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Light continua extending from the i.r. to the u.v. are generated with picosecond laser pulses in liquids
and solids. It is demonstrated that the light spectra in water are produced by stimulated parametric four-
photon interactions, which are resonantly enhanced by single and difference frequency resonances of the
non-linear susceptibility x(3). A theory of the various parametric four-photon interaction processes is de-
veloped and the resonant structure of x(3) is discussed. The experimental results are compared with
theoretical calculations. The generation of light continua by other nonlinear optical processes is briefly
discussed.

1. Introduction
During the past years spectral super-broadening of picosecond light pulses in liquids and glasses has been
reported by several authors [1-8]. In most experiments the broad frequency spectra were generated in
the presence of self-focusing of the laser beam [1—6]. Homogeneous spectral distributions were found in
different materials. Typical values for the broadening were several thousand wave-numbers on both sides
of the laser frequency. The duration of the spectra was found to be nearly the same as the duration of
the laser pulse [4, 6, 8]. The generated spectra were emitted in the forward direction and had the same
polarization as the laser light [4, 8]. In early papers [1-5] the main mechanism responsible for the
super-broadening of picosecond light pulses was thought to be self-phase modulation. Calculations show
that very high peak intensities and very short puise durations are necessary for substantial spectral
broadening by self-phase modulation. In addition to the broad radiation emitted in the forward direction,
a continuous spectrum was found to be emitted under a certain angle [2]. In this case a glass sample was
used and light intensities of 7;, ~ 10" W/cm? were reported. The cone shaped spectrum was explained
by phase-matched parametric four-photon interaction. In another paper [9] a periodic structure has
been observed in the forward emitted spectrum when self-focusing of single picosecond light pulses in
glasses occurred. A four-photon parametric process was thought to be responsible for the modulation.

In our experiments we studied the generation of light spectra under well-defined conditions [8]. The
complex situation of self-focusing of the laser beam did not occur in our investigations. This fact made
it possible to study the build-up of the spectrum with increasing intensity. The generated radiation
started at discrete frequencies away from the laser frequency. It increased approximately exponentially
with increasing laser intensity until saturation occurred. It broadened and extended over a wide spectral
range with increasing intensity. Our experimental results can be explained by stimulated parametric
four-photon processes. These processes occur in water despite large phase-mismatch and large infrared
absorption because of the resonant structure of the nonlinear susceptibility x® and the high laser
intensity.

Picosecond light continua represent ideal light sources for ultrashort time-resolved spectroscopy.
Broad light spectra have been applied in a variety of investigations, e.g. photo-bleaching [6, 10] and
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excited-state absorption [11], electron solvent interaction [12], exciton formation in crystals [13, 14],
and two-photon absorption spectroscopy {15].

The great importance of picosecond continua as light sources for picosecond spectroscopy justifies a
detailed study of their generation and their properties.

In Section 2 the theory of four-photon interaction is presented. It includes four-photon parametric
interaction, four-photon frequency conversion, three-frequency mixing and third harmonic generation.
The finite band-width of the pump pulses, the phase-mismatch and the linear absorption losses are taken
into account.

In Section 3 the frequency dependence of the nonlinear susceptibility x® is discussed in some detail.
The resonant structure of x*® is of vital importance for the understanding of the generation of the broad
spectra. x® will be separated into three parts, a non-resonant part, a part containing single frequency
resonances and a part containing double (difference) frequency resonances. The single frequency reson-
ances are related to infrared absorption while double frequency resonances are connected to the Raman
susceptibility.

In Section 4 the experimental system is described. Single picosecond pulses from a mode-locked Nd-
glass laser were used to generate picosecond pulses at new frequencies. Most investigations were made
with liquid water as sample material.

In Section 5 we present our experimental results. Light spectra ranging from the infrared to the ultra-
violet region are observed and analysed. The intensity dependence of the spectral build-up is studied. It
is shown that parametric four-photon processes, frequency conversion processes, three-frequency mixing,
and third harmonic generation are involved in the generation of the picosecond spectra. Data on con-
version efficiencies are reported.

In Section 6 other nonlinear processes leading to broad frequency spectra are investigated. The effects
of self-phase modulation due to the intensity dependence of the refractive index, due to heating of the
sample and due to plasma formation are discussed. The influence of stimulated Raman scattering on
parametric light generation is considered. The complex situation in the case of self-focusing is
emphasized.

2. Theory

2.1. General equations

Intense laser light induces a nonlinear polarization which gives rise to various nonlinear optical effects
[16—22]. When the induced polarization is expanded in a power series, we obtain a nonlinear term
proportional to the third power of the electric field

PR, = xEEE (1

This term is the lowest order nonlinear term in materials with an inversion centre. The polarization Pf\?ﬁ
leads to a variety of physical phenomena [16-—22]. Here we are concerned with parametric four-photon
generation of new light frequencies.

In our calculations we write the electric field strength E,(z, 1) = E(z, 1), E, =0, E, = 0 and the non-
linear polarization as follows:

1 pre
E@t z) = P J-_ E(w, 2) exp (iwt) dw 2)
and [18-20] 1 peo
PRt 2 = Py f Pl(\?i,i(w, z) exp (iwt) dw (32)

1 poe oo oo
= o dwa deg | deon 3w w5 @)
X Blwo Z)E(o)& Z)E(w'Y’ z) exp [i(wq + wg + OJ'y)f 1 (3b)

= 8_71r3 f_:dwf_z dwaj_wwdwﬁ f_:dw,yﬁ(— Wt wytwgt wy)
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X xf?xx( W} Wy We, WE(Wy, 2)E(wg, 2)E(w, 2) exp (iw?) 3c)
We follow the notation of [18, 19], X = 0.25x§?; i stands for x, y, or z and E(— w,, 2) = E*(w,, 2).
The nonlinear susceptibility x*® represents a fourth rank tensor.
In the case of linearly polarized light, the interaction between light and matter is described by the
wave equation
o’F nzazE_ andE _ 4m %P @
2z ot ¢ ot ¢ o )

We introduce the values for E(z, z) and P§ ﬁ(t z) from Equations 2 and 3c, respectively and make the
substitution E(w,, z) = E¢(w,, 2) x exp (— ik,z). When Fourier components of equal frequency are
equated, one obtains for the frequency component w

Ep(w a iw e = .
T L) g [ o [ deop a3 0000 Eo(wBolwo(eor) ex i)

where w = w,, + wg + w, and Ak = k — ko — kg — k.. The approximations 3*Fo(w)/dz* <k*Ey(w)
and the relation k% —n?w?/c? = 0 were used. The first term on the right hand side results from the
linear losses at frequency (. The second term gives the interaction of the field at frequency w with
the other frequency components. Note, that Equation 5 represents an infinite number of coupled
equations.

In the following we consider the case where the band widths Aw, and AwB of the electric fields
E(w,) and E(wg) are small. The variations of the nonlinear susceptibility X (— w3 was wg, W), of
the phase mismatch Ak, and of the field E¢(w.) are neglected within the small frequency intervals

Gg— Awgf2 < wy < Bg+ Awgy/2,

< w
and
Wy — (Awa + Awp)/2 < w,y < @y +(Awy + Awg)/2,

where ~ _ _
By = W= @y — Wg.

Eo(w), Eo(wy), o, Ak and x(3) are now average values within these frequency intervals and when the

integrations over w,, and wg are carried out, Equation 5 reduces to

AEy(w o , o °°
'—aoz‘—) =— “Eo( )~ e X(a?a)cxx( W, B, G, Wy)Eo(wy) exp (lAkZ)f_ - dwaEO(wa)f_ . dwgEo(wg)
(6)
27w (3 .
=— ‘Eo(w) - X.xxxx( W, G, @, @By)EoaFopEo(wy) exp (iAkz). @)

Eop = Eop(f =t —nzjc,z) = 1)(27) [So Eo(w,, z) dw, is the peak amplitude of the electric field with
carrier frequency @, i.e. E,(t), z) = Eq, (¢, z) cos (&yt —k,2).

The condition that x&,..(— w; Wg, Wg, w.y) changes only slightly within the bandwidths Acw, and
Acyg is fulfilled outside resonances. In our experimental studies on water, the condition is obeyed even
around resonances (see below, Fig. 10) and Equations 7 are valid.

To solve Equations 7 the physical conditions have to be specified. We consider four cases: para-
metric four-photon interaction, four-photon frequency conversion, three-frequency mixing, and third
harmonic generation.

2.2. Parametric four-photon interaction w; + w, = w3 + w,.

2.2.1. Small signal approximation

Two strong pulses (pump pulses) at frequencies ¢, and w, (width Aw, and Aw,; the special case
Wy = Wy = wy, is included) enter the medium. The light emitted at the signal frequency w3 =
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w; + wy —w, and at the idler frequency wy is calculated (wq = Wy, Wg = W)y, Wy = — Wa, W = W3).
The conversion of light from the pump waves to the signal and idler wave should be small, i.e. depletion
of the pump pulse may be neglected (parametric approximation). Without linear absorption of the
pump waves (o; = a, = 0) Equation 7 reduces to a set of two coupled differential equations.

0F(w3) i2mw .
D) o)~ O 055 01, 03, — IS (i)Eoros exp (Bk2)  (59)
sy
EH(w @ i2mw
aoz( 8 | g+ ZLSY X Dr(— wa; w1, Way — w3)Eo(ws)EE Sy exp (—ilkz). (8b)
na

It will be shown below that X32.(— wa; w1, Wy, — w3) = xg‘}m(— W3 Wy, Wi, — Wy)-
The solutions of Equations 8a and b are obtained following the procedure discussed previously for
parametric three-photon interactions [23].

oz iAkz
E(ws, z) = exp (——4"~+—2~)

03 lAk

1/2
_ Ak igx [naws .
4y 27) sinf (72)] ~E5(wa 0% (nam) sinh (72)} )

X {Eo(w3, 0) [cosh (vz) + (a4

Ei(ws, 2) = exp ( 0z zAkz)

4 2

X {Eg‘(w4,0) [cosh (yz) — ("‘“ _"‘%—Aﬁ) sinh (72)] +Eo(w3,0)’§-’—‘ (2—3%) inh(yz)} (9b)
a3

4y 2y
where

= X e~ w33 w1, Wy, — w5) = XE(— wa; W1, W3, W3) 9¢)

47 (waw 10247*wsw
& =" ( - 4) EnEp; g8° = "—‘—1_4 Iy 1y, (99)

C \ Hallg (4 7’11712”3”4
v = 0.25{c? + 4(gg*x* — ozas — AK? — iAk(os — a3)]} (9e)
0, = 03 + Qg (9f)
Ak = k3 +k4 _“kl _k2 (gg)

n,C

Iy, = “g—nleP- (9h)

In our experiments neither signal light at frequency w, nor idler light at frequency w, are incident on
the sample. The parametric interaction starts from quantum fluctuations {23—25]. The spectral energy
densities e (energy per area and frequency interval, units e.g. J/cm?s™) are given by:

2
ews, 2) = en(ws) exp (— %) f"'fﬁsmh (v2)? (102)
71" wa
s, 2) = en(ws)exp ( gz)flx 'pw“‘smh (r2)P%. (10b)

The relation between the spectral energy densities e(w) and the temporal intensities () and between the
field strengths £(w) and E(¢) are derived in the Appendix.

The solutions of the signal and idler light are quite similar. The linear absorption loss enters in the
exponential damping factor and in the amplification factor . The factor y contains the phase-mismatch
Ak and the complex nonlinear susceptibility x. If the gain factor gx is large enough, the losses due to
absorption and phase-mismatch can be compensated and amplification results. At high enough laser
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intensities, for |yz| > 1, the signal and idler light grow nearly exponentially. The nonlinear susceptibility
x is complex. The real part of x(3) is responsible for parametric interaction. When ¥ is purely imaginary
no parametric gain is possible because of the negative sign of gg* x> under the square root in Equation
9e. For negligible linear absorption and phase-mismatch Equations 10a and b simplify to:

e(ws, 7) = €N(w4)gilsinh(1glx2/2)|2 (11a)
e(ws, 2) = eN(ws)%sinhugmz/z)P. (11b)

These equations indicate exponential amplification for signal and idler light when |glxz > 1.
To evaluate 10a, 10b or 11a and 11b, the spectral energy density of the quantum fluctuations ey has
to be known. The energy density per unit frequency (units e.g. J/(cm®s™!)) has the form [26, 27]
hw’n?
= —=—>AQ. 1
u(w) Yntcd (12)

The spectral energy density of the quantum fluctuations is ex(w) ~ u(w)cAt, /n(w); (At, is the duration
of the pump pulse, n(w) is the refractive index at frequency w). Together with Equation 12 we obtam

for ey (units e.g. J/(cm?s™)):

hewin?
EN(wl) - 7 2 21 ApA‘Qi (13)

where i stands for 3 or 4. The solid angle of the idler light can be expressed by the solid angle of the sign
signal light [26, 27]: AQy = (w3/w2)AQ; (AQ; = 1072 in our case).

The energy density of the quantum fluctuations per unit wave number is approximately en(v;) =
1074 Jjcm (At, = 6 ps; §; = 10* cm™). The pump pulse energy density is about 0.6 J/cm? for
Ior, = 10" W/cm? and Az, = 6 ps. An amplification of the quantum noise by a factor of 10° = exp (20)
within a spectral range of 10% cm™ depletes the pump laser by parametric light generation. Without
absorption losses a gain factor of |gixz = 20 is sufficient for saturation of the parametric four-photon
light production. At Iz, = 10" W/cm? and z = 2 cm, this gain value is reached for x¢*) ~ 2 x 107 cm?¥/
erg. This value is typical for the nonresonant susceptibility of the substances investigated.

2.2.2. Saturation of parametric four-photon interaction wy, + wy, > w3 + wy.
The (nearly) exponential amplification of signal and idler light at high pump intensities readily causes
depletion of the laser light [28]. The laser fields Eo; and Ey, in Equations 8a and 8b are not constant
during the interaction process.

To get approximate solutions we make the simplifying assumptions that E(ws), E(wa), 03, ag, Ak
and x® are constant over the whole spectral range Aws; = Aw, = Aw. With the notation Ey; =
1/(27) [To Eo(wy) dw; = 1/Q2m) Eo(w;)Aw, (i = 3,4), we obtain from Equations 7, 8a and b:

oF 2
-—QL = — EXLEVOL — it 7 S)EOLEO:‘}EM exp (_ ZAkZ) (143)
oz 2 nLc
oy _ _ %Gy D195 @ype 2 oxp (i0k2) (14b)
0z 2 nsc
oEg
bl —OﬁE(’)‘; -}-l2 ©a XPEELE exp (—ilkz) (140)
0z 2 ngc

The abbreviations x{¥ = X§c3x)xx(— wp; — wr, W3, Wg) and X = ngxx(_ W33 W, Wi, — Wa) =
X% (— wa; Wy, Wi, — w3) have been used in Equations 14a, b and c.

The coupled differential equations may be further simplified by rewriting the complex quantities in
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Figure 1 Calculation of the build-up of parametric light in the saturation range (/f, = 2 X 10 W/cm?}. The curves rep-
resent the normalized pump pulse intensity /1, (full line), normalized signal intensity 7, (dashed line), normalized idler
intensity 7, {dash-dot line), and normalized total intensity T; (dotted line). The parameters used in the calculations are
refated to the interaction in water (o, = 0.15cm™!) at two fixed frequencies with a bandwidth of 1000cm™. (a) A

situation of low phase-mismatch is considered. The parameters used are v, = 10811cm™, o, = 0.09cm™ , @, =
1.3cm™!, Ak =3.3cm™, x@ = _8x 107" es.u., x®" =—3 % 107'° es.u. (b) A situation of strong idler absoprtion

and zero phase-mismatch is depicted. The parameters are ¥, = 17 160em™, o, = 0.001cm™, o, = 400 cm™i, Ak =0,
x& =—9X 107% es.u,, x@"=—8x 107" es.u.

amplitudes and phases and by separating the real and imaginary parts. After some straightforward calcu-
lations, the following set of equations is obtained [16].

oF 5 2
CL_ _%p o 7TwLXELEsE4 sin (6 + ¢s1) (152)
0z 2 nLe
3L, 2
—éj = ——'—Es + ”w%?E E, sin (0 + 9s) )
Z
oF. Q| 2w
5._; = —?"E4 e 4inE3 sin (6 — ¢s) (159
0 272w EZ E~ ELE
— = =% %uE3E4 cos (0 — sy, L35 g teos(0 =) + Ak
oz c|ny " #
(15d)

The relations £, = |Eqyl, Eop = E, exp () =L, 3,4), % = Ixl, x = X exp (ids) = 3xk + X + X,
%L = Ixwl, Xo, = X exp (ips) = 6x8k + 2xV* + X(3) +x§* (see later), and 6 = Akz + 261, — ¢3 — 64
are used. The initial phase was set to 6(0) = /2 [20]. The equations 15a~d were solved by numerical
integration; normalized intensities I, = I,(z)/I1,(0) were evaluated.

In Fig. 1 numerical results of the spatial development for pump, signal and idler intensities are pre-
sented. The two sets of parameters listed in the figure captions of Figs 1a and b are relevant for four-
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photon interaction in water (see below). Fig. 1a depicts the situation of small phase-mismatch and small
idler absorption at 73 = 10811 cm™ (¥, = 8100cm™). After a certain interaction length z the inten-
sity of the signal and idler rises rapidly while the laser becomes strongly depleted. When the signal and
idler light increase beyond the intensity of the depleted pump pulse and when the phase relationship
between the waves allows it, the reverse process ws + wg = wr, + wy, setsin, i.e. signal and idler light
are converted to pump light. An oscillating behaviour along the interaction path results [16]. In Fig. 1b
the case of large idler absorption and perfect phase-matching with 73 = 17160cm™ and 5, = 1750cm™
is illustrated. Again, signal and idler light start rapidly until depletion of laser light sets in. The reduction
of pump intensity prevents further generation of parametric light. The generated idler light suffers high
absorption and its output is drastically reduced. The curves in Fig. 1 show that the total light output 7,

is reduced more strongly than expected by the linear absorption of laser light. The continuous conversion
of laser light into the idler region and the strong infrared absorption in this wavelength range are respon-
sible for the reduced light output.

2.3. Four-photon frequency conversion w; + w, + w, > w.
In the frequency conversion process two strong pump waves at frequencies w, and w, (width Aw, and
Awy; special case w; = w, = wy) and a weak wave at frequency w,,, (width Aw,, idler pulse) interact
in the sample and produce light at a new signal frequency w; + w; + w, (Wo = W1, Wg= w,). The sig-
nal and idler light produced in the four-photon process of the previous Section 2.2. may act as input
wave at w,, for frequency conversion. In this way light at frequencies w > 2wy, is generated.

We consider the case where the frequency conversion process does not deplete the pump pulses and

where no linear absorption of the pump waves occurs (¢; = a, = 0). Equations 7 reduce to two coupled
differential equations:

o0Ey(w) o 27w .

Ty = T 5B0(@) T Xl w3 w1, 003, 03) o) Eor B exp (i8kz) (162)
EQ(QJ ) 127 R
?—E—L = — %’Eo(w.y) - ;;fx,@xx(— Wy~ Wi, — Wy, W)Eo(wy)Egl Eg exp (—ibkz)

(16b)
We shall show below that x2, . (— w; w;, w4, Wy )~ X (— Wy, W1, — Wy, w). Solutions of
Equations 16a and b are found by following the procedure for three-photon frequency conversion [23].

Ak
Eo(w, z) = exp (—%EJrl 22>

X {Eo(w, 0) [cosh (yz) + (93%3 + ’%k) sinh (*yz)} — o, 0)’% (%)m sinh ('yz)} (172)

Eo(wy.2) = exp (~gg—z —Ekf)

4 2
X {Eoy(w, 0) [cosh (v2) + (‘—17—7-% + ;—éyl—c) sinh (yz)

.k 1/2
gx[nw .
— Eo(w, 0)37 (n_i) sinh (’yz)} (17b)

¥
where
g = (4n/c) [wwy/(”y”)ll/zEmEoz (17¢)
= X ux (W5 w1, W2, Wy) = X (— Wy — W1, — W, W) (17d)
v = 0.25{a7 — 4[gg"x* + aa, + AK? + idk(a — )] 2 (17e)

o = ata,; Ak =k—ki—k,—k,
The initial conditions are Eo(w, 0) = 0 and £y(w., 0) # 0. The energy density generated at frequency
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W = W T w,y + w, is then given by:

cn )
e(w, 2) = Z;lEo(w, 2)|

_ gz g8 xx" w
= €(w,y, 0) exp (—7) —m

where €(cw,,0) is the initial spectral energy density at frequency w.,. The linear absorption is described
by the exponential absorption loss factor. Absorption and phase-mismatch Ak reduce the conversion
efficiency. The situation is greatly simplified when the frequencies w, wy, w; and w, are far from
material resonances. In this case, linear absorption (« = «, = 0) and phase mismatch Ak (small colour
dispersion) may be neglected and y is a real quantity (y imaginary). From Equation 18 we obtain for

€&(w, 0) = 0: e(w, 2) = e(wy0)(w/w,)sin® (glxz/2) (192)
é(wy, 2) = e(w,0) cos® (Igixz/2). (19b)

Equations 19 describe the parametric frequency conversion process where new light at frequency w is
generated until the input pulse at w., is depleted (|glxz = ). The reverse process w > wy + w, + w,
takes place for a longer interaction length (7 <|glxz <2#). The pump intensity remains constant as
long as the total input intensity, [ e(w,, 0) dw,, is small compared to the laser pump.

Recently four-photon frequency up-conversion 2wy, + w, = w of weak infrared light.at w, was
investigated in metal vapours [29]. Two-photon resonances at 2wy, were employed to enhance the con-
version efficiency.

|sinh (yz)|? (18)

2.4. Three-frequency mixing wy, + wy, * wg > w.

We consider the case where two intense light pulses with central frequencies wy, and wyg and spectral
widths Awy, and Awpy are incident on the sample and new light is generated at w = 2wy, * wg. (W, =
wg = Wy, Wy = * wg). The light conversion efficiency should be small, i.e. depletion of the waves at
frequencies wi, (laser pulse) and wyg (e.g. Raman Stokes pulse) does not occur (ag, = ag = 0 is assumed).

2.4.1. Sum frequency generation wy, + wy, + wg — W.

We repeat, in contrast to the frequency conversion discussed in Section 2.3, the incident wave at wyg is
intense and is not depleted in the mixing process. With £y, and Eog both constant we obtain from
Equation 7 for the peak electric field £ of the generated light:

9£
0z

27w .
X x(— w5 Wi, Wi, wg )ESLEoR exp (iAkz) (20)

_ 9%,
270 nc

The solution of Equation 20 is found by integration.

i2m oz
E, (t—zf, z) = —;C—Cfxgxx(—— w; Wi, Wi, WrIEELER X [exp (—— E) —exp (iAkz)]/ (% + iAk) .
21

For a negligibly small value of the absorption coefficient & at w = 2wy, + wy, Equation 21 simplifies
and we obtain for the intensity of the generated light

zZn ch zn
I(t——,z) — O(t——;z)
c 8w c

256774w2| o oy sin? (Akz/2)
= 77— — W} W, Wi, W —
nning Xxxxx L» WL, Wr)I ' foLior (Ak[2)?

2

{

(22)

The light generation is determined by the square of the linear susceptibility x®. The real as well as the
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imaginary part of x'® contributes to frequency mixing. The light generation at c is most effective for
Ak =k ~ 2ky, — kg = 0 where sin? (Akz/2)/(Ak/2)? = z2. In general, we have Ak # 0. In this case we
have a periodic spatial exchange of photons between the low frequency input at wyg and the high fre-
quency output at w;i.e. both processes wy, + wy, + wgr > w and w ~ wy, + wy, + wg take place. The
generated light reaches its maxima at z = (2m + 1)w/Ak ( where m is an integer). The length [, =

n/1Ak| = mc/(lnw — 2ny,wy, —nrwg ) is called the coherence length, In isotropic media the coherence
length for three-frequency mixing is typically a few 10™*cm i.e. several laser wavelengths. This short
interaction does not allow large conversion efficiencies. The assumption of undepleted waves is certainly
correct.

Phase-matched three-frequency mixing 2wy, + wyg with tunable lasers in metal vapours and gases was
studied for the generation of light in the vacuum ultra-violet [30-32]. Two-photon resonances at 2wy,
were utilized by tuning one laser frequency to a two-photon allowed electronic transition at 2cwy,. Elec-
tronic single frequency resonances (e.g. autoionization states) in the neighbourhood of w = 2w, + wyg
enhance the ultraviolet generation even further.

2.4.2. Difference frequency generation wy, + wy, — Wy —> w.

In the difference frequency mixing process an intense light pulse at frequency wyg (band width Awg ) is
incident on the medium while in the parametric four-photon interaction of Section 2.2. quantum noise
or weak input signals are amplified.

The equations for the difference frequency generation are the same as for the sum frequency mixing
if the following changes are made: x®X— w; wy, Wi, wr) = X w; W, wr, — Wg), Eor > Eog and
Ak >k +kg —2ky.

Recently, various difference frequency mixing experiments with tunable lasers were carried out. Mix-
ing processes w = 2wj, — wy with vibrational resonances at wy, — wy were investigated and the dis-
persion of the nonlinear susceptibility x'® around Raman-type resonances was studied [33-35]. The
difference frequency mixing spectroscopy w = 2wy, — wy with fixed frequency wy, and tunable fre-
quency wg < wi, became a sensitive Raman technique and was called coherent anti-Stokes Raman
spectroscopy (CARS) [36-38].

2.5. Third harmonic generation wy, + wy, + wp = w.

A light pulse with central frequency wy, and spectral width A, (FWHM) enters the sample and light at
w = 3y, is generated (wq = wg =.wy = wy,). The pump wave should not be depleted and oy, = 0 is
assumed.

The differential equation for third harmonic generation and its solution is identical to the case of
three-frequency mixing when cwpy is replaced by cwy,. The remarks following Equation 20 apply to third
harmonic generation as well.

Recently, phase-matched third harmonic generation in metal vapours has been of considerable
interest [39-41]. Intensity conversions of up to several per cent could be obtained. Electronic two-
photon resonances at 2wy, were employed for VUV-generation.

3. Resonant structure of X,
3.1. General
The nonlinear susceptibility x,..(— w, wq, wg, w, ) is discussed in this section. The absolute value of
the coupling parameter x® and the frequency dependence of the real and imaginary part of x*» deter-
mine the energy conversion and the spectral distribution of the parametrically generated light.

x® is obtained by a quantum mechanical calculation of the induced polarization. We consider only
electric dipole interactions. An expression for the induced polarization is obtained by time-dependent
perturbation theory. In particular, the nonlinear polarization P§}, = x§?EEE is obtained by third order
perturbation theory. The component of the nonlinear susceptibility x*® (equal to 0.25x§> [18, 19]),
which enters our Equation 7 has the general form [18, 19]:
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NLe

¥ (ghxlaXalx[b¥{b ix|cXclx|g)

P a§c (wo — W)(wp — wp — W)W, — wy)

(glx|aXalxBYb Ix[cXclx|gd

(wg + wp)(wp — wp — W) (W, — wp)
{glx|o{c|x|bX{blxla)alx|g

(wg + W)Wy + W + w)(we + wy)

(glrleXcheb)(blxlaXalx|g) }
(wa — W) (wp + wp + wp)(we + @)

xgc)xx( W; Wy, g, ""'y)

(23)

N is the number of molecules per unit volume [1/cm?], L ~ (n® + 2)/3 x (n3 + 2)/3 x (n§ + 2)/3 x
(nf"y + 2)/3 is the local field correction factor. The first sum runs over all permutations, w;, wy, and w;
of the frequencies wq, wg and w, . The second triple sum runs over all excited states of the system. w,,
wy, and w, are excited state frequencies. These frequencies are complex quantities w,, = £2,, —il',;
v =g, b, or c. The real part ,, is equal to a transition frequency from the ground state, the imaginary
part ', describes the relaxation processes [18, 19]. The terms in the sum contain a product of four
matrix elements in the numerator and a product of three frequency terms in the denominator.
x,‘f;?xx( W; Wy, Wg, W.y) is approximately independent of frequency and is nearly real except when the
frequencies w, Wy, Wg, Wy OF the sumMSs 2wy, 20g, 2.y, Wy + Wy OI Wg + . are near an excited state
frequency. In the latter case large resonant terms appear. x'¥ may be separated in a non-resonant part
Dx§3,, a part comprising s1ngle): frequency resonances x{¥ and a part combining resonances due to sum
(or difference) frequencies X @ = Dy@h 4@ + Q. (24)
We have D = 6 when the three frequencies wg, wg and w,, are different, D = 3 when two frequencies
are equal and D = 1 when all three frequencies are equal [18, 19].

In the following subsections we discuss the frequency dependence of x® relevant for the parametric
processes described in Section 2. We concentrate on resonances which occur in the substances studied in
our experiments.

3.2. Parametric four-photon interaction wy, + wy > w3 + wWa.
In Section 2.2. we introduced the susceptibilities X&) (— wa; Wy, Wy, — Wy), x,(fgxx(— W W1, Wa,
— ws), Xa(csx)xx(_ W1;— Wy, W3, Wy), and Xa(c:jgxx(_ W23~ W1, W3, Wa). The frequencies w;y, w,, 2w;,
2w,, and w; + w, of our experiments are far away from excited state frequencies and do not contribute
to the resonant structure of x(3)

Single frequency resonance terms occur when the idler frequency w, lies in the range of infrared
absorption bands. The contributions of single frequency resonances to XD (= w3; w1, we; — w,) are:

NL 1
X (— @33 @1, @2z, — 24) = 8h§ S o, LGk

W4 4

1 1 1
(Wg + W3 (wp +wy —wa) (W T W3l Wy T wr—ws) (W, — Wi ) wp T Wy —wy)

1 1 1
(wz — wa)(wp + Wy — W4)+ (we —w)(wp —wy — w2)+ (wg — wa)(wp —wy — wz)]
(25a)
NLe*
T

QE — Wa N ZFE :I (25b)

3
—K Z {glxleX(chx Ig)[(ﬂé _ w4)2 + 1‘% (Q — w4)2 + Fg
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=26 + i) (25¢)
In Equation 25b the relations 2 [gXa] = 1 and § |bXb| = 1 were used. The frequencies w, and wy in
a

the denominators were replaced by average frequency values. The six denominator terms are abbreviated
by K which is approximately real and greater than zero since the average frequency values lie in the
electronic absorption range. A slight frequency dependence of X is neglected. The matrix elements are
approximately real.

It can be shown from Equation 23 that Xf,)cxxx (— w3; Wy, Wa, — wy) is approximately equal to
X%?o)cxxx(—_ W4 Wy, W2, — W3); Xﬁ%x*xx(’ Wy Wy, W3, Wye) and X%?:g;:xx(_ Wy, — W1, W3, We) by
neglecting the imaginary parts in the non-resonant frequency denominators. For the degenerate case
w; = wy = wy, we find

. 3 ’ s A
xﬁ%xxx(— W3, W, WL, ~Wa) = X% )+ X§3) = xﬁi,”éxx (— w4; W, Wy, ~ W3)

~ L dx
= 2XI,;xxx( W; ™ WL, W3, Wa).

The frequency dependence of the imaginary part x}s)" may be related to the dispersion of the linear
absorption coefficient. The maximum linear absorption coefficient at frequency 2; is given by a(£2;) =
K{glx|eXElx|g) [42]. In Equation 25 x§2 depends on {(glx|&)(clx3|g). The following calculations show
that (¢lx>|g) is nearly proportional to (¢lx|g) i.e., {glx|e)(clx|g) is proportional to a«(2e): It is (¢|x>|g) =
I_E(EIxIa,—)(a,—lleg)AZ ? (Elxlaalx®lg) = (Elxla) x 12 (alx?|g) = Elx|@C; ~(Elx[®)C, . .. Cy and C, are
constants. The first sum runs over all states [¢;) with the same parity as |g) (other matrix elements are
zero). In the second sum, only the states |a;) are retained that form large matrix elements. These states

lay) have a shape similar to |g). This fact implies that the average state |2) is similar to |g) and that
{Clx|a@) == const {¢lx|g). Now Equation 25 may be rewritten as

(825 —wy) — T
(Qz —wa)* +T%

X (— W33 @1, w3y, — wa) = C Y, Q)T (26)
c
C > 0 is constant. The slight frequency dependence of C'is neglected. Equation 26 shows that
ngxx (— w3; Wi, W2, — wg) has the same frequency dependence as — a(w,) since
of(wa) = A(S2ATZ/[(Qs — wa)?* +TZ. The frequency dependence of the real part x is connected to
the frequency dependence of the imaginary part x{¥ by Equation 26. The absolute scale of
xf,%xxx (— w3; Wy, Wy, — wq) must be determined experimentally by measuring the spectral signal
intensity at a fixed set of frequencies ws, w;, w,, w, and by calculating x® from Equation 10a.
Difference frequency resonances occur when w; — w, 0r w, — w, are near an excited state fre-
quency of the system. The contributions of difference frequency resonances to x® are given by:
NLe*

XRexwe (— 033 W1, 002, ~ @) = 25 §wg_M+WM£@ummmE@hm@mg

1 1 1 1
(W = w3)(we + wi) (W — ws)(we— w1)+ (wg + wa)(we + w4)+ (wa + wa)(we — wl)]

1 . 1 i
Y (gbclaXalbel By(Blxlc)clx|g) x [ @ +

Wg —wy Twa ge e —wsl{we T wa) (W, w3l {we — wy)

1 1
(wa + wi)(w, + wa) ¥ (wa + w1)(we — ('Jz)]}

NLe* — QfF —wy +ws +ilg Q5 —w, +wy +ilg
 —— Y gk BNbIx | K, B b 2 T A b
8’ % T witw)? +TE T (Qp—w; Fwa)? + T
= Xit(‘ﬂ)"‘Xﬁ(w2)+i[Xi'z(w1)+XI"t(w2)]- @27
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: . o (3)F .
Ffo)m Equation 23 we find xﬁ)xxxx (— wa; Wy, Wy, — W3} x%i,)xxxx(— W3 Wi, Wy, = Wa).
3

XD e (— 915 W25 W3, Wa) = X (— @257~ W1, W3, Wa) = Xp(w1) + Xp(w2) Filxg(w:) +
X'r(w,)] (négative for w; > w, > wy and positive for w; > w, <wy). For wy = wy = wy, the
susce;zgi)bilities reduce to xg)(— w3;w%3, WL, — W) = xg’)*(*- W43 W1, WL, — W3) = Xplwy) + ixg(wr)
and xg (— WL~ WL, W3, wq) =2xg’ (wL).
The imaginary part x§”"(wr,) of the difference frequency resonance is equal to the Raman suscepti-
bility [17]. X" may be derived by spontaneous or stimulated Raman scattering. The real part
" x¥' may be determined from the fixed relation between the real and the imaginary part of X (see

Equation 27). A small calculation leads to the following expression:

(3) g . — ~
XR,xxxx( W3; Wy, Wy, (/J4) -

(QI;—(.OI +w4)+iI‘5 (Q,;—w2+w4)+iI‘5
(25— w; +wa? +TE  (Qp—wy +wa)> +TE|

Y xr (825)5 % (28)
5

Xr(€25) is the maximum value of the Raman susceptibility at vibrational frequency {25. I' is the half
width of the Raman line. In Equation 28 we used the approximation K; = K,.

Finally, the non-resonant part X3} originates from electronic transition frequencies in the ultraviolet.
The dispersion of X3k (— w3; wr, W, — W) is governed by a term proportional to 1/[(wyy — wr) X
(Wyay — Wa)(wyy — w3)]. We neglect the frequency dependence of X%, since the ultraviolet frequency
wyy is considerably larger than the other frequencies wy,, w3, wa. The magnitude of X has been in-
vestigated by a variety of techniques: third harmonic generation [18, 19], intensity dependent rotation
of elliptically polarized monochromatic light [18, 19, 43], self-focusing [44], interference patterns of
beam profiles [45, 46], and coherent anti-Stokes Raman scattering [33-35].

The complete x*? involved in the parametric four-photon interaction processes of Section 2.2 has
the form:

X(a)(— W3; Wy, Wy, — Wyg) = X(s)*(— W4, Wi, W, — W3)

= 6% + 2" + X))+ x§(@1) + XK (@) +ilxE (@) + X" (@]
X(3)(— W3, Wy, Wi, — wg) = X(s)*(_ Wg, Wy, W1, — w3)

=3x8k +x + " + xR (wr) + ix$ (wr)

an

‘ X wp;— wp, w3, wa) = 6x8k + 208 +ixt”" + x® (o).
In Figs 2a and b the real and imaginary parts of x® are shown schematically for the process wy, +
w1y, > W3 + waq. The nonresonant part of x® is practically real and frequency independent. The real
parts of the resonant terms are zero at the maxima of the imaginary parts. We recall that there is no
parametric amplification of the four-photon process of Section 2.2, when the real part of x® is zero.
The imaginary part of the resonant terms decreases proportional to 1/w} while the real part of the res-
onant terms decreases proportional to 1/w, (where wy, = £, — wa, Q, — w; + wg, o Qp — wy + wa).
As a result, the parametric amplification process (due to the real parts of x® persists far from the
resonance frequencies.

3.3. Four-photon frequency conversion w; + w, + wy > w

In the case of frequency conversion we consider the process wy, + wy, + w, > w. The susceptibilities

xP(= w; wy, Wi, w,) and K Wy WL, WL, W) are involved in the interaction (see Equations 16a

and b). The frequencies wi,, 2wy, W1, + Wy = W — Wy, and w are generally far away from the tran-

sition frequencies of the system. No sum or difference resonances occur and x® reduces to 3%k + W
Single frequency resonances have to be considered when ., is near an infrared absorption band. The

contribution of the single frequency resonances to x® is written in the form:
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Figure 2 Diagram of the frequency dependence of the nonlinear susceptibility x,g?xx (— Wy Wi, WL, — w,) = x +ix"

responsible for the parametric process wy, + wy, = w; + w,. (a) Imaginary part of x®; xg~ results from a single fre-
quency resonance centered at w, = Q. (FWHM = 2T;). x’}I{ is the contribution to x" from a difference frequency
resonance centered at wy, — w, = £y, (FWHM = 2T,). (b) Real part of x®; X represents the contribution from a
single frequency resonance. X,R originates from a difference frequency resonance. xR is the non-resonant part of x(3)

and is practically frequency independent.

NLe*
)

X%?;cxxx(_ wW; Wy, Wi, w'y) = 8H3

1

1
Y <glx|aXalx|pXblx|c)(Elx|g)

¢ Wz~ Wyaqb

1 1

X + 4
(W, —W)(Wp—wr,—wy)  (Wg W)W, —wr,—w,) (w; + w(wy + 2wy,

N NLe*
s’

K' ¥ (gle®lonexlg)

Qe —wy)? +T2 (2 —wy)? +T

|

]

(292)

(29b)

K' is practically real and greater than zero. The slight frequency dependence of K’ has been neglected.
It can be shown that X2, (— w; wr, Wy, w,) is approximately equal to x{? (— w.; — wy, — Wy, W).
K’ is approximately equal to K/2. As a result, xf?cxxx (— w; wr, wy, wy) and

x{?,)cxxx (— w3; w, Wy, — W) are approximately equal.

In Fig. 3 the real and imaginary parts of X&), (— w; wr,, w1, w,) are depicted for one single fre-

quency resonance occuring at an energy state of frequency 2.

3.4. Three-frequency mixing i, + wy

in—)w

3.4.1. Sum frequency generation wy, + wy, + wg > W

In the sum frequency process of Section 2.4.1. the coupling parameter is {2, (— w; Wy, Wy, wg). This

susceptibility is equal to x&),.,

(— w; Wi, Wy, w,y) of ) of Section 3.3 with w, = wg. In our experiments
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we consider only the situations where the light pulse at frequency wpy is given by the first Stokes or anti-
Stokes component generated by stimulated Raman scattering. In this case, wg is far away from vibronic
resonances and no resonant terms are involved in x,(gc)xx (— w; Wy, W, WR)-

3.4.2. Difference frequency generation wy, + wy, — Wy > W

The difference frequency mixing process of Section 2.4.2. is described by the susceptibility

X&), (— w; wy, Wy, — wg). This coupling term is equal to X&), . (— ws; wr, W, — wa) of Section 3.2.
with w3 = w and w, = wg. Here we are interested in the conversion of the Stokes light generated by
stimulated Raman scattering into anti-Stokes light at w = 2wy, — wg. In this process wg the Stokes
frequency is larger than the infrared absorption frequencies and the single frequency resonance terms are
zero. The difference frequency resonance terms of Equation 27 are important; they are responsible for
the strong Stokes—anti-Stokes coupling of the light waves (see Fig. 2 centre).

3.5. Third harmonic generation wy, + wy, + wy, > W

The nonlinear susceptibility X$)yx (— w; Wy, Wy, wy) is responsible for third harmonic generation. In
our experiments with mode-locked Nd-glass lasers, the laser frequency oy, [27c = 9455 cm™ is

well above the infrared absorption, i.e. no single frequency resonances at wy, occur. Single frequency
resonances at w = 3wy, and sum frequency resonances at 2wy, are absent in substances where the
electronic absorption bands are in the ultraviolet region. In this case we have x®@ =y 0=1).In
substances where w = 3wy, lies near an optical absorption band, third harmonic generation was not
observed. The coherence length [, is very short in these highly dispersive regions.

4. Experimental system

In our experiments we used a mode-locked Nd—glass laser [47, 48]. Single picosecond light pulses
were selected from the mode-locked pulse train with an electro-optic shutter [49]. The energy of a
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BS Figure 4 Experimental arrangement for
PMT { ! JL:_]L f measuring the spectral intensity distri-
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bution of the generated light. BS, beam
L splitter; 1M, intensity detection; L, lens
or inverted telescope; S, sample; M,

IM monochromator; PMT, photomultiplier
tube.

single light pulse was increased with the help of a laser amplifier. The amplified single light pulse had a
duration of Azy, ~6 ps (FWHM) and a spectral width of AV ~ 3 cm™ (FWHM). These data indicate

that single, nearly bandwidth limited light pulses were generated. The energy of the amplified pulse

was approximately 5 mJ. The intensity of the light pulse in the sample was altered by filters, inverted
telescopes or lenses. When telescopes or lenses (f = 60 cm and = 100 cm) were used in the investigations
of parametric four-photon processes, the sample was placed in a (slightly) divergent beam (after the focus
of the lenses). The incident light intensity was determined by a saturable absorber system [50].

Experimentally we found new frequency components emitted in the forward direction within a
divergence of 26 ~ 4 x 1072 rad (measured at half maximum of the intensity). The generated light was
found to be polarized parallel to the laser light. We verified in several substances (H,0, D,0, CH,Cl,,
glass BK7, fused silica (Suprasil) and NaCl) that new light was emitted over a broad spectral region
without self-focusing of the beam. The spectrum of the generated light was measured with a spectro-
graph and, simultaneously, the end face of the sample was investigated with a microscope and a photo-
graphic plate. No focal spots were observed in the magnified image of the exit window. In addition, visual
inspection did not show breakdown sparks inside the medium.

The pulse duration of the parametric light in 2 cm of water was measured in the spectral range around
A = 700 nm with a picosecond streak camera (time resolution approximately 3 ps). The measurements
were carried out at an input peak intensity of /o, = 2 x 10'*W/cm? The duration A¢¢ of the generated
pulse with broad spectrum was found to be slightly shorter than the laser pulse Azy, with Arg/Aty, ~0.8.

The spectral distribution of the generated signal light was first observed qualitatively with a spectro-
graph and Polaroid films or spectroscopic plates. The intensity dependence of the spectral distribution
was quantitatively studied with a double monochromator and photomultipliers. The experimental set-up
for these measurements is shown schematically in Fig. 4. The parametrically generated idler light (on the
Stokes side of the laser frequency) was measured with PbS-detectors and interference filters. The limited
sensitivity of the infrared detector required relatively high input laser intensities close to the saturation
range.

In our experiments a short sample length of 2 cm was used in general. With longer cells the interaction
length for parametric light generation is limited by the different group velocities v, = ¢/[n — A(dn/dA)]
of pump waves, signal and idler waves. The pump pulse and the generated pulse (6 ps duration) overlap
for a travelled distance I, which is of the order of centimetres. In Fig. 5, calculated values of 7, for a laser
pulse at ¥, = 9455 cm and a pulse at frequency ¥ are presented for water (pulse duration Azy, = 6 ps).
The effective interaction length z is limited to the overlapping length /. '

5. Results

5.1. Water

First we discuss experimental and theoretical results obtained for water (cell length 2 cm). The Raman
susceptibility xg [51,52, 38] and the nonlinear refractive index n, [18,19, 54-56] (at vy, = 9455 cm™)
are small in water. Difference frequency resonances of x*® and the resulting light generation by stimu-
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lated Raman scattering do not — at the beginning — effect the parametric four-photon processes. These
facts simplify our analysis. The small value of n, excludes self-focusing and makes the spectral broadening
due to self-phase modulation very small at our laser frequency.

We measured the energy conversion (per frequency interval) of laser into signal light at v3 as a tunc-
tion of input peak intensity /oy, for a number of frequencies in the range between 200 nm and 925 nm.
As an example, experimental data are presented for three frequencies at 13 700, 14 900, and 23 800 cm™
in Fig. 6. The energy conversion per wave number 9(¥) = [ e(¥) d4/Wy, (Wy, is the energy of the laser
pulse, d4 represents a cross-sectional element) increases very rapidly for all frequencies. Values of
n(P) rise by a factor of 10°, when the input peak intensity is increased by approximately a factor of two.
The results of Fig. 6 demonstrate quite vividly rapid growth (high gain) of the generation process. For
Ior, 2 5 x 10'® W/cm? saturation sets in.

1

5.1.1. Frequency range between wy, and 2wy,

We begin the discussion of our investigations in the frequency range between wy, and 2cwy, [8]. In Fig. 7,
the energy conversion is depicted over the frequency range from 10 800 em™! to 20, = 18910cm™.
Five curves for different input peak intensities are presented (they are derived for each frequency from

data such as depicted in Fig. 6). At [y, =2 x 10° W/cm? the parametrically generated light starts at
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discrete frequencies far away from the laser intensity. With increasing input intensity the energy con-
version at fixed frequencies increases approximately exponentially (See Fig. 6). Up to Jop, = 5 x
10'°W/cm? the spectrum broadens but a certain degree of the structure of the spectral distribution
persists. At input intensities 2 10" W/cm? a rather smooth spectral distribution is obtained. The follow-
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Figure 8 Linear absorption coefficient a [58, 59] and refractive index n [57] of water,

ing calculations show that the light generated at Iy, S 5 x 10'°W/cm? is due to the parametric four-
photon process wy, + wy, > w3 + w4. The signal light formed in this primary parametric four-photon
process acts as a pump wave in secondary parametric processes. These subsequent parametric processes
are of the form wy, + w3 = w5 + wy; they flatten the spectrum at higher intensities. For these pro-
cesses Ak is small and x® is enlarged by difference frequency resonances (w; — w5 and wj — wy, of
w3 — w3 and wy, — wy nearly equal to ;). The onset of secondary and higher order parametric pro-
cesses removes energy from the frequency range of the primary process. Together with the depletion of
the peak intensity of the laser pulses, they lead to a saturation of the energy conversion 7. The situation
of parametric light generation at high input intensities will be discussed in more detail below.

In the intensity range Iop, $ 5 x 10" W/cm? we consider the four-photon parametric process wy, +
wr, ~ w3z + wg. The spectral energy density of Equation 10a and the energy conversion efficiency n of
Fig. 7 are related by Equation 30:

feFa) A _ e(Fs)dd
WL I()LA Z’Ld%,.

n(vs) = (30)
Numerical estimates indicate that the beam diameter of the generated light d5 is approximately one-fifth
of the laser beam diameter dy,. From our experimental data of Fig. 7 we determine the frequency de-
pendence of the nonlinear susceptibility X = 3xxgr + x1 + xg = x® + ix*®". The various parameters
which enter Equations 10a and 30 are measured directly (Joy,, Aty, dp), or are taken from the literature
(ai s, Ak)

In Fig. 8 literature data for the dispersion of the refractive index [57] and of the absorption coef-
ficient [58, 59] are presented. The linear absorption of water is very large in the infrared resulting in
considerable variations of the refractive index. In the visible and ultraviolet region, the absorption is
small and the refractive index changes only slightly.

Fig. 9 shows the calculated phase-mismatch Ak = k4 + k4 — 2ky, for collinear light interactions and
the phase-matching angles for non-collinear light interactions with Ak = 0 [60, 61]. At certain fre-
quencies the phase-matching angles are larger than the measured divergence of the beam (§ ~2 x
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Figure 9 (a) Collinear phase-mismatch Ak = k; + k, — 2k, and (b) noncollinear phase-matching angles ¢ and y for the
interaction wy, + w1, ~ w; + w, (substance: water).

107?rad, at half intensity value); in other frequency regions perfect phase-matching (Ak = 0) is impos-
sible. As a result, the parametric generation process proceeds in certain frequency regions with a well-
defined phase-mismatch. Equation 10a applies to collinear light generation, but it represents a good
approximation for small divergence angles. For collinear light beams the interaction length between
signal, idler and pump wave is given by the length of the cell (or by the overlapping length /, of Fig. 5).
For non-collinear phase-matching the interaction length is strongly reduced due to the large walk-off
angle of the light (see insert in Fig. 9b).

The nonlinear susceptibility x(— w3, wr, wp, — ws) = X + ix®”" represents a complex quantity;
it cannot be determined completely by fitting Equation 10a to the experimental data. We take advantage
of our knowledge concerning the frequency distribution of " = x + x{ and we use the relations be-
tween the real and the imaginary parts of x§ and x developed in Section 3. Fig. 10 depicts the results
of our analysis. Fig. 10a shows the imaginary part of X®. xg was obtained from Raman data [51-53]. A
frequency corrected Raman gain factor of gg = (647°5g/(ngnp,c))xr () = 7 x 107 cm/W is deduced
from the literature [51-53] for the vibrational mode at ¥y, = Q, /27 2~ 3300 cm™; the peak Raman
susceptibility has a value of xg (Q) = 3 x 10™**cm?®/erg. The frequency distribution of
x§?,)c:'cxx (— w3 Wi, W, — wa) is chosen to be proportional to the absorption — a(w,) as discussed in
Section 3. The full curve in Fig. 10b shows the real part X2 . (— w3; Wy, Wy, — ws) = 3Xnr T X + X
The value of 3xygr =2 x 107"*cm?ferg is taken from the literature [18, 19]. x} and X were calculated
from the imaginary parts using the relation of Equations 26 and 28. The absolute scale of xy is deter-
mined from the experimentally measured energy conversions in the range between 14 300 cm™ and
15200 cm™. The other points in Fig. 10b are determined from Equation 10a by using the curve of &'
of Fig. 10a and the experimentally measured energy conversion data of Fig. 7. The good agreement be-
tween the experimental points and the x*®-curve over the large frequency range should be noted.

The real part of the Raman susceptibility x§ around 12900 cm™ is smaller by approximately a
factor of ten than the nonlinear susceptibility x{ (12 900 cm™) originating from infrared resonances.
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Figure 10 Nonlinear susceptibility x.o(— ws; W1, wr,, — w,) of water. (a) Imaginary parts xf and xRk X[ is obtained
from the absorption spectrum o Xf is taken from Raman data [51—53]. (b} Total real part X' = 3xNgr + xI + XR and
magnified components 3xxg + X&; (3XNR ~ 2 X 107 cm®/erg [18, 19]. The structure of x g and x is obtained from
Equations 28 and 26. The absolute scale is calculated from Equation 10a using experimental data around 7 =

15000 cm™*, Open circles, experimental points.

The parametric light generated by Raman resonances is negligible compared to the light generation by
infrared resonances.

It is interesting to see that the three major infrared peaks of water at 650, 1600 and 3300 cm™ give
rise to single frequency resonances in x{¥ and cause large values of the imaginary part x{" over a wide
range of signal frequencies »;. Five minima of the energy conversion curves of Fig. 7 (/1 <1x
10 cm?) are accounted for by the three major maxima of xj at ¥; = 18250, 17250, 15600 cm™
where X} ~ 0 and by the change in sign of x} between resonances at %5 = 17650 and 16 800 cm™". The
sixth minimum in the spectral distribution of 7 at T3 = 12900 c¢m™ results from inverse Raman scatter-
ing [90]. Light generated by parametric four-photon interaction at w3 = wy, + Wy, is converted back
‘to the pump frequency wy, and to the vibrational excitation at wy;p. The loss of spectral energy density
is estimated below; it agrees with the experimental observation.

From the detailed agreement between theory and experiment we conclude that the signal light be-
tween wy, and 2oy, is produced by the parametric four-photon process wy, + wy, > w3 + w4 (for
I, $ 5% 10°W/ecm?).

1

5.1.2. Frequency range below wy,
At low laser intensities the idler generation (process wy, + wy, = w3 + w,) was estimated from the
signal light using Equations 10a and b. The relation between idler and signal light is given by:
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when no depletion of the laser light occurs (the same relation applies to the energy conversions). In
Fig. 11 the calculated energy conversion at Iy, = 4 x 10'°W/cm? is presented; it reflects the strong
single frequency resonances discussed in connection with the frequency dependence of the signal output.

In Fig. 11 several experimental points of the idler energy conversion are shown for high laser inten-
sities of 7y, = 1 x 10 and 5 x 10! W/cm?. Comparison of the measured idler with the corresponding
signal output shows a drastic reduction of the idler light. For instance, the energy conversion per wave
number 7 has values of 107° and 1077 at ¥, = 4000cm™ and 73 = 14000 cm™, respectively, (I, =
1 x 10" W/cm?). This effect is due to the strong infrared absorption at the idler frequencies as demon-
strated by the numerical calculations of Fig. 1b.

The parametric frequency down conversion process [22] wy, > w;; + wip + w;z would produce
light components on the Stokes side of the laser frequency. This process was not discussed theoretically
in Sections 2 and 3. The amplifaction factor gg*x* of this process compared to the process wy, + wy, =
ws + wa (Equation 9d) is given by:

(88" X (wr, = wyiy + Wiy + wy3) ~ Ip X (= wyi3; WL, — Wit, — Wi)?
(g™ X)Wy + wr, = w3 + wy) ItxX®(— w3 wi, wr, — wa)?

(32)

Iy is given by the intensity of the quantum fluctuations and is about ten orders of magnitude less
intense than [y, when frequency down conversion without infrared input pulses at w;;, w;; OF w;3 is
considered. x®(— w;3; Wy, — Wiy, — Wia) may possess two resonance terms within one denominator of
Equation 25, so that an increase of x(3)(— Wy3; Wi, — Wiy, — wjy) by a factor of hundred compared to
x(s)(—— W3; Wy, Wi, — W) is possible. At these frequencies two infrared light frequencies are strongly
absorbed and the threshold for parametric amplification increases correspondingly. Without input pulses
at w;y. Wiy, OF w3 the frequency down conversion process does not play any role [62-64]. Even at high
laser intensities of about 2 x 10*! W/cm?, where parametric processes have produced a total energy con-
version of about 10™* on the Stokes side of the laser frequency, the frequency down conversion process
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Figure 12 Experimental energy conversion n per wave number interval versus frequency ¥ for four laser input peak
intensities: {a) 5 X 10*!; (b) 1. X 10%!; (¢} 5 X 10*°; (d} 4 X 10'°W/cm?. Substance: water.

seems to be small. At very high laser intensities, this process may contribute to the reduction of the
total light output by transfer of laser light to the infrared region and strong infrared absorption.

5.1.3. Frequency range beyond 2¢»;,
The measured energy conversion efficiency 7 in the frequency range between 18900 cm™ and
50000 cm™ is depicted in Fig. 12 for four laser intensities, 4 x 10'°W/cm?, 5 x 10°°W/cm?,
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10" W/cm?, and 5 x 10! W/cm?. At the smallest input intensity of /o1, = 4 x 10*® W/cm?, parametric
light was detected in small frequency regions. At Iy, = 5 x 10'°W/cm?, the energy conversion increased
strongly and extended over a larger frequency range. At Io;, > 10" W/cm?, some structure remains in a
broad spectrum. In the range from 19 000 cm™ to 26 000 cm™, the energy conversion has values of
approximately 5 x 10~ 7/cm ™. For larger frequencies the energy conversion decreases continuously to
n~10"Bc¢mat ¥ =50000cm™.

At the third harmonic frequency w = 3wy, light could be detected at input intensities as low as
Ioy, = 5 x 10°W/cm?. Inserting the parameters w/2mc = 28365cm™, n =1.35, ny, = 1.33, x% =
(2/3) x 10**cm3/erg, and Ak = 4600 cm™ into Equation 22 we calculate a maximum intensity con-
version efficiency of I/I7, =2 x 107% I (I and Iy, in units of W/cm?). The energy conversion efficiency
is estimated to be 3., = [ Kr, O dr dt/[ I, (r, O)r dr dt =2 x 10728 [ IE(r, t)r dr At/ f Iy (r, O)r dr dr =
10713, At Ioy, = 5 x 10'°W/cm?, a maximum energy conversion of Magyy, =3 X 107 is expected.
Experimentally, an energy conversion per wave number of approximately 5 x 107"} /em™ was found.
Multiplying this value by the system resolution of about 100cm ™ (at this wave-length) we obtain an
experimental value of n3,, ~ 5 x 107°. The measured and the calculated numbers are in good agreement.

For a discussion of the generated broad spectra we consider two parametric processes: (i) frequency
up-conversion wy, + wy, + w, = w and (ii) secondary parametric interactions wy, + w; > w3 + w3,
(w3 > wp)-

(i) In the frequency conversion process, parametric light which was generated in the primary four
photon process (wr, + wy, — w3 + w,)is converted to higher frequencies w > 2cwy,. The detailed struc-
ture in the emitted spectrum for laser intensities Jor, S 5 x 10°W/cm? allows us to state unambiguously
that this parametric process occurs under our experimental conditions (see Fig. 12).

The frequency to be converted is denoted by cw,. Primary signal light (w3) produces light in the fre-
quency range 3wy, < w < 4wy, while primary idler waves (w,) generate light frequencies 2cop, <
w < 3wy, The spectral distributions of the input pulses /(w.,, 0) are obtained from Fig. 7 and 11
(together with Equation 30) for signal and idler, respectively.

The spectral intensity /() or the energy conversion n(cw) which is generated in the frequency con-
version process, can be calculated with the help of Equation 18. For a quantitative evaluation we have to
know €(wy, 0), a, n, Ak and x(3). Since the input light e(w,y, 0) is generated in the first part of the
medium, the frequency conversion process takes place at the end of the light path through the sample.
In our calculations we take for e(w., 0) the spectral energy density of the signal and idler at the end of
the cell. The interaction length is assumed to be approximately 0.5 cm. The values of o and # are
obtained from Fig. 8. The phase mismatch Ak = k — 2ky, — k., is calculated from the colour dispersion
of Fig. 8 and presented in Fig. 13 for the frequency range of 18 900cm™ to 37 800 cm™. We note a
substantial phase mismatch in particular for frequencies exceeding 22 000 cm™. The nonlinear suscepti-
bility of our frequency conversion process X, (— w; wy,, wy,, w.,) contains terms with single fre-
quency resonances but has no contributions with difference frequency denominators. The imaginary part
of x* has the form x®"(— w; wy, wy,, wy) = X" (— w; wy, W, w,) X (— wss W, W, — Wy)-
The real part of the single frequency resonant terms is analogous to the primary parametric process. The
non-resonant part of x? is assumed to be constant with the value quoted above. In Fig. 14 the imaginary
and real parts of x® are plotted as a function of frequency. The single frequency resonances lead to
strong fluctuations of the x® values, suggesting maxima and minima in the frequency conversion pro-
cess. For frequencies exceeding 26 000 cm ™ we find small values of x®, Using Equations 18 and 30 we
calculated the energy conversion for two laser intensities Jor, = 4 x 10*® and 5 x 101°W/cm?; the re-
spective data are depicted in Figs. 15a and b. Of interest is the comparison between the measured and
calculated energy conversion of Fig. 12 and Fig. 15, respectively. The numerous minima and the order of
magnitude of the maxima are well accounted for by our calculations. We wish to conclude that fre-
quency conversion contributes significantly to the parametric light observed at frequencies between
2wy, and 4wy,

(ii) Secondary parametric processes of the type wy, + w3 = w3 + wy are discussed next. When the
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Figure 14 Nonlinear susceptibility x &, (— w; wr,, W, wy) of water, For 0 < wqy € wy, x® is taken from Fig. 10
since x("’)(— wW; Wy, Wi, wy) =X *l— Wy; W, WL — Wayl. For wy, <wy < 2wy, the x" and x' curves are extended
using the proportionality between x(s) and a.

broad band signal pulse (w3) of the primary process wy, + wy, > w3 + wy acts as one of the two pump
pulses, new frequencies (w3) between 2wy, and 3wy, are expected. Two points should be noted here.
First, various parts of the broad input signal contribute to the output at a certain frequency w3 and
second, the spectral intensity of the idler in the primary process provides the initial condition for the
secondary process, i.e., Iy (wg4) of Equation 10a has to be replaced by J(wa, ). To evaluate the output
intensity at w3, the broad input spectrum was subdivided into a number of frequency intervals and the
contributions added for the secondary process. By this method we find a very small energy conversion
of n(w}) < 107 ®em for Iog, < 4 x 10 W/cm?. In Fig. 15b, the calculated energy conversions n(w3) are
shown for Iy, = 5 x 10'°W/cm? For larger laser intensities the efficiency of the secondary parametric
process rises very quickly since the parametrically produced pump pulse approaches the peak intensity
of the laser pulse. We point to Figs 7 and 12 where a conversion efficiency per wave number of

n 210" cm is observed over a large spectral range of approximately 15000 cm™ (Ioy, = 10" W/cm?).
Under these conditions a total energy conversion of 7, ~ 1.5 x 1073 (see Fig. 16) and a total intensity
conversion of 107! is estimated.

5.1.4. Saturation of light generation

We have measured the total energy conversion and the energy transmission of the incident pulse at very
high light intensities. Our measurements and our calculations indicate that at fog, 2 10" W/cm? parametric
light is generated over a broad spectral range which extends from the ultraviolet to the absorbing infrared
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{b) Calculated energy conversion /,f, = 5 X 10'° W/cm?. The frequency conversion process wy, + Wy, + Wy =~ w
(solid curve) and the secondary parametric process wj, + w, > w, + w, (dashed curve} are depicted.

region. As soon as the laser light is depleted, the parametric light generation is reduced and the generated
idler light becomes strongly absorbed in the infrared region. Input energy is continuously lost by idler
absorption. In Fig. 16 the total parametric light output over the whole spectral range and the trans-
mission of the laser pulse are shown for the case of water. At high laser intensities a total energy con-
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Figure 16 (a) Total energy conversion of laser light
into parametric light.

{b) Energy transmission of the laser pulse versus
input peak intensity. Single picosecond light pulses
(A = 1.06 um) of Aty, ~ 6 ps traversed 2 cm of
water.
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version of up to 10% could be obtained. The laser transmission is reduced from its linear transmission
value of 0.7 at 9455 cm™ to a value of 0.4. The increased loss of laser light is explained by energy trans-
fer to the strongly absorbed idler waves (see numerical results of Fig. 1).

In the ultraviolet region the parametric light generation is small. The large phase-mismatch due to the
strong dispersion of the refractive index lowers the frequency conversion efficiency. In addition, the
conversion efficiency of the parametric processes is reduced with increasing order.

5.2. Other substances

Broad emission spectra were observed in a number of materials. In D,0, NaCl and quartz glass,
emission spectra extended to 200 nm and values for the total energy conversion similar to H,O were
measured. In NaCl and quartz glass (Infrasil) the laser peak intensity had to be kept below Jop, =3 x
10! W/em? in order to avoid self-focusing and damage. In substances with optical absorption in the
range between 200 and 400 nm (CsHsNO,, CS,, CH,1,, CH;COCH;, CH,CCls, CH,CL,, CH,Cl,,
CH;CH,OH, glasses BK7 and SF59) the emission extended to frequency values near the absorption
bands (see also {4]). High linear absorption and large phase-mismatch prevent parametric light gener-
ation at shorter wave lengths. Two and three photon absorption processes reduce the parametric light
output near the absorption bands [15].

In substances without idler absorption (e.g. NaCl) and with reduced colour dispersion the nonresonant
susceptibility is sufficient for efficient light generation (see estimates following Equation 13).

In all materials which do not absorb at w = 3wy, (e.g. H,0, D,0, CH;COCH,, CH;CCl,, CCl,,
CH;3CH,OH, glass BK7, quartz glass Suprasil and NaCl) third harmonic generation was readily
observed with a double monochromator and photomultiplier or with a spectrograph and Polaroid
films. Substances which absorb at w = 3wy, (e.g. C¢HsNO,, CS,, CH,1, and glass SF59) did not show
detectable third harmonic generation on Polaroid films.

In liquids with large Raman scattering cross-sections e.g. in CCl;, CH;CH,OH, CH3CCl3,
CH,COCH;, discrete lines were found at w = 2wy, + wg. This light is produced by frequency mixing
of two laser quanta and one Raman Stokes quantum. Anti-Stokes light at w = 2wy, — wg was also
found in these substances. Using Equation 22 we find quantitative agreement with the amount of light
generated at these wave lengths.

We should emphasize that our investigations on substances other than water are limited; no studies
of the resonance structure of x‘*” were made.

6. Other processes leading to frequency broadening
In this section we briefly discuss other nonlinear processes which are able to produce frequency broaden-
ing. Their contribution to our observed broad light spectra is estimated.

6.1. Self-phase modulation

First we discuss the process of self-phase modulation which has been discussed in the literature to explain
the super-broadening of picosecond light pulses [1--6, 66, 67]. Self-phase modulation is due to the tem-
poral change of the refractive index [68]. The field of the light pulse may be written in the different

forms:
E(t, 2) = Eo(t, z) cos (wyl)

wrz

= E(f, z) cos (th' - )
c

= E(t, z) cos [~ ¢(t, 2)] (32)
The relation k = wy,n/c = wi,(ng, + An)/c and the transformation ¢’ = £ — ny,z/c were used in Equation
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32.E (¢, z) describes the slowly varying amplitude, wy, the carrier frequency of the pulse. The instan-
taneous frequency of the pulse is given by:

d¢ wr,z 0An
=— = — . 33
w al', wr, c alJ ( )
The spectral broadening of the light is found to be
0A z A
Ay, = L2 (%80 _dan ) wuzln (34)
ot max ot min [4 AtL

The change of the refractive index An may be caused by (a) the nonlinear polarization at high laser
intensities, (b) a laser induced temperature variation, and (c) the generation of free electrons.

6.1.1. Intensity dependent spectral broadening
At high light intensities the refractive index becomes nonlinear and changes proportionally to the square
of the light field [68].

—
An = nyE*(t, z)) = ~2353(z, z). (35)
The nonlinear susceptibility X, (— r,; wr, wy,, — wy) is responsible for the change of the refractive
index. The relation between n, and x(3)(— wy,; Wi, Wi, — wi,) is as follows:
P(t, 2) = X§PE(, 2) + x§E>(t, 2)
= xPE@, 2) + 0.25xPE3(¢, 2)[cos (Bwrf) + 3 cos (wi,b)]

=[xV + 0.75xE3(r, 2)] £, 2). (36a)
D(t, z) = E(t, z) + 4nP(2, z)
=~ [1+4mx$P + 3ax§EY¢, 2] E@, 2). (36b)
D(t, z) = n?E(, 2) = (ng, + An)?E(Z, 2)
~ [n} +npn, E3(t, 2)]E(t, 2). (36¢)
nd = 1+ 4y (36d)
Xga) = %X(s)(" Wr; Wi, WL, ~ W) (36e)
By comparing Equations 36b and ¢ we find
Hy = ’_i’_;fxga) = %ngx(“‘ WL Wi, WL, — WL)- (372)

Without resonances at wy, and 2wy, one has:

X(s)(— Wy, W, WL, — wL) = 3X§\? . (37b)

In Equation 36a the polarization term proportional to cos (3cwy,¢) leads to third harmonic generation
and does not contribute to self-phase modulation.

The self-phase modulation due to #, is a special case of the paramatric four-photon interaction w; +
W, > w3 t+ w4 where the frequencies of the two pump waves and either the signal or the idler wave lie
within the bandwidth of the light pulse. In contrast to the parametric four-photon interaction of Section
2.2. the process here has a strong input pulse at the signal or idler wave and does not need to start from
quantum noise. The nonlinear susceptibility x&),., (— w3; Wy, Wy, — Wy) is approximately equal to
XD (— Wi Wi wy, — wry) of Equation 37. The bandwidth of the light pulse is approximately doubled
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Figure 17 Spectrum of single picosecond laser pulse of lor, >~
2 X 10''W/cm? after passage through a water cell {/ = 2cm). The
picture shows the microdensitometer trace of a photographic plate.

in each stage of the parametric process w; + w,; = w3 + w4 (e.8., for wy, < w5, wy <wy, + Aw,/2)
and wy, — Awry, /2 <w, < wy, signal light is generated at wy, + Awr,/2 < w; < wy, + Awy). For band-
width limited incident light pulses many stages of parametric processes are necessary to obtain appreci-
able spectral broadening. On the other side, in parametric four-photon processes starting from quantum
noise, x> may be resonantly enhanced and only one or two stages are necessary to cover the whole
visible spectrum. Therefore, the previously discussed four-photon processes (starting from the small
quantum noise) readily produce broad light spectra while the spectral broadening due to self-phase

TABLE | Comparison of parametric light generation with self-phase modulation

Substance Sample Shortest wave- Spectral n, Self-phase Self-focusing
length length observed extension modulation? length?
(A, = 1.06 um)
I (cm) nm cm™! cm®ferg A;br (cm™Y) z¢ (cm)
H,0 2 < 200P > 45000 9x10-1¢ 6 6.4
D,0 2 < 200° > 45000
CH,CH,OH 2 ~ 350° ~ 25000 8 X 10-“§ 5 6.8
ca, 2 ~350° ~ 25000 1.1x10°% 7 5.8
CH,CCl, 2 ~350° ~ 25000
CH,COCH, 2 ~350° ~ 25000 4.3 x 10-18 28 2.8
CH,I, 2 ~ 560° ~ 14000
glass BK7 2 ~ 350° ~ 25000 1.8 x10 12" 11 4.4
glass SF59 5 ~ 580° ~ 13000
quartz glass
Suprasil I 2 <200 > 45000 _
NaCl — crystal 2 < 200° > 45 000 3.2 x10° 19 3.3

2 Calculated for a laser peak intensity /o7, = 10! W/cm?, a beam radius of ¢ = 0.45 mm (1 /e value) and a pulse duration
of Aty, = 6 ps (A = 1.06 um). Refractive index data are taken from [57].
Measured with double monochromator and photomultiplier.

€ Measured with spectrograph and Polaroid films.

4 See [54].

€ See [88].

f Value found with picosecond light pulses (A = 694.3 nm) in [89]. For nanosecond light pulses a value of 7, =
2 X 107'® cm®/erg was reported [54—56].

£ See [54-56].

R See [87].

! See [88].
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modulation remains relatively small. On the other hand, with broad input pulses it is certainly possible
to generate broad light continua by self-phase modulation. In fact, many authors work with broad-
band picosecond input laser pulses (A7 2 100 cm™) and obtain the expected super-broad continua.

The spectral broadening by self-phase modulation may be enlarged by the self-steepening of pico-
second light pulses [69]. The light pulse forms a very steep tail and dAn/d¢ increases. The characteristic
length for self-steepening [69] zs 2 0.19A¢1,/(n,(E®)) is estimated to be approximately z, ~ 100 cm for
Aty =~ 6ps, I't, = 10'2W/cm? and n, ~ 1073 e.s.u. The effect of self-steepening may be neglected in our
experiments.

In Table 1, the observed minimum parametric wavelengths, the spectral extension, and the calculated
spectral broadening due to self-phase modulation of initially bandwidth limited pulses are listed for
several substances (Jor, = 101! W/cm?; Aty, = 6 ps; laser beam radius @ = 0.45 mm (1/e value)). The data
in Table 1 clearly show that the spectral broadening due to self-phase modulation (r,) is small compared
to the observed parametric spectra. The spectrum of a laser pulse of /g, =~ 1.5 x 10" W/cm? transmitted
through a water cell of 2 cm length is shown in Fig. 17. The spectrum was measured with a two metre
grating spectrograph. On the microdensitometer trace the bandwidths at the intensities 1/2, 1/10, and
1/100 below the peak spectral intensity are shown. Fig. 17 indicates that the main pulse is not broadened
substantially down to 1/10 of the peak intensity.

In a recent paper [70], broad band ns-light continua were generated with broad band dye laser pulses
(AX ~ 15 nm) in Raman active glass fibres. Several high order Stokes Raman components were generated.
The spectra were reported to be flattened by self-phase modulation. Here only the primary process
wy + wy > ws + wy with w1, — Awp/2 € Wy, Wa, W3, OF Wa $ wy, + Awy,/2 Is necessary to explain
the broadening of the laser and Raman spectra. x® becomes resonantly enhanced by Raman type
resonances.

6.1.2. Spectral broadening by thermal effects
When light is absorbed in the medium, the temperature rises and changes the refractive index n =
ng, + (9n/0T)T. A corresponding spectral broadening (see Equation 33) has to be considered in absorb-
ing substances and in transparent media with absorbing inclusions.
In absorbing materials the temperature increase during the pulse duration Afy, is given by:

oW Iy Atpaexp (—az)

Ar = =
CpoV Cp

(38)

where dW/dV is the absorbed energy per unit volume, Cis the heat capacity and p the mass density. As a
result one estimates for the frequency broadening (see Equation 34 [71]).

Aoy, ~ 22 AT oz on foaexp (C @) eoulor 1 39
¢ oT Ary, ¢ oT Co cCp oT
Similarly, one finds in transparent substances with a large number of absorbing inclusions a spectral
increase of [71, 72]:
wiy, on IOLeN,- wLIOL on
A, = 2 —. 40
b c 3T Cp cCp 3T (40)

€ is the fraction of light absorbed by one inclusion and &; is the number of inclusions along the light
path. With approximate values of 9n/0T = 5x 107°K™! and C = 1J/g x K we estimate a spectral broad-
ening of Avy, = Awy, /27 <10cm™ for g7, = 10'> W/cm?. This number strongly suggests that spectral
broadening due to the heating of the sample is negligible.

6.1.3. Free electron contribution to spectral broadening
Free electrons generated by multiphoton ionization and avalanche ionization processes change the re-
fractive index according to n = ny, + An,,, where An,, is given by:
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2e272N,

An, = —mMm———
P npme(1+ wir?)

“n
N, is the density of free electrons with mass m,. 7 is the collision time of the free electrons. The spectral
broadening due to An,, is approximately:

2 2 2N 2
Awry, =~ 2217 erlle o, zeNe (42)
¢ npme(l + wit)Aty, W, CRL M Aly,

In the last equation we assumed 7 = 1/cwy, a good approximation in many cases. From Equation 42 we
estimate a spectral broadening of Aby, ~200cm™ for N, = 10'8cm™. The spectral broadening de-
creases linearly with the free electron density. At a free electron density of N, =~ 10'®cm™ damage
occurs in the sample [74]. In the pre-breakdown region, at intensities slightly below the damage
threshold, the free electron density reduces rapidly.

For the case of multiphoton ionization [75] the electron density is proportional to I%;,. n is the
smallest number of photons necessary to exceed the ionization energy @ [(n — 1)hwy, <& < nhwy,]
and is of the order of ten. A decrease of the laser intensity by a factor of two decreases the electron
density by a factor of 2" ~ 103,

In the case of avalanche ionization with picosecond light pulses the electron density is approxi-
mately [74]:

Ne = No exp { [tz dr} = No exp [n(DAr]. “3)

In practical situations the initial electron density is No = 10”cm™ so that exp [p(DAr,] =~ 10! is
necessary for damage. Experimental results [76] and theoretical calculations [77, 78] indicate that
Nn(J) = Iy, for picosecond light pulses. A reduction of Z,q, by a factor 2 below the damage threshold
causes a reduction of NV, by a factor of approximately 10°. These estimates show that spectral broaden-
ing due to free electrons can be neglected at intensities below the damage threshold.

The breakdown threshold intensity for H,O and NaCl has been measured in [71] (see also [79] for
measurements on H,0 and [76] for measurements on NaCl). The threshold intensity for plasma forma-
tion in water was found to be Ig, = 1.4 x 10'*W/cm? for single picosecond light pulses of 6 ps duration.
In NaCl, a damage threshold intensity of Joy, 2 1.5 x 101>W/cm? was measured for the same light pulses.

The high threshold intensities for plasma formation and the rapid reduction of free electrons at
intensity values below damage threshold exclude substantial self-phase modulation by free electrons in
the intensity range Iy, <5 x 10! W/cm?, where our experiments of Section 5 were performed. -

In a recent paper [80] spectral broadening in KBr crystals could be explained by self-phase modu-
lation due to a large change of refractive index by avalanche ionization. In these experiments self-focus-
ing and filament formation occurred, which favour free electron generation by avalanche ionization.

6.2. Self-focusing
The spatial change of the refractive index within the cross-section of the beam gives rise to catastrophic
self-focusing of the laser radiation [68]. Self-focusing of picosecond light pulses increases the light inten-
sity and shortens the pulse duration [81]. The increase of light intensity stimulates nonlinear processes.
The shortening of the pulse duration enhances the spectral broadening due to self-phase modulation [66,
67]. The spectral broadening is proportional to'An/Aty, (see Equation 34). Aty, may become very short
(Aty, ~ 1073 sec) andAn = n, E3/2 + Any, increases rapidly since the laser intensity grows to large
values. Plasma formation may set in. In the case of self-focusing, the spectral broadening by self-phase
modulation and with the stimulated parametric four-photon light generation contribute both to the
formation of broad-band picosecond light spectra.

In our experimental investigations we tried to avoid self-focusing. The self-focusing length z; was
calculated according to the equation [53].
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z; = (0.135)2ka2{[(P[P,)"'> — 0.852]*>— 0.0219}~*/? (44)

where k = ny,wi,/c is the wave vector, a is the laser beam radius in the sample (1/e intensity value; in
our experiments ¢ = 0.45 mm), P =~ wa® In (2) Ioy, is the laser power, and P, = 3.72¢%/(8n,001,) is the
critical self-focusing power.

The self-focusing lengths listed in Table 1 are longer than our sample lengths at a laser intensity of
Iy, = 10" W/cm? (@ = 0.45mm, A\, = 1.06 um). At this intensity level, broad light continua were
observed in all media (the intensities necessary for rapid growth of parametric light generation range
between 1.5 x 10 W/cm? and 4 x 10'® W/cm?; with the exception of glass SF59 where Zop, ~ 10! W/cm?
is necessary). Of special interest are the numbers of water. The rapid growth of four-photon parametric
light generation starts at 2 x 10'® W/cm? in cells of 2 cm length (see Fig. 7). At this intensity value, the
self-focusing length is calculated to be z¢ ~ 16 cm.

We have calculated the self-focusing length and the parametric four-photon generation for media
where xf\?}{ determines both nonlinear processes (no resonance enhancement of x® no absorption,
small colour dispersion). For high peak intensities /g, = 10" W/cm?, we find a self-focusing length of
z~5cm and a high gain of gxz = 20, using the following parameters: x = 3xC = 2 x 107" cm®ferg,
z=2cm,a= 045mm,ng, = 1.5, (ny = 1.7 x 1072 e.s.u. is obtained from Equations 37a and b). This
estimate shows that even in materials without resonance enhancement large light amplification is possible
without self-focusing.

It should be noted that the parametric light generation enlarges the self-focusing length. The new
frequencies are emitted into a beam of approximately 4 x 1072 rad divergence draining energy from the
centre of the laser beam.

6.3. Raman scattering

In some substances stimulated Raman scattering [82] converts laser light effectively to other frequency
regions at intensities where parametric four-photon processes are still very weak. For instance, in CCly,
CH;COCH;, CH3CH,0H, CH,I,, and CH3CCl; substantial Stokes intensities were found at

Ioz, S 10"°W/cm? (cell length 2 cm), while parametric light was not observed till /o5, 2 2 x 10*°W/cm?.

In the stimulated Raman process laser photons at wy, are converted to Stokes photons at wg and
vibrational phonons at .. The Raman process wy, = wg + wyy, is related to the nonlinear coupling
term x®(— ws; WL, — WL, Ws) = Xk + iXk- The imaginary part x5 determines the efficiency of the
Raman scattering, while the real part causes a phase modulation of the Stokes component. x is zero at
Ws = WL, — Wyip, While X g has its maximum at wg. The maximum of the imaginary part is twice the
maximum of the real part. There is no phase-mismatch in the Raman scattering. These facts make
stimulated Raman scattering wy, + wg ~> wy, + ws more favourable in strongly Raman active substances
than the parametric four-photon process wy, + wy, > w3 + wyq (w4 around wg) of Section 2.2. In these
materijals parametric four-photon processes start at light intensities higher than necessary for Raman
scattering. The generated Raman light as well as the laser light may act as pump wave in the parametric
light generation.

The parametric frequency mixing process wy, + wyg, — wg —> wag of Section 2.4.2. (anti-Stokes light
generation) was observed in the substances cited above before the broad band parametric four-photon
light generation occurred.

The energy conversion of laser light (A = 1.06 um) into Raman light was found to be small
(~ 107%) for H,0, D,0, and Infrasil at /oy, ~ 2 x 10! W/cm? (sample length 2 cm). As shown in Fig. 10,
the Raman type resonances do not change x®”(— w3; wr,, Wi, — wa) substantially and are less important
than the infrared resonances in the case of water.

The stimulated Raman scattering in water for picosecond pump pulses at A = 1.06 um may be esti-
mated as follows:

(i) For Iy, S 101 W/cm?, no Stokes radiation at ¥g = D, — Jyp = 6100 cm™ is experimentally
observed. Using the data for the Raman gain gg =~ 107" cm/W and the Stokes light absorption ag =
7 cm ™ one does not expect Stokes light for Zor, < 7 x 10" W/cm?, since I5(b) = I5(0)
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x exp [(gsly, — ag)l] <Ig(0) [85,94]. Aslong as stimulated Stokes light generation does not occur, no
strong vibrational field at wy, is generated and no noticeable anti-Stokes light generation wy, + wy;y,

> (ag can take place. Only light generation by parametric four-photon interaction occurs due to

the infrared resonances of x®. The parametric light generated at w; = w g is reduced by inverse
Raman scattering wag > wy, + Wy [90]. The reduction of an input signal e(wag, 0) by inverse Raman
scattering is given by:

e(was,1) = (s, 0) exp [— ”S“’Asgstl] : “3)
RasWs

For I, = 5 x 10" W/cm? one estimates a loss coefficient of 7 cm™. This loss factor gives a reduction of

parametric light output at 93 = D,g212900cm™ as observed in Fig. 7.

(i) For Ioy, 2 10" W/cm?, Stokes light generation at g ~ 6100 cm™ was found experimentally; a
conversion efficiency of ng =~ 1072 was observed at Ioy, ~ 2 x 10! W/cm?. Stimulated Stokes generation
is expected since the Stokes gain factor gg/y, exceeds the absorption ag (see discussion above). The
vibrational field generated at w4, causes some anti-Stokes Raman scattering wy, + weyip, > Was
which is poorly phase-matched in the forward direction. In addition, the Stokes field generates light at
wag by parametric four-photon interaction wy, + wy, — wg > wag (Stokes—-anti-Stokes coupling).
Both processes wry, + wyip > Wag and wy, T wp, — wg = wag compensate the loss by inverse Raman
scattering wag = wy, + wy;p and a rather flat spectral distribution of e(ws;) around w; = w,g 18
observed (see Fig. 7). '

The parametric four-photon interaction in H,O appears to be influenced by difference frequency
resonances when the pump wave is shorter, e.g. at the second harmonic at A = 0.53 ym. In this case the
infrared resonances are far away from the pump frequency; i.e. the infrared resonances do not contri-
bute to the parametric light generation at ¥g ~ 16 600 cm™. On the other hand, the Stokes gain coef-
ficient is increased by a factor of 2.5 (gg(2wr) = [(2wr, — Weip (WL, — Wyip)]gs(wr)) without linear
optical absorption at wg = 2wy, — Wy In fact, considerable Raman Stokes and anti-Stokes light
generation was observed experimentally (see also [86, 87]). A detailed study of the build-up of the
broad band spectra generated by the second harmonic has not been carried out.

6.4. Contribution from other nonlinear polarization terms

Up to now, the processes discussed were due to the nonlinear polarization term P}, = x§?EEE. Third
order contributions due to magnetic dipole and electric quadrupole interactions are generally small
[18,19] and do not interfere with the generation of picosecond light continua. The second order non-
linear polarization P&, = X$EE is the largest nonlinear term in anisotropic media but it is zero in
isotropic and centrosymmetric materials as investigated in this paper. The second order terms resulting
from the electric quadrupole and magnetic dipole interactions are small compared to the third order
term due to electric dipole interaction and can be neglected. Higher order electric dipole contributions
such as P§), = x§?EEEEE gain importance at light intensities 7;, > 10**W/cm?, which cannot be
achieved because of breakdown.

7. Summary

The broad band light generation of intense picosecond light pulses has been studied. It was found that
stimulated primary and higher order parametric four-photon processes (w; + w, = w3 + wy) and four-
photon frequency conversion (w; + w; + w, = w) are responsible for the broad band light generation.
In water the absorption of the idler light and the collinear phase-mismatch was overcome by the
resonantly enhanced nonlinear susceptibility x ¢’ and the high intensities of the picosecond light
pulses. The structure of the spectral distribution of the generated light at moderate laser intensities
could be explained by reference to the resonant structure of the nonlinear susceptibility x®. Absolute
values of x® were determined. The flattening of the spectral distribution at high laser intensities results
from higher parametric processes and from frequency conversion. It could be shown that other non-
linear broadening mechanisms, such as self-phase modulation, are negligible compared to the parametric
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four-photon processes. The parametric four-photon processes remain dominant up to optical break-
down.

Appendix
Relations between fields and intensities in frequency and time domains

In Equation 2, E(w, z) (field strength per frequency interval, units e.g. V/ems™) is introduced as
Fourier transform of the electric field strength F(z, z) (units e.g. V/cm)

E(t, 2) = (1)27) f_ZE(w, 2) exp (iw?) dew (Ala)

E(w, 2) = f_':E(r, 2) exp (iwt) dt. (A1b)

For these two equations the Parzeval’s Equation [89] reads

oo 1 oo
[Beara =5 [ Ee )

1 opee
= o [ 1B, ) do. (A2)

F(w, z) and Eo(w, z) are related by E(w, z) = Eo(w, z) exp (— ikz). The light intensity 1(z, z) (e.g. in
W/cm?) is given by
I(t, ) = (cn/4m)IE(, 2)I2.

With this relation we rewrite Equation A2

cn

[C1e2yar= . [ 1ol P doo. (A3)

172
Now we define the spectral energy density e(cw, z) (e.g. in J/cm?®s™") by the requirement, that the energy
must be the same in time space and in frequency space:

f_i](z‘, z)dt = J:’e(w, z)dw = —;- f;e(w, z) dw. (A4)

Comparing Equation A4 with Equation A3 we find for the spectral energy density:
f " e(w, 2) = (cn/an?)|Eo(w, 2)I%. (AS5)
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