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Summary

This thesis is dedicated to the definition of a 3-manifold invariant and to
a systematic study of its properties. The invariant is built on the work
of Kirk and Lesch, who introduced a generalization of the Atiyah-Patodi-
Singer rho invariant to manifolds with boundary. Their invariant is not
purely topological, in that it depends on the choice of a Riemannian metric
on the boundary (up to pseudo-isotopy). The starting point of this thesis is
the observation that, on a torus, the choice of a framing, i.e. of a basis for
its first homology group, is enough to define such a metric. This elementary
fact leads to the definition of our main invariant: a real number p, (X, F)
associated to a compact, oriented 3-manifold X whose boundary is a union
of tori with a specified framing F, and a representation a: m1(X) — U(n).
In particular, we obtain in this way a new invariant for links in S3.

One of the main techniques to study the new invariant is the use of gluing
formulas. This is made effective thanks to an enhancement of the formulas of
Kirk and Lesch, which stands as one of our main results. A special emphasis
is put on the computation of the rho invariant of the solid torus D? x S* and
of the thick torus [0, 1] x T2 for all possible framings and representations,
as they appear, via the gluing formulas, as correction terms respectively to
Dehn fillings and to changes of framing. The problem turns out to be a
complicated one, and it remains open in general. Interestingly, it leads to
the definition of two families of functions whose behavior is still partially
mysterious, which have relations with some classical functions in analytic
number theory. The thesis is concluded with applications to knot theory. An
invariant g, (L) of a link L in S with a representation a: 7 (S3\ L) — U(n)
arises as the rho invariant of the link exterior, with framing given by the
usual meridian and longitudes of L. We show that g, (L) is a generalization
of the rho invariants of the closed manifolds obtained by Dehn surgeries
on L. For abelian «, this leads to a comparison with signatures of links,
providing for them an alternative definition. The invariant g, (L) is tested
with success to be an effective tool in simplifying some proofs of classical
results, showing potential for further discoveries.






Contents

Introduction
Acknowledgements

1 Preliminaries

1.1 Hermitian and skew-Hermitian forms . . . . . .. .. .. ...
1.1.1 Reflexive sesquilinear forms . . . . . . .. .. ... ..
1.1.2 The signature of a Hermitian form . . . . ... .. ..
1.1.3 Complex symplectic spaces . . . . .. ... ... ...
1.1.4 Hermitian symplectic spaces . . . . . . . . ... . ...

1.2 The Maslov triple index . . . . .. ... ... ... ......
1.2.1 Definition and first properties . . . . . . . ... .. ..
1.2.2  Computations in the symplectic plane . . . . . . . ..
1.2.3  The function m of pairs of Lagrangians . . . . . . ..

1.3 Homology and cohomology with local coefficients . . . . . . .
1.3.1 Local coefficient systems and homology theory
1.3.2 Representations of the fundamental group . . . . . . .
1.3.3 Flat connections and twisted de Rham cohomology . .

1.4 Twisted intersection forms and signatures . . . ... ... ..
1.4.1  The intersection form with local coefficients . . . . . .
1.4.2 The pairing in middle degree and signatures . . . . . .
1.4.3 Wall’s non-additivity of the signature . . .. .. ...

1.5 Lagrangian subspaces and cobordisms . . . . . ... ... ..
1.5.1 Lagrangian relations and actions . . . .. .. .. ...
1.5.2  Propagation through cobordisms . . . .. .. ... ..
1.5.3 Lagrangian actions and the Maslov index . . .. ...

2 Eta and rho invariants for manifolds with boundary
2.1 The Atiyah-Patodi-Singer rho invariant . . . .. ... .. ..

— =



2.2

2.3

2.4

Rho
3.1

3.2

3.3

3.4

Rho
4.1

2.1.1  The signature theorem for manifolds with boundary

2.1.2  Rho invariants and signatures . . . . . . ... ... ..
2.1.3 A cut-and-paste formula . . . . ... ...
FEta and rho invariants of Kirk and Lesch . . . . . .. .. ..
2.2.1 'The Hermitian symplectic structure . . ... ... ..
2.2.2  The eta invariant of the odd signature operator . . . .
2.2.3  The rho invariant for manifolds with boundary . . . .
Eta invariants and the Maslov index . . . . .. .. .. .. ..
2.3.1 A little change of the definition . . . . . ... ... ..
2.3.2  Gluing along the boundary . . . ... ... ... ...
2.3.3 The Maslov index of graded Lagrangians . .. .. ..
2.3.4 Cut-and-paste revisited . . . .. ... ... ... ...
Eta invariants and cobordisms . . . . . .. .. .00
2.4.1 Eta invariants of cylinders . . . . . . .. ... ... ..
2.4.2  The main gluing formula . . . ... ... .......

invariants of 3-manifolds with toroidal boundary

Framed tori and 3-manifolds . . . . . . .. ... ...
3.1.1 Basic definitions . . . .. ... ..o
3.1.2  Symplectic structure and Lagrangians . . . . . . . ..
3.1.3 Compatible Riemannian metrics . . .. .. ... ...
The main invariant . . . . . . .. . ... ... ... ... ...
3.2.1 Definition and first properties . . . . . . . .. ... ..
3.2.2 The reverse framing . . . . ... ... ... ..
3.2.3 Gluing formulas . . . .. ... oo
Solid tori and Dehn fillings . . . . ... .. ... ... ....
3.3.1 Framings on the solid torus . . . . . . ... ... ...
3.3.2  First explicit computations . . . . .. ... ... ...
3.3.3 Dehn fillings . ... ... .. ... .. .
3.3.4  Atiyah-Patodi-Singer invariants of lens spaces . . . . .
3.3.5 More computations on the solid torus . . . .. .. ..
Additional topics and problems . . . . .. ... ... ... ..
3.4.1 Change of framing formulas and thick tori . . . . . . .
3.4.2 Rho invariants of products . . . ... ... ... ...

invariants and knot theory

The rho invariant of a link . . . . . ... ... ... .. ....
4.1.1 Topological setting . . . . . ... .. ... ...
4.1.2 Definition and first properties . . . . . . . .. ... ..
4.1.3 Framed links and surgery descriptions . . . . .. . ..

ii

38



4.1.4 The satellite construction . . . . . . . . .. ... ... 117

4.2 The abelian case . . . . . . . ... oo 119
4.2.1 The Levine-Tristram signature function . . ... . .. 119
4.2.2  Rho invariants and Levine-Tristram signatures . . . . 121
4.2.3 A short proof of two classical results . . . . . ... .. 125
4.2.4 Dehn surgery and signatures of knots . . . .. .. .. 127
4.2.5 Cimasoni-Florens signatures . . . . . . ... ... ... 129

4.2.6 Rho invariants of links and multivariable signatures . 130

A Appendix 135
A.1 3-dimensional lens spaces . . . . . ... .. ... ... .. .. 135
A.2 Dedekind sums and the Rademacher function . . . . . .. .. 138

A.2.1 Classical Dedekind sums . . . . .. ... ... ..... 138
A.2.2 The Rademacher function . . . . . ... ... ... .. 139
A.2.3 Dedekind-Rademacher sums . . . . . .. ... ... .. 141

A.3 Some software-generated images . . . ... ... ... .. .. 143

iii



Introduction

Atiyah-Patodi-Singer rho invariants

Given a closed, oriented, odd-dimensional manifold M with a representa-
tion a: w1 (M) — U(n), the Atiyah-Patodi-Singer rho invariant p, (M) is a
real number with the following property: if there exists a compact oriented
manifold W whose boundary is M and such that a extends to 71 (W), then
po (M) is an integer and it satisfies the equality

pa(M) =no(W) —oa(W), (1)

where o(W) and o, (W) are the traditional and twisted signature of W. In
this sense, the rho invariant can be seen as an odd-dimensional counterpart
to the signature, and it shares many features with it. However, its direct
computation is often very difficult. In fact, the invariant is defined by fixing
a Riemannian metric on M and taking the difference

pa(M) := no (M) — nn(M), (2)

where the numbers n(M) and n,(M) are spectral invariants of some first-
order differential operators on N (namely of the odd signature operator,
whose square is the Hodge Laplacian), and of its twisted version. These eta
invariants appear as correction terms in the celebrated signature theorem
for manifolds with boundary of Atiyah, Patodi and Singer [2], of which (1) is
a direct consequence [3]. Eta invariants depend indeed on the Riemannian
metric. However, the rho invariant is independent of this choice, as it follows
by applying the signature theorem to the product [0, 1]x M with two different
metrics at the two ends.

Rho invariants and knot theory

The fact that the right-hand term of (1) only depends on the boundary M
and on the restriction of a to 71 (M) was known before the Atiyah-Patodi-
Singer signature theorem was proved. This lead people to use variations of
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(1) as definitions of invariants of odd-dimensional manifolds. Such disguised
forms of rho invariants appear in classical papers in knot theory such as
those of Casson and Gordon [10, 11], Litherland [33] and Gilmer [25], often
in relationship to the Levine-Tristram signature function ox: S' — Z of a
knot K in S3. A well known result, whose origin goes back to a computation
of Viro, states in fact that, if My is the closed manifold obtained by 0-
framed surgery on K and «a: m(Mg) — U(1) is the representation sending
the meridian of K to w € U(1), then

pa(Mk) = -0k (w).

This is indeed proved using (1), since an appropriate 4-manifold W with
OW = My can be constructed in this case. Atiyah-Patodi-Singer rho in-
variants of the O-framed surgery manifold of a knot or link, associated to
higher-dimensional, non-abelian representations, were used in knot theory
by Levine [31, 32] and Friedl [22, 23] as obstructions to concordance.

Cut-and-paste formulas and Wall’s non-additivity

In order to work with rho invariants, it is often useful to have the machinery
of cut-and-paste. Namely, if we have three closed manifolds that decompose
along a codimension-1 submanifold ¥ as X1 Uy X9, X1 Usx X and — XoUs X5,
and « is a representation on 71(X; U X9 U X3), we want to compute the
correction term C in the formula

Pa(X1 Us X9) = pa (X1 Us Xo) + pa(—Xo Us X2) + C. (3)

Now, if X7 Usx, Xy and —XyUs X5 bound manifolds W and W5 such that the
representation extends, then a theorem of Wall about non-additivity of the
signature, together with (1), tells us how to compute the correction term.
Namely, in that case we have

C=7Vg,,Vx,,Vx,) —n7(Vxy, Vx,, Vx,), (4)

where 7 is the Maslov triple index in the twisted and untwisted cohomology
of ¥ in degree k = dim 3 /2, and the variables are the canonical Lagrangians
of the three manifolds with boundary, i.e. the subspaces

Vx, == im(H*(X;;C) — H*(0X;;C) (5)

and their twisted equivalents. We show that the correction term C' of (3) is
always given by (4), no matter whether the manifolds W; and W5 exist, and
that Wall’s non-additivity theorem is enough to prove it (see Proposition
2.1.7).



Eta and rho invariants for manifolds with boundary

In the nineties, several authors studied versions of eta invariants for man-
ifolds with boundary and gluing formulas for them. In most cases, such
formulas were only stated up to integer contributions. An exception to this
trend is a paper of Bunke [7], where the integer contribution is described
in terms of indices of some non-canonical linear operators. However, the
correction term remains in practice quite mysterious.

Eventually, Kirk and Lesch [29] proved a gluing formula for the eta
invariant that identifies the correction term more explicitly, making it com-
putable in the case of the odd signature operator. Suppose that X is a
compact oriented manifold, with a Riemanniam metric having product form
near the boundary, and let a: m(X) — U(n) be a representation. In order
to get a well-defined eta invariant, boundary conditions have to be fixed,
and these can be can be specified by the choice of a Lagrangian subspace
L C H*(0X;C.). This leads to the invariants 7,(X, L) considered by Kirk
and Lesch. A natural choice for L is the extension to all degrees of the
canonical Lagrangian V¢ defined in (5), but more flexibility is often useful.
If Y is a Riemannian manifold with the same boundary 3 as X but oriented
the opposite way, we can form a closed manifold X Uy Y by gluing them
along their boundary. Kirk and Lesch prove the formula

Na(X U Y) =14 (X, VE) + 0o (Y, ) + m(VE, Vy), (6)

where m is a real number depending on the Riemannian metric and on the
relative position of Vi and Vi*. In order to get an even more treatable cor-
rection term, we introduce a slightly modified version of their eta invariant,
denoted by 7, (X, L), that still coincides with the Atiyah-Patodi-Singer in-
variant whenever X is a closed manifold. Using their result, we show that,
for each choice of L, we have

noz(X Us Y) = ﬁa(Xa L) +ﬁa(}/a L) + T(La V)%,V{/X) (7)

(see Proposition 2.3.4.) The advantage of (7) is that the correction term is
now an integer, it is independent of the metric and it computable by linear
algebra. Using either (6) or (7), it is easy to prove a cut-and-paste formula
for the eta invariant of closed manifolds. We complete an argument of Kirk
and Lesch in relating this to the cut-and-paste formulas discussed above, by
reducing the correction term to the middle degree (see Section 2.3.4).

The topological significance of the eta invariants for manifolds with
boundary is that, as it happened for closed manifolds, taking a relative
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version of them reduces the dependence on the Riemannian metric. The
result proved by Kirk and Lesch [29, 28] is that, given Lagrangian subspaces
Ly C H*(0X;C!) and Ly C H*(0X;C"), the difference

pOc(X7guL17L2) = na(X)Ll)_nE(X7L2)a (8)

where € is the trivial n-dimensional representation, is independent of the
metric in the interior of X, and it depends on the metric g on X only up
to (pseudo-)isotopy. This last observation will be crucial in order to define
a topological invariant later on.

The gluing formula for cobordisms

The gluing formulas (6) and (7) only allow to express the Atiyah-Patodi-
Singer eta invariant of a closed manifold in terms of its constituent parts. If
the only goal of rho invariants for manifolds with boundary is to use them as
building blocks to compute Atiyah-Patodi-Singer rho invariants, this might
be enough. As our ultimate goal is to use them as topological invariants on
their own, a more general formula is needed.

For this purpose, suppose that X is an odd-dimensional manifold whose
boundary components are partitioned as X = —%' Y. We see then X
as a cobordism from X to ¥'. Let Lag(H) denote the set of Lagrangians of
a complex symplectic space H. Employing a formalism of Turaev [45], this
leads X to induce a Lagrangian action

Vx: Lag(H*(2;C)) — Lag(H*(%;C)),

that behaves well under the stacking of cobordisms. Heuristically, if L’ is
an element of the first set, Vx(L') is the canonical Lagrangian of a fictional
manifold X’ obtained from X by capping the boundary piece ¥/ with a
manifold whose canonical Lagrangian is glued to L’. In particular, if ¥’ is
empty (so that L’ = 0), the result is the canonical Lagrangian Vy itself.

If Y is a manifold with boundary 9Y = —X U Y" we can glue X and YV
along ¥, obtaining a manifold Z with boundary 07 = —Y' L1 ¥”. Suppose
now that a: m(Z) — U(n) is a representation, and set

H=H*($,C"), H =H*X,C"), H'=H*"C).

Under a mild topological assumption, the formalism of Lagrangians actions
can be extended to the twisted setting, leading to maps V§: Lag(H') —
Lag(H) and V2, : Lag(H") — Lag(H). Provide Z with a Riemannian met-
ric which is of product form near ¥, ¥’ and X”. We have then the following
result, which is the content of Theorem 2.4.3.
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Theorem 1. Let L € Lag(H), L' € Lag(H') and L" € Lag(H") be arbi-
trary Lagrangian subspaces. Then, we have

ﬁa(Z7 L S5 L”) = ﬁa(X¢ L S5 L) + ﬁa(Ya Lo LH) + T(Lv V)%(L,)a VS% (L”))

Theorem 1 gives a satisfying generalization of (7). Its proof depends
on the fact that the triple Maslov index interacts well with the Lagrangian
actions, as it was already observed by Turaev [45].

Rho invariants of 3-manifolds with toroidal boundary

We define a framing on a 2-torus T to be an ordered basis (u, A) for its first
homology group H;(T';Z), and extend this definition to disjoint union of tori
in the obvious way. The element p is called the meridian of the framing, and
the element A is called its longitude. We say that a Riemannian metric g on
T is compatible with (u, \) if there exists an isometry ¢ from (7, ¢g) to the
standard flat torus S' x S! such that (p.(u), ¢«())) is the canonical basis
of Hy (S x S';Z) = Z2. The observation that is crucial for what follows is
that, up to isotopy, there is exactly one metric on 7" which is compatible
with (p, ).

Suppose that X is a compact, oriented 3-manifold whose boundary is
a union of tori, and let F be a framing on 0X. We call the pair (X, F)
a 3-manifold with framed toroidal boundary. Given such a pair, let gr be
a Riemannian metric on X which is compatible with F. Then, given a
representation a: m(X) — U(n), we define the rho invariant of (X, F) as
the real number

pOL(X?‘F) = p(ng}—aLc]{'vL.EF)a

where L% C H*(8X;C") and LS C H'(0X,C) are some Lagrangian sub-
spaces that are naturally associated to the longitudes of F. The observations
made so far, together with the properties of the rho invariant (8) of Kirk
and Lesch, lead to the following result, which is the starting point of the
subsequent work (see Theorem 3.2.3 for a more precise statement)

Theorem 2. The number po(X,F) is well defined, it is invariant under
orientation-preserving diffeomorphisms, and it changes sign if the orienta-
tion of X is reversed.

Once that an appropriate Riemannian metric on X is fixed, the rho
invariant po (X, F) can be described in terms of the modified eta invariants
n as

pa(Xv}—):ﬁa(XvM.%)_nﬁ(X7M]:)v (9)
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where M% and Myr are now Lagrangians depending on the meridians of F
(see Proposition 3.2.6). Using Theorem 1, it is then possible to obtain nice
gluing formulas for the rho invarant of 3-manifolds with framed toroidal
boundary. Before doing so, it is convenient to introduce some more La-
grangian subspaces, which correspond to the restriction to middle degree of
the Poincaré duals of some of the Lagrangians discussed so far. Namely, we
set
VX = ker(Hl((‘)X;(C) — Hl(X,(C)) - H1(8X,(C)

and, if the framing F has meridians u1, ..., gk,
Mz = Spanc {1, ..., u} € Hi1(0X;C).

We present now a simplified version of the main gluing formula (see Theorem
3.2.10), corresponding to the case where the two manifolds are glued along
all of their boundary, and the twisted homology of this manifold vanishes
(which is true in most applications).

Theorem 3. Let M = X Us Y be a closed, oriented manifold which is the
union of two 3-manifolds X,Y over a disjoint union of tori . Let F be

any framing on 3, and let a: m(X) — U(n) be a representation such that
H,(%X;C2) =0. Then, we have

pa(M) :pa(X,]:)—‘rpa(}/,f)—nT(M}‘,Vx,Vy). (10)

It is normally easy to find generators for the Lagrangians Vx, and Vy,
and this makes the correction term computable explicitly in most situations.
Suppose now for simplicity that X has single boundary component 7', framed
by (i, A) (everything extends easily to the several component case). Then,
given coprime integers p and ¢, Theorem 3 can be used to compare the rho
invariant of (X, F) with the Atiyah-Patodi-Singer rho invariant of the closed
manifolds obtained by Dehn filling on X, i.e. by gluing a solid torus D? x S*
to X in such a way that the homology class of 9D? x {1} corresponds to
pp+gA € Hi(T;Z). In fact, the rho invariant of (X, F) contains potentially
more information than the Atiyah-Patodi-Singer rho invariants of its Dehn
fillings, as not every representation «: m1(X) — U(n) can be extended to
the fundamental group of some Dehn filling of X.

Rho invariants of solid tori and lens spaces

In order to get an explicit formula for the difference between p, (X, F) and
the rho invariant of the p/¢-Dehn filling along one of its boundary compo-
nents, we have to be able to compute the rho invariant of the solid torus
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D? x S with the induced framing on its boundary. This framing depends
on the slope p/q of the filling. In fact, the number p/q € QU {oc} can be
used to classify all framings (within a specified “orientation”) on 9D? x S*
up to orientation-preserving self-diffeomorphism of D? x S'. We get in this
way a family of framings F,. on 9D? x S1, for r € QU {oo}.

Using the symmetries of the solid torus, it is easy to show that, for all
representations a: m1(D? x S1) — U(n), we have

pa(D? x 81 Fo) = pa(D? x SY, Foo) = 0. (11)

In general, however the rho invariant of (D? x S', F,.) is non-trivial, and it is
surprisingly hard to compute. In order to study this problem systematically,
we introduce the following notation. For each r € Q U {oco}, we define a 1-
periodic function S,: R — R by setting

S, (t) == pa,(D* x S*, F,), (12)

where ay: m1(D? x S*) — U(1) is the representation sending the class of
{0} x St to e?™ € U(1). We show that the functions S, are continuous
outside of Z (where their value is 0), and prove that they satisfy many
interesting relations (see Proposition 3.3.31). One of these is the reciprocity
formula (with the convention sgn(oco) :=0)

Sp(t) + S1/p(t) = —sgn(r) foralltcR\Z.

By gluing together two copies of the solid torus along some framing of
their boundaries, we obtain a 3-dimensional lens space L(p,q), where the
integers p and ¢ depend on the framings. Atiyah-Patodi-Singer eta and rho
invariants were computed since early on [3], and expressed in many different
fashions. Let a: m1(L(p,q)) = Z/p — U(1) be the representation sending
the natural generator to a p' root of unity €. Then, starting from a
description of Casson and Gordon [10] of po(L(p, q)) in terms of a count of
lattice points inside of a triangle, we find, for p > 0, that (see (3.9))

pa(L(p,q)) = —4(s04(q,p) — s(q,p)), (13)

s(a, c) is a classical Dedekind sum, and s, 4(a, c), for z,y € R, is a generalized
Dedekind sum due to Rademacher. Lens spaces have a natural Riemannian
metric, coming from their description as quotients of S3. Combining (13)
with a computation of Atiyah, Patodi and Singer for the untwisted eta invari-
ant of L(p, q) with respect to this metric, we reach the following description
for the twisted eta invariant (with respect to the same metric).



Theorem 4. Let p,q coprime integers with p > 0, and let a: m(L(p,q)) =
Z/p — U(1) be the representation sending 1 to e*™¥ (for some y € %Z}.
Then, we have

n(L(p,q),e*™) = —4s0(q,p).

In fact, for computations, the right-hand term of (13) can be replaced by
a fairly simple expression (see Corollary 3.3.25). Thanks to this knowledge
about the rho invariants of lens spaces, using the gluing formula (10) we can
compute S, (t) for many values of ¢ (see Corollary 3.3.32). With the help of
a computer program, it is now easy to visualize the known values of S,.(t) for
any reasonable choice of r = p/q. In Appendix A.3, we added some images
of this kind. The above method, however, will always only give the answer
for a discrete subset of R. The problem of computing S,(t) for all values of
r and t stays open.

A similar treatment can be given for the (related) problem of computing
the rho invariant of a thick torus [0,1] x T?, with two different framings on
the two boundary components. By the gluing formula, this serves the goal of
being able to express explicitly the difference p, (X, F) — po(X, F') for two
different framings F, 7’ on the (toroidal) boundary of a same 3-manifold X.
The rho invariant of [0, 1] x T? leads to the definition of a function

0: SL(2,Z) x R? = R,

which is related to the Rademacher function ®: SL(2,Z) — 37Z. The com-
putation of ©(A,v) for some choices of A € SL(2,Z) and v € R? is possible
thanks to a result of Bohn [5], who computed the Atiyah-Patodi-Singer rho
invariants of torus bundles T4 over the circle.

An invariant for links

Let L be an oriented link in S3, and let X denote its exterior, i.e. the
complement of an open tubular neighborhood of L. Then, X7 is a compact
oriented 3-manifold whose boundary is a disjoint union of tori. The usual
meridians and longitudes of L determine a basis for H1(0Xr;Z), and thus
framing on 0X. Given a representation a: m(Xz) — U(n), we can now
define a link invariant, called the rho invariant of L, as

0a(L) = po (X1, FL). (14)

We introduce the following notation, which will turn useful in a moment.
If the components of L are Ly, ..., Ly, let A, € Z¥*F denote matrix whose
(i, j)-coefficient is given by the linking number A;; := lk(L;, L;), with the
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convention that A; = 0. As Ap is a symmetric matrix, its signature
sign A, € Z is well defined.

Performing 0-framed Dehn surgery on L, i.e. filling every boundary com-
ponent of Xy with a solid torus D? x S! in such a way that the classes
OD? x {1} correspond to the longitudes of the link, we obtain a closed man-
ifold that is denoted by M. As we have anticipated, the Atiyah-Patodi-
Singer rho invariant of My, is a well studied invariant [31, 32, 22, 23]. In
particular, it is interesting to compare g, (L) to po(Mr). Using the gluing
formula and (11), we show that the following simple relation holds between
the two invariants (see Theorem 4.1.9).

Theorem 5. Let L be a link and let o: w1 (Mp) — U(n) be a representation
such that H,(0X1;C2) = 0. Then, we have

pa(ML) = 0a(L) + nsign Ap.
In particular, if L = K is a knot, we have po(Mg) = 0o (K).

Observe that gp,(L) is defined for every representation o: m(Xy) —
U(n), and not all of them extend to m1(Mp). In particular, by Theorem 5,
the invariant g, (L) is a strict extension of p,(Mr,).

Very often, more general surgeries than the 0-framed one are considered
in knot theory. By allowing the flexibility of a framing different from the
standard one in the definition (14), this leads to a useful generalization of
Theorem 5 (see Theorem 4.1.16).

The thesis is concluded by a thorough treatment of the case of one-
dimensional representations ¢: 7m1(Xz) — U(1). If L has k components
Lq,..., L, the set of such representations are in a natural correspondence
with T := (S1)*. One of the driving goals of this project was a comparison
between the rho invariant and the multivariable signature of L, which is a
function

or (T\ {1} = Z

defined by Cimasoni and Florens as a generalization of the Levine-Tristram
signature function or: T — Z. We managed to prove the following result,
which implies that gy (L) (for ¢: m(Xz) — U(1)) and the function o’
contain the same amount of topological information about the link (see
Theorem 4.2.23 for the complete statement).

Theorem 6. Let L = LiU---ULy, be an oriented link in S°, let (wi...,wg) €
(T \ {1})* and let ¢: H(X;Z) — U(1) be the representation sending the
meridian of L; to w; fori=1,...,k. Then, we have

oy(L) = —op(wi,...,wg) + C(AL,wi,...,wk),

xil



where the real number C(Ar,w1,...,wk) only depends on the linking matriz
A and and on the k-tuple (w1, ...,wg).

On the way to the proof of Theorem 6, we reformulate the definition
of the Levine-Tristram and Cimasoni-Florens signature in terms of Atiyah-
Patodi-Singer rho invariants of closed manifolds (see Theorem 4.2.7, Propo-
sition 4.2.21). Using the invariant g, (L) and its framed version, together
with gluing formulas, this allows to simplify many classical proofs in knot
theory. As an example, we give new short proofs of two classical results. The
first is a theorem of Litherland expressing the Levine-Tristram signature of
a satellite knot in terms of the signatures of its companion and orbit (see
Theorem 4.2.10). The second is a theorem of Casson and Gordon giving
a computation for the Atiyah-Patodi-Singer rho invariant of a 3-manifold
(with respect to some representations) in terms of the Levine-Tristram sig-
nature of a link (see Theorem 4.2.11).

Organization of the work

In Chapter 1, we review several concepts that are needed in the rest of the
thesis. In particular, we recall the basics about complex symplectic spaces
and the Maslov triple index of Lagrangians, we give several different views
on twisted homology, we review twisted signatures of manifolds and the non-
additivity theorem of Wall, and we conclude with a section on the formalism
of cobordisms and Lagrangian relations.

Chapter 2 is dedicated to the general theory of rho invariants for closed
manifolds and for manifolds with boundary. Apart from recalling the main
results about them, we prove a cut-and-paste formula for closed manifolds
and our main gluing formula for cobordisms.

In Chapter 3, we define the main invariant of our interest, namely the
rho invariant of a 3-manifold with framed toroidal boundary. We study its
general properties and rewrite the gluing formulas in this context. We also
focus on explicit computations for the rho invariant of the solid torus and
of the thick torus.

In Chapter 4, we use the rho invariant of the previous chapter to define an
invariant of links, and we compare it to several previously known invariants
in knot theory.

In the Appendix, we recall the construction and some basic results about
3-dimensional lens spaces and some basics about Dedekind sums and of the
Rademacher ® function. Finally, we include a series of images representing
some of our results about the rho invariant of the solid torus.
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Chapter 1

Preliminaries

1.1 Hermitian and skew-Hermitian forms

In this section, we fix conventions and recall some basic properties about
the linear algebra of sesquilinear forms on finite-dimensional complex vector
spaces. In Section 1.1.1 we discuss the basics on reflexive sesquilinear forms.
In Section 1.1.2, we restrict our attention on Hermitian forms and their sig-
nature. In Section 1.1.3, we focus instead on skew-Hermitian forms, leading
to the concept of a complex symplectic space. In Section 1.1.4, we introduce
the so-called Hermitian symplectic spaces, where a symplectic form arises
from a Hermitian structure together with an automorphism of order four.

1.1.1 Reflexive sesquilinear forms

A sesquilinear form ¢ on a complex vector space H is a map
p:HxH—C

that is linear in the first variable and antilinear in the second variable. Given
a sesquilinear form ¢; on a space H; and a sesquilinear form ¢y on the space
Hy, we define the sesquilinear form @1 & @2 on Hy & Hy by

(1 @ p2)((v1,v2), (w1, w2)) = @1(v1, w1) + Pa(v2, wa).

If the space H has finite dimension n and B = {b1,...,b,} is a basis, the
matrix A € M, (C) representing a sesquilinear form ¢ with respect to B is
defined by A;; = ¢(b;,b5). If : V x V — R is a bilinear form on the real
vector space V', we get a sesquilinear form ¢ on the complex vector space
V ® C, called the complezification of ¥, by

Yelv @z, wy) =y y(v,w).



Definition 1.1.1. A sesquilinear form ¢ on a complex vector space H is

e Hermitian if, for all a,b € H, ¢(b,a) = ¢(a,b);

o skew-Hermitian if, for all a,b € H, ¢(b,a) = —p(a,b);
o reflexive if, for all a,b € H, p(a,b) =0 <= p(b,a) = 0.

We see immediately that all Hermitian and skew-Hermitian sesquilinear
forms are reflexive. We shall normally just speak of “Hermitian forms”
and “skew-Hermitian forms” when referring to these, omitting the adjective
“sesquilinear”. A reflexive sesquilinear form ¢ on H has a well-defined
radical, which is the subspace of H given by

rad(p) :={a € H|p(a,b) =0Vbe H} ={a € H|p(b,a) =0Vbe H}

(for a general sesquilinear form, the two descriptions above need not coincide,
and they define two different spaces called the left and right radical). We
say that ¢ is non-degenerate if rad(p) = 0. Otherwise, we say that ¢ is
degenerate.

Given a complex vector space H with a reflexive sesquilinear form ¢, we
define the orthogonal complement (with respect to ¢) of a subspace V.C H
as the subspace

V¢ :={a€ H|p(a,v) =0Yv eV}

Once again, because of reflexivity, it does not matter whether we write a
as the first or second variable in the above definition. Moreover, we see
immediately that rad(y) = H¥ and that, for all subspaces V, we have
V C (V¥)».

Definition 1.1.2. Let H be a complex vector space with a reflexive sesquilin-
ear form . A subspace V C H is called, with respect to ¢:

e isotropic ,if V C V¥,

e mazximal isotropic, if V- C V¥ and there is no isotropic subspace that
properly contains V;

e Lagrangian (or “a Lagrangian” ), if V = V¥,

It is immediate to see that every Lagrangian subspace is maximal isotropic,
but the converse in general is not true. Restricting ourselves to non-degenerate
sesquilinear forms, we get the following result.



Proposition 1.1.3. Let H be a finite-dimensional complex vector space and
let ¢ be a non-degenerate reflerive sesquilinear form on H. Then, for all
subspace V- C H, we have

dimV + dim V¥ = dim H.
As a consequence, (V¥)? =V.

Proof. Let ¢ be the given sesquilinear form, and consider the linear map
p**H — H * from H to the dual space of the complex conjugate of H,
defined by ¢*(a)(b) := ¢(a,b). As ¢ is non-degenerate, the map ¢* is
injective, and hence it is an isomorphism as dim H * = dim H. We consider
now the map f: H — V" given as the composition

HEST BT
where p denotes the restriction to V. Clearly p is surjective and hence f is
also surjective. Moreover, the null-space of f coincides by definition with
the orthogonal complement V¥ of V. From the rank-nullity theorem, we get

dim H = dim V" + dim V®.

The first statement follows as dim V" = dim V. By a double application of
the formula (to V¥ and to V'), we get then

dim(V¥)? =dim H —dim V¥ =dimV,
and the equality (V¥)¥ =V follows as V is cointained in (V¥)%. O

An immediate consequence of Proposition 1.1.3 is that, under the hy-
potheses of the lemma, if H admits a Lagrangian subspace V, then the
dimension of H is even and V is a half-dimensional subspace. Moreover, we
have the following.

Corollary 1.1.4. Let H be a finite dimensional complex vector space with
a non-degenerate reflerive sesquilinear form, and let V. C H be an isotropic
subspace such that dimV > dim H/2. Then, dim H is even and V is La-
grangian.



1.1.2 The signature of a Hermitian form

Let H be a complex vector space, and let ¢ be a Hermitian form H. From
the equation ¢(h, h) = ¢(h, h), we see that the value ¢(h, h) is a real number
for all h € H. We say that a nonzero vector h € H is positive (with respect
to @) if p(h,h) > 0, negative if p(h,h) < 0 and isotropic if ¢(h,h) = 0.
We say that a subspace V' C H is positive if all of its non-zero elements
are positive, and negative if all of its non-zero elements are negative. We
suppose from now on that H is finite dimensional. Then, we can define
integers

n+(¢) = max{dim V | V is a positive subspace},

n_(y) := max{dim V_ | V_ is a negative subspace}.

Lemma 1.1.5. If ¢ is non-degenerate, there exists a positive subspace V.
and a negative subspace V_ that are mutually orthogonal and satisfy

H=V,&V_.

Moreover, for each such a decomposition, V4 and V_ have maximal dimen-
sion among subspaces of their sign. In particular, we have

dim H = ny (@) + n_(p).

Proof. For brevity, we only sketch the proof. Start by choosing any negative
subspace V_ of maximal dimension, and set V, := V?. By maximality of V_,
there are no negative vectors in V., and hence V, NV_ = 0. By Proposition
1.1.3, we have dim H = dim V_ 4 dim V., and hence there is a direct sum
decomposition

H=V, . o®oV_.

The fact that V. is positive and not just “semi-positive” follows from the
fact that ¢ is non-degenerate. It has maximal dimension among positive
subspaces, because every supsbace of higher dimension intersects V_ non-
trivially and hence it contains at least a negative vector. In particular,
n4(¢) = dim V4 and n_(¢) = dim V_, and the second statement follows. [J

Definition 1.1.6. Let H be a complex vector space of finite dimension, and
let ¢ be a Hermitian form on H. The signature of ¢ is the integer

sign(g) := n4(p) —n_(p).

The following properties of the signature are immediate to be verified.



Proposition 1.1.7. Let H, H' finite-dimensional vector space with Hermi-
tian forms @, @’ respectively. Then:

(i) sign(—y) = —sign(y);
(ii) sign(p ® ¢') = sign(p) + sign(¢’);

(i11) if f: H— H' is a surjective map such that ¢'(f(a), (b)) = ¢(a,b) for
all a,b € H, then sign ¢’ = sign .

Remark 1.1.8. In particular, we see from (iii) that we can always obtain a
non-degenerate Hermitian form ¢’ with the same signature of ¢ by looking
at the well-defined Hermitian form
¢': V/rad(p) x V/rad(p) — C
(la], [b]) = ©(a, b).
A Hermitian form ¢ on a complex vector space H is called metabolic if

there is a subspace of H that is Lagrangian with respect to . The following
result is often useful.

Proposition 1.1.9. Let ¢ be a metabolic Hermitian form on a complex
vector space of finite dimension. Then sign(y) = 0.

Proof. Let V be a Lagrangian for ¢, and let V., V_ a positive and a negative
subspace of maximal dimension. As all vectors v € V satisfy ¢(v,v) = 0,
the Lagrangian V intersects trivially with both V, andd V_. We have then

dimH >dimVy +dimV, dimH >dimV_ 4+ dim V. (1.1)

Suppose now for the moment that ¢ is non-degenerate. Then, from Propo-
sition 1.1.3 and Lemma 1.1.5 we have

dimH =2dimV, dimH =dimV; +dimV_. (1.2)
Comparing (1.1) and (1.2), we see that
dimV, =dimV_ = dim H/2.

It follows that sign(p) = dim V. —dim V_ is 0. If ¢ has a non-trivial radical,
we consider the non-degenerate Hermitian form ¢' on H/rad(p), that has
the same signature of ¢. Then the subspace V/rad(y) is a Lagrangian for
¢, and hence we can conclude by the above argument. O



Remark 1.1.10. In case of a degenerate Hermitian form, with our defini-
tion, it is not enough to find a half-dimensional isotropic subspace to deem it
metabolic. For example, the space C? with the Hermitian form represented
in the standard basis by the matrix ( {) has a 1-dimensional isotropic sub-
space but it is not metabolic, and it has signature 1 (see Proposition 1.1.11).
However, if the space H is decomposed as the direct sum of two isotropic
subspaces V7 and Vs, then the Hermitian form is metabolic. This can be
seen by applying Corollary 1.1.4 to the non-degenerate form ¢’ on H/rad ¢
and observing that metabolicity of ' implies metabolicity of .

Proposition 1.1.11. Let H be a complex vector space of finite dimension,
and let ¢ a Hermitian form on H. Let A be the matrix associated to @ with
respect to some basis of H. Let e (A) be the number of positive eigenvalues
of A, and let e_(A) be the number of negative eigenvalues. Then

sign(p) = ex.(A) — e_(A).

Proof. Let B be the basis of H with respect to which ¢ is represented by
the matrix A. By the spectral theorem for Hermitian matrices, we can find
a unitary matrix U such that UAU™ is diagonal. The matrix D := UAU* is
the matrix representing ¢ with respect to the basis B’ obtained from B by
seeing U as change of basis matrix. Moreover, the elements on the diagonal
of D are exactly the eigenvalues of A. The positive eigenvalues correspond
to the elements of B’ that are positive with respect to ¢, and the negative
eigenvalues correspond to the elements of B’ that are negative with respect
to .

Let V. be the span of the positive elements of B, and let V_ be the span
of the negative ones, so that e (A) = dim V4 and e_(A) = dim V_. We can
conclude if we show that V; have maximal dimension among subspaces of
their sign. If ¢ is non-degenerate, this is a consequence of Lemma 1.1.5, as
H gets decomposed as an orthogonal sum V, @ V_ in this case. Otherwise,
we take the associate non-degenerate form on H/rad(y), and observe that
the dimension of V. and V_ in the quotient is not affected. O]

1.1.3 Complex symplectic spaces

A complex symplectic space is a pair (H,w), where H is a complex vector
space of finite dimension and w is a non-degenerate skew-Hermitian form
on H, called the symplectic form. The symplectic form w will often be im-
plicit, and we shall call H itself a complex symplectic space. We define



the opposite of a complex symplectic space (H,w) as the complex symplec-
tic space (H,—w). When the symplectic form is implicit we shall denote
the opposite of H by H~. Given two complex symplectic spaces (Hi,w1)
and (Ha,w2), we define their direct sum as the complex symplectic space
(Hy ® H2,w1 ® ws). A linear isomorphism f: H; — Hp is called symplectic
if wa(f(v), f(w)) = wi(v,w) for all v,w € Hy. If a symplectic isomorphism
f: Hi — Hs exists, we say that the symplectic spaces H; and Hs are iso-
morphic.

The main difference with the theory of real symplectic spaces is that
a complex symplectic space need not be even-dimensional, and a maximal
isotropic subspace need not be a Lagrangian. This is illustrated by the
following example.

Example 1.1.12. Consider the vector space C together with the skew-
Hermitian form w given by w(z,w) = izw. Then, (C,w) is a complex sym-
plectic space. The only isotropic subspace is the trivial subspace 0, hence
it is maximal isotropic. However, its orthogonal is the whole space C and
hence it is not a Lagrangian.

In order to get a theory resembling more the theory of real symplectic
spaces, we have to add an additional assumption. It is immediate to check
that, as the symplectic form w is skew-Hermitian, the sesquilinear form iw
is Hermitian. This leads us to the following definition.

Definition 1.1.13. A complex symplectic space (H,w) is called balanced if
the Hermitian form iw has signature 0.

From Lemma 1.1.5, we see that the signature of a non-degenerate Her-
mitian form has the same parity of the dimension of the space. As a conse-
quence, balanced complex symplectic spaces are are always even-dimensional.
Observe now that, if (V) is a real symplectic space (i.e. V is a real vector
space and v is a non-degenerate skew-symmetric form), then (V & C,¢)
is a complex symplectic space, called the complexification of (V,1). The
following result characterizes balanced complex symplectic spaces.

Proposition 1.1.14. Let H be a complex symplectic space. Then, the fol-
lowing conditions are equivalent:

(i) H is balanced;
(ii) every mazimal isotropic subspace of H is Lagrangian;

(iii) there exists a Lagrangian subspace of H ;



(iv) H is isomorphic to the complexification of a real symplectic space.

Proof. Let w be the symplectic form. We show that (i) = (i7) = (iii) = (i),
and then that (¢) is equivalent to (iv). Suppose hence that H is balanced,
and let L be a maximal isotropic subspace. We need to prove that L = L“.
Thanks to Lemma 1.1.5 we can write H = Vi @& V_, with V} a positive
subspace and V_ a negative subspace for the Hermitian form iw, orthogonal
one to each other. As H is balanced, there is a natural number n such that

dim H = 2n, dimVy =dimV_ =n.

Thanks to Lemma 1.1.3 we also have dim L 4+ dim L* = 2n. As L C L“ by
assumption, it is enough to show that dim L = dim L* = n. Suppose by
contradiction that dim L* > n. Then, there are non-zero vectors

U+€meV+, U_GmeV_,

that we can choose in such a way that iw(vy,v4) =1 and iw(v_,v_) = —1.
Clearly vy and v_ do not belong to L, as L is isotropic for 1w. Then at least
one between vy +v_ and vy — v_ does not belong to L. Call this vector v.
Then v is isotropic, as w(v,v) = w(vy,vy) +w(v_,v_) = —i+i = 0, and it is
orthogonal to L. Hence, the subspace L ® Cuv is also isotropic, contradicting
the maximality of L.

We have thus proved that (i) implies (#¢). It is immediate that (i7)
implies (7i7), as 0 is an isotropic subspace and it is clearly contained in
some maximal isotropic subspace, that turns out to be a Lagrangian. From
Proposition 1.1.9, it follows that (éii) implies (i), as a Lagrangian for w is
also a Lagrangian for i w.

Let us prove the equivalence between (i) and (iv). We start by sup-
posing that H is isomorphic to the complexification of a real symplectic
space. It follows that there is a basis {vi,...vp, w1 ... w,} of H such that
w(vj,vg) = w(wj,wy) = 0 and w(v;, wy) = —djj, for all ¢, j. Then, the sub-
space generated by v1,...,v, is a Lagrangian for the Hermitian form iw, so
that the signature of iw is 0 by Proposition 1.1.9 and hence H is balanced.
Suppose now that H is balanced. We can diagonalize the Hermitian form
iw and find a basis {vy,... vy, w1, - ,wy} of H such that, for all 7, j,

iw(vj,wk) = 0, iw(vj,vk) = Ojk, iw(wj,wk) = _5jk7

the v;’s and the w;’s being in equal number because sign(iw) = 0. We define
now a linear map f: C*® — H by setting, for j = 1,...,n,

flej) ==v; +iw;, flenyj) = iv; + wj,



where {e;,...,ea,} is the standard basis of C?". Then f is a symplectic
isomorphism if we provide C?" with the symplectic form associated to the
matrix A = (_20101 25‘1) Since the A has real coefficients, the complex
symplectic space (C?", A) is clearly isomorphic to the complexification of

the real symplectic space (R?", A). O

1.1.4 Hermitian symplectic spaces

Following Kirk and Lesch [28], we define a Hermitian symplectic space as
a triple (H, (-,-),7), where H is a finite-dimensional complex vector space,
(-,+) is an inner product on H (i.e. a positive-definite Hermitian form), and
v: H + H is a unitary operator such that v = —id, called the symplectic
operator. A Hermitian symplectic space (H, (-, -),y) has a natural underlying
structure of a complex symplectic space, with the symplectic form w given
by
wia,b) = (a,y(b).

The sesquilinear form w is non-degenerate as =y is an isomorphism, and it is
skew-Hermitian as

w(b,a) = (b.7(a)) = (1(0),7*(a)) = —{7(b),a) = —(a,7(b)) = ~w(a,b).

Given a Hermitian symplectic space (H, (-,-),7), we define its opposite as
the Hermitian symplectic space (H, (-,-), —y). Whenever the symplectic op-
erator vy is assumed implicitly, we use the notation H~ to refer to this space.
Given two Hermitian symplectic spaces (Hi, (-, )1,71), (H2, (-, )2,72), their
direct sum is defined as the Hermitian symplectic space (H; @ Ha, (-, )1 ®
(,)2,71 ®y2). A linear isomorphism f: H; — Hp is called an isomorphism
of Hermitian symplectic spaces if it is unitary with respect to the inner
products and it satisfies f oy = v 0 f. It is immediate to check that all
of these notions correspond to those given in Section 1.1.3 if we restrict our
attention to the underlying complex symplectic spaces.

Let (H,(-,-),v) be a Hermitian symplectic space. As 7 is unitary and
it satisfies the equation 42 = —id, it is diagonalizable with eigenvalues +i.
Let Ei(v) denote its i-eigenspace and F_(vy) denote its (—i)-eigenspace.
We have then an orthogonal decomposition H = FE, @& E_. Properties
about the symplectic structure of a Hermitian symplectic space can be easily
reformulated in terms of the symplectic operator v and orthogonality with
respect to the Hermitian product.

Lemma 1.1.15. Let (H,({-,-),7) be a Hermitian symplectic space. Then



(i) a subspace V is isotropic <= (V) C V*;
(i) a subspace V is Lagrangian <= ~(V)=V*;
(i) H is balanced <= dim F;(v) = dim E_(v).

Proof. The first two points are immediate. For (iii), fix an orthonormal basis
of H. Let A be the matrix representing the Hermitian form iw (defined by
iw(a,b,) = i{a,v(b))) and let B the matrix representing v. We have then
B = iA, so that A2 = 1, and every occurrence of the eigenvalue 1 of A
corresponds to an occurrence of the eigenvalue i of B, and the same for —1
with —¢. By Proposition 1.1.11, the signature of iw coincide hence with the
difference between the dimensions of F, () and E_(v). O

1.2 The Maslov triple index

In this section, we discuss the Maslov triple index, which is a well known
function associating an integer to a triple of Lagrangians of a symplectic
space. In Section 1.2.1, we review the definition of this function. In Section
1.2.2, we give a simple formula for the function in the 2-dimensional case.
In Section 1.2.3, we discuss a function defined for pairs of Lagrangians in a
Hermitian symplectic space that is related to the Maslov triple index.

1.2.1 Definition and first properties

Let (H,w) be a balanced complex symplectic space, and let Lag(H) denote
the set of its Lagrangian subspaces. Our goal is to define a function

T Lag(H) x Lag(H) x Lag(H) — Z.

Given three Lagrangian subspaces Li, Lo, L3 € Lag(H), we first introduce
a sesquilinear form by

1/1L1L2L31 (L1 +L2) ﬂLg X (L1 —l—Lg) ﬁLg —C
(a,b) = w(a1,b),

where a; is any element in Li such that a — a; € Lo.

Lemma 1.2.1. The sesquilinear form 1, 1,1, s well defined and Hermi-
tian.

10



Proof. Given a different element a} € L; such that a — a} lies in Lo, the
difference a} — aq lies in Ly N Ly. Thus, for all b € Ly 4+ Lo, we have

w(ay,b) —w(ay,b) = w(a) —a,b) =0,

and hence ¢, 1,1, (a,b) does not depend on this choice. We prove now that
the form is Hermitian. Chosen by € L; such that b — by lies in Ly and using
the fact all three subspaces are isotropic, we get

Vi, LyLs(bya) =w(bi,a) = w(b,a) —w(b—b1,a) =0—w(b—bi,a) =
=—wb-—b,a—a1) —wb—>b1,a1) =0—w(b—>b1,a1) =
= —w(b,a1) + w(b1,a1) = —w(b,a1) + 0 =w(as,b) =
= leLst(aﬂ b)

We are now ready to define the function of our interest.

Definition 1.2.2. The Maslov triple index * of (L1, Lo, L3) is the integer
TH(U, ‘/7 W) = sign¢L1L2L3.
The Maslov index satisfies the following properties.

Proposition 1.2.3. (Properties of the Maslov triple index)

(i) Let Ly, Lo, L3 € Lag(H), and let o be a permutation of the set {1,2,3}.
Then
TH(La1)s La(2)s Laz)) = sgn(a) 7a (L1, Lo, L3).

In particular, g (L1, Lo, Lg) = 0 if two of the Lagrangians coincide.
(it) Let Ly, Lo, Ly € Lag(H) and L}, L}, L € Lag(H'). Then

TH@H/(Ll@Lll,LQ@Lé,Lg@Lg):TH(Ll,Lg,Lg)—l-TH/( /1, /2,Lg)

(11i) Letg: H — H' be a symplectic isomorphism, and Ly, Ly, L3 € Lag(H).
Then
Tr(9(L1), 9(L2),9(L3)) = Tu(L1, L2, L3).

L Also known as the Hérmander-Kashiwara indez.
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(iv) On the complex symplectic space C% with the symplectic form repre-

sented by the matriz ((1) _01) we have,

7e2(C(1,0),C(1,1),C(0,1)) = 1.

(v) Let Ly, Lo, L3 € Lag(H). Then 7g- (L1, Lo, L3) = —7g (L1, Lo, L3).
(vi) Let Ly, L2, L3, Ly € Lag(H). Then

TH (L1, Lo, L3) — 7 (L1, Lo, Ly) + (L1, L3, Ly) — T (L2, L3, L4) = 0.

Proof. 1t is enough to prove (i) for two elements that generate the group Ss.
The case of a = (12) is easy, as the subspace of H where the Hermitian forms
Y1, LoLs and Y., 1, are defined is the same. Given a,b € (Ly + Lg) N Ls,
with @ = a1 + a9 for elements a1 € L1 and as € Lo, we see that

w(ag,b) = w(a,b) — w(ay,b) = —w(ai,b)

(because Lj is Lagrangian), and hence we have r,1,0, = —%L,1,1, and
thus 77 (Lo, L1, L3) = —7g (L1, Lo, L3) as desired. Let us now prove the
statement for o = (123). Consider the map

f‘ (L1+L2>QL3 - (L3+L1)OL2
' LiNLs LiNLy

sending the class of a = a1+ag € (L14+Lo)NL3 (with a1 € Ly, as € Lo) to the
class of as. It easy to show that f is well-defined and it is an isomorphism.
As LiNLg is contained in rad ¢r,, 1.,1, and L1MLy is contained in rad 9131, 1,
these forms descend to forms w'Ll Lo and Vg L,L, on the quotient spaces,
having the same signatures. Moreover, for elements a = a; + a2 and b =
b1 + by of (L1 + LQ) N L3, we have

Yr31, L, (a2,b2) = w(a,by) = w(ai,b) = Y1, 1,1,(a,b),
so that
¢23L1L2(f(a+[z1 ﬂL3), f(b+L1 ﬂL3)) = wlLngLg(a'i_Ll NLs, b+ Ly ﬂLg).

As a consequence, we have sign(¢7sy r.) = sign(¢7,7,7.), and it follows
that 7g(Ls, L1, Lo) = 7 (L1, Lo, L3) as desired.

Properties (ii), (iii) and (iv) follow immediately from the properties of
the signature (see Proposition 1.1.7). For proving (iv), we observe that the
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relevant Hermitian form v: C(0,1) x C(0,1) — C is defined on the basis
element (0,1) as

@ZJ((O? 1)a (07 1)) = w((—l,O), (Oa 1)) =1L

In particular, 1 is positive definite and it has hence signature 1. For the
proof of (vi), see Remark 1.2.16 or the book of Turaev [45, Chapter IV, 3.6].
O

The Maslov triple index was studied in depth by Cappell, Lee and Miller.
Working with real symplectic spaces, they proved in particular that the first
four properties above characterize the Maslov triple index [9, Theorem 8.1].
Their proof can be adapted without any formal change to the framework of
balanced complex symplectic spaces, yielding the following.

Theorem 1.2.4 (Cappell-Lee-Miller). If a family of functions
T Lag(H) x Lag(H) x Lag(H) - R

satisfies the properties (i), (ii), (iii) and (iv) of Proposition 1.2.3, then it
coincides with the Maslov triple index.

Warning 1.2.5. Given our definition of the Maslov index in the complex
case, it is possible to get a real version of it by

(L1, L2, Ls) == tec(L1 ® C, Ly ® C, L3 ® C).

This function corresponds to the triple index of Wall [47], but it differs from
the function 7 of Cappell, Lee and Miller by a sign. In fact, it takes the
value —1 on their standard triple considered in Property IV [9, p. 163],
as they take R? with the symplectic structure corresponding to the matrix
(_01 (1)), which is opposite to our convention.

We conclude the section with the following result, that will turn out
useful later on.

Lemma 1.2.6. Let H be a complex symplectic space and let L1, Lo be two
Lagrangian subspaces with L1 N Lo = 0. Let U,V,W three Lagrangian sub-
spaces that decompose as U = Uy +Us, V =V + Vo, W = Wy + W, with
U, Vi,W; C L; fori=1,2. Then 7y (U, V, W) = 0.

Proof. 1t is enough to prove the result in the special case W = L;. The
full statement follows then from the properties of the Maslov triple index
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(Proposition 1.2.3 (i) and (vi)). By definition, 75 (U, V, L;) is the signature
of the Hermitian form
v (U+V)NLix (U+V)NL; —»C
(u+v,2") = w(u,y) ituelU,veV.

Since both U and V split with respect to the direct sum decomposition
Ly + Lo, we have (U + V)N Ly = Uy + V;. In particular, in the definition
of 1, we can take the elements v and v to belong to Uy and V; respectively.
It is then clear that w(u,y) = 0, as both w and y belong to L;, which
is a Lagrangian subspace. Hence, v is the trivial Hermitian form and its
signature is 0. O

1.2.2 Computations in the symplectic plane

Suppose now that (H,w) is a balanced complex symplectic space of dimen-
sion 2.

Definition 1.2.7. An ordered basis (i, \) of H is called symplectic if the
form w is represented in this basis by the matrix (? _01), ie. if

wp, ) =wAA) =0, w(p,A)=-L1

Let (u, A) be a symplectic basis of H. Given a 1-dimensional subspace
L of H, generated by a vector au + b\, we define the slope of L with respect
to (i, A) as the number

slope(L) :=a/b € CU{o0}.

The slope is indeed well defined, and it gives a bijection between the set of
lines in H and C U {oo}. It is immediate to check that a vector ap + b is
isotropic if and only if ab is real. As a consequence, the Lagrangian subspaces
of H are exactly the lines with slope in RU{oo}. For such subspaces, we can
always find a generator ap + b\ with a,b € R. Thanks to Proposition 1.2.3
(iii), the Maslov index of three Lagrangian subspaces of H only depends on
their slopes, i.e. there is a function

7: (RU{o0}) x (RU{o0}) X (RU{o0}) = {-1,0,1}
such that
TH(Ll, LQ, Lg) = 7'(81, 59, 83)
whenever L1, Ly, L3 are three Lagrangian subspace of a balanced 2-dimensional
complex symplectic space, with slope(L;) = s; for i = 1,2, 3 (see Degtyarev,
Florens and Lecuona [20, Section 2] for more details). The function 7 is
then computed in the following way [20, Corollary 2.2].
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Proposition 1.2.8. A complete description of the function T is:

(sgn((so — s1)(s3 — s2)(s1— 53))  if 51, 59,53 # 00

(
sgn(sg — s3) if s1 = 00, S2,83 # 00
7(s1,52,53) = { sgn(sz — s1) if so = 00, 81,83 # 00
sgn(s; — s2) if s3 = 00, $1,82 # 00
0 otherwise.

\

Remark 1.2.9. Proposition 1.2.8 allows us to compute the Maslov index
explicitly for all triples of Lagrangian subspaces in a 2-dimensional H once
we know their slopes. In practice, a convenient method for quick compu-
tations is to draw the subspaces as real lines Ly, Lo, L3 in Spang{u, A} and
counting:

e +1 if the three lines are distinct and, rotating L, counterclockwise, Lo
is met before Lg;

e —1 if the three lines are distinct and, rotating L, counterclockwise, L3
is met before Lo;

e 0 if at least two lines coincide.

1.2.3 The function m of pairs of Lagrangians

Suppose now that (H,~) is a balanced Hermitian symplectic space. Using
this additional structure, we introduce a function

my: Lag(H) X Lag(H) — R,

that was studied extensively by Bunke [7] and then by Kirk and Lesch [29, 28]
in relation to eta invariants for manifolds with boundary, after appearing in
a formula of Lesch and Wojciechowski [30].

As we have seen, there is an orthogonal decomposition H = E; & F_,
where Fy denotes the +i-eigenspace of v, and dim F; = dim E_ as the
space is balanced. The next result shows that the Lagrangians subspaces of
H are in a natural bijection with the set U(Ey, E_) of isometries Ey — E_.

Lemma 1.2.10. There is a bijection L: U(Ey+,E_) — Lag(H) given by

L(A) :={x+ Ax|x € E.}.
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Proof. First of all, we show that L(A) is a Lagrangian subspace, i.e. that
y(L(A)) = L(A)*. The inclusion v(L(A)) C L(A)* follows from the fact
that, for all x,y € F,, we have

(x+ Az, v(y + Ay)) = (x + Az, iy — iAy) = (z,iy) — (Az, Aiy) = 0.

As L(A) is half-dimensional, thus, it is Lagrangian. As consequence, the
map L is well defined, and clearly it is injective.

To show surjectivity, we observe that every Lagrangian subspace V &
Lag(H) has trivial intersection with both E, and E_, and hence there is a
unique linear map A: F, — E_ such that V = {z + Az |z € E;}. In order
to conclude the proof, it remains to be shown that A is unitary, and this
follows from the fact that, given x,y € F,, we can write

(Az, Ay) = i(z + Aw, iy — iAy) + (2, y) = i(z + Az, 7 (y + Ay)) + (2, y)
and the first summand vanishes as V is Lagrangian. O

Let ®: Lag(H) — U(E4, E_) denote the inverse of L, so that every
Lagrangian subspace V gets written as

V={z+®V)(x)|ze E;}.
Moreover, given two Lagranians V,W € Lag(H), we set
Dy = d(V)O(W) L e UE).
Definition 1.2.11. We define now the function of our interest as

ma(VW) = 3

e“ESpec(—Cbuw)
Ae(—m,m)

Remark 1.2.12. In the definition of mg(V, W), the sum ranges along all
eigenvalues of —®y y that are different from —1. The —1-eigenspace, cor-
responding to the intersection V N W, is expressly not counted.

The following properties of the function m are proved immediately using
the definition.

Proposition 1.2.13. Let H, H' Hermitian symplectic spaces. Then, for
Lagrangian subspaces V,W € Lag(H) and V', W' € Lag(H'), we have:

(i) mg(V,W)=—-mg(W,V) (hence, mg(V,V)=0);
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(ZZ) mH@H/(V D VI, w D W/) = mH(V, W) + mH/(V’, W/),'

(i11) If g: H — H' is an isometry such that gy1 = 29, then my(g(V'), g(W))
mu(V,W);

() my-(V,W) = —mg(V,W);

Remark 1.2.14. Combining (i) and (iii), for m = my we get the useful
formulas

m(y(V),7(W)) = m(V,W),  m(y(V), W) =m(V,(W)), m(V,4(V))=0.

Since every Hermitian symplectic space is also a complex symplectic
space, given three Lagrangian subspaces V, W, Z it is possible to define their
Maslov index 7 (V, W, Z), which is an integer and does not depend on the
Hermitian structure. The following result relates the function mpy to the
Maslov triple index 7. We give a proof which is due to Kirk and Lesch [28,
Section 8.3],

Proposition 1.2.15. Let U, V and W any three Lagrangian subspaces of
a balanced Hermitian symplectic space H. Then,

mH(U, V) + mH(V, W) + mH(W, U) = TH(U, V, W)

Proof. For any complex symplectic space H, pick a Hermitian symplectic
structure and define 7 (U, V, W) := my (U, V)+mg(V,W)+mpug(W,U). As
proved by Kirk and Lesch, Ty satisfies the first four properties of Proposition
1.2.3 [29, Proposition 8.19] 2. The result follows then by Theorem 1.2.4. [J

Remark 1.2.16. Proposition 1.2.15 gives an easy way to prove the cocy-
cle property of the Maslov index (Proposition 1.2.3 (vi)). In fact, once a
Hermitian symplectic structure on H is fixed, we can write (for 7 = 77 and
m=mpy)

T(LlaL27L3) - T(L17L27L4) =

=m(Lg, L3) + m(Ls, L1) — m(Lg, Ly) — m(Ly, L1) =

m(Ll, Lg) + ’I?’L(LQ, Lg) + m(Lg, Ll) — m(Ll, Lg) — ’I’)’L(LQ, L4) — m(L4, Ll) =

= —m(Ll, Lg) — m(Lg, L4) — m(L4, Ll) + m(Lg, Lg) + m(L37 L4) + m(L4, L2) =

= —7(L1, L3, Ly) +7(Lo, L3, Ly).

2Thanks to (iii), 7# is independent of the specific Hermitian structure inducing the
given symplectic one, and hence for (iv) it is enough to check the result for C? with the
standard Hermitian product and the operator + corresponding to the matrix ((1) *01 ), as

they do.
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1.3 Homology and cohomology with local coeffi-
cients

In this section, we discuss various definitions of twisted homology and co-
homology. In the Section 1.3.1, we take the point of view of local coefficient
systems, which will be the preferred one in most abstract developments. In
Section 1.3.2, we see how under certain circumstances it is possible to view
a local coefficient system on a topological space as a representation of the
fundamental group of the space, and we use this fact to define twisted ho-
mology and cohomology more explicitly. In Section 1.3.3, we quickly discuss
the de Rham version of this theory, available for smooth manifolds.

1.3.1 Local coefficient systems and homology theory

Let X and F' be topological spaces. By a fiber bundle on X with typical
fiber F', we mean a topological space E together with a surjective map
m: E — X such that there exists an open cover {U;} of X provided with
homeomorphisms ¢; fitting into commutative diagrams

aNU) —2—U; x F

™~
Uj.

The family {(Ua, o)} is called a local trivialization for the fiber bundle.
For all z € X, the space & := 7 '(x) is called the fiber over x. It is
homeomorphic to the typical fiber, but not in a canonical way. For every
open set U, belonging to a local trivialization and such that « € U,, we
have a homeomorphism ¢7: £, — F' obtained by restricting ¢, to &;.

Notation 1.3.1. Let CJj;, denote the vector space C" equipped with the
discrete topology.

Definition 1.3.2. A local coefficient system of complex vector spaces on
X of dimension n is a fiber bundle { — X with typical fiber C},, and the
structure of a complex vector space on every fiber, which admits a local
trivialization {(Ua, @)} such that every homeomorphism ¢f: & — Cl._ is
a linear isomorphism.

Notation 1.3.3. We let £,,(X) denote the class of all local coefficient sys-
tems of complex vector spaces of dimension n over X.
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Example 1.3.4. The product 7, = X x Cjj;, together with the natural
projection X x Cf;,, — X is a local coefficient system of complex vector
spaces on X, called the trivial local coefficient system of dimension n.

A local coefficient system of complex vector spaces over X can be used
for defining graded complex vector spaces H,(X; C?), H*(X; C?), forming
the homology and cohomology with (local) coefficients in & [26, Chapter 3.H]
[18, Chapter 5]. If £ is the product bundle X xC" (with the discrete topology
on C"), (co)homology with local coefficients in L is naturally isomorphic to
the ordinary (co)homology with values in C™.

Homology and cohomology with local coefficients preserve most of the
formal properties of the ordinary homology and cohomology. Given a con-
tinuous map f: X’ — X, the pull-back bundle £ := f*¢ is a local coefficient
system of complex vector spaces over Y, and there are induced maps

for Ho(X';CE) — Ho(X;CE),  f*: H(X;C) — H*(X';Cg)

that behave functorially with respect to composition. Relative homology and
cohomology can also be defined, and they fit in long exact sequences gener-
alizing the one for ordinary homology and cohomology. If M is a compact
oriented manifold of dimension m, there are Poincaré duality isomorphisms

H*(M,0M;C2) =5 H,,_(M;CP)
H*(M;C") = H,,_1(M,0M;C)

arising from cap products generalizing those on homology with traditional
coefficients.

We define now a local coefficient system £: £,,(X) to be Hermitian if it
is equipped with a scalar product on the fibers that varies continuously.

Notation 1.3.5. The class of Hermitian coefficient system will be denoted
by U, (X) .

If ¢ is Hermitian, the scalar product induces a bundle map &€ ® &€ — &,
where ¢ denotes the local cofficient system obtained from ¢ by taking the
opposite complex structure on all fibers, and ¢ is the trivial 1-dimensional
local coefficient system on X. As a consequence, given subspaces A, B C X
that form an excisive pair, there is a bilinear cup product

—¢: HI(X,A;C}) x H(X, B; Cg) = H/*Y(X, AU B;C).

Using the Hermitian metric on the fibers, we can also define an evaluation
map

()er HY (X, A;CF) x Hj(X, A;CF) — C
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that gives a natural isomorphism H7(X, A; Cg) = Hom(H;(X, A4; C?),(C).
These facts are well known to the experts. Some details about them, albeit
treated in higher generality and from the point of view of Section 1.3.2, can
be found in the thesis of Conway [15, Chapter 5].

1.3.2 Representations of the fundamental group

In practice, local coefficient systems arise most of the times in the following
way. Suppose that X is path connected, locally path connected and locally
simply connected (we assume the latter two conditions from now on), and
that a base point zg € X is fixed. Suppose that

o 7T1(X,x()) — GL(V)

is a representation of the fundamental group 7 := 7(X,z9) of X into a
complex vector space V. Then, we can can construct a local coefficient
system £“ associated to a by seeing the universal cover X as a principal
m-bundle and taking the associated fiber bundle

=X x, V.

The above construction can be reversed. Starting from a local coefficient
system £ € L(X,n), we observe that the projection £ — X is a covering
space. In particular, given an element a € m (X, z¢), that we see as a loop
a: [0,1] — X, for each element v of &, there is a unique lift a: [0,1] — £ of
a such that a(0) = v. We can hence define a map

ag: m(X,x0) = GL(&,)

, by ag(a)(v) := a(1), which can be easily verified to be a representation into
the fiber over xg. The correspondences a — £ and § — a¢ are inverses one
of each other in the sense that there are canonical isomorphisms between
the representations age and «, and between the fiber bundles £*¢ and &.

Remark 1.3.6. Because of the dependence on base points, working with
representations of the fundamental group can be cumbersome in some cases
(for example for dealing with induced maps and with non-connected spaces),
making implicit choices and some abuse of notation often necessary in order
to keep the proofs readable. This is the reason why in the theory we prefer
to adopt the point of view of local coefficient systems instead. However,
whenever explicit descriptions of our local coefficients systems are needed
in the applications, we shall normally see them as representations, taking
advantage on the correspondence described above.

20



Representations of the fundamental group lead to the following alter-
native view on homology and cohomology with local coefficients. Consider
the natural left action of the fundamental group 71 (X, z¢) on the universal
cover X of X. We transform this left action into a right action by replac-
ing the action of an element by that of its inverse. The resulting action
induces the structure of right Z[r]-modules on the singular complex C,(X).
Given a representation a: 71 (X, z9) — GL(V) into a complex vector space
of dimension n, we have then natural isomorphisms [18, Theorem 5.8 and
5.9]

H*(X;Cl) 2 H* (Homgy (Cu(X)', V),

where the ¢ denotes the fact that we are turning the right Z[r]-module
structure back into a left one in this instance.

Remark 1.3.7. If the vector space V has a scalar product, and the repre-
sentation a: m1(X) — U(V) is unitary, then the associated local coefficient
system &% has a well-defined induced Hermitian structure, i.e. {* € U, (X).
Conversely, if £ € U,(X) is a Hermitian local coefficient system, then the
associated representation on one of the fibers is unitary, i.e. we can write
ag: (X, 20) = U(&p)-

An elementary property of twisted cohomology is that HY(X,Cn) is
isomorphic to the subspace of C™ on which « acts trivially [18, Proposi-
tion 5.14]. We apply this easy fact in the next computation, that will be
useful later on.

Lemma 1.3.8. Let X = S* or X = T?, and let a: m(X) — U(n) be a
representation that has no trivial subrepresentation. Then, H.(X;CZ) = 0.
In particular, homology vanushes for all non-trivial o € Uy (X).

Proof. Let us prove the result for the circle first. From the above description
of HY we see that H°(S*;C?) = 0. Then, by the Poincaré duality and
universal coefficient isomorphisms, we have

dim Hy(S*;C") = dim H'(S';C?) = dim H;(S*;C") = dim H°(S';C?) = 0,

and the conclusion follows. In the case of the solid torus, with the same
argument we find

Ho(T* C") = Hy(T%C") =0

As the Euler charachteristic of 72 is 0, it follow that Hy(T?,C?) also has to
vanish. O
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1.3.3 Flat connections and twisted de Rham cohomology

We sketch here one more point of view of twisted cohomology (for details,
see the lecture notes of Bunke [8, Chapter 4]). Let M be a manifold. Given a
(smooth) complex vector bundle F — M, we define the space of differential
k-forms with values in E as

k
QF(X,E):=T </\T*M® E> .

If E is equipped with a flat connection, i.e. with vanishing curvature form,
we call it a flat vector bundle. Associated to a flat vector bundle E, there is
a twisted de Rham complex

0 X, E) L ol (x,B) L o2(x,B) L ..

whose cohomology H*(M;E) := kerd®/imd*~"' is called the twisted de
Rham cohomology of X (with values in E).

Suppose now that £ € £,(X) is a local coefficient system. Then, there
is an associated vector bundle w: Ex — X. To define it we set E¢ to be
equal to & as a set, we take 7w to coincide with the projection £ — X, and
we keep the vector space structure on the fibers. We pick then any local
trivialization (Ua, pa) for £, and we equip E¢ with the only topology that
makes all the compositions

Y (U,) £ Uy x C, — U, x C*

into diffeomorphisms. Such a topology exists uniquely, it makes E¢ a vector
bundle and it is independent of the choice of the trivialization [43, pp. 12-14].
A local trivialization for F¢ obtained in this way is such that the transition
functions

vap: Ua NUg — GL(n,C)

are locally constant. As a consequence, we can define a flat connection on
E, by pulling back, for each chart U,, the trivial connection on U, x C",
and patching these together. There is then a twisted de Rham isomorphism

H*(M; E¢) = H*(M;C})

(for an explanation of this fact, based on sheaf theory, see Ramanan [41,
5.14]).
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1.4 Twisted intersection forms and signatures

In this section, we review twisted intersection forms and signatures of man-
ifolds. In Section 1.4.1, we recall the definition of the intersection form with
local coefficients. In Section 1.4.2, we see how the pairing in middle degree
can be used to define twisted signatures and, for closed manifolds, the struc-
ture of a complex symplectic space on twisted cohomology. In Section 1.4.3,
we discuss a theorem of Wall about the behavior of the signature under
gluing of manifolds along part of their boundary.

1.4.1 The intersection form with local coefficients

Suppose now that M is a compact oriented manifold of dimension m with a
Hermitian local coefficient system & € U, (M ). The conventional intersection
pairing on M can be generalized in the following way.

Definition 1.4.1. The intersection form of M with coefficients in £ is the
sesquilinear form on H*(M,dM, (C?) coming from the pairings

I5,: HY(M,0M;Cy) x H™9(M,0M;Cg) — C
defined for j =0,...,m by
I5,(a,b) := (a —¢ b,[M]),

where the bar denotes the obvious antilinear bijection from H*(M, OM; Cg)
to H*(M,0M, (Cg)

For a € Hj(M,BM;C?) is a j-form and b € H™ (M, aM;(Cg), from
the basic properties of the cup product we get the formula

15,(b,a) = (=175 (a,b). (1.3)

Thanks to (1.3) the sesquilinear form I@ on H*(M,0M;C}) is reflexive.
The intersection pairing can be described alternatively as follows.

Lemma 1.4.2. Let p: M — (M,0M) be the natural inclusion. Then

I5,(a,b) = (b, [M] ~ p*(a))e.

Proof. 1t is enough to check that the equality (¢,0 —~ @) = (¢ —¢ ¥, 0),
generalizing a classical formula relating the cup and cup product, holds in
this context. O
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As a consequence, we have the following description of the radical of the
interesection form.

Proposition 1.4.3. The radical of Iﬁ/[ coincides with the kernel of the nat-
ural map H*(M,0M;C¢) — H*(M;C¢)). In particular, if M is closed, then
I§/1 s non-degenerate.

Proof. In Section 1.3.1, we have seen that cap product with the fundamental
class gives rise to an isomorphism by Poincaré duality, and that the eval-

uation pairing between homology and cohomology is non-degenerate. The
statement now follows immediately from Lemma 1.4.2. O

Given a compact, oriented manifold with boundary X with a local co-
efficient system & € U(X), we are now going to define a natural Lagrangian
subspace of H*(0X;C{) that will be central in this work.

Convention 1.4.4. For the orientation induced by a manifold on its bound-
ary, we follow the usual “outward normal first” convention. A consequence
of this convention is that the boundary of (—¢, 0] x M is oriented the same
way as M, while the boundary of [0,e) x M is identified with — M. For this
reason we shall prefer to write collars of the boundary as (—¢, 0] x 0X.

Warning 1.4.5. Our orientation convention is opposite to the one used by
Kirk and Lesch, who consider collars [0,¢) x 0X [28, Section 2].

Define
Vi = im(H*(X;Cy) — H*(0X;CP)). (1.4)

Proposition 1.4.6. The subspace Vf( C H*(0X;Cy) is Lagrangian with

respect to the intersection form I§X'

Proof. Let i: 9X — X denote the inclusion, and consider the induced maps
iv: Ho(0X;CF) — Ho(X;Cg), " HY(X;C) — H*(0X;Cy),

so that, by definition, V)% = im<¢*. Thanks to Lemma 1.4.2, the orthogonal
complement of V)E( is made of all the elements a such that

(b,PD(a))e =0, VbeVE,

where PD(a) = [0X] N a is the Poincaré duality isomorphism on 0X. By
definition of fo, we can rewrite this property as

(#b,PD(a))e =0, VYbe H*(X;CP).
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Using the fact that i, and ¢* are dual one of each other with respect to the
evaluation map, we rewrite this one more time as

(b,i. PD(a))e =0, ¥be H*(X;CP).

As the evaluation pairing is non-degenerate, this happens if and only if
i« PD(a) = 0. In order to conclude, we need to show that ker(i, o PD) =
im¢*. This is clear from the following commutative diagram, where the first
row is exact, and the vertical maps are isomorphism by Poincaré duality.

H*(X;Cp) —— H*(0X;C}) H*(X,0X;CP)

ZlPD ZlPD

H,(0X;Cy) —— H.(X;Cp).

0
Definition 1.4.7. We refer to Vf( defined by (1.4) as the canonical La-
grangian associated to X and &.
1.4.2 The pairing in middle degree and signatures

We suppose now that M is a compact oriented manifold of even dimension
2k with a local coefficient system & € U, (M). By (1.3), the intersection
form in middle-degree

15,0 HE(M,0M;C) x H¥(M,0M;Cg) — C

is Hermitian if k£ is even and skew-Hermitian if k£ is odd. This observation
leads to the following definition.

Definition 1.4.8. Let M be a compact oriented manifold of dimension 2k
with a local coefficient system & € U, (M). We define the signature of M
with coefficients in & as the integer

(M) sign([@), if k is even,
o =
¢ sign(i I@), if k£ is odd,

where 1'%4 denotes the intersection pairing in degree k.

If M is an oriented manifold, let —M denote the same manifold with the
opposite orientation. The signature has the following immediate properties.
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Proposition 1.4.9 (Properties of the signature).

(i) If f: M' — M 1is an orientation-preserving diffeomorphism and o is
an element of Un (M), we have of«o(M') = oo (M).

(i) On the other hand, we have oo (—M) = —0o(M).

(1it) If o, B € Up (M) are isomorphic, we have oo (M) = og(M).

() For o € Up(M) and 5 € Up (M), we have ooq8(M) = 0o(M)+05(M).
(v) If € € U (M) is trivial, then o-(M) =no(M).

(vi) For o € Up (M L M), we have oo(M U M') = 0o(M) + 04(N').

Corollary 1.4.10. Let N be a closed, oriented odd-dimensional manifold.
Then, for all § € U,([0,1] x N), we have

o¢([0,1] x N) = 0.

Proof. Consider the orientation reversing diffeomorphism f: [0,1] x N —
[0,1] x N defined by f(t,z) = (1—t, z), that we see as orientation-preserving
diffeomorphism [0,1] x N — —[0,1] x N. As f is homotopic to the identity,
f*¢ must be isomorphic to £&. We have hence

0¢((0,1] x N) E opee([0,1] x N) 2 oe(~[0,1] x N) € ([0, 1] x V),

and the conclusion follows. O

Remark 1.4.11. If ¢ € U; (M) is the trivial one-dimensional local coefficient
system, then o,(M) is the classical (or untwisted) signature o(M). This is
an interesting invariant only if £ is even, i.e. if the dimension of the manifold
is a multiple of 4. In fact, if k£ is odd, the intersection form

Ing: HY(M,0M;C) @ H*(M,0M;C) — C

is the complexification of the correspending skew-symmetric form on coho-
mology with real coefficients, and consequently the complex symplectic space
H¥(M,0M;C)/rad(Iy) is balanced by Proposition 1.1.14. This means, in
other words, that o(M) = sign(i Ips) = 0 for all manifolds of dimension of
the form 41 + 2. The same is not true for twisted signatures.
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Remark 1.4.12. In principle, we could make the whole pairing
5, H*(M,0M;Cg) x H*(M,9M;C}) — C

into a Hermitian form, by multiplying it by some power of the complex
number ¢ on the various degrees. For the purpose of extracting the signature,
however, this would not add any extra information. In fact, the space

H := P HI (M;C})
ik

admits two complementary isotropic subspaces, given by the cohomology in
degrees smaller and bigger than k respectively. Thus, the signature of this
modified intersection pairing is 0 outside of middle degree by 1.1.10. For the
same reason, the signature of the intersection form is 0 on odd-dimensional
manifolds, and thus it does not yield an interesting invariant in that case.

Signatures with local coefficients can be substantially different invariants
from the classical signature only in the case of manifolds with non-empty
boundary. In fact, for closed manifolds, the following classical result is true.

Theorem 1.4.13 (Atiyah-Singer, Hirzebruch). Let M be a closed, oriented
manifold of even dimension, and let o € Uy, (M) be a local coefficient system.
Then

oa(M)=no(M).

Proof. The formula follows from a comparison between the ordinary Hirze-
bruch signature theorem with its analogue for signatures with local coeffi-
cients [4, Theorem 4.7]. O

If the closed even-dimensional manifold M bounds a compact oriented
manifold X such that the local coefficient system £ extends to X, the La-
grangian subspace Vf( defined in Section 1.4.1 is also Lagrangian when re-
stricted to middle degree. By Proposition 1.1.9, we see that o¢(M) = 0 in
this case. This is in particular true for the untwisted signature, as it is well
known. In this case, the (trivial) coefficient system can always be extended.
Thanks to Theorem 1.4.13, we can hence improve the above observation to
the following result.

Corollary 1.4.14. Let M be a closed, oriented manifold of even dimension,
and suppose that there is a compact oriented manifold X such that 0X = M.
Then, for all local coefficient system & € Un (M), we have o¢(M) = 0.
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On closed manifolds, we shall often consider a skew-Hermitian form in-
stead of a Hermitian one, namely the sesquilinear form on H*(M; (C?) de-
fined by

¢ 15, if k is odd,
War =Y. 06 e s
il;,, if k is even.

This skew-Hermitian form wf\/[ is non-degenerate for closed manifolds thanks

to 1.4.3, which makes the pair (H*(M; C?), wfw) a complex symplectic space.
As a consequence of Theorem 1.4.13, we have the following result.

Corollary 1.4.15. The complex symplectic space (Hk(M;(C?),wﬁ/[) is bal-
anced if and only if the signature of M is 0.

Proof. By definition, the complex symplectic space of the statement is bal-
anced if and only if the signature of iwﬁ/f is 0. It is immediate to see that
this form coincides up to sign with the Hermitian form used to the define
the signature with coefficients in &. In particular, thanks to Theorem 1.4.13,
we have

sign(iwf\/[) = t0¢(M) = £no(M),
and the result follows. O

Combining the results and observations of this section, we see in partic-
ular that the complex symplectic space of our interest is always balanced for
manifolds of dimension of the form 4/ 4 2, and it is balanced on manifolds
of dimension 4/ at least when they bound a compact oriented manifold.

1.4.3 Wall’s non-additivity of the signature

Let M be a compact oriented manifold. Suppose that there is a closed
properly embedded submanifold X C M of codimension 1 that splits M
into two manifolds with boundary M; and Ms. We use in this case the
notation

M = My Ux M.

Warning 1.4.16. Notice that X is a boundary component of both M; and
Ms, but the orientation that it inherits from being a boundary component

of M is different from the one obtained from being a boundary component
of MQ.

Suppose now that the dimension of M = M; Ux Ms is an even number
2k (for the moment, we can further suppose that k is even). A classical
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result, first observed by Novikov and subsequently referred to as Nowvikov
additivity, states that in this case we have

O'(M) = O'(Ml) +U(M2).

The proof of this fact follows from a careful decomposition of H*(M, dM;R)
with respect to the Mayer-Vietoris sequence for the decomposition of M as
the union of M; and My [21, Theorem 27.5], and it generalizes without
complications to signatures with local coefficients, once a local coefficient
system & € Uy, (M) is given.

We shall now revise a more general result due to Wall. Suppose that M is
a compact oriented manifold of dimension 2k which is split as M = M; Ux,
M> along a properly embedded submanifold Xg of codimension 1, which is
now allowed to have boundary ¥ (note that M; and My are just topological
manifolds unless some way to “smooth the corners” is specified, but neither
the definition of the signature nor the next result need the hypothesis of
smoothness). Let X7 := M, \ int(Xp) and Xy := dMs \ int(Xp). At the
level of unoriented manifolds, we have then 0X; = 9X; = 0Xy = X and

OM; = X1 Uy Xy, OMs = XyUx X9, OIM = X7 Us Xo. (1.5)

by

We pick on X; the orientation coming from being a codimension 0 submani-
fold of M7, and we give 3 the orientation coming from being the boundary
of X7. Then, we have the following result, originally proved by Wall for
the untwisted signature [47] (see also the paper of Py [38, (3.2)] for a more
detailed proof, where it can be easily checked that the result extends to
signatures with local coefficients).

Theorem 1.4.17 (Wall). Let £ € Up(X) be a local coefficient system, and
set H := Hk_l(E;(Cg). Then

o¢(M) = 0¢(My) + oe(Ma) — TH(V§O: Ve, Ve
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Remark 1.4.18. The correction term changes sign if the order of V)% and

V§2 is exchanged, which might be surprising at first sight, as the two man-
ifolds seem to play perfectly symmetric roles. In fact, the orientation that
we are giving ¥ would be opposite if we saw it as the oriented boundary
of Xo C M. If we want to truly exchange the roles of My and Ms, we
should also reverse the orientation of . We see then that in this case the
correction term is

—7i- (Vi Vi, Vi) = (Vi Vi, Vi) = — (Vg Vi, Vi),
i.e. it coincides with that of Theorem 1.4.17.

Remark 1.4.19. Very often, in the applications, it is not the manifold M
to be given from the start, but instead we have two manifolds M, Ms such
that

oM, = X, Us, Yi, My =YsU Xs,

and an orientation-reversing homeomorphism f: Y7 — Y. We can then
define
M::MlUfM2:M1|—|M2/Na

where ~ is the equivalence relation that identifies z € Y7 with f(z) € Ys.
Then, M is an oriented manifold and we have natural inclusions of M; and
My into M as oriented submanifolds. Moreover, the submanifold Xy :=
Yi/~=Ya/~ splits M as M = M; Ux, M. We orient ¥; and X9 as

Y =0X; = —0Y:, Yo =0Xy=—0Ys,

and observe that f restricts to an orientation-reversing homeomorphism
f: 31 — Xo. If we have local coefficient systems & € U(M;) and & €
U, (M3), in order to apply Theorem 1.4.17 we need them to glue well together
into a local coefficient system & € U,, (M), and this is the case if f*(&2]y,) =
&1ly,. Set Hy = Hk(El;(Cgl). Then, by Theorem 1.4.17, we have

e (M) = 0, (M) + 0, (Mz) — 71, (VS VS, F* (V).

1.5 Lagrangian subspaces and cobordisms

In this section, we discuss how Lagrangian subspaces of the twisted coho-
mology of a manifold propagate through cobordisms. In Section 1.5.1, we
review the algebraic setting about Lagrangian relations and Lagrangian ac-
tions. In Section 1.5.2, we see how these concepts arise in topology. In
Section 1.5.3, we describe the interplay between Lagrangian actions and the
triple Maslov index.
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1.5.1 Lagrangian relations and actions

Given a Hermitian symplectic space (H,w), let Lag(H) denote the set of
Lagrangian subspaces of H.

Warning 1.5.1. A vector subspace V' C H is Lagrangian for (H,w) if
and only if it is Lagrangian for (H, —w). In this sense, we have Lag(H) =
Lag(H ™), and we shall usually not change the notation for a subspace when
it is seen as a Lagrangian subspace of one symplectic space or the other.

A Lagrangian subspace L € Lag(H; @& H») is sometimes called a La-
grangian relation from Hy to Ho, and denoted by L: Hy = Hy. The ter-
minology and notation are justified by the following construction: given
two Lagrangian relations Li: Hi = Hs and Lo: Hy = Hj, we define their
composition as the subspace

Lol = {(hl,hg) € Hl_@Hg | dhe € Hy, such that (hl,hg) ev, (hg,hg) S W}

It is not hard to prove that LoL; is a Lagrangian subspace of H; @ Hj (i.e. it
is a Lagrangian relation H; = Hs3), and that this composition is associative
[13, Lemma 2.5 and Theorem 2.7]. We define for each complex symplectic
space H the diagonal relation Ap: H = H as the Lagrangian subspace

Ag :={(h,—h)e H ® H} € Lag(H™ ® H),

and verify that AyL = L and LAy = L whenever this composition makes
sense. In other words, the class of complex symplectic spaces with La-
grangian relations as morphisms form a category, where the identities are
the diagonal relations. A Lagrangian relation L: H; = Hjy induces a map
of sets

Ly: Lag(H1) — Lag(H2),

called the Lagrangian action of L and defined by
Li(U) :=p2((U® Hz) N L),

where py denotes the projection on the second term. It is not hard to
see that this subspace is indeed Lagrangian [45, Chapter IV, 3.4]. The
diagonal relation induces the identity, and we have the covariant relation

(L2L1)x = (L2)« o (L1)«-
Given a Lagrangian relation L: H; = Hs, we obtain a Lagrangian rela-
tion L': Hy = H; by considering the subspace

Lt = {(hg,hl) S HQ_ ¢ Hy | (hl,hg) S L} S Eag(HQ_ ¥ Hl).
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Hence, we also get an induced map
L': Lag(Hs) — Lag(Hy),
that can be defined more explicitly as
L(V)=pi(Hi®V)NL).

Given two Lagrangian relations Li: H; = Hs and Lo: Hs = Hgs, we have
an equality (LoL1)! = LY{LY: Hy = Hy, and hence (LoLq)L = (LY).(L5).
holds at the level of induced maps (as the correspondence is contravariant,
Turaev uses the notation L* for the induced map LL).

Example 1.5.2. Suppose that L: H; = Hs is of the form L = Li & Lo,
with Ly € Lag(H;) and Ly € Lag(H2). Then, for all Uy € Lag(H;) and
Us € Lag(Hsz) we have

L.(Uy)) = Ly, LL(Uy) = Ly.

Remark 1.5.3. If we see Lagrangian subspaces of a space H as Lagrangian
relations 0 = H, the action of a Lagrangian relation L: H; = Hy can be
interpreted as particular case of the composition, in the sense that

L.(U) = LU.

Remark 1.5.4. It is immediate to see that, if fi: Hy — Kj and fo: Hy —
Ky are symplectic isomorphisms, if L: H; = H is a Lagrangian relation
and if U C Lag(H1) is a Lagrangian subspace, then we have

(L (U)) = ((fr & f2)(L)«(f1(1)).

1.5.2 Propagation through cobordisms

The motivation for the definitions of Section 1.5.1 comes from the following
topological setting. Given two closed, oriented manifolds 3, ¥ of dimension
2k, we say that a (2k + 1)-dimensional oriented manifold X is a cobordism
from ¥ to X' if 90X is identified to —0¥ LI Y.

If a cobordism X from ¥ to ¥/ comes with a local coefficient system
a € Up (X)), we can see the canonical Lagrangian subspace V¢ € H*(0X,Cyp)
as a Lagrangian relation

Vg H*(X,Cl) = H*(X,CP).
We have then a Lagrangian action
(VR)x: Lag(H*(5,Cq)) = Lag(H* (X', Cy))

(this corresponds to the map L of Kirk and Lesch [28, Section 4]).
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Example 1.5.5. A product [0,1] X ¥ is a cobordism from ¥ to itself, called
the trivial cobordism, as 0([0,1]xX) = — ({0} xX)U({1} xX) (see Convention
1.4.4). If a is a local coefficient system of product form, then V¢ is the
diagonal relation A: H*(X,C}) = H*(X,C]), and (V¢), is the identity on
Lag(H*(5,C2).

Observe that, if X is a cobordism from ¥ to Y’, the same underlying
manifold also yields a cobordism from —Y’ to —3. By reversing the orien-
tation, we get a cobordism from ¥’ to ¥, that we denote by X!. In terms
of Lagrangian relations, it is immediate to see that V2, = (Vg)". We have
thus an induced map

(Ve)s = (VR)it Lag(H" (X', C7)) — Lag(H*(2,Cy)).

If X is a cobordism from ¥; to X9 and X is a cobordism from Y5 to X3, we
can glue them together along > and get a cobordism Y X := X Uy, Y from
31 to X3. The following result says that the canonical Lagrangian relation
of Y X is then the composition of the canonical Lagrangian relations of X
and Y. This implies that, if 31 = (), the Lagrangian action of V' transforms
V¢ into Vi (in the words of Kirk and Lesch, “the bordism propagates the
distinguished Lagrangian” [28, Theorem 4.1]).

Proposition 1.5.6. Let X be a cobordism from %1 to Yo and Y be a cobor-
dism from ¥g to 33. Let o € U (Y X) be a local coefficient system. Then

Vyx = WVR
In particular, if £1 =0, we have V¥ = (V#)«(VE).

Proof. Let Z :=YX. For i =1,2,3 and W being either X, Y or Z, we
denote the restrictions maps by i, : H*(W) — H*(%;). Here and in the
rest of the proof, coefficients in C, are assumed. We consider then the
commutative diagram

(Tg( 7_7"%')

H*(Z)

1

<TZ>
3 1 3
ry rx®ry

H*(%1) ® H*(X3),

H*(X) © H(Y) H*(32)

where the first row is exact by Mayer-Vietoris. We have then
1

v =i (17 ) =k 0 ) en(rk, -r3))

Z
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or, put differently,

(a1,a3) € Vg <= 3I(z,y) s.t. r}((:c) =aq, rij’/(y) = as, rg((a:) = 7’32/(3/).

Call (P) the property on the right side of the equivalence. If (P) is sat-
T‘l
isfied, by taking as = r%(z) = rZ(y), we see that (aj,a2) = < X> ()

"x
2
and (ag,a3) = (T;/) (y), and hence that (a1,a2) € V¢ and (az,a3) € V.
Ty
Conversely, if there is an element ap € H*(X2) such that (a1, a2) € V¢ and

(az,a3) € Vi, we can find x and y such that (P) is satisfied. We have hence
shown that

V¢ ={(a1,a3) € V§'|ag s.t. (a1,a2) € V¢ and (ag,a3) € Vi*},

and this is Vi#V¢. by definition.

If ¥ = 0, V¢ is a Lagrangian subspace of H*(¥2,C) and Vi is a
Lagrangian subspace of H*(X3,C). By Remark 1.5.3, in this case we can
reinterpret the composition as V@Vg = (V#).(V¥), and the desired result
follows. O

Remark 1.5.7. We can give now a heuristic interpretation of the La-
grangian action associated to a cobordism in the following way. Let Y
be a cobordism from ¥ to X", and consider the Lagrangian action

(V¥*)«: Lag(H(2,CR)) — Lag(H" (X', C7)).

Then, if L € Lag(H*(X,C?)) is any Lagrangian, we can interpret its image
(Vi)«(L) as the canonical Lagrangian Vi, of a fictional manifold Y’ obtained
from Y by capping ¥ with a manifold X to which « extends and whose
canonical Lagrangian is identified to L under the gluing. Of course, such a
manifold in general does not exist.

Notation 1.5.8. For not overloading the notation of some formulas, we
shall sometimes drop the lower star from the induced map of the canonical
Lagrangian relation, and just write V¢ instead of (V§),. Because of Remark
1.5.3, the notation shall not create any ambiguity.

Remark 1.5.9. Cobordisms of dimension (2k+ 1) up to the right notion of
equivalence can be seen as the morphisms of a category whose elements are
2k-dimensional closed, oriented manifolds. Composition is given by gluing,
and the identity morphisms are the trivial cobordisms [0, 1] x 3. This notion
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can be extended to the context of cobordisms with a local coefficient system,
which can be glued when the local systems on the two pieces of boundary
that we are attaching agree. Then, the correspondence

(£,0) = HY(S,CL), (X,a) > V§

becomes a covariant functor to the category of complex symplectic spaces
with Lagrangian relations as morphism. As discussed in the first part of this
section, the induced map L% is the image of a further covariant functor to
the category of sets.

1.5.3 Lagrangian actions and the Maslov index

We discuss now some results relating the Maslov index with the Lagrangian
relations introduced in Section 1.5.1. First observe that, by Proposition
1.2.3 (ii) and (v), we have

TH{EBHz(Ul @ Uz, Vi @ Vo, W1 & Wa) = —7g, (U1, Vi, W1) + 71, (Ua, Vo, Wa).

If the Lagrangian W7 @ Ws is replaced by any Lagrangian relation W: Hy =
Ho, this formula generalizes in the following way.

Proposition 1.5.10. Let W: H; = Hs be a Lagrangian relation, and let
U1, Vi € Lag(H1) and Ua, Vs € Lag(H2) Lagrangian subspaces. Then,

TH;@HQ(Ul O U, Vi Vo, W) = —7p, (U1, Vi, WE(U2)) + 711, (Us, Vo, Wi (V1)).

Proof. The argument is substantially contained in the book of Turaev [45,
Lemma 3.7], but for the convenience of the reader we write it here in full
detail. We first prove the result in the special case where U; = V. Namely,
we prove

TH;@HQ(‘/&EB(JE;VI@‘/Q)W) :THQ(U27‘/27W*(‘/1))‘ (16)

Let w; be the symplectic form on Hj, wy the symplectic form on Hs and
w = (—w1) ® wy the symplectic form on H; @& Hz. The Maslov index in the
left side of the equation is by definition the signature of a Hermitian form
on (Vi®Uy)+ (ViaVa))NW = (Vi & (U + V) N W, namely of
B: (Vi U+ W))W x (Vi@ (U +Vo))NW — C
((z1,ug +va), (1, 92)) = w((0,uz), (], y2)) = wa(uz,ya).
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On the other hand, the Maslov index on the right-hand of (1.6) is the sig-
nature of a Hermitian form on (Us 4+ Va) N W, (V1), namely of

ﬁ/: (UQ + Vg) N W*(Vl) X (U2 + ‘/2) N W*(Vl) — C
((u2 4+ v2), (32)) = wa(u2, y2).
Using the definition of W, (V}), we have

(Ua+ Vo)W (Vi) = (Ua+ Vo) Np2 (Vi H2)NW) = po (Vi@ (Uz+Va))NW),

and clearly ps brings the form 3 to the form 3. Hence, their signatures
coincide, and (1.6) is established. In the same way we prove the equivalent
statement for the special case Us = V5, i.e.

T-am, (U1 © Uz, Vi @ Us, W) = —7p, (U, Vi, Wi(Ua)). (1.7)

We can now prove the general formula. Using the properties of the

Maslov index (Proposition 1.2.3 (i) and (vi)), we write, for 7 := TH- o H,

TU1 e U, Vi@ Vo, W)=17(Vi @ U, Vi & Vo, W)+
+ 17U @ U, Vi & U, W) +7(Uy & Us, Vi & Vo, Vi @ Ua).

The last term of the sum vanishes, as it can be seen by Proposition 1.2.3 (ii)
and (i). By applying (1.6) to the first term and (1.7) to the second term,
we get to the desired formula. O

Specializing Proposition 1.5.10 to the diagonal relation yields the follow-
ing useful formula.

Corollary 1.5.11. Let H be a complex symplectic space and let A, B,C, D
four Lagrangian subspaces. Then

TH-ag(A®B,C® D,Ay) =15(A,B,C) —tu(B,C, D).
Remark 1.5.12. Applying Proposition 1.5.10 to both sides of the identity
TH;@HQ(U1 ® Uz, VI & Vo, W) = —THIEBHQ(Vl ® Vo, Uy @ Uy, W),

and rearranging the terms, we get

71, (Ur, Vi, W*(Uz)) — 71, (U1, Vi, WE(Va)) + 71, (W (U1), Uz, Va)
- THQ(W*<V1)7 UQ: VQ) =0.

This is a generalization of the cocycle property of the Maslov index (Propo-
sition 1.2.3 (vi)), which corresponds to the case Hy = Hy and W = Ap,.
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Using Proposition 1.2.15 and Corollary 1.5.11, we prove now easily the
following result about the function m.

Corollary 1.5.13. Let H be a Hermitian symplectic space, and let A, B €
Lag(H) two Lagrangian subspaces. Then

mH*EBH(AHaA@B) = mH(A7B)

Proof. We first prove the statement in the special case A = B, i.e. we show
that my-gg(Ag, A® A) = 0. Consider the map g: H- & H - H$ H™
that exchanges the two coordinates. Then g is an isometry which transforms
the symplectic operator of the first space into the symplectic operator of the
second space. Moreover, g preserves the Lagrangian subspaces Apy and
A® A. Let m stand for my-4py. By Proposition 1.2.13 (3. and 4.), we get

—m(Ag, A® A) =m(Ay, A® A),

whence m(Ag, A ® A) = 0 as expected. We now prove the result in the
general case. By Proposition 1.2.15, we have

T(ADA, A®B,Ag) =m(AD A, A®B)+m(A® B,An)+m(Ag, A® A).

By Corollary 1.5.11, the left hand side is equal to 77 (A, A, A)—71 (A, A, B) =
0. On the right hand side, the first summand is equal to —m(A, A) +
m(A, B) = m(A, B), and the last summand vanish by the first part of the
proof. Hence, the last formula can be rewritten as

which is equivalent to the one in the statement by the antisymmetry of
m. O
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Chapter 2

Eta and rho invariants for
manifolds with boundary

2.1 The Atiyah-Patodi-Singer rho invariant

This section is dedicated to the eta and rho invariants of closed manifolds.
In Section 2.1.1, we briefly recall the definition of the eta and invariant and
its role in the Atiyah-Patodi-Singer signature theorem. In Section 2.1.2, we
define the Atiyah-Patodi-Singer rho invariant and highlight its relationship
to signatures. In Section 2.1.3, we prove a cut-and-paste formula for the rho
invariant.

2.1.1 The signature theorem for manifolds with boundary

Let N be a closed, oriented, Riemannian manifold of dimension 2k — 1, with
a local coefficient system o € U, (N) (if N is connected, by the results of
Section 1.3.2 we can see « as a representation m (V) — U(n)). Let E, — N
be the associated flat vector bundle (see Section 1.3.3), and consider the
subspace

k—1
Qev(Na Ea) = @ Q2q(N7 Ea)
q=0
of twisted differential forms of even degree. Let D% be the twisted odd

signature operator, i.e. the first-order differential operator on Q< (N, E,)
defined by

D% ¢ = (=)0 ¥ (xd — dx)¢,  for ¢ € QX(N, E,).
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The operator D%, can be extended to a self-adjoint elliptic operator with
discrete spectrum and, by the results of Atiyah, Patodi and Singer [2], it
has a well defined eta invariant

Ma(N) :=n(Dy) € R,

that is defined as the value at 0 of a meromorphic extension of the eta
function
n(s)= Y sgnA[A7"
A€Spec(DS%;)
A0

We say that a compact Riemannian manifold M has metric of product
form near the boundary, if there exists a neighborhood of M that is iso-
metric to (—e,0] x M with the product metric. The main result about the
eta invariant of the twisted signature operator is the following [3, Theorem
2.2].

Theorem 2.1.1 (Atiyah-Patodi-Singer). Let M be a compact, oriented
manifold with OM = N, equipped with Riemannian metric of product form
near N, and let oo € Up (M) be a local coefficient system. Then

Ga(M) = n /ML<p> (),

where L(p) is the Hirzebruch L-polynomial in the Pontryagin forms of M.

Note that both summands on the right-hand term depend on the Rie-
mannian metric. As the left-hand term is a topological invariant of M, we
see that the integral of the L-polynomial only depends on the metric on the
boundary N (this fact can be proved more easily by applying the signature
theorem to the closed double of M'). We shall not dwell upon the geometrical
significance of this summand, as it will disappear soon in the paper.

The Atiyah-Patodi-Singer eta invariant shares many properties with the
signature with local coefficients. In the following, we assume the manifolds
to be closed, oriented and with a metric. The following result follows easily
from the definition (compare with Proposition 1.4.9).

Proposition 2.1.2 (Properties of the APS eta invariant).

(i) If f: N' — N is an orientation-preserving isometry and o € Uy, (N),
then nf+o(N') = na(N).

(ii) On the other hand, we have 1o (—N) = —n(N).
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(1it) If o, B € Up(N) are isomorphic, we have no(N) = ng(N).
() For o € Up(N) and B € Uy (N), we have naes(N) = 1no(N) +ng(N).
(v) If € € Uy (N) is trivial, then n.(N) = nn(N).

(vi) For o € Up(N U N'), we have no(N UN") = 1o (N) + 1o (N').

2.1.2 Rho invariants and signatures

We are now going to define the rho invariant, which is a relative version of
the eta invariant. Note that, for the untwisted odd signature operator Dy
on Q(N,C), we set n(N) :=n(Dn).

Definition 2.1.3. Let N be a closed, oriented manifold of odd dimension,
and let o € U, (N) be a local coefficient system. The Atiyah-Patodi-Singer
rho invariant of N associated to « is the real number

Pa(IN) = na(N) = nn(N),

where the eta invariants are computed for an arbitrary Riemannian metric
on N.

We shall see in a moment that the difference 7,(N) — nn(N) is inde-
pendent of the Riemannian metric, so that p,(N) is well defined. From the
properties of the eta invariant, it is clear that p,(IN) also only depends on
the isomorphism class of the local coefficient system and that it is additive
under direct sum of local coefficient systems and disjoint union of manifolds.
Moreover, p-(N) is 0 for trivial local coefficient systems, and it satisfies

pa(—N) = —pa(N). (2.1)

The main theorem about the rho invariant is the following [3, Theorem
2.4]. As the proof is simple (once Theorem 2.1.1 is settled), we repeat it
here.

Theorem 2.1.4 (Atiyah-Patodi-Singer).
(i) pa(N) is independent of the Riemannian metric on N.

(ii) If M is a compact, oriented manifold with OM = N and « extends to
M, then
pa(N) = na(M) - oa(M).
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Proof. We first prove that (ii) is satisfied for any Riemannian metric on N.
This is an immediate conseguence of Theorem 2.1.1, for any Riemannian
metric on M that extends the metric on NV and has product form near it. It is
enough to apply the theorem tin the twisted and untwisted case, and observe
that the L-polynomial summand is the same in the two cases. To prove
(i), let N" be a copy of N with a different Riemanniann metric. Consider
the manifold M = [0,1] x N, and extend « as a product. Pick Riemannian
metrics on OM in such a way that, up to an orientation-preserving isometry,
we have 9M = —N U N’. Then, by (i) and the basic properties of the rho
invariant we obtain

Pa(N') = pa(N) = no([0, 1] x N) — 04([0, 1] x N),

and the conclusion follows as all signatures of [0, 1] x N are 0 by Corollary
1.4.10. O

We state one more result about the rho invariant that will turn useful
later on.

Proposition 2.1.5. Let M and N be closed, oriented manifolds, of dimen-
sion respectively 2m and 2k — 1. Let a € Up(M) and € U,(N) be local
coefficient systems. Then

paxs(M x N) = (=1)™n (M) ps(N).
In particular, if m is odd, we have poxpg(M x N) = 0.

Proof. As explained by Neumann [36, Theorem 1.2 (v)], it follows from a
direct computation about the eta invariants that

Paxs(M x N) = (—1)™ o (M)ps(N)

(note that the “tensor product representation” on 71 (M x N) corresponds
to the cartesian product of local coefficient systems). The statement follows
then from Theorem 1.4.13. t

We will only need the following consequence of Proposition 2.1.5 (com-
pare with the similar results [23, Proposition 7.1] [17, Lemma 4.2]).

Corollary 2.1.6. Let F be a closed, oriented surface, and let ) € Uy (F x S1)
be a local coefficient system. Then py(F' x S') = 0.
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Proof. Without loss of generality, we can suppose that F' is connected. We
see in this case 9 as a representation : m (F x S') — U(1). As U(1) is
abelian, v factors through

' Hi(F' x SY7) = H\(F';7) © H (SY;Z) — U(1).

Then, there are o/: Hy(F';Z) — U(1) and 8': Hi(S') — U(1) such that
' is equivalent to o/ ® 3. Then 1) is equivalent to the direct product of
the corresponding representations a: 71 (F) — U(1) and 3: m1(S*) — U(1),
and the result follows from Proposition 2.1.5 . O

2.1.3 A cut-and-paste formula

Suppose we have a closed, oriented (2k — 1)-dimensional manifold that is
split by a codimension one closed manifold ¥, yielding a decomposition
X1 Us Xo. In many concrete situations, it is possible to find a manifold X
with 0Xy = —X such that X7 Uy Xg and — Xy Uy X5 are “simpler” than
X1 Uy, Xo. The operation of obtaining the first manifold from the latter two
is often called cut-and-paste. Schematically, we have hence

X1 Uy XoU—XopUx X9 ~ X7 Us Xo.

It is then useful to be able to compute invariants of X; Uy Xs in terms of
invariants of the other two manifolds.

Using Wall’s non-additivity theorem and the Atiyah-Patodi-Singer the-
orem, we prove such a cut-and-paste formula for the rho invariant. In order
to upgrade this formula to one valid for the eta invariant, a delicate treat-
ment of the differential geometry near the boundary is needed (see Remark
2.1.8). As we shall see in Section 2.3.4, a cut-and-paste formula for the eta
invariant can be proved directly by means of gluing formulas for the corre-
sponding invariants of manifolds with boundary. The relationship between
gluing and cut-and-past formulas was already investigated by Bunke [7, 2.5]
and Kirk and Lesch [29, Section 8.3]. The following result is closely related
to their treatments, and it overlaps partially with their results.
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Proposition 2.1.7. Let X1, X5 and Xg be compact, oriented manifolds
of dimension 2k — 1 with 0X; = ¥ = —0Xg = —0Xa. Then, for every
a € U, (X1 U X2 U Xp), we have

pa(X1 Us X2) = pa(X1 Us Xo) + pa(—Xo Us Xo)+
+ T(V_)?O, V)?l, V)?;) — TLT(VXO, VXN VX2),

where the first Maslov triple index is performed on H*~'(X;C"), and the
second on H*1(%;C).

Proof. Consider the oriented manifolds
My = [0, 1} X (Xl Us X(]), My = [O, 1] X (—XO Us XQ),

and extend the local coefficient system a on them as a product. We glue
then M; with My along {1} x X, obtaining a topological oriented manifold
M to which a extends.

b 2 P

X1 Xo U —Xo X = Xi Xa

M,y My M

The boundary of M can be described as
oM = (—(Xl Usn Xo) (] —(—XO Us XQ)) L (Xl Uy XQ), (22)

and we can equip M of a smooth structure such that (2.2) is satisfied in the
smooth sense [44, 15.10.3]. We compute now the terms in the equation

pPa(OM) =no(M) — o (M). (2.3)
given by Theorem2.1.4. By (2.2), the left-hand term is given by
pa(aM) = —pa(Xl Us XQ) — pa(—XQ Us Xg) + pa(Xl Us XQ). (2.4)

By Wall’s non-additivity (Theorem 1.4.17), together with Corollary 1.4.10
(which ensures that the signatures of M; and My vanish) we can compute
the twisted and untwisted signature of M as

U(M) = O+0_T(VX07 VX17 VX2)7 Ga(M) = 0"‘0_7'(‘/)?0, V)?l’ V)%z) (25)
Substituting (2.4) and (2.5) into (2.3), we obtain the desired formula.  [J
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Remark 2.1.8. If X, X; and X5 are equipped with Riemannian metrics
that coincide on ¥ and have product form near it, the three closed manifold
obtained by their gluing inherit well-defined Riemannian metrics. We can
then ask ourselves whether the following formula is true:

Na(X1 Us X2) = 10 (X1 Us Xo) +1a(=Xo Us X2) + 7(VE,, VX, VX, ). (2.6)

Such a formula, if proved for both o and the trivial local coefficient system,
would imply Proposition 2.1.7 immediately by definition of the rho invariant.
As we have already mentioned, we shall prove such a formula by a different
means in Section 2.3.4 (see Proposition 2.3.9). However, we discuss here an
approach based on the proof of Proposition 2.1.7.

In such proof, we can equip M7 and M, with Riemannian metrics that ex-
tend the given metrics on their boundary, and have product form near them.
Applying the Atiyah-Patodi-Singer signature theorem (Theorem2.1.1) to M;
and M>, we see then that

/M1 L(p) = /M2 L(p) =0,

as their signatures vanish by Corollary 1.4.10, and the eta invariant of their
boundaries is 0 as they are made up of two copies of the same manifold with
opposite orientations. Bunke [7, pp. 414-415] suggests that, by choosing an
appropriate smoothing of the corner, in gluings of this kind it is possible to
equip the union M = M; Uy, M with a metric of product form near the
boundary and such that

JRCE /Ml L)+ /M2 L(p) = 0.

Theorem 2.1.1 applied to M tells us hence that
Oa(M) = 0o (X1 Us Xo) + na(—Xo Us X2) — 1a(X1 Us X2),

and the proof of (2.6) is then concluded by Wall’s non-additivity applied to
M.

Remark 2.1.9. Bunke [7, Lemma 2.12] uses the aforementioned argument
about smoothing the corner while keeping control of the integral of the L-
form to give a proof of (2.6) for the untwisted eta invariant. As we have
said, in Section 2.3.4 we shall prove (2.6) in full generality without need of
this delicate operation.
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If Ny and N, are closed, oriented manifolds of the same dimension m,
we can form the connected sum N1#No. If m > 3, we have an isomorphism
m1(N1#N2) = m(N1) = m1(N2). As a consequence, if oy € U,(N1) and
ag € U, (N2) are local coefficient systems, there is a local coefficient system
ay * ag € Up(N1#N2) that restricts, up to isomorphism, to a; and as on
the two sides (this can be seen by passing to the associate representations).
An immediate consequence of Proposition 2.1.7 is the following.

Corollary 2.1.10. pa;ay(N1#N2) = pay (N1) + pay (N2).

Proof. 1t is enough apply the cut-and-paste formula with 3 a sphere and
Xo a disk. Then, the twisted cohomology of ¥ coincides with the ordinary
one (as ¥ is simply connected), and both Maslov triple indices vanish as the
cohomology of ¥ is trivial in middle degree. O

2.2 Eta and rho invariants of Kirk and Lesch

In this section, we review the main properties of eta and rho invariants for
manifolds with boundary, as they were defined and studied by Kirk and
Lesch. In Section 2.2.1, we set some notational convention. In Section 2.2.2,
we sketch the definition and recall some properties of the eta invariants for
manifolds with boundary. In Section 2.2.3, we discuss the corresponding rho
invariants and their dependence on the metric.

2.2.1 The Hermitian symplectic structure

Let ¥ be a closed, oriented, Riemannian manifold of dimension 2k. Let
a € Up(X) be a local coefficient system, and let E, denote the associated
flat vector bundle. Then, the space of twisted differential forms Q*(X%; E,)
inherits a Hermitian product and a unitary operator x such that x> = (—1)P
on OQP(X;Cl). Following Kirk and Lesch [28, Section 2], we define

(p+1)
= (1) (—1)PE R on QP(S;CM). (2.7)
This renormalization of the star operator satisfies 42 = —1.

Warning 2.2.1. The expression defining - coincides only up to a minus sign
with the one used by Kirk and Lesch. This difference is there in order to
compensate the different convention in orienting 3 when it is the boundary
of a (2k + 1)-dimensional oriented manifold X (see Warning 1.4.5).
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Restrict now to the finite-dimensional subspace H*(X; E,) of harmonic
forms with respect to the twisted de Rham operator D,. The Hodge-de
Rham theorem gives an identification

HP(%;Ch) =2 HP (X, Ey),

that we use to push the Hermitian product and the operator v to complex
vector space H*(X;C). This makes the pair (H*(X;C2),v) a Hermitian
symplectic space (see Section 1.1.4).

Associated to the Hermitian symplectic structure, there is a symplectic
form w on H*(X;C2) that is defined by

w(w,y) = (z,7Y).

It can be checked that w is independent of the Riemannian metric, as it can
be described in terms of the intersection form Ig as

w(z,y) = (—1)pk+k(—1)p(p2+1) * IS (x,y)  if 2 has degree p.

Note that, on degree k, the form w coincides up to sign with the symplectic
form w$ defined in Section 1.4.2.

Remark 2.2.2. In general, the complex symplectic space (H*(3;C}),w)
is not balanced (see Definition 1.1.13). From Remark 1.4.12 and Theorem
1.4.13, however, we see that

sign(iw) = £sign(i(Is)g) = £o.(X) = £no(X),

so that H*(X;C') = 0 whenever the ordinary signature of ¥ vanishes (com-
pare with Corollary 1.4.15). In particular, it is balanced whenever k is odd
or Y bounds a compact, oriented manifold of dimension 2k + 1.

2.2.2 The eta invariant of the odd signature operator

Let X be a compact, oriented manifold of dimension 2k + 1, with boundary
0X = Y, provided with a Riemannian metric of product form on a collar
(—e,0]x X of the boundary of X. Given a local coefficient system « € Uy, (X),
we consider the twisted signature operator D§ on Q¢V(X; E,). In order for it
to have a well-defined eta invariant, we need to impose boundary conditions.
Following Kirk and Lesch, near the boundary we have an identification

Q% ((—¢,0] x Z; Ey) =2 C((—¢,0],2%(2; Ey))
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under which the signature operator is rewritten locally as
Dg( =7 (% - Al?) )

where v is the bundle isomorphism defined in (2.7), ¢ is the coordinate
on (—e¢,0] and the boundary operator Ay is a square root of the twisted
Hodge Laplacian on (X, E,). For details, see Kirk and Lesch [29, Section
8.1] (the difference of sign in the local form of D% is due to our different
conventions on orientations). The operator Aj has a discrete spectrum,
giving an orthogonal decomposition

L*Q*(%;E,)) = F @ ker Ay @ FT,

and the null-space ker Af* corresponds to the space of twisted harmonic dif-
ferential forms H*(X,C}). Given a Lagrangian subspace V of H*(X,C7),
we use the Hodge—de Rham theorem to identify it to a subspace of the har-
monic forms H* (X, C}) = ker Af. Let D%, be the odd signature operator
with the Atiyah-Patodi-Singer boundary conditions given by the projection
on V@& F*. Then, D%, has a well-defined eta invariant (D% ) (see for
example Kirk Lesch [297, Theorem 3.1]). We set 7

1a(X, V) = (D% v)-

As we have seen in Section 2.2.1, associated to X there is a canonical
Lagrangian V¢ C H*(X,Cy) defined as the image of the restriction map
H*(X,Cl) — H*(X,CD).

We recall here some of the basic properties of the eta invariants of Kirk
and Lesch. The manifolds are understood to be odd dimensional, compact
and oriented, with a metric of product form near the boundary. We start
from the following list of results extending the corresponding ones for the
Atiyah-Patodi-Singer eta invariants (see Proposition 2.1.2). They are mostly
implicit in the work of Kirk and Lesch, but they can all be proved easily
from the definition.

Proposition 2.2.3 (Properties of the Kirk-Lesch eta invariant).

(i) Let f:Y — X be an orientation preserving isometry. Then, we have
npa(Y, f*(V)) = 1a(X, V).
(ii) On the other hand, we have 1N, (—X,V) = —no (X, V).
(i) If o, B € Up(X) are isomorphic and ¢: H*(X;C) — H*(X;Cp) s
the induced isomorphism, we have no(X, V) = ng(X, (V).
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(v) If € € Up(X) is trivial and V is a Lagrangian subspace of H*(3;C),
we have n.(X, V") =nn(X, V).

(Vi) N (X UX' VeV =n,(X,V)+n. (X", V).

The following consequence of the first two properties of Proposition 2.2.3
is a very useful computational tool.

Corollary 2.2.4. If X admits an orientation-reversing isometry f: X — X
such that f*a = a and f*V =V, then no(X,V) = 0.

Proof. The same map f can be seen as an orientation preserving isometry
from X to —X. We have hence

77a<X7 V) = nf*a(Xv f*(V)) (Z:) na(_X7 V) (g) _na(Xv V),

and the statement follows immediately. O

The main two results of Kirk and Lesch about the eta invariant for
manifolds with boundary can be summarized in the following way.

Theorem 2.2.5 (Kirk-Lesch). Let X be a compact, oriented Riemannian
manifold of odd dimension with product metric near ¥ = 0X. Let o € U(X)
be a local coefficient system, and set H = H*(0X;C.). Then:

(i) for every Lagrangian subspace L € Lag(H), we have
Na(X, L) = 1a(X, V) = mu(V¥,~(L));

(ii) if Y is a compact, oriented Riemannian manifold with 0Y = =% and
product metric near the boundary, and o extends on X Uy Y, then

Na(X UY) = n0a(X, V) + 1Y, W) + mu(VE, Vi)

Proof. (i) is the statement of [28, Theorem 3.2 (i)], and (ii) is the content
of [29, p. 618 (8.32)] (see also [28, p. 632 (2.5)]). O

Remark 2.2.6. Although we adopt a different convention in orienting the
boundary, the formulas coincide with those of Kirk and Lesch because the
operator v and hence the structure of Hermitian symplectic space is also
reversed (see Warning 1.4.5 and 2.2.1).
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Remark 2.2.7. In (ii), the correction term is not symmetric in X and Y,
as mg(Vy¥, V) = —mpu(Vg, V§¥). The reason is that the orientation of ¥
coincides by assumption with the one induced from being the boundary of
X, while Y = —X instead. If we want to exchange the role of X and Y,
hence, we need to consider Y with the opposite orientation, and the minus
sign above is compensated by the fact that my- = —my.

2.2.3 The rho invariant for manifolds with boundary

As in the case of closed manifolds, we can define a rho invariant as the
difference between the twisted and untwisted eta invariant, and hope to get
rid of the dependence on the metric. Unfortunately this is only true for the
metric in the interior, while the invariant will still depend on the metric on
the boundary (as well as on the boundary conditions). Following Kirk and
Lesch, we give the following definition.

Definition 2.2.8. Let X be an odd dimensional compact, oriented manifold
with boundary. Let g be a Riemannian metric on ¥ = 0X. Let a € U,(X)
be a local coefficient system, and let V' C H*(X,CZ) and W C H*(X,C")
be two Lagrangian subspaces. We set

pa(ngaV) W) = T]OL(X) V) - n&(Xa W)a

where the eta invariants are defined using any Riemannian metric X of
product form near ¥ extending the metric g.

Notation 2.2.9. For the rho invariant corresponding to the canonical La-
grangians of X, we use the shortened notation

pa(ng) = pa(ng’V)%’V)?) = ﬁa(X’V)%) - n’l?(X,Vx).

A priori, po(X,g,V,W) depends on the chosen Riemannian metric on
X that extends the metric g of the boundary. In fact, it does not, as the
following result of Kirk and Lesch shows. They prove the result using a
gluing formula for the so-called “reduced eta-invariants” [29, Lemma 8.16],
that we have not introduced. As the argument is simple, we repeat the proof
using the gluing formula of Theorem 2.2.5 instead.

Theorem 2.2.10 (Kirk-Lesch). po(X, g, V, W) is independent of the metric
in the interior of X.
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Proof. Let X, X' denote the same manifold with two different Riemannian
metrics of product form near the boundary ¥, and suppose that the two
Riemannian metrics agree on Y. We need to show that

Na(X, V) = 0(X, W) = 1o (X', V) = (X, W) (2.8)

Consider the closed Riemannian manifold M := X U(—X’), and pull back «
to M by means of the natural retraction M — X. As a manifold, M is just
the double of X, and we have the identifications V¢, = Vg and Vg, = V.
By Theorem 2.2.5 (i) and Proposition 2.2.3 (ii), we get hence

na(M) = na(Xa V)%)_na(lev)?/)v and nE(M) = 77€(X7 V)E()_né(Xlav)?/)'

As (M) is just n times the eta invariant (M) associated to the untwisted
odd signature operator, the difference 1, (M) —n.(M) is the Atiyah-Patodi-
Singer rho invariant of M, and it is thus independent of the metric by
Theorem 2.1.4. It is actually zero, as M admits an orientation-reversing self-
diffeomorphism f such that f*a = «, constructed by sending the element
xz € X to the corresponding z € —X’. By rearranging the terms, it follows
that
noz(Xa V)%) - na(X7 V)%) = na(le V)?’) - Us(le V)%’)'

We have thus proved (2.8) for the canonical boundary conditions. The state-
ment can be extended to arbitrary boundary conditions V, W by Theorem
2.2.5 (i), whose correction term does not depend on the Riemannian metric
on the interior. O

The results Proposition 2.2.3 can be readily restated in terms of rho
invariants. We shall only write explicitly the first two properties.

Proposition 2.2.11. Let f: X — Y be an orientation preserving diffeomor-
phism. Then, for every local coefficient system o € U,(Y') and Lagrangian
subspaces V.C H*(0Y;CL) and W C H*(9Y; CZ), we have

pf*a(Xa f*ga f*V7 f*W) = pcx(nga V7 W)
On the other hand, we have po(—X, g, VW) = —po(X, g, V,W).

Theorem 2.2.5 also gives for free formulas for the rho invariant. For
example, the gluing formula for M = X Uy Y gets written as
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There is one more result that will be essential in the applications. Recall
that a pseudo-isotopy between two diffeomorphisms f,g: X — X is a diffeo-
morphism F : [0,1] x ¥ — [0, 1] x ¥ such that

F(0,z) = (0, f(x)), F(l,z)=(1,9(z)) VzeX.

It is clear that isotopic diffeomorphisms are always pseudo-isotopic, and that
pseudo-isotopic diffeomorphisms are smoothly homotopic.

Definition 2.2.12. Two Riemannian metrics g,¢’ on X are said to be
pseudo-isotopic if there exists a self-diffeomorphism f on ¥ which is pseudo-
isotopic to the identity and such that ¢’ = f*(g).

Kirk and Lesch prove the following result for the canonical boundary
conditions [28, Corollary 5.2]. We repeat here their proof, and check that it
actually applies to arbitrary boundary conditions.

Proposition 2.2.13. p, (X, g, V, W) only depends on g up to pseudo-isotopy.

Proof. Let g,¢’ be two pseudo-isotopic Riemannian metrics on 0X, and let
f:0X — 0X be a diffeomorphism that is pseudo-isotopic to the identity
such that ¢’ = f*(g). Let F': [0,1] x 0X — [0, 1] x 90X be a pseudo-isotopy,
so that F(0,-) =id, F(1,-) = f. Now, we can see (0,1] x 0X as a collar of
0X in X, and extend F' to a diffeomorphism F': X — X by defining it to
be the identity outside of (0,1] x dX. By definition, F' is homotopic to the
identity on X, and hence we have a natural isomorphism F*a = «, up to
which there is an identification F*V = V| and of course F*W = W as F* is
the identity on untwisted cohomology. As F' restricts to f on the boundary,
moreover, we have F*g = ¢’. From Proposition 2.2.11, it follows now, as
desired, that
pa(Xv g/a v, W) = pa(Xv 9, v, W)

2.3 Eta invariants and the Maslov index

In this section, we develop some gluing formulas whose correction term is
represented by a Maslov triple index. In Section 2.3.1, we define a slightly
modified eta invariant that behaves better for this purpose. In Section 2.3.2,
we prove the main result about the decomposition of a closed manifold into
two manifolds with boundary. In Section 2.3.3, we show that in many cases
the Maslov index is only non trivial in middle cohomological degree. In
Section 2.3.4, we improve the cut-and-paste formula for the Atiyah-Patodi-
Singer rho invariant discussed in Section 2.1.3.
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2.3.1 A little change of the definition
We start by introducing the following notation.

Notation 2.3.1. Let X be a compact, oriented Riemannian manifold of odd
dimension, with metric of product form near the boundary. Let o € Uy, (X)
be a local coefficient system, and let V' C H*(0X;C%) be a Lagrangian
subspace. We set

Mo (X, V) = 1a(X, (V).

Let us compute explicitly the difference between 7,(X) and 7,,(X). For
this purpose, we first prove a more general result that will turn useful many
times.

Lemma 2.3.2. Suppose that H*(0X,C}) splits as an orthogonal sum of
balanced Hermitian symplectic subspaces Hy & Ha, and let Vi € Lag(Hy)
and Vy € Lag(Hs) be two Lagrangian subspaces. Then

1a(X, Vi ©7(12)) = na(X, Vi @ V2) = 7(v(V1) @ Vo, (V1) @ 7(V2), V).

Proof. By adding and subtracting n,(X, V¥), a double application of The-
orem 2.2.5 (i) gives us

Na(X, V1Y (V2))—na (X, Vi Va) = m(Vy,v(Vi)®V2) —m(Vy, (Vi) @v(V2)).

We add 0 = m(y(V1) @ Va,v(V1) @ v(V2)) and, by skew-symmetry of m, we
rewrite the right-hand term as

m(Vy,7(V1) @ Va) + m(y(V1) @ 7(V2), Vx) + m(y(V1) @ V2,7 (V1) ® 7(V2)).
The first statement follows then from Proposition 1.2.15. O
Proposition 2.3.3. 7,(X,V) =n.(X, V) + 7(V,~(V), V).

Proof. 1t is enough to apply Lemma 2.3.2 to the case where H; and V; are
trivial, so that Vo = V. O

Given an odd dimensional manifold X with a local coefficient system
a € Uy (X), a Riemannian metric g on ¥ = 0X and Lagrangian subspaces
V C H*(X,CL), W C H*(X,C?), we can define
Pa(X, 9, V.W) := pa(X, g,7(V),7(W)).

This means that p, (X, g, V,W) =7,(X,V) —7.(X, W) for some choice of
Riemannian metric on X of cylindrical form near ¥ extending g. In par-
ticular, p,(X,g,V, W) satisfies gluing and change of boundary conditions
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formulas which are the relative version of those listed above, the correction
term being a difference of Maslov indices that do not depend on the Rieman-
nian metric. We shall not write these formulas explicitly, but refer instead
to the gluing formulas about the eta invariants whenever needed.

2.3.2 Gluing along the boundary

Let M be a closed Riemannian manifold that splits as M = X Uy Y, with
¥ = 0X, such that the metric has product form around X. Let a € U, (M)
be a local coefficient system. Set H = H,(X,C]). The driving reason for
the definition of 7 is the following result.

Proposition 2.3.4. Let L C H be any Lagrangian subspace. Then
Na(M) =1o(X, L) + 76 (Y, L) + 7 (L, VX, Vy¥).
Proof. By Proposition 2.2.3 (iv), we have
Na(M) = 10(X, VX) + 1o (Y, V¥) + m(VE, V¥?). (2.9)

Changing the boundary conditions on X and Y with (iii) of the same propo-
sition, and using then the definition of 77 and the basic properties of m (see
Proposition 1.2.13), we get

noz(Xa V)%) = na(Xa’Y(L)) - m(V)%,L) = ﬁoz(X’ L) + mH(Lv V)C(v)a

noé(Ya VS(’X) = Ua(Yﬁ(L)) —Mp- (V)gv L) = ﬁa(yv V) + mH(V)%7L)'

Substituting these two equations into (2.9) and applying Proposition 1.2.15,
we get the desired result. O

Remark 2.3.5. Using the invariants 7 instead of 7, the main formula of
Proposition 2.3.4 reads as

na<M) = na(Xv V) + 77a<Y7 V) + TH('Y(L% V)%v V)?)

In particular, even though the correction term is expressed in terms of a
Maslov index, it still depends on the Riemannian metric, because the opera-
tor v does. Instead, with the introduction of 77, we obtain an invariant whose
correction term under gluing is independent of the Riemannian metric.
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2.3.3 The Maslov index of graded Lagrangians
We call a Lagrangian subspace V' C H*(X; C) graded if it splits as

2k
V=@V, ViCH(ZCL Vi
=0

Example 2.3.6. Canonical Lagrangians V¢ are graded and their Lagrangian
actions (associated to cobordisms) transform graded Lagrangians into graded
Lagrangians.

The following result allows to reduce the computation of the Maslov
index of graded Lagrangians to middle degree.

Proposition 2.3.7. Let 3 be any 2k-dimensional closed, oriented manifold
with a local coefficient system o € Up(X), and let U, V,IW C H*(Z;CL) be
three graded Lagrangians. Then

(U, V,W) = r(U*, VF, Wh).

Proof. The complex symplectic space H*(3;CZ) splits as a direct sum of
two complex symplectic subspaces in the following way:

H*(%;C) = HY(;C) @ H7*(Z;CP),

where H7F(%;CP) := @i#k H'(%;C?). Since the three Lagrangian sub-
spaces split accordingly as U = UF @ U7*, V = VF @ V7% and W = Wk @
W7k, in view of Proposition 1.2.3 (ii), we have

(U, V,W) = r(U*, VF, Wk + 7(U7* v7E Ww7k),

In order to prove the desired result, it is enough to show that the second
summand is zero. The spaces H<F(X;C?) and H>*(3;CP) are two La-
grangian subspaces of H7¥ (3;C2), and once again, the Lagrangians U #k
V#k and W#* split accordingly. Thanks to Lemma 1.2.6, we have

r(UTF, V7 W7k =0,

and the proof is completed. O
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2.3.4 Cut-and-paste revisited

We use now the gluing formulas, together with the above “reduction to mid-
dle degree”, in order to prove a cut-and-paste formula for the Atiyah-Patodi-
Singer eta invariants, that implies its version for rho invariants Proposition
2.1.7 as an immediate corollary. As in Section 2.1.3, suppose we have split-
tings of Riemannian manifolds X7 Uy Xo, X7 Uy Xg and — Xy Uy, X3, such
that the metrics have product form around ¥ (look at the referred section
for more details). We have then the following result. Let 2k + 1 be the
dimension of these manifolds, so that ¥ has dimension 2k.

Warning 2.3.8. In the next result, the same notation Vg is used for
both the full canonical Lagrangian in H*(3;C) and for its restriction to
HF(3;CP). The space will be specified in the text.

Proposition 2.3.9. Let a € U, (X1 U XoU Xy) be a local coefficient system,
and set H := H*(X;C?). Then, we have

Na(X1 Us X2) = 1a(X1 Us Xo) + 10 (—Xo Us Xo) + 75 (Vx,, Vx,, VX,)

Proof. We apply Proposition 2.3.4 to the three gluings, in all cases with
L = Vg, , obtaining thus

Na(X1 Us Xo) (X1, Vx,) +1a(X1, V) + 7 (VR VR, V)
Na(X1 Us Xo) (X1, Vx,) + (X0, Vx,) + 70 (VR VR, V)
7704(_X0 UZ X2) = _ﬁa(X()’ V)%o) +ﬁa(X17 V)?o) + TH’(V)%o’ V)%07 V)%Q)’

=Ty
=Ty

where H' is the symplectic space H*(X;CZ). Note that, in the second and
third formula, the Maslov triple index vanishes, as two of the variables
coincide. Comparing the three formulas, we obtain

Na(X1Us X2) = 10 (X1Us Xo) +0a (= XoUs Xo) +71(VY,, VX, Vx, ). (2.10)
In order to complete the proof, we need to show that
TH’(V)%(N V)%l’ V)%Q) = TH(V)({)[U? V)?l’ V)%Q)’

i.e. that the Maslov triple index computed on the full symplectic space
H*(X;C?) coincides with the one computed on its subspace H*(¥;C?). As
the three Lagrangian subspaces are all graded, this follows from Proposition
2.3.7. O
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Remark 2.3.10. The first part of the proof, up to (2.10), can be also carried
out with the original formulas of Theorem 2.2.5, together with Proposition
1.2.15 in order to rewrite the correction term as a Maslov triple index. This
was probably noticed by Kirk and Lesch, who performed the same compu-
tation in their discussion about Wall’s non-additivity for the signature [29,
Section 8.3]. We made this statement more explicit, and completed the ar-
gument by showing that the contribution of the Maslov index is indeed only
non-trivial in middle degree.

2.4 FEta invariants and cobordisms

The gluing formulas discussed so far only apply when the two manifolds
are glued along their whole boundary. In this section, using the formalism
about Lagrangians actions, we generalize such formulas to the gluing of
cobordisms, obtaining the main theorem of this chapter. In Section 2.4.1,
we start our discussion by studying the eta invariant of a trivial cobordism,
while in Section 2.4.2, we prove the main formula.

2.4.1 Eta invariants of cylinders

If ¥ is an even dimensional Riemannian manifold with a local coefficient
system « € Uy (X), for all 7 > 0 we can consider the Riemannian product

X, :=10,r] x .

The local coefficient system clearly extends as a product over X,, and we
can ask ourselves what is the value of the eta invariant of this manifold with
a given boundary condition. Taking care of the orientations, the boundary
of X, can be described as 0X, = (—{0} x ¥) Ll ({r} x X), so that

H*(8X,,CM) = H*(S,C")~ @ H*(3,Cn),

where, as usual, the minus sign on top denotes the reversal of the symplectic
structure. Let H denote the Hermitian symplectic space H*(X,CP).

Proposition 2.4.1. For all Lagrangian subspace L C H~ @& H, we have
ﬁa(XTv L) = mH‘@H(AHv L)'

In particular, the eta invariant of X, does not depend on the length r.
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Proof. The canonical Lagrangian V¥ is the diagonal Ay C H™ & H, and
it is preserved by the orientation-reversing isometry f: X, — X, defined by
f(t,x) := (r — t,z). The local coefficient system is also preserved , in the
sense that f*a = a. Hence, by Corollary 2.2.4, we have 7,(X;, V¥ ) = 0.
Using the definition of 77 and Proposition 2.2.3 (iii), we get

ﬁoé(X'N L) = noc(XTfy(L)) = na(XT‘v V)%n)—i_mH*@H(V)%T?L) = O+mH7€BH(AH7 L)
]

Suppose now that the signature of ¥ is 0, so that the Hermitian sym-
plectic space H*(X,C?) is balanced. Then, we can consider Lagrangian
subspaces of H*(0X,,C.) of the form L; & Lo, with Ly € Lag(H ™) and
Ly € Lag(H). Identifying as usual the sets Lag(H ™) and Lag(H), we get
the following result, that can be compared with the original formula of Lesch
and Wojcechowski for eta invariants of differential operators on cyclinders
[30, Theorem 2.1].

Corollary 2.4.2. Let Ly, Ly € Lag(H). Thenn,(X,, Li®L2) = mu (L1, La).

Proof. By Proposition 2.4.1, we have
No(Xr, L1 @ L2) = mp-gp(An, L1 ® La),

and the result follows immediately from Corollary 1.5.13. O

2.4.2 The main gluing formula

Proposition 2.3.4 has a limitation, in that it only applies to the case where
two manifolds are attached along their full boundary, giving rise to a closed
manifold. We give now a generalization that allows X and Y to have extra
boundary components.

Let Z be a compact, oriented manifold that splits as Z = X Uy Y, with
0X = YUY and 9Y = —X LY, as it is schematically represented by the
next picture.
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Then, we can see X as a cobordism from ¥’ to ¥ and Y as a cobordism from
¥ to X”. In this way, as a composition of cobordisms we have Z = Y X. Let
now « € U,(Z) be a local coefficient system, and set

H=H.%,Cl), H =H.%,C!), H=H/(X"C).
Then, as in Section 1.5.1, we have Lagrangian actions
(VR)«: Lag(H') — Lag(H), (Vi%)«: Lag(H") = Lag(H)

(we will often omit the lower * from the notation). Suppose that Z =Y X
is equipped with a Riemannian metric, which has product form near 07 =
—Y/UY" and around the gluing hypersurface ¥. We have then the following
result, generalizing Proposition 2.3.4.

Theorem 2.4.3. Let Z = X Uy Y as above, and let L C H, L' C H' and
L" C H" be arbitrary Lagrangian subspaces. Then

Mo(Z, L' ® L") =7o(X, L' ® L) + 7o (Y, L ® L") + 7 (L, VX (L"), Vi (L")

Proof. We first prove the result in the case where X" = (), so that only X
has boundary components outiside of the gluing area. In this case, consider
the Riemannian double M := (—Z) Uy Z, and pull back the local coefficient
system « to M using the natural retraction M — Z. We decompose now
Mas M =X U(*E/)IJE ((—Z) (] Y)

v - [x( o

-7
Applying Proposition 2.3.4 to the above decomposition, we get

Na(M) =7,(X, L' & L) +7,(-Z2)uY,L'e)+ (L' & L, Vg, V5 & Vy).
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For symmetry reasons, we have 7, (M) = 0. Moreover, for the disjoint union
Y U (—Z) we have

ﬁa((_Z) Y, L's L) = ﬁa(y7 L) - ﬁa(Zv L/)'

Rearranging the terms in the equation and applying an even permutation
to the variables of the Maslov index, we obtain

Mo (Z, L") =n,(X, Lo L") +n,Y,L)+7(V§ oV, L' ® L V).

The complex symplectic space on which we are computing the Maslov in-
dex is H*(X;C)~ @ H*(X;C7). Seeing V¢ as a Lagrangian relation from
H*(X;CZ) to H*(X; C2), we can apply Proposition 1.5.10 and rewrite the
correction term as

(V7 e W, L'e L Vy)=—7(Vg, L', V(W) + 7(W, L,V (L))

(following Notation 1.5.8, we dropped the stars out of the induced map). In
the first summand of the right side of the equation, two of the three variables
coincide, as V¢, (V3*) = V' by Proposition 1.5.6. Hence, the first summand
vanishes. As for the second summand, we apply an even permutation and
get

Ta(Z, L) =7,(X, L& L") +7,(Y,L) + 7(L, V¥ (L'), V), (2.11)

which is the desired result in the case X" = ().

Let us now prove the general case. We form in this case the Riemannian
manifold N := (=Z) Ug» Z, which has boundary N = (=X') U X. We
extend the local coefficient system « on N by symmetry as we did before.
We consider now the splitting N = (X U (=2)) Usy—xm Y.

-3 X 3 -3

voo- o )y

1
1
s _X : _Y _" w7
:
1
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As Y gets glued along all of its boundary components, we are in the setting
of the first part of the proof. Applying (2.11) to this decomposition of N,
we obtain

Na(N, L' & L) =0 (X U (=2),(Le L) & (L' © L") + 0, (Y, L& L")+
+r(Le L V(L) e VZ(L), ).
Similarly to what happened in the first part of the proof, we have 7, (N, L' &

L")=0. Writing the eta invariant of X LI (—Z) as a sum of the eta invariants
of X and —Y and rearranging the terms, we get

No(Z, L'®L") = 7,(X, L&L)+7,(Y, Lo L") +r(LeL", Vi (L )eV4 (L), V¥).

The complex symplectic space on which we are computing the Maslov index
is H*(X;C) @ H*(X";C")~. Proposition 1.5.10 now tells us
T(Le L' V(L) e Vi(L), W) =
=7(L, VX (L), Vyu (L") — 7(L", Vg (L), Vg (Vx (L))
(we had to put the minus sign on the second summand instead that on
the first, because in our splitting the opposite structure is on the right-
hand summand). But the second summand vanishes, because V> (V¢ (L')) =

VZ(L') thanks to Proposition 1.5.10 and covariance of the induced map.
Hence, we are left with the desired formula. O

Remark 2.4.4. In the situation of X" = (), which corresponds to the first
step in our proof, Kirk and Lesch prove by analytical means the gluing
formula [28, Theorem 4.1]

10(Z,Vz) = 1a(X, Vg & 7(V¥)) + 1 (Y, Vy). (2.12)

Let us check that (2.12) can be retrieved using Theorem 2.4.3. By choosing
L =~(V{) and L' = (V) and passing from 7 to 7, our theorem gives

1a(Z,VZ) = 1a(X,VZ & V) + 1o (Y, V) + 7(7(WW), L5 (v(V2)), ).
(2.13)

We want to show that (2.12) and (2.13) are equivalent. Applying Lemma
2.3.2 to the splitting H*(0X;C.) = H*(X;C) & H*(X; CL), we get
(X, VZ &v(W)) = 1a(X, V5 W) +7(v(VZ) & W, (VZ) @v(W), VR),
and, thanks to Proposition 1.5.10, the correction term can be rewritten as
T(v(VZ) @ V¥ (VZ) & ~v(V¥), VX) =

=—1(v(VZ),v(VZ), L% (W) + (V' (W), Lk (v(VZ))) =
=0+ 7(v(W¥), LY (v(VZ)), W),

60



which is what we wanted to show.

Remark 2.4.5. Suppose that X is a cobordism from ¥g to i, Y is a
cobordism from ¥; to Yo and Z is a cobordism from X5 to ¥3. In computing
the eta invariant of N = X Ux, Y Us, Z, we can either first glue X with
Y and then glue the resulting manifold with Z, or first glue Y with Z, and
then glue X with the resulting manifold, or even glue X LI Z with Y in a
single step. One can check that the correction term coincides at the end in
three cases. Let H; := H*(X;;C), and fix Lagrangian subspaces L; C H;
fori=0,1,2,3.

(i) By first gluing X with Y and then X Uy, Y with Z, from Theorem
2.4.3 we get a correction term

C1 = 7, (L1, VX (Lo), Vyi (L2)) + Tay (L2, VR Gy (Lo), Vi (L3)).
(ii) By first gluing Y with Z, and then X with Y Us, Z, we get

Co = 7, (L1, VX (Lo), Vyuzye (L3)) + Thy (Lo, Vi (Ln), Vi (L3))-
(iii) By gluing X U Z with Y, we get

C3 = THlGBH; (L1 @ Lo, V)%(Lo) ) VZt(LQ), Vﬁ).

Using Proposition 1.5.6 and Proposition 1.5.10, it is not hard to show that
Cy=0Cy=0Cs.
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Chapter 3

Rho invariants of 3-manifolds
with toroidal boundary

3.1 Framed tori and 3-manifolds

In this section we introduce the main objects of our study and prove some
basic results about them. In Section 3.1.1, we define framed tori and 3-
manifolds with framed toroidal boundary and give some examples. In Sec-
tion 3.1.2, we study the twisted cohomology of a framed torus, and some
important Lagrangians subspaces. In Section 3.1.3, we prove the important
observation that a framing on a torus can be used to define (up to isotopy)
Riemannian metric on the torus.

3.1.1 Basic definitions

We call a torus any surface which is diffeomorphic to S! x S?.

Definition 3.1.1. A framing on a torus T is an ordered basis of Hy(T;Z).
If F = (u,A) is a framing on T', we call u the meridian of F, and A the
longitude of F. We call the triple (T, u, \) a framed torus.

A compact, oriented 3-manifold whose boundary is a disjoint union of
tori with a specified framing will be called a 3-manifold with framed toroidal
boundary. It is convenient to see 3-manifolds with framed toroidal boundary
as couples (X, F), where X is the manifold and F (the framing) is the data
of a framing for each boundary component. Framings on the boundary tori
of 3-manifolds arise naturally in many topological contexts. Here are two
examples.
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Example 3.1.2. Let F be a compact oriented surface. Then F x S' is a
compact, oriented 3-manifolds with toroidal boundary. We give a framing
to each boundary component C' x S! (C C dF) by choosing u = [C] as the
meridian and A = [S'] as the longitude. We call this framing the product
framing on F x S' and use the notation F 7 or simply F*.

Example 3.1.3. Let L be an oriented link in S. The link exterior X, :=
S3\N (L) is an oriented 3-manifold with toroidal boundary, and a framing 7,
on 90X, can be given by the standard definitions of meridians and longitudes
of L (see Section 4.1.1). If no additional assumption is given, the longitude
of a component K of L is the one being characterized by being homologically
trivial in S3\ K. More generally, if L is a framed link, the longitudes of
0X are prescribed by the framing on L.

If T is a torus with a framing F = (g, A\) and f: T — T" is a diffeomor-
phism, there is an induced framing f.(F) := (f«(1), fx(A)). The definition
extends readily to the case of a diffeomorphism between 3-manifolds with
toroidal boundary, one of the two with a framing.

Definition 3.1.4. Two framings on a disjoint union of tori are said to
coincide up to signs if its is possible to get from one to the other by reversing
the sign of some number of meridians and longitudes.

Once a framing Fy on a torus T is fixed, the set of all framings on
T is in a natural bijection with GL(2,7Z), where we can associate to any
framing F the change of basis matrix from F to Fy. If a framed torus T is
given an orientation, there is a well defined intersection pairing H;(T,Z) X
H\(T,Z) — Z, and p - A is either 1 or —1.

Definition 3.1.5. A framing (4, A) on an oriented torus is said to be stan-
dardly oriented if p- A = —1. It is said to be non-standardly oriented if
peA=1.

The terminology comes from the fact that, if (i, \) is a standardly ori-
ented framing, then its image in the homology with complex coefficients
is a symplectic basis of H;(7T;C) in the sense of Definition 1.2.7. As we
shall see more in detail, if in Example 3.1.3 we choose the meridian of a
link component K in such a way that lk(u, K) = 1, and the longitude A
is oriented coherently with the orientation of K, then the framing is stan-
dardly oriented. On the other hand, the product framing of Example 3.1.2
is naturally non-standardly oriented.
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3.1.2 Symplectic structure and Lagrangians

Let X be a closed, oriented surface with a local coefficient system o € U, (2).
The construction of Section 2.2.1 gives the structure of a complex symplectic
vector space to the cohomology with twisted coefficients H*(X; C). Thanks
to Proposition 2.3.7), we shall mostly care about middle degree H'(X;C?),
where we see that the symplectic form w coincides with the intersection form
I3 (see Section 2.2.1). In our applications, X is a union of tori with a framing,
which is given in terms of (integer) homology classes. For these reason, it
is often more natural to work with homology instead of cohomology. We
consider thus the Poincaré duality isomorphism

PDs: H{(3;C?) = HY(%;C1),

and use it to induce the structure of a complex symplectic space on H;(3; CP).
If 3 is the boundary of a compact, oriented 3-manifold X with a local coef-
ficient system a € U, (X), we define now

V§ = ker(H1(X;CL) — H1(X;CL)).

Notation 3.1.6. In the case of the trivial one-dimensional local system,
leading to the usual cohomology with complex coefficients, we let the above
subspace be denoted simply by Vx.

Let (V) := (V&) N HY(Z;C?) denote the topological Lagrangian re-
stricted to middle degree.

Lemma 3.1.7. The space V§ is a Lagrangian subspace of Hy(3;Cp), and
PDx(VS) = (V)"

If the boundary components of X is decomposed as a disjoint union
0X = —SigmaiUYs and X is seen as a cobordism from 31 to 3o, we can use
the formalism of Section 1.5.1 and see the above subspace as a Lagrangian
relation V§: Hi(X1;CL) = H1(32;C). We have then the following result,
where the data of an appropriate local coefficient system « is implicit.

Proposition 3.1.8. Let Y be a cobordism from a surface 31 to a surface
Yo, and let L € Hi(X1;C}) be a Lagrangian subspace. Then, we have

PDs, (V#)«(£)) = (13).(PDx, (£)).

In particular, if X is a compact, oriented 3-manifold with 0X =X, we have

0%)(V%) = Wi
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Proof. Consider the symplectic isomoprhism PDgy : Hy(9Y;C") — H(9Y;CR),
that thanks to Lemma 3.1.7 is such that

PDay (V§) = (Vi)'
As Y = —X; U X9, this ismorphism can be described as
PDgy = PD_Z1 @PDEQ,

and we can thus write the right-hand term of the equation of the first state-
ment as (PD_yx,, & PDx, (V§}))«(PDx, (£)). The statement follows then from
Remark 1.5.4, as PD_yx;; = —PDy,. The second statement is a consequence
of the first, as we can now write

PDy, (V9):+(V%)) = (V¥):(PDs;, (V)
and then, thanks to Lemma 3.1.7 and Proposition 1.5.6, we have
(13):(PDx, (V%)) = (1) ((VR)") = (%) = PDs, (Vi x).
O

Remark 3.1.9. The composition of Lagrangian relations as it is defined in
Section 1.5.1 is better suited for cohomology than for homology. In fact, the
formula Vi = V§V§, if Z is the composition of two cobordisms X and
Y, fails in this case. Moreover, the Lagrangian V¢ associated to a product
cobordism [0,1] x ¥ is not the diagonal relation, but the “anti-diagonal”
instead, and thus it is not the neutral element under composition. ! Notice
in any case that, even though Vi*y = V{# V¢ is false at the level of Lagrangian
relations, the equality

(V$)s 0 (VS )e = (W)
holds true for the maps induced on the sets of Lagrangian subspaces.

Let T be an oriented torus with a local coefficient system a € U, (T),
that we shall think of as a representation a: m(T") — U(n). We give a

IThe reason of this difference is that the sign of the Poincaré duality isomorphism
depends on the orientation of the surface, and thus it is opposite when viewing the same
attaching surface from the two cobordisms that are being glued. In principle, the definition
of the composition can be slightly modified in order to suit better in this context. We
shall not do it, as Proposition 3.1.8 is enough for our goals, and we do not need to ever
talk about composition of Lagrangian relations.
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way to associate to any element v € H,(T;Z) a Lagrangian subspace W¢
of Hy(T;C"). Represent the class v € H,(T;Z) as a curve f: S* — T, and
let o/ = f*a the induced local coefficient system on S'. Then, the map
fe: Ho(SY;C") — H,(T;Cm) only depends on the initial element v.

WS :=1im f, C H.(T;CL). (3.1)

Proposition 3.1.10. The space W constructed above is a Lagrangian sub-
space of Hi(T;C}).

Proof. We decompose the representation space C!! as A & B, where A is
the maximal subspace where the representation acts trivially, and B is a
complementary subspace. By Lemma 1.3.8, we have H,.(T;B) = 0, and
thus there is a natural isomorphism

¢: Hi(T;CY) = Hy(T; A) ® H\(T; B) = Hi(T}; A).

The isomorphism ¢ clearly respects the symplectic structure. The induced
representation o on S! gets decomposed accordingly, and we get a commu-
tative diagram

Hy(Sh,Cr) — (e

! )

Hi(S', A) @ H,(S', B) — H{(T, A) &0,

where the lower horizontal map is also induced by f. In particular WZ,
which is by definition the image of f,, is isomorphic through ¢ to

im(Hy(S*, A) — Hy(T, A)) = Spanc{a1 ®@v,...,a, @ v},

where {a1,...,a,} is any basis of A. This is clearly a Lagrangian subspace,
because it is a half-dimensional subspace of H;(T, A) on which the intersec-
tion form vanishes. Hence WS C H;(T;C?) is Lagrangian as well. O

Example 3.1.11. Let « be a 1-dimensional unitary representation. If
« is nontrivial, the whole symplectic space H;(T;C,) vanishes thanks to
Lemma 1.3.8. If « is the trivial one-dimensional representation, we have
H,(T;C,) = H,(T;C), and we can describe our Lagrangian explicitly as

W = Spanc{c}.
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Let now X =Ty U---UT, be a collection of framed oriented tori, with
framing F given by a meridian pu; and longitude \; for each torus 7;. Let
a € Uy, (X) be a local coefficient system. We define Lagrangian subspaces of
Hi(%;C) = @iy Hi(T35 CR) by

M :=Pws, £5=Pws.
=1 =1

We call M% the Lagrangian generated by the meridians of F, and L% the La-
grangian generated by the longitudes of F. If o is the trivial one-dimensional
system, we remove it from the notation. In view of Example 3.1.11, we have
in this case Mx = Spanc{pi,...,pu-} and Lr = Spanc{A1,...,A\.}. We
define corresponding Lagrangian subspaces in cohomology as

M$ := PD(Ho(%; Cyp) ® M%) = PD(M$) @ H? (5 Cy),
L% := PD(Ho(%;C") @ L) = PD(L%) @ H*(X;CP).

Clearly, both Lagrangians are graded.

3.1.3 Compatible Riemannian metrics

Let T be a framed torus with meridian p and longitude A. We say that
a Riemannian metric g on T' is compatible with the framing if there is an
isometry ¢ from 7' to the standard flat torus such that . (u) and @.(\) are
the two canonical generators of Hi(S! x S1) =2 Z2. The following result says
that up to isotopy there is exactly one such a metric on T' (we recall that two
Riemannian metric on 1" are called isotopic if there is a self-diffeomorphism
of T isotopic to the identity that is an isometry between the two metrics).

Proposition 3.1.12. Let T be a framed torus. Then there is at least one
Riemannian metric compatible with the framing. Moreover, any two such
melrics are isotopic.

Proof. In order to construct a metric on T' which is compatible with the
framing it is enough to choose a diffeomorphism ¢: T'— S* x S' such that
©«(11) and p,(A) are the two canonical generators of Hy (St x S') 22 Z2, and
equip 1" with the pull-back metric g := ¢*h of the standard flat metric h.
Let now g1 and go be two Riemannian metrics on 7' that are compatible
with the framing. Then, we have g1 = ¢7h and g2 = ¢5h for two diffeomor-
phisms @1, po: T — S' x S1 such that, for i = 1,2, (¢;)«(1) and (¢;)«()\)
are the two canonical generators of Hi(S! x S'). It is a well-know fact that
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two self-diffeomorphisms of the torus are isotopic if and only if they induce
the same map on m; = H; (see Rolfsen [42, Theorem 4 of Section 2D]). As
a consequence, 1 and o2 (and hence g; and g¢s) are isotopic. O

Suppose now that o € U,(T) is a local coefficient system. As we
have seen in Section 2.2.1, a Riemannian metric on 7" allows us to iden-
tify H*(T'; CI) with the space of twisted harmonic forms H*(T; C) via the
Hodge-de Rham theorem. These identification give H*(T;C}) an inner
product and a unitary operator x on H*(T'; C7). By defining

B {—*, on HY and H',

*xon H?,

we obtain a unitary operator on H*(7T'; C) with the property that

72 = _1d7 <‘T77(y)> :CU(IE,y).
This makes H*(T;C) a Hermitian symplectic space. We shall now have
a closer look at Hermitian symplectic structure on a framed torus with a
compatible metric. We start with the untwisted case.

Lemma 3.1.13. Let (T, pu,\) be a framed oriented torus, and let g be a
compatible Riemannian metric. Then, {PD(u), PD(A)} is an orthonormal
basis of H(T;C), and v(PD(u)) = £ PD()).

Proof. Suppose that the framing is standardly oriented, i.e. that p- A = —1.
The proof can be easily adapted to the case where p- A = 1, and result will
have its sign reversed. Consider the canonical 1-forms on S' x S! whose
pull-backs to R? under the exponential map are dz and dx respectively.
Using an isometry ¢: T — S' x S' sending A and p respectively to the first
and second canonical generator of Hy(S! x S';7Z), we pull back these forms
further to 1-forms dfl), df, on T' which are orthogonal, harmonic, of norm
27, and such that

/d@u =2, /dﬂu =0, /d(9>\ = 2m, /d@)\ =0. (32)
H A A W

Moreover, as A - u = 1, the diffeomorphism ¢ is orientation-preserving, and
hence we have xdf, = df,,.

In order to understand how the star operator acts on Poincaré duals of
homology classes, we need to see to what elements in H;(7'; C) the differen-
tial forms dfy and df,, correspond. We will show that, up to the Hodge-de
Rham isomorphism, we have

dfy = —2xPD(p), df, = 2 PD(N). (3.3)
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It follows from the properties of dfy and df, that {PD(X),PD(u)} is an
orthonormal basis of H(T;C). Moreover, the relation xdf, = df, gets
rewritten as x(—27 PD(u)) = 27 PD(A), from which we deduce » PD(u) =
—PD(X). It follows from the definition of v that v(PD(u)) = PD()), so
that the proof is complete.

Let us hence prove (3.3). Using the fact that the Poincaré duality map
is inverse to capping with the fundamental class, and the standard formula
(aUB,c) ={a, f —~ ¢), we compute

(PD(u), A) = (PD(u), PD(A) ~ [T]) = (PD(u) UPD(A), [T]) = p- A = —1,
(PD(n), ) = (PD(u), PD(p) ~ [T1]) = (PD(p) UPD(), [T]) = pu- o = 0,
(PD(A), ) = (PD(A),PD(p) ~ [T]) = (PD(A) UPD(w), [T]) = A - p =1,
(PD(A), A) = (PD(A), PD(A) —~ [T]) = (PD(A) UPD(A), [T]) = A - A = 0.

By the universal coefficient theorem, the pairing with homology identifies
cohomology elements in an unequivocal way. Comparing these formulas with
those of (3.2), we see that dfy corresponds to PD(u) up to a factor —2,
and df,, corresponds to PD(X) up to a factor 27, so that (3.3) is verified. [

As a consequence of Lemma 3.1.13, we get the following result about the
Lagrangians associated to a framing.

Proposition 3.1.14. Let X be a collection of tori with a framing F and a
compatible Riemannian metric. Then, for all a € Uy, (X), we have y(PD(M%)) =
PD(L%).

Proof. By working, on each component separately, it is enough to prove the
result for a single framed torus (7', F), with F = (u, A). Arguing like in the
proof of Proposition 3.1.10, we have natural isomorphisms

HY(T,C}) = A HY(T;C), Hy(T,C}) = A® Hy(T;C),

where A is the maximal subspace of C" where « acts trivially. The Poincaré
duality isomorphism decomposes accordingly, and the symplectic operator
v corresponds to —id ®*, where x denotes now the operator on H;(T'; C).
Since My = A® Spanc(u) and L = A® Spang()), the conclusion follows
now from Lemma 3.1.13. 0

3.2 The main invariant

In this section, we introduce the rho invariant of a 3-manifold with framed
toroidal boundary. In Section 3.2.1, we define the invariant and prove some
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basic properties. In Section 3.2.2 we study how the invariant changes under
exchanging the role of meridians and longitudes. In Section 3.2.3, we see
how the general gluing formulas proved in Chapter 2 get translated in this
framework.

3.2.1 Definition and first properties

We are now ready to define the main invariant of our study.

Definition 3.2.1. Let (X, F) be a 3-manifold with framed toroidal bound-
ary and a local coefficient system o € U,,(X). The rho invariant of (X, F)
associated to « is the real number

pa(X, ]:) = pa(Xa 9F, L?—'a L_EF)v

where € is the trivial n-dimensional local coefficient system on X and gr is
any Riemannian metric on X that is compatible with F.

Remark 3.2.2. In other words, p, (X, F) is defined in the following way: we
choose any Riemannian metric on X of product form near X that extends
gr, and we set

pa(X, F) = na(X, LF) — nn(X, LF).

Theorem 3.2.3. The invariant po, (X, F) is well defined, and it is functorial
in the following way: if f: X — X' is an orientation-preserving diffeomor-
phism, F' := f.(F) and o/ == (f~1)*(a), we have

pa(X, F) = po/(X/a]:/)'
On the other hand, we have po(—X, F) = —pa (X, F).

Proof. Thanks to Proposition 3.1.12, all metrics on X that are compatible
with F are isotopic. Then, p, (X, F) is well defined by Proposition 2.2.13.
Let us prove the functoriality property. As F' = f.(F), it is clear that the
metric gz on 0X’ such that gr = f*g’ is compatible with 7. Moreover,
since E% = [+(L%), we have

L% = PDx(LF) ® H*(0X;Cy) = [*PDx/ f.(LF) ® H*(0X;Cp) =
= [*(PDx/(L$) & H*(0X;CY)) = [*(L%),

and in the same way we get L% = f*(L% ). By definition, we get thus
pa(Xa ]:) = Pa(X, g}-,L?_-, L?’-‘) = pf*a’(Ya f*g]-"a f*(L,O;-'/’)7 f*( 3—"))

70



while
par (X', F) = por (X', 971, LG, L5).

The conclusion follows by applying Proposition 2.2.11. O

Remark 3.2.4. In fact, the metric g7 and and the Lagrangians L% and L%
only depend on the framing up to the sign of the meridians and longitudes.
In particular, po (X, F) = po(X,G) if F and G coincide up to sign. As a con-
sequence, in the setting of Theorem 3.2.3, we have po (X, F) = po (X', F')
even if F’ coincides with f,(F) just up to signs.

Remark 3.2.5. Thanks to Theorem 3.2.3 and Remark 3.2.4, if f: X — X’
is orientation reversing and F' coincides with f.(F) up to signs, we have

poz(Xv‘F) = _pa’(le‘F/)'

The flexibility about signs is here very important for proving vanishing re-
sults, as an orientation-reversing self-diffeomorphism of X cannot satisfy

f(F)=F.

By choosing appropriate orientation-reversing self-diffeomorphisms, this
last remark can be readily used to prove that the rho invariant of a solid
torus D? x S and of a cylinder I x S' x S', provided with the product
framing discussed in Example 3.1.2, vanish for all local coefficient system.
We postpone however the details to the following sections, where the rho
invariants of these manifolds will be studied for more general framings.

In Section 2.3 we introduced a slight modification of the eta invariants,
which fits somehow better in the gluing formulas. Namely, we set 75 (X,V)=
n3(X, V). The next result describes the freshly defined rho invariant of a
3-manifold with framed toroidal boundary in terms of these modified eta
invariants.

Proposition 3.2.6. Let (X, F) be a 3-manifold with framed toroidal bound-
ary, and let o € Up(X) be a local coefficient system. Then, for every Rie-
mannian metric on X that restrics to gr on the boundary and has product
form near it, we have

pa(Xa]:) = ﬁa(Xa M_%) - nﬁ(X7M.7:)'

Proof. We need to show that 75(X, M%) = ng(X, Lg_-) for 5 = a,e. By
definition, we have 7j3(X, M%) = n3(X,y(M%)). Let H* be a shorthand
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for H*(; C%). Thanks to Proposition 3.1.14, V(Mﬁ-) coincides with Lg_- in
degree 1, so that. we have the decompositions

Li=UeH?, ~M})=UasH,

where U = PD(L’?). Since H = v(H?), we can apply Lemma 2.3.2, that
gives

15(X, 7 (M) = 15(X, LY) = 7(4(U) @ H2, ~(U) & H°, V).

Because all Lagrangians involved are graded, the Maslov index can be com-
puted on the degree-one summands (Proposition 2.3.7), where it clearly

vanishes as two of them coincide. Hence, ng(X,'y(M]ﬂ_-)) = ng(X, Lg:) as
desired. O

3.2.2 The reverse framing

Given a framing F, let F* denote the framing whose meridians are the
longitudes of F, and whose longitudes are the meridians of F. We call
F* the reverse framing of F. It is immediate to see that the Lagrangians
depending on the two framings are related by

M, = L%, L% = M2

The rho invariants of (X, F) and (X, F*) differ by an integer, which can be
computed using Maslov indices.

Notation 3.2.7. In order to make the notation a bit lighter, in this chapter
we shall denote every triple Maslov index just by 7, omitting the name of
the complex symplectic space. It shall hopefully not create any confusion,
as it is normally clear from the variables. Whenever there is some ambiguity
related to whether we are using some symplectic structure or its opposite,
we shall specify the space in the text.

Proposition 3.2.8. Let (X, F) a 3-manifold with framed toroidal boundary
and let o € Up(Y') be a local coefficient esystem. Then,

pOé(X)F*)_pOc(X"F) :T(£%7M%7V?()_nT(E]:7M]:7VX)
Proof. Using Proposition 3.2.6, we have

pa(ij:*) :ﬁa(Xv M.%*) 7ﬁs(X7 M.;—'*) = ﬁa(Xv L%—') 7ﬁ5(X7 L.€7-')
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On the other hand, by definition we have po (X, F) = 1o (X, LF) —n.(X, L%).
By Lemma 2.3.2, we compute hence

pa(X,./—"*) _pa(X7~F) = T(L.O7[-'>M_(7X:av)%) —T(L%:,M_;:,V)E()

Since all the Lagrangians involved are graded, we can apply Proposition
2.3.7 and restrict the Maslov index to the degree 1 summands. On degree
1, we have L% = PD(L%), M% = PD(M$%) and V¢ = PD(V$), and hence
we can compute the Maslov index in homology as

(L%, M2, V) = 7(L% M, VE).

The same observation holds for the trivial local system. The proof is con-
cluded by observing that 7(£%, M%, V%) = n7(Mx, Ly, Vx). This follows
from the fact that there is a natural symplectic isomorphism

Hy(3;CY) = (H1(%;0))",
which transforms our initial Lagrangians to direct sums of n identical copies
of the ones appearing in the final formula. O

3.2.3 Gluing formulas

Suppose that a 3-manifold Z with framed toroidal boundary is split along
some disjoint union of (framed) tori ¥ as a union X Uy Y. For comparing
the rho invariant of Z with those of X and Y, we shall employ the gluing
formulas of Section 2.3. It is hence convenient to see these manifolds as
cobordisms and adopt the formalism of Section 1.5.1. We shall then special-
ize the formula to the case where the result is a closed manifold, for which
such a formalism is not needed.

We can see an oriented 3-manifold X with boundary 0X = —3; U 3o
as a cobordism from 3; to Xa. Given a local coefficient system a € U, (X),
the canonical Lagrangian V§ will be seen as a Lagrangian relation

VEX(Z H1<217(CZ) = HI(E%(CZ)'

If 31 is a disjoint union of tori with a framing F; and ¥ is a disjoint union
of tori with a framing JF», we shall denote the framing on dX coinciding
with F1 on —¥; and with /5 on Yo as F; U Fs. The framing F; determines
a Lagrangian subspace M% C H;(X;,Cj) and the framing F> determines
a Lagrangian subspace M%, C Hy(X2,C1).

We obtain a new Lagrangian subspace of Hj(39,C) by the action of
the cobordism on M%, .
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Notation 3.2.9. We set V§ 7 = (V{)«(M%, ).

As we will see in Lemma 3.3.20, V§ 7 has to be thought of (at least
heuristically) as the canonical Lagrangian associated to the manifold ob-
tained by gluing solid tori to X on ¥; by capping the meridians of F; with
a disk (compare with Remark 1.5.7). The relative position of M%, and
V% 7 Wwill be relevant in the next result, that is the main gluing formula for
rho invariants of 3-manifolds with framed toroidal boundary.

Theorem 3.2.10. Let Z = X Uyg Y an oriented 3-manifold, with 0X =
=Y UY and Y = =X UX". Suppose that X, X' and X" are all disjoint
unions of tori, with framings F, F' and F" respectively. Let o € Uy, (Z) be
a local coefficient system. Then

pa(Z, F'UF") = pa(X, F UF) + pa (Y, FUF")+

3.4
+ T(ME VX 7, Ve 70) = nT(ME, Vx 71, Vyt Frr), 34

where the two Maslov triple indices are taken respectively on Hy(3;C2) and
H1 (E, (C) .
Proof. By Proposition 3.2.6, we have

pa(Z,F'UF") =0, (Z,M$% & M%) — o (Z, M%7 & M%),
pa(X, F'UF) =T (X, Mz & M3F) — (X, Mz & M%),
pa(KFUFI/) = ﬁa(Y, M% ) M%//) —ﬁa(Y, Mj;: ® M_;://).

Thanks to Theorem 2.4.3, we have
pa(Z, F UF") = pa(X,F' UF) + pa(Y,FUF") + C,
where
C = 71(Mz, Vi (Mz), V't (Mzn)) — (M, Vi (M), Vi (M)

The above Lagrangian subspaces are all graded, and thus the Maslov triple
index is 0 outside of degree 1. Thanks to Proposition 3.1.8 and the definition
of the Lagrangians, on degree 1 we have, for § = o, 7 and PD = PDy,

(M) =PD(M%), VE(ME)' =PDOK »), V,(ME)" =PDOVY, 1).

The proof is then concluded by using the same argument as in the proof
of Proposition 3.2.8. O
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In many applications, the correction term gets simplified. in the appli-
cations, for example, we shall normally restrict to local coefficient systems «
such that H,(0X;Cl) = 0 because of Lemmma 1.3.8, and hence the Maslov
triple index in twisted homology disappears. Another common situation is
the one where the manifold X Uy Y is closed, and the cobordism formalism
becomes unneeded. We make this explicit in the following.

Corollary 3.2.11. Let M = X Ug Y be a closed, oriented manifold which
is the union of two 3-manifolds X,Y over a disjoint union of tori ¥.. Let F
be any framing on X and o € U, (M) be a local coefficient system. Then

pa(M> = Pa(X, f) + pa(Ya F) + T(M%V?(,V}a/) - nT(M}‘,VX,Vy).
Proof. We apply Theorem 3.2.10 with Z = M. As ¥/ = ¥ = (), we have
VS = (V8)e(0) =V, Vi pr = (VE)2(0) = Vi,

and similarly for the trivial local system. O

3.3 Solid tori and Dehn fillings

The simplest 3-manifold with non-empty toroidal boundary is the solid torus
D? x S'. The computation of p,(D? x St, F) for every framing F and local
coefficient system « turns out to be an interesting problem, which stays open
in general. In Section 3.3.1, we study the different framings on 9(D? x S1).
In Section 3.3.2, we prove some basic results that allow us to compute the
invariant for the product framing and for its reverse framing. In Section
3.3.3, we study in detail the behavior of the rho invariant of a 3-manifold
when a solid torus is glued to one of its toroidal boundary components.
In Section 3.3.4, we recall a classical formula for the Atiyah-Patodi-Singer
rho invariants of 3-dimensional lens spaces, and rewrite it in many different
ways. Using this computation and the gluing formulas, the computation of
pa(D? x S, F) is then approached again in Section 3.3.5.

3.3.1 Framings on the solid torus

The simplest 3-manifold with non-empty toroidal boundary is the solid torus
D? x S'. The first integral homology group of its boundary is freely gener-
ated by the classes [0D?] and [S!]. Classically, [0D?] is called the meridian
of the solid torus, and [S*] is called the longitude (with respect to the specific
product structure at hand, which we take as fixed). The classical denomi-
nation coincide with the one arising from the product framing F* defined
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in Example 3.1.2. However different framings can be considered. As usual,
the set of all framings on O(D? x S1) is in a natural bijection with GL(2,Z)
(once a preferred framing is fixed). If we are only interested in framings
up to orientation-preserving diffeomorphisms of the solid torus, though, the
classification becomes simpler.

Definition 3.3.1. Given torus T with a framing F = (u, \), define the
slope with respect to F of an element v = ap+ b\ € H1(T;7Z) as the number
a/b € QU {oo}. We define the gradient of F as the slope of the class [0.D?]
with respect to F.

Convention 3.3.2. We set 1/00 = 0 and —oo = o0, so that the operations
of taking the opposite and the reciprocal of an element of QU {oco} are well
defined. Moreover, we extend the sign function to QU{oo} (or even RU{o0})
as

1, ifr£oo,r>0
sgn(r) =< —1, if r # 00, 7 <0
0, if r € {0, 00}.

If F is standardly oriented, passing to complex coefficients, the slope
of v with respect to a framing F = (u, \) coincides with the slope of the
Lagrangian subspace Spanc{~} in H;(T;C) with respect to the symplectic
basis (i, A), as it was introduced in Section 1.2.1. However, we shall now
focus on framings on the boundary solid torus that are non-standardly ori-
ented. There is a double reason for this choice: firstly, the most natural
framing, i.e. the product framing, is non-standardly oriented; secondly, very
often we shall use solid tori to perform Dehn fillings on 3-manifolds with
framed toroidal boundary (see Section 3.3.3), and the induced framing on
the boundary of the solid torus has in this case the opposite orientation.

The following result is a rephrasing of an elementary classical result.

Lemma 3.3.3. Let F and G be two non-standardly oriented framings on
O(D? x SY). Then, there exists an orientation-preserving diffeomorphism
f: D?x St — D? x S such that G = f.(F) if and only if F and G have the

same gradient.

As a consequence of Lemma 3.3.3, non-standardly oriented framings up
to diffeomorphism are classified by QU{oo}. In fact, for every r € QU{oo} we
can choose coprime integers p, ¢ such that r = p/q and associate to r the class
of the framing F, = (u, \) with u = b[0D?] —¢[S'] and A = —a[0D?] +p[S],
for some integers a, b such that bp—aqg = 1. It is immediate to check that this
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choice of F,. gives a non-standardly oriented framing with [0D?] = pu + g,
and hence with gradient 7.

Example 3.3.4. The framings F., of gradient co are those with meridian
p = £[0D?] and longitude A = k[0D?] + [S!], with k& € Z and the same
sign in the two equations. In particular, the product framing F* is in this
class. The other framings in this class can be seen as the product framings
corresponding to different choices of a product structure on the solid torus.

Warning 3.3.5. Given r € QU {0}, a non-standardly oriented framing F,
of gradient r is only determined up to orientation-preserving diffeomorphism
of D? x S'. Nevertheless, we shall often speak of F, without specifying
explicitly which representative we are considering. As we are about to prove,
the rho invariant p,(D? x S1, F,.) does not depend on this choice.

Remark 3.3.6. An analogous classification holds for standardly oriented
framings. As we have already said, we shall focus here on non-standardly
oriented framings. This is enough for the purpose of computing rho invari-
ants, as any standardly oriented framing can be turned into a non-standardly
oriented one by reversing (precisely) one between the meridian and the lon-
gitude, without changing the result. Notice though that this process also
changes the sign of the gradient. In other words, a standardly oriented fram-
ing on 9(D? x S') of gradient r coincides up to sign with a non-standardly
oriented framing of gradient —r. In order to avoid confusion, we shall reserve
the notation F, to non-standardly oriented framings.

3.3.2 First explicit computations

We shall think of local coefficient systems a € Uy, (D?x S!) as representations
a: m(D? x SY) =2 Z — U(n) Let t be the generator of m(D? x S') = Z
corresponding to the fundamental class [S'] € H;(S';Z). A representation
a: (D% x SY) — U(n) is determined by the matrix a(t) € U(n). Unitary
matrices are diagonalizable, and the equivalence class of a representation
« is determined by its eigenvalues of «(t). It follows that, for all a, the
complex conjugate representation & is equivalent to the one sending ¢ to
a(t)™L.

We shall now prove a series of results about the rho invariants of D? x S*
by taking advantage of the symmetries of this manifold.

Proposition 3.3.7. For all framings F on 0(D? x S') and for all repre-
sentations a: w1 (D? x SY) — U(n), we have

pa(D* x S, F) = pa(D?* x S*, F).
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Proof. Let ¢ be a reflection of D? and 7 be a reflection of S'. Then
the map f := ¢ x ¢: D? x S' — D? x S! is an orientation preserving
diffeomorphism. The restriction of f to the boundary induces minus the
identity on Hi(9(D? x S');Z), and hence f.(F) coincides with F up to
signs. The induced map f. on m1(D? x S') — U(n) sends the generator ¢
to 7!, and hence, by the discussion above, the induced representation f*«
is equivalent to @. The result follows now from Proposition 3.2.8. O

Corollary 3.3.8. The number po(D?xS', F,.) does not depend on the choice
of F, inside the class of non-standardly oriented framings of slope r.

Proof. Let F and G be two non-standardly oriented framings of gradient r.
By Lemma 3.3.3, there is an orientation-preserving self-diffeomorphism of
D? x 81 such that f,(F) = G. The induced map f, on m1(D? x S*) — U(n)
is either the identity or the involution ¢ — ¢t~1. In the first case, Proposition
3.2.8 tells us immediately that po(D? x S, F) = pa(D? x S*,G). In the
second case, it tells us that pg(D? x S1, F) = po(D? x St,G), and the same
conclusion follows now from Proposition 3.3.7. O

Proposition 3.3.9. For allr € QU{oo} and for all a: w1 (D?x S') — U(n),
we have
pa(D?* x SY,F_.) = —pa(D* x S*, F,).

Proof. Let F, = (u, A\) be a non-standardly oriented framing of gradient r,
i.e. such that [0D?] = pu + g\ with p/q = r. Let ¢ be again a reflection of
D?. We consider now the map g := ¢ xid: D? x S — D? x S', which is an
orientation reversing diffeomorphism. The induced framing g.(F;) = (¢/, \)
is by definition such that g.([0D?]) = py/ + qN, i.e. [0D?] = —pu' — q).
However, it is standardly oriented, because the restriction of g to d(D? x S1)
is also orientation-reversing. By turning the sign of one between p’ and X', we
get a non-standardly oriented framing of gradient —p/q = —r. In particular,
g«(Fr) coincides up to sign with F_,. Moreover, we have g*a = « for all
choices of a, as ¢ is homotopic to the identity on D? x S'. The conclusion

follows once again from Proposition 3.2.8.
O

Corollary 3.3.10. For every choice of a: m1(S* x D?) — U(n) we have

pa(D? x SY Fo) = pa(D? x S*, Foo) = 0.
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Proof. The gradients r = 0 and r = oo satisfy » = —r. Applying Proposition
3.3.9 to these values of r, we get

pa(D? x SY F.) = —po(D* x SY, F,),
which implies that the rho invariant vanishes in the two cases. O

For the next result, it is convenient to restrict the attention to one-
dimensional representations.

Proposition 3.3.11. For allr € QU{cc} and non-trivial o: m1(S* x D?) —
U(1), we have

pa(D2 X 517]:1/7‘) = _pa(D2 X Sla]:?“) - sgn(r).

Proof. Let F_, = (u, A\) be a non-standardly oriented framing of gradient
—r, so that [0D] = pu + g\ with p/¢ = —r. Then, the framing (', \)
defined by ¢/ = X\, N = —p is non-standardly oriented and has gradient
—1/r, so that we can legitimately call it F; /r- Of course Fy, coincides up
to sign with the reverse framing F*, = (A, i) (which is standardly oriented).
In particular, we have

pa(D2 X Slvfl/r) = pa(D2 X SI7HT)’

We apply now Proposition 3.2.8. Since the representation is one-dimensional
and non-trivial, the twisted homology of 9(D? x S!) is 0 and the first Maslov
index vanishes. We remain hence with

pa(D2 X Sl,Fl/r) = pa(DQ X Sl,f_r) — T(;Cf_T,M]?_T,Vszsl).

By definition we have L , = C\ and Mz = Cu. Moreover, it is imme-
diate to see that Vpa, g1 = ker(Hy(9(D? x S');C) — Hy(D? x S';Q)) is
generated by [0D] = pu + gA. We have hence

T([’}——MM}——M VD2><5'1) = T(O) o0, _p/Q)'

In the last equality, we are using the notation of Section 1.2.1, and writing
slopes with respect to the symplectic basis (u, —A). By Proposition 1.2.8,
together with Convention 3.3.2, this equals —sgn(p/q) = sgn(r). O

Corollary 3.3.12. For all non-trivial o: w1 (S* x D?) — U(1), we have

1
pa(D* x S*, F1) = —5
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Proof. Applying Proposition 3.3.11 with r = 1, we get the equation
pa(D? x ST F1) = —pa(D* x S*, F1) — 1,
which yields immediately the desired result. O

We conclude with the following result, showing that the canonical La-
grangian V7, ¢ corresponds to the Lagrangian M% — generated by the
meridian of the framing Fo, = F*.

Lemma 3.3.13. Let a: 71 (D? x S') — U(n) be any representation. Then,
VgQXSI = M«%}oo
Proof. The two spaces we want to compare are described as
M% = im(H,(0D* x 1;C2) — H1(9D?* x S';CL)),

Vo, g1 = ker(Hy(0D? x S%C) — Hi(D? x §*;CL)).

In particular, proving M% = V[, ¢ is the same as showing that the
sequence

Hi(1 x 0D?*;,C") — H,(S' x 9D* C") — H(S' x D*,C?)

induced by the inclusions is exact. It is clear that the composition of the
two maps is trivial, because it factors through Hj(1 x D?,C?) = 0. As a
consequence, the inclusion M% C V3, o is satisfied, and the two spaces
have to coincide as they are both half-dimensional. ]

3.3.3 Dehn fillings

Let X be an oriented 3-manifold and let T" be a connected component of 9.X
which is provided with a framing F = (p, A). Let r be an element of QU{oo}.
Then there are coprime integers p, ¢ such that p/q = r (with the convention
that +£1/0 = o0), which are determined by r up to simultaneous change
of sign. We obtain a new oriented manifold D, (X, F) by gluing a solid
torus V = D? x S to X through an orientation-reversing diffeomorphism
f: 0V — T such that the induced map f.: H1(0V;Z) — Hi(T,7Z) sends
the meridian [@D?] of V to the element pu + g\.

Definition 3.3.14. The manifold D, ,(X, F) is said to be obtained through
a p/q-framed Dehn filling of X along F.
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The manifold D,,/,(X, F) is only well-defined up to orientation-preserving
diffeomorphism. The well-posedness in this sense of the above definition de-
pends on the following well-known elementary facts:

a) a diffeomorphism f as the one required above always exists;

b) for two such diffeomorphisms fi, fo: 9V — T, there is an orientation-
preserving diffeomorphism g: V' — V such that fo = fi o filgy.

Remark 3.3.15. The r-framed Dehn filling along T identifies T with the
boundary 9(D? x S!) of the solid torus. Under this identification, the fram-
ing F on T induces a framing on d(D? x S1). If F is standardly oriented,
then the induced framing on (D? x S1) is a non-standardly oriented framing
F;- of gradient 7.

Suppose that X is connected and that xg € T is fixed, so that we can see
local coefficient systems « € U,,(X) as representations a: m1 (X, zg) — U(n).
If i: T — X is the inclusion map, we have an induced map

Ty Hl(T;Z) = 7T1(T;$0) — 7T1(X, x(]),
and by Seifert-van Kampen’s theorem we have a natural isomorphism

7r1(l)p/q()(7 F), w0) = m1(X, xo)/ (ix(ppe + gA))-

As a consequence, a representation a: 71 (X) — U(n) can be extended to
T1(Dpq(X, F)) if and only if it is trivial on 7.(pu + ¢\). In that case,
the extension is unique, and we shall normally keep calling it «. Notice
in particular that o extends to Do (X, F) if and only if it is trivial on the
meridian, and to Do(X, F) if and only if it is trivial on the longitude.

Suppose now that (X, G) is a 3-manifold with framed toroidal boundary.
If T is a boundary component of X, we can write G = FUJF’, where F is the
framing on T' and F’ is the framing on the remaining components. Then, a
Dehn filling D, (X, F) is again a 3-manifold with framed toroidal boundary,
namely with framing /. We can now apply the gluing formulas of Section
3.2.3 to the case of Dehn fillings. For r € QU {oc}, it is useful to consider
the Lagrangian subspace generated by a curve of slope r, namely

o . oY
WE, = W2,

for F = (u, \) and p, g coprime integers such that p/q = r (see Section 3.1.2
(3.1) for the definition of W¢'). From the definition, we see immediately that

e} — (6] e} _ «
Wz o =M%, Wro=LF
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and, for the trivial 1-dimensional representation,

Wz = Spanc(pp + gA).
We have then the following result.

Proposition 3.3.16. Suppose that F is standardly oriented. If o € Up(X)
extends to D,(X,F), we have

pa(Dr(X, F), F') = pa(X, FUF) + pa(D? x S, Fr) + C,
where C' = 7(M%,V$ 7, WE,) = nT(Mz, Vx5, Wry).
Proof. We use the gluing formula of Theorem 3.2.10 to get
Pa(Dr(X, F), o, F) = po(X, FUF') + po(D* x S, F) + C,

with C' = 7(M%, V% 71, Ve g1) = nT(MF, Vx 7, Vp2s1). Thanks to Re-
mark 3.3.15, the framing F on the boundary of the solid torus is a non-
standardly oriented framing of gradient r. In particular, we have

pa(D2 X Sl,}') = pa(DQ X Sl,}}).

The proof is hence completed if we show that, for a general a, Vi, o1 gets
identified by the gluing with Wi . By Lemma 3.3.13, we have Vp, o =
M$% . In other words, it is the Lagrangian generated by the meridian of
Foo, ie. by [D? € H1(0(D? x S');Z). The gluing sends [D?] to a curve
pi+ g\ € Hi(T;7Z) of slope r, and hence it identifies Vf}, o1 with Wg . as
desired. O

Proposition 3.3.16 gives a relationship between the rho invariant of the
manifold obtained by a Dehn filling and the one of the original manifold. In
order to make this useful in the applications, it would be good to know the
value of p,(D? x S, F,) for as many choices of a and r as possible. The
problem is addressed in Section 3.3.5. The correction term C' is often easy
to compute, as we see the following remark.

Remark 3.3.17. Suppose that the restriction of o to 1" has no trivial sum-

mand. Then, by Lemma 1.3.8, we have H,(T;C) = 0. In particular, the

term 7(M%, V§ 7, W$ ) vanishes, and the correction term is just given by

C=-nt(Mz, Vx5, Wr,).
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This can be computed easily as soon as we are able to identify the Lagrangian
Vx,7 € Hi(T;C). In fact, if a generator of this Lagrangian has slope s with
respect to F, by Proposition 1.2.8 we have

T(M}—a VX,.F’7WF,T) = T(OO, S,T‘) = Sgn(s - T)?

where sgn(s — r) has to be interpreted as 0 as soon as 7 = 00 or s = 00.
Thus, under the assumption that o has no trivial summand on 7', we have

pa(Dr(X, F)) = pa(X, F) + pa(D? x S', Fr) + nsgn(r —s).  (3.5)

Without any assumption on the representation (apart from the exten-
sion), moreover, the correction term vanishes in the case of co-framed Dehn
filling, as expressed by the following result.

Corollary 3.3.18. In the setting of Proposition 3.3.16, suppose that o ex-
tends to Doo(X, Fr). We have then

pa(DOO(va)vf,) :pa(vaU]:/)'

Proof. The result follows immediately from Proposition 3.3.16, once it has
been observed that W% = M% and Wr oo = M. O

Remark 3.3.19. Sometimes, we are interested in doing a Dehn filling on all
boundary components of (X,G), in order to obtain a closed manifold. We
introduce notation for one specific case that we will need in the applications,
namely that of the O-framed filling along all boundary components of X
along the framing G. We let Dy(X,G) denote the closed manifold obtained
in this way (this agrees with the usual notation if X only has one boundary
component). Suppose now that a € U,,(X) extends to Do(X,G). As a 0-
framed filling is the same thing as an oo-filling on the reverse framing F*, and
as the oo-filling (whenever it is allowed) does not change the rho invariant,
we have thus p,(Do(X,G)) = pa(X,G*) and thus, by Proposition 3.2.8,

pOl(DO(Xv g)) = pa(Xa g) +7—( 87/\43’]))&() - ’I’LT(;Cg,Mg,VX)-

The correction term in the gluing formulas seen so far appears to be
more complicated when there are non-glued boundary components, because
the Lagrangians of the form V§ r do not carry an immediate geometrical
meaning and it might be hard to describe them explicitly using the defini-
tion. We conclude the section with a more geometrical description for them
in terms of Dehn fillings, which is available for some representations.

Let X be a 3-manifold with framed toroidal boundary, with X parti-
tioned into two groups of components ¥ and ¥', with framings F and F’
respectively. Let a € U, (X) be a local coefficient system.
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Lemma 3.3.20. Let X be a compact, oriented 3-manifold, and let ¥ C 0X
be a disjoint union of tori with framing F. If a extends to the manifold X'
obtained by an oco-framed surgery along F on all components of ¥, then

V?(,]: - V?l(/ .

Proof. The manifold X’ is obtained by gluing to X a disjoint union Y of
solid tori. By definition, co-framed Dehn filling identifies the meridians of
the solid tori to the meridians of the framing. In particular, M% is identified
under the gluing with the corresponding Lagrangian M%  for the product
framing of Y. By Lemma 3.3.13, we have hence M% = V§, and the result
follows now from Proposition 1.5.6 about the propagation under bordisms
of the canonical Lagrangians. O

Remark 3.3.21. The above description of V&, always works if a is a triv-
ial local coefficient system. In general, a might not extend to D (X, F),
and in those cases the right term is not defined. We can think of V&.F as
a formal replacement for it. In many cases, we shall restrict our attention
to 1-dimentional representations that restrict nontrivially to each boundary
component. In those cases, twisted homology of the boundary vanishes, and
the only correction term to be computed is the one for the trivial represen-
tation, which can be done with the help of Lemma 3.3.20.

3.3.4 Atiyah-Patodi-Singer invariants of lens spaces

Before going on with the computation for solid tori, it is useful to recall
and reformulate some classical results about eta and rho invariants of 3-
dimensional solid tori. For coprime integers p, ¢, consider the 3-dimensional
lens spaces L(p,q) (see Appendix A.1 for the conventions). A Hermitian
local coefficient system on L(p,q) can be seen as a unitary representation
a: m(L(p,q)) = Z/p — U(n). As every such « can be written as a di-
rect sum of 1-dimensional representations, we shall focus on representations
a: Z/p — U(1). The case p = 0 is not interesting. In fact, in that case we
have defined L(0,41) to be S? x S!, and its rho invariant is trivial because
it admits an orientation-reversing self-diffeomorphism that is trivial on the
fundamental group.

We suppose from now on that p is different from 0. We observe in
this case that the representations a: Z/p — U(1) are in a natural bijection
with the set of p*™ roots of unity: to each such root w, we associate the
representation «, sending 1 to w.
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Notation 3.3.22. Given a p'" root of unity w, we write

p(L(p,q),w) := pa,, (L(p;q))-

Remark 3.3.23. Thanks to the equalities and diffeomorphisms of Propo-
sition A.1.1, for r = ¢ mod p and s = ¢~' mod p, we have

p(L(p,q):w) = p(L(p.q),w™ ") = —p(L(=p.q),w) = —p(L(p, —q),w)

= p(L(pa T‘), w) = p(L(pv 3)7 WS)'

Formulas for the rho invariants of lens spaces were given since the orig-
inal paper of Atiyah, Patodi and Singer [3, Proposition 2.12], using the
G-signature theorem. The result can be expressed in many equivalent ways.
We choose as a starting point a description of Casson and Gordon in terms
of lattice points in a triangle. For (z,y) € R?, let A(z,y) be the triangle
with vertices (0,0), (z,0) and (z,y). For such a triangle, we consider the
number int(A(x,y)) given by counting:

e +1 for every point of Z? that lies in the interior of A(x,y);
e +1/2 for every point of Z? that lies in the interior of its edges;

e +1/4 for every point of Z%\ {(0,0)} that coincides with one of the
vertices.

Then, the following formula is verified.

Theorem 3.3.24 (Casson-Gordon). Let p,q be two positive coprime inte-
gers, and let ¢ = e*™/P. Then, for k € {1,2,...,p — 1}, we have

p(L(p,q), k) = 4 <intA <k ’?) —area A <l<: ’f)) .

Proof. Set z := *™"/P_ with n = ged(p, k), and set r := k/n. Then, we
have (¥4 = 271, The representation sending 1 to w? has as its image the set
of m'" roots of unity, with m such that p = mn. In this setting, Casson and
Gordon [10, pp.187-188] gave the formula 2

p(L(p,q),z"%) = —4 (areaA (nr, %) —int A (nr, %)) ,

that can be immediately rewritten as in the statement. O

2Thanks to the Atiyah-Patodi-Singer theorem, their invariant o coincides indeed with
the rho invariant up to a minus sign.
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We rewrite now the formula of Casson and Gordon in a way that make-

explicit computations more feasible. In the following let ((-)) : R — (-3, 3)

272
be the periodic sawtooth function defined by

_Jaz—|z] -3, ifzeR\Z,
(@)= {0, i if 2 € Z.

Corollary 3.3.25. Let p,q be two coprime integers with p # 0, and let
¢ =e2™/P. Then, for k € {1,2,...,|p| — 1}, we have

e =13 ()2 (3)

Proof. We first suppose p,q > 0, in order to apply Theorem 3.3.24. It is
clear that 4 area A (k, %) = %/{:2. Moreover, we can count the lattice points
inside the triangle by following vertical lines {(z,y) |z = j}, for j =1,... k,
and then summing over j. We obtain

1) £ o [2]) 122 -

:2k—1+4i{‘fJ+2qu,

=1 P

and it follows thus from Theorem 3.3.24 that

p(L(p, q), CF1) = k2 Yok —1+4 g VQJ 42 VqJ (3.6)

L p

This is exactly —4 times the final expression of Remark A.2.5, and thus it
can be rewritten as it appears in the statement. As the two sides of the
identity behave in the same way when either p or ¢ is changed sign, the
result keeps holding for non-positive choices of p and gq. O

Remark 3.3.26. Even though it is less elegant than the formula in the
statement, the intermediate step (3.6) can be more useful for quick compu-
tations. For example, in the case ¢ = 1 it leads immediately to

2 2 _
p p
Alternatively, in terms of t = k/p € %Z, this can be written as

p(L(p,1),e*™) =2p-t(1 —t) — 1.

— 1.
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The lens space L(p,q) has a natural Riemannian metric inherited from
the standard metric of S3. It is possible to get a sharper result than Theorem
3.3.24, identifying precisely the contribution of the twisted and untwisted
eta invariant with respect to this metric. Namely, in the original series of
paper about eta invariants, Atiyah, Patodi and Singer proved that

154k mkq
n(L(p,q) = —*Zcot—cot—. (3.7)
PP p

Up to a multiplicative constant, this is a classical expression for the value
of the Dedekind sum s(q,p). We show that, more generally, the twisted
eta invariant n(L(p, q),w) := n,(L(p,q)) can be expressed in terms of the
Dedekind-Rademacher sum

le[-1

seotwdi= 3 (U ) (557)

j=0

defined for coprime integers a, ¢ with ¢ # 0 and real numbers x, y (note that
sz.y(a,c) is 1-periodic in both = and y). This is a true generalization of the
classical Dedekind sums, as we have sg(a,c) = s(a,c). See Appendix A.2
for some basic results about the classical and generalized Dedekind sums.

Theorem 3.3.27. Let p,q coprime integers with p > 0, and let y € %Z.
Then, we have

n(L(p,q),e*™) = —4s0,(q,p).

Proof. If y is an integer, we are looking at the untwisted eta invariant. By
the 1-periodicity of the Dedekind-Rademacher sums, we have so,(¢q,p) =
50,0(¢,p) = s(q,p). So, the result to be proved in this case is

n(L(p,q)) = —4s(q, p). (3.8)

This follows from (3.7) via the cotangent formula for the Dedekind sums
(A.4), as it was observed by Atiyah [1, p. 356].

In the general case, find k,n € Z such that y = kq/p + n. Then, by
Corollary 3.3.25 we have

p(L(p,q),e*™) = —4 kzl (<q2;7>> +% <<q;>)

j=1
Thanks to Lemma A.2.4, we can rewrite the above expression as

p(L(p,q), €*™) = —4 (s04(q,p) — s(q,p)) - (3.9)
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On the other hand, we have by definition

p(L(p,q), e*™) = n(L(p, q),e*™™) — n(L(p, q)),

and the conclusion follows then from (3.8). O

3.3.5 More computations on the solid torus

In Section 3.3.1, we classified all positively-oriented framings on the bound-
ary of a solid torus up to orientation-preserving diffeomorphism. Namely,
we saw that they are in bijection with Q U {oo} through their gradient
(see Definition 3.3.1 and Lemma 3.3.3). Moreover, we saw that the number
pa(D? x S, F,) does not depend on the choice of the specific framing F,
among the positively-oriented framings of gradient r, and established some
properties and first computations. With the help of the result of Section
3.3.4, together with our gluing formulas, we wish now to compute the rho
invariants of solid tori for more values of a and r. As we will see, the
invariant has (maybe unexpectedly) a very complicated behavior.

First of all, we observe that every representation a: 71(D? x S') — U(n)
can be written as the direct sum of 1-dimensional representations. As rho
invariants are additive with respect to direct sums of representations, hence,
it is enough to compute p,(D? x S, F,.) for 1-dimensional representations.
Every 1-dimensional representation, in turn, can be represented by an ele-
ment in U(1), corresponding to the image of the class [S!]. Pre-composing
with the exponential map, this leads to a family of 1-periodic functions
Sr: R — R given, for fixed r € QU {0}, by

S, () == pa,(D* x S*, F,),
where oy is the representation sending [S!] to €?™. Of course we have
Sy(0) = 0 for all r, as 0 corresponds to the trivial representation. More
generally, by periodicity, S,(n) = 0 for all integers n, and we can focus on
the study of the function on R\ Z or even just on (0,1). We prove now
that S, is continuous outside of Z, and recall the properties about it that
we proved in Section 3.3.1.

Proposition 3.3.28. For allr € QU {oo}, Sy: R\ Z — R is a continuous
function, satisfying, for allt € R\ Z,

(i) Sp(t+1) = S,(t).
(Z.Z.) Sr(_t> - Sr(t)'
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(iii) S_.(t) = —S,(t). As a consequence, Sy(t) = Seo(t) = 0.

(iv) Sy(t) + 51/, (t) = —sgn(r). As a consequence, S1(t) = —3.

N[

Proof. Property (i) is the 1-periodicity of S),, that we have already dis-
cussed. Properties (ii), (iii) and (iv) follow respectively from Proposition
3.3.7, Proposition 3.3.9 and Proposition 3.3.11.
Now, set Y := D? x S'. For proving that S, is continuous on R \ Z, we
write
Sr(t) = Uat(D2 x Sle‘C;-‘i) - "7(D2 x Sl,L]:T)7

where the eta invariants are computed with respect to any Riemannian met-
ric on Y whose restriction to dY is compatible with F,.. Hence, S, is con-
tinuous exactly where the function ¢ — n,, (Y, L% ) is continuous. For every
non-trivial representation a: m(Y) — U(1), by Lemma 1.3.8 we have

H*(Y;C,) =0, H*(3Y;Cq) = 0. (3.10)

It follows that, for non-trivial o, we have L% = V¢ = 0. For t € R, let Dy
denote the odd signature operator on Y associated to the representation oy
and the canonical boundary conditions Vi (see Section 2.2.2). For t ¢ Z
we have then, by definition,

Mot (Y, L%) = N0, (Y, 0) = n(Dy).

Now, fix s € R\ Z. By the results of Kirk and Lesch [28, (7.6)], for h small
enough we have

N(Ds1n) —n(Ds) = 2SF(h) — (dimker Dyt p, — dimker Dy) + I(h), (3.11)

where SF(h) € Z denotes the spectral flow of D; between s and s + h,
and I(h) = fss+h %dt is a smooth function with respect to h with the
property that I(0) = 0. From (3.10) and the general observation that there
is an isomorphism [29, Lemma 8.6]

ker D o & im(H*V*"(Y,0Y; Ca) = H*"(Y;Ca)),

we see immediately that, for ¢ ¢ Z, we have ker(D;) = 0. From these facts,
it also follows that SF(h) is zero. As a consequence, (3.11) can be rewritten
as

n(Ds+h) - n(Ds) = I(h),

and it follows that t — n(D;) is continuous at the point s. O

89



Thanks to properties (ii) and (iii), we can focus on studying the function
Sy for r > 1, and derive it then for all other values of r. For example, with
the information at hand we can also see that S_1(t) = 3 for all ¢ ¢ Z.

We use the above result, together with the gluing formulas for Dehn
fillings, in order to relate the functions S, with the rho invariants of lens

spaces. It is convenient to set up the following notation.

Notation 3.3.29. Given coprime integers p and ¢, with p # 0, for k € Z
we set

Up,q. k) := p(L(p, q), e*™*/P),

Remark 3.3.30. The value of {(p, g, k) is clearly p-periodic on k. According
to the result of Section 3.3.4, for p > 0 and k € {1,...p — 1}, we have
equalities

k—1 .
2 k
(pa k) =— TR 42k 144 L”J +2{‘1J _
p j=1 p p

=2 ()= (%)
= —4 (S0 g/p(a:P) — 5(a,D)) -

Proposition 3.3.31. Let (a,c) and (p,q) be two pairs of coprime integers,

] — _ k 1
and let b, d integers such that ad — bc = 1. Then, fort = potaa © pc+qaZ,
t ¢ Z, we have

Sp/q(t) + Sase((pd + gb)t) + sgn (g + %) = {(pc + qa, pd + qb, k).

Proof. Let V,W be two copies of the solid torus D? x S', and denote their
usual meridians and longitudes by

pv, \v € Hi(OV3Z), pw,\w € Hi(OW;Z)

(i.e. py and pyy correspond to the class [0D?], while Ay, and Ay correspond
to [S1]). Moreover, let F = (i1, A) be the standardly oriented framing on 0V
defined by the relations

_ A
{“V PR+ 4 with (p T) € SL(2,7). (3.12)
Ay = —rp+ SA, q s
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Thanks to Proposition 3.3.16 (see also Remark 3.3.17), for every represen-
tation a: m (V) — U(1) that extends to the filling, we have

C

pa(DaselV.F)) = palV,F) 4+ pa(W, Fope) +sn (B +2) . (3.13)

By definition, the framing F coincides up to sign with a non-standardly
oriented framing JF,,/, of gradient p/q. Hence, po(V,F) = pa(V, Fp/q)-

Now, the manifold D,/.(V,F) can be built as the union of V' and W
along a gluing diffeomorphism ¢: 0W — 0V such that

@« (w) = ap + cA
@x(Aw) = bp + dA

(such a map is indeed orientation-reversing, as the framing (uw, Aw) is
non-standardly oriented). Its inverse map ©: OV — OW, thus, is such that

« = duw — cA
i) = dpw — cAw (3.14)
Pi(X) = —=buw + alw.
Putting together (3.12) and (3.14), we see thus that
u(py) = = (pd + gb)pw + (pc+ qa)Aw (3.15)
Vi(Ay) = —(rd + sb)uw + (rc + sa) A\w.

From the first equation of (3.15), it follows that there is an orientation-
preserving diffeomorphism

VE Da/c(‘/a]:) = L(pc—I—qa,pd—l—qb)

such that the induced map on the fundamental groups sends the class of Ay
to [1] € Z/(pc + qa) (see Proposition A.1.2 and Remark A.1.3)

Fort = ﬁ, we consider now the (pc+qa)th root of unity w = ™", and
we let a: (V) — U(1) be the representation sending Ay to w. From the
inverse relations of (3.15), we see that such a representation extends to the
filling, and that the class corresponding to Ay is sent to wP@tab = 2milpd+ab)t,
It follows that, with respect to this representation, we have

pa(V> ]:) = pa(Va ]:p/q) = Sp/q(t)v pa(VVa fa/c) = Sa/c((pd+ qb)t)

and

2mit

pa(Dase(V, F)) = p(L(pc + qa, pd + qb),w" ) = (pc + qa, pd + qb, k).

Plugging these values into (3.13), we find the desired formula. O
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Proposition 3.3.31 allows us to compute the value of S,/ () for many
values of ¢t € (0,1).

Corollary 3.3.32. Let p,q be two positive coprime integers, with p > q.
Then, we have

(i) Spyq(

(i) Spq(k/p) = —L(p,q,k) — 1 for all k € Z, k 0 mod p;

(iii) S. q(k/(p-i-Q)) =—l(p+q,q,k)—1/2 forallk € Z, k #0 mod p+q;
() Spyq(

In Appendix A.3 we added graphs, generated with the software Math-
ematica, representing all the values that can be computed for S, ,(t) for
p =31 and all 1 < ¢ < 30, by the use of Corollary 3.3.32. This gives at least
an idea of the shape of the graph of these functions on the whole interval
(0,1).

k/q) = L(q,p, k) for all k € Z;

kE/(p—q)) = —t(p—q,q,k)—3/2 for allk € Z, k 20 mod p—q.

Remark 3.3.33. As the formula for the rho invariant of L(p,q) is partic-
ularly simple in the case ¢ = 1 (see Remark 3.3.26), there are very nice
expressions for the value S,(t) (p € N) at some values of ¢. Namely, for
positive p, we find from the formulas (ii), (iii) and (iv) of Corollary 3.3.32
that

—2pt(1 —t), if t € SZ0(0,1),
Sp(t) =< —2(p+1t(1—t)+ 3 ift € pHZ N (0,1), (3.16)
—2(p - (1 —t) -3, ifte 32N (0,1).

In fact, the expression S, (t) = —2pt(1—1) stays true for every t € %Zﬂ((), 1).
This can be seen by applying Proposition 3.3.31 with a = p, ¢ = ¢ = 1,
b=—-1,d =0, leading to

Sp(t) + Sp(—t) +1=4(2p, —1,k).
This can be rewritten as

25,(t) = —(2p,1,k) — 1

which implies the said expression. The formulas of (3.16) show that, on
some discrete subset of (0,1), the points of the graph of S,(t) distribute
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themselves along three different parabolas, all having the same vertex at
t =1/2, where
1
Sp(z) = =5
See for example the first graph of Appendix A.3, corresponding to the case
p=31.

Even though using Corollary 3.3.32 we are able to identify the value of
Sp/q(t) for t a discrete subset of (0,1), that grows bigger for bigger p and
q, the function is continuous and a complete relation with already known
functions remains so far mysterious. The fact that S, (t) coincides with
—4(s0pt(p,q) — s(p,q)) for t € %Z and that both functions are well-defined
1-periodic functions on R might lead to the expectation that the functions
coincide for all values. In fact, however, this conjecture is quickly disproved
by direct computation, and the function on the right is not even continuous
in t.

The family of functions S, seems to contain a quite high amount of
number-theoretical information, and it satisfies a reciprocity formula that is
even simpler than the one satisfied by Dedekind sums, namely

Sp/a(t) + Sqpp(t) = —1

for positive p and ¢g. For these reasons, we conclude the section with the
following (loosely formulated) open problem.

Problem 3.3.34. What is the value of Sy(t) = pa, (D* x S, F,) for generic
r € QU{oo} andt € R? What is the true relation of this family of functions
with analytic number theory and with other mathematical objects?

3.4 Additional topics and problems

In this section, we give a precise formulation and partial solutions to two
more important problems regarding the rho invariant of 3-manifolds with
framed toroidal boundary. In Section 3.4.1, we attack the problem of study-
ing a formula for a general change of framing on the boundary of a manifold.
In Section 3.4.2, we study the rho invariant of a manifold of the form F x S*,
where F' is a compact oriented surface.

3.4.1 Change of framing formulas and thick tori

Given two different framings F and F’ on the (toroidal) boundary of a com-
pact, oriented 3-manifold X with a local coefficient system a € U, (X), we
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can ask ourselves how p, (X, F) and p, (X, F’) are related. The dependence
of Kirk-Lesch rho invariants on the boundary conditions is well understood
thanks to Theorem 2.2.5 (i). However, a framing prescribes not only the
boundary conditions, but also the Riemannian metric on the boundary,
which makes the problem much harder. The case of the conjugate fram-
ing is easier to analyze, as it induces the same Riemannian metric as the
original framing. For this specific change of framing, we have computed in
Proposition 3.2.8 that

Pa( X, F*) = pa(X, F) = T(M%E, LEVS) —nT( Mz, LF, Vx).  (3.17)

Suppose now for simplicity that X has a single boundary component T,
and let F and F’ be any two framings on T. Then, up to diffeomorphism,
we can see the manifold (X, F”) as obtained from gluing to (X, F) a cylinder
[0,1] x T, with framing F on —{0} x T and F’" on {1} x T. We set from
now on [ := [0, 1]. We obtain thus the following result.

Proposition 3.4.1. The difference po (X, F') — pa(X,F) is given by
pa(I X T, FUF) +1(MFV$, M%) — nt(Mx, Vx, Mz).

Proof. 1t is a direct application of the gluing formula of Theorem 3.2.10,
together with the observation that the cylinder I x T acts as the identity in
the propagation of Lagrangian subspaces in the sense of Section 1.5.2. [J

It is thus clear that, in order to get an explicit change-of-framing formula,
it is needed to compute the rho invariant of a thick torus I x T with two
different framings at the two ends. We shall see local coefficient systems
a € Uy (I x T) as representations a: m1(I x T)) — U(n). As in the case of
solid tori, it is enough to consider 1-dimensional representations, as every
other representation splits as a direct sum of them.

In order to study the rho invariants of thick tori, we introduce the fol-
lowing notation. Given an oriented torus T with two standardly oriented
framings F = (u, \) and F' = (1, \'), there are integers a, b, ¢, d such that

— / )\/
{‘; Z“:;X with A = (‘C‘ Z) € SL(2,7). (3.18)
= by :

We write in this case ' = AF. In this way, SL(2,Z) acts freely and
transitively on the left on the sets of all standardly oriented framings on T'.
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Remark 3.4.2. Note that, if F is standardly oriented, then the conjugate
framing F* is non-standardly oriented. Thus, it does not fall in the previous
description. However, by reversing either the meridian or the longitude, we
obtain a standardly oriented framing that coincides with F* up to sign. The
two framings obtained in this way correspond to the matrices ((1) 51) and

(%0)-
Observe now that there is a natural isomorphism m1(T") = Hy(T;Z), and

a framing F on T prescribes two generators p, A, for this abelian group. We
set the following notation.

Notation 3.4.3. Given two framings F, 7’ on a torus T', let 7 U F’ denote
the framing on (I x T') given by F on —{0} x T and F’ on {1} x T.

We define now a function ©: SL(2,Z) x R? — R
O(A, (z,9)) := pa(I x T, FU AF),

where (T, F) is any standardly oriented torus, AF = (¢/, A), and a: w1 (I X
T) — U(1) is the representation defined by a(y') = €™ and a()\') = >,
From the diffeomorphism properties of rho invariants (Theorem 3.2.3), it is
immediate to see that © is well defined function, which is 1-periodic in both
of its real variables.

Set S := (97') € SL(2,Z). We state now some of the basic properties
of ©.

Proposition 3.4.4. Let v € R2 \ 72, and let A = (‘;g) ,B = (‘;,’ 2’,) €
SL(2,Z). Then

(i) ©(Id,v) = O(S,v) =

(i) O(—A,v) = O(4,v);

(iii) ©(A,v) = —O(A~1, Alv);

(iv) O(AB,v) = O(A, B'v) + O(B,v) — sgn(cc'c"), where AB =: (% b)).
Moreover, for all A € SL(2,7), the function ©(A, ") is continuous in R?\ Z2.

Proof. (ii) is trivial, as the framings corresponding to A and —A coincide
up to sign. We prove then (iii). Using the reflection on I, for every repre-
sentation o we have by Theorem 3.2.3

pa(I X T, FUAF) = —po(I x T,AF U F). (3.19)
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Now, let F = (u,\), AF = (¢/,N) and v = (x,y). Then, it follows from
(3.18) that

N — 2mix — p2mi(ax+cy)
a()\/) — e27rzy’ a()) = e2mi(br+dy)
This implies that (3.19) gets rewritten as O(A,v) = —O(A~! Alv), as

desired. We prove now (i). The equality O(Id,v) = 0 follows immedi-
ately from (iii). For proving the other equality, observe that, by definition,
O(S,v) = pa(I x T, F U F*). Using (3.17), we see (after an easy Maslov
index computation) that

0(S,v) = pa(I x T, F* UF) = O(S™ !, S).

Then, (iii) also implies that ©(S,v) = 0, and the proof of (i) is complete. For
proving (iv), we write ©(AB,v) = po([0,2] x T, F U ABF). We decompose
the thick torus above as

[07 2] xT = ([07 1] X T) U{1}><T ([172} X T),

and provide the torus {1} x T" with the framing BF. Then, by Theorem
3.2.10, we have

O(AB,v) =pa([0,1] x T, F UBF) + pa([1,2] x T, BF U ABF)+
— 7(MpF, MFr, MaBF).
From the same observation as the one used for proving (iii), we have
pa([0,1] x T, FUBF) = O(A, B'), pa([1,2] x T, BFUABF) = 0(B,v),

and it only remains to identify the Maslov index. Set G := BJF and write
now G = (u, \). Then, we have

T(Mpr, Mp, Mapr) = 1(Mg, Mp-1g, Mag).
From the descriptions
Mg = Spang(p), Mp-1g = Spang(a'p+ '), Muag = Spanc(dp — cA),

we can hence compute, using Proposition 1.2.8,

! d / d / d /
() (28) o (22)

c c cc
This is exactly the desired result, as we have the identity ca’ +dc’ = ¢”, and
sgn(oo) is 0 by definition.

The proof of continuity is the same as the one for the analogous result
about the function S, (see Proposition 3.3.31). O
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The function © is at least as complicated as the family of functions S,
(for r € QU {o0}) defined in Section 3.3.5. In fact, we have the following
result.

Proposition 3.4.5. Let A= (%) € SL(2,Z). Then, for allw € U(1), we
have

@(Av (Ovt>) - _Sd/c(t)'

Proof. Consider the standard torus T = S! x.S! with the standardly oriented
framing Fx = (—ey, e2), where

e1 = —[{1} x S, ey :=—[S1] x {1}.
By definition, then, we have
O(A, 1,w) = ps(I x T, (A" F) U Fy),

where §3 is the representation sending —e; to 1 and es to €2™. Observe that,
as F and A~'F are standardly oriented on T, A~'F is non-standardly ori-
ented on the boundary component —{0} x 7', while F is standardly oriented
on {1} x T. We can perform an oo-framed filling on {1} x T = {1} x S x S!,
by capping the first S'-factor with a disk, without changing the rho in-
variant thanks to Corollary 3.3.18. The resulting manifold is a solid torus
D? x St with framing F = (u, \) corresponding to A~1F,. Recalling that
Fy = (—e1,e2) and that in the gluing we have identified [0D?] with —ez, by
(3.18) we have
[0D?] = du — cA.

This means that F is a non-standardly oriented framing of slope —d/c. As
a consequence, we have

O(4,(0,t) = pB(DZ X Sl?"t;d/c) = Sfd/c(t) = _Sd/c(t)'
O

Let A= (2%) denote from now on a generic element of SL(2,Z). Con-
sider now the 3-manifold with framed toroidal boundary (I x T, F U AF),
with F = (u,\) and AF = (¢, \'). We can form a closed 3 manifold by
gluing —{0} x T" with {1} x 7" under the identifications given by u =
and A\ = ). Because of our orientation conventions for the framing, the
manifold obtained in this way is the torus bundle —T}y, i.e. the oppo-
site of the s' x S'-bundle over S! with monodromy A. A representation
a: m(I x T) — U(1), prescribed as usual by v € R? then, extends to
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—T4 if and only if (Id —A%)v € Z2. In that case, we can compare O(A,v)
with the rho invariant of T4. In order to do so, we consider the function
v: SL(2,Z) — Z defined as

V(A) = sgn(b), ifA:.(éll’),
sgu(c(a +d—2)), otherwise.

(see Appendix A.2.2).

Proposition 3.4.6. Let A € SL(2,Z), and let v € R?\ Z? be an element
with the property that (Id —A')v € Z2. Let a: my(Ta) — U(1) be the repre-
sentation induced by v. Then, we have

O(A,v) = —pa(T4) + v(A).

Proof. As usual, let F = (u,\) and F' = (¢/, \). Instead of obtaining Ty
from I x T by gluing its two ends together, we can obtain the same result
by gluing I x T together with another framed thick torus (I x T',F U F)
(where T" is a copy of T') under diffeomorphisms

for {0} x T 5 {1y x T, fi: {1} x T — {0} x T,

where fy gives the identifications of (3.17), while f; is just the identity on
T. From Corollary 3.2.11, we have hence

Po(=Ta) = po(IXT,FUAF)+ poa(IXT,FUF)—17(Mrgar, Vixr, Vix1")-

Now, it is clear that po(—T4) = —pa(Ta), that po (I x T, FUAF) = O(A,v)
and that p,(I x T, F UF) = 0. Thus, in order to complete the proof, we
need only show that 7 := 7(Mrgar, Vixr, Vix1) coincides with v(A). We
have the descriptions

MzFaar = Spanc(u, i),

Visr = Spang(pu — ap’ — eN A — b/ — dN),

Vixr = Spanc(p — p'; A = X).
The space W := (Mzgar ® Vixr) N Vixrr, then, surely contains p — p’ as
a generator, but it does not contribute to the Maslov index because it also

lies in M rga7. As consequence, the 7 is 0 if A — ) does not belong to W,
while, if it does, we have

T=sgn ¥ (A -\, A=),
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where W is the bilinear form associated to the triple of Lagrangians (see
Section 1.2.1).
Let us check the case A = ((1) 11’) first. In that case, we have

Vixr = Spang(p — p/, A — N — by,

and we can write

A=XN= () + (A= XN —by),

where the first summand belongs to M rg a7, and the second to Vixr. In
particular, A — X € W, and we have by definition

T =N A=) = (b!) - (A= N —bp) = —by/ - N =b,

as AF is standardly oriented on {1} x 7. As a consequence, we have 7 =
sgn(b) = v(A) as desired.

Suppose now that ¢ = 0. Then A\ — X does not belong to W unless we
have d = 1, which forces A to be of the form already considered. Excluding
the matrices of that form, thus, we have 7 = 0 as expected.

We can now prove the general formula for ¢ # 0. If this is the case, in
fact, we can write

A=N= (- o))+ (B (p—ap' — X))+ (A — by —dN)),

C Cc C

(to verify the equality, the fact that det A = 1 has to be used), where the first
summand belongs to M rgar, and the second to Vixr. As a consequence,
A — )\ belongs to W, and we can compute

TA=NA=XN) = (Edp— 0y (B —ap’ —eN)+ (A= b/ —dN)) =

= (Ffn—2) - (A=) = g - = e,
from which it follows that 7 = sgn(c(a + d — 2) as desired. O

We introduce now a classical function ®: SL(2,Z) — Q called the
Rademacher function (see Appendix A.2.2), defined by

b : _
D(4) = {w ite=0,

a:;rcd —4sgn(c)s(a,c), otherwise,

where, again, A = (‘é 2). The rho invariant of T4 is computed by Bohn by
subdividing the problem in three cases, depending on whether A is elliptic,
parabolic or hyperbolic, i.e. on whether we have, respectively tr A2 — 4 < 0,
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trA2 —4 =0 or tr A2 —4 > 0. For briefness, we recall here Bohn’s result
only in the case of hyperbolic matrices (which is the “generic” case). In
order to do so, we set

1
Py(x) := {z}* — {z} — 6 where {2} =z — |z]
and, for A hyperbolic (i.e. such that tr(A)? > 4, which implies ¢ # 0 )

O, (A) =

Q(G:d)PQ(x) — 4sgn(c)sgzy(a, c)

(observe that, for (z,y) € Z* and A hyperbolic, we have @, ,(A) = ®(A)).
Now, an element v = (z,y) € R? satisfying (Id —A?)v € Z? induces a one-
dimensional representation « of

H(Ta;72) = Zey @ Zea @ Zit/{e1 — aey — cea, 2 — bey — dea)

by the rules a(e1) := e*™® a(e3) := €*™¥, a(t) := 1. Then, Bohn’s result
[5, Theorem 4.4.20, (4.67)] can be expressed in a compact way as follows.

Theorem 3.4.7 (Bohn). Let A € SL(2,7Z) be hyperbolic, and let v € R?\ Z?
be an element with the property that (Id —A")v € Z2. Let o: my(Ta) — U(1)
be the representation induced by v. Then, we have

pa(Ta) = By(A) — B(A) + v(A). (3.21)

Combining Theorem 3.4.7 with Proposition 3.4.6, we obtain thus the
following result.

Corollary 3.4.8. Let A € SL(2,Z) hyperbolic, and let v € R? \ Z? be such
that (Id —A%)v € Z%. Then, we have

O(A,v) = B(A) — B, (A).

Remark 3.4.9. We conclude with following long list of only partially de-
veloped observations.

(1) Theorem 3.4.7 is proved by picking an appropriate Riemannian metric
on T4 and using it to compute the twisted and untwisted eta invariant
separately.

(2) The study of the untwisted eta invariant n(7’4) goes back to Atiyah [1].
In fact, an adiabatic limit (i.e. the limit of 7(T4) under a rescaling of the
metric by € — 0) is needed in order to get a value that is independent
from the specific metric chosen, but we shall ignore this technical issue
here.
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(3)

Atiyah proved that the coboundary of —n(T4) € Q is the signature
cocycle [1, (5.12) Proposition]. In particular, from the work of Kirby
and Melvin [27, Theorem 6.1], it follows that, for every A € SL(2,7Z),
we have

N(T) = B(4) — v(A). (3.22)

(see Appendix A.2.2 for a brief discussion about the signature cocycle
and the result of Kirby and Melvin).?

By the definition of rho invariants, we have now po(Ta) = 1na(Ta) —
1n(T4). For hyperbolic A, Bohn computes that 1,(74) = ®,(A4), and
together with (3.22) (which Bohn reproves by a different method) this
gives Theorem 3.4.7.

The invariant po(7'4) is computed by Bohn not only for hyperbolic ele-
ments, but also for elliptic [5, Theorem 4.4.4] and parabolic [5, Theorem
4.4.8] ones. Using his results, thus, it is possible to calculate 7, (T4) in
the three different cases. In view of the results about the untwisted
eta invariant, it would be now satisfactory to find a single nice ex-
pression extending ®, to a function ®,: SL(2,Z) — R that satisfies
®,(A) = na(T4) for elliptic, parabolic and hyperbolic elements at the
same time (whenever the hypothesis (Id —A%)v € Z? is satisfied).

The same kind of reasonings can be applied to the eta invariants of
a thick torus I x T with an appropriate metric depending on A (this
can be obtained by cutting —7'4 open along a fiber). Letting (I x T')4
denote such Riemannian manifold, and observing that the Maslov index
computed in the proof of Proposition 3.4.6 comes from the untwisted
eta invariant only, we see that (up to adiabatic limits) we have

n((I xT)a, FUAF) = —n(Ta) —v(A) = —P(A). (3.23)

In view of formula (A.6) of Appendix A.2.2, the equality (3.23) explains
the correction term —sgn(cc’¢”) of Proposition 3.4.4 (iv). Put differ-
ently, (3.23) can be used to give a new proof, via gluing formulas, of the
fact that

d®(A, B) = sgn(cacpean),

3A word of warning here is due. Atiyah also gave explicit expressions for n(T4) in the
three cases of elliptic, parabolic and hyperbolic elements, but his results seems to differ
from (3.22) by a global sign. Bohn computed 7(7'4) for elliptic [5, Corollary 4.4.5] and
hyperbolic elements [5, Theorem 4.4.13] by different methods, and his result coincides
with the formulas of Atiyah in the former case, and with (3.22) in the latter.
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where c4 denotes the coefficient ¢ in the usual description A = (‘Cl 2) of

an element A € SL(2,Z).

(8) Because of (3.23), the twisted eta invariant of (I x T')4 corresponds to
the function

O(A,v) :=0(A,v) + ®(A).

This function, in turn, satisfies the cocycle condition
O(AB,v) = O(A, Bv) + O(B, v). (3.24)

The open problem of determining the value of ©(A,v) for all A and v
can be now attacked by trying to solve the same problem for é(A,v),
which satisfies the nicer property (3.24). By Corollary 3.4.8, we already
know that if A is hyperbolic and v € R? satisfies (Id —A%)v € Z?, we
have ©(A,v) = —®,(A).

3.4.2 Rho invariants of products

Let F be a compact, oriented surface, and consider the manifold F' x S*.
As discussed in Example 3.1.2, there is a natural framing F, (often just
denoted by F*) on OF x S, called the product framing, which is associated
to the product structure. It is defined in such a way that the meridians are
the classes of the boundary curves of F', and the longitudes are the classes of
[S']. A natural question is: how to compute p,(F x S, F*) for a Hermitian
local coefficient system o € U(F x S1)? We shall try to face this problem
for 1-dimensional a’s.

We suppose now that F'is connected, and adopt the following convention.
As usual, we shall think of an element o € U (F x S') as a representation
a: 7 (F x SY) — U(1). As U(1) is an abelian group, « factors through the
abelianization ab: 71 (F x S') — Hy(F x S';Z), and hence it is determined
by the unique representation ¢ : Hy(X;Z) — U(1) such that 1) o ab = a.

Convention 3.4.10. By a little abuse of notation, we shall see a € Uy (F' x
S1) itself as a representation of a: Hy(F x SY;7Z) — U(1).

Given a representation a: Hy(F x S';Z) — U(1), we have an induced
representation da: Hy(OF xSY;Z) — U(1), obtained by pulling back through
the inclusion of the boundary. The following result says that p,(F x S, F*)
is determined by OF x S! together with the given product structure and the
induced representation Oda.
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Proposition 3.4.11. Let I} and Fy be two compact, oriented surfaces,
with representations c;: Hy(F x SY,Z) — U(1) for i = 1,2. Suppose that
f:0F x St — 0Fy x St is a diffeomorphism between their boundaries such
that f.(Fp,) = Fp, and ay = f*(daz). Then, we have

Pon (Fa X SY F) = pay (Fa x ST, FY).

Proof. From the fact that the representations coincide on the longitudes,
we have a1 ([S]) = az([S]. If this number ¢ € U(1) is the trivial element,
then both rho invariants are 0, as a reflection on the S'-factor produces
appropriate orientation-reversing self-diffeomorphisms of Fy xS and F»x S?.
We can thus suppose ¢ # 1, which implies that the representations are
non-trivial on all boundary components of the 3-manifolds, so that twisted
homology of the framed tori vanishes. Now, form the closed oriented surface
F := Fy U (—F,). Then, the representations a; and ag glue well to a
representation a on F. By Corollary 3.2.11, we get

pa(F % SY) = pay (Fy x 81, FY) = pay (Fa x ST, FY),

as the twisted Maslov index vanishes because of the assumption ¢ # 1,
and the untwisted one vanishes because Vg, g1 = Vp,«s1. The conclusion
follows from the fact that p, (F'xS') = 0, which is a consequence of Corollary
2.1.6. O

Suppose now that F' has k boundary components C1,...Cy, and let
i = [C;] C Hi(Cy, x SHZ), N = [S"] € Hi(Cy, x SY;Z),

fori =1,...,k, denote the meridians and longitudes of the product framing
F*. Then, a representation a: Hy(OF x S';Z) — U(1) is determined by
the values of a(u;),a(N;) € U(1) for i = 1,..., k. Moreover, if « is the
restriction to the boundary of a representation Hy(F x S;7Z) — U(1) (that
we shall also call «), we have

k

[Tew) =1, a)=--=al).

=1

Set T := U(1). Thanks to Proposition 3.4.11, then, p,(F x S, F*) is
determined by the k-tuple

(@), (1), BOW)) € T,
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This observation leads to the definition of a function
[p1:TFIxT—SR
(Wi, -y wi—15C) = pa(Zo g x ST FX),

where ¥ . denotes the k-punctured sphere, and 8: Hy (2o, x S1;Z) — U(1)
is the representation determined by the equations

{5(#1) =w; fori=1,...,k,
B((S']) = ¢.

w1

w2

Wk—1

(wiws - - 'wkfl)il

By the above discussion, if F'is any compact, oriented surface and av: Hy(F %
S 7Z) — U(1) is a representation, we have

pa(F x 81 FX) =T 1(a(m), . .., a(pe—1); (A1),

and we have reduced our problem to the one of describing the function I'y
for kK > 0.

Remark 3.4.12. A quick computation using Proposition 3.2.8 shows that if
we use the reverse of the product framing (i.e. with meridians corresponding
to [S'] and longitudes corresponding to the boundary class), then nothing
changes. More precisely, we have

pa(F x 8' (FX)) = pa(F x 81, F*) = Ti—r(alm), - ., alup—1); a(A1)).

This observation shall be useful in knot theory constructions, where the
Sl-factor is more naturally glued to the meridian of a link.
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The function has the following elementary properties.
Lemma 3.4.13. Let k € N and let (wq,...,wy;¢) € T x T. Then:
(i) Tr(wi,...,wk; () is invariant under any permutation of wy,. .., wk;
(iii) T wl_l, o ,wk_l; )= —Tr(wi,...,wg;Q);
(Z,U) Fk W1y eeey Wk C_l) == _Fk(wh ceey W <)7

(’U) Fk+1(w1, ey Wiy 1,() = I‘k(wl, e ,wk;C);

(

(ii) Tp(wi, ..., wr;¢) = Tr(wi, ..., wp_1, (W1 - -wi) "5 Q);
(
(

(vi) Ty and T'y are 0 at every point;
(vii) if k > 2, we have

Cr(wi, .. wik; Q) = Ta(wr,wo; €) + Thmq (wiwa, ws, - .. wis €).

Proof. (i) and (ii) follow immediately from the definition of I'y. (iii) and
(iv) are obtained by applying Theorem 3.2.3 to an appropriate orientation-
reversing self-diffeomorphism of X 11 x St. (v) is a consequence of Corol-
lary 3.3.18, as we can do an oco-framed fillling to the boundary component
with coefficient 1, which accounts to capping the boundary with a disk. (vi)
follows from (ii) and (iii) (or equivalently from the observation that Iy and
I'; represent rho invariants of the solid torus and of the cylinder I x T with
the product framing, which were proven to be trivial with the same argu-
ment). For proving (vii), we shall employ a gluing formula. If ¢ = 1, all
terms are 0 as consequence of (iv), and the result is trivially satisfied. We
suppose hence ¢ # 1. We decompose the k-punctured sphere as

Yok = 2o,k—1 Uc 20,3

(where C' is a boundary component of ¥ ,_;) as shown in the following
picture.
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w1

w2

Let F = (u, A) the restriction of the product framing to C'x S* C 9% 4, x S1,
and let F', F” denote the product framing on the remaining component of
respectively 0% 1 X S1 and Y03 X St (after the identification of one of
the boundary components of ¥y 3 with C' given by the gluing). By taking
the product with S', by Theorem 3.2.10 we get

Cr(wiy ey wi; €) = D1 (wiws, ws, - o+, Wi €) + Dawr, wo; €) + N,
where the correction term NN is given by the Maslov triple index
N = _T(M}—a Vzo,k_l,]:’? VEO,BJ'-”)

(note that the Maslov index in twisted homology is 0 because it follows
from the assumption that { # 1 that the twisted homology vanishes on the
gluing torus). From Lemma 3.3.20, it follows that the second and third
Lagrangian subspaces correspond to the canonical Lagrangians of manifolds
obtained from 3¢ ;1 x § I and Yo3 xS I by capping the punctured spheres
with disks along all the components outside of the gluing, which gives solid
tori. This means that

Mr = VEO,kflv-F/ = V20,3,f” = Span(C(M)'
As a consequence we have N = 0, and the result is proved. O

By a repeated application of Lemma 3.4.13 we can always reduce our
computation of I'y to the computation of I's, which represents the rho in-
variant of P x S, where P is a pair of pants. The next result is to be taken
as an example, and it shows that this function is non-trivial.

Proposition 3.4.14. Let ¢ = ¢*™/3. Then, we have 'y (¢, ¢0) = —%.
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Proof. Let C1,C5,C5 be the three boundary components of a pair of pants
P =¥ 3. By definition, we have,

2(¢, ¢ ¢) = pa(P x ST, FX), (3.25)
where « is the representation satisfying
a(pi) = a(hi) =¢ fori=1,2,3

on the meridians and longitudes of F7*. We perform now a Dehn filling
on every component of P x S by orientation-reversing diffeomorphisms
;1 OD? x S — C; x S giving the identifications

{[3172] = Wi — N,

18] = i (3.26)

that is, we perform a —1-framed filling with respect to F* on every compo-
nent. Let N be the closed manifold obtained in this way. In the language
of plumbing calculus [37], the manifold obtained by this filling can be rep-
resented and simplified as

1 1
N ~ —3e = L(3,1).

1

Clearly, the representation « extends to the filling L(3,1). It is irrelevant
whether it sends the standard generator of m1(L(3,1)) = Z/3 to ¢ or to
¢! = (?, as in both cases the formula of Remark 3.3.26 gives

pa(IN) = p(L(3,1),¢*Y) = =

5 (3.27)

In order to find I'y(¢, (; (), we use now a gluing formula. As F* is non-
standardly oriented on OP x S and as we prefer to compute the correction
term for the three glued pieces at once, we shall not apply Proposition 3.3.16,
but the more general gluing formula of Corollary 3.2.11. Namely, we find

pa(N) :pa(P X Slafx) +pa(}/7f><) _T(MfXaVPX,Slva)7 (328)

where Y is the disjoint union of the three solid tori of the filling. We still
have to identify the last two summands of (3.28). First, we observe that, on
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each of the solid tori that we have glued, because of (3.26), the framing F*
induces a standardly oriented framing of gradient —1. Up to sign, in turn,
this coincides with a non-standardly oriented framing F; of gradient 1 (see
Remark 3.3.6). As a consequence, thanks to Corollary 3.3.12, we have

3
pa(Y, F*) =3 pa(D? x S*, Fy) = ~5 (3.29)

For computing the triple Maslov index, we first identify the three Lagrangians
as M rx = Spanc{u1, po, us}, Vpygt = Spanc{pi + pa+ s, A1 — A2, A1 — Az}
and Vy = Spanc{p1 — A1, w2 — A2, 3 — Az }. Then, recalling that ;- A\; = 1,
it is not hard to compute directly with the definition of the triple index that

T(Mgx, Vpxst, Vy) = —2. (3.30)
Substituting (3.25), (3.27), (3.29) and (3.30) into (3.28), we find
1 3
-=T Q) —=+2
3 Q(Ca C7 C) 2 + 2,
and the conclusion follows. O

Remark 3.4.15. It follows from Lemma 3.4.13 (i), (iii) and (vii) that, for
all (w1, wo;¢) € T? x T, we have

Lo (w1, we; ¢) + o (wiwa, ws3; €) = Ta(wr, waws; ) + o (w2, w3; ().

This means that, for fixed ( € T, I'y is a 2-cocycle on T. By adapting the
proof of continuity in Proposition 3.3.28, moreover, one can prove that I'o
is continuous if restricted to the subset of points such that wq, ws, wiws and
¢ are all different from 1.

Set T, := T\ {1}. Remark 3.4.15 leads to the following conjecture.

Conjecture 3.4.16. There is a function v: T x T — R, continuous on
T, x Ty, such that I'y = Oy with respect to the first two variables, i.e. such
that

Ly (w1, w2; ¢) = v(wi, ) +v(w2, ¢) — Y(wiws, €). (3.31)
If Conjecture 3.4.16 is true, then for every surface F' with k& boundary
components we have

k
palF x S F*) = (wi ),

i=1
where the w;’s are values of a on the meridians of F*, and ¢ = «([S1]).

Thus, the problem of computing rho invariants of products would reduce
itself to that of computing the function ~.
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Remark 3.4.17. If we restrict our attention to the finite subgroup Ty C
T of the N roots of unity, then Conjecture 3.4.16 has positive answer.
Namely, from the fact that H*(Z/N;Q) = 0 for i > 0, it follows that, for all
¢ € T, there exists a unique function Yy (-,¢): Ty — Q satisfying (3.31) for
all (w1, wq) € T2 The questions, then, are

(a) whether these functions for N € N patch together well into determining
a continuous function on Ty;

(b) if (a) is satisfied, whether the resulting function varies continuously with
respect to (.
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Chapter 4

Rho invariants and knot
theory

4.1 The rho invariant of a link

In this section, we use the rho invariant of 3-manifolds with framed toroidal
boundary in order to define a new invariant for links. In Section 4.1.1, we fix
some conventions about the exterior of a link. On Section 4.1.2, we define
the rho invariant of a link and prove some basic properties about it. In
Section 4.1.3 we give a mild generalization of this invariant that is useful in
the applications. In Section 4.1.4, we prove a general formula for the rho
invariant of a satellite knot.

4.1.1 Topological setting

Let L be an oriented link in S® (from now on, just a link). By removing
from S2 the interior of a closed tubular neighbourhood N(L), we get the
link exterior

X =83\ int(N(L)).

The link exterior is a compact, oriented 3-manifold, whose boundary is a
union of tori: to each link component K C L, there corresponds a boundary
component T = —0(IN(K)) (this is the orientation coming from being part
of the boundary of X, and it is the one we shall always consider). Every
component T C 00X has a well defined framing Fx = (ux,Ax) in the
sense of Definition 3.1.1, given by the following description:

e the meridian is the only element ux € H;i(Tk;7Z) whose image in
Hy(N(K);Z) is 0 and such that lk(ug, K) = 1;
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e the longitude is the only element A\x € Hi(Tk;Z) whose image in
H{(N(K);Z) is homologous to K and such that lk(Ag, K) = 0.

The above pair of elements forms a basis of Hy(Tx;Z), and hence Fi is
indeed a framing. As it is easy to check, the framing Fx is standardly
oriented (see Definition 3.1.5), as we have

pK - Ak = —1.

Definition 4.1.1. The framing on 0 X, given by the collection of the fram-
ings Fr, defined above is called the standard framing associated to L, and
it is denoted by Fr.

It is now clear that the pair (X, F1,) is a 3-manifold with framed toroidal
boundary.

Definition 4.1.2. The linking matriz of L is the symmetric matrix Ay =
(Aij)i,j € Zka defined by

Y o, if i = j.

Notation 4.1.3. Given a link L = L; U---U Ly, if there is no danger of
confusion, we shall freely use the shorthands

T, =Tp,, pi=pr, N=AL,.

Similarly, for a knot K, we shall often just use 7', 4 and X for the boundary
torus, the meridian and the longitude.

For every link component L; of L, we can consider the natural map
H\(Ty;Z) — H1(X1;Z). We shall keep calling meridian and longitude the
images of p; and \; in Hy(Xp;Z), and keep the same notation for them.
The following is an elementary well-known result.

Lemma 4.1.4. The abelian group Hi(Xp;Z) is freely generated by the
meridians pi, ..., i, and every longitude \; satisfies

k
N = ZAZ] i € Hl(XL;Z).
j=1
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As an immediate consequence of Lemma 4.1.4, the canonical Lagrangian
Vx, = ker(H(0X;C) — H(X;C)) can be described explicitly as

k
VXL = Span(c {)\1 — ZAU/LJ‘ 1= 1, ey k?} Q Hl((‘)XL,(C) (41)
7j=1

In Chapter 3, we used extensively two more Lagrangians, depending on the
framing. In this context, they are the subspaces of H1(90X;C) given by

Mzx, =Spanc{u1,...,pmk}, Lr, =Spanc{Ai,..., ¢}

Recalling that the signature of a real symmetric matrix is defined as the
difference between the numbers of its positive and negative eigenvalues, the
Maslov triple index of the three Lagrangians Mz, , L7, and Vx, can be
computed in the following way.

Lemma 4.1.5. 7(Mx,,Lr,,Vx,) =signAp.

Proof. The two Lagrangians Mz, and Lr, are transverse, so that we can
write every element v € H1(X;C) in a unique way as v = v’ +0v”, with v’ €
Mz, and v’ € Lr,. By definition of the Maslov triple index, 7(Mz,, LF;, Vx, )
is thus the signature of the Hermitian form

Q: VXL X VXL — C

(v,w) —~ v - w”.

Fori=1,...,k let v; := \; — Zj Ajjpj, so that B = (vi,...,vg) is a basis
of Vx, by (4.1). As p; - A\j = —0;;, we have then

k
oo, o) = [ =Y Agpy | - M= Aa
j=1

This means that the form ¢ is represented in the basis B by the matrix Ay,
and hence sign ) = sign A, by Proposition 1.1.11. O

4.1.2 Definition and first properties

We are now ready to define the main invariant of this chapter.

Definition 4.1.6. Let L C S° be a link, and let o € U,(X) be a local
coefficient system. We define the rho invariant of L associated to « as the
real number

0a(L) := pa(Xp, FL).
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As usual, once a base point xg € X, has been fixed, up to isomorphism
we can see the local coefficient system a € U,(X1) as a representation
a: (X)) — U(n). For each boundary component T; of X1, the restriction
of a to T; is well defined as a local coeflicient system. Notice however that
the induced maps 71 (7;) — m1(X 1) only make sense once a base point z; for
T; and a path from z; to xg are fixed. Hence for working in the language of
representations of the fundamental groups, we need to make these choices in
order to get induced representations «;: m1(7;) — U(n) (note that we shall
normally call a; just «).

Warning 4.1.7. We take these choices for given, and do not make them
explicit in the notation.

Observe in any case that two different choices give equivalent represen-
tations m1(7;) — U(n). In particular, the eigenvalues of the image of an
element of 71(7;) are independent of the choices. In order to get simpler
formulas, we shall often make an additional assumption.

Definition 4.1.8. We say that a € U,,(X) is non-degenerate if, for every
boundary component T; of X, the restriction of v to T; (as a local coefficient
system) admits no trivial summand.

In terms of representations, this means that the restriction a: m(7;) —
U(n) admits no trivial subrepresentation. Because of lemma 1.3.8, we have
the equivalence

a is non-degenerate <= H,(0Xr;CL) =0

In particular, if this is the case, then all triple Maslov indices on H,(0X; C)
vanish.

We compare now the rho invariant of L with a classical invariant. Let M,
denote the manifold obtained by 0-framed surgery on the link L. This means
that My is the result of a O-framed filling on every boundary component of
X7, along the framing 7. In the notation of Remark 3.3.19, we have thus

My, = Do(Xp, Fr).

If the local coefficient system extends to My, we can consider the Atiyah-
Patodi-Singer rho invariant of M. In terms of representations, this is the
case if and only if a()\;) = Id for all longitude \;. The invariant po (M) was
studied among others by Levine [31, 32] and Friedl [22, 23]. The next re-
sult shows that, whenever p, (M) is defined, it coincides with our invariant
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po(M1) up to an integer correction term that only depends on the linking
numbers of L. In other words, the invariant g, (L) is for all practical pur-
poses an extension of the Atiyah-Patodi-Singer rho invariant of the manifold
obtained by 0-framed surgery.

Theorem 4.1.9. Let L be a link and let o € U, (X ) be a non-degenerate
local coefficient system that extends to M. Then

pa(Mp) = 0a(L) + nsignAp.
In particular, if L = K is a knot, we have
Pa(MK) = 0a(K).
Proof. By the discussion in Remark 3.3.19, we have
pa(Mr) = pa(Xr, Fr) + 7(LEF, , MF, VX)) —n7(Lr,, MF,, Vx, ).

Now, po(XL,FL) = 0a(L) by definition, the first Maslov index is 0 because
the local coefficient system is non-degenerate, while

—nT1(Lr, , Mz, ,Vx,) =nT(Mxz,,LFr, ,Vx,)=nsign(Ar)
thanks to Lemma 4.1.5. OJ

Remark 4.1.10. The Atiyah-Patodi-Singer rho invariant p,(My) of the
manifold obtained by O-framed surgery on a knot or link L was used By
Levine [31, 32] and by Friedl as concordance invariant. Theorem 4.1.9 gives
a new interpretation for this invariant. Moreover, while p, (M) is only
defined for representations that extend to the fundamental group of M7,
the invariant g, (L) exists for every representation a: m(Xy) — U(n). As
a consequence, its employment might lead to generalizations of the results
of Levine and of Friedl about concordance of links.

4.1.3 Framed links and surgery descriptions

Sometimes it is convenient to have a more flexible invariant, allowing fram-
ings different from Fr,. We start with recalling the following classical defi-
nition.

Definition 4.1.11. A framing on a link L C S® is a tuple of integers
f € Z™W) each associated to a component of L. The pair (L, f) is called a
framed link.
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If the link is described as L = L1 U --- U Ly, we shall write framings on
L as k-tuples f = (f1,..., fx) € ZF. A framing f = (f1,..., fr) on a link
L =1L;U---U Ly determines a framing on X, that may differ from the
standard framing Fr. For each component T; = —9N(L;), we set

! . 3
Fl= (X)), with {1
Pl ) {)\2 = N + fi i,

and call Fy the framing on 0.X obtained by taking the union of these.

Definition 4.1.12. Let (L, f) be a framed link. Given a local coefficient
system « € U, (X 1), we define the rho invariant of (L, f) associated to « as
the real number

0a(L, f) = Pa(XLv]:f)-

Remark 4.1.13. For the 0-framing f = (0,...,0), the invariant o, (L, f) co-
incides with g, (L). For a general framing f, the difference between o, (L, f)
and po(L) can be easily written in terms of the function © of Section 3.4.1.
in particular, an explicit computation seems hard in general.

Given a framed link (L, f), it is also convenient to introduce a modifica-
tion of the linking matrix as

Ap = Ap +diag(f1,..., fr)-

We shall call Ay the framed linking matriz of (L, f). Of course, if f is the
O-framing, we have Ay := Ay. We have then the following generalization of
Lemma 4.1.5.

Lemma 4.1.14. 7(Mr,,LF,,Vx,) = sign Ay.

Proof. Let X; = A\; + fipi as above, so that Lz, = Spanc{\],...,\.}. We

set moreover
Aij, if i # 7,
Q55 ‘= . .
Jis if i = j,

so that Ay = (a;j);;. Then, the basis elements of Vx, given by (4.1) can
be written as v; = A, — Z?:l a;jpj. Once again, the meridians and the
longitudes generate transversal Lagrangians, and they satisfy p; - \j = —0d;;.
The rest of the proof follows exactly like the one of Lemma 4.1.5, but this
time the matrix representation of the relevant Hermitian form is Ay = (a;;).

O]
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Given a framed link (L, f), we can consider the closed manifold My (f)
obtained by the Dehn surgery on (L, f), i.e. by performing, on each compo-
nent T; of the boundary of Xy, an f;-framed Dehn filling with respect to the
standard framing F7,. Equivalently, My (f) can be described as the result of
a O-framing filling along the modified framing F;, so that

Mp(f) = Do(Xp, Fy)

in the notation of Remark 3.3.19. By a famous theorem of Lickorish and
Wallace, every closed, oriented 3-manifold can be obtained as the result of
Dehn surgery along a framed link.

Definition 4.1.15. Given a framed link L with a local coefficient system
a € Up(X1), we say that a framing f on L is compatible with « if a extends
to ML(f)

If we see the local coefficient system as a representation «: m(Xp) —
U(n), then

f is compatible with o <= a(\)a(p;) =1 Vi.

Note that, in general, given a local coefficient system «, there might be no
framing that is compatible with it. We have the following generalization of
Theorem 4.1.9.

Theorem 4.1.16. Let L = Ly U---U Ly be a link, a € U,(XL) a non-
degenerate local coefficient system and f be a compatible framing on L.
Then, we have

po(ML(f)) = ea(L, f) +n sign Ay (4.2)

More generally, if in addition g is any framing on L, we have

k n
pa(ML(f)) = 0a(L,g) + nsignAp + > > Sp_g.(tij), (4.3)
i=1 j=1

where S is the family of functions defined in Section 3.3.5, and the real
numbers t;; are such that, for j = 1,... k, the matriz a(p;) € U(n) has
eigenvalues > .. e2milin

Proof. For proving (4.2), it is enough to reproduce the proof of Theorem
4.1.9, using Lemma 4.1.14 instead of Lemma 4.1.5. In order to prove (4.3),
instead, we apply the gluing formula of Corollary 3.2.11 directly. We glue
aunion Y = Dy x 81 U--- U Dy x S of solid tori to X7, according to the
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framing f, but equip the boundary tori with the framing F,. We obtain
then

k

pa(ML(f)) = Pa(XLv]:g) + Zpal(Dz X Slvﬁ) - TLT(M]-‘Q,VXL,VY),
=1

where «; denotes the restriction of a to D; x S*, and F* denotes the framing
induced by F, on dD; x S 1 after the identification with 7} given by the
gluing. Now, Mz, = Mgz, , while Vy is generated by the meridians of the
solid tori, which are identified with A; + fiu;, so that Vy = Lr,. By Lemma
4.1.14, we get thus

—nT(Mz,, Vx,, V) =n1(Mgr,,LF;,Vx,) =n signAy.

The framings on the solid tori are F* = (u;, A;),with X; = A; + giu;. As the
meridian [0D;] is glued according to the framing f, we have

[0Di) = Xi + fips = (fi = gi)pi + N

This means that the framing 7* on dD; x S! is a non-standardly oriented
framing of gradient f; —g; (see Definition 3.3.1), and we can use the notation
Ft = Ff_g. Now, the class [S1] € Hi(D; x S';Z), instead, is identified
with p;, and thus it is sent to a;(p;) € U(n) by the representation. Up to
equivalence, «; can be decomposed as «; = a1 ®- - - D vip, with oy : m1(D; %
S1) — U(1) sending the standard generator to w;;. We see that

Pa; (Di X 517]_—1') = Zpaz‘j(Di X Slﬂ}—frgi) = Zsfrgi(tij)
j=1 j=1

by definition of the function Sy,_,,, and the proof is concluded. O

4.1.4 The satellite construction

We start by recalling the satellite construction for knots. Let C C S3 be a
knot, and let K U A C S2 be a 2-component link, such that A is unknotted.
The exterior X 4 of A is a solid torus, whose meridian is the longitude A4
of A. The component K can then be seen as a knot in X 4, i.e. as a pattern.
Choose a diffeomorphism ¢: 0X 4 — dX¢ be a diffeomorphism such that

e(Aa) = pe,  pa(pa) = Ac. (4.4)
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Then we have an orientation-preserving diffeomorphism ®: XcU, X4 — S 3,
and the isotopy class of ®(K) C S3 only depends on the knot C' and on the
link K U A. The knot

S(C,K,A) = ®(K)

is called a satellite knot with companion C, orbit K and axis A. The integer
Ik(K, A) is called the winding number of the satellite construction.

Let S be a shorthand for S(C, K, A). By construction, we have Xg =
®(XcUr, Xkua), in such a way that the restriction to Tk acts by @ (Fk) =
Fs. because of this, we identify the two manifolds completely, by writing

Xg=XcUr, Xgua, Fs=7Fk.
We have the following fairly general result.

Proposition 4.1.17. Let S := S(C, K, A) be a satellite knot, and let o €
Un(Xs) be a local coefficient system whose restriction to X¢ is either trivial
or non-degenerate. Then, we have

Qa(s) = Qa(c) + Qa(K U A)

Proof. By (4.4), under the gluing Xg = X¢ Ur, XKxua we have the iden-
tification Fs = Fa (where F§ = (Ac, puc) is the reverse framing of F).
Suppose that a is non-degenerate on X¢. Then, the twisted homology of
T4 vanishes. By Theorem 3.2.10, we have

pa(Xs, Fs) = pa(Xc, F&) + pa(Xkua, Frua) = nT(Mrs, Vxor Vxcoa,Fi)-

(4.5)
Now, by definition we have
pa(XKua, Frua) = 0a(K U A),
and by Proposition 3.2.8 we compute
pa(Xc, F&) = pa(Xe, Fo) — 7(Lr,, MF., Vxeo) = 0a(C), (4.6)

where the Maslov index vanishes because Vx. = Lr, = Spang(A¢). Thus,
in order to conclude it is enough to show that the Maslov index in (4.5) also
vanishes. Once again, this is immediate from the equality Mzx = Lr, =
Ve.

We have thus proved the result in the case when « is non-degenerate on
Xc. The other case that we have to consider is the one where « is trivial
on X¢ (in which case, the desired formula reduces to g,(S) = 0o (K U A)).
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The only difference in the proof is that in (4.5) and (4.6) there is a priori an
extra correction term, given by the Maslov index in the twisted cohomology.
However, from the fact that « is trivial on Xg, we have

a _ pa _ ya

as for the corresponding untwisted Lagrangians. As a consequence, both
Maslov indices in twisted homology are also 0. 0

4.2 The abelian case

In this section, we focus on the rho invariant of a link associated to repre-
sentations into U(1). In Section 4.2.1, we recall the classical definition of the
Levine-Tristram signature function of a link and a characterization in terms
of signatures of manifolds. In Section 4.2.2, we express this function in two
ways: as the Atiyah-Patodi-Singer rho invariant of some simple 3-manifold
associated to the link, and in terms of the rho invariant of the link itself
as defined above. Using this description, in Section 4.2.3 we give new easy
proofs to two classical results about links. In Section 4.2.4, we compare the
rho invariant of a knot with the Atiyah-Patodi-Singer rho invariant of the
closed manifolds obtained by Dehn surgery on it. In Section 4.2.5, we discuss
the multivariable signatures of Cimasoni and Florens, and a characteriza-
tion of these in terms of twisted signatures of manifolds. In Section 4.2.6,
we express the multivariable signature function as the Atiyah-Patodi-Singer
rho invariant of some 3-manifold associated to the link (more complicated
than the one used for the Levine-Tristram signature). We conclude with a
comparison of the multivariable signatures with the rho invariant of the link
itself.

Convention 4.2.1. Let X be a topological space. As U(1) is an abelian
group, every representation «: 71(X) — U(1) factors through the abelian-
ization ab: 7w (X) — H;(X;Z), and hence « is determined by the unique
representation ¢ : Hy(X;Z) — U(1) such that 1) o ab = «. For this reason,
we shall draw out the abelianization from the picture altogether, and simply
speak of the representation ¢: Hi(X;Z) — U(1). Whenever an invariant
requires a representation on 71 (X) to be defined, it will be meant that we
are considering the composition o = 1) o ab

4.2.1 The Levine-Tristram signature function

Let L be an oriented link in S3. We start by recalling the definition of
the Levine-Tristram signature function of L. First of all, consider a Seifert
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surface S for L, i.e. an embedded connected oriented surface F C S3 such
that OF = L. Associated to F there is a bilinear form Vg on Hy (F;Z), called
the Seifert pairing and defined essentially by Vr(a,b) = lk(a,b"), where the
superscript + means that we are pushing a representative of the class b in
the positive direction of a tubular neighborhood [~1,1] x F' C §3 of F. By
taking its complexification, we can also see Vr and V} as sesquilinear forms
on Hy(F;C). We identify now U(1) with S' C C. For w € U(1), we define
now the form
Pp(w) =1 —w)Vp + (1 —w)VE.

It can be checked that ®p(w) is Hermitian, and that the signature of ®p(w)
only depends on the link L and not on the choice of the Seifert surface F'.
We have thus the following definition.

Definition 4.2.2. The Levine-Tristram signature of an oriented link L is
the function oy, : U(1) — Z defined by

or(w) :=sign(Pp(w)),
where F' is any Seifert surface for L.

The Levine-Tristram signature has the following well-known 4-dimensional
description (a detailed account of this discussion, albeit for knots, can be
found inside the proof of Lemma 5.4 of Cochran, Orr and Teichner [14]; the
generalization to links is harmless). See S% as the boundary of the 4-ball
D*, and consider the 4-manifold with boundary W obtained by taking the
exterior of a push-in of F in D*. Then, the group Hy(Wp;Z) is free with
one generator (the meridian of F'), corresponding to the image of any of
the meridians of L. We can define the representation ¢: Hy(Wpg;Z) — U(1)
sending this generator to w. One computes then that Ho(Wp; Cy) is isomor-
phic to H;(Wg;Z), and that up to this identification and Poincaré duality,
the intersection form I%F is given by

I;//’VF =(1-wVi+1-@)Vp.

In particular, I;Z)VF has the same signature as ®p(w), as matrix representa-
tions for these Hermitian forms with respect to the same basis are transpose
one of the other, and hence they have the same eigenvalues. It follows then,
by definition of the Levine-Tristram signature and of the signature with local
coefficients of a 4-manifold, that

signy (w) = oy (Wr). (4.7)
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Remark 4.2.3. With an argument based on Wall’s non-additivity theorem,
it is possible to show that sign; (w) = oy (Ws) whenever Wy is the exterior of
a properly embedded connected oriented surface S C D* such that 05 = L,
even if it is not the push-in of a Seifert F' C S3.

This last observation gives an alternative definition for the Levine-Tristram
signature that is purely 4-dimensional. However, both approaches depend
on the non-canonical choice of either a Seifert surface F' C S or of such
a “bounding surface” S C D*. In the next section, we will give two de-
scriptions of sign; (w) that, instead, are independent of any choice, and that
imply the claim of Remark 4.2.3 as a corollary. The first is a description
of sign (w) as the Atiyah-Patodi-Singer rho invariant of a closed 3-manifold
Ny, obtained naturally from L. The second is a description of sign; (w) in
terms of the rho invariant of L with some framing (or, in other words, as
the rho invariant of the manifolds with boundary Xj; with an appropriate
framing on 0X71).

4.2.2 Rbho invariants and Levine-Tristram signatures

We define the following framing on an oriented link L.

Definition 4.2.4. The Seifert framing on an oriented link L = Ly U---ULy
is the framing g;, = (g1, - , gn) defined by

Remark 4.2.5. The longitudes X, = \;+g;1; associated to the Seifert fram-
ing correspond to the intersections of a Seifert surface with the boundary
tori T;.

Consider the surjection e: Hi(X1;Z) — Z sending all meridians to 1.
We shall consider here representations ¢: Hy(X;Z) — U(1) that factor
through ¢, i.e that send all meridians to the same value w € U(1). Of course
these representations are in a natural bijection with U(1) itself.

Lemma 4.2.6. The Seifert framing is compatible with every representation
Y: Hi(X1;Z) — U(1) that factors though e: Hi(X1;Z) — Z.

Proof. It is enough to prove that all longitudes X, = A; + g;u; are sent
to 0 by e. Clearly e factors through the abelianization H(X;Z), and by
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Lemma 4.1.4 we see that

k k
eN) =Y Agelpy) = > Aij = —e(gi),
j=1 j=1
and hence ¢(\;) = 0 for all 1. O

We construct a closed 3-manifold Y7, in the following way: we take a k-
punctured sphere g j := 5%\ (Dy U--- U Dy), and define a diffeomorphism

p: 8(—207,{xSl):(ﬁDll_l---l_laDk) XSl—>8XL (48)

as the union of the orientation-reversing diffeomorphisms 9D; x S' — T;
(determined up to isotopy) that give the identifications

—[0Ds] = X = Xi + gipui,
[S'] = pi.
We define then the closed, oriented 3-manifold
Yy = X1 Uy (=S x S1). (4.9)

The representation v¢: Hy(Xp;Z) — U(1) sending all the meridians to a
same value w extends in a unique way to a representation v : Hy(Yr;Z) —
U(1), whose restriction to ¥ x S1 is the map

Hi(Xo % stz) = Hy(2o.k) @ Hi(S") = U(1)

that is 0 on Hy(Zo ) and that sends [S'] to w. We are now ready to state
our result.

Theorem 4.2.7. Let L be an oriented link and v¢: Hi(X1;Z) — U(1) be
the representation sending every meridian to the same w € U(1). Let g be
the Seifert framing on L. Then

oy(L,gr) = pyp(YL) = —or(w). (4.10)

In particular, if K is a knot, we have

0y(K) = pyp(Mgk) = —og(w). (4.11)
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Proof. For a knot K, the Seifert framing is the 0-framing, and the 3-manifold
Yo,1 X ST glued to X, to obtain Y7, is just a solid torus. In particular, Y is
the 0-framed surgery My, and the second statement is just a specialization
of the first.

We prove the second equality of (4.10) first, by a cut-and-paste argu-
ment. As the statement is trivial for w = 1 (where it reads as 0 = 0), we
shall suppose that w € U(1) \ {1}. By (4.7), the Levine-Tristram signature
can be written as

UK(W) = 01/1(WF)7

where W is the exterior of a pushed-in Seifert surface F', and 1) is the repre-
sentation sending the meridian of F' to w (the notation coincides on purpose
with that of the representation in the statement, as this map restricts to
the desired representation on Xy ). Thanks to 1.4.3, we see easily that the
untwisted intersection form is trivial on Wr. Hence, by Theorem 2.1.4 we
have

pM@WF) = O'(WF) - Uw(WF) = —O’K(w). (4.12)

By choosing an appropriate trivialization for the tubular neighborhood of
the pushed-in surface in the 4-ball, we see that the boundary of OWp can
be written, up to diffeomorphism, as

oWr = X, Uy (—F X Sl)

In the above formula, the gluing diffeomorphism ¢’: 9(—F x S') — 09X,
behaves exactly like the diffeomorpphism ¢ of (4.8), in that it sends the
homology classes of the boundary components of F' to the longitudes A, =
Ai + gip; of the Seifert framing, and the classes coming from the circle to
the meridians of L. We have thus

(F x 81 Up-1gr (=01 X SH=F" xS,

where F” is the closed surface by gluing —F with X ;, along their boundary
components. By Proposition 2.1.7, we obtain now

py(YL) = py(OWE) + py(F' x S') = 7(Vpyst, Vxy, Vg oxst);

where the Maslov triple index in twisted cohomology does not appear as
H,(0X1;Cy) = 0. After the identification given by the gluing, we easily see
that Vs, | «s1 = Vpxst, and hence the untwisted Maslov triple index also
vanishes. Thanks to Corollary 2.1.6, we also have p,(F’ x S1) = 0. We are
hence left with

pyp(YL) = py(OWF),
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that together with (4.12) gives us py(Yr) = —or(w) as desired.
We prove now the equality oy(L,9r) = py(Yr). Thanks to Corollary
3.2.11, for any framing F on 0X, we have

pp(YL) = pyp(X1, F) = pyp(Sok x 8, F) = 7(Mx, Vxp, Vg oxcsr)-

We choose F = Fg, so that py (X1, F) = 0y(L, gr,) by definition. Moreover,
by definition of the gluing, F coincides on 0%y x S 1 with the reverse of
the product framing defined in Example 3.1.2. As the representation ¥ on
H; (3o xS Z) is trivial on the surface summand, the term Py (B0 ks < St F)
vanishes by Remark 3.4.12 and Lemma 3.4.13 (iii). We are thus left with

pw(YL) = Qw(LagL) - T(MfaVXL7VEO7kXSI)>

and we need to show that the Maslov triple index vanishes. If we set A, =
(aij), as in the proof of Lemma 4.1.14, we have the explicit descriptions

Mz = Spanc{fi, - - -, fik }
Vx, = Spanc {)\; - Z?Zl aijpi|i=1,..., k}
k
Vs axst = SPang § B — fis - -+ s Bk—1 — Hiss D iy A;} :

Up to sign, the Maslov index we want to compute is the signature of the
Hermitian form

v (Mfﬂ‘VEO,kal) NVx, X (M}'"FVEO,kxsl) NVx, = C

defined by ¥(a,b) = da’ - b, where a = a’ + o” is any decomposition of a
such that o’ € My and a” € Vg, «51. By the explicit descriptions of
the Lagrangians, we see that the space where the form is defined is one
dimensional. Namely, we have

k k k
(MF + Vs oxs1) NVx, = Spanc [ YN =D ) agu

i=1 i=1 j=1
From the definition of the Seifert framing, we see however that
E ok k k k k
33 s =32 (0w ) =32 (54 o) s =0
i=1 j=1 j=1 \i=1 j=1 i=1

so that the generator is actually just v := ), Al. We compute now easily
that
V(v,v) =0-v=0,

so that sign(¥) = 0 and the Maslov triple index vanishes as desired. O
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As the Seifert framing gy, is compatible with every ¢: H1(X1;Z) — U(1)
that sends all meridians to the same w, such representations also extend to
the closed 3-manifold M (gr) obtained by surgery along gr. The Atiyah-
Patodi-Singer rho invariant of My, (gz) is related to the Levine-Tristram
signature of L in the following way.

Corollary 4.2.8. py;(Mp(g91)) = —or(w) +sign Ay, .

Proof. By Theorem 4.1.16, we have py(Mr(g91)) = oy(L,9r) + signAy, ,
which is equivalent to the desired formula because of (4.10). O

Remark 4.2.9. If L has vanishing pairwise linking numbers, then gz, is the
0-framing, and we have the equalities

oy (L) = pyp(YL) = pyp(ML) = —or(w).

4.2.3 A short proof of two classical results

With the help of rho invariants and gluing formulas, it is now possible to
give an easy proof of a classical result of Litherland [33, Theorem 2] about
the Levine-Tristram signature of a satellite knot.

Theorem 4.2.10 (Litherland). Let S := S(C, K, A) be a satellite knot with
winding number n, and let w € U(1). Then, we have

os(w) =oc(W") + ox(w).

Proof. Let ¢: Hi(Xg) — U(1) defined by ¥(us) = w. By Proposition
4.1.17, we have
Qa(s) = Qa(c) + ro(K U A)7

and we only need to write the above rho invariants as Levine-Tristram sig-
natures of knots. Now, we can easily see that, under the identification
Xg = XcUXkuya, the restriction of 1 to Xgyua is the representation send-
ing pa to 1 and pg to w, while its restriction to X¢ sends pc to w™. From
Theorem 4.2.7 and the above discussion, it follows immediately that

0y(S) = —os(w), 0y(C) = —oc(W").

As the restriction of ¥ to Xg 4 is trivial on pa, we can fill the link compo-
nent A with a solid torus in a trivial way. The representation will extend,
and the resulting manifold is (up to an orientation-preservig diffeomorphism

125



that preserves the framings) just Xg. By Corollary 3.3.18, and the defini-
tions, hence, we get

op(K U A) = py(Xk, Fr) = 0y(K) = —ox(w).
Putting together all the equations, we obtain the desired formula. O

We reprove now a result of Casson and Gordon [11, Lemma 3.1] about
the rho invariant of a 3-manifold M with a representation 71 (M) — U(1)
that factors through a finite cyclic group, once a presentation of M as the
surgery along a framed link is known (see also the later article of Gilmer [25,
Theorem 3.6], who proved independently a slightly more general formula).

Theorem 4.2.11 (Casson-Gordon). Let: m(Xy) — U(1) be the reprenta-
tion sending every meridian to w = e*™"/P with p € N and r € {1, ,p—
1}. Then, for all compatible framing f, we have

202, aig)r(p—r)
= 2 +sign Ay,

pp(Mr(f)) = —or(w) —

where (a;j) = Ay is the framed linking matriz of (L, f).

Proof. As usual, let g, = (g1, ..., gr) denote the Seifert framing on L. It is
immediate to check that, in the given context, a framing f = (f1,---, fx) is
compatible if and only if, for all 4,

fi = gi + ni, for some n; € LZ.
ged(p, )

By Theorem 4.1.16, together with (4.10), we obtain

k

pu(ML(f)) = —o1(W) + Y Su,(r/p) +sign A;. (4.13)
i=1

Thanks to Remark 3.3.33 we can compute

2n;r <1 'r> . 2mr(p—r)

P P p?

Sm (T/p) - -

Plugging these values in (4.13), we obtain

2022 ma)r(p — 1)

py(Mp(f)) = —or(w) — 2

+signAy. (4.14)
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Note that, by definition of the framing g7, we can now write

Yo=Y (fi—g)=D fi+Y Nj=) ay
i i i.J Y

i
so that (4.14) is equivalent to the formula in the statement. O

Remark 4.2.12. As it is observed by Casson and Gordon, every closed,
oriented 3-manifold N with a representation ¢: 7 (N) — U(1) that factors
through Z/p can be written as the result of the surgery on a link L with
a representation sending every meridian to w = ¢2™"/P along a compatible
framing. Hence, (4.14) gives a general formula for computing rho invari-
ants of 3-manifolds with such representations, once a surgery description is
known.

4.2.4 Dehn surgery and signatures of knots

Let K be a knot, and let p,q be coprime integers. We let Mg (p/q) denote
the closed 3-manifolds obtained by p/g-Dehn surgery on K . In the notation
of Dehn fillings, this is described as

Mk (p/q) = Dp( Xk, Fi).

A local coefficient system ¢ € U(1), seen as a representation ¢: Hy(Xg) —
U(1), extends to Mg (p/q) if and only if ¢(u)P = 1, i.e. if and only if w :=
Y(p) is a p™ root of unity.

The next result shows that the Atiyah-Patodi-Singer rho invariant of
Mg (p/q) can be nicely expressed in terms of the Levine-Tristram signature
and of the rho invariant of an appropriate lens space. We were not able to
trace this result in the literature.

Proposition 4.2.13. Let K be a knot, let w be a p™* root of unity, and let
V: Hi(Xgk;Z) — U(1) be the representation defined by ¢¥(pu) = w. Then, we
have

py(Mk(p/q)) = —oKx (W) — p(L(p, q),w)-

Proof. Using formula (3.5) of Remark 3.3.17, we can write

pu(Mk (p/q)) = pp(Xk, Fi) + pp(D* x S*, Fprq) +sen(p/q).  (4.15)

Now, by definition of g, (K), together with Theorem 4.2.7, we have
(XK, Fr) = 09p(K) = —ok(w). (4.16)
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Under the gluing, the class [S'] € Hy(D? x S') is identified with bu + dA,
where b, d are integers such that pd — gb = 1. It follows that we have

Let k € Z such that w = e2™*/P_ Then, by definition of the function Sp/q>
together with Corollary 3.3.32 (ii) and the definition of ¢, we have

py(D? x Y, Fppq) = Spyq(bk/p) = —U(p, 4, bk) — sgn(p/q).

As bg is just 1 mod p, we have by definition

Up, q,bk) = p(L(p,q), e ®*UP) = p(L(p, q),w),

so that
pu(D? x S', Fyrq) = —p(L(p, a),w) — sgn(p/q)- (4.17)
Plugging (4.16) and (4.17) into (4.15), we obtain the desired result. O

Using some “exceptional surgeries”, we get now the following description
of the Levine-Tristram signature of a torus knot in terms of rho invariants
of lens spaces. Given the explicit expressions of Remark 3.3.30, it would
be interesting to compare this result to the computations of Borodzik and
Oleszkiewicz [6].

Corollary 4.2.14. Letr, s be positve coprime integers, and let T'(r, s) denote
the (r, s)-torus knot. Let ¢ := e*™("s=1)_ Then, for all 0 < k < rs — 2, we
have

UT(T’S)(Ck) = —l(rs—1,8% kr) —l(rs —1,1,k).

Proof. The (rs—1)-Dehn surgery on T'(r, s) gives a manifold which is orientation-
preserving diffeomorphic to the lens space L(rs — 1, 5?) [35, Proposition 3.2].
Keeping track of the induced map on the fundamental group under this dif-
feomorphisms, by Proposition 4.2.13 (applied with w = ¢*) we obtain

p%D(L(TS - ]-7 52)7 CkTSQ) = _UT(T,S)(Ck) - p(L(TS - 17 1)7 Ck)7

which immediately gives the desired equality. O
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4.2.5 Cimasoni-Florens signatures

Using a generalizition of the concept of Seifert surfaces (called C-complexes),
Cimasoni and Florens [12] defined a multivariable version of the Levine-
Tristram signature of a link. In their work, a link L is considered with
the extra structure of a coloring, i.e. a partition of its components into n
non-empty subsets, indexed by {1,...,n}, and the signature is a function

or: Tf—)Z,

where T, := T\ {1} = U(1) \ {1}. At the two extremes there are the
case where n = 1 and all components are grouped together, where oy, co-
incides with the Levine-Tristram signature function, and the case where n
corresponds to the number of components of L, and every components is
grouped on its own. As the resulting function contains in this latter case
the highest amount of information and all other functions can be easily re-
covered from it, for simplicity we shall not talk of colored links, and we shall
always consider the function corresponding to this maximal coloring. Given
a link L witk k& components, in order to distinguish this function from the
Levine-Tristram signature function, we shall use the notation

or: TF 5 7
for the multivariable signature with maximal coloring.

Remark 4.2.15. By a result of Cimasoni and Florens [12, Proposition
2.5], the Levine-Tristram signature can be recovered from the multivariable
signature by the formula

op(w) = o (w,...,w) — ZAij’
1<j
where A;; denotes as usual the linking number 1k(L;, Lj).

Instead of giving the original definition of the multivariable signatures,
we shall employ a 4-dimensional characterization, due to Conway, Nagel and
the author [17, Proposition 3.5]. We need the following definition.

Definition 4.2.16. A bounding surface for alink L = Ly U---UL, C 83 =
dD*is a union F = F,U- - -UF}, of properly embedded, locally flat, compact,
oriented surfaces F; C D* with 9F; = L; and which only intersect each other
transversally in double points.
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Given a bounding surface F = F; U---U Fy, C D* for a link L, we can
take a small tubular neighbourhood N (F;) of each surface F; and define the
exterior of F'in D* as the 4-manifold with boundary

Wp := D'\ (N(F)U---UN(F)).

It is easy to show that Hy(Wpg;Z) is freely generated by the images of the
meridians py, ..., g of the link L. We have then the following result [17,
Proposition 3.5].

Proposition 4.2.17. Let L be a link in S and let F be a bounding surface
for L. Given a k-tuple (w1,...,wy) € T, let ¢ Hi(Wg;Z) — U(1) be the
representation sending p; to w;, fori=1,..., k. Then, we have

UIL(wl, oo ,wk) = U¢(WF).

Remark 4.2.18. The proof of Proposition 4.2.17 is made of two steps.
First, one proves that the value of o, (W) is independent of the choice of
the bounding surface. This is originally due to Viro [46, Theorem 2.A] (see
also Degtyarev, Florens and Lecuona [19, Proposition 3.9]). As a second
step, one shows the result for the specific case of F' being a pushed-in C-
complex. This is based on a computation of Conway, Friedl and the author
[16, Theorem 1.2].

Remark 4.2.19. Multivariable signatures are good concordance and cobor-
dism invariants. Let ’]1“‘!'f denote the dense subset of T* made of k-tuples
(w1,...,wk) such that there is no Laurent polynomial p € Z[t{cl, . ,tfl]
which satisfies p(wi,...,wr) = 0 and p(1,...,1) = £1. Then, by a re-
sult of Conway, Nagel and the author [17, Theorem 1.5], the invariant
or(wi, -+ ,wk) is invariant under 0.5-solvable cobordism of links for all for
(wi,...,wg) € ’]I‘{‘“.

4.2.6 Rho invariants of links and multivariable signatures

In this section, we shall give analogues of the results of Section 4.2.2 about
the Levine-Tristram signature. First, given a link L, we shall construct a
closed manifold Y] which is only determined by L and whose Atiyah-Patodi-
Singer rho invariant coincides with the multivariable signature of L. Then,
we shall compare the multivariable signature of L with the rho invariant
0y (L) defined in Section 4.1.2.

Let L = L1, -, Lg be a k-component link. In order to define the closed
manifold Y] of our need, we first build a 3-manifold with boundary Py, in
the following way.
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1. Take k copies Dy, - - , Dy, of the 2-disk D?.

2. For each ordered pair (i, j), remove p;; := |A;;| disjoint disks Dilj, ... Df;j
from D;.

3. For each i, let D; denote the surface obtained from D; by removing
> i Pij small disks in the way described above.

4. For each triple (¢,7,m) with ¢ < j and 1 < m < pyj, let
pi; 1 0D} x St oD} x st
be the orientation-reversing diffeomorphism given by
(y,x), if sgnA;; >0,
ehey) =9 7 . N
(y=,x7 ), if sgnA;; <0,

where € = sign A;; and we are implicitly using an identification of 9D}
and D7} with S'.

5. Set .
PL = <|_| —51‘ X Sl> / ~,
i=1

where ~ is the equivalence relation given by the gluings with respect
to the diffeomorphisms ;7 for all triples (i,4,k).

In other words, Py, is obtained by plumbing along the graph having k disks
—Dy,---,—Dy as vertices, and edges corresponding to the linking numbers
between the corresponding link components [17, 4.2]. By construction, Pr,
is an oriented 3 manifolds with £ boundary components >, -+, 3, given
by ¥; = —0D; x S'. On the other hand, the boundary of the link exterior
Xy, is a union of tori 11,---,Ty, where T; is the boundary of a tubular
neighborhood of L;, and has a standardly oriented framing with meridian
1 and longitude A;. We set now

Y[// = Xy Uy Py,

where the gluing map ¢ is given by the collection of orientation-reversing
diffeomorphisms 3; — T; C X, determined up to isotopy by the identifi-

cations
flan
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We use the identifications given by (4.18) to define a framing of 9Py, which
thus, by construction, coincides with Fy, under the gluing that gives rise to
Y/. We describe next the canonical Lagrangian Vp, C H1(0Pr;Z) in terms
of the meridians p; and longitudes \;.

Lemma 4.2.20. The canonical Lagrangian of P, is given by

i:me}

In particular, Vp, coincides with Vx, under the gluing X, U, Pr,.

k
Vp, = Spanc {)\i - Z Aijp

J=1

Proof. The first statement is an easy Mayer-Vietoris calculation [17, Lemma
4.7]. The second statement follows immediately from (4.1). O

An immediate consequence of Lemma 4.2.20 is that the images of the
meridians y; are linearly independent in H;(Pr;Z) and in Hy(Y/;Z). In
particular, given a k-tuple (wy...,wy) € T*, we can define a representation

Y Hi(Y;:Z) = U(1)

by sending every meridian u; to w;, and the complement of the subgroup
generated by the meridians to 1. We have then the following result.

Proposition 4.2.21. Let L = L1U---ULy be a link in S°, let (w1 ...,wi) €
T* and let ¢: Hi(Y};Z) — U(1) be the representation corresponding to
(w1 ...,wg) as described above. Then, we have

py(Y) = —op(wi, ..., wp).

Proof. We shall only give the sketch of a proof. More details for most of
the claims are found in the references. See S% as the boundary of D*, and
pick a bounding surface F' = Fy U---U F}, C D* for L. The boundary of its
exterior Wg, then, is given by X1 Ug Mg, where M is a 3-manifold obtained
by plumbing along the graph whose vertices are the surfaces —F7y, ..., —F}
and whose edges correspond to the intersection points between them, with
the sign of the intersection as decoration [17, Example 4.12]. Of course, the
representation ¢ extends to Wr. By the cut-and-paste formula for the rho
invariant (Proposition 2.1.7), we find now

py(YL) = py(OWF) + py(=Mp Up Pr) — 7(Vazp, Vxp, Vi) (4.19)

(as usual we compute Maslov indices in homology instead of cohomology,
and the twisted one is 0 because all w;’s are non-trivial by assumption).
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From Lemma 4.2.20, we see that 7(Vas.,Vx,,Vp,) is also 0. The term
py(—MFpUg Pr) is also 0 thanks to a computation of Conway, Nagel and the
author [17, Proposition 4.10], because —MpUPy, can be seen as the plumbing
of a balanced graph with vertices the closed surfaces F; Uy (—D;) (otherwise,
the same result can be proved by using gluing formulas and Proposition
3.4.11). Using the Atiyah-Patodi-Singer signature theorem, (4.19) can be
now rewritten as

py (Y1) = py(0WE) = sign(Wr) — sign, (Wr).

As the untwisted signature of Wr is 0 [17, Proposition 3.3], the result follows
now from Proposition 4.2.17. O

Remark 4.2.22. The original definition of the multivariable signature [12]
depends on the choice of a C-complex in S3. Proposition 4.2.17 can be
used to give an alternative definition of the multivariable signature as the
twisted signature of an appropriate 4-manifold [17, 19]. However, this 4-
manifold depends on the non-canonical choice of a bounding surface for the
link. Proposition 4.2.21, in turn, gives a description of the multivariable
signature as the rho invariant of a closed 3-manifold which is unequivocally
determined by the link, providing a possible more intrinsic definition.

We conclude with a comparison between rho invariants for links (in the
abelian case) and multivariable signatures.

Theorem 4.2.23. Let L = L1U---ULy be a link in S°, let (w1 ...,wy) € TF
and let ¢: Hi(X1;Z) — U(1) be the representation sending p; to w; for
1=1,...,k. Then, we have

Qw(L) = —oL(wl, e ,wk) — pw(PL,.FL).

In particular, the difference between o0y(L) and —or(wi,...,wy) only de-
pends on the linking matriz A, and and on the k-tuple (wi,...,wg).

Proof. Clearly, we can extend 1 to the whole of Y] in the usual way. From
the description Y] = X U, (—Pr), using the gluing formula of Corollary
3.2.11 we obtain now

pu(Yi) = pp(XL, FL) + pp(Pr, Fr) — 7(Mr,, Vx,, Vp,)-

The first summand on the right-hand side is exactly oy(L), and the Maslov
triple index vanishes as we have seen that Vx, = Vp,. From Proposition
4.2.21, we get thus

oy(L) = —op(wi...,wk) — py(Pr, Fr)
as desired. 0
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Remark 4.2.24. The manifold P;, whose rho invariant corresponds to the
correction term C(Az,wq, .. .,wy) of Theorem 4.2.23 is built by gluing prod-
ucts —D; x S!, where D; is a punctured disk. With the help of gluing
formulas, we can thus express the result in terms of the rho invariants of
these manifolds, corresponding to the function I' of Section 3.4.2. A lengthy
Maslov index calculation, namely, leads to the formula

k

ou(L) = —op(wi, ... wk) —signAp + Y Ty, (v;),
=1

where p; 1=, ; [Ay], and v; € T is a tuple made of |A;j| repetitions of
sgn Ay
J

variants of products F'x S' effectively, we would have a more explicit formula

for the difference between the invariant o, (L) and (minus) the multivariable
signature.

for each j # i. In particular, if we were able to compute the rho in-

Remark 4.2.25. As a consequence of Theorem 4.2.23, we see that the link
invariant oy (L) is as good as a concordance invariant as the multivariable
signatures. Even though it might be hard to compute explicitly, its topolog-
ical description is nicer than that of multivariable signatures (it is just the
rho invariant of the link exterior), and can be effectively used at their place
in proofs requiring constructions that start from the link exterior.
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Appendix

A.1 3-dimensional lens spaces

Let p, ¢ € Z be two coprime integers. We define the 3-dimensional lens space
L(p, q) as follows.

e For p > 0, we set L(p,q) = S®/Z/p where we see S? as standarly
embedded in C? and the quotient is with respect to the action

Z/px S% — 83

([k]7 (Za ’LU)) — (€2ﬂik/pz7 eZﬂikQ/pw)'

Notice that L(p, ¢) inherits from S3 the structure of a closed, oriented
3-manifold.

e For p < 0, we set L(p,q) := —L(—p,q).
e For p =0, we set L(0,1) = L(0,—1) := S? x S™.

In all three cases, there is a natural isomorphism 71 (L(p, q)) = Z/p. We
prove now the following basic results.

Proposition A.1.1 (Relationship between different lens spaces).
(i) L(p,q) = L(p,7) if r = ¢ mod p;

(iii) there is an orientation-reversing diffeomorphism f: L(p, —q) — L(p, q)
such that f.: Z/p — Z/p satisfies fi([1]) = [1];

(iv) there is an orientation-preserving diffeomorphism g: L(p,q) — L(p,q)
such that g.: Z/p — Z/p satisfies fi([1]) = [-1];
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(v) if s=q~ ' mod p, there is an orientation-preserving diffeomorphism
h: L(p,s) — L(p,q) such that hy: Z/p — Z/p satisfies hy([1]) = [s].

Proof. Point (i) follows from the definition of L(a, b) for negative a. Because
of the same definition, it is enough to prove the other points for p > 0 and
for the special case p = 0. We start with p > 0. Then, point (ii) follows
immediately from the definition. For the other three points, we define the
diffeomorphisms explicitly as

Gz w))) = [zw)],  9(((zw)) = [Ew)],  A((zw)]) = [(w,2),

and easily verify that the induced map in the fundamental group are those
listed in the statement. For p = 0, (ii) is trivial and (v) is either trivial or
coincides with (iv). For (iii) and (iv), we have to provide diffeomorphisms
f,g: S? x St — §? x S with f orientation-reversing and trivial on the
fundamental group, and ¢ orientation preserving and non-trivial on the fun-
damental group. We can thus define f =7 X idg1 and ¢ = 7 X ¢ with 7 a
reflection of S? and o a reflection of S*. O

There is another classical description of lens spaces in terms of genus 1
Heegaard splittings. Given a matrix A = (‘; fl) with det A = —1, we de-
note by Hj4 the closed 3-manifold obtained by gluing two copies Vi, Vs of
the standard solid torus D? x S' C C? through the orientation-reversing
diffeomorphism

fa: Vo =8 xS = ov; =St x St

(z,w) — (2%0°, 2Pw?).

By Seifert—Van Kampen, the fundamental group of H4 can be described in
terms of the positive generators x € 71(V1) and y € 71(V3) as

m(Ha) = (,y|2¢ = Ly = 2) = (x| 2°).
We have the following result.

Proposition A.1.2. Let A = (‘CL S) be a matriz with det A = —1. Then,
there is an orientation-preserving diffeomorphism

oa: Hy = L(c, —a)
such that (pa)s: (z|x€) = m(Ha) — m(L(c,—a)) = Z/c is the map send-
ing x to [1].
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Proof. For positive ¢, the diffeomorphism is constructed explicitly in the
lecture notes of Friedl [24], once the inverse of the matrix is taken, which
corresponds to using the inverse of the gluing diffeomorphism. The observa-
tion about the fundamental group is immediate from the explicit description
of the diffeomorphism.

For negative ¢, consider the matrix A" := (fc _db) . Since we defined in
this case L(c,—a) to be —L(—¢,—a), it is enough to find an orientation-
reversing diffeomorphism ¢g: H4 — —H 4 which behaves correctly on the
fundamental group, and then define ¢4 as the composition

Had —Hy 225 —L(—c¢,—a) = L(c, —a).

By definition, H s is built by gluing two copies V7, Vs of D? x S! through
the map

far: Vo =8 x 8t = 913 = St x St
(z,w) — (2%w~¢, 27 Pw).

We define the map g: Vi Uy, Vo = Ha — Har = V] Uy, V; as the union of

the maps

g Vi =V} g2: Vo = Vs

-1 -1

(zyw) = (277, w) (zyw) — (277, w).

It is immediate to check that the two maps respect the gluing, so that g is
well defined. Moreover, if 2/ € 71(V]) is the positive generator, so that we
have a description m1(Ha/) = (2| (2/)7¢) analogous to the one of 71 (H,),
we have the induced map g.(x) = (2’), and hence (¢ 4)« = (par)« © g« sends
x € m(Ha) to [1] € Z/p as desired.

It remains to consider the case ¢ = 0, which implies a = £1. We de-
fined in these cases L(0,1) = L(0,—1) = S? x S'. So, we have to find an
orientation-preserving diffeomorphism p4: Hq — 52 x S! such that

(pa)e: (z) = m(Ha) — 7T1(52 X Sl) =7Z

sends  to 1. The fact that H 4 is diffeomorphic to S2 x St is well-known (see
Rolfsen [42, Chapter 9.B]). By composing the chosen diffeomorphism with
an appropriate self-diffeomorphism of S? x S!, we obtain easily the map ¢4
with the desired properties. O

Remark A.1.3. In practice, in order to build the lens space L(p, q) out of
two solid tori Vi, Va, with meridians p1, uo and longitudes A1, Ag respectively,
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it is enough to choose an orientation-reversing diffeomorphism f: 9V — 9V}
with

fe(p2) = —quy +pA1.
The element [1] € Z/p = 71 (L(p,q)) concides then with the image of the

generator of m1(V1). With respect to the bases (ui, A1) of H1(0V1;Z) and
(2, A2) of Hi(0Va;Z), the diffeomorphism f is represented in homology by

a matrix
A:<_q a), det A= —1.
p b

The values a,b € Z are not unequivocally determined by p and ¢, but they
do not play a role in the determination of the diffeomorphism class of the
resulting manifold. However, it is sometimes important to keep track of
them, as they appear if we try to look at the fundamental group of 71 (L(p, q))
from the point of view of V5. In fact, the generator of 71 (V3) corresponds to
the element [b] € Z/p.

A.2 Dedekind sums and the Rademacher function

The topic of this section is a very classical one, but we shall not try to outline
the history of the results or to be exhaustive in the treatment. Instead, we
shall just outline the definitions and results that we need in relationship to
our goal, which is centered in the computation of the eta and rho invariants
of some particular manifolds.

A.2.1 Classical Dedekind sums

For coprime integers a, ¢ such that ¢ # 0, the Dedekind sum of the pair (a, ¢)
is the rational number

le|—1

wr S w

Jj=1

where ((-)) : R = (=3, ) be the periodic sawtooth function defined by

{x—{aﬁj—%, if x € R\ Z,

(@)= 0, if 2 € 7.

From the oddness of the function ((-)), it is immediate to see that

s(—a,c) = —s(a,c), s(a,—c) = s(a,c).
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From the 1-periodicity of ((-)), we see that s(a,c) only depends on a up
to equivalence modulo c. For the same reason, we can see the sum in the
definition of s(a, ¢) as running through elements modulo ¢, and then an easy
change of variable leads to the equality

s(a,c) = s(d';e), if ad’=1 mod c. (A.2)

Suppose now that a and c are positive coprime integers. One of the
most important relations satisfied by the Dedekind sums, admitting, several
different proofs, is the reciprocity formula [40, Chapter 2]

s(a,0) + s(c,a) = % (“ + g C) _ i (A3)

Cc ac a

Another useful property is the cotangent formula [40, (26)]

A.2.2 The Rademacher function

In this section, we shall consider various functions defined on SL(2,Z) and
on SL(2,Z) x SL(2,Z). Given a function f: SL(2,Z) — R we shall consider
its coboundary §f: SL(2,Z) x SL(2,Z) — R, given by

0f(A,B) = f(A) + f(B) — f(AB).

Given an element A € SL(2,Z), we define its coefficients by

aa ba
A= :
(CA dA)
When a single matrix is being considered, we shall normally omit its name
from the notation of the coefficients.

We start with the definition of the main function of our interest. The
Rademacher function ®: SL(2,Z) — Q is defined as

b .
b fe—

B(A) = {m e=0, (A.5)
5~ —4sgn(c)s(a,c), otherwise.

Remark A.2.1. In fact, the original function considered by Rademacher is
3®, and it takes integer values as a consequence of the reciprocity formula
(A.3) for the Dedekind sums [39, p. 50].
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Remark A.2.2. It is immediate to check that ®(—A) = ®(A), so that &
actually gives rise to a well-defined function PSL(2,Z) — Z

Rademacher was able to give a simple formula for the coboundary of the
function ®. Namely, he proved that

0P(A, B) = sgn(cacpeap). (A.6)

An analytic proof of this fact based on the transformation properties of the
Dedekind eta function can be find in the book of Rademacher and Grosswald
[40, (62)]. In the same text, a reference to the original (purely arithmetic
but lengthy) proof is also given.

Remark A.2.3. Both the Rademacher function ®: PSL(2,Z) — Z and the
function e: PSL(2,Z) x PSL(2,Z) — Z defined by

e(A, B) = sgn(cacpeap) (A7)

have geometric interpretations in terms of invariants of triangles in the hy-
perbolic plane, as observed by Kirby and Melvin [27, Section 1]. They call
the latter (with the opposite sign normalization) the area cocycle, and show
by geometric means that ¢ = ¢.

Following the work of Kirby and Melvin, we define one more function
v: SL(2,Z) - Z as

V(A) = sgn(b), ifA:‘((l)ll’),
sgn(c(a +d — 2)), otherwise.

The authors prove [27, Theorem 6.1] that the coboundary of —® + v is the
famous signature cocycle

o: SL(2,Z) x SL(2,Z2) — Z,

of Meyer, originally defined as the twisted signature of a torus bundle over
a pair of pants [34]. Together with (A.6), this gives the simple expression

0(A,B) =v(A)+v(B) —v(AB) —sgn(cacpcan).
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A.2.3 Dedekind-Rademacher sums

For coprime integers a,c such that ¢ # 0, and real numbers z,y € R, we
define the Dedekind-Rademacher sum

le|—1

o= B ()

J=0

It is immediate to see that, for fixed a and ¢, s 4(a, ¢) is 1-periodic in both =
and y, so that it can be seen as a function of R/Z x R/Z. Clearly, moreover,
we have

s0,0(a,c) = s(a,c).

Hence, this is a true generalization of the classical Dedekind sums. The
function s, ,(a,c) was first defined in this generality by Rademacher [39)].
We took our notation from [5, Appendix C.2.2].

We shall now focus on the special case x = 0, establishing some formulas
that will be useful in the applications. By definition, we have

le|—1

=S ()(E)

Jj=0

First of all, using the oddness and the periodicity of the sawtooth function,
we observe that

soy(a,c) = —soy(—a,c) = soyla, —c) = so,—y(a,c)

and
soy(d',c) =soy(a,c) if a'=a modec.

If cy is an integer, we obtain more relations. For example, for d € Z such
that ad =1 mod ¢, and y = = € %Z, we have

So,ay(aa C) = SU,y(da C),

as it can be seen with the substitution k£ = a(j + n) in the expression

soap(a )= > <(a(j+n)>> <<j>>

j mod ¢

Moreover, we have the following result.
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Lemma A.2.4. Let a,c coprime integers with ¢ > 0, and let y = k/c with

ke{l,...,c—1}. Then

s0,ay(a, ¢) — s(a,c) = 3 <(CZ>> +% ((“ck)) : (A.9)

1

o

<.
Il

Proof. By definition, we have

snaylac) = 3 ((M)) <<Z>>

i mod ¢

and with the substitution j = i + k we obtain

anwor= ¥ (D)) - (D)

C
=1

j mod ¢

Now, it is immediate to verify that
((i))+1 ko ifl<j<k—1,

c c’

K
(-0
J)) k fkt1<j<ec—1.

(-

c’
As a consequence, we can write

c—1

st —stwe =3 () - ()] -

S-S E )

j=1
The second summand in the last expression is 0, as ((%)) = — ((a(cc_j ) )),

and thus all terms in the sum get canceled. By observing that

()9

c

we obtain the desired result.
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Remark A.2.5. Expanding (A.9), we get

= ()3 (2) -5 (2-|2)-

J

B

N |
~_
+

2c = 2 2 c] 4
_ak? k N 1 aj 1] ak
2 2 4 —le 20 c |’

Note that here the assumption ¢ > 0 is not needed. This computation will
turn useful in the study of rho invariants of lens spaces (see Corollary 3.3.25).

A.3 Some software-generated images

In Section 3.3.5, we introduced a family of 1-periodic functions S,: R — R,
for r € QU {0}, so that S, corresponds to the rho invariant of the solid
torus D? x S' with a non-standardly oriented framing F, of gradient r, for
all possible representations a: m1(D? x S') — U(1).

Because of the relations between different functions in this family, we
have observed that it is enough to know S, for r > 1 in order to recover all
other functions. One way to proceed is to fix p € N\ {0,1}, and consider
the rational numbers r = p/q for all integers ¢ that are coprime with p and
satisfy 1 < g < p — 1. In this way, for each p we get a finite number of
functions, and by letting p vary in N\ {0, 1} we recover all of them.

The general features of the finite sequence of functions corresponding to
a choice of p seem not to vary by changing p. We illustrate next the sequence
of 30 functions corresponding to the choice p = 31. For all r = 31/¢q with
1 < ¢ < 30, we append the graph, generated with the software Mathematica,
representing all the values of S, () for t € (0, 1) that we are able to compute,
thanks to Corollary 3.3.32, as rho invariants of lens spaces. The color scheme
is the following (see Notation 3.3.29):

e red dots represent £(q,31,k) for 1 <k < q—1;
e green dots represent —¢(31, ¢, k) — 1 for 1 < k < 30;
e blue dots represent —¢(31 + ¢,q,k) —1/2 for 1 < k <30+ ¢;

e orange dots represent —¢(p — q,q,k) —3/2 for 1 < k <30 — q.
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