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Summary

Let M be a closed connected oriented odd-dimensional manifold. The Atiyah—Patodi—Singer
p-invariant assigns to a unitary representation « of the fundamental group a real number
p(M, ). In other words, given M and a natural number k, we can view the p-invariant as a
function defined on the variety Ry (7w1(M)) of k-dimensional unitary representations of the
fundamental group of M. Levine determined subsets of Ry (w1 (M)) on which the p-invariant
is continuous and showed that, when considered with values in R/Z, it is continuous on the
entire variety. If the dimension of the manifold is 4n — 1, then Farber and Levine showed that
the p-invariant with values in R/Z is even locally constant.

Cheeger and Gromov defined an L?-analogue of the p-invariant, called L?-p-invariant, which
assigns to a closed connected oriented (4n — 1)-dimensional manifold and a group homomor-
phism ¢:71 (M) - G a real number p(? (M, ¢).

In this thesis, we consider a closed connected oriented 3-dimensional manifold M. We study
the set of discontinuities of the p-invariant restricted to suitable tori in Ry (71(M)) and relate
those discontinuities to the zeros of a multi-variable twisted Alexander polynomial. Given
O=(P1,-sOm):m (M) > Z™ and « € Rp(7w1(M)), we consider the torus

St xox St > Ry(m (M)

(21, 2m) — (g — a(g) ﬁzfi(g)).

i=1

In the one-dimensional case, i.e., a circle lying in the variety of unitary representations, we
bound the heights of the jumps of the p-invariant by the degree of the Alexander polynomial
associated to (M, ¢, a). For a torus of arbitrary dimension we show that if the Alexander
polynomial associated to (M, ¢, ) is not zero, then the set of discontinuities of the p-invariant
restricted to such a torus has measure zero. As a consequence, we deduce that the Riemann
integral of the p-invariant over such a torus exists and, in case that « is trivial, equals the
L2 p-invariant p3) (M, ¢).
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Chapter 1

Introduction

In 1975, Atiyah, Patodi and Singer introduced the n-invariant, which assigns to a closed
connected oriented odd-dimensional Riemannian manifold M and a unitary representation
a of its fundamental group a real number n(M,«). The n-invariant is defined as the value
at zero of a meromorphic extension of a function involving the eigenvalues of a differential
operator depending on the unitary representation of the fundamental group. Atiyah, Patodi
and Singer studied the n-invariant in a series of articles [APS75a], [APS75b] and |[APS76|.

Let a be a k-dimensional unitary representation of the fundamental group and let 7, be
the trivial k-dimensional representation. Atiyah, Patodi and Singer [APS75b, Theorem 2.4]
showed that the difference

n(M; ) = n(M, )

is independent of the Riemannian metric on M. It is usually referred to as the p-invariant
p(M,«) associated to M and a.

In the case of a (4n — 1)-dimensional manifold, the p-invariant can sometimes be calculated
as a signature defect, i.e., a weighted difference of the ordinary and the twisted signature of a
manifold having M as boundary. This is due to Atiyah, Patodi and Singer in the following
form:

Theorem ([APS75b, Theorem 2.4]). Let M be a closed connected oriented (4n —1)-dimensi-
onal manifold and let a:mi (M) - U(k) be a unitary representation. Assume there exists a
compact oriented 4n-dimensional manifold W with boundary consisting of v disjoint copies of
M and « extends to a unitary representation B:mi (W) - U(k). Then

1, . .
p(M, ) = - (ksign(WW) ~ sign (W),
where sign(W') and signg(W') denote the ordinary signature of W and the signature of W
twisted with 3, respectively.

We denote by Ri(7) the variety of k-dimensional unitary representations of 7 and consider
the p-invariant as a map
p(M): Ry(m (M)) - R
ar p(M,a).
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Levine determined sets on which the p-invariant is continuous. He proved the following;:

Theorem (|Lev94, Theorem 2.1]). Let M be a closed connected oriented odd-dimensional
manifold. Let r e NU {0} and let ¥, be the subvariety of Ry(mw1(M)) given by

¥, = {a € Ry (m(M))

> dimgH{(M; CF) > r}.
=0

Then

p(M): Ry(m1(M)) - R
o p(M,a)

is continuous on L, \YXy11. Furthermore, p(M) is continuous when considered with values in

R/Z.

If the dimension of the manifold M is of the form 4n — 1, then p(M) is even locally constant
in R/Z, as is shown in [FL96, Theorem 7.6].

By a result of Farber and Levine [FLI6, Theorem 1.5], the integer jumps of the p-invariant
can be calculated as a sum of signatures of suitable linking forms. In Chapter [6] we construct
the homological linking forms by following the work of Farber and Levine and state their
result.

In 1985, Cheeger and Gromov [CG85| defined the L?-p-invariant, which assigns to a closed
connected oriented (4n — 1)-dimensional manifold and a group homomorphism ¢: 7 (M) - G
a real number p(Q)(M, ¢). As opposed to the situation for the classical p-invariant, the
L2-p-invariant can always be computed as an L%-signature defect, see [Chal6b, Section 2.1].
Hence, the following can be used as a definition: Let W be a compact oriented 4n-dimensional
manifold with boundary consisting of r disjoint copies of M and let ' be a group such that

e there exists a group monomorphism i:G — I' and

o the group homomorphism i o ¢:m (M) - G — I" can be extended to a homomorphism

O:m (W) >T.

Then the L2-p-invariant is given as the difference of the ordinary and the L?-signature
signﬁ%(W) of W:
1. . (2
PP (M, 6) = = (sign(W) —sigujzp (W)

In fact, for a fixed M, there is always a choice of W such that for any group homomorphism ¢
a I satisfying the conditions above can be found. Cha used this fact to give a topological proof
of the existence of upper bounds for the L2-p-invariant, which first appeared in [CG85, (4.10)].
More precisely, Cha proved:

Theorem ([Chal6b, Theorem 1.3]). Let M be a closed connected oriented (4n—1)-dimensional
manifold. Then there is a constant Cy; such that

P (M, )| < Ot
holds for all groups G and all homomorphisms ¢:m1 (M) - G.
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Cha studied bounds on the L?-p-invariant in terms of the complexity of M in [Chal6b,Chal6a].
Here the complexity of a manifold is defined to be the minimal number of top-dimensional
simplices in a triangulation of the manifold. More concretely, Cha obtained an upper bound on
the L%-p-invariants of a 3-dimensional manifold which depends only linearly on the complexity
of the manifold:

Theorem ([Chal6b, Theorem 1.5]). Let M be a closed connected oriented 3-dimensional
manifold with complexity n. Then

10 (M, ¢)| < 363090n

holds for all groups G and all homomorphisms ¢:m1(M) - G.

Hence, the L?-p-invariant gives lower bounds on the complexity of a 3-dimensional manifold
and it turned out that these lower bounds are in many cases better than the previously known
lower bounds (see [Chal6b] and [Chal6a]).

Although the classical p-invariant is in general not computable as a signature defect, at least
in some cases it is related to the L2 p-invariant. Let G be a finite group and c:m (M) - G
be a group homomorphism. Let ¢g:G — U(|G]) be the regular representation. We define
p(M, ) = p(M,¢pg o ). We often denote the group instead of the homomorphism if it is
clear from the context which homomorphism we consider, i.e., p(M,G) = p(M,«). In case
that G is a finite group it follows basically from the definitions that the classical and the
L2-p-invariant just differ by the order of G, namely

1

(2) _
PP (M, G) =
G|

p(M,G).

More generally, the p- and L?-p-invariant are also related in the case of a residually finite
group G. If {G;};en is a residual chain for G, we have

pP(M,G) = lim

|
i |G/Gi|p(M’ G/G1).

This leads to the following question:
Question. Let M be a closed connected oriented 3-dimensional manifold. Is the map
p(M): Ry, (w1 (M)) -~ R
ar p(M,a)
bounded? If yes, can one determine upper bounds in terms of the complexity of M ¢

This question, which remains open, nonetheless served as the starting point for this thesis.

Given ¢ = (¢1,...,¢m):m (M) > Z™ and « € Ry (71 (M)), we consider the torus

St x St = Ry(mi(M))

(21,5 2m) ¥ (g — a(g) ﬁzfi(g))

i=1
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lying in the variety Ry(71(M)). In Chapter [7| we consider the one-dimensional case, which
corresponds to a circle lying in Ry (71 (M)), and bound the maximum height of the jumps of
the p-invariant restricted to this circle by the degree of the twisted Alexander polynomial
A®®?_ Tt is defined as the order of the C[Z]-module Hlo@d)(M; C"®¢ C[Z]), and the reduced

Alexander polynomial A®®? is the order of Torsiong(z, (HY ®(M; C* ®¢ C[Z])). More
precisely, we show:

Theorem 7.2. Let M be a closed connected oriented 3-dimensional manifold. Furthermore,
let g:mi (M) - Z and c:mi (M) - U(k). Given t € R we define the group homomorphism

af:mi (M) — U (k)

g a(g)eiw(g)'

Let py be the p-invariant corresponding to a?. Then %im pr exists for all s e R. If
NS

Ps * lim Pt
t\s
then the reduced Alexander polynomial Ao®¢ of M has a zero at ¢*. If N(e**) denotes the
multiplicity of this zero, then
[ps = lim py| < N (e").
Furthermore, we have

max {|ps - pi| | 5,t € [0,27]} < deg (A°®?).

In Chapter [§] we more generally consider an m-dimensional torus lying in the variety of
unitary representations. By using the result of Levine that the p-invariant is continuous on
sets of the form

{Oz € Rk

we relate the set of discontinuities of the p-invariant to the zero set of the multivariable
Alexander polynomial A®®?. We obtain the following result, which combines Corollary
and Corollary [8.12

> dime H{* (M; cr) = 7“} ,
i=0

Corollary. Let M be a closed connected oriented 3-dimensional manifold. Furthermore let
a:m (M) - U(k) and let ¢ = (P1,...,0m):m1 (M) - Z™ be homomorphisms such that either

1. « is irreducible and « restricted to ker(¢@) is non-trivial or
2. a is trivial and ¢ is an epimorphism.

Let T := (Sl)m and given z = (21,...,2m) € T™ consider the deformed representation
afim (M) > U (k)

g a(g) H Z?i(g)'
=1



Then

p(M):T™ - R
2 p(M,a?)

is constant on the connected components of Tm\({z € Tm‘Aa®¢(z) = 0} u{(1,...,1)}).

A classical example of a situation in which the second condition of the previous corollary is
satisfied is that of a 3-dimensional manifold obtained by O-framed surgery on a knot. Let
K c S be a knot and let My be obtained by 0-framed surgery on K. Let ¢:m(Mg) — Z
be the abelianization and for a given z € S* denote by 1.:Z — U(1) the homomorphism with
1,(1) = z. Then

PO 0) = [ oM, 06) .
holds (see [COT03, Lemma 5.4]).
In Chapter |§| we generalize this result using the previous corollary by showing that the L2-p-
invariant of a closed connected oriented 3-dimensional manifold together with a homomorphism

¢:m1 (M) - Z™ can be expressed as an integral over suitable p-invariants. More precisely, we
obtain the following result:

Theorem 9.13. Let M be a closed connected oriented 3-dimensional manifold. Furthermore,
let g:m (M) — 7! be an epimorphism such that the Alexander polynomial A® is not zero. For

any z=(21,...,21) € T! we consider the one-dimensional representation
(S 7! U(1)
(n1,...,mp) = 2yt
Then
[Tl p(M, (R ¢) dz
erists and
pPO.0) = [ p(M 0.0 0)dz,
Outline

In Chapter [2] we collect basic notions and results which we will need later on. In particular, flat
connections on vector bundles over smooth manifolds are introduced. Their correspondence
to unitary representations of the fundamental group will be crucial for the rest of the thesis.

In Chapter |3| we show that an analytic deformation of a connection of a vector bundle gives
rise to an analytic deformation of a unitary representation of the fundamental group of a
manifold. Going in the other direction is more subtle, hence we contend ourselves with
proving that the analytic deformation obtained by following a circle in the variety of unitary
representations of the fundamental group indeed gives rise to an analytic deformation of
connections.

In Chapter [4 we give the definition of the Atiyah—Patodi-Singer n-invariant and p-invariant
and collect their most important properties. In particular, we discuss situations in which
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the p-invariant can be expressed as a signature defect and show that this is the case for
homomorphisms that factor through a finite group. We will also recall the known computation
of the p-invariants of a manifold obtained by 0-framed surgery on a knot in terms of Levine—
Tristam signatures.

In Chapter [5| we first give a short introduction to the group von Neumann algebra N'G and
the dimension function on AN'G-modules which we will use to define the L?-signature. Then
we will give the analytic definition of the L?-7)- and the L2-p-invariant as well as the possible
definition of the L?-p-invariant as a signature defect. We then use an approximation result
of Liick and Schick to relate the L?-p-invariant for a homomorphism to a residually finite
groups to the classical p-invariant associated to quotients by finite-index subgroups. As an
application, we derive the known result that the L2-p-invariant of a manifold obtained by
0-framed surgery on a knot can be expressed as an integral over p-invariants.

In Chapter [6] we state the result of Farber and Levine that the heights of the jumps of the
n-invariant can be calculated as sums of signatures of suitable linking forms. We construct
the relevant linking forms and prove some of their properties by following the original article
[FL96].

In Chapter [7] we consider the behavior of the p-invariant under the special type of analytic
deformation of a unitary representation of the fundamental group of a manifold introduced
in Chapter For 3-dimensional manifolds, we will bound the heights of the jumps of
the p-invariant that occur while deforming the unitary representation along a circle to the
multiplicities of the zeros of a twisted Alexander polynomial of the manifold.

In Chapter [8] we consider a generalization of the previous setting in the form of an m-
dimensional torus lying in the variety of k-dimensional representations. We relate the location
of the jumps of the p-invariant appearing as the representation varies on the torus to the
zero set of the corresponding Alexander polynomial.

In Chapter [9] we deduce that the Riemann integral of the p-invariants of a 3-dimensional
manifold computed over a suitably chosen torus exists and equals the L?-p-invariant of an
epimorphism from the fundamental group of the manifold to a free abelian group. This
generalizes the known result for knots stated in Chapter
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Chapter 2

Preliminaries

In this chapter we collect basic notions and results which we will need later on.

2.1 Conventions

All manifolds, vector bundles over manifolds and sections of such vector bundles considered
in this thesis are implicitly assumed to be smooth.

In this thesis, all rings are assumed to be unital and associative, but not necessarily commu-
tative.

2.2 Twisted homology and cohomology

Let R be a ring with unit. An involution i: R — R is a map which satisfies
o i(1)=1,
o i(a+b)=1i(a)+i(b) for all a,be R,
o i(ab) =i(b)i(a) for all a,be R,
e i(i(a)) =a for all a € R.
If it is clear which involution we consider, then we often write p :=i(p).

Let V be a right R-module. Then V becomes a left R-module, denoted by V, by using the
involution, namely

revi=ur forreRandveV.

If f:V - V' is an R-linear map of right R-modules, then the same map of underlying abelian
groups defines an R-linear map f:V — V7 of left R-modules. In the same way we can turn a
left R-module W into a right R-module W, and similarly we define f for R-linear maps f
between such modules.
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Let X be a connected topological space with fundamental group « and universal covering
X. We always consider the singular chain complex C, X as consisting of right Zmr-modules,
where 7 acts on C, X by deck transformations. We always view Zr as a ring with involution

wdm - 2

> ag9 > ) agg”!

gem gem
Let A be a left Zm-module. Then we can form the tensor product
C*)? ®znx A
and the homology with coefficients in A is defined by
Hi(X; A) = HZ(C*X Rzr A)

Since C,X is a right Zm-chain complex, we can consider the mapping chain complex
Homgy,(C, X, A). Then the cohomology of X with coefficients in A is defined by

H'(X; A) == Hy( Homg, (C. X, A)).

2.3 Cup product with twisted coefficients

Let X be a connected topological space with fundamental group 7 and universal covering
X. Further let A and B be left Zm-modules. Then A ®z B is a left Zm-module, where the
action is given by

TxA®yz B> A®y B
(9,a®b) ~ (g-a)®(g-b).

Let ¢ € C*(X; A) = Homg, (CkX, A) and ¢ € C'(X; B) = Homgz, (Cl)N(, B). We consider
U Cra(X) > Aoy B
(o: A 5 X) o (¢oo([vo, - vi])) @z (¥ o o ([vr, -+ vent])),

where A**! is the standard (k +1)-simplex on k + [ + 1 vertices vp, . . . , Ugy.

One can show that the cup product descends to a map on cohomology as in [Fril9, Lemma
57.3].

Lemma 2.1. Let X be a connected topological space with fundamental group m and universal
covering X. Let A and B be left Zm-modules. Let ¢p € CF(X; A) and ¢ e C'(X; B). Then

u:H¥(X; A) x H(X; B) » H*!(X; Aoy B)
is a well-defined Z.-bilinear map. The action of m on A ®z B is given by the diagonal action

TxA®y B~ A®y B
(g,a®b) = (g-a)®(g-b).



2.4. Cap product with twisted coefficients

We need the following well-known properties of the cup product later on.

Lemma 2.2 ([Fril9, Lemma 57.2~]). Let X be a connected topological space with fundamental
group m and universal covering X. Let A and B be left Zm-modules. Let ¢ € Ck(X;A) and
Y e CY(X;B). Then

S(pup) =dput+ (-1)*pudy e CHHI(X; Aoy B).
Proposition 2.3 ([Fril9, Proposition 57.8]).~Let X be a connected topological space with
fundamental group m and universal covering X. Let A and B be left Zm-modules. Let v be

the map

TtA®yz B> B®eyz A
a®b—-b®a.

Let ¢ € CK(X; A) and ¢ € C'(X;B). Then

putp = (-1 (vug).

2.4 Cap product with twisted coefficients

Let X be a connected topological space with fundamental group n and universal covering

X. Let A and B be left Zm-modules. Furthermore let ¢ € C*(X; A) = Homz, (C. X, A) and
op=0®beCy(X;B). For | > k we define

dNopi=0ovg, v ®Z7r(¢ oo ([vg,vk]) ®Zb) € C_x(X;A®y B).
| S ——
App—>X €A

The cap product then defines a map on cohomology (see for example [Fril9, Lemma 59.2]).

Lemma 2.4. Let X be a connected topological space with fundamental group © and universal

covering X. Let A and B be left Zm-modules. Let ¢ € C*(X;A) = Homg,(C,X,A) and
oceC(X;B). If l > k, we get a well-defined map

n:HY(X; A) x H(X; B) - H_1,(X; A®yz B).

The following lemma relates the cap product to the cup product (see for example [Fril9, Lemma
59.7]).

Lemma 2.5. Let X be a connected topological space with universal covering X and funda-
mental group . Let A and B be left Ziam-modules. Let I,m,n € Nu{0} such that n>m+1.
Let e H(X;A), ye H"(X;B) and z € H,(X;Z). Then

zn(ynz)=(yux)nze Hy, , (X;A®z B).
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2.5 Poincaré duality with twisted coefficients

We need the following version of Poincaré duality which is proven in [CLM18| Theorem 4.44
and Theorem 4.51].

Theorem 2.6. Let M be a closed connected oriented n-dimensional manifold with funda-
mental group w. Let A be a left Zim-module and c: 71 (M) - Autz,(A) a homomorphism. Let
[M] e H,(M;Z) be the fundamental class. Then the map

PD™ L HY (M3 A) > H, - (M; A)
x—axn[M]
s an isomorphism for all k > 0.
For manifolds with boundary a similar statements holds (see [Wal04, Page 3]):

Theorem 2.7. Let M be a connected oriented n-dimensional manifold with boundary OM and
fundamental group 7. Let A be a left Zm-module and a:m1 (M) - Autz,(A) a homomorphism.
Let [M] e H,(M,0M;Z) be the fundamental class. Then the maps
PD L H*(M,0M; A) - H,,_,(M; A)
x—xn[M]

and

PD L H¥(M; A) - H,_.(M,0M; A)
x—zn[M]

are isomorphisms for all k > 0.

2.6 Signature of a manifold

Let V be a finite dimensional C-vector space and h:V x V — C a Hermitian form. Then h
can be represented by a Hermitian matrix Ay. The signature of h, denoted by sign(h), is
defined to be the number of positive minus the number of negative eigenvalues of A; and
does not depend on the choice of A;. Let k:V xV — C be a skew-Hermitian form. Then
i-k(-,—) is a Hermitian form and the signature of k is defined by sign(k) := sign(i - k).

Let M be a compact connected oriented manifold of dimension 2n with boundary oM,
possibly empty, and fundamental group 7. Let [M] € Hy,(M,0M;Z) be the fundamental
class.

The untwisted intersection form on M is defined by

In;:Hp(M;C) x Hy(M;C) - C
(a,b) = (PD(a) uPD(b),[M]),

10



2.7. Order of a module

where PD(a) uPD(b) € H*(M,0M;C ®z C) is considered as an element in H?"(M,dM;C)
by using the map
CezC-C
(a,b) ~ ab.

The intersection form is well-known to be Hermitian if n is even and skew-Hermitian if n is
odd. If M is closed, then Ij; is non-degenerate. The signature of M is defined by

sign(M) = sign({pr).

Let c:m (M) - U(k). Then we can consider homology with coefficients twisted by «, and
we denote by H(M;C*) the homology H,(C.(M) ®z, C*). The intersection form on M
twisted with « is defined by

I HE (M; € x HE (M €F) - €
(a,b) = (PD(a) uPD(b),[M]),
where, again, PD(a) u PD(b) € H22 (M,0M;C* ®7 C*) is considered as an element in
H?"(M,0M:;C) by using the left 7-invariant map
C* ez C* > C
(a,b) = a'b.
If M is closed, then If; is again non-degenerate. It is Hermitian in case that n is even

and skew-Hermitian in case that n is odd. The signature of M twisted with o, denoted by
sign, (M), is defined to be the signature of If;.

Note that if c:my (M) — C* is trivial then ksign(M) = sign, (M).

2.7 Order of a module

We want to define the order of a module over a commutative Noetherian unique factorization
domain R. For example, if H is a free abelian group and if I is a field then the group ring
IF[H] is a commutative Noetherian unique factorization domain. In the following, we will
mostly consider the ring C[Zl].

Let A be a finitely generated R-module. Since R is Noetherian, there is a resolution of A by
free finite rank R-modules, called a presentation of A, of the form
P
RM— R — A—0,
where P is a matrix with entries in R. Moreover, we can assume that s <r: If s was bigger
than r, we could replace r by s and add (s —r) zero columns to P.
Let E(A) be the ideal in R generated by all (s x s)-minors of P. It is known that E(A) does

not depend on the choice of a presentation of A (see for example |[Tur01, Lemma 4.4]).

11
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Since R is a unique factorization domain, there exists a unique smallest principal ideal of
R that contains E(A). A generator of this principal ideal is called the order of A. The
order of A is well-defined up to multiplication by a unit in R. More details are given in
[Tur01, Chapter 4.1].

The following well-known statement is for example shown in [Tur01l, Remark 4.5].

Lemma 2.8. Let A be a finitely generated module over a Noetherian unique factorization
domain. Then ord(A) 0 if and only if A is an R-torsion module.

2.8 Alexander polynomial

Let M be a compact connected manifold and ¢:m (M) — Z!' a homomorphism. Let
a:m (M) - U(k) be a unitary representation. We consider the left action of m on the
C[Z']-module C* ®¢ C[Z'] given by

mx (CF o €[Z']) - € 8¢ C[Z']
(9. (ve ) = (alg)v @ d(g)).

This situation will be common throughout the rest of this thesis, and we will denote a
dependence of an invariant on such a twist by an exponent o ® ¢.

Since M is compact, the cellular C[Z']-chain complex CgW(M . CF ®¢ C[Zl]) is finitely
generated. As (D[Zl] is Noetherian, it follows that Hia®¢(M; C*F ®¢ (D[Zl]) is a finitely
generated C[Z!]-module for each 4.

Definition 2.9. The i-th twisted Alexander polynomial Af‘®¢ of (M, ¢, ) is defined to be
the order of Hf‘®¢(M; C* ®c C|Z]) e C[Z'].

Note that it is a consequence of Lemma that the Alexander polynomial is zero unless
Hl.o‘@‘b(M; C* ®¢ (D[Zl]) is C[Zl]—torsion. Therefore, it will prove useful to also study the
Alexander polynomial of Torsiongz: (Hfm(b(M; CF oc @[Zl])).

)

Definition 2.10. The reduced i-th twisted Alexander polynomial Zia®¢> of (M, ¢, «) is defined
to be the order of Torsiong(z (Hf‘w(]\/[; C* ®¢ C[Zl])). If ¢ = 1, we sometimes drop 4 from
the notation.

Clearly, twisted Alexander polynomials are only well-defined up to multiplication by a unit
in C[Zl], which are of the form az with 0 # a € C and x € Z'.

The twisted Alexander polynomial was for example studied by Friedl and Vidussi in [FV11]
and by Friedl and Kim in [FKO06].

Friedl and Vidussi showed in [FV11} Proposition 2] that under certain assumptions the zeroth
Alexander polynomial is one.

Proposition 2.11. Let M be a compact connected oriented manifold, whose boundary is
empty or consists of tori. Let az:mi(M) — U(k) and ¢:m (M) — Z be non-trivial. If o is
irreducible and o restricted to ker(¢) is non-trivial, then A8‘®¢ =1 up to multiplication by a

unit.

12
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Let n,m e Z. Let p= Y a;t' € C[Z] with a,, # 0 and a,, # 0. Then the degree of p is defined
to be m —n. Note that since Alexander polynomials are well-defined up to multiplication

by a monomial, it follows that the degree of an Alexander polynomial in one variable is
well-defined.

For an n-dimensional manifold M, we denote by b;(M) the i-th Betti number of M. In
particular, b, (M) =1 if M is connected and closed and by, (M) =0 if M is connected and has
non-empty boundary.

Let R be a commutative ring with involution ¢. For such a ring, the free modules R"™ are
equipped with R-sesquilinear scalar products given by

(v,w) = v"-i(w).

Let B:m1 (M) - GL(k, R). Then we denote by A:m (M) - GL(k, R) the unique representa-
tion which is determined by

(8 yv,w) = (v, B (9)w).

The following proposition is proven in [FKO06, Proposition 2.5].

Proposition 2.12. Let M be a compact connected oriented 3-dimensional manifold whose
boundary is empty or consists of tori and let ¢p:7w1 (M) — Z. be non-trivial. Furthermore let
a:m (M) - GL(k,C) be a representation such that Ai@d’ #0.

1. If M is closed, then
ASE(1) = ALY (1)

up to multiplication by a unit.

2. If M has non-empty boundary, then Ag‘®¢ =1 up to multiplication by a unit.

In particular it is deg (Ag®¢) =bg(M) deg (A((]amﬁ)f). If « is a unitary representation, then
a=al and (a® @) =al ® (~p) =a® (~¢) and hence,

deg (A7) = by (M) deg (AG®?).

2.9 Thurston norm

In 1986, Thurston defined a seminorm on H'(M;Z) of a compact orientable 3-dimensional
manifold M by assigning to a cohomology class a truncated Euler characteristic of a repre-
senting embedded surface.

Let S be a surface with connected components S; for i =1,..., k. We define
k
X-(8) = 3 max{-x(8;),0}.
i-1

13
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Let M be a compact connected orientable 3-dimensional manifold. Let ¢ € H*(M;Z). The
Thurston norm | ¢||; of ¢ is defined as

|p|l; = min{x_(S) | S c M properly embedded surface representing PD™*(¢)}.

If the manifold M is irreducible, it was shown by Thurston in [Thu86] that the Thurston
norm defines a seminorm on H'(M;Z) which can be uniquely extended to a seminorm on
HY(M;R).

Friedl and Kim showed in [FK06, Theorem 1.1] that the Thurston norm gives an upper bound
on the degree of a one-variable Alexander polynomial:

Theorem 2.13. Let M be a compact connected oriented 3-dimensional manifold whose
boundary is empty or consists of tori. Furthermore let ¢:m (M) — Z be non-trivial and
a:m (M) - GL(k,C) a representation such that A?M) #0. Then

1 (0% « «
[9ll7 > (deg (AF°7) - dog (A3%7) - deg (25°7)).

2.10 Ring of germs of holomorphic functions

We denote by O the ring of germs of holomorphic functions at zero. An element in O can be
represented by a holomorphic function f:U — C, where U is an open neighborhood of 0 € C.
In the following we will not distinguish between the function and its germ.

It is well-known that holomorphic functions can be written as power series
f(z) =3 a;i’
i=0

with radius of convergence bigger than zero and the other way round that such power series
are holomorphic inside their domain of convergence. Furthermore, a holomorphic function f
defined in a neighborhood of 0 in C can be recovered from its values on the real line, and
hence we will often restrict its domain of definition to a real interval (—¢,€) around 0. Note
that the notion of the radius of convergence of a power series is independent of whether we
consider its variable to take real or complex values.

We consider O with the involution which is induced by complex conjugation
-:0-0
h (2 h(Z)).
Note that if h(z) = £y aiz’, then h*(2) = £, @z%, which is a power series with the

same radius of convergence. The involution readily extends to modules of the form O by
coordinate-wise application.

We get an O-valued form

OFxOF 5 0

(v,w) = viw*,

14
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which is O-linear in the first variable and @-anti-linear in the second variable.

Later on we will often consider homology with coefficients in O, for which the following
lemma will prove useful.

Lemma 2.14. The ring O is a principal ideal domain.
Proof. Let I c O, I #0 be an ideal. Let a = max{n e Nu{0} | p(z) € 2"O for all pe I'}. Let
J be the ideal which is generated by z*. We want to show that I = J.

We first show I ¢ J. Let p € I. Since p(z) € 2*O, there exists p(z) € O with p(z) = p(z)z*.
But that means p(z) € J.

We now show I o J. We have to show that 2% € I. It follows from the definition of a that
there exists a p € I such that p(z) = z°p(z) and p(z) € O with p(0) # 0. Then 1/p(z) € O and
hence 2% = p(2)/p(z) € 1. O

2.11 Field of germs of meromorphic functions

We denote by M the field of germs of meromorphic functions at the origin, which arises as
the quotient field of the integral domain O. In the following we will not distinguish between
a meromorphic function and its germ.

If f is a meromorphic function, there exists a neighborhood U of 0 in € and an N € Nu {0}
such that f can be written on U as a bounded-below Laurent series

@)=Y ar
i=—N

where the non-negative part 72 a;z" defines a holomorphic function on U. Vice versa, each
power series of the form ¥2° \ a;2" such that 22, a;2" has positive radius of convergence
defines a meromorphic function on a neighborhood U of 0 € C. Just as for holomorphic
functions, a germ of a meromorphic function around 0 is determined by its values on the real
line.

Similar to the ring O we consider M as a field with involution
M ->M
h (z — h(Z)).
Note that if h € M and h(z) = £2°_y a;2%, then h*(2) = £5°_5 @;2%, and hence the involution

is again well-defined. We extend it to vectors of germs of meromorphic functions in the
obvious way.

We get an M-valued form

M MF > M

(v,w) = v'w*
which is M-linear in the first variable and M-anti-linear in the second variable.
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2.12 Flat vector bundles and connections

This section is a short introduction to connections and flat vector bundles. A good reference
on the properties of connections is [Kob14].

2.12.1 Connections

Let M be a manifold and £ a complex vector bundle over M. We denote by I'(€) the C-vector
space of sections. A differential form of degree k is a section of the exterior power bundle
AFT*M. To shorten the notation we write

QF (M) := T(AFT*M).

An E-valued differential form of degree p is an element in
QP (M, &) =T(E@APT* M) =T(E) ®qo(ary T(APT* M) =T(E) ®qoary X (M).

Definition 2.15. Let M be a manifold and £ a complex vector bundle over M. A connection
on & is a C-bilinear map

V:T(TM) xT(€) - T(E)
(X,s) » Vxs

which satisfies for all tangent fields X e I'(T'M), all sections s € I'(£) and smooth functions
feC®(M) the following conditions

1. Vyxs=fVxs,

2. Vx(fs)=fVxs+(X[)s,
where X f denotes the directional derivative of f along the vector field X.
Equivalently, we can view a connection also as a first order differential operator

V:I'(E) > T(EQT*M)
satisfying for all f: M — C smooth and all s € I'(€)
V(fs)=sdf+ fVs.

Then we can extend a connection V to a map

V:PT(E® NPT M) - PT(E @ AP T* M)
p>0 p>0

by setting for s € I'(£) and ¢ € I'(APT™* M)
V(s®¢p)=VsAp+sdo.

Lemma 2.16. Let £ - M be a complex vector bundle and V1,Va be two connections on &.
Then

Vi - Vo € QY (M;End(§)).
Let V be a connection on € and A € QY(M;End(E)), then V + A is a connection on E.

16
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Proof. Let se I'(E) and f e C*(M). Let Vi, Va2 be two connections. It follows easily from
the properties of a connection that

(Vi-V2)(fs) = f(V1is - V2s),

i.e., (V1 - Vg) is C*(M)-linear and hence Vi — Vo € Q'(M;End(&)). If V is a connection
and A € QY(M;End(£)), then the map

D(TM) xT(E) - T'(€)
(X,s)» Vxs+A(X)(s)

satisfies
o (V+A)rx(s)=f(Vx(s)+AX)(s)) = f(V+A)x(s),
o (V+A)x(fs)=fVxs+(Xf)s+ [AX)(s)=f(V+A)x(s)+(X[)s. O

Put differently, the space of connections on a complex vector bundle & — M is the affine
space V + Q1 (M;End(&)) for any fixed connection V.

Example 2.17. Let M be a manifold. We consider the trivial complex vector bundle over
M of rank n. Let f: M — C" be smooth. Then

ssM — M xC"
m e (m, f(m))

is a section of M x C™ and a connection on M x C" is defined by Vxs = X f for any vector
field X.

Lemma 2.18. FEvery complex vector bundle admits a connection.

Proof. Let € - M be a complex vector bundle. Let {U;};c; be a covering of M such that
|y, is trivial. Choose a connection V; of &|y,, for example the connection constructed in
Example Let {p; }icr be a partition of unity such that the support of p; is contained in
U;. Then it is easy to see that

Vs = piVi(siu,)
iel

defines a connection on £. O
Later on we will need the following constructions of canonical connections on tensor products
and pull-backs of bundles with connections.

Theorem 2.19 ([AH11, Theorem 2.56]). Let M and N be manifolds and let f: M — N be
smooth. Let £ > N be a complex vector bundle over N with connection V. Then a connection
f*Von f*E is defined by

(f'vx)(f*s) = f*(vdf(x)s) for all X e TM and s e T'(£).

Lemma 2.20 ([RS17, Remark 1.5.9(3)]). Let M be a manifold. Let £,F be complex vector
bundles over M with connections Ve and V., respectively. Then a connection on the tensor
product bundle € ® F is given by

(Ve®Vr)(ss ®sF)=Vese @ Sx+ 8¢ ® VEsE.

17
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2.12.2 Parallel transport

Let £ - M be a complex vector bundle with connection V. Let 4:[0,1] - M be a path in M.
We call a map s:[0,1] = & a flat section along v if s(t) € £, ;) and

Vyys(t) =0 for all ¢ € [0,1].

Note that finding for a given v € £,(¢) a flat section along v corresponds to solving a system
of ordinary differential equations with initial value s(0) = v. It follows that for ~:[0,1] - M
and v € £, () there exists a flat section along v with s(0) = v and it is uniquely determined.
More details can be found in |[Kobl14, Chapter 1.1].

We call t — s(t) the parallel transport of s(0) along «. For a fixed curve « parallel transport
along v induces a linear map
L(7):&0) = &)

Note that the map I'(vy) in general depends on the chosen path v and not only on v(0) and
v(1).

2.12.3 Flat connections

Definition 2.21. Let £ - M be a complex vector bundle. A (local) section s defined on a
neighborhood U € M is called flat if for all vector fields X € I'(T'M|y)

Vxs=0.

Definition 2.22. A connection on a vector bundle £ — M is called flat if for every x € M
and e € &, there exists a flat local section s defined in a neighborhood around z with s(x) = e.

Definition 2.23. A vector bundle equipped with a flat connection is called a flat vector
bundle.

Example 2.24. We consider the vector bundle M x C* - M. Let f: M - C™ be smooth.
Then

ssM — MxC"
m = (m, f(m))

is a section of M x C™ and a connection on M x C™ is defined by Vxs = X f. Then for every
v e C" a flat global section is defined by

M- MxC"

m— (m,v).

In case that £ — M is a flat vector bundle it is well-known that parallel transport only
depends on the homotopy class of a path with fixed endpoints (see [Kob14, Chapter 1.2] for
details).
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Let £ - M be a complex vector bundle of rank k with flat connection V. Let v be a path
and denote by

L():€50) = €41y

the map which sends v € £,y to an element w € £,(;), where w is obtained by parallel
transport of v along ~. If v(0) = v(1), then I'(y) can be represented by an element in
Autg(&y(py)- Since & is equipped with a flat connection, the map

hol: 1 (M, mg) - Aute(Em,) 2 GL(K, C)
[v]=T()

does not depend on the element representing [v] € w1 (M, mg). The map hol is called the
holonomy of &£ (see |[Kobl4, Chapter 1.2]).

Definition 2.25. Let £ - M be a complex vector bundle. A flat structure on £ is a choice
of local trivializations {U;, ¢;} such that the transition maps

¢]—.1 o ¢y (U; nU;j) x CF > (U; nU;) x CF

are of the form ((;5]_-1 o ¢i)(z,v) = (x, A%v), where A"/ € GL(k,C) does not depend on the
choice of z € (U; nUj).

We now give an important example of a vector bundle which can be equipped with a flat
structure.

Example 2.26. Let M be a connected manifold and let a be a k-dimensional representation

of the fundamental group. Denote by M the universal covering of M. We consider the vector
bundle

Eq=MxCF/~,
where the equivalence relation is obtained from the right-action of 7 on M x C* which is
given by
MxCFxm—>MxCF
((m,v),9) = (m-g,a(g™")v).
Then one can equip &, with a flat structure coming from the covering space.

In the next example we show that there is a canonical way to define a flat connection on a
vector bundle equipped with a flat structure.

Example 2.27. Let £ -~ M be a complex vector bundle which is equipped with a flat
structure {U;, ¢;}. Then we can define a flat connection V on &£ in the following way: Let
iel and eq,...,e; the standard basis of C*. Let

SijiUi%UiXGkﬁg

m e (m,e;) = ¢i(m,ej).
Then for all X e T(TM), i e and e; € C* we define

Vxsij=0.
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Since the transition maps
¢]_-1 o ¢yt (UZ N Uj) X Ck - (Uz N Uj) X (Dk
are of the form (gb]_-l o ¢;)(w,v) = (x, AYv), where AY € GL(k,C) does not depend on z, this
indeed defines a global connection on £.
A proof of the following lemma is given in [Kobl4, Chapter 1.2, Page 5].

Lemma 2.28. Let £ > M be a complex vector bundle of rank k with connection V. Then
the following statements are equivalent:

1. V is flat.

2. & can be equipped with a flat structure {U;, ¢; }ier such that for alli e I and any standard
basis vector e; € C* the section

SijZUi - Ui X(Dk ¢—;5
m e (m,e;) = ¢i(m,e;).
is flat with respect to V.

Let (£,Ve) and (F,Vx) be two flat vector bundles. Then (€,V¢) and (F, V) are said to
be isomorphic, if there exists an isomorphism f:£ — F such that Vg = f*(Vx).

The following theorem states that every flat vector bundle can be obtained as in Example [2:26]
A proof of the theorem is given in [BP92, Theorem F.3.6]. In its formulation vector bundles
equipped with a flat structure are used instead of flat connections, but this is equivalent by

Lemma 2.28

Theorem 2.29. Let M be a connected manifold. To each conjugacy class of a homomorphism
a:m (M) — GL(k,C) there corresponds a flat complex vector bundle of rank k with holonomy
a. The complex vector bundle together with its flat structure is unique up to isomorphism.

It follows from the above theorem and Example that if (F - M,V) is a flat vector
bundle over M with holonomy «, then it is isomorphic to the vector bundle

Ea=MxCF|~

equipped with its canonical flat connection as described in Examples and

2.12.4 Connections compatible with a Hermitian structure

Let £ be a complex vector bundle. A Hermitian structure on £ is a C-valued metric i on the
fibers which satisfies

o h(-,-) is linear in the first argument,

o h(&,n) =h(n,€) for all £,ne&,,

o €7 :=h(&,€) >0 forall £ +0,

o if 51 and sy are C'-sections then h(sy, s2) is a C'*-function.
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Definition 2.30. Let £ be a complex vector bundle with Hermitian structure h. A connection
V is compatible with the Hermitian structure if it preserves h, i.e., we have for all sections
&,nel(€) and all vector fields X

X(h(&,m)) =h(VxEn) +h(E,Vxn).

Lemma 2.31. Let £ - M be a complex vector bundle and V a connection which is compatible
with the Hermitian structure. Let v:[0,1] — M be a curve and let v € £,py. Lett— s(y(t)) € €

be the parallel transport of v along v. Then we have for all t that ‘s('y(t))‘ = ‘v|

Proof. Since s is flat along v and V is compatible with the Hermitian structure, we obtain

%(S(V(t))ﬁ(’y(t))) =(Vas(3(1),s(v(1))) + (s(3(1)), Vo s(v(£)) ) = 0
-0 -0

and hence |s(v(t))| = [v]. O

We obtain the following proposition from Theorem and Lemma [2.31

Proposition 2.32. Let M be a connected manifold. To each conjugacy class of homomor-
phisms a:m (M) - U(k) there corresponds a flat Hermitian vector bundle of rank k with
holonomy a and the connection on & is compatible with the Hermitian structure. The vector
bundle together with its flat and Hermitian structure is unique up to isomorphism.

2.13 Fréchet spaces

Definition 2.33. Let V be a topological vector space whose topology is induced by a family
of seminorms {d,, (=) }nen, i-e., U c V is open if for all u € U there exists K >0 and € > 0 such
that

{reV|dg(z—u)<eforall k< K} cU.

If V' is Hausdorff and complete with respect to the metric defined by

1 dy(z-y
d(z,y) = —n—n( )

SFe2n 1+ dp(z—vy)
then V is called a Fréchet space.

Example 2.34. Let M be a compact manifold and £ - M a Hermitian vector bundle with
connection V. The space of sections I'(€) is a C-vector space, which we will now equip with
a family of seminorms indexed over IN. For this, let n € IN and consider the map

v (D(TM))" xT(E) = T(E)
((X1,...Xpn),s8) » Vx, 0--0Vx, s.

The operator norm of this map for a fixed section is given by

[9"s] :=sup {|(Vx, 00 Vx,8) ()| | 2 € M, X; e D(TM), | Xy =1}
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Then for n e N and s e T'(£)

n .
Il =) | 7's
=0

defines a seminorm on I'(£). The vector space I'(€) with the family of seminorms {||—|,, }nev
is a Fréchet space (see |Sha93, Chapter 1}).

In the following we will always consider the space of sections of a Hermitian vector bundle as
a Fréchet space with the topology induced by the family of seminorms defined in the example.

Definition 2.35. Let V' be a complex topological vector space. Denote by V* the C-vector
space of continuous linear functionals f:V — C.

1. Let © c C be open. A map ¢g:Q2 - V is called weakly holomorphic if for all h € V* the
map ho g:Q - C is holomorphic.

2. Let Q2 c C be open. A map ¢g:Q2 — V is called analytic or strongly holomorphic if for all
a € §2 there exists an open neighborhood U c €2 of a and vy € V such that for all z € U
we have

9o(z) = Y vz - a)t.
k=0

3. Let (a,b) c R. Amap g:(a,b) — V is called analytic if there exists an open neighborhood
Q c C of (a,b) and an analytic function f:Q — V such that f|,z) =g

Clearly analytic functions are weakly holomorphic. If the vector space which we consider is a
complex Fréchet space, then it is shown in [BD09, Theorem 4] that both definitions coincide.
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Analytic deformations of a
connection

In this chapter we will introduce the notion of an analytic deformation of a flat connection
on a Hermitian vector bundle. Later on we will study the p-invariant, which assigns a real
number to a Hermitian vector bundle equipped with a flat connection. We will study how
the value of this invariant changes under analytic deformations of the connection.

3.1 From analytic deformations of a connection to analytic
deformations of the holonomy

Recall that for a Hermitian vector bundle & - M over a manifold M the space Q!(M;End(&))
of 1-forms taking values in the endomorphism bundle of £ coincides with the space of sections
I'(End(£) ® T*M). We equip Q1(M;End(£)) with the structure of a Fréchet space as
described in Example and in particular obtain a notion of convergence.

Definition 3.1. Let £ - M be a Hermitian vector bundle over a manifold M. Let {Vt}te(,ﬁ,e)
be a family of connections on €. Then {V'}e(_c ) is called an analytic deformation of v0 if
there exists ; € Q'(M;End(&)) such that for all ¢ € (—¢,€)

vi=vl+ Y,
i=1

As we have seen in Proposition a flat connection on a Hermitian vector bundle which
is compatible with the Hermitian structure corresponds to a conjugacy class of unitary
representations of the fundamental group. Hence a deformation of the connection corresponds
to a deformation of a unitary representation of the fundamental group. In this section we
want to study what sort of deformations of the unitary representation can arise by deforming
the corresponding connection.

Definition 3.2. Let M be a connected manifold. Let {a;:m1(M) — U(K)}se(—ce) be a
family of unitary representations of the fundamental group. We call {v }ie(—c) an analytic
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deformation of oy if for fixed g € w1 (M) the entries of the unitary matrices ay(g), viewed as
functions of ¢, are holomorphic, i.e., (t = a¢(g)) € U(k, O).

The first lemma considers the parallel transport corresponding to an analytic family of
connections in a trivial vector bundle. The statement is that of [FL96, Lemma 5.2].

Lemma 3.3. Let £ be a Hermitian vector bundle over a closed n-dimensional ball M lying
in the Fuclidean space R™. Let {Vt}tg(_ge) be a family of flat connections such that the
deformation is analytic. Let pe M and e € £,. For every t € (—€,¢€) let s; be a section with
s¢(p) = e and V's; = 0. Then the curve of sections

(—e,€) > T(E)
t— St
s an analytic map.
We now prove a version of the previous lemma for a general manifold M.

Lemma 3.4. Let M be a connected manifold and let £ - M be a Hermitian vector bundle
of rank k. Let {Vt}te(_e,e) be an analytic deformation of V° such that for all t € (—¢,€) the
connection V' is compatible with the Hermitian structure. Fix p e M and [y] € 7 (M, p). For
any v € &y, let T1(v) € &, be the parallel transport corresponding to V' of v along y. Under the
canonical identification of the fiber £, with C* equipped with its standard Hermitian structure,
the map t ~ Ty(v) € CF is analytic and the linear map

r:ck - oF
v (tTi(v))

can be represented by a unitary matriz with entries in O.

Proof. Let {U;}ier be an open covering of M such that £y, is a trivial vector bundle for all 7.
Let pe M and [v] € 71 (M, p) represented by ~:[0,1] > M. Choose 0 =ko<ky<...<kp,=1
such that for every i =0,...n -1 there exists j € I such that v([k;, ki+1]) is contained in Uj.

Recall that for each connection V! and each i =0,...n -1 we have a linear map

k;i , ki+ .
FZ( M 1)'57(1%) = & ki)

which is given by parallel transport. Let v € £,,). For each t € (=¢,¢) there is a unique
section s; defined on [k;, ;1] that is flat with respect to V! and satisfies s;(k;) = v.

It follows from Lemmathat the curve t = s; is analytic. We have s;(kj41) = Fz(ki)"y(k”l) (v).
Hence, the map

(_67 6) - g’y(kﬁ.l)
s Ftv(kz‘)ﬁ(km)(v)

is analytic for each v € &, ;). The map

ko), v(kn).
Ty F1) gy > €
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3.2. Deforming the holonomy along a circle

is simply given by the composition

Fz(kn—l)v’}’(kn) 0o F;Y(ko)77(k1).

We obtain from Proposition that for fixed ¢ € (—¢,¢e) the map Fz(ko)ﬁ(k") can be
represented by a unitary matrix. Since the composition of analytic maps is analytic, it follows
that

s Fz(ko)ﬁ(kn)

is analytic and hence can be represented by a unitary matrix with entries in O. O

3.2 Deforming the holonomy along a circle

Later on we will work with deformations of the unitary representation of the fundamental
group instead of directly deforming the connection. We have already seen that an analytic
deformation of the connection gives rise to an analytic deformation of the unitary repre-
sentation of the fundamental group. We were not able to answer the question whether the
other direction is true: that an analytic deformation of the unitary representation of the
fundamental group always gives rise to an analytic deformation of a connection.

In this section we will deal with a special case. More precisely, we want to show the following:
Let M be a connected manifold and let a: (M) — U(k) be a unitary representation. Let
¢:m (M) - Z. Let

a1 (M) > U(k)

g )",

Let V' be the connection corresponding to oy (see Sections [2.12.3)and [2.12.4). We will show
that ¢ = V! is analytic in t.

In the following we consider S! with the parametrization

v [_7-(77-() e Sl
t'_)eit

and we identify 7,5' =R (5} and T, S' = R (d1).

Lemma 3.5. We consider S'xC as a vector bundle over S*. For s € (—¢,€), define ps: St - C
by ps(2) = 2° and denote by V° the connection on S' x C such that

St stxc
Z (z,ps(z))

is a parallel section with respect to V°. Let 7 be a (possibly local) section and let X e I'(TS1)
be a vector field. Then

Vi = Vi —is dt(X)7.
In other words, V* — V" = —isdt e Q1(S'; End(C)), where we identified End(C) with C.
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Chapter 3. Analytic deformations of a connection

Proof. We denote by r: S' — C the smooth function pry of and by ps: St — S x € the section
given by z — (z,ps(z)). Since 7ps = rps, we obtain

_ 27' i"’ +r gl N
“\ar psps Ot s Ps

Thus, in the coordinates provided by the parametrization v and abbreviating a := (t), we
get

(pry 0V’ 7)(a) = r'(a) - po(a) +7(a) - (~is)po(a)
=7'(a) —isr(a)

= (pry OV%f)(a) —isr(a),

and hence
v 7= VY 7 - st
ot ot
Since V¥ is C*°-linear in X, it follows that
Vi = V&7 —is dt(X)7. 0

Lemma 3.6. Let M be a connected manifold and f: M — S' a smooth map. We consider
the vector bundle S* x C with connection V* for some s € (=¢,€) as defined previously in

Lemma . Then the pullback bundle (f*(S* x C), f*(V*)) is a flat vector bundle with

holonomy

a:m (M) - U(1)
g,_,eisf*(g)

and
£ (V%) = (9% )r —isdt(df (X))r
for a (possibly local) section r e T(f*(S! x C)).
Proof. By definition of the pullback bundle we have the following commutative diagram:

F(S'xC)—= Sl xC

R

M St
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3.2. Deforming the holonomy along a circle

Note that f*(S! x C) is topologically just M x C, which is equipped with the connection
F1(v):
Let r be a section of S' x C. Recall from Lemma that the pullback of the connection
satisfies

(V) ) = (Viroor) for all X e I(TM).
and hence the pullback of a parallel section is parallel. Using the previous lemma, we obtain
(Fvs)(Fr) = £ (Tipeor)
= 1 (V007 — s d(df(X))r)
= £ (V5xyr) —is (A f (X)) (£77)
= (£19%) (F*r) — isdt(df (X)) (7).

Since the difference of two connections on M is C*°(M)-linear in the section and any section
of M x C is a C* (M )-linear combination of sections pulled back from S*, we obtain for all
rel(M xC)

F(v%)r = (V% )r —isdt(df(X))r.

Let [v] € m (M, mg) for any fixed basepoint mg € M. Parallel transport with respect to v*
of (f(mg),v) € S' x C along f o~ yields (f(mo),e”f*(m)v) for any v € C. Hence, parallel

transport with respect to f*(V?) of (mg,v) € M x C along ~ yields (mg, eisf*(m)v). It follows
that the holonomy is given by

a:m (M) - U(1)
[v] > eF-(D m

Lemma 3.7. Let M be a connected manifold and a:m1(M) - U (k) a unitary representation
of the fundamental group. Let (£,V®) be a complex vector bundle with holonomy «. Let
fiM — S'. For any s € (=¢,€) let (Cs,V?®) be the bundle M x C with holonomy

m(M) - U(1)
g e+,
Then £, ® Cy is a bundle with holonomy
(M) > U(k)
g a(g)eiscb(g)

and the connection satisfies
(Ve vi)mer)=(vye vk)(nev)-isdt(df(X))(nev).

Proof. Recall from Lemma [2.20] that the connection induced on a tensor product € ® F of
bundles is given by

(Ve®Vr)(sg ® Sr) =Vese ® Sx+ 5S¢  VESr
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Chapter 3. Analytic deformations of a connection

where Vg is a connection on £ and Vr is a connection on F.

Recall from Lemma [3.6] that
Vi = Vr —isdt(df(X))r.
We now obtain for the connection on the tensor product bundle

(V¥ e vk)mev)=vinev+ne vi(v)
= vinev+ne (Vi -isd(df(X))) ()
= (V§ e vX)(mev) —isdt(df(X))(nev).

It follows from the definition of the connection on a tensor product bundle that if n is a flat
section with respect to V* and v is a section with respect to V® then n ® v is a flat section
with respect to V¢ ® V°. Hence, the holonomy of the product bundle is just the product of
the holonomy of the single bundles. Therefore we obtain that the holonomy on &, ® C; is
given by

m (M) — U (k)
g a(g)e™+9). O

Corollary 3.8. Let M be a connected manifold and let a:mi(M) — U(k) be a unitary
representation of the fundamental group. Let f:M — S* and f.:my (M) — Z. For s € (—¢,¢€)
we consider the deformation of o given by

agim (M) - U(k)
g a(g)eisf*(g).
Let (E4,V°) be a vector bundle with holonomy . Let
Vi = Vr —isdt(df(X))r.
Then (Ex,V?) is a bundle with holonomy .

Since the previous corollary expresses the difference V7 — Vg(r as a power series — in fact, a
linear polynomial — in s with coefficients in Q1 (M;End(£)), the family {V*®} (¢ ) defines
an analytic deformation of V°.
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Chapter 4

n-invariant and p-invariant

In this chapter we first give the definition of the n-invariant, which depends on a closed
connected oriented odd-dimensional Riemannian manifold and a flat connection on a Hermitian
vector bundle over that manifold. Afterwards we will introduce the p-invariant, which is
defined as a difference of n-invariants and has the advantage of being independent of the
Riemannian structure.

4.1 Definition of the n-invariant

Atiyah, Patodi and Singer defined and studied the n-invariant in the series of articles [APS75a],
[APS75b] and |[APST76].

Let M be a closed connected oriented Riemannian manifold of odd dimension 2{ -1 and & be
a flat Hermitian vector bundle of rank k over M, i.e., we are given

¢ a Hermitian structure h on each fiber £, which varies smoothly with z € M,

e a flat connection V acting on the space of C* forms on M with values in £ such that
the connection is compatible with the Hermitian structure on &, i.e,

X(M(&m)) =h(Vx&n) +h(& Vxn).
for all n,£ e T'(E).

Recall that we write

OP(M;E) =T (E@ APT*M).
We denote by Q% (M,E) = @0 Q2 (M;E) the E-valued differential forms of even degree.
We denote by #:QF(M;E) - Q?-17F(M; ) the Hodge duality operator. We consider the
operator B: Q% (M,E) —» Q(M, ), which maps ¢ € Q?P(M,E) to

B(¢) =i (~1)"*! (xV = V*).
The operator B is elliptic and self-adjoint (see [APS75bl Page 3]) and hence its spectrum is
real and discrete. We consider the function

T (s) = Z sign(\)

A0 |/\|S ,
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Chapter 4. mn-invariant and p-invariant

where A runs over all eigenvalues of B. It was shown by Atiyah, Patodi and Singer in
[APS75a, Theorem 3.10] combined with [APS76, Page 74] that 7j5(s) is holomorphic in the
half-plane Re(s) > dim(M). Furthermore it has a meromorphic continuation 7z to the whole
complex plane, which is given by

1 00 1 2
28) = ———— f 573 trace ( Be 87 ) dt,
5 (25) I'(s+3)Jo ( )

where the I'-function is defined by
I'(s) = fo et de

and the trace of the operator Be™*B” will be defined further below. The function s np(2s)
is holomorphic if Re(s) > -1 (see [APS75a, Theorem 4.14(iii)]). In particular np(0) is finite.
The n-invariant of B is then defined to be the value of the n-function at zero, i.e.,

1 [eS)
n(M,v) =np(0) = ﬁ fo £72 trace (Be_th) dt.

We will now describe the construction of the trace of Be 5. Denote by End(&,8) > M xM
the endomorphism bundle over M x M, where over a point (u,v) € M x M the fiber is just
Endg(&y,Ey). Pulling back this bundle along the projection [0,00) x M x M — M x M, we
obtain a bundle [0,00) x End(&,&) — [0,00) x M x M. It is shown by Cheeger and Gromov
in [CG85, Chapter 4, Page 23f.] that there exists a smooth section & of this bundle such that

(Be_“Bz)(w)(x) = kat(x,y)w(y)dy

for x € M, i.e., ki is a smooth kernel for the operator Be B? for any t > 0. The trace of
: 2
Be B is then defined to be

trace(Be_itB2) = f traceg ki (z, z) dz.
M

Let M be a closed connected oriented odd-dimensional manifold and (€, V¢), (F,Vx) flat
vector bundles over M. Then one can consider the vector bundle £ & F with connection
Ve ® Vr. It follows easily from the definitions that

n(M,Ve®Vr)=n(M,Ve)+n(M,VF).

Let M be a closed connected oriented manifold. Recall from Section 2.12.4] that there is a
one-to-one correspondence between

o flat Hermitian vector bundles of rank k& over M such that the connection is compatible
with the Hermitian structure up to isomorphism and

e conjugacy classes of k-dimensional unitary representations of the fundamental group of
M.
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Later on we will mostly work with unitary representations of the fundamental group instead of
considering flat connections. Let a:71(M) - U(k) and V,, be the corresponding connection,
then we write

n(M,a) =n(M,Vs).

Let acmi (M) - U(k) and B:m (M) - U(l) be unitary representations. Let V, and V3 be
flat connections corresponding to o and 3, respectively. Then V. ® Vg corresponds to the
unitary representation o @ 8 and hence,

n(M,ae ) =n(M,a)+n(M,j).

4.2 Definition of the p-invariant and signature defect

Let M be a closed connected oriented odd-dimensional Riemannian manifold and let « be
a k-dimensional unitary representation of the fundamental group. Then the p-invariant is
defined as

p(M,Oé) = U(M,Oé) —H(M,Tk%

where n(M, ;) is the n-invariant corresponding to the trivial k-dimensional representation.
Atiyah, Patodi and Singer showed that the p-invariant is independent of the Riemannian
metric on M (see [APS75b, Theorem 2.4]).

Let M be an n-dimensional manifold and let a: (M, mg) - G be a group homomorphism.
Assume there exists an (n + 1)-dimensional manifold with OW = |I]_; M;, where the M; are
disjoint copies of M. We say a:m1 (M, mg) - G extends to a map B:m (W, wy) - G if for
each boundary component M; of OW there exist paths vi;,v2; between mg; and wy such
that the following diagram commutes

gL *gRY2,0

w1 (M, mo ;) 71 (W, wo)
| |
7T1(M,’I7’L(]) = G.

In certain special cases, the p-invariant can be calculated as a signature defect of the bounding
manifold. Namely, the following theorem appears as [APS75b, Theorem 2.4].

Theorem 4.1. Let M be a closed connected oriented (4n — 1)-dimensional manifold and
let axmi(M,mg) — U(k) be a group homomorphism. Assume there exists a compact 4n-
dimensional manifold W with OW consisting of r disjoint copies of M such that o extends to
a group homomorphism B:m1 (W) - U(k). Then

p(M,a) = %(k:sign(W) ~sign,(W)).
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Chapter 4. mn-invariant and p-invariant

4.3 The p-invariant of manifolds obtained by 0-framed surgery
along knots

Let K be a knot and let Mg be obtained by 0-framed surgery along K. Let A be a Seifert
matrix of K. We consider

o(K):S' -7
z e sign((1-2)A+ (1-2)A").
The signature function o(K) is called the Levine—Tristam signature function of K and the
value 0_1(K) := 0(K)(-1) is called the signature of K.
Note that
(1-2)A+(1-2)A" = (Z-1)(zA- A").

Hence, if we denote the Alexander polynomial det(zA4 — A') of K by A(2), the function
z~ 0.(K) is constant on the connected components of S*\ ({z € S*|Ag(2z) =0} u{1}). It is
shown in [Lev69, Page 242] that o(K) is continuous at 1.

Example 4.2. Let K be the trefoil knot. The Alexander polynomial of K is A(t) =¢-1 +t L
which has degree 2 and roots at e**5. The Seifert matrix of the left-handed trefoil is given by

[51)

The Levine—Tristam signatures of the left-handed trefoil knot are then given by

0 Jt[<3
ot =11 |t = 3
2 else

Denote by p a meridian of K. Let a:m (Mg ) — U(1) be a unitary representation. Since o
factorizes through Hi(My,Z) and Hi(My,Z) = Z is generated by a meridian, the map « is
determined by the value a(pu).

The following proposition was proved by Litherland (see [Lit84), Proof of Proposition 1]).

Proposition 4.3. Let K be a knot and let My be obtained by 0-framed surgery along K.
Let pu be a meridian of K and c:m(Mg) — U(1) a unitary representation. Then

P(MK, a) = Uoz(u)(K)'
4.4 The p-invariant for finite groups

Let G be a finite group and g € G. The map
®,:C[G] - C[G]

zZ gz,
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is unitary. We denote by ¢g the group homomorphism

dc: G~ U(|G])
g (I)g

and call ¢¢: G — U(|G|) the reqular representation of G.

Definition 4.4. Let M be a closed connected oriented odd-dimensional manifold. Let G be
a finite group and a:m (M) — G a group homomorphism. Then we define

p(M, ) := p(M, oleks a).

We need the following elementary lemma.

Lemma 4.5. Let ¢z,:7Z; - U(l) be the regular representation and let

¢j,l:Zl nd U(l)

[n] — eZTrijn/l.
The representation ¢z, is reducible and
-1
¢z, = D -
§=0
Proof. Note that ¢z, (1) is a permutation matrix with

1 ¢=j+1lori=1,5=1
a,-j:
0 else.

Let j € {0,...0-1}. The subspace V; of C[Z;] generated by
vj = (1? 6271'2%’ 627“%7 N 7627”.(ll1)j)t

is invariant under the action of ¢z,. Moreover, the action of ¢z, (1) on v; is given by

multiplication with e>™7. Hence, we obtain C[Z;] = @é;%)‘/j and
-1
¢z, = D bji D
=0

Let My be obtained by 0-framed surgery along a knot K and let a: 71 (Mg ) — Z;. We obtain
the following useful corollary which says that in this case the p-invariant is given by a sum of
Levine—Tristam signatures.

Corollary 4.6. Let K be a knot and Mg be obtained by 0-framed surgery along K. Let
a:m (Mg) = Z; be the map which sends a meridian in Mg to 1€ Z;. Then

-1
p(Mr, ) =Y 0pmisn (K).
20
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Chapter 4. mn-invariant and p-invariant

Proof. Note that by definition p(MK, a) = p(MK, ¢z, © a) and let

(;Sj,l: Zl — U(]_)

[n] s eQﬂijn/l‘

It follows from Lemma [L.5] that we have

o~
—_

oz, = bl

J

Il
[e=]

It follows from Proposition that p(Mg, ¢;; 0 @) = 0,2xi;0 (K). Hence, we obtain
p(Mg,a) = p(Mg, ¢z, o ) = p(Mp, @é_:%) $j1) o)

-1 -1
=3 oMk, $j10a) = 3 0 min (). O
Jj=0 3=0

4.5 Bordisms over a finite group

Let X be a CW-complex. For i = 1,2 let M; be a closed oriented n-dimensional manifold and
¢i: M; - X a continuous map. Then M; and Ms are oriented bordant over X if there exists a
compact oriented (n + 1)-dimensional manifold W with &W = M; u M, and a continuous map
®:W - X such that ®|y;, = ¢;. We denote by Q°(X) the set of oriented bordism classes of
n-dimensional manifolds over X.

The following theorem is for example proved in [DKO01, Chapter 9.3].

Theorem 4.7. Let X be a CW -complex. Then we have an isomorphism

Q3°(X) — H3(X;Z)
(f: M~ X) ~ fo([M]).
The following proposition is shown in |[Bro94, Chapter 3, Corollary 10.2] for cohomology. The
proof is verbatim the same for homology groups.

Proposition 4.8. Let G be a finite group. Let M be a Z.G-module. Then for all i >0 the
groups H;(G; M) are annihilated by |G|.

We obtain the following corollary.

Corollary 4.9. Let M be a closed connected oriented 3-dimensional manifold and let
a:m (M) - G be a group homomorphism. If G is finite, then there exists a compact
4-dimensional manifold W with OW = |G|M and « extends to a group homomorphism
m (W) > G.

Proof. Let G be a finite group and let a:m (M) — G. Since

[M, BG] - Hom(m(M),G)
[T
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4.5. Bordisms over a finite group

is a bijection, there exists ¢: M — BG with ¢, = a. Then the pair [(M, ¢)] defines a bordism
class in Q5°(BG).

It follows from Theorem that Q5°(BG) = H3(BG;Z). Since G is finite, it follows
from Proposition that H3(BG;Z) and in particular the class [(M,¢)] is |G|-torsion.
Hence, there exists a 4-dimensional manifold W equipped with a map ¥: W — BG such that
OW =|G|M and v extends ¢ and hence 9.:m (W) - G extends ¢. = a. O

It now follows from Theorem [£.I] and Corollary [I.9] that in case of of a closed connected

oriented 3-dimensional manifold M and a homomorphism «: 71 (M) — G to a finite group G
the p-invariant p(M,«) can indeed be calculated as a signature defect.
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Chapter 5

L?-p-invariant and L?-p-invariant

In this chapter we will give the definition of the L?-n-invariant and the L?-p-invariant, which
are L?-analogues of the classical versions. The L?-n-invariant was first studied by Cheeger and
Gromov in [CG85]. In order to give an equivalent topological definition of the L2-p-invariant,
we will need to introduce the L2-signature, which in turn requires a brief introduction to the
general L2-theory.

5.1 Group von Neumann algebra and L?-dimension

We first give a short introduction to the group von Neumann algebra N'G and the dimension
function on N'G-modules, which we will use to define an L2-signature. A good reference is
[Liic02].

Let G be a countable discrete group. Then CG with the scalar product

(3 s 3 tua) - 5ty

geG geG geG

is a pre-Hilbert space. We denote by ¢2G the completion of CG. Note that

G = {Z agg

geG

Z ‘ag‘2 < OO} )

geG

and the involution ¢ on CG given by i(ZgGG agg) = pIPE: a_gg_1 extends to an involution on

2G.
The CG-bimodule structure on the ring CG extends to a CG-bimodule structure on £2G.

Definition 5.1. The group von Neumann algebra NG of a group G is defined to be the
algebra of G-equivariant bounded operators T:¢2G — (G, i.e.,

NG = {T: ’G - 1*G ‘ T linear, bounded and T'(zg) = T(z)g for all z € *G, g € G}.
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Chapter 5. L*-p-invariant and L*-p-invariant

The group von Neumann algebra N'G becomes a left-CG module by post-composing an
operator with the element of A'G given by left multiplication with the element of CG.

In general, a formal product z -y of =,y € 2G need not again define an element of ¢2G. But
if € /2@ is such that -y € £2G for all y € >G, then multiplication by z defines an element

of N(G).

We consider NG with the involution which sends T' € N'G to its adjoint or, put differently,
the involution is given by

NG - NG
T (zmi(T(e)) ),
where e € G c /2@ is the unit element.
Example 5.2. If G is a finite group, then CG = ¢*G = NG.
Definition 5.3. The von Neumann trace on N'G is defined by

tracey NG - C
fr(f(e),e),
where e € G c /2G is the unit element.

Example 5.4. Let G be a finite group and let f € NG. Then NG is a |G|-dimensional
C-vector space with basis G and the classical trace of f is given by

trace(f) = 3, (f(9).9) = 3. (f(e)g,9) = |Gl tracenc (f).

geG geG

Definition 5.5. Let A be an (n xn)-matrix with entries in NG. We define the von Neumann
trace of A to be

n
traceng(A) = Z (aii(e), e) ,
i=1
where e € G c £2(G) is the unit element.

Definition 5.6. Let P be a finitely generated projective N'G-module. Then there exists a
square matrix Ap with entries in NG such that Ap = A% and the image of the map

lap NG" > NG"
T~ Apx

is isomorphic to P. It is shown in |[Liic02, Page 238] that traceng(Ap) just depends on P
and not on the chosen matrix Ap. The dimension of P is defined to be

dimyc(P) = tr(Ap) € [0, 00).

The following theorem is proved in |Liic02, Theorem 6.5 and Theorem 6.7].

38



5.2. L?-signature of manifolds

Theorem 5.7. The dimension function dimpasq, which is a priori defined on finitely generated
projective N'G-modules, can be extended to a function defined for all NG-modules by

dimyg: {NG-modules} - [0, 00]
N ~ sup {dimpg(P) | P c N finitely generated projective}.

It is shown in [Liic02, Theorem 6.7(4a)] that if P is a finitely generated projective N'G-module
then

dimyc(P) = dimyg(P).
From now on we write dimasg for the dimension function defined in Theorem .

Liick showed that the dimension function is additive on short exact sequences:

Theorem 5.8 ([Liic02, Theorem 6.7 (4b)]). Let
0>-N->-M->K->0

be an exact sequence of NG-modules. Then dimpg(M) = dimpag(N) + dimpag(K).

The dimension of a non-trivial finitely generated (not necessarily projective) N'G-module is
always a positive real number (see [Liic02, Theorem 6.7(3) and Theorem 6.7(4e)]).

5.2 L2-signature of manifolds

We now consider homology with local coefficients in NG. Let M be a compact connected
manifold with fundamental group 7 and let j:m — G be a group homomorphism, which
induces a ring homomorphism Zm - CG again called j. Via j, the left CG-module NG
becomes a left Zm-module. Hence, we can consider homology with coefficients in N'G.

In the following we want to show that H,(M;NQG) is a finitely generated N'G-module if M
is compact. Before we can do so we need some theorems.

We need the following property of NG which was proved in [Liic02, Theorem 6.5 and
Theorem 6.7(1)].

Theorem 5.9. The ring NG is semihereditary, i.e., any finitely generated submodule of a
projective module is projective.

We need the following two facts about finitely presented modules.
Lemma 5.10. Let R be a ring and let M be a finitely generated projective R-module. Then
M is finitely presented.

Proof. Since M is finitely generated, there exists a surjective map r R" - M. Since M
is projective, the map r has a section and R" ¥ M & ker(r). Let p: R" — ker(r) be the
corresponding projection and i:ker(r) - R™ the inclusion. Then

iop

R" SR 5 M —0

is an exact sequence and hence M is a finitely presented R-module. ]
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The following theorem is shown in |[Lam99, Proposition 4.26 (b)].

Theorem 5.11. Let R be a ring and let M be a finitely presented R-module. Let p: R™ — M
be a surjection. Then ker(p) is finitely generated.

We now can show that H,(M;NG) is indeed a finitely generated N G-module.

Lemma 5.12. Let M be a compact connected manifold and 71 (M) - G a homomorphism.
Then H.(M;NQG) is a finitely generated N'G-module.

Proof. Since M is compact, C¢ W(]Tf ) ®7z+ NG is a finitely generated N'G-module. Let
dy: CFYV (M) ®7: NG » C (M) ®2, NG

be the boundary map. The image of dj, is a finitely generated N'G-module. Since NG is
semihereditary and 0,2 VIV(]W ) ®7z= NG is projective, it follows from Theorem that Im(dy)
is projective. We obtain from Theorem that Im(dy) is a finitely presented N'G-module.
It follows from Theorem together with the surjectivity of the map

CEW (W) ®72 NG > Tm(dy,)
that ker(dy) is finitely generated N'G-module. Hence, we obtain that

kel‘(dk)

HMNG) = ey

is a finitely generated AN'G-module. O

Let M be a finitely generated N'G-module and
h:M x M - NG
a Hermitian form. It follows from [COT03| Chapter 5, Page 471] that for every Hermitian

form over N (G) there is a spectral decomposition M =V, & V_ & Vj such that h is positive
definite on V,, negative definite on V_ and zero on Vj. We define the L?-signature of h to be

sign7, (h) = dimpye (Vi) - dimprg(V2).

Let W be an oriented n-dimensional manifold. Since NG is a Zm-module, it follows from
Theorem [2.0] that we have an isomorphism

PD: H,,(W;NG) - H" "™ (W,0W; NG).
If W be an oriented 4n-dimensional manifold, we can thus define an intersection form
Ing: Hon (Wi NG) x Hypy(W;NG) > NG

in the usual way and it is known to be Hermitian (see [COT03, Page 472]). We denote by
signﬁg(W) the L2-signature of Ing.
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5.3 Definition of the L?-n-invariant and the L?-p-invariant

Cheeger and Gromov defined in |[CG85] the L2-n-invariant depending on a closed connected
oriented (4n —1)-dimensional Riemannian manifold M together with a group homomorphism
a:m (M) - G. A good reference for the L2-n-invariant is also [CT07]. Before we can give
the definition of the L2-p-invariant, we need to construct the signature operator of M.

Let M be a closed connected oriented Riemannian manifold of dimension 2/ — 1. Denote by
+: Q*(M) - Q2717*(M) the Hodge duality operator and denote by d:Q*(M) — Q**1 (M)
the exterior derivative. Then the signature operator D acts on even-dimensional forms and
maps w € Q?P(M) to

D(w) =il (~=1)P* (xd — d*)w € Q2P D (A1) @ Q2P (A1),

It is of course possible to define the signature operator of an even-dimensional manifold, but
one has to use a scalar factor different from i'(-1)P*!. We will not give the details as we will
only deal with the case 21 —1=4n - 1.

Let a:m (M) - G be a group homomorphism and let D, be the signature operator on
the a-cover of M, which is the cover of M corresponding to the subgroup ker(a) € w1 (M).
Analogous to the definition of the classical n-invariant in Section we will consider for
t >0 the operator Dye P 3, which again admits a smooth kernel k; with

2
(Dae™2) @)(@) = [ kilw,y)w(y) dy.
The G-trace of Dye P % is then defined by
traceg(Dae_tDi) = Ltrace@ ky(x,x)dx,

where F is a fundamental domain of the a-cover of M under deck transformations.

Definition 5.13. Let M be a closed connected oriented (4n — 1)-dimensional Riemannian
manifold and let a: 1 (M) — G be a group homomorphism. Let D, be the signature operator
on the a-cover of M. Then the L?-n-invariant is defined as

1 o
(M, a) = ﬁ ]0- 2 traceg (Dae_tDi) dt.

In the case of a finite group G, the L2-n-invariant reduces to the classical n-invariant.

Lemma 5.14. Let M be a closed connected oriented (4n — 1)-dimensional manifold. Let
G be a finite group and let oz (M) - G be a homomorphism. Let ¢c:G — U(|G|) be the
regular representation as introduced in Section[4.4. Then

1

(2) _
n (M¢O‘) -
G

U(Mv ¢G o Oé).

Proof. Let &, be the bungle Ey = M x ¢l | ~ where the equivalence relation is obtained from
the right-action of m on M x Ol which is given by

M x C% x 7 = M x ¢I¢
((myv),9) = (m-g, (g oa)(g " v).
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Denote by Mg the a-cover of M. Since ¢ o factorizes through GG, we have &, = MGxC‘G|/¢G.
Let V® be the canonical flat connection on &,. Let B, = +i?"(*V® — V%%)¢ as defined in
Section [4.1] and let D, be the signature operator on M. Note that B, can be locally written
as a diagonal matrix where each non-zero entry is given by the signature operator on M¢. Let
k? “ be a smooth kernel for Bae’th and k:,{j  be a smooth kernel for D,e tP . Let 7 e Mg
and let x € M be the image of & under the covering map Mg — M. Then

traceg kP (z, ) = |G|tracec kP (%, %)

and hence
Ltrace@kf“(az,x)dx:|G|f}_tracecl€?a(x,x)dx,

where F is a fundamental domain for Mg under deck transformations. It follows that

1

(2) _
n (M,Oé) -
G

77(Ma¢G°Oé)- ]

Similar to the classical p-invariant one can define an L2-p-invariant which is independent of
the chosen Riemannian metric on M [CG85, Chapter 4, Page 23].

Definition 5.15. Let M be a closed connected oriented (4n — 1)-dimensional Riemannian
manifold and let c:m (M) - G be a group homomorphism. Then the L2-p-invariant is
defined by

p(2)(M,Oé) = 77(2)(M704) - n(MaTl)a
where 71: 71 (M) — U(1) denotes the trivial one-dimensional representation.
We obtain the following corollary from Lemma [5.14]

Corollary 5.16. Let M be a closed connected oriented (4n — 1)-dimensional manifold. Let
G be a finite group and c:m (M) - G a homomorphism. Then

1

PP (M) = o (M. fc o ).
Proof. We obtain the equalities
1
PP (M, a) =P (M, a) - n(M, 1) = i (n(M, ¢ o a) = |Gln(M, 1))
1

(n(3. 660 0) ~n(M. 7)) = (M. b 0 ),

] G|

where the first equality holds by definition of the L2-p-invariant and the second equality follows
from Lemma The third equality follows from the fact that |G|n(M, ) = n(M,7q)
holds for the trivial |G|-dimensional representation 7 and the last equality is the definition
of the p-invariant. O

The following theorem is implicit in [Chal6bl, Section 2.1].
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Theorem 5.17. Let M be a closed connected oriented (4n — 1)-dimensional manifold and
a:m (M) - G be a group homomorphism. Let W be a compact oriented 4n-dimensional
manifold with OW = rM , where rM denotes r disjoint copies of M. Let I' be a group such that
there exists a monomorphism m:G < I'. Assume there exists a homomorphism B:m (W) — T
such that the following diagram commutes:

m (M) —G

w1 (W) 2T

Then

1, . .
PO (M, ) = - (sign(W) - sign{TH(W)),

where the NT-L?-signature on W is defined using the ring homomorphism Zmx1(W) - NT
induced by 5.

Moreover for a given closed connected oriented (4n — 1)-manifold M and a group homomor-
phism «: 71 (M) - G it is shown in |Chal6bl Section 2.1] that there always exists a compact
oriented manifold W with boundary consisting of disjoint copies of M such that o extends
to a group homomorphism 3: 71 (W) — T', where G injects into I'. Hence, as opposed to the
situation of the classical p-invariant, the L?-p-invariant can always be computed as a signature
defect and the statement of Theorem can be used as a definition of the L2-p-invariant.

5.4 The L?-p-invariant of residually finite groups

Let M be a closed connected oriented (4n — 1)-dimensional manifold. We have already seen
in Corollary that in the case of a group homomorphism 71 (M) — G to a finite group G
the classical p-invariant and the L?-p-invariant differ only by a constant factor, the order of
G. In this section we consider residually finite groups.

Definition 5.18. 1. Let G be a group. A residual chain of G is a sequence {G;}ien of
finite index normal subgroups of GG such that

. Gz Cc Gi—l for all ¢
(] mie]NGz' = {6}
2. A group G is called residually finite if there exists a residual chain of G.

As holds for most flavors of L?-invariants, p(® (M, ¢:m (M) - G) with G a residually finite
group can be approximated by the L2-p-invariants belonging to group homomorphisms to
quotients by finite index subgroups of G.

The following theorem was proved in [LS05, Remark 1.29].
Theorem 5.19. Let M be a closed connected oriented (4n — 1)-dimensional manifold. Let G
be a residually finite group and let c:m (M) - G. Choose a residual chain {G;}ien of G and
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Chapter 5. L*-n-invariant and L?-p-invariant

let pg,;: G — G[G; be the projection map. Then

(M, ) = lim p® (M, pg, o ).

We can now show the following corollary.

Corollary 5.20. Let K be a knot and let My be obtained by 0-framed surgery along K c S>.
Let a: (Mg ) — 7. be the homomorphism, which sends a meridian to 1 € Z.. Let

oY/ U(l)
nw 2"
Then
PO Z) = [ o (K)dz= [ p(Mi 6 00)d

Proof. Consider the residual chain
c.c(k+ D) ZckZc...cZ

of Z.. Let
apm (M) 725 7,

where p; denotes the canonical projection map. Let
bju: 2y~ U(1)

[n] s 62m’jn/l'

We obtain

) 1 ) 1 k!-1
p (Mg, Z) = Jim EP(MKaOCk!) = lim o > (Mg, ¢j g1 o o)
—o0 K! —o0 K! 3=0

1 k!-1

= lim — Z O g2mij/k! = Ll O'Z(K)dz

k—o0 k' ]=O

The first equality follows from Theorem and the fact that for a finite group G

1
p? (M, a) = @P(MKy a).

holds. The second equality follows from Lemma and the third equality follows from
Proposition [£.3] The last equality follows from the fact that the Levine-Tristam signature
function is continuous outside of a finite set and hence

[Sl 0.(K)dz

exists and the previous term is a Riemann sum approximation for it. Since, again by
Proposition 0.(K) =p(M, ¢, o) holds, we also obtain

p B (Mg, 7) = /Sl p(Mg, ¢, 0a)dz. O
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Chapter 6

Results of Farber and Levine:
Jumps of the n-invariant

In their article “Jumps of the n-invariant” Farber and Levine studied the behavior of the
n-invariant under analytic deformations of a connection. Their main result, which we formulate
in this chapter, is that the heights of the jumps of the n-invariant are always integers and
can be calculated as sums of signatures of suitable linking forms. We construct the linking
forms in detail and prove the relevant properties stated in [FLI6].

6.1 The variety of unitary representations

Let G be a finitely generated group and a:G — U(k) a unitary representation of G of rank
k. We can alternatively view the representation as a homomorphism a: G - Mat(k x k, C)
with the additional assumption that a(g) is a unitary matrix for any element in a fixed finite
generating set S of G. We denote the set of relations of G, expressed in the elements of S, by
R, which may be an infinite set.

Viewed in this way, a unitary representation « of GG is in fact uniquely determined by a choice
for the |S| unitary matrices a(s1),...,a(s|s) of rank k. In the opposite direction, any such
choice for which the unitary matrices satisfy all the relations in R gives rise to a unitary
representation of rank k of a. Summarizing the discussion, we obtain a correspondence
between unitary representations of G of rank k and |S|-tuples of (k x k)-matrices with entries
in C that are unitary and satisfy the corresponding relations in R.

Our aim is to formulate these conditions as polynomials in the entries of the matrices. Since
the condition for a matrix to be unitary involves complex conjugation, and therefore cannot
be expressed in complex polynomial expressions, we instead consider the matrices as pairs of
matrices with real entries, where one matrix corresponds to the real and the other to the
imaginary part. It is then easy to see that both unitarity and the relations in R can be
formulated as (possibly infinitely many) polynomial conditions with real coefficients in the 2k?
real entries of each of the |S| matrices. We conclude that the set of unitary representations of

G has the structure of a real algebraic subvariety of R2*IS|. Note that even though R may
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be an infinite set of relations, the polynomial ring R[xz1, ... s Tog2| S|] is Noetherian and hence
the variety is cut out by finitely many polynomial equations.

Definition 6.1. Let G be a finitely generated group. Then we denote by Ry (G) the real
algebraic variety of rank k unitary representations of G.

The following result was shown by Levine |Lev94, Theorem 2.1].

Theorem 6.2. Let M be a closed connected oriented odd-dimensional manifold. Letr € Nu{0}
and let 3, be the subvariety

X, = {04 € Ry(m1(M))

S dimg H{(M;C) > r} .
i=0

Then
p(M): Ry(mi(M)) > R
a p(M,a)

is continuous on X, \Xp11. Furthermore p(M) is continuous when considered with values in
R/Z.

6.2 Homology and products over O and M

Let M be a closed connected oriented odd-dimensional manifold. We denote the fundamental
group of M by .

Let {ay:m = U(k)}re(—c,c) be an analytic deformation of ap (see Section .

Recall that O denotes the ring of germs of holomorphic functions as introduced in Section [2.10]
and M is the field of germs of meromorphic functions as introduced in Section In the
following, we will also view these germs as being restricted to the real line, which incurs no
loss of information as discussed previously.

An element of OF is by definition a k-tuple f = (f1,..., fx) of germs at zero of holomorphic
functions fi,..., fx. For our purposes, it will often be convenient to view f as the germ at
zero of a vector-valued function which is holomorphic in each coordinate.

We equip OF with the structure of a left Zm-module depending on the deformation o, where
the action of m on O is given by

7xOF 5 OF
(9, 1) = (t = cu(g) f(1)).

Since the deformation is analytic, the vector-valued function ¢ — a;(g)f(t) is indeed an
element of OF. In the same way 7 acts on M* and (M/O)F.

Example 6.3. Let a:m — U(k) be a k-dimensional representation of the fundamental group.
Let ¢:m (M) — Z. Then

apm = U(k)

g a(g)e"??
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for t € (e, —€) defines an analytic deformation of ag = . The corresponding action of 7w on OF
is given by

mx OF > OF
(9. 1) = (£~ alg)e™ D f(1)).
Denote by M the universal covering of M. Recall from Section that we consider the

chain groups C’n(]\7 ) as right Zm-modules. We now consider the cohomology of M with local
coefficient system OF, i.e.,

H"(M;0%) = H,(Homg, (C.M,0")).

We denote by CEW (M) the cellular chain complex of M. Since M is a compact manifold,

C,(LJ W(]Tf ) is a finitely generated Zm-module and hence Homy, (CgW(M ),(’)k) is finitely
generated as an O-module. Since O is a principal ideal domain,

H"(M;0") = H,(Homz, (CSV M, 0%))

is a finitely generated O-module.

Let A,B¢ {Ok,/\/lk, (M/ (’))k}. We consider the diagonal action of 7 on the tensor product
A ®p B, namely

7TX(A®@B)—>A®@B
(9. f®h) = (t=ag)f(t)® (t = a(g)h(t)).

We consider M /O as a trivial Zm-module. Since for fixed ¢ € (—¢,€) and g € 7 we have that
at(g) € U(k), we obtain that the map

P:A®n B> M/O

vew - viw?

is left m-invariant, i.e., ®(ga ® gb) = ®(a®b) for all ge 7, a € A and b € B. In the same way
we consider O and M as trivial Zm-modules and obtain left 7w-invariant maps

OFe0F -0 OF e MF > M Mo MF SO

t o * t

VW = v'w vew = vw” vew > viw?

6.3 Homological linking form

Let M be a closed connected oriented manifold of dimension 2/ —1. Let {ay:m - U (k’)}te(_e’e)

be an analytic deformation of ag. We consider OF, M* and (M/O)* with the m-actions
as defined in Section and we consider the homologies H *(M ;Ok), H, (M ;_/\/lk) and

H.(M;(M]O)*) twisted by {as}¢, but omit the fixed family {a;}; from the notation.
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The next step is to construct a linking form

{-, —}: Torsionp (Hl(M; (’)k)) x Torsionp (HZ(M; Ok)) - MJ/O.

Since
0— OF — MF — (M/O) — 0
is a short exact sequence of (Zx,O)-bimodules, we have a short exact sequence of O-modules
0— C*(M;0%) = C*(M; M¥) - C*(M; (M]O)F) — 0.
Hence, we get a long exact sequence
L YN (M MY — HN (M (MJOYE) D 1 (M 08) S 5 (M MP)
of O-modules. The map S is called the Bockstein homomorphism .

Lemma 6.4. The image of the Bockstein homomorphism
B:H" (M3 (M/O)F) -~ H™(M;0F)
is Torsionp (H"(M, Ok))
Proof. Since
L HYY (M MY — BN (MJOYE) D 1 (M 08) S 5 (M ME)
is an exact sequence, we have Image(f3) = ker(i*).

Since M is a flat O-module, we have Torp(—; M) = 0. It follows from the universal coefficient
theorem and the fact that Homy,, (CHM, ./\/lk) ~ Homy,, (C’n]\Af, C’)k) ®on M that

H"(M;0%) @ M = H"(M; M*).
Hence, the kernel of i*: H "(M :OF ) - H ”(M - MF ) is precisely the O-torsion submodule of
H"(M;OF). O
Let v be the map
v:(M]OY @p OF > MJO

vew > viw”.

Recall from Section that, by using the cup product, we obtain a map
v H7H(M; (MJO)F) x HY (M;0%) » B (M (M/0)F ©0 OF) 5 H*7H(M; M/O).

Let [M] e Hy_1(M;Z) be the fundamental class. Recall from Section that by using the
cap product we get a map

B2 (s MJ0) 2, o My0) S )0

We can now define a linking form on Torsionep (H l(M ; (f)k)).
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Lemma 6.5. Let x,y € Torsionp (HZ(M;(’)]“)). Let [M] € Hyy_1(M;Z) be the fundamental
class and let z € 3~ (x). Then

{-,—}: Torsionp (Hl(M;Ok)) x Torsionp (HZ(M;O’“)) - M/O
(Iay) = V*(ZUy) n [M]

does not depend on the choice of z € B7(x).

Proof. Let 21,2 € 71 (x). Their difference is an element in ker(3). Let z € ker(3) and let
y € Torsionp (HI(M; (9’“)) We show that

ve(zUy) =0 e H 7Y (M; M/O).
Since
L HPY (M MP) 2 1M (MJOYR) S |1 (M 0F) D 5 (M MFY

is an exact sequence, we have that ker(8) = Im(p.). We consider the following commutative
diagram

H=Y(M; M*) x Torsionp (HI(M; Ok)) — Hl_l(M;Mk) ®p Torsionp (HI(M; Ok))

lu

pexid H21(M; M)

2

H21(M; MJO).

H (M5 MJO)) = Torstono (H1(M50)

va(-0-)
Since Torsionp (H'(M;O")) is an O-torsion module
H'"Y(M; MF) @0 Torsione (H'(M; O%)) = 0.
It follows that the map
po(H7H(M; MP)) x Torsione (B (M;0%)) 222 g2-1(ar, pmy0)
is the zero map, i.e., if 2 € ker(8) = p.(H"'(M; M*)) and y € Torsion (H'(M; OF)), then

ve(zUy) =0e HY(M; M/O). O

The proof of the next lemma is a slight variation of a statement which was proved in
[Fril9, Lemma 74.18].

Lemma 6.6. For any x € H™(M;(M/O)*) and any y € H"(M; (M/O)¥) we have
ve(z U B(y)) = (1) (yu B(x))" € B (M; M/O).
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Proof. We consider the short exact sequence
0 — C*(M;0%) 15 ¢ (M; MF) 25 0 (M5 (MJO)F) — 0.
Let ¢ H™(M;(M/O)*) and y e H"(M;(M/O)*). We choose f ¢ C™(M;M") and
g € C”(M;Mk) with [p.(f)] = = and [p«(¢9)] = y. We denote both boundary maps
C*(M;(M/O)*) - C**1(M;(MJO)F) and C*(M;M*) - C**1(M;M*) by 6. Since
p+(6(f)) = 3(p.(f)) = 0 and likewise for g, there exist f € C™*1(M;O*) and g e C"*!(M; OF)
with
i(f) = 6(f) e C™(M; MF)
i.(9) = 8(g) e " (M; MF).
Note that it follows from the construction of the long exact sequence
s BTN (M ME) — BN (M (MJOYR) B B (M 0F) — H (M MP) —

that

[f]=B8(z),
[9] = B(y)-

We obtain the following equality in H m+”+1(M : MFE o MF )
0=[(fugl=[(fHug+(-1)"fud(g)] =[i(Hug+(-1)"fuid)],

where the first equality follows from Lemma [2.2)

Let

wMF e MF - M

vew ~vlw*,

V:0F @ (MJOY - MO

VW > vlw®.

The following diagram commutes:

i o
Ok @ MF 2% pMrk o ME <2 pME g OF

id ®pl lﬂ lp@id

Ok @ (M]O)* /\f (M/]O)k @ OF
) MJO

50



6.3. Homological linking form

Note that, by Proposition for any a € H™*1(M; OF) and b e H"(M; (M/O)¥) the identity
Vi(aub) = (-1)"™ Dy (bua)*

holds, since the analogous identity holds on the level of coefficients. We have already seen
that [i.(f)ug+(-1)"fui.(g)] =0, hence,

0=(pou)([is(fHug+(-1)"fui(d)])
= [Vi(fup(9) + (1) (p(f) U d)]
= v, (B(x) uy) + (-1)" v (z U B(y))
= (-1)"m Dy (yuB@)) "+ (-1) vz U B(Y)). O

We now deduce properties of the linking form defined in Lemma [6.5
Corollary 6.7. The map
{-,=}: Torsionp (H'(M; O%)) x Torsionp (H (M; OF)) - M/O
(z,y) = va(87 () uy) n[M]

defines a (-1)'-Hermitian form, i.e.,

{z,y} =~{y,z}*  iflis odd
{z,y} = {y,2}” if | is even

which is O-linear in the first variable and O-anti-linear in the second variable.

Proof. Let x,y € HZ(M; (’)k). Choose #,7 € H'™'(M; (M/O)k) with 5(Z) =z and B(g) = y.
We obtain

{2,9} =ve (20 B@)) 0 [M] = (-1) v (U B@))" A [M] = (-1){y, 2},

where the first and last equality follow from the definition and the fact that (—1)12 = (-1)%.
For the second equality we used Lemma Note that the map

u: HH(M; (M/O)F) x H (M;0%) » H* (M3 (M/0)F @0 OF)

is O-linear in both variables and

-n[M]

H* Y (M; M/0) Ho(M; M/O) = MJO

is O-linear. Since

v:(M]O) ©p OF > MJO

vew e~ olw?

is O-linear in the first variable and O-anti-linear in the second variable, this also holds for
the map

H(M;(M/O) @0 OF) > B (M; M/O).
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It follows that the map
{-,-}: Torsionp (HZ(M; C’)k)) x Torsionp (HI(M; (’)k)) - M/O
(z.y) > (87 (2) uy) N [M]

is O-linear in the first variable and O-anti-linear in the second variable. O

Before we will prove that the form defined in Corollary is indeed non-singular, we prove
an elementary lemma.

Lemma 6.8. Let R be a principal ideal domain and let M and L be modules over R with
Lc M and M finitely generated. If M /L is isomorphic to M, then L is trivial.

Proof. Assume for the sake of contradiction that there exists a non-trivial submodule Lg c¢ M
such that M = M /Ly. But then there exists a non-trivial submodule L; of M /Ly such that
(M/Lg)/L; is isomorphic to M /Ly and hence to M. Repeating this construction, we get an
infinite chain of projections to quotient modules:

M 2 M/Lo B (M[Lo) /Ly 2> ((M[Lo) [L1) /Lo 2 ...
Let N; = ker(p; o---opg), then we get an infinite chain of submodules of M:
NoEN1gN2 G ...

But this a contradiction since M is a finitely generated module over a principal ideal domain
and hence Noetherian. O

Corollary 6.9. Let R be a principal ideal domain and let A, B and M be modules over R
with M is finitely generated and A< B < M. If M|B is isomorphic to M[A, then A = B.

Proof. Assume that M /B is isomorphic to M/A. Note that (M/A)/(B/A) ~ M/B and
hence, by assumption, isomorphic to M/A. It follows from Lemma that B/A is trivial
and hence A = B. O

We now show that the linking form {-, -} is non-singular. Note that if R is a principal ideal
domain and V is a torsion R-module, then every non-degenerate Hermitian form V xV - R
is non-singular (see for example [Hil12, Theorem 3.24)).

Lemma 6.10. Let M be a closed connected oriented manifold of dimension 2l —1. Let
[M] e Hy_1(M;Z) be the fundamental class. Then

{-,—}: Torsionp (HZ(M; (’)k)) x Torsionp (HZ(M; (’)k)) - M/O
(z,y) > v (87 (2) uy) N [M]
defines a non-singular form.
Proof. Fix z € Torsionp (HI(M; (’)k)) We show that if
Torsione (Hl(M; Ok)) - M/O
y = v (67 (@) uy) n[M]
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6.3. Homological linking form

is the zero map, then x = 0. Recall from Corollary that {-,-} is O-linear in the first
variable and O-anti-linear in the second. Hence,

HY(M;0%) > M/O

v (87 () Uy) 0 [M] (61

is O-anti-linear. Let

V:0F @ (MJOYE > MO
VW > vlw®.

For the sake of notational convenience, we consider instead of ([6.1)) the O-linear map which
is given by
HY(M;0%) > M/O
y=vi(yus(x)) n[M].

Note that if the map in is the zero map then so is the map in , and vice versa. Since
V" 0F @0 (M]O)F - MJO is non-degenerate, we get an induced Zm-linear isomorphism
7': (M/O)* - Homp (OF, M/O). This gives the first isomorphism of the following chain of
natural isomorphisms:

(6.2)

Homzy,, (C*M, (./\/l/(’))k) =, Homgy (C*]\FZ, Homp (Ok,./\/l/O))
> Homg (C. M ®z, OF, M/O)

We obtain the following isomorphisms, where we use for the third isomorphism that O is
a domain and M/QO is divisible, and hence Homp (-, M/O) is an exact functor by Baer’s
criterion:

H'"(M; (MJO)Y*) =5 H_y(Homg, (C. M, (MJO)Y))
> H_1(Homo (C. M &7, OF, M]0O))
> Homo (Hi-1(C. M ®z, OF), M/O)
> Homo (H_1(M;0%), M/O)
—>Homp (H'(M;0%), M/O).

Tracing through the chain of isomorphisms, we obtain that the composite is given by

H™H(M; (M]O)*) 5 Home (H!(M; O%), M/O)
2 (y = 7(2) 0 (yn [M])),
where 7 is the map on H"'(M;-) induced by #’ and the cap product is understood to act
via Homgp (Ok, M/O) ®0 OF - M/O on the coefficients. Note that it follows from Lemma
that for z € H™'(M; (M/O)F) and y e H'(M; O*) we have
7,(2) n (yn[M]) = vi(yuz)n[M].
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Chapter 6. Results of Farber and Levine: Jumps of the n-invariant

Since Torsione (H Z(M Ok )) is a direct summand in H Z(M Ok ), we get a surjective map
@:HI_I(M; (./\/l/(’))k) — Homp (Torsiono (HI(M; Ok)), M/(’)) : (6.3)

Recall that we denote by ﬁ:HZ’l(M; (M/O)k) - HI(M; Ok) the Bockstein homomorphism.
We need to show that ker(®) c ker(/3), since then the map of (6.2 is identically zero only if
0=08(2)=p(B7 (x)) = z. In fact, the other inclusion holds by Lemma

We obtain from that
HH(M; (M/O)F)/ker(®) = Home (Torsiono (H'(M; (’)k)),/\/l/O) :

Since Torsionp (H'(M;OF)) is an O-torsion module and every ideal of O is generated by
' for i € N, we conclude that Torsionp (H!(M;OF)) is isomorphic to a finite direct sum of
cyclic modules of the form O/z'O. Now it is easy to check that

Homo (0/2'0, M/0) = 0/+'0,
and hence
Homo (Torsiono (H'(M; 0%)), M/0) = Torsiono (H'(M; OF)).
But at the same time
H'™L(M; (M/0)") [ ker(B) = im(B) = Torsiono (H'(M; OF)),
which implies that
H'"'(M; (M[O)*) [ ker(8) = H'™ (M; (M/O)*) [ ker(®).

Since ker(3) € ker(®) and H'™'(M;(M/O)¥) is a finitely generated O-module, it follows
from Corollary |6.9| that ker(3) = ker(®). O

We now summarize the previous results in the following corollary. Recall that any power
series in a variable z that has a positive radius of convergence defines an element of O, and
thus acts on any O-module via scalar multiplication.

Corollary 6.11. Let
[, —]: Torsionp (Hl(M; (’)k)) x Torsionp (HI(M; Ok)) - C
(x,y) e RGSO{IE,y}

where Resp{x,y} denotes the residue of the meromorphic function {x,y} at zero. Then the
map [—,—] has the following properties:

1. [-,~] is (=1)!-Hermitian, i.e.,
[z,y] = -[y,z]  ifl is odd,
[z,y] = [y,7] if l is even,

2. [-,-] is non-degenerate,
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6.3. Homological linking form

3. [zz,y] = [z, zy], where z € O is the power series with coefficients ay = 1,a, =0 forn # 1.
Proof. First note that the map [—, -] is well-defined since Resy does not depend on the
particular representative of an element of M/O.

Clearly, for all meromorphic functions we have

Reso(f™) = Reso(f).
We showed in Corollary [6.7] that {—,~} is (~1)-Hermitian, and so is [~, -] = Res{—, - }.

We now show that [—, -] is non-degenerate. Let y € Torsionp (HI(M; Ok)), y # 0. We have
seen in Lemma that {—, -} is non-degenerate. Hence, there is a € Torsionp (HZ(M; (’)k))

with {z,y} # 0. Since {z,y} is a non-trivial meromorphic function, there exists m € Z such
that

Resg (zm{x,y}) = Resy ({zmx,y}) £ 0.

Hence, [2™x,y] = Resg ({me73/}) #0.

It follows from the fact that {—, -} is O-linear in the first variable and O-anti-linear with
respect to the involution f — f* in the second variable that {zz,y} = {z,2y} and hence

[zz,y] = [z, 2y]. O
Let

T; = {:1: € Torsionp (HZ(M;Ok)) | 2= O}.

We now consider the (-1)!-Hermitian form
hi:T; xT; - C
(z,y) = [z, y].
We have for all ¢ that T;_1 c T; and 2T;+1 c T;. Let x = zv € 21541 and y € T;, then
hi(z,y) = [ziv,y] = [v,ziy] =0.
Hence, h; descends to a (—1)l—Hermitian form l; on V; :=T;/2T;41 given by
1;:VixV; > C (6.4)
(z,y) — [zi_lx,y].
For all ¢ the canonical map V;_1 = V; is injective. Note that l;(x,y) =0 if z € V;_1 or y € V;_1.

Since M is a compact manifold and O is a principal ideal domain, the O-module H!(M;O) is
finitely generated. Furthermore, all cyclic O-modules are of the form /2O and hence finite-
dimensional C-vector spaces. It follows that Torsionp (H LM, O)) is also a finite-dimensional
C-vector space since it is a finite direct sum of cyclic modules. Hence, we obtain that for all 4
the submodule T; is a finite-dimensional C-vector space, and thus V; is as well. All in all, we
have concluded that the {; define Hermitian or skew-Hermitian forms on finite-dimensional
C-vector spaces.
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Chapter 6. Results of Farber and Levine: Jumps of the n-invariant

Denote by oasq,(li) the signature of I; as defined in (6.4]). Since Torsionp (HI(M; (’))) is
finite-dimensional, it follows that there exists K € IN such that for all £ > K we have Tk = Ty,
and hence Vi = Vj,. Since l;(x,y) = 0 for € Vj_1, it follows that o q,(lx) =0 for k> K.

The next theorem was proved by Farber and Levine in [FL96, Theorem 1.5] and we will
use it in the following to relate the jumps of the p-invariant to the zeros of the Alexander
polynomial. Note that Farber and Levine formulated the theorem by using the n-invariant
instead of the p-invariant, but for fixed M their difference

n(M,c:m (M) - U(k)) - p(M,c:m1(M) - U(k)) = kn(M, 1)

is a real number just depending on the rank of the unitary representation, where 71 denotes
the trivial representation of rank 1.

Theorem 6.12 ([FL96, Theorem 1.5]). Let M be a closed connected oriented (21 —1)-
dimensional manifold. Let {oy}ie(—ce) be an analytic deformation of ag:mi(M) — U(k)
coming from an analytic deformation of the corresponding connection (see Section . Let
0(M,a.)(li) be the signature of the linking form l; defined in and let

ps = lim p(M, o)

_ =1lim p(M, o).

p- =limp(M, ar)
Then

pr = p(M,00) + Y 0 (a0 (L)
=1

p-=p(M,a0) + Y (-1)'0 (a0 (1i)-
b

As remarked above, the signatures o/ 4,)(li) are zero for i large enough, hence the sums
above are actually finite.

We will consider two examples which combined will give us a bound on the signature of [;.

Example 6.13. We consider the O-torsion module 7' = O/2"O, i.e.,

Then

ZZ;}H- akzk] ‘ ay, € (D} 1<n

E={ZL'ET|Zil‘=O}= i[ s

We get for i <n

ake(D ZT%

n-1
21501 =2 Z akzk
k=n—-i—1

n-1
ap €C} = |:Z aklzk:|

k=n—1i
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6.3. Homological linking form

and for i >n

n—1
2150 =21 = Z a2’ || ax € €
k=1
Hence, we get
0 2<n
V;:Ti/ZTng{C isn

Assume that T is the O-torsion part of the homology group H' (M ; Ok) of a (21-1)-dimensional

manifold M. Let I; be the (~1)-Hermitian form on V; as defined in (6.4). Let o; be the
signature of [;.

If i < n, then [; = 0 since V; = 0. If i > n, then V; = V;_1 and by definition of [; we have that
li(x,y) =0 if z € V;_1, and hence [; =0 on V.

The only signature which might be different from zero is o,,. In this case [,,: C x C - C and
we obtain o, € {1,0,-1}.

Example 6.14. Let T = @;; O/2™ O, where |I| < oo and n; € IN. Assume that T is the
O-torsion part of the homology group H l(M - Ok ) of a (2] - 1)-dimensional manifold M. Let
I; be the (~1)"-Hermitian form on V; as defined in (6.4). Then we obtain

V= o #{nilnizj}
It follows from Example [6.13] that

o ()] < #{nali € I,n; = 5} .

Moreover we will use the following theorem due to Farber and Levine [FL96, Theorem 7.6].
Theorem 6.15. Let M be a closed connected oriented (4n — 1)-dimensional manifold. Then
p(M)ryz: Re(m1(M)) - R/Z
ar[p(M,;a)]
is locally constant.
Put differently, p(M )Rz is constant on the connected components of Ry (71(M)).
We obtain the following corollary from Theorem [6.2) and Theorem [6.15]
Corollary 6.16. Let M be a closed connected oriented (4n —1)-dimensional manifold. Then
p(M): Ri(m (M)) > R
ar p(M,a)

s constant on the connected components of

{a € R(m (M) idim@ H*(M;CF) = r} :
=0
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Chapter 6. Results of Farber and Levine: Jumps of the n-invariant

Proof. Let

X = {a € Ry (m(M)) idim@ H*(M;CF) > 7“}.
i=0

Theorem [6.2] says that

p(M): Ry (mi(M)) - R
o p(M, )

is continuous on ¥,\X,,;. Hence, by Theorem it is even constant on the connected
components of

> dime HY(M;C*) =r}. O
=0

Zr\ErJrl = {Oé € Rk(ﬂ-l(M))
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Chapter 7

Height of the jumps of the
p-invariant for a circular
deformation

Let M be a closed connected oriented 3-dimensional manifold with fundamental group
. In this chapter, we consider a circle lying in the variety of all k-dimensional unitary
representations of w. We relate the height of the jumps of the p-invariant which appear by
going around the circle to the zeros of the Alexander polynomial of M.

If a:G - U(k) and ¢:G — u)=5 L c € are unitary representations, we can consider the
unitary representation « - ¢ given by (a- ¢)(g) = a(g)é(g), which is well-defined since U(1)
viewed as a subgroup of C* lies in (in fact, is) the center of U(k). In this way, the variety
R1(G) becomes a group and acts on Ri(G) for any k € IN.

Definition 7.1. Let G be a finitely generated group and ¢ = (¢1,...,¢;): G - Z' a homomor-
phism. Fix a representation o € Ri(G). The torus Tff in the variety of unitary representations
R (@) is the image of the map

Stx...xS' > Ry(@)

(21,...,21) ¥ (g - Oé(g)z(lbl(g) ""'Zld)l(g))'

If I =1 and ¢; is non-trivial, the torus is called a circle.

Let M be the universal covering of M. Recall that we consider the chain groups C*(M ) as
right Zm-modules. Let a be a k-dimensional unitary representation of the fundamental group.
Let ¢:m (M) — Z, ¢ + 0. We consider the analytic deformation of a which is given by

afmi (M) — U (k)

g~ a(g)e",

where ¢ varies in (—¢,¢). We want to relate the jumps of the map ¢ — p(M, af) to the zeros
of the reduced Alexander polynomial of M.

99



Chapter 7. Height of the jumps of the p-invariant for a circular deformation

Recall that 7 acts on OF via
mx OF - OF
(9.1) = (t=> 0l (9) F(1)).
We consider the left action of Zm on CF ®¢ (D[y*l] which is induced by
a® ¢:m > Aut(C* ®¢ C[y*'])
g (ve f = (algvey’? f(y)).

We consider (D[y*l] as a subring of O by identifying a finite power series Zajyj with
the holomorphic function Y. a;j(e")? of t. Thus O becomes a left C[y*l]—module via left
multiplication. Note that

C.(M) @z, OF = (C*(M) @z (CF 0c @[yﬂ])) ®cpy1] O
and
HEDN (M 0F) = HEO (0, (3T) @, OF) 2 1L (c*(m oz (€ ® Cly*']) &cpye) 0) .

Since C[y*l] is a principal ideal domain, it follows from the universal coefficient theorem
that we have a short exact sequence

0— Hf@qﬁ (M; (Dk ® (D[yil]) ®C[yil] O — Hl{af}t (C*(]\A[) ®Zr (Ck ® C[yil]) ®C[yil] O)

— TOI‘C[yﬂ] (Hg®¢ (M; (Dk ® C[yil]) , O) — 0.

Clearly, O is a torsion-free (D[yil]—module. It follows that
Torcgyen) (H®? (M3 (€* @ C[4*'])) . 0) =0
and therefore

1 (M;0%) = HP® (M € 0 €[y ) Bcq,) O.

Recall that we denote by A%®? the reduced Alexander polynomial associated to (M, a, ¢),
i.e., A®? is the order of the module Torsiongpy+1; (Hf‘®¢(M; C* ® Cy*'])).

Theorem 7.2. Let M be a closed connected oriented 3-dimensional manifold. Furthermore,
let 2t (M) - Z and c:mi (M) - U(k). Given t € R we define the group homomorphism

af:mi (M) — U (k)

g a(g)eiw(g)'
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Let p¢ be the p-invariant corresponding to af. Then };im pt exists for all s € R. If
NS

Ps # hmptv
tNs

then the reduced Alexander polynomial Ao®¢ of M has a zero at €. If N(e*) denotes the
multiplicity of this zero, then

f)S - 11“1 ﬂt < N EEZ .
‘ tNs ( )
1 U1 Hle? morn &3, we ha/Ue

max{|ps —pel | s, te]0, 27r]} < deg (ZO‘®¢).

Proof. Note that t — ozf is an analytic deformation of ag. For our particular choice of
{oz;f5 }t, it follows from Corollary that ¢ — af gives rise to an analytic deformation of the
corresponding connection. Hence, we can apply Theorem [6.12] to estimate the height of the
jumps.

Further note that Hf@d)(M; cF e C[y*l]) is a finitely generated module over G[y*l]. Since
C[y*l] is a principal ideal domain, there exist p; € (D[y*l] such that

Hy* (¢4 0 fy*]) = [y | @ Dl /s ()Cly

and the p; are powers of suitable non-zero irreducible elements in C[yil]. Hence, each p; can
be taken to be of the form p;(y) = (y — a;)™ for some m; ¢ N and a; € C\{0}. The reduced
Alexander polynomial of M is given by

A®(y) = lﬁlpj(y)

Clearly,

v .
H®?(M;CF @ Cly*']) ®cp,11 O = 0" & @ Ofp;(e™)0.
j=1
. 1

If pj(1) # 0, then z — ey -
O, which implies that O/pj(e”)(? =0. If pj(1) =0, then a; =1 and 1 is a zero of multiplicity
m;, and hence the map z +~ p;(€'?) has a zero at z = 0 of multiplicity m;. Thus, O/p,(e")O
is isomorphic to O/t™i 0. We therefore get

is a holomorphic function around zero and hence p; is a unit in

¢ .
Torsiono (H{*'(M:0%)) = @ Olpi(eh0- @ om0,
j:l""vll j:l,...,ll
aj=]. aj:]-

Let

T, = {:c e gl (0, 0%) |t = o}.
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Chapter 7. Height of the jumps of the p-invariant for a circular deformation

Let V; = T; /tT;1. Let 1;:T;/tT;41 x T; /tT;+1 — C be the Hermitian form defined in (6.4) using
the notation introduced previously in Section Note that there we considered a general
(21 - 1)-dimensional manifold with the linking forms being defined on subquotients of the I-th

cohomology. In our current situation, [ takes the value 2 and by Poincaré duality Hy(M; (’)k)
is identified with H?(M;O%).

Let o(l;) be the signature of ;. It follows from Example that
lo(li)] < {#p;j | m; =i,a;=1}.
It follows from Theorem [6.12] that
[po —Tim py] < 2 jo(1:)] < 2#{pj|mj =i,a; =1} = N(1)
and

lpo —lim py| < 3 | (15)| < N(1).
t/s -1
Considering instead of ¢t = 0 the jumps of the p-invariant at ¢ = s, we obtain by a similar
calculation
~1i < N(e*
[ps = lim py| < N (™)
and

|ps — %iﬂn;pt‘ < N(e*).

Hence, we obtain for all s € [0, 27]

|lim p; — lim py| < 2N (™).
t7s

tN\s

In particular, we obtain that

[0,27r] = R
tf—>pt

is continuous on [0,27]\{¢ € [0,27] | A*®?(¢t) = 0}. Theorem says that in case of a
3-dimensional manifold the map

p(M)gz: Re(m1(M)) - R/Z
ar [p(M, )]

is locally constant. Hence, the map

[0,27] - R
te py
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is constant on the connected components of [0, 2r]\{t € [0,27] | A®®? (&™) = 0}.

Let €1, ... e be the zeros of A®®? on S! with multiplicity N;. Let ¢,s € [0,27) with
t < s. To simplify the notation assume that e® and e’ are both not zeros of the Alexander
polynomial A®®?. Then

lps—pi|< > 2N; (7.1)
i=1,...,r
Ai€(t,s)
as well as
lps = pe| < > 2N;. (7.2)
i=1,...,r

Ai€[0,8)u(s,27)

Hence, we obtain

20ps—pil< Y 2N+ Y 2N, <2deg (A*®?). (7.3)
el A0 2

The same inequality holds in the case that one or both of €** and e’ are zeros of the Alexander
polynomial. Assuming that e’® is a zero of the Alexander polynomial, the only difference is
that the respective summand N; appears in both sums on the right-hand side in and
, and thus still contributes a total of 2N;. The same holds true for e®.

Since (|7.3)) holds for all s,t € [0,27), we conclude

s,t€[0,2m)} < deg (za@"i’). O

max {|p. - o

As already mentioned in Section 2.9} the Thurston norm gives an upper bound on the degree
of a sum of suitable Alexander polynomials. We obtain the following corollary.

Corollary 7.3. Let M be a closed connected oriented 3-dimensional manifold. Furthermore let
a:m (M) - U(k) and ¢: (M) — Z be group homomorphisms. We consider the deformation
oy of a given by

afim (M) ~ U(k)

g~ a(g)e").

Let p; be the p-invariant corresponding to af. If A?w #+ 0, then
max{|ps = pil[s, t € [0,27]} <k | $] -+ 2deg(AG®?).

If furthermore « is irreducible and « restricted to ker(¢) is non-trivial, we obtain

max{|ps = pil|s; ¢ € [0,27]} < k[ ¢]p-

Proof. Since the Alexander polynomial A‘ll®¢ is not zero, the module H104®¢> (M: o & (D[y d:l])
is C[y*l]—torsion and hence A‘f‘®¢ = z‘f@(ﬁ_
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Chapter 7. Height of the jumps of the p-invariant for a circular deformation

In the case that A‘f‘w # 0 it was shown by Friedl and Kim in [FK06, Theorem 1.1] that

1 o e e
ol > % (deg (AT®?) — deg (AF®?) - deg (AS ®¢)) :

Since M is a closed manifold and « is unitary, we obtain from Proposition that

deg (Ag@d’) = deg (Ag‘®¢).

Hence, we obtain

max {|ps - pel|s, t € [0, 27r]} < deg (Aff‘®¢) <k|o)p+2deg (AS‘M’).

Furthermore, if « is irreducible and « restricted to ker(¢) is non-trivial, we obtain from

Proposition that
deg (Ag@‘z’) =0. O

We now consider the p-invariants of a manifold which is obtained by O-framed surgery on a
knot as already done in Example

Example 7.4. Let K be the left-handed trefoil knot. Let Mg be obtained by 0-framed
surgery on K. Let

Oétlﬂ’l(MK) - Hl(MK) —> U(l)

be the unitary representation which sends a generator of H;(My) to ¢*. The Alexander
polynomial is given by A(t) =t -1+t~ and it has roots at e*i%ﬁ, both of multiplicity one.
Then we obtain from Theorem [7.2] that

p(Mg,ar) =0 for |t <

wl e

lp(Mic,a4)| <1 for |t =
lp(Mp, o) <2 else.

In the case of manifolds obtained by O-framed surgery on knots the p-invariant can be
calculated by using Levine-Tristam signatures (see Section [4.3]) and are given by:

0 [t[<3
p(Mr, o) =1 |t]=5
2 else.

Hence in this case the bounds provided by Theorem [7.2] are sharp.
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Chapter 8

Deforming along
higher-dimensional tori in the
variety of representations

In this chapter we consider closed connected oriented 3-dimensional manifolds and a torus
lying in the variety of k-dimensional unitary representations. We relate the discontinuities
of the p-invariant appearing as the representation varies on the torus to the zero set of the
corresponding Alexander polynomial.

8.1 Notation and computational tools

Let M be a closed connected oriented manifold with fundamental group 7. Furthermore let
a:m - U(k) be a unitary representation and ¢ = (¢1,...,¢;): ™ - Z' a homomorphism. We
denote by T' = (S1')! the I-dimensional torus. Let z = (z1,...,%) e T".

We denote by af the unitary representation given by

ol - U(k)
!
g~ a(g) [T,
j=1

As z € T! varies, the representation af runs through the I-torus T(f c Ry(m).

For fixed o, ¢ and z the fundamental group 7 acts on C* via
mxC" > CF
(9,0) = aZ(g)v.
We denote by a ® ¢ the map
a® ¢:m — Aut ((Dk ® C[Zl])
g (v Qx+— alg)v® qb(g);v) )
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Chapter 8. Deforming along higher-dimensional tori in the variety of representations

In this chapter we want to relate the location of the jumps of the p-invariant to the zeros of
the Alexander polynomial in two cases:

1. « is irreducible and « restricted to ker(¢) is non-trivial,

2. « is trivial and ¢ is an epimorphism.

¢
In the following we will compute the C-dimension of the homology groups H Za ? (M ; (Dk) in
the two cases mentioned above to apply Corollary Before we will do so we state some
results which we will use to compute the homology groups.

A less detailed version of the proof of the following lemma is also given in [FK06, Lemma 2.3].

Lemma 8.1. Let M be a closed connected orientable n-dimensional manifold and R «a
principal ideal domain with involution. Let B:m (M) — GL(k, R) be a representation, and
denote by fT:m (M) - GL(k, R) the unique representation determined by

(8ta v, w) = (v, 87(g)w)
Then
H?_(M; R*) = Homp (H®' (M; R*), R) @ Ext (H',(M; R¥), R)
as R-modules.

Proof. We consider C*(m as a right Zm-module. We write RZ when we consider R* with
the left-action given by

7x RF > RF
(g;v) = B(g)v.

and RE., when we consider R* with the left-action given by

Bt
7x R > RF

(9,0) = B (g)v.
We consider the map
®: Homy,, (m, Rﬁ) - omR C’ (M) ®Zm Rva)
l—>((c®v) (c),v)).
The map ® is well-defined since for f € Homy,, (m, RE) and g € ™ we have

flo-g)=flg o)=g" f(o)=B(g ") f(o)

and hence

o(f)((o-9)®v) = (f(c-9),v) = (B(g™)f(o).v)
= (£(0),8'(9)v) = (£(0),9-v) = ®(f) (e ® (g-v)).
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8.2. Case 1: « irreducible and non-trivial restricted to ker(¢)

We skip the proof that the map really defines an isomorphism. We obtain
H,—i(M;RE) = H'(M; R})

H; (HomZ,, (C.(3T), Rg))

H;(Homp (C.(M; R}};), R))

Homp (Hi(M; Rf; ), R) ® Ext (H;1(M; Ry ), R).

112
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The first isomorphism is Poincaré duality, the second the definition, the third is induced by
the isomorphism above and for the last we used the Universal Coefficient Theorem. O
A proof of the following theorem is given in [Rot09, Theorem 10.90].

Theorem 8.2 (Kiinneth Homology Spectral Sequence). Let R be a ring, let D be a chain
complex of flat right R-modules, and let A be a chain complex of left R-modules. Assume
that both D and A are concentrated in non-negative degrees. Then there is a first quadrant
spectral sequence

EZ, = @ Tor) (Hy (D), Hi(A)) = Hyy(DorA).

s+t=q
Furthermore, we need the following theorem (see [Rot09, Theorem 10.31]).
Theorem 8.3. Let M be a first quadrant bicomplex and
TOt(M)m = ®p+q:mMp,q-

Let (E",d") be a first quadrant spectral sequence such that Ez,q = H,(Tot(M)). Then we
have an ezact sequence

2
Hy(Tot(M)) - E2o % E2, — Hy(Tot(M)) » E?; — 0.

We can now calculate the needed homology groups in both cases.

8.2 Case 1: « irreducible and non-trivial restricted to ker(¢)

We first consider the case that « irreducible and « restricted to ker(¢) is non-trivial. The
proof of the next lemma is nearly the same as the proof of Proposition A.3 in [FKK12|, but
corrects a small mistake made right after applying the Universal Coefficient Theorem.

Lemma 8.4. Let X be a topological space with universal covering and c:m(X) - U(k) be
an irreducible representation and ¢:m (X)) — Z' such that o restricted to ker(¢) is non-trivial.
Then

Hy®?(X;¢F @ C[Z']) = 0.
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Chapter 8. Deforming along higher-dimensional tori in the variety of representations

Proof. Let a:m(X) — U(k) be a representation and ¢:71(X) — Z! such that a restricted to
ker(¢) is non-trivial. We show that if

HY®?(X;CF 0 C[Z']) 0,

then « is a reducible representation, which proves the claim. We denote ker(¢) by I'. It follows
from [HS97, Chapter VI.3] that for any connected topological space Z with m(Z) ¢ 71(X)
we have

H®(z; ¢ e C[Z']) = (€ e C[Z']) [{(a® ¢)(g)v-v|veCF o C[Z'],g e mi(2))}.

Hence, by comparing the right-hand sides for Z = BI" and Z = X, we can read off that
H{®?(X;CF ® C[Z!]) # 0 implies Hy®?(T; C* ® C[Z']) # 0. Thus, we have

0+ Hy®*(I; ¢ 0 O[Z!]) = (C* o C[Z']) [{(a® ¢)(g)v-v |ve CF @ C[Z'],g €T}
= C"/{a(g)v-v|veC geT} o C[Z'] = H(T; C") ® C[Z']
and therefore H§(T;CF) # 0.
Let ET be the universal covering of BT Since « is a unitary representation, we have
{ag)v,w) = (v,a(g™)w)

for all g € T and all v,w € C. Tt follows as in the proof of Lemma [8.1] that

Homgry (C+(ET); C5) = Home (C4(ET) ®7r CE, €)

o ((eow) = (f(e),w))

is an isomorphism. We obtain

HE(T;€%) = Hy( Homyry (C.(ET), €*)) 2 H;( Home (C. (ET) @771 CF, €)).
Since C is a field, the Universal Coefficient Theorem implies that
H;(Home(C.(ET) ®zr CE, €)) = Home (H; (C.(ET') 71 CF),C)
= Homc (H?(T; CF), €).

Since Hg‘(F; (Dk) # 0 and hence has a non-trivial dual, we obtain Hg(f‘; Ck) # 0. It follows
from [HS97, Chapter VL.3] that

Hg(I‘; Ck) > {ve c* |a(g)v=nvforallgel}.
We now consider the subspace of C* consisting of the fixed points of a]r,
V={ve ck |a(g)v=vforallgeT}.

Note that V = H3(T; (Dk) and we have already seen that V' # 0. Since « restricted to ker(¢)
is non-trivial, we also have V # CF. Let W be the orthogonal complement of V in C*. Since
« is unitary, we can write o with respect to the decomposition C* =V @ W as

o@=(3 aty)
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8.2. Case 1: « irreducible and non-trivial restricted to ker(¢)

for any g € I'. Let p € 7w be fixed and let
B FE
a(p) = (C D)-

with respect to the decomposition V@ W = C*. Let g € T’ be arbitrary. Since gu = u(/[lgu)
and (,u‘lgu) e I', we obtain that

(iél A?g)) (g IE;) =a(9)aln) = amalion) = (g IE?) (ig A(M?lgu))

and matrix multiplication yields
( B E ) _ (B EA(M‘lgu))
A(9)C A(g)D) \C DA(u'gn))
In particular, we obtain A(g)C' = C. We now show that C' = 0.
Let v € V. We obtain for all g € I" that

a(g) ((69)) - (iéi A?g)) (59) i (A<go>cv) i (69)

It follows from the definition of V' that (0,Cv)* € V and hence (0,Cv)' € V n W = {0}. Since
v was arbitrary, it follows that C'= 0 and hence

aw-(7 )

Since p € m was arbitrary, it follows that « is of the form

a(g) = (ng) ggzg) .

for all g € w. Since a is unitary and the decomposition C*¥ = V' @ W is orthogonal, we get for
pemveV and we W:

(B, v) = {EGuyw + D(ayw, o) = {a(e) ((0,0)"),v)
= (w,a(,u_l)((v,())t)) =0

It follows that E(u) =0 for all € 7, and hence « is reducible. O

¢
The next step is to compute for ¢ > 0 the homology groups H;'* (M ; (Dk) in the case that
Hg“w(M; (Dk@@(U[Zl]) = 0. We identify Z! with the free abelian group generated by 1, ..., z;.
Given z = (21,...,2) € T' we consider

$.:C[Z'] = Clat!,...af'] > C

L !
Z a(”h'"v"l) qx?b = Z a('ﬂl,...,'ﬂl) q Z”Lnl
1= 1=

(nl,...m,l)EZl (nl,...,nl)EZl
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Chapter 8. Deforming along higher-dimensional tori in the variety of representations

Lemma 8.5. Let M be a connected manifold with fundamental group m and universal covering
M. If Hy®?(M;CF @c C[Z']) = 0, then

HY® (M;CF) =0
HY® (M3 €%) = H®*(M; €F 0c €[2]) 8cpz1) Cy..
Proof. Let A be the non-negative chain complex
0—-Cy, =0

of left C[Zl]—modules with a single non-trivial module in degree 0. Then

Let D be the non-negative chain complex whose n-th chain module is given by the free and
hence flat right C[Zl]—module

Cn(ﬁ) ®Zr ((Dk Q¢ C[Zl]).
It follows from Theorem [8.2] that
E2, = TorS1#] (Hq (C*(JTI) ®z- (C* ®c C[Zl])) : @%)

= Hyey ((c*(zv) oz (C* 0 C[2'])) ©crz) sz) - 1Y (M;CY).

p+q

Since an = Torg[Zl] (Hg®¢(M;Ck ®¢ C[Zl]),C¢Z) = 0 by assumption, we obtain that

a¢ k
Hy* (M ;C ) = 0. It follows from Theorem that we have an exact sequence

Tory ) (1% (M €* @ €[21]), €, ) » Torg 1 (1% (01 * @ €[2]), €. )

=0
~ Hy? (M;€*) - Tory (Hy®*(M; C* o¢ €[2]).C,. ) ~ 0.
-0
Hence, we obtain
HY* (M;CF) = HX®(M; CF 06 €[Z']) @z Co.. O

Now we can show the following lemma.

Lemma 8.6. Let M be a closed connected orientable 3-dimensional manifold. Furthermore
let o (M) - U(k) be an irreducible representation and let ¢:mi (M) - Z' be such that o
restricted to ker(¢) is non-trivial. Let z € T'. If A®®?(2) # 0, then for alli>0
¢
H*(M;CF) =0.
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8.2. Case 1: « irreducible and non-trivial restricted to ker(¢)

Proof. Since « is an irreducible representation and « restricted to ker(¢) is non-trivial, we
can apply Lemma and obtain that Hy(M;CF ®¢ C[Zl]) = 0. It follows from Lemma
that

HE (M;¢) =0
HY (M3 €F) = B (M; O @ C[Z]) ®c(z) Cy.-

Since C[Zl] is Noetherian and M is compact, there exists a free, finite rank presentation of
the C[Z']-module Hlo‘®¢(M; C* ¢ C[Zl]), which we can assume to have the form

m P

C[z']" 5 [Z']" - H®(M; C* o¢ C[Z']) - 0

for m > n, otherwise A®®? would be zero. Since tensoring is right exact, we obtain an exact
sequence

o 0, e gt (M) - 0
and hence,
HE (M;CF) = €, (P)C™

Recall that A®®? is defined as the order of Hf@‘z’(]\/[; C* o¢ (D[Zl]). By definition of the

Alexander polynomial, A®®? is the greatest common divisor of all (n x n)-subdeterminants
of P. In particular, if z is not a zero of A®®?, then there is an (n x n)-submatrix of P
whose determinant does not have a zero at z. Note that ¢, (A*®?) = A%®?(2). Hence, the
corresponding submatrix of ¢, (P) has non-zero determinant, and thus v, (P) has rank n. It
follows that

$
HY* (M;CF) = C" /4, (P)C™ = 0.
In fact, if A®®?(2) were 0, then all (n x n)-subdeterminants of 1, (P) vanish and the matrix

¢
has rank strictly less than n, which necessarily means that H{'* (M . Ck ) would have non-zero
dimension.

Since af:m (M) - U(k) is a unitary representation, of satisfies

(02(s™)v,w) = (0,02 (g)w).
We obtain from Lemma [B.1] that
HS® (M;C%) = Home (Hff(M; ), @) ® Extg (Hg“f(M; ), @) .

$ %
In case that A®®?(z) # 0 we have already seen that H{*(M;CF) = H*(M;C*) = 0 and
hence

HEE (M; €% = 0.
It follows from Lemma [8.1] that
a2 (M;C*) = Home (Hgf(M; @k),c) -0, 0
—_—

=0
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Chapter 8. Deforming along higher-dimensional tori in the variety of representations

By using the result of Levine that the p-invariant is constant on suitable subset of Ry (71 (M))
we obtain the following corollary:

Corollary 8.7. Let M be a closed connected oriented 3-dimensional manifold. Furthermore
let ey (M) — U(k) be an irreducible representation. Let ¢p:mi(M) — Z be such that o
restricted to ker(¢) is non-trivial. Then

p(M):T' - R
2+ p(M,a?)

is constant on the connected components of Tl\{z € Tl‘AO‘®¢(z) = O} .

Proof. We obtain from Lemmathat if A“®?(2) £ 0 then HZ.O‘f(M; C*) =0 for all i e NU{0}.

o
Hence, z » ¥ dime H{'* (M;C") is identically zero on T"\{z € T'|A*®?(z) = 0}. It now
follows from Corollary that

T' >R
20> p(M,a?)

is constant on the connected components of Tl\{z € TI‘AQ®¢(2) = 0}. O]

8.3 Case 2: o trivial and ¢ an epimorphism

We now consider the case where a:m (M) — U(1) is the trivial unitary representation of
rank 1 and ¢: 71 (M) — Z! is an epimorphism.

For any m € IN, we identify Z™ with the free abelian group generated by z1,...,z, and for
z2=(21,...,2m) € T™ we consider the group homomorphism
V2™ -~ U(1)

m m
[Ta o 1120
=1 i=1

The map v, induces an action of C[Z™] on C. We denote C equipped with this action by
Cy,, which we sometimes abbreviate as just C..

We use the following formula to reduce the proof of the subsequent lemma to the case [ = 1.

Lemma 8.8. Let Ay, As be two groups with fized actions on C. For i = 1,2 let C; be a
Z[ A;]-chain complex. Then

(C1®7 C2) ®7[4,x4,) € 2 (C1 ®7[4,] C) & (C2 ®7[4,] C).

Proof. Since Z[A; x Az] is canonically isomorphic to Z[A;] ®z Z[ Az2], we obtain an isomor-
phism

(C187 C2) ®z14,x4,) C 5 (Cr oy Cy) ®z[A1]e22[42] (C & C).
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8.3. Case 2: « trivial and ¢ an epimorphism

It is now easy to check that the map

(C187 C2) ®z14,10,7[42] (C®c C) = (C1 ®7[4,] C) ®c (C1 ®7[4,1 C)
(1 ®c2)®(21®22) = (c1®21) ®(c2® 22)

defines an isomorphism. O

We first calculate the homology groups of a torus with twisted coefficients in Cy, .

Lemma 8.9. Let 2= (z1,...,2) €T, 2+ (1,...,1). Then for alln >0
H, (T'Cy,) = 0.

Proof. We consider T! = S* with the canonical CW-structure consisting of one O-cell and one
1-cell, and equip 17" with the product CW-structure. We write T™ for the universal covering
of T™ with its induced CW-structure. Note that

C*(fl) ®Z[Zl] (DZ = (C*(Tl) ®Z C*(J’;l\:’l)) ®Z[Zl] (DZ
=~ (C*(ﬁ) ®Z[Z] C(zl)) () (C* (j’?—/l) ®Z[Zl*1] @(Z27,,.7Zl))

where the second isomorphism is that of Lemma [8.8 Since C is a field, it now follows from
the Kiinneth theorem that

Hy, (€. ) = Hy (Co(T1) @121 C- )
= H, ((C*(ﬁ) ®Z[Z] (D(Zl)) ®¢ (C* (fl\:l) ®Z[Zl*1] C(z27_..7zl)))

= ®p+q:an (C* ('fi) ®Z[Z] C(Zl)) ®¢ Hq (C* (fr:l) ®Z[Zl—1] C(Zz,--wzl))
= ®pegen (S5 Coy) @0 Hy (T3 C .2 ) -

(8.1)

The cellular chain complex of St coming from the standard CW-structure on S! is given by
0 - Z[+*'] 5 z[+1] - 0.
Let z € S, then tensoring with C, yields
0->C5C 0.
and thus we obtain for ¢ >0

0 z+#1
H;(S':C,) =
( ) {@

z=1.

Hence, by (8.1]), we have that H;(T",C,) = 0 for all i > 0 if z; # 1. The same argument applied
to the other entries of the tuple z proves the claim. O

By using the previous lemma we can show:
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Chapter 8. Deforming along higher-dimensional tori in the variety of representations

Lemma 8.10. Let z=(z1,...,2) €T, 2+ (1,...,1). Then for all p>0
TorE[Zl](C,(DZ) =0.
Proof. We first want to show that
Torg[zl](C, C,) = Torf[ZZJ(Z, C,).
Let
.o P> P ->7Z-0.
be a projective resolution of Z over Z[Zl]. Since C is flat over Z
o> PezC->PezC-C—0
is a projective resolution over C[Zl]. Then
TorC#)(C, C,) = Hy(... > Py @z C ®¢zi] C: ~ P1 87 C ®¢pz11 C; > 0)
= Hy(... > Pa®z1711C. > P1 ®71711 C. - 0)
= TOI%[Z[](Z, C,).
By definition of group homology, we have
H,(7"¢.) = Tor?#) (7, C.).

Since T is a classifying space of Z!, Hp(Tl; (DZ) = Hp(Zl; CZ), and hence we obtain for all
p>0

TorS#)(C, C,) = Hy(T';C.) =0
by Lemma [8.9] O

We now show that the homology groups H. ;Z’ ©P(M;CF) = H & f(M ; C) often vanish.

Lemma 8.11. Let M be a closed connected oriented 3-dimensional manifold with fundamental
group w. Let ¢ (M) = Z' be an epimorphism. Let z = (z1,...,7z) e T,z # (1,...,1). If
A%(2) #0, then we obtain for alli >0 that

H=°*(M;C) = 0.
Proof. Since ¢ is an epimorphism and v.:Z! - U(1) is non-trivial, we have
HSZ’Z°¢(M;@) =C/{(¢200)(g)v-v|gemM,veC)=0.

We will compute the homology groups by using Theorem [8:2] As in the proof of Lemma [8.5]
let A be the complex

0—Cy. >0
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8.3. Case 2: « trivial and ¢ an epimorphism

of left C[Zl]—modules with a single non-trivial module in degree 0. Then

C =0

Hi(A) = {0 i+0.

Denote by M the universal covering of M and let D be the complex whose n-th chain module
is given by the free and hence flat right C[Zl]—module

Cp(M) ®7, C[Z'].

Let M be the cover corresponding to ker(¢), then its cellular chain complex is given by D.
Since M is connected, we obtain

HY(M;C[Z']) = H)(M: Z[Z']) ®7 C = Ho(M) ®7 C = C.
We now want to use Theorem 8.2l In the notation of Theorem [8.2] we have
B2, = Tor'S (HP (M; €[ 7)), Cy.).
It follows from Lemma combined with Hg)(M; C[Zl]) = C that E;%,O =0.
Hence, we obtain from E2270 = E1270 =0 and Theorem that
HY=°?(M;C) = B3, = HY (M;C[Z']) ®cpz] Cy.-

We denote by A? the Alexander polynomial associated to (M, ), i.e., A? is the order of
Hf(M, C[Z']). Analogous to the proof of Lemma one can show that if A?(z2) # 0 then

H?=°?(M;C) = 0. Note that
((wz ° ¢)(g_1)vv w) = (7)7 (wz o ¢)(g)w>
Hence, we deduce from Lemma [8.1] that
Hy**%(M;C) = Home (H=*"(M;C),C) =0,
HY=°*(M;C) = Home (H{*°?(M;C), C) ® Ext (HJ*°*(M; C),C)
= Homg (Hi/)zod)(M; C),C).
If A?(2) %0, then HY*°?(M;C) = 0 and hence
HY?°*(M;C) = Home (H{*°*(M;C), C) = 0. O

Similar to the previous case, we can now deduce that the p-invariant is constant where the
Alexander polynomial does not vanish.

Corollary 8.12. Let M be a closed connected oriented 3-dimensional manifold. Furthermore
let ¢:mi (M) — Z! be an epimorphism. Given z = (z1,...,2) € T' we consider the group
homomorphism

2" > U(1)

! !
[T~ T1%"
i=1 i=1
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Chapter 8. Deforming along higher-dimensional tori in the variety of representations

Then

p(M):T' > R
= p(M, wz © ¢)

is constant on the connected components of Tl\({z € TZ‘A‘z’(z) = 0} U {1}), where 1 denotes
the point (1,...,1) e T'.

Proof. We obtain from Lemma that if A®(2)#0 and 2z # (1,...,1) then all homology
groups H;ﬁons(M ; C) are zero. It follows from Corollary that

p(M):T' - R
Z'—>P(M71/1z°¢)

is constant on the connected components of Tl\({z € Tl‘A‘ﬁ(z) = 0} U {1}) O
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Chapter 9

The L?-p-invariant as an integral
over p-invariants

Let K be a knot and let Mg be obtained by O-framed surgery on K. Furthermore let
¢:m(My) - Hi(Mg) = Z be given by abelianization. We have seen in Corollary
that the L2-p-invariant p® (Mg, ) is given by an integral over the p-invariants of M
corresponding to the representations 1, o ¢ for z € S'. In this chapter we will obtain a more
general result for a closed connected oriented 3-dimensional manifold M and homomorphisms
¢y (M) - 7.

9.1 Zero sets of real and complex analytic functions

In this section we will study zero sets of real and complex analytic functions. Later on we
will consider the zero set of a complex polynomial and the restriction of the zero set to the
standard torus T' = {z = (21,...,21) € C' | |z1] = ... = |z| = 1} c CL.

In order to formulate our results in a more general way, we will consider a real submanifold
L of C' = R? of real dimension [ with the following property:

o For each z € L there exists an open neighborhood U c C' of z and a biholomorphic map
®: B.(0) c €' - U such that ®(B.(0) nR') =Un L.

First we show that the standard torus 7" indeed has this property.

Lemma 9.1. For each w € T! there exists an open neighborhood U c C! of x and a biholo-
morphic map ®: B.(0) > U such that ®(B.(0) n Rl) =UnT.

Proof. Let w = (wy,...,w;) € T!. Let € >0. We consider the map

U:B.(0) c €' - ¢!

(z1,-..,21) (eQlewl, e 62”2’101)
For € small enough, @ is biholomorphic onto its image and ® (B¢(0) nR') = @ (B.(0))nT". O
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Let f: D c C' - C be a holomorphic function. We denote the zero set of f by

Z(f)={xeD|f(z)=0}.
For U c D, we denote by Z(f;U) =Z(f)nU the zero set of f in U.

Definition 9.2. A subset A c R" is said to have n-measure zero if for any € > 0 there exists
a countable collection of balls B; c R™ with radii r; such that Y, ri* <e.

A standard result of measure theory is that the property of having n-measure zero is preserved
under smooth maps. The notion of an n-measure zero set readily extends to compact real
n-manifolds:

Definition 9.3. A subset A c L of a compact real n-dimensional manifold L is said to have
n-measure zero if its intersection with any choice of charts has n-measure zero.

We will use the following result on zero sets of real analytic functions which was shown in
[Mit15, Proposition 0].

Proposition 9.4. Let f be a real analytic function defined on a connected open set U c R™.
If f is not identically zero on U, then the zero set Z(f;U) of f in U has n-measure zero.

The following proposition follows from [Sha92, Chapter 1.2, Theorem 5 and the subsequent
remark].

Proposition 9.5. Let f: D c C' - C be a holomorphic function and D be connected. If there
exists an open subset U c (Rl N D) such that f vanishes on U, then f=0 on D.

Combining the two results, we can prove that the zero set of a holomorphic function on C'
has measure zero even when restricted to certain submanifolds of real codimension I.

Lemma 9.6. Let L c C' be a compact real l-dimensional manifold. Assume that for each
x € L there exists an open neighborhood U c C' of x and a biholomorphic map ®:B.(0) - U
such that <I>(B€(O) N Rl) =UnL. Let p:C' - C be a holomorphic function which is not
identically zero. Then Z(p; L) c L has l-measure zero.

Proof. We have to show that every point z € L has an open neighborhood U such that
Z(p;U) c L has l-measure zero. Let 2 € L and x € U ¢ C' an open neighborhood such that
there exists a biholomorphic map ®: B¢(0) - U with ®(B(0) n Rl) =UnL.

Since p is not identically zero and ® is a biholomorphic map, it follows that p o ® is not
identically zero. Hence, by Proposition there exists x € B.(0) nR! with (po ®)(z) # 0.
Thus, the restriction of po® to B.(0)nR! is a real analytic function that is not identically zero
on the open set (B.(0) nR') c R". It follows from Proposition (9.4 that Z(p o ®; B.(0) nR')
has [-measure zero. Since ® is a biholomorphism and in particular smooth, we conclude that
Z(p;U) has l[-measure zero. O

We summarize the result in the following corollary.

Corollary 9.7. Let p:C! » C be a holomorphic function which is not identically zero. Then
the zero set of p in T' has l-measure zero.
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9.2 The L?-p-invariant for epimorphisms 7 (M?3) - Z!

Let M be a closed connected oriented 3-dimensional manifold. Let ¢:m (M) — Z! be
an epimorphism for which the Alexander polynomial A? is not zero. As before given
z=(21,...,2) € T" we define

(S 7!~ U(1)
(n1,...,mp) = 2yt
In this section we want to show that
L‘l p(M, Yy o0 ¢) dz
exists and equals the L?-p-invariant p(2) (M, @), which generalizes the previously known result
for O-framed surgery on knots.
We have already seen in Corollary that the map
p(M):T' > R
z p(M, 40 ¢)

is constant on the connected components of 7'\ ({z € T|A?(z) = 0} U{1}), where 1 denotes
the point (1,...,1) € T'. We now show that p(M) is bounded on this set. It suffices to prove
that Tl\ ({z eTNA?(2) =0} U {1}) has only finitely many connected components, for which
we will need the notion of a semi-algebraic set:

Definition 9.8. A subset V of R! is called semi-algebraic if there exist n,m e INu {0} and
polynomials p1,...,pn, f1,-- ., fm € R[X1,...,X;] such that

Vz{:re]Rl |pi(x):Oforiz1,...,nandfi(:r)>0fori=1,...,m}.

Theorem 9.9 (|[BCRI8, Theorem 2.3.6]). Every semi-algebraic subset of R! is a union of a
finite number of connected semi-algebraic sets.

Using this theorem, we can show:

Lemma 9.10. Let pe C[zy,y1,...,21,y]. Consider the torus T' as the subset of R given
by

T! = {(:L'l,yl,...,xl,yl) eIRZl‘x?+y]2- =1 forj= 1,...,l}.
Then the set Tl\{z eT! ‘p(z) = 0} consists of only finitely many connected components.
Proof. Note that we can write the set 7'\ {z € T" |p(z) =0} as

{(xluyl)' . 7xlayl) € R2I|Re(p($lay17"° 7xl)yl))2 +Im(p(x17y17' . 7xluyl))2 > 0
and 2} +y; -1=0forallj=1,...,1}.

Hence T l\{z eT! | p(z) = 0} is a semi-algebraic subset of R%. It follows from Theorem
that Tl\{z eT! | p(z) = O} has only a finite number of connected components. O
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Chapter 9. The L?-p-invariant as an integral over p-invariants

Corollary 9.11. The set T'\ ({z € T'|A?(2) =0} U{1}) consists of finitely many connected
components.

Proof. Note that the set
{(xl,yl,...,xl,yl) e R% ‘Ad)(:cl +iy1,...,x +y) =0 or xj+iy; =1 for all j = 1,...,l}.

is the zero set of the polynomial

l
p(z1,y1, -z y) = A% (wy +iyy, . i) - (Z(fﬁz —1+iy)(zi—1- iyi)) :
i=1
The statement then follows from Lemma [0.10] O

We need the following fact on Riemann-integrable functions (see [Apo74, Theorem 14.5]):

Theorem 9.12. Let f be a bounded function defined on a compact interval I c R!. Then f
is Riemann-integrable if the set of discontinuities of f in I has l-measure zero.

We can prove the main result of this chapter.

Theorem 9.13. Let M be a closed connected oriented 3-dimensional manifold. Furthermore,
let ¢:m (M) - 7' be an epimorphism such that the Alexander polynomial A® is not zero. For

any z = (21,...,2) € T" we consider the one-dimensional representation
URVARSUEY
(n1,..,mg) = 2yt
Then

[ o000 6)a

exists and

PO (M0) = [ p(M. 10 9)dz.

Proof. For any k € N, we denote by pri: Z! - (Z,)" the canonical projection. We consider
the residual chain of Z! given by

e ((k+1)12) ¢ (RZ)! - c 7.

Let j = (ji,...,5) € Z' and let
Wl (Zy)' - U(1)

([m1], ..., [m]) v e2mimanl/k. g2mimulk,
We obtain s
. Pr
PP (M,6) = lim p) (M, w1 (M) 5 2! 255 (2,)')

. 1 é Pry

=kh_)rroloﬁp(M,7T1(M)*Zl—k>(Zk!)l) (9.1)
.1 j

B khm Kl > p(M, 4, 0 pryy 09),
7o R ed0,. k-1
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9.2. The L?-p-invariant for epimorphisms m (M?3) - 7!

where the first equality follows from Theorem [5.19] The second equality holds because for a
finite group G we have the identity

1

2
p (M, a) =
Gl

p(M, a).

The last equality follows from Lemma [.5]

It follows from Corollary that p(M,1, o ¢) is constant on the connected components of
T'\({z e T"| A®(z) =0} U {1}) and from Corollary that there are only finitely many of
those. By Corollary the zero set of A? in T! has l-measure zero. Hence, the map
T >R
2z p(M, %, 0 9)
is bounded except for a set of measure zero.

We conclude from Theorem that the Riemann integral [ p(M,v; o ¢)dz exists. Hence,
the expression of p(z)(M ,®) as a Riemann sum provided by ({9.1) converges and we obtain

1 .
POOL0) = lm 5 ¥ p(M00) = [ p(Mvo00)dz, =

© jef0,... kI-1}!
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