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ABSTRACT

Singularities occurring in cosmology and black holes denote the breakdown of classical General
Relativity (GR). The holographic principle and in particular the string theory based Anti-de
Sitter / Conformal Field Theory (AdS/CFT) correspondence allows on the one hand to transfer
the singularity problem into the language of Quantum Field Theory (QFT). On the other hand,
according to this strategy, quantum gravity predictions about singularities might be tested by
means of QFT simulations. Indeed, Loop Quantum Gravity (LQG), in particular the symmetry
reduced Loop Quantum Cosmology (LQC), allows to describe spacetime in the vicinity of the
classical singularity. Still, LQG is not formulated as a holographic theory, thus this thesis
addresses how LQG can be meaningfully embedded into the AdS/CFT framework and how
this embedding could be tested. Besides a possible strategy to test quantum gravitational
predictions, this further allows to gain insights into the connection of different approaches, such
as LQG, holography, and string theory. For this purpose, the role of cosmological singularity
resolution within AdS/CFT is discussed in this thesis. In order to do so, the effect of LQC
quantum corrections on finite distance poles in the dual field theory correlators is examined. As
will be revealed, the divergences are resolved and an example of improved holographic behaviour
due to LQC effects is found. It is argued that black holes provide a suitable framework for
further tests. Consequently, effective quantum models are discussed in the last part of the
thesis. As black holes are still an open research problem within LQG literature, the main focus
lies on four dimensional models without cosmological constant as a starting point for further
investigations. Quantum corrections are introduced along the lines of LQC. Herein, as new
strategy, two sets of variables related to the Kretschmann scalar are introduced, allowing to
constrain the onset of quantum effects in the high curvature regime. Physical properties as
the singularity resolution, the causal structure, and the unique curvature bound are discussed
in detail. Finally, an outlook is given on the possible generalisation of these models to arbitrary

dimensions and to negative cosmological constant, placing them in the context of AdS/CFT.
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Singularitaten in der Kosmologie und schwarzen Lochern
innerhalb von effektiver Schleifenquantengravitation und
Holographie

ZUSAMMENFASSUNG

Singularitaten, die in der Kosmologie und in schwarzen Léchern auftreten, bedeuten den Zu-
sammenbruch der klassischen Allgemeinen Relativitatstheorie. Das holographische Prinzip und
speziell die auf String Theorie basierte Anti-de Sitter / Conformal Field Theory (AdS/CFT)
Korrespondenz erlaubt auf der einen Seite, das Problem von Singularitaten in die Sprache von
Quantenfeldtheorie (QFT) zu libersetzen. Auf der anderen Seite kdnnten nach dieser Strategie
Vorhersagen der Quantengravitation iiber Singularititen mittels QFT Simulationen getestet
werden. Tatsachlich erlaubt die Schleifenquantengravitation (SQG), speziell die Symmetrie-
reduzierte Schleifenquantenkosmologie (SQK), die Beschreibung der Raumzeit in der Umge-
bung der klassischen Singularitat. Dennoch ist SQG nicht als holographische Theorie definiert
und daher befasst sich diese Arbeit damit, wie SQG sinnvoll in den Rahmen von AdS/CFT ein-
gebettet werden kann und wie diese Einbettung getestet werden konnte. Neben einer moglichen
Strategie, Vorhersagen der Quantengravitation zu testen, erlaubt dieses Vorgehen Einblicke
in den Zusammenhang zwischen verschiedenen Ansatzen, wie SQG, Holographie und String
Theorie. Daher wird in dieser Arbeit die Rolle von behobenen kosmologischen Singularitaten
innerhalb von AdS/CFT diskutiert. Folglich wird der Effekt von SQK-Quantenkorrekturen auf
endliche Distanz-Pole in Korrelatoren der dualen Feldtheorie untersucht. Es stellt sich heraus,
dass die Divergenzen behoben werden und somit ein Beispiel fiir verbessertes holographisches
Verhalten durch SQK-Effekte gefunden wurde. Es wird argumentiert, inwiefern schwarze Lo-
cher ein geeigneter Rahmen fiir weitere Tests sind. Folglich werden effektive Quantenmodelle
im letzten Teil der Arbeit diskutiert. Da schwarze Locher immer noch eine offene Forschungs-
frage in der SQG-Literatur sind, liegt der Hauptfokus auf vierdimensionalen Modellen ohne
kosmologische Konstante, die einen Startpunkt fiir weitere Untersuchungen liefern. Quanten-
korrekturen werden im Sinne von SQK eingefiihrt. Hierbei werden als neue Strategie zwei Sets

an Variablen eingefiihrt, die mit dem Kretschmannskalar zusammenhangen und so erlauben,

iv



Dissertation advisor: Dr. Norbert Bodendorfer Johannes Miinch

Quanteneffekte auf den Bereich hoher Kriimmungen zu beschranken. Physikalische Eigen-
schaften wie die Behebung der Singularitat, die kausale Struktur und die universelle obere
Grenze fiir die Kriimmung werden in Einzelheiten diskutiert. SchlieBlich wird ein Ausblick auf
die Verallgemeinerung dieser Modelle zu beliebigen Dimensionen und negativer kosmologischer

Konstante gegeben, womit diese wieder in den Kontext von AdS/CFT platziert werden.
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INTRODUCTION

The modern understanding of gravitation is based on Einstein’s theory of General Rela-
tivity (GR) [7, 8], which was presented already over 100 years ago. Since then, the theory
has been tested repeatedly and still correctly describes the outcome of modern gravi-
tational wave and imaging experiments [9, 10]. Nevertheless, this extremely successful
theory generically predicts singularities under reasonable assumptions for matter [11, 12],
which still challenges modern research. Due to these singularities and the breakdown
of the predictability of GR, the origin of the universe and the behaviour inside astro-
physical objects, such as black holes are not clear. This has raised much interest in the
past and it is assumed that a combined description of quantum physics and GR solves
the puzzles about these singularities, see e.g. [13, 14]. Hence, several approaches for a
theory of quantum gravity have been developed in the past, but there is no final answer
yet. Singularities have been studied in Loop Quantum Gravity (LQG) [14-18], string
theory [13, 19-22], Anti-de Sitter / Conformal Field Theory (AdS/CFT) [23-28], as well
as Non-Commutative Geometry (NCG) [29-32] and related contexts [33-36].

Along the lines of the semi-classical analysis of black holes, new phenomena at the
interplay of gravitational and quantum physics were discovered in the past. This led in
particular to the development of black hole thermodynamics [37-41] and later to the holo-
graphic principle [42-45]. Moreover, a concrete realisation of the holographic principle,

the so-called AdS/CFT correspondence, was formulated by Maldacena [44], who conjec-
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tured a dynamical duality between quantum gravity and Quantum Field Theory (QFT)
in one spatial dimension less. Strictly speaking, the AdS/CFT correspondence assumes
string theory in asymptotic Anti-de Sitter (AdS) space as quantum gravity theory and
a Conformal Field Theory (CFT) as a particular kind of a QFT. Along the lines of
this conjecture, quantum gravity can be equivalently formulated in terms of an ordinary
QFT, which is a highly developed branch of physics. Furthermore, this duality is weak to
strong, meaning that a difficult problem on one side becomes easy on the other side and
vice versa. On top of that, the AdS/CFT correspondence allows for a new strategy to
analyse the fate of a singularity: The gravitational problem can be translated into the dual
QFT and computations can be performed there by using the well-developed tools known
in quantum physics. Nevertheless, this strategy is not developed extensively enough to
produce satisfactory answers. On the one hand, this correspondence is so far only a con-
jecture, though well-motivated and with a high amount of evidence. On the other hand,
the precise formulation and the evidence holds only in the so-called weak regime, where
gravity is effectively classical. As there is no independent non-perturbative definition of
string theory [44, 46, 47], it is difficult to formulate the so-called strong conjecture, which
includes the quantum gravity regime, and thus the problem of singularities can only be

addressed partially.

Besides string theory, there are many other approaches to a quantum theory of gravity,
one of them being LQG. As a non-perturbative and background independent approach,
it is assumed that LQG resolves the classical singularities and has the potential to answer
the mysteries of the beginning of the universe and of the inside of black holes. Although
several formulations of LQG exist, such as in the Hamiltonian framework [48, 49|, via
path integrals [50] and also in terms of group field theory [51], no concluding progress
has been made on the level of the full theory. In contrast, in the context of symmetry
reduced models [52-64], progress has been made and moreover, qualitative consensus
has been reached in the context of cosmology. The symmetry reduced Loop Quantum
Cosmology (LQC) models the behaviour of the universe close to the big bang singularity
and replaces it with a big bounce. Even more, conceptual problems could be resolved,
see e.g. [65] and phenomenological effects were worked out [66, 67]. Nevertheless, there
are many assumptions and ambiguities in constructing the quantum cosmological models
and the field is still part of active research as recent discussions show [68]. Despite the
symmetry reduced setup of cosmology paving the way for possible observations, there is
no evidence that quantum gravity effects can be measured in the near future and thus

there is no experimental data supporting or ruling out individual models.

At this point, the approaches of string theory and LQG might profit from an exchange
of techniques. On the one hand, LQG can answer the question of singularities in the

symmetry reduced context, which is difficult within string theory. On the other hand, the
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AdS/CFT correspondence gives an opportunity to test quantum gravity predictions. If the
conjecture holds true, the gravitational prediction about singularities can be translated
into the dual QFT and tested there with an independent computation [69, 70]. This allows
at least hypothetically to support or rule out certain approaches. Nevertheless, string
theory and LQG are independent approaches and their relation is not clear. Moreover, it
is not clear if LQG and the result of singularity resolution can be meaningfully embedded
into the context of the AdS/CFT correspondence. In fact, there are considerations of a No
Transmission Principle (NTP) [27, 28], which argue against singularity resolution within
the AdS/CFT correspondence. The aim of this thesis is exactly to address the question
of how LQG and its feature of singularity resolution is compatible with the principles of

AdS/CFT, and how this can be tested.

This problem is approached in three parts. In the first part, introductory material is
presented. In chapter 2, AdS space and different interpretations are recalled. Further in
section 2.2, properties of AdS space are worked out, which are central for the realisation
of the holographic principle. The chapter closes with a discussion of the boundary space
of AdS space in section 2.3, which will be relevant for later considerations. The follow-
ing chapter 3 gives a motivation for the holographic principle at the example of black
holes. As further black holes will be central in the third part of the thesis, section 3.1
recalls properties of classical black holes as the horizon and the curvature singularity.
Based on this overview of classical black holes, semi-classical considerations are added
in section 3.2, leading to the laws of black hole thermodynamics and the formulation of
the holographic principle. The central statements and the mathematical formulation of
the AdS/CFT correspondence, a particular realisation of the holographic principle, are
collected in section 3.3. Furthermore, the different regimes and approximations of the
AdS/CFT conjecture are put into context, which leads to the notion of weak and strong
duality. The chapter closes with an outlook on the more general notion of gauge/gravity
duality in section 3.4, where the possible relation to LQG is discussed. As already stated
above, particular progress in LQG has been made in the context of symmetry reduced
models, strictly speaking in the framework of cosmology, which is reviewed in chapter 4.
The chapter begins with an introduction to the canonical formulation of classical cosmol-
ogy in section 4.1. Further, the analysis of constraints, solution strategies for constrained
systems, and the classical big bang singularity are examined, which sets the grounds for
the later discussions of black holes. As next step, classical polymerisation is introduced
and discussed in section 4.2. Herein, central focus lies on the polymerisation strategies,
the singularity resolution, and the discussion of this kind of approximation. The concept
of polymerisation becomes more natural in the discussion of the full quantum theory of
cosmology, which is presented in section 4.3. It is presented how the quantum theory

can be constructed and to which extend the approximation of classical polymerisation
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can be justified. Apart from that, these considerations are put in context to full LQG in
section 4.4, where the central ideas of LQG are reviewed and a connection to the previous
construction of LQC can be made. It is demonstrated how the techniques of polymeri-
sation are motivated by LQG and it is discussed in which sense LQC is related to LQG.

This closes the first part of the thesis and finishes the review of introductory material.

New research is first presented in the second part of the thesis, where in chapter 5 the
holographic signatures of resolved cosmological singularities are studied. The chapter is
based on the preceding work [71, 72] and a companion paper [73], whose setup is reviewed
in section 5.1. Using the AdS/CFT correspondence, the equal-time two-point correlator of
the dual field theory can be computed on the gravitational side by determining the length
of a spacelike geodesic attached to the boundary of the anisotropic version of AdS space,
also used in the preceding work [71, 72]. Moreover, it is argued that the classical singularity
in this anisotropic Kasner-AdS cosmology is holographically dual to a finite distance pole
in the equal-time two-point correlator of the dual CFT. Further, in section 5.2, the result
of [73] is reviewed, where the metric is quantum corrected by means of LQC, and the
singularity, as well as the two-point correlator finite distance pole are both resolved in this
case. The simplifications of this previous work are discussed in section 5.3. In addition,
it is argued why in a first step the scale of quantum effects should be adjusted and why
in a second step, also so-called Kasner transitions should be taken into account to gain
more evidence in the preceding work [73]. Furthermore, it is discussed that omitting these
simplifications does not allow an analytical computation of the geodesic length any more,
and the numerical solution strategy is discussed in detail in section 5.4. The particular
improved metrics for each of the steps to make the model more realistic are separately
discussed in section 5.5. Furthermore, a detailed discussion of Kasner transition models
and their limitations is presented in section 5.5.2. Using numerical techniques, the results
of the gravitational computation for the two-point correlator are presented and analysed.
The chapter concludes in section 5.6 with a discussion of the achievements and limitations

of this framework.

Analysing the limitations of the previous framework in detail, the conclusion is drawn
that black holes in higher dimension and with negative cosmological constant are a better
suited framework to study holographic signatures of resolved singularities, which leads
to the third part of the thesis. Even though previously a lot of effort has been put into
describing black holes consistently within LQG [18, 74-88], no consensus has been achieved
so far. Because of this, a step back is taken and the focus is shifted to four dimensional
black hole models without cosmological constant in chapter 6. In a first instance, previous
models of so-called polymer black holes, inspired by LQG techniques already discussed in
section 4, are reviewed in section 6.1. On top of that, it is examined which requirements a

quantum black hole model should satisfy to lead to reasonable phenomenology. It is argued
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that a central criterion is an unique upper bound of the curvature invariants. As a first
step, the canonical formulation of spherically symmetric and static black holes is presented
in section 6.2, where new variables are introduced to approach the problem of polymer
black holes in a next step. Besides, the new variables are interpreted and it is argued that
the application of the polymerisation technique could allow to meet the initially defined
criteria. Consequently, the model is constructed and solved in section 6.3. The resulting
effective spacetime is discussed, its causal structure worked out, and it is assessed if an
unique upper curvature bound can be achieved. The limitations of this model are discussed
and it is argued that they might be overcome by using the polymerisation scheme defined
by the second set of new variables introduced in section 6.4. This second polymerised
model is constructed and solved. This is followed by a detailed discussion of the causal
structure of the resulting spacetime and of the boundedness of the curvature invariants in
sections 6.4.1 and 6.4.2. In the conclusions, section 6.5, achievements and limitations,
as well as further directions are discussed. Finally, an outlook is given in section 7
on how the previously introduced black hole models could be generalised to arbitrary
dimensions and negative cosmological constant. This way the models are generalised so
that they are suitable for a holographic analysis. Therefore, it is examined how the two
generalisation steps, higher dimensions and inclusion of a non-zero cosmological constant,
can possibly be done by pointing out obstructions, as well as possible solution strategies.
The thesis concludes in chapter 8 by summarising the results, discussing achievements and
limitations, and giving an outlook on future research directions. This includes the critical
examination of the initial question, to which extent LQG techniques can be applied to
the framework of AdS/CFT and how this can be tested.

Additional material is presented in the Appendix. Conventions and notations used
throughout this thesis are collected in appendix A. Supplementary definitions are recalled

in appendix B.
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Introductory Material



ANTI-DE SITTER-SPACE AND ITS
BOUNDARY

One of the most important developments of modern theoretical physics is the holographic
principle. The most concrete realisation thereof is the AdS/CFT correspondence (cfr.
Sec. 3.3) introduced by Maldacena [44]. In this section AdS space is introduced and its

properties, which make it suitable for holographic considerations are discussed.

2.1 ANTI-DE SITTER-SPACE

AdS can be viewed from different perspectives. First, the embedding picture is discussed.
Consider the smooth metric manifold (M,g41,,7) where My, ~ar RPTT and it is
equipped with the flat Minkowski metric 7 of signature (¢ + 1,p). M1, is maximally
symmetric and has the isometry group SO(q + 1,p). Then AdS(q,p) of radius L can be
defined as (cfr. [89])

i=1 i=q+1

AdS(q,p) = {x € My, | — (@°)7 - qu(aci)2 + qf (z)? = —L2} . (2.1.1)

As such AdS(q, p) is an orbit (see Def. B.1 in App. B) of SO(q+1, p). Further, SO(¢+1,p)
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acts freely and transitive on each orbit, AdS(q, p) is isomorphic to this group. For physics
the relevant case is ¢ = 1, p = d, which has d + 1 spacetime dimensions. Further the

abbreviation

AdS(d+ 1) := AdS(1,d)

is defined. Given an embedding e : AdS(d + 1) — My 4 a metric can be induced on
AdS(d 4 1) via the pull back gass = e*n. The AdS(d + 1) condition (2.1.1) can be

rephrased as

> (@) 4+ LP = (a%) + (aT)? (2.1.2)

i=1

which shows that the two timelike coordinates (20, z4+1)

radius \/ >4 (z1)2 + L2. Further, the spatial coordinates lie on a d — 1-sphere of radius
\/ (0)2 + (z4+1)2 — L2. This makes explicit that AdS(d + 1) is fully connected. Another

rewriting of the embedding condition is

have the geometry of a circle of

—(2%) — (24 + z:(ycz)2 = L%, (2.1.3)

Parametrising the timelike coordinates by means of their radius R and the angle 7, i.e.

d+1

2% = Rsin(7) and 297! = Rcos(7) (see later Eq. (2.1.5)), this condition becomes

—R* + i:(xi)Q =—1%. (2.1.4)

For each 7 = const. slice this is nothing else than the embedding condition of hyperbolic
space H? in M 4 (see [90] and Def. B.2 in App. B). Further, the hyperbolic radius of each
T = const.-slice is L and 7 independent. This is discussed and shown explicitly in more
details below (cfr. Eq. (2.1.5) and Fig. 2.2 (b)).

To make this geometry explicit, several useful coordinates are introduced in the follow-

ing. Of particular interest is the static slicing, which provides a set of global coordinates

(t,r,61,...04_1) of AdS(d + 1) defined by
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global coordinates

2
0
T
b
-2
0 B
9 4
0 , 0
x| '2 '4 xo

FIGURE 2.1: AdS space parametrised by global coordinates (7, p,0;). Red circles are con-
stant p-slices, while blue lines are constant T-slices. Fach blue line is a copy of hyperbolic
space with hyperbolic radius L = 1. At each point a d — 1-sphere is attached. The black
lines show lightlike geodesics.

20 = VL2 — r2sin (2) ,
t
x4 = VL2 — r2cos (L) ,

v =r2"0,...,00-) , 1<i<d, (2.1.5)

where z* are the components of a parametrisation of the unit sphere S%~!. The line

element of the induced metric gaqs takes the form

r? P2\

ds® = — (1 + L2> dt* + <1 + LQ> dr? +r2dQ3 |, (2.1.6)
where dQ?2_, is the line element of the round metric of S*!. This global parametrisation
makes particular use of Eq. (2.1.2) and uses the coordinate ¢ as angle parameter of the
timelike (20, 2¢T1)-circle. In this sense AdS(d+ 1) allows closed timelike curves, although
usually the coordinate t is de-compactified [89], i.e. the topology is changed form a circle

to the real line S! — R. Closely related to this coordinate system are the coordinates
(7', P, 91, e Hd,l)
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Poincaré Disc AdS
8 — T
6
e -4 L
D
> |1
——
0 = o
1 1
0 0
-1 -1
x! x2 x1

FIGURE 2.2: (a) shows the Poincaré disc, which is a realisation of 2d hyperbolic space.
Via a projection H? is mapped into the open ball Br(0) of radius L. The black lines are
samples of geodesics in hyperbolic geometry. (b) visualises AdS space as a cylinder. As
the hyperbolic radius L of the T = const. surfaces remain the same for all T, the radius
L of each Poincaré disc remains the same. In the embedding picture the T direction has
topology S* (T € [0,27) ) and the upper and lower part of the cylinder have to be identified.
It is also possible to unwrap this direction and continue the cylinder infinitely, leading to
the topology R x H®. For both plots it is L = 1.

2% = Lcosh(p)sin (1) ,
2 = L cosh(p) cos (1) ,

2’ = Lsinh(p)2"(6,...,0,1) , 1<i<d, (2.1.7)

which are equivalent to Eqs. (2.1.5) for 7 = t/r and r = Lsinh(p). The line element then

takes the form

ds? = L? (— cosh(p)?dr? 4 dp? + sinh(p)2d93_1> : (2.1.8)

and makes the hyperbolic structure of AdS(d + 1) visible. Indeed, for 7 = const. the
line element reduces to the metric of hyperbolic space H? and each slice has the same
hyperbolic radius L. This can also be seen by inserting 2° and z? into Eq. (2.1.2).

Fig. 2.1 visualises these coordinates.

These coordinates give rise to another visualisation of AdS(d+ 1). As indicated above
is each slice with t,7 = const. a copy of hyperbolic space H¢, i.e. topologically it is
AdS(d+ 1) ~4p S' x HY. As argued (cfr. [89]), the t-circle can be unwrapped and the
topology R x H¢ is achieved. One way of visualising H? is the Poincaré ball model [90],

10
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Poincaré Patch

5

T 0 ~
° =
X |
]

-5 s
~

4 -

FIGURE 2.3: AdS space parametrised by Poincaré coordinates. Red lines are constant r-
slices and blue lines constant t-slices. Poincaré coordinates do not fully cover AdS space.
There is a lightlike plane intersecting AdS(d+1) space which is asymptotically approached
forr — 0. The other side is covered by negative r.

which is the projection of a hyperboloid onto a d-dimensional ball. The Poincaré-disk
(d = 2) is visualised in Fig. 2.2 (a). Moving from one constant t-slice to another does
not change the hyperbolic radius L, nor the radius of the Poincaré ball. This leads to a
cylinder depiction of AdS(d + 1), which is shown in Fig. 2.2 (b).

Another commonly used parametrisation of (the half of) AdS(d + 1) is the Poincaré
patch. It is defined by

=1
xzzrlyj, 1<i<d-1,
L2 7‘2 d—1 ]
d N2 2 2
— 1 t L
! 2r < 1 <z’:1<y) >> ’
a1 Tt
= — 2.1.9
$ L ) ( )

where 3’ is a set of Cartesian coordinates, ¢ € R and r» > 0. The line element in these

11
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coordinates takes the form

o L? 5, 1 N =
ds® = T—er + I: (—dt + Zz:;(dy) ) (2.1.10)
As the name suggests these coordinates cover only a patch of AdS(d + 1), which can be

seen by computing

P —2l=r>0.
The lightlike surface 2° — 2¢ = 0 divides AdS(d + 1) in the two region r > 0 and r < 0.
The coordinates defined in Eq. (2.1.9) describe only the patch for positive r, whereas
another patch is needed for negative r. The situation is visualised in Fig. 2.3. At r =0
is a Killing Horizon (see Def. B.4 in App. B) of the metric (2.1.10). A commonly used

coordinate is z = L?/r which brings the metric conformally in Minkowski form

L2 d—1 )
o (S vad) e

i=1
These coordinates will be of particular interest later on.

In the next step, further properties of AdS(d+ 1) and its relation to GR are discussed.
As argued above and as Eq. (2.1.1) shows, AdS(d + 1) has the isometry group SO(2,d).
The group SO(2,d) contains d(d — 1)/2 independent rotations (cfr. [91]), 2d independent
boosts (d boosts for each timelike dimension) and one more rotation in the timelike
directions, leading to [92]

d(d—1) (d+1)(d+2)

dim (SO(2, d)) = >

+2d+1=

independent symmetries. This is the maximal number of symmetries, which a d + 1-
dimensional space as AdS(d+1) can have (cfr. [91]). Another way to see this is computing

the Riemann curvature tensor, the Ricci tensor and the Ricci scalar in any parametrisa-

12
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tion, leading to (cfr. [89, 92])

1
Ruuaﬁ = —ﬁ (g,uaguﬁ - guaguﬁ) 5 (2112&)
d
R;u/ = _ﬁguy ) (211213)
d(d+1)
R = —(LQ- (2.1.12c)

It can be seen that the curvature is constant everywhere in spacetime. This shows again
that AdS(d + 1) is maximally symmetric.

A last way of interpreting AdS(d + 1) is as a solution of vacuum Einstein equations
with negative cosmological constant. The Einstein equations with cosmological constant

A are

R,uz/ — 59w + Ag;u/ =0, (2113)

from which by contraction

_2d+1)

A
d—1

R

can be deduced. This equation is exactly satisfied for AdS(d + 1) (cfr. Eq. (2.1.12¢)) of
AdS-radius

(2.1.14)

This can only be true for A < 0. Inserting the AdS(d + 1)-metric, e.g. Eq. (2.1.6) into
the Einstein equations (2.1.13) proves that these equations are solved! for the AdS-radius
of Eq. (2.1.14).

LA particular interesting setting is cosmology with A < 0, which of course has in vacuum AdS(d+1) as
a solution compatible with the above discussion. In turn, a parametrisation exists of AdS(d+ 1) starting
with Eq. (2.1.1), which brings the line element in Friedmann-Lemaitre-Robertson-Walker (FLRW )-form.
For hyperbolic slicing (k = —1) the scale factor is a(t) = Lcos(t/L) with cosmological time ¢. As it is
not important in the following, this parametrisation is not stated here.

13
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In summary:

AdS(d+ 1) of radius L is a maximally symmetric space with SO(2, d) as isometry

group and constant negative curvature. AdS(d + 1) solves the Einstein equations
d(d—1)
207

with negative cosmological constant A = —

2.2 PROPERTIES OF AdS(d+ 1)

In the following it is presented in detail why this space is so special and which properties
it has to make it suitable for holographic descriptions. For this purpose, the global coor-
dinates (2.1.5) are especially useful and the metric in the form of Eq. (2.1.6) is used. The
causal structure of AdS(d + 1) can be understood by studying radial lightlike geodesics.
These satisfy

2 r? 2 2\ 2
ds*=0=— 1+ﬁ dt® + 1—1—? dr®, (2.2.1)
which is solved for
v dr’ t—C
= i/ O — 4 Larctan (T> +C <= r=+Ltan () L (222)
1+ % L L

with integration constant C. Observe that r — 400 is reached in finite coordinate time
t= :l:% +C'. A lightlike geodesic is hence a straight line in My 4 labelled by their angle in
the 20 — 29" 1-plane and the angle in S9! and attached to the hyperboloid (see Fig. 2.1).

Of further interest are radial timelike geodesics, which minimise the length functional

r2\ dt? r2\ " dr?
tl= [ d 1+ == —(1+—= — . 2.2.
S|z, z] / AJ( + L2> a ( + L2> Y (2.2.3)
r2\ dt? r2\ 7! ar2 St
For A the affine parameter (\/(1 + ﬁ) o <1 + ﬁ) ¢ = 1) the variation of the

14
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length functional leads to the Euler-Lagrange equations

r?\ . 2\
(1 + L2> - (1 + L2> =1, (2.2.4a)
r? .
(1 + L2> t = const. , (2.2.4Db)
. T
r 4+ Z = 0 s (224C)

where the dot denotes the derivative with respect to the affine parameter \. Eq. (2.2.4¢)
shows that a massive particle in AdS(d + 1) behaves like moving in a harmonic potential.
Defining e = — (1 + Z—i) t by using Eq. (2.2.4b) and inserting this into Eq. (2.2.4a) gives

7”2
P+ = -1, (2.2.5)

12

which is the “energy” function of a classical harmonic oscillator of energy €2 —1. Solutions
of these equations describe in the phase space (r/L, ") circles of radius v/e2 — 1. This shows
that a massive particle, no matter how much energy it has, will never reach r — +oo. A
particle is hence always bounded in the interior and cannot even “escape” from AdS(d+1)
in the limit ¢ — oo. This is clearly different from asymptotically flat spacetimes as
Minkowski space or the Schwarzschild black hole, where radii can become arbitrary large

in infinite time.

This leads to the central conclusion:

AdS(d + 1) behaves like a harmonic potential preventing any massive particle to

escape, as this would cost infinite energy. AdS(d + 1) behaves naturally as a box.

Note that light can escape AdS(d + 1) even in finite coordinate time t. Nevertheless,

this costs infinitely much energy as can be seen from the redshift (similar to [93])

(2.2.6)

(v; is the initial frequency and vy the final observed one) which vanishes for r; — 0o?.

The surface r — oo can hence be considered as infinite-redshift surface.

As a last point, the Penrose diagram of AdS(d + 1) will be constructed. For this

2Note that the redshift is defined as z = vi/v; — 1 (cfr. [93]), which diverges.
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purpose, global coordinates from Eq. (2.1.7) are used as the starting point. Furthermore,
0 is introduced by tan(d) = sinh(p). While p € [0,00), the range of § € [0,7/2) is
bounded. The metric takes the form

L2
ds? = “os(67 (—dr? + do” + sin(0)2dQ] 4 ) (2.2.7)

which is (up to the conformal factor) the metric of the so-called Einstein static universe
[89]. This chart is still global and lightlike geodesics satisfy 7 = 6 + const., i.e. they
are 45° lines in a (7, 0)-plot. Plotting (7, 6) is nothing else than the Penrose diagram of
AdS(d + 1), which is depicted in Fig. 2.4. From the Penrose diagram it is easily visible
that the conformal boundary (see next section) is located at # = /2 and is timelike.
This is another crucially important property making AdS(d + 1) suitable for holographic

considerations.

2.3 THE BOUNDARY 0AdS(d+1)

The metric manifold AdS(d + 1) is not a manifold with a boundary in the standard
(topological) sense. In this section the notion of a conformal boundary is introduced and

the properties of the conformal boundary of AdS(d + 1) are discussed.

Following the ideas of Penrose [94], the first ingredient is the conformal embedding

Penrose Diagram
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FIGURE 2.4: Penrose diagram of AdS(d + 1) with S*! attached to each point. Neg-
ative values of @ correspond to the a parity transformation in the S*' part. Note that
7 € [0,27), but T can also be considered as unwrapped, which leads to an infinite extended
diagram.
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defined as:

Definition 2.3.1 (Conformal embedding):
Given two Riemannian (Lorentzian) manifolds (M, g) and (M, §), a conformal embedding

is a map ® : M —» M, which is an embedding, i.e.

i) ® maps into a larger manifold: ®(M) C M,

i) ®: M — ®(M) is a diffeomorphism,

and preserves the causal structure, i.e.

P'g=x9 , xeC®M).

In the case of AdS(d + 1), such a map is easily constructed in the coordinates of the
Einstein static universe (cfr. Eq. (2.2.7)). A particular embedding can be realised by
a map to M = R x [—m, 7] x S%!, which is equipped with the metric Gudatda” =
—dt? + dr? + sin(r)2dQ?_,. The map is then simply defined by

®: AdS(d+1) — M , (1,0,0;,) — (t,7,6;) (2.3.1)

and the conformal factor is xy = L%/cos(9)2. The conformal boundary is then defined as

follows:

Definition 2.3.2 (Conformal boundary):
Let (M, g), (M,§) be two Riemannian (Lorentzian) manifolds and ® : M — M a con-
formal embedding. The conformal boundary of M is defined as

OM =0 (®(M)) C M,
where 9 on the right hand side is the topological boundary in M.

Due to this definition, the conformal boundary 0AdS(d + 1) is the solid black line in
the Penrose diagram Fig. 2.4. 0AdS(d + 1) can be naturally equipped with the induced
metric of M on that boundary. Note that this metric is only defined up to conformal

transformation as the conformal embedding is not unique.

The construction of the conformal boundary depends on several choices and one has to
make sure that all drawn conclusions are independent of this. More precise and indepen-

dent of the explicit embedding is a definition of the boundary in terms of geodesic rays.

17



2.3. THE BOUNDARY 0ADS(D + 1)

For hyperbolic space H¢ this is discussed in detail in [90]. Nevertheless, in Lorenzian
spacetimes this discussion does not apply, as there is no Riemann distance function. The
idea is as follows: The information of the conformal boundary 0AdS(d+1) (black lines in
Fig. 2.4) can be equally repharsed in terms of lightlike, spacelike and timelike geodesics.
Here all geodesics terminating in the same boundary point are collected in equivalence

classes, so-called geodesics rays.

Definition 2.3.3 (Geodesic ray):
Let 71, 72 : R — M be two geodesics in AdS(d + 1). Given a conformal embedding
d : M —s M, two geodesics are defined to be equivalent if

Y~ Y = /\lim D (11(N) = lim D (12(N))
—00 A—00
A geodesic ray is one equivalence class [7].

This definition is effectively independent of the conformal embedding ® as all embedding
spaces have to be related by a conformal transformation. The topological property of
two points being equal is thus preserved and the equivalence classes remain preserved and

well-defined for any conformal embedding.

It is possible to define further the geodesically compactified boundary.

Definition 2.3.4 (Geodesically compactified boundary?):
The geodesically compactified boundary of AdS(d + 1) is then the set of rays:

AdSoo(d+ 1) :=={[y] | 7 is a geodesic in AdS(d+ 1)} . (2.3.2)

AdS(d + 1) has the special property that all rays have a radial lightlike representative.
As discussed, timelike geodesics remain inside AdS(d+ 1) and do not reach the boundary,
i.e. have no concrete end point. Spacelike geodesics do run towards the boundary but
their endpoints always coincide with a lightlike geodesic (cfr. Fig. 2.4). The points of the
conformal boundary dAdS(d+1) can thus be labelled by lightlike geodesics on AdS(d+1).

From this follows the conclusion

AdSy(d+1) ~ 0AdS(d+1) .

Defining the boundary in terms of geodesic rays explicitly shows that the geodesically com-

catified boundary is independent of the choice of the embedding. Due to the identification

3For hyperbolic space this definition is discussed in [90]
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of both notions, also the conformal boundary is independent of the chosen embedding.
The geodesic picture allows to speak about the boundary of AdS(d + 1) more abstractly
and it is not necessary to refer to any larger manifold. The interpretation of JAdS(d+ 1)
as a set of geodesic rays allows further to make contact with the definition of [89] for the
boundary of AdS(d+ 1). As a ray is the full equivalence class of geodesics, it suffices to

pick only one representative of each class. In fact, the boundary can simply be defined as

d

DAdS(d+ 1) i~ {[az]o CMaalz#0, — () + 3 (F) - () = 0} . (2.33)

=1

with the equivalence class

T,YyE Moy x~y = JNeR\0: z=X\y.

The equivalence classes [z], are then lightlike geodesics rays in My 4 crossing the origin.
These rays have no intersection with AdS(d + 1), nevertheless, it is possible to map
uniquely each [z], to a ray in [y] € AdS.(d+ 1)*. Eq. (2.3.3) simply states that the
boundary of AdS is the projective space made of rays in the light cone of Mj 4.

The topological structure of 0AdS(d + 1) can be analysed further. The boundary has
the dimension dim(0AdS(d + 1)) = d, as can be seen from Eq. (2.3.3). It is required
that the point in My 4 lies on the light cone, which reduces the dimension from d + 2
to d + 1. On this submanifold points along the same straight line are identified, which
reduces the dimension further to d. As noticed above, slices of AdS(d+ 1) with constant
angles in the 2° — z%*!-plane are hyperbolic spaces H?. From this, it can be concluded
that OAdS(d + 1) ~p S x OH?. The rewriting of Eq. (2.3.3) gives further insight, as

As different points are considered as equivalent if they differ only by a rescaling with

A € R, a “gauge” can be fixed by demanding

() + (@) =1 =20 ()

i=1

4This relies on the fact that AdS(d + 1) approaches the origin light cone at infinity. Computing the
limit point which can be characterised by ¢ and the angles of the d — 1-sphere, the rays on the light cone
can be identified with one radial lightlike geodesic in AdS(d + 1) and its equivalence class.
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This shows further that 0AdS(d + 1) ~ (Sl X Sd_l) /7y (cfr. [89]). The quotient by Z,

is necessary as [z], = [—z],.

Having a precise definition of the boundary, it is possible to study the symmetries of
the boundary space. As the action of SO(2,d) on My, and on AdS(d + 1) is defined,
the same action can be defined on the geodesics of the light cone. Indeed, the action
of SO(2,d) on 0AdS(d + 1) is the induced action. A detailed analysis proves that the
corresponding action on the boundary is the conformal group C(1,d). This is motivated

by the following statements

e JAdS(d+1) is a projective space and as such, has only a conformal structure. The
single rays are identified by their relative angles, which are preserved by conformal

transformations.

e The algebra so(2,d) is isomorphic to the algebra of conformal transformations, as
shown in e.g. [89]. Due to this, it is possible to rearrange the group elements
of SO(2,d) on My, and AdS(d + 1) in terms of conformal transformations on
0AdS(d+1).

e In the logic of [90] the isometries of AdS(d + 1) can be classified in terms of the
number of fixed points (FP) in the bulk and the boundary. Transformations in

SO(2,d) can be mapped into C(1, d) transformations by analysing these fixed points.

As a last step, metrics on the boundary are constructed. Starting with global coordi-
nates of Eq. (2.1.5), the surface r = const. cuts each ray on AdS(d + 1) exactly once.
Recall that a ray can be labelled by a lightlike geodesic and these are straight lines in
My 4 determined by their angle in the 2° — z%*!-plane and the angle in S*~!. Tt follows

that the induced metric for r = r, = const. is

ds?

2
= (1 - ;) dt* +r2dQ5_, . (2.3.4)

The t coordinate can be rescaled according to rot = (/1 +73/L2 - ¢, to get to

ds?

=12 (—d? +d03 ;) . (2.3.5)

r=To

Note that the coordinates (¢, 6;) completely parametrise 9AdS(d+ 1), i.e. Eq. (2.3.5) can
be considered as a metric on the boundary. Nevertheless, the same is true for using any
other point r,, which cuts all rays at a different radius. Compatible with the observation

that the symmetries of the boundary are conformal transformations, the metric is only

20



2.3. THE BOUNDARY 0ADS(D + 1)

determined up to a conformal factor. Hence, the metric

could be used as representative of the equivalence class of conformally related metrics on
0AdS(d + 1) in global coordinates. Observe that one arrives at the same conclusion by
sending r — oo in Eq. (2.1.6) and dropping the (divergent) conformal factor r%. This is
due to the fact that AdS(d+ 1) approaches the origin light cone of M, 4 for large radii r.
The metric makes the S! x S~! part of the boundary topology of the boundary explicit®.

The same construction can also be done in the Poincaré-patch coordinates (2.1.10).
Here a z = const. surface corresponds to a cut through the hyperboloid, although it cuts
only half of it (cfr. Fig. 2.3). Nevertheless, due to the identification of the rays, it cuts
each point of the boundary exactly once. The induced metric (cfr. Eq. (2.1.11)) is then

) L2 ) d—1 N
as?| = (—dt + ; (dy') ) . (2.3.7)
Again, any value z, is equally well suited, which shows that the metric can only be
determined up to a conformal factor. Thus, another representative of the equivalence

class of conformally related metrics on the boundary is

ds? e = —dt® + dzl (dy")2 . (2.3.8)
i=1

Note that this parametrisation indeed covers the full boundary space, although the
Poincaré-patch covers only half of AdS(d+1). This can be seen from the Penrose diagram
Fig. 2.4. There the Poincaré-patch covers the region inside the red dashed line, which
is completely attached to the boundary. The boundary in the conformal sense is in this
case located at z = 0, while in the ray construction this is the “endpoint” of all rays. A
huge advantage of the boundary parametrised by Poincaré-patch coordinates is that the
metric is flat. Because of this, these coordinates constitute an easy metric as background
for dual field theory computations in the holographic context, which is discussed below.
Note that the metrics Eq. (2.3.8) and (2.3.6) are related by a conformal transformation,
as expected. Hence, both descriptions are equivalent but the one or the other might be

more useful depending on the application.

5The quotient by Z, is non-obvious here, as already one particular representative of each ray is chosen.
Nevertheless, the quotient can not be neglected as the metric is only one representative of the equivalence
class of conformally related metrics.
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Both boundary line elements demonstrate that the boundary dAdS(d+1) of AdS space

is indeed timelike. This leads to the conclusion:

7

The boundary of AdS space 0AdS(d+ 1) is
e a d-dimensional conformal space of signature (1,d — 1),

e equipped with the equivalence class of metrics, which are related to Minkowski

space by a conformal transformation, and

e has the full conformal group C(1,d) as symmetry group.

\. .

The identification of the boundary at finite z or r, as demonstrated above, is possible
since a corresponding slice cuts each ray exactly once. Further, this makes the derivation
of a conformal boundary metric well-defined. Nevertheless, this identification is counter-
intuitive as the selection of which geodesic belongs to which ray is much harder at finite 2
and r.In contrast, at z — 0 or r — o0 this selection of representatives is much simpler and
due to the rule defined in Def. 2.3.3, all geodesics belonging to one ray become localised in
a small neighbourhood. Therefore, it is convenient and intuitive to say that the boundary
is located at z — 0 or r — o0 as each independent point there belongs to exactly one
independent ray. Furthermore, this matches the picture of geodesic compactification with
conformal compatification. In the conformal compatification picture, i.e. the Penrose
diagram, it is natural to identify r — oo or z — 0 with the boundary as this is the
topological boundary of ®(AdS(d+1)). Another argument is that, as already mentioned,
AdS(d + 1) approaches the light cone in My 4 for r — oo or z — 0. This leads again to
the conclusion that the boundary can be identified with this limit in AdS(d + 1). Due to
this, also in this thesis the boundary of AdS will be referred to be located at z — 0 or

r — oob.

SNote that in different coordinates this statement might have a different form. In fact there exist
charts which do not cover the full boundary space as e.g. the cosmological slicing.
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THE HOLOGRAPHIC PRINCIPLE AND THE
ADS/CFT CORRESPONDENCE

In this chapter a motivation is given why gravity should have holographic aspects and the
meaning of holography is clarified below. These ideas were developed by studying black
holes and semi-classical aspects thereof. Due to this, properties of classical black holes are
discussed first, followed by a discussion of how the holographic principle can be motivated
at the example of semi-classical black holes. A concrete realisation of these holographic
ideas is the so-called AdS/CFT correspondence [44], which is presented in Sec. 3.3.

3.1 CLASSICAL BLACK HOLES

In this section certain basic features of black holes in GR are recalled. The chapter is
mainly based on the content of [95, 96] and the lecture notes [97, 98]. Of main relevance
are properties of the simplest kind of black holes, namely static and spherically symmetric
non-charged Schwarzschild black holes. These play a central role in the later elaboration
(cfr. Chpt. 6). As indicated, Schwarzschild black holes are static and spherically symmet-
ric solutions of the Einstein equations, coupled to an energy-momentum tensor o< 6(r).

The matter density is hence concentrated at one point of radius r = 0, which makes the
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3.1. CLASSICAL BLACK HOLES

these solutions “effectively vacuum solutions™, i.e. R, = 0 and R = 0. This class of met-
rics is parametrised by the Arnowitt-Deser-Misner (ADM)-mass M [95, 99] (G = c = 1)
and has the form (in 4d)

oM dr?
ds? = — (1 - ) At + oy + 195 (3.1.1)

” —2M
T

This spacetime is asymptotically flat and approaches Minkowski space in the limit r —
o0o. Furthermore, it can be approximated by the gravitational Newton potential of a
spherical mass distribution of mass M in the weak gravity regime and non-relativistic
limit (M/r < 1 and v/c < 1).

A still puzzling and fascinating property of this spacetime is the Killing horizon (see
Def. B.3 in App. B) at r = 2M. Here, the Killing vector field 9/a: becomes lightlike

o 0\ 2MYN oM
9(&:’&)— (1-77) =0,

The radius ¢ = 2M is known as the Schwarzschild radius. Further, the metric compo-
nent gy = — ( — %) vanishes at the horizon, while g,, diverges. This shows that the
Schwarzschild coordinates (¢, 7) are only valid up to this point and the line element (3.1.1)

describes only the exterior (i.e. outside the horizon) patch of the black hole.

In contrast, the in-/outgoing Eddington-Finkelstein coordinates also describe the inte-

rior region. They are defined by (convention according to [98])

v=t+r.(r) , u=t—rr) , r(r)= 2Mdr'1_2M

r—2M
2M

=r+2Mlog

)

(3.1.2)

where (v,r) are the ingoing Eddington-Finkelstein coordinates and (u,r) the outgoing

ones, respectively. In these coordinates, the line element has the form

oM
ds? = — <1 - T) do? + 2dvdr + r2d02 (3.1.3)
oM
ds® = — (1 _ ) du® — 2dudr + r2d02 . (3.1.4)
T

Note that the Schwarzschild solution is no vacuum solution. It is the solution in the vacuum region
of spacetime, but spacetime is not empty as the name “vacuum” would suggest. The energy-momentum
tensor is simply bounded in an (infinitely) small region.

24



3.1. CLASSICAL BLACK HOLES
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FIGURE 3.1: Plot of in- (red) and outgoing (blue) light rays in (a) in- and (b) outgoing
Eddington-Finkelstein coordinates. In (a) ingoing light rays pass through the horizon in
finite time t, = v —r, while outgoing light rays originate at t, = —oo at the horizon. The
opposite is true for outgoing light rays in (b) and t, = uw + v. For the plot it was chosen
M = 1. The plot is analogous to the presentation in [98]

It is easy to verify that v = const. surfaces describe radially ingoing lightlike geodesics
and u = const. outgoing ones, respectively. In these coordinates the line element is also
valid for r < 2M, i.e. describes the interior region. Fig. 3.1 shows the in- and outgoing
light rays in the different coordinates. In ingoing Eddington-Finkelstein coordinates,
outgoing light rays originate at the horizon at t, = v — r = —o0, while ingoing ones cross
the horizon (cfr. Fig. 3.1 (a)). The opposite is true in outgoing Eddington-Finkelstein
coordinates, where ingoing light rays reach the horizon only asymptotically within infinite
time t, = w4+ r = oo, while outgoing ones cross the horizon (cfr. Fig. 3.1 (b)). This
indicates that the causal structure for r < 2M is different in the two different sets of
coordinates. Indeed, as it will become clear in the discussion below, there exist two
physically different spacetime regions, both described by r < 2M, but one region is
covered by (v,r) and the other by (u,r). Which part of the spacetime is covered by which
coordinates is clearer in the Kruskal-Szekeres coordinates and the Penrose diagram, shown

below. At this point some remarks are in order.

The e.g. ingoing Eddington-Finkelstein coordinates could be used to describe the black
hole interior. Being in this spacetime region, the inverse transformation of Eq. (3.1.2)
can be done and Schwarzschild-like coordinates (¢,r) are recovered. The line element
takes again the form of Eq. (3.1.1). Concluding, it is possible to also describe the interior
region with (¢,7) and Eq. (3.1.1). Nevertheless, it is not possible to describe any process
going from interior to exterior and vice versa as the Schwarzschild time ¢ would diverge in
the moment the horizon is passed. This is where Eddington-Finkelstein coordinates are

necessary.
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3.1. CLASSICAL BLACK HOLES

Following the above construction, it is easy to see that the Killing vector T" = 9/a: is
spacelike in the interior region, ¢(7,7") > 0, r < 2M. In the interior the spacetime is
thus not static any more, but homogeneous. This makes the spacetime a particular kind
of cosmology, namely Kantowski-Sachs cosmology, which is anisotropic but homogeneous.
This reflects that the condition of the exterior region being static becomes a homogeneity
condition for the interior. It further has the consequence that reaching the point r = 0
is now a matter of time, not of space. Once the horizon is passed, r plays the role of a

timelike coordinate and r = 0 has to be reached, unless causality is violated.

The point » = 0 is a very special point in this spacetime. Although the Ricci curvature

vanishes everywhere R = 0, the Kretschmann curvature,

48 M2
6

K = Rapu RPM = , (3.1.5)

diverges, which shows the presence of a curvature singularity. The spacetime cannot be
described by the metric (3.1.1) beyond this point and time (i.e. r) stops there. The

situation is similar to the big bang in cosmology and denotes the breakdown of GR.

All the previously presented charts cover only certain patches of the whole spacetime.
There exists a global chart given by the Kruskal-Szekeres coordinates (7', X) (cfr. [100,
101] and e.g. [102, 103]), which are defined as

r T tanh Ea/ Ts —1 < T < 1

T? = X? = exp (d'(ry)r(r)) = <1 - T) el . = (500) X |
oM X |eoth (§a'(ry)) —1< <1

(3.1.6)

with a'(r;) = da/dr|,_, = 1/2M. These equations can be solved explicitly yielding

r t
T= +/— i 1 7 sinh (4]\4) : (3.1.7)
T

X = +,/=—— —1e™ cosh () , (3.1.8)

for the exterior region (r > r) and
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T= 41— ﬁ e cosh (t) , (3.1.9)
, !
X = £,/1- ﬁ ¢ sinh (4]\4) , (3.1.10)

for the interior region (r < rs). Due to the different possibilities for signs, there are
actually four different spacetime regions, which are interpreted below. Eq. (3.1.6) can be
inverted, which gives ¢ as a function of the ratio 7/X through tanh™" or coth . For r

the inverse relation is

r=r(T,X)=2M <1+Wo (XQ;T2>> ;

where Wy(z) is the positive branch of the Lambert-W-function (see Def. B.5 in App. B).
This expression is unique and thus, given values for (T, X') correspond to a unique set of
(t,r) values, while the opposite is not true. The line element in (7, X)) coordinates can

be written as

_2;4> (~dT? + dX?) + r2d03, (3.1.11)
where r = r(T', X'). This line element is now well-defined for all values r > 0. Furthermore,
the (T, X) part of the metric is conformally related to Minkowski spacetime. Due to this,
in- and outgoing light rays have 45° angles in (T, X) charts, i.e. T'= £X + const. Using
Eq. (3.1.6) it is possible to extract information about locations of singularity and horizon
in the (7', X)-chart. The horizon is located at r = ry = 2M, which gives

T"-X*=0 =T=+X. (3.1.12)

These are 45° straight lines through the origin. The singularity is instead located at r = 0,
which yields

T°-X?’=1 =T=4+V1+X2, (3.1.13)

and corresponds to two distinct hyperbolas. As the point » = 0 has two solutions in
(T, X) chart, there are two singularities, one in the future and one in the past. As
indicated already above, there are actually two interior regions, namely the black hole
and the white hole interiors and each of them contain a singularity. Certainly, there is no

restriction in the angular part of the metric, i.e. at each point (7', X) a full two-sphere is
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3.1. CLASSICAL BLACK HOLES

Kruskal-Szekeres-Diagram

FIGURE 3.2: Kruskal-Szekeres diagram for black hole with M = 1. Depicted are surfaces
with v = const. Blue lines correspond to r > ry and red ones to r < r,. The black dashed
lines visualise the horizon, i.e. v = rs and the singularity r = 0 corresponds to the dotted-
dashed red lines. As light rays are diagonal in this chart, blue lines are timelike, while red
ones are spacelike. The spacetime consists of two exterior regions I and III, as well as
a black hole interior region II and a white hole interior region IV.

attached. Because of this, it is clear that the singularity and also the horizon are actually
3-dimensional surfaces of fixed areal radius r. The singularity is hence not a point in
spacetime, it is rather a whole surface. Further, the condition Eq. (3.1.13) shows, that
the singularity is spacelike and, as discussed above, it is only a matter of time (not space)
to hit it. The situation is visualised in Fig. 3.2. The original Schwarzschild coordinates
cover only one exterior region of this diagram, namely region I. As argued above it
is also possible to use Schwarzschild coordinates to describe the other regions, but one
set of these coordinates covers only one patch. Ingoing Eddington-Finkelstein coordinates
instead describe region I and II simultaneously, as all ingoing light rays hit the singularity
in the future (cfr. Fig. 3.1). For outgoing Eddington-Finkelstein coordinates the opposite
is true and they cover the patches I and IV. Here region IV is the white hole interior as
everything inside this region is forced by causality to exit this region. Not even light can
stay inside the white hole region. Hence the white hole is the exact opposite of a black
hole, where instead nothing, not even light, can exit. The other exterior region III is not

covered by any of these charts. In fact, region I and III are causally disconnected.

A very useful tool are Penrose diagrams, which rely on conformal compactification as
already used in Sec. 2. As global coordinates (T, X') were found, they can be conformally
compactified by introducing the lightlike coordinates (U, V') and their compactifications
(U.V)
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3.1. CLASSICAL BLACK HOLES

¢ r=0,U04+V=—n/2 ¢

FIGURE 3.3: Penrose diagram for the Kruskal extension of Schwarzschild spacetime. The
angular coordinates 0, ¢ are suppressed so that each point of the diagram can be thought
of as representing a 2-sphere of radius r.

U=T-X , V=T+X, (3.1.14)
U = arctan (U) , V = arctan (V) . (3.1.15)

As (U, V') describe again in- and outgoing light rays, the compactifications preserve the
causal structure of the spacetime. (U, V) have a finite range form —/2 to m/2 which

2

covers the full spacetime®. It is possible to construct compactified time- and spacelike

coordinates

= 1l S
T:§(V+U> , XZQ(V—U)

and plot horizon, singularity, etc. in these coordinates. This leads to the Penrose diagram

Fig. 3.3, which contains all the causal information of the black hole spacetime in a finite

size plot. In the Penrose diagram light rays have 45° and go either to the right (outgoing)

of the left (ingoing). It is obvious that an outgoing light ray emitted at the horizon

remains in the horizon. Ingoing light rays have to hit the singularity in the future. A

future pointing timelike curve is always inside the light cone spanned at each point by in-

2It is easily possible to construct a conformal embedding (cfr. Def. 2.3.1) explicitly with this data
given. however, this is of no practical interest.
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3.1. CLASSICAL BLACK HOLES

and outgoing light rays. Thus, it always has an angle between 45° and 135° with respect
to the X-axis. This makes apparent that no matter, once it reaches region II, could
ever exit this black hole region. Moreover, since no light rays can escape from there, the

horizon is also a causal horizon (see Def. 3.1.1 below).

The situation considered above is very non-physical. It describes a black hole, which
is eternal and contains a white hole region IV and a parallel universe III. Both these
regions contradict with what is expected to be realised in nature. Indeed, a black hole
as it is observed in the sky [9, 10] is formed at a point in time by the collapse of matter.
The Schwarzschild solution, as presented above, is therefore only valid in the vacuum
region of this process®. Inside the collapsing matter, the metric has to be replaced by a
(much more complicated) metric, solving the Einstein equations coupled to a non-trivial
energy-momentum tensor. This has analytically been studied in simple cases (see e.g.
[102]) and the Penrose diagram looks as depicted in Fig. 3.4. When the physical process
of black hole formation is included in the model, the non-physical regions III and IV are

not relevant any more.

There are some interesting classical properties pointing towards a holographic principle

and they are needed as basic material for this thesis. The following presentation of the

3This is known as Birkhoff theorem [104, 105], which is discussed in e.g. [93, 102].

FIGURE 3.4: Schematic Penrose diagram of a black hole collapse. In the region outside
the matter the (locally) static Schwarzschild solution is valid (non-shaded region). The
spacetime region inside the matter (shaded region) is described by some complex time
dependent spacetime. The red line describes the surface of this matter. Its dynamics is
model dependent and can be highly non-trivial. As the black hole formation process is
taken into account, the non-physical regions IIT and IV are cut off. The dashed black line
represents the black hole horizon.
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3.1. CLASSICAL BLACK HOLES

holographic principle and introductory material follows the review of Bousso [45].

The development of the holographic principle can be traced back to Hawking’s discovery
in 1971 [106], where he proved that the area of a causal horizon cannot decrease in time.
Hawking formulated a theorem later known as the Hawking area theorem, which is stated
below after providing some more preliminary material. First of all, it is necessary to

precisely define a causal horizon by

Definition 3.1.1 (Causal horizon [95, 98]):
Given a spacetime (M, g) (smooth manifold M equipped with Lorenzian metric g). The
future causal horizon H™ is defined as the boundary of the past of future lightlike infinity,

i.e.

HY :=0J" (ﬂ+) )

Similarly, the past causal horizon is defined as

H™:=0J" (57) .

Here, .#* denotes future/past lightlike infinity and J*(A) the causal future/past of the
spacetime region A (see Def. B.7 in App. B). This definition intuitively states that a
horizon is the boundary of spacetime regions where light rays can or cannot reach infin-
ity. Everything behind the horizon, the region where light rays cannot reach infinity, is
causally disconnected to the outside. This definition is unavoidable in dynamic black hole
spacetimes as there no (timelike) Killing vector field and thus no Killing horizon exists.

In the case of stationary black holes Killing horizon and causal horizon coincide.

A further important ingredient are the energy conditions defined by

Definition 3.1.2 (Energy conditions [95, 96]):
It is possible to define the following energy conditions for the energy-momentum tensor
T,

pv-

Null energy condition
For all lightlike vector fields &, T, k*k” > 0 holds.

Weak energy condition
For all timelike vector fields X*, T, X#X" > 0 holds, i.e. the energy density

observed by any observer is positive.

Dominant energy condition

In addition to the weak energy condition for each future-pointing causal vector field
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3.1. CLASSICAL BLACK HOLES

Dominant

FIGURE 3.5: Hierarchy of energy conditions.

(timelike or null) Y#, the vector field —T* Y is also future-pointing and causal.
This corresponds to the requirement that any flow of mass-energy is slower or equal
to the speed of light.

Strong energy condition

For any timelike vector field X* it is
1
<Tm, — 2Tg,w) XtXY >0,
for T' = g"'T,,,.

The energy conditions follow the hierarchy shown in Fig. 3.5.

The important part about the energy conditions is the relation to geometry via the Ein-
stein equations. Assuming that the Einstein equations hold, i.e. R, — /2R g, = kT,

(k = 87 @), the following geometric conditions are induced:

Null energy condition
For all lightlike vector fields k*,

1
(RW ~ SR g,w) R = Gk kY > 0

holds, where G, is the Einstein tensor.

Weak energy condition
For all timelike vector fields X*,

1
<RW ~ SR g,“,> XFXY = G XPXY > 0

32



3.1. CLASSICAL BLACK HOLES

holds.

Dominant energy condition
In addition to the weak energy condition for each future-pointing causal vector field

(timelike or null) Y#, the vector field —G*,Y" is also future-pointing and causal.

Strong energy condition

For any timelike vector field X* it is

R, X'X" > 0.

Hence, the Einstein equations translate the energy conditions, which are conditions on
the energy-momentum tensor, into assumptions about the geometric properties of the

spacetime, which are used to prove the area theorem.

The last component of the area theorem is the cosmic censorship conjecture?, which

states that there are no singularities on or outside a causal horizon.

The area theorem states:

Theorem 3.1.3 (Hawking [106] (cfr. [95, 98])):
Given a spacetime (M, g) with a future causal horizon H' and global spatial slices 31 and
Yo, with X9 C JT (X1), i.e. o is in the future of 1. When the weak energy condition,

the Einstein equations, as well as the cosmic censorship conjecture hold, it is

Ay = Area(So N HY) > Area(S, N HT) = Ay .
Hence, the area of the horizon can only increase in time dA > 0.

Note that the future causal horizon H* is a co-dimension 1 lightlike surface. The surface
Y; N H™T is the horizon at the instant of time defined on ¥; and thus a co-dimension 2

spacelike surface.

This theorem is highly interesting due to two facts: Firstly, this is a fully dynamical
result about full GR and holds for arbitrary complex systems. This means the theorem
holds true for e.g. any configuration of several collapsing stars, black hole merging, or
full galaxies. The topology of ¥; N H* thus might be arbitrarily complex. For a single
Schwarzschild black hole the topology is S?. Secondly, it seems that the horizon area
behaves similar to thermodynamic entropy as it can only increase within any physical

process.

4The cosmic censorship conjecture was introduced by Penrose [107] but there are different ways of
formalising it, which are differently strong. Here the formulation of Dowker [98] is followed.
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3.2. HOLOGRAPHIC PRINCIPLE

On top of this important theorem the analysis of classical black holes leads to the

so-called no hair theorems [106, 108-111] (see [102] for an overview):

Theorem 3.1.4 (No-hair (cfr. [45] Bousso (2002), p. 6)):
A stationary black hole is only characterised by the three macroscopic quantities mass,

angular momentum, and charge (M, L,Q), which enter the Kerr-Newmann metric [112,
113].

This theorem implies that whichever matter collapses into a black hole, the final state will
always be a Kerr-Newman black hole determined by the three macroscopic parameters
(M, L, Q). The theorem states in other words that the initial state of the system may have
arbitrary complexity and consequently entropy, but after the system has settled down to
its final state will not know about these initial conditions and not even about the kind of
matter, which has formed the black hole (see the discussion in [102]). Together with the
area theorem this led to the development of the laws of black hole thermodynamics [114]
with the first law [45, 97, 98]

AM = 8idA + QudL + 4dQ | (3.1.16)
T

where « is the surface gravity, {0y the angular velocity at the horizon and ® g the electric
surface potential of the black hole at the horizon. These laws of black hole thermodynam-
ics were first just thought to be a formal coincidence and were not meant to be thought

of as physical thermodynamic properties.

3.2 SEMI-CLASSICAL ASPECTS OF BLACK HOLES AND THE HOLO-
GRAPHIC PRINCIPLE

The interpretation of Eq. (3.1.16) changed by means of a semi-classical analysis of Hawking
[37, 38] and considerations of Bekenstein [39-41].

Bekenstein [39-41] argued that the entropy of a physical system dropped into a black
hole would be lost for the external observer, leading to a decrease of the total entropy
of the universe. The entropy lost in this process has to enlarge the entropy of the black
hole, which would be visible as an increase of the horizon area. Bekenstein concluded that
the entropy of the black hole has to be proportional to its area Sgy < A and stated the

generalised second law of thermodynamics

dStotal = dSBH + dSmatter >0. (321)
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It formalises that the entropy of the matter system and black hole together can only
increase or stay the same. This furthermore permits an interpretation of area A and

Eq. (3.1.16) as physical entropy.

Taking Bekenstein’s result seriously and assigning thermodynamic entropy to a black
hole, this would require the black hole also to have a temperature. This is impossible
classically as the a black hole does not radiate and is a perfect absorber, and hence
the temperature has to be zero T' = 0 [115]. Hawking’s semi-classical analysis [37, 38]
of quantum fields on the curved but fixed black hole background changed this picture.
Hawking observed that a scalar field in an initially pure state (the vacuum) at .~ turns
out to be a thermal state of temperature Ty at .#+, making the black hole a perfect black
body radiator (see [98, 116]). The so-called Hawking temperature was determined to be

K 1 hc
B 9n = 8aM ( 87TGI<:BM> (3:2:2)

This makes Eq. (3.1.16) a thermodynamic equation, i.e.

AM = TydS + QudL + d4dQ | (3.2.3)

and fixes the proportionality constant of Bekensteins analysis by means of®

(3.2.4)

A (_ kBC?’A . ]i]BA>
1 =

on = \= uan T e

According to this interpretation, Eq. (3.2.3) is a thermodynamic statement as Ty is the
proper temperature of the black hole and TxdS is the heat exchange, while the other

terms describe ways of extracting work from the system (cfr. [97]).

The Bekenstein-Hawking entropy Sy is given by the area of the black hole in units of
Planck area 6129 and can be interpreted as one bit of information sitting in a Planck size
cell. Furthermore, this is a full quantum effect as in the limit A~ — 0 the temperature
vanishes and the entropy diverges and thus infinitely much information can be stored at
the horizon. This is exactly what classically happens, where in principle, an image of all

in-falling matter is stored in an infinitely thin shell around the horizon (cfr. [117]).

The main puzzling consequence of this entropy formula is that the entropy grows with
area instead of volume as it is known for any local field theory. This is in contradiction

with all previously known physics and hints towards a holographic principle.

5The subscript BH here can have different interpretations as being short for “black hole” or for
Bekenstein-Hawking as this entropy is known as Bekenstein-Hawking entropy.
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The important question arising is: “Why is the generalised second law true?” In fact,
one could think about a system, which is very light (mass of the system m compared to
the black hole mass M is small, m/mv < 1) and has low energy. Nevertheless, a priori
there is no bound on the entropy, which this system can carry. Dropping it into the black
hole would make this entropy inaccessible to the outside observer but the entropy of the
black hole would still not increase significantly, since the mass was small (A = 47r? =
167(M +m)? =~ 167 M?). This way the second law might be violated. This points towards
a limit on how much entropy can be carried by matter of a certain energy E. Taking the
generalised second law as a fundamental thermodynamic property of physics indeed shows
such a bound on the entropy. This leads to the Bekenstein bound® [118]

Smatter S 27TER (325)

where E' is the energy of the system and R is the radius of the smallest possible sphere

enclosing the system. A detailed discussion can be found in [45].

A conceptually less subtle treatment compared to Bekenstein’s arguments [118] on an
entropy bound was given by Susskind [42]. The Susskind process describes how a system
is converted into a black hole (cfr. [45]). Assume a system of isolated matter with entropy
Smatter a0d mass F living in an asymptotically flat spacetime. A is the surface area of the
smallest sphere completely enclosing the system. This notion is only meaningful if the
metric is at least approximately spherically symmetric, i.e. in the weak gravity regime
or in spherical symmetry. It is further assumed that the system is stable on a timescale
larger than v/A, and the time-dependence of A is negligible. The energy of the system has
to be smaller than the mass M of a black hole of the same horizon area as the enclosing
sphere A = Ay = 81t M. Otherwise, the system would have been collapsed to a black hole
already.

The system can form a black hole by collapsing a shell of energy M — E onto the system.
For a well-separated shell the total entropy is given by

Stotal = Smatter + Sshell .

In the final state of this process, a black hole has formed and the entropy is given by

A
Stotal = SBH = Z

5For the assumption of weakly gravitating matter in asymptotically flat spacetime.
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By means of the generalised second law Eq. (3.2.1) the entropy has increased, which gives

the spherical entropy bound for Sg,en > 0 [42]

A
Smatter S Z . (326)

The spherical entropy bound is weaker than the Bekenstein bound as

A
Smatter < 2rMR < TR? = T

Note that this argument is not regarding black holes but rather generic matter (with the
assumptions stated above). Hence, given a matter system (satisfying the above assump-
tions), the entropy might scale with the volume V' of the system as in local theories, but
this entropy will always be smaller than the amount of entropy possibly being stored in
the area of the enclosing sphere”. One could see this situation as follows [45]: A system,
which collapses to a black hole has N = ¥, S = 4/4, degrees of freedom in the final state.
Assuming unitary evolution, the number of degrees of freedom is preserved, i.e. they
heave to scale initially with area instead of volume. Keeping unitary and the generalised
second law as a fundamental physical property led 't Hooft [43] and Susskind [42] to the
development of the holographic principle:

Holographic principle

“A region with boundary of area A is fully described by no more than

A/4 degrees of freedom, or about 1 bit of information per Planck area.”

(cfr. [45] Bousso (2002), p. 14)

\

The considerations up to here do not take into account the discussion about the validity
of the Bekenstein and spherical symmetric bound. Likewise, the holographic principle as
stated above is only preliminary as it is just motivated by spherical symmetry and relies
on spacelike volumes. Counterexamples to this can be found and the total discussion has
many subtleties, which are addressed in [45]. As discussed in this reference, the above
statement can be made covariant by introducing the covariant entropy bound [119], which

relies on the entropy of lightlike surfaces.

"Note further that the area in Eq. (3.2.6) is given in Planck units, which makes this entropy extremely
large for any macroscopic system. Still it scales with area, not volume.
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3.3 REALISATION OF THE HOLOGRAPHIC PRINCIPLE IN ADS

The holographic principle as discussed above is a result of the semi-classical analysis of
black holes. So far it is a principle and if it holds true, a fundamental theory of quantum
gravity should respect it. Nevertheless, no theory of quantum gravity is known and hence
no manifestation of the holographic principle is known either. A breakthrough was the
discovery of the AdS/CFT correspondence by Maldacena [44]. It is a concrete realisation
of the holographic principle in the context of string theory and AdS spaces. The full
motivation comes from string theory, which is not further required in this thesis and
hence not discussed here. Only the central statement and certain results of the AdS/CFT

conjecture are shown here.

The AdS/CFT conjecture is a duality between two different theories and can be phrased

as:

AdS/CFT correspondence

“N =4 Super Yang-Mills (SYM) theory with gauge group SU(N) and
Yang-Mills (YM) coupling constant gy, [in 3 + 1 dimensions]

is dynamically equivalent to

type II B superstring theory with string length I, = v/a/ and coupling constant g,
on AdS(5) x S° with AdS-radius L (and N units of F{5) flux on S°).

The two parameters on the field theory side, i.e. gy and N, are mapped to the
free parameters g, and L/v/o/ on the string theory side by

Gor =2mg, , 295N =L"/a"?. (3.3.1)

(cfr. [89] Ammon and Erdmenger (2015), p. 180)

A few clarifications are needed at this point. First, SYM is the supersymmetric gener-
alisation of YM theory®. While YM theory has conformal symmetry, N' = 4 SYM has
superconformal-symmetry, which is the conformal group plus N' = 4 additional super-
symmetric charges [89]. SYM is hence a theory of the gauge bosons A, and other scalar
and fermionic non-gauge fields rendering the system supersymmetric. Ind = 3+1, N =4

is the maximal amount of possible supersymmetry generators. The string theory lives on

8YM theory is given by the action Sy = ;=— [ d*aztr (F,, F*), where F = dA + 3 [A A A] is the

49y m
curvature 2-form of a SU(IN)-connection A.
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3.3. ADS/CFT

AdS(5) x S5, which means that 5 of the 10 dimensions are compactified. The S° part
can be related to the internal (gauge) symmetries of the dual SYM theory. String theory
admits, besides strings, further objects such as e.g. branes and (in the low energy limit)
Fi5)-fluxes. Details of string theory, such as the meaning of branes and Fs)-fluxes are not
relevant in the rest of this thesis. Nevertheless, the number F5)-fluxes is related to the
gauge degrees of freedom in the dual SYM theory. The spacetime is effectively 4 + 1 di-
mensional, which is the number of non-compact dimensions. The above statement relates
the quantum gravitational degrees of freedom, here given as string theory, to the local
degrees of freedom in one dimension less, which is exactly what the holographic principle

suggests.

This can be made more precise and is motivated as follows. AdS space plays a prominent
role in this scenario. The reason is that it carries a “natural holographic screen”, namely its
boundary 0AdS. As discussed above this is a conformal spacetime of one spatial dimension
less (here 3+ 1) and it is timelike. Hence, it could be thought of as a background on which
some field theory is formulated. As 0AdS is a projective space and has the conformal
group as symmetry group, only CFTs can exist on this background®. The intuitive (but
technically not correct) picture is that the CF'T, here SYM theory, lives on the boundary
of AdS(5), which is the holographic screen. Further, it was discussed that AdS(5) behaves
as a box for massive particles and lightlike degrees of freedom are infinitely red shifted
towards the boundary. This leads to strict fall-off conditions for all fields, including
gravitational perturbations, which is central for imposing boundary conditions (see the

discussion below).

On the CFT side 't Hooft [120] observed that in the limit of N — oo and fixed 't Hooft
coupling A = g%,,N, the so-called 't Hooft limit, SYM is effectively classical. By using
Eq. (3.3.1), the 't Hooft limit implies on the gravitational side

L* L* A
202 dra?g, 27y,

A=giyN = — 00, (3.3.2)
i.,e. gs — 0. As the string coupling g vanishes, the theory becomes effectively classical,
which is classical string theory in this case. Further, requiring A > 1, i.e. the large
coupling limit in SYM, corresponds to vanishing string length o/ = [> — 0. This limit
of type II B string theory corresponds to type II B supergravity, i.e. a supersymmetric
version of classical Einstein-Gravity (plus supersymmetric partners and additional fields)
(see e.g. [89, 121]). These different regimes are depicted in Fig. 3.6. Note that this duality
is a weak-strong duality, i.e. strong coupling in SYM corresponds to the weakly coupled

supergravity regime.

9All other theories would break the conformal symmetry of the background 0AdS.
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)\A

classical gravity

quantum string theory classical string theory

R L e L L

> N

FIGURE 3.6: Regimes of different approximations of quantum gravity depending on the
parameter (A, N) (see [122]).

As a result of the above arguments, it is useful to realise this correspondences in AdS
space and that it is natural that the dual theory is a CFT. The precise correspondence
can be motivated by string theory, which explains the parameter matching Eq. (3.3.1)
and all other details of the conjecture as N’ = 4, the appearance of S°, etc. Although
these are important components of the AdS/CFT correspondence, these details will not
play any role in the following, and are therefore not further considered. A more important
and insightful point is the precise mathematical formulation of the correspondence. The

strong AdS/CFT conjecture can be phrased as follows [89]:
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Strong AdS/CFT conjecture

The generating CF'T partition function is equal to the string partition function with

suitable boundary conditions, i.e.

tring | lim, (9% (2,x)2%)=¢% (z) °

(3.3.3)

where ®; is a representative for all dynamical fields of the CFT, O%(x) are local

ZCFT[gb’;] :/D(I)I e—SCFT[i’IHfdDmoi(mmg(z) L =z

(not further specified) operators, D = d+ 1 is the spacetime dimension of the CFT,
D+1 the dimension of string theory, z the inverse radial coordinate of the Poincaré-
patch (cfr. Eq. (2.1.11)) and « is a suitable exponent for imposing the boundary
condition. The fields ¢! are the sources of th correlation function of O and are also
the boundary values of all string theory fields (including the gravitational degrees

of freedom).

The parameter « is related to the fall-off behaviour of the field ¢. As AdS behaves
like a box and one requires the fields to be normalisable in the boundary limit, i.e.
lim, 0 ¢(z,x) = 0, the field vanishes. The fall-off behaviour is determined by the kind of
field under consideration, its mass and spacetime dimension. In the case of a scalar field
of mass m, it is a = =% +,/ %2 + m?2L? for which the limit lim, o ¢(z, x)2* is finite (see
e.g. [47, 122]). In turn, the operator O is a conformal operator of a specific conformal

weight A, i.e.

zi= Az, Ox) = A20(x) = O'(\x) .

Since these operators couple to the fields ¢, in Zcpr[¢,], their behaviour has to be com-
patible for leaving the coupling term conformally invariant. This relates the conformal
weight A to the fall-off exponent «, i.e. the mass of the scalar field as (see [89, 122] )

m?L* = A(A—d) . (3.3.4)

The equivalence Eq. (3.3.3) allows to compute correlations of operators O in the CFT by
means of a string theory computation. On the other hand, knowing the CF'T side, allows
for string theory predictions. This strong form of the AdS/CFT conjecture can thus be
thought of as a non-perturbative definition of the string theory partition function by means
of non-redundant information encoded in a local field theory [44, 46, 47]. Nevertheless,
there are some caveats with this. Firstly, one needs to know the AdS/CFT-dictionary,

i.e.the information of which operator O couples to the boundary condition of which field
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Type II B ST dual N = 4 Super-YM
on AdSs x S5 on 4d boundary 0AdSs
ls—0 N — o0
s — 0 A — 00
N =4 Super-YM
Type II B SuGra dual
— on 4d boundary 0AdSs

asymptotic AdS5 x S
strongly coupled

FIGURE 3.7: Graphical representation of the strong and weak AdS/CFT conjecture.

¢, on the gravitational side. Eq. (3.3.3) is only meaningful and useful if this dictionary
is known and complete, i.e. if all (physically) relevant operators of the CFT have a dual
field. For example, perturbations of the metric in AdS correspond to the sources of the
energy-momentum tensor of the CFT. Secondly, it is not clear how and if it is possible to
extract all quantum string theory information from a known generating functional of the
CFT. The research direction trying to answer this question is called bulk reconstruction
(see e.g. [123, 124] for introductory lectures) and is essential for well-defining a theory of
quantum gravity through this duality. The AdS/CFT conjecture might be summarised

as follows:

The AdS/CFT-conjecture has three components,
1. the CFT in D = d + 1-dimensions,
2. non-perturbative string theory in D + 1 dimensions,
3. and the AdS/CFT dictionary containing all couplings [ dPx O(z)d,(z).

If two of them are known, the third one might be extracted by means of Eq. (3.3.3).

The most studied regime of this conjecture is in the 't Hooft limit (N — oo) with A > 1.
This is the regime of the weak conjecture as the CFT becomes effectively classical. The

weak conjecture states

Werr(po] = log (Zorr(¢o]) = Ssugral¢] . (3.3.5)
lim,—0(p(z,2)2%)=¢o(x)

Here, Ssygra is the classical on-shell supergravity action with the given boundary condi-

tions. Fig. 3.7 represents the strong and weak conjecture graphically.
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Until now, the AdS/CFT conjecture is well-motivated, but still a conjecture. In the 't
Hooft limit, i.e. the weak conjecture explicit computations are possible on both sides, and
relations between quantities on the different sides can be derived. All tests so far were
successful and give a strong evidence for the conjecture. Special entries of the dictionary
were also derived, relating, e.g. the entanglement-entropy of the CF'T to minimal surfaces
in AdS (cfr. Ryu-Takayanagi formula [125, 126]) or geodesics to two-point correlators
[127]. The latter will be of fundamental significance in Chpt. 5. The strong regime of the
conjecture is not much studied as it is unknown how the dictionary translates from the
weak to the strong regime and it is equally unknown how string theory can be defined non-
perturbatively (besides using the strong conjecture). Due to this fact, it is impossible to

perform computations on the quantum gravity side and compare these with CF'T results.

3.4 OuTLOOK: GAUGE/GRAVITY DUALITY

The holographic principle as it was motivated at the beginning of this chapter only takes
semi-classical gravity arguments into account. From this point of view, it should be con-
sidered in every quantum gravitational theory. Indeed, there are considerations of gener-
alising the AdS/CFT correspondence to other asymptotic spacetimes as Minkowski/CFT
[128] or de-Sitter/CFT [129]. A more general concept of AdS/CFT is the gauge/gravity
duality, which simply states the duality of quantum gravity and a gauge theory. AdS/CFT
is very interesting, as it is a concrete realisation of this idea. Nevertheless, to really prove
this conjecture, it would be necessary to solve at least one side of the conjecture com-
pletely, which is out of reach. A further problem on the gravity side is that string theory
is so far only well-defined in a perturbative sense, and hence the full string partition func-
tion Zging is not known. An expansion of the framework to other approaches of quantum
gravity might be useful. This allows to interchange techniques and gain knowledge on
other approaches, string theory, and the holographic principle itself. LQG e.g. is a non-
perturbative approach to quantum gravity and at least the partition function Zjqq can be
defined, although it cannot be computed explicitly. The idea of AdS/CFT can be used to
test results in LQG by translating it to the field theory side and doing simulations there.
This could in fact be viewed as an experiment or a test of the quantum gravity theory
[69, 70]. If the gauge/gravity duality holds, the gravity result should be compatible with
the CF'T behaviour, where techniques are developed to perform computations. This gives
some at least a hypothetical guideline for constructing and testing a theory of quantum
gravity. Indeed, there is work in 3d gravity [130-132], which computes Z1q¢ exactly in
three Euclidean dimension, and the dual theory on a finite (not asymptotic) boundary.
Approaches as LQG could be used to test the non-perturbative regime of AdS/CFT.

The central problem is, that it is not known if LQG is applicable in this framework as
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AdS/CFT is motivated by string theory, which up to current knowledge, is different from
LQG. The long term strategy, which was started in this thesis and the projects presented
in the following (cfr. Chpt. 5), is to test if LQG can be meaningfully embedded in the
framework of AdS/CFT and holography in general, as well as which consequences this
has for both approaches. In more general terms, the work of [130-132] might be extended
and general holographic properties of LQG can be worked out. If this is true, LQG might
be located at the up-left corner in Fig. 3.6 and the relation of LQG as a sub-sector of
string theory could be studied further.
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LoorP QUANTUM COSMOLOGY

As quantum theory of gravity LQG is a non-perturbative and background independent ap-
proach, which was developed over the last 30 years [48, 133, 134]. It is a non-perturbative
approach and hence a candidate to describe the quantum behaviour around the singu-
larity. The quantum corrected behaviour in the vicinity of the singularity could further
be tested by going beyond the weak conjecture. In principle, it could be tried to solve
the full quantum gravitational partition function Zge. Progress has been made in the
3 dimensional Euclidean theory [130-132]. Nevertheless, for dimensions > 4 and with a
cosmological constant, this computation is without prospects, as the problem goes much

further than fully solving classical GR, which is already technically impossible.

Further progress has been made in the context of symmetry reduced models and the loop
quantisation of cosmology. Due to the high amount of symmetries, the strategy of full
LQG can be explicitly worked out in these simplified settings. This will be the starting
point of later investigations (see Chpt. 5). For this purpose, classical cosmology and its

quantisation by means of loop techniques will be presented in the following chapter.

The chapter mainly follows the references [135, 136]. Further selected important reviews
of the field are [16, 137-141]. The chapter first recalls classical cosmology and its Hamilto-
nian description. Then, classical polymerisation and the quantum theory are introduced.

The chapter closes with discussing the connection to full LQC.
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4.1. CLASSICAL COSMOLOGY

4.1 CrAssicAL COSMOLOGY

Due to the cosmological principle, it is reasonably assumed that the universe on large

scales is isotropic and homogeneous. This is reflected in the FLRW-metric

ds? = —N(t)%dt* + ﬂtl){;drz + a(t)*r?dQ3 (4.1.1)
where N(t) is the lapse function controlling the gauge freedom of choosing the time coor-
dinate, a(t) is the scale factor, which measures the size of the universe, r is a dimensionless
coordinate, and k£ € {—1,0,1} is a constant controlling the spatial curvature of constant
t-slices. Imposing maximal symmetry on these 3-dimensional surfaces allows three solu-
tions, namely a 3-sphere (k = 1), flat space (k = 0) or hyperbolic space (k = —1) with
constant positive, zero and negative curvature. For simplicity the following discussion
is restricted to the simplest case of flat slices, i.e. k = 0. Nevertheless, LQC was also
studied in the context of k£ # 0 (see [139]). The metric ansatz can be inserted into the

Einstein-Hilbert action

1 4

which is further simplified by assuming vanishing cosmological constant A = 0. With
V=9 = Na’r?sin() this leads to

) (a(t)N(8)aa(t) — a(t)a()N (1) + N(b)a(t)?)
N(t)? ’

v, Ga(t
SpulN,a] = —m/dt (4.1.3)

where the dot denotes derivatives with respect to ¢ and
v, = / dr dfdg 12 sin(6) .

An important issue with symmetry reduced models is divergent integrals after the symme-
try reduction. In the action appears V,, the spatial coordinate volume. For non-compact
topologies (e.g. R*) this integral diverges. Due to this, a fiducial cell of coordinate volume
V, is introduced to regularise these integrals [137]. The specific size is completely arbi-
trary and physical results cannot depend on it. For compact topologies as e.g. R x T3,

the integral is finite, but the 3-coordinate volume is still completely ambiguous.

Due to partial integration, it is possible to remove the second derivatives from the

action
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4.1. CLASSICAL COSMOLOGY

6a (aNd — aaN + Ndz) 6aa> d [6a%a
e N dt ( ) ’

and after neglecting the boundary term, leading to

SpulN, d] SWG /d (4.1.4)

The dynamics of the gravitational sector is trivial, unless matter is coupled. A massless

scalar field is used as matter source for simplicity. The matter action for a homogeneous
scalar field ¢ = ¢(t) is

3¢2

:_7/ d*z/—gg™ (V 29) (V,0) = V/dt (4.1.5)

In a last step,

a* = V,a® = /drd9d¢r2 sin(6)a®

is defined. This is the physical volume of the fiducial cell and will be used as canonical

variable in the following.

The full action is

3 aa 3qb2
/dt_stW 2N (4.1.6)

=L

For the quantum theory a canonical analysis is necessary. Due to the large class of
symmetries, the Einstein-Hilbert action is reduced to a mini-superspace model, i.e. it is
effectively a one-dimensional system of a point particle, instead of a field theory. Clearly,
there is no description of a point particle, as a is a component of the metric field g,,. The

canonical momenta are defined as usual by

oL 3 aa
P = e T 4RGN (4.1.7)
_ 0L %
—_— 4.1.8
oL
=—=0. 4.1.9
PN ON ( )
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Where & denotes weak equality (see App. A for a detailed explanation) As py =~ 0, the
system cannot be solved for the derivatives @, ¢ and N, which indicates constrains. This is
expected from the ADM-formalism of full GR (see [95]), and consequently applies also to
the cosmology sector. These constraints have to be analysed according to Dirac algorithm

[142] (see also [143] for an introduction). First, the Legendre transform yields

Hr = paa + ped + Moy — L
N 4G p? p?,

_ N (4G, P 41.1
2( 3 a+a3>+)\pN’ (4.1.10)

where A is a Lagrange multiplier. Stability of the constraint py ~ 0 leads to the secondary

constraint, here also called Hamiltonian constraint

1( 4nGp2 1}

S = Hl = - | "1la
PN {pN, T} 2( 3 Ez+&3

):;”Héo. (4.1.11)
The Dirac algorithm terminates here as H = {H, Hr} = 0 and thus the constraint H
is stable during time evolution. N appears as a Lagrange multiplier whose dynamics
(N =\, py = 0) is completely encoded in the arbitrary function A. Thus, it is possible
to remove N and py from the phase space and treat N as arbitrary Lagrange multiplier.
This is exactly what was expected from the beginning, as N simply encodes the choice of
the t-coordinate, which is arbitrary and physics is independent thereof. The constraints
in the Hamiltonian formalism are rendering this immediately visible. The Hamiltonian
constraint generates gauge transformations, i.e. coordinate changes in ¢ as well as the
dynamics of the system. This is the exact same behaviour as full GR, however symmetry
reduced (cfr. e.g. [95] or [48] for more details).

The canonical theory is described by the phase space spanned by (a,p.), (¢,ps), the

Hamiltonian, which is a constraint

Hr=NH , H=—"Tro4 2~ (4.1.12)

and the symplectic structure inducing the Poisson brackets

{a,pa} ={¢.ps} =1. (4.1.13)

By means of a canonical transformation, the variables are changed to the physical quan-

tities

48



4.1. CLASSICAL COSMOLOGY

v=a", (4.1.14)

Pa 1 a
b= = - 4.1.15
3a? 47G Na ( )

Here v is the spatial volume of the fiducial cell and b is related to the Hubble rate ¢/na (see
e.g. [93, 95, 102]). Furthermore, on-shell, i.e. for solutions of the equations of motion,
it is R oc b>. Hence b measures the curvature of the spacetime. Off-shell it is related to
the extrinsic curvature of the spatial slice. This relation to R makes b a spacetime scalar,
which will be important for the classical polymerisation (cfr. Sec. 4.2). In these variables,

the Hamiltonian becomes

vb? pi
Hr=NH , H=-121G—+ —=0, (4.1.16)
2 2v
which makes it convenient to use units in which 127G = 1.

Having determined the Hamiltonian framework, it is instructive to study the solutions

and solution strategies. The Hamiltonian equations of motion are

vb? pi
- 4+ % 4.1.1

5 to,~0, (4.1.17a)
o= —Nuvb, (4.1.17b)
. NV Npg?
h— O 4117

5 T e ( c)

b= N% , (4.1.17d)
Ps=0. (4.1.17e)

A number of solution strategies are possible at this point. It is not possible to integrate
these equations, as they are based on the arbitrary, not determined function N. One
strategy would be to de-parametrise the equations by re-expressing them in terms of the
scalar field ¢, using this as a physical clock. This way, N would drop out and the equations
are solvable. The other strategy is to set a convenient functional dependence of N. This
is a gauge choice, as it determines the interpretation of the coordinate ¢. Physical results

will not depend on this choice!. As this will also be used in Chpt. 6, the second strategy

IThis fixing of N is possible even before computing the equations of motion. This might lead to
additional terms which are proportional to the constraint as {O, Hr} = H{O, N} + N {O, H}. The first
term always vanishes after imposing H = 0.
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is adopted.

A useful choice is N = 1 which makes ¢ the co-moving FLRW-time (cfr. Eq. (4.1.1)).
From Eq. (4.1.17e) it is immediate that p, is an integration constant. Using the con-

straint (4.1.17a) gives

b=+"2 (4.1.18)

where the sign determines the contracting or expanding branch, and v, ps > 0 is assumed

without loss of generality. Inserting this into Eq. (4.1.17b) yields

with the initial condition v(t;) = v;. Note that for any N, inserting the Hamiltonian
constraint (4.1.17a) into Eq. (4.1.17b), leads to

2

. 2
9 v o p¢ o 2 o 87TG
0= (5x50) =ge =50 (= 5 7) (4.1.20)

with the Hubble rate H, = @/Na and p = P3/2? as the energy density of the scalar field.
This is exactly the classical Friedmann equation (see e.g. [93, 102]) which will be modified

in the next section.

Finally, with the solution (4.1.19), Eq. (4.1.17d) can be solved

' Ps Fpy (t —ti) +v;
_ R e 4.1.21
¢ Fps (t — ;) +v; $=F n( v; ¢ ( )

with the initial condition ¢(t;) = ¢;.

Several remarks are necessary at this point. The system is now solved completely in

the gauge N = 1. Hence, the line element is given by

ds® = —dt* + a(t)? (dr? + r2dQ3) (4.1.22)
with a(t) = (U(t)/vo)% and v(t) given by Eq. (4.1.19). Changing the time coordinate changes

N and the general functional form of the solutions. Nevertheless, it is possible to write

down the solutions in a gauge independent way by de-parametrising the system and using
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the matter ¢ as natural clock. This leads to

v(p) = v;eT @9 (4.1.23)

The quantity v(¢) can be used to compare different cosmological theories in possibly
different charts, without the possible obstructions in choosing different gauges?. Still, v is
not a physical observable as it depends on the fiducial volume V. Instead, b is physically
observable. This is the Hubble rate and related to the spacetime curvature and p = pé Jv?,

which is the energy density of the scalar field.

The physically most important observation is that for ¢ — £o00, the volume v vanishes.
In co-moving eigentime ¢ this happens at the finite value ¢, = +v;/ps+1,. At this instance
of time, the curvature and the Hubble rate diverge, as b = py/v — oo. This is a curvature
singularity of the spacetime, which is called big bang for the positive sign in Eq. (4.1.19)
and big crunch for the negative sign. The predictions of GR are mostly valid up to this
point, but fail at the singularity. It is expected that a quantum theory of gravity will play
an essential part in understanding the physics at this singularity. A possible quantisation

of cosmology is discussed in the following section.

4.2 CLASSICAL POLYMERISATION

The next sections will discussed how cosmology can be quantised according to LQG. A
necessary step for this is a regularisation of the Hamiltonian, which is known as classi-
cal polymerisation. This method modifies the classical Hamiltonian such that it can be
represented on a LQG-like Hilbert space. It has the advantage that high-curvatures and
singularities are already resolved on this effective level and it results in quantised volumes
in the quantum theory (see Sec. 4.3 for more details). The fact that volumes are quantised
makes this approach independent from LQG to a certain extend and could be considered
as a method of quantising symmetry reduced spacetimes, taking the idea that geometry
is quantised in a quantum theory of gravity as physical guideline3. Nevertheless, the ap-
proach presented here is effective, but emerges from the full quantum theory framework
(see Sec. 4.3). Polymerisation is a necessary first step for this construction, but could
also be viewed as the approximation, where quantum states always peaked on classical

geometries and remain peaked. In that case the quantum theory can be approximated

The line element can be written as ds® = —N?/¢>d¢? + a(¢)? (dr? + r2dQ3) which is completely
independent of the choice of ¢t-coordinate. In fact, using the equations of motion, this line element can
2
3

be written as ds? = —2/p(¢)d¢p? + (v(9)/v,) (dr2 + TQdQ%), which only depends on physical quantities.

3This is an insight coming from several different approaches, such as LQG, spin foams, Causal Dy-
namical Triangulation (CDT), NCG.

o1



4.2. CLASSICAL POLYMERISATION

with the effective spacetime. This is discussed in detail below.

The idea of classical polymerisation is the replacement of certain phase space variables
by means of point holonomies. In the case of cosmology, b is a suitable variable and the

replacement

b e
allows a quantisation along the lines of LQG. This will become clearer when the quantum
theory and operator representations are discussed in the next section, Sec. 4.3. On this

basis, the Hamiltonian is regularised by simply replacing

bi—s f(e??) . (4.2.1)

The scale A is the so-called polymerisation scale and should be presumed as proportional
to the Planck length ¢,. The critical and model building ingredient is the choice of f on
the one hand and the choice of A on the other hand. One requirement is that f should

be chosen so that it reduces to b in the “classical regime” i.e.

FlePh) 2=l (4.2.2)

This guarantees that classically reliable physics is not changed. The choice of \b defines
the “classical regime”. In principle, one should think of A as an arbitrary phase space
function, as it has been used in the original LQC paper (see [144]). Such a choice would
be called fi-scheme (historically A was represented by p). Allowing A to be phase space
dependent is equivalent to changing variables and using constant A there. This is exactly
the reason why (v, b)-variables were chosen in the previous section. As argued there, b
is related to the Ricci scalar. Hence, b becomes large only in the high curvature regime.
Considering A = const. = O ({,) corresponds to A\b = O(1) in the regime of Planck
curvature, which is where classical GR is expected to break down. Choosing this kind of
A implies together with Eq. (4.2.2) that the classical theory still holds true in the low (with
respect to the Planck scale) curvature regime. Note that other choices are possible. One
example is the p,-scheme, which was originally introduced in [145, 146]. For LQC there is
no more promising scheme known, although alternatives are discussed. As function f, the

sin-function can be chosen as it is the simplest possibility for which Eq. (4.2.2) holds true.
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Also for this choice alternatives are discussed [59, 147, 148]*. The classical Hamiltonian

is thus modified by replacing

sin (\b)
o

(4.2.3)

Note that this function is bounded and the maximal value for the curvature is oc 1/x2.
The effective Hamiltonian (classical Hamiltonian which takes quantum corrections into

account) is

vsin (Ab)” @ N

Hepp=N . = A
eff Herr Herr oz oy

0. (4.2.4)

It is already visible at this point that the energy density of the scalar field p = r3/20?

remains bounded on the constraint surface, since sin (Ab) /A is bounded also.

The new physics of this model can be analysed in more detail. For doing so the model
is solved “classically”. This means that the system is treated as a classical Hamiltonian
system and also the spacetime in the end will be classical. Nevertheless, the dynamics is
modified according to additional (non-perturbative) terms which are expected from the
quantum theory and can be viewed as effective treatment of quantum cosmology. The
approximation is taking quantum states that are always peaked on classical geometries and
remain peaked. Only this allows the approximation of the quantum region by the effective
spacetime. It remains to be discussed in the full quantum theory if this approximation is

valid. The effective equations of motion are

sin(Ab) . Nsin(\b)? 2
v = —NU )\ COS(Ab) s b = 77 + Nﬁ s (425&)
cz'ﬁ:N% , De=0, (4.2.5b)
vsin(Ab)? P
_§T + % —0 . (4.2.50)

Again, using pgs = const. as well as the Hamiltonian constraint yields

sin (Ab) _ Do

\ 5 (4.2.6)

4Further ambiguities come from allowing also other regularisations. E.g. one could consider to poly-
merise also py or modify v in order to preserve different classical structures [149-153]. All in all there is
a lot of freedom in the model building, nevertheless it is hoped and already true that important lessons
about quantum gravity can be learned from these simple models.
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4.2. CLASSICAL POLYMERISATION

Inserting this result in the equation for v, Eq. (4.2.5a), this can be rewritten as

. 2 . 2 2
2 0 _lsm()\b) o Py (1 . 2
H> = (3Nv) =9z s (Ab)” = 002 (1 sin (Ab) )

2 2
2 Nz 1 P
_ 1—\ — 51— 4.2.7
9U2 < ,02> 9p< porit) 7 ( )

with the Hubble rate H, = 4/Nq, the energy density of the scalar field p = P3/202, and

Perit = /222 the critical density. This equation is also known as modified Friedmann
equation [16]. It manifests that the energy density is bounded by a universal (phase space
independent) critical density pe.;;. When this critical density is reached, H, = 0 and
the spacetime collapse stops. The curvature singularity is avoided. Furthermore, for low

energy densities this equation reduces to the classical Friedmann equation Eq. (4.1.20).

Fixing the lapse N = 1 allows to solve Eq. (4.2.7) with the result

VU

2
N =tps = o(t)= \/(im (t—ti) + /o2 = N2p3) + A%, (4.2.8)
- ¢

again with the initial condition v(¢;) = v;. Inserting this into the first equation of (4.2.5b)
leads to

o(v) = + <sinh—1 (A;) . 1) — sinh~? (;m - 1)) + i (4.2.9)

with ¢(t;) = ¢; which solves the system completely.

From Eq. (4.2.8) it becomes evident that v never reaches zero and in fact has the
minimal value vy,;, = Apy. The singularity is thus resolved as the curvature is |R| < 2/x2
and remains bounded. Also, the energy density is bounded by p < pq.iv = 1/2x2. Both
bounds are independent of initial conditions and hence unique. The Hubble rate ¥/v
vanishes at this minimal value, i.e. the contraction is converted into an expansion. This
resolves the big bang by means of a big bounce. Finally, the expression Eq. (4.2.9) can be

inverted, leading to

v(8) = Apy cosh (i (¢ — ¢:) + cosh™* <;p¢>> . (4.2.10)

Due to cosh(z) > 1 this makes obvious that v > Ap,. As argued above, this expression
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4.2. CLASSICAL POLYMERISATION

effective evolution

12 T T T T
- - class. expansion
- - class. contration
10 —effective

V()

FIGURE 4.1: Classical and effective evolution of the volume v(¢p). It is visible that the
effective dynamics quickly approach the classical solutions for expansion and contraction.
Here, A =1 and ¢;,v; = 0 was chosen. As the volume is not a physical observable, the
prefactor (here A\py) can be absorbed in the coordinate choice.

is independent of any coordinate choice and can be compared with the classical result
Eq. (4.1.23). This is shown in Fig. 4.1. Indeed, for large |¢| it is

v(¢ — £00) x eFl? | (4.2.11)

which coincides with the classical solution far away from the bounce®. Note that v is no
physical observable as it depends on the fiducial cell size V,. Also v/v,, which is a®> and
fiducial cell independent, is not a scalar as the pre-factor can be absorbed by means of
rescaling the r-coordinate. This discussion plays a crucial role in the analysis of effective

polymer black holes, see Sec. 6.

5The prefactor of the effective model and the classical model does not match completely. Nevertheless
this factor can simply be absorbed by rescaling the coordinate r.
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4.3. LOOP QUANTUM COSMOLOGY

Effective polymer cosmology is a regularised version of cosmology,
e which can be quantised with LQG techniques,

e whose effective equations replace the classical singularity by a bounce at a

universal energy density pe.ix = 1/222,
e which predicts a unique upper curvature bound, and

e which is well-approximated by the classical Friedmann dynamics in the low

curvature regime.

It is important that these effective dynamics should be considered as the evolution of
expectation values with respect to coherent states. It is assumed that these states are
peaked on classical geometries and remain peaked there during quantum evolution. It is
necessary to check the full quantum evolution (see next section) to see to which extend
this approximation is valid. Especially for small v, i.e. close to the big bounce, this

effective approximation might break down.

4.3 LooprP QUANTUM COSMOLOGY

The treatment discussed in the previous section was so far semi-classical and effective in
the sense that spacetime is still treated classical although the dynamics is modified by
means of (non-perturbative) corrections in A = O(¢,), which vanish for A, ¢, — 0. There
is no guarantee that this effective spacetime is really the outcome of a quantum theory,
and that the approximation that spacetime is classical, even in the Planck regime, holds.
This section discusses the construction of LQC, which is a proper quantum theory in the
sense of operator representations on a Hilbert space. As always in the context of quantum
gravity, there are different approaches, such as Wheeler-de Witt (WdW) cosmology [154—
156], and there are quantisation ambiguities. This presentation follows [135, 136]. A

reference with many mathematical details is [48], see also [138].

Quantisation in the common (Schrédinger) sense would imply to take the phase space

variables and represent them on a Hilbert space according to the rule

—

oy = =i[08] . {opa} = —i[d.r] | (43.1)

where * denotes the corresponding operator on the Hilbert space. In the same spirit, it is
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4.3. LOOP QUANTUM COSMOLOGY

also possible to define the unitary exponential operators

A — A

Up)=em | Ww)y=e | ..., (4.3.2)
and demand the Weyl form of the Canonical Commutation Relations (CCR)

A A A

U)W (v) = W @)U ()e 0, (4.3.3)

which are motivated by the Baker-Campbell-Hausdorff formulas for operator exponen-
tials. Note that these operators are by definition unitary, as U(—pu) = U(p)™* = U(p)'.
Furthermore, this way only the exponentials of v and b are quantised. The operators ©
and b do not exist a priori. Nevertheless, both points of view are equivalent as long as

the representation is weakly continuous, i.e.

tim (4]0 (@) = (vl (@) = (1) . (4.3.4)
In that case the operator
T () — 1
6 —ilim CW =L (4.3.5)
n—0 il

and the other operators (b, ¢, Po) are well-defined and satisfy the standard CCR Eq. (4.3.2).

The Stone-von Neumann theorem states that all joint (irreducible) and weakly contin-
uous representations of U and W on separable Hilbert spaces are equivalent up to unitary
transformations. Hence, this leads uniquely to WdW quantum cosmology which does not
avoid the singularity generically [136, 157-160]. To generate new physics and a possible
singularity avoidance, it is necessary to circumvent the Stone-von Neumann theorem. In
LQG and also in LQC this is done by dropping the requirement of weak continuity. In

particular LQC is a special case of polymer quantum mechanics [161, 162].

The construction is as follows: Starting point is the Hilbert space .7, which is spanned
by states |p, ) with p, ¢ € R. The scalar product is defined by®

<plv ¢/|pa Qb) = 5p’p5 (QSI - gb) . (436)

The main interest is about the gravitational part of the quantisation and hence the second

6Note that the scalar product gives a Kronecker delta in p instead of the usual Dirac delta. The latter
would lead to the usual Hilbert space of square-integrable functions L?(R?, dpd¢).
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4.3. LOOP QUANTUM COSMOLOGY

label ¢ is dropped in the following. The Weyl operators are defined as

—

¢35 [p) := € |p) (4.3.7)
eV ) = |p+v) (43.8)

where A is the polymerisation scale, which makes p, v dimension free. This representation

is weakly continuous only in v as

lim (plewe|of) = lim 35" (pof) = 3,0 = {plp') . (4.3.9)
but also

: Tab| o\ — 1 _ _

limg {p|e=7)p) = lim {plp+v) =0 # 1= (plp) . (4.3.10)

Thus, the operator 9 is well-defined as 9 [p) = Ap|p), while there is no operator b. On
that Hilbert space, arbitrary but finite shifts in v are possible. This makes the volume
“grainy” and points towards a quantisation. Thisw/i\ll become be clearer in the discussion
below. It is easy to check that the operators 35 and e-invb satisfy the Weyl-CCR.
The quantisation of ¢ and py4 is done in the usual weakly continuous way, leading to

multiplication and derivative operators. The Hilbert space is hence given by

%mz{lx Z/dcbxp, ) |p, d)

pER

(xlv) = Z/d¢x 0, O)U(p, d) ,

pER

Z/dgbx 2, 0)x(p, d) < oo} : (4.3.11)

pER

where the sum over p is countable’. It is possible to consider the states (b, d|p,¢’) =
5(¢ — ¢')e™™*" as basis states, where p € R. A generic wave function can be written as
xX(b, @) = X ,er X(p, ®)e~**. This is almost like a Fourier series, but the label p is not
iApb

restricted to integers. The elements e~***” are more general than U(1) representations.

The kinematics of the system is now determined. The next steps are the dynamics

and especially the representation of the Hamiltonian on that Hilbert space. As there is

"The gravitational part of this Hilbert space are the square integrable function on the Bohr compact-
ification of the real line Rpop, (see [48, 138] for more details).
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4.3. LOOP QUANTUM COSMOLOGY

no operator b, it is obvious that the Hamiltonian in the form of Eq. (4.1.16) cannot be
represented. This makes polymerisation as described in the previous section unavoidable.
Indeed, the polymerised Hamiltonian Eq. (4.2.4) depends only on exponentials of b and
thus has possible representations on .7#;,. In quantising the Hamiltonian there are two

main obstructions:

1. The polymerisation, i.e. the replacement of b — f(e**’) and

2. factor ordering, as in any quantum theory.

The first issue was addressed in Sec. 4.2 and the polymerisation

br—s Sm(AW , (4.3.12)
was applied. Indeed, the operator
— 1 [ —=
sin(\b) := % (e”\b - e—”\b> : (4.3.13)
i

can be assigned and is well-defined on ;.

The second point is a problem of any quantum theory, and it increases the ambiguities
in the theory. The ordering should be chosen at least so that the Hamiltonian operator is
self-adjoint. One possibility the symmetric ordering®. For this the lapse is fixed to N = v,

which leads to the Hamiltonian operator

N 1 1 T A T
A =35 - ﬁ\/|@|sin()\b)|@|sin(>\b)\/m . (4.3.14)

This Hamiltonian is indeed symmetric with respect to the scalar product. The physical

and dynamical Hilbert space is defined according to Dirac quantisation [142] by

Hpys = {|x) € Hoan | H ) =0} . (4.3.15)

Acting with A on a basis state |p, ¢) leads to

8This symmetric ordering was also used in [136]. Further improvements of this ordering were discussed
in [163].
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4.3. LOOP QUANTUM COSMOLOGY

. 1 02

)\4
+ §|p+ Ly/lpllp +2[[p + 2, ¢)
4

A
- glpl (lp+1+1[p—1])[p, 9)

)\4
+ 5 lo=1llellp = 2llp = 2,9) . (4.3.16)

This shows first of all that the ¢ and p sectors factorise and they can be treated separately.
Secondly, the Hamiltonian preserves a grid in p of step size 2Z. Thus, the physical Hilbert
space is restricted to the lattice p € 2Z+c where ¢ € R is an arbitrary offset. Without loss
of generality, it is possible to chose ¢ = 0. This induces that physical volumes (eigenvalues

of d in J#,s) can only have discrete values of integer steps v € 2\3Z:

,

The polymer quantisation of cosmology, together with the chosen polymerisation
and factor ordering of the Hamiltonian constraint, leads to quantised volumes with
spectrum

vE2NTZ .

\. .

As p € 27 the states (b, ¢'|p, ¢) = 6(¢' — )e " are simply different representations of
U(1). After a careful analysis of the physical scalar product on s [48, 138], #p,s can

be viewed as square integrable functions over U(1) with respect to the Haar-measure, i.e.
L(U(1), dptrraar (U(1))).

Another important conclusion from Eq. (4.3.16) is that positive and negative volume
states are separated and |p = 0) is isolated. It is easy to check that no state |p) can be

mapped to zero or to the opposite sign.

The system can be analysed in more details (see e.g. [136, 139, 144, 164]). This analysis
will not be pursued here, and only central results without their technical difficulties will
be stated.The Hamiltonian constraint can be solved analytically and the physical Hilbert
space as well as the scalar product can be constructed explicitly. It can be shown that

for generic states |x) € Hpnys

(XI01X) > Vimin

is bounded and hence the singularity is avoided. A further important result is the exis-
tence of coherent states |ycon), which are peaked on classical geometries for large quantum

numbers and remain peaked on this classical geometry during their evolution. The dy-
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A

namics of (Xeon|0|Xcon) 1S given by Hepp = <Xcoh H
Hamiltonian of Eq. (4.2.4). Based on this, the approximation of the previous chapter,

Xcoh> where H.yy is the effective

where the spacetime was treated classical, but the evolution was modified by quantum
corrections in H.y¢, can be considered valid for large quantum numbers. Conversely, the
effective quantum dynamics should not be trusted for small quantum numbers. This was

thoroughly analysed in several works [165-168].

In LQC the singularity is generically avoided. Coherent states peaked on large
quantum numbers, resembling to classical geometry and remaining peaked on this

during ¢ evolution, exist. The dynamics of (Xcon|0|Xcon) is given by

A

H

<Xcoh Xcoh> = Heff

where H, s is the effective Hamiltonian of Eq. (4.2.4).

\.

In conclusion, it should be stressed that LQC is well-developed, but there are many
technical details, which require specific choices (factor ordering, polymerisation, physical
scalar product,...). These are still part of recent discussions (see e.g. [68, 169]). Another
open question is about the relation of LQC and LQG. Although both share the same
quantisation strategy, it is not clear if the cosmological sector of LQG reduces to the
model presented here (see e.g. [59, 62, 147, 148]).

4.4 RELATION TO FULL LQG

In this section the construction of LQG is sketched without technical details. The aim is
to show how the above techniques are motivated from full LQG and how connections can
be made. More detailed overviews and introductions into the field are e.g. [49, 136] or
for even more details [48, 134, 170, 171]

LQG is formulated in the Hamiltonian framework. Hence, the first step in the theory
construction is the Hamiltonian analysis of GR. Spacetime is split into time and space
also known as 3 + 1-split. The central object of the Hamiltonian analysis is qu,, which is
the metric of the 3-dimensional slice. It turns out that the other four components of the
spacetime metric, lapse and shift, are Lagrange multipliers and thus can be arbitrarily
chosen, which corresponds to fixing the gauge and coordinates. The Hamiltonian formu-
lation of GR deals with the spatial metric ¢q and its momentum P, which is closely
related to the extrinsic curvature of this spatial slice, i.e. how this slice is embedded into
the 4-dimensional spacetime. The Hamiltonian equations predict how this spatial slice is

evolving in “time”. Nevertheless, the notion of time is subtle in GR as the Hamiltonian is
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4.4. RELATION TO FULL LQG

a constraint composed by the generators of space- and timelike diffeomorphism. As the
system is fully constrained Hg,q, =~ 0, there is no dynamics in the standard Hamiltonian
sense. This is at the heart of GR. In fact, there is no gauge independent “time” direction
along which the spatial slice can evolve. Dynamics can thus only be specified relative to

a given observer (see e.g. the discussion in [134]).

A phase space extension and canonical transformation is performed, mapping the de-
grees of freedom (qup, P®) to the so-called Ashtekar variables (A%, E4), which are used in
the loop quantisation. Here Ef is the densitised triad and is related to the spatial metric,
due to Y E!E? = \/qq™. The Ashtekar connection A’ is a sum of the spin-connection of

the spatial slice I' and its extrinsic curvature K

Al =T! + K], (4.4.1)

where ~ is the Babero-Immirzri parameter, which is undetermined at this point. This
way, A’ has knowledge about the full 4-dimensional curvature. The central point of
this construction is that A? is a SU(2)-connection (i runs in su(2)) which rephrases the

gravitational degrees of freedom in terms of those of a SU(2)-gauge theory.

Out of this SU(2)-connection one can construct a parallel transport or in physicist
language a holonomy® h.(A) : Ty, )M — T, )M, which parallel transports a vector

10 Along the same lines, it is possible to canonically integrate the

along the curve
densitised triads E{ over a 2-dimensional surface S, leading to the so-called fluxes E(S5).
holonomies and fluxes are both non-local objects, which form the holonomy-flux-algebra.
The idea of LQG is to represent this algebra on a Hilbertspace. Due to the non-local

character of h,(A) and E(S) natural divergences due to Dirac deltas are avoided.

This quantisation, i.e. representation of the holonomy-flux-algebra as operators on
a Hilbert space is done in a weakly-discontinuous way, following the explanations of
the previous section. This makes the quantisation scheme generically different form
WdW-quantum gravity and allows to define a well-defined scalar product. Elements
of the Hilbert space are cylindric functions depending on the connection A only through

holonomies, i.e.

e AS = P(A) =v(hy(A),... b, (A),

kin

where n is a finite but arbitrary natural number. The set of n curves ~; represent an ori-

9Tn contrast to the mathematics notation, here holonomies are not necessarily parallel transports along
closed curves.

10+ is a curve in the spatial slice starting at curve parameter ¢; and ending at ¢.
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ented graph. The Hilbert space thus contains square-integrable functions over arbitrary
finite copies of SU(2). The scalar product is given by the Haar-measure over SU(2). In
LQC discussed in the previous section, the physical Hilbert space was based on functions
over U(1). This is furthermore exactly along the lines of lattice Quantum Chromo Dy-
namics (QCD) techniques, where holonomies are also quantised. The central difference
is that in LQG the underlying lattice is completely arbitrary and dynamical as it can be
modified by the action of the quantum operators. Moreover, there are additional (highly

non-trivial) constraints.

This Hilbert space was heavily studied and the up to today most efficient realisation of it
is in terms of so-called spin networks, mentioned here just for completeness. An important
step is to also implement the Hamiltonian (the constraints) on that Hilbert space. As in
LQC, there is only an operator for m but not for A. In order to find a well-defined
operator for the constraints, it is necessary to re-express all direct A dependencies in the
Hamiltonian by means of holonomies h.(A). This step was called polymerisation in the
above construction. The main dependence of A in the Hamiltonian comes through the
curvature F,,(A). This is, without going into detail, replaced by a holonomy along a

closed loop, as (see [172])

~ 1 ab 2
ho(A) = 1+ 5 Fu /D do" + O (Area(D)?) | (4.4.2)

where [0 denotes a closed curve and do® is the area-two form of the enclosed surface.

Consequently, [5do® is related to the enclosed area Area([J).

A central result of this theory is the construction of area and volume operators and that
their spectrum is quantised. This was part of the motivation for doing a polymerisation
in the cosmological context. Indeed, the area is quantised and the smallest possible area

value, the area gap [144], is

A = (2V3my)2 (4.4.3)

Nevertheless, it is hard to implement the Hamiltonian completely on this (kinematical)
Hilbert space and it is even harder to solve the constraint equations. Hence, neither the
physical Hilbert space, nor the physical scalar product and consequently the spectrum of

the geometric operators on physical states are known.

Let us relate these ideas and constructions to what was discussed in the previous sec-
tions. The strategy applied there precisely followed this LQG logic. The variables were
polymerised, i.e. expressed by means of point holonomies h"(b) = e~ which were U (1)

instead of SU(2)-valued and centred at a single point instead of a full curve. Both is a
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result of the large symmetry class of cosmology. Wave functions are cylindrical functions
of these point holonomies. The representation was also chosen weakly discontinuous so
that only the point holonomy operator h/”(\b) = e/—"_% but not the operator b itself ex-
ist. As argued above, geometric quantities, in cosmology volumes, became quantised on
the physical Hilbert space due to this construction. The main point, which was missed
in the cosmological construction was the use of Ashtekar variables and the polymerisa-
tion scheme, which a priori has no relation to Eq. (4.4.2). In the original work on LQC
[144-146], coming from LQG, Ashtekar variables were used. Starting with the classical
formulation of GR in Ashtekar variables, one can impose the cosmological symmetries
leading to [144]

: 1
Al =cV, 20wt . B =pyPqVs Soga (4.4.4)

oaoz

where (c,p) are the only degrees of freedom and (°e?,°w?) are the orthonormal triads

and co-triads compatible with the metric °g,;, adapted to the edges of the fiducial cell of
volume V,. The phase space is spanned by (¢, p) with the Poisson brackets

{e.p} = 87TG’}/

The variables (c,p) are related to (v,b), used in Sec. 4.1-4.3, by the canonical transfor-
mation [149]

b, p=(47Gv)3 (4.4.5)

W=

= v(47Gv)

In this simplified setting, a holonomy along p e} is given by

hii(A) = Pexp (/ Al Tzekda:) = CoS < 5 ) [+ 2sin ('L;C> Tk (4.4.6)

where P exp is the path-ordered exponential and it is 2i7, = o, K = 1,...,3 with the
Pauli matrices 0. Hence, 73 is a basis of su(2) in the fundamental representation j = 1/2 1!
The aim is to re-express all A’ in the Hamiltonian by means of these holonomies. Among

others, this means that the curvature has to be replaced by means of holonomies according

1 Choosing the fundamental representation is here definitely a restriction for simplicity. Coming from
full LQG one should take all representation into account.
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to

. T
Fio=-=2 lim Tr|{—2—F | 7", “w], (4.4.7)
ab Area(0)—0 #2‘/;? o b

where héij denotes the holonomy along a square with edges “ef , °ej with edge-length p.
This replacement changes the classical Hamiltonian after carefully replacing all connec-

tions ¢ by holonomies from [149]

2
Dy 3 2
Hcass:N - 448
! [2})3 BWGVQ\/Z_?C] ( )
to
2 . 2
. Py 3 sin(puc)
H.pr=1lm N — 4.4.9
sy = lm [2193 87rG72\/]—) 2 (4.4.9)

In the limit g — 0, i.e. Area(d) — 0, this replacement is exact. LQG gives the insight
that areas cannot be arbitrarily small and should be larger or equal to the area gap A.
The best approximation is thus done for the smallest possible area, i.e. Area(d) = A.

Imposing that the physical area enclosed by the plaquette [J;; is A, gives

plp? = A = (2V3m)L (4.4.10)

thus it is specified

which is known as the ji-scheme [144]. A crucial point is that this polymerisation scale is

phase space dependent. The polymerised Hamiltonian becomes

Pi 3 3sin ( \ﬁl C)2
Heyp=N|-% - 4.4.11
1 ot Ee VP TR (4411

As j1 is phase space dependent, one could equally well ask for other variables in which the

polymerisation scale is constant, i.e. ¢ absorbs the phase space dependence of 1. Indeed,
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in the case of cosmology, these variables are (v, b) (cfr. Eq. (4.4.5)), which leads to

2 : 2
Py _ §UM (4.4.12)

Herp=N
1 8rGv 2 v2A

which is exactly the effective Hamiltonian of Eq. (4.2.4). So polymerisation in (¢, p) with
the phase space dependent pi-scheme is equivalent to the polymerisation in geometrical

variables (v, b) with a constant polymerisation scale

A =vVA = \/2v31y30, . (4.4.13)

In this sense, the polymerised theory and its quantisation is inspired by LQG. There
were numerous choices and simplification, and especially allowing phase space dependent
polymerisation schemes allows to use any kind of variables, as long as they offer a sensible
interpretation in some sense. Further note that this construction is a symmetry reduction
in Ashtekar variables on the classical level. As mentioned above, it is not clear how this
model emerges as the cosmological sector of the full theory. Some preliminary insight has
been gained in the work of [59, 147, 148], but the question is still far from understood,
as most likely also renormalisation has to be taken into account [152, 153, 173-176]. The
opposite approach is taken in [62] where LQC in (v,b) variables is embedded in the full

theory context.
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Part 11

Holographic Signatures and

Resolved Singularities
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HOLOGRAPHIC SIGNATURES OF
RESOLVED COSMOLOGICAL
SINGULARITIES

All introductory material for the following work has now been established. As discussed
in Sec. 3.4, the holographic principle and the AdS/CFT correspondence might be a more
general property of gravity going beyond string theory. The classical description of gravity
with GR breaks down close to singularities, and a need for a quantum theory of gravity is
exposed. Given the AdS/CFT correspondence as a non-perturbative definition of string
theory [44, 46, 47], the problem could be treated within the dual field theory. The question
about a singularity in gravity could be translated into the boundary field theory. An
answer could be found in the latter, since physical intuition and established techniques
have been for QFT. Indeed, the question of singularities in string theory has been studied

extensively [23, 177-185], but no clear picture has emerged yet.

In a similar sense, the problem could be turned around. In the framework of symmetry
reduced LQG (see Chpt. 4) singularities are resolved and the quantum theory can be for-
mulated. Using the AdS/CFT correspondence this behaviour could be translated into the
dual field theory and tested against consistency and numerical simulations. Nevertheless,

the AdS/CFT correspondence is only well-motivated in the context of string theory and
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it is not clear how LQG fits in this picture, as it is a priori non-holographic. Moreover, it

is not clear if singularity resolution is meaningful in the context of holography [27, 28].

In the following chapter, building on the preceding work [71, 72], cosmological singu-
larities are resolved by means of LQC. The meaningfulness of this singularity resolution
in the context of holography is tested within this simple setting. Herein the simplifica-
tions of the preceding work [73] are dropped. This simplified framework is used for first

conceptional checks of these ideas.

This chapter is based on the author’s published work [1] and starts by referring back
to previous results of [71-73] and presenting the framework. In Sec. 5.3 the improved
spacetime is introduced and discussed. The main strategy of the problem is outlined in
Sec. 5.4 and the results are presented in Sec. 5.5. The chapter closes with the conclusions

and further directions in Sec. 5.6.

5.1 SETUP AND PREVIOUS WORK

In preceding work, the authors studied holographic signatures of cosmological singularities
in the context of AdS/CFT [71, 72]. Their setup is especially interesting in the context
here studied and is given by the following.

In the bulk sapcetime is assumed to be Kasner-AdS cosmology, which is an anisotropic

version of AdS space and described by the metric (in units of the AdS radius, i.e. L = 1)

1 3 .
ds? = — (dz2 + dsi(t)) ,dsi(t) = —d* + ) _tPid(a)? . (5.1.1)
< i=1
This metric is equal to Eq. (2.1.11), however the 4-dimensional Minkowski metric is re-
placed by the so-called Kasner spacetime. Indeed, ds? is a solution of the 4d vacuum

Einstein equations if the Kasner exponents p; satisfy the Kasner conditions

3 3
Sopi=1, Ypi=1. (5.1.2)
=1 =1

Moreover, in this case ds? is a solution of the 5d Einstein equations with negative cos-
mological constant. This makes ds? relatable to AdS, nevertheless ds? is not maximally
symmetric as it is anisotropic. There is a curvature singularity in both, the 4- and 5-
dimensional case, as their curvatures diverge at ¢ = 0. In addition to the translational

1

symmetry in x!, 2% and 23, the anisotropic-AdS spacetime (5.1.1) is scaling symmetric
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5.1. SETUP AND PREVIOUS WORK

FIGURE 5.1: Basic setup to probe bulk singularities by studying the equal-time correlator
in the dual field theory: in the geodesics approximation the two-point function of a heavy
(m > 1) scalar operator O is specified by the length of spacelike bulk geodesics anchored
at two points on a boundary time slice t = t,.

with respect to

2Nz te—= At o' — AVPi (5.1.3)

According to the reasoning in [71, 72] and the AdS/CFT conjecture, the bulk theory is
dual to SYM on a Kasner background (cfr. right equation in Eq. (5.1.1)).

Consider a scalar bulk operator O of this SYM theory on Kasner background in the
large N-limit with large conformal weight A > 1. According to the AdS/CFT-dictionary,
this operator is dual to a scalar field on AdS spacetime with large mass m > 1 (cfr.
Eq. (3.3.4)). This is the regime where the geodesic approximation [127] is valid and the

equal-time two-point correlator is given by

(O(t,a")O(t,—a")) ~ exp(—ALyen) , (5.1.4)

where L., = lim, o (L(t, 2% 2) + 2log(z)) is the renormalised geodesic length®' and
L(t,x%, z) is a spacelike geodesic connecting the points (¢, z°, z) and (¢, —z°, z). The sit-
uation is depicted in Fig. 5.1. Here, two-point correlators of operators are considered at
a given time slice t,, and they are only separated in one spatial direction, for example
2!, In the following, this direction is simply denoted by x and the corresponding Kasner

exponent p. This reduces the 5d problem of finding this spacelike geodesic to effectively

IThe origin of this renormalisation is the boundary condition of the bulk fields, which becomes zero

towards the boundary ¢(z, z) 2290, The boundary conditions are imposed for 22¢(z, x) (A > 1) which
remains finite at the boundary (see Sec 3.3).
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2 4+ 1 dimensions.

Note that it is possible that several geodesics exist, satisfying the given boundary
conditions. For evaluating the two-point correlator all contributions have to be added in
Eq. (5.1.4). Also complex geodesics have to be taken into account as they contribute to

the long-distance behaviour [72].

The authors of [71, 72| and also [1, 73] where especially interested in probing the
singularity. Studying the geodesics shows that timelike geodesics are bent away from the
singularity for spatial directions with p > 0, but they are bent towards the singularity
for p < 0. A geodesic satisfying the given boundary condition has a turning point in the
bulk at time t, and Poincaré coordinate z(t.) = z.. This turning point data classifies
the geodesic. In the case of p < 0, ¢, can reach the singularity at ¢ = 0, i.e. comes
arbitrarily close to the high-curvature regime. This should be reflected in the two-point
correlator, which are exactly the signatures of interest. In the case of isotropic cosmology,
these exponents are always positive (cfr. Eq. (4.1.19)) and thus the high-curvature regime
cannot be tested in this framework. Allowing anisotropies changes this situation and gives

the possibility of p < 0 to test the interesting high-curvature regime.

In the work [71, 72| this was studied in detail and the authors found a finite distance
pole in the two-point correlator for a boundary separation where the geodesic hits the
singularity. The presence of such a pole indicates non-renormalisability of the state in the
dual field theory description [72].

5.2 IMPROVED CORRELATOR BY EFFECTIVE BULK QUANTUM GEOM-
ETRY

Quantum gravity effects could resolve this classical singularity and possibly improve the
behaviour of the finite distance pole of the two-point correlator. This possibility was
already discussed in [71], although no concrete mechanism was given. As demonstrated
in Sec. 4.2, a symmetry reduced quantisation inspired by LQG does resolve cosmolog-
ical singularities. In the preceding work [73] an effective quantum corrected spacetime
and the influence of the singularity resolution was studied. The result was a proof of
principle, although strong simplifications were needed. This is due to the fact that a
loop-quantisation, or polymerisation, of Kasner-AdS spacetimes is complicated and still

not known today. This constitutes the starting point of the here presented work.

The quantum corrections in [73] are introduced along the lines of LQC. Here the
authors made the simplification that each of the constant z-slices is polymerised by its

own. This reduces the complexity from 5 to 4-dimensions and ignores the z-dependence.
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This is motivated by the fact that the metric (5.1.1) is only singular in the 4d-part. The

effective spacetime is given by

2
St (P4 N) ..., (520)

1
dsi = = (A2 +dsi(t)) , dsi(t) = —di* + o

z
where the dots denote the other similarly corrected spatial directions, A is the polymeri-
sation scale and a.,; the extremal value of the scale factor. For p = 1/3 this corresponds
exactly to the effective dynamics of Eq. (4.2.8)%. The classical singularity is resolved by
a bounce and for large ¢ the classical solution is approached. In the limit A — 0 and
aeat/xr — 1 this also reduces to the classical metric (5.1.1). The second assumption is
that the different spatial directions were treated as decoupled and the exponent 1/3 was
generalised to p. If these exponents satisfy the Kasner conditions (5.1.2), ds3 is a solution
to the classical Einstein equations up to orders of A\. Nevertheless, anisotropic LQC has
been studied and qualitatively more complex solutions (see Sec. 5.5.2) were found. It
was found out that the quantum effects replace the singularity with a smooth transition
between two Kasner spacetimes. Further, it was shown that the Kanser exponents are
changing during the quantum transition. This transition between one set of exponents to
another one, both satisfying Eq. (5.1.2), is called Kasner transition, which was neglected
in [73].

These simplifications seem drastic, but they allow analytic computations. If this sim-
plified setting shows that singularity resolution is useful in the context of holography, it is
appropriate to go beyond these simplifications and make the model more realistic. Within
this setting it is possible to analytically solve the geodesic equations in the spacetime given
by Eq. (5.2.1). The solution can be parametrised in terms of the geodesic length s, which

gives for the z-component of the geodesic

z(t)
z(s) = cosh(s) | (5.2.2)

where the geodesic length s is measured starting at the turning point ¢, of the geodesic
(cfr. [73]). The value z, = z(t,) is directly related to the spatial coordinate separation
[ = 2z(t,). The length of the geodesic is given by 2s(z — 0), which is divergent. Never-
theless, within the geodesic approximation, it is important to compute the renormalised

geodesic length given by

Lyen = Lii)r(l)(Qs(z) —2log(z)) = ii_r)rg)(Qlog(2z*) —2log(z) + 2log(z)) = 2log(2z,) . (5.2.3)

W=

2To show this, one has to choose t; = 0, v; = Apy and aeue = (Apgy)*.
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z(t.) z(t.)
150
100}

50+ «1,~04

L L L L
100 200 300 400 1

FIGURE 5.2: Plots of z(t.) vs. | = x(to) for p = —14 and Gy = 1 taken from [73]. The
red line represents the classical case with X = 0, while the blue line represents the quantum
corrected case with A = 1 respectively for t, = to = 100 at (0,0) (a), and t. =ty = 4
at (0,0) (b). The solid blue line was obtained from numerically evaluating the analytic
solutions, while the dashed blue line is an asymptotic expansion for t, — 0 [73].

The two-point correlator is thus given by

(O(to, (L)) Ot y, —2(t,))) ~ (22,(2)) 2, (5.2.4)

which diverges only for z, = 0. The relation of z, with the boundary separation [ = 2z(t,)
can be seen in Fig. 5.2. As visible from the plot, z, does not vanish for A # 0 (blue
curve) unlike the classical case (red curve). In both cases z, vanishes at the point (0,0),
which is the usual coincidence limit. This shows that indeed the finite distance pole is
resolved for A # 0. Interesting to observe is furthermore the fact that for given boundary
data | = 2x(t,), multiple values for z, exist. This corresponds to several geodesics,
which all have to be taken into account for the two-point correlator, while the dominant
contribution comes from the minimal value of z.. When ¢, becomes closer to the scale of
A, the qualitative behaviour changes to Fig. 5.2 (b). Nevertheless, the conclusion remains

the same and the finite distance pole is resolved.

5.3 QUANTUM CORRECTED METRIC

The full problem of quantising the bulk would demand to apply 5d LQG based on [186—
188] with the given boundary conditions to this framework and to extract an effective
metric. Unfortunately this is remaining unobtainable until today. The problem is thus

simplified in the following way.

As already noticed, the singularity of the metric (5.1.1) comes from the 4d part of
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the metric. Resolving the singularity there, resolves the full 5d singularity. As discussed
above (cfr. Sec. 4), there was lot of effort going towards symmetry reduced models of
LQG. Beside homogeneous cosmology, effective Kasner spacetimes were also discussed
[189]. They are in accordance with the numerical treatment of the quantum theory [165].
Further work showed possibilities of embedding these mini-superspace models into the full
LQG framework [52, 60]. The resulting picture of quantised Kasner spacetimes is again
a resolved singularity, which mediates between two classical Kasner spacetimes, which
in turn change their set of Kasner exponents during the bounce. This process is called
Kasner transition. The key assumption for this strategy to work in the 5d context is that

the z from each z = const. slice to another one is small. This will be discussed below.

Further there needs to be a meaningful generalisation of the 4d quantisation to the 5d
context. Quantum effects in the 4d picture are controlled by the polymerisation scale
A which is related to h through the Planck length ¢, (cfr. Eq. (4.4.13) and [144]). A
reasonable model induces quantum effects when the 4d curvature becomes of order Planck
curvature, i.e. ~ 1/x2. As the 5d context is considered here, the full effective metric should
have quantum effects when the 5d curvature reaches Planck scale. This is not ensured by
following the above strategy. Nevertheless, there is a relation between the Kretschmann

scalars

K© = RE) RO = A 4 (5.3.1)
As K® is bonded by const./A*, this motivates to replace A — 2\ to obtain an onset of

quantum effects at the 5d Planck scale.

Besides the onset of quantum effects, Kasner transitions are expected, i.e. the change
of Kasner exponents during the quantum bounce. Both features, the z-dependence of A
and Kasner transitions were neglected in Eq. (5.2.1) to allow for analytic computations
and first insights on the effect of singularity resolution in [73]. In principle, both could

have important qualitative effects for the two-point correlator:

Firstly, in [72] it was shown that the pole of the two-point correlator comes from
the geodesic with z, — 0. On the boundary z = const. = 0 a null geodesic exists,
which is continuously approached by the spacelike bulk geodesics, resulting in the singular
geodesic causing the finite-distance pole. In the scenario of z\ as polymerisation scale,
the boundary remains unchanged and is still singular. Thus the null geodesic still exists
and it has to be determined if a family of bulk geodesics is also continuously approaching
it.

Secondly, the long distance behaviour of the two-point correlator in [73] is given by

geodesics approaching ¢ = 0 arbitrarily close, which is a maximum for (t* + A\?)? (p < 0).
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A Kasner transition as in [189], where a positive exponent changes to a negative one,

alters the behaviour of the metric around ¢ = 0 as it has no extremal value any more.

Both simplifications are lifted successively in the following and their effect is studied

numerically.

5.4 SOLUTION STRATEGY

Due to the geodesic approximation Eq. (5.1.4), the problem of computing the two-point
correlator reduces to solving the geodesic equation on a given background with specific

boundary conditions. As motivated above, the bulk metric takes the general form

ds* = 212 (—dt2 + a(t, z)*dx® + sz) . (5.4.1)
The two-point correlator is given by spacelike geodesics starting and terminating at a
constant time slice ¢,, with a given boundary length separation Lyq, = 2a(t,, z = 0)z(t,).
Due to the translation symmetry in x, it is always possible to shift the coordinate system
so that initial and final points are distributed symmetrically around the coordinate origin.
The problem here is to find all spacelike geodesics on the background Eq. (5.4.1) which
start (t = t,,x = x(t,),z = 0) and end at (t =t,,x = —x(t,), 2z = 0), where ¢, and z(t,)
is the input data?.

5.4.1 AFFINE PARAMETRISATION AND COMPACTIFICATION

The geodesic equation can be derived form the following action

dxt dav 2 a(t,z)? 32
S:/dT\/gw,deS:/dT\/—%—l— i+ (5.4.2)

where the dot denotes derivatives with respect to 7, which is an arbitrary curve parameter.

As the geodesics start and terminate at the same time- and z-slice, there is a turning point
in t and z. Due to the translation symmetry, the solution is symmetric around this turning
point. A parametrisation of the curve in terms of ¢ or z is consequently not suited, since
only one of the two branches could be covered (cfr. [72, 73]). A suitable parameter, which
allows a treatment of both branches at the same time, is the affine parameter s, for which

—g + a(tz’if)Qx'z + z—z = 1 with 7 = s. In this case the geodesic equations read

3In principle also complex geodesics have to be taken into account. As discussed in [73], these lie
outside the quantum region and do not give new insight. The computation here restricts to real geodesics
only.
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FotE g =0, (5.4.3a)

z 2 ot
A (alt.2 ) (5.4.3b)
ds 22 7 o
. 282 2 0(a?)
f- - T =0. (5.4.3¢)

Eq. (5.4.3b) reflects the constant of motion related to the translation symmetry in z. As
the scale factor a(t, z) is z-dependent, Eq. (5.4.3c) has an additional term (with respect
to [72, 73]) which does not allow to decouple the equations, and it is not possible to

analytically solve the equations.

The geodesic length diverges towards the boundary, i.e. z = 0 lies at s — oo. To
make the problem tractable for numerical integration, the compactified parameter o is

introduced

o =tanh(s), o€ (—-1,1). (5.4.4)

In this parametrisation the full boundary value problem reads

t = ygs
' =p,
2 =p,
o 2 i d(a?
P = 1302pt + 2p;p - % (Bt)
_ 20’ 2 Pz T a(a2) 8(0‘2)
P = 125 + B — e (5 + %) (5.4.5)
;) 20 2p? z p3 9(a?) ’ .
P =1Z2P:t T T oo TS s

where prime denotes derivatives with respect to o, [ = x(ty), and we introduced p;, p.,
p. to rewrite the equations as first order Ordinary Differential Equations (ODEs). The

additional o terms originate in the reparametrisation properties of derivatives,
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% 20_ dU 1 2
— — — 0
(@)2 1—02 7 ds
do

5.4.2 MAPPING BOUNDARY VALUE PROBLEM INTO INITIAL VALUE PROBLEM

There are well-established numerical methods to solve boundary value problems, such as
the relaxation method (see e.g. [190, 191]) or the shooting method [192]. For the presented
situation it is more appropriate to reformulate the problem as initial value problem, which
simplifies the numerical strategy and has further advantages as will be discussed later.

The idea is the following:

Due to the boundary conditions, only geodesics with a turning point are of interest.
Denoting ¢, and z, the coordinate values at this turning point, t,, 2z, characterise a unique
solution to the boundary value problem Eq. 5.4.5. The turning point is given by (t., 0, z,),
where the translation invariance is used to shift the turning point to x = 0. Furthermore,
the curve parameter can be shifted such that s = 0 < ¢ = tanh(0) = 0 corresponds to

the turning point. Finally, also the velocities in ¢ and z have to vanish there, i.e.

do ,
-E(Gzo):t(azo),

do

-d—s(az()):z'(a:O).

With —i—z + M&?Z + i—z = 1, the velocity in x at the turning point is fixed

z

8 AP d
B(s=0)= "= =do=0)7
2 S

0t 22) g (12 4 A222) (0=0)=4'(c=0). (5.46)

The boundary value problem (5.4.5) can be accordingly rephrased as the following initial
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value problem

t' = p

r' = ps

Z'=p,

P, = U2p s 2ptpz pr 3(@ )

Py = 72%5pe + 2”“” - ( ) e + 22 pz) 7 (5.4.7)

2 a
P, = 2P + 2 — )+ = 9(a)

t(0) = t., 2(0) = 0, 2(0) =
pi(0) = 0, p,(0) = 2. /a(ts, z.), p-(0) =0

where the initial data (., 0, z.) and the velocities (0, z,/a(t, z«), 0) are expressed only in
terms of the turning point values t,, z,, which are given as input. The parameter ¢ runs
from 0 to 1 and thus covers only one of the two branches. Due to the symmetry in ¢ and

z, and the anti-symmetry in x, the other branch is easily constructed.

The input values ¢, and z, solely label a geodesic of interest. To finally solve the
boundary value problem, it is necessary to relate these values to the given boundary data

t, and [. There exists a well-defined map

fiR* —R?
(tr 2) — f(te ) = (F1(t 22), 2t 22) (5.4.8)

with

[Hte, 2) = t(o = 1) = to(ts, 2,)
P te, 22) = 2(0 = 1) = I(t, 2,) (5.4.9)

where t(0), z(0) are solutions of Eq. (5.4.7). The preimage of this map of a point (¢,,!)
is a set of initial conditions for all geodesics, solving the boundary value problem. All
solutions with a fixed value ¢, correspond to level lines of t,(t., z,), which relate t, to z.
(see Eq. (5.2) in [72] for such a relation in the classical case) and can be thought of as
a curve (t.(p), z.(p)) in the ¢, — z.-plane parametrised by u. In the same way, geodesics
with a fixed [ correspond to a level line of (¢, z.), which yields another (t., z,)-curve.

Intersections of these curves for given ¢, and [, (t%,z%), i = 1,2,..., correspond to all
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solutions of the boundary value problem Eq. (5.4.5).

The reformulation of the boundary value problem is completed. It is rephrased in
terms of first solving initial value problems and afterwards computing level lines and
finding intersections of these. This requires to solve the initial value problem multiple
times, which makes the solution strategy effectively a shooting method. Nevertheless, the
two-point correlator is a function of different values of [ and in principle also of several
values of t,. The numerical effort is reduced by not discarding the “miss shots” but rather

rearranging them as solutions for a fixed ¢, and several values of [.

This method is implemented numerically in Matlab using its built-in library. The
ODEs are solved with the routine ode45, which is based on a fifth-order Runge-Kutta
algorithm with adaptive step size. Level lines can be computed with contourc. Since the
Egs. (5.4.7) diverge at ¢ = %1, the numerical integration is cut at 1 — e with ¢ = 0.00001.
Extensive cross-checks on the numerics, including the reproduction of the analytic results

of [73], were performed.

5.4.3 RENORMALISED GEODESIC LENGTH AND TwO-POINT CORRELATOR

The above strategy allows to extract the geodesic length L = 2s in affine parametrisation
with s = 0 at the turning point. As already discussed, this is divergent for z — 0. For
the two-point correlator it is relevant to renormalise the geodesic length. The length

renormalsation works according to the formula below Eq. (5.1.4), which yields

Lyen = ll_r}(l) (2s(2) + 2log(z)) ~ ll_)I% <2$(z) + 2log (j)) : (5.4.10)

Here s(z) is the geodesic length evaluated up to z and the missing term 2 log(¢) is neglected
as it only appears as a global factor in the two-point correlator. This additional term was
introduced as the fraction #/¢ is invariant under the scaling symmetry Eq. (5.1.3) and
corresponds to a constant UV cutoff in pure AdS (cfr. [72]). In the case where analytic
results for s(z) are available, this limit can be treated easily, because divergent terms can
be isolated (see Sec. 5.2 and [73]). Numerically this is not possible and a cut-off value
zuy, which is finite but small, is defined. The limit is evaluated up to this value. For
small enough values of zyy the result should be nearly independent and coincide with
#/t — 0 (see also [190, 191]).

The numerical solutions are in terms of o, which is in the range [0,1]* and related

to s by s = arctanh(o). The solutions are evaluated up to a specific value zyy, which

4To be presice the range is up to 1 — € (see Sec. 5.4.2), but ¢ is small enough to not conflict the
following.
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corresponds to the parameter value &, defined by z(c) = zyy. With this cut-off, it is

cel0,1-6 , d=1-a<1, (5.4.11)

where the condition 0 < 1 is satisfied as long as #vv/t < #+/t.. The renormalised length

can be written as

v

Lien = 2arctanh (1 — §) + 21log —
t(a)

) . (5.4.12)

In the limit z2vv/t — 0 (i.e. ¢ — 1, § — 0) this expression is finite as

2uv

t(a)

arctanh (1 — d) + log <

1 §-t(a)? 1
) = —§log ( E ) + 5 log (2) + O(9) , (5.4.13)

and, as can be checked numerically, for small values of zyy, the quantity (5.4.12) ap-

proaches a non-zero constant.

In order to conclude that the two-point correlator is non-singular, it has to be verified
that L,., remains finite. In the classical case [71, 72] as well as in the quantum corrected
case [73] this relation was (cfr. Eq. (5.2.3))

L 2z
= =1o ( ) : 5.4.14
5 s ( )
A similar logarithmic behaviour is also expected for the cases under consideration. The
main changes come from the relation of z, with [, which is computed in the first step.

The numerical results are presented in the next section.

5.5 RESULTS

The above discussed strategy is in the following applied for metrics which go beyond the
previous simplifications. In a first instance, it is taken into account that the quantum
effects become relevant at the 5d Planck scale (i.e. A — z\) and the inclusion of Kasner

transitions is discussed.
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FIGURE 5.3: Colour plot of (a) to(ts, z.) and (b) U(ts, z.) forp = —1/4, A = 0.06, Gezt = AP.
The red curve corresponds to the to = 4 level line. This contour is also plotted in (b). The
black dashed line corresponds to t* = \22% and separates quantum and classical regime.

5.5.1 5D PLANCK SCALE

As discussed, the onset of quantum effects can be set at the 5d Planck by replacing A — 2\
in Eq. (5.2.1) leading to

1 2
2 _ 2 Qeat (12 2.2 2
ds; = > (dz —dt* + (t + A%z ) dx +> . (5.5.1)

2P
This goes beyond the first simplification but still neglects Kasner transitions. In the regime
t > z\ quantum effects are negligible and Eq. (5.5.1) is well-approximated by the classical
Kasner-AdS metric. The z-derivative 8"‘(Z D — O(A?) remains small and therefore, the z-
dependence is caused by small quantum corrections, which are systematically neglected

here. In the boundary limit z — 0 the classical (singular) Kasner spacetime is recovered.

The missing derivatives of Eq. (5.4.7) are

0(a?) Ugat, (12 \2,2\P ) o bt
— op =2 5.2
5 P o t(t + A%z ) a(t, z) rEvEl (5.5.2)
8(@2) gmt 2, 2 2\P7! 2 PNz

which determine the system of equations. The initial value problem (5.4.7) is solved
numerically for ¢, z, € [0,10] and parameters p = —1/4;, A = 0.06. The solutions t,(t., z)
and [(t,, z,) are depicted as colour plots in Fig. 5.3 where the t,- and [-axis are represented

by a colour scale. The corresponding classical result is shown in Fig. 5.4. For the two-
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FIGURE 5.4: Colour plot of (a) t,(ts, z:) and (b) l(t., z.) for the classical Kasner-AdS
metric (A = 0 in (5.5.1)) with p = —1/a. The red curves correspond to the t, = 4 level
line.

point correlator, all geodesics with a fixed time value, for example t, = 4 are of interest.
In Fig. 5.3 (a) these correspond to the red curve in the (%, z.)-plane. Quantum effects
become relevant when t? ~ 22)2, which is represented by the black dashed line in Fig. 5.3.
Due to the small value of A\ = 0.06, this line is close to the z-axis. Indeed, comparing

Fig. 5.3 (a) and Fig. 5.4 (a) both results coincide in the classical regime.

A geodesic hits the bulk singularity when it reaches the value ¢, = 0. In the classical
case a family of geodesics exists for which z, — 0 for t, — 0, and therefore, hitting the
bulk singularity (¢, = 0) corresponds to z, = 0, which causes the finite distance pole. This
is avoided (z, > 0) in the quantum corrected case, where the red curve in Fig. 5.3 turns
around and z, becomes large for ¢, — 0 (within the numerical accuracy t, = 10~®). This

shows that the singular boundary null geodesic is not reached in a limit of bulk geodesics.

It is possible to extract the dependence between [ and z, out of the numerical results
of Fig. 5.3. Evaluating the corresponding [ value along the ¢, = 4 curve (cfr. Fig. 5.3
(b)) leads to Fig. 5.5. The dashed red line shows the classical behaviour and a continuous
line of geodesics approaching z, = 0 at finite [. As discussed in Sec. 5.1 this causes the
finite distance pole in the two-point correlator. Due to the numerical cut-off in z, this in
never reached, neither in the coincidence point z, = [ = 0. The quantum solution (blue
line) behaves differently, as it starts to approach z, = 0 but has a second turning point in
the quantum regime. As in the case discussed in Sec. 5.2 and Fig. 5.2, there are multiple
solutions for z, at a given [-value which all have to be taken into account for the two-point

correlator.

Up to now it is not possible to conclude any resolution of the finite distance pole as

the relation L,,(z.) is not known. The renormalised geodesic length L,., is computed
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FIGURE 5.5: Plot of z, vs. | fort, =4 and p = —1/4, A = 0.06, @y = NP. The blue curve
corresponds to the quantum corrected metric (5.5.1), the red curve to the classical metric

(A=01in (5.5.1)).

FIGURE 5.6: Plot of Ly, on y-azis vs. z. on a logarithmic z-axis for the metric (5.5.1)
(blue) with t, =4, A = 0.06, p = /4, aeye = N. The almost linear behaviour indicates a
log-dependence of Lye, from z, like Eq. (5.4.14) (red dashed).

according to the method described in Sec. 5.4.3 and visualised in a log-plot in Fig. 5.6. In
the classical regime (lower left part of the plot), the log behaviour Eq. (5.4.14) is recovered.
Also in the deep-quantum regime (upper right part), a logarithmic behaviour is found,
however, the slope is smaller. This part contributes to the long distance behaviour of
the two-point correlator. In agreement with the results of [73], due to the smaller slope
(causes a smaller negative exponents in the correlator) this contribution is subdominant in
the short distance behaviour. In the intermediate regime there are three branches which
are caused by the multiple solutions already visible in Fig. 5.5. In the classical regime

(lower left part), possible deviations from the classical behaviour can occur. These are
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numerical artefacts as there the approximation #vv /i, < 2/, fails and the numerical error

increases.

The main conclusion from Fig. 5.6 is that L,., is non-divergent for any value of z,.
Together with Fig. 5.5 the two-point correlator can be extracted and it is finite for all
boundary separations [. Although the boundary coincides with the classical one, i.e. the
singular null geodesic exists, bulk geodesics do not approach this solution continuously

and thus the finite distance pole is resolved by resolving the bulk singularity.

5.5.2 KASNER TRANSITIONS

The next step is to go also beyond the second simplification and include Kasner transi-
tions. As it turns out this is highly non-trivial. Kasner transitions were found numerical
investigations of 4d anisotropic LQC [17, 189], which would provide the proper 4d effective
metric. It is impractical to proceed with these numerical results, as they would compli-
cate the numerics and further compromise a generalisation to the 5d setting above. A
simpler model was introduced by Chamseddine and Mukhanov [193], which was applied
to anisotropic cosmology [33]. The main advantage of this model is that the effective
metric is available in an easy analytical form and respects the key features, such as the
onset of quantum effects and Kasner transitions. The Chamseddine-Mukhanov model
was proposed as a toy model for an effective theory of quantum gravity® [194, 195] and
it coincides with effective LQC in the isotropic sector even though deviations are known
in the anisotropic case [2, 194]. Nevertheless, it carries the main qualitative features of

interest and is an appropriate starting point for the following discussion.

5.5.2.1 MODELS OF KANSER TRANSITIONS

The Chamseddine-Mukhanov model [33] yields for anisotropic cosmology

ex 5 o1t
ds* = —dt* + a(t)®dz*+ ... , a(t) = a)\pt (t2 + )\2) exp [Apsmh ! <)\>} , (5.5.4)
where the dots denote the other spatial directions with similar scale factors®. For p = —1/3,

A = Yy3e,, and special values for ., Ap this reduces exactly to [33] with limiting

®In the original work [33] it was explicitly assumed that the curvature is limited by a value orders of
magnitude above the Planck scale, thus avoiding the quantum regime.

5Note that the parameters a.;+ and A are the same for the other spatial directions. In contrast, the
Kasner exponents p, = p* £ Ap®, are different for each direction 4, but constrained due to the Kasner
conditions Eq. (5.1.2). This is discussed in [33] in detail.
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curvature €,,, where the values p, Ap, a.,; are fixed. For the purpose of this work these

parameters not further specified.

As discussed above, replacing the 4d part of Eq. (5.1.1) by Eq. (5.5.4) would resolve
the singularity, but quantum effects are driven by the 4d curvature scale instead of the
5d scale. Note that an extension such as in the previous section is non-trivial, and no

conclusive metric was found.

According to the argument given in Sec. 5.3 a simple solution indeed shifts the onset

of quantum effects to the 5d Planck scale by replacing A — zA. This leads to the line

element
1
ds? = s (dz2 —dt* +a(t, 2)?dx® + .. ) : (5.5.5)
with
2
a(t,z)* = C;\e;; <t2 + )\222)pexp {QApsinh_l <Zt)\>}, Ap eR. (5.5.6)

As claimed above also Kasner transitions are modelled as in the limit |//za| > 1 and with

the approximation

11 t) o ‘ t
sinh (z)\ ~ sign(t) log 22)\ : (5.5.7)
the scale factor (5.5.6) reduces to
2 92 +2Ap
alt, ) = 52 (Az) 1= (5.5.8)
with Kasner exponents
pr=p+Ap. (5.5.9)

The scale factor for different constant values of z is shown in Fig. 5.7. For a fixed value
of z, the classical behaviour of Kasner spacetime is approached for late and early times
+t > 1. In between |t/z3| < 1 quantum effects become dominant and replace the classical
singularity with a smooth transition between the two Kasner spacetimes of exponents p_

to py = p_ + 2Ap. This is in qualitative agreement with the behaviour of [189]7. In the

It is shown that this is the only possible transition behaviour in accordance with the correct classical
limit for both early and late times [17].
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FIGURE 5.7: Plot of the scale factor (5.5.6) vs. t for A\ = 0.06, p = —1/16, Ap = 3/16. Away
from the immediate vicinity of the bounce point (t = 0) the different lines corresponding
to different values of z, agree with the classical behaviour (explicitly reported for z =1 in
dashed lines), and show a smooth transition during the bounce.

quantum regime [t/z3| < 1 the metric is approximately given by

t

a(t, z)* ~ a2,z (1 + 2Ap)\) : (5.5.10)
z

which is, as discussed, regular around ¢t = 0. For Ap = 0 no Kasner transition occurs and

Egs. (5.5.5), (5.5.6) reduce to Eq. (5.5.1).

Although seemingly being a promising 5d quantum corrected metric, the following

complications have been observed:

First, it does not solve the 5d Einstein equations up to orders of . This can be explained
by a closer look at Fig. 5.7. The scale factor connects two classical Kasner branches by a
monotonically increasing (or decreasing) transition. This can only be achieved when the
prefactors in front of t?P+ and ¢?’- are scaled relative to each other. Indeed this prefactor
is different for the two sides as shown in Eq. (5.5.8), leading to a divergence for A — 0 or
z — 0 for positive Kasner exponents, and it vanishes for negative ones. This behaviour
is also depicted in Fig. 5.7. As this z dependence is still present even at large t, this
causes Eq. (5.5.5) not solving the 5d Einstein equations approximately up to orders of A.
A shown below, the z-derivative of a(t, z) (see below Eq. (5.5.14)) can be arbitrarily large
even in the classical regime (A < 1 or £¢ > 1).

This already points towards the second problem. In the limit 2z — 0 or for A — 0
Eq. (5.5.8) diverges (vanishes) and it is not possible to recover the classical Kasner space-
time globally. This is true for the classical limit A — 0, as well as for the boundary limit

z — 0, where the latter is the main issue.
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FIGURE 5.8: Plot of the scale factor (5.5.11) vs. t for A = 0.06, p = ~1/16, Ap = 3/16.
Away from the immediate vicinity of the bounce point (t = 0) the different lines, which
correspond to different values of z, agree with the classical behaviour (dashed lines) for all
values of z, and show a smooth transition during the bounce. Nevertheless, this deviates
qualitatively from the LQC behaviour.

The problem could be solved by modifying the metric (5.5.6) so that the divergent
prefactor in Eq. (5.5.8) is cancelled. One possibility is the following scale factor

2

a(t,z)? = Zeat (t2 )\22'2) exp [2Apsmh < !

A2 ZA)}(AZ)ZA” b () (5.5.11)

where the additional factor (\z)22? tanh (%) allows to recover the proper boundary and
classical limit. For |[¢/zx| > 1, it is tanh (%) sign(t) (z,A > 0) and Eq. (5.5.11) becomes

6L2

ezt ¢ 2 (5.5.12)

a(t,z)* ~a(t)* = 2

Indeed, the divergent prefactor (cfr. Eq. (5.5.8)) is cancelled and the result is z inde-
pendent and reduces to the classical Kasner spacetime in the double scaling limit A — 0
and ae=t/x» — 1. The dependence of z is depicted in Fig. 5.8. In contrast to Eq. (5.5.6),
this modified scale factor has the same asymptotic behaviour for all z and no rescaling
is needed. This enforces the non-monotonic behaviour around ¢ = 0 which qualitatively
differs from the LQC results [189].

The modified scale factor Eq. (5.5.11) has the further advantage that it solves the
Einstein equations in first orders of A. The initially discussed conditions (cfr. Sec. 5.3),
namely a well-defined boundary metric solving 4d Einstein equations (up to orders of
A) and a small z derivative, i.e. suppressed by A are both satisfied for Eq. (5.5.11).
Nevertheless, the Kretschmann scalar of Eq. (5.5.11) is not constant in z and can become

arbitrarily large for z — 0. This can be analytically verified by using computer algebra
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qualitative Correct Boundary Solution of
LQC onset of qu. | limit EE + O())
behaviour effects
Eq. (5.5.6) X X
Eq. (5.5.11) X b 4

TABLE 5.1: Comparison of the two discussed 5d Kasner transition models FEqs. (5.5.6)
and (5.5.11). The evaluated criteria are qualitative LQC behaviour, correct onset of quan-
tum effects, existence of the boundary limit, and if the Finstein Equations (EE) are solved
up to quantum corrections.

software. Due to this, the interpretation of Eq. (5.5.11) as an effective metric extracted
from a quantum gravity theory with limiting curvature as LQC or the Chamseddine-

Mukhanov model [33] fails.

To conclude, it is shown that it is highly non-trivial to “guess” a suitable 5d metric
including Kasner transitions and the above discussed requirements. The full problem,
having to be solved here, is to set up 5d Einstein equations with negative cosmological
constant, symmetry reduce the system and perform a polymerisation and quantisation as
sketched in Chpt. 4. This would lead to a quantum theory of a(t, z) which is a so-called
midi-superspace model, i.e. it depends on two coordinates. This is technically out of
scope and is left for future research. Due to this, here the two-point correlator for the
metrics (5.5.6) and (5.5.11) is studied. Their properties are summarised in Tab. 5.1. In
the following the analysis focusses on the first metric (5.5.6) as it behaves qualitatively
as LQC and has the correct onset of quantum effects. Furthermore, it has no maximum
around ¢t = 0, which as discussed in Sec. 5.3 might change the qualitative behaviour of
the two-point correlator. The analysis has also been done for the second metric (5.5.11)
and the results qualitatively behave the same. Nevertheless, the following should be
considered as an analysis of a special case and probe the generality of the absence of the
finite distance pole. Neither Eq. (5.5.6) nor (5.5.11) are considered as the correct effective

metric.

5.5.2.2 TwoO-POINT CORRELATOR

To evaluate the two-point correlator the strategy described in Secs. 5.4.2 and 5.4.3 is

applied to Eq. (5.5.11). The missing derivatives entering Eq. (5.4.7) are
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FIGURE 5.9: Colour plot of t,(t«, z.) for the metric (5.5.5) with t, = —5 (purple) and
to =3 (blue), A\ = 0.06, p = ~1/16, Ap = 3/16 , aeyr = N. Passing from negative to positive
t, there is a transition from p_ = —1/4 to py = 1/s. Two kinds of solutions are visible:
The ones starting at negative t,, which are bent towards the (resolved) singularity and
eventually passing it (purple) and the ones starting at positive t,, which are bent away
from the (resolved) singularity (blue).

d(a?) B 9 pt 1

or ~ A e YA e (55.13)
d(a®) o | PNz Ap t

R SR ey ey oy = (5.5.14)

The corresponding ¢, colour plot is shown in Fig. 5.9. Unlike the previous case ¢, < 0
behaves different than ¢, > 0 as the Kasner exponents change from negative to positive.
It is possible to study initial times before and after the resolved singularity ¢ = 0 and in
Fig. 5.9 a line with t, = —5 (purple) and ¢, = 3 (blue) is highlighted. Again, there is a
turning point for z, around ¢, = 0. In contrast to the previous case without Kasner tran-
sitions, geodesics can pass through the resolved singularity. Fig. 5.9 shows that geodesics
with t, = —5 exists, but turning point is at ¢, > 0 In coherence with the analysis in
[72], geodesics in the regime of p < 0 are bent towards the resolved singularity while in
the regime with p > 0 they are bent away. Consequently for ¢, < 0 the plot resembles
the mirrored result of Fig. 5.3 (a) just mirrored, while for ¢, > 0 the behaviour equals
the classical case for p > 0. Fig. 5.10 shows the relation of z, and [ for the two cases
to = —5 and t, = 3. As the geodesics with ¢, = 3 do not reach the singularity, they are
not relevant in studying the finite distance pole of the two-point correlator. Nevertheless,

in both cases z, does not vanish for any finite boundary separation .
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FIGURE 5.10: z, vs. | for to = —5 (purple) and to = 3 (blue) and A = 0.06, p = ~1/1s,
Ap =3/16 , Gexr = NP.
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FIGURE 5.11: Log-scale plot of Ly, vs. z. for the metric (5.5.5) for t, = —5 (purple)
and t, = 3 (blue), A = 0.06, p = Y16, Ap = 3/16 , Gey = A. Again an asymptotic
log-behaviour is visible.

Before concluding a resolution of the finite distance pole, the relation of L,., and
2z, needs to be determined. This is computed again as described above and shown in
Fig. 5.11. Again a log-dependence is visible in the classical regimes and deviations occur
in the quantum regime. Numerical errors occur in the same manner as already discussed
in Sec. 5.5.1. For completeness the blue line for ¢, = 3 is also included in Fig. 5.11. The
conclusion is the same: L,., remains finite for all finite values of z, and thus all bound-
ary separations [. The finite distance pole is resolved, despite the different qualitative
behaviour of the metric around ¢ = 0. The effect of not having a maximum in a(t, z)

at t = 0 is that, as discussed above, geodesics can pass through the singularity and turn
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around on the other side. This is a qualitative difference to both previous cases, [73] and
for the metric (5.5.1).

5.6 CONCLUSION AND OUTLOOK FROM RESOLVED COSMOLOGICAL
SINGULARITIES

In the work presented in this chapter, the results of [73] were extended and previously
made simplifications were overcome by using numerical methods. Although the qualitative
features of the different metric under consideration changed, the conclusion remains the
same: The resolved cosmological singularity is dual to the resolved finite distance pole in
the dual CFT. This contributes to the discussion of a NTP [27, 28], as it was shown that

singularity resolution in principle improves the behaviour of the two-point correlator.

An independent dual computation is still missing. Only if this is present, deeper con-
clusions about the singularity resolution can be made. Until now, it is uncertain what
the inclusion of non-perturbative quantum effects is dual to on the CFT-side, i.e. finite
N- or 't Hooft coupling-effects or a different state, in which the correlator is evaluated.
Issues about definiteness of the dual CFT on a boundary, which is separated by a singu-
larity as discussed in [27, 28|, are not addressed either. In principle, independent CFT
computations are possible, but technically out of reach. This is due to the fact that the
CFT background is a time-dependent cosmological Kasner spacetime. Due to the large
coupling A, only non-perturbative approaches, such as lattice QCD techniques, are ap-
plicable. As the background is time-dependent, lattice techniques are not realisable and

independent boundary computations are not in sight in the near future.

Another open problem is the fact that there is no final answer to the question of the
correct 5d quantum metric. As argued in the previous chapter, a loop quantisation of
the full 5d system is even in the symmetry reduced setup (midi-superspace model) out
of reach. One possible strategy would be applying the mimetic gravity model [33, 193]
to the bd setting. This is possible as mimetic gravity is not restricted to any symme-
try assumption and has the advantage of sharing the idea of a limiting curvature with
LQG and LQC. In further work related to this thesis, the deeper connection between
anisotropic LQC and mimetic gravity was analysed [2]. It was argued already in [194]
that LQC and mimetic gravity differ in the anisotropic sector. The work [2] reformu-
lates anisotropic mimetic gravity and demonstrates that it cannot be viewed as a polymer
model. Consequently, a loop-quantisation cannot be performed. This supplements work
in the spherically symmetric sector [36]. Note that for quantitative comparisons on both

sides (gravity and dual CFT), it is crucial to have the correct quantum corrected metric.

The presented framework suffers from two main issues. Firstly, due to the time-
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dependence of the background spacetime, independent CFT computations are not pos-
sible. Secondly, the quantum gravitational side is not accessible and it is very complex
to go beyond the assumptions of the previous chapter. A possible way to improve the
situation, still following the same idea, would be to change the framework to black holes.
Considerable effort in the field of LQG inspired black holes has been done in the past
years (see [18, 78, 87, 88, 196, 197]).

This framework promises better applicability, since for large distances from the singu-
larity, the classical AdS-black hole reduces to AdS in global coordinates (cfr. Eq. (2.1.5)).
In this case, the boundary is proper 0AdS, i.e. fully symmetric and most importantly
static. Hence, the boundary CFT would live on a Einstein-static universe (cfr. Eq. (2.2.7))
or if rephrased in Poincaré coordinates (2.1.11) simply flat Minkowski space. As a con-
sequence, the background is static and even flat, and there is reason to assume that
standard lattice techniques can be applied and independent computations become acces-
sible. Also, the gravitational side is under better control. There is work in the framework
of LQG, which already made progress in quantising spherically symmetric black hole in-
teriors [78, 80, 88, 198, 199]. Nevertheless, in LQG there is still no consensus about black
holes, which is addressed in the next chapter. This strategy will be pursued throughout

the remainder of this thesis and the focus will shift towards quantum black holes.
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ErFrrEcTIVE POLYMER BLACK HOLES

As argued in the last chapter, black holes are suitable candidates for generalising the
cosmological framework for studying holographic signatures of resolved singularities. Be-
side of this particular application, black holes are interesting objects in their own right.
Originally discovered by Schwarzschild [200] and perceived as purely theoretical objects,
it was later shown that they exist in nature and are part of modern astronomy [9, 10]. In
different approaches of understanding their nature, especially the horizon and the singu-
larity, important insights about quantum gravity were gained in the past. For example,
black hole thermodynamics and the holographic principle are based on semi-classical con-
siderations of black holes (cfr. Chpt. 3). Apart from cosmology, they are also explicit

examples of singular spacetimes predicted by GR.

As such, black holes are a perfect test bed to study physics beyond classical GR. A
further advantage is the high amount of symmetries, which allows analytic computations
in the classical and semi-classical regime. Due to this, black holes are of special interest
in all main approaches to quantum gravity as LQG [14-18|, string theory [13, 19-22],
AdS/CFT [23-28], as well as NCG [29-32] and related contexts [33-36]. In the following
the approach of LQG is applied.

Black holes were studied extensively within the field of LQG [18, 74-86], but there is
still a lack of agreement on a LQG-black hole model. This becomes obvious in recent
activities of the field [18, 78, 87, 88, 196, 197, 201], where also the work [3, 5, 6] belongs
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to, on which the following chapter is based.

For an application in the holographic setting, effective black hole models should be dis-
cussed in D-dimensions and negative cosmological constant. As the problem is not solved
for D = 4 and A = 0, this simpler case is examined first. Furthermore the focus lies on
effective (quantum corrected but classical) models, which is the first step in constructing
a physically sensible model. Following the lines of LQG and polymerisation as shown
in Chpt. 4, quantum effects are included by modifying the classical Hamiltonian before
quantising the system. The effective solutions are an intermediate step and an approxi-
mation, assuming that quantum spacetime can always be approximated by a metric over
a manifold. The validity of this approximation has to be studied as a next step. For the
application to holography in the sense of Chpt. 5, this effective level would already be

sufficient.

The Chapter is organised as follows: In a first instance, previous models of polymer
black holes are reviewed and criteria for the validity of black hole models are worked
out. In the next step, the classical canonical theory is reviewed in Sec. 6.2 and new
variables are introduced. This is the basis for the following investigation. A first new
model based on the polymerisation of these variables is introduced in Sec. 6.3. The
effective solution, the causal structure of the spacetime and the onset of quantum effects
are worked out in the Secs. 6.3.1-6.3.3. The obstruction of this first model are discussed
and again new variables are introduced to overcome these limitations in Sec. 6.4. In the
following subsections 6.4.1 and 6.4.2, the effective spacetime and the onset of quantum
effects within this second model are discussed. The chapter concludes with Sec. 6.5, where
achievements and limitations of the model are reviewed and an outlook on general future

directions is given.

6.1 PRrEvVIOUS POLYMER BLACK HOLE MODELS

Although there was much effort in constructing models of black holes based on LQG
techniques, there is no final consensus about them. To understand this better, previous
models are summarised here. On the basis of LQG, traditional formulations follow sym-
metry reduced Ashtekar-variables. As discussed in Sec. 3.1, the interior of a Schwarzschild
black hole is spherically symmetric and homogeneous, thus describing Kantowski-Sachs
cosmology. The standard formulation is in terms of the canonical pairs (b, p,) and (¢, p,).
Herein b and c¢ are related to the components of the symmetry reduced Ashtekar connec-

tion, and p, and p. are related to the symmetry reduced densitised triads (see e.g. [87]
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and Sec. 4.4)'. The line element takes the form

2

ds* = —NZ(T)dT? + %dﬁ + |pe(T)]d (6.1.1)
where L, is the length of the fiducial cell (cfr. Chpt. 4) and N7 is the Lapse function,
which is a Lagrange multiplier. Note that by identifying 7" = r and x = t, for r < r;
the Schwarzschild metric (3.1.1) takes exactly this form. The above line element is re-
stricted to the interior of the black hole. Outside, the spacetime is static and cannot
be treated by symmetry reducing the ADM-Hamiltonian of GR (see [95]). For the inte-
rior, a proper Hamiltonian formulation exists, where the canonical variables satisfy the

non-trivial Poisson brackets

{bapb} =7 5 {Capc} = 27 ’ (612)

with G = 1 and 7 the Barbero-Immirzi parameter (cfr. Sec. 4.4). The Hamiltonian

describing the system is given by

b 72
H=NrH , H=- (20pc+ <b+> pb> ~0. (6.1.3)
272sign(pe) /| pe| b

Solutions of the equations of motion lead to Schwarzschild spacetime. The next step is

the polymerisation according to the replacement (see e.g. [78, 79, 88])

in (4. in (dpb
oy Snle) o sin(0h) (6.1.4)
e 0
where 6, and §;, are the polymerisation scales controlling the onset of quantum effects?.
These polymerisation scales should be considered as phase space functions and should be
related to the Planck scale. In the regime where d.c, d,b are small, the classical behaviour

is recovered. In literature several different schemes were studied and classified as follows:

1. In the p,-scheme, polymerisation scales are chosen to be constant, so they are
independent of the phase space. A selection of p,-models is [74, 75, 79, 203, 204].

2. More generic, one can allow d., d, to be any phase space function of p, and p.,

Do not confuse b with the areal radius introduced in Sec. 6.2, they are entirely different objects.
Nevertheless, conventionally b is used for both without conflict, since it is used in different contexts. For
keeping these conventions, this double notation is used here.

2As in cosmology, different polymerisation functions are possible in addition to the sin-function (see
e.g. [59, 79, 83, 201, 202]).
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which is then called pi-scheme, as in [80, 81] (see also [198, 199] for the cosmological
Kantowski-Sachs setting).

3. A more recent development is provided by the so-called generalised p,-schemes
where d., d, are phase space dependent only through Dirac observables [18, 78, 87,
88].

The specification of polymerisation scales is a delicate procedure, which was executed
in the different work above, due to different arguments. Usually these arguments come
from full LQG and regard areas enclosed by a loop, similar as discussed in the case of

cosmology in Sec. 4.4. However, none of the above models were fully consistent.

Approaching the problem from a different angle, it is possible to raise the question of
when such a black hole model is acceptable. A first obvious requirement is the indepen-
dence of physical results of the fiducial cell L,. This was first achieved in [78]. Secondly,
quantum effects should be constrained to the “quantum regime” only. That means in
turn that the model should be in accordance with GR in a trustable regime. In the case
of black holes, the horizon of large black holes is considered as a strong gravity regime,
which has a valid description by GR. This classical regime can be classified by small (with
respect to Planck) curvatures and large distance scales (see [205]). The models [80, 81]
suffer from this feature, as quantum effects become large at the horizon, where the curva-
ture is small. As a last point, the curvature should become bounded by quantum effects
at a unique scale. It should not be possible to make the curvature (and matter densi-
ties) arbitrarily large by changing the system parameters, e.g. the masses. This would
contradict the universality of the relevance of quantum effects, which is expected from a
full theory of quantum gravity. Note that this universal bound was achieved in LQC (see
Sec. 4.2). The first model achieving this was presented in [87, 88]. Nevertheless, techni-
cal difficulties were seen in regards to the applied generalised p,-scheme [4]. Further, it
requires a careful analysis to argue that the asymptotic behaviour is in accordance with
the second condition. The spacetime is asymptotically flat, however, not in the standard
sense [206, 207].

In the following, different models are introduced, trying to meet the provided require-
ments. The main obstructions are quantum effects in the high curvature regime only and
the unique upper curvature bound. As in LQC, the search of a proper polymerisation
scheme is shifted towards finding suitable variables for describing the problem. As was
shown in Sec. 4.4, it is equivalent to find a phase space dependent polymerisation scheme

or to find variables where the same scheme has constant polymerisation scales.
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6.2 CANONICAL THEORY

The classical description of a Schwarzschild black hole was reviewed in Sec. 3.1. For a
quantisation or better polymerisation as presented in Sec. 4.2, it is required to formulate
a Hamiltonian framework for black holes. First of all, the assumption of a static and
spherically symmetric spacetime is made. A generic line element satisfying both of these
requirements is [208, 209]

ds* = —a(r)dt? + N(r)dr® + 2B(r)dtdr + b*(r)dQ32 , (6.2.1)

where a(r), N(r), B(r) and b(r) are some functions depending only on r®. This line

element can be substituted into the Einstein-Hilbert action (G = ¢ = 1)

1 4

which leads after a straightforward computation, up to boundary terms, to

1 T
Sgn = Z/dr L(a,b,n) , (6.2.3)

where the effective Lagrangian is given by

_ 716/6 7612
L(@,b,n) = 2L,V (a + 24 1) , (6.2.4)

n n

and primes denote derivatives with respect to r. The new quantity n is defined as

n(r) = a(r)N(r) + B*(r) , (6.2.5)

which is a Lagrange multiplier and reflects the gauge freedom of choosing different coor-
dinates r and ¢. The metric quantities N and B can be related to the lapse and shift of
the metric and thus are purely gauge. This is in accordance with n playing no physical
role. Further, a fiducial cell in the divergent t-direction was introduced. As discussed in
Sec. 4.1, due to the staticity of the system, the t-integral of the Einstein-Hilbert action
diverges, unless it is regularised by a fiducial cell, here of coordinate size L,. This fiducial

length L, in the Lagrangian (6.2.4) can be absorbed into the dynamical variables, leading

3Note that this ansatz is completely equivalent to Eq. (6.1.1), identifying the coordinates r = T" and
t = x as well as the metric components properly. Do not confuse b = component of Ashtekar connetion
with b = areal radius.
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to the smeared quantities
Lo Lo
\/‘:/ AtV = Lova \/a:/ AtVa = Lova .
0 0
— LO p— p—
b—b | B:/ AtB=1L,B .
0

The Lagrangian takes the new form

NS 12
La,b,n) = 2v/n (Cbnbb + “Z + 1) . (6.2.6)

The dynamical variable y/a measures the physical size of the fiducial cell and is coordinate
independent, as will be relevant below. This shows that L, is only the coordinate size of
the fiducial cell in t-coordinates and has to change when the coordinates change. A useful

quantity is thus the size of the fiducial cell at a given reference point 7.t

=L, Va

T=Tref

Z, = a

, (6.2.7)

T=Tref

which by construction is coordinate independent. Nevertheless, rescaling the fiducial cell
by a constant factor « leads to the rescaling .£, — a.%, and L, — «aL,. Note that %,
is coordinate independent, but completely fiducial, because it depends on the reference
point r.¢ and the fiducial length L,. In all physical quantities, both .Z, and L, have to
drop out.

Having the Lagrangian settled, the Hamiltonian is achieved by a Legendre transforma-

tion?. The canonical momenta are given by

OL  4ab' +2d'b oL

_ oL _ 0L _ sab + Zab _ 9 2.
DPa oa' \/ﬁ ) Dy ol \/ﬁ ’ DPn on’ 0 ) (6 8)

and the vanishing of p,, shows the existence of constraints, as expected. The Hamiltonian

4Note that this Hamiltonian is not the same as gained by symmetry reducing the usual ADM-
Hamiltonian of GR. The difference is the 3 + 1 split, which foliates spacetime in spatial slices. While
in the ADM-formulation this foliation is always timelike, this is not true in the present case. Here, the
normal to the foliation is o 9/ar, which is spacelike for the exterior region and thus can not be covered
by the ADM-Hamiltonian. In the interior, where 9/sr is timelike, the foliation is again timelike and both
descriptions coincide.
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is given by

2
Dapy QP
Hy = c A n cd — - ;- )
1= VnHa + Ap Hel 55 12

(6.2.9)

where the primary constraint p, =~ 0 is implemented via the Lagrange multiplier A(r).
The Dirac stability algorithm leads to the secondary constraint H. ~ 0, where it termi-
nates. As the equations of motion lead to n’ = {n, H} = A, the canonical pair (n,p,) is
completely arbitrary and can be removed from the phase space by treating n as arbitrary

Lagrange multiplier. The Hamiltonian equations of motion are

- i(5-%)

2 b2
Pa = \/5552
W = \/ﬁ% (6.2.10)
th= v (i )

where n is an arbitrary function which needs to be specified before solving the system. It
is possible to perform a canonical transformation, mapping the Hamiltonian Eq. (6.2.9) to

Eq. (6.1.3) in terms of connection variables, showing equivalence of the two descriptions
(cfr. [3]).

An important observation is the scaling behaviour of the canonical variables. When the
fiducial cell is rescaled by a constant factor L, — al,, the canonical variables transform

as

Vneayvn . a—adla , b—b o, pa—alp, , peap, (6.2.11)

due to their definitions in Eqs. (6.2.6) and (6.2.8). Obviously, physical quantities cannot
depend on fiducial structures, i.e. can only be dependent on b, a/.%?, Z,p, and p,/.%,.
It can be shown that the equations of motion (6.2.10) are invariant under fiducial cell

rescaling.

As discussed in e.g. [209], these equations of motion lead to the Schwarzschild solution
-1
of mass M in Schwarzschild coordinates for N(r) = (1 — %) (cfr. Eq. (3.1.1)). It is

nevertheless instructive to study their solutions and the solution strategy in more detail.

For doing so, a canonical transformation is performed to the variables polymerised in
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the following. The new variables are defined as

2 a Py apg
N :<_ )v
b 202 b3
s @ (6.2.12)
Vo = 2&62 s P2 = Pa

which satisfy the Possion brackets

{vl7pl}:1 ) {'UQ,PQ}:l,

while all other brackets vanish. Under fiducial cell rescaling these variables transform as

v — U1, Ugf—>0z2?}2 s P—aP s PQP—>OZ_1P2. (6213)

With these variables the Hamiltonian takes the particularly simple form

Hy=vnHa , Ha=3vPP,+ U2P22 —2=0. (6.2.14)

The corresponding equations of motion are thus given by

vy = 3v/nu Py (6.2.15a)
vh = 3v/nu Py + 2¢/nuy P (6.2.15b)
P = —3\/nP, P, (6.2.15¢)
Py = —\/nP; (6.2.15d)
Hey =301 PPy + 1P — 220, (6.2.15¢)

which can be easily solved by choosing the gauge /n = const. = %,. Integrating the
Eq. (6.2.15d) yields

1

Py(r) = NCCER

(6.2.16)

wh