between acceptance sets and pricing
functions derived in Section 3. Acceptance sets are collections of payoffs that are
accepted by the agent as zero cost investments, i.e. option contracts he or she would
enter without any additional payments. Pricing functions convert future random
payoffs into prices known today. The same concept applies to payoffs describing
options with decisions. However, special care needs to be taken when the payoff
depends on past decisions, in which case the price inherits this dependence. Our
first major result is a characterization of the essential properties required to derive
a bijection between acceptance sets and pricing functions.
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In Section 4 we introduce conservative acceptance to eliminate decisions from the
pricing problem, and give an example deriving the arbitrage-free price. Section 5
discusses why time consistency is essential in pricing options with decisions, provides
a characterization of time consistent acceptance sets and derives the the price of a
general option with decisions. Section 6 concludes with a general discussion of the
results.

2. Formal setup

The theory is formulated from the perspective of a single market participant,
that we will refer to as agent, engaging in financial activities and entering contracts
with other agents, called her counterparty.

Assumption 2.1 (Probabilistic world). All possible evolutions of the world, their
physical probabilities and the time-dependence of information about the evolution are
described by a filtered probability space (Q, {F; her, P), where all points of time are
given by the totally ordered set T .

Definition 2.1 (Random variables). Let LY represent all F;-measurable random
variables into the set G C R. We will use the abbreviations L, = L{ ™ L7 =
ook = Lo and LF = L% We will employ the convention co—oo =
00.

Define also the set of positive t-premiums V; = {x €L ‘ 0< x}

The values co and —oo represent values higher or lower than any possible real
value. Remark 2.3 will provide the rationale for the inclusion of these values.

2.1. Decisions

We assume decisions happen at predetermined times. These times are then used
to identify a decision (e.g. when describing a payoff’s dependence on a decision).
This does not prevent us from handling more complex decision for which the point
of time can also be chosen by the agent, for example in contracts with the so called
American exercise feature.

The set of times at which decision are made is called T, C 7. At each point of
time ¢ € T, there can be exactly one decision by either the agent or the counterparty.

Remark 2.1. This poses no limitation because multiple decisions by one agent can be
combined into one choice tuple and decisions by different agents cannot be effectively
simultaneous in practice: The agent can either react to the counterparty’s decision
or not, implying that a chronological order always exists.

Decisions to be made by the agent happen at times T, and decisions by the
counterparty at times T.= T, \ T,.
The indexed sets D; contain all possible choices at time t.



The decision behavior of the agents will be modeled by decision procedures,
describing how the choices for a subset of decisions depend on the world state. The
set of decision procedures for decisions at times T C T, is abbreviated by &1 and
defined as the set of stochastic processes taking at time ¢ values in D;:

CDTE{QDZTXQ—)UDt w2 Q — Dy, forallteT}

teT

We will use the abbreviation ® = ®,.

2.2. Options

Before we can actually describe options (by their payoffs), we need one more
assumption:

Assumption 2.2 (Cash-flows). The timing of discounted payments is irrelevant,
i.e. cash-flows are fully determined by their cumulative discounted values.

A sufficient condition in most theories for this assumption to hold is the existence
of a risk-free investment instrument. The complexity added by the use of random
processes, i.e. cash flows with timing information, instead of random variables could
not be justified within the goals of this work.

By Assumption 2.2 the payoff of an option with embedded decisions can be
described by a function specifying the cumulative discounted cash-flow to be received
by the agent for any possible combination of choices and world states. Additionally,
we need to be able to restrict our considerations to payoffs that depend only on a
subset of decisions. This is provided by the following definition.

Definition 2.2 (Payoffs). Define XL as the set of F;-measurable payoffs that depend
only on decisions made at times T C T :

Xo={f:®— L | f() 2 (o), if BEF andy Z ¢ for allt € TNT,}

Putting a set B € F. above a comparison operator means conditionally almost
surely equal: © £ y < P({z = y}|B) = 1, with {z =y} = {w € Q| z(w) = y(w)}.
We will use the abbreviations Xp = X3 and X = Xr.

In other words, the values of a payoff in the set Xt are almost surely determined
by decisions at times T. Making different choices at times outside T does not lead
to different cash flows. As an important example, consider the set Aj; . containing
all payoffs with no decisions before ¢.

Some further remarks on payoffs and their definition are as follows:

Remark 2.2. This definition gives an indirect description of payoffs. It allows payoffs
(as functions from ® to LE) to show arbitrarily complex and non-local dependence
on the decision procedure, only to restrict this freedom at the same time. A more
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straightforward approach would be to define the cash flow described by payoft f for a
given decision procedure ¢ in the world state w by something like f(¢(w))(w). How-
ever, this w-by-w definition would be too limiting. As an example, take stochastic
integrals, which are used extensively in the financial modeling of portfolios, trading
gains and hedging. They cannot be defined in a pathwise manner (as the limits in-
volved diverge for almost any w) and thus cannot be handled by this naive approach.
Definition 2.2 alleviates this problem and Corollary B.4 shows that the stochastic
integral is in fact included in the definition.

Remark 2.3. The definition uses the set L and thus allows 400 in payoffs. This is
required to assure that the price of an option can again be treated as a payoff and to
enable iterative application of pricing functions. Both aspects will be of importance
when dealing with time consistency (Section 5). The same could be achieved with
a restriction to bounded payoffs. However, this limitation would exclude too many
important applications of practical relevance.

Remark 2.4. If a random variable * € LZ is used in the context of payoffs, it
is understood as the corresponding constant payoff given by 1 +— x, which is an
element of Xy, and vice versa.

Remark 2.5. 1f not stated differently, all operators, relations and also suprema and
infima used on payoffs are the pointwise versions of their LE | P-almost sure variants:

fRg Vo €®: () R glp)

Finally we need a way to consider the effective payoff that results if an agent or
counterparty follows a decision procedure for a certain subset of decisions. These
decisions can be considered fized and the effective payoff does not depend on them
anymore. We introduce the following notation:

Definition 2.3 (Effective payoff). For any payoff f € X and decision procedure
@ € Op define the effective payoft, f{go} € Xnr by

f{@} (¢) = flely + Ylppr), for all p € .

3. From acceptance to pricing

3.1. Acceptable opportunities

In their ground-breaking work Artzner et al. (1999) “provide [...] a definition of
risks [...] and present and justify a unified framework for the analysis, construction
and implementation of measures of risk”. They make the “acceptable future ran-
dom net worths” the center of attention and postulate four economically motivated
axioms for acceptability, leading to coherent risk measures, which posses a general
representation using “generalized scenarios”. Their framework enjoys great popular-
ity and was generalized to convex (Féllmer and Schied, 2002) and dynamic (Artzner
et al., 2007; Cheridito et al., 2006; Cheridito and Kupper, 2011) risk-measures.
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Carr et al. (2001) use this notion of acceptability to address the shortcomings
of many pricing theories, which either require the existence of complete markets
(a questionable requirement) or are unable to predict the smallness of observed
spreads, “by expanding the role played by arbitrage opportunities to acceptable
opportunities”.

The problem with these contributions is that it is hard to see which axioms
are actually needed to ascertain the connection between acceptance sets and pricing
functions. Acceptance sets are introduced as black boxes lacking any inner structure.
The desired structure is then superimposed using axioms which can be too restrictive
(as in the case with coherent risk-measures, that had to be generalized to convex
risk-measures by Carr et al., 2001; Follmer and Schied, 2002).

Our approach is slightly different. We begin one step earlier by formalizing the
acceptable opportunity directly and motivate its properties. The properties of the
acceptance set can then be formally derived. This is not only more natural, but
also reduces the number of axioms needed to derive the desired properties to one.
Properties and connections that finally lead to a better understanding of what prices
and risk premiums are and how they can be modeled and calculated.

First, two remarks about our terminology must be made:

Remark 3.1. We will use premium to describe the discounted net amount that is
paid by the agent upon entering the option’s contract. We will often use the set of
positive t-premiums V; from Definition 2.1.

Remark 3.2. Payoffs and the options they describe should be understood in the
sense of zero cost investments or opportunities, i.e. for the question of acceptance
an option’s premium is understood to be already included in the payoff (which is
possible due to Assumption 2.2).

The introduction of acceptable opportunities is based on the following assump-

tion:

Assumption 3.1 (Acceptable opportunity). For every payoff with no past decisions
it can be answered in every world and at every point of time using only informa-
tion available at that time, whether the agent accepts it (making it an acceptable
opportunity) or not.

Thus, for each time ¢ and option f there exists an event oyu(f) € F;, which
encodes the acceptability of f at time . We impose only property upon «;:

Axiom 3.1. For all B € F; and f € Xj; o the following holds:

P(ou(f)|B) = 1 <= (P(cu(9)|B) = 1, if g = [+ for some x € V)

The “=" directionof this axiom is economically uncontroversial: If an option
f is accepted in an event B, then any option is accepted whose payoff in the event
B is higher than f’s by a positive premium. The other direction is simply there
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to exclude the pathological case in which an unacceptable opportunity can become
acceptable by adding an arbitrarily small premium. As we shall see in Example 4.2,
this property is especially important in the context of options with decisions.

Now we can define acceptance sets and derive their properties. We will call any
set of payoffs A C &}y ) a t-acceptance set.

An acceptance set should contain all acceptable payoffs. Thus, from a given
function oy we can derive the corresponding t-acceptance set

(3.1) A= {f € XKooy | P(as(f)) = 1}.

In the following sections we will work directly with acceptance sets, or more
specifically proper acceptance sets, which have the same properties that Axiom 3.1
induces in A (cf. Corollary 3.1):

Definition 3.1 (Proper acceptance sets). A t-acceptance set A is called proper if
it is t-compatible (see below) and

(3.2) A:{fe?qt,oo>ﬂ{f+x|w€Vt}§A}-
Properness uses the following definition of ¢-compatibility:

Definition 3.2 (t-compatibility). A non empty set X of functions from some set
G into L is t-compatible, if for all {x,} C X and mutually disjoint {B,} C F,
with P(U, By) = 1 it holds >2° x, 1, € X, where 1p, is the indicator function of
the set G x B,,.

Corollary 3.1. If a; satisfies Aziom 3.1 and A from Eq. (3.1) is not empty, then
A is a proper acceptance set.

Proof. See Appendix A.1. n

3.2. The price of an option

Formally, we will call any function 7 : &} ) — LFE, from the set of options
with no decisions before ¢ to the set of t-measurable random variables, a t-pricing
function. It is our aim to construct a t-pricing function for a given t-acceptance
set. The intuitive characterization of the price of an option could be summarized as
the highest premium the agent would accept to pay for entering the contract. More
precisely this describes the agent’s bid price. If an option’s ask price is wanted, it
is given by the negative of the bid price of the reversed option.

One possible formalization of this description of the bid price is given by:

Definition 3.3 (Associated pricing function). For any t-acceptance set A define its
t-pricing function P[A] by

P[A](f) = sup{x eL; ‘ f—xe A} for all f € Xy o),

where sup stands for the essential supremum.
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It is easy to see that this definition actually specifies a t-pricing function, as the
supremum always exists in L (Theorem B.1). But instead of the highest acceptable
premium, which does not exist in general, this definition uses the supremum. Ran-
dom variables and thus premiums are not totally ordered and the supremum of such
sets can be far away from its elements. Figure 1 illustrates how the supremum of
the set of acceptable premiums is in general not acceptable. However, Corollary 3.2
will ensure that for proper A the use of the supremum is justified.

s z(wq)
SupQ

> T(ws)

\

Figure 1: Example of a set of accepted premiums @) = {m €L, ’ f—xze€ .A} taking

into account Eq. (3.2) from Definition 3.1 in a probability space with F; =
P({wi,w2}) and no decisions. A premium x can be visualized by a 2D-point

(#(w1), z(w2))-

In Section 5 we will use the term normalized pricing function:

Definition 3.4 (Normalized pricing function). A pricing function m is called nor-
malized, if 7(0) = 0. Ewvery pricing function © with |7(0)| < oo has a normalized
version = — m(z) — 7(0).

We do not require pricing functions to be normalized, as this would unnecessarily
restrict the following results and make them more complicated without providing
additional value.

3.3. The duality

In the this section we present an important connection between pricing func-
tions and acceptance sets. Similar relationships have been derived in previous lit-
erature (Artzner et al., 1999; Follmer and Schied, 2002; Detlefsen and Scandolo,
2005; Cheridito et al., 2006). However, these relationships are formulated only for
specialized versions of risk measures and acceptance sets.
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Our work uses acceptance sets as the starting point of a pricing theory for options
with decision and therefore deeply relies on this relationship, whose generality will
carry over to the generality of our results. Thus, our focus lies in finding the most
general relationship that still permits a sensible definition of the price of an option,
i.e. solving the problem of the existence of the maximum and the associated question
of validity of Definition 3.3 from the last section.

The relationship we will use, is a duality between proper acceptance sets and
cash invariant pricing functions:

Definition 3.5 (Cash invariance). A t-pricing function w is called cash invariant if
for each f € Xy o) and x € L it holds: n(f +z) =n(f) +x

Cash invariance ensures that adding a premium to any option simply increases
its price by that amount. This clearly is a desirable property for any theory and, as
Theorem 3.1 will show, holds for P[A] if A is proper.

The inverse duality operation, which derives an acceptance set from a pricing
function, is the literal translation of “the agent accepts any option he would pay a
non-negative premium for”:

Definition 3.6 (Dual acceptance set). For any t-pricing function w define its dual
t-acceptance set

Alr] = {f € X0 ‘ 0< W(f)}
Now, the complete duality can be formally stated:

Theorem 3.1 (Duality). For any t, a bijection between the set of cash invariant t-
pricing functions and the set of proper t-acceptance sets exists. The bijection and
its inverse are given by Definitions 3.3 and 3.6. Le. for any cash invariant t-pricing
function w: (1) Alr| is a proper t-acceptance set, and (2) P[A[r]] = 7 and for
any proper t-acceptance set A: (3) P[A] is a cash invariant t-pricing function, and

(4) AP[A]] = A.

Proof. See Appendix A.2. The key step, which exploits the inner structure of accep-
tance sets and enables us to arrive at these new results, is found in Lemma A.3. [

With this theorem we can answer the question of the previous section:

Corollary 3.2. For any proper acceptance set A and option f € X}y o) it holds:

PIA|(f) =max{z € L; | f —x € A}, if PlA](f) < o0
Proof. See Appendix A.3 O]

But beyond this, the duality proves that our formalization is consistent with
our intuition. And more importantly, it provides the justification for using the two
notions, acceptance sets and pricing functions, interchangeably in developing an
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axiomatic option pricing theory. Properties that are best expressed for one of the
two can be easily translated for the other.

Furthermore, it can be used to prove the important property of locality for any
cash invariant pricing function.

Corollary 3.3. Any cash invariant t-pricing function, , is also local, i.e. w(f) z

w(g), if f £ g and B € F.
Proof. See Appendix A.4.

U

4. Decisions

The aim of this work is the development of a pricing theory for options with
embedded decisions. The duality result from the previous section enables us to
develop our theory in terms of the more directly accessible language of acceptance
sets. The derivation of the pricing function then merely becomes a mechanical
exercise.

.1. The counterparty’s decisions
4 party

What is the agent’s price of a contract whose payoff depends on a decision by
the counterparty? First we give an intuitive answer to the question, when does the
agent accept such a contract, and then derive the pricing function using the duality
from the last section.

The agent has neither previous knowledge about nor influence on the counter-
party’s decision. The counterparty has to be considered completely free in its choice.
This suggests the following acceptance set, which is employed implicitly in most of
the option pricing literature: The agent accepts an option if and only if the op-
tion is acceptable for any possible behavior of the counterparty. It is important to
understand, that this presumes nothing about the counterparty’s actual behavior.

To formalize this we need a given set of admissible decision procedures S for
decisions by the counterparty, which, at this point, does not need to be specified
further:

Definition 4.1. For a given t-acceptance set A and a set of admissible decision
procedures S define the conservative acceptance set for counterparty decisions:

AVSE{fEX[L@ ‘VQOGSIf[QO} EA}

The agent’s price corresponding to this acceptance set is given by the lowest
price attainable by any decision procedure in S:

Theorem 4.1. If A is a proper t-acceptance set with pricing function m, then A"
also is a proper t-acceptance set and its pricing function is given by

P[AVS](f) — ;ré{;n(f[gp}) for all f € Xy o)
12



Furthermore, the agent’s price for any actual decisions procedure followed by the
counterparty is in general equal to or higher than this price. The difference adds to
the agent’s profit. However, the counterparty can make this profit arbitrarily small
(if the infimum is finite).

Proof. See Appendix Section A.6. n

This type of acceptance is called conservative because it involves no estimate of
the counterparty’s behavior.

For more complex and realistic problems this kind of acceptance can be too
limiting. In these cases non-conservative acceptance sets, that by definition cannot
insure against every possible behavior of the counterparty, are needed. They are of
interest if the counterparty is somehow limited in his or her actions, acts upon a
different maxim (like maximization of another objective function, like a utility func-
tion or the value of some larger portfolio) or in cases of market access or information
asymmetries, e.g. retail banking customers.

The concepts introduced in this section could be extended by a probabilistic
description of the counterparty’s behavior used to formulate non-conservative ac-
ceptance, where the effective payoffs are accepted in some statistical sense.

A less intrusive way to introduce non-conservative acceptance is to declare cer-
tain procedures by the counterparty that are theoretically admissible as practically
impossible. Formally, this can be achieved by simply restricting the set of admissible
decision procedures to a subset of S” C S. In this case the acceptance set would
be A" and Theorem 4.1 applies analogously. An important application of such
non-conservative acceptance arises for problems of aligned interest between agent
and counterparty as in the case of the following example.

FExample 4.1. A minority share of common stock issued by a company can be un-
derstood as a call option on the company’s assets. The “payoft” crucially depends
on decisions by the counterparty, i.e. the majority owner and management of the
issuing company. In this example, the boundaries of the applicability of conservative
acceptance become obvious: even if prohibited by law, management of the company
could deliberately steer into bankruptcy. By the admissibility of this procedure, the
conservative stock price as given by Theorem 4.1 would be zero. The situation is
more accurately described by a smaller set of admissible procedures incorporating
the fact that such behavior would hurt the counterparty’s own interests.

The remainder of this work is limited to conservative acceptance, which is the
predominant — albeit implicitly used — method to handle decision in the current
pricing literature. While beyond the scope of this article, one of the motivations for
this work is to enable the development of non-conservative models.

4.2. The agent’s decisions
The agent’s decisions can be handled analogously by first formulating the con-
ditions for acceptance and then deriving the price. As it is now her decision, the
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only rational conduct is to accept the option if and only if there exists at least one
decision procedure that makes the option acceptable.

Unlike in the counterparty case, a naive translation of this behavior would not in
general produce a proper acceptance set— as demonstrated by Example 4.2. This
can be cured by loosening the requirement of acceptance of f {gp} to the acceptance

of f [gp] + x for any positive premium x:

Definition 4.2. For a given t-acceptance set A and set of admissible decision pro-
cedures S define the conservative acceptance set of agent decisions:

A ={f € Xy | Vo Vi, 3p €S flo] +a € A}

In contrast to the counterparty case, we also need to place a restriction on the
set S in order to be able to derive an analogous dual pricing function. S has to be
t-compatible (Definition 3.2). If this is the case, then the agent’s price is given by
the highest effective price attainable by any decision procedure:

Theorem 4.2. If S is t-compatible and A is a proper t-acceptance set with pricing
function 7, then A3 is also a proper t-acceptance set and its pricing function is
given by:

P[AP](f) = supw(f[ng for all f € Xy )

peS

Furthermore, while this price will in general be higher than the price for any actual
decision procedure followed by the agent, she can make this loss arbitrarily small (if
the supremum is finite).

Proof. See Appendix Section A.7. O

Example 4.2. This demonstrates why a simpler definition of .47%, analogous to A"%’s
definition, does not ensure properness.

Define a simple (¢t = 0)-acceptance set A = {f | f > 0}, an option f : ¢ — ¢
with ¢ € S = (—00,0) paying an arbitrary negative number of the agent’s choosing
at time t = 0.

It is clear to see, that no decision procedure exists, such that the payoff becomes
non-negative and thus accepted. Consequently, f would not be in the following
alternative version of A%: f ¢ B = {f € Xt o0) ‘ Jpes: f[go] € A}. However,
if we add any positive value x (€ Vp) to f, then there exists a decision procedure,
which makes f + z acceptable (of course ¢ = —z) and thus f 4+ z € B. This is a
violation of Eq. (3.2) from Definition 3.1 and thus B is not proper.

An undesirable consequence of this fact is that f is not acceptable, yet it has
price zero and thus violates Theorem 3.1.4:

P[B](f):sup{areLa‘3¢€S:¢2x}:sup{x€L5‘O>a:}=0

14



4.3. Arbitrage-free pricing

In this section, we present a derivation of the arbitrage-free price in incomplete
markets (which includes the complete market as a special case) for options without
decisions using our framework and the above introduced concepts.

The discounted price processes of the market’s assets are modeled by an N-
dimensional semi-martingale X = (X});>9. Furthermore, this example only makes
sense in an arbitrage-free market or, more precisely, in a market with no free lunch
with vanishing risk. By the fundamental theorem of asset pricing, derived for general
processes (with unbounded jumps) by Delbaen and Schachermayer (1998), absence
of arbitrage is equivalent to the existence of a sigma-martingale measure:

M={Q ~P| X is a Q sigma-martingale} # .

The agent is allowed to hedge against her risk exposure by continuously trading
in the markets. To translate this into our framework, we need to model the proceeds
of the hedging activity. Let the decision procedure ¢ describe the number of shares of
each asset held in the agent’s hedging portfolio at different points of time (formally,
T, = [0,00) and D; = RY for any t, see Section 2.1). The payoff describing the
proceeds of a strategy is defined as the stochastic integral with respect to X (the -
denotes scalar product between two vectors):

H(SO):/O o - dX

A strategy is admissible, i.e. in S C @ oy, if this stochastic integral is well defined
and bounded from below. The last requirement excludes so-called doubling strate-
gies and the possibility of infinite wealth generation by trading (see Delbaen and
Schachermayer, 1994, and references therein).

The agent is infinitely risk averse and will only accept investments that almost
surely do not loose any money. Using Definition 4.2, her acceptance set is thus given
by {f|f > 0}™. Because she will not only receive the option’s actual payoff, but
also the proceeds of her hedging strategy, this set equals the sum of the acceptance
set of actual option payoffs, A, and H, {f + H | f € A}, and leads to the following
price:

Theorem 4.3. In an arbitrage-free market (M # ) the bid price of an upper-
bounded option f € Lo for an agent with {f + H | f € A} = {f|f > 0} is given
by

PLAI(S) = inf Eolf),

QeM

also known as the super-replication price.

Proof. See Appendix A.8. O]
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4.4. Pricing options with decisions

The last section was an example that used the new formalism to derive a well
known result. In this section we will demonstrate how to use Theorems 4.1 and 4.2
to solve the problem of pricing options with decisions by reducing it to the classical
pricing of options without decision.

Our starting point is classical option pricing. We presume the existence of a t-
pricing function 7°— with dual A — defined for options without decisions, i.e. for
T, = O in our formalism. The aim is to develop a theory with an even number of de-
cisions, n € N, taking place at times given by an increasing sequence (7;);<, alternat-
ing between counterparty, T, = {7, 73,...,7,-1}, and agent, T. = {1, 74, ..., 70}
As in the previous sections, we first construct the acceptance set and then derive
the price.

To build the full acceptance set from A°, we will handle one the decision at a
time, each with its own set of admissible decision procedures denoted by S; C @y,
for each ¢ < n. It is clear that the temporal order of a contract’s decisions plays
an important role in accepting or pricing it. While later decisions can react to
decisions made earlier, earlier decisions are fixed and have to take different possible
later decisions into account. As a consequence, the reasoning behind the acceptance
sets introduced in Sections 4.1 and 4.2 can only be meaningfully applied to the
earliest decision in the contract.

This suggests the following recursive extension of the acceptance set A°. Let D;
be the acceptance set for options with decisions at or after time 7;. For an agent’s
decision at 7; an option is in D; if and only if it is in Df'fj For a counterparty decision
we have D; = Divf{ . This scheme stops at D,,.; = A° and the full acceptance set is
given by D;, which expands to

(4.1) Dy = A% ¥Sn-1 352981

Equipped with this full acceptance set we can now calculate prices for options with
decisions:

Theorem 4.4. If S; is t-compatible (Definition 3.2) for every i with 7, € T, and
A° C Xy is a proper t-acceptance set, then A3 ¥Sn—1--352Y51 gls0 is a proper t-
acceptance set. Its dual pricing function is given by

7(f)= inf sup ... inf  sup 7r0(f [al][ag} o [anD

a1€S51 a2€S52 an—1€Sn—1 an€Sn
for f € Xy ooy
Proof. See Appendix A.9. O]
As motivated above, the order of decisions is important. Using an order different
from that in Eq. (4.1) can lead to a different price. For example, it is worth a

non-negative premium to be able to react to the counterparty’s decision, due to
sup, inf, f(z,y) <inf,sup, f(z,y) forany f: X XY — Z.
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5. Time consistency

So far, the acceptance and thus price of an option is based on today’s assessment
of effective payoffs corresponding to different future decision procedures. In general,
there is no guarantee that this assessment remains valid over time.

5.1. Problems with time inconsistency

A family of pricing functions at different times exhibiting this inconsistency
is called time inconsistent. Using a time inconsistent family of pricing functions
introduces an ambiguity into the handling of options with decisions; the result will
depend on the point of time at which the effects of different choices are assessed.
There is, however, no valid argument to choose one point of time over the other. We
will describe the shortcomings that come with each possibility, and thereby make a
strong point against the use of time inconsistent methods.

Consider the case, in which the agent buys at time ¢; an option f € Xy, with

one decision by the agent at time ¢y for a price p, = sup,cg 7r( f [goD calculated
using Theorem 4.4. p, is as high as possible, with the restriction that at least
one decision procedure * for her exists that makes the option acceptable today
(at time t;). However, when the time comes for her to actually face the decision,
the only rational choice is to choose a ¢ that maximizes the option’s present (i.e.
time t5) value. For time inconsistent pricing functions, this procedure will generally
be different from ¢*. The problem is that the effective option resulting from this
behavior has a t;-price p/, lower than p,, due to 7rt<f {ng < SUDyeg 7r<f {ng and in
retrospect the agent paid too much.

Now consider the case with a counterparty decision at t,. The agent accepts
the price p. = inf,cg 7r< f {ng for any possible future behavior of the counterparty.
However, at time ¢, the worst case behavior of the counterparty would be to follow
the decision procedure 1 that minimizes the option’s present (i.e. time t5) value. For
time inconsistent pricing functions, the resulting effective option f {1/)} has a time
ti-price higher than the infimum p.. The agent did not pay her highest price and
could have offered a more competitive bid price.

On the other hand, if the agent based her prices on ¢ and @ from above, the
resulting prices p/, and p/ would have the following deficiencies: She could force
herself at time ¢; to stick to the decision procedure ¢* and consequently offer the
more competitive bid price p, > pl,. In the counterparty case, she paid too much,
because there are adverse decision procedures by the counterparty that only justify
the lower price p. < p.. and thus leave her with a strictly unacceptable position at
time tl.

These shortcomings strongly suggest the use of time consistent families of pricing
functions.
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5.2. Time consistent acceptance and pricing

In this section we extend our framework to express time consistency of pricing
functions and acceptance sets and derive a duality between the two, required to
obtain the time consistent price of a general option with decisions in the next section.
To do this conveniently we formalize the concept of a family:

Definition 5.1 (Families). A time indexed set {x;}, also written as x., is called
pricing family or acceptance family, if every x; is a cash invariant t-pricing function
or proper t-acceptance set, respectively.

The duality from Theorem 3.1 extends to families. A.’s dual is written as P[A)]
and m,’s dual is written as A[r)].

In the simplest case, the acceptance family is time independent. As an example
take Section 4.3, where a payoff without decisions is accepted, if and only if it is
non-negative. This behavior is clearly independent of time and consequently all
acceptance sets of the corresponding family would be given by {f|f > 0} and
contain the same payoffs. In general, acceptance families exhibit more complex time
dependency. For example, it could be argued that an option’s acceptance in all
possible states at a future time implies its acceptance today, i.e. A, C A;, for all
s > t, which is called weak acceptance consistency (Artzner et al., 2007).

So far, pricing functions were only defined for options with no past decisions (cf.
Section 3.2). However, working with pricing families to express time consistency
requires an extension to general payoffs. The price of an option with past decisions
does also depend on these past decisions, i.e. is again a payoff in the sense of Defi-
nition 2.2. The following lemma shows how this extension can be defined formally
and that it works as expected when based on cash invariant pricing functions:

Lemma 5.1 (Extended cash invariant pricing function). Let (70‘(700,7&) denote the
restriction of ¢ to past decisions. Then for any f € X and cash invariant t-pricing
function 7, the mapping p — 7T(f [gp’<oo7t>D is a payoff with no present or future
decisions, i.e. element of X(t—oo,ﬂ'

From here on we identify w(f) with this payoff, giving rise to an extended version
of cash invariance:

(5.1) 7(f+g9)=n(f)+g, forany g € Xf?oo’w with g > —o0
Proof. See Appendix A.11. O]

A notion of time consistency we can use within our minimalist setting is the so
called recursiveness. The price of an option equals the price of any other option
paying the first option’s normalized price (c.f. Definition 3.4) at some future point
of time:
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Definition 5.2 (Time consistent pricing family). A pricing family w, is called time
consistent if for all s >t and f € X:

m(ms(f) — m5(0)) = m(f)

There is another, more intuitive characterization of time consistency: If at some
future point of time one option costs more than another option in every world
state, the same should be true today (see also Detlefsen and Scandolo, 2005, and
the references therein). These two definitions are equivalent if we impose more
restrictions on the pricing family:

Corollary 5.1 (Alternative time consistency formulation). A pricing family 7, with
|7.(0)] < 0o consisting of monotone pricing functions, i.e. for allt and f,g € X

f>g9g=m(f) >mg),

is time consistent if and only if for all s >t and f,g € X

(5.2) mo(f) = 7o(9) = m(f) = m(g).
Proof. See Appendix A.10. m

A time consistent acceptance family can be characterized as follows: The agent
accepts an option if and only if she accepts any option, which pays the first option’s
normalized price calculated at some future time. This definition is equivalent to
Definition 5.2:

Theorem 5.1 (Time consistent acceptance family). 7, is time consistent, if and
only if its dual acceptance family, A., is time consistent, which is defined by:

(5.3) feA = n,(f) —7ms(0) € Ay, for all s > t.
Proof. See Appendix A.12. O]

5.3. Application to options with decisions

A time consistent theory does not suffer from the problems outlined in Sec-
tion 5.1. As we will demonstrate, there is no ambiguity in handling decisions and
as a consequence, pricing options with decisions requires far less argumentation
compared to the general (time inconsistent) case from Section 4.4.

We will work in the same setting as in Section 4.4, consisting of n decisions at
times Ty = (7;)i<,, With the corresponding admissible decision procedures S; C Dy
for each i, a proper acceptance family A° C X for options without decisions and
its dual pricing family 7%. In contrast to Section 4.4, the complex construction of
the full acceptance family, which includes imposing the specific order of decision
elimination, will not be necessary. It suffices to specify how options with present
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time decisions are handled by the full acceptance family A,. Following the reasoning
from Sections 4.1 and 4.2, we assume the following conditions for all ¢ < n:

(5.4) A = .AES and S; is T;-compatible if , €T,
AT,L- = AXZSZ if T; € r:[‘C

This fully determines A, and thus the price of an option with decisions:

Theorem 5.2 (Time consistent conservative price). If AY is time consistent, it has
only one extension A., i.e. A, N Xy = A° that is also time consistent and satisfies
Eq. (5.4). If 7° is normalized, then A.’s dual pricing family is given by

m(f) = Wf( inf 79 ( sup 7T%+1 ( .. inf @2 < sup o (flag] ... [an])>>>>,
a; €S; a;+1€Si+41 an—1€Sn—1 an€Sn

forall f € X and t with 1,1 <t <7 and 7; € T.. If ; <t < 741, then m(f) is
given by the same expression but without the first infimum.

Proof. See Appendix A.13. n

Compared to Theorem 4.4, this pricing function is more suitable for actual calcu-
lation. The recursive structure can in many interesting cases be used to separate the
n optimization problems, therefore removing the n-exponent in the time complexity
dependence on the size of S; and enabling numeric calculations. Classic examples
would be the valuation of American options (as limiting case of the Bermudan op-
tion) or options on trading gains.

6. Discussion

To illustrate how our results can be applied and to round up the discussion
initiated in Section 1, we will interpret two common approaches to the pricing of
American options within our framework.

One approach lies in the derivation of an optimal stopping problem from eco-
nomically justifiable principles. For example, Karatzas (1988) defines the price of an
American option as the minimal initial capital required to set up a portfolio never
worth less than the exercise value, g., and then shows that it is given by

(6.1) sugE[gT], where S denotes the set of stopping times.
TE

Despite its advantages, this approach still suffers from the same problem of a very
indirect treatment of the decision. The American exercise feature is deeply inter-
mingled with the pricing model and thus this method of handling decisions in an
option contract is neither extensible nor transferable to other problems.

These shortcomings are overcome in our framework. In the most straightforward
formulation the decision of the holder lies in choosing the (stochastic) exercise time
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and the option’s payoff is given by f : ¢ — g,,. For an infinitely risk averse agent
that uses conservative acceptance and is continuously hedging in an arbitrage free
market, Theorems 4.1 and 4.3 yield Eq. (6.1).2 This modular approach provides the
flexibility to experiment with different acceptance mechanism and other than the
arbitrage-free pricing functions, like e.g. good-deal bounds.

Another popular approach is based on dynamic programming. Early, noteworthy
contributions were Chen (1970) or the binomial method from Cox et al. (1979). The
American exercise feature is approximated by a finite number of exercise dates.
Following an ad-hoc argument, the price at each decision is defined as the maximum
of the exercise and continuation value, which in turn depends on the price at the
next decision. This approach bears no resemblance to the above approach and it
does not answer the question as to why it gives the right answer either.

This can be directly translated into our framework by setting D, = {1,0}, where
1 stands for “exercise” and 0 for “do not exercise”. The payoff then takes the form
[ 1@ = Gmin{t|p=1} and the dynamic programming problem follows directly from
Theorem 5.2. In addition to conservative acceptance, it requires the pricing function
7% to be time consistent, a crucial but not usually explicitly mentioned property.

The same result can be derived from our formulation of the first approach. The
bijection between stopping times ¢y that take only finitely many values and the
set of discrete-time adapted processes taking values in {0, 1}, leads to the above
formulation and makes the relationship and compatibility of the two approaches
obvious.

7. Conclusion

In this article we close the argumentative gap between pricing theories for clas-
sical payoffs and a theory for options with decisions.

This is accomplished in two steps. The first step lies in the derivation of a duality
between between cash invariant pricing functions and so called proper acceptance.
Proper acceptance sets unite some meaningful properties, but are more general than
coherent or convex acceptance sets. This duality effectively shows that acceptance
sets and pricing functions contain the same information.

In the second step, it allows us to solve the problem of pricing options with
decisions. As acceptance sets are best suited to model agent behavior, we provide
a characterization of acceptance of options with decisions corresponding to what is
implicitly performed in the option pricing literature, and which we call conservative
acceptance. Theorem 4.4 and Theorem 5.2 then translate these acceptance sets via
the duality into pricing functions for options with decisions.

2While the theorem gives an infimum, following our sign conventions in Sections 2.2 and 3.2,
the price for the writer is given by the negative price of —f, and thus by the infimum-supremum
duality equals the supremum.
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Conservative acceptance, however, fails to capture more complex real world sit-
uations. For example, alignment of interests between agent and counterparty (as in
Example 4.1) demands a different kind of acceptance. Our contribution consists of a
concise framework and a precise characterization of the status quo, i.e. conservative
acceptance, implicitly assumed in today’s pricing theories. Our aim is to enable
further research and the development of non-conservative pricing theories.

As demonstrated in the previous section, our results enable a consistent and
modular treatment of the decisions within option contracts. Instead of constantly
reinventing the wheel, it suffices to motivate how options with decisions are accepted
and then use the duality and our formalism to determine the price. This minimizes
the argumentative burden and provides a basis to investigate new ways of treating
decisions. Furthermore, the modular nature ensures that different approaches can
be transferred to a wide variety of pricing methods and models.

One underdeveloped area that will significantly benefit from these methods is the
pricing and hedging of options with complex decisions for both holder and writer.
In this area, in which existing approaches fail, our framework proves most fruitful
and can be used to generate new insights. Gerer and Dorfleitner (2016) apply our
results to the problem of pricing and realistically hedging American options featuring
a complex interplay between exercise and hedging decisions. Based on the results
provided in this article, they provide the optimal solution to the full problem, which
is— to our knowledge— the first of its kind.

Appendix A Proofs
Definition A.1 (Time t-acceptable premiums). K[A, f] = {:U eL; ‘ f—x¢€ A}

A.1  Proof of Corollary 3.1

Proof. Equation (3.2) from Definition 3.1 follows directly from Axiom 3.1 and the
definition of A.

To prove t-compatibility assume P(cy(f,)) = 1 and therefore P(ay(f,)|Bn) = 1
for alln € IN. Take any = € V; and define h = 2+, f,1p,. Due to B,,’s disjointness

we have h 2 f, + 2 and thus by the “==" direction of Axiom 3.1, P(oy(h)|B,) =1
and furthermore by Corollary B.2.3 P(ay(h)) = 1. Using the “<=" direction of
Axiom 3.1 yields P(a (>, fulg,)) = 1. O

A.2  Proof of Theorem 3.1

This proof requires the following lemmata:

Lemma A.1. Given h € X', C € Fy and a non-empty set of payoffs Y C Xk,

such that h 2 supY, a sequence (g,) C Y exists as well as mutually disjoint events
{B,} € F;, such that B, C {g, > h}UC and P(U, B,) = 1.
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Proof. By Theorem B.1 and Y # O a sequence (g,) C Y exists with pointwise
supremum g(w) = sup,, g,(w) such that g = supY. Define D,, = {h < g,} U C and
B, = D, \U"_} B,,. Disjointedness and B, C {h < g,} U C follow trivially. Next,
show:
(A1)
UB,=CUl{h<g}=CU{3n:h<g,}=CU{h<g}=CU({h<g}nC)

The fourth from the least upper bound property of the supremum. By the hypothesis
of the lemma we have P({h < g} N C) = P(C). Together with P’s additivity for
disjoint events, Eq. (A.1) proves P(U,, B,) = 1 O

Lemma A.2. o0 € A and —oo0 € K[A, f] for any proper t-acceptance set A and
f c X[t,oo>'

Proof. Due to A’s t-compatibility some g € A exists. By Eq. (3.2) from Def-
inition 3.1 and co € V; we can follow g + 00 = 00 = f — (—o0) € A e

—oc0 € K[A, f]. O

Lemma A.3. For any proper t-acceptance set A and f € Xj oo):
0<PA|(f)=feA

Proof. By Lemma A.2 we can apply Lemma A.1 with h = 0, Y = K[ A, fland C = Q
and get a sequence (g,) € K[A, f] and a sequence (B,,) with B,, C {0 < g, < oo}
for any n € N. Define x =Y, g, 15,. By f—g, € A, the other properties of B,, and
t-compatibility we have Y, (f — g,)1p, = f — z € A. Furthermore, due to = > 0
and z € L;, we have f = (f — ) + 2 and thus by Eq. (3.2) from Definition 3.1:
feA O

Lemma A.4. For every cash invariant t-pricing function © and B € F;, it holds:
B
m(f +o00-15) =7(g9+ o0 1g) = n(f) = n(g)

Proof.

(A2) 7(f) Z7(f)+o0-lIg=m(f+o00-1p)
= (g + 00 1g) = 7(g) + 00 I = 7(g)
The second and fourth equation follow from cash invariance (Definition 3.5) and

0o-lg€e L. 0O

Proof of Theorem 3.1.1. First we show t-compatibility. A[r]| is not empty due to
m(00) > 0, which follows from 0 € A}, 0o € L, cash invariance of 7 and the
convention from Definition 2.1: 7(c0) = 7(0) + 0o = o0 > 0.
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For t-compatibility, take a sequence f,, with 7(f,,) > 0, mutually disjoint {B,} C
Fi with P(U,, B,) = 1 and define g = Y°° f,15,. We need to prove 7(g) > 0.

By
Using Corollary B.1.2 it remains to show 7(g) > 0 for any n: The two functions
Jn+00-15-and g + oo - 15~ are identical and thus Lemma A.4 can be applied to

Bn
prove 7(g) = 7(fn) > 0.
Now prove the “C”-direction in Eq. (3.2) from Definition 3.1. For any f with
0<7(f), g € Aoy and x € V; with g = f + 2 (pointwise) it holds:

O0<n(f) <a(f)+z=n(f+2z)=n(g)

The first equality uses 7’s cash invariance (Definition 3.5).
For the “D7"-direction: Assume for each n € N it holds f + = € A[nx], thus

0< 7T(f + %) and by 7’s cash invariance 0 < 7(f) + % By taking the limit n — oo
yields the result: f € A[n]. O

Proof of Theorem 3.1.2. Take any f € XJ; ) and show:

P[A[x]](f) :sup{x €L, ‘ f—xz¢€ A[ﬂ} = sup{x €Ly ’ m(f —x) > O}
:sup{x €L, ‘ m(f) > ZB} = m(f)

The first two equations are A’s and P’s definitions and the second uses cash in-
variance (Definition 3.5) of 7 and the convention from Definition 2.1. The last
equation: The upper bound property of 7 (f) is trivial and to prove the least upper
bound property, assume i € &[; ) is another upper bound and define the sequence
gn = min(n,7(f)). By definition of a t-pricing function, we have 7(f) € L and
thus ¢, € Ly and furthermore n(f) > g, for any n € IN. As an upper bound h
fulfills h > g,,, which in the limit n — oo proves that h > 7(f) O

Proof of 3.1.3. 1t is a t-pricing function by Theorem B.1. It remains to show cash
invariance.

Due to Lemma A.2 the following proof can ignore the case of empty sets. Take
any © € Lf and define g = PJA](f + z) = supK[A, f+z], h = P[A](f) =
sup K[A, f], and the set B = {x = oo}.

B

1) h + z < ¢g: By taking into account the convention from Definition 2.1, it is
easy to see that for any n € IN it holds f +x — (n — 00 - 15) = 00, which is element
of A by Lemma A.2. Consequently, n — oo - 15 € K[ A, f + x] and the upper bound

B B
property of the supremum g directly implies n < g and in the limit g o> h+a.

B

2) h+ 2 < ¢g: Take any y € K[A, f] and define z = y + z - 15 € L;, such that

f+x—z=(f—-y) - 1g+oo-1p. From f—y € A, oo € A (by Lemma A.2) and

t-compatibility we derive f +x — 2z € A, i.e. z € K[A, f + z|. The upper bound
B

property of the supremum ¢ and z’s definition yield ¢ — z > y. Together with the
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previous result g L o we get g —x > y and thus g — x is an upper bound of K[ A, f].
By its definition, A has to be the least upper bound of this set, thus h < g — ,

which proves the remaining h + x é g.

3) g < h+ax: Forany y € K[A, f+ 2] it holds f — (y — x) = f + x — y (taking
into account the convention from Definition 2.1).Thus due to f+x —y € A we have
y —x € K[A, f]. The upper bound property of the supremum h entails y — z < h.
Or in other words, h+ x is an upper bound of the set K[A, f + z]. By its definition,
g has to be the least upper bound of the assertion follows. O

Proof of “27in Theorem 3.1.4. Take any f € A. It directly follows that 0 €
KC[A, f], and by the upper bound property of the supremum we have P[A](f) > 0.
The assertion follows from Definition 3.6 of A[P[A]]. O

Proof of “C”in Theorem 3.1.4. Take any f € A[P|A]]. By Definition 3.6 this im-
plies 0 < P[A](f). For any x € V;, P[A]’s cash invariance ensures 0 < x <
z + P[A](f) = P[A](f + z). Now, Lemma A.3 implies f + = € A. Using Eq. (3.2)
from Definition 3.1 we arrive at f € A. ]

A.3  Proof of Corollary 3.2

Proof. Define m = P[A]. We have to show that sup K[A, f] € K[A, f],i.e.w(f) € Ly
and f—m(f) € A. The first statements follows from Theorem B.1 and the hypotheses
7(f) < co. Now, prove the second statement using

m(f =7(f)) =7(f) =7(f) 2 0= f —7(f) € A[P[A]] = A,
which follows from cash invariance, Definition 3.6 and Theorem 3.1.4. n

A.4  Proof of Corollary 3.3

Proof. Assume B € F, f,g € X and f £ g and define f" = f + oo - 1y and
¢ =g+ o00-1gz By Lemma A.4 it remains to show 7(f’) = n(¢’), which by cash
invariance and Theorem 3.1.2 follows from

f'—xeAln)& ¢ —xe Aln|.

We prove the “="-direction of this equation, the other follows analogously. Assume
f'—ax € Aln]. It holds for every y € V; and h = (¢’ —z) +y, that h = (f' —x) +y
and thus by Theorem 3.1.1 and Eq. (3.2) from Definition 3.1, h € A[r], which by
the other direction of Eq. (3.2) from Definition 3.1 proves ¢’ — x € A[n]. O
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A.5  Properties of inf and sup

Lemma A.5. The following two mappings inherit w’s cash invariance:
f ilégﬂ(f[go]) (only if S # O) and [ — ;Efs”(f[‘p})

Proof of the sup-version. By Definition 3.5, we need to show for any z € L; and
f € X[t7m>:

supr((f + )] ) = sup(n(f[¢]) +) =+ supr(fo])
The first equation follows from the facts that fixation commutes with addition (triv-

ially by Definition 2.3), x {gp} =z (by Remark 2.4), and finally from cash invariance
of 7.

For the second equation we need S # () and Theorem B.1, together ensuring the
existence of a sequence (¢, )new € S, such that g(w) = sup,cg (7T (f [gp})(w) + x(w))

and g = sup,n (7 (f {gan + x). It remains to show for all w € Q:

(A.3) 9(w) = o(w) + sup(r(f[pa]) (@)

nelN

For all w with z(w) = oo, this follows directly from the convention introduced in
Definition 2.1. For all other w’s, we have z(w) —z(w) = 0 and thus Eq. (A.3) follows
from translational invariance of the supremum.

]

Proof of the inf-version. This prove is completely analogous with the only difference
being that the S can be empty. However, in this case the assertion follows directly
from the convention inf @ = oo and the one introduced in Definition 2.1. O

Lemma A.6. Forany f € X0, h,g € L, local (Corollary 3.3) t-pricing function
7, t-compatible S and x € V; it holds:
If h < o0 and h < SUPgoesW(f{SOD; then a 1 € S exists with h < W(f[wD + .

If —oco < g and infcpesﬂ(f[goD < g, then a ) € S exists with ﬂ(f[wb <g+uw.
Proof of the inf-version. Aslocality is invariant under a 7 — —m substitution an inf-

version of Lemma A.6 can be derived from it using the inf / sup-duality, — sup A =
inf(—A). This derivation also relies on z € L; . O

Proof of the sup-version. Using cash invariance (Lemma A.5) and h < oo we have

h < SUD,c 5 7T((f—|—:£) {g@]) with C' = {—o00 < h}. Let {B,} be as in Lemma A.l
with g, = 7(f[a,] + x) for some sequence {a,}nen C S.
Define b = > > a,1p,. By the hypothesis of our lemma that S is ¢-compatible

(Definition 3.2) and B,’s properties we have b € S. By > >°a,lp, L a, and
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Definitions 2.2 and 2.3 we have f[b] o la,,] and locality yields g, En 7T( f [b} + x)
By

From B,, C {g, > h} U {h = —oo} and cash invariance we obtain h < 7T(f [bD +x

and the lemma now follows from P(U,, B,) = 1 and Corollary B.1.2. O

A.6  Proof of Theorem 4.1
Proof. Define m = P[A] and prove for any f € &} ooy

(A.4) oggy(ﬂﬂ) = (VaeS:0<(fd])) <= (Vae S: fla] € A)

The first equality follows from the infimum’s defining greatest lower bound property
and the second from Theorem 3.1.4 and A’s properness.

Furthermore, by Theorem 3.1.3 we follow that 7 is cash invariant and thus by
Lemma A.5 (Section A.5) the inf-pricing function is also cash invariant. Equation
(A.4) shows that its dual acceptance set, which is automatically proper by Theo-
rem 3.1.1, equals A",

The first sentence of the second paragraph follows directly from the lower bound
property of the supremum and the last senctence from Lemma A.6 (with ¢ —

infyes 7 (f[e])). O

A.7 Proof of Theorem 4.2

Proof of Theorem 4.2. The proof follows in analogy to the proof of Theorem 4.1
(Section A.6). We are required to show for any f € &} o)

0§sup7r(f{gp})<:) (‘v’ert:HaES:fMjoGA)

peS

To prove “<=", note that for any n € N an a, € S with f[an} + % € A exists.

Theorem 3.1.4, 7’s cash invariance (by Theorem 3.1.3) and the upper bound property
of the supremum imply 0 < 7T(f {an} + %) < % + Sup,eg 7T(f [ng The assertion
then follows after taking the limit n — oo.

For the other direction, due to cash invariance and locality (Corollary 3.3) we
can apply Lemma A.6 with h = 0. It shows that for any x € V; an a € S such

that 0 < 7r< f [GD + x exists and thus by cash invariance and Theorem 3.1.4 we have

f [a] +ze A

If the supremum is finite, the upper bound property of the supremum and
Lemma A.6 (with h — sup,cg 7r<f [<pD) ensure, that for any finite © € V;, there
exists some ¢ € S with:

supw(/[¢]) —x < w(f[v]) < supm(7[e])

peSsS peS

This proves the last statement of the theorem. O
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A.8 Proof of Theorem 4.3
This proof uses the abbreviation ¢ - X = [ ¢; - dX;.

Proof. Take any f € L, bounded from above by some z € R, define C = K[A, f]
(Definition A.1) and show:

C:{xeLa‘f—x—l—HE{g\gzO}as}
(A.5) ={vely|WweV,dpeS: f-z+p - X+y>0}

The first equation follows from the definition of .A. The second uses Definition 4.2
and H'’s definition.
Now, deﬁneD:{xGLa ‘ Jo GS:ergD-XZx} and show

(A.6) supD =supC

The “<” inequality follows directly from the trivial D C C. To prove the reverse
equality by supC’s least upper bound property, it remains shown that supD is an
upper bound of C: For any x € C and n € N it follows from Eq. (A.5) that there
exists a ¢ in S, such that f4+ - X >z — % Consequently, = — % € D and thus
x— % < sup D, which also holds in the limit n — oo.

We can complete the proof:

7(f) =supC =supD = ng/fvl]EQ[f]

The first equations uses Definition 3.3 of the pricing function, the second uses
Eq. (A.6), and the thrid Theorem 5.12 of Delbaen and Schachermayer (1998, p.
246) with the substitution g — —f and the infimum-supremum duality. m

A.9  Proof of Theorem 4./

This proof requires the following lemma

Lemma A.7. Given a proper A° with its dual pricing function 7°, it holds for all
f € Xy and t-acceptance sets A with AN Xy = A°

PLA(f) = 7°(f).
Proof. By Definition 3.3 and ANXy = A° it remains to show K[ A, f] = K[AN Xg, f]
for any f € Xy, which follows from
f—rxeXyforallze L, feiXy.
]

Proof of Theorem /.4. By Theorems 4.1 and 4.2 it holds for any ¢ with 7; € T and
f € X[t7m>:
PD;|(f) = inf sup P[D;;s) (f{az} {aiHD

a;€S5; a;+1€Si+1

We can use this relation recursively until we reach P[D,1](g) = P[A%(g), with
g = fla1]...[a,]. By Definition 2.3 it is easy to see that g € Xy and thus using
A® C Xy and Lemma A.7 we have P[A%(g) = 7°(g). O
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A.10 Proof of Corollary 5.1

Proof of the “if”. Define g = ms(f) — 75(0) and B = {ms(f) > —o0} (B = {g >
—oo} due to |m,(0)] < o0). Assuming Eq. (5.2) we can prove Definition 5.2 by
showing

1) We have

m2(9) £ M0+ g+ 1g) £ 7,(0) + 7o(f) — m(0) = ()
The first equation uses locality (by Corollary 3.3), the second cash invariance and

g-1p € L} and the third |m,(0)] < co.

B
2) ws(g) > ms(f) is trivial.
3) Note that ¢ < oo -1 —n for all n € IN. Using monotonicity and cash invariance
we have m4(g9) < oo -1p —n + 7s(0) for any n and therefore due to | (0)| < oo:

B B
77'5(9) < —o0 = 7Ts(f) L
Proof of the “only if”. Assume m, satisfies Definition 5.2 and show
ms(f) 2 ms(9) = m(ws(f)) = mi(ms(9)) = m(f) = melg)

The first implication follows from monotonicity of m; and the second from time
consistency. O

A.11  Proof of Lemma 5.1
Proof. The first statement follows directly from the lemma below. To prove Eq. (5.1),
take any ¢ € ® and show:

~(f+ o)) =r((F+ el ,]) = @) +9)@)

The second equality follows from cash invariance of 7, g € X__w and g(¢) €
L. O

Lemma A.8. For any f € Xt and cash invariant t-pricing function m, the mapping

© = 7r(f {(p‘(—oo,ﬂD is an element of Xpn . -
Proof. That 7r( f [gp‘(_ t>D is well-defined an F;-measurable, follows from the def-

inition of a t-pricing function in Section 3.2.
To prove the remaining properties in Definition 2.2 take B € F; and ¢,y € ®
with ), 4 @s for all s € TN (—o0,t) N'T,. The required equation

Ul al) B U ca))

follows directly from locality (Corollary 3.3) and

H ]( H } , for any p € @,

which in turn follows from f € X and Deﬁmtlons 2.2 and 2.3. O
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A.12  Proof of Theorem 5.1

Proof of time consistency of P[A.]. Define m, = P[A]. By Lemma A.8 we have
ms(f) € Xusy € Xy and thus by Definition 3.3 it remains to show K[ A, f] =
K[A;, 7s(f) — 75(0)]. Take any x € L; and prove:

f—re A<= n(f—x)—7s0) € A < (ms(f) —7s(0)) —x € A

The two equivalences follow from Eq. (5.3) and cash invariance (Theorem 3.1.3
and Definition 3.5). O

Proof of time consistency of A[r,]. Define A, = A[r.] and show:
feA = m(f) >0« m(ns(f) —7s(0)) >0 <= 7s(f) — ms(0) € A

The first and third equivalences follow from Definition 3.6. The second from 7’s
time consistency. O

A.13  Proof of Theorem 5.2

This proof requires the following lemma

Lemma A.9. Take a proper A_O with dual 7T.O and some A, with dual 7, that satisfies
A NXy = A% Taking into account Lemma 5.1, it holds m/(f) = 72(f) for any
payoff with no decisions at or after time t.

Proof. This follows directly from Lemmas A.7 and 5.1 and f [go‘k tJ € Xy for all
pcd. ’ O

Proof of Theorem 5.2. Define 7, = P[A.]. Show for all j € {i,...,n} with 7; € T,
Tio1<s<T1jand g € Xors=rT;_1 and g € X\ (5

ma(9) = ma(7r,(9)) = 7 (7, (9)) = w‘;( inf ., (g M))

a; ESj

The first equation follows from A.’s time consistency, 7’s normalization and Theo-
rem 5.1. The second follows from Lemma A.9 with 7 (g) € X s (by Lemma A.8).
And the third from Remark 2.5, Eq. (5.4) and Theorem 4.2.

For j with 7; € T., Theorem 4.1 would be needed instead of Theorem 4.2 and
inf instead of sup.

To prove the theorem we start with s — ¢t and g — f. Then we can apply this
equation recursively with j — j +1, s — 7; due to g[aj} € Xy O]
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Appendix B Mathematical theorems

Theorem B.1 (Existence of the essential supremum). Suppose that the measure
space (2, F, ) is o-finite. Then the essential supremum of a collection S of mea-
surable functions into the set R exists. Furthermore, if S is nonempty then a se-
quence (fn)new in S exists such that its pointwise supremum equals (almost surely)
the essential supremum of S.

Proof. See Chapter V.18 in Doob (1994). O

Corollary B.1 (Properties of conditionally almost sure). Let D be a countable
collection of sets with positive probability and A, B € D.

(1) P(B\ C) =0 < P(C|B) = 1
(2) (VA€ D :P(C|A) = 1) = P(C|UD) = 1
(3) P(B|A) = P(C|B) = 1 = P(C|A) = 1
Proof of Corollary B.1.1. The statement follows from:
P(B) = P((B\ C)U(BNC))=P(B\C)+P(CNB)=PB\C)+P(C|B)PDB)

Using Corollaries B.2.1 and B.2.2, additivity of IP for disjoint sets and the definition
of conditional probability. O]

Proof of Corollary B.1.2. By Corollary B.1.1 it follows from the antecedent for any
A € D: P(A\C) = 0. By using Corollary B.2.3 with subadditivity of P we can
follow P((UD) \ C) = 0, which again with Corollary B.1.1 yields the result. O

Proof of Corollary B.1.3. Using Corollary B.1.1 we can follow from the assumption:
P(A\ B) =P(B\ C) =0. By using Corollary B.2.4 with monotonicity and subad-
ditivity of PP, it follows P(A \ C') = 0, which again with Corollary B.1.1 yields the
result. O

Corollary B.2 (Properties of sets). For all sets A, B, C' and collections of sets D, it
holds: (1) (A\B)N(ANB) = 0, (2) (A\B)U(ANB) = A, (3) Upep(E\A) = (UD)\A,
and (4) A\C C (A\ B)U(B\C).

The proofs are left to the reader. ]

Corollary B.3 (Convergence in probability preserves equality almost surely). For
any set B € F, and two sequences of random variables (fn)new and (gn)nen that

converge in probability to f and g, respectively, it holds f 2 g, if BC{fn=9n}
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Proof. Simple set manipulations yield:

B\{f=g}=Bn{3meN:|f-g|>L =) Bn{|f—g|> L}

meN
Consequently, by Corollary B.1.1 and monotonicity of P, f 2 g is equivalent to
(B.1) P(Bﬁ{|f—g|>%}):0f0rallm€]N

We prove Eq. (B.1) in two steps. First show for any m,n € IN:

(B.2) BN{|f—gl >} S{If—fal+lg—gal >} C
{lf_fn| >ﬁ}u{|g_gn| >ﬁ}

The first “C” uses B C {f —g = (f — fn) — (9 — gn)}, together with the triangle
inequality. By definition of convergence in probability we can then prove:

P(BO{|f—gl>L}) <P{If = ful > &531) + P({lg — gl > 55}) = 0
O

Corollary B.4 (Integration preserves equality almost surely). For any set B € F,
integrator X and integrands ay,bs, it holds [a; dX e [ay dX, if B C {a; = as}.

Proof. Let (a')n<s be a sequence of simple integrands approximating a;. We can
choose them such that a] = aj on B for all n. Define A; = ftT a;dX = plim,,_, A?
(limit in probability) with A? = [ a?dX. These integrals of simple integrands are
defined path-wise and thus B C {A} = A%} for each n. By Corollary B.3 it holds

P(A; = Ay|B) = 1. O
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