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ABSTRACT

In this thesis we are concerned with the analysis of contact angle problems for
the free boundary in two-phase flows. In particular, we consider the Mullins-Sekerka
problem with a ninety degree angle condition at the points where the free interface
meets the boundary. Here, the domain in two or three space dimensions is smooth
and bounded. The main result is existence and uniqueness of local strong solutions.
We hereby develop a comprehensive L, — L,-maximal regularity theory for the linear
problem.

Furthermore, we are interested in qualitative properties of solutions. We show
global existence and nonlinear stability for flat interfaces in a cylindrical geometry
in two or three space dimensions, and provide a complete analysis of the linearized
stability properties of stationary solutions for general geometries in two dimensions.

Moreover we consider a sharp interface model given by the two-phase Navier-
Stokes equations with surface tension coupled to the Mullins-Sekerka problem. Again
we prove the existence and uniqueness of local-in-time strong solutions. Further-
more, global-in-time existence and stability for solutions starting close to equilibria
is obtained.

We then introduce a thermodynamically consistent model for the two-phase Navier-
Stokes/Mullins-Sekerka equations with gravity and prove the presence of a so called
Rayleigh-Taylor instability.

ZUSAMMENFASSUNG

Diese Arbeit behandelt die Analysis von Kontaktwinkelproblemen in Zwei-Phasen
Stromungen. Insbesondere betrachten wir das Mullins-Sekerka Problem mit einem
Kontaktwinkel von neunzig Grad am Rand des Gebietes. Das Gebiet hat zwei oder
drei Raumdimensionen, glatten Rand und ist beschrankt. Das Hauptresultat hier
ist Existenz und Eindeutigkeit starker Losungen. Wir entwickeln hierbei eine um-
fassende L, — L4-Theorie und zeigen maximale Regularitét des linearen Problems.

Ebenfalls werden Resultate tiber qualitatives Verhalten von Losungen bewiesen.
Wir zeigen globale Existenz und nichtlineare Stabilitdt fiir flache Grenzschichten
in einer zylindrischen Geometrie. Ebenfalls geben wir eine umfassende lineare Sta-
bilitatsanalyse fiir allgemeine Gebiete in zwei Raumdimensionen.

Danach betrachten wir ein Zwei-Phasen Navier-Stokes/Mullins-Sekerka Modell
und zeigen Existenz und Eindeutigkeit von starken Losungen fiir kurze Zeiten. Eben-
falls werden Stabilitdtsresultate fiir Losungen, die nahe an Equilibria starten, be-
wiesen.

Fernerhin leiten wir ein thermodynamisch konsistentes Zwei-Phasen Navier-Stokes/
Mullins-Sekerka Modell mit Gravitationskraft her und zeigen Rayleigh-Taylor-Instabi-
litét.



Fir Mama und Papa.
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CHAPTER 1

Introduction

1.1. Moving interfaces, contact angles, and maximal L,-regularity

The evolution of interfaces is a phenomenon arising in mathematics, physics,
and other natural sciences. The most prominent example might be the geometric
evolution law Mean Curvature Flow for a family of closed hypersurfaces. This prob-
lem is an example for a curvature driven geometric evolution equation. It states
that the normal velocity of the interface is given by its mean curvature, up to a sign
depending on the sign convention used. Here, the quantities which are responsible
for the flow are given explicitly on the interface: the normal velocity and the mean
curvature of the hypersurface representing the interface. There are also problems
which do not satisfy this local property. A problem which has been extensively stud-
ied is the so called Stefan problem. It it used for instance to describe the melting
process of an ice cube surrounded by water. In this two-phase problem one has to
solve an equation away from the interface, the solution of which then determines the
normal velocity of the interface. These two-phase problems are typically harder to
solve due to their nonlocal structure.

Interfaces appear also very naturally in the context of fluid dynamics. If one
considers a situation where two or more fluids are involved, the question on how these
fluids interact with each other and how their dynamical behaviour evolves in time
arises immediately. In a setting where the fluids are assumed to be immiscible, there
is no mixing zone and a sharp interface appears to separate the domains occupied
by the respective fluids. A prominent example to model this type of situation with
two different fluids are the two-phase Navier-Stokes equations with surface tension.
However, there are also models which allow for partial mixing by introducing a
diffuse interface layer in which the mixing takes place. This is also very reasonable,
but the sharp interface models are accepted as an idealized model.

In applications, one often has to deal with interfaces not being closed, but with
interfaces touching a part of the so called boundary: think of two fluids in a bounded
container. Omne can have the situation where a droplet of oil is completely sur-
rounded by water, but also two films of oil and water having a common interface
which touches the boundary of the container. These problems are called contact
angle problems. Compared to the evolution of closed interfaces, these problems are
analytically harder to solve since one has to take extra care for the boundary con-
dition which models the contact angle. These contact angles in general can range
from a static ninety degree angle, to angles different from ninety degrees, up to
dynamic contact angles depending on time. However, already the simplest case
of ninety degree contact angles can cause major difficulties in the analysis of the
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respective problems. From a physical viewpoint, this condition may be seen as
somewhat of a idealization of the real behaviour observed in nature. In view of
the vast applications, these contact angle problems are of high interest. We refer
e.g. to DeSimone, Grunewald, Otto [15], Guo, Tice |28], Kniipfer, Masmoudi [37],
Otto [50], Pukhnachev, Solonnikov [59], and Wilke [64].

There are different possibilities to describe the free interface and its evolution in
time. One way is to pick a fixed reference frame and measure the distance of the free
boundary with respect to this reference geometry. This way one can think of reducing
the geometric problem for the free hypersurface to some, in general highly nonlinear,
evolution equation for the distance function. This ansatz is preferrably used when
the distance of the free interface to the fixed configuration is small. One can then
linearize the equations at the reference geometry and show mazimal regularity for the
linearized problem. For a given operator, this is usually a nontrivial task. Maximal
regularity roughly speaking means that there is an isomorphism between solution
and data space of the linearized operator. In case where the equations can be
reduced to a single abstract evolution equation in some Banach space, the concept
of maximal L,-regularity has proven to be a very useful tool to obtain solvability of
the equation in a strong sense and deduce further results, e.g. stability or instability
properties. The literature on maximal L,-regularity is vast. We therefore only want
to refer to the recent book by Priiss, Simonett [57] and the references therein for
further discussion. In [57] it is displayed in a great way that the abstract theory of
maximal L,-regularity proves flexible and hence can be applied to a wide array of
problems arising in the local description of free boundaries and moving interfaces.

1.2. The Mullins-Sekerka problem

In this section we describe and collect results on the classical Mullins-Sekerka
problem. We follow the survey article [24].

The classical Mullins-Sekerka problem for closed interfaces has been widely stud-
ied. It describes the evolution of the spatial distribution of two phases in time. The
two phases occupy two regions, separated by a sharp interface. The motion is driven
by the reduction of interfacial area and limited by diffusion. The area of the two
phases is conserved in time. The Mullins-Sekerka evolution law can be derived from
conservation laws and the principles of thermodynamics, cf. [17], [30], but also in
the context of gradient flows, cf. [23], [24], [49].

The classical model is the following. Let 0 C R"™ denote a bounded domain
in R™, where n € N is the dimension. For a time-dependent family of closed and
compactly embedded interfaces T'(t) separating the two disjoint phases Q% (¢) and
Q7 (t), the problem, given an initial surface Ty, reads as

—Ap =0, in Q%(1),
V=—[Vy] v, on I'(¢),
pw=H, on I'(t),

supplemented by Neumann boundary conditions for  on 0€2. Hereby, V denotes the
normal velocity and H the mean curvature of I'(t) with respect to the unit normal v
of I'(t) pointing inside Q7 (¢). By [-] we denote the jump of a given quantity across
the interface in direction of v. It now readily follows that the enclosed volume by
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['(t) is constant in time, whereas the area of I'(¢) is non-increasing,

iArea(F(t)) = 7/ |Vu|?dx <0,
dt Q

cf. Proposition 2 in [24]. In comparison to the classical Mean Curvature Flow, the
Mullins-Sekerka problem is nonlocal in space. The hypersurface I'(t) determines the
domains in which we have to solve the Laplace equation, Ay = 0 in Q\I'(¢). At the
same time, the solution u to the Laplace equation determines the normal velocity of
the evolving interface. In this way, the interface at time ¢ is also an unknown and
has to be determined as part of the problem as well.

In order to formulate the problem in a suitable setting, one can transform the
equations defined on the time dependent domains Q\I'(¢) to a fixed reference con-
figuration. This ansatz goes back to Hanzawa [32]. Note that this transformation
naturally depends on the solution I'(¢). By this transformation, the equations have
to be transformed to the fixed reference geometry and a highly nonlinear problem
arises. Using this approach, local existence of unique strong solutions was obtained
by Chen, Hong, Yi [13], and Escher, Simonett [21]. In [13], the authors work in
classical Holder spaces, whereas in [21] height functions in so-called little Hélder
spaces are considered. Both works [13] and [21] show that for positive times ¢ > 0
the solution is smooth in the classical sense. In [5], Alikakos et al. consider the case
of ninety degree contact in two space dimensions in the case where the initial inter-
face is assumed to be smooth and close to a part of a circle. Their arguments rely
on an harmonic extension of the curvature and finding explicit formulas in complex
variables.

In general, classical or strong solutions to the Mullins-Sekerka problem only
exist for short times as topological changes and singularities may occur. For long-
time existence results one can turn to weak formulations, since this solution concept
can handle different scenarios where classical solutions break down. We refer to
Luckhaus [41], Luckhaus, Sturzenhecker [42], and Roger [60]. As a part of this thesis
we will consider the Mullins-Sekerka problem when the interface forms a contact
angle to the boundary of the domain.

1.3. The two-phase Navier-Stokes/Mullins-Sekerka equations

In this section we introduce the system given by the Mullins-Sekerka equations
coupled to the two-phase Navier-Stokes equations with surface tension. We follow
the introductory chapter of [4].

Consider the flow of two incompressible, viscous fluids inside a bounded domain
Q C R, n=2,3. We assume that the fluids are of Newtonian type, do not mix,
and possess a common sharp interface I'(t). This interface separates the two regions
occupied by the fluids. In the model without boundary contact which we present
in this introduction, the inner phase is compactly embedded in the domain, that is,
has a positive distance to the boundary of the fixed domain for all times during the
evolution. The viscosities of the two fluids are constant but may be different from
each other. In particular, we model the case where surface tension at the common
interface is present. For simplicity in this introduction, we set the density equal to
one in both fluids.
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Let v be the velocity and p the pressure. The stress tensor is given by T'(v,p) =
pt(Dv + DvT) — pI in the bulk regions Q\I'(¢). The model reads as

v +v-Vo—divT(v,p) =0, in Q\I'(¢),
dive =0, in Q\I'(¢),

Ap =0, in Q\I'(¢),

—v-[T(v,p)] = cHv, on I'(t),

[v] =0, on I'(t),

V=v-v—[Vy] v, on I'(¢),

w=oH, on I'(t),

subject to boundary and initial conditions. Here, ¢ > 0 is a constant representing
the surface tension.

One motivation to consider this problem is that it appears as a sharp interface
limit of the Navier-Stokes/Cahn-Hilliard model

0w + v - Vo — div(u(c)Dv) + Vp = —ediv(Ve ® Vo), in Q xRy,
dive =0, in 2 xRy,

Oc+v-Ve = Ap, in xRy,

p=etf'(c) - eAc, in Q xRy,

equipped with boundary and initial conditions, cf. |[4]. Here, ¢ is the concentration
of one of the fluids, and f is a suitable double well potential. The small order
parameter € > 0 is related to the interfacial thickness, where a partial mixing of
the fluids is allowed. We refer to Halperin [31], Gurtin, Polignone, Vinals [29], and
Abels, Garcke, Griin 2] for further discussion.

For local existence of strong solutions and stability results in the case of closed
interfaces we refer to [4]. In this thesis we consider the case where the free boundary
meets the solid wall of the container at a constant contact angle. For a similar
coupled problem between Navier-Stokes and Mean Curvature Flow we refer to Liu,
Sato, Tonegawa [40].

1.4. Rayleigh-Taylor Instability

Let us consider a fixed container filled with two incompressible, immiscible, and
viscous fluids. Again we assume that these two fluids are separated by a common and
sharp interface. Let us additionally consider the case where the two fluids possess
different densities. As an external force we consider gravity acting on the fluids.

When the heavier fluid is on top, one expects the upper fluid to sink down in the
lower phase. This effect is well known as Rayleigh- Taylor-Instability. This appears
when the difference of the densities is large enough compared to the surface tension
between these fluids. If the lighter fluid is on top and gravity acts in the downwards
direction, we expect a different behaviour, namely that the lighter fluid stays on top.

As before, we can model the flow of the two fluids by the two-phase Navier-
Stokes equations with surface tension, now additionally with gravity acting as an
external force. Rayleigh-Taylor-Instability for this model was first rigorously proven
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in an Ly-setting by Priiss and Simonett [54], in the case of a two-phase full space
problem. In this case the problem reads as

pE (00 + (v - V)v) — pTAv + Vp = —pTge,, in Q\I'(¢),
dive =0, in Q\I'(¢),

[v] =0, on I'(),

—v - [T(v,p)] = cHv, on I'(t),

V=vv, on I'(t),

subject to initial conditions. Hereby p* > 0 denote the two constant densities in
the fluids and g > 0 is the gravitational acceleration constant. In particular we
point out that the gravitational force —p*ge,, enters the momentum balance of the
Navier-Stokes equation.

For a result on Rayleigh-Taylor-Instability for the two-phase Navier-Stokes equa-
tions in a cylindrical domain we refer to Wilke [64]. As a part of this thesis we will
show linearized Rayleigh-Taylor-Instability for the two-phase Navier-Stokes/Mullins-
Sekerka equations in cylindrical domains, where I'(¢) forms a ninety degree angle at
the boundary.

1.5. Preliminaries and Function Spaces

1.5.1. Notation. Let N denote the set of all natural numbers 1,2,3,... and
Ny := NU {0}. For two Banach spaces X and Y, we denote by B(X,Y) the set
of all bounded, linear operators from X to Y. Given some Hilbert space H, we
denote the scalar product in H by (.,.)g. For a given domain Q C R", the set
of continuous functions on  is denoted by C°(Q). For k € N, the set of k-times
continuously differentiable functions is denoted by C*(£2) and for a > 0, € N, we
denote by C*(£2) the Holder space with exponent . BUC(2) is the space of all
functions which are bounded on €2 and uniformly continuous. The classical Lebesgue
spaces are denoted by L,(2), 1 < p < oo, and the L,-Sobolev spaces are denoted
by WF(Q). Sometimes, for k = 1,p = 2, we also write H'(2) only. By C*(£2) we
mean the set of smooth functions and C§°(£2) are smooth functions with compact
support in Q. In function spaces or inequalities with fractional exponents we simply
write e.g. 1 — 1/2q instead of 1 — 1/(2¢) from time to time. This should make
complex expressions more readable while the meaning still should be very clear from
the context. The constant C' > 0 usually is a generic constant and may change from
line to line. We also employ classical Vinogradov notation, that is, A < B means
there is a constant C' > 0 independent of A and B, such that A < CB.

1.5.2. Interpolation theory. Let XY be two Banach spaces. We say that
(X,Y) is an interpolation couple, if both X and Y are continuously embedded into
another topological Hausdorff vector space Z.

Let (X,Y) be an interpolation couple and denote by (-, -)g,, the real interpolation
functor with respect to (0,p) for 0 < § < 1,1 < p < oo, cf. Lunardi [44]. Then
(X,Y)g,p is called the real interpolation space of X and Y with respect to (6, p). It
is well known that

(X, Y)op=(Y,X)1-9,, 0<0<1,1<p<oo.
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Furthermore, for 0 < 8 < 1,1 < p < ¢q < o0,
XNY C(X,Y)g, C(X,Y)gqCXH+Y.
If now Y C X, for 0 < #; < 05 < 1 we have that
(X7 Y)92700 c (Xv Y)91,1

Therefore (X,Y)g,, C (X,Y)g, q forall 0 < 6; < 6 < 1,1 < p,g < co. An
important estimate regarding interpolation theory is the following, cf. Corollary 1.7
in [44].

LEMMA 1.1. Let (X,Y) be an interpolation couple. For 0 <0 <1 and1<p<
oo there is a constant C = C(0,p) > 0, such that

0
|2l(x,¥)0,, < Clzlx°I215,
forall z € X NY. Hereby, |-|(x,v),, denotes the norm of (X,Y)gp, cf. Definition

Let us also note the following well known result, cf. Theorem 1.6 in [44].

LEMMA 1.2. Let (X1,Y1) and (X2,Y2) be interpolation couples. If now T €
B(X1,X2) N B(Y1,Ys), then T € B((X1,Y1)o,p, (X2,Y2)ep), for any 6 € (0,1),p €

[1,00]. In particular,

0
IT15(0x1 Y100, (X2 Y2)00) < 1T 1% x| T B33 1)
For futher discussion we refer to Bergh, Lofstrom [11], and Lunardi [44].

1.5.3. Bessel-Potential and Besov spaces. As usual, we will denote the
classical L,-Sobolev spaces on R" by W;(R"), where k is a natural number and
1 < p < oo. The well known Bessel-potential spaces will be denoted by H, (R™) for
s € R. We will now introduce the so-called (nonhomogeneous) Besov spaces, as is
done in [1].

Let (¢;), j € Ny, be a dyadic partition of unity on R™. This is a partition of
unity (¢;), j € Ng, on R” with ¢; € C§°(R™) such that each support satisfies

supp ; C {€ € R™: 2771 < ¢ < 27H1} ) § >0,

and the support of g is contained in the closed ball B2(0). This can be realized
as follows. Choose a smooth bump function ¢y € C§°(R™) such that ¢g = 1 for
€] < 1 and @9 = 0 for || > 2. Then let ¢;,j € N, be defined by means of
@i (€) == po(277€) — po(27711¢).

For a smooth function f € C§°(R") and j € Ny, define the dyadic block A; of
f by means of A;f := F(p,;Ff). It is then well known that the dyadic blocks
can be extended to the space of tempered distributions &’. We can then define the
Besov space as follows.

DEFINITION 1.3. Let s € R and 1 < p,q < co. Then the Besov space B, (R")
is defined as

B, (R") = {f € S'(R"): |f

1/q
‘f|B;q(R" = (szsq|A f|L »(R™) ) ,

B3, (R™) < OO},
where, if ¢ < o0,
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and else

|f

Bs. (&) = Sup 27°|A; | ().
J€No

It is well known that by Plancherel’s theorem Bj,(R™) = Hj3(R™), and the
simple relations

By, (R") < Bs. (R"), Byi(R") < By (R"),

pq1 pg2

forall s e Re > 0,1 <p<oo,1 <g1 <gy < oo, hold true, cf. Lemma 6.5 in [1].
There is also a well known Sobolev-type embedding theorem for Besov spaces, cf.
Theorem 6.15 in [1].

LEMMA 1.4. Let 5,81 € R with s <s1, 1< ¢ <g<o00,and1 <p; <p<oo,
such that s —n/p < s; —n/p1. Then B!, (R") — B, (R").

The following lemma is very well known and can easily be shown by using
paraproduct estimates, see Corollary 2.86 in [9].

LEMMA 1.5. For any s > 0,1 < p,q < o0,

lvw|ps, &) S |0Bs, @) WL @) + [V]L0 @ 0] Bs, @) (1.1)

for all v,w € By (R") N Loo(R™). In particular, the space By, (R™) N Loo(R™) is a
Banach algebra under pointwise multiplication.

The above lemma also holds true for smooth, bounded domains 2 C R™. To
see this consider the extension operator from B, () to B, (R"). By a careful
inspection, e.g. formula (7) in Section 2.9.2 in [62], we see that the extension
operator is also bounded as a mapping [Lo(2) = Lo (R™)]. This way, we can first
extend to R™ and then use Lemma to obtain also the case of bounded, smooth
domains 2 C R”.

1.5.4. Triebel-Lizorkin spaces. Let (y;); be the dyadic decomposition and
Aj the dyadic blocks as before. We can then define the Triebel-Lizorkin spaces as
follows.

DEFINITION 1.6. Let s € Rand 1 < p < 00,1 < ¢ < co. Then the Triebel-
Lizorkin space F;, (R") is defined as

Epy(R™) := {f € S"(R") : | f|p, mn) < 0},

where

f

F3,(R?) = (Z 2jsq|Ajf(~)|q)1/q
=0 Ly(R")

Note that with the usual modification one can also define F;, for ¢ = oo, cf. [62].
For further discussion we refer to [11], [1], [62], [57].



8 1. INTRODUCTION

1.5.5. Banach space valued function spaces. In this thesis we also need
the above function spaces in a Banach-valued version. Let X be a Banach space. It
is well known that one can define the so called vector-valued or Banach space-valued
Lebesgue spaces L,(€; X), cf. Appendix A4 in [1]. Let J = (0,7), T > 0, or
J = (0,00) = Ry. The Banach space-valued versions of the other function spaces
for functions defined on J with values in X are denoted by W} (J; X), H5(J; X),
W;(lj,)|(), B;.(J; X), Fj.(J; X), respectively. For precise definitions we refer to,
e.g. |48].

1.5.6. Sectorial operators and maximal regularity. We first define the
notion of sectorial operators as in Definition 3.1.1 in [57].

DEFINITION 1.7. Let X be a complex Banach space and A be a closed linear
operator on X. Then A is called sectorial, if both domain and range of A are dense
in X, the resolvent set of A contains (—o0,0), and there is some C' > 0 such that
t(t+ A) " px) < C forall t > 0.

The concept of R-bounded families of operators is an important tool in modern
analysis. We refer to Definition 4.1.1 in [57].

DEFINITION 1.8. Let X and Y be Banach spaces and T C B(X,Y). We say
that 7 is R-bounded, if there is some C' > 0 and p € [1,00), such that for each
NeN{T;:j=1,.,Ny CT,{z; : 5 =1,..,N} C X, and for all indepen-
dent, symmetric, £1-valued random variables €; on a probability space (€2, A, p) the
inequality

N N
ZEj’ijEj <cC Zijj (12)
j=1

Lr (YY) J=1 Lr(;X)
is valid. The smallest C' > 0 such that (1.2) holds is called R-bound of 7. We
denote it by R(T).

We can now define R-sectoriality of an operator as is done in Definition 4.4.1
in [57].

DEFINITION 1.9. Let X be a Banach space and A a sectorial operator on X.
Then A is R-sectorial, if R4(0) := R{t(t + A)~' : t > 0} is finite. We can then
define the R-angle of A by means of & := inf{f € (0,7) : Ra(m — ) < co}. Here,
Ra(0) :=R{AN+ A)~1 : Jarg \| < 6}.

We now define the important class of operators which admit a bounded H°-
calculus as in Definition 3.3.12 in [57]. For the well known Dunford functional
calculus and an extension of which we refer to Sections 3.1.4 and 3.3.2 in [57]. Let
O<p<mand X, :={z € C:|argz| < ¢}. Let H(X,) be the set of all holomorphic
functions f : 3, — C and H*(X,) the subset of all bounded functions of H(3,).
The norm in H*(X,,) is given by

[flaee(s,) = sup{[f(2)] : z € T }.

Furthermore let

Ho(Xy) := U Ha5(2y),
a,B<0
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where Hy 5(8,) = {f € H(Z,) : [f|] 5 < oo}, and [f[% 5 := sup{[2*f(2)| : [2] <
1} +sup{z 77 f(2)| : 2] > 1}.

DEFINITION 1.10. Let X be a Banach space and A a sectorial operator on X.
Then A admits a bounded H°°-calculus, if there is some ¢ > ¢4 and a constant
K, < oo, such that

|f(A)|sx) < Kplfla=(s,) (1.3)

for all f € Ho(X,). The class of operators admitting a bounded H>-calculus on
X will be denoted by H>°(X). The H*°-angle of A is defined by the infimum of all

© > @a, such that (1.3)) is valid, that is, o3 := inf{p > 4 : (1.3) holds}.
Let us recall the property of maximal L,-regularity, cf. Definition 3.5.1 in [57].

DEFINITION 1.11. Let X be a Banach space, J = (0,7),0 < T < oo or J =R,
and A a closed, densely defined operator on X with domain D(A) C X. Then the
operator A has maximal L,-regularity on J, if and only if for every f € L,(J;X)
there is a unique u € W, (J; X) N L, (J; D(A)) solving

%u(t) + Au(t) = f(t), teJd,  ul=o=0,

in an almost-everywhere sense in L, (J; X).

There is a wide class of results on operators having maximal regularity, we refer
to Sections 3.5 and 4 in [57] for further discussion. For results on R-boundedness
and interpolation we refer to [36].

There is a strong connection between maximal L,-regularity and the so-called
semigroup theory. For an introduction to semigroups we refer to Engel, Nagel [19],
[20], Pazy [51], and Priiss, Simonett [57].

1.6. Overview over this thesis

This thesis deals with the analysis of free boundary problems for two-phase
flows with boundary contact, in particular the Mullins-Sekerka problem and the
two-phase Navier-Stokes/Mullins-Sekerka equations with surface tension. In these
problems we impose the condition of a constant ninety degree angle contact between
the free interface and the boundary of the domain. This condition is justified as an
idealization. One major tool of tackling these problems is the theory of maximal
Ly-regularity. Besides well-posedness and maximal regularity of these systems we
are also interested in long-time behaviour, that is, stability and instability results.
In particular we will present a first result on the so called Rayleigh-Taylor instability
for the coupled system of two-phase Navier-Stokes equations and Mullins-Sekerka
flow.

1.6.1. Mullins-Sekerka with ninety degree angle contact. The first part
of this thesis deals with the analysis of the Mullins-Sekerka equations in a bounded,
smooth domain in space dimension n € {2,3} with a ninety degree contact angle
condition for the free interface. Since there were no results available involving a
contact line between interface and boundary of the domain we will start at the very
beginning and give a careful analysis of the underlying linear model problems.
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Several technical difficulties appear, such as the curved boundary of the domain,
as well as the necessity to treat the linear problem in an L, — L4-theory with p # g.
Hereby, ¢ < 2 is needed for reflection techniques across the boundary and p > 6
for the Hanzawa transform to be a C'-diffeomorphism. First showing maximal
L, — Lg-regularity for the model problems we are able to show well-posedness for
the nonlinear problem for cylindrical and general, curved domains by a localization
procedure and a fixed point argument.

We then consider nonlinear stability of solutions and global-in-time existence
in cylindrical domains. In this simpler geometry the ninety degree angle boundary
condition, which is in general highly nonlinear, reduces to a linear condition involving
only the gradient of the height function. Hence it allows for an application of the
generalized principle of linearized stability of Priiss, Simonett, and Zacher, cf. [58].

In the spirit of [25] we give a linearized stability analysis of stationary solutions
of the Mullins-Sekerka flow with ninety degree angle contact in two dimensions. Here
the domain and the stationary solution may both be curved. The relevant quantities
deciding on linear stability or instability are the length of the stationary solution, its
curvature, as well as the curvature of the boundary of the domain. We then obtain
different results on linear stability for the trivial solution depending on the values
of these quantities.

These results are also published in the preprints [3], [27].

1.6.2. Two-phase Navier-Stokes/Mullins-Sekerka with ninety degree
angle contact. We can also couple the Mullins-Sekerka problem with the ninety
degree angle contact condition to the two-phase Navier-Stokes equations with surface
tension. This model describes the flow of two immiscible, incompressible fluids inside
a bounded domain. The model without boundary contact has already been studied
by Abels and Wilke [4].

We first show local existence and uniqueness of strong solutions. Then we inves-
tigate the long-time behaviour of solutions starting close to certain equilibria. We
show that for two constant but maybe different densities these solutions exist glob-
ally in time, are stable, and converge to an equilibrium solution at an exponential
rate. Since the evolution equation for the height function is now however non-local
in time, the generalized principle of [58] cannot be applied directly.

1.6.3. Rayleigh-Taylor instability for Navier-Stokes/Mullins-Sekerka
with ninety degree contact and gravity. In this part we extend the Navier-
Stokes/Mullins-Sekerka system with ninety degree contact in the sense that we allow
for gravity to act on the fluids. This is interesting since the fluids may have different
densities. We then formulate a model which is thermodynamically consistent and
well-posed. The main result then is to show the presence of linearized Rayleigh-
Taylor instability whenever the heavier fluid lies on top. Rayleigh-Taylor instability
for two-phase Navier-Stokes equations with surface tension was already adressed by
Priiss, Simonett [55], and Wilke [64].



CHAPTER 2

The Mullins-Sekerka equations with ninety degree
angle boundary contact: well-posedness

2.1. Introduction

In this chapter we study the Mullins-Sekerka problem inside a bounded domain
Q C R",n = 2,3, where the interface separating the two materials meets the bound-
ary of ) at a constant ninety degree angle. This leads to a free boundary problem
involving a contact angle problem as well. The domain {2 can here be either smooth
and bounded, or of cylindrical type. The latter means that there is some smooth,
bounded domain G C R"™!, such that Q = G x (a,b), for some a < b. Precise
assumptions will be made later.

Let us introduce the model. We assume that the domain €2 can be decomposed
as Q = QY (#)UT(£)UQ(¢), where I'(t) denotes the interior of I'(), an (n — 1)-
dimensional submanifold with boundary. We interpret I'(¢) to be the interface sepa-
rating the two phases, Q% (), which will be assumed to be connected. The boundary
of T'(¢) will be denoted by OI'(t). Furthermore we assume I'(¢) to be orientable, the
unit normal vector field on I'(¢) pointing from Q7 (¢) to Q*(¢) will be denoted by

N (t)-
The precise model we study reads as
Vre = *[”F(t) -V, on I'(?),
ey = Hry, on I'(t),
Ap =0, in Q\I'(¢),
noq - Vitloa =0, on 99, (2.1)
I'(t) c Q,
ar'(t) C 09,
Z(D(t),00) =x/2, on OI'(t),

subject to the initial condition

I'|—o = Io.

Here, Vp(;) denotes the normal velocity and Hrp(;) the mean curvature of the free
interface I'(t), which is given by the sum of the principal curvatures. By [-] we
denote the jump of a quantity across I'(t) in direction of np(), that is,

[f1(z) := f(x+enpy)) — flx —enpw)], zeT(t).

lim [
e—0+

11
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Equation (2.1), prescribes the angle at which the interface I'(t) has contact with
the fixed boundary 92, which will be a constant ninety degree angle during the
evolution. We can alternatively write 7 as the condition that the normals are
perpendicular on the boundary of the interface,

nre) - noo =0, on OT'(1). (2.2)
We also pose, motivated by (2.2), a compatibility condition at time ¢ = 0,
Z(Ty,00) =m/2 on dl.

Let us first state some simple properties of this evolution. The volume of each of
the two phases is conserved in time,

d
£|Qi(t)\ =0, teRy. (2.3)

Here, Q% (t) denote the two different phases separated by the sharp interface I'(t),
Q=0 ) UT#)UQ(t). Then (2.3) stems from

d — n—
£|Q+(t)| = / VewdH" ! = — [nry - VildH" !
I'(t) ()

= / Apdr =0,
Q*(t)

cf. Theorem 5.4 in [17]. However, the energy given by the surface area of the free
interface I'(t) satisfies

d
—|I'®#)| <0, teR,.
SOl <0, teR,

Indeed, an integration by parts and the ninety degree contact angle condition readily
give
d

ZIT®l =~ Hry Ve dH" ' = / plr [nr - Vp]dH"
r'(t) T'(t)

= —/ |Vu|?dz <0,
Q

cf. Theorem 2.32 in [10]. We are concerned with existence of strong solutions to
the Mullins-Sekerka problem . To this end we will later pick some reference
surface ¥ inside the domain €2, also intersecting the boundary at a constant ninety
degree angle, and write the moving interface as a graph over ¥ by a height function
h, depending on x € ¥ and time ¢ > 0. Pulling back the equations then to the time-
independent domain Q\X we reduce the problem to a nonlinear evolution equation
for h. The corresponding linearization for the spatial differential operator for h then
turns out to be a nonlocal pseudo-differential operator of order three, cf. [22]. We
also refer to the introduction of Escher, Simonett |[22] for further properties of the
Mullins-Sekerka problem.
In the following, we will be interested in height functions h with regularity

h € Wy (0,T; W, 19()) N L, (0,T; W, ~1/9(%)),
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where p and ¢ are different in general. We will choose ¢ < 2 and p finite but large,
to ensure that the real interpolation space

X, = (WEVa(S), WAYU(E)), = Blrl/a=3/p(x) (2.4)

continuously embeds into C?(X), c¢f. Amann [7]. This is needed to ensure that
the transformation mapping the problem to a fixed reference configuration is a C'-
diffeomorphism. By an ansatz where p = ¢ < 2, this is not achievable, since h(t),t €
[0,7], will not be in C?(X) in general. We need however the restriction ¢ < 2
to avoid additional compatibility conditions for the elliptic problem and certain
reflection techniques, cf. also Section and Section However, the fact that
P # ¢ in the solution space requires a maximal regularity result of type L, — L, of
the underlying linearized problem.

Let us give an overview of this chapter. We will first show local well-posedness
for the Mullins-Sekerka problem with ninety degree angle boundary contact. We will
hereby describe the motion of the moving interface by a height function over a fixed
reference surface and thus rewrite the free boundary problem of the moving interface
as a nonlinear problem for the height function parametrizing the interface. Using
the theory of maximal regularity together with a linearization of the equations and
a localization argument we will prove well-posedness of the full nonlinear problem
via the contraction mapping principle. Here one difficulty will lie in choosing the
right space for the Neumann trace of the height function and showing maximal
L, — Lg-regularity for the linear problem. Section is devoted to the analysis
of the underlying linear problem, where an extensive analysis is made on the half-
space model problems. This is needed since these model problems at the contact
line are not well-understood until now. The main result is then maximal L, — L,
regularity for the linear problem. We then use a fixed point argument to show that
the nonlinear problem is also well-posed.

2.2. The Neumann trace of the height function

In this section we characterize the optimal trace space for the Neumann trace of
the height function h and show that it is a Banach algebra with respect to pointwise
multiplication.

THEOREM 2.1. Letn=2,3,0<T < 00,6 <p < oo and g€ (5/3,2)N(2p/(p+
1),2p) and let ¥ be the flat interface Rt N {x1 = 0}. Let again Xo := qufl/q(E)
and Xy = Wi~ Y9(S). Then

oW (0.3 Xo) N Ly(0,T5 X1) 5 h (2.5)
— Vhlos € oFpr 2/ 30(0,T; Ly(0%)) N L,y (0,T; B3 2/9(0%))
is bounded, linear, and has a continuous right inverse E, such that 0, FEglox = g for
all g € onl,q_Q/(3q)(O7 T; Ly(0%))NLy(0, T BS;Q/q(ﬁZ)). Here, the subscript denotes
vanishing traces at t =0, e.g. oW, (0,T; Xo) := {f € W, (0,T; Xo) : f(0) = 0}.

Furthermore, there exists some constant C' > 0 independent of the length of the
time interval T, such that

|Vh|32|Fplq—2/<3q>(o,T;Lq(az))nLP(o,T;BS;"’/q(aZ)) = CWW;(O,T;Xo)ﬂLp(O,T;Xl)7
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for all h € OW;](O,T; Xo)NL,(0,T;X1) and

|Eglw0,7:x0)nL, 0,1:x1) < Clg| -2 .,
(0, T3X0)NLy (0,T;X1) F;q 3q (OvT?Lq(az))ﬂLP(OvT;BZqq(az))’

for all g € oFL-%/G9(0,T; LI(9%)) N L, (0, T; By */4(9%)).

REMARK 2.2. The time trace at t =0 in OF;)(;z/?’q(O, T; Ly(0Y)) is well defined
since 1 —2/3¢q > 1/p is ensured, cf. [48].

PROOF. We may use Propositions 5.37 and 5.39 in [35] to get an embedding
oW (0,T; Xo) N Ly (0,T; X1) — o Fi /300, T, Wi(E)), (2.6)

where the embedding constant is independent of T'. This can be seen as follows.
Since we restrict ourselves to functions with vanishing trace at t = 0, we may extend
the function to the half line Ry by reflection. We then apply the result of [35]
and restrict the extensions back to the finite time interval (0,7). This way, we first
obtain by Proposition 5.37 in [35] that

oW (0,75 Xo) N Ly(0,T; X1) — oH,(0,T; Bi Y 9(2)) N HyY?(0,T; BY2~Y/(%)),

hence interpolating according to Proposition 5.39 in [35] gives

oH(0,T; Xo) N HY/2(0,T; B2~ (%)) — Fo Y690, Ty HY(S)).

Hence (2.6) yields that for any h € OW;(O,T; Xo) N Ly(0,T5 X4),
Vh € oF 390, T; Ly()) N Ly (0, T; By, V(X))

Concerning the traces of VA on the boundary 9%, we use Proposition 5.23 in [35] to
write this intersection space on the right hand side as an anisotropic Triebel-Lizorkin

space pr’; and use the trace theory developed in |35] for these particular spaces. For
a definition of F;’j we refer to Definition 5.15 in [35|. By Proposition 5.23 in [35],

FLYG0 (0,75 Ly(£)) N Ly(0,T; BiV4(S)) = F55((0,T) x ),

1 11 1 1
=1, ===~ 7= (q,... t=1-—, [=3--=
S ) a <l’ ’l’t)’ p (Q7 7q7p)7 3q7 q7

and we take n — 1 copies of 1/l and g, respectively. Now, for taking traces in these
anisotropic Triebel-Lizorkin spaces we refer to [34]. With the notation used there in
equations (2.1) and (2.11) we use Corollary 2.7 in [34] to get that the trace operator
onto the boundary 0%,

B Ny 7
s—gpha

tros : Fy2((0,T) x X) — F ((0,T) x 0%),

i
s

—

is bounded. Here a” and p7’ are used as introduced in the beginning of Section 2.1
in [34]. In our particular case,

- 1 11 -
i — (z,...,”) P = (@ 0.D)
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taking now n — 2 copies of 1/l and ¢, respectively. We note at this point that by
the order of integration with respect to the different exponents in p’ as explained
in equation (3.1) in [34], we have to take traces in ”z;-direction” in the notation
of [34] and not in ”x,-direction” and therefore have to use Corollary 2.7 instead of
Corollary 2.8 in [34].

Again using Proposition 5.23 in [35],

s—L a? s—2 s—L
FL T (0,) x 08) = By (0,75 Ly(0)) 1 Ly(0,T; Byy ™' (09)).

Clearly,
(=)= (a0 (s) 3
l 3g—1 3q 3q’
as well as
(sl)l3<sqll>t32
Hence

S

F o ((0,T) x 0%) = FL2/60(0,T; L(9%)) N Ly,(0, T; BE, */1(95)).

p".q

Concludingly we have shown so far that the mapping [h — trgs Vh] between the
spaces in is bounded.

It remains to construct a continuous right inverse. We use again Corollary 2.7
in [34] for j = 1 to get a bounded right inverse E of

a -
al,il a’’

E33((0,T) x ) = F "7 ((0,1) x 9%), b tros Vh. (2.7)
’ »P1

Note that by restriction we then get an inverse also on the spaces with vanishing
time trace. Now, let § = s — ay — a1 /p1. If we choose §,¢ and [ to satisfy

- 2 . 2
st=1——, sl=3--,
3q q
for instance by choice of
- 2 2
§s=1, t=1—-——, [=3——,
3q q
we obtain
1 1 49-1
:1 — _— =
8 + l + lg 3¢—2’

whence, by characterization of anisotropic Triebel-Lizorkin spaces, (2.7) reads as

a_ 1 _1
0Fra (0, T L)) N LP(0,T; Byg ' (%)) 3 h v
_2 _2
tr|os Vh € o Fpg (0,7 LYIL)) N LP(0,T; Bag * (9X)).
So in other words for given Neumann data

2

b€ oFpq (0,5 LYOY)) N LP(0,T; By * (95)),
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4_ 1 _1
there exists some h = E(b) € (Fp *(0,T; L4(X)) N LP(0,T; B;lq 7(%)), such that
Vh|ss = b and
IRl 4 14, a-g SRl
Fp 7(0,T;L9(2))NLP(0,T;Bqq * (X)) Fpq °?(0,T;L2(0%))NLP(0,T; qu q (82))
An application of Proposition 5.38 in [35] with
1 3q

i_ 1
37 35 4q — 1

g =

€ (0,1)

4_ 1 _1 _1
gives oFilq *(0,T5 LU(S)) N LP(0,T; Bgg * (X)) = oWL(0,T; Bgg * (3)). Conclud-
ingly,
E(b N [ P
B wyorsommoray S g g

and the theorem is shown. We again point out that the constant is only independent
of T since we restrict ourselves to functions having vanishing trace at ¢ = 0. O

The boundedness of the Neumann trace operator can easily be generalized to
the case of a curved interface by a standard argument involving a partition of unity
and a localization argument.

THEOREM 2.3. Let Q C R™, n = 2,3, bounded and smooth and ¥ a smooth in-
terface of dimension n — 1 in the sense that ¥ is a submanifold with interior inside
Q meeting the boundary at a ninety degree angle. Then the Neumann trace trgy Vy is
bounded as a mapping from oW, (0, T; Xo)NL,(0,T; X1) to OF;JQ/(B‘])(O, T; Ly (0%))N

3—2
Ly (0,T; By **(9%)).

The next result states that the Neumann trace space is a Banach algebra under
pointwise multiplication. We need this for contraction estimates in the nonlinear
problem later.

THEOREM 2.4. Letn=2,3,0<T < 00,6 <p<oo andgqe€ (3/2,2)N(2p/(p+
1),2p). Then the Neumann trace space with vanishing time trace at t = 0 above is a
Banach algebra, that is, the product estimate

I£gll 52 < (2.8)
9 (0.1, La (92)) "L (0,3 By @ (95)
< 71l g loll -2
T (0,T5L9(05))NLP (0,5 Bay g Ox)) " Fpe 39(0,7509(05))NLP (0,75 By g (8%))

holds for all f,g € OF;JQ/(&])(O,T; L,(0%)) N L,(0,T; Bg;Q/q(ﬁZ)). In particular,
the constant in (2.8)) is independent of the length of the time interval.

PRrROOF. We first show that

0F g 2/ 0 (0, T Ly(9%)) 0 Ly (0, T3 By */1(0X)) < Leo(0,T: Lo (9)). (2.9)

Using Proposition 5.38 in [35] and a standard reflection argument in time and lo-
calization argument in space, we obtain a continuous embedding

oF 3y 2/ B0, 75 Ly(0%)) 1 L, (0, T; Ba, /(0%)

(1-2)0

< oHp (0,7 B~2/00-9) (%))
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for any 6 € (0,1), where the embedding constant is independent of T since the
functions have vanishing trace at ¢ = 0. Note that if 6 is so small such that the
space on the right hand side does not have a well defined time trace at t = 0, we
simply replace it with

_2
a3 0,1 BE2/00-0) 9y,

Now, since n = 2 or 3, the boundary 0¥ has at most Hausdorff dimension 1,
whence the latter space on the right hand side surely embeds into Lo (0, T; Lo (0X)),
if

(1-2/(3¢))0—1/p>0, (3-2/¢)(1-0)—1/¢>0.
These both equations are equivalent to finding some 6 € (0, 1) such that

1 3 1
S g .
p3q—2 3qg—2
Simple calculations show that for any ¢ € (3/2,2),
1 3 3¢ 9

- > 2, <z,
3¢g—2 5 3¢g—-2 5
whence p > 3 ensures § = 3/5 is a solid choice. Therefore we know for sure that

the Neumann trace space embeds continuously into L, (0,7"; Lo (0X)). Using para-
product estimates, cf. Lemma

1F9lp,0.m:83,%/505)) =

<[ 1Ol lg(t)] ga2ra

+ |1£®)] o 2rala (Bl

L, (0,T) L, (0,T)
S lew@a) 91y, (ga-2ray + 11, (gim2ra) 9] L (o)
From Proposition 5.7 in [48] we get
\f9| S |f| 1912 (0.7:Lo (05))

3 (0,13, (6)) Foy 30,3, (6%)

+
|f|Loo(0TL°°(62))‘g| 3 (0,1 Ly(0%))

These two estimates and (2.9) finish the proof. O

REMARK 2.5. Note that the above proof even shows that the Neumann trace
space embeds into C([0,T] x 9%).

We now give a product estimate in the Triebel-Lizorkin part of the norm if one
of the functions is time-independent.

2

LEMMA 2.6. Let 1 < p,q < o0, f € onq 3(0,T; L9(9%)) and g € L% (9%)
2
independent of the time variable. Then gf € Oqu 3(0,T; LY(0%)) and

lg 1l s < C\IgHLoc(az)llfll -

Fpq 9 (0,T;L9(9%)) i (0,T5L4(9%))

for some constant C > 0 independent of f,g, and T.
PRrOOF. This estimate is a consequence of Proposition 5.4 in [48]. Indeed, we

choose 0 = 1,s =1—2/(3q) and X =Y = L, (9%) and directly get the claimed
estimate. It also easily follows from Theorem below. O
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The following theorem gives a characterization of the Triebel-Lizorkin norm on
the half line R via differences. It will be used to gain estimates with regards to the
trace space norm of h.

THEOREM 2.7. Let s € (0,1). Define Apf(t) :== f(t+ h) — f(t) for all t,h > 0.
Furthermore, let

q 1/q
s dz
(175, 00.00:L0(0m)) = H(/ ¢l (/ IIAh,f(-)IILq(az>dh> )
0 |h|<z z

Then

LP(0,00)
(2.10)

-l 7z, Ry sza0m)) = -llLe @y sna(om)) + [rs, Ry La(o5))

are equivalent up to a constant, where the expression on the left hand side is the
Fy (Ry; L9(0X)) norm.

PROOF. Since 0 < s < 1, we may choose m = 1 in Proposition 2.3 in [47] and
get the result. O

REMARK 2.8. For every ¢ € (5/3,2), we obtain that 1 —2/(3¢) € (0,1). Hence
the result above is applicable to the trace space of the Neumann trace of h in our
setting.

LEMMA 2.9. Let G : R — R be smooth, 0 < T' < oo, 0 < T < T’, and
Ry > 19 > 0. Then there is a constant C = C(Ry) > 0 independent of T > 0 and
ro > 0, such that

G(f) = G(g)|F;q—2/3q(o,T;Lq(az))nLP(o,T;ng—?/q(02))
< ORI = 9lgy 210 731,050, (0,783 /7 (0%)
for all functions
f,9 € oW, (0,T; Xo) N Ly (0,75 X1) N {u = |ulw o.1:x0)nLy(0.7:x,) < o} (2.11)
Here, the subscript zero denotes vanishing traces at t = 0.

PROOF. First note that [G(f) — G(g)]lt=0 = 0 for all functions f, g in (2.11).
Also, f,g € C°([0,T] x 0%). Hence we can deduce the following pointwise estimate.
Pick some (x,t) € 0¥ x [0,T]. Since G is smooth,

G(f(x,1)) - Glg(w, ) = / (gl + (1) — gl ) (oo t) — 1),
Since G’(0) is not necessarily zero, we rewrite this equality as
G(f(x,1) - Gly(a, 1))
= / G (gl t) + 70 1) — (1) — GOl 1) — F )
+G(0) (g 1) — f(a.1)).
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Note that this holds for any (z,t) € 93 x[0,T]. We can now apply triangle inequality
and the product estimate of Theorem , since fol G'(g+ 7(f — g)) — G'(0)dr has
vanishing trace at ¢ = 0. This entails

1G(f) = G(9)l 0Fra2/39(0,T;L,(85))NL,(0,T; B3 %/ (8%))

S/0 G (g +7(f = 9) =G O)] 12030 1L (95) ALy (0.7585 /1 (95)) AT %

x|f =9l r 1-2/34(0 7.1, (95))NL, (0,13 B 2/ 1(95))

+1G0)f - 9lyr 1=2/34(0 7,1 (95))NL, (0,135, 2/ 9(95))"

Note that for any 7 € [0 1], g+ 7(f — g) belongs to (2.11). We now show that the
map [u — G(u) — G(0)] satisfies the following: for any given smooth G : R — R,
we show that for any Ry > 0, there is a constant C'(Rp) > 0 independent of u, such
that

|G(u) = G(0)] oFLT Z/SG(OTL (82))OLP(OTB‘3 2/a(a5)) S C(Ro), (2.12)

provided only that u belongs to (2.11), in particular, |U"W;(0,T;X0)FILP(O,T;X1) < Ry.
Let us start with the following result on the trace operator. The trace onto the
boundary as a mapping

trax 1 oW (0, T3 Xo) N CY([0,T]; C*(%))
— oF L2310, T; Ly(0%)) N Ly (0, T; B3 %/7(9%)),
is bounded with constant independent of 1. Hence

|G (u) —

(2.13)

( )| 0Fpa 2/39(0,T;L4(8%))NL, (0, T3 B2, %/ 9 (8%))
< C|G(u) — G(U)|0W}D(0,T;X0)nco([o,T];cz(z))-
Let us show (2.13) later.

We now take a function w in (2.11]) with |U|WI}(O,T;X0)OLP(O,T;X1) < Ry. By the
embedding oW, (0,T; Xo) N L,(0,T; X1) — C°([0,T]; X,) < C°([0,T]; C*(%)), we
see that

[u] o (jo,71:¢2(x)) < C1Ro,
where C is independent of Ry and T'. Now,
|G(u) — G(0)|cogo,rrs02(s))
< |G(u) = G(0)|co(o, ;00 () + |G (w) Vulcoqo,rp;co(x))
+ ‘é”(u)vuvu|00([0’T];Co(E)) + \é’(u)V2u|Co([07T];CO(Z))
S O(Ro),
since G is smooth and [u|co(jo,71x5) < C1Ro. Moreover,
|G(w) = G(0) | 0.7:x
< |G( ) — ( )| (0,T:X0) T+ |G (w)OrulL, 0,1:x0)
< |G(u) = G(0)|coqo,rscr () + G (W)l coqo,ry;0n (21 Oett] 1, (0,750
< C(Ro).
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Altogether, this shows (2.12]). It remains to prove the embedding (2.13]). Let us first
show that the trace is bounded as a mapping

[u— ulos], oW,(0,T;Xo) NC([0,T]; C*(X)) — Ly (0, T; B3 2/9(0%)).  (2.14)
Clearly, oW ,(0,T; Xo) N C°([0,T]; C*()) < LP(0,T; HZ()), for any 1 < § < oo.
The trace operator [u — u|gx] is now bounded as a mapping [HZ () — ngl/‘?(az)],
by classical results. Given ¢ < 2, we may choose § = §(q) < oo large enough to satsify
2—-1/§ > 3—2/q. Then, since § > ¢, we have B;;l/‘?(az) — Bf;’;z/q(az). This
proves (2.14).

It remains to show boundedness of
[w= ulos], oW p(0,T;X0) N CO([0,T]; C*(R)) = oF p, 290, T; Ly (0X)).

Clearly, oW (0, T; Xo) N CO([0,T]; C2(E)) < oWL(0, T; Xo) N Ly(0,T; Wg ™~ /9(%)).
Interpolating according to Proposition 5.39 in [35],

oW (0, T; Xo) N Ly, (0, T; W2 U(R)) < o F) 27300, T; HY1/3(%)).

Since 1 —1/3¢ — 1/q > 0, [u +— u|sg] is bounded from H;fl/sq(z) to Ly(0%). The
proof of (2.13)) is complete. |

Based on this proof we need to show a more involved estimate for functions with
time trace different from zero.

LEMMA 2.10. Let G : R — R be smooth, 0 < T' < oo, 0 < T < T', and
Ry > R > 0. Assume

f,9 € oW, (0,T; Xo) N Lyp(0, T X1) N {u: [ulw1(0,1:x0)nL, 0,13%,) < R},
and f = f+ hy, G := g+ hs, where h, € E(T) is a given function satisfying
[P |e(r) + |Pslcoo,s02(2)) < 1. Then
IG(F) = GOl 229022, (09, 0783 /(02
< RIS = 3l gy 2290 12,0908, (0,153 /2 0%)
for a constant C = C(Ry) > 0 independent of f,g,h«, R, and T > 0.

PROOF. Note that f(t = 0) = §(t = 0) = h.(t = 0). Let ho := h.(t = 0). We
can show that pointwise

G(F (1)) — Gz, 1)) = G (ho(2)) @z, 1) — Fla. )
+ / G (5, t) + 7(F(2,1) — 52, 1)) — G (ho(@))dr (G, £) — F(x,1)).

Now, fol G'(§+ 7(f — §)) — G'(ho)dr has vanishing trace at ¢ = 0, whence we may
apply the same product estimate argument as before. Note that we can also use the
boundedness of the embedding if we apply it to G'(§ + 7(f — §)) — G’ (ho).
Since f = f + hy and f itself has vanishing trace,

\flecry < |fleery + [haleery < Ro + 1,
| Flooorezy) < flooqomez) + sl ooz ) < CrRo + 1.
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Here, C1 is as before independent of T since the embedding constant in
oW, (0, T X0) N Ly(0,T; X1) < C°([0,T]; X)

is independent of T' € (0,7”). Therefore mimicking the proof of Lemma gives
the desired estimate. (]

2.3. Reflection operators

We denote the upper half space of R" by R} := {z € R" : x,, > 0}. We will
denote by R the even reflection of a function defined on R’} across the boundary OR?
in x,-direction, that is, we define R as an extension operator via Ru(xq,...,x,) :=
uw(xy, ..., —xy) for all 2,, < 0. Note that R admits a bounded operator R : Ly(R’}) —
L,(R™). The following theorems state that even more is true.

THEOREM 2.11. Let 1 < ¢ < co. The even reflection in x,-direction R induces
a bounded linear operator from W T*(R%) to W, T*(R"), whenever 0 < oo < 1/q.

PROOF. It is straightforward to verify that for a given u € W;*‘“(Ri),
0;Ru(zq, ...,xy) = Oju(x1, ..., —xp), j=1,..,n—1, z, <O,

and 9, Ru(xy, ..., x,) = —0Onu(zy,...,—,). Hence R : W (R}) — W, (R") is a
bounded operator. To show the claim for the mapping [W t*(R") — W, T*(R")],
it remains to show that the odd reflection of Du € W2 (R™}), that is, say T'Du, is
again W *(R") and that the corresponding bounds hold true.

We first note that T Du(z1, ..., x,) = eoDu(z1, ..., z,) —egDu(z1, ..., =2, ), where
eo denotes the extension by zero to the lower half plane. Let W/} (R%:) := {u €
W} (R%) : uw=0on dR" }. Note that by real interpolation method,

W RY) = (Ly(RY). Who(BY)), . WO(R™) = (Ly(R™). WRY), |

since 0 < « < 1/q, cf. [62]. Now, both zero extension operators
eo: Lg(RY) — Lg(R™), eg: Wy o(R}) — W, (R™),

are bounded and linear. From Theorem 1.1.6 in [44] we obtain that ey is therefore
also a bounded, linear operator between the corresponding interpolation spaces,
hence the theorem is proven. O

Note that the above proof makes essential use of the fact that the derivative of
u € W, T*(R%) has no trace on 9R’} for v < 1/¢. If one has a trace it needs to be
zero to reflect appropriately, which is the statement of the next theorem.

THEOREM 2.12. Let q and R be as above. Then R induces a bounded linear
operator

WqH'ﬂ(Rﬁ) N{u: 0, u
for all € (1/q,1).

PRrROOF. We modify the proof of Theorem We already have that R induces
bounded linear operators

LYRY) — LIR™), W, (R}) — W, (R™).

on=0 = 0} = WIHF(R™)
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Given a function u € W;*B(R’jr) N{u : Oy, tt|z, =0 = 0}, it now remains to show that
the odd reflection, again say 7', of the derivative Du € Wqﬁ (R?}) is now Wqﬂ(R”).
This follows now again as in the proof of Theorem since

TO,, u(x1, ... ®p) = €00, U(X1, ..., Tp) — €00z, U(T1, ..o, —Tp ),
and the fact that the zero extension operator
eo: W RY)N{f : flon—o =0} = W, (R")

is bounded. Using W} (R}) N{f : fls,—0 = 0} = W, ,(R") and the interpolation
argument in Theorem [2.11] completes the proof. O

We can also reflect the initial data. The result reads as follows.

THEOREM 2.13. The even reflection R induces a bounded linear operator
W2TRY) N {u: Oy, ufe,—0 = 0} = WITH(R")

for all « € (0,1/q), q € (3/2,2). In particular, R also induces a bounded linear
operator

Bl V3R ) N {ut Oy, uly,—0 = 0} — By, /93P (R™)
for all g € (3/2,2) and p > 3/(2—3/q).

PROOF. The second statement follows from the first one for« = 1—-1/¢—3/p <
1/q since ¢ < 2. The first claim is shown as in the proof of Theorem using
additionally that 0y, 0, Ru = ROy, 0y, u. O

2.4. Transformation to a fixed Reference Surface

In this section we transform the problem to a fixed reference configuration.
To this end we construct a suitable transformation, taking into account the possibly
curved boundary of 992, by locally introducing curvilinear coordinates. The idea of
these transforms goes back to Hanzawa [32], curvilinear coordinates go back to the
work of Vogel [63].

Let ¥ C Q be a smooth reference surface and 9€2 smooth at least in a neigh-
bourhood of 9%. Furthermore, let Z(2,0Q) = 7/2 on dX. From Proposition 3.1
in [63] we get the existence of so called curvilinear coordinates at least in a small
neighbourhood of ¥, that is, there is some possibly small a > 0 depending on the
curvature of ¥ and 012, such that

X : ¥ X (—a,a) > R", (p,w)— X(p,w),

is a smooth diffeomorphism onto its image and X(.,.) is a curvilinear coordinate

system. One feature of these coordinates is that points on the boundary 0% only

get transported along the boundary of the domain, X (p, w) € 99 for all p € 0¥, w €

(—a,a). We need to make use of these coordinates since the boundary 92 may be

curved. Therefore a transport only in normal direction of ny is not sufficient here.
The curvilinear coordinates X in [63] are of form

—

X(p,w) =p+wnx(p) + 7(p,w)T(p), peEX,re (—a,a), (2.15)

where 7T is responsible for the tangential correction. More precisely, ny denotes
the unit normal vector field on ¥ with fixed orientation and T is a smooth vector
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field defined on the closure of ¥ with the following properties: it is tangent to 3,
normal to 9%, of unit length on 0%, and vanishing outside a neighbourhood of 9.
In particular, T is bounded. Furthermore, 7 = 7(p, w) is a smooth scalar function
such that X (p,w) lies on 9Q whenever p € 93. It satisfies 7(p,0) =0 for all p € X.
In particular then, X (p,0) = p for all p € X. For more details we refer to [63].

2.4.1. Hanzawa transform. With the help of these coordinates we may pa-
rametrize the free interface as follows. We assume that at time ¢ > 0, the free
interface is given as a graph over the reference surface X, that is, there is some
h:¥ x[0,T] = (—a,a), such that

I'(t) =Txr(t) :={X(p,h(p,t)) :pe X}, tec][0,T], (2.16)

for small T' > 0, at least. With the help of this coordinate system we may construct
a Hanzawa-type transform as follows.

Let x € C5°(R) be a fixed bump function satisfying x(s) = 1 for |s| < 1/3,
x(s) = 0 for |s| > 2/3, and |x/(s)] < 4 for all s € R. Let &, := X (2 x (—a,a)).
Then for a given height function h : ¥ — (—a, a) describing an interface T', we define

o Z, x g Ea,
On(a) = {(X oFp,oX YH(x), x€X,, (2.17)

where

Fu(p,w) == (p,w — x((w — h(p))/a)h(p)), p€ X, w e (—a,a).

Recall that by properties of the curvilinear coordinate system we have that ¥ =
{x e R": 2= X(p,0),p € ¥}. Let X, be as in (2.4) and define

Uu = {h S X,y : |h|LN(E) < a/5}
Then we have the following result.

THEOREM 2.14. For fized h € U, the transformation Oy : Q& — Q is a C'-
diffeomorphism satisfying ©5,(I'y) = X.

PRrROOF. Let h € U. We begin with the second identity. Pick « € T'j,. Then, in
curved coordinates, z = X (p, h(p)) for some uniquely determined p € ¥. Therefore,

On(x) = X 0 Fj 0o X1 (X(p, h(p)))

=Xo Fh(p7 h‘(p))

= X(p, h(p) — x(0)h(p))

= X(p,0),
since the coordinates X are a diffeomorphism on ¥, and x(0) = 1. Therefore
On(z) € %, since X(p,0) € X. To show surjectivity, let z € ¥. Then z = X (x,0)
and y := X (z, h(x)) satisfies O, (y) = x.

Now we show next that 0y : Q@ — § is bijective. Clearly, O : Q\3, — Q\X, is

bijective since it is simply the identity map there. Now, because X : ¥ x [—a, a] = %,
is bijective, we only have to show that F}, : ¥ X [—a,a] — 3 X [—a, a] is bijective.
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We first show injectivity of Fj,. Let F}(p1,w1) = Fp(p2,ws) for some py,ps €
Y, wy,wy € [—a,a]. From the definition of F}, we directly get p; = p2 and therefore

wy — X (wl_ah(pl)) h(p1) = w2 — x (W) h(p1).

Consider the function f: R — R, defined by
—h
re f(r):==r—x <1"(p1)> h(p1).

a

By showing d%f(r) > 0 for all » € [—a,a], we readily get w; = ws. This however

easily follows from
d B ,(r—h(p1)) 1
5f(7“)—1—x ( . ah(P1)7

combined with the estimate

X (T_h(pl)> éh(pl)

a

4

1
< W lloe g Illo < (215)

since |x’| < 4 and h € U. Surjectivity of F}, : 3 x [—a, a] = ¥ X [—a, a] easily follows
since F}, is continuous and

Fh(pva) = (p7a)7 Fh(pv_a) = (p7 _a)v (2]‘9)
for every p € ¥. Hereby (2.19)) follows from

(A2 =a—x (= ) i) =

a
since |a — h(p)| /a = |1 — h(p)/a| > 2/3. Note that we used |h(p)/a| < 1/5, since
h € U. Concludingly, we have shown that O : Q — Q is bijective.

To show that ©), and its inverse are in fact C''-mappings, we need to know that
0, is C' and DOy, is regular in every point. Then the claim follows by the inverse
function theorem. Clearly, by chain rule,

D@h|3« = DX|FhOX*1(:L‘)DFh|X*1(:v)DX71|$'
We can easily compute

DFh(p7 ’lU) =

idr, 0
<><’ (L’“p)) 1 (p)Oph(p) — X (w*—h(”)) ah(p) 1—y (Lh(p)) 1 h(p)> :

hence by (2.18) we readily see that DF}, is invertible in every point (p,w). The proof
is complete. ([l

2.4.2. Transformed mean curvature operator. The following lemma gives
a decomposition of the transformed curvature operator K (h) := Hr, 0O, for h € U.
The result and proof are an adpation of the work in Lemma 2.1 in [4] and Lemma
3.1 in [22]. However, since we have boundary contact we need a new proof which
takes into account the curved boundary of the domain.
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LEMMA 2.15. Letn = 2,3, g € (3/2,2),3/(2—3/¢) <p < oo, andUU C X, as
before. Then there are functions

PectU,BW;Yx),w2x)), Qe ct U, Wity)),

such that
K(h) = P(h)h+ Q(h), for allh e UNW; (L),
Moreover,
P(0) = Ay,

where Ay, denotes the Laplace-Beltrami operator with respect to the surface X.

REMARK 2.16. Note that the orthogonality relations (3.2) in [22] do not hold if
we take X to be curvilinear coordinates, since in X we not only have a variation in
normal direction but also in tangential directions. Therefore we have to modify the
proofs in [4], |22].

PROOF. We recall, cf. (2.15)), that the curvilinear coordinates X are of form

X(s,7) = s+ rnx(s) +7(s,7)T(s), seX,re(—aa), (2.20)
where ny, 7, and T are as before. In particular we recall that 7(s,0) = 0 for all
s € 2. Moreover, since ¥ and 0f2 form a ninety degree contact angle, we have that

0,7(s,0) =0, se€Ix. (2.21)

Hence we may choose 7 in [63] to satisfy (2.21)) for all s € 3. Let us give a proof of
(12.21)).

The ninety degree contact angle condition means that for every s € 93, the
tangent vector which is given by

ns(s) + 8,7(s,0)T(s)

is a multiple of nx(s). Since ny(s) and T'(s) are orthogonal and T is of unit length
on J%, in particular T(s) is not zero, follows. Then, in the proof of [63], we
simply choose the extension of 7 to satisfy for all s € X.

We will now derive a formula for the transformed mean curvature operator K (h)
in local coordinates. We follow the arguments of [22].

The surface T'j,(t) is the zero level set of the function

on(z,t) = (X_l)g(x) — h((X_l)l(x),t), z €Yy, tERY,
whence we define
(I)h(S,’/‘) e @h(X(Sar)vt) =r—= h(S,t), s € E,T € (_aaa)'

We obtain that since X : ¥ X (—a,a) — R™ is a smooth diffeomorphism onto its
image, it induces a Riemannian metric gx on ¥ X (—a,a). We denote the induced
differential operators gradient, Laplace-Beltrami and the Hessian with respect to
(2 x (—a,a),9x) by Vx,Ax and hessx. As in equation (3.1) in [22] we find that

1 [hessX ‘I’h](VX(I)h,VX(I)h)> ‘
(s,h(s))’

Kh)|lg= ————
Wl = Fxanx EAR

(Axfbh -



26 2. MULLINS-SEKERKA EQUATIONS WITH NINETY DEGREE CONTACT ANGLE

for all s € E, where ||VX(I)h||X = (gx(VX(I);L,Vx‘I)h))l/Q. Note at this pOiIlt that
since X induces also a variation in tangential directions, the orthogonality relations
(3.2) in [22] do not hold in general. However,

O X =ny + 0,77,
hence we get in local coordinates that
(8; X0, X) = (8;X|ng) + 8,7(8; X|T), je{l,..,n—1},
and
(00 X100 X) = (ns|nz) + 20,7(ns|T) + (9,7)*(T|T)
=1+ (0,72 (TVT),

In particular we see that on the surface ¥ the relations (3.2) in [22] still hold, but
not away from X in general.

Let us now make the following observation. Denote the first fundamental form
with respect to X by (w;;); j=1,...n, that is,

Wij = (aiX|an), 1< i,j < n, (2.22)

where we surpress the dependence of (s,r). Its inverse is given by (w™); =1, »
as usual. Recall that (w;;) and therefore its inverse are symmetric. Note at this
point that in contrary to [22|, w;, = d;, does not hold in general. In particular,
also w"™™ # 1. However, we are able to show that w™" is not "too far away” from
1. Indeed, note that the matrix (w;;)1<i j<n at a point X (s,r) as is given by

converges to
b))
(wij 8)1§i,j§n—1 0
0 1

in any matrix norm as (r,|9,7|r..) = 0. Hereby (w};) denotes the first fundamental
form of ¥. This is an easy consequence, since (9;X|0,X) — 0 and (0,X[0,X) — 1
as (r,|0;7|L..) — 0. Note that all coefficients are smooth and depend smoothly on
their parameters. Hence, since then inversion is smooth by the implicit function
theorem, we have convergence

N\ -1

Zj)
(W) 1<ij<n — ( ¥/ 1<ij<n—1 :

0 1

as (r,|0,7|r..) — 0. Therefore there exists some possibly small 6 > 0, such that if
7| +10rT]oo <0,

nn 1
w ‘(s,r’) Z § >0 (223)

for all |r'| <|r|,s € ¥. Note that since 9 is smooth and ¥ intersects OS2 at a ninety
degree angle,

7(s,0) =0, 9,7(s,0) =0,
for all s € X, see the considerations for . Hence we can choose, say, |r| +
IT]| Lo (2,01 ((—asa))) < @+ || Tl Lo (5,01 ((—asa))) to be arbitrarily small, simply by
choosing a > 0 small enough. Therefore we can assume without loss of generality
that estimate holds true.
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We now derive the formula for the mean curvature operator K in local coordi-
nates. We will use well-known representation formulas for Vx, Ax, and hessx in
local coordinates, cf. [22]. By definition,

Vx®y= Y w90,;9,0;X.

i,j=1,....,n
Recall that since gx is a Riemannian metric,
gX(aiX7 8]‘X) =w;j, ,J=1,..,n

Therefore,
9x (Vx®n, Vx®p) = gx | Y w0;040,X, > wi'0,40mX
¥ Im

= Z W W 0,010 Phgx (05X, 0 X)

,4,L,m

_ E 1j . X Im
= ’LUijm’LUX o%‘I);L@l(Dh

,4,L,m

= Z wi-0;®1,0, Py,

il
where we used that Zj wgw;{m = 04 Clearly,
0;®y = —0;h, j=1,..,n—1, 9,8, =1.
Hence,
0;0,Py = —0;0kh, j,k=1,..,n—-1, 0;0,P, =0, j=1,..,n. (2.24)

Therefore,

n—1

n—1
Ux(h) = Vx®ulx = | Y wishdh -2 windh+wr,
il=1 =1

where we remind ourselves of (2.23). Recall the well known formulas

n n
2 : jk 2 : jkl

AX(I’h = wﬁ( @'@c@h — wﬂ( ij7xalq)h,
Jik=1 gk l=1

and

hessx @4 (Vx P, Vx®Pp) =

=Y (aiajq% - ngxa,ﬂ@h) [dx' @ dx’] (Vx®p, Vx Pp)

i,j=1 k=1

where I'); - as usually denote the Christoffel symbols with respect to gx. We also
have that

hx = ) wi(0;0:X10,X).
m=1
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Again writing the expressions in local coordinates,

[dXi X de] (VX(I)h, VX(I)h) =

dx ®dx3 (Z whl 9,950, X, Z w' 8S<I>h8TX>

p,q=1 r,s=1

— Z W w'E 0,85,05®[dx" @ dx] (9,X, 0, X)

p,q,7,s=1

= > wRwd,®n0sPndipd;

p,q,m,s=1
n
= E w)?w_ﬂfa @ha (I)}“
q,s=1

where we used that [dx’ ® dx?](8,X, 0, X) = ;,0;,. Hence,

hessx @y (VxPp, Vx®p) =

= ) (9:0;0n = Y T x0k®p)[dx’ @ dx'|(Vx Dy, Vx Pp)
i,j=1 k=1

= > wwl0,2,0,2,0,0;P,

ijq,s‘ 1

- Z F”wawxak‘l)ha @ha (I)h
i,7,k,q,s=1

Therefore
Ox(h)*Ax®y, —hessx @, (Vx Py, Vx®p,) =T+ 11+ 111,

where

n n
1= fx(h)z Z w%ﬁajak@h — Z Fé‘hxw&kﬁl@h )

G k=1 Gk,1=1

II:=— Z W'l 0;0,0,0,8,0,P),,

1,7,q,5=1

7 = Z T¥; xww} 0,810,940, P,

1,5,k,q,5=1
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as well as K(h) = W(I + I1 + IIT). A straightforward calculation using ([2.24))
gives

n—1 n—1 n

I=—tx(h)? Y wifo,onh + tx (h)? wi T xOih
j,k=1 =1 j,k=1
— Ux(h)? Z wi T x,

Gk=1
as well as
n—1 ) ) n—1 )
=Y wiwohdhoidih— Y wwlohd;o;h
$,q,%,7=1 s,i,7=1

n—1 n—1
= Y wiwoghoi0ih+ Y wiwl0;0;h.

q,4,j=1 4,j=1

A careful splitting of the sums entails

n—1 n n—1 n
ki . . .
nr=— 5 3 rhww* ohohoh+ Y S T cw'tw?*9,hdsh
s,q,k=11,j=1 s,q=1i,j=1
n—1 n n—1 n
+ E E Ffjwmszakash— E g Llw™w’®dsh
s,k=11,j=1 s=114,5=1
n—1 n n—1 n
+ 30 Thw " ophdgh = > > Thw'tw™dgh
q.k=14,j=1 g=11i,j=1
n—1 n n
- g E Ffjwmwmakh—&— E Llw™w!™.
k=14,j=1 i,j=1

We sort now the terms by appearance of derivatives in h. We find, in local coordi-
nates,

n—1 n—1
Kh)s={ Y aju(m)d;0ch + > a;j(h)d;h+ a(h) | |(snes)»
4. k=1 j=1

where

ajk(h) = W ( — Lx (h)2w* 4wk — Zgjlgknalh
=1

n—1 n—1
=Y g"dMan+ > gj’"g“@zhc?mh),

=1 I,m=1
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as well as
n—1 n
1 o
a;(h) = E( Z Tw™ = 37 Thw'twh ophogh
x( Lh=1 ah=114,1=1
+Z ZF” Wyl h+z ZF’“ w' O h — Zfzzw w
k=11,l=1 i,0=1
n Z S Thuiiwngyh — Z I w' '™ Z rw™w! >
k=11,l=1 i,l=1 i,l=1
and
(h) 1 S g jk + 1 S n, in, jn
alh) = —— Tew 3 W' w
Lx(h) = lx(h) ~
Let
n—1 n—1
Ph)s={ Y aj(m)d;06 + > aj(m); | l(sn(s» (2.25)
G, k=1 =1

Q(h)|s = a(h)|(s,n(s))
in local coordinates. We will show that K(h) = P(h)h+ Q(h) is the desired decom-
position of K. Let us recall that
8X aX X aX
X
Wil (s,n(s)) = 5 akl sh() Dikxlis,n(s) = Z W' 0; 5% m |(s,h(s))-

w® and wX are smooth. Therefore the

X
EIE
evaluation at the point (s, h(s)) in the above formulas is a composition of a smooth
function with h.

We briefly recall useful results on composition operators, as found in Section 2.1

in [4] and [61]. For a smooth function G € C*°(R) with G(0) = 0, we have that
G(f) € B;q(Rn) (2.26)

for any function f € B5 (R"), provided that s —n/p > 0,1 < p,q < oo. This in
particular implies that f~1 € By, (A) for all f € By (A) such that [fle > co >
0 if A is a bounded Lipschitz domain. Note that s > n/p ensures Bj (A) —
L>(A). Moreover, if the previous conditions are satisfied, the mapping [f — G(f)]
is bounded as a map from B, (R") to B, (R™). Furthermore, c.f. Section 2.1 in [4],

G(.) € C*(B; ,(R™)) (2.27)

Note that since ¥ is smooth, also 2 £

for any G € C*°(R) such that G(0) = 0, provided s > n/p. Again we mention as in
Section 2.1 in [4] that these results carry over directly if one replaces R™ by a finite
dimensional smooth compact manifold. Then G(0) = 0 is no longer required. For
further discussion we refer to Section 2.1 in [4].

Recall that U := {h € X, : |h]|L~ < a/5} C X, and X., = By, /97%/7(%).
Now, for h € U, by (2.26),

wﬁ(h) €X,.
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This follows from the fact that
1
s::4—f—§>ﬁ, forn =2,3.
q P q

Note that for n = 3 (which is sufficent to consider) this is equivalent to p > ﬁ,

which is easily satisfied since even p > 3%4/[1 by assumption. Arguing as in [4],
det[(wjk);k] > co > 0, hence also

wif (h) € X,,.
As the regularity index of Besov spaces behaves well under differentiation,
Ojh € BEMa73/p(), jel,..,n—1,

whence
w*9;hOh € B/ 173/P (%), (2.28)

Note at this point that we used the fact that since p > Sfi/q,
n
3—1/g—3/p>—, n=2,3,
q

therefore the space Bg’; L/a=3/p (X) is a Banach algebra under pointwise multipli-

cation and we have a product estimate. More generally speaking, for s > n/q,
Bs < L* and

49,90
1£9lles, SISles, lglls;, .
for all f,g € By, , see Lemma Note that this lemma also holds true on

B; ,,(X) since the extension operator [B , (¥) — B, (R"7')] is also bounded

140
from [Loo(X) — Loo(R™71)], cf. [62]. By (2.28), the composition result (2.26)),
hei, and wy"* > %,

x(h) € B3 Ha=3/p(s).

As in [4], we proceed this way to get

aji(h), a;(h),a(h) € By, 170 (),
for all h € U. By the product estimate

1£allya-17 S 171 go-sra-srnllgllya-or
for all f € Bgzl/q_?’/p(R"),g € W,?_l/q(R”), we readily obtain

1 4—1 2-1 1 2-1
P e Cl U, BW, VD), Wy a(x), Qe iU W),

Indeed, the operators are compositions of Cl-mappings, cf. (2.27). Moreover we
have the estimates

1QUR) yz-17a S Na(h)l o ssa-s7o 1l ya-17a S la(h)l] o sra-s/o-
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for all h € U, as well as

n—1
1P(R) 2170 S ||a3k )9Ol y2-1a + Y Nlag(R)Dsh] yya-1/a
Wy Wy Wyq
7,k=1 j=1

Z lajk (W)l ga=1/a-2/2 10 3kh||w2 1a +
J,k=1

+ Z ||aj HB3 1/q— 3/;:”8 hHWz 1/q

< Z”aﬂc )ix;, ||+Z\|a] Mg, | 1Allgya-170,

7,k=1

for all h € U, h € W;il/q(Z).
Now we investigate the operator P(0). From ([2.25)), in local coordinates,

n—1 n—1
PO)s=| > ax(0)0;06 + > a;(0)0; | |(s.0)-
G k=1 j=1
Firstly,
OnX|(s,0) = 0rX(5,0) =vs(s), seX,
as well as
9 X|(s0)=07]s, j=1,...,n—1s5€X.
Hence,

wﬁz'(s,O) :5jn; j:1,...,n
where 6;, denotes the Kronecker delta. Inversion formula for block type matrices
implies

WX l(s.0) = Gjny =107

€x(0) = \/w§(s,0) = 1.

From the general formulas for a;; and a; we obtain that

In particular,

7k
a;r(0) = —wy’,
as well as
n
_ lkJ
= E wy Ty 5 — E I sw sz
1,k=1 il=1
n
—E lezwzwz E lezwzwm
i,0=1 i,l=1

for all j,k =1,..n — 1. Now, using w{’" = 0y, for allm=1,...,n,
n—1 ] ]
a;(0) = > w¥Ty, o +T9, &+ D1+ Dy + Ds,
k=1
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where

in .
E le zwz wza E le zwz wy', Ds:= E le zwz wz
i,0=1 i,0=1 i,0=1

Now, again using wi"™ = ,,, for all m = 1,...,n and that the Christoffel symbols
are symmetric in the lower two indices, we get

n
y .
Dy=Dy=-» Thswd, Ds=T .
1=1
Since 1 < j <n — 1, we again use ng = 0 to deduce

Z I zwz

Now by characterization of the Christoffel symbols via the first fundamental form,

n L~ o [(Owni | Owy,  Owiy )
Fm,z:§ZWE (Ba:i + i — Bz, ) 1=1,..,n.

k=1

Using once more wgk = Onk,

n 1 (awnn + OWin, 8wm) - lawnn

in.y — — 1=
R ox; oz, 0z, 2 Oz; ' ’

Now we claim that
(9 b
Ynn _ o =1, n—1.

8xi
Note that this would imply that D; = Dy = 0. Solet 1 <i < n — 1. Then

Ol (5.7) = (204, (015, 1)T(5)), t(5,7)T(5)) . s € B € (2,0,
for £ > 0 sufficiently small, whenceforth,

8Siw§n(s, r)=0.

Hence
n—1
_ Lk
= E wEFlk,Z'
1k=1
Since
n—1 n—1 n—1
AZZ E ’LU 68k—g E wFlkE
G k=1 j=11k=1

in local coordinates, we have P(0) = —Ay. The proof is complete. O
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2.4.3. Transformation to a fixed domain. We assume that the free inter-
face is given as a graph of a function h, T'(t) = Ty (¢) := {X (p, h(p,t)) : p€ X}, t > 0,
cf. . Using the Hanzawa-type transformation 0} := Oney : 2 — Q, cf. ,
we transform system to a fixed time-independent reference configuration.

Introduce a new variable n by

n(0}(z),t) = p(z,t), z€QteR;.
Chain rule entails
Vulx,t) = [DO}]" (x)Vn (], (x),t).
We also have

Aplw,t) =Y oty (x)9;0m(),(« Z )0 (0}, (x), 1), (2:29)
Gyl=1 =1
where the coefficients are given by
ol (x) = 0r(04);(x)0k(O})i(x) Zakak (O
k=1

Let us economize notation. Define transformed differential operators
Vi = (DO)TV,  divyu:=Tr(Viu), Ay = div, Vp,.

Is is then easy to check that Vu(z,t) = Vu1(0],(x),t) and Au(x,t) = Apn(©} (), 1).
Let us introduce

h . t
ngq = Naq ° O},

Since the Hanzawa transformation maps points from ¥ = {p = X(p,0) : p € ¥} to
points on I'y, = {p = X(p, h(p,t)) : p € ¥} and vice versa, also the normals change
since the boundary points are moving.

Let us deduce a formula for the normal velocity of the free interface I', (t) = 'y
in terms of the height function h. By Hanzawa transformation, ©},(I';«)) = X, in
other words, the inverse mapping

is a parametrization of I';,;) over the fixed reference surface ¥. By equation (2.79)
in [57], the normal velocity satisfies

Vr, (t,p) = (8=, (2) v, (t,p), p=Ej(2),z €.
On the reference surface, we have that
Ells =X o (F)toX Yy,
where X denotes the curvilinear coordinates in a neighbourhood of X,
X(s,r) =s+rvs(s)+7(r s)fg(s), seX,re€(—a,a),

for a > 0 small enough. Then, picking a point s € X, we have that X (s,0) = s
whence

Eh(s) = X o (Fy) " o X71(s) = X o (Fy)~'(5,0) = X (s, x(=h(s,t) /a)(s,1)).
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In particular, if we choose h small enough, say |h(t)|;_(s) < a/3, we may use that
x(z) =1 for all |z] < 1/3 to conclude that
Zl(s) = X(s,h(s,t)), s€X, |h(t)| .. (=) < a/3.

Hence

OZh (s) = 0, X (s, h(s,t))0sh(s,t), s€X.
At this point note that, cf. (2.20)),

0, X (s,1) = vs(s) + 0,7(s, r)f(s), seX,re (—a,a).

Hence

Vrh = ((%Ez‘llrh) = ath(l/z + arT(h)T|I/rh).
Let

a(h) := (vs + 07(h)T|vr,). (2.30)

Observe a(0) = 1. Employing Hanzawa transform then yields a nonlinear system on
a fixed reference configuration,

a(h)Oth = —[np, - Vin], on [X x {t > 0}],
Nz = K(h), on [¥ x {t > 0}],
Apn =0, in [Q\X x {t > 0}],

nhe - Vinlaa =0, on [0Q\9% x {t > 0}], (2:31)
nhe -nr, =0, on [0% x {t > 0}],
hlt=o0 = ho, at t =0.

Here K (h) is the transformed mean curvature operator, nl, := ngq o ©4, and hyg
a suitable description of the initial configuration such that QF(t = 0) = QF. Note
that we have the compatibility condition ngq - nr,, = 0 at time ¢ = 0.

2.4.4. Differentiability properties of transformed operators. We now
prove differentiability of the transformed differential operators

Vi = DOV, divyu:=Tr(Vyu), Ay :=divy Vi,
and the transformed normals nfg,, nr, .

LEMMA 2.17. Letn =2,3, ¢ € (3/2,2), p>3/(3—4/q) and U C X, as before.
Then

[ Ap] € CH(U; BWF(\D); Ly (),
[h = Vi) € CHU; BWG (N\D); Wy —H(Q\D)), k=12,
[h = g, [ i) € CF(U; CF(2)).
PROOF. The proof follows the lines of Section 4 in [4], since the trace space

satisfies X, < C?%(X) by choice of p and ¢. Indeed, going back to equation ([2.29)),
we see that the transformed Laplace operator can be written as

n n
Ap =Y alh0;00+> ad,
=1

=1
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where

af (@) =) 0k(04);((05) 7 (2))k(04)u((05) " (2)),
k=1

af'(z) = Y Okd(O})1((8},) " ().
k=1

The coefficients depend on h itself and up to two derivatives of h,

afy = aju(z,h, Vh,V?h), a} = a;(z,h,Vh,V?h),

and the dependence of a;j and a; of (x, h, Vh, V2h) is smooth. This together with
X, = C?(X) allows us to follow the lines of [4]. For the differentiability properties
of the transformed normals we refer to and |61]. Note that the derivative
satisfies Vh € C1(X) for h € X, and the transformed normals depend smoothly on
(z,h, Vh) as well. O

2.5. Linearization and model problems

The main result of this chapter is maximal regularity in L, — L, for the principal
linearization. We start with maximal regularity for the model problems and then
apply a localization procedure.

2.5.1. The shifted model problem on the half space. Let n = 2,3. In
this section we will be concerned with the principal linearization on the whole upper
half space R’} with a flat interface ¥ := {2z € R : 1 = 0}. More precisely, we will
consider

Oih +W3h + [nx - V] = g1, on X,
pls + Agrh = go, on X,
Wl — Ap = gs, on R\X, (2.32)
en - Vilory = g4, on ORY,
en + Varhlos = gs, on 0%,
hlt=o0 = ho, on 3,

where 2’ = (23, ...,2,). Here w > 0 is a fixed shift parameter we need to introduce
to get maximal regularity results on the unbounded time-space domain Ry x R’;.

Let us discuss the optimal regularity classes for the data. We search for a
solution h of this evolution equation in the space

Wy (R W, M) N Ly (Ry; Wy = 14(5)),
where p and ¢ are specified below. In particular, p € L,(Ry; V[/'q2 (R7\X)). Let
XO = qu_l/q(z)v Xl = W;—l/q(z)’
and the real interpolation space

X’Y = (X07X1)171/p,p = B;lp—l/q—?)/p(z).
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By simple trace theory, cf. [62], we may deduce the necessary conditions
91 € Ly(Ry; Xo), g2 € Lp(Rys Wi~ /4()), (2.33)
gy € Ly(Ros Ly(RY)), g1 € Ly(Ros W VI(@RY)), ho € X,

It is now a delicate matter to find the optimal regularity condition for gs, which
turns out to be

95 € Fp /PO (R 5 Ly(9%)) N Ly(Ry; W —2/(0%)), (2.34)

cf. Theorem [2.1] Note that g5 has a time trace at ¢ = 0, whenever 1—-2/(3¢q)—1/p >
0. Hence there is a compatibility condition inside the system whenever this inequality
is satisfied, namely

g5|t=0 = €n * Vx/ho|32 = anh0|ag, on 0. (2.35)

Note that there is no compatibility condition stemming from 2 and 4 on
0%, whenever ¢ < 2. The following theorem now states that these conditions are
also sufficient. Note that the assumptions in Theorem imply that ¢ < 2 and
1-2/(3¢) — 1/p > 0 hold.

THEOREM 2.18. Let p € (6,00), ¢ € (3/2,2) N (2p/(p + 1),2p), and w > 0.
Then (2.32) has mazimal L, — Lg-reqularity on Ry. More precisely, for every

(91, 92,93, 94, g5, ho) satisfying the reqularity conditions (2.33)),(2.34), and the com-
patibility condition (2.35)), there is a unique solution

(h, 1) € (W, (R5 Xo) N Lyp(Ry; X1)) x Ly(Ry; WE(RY\E))
of the shifted half space problem (2.32]).

Furthermore,
Plws s Xo)nL, (e ixn) + 0L, ey w2 @n\0)
18 bounded by
19112, (R ix0) F1920 1w, wz=1/9(sy) T 1981 L, By L, (7)) T
1941 1, w22 omy ) 195l 12200 &1 omnnL, Ry wE 20 amy) T holxs
up to a constant C = C'(w) > 0, which may depend on w > 0.

PROOF. We first reduce to a trivial initial value by extending hq to X = {0} x
R™! using standard extension results of |\ and solving an L, — L, auxiliary
problem on R"~! using results of Section 4 in \ to find some hg € V[/'p1 (Ry; Xo)N
L,(Ry;X1) such that hgli=o = ho, cf. problem . Then define g5 := g5 —
Onhslox. Clearly,

J5lt=0 = g5|t=0 — Onholox =0, on 0%,

by the compatibility condition (2.35). This allows us to use Theorem to find
some h € OW;(R_HXO) N L,(Ry; X7) such that

anmag = §5, on 0%.
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By simple trace theory, cf. [62], we may find py € Ly(Ry; W2 (R \X)) such that
8nM4|8R1 = g4 on ORY. Let Y = RY = {z € R"™ : 1 = 0}. We then solve the
elliptic auxiliary problem

Wi — Afi = Rgz — R(w? — A) g, on R™\%,

~ N (2.36)
ﬂ|i = —RA,h—RAhs+ Rgs — R,U,4|i, on X,

by a unique fi € Ly(Ry; W (R™\X)), cf. [6]. Note at this point that we used that
—RAh— RAyhs + Rgs — Rpuals, € Ly(Ry; W2 H9(%)),
by Theorem since ¢ < 2. By construction ji is even in x,-direction since both
the data in (2.36) are. Hence
Onfi =0, on JRY}.

We have reduced the problem to the case where (g2, g3, 94, g5, ho) = 0, that is, we

are left to solve
Oih +wW3h + [nx - V] = g1, on Y,

pls + Ayh =0, on X,
Wi — Ap =0, on R\X, (2.37)
en - Vilorn =0, on IR, ’
en - Varhlox =0, on 0%,
hlt=o = 0, on X,

for possibly modified g; not to be relabeled in an L, — L4-setting. We reflect the
problem once more across the boundary OR”} using the even reflection in z,,-direction
R. We obtain a full space problem with a flat interface and that the conditions
4 and 5 are fulfilled automatically. We obtain the problem

Oh + w3h + [ns - Vu] = Rga, on ¥,

pls + Agh =0, on Y,
: . (2.38)
wu—Ap =0, on R™M\X,
hli=o = 0, on Y,

where Rg1 € Lp(Ry; qu_l/q(f))). Let us denote by S(h) the unique solution of the
elliptic problem 2’3. We can then write the system as an abstract evolution

equation as follows. Define Ah := [nx-VS(h)]+w3h and its realization in qu_l/q(f])
by A: D(A) — W, /%(S) with domain D(A) := W, "/%(£). Then we can modify
the results of |[58] to obtain that the operator A has the property of maximal Lg-
regularity on the whole half line R;. A general principle of maximal regularity going
back to Dore [16] and Bourgain |12] now gives that A has also maximal L,-regularity
on Ry, since 1 < p < oo, cf. [57]. We give the full details below. Having this at
hand we can solve the initial value problem

J _
@h(t) + Ah(t) = f(t), teRy, (2.39)
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for any f € LP(R-HWQI_UQ(S)) and hy € Bép_l/q_s/p(i) by a unique function
h e Wy (Ry; quil/q(i)) N Ly(Ry; Wfil/q(i)). By choosing

f:=R[ns - V(i + pa)] — RO:(h+ hs) + Rg1, hg:=0,

we obtain a unique solution (h,S(h)) of the problem in the proper L, —
L,-regularity classes on Ry x R"™!. The estimate easily follows and the proof is
complete.

Let us give the details on how we obtain maximal Lg-regularity for A on Ry.

We take Fourier transform with respect to (2, ...,2,) € R*~! to obtain a system

w3h + Oph + [017] = f, e R,

WA 4 €27 — 0fr = 0, (21,6) e R x R*1,
Flay—o0 + |E?h =0, £eR"L
hli—o = 0, EeRM 1,

where 7 = #(t,x1,£), h = h(t,€), and f = f(t,£) denote the Fourier transforms of
7, h, and f with respect to the last n — 1 variables (22, ..., z,,) € R"~1. We can now
solve the second order differential equation for 7 to the result

#(21,€) = ~I¢lh(€) exp (~Vw? +[EPlanl), @ €RE R
We can easily compute the jump to be

[017] = 2/¢*V/w? + [€[2h,

whence we obtain a modified version of the evolution equation in [58], namely

O +whh+ (2QePVPFEP) h=f, teRy,

h(t = 0) = 0.

Let now B; be the negative Laplacian on Ly(R™"™') with domain W7(R™™'). It
is now well known that B; admits an R-bounded H>-calculus on L,(R""') with
corresponding RH>-angle zero, cpgf"w = 0, cf. the proof of Proposition 8.3.1
in [57]. Let furthermore By be the operator given by (w? — A)'/2 on L,(R"™1) with
natural domain W, (R"~'). Then by Example 4.5.16(i) in [57] we know that B is
invertible, admits a bounded H>-calculus on L,(R"~1), and the H>°-angle is zero,
¢%, = 0. We now apply Corollary 4.5.12(iii) in [57] to get that P := 2B, By is a
closed, sectorial operator which itself admits a bounded H*-calculus on L,(R™1)
as well and that the H°°-angle of P is zero. The fact that By and By commute
stems from the fact that these are given as Fourier multiplication operators.

We now show that P admits a bounded #*°-calculus also on W (R"~!) for all
0 < s < 1, in particular for s = 1 — 1/q. To this end we show the claim for s = 1
and use real interpolation method. We will use the fact that (I —A)'/? is a bounded
isomorphism from W} (R"™!) to Lq(R™™') with inverse (I — A)~V2,
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Let ¢ > 0 and ¥, := {# € C : |argz| < ¢}. Since P admits a bounded
H>-calculus on L,(R"™!), there is a constant K., > 0, such that

|h(P)|B(L,®r—1);L, 1)) < Kolh|ge(s,)

for all h € Hy(X,). Let u € C§°(R™1). Taking Fourier transform just as in the
proof of Theorem 6.1.8 in [57] gives
FI(P)u](€) = h(P(§)) Fu(§),
where P(£) = 2|¢]?\/w? + [€]? is the corresponding symbol of P. Whence we have
the representation formula
h(P)u = F~[h(P(€))Ful

for all u € C§°(R™~1), in other words, the symbol of h(P) is in fact h(P(£)). Since
h(P) and the shift operators (I — A)*/2 commute we easily see that P admits a
bounded H>-calculus on W; (R"~!). Indeed,

h(P)u = h(P)(I — A)~Y2(I — A)Y2u = (I — A)™V2h(P)(I — A)V?u,
for all u € C§°(R™~1), which implies
|h(P)ulwz®n-1) = [(I — A)H2R(P)(I - A)1/2U|vvql(JRn—1)
SIP)I = A)2ul gy
SNR(P) B, 1)L, o)) (T — A)Y2uly -1y
S ARP) 8Ly (&r=1);1,&r=1) [Ulwp gr-1),

for all u € CP(R"1),h € Ho(Z,). By density this also holds true for all u €
W} (R"!), whence P also admits a bounded H*>-calculus on W, (R""!) and the
corresponding constant K ;, is bounded by a multiple of K. Now by real interpolation
method, Wi (R" ™) = (Ly(R"1), W) (R"™1))s 4, s € (0,1), whence

IM(P)|sws ®n-1);we ®n-1)) S (P B, mr-1y;0, @n-1)) [R(P )\B(Wl Rn—1); W2 (Rn—1))
for all h € Hy(X,), which implies
|M(P)|ws®n-1)ws®n-1)) S (P)B(L,Rr-1)0,® 1) S Kolhlme(s
for all h € Ho(X,). In other words, P also admits a bounded H*°-calculus on
Wi (R"1) for all s € (0,1).
The canonical extension to L,(Ry; WS (R"!)), which we will also denote by P,
then admits a bounded H*-calculus on Ly (R4 ; WF(R™™ 1)) for all 0 < s < 1 with

angle zero.
We now apply a version of Dore-Venni theorem, cf. [52]. To this end let B be

the operator on L,(R4; Wy~ 1/q(R" 1)) defined by B = % + w? with domain
D(B) = oWy (Ry; Wi HR").

Then B is sectorial and admits a bounded H>-calculus on L, (Ry; W (R"™1)) of
angle 7/2, cf. |[57]. Furthermore, B : D(B) — L,(Ry; W;(R”_l)) is invertible. Let
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as above P be the operator on Ly (Ry; W, "/9(R"~1)) with domain
D(P) = Ly(Ry; W, IR ),

given by its symbol 2|£|?(w? + |€]?)1/2. By the Dore-Venni theorem, the sum
B + P with domain D(B + P) = D(B) N D(P) is closed, sectorial, and invert-

ible. In other words, the evolution equation Bu + Pu = f posesses for every
f € Ly(Ry; Wy~ 9(R"=1)) a unique solution u € D(B) N D(P), hence the proof of
maximal regularity is complete. O

2.5.2. Dependence of the maximal regularity constant on the shift
parameter. Note that at this point it is a-priori not clear how the maximal regu-
larity constant depends on the shift parameter w > 0. However, we will need a good
understanding of this dependence later on when we want to solve the bent halfspace
problems.

We will now introduce suitable w-dependent norms in both data and solution
space and show that the maximal regularity constant is then independent of w with
respect to these norms.

To this end we will proceed with a scaling argument. Fix w > 0 and let (h, u)
be the solution on Ry x R"} of the w-shifted half space problem . Define new

functions
h(z,t) = w?h(z/w,t/w®), Az, t) = plz/w,t/wd),

It is then easy to check that (ﬁ7 ii) solves

rzeRY, teRy.

8tﬁ+ﬁ+ﬂng-Vﬁ]]=g1, on X,
fils + Aph = g, on X,
fi—Afi=gs, onRM\3,
en * Viilorr = ga, on 8];%;_, (2.40)
en - Verhlos = Js, on 9%,
h|i—o = ho, on X,

where
g1z, t) == w g (z/w, t/w?),

G3(z,t) :== w2gs(x/w, t/w?),

gs(x,t) := wgs(z/w, t/w?),

Go(x,t) := go(z/w, t/w?),
ga(x, 1) = w ™ ga(/w, t/w?),
ho(x) == w?ho(z/w),

reRY,teRy.

Since the operator on the left hand side of (2.40) is now independent of w, we get
by the previous theorem that there is some constant M > 0 independent of w, such

that

|h"WI} (Ry;Xo0)NLp(Ry5X7) + |ﬂ|Lp(R+;Wq2(R1\Z))

is bounded by

(2.41)

+

M (|31] L, rix0) + 19201, w2179y T 19812, oo ®) +

13l e w0y 135 lRL 200 g omp, w2y 1ol )-
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Clearly, the w-dependence is now hidden in the norms. We now have to analyze how
the norms transform in w. Since we need to transform norms of h and u, we proceed
in a general setting as follows. For a € {0,2}, Z € {R"},0R"}, 3, 0%}, we consider a
function w = u(x,t) defined on Z x R and consider a transformation via

a(z,t) = weu(z/w, t/wd), =€ Z,teRT.

Note that all spaces in Z are invariant under this scaling. For 5 € {0,1} and v € Nf,
we calculate

O’ DYi(x,t) = w31 DIz /w, t/u?), x€ ZteRT.

Hereby D, denotes the derivative with respect to z € Z. We need this distinction
to keep track on how the norm depends on w with respect to the dimension of Z.
We calculate

S 1/p
107 D il mtncen = ([ 10DV )

oo p/q p
= (/ </ afma(x,t)wdx) dt)
0 z
w—38=Il ( / 3tBD7U <“T7 ts)
A w w
— 38—l ( / ' D <x, t3>
A w
dim Z o0 p/q
= O3By </ (/ ’&?D“’u (:r,t)‘qu) dtw3>
0 z

e e

1/p

q p/q
dcc) dt)

q . p/q
dzwd™Z ) dt>

1/p

1/p

A
I

3
i ||8ED'YU||LP(O,OO;LQ(Z))?

where we used chain rule and transformation formula. For the Sobolev-Slobodeckij
seminorms we have, for o € (0, 1),

[8t6D7ﬂ(t)]Wf’(Z)

1
|aﬁDm (2,1) — 07 DVii(y, 1)1 &
|d1mZ+0q dmdy
BV (L _t)|a a
_ ,,a—=38— ‘8 D’Y’U, w’w3) 8 D u(w7w3)|
= 38 ( / / T dady

08 D, &) — 89 Duly, L)) ta
— w38l (// T o3 Y o5 dxdyw2dimz>

|Wl‘ _ wy|d1m Z4oq

_ _ dim Z __ t
= w9 DY u( 5wz -
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Integration in time gives

- _ap_ dimZ _ t
1107 DY)l we (29|l e (0,00) = w2 7PIH4 H[atﬁDvu(E)]Wq”(Z)||LP(0,oo)

= w97 DY u(8) w2 | e 0,009
again by transformation formula. Now, we have
1Bllw (0.00:0) L0 (0,00:1) + 1] Lo (05002 7 \3)) =

1]l 2 0,00:29(52)) + DRl o (0,009 (3)) + D] Lo (0,00;La () +

+ | D1l Lo (o,00iza(sy) + 10ehl| Lo (0,009 (sy) + 110:h] X0 |2 (0,00)+

+ IID*R] xo || Lo (0.00) + 1 ill 2o (0,00:L0®\S)) + 1Dl Lo 0,00:L0 R \5)) +

+ | D2 fill Lo (0,00 Lo R \52)
Using the above results now for h and i1, we readily get

~ n—1
1Bl Lr 0.00:La(sy) = w7

3
2Rl e (0,00:09(5))

~ n=1_,43
DR Lo (0,00:za(zy) = @' 7 7| DAl Lo (0,00:L9(2))

~ n—1,3
DR Lo0,00:n0(2)) =w @ 2 [D?h| 1o (0,00:19(5))

7 _ n—1
||D3h||LP(O,oo;LQ(Z)) =w +=3

3
T2 DR\ pe (0,050 (5)) s

7 _qyn—1
Haﬁh”Ll’(O,oo;Lq(E)) =w I+

3
T2 |0thll Lo (0,00:L9(3))

- Coam=l,1.3 =
I[0eh] x|l Lr(0,00) = w ™ 2F "7 Y02 [8ih] x| Lo 0,00)

- _oyn-—1.1.3 =
DRl x| Lo(0,00) = w20 T ||[D? R x4 || Lo (0,00):

n

18l L (0,00;La (R \52)) = with 141l e (0,00 L (R \5))
DAl o (0,005 (R7\52)) = Wty IDpll e (0,00:La (R \)) 5
ID2 il o0 ccspacn\sy) = @72 B D]l o0 0s a5
For the terms on the right hand side we have

~ _ n—1 3 _
HgluLl’(O,oo;Xo) =w 't +p||ngLp(0,oo;L‘1(E))+w >t

as well as

n

—141.3
T Tty ||[gl]X0HLp(0,oo)a

~ n—1_, 3
1321l o 0 ooz 1/agsyy =@ T "7 llg2ll Lo 0,00iLa(x)

_ n—-1_,3
+w e +pHDg2||LP(O,oo;Lq(Z)

_9o4plyn=1_3
LW tit +p||[Dg2]XOHL;D(0,oo)?

~ — ny 3
||93|\Lp(o,oo;Lq(R1\z)) =w ety H93HLp(o,oo;Lq(R¢\2),
~ —1 n—1_, 3

Hg4||Lp(0,OO;W{1171/q(8R1)) =@ T Ty ||g4||L”(0,oo;Lq(8Ri))

n—

ol

_ 1
+w Pt 94] X0 | L7 (0,00)

43



44 2. MULLINS-SEKERKA EQUATIONS WITH NINETY DEGREE CONTACT ANGLE

For the Triebel-Lizorkin norm on the boundary 93 we proceed as follows. Note that
since g < 2, 3 —2/q < 2. Moreover, 1 — 2/(3q) < 1. Hence

”§5HF1’% ~ g5l » 0, 1; a0y + 1DF5ll Lr (0,129 (0%))

5.2
Pq ¢ (0,00;L9(0%))NLP(0,00;Bqq K (ox))

+|[Dg —2/q p + |g _2 ,
IPgs] 221195y | o (01) [gs]Fplq 71 (0,005L4(05))

where the Triebel-seminorm [.| ,_ 2 is defined as in -2.10 . Now,
HF;, 3 (0,00,L9(95) (219

n—2 3
T g5l Lo 0,005L(05))

195 7 (0,00;L4(a5)) = W
n—2

1Dg5 | e (0,00;L9(05)) = W

3
2| Dgs|| Lo (0,00:L4(65))
~ —24n 3
IDgs] 2274 gy L2 (0,00) = @™ T a7 ([ Dgslyy2-2/a g |0 0,00);

~ —o4n_ 3
[95] 17% ) =w Moty [95] 17% . . (242)
Fpq (0,00;L9(0%)) Fpq (0,00;L3(0%))

Here, (2.42)) follows from the following observations. From (2.10) we get a charac-
terization of the seminorm via differences, namely

q 1/q
. RS . dz
[95] 73, (0,00;L9(0%)) = (/ z~ (s (/ ||Ahg5(-)||m(az)dh> ) :
0 |h|<z #

Lr(0,00)

where s =1 — 2. Now
3q ’

1/q
1A (®) | agom) = ( [ st ) - gs<x,t>de)
1/q
1 1 1 1
—o ([l o4 1)~ o S
1/q

_ pqdimos 1 1 1
= W q </aE |g5(x, Et"’ Eh)-g5(1}, Et”qd.f

n—2 1
a ||A713hg5 (uj?,t) | Laas)-

= w1+

Furthermore,

1 1
1A+ g (t) o= [ g (t) | o(oss dh.
/h<z ERANE %) Ih< = w? o
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By transformation formula,

q
> 1
/ Z_(S+1)q—1 (/ ||Ah95 (3t> ||Lq(32)dh> dZ
0 bl <z /w? w
e’} 1 q
— CUS/ (wgz)*(SJrl)Q*l / HAth, <3t> HLq(az)dh dZ
0 |n|<z w
o 1 q
= w73(s+1)‘Z/ Z7(5+1)Q*1 / ||Ahg5 (3t> ||Lq(82)dh dz.
0 Ihl<z w

Therefore,

[95] 73, (0,00:L9(0%))

o T\
—(s -~ Z
- (/ z~(s+1)g (/ Ahgs(~)|m(82)dh> )
0 Ihl<= z

L7 (0,00)

. q 1/q
_ s ~(s+1)q / A - an) “
w </O z ( hl< || h/w?’gu’)(wg)HLq(aE) 2
q 1/q
s [e] (s . dz
— At / Pacank / [1Ahgs(—5)lLacosydh | —
0 || <z/w? w i
Lr(0,00)
q 1/q
n2 g, o (s . dz
= AT 30D / e / 1ARgs (—5)|Laosydh | —
0 [h|<z w z

Lr(0,00)

q 1/q
b d
_ w1+(n—2)/q+3/p—3s / z—(s-‘rl)q / HAth)(.) HL‘I({)E)dh i
0 |h|<z z

Lr(0,00)

LP(0,00)

= 2tn/at3/p [95] 72, (0,059 (0%))
which gives .

Now, X, = By /9737 () = (W ~9(), Wy 9(2))1_1/p, via the real in-
terpolation method. Recall that ho = w?(hg o F,,), where F,(z) = x/w. Define
T, : sz(E) — W;(Z), k € N, by T,ho := w?(hg o F,,). Then T, is a bounded,
linear operator for every k € N by chain rule, hence by real interpolation method
also on every W;(E), s > 0. Since X, is naturally an interpolation space, there is a
constant C' = C(p) > 0, such that

Tulsix,x,) < CITLI ",

-1/ 1-1/ |Tw|p 4-1/ 4-1/ .
B(W,; U)W, () B(Wg ™ U)W, ()

Hence

1 Tuholx., = |holx, < C(p,q,w)|ho|x, . (2.43)
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Define K(w) = K(p,q,w) := C(p,q,w) to be the constant from (2.43). We then
obtain from ([2.41) that

WY UR) L @y L)) + @D L@, L) + 9P DR L@, L)+
+wVINDPh L, Ry g ) + 0eh] x|, + DR x|, Ry )+

+ 0Pl sn, @) + @IDBIL, @, we ) F D0, @ L, R\ <
=M <w11/q|91|Lp<R+;Lq<z)) +g1]x0 |2, ) + 027V g2] 1 =y sna (e +

+w! Do L w1y sy F [Dg2) 0L, () + 98] L, By Lo @2 \S) +
+ w0 g4l ey 0m)) + 981170 o | L)+

+ w4 g5] Ly 1y ox)) + w0 Dgs| L k. L, (05)

+ HD%]WQZQ/Q(‘?E)‘LP(R” + [gS]FQQ%(R+;Lq(aE)) - K(w)|h0xw.>,

We now define norms as follows. Let
1w = 'R L, Ry spa) + 00TV DRI L, @y,
+ WP VIYD?h| L, @y, o) + @' D R Ly, )
+0:h] x|, &) + DAl x| L,y Ry
1l 2w = Wil e @y L, \2) + @I DHlL, R,y + DI, @, L@ \D):
911 P10 = w0 Tt L, sz, ) 1 91)x0 L, RS
|92/ P20 = w* "V go| 1, mssza(s)) + @' DG,y L, 2)) + [Dg2) X0l L, Ry )
|g3|F,3,w = |g3|Lp(R+;Lq(R1\E))a

|94]F a0 = wlfl/q|94|Lp(R+;Lq(3Ri)) + |[94]Wq1*1/‘1(811§1)|Lp(]R+)7

951 F,5,0 1= w372/q|g5|LP(R+,Lq(62)) + w272/q|Dg5|Lp(R+7Lq(8E))

Ly®y) T 195] 1-2

+\[Dg5] 2-2/q T ’
Ww2=2/1(o%) Fpy 37 (R Lq(0))

and |ho|p6,. = K (w)|ho|x,. This way we obtain that |h|g 1.4 + |¢t|E,2,.. is bounded
by

M(|g1|r10 + 192 F 2.0 + 93| 3.0 + 194l Faw + |95|F 5.0 + [holF6,w),

where we point out that M > 0 is independent of w > 0. Note that this estimate
also holds true on bounded intervals J = (0,7) C Ry, as can be seen as follows.
First again reduce to trivial initial data as in the proof of Theorem Then we
can simply extend the data (g1, g2, g3, g4) to the half line Ry by zero. Regarding gs
we note that after the reduction procedure, gs|;=¢o = 0, whence we may use Section
3.4.3 in and Corollary 5.12 in to extend g5 to a function on the half line
R;. Then on J the same estimate holds true if we replace M by 2M.

2.5.3. Bent half space problems. In this section we consider the shifted
model problem (2.32) on a bent half space RY := {z € R" : 2, > y(v1,..., 1)},
where 7 : R"™! — R is a sufficiently smooth function with sufficiently small norm
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in CY(R™1). Since also the reference surface may be curved, we consider a slightly
bent interface Xp := {x € RY : 1 = (22, ..., ¥,)}. Again, 3: R~ 1 — R is suitably
smooth and the C*(R"~1)-norm is sufficiently small. The bent half space problem
reads as

Oh + w3h + [ns, - Vu] = g1, on Xg,
pls, + Asyh = go, on Xg,
Wi — Agpt = gs, on R7\Xg,
Ny - Vitlorn = ga, on IRY,
ny - Ve, hlos, = gs, on 0%g,
hlt=o0 = ho, on Xg,

where n., denotes the outer unit normal of R”. The smallness assumption on |3|c1 +
|7]lcr implies that the bent domain and interface are only a small perturbation of
the half space and the flat interface. We will now solve this problem on the bent
half space by transforming it back to the regular half space.

LEMMA 2.19. Let k € N and 3,7 € C¥(R"™1). Then there is some F €
CF(R™;R"™), such that F : R® — R" is a C*-diffeomorphism and such that ad-
ditionally the restriction F\Rg :RY — RY is a C*-diffeomorphism as well. Fur-

thermore, F' maps X to the flat interface @ N{zy = 0}. We also have that
|I — DFlCl(Rn) < |/3|Cl+1(Rnfl) + |’Y|Cl+1(Rnfl), foralll=0,....k—1.

PROOF. To economize notation, let n = 3. We first transform in xs-direction
via @1 : R® — R3 2+ (21, 22, 23 —y(21,22)). It is then easy to see that the surface
®,(Xp) is given by the set

Q1 (Xp) = {(B(w2, 23), 22,73 — Y(B(w2,23), 72)) : 72 € R} mRi.

Note that this is equivalent to
01 (5p) = {(B(z2, x3), H(x2,23)) : (v2,43) € R*}NRT,

where
H:R?> = R?, (z9,x3) — (22,23 — v(B(z2, z3), x2)).

Now note that whenever |(3,7)|c: is sufficiently small, |H — idgz|c1 is small. Then
|det DH| > 1/2 on R? and H : R? — R? is globally invertible. Hence the surface
®1(X3) can be parametrized by S o H™1,

D1(Xg) = {(B(H " (22,23)), w2, 23) : (12, 73) € R*} NRT.

Note that by the inverse function theorem, H ! is C*(R? R?). Then we transform
via ®o : R? — R3 2+ (11— BoH (13, 23), 9, 73). We easily check that F := &P,
satisfies the desired properties. (Il

To pull back the equations to the regular upper half space R’} \X, we define now
new functions G, Gs, G3, G4, G5 and Gg via

gi(z,t) = G;(t, F(z)), j =1,...,5, ho(z) = Ge(F(x)), =e€RJteRy,
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cf. [33]. We also introduce (h, i) := (h, ) o F~1. This way, the functions (h, i) are
defined on the regular upper half space. Then the problem for (h, p) is equivalent
to the upper half space problem for (h, 1) reading as

Oth + W3h + [ny - V] = By() o F~1 + Gy, on ¥,
fls + Ash = By(h) o F~! 4+ Gy, on X,
Wi — Apfi = B3(fi) o F71 + G, on R}\X,
en - Vilorn = By(fa )OF_1+G4, on ORY,
en - Vshlog = Bs(h) o F~1 + G5, on §%,
hli—o = G, on ¥,

where the perturbation operators are given by
By () = [ns, - V(ie F)] = [(ng o F) - (Vo F,
By(h) = Azﬁ(hOF) AshoF,
33()2 o(foF) = Afio F,
Ba(i) = e (Viio F) — 1y - V(iio F),
Bs(h )z (VghoF)—ny-Vg,(hoF).
Define B := (B1, B, B3, B4, B5,0). We will now show that the operator norm of
B is as small as we like in terms of the w-dependent norms by choosing w > 0
large enough and the time interval and |3|c1 + |v|c1 small enough. By a reduction

argument, we can again reduce to the case where Gg = 0.
Let

oE(T) := [oW,(0,T; Xo) N Ly(0, T; X1)] x Ly(0,T; WZ (R} \X), (2.44)
and
oF(T) := Ly(0,T; Xo) x Ly(0, T; W7~ 9(2)) x Lyp(0,T; Ly(RY))x  (2.45)
x Ly(0, T; W, H9(ORY ) x
X [oF3 2/ 3D(0,T; Ly(9%)) N Ly(0, T; W2=/1(9%))] x X,,.

We equip ¢E(T') and (F(T) with the w-weighted norms of Section [2.5.2] Then we
can show the following estimate.

LEMMA 2.20. There is some small o = a(p) > 0, such that

1Blssryrm) < CB)(w 1 +w™) +eClw, 8,7, F) + T*Clw, B,7)  (2.46)

for some constants C(83,7), C(w, 8,7, F),C(w, B,7) > 0, whenever |B|c1+|v|c1 < e.
Note that by first choosing w > 0 sufficiently large and then ¢ > 0 and T > 0
sufficiently small, the right hand side gets as small as we like.

Hereby, the norm in B(oE(T); oF(T)) in is taken with respect to the w-
weighted norms of Section|2.5.2.

Let us postpone the proof of the estimate to a later point. Having this estimate
at hand, we can show maximal regularity for the bent half space problem by a
Neumann series argument.
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THEOREM 2.21. Let 8,7 be smooth curves. Then there exists some possibly
large wg > 0, some small T > 0, and some small € > 0, such that if w > wy,
|Blcr + |vler < e, the bent half space problem has mazimal L, — L Tegulam'ty, To
be more precise, this means that if we replace ¥ by ¥g and R" by R” mn and

- there is for every (g1, g2, g3, 94, 95,0) € F(T') a unique solutzon (h /1,) € OE(T).
Furthermore, |h|g 1., + |t|E 2.0 is bounded by

2M(lg1|F1w + 192l F2.w + 93P 3w + 94 Faw + |95]F5.0),
where M > 0 is as in (2.41) and in particular independent of w.

PROOF. Denote by L, be the linear operator defined by the left hand side of

(2.40). Let M > 0 be as in (2.41). By (2.46) there exist some wg > 0, € > 0, and

To > 0, such that
1
1Bl ®r)wmo) < 537

Then a Neumann series argument shows that L., + B = L, (I + L;'B) is invertible
between the spaces equipped with the (w-weighted) norms, since
1
L5 B |s@erm)em) < 1Lo" Is@m)em) B |s@m)rm) < Mm 7

Furthermore,

o0
(Lo + B) Ms@m)ysm) < 115" sEmysm) O 1Lo "B [wem)rm)) < 2M,
k=0

where the right hand side is independent of w. This way, we can draw back the bent
half space problem to R’ \¥ and the theorem is proven. (Il
It remains to show Lemma 2201

Proor or LEMMA 2201 We first need to write each B; in such a way that we
can give suitable estimates. For convenience we drop the bars. Now, for z € R7,

[ns - V(o F)] - [ns(F) - Vu(F)]
— [(ng —nz 0 F) - Vizo F + [ng - (DFT — D)Vu(F)].

For the Laplacian on R"”, a straightforward calculation using chain rule entails

AlpoF)= 3" (9;00F) 6kF8kFl+Z (O o F)0,04 F).
gk, l=1 k=1

Therefore,

n

A(po F) —ApoF = Z (8j8m o F)[Z 8ij8kE - 6jl] + Z (81/1 o F)O, O F.
=1 =1 k=1

Let us briefly recall the definition of surface gradient and Laplace-Beltrami operator,
see Section 2.1 in [57]. For a sufficiently regular scalar valued function f :¥s — R,
we define the surface gradient in local coordinates via

Vs, f = Vs, i, (Vs,f) Zg”a /s
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where g = (gij)i; denotes the first fundamental form and (¢g%);; its inverse with
respect to the surface ¥3. For a given sufficiently smooth vector field, say, v : ¥g —
R™ !, we define the surface divergence in local coordinates by

n—1
divs, v = ; ﬁ@i (\/det gvi) .
Now, we can define the Laplace-Beltrami operator in local coordinates,
AEB = dngﬁ VEB‘
Hence

As, = Z 9"0;0; + ﬁf) ( detgg”) 9;,

1,j=2

in local coordinates. Let us now deduce a formula for g;; and ¢*/ in terms of 3.
Since X is given by a parametrization,

Rnil — an (:L'Qa ceey xn) = (B(x% "'axn)ax% "'7xn)7
we have
Gij = 0i5 + 0;80;8, 2<1i,j<n.
Therefore,
9= (9i)ij = In—1 + (9:30; 8); ,

where I,,_1 denotes the (n — 1) x (n — 1) identity matrix. Now, a straightforward
application of chain rule gives

i(ho F)=> (dho F);F,
=2

as well as

00 (ho F) Z618khoF6Fk8Fl+Z6lhoF)86Fl

k=2 1=2
Again by chain rule,

y 1 1 3 .
. ) = Z . 27 L]
0; ( det gg ) 5 it gal(det 9)g"” + /det g0;g" .

Altogether,

As,(ho F) = Z g 8k8lhoF)8Fk8Fl+Zﬁlho T,
k=2

%7, =2
where
= Y9;0; F ————2g" + 0;g" | O; F].
ZJZZQQ J l+ (2 \/(Ttg g + g J l
Altogether,

n

As,(hoF)—Agho F =Y (9diho F)Spi+ Y (dho F)Tj,
k,1=2 =2
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where

Sk = ( Z gijaiFkajFl> — 01

i,j=2
Let us discuss the boundary equations. We clearly have
en (Vo F) —n, - (DFT(Vuo F))
=(en—1ny) - (VuoF)+n, - (DFT —I)(VuoF)).

Furthermore,
n—1 n—1
Vs, (hoF) = g790;(ho F) =Y g (dho F)o;F.
j=1 j,l=1

Regarding the boundary condition for A we note that
en(VghoF) —n, Vg, (holF)
= (en —n,) - (VghoF)+n,-(Vgho FF - Vg, (hoF)),

By comparing components,

n—1 n—1
[Vs,(ho F) = Vsho Fl; =Y g7y (dho F)J;F, — d;ho F
j=1 =1
for every i = 1,...,n — 1. Now,
n—1
81h ol = Z 5ij5jl(alh O F)
gl=1
Hence (2.47) is equivalent to
n—1n—1
Z Z {gijajFl — 6ij6jl} (8[]1 (@) F)
j=11=1

Conclusively, in short notation,

Bi(n) = [(ng —nx) - Vil + [ng - (DFT = V)],

n n

By(h) = > 0k0ihSki+ Y 0T,
k=2 1=2

Bs(u) = ) 90 <Z OnFj0Fi — jl) + o (Z 5@1#’1) ;
l,j=1 k=1 =1 k=1

Bi(p) = (en —ny) -V +ny - (DFT - I)Vp),
Bs(h) = (en —ny) - Vsh+ny - (Vsho F — Vs, (ho F)).
We estimate each B; seperately. We start with B;. Firstly,
1By (1)), = "By (1) Lo 0,202y + 11Br (1)) x| o 0.1
< 2W1_1/q||31(u)HLP(O,T;XO)-

51

(2.47)
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Extend the normal vector fields ng,ny, defined on ¥ to functions 7ig, sy, on Rﬁ\Z
by a bounded extension operator, cf. [62]. Then

I1B1(t)ll e 0,75x0) < (g — Tim) - Vil p, 075w (7 \5))
+ g - (DFT = D)V L, 00w B2 \5))-
Hence
1B1 (1) |, S @' MR — fis) - Vil 0.min, @n\o)+
+w' VYV (g — Ay) - VL, 0,751, Ry \5)+
+w! YA — fis) - VL, 0.1, (r 2+
+w=Y4)q, - (DFT — I)V/L)‘LP(QT;LLI(Ri\g))—F
+ w9 Viag . (DFT - I)VM>|LP(0,T;LQ(R1\E))+
+w'Yag . (V(DFT — I)VM)ILP<0,T;Lq(R1\z))+
+w' Mg (DFT — I)VQMNLP(O,T;LQ(R:;\Z))-
The right hand side can be controlled by
W MUVl @) (18 — fislor + |figler) (L4 [DF = 1|~ + |D*F| =)
+ 0! VNPl @) (g — sl + || Lo |[DF = I|1e).
It easily follows that

1Br(1)w,r S @™ (14 [Flez + [V]e2) [pliwr
+ C(w)|pl1,w,1 (1Bler + vler) (14 [Bler) -

Now we concern Bs. Firstly,
Baleor £ NV UBo ()] o i1

Furthermore,

|52(h)\Lp(o,T;w§*1/Q(z)) < Z |8’€8th’€1‘LP(O,T;W(?*”Q(E))
kL

+ Z |8lth|Lv(o,T;W;‘*1/"(z))'
1

Recall that for all s > 0,1 < py,r < 00,

If9llss, . SISl

P1:T1

N L, see Lemma Note that Sj; is independent of time.

Bs,  lgllzee + 11 fllz=llgl 5,

P157T1 P1,7T1

for all f,g € B,
Hence

171

100 Skill Lo 0, wz=17252y) S NORORN Ly 0. ywrz=172 52y 1Sl | Low (2

+ ISkillyyz=1/05;) |10k 0P o (0, 7: 00 ()
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Let us analyse the terms Sy;. We can write
(g™ — 1) Ok F1,OkFy, + (0x F — 1) (O F), + 1)+
Skl = +Z]7£k gjjaijaij + Zﬁéj/ gjj 8ij8j/Fk, k=1,
Ziﬂ»(glj — 5ij)aiFk8jﬂ + Zj 6ij8jE, k 75 l.
If Kk =1, we get
[Skkllzoe < lg"* = 1|l Lo | DF |} + [|DF = I||poo || DF + || L+
+ 3 N e 105 Fil 3 + 3 N6 e 10y Fills 10 Fll e (348)
J#k J'#J
Clearly,
gij — Sijllee + 119" = dijllLee S N1Blon
for all 1 <i,j <n — 1. In the first sum in (2.48), j # k, hence
10 Fk|loe < |DF — I po-.
In the second sum in (2.48)), either j or j is not equal to k, hence
[0 FillLo< 10 Fk||oe < [[DF — I|[ o< || DF|[ o
If now k # 1,
ISullz <> 197 = Sisll < IDF 3 + Y 1105 Full o= 10 Fill o=
i,j J
In the second sum j can not be k and [ at the same time, hence
1Skillzee S (L+||DF ||z + [|[DF || ) [|Bll -

Since the first fundamental form g and DF depend only on at most one derivative
of B and 7,

[Skillyyz-1/0 S ISkillez S NBlles + [lles-
By Holder inequality,
|0kO1h| Lo (0,751 () < TP [B oo 0,75x,) S TP IRl Lo (om0 nw (0,7:0)
since h € E(T). By paraproduct estimates, cf. Lemma [1.5]
0RO T 217053y S |O(E) |21/ 53y I T Low (2) + [O(E) | oo () [Tl yyr2=1/0 53
for almost every ¢ € (0,T). Furthermore,
1Tl oo () + 1 Tillyyz=170 S 1 Tillo2 S Ivlles + [Alloss

as well as
U)o )+ 100 21705y S 10 17

for almost every ¢ € (0,T), since W;il/q(E) — WL (X). By Lemmam
|h‘Lp(O7T;Wg_1/q(Z) /S Tl/(Bp)|h|LP(O;T;X1)ﬂW£(0,T;X0)-
Hence

1
T, o pavz-2/agsyy S T Il @rxonw orixy) (1B8llcs + e
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Altogether,
182 o 17255
S (14| DF||ze + ||DF||%°°) ”5”01”h”Lp(O,T;Xl)ﬁWpl(O,T;XO)
+ TP (IBllcs + 17lles) 12l e o.rx 0w 0.7:x0)
+T% (|Blles + Ilen) Il rorxonwi 0.x0-
Hence
Bz2(h)[a7 S CA) (1+ [|[D®] L= + [ DD 2) [Fllcr hliar
+CNTY? ([lles + 13lles) 1Bl
+CNTH (Jlles + [llos) bl
Now let us consider Bs. We write
By(p) =Y Rudid;u+ >  Ridu, (2.49)
1,j 1
where
R = {aj@jajq)j UL AR0L Tl S oo (250)
Yok O P;0: Py, J#l -

Now if j = I, we have Rj’l = (6j<I>j + 1)(8j(bj — 1) + Zk;ﬁj 8k<I>J€)k<I>J Clearly for
k # 7, also 0 ®; = (D® — I);i. Hence if j =1,
IRl S NDF + || [|DF — I|[ + || DF|| o | DF = I|| o
S (L+[Bler + [vler) (IBler + [vler) -

The argument if j #£ [ is completely the same since j and [ can not be k at the same
time. Clearly,

IRz S 1+ I17llez + [Fllee-

Now, by taking norms in (2.49),

1B (1)l ooy < Y 1100, ol Lo oy 1Rl oo + > 10y ol Lo (o) | il oo
l,j l

Now this yields

1Bs(1) sz = 1Bs(1)ll Loy S Il Y IR
7l

1 .
Lo + X|N|1,>\,T Zl: |1 Rl e

whence
1Bs(p) a1 < |w

1 -
+ylehar A+ le: +17le2) -

war (L ller + 13ller) (e + 17ller)

Let us be concerned with B,. Clearly,
1Bs()ar S /\171/q|‘84(u)||Lp(0,T;qu_l/q(E)).
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We use a similar strategy as before. We extend n, to R’} using a bounded extension
operator, cf. [62]. The extension is denoted by 7.,. We obtain

Bt o - 2/20my)) < 1y = en) - DFT Vi)l 0wy @)
+ len - (DFT — DV )L, 0w ®n))-
The right hand side is bounded by
|(77L'Y - en) : (DFTV/J’”LP(OvT?Lq(Ri))
+|V(iy —en) - (DFTV 1)1, 0,71, (r2))
+(fy = €n) - (VDFTV )1, (0,71, (r2))
+ (g = en) - (DETV?1)| 1, (0,71, (r2))
+len - (DFT = DV)lL, 0,71,
+len - (V(DFT = D)Vu)|L,01:L,@2)
+len - (DFT = D)V21) |1, 0L, m7))-
Hence
Ba(p)lwr S @' UVl ooy 1+ g llcr) (14 |DF||z + [|D*F| o)
+(IDF =1z + [ty = enlln) IVl o (o)
This entails

Ba(i)lwyr S AV (L4 [IYllez) (L + I DF Lo + ID*Fllze ) |1z
+Bller + vller) el

Let us give the estimates for B5. Recall

B5(h) = (en — TL,Y) -Veh+ Z(?’L,y)i Z(gijajFl - 6ij§jl)6lh.

Jil
Note that the normals, the first fundamental form, and the transformation F' are

time-independent. Therefore, by Lemma [2.6]

Bs(h)| . =2 < ||y —en +|n U 6y DF
850014, oy S (110 = enlictom) + a1l = il Dl

+|nw|Lm<az>|g“|Lw|DF—I|Lm)|vzh| - .
qu q(O,T;Lq(BE))

Up to a constant, the right hand side is bounded by

(L+1Bler + len)UBler + [vlen)|hlw 0,7:x0)nLe (0,751 -
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It remains to estimate |Bs(h) We have, for almost every t € (0,7,

|LP(O T;B37%/9(0%))"
|B5(h) (t)|32;2/q(32) < |(nv - en) : v2h|32;2/‘1(32)
£ 3105 — 610, Fadib s 21,
il
+ ) 1(ny)i0i (0, Fy — 1) Ok pa—2/a g5y
ij,l
By paraproduct estimates (1.1]),
|B5(h)(t)|32;2/q(az) 5 |n’Y - 6"‘32;2/‘1(32)|v2h|[/00(62)

+ ‘n,), — €n|L (az)|v§;h\33_2/q(az)

+ ) In] (g7 = 6i)0; i Fil ga—2/a (o5 |Oth| L (03)
i,7,l

+Z|n 6:5)0; Fl|Lm(82)|8lh|B3 2/1(9x)
i,7,l

+ Z |n]d:;(0; F — 5jl)|33q—2/q(82)|3lh|Loo(82)
i,7,l

+ Zz I 6i; (9; Fi — jl)|Loo(82)|alh‘32q_2/q(82)7
35

for almost every ¢ € (0,7). By Theorem
VAL, 0.1 83-29 05y S |hlwi0.r:x0)nL, 0.7:%0)
Holder inequality entails
IVh|L, 0,10 (05) < Tl/p|Vh|LN(0,T;LOO(aE)) < Tl/p|h|W;(0,T;X0)mLp(0,T;X1)7
since h € E(T). Furthermore,
g% —%‘\L +|DF = I|1., < 1Bler + 1ler,
7y = enlga—2ra + 19" = 8ij| ga—2ra + |DF | ga—2ra S 1+ |Blcs + |ylcs-

Hence

1Bs (M)l 1, 073, /10

S (1 +1B8les + les)(Blor + [ler + TYP) hlwi 0.1:x0)0 L, 0.7:1)-

whence readily altogether

B 1 1+ +
IBS O = 1 omomort=/acomy S (1 F Il + Il

 (Illor + 13ller + TP Ihllw o, x0)nLe (0,731 )
Hence, since the norms are equivalent up to a constant C'(\) > 0,
Bs()|xr < CO)(IVller + [Fller +TP) |kl
The proof is complete. O
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2.5.4. Localization. Let us now be concerned with the shifted problem in a
bounded smooth domain 2 C R™, where X is a perpendicular smooth surface inside.
More precisely, the system reads as

Oih + wW3h + [nx - V] = g1, on ¥,
wly + Ash = go, on X,
Wl — Ap = gs, on N\Y, (2.51)
noq - Vitloa = ga, on 99,
nos - Vshlaos = gs, on 9%,
hli=o0 = ho, on X,

where w > wg and wg > 0 is as in Theorem m Let again X, := qu_l/q(E),
4-1 4-1/q-3
Xy =W, /q(z)’ Xy = Bgp i /p(z)v

E(T) := [W,(0,T; Xo) N Lp(0,T; X1)] x Lp(0, T W (Q\X)),

and
F(T) := Ly(0,T; Xo) x Ly(0, T3 W71 9()) x Ly(0,T; Lg(£2))x

x Ly(0, T3 Wy —9(09Q)) %
x [Fo72/B39(0,T; Ly(9%)) N Ly (0, T; W2™2/1(9%))] x X,
The main result reads as follows.

THEOREM 2.22. Let n = 2,3, Q C R" be a bounded, smooth domain, w >
wo, 6 < p < oo, q€ (3/2,2)N(2p/(p+1),2p) and X be a smooth surface inside
intersecting ) at a constant ninety degree angle.

Then there is some T > 0, such that for every (91,92, 93,94, 95, ho) € F(T)

satisfying (2.35) there is a unique solution (h,u) € E(T) of (2.51)).

PROOF. We can reduce the system to the case where (gs,9s3,94,h0) = 0 by
solving auxiliary problems first, cf. the proof of Theorem and Theorem [A.7.
We are then left to solve

Oth +w?h + [ng - Vu] = g1, on %,
iy + Ash =0, on¥,
2
wu—Ap=0, on Q\%,
g o \ (2.52)

naq - Vitlag =0,  on 09,

nos. - Vshlos = g5, on 0%,
h|t:0 =0, on 3,

for possibly modified right hand sides which we do not relabel.

We will now show existence and uniqueness of the solution of this system via the
localization method, cf. [57]. To this end let (¢;);=0,..8 € C5°(R™) be a smooth
partition of unity with respect to £ and the open sets (U;);j—o,..,n € R", that is,
the support of ¢; is contained in U; for each j = 0,..,N and Q@ C U;_,  nUj-
Furthermore, let (¢;);=0,..n € C5°(R™) be smooth functions with compact support
in U; such that ¢; =1 on supp ¢; for every 0 < j < N.
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Now, by choosing N finite but sufficiently large and, corresponding to that,
the open sets U; sufficiently small, we can assume that, up to a rotation, for each
Jj =0,...,N there exist smooth curves v;, 8; such that

UjﬁQ:R:jﬂQ, UjﬂE:szﬂEﬂj.

Furthermore, again by a smallness argument, we can choose v; and §; such that the
C'-norm is as small as we like.

We now assume for a moment that we have a solution (h, u) of to derive
an explicit representation formula. We therefore multiply every equation with ¢;
and get corresponding equations for the localized functions (h/, /) := @;(h,p). By
doing so, we obtain

W3h? + 0h? + [nx - ViI] = ig1 — mls,; Vj - nx, on X,
1+ Ash? = (Aspj)h + 23, 6010 0mh, on %,

Wi — Ap? = (Apj)p+2Vep; - Vi, on ;\%;,

naq - Villaq, = naq - Vejulaa,, on 99,

nox - Vsh|as, = @jgs + nos - Vsg;hlas,, on 9%,

h|i=o = 0, on Xj,

where X; := X5, Q; :=RY | (gim ) is the first fundamental form of ¥; with respect

to the surface ¥ and (¢'™) its inverse. This way, we obtain a finite number of bent

half space problems. Denote by L/ = L7, the linear operator on the right hand side
of the above system. Moreover let G7 := (¢;91,0,0,0,¢,95,0), and the perturbation
operator R’/ be such that the right hand side equals G’ + R?(h, ). We can write
the system of localized equations as

LI(h ) = GI + Ri(h,p), j=0,...,N.
Since each L7 is invertible, this is equivalent to
(W, p?) = (L7)GI + R (h,pu)], j=0,..,N.
Since (¢;);=o,...,~n is a partition of unity and ¢); = 1 on the support of ¢,

N

N
(hop) = (W, 1) =Y (W, ).
=0

Jj=0

This way, we may derive the representation formula

(hop) = (L) GT > i (L7) " R (h, ). (2.53)

=0 =0

Since now R := Z?’:o ¥;(L7)" R7 is of lower order, we can show that if 7' > 0 is
small enough,

|R|EryEm) < 1/2. (2.54)
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Hence a Neumann series argument then yields that I — R is invertible if 7" > 0 is
small enough, hence we can rewrite (2.53) as

(h, ) = Zw (L)~'@9. (2.55)

We will show below.

Let L be the linear operator from the left hand side of . We obtain from
that L is injective, has closed range and a left inverse. It remains to show
that L : E(T) — F(T') has a right inverse. To this end let z € F(T) be arbitrary.

Define
N

Si=(I =R > (L) "y (2.56)

§j=0
Let v := Sz. Then

N
Y (L) ez
=0

Applying I — R to both sides of (2.56) yields

N
u— Ru = ij(Lj)*lapjz

j=0

Therefore
N ' ' N '
w=Y (L) Riu+ (L) . (2.57)
j=0 3=0

Applying L to both sides of (2.57) and using that L = L7 on Uj,

N N
Lu = Zij(Lj)_leU + Z Lip; (L)) gz

j*O j*O

_ZLw (L7) 1R3u+ZLJw (L7)~

7=0

I
Mz

LI (L)~ 1RJu+ZLJ W] (L7)~ %z+Z%LJ L~

30 JO

<.
I
o

Livy;(L7)~ leu—FZ (L7, ) (L7)~ <pjz—|—21/1]<,0]

N
JZZ:O Jj=0 Jj=0
N N

= LIy (L7)” 1Rﬂu+ZLJ W, (L7)~ ijz—l—z%
j=0 =0
N N

= " Ly(L 1RJu+ZLJ YL Lz + 2.
j=0 =0
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Since u = Sz,
N N
LSz=z+» LI (L) " 'RISz+ Y [/, ;)(L)) gz, 2 €F(T).
j=0 j=0
Let S® = Z;V:o Liv; (Lj)fleS—f—Z;-V:O[Lj, ¥;](L7)~p;. We can show, using again
a Neumann series argument involving the fact that the commutator is lower order,
that I + S* is invertible if 7' > 0 is small enough. Indeed, below we will show that

\5R|B(IF(T);JF(T)) <1/2, (2.58)

if T > 0 is sufficiently small. The right inverse of L is therefore given by S(I+S%)~1.
This then concludes the proof.

Let us show . To show that R’ gets small when T' > 0 is small enough,
we need to extract more time regularity for u. For almost every time ¢, u(t) is also
a weak solution of

w?n(t) — Ap(t) =0, in Q\X%,
u(t)]s = Ashi(t), on ¥,
naq - Vu(t) =0, on 0.

Hence, cf. (A.6) in the Appendix,
[(Olwr@ve) < CW)Ash()]yi-1/a5,,

for almost every ¢t € (0,7). Using Holder inequality, we can extract more time
regularity for u:

LEMMA 2.23. Let T > 0. Under the assumptions on p and q from above, there
exists some r > p, such that h € L.(0,T; W(?_l/q(E)), whenever h € E(T). In
particular, we can choose v = 3p/2. Furthermore,

‘ 1/(3p) ;
|h|Lp(0,T;W§*”q(E)) ST |h|L3p/2(07T;W§*”q(E))’

as well as
|h|L3p/z(0,T;W§”1/q(z)) < Clhlg(r),

for some constant C > 0 independent of h, for all h € E(T). When restricting to
functions with vanishing trace at t = 0, the constant C is independent of T .

PROOF. By real interpolation method,
3-1 — 4-1 1-1
Wq /q(z) - (Wq /q(z)’ Wq /q(z))&qv
for # = 1/3. Choosing r = 3p/2, we obtain (1 — 0) = 2r/3 = p. Hence

T
L A L]

T
r 1-6
S / GO IOT A

Wélfl/q
S Il :

p
Loo(0,T; Wy /%) Hh”Ln(o,T;W;"”q)'
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Hence
1-6

0
= L RN 1 s A

Hh”Lr(O,T;Wg_l/q)
since p/r = 1 — 6. In particular,

—6
IR S Al -

< 0
HhHLT(O,T;W(;”””q) ~ ”hHWpl(o,T;W;*I/") Lp(0,T;Wy ™)

This shows h € L"(0, T qu_l/q(E)) for r = 3p/2 and the second estimate. The first
one then easily follows from Holder inequality. Indeed,

T - H T ==
P Py
|h||Lp(O,T;W5,1/q)s(/O ||h<t>||W§,1/th> (/ 1dt)

"

—-P
< T ||h||LT(0’T;W;*1/Q)7

Hence

HhHLp(o,T;Wg’*l/q)

=P — L completes the proof of the lemma. O
P 3p

so using

Having this at hand, we can give the estimates for R7. Clearly,

[Bls@rymery <€ sw | R |s(ecr)Er)-

yeeey

We estimate each component in the corresponding norm. By Lemma [2.23
|V¢j Dy HumLP(O,T;W;_l/q(E)) S |v¢j ’ ng'Cl(E)”[Lu']] HLP((LT;W;_l/q(E))
S Vs - nslevs) e, omwr @)
<V - nslons) TGP hlgr).

Furthermore,
|(Aspj)h+23 4 gkklak%‘ak/h|Lp(O,T;Wq2—1/q(E))
S ([Asgjles +lglezlejlos) 1Pl o rwe17a (s
S (pjlos + lglezleslos) TV P hlg .
Also,

|A@jp+2Ve; - Viulr, i, < (1A¢jle + Vi) ulr,wr
S leslo2 TV |hlgry,
as well as
[noa - Vojuloal, orwi-1/apay S nea - Veslotliloal o rwi-1/960)
S noq - Vejler|plieorwr @)
< 1ejle2 TGP hlgr).
By paraproduct estimates of Lemma |1.5
o - Veihlos| o rawi-2/aow)) < Inoa - Veeslezlhly, o rawy-1am))
S leiles T ) |hfgr).
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Since the partition of unity is time-independent, Lemma [2.6] renders

noq - Vep,h 2 < naq - Vi< |h _z .
[noq - Veg; \32||Fp1q 32q(07T;Lq(62))N|| o0 - Vil |62\|F;q % o.riLa05))

Lemma below entails there is some € > 0 such that
hlos|pi—2/@o o 1.1 o5y S T IlED)
since h € E(T) with vanishing time trace. Concludingly, we have shown (2.54)).
Let us now show ([2.58). Recall that
N . . . N . .
§t= Y DL RIS + ) I w)(L7) gy,
j=0 j=0
S=(I-R)! Z;V:o V(L) "1p;, and R = Z;V:O ¥;(L?)"'R?. By maximal regular-
ity of L7,
|L74; (L) R Szlery S |15 (L) R Sz
S L) R Szler)
S IR Szlwr)
5 TVGISZhE(T)7

up to a harmless constant also depending on wg. Using that I — R : E(T) — E(T)
has a bounded inverse,

N N
1S2ler) S D IE) eizlar S leizlea) S l2lem)-
: Pt

=0
We have therefore shown that
|L74; (L)) R S| g(or(T)0r(T)) — 0,

as T — 0. Now, for the second sum in S¥, we first comment on the commutator.
Since [L7,4;lv = L?(¢jv) — ;L7 v, we easily see that the commutator is of lower
order and actually takes the form of R/ with v, replacing ¢;. More precisely, for
v = (v1,02),

—V; - nxlvg]
—(AE%’)M -2 Zlm glmal%'amvl
(ij)vg + 2v1/}] . sz
naq - V,va|an
noq - Vsibjvi|os
0

Hence, by the same arguments as before, the commutator satisfies

[Ljij]v =

L7, ¥5]|B(E(T)0r ) — O,
as T — 0. This entails
L7, 9;1(L7) " 05| B(or(Tys0 () = 0,

as T — 0. This shows that |SR\B(O]F(T);O]F(T)) — 0 as T — 0, hence the proof is
complete.
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]

LEMMA 2.24. Let T' € (0,00), T € (0,7"), p € (6,00), and ¢ € (5/3,2) N
(2p/(p+1),2p). Then there is € > 0, such that
IVulos| L. 0,100 05) S Tlulwi 0,75x0)0L,(0,75x1)

as well as
< €
‘u|82‘F,}q‘z/m)(O,T;Lq(62))0LP(0,T;W§‘2/"(62)) ST |u|W,§(0>T;Xo)ﬁL”(0,T;X1)7

both for all u € OW}D(O,T; Xo)NL,(0,T;X1). The constants in S are independent
of the length of the time interval (0,T).

PROOF. Let p € (6,00) and ¢ € (5/3,2) N (2p/(p + 1),2p). Choose some p; €
(6,p), such that g € (5/3,2) N (2p1/(p1 + 1),2) and

1/p1—1/p < 1/3q. (2.59)

Note that by choosing p; < p close enough to p this is possible due to the assumption
on ¢q. Since p; < p, Holder inequality gives

|U\W;1 (0.T;X0)NLy, (0,T;X1) < T(p_pl)/(ppl)|U|W1}(O,T;XO)QLP(O,T;X1)7

for all w € W, (0,T;Xo) N Ly(0,7; X1). From Theorem we obtain that the
Neumann trace is bounded as a mapping

trox Vs :0W,, (0, T Xo) N Ly, (0,T; X1)
— oF) 2390, T; Ly(0%)) N Ly, (0, T; B32/1(9%)).

p1gq

Since the functions have time trace zero at t = 0, the operator norm is independent
of T' > 0. It remains to show OFI};]Q/?’[J(O,T;L,I(@Z)) N Ly, (0,T; BZq_Q/q(é'E)) —

Loo(0,T; Lo (0Y)), with an embedding constant independent of 7" > 0. This can
1 3¢q

be seen by using Proposition 5.38 in [35]. Choose o € (0,1) such that o > - 2745,

o<1— 3[1%2. Note that such a choice is possible. Then,

0Fpri 10, T3 Ly(0%)) 1 Ly, (0, T3 By, */1(0%))
N ng(l’Q/SQ)(O,T; B(;*U)(?f?/q) (9%)),

1 q

where we note that o(1—2/3¢) > 1/p; > 1/p, hence the trace at t = 0 is well-defined
in the space on the right hand side. For this o, we obtain

o(1-2/3 . 1—0)(3—2 .
oHZ (=230 (0, T; B~ G20 (9%)) < Lo (0, T; Lo (9X))

and the proof of the first statement is complete.
Regarding the second inequality, by Lemma [2.23}

|u|82‘Lp(0,T;W;72/q(82)) 5 |u|Lp(O,T;W571/q(E)) S T]-/(?)P) |U‘W7} (0,5 X0) "Ly (0,T5X 1) -
The constant is independent of T' since u has vanishing trace at ¢ = 0. By (2.6)),
QVVI}1 (0,7;X0) N Ly, (0,T; X1) — OFgl)l_ql/(3q) (0, T; qu (D).
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Choose now p; < p, such that 1/(3¢) > 1/p1 — 1/p. Then by (2.59) and Theorem
1.2 in [46], oFpg/ P00, T;WAE)) < oFpg 7/ ®P(0,T;WA(S)). The embedding
constant is independent of T'. Hence
[wlosl, i 2re0 0,20, 0m)) S 1R300 mwa )
S lulewy (0.13%0)0Ly, (0,13x1)

S TEPIEPD |l sy 0.7 x0) L, 0750

The proof is complete. O
2.5.5. The non-shifted linear problem on bounded domains. In this

section we are concerned with problem for w = 0. The main result is the
following.

THEOREM 2.25. Letn = 2,3, Q C R™ be a bounded, smooth domain, p € (6,00),
q € (3/2,2) N (2p/(p+ 1),2p), and X be a smooth submanifold with boundary 0¥
such that Y is inside Q and ¥ meets O at a constant ninety degree angle.

Then there is some T > 0, such that for every (g1,92,93, 94,95, ho) € F(T)
satisfying the compatibility condition there is a unique solution (h,u) € E(T)
of for w = 0. Furthermore, the solution map is continuous between these
spaces.

PROOF. As in the previous section we may reduce to the case (g2, g3, g4, ho) = 0.
It is also clear that the w3-shift in equation (2.51)) can easily be resolved to the case
w = 0 by an exponential shift in solution and data. We are therefore left to solve

6th + [[TLE . VToAgh]] = g1, on Z,
ngy. - Vshlos = gs, on 9%, (2.60)
hli—o = 0, on %,

where Tyg is defined as the unique solution of the two-phase elliptic problem

—Au =0, in Q\X,
u|§] =9, on E’
neqQ - VU‘BQ = 0, on 89,

cf. Appendix[A] Also from Appendix [A] we obtain that
ToAsh = T,Ash +n(n— A) "' TyAsh,
for all § > ng. This implies that problem is equivalent to
Oth + [nx. - VT,Ash] = g1 + B, (h), on X,
nos - Vshlaos = gs, on 9%, (2.62)
hli=o = 0, on X,
provided 1 > ny, where
B, (h) = nlns - V(n — A) "' TyAsh].

Now choose large enough 7 to render the left hand side of (2.62)) to be an invertible
operator. We now fix this 7 > 0 and show that the perturbation operator B, satisfies

1By ()|, 0.1:x0) < C)TY P |hlgry, h € E(T), (2.63)
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from which it follows that |B,|s(,e(T);L,(0,1:x0)) — 0 as T"— 0. Choosing T" > 0
sufficiently small, a standard Neumann series argument completes the proof.
Let us show (2.63). For almost every time ¢ € (0,7,

1B, (R) ()l x, < CnlV(n— A)ilTOAEh(t)”qu(Q\E)
< Cnll(n— A)ilTOAEh(t)HWq?(Q\E)

< C(n)||TOAEh(t)HLq(Q)
< O Ash® -0
< OB y3-170 -

cf. (A.6) in the Appendix. Integration in time gives
HBn(h)”LP(O,T;Xo) < 0(77)HhHLp(o,T;Wg—l/q(z))'

Therefore Holder inequality in time, see also the proof of Lemma [2.23] gives the
claimed estimate and the proof is complete. (Il

Two remarks are in order.
REMARK 2.26. We remark that, see Theorem I11.4.10.2 in [7],
E(T) = W, (0,T; Wy~ (£)) 0 Ly (0, T; Wy~ V4(E)) = C([0, T]; X,).

Under the assumptions on p and g above, E(T) — C([0,7]; C*(X)). Indeed, there
exists some € > 0 such that

Xy = By V1 (S) = BEL(S) = CFF(S) = C2(9),
by classical Besov embedding, cf. [62].

REMARK 2.27. Note that the maximal regularity constant, or in other words
the operator norm of the solution map, in general depends on T' > 0. Regarding
contraction estimates in the nonlinear problem it is now an important feature that
the constant stays bounded as T — 0, if we consider the problem with initial value
zero, hg = 0. This is due to the fact that whenever hy = 0, we can first extend
the data to the half line by reflection and then solve the problem on a larger time
interval. This way, the operator norm of the solution map between spaces with
vanishing traces at t = 0, say [pF(T) — oE(T")], stays bounded as T' — 0.

2.6. Nonlinear well-posedness

In this section we will show local well-posedness for the full nonlinear (trans-
formed) system . We will use the maximal L, — L, regularity result for the
underlying linear problem and a contraction argument via Banach’s fixed point
principle, cf. e.g. Zeidler [65]. Let again X, := qu_l/q(E), X; = W;_l/q(E),
X, = By 11TR(x),

E(T) i= (W0, T Xo) 0 Ly(0, T X1)] x Ly (0,T5 W2(Q\E)),
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and
F(T) == Lp(0,T; Xo) x Ly(0,T; Wg™ V(%)) x Ly(0,T; Ly (2)) %
x Ly(0,T; W, 1/9(09)) %
X [Fpy 2/G0(0, T3 Ly(0%)) N Ly, (0, T; W2 ~1(0%))] x X5,
as well as the spaces with vanishing traces at ¢t = 0,
OE(T) i= B(T) 0 {(h, 1) € E(T) : hli=o 0},
oF(T) :=F(T) N {(91, 92, 93, 94, 95, 96) € F(T) : gs|e=0 = 0}.

2.6.1. Main result. The main result reads as follows.

THEOREM 2.28. Let p € (6,00), ¢ € (5/3,2) N (2p/(p + 1),2p), and hy € X,.
Then there is some 19 > 0, such that for every 0 < T < 79, there is some § = §(1) >
0, such that (2.31) has a unique strong solution on (0,7), that is, there are

h e Wy (0,7:X0) N Ly(0,7:X1), p € Ly(0, 7 W2 (Q\X)),
solving on (0,7), whenever hy satisfies the initial compatibility condition
ng% . n{i“ =0, ond%,
and the smallness condition |ho|x, < (7).
PROOF. Define the linear operator L : E(T) — F(T') by

Och + [ng - Vi
pls — P(0)h
Ap
naq - Vo
nos. - Vshlas
hli=o

L(h, p) =

We now reduce to trivial initial data as follows, cf. [39], [64]. We can not directly
solve the linear problem with right hand side (0,0,0,0,0, ho), since hy does not
satisfy ngs - Vsho = 0 on 0X. However, by a standard extension argument and
solving an auxiliary problem, cf. |58], we may find h € W, (Ry; Xo) N Ly(Ry; X1),
such that l~1(t = 0) = hg. We may then solve

Lz, = (0,0,0,0,b*, h), (2.64)

by some z, = (ha, ps) € E(T), where b* := npy, - ngag — ngﬂ . n% Note that the
necessary compatibility condition for (2.64)) is satisfied,

nox. - Vxholox = b*(t = 0),

cf. the analysis of the linear problem in Section Then the problem (2.31)) is
equivalent to finding some z = (h, 1) € oE(T') solving

L(2) = N(z 4 2.) — Lz, =: N(2), in oF(T),
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where the nonlinear part is given by

[rs - V(i + 1)l = sy [ - Vi, (o )]
(h+h) P( )(h+ h)
N(z+ z) = (A - Ah+h )(M'i‘,u*)

nag - V(g + pa)loo — o™ - Vagn, (1 + p)]oa
ney - Vz(h + Ry )|ag ng;h n};'h
ho
We may now define K : ¢E(T) — oE(T) by [z — L™ N(2) = L~ YN (2 + z.) — Lz.)].
By restricting to functions with vanishing trace at time zero, we get that the operator
norm \L_1|B(OIF(T);0JE(T)) stays bounded as T" — 0.

LEMMA 2.29. Let T > 0, 0 > 0, ro > 0, and |ho|x, < 6. The mapping N :
E(T) — F(T) is well-defined and bounded. Furthermore, N allows for contraction
estimates in a neighbourhood of zero, that is,

IN(21 + 24) = N(22 + 2:)|oF(7)
< C’(ro)(Tl/p + 7+ C(T)d)|21 — 22| yr (1)

for all z1,29 € B(r;0) C oE(T), if 0 <r <719 and T =T(r) >0, § =(T) > 0 are
sufficiently small. Here, B(r;0) denotes the closed ball around 0 with radius r > 0.

(2.65)

Let now 0 > 0, such that |hg|x, < d. Note at this point that |z|gr) <

T)|ho|lx, < C(T)é. By choosing r > 0, T = T(r) > 0 and 0 = 6(T) > 0

sufficiently small, we ensure K to be a 1/2-contraction on B(r,0) C ¢E(T'). Indeed,
by Lemma [2.29]

K(21) = K(22)lok(r) = [L7H N (21) = N (22)] |k
< L7 Borm)or () [N (21 + 22) — N(22 + 24)|or(r)
< C(TYP + |21l omer) + |22]om(r) + |24lm(r)) 121 — 22008(T)
< C(TYP 4 2r + C(T)6)| 21 — 22| oB(T)5

if 21,29 € B(r,0) C oE(T), and r > 0, T = T'(r) > 0 sufficiently small. By choosing
r>0,T=T()>0and § = 6(T) > 0 even smaller, we see that K is a 1/2-
contraction on B(r,0) C oE(T).

Let us note that

N(0) = N(z.) — Lz., K(0)=L7tN(0).
Furthermore, N (0) € ¢F(T'), whence
K(O)lyery < 1L Bor(r)s0Em) N (0)|or(r)-

Now we note that N(O) has quadratic growth in z, = (h., @) at zero, except for the
term Q(h.) in N(0)2. By Lemma

QUL 0,mw2=1/55)
< Tl/P|Q(h*) — Q(0)|LOO(O,T;W4271/Q(E)) + Tl/p|Q(0)|LW(O7T;W;71/Q(E))
< C(T)|zlg(r) + cT/P,
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if |h«|g(r) is small. Moreover,

|2ulm(ry < [L7 BEm)Em)lholx, < C(T)6.

Hence, if z; € B(r,0), > 0 sufficiently small,
IK(z1)lok(r) < [K(21) = K(0)]ok(r) + [K(0)]oE(r)

< lz1lor(r) /2 + [K(O)[oE(r)

< lz1lor(ry/2 + CIN(0)| (1)

< |21 |o]E(T)/2 + C(|Z* |]2E(T) + ‘Q(h*)|Lp(O,T;W(1271/q(E)))

< |z1lgr(r) /2 + C(C(T)*8% + C(T)6 + T'/7).
This entails that K maps B(r,0) C ¢E(T') to B(r,0) C ¢E(T) again, provided first
r>0,T =T(r) > 0, and then § = §(T) > 0 are chosen small enough. Note that we
can further decrease r > 0, 7' > 0, and § > 0 and K still is self-map and contraction
on B(r,0) C ¢E(T). Hence the Banach fixed point principle yields the existence of a
unique fixed point z € B(r,0) C (E(T).

We now show that the solution is unique in the sense that if there is another
solution, it exists on (0,7) and coincides there with the above fixed point. Assume
therefore that there is a second solution given as z, + 22 for zo € ¢E(7%), with norm
maybe bigger than r > 0 and time of existence T5 different from 7. Note that this
is no contradiction to the uniqueness argument stemming from Banach’s fixed point

theorem above. We now show that zo exists at least on (0,T) and coincides with Z
on (0,7T). Assume that

|22],E(12) = R2, (2.66)
for some T5 > 0, Ry < co. Since the norm in (2.66)) is an integral norm,

|22|,E(1) = 0, as Tp — 0.

Hence there exists Ty = Tg(zg) > 0, such that
\22|0E(T2) <.

Performing the above fixed point argument on the closed ball B(r,0) in the space
oE(min(T, T5)) we see that by uniqueness Z and 25 coincide on (0, min(7T,T3)). Let
T, :=sup{t > 0: z(s) = 22(5),0 < s < t}.

By the above arguments, T, > 0. Assume that T, < T, otherwise there is nothing to
prove. We now want to solve the full nonlinear problem with initial value (z.+Zz)(T%).
Clearly, this belongs to the interpolation space X, and satisfies the relevant nonlinear

compatibility condition since z, + Z solves the nonlinear problem on (0,7%). It
remains to verify the smallness condition. We have

|(z + 2)(T)|x, < [24lpm0.1:x,) + 2L 0,75x,)
< C(T)|holx, + C'|2l (), (2.67)
where C” is explicitly independent of T since Z has vanishing time trace. By decreas-

ing |ho|x, and the radius of the ball in the fixed point argument where the fixed
point is unique, we can achieve that the right hand side of (2.67) is again bounded
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by 0 > 0. Hence we may restart the flow of the nonlinear problem with initial value
(2« + 2)(Ty) at time T} to conclude that there is a unique solution on the time in-
terval (0, T +¢€,), for some €, > 0. This contradicts the definition of T, whence the
claim is shown. (]

PROOF OF LEMMA 2291 To economize notation, z; = (hy,p1), 22 = (ha, u2).
We want to estimate N (z1+2) — N (22+2.). We write down every component seper-
ately. Recall that for functions with vanishing time trace at ¢ = 0, the embedding
constant in ¢E(T") < Lo (0,T; X,) is independent of T'.

Estimates for N;. We have

Nl(zl + Z*) - Nl(z2 + Z*)

1 hi+h
— v - 1t+hy \v4
[[nz (:ul + M*)]] a(h1 + h*) Ny hith. (:U’l + M*)]]

1 ha+h.
TRl

Recall, cf. (2.30), that a depends smoothly on h and a(0) = 1. If h is small, a~*
is well-defined and also depends smoothly on h. Moreover n% =ny and Vy =V

for h = 0. Moreover we recall the properties of ng and V), stated in Lemma m
Using the product estimate

la™ (g [n% - Vg il 1, (0,7:x0)
< a7 (91) Lo (0.7:01 ()15 | L (0,7:01 () [ Vs fil L (0,72 (24

for g1, 92,93 € [E(T)]1, it € [E(T)]2, gives estimates of form (2.65) for N; using the
structure of Ny in (2.68).

Estimates for N;. Recall that by Lemma [2.15]
Nao(z1 + 2z4) — Na(z2 + z) = [P(h1 + hy) — P(0)](h1 — h2)
+ [P(hy + hy) — P(ha + hy)](ha + hy)
+ Q(h1 + hi) — Q(ha + hy).

(2.68)

= [nx - V(g2 + p)] + Vhytn. (B2 + p)].-

By Lemma [2.15
QU (8) + e (8)) = Q(ha(t) + e (8)) 21705y S 1D () = h2(B) x,,

for almost every t € (0,T). Integration in time gives

QU+ ha) = Q(ha + hu)l (o pwz=1/a(y) S TV?|hy — halr_ (0,1;x,)-
Also for almost every ¢ € (0,7T),

[P (R (t) + P (£)) = PO)] (P (8) = P2 (8)) 2174 sy

SIP((0) 4 hat)) — PO gy 170 sy 172 sy 111 (8) = Bt} -0

Inferring differentiability of P from Lemma [2.15

|[P(h1 + h*) - P(O)]<h1 - h2)‘Lp(O7T;Wq2*1/<1(E))

r§|h1 + h*|Loo(O,T;X—Y)|h1 - h2|LP(0,T;W;71/q(Z))'

The other term is estimated in the same way.
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Estimates for N3. We have

NS(ZI + Z*) - NS(ZZ + Z*)
= (A = Apyn) (o1 = p2) + (Dhotn, — Bnytn,) (2 + ).

Hence

|N3(21 + 2:) = N3(22 + 24) |1, (0,7:L,(2)
S (Ihlzeomix,) + el Lo o.m:x,)) | = pial L, 0wz @\m))

+1h1 = halr 0,1x,) (12l L, 0,mwz@\5) + ] L, 0, w2(005)))

which gives estimates for Ns.

Estimates for N;. Note

Nu(z1 + 22) = Na(z2 + 2) = 0t - (Viyin, — V) (p2 — )
+ B (Vhgtn, — Vign,) (11 + p)

+ (st — bt (Vi — V) (1 + )

+ (BT = npg) - Ve — )

hathe . hith.
+(nga ™ = ngh ) - V(i + )
Lemma together with the product estimate

|fg|qu*1/‘1(g)Q) S |f|Cl(6Q)|g|qu*1/q(aQ)a (269)

for all f € C1(0Q), g € qu*l/q(aﬂ), give estimates for Ny. For a proof of (2.69) we
refer to [62].

Estimates for N5. The estimates for N5 are more involved. Firstly,

NS(ZI + Z*) - NS(Z2 + Z*)

= - Vil — ha) = [l -l e gl the]

(2.70)

Linking now the surface gradient to the normal of the interfaces is now a complicated
matter due to the curved boundary of the domain. For better readability we dedicate
the next subsection to the proof of contraction estimates for (2.70)). O

REMARK 2.30. We point out that the proof of Theorem [2.28] also gives well-
posedness of in the case where Q = G x (Ly, Ls) is a bounded, cylindrical
container in R”, n = 2,3. Hereby G C R""! is a smooth, bounded domain. In
this case there is another model problem in the localization procedure for the linear
problem stemming from when the top and bottom of the container G x {L;, Lo}
intersect the walls G x (L1, Lo). This elliptic problem, although being a problem
on a domain with corners, admits full regularity for the solution, cf. the Appendix

in Section [A.2]
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2.6.2. Contraction estimates for the 90°-angle condition. To start with,
we recall the basic situation of a cylindrical domain Q = G x (L1, Ls), where the
free interface is given as a graph over the flat reference surface G x {0} C R™. Here,
the surface is given as the set {(x1,...,2n—1, f(Z1, ..., Zn-1)) : (T1,...,Tp_1) € G},
for some sufficiently regular function f. If n = 2, the normal direction is given as a
rotation of the tangent vector (1, f/'(z1)), namely (—f/(x1),1). If n = 3, the normal
direction is given as the cross product of the two tangent vectors (1,0, 0; f(x1,x2))
and (0,1,02f(x1,22)), which is well known to be (—V f(x1,22),1). In this simple
geometry, the connection between the gradient of the height function, here f, and
the normal to the graph of f is obvious. The important ingredient here is the fact
that there is no need for tangential correction and curvilinear coordinates. In the
situation of a smooth, curved domain with curved reference surface we now establish
a similar correspondence.

So let us consider the case where Q C R™ n = 2,3, is a bounded, smooth
domain. Recall that for a suitable height function h, the free surface is given as
Chey = {z € R" : o = X(s,h(s,t)) : s € B}, where X denotes the curvilinear
coordinate system in a neighbourhood of X, cf. [63]. The boundary condition then
reads as

nag(cj) TN ((j) =0, qe 6Fh(t). (2.71)

Note that we can replace the unit normal nr, ,, with any normal direction vector of
Thy in ‘ Let us also remark that the linearization of the boundary condition
with respect to the unit normal vector was already calculated in [14]. In our
case it will later turn out to be convenient to replace the unit normal vector with
a suitable normal direction vector. To then account for this change and be able to
deduce contraction estimates for , we will modify the curvilinear coordinates
X in the following way.

Consider a smooth function f : ¥ — R, with the property that either 0 <
co < f(p) < Cp, or —Cy < f(p) < —cp < 0, for all p € ¥ and some constants
co,Co > 0. Then, X(p,w) = p+ wf(p)ns(p) + f(w,p)f(p) is also a curvilinear
coordinate system in the sense of [63], with the properties X (p,0) = p, forall p € %,
and 9, X (p,0) = f(p)vs(p). Compared to the case where f = 1, the correction
function #(w,p) changes, the ninety degree angle condition of ¥ and 9 however
ensures that 0,f(p,0) = 0, for any p € 9%. Basically, this approach amounts to
the construction of curvilinear coordinates in Proposition 3.2 in [63] by pointwise
solving a differential equation in normal direction to the interface. For readability,
we refer to X again as X.

For readability, we consider the involved case where n = 3. Then ¥ is a two-
dimensional surface, which may be parametrized locally by ¢ : U C R? — 3. At a
point on the surface X, the two tangent vectors are given by 7, (p) := TjE (p) :== 9j(s),
s=¢ p),p €, j=1,2. Note that the parametrization of the free interface L
then is given as [s — X (¢(s), h(p(s),t))]. Differentiating with respect to s; gives a
tangential vector to I'y(y),

[DpX (0(5), h(ip(s), 1) Dsp(s)]e; + 0w X (0(s), h(p(s), 1)) Vh(p(s),t) - ().
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For readability, we surpress the dependence of p and define W;(h) := [D, X (h)Ds¢ple;,
j=1,2, as well as

7 i=W;(h) + 0w X (h)0zh, j=1,2.

The normal direction at the free interface in terms of h is therefore given by
hx (2.72)
the normal direction to the reference surface ¥ by 71 X 75. We now want to remark
that
W;(0) =77, j=1,2

This follows from the fact that D, X is the identity on 7,%, which in turn stems from
differentiating the initial condition X (p,0) = p with respect to p. Concludingly, the
boundary equation (2.71) is equivalent to

npo(q) - (1 x 74)(q) =0, g€ I%. (2.73)

We can therefore replace the unit normals in N5 with the corresponding normal
direction vector of (2.73)). We now rewrite the surface gradient in a suitable way.
Firstly,

Vsh =Y g7 (0., h),
2%
where (g;;) is the first fundamental form of %,

o _(TaT1 T1-T2
Jii = TL T2 T2 T2)’
ij 1 T2 -T2  —T1°T2
g° = .
detg \—71-72 T1-T1
Using the well known vector identities

ax(bxe)=(a-c)b—(a-b)e, (axb)xc=(a-c)b—(b-c)a, a,b,ceR?

and (g%) its inverse,

we readily obtain
(M XT)XTe= (1 T2)T2— (T2 -T2)11, 71X (11 XT72)= (11 T2)T1— (71 T1)T2.
In particular,
Vsh = (¢''71 + ¢'%712)0:, h + (¢*%711 + ¢*272)0:,h
= (det g) (2 - 7)1 + (=71 - T2)T2]0 b
+ (det g) " [(=71 - 7o)+ (11 - T1)T2]Or, B
= (det g) " '[—(m1 x T2) X T2]0s, h
+ (det g) =71 x (11 X 72)]0x, h.
Choose the curvilinear coordinates X in such a way that

(1 x 72)(p)

Ou X2 = = et g p)

, pEX.
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Note that this is possible since (71 X 72)(p) is a multiple of nx(p), for every p € 3.
In short notation, we may rewrite the surface gradient as

Vsh = [0,X(0) X 12]01h + [11 X 0, X (0)]2h. (2.74)
As shown before,

) i = (Wi (R) x Wa(R)] + [0w X (h) X Wa(h)]O1h + [Wi(h) x Dy X (h)]Dah. (2.75)
Going back to (2.70), where the unit normals at the free surface are replaced by the
direction vectors of (2.72),

Ns(z1 + 2¢) — Ns(22 + 24)

R B e N e ]

(2.76)
We now have to give estimates for the right hand side of (2.76)). For readability,
hyo o by B . .
ngs - (117 X 137) = ngy - [Wilhy) x Wa(hy)]
+ ks - (00X (hy) x Wa(hy)]Orhy

+ gy - Wi (hy) % 00X (h;))02h;.

Hence i i
Ns(z1 4 24) — Ns(22 + 2.) = ngs - Vs (h1 — ha)
+ s Wi (ha) X Wa(hs)]
— il Wi (he) x Wa(h)]
+ 1l [0wX (ha) X Wa(ha)|01ha
— - (00X () X Wa )]0y iy
+ 2 - Wi(ha) % 0, X (ha)] 0o
— s Wi(hn) x 00X (7)) Oy
By [2.74),
Ns(21 + ) — Ns(22 + 2,) = nl'2 - [Wi(ha) x Wa(hy)]
— - [Wi(hn) x Wa ()]
4l [0 X (ha) x Wa(he)]0yha
— bt 0, X () x Wa(hn)]oyi
+ nos - [0wX(0) X 72]01(hy — h)
+ 0l - (Wi (ha) x 0,,X () 02
— s Wi(hn) x 00X (7)) Osly
+ nox - [11 X 0 X (0))02(hy — hy).
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Define
Nog o= s (Wi () x Walho)] = s - (Wi () x Wa(a))
N572 = ng% . [an(ilg) X WQ( 2)}81h2 — naz [8 X(hl) X Wg(ill)]alill
+ nos - [0 X (0) X 72]01 (h1 — ha),
N573 = ngz [Wl(hz) X 3UX(h2)]82h2 — ’ﬂaz [Wl(hl) X an(hl)]aghl
+noy - [11 X 0 X (0)]92(h1 — ha).
We estimate each term seperately. Remark that since hi,hs € oE(T), le(t =0) =
ha(t = 0) = hi(t = 0) = hg. Therefore we need to be careful when applying the

product estimate of Theorem or the contraction estimate of Lemma [2.10} By
Lemma [2.10]

[Ns.1 0Fpa2/%9(0,T;L4(0%))NL, (0,T; B2 72/ 9 (9%))
S C(T>|h2 - hl‘oF,};2/3q
S C(T‘)|h2 — hl‘DF;(Z—Z/Sq

(0,73 L4 (8%))NLy (0,73 B3, 2/ (95))
(0,T:L4(9))NL, (0,1 By, >/ (9%))"

By Lemma there is some € > 0 independent of r and 7', such that

Momtz2rm0,miL, om0, 0088 (0m) < T CWIh2 = Mlor).

Let us now estimate N5 . Define F() := nls, - [0, X (@) x Wa(@)]. We rewrite
Ns 5 = (F(ha) = F(h1))01ha + (F(0) = F(h1))01 (h1 — hs).
Recall that h;(t = 0) = hg. We rewrite the first term as

(F(hg) — F(h1))d1hg = (F(hg) — F(h1))d1hg + (F(h2) — F(h1))01h,

Hence
|(F(ha) = F(h1))dvha| 1-2/34(0 .1 (95))N Ly (0,758 2/ 1(95))
< I( ( 2) — ( 1))01hs| 0Fs2/%9(0,T;L4(0%))NL, (0,T; B2 72/ 9 (8%))
+1( ( 2) — ( 1))01h.| 0FLT /390,15 L4 (05)NL, (0,73 B3, %/ 7 (9%))
< C|(F (~ ) - F(ﬁ )| o FL /390,75 L, (95))N Ly (0,T; B2, /1 (85)) *
X |O1he| 0F Ly /39(0,T; Ly (05))NL, (0,T:B2; 2/ (8%))

+C(T)|(F(ha) = F(h))] oF L 2/39(0,T; L, (05))NL, (0,T;:BS; >/ (95))

X |81h*|FP1;2/3‘1(0,T;L (0%))NL, (0,T; B2, >/ 1(8%))
< CC(ro)lha — hal,ecry|hel ey + C(T)C(ro)|he — hal gy |hale(T)
< CC(ro)|hs — h1|0]E(T)|h2|o]E(T) + C(T)C(ro)|ha — hiloe(r)Iholx,
< CC(ro)rlhe — hil,g(r) + C(T)C(ro)|he — hal,g(1)0d-
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Similarly we rewrite
(F(0)=F(h1))01 (ha—hs) = (F(hs)—F (1)) 01 (b1 —ha)+(F(0)=F (h.))01 (hy—hs).
Hence
[(F(0) = F(hn))o(hs - ?‘2)|oF$;2/3q<o,T;Lq<8z>>mLp<o,T;BSf/Q<az)>
< CO(ro)lhn = halyr(r) 1 = holge(r) + CO(T) bl grery by — halosr)
< CC(ro)lhloe(ry|ha — heloery + CC(T)|ho|x,1h1 — halye(r)
< CC(ro)rlhy — halyg(r) + CC(T)6|hy — hal e (r)-
Altogether,

INs.2l, pi2/200 11y @m0, 07383 /9 omy) S Cro)(r+ C(T)0) bz = halgmcr-
By choosing » > 0 small, then T = T(r) > 0, and then § = §(7') > 0 small,
C(ro)(r + C(T')6) gets arbitrarily small. Since N5 3 obeys the same structure as
N5 2, we also obtain estimates for N5 3. The proof of contraction estimates for Ny
is complete.






CHAPTER 3

The Mullins-Sekerka equations with ninety degree
angle boundary contact: qualitative behaviour

3.1. Introduction

In this chapter we study the long-time behaviour of solutions to the Mullins-
Sekerka problem with ninety degree contact angle which start close to equilibria.

This chapter consists of two major results. In the first part we consider a cylin-
drical domain in two or three space dimensions and show a result on nonlinear
stability. We will prove that solutions starting close to certain equilibria exist glob-
ally in time, are stable, and converge to an equilibrium solution at an exponential
rate. The simpler geometry of a bounded cylinder reduces the nonlinear boundary
angle condition to a linear one. In a way, it allows to recast the problem as one
single abstract evolution equation for the height function and for an application of
the generalized principle of linearized stability. In the second part we consider a
general, bounded, smooth domain in two space dimensions and give a complete lin-
earized stability analysis around stationary solutions. Here, both the domain at the
contact points and the stationary solution may be curved. We will show that the
relevant quantities deciding on stability or instability are the length of the curve of
the stationary solution, its constant curvature, and the curvature of the domain at
the two contact points. These results are published in the articles [3], [27].

Let us recall the Mullins-Sekerka problem with ninety degree contact angle,

Vi = —[nre - Vi, on I'(¢),
[#] =0, plrey = Hr, on I'(t),
Ap =0, in Q\I'(¢),
noq - Viloa = 0, on 09, (3.1)
I(t) cQ, ar(t) c o,
£(D(t),09) = /2, on 8L (t),
T|i=o =To.

Again we recall that equation (3.1)4 fixes the contact angle to be constant ninety
degrees.

3.2. Nonlinear stability and convergence to equilibria in cylindrical
domains

This section is devoted to the long-time behaviour of solutions to (3.1]) in a cylin-
drical geometry, starting close to equilibria. We will characterize the set of equilibria,

7
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study the spectrum of the linearization of the transformed Mullins-Sekerka equations
around an equilibrium and apply the generalized principle of linearized stability to
show that solutions starting sufficiently close to certain equilibria converge to an
equilibrium solution at an exponential rate in X,.

We note that the potential i can always be reconstructed by I'(t) by solving the
elliptic two-phase problem

plry = Hre, on I'(?),
Ap =0, in Q\I'(¢), (3.2)
neq - V,u|aQ = 0, on 0f).

Whence we may concentrate on the set of equilibria for I'(¢).

It can now easily be shown that for a stationary solution I" of with Vpr =0
the corresponding chemical potential p is constant, since then p and Vu have no
jump across the interface I and p € W,f (2) solves a homogeneous Neumann problem
on ). By 1, the mean curvature Hr is constant. The set of equilibria for the
flow I'(¢) is therefore given by

& ={T": Hr = const.}.

Let us now consider the case where 0 C R™, n = 2,3, is a bounded cylinder, that
is, Q := ¥ x (L1, Ly), where —00 < L; < 0 < Ly < o0 and ¥ C R*"™! x {0} is a
bounded domain and 9% is smooth.

Note that flat interfaces are equilibria. Arcs of circles intersecting 0f2 at a ninety
degree angle also belong to &£, since then 6 is also satisfied.

If we now additionally assume that the contact points between I' and OS2 are only
on the walls of the cylinder and T" is given as a graph over Y, we may even deduce
that Hr = 0, that is, ' is a flat interface described by a constant height function
over the reference surface. This follows from two facts. Note that the normal to
the boundary of the domain ngq at the walls of the cylinder is independent of h.
Furthermore, the last entry of ngq is zero. Hence the boundary equation can be
recast as

naa - (—Vh,0) =0, on JX. (3.3)
Also, we have the well-known formula
h
Hy = div <V> (3.4)
V1+|Vh]?

for the mean curvature of a graph. This together with the boundary condition (3.3)
on 0% renders Hr = 0. Indeed, assume that I' = T'j, is a graph of h over X. We
may assume that h has mean value zero. Otherwise we consider h — ﬁ fz hdzx. This
shift leaves the mean curvature of the interface and the boundary condition for the
height function invariant. We already know Hr is constant, but may be different
from zero. An integration by parts entails
VA
O:Hp/hdx:/thdm:f _—
b b s 1+ |Vh|?
The boundary integral vanishes due to (3.3)) and renders VA to be zero in ¥, hence
h is constant. This implies Hr = 0.

da. (3.5)
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We will now study the problem for the height function in an L,-setting. We
rewrite the geometric problem as an abstract evolution equation for the height
function h, cf. [4], [58], [22]. As seen before in Section by means of Hanzawa
transform, the full system reads as

Osh = —(l/g|1/ph)*1[[n}§ -Vnu], on X,
wls = Hr(h), on Y,
App =0, in Q\X, (3.6)
naq * Viilaoa =0, on 04,
nos - Vshlos = 0, on 0%,
hli=o = ho, on X.

Let us note that due to working in a cylinder, the nonlinear angle condition reduces
to a linear one, condition (3.6)5. Define now B(h)g := (vs|vr,) ' [n% - Vig] and
S(h)g as the unique solution of the elliptic problem

pls =g, on ¥,
App =0, in O\,
naq - Vaitloo =0, on 99.

Recalling Lemma [2.15] we may rewrite (3.6) as an abstract evolution equation,

d
211(t) + A(h(t)h(2)

F(h(t teR
where A(h)g := B(h)S(h)P(h)g, equipped with domain
D(A(h)) = W}=9(S) N {g : nps - Vsg = 0 on 0L},
and F(g) :== —B(9)S(9)Q(g). We now want to study (3.7) in an L,-setting. Define
Xo := qu—l/q(z)’ Xy = W;—l/q(z), XV = <X07X1>171/p,p~

We now interpret problem (3.7) as an evolution equation in L,(Ry; Xj), fitting in
the setting of Priiss, Simonett, and Zacher [58]. Regarding the linearization we have
the following result.

LEMMA 3.1. Let p € (6,00), ¢ € (5/3,2) N (2p/(p+1),2p). Then the following
statements are true.

(1) The derivative of Hr at h =0 is given by [h — Axh].
(2) There is an open neighbourhood of zero V-.C X, such that

(A, F) € CH(V;B(X1; Xo) x Xo).

(3) The linearization of A at zero is given by Ag = A(0), where Ag : D(Ag) —
Xo, Aoh = —[nx - TAxh], with domain

D(AO) =X N {h Inyy Vzh|ag =0 on 82}.
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Here, T : WqQ_l/q(Z) — WqQ(Q\E),g — X, is the solution operator for the
elliptic two-phase problem

Ax =0, in Q\X,
Xz =9, on X, (3.8)
naq - Vxlaa =0, on 9.

(4) In a neighbourhood of zero in X, the set of equilibria, that is, the solutions
to A(h)h = F(h), is given by € = {h = const.}.

(5) Ao has mazimal Ly-regularity.

(6) The kernel of Ay are the constant functions, N(Ag) = {h = const.}.

(7) N(Ag) = N(AF).

PROOF. (1) This stems from linearizing (3.4) at h = 0, cf. also [14].

(2) Again by Lemma there is a small neighbourhood of zero V' C X, such
that P € CH(V;B(Xy; W2 9(2)) and Q € CL(V; W2™1/9(%)). Following the lines
of [4] using Lemma we now show that

1y 2-1 T2
S e CHV;BWZTH9(S); W2(Q\%))).
By Lemma [2.17, [h — Ap] € CH(V;B(WZ(Q\X); Ly(2))), as well as [h — V;] €
CHV; B(WZ(Q\X); W) (Q\X))). Hence by trace theory,
[h = Viloa] € O (Vi B(W, (Q\E); W, ~1/4(09))),
since ¢ < 2. Again by Lemma [h — nlB,] € CHV;CH(09Q)), therefore the
product estimate of (2.69)) gives
[h = nbq - Viloa] € CHV; BWZ(Q\X); Wi—4(09))).
Hence [h — (Ap, trs, nhq - Vi|ag)] belongs to
CHV; BW2(Q\R); Ly(Q) x WZH4(2) x W)E=11(00))).
Since inversion is smooth and S(h)g = (A, trs, nhq - Vilaa) (0, 9,0),
1(y/. 2-1 T2
S e CH Vi BWZH9(S); W2(Q\X))).
Regarding B we may write B(h) = Z?;ll b;? try 05, where the coefficients b;? =
bj(x, h, Vh) depend smoothly on (z,h, Vh). This yields b;(-,h, Vh) € C}(), since
the derivatives of & belong to Bay, /97%?(2)) < C*(%). Hence,
[h— bl trs 0] € CHV; BW2(Q\E); Wi~ 9(%))),
as well as
1(y/. 2 p7l-1
B e CY(V; BWZ(Q\2); W, /(%))
This shows that (A, F) € CY(V; B(X1; Xo) x Xp).

(3) This stems from the fact that Ay = A(0) and Lemma[2.15

(4) Let h € D(A) satisty A(h)h = F(h). It then follows that B(h)S(h)Hr(h) =0
on Y, that is,

[n% - Vi[S(h)Hp(h)]] =0, onX.
Note that S(h)Hr(h) is the solution of an h-perturbed elliptic problem with homo-
geneous Neumann boundary conditions. Therefore S(h)Hr(h) has to be constant, if
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|h|x., is small enough by a perturbation argument. Since S(h)Hr(h) equals Hr(h)
on ¥, also Hr(h) is constant. We then obtain that the mean curvature Hp of the
interface given as a graph of A over X is constant. As in we may even deduce
using formula that Hr = 0 and h is constant.

(5) This stems from Theorem [2.25]

(6) Clearly, every constant function is an element of N(Ag). For the converse,
let h € D(Ap), such that Agh = 0. Hence x := TAxh is constant, where T is
the solution operator of (3.8). Therefore Axh is constant. Since h € D(Ap), an
integration by parts shows Ayh = 0 on X. Again since h € D(Ap), h has to be
constant.

(7) We only need to show N(A2) C N(Ap). Pick some h € N(A2%). Then
Aoh € D(Ag) N N(Ap). Hence Aph is constant. Also, Agh is in the range of Ag. Let
us show that every element in the range of Ay has mean value zero. Having this at
hand it follows that Agh = 0, hence h € N(Ay).

Let g € R(Ap). Pick some h € D(Ay), such that Agh = g. Then

/gdx—/thdx— /[[nE Vx]da,

where y := TAxh and T is the solution operator stemming from (3.8). Then

/[[ng -Vx]dz = 0,
)

since Ax = 0 in Q\X and the Neumann boundary condition for y. Hence ¢ is mean
value free. The proof is complete. |

The following theorem enables us to apply the generalized principle of linearized
stability of Priiss, Simonett, and Zacher [58] to the evolution equation ([3.7).

THEOREM 3.2. Let p € (6,00), g € (5/3,2) N (2p/(p+ 1),2p). Then the trivial
equilibrium h, = 0 is normally stable.
More precisely:

(1) Near h. = 0, the set of equilibria € is a C*-manifold in X1 of dimension

one.
(2) The tangent space of £ at h. = 0 is given by the kernel of the linearization,
ToE = N(Ap).

(3) Zero is a semi-simple eigenvalue of Ag, i.e. Xo = N(Ag) ® R(Ap).
(4) The spectrum o(Ap) satisfies 0(Ap)\{0} C C4 :={z € C: Rez > 0}.
PROOF. (1) Around h., the set of equilibria only consists of constant functions,
hence is a one-dimensional linear subspace of Xj.

(2) This stems from Lemma

(3) Since D(Ag) compactly embeds into W1 1/q( Y), the operator Ag has a
compact resolvent and the spectrum o(Ag) only consists of eigenvalues, cf. [19].
Furthermore, every spectral value in o(A) is a pole of finite algebraic multiplicity.
By using N(Ag) = N(A2) and Proposition A.2.2 and Remark A.2.4 in [43] we
may conclude that the range of Ay is closed in Xy and that there is a spectral
decomposition Xy = N(A4g) ® R(Ap). Hence A = 0 is semi-simple.

(4) Pick A € 0(Ap) with corresponding eigenfunction h € D(Ap), in other words

Ah — Agh =0, in Xo. (3.9)
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By definition of Ag, Aoh = —[ns - TAgh]. Testing this equality in Lo(X) with Agh
yields

0=|Vx[7,@) + (Aoh|Ash) L, 5y,
where x := TAxh. Note that since ¢ > 3/2, qu_l/q(E) — Ly(X). Testing the
resolvent equation (3.9) now with Axh in Lo(X) finally yields

AVAL, s = VXL, 0):

This shows that A is real and A > 0. In particular, o(Ag)\{0} C (0,00). Hence h,
is normally stable. ([l

The following theorem is the main result on stability of solutions.

THEOREM 3.3. The trivial equilibrium h, = 0 is stable in X, and there is some
0 > 0 such that the evolution equation
d
@h(t) + A(R(t))h(t) =0, t >0, h(0) = hy,
with initial value hg € X, satisfying |ho — h«|x, < & has a unique global in-time
solution on R4,

h € W) (Ry; Xo) N Ly(Ry; D(Ap)),

which converges at an exponential rate in X, to some ho € £ ast — +o00.

PROOF. It is an application of the generalized principle of linearized stability of
Priiss, Simonett, and Zacher [58] to the evolution equation (3.7). O

THEOREM 3.4 (Geometrical version). Suppose that the initial surface Ty is given
as a graph, Ty = {(z,ho(x)) : © € X} for some function hg € X.,. Then, for
each € > 0 there is some () > 0, such that if the initial value hy € X, satisfies
|ho|x, < 6(g), there exists a global-in-time strong solution h on R of the evolution
equation, h € Ly(Ry; D(Ag)) N W, (Ry; Xo). The solution satisfies |h(t)|x, < e for
all t > 0.

Moreover, there is some constant hoo, such that I', — T’y in the sense of
h(t) = hoo in X~. The convergence is at an exponential rate.

Note that by the following theorem we can characterize the limit. It is a priori
not clear to which equilibrium the solution converges to by the generalized principle
of linearized stability.

THEOREM 3.5. The limit hoo from above has the same mean value as hg, in
other words, heo = ﬁ Js hodz.

PROOF. The theorem is a consequence of the fact that the Mullins-Sekerka
system conserves the measure of the domains separated by the interface in time.
Hence the solution h from Theorem [3.3] satisfies

d
— | h(t,x)dez =0, t>0.
dt/g (t,z)dx , >
In particular,
/h(t,m)dx:/ho(a:)dx, t>0.
b b

Since h(t) = ho as t — 00 in X, < L1(X), we get the result. O
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3.3. Linearized stability analysis in curved domains

In this chapter we study the two-phase Mullins-Sekerka problem inside a bounded,
smooth domain in two space dimensions with boundary contact.

Let us precisely state the model. We consider a fixed, smooth, and bounded
domain in two space dimensions 2 C R2. As before, we assume that the domain can
be decomposed as Q = QF (£)UL(£)UQ (t), where I'(t) denotes the interior of I'(t),
here a smooth one-dimensional curve with two boundary points OI'(t) on 0fQ.

Again we consider the Mullins-Sekerka problem with ninety degree contact angle,

Vo = —[nr - V], on I'(t),

plr = Hr, on I'(t),
Ap =0, in O\T(¢),
! A (3.10)
naq - Voo = 0, on ON\IT'(t),
nr - ngg = 0, on OI'(t),
T'(0) = T

Hereby, Vr denotes again the normal velocity and Hrp the (mean) curvature of I'(t)
with respect to nr, where we use the sign convention that H is negative for convex
spheres. In particular, the sphere of radius R > 0 and center zq € R? has negative
curvature —1/R.

Using curvilinear coordinates and a Hanzawa type transformation, cf. Section
we can pull back the equations to the fixed reference configuration Q\X by
means of the Hanzawa transform ©y,, cf. also 3], [64], [57], |22]. Recall that ¥ may
be any smooth curve intersecting the boundary perpendicularly at the two contact
points. For convenience, we recall that the transformed system reads as

Oih = —a_l(h) [nr, - Vin], on %,

nls = K(h), on %,
Apn =0, in Q\X,
njo - Vinlaa =0, on 09,
njo - nr, =0, on 9%,
hli=o0 = ho, on X.

Hereby, K (h) is the transformed (mean) curvature operator, cf. Section nhe ==
noq © O}, and the transformed differential operators are given by

V= (DOV)'V, divy, :=TrV,, Ap:=div, V.
Furthermore, hq is a suitable description of the initial configuration at time ¢ = 0

and a~!(h)(t) depends only on h(t). Also a=*(0) =1 and a~!(h) depends smoothly
on h.

3.3.1. The linearized problem. Let X, be a stationary solution to the Mullins-
Sekerka problem with boundary contact . In particular, the (mean) curvature
of X, is constant and X, is a flat surface or part of a circle intersecting 02 perpen-
dicularly. We now consider the full linearization of at any stationary solution
PN
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Referring to [14], given an equilibrium solution X, the linearization of the
transformed mean curvature operator at h = 0 is given by
/ 2
K'(0) = Az, + [k

where k. is the constant curvature of ¥,. Furthermore, the linearization of the
nonlinear ninety degree angle condition at the boundary at h = 0 is given by

Vz*h *Nox, = —Sag(ng* s nz*)h, on 62*,

where Spq(ny, ,nys,) is the second fundamental form of 9§ with respect to the outer
unit normal naq, cf. [14]. In particular, we have the formula

Soa(ns,,ns, )h = —(ns, - Ony_noa)h = —(ns, - [Dnaans,])h,

cf. the proof of Lemma 3.7 in [14]. Note that if e.g. € is a convex sphere, Spq < 0.
The linearized problem around a stationary solution Y, now reads as

Oth = —[nxg, - V], on X,
. =As h+K2h, on Y.,
Ap =0, in Q\X,, (3.11)
naq - Viloa =0, on ON\0X,,
Vs, h-ngy, = —Saa(ns,,nx, )h, on 0%,
h(0) = hy, on X,.

Regarding the stationary solution we note that k. is constant and either equal
to zero or —1/R, because X, is flat or part of a circle with radius R > 0, respectively.

To identify relevant quantities in the stability analysis, let us formally consider
the corresponding eigenvalue problem

Ah = —[nxg, - V], on X,
. =As h+K2h, on X,
Ap =0, in Q\X,, (3.12)
naq - Voo =0, on OO\0X,,
Vs, h-ngs, = —Saa(ns,,nx, )h, on 0%,

for some A € C. Multiplying (3-12)), with Ay h + x2h in Ly(3.) gives
A h(As, h+ k2h)dH' = / |V uld.
2.

Here, dH? denotes the d-dimensional Hausdorff measure, d € Ny. An integration by
parts invoking the boundary conditions formally entails

U Vs, P! + / Soo(ns, ns. )|BI2ZdH® — 2/ Ih| d’Hl}
s

/ |Vu?dz = 0.

We now note that the term in brackets may change its sign in dependence of the
curvature k., the values of the form Spq(ns,,nx,) on the two boundary points of

(3.13)
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0%, and the length of the curve X,. The last dependence is somewhat hidden and
stems from the scaling properties of the first term involving the gradient of h.
Referring to [26], we want to introduce a bilinear functional by

I.(h,h) ;:/ |Vg*h|2d7-[1+/ Sgg(ng*,ng*)|h|2d7-lo—m3/ |h|2dH".
poN 0%, po.

Note that for A # 0, integrating 1 over X, yields that necessarily fg* hdH! =0,
for any eigenfunction A to the eigenvalue A # 0.

Hence it stems from that positivity of I, on mean value free functions
gives A < 0 for any possible eigenvalue A. Hence studying the sign of I, for mean
value free functions is the crucial point in our stability analysis.

As a trivial consequence we want to point out that if k, = 0 and S is identically
zero on 0%, we obtain that A < 0. This corresponds to the geometrical situation
of a flat solution ¥, and flat, perpendicular walls, which was already investigated in

Section [3.2]

3.3.2. Flat stationary solutions. Let us start with the simpler case when the
stationary solution is flat, k. = 0. Then by rotation, we can assume that 3, = (0, L)
for some L > 0. Let us rewrite as an abstract evolution equation in the setting
of Chapter [2| Let 3/2 < ¢ < 2 and

Xo =W, 4(%,), Xp=W; 1%,

Define a linear operator A : D(A) C X; — X, as follows. Let Bu := [nyg, - Vu] and
Tov be the unique solution of the two-phase elliptic problem

[u] =0, pls, =v, on X,,
Ap =0, in Q\X,, (3.14)
neq - V,LL|6Q = 0, on 89\82*.

Then we define A by Ah := BTy(Ayx, h), with domain
D(A) =X1N {h : Vg*h ‘Nax, = —Sag(n;;*,nz*)h, on 62*}
We can then rewrite (3.11)) as
h(t) + Ah(t) =0, t > 0, h(0) = ho. (3.15)
The main benefit of this formulation is now the fact that A has maximal regularity.
More precisely, let p € (6,00), ¢ € (19/10,2) N (2p/(p + 1),2), and J = (0,7),
0 < T < oo. Then, by a perturbation argument, the operator A has maximal L,-
regularity on J with respect to the base space X, cf. Section |2.5] Define the trace
space as X, 1= B;lpfl/qfd/p(Z*). Then it holds that
Xy = (Xo, X1)1-1/pp-

We now want to apply the generalized principle of linearized stability to deduce
stability or instability results for (3.15)), cf. [57], [58].

Let us simplify notation first. Since 0%, = {0, L}, we may rewrite the boundary
conditions as

0:h(0) = —w1h(0), Oyh(L) = wah(L),
where
w1 = —Ssa(ns,,nx,)(0), ws:=—=Ssa(ns,,ns,)(L).
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In particular again if € is a convex sphere, wy,ws > 0 since Spo < 0. We now
want to analyse different geometries and their respective stability properties. Let us

S, \on s, |00 < . >3Q

FiGURE 1. Different signs of wy,ws. Left: w3 = wy < 0. Middle:
wp = wg = 0. Right: w; =ws > 0.

discuss stability and instability results in the case of flat stationary solutions. We
start with the left hand side case, where we can show stability of h, = 0 for (3.15).

THEOREM 3.6. Let wy,ws < 0. Then h, = 0 is normally stable, that is,

(1) The set of equilibria of is the kernel of A, which is one-dimensional.

(2) The eigenvalue zero is semi-simple, Xo = N(A) @ R(A).

(3) The spectrum satisfies c(—A)\{0} C C_ :={z € C:Rez < 0}.
In particular, h, = 0 is stable in X, and there is some § > 0, such that if |ho|x, <6,
the unique solution h of ezists globally in time, belongs to Wpl(R_‘_;Xo) N
L,(Ry;D(A)), and converges to some equilibrium solution in X, at an exponential
rate.

PrOOF. Counsider some A € 0(—A) C C and the corresponding eigenvalue prob-
lem for the eigenfunction h € D(A),

A = —[nsg, - Vul, on X,
[u] =0, pls, = 0:0:h, on Y,
Ap =0, in Q\X,, (3.16)
neq - V,u|aQ = 0, on 69\62*7
9:h(0) = —w1h(0),
O:h(L) = wah(L).

Multiplying equation (3.16), with 9, O,h, an integration by parts invoking the bound-
ary conditions yields

L
A [/ |0, h|?dx — w1 h(0)? — wah(L)?
0

+/ V> = 0. (3.17)
Q

Let us characterize the kernel of A. Pick some h € N(A). Then (3.17) for A =0
entails that p has to be constant, whence 9,9,h = ¢ on (0, L) for some ¢ € R. In
particular, by the fundamental theorem of calculus,

S T
h(s) = h(0) + s9,h(0) +/ / 00 ydr'dr, 5 € [0.L].
0o Jo
whence invoking the boundary condition gives

h(s) = h(0) — wih(0)s +cs?/2, s€[0,L]. (3.18)

Let us start now with the case where wy,ws < 0. By differentiating (3.18) and
invoking the boundary condition at = L we obtain that

0:h(L) = —w1h(0) + c¢L = woh(L).
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Also from (B.18)) we obtain that h(L) = [1 — w1 L]h(0) + cL?/2. The linear system

) A R A B

now has a unique solution since 14 (1—w; L)ws/w; > 1 for any wy < 0,ws < 0, L > 0.
Explicitly solving the linear system gives

h(0) = c(L — waL?)2) ’

w1 + wp —wiwa L
which gives in combination with a unique solution h which depends linearly
on ¢. Hence the kernel of A is truly one-dimensional.

With this at hand we may now prove that zero is a semi-simple eigenvalue. Since
D(A) compactly embeds into X, the resolvent of Ay is compact and the spectrum
only consists of at most countably many isolated eigenvalues. Furthermore, every
spectral value in o(A) is a pole of finite algebraic multiplicity. Using Remark A.2.4
in [43] it suffices to show that N(A) = N(A?). Then the range of A is closed and
Xo = N(A) @ R(A). So pick some h € N(A2%). Then hy := Ah € R(A) N N(A).
Then h; is mean value free on (0, L) and there is some ¢; € R such that

(L —waL?/2)(1 —wiz) = a?

h = — 0, L].
1(z) cl[ otor—onl T 2| celd]

A straightforward integration gives

L 2 4 3
6L° + L*/2 -2 + L
/ hi(z)dr = &1 wiws L7/ (w1 +wn) .
0

6(wy + wo — wiwo L)
Now for any L > 0,w;,ws < 0 the right hand side can only be zero if ¢; = 0. But
then h; = 0 and Ah = 0. Hence h belongs to the kernel of A. Then N(A) = N(A?)
and zero is semi-simple. Furthermore, equation yields that necessarily A is
real and A < 0. Hence the third assertion is proved. The rest of the statement is
a consequence of the generalized principle of linearized stability of Priiss, Simonett,
and Zacher [58].

For completeness we shall show that zero is also semi-simple in the simpler
case where wy = 0,ws < 0. The case w; < 0,ws = 0, follows the same lines. In
the case w; = 0,ws < 0, the kernel of A consists of functions h of form h.(s) =
c(L/wy — L*/2 + s%/2) for ¢ € R. Then the same arguments give that zero is semi-
simple. Note that in the case w; = wy = 0, the kernel of A consists of the constant
functions, cf. Lemma |3.1 O

Let us now be concerned with the case when wy,ws > 0, cf. Figure [I] We will
show the following result for (3.15). For simplicity we will assume that w; = wy =:
W4 > 0.

THEOREM 3.7. (1) For fized L > 0, there exists some 6 = §(L) > 0, such
that if wy < 4§, the solution h, = 0 is stable in X,. Furthermore, there
exists some n > 0, such that if |ho|ly < n, the solution to the initial value
ho exists on Ry and converges to the equilibrium point heo = %fOL hodz
in X, at an exponential rate.

(2) For fired L > 0, there exists some K = K(L) > 0, such that if wy > K,
the solution h, = 0 is normally hyperbolic and unstable in X,.
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(3) For fized wy > 0, there is some § > 0 such that if Lo < ¢, the interface
Y = (0, Ly) corresponding to h, =0 is stable in X.,. Moreover, the second
statement of (1) holds.

(4) For fized wy > 0, there is some K > 0, such that if L > K, the interface
Y. = (0,L) corresponding to h, = 0 is normally hyperbolic and unstable in
X

-

PROOF. Let L,wy >0 and X, = (0,L). Let A be the linear operator of (3.15).
Let us be concerned with the kernel of A. Again if Ah = 0, the corresponding
chemical potential y = T(0,0,h is constant and therefore 0,,0,h = ¢ for some ¢ € R.
As before, h can be written as h(s) = (1 — w;s)h(0) + cs?/2 for all s € [0, L]. The
corresponding linear system for [h(0),h(L)] € R? in can be uniquely solved
whenever 2 — Lw; # 0. Note that for either fixed L > 0 or wy > 0, this can be
ensured by choosing > 0 sufficiently small or K > 0 sufficiently large. In any case,

L —wyL?)2
W (2 — W+L) '
Arguing as in the proof of Theorem [3.6]we can show that the kernel of A is truly one
dimensional, given by functions of type (3.20) for ¢ € R. Hence, Xg = N(A) ® R(A)
and the eigenvalue zero is semi-simple.

(1) For some 0 # A € 0(—A) C C and a corresponding eigenfunction h € D(A),
the eigenvalue problem again reads as

h(s) = h(0)[l — wys] +cs?/2, s € [0,L], h(0)=c (3.20)

A= —[ns, -V, on X,
[[/.L]] = 07 ,u|2* - 8a:aa:h, on E*,
Ap =0, in Q\X,,
A ! (3.21)
noq - Vilag = 0, on IN\9%,,

9,h(0) = —w. h(0),
9h(L) = wyh(L).

Necessarily,

/ IVl =

We aim to show that the term in brackets is still positive if wy < § and § > 0 is
small. Integrating (3.21)); over (0, L) yields that h is mean value free. Hence we can
use Poincaré-Wirtinger inequality to deduce

L
A l/ |0,h|?dx — wy h(0)* — w, h(L
0

L
/ 10,k |2z — wy h(0)2 — wy h(L)?
0
> co(L)|hl3 0,0y — w+h(0)* — wih(L)?
> Go(L)|h|go 0,1y — w+h(0)* = wih(L)?,
).

for some cg,é > 0, since H3(0,L) — C°([0, L]
0 > 0 is sufficiently small.

(2) Again we fix L > 0. We need to show that if wy > K for K > 0 large,
there is a positive eigenvalue A > 0 of —A. For A > 0 we can rewrite the eigenvalue

(3.22)

Hence the first claim follows if
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problem as

Ah — DpysAh =0, (3.23)
where A : D(A) € X; — X, is given by Ah := 9,0,h with domain D(A) :=
W;_l/q(E*) N{9,h(0) = —w1h(0), Oh(L) = wyh(L)}. Furthermore, we define the
Dirichlet-to-Neumann operator Dyss as follows. For given g € Wq2 —/ 10,L), we
solve the two-phase elliptic problem

A =0, in Q\%,,
[6] =0, Ols. =g, on X,
neq - V9|aQ = 0, on 89\82*,

uniquely by 6 € W2(Q\X.) and define Dys5g := —[nx, - VO]. The inverse Neumann-
to-Dirichlet operator

— 1-1 2—1
Nis = [Dus) ™ Wy o 1(80) = W2 /4 (3.)

then admits a compact, selfadjoint extension to Lo (9y(2X«), cf. Lemma It is also
shown there that Nyss is injective on Ly (g)(2«). Note however that 0,0,h is not
mean value free on ¥, even though h is. We may however rewrite (3.23)) as

M — Dass(I — Po)Ah = DyrsPyAh,

where Pyv is the mean value of v. Next note that DMSPOAh = 0, since POAh is
constant. Applying Njsg then gives that (3.23)) is equivalent to

ANyrsh — (I — Py)Ah = 0.

Hereby we understand A as the natural extension to H%(Ej). We may now follow
the lines of [64], [57]. Define By := ANys — (I — Py)A with natural domain

D(By) = Hg’(o)(Z*) N{9,h(0) = —w;h(0), Ozh(L) = wyh(L)}. We will now show
that

B, is {positive definite, if A > Ao for some Ag > 0, (3.24)

not positive definite, if A > 0 is sufficiently small.

Since Npss is positive definite on Ly g)(X), cf. the proof of Lemma there is
some dy > 0 such that

(Bahlh)2 = A(Nashlh)z = (9:0zh|h)2 + (Po020-h|h)2
> Mdolhf3 +19:h|3 — wi.[h(0)* + h(L)?),
since (Py0y0zh|h)2 = 0. It remains to show that
(A= 1o f3 + 0,113 — s [(0)? + h(L)?] > 0, (3.25)

if only A > Ay for A\g > 0 sufficiently large. Then B, is positive definite for A > Ag.
We now claim the following Young-type inequality. Note that the following lemma

immediately implies .
LEMMA 3.8. For every § > 0 there is a constant Cs > 0, such that
h(j)? < 810:hl3 + Cslhl3, j=0,L,
for any h € H3(Z,).
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PROOF. The proof follows the lines of [25]. Assume there is some § > 0 such
that the statement is not true. Then there is a sequence (h,,), C Ha(3.), such that
1= h,(0)2 > 6|0,hnl3 + nlha|2, forall n e N. (3.26)

In particular, |d,h,|3 < 1/8 and |h,|3 < 1/n for each n. Hence (h,), is bounded
in H} and there is a subsequence again denoted by (h,), converging weakly to
some h in H}. Furthermore, h,, converges strongly to zero in Ls. By uniqueness, h,,
converges weakly to zero in H}. By the compact embedding Ha (X.) << C°([0, L]),
hy, converges strongly in C%-norm to zero as n — oo. This implies h,(0) — 0 as
n — oo, which is a contradiction to . (Il

We now show the second part of (3.24). Note that

lim  (Bah|h)2 = —(0,0:h|h)2 = |0.h|3 — wy [R(0)2 + h(L)?], h € D(B)),
A—0,A>0

since limy 0, >0 A(Narsh|h)2 = 0 for any fixed h € D(B)). It now remains to
construct a function h € D(B,) such that

|03 — w, [R(0)% + h(L)?] < 0. (3.27)
We start with the following construction. Let € > 0 and define

1—wys, SE[O,E],
9(s) i={1—-wie—(1—wie)(s—e)/(L/2—¢), s€leL)2], (3.28)
*g(L*S)’ s € [L/QaL]a

cf. Figure Then g satisfies the boundary conditions 9,§(0) = —wyg(0) and

g(x)

B
1

/O T~

~
/

—

F1cURrE 2. Construction of g.

0:9(L) = wyg(L). Clearly, g € H217(0)(Z*). Furthermore a direct calculation shows

€ L/2 (1 —w,e)?
0,q 2 — g(0 2 :/ 2d / 7+d -
1023175 (0,1.72) — w+9(0) ; wiar + 6 (L/2 —¢)? T

_ o, (I-wye)? _

= cwy I/2—¢ Wi
In particular, the first two terms converge to 2/L as € — 0. If now wy > 2/L, the
right hand side will be negative whenever ¢ = e(wy) > 0 is small enough. Note that

the critical value for wy is 2/L, which is exactly the degeneracy of the linear system
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for [r(0),h(L)] € R? in (8.19): 2 — Lw; = 0. By approximating g with a smoother
function in D(B,) we have shown (3.27). Following [64] using (3.24) we obtain that
there is indeed a positive eigenvalue A > 0 as claimed.

(3) Fix now wy > 0. We now need to understand the dependence on L in esti-
mate (3.22). Let us calculate the embedding constant of H21}(0)(07 L) = C°([0, L)).
Firstly,

h(t) = h(s) + /t O:h(T)dr, s,t €0, L]

Integrating in s € [0, L] and using that h is mean value free on (0, L) gives

L t
h(t):%/ /8wh(7')d7ds, ste0,L).
0 s
Hence

L
sup [h()| g/ 10,h(7)|dr-
te[0,L] 0

Using Holders inequality gives
L
sup [h() < L/ 0. h(r)Per.
te[0,L] 0

In particular,

L
/0 0,h|?dx — wy h(0)* —w, h(L)?

1
2 f\h|200([0,L]) — wi[h(0)* + h(L)?].

Again we see that if L = L(wy) > 0 is sufficiently small,
t 2 2 2 1 2
; [0zh|"dz — wi [R(0)" + R(L)7] 2 (T = 2w4)[hlEo(o,r)) 2 0.

Hence (3) follows.

(4) We fix wy > 0. Following the lines of the proof of (2), we only need to justify
2, where B, is defined as before. In particular, we need to show that there is
a function h € D(B,) such that

102, 0,y — w+[h(0)* + h(L)*] <0,

where now wy > 0 is fixed, if we only choose L > 0 large enough. Let us consider
the function g defined in (3.28). Again for € > 0,

(1 - wye)?

102313, 0.1,/2) — w+(0) = ew? + Ip—e Y

Since wy > 0 is fixed, we may choose € > 0 so small, such that ew? < wy /2. Then
choosing L = L(wy) > 0 sufficiently large we obtain that |8x?]|2L2(0 /2y —w+9(0) <O0.
We can then follow the lines of the proof of (2) to conclude (4). O

REMARK 3.9. For monotonicity considerations of the spectral properties we refer
to |25].
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3.3.3. Curved stationary solutions. In this section we consider stationary
solutions ¥, with constant curvature x, = —1/R, for some R > 0. In particular, X,
is part of a circle. We can therefore introduce a parametrization by arc length,

P (0,1) = X, 0= P(0),

where [ > 0 is the length of the curve and o the arc length parameter. Note that
I < 2mR = 27 /|k«|. Note that this induces an extra restriction on x, and I,

|k |l < 2. (3.29)
Corresponding to we now want to make a linear stability analysis for
Op = —[[ns, - Vi, on X,
tls. = 050.p + K2p, on X,
Ap =0, in Q\X,,
naq - Vitlag =0, on ON\O%,, (3.30)

9op(0) = —w1p(0),
9op(l) = w2p(l),
p(0) = po, on X,.
Note that by some abuse of notation we may identify o € (0,1) and (o) € %, since
there is no danger of confusion.
Let us rewrite (3.30) again as an abstract evolution equation. Let 3/2 < ¢ < 2,
Xo = qu*l/q((),l), and X; = W;il/q(o,l). Define now a linear operator A :
D(A) € X; — Xo by means of Ap := BTy(9,05p + K2p), where Bu := [ny, - Vu]
and Tyv is the unique solution of the two-phase elliptic problem ((3.14]).
The domain of A is thereby given by

D(A) = X1 1 {p: 0,p(0) = —w1p(0), Dpp(l) = wap(D)}. (3.31)
We can then rewrite (3.30) as the abstract evolutionary problem
p(t) + Ap(t) =0, t >0, p(0) = po. (3.32)

Let again p € (6,00), q € (19/10,2) N (2p/(p + 1),2), and X., := Bgp /*73/2(0,1).
We start with a positive result on stability for (3.32) of the trivial solution
px = 0.

THEOREM 3.10. Let | > 0 be fixred. Then there is some § = §(I) > 0, such
than whenever |k.| € (0,0) and wi,ws € (—00,0), the trivial equilibrium p, = 0 is
normally stable, that is,

(1) A has mazimal L,-regularity.

(2) The set of equilibria of is the kernel of A, which has finite dimension

m € NU{0},m < co.

(3) The eigenvalue zero is semi-simple, Xo = N(A) @ R(A).

(4) The spectrum satisfies o(—A)\{0} C C_ := {z € C: Rez < 0}.
In particular, p. = 0 is stable in X, and there is some 61 > 0, such that if |p0\x7 <
the unique solution p to with respect to the initial value poy exists globally in
time,

p € Wy (Ry; Xo) N Ly(Ry; D(A)),
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and converges to some equilibrium solution in X, at an exponential rate.

PROOF. For any k. constant we note that the term k.p is a compact perturba-
tion of Oy 0, p in I/Vq2 -l (0,1), whence A has maximal L,-regularity by a perturbation
argument, cf. Section Let us now characterize the kernel of A. Since the do-
main D(A) compactly embeds into Xy, the resolvent of A is compact. The spectrum
then consists solely of isolated eigenvalues of finite multiplicity. In particular, the
kernel, if it is nontrivial, has finite dimension m < oo, cf. [19], [43], [44]. Pick some
p € D(A) such that Ap = 0. Then the solution of the corresponding elliptic problem
is constant, hence 9,0,p + k2p is constant. Hence the kernel of A is given by the
solutions p of

DyOp + K2p = c, on (0,1),

95p(0) = —w1p(0),

9o p(l) = w2p(l),
where c¢ is any constant ¢ € R. The next thing we show is that zero is semi-simple.
By Remark A.2.4 in [43] it suffices to prove that N(A?) = N(A). To this end pick
some p € N(A?). Let p; := Ap. Then Ap; = 0 and hence p; € N(A) N R(A). Note
that then necessarily p; is mean value free, fol p1 = 0. This stems from integrating
p1 = Ap over X, and an integration by parts. Since p; also belongs to the kernel of
A,

ao’ao'pl + l{ipl = (1, on (05 l)a

95p1(0) = —w1p1(0), (3.33)

9o p1(l) = wap1(l),
for some constant c¢;. Note that c¢; is determined by p;. Since p; is mean value free,
we can test (3.33]); with p; to the result

l 1 1
/ 6080p101+/-@f/ p1p1 =cl/ p1 = 0.
0 0 0

An integration by parts then gives

l l
- / 100 p1 |2 + 2 / 11]? + w11 (0% + wap ()% = 0.
0 0

Since p; is mean value free, we can use Poincaré-Wirtinger inequality to find some
constant ¢y = ¢o(l) > 0, such that

—colpilin + &21p1l72 + wip1(0)® + wapr (1)* > 0.

In particular, if 2 is sufficiently small and w;, wo are negative or positive but small,
the second, third and fourth term may be absorbed by the first one and we obtain

—&olp1|3: >0,

for some ¢y > 0. Hence p; = 0, which implies Ap = p; = 0 and p € N(A). This
shows zero is a semi-simple eigenvalue.
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Let us now consider the general eigenvalue problem Ap = —Ap for some p €
D(A), which reads as

Ap = —[ns. - V], on X,
pls, = 0505p + K2p, on ¥,
Ap =0, in Q\Y,,
a \ (3.34)
naq - Viloa =0, on OO\OX,,

95p(0) = —w1p(0),
9op(l) = wap(l).

Multiplying (3.34), with 0,0, + k2p and invoking boundary and transmission con-
ditions gives

M10apl2e — K2 1ol — wip(0)? — wap(1)?] + [ Vial3a = 0. (3.35)

If A #£ 0, any eigenfunction p associated to some eigenvalue A is necessarily mean
value free, whence again Poincaré-Wirtinger inequality gives that

105172 — w31pl72 — w1p(0)* — wap(D)*] = 0,

provided |k.| € [0,6) and wy,wy € (—00,d) for § > 0 sufficiently small. Equation
(3.35) then gives that X is real and A < 0. Hence (3) follows. The generalized
principle of linearized stability of Priiss, Simonett, and Zacher [58] then gives the
result. (]

Let us show instability results for the evolution equation ([3.32]).

THEOREM 3.11. Let A, X, X, X1 be as above in (3.31).

(1) For fized I > 0 and any small k., there is some K = K(l, k) > 0 such
that if w1 = wy > K, the trivial solution p, = 0 is unstable in X, .
(2) For fired I > 0 and any wy = we small, there is some K = K(l,w1) > 0
such that if K2 > K, the trivial solution p, = 0 is unstable in X.,.
(3) For any k. and wy = wy small, there is some K = K(k.,w1) > 0 such that
if | > K, the trivial solution p, = 0 is unstable in X,.
(4) In (2) and (3) the constant K is not too large to violate the geometric
condition between length and curvature of a circle , that means there
are (ks,1) fulfilling (2) or (3) which at the same time fulfil |k.|l < 27.
In particular, in any of these cases, o(—A)N[¢+iR] = 0 and o(—A)N{z € C:
Rez > (} # 0 for some ( € R, > 0.

PROOF. By the compact embedding D(A) << X, we know that A has a
compact resolvent. Hence the spectrum of A is isolated, consists only of eigenvalues
and each eigenvalue has finite multiplicity. Furthermore, any eigenvalue \ is real
and satisfies

AM10opl72 = £31pl72 — wip(0)* = wap()’] + [Vil72 =0,

cf. (3.35), where p = Ty (0,0, p + k2p) and p is a corresponding eigenfunction to \.
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We now follow the lines of the proof of Theorem [3.7,(2). For A > 0 we can
rewrite the eigenvalue problem A\p = Ap as

Ap—Dys(I — Py)Sp =0, (3.36)
where D ;g is as before the corresponding Dirichlet-to-Neumann operator with in-

verse Nys = [Dus|™t, Pof the mean value of f, and Sp := 9,0,p + x2p with
domain D(S) := D(A). We can then extend the operators in a natural way and

rewrite (3.36) as
ANpsp — (I — Py)Sp = 0.

Define By := ANy — (I — Py)S with natural domain D(B,) := H3(0,1)N{p: fol p=
0. ,p(0) = —rp(0), Dopll) = —1p(1)}.

Let us show that there is some Ao > 0 such that B, is positive definite on Ly (g
for all A > Xg. Since Njg is positive definite on Ly (g), cf. Lemma and p is

mean value free,
(Baplp)2 = A(Nusplp)z2 — (I = Po)(8500p + K2p)|p)2
= AMNursplp)a — (9505p + K2plp)2
> Ado|pl3 + 105 pl5 — w1p(0)? — wap(l)® — KZ|pl3,

for some dy > 0, for any p € D(B)). Lemma then gives that for any wi,ws, and
K, the last three terms may be absorbed if A > \g for some Ay = A\g(w1, wa, ks) > 0.
Hence B, is positive definite on Ly (o) for all A > A.

It remains to construct a function p € D(B)), such that (Bxp|p)2 < 0, if A >0
is sufficiently small. Since A(Narsplp)2 — 0 as A — 0, it is enough to find some
p € D(B,) such that

05715 — w1p(0)* — wap(1)® — £Z|pl3 < 0. (3.37)

We now want to find such p in all three cases stated in the theorem. To this end
we start again with the prototype introduced in (3.28). Let £; > 0 small. Define
g:[0,l] = R,0 +— g(o) by means of

1—wo, o €10,¢e1],
glo) =<1 —wie; — (1 —wier)(o —e1)/(I/2 —€1), o € [e1,1/2],
—g(l — o), o € [l/2,1].
Note that g(0) = 1, g(I) = —1, g fulfils the boundary conditions, is mean value

free, and piecewise smooth and continuous, hence in H2(0,1). We then explicitly
calculate

|80g|%2(0,l/2) —w19(0)* — Ki|§|%2(0,l/2) =
= 61(4}2 + w — Wy — K2 2(3 — 3wie1 —|—w2€1) + 1(1 — w151)2(l — 261)
Vo122 *13 ! 6 '

Note that by symmetry it suffices to calculate the expressions on (0,1/2). We now

let formally €1 — 0. The expression on the right hand side then converges to
2 l
7w nzg. (3.38)

We now distinguish the three cases in the theorem.



96 3. MULLINS-SEKERKA EQUATIONS WITH NINETY DEGREE CONTACT ANGLE

(1) Here we fix [ > 0 and k.. It is clear that there is some K > 0 such that
the expression in gets strictly negative if w; > K. It even holds that
2/l —wy — K21/6 — —o0 if wy — oco.

(2) Here we fix | > 0 and |w1| small. Note that in this case there is a geometric
condition, |k«|l < 27, so we can not choose |k.| arbitrarily large. However,
taking the limit as |k.| — 27/l of expression (3.38), we obtain

2 l 2 2
li TR =5 1| —wi <0
|n*\ggﬂ/z {l “i H*6} l { 3} “1 ’

provided |w1] is small enough.
(3) In this case we fix k. and |wi| small. Again we have to fulfil the relation
|ka |l < 27. Taking limits | — 27 /|K.|,

2 l 1 n
A [z —wn s “36] = I L - 3] —wr <0,
provided again |wy]| is small.

This way we now obtain the following result in all three cases: By choosing ¢; >
0 very small, we can construct g as above such that the strict inequality
holds true. Since g is only Hi and not H3 we need to approximate g by a more
regular function p, which then belongs to the domain D(B,) and also fulfils the
strict inequality (3.37). This then shows that (Bxp|p)2 < 0 for some p € D(B,) if
A > 0 is sufficiently small, whence B) is not positive definite for this small A > 0.
Following the proof of [64], we then obtain the existence of a positive eigenvalue.

The fact that then p, = 0 is unstable in X, follows from the generalized principle
of linearized stability, cf. [57]. O

3.3.4. Summary on linearized stability and instability. In this section
we shall summarize the results on linearized stability and provide representative

figures.
DIEANGY > 2. <69 S, |00

FIGURE 3. k. = 0. Stability for all wy,ws < 0 regardless of L > 0.

CSn

FIGURE 4. k. = 0 and fixed w; = ws > 0. Stability for small L > 0,
instability for large L > 0.
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¥, o0 ( T, )BQ

FIGURE 5. k, = 0 and fixed L > 0. Stability for small w; = wy > 0,
instability for large wy = wo.

—_—
o0 o0

FIGURE 6. Fixed [ > 0 and small x, # 0. Stability for wi,ws < 0.

— ]
%ﬁ < s, )
0 29

FIGURE 7. Fixed [ > 0 and small k., # 0. Stability for wi,ws > 0
small. Instability for wy,ws > 0 large.

bW
Y. @
/

FIGURE 8. Fixed | > 0 and wy,ws = 0. Stability for x? small.
Instability for k2 large.

bR
2
/

F1GURE 9. Fixed k. # 0 and wy,ws = 0. Stability for { > 0 small.
Instability for [ > 0 large.
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REMARK 3.12. Proving nonlinear stability for general geometries even in two
space dimensions is an involved task. For a first result on nonlinear stability we refer
to Section 7 in the article together with Harald Garcke |27].



CHAPTER 4

The two-phase Navier-Stokes/Mullins-Sekerka
equations with ninety degree contact angle

4.1. Introduction

In this chapter we study the two-phase Navier-Stokes equations with surface
tension coupled to the Mullins-Sekerka problem inside a bounded domain in two or
three space dimensions. In our model, the interface separating the two fluids meets
the boundary of the domain at a constant ninety degree angle. Let us introduce the
precise model and its assumptions. We assume that the domain Q C R™, n = 2,3,
can be decomposed as Q = QF(¢)UT(£)UQ(¢), where I'(¢) denotes the interior of
I'(t), an (n—1)-dimensional submanifold with boundary. We interpret I'(¢) to be the
interface separating the two phases, Q% (¢) and Q7 (¢), which both will be assumed
to be connected. The boundary of I'(¢) will be denoted by OI'(t). Furthermore we
assume I'(t) to be orientable, the unit normal vector field on I'(¢) pointing from
Q~ (t) into Q*(¢) will be denoted by vp(y).

Let us introduce some notation. Let Vr(;) denote the normal velocity and Hr )
the mean curvature of the free interface I'(t). By [-] we denote the jump of a quantity
across I'(t) in direction of vp(), that is,

[f1(z) == 513&[]0(17 +evpwy) — fx —evpw)], xeT(t).

Furthermore, a®b is defined by [a®b];; := a;b; for vectors a,b € R™ and AT denotes
the transposed matrix of A.

We assume that 2 is filled by two immiscible, incompressible fluids with respec-
tive constant densities p* > 0 in the two phases. Their respective constant viscosities
are denoted by p* > 0 and o > 0 is a given surface tension constant. To economize
our notation, we let p := p+XQ+(t) +p" X~ @) and p = ,u+XQ+(t) + 47 Xa- (1), where
X M is the indicator function of a set M. In our model, u is the velocity of the fluids,
p the pressure, 1 the chemical potential, and T'(t) the free interface at time ¢ > 0.

Let us consider the case where the domain is a cylindrical container Q = ¥ x
(Ly, Ly), where —0o < Ly < 0 < Ly < 0o, and ¥ C R? is bounded and has smooth
boundary. We denote the walls of the cylinder Q by S; := 0¥ x (L1, Ls), and bottom
and top by Sz := X x {L1, La}. As usual, vgq denotes the unit normal vector field
pointing outwards of Q and vg, = vgq on the walls S;. The projection is defined as
Psl =1 — Vs, ®Ug,.

We naturally impose that I'(£) ¢ Q and OI'(t) C Sy for all t > 0, that is, the
interface stays inside the domain for positive times and the boundary of the interface
is contained in the boundary of the domain as well.

99
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In a cylindrical domain the full problem for two possibly different, constant
densities p* > 0 and viscosities u* > 0 reads as

pOru — pAu + div[(pu + [p] V) ® u] + Vp =0, in O\I'(¢),
divu =0, in Q\I'(¢),
—[(Du + Du)vre) + [Plvre = oHr@vre,  on T(#),
[u] =0, on I'(¢),
Vi) — ulrw) - vre = _[[VF(t) V[, onT(3),
vy - vs, =0, on OT'(¢),
An =0, in Q\I'(¢), (4.1)
Ny = oHrg), on I'(¢),
vaq - Vnlaa =0, on OOQ\I'(¢),
Ps, (u(Du+ Du")vg,) =0, on S1\oT'(¢),
u-vg, =0, on S1\oT'(t),
u=0, on Sy,
u(0) = ug, on Q\I'(0),
T'(0) = T.

Note that in (4.1)), individual masses are conserved, i.e.,
d
—1QF@#)| =0, teR.,
Llo* () "

where we used An = 0 and divu = 0 in the bulk phases Q\I'(¢) and the boundary
conditions for 7 and wu.

In this model which is itself derived as a sharp interface limit by Abels,
Garcke, and Griin in [2], the momentum balance (4.1)); contains an extra term
involving the chemical potential 7 since the densities in the two phases are different.
This term however is needed to get an energy structure for the system, cf. Section
5 in [2]. It is shown there that the energy

E(t):= /F(t) odH™ ! + %/Qp(t)u(t)zdx

satisfies the energy-dissipation relation

%E(t) =-D(t) ::—Au\mu(t)ﬁdx—/ﬂ|vn(t)\2dx.

Hereby, Du is the symmetric part of the gradient Du.
There is a remark in order regarding this extra term in (4.1]);. Since divu =10
and An = 0 in the bulk phases Q\I'(¢), we obtain

div[(pu+ (p™ = p7)Vn) @ u] = p(u- V)u+ (p = p7) (V- V)u, in Q\D(t).
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In the case of equivalent densities, say for simplicity p = 1, the extra term div[(p™ —

p~ )V ® u] vanishes and the system reduces to

Opu — pFAu+ (u- V)u+ Vp =0, in Q\I'(¢),
Anp=0, divu=0, in Q\I'(¢),
—[=(Du+ Du)vr + [Plvrey = oHr@vre,  on T(b),
Vi = ulre - veey = —[vrey - Val, on I'(1),
vr@ - vs, =0, on OT'(t),
[u] =0, nlpw = oHrgw), on I'(¢),
vaq - Vlaa = 0, on OQ\I'(2),
Ps, (n=(Du+ Du")vg,) =0, on S1\oT'(t),
u-vg, =0, on S1\9oT'(t),
u =0, on S,
u(0) =ug, T(0)=Ty.

Let us comment on the boundary conditions for u. To be able to use the reflec-
tion techniques of [64] we can not pose Dirichlet boundary conditions on the walls
S1. The next natural step is then to pose Navier boundary conditions. In a cylin-
drical container though, we need to resolve compatibility conditions on the ninety
degree edges between the walls and the bottom/top part of the container, cf. |64].

However, if the domain Q C R™, n = 2,3, is bounded and has smooth boundary,
we can also show local well-posedness for a system involving full Navier boundary
conditions with positive friction coefficient. To prove this statement, we again start
a localization procedure, this time even involving only the model problem with the
contact line. Since there is no Dirichlet boundary anymore, we do not need the
respective compatibility conditions. By performing a perturbation argument, we
can include full Navier boundary conditions. However, since the reference surface
might be curved, we need to introduce curvilinear coordinates in a neighbourhood
of ¥ and consider a more complicated transformed mean curvature operator, cf.
Section [2.4] see also [63], [3], [4], [22].

This way, we can also deal with the problem

pOu — pAu + div|(pu + [p]Vn) @ u] + Vp =0, in Q\I'(¢),
An =0, divu=0, in Q\I'(¢),

—[(Du + DUT)HVF(t) + [Plvry = oHrwyvr, on I'(t),

Ve — ulre) - vrey = —Ivre) - Vil on I'(t),

vr) - vs, =0, on OI'(t),

[u] =0, 17|F(t) = oHr(), on I'(¢),

vaq - Vnlaa =0, on OO\I'(¢),

Ps, (u(Du + Duvs,) + au = 0, on ON\OT'(¢t),

u - voq =0, on OQ\IT'(t),

u(0) = ug, I'(0) =Ty,
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where a > 0 is a constant friction coefficient. For a further discussion on boundary
conditions, we also refer to the introduction of [38].

Let us give an overview of this chapter. We rewrite the free boundary problem of
the moving interface as a nonlinear problem for the height function parametrizing the
interface. We then deal with the analysis of the underlying linear problem, proving
maximal regularity in an L, — L, scale for the height function and an L, scale
for the velocity. A fixed point argument then renders that the nonlinear problem
is also well-posed. The last part finally deals with qualitative behaviour, stability
properties, and convergence to equilibrium solutions.

4.2. Reduction to a flat interface

In this section we transform the equations defined on the time-dependent domain
O\I'(¢) and the moving interface I'(¢) to a fixed reference frame. We follow the ideas
of |64]. Note that in this cylindrical geometry the transformation also takes a simpler
form compared to a general domain, cf. Section[2.4] To simplify notation let n = 3,
the modifications for n = 2 are obvious.

We now assume that the interface at time ¢ is given as a graph over the fixed
flat reference surface ¥ := Q N {x3 = 0}. More precisely, we assume that there is a
height function h : 3 x [0,00) — (L1, L2), such that

L(t) =Th(t) :={x € ¥ x (L1, L2) : 3 = h(2',t), 2’ = (x1,22) € X}, ¢>0.

We will now construct a Hanzawa-type transformation, which is an isomorphism on
) and maps the moving interface I'(t) to the reference surface ¥ for every t > 0. To
this end pick some smooth bump function x € C§°(R; [0, 1]) such that x(s) = 1 for
|s|] < 6/2 and x(s) = 0 for |s| > §, where 6 < min{—Ly, Ly}/3. It is easy to check
that such a function y does exist. Define now a mapping

On: AxRy = Q, Op(x,t) :=x+ x(x3)h(2', t)es =: x + Op(x,t),
where x = (2/, z3). Then
1 0 0
DO, = 0 1 0
O1thxy O2hxy 1+ hy

It clearly follows that DOy, is a regular matrix and hence @y, is invertible, if hy’ is
sufficiently small. For instance, this is the case whenever

ML (L) € 57—

o) = 2 L)
Note that |x’|c can be bounded by a constant depending on § only. Then, given
invertibility, one easily computes the inverse to the result

1+ hy' 0 0
0 1+hx 0
*81}1)( 752}7,)( 1

For the sequel we fix the bump function x and choose 0 < dy < 1/(2]x’|c0) sufficiently
small and assume that |h|s 00 < do. This way we ensure that the inverse @;1 Q0 —
Q is well defined and maps the free interface I'(¢) to the fixed reference surface X.

1

DOy) = ———
(DO») 1+ hy
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We will now calculate how the equations behave under this transformation.
Define the transformed quantities

w(z,t) :=uw(Op(z,t),t), qlz,t):=pOn(x,t),t), V(x,t):=n(On(zx,t),t), (4.2)

for x € Q, t € Ry. We now determine the equations which (w, ¢, ) solve. Define
DO, " = ((DO;,)~1)T, as well as the transformed quantities

Vi:=DO; 'V, Vyu:=(Vyul)i_,, divy:=Te(Vy), A :=divy V.
With this it is straightforward to check that

Vu(Op(z,t),t) = Vyw(x,t), [(u-V)ul(On(x,t),t) = [(w- Vip)w](z,t),
Au(O(z,t),t) = Apw(x,t), divu(O(z,t),t) = divpw(x,t), x€ Q,teRy.
(4.3)
Furthermore,

Oru(Op(x,t),t) = Oyw(z,t) + Dw(x,t)@t@;l(@h(x,t),t), reQteR,.

The upper unit normal at the free interface I'(t) and the normal velocity of which
can both be expressed in terms of h by

(—Vh,1)T ah

vpp) = ——m—m—m——s, V@) = ——m—m—m——,
O A vae YT T VAP

We are now able to transform the two-phase Navier-Stokes/Mullins-Sekerka system
(4.1)) to the fixed reference frame, the transformed system reads as

' eX,teR,. (4.4)

pE 0w — pFAw + Vg = a*(h; Dy, D) (w, q) + a(h,w,d), in Q\X,

divw = Gy(h,w), in Q\X,
—[pE(Dw + Dw") — qIfvs = cAyhvs + Gs(h,w, q), on X,
[w] =0, on X,
Oth = w - vy — [039] + Gs(h, w, D), on %,
(=Vuh, 1) -vg, =0, on 0%,
AD = Go(h, ), mos,
I —oAyh=Gy(h), on X,
voq - Vdaa = Gy (h,9), on ON\X,
Ps, (1= (Dw + Dw " vg,) = GE(h,w), on S1\0%,
w-vg, =0, on S1\0%,
w =0, on Sy,
w(0) = w, on O\,

h(0) = ho, on ¥,
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where vy = e3, and
a*(h; Dy, D2)(w, q) := p* (Ap = A)w + (V = Vi)g,
a(h,w,d) := Dw- 9,0, — (w-Vp)w — (p™ — p~ ) (VI - Vi)w+
+ div(([pl(Va = V)9) @ u),
Ga(h,w) := (div —divy)w
Gs(h,w,q) == [ (DO} — I)Dw + Dw " (DO, — I)"))Jvr, +
+ [(p=(Dw + Dw") — qI) (e3 — vr,)] + o (K (h)vr, — Ayrhes),

Gx(h,w,9) := w - (=Vyh,0)" = [e3 - (Vi = V)I] = [(=Varh,0)" - V0],
Ge(h, ) = (A Ap)Y,
Gr(h) = ( (h) = Agph),
GN( ,0) i=vaq - (V = Vi)d,
GE(h,w) :Pgl( (DO, — I)Dw + Dw' (DO, — 1) ")) vs,) .
Here, cf. [22],

Vh
V14 |Vh|?

Let us briefly explain how we transformed the equations. For instance, pick the
evolution equation (4.1), for the free interface, Vr) = ulpr) - vre) — [vre) - V] on
I'(¢). By employing (4.3)) and (4.4), this reads as

3th - (7V$/h, 1)T . H(fvm/h, 1)T . V}ﬂ]ﬂ

STV e TE Vo hP NaEnva

where w is as in (4.2)). Hence we obtain

K(h):H(Fh):div< ) zEN,tER,.

e X te Ry,

Oh=w-(=Vuh, )T —[(~Vuh, )" -V, 2 €%,teRy,
or equivalently,
ﬁth —w-e3+ [[(937)]] =
=w-(=Vah,0)" —[es- (Vi = V)] = [(=Vaurh,0)T - Vi), 2/ €X,teRy.
Furthermore, we want to point out that we used the fact that in the deduction of
(4.5) the normal vg, is independent of x5 and that the transformation Oy, leaves the
Dirichlet-boundary S invariant.

Since v5; = e3, one can also easily decompose the stress tensor condition (4.5)),
into tangential and horizontal parts, cf. [64]. Then, (4.5), reads as

_[[Mia3(w1’w2)]] - [[:U’ivw’wi”]] = (Gs(h>w’Q))1,27 o1 Ea
—2[pFd3ws] + [q] — oAb = (Gs(h,w,q))s, on ¥.

To economize notation, let Gg(h,w,q) = (Gs(h,w,q))12 and G (h,w,q) :=
(Gs(h7w7q))3'
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4.3. Maximal regularity for the linear problem

The main goal of this section is to derive a maximal regularity result for the
linearized problem.

4.3.1. Linearization, regularity and compatibility conditions. In this
section we consider the linear part of the two-phase Navier-Stokes/Mullins-Sekerka
system, which reads as

pEou — pFAu+ V= gy, in Q\%,
divu = go, in Q\X,
— [ 05 (ur, un)] — [ Varus] = gs, on Y,
—2[p*O3u] + [x] — 0Ayrh = ga, on X,
[u] = gs, on %,
Oph — (uf +uz) /2 + [93n] = ge, on X,
(=Vauh,0)" -vg, = g7, on 9%,
An = gs, in Q\%, (4.6)
Ny — oAy h = go, on X,
vaa * Vnlaa = 910, on OO\,
Ps, (ui(Du + DUT)Z/Sl) = Ps, 911, on S1\0%,
u- Vs, = g12, on S1\0%,
U = g13, on Sy,
u(0) = uyg, on NX,
h(0) = hy, on X.

Here we take (uj + u3)/2 instead of the trace of u in equation (6], since u is
allowed to have a jump across ¥. Hereby ugt denote the directional traces of ug with
respect to {z3 = 0}.

4.3.2. Regularity of the solution. The question of function spaces is now
a very delicate matter. The main idea already used by Abels and Wilke in the
case of no boundary contact [4] is to treat the Navier-Stokes part of the evolution
as lower order compared to the Mullins-Sekerka part. They consider some height
function h as given and solve the two-phase Navier-Stokes equations in dependence
of h by a function u = u(h). Afterwards plugging in the solution u(h) into the
evolution equation for h they obtain a problem only dependent on h. If now w is
sufficiently more regular as the other terms in the evolution equation for d:h, the
Navier-Stokes equations can be seen as a lower order perturbation of Mullins-Sekerka,
in the coupled problem. By choosing the time interval sufficiently small one gets
well-posedness for the coupled system, stemming from the unique solvability of the
pure Mullins-Sekerka evolution of h.

Let us begin by recalling the maximal regularity class for h of the pure Mullins-
Sekerka system with boundary contact, cf. Section For p € (6,00) and ¢ €
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(5/3,2)N(2p/(p+1),2), T > 0, we obtained a unique local in time strong solution
h e Wa(0,T; Wy 9(2)) N L,(0,T; Wi~ Y/9(x)),

and 7 € Ly(0,T; W7(Q\X)), of the linearized Mullins-Sekerka with boundary con-
tact, cf. Section

We now need to make sure of two things: to be later able to treat the Navier-
Stokes part as lower order perturbation, we have to have that u|y has better time
regularity and at least as much space regularity as the other terms in (4.6))4, namely

Ly(0, T W 4(x)).

On the other hand, the linearized curvature term A, h has to be at least admissible
data in the Stokes-part, that is, A,k has to be at least of the same regularity as
Duly, cf. 4. By choosing a setting where u is too regular, A, h fails to be
admissible data, and by choosing u not regular enough, u|y, may not be treated as
a lower order perturbation. In the following lines we want to explain a setting of
function spaces, in which the coupling is of lower order and w is still regular enough
to control the nonlinear terms.

One possible choice would be an L, — L,-ansatz, where p as above is large. The
vector field v would then be very regular, hence making the nonlinearities easy to
handle since in particular p > 5. In this ansatz we search for

u € W,y (0,T; Ly(Q)) N Ly(0, T; W (Q\X)),

whence by classical theory, v € BUC([0,T7; Wg_Z/p(Q\E)). Taking traces yields
ulx € BUC([0,T]; Wﬁ‘?’/”(z)). Clearly this is more regularity and hence it can be
seen as a lower order perturbation in L,(0, T qu_l/q(Z)). However,

Agrh € WIBVED (0,5 Ly(5)) N Ly (0, T W7 —H9(5)),

on the other hand,
Duls € W27V BP0, T; Ly(£)) N Ly (0;T; Wy /P (5)).

It is now a consequence of Sobolev-type embedding theorems to see that I/Vq2 - 1x)
does not embed into W,}_l/p(E) in general, due to 5/3 < ¢ < 2 and p > 6. Hence
this L, — L, ansatz with large p does not work.

Alternatively, one can make an L, — L, ansatz, searching for some

u € W}(0,T; Lg(Q)) N Lg(0,T; W2 (Q\X)),

where 5/3 < ¢ < 2. Clearly, the function u possesses way less regularity in this
ansatz. It is then easy to check that A, h is admissible data by comparing the
regularity classes of A, h and Duls. Also,

Uls € Lag/(2—q) (0, T; Wi~ H9(X)).

Note that as ¢ — 2, the time integral exponent 2¢/(2 — ¢) tends to +oo. Hence the
Stokes part may be treated as lower order whenever ¢ < 2 is close to 2. However
we want to point out that handling the nonlinearities may be more difficult since
certain Sobolev embeddings fail since ¢ < 2.
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By choosing an L, — L, approach one may get better regularity for u, however
if one takes any trace of u on the boundary, for instance in the simplest case of the
Dirichlet conditions on top and bottom of the container, one ends up with Triebel-
Lizorkin spaces for the time regularity. It is well known that the optimal regularity
for the trace of a function

u € W, (0,75 Lg(2)) N Ly (0, T3 W (2\X))
on the boundary, e.g. on Sy, is
uls, € Fa/CD(0,T; Lg(S2)) N Ly (0, Ty WE4(S2)).

It is particularly hard to treat this problem in a mixed L, — L, setting, since even in
the model problems it is not clear how to generalize for instance the results of Priiss
and Simonett in [56] regarding the Dirichlet-to-Neumann operator. This operator
is well understood in an L, — L,, setting, however the proof of Proposition 3.3 given
in |56] is not easily generalizable to a mixed setting where p # ¢, since it heavily
relies on real interpolation method and Triebel-Lizorkin spaces do not naturally
appear as real interpolation spaces in general.

These approaches above motivate our introduction of a third integration scale.
We will show that for given ¢ < 2 sufficiently close to 2 and 6 < p < oo finite but
large, there is some exponent 3 < r = r(p,q) < 7/2 < oo such that the following
is true: A, h is admissible data in the Stokes part, and u|y is lower order in the
evolution equation for h. This L, — L, approach with r > 3 circumvents the problem
of Triebel-Lizorkin data spaces in the Stokes part completely and hence makes the
problem a lot easier to tackle. Also it allows to make use of known results of Priiss
and Simonett in [56] and makes the nonlinearities easier to handle in the contraction
estimates. We will give the precise choice of r below in Theorem and prove the
above assertions rigorously.

THEOREM 4.1. Let n = 3, that is, dim¥ =n —1 = 2. Let 5/3 < ¢ < 2 and
6 < p < oo. Furthermore, let 0 < T < Ty for some fixred Ty < co. Let

2<r< —/——.
=7 6/q—1

Then, for any h € W (0, T; qu_l/q(E)) NL,(0,T; W;_l/q(Z)), we have that
Ayh € W20, T L.(2)) N L. (0; T; WY (2)).
Furthermore, there is some C = C(T) > 0, such that

‘Aw’h|W5/2*1/‘2")(O,T;Lr(2))mL7.(0;T;W£*1/T(Z))

<o (4.7)

h _ _ .
| ‘W;(o,T;W; Va(£)NL, (0,T;Wy 1 9(2))

Furthermore, if 9/5 < q < 2, we can choose r to satisfy 3 <r < 7/2. If3<r <7/2,
we have

W0, T; L () N Ly (0, T; W (Q\E)) — (48)
3 Lo (0,5 Lo (Q)) N Lo (0, T; WHONED)) N L (0, T; WL (X)),
Moreover,

tr5s : W0, T; L (25)) N L (0, T; W2 (QF)) = Loo (0, T W, (),
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is bounded. By restricting to height functions h with initial time trace zero, h(t =
0) = 0, the embedding constant in can be chosen to be independent of T and
only depending on Ty. In particular, the embedding does not degenerate and the
embedding constant stays bounded as T — 0.

Restricting to vanishing traces at t = 0 in , the embedding constant is also
independent of T € (0, Tp].

Moreover, we can choose r to satisfy 3 < r < 7/2 and additionally, for this r,
every

u € W0, T; Lp(2)) N L (0, T; W2(Q\E))

has a gradient Du € Lz(0,T; Lo () for some ¥ > r. The mapping [u — Du]
is bounded between these spaces. Restricted to functions uw with vanishing trace at
t =0, the operator norm is independent of T € (0, Tp].

PROOF. Let 2 <r <pand 0 <T < Ty. Note that due to p > r, we have that
L,(0,T;Z) < L,(0,T; Z) for a Banach space Z. The embedding constant here only
depends on T, which stems from Hélder’s inequality,

IflL, 0152y < T(p_r)/(pT)‘f|Lp(0,T;Z) < T()(p_r)/(pr)|f‘Lp(0,T;Z); fe€Ly(0,T;2).
Due to Sobolev’s embedding theorem, of. [1], [62], W2~ Y4(S) — W} Y/"(%), for
2 —3/q > 1—3/r. This gives an upper restriction on r,
34
3—q
Summing up, L, (0, T} WqQ_l/q(E)) — L.(0,T; er_l/r(E)), provided r < p and (4.9)

holds.
Since we want to use the results of [35] on the half line, we now consider some

he W R WL 9(S)) N LRy Wi /9(E)).

r< (4.9)

Firstly, using Proposition 5.37 in [35] on the half line,
he HO(R,; W1-1/r+80-0) (),
whenever 6 € (0,1). It follows that
Aph e HI (R W2THa39(5)) g€ (0,1).
Let € > 0 small. By choosing 6 :=2/3 —1/¢+2/(3r) — e € (0,1), we obtain
Ay h € Hg/Sfl/q+2/(3r)76(R+; Wq2/q72/7'+36(2)).
By Sobolev embeddings for Besov spaces,
Agrh € HY3Va42/B0=¢(0, T; L,.(%)),

for any small € > 0.
Assume for a moment that

2/3—-1/q+2/(3r) > 1/2—1/(2r). (4.10)
Then we may choose € > 0 so small, such that

2/3—1/q+2/(3r) —e>1/2—1/(2r).
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Then Agh € Wp/27YC0,T:L.(2) — W2 Y0, T;L.(2)). Inequality
however is equivalent to r < 7/(6/¢ — 1) since ¢ < 2. Estimate is a
direct consequence of these considerations. Furthermore, whenever h has vanishing
trace at t = 0, a standard extension argument allows to see that the estimate does
not degenerate as T' — 0, that is, C(T') stays bounded as T' — 0 since it only depends
on To.

Note that 7/(6/¢ — 1) — 7/2 as ¢ — 2. In particular, choosing ¢ > 9/5 gives
7/(6/q — 1) > 3, hence we can choose 7 > 3. Now let u € W}(0,T;L.(Q)) N
L.(0,T;W2(Q\X)) for r > 3. We may use the embedding

W0, Ly () N L, (0, T; W2 (Q\X)) < BUC([0,T]; W, */"(Q\%)),

of. [6], to see that Du € BUC([0,T]; Wy 2/"(Q\%)), which then in turn yields
Du € Loo(0,T; L, (). It also follows that Du € L,(0,T; Lo (2)). Regarding the
trace operator, we note that

BUC([0, T; W7 */M(Q\X)) < Leo (0, T; W, (D)),

whenever r > 5¢q/(q + 3), which is surely satisfied since r > 3 and ¢ < 2. Let
again uw € W(0,T; L, (2)) N L.(0, T; W2(Q\X)) for 3 < r < 7/2. Then by standard
interpolation,

Du € Li(0,T; Loo(2)), forall 1 <7 < g (4.11)

If now ¢ > 99/50, we obtain 7/(6/q — 1) > 17/5, hence we can in particular choose
r =17/5. By (4.11) we now see that 7 = 4 is possible. Hence we have proven that,
provided ¢ > 99/50, we can choose r = 17/5 and Du € L4(0,T; Loo(2)). O

REMARK 4.2. (1) We can choose from now on p € (6,00), ¢ € (99/50,2)N
(2p/(p+1),2), and r = 17/5. In particular, the set of admissible indices is
not empty.

(2) Let us explain the relations between p, ¢, and r a bit further. Note that
for given ¢ € (5/3,2), we basically obtained the upper restriction r <
min(3q/(3 — q);7/(6/q — 1)). If we let now ¢ — 2, we see that formally
this reduces to r < min(6;7/2) = 7/2. If we now take the limit as r — 7/2
in the constraint of , we obtain again formally the bound 7 < 14/3.
Again, the main idea of the proof of the last part is to choose ¢ < 2 close
enough to 2 such that these arguments are valid. We want to point out
however that our proof gives exponents (p, g, r) with restrictions which do
not depend on each other.

This motivates to choose the following setting for the solutions to the two-phase
Navier-Stokes/Mullins-Sekerka system and its principal linearization .

Let T € (0,00) and p € (6,00), q € (99/50,2) N (2p/(p+ 1),2), and r = 17/5 as
in Theorem From now on, we will fix the integration scales p, ¢, and r. We are
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looking for solutions (u,, h, ) of (4.6) with

we WHO0,T; L.(Q) N L. (0, T; W2(Q\X)), 7€ L,.(0,T; H:(Q)),
[x] € W,/27YE0(0, T L.(2)) N L (0, T; W 7(R2)),

h e Wy (0,T; Wy 4(2) N Ly(0,T; W7Y9(S)), e Ly(0,T; WqQ(Q\E)() |
412

4.3.3. Regularity of the data. To be able to derive a maximal regularity
result, we will now deduce optimal regularity classes for the data in problem ([4.6)).
Given a solution (u, 7, [7], h, ) in the classes of , we derive by standard trace
theory the following necessary conditions for the data,

g1 € Le(0,T; Lr(9)),
g2 € L.(0, T; WHQ\X)),
g3 € WYY C(0,T; L.(2)) N L.(0; T; W7 (%))
g1 € WHVED(0,T; L(%)) N Lo (0; T W 17(R2))
gs € WYC(0,T; L.(2)) N L0, T; W2~/ (%)),
g6 € Ly(0,T; W, ~1/9(%)),
g7 € Fpg 2/ G0(0,T; Ly(9%)) N Ly, (0, T; W —2/9(0%)),
98 € Lp(0,T5 Ly(Q)), (4.13)
g9 € Lp(0,T; W2~14(5)),
910 € Ly (0,T; W) ~1/1(09)),
Ps,g11 € W2V @00, 75 L (S1)) N L, (0; Ty W 7(81)),
g2 € WY CD(0,T5 L,.(81)) N L (0, T3 W27 (S1))
g13 € WY, T; L,.(S5)) N L,.(0, T; W2~1/7(Sy))
uy € W272/7(Q\%),
ho € By 3/P=1/9(3).

)
)

7
)

For the regularity of g7 we refer to Section At this point we note that in
the function go does not have to have the time regularity of Du in Q\X. This is
due to the fact that there is some compatibility condition hidden in the system
stemming from the divergence equation, which inherits a certain time regularity for
(92, 95,912,913)- This will be discussed in the next section regarding compatibility
conditions. However we clearly want to point out that g, being L,.(0,T; W(Q\X))
alone is a necessary but not a sufficient condition.

4.3.4. Compatibility conditions. We now shall discuss all the compatibil-
ity conditions for the data ((gj)jlil,uo, ho) of system . In Lemma \%_3‘ below
we rigorously show these conditions all occur and are well-defined. The following
observations have already been made in Section [2.4] and [64].
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At the starting point of the evolution at time ¢t = 0 we have to have that

divug = golt—o, —[pt8s(uo)1 2] — [V (u0)s] = g3li=o,
[uo] = gslt=0, wo-vs, = gr2lt=0, uols, = g13lt=0, (4.14)

(—=Va ho, 1)—r Vs, = g7lt=0, Ps, (Mi(DUo + Du(—)r)l/sl) = Ps, g11]i=o-

These conditions follow by evaluating the respective equations at time zero. Here,
(ug)1,2 denotes the vector in R? with the first two entries of wg, similarly (ug)s
denotes the last component of ug.

Since X C 57 # 0 and bottom, top and walls of the container have a common
boundary, 051 N 8Sy # B, there are additional compatibility conditions. Simply by
comparing equations we get

l912] = g5 - vs,, on 0%,
[(911 - €3)/u* — Dsg12] = Dus, (5 - €3), on 0%,
Pys[(DpTlgs + (DoIlgs) vas) = [Posllgi/p®],  on 9%,
g3+ (vs))1,2 = —[gu1 - es], on 0%, (4.15)
913 " Vs, = 912, on 05,
Py (™ (DpTgis + (Do Tlg1s) " ves] = Posllgu, on 95,
1y, (g13 - €3) + 03912 = g11 - €3, on 95;.

Here, Iv := (v1,v2) € R? for v = (v1,v2,v3) € R? and vpy, := [vg,. The projection
then is given by Py, := I — vgx ® vgx. For further discussion we refer to [64].

We want to point out that there is no additional compatibility condition for 0;gr
on 0% as there is in [64], since g7 does not have a well defined time derivative on
0% in our regularity class. This is due to the fact that we have a different maximal
regularity class for h as in [64].

Finally we turn to the divergence equation and want to point out that there
is another compatibility and regularity condition hidden in the system, which has
already been investigated in [64]. For completeness we explain it here briefly.

Consider the divergence equation divu = go and multiply this equation with
a testfunction ¢ € WL(Q), where ' = r/(r — 1) is the conjugate exponent. An
integration by parts on the two Lipschitz domains 2 N {z3 2 0} and using the
equations entails that

/ gzﬁﬂdfﬂ—/ g12¢|s, dS1 —/ (913 - vs,)pls,dS2
NE & 5 (4.16)

+/(95 Us)plsdy = —/ u - Vedz,
5 o\x

see also Proposition A.14 in [64]. Hence the functional ¢ — ((g2, g5, 912, g13), ) de-
fined by the left hand side of is continuous on W}, () with respect to the semi-
norm |V - |1, (q). Since C§°(©2) C W (Q) is dense in the homogeneous space H (1)
with respect to this seminorm, it follows that ¢ — ((g2, g5, 912, 913), @) defines a
functional on H,(Q). In other words, (g2, g5, 912, g13) € H'(Q) := (HL(Q)). The
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norm of (ga, gs, g12, g13) in H- () is then given by
(92, 95, 912, 913) | g1 0y = SuP{{(92, 95, 912, 913), ) /I Vl1 ) : 0 € Wi ()}

We now turn again to the equations. Since u € W}(0,7T; L.(Q)), it follows from
that £ (gs, 95,912, 913) is well defined and is in L,(0,T; H-(9)). Conse-
quently,

(9295, 912, 913) € WH(0,T; H () (4.17)

is another necessary compatibility and regularity condition.
We close this subsection by showing that the compatibility conditions we have
deduced above are all well-defined conditions.

LEMMA 4.3. Let r > 3. Then all appearing traces and hence the compatibility
conditions are all well-defined.

PROOF. For the compatibility condition stemming from the divergence equation
we refer to the above discussion and . For g;, 7 = 3,5,7,12,13, and Ps, g11
we note that all functions have a well-defined trace at ¢ = 0 since r > 3. Indeed,
the condition for g7 is independent of r (and fulfilled by choice of p and ¢) and the
rest easily follow by trace theory. Pick for instance gs. Then g3 surely has a trace
at t = 0 whenever 1/2 —1/(2r) — 1/r > 0. This is however equivalent to r > 3.
By taking traces in the spatial variables one easily sees that all the other traces are

well-defined. |
4.3.5. Maximal regularity. Let us consider the linear problem
pEOu — pF AU+ Vi = g1, in Q\X,
divu = ga, in Q\X,
— [0 83 (w1, u2)] — [4* Varus] = g3, on X,
—2[p* d3us] + [7] — o Aph = ga, on X,
[u] = g5, on X,
Oh = (ug +ug)/2+ [9sp] = g6, on %,
(=Vuh, 1) v, = g, on 0%,
Ap = gg, in Q\X, (4.18)
tly — oAzh = go, on X,
vao - Viilaa = gio, on OO\,
Ps, (= (Du+ Du')vs,) = Ps, g11, on S1\0%,
u- Vs, = g12, on S1\0%,
U = g13, on Sy,
u(0) = uo, on Q\X,
h(0) = hy, on Y.

The main result on maximal regularity for (4.18) is the following.

THEOREM 4.4. Let u*, p*, 0 > 0 be constant, —co < L1 < 0 < Ly < 00, (p,q,7)
as in Theorem|4.1 and ¥ C R? be open, bounded and smooth. Let Q := ¥ x (L1, L),
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Sy := 90X x (L1, Ls), and So := X x {L1,La}. Let 0 < T < oo. The coupled linear
system (4.18) then admits a unique solution (u,w,[r],h,u) with reqularity (4.12)),
if and only if the data satisfy the regularity and compatibility conditions (4.13),

(4.14), (4.15), and (4.17). Furthermore, the solution map [((g;)j=1,...13, %o, ho) —

(u, w, [7]], h, p)] between the above spaces is continuous.

PRrOOF. First we reduce to trivial initial data by solving an auxiliary ninety
degree angle linear Mullins-Sekerka problem of type

Och + 03] = g, on ¥,
(=Vah, 1) -vs, = g7, on 0%,
Af = gs, in Q\X,

fils — oAy h = go, on %,
voa - Viiloa = gio, on OO\,

h(0) = hy, on X,

by functions
h € Wy (0,T; Wy =/9(5)) N Ly (0, T; Wi~ U(R)),  fi € Ly(0, T; W2 (Q\X)).

Then we solve an auxiliary two-phase Stokes problem

pT0,0 — ptATL + VT = g1, in O\,
divi = go, in Q\X,
—[uF0s (1, )] — [0 Vruz] = gs, on %,
—2[p*Ostis] + [7] = g4 — oAb,  on %,
[a] = gs, on X, (4.20)
Pg, (,ui(Dﬂ + DQT)Vsl) = Ps, g11, on S1\0%,
u-vs, = g2, on S1\0%,
U= g13, on S,
a(0) = uy, on O\,

using Theorem A.11 in |64] by functions
€ WHO0,T; L.(Q) N L. (0, T; WA(Q\X)), 7€ L.(0,T; H{(Q\X)),
with
[7] € WY/2=YC(0,T; L,(2)) N L.(0, T; W7 (%)),

Here we want to point out two things: A, h has sufficient regularity to be admissible
data and that there is no compatibility condition stemming from (4.20),. Hence
g4 — oA, h is admissible data for the problem. Having now (@, 7, h, i) at hand, we
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are left to solve

ptou — pFAu+ Vi =0,
divu = 0,
— [ 05(ur, u2)] — [4* Varus] =0,
~2[u*dsus] + [7] — oAk =0,
[u] =0,

Oih — ugls + [Osp] = (uf + uz)/2,
(=Vaurh, )T -vg, =0,
Ap =0,

pls — 0Ayh = —0Ayh,

vaa - Vilaa = 0,
Ps, (,ui(Du + DUT)VSI) =0,

u-vg, =0,
u=0,

u(0) =0,
h(0) =0,

in Q\X,
in Q\X,
on 3,

on Y,

on 3,

on X,

on 0%,

in Q\X,
on Y,

on O,
on S1\9%,
on S1\0%,
on Sy,

on O\,

on .

We do this as follows. Define the linear Mullins-Sekerka operator Lass : oEnrs,r —

oFasT by
8th — [[63M]]
Ap
Lys(h, p) = pls —olAgrh
naq - Vo
(=Vahlos, 1) T -vg,
where

oEars.r = [oWh(0, T; Wi 4()) N Ly(0, T; Wy 9(S))] x Ly(0,T; W2(Q\X)),

and

oFars,r = Ly(0, T, Wy~ V4(E)) x Ly(0,T; Ly () x Ly(0,T5 Wy~ 4(X))
X Ly(0, Ty WE9(0Q)) x [oF ;2 3(0,T; Ly (%)) N L, (0, T; W2=2/1(9%))].

In Sectionwe have shown that [Lass : 0Eaps,r — oFams,r] is boundedly invertible.

Define the linear Stokes operator

Ls : oEnsr — [oWr(0,T5 Li(Q)) N L (0, T3 WH(Q\))]
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by Ls(h) := u, where (u, ) is the unique solution of

prou — ptAu+ Vr =0, in Q\X,
divu = 0, in Q\X,
—[1E0s(ur, ua)] — [V erus] = 0, on X,
—2[utosus] + [7] = oA h, on X,
[u] =0, on X,
Pg, (ui(Du + Du)vg,) =0, on S1\0%,
u-vs, =0, on S1\0%,
u =0, on So,
u(0) =0, on O\,

cf. Theorem A.11 in [64]. Tt then stems from Theorem [4.1|that Lg is well defined,
linear and bounded. Define B : oEyrg 7 — oFars,r and G(@, h) € oF s by

B(h) == (—Ls(h)|%,0,0,0,0)", G(a,h):= ((af +u5)/2,0,—cAh,0,0)".
We can hence rewrite the problem as
LMS(ha ,U,) = _B(h) + G(ﬂv B)7 in OFMS,T‘

We now solve this equation by a Neumann series argument. Clearly this equation is
equivalent to
(I + LyjsB)(h,p) = LyisG(a,h),  in oFursr,

hence it remains to show that |L]T41$B|B(O]EIVIS,T) < 1 if T > 0 is small enough. Then
by a Neumann series argument, (I + LA_/[lsB) is invertible and the theorem is shown.
Since we now have that Lj;g is boundedly invertible and the norm of the inverse
is independent of T since we only consider functions with vanishing time trace at
t = 0, the claim follows from Theorem Indeed,

|B(h) = |Ls(h) 71/?|Lg(h)

|Lp(07r;vv;‘“%z>> < |Lm(o,r;vv;‘1”<2>>

< Tl/p|h|oIEMs,7—v 7> 0.

|0]FMS,7-

Note that again since h has vanishing time trace, all embeddings in Theorem
are time-independent. In particular, by choosing 7 > 0 sufficiently small, we get a
unique solution (h, i) in the proper regularity class on (0, 7). Solving then the two-
phase Stokes system for this particular h gives a proper (u,7) in the L,-regularity
scale, again on (0, 7).

Shifting back the equations via @(t) := u(t—7), 7(t) := w(t—7), h(t) := h(t—7),
and i := p(t — 7) we can again apply this argument and solve again on the same
length time interval (0, 7), which in turn gives us now a solution on (0,27) in fact.
Repeating the steps we can solve then the problem on (0,7), cf. Section 2.3 in
|64]. O

4.4. Nonlinear Well-Posedness

In this section we show local well-posedness for the full nonlinear problem ({4.5).
The main result is the following.
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THEOREM 4.5. Let u™, p*, 0 > 0 be constant, —o0o < Ly < 0 < Ly < o0, (p,q,7)
satisfy

p€ (6,00), qe€(99/50,2)N(2p/(p+1),2), r=17/5, 1/r>1/4+1/p. (4.23)

Let ¥ C R? be a bounded domain with smooth boundary. Let Q := % x (L, Ls),
Sy = 0¥ x (L1, La) be the walls and Sy := ¥ x {L1, Lo} bottom and top of the
cylinder. Furthermore let

(o, ho) € W2/ (Q\R) x B /80 (s)
satisfy the compatibility conditions

div Ug = Gd(ho,uo), m 9\27

[ 05 (uo)1.2] — [HFVar (u0)s] = Glh(ho, uo), [uo] =0, on %,
Ps, (4~ (Dug + Dug )vs,) =0, ug -vs, =0, on Sy,
U0|52 = 07 on SQJ (—Vm'ho, 1)T Vs, = O, on 0X.

(4.24)

Then the full nonlinear (transformed) problem (4.5) admits a unique local-in-
time strong solution, that is, there is some Ty > 0, such that for every 0 < T < T
there is some € = e(T') > 0, such that whenever the smallness condition

|U’0|W3*2/T(Q\E) =+ |h0|33;1/<173/p(2) <e (425)

is satisfied there is a unique strong solution (u,m,[n],h,u) of (4.5) on (0,T) with
reqularity (4.12)).

PROOF. We first again reduce the problem to (ug,hg) = 0. This can be done
by first solving an auxiliary Stokes problem as in Section 3.2 in [64] to reduce to
ug = 0, and then a linearized Mullins-Sekerka problem, cf. Section to reduce to
ho = 0. Note that the respective compatibility conditions are satisfied by(5.5). The
reference solution (w., 7y, A, i1+) resolving the initial conditions then belongs to the
proper regularity classes.

Let us now introduce notation. Let

0Eu(T) = oW (0, T3 L(2)) N L (0, T; W2(Q\X)),
Er(T) := L-(0,T; Hy} (2\X)),
0Bq(T)) := oW /271 G0 (0,7 L (2)) N Ly (0, T; W, ~17()),
0EA(T) := oW, (0, T5 Wy~ 4(2)) N Ly (0, T; Wy~ /4(5)),
E.(T) = Ly(0, T; W7 (2\X)),

and

OE(T) = 0By (T) X Ex(T) x oBqg(T) % 0B (T) x By (T) N {(u, 7., by 1) = q = [7]}-
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Moreover, let

Fi(T) := L (0,T5 L (92)),
Fy(T) := L. (0, T; W} (Q\X)),
F3(T) := oW,/>7 1/ 30(0,T; L(2)) N L (0; T; W 17(8)),
Fy(T) := W2V )0, T L.(2)) N L. (0; T; WY7(2)),
F5(T) == oW L 7(0,T; L, () N L (0, T; W2 H7(%)),
Fe(T) := Ly(0,T; W, /(%))
Fr(T) := o F >/ ®9(0,T; Ly(9%)) N Ly (0, T; W —2/4(9%)),
IE?ES(T) = LP(OvTE Lq(Q)),
Fo(T) := Ly(0,T; W2~ 1(%)),
(T

F1o(T) := Ly(0,T; Wy ~1/9(09)),
Fi1(T) := oW/ 2~V 00,15 L (S1)) N L (0; T; W7 (),
Fia(T) := oW L0, T; L (S1)) N L (0, T; W27 (),
Fi5(T) := (WY@ (0, T; L,(S2)) N L (0, T; W2=1/7(8y)).

Let

o (T') := X}ile(T) N {(92, 95,912, 913) € W;(R%ﬁ;l(g))}-

Define a linear operator by the left hand side of (4.5)), that is define L : (E(T) —
oF(T) via

ptou — ptAu+ Vr
divu
[ 05 (ur, u2)] — [W* Varus]
72[[#:‘:83’(1,3]] +q—0luh
[u]
Oth — us|s, + [0sp]
L(u,m,q,h,p) := (=Vaoh,1)T|ox - vs,
Ap
M|Z - OAw’h
vaa - Vitlaa
Ps, (p*(Du+ Du")vs,)
U"Sl "Vs,
uls,
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We collect the right hand side in the operator R : E(T') — F(T), defined by

a*(h; D?)(u, ) + a(h,u)
Gd(u7 h’)
GS(U, ™, h)172
GS (uv T h)?)
0
GZ(ua h7 M)
R(u,m,q,h,p) = 0
Ge(h, 1)
x(h)
Gy (h,p)
Gp(u, h)
0
0

Hereby E(T') and F(T) are defined similarly as above but without the trace properties
at t =0.

It is now clear that for h € E(T) (which is a function having vanishing time
trace) the compatibility condition (=V/h(t = 0),1)T |ss - vs, = 0 is satisfied. Re-
garding the compatibility conditions for the Stokes system we refer to Section 3.1
in [64]. Therefore both operators are well defined.

Let z := (u,m,q,h,u) and z, := (Us, Tx, [Tx], s, pis) the reference solution as
above. We can now rewrite the problem abstractly as

L(z+ 2z.) =R(z + 24), z€oE(T).

Note that we already know that L is invertible from (E(T) to ¢F(T") with norms
independent of T'. This renders the fixed point equation

z=L"YR(z+ z,) —Lz,), in oE(T).

Define K : gE(T) — ¢E(T) by means of [z — L™} (R(z + 2,) — Lz.)]. We now need to
establish contraction estimates for R.

LEMMA 4.6. There are ro, Ty > 0, such that
IR(2142+) =R(22+ 2:) o1y < C(T + |2u |1y + 21l 0m(T) + | 220R(T)) |21 — 22 B (T)
for some a > 0 and for all z1, 25 € B(r,0) C oE(T), if r <rg and T < Ty.

Having these estimates at hand we proceed as in the proof of Theorem to
obtain a fixed point of K by Banach’s contraction mapping principle by choosing
e(T) > 0 in (4.25) small enough. The uniqueness of h is understood in the sense of

the proof of Theorem This finishes the proof. O
PROOF OF LEMMA L6l Let us first note that

[h = Ap) € CHU; BWZ2(Q\X); L. (Q))), (4.26)

[h = V] € CHU; BIWF(Q\Z); WFL(Q\D)), k=1,2, (4.27)

where U C Bf; L/a=3/p () is a sufficiently small neighbourhood of zero. This can
be shown as in Lemma 217
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We estimate every nonlinearity separately. Let h € W, where W is a sufficiently
small neighbourhood of zero in B (T). We recall that a®(h; D,)(u,7) = p* (A —
A)u — (V — Vp)7. Clearly,

[(An = A)ulr, 0,1:2,) < 1A = AlL 0, 1:8w20\2);L, () U] L, (0,75w2(2\5)) -
Using (4.26]) this gives
[(An — A)ulr, 0,15, () < Clhlemlule, orw2@\xs), heW.

The same arguments give
[(Vh = V)7L, 0,15, < Clhlm)| L orm@sy: "eEW,

since (4.27) is also true for the homogeneous counterparts Hff replacing W}. Note
that these estimates and the C'-dependence of h and the linear structure in (u, )
of a*(h)(u, ) then automatically give rise to a contraction estimate of form

|la® (h1)(u1, m1) — a* (ha)(u2, m2)| L, 0,1;L..(2)) < (4.28)
< Clhy = halr(r) (|U1 — U

valid for all hy, hy € W,up,uy € Lp(0,T; W2(Q\X)), 71,7 € L.(0,T; HH(Q\X)).
Indeed, we have that a* € C2 (W x Ey(T) x E.(T); L,.(0,T; L,.(Q))), and a*(0) =
0, Da*(0) = 0. Alternatively, one can explicitly estimate the difference and end up
with (£:28). Before we estimate @(u, h,n) :== Du-8,0;, '+ (u-Vp)u+(pt —p~) (Vi
Vi)u, some remarks are in order. Firstly, Du - 8,5@;1 = —xO:h(1 + hx')~10su,
see |57].

Contracting the (transformed) convection term (u - Vp)u is easy due to the fact
that Ey(T) < Loo(0,T; Lo (2)) N Lo (0, T; WH(Q\X)). More precisely,

L.(0.T;W2(\8) T |m1 — 7T2|LT(0,T;H¢(Q\E))> )

(- Vi)ulr, omL. @) <
TV ulp 0,752 () Vil L0187 @08)iLo @) [l 07592 (012
Regarding the other terms we recall that Du € L4(0,T; Loo(£2)) by Theorem [4.1
We then get by Holder inequality that
|Du- 9,03, |1, 0,150, (2)) <
X1+ X)L 01520 @) | DUl L, (0.7:Loc (@) [OeP L, (0,72, (2) 11 L,y (0,730 (25
where 1 < pg,p; < oo are such that

L (4.29)
T p1 P Do
Choose p; = 4. By choice of ¢ < 2 and 3 < r < 7/2, we have qu*l/q(E) — L,.(%)
by Sobolev’s embedding theorem. Since 1/r > 1/4 4+ 1/p, r = 17/5, cf. ,
we find finite 1 < pg < oo such that is fulfilled. Note that these estimates
may not optimal but sufficient in our case. We then obtain that there is some
e =e(p,q,r) > 0 such that

|Du- 0,0, L, 0m:10)) < CT% |ule, (1) |hlg,(r), 7€ W.
Furthermore,

|(Van-Vi)ulrL, o.7:0.@) < IVanlz,o.rz,@)Vaulr, 0.1 @) L, 0,70 )
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where po, p1 are as above. Again by Sobolev embedding, W, (\X) < L,.(€2), whence

[(VanVi)ulr,o1:z.) < IVanlc,orwr @e) [ Vauls,, 0.7:L. @)L, 0,700 )

In view of (4.27)), these estimates together with the smooth dependence of a €
C=(E,(T) x W;F(T)), as well as a(0,0,0) = 0 and Da(0,0,0) = 0 give rise to
contraction estimates for a.
For G4(u, h) := (div — divp)u, the estimate in Fy(7') is straightforward,
|Ga(u, h)| L, 0.rwr@\2) < IV = Valoomswz@swi@)lu
where we used that Gg(u, h) = Tr(V — Vj)u.
The contraction estimates for G.(h,n) := (A — Ap)n = (divV — divy, V,)n and

Gn(h,n) :=voq-(V—V})n easily stem from (4.26)-(4.27) with ¢ replacing r. Recall
that in this graph situation, K(h) = div, (Vh(l + |V h|?)~/?), whence

1 1
Gulh) = |1 - ————= | Aph+ Vorh Vo | ————= ], 2’ €.
" ( ~/1+|V1/h|2> <\/1+|Vx/h2>
(4.30)

Again using the product estimate

[Vh - V2hpy (1) < C|Vh|LOQ(O)T;Bg;uqfa/p(z))\V2h|F9(T) < O|h|§Eh(T)

L (0,TsW2(Q\))

and the fact that G, € C°(W;Fy(T)), G,(0) = 0, DG, (0) = 0, ensure the contrac-
tion property of Gy.
Regarding G5 (u, h) it is shown in Section 3.1 in [64], that

Varh
1+x'h (Xafi“((_vx’h»l)T “s,) + (Xx’h ) ds(u- Vsl)ﬂ .

Therefore, due to the fact that u - vg, = 0 on $;\0% and (—V,/h,1)T -vg, =0 on
9% x (L1, Ls), the nonlinearity G5 (u, h) vanishes for the fixed point we obtain later.
Hence we may replace GliD (u, h) by zero in the definition of R.

Now, for Gg(h,u,n) we split Gs(h,u, 7) = G2 (h,u,7) + G%(h), where

G3(h,u,m) == [u* (DO — I)Du+ Du' (DO, — I)"))]vs, +
(4% (Du+ DuT) = 7) (e5 — v, )],
Gg(h) = O’(K(h)yzh — Azlheg).

Regarding the estimates of G2 (h, u, 7) we refer to |[56]. Note that due to Remark 1.2.
(c) in |[56] we may use these results since r > 3 and E;(T) — BUC([0,T]; C?(%)).

Considering G%(h) we may write G%(h) = Gx(h)es + K(h)(vs, — e3) and es-
timate each term separately. In particular, we have to control terms of the form
Vh - V2h in the norm of F3(T) = (W2 (0,7, L,(2)) N L. (0, T; W7 (2)).
This stems from the observation in (4.30). Now, by Theorem we already know

that the space in which second derivatives of h live in embeds into F5(T).
We may now use the product estimate of Proposition 5.7 in [48] to obtain

GE(u, h) = Ps, [

‘Vh . vghlwﬁ/zfl/@”(O,T;LT(E)) < |Vh|Loo(01T?Loo(2))|v2h|Wﬂ/2*1/(27‘)((],T;LT(E))J'_

+ VAl yarz-1re0 oo oy VA L 0,75L.5)-
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Furthermore,
2 2
IVh- V7R o mawi=1m gy S VRl @ zser@n VR 0 rowi=1m (s

These estimates show that the product terms of form Vh - V2h are well defined in
F3(T).

These observations allow us to conclude contraction estimates for G’ since again
G%(0) =0,DG%(0) = 0.

Regarding G (u, h, 1) = uls (= Varh, 0) " =[e3-(V=Vu)u] = [(=Varh,0)"-Vip],
the last two terms can be controlled as before. Clearly the first term is smooth in
(u, h) and quadratic and the bound

|uls - (—V,;:h,O)T\LP(O’T;W(}A/Q(Z)) < Tl/p|u|Loc(0,T;qu(Q\2))|Vh|LOC(O,T;Cl(Z))

renders contraction estimates also for GGx;. This concludes the proof of the contrac-
tion estimates. O

REMARK 4.7. We need the technical assumption (4.23)) for the contraction esti-
mates. Note that if p € (23, 00), the last inequality in (4.23) is fulfilled automatically.

4.5. Qualitative behaviour

In this section we investigate the long-time behaviour of solutions starting close
to equilibria. By a study of the spectrum of the linearization we will show that
solutions starting close to certain equilibria converge to an equilibrium solution at
an exponential rate.

Let us again consider the case of a cylindrical container Q = ¥ x (Ly, L2), where
—00 < L1 <0< Ly < oo and ¥ C R? is open, bounded and has smooth boundary.
We want to study stability properties of

pOyu — pAu + div{(pu + [p]Vn) @ u] + Vp =0, in Q\I'(¢),
divu =0, in O\I'(¢),
~[u(Du+ Dul)[vrw + [Plvre) = oHr@vrw,  on (1),
[u] =0, on T'(¢),
Ve = ulrqy - veey = —vre - Vol on I'(2),
vr@) - vs, =0, on OI'(t),
An =0, in Q\I'(¢), (4.31)
nlr@y = oHr), on I'(),
vaa - Vnlaa =0, on OO\I'(¢),
Ps, (u(Du + DUT)Z/Sl) =0, on S1\oT'(¢),
u-vg, =0, on S1\0I'(t),
u =0, on So,
u(0) = wo, on Q\I'(0),
') =To.

We recall that p := pTxa+@) + 9~ Xa-@) and p:= pFXo+ @) + 17 Xa- (@)
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4.5.1. Equilibria and spectrum of the linearization. We note that the
pressure p as well as the chemical potential © may be reconstructed by the semiflow
(u(t),T'(t)) as follows. For given I'(t) we can solve the two-phase elliptic problem

An =0, in Q\I'(¢),
nlre = oHrgy, on I'(t),
noQ - V77|aQ = 07 on 89,

and the weak transmission problem

([1/p]VDIVE) L, )
= ([u/p)Au = [1/p] div[(pu + [p] V) @ u][Vp) L, (q), for all o € WL(9Q),
[p] = [(Du + Du")vry - v ] + o Hrg), on I'(t),
where ' = r/(r — 1), cf. Lemma A.7 in [64]. Therefore we may concentrate on the
set of equilibria £ for the semiflow (u(t),I'(¢)). Note that the set of equilibria for
(4.31) is given by
E={(u,T"): u=0,Hr = const.}.

In particular, also p is constant, p is constant in the two phases of Q\I" and also the
jump [[p] is constant on T

REMARK 4.8. We want to point out that in the special case when I' is a C?-
graph of a function h over ¥, we can even deduce that Hr = 0 and h is constant. A
proof of this can be found in Section |3.2

We now work again in the graph situation, that is, we assume the free interface
I'(t) is the graph of a height function h over X.

The linearization of the transformed two-phase Navier-Stokes/Mullins-Sekerka
problem around the trivial equilibrium (0,%) € & induces us to study the
problem

pou — uAu + Vp = fu, in Q\X,
divu = 0, in Q\X,
—[u(Du+ DuM)]es + [ples + oAyrhes =0, on X,
[u] =0, on X,
Oth — us + [93n] = fn, on X,
(Vorh,—1)" -vg, =0 on 9%,
An =0, in Q\X, (4.32)
nls + oAy h =0, on X,
vaq - Vnlaa = 0, on ON\X,
Ps, (w(Du+ Du")vg,) =0, on S1\90%,
u-vg, =0, on S1\0%,
u =0, on Sy,
u(0) = uy, in O\,

h(0) = ho, on ¥,
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where fp, is assumed to be mean value free. Let us note the following observations.
Integrating equation (4.32); over ¥ yields [y h(t)dz = [ hodx for all t € Ry. In
other words, whenever hg and fj are mean value free, the solution h will stay mean
value free for all times. Furthermore, applying Ps, = I — e3 ® e3 to equation (4.32),
directly yields that Ps([u®(Du+ Du')]es) =0 on X.

We want to write system as an abstract evolution equation. To this end
let

Xo = Lyo(Q) x W) H9E), X1 = (Lro(Q) NWE(Q\D)) x Wi 4(5),
and define a linear operator A : D(A4) C X; — Xy by
A(u, h) = (=[n/plAu+ Vp/p, —uz + [931])
with domain
D(A) == {(u,h) € X1 : [u] =0 on X, Ps, (u*(Du+ Du')vg,) =0 on $\0%,
u-vg, =0 on S1\0%, u =0 on S,
Ps([pE(Du+ Du")]es) =0 on X, (Varh,—1)" -vg, =0 on S;}.
Here, p € H!(Q\Y) solves the weak transmission problem
(Vp/pIVe)Ly0) = ([1/p)AuVe) Ly (), for all ¢ € W, (Q),
[p] = 0Auh+ ([*(Du+ Du')]esles) (), on X,
cf. Lemma A.7 in [64] and 1 € WZ(Q\X) solves the elliptic problem

Anp=0, in Q\X,
Ny +0A,h =0, on X,
a,n =0, on 0f.

As in [4] and [64], we will sometimes make use of the notation via solution operators
Ty and T for the pressure, that is,

Vp/p = T1l(n/p)Au] + Ta[oAuh + ([u(Du + Du")es|es) ()], (4.34)

of. Lemma A.7 in [64]. Note that Ayh € Wo V9S) — W Y"(2) for h €

Wy /(%) by Sobolev embedding, since r < 3¢/(3 — q).
We can then rewrite problem (4.32]) in a more compact form as

2(t)+ Az(t) = f(t), te Ry, 2(0) = z,

where z := (u, h), f := (fu, fn) and zg := (ug, hp). We can now show a similar result
as in [4] about properties of the operator A.

LEMMA 4.9. Let n = 2,3, (p,q,r) as in Theorem E, pE, ut, o > 0 constant
and Xo and A as above. Then the following statements are true.

(1) The linear operator —A generates an analytic Co-semigroup e~ in Xj.

(2) The spectrum o(—A) consists of countably many eigenvalues with finite
algebraic multiplicity.

(3) A =0 is a semi-simple eigenvalue with multiplicity 1 and Xo = N(A) &
R(A).

(4) o(—=A)\{0} cC_ :={z € C:Rez<0}.
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(5) The kernel N(A) is isomorphic to the tangent space T(os)E of € at the
trivial equilibrium (0,X) € € and is given by N(A) = {(u,h) : u=0,h =
const.}.

(6) The restriction of e~ to R(A) is ezponentially stable.

PROOF. The first assertion follows from Theorem and the proof of Propo-
sition 1.2 in [53]. Since D(A) compactly embeds into Xy, the resolvent of A is
compact and therefore the spectrum of A consists only of countably many eigen-
values with finite multiplicity. By classical results, it does not depend on ¢ and r,
cf. [8], [19]. So let A € o(—A) be an eigenvalue with eigenfunctions (u,h) € D(A).
The corresponding eigenvalue problem reads as

Apu — pAu+ Vp =0, in Q\X,
divu = 0, in Q\X,
[u] =0, on X,
—[(Du+ Du")]es + [p)es — oAy hes =0, on X,
A —uz + [05m] = 0, on %,
(Varh,—0)" -vg, =0 on o, (4.35)
An =0, in Q\X,
[l =0, nls+oAsh=0, on %,

Vaq - Virlaa =0, on IO\,

Ps, (u(Du + Du)vg,) =0, on S1\0%,
u-vg, =0, on S1\0%,

u =0, on Ss.

Testing equation (4.35); with u in Lo(f2) and invoking boundary and transmission
conditions yields

Mp'2ulf ) + [u!/*(Du+ Du") 3, o) + oAV bl (s) + [Vil], @) = 0. (4.36)

Let A = 0. Then v = 0 by Korn’s inequality and n = const., whence A,/h is
constant on X. An integration over X together with the boundary condition 6
yields that A, h = 0 on X. Hence h has to be constant. We obtain that the kernel
N(A) is one-dimensional and N(A) = {(u, h) : v = 0, h = const.}. Taking real parts
in 6) yields ReA < 0. We also easily obtain that o(—A) NiR = {0}, hence
( )\{0} C C_. Next we show that the eigenvalue A = 0 is semi-simple. Pick

= (u,h) € N(A?). Then z; := Az € N(A), hence z; = (0,h1) and h; is constant.



4.5. QUALITATIVE BEHAVIOUR 125

The problem for z = (u, h) now reads as

—pAu+ Vp =0, in Q\X,

divu =0, in Q\X,

—[p(Du + Du")]es + [ples — oAy hes =0, on X,

[u] =0, on X%,

—ug + [03n] = hq, on X,
(Vorh,—1)" - vg, =0, on 9%, (437)

An =0, in Q\%,

Ns +0Ayh =0, on Y,

voq - Vilaa = 0, on OO\X,

Ps, (w(Du+ DuT)ySI) =0, on S1\0%,

u-vg, =0, on S1\0%.

u =0, on Ss.

Integrating (4.37)); over ¥ and using the fact that h; is constant yields

7/ U3da:’+/[[33n]]dx/:h1/ ldx'.
) 2 2

Note that due to the boundary conditions in , fz usdr’ = fgﬁ divu = 0 and
Jsl@sn]da’ = [, Andz = 0. Hence hy = 0 and therefore (u,h) € N(A), whence
N(A?%) C N(A). Since A has compact resolvent, R(A) is closed in Xg and A =0 is a
pole of (A — A)~!. Therefore A = 0 is semi-simple, cf. [43], and Xo = N(A) ® R(A).
Since also o(A|g(a)) C C4 we obtain that the restricted semigroup e=4!|p(4) is
exponentially stable.

Define now a linear operator L : D(L) C X; — P3*Xgy by L(u,h) := A(u, h),
where

D(L) := D(A) N {(u,h) € X3 : (h, 1)L2(E) = 0},

and Py X := Xo N{(u,h) € Xo: Py"h = 0}. Hereby, PFh := (h|1)1,(s)/|Z|.
Then L is well-defined and o(—L) C {A € C: Re A < —k < 0} for some x > 0,
since the spectrum is discrete.

4.5.2. Parametrization of the nonlinear phase manifold. We recall, cf.
(4.5), that the transformed equations around the trivial equilibrium (0,3) € &€ read
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as

poru — pAu + Vp = F,(h,u, p), in Q\X,
divu = G4(h,u), in Q\X,
—[u(Du+ Du") — pIes = oAy hes + Gs(h,u, p), on X,
[u] =0, on Y,
Oth = uz — [03n] + Gs(h,u,n), on ¥,
(=Varh,0)" - vs, =0, on 93,
An = Ge(h,n), in Q\X,
Nls —oAph = Ge(h), on Y,
voo - Vnlaa = Gy (h,n), on ON\X,
Ps, (u(Du+ Du")vg,) =0, on S1\0%,
u-vg, =0, on S1\90%,
u =0, on Sy,
u(0) = uo, on O\,
h(0) = ho, on ¥,

where F,(h,u,p) := a®(h; D,)(u,p) + a(h,u), cf. ([4.5). The nonlinear phase mani-
fold is given by

PM := {(u,h) € W2 ¥"(Q\X) N BL Y/773/7(2) : divu = Gy,
Py(u(Du+ Du")es) = ((Gs)1.2,0), [ul = 0, (Varhlngs) =0,
(h1) L,y =0, Ps, (u* (Du + Du)vs,) =0, u-vs, =0, uls, = 0}.
as a subset of X, := WT2_2/T(Q\E) N ng_l/q_g/p(ﬁ). The linear phase manifold is
given by
PMo := {(u,h) € W22/"(Q\S) N B 1/ 973/P(%) : divu = 0,
Ps(u=(Du + Du")e3) =0, [u] =0, (Vah|nss) =0,
(h1) o) =0, Ps, (ﬂi(Du + DUT)Vsl) =0, u-vg, =0, uls, =0}

Following the lines of Section 4.2 in [64], we obtain that there is a local parametriza-
tion of PM over PMg around zero. More precisely, there is a small » > 0, such that
for every (ug, ho) € B(r,0) C PM there is a C2-function ¢ and a decomposition

(uo, ho) = (0, ho) + (¢(iio, ho), 0),  (iio, ho) € PMo. (4.39)
For details we refer to Proposition 4.3 and Section 4.2 in [64].
4.5.3. Convergence to equilibria. We now state and prove the main result.

THEOREM 4.10. The trivial equilibrium (0,3) € & is stable in the following
sense. For each € > 0 there exists some § = 6(e) > 0 such that for all initial values
(uo, ho) € X, NPM satisfying

|u0|Wf—2/T(Q\E) + |h0‘33;1/q—3/p(2) < 5(5), (440)
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there exists some global in time solution
w € WHRy: Lo(@)) N L(Ry; WE(Q\S),
h e Wy (R Wy Va(2) N Ly(Rys WV9(8)),

such that
|u(t)|W372/T(Q\E) + ‘h(t>|33;1/q73/p(2) <eg te R+.
Moreover,
_ pT
[14(Oly2-2/7 gy 5+ 1B = PERol sy | 1000 0,
where Pi'hg = ‘%l(ho‘l)Lz(z) is the mean value of hg. The convergence is at an

exponential rate.

ProOOF. We follow the lines of |[4] and [64]. Let ¢ > 0 be given and (ug, ho) €
X,NPM such that the smallness condition (4.40) holds for some § > 0 to be specified
later. By (4.39)), we can decompose the initial data

(uo, ho) = (0, Py ho) + (fho, ho) + (¢(io, ho), 0),

where (7o, ko) + (¢(iio, ho),0) € PM and (i, ho) € PM.
We now want to decompose the solution (u(t), h(t)) suitably and write

(u(t), k(1)) = (0, P ho) + (a(t), h(t)) + (a(t), h(t)), t € Ry,

where (@(t), h(t)) € PMg for t € Ry, and estimate each term separately. We consider
the two coupled systems

wpii + pdyii — pT AU+ VT = Fy(PrYho + h+ h, i+ 4,7 + ), in Q\X,
diva = Gg(Pyho + h + h, @+ a), in Q\%,
—Ps([u* (Dt + Du"es]) = GL(PPho + b+ h, i + ), ony,
—2[uFdsus] + [7] — 0Aph = GE(Pyho + h + h, @ + ), on ¥,
[a] = 0, on X,
wh + 8ih — a3 + [037] = G=(PFho + b+ h, @+ @, 7 + 7), on %,
(=Vah,0)" -vg, =0, on 9%,

A= Go(PYho + h+ h, 7+ 7), inQ\x, (441)
iile — 0Awh = Go(Pyho +h+h), on X,
voq - Villoa = Gn (P ho + h + hy i + 1), on OO\X,
Ps, (n=(Du+ Du')vs,) =0, on S;\0%,
a-vg, =0, on S1\0%,
0=0, on S,

) = So(ﬁ(h hO)v on Q\Z,
h(0) = 0, on ¥,
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where w > 0, and

pdyit — ptAG + Vi = wp(I — T1)a, in O\,
diva = 0, in Q\X,
—Ps([u= (D + Di"es]) = 0, on X,
—2[ptdsus] + [7] — oAk =0, on ¥,
[a] =0, on X,
Ah — s + [837] = w(h — Pyh), on ¥,
(=Vah,0)" v, =0, on 9%,
An =0, in O\, (4.42)
iils — 0Ayh =0, on ¥,
voq - Vilaa = 0, on OO\X,
Ps, (#5(Da+ Di")vs,) =0, on $1\0%,
-vs, =0, on S1\0%,
=0, on S,
@(0) = o, on Q\X,
h(0) = hy, on Y.

Let us note a few things here. T} in 1 is the solution operator stemming from
([4.34). The right hand side of (£.42), can equivalently be written as wp(I — T1)u =
wpii — wpVq, where § € H}(Q\X) is the unique solution of the weak transmission
problem

(VQ|Vw)L2(Q) = (ﬂ|v¢)L2(Q)a for all w € er’(Q)a
[g] =0, on X.

Furthermore, the initial value kg in ([£.42) is mean value free. Note that the right
hand side of (4.42) is mean value free as well, hence an integration of (4.42), over

> yields that h stays mean value free for all times ¢ > 0. In particular, we can
equivalently rewrite (4.42)) in the projected base space Py X, as

—2(t) + LE(t) = R(Z)(t), t>0, 2(0)=Z := (o, ho). (4.44)

Here,  := (@1, h), Z := (@, h) and R(Z) == (w(I — T1)a, (I — P)h).

Note that by Lemma the spectral bound of —L satisfies s(—L) < —k < 0
and the restricted semigroup e~ is exponentially stable on P3*X.

We now solve this evolution equation in exponentially time-weighted spaces to
get suitable decay estimates, cf. [4] and [64].

Let us introduce notation. Let E,(Ry) := H}(Ry; L.(Q)) N L.(Ry; H2(Q\X))
and E,(Ry) := W) (Ry; Wy V9(2)) N Ly(Ry; Wy ™). For 8 € [0,—s(—L))
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define

e PEL(Ry) :={w € L,(Ry; L.(Q)) : ePw € By (Ry)},

e PR, (Ry) i= {w € Ly(Ry; Ly(Q)) : Plw € By (Ry) 1}
In a similar way we define e L,.(Ry; L,(2)). Since 0 < 8 < —s(—L), we obtain
that for every

(fus fn) € e_m[Lr(RJr?LT(Q)) X LP(RJr? qu_l/q<z))]a
and (@i, ho) € X, there is a unique solution (u,h) € e P*[E,(R) x Ej,(R)] of the
linear evolution problem

O h) + L(u,h) = (fu fu), t € Ry, (u,h)]i=o = (@i, ho),

by maximal regularity in exponentially time-weighted spaces. Furthermore, there is
some M > 0 such that

|(’LL, h)|e*ﬂt[]E“,(R+)><]Eh(R+)] S M|(fu, fhv ﬂOa ho)|e*ﬁt[Lr(R+;L7~(Q))XLP(R+;W(1171/Q(E))] XX,

In particular, we may then easily solve (4.44) in dependence of z = (@, h),

dt

Let us now discuss problem (4.41]). For given w > 0, let L, be given by the left hand
side of (4.41) and N the collection of nonlinearities on the right hand side. Then we
can rewrite problem (4.41)) in the shorter form

Lo = N(weo + W + @), (a@,h)(0) = (¢(io, ho),0),
where @ := (4, h,7,7), © = (4, ﬁﬁr,ﬁ) and weo = (0, P ho,0,0). Note at this
point that we is constant and N does not explicitly depend on weo. Furthermore,
due to the first part of the proof, w depends only on (g, ho, @, h), cf. (4.45).

In order to solve problem (4.41)) we need to resolve the initial data and the
compatibility conditions at ¢ = 0 properly. By solving certain auxiliary problems in
exponentially weighted spaces, we may construct an extension operator

extg: X, — e P[E,(Ry) x Ep(Ry)],
satisfying extg(v, g)|t—o = (v, g) for all (v,g) € X.,, where
X, :={(u,h) € X, :u|s, =0, (ulvs,) =0, Ps,(u*(Du+ Du')vs,) =0,
[u] =0, (Verhlvos) = 0},

(1, h) = (d + L, tr |t_0> ) (w(I = T1)a, (I — PY)h, o, ho). (4.45)

cf. [64]. Now define
M (iig, ho, @) := N (wee + @ + @ + extg[(@(iio, ho ), 0) — (@(0), h(0))]).

By construction, M (@, ho,)|i—o = N (ug, ho,0, 0). This allows us to solve the prob-
lem

L, = M (iig, ho, @), (w1, @2)|i—0 = (¢(iio, ho),0),
by the implicit function theorem, since all relevant compatibility conditions at ¢ = 0

are satisfied. Following the lines of [4], we obtain that there is some small p > 0
and a ball B(0,p) C X, N PMy, such that there is a ® € C1(B(0, p); e P [E,(R;) x
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En(Ry) xEr(Ry) x E, (R, )]) satisfying @ = (i, ho). By construction, @ is the so-
lution of (4.41). Here, Er(R ) := L, (R4; HYO\Y)), B, (Ry) := Ly (Ry; W2(Q\X)).

We then obtain that the convergence (u(t), h(t)) — (0, Pyho) in X, is at an
exponential rate. The proof is complete. O



CHAPTER 5

Rayleigh-Taylor instability for the two-phase
Navier-Stokes/Mullins-Sekerka equations with
ninety degree contact angle

5.1. Introduction

In this chapter we study the two-phase Navier-Stokes equations with surface
tension coupled to a Mullins-Sekerka problem for two immiscible, incompressible
Newtonian fluids inside a bounded domain under the effects of gravitational ac-
celeration. The gravitational force is hereby constant and acts only in one space
direction. In our model the interface separating the two fluids meets the boundary
of the domain at a constant ninety degree angle. This leads to a free boundary
problem for the interface involving a contact angle problem at the boundary as well.
We are especially interested in stability and instability properties of the problem,
depending on the surface tension and the two different densities of the fluids.

Rayleigh-Taylor instability for the two-phase Navier-Stokes equations with sur-
face tension was first studied in |54, where a full space problem in R™ was considered
and the interface is a small perturbation of a flat (n—1)-dimensional plane. The case
of a two-phase Navier-Stokes problem in a capillary domain with boundary contact
was treated in [64]. The two-phase Navier-Stokes/Mullins-Sekerka equations were
also studied in [4], for equal densities, no gravity, and without boundary contact. In
this chapter we continue the investigation of the two-phase Navier-Stokes/Mullins-
Sekerka equations in a capillary with boundary contact. For further discussion on
two-phase Navier-Stokes and Mullins-Sekerka we also refer to |22], [56], and [58].

We assume that the domain 2 C R", n = 2,3, can be decomposed as Q =
QF (£)UD(£)UQ (¢), where I'(t) denotes the interior of T'(t), a (n — 1)-dimensional
submanifold with boundary. We interpret I'(¢) to be the interface separating the two
phases, Q7 (¢) and Q~(¢), which will be assumed to be connected. The boundary of
['(t) will be denoted by OT'(t). Furthermore we assume I'(¢) to be orientable, the
unit normal vector field on I'(¢) pointing from Q™ (¢) into Q¥ (¢) will be denoted by
Vp(t).

We denote by V() the normal velocity and by Hr(;) the mean curvature of the
free interface I'(¢). By [-] we mean the jump of a quantity across I'(t) in direction
of vp(y), that is,

A1) = lim [ +2vrq) - (@ — vl @ € T().

Let us discuss relevant quantities of our model. We assume p* > 0 are the two
positive constant densities of the fluids in the two phases, u* > 0 their respective

131
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constant viscosities, and o > 0 is a given surface tension constant. The gravitational
acceleration constant will be denoted by g > 0. To economize our notation, we let
p=pTXa+r@) P Xo-@ and p = xo+ @) + 1 Xa- (1), where xa is the indicator
function of a given set M.

We shall denote by u the velocity of the fluids, p the pressure, 1 the chemical
potential, and T'(¢) the free interface at time ¢ > 0.

Let us consider the case where the domain is a cylindrical container 2 = ¥ x
(L1, Ly), where —co < L1 < 0 < Ly < 0o and ¥ C R? is a bounded domain with
smooth boundary. We denote the walls of the cylinder by S; := 0% x (L1, Ls) and
bottom and top by Ss := ¥ x {L1,La}. As usual, vpq denotes the unit normal
vector field pointing outwards of Q and vg, = vgq on the walls S;. The projection
is defined as Pg, :=1 —vs, ®vg,.

In a cylindrical domain the full problem reads as

pOyu — pAu + div[(pu + [p]Vn) @ u] + Vp = —pgen, in Q\I'(¢),
divu =0, in Q\I'(¢t),
—[(Du+ Du")vrw) + [plvre) = oHrwvra, on I'(),
[u] =0, on I'(¢),
Vi — ulre - vre) = —Ivee - Val, on I'(t),
vrey - Vs, =0, on OT'(t),
An =0, in Q\I'(t),
[n] =0, nlrw) = oHrw) + [plgrn, on [(t),
vaq - Vnlaa =0, on OO\I'(¢),
Ps, (u(Du+ D’U,T)VSI) =0, on S1\oT'(¢),
u-vg, =0, on S1\9T'(¢),
uls, =0, on Ss,
u(0) = wo, on O\I'(0),
r'(0) =To.
(5.1)

Here we want to mention that we implicitly impose that

I(t)cQ, or¢) csS, t>0.

Note that the gravitational force in 1 is given by —pge,,. Without gravita-
tional effects, that is, g = 0, this model was proposed by Abels, Garcke, and Griin
in [2]. We want to note a few things here. The momentum balance 1 contains
an extra term involving the chemical potential 7 if the densities in the two phases
are different. This term is already needed to get an energy structure for the system
without gravitational effects, cf. Section 5 in |2]. Furthermore, we have to modify
the equation for the chemical potential 7, equation (5.1).

We will below show that the energy

E(t) ::/ ad”H”flJrl/ p(x,t)u(m,t)zd:ch/ plx, t)gr,dx
() 2 Ja Q
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satisfies the energy-dissipation relation
d
CB() = ~D(1) = —2/ u[Du(t) 2de —/ Vn(t)2de < 0, (5.2)
Q Q

cf. Lemma Again, Du is the symmetric part of the gradient Du, 2Du =
Du + Du'. There is a remark in order regarding this extra term in (5.1),. Since
divu = 0 and An = 0 in the bulk phases Q\I'(¢), we obtain

div[(pu+ (p™ = p7)Vn) @ u] = p(u- V)u+ (p" = p7) (V- V)u, in Q\D(t).

In the case of equal densities, say for simplicity p = 1, the extra term div[(p* —
p~ )V ® u] vanishes. We also note that individual masses are conserved,

d
—10%#)] =0, teR
dtl (1) =0, teRy,

due to the boundary conditions and An = 0 and divu = 0 in the bulk phases Q\I'(¢).
Note that it is convenient to introduce the modified pressure p := p + pgzx,,. This
leads to the problem

pOru — pAu + div[(pu + [p] V) ® u] + VP =0, in QO\T'(¢),
divu =0, in Q\I'(¢),
—[u(Du+ Dul)[vre + [Blvre) = oHr@vre) + [plgenrre), on T(t),
[u] = 0, on I'(¢),
Vp(t) - u|p(t) SUp@t) = —[[Vp(t) . Vn]], on P(t),
VF(t) Vs, = O7 on aF(t),
An =0, in Q\I'(¢),
[n] =0, nlre) = oHrw) + [plgrn, on I'(t),
voQ - V?ﬂag =0, on 5Q\F(t)
Ps, (u(Du + DuT)Vsl) =0, on S1\oT'(¢
u-vg, =0, on S1\OT'(¢
uls, =0, on S,
u(0) = uo, on Q\I'(0),
I'(0) =T.
(5.3)

It is also noteworthy that the difference of the densities enters the equation for the
chemical potential, 8, since we now let gravity act on the system, g > 0. This
is indeed needed and meaningful to obtain an energy structure for the system as we
shall show below. For further discussion of the free energy we refer to [2]. We now
close this introduction by showing that the system is physically meaningful
and thermodynamically consistent.

LEMMA 5.1. Suppose (u,p,I',n) is a sufficiently smooth solution to (5.3). Then

d 2
— /pﬂda:—k/ 0d7—[”71—|—/pgx”dx = —2/ u|]D>u|2d3:—/ |Vn|2de.
dt | Jo© 2 T(t) Q Q Q

b

)
)

b

)
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PROOF. By well known transport identities, cf. [2],
Jul?

2
% [ul dm—/p@tu uda:—/ [[]]—V dH" L

By equation (5.3),,
d [ [|uf?
dat Jo P 2

2
= / w[2udivDu — div](pu + j) ® u] — V| dx — / ﬂp]]MVpd’anl,
) r@ 2

dr =

where j := [p]Vn. Note that since divu = 0 and divj = 0 in the bulk phases
O\I'(2),

w-div[(pu+j) @u] = u - [(pu + j) - Vlu = %V|u|2 “(pu+3), in Q\I'(¢).

Hence,

— | p—dr=— / p|Dul?da +/ Slal? (el (u - ve = Vi) = [5] - vr) dH™
dt 2 o 0 2

Jr/ w- (=2[uDulvr + [plvr)dH"
r(t)

We obtain by equations (5.3)); and ( . 5 that

d 2
—/ [ul ——dr = —2/ u\ID)u|2dm+/ (u-vp)(oHy + [plgz,)dH™ .
dt Q ()

We may now use % fr(t) o= — fF(t) o Hr Vi to the result
d | |2 n—1| _ _ 2
p—dx + odH =—2 [ p|Duldx+
dt 2 I'(t) Q

+/ (cHr + [plgzn)(u - vr — Vp)dH" ™ + lplgz, VidH™ 1.
I'(t) I'(t)

We have
/ (o Hr+ [Pl (u-vr — Vo) dH" ™ = / Do [Va] vedH ! = / Vil2dz,
T(#)

r(t)

whence using
_d
/ [[p]]ganpd”anl pg:cnd:c

consequently gives the desired equality and the proof is complete. O

Let us give an overview of this chapter. We reduce the problem to a fixed
reference geometry and a nonlinear problem for the height function by means of
Hanzawa transform. Then we show local well-posedness and characterize spectral
properties of the linearization around the trivial equilibrium. The main result is then
proving presence of linearized Rayleigh-Taylor instability for the nonlinear problem.
Moreover, we discuss a thermodynamically relevant Mullins-Sekerka problem in a
cylidrical domain with gravitational force.
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5.2. Reduction to a flat interface and well-posedness

In this section we transform the equations defined on the time-dependent
domain Q\I'(¢) with free boundary I'(¢) to a fixed reference frame. We follow the
same strategy as in Section Again this is based on the ideas of [57], [64]. To
simplify notation, let n = 3.

We again assume that the interface at time ¢ is given as a graph over the fixed
reference surface ¥ := Q N {z5 = 0}, that is, there is some height function h :
¥ x [0,00) — (L1, La), such that

[(t) =Th(t) :={x € ¥ x (L1, L) : 3 = h(2',t), ' = (x1,22) € X}, ¢>0.

Following the lines of Section we transform the two-phase Navier-Stokes/Mullins-
Sekerka system with gravity (5.1]) to the fixed reference frame, the transformed sys-
tem reads as

0w — pEAw + Vg = Fr(w,q,h,9), in Q\X,
divw = Fy(h,w), in Q\X,
—[pF(Dw + Dw") — ¢Ifvs = oAy hvs + [plghvs + Fs(h,w,q), on X,
[w] =0, on X,
Oth = w - vy — [039] + Fx(h,w, ), on X,
(=Vurh,0)" -vg, =0, on 0%,
AY = F.(h,9), in Q\X,
Vs — oAy h —[plgh = Fu(h), [9]=0, on X,
voq - VO|aq = Fn(h,9), on OO\X,
Ps, (5 (Dw + Dw " vg,) = Fp(h,w), on S1\9%,
w-vg, =0, on S1\90%,
w = 0, on Ss,
w(0) = wo, on O\X,
h(0) = hy, on X,
(5.4)

where vy = e3, and
Fe(w,q,h,9) :i= p(Ap — A)w+ (V= Vi)g+
+ pDw - 8,0, — p(w - Vi)w — (p7 — p7) (Vi - Vi)w,
Fy(h,w) := (div — divp)w,
Fs(h,w,q) == [u* (DO} — I)Dw + Dw (DO, — I)"))vr, +
+ (W (Dw+ Dw") — qI) (e3 — v, )]+
+ o(K(h)vr, — Auhes) + [p]gh(es —vr,),
Fe(hyw,9) == w- (=Vuh,0)" —[es- (Vi = V)I] — [(=Vaurh,0)" - V9],
Fu(h,9) = (A= Ay,
Fu(h) == o(K(h) = Aurh),
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as well as

Fn(h,0) :=voq - (V — V)0,

Fp(h,w) := Ps, (1 (DO}, — I)Dw + Dw (DO, —I) ")) vg,) .
Recall that in this graph situation,

K(h) = (1) = dive (H) |

VIt |Voh]?

Furthermore, we want to point out that we used the fact that the normal vg, is
independent of x3 and that the transformation ©; leaves the Dirichlet-boundary So
invariant.

Let us discuss local well-posedness of this transformed system. We again work
with the same function spaces as in the case without gravitational effects, which were
discussed and introduced in Section Since the terms stemming from gravity
only induce a lower order perturbation, we obtain that the principal linearization of
has maximal regularity using Theorem Indeed, [p]gh is of lower order with
respect to Ag/h in 3,8. We then may follow the lines of the proof of Theorem
to obtain local well-posedness for . For completeness, let us state the precise
result.

THEOREM 5.2. Let pu*, p*, 0,8 > 0 be constant, —oo < L1 < 0 < Ly < 00, and
(p,q.7) satisfy

p € (6,00), q€(99/50,2)N(2p/(p+1),2), r=17/5, 1/r>1/4+1/p.

Moreover let ¥ C R? be a bounded domain with smooth boundary 0%. Let Q :=
Y x (L1, Ls), S1:= 0% x (L1, La), and Sy := X x {Ly, La}. Furthermore let

(wo, ho) € W22/ (Q\Z) x By 1/973/P (%)),
satisfy the compatibility conditions
divwg = Fy(hg, wp), in Q\X,
[ 03(wo)1 2] — [V (wo)s] = Fy(uwo, ho), on 3, [wo] =0, on 2,
Ps, (4= (Dwg + Dwg Jvs,) =0, on S, wp-vs, =0, on Sy,
wols, =0, on Sy, (=Vaho,1)" -vs, =0, on .

(5.5)

Then (5.4) admits a unique local-in-time strong solution, that is, there is some
To > 0, such that for every 0 < T < Ty there is some € = ¢(T) > 0, such that
whenever the smallness condition

|(wo, ho) |Wf*2/"(ﬂ\2) xBiy1/a=3/p(g) S €

is satisfied there is a unique strong solution on (0,T),
w e WH0,T; L () N L0, T; W2(Q\X)), g € Lo(0,T; H} (Q\X)),
[al € W}/ E0(0, 75 L(£)) 0 L (0, T WV (R)),
he Wh(0,T; Wy H9(2)) N Ly(0,T; Wi —9(8)), 0 € Ly,(0,T; W2(Q\X)).
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5.3. Rayleigh-Taylor instability

5.3.1. Equilibria and spectrum of the linearization. In this section we
characterize the equilibria of and analyze the spectrum of the linearization
around the trivial equilibrium.

As in the model without gravity we may note that the pressure 7 as well as the
chemical potential n may be reconstructed by the semiflow (u(t),T'(t)) by solving
the two-phase elliptic problem

An =0, in Q\I'(¢),
[[17]] = 07 U‘F(t) = UHF(t) + [[pﬂgxn; on F(t)7
noQ - V’I7|39 = 0, on 89,

cf. Section[A.2] and the weak transmission problem

(V7190 1oy = (s — div(pu + [p] V) @ [V 1y, for all 9 € WL(Q),
[7] = [u(Du + DUT)VF(t) vpy)] + oHrwy + [plgzn, on (1),

where v’ =r/(r — 1), cf. Lemma A.7 in [64].
Assume that we have a time-independent solution (u,w,n,T') of (5.3). By the
energy-dissipation equality ([5.2) we directly obtain that

[Vi(Du+ Du")[7, ) + Vull,q) =0

From this we deduce by Korn’s inequality that u has to be constant. Since u vanishes
on Sy we obtain that uw = 0. We also obtain that u is constant.

Hence Vi = 0in Q\I" and hence also 7 is constant in Q\I', with possibly different
values in the two phases. Furthermore, since also the trace of y on I' is constant, we
obtain

oHr + [p]gz, = const.

In particular if Hp = 0, then x,, is constant on the interface. Hence flat interfaces
belong to the set of equilibria. Assuming that I" is the graph of a height function A
over X, we obtain that h solves the elliptic quasilinear problem

:r’h
Jdivm’ <V> + [p]]gh =, CL'/ S Ea

1+ Vb

(nag|Vx/h) =0, ' e 82,

(5.8)

where ¢ := [[p]]gl%‘ Js hdz'. Note that ¢ is determined by integrating (5.8) over X
and invoking the boundary condition. All admissible height functions solving this
quasilinear problem belong to the set of equilibria.
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We are interested in stability properties of the trivial equilibrium (0,%). We
consider now the linear problem

pou — pAu+ V= fo, in Q\%,
divu = 0, in Q\X,
—[w(Du+ Du'") — wl]es = oAy hes + [plghes, on %,
[u] =0, on X,
Oph = uz — [03n] + fn, on %,
(=Vah, 1) - vg, =0, on 9%,
An =0, in Q\%, (5.9)
[7] =0, nls—oAuh—[plgh =0, on X,
voa - Vnlea =0, on ON\X,
Ps, (W(Du+ Du)vg,) =0, on S$;\0%,
u-vg, =0, on S1\0%,
u =0, on S,
u(0) = uyo, on N\X,
h(0) = hy, on X,

where hy and f;, are assumed to be mean value free. Note that the system conserves
this property during the evolution. This motivates to study problem (5.9) in the
following setting, where h is mean value free. Let

Xo =L, -(2) x qu—l/Q(Z) N{(u,h): (R|1)r,x) =0, (nox|Varh) =0 on 0%},
and
Xy = W2(Q\D) x W= Y(x).

Here, L, ,(f2) denotes the closure of C§°(§2) functions with vanishing divergence
with respect to the L, (€2)-norm, as usual. Let L : D(L) C X; — X be given as

(n*/p*)Au — (1//)*)%)
L(u,h) := , 5.10
(u, h) ( uz — [031] ( )
where
D(L) = WZQ\Z) x W= 9(2) N {(u, h) : divu = 0, [u] =0,
Py ([ (Du+ Du")]ez) = 0, Ps, (" (Du + Du " )vs,) = 0,
(ulvs,) = 0, (h[1)Ly(z) = 0, (nox|Varh) = 0}.
Here, 7 € HYQ\X) and 7 € W2(Q\X) in (5.10) are determined as the unique
solutions of the corresponding weak transmission problem
([L/p5IV 7V ) Ly) = (05 /051 AulVY) 1y (), for all & € W (9),
[7] = ([#*(Du + Du")]es|es) + oAy h + [plgh, on X,
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and the solution of the elliptic problem

An =0, in Q\X,
[7] =0, nls =oAsh+ [plgh, on %,
(voa|Vn) =0, on ON\X.

From Lemma A.7 in [64] stems also the notation via solution operators,
(1/p%)9r = Ty (/=) Au] + Tol([1 (D + Du"Y]esles) + o Agrh + [plgh).

We will now analyze the spectrum of the operator L. Note that the domain D(L)
compactly embeds into X, whence L has a compact resolvent and the spectrum of
L only consists of eigenvalues with finite multiplicity.

Again note that for any (u, h) € D(L), the height function h is mean value free.
Let A € C and consider the corresponding eigenvalue problem A(u, h) = L(u, k) for
(u,h) € D(L), that is

Apu — pAu+ Vi =0, in Q\%,
divu =0, in Q\%,
—[@(Du+ Du'") — wl]es = oAy hes + [pghes, on X,
[u] = 0, on X,
Ah — uz + [03n] =0, on X,
—Vhlvgs) =0, on 0%,

| | A; =0, in Q\X, (5:11)
[7] =0, nls—oAuh—[plgh =0, on X,
(voa|Vn) =0, on OO\X,
Ps, (W(Du+ Du")vg,) =0, on S1\0%,
(ulvs,) =0, on S1\0%,
u =0, on Ss.

We test (5.11); with w in Lo(£2) to obtain
Ao ?ulf, ) + 12 (Du+ Dul)[ o) — (08uhes + [plghes|u) L,(s) = 0.
Equation (5.11) entails
A ?ulf o) + |2 (Du+ Dul)[7 ) — (0w h + [plghl\h + [05n]) Ly(s) = 0.
An integration by parts gives

Mp*ulf, @) + |1 *(Du + DuT)|2, o)+

+ X [0l Vbl ) = [olelhl3, | + 1903 ) = 0.

Using equality (5.12)) we obtain important properties of the spectrum of L. These
are stated in the next lemma. It is the crucial step in showing Rayleigh-Taylor
instability of the coupled two-phase Navier-Stokes/Mullins-Sekerka system.

THEOREM 5.3. The operator L : D(L) C X1 — Xy from (5.10) has the following
spectral properties:

(5.12)
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(1) o(L)NiR C {0}, and 0 € (L) if and only if [p]g/o € o(—AN).
(2) If [p] <0, then o(L) C C_.

(3) If [p] > 0 and [p]g/o < A1, then o(L) C C_.

(4) If [p] > 0 and [plg/c > A1, then o(L) NC4 # 0.

Here, —ApN denotes the negative Neumann-Laplacian in the space
X = W) 0 s (h[1) L, = 0}
with domain
D(—=An) =W YUS) N X N {h: nos - Vorh =0 on 95}
We denote by o(—An) C Ry its spectrum, and A1 > 0 its first eigenvalue.

PROOF. Let us prove the first statement. Let A = 0. Then implies that
the symmetric gradient is zero and 7 is constant. By Korn’s inequality, v = 0 since
u vanishes on Sy. Also 7 is constant in the phases with possibly different values.
Since then also [7] is constant, this entails that h solves the linear elliptic problem

Ax/h—kmh:& on X,
o
(Varhlngs) = 0, on 0.

This stems from integrating equation 3 over Y. Hence this problem has a
nontrivial solution if and only if [p]g/o belongs to the spectrum of —Apy. This
shows that 0 € o(L) if and only if [p]g/o € o(—Ap). Let now A € C such that
Re A = 0. Then by the same arguments we conclude that w is zero and 7 is constant.
In this case, equation (5.11); reads Ah = 0, whence since h may not be trivial, A = 0.
This shows the first assersion.

Whenever [p] < 0, the expression in brackets in satisfies

(019212 5) = [oDglhl )] = 0. (5.14)

Hence taking real parts in yields that Re A < 0 and the above arguments show
that then Re A < 0, since g,o > 0.

Now let [p] > 0 and [p]g/oc < A1. Following the lines of [64], the Poincare
inequality then yields that

[[p]]g

va’h|%2( Z 0,

L, ()
since h is mean value free. Note that this inequality renders equation to be
true, whence also in this case o(L) C C_.

Let us finally consider the most involved case where [p] > 0 and [p]g/o > A;.
We now aim to show that o(L) N Cy is not empty. Let 3 < r < 7/2. We will now,
for given A > 0 and given g € erfl/r(Z), use Theorem A.13 in [64] to solve the
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linear two-phase Stokes problem

MpFu — pFAu+ Vr =0, in Q\%,

divu = 0, in Q\X,

—[p=(Du + Du")]es + [r]es = ges, on X,
[u] =0, on X, (5.15)

Ps, (ut(Du+ Du')vg,) =0, on S1\0%,

(ulvs,) =0, on S1\0%,

u=20 on S,

uniquely by some u € W2(Q\X) N W(2). Define the corresponding Neumann-to-
Dirichlet operator N& : W' ™/"(£) — W ™"/"(S) of the Stokes problem (5.15) by
N{g = (ules). Regarding N§, Proposition 4.1 in [64] gives the following properties.

LEMMA 5.4. Let 3 < r < 7/2. The Neumann-to-Dirichlet operator Ny of the

Stokes problem (5.15) admits a compact, self-adjoint extension to Lo(X) which has
the following properties.

(1) If u denotes the solution of (5.15), then
1
(N 919) Lacs) = M (p5)2uli, ) + §|(Mi)1/2(Du +Du")7 0

for all g € Wy ™/"(2) and X > 0.
(2) For each o € (0,1/2), there exists Coq > 0, such that

1+ 1)
(NR919) 2oy = 5 INXali, s,
(03
for all g € Ly(X) and X\ > 0. In particular,

C.
NS _ < e
INXB(L2():L2(2) < (1+N\)e

for all A > 0.
(3) N{g has mean value zero for all g € La(X), A > 0.

Let us be concerned with the elliptic problem of the Mullins-Sekerka equations.
For given g € qu*l/q(E)7 5/3 < q < 2, we may solve the two-phase elliptic problem

An =0, in Q\%,
[7l =0, nls=g, on Y,
(noa|Vn) =0, on 09,

uniquely by a function n € Wq2 (YD), cf. Appendix and define the corresponding
Dirichlet-to-Neumann operator
Dys : WEH9(s) — wi-a(x)

by Darsg := [03n]. The eigenvalue problem ([5.11)) can then, for A > 0, equivalently
be written as

Mo+ NY(ALh) + Dars(Ah) =0, (5.16)
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where A.h := —cAnh — [p]gh, equipped with domain
D(A*) = W[;lfl/q(z) n {h : (hu)LQ(E) =0, (nag‘vx/h) = 0} (517)

Note at this point that also A,k is indeed mean value free for every h € D(A,). We
now want to invert N f + Djss and apply the inverse operator to equation .
To this end, we need properties of the corresponding Neumann-to-Dirichlet operator
Nuys = [Dys) ™!, which is given as follows.

For given g we solve

AY =0, in O\,
W] =0, [059] =y, on X, (5.18)
(noa|VY) =0, on 90f),

and define Nyrsg := d|s. Proposition 10.5.1 in [57] gives that whenever g €

qu - 7(¥) is mean value free, problem (5.18) is solvable and the solution is unique
up to a constant. Hence if we restrict the problem to mean-value free functions,

the operator Njsg : Wl(ol)/q( ) — W;(Ol)/q( ) is well defined. Here, W7 (X) :=
W;( YN A{u: (u|1)L2(g) =0}, s >0, and Ly 0y (X) := La(X) N {w : (u[l)r,x) = 0}.

Regarding Njss, we now have the following result.
LEMMA 5.5. The Neumann-to-Dirichlet operator

Nuts - Wy o/ 1(2) = W2 /(%)

of problem (5.18) admits a compact, selfadjoint extension to Ly (0)(X), which has the
following properties.
(1) Forg € Wl( l)/q( ) and ¥ € W;,(O)(Q\Z) the corresponding unique mean-
value free solution of (5.18)), we have

(Nasgl9) Ly sy = |Vﬂ|%2(9)' (5.19)

(2) The eatension to Lo (0)(X) satisfies (5.19) as well, where now g € Lo )(X)
and 9 € W} 1.(0)(§2) is the unique weak solution of (5.18).
(3) There emsts a constant co > 0, such that

(Narsgl9) Ly sy = CoINMsg|2L2(z)

forallge W! (Ol)/q( ) and the extension satisfies

|NMS|B(L2,(0)(E)§L2(E)) <C.
(4) The extension of Nars to Lo 0)(X) is injective.

Let us postpone the proof of Lemma to a later point. Having these results
at hand, we can proceed as in [64] and [57]. We know that both Ny and Njsg are
selfadjoint and positive semi-definite on Ly (9)(X), hence Ty := [N¥ + Dass]™' is
selfadjoint and positive semi-definite as well. Furthermore, N f + Djss is injective
in the space of mean-value free functions. Indeed, whenever (N :\9 + Dpys)g =0, by
the above results the corresponding solutions are v = 0 and 17 = const., whence g



5.3. RAYLEIGH-TAYLOR INSTABILITY 143

has to be constant as well, hence zero. In particular, regarding equation (5.16]), we
may rewrite the eigenvalue problem as

AT2h + Ak = 0. (5.20)

We now want to show there is a nontrivial solution to (5.20). To this end let
By = \T) + A, with domain

D(By) = W3(Z)N{h: (h|1)1,x) = 0, (nox|Varh) = 0}.

We now want to show that for A > 0 sufficiently small, there is some h, € D(B))
such that (Bxh|hs)r,(s) < 0.

To this end let e be an eigenfunction to the first nontrivial eigenvalue of —Ayn
in X, that is, —Aye = Aje. Define vy := The. Then, since e is mean value free,

e:T;IUA:vaA+DM5vA:vaA+[NMS]_IU,\. (5.21)
Let Py : La(¥) — La 0)(X) be the orthogonal projection onto the mean value free
functions, Pof := f — (f|1)1,(x)/|X|. Applying Py to yields

e = Ppe = PyN{ vy + Po[Nus] 'ox = PoNS vy + [Nass] o,
since [Npss]~tvy is mean value free. Hence
Narse = NarsPoNSvy + .
Testing with NV 5? vy yields
(Nase|N{va) = (Nars PoNy oAl PoNRva) + (vA| N5 va),
since NMSPON){;U)\ is mean value free. Invoking Lemma and Lemma
(1+ )4
C

for some ¢y > 0. In particular, there is a constant C' > 0 independent of A, such
that

co| Nars PoNY 0Al7, sy + INFuAlT,m) < (oA 4+ NarsPaNY oA NJ0A) L, (),

|N5\9UA‘%2(E) SC(U)\+NM5P0N§1))\|N§U)\)L2(E), A > 0.
Let us estimate the right hand side. We have
(Ux + Nars PoNS oA INSvA) Lym) = (Narsel NS vA) o) = (Narsel PBoNSvA) 1y (s)s

since Njsge is mean value free. Since N);g is selfadjoint, the right hand side is equal
to (e|NarsPoN{va) 1, (s)- Hence we obtain

(0x + Nars PoNS A INY0A) Ly () < Ll o) NS 0Al L (2)-
This shows that |N§v>\|%2(2) is bounded as A — 0. This implies
lim AThe = lim Avy = lim A\[Nysse — Nars PoNyvy] = 0.
A—0 A—0 A—0
Therefore, because of By = AT + A,
lim (Biele) 1, () = (Asele)r, ()

By choice of e, —Anye = A\1e, whence

(A*e|e)L2(z) =0 ()\1 - [[p]]g) \e\Lz(E) <0.

g
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This shows that

lim B)\ee Lo(2 < 0.

lim (Bxele),(s)

We are now interested in the behaviour of (Bxh|h)r,) as A — oco. Recall that
T\ =[N3 + Dys] ™. We can write

Ty = (I + NysNy) 'Nas = Nars — Nars NS (I + NusNY )~ N,

since (I + NMSN)*?)_1 =71 — NMSN;?(I—i— NMst)_l. Hence, since Njsg is self-
adjoint,

(T7919) 1,5y = (Nar5919) 1,5y — (Nars NS (I + NarsNY) ™' Narsglg) r. )
= (Nmsgl9) o) — (NS (I + NMSNAS)ANMSQWMSQ)LQ(E)

Furthermore, (NY (I + NMst)_lNMSg|NMSg)L2(g) can be bounded by
[N 52222 )| (L + NarsNR) T B(Ly, 0y (2222 [ Nars gl ),
which itself is bounded by

INY|B(La(2):La(5))

S INarsgl, s
1= [NMS|B(La, 0y ()2 (=) I NS B(L2(5)522(5))

provided |N§|B(L2(E);L2(E)) is small enough. Altogether,

(Trg19) Lo (s) =

INYB(La(2):La(3))

> (Nmsgl9)nas) — INarsglZ, s)-

1- INMS|B(L2,(O>(2);L2(E))|N§|B(Lz(2);Lz(E))
Lemma [5.5] renders there is some constant ¢y > 0, such that
(Txg19)Lo(z) =

1 N5 (2L (2))
co 1= |Nus|B(Ly, o) (2):L2(2) VR |B(La(2):L2(2)

> (Nmsglg) Ly sy — (Nms9l9) Lo (=),

and Lemmagives that \Nf|B(L2(g);L2(g)) tends to zero as A — oo. In particular,
there exists some Ay > 0, such that

1
(Th9|9)L(z) = i(NMsglg)LZ(z), A> A
Since Njsg is self-adjoint, positive semidefinite and invertible, Nj;g is positive def-

inite, cf. Proposition 1.3.6 in [45]. Hence there is a positive dy > 0 such that
(Nasgl9) Ly ) > d0|g|2L2(2) for all g € Ly (9)(X). Clearly,

(Augl9)Lo(x) = (—0ANGID) Lo(x) — [Pl8l9l3, )
= 0|Vagll, ) — [olelyl?, s
> —[plelgli, )
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for all g € W ;) (%), whence

A
(Bxg9)Lo(m) = §(NMSQ|9)L2(E) + (A4919) Lo ()5 AZ>Ag,
A
> |50~ D] o2, Az (522)

In particular, if A > 0 is large enough, B, is positive definite. Define
A :=sup{A > 0: B, is not positive semi-definite for each € (0,A]}.  (5.23)

By what we have shown above, 0 < A\, < oo and B) has a negative eigenvalue for
each A\ < A, again since the resolvent of B) is compact. It follows that since the
eigenvalue has to cross the imaginary axis, 0 € (B, ), cf. [64]. Hence there exists
a nontrivial solution h € D(By,) to Bx,h =0 in Ly (9)(X). In other words,

AT h+ Ah = 0.
Hence A.h € WqQ*l/q(E). By regularity theory, h € W;il/q(E) and satisfies the

other conditions in (5.17). We have shown that (L) N C4 # @ and the proof is
complete. O

We close this section with the proof of Lemma |5.5

PRrROOF OF LEMMA 5.5l Let us for given g € qu (_01)/ ?(%) solve problem ([5.18))
by ¢ € W;’(O)(Q\E). We then obtain

(Narsglg) () = /E Os[059)d’ = V92, -

Since fQ Jdx = 0, we obtain by Poincaré-Wirtinger inequality and a standard argu-
ment that
[trs 9]7,(5) < CIVIIZ, 0 (5.24)

for some C' > 0. Hereby we used Sobolev embeddings and [J] = 0 to show that
¥ € H} (). In particular, there is some C' > 0 such that

Wm0 < Cldwz@\s)-
Interpolating estimates then gives ([5.24). Consequently,

1
(Namsglg) Ly ) = 6|NMSg|2LQ(E) (5.25)

for all g € W;ZOI)/ 7(¥) for some C > 0 independent of g. Since qufol)/ 7(¥) is dense

in Ly 0)(X) we may extend Npss to all of Ly (9)(2). Note that (5.25) implies
INMsl L.y < Clgli,s), 9 € L) (X).

It remains to characterize the weak limit. To this end let g € Ly (0)(X) and (gn)n C

quv_ol)/q(Z) such that g, — g in Ly (0)(¥). Let 1, be the corresponding solution of

(5.18) with right hand side g,,. An integration by parts in the two phases then yields

that

/ Inpls = / Vi, -V, ¢eC®(Q),neN. (5.26)
2 o\s
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By definition of the extension, Ny;5g9 = lim,, o Nprsgn. This way,
V0|7, ) = (Narsgnlgn) Los) —nsoo (Narsgl9)La()-

Therefore, (Vi,,), is bounded in Ly(2). By Poincare-Wirtinger inequalitg, (On)n is
bounded in H3(£2). Hence, for a subsequence, ¥,, — 1 in H1(Q) for some ). Passing

to the limit in (5.26]) yields that
/9<P|2 :/ V-V, ¢e (),
) o\x

whence 9 is the unique weak solution of ([5.18) with given right hand side g. The fact
that Nasg : qu_ol/q(E) — W;(_Ol)/q(E) is injective is obvious: If for some g we have
Nuyrsg =0, by (5.19) we know that 9 is constant, where 9 is the unique solution of

(5.18). Hence g = 0 by (5.18). O

5.4. Thermodynamically consistent Mullins-Sekerka equations with
gravity

We will now formulate a Mullins-Sekerka problem with gravity which is itself
thermodynamically consistent. For a related model of Cahn-Hilliard type with grav-
ity see Section 3.6 in [18]. Again let Q = X x (L1, Ly) C R™, n = 2,3, be a cylinder,
where —00 < L1 < 0 < Ly < 0o and ¥ C R*! is bounded with smooth boundary.
Again we assume that p* > 0,g > 0 are constant and p := p+XQ+(t) + P X~ (1)
where y is the indicator function. Let S; := 0¥ x (L1, La). We consider now a pure
two-phase Mullins-Sekerka problem with ninety degree angle condition

Ve = —[Vn] - vr, on I'(t),
vr-vg, =0, on OT'(¢),
An =0, ?n O\I['(t), (5.27)
nlr = oHr + [plgn, in Q\DI'(t),
vo - V=0, on OO\I'(¢),
'(0) = Ty.

Again we are interested in physical relevance, well-posedness, and stability proper-
ties.

5.4.1. Energy-dissipation equality. A similar calculation as in the proof of
Lemma using transport identities shows that if (I',n) is a sufficiently smooth

solution to (5.27)),

d
— / odH™ ! +/ pgrndr| = f/ |Vn|2dz < 0. (5.28)
dt | Jre Q Q

Note that if g = 0, this reduces to the classical estimate. Note that since An =0 in
the bulk phases Q\I'(¢), phases are conserved also for g > 0,

d

LaE ) —
Zl0E@ =0, teRr,.
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5.4.2. Well-Posedness. Assuming that the free interface I'(¢) is a graph of
a function h over ¥, we can transform the system to 2\X by means of Hanzawa
transform,

Oth + [03n] = Gs(h,n), on X,

(=Vuh,0)" -vs, =0, on 0%,
An = G.(h,n), in O\X, (5.20)

s — oAyh —[plgh = Gu(h), on ¥,

voq - Vnlaa = Gy (hyn), on ON\X,

h(0) = ho, on X,

where Gy, G., G, and Gy are nonlinearities, similarly as before, cf. also Section
Note that well-posedness of in the case g = 0 with a ninety degree
angle condition was already proven in Section Since again the extra term only
induces a compact perturbation, we obtain well-posedness of by a perturbation
argument.

5.4.3. Stability properties. Let us discuss the equilibria of . Again we
note the potential n may be reconstructed by solving a two-phase elliptic problem.
By the energy-dissipation equailty we easily see that any stationary solution
(', n) necessarily satisfies 7 = const. This implies that for (T, ),

oHr + [p]gzn, = const.
We readily see that flat interfaces belong to the set of equilibria.

Again we want to investigate properties of the trivial equilibrium (0,%). Con-
sider the linear problem

Och = —[03n] + fa, on X,

(=Vah, 1) -vg, =0, on 0%,
An =0, in Q\X, (5.30)

nls = oAz h + [plgh, on ¥,

voa - Vnlaa =0, on OO\X,

h(0) = hy, on X.

Suppose fr, and hg are mean value free. Then fz h(t)dx = 0 for all times t € Ry.
Define

Xo =W, Y9y {h: (h1)pym) =0}, Xy = W;9(D),
and L : D(L) C X; — Xo by Lh := —[03n] with natural domain
D(L) == X1N{h: (W), =0, (~Vaurh,1)T -vs, =0 on 9X}. (5.31)

Clearly, for given h € D(L), n € W2(Q\X) is given as the unique solution of the
corresponding linear two-phase elliptic problem ([5.30), — 5.

Again since D(L) embeds compactly in Xy, the resolvent of L is compact and
hence the spectrum of L only consists of isolated eigenvalues with finite multiplicity.
We now want to analyze the spectrum of L. To this end we consider the eigenvalue
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problem Ah = Lh for some A € C, h € D(L), that is, h is mean value free and
satisfies

Ah = —[0sn], on X,

(=Vauh,0)7 - vg, =0, on 0%,
An =0, in Q\X, (5.32)

nls = cAph + [p]gh, on X,

vaa - Vnlaa = 0, on 9N\ X.

Testing the first equation (5.32); with 7|5 in Ly(X) yields

Mo IVarhl sy — [olglhl | + IV ) = 0. (5.33)

Assume that A = 0 for a moment. Then 7 is constant, whence h has to solve the
elliptic problem

Agh+ @h =0, on X, (nazlvx/h) =0, on 90%. (534)

g

Let again —A denote the negative Neumann-Laplacian in
X = WS N {h s (h[1) () = 0}
with domain
D(—=Ay) =W YUS)n X N {h:nos - Vorh = 0 on 0%},

as in Lemma Then clearly h is a nontrivial solution to if and only if
[p]g/o belongs to the spectrum of —Ay.

By (5.33)), A is necessary real. Hence o(L) N iR C {0}. Following the lines of
the proof of Lemma we readily obtain that o(L) C C_ whenever [p]g/c < A1,
where A1 > 0 is the first eigenvalue of —Ay in X. Note that this includes the case
where [p] < 0. In particular in these cases, since 0 is not an eigenvalue and L has
compact resolvent, we have a spectral gap, (L) C {Rez < —k < 0} for some x > 0.
We now aim to show that o(L) N C is not empty if [p]g/c > A1.

Consider the eigenvalue problem Ah = Lh in X for h € D(L),\ > 0. Define
Auh = —ocAnh — [p]gh, where D(A.) := D(L). Let Ty be the solution operator to
the elliptic two-phase problem and Djssg := [05T0g] the corresponding Dirichlet-
to-Neumann operator. Then the eigenvalue problem can be written as

Ah+ DprsAch = 0. (5.35)

By applying the Neumann-to-Dirichlet operator Njsg, cf. (5.18)), the equation ([5.35))
can be rewritten as

ANyrsh + Ak = 0. (5.36)
Define By := ANjs + A, with natural domain D(B,) := WZ(Z) N {h : (h|1) =
0, (ngs|Vh) = 0}. Note that A, by perturbation of —Ay and Njsg by Lemma

both admit suitable extensions to Ly g)(X). Then, for A > 0 sufficiently large, B
is positive definite. Indeed,

(Bahlh)s = M(Narshlh) + (Achlh) > Mo|hlZ, () + 0| Var bl s) = [plel bl ),
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for all h € {h € H%(X) : (h|1)2 = 0, npx, - Vorh = 0 on 90X}, where dy > 0 is as
in (5.22). On the other hand, let 0 # h, € D(A.) be a nontrivial eigenfunction of
—Ap to the eigenvalue A; > 0. Then

(Bkh*|h*)2 - )‘(NMSh*‘h*)Z + (A*h*|h*)2

Taking limits as A — 0, limy_0(Bah«|hs)s = (Ashslhs),(s). By choice of h., we
readily get
[rlg
(Ashalh) Lo(z) = 0 [Al el USRS
whence (Byhy|hy)s < 0, provided A > 0 is sufficiently small. Defining A, > 0 as in
(5.23)), the same arguments yield 0 € o(B,, ), hence there is a nontrivial h € D(B,,)
solving (5.36) in Lo 0y(X) and the same bootstrap argument as in the proof of
Lemma finally yields h € D(L).
We have shown the following result.

THEOREM 5.6. Let —Axn and A1 > 0 be as in Lemma @ The operator L :
D(L) Cc X1 — X, from has the following spectral properties.
(1) o(L)NiR C {0}, and 0 € o(L) if and only if [plg/c € o(—AnN).
(2) If [p] <0, or[p] >0 and [p]g/o < A1, then o(L) C C_.
(3) If [p] > 0 and [p]g/c > A1, then o(L) NC4 # 0.






APPENDIX A

Auxiliary problems of elliptic type

A.1. Smooth domains

Let 2 C R™, n = 2,3, be a bounded domain with smooth boundary 9. Fur-
thermore let ¥ be a smooth submanifold of R™ with boundary such that the interior
3 is inside © and meets 9 at a constant ninety degree angle.

In this chapter we are concerned with problems of elliptic type, namely,

(77 - A)u = f7 in Q\Ev
uls = g1, on X, (A1)
naq - Vulao = g2, on 052,

where i > 0 is a fixed shift parameter, as well as the non-shifted version,

—Au = f, in Q\X,
uls = g1, on X, (A.2)
noa - Vulaa = ga, on 01,

where in both cases f, g1 and g are given data. We will show optimal solvability
of this problem via a localization method. To this end we consider first the model
problem of (A.3) on R? with flat interface {z, > 0,21 = 0}.

A.1.1. Flat interfaces.

THEOREM A.l. Let g € (3/2,2) and ¥ := {x,, > 0,27 = 0} be a flat interface.
Then there is some ng > 0, such that for everyn > no, f € Ly(RY), g1 € Wf_l/q(E),
and g2 € qu_l/q((?R’_}_), there exists a unique solution u € W2 (R \X) of

(n—Au=f, in RY\X,
uls = g1, on Y, (A.3)
Onulorr = go, on ORY.

Furthermore, there is some C(n) > 0 and some K > 0 independent of n > no,
such that

fule, @) +07 21 Dul, @m0 Dl @)
< Kn_1|f|Lq(R1) + 0(77>|91|W§*1/‘1(2) + Kﬁ_l/(ZQ)_l/Q|g2|W;—1/q(aRi)

for alln >ng.

151
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PROOF. We first solve the auxiliary upper half space problem
(n—Ad)w=f, in R,

anw|8]Ri = g2, on 8Ria

by a function w € W2(R" ). Then it suffices to solve

(n—A)u =0, in RY\X,
uly = g1, on X, (A.4)
anu|aR1 =0, on OR,

where §1 := g1 — w|y, since then u = w + v solves the initial problem. Since 9,,u =0
on the boundary, we may reflect problem via an even reflection to obtain
an elliptic problem on R x R"~1. By Theorem using g < 2 we obtain that
Rg: € qu_l/q (¥), where X := {z; = 0}. Here, R denotes the aforementioned even
reflection in x,-direction. The problem we are left to solve is now

(n—A) =0, in R\,

- (A.5)

vlg = Rg1, onX.
Let o' := (x3,...,2,). It is now well known that the operator (n — A,/)Y/? with
domain qu (R"~1) has maximal regularity on the half line R, with respect to the
base space L,(R"™1) and the induced semigroup is analytic:

By Example 4.5.16 in [57], the fractional power of the shifted Laplacian (n —
A,)'Y? admits a bounded H>-calculus with base space LI(R""!) and domain
W;(R”‘l), and the H>°-angle, say @0, is zero.

By the embedding (3.62) in [57], the operator (n — A,/)'/? then also admits
bounded imaginary powers with power angle pp < ¢, from which it follows by
Theorem 4.4.5 in [57] that (1 — A,/)'/? is R-sectorial with spectral angle pr < @p.
Since ¢oo = 0, we have ¢r < 0 and therefore Theorem 4.4.4 in [57] yields that
(7 — Az)*/? has maximal regularity on finite time intervals with respect to the base
space LY(R™~1). Note that due to the shift parameter the spectral bound of the
fractional power (n — A,/ )'/2 is strictly less than zero, see Remark @ Therefore
by well known results we have maximal regularity on the whole half-line R;. Note
that the induced semigroup of this operator is also analytic, cf. |[57].

From Theorem 6.1.8 in [57], the natural domain of n — A, with respect to
the base space Lq(R"!) equals the Sobolev space WZ(R™~'). Corollary 6.1.9 in
[57] then renders the domain of the fractional operator to be D((n — Ay)'/?) =
W, (R™!). To obtain a solution via maximal Lg-regularity with non-trivial initial
value, the initial value has to be in the corresponding interpolation space, which is
in this case explicitly given by

(Lo(®™1), D(( = Au)V?)) = WiYame),

1-1/q,q

More precisely, we have a unique solution

v e WARL; LUR™)) 0 LRy W(R™)
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to the evolution equation
Oz, ¥ — (n—Ax/)l/%:O, x1 € (0,00),
v(xz; = 0) = vy,

whenever vy € qu - ?(R"~1). The solution to this problem is then given by appli-

cation of the semigroup,

— e (=2,)" %2

V(21 ey Tp) Yo (2, eey Ty )-

By choosing vy = Rgi, an easy calculation shows that v = e*(”*Am’)l/%lel is a
solution to (A.5), at least for 1 > 0. Note that by a simple coordinate transform,
v = =B 2a R

solves (A.5) for x; <0, so altogether a solution of (A.5) is given by

v(zy, ') = e_("_AI’)l/zmlel(x’), r; €R, 2’ € R*L

By maximal regularity,
HU||qu(R;Lq(Rnfl))nLq(R;W;(Rnfl)) < C||R§1||W;—1/q(Rn,1),

hence

[olas lw ) < Cllgnlya-17o sy, (A.6)
Note that by differentiating the equations we can also control second derivatives,

[olrry [lwz@n) < Cllgrllyz-1/a s, (A7)
Indeed, note that the semigroup is analytic, that (n — A)l/ 2 is invariant under
translations and commutes with partial derivatives with respect to x;, j = 2,...,n,
and that we can differentiate the equations, see Proposition 2.2.1 (i) and (iv) in [43].
We obtain that d,,v,j = 2,...,n, solves

Oz, 0z, v — (1 — A)l/“‘a%,v =0, x1 € (0,00),
Oz;v(21 = 0) = 0y, 0,
for each j = 2, ...,n. Therefore maximal regularity just as above yields in this case
102; vl wp sLo@n-1)nLe@wy @) < Cllz;vollyya-1/agn-1y,
which then entails that
HaﬂﬁlaﬂﬁijLq(Ri) + ||8I_7a$kv‘|Lq(R¢) < C””OHWg—l/q(Rn,l)

for all j, k = 2,...,n. Note that since 0,05, v = (n — Ay )v, we can also control the
full W2-norm, so altogether (A.7) holds true.

To obtain the explicit dependence of the shift parameter n > 0 we proceed as
follows. By uniqueness of the solution, we know that u(z) = u,(y/nx), where u,, is
the unique solution of

I —=AD)uy, = f, in RT\X,
U’TI|E = 97173 on Ea

Onty = g%, on OR},
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where

Lf(a), i) = gi(—=a), ¢2(0) = —=ga(—=a
fo@) = LI (Za) @) i=a(mo) gi(e) = —moal ).

By the above arguments there now exists a constant K > 0 independent of 7, such
that

lunllwezyey < K (allzo + llgglya-rva + 192l ya-vse)

A direct calculation shows that
g llwz = /"l e + " [ Dull Lo + /™" 2| Dl e,
I fallze = va™ "2 £l e,
lgnllyz-1re = v Ngallzo + Va"™ T Dgr o + VM Dga] e,

n—1 —1 n—1 —(1-1
”9727”qu’1/“ :\/ﬁ( )/a H92||Lq+\/77( )/ a—( /q)[gz]wa—l/q-

Hence
n/q n/a=1p n/a=2| 2
VI o+ A Dl o+ /0D
< K" 72 flle + K" gl + Km0 gl

where K > 0 is independent of > ny. Multiplying with \/ﬁ_"/ 4 gives the desired
estimate. 0

REMARK A.2. We can introduce weighted norms for the solution,

-1 -2
2.0 = [ullLe + /0 [Dull e + /7| Dl o,

|u
as well as the data,

-2 -1 —1/q—-1
[(F:9192)lan = VT 21 o+ Vil ga 2o + T gl

This gives |ul2,q,, < K|(f,91,92)|qn, where K > 0 is independent of 1 > n9. Note

that for fixed n > 7y, these norms are equivalent norms in solution and data space.

REMARK A.3. Let A, := —(n — A)}/2,n > 0, with base space LI(R"!) and
domain W] (R"~!). We now show that for every n > 0 there is co(n) > 0, such that
the spectral bound satisfies s(—(n — A)Y/2) < —cg(n) < 0. From Example 4.5.16
in [57] we get that A, is invertible, has maximal regularity, and the semigroup is
analytic. For fixed A, we define the Fourier multiplication operator M)y := F~lmyF,
where the symbol is given by

_ —(+[gA)?
m(§) == Yo (o 1£2V12
A+ (n+1€17)
Clearly, (n+ |¢]?)/2 > n!/? uniformly in & € R*71. If A € C\R, [A+ (n+[£[>)1/?| >
C(A\m) >0. f A€ RN{A> —n2/2}, [N+ (n+ €22 > 1'/2/2. Furthermore,
using that (17 + [€[*)"/? < 1+ (n + [¢*)/? < C(n)(n +[€*)"/? for all € e R"Y, we

can conclude that m is holomorphic and bounded on

(Avé-) € (227r/3 - 00(77)) X (_Zﬂ'/4 N Z7r/4)n_1

Re A > —n'/2,
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Hence my satisfies the scalar Mikhlin condition for every A € Yo 3 — co(n), see
Remark @, whence M) can be extended to a bounded operator on LP(R"~1).

So, for given f € LP(R" 1), \ € Yor/3 — co(n) we find a unique solution of
\u — (n — A)Y2u = f, namely by solving Ayu = My f. This however shows that
Sox3 — co(n) C p((n — A)'/?), which immediately implies that the spectral bound
is strictly negative, s(—(n — A)/2) < —¢o(n) < 0.

REMARK A.4. Suppose § > 0 and f : (=X U 3p)" — C is holomorphic and
bounded, where ¥y := {z € C : |argz| < 8}. Then there is some C(6,k) > 0, such
that

|Dkf(z)| S 0(97k)‘f|L°°(—ZeUZg,(C)|Z|7k7 KIS Rn’ ke NO~

In particular, f satisfies the scalar Mikhlin condition. There is also a more general
statement for Banach space valued multipliers implying R-boundedness of the op-
erator family, see Proposition 4.3.10 in [57]. In our case the proof is much more
simple.

PROOF. The proof is a direct consequence of Cauchy’s formula. For simplicity
let n = 1. For y € R, since the double sector is conical, there exists Kk = x(0)
independent of y such that

B o)ly|(y) € =% U .

In particular, x = sin /2 is a possible choice. Cauchy’s formula then gives

f(’“)(y)k!/8 Adg, k € No.

270 0B, oy ) (€ = 9)M
Hence,
Klk(0)—F—1 e
9 < B e s ol meas(0B, (). € No,
which finishes the proof since meas(9By ), (y)) equals 2mr(0)[y|. O

A.1.2. Bent interfaces. We consider now the problem on a perturbed upper
half space RY == R" N {z, > y(z1,...xy—1)} with perturbed interface ¥5 := R} N
{131 = 7(1‘23 ---;mn)},

(n—D)u=f, in R7\X5,
U= g1, on 2’77 (Ag)
nory - Vu = ga, on JR’.

We will show that this system is also solvable if n > ny for ny sufficiently large and
Ivllcr + |Fllcr < g for g9 > 0 sufficiently small.

THEOREM A.5. There is some 19 > 0 and some g9 = £9(no) > 0, such that the
following is true. For allm > no and ||v||c1 + ||7llct < €0, there is a unique solution

u € W2RZ\X5) of the n-shifted problem (A.9), if and only if f € LY(RZ), g1 €
qufl/q(Z:,), and gz € qu*l/q(é)RI;).
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PrOOF. We show this by a perturbation argument. Transforming via F, cf.
Lemma the perturbed problem is equivalent to the regular upper half space
problem

(n—A)a=f+ A(a), in R\,
u =g, on X, (A.10)
Ontt = go + As(a), on ORY,

where f = fo F,g; =gjoF,j=1,2, and

Ay (ﬂ) = Z Rﬂ&laju + Z Rlalﬂ,
1,7 7

cf. ([2.49), as well as Az (@) = (e, —ny) - Vi+n, - (DFT —I)Va). Here n., denotes
the upper normal of JR7. We now perform a Neumann Series argument. We equip

W2(R7\S) and the data space [Ly(R7) x Wo ™ /9(£5) x Wy~ /9(0R™)] with the
weighted norms of Remark [A22l Then the operator L, defined by the left hand side
of (A.10), is invertible. Its inverse is bounded by a constant K independent of 7
with respect to these n-weighted norms, cf. Remark [A.2l We now show that

164 0 A2) gy oo g w5y w00y = O

with respect to the n-scaled norms as n — oo, and |5|c1 + |v|cr — 0. By a standard
Neumann series argument, L + (A;,0,.A2) is invertible if T' > 0 is small enough.
Now,

| Av(a)],; = 77_1|A1(ﬂ)|Lq(1R1)
St Z 010, (r)
Y
S (1Bler + ek, + B, v)n~ 2 |aly,

where Rj; and R, are as in (2.50). Now note that

Aa(@)ly = ViAo (@110 g -

le‘Lco(Ri) + ’17_1 Z |8j’l7,‘Lq(]Rj_) Rj|Loo(]Rf;_)
J

Extend 7., to a function on R’} by a bounded extension operator, cf. [62], and denote
the extension by 7n.,. Then

Ao (@)ly S VT (e — iy) - Vil gae)
+ Vi TV (en = 7is) - Vil )
T T (en — 7iy) - V2l e
+ Vi s o (DT = DVl e
+ i Y | V(DFT — NVaulr,®n)
+ Y s o | (DFT = V2l gz
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In weighted norms,

(@)l S Clny, DE)I Y/ V|, e+
iU (ny = enlio + IDF = Tl )v/i 21Dl zn)
SV 0y, DF)aly + it~ (Bler + [yl [,y

Fixing first 79 > 0 large enough and then €9 = q(19) > 0 small enough finishes the
proof. O

A.1.3. Localization. By a localization argument we can now show that the
shifted problem is solvable in the case of a bounded, smooth domain.

THEOREM A.6. Let ¢ € (3/2,2), Q C R™ a bounded, smooth domain and ¥ a
smooth surface inside Q) intersecting the boundary 0S) at a nintey degree angle. Then

there is some 1y > 0, such that if n > no, for every (f, g1, g2) € Lq(2) x WqQ_l/q(Z) X

qu*l/q(aﬂ) there is unique u € W2 (Q\X) solving (A.3). Furthermore, the solution
map [(f, g1, g2) — u] is continuous between the above spaces.

PROOF. We show solvability and uniqueness via a localization method, cf. [57].
To this end let (¢;);=o,....n be a partition of unity as in Section Suppose u is
a solution. We then obtain localized equations for v’/ := ¢ u, namely

(n—A)u? = @, f +C] (u), in O\,
s =g —|—C§(u)7 on X,
noq - Vul = p;gs + C4(u), on 99,

where the perturbation operators are given by
Cl(u) = p8u— Apyu), Chuw) =0, Ci(w) = noq - (V(pju) — o, Va).
In other words, these operators are of commutator type and therefore of lower order,
Cl(u) = ulp; + 2V, - Vu, Ci(u) = nag - uVep;.
Let 7 := (C{,O,Cg). We now show that
Couly < C)lulay, (A.12)

where the constant C(n) satisfies C'(n) — 0 as 7 — co. Then the proof follows the
lines of Section 2.5.4 We have

: 1 2
|Cul, = EHUA%'HLQ + ;HVU “VjllLe

IN

1 2 1
Dl el Ag; e + = = |Vl o) A
n ! NGV !
Lol o2l + —=llosllcz

—||Pjllc? U2, —I¥Pillcz2|U|2,n,

,',I J n ,'7 J n

NG

IN
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as well as
\Chul,, :\fvflfl/qﬂnasz 'UV%Hqu—l/q
< Vi T lullwg Inoe - Veeilles
<V ulagllnag - Vsl
Clearly, these two estimates give . (I

A.1.4. The non-shifted problem. We will now show solvability of the non-
shifted problem (|A.2).

THEOREM A.7. Let g € (3/2,2). For every (f,g1,92) € Ly(Q2) X WqQ*l/q(E) X

qu‘l/q(a(z) there is unique u € W2(Q\X) solving (A.2). Furthermore, there is
some constant C > 0, such that

[ulwz@\s) < C (\f|Lq(Q) Flgilyyz=1/a(s) + |92|W;,1/q(8m) :

PROOF. First we choose n > 0 large enough and solve (A.3) by a function
v € WZ(Q\X). It therefore remains to solve

—Aw = —no, in Q\X,
wly =0, on X,
neq - Vw|aQ = 0, on 69,

since then u := v+w solves (|A.2). To this end define A to be the negative Laplacian
—A in L, () with domain

D(A) = {w S WqZ(Q\E) : w|2 =0, npq - Vw|aQ = O}.

Since D(A) compactly embeds into L,(€2) by Sobolev embeddings, A has compact
resolvent and the spectrum o(A) only consists of isolated eigenvalues of A with
finite multiplicity. We will show that zero is not a possible eigenvalue, hence A is
invertible.

Suppose u # 0 is a nontrivial eigenfunction to the eigenvalue A. The correspond-
ing eigenvalue problem reads as

—Au = Au, in Q\X,
uly =0, on X,
naa - V’u|ag = 07 on 0f).

Assume for a moment that ¢ = 2. Testing the resolvent equation with u in Lo(2)
and invoking the boundary condition, an integration by parts entails

f)\\u|2L2(Q) = /QuAudx = 7|Vu|%2(9).

Whence if A = 0, then u € D(A) has to be a constant function, hence zero since u
vanishes on ¥. This is a contradiction, hence A = 0 is not a possible eigenvalue if
q = 2. Note that the same arguments are still valid if ¢ > 2, since then by Sobolev
embeddings W7 () — W3(Q).

Consider now the case where 3/2 < ¢ < 2. Again consider the eigenvalue
problem Au = Au in L,(Q). By Sobolev embedding, W2(Q2) < Lg(Q) for some
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g > 2. We obtain that now Au = Au holds true in L;(£2). Therefore Au € Lg(Q2).
Since we already know that A; : D(A4) — Lg(12) is invertible we obtain u € Wg (Q).
Hereby, Aju := Au with domain

D(Ag) :=={w € WZ(Q\X) : w|z =0, naq - Vw|sq = 0}.

The same arguments now yield that A = 0 is not a possible eigenvalue.
Therefore we may uniquely solve (A.13) and the proof is complete since the
proof of the estimates follows in a straightforward way. O

A.1.5. Relations between shifted and non-shifted problems. We con-
clude this section by the following observation, cf. [57]. Consider the special case
where (f, g1,92) = (0,9,0). Define solution operators as follows. Let Tpg be the so-
lution of the non-shifted problem for (f, g1,92) = (0,9,0), and, for n > ng, T,,g
the solution of with (f, g1, 92) = (0,g,0). Then, Tog—T,,9 = n(n—An) " 'Tog.
Hereby, 2z := (n — Ay)~Lf solves the two-phase problem

(77 - A)Z = fv in Q\Za
zly =0, on X,
(nga|Vz) =0, on 0N.

For details we refer to Section 6.6 in |57].

A.2. Cylindrical domains.

Let us now consider the elliptic problem in a cylindrical domain. For notation,
let n = 3. In this subsection Q C R? is a bounded cylinder. We now need a result
for the elliptic model problem in the case where the top of the container meets the
walls at a ninety degree angle. With this at hand we may solve the elliptic problem
in a cylindrical domain with a localization argument as before. So let us consider
the quarter space G := Ry x R x R} and the one-phase quarter space problem

(U‘A)U:f, inG7
u=g¢g1, onS:={xr; =022 €R z3€R}, (A.14)
Osu =g, on Sy :={x; € Ry, z0 € R x5 =0}.
The key observation is now that the two Neumann boundary conditions on S7 and S
are compatible whenever ¢ < 2. Suppose that we want to find a solution u € Wq2 (@)
of the problem. Then by trace theory,
Vuls, € Wi=19(S)), j=1,2.

This yields necessary conditions for the data. We see that on the set 951 N 9Ss =
{z1 = 23 = 0} where the two boundary conditions meet, there is no compatibility
condition for the data g; and gs in the system. This is due to the fact that since
q < 2 the functions Vu|s; do not have a trace on J5;.

So let the given data in satisfy

fELYG), g e W H9(S;), j=1,2.

By a simple reflection argument we can reduce the problem to a upper half-space
problem with one Neumann condition and obtain full WqQ(G)—regularity for the so-
lution. Let us state this observation in the following theorem.
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THEOREM A.8. For all (f,g1,92) € [Lq(G) X qu—1/q(51) X qu_l/q(Sg)] there
exists a unique solution u € W2(G) to problem (A.14). Furthermore, the solution

map [(f, g1, g2) — u] is continuous with respect to these spaces.
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