
Cosmological and Black Hole Singularities in Effective
Loop Quantum Gravity and Holography

Dissertation
zur Erlangung des Doktorgrades

der Naturwissenschaften (Dr. rer. nat.)
der Fakultät für Physik

der Universität Regensburg

vorgelegt von

Johannes Münch

aus Gelnhausen

im Jahr 2020



Promotionsgesuch eingereicht am: 23. April 2020
Die Arbeit wurde angeleitet von: Dr. Norbert Bodendorfer



Dissertation advisor: Dr. Norbert Bodendorfer Johannes Münch

Cosmological and Black Hole Singularities in Effective Loop
Quantum Gravity and Holography

Abstract

Singularities occurring in cosmology and black holes denote the breakdown of classical General

Relativity (GR). The holographic principle and in particular the string theory based Anti-de

Sitter / Conformal Field Theory (AdS/CFT) correspondence allows on the one hand to transfer

the singularity problem into the language of Quantum Field Theory (QFT). On the other hand,

according to this strategy, quantum gravity predictions about singularities might be tested by

means of QFT simulations. Indeed, Loop Quantum Gravity (LQG), in particular the symmetry

reduced Loop Quantum Cosmology (LQC), allows to describe spacetime in the vicinity of the

classical singularity. Still, LQG is not formulated as a holographic theory, thus this thesis

addresses how LQG can be meaningfully embedded into the AdS/CFT framework and how

this embedding could be tested. Besides a possible strategy to test quantum gravitational

predictions, this further allows to gain insights into the connection of different approaches, such

as LQG, holography, and string theory. For this purpose, the role of cosmological singularity

resolution within AdS/CFT is discussed in this thesis. In order to do so, the effect of LQC

quantum corrections on finite distance poles in the dual field theory correlators is examined. As

will be revealed, the divergences are resolved and an example of improved holographic behaviour

due to LQC effects is found. It is argued that black holes provide a suitable framework for

further tests. Consequently, effective quantum models are discussed in the last part of the

thesis. As black holes are still an open research problem within LQG literature, the main focus

lies on four dimensional models without cosmological constant as a starting point for further

investigations. Quantum corrections are introduced along the lines of LQC. Herein, as new

strategy, two sets of variables related to the Kretschmann scalar are introduced, allowing to

constrain the onset of quantum effects in the high curvature regime. Physical properties as

the singularity resolution, the causal structure, and the unique curvature bound are discussed

in detail. Finally, an outlook is given on the possible generalisation of these models to arbitrary

dimensions and to negative cosmological constant, placing them in the context of AdS/CFT.
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Singularitäten in der Kosmologie und schwarzen Löchern
innerhalb von effektiver Schleifenquantengravitation und

Holographie

Zusammenfassung

Singularitäten, die in der Kosmologie und in schwarzen Löchern auftreten, bedeuten den Zu-

sammenbruch der klassischen Allgemeinen Relativitätstheorie. Das holographische Prinzip und

speziell die auf String Theorie basierte Anti-de Sitter / Conformal Field Theory (AdS/CFT)

Korrespondenz erlaubt auf der einen Seite, das Problem von Singularitäten in die Sprache von

Quantenfeldtheorie (QFT) zu übersetzen. Auf der anderen Seite könnten nach dieser Strategie

Vorhersagen der Quantengravitation über Singularitäten mittels QFT Simulationen getestet

werden. Tatsächlich erlaubt die Schleifenquantengravitation (SQG), speziell die Symmetrie-

reduzierte Schleifenquantenkosmologie (SQK), die Beschreibung der Raumzeit in der Umge-

bung der klassischen Singularität. Dennoch ist SQG nicht als holographische Theorie definiert

und daher befasst sich diese Arbeit damit, wie SQG sinnvoll in den Rahmen von AdS/CFT ein-

gebettet werden kann und wie diese Einbettung getestet werden könnte. Neben einer möglichen

Strategie, Vorhersagen der Quantengravitation zu testen, erlaubt dieses Vorgehen Einblicke

in den Zusammenhang zwischen verschiedenen Ansätzen, wie SQG, Holographie und String

Theorie. Daher wird in dieser Arbeit die Rolle von behobenen kosmologischen Singularitäten

innerhalb von AdS/CFT diskutiert. Folglich wird der Effekt von SQK-Quantenkorrekturen auf

endliche Distanz-Pole in Korrelatoren der dualen Feldtheorie untersucht. Es stellt sich heraus,

dass die Divergenzen behoben werden und somit ein Beispiel für verbessertes holographisches

Verhalten durch SQK-Effekte gefunden wurde. Es wird argumentiert, inwiefern schwarze Lö-

cher ein geeigneter Rahmen für weitere Tests sind. Folglich werden effektive Quantenmodelle

im letzten Teil der Arbeit diskutiert. Da schwarze Löcher immer noch eine offene Forschungs-

frage in der SQG-Literatur sind, liegt der Hauptfokus auf vierdimensionalen Modellen ohne

kosmologische Konstante, die einen Startpunkt für weitere Untersuchungen liefern. Quanten-

korrekturen werden im Sinne von SQK eingeführt. Hierbei werden als neue Strategie zwei Sets

an Variablen eingeführt, die mit dem Kretschmannskalar zusammenhängen und so erlauben,
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Quanteneffekte auf den Bereich hoher Krümmungen zu beschränken. Physikalische Eigen-

schaften wie die Behebung der Singularität, die kausale Struktur und die universelle obere

Grenze für die Krümmung werden in Einzelheiten diskutiert. Schließlich wird ein Ausblick auf

die Verallgemeinerung dieser Modelle zu beliebigen Dimensionen und negativer kosmologischer

Konstante gegeben, womit diese wieder in den Kontext von AdS/CFT platziert werden.
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1
Introduction

The modern understanding of gravitation is based on Einstein’s theory of General Rela-
tivity (GR) [7, 8], which was presented already over 100 years ago. Since then, the theory
has been tested repeatedly and still correctly describes the outcome of modern gravi-
tational wave and imaging experiments [9, 10]. Nevertheless, this extremely successful
theory generically predicts singularities under reasonable assumptions for matter [11, 12],
which still challenges modern research. Due to these singularities and the breakdown
of the predictability of GR, the origin of the universe and the behaviour inside astro-
physical objects, such as black holes are not clear. This has raised much interest in the
past and it is assumed that a combined description of quantum physics and GR solves
the puzzles about these singularities, see e.g. [13, 14]. Hence, several approaches for a
theory of quantum gravity have been developed in the past, but there is no final answer
yet. Singularities have been studied in Loop Quantum Gravity (LQG) [14–18], string
theory [13, 19–22], Anti-de Sitter / Conformal Field Theory (AdS/CFT) [23–28], as well
as Non-Commutative Geometry (NCG) [29–32] and related contexts [33–36].

Along the lines of the semi-classical analysis of black holes, new phenomena at the
interplay of gravitational and quantum physics were discovered in the past. This led in
particular to the development of black hole thermodynamics [37–41] and later to the holo-
graphic principle [42–45]. Moreover, a concrete realisation of the holographic principle,
the so-called AdS/CFT correspondence, was formulated by Maldacena [44], who conjec-

1



CHAPTER 1. INTRODUCTION

tured a dynamical duality between quantum gravity and Quantum Field Theory (QFT)
in one spatial dimension less. Strictly speaking, the AdS/CFT correspondence assumes
string theory in asymptotic Anti-de Sitter (AdS) space as quantum gravity theory and
a Conformal Field Theory (CFT) as a particular kind of a QFT. Along the lines of
this conjecture, quantum gravity can be equivalently formulated in terms of an ordinary
QFT, which is a highly developed branch of physics. Furthermore, this duality is weak to
strong, meaning that a difficult problem on one side becomes easy on the other side and
vice versa. On top of that, the AdS/CFT correspondence allows for a new strategy to
analyse the fate of a singularity: The gravitational problem can be translated into the dual
QFT and computations can be performed there by using the well-developed tools known
in quantum physics. Nevertheless, this strategy is not developed extensively enough to
produce satisfactory answers. On the one hand, this correspondence is so far only a con-
jecture, though well-motivated and with a high amount of evidence. On the other hand,
the precise formulation and the evidence holds only in the so-called weak regime, where
gravity is effectively classical. As there is no independent non-perturbative definition of
string theory [44, 46, 47], it is difficult to formulate the so-called strong conjecture, which
includes the quantum gravity regime, and thus the problem of singularities can only be
addressed partially.

Besides string theory, there are many other approaches to a quantum theory of gravity,
one of them being LQG. As a non-perturbative and background independent approach,
it is assumed that LQG resolves the classical singularities and has the potential to answer
the mysteries of the beginning of the universe and of the inside of black holes. Although
several formulations of LQG exist, such as in the Hamiltonian framework [48, 49], via
path integrals [50] and also in terms of group field theory [51], no concluding progress
has been made on the level of the full theory. In contrast, in the context of symmetry
reduced models [52–64], progress has been made and moreover, qualitative consensus
has been reached in the context of cosmology. The symmetry reduced Loop Quantum
Cosmology (LQC) models the behaviour of the universe close to the big bang singularity
and replaces it with a big bounce. Even more, conceptual problems could be resolved,
see e.g. [65] and phenomenological effects were worked out [66, 67]. Nevertheless, there
are many assumptions and ambiguities in constructing the quantum cosmological models
and the field is still part of active research as recent discussions show [68]. Despite the
symmetry reduced setup of cosmology paving the way for possible observations, there is
no evidence that quantum gravity effects can be measured in the near future and thus
there is no experimental data supporting or ruling out individual models.

At this point, the approaches of string theory and LQG might profit from an exchange
of techniques. On the one hand, LQG can answer the question of singularities in the
symmetry reduced context, which is difficult within string theory. On the other hand, the
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AdS/CFT correspondence gives an opportunity to test quantum gravity predictions. If the
conjecture holds true, the gravitational prediction about singularities can be translated
into the dual QFT and tested there with an independent computation [69, 70]. This allows
at least hypothetically to support or rule out certain approaches. Nevertheless, string
theory and LQG are independent approaches and their relation is not clear. Moreover, it
is not clear if LQG and the result of singularity resolution can be meaningfully embedded
into the context of the AdS/CFT correspondence. In fact, there are considerations of a No
Transmission Principle (NTP) [27, 28], which argue against singularity resolution within
the AdS/CFT correspondence. The aim of this thesis is exactly to address the question
of how LQG and its feature of singularity resolution is compatible with the principles of
AdS/CFT, and how this can be tested.

This problem is approached in three parts. In the first part, introductory material is
presented. In chapter 2, AdS space and different interpretations are recalled. Further in
section 2.2, properties of AdS space are worked out, which are central for the realisation
of the holographic principle. The chapter closes with a discussion of the boundary space
of AdS space in section 2.3, which will be relevant for later considerations. The follow-
ing chapter 3 gives a motivation for the holographic principle at the example of black
holes. As further black holes will be central in the third part of the thesis, section 3.1
recalls properties of classical black holes as the horizon and the curvature singularity.
Based on this overview of classical black holes, semi-classical considerations are added
in section 3.2, leading to the laws of black hole thermodynamics and the formulation of
the holographic principle. The central statements and the mathematical formulation of
the AdS/CFT correspondence, a particular realisation of the holographic principle, are
collected in section 3.3. Furthermore, the different regimes and approximations of the
AdS/CFT conjecture are put into context, which leads to the notion of weak and strong
duality. The chapter closes with an outlook on the more general notion of gauge/gravity
duality in section 3.4, where the possible relation to LQG is discussed. As already stated
above, particular progress in LQG has been made in the context of symmetry reduced
models, strictly speaking in the framework of cosmology, which is reviewed in chapter 4.
The chapter begins with an introduction to the canonical formulation of classical cosmol-
ogy in section 4.1. Further, the analysis of constraints, solution strategies for constrained
systems, and the classical big bang singularity are examined, which sets the grounds for
the later discussions of black holes. As next step, classical polymerisation is introduced
and discussed in section 4.2. Herein, central focus lies on the polymerisation strategies,
the singularity resolution, and the discussion of this kind of approximation. The concept
of polymerisation becomes more natural in the discussion of the full quantum theory of
cosmology, which is presented in section 4.3. It is presented how the quantum theory
can be constructed and to which extend the approximation of classical polymerisation

3
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can be justified. Apart from that, these considerations are put in context to full LQG in
section 4.4, where the central ideas of LQG are reviewed and a connection to the previous
construction of LQC can be made. It is demonstrated how the techniques of polymeri-
sation are motivated by LQG and it is discussed in which sense LQC is related to LQG.
This closes the first part of the thesis and finishes the review of introductory material.

New research is first presented in the second part of the thesis, where in chapter 5 the
holographic signatures of resolved cosmological singularities are studied. The chapter is
based on the preceding work [71, 72] and a companion paper [73], whose setup is reviewed
in section 5.1. Using the AdS/CFT correspondence, the equal-time two-point correlator of
the dual field theory can be computed on the gravitational side by determining the length
of a spacelike geodesic attached to the boundary of the anisotropic version of AdS space,
also used in the preceding work [71, 72]. Moreover, it is argued that the classical singularity
in this anisotropic Kasner-AdS cosmology is holographically dual to a finite distance pole
in the equal-time two-point correlator of the dual CFT. Further, in section 5.2, the result
of [73] is reviewed, where the metric is quantum corrected by means of LQC, and the
singularity, as well as the two-point correlator finite distance pole are both resolved in this
case. The simplifications of this previous work are discussed in section 5.3. In addition,
it is argued why in a first step the scale of quantum effects should be adjusted and why
in a second step, also so-called Kasner transitions should be taken into account to gain
more evidence in the preceding work [73]. Furthermore, it is discussed that omitting these
simplifications does not allow an analytical computation of the geodesic length any more,
and the numerical solution strategy is discussed in detail in section 5.4. The particular
improved metrics for each of the steps to make the model more realistic are separately
discussed in section 5.5. Furthermore, a detailed discussion of Kasner transition models
and their limitations is presented in section 5.5.2. Using numerical techniques, the results
of the gravitational computation for the two-point correlator are presented and analysed.
The chapter concludes in section 5.6 with a discussion of the achievements and limitations
of this framework.

Analysing the limitations of the previous framework in detail, the conclusion is drawn
that black holes in higher dimension and with negative cosmological constant are a better
suited framework to study holographic signatures of resolved singularities, which leads
to the third part of the thesis. Even though previously a lot of effort has been put into
describing black holes consistently within LQG [18, 74–88], no consensus has been achieved
so far. Because of this, a step back is taken and the focus is shifted to four dimensional
black hole models without cosmological constant in chapter 6. In a first instance, previous
models of so-called polymer black holes, inspired by LQG techniques already discussed in
section 4, are reviewed in section 6.1. On top of that, it is examined which requirements a
quantum black hole model should satisfy to lead to reasonable phenomenology. It is argued
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that a central criterion is an unique upper bound of the curvature invariants. As a first
step, the canonical formulation of spherically symmetric and static black holes is presented
in section 6.2, where new variables are introduced to approach the problem of polymer
black holes in a next step. Besides, the new variables are interpreted and it is argued that
the application of the polymerisation technique could allow to meet the initially defined
criteria. Consequently, the model is constructed and solved in section 6.3. The resulting
effective spacetime is discussed, its causal structure worked out, and it is assessed if an
unique upper curvature bound can be achieved. The limitations of this model are discussed
and it is argued that they might be overcome by using the polymerisation scheme defined
by the second set of new variables introduced in section 6.4. This second polymerised
model is constructed and solved. This is followed by a detailed discussion of the causal
structure of the resulting spacetime and of the boundedness of the curvature invariants in
sections 6.4.1 and 6.4.2. In the conclusions, section 6.5, achievements and limitations,
as well as further directions are discussed. Finally, an outlook is given in section 7
on how the previously introduced black hole models could be generalised to arbitrary
dimensions and negative cosmological constant. This way the models are generalised so
that they are suitable for a holographic analysis. Therefore, it is examined how the two
generalisation steps, higher dimensions and inclusion of a non-zero cosmological constant,
can possibly be done by pointing out obstructions, as well as possible solution strategies.
The thesis concludes in chapter 8 by summarising the results, discussing achievements and
limitations, and giving an outlook on future research directions. This includes the critical
examination of the initial question, to which extent LQG techniques can be applied to
the framework of AdS/CFT and how this can be tested.

Additional material is presented in the Appendix. Conventions and notations used
throughout this thesis are collected in appendix A. Supplementary definitions are recalled
in appendix B.
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Introductory Material
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2
Anti-de Sitter-Space and its

Boundary

One of the most important developments of modern theoretical physics is the holographic
principle. The most concrete realisation thereof is the AdS/CFT correspondence (cfr.
Sec. 3.3) introduced by Maldacena [44]. In this section AdS space is introduced and its
properties, which make it suitable for holographic considerations are discussed.

2.1 Anti-de Sitter-Space

AdS can be viewed from different perspectives. First, the embedding picture is discussed.
Consider the smooth metric manifold (Mq+1,p, η) where Mq+1,p 'diff Rp+q+1 and it is
equipped with the flat Minkowski metric η of signature (q + 1, p). Mq+1,p is maximally
symmetric and has the isometry group SO(q + 1, p). Then AdS(q, p) of radius L can be
defined as (cfr. [89])

AdS(q, p) :=

x ∈Mq+1,p | − (x0)2 −
q∑
i=1

(xi)2 +
q+p∑
i=q+1

(xi)2 = −L2

 . (2.1.1)

As such AdS(q, p) is an orbit (see Def. B.1 in App. B) of SO(q+1, p). Further, SO(q+1, p)

7



2.1. ANTI-DE SITTER-SPACE

acts freely and transitive on each orbit, AdS(q, p) is isomorphic to this group. For physics
the relevant case is q = 1, p = d, which has d + 1 spacetime dimensions. Further the
abbreviation

AdS(d+ 1) := AdS(1, d)

is defined. Given an embedding e : AdS(d + 1) −→ M2,d a metric can be induced on
AdS(d + 1) via the pull back gAdS = e∗η. The AdS(d + 1) condition (2.1.1) can be
rephrased as

d∑
i=1

(xi)2 + L2 = (x0)2 + (xd+1)2 , (2.1.2)

which shows that the two timelike coordinates (x0, xd+1) have the geometry of a circle of
radius

√∑d
i=1(xi)2 + L2. Further, the spatial coordinates lie on a d − 1-sphere of radius√

(x0)2 + (xd+1)2 − L2. This makes explicit that AdS(d + 1) is fully connected. Another
rewriting of the embedding condition is

−(x0)2 − (xd+1)2 +
d∑
i=1

(xi)2 = −L2 . (2.1.3)

Parametrising the timelike coordinates by means of their radius R and the angle τ , i.e.
x0 = R sin(τ) and xd+1 = R cos(τ) (see later Eq. (2.1.5)), this condition becomes

−R2 +
d∑
i=1

(xi)2 = −L2 . (2.1.4)

For each τ = const. slice this is nothing else than the embedding condition of hyperbolic
space Hd inM1,d (see [90] and Def. B.2 in App. B). Further, the hyperbolic radius of each
τ = const.-slice is L and τ independent. This is discussed and shown explicitly in more
details below (cfr. Eq. (2.1.5) and Fig. 2.2 (b)).

To make this geometry explicit, several useful coordinates are introduced in the follow-
ing. Of particular interest is the static slicing, which provides a set of global coordinates
(t, r, θ1, . . . θd−1) of AdS(d+ 1) defined by
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2.1. ANTI-DE SITTER-SPACE

0

2

-2

4

0

x
d

+
1

global coordinates

2

x
i

0

2

x
0

-2
-2 -4

Figure 2.1: AdS space parametrised by global coordinates (τ, ρ, θi). Red circles are con-
stant ρ-slices, while blue lines are constant τ -slices. Each blue line is a copy of hyperbolic
space with hyperbolic radius L = 1. At each point a d − 1-sphere is attached. The black
lines show lightlike geodesics.

x0 =
√
L2 − r2 sin

(
t

L

)
,

xd+1 =
√
L2 − r2 cos

(
t

L

)
,

xi = rzi(θ1, . . . , θd−1) , 1 ≤ i ≤ d , (2.1.5)

where zi are the components of a parametrisation of the unit sphere Sd−1. The line
element of the induced metric gAdS takes the form

ds2 = −
(

1 + r2

L2

)
dt2 +

(
1 + r2

L2

)−1

dr2 + r2dΩ2
d−1 , (2.1.6)

where dΩ2
d−1 is the line element of the round metric of Sd−1. This global parametrisation

makes particular use of Eq. (2.1.2) and uses the coordinate t as angle parameter of the
timelike (x0, xd+1)-circle. In this sense AdS(d+ 1) allows closed timelike curves, although
usually the coordinate t is de-compactified [89], i.e. the topology is changed form a circle
to the real line S1 7→ R. Closely related to this coordinate system are the coordinates
(τ, ρ, θ1, . . . θd−1)
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Figure 2.2: (a) shows the Poincaré disc, which is a realisation of 2d hyperbolic space.
Via a projection H2 is mapped into the open ball BL(0) of radius L. The black lines are
samples of geodesics in hyperbolic geometry. (b) visualises AdS space as a cylinder. As
the hyperbolic radius L of the τ = const. surfaces remain the same for all τ , the radius
L of each Poincaré disc remains the same. In the embedding picture the τ direction has
topology S1 (τ ∈ [0, 2π)) and the upper and lower part of the cylinder have to be identified.
It is also possible to unwrap this direction and continue the cylinder infinitely, leading to
the topology R×Hd. For both plots it is L = 1.

x0 = L cosh(ρ) sin (τ) ,

xd+1 = L cosh(ρ) cos (τ) ,

xi = L sinh(ρ)zi(θ1, . . . , θd−1) , 1 ≤ i ≤ d , (2.1.7)

which are equivalent to Eqs. (2.1.5) for τ = t/L and r = L sinh(ρ). The line element then
takes the form

ds2 = L2
(
− cosh(ρ)2dτ 2 + dρ2 + sinh(ρ)2dΩ2

d−1

)
, (2.1.8)

and makes the hyperbolic structure of AdS(d + 1) visible. Indeed, for τ = const. the
line element reduces to the metric of hyperbolic space Hd and each slice has the same
hyperbolic radius L. This can also be seen by inserting x0 and xd into Eq. (2.1.2).
Fig. 2.1 visualises these coordinates.

These coordinates give rise to another visualisation of AdS(d+ 1). As indicated above
is each slice with t, τ = const. a copy of hyperbolic space Hd, i.e. topologically it is
AdS(d + 1) 'top S1 × Hd. As argued (cfr. [89]), the t-circle can be unwrapped and the
topology R × Hd is achieved. One way of visualising Hd is the Poincaré ball model [90],
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Figure 2.3: AdS space parametrised by Poincaré coordinates. Red lines are constant r-
slices and blue lines constant t-slices. Poincaré coordinates do not fully cover AdS space.
There is a lightlike plane intersecting AdS(d+1) space which is asymptotically approached
for r → 0. The other side is covered by negative r.

which is the projection of a hyperboloid onto a d-dimensional ball. The Poincaré-disk
(d = 2) is visualised in Fig. 2.2 (a). Moving from one constant t-slice to another does
not change the hyperbolic radius L, nor the radius of the Poincaré ball. This leads to a
cylinder depiction of AdS(d+ 1), which is shown in Fig. 2.2 (b).

Another commonly used parametrisation of (the half of) AdS(d + 1) is the Poincaré
patch. It is defined by

x0 = L2

2r

(
1 + r2

L4

(
d−1∑
i=1

(yi)2 − t2 + L2
))

,

xi = ryi

L
, 1 ≤ i ≤ d− 1 ,

xd = L2

2r

(
1 + r2

L4

(
d−1∑
i=1

(yi)2 − t2 − L2
))

,

xd+1 = rt

L
, (2.1.9)

where yi is a set of Cartesian coordinates, t ∈ R and r > 0. The line element in these
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2.1. ANTI-DE SITTER-SPACE

coordinates takes the form

ds2 = L2

r2 dr2 + r2

L2

(
−dt2 +

d−1∑
i=1

(dyi)2
)

(2.1.10)

As the name suggests these coordinates cover only a patch of AdS(d + 1), which can be
seen by computing

x0 − xd = r > 0 .

The lightlike surface x0 − xd = 0 divides AdS(d + 1) in the two region r > 0 and r < 0.
The coordinates defined in Eq. (2.1.9) describe only the patch for positive r, whereas
another patch is needed for negative r. The situation is visualised in Fig. 2.3. At r = 0
is a Killing Horizon (see Def. B.4 in App. B) of the metric (2.1.10). A commonly used
coordinate is z = L2/r which brings the metric conformally in Minkowski form

ds2 = L2

z2

(
−dt2 +

d−1∑
i=1

(dyi)2 + dz2
)
. (2.1.11)

These coordinates will be of particular interest later on.

In the next step, further properties of AdS(d+ 1) and its relation to GR are discussed.
As argued above and as Eq. (2.1.1) shows, AdS(d + 1) has the isometry group SO(2, d).
The group SO(2, d) contains d(d− 1)/2 independent rotations (cfr. [91]), 2d independent
boosts (d boosts for each timelike dimension) and one more rotation in the timelike
directions, leading to [92]

dim (SO(2, d)) = d(d− 1)
2 + 2d+ 1 = (d+ 1)(d+ 2)

2

independent symmetries. This is the maximal number of symmetries, which a d + 1-
dimensional space as AdS(d+1) can have (cfr. [91]). Another way to see this is computing
the Riemann curvature tensor, the Ricci tensor and the Ricci scalar in any parametrisa-
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tion, leading to (cfr. [89, 92])

Rµναβ = − 1
L2 (gµαgνβ − gναgµβ) , (2.1.12a)

Rµν = − d

L2 gµν , (2.1.12b)

R = −d(d+ 1)
L2 . (2.1.12c)

It can be seen that the curvature is constant everywhere in spacetime. This shows again
that AdS(d+ 1) is maximally symmetric.

A last way of interpreting AdS(d + 1) is as a solution of vacuum Einstein equations
with negative cosmological constant. The Einstein equations with cosmological constant
Λ are

Rµν −
R

2 gµν + Λgµν = 0 , (2.1.13)

from which by contraction

R = 2(d+ 1)
d− 1 Λ

can be deduced. This equation is exactly satisfied for AdS(d + 1) (cfr. Eq. (2.1.12c)) of
AdS-radius

L2 = −d(d− 1)
2Λ ⇔ Λ = −d(d− 1)

2L2 . (2.1.14)

This can only be true for Λ < 0. Inserting the AdS(d + 1)-metric, e.g. Eq. (2.1.6) into
the Einstein equations (2.1.13) proves that these equations are solved1 for the AdS-radius
of Eq. (2.1.14).

1A particular interesting setting is cosmology with Λ < 0, which of course has in vacuum AdS(d+1) as
a solution compatible with the above discussion. In turn, a parametrisation exists of AdS(d+ 1) starting
with Eq. (2.1.1), which brings the line element in Friedmann-Lemaítre-Robertson-Walker (FLRW)-form.
For hyperbolic slicing (k = −1) the scale factor is a(t) = L cos(t/L) with cosmological time t. As it is
not important in the following, this parametrisation is not stated here.
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2.2. PROPERTIES OF ADS(D + 1)

In summary:

AdS(d+ 1) of radius L is a maximally symmetric space with SO(2, d) as isometry
group and constant negative curvature. AdS(d+ 1) solves the Einstein equations

with negative cosmological constant Λ = −d(d−1)
2L2 .

2.2 Properties of AdS(d+ 1)

In the following it is presented in detail why this space is so special and which properties
it has to make it suitable for holographic descriptions. For this purpose, the global coor-
dinates (2.1.5) are especially useful and the metric in the form of Eq. (2.1.6) is used. The
causal structure of AdS(d + 1) can be understood by studying radial lightlike geodesics.
These satisfy

ds2 = 0 = −
(

1 + r2

L2

)
dt2 +

(
1 + r2

L2

)−1

dr2 , (2.2.1)

which is solved for

t = ±
∫ r dr′

1 + r′2

L2

= ±L arctan
(
r

L

)
+ C ⇐⇒ r = ±L tan

(
t− C
L

)
, (2.2.2)

with integration constant C. Observe that r → ±∞ is reached in finite coordinate time
t = ±Lπ

2 +C. A lightlike geodesic is hence a straight line inM2,d labelled by their angle in
the x0 − xd+1-plane and the angle in Sd−1 and attached to the hyperboloid (see Fig. 2.1).

Of further interest are radial timelike geodesics, which minimise the length functional

S[x, ẋ] =
∫

dλ

√√√√(1 + r2

L2

)
dt
dλ

2
−
(

1 + r2

L2

)−1 dr
dλ

2
. (2.2.3)

For λ the affine parameter (
√(

1 + r2

L2

)
dt
dλ

2 −
(
1 + r2

L2

)−1 dr
dλ

2 = 1) the variation of the
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2.2. PROPERTIES OF ADS(D + 1)

length functional leads to the Euler-Lagrange equations

(
1 + r2

L2

)
ṫ2−

(
1 + r2

L2

)−1

ṙ2 = 1 , (2.2.4a)(
1 + r2

L2

)
ṫ = const. , (2.2.4b)

r̈ + r

L
= 0 , (2.2.4c)

where the dot denotes the derivative with respect to the affine parameter λ. Eq. (2.2.4c)
shows that a massive particle in AdS(d+ 1) behaves like moving in a harmonic potential.
Defining ε = −

(
1 + r2

L2

)
ṫ by using Eq. (2.2.4b) and inserting this into Eq. (2.2.4a) gives

ṙ2 + r2

L2 = ε2 − 1 , (2.2.5)

which is the “energy” function of a classical harmonic oscillator of energy ε2−1. Solutions
of these equations describe in the phase space (r/L, ṙ) circles of radius

√
ε2 − 1. This shows

that a massive particle, no matter how much energy it has, will never reach r → ±∞. A
particle is hence always bounded in the interior and cannot even “escape” from AdS(d+1)
in the limit t → ∞. This is clearly different from asymptotically flat spacetimes as
Minkowski space or the Schwarzschild black hole, where radii can become arbitrary large
in infinite time.

This leads to the central conclusion:

AdS(d+ 1) behaves like a harmonic potential preventing any massive particle to
escape, as this would cost infinite energy. AdS(d+ 1) behaves naturally as a box.

Note that light can escape AdS(d + 1) even in finite coordinate time t. Nevertheless,
this costs infinitely much energy as can be seen from the redshift (similar to [93])

νf
νi

=

√√√√√1 + r2
i

L2

1 + r2
f

L2

rf→∞−−−−→ 0 , (2.2.6)

(νi is the initial frequency and νf the final observed one) which vanishes for rf → ∞2.
The surface r →∞ can hence be considered as infinite-redshift surface.

As a last point, the Penrose diagram of AdS(d + 1) will be constructed. For this

2Note that the redshift is defined as z = νi/νf − 1 (cfr. [93]), which diverges.
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2.3. THE BOUNDARY ∂ADS(D + 1)

purpose, global coordinates from Eq. (2.1.7) are used as the starting point. Furthermore,
θ is introduced by tan(θ) = sinh(ρ). While ρ ∈ [0,∞), the range of θ ∈ [0, π/2) is
bounded. The metric takes the form

ds2 = L2

cos(θ)2

(
−dτ 2 + dθ2 + sin(θ)2dΩ2

d−1

)
, (2.2.7)

which is (up to the conformal factor) the metric of the so-called Einstein static universe
[89]. This chart is still global and lightlike geodesics satisfy τ = ±θ + const., i.e. they
are 45◦ lines in a (τ, θ)-plot. Plotting (τ, θ) is nothing else than the Penrose diagram of
AdS(d + 1), which is depicted in Fig. 2.4. From the Penrose diagram it is easily visible
that the conformal boundary (see next section) is located at θ = π/2 and is timelike.
This is another crucially important property making AdS(d+ 1) suitable for holographic
considerations.

2.3 The Boundary ∂AdS(d+ 1)

The metric manifold AdS(d + 1) is not a manifold with a boundary in the standard
(topological) sense. In this section the notion of a conformal boundary is introduced and
the properties of the conformal boundary of AdS(d+ 1) are discussed.

Following the ideas of Penrose [94], the first ingredient is the conformal embedding

-1.5 -1 -0.5 0 0.5 1 1.5
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Penrose Diagram

Figure 2.4: Penrose diagram of AdS(d + 1) with Sd−1 attached to each point. Neg-
ative values of θ correspond to the a parity transformation in the Sd−1 part. Note that
τ ∈ [0, 2π), but τ can also be considered as unwrapped, which leads to an infinite extended
diagram.
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2.3. THE BOUNDARY ∂ADS(D + 1)

defined as:

Definition 2.3.1 (Conformal embedding):
Given two Riemannian (Lorentzian) manifolds (M, g) and (M̃, g̃), a conformal embedding
is a map Φ : M −→ M̃ , which is an embedding, i.e.

i) Φ maps into a larger manifold: Φ(M) ( M̃ ,

ii) Φ : M −→ Φ(M) is a diffeomorphism,

and preserves the causal structure, i.e.

Φ∗g̃ = χg , χ ∈ C∞(M) .

In the case of AdS(d + 1), such a map is easily constructed in the coordinates of the
Einstein static universe (cfr. Eq. (2.2.7)). A particular embedding can be realised by
a map to M̃ = R × [−π, π] × Sd−1, which is equipped with the metric g̃µνdxµdxν =
−dt2 + dr2 + sin(r)2dΩ2

d−1. The map is then simply defined by

Φ : AdS(d+ 1) −→ M̃ , (τ, θ, θi) 7−→ (t, r, θi) , (2.3.1)

and the conformal factor is χ = L2/cos(θ)2. The conformal boundary is then defined as
follows:

Definition 2.3.2 (Conformal boundary):
Let (M, g), (M̃, g̃) be two Riemannian (Lorentzian) manifolds and Φ : M → M̃ a con-
formal embedding. The conformal boundary of M is defined as

∂M := ∂ (Φ(M)) ⊂ M̃ ,

where ∂ on the right hand side is the topological boundary in M̃ .

Due to this definition, the conformal boundary ∂AdS(d + 1) is the solid black line in
the Penrose diagram Fig. 2.4. ∂AdS(d + 1) can be naturally equipped with the induced
metric of M̃ on that boundary. Note that this metric is only defined up to conformal
transformation as the conformal embedding is not unique.

The construction of the conformal boundary depends on several choices and one has to
make sure that all drawn conclusions are independent of this. More precise and indepen-
dent of the explicit embedding is a definition of the boundary in terms of geodesic rays.
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2.3. THE BOUNDARY ∂ADS(D + 1)

For hyperbolic space Hd this is discussed in detail in [90]. Nevertheless, in Lorenzian
spacetimes this discussion does not apply, as there is no Riemann distance function. The
idea is as follows: The information of the conformal boundary ∂AdS(d+1) (black lines in
Fig. 2.4) can be equally repharsed in terms of lightlike, spacelike and timelike geodesics.
Here all geodesics terminating in the same boundary point are collected in equivalence
classes, so-called geodesics rays.

Definition 2.3.3 (Geodesic ray):
Let γ1, γ2 : R −→ M be two geodesics in AdS(d + 1). Given a conformal embedding
Φ : M −→ M̃ , two geodesics are defined to be equivalent if

γ1 ∼ γ2 :⇐⇒ lim
λ→∞

Φ (γ1(λ)) = lim
λ→∞

Φ (γ2(λ))

A geodesic ray is one equivalence class [γ].

This definition is effectively independent of the conformal embedding Φ as all embedding
spaces have to be related by a conformal transformation. The topological property of
two points being equal is thus preserved and the equivalence classes remain preserved and
well-defined for any conformal embedding.

It is possible to define further the geodesically compactified boundary.

Definition 2.3.4 (Geodesically compactified boundary3):
The geodesically compactified boundary of AdS(d+ 1) is then the set of rays:

AdS∞(d+ 1) := {[γ] | γ is a geodesic in AdS(d+ 1)} . (2.3.2)

AdS(d + 1) has the special property that all rays have a radial lightlike representative.
As discussed, timelike geodesics remain inside AdS(d+1) and do not reach the boundary,
i.e. have no concrete end point. Spacelike geodesics do run towards the boundary but
their endpoints always coincide with a lightlike geodesic (cfr. Fig. 2.4). The points of the
conformal boundary ∂AdS(d+1) can thus be labelled by lightlike geodesics on AdS(d+1).
From this follows the conclusion

AdS∞(d+ 1) ' ∂AdS(d+ 1) .

Defining the boundary in terms of geodesic rays explicitly shows that the geodesically com-
catified boundary is independent of the choice of the embedding. Due to the identification

3For hyperbolic space this definition is discussed in [90]
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2.3. THE BOUNDARY ∂ADS(D + 1)

of both notions, also the conformal boundary is independent of the chosen embedding.
The geodesic picture allows to speak about the boundary of AdS(d+ 1) more abstractly
and it is not necessary to refer to any larger manifold. The interpretation of ∂AdS(d+ 1)
as a set of geodesic rays allows further to make contact with the definition of [89] for the
boundary of AdS(d + 1). As a ray is the full equivalence class of geodesics, it suffices to
pick only one representative of each class. In fact, the boundary can simply be defined as

∂AdS(d+ 1) :'
{

[x]o ⊂M2,d | x 6= 0, −
(
x0
)2

+
d∑
i=1

(
xi
)2
−
(
xd+1

)2
= 0

}
, (2.3.3)

with the equivalence class

x, y ∈M2,d : x ∼ y :⇐⇒ ∃λ ∈ R \ 0 : x = λy .

The equivalence classes [x]o are then lightlike geodesics rays inM2,d crossing the origin.
These rays have no intersection with AdS(d + 1), nevertheless, it is possible to map
uniquely each [x]o to a ray in [γ] ∈ AdS∞(d + 1)4. Eq. (2.3.3) simply states that the
boundary of AdS is the projective space made of rays in the light cone ofM2,d.

The topological structure of ∂AdS(d + 1) can be analysed further. The boundary has
the dimension dim(∂AdS(d + 1)) = d, as can be seen from Eq. (2.3.3). It is required
that the point in M2,d lies on the light cone, which reduces the dimension from d + 2
to d + 1. On this submanifold points along the same straight line are identified, which
reduces the dimension further to d. As noticed above, slices of AdS(d+ 1) with constant
angles in the x0 − xd+1-plane are hyperbolic spaces Hd. From this, it can be concluded
that ∂AdS(d+ 1) 'top S1 × ∂Hd. The rewriting of Eq. (2.3.3) gives further insight, as

(
x0
)2

+
(
xd+1

)2
=

d∑
i=1

(
xi
)2

.

As different points are considered as equivalent if they differ only by a rescaling with
λ ∈ R, a “gauge” can be fixed by demanding

(
x0
)2

+
(
xd+1

)2
= 1 =

d∑
i=1

(
xi
)2

.

4This relies on the fact that AdS(d + 1) approaches the origin light cone at infinity. Computing the
limit point which can be characterised by t and the angles of the d− 1-sphere, the rays on the light cone
can be identified with one radial lightlike geodesic in AdS(d+ 1) and its equivalence class.
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2.3. THE BOUNDARY ∂ADS(D + 1)

This shows further that ∂AdS(d + 1) '
(
S1 × Sd−1

)
/Z2 (cfr. [89]). The quotient by Z2

is necessary as [x]o = [−x]o.

Having a precise definition of the boundary, it is possible to study the symmetries of
the boundary space. As the action of SO(2, d) on M2,d and on AdS(d + 1) is defined,
the same action can be defined on the geodesics of the light cone. Indeed, the action
of SO(2, d) on ∂AdS(d + 1) is the induced action. A detailed analysis proves that the
corresponding action on the boundary is the conformal group C(1, d). This is motivated
by the following statements

• ∂AdS(d+ 1) is a projective space and as such, has only a conformal structure. The
single rays are identified by their relative angles, which are preserved by conformal
transformations.

• The algebra so(2, d) is isomorphic to the algebra of conformal transformations, as
shown in e.g. [89]. Due to this, it is possible to rearrange the group elements
of SO(2, d) on M2,d and AdS(d + 1) in terms of conformal transformations on
∂AdS(d+ 1).

• In the logic of [90] the isometries of AdS(d + 1) can be classified in terms of the
number of fixed points (FP) in the bulk and the boundary. Transformations in
SO(2, d) can be mapped into C(1, d) transformations by analysing these fixed points.

As a last step, metrics on the boundary are constructed. Starting with global coordi-
nates of Eq. (2.1.5), the surface r = const. cuts each ray on AdS(d + 1) exactly once.
Recall that a ray can be labelled by a lightlike geodesic and these are straight lines in
M2,d determined by their angle in the x0 − xd+1-plane and the angle in Sd−1. It follows
that the induced metric for r = ro = const. is

ds2
∣∣∣
r=ro

= −
(

1 + r2
o

L2

)
dt2 + r2

odΩ2
d−1 . (2.3.4)

The t coordinate can be rescaled according to rot̄ =
√

1 + r2
o/L2 · t, to get to

ds2
∣∣∣
r=ro

= r2
o

(
−dt̄2 + dΩ2

d−1

)
. (2.3.5)

Note that the coordinates (t̄, θi) completely parametrise ∂AdS(d+ 1), i.e. Eq. (2.3.5) can
be considered as a metric on the boundary. Nevertheless, the same is true for using any
other point ro, which cuts all rays at a different radius. Compatible with the observation
that the symmetries of the boundary are conformal transformations, the metric is only
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2.3. THE BOUNDARY ∂ADS(D + 1)

determined up to a conformal factor. Hence, the metric

ds2
∂AdS = −dt̄2 + dΩ2

d−1 (2.3.6)

could be used as representative of the equivalence class of conformally related metrics on
∂AdS(d + 1) in global coordinates. Observe that one arrives at the same conclusion by
sending r → ∞ in Eq. (2.1.6) and dropping the (divergent) conformal factor r2. This is
due to the fact that AdS(d+ 1) approaches the origin light cone ofM2,d for large radii r.
The metric makes the S1×Sd−1 part of the boundary topology of the boundary explicit5.

The same construction can also be done in the Poincaré-patch coordinates (2.1.10).
Here a z = const. surface corresponds to a cut through the hyperboloid, although it cuts
only half of it (cfr. Fig. 2.3). Nevertheless, due to the identification of the rays, it cuts
each point of the boundary exactly once. The induced metric (cfr. Eq. (2.1.11)) is then

ds2
∣∣∣
z=zo

= L2

z2
o

(
−dt2 +

d−1∑
i=1

(
dyi

)2
)
. (2.3.7)

Again, any value zo is equally well suited, which shows that the metric can only be
determined up to a conformal factor. Thus, another representative of the equivalence
class of conformally related metrics on the boundary is

ds2
∂AdS = −dt2 +

d−1∑
i=1

(
dyi

)2
. (2.3.8)

Note that this parametrisation indeed covers the full boundary space, although the
Poincaré-patch covers only half of AdS(d+1). This can be seen from the Penrose diagram
Fig. 2.4. There the Poincaré-patch covers the region inside the red dashed line, which
is completely attached to the boundary. The boundary in the conformal sense is in this
case located at z = 0, while in the ray construction this is the “endpoint” of all rays. A
huge advantage of the boundary parametrised by Poincaré-patch coordinates is that the
metric is flat. Because of this, these coordinates constitute an easy metric as background
for dual field theory computations in the holographic context, which is discussed below.
Note that the metrics Eq. (2.3.8) and (2.3.6) are related by a conformal transformation,
as expected. Hence, both descriptions are equivalent but the one or the other might be
more useful depending on the application.

5The quotient by Z2 is non-obvious here, as already one particular representative of each ray is chosen.
Nevertheless, the quotient can not be neglected as the metric is only one representative of the equivalence
class of conformally related metrics.
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2.3. THE BOUNDARY ∂ADS(D + 1)

Both boundary line elements demonstrate that the boundary ∂AdS(d+1) of AdS space
is indeed timelike. This leads to the conclusion:

The boundary of AdS space ∂AdS(d+ 1) is

• a d-dimensional conformal space of signature (1, d− 1),

• equipped with the equivalence class of metrics, which are related to Minkowski
space by a conformal transformation, and

• has the full conformal group C(1, d) as symmetry group.

The identification of the boundary at finite z or r, as demonstrated above, is possible
since a corresponding slice cuts each ray exactly once. Further, this makes the derivation
of a conformal boundary metric well-defined. Nevertheless, this identification is counter-
intuitive as the selection of which geodesic belongs to which ray is much harder at finite z
and r.In contrast, at z → 0 or r →∞ this selection of representatives is much simpler and
due to the rule defined in Def. 2.3.3, all geodesics belonging to one ray become localised in
a small neighbourhood. Therefore, it is convenient and intuitive to say that the boundary
is located at z → 0 or r → ∞ as each independent point there belongs to exactly one
independent ray. Furthermore, this matches the picture of geodesic compactification with
conformal compatification. In the conformal compatification picture, i.e. the Penrose
diagram, it is natural to identify r → ∞ or z → 0 with the boundary as this is the
topological boundary of Φ(AdS(d+1)). Another argument is that, as already mentioned,
AdS(d + 1) approaches the light cone inM2,d for r → ∞ or z → 0. This leads again to
the conclusion that the boundary can be identified with this limit in AdS(d+ 1). Due to
this, also in this thesis the boundary of AdS will be referred to be located at z → 0 or
r →∞6.

6Note that in different coordinates this statement might have a different form. In fact there exist
charts which do not cover the full boundary space as e.g. the cosmological slicing.
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3
The Holographic principle and the

AdS/CFT Correspondence

In this chapter a motivation is given why gravity should have holographic aspects and the
meaning of holography is clarified below. These ideas were developed by studying black
holes and semi-classical aspects thereof. Due to this, properties of classical black holes are
discussed first, followed by a discussion of how the holographic principle can be motivated
at the example of semi-classical black holes. A concrete realisation of these holographic
ideas is the so-called AdS/CFT correspondence [44], which is presented in Sec. 3.3.

3.1 Classical Black Holes

In this section certain basic features of black holes in GR are recalled. The chapter is
mainly based on the content of [95, 96] and the lecture notes [97, 98]. Of main relevance
are properties of the simplest kind of black holes, namely static and spherically symmetric
non-charged Schwarzschild black holes. These play a central role in the later elaboration
(cfr. Chpt. 6). As indicated, Schwarzschild black holes are static and spherically symmet-
ric solutions of the Einstein equations, coupled to an energy-momentum tensor ∝ δ(r).
The matter density is hence concentrated at one point of radius r = 0, which makes the
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3.1. CLASSICAL BLACK HOLES

these solutions “effectively vacuum solutions”1, i.e. Rµν = 0 and R = 0. This class of met-
rics is parametrised by the Arnowitt-Deser-Misner (ADM)-mass M [95, 99] (G = c = 1)
and has the form (in 4d)

ds2 = −
(

1− 2M
r

)
dt2 + dr2

1− 2M
r

+ r2dΩ2
2 . (3.1.1)

This spacetime is asymptotically flat and approaches Minkowski space in the limit r →
∞. Furthermore, it can be approximated by the gravitational Newton potential of a
spherical mass distribution of mass M in the weak gravity regime and non-relativistic
limit (M/r � 1 and v/c� 1).

A still puzzling and fascinating property of this spacetime is the Killing horizon (see
Def. B.3 in App. B) at r = 2M . Here, the Killing vector field ∂/∂t becomes lightlike

g

(
∂

∂t
,
∂

∂t

)
= −

(
1− 2M

r

)
r→2M−−−−→ 0 .

The radius rs = 2M is known as the Schwarzschild radius. Further, the metric compo-
nent gtt = −

(
1− 2M

r

)
vanishes at the horizon, while grr diverges. This shows that the

Schwarzschild coordinates (t, r) are only valid up to this point and the line element (3.1.1)
describes only the exterior (i.e. outside the horizon) patch of the black hole.

In contrast, the in-/outgoing Eddington-Finkelstein coordinates also describe the inte-
rior region. They are defined by (convention according to [98])

v = t+ r∗(r) , u = t− r∗(r) , r∗(r) =
∫ r

2M
dr′ 1

1− 2M
r′

= r + 2M log
∣∣∣∣r − 2M

2M

∣∣∣∣ ,
(3.1.2)

where (v, r) are the ingoing Eddington-Finkelstein coordinates and (u, r) the outgoing
ones, respectively. In these coordinates, the line element has the form

ds2 = −
(

1− 2M
r

)
dv2 + 2dvdr + r2dΩ2

2 , (3.1.3)

ds2 = −
(

1− 2M
r

)
du2 − 2dudr + r2dΩ2

2 . (3.1.4)

1Note that the Schwarzschild solution is no vacuum solution. It is the solution in the vacuum region
of spacetime, but spacetime is not empty as the name “vacuum” would suggest. The energy-momentum
tensor is simply bounded in an (infinitely) small region.
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Figure 3.1: Plot of in- (red) and outgoing (blue) light rays in (a) in- and (b) outgoing
Eddington-Finkelstein coordinates. In (a) ingoing light rays pass through the horizon in
finite time t∗ = v− r, while outgoing light rays originate at t∗ = −∞ at the horizon. The
opposite is true for outgoing light rays in (b) and t∗ = u + v. For the plot it was chosen
M = 1. The plot is analogous to the presentation in [98]

It is easy to verify that v = const. surfaces describe radially ingoing lightlike geodesics
and u = const. outgoing ones, respectively. In these coordinates the line element is also
valid for r < 2M , i.e. describes the interior region. Fig. 3.1 shows the in- and outgoing
light rays in the different coordinates. In ingoing Eddington-Finkelstein coordinates,
outgoing light rays originate at the horizon at t∗ = v− r = −∞, while ingoing ones cross
the horizon (cfr. Fig. 3.1 (a)). The opposite is true in outgoing Eddington-Finkelstein
coordinates, where ingoing light rays reach the horizon only asymptotically within infinite
time t∗ = u + r = ∞, while outgoing ones cross the horizon (cfr. Fig. 3.1 (b)). This
indicates that the causal structure for r < 2M is different in the two different sets of
coordinates. Indeed, as it will become clear in the discussion below, there exist two
physically different spacetime regions, both described by r < 2M , but one region is
covered by (v, r) and the other by (u, r). Which part of the spacetime is covered by which
coordinates is clearer in the Kruskal-Szekeres coordinates and the Penrose diagram, shown
below. At this point some remarks are in order.

The e.g. ingoing Eddington-Finkelstein coordinates could be used to describe the black
hole interior. Being in this spacetime region, the inverse transformation of Eq. (3.1.2)
can be done and Schwarzschild-like coordinates (t, r) are recovered. The line element
takes again the form of Eq. (3.1.1). Concluding, it is possible to also describe the interior
region with (t, r) and Eq. (3.1.1). Nevertheless, it is not possible to describe any process
going from interior to exterior and vice versa as the Schwarzschild time t would diverge in
the moment the horizon is passed. This is where Eddington-Finkelstein coordinates are
necessary.
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3.1. CLASSICAL BLACK HOLES

Following the above construction, it is easy to see that the Killing vector T = ∂/∂t is
spacelike in the interior region, g(T, T ) > 0, r < 2M . In the interior the spacetime is
thus not static any more, but homogeneous. This makes the spacetime a particular kind
of cosmology, namely Kantowski-Sachs cosmology, which is anisotropic but homogeneous.
This reflects that the condition of the exterior region being static becomes a homogeneity
condition for the interior. It further has the consequence that reaching the point r = 0
is now a matter of time, not of space. Once the horizon is passed, r plays the role of a
timelike coordinate and r = 0 has to be reached, unless causality is violated.

The point r = 0 is a very special point in this spacetime. Although the Ricci curvature
vanishes everywhere R = 0, the Kretschmann curvature,

K = RαβµνR
αβµν = 48M2

r6 , (3.1.5)

diverges, which shows the presence of a curvature singularity. The spacetime cannot be
described by the metric (3.1.1) beyond this point and time (i.e. r) stops there. The
situation is similar to the big bang in cosmology and denotes the breakdown of GR.

All the previously presented charts cover only certain patches of the whole spacetime.
There exists a global chart given by the Kruskal-Szekeres coordinates (T,X) (cfr. [100,
101] and e.g. [102, 103]), which are defined as

T 2−X2 = exp (a′(rs)r∗(r)) =
(

1− r

2M

)
e

r
2M ,

T

X
=

tanh
(
t
2a
′(rs)

)
−1 < T

X
< 1

coth
(
t
2a
′(rs)

)
−1 < X

T
< 1

,

(3.1.6)

with a′(rs) = da/dr|r=rs = 1/2M . These equations can be solved explicitly yielding

T = ±
√

r

2M − 1 e r
4M sinh

(
t

4M

)
, (3.1.7)

X = ±
√

r

2M − 1 e r
4M cosh

(
t

4M

)
, (3.1.8)

for the exterior region (r > rs) and
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T = ±
√

1− r

2M e
r

4M cosh
(

t

4M

)
, (3.1.9)

X = ±
√

1− r

2M e
r

4M sinh
(

t

4M

)
, (3.1.10)

for the interior region (r < rs). Due to the different possibilities for signs, there are
actually four different spacetime regions, which are interpreted below. Eq. (3.1.6) can be
inverted, which gives t as a function of the ratio T/X through tanh−1 or coth−1. For r
the inverse relation is

r = r(T,X) = 2M
(

1 +W0

(
X2 − T 2

e

))
,

where W0(x) is the positive branch of the Lambert-W-function (see Def. B.5 in App. B).
This expression is unique and thus, given values for (T,X) correspond to a unique set of
(t, r) values, while the opposite is not true. The line element in (T,X) coordinates can
be written as

ds2 = 32M3

r3 exp
(
− r

2M

) (
−dT 2 + dX2

)
+ r2dΩ2

2 , (3.1.11)

where r = r(T,X). This line element is now well-defined for all values r > 0. Furthermore,
the (T,X) part of the metric is conformally related to Minkowski spacetime. Due to this,
in- and outgoing light rays have 45◦ angles in (T,X) charts, i.e. T = ±X + const. Using
Eq. (3.1.6) it is possible to extract information about locations of singularity and horizon
in the (T,X)-chart. The horizon is located at r = rs = 2M , which gives

T 2 −X2 = 0 ⇒ T = ±X . (3.1.12)

These are 45◦ straight lines through the origin. The singularity is instead located at r = 0,
which yields

T 2 −X2 = 1 ⇒ T = ±
√

1 +X2 , (3.1.13)

and corresponds to two distinct hyperbolas. As the point r = 0 has two solutions in
(T,X) chart, there are two singularities, one in the future and one in the past. As
indicated already above, there are actually two interior regions, namely the black hole
and the white hole interiors and each of them contain a singularity. Certainly, there is no
restriction in the angular part of the metric, i.e. at each point (T,X) a full two-sphere is
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Figure 3.2: Kruskal-Szekeres diagram for black hole with M = 1. Depicted are surfaces
with r = const. Blue lines correspond to r > rs and red ones to r < rs. The black dashed
lines visualise the horizon, i.e. r = rs and the singularity r = 0 corresponds to the dotted-
dashed red lines. As light rays are diagonal in this chart, blue lines are timelike, while red
ones are spacelike. The spacetime consists of two exterior regions I and III, as well as
a black hole interior region II and a white hole interior region IV.

attached. Because of this, it is clear that the singularity and also the horizon are actually
3-dimensional surfaces of fixed areal radius r. The singularity is hence not a point in
spacetime, it is rather a whole surface. Further, the condition Eq. (3.1.13) shows, that
the singularity is spacelike and, as discussed above, it is only a matter of time (not space)
to hit it. The situation is visualised in Fig. 3.2. The original Schwarzschild coordinates
cover only one exterior region of this diagram, namely region I. As argued above it
is also possible to use Schwarzschild coordinates to describe the other regions, but one
set of these coordinates covers only one patch. Ingoing Eddington-Finkelstein coordinates
instead describe region I and II simultaneously, as all ingoing light rays hit the singularity
in the future (cfr. Fig. 3.1). For outgoing Eddington-Finkelstein coordinates the opposite
is true and they cover the patches I and IV. Here region IV is the white hole interior as
everything inside this region is forced by causality to exit this region. Not even light can
stay inside the white hole region. Hence the white hole is the exact opposite of a black
hole, where instead nothing, not even light, can exit. The other exterior region III is not
covered by any of these charts. In fact, region I and III are causally disconnected.

A very useful tool are Penrose diagrams, which rely on conformal compactification as
already used in Sec. 2. As global coordinates (T,X) were found, they can be conformally
compactified by introducing the lightlike coordinates (U, V ) and their compactifications
(Ũ , Ṽ )
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Figure 3.3: Penrose diagram for the Kruskal extension of Schwarzschild spacetime. The
angular coordinates θ, φ are suppressed so that each point of the diagram can be thought
of as representing a 2-sphere of radius r.

U = T −X , V = T +X , (3.1.14)

Ũ = arctan (U) , Ṽ = arctan (V ) . (3.1.15)

As (U, V ) describe again in- and outgoing light rays, the compactifications preserve the
causal structure of the spacetime. (Ũ , Ṽ ) have a finite range form −π/2 to π/2 which
covers the full spacetime2. It is possible to construct compactified time- and spacelike
coordinates

T̃ = 1
2
(
Ṽ + Ũ

)
, X̃ = 1

2
(
Ṽ − Ũ

)
and plot horizon, singularity, etc. in these coordinates. This leads to the Penrose diagram
Fig. 3.3, which contains all the causal information of the black hole spacetime in a finite
size plot. In the Penrose diagram light rays have 45◦ and go either to the right (outgoing)
of the left (ingoing). It is obvious that an outgoing light ray emitted at the horizon
remains in the horizon. Ingoing light rays have to hit the singularity in the future. A
future pointing timelike curve is always inside the light cone spanned at each point by in-

2It is easily possible to construct a conformal embedding (cfr. Def. 2.3.1) explicitly with this data
given. however, this is of no practical interest.
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and outgoing light rays. Thus, it always has an angle between 45◦ and 135◦ with respect
to the X̃-axis. This makes apparent that no matter, once it reaches region II, could
ever exit this black hole region. Moreover, since no light rays can escape from there, the
horizon is also a causal horizon (see Def. 3.1.1 below).

The situation considered above is very non-physical. It describes a black hole, which
is eternal and contains a white hole region IV and a parallel universe III. Both these
regions contradict with what is expected to be realised in nature. Indeed, a black hole
as it is observed in the sky [9, 10] is formed at a point in time by the collapse of matter.
The Schwarzschild solution, as presented above, is therefore only valid in the vacuum
region of this process3. Inside the collapsing matter, the metric has to be replaced by a
(much more complicated) metric, solving the Einstein equations coupled to a non-trivial
energy-momentum tensor. This has analytically been studied in simple cases (see e.g.
[102]) and the Penrose diagram looks as depicted in Fig. 3.4. When the physical process
of black hole formation is included in the model, the non-physical regions III and IV are
not relevant any more.

There are some interesting classical properties pointing towards a holographic principle
and they are needed as basic material for this thesis. The following presentation of the

3This is known as Birkhoff theorem [104, 105], which is discussed in e.g. [93, 102].
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Figure 3.4: Schematic Penrose diagram of a black hole collapse. In the region outside
the matter the (locally) static Schwarzschild solution is valid (non-shaded region). The
spacetime region inside the matter (shaded region) is described by some complex time
dependent spacetime. The red line describes the surface of this matter. Its dynamics is
model dependent and can be highly non-trivial. As the black hole formation process is
taken into account, the non-physical regions III and IV are cut off. The dashed black line
represents the black hole horizon.
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holographic principle and introductory material follows the review of Bousso [45].

The development of the holographic principle can be traced back to Hawking’s discovery
in 1971 [106], where he proved that the area of a causal horizon cannot decrease in time.
Hawking formulated a theorem later known as the Hawking area theorem, which is stated
below after providing some more preliminary material. First of all, it is necessary to
precisely define a causal horizon by

Definition 3.1.1 (Causal horizon [95, 98]):
Given a spacetime (M, g) (smooth manifold M equipped with Lorenzian metric g). The
future causal horizon H+ is defined as the boundary of the past of future lightlike infinity,
i.e.

H+ := ∂J−
(
I +

)
.

Similarly, the past causal horizon is defined as

H− := ∂J+
(
I −

)
.

Here, I ± denotes future/past lightlike infinity and J±(A) the causal future/past of the
spacetime region A (see Def. B.7 in App. B). This definition intuitively states that a
horizon is the boundary of spacetime regions where light rays can or cannot reach infin-
ity. Everything behind the horizon, the region where light rays cannot reach infinity, is
causally disconnected to the outside. This definition is unavoidable in dynamic black hole
spacetimes as there no (timelike) Killing vector field and thus no Killing horizon exists.
In the case of stationary black holes Killing horizon and causal horizon coincide.

A further important ingredient are the energy conditions defined by

Definition 3.1.2 (Energy conditions [95, 96]):
It is possible to define the following energy conditions for the energy-momentum tensor
Tµν :

Null energy condition
For all lightlike vector fields kµ, Tµνkµkν ≥ 0 holds.

Weak energy condition
For all timelike vector fields Xµ, TµνXµXν ≥ 0 holds, i.e. the energy density
observed by any observer is positive.

Dominant energy condition
In addition to the weak energy condition for each future-pointing causal vector field
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Figure 3.5: Hierarchy of energy conditions.

(timelike or null) Y µ, the vector field −T µν Y ν is also future-pointing and causal.
This corresponds to the requirement that any flow of mass-energy is slower or equal
to the speed of light.

Strong energy condition
For any timelike vector field Xµ it is

(
Tµν −

1
2Tgµν

)
XµXν ≥ 0 ,

for T = gµνTµν .

The energy conditions follow the hierarchy shown in Fig. 3.5.

The important part about the energy conditions is the relation to geometry via the Ein-
stein equations. Assuming that the Einstein equations hold, i.e. Rµν − 1/2Rgµν = κTµν

(κ = 8πG), the following geometric conditions are induced:

Null energy condition
For all lightlike vector fields kµ,

(
Rµν −

1
2Rgµν

)
kµkν = Gµνk

µkν ≥ 0

holds, where Gµν is the Einstein tensor.

Weak energy condition
For all timelike vector fields Xµ,

(
Rµν −

1
2Rgµν

)
XµXν = GµνX

µXν ≥ 0
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holds.

Dominant energy condition
In addition to the weak energy condition for each future-pointing causal vector field
(timelike or null) Y µ, the vector field −Gµ

νY
ν is also future-pointing and causal.

Strong energy condition
For any timelike vector field Xµ it is

RµνX
µXν ≥ 0 .

Hence, the Einstein equations translate the energy conditions, which are conditions on
the energy-momentum tensor, into assumptions about the geometric properties of the
spacetime, which are used to prove the area theorem.

The last component of the area theorem is the cosmic censorship conjecture4, which
states that there are no singularities on or outside a causal horizon.

The area theorem states:

Theorem 3.1.3 (Hawking [106] (cfr. [95, 98])):
Given a spacetime (M, g) with a future causal horizon H+ and global spatial slices Σ1 and
Σ2, with Σ2 ⊆ J+ (Σ1), i.e. Σ2 is in the future of Σ1. When the weak energy condition,
the Einstein equations, as well as the cosmic censorship conjecture hold, it is

A2 = Area(Σ2 ∩H+) ≥ Area(Σ1 ∩H+) = A1 .

Hence, the area of the horizon can only increase in time dA ≥ 0.

Note that the future causal horizon H+ is a co-dimension 1 lightlike surface. The surface
Σi ∩ H+ is the horizon at the instant of time defined on Σi and thus a co-dimension 2
spacelike surface.

This theorem is highly interesting due to two facts: Firstly, this is a fully dynamical
result about full GR and holds for arbitrary complex systems. This means the theorem
holds true for e.g. any configuration of several collapsing stars, black hole merging, or
full galaxies. The topology of Σi ∩ H+ thus might be arbitrarily complex. For a single
Schwarzschild black hole the topology is S2. Secondly, it seems that the horizon area
behaves similar to thermodynamic entropy as it can only increase within any physical
process.

4The cosmic censorship conjecture was introduced by Penrose [107] but there are different ways of
formalising it, which are differently strong. Here the formulation of Dowker [98] is followed.
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3.2. HOLOGRAPHIC PRINCIPLE

On top of this important theorem the analysis of classical black holes leads to the
so-called no hair theorems [106, 108–111] (see [102] for an overview):

Theorem 3.1.4 (No-hair (cfr. [45] Bousso (2002), p. 6)):
A stationary black hole is only characterised by the three macroscopic quantities mass,
angular momentum, and charge (M,L,Q), which enter the Kerr-Newmann metric [112,
113].

This theorem implies that whichever matter collapses into a black hole, the final state will
always be a Kerr-Newman black hole determined by the three macroscopic parameters
(M,L,Q). The theorem states in other words that the initial state of the system may have
arbitrary complexity and consequently entropy, but after the system has settled down to
its final state will not know about these initial conditions and not even about the kind of
matter, which has formed the black hole (see the discussion in [102]). Together with the
area theorem this led to the development of the laws of black hole thermodynamics [114]
with the first law [45, 97, 98]

dM = κ

8πdA+ ΩHdL+ ΦHdQ , (3.1.16)

where κ is the surface gravity, ΩH the angular velocity at the horizon and ΦH the electric
surface potential of the black hole at the horizon. These laws of black hole thermodynam-
ics were first just thought to be a formal coincidence and were not meant to be thought
of as physical thermodynamic properties.

3.2 Semi-classical Aspects of Black Holes and the Holo-
graphic Principle

The interpretation of Eq. (3.1.16) changed by means of a semi-classical analysis of Hawking
[37, 38] and considerations of Bekenstein [39–41].

Bekenstein [39–41] argued that the entropy of a physical system dropped into a black
hole would be lost for the external observer, leading to a decrease of the total entropy
of the universe. The entropy lost in this process has to enlarge the entropy of the black
hole, which would be visible as an increase of the horizon area. Bekenstein concluded that
the entropy of the black hole has to be proportional to its area SBH ∝ A and stated the
generalised second law of thermodynamics

dStotal = dSBH + dSmatter ≥ 0 . (3.2.1)
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3.2. HOLOGRAPHIC PRINCIPLE

It formalises that the entropy of the matter system and black hole together can only
increase or stay the same. This furthermore permits an interpretation of area A and
Eq. (3.1.16) as physical entropy.

Taking Bekenstein’s result seriously and assigning thermodynamic entropy to a black
hole, this would require the black hole also to have a temperature. This is impossible
classically as the a black hole does not radiate and is a perfect absorber, and hence
the temperature has to be zero T = 0 [115]. Hawking’s semi-classical analysis [37, 38]
of quantum fields on the curved but fixed black hole background changed this picture.
Hawking observed that a scalar field in an initially pure state (the vacuum) at I − turns
out to be a thermal state of temperature TH at I +, making the black hole a perfect black
body radiator (see [98, 116]). The so-called Hawking temperature was determined to be

TH = κ

2π = 1
8πM

(
= ~c3

8πGkBM

)
. (3.2.2)

This makes Eq. (3.1.16) a thermodynamic equation, i.e.

dM = THdS + ΩHdL+ ΦHdQ , (3.2.3)

and fixes the proportionality constant of Bekensteins analysis by means of5

SBH = A

4

(
= kBc

3A

4G~ = kBA

4`2
p

)
. (3.2.4)

According to this interpretation, Eq. (3.2.3) is a thermodynamic statement as TH is the
proper temperature of the black hole and THdS is the heat exchange, while the other
terms describe ways of extracting work from the system (cfr. [97]).

The Bekenstein-Hawking entropy SBH is given by the area of the black hole in units of
Planck area `2

p and can be interpreted as one bit of information sitting in a Planck size
cell. Furthermore, this is a full quantum effect as in the limit ~ → 0 the temperature
vanishes and the entropy diverges and thus infinitely much information can be stored at
the horizon. This is exactly what classically happens, where in principle, an image of all
in-falling matter is stored in an infinitely thin shell around the horizon (cfr. [117]).

The main puzzling consequence of this entropy formula is that the entropy grows with
area instead of volume as it is known for any local field theory. This is in contradiction
with all previously known physics and hints towards a holographic principle.

5The subscript BH here can have different interpretations as being short for “black hole” or for
Bekenstein-Hawking as this entropy is known as Bekenstein-Hawking entropy.
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3.2. HOLOGRAPHIC PRINCIPLE

The important question arising is: “Why is the generalised second law true?” In fact,
one could think about a system, which is very light (mass of the system m compared to
the black hole mass M is small, m/M � 1) and has low energy. Nevertheless, a priori
there is no bound on the entropy, which this system can carry. Dropping it into the black
hole would make this entropy inaccessible to the outside observer but the entropy of the
black hole would still not increase significantly, since the mass was small (A = 4πr2

s =
16π(M+m)2 ≈ 16πM2). This way the second law might be violated. This points towards
a limit on how much entropy can be carried by matter of a certain energy E. Taking the
generalised second law as a fundamental thermodynamic property of physics indeed shows
such a bound on the entropy. This leads to the Bekenstein bound6 [118]

Smatter ≤ 2πER (3.2.5)

where E is the energy of the system and R is the radius of the smallest possible sphere
enclosing the system. A detailed discussion can be found in [45].

A conceptually less subtle treatment compared to Bekenstein’s arguments [118] on an
entropy bound was given by Susskind [42]. The Susskind process describes how a system
is converted into a black hole (cfr. [45]). Assume a system of isolated matter with entropy
Smatter and mass E living in an asymptotically flat spacetime. A is the surface area of the
smallest sphere completely enclosing the system. This notion is only meaningful if the
metric is at least approximately spherically symmetric, i.e. in the weak gravity regime
or in spherical symmetry. It is further assumed that the system is stable on a timescale
larger than

√
A, and the time-dependence of A is negligible. The energy of the system has

to be smaller than the mass M of a black hole of the same horizon area as the enclosing
sphere A = AH = 8πM . Otherwise, the system would have been collapsed to a black hole
already.

The system can form a black hole by collapsing a shell of energyM−E onto the system.
For a well-separated shell the total entropy is given by

Stotal = Smatter + Sshell .

In the final state of this process, a black hole has formed and the entropy is given by

Stotal = SBH = A

4 .

6For the assumption of weakly gravitating matter in asymptotically flat spacetime.
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3.2. HOLOGRAPHIC PRINCIPLE

By means of the generalised second law Eq. (3.2.1) the entropy has increased, which gives
the spherical entropy bound for Sshell > 0 [42]

Smatter ≤
A

4 . (3.2.6)

The spherical entropy bound is weaker than the Bekenstein bound as

Smatter ≤ 2πMR ≤ πR2 = A

4 .

Note that this argument is not regarding black holes but rather generic matter (with the
assumptions stated above). Hence, given a matter system (satisfying the above assump-
tions), the entropy might scale with the volume V of the system as in local theories, but
this entropy will always be smaller than the amount of entropy possibly being stored in
the area of the enclosing sphere7. One could see this situation as follows [45]: A system,
which collapses to a black hole has N = eS, S = A/4, degrees of freedom in the final state.
Assuming unitary evolution, the number of degrees of freedom is preserved, i.e. they
heave to scale initially with area instead of volume. Keeping unitary and the generalised
second law as a fundamental physical property led ’t Hooft [43] and Susskind [42] to the
development of the holographic principle:

Holographic principle

“A region with boundary of area A is fully described by no more than
A/4 degrees of freedom, or about 1 bit of information per Planck area.”

(cfr. [45] Bousso (2002), p. 14)

The considerations up to here do not take into account the discussion about the validity
of the Bekenstein and spherical symmetric bound. Likewise, the holographic principle as
stated above is only preliminary as it is just motivated by spherical symmetry and relies
on spacelike volumes. Counterexamples to this can be found and the total discussion has
many subtleties, which are addressed in [45]. As discussed in this reference, the above
statement can be made covariant by introducing the covariant entropy bound [119], which
relies on the entropy of lightlike surfaces.

7Note further that the area in Eq. (3.2.6) is given in Planck units, which makes this entropy extremely
large for any macroscopic system. Still it scales with area, not volume.
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3.3 Realisation of the holographic principle in AdS

The holographic principle as discussed above is a result of the semi-classical analysis of
black holes. So far it is a principle and if it holds true, a fundamental theory of quantum
gravity should respect it. Nevertheless, no theory of quantum gravity is known and hence
no manifestation of the holographic principle is known either. A breakthrough was the
discovery of the AdS/CFT correspondence by Maldacena [44]. It is a concrete realisation
of the holographic principle in the context of string theory and AdS spaces. The full
motivation comes from string theory, which is not further required in this thesis and
hence not discussed here. Only the central statement and certain results of the AdS/CFT
conjecture are shown here.

The AdS/CFT conjecture is a duality between two different theories and can be phrased
as:

AdS/CFT correspondence

“N = 4 Super Yang-Mills (SYM) theory with gauge group SU(N) and
Yang-Mills (YM) coupling constant gYM [in 3 + 1 dimensions]

is dynamically equivalent to

type II B superstring theory with string length ls =
√
α′ and coupling constant gs

on AdS(5)× S5 with AdS-radius L (and N units of F(5) flux on S5).

The two parameters on the field theory side, i.e. gYM and N , are mapped to the
free parameters gs and L/

√
α′ on the string theory side by

g2
YM = 2πgs , 2g2

YMN = L4/α′2 .” (3.3.1)

(cfr. [89] Ammon and Erdmenger (2015), p. 180)

A few clarifications are needed at this point. First, SYM is the supersymmetric gener-
alisation of YM theory8. While YM theory has conformal symmetry, N = 4 SYM has
superconformal-symmetry, which is the conformal group plus N = 4 additional super-
symmetric charges [89]. SYM is hence a theory of the gauge bosons Aµ and other scalar
and fermionic non-gauge fields rendering the system supersymmetric. In d = 3+1, N = 4
is the maximal amount of possible supersymmetry generators. The string theory lives on

8YM theory is given by the action SYM = 1
4gY M

∫
d4x tr (FµνFµν), where F = dA + 1

2 [A ∧A] is the
curvature 2-form of a SU(N)-connection A.
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3.3. ADS/CFT

AdS(5) × S5, which means that 5 of the 10 dimensions are compactified. The S5 part
can be related to the internal (gauge) symmetries of the dual SYM theory. String theory
admits, besides strings, further objects such as e.g. branes and (in the low energy limit)
F(5)-fluxes. Details of string theory, such as the meaning of branes and F(5)-fluxes are not
relevant in the rest of this thesis. Nevertheless, the number F(5)-fluxes is related to the
gauge degrees of freedom in the dual SYM theory. The spacetime is effectively 4 + 1 di-
mensional, which is the number of non-compact dimensions. The above statement relates
the quantum gravitational degrees of freedom, here given as string theory, to the local
degrees of freedom in one dimension less, which is exactly what the holographic principle
suggests.

This can be made more precise and is motivated as follows. AdS space plays a prominent
role in this scenario. The reason is that it carries a “natural holographic screen”, namely its
boundary ∂AdS. As discussed above this is a conformal spacetime of one spatial dimension
less (here 3+1) and it is timelike. Hence, it could be thought of as a background on which
some field theory is formulated. As ∂AdS is a projective space and has the conformal
group as symmetry group, only CFTs can exist on this background9. The intuitive (but
technically not correct) picture is that the CFT, here SYM theory, lives on the boundary
of AdS(5), which is the holographic screen. Further, it was discussed that AdS(5) behaves
as a box for massive particles and lightlike degrees of freedom are infinitely red shifted
towards the boundary. This leads to strict fall-off conditions for all fields, including
gravitational perturbations, which is central for imposing boundary conditions (see the
discussion below).

On the CFT side ’t Hooft [120] observed that in the limit of N →∞ and fixed ’t Hooft
coupling λ = g2

YMN , the so-called ’t Hooft limit, SYM is effectively classical. By using
Eq. (3.3.1), the ’t Hooft limit implies on the gravitational side

λ = g2
YMN = L4

2α′2 = fixed , N = L4

4πα′2gs
= λ

2πgs
→∞ , (3.3.2)

i.e. gs → 0. As the string coupling gs vanishes, the theory becomes effectively classical,
which is classical string theory in this case. Further, requiring λ � 1, i.e. the large
coupling limit in SYM, corresponds to vanishing string length α′ = l2s → 0. This limit
of type II B string theory corresponds to type II B supergravity, i.e. a supersymmetric
version of classical Einstein-Gravity (plus supersymmetric partners and additional fields)
(see e.g. [89, 121]). These different regimes are depicted in Fig. 3.6. Note that this duality
is a weak-strong duality, i.e. strong coupling in SYM corresponds to the weakly coupled
supergravity regime.

9All other theories would break the conformal symmetry of the background ∂AdS.
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Figure 3.6: Regimes of different approximations of quantum gravity depending on the
parameter (λ,N) (see [122]).

As a result of the above arguments, it is useful to realise this correspondences in AdS
space and that it is natural that the dual theory is a CFT. The precise correspondence
can be motivated by string theory, which explains the parameter matching Eq. (3.3.1)
and all other details of the conjecture as N = 4, the appearance of S5, etc. Although
these are important components of the AdS/CFT correspondence, these details will not
play any role in the following, and are therefore not further considered. A more important
and insightful point is the precise mathematical formulation of the correspondence. The
strong AdS/CFT conjecture can be phrased as follows [89]:

40



3.3. ADS/CFT

Strong AdS/CFT conjecture

The generating CFT partition function is equal to the string partition function with
suitable boundary conditions, i.e.

ZCFT [φio] =
∫
DΦI e

−SCFT [ΦI ]+
∫

dDxOi(x)φio(x) != Zstring|limz→0(φi(z,x)zα)=φio(x) ,

(3.3.3)
where ΦI is a representative for all dynamical fields of the CFT, Oi(x) are local
(not further specified) operators, D = d+1 is the spacetime dimension of the CFT,
D+1 the dimension of string theory, z the inverse radial coordinate of the Poincaré-
patch (cfr. Eq. (2.1.11)) and α is a suitable exponent for imposing the boundary
condition. The fields φio are the sources of th correlation function of Oi and are also
the boundary values of all string theory fields (including the gravitational degrees
of freedom).

The parameter α is related to the fall-off behaviour of the field φ. As AdS behaves
like a box and one requires the fields to be normalisable in the boundary limit, i.e.
limz→0 φ(z, x) = 0, the field vanishes. The fall-off behaviour is determined by the kind of
field under consideration, its mass and spacetime dimension. In the case of a scalar field
of mass m, it is α = −d

2 +
√

d2

4 +m2L2 for which the limit limz→0 φ(z, x)zα is finite (see
e.g. [47, 122]). In turn, the operator O is a conformal operator of a specific conformal
weight ∆, i.e.

x 7→ λx , O(x) 7→ λ−∆O(x) = O′(λx) .

Since these operators couple to the fields φo in ZCFT [φo], their behaviour has to be com-
patible for leaving the coupling term conformally invariant. This relates the conformal
weight ∆ to the fall-off exponent α, i.e. the mass of the scalar field as (see [89, 122] )

m2L2 = ∆ (∆− d) . (3.3.4)

The equivalence Eq. (3.3.3) allows to compute correlations of operatorsO in the CFT by
means of a string theory computation. On the other hand, knowing the CFT side, allows
for string theory predictions. This strong form of the AdS/CFT conjecture can thus be
thought of as a non-perturbative definition of the string theory partition function by means
of non-redundant information encoded in a local field theory [44, 46, 47]. Nevertheless,
there are some caveats with this. Firstly, one needs to know the AdS/CFT-dictionary,
i.e.the information of which operator O couples to the boundary condition of which field
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Figure 3.7: Graphical representation of the strong and weak AdS/CFT conjecture.

φo on the gravitational side. Eq. (3.3.3) is only meaningful and useful if this dictionary
is known and complete, i.e. if all (physically) relevant operators of the CFT have a dual
field. For example, perturbations of the metric in AdS correspond to the sources of the
energy-momentum tensor of the CFT. Secondly, it is not clear how and if it is possible to
extract all quantum string theory information from a known generating functional of the
CFT. The research direction trying to answer this question is called bulk reconstruction
(see e.g. [123, 124] for introductory lectures) and is essential for well-defining a theory of
quantum gravity through this duality. The AdS/CFT conjecture might be summarised
as follows:

The AdS/CFT-conjecture has three components,

1. the CFT in D = d+ 1-dimensions,

2. non-perturbative string theory in D + 1 dimensions,

3. and the AdS/CFT dictionary containing all couplings
∫

dDxO(x)φo(x).

If two of them are known, the third one might be extracted by means of Eq. (3.3.3).

The most studied regime of this conjecture is in the ’t Hooft limit (N →∞) with λ� 1.
This is the regime of the weak conjecture as the CFT becomes effectively classical. The
weak conjecture states

WCFT [φo] = log (ZCFT [φo]) ' SSugra[φ]
∣∣∣∣∣
limz→0(φ(z,x)zα)=φo(x)

. (3.3.5)

Here, SSugra is the classical on-shell supergravity action with the given boundary condi-
tions. Fig. 3.7 represents the strong and weak conjecture graphically.
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Until now, the AdS/CFT conjecture is well-motivated, but still a conjecture. In the ’t
Hooft limit, i.e. the weak conjecture explicit computations are possible on both sides, and
relations between quantities on the different sides can be derived. All tests so far were
successful and give a strong evidence for the conjecture. Special entries of the dictionary
were also derived, relating, e.g. the entanglement-entropy of the CFT to minimal surfaces
in AdS (cfr. Ryu-Takayanagi formula [125, 126]) or geodesics to two-point correlators
[127]. The latter will be of fundamental significance in Chpt. 5. The strong regime of the
conjecture is not much studied as it is unknown how the dictionary translates from the
weak to the strong regime and it is equally unknown how string theory can be defined non-
perturbatively (besides using the strong conjecture). Due to this fact, it is impossible to
perform computations on the quantum gravity side and compare these with CFT results.

3.4 Outlook: Gauge/Gravity Duality

The holographic principle as it was motivated at the beginning of this chapter only takes
semi-classical gravity arguments into account. From this point of view, it should be con-
sidered in every quantum gravitational theory. Indeed, there are considerations of gener-
alising the AdS/CFT correspondence to other asymptotic spacetimes as Minkowski/CFT
[128] or de-Sitter/CFT [129]. A more general concept of AdS/CFT is the gauge/gravity
duality, which simply states the duality of quantum gravity and a gauge theory. AdS/CFT
is very interesting, as it is a concrete realisation of this idea. Nevertheless, to really prove
this conjecture, it would be necessary to solve at least one side of the conjecture com-
pletely, which is out of reach. A further problem on the gravity side is that string theory
is so far only well-defined in a perturbative sense, and hence the full string partition func-
tion Zstring is not known. An expansion of the framework to other approaches of quantum
gravity might be useful. This allows to interchange techniques and gain knowledge on
other approaches, string theory, and the holographic principle itself. LQG e.g. is a non-
perturbative approach to quantum gravity and at least the partition function ZLQG can be
defined, although it cannot be computed explicitly. The idea of AdS/CFT can be used to
test results in LQG by translating it to the field theory side and doing simulations there.
This could in fact be viewed as an experiment or a test of the quantum gravity theory
[69, 70]. If the gauge/gravity duality holds, the gravity result should be compatible with
the CFT behaviour, where techniques are developed to perform computations. This gives
some at least a hypothetical guideline for constructing and testing a theory of quantum
gravity. Indeed, there is work in 3d gravity [130–132], which computes ZLQG exactly in
three Euclidean dimension, and the dual theory on a finite (not asymptotic) boundary.
Approaches as LQG could be used to test the non-perturbative regime of AdS/CFT.
The central problem is, that it is not known if LQG is applicable in this framework as
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AdS/CFT is motivated by string theory, which up to current knowledge, is different from
LQG. The long term strategy, which was started in this thesis and the projects presented
in the following (cfr. Chpt. 5), is to test if LQG can be meaningfully embedded in the
framework of AdS/CFT and holography in general, as well as which consequences this
has for both approaches. In more general terms, the work of [130–132] might be extended
and general holographic properties of LQG can be worked out. If this is true, LQG might
be located at the up-left corner in Fig. 3.6 and the relation of LQG as a sub-sector of
string theory could be studied further.
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4
Loop Quantum Cosmology

As quantum theory of gravity LQG is a non-perturbative and background independent ap-
proach, which was developed over the last 30 years [48, 133, 134]. It is a non-perturbative
approach and hence a candidate to describe the quantum behaviour around the singu-
larity. The quantum corrected behaviour in the vicinity of the singularity could further
be tested by going beyond the weak conjecture. In principle, it could be tried to solve
the full quantum gravitational partition function ZQG. Progress has been made in the
3 dimensional Euclidean theory [130–132]. Nevertheless, for dimensions ≥ 4 and with a
cosmological constant, this computation is without prospects, as the problem goes much
further than fully solving classical GR, which is already technically impossible.

Further progress has been made in the context of symmetry reduced models and the loop
quantisation of cosmology. Due to the high amount of symmetries, the strategy of full
LQG can be explicitly worked out in these simplified settings. This will be the starting
point of later investigations (see Chpt. 5). For this purpose, classical cosmology and its
quantisation by means of loop techniques will be presented in the following chapter.

The chapter mainly follows the references [135, 136]. Further selected important reviews
of the field are [16, 137–141]. The chapter first recalls classical cosmology and its Hamilto-
nian description. Then, classical polymerisation and the quantum theory are introduced.
The chapter closes with discussing the connection to full LQC.
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4.1 Classical Cosmology

Due to the cosmological principle, it is reasonably assumed that the universe on large
scales is isotropic and homogeneous. This is reflected in the FLRW-metric

ds2 = −N(t)2dt2 + a(t)2

1− kr2 dr2 + a(t)2r2dΩ2
2 , (4.1.1)

where N(t) is the lapse function controlling the gauge freedom of choosing the time coor-
dinate, a(t) is the scale factor, which measures the size of the universe, r is a dimensionless
coordinate, and k ∈ {−1, 0, 1} is a constant controlling the spatial curvature of constant
t-slices. Imposing maximal symmetry on these 3-dimensional surfaces allows three solu-
tions, namely a 3-sphere (k = 1), flat space (k = 0) or hyperbolic space (k = −1) with
constant positive, zero and negative curvature. For simplicity the following discussion
is restricted to the simplest case of flat slices, i.e. k = 0. Nevertheless, LQC was also
studied in the context of k 6= 0 (see [139]). The metric ansatz can be inserted into the
Einstein-Hilbert action

SEH = 1
16πG

∫
M

d4x
√
−gR , (4.1.2)

which is further simplified by assuming vanishing cosmological constant Λ = 0. With
√
−g = Na3r2 sin(θ) this leads to

SEH [N, a] = − Vo
16πG

∫
dt

6a(t)
(
a(t)N(t)ä(t)− a(t)ȧ(t)Ṅ(t) +N(t)ȧ(t)2

)
N(t)2 , (4.1.3)

where the dot denotes derivatives with respect to t and

Vo =
∫

dr dθdφ r2 sin(θ) .

An important issue with symmetry reduced models is divergent integrals after the symme-
try reduction. In the action appears Vo, the spatial coordinate volume. For non-compact
topologies (e.g. R4) this integral diverges. Due to this, a fiducial cell of coordinate volume
Vo is introduced to regularise these integrals [137]. The specific size is completely arbi-
trary and physical results cannot depend on it. For compact topologies as e.g. R × T3,
the integral is finite, but the 3-coordinate volume is still completely ambiguous.

Due to partial integration, it is possible to remove the second derivatives from the
action
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6a
(
aNä− aȧṄ +Nȧ2

)
N2 = 6aȧ2

N
− d

dt

(
6a2ȧ

N

)
,

and after neglecting the boundary term, leading to

SEH [N, a] = − 3Vo
8πG

∫
dt aȧ

2

N
. (4.1.4)

The dynamics of the gravitational sector is trivial, unless matter is coupled. A massless
scalar field is used as matter source for simplicity. The matter action for a homogeneous
scalar field φ = φ(t) is

SM = −1
2

∫
M

d4x
√
−ggµν (∇µφ) (∇νφ) = Vo

∫
dt a

3φ̇2

2N . (4.1.5)

In a last step,

ā3 = Voa
3 =

∫
drdθdφr2 sin(θ)a3

is defined. This is the physical volume of the fiducial cell and will be used as canonical
variable in the following.

The full action is

S[N, ā, φ] =
∫

dt − 3
8πG

ā ˙̄a2

N
+ ā3φ̇2

2N︸ ︷︷ ︸
=:L

. (4.1.6)

For the quantum theory a canonical analysis is necessary. Due to the large class of
symmetries, the Einstein-Hilbert action is reduced to a mini-superspace model, i.e. it is
effectively a one-dimensional system of a point particle, instead of a field theory. Clearly,
there is no description of a point particle, as ā is a component of the metric field gµν . The
canonical momenta are defined as usual by

pa = ∂L

∂ ˙̄a = − 3
4πG

ā ˙̄a
N

, (4.1.7)

pφ = ∂L

∂φ̇
= ā3φ̇

N
, (4.1.8)

pN = ∂L

∂Ṅ
≈ 0 . (4.1.9)
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Where ≈ denotes weak equality (see App. A for a detailed explanation) As pN ≈ 0, the
system cannot be solved for the derivatives ˙̄a, φ̇ and Ṅ , which indicates constrains. This is
expected from the ADM-formalism of full GR (see [95]), and consequently applies also to
the cosmology sector. These constraints have to be analysed according to Dirac algorithm
[142] (see also [143] for an introduction). First, the Legendre transform yields

HT = pa ˙̄a+ pφφ̇+ λpN − L

= N

2

(
−4πG

3
p2
a

ā
+
p2
φ

ā3

)
+ λpN , (4.1.10)

where λ is a Lagrange multiplier. Stability of the constraint pN ≈ 0 leads to the secondary
constraint, here also called Hamiltonian constraint

ṗN = {pN , HT} = 1
2

(
−4πG

3
p2
a

ā
+
p2
φ

ā3

)
=: H !≈ 0 . (4.1.11)

The Dirac algorithm terminates here as Ḣ = {H, HT} = 0 and thus the constraint H
is stable during time evolution. N appears as a Lagrange multiplier whose dynamics
(Ṅ = λ, ṗN = 0) is completely encoded in the arbitrary function λ. Thus, it is possible
to remove N and pN from the phase space and treat N as arbitrary Lagrange multiplier.
This is exactly what was expected from the beginning, as N simply encodes the choice of
the t-coordinate, which is arbitrary and physics is independent thereof. The constraints
in the Hamiltonian formalism are rendering this immediately visible. The Hamiltonian
constraint generates gauge transformations, i.e. coordinate changes in t as well as the
dynamics of the system. This is the exact same behaviour as full GR, however symmetry
reduced (cfr. e.g. [95] or [48] for more details).

The canonical theory is described by the phase space spanned by (ā, pa), (φ, pφ), the
Hamiltonian, which is a constraint

HT = NH , H = −2πG
3

p2
a

ā
+

p2
φ

2ā3 ≈ 0 , (4.1.12)

and the symplectic structure inducing the Poisson brackets

{ā, pa} = {φ, pφ} = 1 . (4.1.13)

By means of a canonical transformation, the variables are changed to the physical quan-
tities
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v = ā3 , (4.1.14)

b = pa
3ā2 = − 1

4πG
˙̄a
Nā

. (4.1.15)

Here v is the spatial volume of the fiducial cell and b is related to the Hubble rate ˙̄a/Nā (see
e.g. [93, 95, 102]). Furthermore, on-shell, i.e. for solutions of the equations of motion,
it is R ∝ b2. Hence b measures the curvature of the spacetime. Off-shell it is related to
the extrinsic curvature of the spatial slice. This relation to R makes b a spacetime scalar,
which will be important for the classical polymerisation (cfr. Sec. 4.2). In these variables,
the Hamiltonian becomes

HT = NH , H = −12πGvb
2

2 +
p2
φ

2v ≈ 0 , (4.1.16)

which makes it convenient to use units in which 12πG = 1.

Having determined the Hamiltonian framework, it is instructive to study the solutions
and solution strategies. The Hamiltonian equations of motion are

− vb2

2 +
p2
φ

2v ≈ 0 , (4.1.17a)

v̇ = −Nvb , (4.1.17b)

ḃ = Nb2

2 + Npφ2

2v2 , (4.1.17c)

φ̇ = N
pφ
v
, (4.1.17d)

ṗφ = 0 . (4.1.17e)

A number of solution strategies are possible at this point. It is not possible to integrate
these equations, as they are based on the arbitrary, not determined function N . One
strategy would be to de-parametrise the equations by re-expressing them in terms of the
scalar field φ, using this as a physical clock. This way, N would drop out and the equations
are solvable. The other strategy is to set a convenient functional dependence of N . This
is a gauge choice, as it determines the interpretation of the coordinate t. Physical results
will not depend on this choice1. As this will also be used in Chpt. 6, the second strategy

1This fixing of N is possible even before computing the equations of motion. This might lead to
additional terms which are proportional to the constraint as {O, HT } = H{O, N}+N {O,H}. The first
term always vanishes after imposing H ≈ 0.
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is adopted.

A useful choice is N = 1 which makes t the co-moving FLRW-time (cfr. Eq. (4.1.1)).
From Eq. (4.1.17e) it is immediate that pφ is an integration constant. Using the con-
straint (4.1.17a) gives

b = ±pφ
v
, (4.1.18)

where the sign determines the contracting or expanding branch, and v, pφ > 0 is assumed
without loss of generality. Inserting this into Eq. (4.1.17b) yields

v̇ = ∓pφ =⇒ v = ∓pφ (t− ti) + vi , (4.1.19)

with the initial condition v(ti) = vi. Note that for any N , inserting the Hamiltonian
constraint (4.1.17a) into Eq. (4.1.17b), leads to

H2
o =

(
v̇

3Nv

)2
=

p2
φ

9v2 = 2
9ρ
(

= 8πG
3 ρ

)
, (4.1.20)

with the Hubble rate Ho = ˙̄a/Nā and ρ = p2
φ/2v2 as the energy density of the scalar field.

This is exactly the classical Friedmann equation (see e.g. [93, 102]) which will be modified
in the next section.

Finally, with the solution (4.1.19), Eq. (4.1.17d) can be solved

φ̇ = pφ
∓pφ (t− ti) + vi

=⇒ φ = ∓ ln
(
∓pφ (t− ti) + vi

vi

)
+ φi , (4.1.21)

with the initial condition φ(ti) = φi.

Several remarks are necessary at this point. The system is now solved completely in
the gauge N = 1. Hence, the line element is given by

ds2 = −dt2 + a(t)2
(
dr2 + r2dΩ2

2

)
, (4.1.22)

with a(t) = (v(t)/Vo)
1
3 and v(t) given by Eq. (4.1.19). Changing the time coordinate changes

N and the general functional form of the solutions. Nevertheless, it is possible to write
down the solutions in a gauge independent way by de-parametrising the system and using

50



4.2. CLASSICAL POLYMERISATION

the matter φ as natural clock. This leads to

v(φ) = vie
∓(φ−φi) . (4.1.23)

The quantity v(φ) can be used to compare different cosmological theories in possibly
different charts, without the possible obstructions in choosing different gauges2. Still, v is
not a physical observable as it depends on the fiducial volume Vo. Instead, b is physically
observable. This is the Hubble rate and related to the spacetime curvature and ρ = p2

φ/v
2,

which is the energy density of the scalar field.

The physically most important observation is that for φ→ ±∞, the volume v vanishes.
In co-moving eigentime t this happens at the finite value ts = ±vi/pφ+to. At this instance
of time, the curvature and the Hubble rate diverge, as b = pφ/v →∞. This is a curvature
singularity of the spacetime, which is called big bang for the positive sign in Eq. (4.1.19)
and big crunch for the negative sign. The predictions of GR are mostly valid up to this
point, but fail at the singularity. It is expected that a quantum theory of gravity will play
an essential part in understanding the physics at this singularity. A possible quantisation
of cosmology is discussed in the following section.

4.2 Classical Polymerisation

The next sections will discussed how cosmology can be quantised according to LQG. A
necessary step for this is a regularisation of the Hamiltonian, which is known as classi-
cal polymerisation. This method modifies the classical Hamiltonian such that it can be
represented on a LQG-like Hilbert space. It has the advantage that high-curvatures and
singularities are already resolved on this effective level and it results in quantised volumes
in the quantum theory (see Sec. 4.3 for more details). The fact that volumes are quantised
makes this approach independent from LQG to a certain extend and could be considered
as a method of quantising symmetry reduced spacetimes, taking the idea that geometry
is quantised in a quantum theory of gravity as physical guideline3. Nevertheless, the ap-
proach presented here is effective, but emerges from the full quantum theory framework
(see Sec. 4.3). Polymerisation is a necessary first step for this construction, but could
also be viewed as the approximation, where quantum states always peaked on classical
geometries and remain peaked. In that case the quantum theory can be approximated

2The line element can be written as ds2 = −N2
/φ̇2 dφ2 + a(φ)2 (dr2 + r2dΩ2

2
)
which is completely

independent of the choice of t-coordinate. In fact, using the equations of motion, this line element can
be written as ds2 = −2/ρ(φ)dφ2 + (v(φ)/Vo)

2
3
(
dr2 + r2dΩ2

2
)
, which only depends on physical quantities.

3This is an insight coming from several different approaches, such as LQG, spin foams, Causal Dy-
namical Triangulation (CDT), NCG.
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with the effective spacetime. This is discussed in detail below.

The idea of classical polymerisation is the replacement of certain phase space variables
by means of point holonomies. In the case of cosmology, b is a suitable variable and the
replacement

b 7→ eib

allows a quantisation along the lines of LQG. This will become clearer when the quantum
theory and operator representations are discussed in the next section, Sec. 4.3. On this
basis, the Hamiltonian is regularised by simply replacing

b 7−→ f(eiλb) . (4.2.1)

The scale λ is the so-called polymerisation scale and should be presumed as proportional
to the Planck length `p. The critical and model building ingredient is the choice of f on
the one hand and the choice of λ on the other hand. One requirement is that f should
be chosen so that it reduces to b in the “classical regime” i.e.

f(eiλb) λb�1−−−→ b . (4.2.2)

This guarantees that classically reliable physics is not changed. The choice of λb defines
the “classical regime”. In principle, one should think of λ as an arbitrary phase space
function, as it has been used in the original LQC paper (see [144]). Such a choice would
be called µ̄-scheme (historically λ was represented by µ). Allowing λ to be phase space
dependent is equivalent to changing variables and using constant λ there. This is exactly
the reason why (v, b)-variables were chosen in the previous section. As argued there, b
is related to the Ricci scalar. Hence, b becomes large only in the high curvature regime.
Considering λ = const. = O (`p) corresponds to λb = O(1) in the regime of Planck
curvature, which is where classical GR is expected to break down. Choosing this kind of
λ implies together with Eq. (4.2.2) that the classical theory still holds true in the low (with
respect to the Planck scale) curvature regime. Note that other choices are possible. One
example is the µo-scheme, which was originally introduced in [145, 146]. For LQC there is
no more promising scheme known, although alternatives are discussed. As function f , the
sin-function can be chosen as it is the simplest possibility for which Eq. (4.2.2) holds true.
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Also for this choice alternatives are discussed [59, 147, 148]4. The classical Hamiltonian
is thus modified by replacing

b 7−→ sin (λb)
λ

. (4.2.3)

Note that this function is bounded and the maximal value for the curvature is ∝ 1/λ2.
The effective Hamiltonian (classical Hamiltonian which takes quantum corrections into
account) is

Heff = NHeff . Heff = −v sin (λb)2

2λ2 +
p2
φ

2v ≈ 0 . (4.2.4)

It is already visible at this point that the energy density of the scalar field ρ = p2
φ/2v2

remains bounded on the constraint surface, since sin (λb) /λ is bounded also.

The new physics of this model can be analysed in more detail. For doing so the model
is solved “classically”. This means that the system is treated as a classical Hamiltonian
system and also the spacetime in the end will be classical. Nevertheless, the dynamics is
modified according to additional (non-perturbative) terms which are expected from the
quantum theory and can be viewed as effective treatment of quantum cosmology. The
approximation is taking quantum states that are always peaked on classical geometries and
remain peaked. Only this allows the approximation of the quantum region by the effective
spacetime. It remains to be discussed in the full quantum theory if this approximation is
valid. The effective equations of motion are

v̇ = −Nv sin(λb)
λ

cos(λb) , ḃ = N

2
sin(λb)2

λ2 +N
p2
φ

2v2 , (4.2.5a)

φ̇ = N
pφ
v

, ṗφ = 0 , (4.2.5b)

−v2
sin(λb)2

λ2 +
p2
φ

2v =0 . (4.2.5c)

Again, using pφ = const. as well as the Hamiltonian constraint yields

sin (λb)
λ

= ±pφ
v
. (4.2.6)

4Further ambiguities come from allowing also other regularisations. E.g. one could consider to poly-
merise also pφ or modify v in order to preserve different classical structures [149–153]. All in all there is
a lot of freedom in the model building, nevertheless it is hoped and already true that important lessons
about quantum gravity can be learned from these simple models.
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Inserting this result in the equation for v, Eq. (4.2.5a), this can be rewritten as

H2
o =

(
v̇

3Nv

)2
= 1

9
sin (λb)2

λ2 cos (λb)2 =
p2
φ

9v2

(
1− sin (λb)2

)
=

p2
φ

9v2

(
1− λ2p

2
φ

v2

)
= 1

9ρ
(

1− ρ

ρcrit

)
, (4.2.7)

with the Hubble rate Ho = ȧ/Na, the energy density of the scalar field ρ = p2
φ/2v2, and

ρcrit = 1/2λ2 the critical density. This equation is also known as modified Friedmann
equation [16]. It manifests that the energy density is bounded by a universal (phase space
independent) critical density ρcrit. When this critical density is reached, Ho = 0 and
the spacetime collapse stops. The curvature singularity is avoided. Furthermore, for low
energy densities this equation reduces to the classical Friedmann equation Eq. (4.1.20).

Fixing the lapse N = 1 allows to solve Eq. (4.2.7) with the result

vv̇√
v2 − λ2p2

φ

= ±pφ =⇒ v(t) =
√(
±pφ (t− ti) +

√
v2
i − λ2p2

φ

)2
+ λ2p2

φ , (4.2.8)

again with the initial condition v(ti) = vi. Inserting this into the first equation of (4.2.5b)
leads to

φ(v) = ±
(

sinh−1
(
v

λpφ
− 1

)
− sinh−1

(
vi
λpφ
− 1

))
+ φi (4.2.9)

with φ(ti) = φi which solves the system completely.

From Eq. (4.2.8) it becomes evident that v never reaches zero and in fact has the
minimal value vmin = λpφ. The singularity is thus resolved as the curvature is |R| ≤ 2/λ2

and remains bounded. Also, the energy density is bounded by ρ ≤ ρcrit = 1/2λ2. Both
bounds are independent of initial conditions and hence unique. The Hubble rate v̇/v

vanishes at this minimal value, i.e. the contraction is converted into an expansion. This
resolves the big bang by means of a big bounce. Finally, the expression Eq. (4.2.9) can be
inverted, leading to

v(φ) = λpφ cosh
(
± (φ− φi) + cosh−1

(
vi
λpφ

))
. (4.2.10)

Due to cosh(x) ≥ 1 this makes obvious that v ≥ λpφ. As argued above, this expression
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Figure 4.1: Classical and effective evolution of the volume v(φ). It is visible that the
effective dynamics quickly approach the classical solutions for expansion and contraction.
Here, λ = 1 and φi, vi = 0 was chosen. As the volume is not a physical observable, the
prefactor (here λpφ) can be absorbed in the coordinate choice.

is independent of any coordinate choice and can be compared with the classical result
Eq. (4.1.23). This is shown in Fig. 4.1. Indeed, for large |φ| it is

v(φ→ ±∞) ∝ e±|φ| , (4.2.11)

which coincides with the classical solution far away from the bounce5. Note that v is no
physical observable as it depends on the fiducial cell size Vo. Also v/Vo, which is a3 and
fiducial cell independent, is not a scalar as the pre-factor can be absorbed by means of
rescaling the r-coordinate. This discussion plays a crucial role in the analysis of effective
polymer black holes, see Sec. 6.

5The prefactor of the effective model and the classical model does not match completely. Nevertheless
this factor can simply be absorbed by rescaling the coordinate r.
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Effective polymer cosmology is a regularised version of cosmology,

• which can be quantised with LQG techniques,

• whose effective equations replace the classical singularity by a bounce at a
universal energy density ρcrit = 1/2λ2,

• which predicts a unique upper curvature bound, and

• which is well-approximated by the classical Friedmann dynamics in the low
curvature regime.

It is important that these effective dynamics should be considered as the evolution of
expectation values with respect to coherent states. It is assumed that these states are
peaked on classical geometries and remain peaked there during quantum evolution. It is
necessary to check the full quantum evolution (see next section) to see to which extend
this approximation is valid. Especially for small v, i.e. close to the big bounce, this
effective approximation might break down.

4.3 Loop Quantum Cosmology

The treatment discussed in the previous section was so far semi-classical and effective in
the sense that spacetime is still treated classical although the dynamics is modified by
means of (non-perturbative) corrections in λ = O(`p), which vanish for λ, `p → 0. There
is no guarantee that this effective spacetime is really the outcome of a quantum theory,
and that the approximation that spacetime is classical, even in the Planck regime, holds.
This section discusses the construction of LQC, which is a proper quantum theory in the
sense of operator representations on a Hilbert space. As always in the context of quantum
gravity, there are different approaches, such as Wheeler-de Witt (WdW) cosmology [154–
156], and there are quantisation ambiguities. This presentation follows [135, 136]. A
reference with many mathematical details is [48], see also [138].

Quantisation in the common (Schrödinger) sense would imply to take the phase space
variables and represent them on a Hilbert space according to the rule

{̂v, b} 7→ −i
[
v̂, b̂

]
, {̂φ, pφ} 7→ −i

[
φ̂, p̂φ

]
, (4.3.1)

where ·̂ denotes the corresponding operator on the Hilbert space. In the same spirit, it is
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also possible to define the unitary exponential operators

Û(µ) = êiµv , Ŵ (ν) = êiνb , . . . , (4.3.2)

and demand the Weyl form of the Canonical Commutation Relations (CCR)

Û(µ)Ŵ (ν) = Ŵ (ν)Û(µ)e−iµν{v,b} , (4.3.3)

which are motivated by the Baker-Campbell-Hausdorff formulas for operator exponen-
tials. Note that these operators are by definition unitary, as Û(−µ) = Û(µ)−1 = Û(µ)†.
Furthermore, this way only the exponentials of v and b are quantised. The operators v̂
and b̂ do not exist a priori. Nevertheless, both points of view are equivalent as long as
the representation is weakly continuous, i.e.

lim
µ→0

〈
ψ
∣∣∣Û(µ)Φ

〉
=
〈
ψ
∣∣∣∣limµ→0

Û(µ)Φ
〉

= 〈ψ|Φ〉 . (4.3.4)

In that case the operator

v̂ := −i lim
µ→0

Û(µ)− 1
µ

, (4.3.5)

and the other operators (b̂, φ̂, p̂φ) are well-defined and satisfy the standard CCR Eq. (4.3.2).

The Stone-von Neumann theorem states that all joint (irreducible) and weakly contin-
uous representations of Û and Ŵ on separable Hilbert spaces are equivalent up to unitary
transformations. Hence, this leads uniquely to WdW quantum cosmology which does not
avoid the singularity generically [136, 157–160]. To generate new physics and a possible
singularity avoidance, it is necessary to circumvent the Stone-von Neumann theorem. In
LQG and also in LQC this is done by dropping the requirement of weak continuity. In
particular LQC is a special case of polymer quantum mechanics [161, 162].

The construction is as follows: Starting point is the Hilbert space Hkin, which is spanned
by states |ρ, φ〉 with ρ, φ ∈ R. The scalar product is defined by6

〈ρ′, φ′|ρ, φ〉 = δρ′ρδ (φ′ − φ) . (4.3.6)

The main interest is about the gravitational part of the quantisation and hence the second

6Note that the scalar product gives a Kronecker delta in ρ instead of the usual Dirac delta. The latter
would lead to the usual Hilbert space of square-integrable functions L2(R2,dρdφ).
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label φ is dropped in the following. The Weyl operators are defined as

ê
i
λ3 µv |ρ〉 := eiµρ |ρ〉 , (4.3.7)

ê−iλνb |ρ〉 := |ρ+ ν〉 , (4.3.8)

where λ is the polymerisation scale, which makes µ, ν dimension free. This representation
is weakly continuous only in v as

lim
µ→0

〈
ρ
∣∣∣êiµv∣∣∣ρ′〉 = lim

µ→0
e
i
λ3 µρ

′
〈ρ|ρ′〉 = δρ ρ′ = 〈ρ|ρ′〉 , (4.3.9)

but also

lim
ν→0

〈
ρ
∣∣∣∣ê−iλνb∣∣∣∣ρ〉 = lim

ν→0
〈ρ|ρ+ ν〉 = 0 6= 1 = 〈ρ|ρ〉 . (4.3.10)

Thus, the operator v̂ is well-defined as v̂ |ρ〉 = λ3ρ |ρ〉, while there is no operator b̂. On
that Hilbert space, arbitrary but finite shifts in v are possible. This makes the volume
“grainy” and points towards a quantisation. This will become be clearer in the discussion
below. It is easy to check that the operators ê

i
λ3 µv and ê−iλνb satisfy the Weyl-CCR.

The quantisation of φ and pφ is done in the usual weakly continuous way, leading to
multiplication and derivative operators. The Hilbert space is hence given by

Hkin =

|χ〉 =
∑
ρ∈R

∫
dφχ(ρ, φ) |ρ, φ〉

∣∣∣∣∣∣
∑
ρ∈R

∫
dφχ(ρ, φ)χ(ρ, φ) <∞

 , (4.3.11)

〈χ|ψ〉 =
∑
ρ∈R

∫
dφχ(ρ, φ)ψ(ρ, φ) ,

where the sum over ρ is countable7. It is possible to consider the states 〈b, φ|ρ, φ′〉 =
δ(φ − φ′)e−iλρb as basis states, where ρ ∈ R. A generic wave function can be written as
χ(b, φ) = ∑

ρ∈R χ(ρ, φ)e−iλρb. This is almost like a Fourier series, but the label ρ is not
restricted to integers. The elements e−iλρb are more general than U(1) representations.

The kinematics of the system is now determined. The next steps are the dynamics
and especially the representation of the Hamiltonian on that Hilbert space. As there is

7The gravitational part of this Hilbert space are the square integrable function on the Bohr compact-
ification of the real line RBohr (see [48, 138] for more details).
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no operator b̂, it is obvious that the Hamiltonian in the form of Eq. (4.1.16) cannot be
represented. This makes polymerisation as described in the previous section unavoidable.
Indeed, the polymerised Hamiltonian Eq. (4.2.4) depends only on exponentials of b and
thus has possible representations on Hkin. In quantising the Hamiltonian there are two
main obstructions:

1. The polymerisation, i.e. the replacement of b 7→ f(eiλb) and

2. factor ordering, as in any quantum theory.

The first issue was addressed in Sec. 4.2 and the polymerisation

b 7−→ sin(λb)
λ

, (4.3.12)

was applied. Indeed, the operator

ŝin(λb) := 1
2i

(
êiλb − ê−iλb

)
, (4.3.13)

can be assigned and is well-defined on Hkin.

The second point is a problem of any quantum theory, and it increases the ambiguities
in the theory. The ordering should be chosen at least so that the Hamiltonian operator is
self-adjoint. One possibility the symmetric ordering8. For this the lapse is fixed to N = v,
which leads to the Hamiltonian operator

Ĥ = 1
2 p̂φ

2 − 1
2λ2

√
|v̂|ŝin(λb)|v̂|ŝin(λb)

√
|v̂| . (4.3.14)

This Hamiltonian is indeed symmetric with respect to the scalar product. The physical
and dynamical Hilbert space is defined according to Dirac quantisation [142] by

Hphys :=
{
|χ〉 ∈Hkin

∣∣∣ Ĥ |χ〉 = 0
}
. (4.3.15)

Acting with Ĥ on a basis state |ρ, φ〉 leads to

8This symmetric ordering was also used in [136]. Further improvements of this ordering were discussed
in [163].
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Ĥ |ρ, φ〉 =− 1
2
∂2

∂φ2 |ρ, φ〉

+ λ4

8 |ρ+ 1|
√
|ρ||ρ+ 2| |ρ+ 2, φ〉

− λ4

8 |ρ| (|ρ+ 1|+ |ρ− 1|) |ρ, φ〉

+ λ4

8 |ρ− 1|
√
|ρ||ρ− 2| |ρ− 2, φ〉 . (4.3.16)

This shows first of all that the φ and ρ sectors factorise and they can be treated separately.
Secondly, the Hamiltonian preserves a grid in ρ of step size 2Z. Thus, the physical Hilbert
space is restricted to the lattice ρ ∈ 2Z+c where c ∈ R is an arbitrary offset. Without loss
of generality, it is possible to chose c = 0. This induces that physical volumes (eigenvalues
of v̂ in Hphys) can only have discrete values of integer steps v ∈ 2λ3Z:

The polymer quantisation of cosmology, together with the chosen polymerisation
and factor ordering of the Hamiltonian constraint, leads to quantised volumes with
spectrum

v ∈ 2λ3 Z .

As ρ ∈ 2Z the states 〈b, φ′|ρ, φ〉 = δ(φ′ − φ)e−iλρb are simply different representations of
U(1). After a careful analysis of the physical scalar product on Hphys [48, 138], Hphys can
be viewed as square integrable functions over U(1) with respect to the Haar-measure, i.e.
L2
(
U(1), dµHaar(U(1))

)
.

Another important conclusion from Eq. (4.3.16) is that positive and negative volume
states are separated and |ρ = 0〉 is isolated. It is easy to check that no state |ρ〉 can be
mapped to zero or to the opposite sign.

The system can be analysed in more details (see e.g. [136, 139, 144, 164]). This analysis
will not be pursued here, and only central results without their technical difficulties will
be stated.The Hamiltonian constraint can be solved analytically and the physical Hilbert
space as well as the scalar product can be constructed explicitly. It can be shown that
for generic states |χ〉 ∈Hphys

〈χ|v̂|χ〉 > vmin

is bounded and hence the singularity is avoided. A further important result is the exis-
tence of coherent states |χcoh〉, which are peaked on classical geometries for large quantum
numbers and remain peaked on this classical geometry during their evolution. The dy-
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namics of 〈χcoh|v̂|χcoh〉 is given by Heff =
〈
χcoh

∣∣∣Ĥ∣∣∣χcoh〉 where Heff is the effective
Hamiltonian of Eq. (4.2.4). Based on this, the approximation of the previous chapter,
where the spacetime was treated classical, but the evolution was modified by quantum
corrections in Heff , can be considered valid for large quantum numbers. Conversely, the
effective quantum dynamics should not be trusted for small quantum numbers. This was
thoroughly analysed in several works [165–168].

In LQC the singularity is generically avoided. Coherent states peaked on large
quantum numbers, resembling to classical geometry and remaining peaked on this
during φ evolution, exist. The dynamics of 〈χcoh|v̂|χcoh〉 is given by

〈
χcoh

∣∣∣Ĥ∣∣∣χcoh〉 = Heff

where Heff is the effective Hamiltonian of Eq. (4.2.4).

In conclusion, it should be stressed that LQC is well-developed, but there are many
technical details, which require specific choices (factor ordering, polymerisation, physical
scalar product,...). These are still part of recent discussions (see e.g. [68, 169]). Another
open question is about the relation of LQC and LQG. Although both share the same
quantisation strategy, it is not clear if the cosmological sector of LQG reduces to the
model presented here (see e.g. [59, 62, 147, 148]).

4.4 Relation to full LQG

In this section the construction of LQG is sketched without technical details. The aim is
to show how the above techniques are motivated from full LQG and how connections can
be made. More detailed overviews and introductions into the field are e.g. [49, 136] or
for even more details [48, 134, 170, 171]

LQG is formulated in the Hamiltonian framework. Hence, the first step in the theory
construction is the Hamiltonian analysis of GR. Spacetime is split into time and space
also known as 3 + 1-split. The central object of the Hamiltonian analysis is qab, which is
the metric of the 3-dimensional slice. It turns out that the other four components of the
spacetime metric, lapse and shift, are Lagrange multipliers and thus can be arbitrarily
chosen, which corresponds to fixing the gauge and coordinates. The Hamiltonian formu-
lation of GR deals with the spatial metric qab and its momentum P ab, which is closely
related to the extrinsic curvature of this spatial slice, i.e. how this slice is embedded into
the 4-dimensional spacetime. The Hamiltonian equations predict how this spatial slice is
evolving in “time”. Nevertheless, the notion of time is subtle in GR as the Hamiltonian is
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a constraint composed by the generators of space- and timelike diffeomorphism. As the
system is fully constrained Hgrav ≈ 0, there is no dynamics in the standard Hamiltonian
sense. This is at the heart of GR. In fact, there is no gauge independent “time” direction
along which the spatial slice can evolve. Dynamics can thus only be specified relative to
a given observer (see e.g. the discussion in [134]).

A phase space extension and canonical transformation is performed, mapping the de-
grees of freedom (qab, P ab) to the so-called Ashtekar variables (Aia, Ea

i ), which are used in
the loop quantisation. Here Ea

i is the densitised triad and is related to the spatial metric,
due to ηijEa

i E
b
j = √qqab. The Ashtekar connection Aia is a sum of the spin-connection of

the spatial slice Γ and its extrinsic curvature K

Aia = Γia + γKi
a , (4.4.1)

where γ is the Babero-Immirzri parameter, which is undetermined at this point. This
way, Aia has knowledge about the full 4-dimensional curvature. The central point of
this construction is that Aia is a SU(2)-connection (i runs in su(2)) which rephrases the
gravitational degrees of freedom in terms of those of a SU(2)-gauge theory.

Out of this SU(2)-connection one can construct a parallel transport or in physicist
language a holonomy9 hγ(A) : Tγ(ti)M −→ Tγ(tf )M , which parallel transports a vector
along the curve γ10. Along the same lines, it is possible to canonically integrate the
densitised triads Ea

i over a 2-dimensional surface S, leading to the so-called fluxes E(S).
holonomies and fluxes are both non-local objects, which form the holonomy-flux-algebra.
The idea of LQG is to represent this algebra on a Hilbertspace. Due to the non-local
character of hγ(A) and E(S) natural divergences due to Dirac deltas are avoided.

This quantisation, i.e. representation of the holonomy-flux-algebra as operators on
a Hilbert space is done in a weakly-discontinuous way, following the explanations of
the previous section. This makes the quantisation scheme generically different form
WdW-quantum gravity and allows to define a well-defined scalar product. Elements
of the Hilbert space are cylindric functions depending on the connection A only through
holonomies, i.e.

ψ ∈H LQG
kin ⇒ ψ(A) = ψ(hγ1(A), . . . , hγn(A)) ,

where n is a finite but arbitrary natural number. The set of n curves γi represent an ori-

9In contrast to the mathematics notation, here holonomies are not necessarily parallel transports along
closed curves.

10γ is a curve in the spatial slice starting at curve parameter ti and ending at tf .
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ented graph. The Hilbert space thus contains square-integrable functions over arbitrary
finite copies of SU(2). The scalar product is given by the Haar-measure over SU(2). In
LQC discussed in the previous section, the physical Hilbert space was based on functions
over U(1). This is furthermore exactly along the lines of lattice Quantum Chromo Dy-
namics (QCD) techniques, where holonomies are also quantised. The central difference
is that in LQG the underlying lattice is completely arbitrary and dynamical as it can be
modified by the action of the quantum operators. Moreover, there are additional (highly
non-trivial) constraints.

This Hilbert space was heavily studied and the up to today most efficient realisation of it
is in terms of so-called spin networks, mentioned here just for completeness. An important
step is to also implement the Hamiltonian (the constraints) on that Hilbert space. As in
LQC, there is only an operator for ĥγ(A) but not for Â. In order to find a well-defined
operator for the constraints, it is necessary to re-express all direct A dependencies in the
Hamiltonian by means of holonomies hγ(A). This step was called polymerisation in the
above construction. The main dependence of A in the Hamiltonian comes through the
curvature Fab(A). This is, without going into detail, replaced by a holonomy along a
closed loop, as (see [172])

h�(A) ' I + 1
2Fab

∫
�

dσab +O
(
Area(�)2

)
, (4.4.2)

where � denotes a closed curve and dσab is the area-two form of the enclosed surface.
Consequently,

∫
� dσab is related to the enclosed area Area(�).

A central result of this theory is the construction of area and volume operators and that
their spectrum is quantised. This was part of the motivation for doing a polymerisation
in the cosmological context. Indeed, the area is quantised and the smallest possible area
value, the area gap [144], is

∆ = (2
√

3πγ)`2
p (4.4.3)

Nevertheless, it is hard to implement the Hamiltonian completely on this (kinematical)
Hilbert space and it is even harder to solve the constraint equations. Hence, neither the
physical Hilbert space, nor the physical scalar product and consequently the spectrum of
the geometric operators on physical states are known.

Let us relate these ideas and constructions to what was discussed in the previous sec-
tions. The strategy applied there precisely followed this LQG logic. The variables were
polymerised, i.e. expressed by means of point holonomies hn(b) = e−iλnb, which were U(1)
instead of SU(2)-valued and centred at a single point instead of a full curve. Both is a
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result of the large symmetry class of cosmology. Wave functions are cylindrical functions
of these point holonomies. The representation was also chosen weakly discontinuous so
that only the point holonomy operator ĥn(b) = ê−iλnb but not the operator b̂ itself ex-
ist. As argued above, geometric quantities, in cosmology volumes, became quantised on
the physical Hilbert space due to this construction. The main point, which was missed
in the cosmological construction was the use of Ashtekar variables and the polymerisa-
tion scheme, which a priori has no relation to Eq. (4.4.2). In the original work on LQC
[144–146], coming from LQG, Ashtekar variables were used. Starting with the classical
formulation of GR in Ashtekar variables, one can impose the cosmological symmetries
leading to [144]

Aia = cV
− 1

3
o

oωia , Ea
i = p

√
oqV

− 2
3

o
oeai , (4.4.4)

where (c, p) are the only degrees of freedom and (oeai , oωia) are the orthonormal triads
and co-triads compatible with the metric ogab adapted to the edges of the fiducial cell of
volume Vo. The phase space is spanned by (c, p) with the Poisson brackets

{c, p} = 8πGγ
3 .

The variables (c, p) are related to (v, b), used in Sec. 4.1-4.3, by the canonical transfor-
mation [149]

c = γ(4πGv) 1
3 b , p = (4πGv) 2

3 (4.4.5)

In this simplified setting, a holonomy along µ oeak is given by

hµk(A) = P exp
(∫ µ

0
Aiaτie

a
kdx

)
= cos

(
µc

2

)
I + 2 sin

(
µc

2

)
τk , (4.4.6)

where P exp is the path-ordered exponential and it is 2iτk = σk, k = 1, . . . , 3 with the
Pauli matrices σk. Hence, τk is a basis of su(2) in the fundamental representation j = 1/2 11.
The aim is to re-express all Aia in the Hamiltonian by means of these holonomies. Among
others, this means that the curvature has to be replaced by means of holonomies according

11Choosing the fundamental representation is here definitely a restriction for simplicity. Coming from
full LQG one should take all representation into account.
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to

F k
ab = −2 lim

Area(�)→0
Tr
hµ�ij − I

µ2V
2
3
o

 τ k oωia oωjb , (4.4.7)

where hµ�ij denotes the holonomy along a square with edges oeai , oeaj with edge-length µ.
This replacement changes the classical Hamiltonian after carefully replacing all connec-
tions c by holonomies from [149]

Hclass = N

[
p2
φ

2p 3
2
− 3

8πGγ2
√
pc2
]

(4.4.8)

to

Heff = lim
µ→0

N

[
p2
φ

2p 3
2
− 3

8πGγ2
√
p

sin(µc)2

µ2

]
(4.4.9)

In the limit µ → 0, i.e. Area(�) → 0, this replacement is exact. LQG gives the insight
that areas cannot be arbitrarily small and should be larger or equal to the area gap ∆.
The best approximation is thus done for the smallest possible area, i.e. Area(�) = ∆.
Imposing that the physical area enclosed by the plaquette �ij is ∆, gives

|p|µ2 = ∆ = (2
√

3πγ)`2
p , (4.4.10)

thus it is specified

µ = µ̄ =
√

∆
|p|

,

which is known as the µ̄-scheme [144]. A crucial point is that this polymerisation scale is
phase space dependent. The polymerised Hamiltonian becomes

Heff = N

 p2
φ

2p 3
2
− 3

8πGγ2
√
p3 sin

(√
∆
|p|c
)2

∆

 (4.4.11)

As µ̄ is phase space dependent, one could equally well ask for other variables in which the
polymerisation scale is constant, i.e. c absorbs the phase space dependence of µ̄. Indeed,
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in the case of cosmology, these variables are (v, b) (cfr. Eq. (4.4.5)), which leads to

Heff = N

[
p2
φ

8πGv −
3
2v

sin(γ
√

∆b)2

γ2∆

]
(4.4.12)

which is exactly the effective Hamiltonian of Eq. (4.2.4). So polymerisation in (c, p) with
the phase space dependent µ̄-scheme is equivalent to the polymerisation in geometrical
variables (v, b) with a constant polymerisation scale

λ = γ
√

∆ =
√

2
√

3πγ3`p . (4.4.13)

In this sense, the polymerised theory and its quantisation is inspired by LQG. There
were numerous choices and simplification, and especially allowing phase space dependent
polymerisation schemes allows to use any kind of variables, as long as they offer a sensible
interpretation in some sense. Further note that this construction is a symmetry reduction
in Ashtekar variables on the classical level. As mentioned above, it is not clear how this
model emerges as the cosmological sector of the full theory. Some preliminary insight has
been gained in the work of [59, 147, 148], but the question is still far from understood,
as most likely also renormalisation has to be taken into account [152, 153, 173–176]. The
opposite approach is taken in [62] where LQC in (v, b) variables is embedded in the full
theory context.
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Holographic Signatures and
Resolved Singularities
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5
Holographic Signatures of

Resolved Cosmological
Singularities

All introductory material for the following work has now been established. As discussed
in Sec. 3.4, the holographic principle and the AdS/CFT correspondence might be a more
general property of gravity going beyond string theory. The classical description of gravity
with GR breaks down close to singularities, and a need for a quantum theory of gravity is
exposed. Given the AdS/CFT correspondence as a non-perturbative definition of string
theory [44, 46, 47], the problem could be treated within the dual field theory. The question
about a singularity in gravity could be translated into the boundary field theory. An
answer could be found in the latter, since physical intuition and established techniques
have been for QFT. Indeed, the question of singularities in string theory has been studied
extensively [23, 177–185], but no clear picture has emerged yet.

In a similar sense, the problem could be turned around. In the framework of symmetry
reduced LQG (see Chpt. 4) singularities are resolved and the quantum theory can be for-
mulated. Using the AdS/CFT correspondence this behaviour could be translated into the
dual field theory and tested against consistency and numerical simulations. Nevertheless,
the AdS/CFT correspondence is only well-motivated in the context of string theory and
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it is not clear how LQG fits in this picture, as it is a priori non-holographic. Moreover, it
is not clear if singularity resolution is meaningful in the context of holography [27, 28].

In the following chapter, building on the preceding work [71, 72], cosmological singu-
larities are resolved by means of LQC. The meaningfulness of this singularity resolution
in the context of holography is tested within this simple setting. Herein the simplifica-
tions of the preceding work [73] are dropped. This simplified framework is used for first
conceptional checks of these ideas.

This chapter is based on the author’s published work [1] and starts by referring back
to previous results of [71–73] and presenting the framework. In Sec. 5.3 the improved
spacetime is introduced and discussed. The main strategy of the problem is outlined in
Sec. 5.4 and the results are presented in Sec. 5.5. The chapter closes with the conclusions
and further directions in Sec. 5.6.

5.1 Setup and Previous work

In preceding work, the authors studied holographic signatures of cosmological singularities
in the context of AdS/CFT [71, 72]. Their setup is especially interesting in the context
here studied and is given by the following.

In the bulk sapcetime is assumed to be Kasner-AdS cosmology, which is an anisotropic
version of AdS space and described by the metric (in units of the AdS radius, i.e. L = 1)

ds2
5 = 1

z2

(
dz2 + ds2

4(t)
)

, ds2
4(t) = −dt2 +

3∑
i=1

t2pid(xi)2 . (5.1.1)

This metric is equal to Eq. (2.1.11), however the 4-dimensional Minkowski metric is re-
placed by the so-called Kasner spacetime. Indeed, ds2

4 is a solution of the 4d vacuum
Einstein equations if the Kasner exponents pi satisfy the Kasner conditions

3∑
i=1

pi = 1 ,
3∑
i=1

p2
i = 1 . (5.1.2)

Moreover, in this case ds2
5 is a solution of the 5d Einstein equations with negative cos-

mological constant. This makes ds2
5 relatable to AdS, nevertheless ds2

5 is not maximally
symmetric as it is anisotropic. There is a curvature singularity in both, the 4- and 5-
dimensional case, as their curvatures diverge at t = 0. In addition to the translational
symmetry in x1, x2 and x3, the anisotropic-AdS spacetime (5.1.1) is scaling symmetric
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z(t⇤)

t0

t⇤

t = 0

2x(t0)

z

t

Figure 5.1: Basic setup to probe bulk singularities by studying the equal-time correlator
in the dual field theory: in the geodesics approximation the two-point function of a heavy
(m � 1) scalar operator O is specified by the length of spacelike bulk geodesics anchored
at two points on a boundary time slice t = to.

with respect to

z 7−→ Λz , t 7−→ Λt , xi 7−→ Λ1−pixi . (5.1.3)

According to the reasoning in [71, 72] and the AdS/CFT conjecture, the bulk theory is
dual to SYM on a Kasner background (cfr. right equation in Eq. (5.1.1)).

Consider a scalar bulk operator O of this SYM theory on Kasner background in the
large N -limit with large conformal weight ∆� 1. According to the AdS/CFT-dictionary,
this operator is dual to a scalar field on AdS spacetime with large mass m � 1 (cfr.
Eq. (3.3.4)). This is the regime where the geodesic approximation [127] is valid and the
equal-time two-point correlator is given by

〈
O(t, xi)O(t,−xi)

〉
∼ exp(−∆Lren) , (5.1.4)

where Lren = limz→0 (L(t, xi, z) + 2 log(z)) is the renormalised geodesic length1 and
L(t, xi, z) is a spacelike geodesic connecting the points (t, xi, z) and (t,−xi, z). The sit-
uation is depicted in Fig. 5.1. Here, two-point correlators of operators are considered at
a given time slice to, and they are only separated in one spatial direction, for example
x1. In the following, this direction is simply denoted by x and the corresponding Kasner
exponent p. This reduces the 5d problem of finding this spacelike geodesic to effectively

1The origin of this renormalisation is the boundary condition of the bulk fields, which becomes zero
towards the boundary φ(z, x) z→0−−−→ 0. The boundary conditions are imposed for z∆φ(z, x) (∆� 1) which
remains finite at the boundary (see Sec 3.3).
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2 + 1 dimensions.

Note that it is possible that several geodesics exist, satisfying the given boundary
conditions. For evaluating the two-point correlator all contributions have to be added in
Eq. (5.1.4). Also complex geodesics have to be taken into account as they contribute to
the long-distance behaviour [72].

The authors of [71, 72] and also [1, 73] where especially interested in probing the
singularity. Studying the geodesics shows that timelike geodesics are bent away from the
singularity for spatial directions with p > 0, but they are bent towards the singularity
for p < 0. A geodesic satisfying the given boundary condition has a turning point in the
bulk at time t∗ and Poincaré coordinate z(t∗) = z∗. This turning point data classifies
the geodesic. In the case of p < 0, t∗ can reach the singularity at t = 0, i.e. comes
arbitrarily close to the high-curvature regime. This should be reflected in the two-point
correlator, which are exactly the signatures of interest. In the case of isotropic cosmology,
these exponents are always positive (cfr. Eq. (4.1.19)) and thus the high-curvature regime
cannot be tested in this framework. Allowing anisotropies changes this situation and gives
the possibility of p < 0 to test the interesting high-curvature regime.

In the work [71, 72] this was studied in detail and the authors found a finite distance
pole in the two-point correlator for a boundary separation where the geodesic hits the
singularity. The presence of such a pole indicates non-renormalisability of the state in the
dual field theory description [72].

5.2 Improved Correlator by Effective Bulk Quantum Geom-
etry

Quantum gravity effects could resolve this classical singularity and possibly improve the
behaviour of the finite distance pole of the two-point correlator. This possibility was
already discussed in [71], although no concrete mechanism was given. As demonstrated
in Sec. 4.2, a symmetry reduced quantisation inspired by LQG does resolve cosmolog-
ical singularities. In the preceding work [73] an effective quantum corrected spacetime
and the influence of the singularity resolution was studied. The result was a proof of
principle, although strong simplifications were needed. This is due to the fact that a
loop-quantisation, or polymerisation, of Kasner-AdS spacetimes is complicated and still
not known today. This constitutes the starting point of the here presented work.

The quantum corrections in [73] are introduced along the lines of LQC. Here the
authors made the simplification that each of the constant z-slices is polymerised by its
own. This reduces the complexity from 5 to 4-dimensions and ignores the z-dependence.
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This is motivated by the fact that the metric (5.1.1) is only singular in the 4d-part. The
effective spacetime is given by

ds2
5 = 1

z2

(
dz2 + ds2

4(t)
)

, ds2
4(t) = −dt2 + a2

ext

λ2p

(
t2 + λ2

)p
dx2 + . . . , (5.2.1)

where the dots denote the other similarly corrected spatial directions, λ is the polymeri-
sation scale and aext the extremal value of the scale factor. For p = 1/3 this corresponds
exactly to the effective dynamics of Eq. (4.2.8)2. The classical singularity is resolved by
a bounce and for large t the classical solution is approached. In the limit λ → 0 and
aext/λp → 1 this also reduces to the classical metric (5.1.1). The second assumption is
that the different spatial directions were treated as decoupled and the exponent 1/3 was
generalised to p. If these exponents satisfy the Kasner conditions (5.1.2), ds2

4 is a solution
to the classical Einstein equations up to orders of λ. Nevertheless, anisotropic LQC has
been studied and qualitatively more complex solutions (see Sec. 5.5.2) were found. It
was found out that the quantum effects replace the singularity with a smooth transition
between two Kasner spacetimes. Further, it was shown that the Kanser exponents are
changing during the quantum transition. This transition between one set of exponents to
another one, both satisfying Eq. (5.1.2), is called Kasner transition, which was neglected
in [73].

These simplifications seem drastic, but they allow analytic computations. If this sim-
plified setting shows that singularity resolution is useful in the context of holography, it is
appropriate to go beyond these simplifications and make the model more realistic. Within
this setting it is possible to analytically solve the geodesic equations in the spacetime given
by Eq. (5.2.1). The solution can be parametrised in terms of the geodesic length s, which
gives for the z-component of the geodesic

z(s) = z(t∗)
cosh(s) , (5.2.2)

where the geodesic length s is measured starting at the turning point t∗ of the geodesic
(cfr. [73]). The value z∗ = z(t∗) is directly related to the spatial coordinate separation
l = 2x(to). The length of the geodesic is given by 2s(z → 0), which is divergent. Never-
theless, within the geodesic approximation, it is important to compute the renormalised
geodesic length given by

Lren = lim
z→0

(2s(z)− 2 log(z)) = lim
z→0

(2 log(2z∗)− 2 log(z) + 2 log(z)) = 2 log(2z∗) . (5.2.3)

2To show this, one has to choose ti = 0, vi = λpφ and aext = (λpφ)
1
3 .
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3.4.4 Intermediate distance behaviour
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Figure 1: z(t⇤) is plotted against x(t0) for � = 1 (thick blue) and � = 0 (thin red), starting from
t⇤ = t0 = 100 at (0, 0). The solid blue line was obtained from numerical computations, while the
dashed blue line shows the asymptotic behaviour for t⇤ ! 0, which is hard to probe numerically
(the crossover to the blue dashed line is at t⇤ = 1.4 · 10�11t0), but has been computed analytically
in equation (3.20). In the classical limit (red curve), x(t0) approaches half the cosmological horizon
scale for t⇤ ! 0, in this case 80

p
10 ⇡ 253. We note that the same x(t0)-value corresponds to multiple

z(t⇤) values, which we have to add in the two-point correlator (in addition to complex solutions). We
also note that the resolved classical pole is still the dominant (smallest z(t⇤)) contribution around its
x(t0) value. This behaviour turned out to be generic for several other cases we have tested whenever
t0 � �. The blue line starts to deviate significantly from the red line around t⇤ ⇡ 0.4.

Figure 2: z(t⇤) is plotted against x(t0) for � = 1 (thick blue) and � = 0 (thin red), starting from
t⇤ = t0 = 4 at (0, 0). The characteristic intermediate scale behaviour shown in figure 1 disappears
starting around t0 . 5, i.e. when quantum corrections start to become relevant in the background
spacetime of the CFT. We note that the change of slope of the blue curve, here around x(t0) = 8.5,
still persists.

In order to investigate the intermediate distance behaviour of the two-point correlater, we plot
z(t⇤) vs. x(t0) for the case aext = 1, p = �1/4, for the two values � = 1 corresponding to the
quantum theory and � = 0 corresponding to the classical theory in figure 1 for and t0 = 100 and
figure 2 for t0 = 4. t⇤ = t0 corresponds to the point (0, 0), from which on t⇤ decreases until it reaches
0.
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figure 2 for t0 = 4. t⇤ = t0 corresponds to the point (0, 0), from which on t⇤ decreases until it reaches
0.

8

*
z(t  )

z(t  )

l

*

(b)

Figure 5.2: Plots of z(t∗) vs. l = x(t0) for p = −1/4 and aext = 1 taken from [73]. The
red line represents the classical case with λ = 0, while the blue line represents the quantum
corrected case with λ = 1 respectively for t∗ = t0 = 100 at (0,0) (a), and t∗ = t0 = 4
at (0,0) (b). The solid blue line was obtained from numerically evaluating the analytic
solutions, while the dashed blue line is an asymptotic expansion for t∗ → 0 [73].

The two-point correlator is thus given by

〈O(to, x(to))O(to,−x(to))〉 ∼ (2z∗(x))−2∆ , (5.2.4)

which diverges only for z∗ = 0. The relation of z∗ with the boundary separation l = 2x(to)
can be seen in Fig. 5.2. As visible from the plot, z∗ does not vanish for λ 6= 0 (blue
curve) unlike the classical case (red curve). In both cases z∗ vanishes at the point (0, 0),
which is the usual coincidence limit. This shows that indeed the finite distance pole is
resolved for λ 6= 0. Interesting to observe is furthermore the fact that for given boundary
data l = 2x(to), multiple values for z∗ exist. This corresponds to several geodesics,
which all have to be taken into account for the two-point correlator, while the dominant
contribution comes from the minimal value of z∗. When to becomes closer to the scale of
λ, the qualitative behaviour changes to Fig. 5.2 (b). Nevertheless, the conclusion remains
the same and the finite distance pole is resolved.

5.3 Quantum Corrected Metric

The full problem of quantising the bulk would demand to apply 5d LQG based on [186–
188] with the given boundary conditions to this framework and to extract an effective
metric. Unfortunately this is remaining unobtainable until today. The problem is thus
simplified in the following way.

As already noticed, the singularity of the metric (5.1.1) comes from the 4d part of
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the metric. Resolving the singularity there, resolves the full 5d singularity. As discussed
above (cfr. Sec. 4), there was lot of effort going towards symmetry reduced models of
LQG. Beside homogeneous cosmology, effective Kasner spacetimes were also discussed
[189]. They are in accordance with the numerical treatment of the quantum theory [165].
Further work showed possibilities of embedding these mini-superspace models into the full
LQG framework [52, 60]. The resulting picture of quantised Kasner spacetimes is again
a resolved singularity, which mediates between two classical Kasner spacetimes, which
in turn change their set of Kasner exponents during the bounce. This process is called
Kasner transition. The key assumption for this strategy to work in the 5d context is that
the z from each z = const. slice to another one is small. This will be discussed below.

Further there needs to be a meaningful generalisation of the 4d quantisation to the 5d
context. Quantum effects in the 4d picture are controlled by the polymerisation scale
λ which is related to ~ through the Planck length `p (cfr. Eq. (4.4.13) and [144]). A
reasonable model induces quantum effects when the 4d curvature becomes of order Planck
curvature, i.e. ∼ 1/λ2. As the 5d context is considered here, the full effective metric should
have quantum effects when the 5d curvature reaches Planck scale. This is not ensured by
following the above strategy. Nevertheless, there is a relation between the Kretschmann
scalars

K(5) = R
(5)
αβµνR

(5)αβµν = z4K(4) + . . . . (5.3.1)

As K(4) is bonded by const./λ4, this motivates to replace λ 7→ zλ to obtain an onset of
quantum effects at the 5d Planck scale.

Besides the onset of quantum effects, Kasner transitions are expected, i.e. the change
of Kasner exponents during the quantum bounce. Both features, the z-dependence of λ
and Kasner transitions were neglected in Eq. (5.2.1) to allow for analytic computations
and first insights on the effect of singularity resolution in [73]. In principle, both could
have important qualitative effects for the two-point correlator:

Firstly, in [72] it was shown that the pole of the two-point correlator comes from
the geodesic with z∗ → 0. On the boundary z = const. = 0 a null geodesic exists,
which is continuously approached by the spacelike bulk geodesics, resulting in the singular
geodesic causing the finite-distance pole. In the scenario of zλ as polymerisation scale,
the boundary remains unchanged and is still singular. Thus the null geodesic still exists
and it has to be determined if a family of bulk geodesics is also continuously approaching
it.

Secondly, the long distance behaviour of the two-point correlator in [73] is given by
geodesics approaching t = 0 arbitrarily close, which is a maximum for (t2 + λ2)p (p < 0).
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A Kasner transition as in [189], where a positive exponent changes to a negative one,
alters the behaviour of the metric around t = 0 as it has no extremal value any more.

Both simplifications are lifted successively in the following and their effect is studied
numerically.

5.4 Solution Strategy

Due to the geodesic approximation Eq. (5.1.4), the problem of computing the two-point
correlator reduces to solving the geodesic equation on a given background with specific
boundary conditions. As motivated above, the bulk metric takes the general form

ds2 = 1
z2

(
−dt2 + a(t, z)2dx2 + dz2

)
. (5.4.1)

The two-point correlator is given by spacelike geodesics starting and terminating at a
constant time slice to, with a given boundary length separation Lbdy = 2a(to, z = 0)x(to).
Due to the translation symmetry in x, it is always possible to shift the coordinate system
so that initial and final points are distributed symmetrically around the coordinate origin.
The problem here is to find all spacelike geodesics on the background Eq. (5.4.1) which
start (t = to, x = x(to), z = 0) and end at (t = to, x = −x(to), z = 0), where to and x(to)
is the input data3.

5.4.1 Affine Parametrisation and Compactification

The geodesic equation can be derived form the following action

S =
∫

dτ
√
gµν

dxµ

ds

dxν

ds
=
∫

dτ
√
− ṫ

2

z2 + a(t, z)2

z2 ẋ2 + ż2

z2 , (5.4.2)

where the dot denotes derivatives with respect to τ , which is an arbitrary curve parameter.
As the geodesics start and terminate at the same time- and z-slice, there is a turning point
in t and z. Due to the translation symmetry, the solution is symmetric around this turning
point. A parametrisation of the curve in terms of t or z is consequently not suited, since
only one of the two branches could be covered (cfr. [72, 73]). A suitable parameter, which
allows a treatment of both branches at the same time, is the affine parameter s, for which
− ṫ2

z2 + a(t,z)2

z2 ẋ2 + ż2

z2 = 1 with τ = s. In this case the geodesic equations read

3In principle also complex geodesics have to be taken into account. As discussed in [73], these lie
outside the quantum region and do not give new insight. The computation here restricts to real geodesics
only.
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ẗ− 2ṫż
z

+ ẋ2

2
∂(a2)
∂t

= 0 , (5.4.3a)

d

ds

(
a(t, z)2

z2 ẋ

)
= 0 , (5.4.3b)

z̈ − 2ż2

z
+ z − ẋ2

2
∂(a2)
∂z

= 0 . (5.4.3c)

Eq. (5.4.3b) reflects the constant of motion related to the translation symmetry in x. As
the scale factor a(t, z) is z-dependent, Eq. (5.4.3c) has an additional term (with respect
to [72, 73]) which does not allow to decouple the equations, and it is not possible to
analytically solve the equations.

The geodesic length diverges towards the boundary, i.e. z = 0 lies at s → ∞. To
make the problem tractable for numerical integration, the compactified parameter σ is
introduced

σ = tanh(s), σ ∈ (−1, 1) . (5.4.4)

In this parametrisation the full boundary value problem reads



t′ = pt

x′ = px

z′ = pz

p′t = 2σ
1−σ2pt + 2ptpz

z
− p2

x

2
∂(a2)
∂t

p′x = 2σ
1−σ2px + 2pxpz

z
− px

a(t,z)2

(
∂(a2)
∂t

pt + ∂(a2)
∂z

pz
)

p′z = 2σ
1−σ2pz + 2p2

z

z
− z

(1−σ2)2 + p2
x

2
∂(a2)
∂z

t(−1) = t(1) = t0

x(−1) = −x(1) = −l

z(−1) = z(1) = 0

, (5.4.5)

where prime denotes derivatives with respect to σ, l = x(t0), and we introduced pt, px,
pz to rewrite the equations as first order Ordinary Differential Equations (ODEs). The
additional σ terms originate in the reparametrisation properties of derivatives,
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d2σ
ds(
ds
dσ

)2 = − 2σ
1− σ2 ,

dσ

ds
= 1− σ2 .

5.4.2 Mapping Boundary Value Problem into Initial Value Problem

There are well-established numerical methods to solve boundary value problems, such as
the relaxation method (see e.g. [190, 191]) or the shooting method [192]. For the presented
situation it is more appropriate to reformulate the problem as initial value problem, which
simplifies the numerical strategy and has further advantages as will be discussed later.
The idea is the following:

Due to the boundary conditions, only geodesics with a turning point are of interest.
Denoting t∗ and z∗ the coordinate values at this turning point, t∗, z∗ characterise a unique
solution to the boundary value problem Eq. 5.4.5. The turning point is given by (t∗, 0, z∗),
where the translation invariance is used to shift the turning point to x = 0. Furthermore,
the curve parameter can be shifted such that s = 0 ⇔ σ = tanh(0) = 0 corresponds to
the turning point. Finally, also the velocities in t and z have to vanish there, i.e.

0 = ṫ(s = 0) = t′(σ = 0) · dσ
ds

(σ = 0) = t′(σ = 0) ,

0 = ż(s = 0) = z′(σ = 0) · dσ
ds

(σ = 0) = z′(σ = 0) .

With − ṫ2

z2 + a(t,z)2

z2 ẋ2 + ż2

z2 = 1, the velocity in x at the turning point is fixed

ẋ(s = 0) = z∗
a(t∗, z∗)

= z∗λ
p

aext (t2∗ + λ2z2
∗)

p
2

= x′(σ = 0) · dσ
ds

(σ = 0) = x′(σ = 0) . (5.4.6)

The boundary value problem (5.4.5) can be accordingly rephrased as the following initial
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value problem



t′ = pt

x′ = px

z′ = pz

p′t = 2σ
1−σ2pt + 2ptpz

z
− p2

x

2
∂(a2)
∂t

p′x = 2σ
1−σ2px + 2pxpz

z
− px

a(t,z)2

(
∂(a2)
∂t

pt + ∂(a2)
∂z

pz
)

p′z = 2σ
1−σ2pz + 2p2

z

z
− z

(1−σ2)2 + p2
x

2
∂(a2)
∂z

t(0) = t∗, x(0) = 0, z(0) = z∗

pt(0) = 0, px(0) = z∗/a(t∗, z∗), pz(0) = 0

, (5.4.7)

where the initial data (t∗, 0, z∗) and the velocities (0, z∗/a(t∗, z∗), 0) are expressed only in
terms of the turning point values t∗, z∗, which are given as input. The parameter σ runs
from 0 to 1 and thus covers only one of the two branches. Due to the symmetry in t and
z, and the anti-symmetry in x, the other branch is easily constructed.

The input values t∗ and z∗ solely label a geodesic of interest. To finally solve the
boundary value problem, it is necessary to relate these values to the given boundary data
to and l. There exists a well-defined map

f : R2 −→ R2

(t∗, z∗) 7−→ f(t∗, z∗) =
(
f 1(t∗, z∗), f 2(t∗, z∗)

)
(5.4.8)

with

f 1(t∗, z∗) = t(σ = 1) = to(t∗, z∗)

f 2(t∗, z∗) = x(σ = 1) = l(t∗, z∗) (5.4.9)

where t(σ), x(σ) are solutions of Eq. (5.4.7). The preimage of this map of a point (to, l)
is a set of initial conditions for all geodesics, solving the boundary value problem. All
solutions with a fixed value to correspond to level lines of to(t∗, z∗), which relate t∗ to z∗
(see Eq. (5.2) in [72] for such a relation in the classical case) and can be thought of as
a curve (t∗(µ), z∗(µ)) in the t∗ − z∗-plane parametrised by µ. In the same way, geodesics
with a fixed l correspond to a level line of l(t∗, z∗), which yields another (t∗, z∗)-curve.
Intersections of these curves for given to and l, (ti∗, zi∗), i = 1, 2, . . . , correspond to all
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solutions of the boundary value problem Eq. (5.4.5).

The reformulation of the boundary value problem is completed. It is rephrased in
terms of first solving initial value problems and afterwards computing level lines and
finding intersections of these. This requires to solve the initial value problem multiple
times, which makes the solution strategy effectively a shooting method. Nevertheless, the
two-point correlator is a function of different values of l and in principle also of several
values of to. The numerical effort is reduced by not discarding the “miss shots” but rather
rearranging them as solutions for a fixed to and several values of l.

This method is implemented numerically in Matlab using its built-in library. The
ODEs are solved with the routine ode45, which is based on a fifth-order Runge-Kutta
algorithm with adaptive step size. Level lines can be computed with contourc. Since the
Eqs. (5.4.7) diverge at σ = ±1, the numerical integration is cut at 1− ε with ε = 0.00001.
Extensive cross-checks on the numerics, including the reproduction of the analytic results
of [73], were performed.

5.4.3 Renormalised Geodesic Length and Two-Point Correlator

The above strategy allows to extract the geodesic length L = 2s in affine parametrisation
with s = 0 at the turning point. As already discussed, this is divergent for z → 0. For
the two-point correlator it is relevant to renormalise the geodesic length. The length
renormalsation works according to the formula below Eq. (5.1.4), which yields

Lren = lim
z→0

(2s(z) + 2 log(z)) ' lim
z→0

(
2s(z) + 2 log

(
z

t

))
, (5.4.10)

Here s(z) is the geodesic length evaluated up to z and the missing term 2 log(t) is neglected
as it only appears as a global factor in the two-point correlator. This additional term was
introduced as the fraction z/t is invariant under the scaling symmetry Eq. (5.1.3) and
corresponds to a constant UV cutoff in pure AdS (cfr. [72]). In the case where analytic
results for s(z) are available, this limit can be treated easily, because divergent terms can
be isolated (see Sec. 5.2 and [73]). Numerically this is not possible and a cut-off value
zUV , which is finite but small, is defined. The limit is evaluated up to this value. For
small enough values of zUV the result should be nearly independent and coincide with
z/t→ 0 (see also [190, 191]).

The numerical solutions are in terms of σ, which is in the range [0, 1]4 and related
to s by s = arctanh(σ). The solutions are evaluated up to a specific value zUV , which

4To be presice the range is up to 1 − ε (see Sec. 5.4.2), but ε is small enough to not conflict the
following.
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corresponds to the parameter value σ̄, defined by z(σ̄) = zUV . With this cut-off, it is

σ ∈ [0, 1− δ] , δ = 1− σ̄ � 1 , (5.4.11)

where the condition δ � 1 is satisfied as long as zUV/t � z∗/t∗. The renormalised length
can be written as

Lren = 2arctanh (1− δ) + 2 log
(∣∣∣∣∣ zUVt(σ̄)

∣∣∣∣∣
)
. (5.4.12)

In the limit zUV/t→ 0 (i.e. σ̄ → 1, δ → 0) this expression is finite as

arctanh (1− δ) + log
(∣∣∣∣∣ zUVt(σ̄)

∣∣∣∣∣
)

= −1
2 log

(
δ · t(σ̄)2

z2
UV

)
+ 1

2 log (2) +O(δ) , (5.4.13)

and, as can be checked numerically, for small values of zUV , the quantity (5.4.12) ap-
proaches a non-zero constant.

In order to conclude that the two-point correlator is non-singular, it has to be verified
that Lren remains finite. In the classical case [71, 72] as well as in the quantum corrected
case [73] this relation was (cfr. Eq. (5.2.3))

Lren

2 = log
(2z∗
t0

)
. (5.4.14)

A similar logarithmic behaviour is also expected for the cases under consideration. The
main changes come from the relation of z∗ with l, which is computed in the first step.
The numerical results are presented in the next section.

5.5 Results

The above discussed strategy is in the following applied for metrics which go beyond the
previous simplifications. In a first instance, it is taken into account that the quantum
effects become relevant at the 5d Planck scale (i.e. λ 7→ zλ) and the inclusion of Kasner
transitions is discussed.
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Figure 5.3: Colour plot of (a) t0(t∗, z∗) and (b) l(t∗, z∗) for p = −1/4, λ = 0.06, aext = λp.
The red curve corresponds to the t0 = 4 level line. This contour is also plotted in (b). The
black dashed line corresponds to t2 = λ2z2 and separates quantum and classical regime.

5.5.1 5d Planck Scale

As discussed, the onset of quantum effects can be set at the 5d Planck by replacing λ 7→ zλ

in Eq. (5.2.1) leading to

ds2
5 = 1

z2

(
dz2 − dt2 + a2

ext

λ2p

(
t2 + λ2z2

)p
dx2 + . . .

)
. (5.5.1)

This goes beyond the first simplification but still neglects Kasner transitions. In the regime
t� zλ quantum effects are negligible and Eq. (5.5.1) is well-approximated by the classical
Kasner-AdS metric. The z-derivative ∂a(z,t)

∂z
= O(λ2) remains small and therefore, the z-

dependence is caused by small quantum corrections, which are systematically neglected
here. In the boundary limit z → 0 the classical (singular) Kasner spacetime is recovered.

The missing derivatives of Eq. (5.4.7) are

∂(a2)
∂t

= 2pa
2
ext

λ2p t
(
t2 + λ2z2

)p−1
= 2a(t, z)2 pt

t2 + λ2z2 , (5.5.2)

∂(a2)
∂z

= 2pa
2
ext

λ2p λ
2z
(
t2 + λ2z2

)p−1
= 2a(t, z)2 pλ2z

t2 + λ2z2 , (5.5.3)

which determine the system of equations. The initial value problem (5.4.7) is solved
numerically for t∗, z∗ ∈ [0, 10] and parameters p = −1/4, λ = 0.06. The solutions to(t∗, z∗)
and l(t∗, z∗) are depicted as colour plots in Fig. 5.3 where the to- and l-axis are represented
by a colour scale. The corresponding classical result is shown in Fig. 5.4. For the two-
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Figure 5.4: Colour plot of (a) to(t∗, z∗) and (b) l(t∗, z∗) for the classical Kasner-AdS
metric (λ = 0 in (5.5.1)) with p = −1/4. The red curves correspond to the to = 4 level
line.

point correlator, all geodesics with a fixed time value, for example to = 4 are of interest.
In Fig. 5.3 (a) these correspond to the red curve in the (t∗, z∗)-plane. Quantum effects
become relevant when t2 ∼ z2λ2, which is represented by the black dashed line in Fig. 5.3.
Due to the small value of λ = 0.06, this line is close to the z-axis. Indeed, comparing
Fig. 5.3 (a) and Fig. 5.4 (a) both results coincide in the classical regime.

A geodesic hits the bulk singularity when it reaches the value t∗ = 0. In the classical
case a family of geodesics exists for which z∗ → 0 for t∗ → 0, and therefore, hitting the
bulk singularity (t∗ = 0) corresponds to z∗ = 0, which causes the finite distance pole. This
is avoided (z∗ > 0) in the quantum corrected case, where the red curve in Fig. 5.3 turns
around and z∗ becomes large for t∗ → 0 (within the numerical accuracy t∗ & 10−8). This
shows that the singular boundary null geodesic is not reached in a limit of bulk geodesics.

It is possible to extract the dependence between l and z∗ out of the numerical results
of Fig. 5.3. Evaluating the corresponding l value along the to = 4 curve (cfr. Fig. 5.3
(b)) leads to Fig. 5.5. The dashed red line shows the classical behaviour and a continuous
line of geodesics approaching z∗ = 0 at finite l. As discussed in Sec. 5.1 this causes the
finite distance pole in the two-point correlator. Due to the numerical cut-off in z∗ this in
never reached, neither in the coincidence point z∗ = l = 0. The quantum solution (blue
line) behaves differently, as it starts to approach z∗ = 0 but has a second turning point in
the quantum regime. As in the case discussed in Sec. 5.2 and Fig. 5.2, there are multiple
solutions for z∗ at a given l-value which all have to be taken into account for the two-point
correlator.

Up to now it is not possible to conclude any resolution of the finite distance pole as
the relation Lren(z∗) is not known. The renormalised geodesic length Lren is computed
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Figure 5.5: Plot of z∗ vs. l for to = 4 and p = −1/4, λ = 0.06, aext = λp. The blue curve
corresponds to the quantum corrected metric (5.5.1), the red curve to the classical metric
(λ = 0 in (5.5.1)).
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Figure 5.6: Plot of Lren on y-axis vs. z∗ on a logarithmic x-axis for the metric (5.5.1)
(blue) with to = 4, λ = 0.06, p = −1/4, aext = λp. The almost linear behaviour indicates a
log-dependence of Lren from z∗ like Eq. (5.4.14) (red dashed).

according to the method described in Sec. 5.4.3 and visualised in a log-plot in Fig. 5.6. In
the classical regime (lower left part of the plot), the log behaviour Eq. (5.4.14) is recovered.
Also in the deep-quantum regime (upper right part), a logarithmic behaviour is found,
however, the slope is smaller. This part contributes to the long distance behaviour of
the two-point correlator. In agreement with the results of [73], due to the smaller slope
(causes a smaller negative exponents in the correlator) this contribution is subdominant in
the short distance behaviour. In the intermediate regime there are three branches which
are caused by the multiple solutions already visible in Fig. 5.5. In the classical regime
(lower left part), possible deviations from the classical behaviour can occur. These are
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numerical artefacts as there the approximation zUV/to � z∗/t∗ fails and the numerical error
increases.

The main conclusion from Fig. 5.6 is that Lren is non-divergent for any value of z∗.
Together with Fig. 5.5 the two-point correlator can be extracted and it is finite for all
boundary separations l. Although the boundary coincides with the classical one, i.e. the
singular null geodesic exists, bulk geodesics do not approach this solution continuously
and thus the finite distance pole is resolved by resolving the bulk singularity.

5.5.2 Kasner Transitions

The next step is to go also beyond the second simplification and include Kasner transi-
tions. As it turns out this is highly non-trivial. Kasner transitions were found numerical
investigations of 4d anisotropic LQC [17, 189], which would provide the proper 4d effective
metric. It is impractical to proceed with these numerical results, as they would compli-
cate the numerics and further compromise a generalisation to the 5d setting above. A
simpler model was introduced by Chamseddine and Mukhanov [193], which was applied
to anisotropic cosmology [33]. The main advantage of this model is that the effective
metric is available in an easy analytical form and respects the key features, such as the
onset of quantum effects and Kasner transitions. The Chamseddine-Mukhanov model
was proposed as a toy model for an effective theory of quantum gravity5 [194, 195] and
it coincides with effective LQC in the isotropic sector even though deviations are known
in the anisotropic case [2, 194]. Nevertheless, it carries the main qualitative features of
interest and is an appropriate starting point for the following discussion.

5.5.2.1 Models of Kanser Transitions

The Chamseddine-Mukhanov model [33] yields for anisotropic cosmology

ds2 = −dt2 + a(t)2dx2 + . . . , a(t) = aext
λp

(
t2 + λ2

) p
2 exp

[
∆p sinh−1

(
t

λ

)]
, (5.5.4)

where the dots denote the other spatial directions with similar scale factors6. For p = −1/3,
λ = 1/

√
3εm, and special values for aext, ∆p this reduces exactly to [33] with limiting

5In the original work [33] it was explicitly assumed that the curvature is limited by a value orders of
magnitude above the Planck scale, thus avoiding the quantum regime.

6Note that the parameters aext and λ are the same for the other spatial directions. In contrast, the
Kasner exponents pi± = pi ± ∆pi, are different for each direction i, but constrained due to the Kasner
conditions Eq. (5.1.2). This is discussed in [33] in detail.
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curvature εm, where the values p, ∆p, aext are fixed. For the purpose of this work these
parameters not further specified.

As discussed above, replacing the 4d part of Eq. (5.1.1) by Eq. (5.5.4) would resolve
the singularity, but quantum effects are driven by the 4d curvature scale instead of the
5d scale. Note that an extension such as in the previous section is non-trivial, and no
conclusive metric was found.

According to the argument given in Sec. 5.3 a simple solution indeed shifts the onset
of quantum effects to the 5d Planck scale by replacing λ 7→ zλ. This leads to the line
element

ds2
5 = 1

z2

(
dz2 − dt2 + a(t, z)2dx2 + . . .

)
, (5.5.5)

with

a(t, z)2 = a2
ext

λ2p

(
t2 + λ2z2

)p
exp

[
2∆p sinh−1

(
t

zλ

)]
, ∆p ∈ R . (5.5.6)

As claimed above also Kasner transitions are modelled as in the limit |t/zλ| � 1 and with
the approximation

sinh−1
(
t

zλ

)
' sign(t) log

∣∣∣∣2 t

zλ

∣∣∣∣ , (5.5.7)

the scale factor (5.5.6) reduces to

a(t, z)2 ' a2
ext

λ2p

( 2
λz

)±2∆p
t2p± , (5.5.8)

with Kasner exponents

p± = p±∆p . (5.5.9)

The scale factor for different constant values of z is shown in Fig. 5.7. For a fixed value
of z, the classical behaviour of Kasner spacetime is approached for late and early times
±t� 1. In between |t/zλ| � 1 quantum effects become dominant and replace the classical
singularity with a smooth transition between the two Kasner spacetimes of exponents p−
to p+ = p− + 2∆p. This is in qualitative agreement with the behaviour of [189]7. In the

7It is shown that this is the only possible transition behaviour in accordance with the correct classical
limit for both early and late times [17].
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Figure 5.7: Plot of the scale factor (5.5.6) vs. t for λ = 0.06, p = −1/16, ∆p = 3/16. Away
from the immediate vicinity of the bounce point (t = 0) the different lines corresponding
to different values of z, agree with the classical behaviour (explicitly reported for z = 1 in
dashed lines), and show a smooth transition during the bounce.

quantum regime |t/zλ| � 1 the metric is approximately given by

a(t, z)2 ' a2
extz

2p
(

1 + 2∆p t
zλ

)
, (5.5.10)

which is, as discussed, regular around t = 0. For ∆p = 0 no Kasner transition occurs and
Eqs. (5.5.5), (5.5.6) reduce to Eq. (5.5.1).

Although seemingly being a promising 5d quantum corrected metric, the following
complications have been observed:

First, it does not solve the 5d Einstein equations up to orders of λ. This can be explained
by a closer look at Fig. 5.7. The scale factor connects two classical Kasner branches by a
monotonically increasing (or decreasing) transition. This can only be achieved when the
prefactors in front of t2p+ and t2p− are scaled relative to each other. Indeed this prefactor
is different for the two sides as shown in Eq. (5.5.8), leading to a divergence for λ→ 0 or
z → 0 for positive Kasner exponents, and it vanishes for negative ones. This behaviour
is also depicted in Fig. 5.7. As this z dependence is still present even at large t, this
causes Eq. (5.5.5) not solving the 5d Einstein equations approximately up to orders of λ.
A shown below, the z-derivative of a(t, z) (see below Eq. (5.5.14)) can be arbitrarily large
even in the classical regime (λ� 1 or ±t� 1).

This already points towards the second problem. In the limit z → 0 or for λ→ 0
Eq. (5.5.8) diverges (vanishes) and it is not possible to recover the classical Kasner space-
time globally. This is true for the classical limit λ→ 0, as well as for the boundary limit
z → 0, where the latter is the main issue.
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Figure 5.8: Plot of the scale factor (5.5.11) vs. t for λ = 0.06, p = −1/16, ∆p = 3/16.
Away from the immediate vicinity of the bounce point (t = 0) the different lines, which
correspond to different values of z, agree with the classical behaviour (dashed lines) for all
values of z, and show a smooth transition during the bounce. Nevertheless, this deviates
qualitatively from the LQC behaviour.

The problem could be solved by modifying the metric (5.5.6) so that the divergent
prefactor in Eq. (5.5.8) is cancelled. One possibility is the following scale factor

a(t, z)2 = a2
ext

λ2p

(
t2 + λ2z2

)p
exp

[
2∆p sinh−1

(
t

zλ

)]
(λz)2∆p tanh ( t

zλ) , (5.5.11)

where the additional factor (λz)2∆p tanh ( t
zλ) allows to recover the proper boundary and

classical limit. For |t/zλ| � 1, it is tanh
(
t
zλ

)
' sign(t) (z, λ > 0) and Eq. (5.5.11) becomes

a(t, z)2 ' a(t)2 = a2
ext

λ2p t
2p± . (5.5.12)

Indeed, the divergent prefactor (cfr. Eq. (5.5.8)) is cancelled and the result is z inde-
pendent and reduces to the classical Kasner spacetime in the double scaling limit λ→ 0
and aext/λp → 1. The dependence of z is depicted in Fig. 5.8. In contrast to Eq. (5.5.6),
this modified scale factor has the same asymptotic behaviour for all z and no rescaling
is needed. This enforces the non-monotonic behaviour around t = 0 which qualitatively
differs from the LQC results [189].

The modified scale factor Eq. (5.5.11) has the further advantage that it solves the
Einstein equations in first orders of λ. The initially discussed conditions (cfr. Sec. 5.3),
namely a well-defined boundary metric solving 4d Einstein equations (up to orders of
λ) and a small z derivative, i.e. suppressed by λ are both satisfied for Eq. (5.5.11).
Nevertheless, the Kretschmann scalar of Eq. (5.5.11) is not constant in z and can become
arbitrarily large for z → 0. This can be analytically verified by using computer algebra
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qualitative
LQC
behaviour

Correct
onset of qu.
effects

Boundary
limit

Solution of
EE + O(λ)

Eq. (5.5.6) 4 4 8 8

Eq. (5.5.11) 8 8 4 4

Table 5.1: Comparison of the two discussed 5d Kasner transition models Eqs. (5.5.6)
and (5.5.11). The evaluated criteria are qualitative LQC behaviour, correct onset of quan-
tum effects, existence of the boundary limit, and if the Einstein Equations (EE) are solved
up to quantum corrections.

software. Due to this, the interpretation of Eq. (5.5.11) as an effective metric extracted
from a quantum gravity theory with limiting curvature as LQC or the Chamseddine-
Mukhanov model [33] fails.

To conclude, it is shown that it is highly non-trivial to “guess” a suitable 5d metric
including Kasner transitions and the above discussed requirements. The full problem,
having to be solved here, is to set up 5d Einstein equations with negative cosmological
constant, symmetry reduce the system and perform a polymerisation and quantisation as
sketched in Chpt. 4. This would lead to a quantum theory of a(t, z) which is a so-called
midi-superspace model, i.e. it depends on two coordinates. This is technically out of
scope and is left for future research. Due to this, here the two-point correlator for the
metrics (5.5.6) and (5.5.11) is studied. Their properties are summarised in Tab. 5.1. In
the following the analysis focusses on the first metric (5.5.6) as it behaves qualitatively
as LQC and has the correct onset of quantum effects. Furthermore, it has no maximum
around t = 0, which as discussed in Sec. 5.3 might change the qualitative behaviour of
the two-point correlator. The analysis has also been done for the second metric (5.5.11)
and the results qualitatively behave the same. Nevertheless, the following should be
considered as an analysis of a special case and probe the generality of the absence of the
finite distance pole. Neither Eq. (5.5.6) nor (5.5.11) are considered as the correct effective
metric.

5.5.2.2 Two-point Correlator

To evaluate the two-point correlator the strategy described in Secs. 5.4.2 and 5.4.3 is
applied to Eq. (5.5.11). The missing derivatives entering Eq. (5.4.7) are
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Figure 5.9: Colour plot of to(t∗, z∗) for the metric (5.5.5) with to = −5 (purple) and
to = 3 (blue), λ = 0.06, p = −1/16, ∆p = 3/16 , aext = λp. Passing from negative to positive
t, there is a transition from p− = −1/4 to p+ = 1/8. Two kinds of solutions are visible:
The ones starting at negative to, which are bent towards the (resolved) singularity and
eventually passing it (purple) and the ones starting at positive to, which are bent away
from the (resolved) singularity (blue).

∂(a2)
∂t

= 2a(t, z)2
[

pt

t2 + λ2z2 + ∆p 1√
t2 + λ2z2

]
, (5.5.13)

∂(a2)
∂z

= 2a(t, z)2
[

pλ2z

t2 + λ2z2 −
∆p
z

t√
t2 + λ2z2

]
. (5.5.14)

The corresponding to colour plot is shown in Fig. 5.9. Unlike the previous case t∗ < 0
behaves different than t∗ > 0 as the Kasner exponents change from negative to positive.
It is possible to study initial times before and after the resolved singularity t = 0 and in
Fig. 5.9 a line with to = −5 (purple) and to = 3 (blue) is highlighted. Again, there is a
turning point for z∗ around t∗ = 0. In contrast to the previous case without Kasner tran-
sitions, geodesics can pass through the resolved singularity. Fig. 5.9 shows that geodesics
with to = −5 exists, but turning point is at t∗ > 0 In coherence with the analysis in
[72], geodesics in the regime of p < 0 are bent towards the resolved singularity while in
the regime with p > 0 they are bent away. Consequently for t∗ < 0 the plot resembles
the mirrored result of Fig. 5.3 (a) just mirrored, while for t∗ > 0 the behaviour equals
the classical case for p > 0. Fig. 5.10 shows the relation of z∗ and l for the two cases
to = −5 and to = 3. As the geodesics with to = 3 do not reach the singularity, they are
not relevant in studying the finite distance pole of the two-point correlator. Nevertheless,
in both cases z∗ does not vanish for any finite boundary separation l.
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and to = 3 (blue), λ = 0.06, p = −1/16, ∆p = 3/16 , aext = λp. Again an asymptotic
log-behaviour is visible.

Before concluding a resolution of the finite distance pole, the relation of Lren and
z∗ needs to be determined. This is computed again as described above and shown in
Fig. 5.11. Again a log-dependence is visible in the classical regimes and deviations occur
in the quantum regime. Numerical errors occur in the same manner as already discussed
in Sec. 5.5.1. For completeness the blue line for to = 3 is also included in Fig. 5.11. The
conclusion is the same: Lren remains finite for all finite values of z∗ and thus all bound-
ary separations l. The finite distance pole is resolved, despite the different qualitative
behaviour of the metric around t = 0. The effect of not having a maximum in a(t, z)
at t = 0 is that, as discussed above, geodesics can pass through the singularity and turn
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around on the other side. This is a qualitative difference to both previous cases, [73] and
for the metric (5.5.1).

5.6 Conclusion and Outlook from Resolved Cosmological
Singularities

In the work presented in this chapter, the results of [73] were extended and previously
made simplifications were overcome by using numerical methods. Although the qualitative
features of the different metric under consideration changed, the conclusion remains the
same: The resolved cosmological singularity is dual to the resolved finite distance pole in
the dual CFT. This contributes to the discussion of a NTP [27, 28], as it was shown that
singularity resolution in principle improves the behaviour of the two-point correlator.

An independent dual computation is still missing. Only if this is present, deeper con-
clusions about the singularity resolution can be made. Until now, it is uncertain what
the inclusion of non-perturbative quantum effects is dual to on the CFT-side, i.e. finite
N - or ’t Hooft coupling-effects or a different state, in which the correlator is evaluated.
Issues about definiteness of the dual CFT on a boundary, which is separated by a singu-
larity as discussed in [27, 28], are not addressed either. In principle, independent CFT
computations are possible, but technically out of reach. This is due to the fact that the
CFT background is a time-dependent cosmological Kasner spacetime. Due to the large
coupling λ, only non-perturbative approaches, such as lattice QCD techniques, are ap-
plicable. As the background is time-dependent, lattice techniques are not realisable and
independent boundary computations are not in sight in the near future.

Another open problem is the fact that there is no final answer to the question of the
correct 5d quantum metric. As argued in the previous chapter, a loop quantisation of
the full 5d system is even in the symmetry reduced setup (midi-superspace model) out
of reach. One possible strategy would be applying the mimetic gravity model [33, 193]
to the 5d setting. This is possible as mimetic gravity is not restricted to any symme-
try assumption and has the advantage of sharing the idea of a limiting curvature with
LQG and LQC. In further work related to this thesis, the deeper connection between
anisotropic LQC and mimetic gravity was analysed [2]. It was argued already in [194]
that LQC and mimetic gravity differ in the anisotropic sector. The work [2] reformu-
lates anisotropic mimetic gravity and demonstrates that it cannot be viewed as a polymer
model. Consequently, a loop-quantisation cannot be performed. This supplements work
in the spherically symmetric sector [36]. Note that for quantitative comparisons on both
sides (gravity and dual CFT), it is crucial to have the correct quantum corrected metric.

The presented framework suffers from two main issues. Firstly, due to the time-
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dependence of the background spacetime, independent CFT computations are not pos-
sible. Secondly, the quantum gravitational side is not accessible and it is very complex
to go beyond the assumptions of the previous chapter. A possible way to improve the
situation, still following the same idea, would be to change the framework to black holes.
Considerable effort in the field of LQG inspired black holes has been done in the past
years (see [18, 78, 87, 88, 196, 197]).

This framework promises better applicability, since for large distances from the singu-
larity, the classical AdS-black hole reduces to AdS in global coordinates (cfr. Eq. (2.1.5)).
In this case, the boundary is proper ∂AdS, i.e. fully symmetric and most importantly
static. Hence, the boundary CFT would live on a Einstein-static universe (cfr. Eq. (2.2.7))
or if rephrased in Poincaré coordinates (2.1.11) simply flat Minkowski space. As a con-
sequence, the background is static and even flat, and there is reason to assume that
standard lattice techniques can be applied and independent computations become acces-
sible. Also, the gravitational side is under better control. There is work in the framework
of LQG, which already made progress in quantising spherically symmetric black hole in-
teriors [78, 80, 88, 198, 199]. Nevertheless, in LQG there is still no consensus about black
holes, which is addressed in the next chapter. This strategy will be pursued throughout
the remainder of this thesis and the focus will shift towards quantum black holes.

92



Part III

Effective Polymer Black Holes
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6
Effective Polymer Black Holes

As argued in the last chapter, black holes are suitable candidates for generalising the
cosmological framework for studying holographic signatures of resolved singularities. Be-
side of this particular application, black holes are interesting objects in their own right.
Originally discovered by Schwarzschild [200] and perceived as purely theoretical objects,
it was later shown that they exist in nature and are part of modern astronomy [9, 10]. In
different approaches of understanding their nature, especially the horizon and the singu-
larity, important insights about quantum gravity were gained in the past. For example,
black hole thermodynamics and the holographic principle are based on semi-classical con-
siderations of black holes (cfr. Chpt. 3). Apart from cosmology, they are also explicit
examples of singular spacetimes predicted by GR.

As such, black holes are a perfect test bed to study physics beyond classical GR. A
further advantage is the high amount of symmetries, which allows analytic computations
in the classical and semi-classical regime. Due to this, black holes are of special interest
in all main approaches to quantum gravity as LQG [14–18], string theory [13, 19–22],
AdS/CFT [23–28], as well as NCG [29–32] and related contexts [33–36]. In the following
the approach of LQG is applied.

Black holes were studied extensively within the field of LQG [18, 74–86], but there is
still a lack of agreement on a LQG-black hole model. This becomes obvious in recent
activities of the field [18, 78, 87, 88, 196, 197, 201], where also the work [3, 5, 6] belongs
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to, on which the following chapter is based.

For an application in the holographic setting, effective black hole models should be dis-
cussed in D-dimensions and negative cosmological constant. As the problem is not solved
for D = 4 and Λ = 0, this simpler case is examined first. Furthermore the focus lies on
effective (quantum corrected but classical) models, which is the first step in constructing
a physically sensible model. Following the lines of LQG and polymerisation as shown
in Chpt. 4, quantum effects are included by modifying the classical Hamiltonian before
quantising the system. The effective solutions are an intermediate step and an approxi-
mation, assuming that quantum spacetime can always be approximated by a metric over
a manifold. The validity of this approximation has to be studied as a next step. For the
application to holography in the sense of Chpt. 5, this effective level would already be
sufficient.

The Chapter is organised as follows: In a first instance, previous models of polymer
black holes are reviewed and criteria for the validity of black hole models are worked
out. In the next step, the classical canonical theory is reviewed in Sec. 6.2 and new
variables are introduced. This is the basis for the following investigation. A first new
model based on the polymerisation of these variables is introduced in Sec. 6.3. The
effective solution, the causal structure of the spacetime and the onset of quantum effects
are worked out in the Secs. 6.3.1-6.3.3. The obstruction of this first model are discussed
and again new variables are introduced to overcome these limitations in Sec. 6.4. In the
following subsections 6.4.1 and 6.4.2, the effective spacetime and the onset of quantum
effects within this second model are discussed. The chapter concludes with Sec. 6.5, where
achievements and limitations of the model are reviewed and an outlook on general future
directions is given.

6.1 Previous Polymer Black Hole Models

Although there was much effort in constructing models of black holes based on LQG
techniques, there is no final consensus about them. To understand this better, previous
models are summarised here. On the basis of LQG, traditional formulations follow sym-
metry reduced Ashtekar-variables. As discussed in Sec. 3.1, the interior of a Schwarzschild
black hole is spherically symmetric and homogeneous, thus describing Kantowski-Sachs
cosmology. The standard formulation is in terms of the canonical pairs (b, pb) and (c, pc).
Herein b and c are related to the components of the symmetry reduced Ashtekar connec-
tion, and pb and pc are related to the symmetry reduced densitised triads (see e.g. [87]
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and Sec. 4.4)1. The line element takes the form

ds2 = −N2
T (T )dT 2 + p2

b(T )
L2
o|pc(T )|dx

2 + |pc(T )|dΩ2
2 , (6.1.1)

where Lo is the length of the fiducial cell (cfr. Chpt. 4) and NT is the Lapse function,
which is a Lagrange multiplier. Note that by identifying T = r and x = t, for r < rs

the Schwarzschild metric (3.1.1) takes exactly this form. The above line element is re-
stricted to the interior of the black hole. Outside, the spacetime is static and cannot
be treated by symmetry reducing the ADM-Hamiltonian of GR (see [95]). For the inte-
rior, a proper Hamiltonian formulation exists, where the canonical variables satisfy the
non-trivial Poisson brackets

{b, pb} = γ , {c, pc} = 2γ , (6.1.2)

with G = 1 and γ the Barbero-Immirzi parameter (cfr. Sec. 4.4). The Hamiltonian
describing the system is given by

H = NTH , H = − b

2γ2sign(pc)
√
|pc|

(
2cpc +

(
b+ γ2

b

)
pb

)
≈ 0 . (6.1.3)

Solutions of the equations of motion lead to Schwarzschild spacetime. The next step is
the polymerisation according to the replacement (see e.g. [78, 79, 88])

c 7−→ sin (δcc)
δc

, b −→ sin (δbb)
δb

, (6.1.4)

where δc and δb are the polymerisation scales controlling the onset of quantum effects2.
These polymerisation scales should be considered as phase space functions and should be
related to the Planck scale. In the regime where δcc, δbb are small, the classical behaviour
is recovered. In literature several different schemes were studied and classified as follows:

1. In the µo-scheme, polymerisation scales are chosen to be constant, so they are
independent of the phase space. A selection of µo-models is [74, 75, 79, 203, 204].

2. More generic, one can allow δc, δb to be any phase space function of pb and pc,

1Do not confuse b with the areal radius introduced in Sec. 6.2, they are entirely different objects.
Nevertheless, conventionally b is used for both without conflict, since it is used in different contexts. For
keeping these conventions, this double notation is used here.

2As in cosmology, different polymerisation functions are possible in addition to the sin-function (see
e.g. [59, 79, 83, 201, 202]).
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which is then called µ̄-scheme, as in [80, 81] (see also [198, 199] for the cosmological
Kantowski-Sachs setting).

3. A more recent development is provided by the so-called generalised µo-schemes
where δc, δb are phase space dependent only through Dirac observables [18, 78, 87,
88].

The specification of polymerisation scales is a delicate procedure, which was executed
in the different work above, due to different arguments. Usually these arguments come
from full LQG and regard areas enclosed by a loop, similar as discussed in the case of
cosmology in Sec. 4.4. However, none of the above models were fully consistent.

Approaching the problem from a different angle, it is possible to raise the question of
when such a black hole model is acceptable. A first obvious requirement is the indepen-
dence of physical results of the fiducial cell Lo. This was first achieved in [78]. Secondly,
quantum effects should be constrained to the “quantum regime” only. That means in
turn that the model should be in accordance with GR in a trustable regime. In the case
of black holes, the horizon of large black holes is considered as a strong gravity regime,
which has a valid description by GR. This classical regime can be classified by small (with
respect to Planck) curvatures and large distance scales (see [205]). The models [80, 81]
suffer from this feature, as quantum effects become large at the horizon, where the curva-
ture is small. As a last point, the curvature should become bounded by quantum effects
at a unique scale. It should not be possible to make the curvature (and matter densi-
ties) arbitrarily large by changing the system parameters, e.g. the masses. This would
contradict the universality of the relevance of quantum effects, which is expected from a
full theory of quantum gravity. Note that this universal bound was achieved in LQC (see
Sec. 4.2). The first model achieving this was presented in [87, 88]. Nevertheless, techni-
cal difficulties were seen in regards to the applied generalised µo-scheme [4]. Further, it
requires a careful analysis to argue that the asymptotic behaviour is in accordance with
the second condition. The spacetime is asymptotically flat, however, not in the standard
sense [206, 207].

In the following, different models are introduced, trying to meet the provided require-
ments. The main obstructions are quantum effects in the high curvature regime only and
the unique upper curvature bound. As in LQC, the search of a proper polymerisation
scheme is shifted towards finding suitable variables for describing the problem. As was
shown in Sec. 4.4, it is equivalent to find a phase space dependent polymerisation scheme
or to find variables where the same scheme has constant polymerisation scales.
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6.2 Canonical Theory

The classical description of a Schwarzschild black hole was reviewed in Sec. 3.1. For a
quantisation or better polymerisation as presented in Sec. 4.2, it is required to formulate
a Hamiltonian framework for black holes. First of all, the assumption of a static and
spherically symmetric spacetime is made. A generic line element satisfying both of these
requirements is [208, 209]

ds2 = −ā(r)dt2 +N(r)dr2 + 2B̄(r)dtdr + b̄2(r)dΩ2
2 , (6.2.1)

where ā(r), N(r), B̄(r) and b̄(r) are some functions depending only on r3. This line
element can be substituted into the Einstein-Hilbert action (G = c = 1)

SEH = 1
16π

∫
d4x
√
−gR , (6.2.2)

which leads after a straightforward computation, up to boundary terms, to

SEH = 1
4

∫
dr L(ā, b̄, n̄) , (6.2.3)

where the effective Lagrangian is given by

L(ā, b̄, n̄) = 2Lo
√
n̄

(
ā′b̄′b̄

n̄
+ āb̄′2

n̄
+ 1

)
, (6.2.4)

and primes denote derivatives with respect to r. The new quantity n̄ is defined as

n̄(r) = ā(r)N(r) + B̄2(r) , (6.2.5)

which is a Lagrange multiplier and reflects the gauge freedom of choosing different coor-
dinates r and t. The metric quantities N and B̄ can be related to the lapse and shift of
the metric and thus are purely gauge. This is in accordance with n̄ playing no physical
role. Further, a fiducial cell in the divergent t-direction was introduced. As discussed in
Sec. 4.1, due to the staticity of the system, the t-integral of the Einstein-Hilbert action
diverges, unless it is regularised by a fiducial cell, here of coordinate size Lo. This fiducial
length Lo in the Lagrangian (6.2.4) can be absorbed into the dynamical variables, leading

3Note that this ansatz is completely equivalent to Eq. (6.1.1), identifying the coordinates r = T and
t = x as well as the metric components properly. Do not confuse b = component of Ashtekar connetion
with b = areal radius.
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to the smeared quantities

√
n =

∫ Lo

0
dt
√
n̄ = Lo

√
n̄ ,

√
a =

∫ Lo

0
dt
√
ā = Lo

√
ā ,

b = b̄ , B =
∫ Lo

0
dtB̄ = Lo B̄ .

The Lagrangian takes the new form

L(a, b, n) = 2
√
n

(
a′b′b

n
+ ab′2

n
+ 1

)
. (6.2.6)

The dynamical variable
√
a measures the physical size of the fiducial cell and is coordinate

independent, as will be relevant below. This shows that Lo is only the coordinate size of
the fiducial cell in t-coordinates and has to change when the coordinates change. A useful
quantity is thus the size of the fiducial cell at a given reference point rref

Lo :=
√
a
∣∣∣
r=rref

= Lo
√
ā
∣∣∣
r=rref

, (6.2.7)

which by construction is coordinate independent. Nevertheless, rescaling the fiducial cell
by a constant factor α leads to the rescaling Lo 7→ αLo and Lo 7→ αLo. Note that Lo

is coordinate independent, but completely fiducial, because it depends on the reference
point rref and the fiducial length Lo. In all physical quantities, both Lo and Lo have to
drop out.

Having the Lagrangian settled, the Hamiltonian is achieved by a Legendre transforma-
tion4. The canonical momenta are given by

pa = ∂L

∂a′
= 2bb′√

n
, pb = ∂L

∂b′
= 4ab′ + 2a′b√

n
, pn = ∂L

∂n′
= 0 , (6.2.8)

and the vanishing of pn shows the existence of constraints, as expected. The Hamiltonian

4Note that this Hamiltonian is not the same as gained by symmetry reducing the usual ADM-
Hamiltonian of GR. The difference is the 3 + 1 split, which foliates spacetime in spatial slices. While
in the ADM-formulation this foliation is always timelike, this is not true in the present case. Here, the
normal to the foliation is ∝ ∂/∂r, which is spacelike for the exterior region and thus can not be covered
by the ADM-Hamiltonian. In the interior, where ∂/∂r is timelike, the foliation is again timelike and both
descriptions coincide.
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is given by

Hcl =
√
nHcl + Λpn , Hcl = papb

2b −
ap2

a

2b2 − 2 , (6.2.9)

where the primary constraint pn ≈ 0 is implemented via the Lagrange multiplier Λ(r).
The Dirac stability algorithm leads to the secondary constraint Hcl ≈ 0, where it termi-
nates. As the equations of motion lead to n′ = {n,H} = Λ, the canonical pair (n, pn) is
completely arbitrary and can be removed from the phase space by treating n as arbitrary
Lagrange multiplier. The Hamiltonian equations of motion are

a′ =
√
n
(
pb
2b −

apa
b2

)
p′a =

√
n
p2
a

2b2

b′ =
√
n
pa
2b

p′b =
√
n

(
papb
2b2 −

ap2
a

b3

)

Hcl = papb
2b −

ap2
a

2b2 − 2 ≈ 0

(6.2.10)

where n is an arbitrary function which needs to be specified before solving the system. It
is possible to perform a canonical transformation, mapping the Hamiltonian Eq. (6.2.9) to
Eq. (6.1.3) in terms of connection variables, showing equivalence of the two descriptions
(cfr. [3]).

An important observation is the scaling behaviour of the canonical variables. When the
fiducial cell is rescaled by a constant factor Lo 7→ αLo, the canonical variables transform
as

√
n 7→ α

√
n , a 7→ α2 a , b 7→ b , pa 7→ α−1 pa , pb 7→ α pb , (6.2.11)

due to their definitions in Eqs. (6.2.6) and (6.2.8). Obviously, physical quantities cannot
depend on fiducial structures, i.e. can only be dependent on b, a/L 2

o , Lopa and pb/Lo.
It can be shown that the equations of motion (6.2.10) are invariant under fiducial cell
rescaling.

As discussed in e.g. [209], these equations of motion lead to the Schwarzschild solution
of mass M in Schwarzschild coordinates for N(r) =

(
1− 2M

r

)−1
(cfr. Eq. (3.1.1)). It is

nevertheless instructive to study their solutions and the solution strategy in more detail.

For doing so, a canonical transformation is performed to the variables polymerised in
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the following. The new variables are defined as

v1 = 2
3b

3 , P1 = a′√
n b

=
(
pb
2b2 −

apa
b3

)
,

v2 = 2ab2 , P2 = b′√
n b

= pa
2b2 ,

(6.2.12)

which satisfy the Possion brackets

{v1, P1} = 1 , {v2, P2} = 1 ,

while all other brackets vanish. Under fiducial cell rescaling these variables transform as

v1 7→ v1 , v2 7→ α2 v2 , P1 7→ αP1 , P2 7→ α−1 P2 . (6.2.13)

With these variables the Hamiltonian takes the particularly simple form

Hcl =
√
nHcl , Hcl = 3v1P1P2 + v2P

2
2 − 2 ≈ 0 . (6.2.14)

The corresponding equations of motion are thus given by

v′1 = 3
√
nv1P2 (6.2.15a)

v′2 = 3
√
nv1P1 + 2

√
nv2P2 (6.2.15b)

P ′1 = −3
√
nP1P2 (6.2.15c)

P ′2 = −
√
nP 2

2 (6.2.15d)

Hcl = 3v1P1P2 + v2P
2
2 − 2 ≈ 0 , (6.2.15e)

which can be easily solved by choosing the gauge
√
n = const. = Lo. Integrating the

Eq. (6.2.15d) yields

P2(r) = 1√
n(r + A) , (6.2.16)

which can be inserted into Eqs. (6.2.15c) and (6.2.15a), and yields after another integration

P1 = − C

(r + A)3 , v1 = D(r + A)3 , (6.2.17)
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with the integration constants A, C and D. The solution for v2 can be derived from the
Hamiltonian constraint (Eq. (6.2.15e)) as

v2(r) = 2
P 2

2 (r) − 3v1(r)P1(r)
P2(r) =

√
n(r + A)2

(
2
√
n− 3CD

r + A

)
. (6.2.18)

Note that the integration constantA is only a shift in r and can be removed by a coordinate
redefinition. Without loss of generality, A = 0 can be chosen, and the system is left with
two integration constants C, D, needing to be fixed by means of initial conditions. This
is perfectly consistent with the Dirac analysis of the system. The phase space is four
dimensional and there is one first class constraint H ≈ 0, removing two physical degrees
of freedom. The constraint surface is two dimensional, corresponding to the need for
two initial conditions or Dirac observables to determine the system. Fixing the value of
these Dirac observables, which are by definition gauge independent, should determine the
integration constants C, D. Under a rescaling of the fiducial cell C, D transform as

C 7→ αC , D 7→ D , (6.2.19)

indicating that the above procedure might not work, as C is dependent on the fiducial
structures.

A straightforward way of interpreting the integration constants is to reconstruct the line
element (6.2.1). Further all dependencies by r are re-expressed in terms of b, which is the
areal radius5 and a scalar in the spherically symmetric setting. This way all ambiguities
coming from coordinate transformations are removed. Reversing the expressions (6.2.12)
gives

a(b) = L 2
o(

3D
2

) 2
3

(
1−

(3
2D

) 4
3 C√

n

1
b

)
, (6.2.20)

where
√
n = Lo was used. It follows immediately ā(r) = a/L2

o and the line element

ds2 = − L 2
o

L2
o

(
3D
2

) 2
3

(
1−

(3
2D

) 4
3 C√

n

1
b

)
dt2 +N(b)dr2 + 2B̄dtdr + b2dΩ2

2 . (6.2.21)

5The area of a spherical region is given by A = 4πb2 and a scalar with respect to spherically symmetry
preserving diffeomorphisms. Consequently b =

√
A/4π is a scalar determined by the area. Therefore,

the name is justified, as it is the radius of a sphere with surface area A.
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B̄ = 0 is a convenient gauge6, with Eq. (6.2.5) leading to N = n/a = L 2
o/a. Further

changing the coordinates t 7→ τ = Lo(3D/2)− 1
3 t/Lo and r 7→ b = (3D/2) 1

3 r yields the
final metric

ds2 = −
(

1− 2M
b

)
dτ 2 + 1

1− 2M
b

db2 + b2dΩ2
2 , (6.2.22)

where

2M =
(3

2D
) 4

3 C√
n
, (6.2.23)

was identified as the black hole mass. There are two main observations to be made.
Firstly, the line element is the classical Schwarzschild metric (3.1.1) and does not contain
any dependencies on fiducial structures. This can be viewed as a cross check of the
Hamiltonian analysis and the chosen variables. Secondly, the metric only depends on 2M ,
which is a function on the combination of C and D, but not the integration constants
individually. The physical situation is determined by giving the physical input of the
black hole mass M . This does not fix the values of C and D, but only their combined
value.

This can be understood in terms of Dirac observables. As argued, there should be two
Dirac observables, i.e. commuting with the Hamiltonian constraint Hcl. Indeed, there are
two independent ones, namely

M =
(3

2v1

) 4
3 P1P2

2 = b2a′b′

2n , (6.2.24)

O = v1P1 . (6.2.25)

The first one is the black hole mass as

M on-shell= M =
(3

2D
) 4

3 C

2
√
n
,

where on-shell means evaluated on the solutions of the equations of motion and the
constraint surface. The second observable O reduces on-shell to the product CD. Fixing
a specific value forM and O uniquely determines the values for the integration constants

6This leads to the classical black hole metric in Schwarzschild coordinates. It is of course possible to
choose B̄ 6= 0 which allows to bring the metric in e.g. in-/outgoing Eddington-Finkelstein coordinates.
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C and D. The observation above was that the value of O is insignificant for determining
the physical situation. As already indicated above, there is no other possibility, as the
observables transform under fiducial cell rescaling as

M 7−→M , O 7−→ αO , (6.2.26)

which proves on the one hand that the line element (6.2.22) is fiducial cell independent
and on the other hand that O can not appear in any physical observable due to this
fiducial cell dependence. It has to be physically irrelevant, which is consistent with the
above observation.

This appears to be a contradiction to the canonical analysis and the constraints. As
the observable O is not of physical relevance, it has to be a gauge degree of freedom.
Hence, there has to be a corresponding gauge transformation and a constraint generating
it. The paradox can be solved as follows: The transformation done to remove O from the
metric7 was rescaling t 7→ τ = const. · t. This is exactly the gauge transformation which
was missing in the analysis above. The crucial point is that this transformation is not
present on the phase space. The factor D1/3 was removed in front of ā but not in front of
a, as the latter is a spacetime scalar. Indeed, changing the time coordinate t 7→ const. · t
leads to the transformation behaviour

√
a = Lo

√
ā =

∫ Lo

0
dt
√
ā =

∫ τ(Lo)

τ(0)
dτ
√

˜̄a = τ(Lo)
√

˜̄a =
√
a , (6.2.27)

which is the identity map on the phase space. As such, it is not present on the phase
space and there is no constraint generating this transformation. Thus, the counting of
canonical degrees of freedom was correct. The remaining freedom becomes obvious only
after going back to metric quantities ā, where this transformation is non-trivial.

The reason why this time rescaling is not present on the phase space is due to the
integration over the fiducial cell. This integration makes the quantity a effectively a
scalar but dependent on the fiducial cell. Turning the logic around, the fiducial cell
dependence indicated that the canonical quantity is no scalar, once rephrased in terms of
metric components. This reasoning can be summarised as follows:

There are residual diffeomorphisms redefining the time coordinate. In order to reg-
ularise the phase space and to make the canonical quantities scalars, with respect to
these residual diffeomorphism, they were integrated over a fiducial cell. The integrated
quantities are effectively scalars and thus do not transform under these residual diffeomor-

7The factor D 1
3 was removed which corresponds to the fractionM/O
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phisms. As demonstrated above, this transformation is not present on the phase space.
The dependence on these diffeomorphisms is still visible, because it was integrated over
the fiducial structure, and thus the corresponding canonical variables scale as the fidu-
cial cell is rescaled. Going back to the metric components, the fiducial cell dependence
is removed, but the metric transforms non-trivially under residual diffeomorphism. This
freedom can be used to remove the value of O evaluated on-shell from the physical metric.

This issue was first observed in [3] and discussed in detail in [6] and will play a crucial
role in constructing observables in the effective quantum model.

Finally, it is possible to interpret the chosen variables, especially the momenta on-shell,
which can be written as

P1(b)
Lo

= 2M
b3

( 2
3D

) 1
3

, P2(b)Lo = 1
b

(3D
2

) 1
3
, (6.2.28)

from which follows that for mass independent D, P1/Lo is related to the square root of
the Kretschmann scalar (cfr. Eq. (3.1.5)). Thus, this variable will be useful to identify the
high and low curvature regime and to relate the onset of quantum effects to a curvature
scale. Details and subtleties will be discussed below. Further, for mass independent D,
the second momentum P2Lo is related to inverse length. This variable is useful, as it
relates the onset of quantum effects to small length scales, which is physically plausible.
In the following section effective quantisation schemes based on Chpt. 4 are discussed. An
important part of the discussion will be the problem of how to fix the onset of quantum
effects to a certain curvature and length scale. The above defined variables represent a
good starting point for this.

6.3 Polymerisation 1: (vi, Pi)-variables

In the next step, quantum effects are included by means of polymerisation as introduced
already in Sec. 4.2. As for the interior of the black hole (a,N < 0), the spacetime
becomes homogeneous Kantowski-Sachs cosmology and thus constant r-slices are spatial,
the notion of polymerisation is well-defined and can be motivated along the same lines as
in Sec. 4.2. Indeed, as discussed, this method was used by a series of earlier approaches
[74, 75, 78–81, 87, 88]. The following procedure could be viewed as only describing the
interior of the black hole and the exterior solution is achieved by analytical continuation.
As will be shown below, the equations of motion do not make a distinction between
interior and exterior and thus the solutions are directly valid for both regions.

In practice, polymerisation means a replacement of the canonical momenta in terms of
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their point holonomies with a given polymerisation scale λ, related to ~. As discussed in
Sec. 4.4 and the beginning of this chapter, there are several possibilities of choosing the
scheme, i.e. a µo-scheme in which the polymerisation scale is constant on the phase space,
or a µ̄-scheme, where the scale is phase space dependent. In recent works [87, 88] the
intermediate generalised µo-scheme was introduced. In this scheme the polymerisation
scale depends on the phase space through Dirac observables. Due to this ambiguity in
choosing the scheme, it is equivalent to keep a µo-scheme with constant polymerisation
scales and analyse different variables. This is exactly what happens in (v, b) variables for
cosmology, where in these variables the polymerisation scale is constant, while it is phase
space dependent in connection variables (cfr. Sec. 4.4). These kind of models can be
viewed as phenomenological models whose physical consequences of a particular scheme
have to be analysed. A necessary step is a relation of the model to the symmetry reduced
sector of a fundamental quantum theory8.

As discussed above, the physical requirement on an effective quantum model of black
holes is that quantum effects occur in the high curvature regime and are negligible in the
low curvature regime. The variables P1 and P2 are suitable variables to achieve this with
constant polymerisation scales λ1 and λ2. Polymerisation refers to the replacement of
these momenta by means of a function of their exponentials, i.e. point holonomies. As
motivated above (see Sec. 4.2), a common choice in the LQC literature (see e.g. [16, 138])
is the sin-function, i.e.

P1 7−→
sin (λ1P1)

λ1
, (6.3.1)

P2 7−→
sin (λ2P2)

λ2
. (6.3.2)

Different choices are possible, however, this simple choice is most likely not the “correct”
one. More sophisticated approaches require input from the anomaly-freedom condition of
the constraint algebra (see e.g. [212, 213]), preserving algebraic structures on the phase
space [149], or renormalisation, e.g. [152, 153]. Although different choices lead to different
phenomenology [59, 214], this simple choice is analysed here.

A quick preliminary analysis is instructive to lay out the expectations for this scheme.
In the classical regime it holds λ1P1 � 1 and λ2P2 � 1, as

8There is much work in the literature which construct examples for this, see e.g. [54, 56, 57, 62, 63, 210].
Conceptually, one has to bridge a description of many small quantum numbers to a description of only
few large quantum numbers, see e.g. [152, 153]. Going beyond the homogeneous sector might also result
in non-trivial physics as a signature change [83, 211].
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sin (λ1P1)
λ1

' P1 +O
(
λ2

1

)
, λ1P1 � 1 ,

sin (λ2P2)
λ2

' P2 +O
(
λ2

2

)
, λ2P2 � 1 .

As both scales λ1 and λ2 are related to the Plank scale `p, and P1 is related to the
Kretschmann scalar as well as P2 to inverse distances, the classical regime is expected to
be at low curvatures and long distances. This can be made more precise by analysing
the dimensions. Since ā is dimensionless, it is [a] = L2, [n] = L2 and [b] = L, where L
denotes the dimension of length. Recalling the definition of the variables (6.2.12), yields
the dimensions

[P1] =
[
a′√
nb

]
= 1
L
,

[P2] =
[
b′√
nb

]
= 1
L2 .

Note that P1 and P2 transform under fiducial cell rescaling according to Eq. (6.2.13), and
also the polymerisation scales have to scale as

λ1 7−→
1
α
λ1 , λ2 7−→ αλ2 , (6.3.3)

in order to keep the product λiPi invariant. The scale invariant and hence physical scales
are thus the combinations Loλ1 and λ2/Lo. Out of all hypothetical experiments, only
these combinations can be determined and have physical relevance. As further the product
λiPi has to be dimension-free, this implies

[λ1] =
[ 1
P1

]
= L , [Loλ1] = L2 ,

[λ2] =
[ 1
P2

]
= L2 ,

[
λ2

Lo

]
= L .

The physical scale Loλ1 has the dimension of an inverse curvature scale and should be
related to inverse Planck curvature. On the other hand, λ2/Lo has dimension length and
should be directly related to the Planck length. The expectation is that Loλ1 controls the
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onset of curvature quantum effects, while λ2/Lo controls the small length effects.

As stated above, it is possible to map the variables (vi, Pi) to connection variables9

(b(conn), p
(conn)
b ), (c(conn), p(conn)

c ) by means of a canonical transformation [3]. This allows
to classify the scheme where Pi is polymerised with constant λi. If the polymerisation
scheme is adopted by means of the conditions

λ1P1
!= δcc

(conn) , λ2P2
!= δbb

(conn) ,

the corresponding effective Hamiltonian leads to the same dynamics. It turns out that
this implies

δc =± 8λ1

β
√
|p(conn)
c |

,

δb =± 4λ2

β|p(conn)
b |

,

which allows to classify the applied polymerisation (λi being constant) as a µ̄-scheme.

6.3.1 Solutions

After polymerising the effective Hamiltonian takes the form10

Heff =
√
nHeff , Heff = 3v1

sin (λ1P1)
λ1

sin (λ2P2)
λ2

+ v2
sin (λ2P2)2

λ2
2

− 2 ≈ 0 . (6.3.4)

For what follows, the gauge is fixed by
√
n = Lo = const. The effective equations of

motion read

9The superscript makes explicit that here instead of the areal radius b and its conjugate momentum
pb from Sec. 6.2, connection variables (b(conn), p

(conn)
b ) are intended.

10It is significant that this Hamiltonian has a relatively simple structure thinking about a possible
quantum theory. Assigning operators to the canonical variables is (up to the usual ordering ambiguities)
straightforward, since all variables occur only with positive and at most quadratic powers (see [3]).
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v′1 = 3
√
nv1 cos (λ1P1) sin (λ2P2)

λ2
, (6.3.5a)

v′2 = 3
√
nv1

sin (λ1P1)
λ1

cos (λ2P2) + 2
√
nv2

sin (λ2P2)
λ2

cos (λ2P2) , (6.3.5b)

P ′1 = −3
√
n

sin (λ1P1)
λ1

sin (λ2P2)
λ2

, (6.3.5c)

P ′2 = −
√
n

sin (λ2P2)2

λ2
2

, (6.3.5d)

Heff = 3v1
sin (λ1P1)

λ1

sin (λ2P2)
λ2

+ v2
sin (λ2P2)2

λ2
2

− 2 ≈ 0 . (6.3.5e)

The coupling structure of the equations is the same as for the classical equations (6.2.15).
Consequently, it is possible to apply the same solution strategy as classically, namely first
solving the equation for P2 and inserting the result in the equation for P1 and v1, which
are then decoupled. Once these equations are solved, v2 can be extracted by using the
Hamiltonian constraint.

Integrating Eq. (6.3.5d) yields

cot (λ2P2) =
√
n

λ2
(r + A) , (6.3.6)

where A is an integration constant. As in the classical analysis, A corresponds to a shift
in the r coordinate that can be chosen to be zero without loss of generality. Inverting this
equation to get P2(r) is subtle due to the different branches of cot. By inverting it, the
branches are selected so that P2 remains smooth in r = 0, i.e.

P2(r) = 1
λ2

cot−1
(√

n r

λ2

)
+ π

λ2
θ

(
−
√
n r

λ2

)
, (6.3.7)

where θ(x) is the Heavyside-step-function. Note that this solution is valid for all r ∈
(−∞,∞). This is counter-intuitive as r is classically directly related to the areal radius.
It is nevertheless well-posed as r is only a coordinate and the physical quantity is the
areal radius b(r), which is always positive. For

√
nr/λ2 � 1, this reduces to

P2(r) = 1
λ2

cot−1
(√

n r

λ2

)
+ π

λ2
θ

(
−
√
n r

λ2

) √
nr
λ2
→∞

−−−−−→ 1√
n r

, (6.3.8)

which corresponds to the classical result Eq. (6.2.16). Only the expressions
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sin (λ2P2)
λ2

= 1
λ2

1√
1 +

(√
n r
λ2

)2
, (6.3.9)

cos (λ2P2) = 1
λ2

√
n r√

1 +
(√

n r
λ2

)2
, (6.3.10)

are of physical importance. Inserting Eq. (6.3.9) into Eq. (6.3.5c) yields

P ′1 = −3
√
n

sin (λ1P1)
λ1

1
λ2

1√
1 +

(√
n r
λ2

)2
, (6.3.11)

which is solved by

P1(r) = 2
λ1

cot−1

 λ3
2

4Cλ1
√
n

3

(√
n r

λ2
+
√

1 + n r2

λ2
2

)3 , (6.3.12)

where C is an integration constant. Note that since
√
n/λ2 is fiducial cell independent and

λ1 scales according to Eq. (6.3.3), C has to scale as C 7→ αC. Moreover, the argument of
cot−1(x) is always positive, i.e. there are no continuity issues here. The classical regime
is given by

√
nr/λ2 � 1 and 2r3/Cλ1 � 1, as Eq. (6.3.12) reduces to

P1(r)
√
nr
λ2
→∞

−−−−−→ 2
λ1

cot−1
(

2r3

Cλ1

) 2r3
Cλ1
→∞

−−−−−→ C

r3 , (6.3.13)

which is in agreement with the classical solution (6.2.17). Again, the physically relevant
quantities are

sin (λ1P1)
λ1

= λ3
2

2Cλ2
1
√
n

3

(√
nr
λ2

+
√

1 + nr2

λ2
2

)3

λ6
2

16C2λ2
1n

3

(√
nr
λ2

+
√

1 + nr2

λ2
2

)6
+ 1

, (6.3.14)

cos (λ1P1) =
λ6

2
16C2λ2

1n
3

(√
nr
λ2

+
√

1 + nr2

λ2
2

)6
− 1

λ6
2

16C2λ2
1n

3

(√
nr
λ2

+
√

1 + nr2

λ2
2

)6
+ 1

. (6.3.15)
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Continuing by inserting Eqs. (6.3.9) and (6.3.14) into Eq. (6.3.5a) leads to

v′1
v1

= 3
√
n

λ2

1√
1 +

(
nr
λ2

)2

λ6
2

16C2λ2
1n

3

(√
nr
λ2

+
√

1 + nr2

λ2
2

)6
− 1

λ6
2

16C2λ2
1n

3

(√
nr
λ2

+
√

1 + nr2

λ2
2

)6
+ 1

, (6.3.16)

which can be integrated to

v1(r) = 2C2λ2
1
√
n

3

λ3
2

D

λ6
2

16C2λ2
1n

3

(√
nr
λ2

+
√

1 + nr2

λ2
2

)6
+ 1(√

nr
λ2

+
√

1 + nr2

λ2
2

)3 , (6.3.17)

where D is an integration constant. Again note that according to Eq. (6.2.13), D is
fiducial cell independent. The classical behaviour (6.2.17) is recovered in the same limits
as before, i.e.

v1(r)
√
nr
λ2
→∞

−−−−−→ D
C2λ2

1
4r3

(
4r6

C2λ2
1

+ 1
) 2r3

Cλ1
→∞

−−−−−→ Dr3 . (6.3.18)

Using these solutions and observing that

v1
sin (λ1P1)

λ1
= const. = CD , (6.3.19)

the Hamiltonian constraint (6.3.5e) can be used to find the solution for v2(r) as

v2(r) = λ2
2

sin (λ2P2)2

(
2− 3v1

sin (λ1P1)
λ1

sin (λ2P2)
λ2

)

= 2n
(
λ2√
n

)2 (
1 + nr2

λ2
2

)1− 3CD
2λ2

1√
1 + nr2

λ2
2

 , (6.3.20)

This has the desired scaling behaviour (cfr. Eq. (6.2.13)) as all the combinations λ2/√n

and C/λ2 are fiducial cell independent and only the overall n-factor scales with α2. Again,
the classical behaviour (6.2.18) is recovered in the limit

√
nr/λ2 � 1, namely

v2(r)
√
nr
λ2
→∞

−−−−−→ 2nr2
(

1− 3CD
2
√
nr

)
. (6.3.21)
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To sum up, the solutions of the effective equations are given by

v1(r) = 2C2λ2
1
√
n

3

λ3
2

D

λ6
2

16C2λ2
1n

3

(√
nr
λ2

+
√

1 + nr2

λ2
2

)6
+ 1(√

nr
λ2

+
√

1 + nr2

λ2
2

)3 , (6.3.22a)

v2(r) = 2n
(
λ2√
n

)2 (
1 + nr2

λ2
2

)1− 3CD
2λ2

1√
1 + nr2

λ2
2

 , (6.3.22b)

P1(r) = 2
λ1

cot−1

 λ3
2

4Cλ1
√
n

3

(√
nr

λ2
+
√

1 + nr2

λ2
2

)3 , (6.3.22c)

P2(r) = 1
λ2

cot−1
(√

nr

λ2

)
+ π

λ2
θ

(
−
√
n r

λ2

)
, (6.3.22d)

which, according to the scaling behaviours Eq. (6.3.3) and

C 7−→ αC , D 7−→ D , (6.3.23)

all have the desired behaviour under fiducial cell rescaling, and agree with the classical
solutions in the classical regime

√
nr/λ2 � 1, 2r3/Cλ1 � 111.

As in the classical case, there are two integration constants C and D. It has to be
checked how they can be fixed by means of physical input. Using the solutions (6.3.22a)-
(6.3.22b) and the relations (6.2.12) allows to reconstruct the metric with line element

ds2 = −a(r)
L2
o

dt2 + L 2
o

a(r)dr2 + b(r)2
(
dθ2 + sin (θ)2 dφ2

)
, (6.3.24)

and metric components

b =
(3v1

2

) 1
3

=
√
n

λ2

(
3DC2λ2

1

) 1
3

(
λ6

2
16C2λ2

1n
3

(√
nr
λ2

+
√

1 + nr2

λ2
2

)6
+ 1

) 1
3

(√
nr
λ2

+
√

1 + nr2

λ2
2

) , (6.3.25)

a = v2

2b2 = v2

2

( 2
3v1

) 2
3

11Note that both limits commute.
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= n

(
λ2√
n

)4 (
1 + nr2

λ2
2

)1− 3CD
2λ2

1√
1 + nr2

λ2
2


(

1
3DC2λ2

1

) 2
3
(√

nr
λ2

+
√

1 + nr2

λ2
2

)2

(
λ6

2
16C2λ2

1n
3

(√
nr
λ2

+
√

1 + nr2

λ2
2

)6
+ 1

) 2
3
,

(6.3.26)

where ā = a/Lo (cfr. Eq. (6.2.6)) and
√
n = Lo was used. All solutions (6.3.22a)-

(6.3.22d), as well as the metric (6.3.24)-(6.3.26) are well-defined and smooth in the full
range r ∈ (−∞,∞). This will be important for determining the integration constants C
and D in the next section.

6.3.2 Dirac Observables and Causal Structure

The next important step is to determine the integration constants C and D by means
of physical input, meaning Dirac observables. In contrast to the classical case, the met-
ric (6.3.24) does not allow to remove one of the integration constants by means of a
residual diffeomorphism. Thus, their interpretation has to be clarified. For doing so, it is
useful to analyse the asymptotic regimes r → ±∞ as the metric becomes classical there.
The result should again be rephrased in terms of the scalar b which means Eq. (6.3.25)
has to be solved for r. The result is

r(±)(b) = λ2

2
√
n

z2
±(b)− 1
z±(b) ,

z±(b) =
 8

3D

(√
nb

λ2

)3

± 4Cλ1
√
n

3

λ3
2

√
4b6

9λ2
1D

2C2 − 1
 1

3 (6.3.27)

making explicit that b(r) has two branches indicating the two asymptotic regions. The
point bT = (3λ1CD/2) 1

3 , where the two branches merge, i.e. z+(bT ) = z−(bT ), corresponds
to the global minimum of b(r). The surface b(rT ) = bT will be introduced below in more
detail and is referred to as transition surface. In the limit b → ∞, which corresponds to
the classical limit as this implies both conditions,

√
n|r|/λ2 � 1 and 2|r|3/Cλ1 � 1, this

yields

z±(b) b→∞−−−→

z+ '
(

16
3D

) 1
3
√
nb
λ2

z− ' (3DC2λ2
1)

1
3
√
n

λ2b

, (6.3.28)

and corresponds to r(+) → +∞ and r(−) → −∞. Inserting the expression (6.3.27) into
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the expression for a(r) (6.3.26) gives a(b), which in the large b-limit reduces to

a±(b) b→∞−−−→


a+ ' n

4

(
16
3D

) 2
3
(

1−
(

3
2D
) 4

3 C√
n

1
b

)
a− ' n

4

(
λ2√
n

)4 ( 1
3DC2λ2

1

) 2
3
(

1− 3CD
√
n

λ2
2

(3DC2λ2
1)

1
3 1
b

) . (6.3.29)

As in the classical case, the time coordinate is changed to absorb the prefactor in ā and
instead of r the physical areal radius is used to parametrise the metric. On the r → +∞
side this coordinate redefinition is t 7→ τ = Lo(3D/2)− 1

3 t/Lo and r 7→ b = (3D/2) 1
3 r,

while for the r → −∞ branch it is t 7→ τ = Lo(24DC2λ2
1L

6
o /λ

6
2)− 1

3 t/Lo, r 7→ b =
(24DC2λ2

1L
6
o /λ

6
2) 1

3 (−r). The resulting line element is

ds2
+ '−

(
1− 2MBH

b

)
dτ 2 + 1

1− 2MBH

b

db2 + b2dΩ2
2 , (6.3.30a)

ds2
− '−

(
1− 2MWH

b

)
dτ 2 + 1

1− 2MWH

b

db2 + b2dΩ2
2 , (6.3.30b)

where the abbreviations

MBH =
(3

2D
) 4

3 C

2
√
n

, MWH = 3CD
√
n

2λ2
2

(
3DC2λ2

1

) 1
3 , (6.3.31)

are used. This shows that at large areal radii b→∞ the spacetime is well-approximated
by a classical Schwarzschild metric of massMBH on the positive branch, andMWH on the
negative one. The effective spacetime Eq. (6.3.24) thus interpolates between two classical
Schwarzschild spacetimes. The positive branch will from now on be referred to as black
hole side, while the negative branch will be denoted as white hole side. These names will
become more clear once the causal structure is discussed. Moreover, MBH is the mass of
the Schwarzschild spacetime on the black hole side, i.e. the black hole mass. Similarly,
MWH is the white hole mass. As the relations of MBH , MWH with C, D Eq. (6.3.31) are
invertible, i.e.

C = λ3
2

4λ1
√
n

3

(
MWH

MBH

) 3
2

, D =
(

2
√
n

λ2

)3
2

3

(
λ1λ2

3

)3

M3
BH

(
MBH

MWH

) 9
2

 1
4

, (6.3.32)

the integration constants can be uniquely fixed by providing the physical input dataMBH

and MWH . As in the classical case there are two independent Dirac observables, which
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could be chosen to be

MBH = 3v1

2
sin (λ1P1)

λ1

(
3
2v1 cos2

(
λ1P1

2

)) 1
3

λ2 cot
(
λ2P2

2

) on-shell= MBH , (6.3.33a)

MWH = 3v1

2
sin (λ1P1)

λ1

(
3
2v1 sin2

(
λ1P1

2

)) 1
3 cot

(
λ2P2

2

)
λ2

on-shell= MWH . (6.3.33b)

This construction of the observables guarantees that their on-shell evaluation correspond
to the values of the black and white hole mass. Note that these observables do not scale
under fiducial cell rescaling, indicating that they are proper gauge invariant quantities
with physical relevance, as necessary for interpreting them as masses. A naïve consider-
ation explaining the existence of two physically relevant Dirac observables can be done.
In the classical case also two Dirac observables existed, one of them being fiducial cell
dependent and thus not being physical. Contrary to this, in the polymer model there
are two Dirac observables, which both do not scale and their both values change the
physics of the metric. Naïvely, in the limit λ1, λ2 → 012, MBH reduces to the classical
Dirac observableM of Eq. (6.2.24). This limit is not defined forMWH , which indicates
that there is no classical counterpart. Nevertheless, there are observables that reduce
to the classical observable O Eq. (6.2.25), which then are fiducial cell dependent. The
following observation underlines this: Classically, it was not possible to make the fiducial
cell dependent Dirac observable O independent. In the effective quantum theory, with
a given fiducial cell dependent Dirac observable, it is possible to make it non-scaling by
multiplying it with a suitable power of λ1 or λ2, as the polymerisation scales also scale
with the fiducial cell. This is what is occurring in the present case. This requires of course
polymerisation scales scaling with the fiducial cell. Counter examples, i.e. models where
the polymerisation scales are both fiducial cell independent have been studied in [6] and
indeed, in these models there is only one Dirac observable that is of physical relevance.

As the integration constants are determined by physical input, the system is fully solved.
The required physical input to determine the integration constants C and D are the two
values of black and white hole mass MBH , MWH . This determines the metric (6.3.24)
and the spacetime. Note that one could rephrase this physical input in terms of e.g.
curvature scalars. Measuring the Kretschmann scalar at a given areal radius b fixes the

12Note that this limit should not be taken. In quantum mechanics the classical regime is given by
actions � ~, while ~ 6= 0. To arrive at classical physics out of the quantum theory one should consider
peaked states with large actions compared to ~, instead of performing the limit ~→ 0. The same is true
in this case, where the classical regime is at low curvatures and large distances with respect to λ1, λ2. In
the model presented here, this limit can be performed and it is instructive, while there are models where
this is not the case (cfr. [78, 79, 88] and the discussion in [6]).
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Figure 6.1: Plot of a(b) as a function of b for different black hole masses for the pa-
rameters Loλ1 = λ2/Lo = 1. The masses are related by MWH = MBH

(
MBH

m

)β−1
for

m = 1 and β = 5/3 in (a) as well as β = 3/5 in (b). In these plots, a(b) takes only negative
values indicating that the interior region of the black hole is depicted. Already there good
agreement is reached with the classical solution for larger b. Furthermore, a minimal value
for b, i.e. bT is visible.

black hole mass in first order of λ1, λ2. Additionally measuring the Ricci scalar at the
same radius would vanish up to contributions suppressed by λi but allows to determine
MWH . This would be an equivalent point of view. In principle both masses are completely
independent. According to the detailed discussion below in Sec. 6.3.3, it is necessary to
relate the masses by means of MWH = MBH

(
MBH

m

)β−1
, with a constant m of dimension

mass and β = 5/3 or 3/5. The metric is visualised in terms of a(b) and the given mass
relation in Fig. 6.1. The solution visibly approaches the classical Schwarzschild spacetime.

As the spacetime and its observables are identified now, the focus shall be shifted to the
global causal structure of that spacetime. As discussed above, there are two asymptotic
regions r → ±∞, which are approximated by Schwarzschild spacetimes. In a next step the
horizon structure is analysed. The metric (6.3.24) admits a Killing horizon corresponding
to the Killing vector field ∂/∂t whenever a(r) = 0. This proves to be the case if and only
if v2(r) = 0, as v1 > 0 (cfr. Eq. (6.2.12)). Using the solution Eq. (6.3.22b), this condition
becomes

v2(r) = 0 ⇔ 1− 3CD
2λ2

1√
1 + nr2

λ2
2

= 0 , (6.3.34)
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and is solved for

r(±)
s = ±3CD

2
√
n

√√√√1−
(

2λ2

3CD

)2

. (6.3.35)

This shows the existence of two Killing horizons, one on the black hole and one on the
white hole branch. The areal radius of the horizons is given by

b(r(±)
s ) =

(3
2 v1(r(±)

s )
) 1

3
, (6.3.36)

where, according to the expression (6.3.22a), this gives

v1(r(±)
s ) = 2C2λ2

1
√
n

3

λ3
2

D

λ6
2

16C2λ2
1n

3

(
±3CD

2λ2

√
1−

(
2λ2
3CD

)2
+ 3CD

2λ2

)6

+ 1(
±3CD

2λ2

√
1−

(
2λ2
3CD

)2
+ 3CD

2λ2

)3

= λ3
2

8
√
n

3Df
(±)(x) + 2λ2

1
√
n

3
DC2

λ3
2f

(±)(x) ,

(6.3.37)

with

f (±)(x) = 1
x3

(
1±
√

1− x2
)3

, x = 2λ2

3CD . (6.3.38)

Using the relations (6.3.32), this can be expressed in terms of the masses as

v1(r(±)
s ) = 1

3
(
2 (λ1λ2)3 (MBHMWH)

3
2
) 1

4

(MBH

MWH

) 3
2
f (±)(x) +

(
MWH

MBH

) 3
2 1
f (±)(x)

 ,

(6.3.39)

with

x =
 λ1λ2

2 (MBHMWH)
3
2

 1
4

.

In the limit of large masses, i.e. MBHMWH � 1 with finite asymmetry MBH/MWH ∼ 1,
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the expansion of f (±)(x) is

f (±)(x) =
(

1±
√

1− x2

x

)3

'


8
x3 −O

(
1
x

)
for + ,

x3

8 +O (x5) for − .
(6.3.40)

For v1(r(±)
s ) this implies

v1(r(±)
s ) '


2
3 (2MBH)3 −O

(
(λ1λ2)

1
2 (MBHMWH)

3
4
(
MBH

MWH

) 3
2
)

for + ,

2
3 (2MWH)3 −O

(
(λ1λ2)

1
2 (MBHMWH)

3
4
(
MWH

MBH

) 3
2
)

for − ,
(6.3.41)

which ensures that the classical result on the black and white hole side is recovered13, i.e.

b(r(±)
s ) '


2MBH

(
1−O

(
(λ1λ2)

1
2

(MBHMWH)
3
4

))
for + ,

2MWH

(
1−O

(
(λ1λ2)

1
2

(MBHMWH)
3
4

))
for − .

(6.3.42)

Further note that the size of the classical horizon is reduced by quantum effects of Planck
order.

Other than the horizons, another important surface of the spacetime is the transition
surface. In Fig. 6.1 it is visible that b > 0 in contrast to the classical case, where b = 0
was the singularity. This curvature singularity is replaced by a regular bounce and b(r)
reaches its minimum. A detailed discussion of the curvature at the transition surface is
provided in the next section 6.3.3. The transition surface is characterised my the minimal
value that b can take, i.e. b′ = 0. A quick computation shows that this minimum is
reached at

rT = λ2

2Lo

( λ3
2

4Cλ1L 3
o

)− 1
3

−
(

λ3
2

4Cλ1L 3
o

) 1
3
 .

The areal radius becomes

bT := b(rT ) =
(

3λ1CD

2

) 1
3

= 21/12(λ1λ2)1/4(MBHMWH)1/8 , (6.3.43)

where again Eq. (6.3.32) was used. As mentioned, this value is finite and vanishes for

13This remains true for the mass relation discussed in Sec. 6.3.3, Eq. (6.3.70), although
MW H/MBH ∼ Mβ−1

BH . The explicit computation is shown in [3]. The assumption MBH/MW H ∼ 1 can be
weakened by analysing the orders in the expansion more carefully.
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λ1, λ2 → 0. The transition surface interpolates between the singular regions of the two
asymptotic Schwarzschild spacetimes. This bounce is a common feature in LQC related
models as already seen in cosmology (cfr. Sec. 4.2 or e.g. [138, 139, 144, 165]) and also
in the black hole context e.g. [78, 80, 88].

The question remains why this surface is called transition surface. The answer is that a
transition between a trapped (black hole interior) and anti-trapped (white hole interior)
takes place at bT . This can be seen by analysing the expansion coefficients θ±14 (see e.g.
[95] for an introduction). Consider the future pointing in- and out-going null normals u±
to the t = const. and r = const. surfaces with r(−)

s < r < r(+)
s . They can be determined

to be

u± = ua±
∂

∂xa
= 1√
−2N

∂

∂r
± 1√
−2a

∂

∂t
, (6.3.44)

and are chosen to satisfy the normalisation conditions g(u±, u±) = 0 and g(u±, u∓) = −1.
The in- and outgoing expansions are defined as15

θ± = Sab∇au
±
b = −

√
− 2
N

b′

b
, (6.3.45)

where Sab = gab + ua+u
b
− + ua−u

b
+ is the projector on the t = const., r = const. 2-surface,

which is simply a 2-sphere. For rT < r < r(+)
s both expansions are negative, meaning

light rays are trapped and all meeting in a focal point. This is called a black hole interior.
As b′ = 0 changes its sign at the transition surface, both expansions are positive for
r(−)
s < r < rT which is an anti-trapped region where everything has to exit. This region is
exactly what is called the white hole interior. Thus, at the transition surface a transition
from a black hole to a white hole region happens. Note that this justifies the names black
and white hole sides. Jumping inside the horizon from the black hole side, one will find
oneself first in the trapped black hole interior region, being blown out of the white hole
region. The observer hence finds herself in the white hole exterior region. Nevertheless,
these names are interchangeable as discussed below.

All these global and causal features can be represented in a conformally compactified
Penrose diagram. In analogy to the classical black hole (cfr. Sec. 3.1) it is possible to

14Intuitively, θ± describes the change of area of bundle of in- or outgoing light rays. In flat space,
θ− is negative, indicting that ingoing light rays are focussed. In contrast, θ+ is positive, describing the
de-focussing of outgoing light rays. The situation can change when spacetime is dynamic.

15This result is only true for the interior region. For the exterior one finds θ± = ±
√

2
N
b′

b .
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define Kruskal-Szekeres coordinates (cfr. also [103]) as

T 2 −X2 = exp
 dā

dr

∣∣∣∣∣
r=r(±)

s

 r∗(r)
 ,

T

X
=


tanh

(
t
2

(
dā
dr

∣∣∣
r=r(±)

s

))
−1 < T

X
< 1

coth
(
t
2

(
dā
dr

∣∣∣
r=r(±)

s

))
−1 < X

T
< 1

,

(6.3.46)

where the tortoise coordinate r∗ is defined as

r∗(r) =
∫ b(r)

b0
db

dr(±)

db
ā(b) =

∫ r

rT
dr L2

o

a(r) . (6.3.47)

In the definition of r∗, there is the freedom to choose a reference point b0, in this case
chosen to be the transition surface bT . Note further that the above definitions are two
different charts for r(+)

s and r(−)
s , respectively. It is possible to analyse how r → ±∞,

the horizons and the transition surface are represented in (T,X)-coordinates. This was
elaborated in detail in [3] and as the computation is not instructive for this part, only the
results are presented.

Consider first the +-chart, i.e. the derivative of a is evaluated at r(+)
s in Eq. (6.3.46).

Due to the choice of b0 = bT , it is r∗(bT ) = 0 and T 2 − X2 = 1. The detailed analysis
shows further that r∗(r → r(+)

s ) → −∞. By using residuum integration techniques, it
can be shown that r∗(r > r(+)

s ) picks up the phase −iπ/ dā
dr

∣∣∣
r=r(+)

s

. Together with the
factor dā

dr

∣∣∣
r=r(+)

s

in Eq. (6.3.46), this adds a minus sign and indicates the exchange of time
and space in the black hole interior. The coordinates (T,X) are thus well-defined in the
exterior region. This reasoning fails for the white hole side r∗(r → r(−)

s )→ +∞ and picks
up the phase −iπ/ dā

dr

∣∣∣
r=r(−)

s

for r < r(−)
s , which does not cancel the prefactor dā

dr

∣∣∣
r=r(+)

s

.
The +-chart is hence only defined for the black and white hole interior, as well as for the
black hole exterior only. The coordinates are compactified by means of

Ũ = arctan (T −X) , Ṽ = arctan (T +X)
(
−π2 < Ũ, Ṽ <

π

2

)
. (6.3.48)

The results for the +-chart can be summarised as

• b = bT corresponds to T 2 −X2 = 1 and Ũ + Ṽ = ±π
2 ;

• b = b(r(+)
s ) corresponds to T 2 −X2 = 0, i.e. Ũ Ṽ = 0;

• b = b(r(−)
s ) corresponds to T 2 −X2 → −∞, i.e. Ũ = ∓π

2 or Ṽ = ±π
2 ;

• b→∞ correspond to T 2 −X2 → −∞ and hence Ũ = ∓π
2 or Ṽ = ±π

2 .
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Figure 6.2: Penrose diagrams for the r > rT (a) and r < rT (b) regions. Recall that,
although the same notation is used for both regions, they are covered by different (Ũ , Ṽ )-
coordinate charts. As usual, the angular coordinates are suppressed so that each point of
the diagram can be thought of as representing a 2-sphere of radius b.

The analogue reasoning is possible for the −-chart, qualitatively leading to the same
result. Plotting (Ũ , Ṽ ) gives the Penrose diagram for both patches (see Fig. 6.2). The
global structure looks similar to the classical Schwarzschild spacetime with the important
difference that the spacetime does not end in the singularity at b = 0, but rather continues
due to the quantum bounce. For joining both Penrose diagrams in Fig. 6.2 it is crucial
to observe that the single charts (black hole and white hole sides) are valid in the full
interior. As argued above the +-chart is well-defined up to r(−)

s and vice versa. Due to
this smooth overlap it is possible to identify both diagrams in Fig. 6.2 at the transition
surface. The result is depicted in Fig. 6.3. A remaining issue is the global topology. This
is a particular choice and in the beginning of this section, R × R × S2 was chosen, i.e.
non-compact in the time direction. This justifies Fig. 6.3, which consists of an infinite
tower of alternating black and white hole patches. The opposite possibility would be to
identify the upper transition surface of the white hole patch with the lower transition
surface of the black hole patch. This would correspond to a cyclic topology and would
permit closed timelike curves, which are physically not reasonable.

An important remaining issue concerns the masses of the spacetimes. The Penrose
diagram shows an infinite tower of black hole and white hole spacetimes, while only
the two masses MBH and MWH characterise the system. For better understanding, an
observer 1 who lives in region I and jumps into the black hole exiting in region III.
Observer 1 measures at a given areal radius b� 2MBH spacetime scalars and determines
the initial conditions vo2, P o

1 and P o
2 . This process involves determining the values of the

Dirac observables (6.3.33a), (6.3.33b), which are fixed by M (1)
BH , M

(1)
WH and inverting them

to determine P1 and P2. Due to the involved trigonometric functions this is only unique
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Figure 6.3: Penrose diagram for the Kruskal extension of the full quantum corrected
polymer Schwarzschild spacetime.

up to choices of the branches. A second observer 2 is located in region III from the
beginning and also measures spacetime scalars to determine vo2, P o

1 and P o
2 . When both

observers meet, observer 1 thinks she is on the white hole side, and she will choose P o
1 ∼ 0

and P2 ∼ 0 in region I. By doing so P1 and P2 evolve during the evolution and will become
P1 ∼ π/2λ1 and P2 ∼ π/2λ2 (cfr. Eqs. (6.3.22c), (6.3.22d)) in region III. Observer 2 thinks
she is on the black hole side as she originated there. In solving for her initial values for
P1 and P2 she will choose the branch so that the initial values are close to 0. In fact the
observers will notice that their masses are different by means of M (1)

BH = M
(2)
WH and vice

versa. They further notice that their results differ by the following transformation

v1 7−→ v1 , P1 7−→
π

λ1
− P1 , P2 7−→

π

λ2
− P2 , v2 7−→ v2 . (6.3.49)

This is in fact needed for consistency as the observables transform under this map ac-
cording to

MBH 7−→MWH , MWH 7−→MBH , (6.3.50)
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which only swaps the notion of what the black hole and what the white hole mass are.
This is in agreement with the results the two observers measured. On the one hand,
this says that the names black and white hole are just names and non-physical as they
can be interchanged without consequences. This is also related to the fact that the
Hamiltonian is invariant16 under the above transformation (6.3.49). On the other hand,
this demonstrates that the initial value problem is well-defined. This is non-obvious as
the Hamiltonian flow is spacelike for the exterior region and the masses were determined
at different asymptotic regions in the construction of Sec. 6.3.2. Thus, the problem is
rather a boundary value problem. Nevertheless, as also both masses can consistently be
determined in region I only, this boundary value problem can be translated to an unique
initial value problem. It is possible to conclude that going from region III to region VI
the masses are exchanged again. In conclusion, the masses alternate between each patch
of the Penrose diagram and the asymptotic regions will be characterised by MBH , MWH

and then again MBH . Note that this discussion is independent of any relation between
the two masses.

6.3.3 Onset of Quantum Effects and Curvature Cutoff

The model is promising as the singularity is resolved and asymptotically it approaches
the classical Schwarzschild metric. An important remaining issue is the onset of quantum
effects, which should be controlled by curvature and length scales. This can be analysed
by looking at when the approximation sin(λiPi) ∼ λiPi fails, i.e. when the classical regime
is left. More precisely, recalling e.g. Eqs. (6.3.12) and (6.3.13), the classical approximation
holds whenever

Lor

λ2
� 1 ,

2r3

Cλ1
� 1 , (6.3.51)

holds. The classical approximation is again valid for negative r, where these conditions
become

Lo|r|
λ2

� 1 ,
32Cλ1L 6

o |r|3

λ6
2

� 1 . (6.3.52)

These expressions depend on the choice of the r-coordinate. To make it independent
they should be re-expressed in terms of the areal radius b, which is straightforward in the
classical regimes of the separate two branches. For the positive branch, the asymptotic
behaviour is

16This is due to the choice of the sin-function for polymerising. Choosing e.g. a product of sin and cos
would still be fine from the classical limit point of view, but would explicitly break this symmetry.
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b(r →∞) '
(3D

2

) 1
3
r =: b+ ,

for which the conditions (6.3.51) read

Lo

λ2

( 2
3D

) 1
3
b+ � 1 ,

1
L 2
o λ

2
1
� 9C2D2

16L 2
o b

6
+
, (6.3.53)

where the second condition was squared. According to the discussion in Sec. 6.2, P1/Lo

is only related to the Kretschmann scalar if the integration constant D is independent of
the mass. As similar restriction is visible in Eq. (6.3.53), where the second equation is a
curvature scale only when

9C2D2

16L 2
o

∝M2
BH , (6.3.54)

which restricts the initial conditions as this relatesMBH toMWH . As the guiding principle
in building the model is an onset of quantum effects at a fixed curvature scale, this is a
necessary condition. Assuming a simple relation of the form

MWH = MBH

(
MBH

m̄(β)

)β−1

∼Mβ
BH , (6.3.55)

with an arbitrary constant of dimension mass m̄(β), condition (6.3.54) is satisfied for
β = 5

3 , i.e.

MWH = MBH

MBH

m̄( 5
3)

 2
3

, (6.3.56)

which describes an amplification of the mass on the white hole side. For this given mass
relation the integration constants C and D become (cfr. Eq. (6.3.32))

C

Lo

= λ3
2

4λ1L 4
o

MBH

m̄( 5
3)

= 2MBH

m( 5
3)
,

D = 1
3

(
2Lo

λ2

)3 [
2(m̄( 5

3)λ1λ2)3
] 1

4
= 2

3

(
m( 5

3)
) 3

4
,

(6.3.57)

with the redefined dimensionless constant m(β) = 8λ1L 4
o m̄(β)/λ

3
2. Note that as C and D

remain finite in the limit λ1, λ2 → 0, m(β) remains finite as well. The conditions (6.3.53)
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become

b+ �
(
m( 5

3)
) 1

4 λ2

Lo

,
1

L 2
o λ

2
1
� M2

BH(
m( 5

3)
) 1

2
b6

+

= 1

48
(
m( 5

3)
) 1

2
KclassBH , (6.3.58)

which defines a critical length and curvature scale at which quantum effects become non-
negligible

`
( 5

3)
crit =

(
m( 5

3)
) 1

4 λ2

Lo

, K( 5
3)

crit =
48
(
m( 5

3)
) 1

2

L 2
o λ

2
1

. (6.3.59)

The mass relation (6.3.56) is consistent with interpreting sin(λ1P1)/Loλ1 as proportional
to the square root of the Kretschmann scalar in the classical limit as

sin (λ1P1)
Loλ1

r�1' C

Lor3 = 3CD
2Lob3

+
= 2

(
m( 5

3)
)− 1

4 MBH

b3
+
∝
√
KclassBH .

Fixing this mass relation (6.3.56), the question remains which onset of quantum ef-
fects is implied on the white hole side, i.e. re-expressing Eq. (6.3.52) in terms of b− :=
(24DC2λ2

1L
6
o /λ

6
2) 1

3 |r| ' b(r → −∞), which yields

b− �
Lo

λ2

(
24DC2λ2

1

) 1
3 ,

1
L 2
o λ

2
1
� 9D2C2

16Lob6
−
. (6.3.60)

Inserting Eqs. (6.3.56) and (6.3.57) leads to

b− �
MWH

MBH

`
( 5

3)
crit ,

M2
WH

M2
BH

K( 5
3)

crit � KclassWH . (6.3.61)

As MWH > MBH for β = 5/3, both scales are larger than the critical scales on the black
hole side. Therefore, on the white hole side curvature effects become relevant only at
higher curvatures while small length effects become relevant already at larger lengths.

The same discussion can be held for the negative branch. Again, re-expressing r in
Eq. (6.3.52) by means of b− := (24DC2λ2

1L
6
o /λ

6
2) 1

3 |r| leads to the conditions (6.3.60).
Following the same logic as above, the right equation is needs to be a curvature scale,
which is equivalent to the condition

9C2D2

16L 2
o

∝M2
WH . (6.3.62)
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With the same ansatz as in Eq. (6.3.55), the condition (6.3.62) is satisfied for β = 3/5,
thus yielding

MWH = MBH

MBH

m̄( 3
5)

− 2
5

, (6.3.63)

which describes a de-amplified white hole mass. For this value of β, Eq. (6.3.32) yields

C

Lo

= λ3
2

4λ1L 4
o

m̄( 3
5)

MWH

, D = 2
3

(m̄( 3
5)
)−5

(
8L 4

o λ1

λ2

)3
 1

4

M2
WH . (6.3.64)

Defining the dimensionless quantity m(β) = 8λ1L 4
o m̄(β)/λ

3
2 leads to

b− �
(
m( 3

5)
) 1

4 λ2

Lo

,
48
(
m( 3

5)
) 1

2

L 2
o λ

2
1

� 48M2
WH

b6
−

= KclassWH , (6.3.65)

and thus to the critical scales where quantum effects become relevant are given by

`
( 3

5)
crit =

(
m( 3

5)
) 1

4 λ2

Lo

, K( 3
5)

crit =
48
(
m( 3

5)
) 1

2

L 2
o λ

2
1

. (6.3.66)

The classical regime for β = 3/5 and (6.3.63) on the black hole side corresponds to

b+ �
MBH

MWH

`
( 3

5)
crit ,

M2
BH

M2
WH

K( 3
5)

crit � KclassWH , (6.3.67)

which is perfectly consistent with Eq. (6.3.61). Thus, with MBH > MWH , both the
scales (6.3.67) are shifted to higher values on the black hole side, leading to curvature
effects relevant at higher curvatures and finite length effects relevant at larger lengths.

Eq. (6.3.63) allows to relate sin(λ1P1)/Loλ1 with the square root of the Kretschmann
scalar on the white hole side as

sin(λ1P1)
Loλ1

r�−1' λ6
2

16Cλ2
1L 7

o

1
|r|3

= 3CD
2Lob3

−
= 2

(
m( 3

5)
)− 1

4 MWH

b3
−
∝
√
KclassWH . (6.3.68)

As a last point of this analysis, it should be studied whether the amplification solution
Eq. (6.3.56) is compatible with Eq. (6.3.63), as well as the exchangeability of black and
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white hole sides according to the discussion at the end of Sec. 6.3.2. Inverting Eq. (6.3.63)
yields

MBH = MWH

MWH

m̄( 3
5)

 2
3

, (6.3.69)

which is Eq. (6.3.56) with MBH and MWH exchanged and the identification m̄( 3
5) =

m̄( 5
3) =: m̄, i.e. m( 3

5) = m( 5
3) =: m. For this identification the amplification (6.3.56) de-

scribes exactly the inverse de-amplification (6.3.63). The amplification and de-amplification
are of the same amount and the solutions are symmetric, which means both β-values are
compatible with each other and also compatible with the discussion at the end of Sec. 6.3.2.

The discussion can be summarised as follows: To achieve an onset of quantum effects
at a unique, mass-independent Kretschmann curvature scale Kcrit, it was necessary to fix
a relation of the masses according to

MWH = MBH

(
MBH

m̄

)β−1
, β ∈

{5
3 ,

3
5

}
, (6.3.70)

where one value of β describes exactly the inverse mass change as the other value.
This relation allows to identify sin(λ1P1)/Loλ1 as proportional to the square root of
the Kretschmann scalar on the side with the smaller mass (respectively MBH , MWH for
β = 5/3 , 3/5). The onset of quantum effects is controlled by the mass independent critical
length and curvature scales

`crit = m
1
4
λ2

Lo

, Kcrit = 48m 1
2

L 2
o λ

2
1
, (6.3.71)

wherem is a dimensionless number, which is related to m̄ (and for β = 5/3 to D) according
to

m = 8λ1L 4
o

λ3
2

m̄
β= 5

3=
(3

2D
) 4

3
. (6.3.72)

On the side with the smaller mass (denoted by subscript 1), quantum effects become
relevant whenever

b1 ∼ `crit = m
1
4
λ2

Lo

, K1 ∼ Kcrit = 48m 1
2

L 2
o λ

2
1
. (6.3.73)

The onset of quantum effects is at Planck curvature and Planck length, as long as m ∼ 1.
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Figure 6.4: Plot of sin(λ1P1)/Loλ1 and sin(λ2P2)Lo/λ2 for β = 5/3 in (a) and β = 3/5

in (b) for the parameters Lo = λ1 = λ2 = m̄ = 1 and MBH = 100. The plot shows that
the order of high curvature corrections and finite volume corrections is exchanged coming
from the other side or changing β.

On the amplified side (subscript 2) the onset of quantum effects is at

b2 ∼
M2

M1
`crit , K2 ∼

M2
2

M2
1
Kcrit , (6.3.74)

where M2 > M1. This finally justifies the interpretation at the beginning of Sec 6.3.
As Eq. (6.3.71) shows, λ2/Lo is related to the critical length `crit and leads to quantum
corrections when the length scale becomes small. Further, Loλ1 is indeed an inverse
curvature scale related to Kcrit and controls the quantum corrections in the high curvature
regime.

A still remaining issue to be better understood the change of quantum scale on the am-
plified side. As M2 > M1, the curvature scale in Eq. (6.3.74) becomes larger and thus less
relevant. In contrast, the length scale also grows, and finite length effects become relevant
earlier. Nevertheless, these effects are always far away from the horizon as b(rs) ∼M2 for
large masses, while M2/M1 ∼ M

3
5

2 , hence b(rs) grows faster than M2/M1 · `crit. This ampli-
fication of the quantum scales inverts the order of the kind of quantum effect to become
relevant first. Consider an observer jumping into the black hole from the lower mass side
(1). She will first encounter quantum effects due to high curvature and afterwards finite
length effects. Falling into the black hole from the larger mass side (2), she would first see
finite size effects and only afterwards the curvature effects. This is depicted in Fig. 6.4
were sin(λ1P1)/Loλ1 and sin(λ2P2)Lo/λ2 is plotted for both values of β. Exchanging the
value of β corresponds to a affecting P1 or P2 corrections becoming relevant first.

The discussion so far focussed on the classical regime and when it fails to hold. This was
no statement about the deep quantum regime and if the curvature is really bounded. It is
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Figure 6.5: The color scale encodes the value of the logarithm of the Kretschmann scalar
at the transition surface as a function of the black hole MBH and white hole mass MWH

for Loλ1 = λ2/Lo = 1. Both axis are in logarithmic scale. Finite non-zero curvatures
for large masses can only be achieved by following a level line asymptotically given by Eq.
(6.3.55) for β = 5/3 and β = 3/5. Different values of m̄ correspond to different choices of
the level line. The yellow line corresponds to β = 5/3 and the red dashed line to β = 3/5.

possible to analytically compute the Kretschmann scalar. The expression is involved and
not particularly insightful. Instead, in Fig. 6.5 the Kretschmann scalar at the transition
surface is depicted as function of the both masses. The Kretschmann scalar is almost at
maximum at the transition surface and quantum effects are large. From Fig. 6.5, it is
visible that the curvature can be made arbitrarily large by choosing suitable values for
MBH and MWH . To keep a unique and mass independent upper bound for the curvature,
the two masses have to be related so that they follow a level line. For masses larger than
the Planck mass, this relation is given by MWH = MBH

(
MBH

m̄

)β−1
∼ Mβ

BH for β = 5/3

and β = 3/5,17 as can be seen from Fig. 6.5 and confirmed by analytic computations.
The value of m̄ determines which of the level lines is picked. This deep quantum regime
argument is compatible with the above discussion.

In Fig. 6.6 the full Kretschmann scalar K as function of b is plotted for different masses
and both values of β. As required, there is a unique upper bound18 and the onset of
quantum effects is always at the same scale. The exception is MBH = 1, which corre-
sponds to a Planck mass black hole. The critical value of the curvature Kcrit is indicated
by a vertical line and is close to the maximal reachable curvature. The plot shows fur-
ther that at large radii b the classical behaviour is approached and only the masses are
(de-)amplified. For MBH/m = 1 the bounce is symmetric, which corresponds to a Planck
sized black hole where the effective spacetime description most likely breaks down.

17Another possibility is β = −1, which is not considered here as this requires always one of the two
masses to be sub-Planckian. This seems physically not reasonable, although there are ways to interpret
such a scenario [79, 215]

18As can be easily checked this holds also true for other curvature invariants.
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Figure 6.6: Kretschmann scalar K against b in a log-log plot for different masses. The
dashed lines correspond to the classical result. The parameters are chosen to be Loλ1 =
λ2/Lo = 1, m̄ = 1 and β = 5/3 in (a) as well as β = 3/5 in (b). Quantum effects always
become relevant at the same scale. The horizontal dashed line corresponds to Kcrit given
in Eq. (6.3.71). Differences occur only for Planck sized black holes (MBH = 1), for which
quantum effects due to the polymerisation of P2 become relevant first.

The present model has already desirable features, such as quantum effects occurring
only in the high curvature regime and a unique upper curvature scale. A novel feature
are the two mass observables, which were not noticed in previous approaches, although
they were present [6]. This points towards the main drawback of this model: To reach an
unique mass independent curvature scale, both masses have to be related in a very specific
way restricting the initial conditions. This restriction is introduced by hand and is not
an outcome of the Hamiltonian analysis. Implementing the mass relation in a quantum
theory of this model would be technically challenging. This is why in the following section
another model is discussed, where the relation of the masses is much broader and the
unique curvature cut-off is reached without specifying any relation, besides subtleties
discussed below.

6.4 Polymerisation 2: (v, b)-like variables

The previous model led to the necessity to establish a relation between the masses in
order to achieve an unique upper curvature bound. The heart of this problem are the
used variables and thus the chosen polymerisation scheme. Recall the expression for the
on-shell value of the momenta, which is (cfr. Eq. (6.2.28))

P1(b)
Lo

= 2M
b3

( 2
3D

) 1
3

, P2(b)Lo = 1
b

(3D
2

) 1
3
. (6.4.1)
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It was argued that P1/Lo can be related to the square root of the Kretschmann scalar
and thus polymerising this momentum will lead to curvature quantum corrections. A
necessary condition for this interpretation is that D is mass independent and thus the
initial data is restricted. In the analysis of the onset of quantum effects (cfr. Sec. 6.3.3)
this allows a unique curvature scale of quantum effects only if the initial conditions are
related in a very precise way.

It is possible to introduce new variables, which can be interpreted as being related to
the Kretschmann scalar without the need of restricting any initial data. To construct
them, the metric ansatz (6.2.1) is taken and the Kretschmann scalar is computed. This
curvature scalar is a function of the metric components a and b and of their first and second
derivatives K = K(a, b, a′, b′, a′′, b′′). Using the variable transformation Eq. (6.2.12) allows
to express all a and b in terms of v1 and v2, and analogous for their derivatives. In the next
step using the Hamiltonian equations of motion (6.2.15) and the Hamiltonian constraint
allows to express the Kretschmann scalar in terms of phase space variables only, namely

K
equations of motion,

Hamiltonian constraint= 12
(3v1

2

) 2
3
P 2

1P
2
2 . (6.4.2)

This is a phase space function, which has to reduce to the value of the Kretschmann
scalar on-shell. Note that this phase space function is not the Kretschmann scalar in full
generality and off-shell, as the equations of motion were used. Nevertheless, it is on-shell,
without fixing any integration constant, and this is the closest what is achievable up to
now. It is possible to define the following new canonical variables

vk =
(3

2v1

) 2
3 1
P2

, vj = v2 −
3v1P1

2P2
, k =

(3
2v1

) 1
3
P1P2 , j = P2 , (6.4.3)

satisfying the standard canonical Poisson brackets

{vk, k} = 1 , {vj, j} = 1

{k, j} = {vk, vj} = {k, vj} = {j, vk} = 0 .
(6.4.4)

The variable k is related to the Kretschmann scalar by means of

K = 12k2 .

This is a direct analogy to LQC (cfr. Sec. 4.2), where the Ricci scalar R is related to the
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phase space function b by means of the same proportionality R ∝ b2 19. In this sense, the
variables chosen here are the analogues of (v, b) variables in cosmology. There is another
interpretation of k in terms of the so-called Misner-Sharp massMMisner-Sharp (see [216] and
[217] for an overview). Off-shell, or in fact using the Hamiltonian constraint only, it is

k
H≈0≈ Rµναβε

µνεαβ = b

(
1− b′2

N

)
= 2MMisner-Sharp(b)

b3 , (6.4.5)

where εµν = gµαgνβεαβ with εαβdxα ∧ dxβ = b2 sin θdθ ∧ dφ is the volume two-form of the
r, t = const. two-sphere. The Misner-Sharp mass MMisner-Sharp(b) is defined in spherically
symmetric spacetimes and measures the gravitational energy enclosed in a sphere of areal
radius b, and is a quasi-local measure of gravitational energy. This way k can off-shell
partially be related to the full Riemann curvature tensor Rµναβ.

As second momentum, j = P2 is used, which is the same as before. This is a good
choice as it is related to 1/b, i.e. finite length corrections. It should be further improved
as it is only proportional to inverse length when the integration constants are restricted.
This will play a role in the later discussion of the onset of quantum effects in Sec. 6.4.2.
There are variables for which this problem was solved (see [6]). Nevertheless, this model
has other physical disadvantages, such as the need of sub-Planckian masses. Up to now,
the choice of momenta (j, k) seems to be the best possible option, although there is room
for improvements.

The scaling behaviour of (vi, Pi) under rescaling the fiducial cell (cfr. Eq. (6.2.13))
transfers to the new variables via the transformation (6.4.3). This results in

vk 7−→ αvk , k 7−→ k , vj 7−→ α2vj , j 7−→ α−1j , (6.4.6)

and shows that the product of momentum with a conjugate phase space variable is a
density of weight 1 in t-direction. Again, physical quantities can only depend on vk/Lo,
k, vj/L 2

o and Loj, as they have to be independent of the fiducial structures. The fact
that k does not scale with the fiducial cell (in contrast to P1) is compatible with its
interpretation as curvature scalar.

Performing the canonical transformation (6.4.3) leads to the classical Hamiltonian in
the new variables

Hcl =
√
nHcl , Hcl = 3vkkj + vjj

2 − 2 ≈ 0 . (6.4.7)

19Note that this is also only true on-shell in the same way as discussed above.
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Remarkably, it has exactly the same functional structure as the previous Hamiltonian
in (vi, Pi)-variables Eq. (6.2.14). This structure is still simple and allows to solve the
equations after polymerisation with the exact same strategy. What changes is the relation
to the metric components a and b, which is given by

b(r) =
√
vk j , (6.4.8)

a(r) = j vj + k vk
2vk j2 . (6.4.9)

Solving the classical equations of motion gives of course the classical Schwarzschild solu-
tion. The on-shell expression of k and j is interesting and for

√
n = const. = Lo it is

given by

k(b) =
(
D

Lo

) 3
2 C

b3 = 2MBH

b3 , Lo j(b) =
(
D

Lo

) 1
2 1
b
, (6.4.10)

where again two Dirac observables can be found. One of them is the black hole mass

2MBH = RBH = k (vkj)
3
2 on-shell= C

(
D√
n

) 3
2

. (6.4.11)

As discussed, the second Dirac observable

O = 2
3vkk

on-shell= CD , (6.4.12)

scales with the fiducial cell (C 7→ C, D 7→ αD) and can be removed from the metric.

It is important that k is exactly proportional to the square root of the Kretschmann
scalar without restricting the initial conditions. This is the main argument supporting
these variables, as now the onset of quantum effects might be at a constant curvature
scale, and it is independent of the choice of the initial conditions, which was the main
restriction in the previous model. Nevertheless, Loj is still dependent on D, which might
in turn lead to the need of restricting the initial conditions (see below).

The effective quantum theory is again constructed by classical polymerisation, i.e. the
replacement

k 7−→ sin(λk k)
λk

, (6.4.13)
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j 7−→ sin(λj j)
λj

, (6.4.14)

where the polymerisation scales λj, λk are kept as pure constants proportional to the
Planck length. Due to the interpretation of k and j, this is expected to lead to quantum
corrections at high curvatures and small lengths, or equivalently small areas.

According to the scaling behaviour of k and j (Eq. (6.4.6)) the polymerisation scales
transform as

λk 7−→ λk , λj 7−→ αλj , (6.4.15)

under fiducial cell rescaling. The physically relevant scales are thus λk and λj/Lo. Re-
calling further the definitions (6.4.3), the new momenta have the dimensions

[k] = [bP1P2] = L−2 , [j] = [P2] = L−2 , (6.4.16)

where L denotes the dimension of length. As the products λkk, λjj are dimensionless,
this leads to the dimensions

[λk] =
[1
k

]
= L2 ,

[
λj
Lo

]
=
[

1
Loj

]
= L , (6.4.17)

of the polymerisation scales. This is compatible with interpreting λk as inverse curvature
scale and λj/Lo as length scale, controlling the onset of curvature and small length
quantum effects, respectively.

6.4.1 Solutions and Causal Structure

The polymerised Hamiltonian becomes

Heff =
√
nHeff , Heff = 3vk

sin(λk k)
λk

sin(λj j)
λj

+ vj
sin2(λj j)

λ2
j

− 2 ≈ 0 , (6.4.18)
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with the corresponding equations of motion given by

v′k = 3
√
n vk cos(λkk) sin(λjj)

λj
,

v′j = 3
√
n vk

sin(λkk)
λk

cos(λjj) + 2vj
√
n

sin(λjj)
λj

cos(λjj) ,

k′ = −3
√
n

sin(λkk)
λk

sin(λjj)
λj

,

j′ = −
√
n

sin2(λjj)
λ2
j

,

Heff = 3vk
sin(λk k)

λk

sin(λj j)
λj

+ vj
sin2(λj j)

λ2
j

− 2 ≈ 0 .

(6.4.19)

As the Hamiltonian has the same functional form as Eq. (6.3.5), the equations of motion
are functionally equal. Hence for

√
n = const. = Lo, not only the solution strategy is

the same, but also the solutions are identical, identifying v1 ↔ vk, v2 ↔ vj, P1 ↔ k and
P2 ↔ j, leading to the solutions

vk(r) = 2DC2λ2
k

√
n

3

λ3
j

λ6
j

16C2λ2
k
n3

(√
n r
λj

+
√

1 + nr2

λ2
j

)6
+ 1(√

n r
λj

+
√

1 + nr2

λ2
j

)3 , (6.4.20a)

vj(r) = 2n
(
λj√
n

)2 (
1 + nr2

λ2
j

)1− 3CD
2λj

1√
1 + nr2

λ2
j

 , (6.4.20b)

k(r) = 2
λk

cot−1

 λ3
j

4Cλk
√
n

3

√n r
λj

+
√√√√1 + nr2

λ2
j

3 , (6.4.20c)

j(r) = 1
λj

cot−1
(√

nr

λj

)
+ π

λj
θ

(
−
√
nr

λj

)
, (6.4.20d)

where C, D are the integration constants, which, according to the scaling behaviours
Eq. (6.4.6), transform as C 7→ C and D 7→ αD under a fiducial cell rescaling.

The crucial difference to the previous model is the relation of these variables to the
metric components a and b. Especially subtle is the fact that the metric components
depend on configuration space variables and simultaneously on momenta (cfr. Eqs. (6.4.8)
and (6.4.9)). As the momenta j and k have no physical meaning, but their trigonometric
functions, these expressions have to be polymerised, too. Only if this is done, there will be
a chance to construct an operator for the metric components on a polymer Hilbert space
(cfr. Sec. 4.3). There are probably several choices in polymerising the expressions (6.4.8)
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and (6.4.9), but to remain consistent with the polymerisation of the Hamiltonian, the
sin-function is chosen. The metric components become

b2(r) = vk(r)
sin(λjj(r))

λj
= 2DC2λ2

k

√
n

3

λ4
j

1√
1 + nr2

λ2
j

λ6
j

16C2λ2
k
n3

(√
n r
λj

+
√

1 + nr2

λ2
j

)6
+ 1(√

n r
λj

+
√

1 + nr2

λ2
j

)3 ,

(6.4.21)

a(r) = 1
2vk(r)

λ2
j

sin2(λjj(r))

(
vj(r)

sin(λjj(r))
λj

+ vk(r)
sin(λkk(r))

λk

)

=
λ6
j

2DC2λ2
k

√
n

3

(
1 + nr2

λ2
j

) 3
2

1− CD

λj

√
1 + nr2

λ2
j


(√

n r
λj

+
√

1 + nr2

λ2
j

)3

λ6
j

16C2λ2
k
n3

(√
n r
λj

+
√

1 + nr2

λ2
j

)6
+ 1

,

(6.4.22)

with the line element

ds2 = −a(r)
L2
o

dt2 + L 2
o

a(r)dr2 + b2(r)
(
dθ2 + sin2 θdφ2

)
. (6.4.23)

Again, two integration constants C and D occur, and as stated above,
√
n = Lo was

chosen. The integration constants are dependent on the fiducial cell by means of C 7→ C

and D 7→ αD.

Again characteristic features of this spacetime can be examined. First of all, note
that the line element is well-defined and smooth for the full r-domain r ∈ (−∞,∞)
and describes interior and exterior regions at the same time. The first important step
is to determine the asymptotic behaviour at r → ±∞. This also allows to determine
the integration constants C and D in terms of physical scalars and corresponding Dirac
observables.

6.4.1.1 Asymptotic Behaviour

Starting with the positive branch r →∞, the metric coefficients Eqs. (6.4.21) and (6.4.22)
become

b2
+ := b2(r → +∞) = D√

n
r2 , a+ := a(r → +∞) = n

√
n

D

(
1− CD√

n r

)
(6.4.24)
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from which follows

a
(
b(r → +∞)

)
= n
√
n

D

1−
(
D√
n

) 3
2 C

b

 . (6.4.25)

This expression is independent of the choice of the r coordinate as it is expressed in
terms of the effective scalar b. Similar to the previous cases, it is possible to rescale the
t and r coordinate to absorb the prefactor in front of a. Choosing t 7→ τ =

√
L 3
o

DL2
o
t and

r 7→ b =
√

D
Lo
r for

√
n = Lo yields the line element

ds2
+ ' −

1−
(
D√
n

) 3
2 C

b

 dτ 2 + db2

1−
(
D√
n

) 3
2 C
b

+ b2dΩ2
2 . (6.4.26)

This is a classical Schwarzschild spacetime of mass

2MBH = C

(
D√
n

) 3
2

. (6.4.27)

The same analysis can be done for the r → −∞ limit. The results are

b2
− := b2(r → −∞) = 16DC2λ2

k√
n

(√
n

λj

)6

|r|2 , (6.4.28)

a− := a(r → −∞) = n
√
n

16DC2λ2
k

(
λj√
n

)6 (
1− CD√

n|r|

)
, (6.4.29)

from which follows

a
(
b(r → −∞)

)
= n

√
n

16DC2λ2
k

(
λj√
n

)6 (
1− 4nDC2λk

λ3
j

√
D√
n

1
b

)
. (6.4.30)

Using the same strategy as before and rescaling the coordinates by means of
t 7→ τ =

√
L 3
o

DL2
o

λ3
j

4CλkL 3
o
t and r 7→ b = 4Cλk

(
Lo

λj

)3√
D
Lo

(−r), gives the line element

ds2
− ' −

(
1− 4nDC2λk

λ3
j

√
D√
n

1
b

)
dτ 2 + db2

1− 4nDC2λk
λ3
j

√
D√
n

1
b

+ b2dΩ2
2 , (6.4.31)

which is again a classical Schwarzschild spacetime. The mass in this asymptotic region is
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given by

2MWH = 4λkC2√n3

λ3
j

(
D√
n

) 3
2

= 8Cλk
(√

n

λj

)3

MBH . (6.4.32)

This observation leads to the following two important consequences: First, in both lim-
its b(r → ±∞), spacetime is well-approximated by classical Schwarzschild regions and
approaching the classical behaviour before and after the bounce. The two Schwarzschild
regions are characterised by the masses MBH and MWH , respectively. Second, this allows
to fix the integration constants C and D by means of the (gauge independent) physical
input of the masses MBH and MWH . Inverting Eqs. (6.4.27) and (6.4.32) leads to

C =
λ3
j

4λk
√
n

3
MWH

MBH

, D =
√
n

8λk
√
n

3

λ3
j

M2
BH

MWH

 2
3

. (6.4.33)

Using the solutions (6.4.20a)-(6.4.20d) for the effective dynamics allows to construct phase
space functions for C, D and also for the two masses. In this way it is possbile to construct
the black and white hole mass Dirac observables as

2MBH = sin(λkk)
λk

cos
(
λkk

2

) 2vk
λj cot

(
λjj

2

)
 3

2

, (6.4.34a)

2MWH = sin(λkk)
λk

sin
(
λkk

2

)(
2vk
λj

cot
(
λjj

2

)) 3
2

, (6.4.34b)

which yield the values MBH and MWH , when evaluated on the solutions. In contrast to
the classical case, they both are fiducial cell independent and have physical relevance, as
they both appear in the line element and the asymptotic spacetimes.

It is instructive to insert the expressions for C and D into the expression for the final
metric (6.4.23) and the components (6.4.21) and (6.4.22). Performing a further coordinate
change to x = Lor/λj and τ = λjt/Lo, results in the line element

ds2 = −a(x)
λj

dτ 2 +
λ2
j

a(x)dx2 + b(x)2dΩ2
2 , (6.4.35)

with components
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b2(x) = 1
2

(
λk

MBHMWH

) 2
3 1√

1 + x2

M2
BH

(
x+
√

1 + x2
)6

+M2
WH(

x+
√

1 + x2
)3 , (6.4.36)

a(x)
λ2
j

= 2
(
MBHMWH

λk

) 2
3

1−
(
MBHMWH

λk

) 1
3 1√

1 + x2

 (1 + x2)
3
2
(
x+
√

1 + x2
)3

M2
BH

(
x+
√

1 + x2
)6

+M2
WH

.

(6.4.37)

Note that λj does not appear in the metric any more. The precise value of λj/Lo does
not affect the physics and this scale turns out to be fiducial.

As discussed at the end of Sec. 6.3.2, the metric can be analysed for symmetry of both
sides. Changing the point of view from being on the black hole side to the white hole side
corresponds to the transformation

vj 7→ vj , vk 7→ vk , k 7→ π

λk
− k , j 7→ π

λj
− j . (6.4.38)

This describes the evolution of the phase space variables from one side to the other
(see the discussion in Sec. 6.3.2 around Eq. (6.3.49) for more details). The mass Dirac
observables (6.4.34a) and (6.4.34b) transform according to

2MBH 7−→ 2MWH , 2MWH 7−→ 2MBH . (6.4.39)

An observer, who specified a value for MBH and MWH , travelling from the black hole
side to the white hole side would observe that her MBH coincides with the value of MWH

of an observer living on the white hole side and vice versa. Again, this shows that the
names black hole and white hole side are completely interchangeable. The reason for
this symmetry is again the polymerisation scheme using the sin-function. Other schemes
could break this symmetry. On the level of the metric (6.4.35) this symmetry manifests
in invariance under the transformation20

x 7−→ −x , MBH 7−→MWH , MWH 7−→MBH .

20This can be easily checked by re-writing x+
√

1 + x2 = exp
(
sinh−1(x)

)
.
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6.4.1.2 Horizons

As a next step the horizon structure is to be analysed. The Killing horizons can be
determined by the condition

a(r(±)
s ) != 0 ⇔

λ6
j

2DC2λ2
k

√
n

3

(
1 + nr2

λ2
j

) 3
2

1− CD

λj

√
1 + nr2

λ2
j


(√

n r
λj

+
√

1 + nr2

λ2
j

)3

λ6
j

16C2λ2
k
n3

(√
n r
λj

+
√

1 + nr2

λ2
j

)6
+ 1

∣∣∣∣∣∣∣∣∣
r=r(±)

s

!= 0 .

(6.4.40)

The only term that can vanish is

1− CD

λj

√
1 + nr2

λ2
j

= 0 ,

which leads to

r(±)
s = ±

√√√√C2D2

L 2
o

−
λ2
j

L 2
o

= λj
Lo

√√√√(MBHMWH

λk

) 2
3
− 1 . (6.4.41)

As expected, there are exactly two horizons with areal radius b(r(±)
s ), which are

b
(
r(±)
s

)2
= MBH

2MWH

(
(MBHMWH)

1
3 ±

√
(MBHMWH)

2
3 − λ

2
3
k

)3

+ MWH

2MBH

λ2
k(

(MBHMWH)
1
3 ±

√
(MBHMWH)

2
3 − λ

2
3
k

)3 . (6.4.42)

For large masses, i.e. MBHMWH � λk, this becomes

b(r(+)
s )2 ' 4M2

BH

1− 3
4

(
λk

MBHMWH

) 2
3

−O
(

λ2
k

M2
BHM

2
WH

) , (6.4.43)

b(r(−)
s )2 ' 4M2

WH

1− 3
4

(
λk

MBHMWH

) 2
3

−O
(

λ2
k

M2
BHM

2
WH

) , (6.4.44)
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which is in agreement with the classical result on both sides. The leading corrections are
suppressed by λk and negative. Hence, the quantum corrected horizon is sightly smaller
than classical expectation.

6.4.1.3 Transition Surface

Another important surface in the effective quantum corrected spacetime is the transition
replacing the classical singularity. Analysing the expression (6.4.21) for b(r) shows that
it is larger than zero throughout the evolution. The transition surface is characterised by
the minimal value that b(r) can reach. The minimum is reached when b′ = 0, which is
equivalent to (b2)′ = 0 as b 6= 0 everywhere. Computations can be simplified further by
introducing the new coordinate

z = Lor

λj
+
√√√√1 + L 2

o r
2

λ2
j

, z ∈ (0,∞) . (6.4.45)

As dz/dr 6= 0, the transition surface is equally described by the condition d(b2)/dz = 0.
Inserting z in Eq. (6.4.21) yields

b2(z) = 2C2λ2
kL

3
o D

λ4
j

2z
z2 + 1

λ6
j

16C2λ2
k
L 6
o
z6 + 1

z3 .

After a number of manipulations the transition surface satisfies the condition

db2

dz = 0 ⇔ −2z4 + z2

z4 + z2

(
λ6
jz

6

L 6
o

+ 16C2λ2
k

)
+

3λ6
jz

6

L 6
o

= 0 , (6.4.46)

which for y = z2 and y > 0 simplifies to (recall Eq. (6.4.33))

y4 + 2y3 = 16C2λ2
kL

6
o

λ6
j

(2y + 1) = M2
WH

M2
BH

(2y + 1) , (6.4.47)

and is a fourth order polynomial equation in y with the restriction y > 0. The crucial
point is that this equation has only one unique solution for y > 0, which can easily be
demonstrated graphically (cfr. Fig. 6.7). This solution is given by

yT =− 1
2 + 1

2

√
1 + 22/3 (−B +B2)1/3

+ 1
2

√√√√2− 22/3 (−B +B2)1/3 + −8 + 16B
4
√

1 + 22/3 (−B +B2)1/3
,

(6.4.48)
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Figure 6.7: Graphical solutions of Eq. (6.4.47). The black line corresponds to the left
hand side of Eq. (6.4.47), the coloured lines to the right hand side for different values of
B = M2

WH/M2
BH. For y > 0, there exists exactly one solution.

with B = 16C2λ2
kL 6

o

λ6
j

= M2
WH/M2

BH. Areal radius bT = b(rT ) of the transition surface can be
directly computed on this basis. As this expression is complicated and not insightful, it
is not reported here.

With the computation in Sec. 6.3.2, it is straightforward to show that this point is
indeed a transition from a trapped to anti-trapped region, i.e. a black-to-white hole
transition. The expansions θ± for t = const., r = const. surfaces for r(−)

s < r < r(+)
s are

given by (cfr. Eq. (6.3.45))

θ± = −
√
− 2
N

b′(r)
b(r) . (6.4.49)

Both expansions are negative as b′(r) > 0 in the black hole interior region rT < r < r(+)
s ,

which shows that this region is trapped. In contrast, both expansions are positive in the
white hole interior region r(−)

s < r < rT as b′(r) < 0 there. This shows that this region
is anti-trapped. The smooth transition happens at the transition surface b′(r) = 0 where
both expansions vanish.

On the basis of this analysis, the Penrose diagram of the spacetime can be constructed
without much additional effort. This procedure follows the argumentation presented in
Sec. 6.3.2. The qualitative behaviour is exactly the same, i.e. one transition surface, two
horizons, asymptotically Schwarzschild in both regions r → ±∞. To ensure that the
steps presented in Sec. 6.3.2 work, the derivative of a at the horizon has to be checked.
It is easy to verify that a′(r(±)

s ) 6= 0 and sign(a′(r(±)
s )) = ±1, which is again qualitatively

the same as in the previous case and guarantees that the construction works exactly the
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same21. The final Penrose diagram of the effective spacetime is the same as in Fig. 6.3.

6.4.2 Onset of Quantum Effects and Curvature Cutoff

The crucial and still missing part is the onset of quantum effects. The motivation of these
variables was to achieve quantum effects at a unique mass independent curvature scale,
without fixing a relation between the two masses as in the previous model. To investigate
this, the afore used strategy can be applied. Again, the classical regime is reached in both
limits r → +∞ and r → −∞. First, the positive branch is discussed. Looking at the
solutions Eqs. (6.4.20a)-(6.4.20d), shows that they reduce to the corresponding classical
expressions when the conditions

Lo r

λj
� 1 ,

2r3

Cλk
� 1 (6.4.50)

are satisfied. These conditions represent the classical regime on the black hole side.
Expressing this in terms of b by using Eq. (6.4.24) and re-phrasing it in terms of the two
masses using Eq. (6.4.33) leads to

b+ �
(

8λk
(MBH)2

MWH

) 1
3

,
MBH

b3
+
� 1

λk
. (6.4.51)

Of special interest is the second condition, which can be related to the classical Kretschmann
scalar on the black hole side by means of

KBHcl = 48M2
BH

b6
+

� 48
λ2
k

. (6.4.52)

This gives a unique mass independent curvature scale at which quantum effects become
relevant. Moreover, in contrast to the previous model, this scale is independent of any
relation of the black and white hole mass. The problem is not entirely solved as the fist
condition in Eq. (6.4.51) does depend on the masses. Due to the construction of the
variable j, it is expected that this is a length scale, depending on the masses in this case.
It is possible to rearrange this condition, allowing to view this as a curvature scale, i.e.

KBHcl = 48M2
BH

b6
+

� M2
WH

M2
BH

3
4λ2

k

, (6.4.53)

21The Penrose diagram is only sensitive to the causal and global structure of the spacetime and neglects
all quantitative details. This is also due to the fact that the conformal embedding is at most unique up
to conformal transformations, allowing to rearrange e.g. the spacing of different t = const. lines.
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which is sensitive to the asymmetry of both sides.

The same discussion applies to the white hole side, where the classical regime is given
whenever

Lo|r|
λj
� 1 ,

32CλkL 6
o |r|3

λ6
j

� 1 (6.4.54)

holds. This expression can be made coordinate independent by replacing r by b− according
to Eq. (6.4.28). Further inserting the expressions (6.4.33) for C and D yields

b− �
(

8λk
M2

BH

MWH

) 1
3 MWH

MBH

=
(

8λk
M2

WH

MBH

) 1
3

,
MWH

b3
−
� 1

λk
. (6.4.55)

The second condition can be re-written in terms of the classical Kretschmann scalar of
the white hole side, i.e.

KWH
cl = 48M2

WH

b6
−

� 48
λ2
k

, (6.4.56)

which defines a unique mass independent curvature scale, at which quantum effects be-
come relevant. Indeed, together with Eq. (6.4.52) the polymerisation scale λk can be
interpreted as an inverse curvature scale defining the scale at which quantum effects be-
come relevant. In turn, there are no quantum effects in the low curvature regime, as it was
required. The first condition in Eq. (6.4.55) could be interpreted as length scale, which
is mass dependent. It is again possible to rewrite this condition in terms of a asymmetry
dependent curvature scale

KWH
cl = 48M2

WH

b6
+

� M2
BH

M2
WH

3
4λ2

k

. (6.4.57)

Before this property is analysed further, some cross checks are done.

It is important that quantum effects become negligible at the horizon of astrophysical
black holes (large masses). The following consideration is analogous for both sides, only
the black hole side is discussed in detail. The first condition of Eq. (6.4.51) can also be
rewritten as

b+ � 2MBH

(
λk

MBHMWH

) 1
3

.

In the limitMBHMWH � λk, the horizon is always larger as this scale, as (cfr. Eq. (6.4.43))
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b(r(+)
s )2 ' 4M2

BH

1− 3
4

(
λk

MBHMWH

) 2
3

−O
(

λ2
k

M2
BHM

2
WH

)
� 4M2

BH

(
λk

MBHMWH

) 2
3

. (6.4.58)

This is a restriction on the product of both masses, which means that for an astrophysical
black hole where, MBH is large, the corresponding white hole mass needs to be much
above λk/MWH , i.e. has to be much bigger than the Plank mass. The second condition
of Eq. (6.4.51) can be written as

(λkMBH)
2
3 � b2

+ .

This is always satisfied at the horizon

(λkMBH)
2
3 � b(r(+)

s )2 ' 4M2
BH

1− 3
4

(
λk

MBHMWH

) 2
3

−O
(

λ2
k

M2
BHM

2
WH

) , (6.4.59)

for MBHMWH � λk and black hole masses above the Planck mass (M2
BH � λk/8). The

same analysis holds for the white hole side. Due to this, quantum effects are negligible at
the horizon for black and white hole masses above the Planck mass.

Another question is: For which mass relation do the finite length effects (first condition
in Eq. (6.4.51)) become relevant earlier than the curvature effects Eq. (6.4.52)? For the
black hole side these conditions can be written as

b+ �
(

8λk
M2

BH

MWH

) 1
3

, b+ � (MBHλk)
1
3 . (6.4.60)

The first length scale is larger than the second one, i.e.

(
8λk

M2
BH

MWH

) 1
3

> (MBHλk)
1
3 ,

when

MWH

MBH

< 8 . (6.4.61)
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Figure 6.8: Logarithm of the maximal value of the Kretschmann scalar (a) and the
deviation of the Kretschmann scalar from its mean value (average over all masses in the
black dashed box) (b) as a function of MBH and MWH in logarithmic axis. The maximal
value of the Kretschmann scalar remains largely independent of the masses. The two
colour lines represent the boundaries of Eqs. (6.4.61) and (6.4.62). For the plot the
maximal value of the Kretschmann scalar is computed numerically. The parameters are
set to λj = λk = Lo = 1.

In other words, if the asymmetry MWH/MBH is small than 8, the curvature scale Eq. (6.4.53)
is smaller than the scale Eq. (6.4.52). The same argument leads to

MWH

MBH

<
1
8 , (6.4.62)

on the white hole side to Thus, the regime 1/8 < MWH/MBH < 8 is particular in the way
that the quantum corrections, coming from the j polymerisation, are dominant against
the k effects on both sides. Nevertheless, both polymerisations yield a curvature scale as
onset of quantum effects.

The arguments so far were in the classical regime, and the questions asked were tar-
geted at the validity of the classical approximation. However, this does not reveal anything
about the quantum regime. It is possible to evaluate the Kretschmann scalar at its max-
imum value, which characterises the deep quantum regime. The maximum value is again
close to the transition surface. In Fig. 6.8, the maximal value of the Kretschmann scalar
as a function of the two masses MBH and MBH is reported. Consistent with the previous
analysis, there is a unique upper bound for the Kretschmann curvature. This bound is,
in contrast to the previous model (cfr. Fig. 6.5), almost independent of the masses. The
maximal value changes in the regime where one of the masses becomes of Planck order.
Furthermore, the central region 1/8 < MWH/MBH < 8 is particular. The curvature is still
approximately constant there, but the absolute value differs from the approximately con-
stant value outside this region. The special behaviour of this central region is understood,
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Figure 6.9: Other curvature invariants as Ric2 = RµνR
µν in (a) and the Ricci-scalar

R show the same behaviour as K at the transition surface and remain bounded. Due to
K = Kcl + O(λ2

k), RµνR
µν = O(λ4

k), R2 = O(λ4
k), also the Weyl scalar CµναβCµναβ =

K − 2RµνR
µν + 1/3R2 = Kcl +O(λ2

k) admits the same behaviour at the transition surface
and reduces to the classical expression in the classical regime. The parameters are set to
λj = λk = Lo = 1.

because this is exactly the region where the j-quantum effects dominate the k-effects,
while the opposite is true outside this regime. The same argument can be made for other
curvature invariants as R2, RµνR

µν or CµναβCµναβ (Weyl scalar), which leads to the same
conclusion (see Fig. 6.9).

Both classical and deep-quantum region arguments lead to the conclusion that up to
mild restrictions, the model has a unique upper curvature bound independent of how a
relation between the masses is chosen. Deviations are related to the asymmetry of the
two masses. Nevertheless, there are specific preferred choices.

Of particular interest is a linear mass relation

MWH = mMBH , (6.4.63)

where m is a dimensionless constant. For this relation the conditions (6.4.53) and (6.4.57)
become

KBHcl = 48M2
BH

b2
+

� 3m2

4λ2
k

⇔ KWH
cl = 48M2

WH

b2
+

� 3
4λ2

km
2 . (6.4.64)

Checking the classical limit for
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Figure 6.10: sin(λjj)3/λ3
j compared to sin(λkk)/λk for m = 8 (a) and m = 1/8 (b).

The parameters are λj = λk = Lo = 1.

L 3
o

sin(λjj)3

λ3
j

' 4λkL 3
o

λ3
j


1
m

2MBH

b3
+

, r → +∞

m2MWH

b3
−

, r → −∞
,

shows that it is up to a m-dependent numerical factor proportional to sin(λkk)/λk, i.e.
the square root of the Kretschmann scalar. As discussed in Sec. 6.3, LoP2 = Loj is
proportional to D/b, i.e. depends on the integration constant D. For mass independent
D, this was interpreted as inverse length, leading to finite length quantum corrections in
the polymerised theory. Nevertheless, a valid possibility is also to chose D ∝M

1
3
BH , which

would make j proportional to a power of the Kretschmann scalar. This is achieved by
choosing the linear mass relation Eq. (6.4.63). In agreement with the above computation
for m = 8 the new curvature scale at the black hole side (6.4.64) agrees with the curvature
scale of the k-sector (6.4.52). For this value the curvature scale (6.4.64) on the white hole
side is smaller than Eq. (6.4.56). Hence, coming from the white hole side, quantum effects
of the j-sector are relevant first. The same result can be found for m = 1/8, where the
quantum effects coincide on the white hole side. Fig. 6.10 shows this graphically. Of
particular interest is the case m = 1, which means the value of the masses is the same.
In this case, quantum effects of the j-sector become first relevant at the Kretschmann
curvature scale 3/4λ2

k, coming from both sides. Effects of the k-sector become relevant
afterwards at higher curvatures (48/λ2

k). Fig. 6.11 shows that quantum effects become
relevant at the same curvature scale from both sides and are caused by the j-sector. The
k-sector plays a sub-dominant role.
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Figure 6.11: sin(λjj)3/λ3
j compared to sin(λkk)/λk for m = 1. The curve of j encloses

k completely, i.e. the dominant contribution for quantum effects comes from j. Coming
from both sides, the onset of quantum effects is at the Kretschmann curvature scale 3/4λ2

k.
Parameters are λj = λk = Lo = 1

Other possibilities are

MWH = M2
BH

m
, (6.4.65)

and the corresponding inverse relation

MBH = M2
WH

m
. (6.4.66)

where m is a constant of dimension mass. This corresponds to selecting D in order for j
to asymptotically describe an inverse length. Indeed, the first scale of quantum effects in
Eq. (6.4.51) becomes

b+ � (8λkm)
1
3 , (6.4.67)

for the relation (6.4.65), and hence the onset of Eq. (6.4.67) is a proper length scale. For
large black hole masses, coming from the black hole side, one would first observe quantum
effects coming from the k-polymerisation at the Kretschmann curvature scale 48/λ2

k and
afterwards effects coming from small 2-sphere areal radii (j-polymerisation) at the length
scale (8mλk)

1
3 . For the inverse relation (6.4.66), the same is true for Eq. (6.4.55), which

becomes a proper length sacle. Therefore, the same observation of first curvature effects,
then length effects, applies for coming from the white hole side.

From the onset of quantum effects perspective, the model is adequate for a large class
of black and white hole masses (cfr. Fig. 6.8). In principle, there is no need to fix a
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relation between the two masses, although the results are not completely independent of
it. The model is slightly restricted as one curvature scale depends on the asymmetry of the
two masses MBH/MWH. Thus, there is again room for optimisation and further elaborate
models. Of particular interest is that there are the two special mass relations singled out.
The relation Eq. (6.4.65) (and the symmetric counterpart Eq. (6.4.66)) ensure quantum
effects at a unique curvature and length scale. On the contrary, the symmetric solution
given by Eq. (6.4.63) for m = 1 is preferred as for this relation there is only one curvature
scale at which quantum effects become relevant.

6.5 Conclusions and Further Directions

In this chapter, new effective models of polymer black holes were introduced. As discussed,
polymerisation is a way to include quantum effects motivated by LQG. Based on this
technique, the two presented models improve the current status of the literature as 1)
they are independent of fiducial structures, 2) only have quantum effects in the high
curvature regime and 3) the curvature is bounded by a unique upper scale related to
Planck curvature. As also discussed, the models describe the full black hole spacetime
and the classical Schwarzschild solution is already approached at the horizon. This was
not achieved in previous models [18, 78, 87, 88].

A further novel observation was the existence of two physically relevant and independent
Dirac observables corresponding to black and white hole mass. A detailed discussion of
these observables and the relation to previous models can be found in [6]. As both masses
are independent, the models do in principle not determine any relation between them.

The first model, in terms of (vi, Pi) variables, achieves a unique upper curvature bound
only if the initial conditions, i.e. the two masses are restricted in a very specific way.
One of these possibilities is an amplification of the mass, the other a de-amplification
of the same amount. Furthermore, the value of the masses oscillates between the two
values MBH and MWH each time the transition surface is passed. In contrast to this,
the second model, for which new variables j, k were introduced, tries to overcome this
limitation. Indeed, the bound for the curvature scalars is fine for a large range of black
and white hole masses. Nevertheless, it depends on the asymmetry of both sides. Special
relations, namely MWH ∝ M2

BH or ∝ M
1
2
BH , as well as the symmetric case MWH = MBH

are preferred.

The models have the further advantage that the Hamiltonian is simple, as only positive
and at most quadratic powers of the phase space variables occur. An important next
step is to leave the effective approximation and construct the quantum theory explicitly.
This was already sketched in [3] and follows the lines of LQC (cfr. Sec. 4.3), due to the
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simplicity of the Hamiltonian. Once a quantum theory is present, coherent states should
be studied which are peaked on classical geometries. This allows to understand for which
quantum numbers and in which regime the effective approximation can be trusted.

The work presented in this chapter opens further research directions related to pure
black hole physics. As such, in future work it might be interesting to study quantum
fields on these effective backgrounds or to study the thermodynamics of these quantum
black holes. The phenomenology of the models as the quasi-normal modes [218] are also
of particular interest. Further the models are eternal and do not take matter into account.
To understand the life cycle of a black hole better, an inclusion of the formation process
would be of interest.

In conformity with this thesis, these models provide physically sensible spacetimes for
quantum black holes taking LQG corrections into account. To further elaborate on the
approach of Chpt. 5, the models need to be generalised to D dimensions and a negative
cosmological constant has to be included. An outlook discussing the possible obstructions
of this generalisation is presented in the following chapter.

151



7
Outlook: AdS-Black Holes

The previously discussed black hole models are in four spacetime dimensions and without
any cosmological constant. To study the holographic aspects of these polymer black holes,
the models have to be generalised. Setting both the work on holographic signatures of
cosmological singularities and on the black hole models on the same footing, the black
holes need to be generalised to arbitrary dimensions and a negative cosmological constant
has to be included. This way the black hole is asymptotically described by AdS spacetime.
There are preliminary attempts to do these generalisations in (vi, Pi)-variables, which are
presented here.

Starting point is the D = d + 1 dimensional Einstein-Hilbert action with negative
cosmological constant Λ < 0

SEH = 1
16π

∫
dDx
√
−g

(
R(D) − 2Λ

)
. (7.1.1)

The spherically symmetric and static ansatz in D dimensions is

ds2 = −ā(r)dt2 +N(r)dr2 + 2B̄(r)dtdr + b̄2(r)dΩ2
D−2 . (7.1.2)
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Inserting this into Eq. (7.1.1) leads to the symmetry reduced action

SEH = 1
4

∫
dr L(ā, b̄, n̄) , (7.1.3)

with the Lagrangian

L(ā, b̄, n̄) = Lo
√
n̄ b̄D−4

[
(D − 2)

(
ā′b̄b̄′

n̄
+ (D − 3) āb̄

′2

n̄
+ (D − 3)

)
− 2b̄2Λ

]
(7.1.4)

and Lagrange multiplier

n̄(r) = ā(r)N(r) + B̄2(r) . (7.1.5)

In the same way as in Sec. 6.2, the fiducial cell Lo and the physical size of the fiducial cell
Lo are defined. Again, the fiducial cell is absorbed in the variable redefinition

√
n =

∫ Lo

0
dt
√
n̄ = Lo

√
n̄ ,

√
a =

∫ Lo

0
dt
√
ā = Lo

√
ā ,

b = b̄ , B =
∫ Lo

0
dtB̄ = Lo B̄ .

This leads to the final Lagrangian

L(a, b, n) =
√
n bD−4

[
(D − 2)

(
a′bb′

n
+ (D − 3)ab

′2

n
+ (D − 3)

)
− 2b2Λ

]
. (7.1.6)

The structure of the Lagrangian is exactly the same as in the 4-dimensional case Eq. (6.2.4).
The main difference is the cosmological constant term and the overall bD−4 factor. Nev-
ertheless, this additional overall factor bD−4 can be absorbed into the lapse

√
n later on.

The canonical momenta are consequently defined as

pa = ∂L

∂a′
= (D − 2)bD−4 2bb′√

n
, pb = ∂L

∂b′
= (D − 2)bD−4 2(D − 3)ab′ + a′b√

n
,

(7.1.7)

pn = ∂L

∂n′
≈ 0 ,

where pn ≈ 0 is again the primary constraint, which induces the Hamiltonian constraint.
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As before, pn and n can be removed from the phase space interpreting n as Lagrange
multiplier. The Hamiltonian takes the form

Hcl =
√
nHcl , Hcl = papb

(D − 2)bD−3 −
D − 3
D − 2

ap2
a

bD−2 − (D−3)(D−2)bD−4 +2bD−2Λ ≈ 0 .

(7.1.8)

It is possible to find the D-dimensional generalisation of the (vi, Pi)-variables. They can
be defined as

v1 = D − 2
D − 1 b

D−1 , P1 = a′√
n b

= 1
(D − 2)bD−2

(
pb
b2 − (D − 3)2apa

b3

)
,

v2 = (D − 2)ab2(D−2) , P2 = b′√
n bD−3 = pa

(D − 2)b2(D−3) ,

(7.1.9)

and satisfy the standard Poisson brackets. ForD = 4 they reduce to the previous variables
defined in Eq. (6.2.12). The Hamiltonian becomes in these variables

Hcl =
√
nHcl ,

Hcl = bD−4

(D − 1)v1P1P2 + (D − 3)v2P
2
2 − (D − 2)(D − 3) + 2Λ

(
D − 1
D − 2v1

) 2
D−1

 ,

(7.1.10)

where b = ((D−1)v1/D−2)
1

D−1 . Again, the Hamiltonian becomes a simple form, where all
quantities have positive powers. These equations are solvable in the classical case. This
might get harder and impossible after the polymerisation. It is instructive to have a look
at the classical equations where differences with respect to the 4-dimensional case occur.
A suitable gauge is

√
n = Lo/b

D−4. The equations of motion become

v′1 = (D − 1)Lov1P2 , (7.1.11a)

v′2 = (D − 1)Lov1P1 + 2(D − 3)Lov2P2 , (7.1.11b)

P ′1 = −(D − 1)LoP1P2 −
4Lo

D − 2Λ
(
D − 1
D − 2v1

)−D−3
D−2

, (7.1.11c)

P ′2 = −(D − 3)LoP
2
2 (7.1.11d)
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Hcl = (D − 1)v1P1P2 + (D − 3)v2P
2
2 − (D − 2)(D − 3) + 2Λ

(
D − 1
D − 2v1

) 2
D−1
≈ 0 .

(7.1.11e)

Due to the choice of
√
n, these equations have the same structure as the 4-dimensional

ones of Eq. (6.2.15) up to the Λ terms. For Λ = 0 these equations are still nested and
can be solved analogously to before. Even polymerising does not change the structure
compared to the 4-dimensional effective equations, which allows analytic solutions for the
polymerised case in D-dimensions. In contrast, the additional terms for Λ 6= 0 couple the
equation for v1 Eq. (7.1.11a) with the equation for P1 Eq. (7.1.11c), which could become
a problem once the system is polymerised. Classically, the equation for P2 Eq. (7.1.11d)
is still decoupled and can be integrated without complications. The result can be inserted
into the equation of v1 Eq. (7.1.11a), which allows to also integrate it. Both results can
be inserted into the equation for P1 Eq. (7.1.11d), which can also be integrated. The
solution for v2 follows from the Hamiltonian constraint Eq. (7.1.11e). If the system is
polymerised according to the scheme discussed in Sec. 6.3, Eq. (7.1.11a) becomes P1

dependent with an additional cos(λ1P1) factor (cfr. Eq. (6.3.5a)). In the case Λ = 0,
the equation for P1 Eq. (7.1.11c) can be solved first and inserted there. Previously, this
allowed to decouple and solve the equation for v1 Eq. (7.1.11a). For Λ 6= 0, this is
not possible any more, as the P1 equation (7.1.11c) also depends on v1. This will be
a computational challenge, but there might be possibilities to circumvent this problem.
In general, one can say that the generalisation to D-dimensions is straightforward and
analytic solutions still exist. However, the generalisation to Λ 6= 0 is more difficult. While
it is conceptually feasible, a new solution strategy has to be found for the final polymerised
effective quantum equations.

Another difficulty comes from the interpretation of P1, which was interpreted as propor-
tional to the square root of the Kretschmann scalar for Λ = 0. For non-zero cosmological
constants, the Kretschmann scalar is given by

Kcl = const. · µ2

b2(D−1) + const. · Λ2 , (7.1.12)

where µ = 8πM/
(
(D−2)Vol(SD−2)

)
(see [89]) with the massM of the AdS-Schwarzschild

black hole. The Kretschmann scalar is a sum of the gravitational part of the curvature
and the curvature induced by the cosmological constant. Solving the classical equations
of motion leads to the solution

P1

Lo

= const. · µ

bD−1 + const. · Λ
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for P1. Also, this is a sum of the part induced by the mass M and the part induced by
the cosmological constant. Squaring P1 leads to the two squared terms present in the
expression for the Kretschmann scalar (7.1.12), and to a mixed term, which is not present
and does not allow to interpret P1 in the same way. Although the single squared terms
fit, the mixed terms cause a problem in this interpretation and might influence the onset
of quantum effects.

To solve this, there are several options. One possibility is to ignore this fact. This
might work out as P 2

1 will have at least the same order of magnitude as the Kretschmann
scalar, which is sufficient to constrain the quantum effects in the high curvature regime.
It might further be true that P1 controls some other measure of curvature, i.e. a sum of
several curvature invariants. Neither of them are special, i.e. achieving a unique upper
curvature bound in one of them would be enough, as long as the others also remain finite
everywhere. This needs to be studied after solving the effective equations and it might still
lead to sensible quantum effects, even if the previous interpretation P1 loses its validity.
The second option is new variables. The generalisations of the jk-variables presented in
Sec. 6.4, could be chosen as such. The variable k could be constructed in the in Sec. 6.4
presented manner. Further, there was an off-shell interpretation of k as 2MMinser-Sharp/b

3,
which also measures the curvature. As this interpretation is off-shell, it should not be
changed by including a cosmological constant. Nevertheless, this is part of current and
future research and has to be identified in detail.

Summarising, the generalisation to D-dimensions is technically straightforward. The
inclusion of a cosmological constant is more problematic, as this changes the interpre-
tation of the variables and makes solving the equations of motion analytically harder.
Nevertheless, it might be possible to find a new solution strategy, which has to be dis-
cussed once the precise equations are derived. Furthermore, it is likely that the newly
introduced jk-variables can be generalised to arbitrary dimensions. Due to the off-shell
interpretation of k, an inclusion of a cosmological constant would not be problematic
and the interpretation as in Sec. 6.4 could be kept. While this analysis points towards
possible problems, it also hints at potential solutions. This leaves space for future re-
search. It is important that this is a suitable framework to go beyond the limitations of
the Kasner-singularities, discussed in Sec. 5.6. A further advantage is the simplicity of
the Hamiltonian, which in the D = 4 theory allows to construct the quantum theory (as
sketched in [3]). This allows to go even beyond the setting discussed in Chpt. 5.
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8
Conclusions and Outlook

In this thesis the foundations for studying the relation of Loop Quantum Gravity (LQG)
with holography, more precisely the Anti-de Sitter / Conformal Field Theory (AdS/CFT)
correspondence, was laid. A central role is taken by singularities occurring in cosmology
and black hole models, which are resolved by the non-perturbative LQG techniques. It
was investigated if non-perturbative techniques inspired by LQG can be meaningfully
embedded into the holography and the AdS/CFT correspondence, and further, in which
framework this embedding can be tested. This chapter summarises first the content of the
thesis. Afterwards, the results are pointed out and it is discussed to which extent initial
question, how LQG can be embedded into the AdS/CFT framework, can be answered.
As a last point, an outlook to future research directions is given.

8.1 Summary

In the first part of the thesis introductory material is presented, which sets the grounds for
the later parts. As a first step in chapter 2, Anti-de Sitter (AdS) space and its boundary
was discussed. A definition and different viewpoints on this particular spacetime was
given. In addition it was worked out why this space is a natural candidate for holographic
considerations. These are two central properties, which were worked out in detail: First
one is that AdS space behaves naturally as a box and particles behave as captured in a
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harmonic oscillator potential. Secondly, massless particles as light are infinitely redshifted
towards the boundary of AdS space. On top of that it was discussed that the conformal
boundary of AdS is a timelike spacetime with conformal symmetry. As the boundary is
timelike and reduced by one spatial dimension, it behaves naturally as holographic screen
and can be interpreted as the background of a holographically dual theory. This leads
to chapter 3, where the foundations of the holographic principle were discussed on the
example of black holes. Due to this, properties of classical black holes as the spacetime
around the horizon and the occurrence of a curvature singularity were reviewed. Besides
the relevance for the holographic principle, these foundations were central for the last part
of the thesis, chapter 6 and 7. In addition central theorems as the Hawking area theorem
and the no-hair theorem were reviewed and put into context to the development of black
hole thermodynamics. The latter was introduced in section 3.2, which discusses the semi-
classical properties of black holes. The holographic principle was motivated on the basis of
these semi-classical considerations. It states that a gravitating system can be described by
a number of degrees of freedom proportional to its enclosing area rather than the system’s
volume. The holographic principle can be realised in string theory within the AdS/CFT
correspondence, which was introduced in section 3.3. A general overview of the AdS/CFT
correspondence was given and different approximations and regimes were related to each
other. It was shown in this chapter that the string theory realisation of holography
allows to formulate the holographic principle mathematically precise. On top of that,
in section 3.4 an outlook on the idea of gauge/gravity duality was given. It was argued
that the holographic principle might also be realised in other theories of quantum gravity.
An alternative to string theory is LQG, a non-perturbative approach to quantum gravity
where progress has been made in the context of symmetry reduced models, in particular
in cosmology. The LQG approach to cosmology, Loop Quantum Cosmology (LQC), is the
basis for the second part of the thesis and was reviewed in chapter 4. In a first step, the
classical cosmological framework was worked out in section 4.1. Moreover, the problem of
the big bang singularity as well as general solution strategies of constrained systems were
studied. The second part of the chapter, section 4.2, discusses the effective treatment of
cosmology by applying polymerisation, which is the replacement of certain phase space
variables by means of their complex exponentials. This technique played a central role in
the third part of the thesis and sets the grounds for a full quantum theory of cosmology
based on LQG ideas. The dynamics of the effective polymerised Hamiltonian, which
is classical but takes non-perturbative quantum corrections into account are discussed,
and the central result of LQC, the singularity resolution, was worked out. The need for
polymerisation becomes clear as the full quantum theory of LQC was studied in section 4.3.
It was shown how the quantum theory can be construed. On top of this, it was discussed
how the quantum theory can be related to the effective dynamics using coherent states.
Lastly, the symmetry reduced LQC was put in the context of LQG in section 4.4. Due
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to this, the principles of LQG and holonomy corrections were reviewed. It was presented
how polymerisation can be motivated in terms of holonomy corrections and contact to the
previous LQC discussions was made. A discussion of how LQC can possibly be extracted
from LQG closes the introductory first part of this thesis.

New research was first presented in the second part of the thesis, which includes chap-
ter 5. Based on previous work [71, 72] and a companion paper [73], a first check was done
on how the non-perturbative effects of LQG are compatible with the holographic principle
and in particular the AdS/CFT correspondence. As a first step in section 5.1, the basic
setup and the previous work [71–73] was reviewed. It was argued that the length of space-
like geodesics can be related to equal-time two-point correlators of the dual field theory
using the AdS/CFT correspondence, which was introduced in section 3.3. Following the
strategy of [71, 72] it was motivated that anisotropic cosmological spacetimes, also called
Kasner spacetimes, are a suitable framework to analyse the signatures of cosmological sin-
gularities. Further it was discussed that the classical singularity causes a finite distance
pole in the dual field theory. On top of that, in section 5.2 it was reviewed that quantum
corrections motivated by LQC resolve this finite distance pole, which was the result of
[73]. The limitations and simplifying assumptions of this preceding work were discussed
and possibilities for loosening them in two steps were established in section 5.3. In a first
step the onset of quantum effects was tuned to the proper 5d instead of the 4d scale,
which was used due to simplification in the previous work. It was discussed that this
can be achieved by replacing the polymerisation scales according to λ4d → zλ5d. More-
over, the second step includes Kasner transitions, allowing the model to mimic the proper
anisotropic LQC behaviour [17, 189]. These two steps make the model more complicated
and analytical computations were not possible any more. Hence, the numerical solution
strategy was discussed in section 5.4, where it was explained how the numerical boundary
value problem can be rephrased in terms of an initial value problem. The results of both
steps of loosening the simplifications were presented in section 5.5. It was shown that
the two-point correlator is still resolved when the onset of quantum effects is at the 5d
scale. This result was non-trivial as the modification of the bulk metric resolved the sin-
gularity there, but did not change the singular boundary metric, which classically caused
the finite distance pole. Nevertheless, although the singular boundary is not modified,
the singularity is resolved in the bulk, sufficing to improve the two-point correlator be-
haviour. On top of that, the same analysis was done for a model of Kasner transitions in
section 5.5.2. Nevertheless, as was discussed in detail in section 5.5.2.1, the approximate
description due to an extension of 4d mimetic gravity [33] to the 5d Planck scale by again
replacing λ4d → zλ5d is not directly possible. Two different models of Kasner transitions,
which have quantum effects on the 5d Planck scale were discussed in section 5.5.2.1, and
neither fulfilled the given requirements. Yet, the numerical computation was presented
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for the mimetic gravity model with the replacement λ4d → zλ5d in section 5.5.2.2. It was
shown that, even if the qualitative behaviour around the resolved singularity changed,
the result of a resolution of the two-point correlator pole remained unaltered. A conclu-
sion and detailed discussion of the results and limitations of the framework was given in
section 5.6. The therein discussed technical difficulties with the anisotropic cosmological
setting motivated a shift of the framework to black holes.

The change of framework led to the third and last part of the thesis, which discusses
effective polymer black holes in 4d without cosmological constant in chapter 6. The holo-
graphic setting needs higher-dimensional black hole models with negative cosmological
constants. Therefore, in section 6.1 the current status of polymer black holes is discussed
and it is argued that there is no consensus about black holes in LQG in 4d and without
cosmological constant. Further criteria, which should be satisfied by an effective quantum
black hole model, were formulated and it was argued that especially the requirement of
an unique upper curvature bound was not achieved in previous work. As a first step, the
canonical description of static and spherically symmetric black holes in terms of new vari-
ables was introduced in section 6.2. Having the classical solutions derived, it was possible
to interpret the new introduced momenta P1 and P2 as related to the square root of the
Kretschmann scalar and inverse areal radii. Because of this interpretation, and the con-
siderations presented already in section 4.2, the variables are suitable for polymerisation
and for achieving an unique upper curvature bound. In section 6.3, details of the poly-
merisation and the effective description in terms of the new (vi, Pi)-variables were worked
out. On top of the construction of the effective quantum model, the model was solved and
properties of the quantum corrected spacetime and the causal structure were analysed. It
was argued that the classical singularity is replaced by a regular transition surface, where
a transition from a black hole interior region to a white hole region takes place. A further
central observation was the appearance of two independent physical Dirac observables,
namely the mass of the black and white hole asymptotic Schwarzschild regions. Further,
this asymptotic behaviour shows that the classical regime is approached consistently with
General Relativity (GR). As a last step, in section 6.3.3 the onset of quantum effects and
the curvature bound are analysed. It was found that the onset of quantum effects as well
as the curvature bound of the Kretschmann scalar are only unique if a particular relation
of the masses, i.e. MWH ∝ Mβ

BH with β = 5/3 or 3/5 is satisfied. It was argued that
this leads to an amplification or de-amplification of the masses, where both exponents are
compatible as they describe the inverse mass change of the same amount. On the one
hand, this allows to meet the criterion on an unique upper curvature bound, while on the
other hand it restricts the initial condition and a fixing of MWH in terms of MBH has to
be done by hand. It is discussed that this by hand fixing of the two system parameters
MBH and MWH is a drawback of the model and its origin is the choice of polymerisa-
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tion scheme. As polymerisation strategy a constant scale was used and possible phase
space dependences were transferred into the choice of particular variables. Therefore, a
change of the polymerisation scheme can be achieved by keeping the scales constant, but
changing the variables to be polymerised. Consequently, in section 6.4, new variables,
especially the momenta k and j were introduced to overcome the previous limitations. It
was argued that k is related to the square root of Kretschmann scalar on-shell without
fixing remaining integration constants, which was needed for the interpretation of P1.
Further, k could be related to the Riemann tensor off-shell (but on the constraint surface)
via the Misner-Sharp mass. As such, k can be interpreted as the black hole analogue
to the cosmological (v, b)-variables, which are used in LQC (chapter 4). The new model
was solved in section 6.4.1, and the spacetime properties were worked out. Qualitatively,
the model is similar to the previous one, i.e. it asymptotically reduces to Schwarzschild
spacetime with mass MBH and MWH , respectively, the singularity is replaced by a tran-
sition surface, and there are two horizons. Further, in section 6.4.2, the onset of quantum
effects and the curvature bound were discussed. It is revealed that the curvature remains
bounded for any mass relation and thus the previous limitations are overcome, although
not completely. The limitation comes from the fact that the Kretschmann curvature at
the transition surface, as well as the scales of quantum effects are dependent on the mass
asymmetry MBH/MWH. It was examined that the symmetric solution MBH = MWH and
MWH ∝ Mβ

BH for β = 2 or 1/2 are favoured. On top of that, it was argued that in the
symmetric situation only one unique curvature scale is relevant, and that in the second
asymmetric possibility, quantum effects can be properly interpreted as finite length and
high curvature effects. A detailed discussion of the achievements of the models and their
drawbacks as well as further research directions were given in the conclusions 6.5 of this
chapter.

Finally, an outlook on the generalisation of the previous presented models to higher
dimensions and negative cosmological constant was given in chapter 7. In particular the
generalisation of (vi, Pi) to arbitrary dimensions was presented and the classical equation
of motion with non-zero cosmological constant was derived. From this, the limitations
of the previously applied solution strategy were discussed. It was argued that in the
polymerised case, the generalisation to D-dimensions is straightforward, while the addi-
tional cosmological constant terms couple the equations, which requires a new solution
strategy. It was further discussed that the interpretation of P1 as the square root of the
Kretschmann scalar fails due to the cosmological constant terms. Possible solutions to
this problem were discussed, such as the interpretation via other curvature invariants or
the possibility to construct new variables related to k and j.
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8.2 Discussion of Results

In this thesis the foundations for studying holographic aspects of LQG with asymptotic
boundaries were laid. As discussed, LQG is constructed a priori as non-holographic the-
ory. Nevertheless, the non-perturbative techniques and the resulting singularity resolution
in different models could supplement string theory, which is non-perturbatively defined
only holographically via the AdS/CFT correspondence. Even if singularities were studied
in string theory and AdS/CFT [23, 177–185], it is not clear how singularity resolution fits
into the picture of holography. Therefore, the question how LQG and singularity resolu-
tion can be meaningfully placed in the framework of AdS/CFT was already addressed in
the second part of the thesis. Of central importance is the result of chapter 5, which can
be interpreted as a proof of principle. It demonstrates that it is in principle possible to
apply non-perturbative quantum effects motivated by LQG to the AdS/CFT framework.
In particular the resolution of the cosmological singularity by means of limiting curvature
effects was shown to be dual to a resolution of the finite distance pole in the equal-time
two-point correlator of the dual field theory. Moreover, the same qualitative result was
found in the preceding work [73] and in the two cosmological models discussed in chap-
ter 5, which can be interpreted as a certain robustness of this result for different qualitative
quantum gravity models. The conclusion is that these quantum gravity effects, although
not motivated by string theory, improve the dual field theory behaviour. This adds the
perspective of non-perturbative quantum gravity as LQG to the discussion singularity res-
olution within AdS/CFT, and a No Transmission Principle (NTP), analysed in [27, 28].
Nevertheless, this statement and framework are limited as a simplified computation could
be done only on the gravitational side. Because of the lack of an independent Conformal
Field Theory (CFT) computation, it is not clear what the quantum effects leading to the
singularity resolution is dual to, in terms of the field theory. For example, it is not clear
if the resolution of the finite distance pole is due to the change of a non-renormalisable
state to a renormalisable one, which was already discussed in [71, 72]. Another possible
explanation would be the necessity to include finite N effects on the field theory side, as on
the gravitational side also quantum effects were introduced. To investigate this further,
a dual computation in the CFT would be needed. Unfortunately, the framework does
not allow these computations as the dual CFT is formulated on time dependent Kasner
background. Because of this time-dependence, common non-perturbative treatments via
lattice techniques are technically not reachable in the near future. On top of this, the
model is limited by the analytical control over the quantum effects in the bulk. It was anal-
ysed in detail that the models of Kasner transitions do not satisfy the phenomenological
requirements. This would be overcome by setting up the full 5d quantum equations and
polymerising the resulting midi-super-space model. Even if the principle techniques are
available [186–188], the application to this cosmological setting is out of scope. Another
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possibility would be to continue with the ideologically similar mimetic gravity [33, 193],
which turned out to be equivalent to LQC in the homogeneous and isotropic sector [194].
As further investigations showed, this is not true for the anisotropic regime [2]. Hence,
to proceed with the holographic analysis of LQG, the framework has to be changed.
As the analysis of chapter 5 showed, singularities are a suitable framework to test the
compatibility of LQG with the ideas of AdS/CFT, despite the framework having to be
generalised. Exactly this was the focus of the third part of the thesis in chapter 6 and
7. The setting of black holes, which classically carry a singularity and approach proper
AdS space asymptotically, is promising. On the one hand, the singularity allows to test
non-perturbative quantum effects and on the other hand the boundary space, i.e. the
background of the dual field theory, is the boundary of proper AdS space and hence can
be brought in the form of flat Minkowski space. This could make complementary dual
computations with lattice techniques possible. Moreover, there was a lot of recent effort
in LQG on black holes [18, 78, 80, 87, 88, 197, 219]. Nevertheless, there is no consensus
about black holes in 4d and without cosmological constant within the LQG community.
Hence, a step back was taken and new models of effective polymer black holes were dis-
cussed in this thesis. The first polymerisation scheme, based on constant polymerisation
scales and a new introduced set of variables, already improves the behaviour of previous
models. On the one hand, the solution is valid in the whole spacetime and not restricted
to the interior as previous models. Further it has the correct classical behaviour, as the
classical Schwarzschild spacetime is asymptotically approached. On the other hand, the
onset of quantum effects is at an unique curvature scale and the curvature invariants have
a unique upper bound. This could be achieved by the novel observation that there are
two, instead of previously assumed one (see the detailed analysis [6]), system parameters
MBH andMWH , which are the masses of the Schwarzschild spacetimes in the two distinct
asymptotic regions. The unique upper curvature bound was achieved by fixing by hand
a relation between these a priori independent masses. Thus additional input has to be
given to the model. The other set of variables with momenta k and j allowed to over-
come this limitation to a certain extend. Indeed, the curvature is bounded for all mass
relations, although this bound depends on the asymmetry of both sides. This favours
the symmetric case where only one unique curvature scale is relevant. The qualitative
characteristics of the effective spacetime are not changed with respect to the previous
model. As the curvature bound is still not completely unique, there is further space for
improvements and the development of other polymerisation schemes. Another feature of
the presented models is the simplicity of the Hamiltonian, which contains only positive
and at most quadratic powers of the phase space variables. As sketched in [3], this allows
the construction of the full quantum theory. This is a necessary step to better understand
the limitations of the effective approximation. A last important result is the fact that the
model in (vi, Pi) variables can be extended to arbitrary dimensions and negative cosmo-
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logical constant. This allows to bring the model, even with discussed existing limitations,
back to the framework of holography and AdS/CFT.

8.3 Further Research Directions

The results of this thesis open up to least two further research directions to follow. The
first direction is further investigating the holographic properties of non-perturbative LQG
corrections. As the discussion in chapter 5 shows, there is a proof of principle that LQG
quantum corrections are meaningful in the holographic context, as the behaviour of the
dual theory is improved. Nevertheless, to better understand the features of the dual
theory, a different framework has to be chosen in which independent computations on
both sides are possible. This framework is possibly given by black holes, and it has to
be worked out in detail how the here developed models can be generalised to arbitrary
dimensions and negative cosmological constants. To do so, the an important step would
be to verify that the D-dimensional (vi, Pi) variables lead to a curvature bound and the
correct onset of quantum effects. Alternatively, a construction of the jk-variables in D-
dimensions could be developed in future. On top of that, as a quantum theory of the
black hole models might be available, it is possible to go beyond more simplifications
and proceed going towards the full (symmetry reduced) quantum gravitational regime.
These details can be worked out in future research. Besides, to make this line of research
meaningful and testable, further improvements and computations have to be done on
the field theory side. In the discussed framework of black holes, the background of the
dual CFT is the static boundary of AdS space, and thus there is a chance for explicit
dual computations. Indeed, investigations of the entanglement entropy exist for several
N [220], which are suitable for holographic considerations. This way the holographic
properties of LQG might be better understood and relations to other approaches as string
theory might be found. Moreover, in the long term perspective, this might allow to put
string theory and LQG in context and techniques could be exchanged to improve the
understanding and intuition about both approaches. Apart from this, the holographic
dual to LQG might be used to perform “experiments” and tests of LQG predictions
[69, 70]. Therefore, a gravitational problem or predictions as singularity resolution might
be tested by well-developed Quantum Field Theory (QFT) techniques. This might help
to support or rule out certain models and to gain insight and intuition about quantum
gravity. Nevertheless, even if a quantitative comparison fails and it transpires that LQG is
non-holographic, it has to be understood why this is the case. As argued, the holographic
principle is a priori motivated by consideration of semi-classical black holes and as such it
is independent of the approach. In this case, a lot can be learned about quantum gravity
and the different approaches itself by understanding why certain approaches respect the
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holographic principle and others not.

The second line of research is black hole physics, which is interesting and promising
for the understanding of quantum gravity on its own. A possible first step is the full
and detailed construction of the black hole quantum theory. Already sketched for (vi, Pi)
variables in [3], the Hamiltonian constraint can explicitly be solved and observables were
constructed. The construction of the quantum theory could be finished by explicitly
defining the physical scalar product by following the lines of LQC [138, 144]. Besides, the
same construction is also possible for jk-variables, in which the Hamiltonian constraint
has the exact same form and only the structure of observables change. Moreover, once the
quantum theory is constructed, it should be checked if there are coherent states remaining
peaked on the effective dynamics. This way it can also be studied in which regime and for
which quantum numbers (e.g. large masses) the effective approximation is reliable. On
top of that, it could be investigated if the quantum states remain peaked on an effective
geometry after the bounce, as it is the case in cosmology. Further, it would be possible to
do transition amplitude computations for the transition of certain black hole masses to
white hole masses and the results might be compared to spin foam computations [77, 221].
Especially interesting is also the quantisation of mass and the non-commutativity of both
observables. The physical consequences of this non-commutativity and the implication
on the transition of a black hole into a white hole could be worked out in future. Having
a quantum theory at hand, the mass spectrum could be computed and compared to
predictions of other approaches [222–225]. Besides, quantum fields might be studied
on this quantum background in the framework of [226] to possibly gain insights into
Hawking radiation. In addition to that, Hawking radiation might be effectively modelled
by defining operators, increasing or decreasing the black hole mass by one quantum.
In such a construction, Hawking emission would correspond to the action of the mass
decreasing operator. Therefore, this model is an explicit realisation of the ideas discussed
in [227, 228] and information theory aspects can be examined in future. Apart from
the quantum theory, an interesting direction would also be the phenomenology of the
models. So far, only eternal black holes without matter couplings can be described. The
formation process and the matter dynamics are completely ignored, which points towards
a generalisation of the models in future work. The strategy, which was worked out in [229–
231], could be applied to the models presented here, in order to understand the formation
process and the fate of the collapsing matter at the transition surface. Additionally, by
allowing the model to be time-dependent via the masses only, also the evaporation process
could be studied. A fundamental question is what happens for small masses at the end
of the evaporation process, which could be compared to black-to-white hole transition
models, such as [77, 196, 219]. Beside this, other features like the quasi-normal mode
spectra are of phenomenological interest [218] and it could be further studied if there are
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possible measurable effects.

In conclusion, in this thesis the question was examined, how LQG can be placed mean-
ingfully in the context of holography and the AdS/CFT correspondence. The analysis
of holographic signatures of classical singularities and their resolved counter-parts in the
symmetry reduced effective quantum theory were of central importance. As a result, a
proof of principle was given, showing that the singularity resolution in the cosmological
setting improves the dual field theory behaviour in the holographic context. As the discus-
sion showed, the cosmological setting is limited, but the basis for extending the framework
to black holes was built. Consequently, the presented research can on the one hand be
extended in the direction of holographic aspects of LQG and its relation to string theory.
On the other hand, research in the direction of black hole physics can be continued by
examining the quantum theory and phenomenology of the presented black hole models.
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Appendices

A Conventions and Notations

In this appendix general conventions and notations are collected.

According to standard notation, it is used

G as gravitational constant,

c as the speed of light,

kB as the Boltzmann constant, and

~ as the reduced Planck constant.

In additions denotes `p =
√

~G/c3 the Planck length. Throughout this thesis, unless
specified differently, Planck units with

G = c = kB = ~ = 1

are used. Further it is κ = 16πG defined. The Einstein summation rules are always
applied.

The metric signature is always chosen to be “mostly plus”, i.e.

ηµν = diag (−1,+1,+1, . . .)

where η = ηµνdxµdxν is the Minkowski metric. A vector V ∈ TM is then called timelike,
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spacelike or lightlike, when

g(V, V ) =


−1 timelike

+1 spacelike

0 lightlike / null

. (A.1)

Here vector fields are defined as sections over the tangent bundle TM , and the set of all
these sections is denoted Γ(TM).

The Riemann tensor is defined according to the following sign convention

Rλ
αβµ =

∂Γλαβ
∂xµ

−
∂Γλαµ
∂xβ

+ ΓκαβΓλκµ − ΓκαµΓλκβ = dxλ
(

[∇µ,∇β] ∂

∂xα

)
, (A.2)

and the Ricci-tensor and -scalar follow as

Rµν = Rλ
µνλ = gλβRλµνβ (A.3)

and

R = Rµ
µ = gµνRµν . (A.4)

In this definition Γλαβ are the metric compatible and torsion-free Christoffel-symbols
defined by

Γλαβ = 1
2g

λκ

(
∂gακ
∂xβ

+ ∂gβκ
∂xα

− ∂gαβ
∂xκ

)
. (A.5)

The Kretschmann scalar is defined as

K = RαβµνR
αβµν . (A.6)

Further the Einstein tensor is defined as

Gµν = Rµν −
R

2 gµν . (A.7)
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The Einstein equations take the form

Gµν = κTµν , (A.8)

which follow from the Einstein-Hilbert action

SEH = 1
κ

∫
M

dDxR
√
−g + SM (A.9)

where SM =
∫
M dDxLM

√
−g is the matter action and

T µν = − 1√
−g

δSM
δgµν

,

symmetric energy-momentum tensor.

In Dirac’s constraint theory [142], weak equalities play an important role. In this thesis
the symbol ≈ denotes this weak equality in contrast to = which is a strong equality.
Assuming the system is constraint, the constraint has to be satisfied only on the level
of solutions to the equations of motion, but not on the phase space in general. Hence,
a weak equality holds only on-shell, i.e. along the solutions of the equations of motions
and constraints, but not on the phase space in general. This is important, because for
a constraint φ ≈ 0 and a generic phase space function O, it is {O, φ} 6= 0. Demanding
φ = 0 strongly, i.e. on the level of phase space, would instead imply {O, φ} ≡ 0, which is
generically not true.
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B Collection of Basic Definitions

In this appendix further definitions used in the main part are collected.

Definition B.1 (Orbit [232]):
Given an action B of a Lie-group G and a topological manifoldM , the orbit Op of a point
p ∈M is defined as

Op := {q ∈M | ∃g ∈ G : q = g B p} .

Definition B.2 (Hyperbolic space [90]):
d-dimensional Hyperbolic space Hd of hyperbolic radius L is defined as a sub-manifold of
d+ 1-dimensional MinkowskiM1,d (Rd+1 equipped with the Minkowski metric) as

Hd :=
{
x ∈M1,d | − (x0)2 +

d∑
i=1

(xi)2 = −L2 , x0 > 0
}
.

A metric is induced on Hd via the pull-back of the Minkowski metric. It follows that Hd

is a d-dimensional spacelike Riemannian manifold, which corresponds to the upper sheet
of the two-sheeted hyperboloid.

Definition B.3 (Killing vector field [91]):
A vector field V ∈ Γ (TM) on a metric manifold (M, g) is a Killing vector field, if it
satisfies the Killing equation

LV g = 0 ⇔ V α∂αgµν − gµα∂νV α − gαν∂µV α = 0 ,

where L denotes the Lie-derivative. Killing vector fields denote generators of spacetime
symmetries.

Definition B.4 (Killing horizon [98]):
Assume K ∈ Γ (TM) is a Killing vector field. Then a co-dim− 1 surface satisfying

g(K,K) = 0

is called Killing horizon.

Definition B.5 (Lambert-W-function):
The Lambert-W-function is implicitly defined via

W (x) · eW (x) = x ,
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and thus is the inverse Function of f(x) = x · ex. It has two branches, which coincide at
W0(−1/e) = W−1(−1/e) = −1.

Different points in spacetime are causally related to each other. It is possible to define
first causal curves as

Definition B.6 (Causal curve [95]):
On a spacetime (manifoldM equipped with a Lorentzian metric g) a curve γ : I ⊆ R −→
M is called causal if

∀λ ∈ I : g(Vγ(λ),Vγ(λ)) ≤ 1 ,

where Vγ(λ) is the tangent of γ in the point γ(λ).

Distinction is made between future and past directed curves, which intuitively means that
for all λ Vγ(λ) points towards the future/past. This definition can be made precise, see
e.g. [95].

Further it can be defined

Definition B.7 (Causal future/past [95]):
For a spacetime region A ⊂M the causal future/past of A is defined as

J±(A) :=

p ∈M
∣∣∣∣∣∣ ∃q ∈ A,∃γ : [0, 1]→M :

γ(0) = q, γ(1) = p,

γ is future/past directed and causal.

 .

The plus sign denotes the causal future, while the minus sign the causal past.
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AdS/CFT Anti-de Sitter / Conformal Field Theory
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CDT Causal Dynamical Triangulation

CFT Conformal Field Theory

EE Einstein Equations

FLRW Friedmann-Lemaítre-Robertson-Walker

GR General Relativity

LQC Loop Quantum Cosmology

LQG Loop Quantum Gravity

NCG Non-Commutative Geometry

NTP No Transmission Principle

ODE Ordinary Differential Equation

QCD Quantum Chromo Dynamics

QFT Quantum Field Theory

SYM Super Yang-Mills
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YM Yang-Mills
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