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Chapter 1

Introduction

Let A be an abelian variety over C of dimension n. The associated complex
analytic space A(C) is a connected compact complex Lie group, hence a complex
torus. Denote by V' the tangent space of A(C) at the identity. The exponential map
exp: V — A(C) is a surjective morphism of Lie groups whose kernel A is a complete
lattice in V. Via this morphism we can compute the Dolbeault cohomology groups
HZY(A(C)) of A(C). If T := Home(V,C) and T := Home_angilinear (V; C), then we

have a canonical isomorphism of complex vector spaces
(1.1) H2Y(A(C)) = APT @c AT,

In particular we have dime Hz?(A(C)) = ™) (™).

p/ \q
Let €2 be an open subset of a finite dimensional real vector space Ng. For
k € N let A¥(©2,R) be the space of real valued smooth differential k-forms on €.
We denote by

APA(QY) = AP(Q,R) ®c(o) A%(Q,R)

the space of superforms of bidegree (p,q) on €. There are natural differential
operators

d': APU(Q) — APTH(Q) and d": APY(Q) = APTHQ),

which make (A**(Q2),d’,d”) into a bicomplex of real vector spaces. Let A be a full
lattice in Ng and denote by AP(Ng)" the subspace AP(Ng) given by A-invariant
superforms of bidegree (p,q) on Ng.

Proposition 1.1. There is a canonical isomorphism of real vector spaces

HY(AP*(Ng)™,d") =2 APN; @ AN;.
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Now we consider the non-archimedean case. Let K be a non-trivially valued
complete, algebraically closed, non-archimedean field, for example C, for a prime
number p or the completion of the field of complex Puiseux series C{{t}}. In
[CLD12] the authors define a bicomplex (A%, d’,d”) of real valued smooth dif-
ferential forms on a K-analytic space X. Let X be an algebraic variety over
K and X® its analytification in the sense of Berkovich [Ber90]. In [Gubl16] the
author also defines a bicomplex (AYu.,d’,d") of sheaves of real valued smooth
(p, g)-differential forms on X and shows that the definition of A%, agrees with
the one from [CLD12]. We briefly recall the definition of A%%, in the formalism
of [Gub16]. A tropical chart of X®" is a pair (V, ¢y) where V' C X" is an open
subset and ¢y is a universal closed embedding of an open subset U C X into an
algebraic torus Ty over K and ¢ 40p(V') is an open subset of a particular subset of
a finite dimensional real vector space Nyr. The definition of ¢y requires a choice,
however the definition of differential forms on V' will be independent of this choice.
Hence the idea to define differential forms on an open subset of X*" is to locally
pull back differential forms on a specific subset of a real vector space along the
tropical chart ¢y 0p. More precisely, an element a € AYL, (V) for an open subset
V C X is given by an equivalence class [(V;, pu,, @i)ier] where (V;);er is an open
cover of X" the pairs (V;, ¢y, )icr are tropical charts and «; is a superform on the
open subset Yy trop(V') of the polyhedral complex ¢y 40, (U") in Nyg satisfying a
compatibility condition.

Let A be an abelian variety over K of dimension n. The analytification A*" is
a connected smooth compact K-analytic group in the sense of Berkovich [Ber90].
In analogy to the complex case in this thesis we study the tropical Dolbeault
cohomology groups

1y e R o )
im(d”: ARL (Aan) — AR (Aan))

of A*™ when A has totally degenerate reduction. To understand the latter term we
recall some points about the non-archimedean uniformization of abelian varieties.
This is a very important technique that has been introduced by Mumford, Faltings
and Chai in the formal setup and by Raynaud, Bosch and Liitkebohmert in the
rigid setup. The theory of the latter has been reformulated for Berkovich analytic
spaces in [Ber90], [Gubl10], [BR15], et al. and the new feature is that contrary
to rigid spaces, on Berkovich spaces there is an actual topology and not only a
Grothendieck topology. To an abelian variety A over K we can up to isomorphism
canonically associate an exact sequence

1-T—F—-B—=0
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of algebraic groups over K, where T is an algebraic torus over K and B is an
abelian variety over K such that B*" has good reduction, and a morphism of
K-analytic groups

pr B — A

which is a topological universal covering, whose kernel M := ker(p) is a discrete
subgroup of F(K) such that A** — FE*/M is an isomorphism of K-analytic
groups.

More precisely, the morphism p: E** — A*" is a topological universal covering
in the sense that F?" is a simply connected topological space and p is a covering
map. After fixing a point of the fiber over the identity of A*" we can endow E*"
with a unique structure of a K-analytic group such that p becomes a morphism of
K-analytic groups and a local isomorphism. The action of M on E*" by translation
is free and properly discountinous. Then A is uniformizable in the sense that we
have an isomorphism of K-analytic groups A** = E*" /M induced by p.

IfT=0 M=0and F = B we say that A has good reduction, if B = 0 and
E =T we say that A has totally degenerate reduction.

Let N denote the cocharacter group of T and Nk := N ®z R the base change

to R. The tropicalization map trop,: 7% — Nr maps M bijectively onto a lattice
A of NR.

In the non-archimedean setup we have the following result.

Theorem 1.1. Let A be an abelian variety over K of dimension n with totally
degenerate reduction. There exists a canonical morphism of real vector spaces

(1.3) Phe: AP Ny @ ANy — HET(A™)
which s injective for all p,q € 7.

We sketch the construction of the morphism ®%? from (1.3). From now on let
A be an abelian variety over K of dimension n with totally degenerate reduction.
By the previous paragraph this means that we have morphisms

p: T — A*™ and tropp: T°" — Ng.

To study the tropical Doulbeault cohomology groups of A* we will introduce a
new class of tropical charts of A*" called refined tropical charts. These will encode
information about the uniformization and induce tropical charts of A*" in the
usual sense. They are defined as follows. Let {2 be A-small open subset of Ng,
i.e. () does not intersect any non-trivial A-translates of itself. The open subset
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trop}l(ﬁ) = V of T* is M-small and P maps 1% isomorphically onto an open
subset V' of A*". Then we define an analytic moment map fy.: V' — T which
can be locally approximated by algebraic moment maps. From the latter we get a
tropical chart (V,¢py) and an integral R-affine morphism F' which we use to pull
back a differential form o € AP?(Ng) to the the real vector space Nyg. In order
to get a well-defined differential form on A*" we furthermore have to assume that
the superform « that we want to pull back is A-invariant. Hence we will consider
the subspace AP4(Ng)* of AP4(Ng) of A-invariant (p, q)-superforms. In this way
we get a canonical morphism of real vector spaces

(1.4) PRI API(Ng)™ — API(A™)
which is compatible with the differential d” and therefore induces a morphism
O ADY(Ng)™ — HEI(A™).

To construct ¢ it is essential that the toric part of A*" is non-trivial. In fact,
the general idea behind the proof of the main result is to relate properties of a
differential form o € AP4(Ng)* with properties of its image ¢%%(a) on A* and
this can be done by studying the relations between the tropicalization trop; and
the universal covering p.

We prove Theorem 1.1 first for top-dimensional forms and then for arbitrary
degrees via integration of differential forms. For a top-dimensional superform
a € A" N ®r A" Ng with constant coefficients we use a partition of unity argument
to show that if the integral of ®%;?(«) vanishes over A*" then av = 0. For the general
case we reduce ourselves to the top-dimensional case by pairing av € AP Ny @r A9 Ny
with a complementary form 8 € A" PNy ®@r A" INg.

A result of Jell and Wanner ([JW18, Theorem 5.1.]) implies that for n = 1
this morphism is in fact an isomorphism. Indeed an abelian variety with totally
degenerate reduction of dimension 1 is a Mumford curve.

Note that although the setup is very similar to the complex one, many results
and tools from complex geometry are not available in the context of tropical Dol-
beault cohomology. For instance in the complex case to compute the cohomology
groups (1.1) one can use the Kiinneth formula, but in the non-archimedean case
the Kiinneth formula does not hold in general (see [Liul7b, Example 1.7.] for a
counterexample). The surjectivity of ®? remains an open question. The main
problem is the fact that for an arbitrary differential forms o on A®*" given by
(Vi, pu,, ai)ier we do not have any control over the tropicalizations ¢y, trop in the
sense that contrarily to what we do in the construction of the morphism ®%?, we
do not know whether all the forms «; come from a differential form on (an open
subset) of Ng.
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Tropical cycle class map

Let X be a smooth algebraic variety over K. Denote by CH?(X) the ring of
algebraic cycles of codimension ¢ on X modulo rational equivalence and put
CHY(X)g := CHY(X) ®z Q. In [Liul7a] Liu defines and studies the tropical cycle
class map

Clirop: CHY(X)g — HLT (X)),

which relates algebraic cycles to tropical Dolbeault cohomology classes. Let L :=
(L,|| - ||) be a smoothly metrized line bundle. In [CLDI12] the authors define
the first Chern form ¢;(L) € AY'(X™) associated to L. Let [c;(L)] denote the
corresponding cohomology class in H}j;,l (X®). In the last part of this thesis we
compare the image of the first Chern class under the troipcal cycle classe map
with the cohomology class of the first Chern form associated to L.

Proposition 1.2. We have

clirop(c1(L)) = [c1(L)]

in HY (X)),

Structure of the thesis

In the Chapter 2 we recall some definitions and results from non-archimedean
analytic geometry in order to give a short but self-contained reminder on the
uniformization of abelian varieties over non-archimedean fields (Section 2.2). In
Chapter 3 we recall the definition of differential forms on the analytification of an
algebraic variety over K in the formalism of [Gub16]. In Section 3.4 we show that
the natural inclusion of differential complexes

(ApN* Qr A.N*,d”> — (Ap’.(NR)A,d”)
R R

is a quasi-isomorphism (see Proposition 3.4.26). In Section 3.4 we will present a
result about integration on the product of analytifications of algebraic varieties
over K (see Proposition 3.4.21).

Let A be an abelian variety over K with totally degenerate reduction. In
Chapter 4 we study the Dolbeault cohomology of A*". In Section 4.1 we will
fix the setup in the totally degenerate case and show a basic relation between the
tropicalization map and the universal covering p. In Section 4.2 we study this even
more by introducing refined tropical charts and prove some basic properties. These
will allow us to define the morphism ®%7: AP N @r AYNj — HET(A™) in Section
4.3. Finally we prove Theorem 1.1 (see Theorem 4.3.7) by using integration.
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Let X be a smooth algebraic variety over K. In Chapter 5 we consider the
tropical cycle class map cliop: CHY(X)g — HE/(X®™). First we will explain the
simplifications that can be made we look at the case ¢ = 1 and in the last part we
prove Proposition 1.2 (see Proposition 5.2.3) by using Cech cohomology.
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Notation and conventions

Throughout the whole thesis K will denote a non-trivially valued complete, alge-
braically closed, non-archimedean field. Denote by K° its valuation ring, by K*°°
the maximal ideal of K° and by k := K°/K*° its residue field. Note that k is also

algebraically closed.

A variety over K is a separated integral scheme of finite type over K. An
abelian variety A over K is a proper algebraic group over K.

If not stated otherwise, all K-analytic spaces are K-analytic spaces in the sense
of [Ber90]. We will also consider many results from [CLD12] where the authors
consider more general K-analytic spaces and where the spaces that we will consider
are called good K-analytic spaces (see also Remark 2.1.6).



Chapter 2

Preliminaries

2.1 Non-archimedean analytic geometry

In this section we recall basic definitions and results from non-archimedean analytic
geometry. The main focus will be put on the analytification of algebraic varieties
and on group objects in the categories of K-analytic spaces and of formal K-
analytic spaces.

In what follows all K-affinoid algebras are assumed to be strict [Ber90, § 2.1.].

Affinoid domains and reduction map

What follows can be found in [Ber90, § 2.2. and § 2.4.]. Let A be a K-affinoid
algebra and X = M(A).

- 2.1.1. The topological space X can be provided with a sheaf of rings Ox (see
[Ber90, § 2.3.]) which turns X into a locally ringed space called K -affinoid space.
A morphism of K-affinoid spaces X = M(A) — Y = M(B) is a morphism of
locally ringed spaces which comes from a bounded homomorphism B — A of
K-affinoid algebras. We denote by (K-Aff) the category fo K-affinoid spaces.

A closed subset V' C X is called an affinoid domain in X if there exists a
bounded homomorphism of K-affinoid algebras ¢: A — Ay satisfying the follow-
ing universal property. For every bounded homomorphism : A — B of K-affinoid
algebras such that M(¢)(M(B)) lies in V| there exists a unique bounded homo-
morphism 0: Ay — B with ¢» = § o ¢. By [Ber90, Proposition 2.2.4.(i)] if V' is an
affinoid domain in X then there is an isomorphism M(Ay) = V for a K-affinoid
algebra Ay .

- 2.1.2. For f € A we denote by p(f) = lim, . ¥/||f"|| the spectral radius of
f, where || - || denotes the norm on A. By [Ber90, Corollary 1.3.3.] the function

8
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p: A — Rs( is a bounded seminorm called spectral norm. We say that A is
distinguished if the spectral norm on A is equal to the residue norm for some
epimorphism K{T,...T,} — A (see [Ber90, § 4.3., p. 81]). We say that the
K-affinoid space X = M(A) is distinguished if A is a distinguished K-affinoid
algebra.

For a point x € X let H(x) denote the completed residue field of x. The set
A°:={f e A|p(f) <1}isasubringand A :={f € A| p(f) < 1} is an ideal of
A°. Denote the residue ring A°/.A% by A. Every point # € M(A) corresponds to
an equivalence class of characters y,: A — #(z) on A. Denote by Xp: A — H(x)
the induced homomorphism. Then ker(X,) is a prime ideal.

Definition 2.1.3. The reduction map is defined as
7 M(A) = Spec A,z ker(Xa).
Set X := Spec(A).

Remark 2.1.4. By [Ber90, § 2.4.] the reduction map is surjective and the preim-
age of a closed (respectively open) subset of X under the reduction map is an open
(respectively closed) subset of X.

K-Analytic spaces and groups

We recall some basic notions about K-analytic spaces and the analytification func-
tor. Main references are [Ber90, § 3.1-3.4] and [Ber93, § 1.3., § 2.6.].

- 2.1.5. In the following we will not need the precise definition of K-analytic
space, therefore we only recall the main points. A K-analytic space is given by a
topological space together with an atlas whose charts ¢y are pairs (V, Ay) given
by a K-affinoid domain V', a K-affinoid algebra Ay and a homeomeorphism V' =2
M(Ay) subject to some compatibility conditions (for more details see [Ber93,
Definition 1.2.3.]). A morphism of K-analytic spaces f: X — Y is given by
a continous map such that for all charts ¢y on X there is a chart ¢y of YV
with f(V) € W, and for every such chart ¢y there is a morphism of K-affinoid
spaces (V, Ay) — (W, Ay) subject to some compatibility conditions (see [Ber93,
Definition 1.2.7.]). A K-analytic space is called good if every point has a K-affinoid
neighborhood ([Ber93, p. 22 at the bottom]).

Remark 2.1.6. Our main reference for K-analytic spaces will be [Ber90] where
K-analytic spaces are good K-analytic spaces in the sense of 2.1.5. Hence from
now on all K-analytic spaces are assumed to be good.
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Definition 2.1.7. A morphism ¢: Y — X of K-analytic spaces is called an
analytic domain if ¢ induces a homeomorphism of Y with its image in X and for
any morphism ¢: Z — X of K-analytic spaces with (Z) C ¢(Y), there exists a
unique morphism o: Z — Y of K-analytic spaces such that ¢y = poo.

The analytification functor

Let (K-Sch) denote the category of schemes of locally finite type over K and (K-
An) the category of K-analytic spaces. By [Ber90, § 3.1., top of p. 48] the category
(K-An) admits fibered products. For X, Y in (K-Sch) respectively in (K-An) we
will denote by X X i Y the fibered product of X with Y over Spec(K) respectively
M(K).

- 2.1.8. Let X € (K-Sch) . We consider the functor
(2.1) F: (K-An) — (Sets), Z — Homyrs(Z, X),

where Homprs(Z, X) denotes the set of morphisms of locally ringed spaces from
Z to X. Then by [Ber90, Theorem 3.4.1.], the functor F' is representable by a
pair (X", ), where X®" is a K-analytic space and 7: X*" — X is a faithfully flat
morphism of locally ringed spaces. The correspondence

(K-Sch) — (K-An), X — X

is a functor which commutes with fibered products over K. This follows by a formal
argument which can be found almost word for word in [GR02, XII, 1.] for complex
analytic spaces. Let X,Y be schemes of locally finite type over K and denote by
(X2, 7x) and (Y®" my) the pairs representing the functor F' for X and Y as in
(2.1). Denote by px: X* x Y — X and py : X X Y* — Y®" the canonical
projections onto the first and second factor. By using [GW10, Proposition 3.4.]
one can show that X X Y is the fibered product of X and Y in the category of
locally ringed spaces. Put m := px omx Xgpy omy: X* X Y*" — X xg Y.
Then the pair (X" x Y 1) represents the functor F' for X X Y and so does
the pair (X Xg V)™, Txxv: (X Xg V)™ — X Xk Y). By uniqueness we get an
isomorphism of K-analytic spaces (X X Y)* = X X g Y27

Definition 2.1.9. We call the functor X — X" the analytification functor and
X = (X 1) the analytification of X. Let f: X — Y be a morphism of schemes
of locally finite type. Then we will denote by f*: X?" — Y® the canonical
morphism on analytifications. Let F be an Ox module, then we denote F** the

O xan-module 7*F.
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- 2.1.10. We introduce K-analytic groups as done in [Ber90, Chapter 5]. Hence we
will assume that all K-analytic spaces are assumed to be separated, this means that
the diagonal morphism is a closed immersion ([Ber90, § 3.1., p. 50]). A K -analytic
group G (respectively a K-affinoid group) is a group object in the category (K-
An) of K-analytic spaces (respectively in the category (K-Aff) from 2.1.1). Recall
that this means that G is a K-analytic space (respectively a K-affinoid space) and
there are three morphisms

(2.2) p:GxgG—G, +:G—-G e MK)—G

that satisfy the usual groups axioms. A morphism of K-analytic groups (respec-
tively of K-affinoid spaces) is a morphism of K-analytic spaces (respectively of
K-affinoid spaces) that respects the group structure.

Example 2.1.11. Recall that by 2.1.8 the analytification functor commutes with
fibered products. An important class of examples of K-analytic groups is given
by the analytification of group varieties over K, i.e. group objects in the category
(K-Var) of varieties over K. Indeed let G = (G, m, 1, e) be a group variety over K.
Denote by 1) the isomorphism of K-analytic spaces G*™ Xgpec(i)en G** = (G x g G)*.
The tuple (G*", u, ¢, €) where

L —ma o w: Gan X $pec( i) LN Gan’
L= G — G €= e™: Spec(K)™ — G™.

is a K-analytic group. We show associativity of u. By definition we have mo (m x
idg) = mo (idg x m), then

o (p X idgan) =m* o h o (M* 01h X idgan)
=m™ o) o (M™ X idgan) 0 (¢ X idgan)
=m™ o (m X idg)™ = (mo (m X idg))™
=(mo (idg x m))*™ = m* o o (idgan X M** 0 )

=p o (idgan X p).
The other properties of a group object can be verified in a similar way.

Example 2.1.12. Let G,, x = Spec(K[Z*!]) be the multiplicative group over K,
then by Example 2.1.11 its analytification G} ;- is a K-analytic group. The set

w1 =11t € Gl | |Z]; = 1} is an affinoid subgroup G, ;- (see [Ber90,
Example 5.1.4., § 6.3.]).

Definition 2.1.13. (i) A K-analytic torus is a K-affinoid group which is iso-
morphic to (G} )" for some natural number r > 0.
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(ii) A K-affinoid torus T{" is a K-affinoid group which is isomorphic to (G ;)"
for some natural number r > 0.

Remark 2.1.14. By [Bos71, § 3., p. 13] there exists a one-to-one correspondence
between algebraic tori 7" over K and K-affinoid tori 77".

Formal K-analytic spaces and groups

Throughout this section all K-analytic spaces are assumed to be strict and sepa-
rated (see [Ber90, § 2.1., §3.1.]), so that we can use the correspondence between
rigid analytic and (Berkovich) analytic spaces explained in [Ber90, Proposition
3.3.1]. We follow the exposition and terminology from [Ber90, § 4.3. and §6.4] and
[Gub10, § 2.5.]. Recall from Definition 2.1.3 that for a K-affinoid space X = M(A)
there exists a reduction map 7: M(A) — Specz where Spec./zl/ is a scheme over
the residue field k of K.

- 2.1.15. Let A be a K-affinoid algebra and set X := M(A) and X := Spec(A).
An affinoid domain V' in a K-affinoid space X is called formal if the induced
morphism V' — X is an open immersion. Formal affinoid domains generate a
topology on X called the formal topology. A formal affinoid variety Spf(.A) over
K is a ringed space (Xgan, Ox,,,) where X¢a, = X and Ox,,, is the sheaf Ox
seen as a sheaf with respect to the formal topology defined in (i). A morphism of
affinoid varieties over K is a morphism of locally ringed spaces which is induced
by a reverse morphism of the corresponding K-affinoid algebras.

- 2.1.16. A formal affinoid covering U = {U;};¢; of a K-analytic space X is an
affinoid covering of X which is locally finite and such that the intersection U; N Uj;
is a formal subdomain of U; for all 4, j € I. Two formal coverings U = {U, };c; and
V = {V,};es are called equivalent if U; NV} is a formal subdomain of both U; and
V; for alli € I and j € J. A formal affinoid covering U = {U,};e; of X is called
distinguished if U; is a distinguished K-affinoid space for every i € I (see 2.1.2).

Definition 2.1.17. A formal K-analytic space is a pair (X,U) = X where X
is a K-analytic space and U is a fixed equivalence class of formal coverings of
X by affinoid subdomains isomorphic to formal affinoid varieties Spf(.A) over K.
A morphism of formal K-analytic spaces f: (X,U) — (Y,V) is a morphism of
K-analytic spaces X — Y such that f(U) CV foral U e Y and V € V.

- 2.1.18. Denote by (f-K-An) the category of formal K-analytic spaces. By [Ber90,
§ 6.4.] the category (f-K-An) admits fibered products. A formal analytic K-group
(G,U) is a group object in the category of formal analytic K-spaces. We say that
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(G,U) is distinguished if U is a distinguished formal affinoid covering. By loc. cit.
the functor
(f-K-An) — (K-An)

is fully faithful. Hence a K-analytic group can have at most one formal K-analytic
group structure.

- 2.1.19. A formal covering U = {U,}ier of a K-analytic space X gives rise to
a reduced scheme X of locally finite type over k and to a map 7m: X — X that
extends all the reduction maps =;: U; — (7@ (see Definition 2.1.3). Equivalent
formal coverings of X give rise to the same reduction ([Ber90, § 4.3.]). Note that if
G is a formal K-analytic group then the reduction Gisa group scheme over k. We
recall the main points of the construction of 7: X — X by following [Bos77, pp.
8-9]. By definition of formal affinoid covering, we can glue the affine k-schemes U

P

along the open subsets U; N U; to get a reduced k-scheme X locally of finite type,
where we define o

UnU;:=m(U;NU;) =7;(U;NU).
For z,y € X we consider the equivalence relation on X given by x ~ y if and
only if for every formal open subset U of X with x € U we also have y € U. We
consider the projection 7: X — X/ ~ and endow the set X/ ~ with the quotient

topology. One can show that X is homeomorphic to X/ ~. Finally we consider
the subsheaves O% and O% of Oy given by

Vi O% (V) :=={f € Ox(V) | p(f) <1}, and
V= OX (V) :={f € Ox(V) | p(f) < 1}.

Denote by Oy as the sheaf associated to the presheaf 0% /0%, then one can show
that m,0x Of and 7 : (X,0x) — (X/ ~, m.0x) is the desired reduction
map. By [Ber90, § 6.4., p.121] a morphism ¢: X — Y of formal K-analytic spaces
induces a morphism ¢: X — Y of k-schemes which commutes with the reduction
maps.

Definition 2.1.20. A K-analytic group G is said to have good reduction if G is a
distinguished formal K-analytic group.

Remark 2.1.21. In [Ber90, § 6.4., pp. 121-122] a K-analytic group has good
reduction if it is a distinguished formal K-analytic group whose reduction G is
geometrically reduced. In our setup the latter condition is redundant since K is
algebraically closed and by Remark 2.1.19 the reduction is a reduced scheme. In
Definition 2.1.20 we require the K-analytic group G to be distinguished in order



CHAPTER 2. PRELIMINARIES 14

to induce a k-group scheme structure on G. Indeed if A, B are distinguished K-
affinoid algebras such that A®yB is reduced, then by [Bos69 Satz 6.5.] we have
ABkB = A®,B.

For more details see [Bos76, § 1] and [Bos69, § 3 and § 6.

2.2 Non-archimedean uniformization

We use the terminology introduced in Section 2.1 to recall the main facts about
the uniformization of abelian varieties over K. We will mainly follow the exposi-
tion from [Ber90, § 6.5.], but also add some more informations from [BR15, § 4],
[FRSS18, § 3] and [Gubl0, § 4].

- 2.2.1. All group objects in the category (K-Var) of varieties over K, (f-K-An)
of formal K-analytic spaces and (K-An) of K-analytic spaces defined in Section
2.1 are commutative. A sequence

0T —-G—=B—=0

of group objects in (K -Var) is called ezact if the associated sequence of fppf sheaves
in abelian groups is exact. There is also a notion of exactness in (f-K-An) which
we will not need in the following. For details one may refer to [Sch13, Chapter 3]
or to [Serb9, Chapter VII].

- 2.2.2. In this first part we follow the exposition from [Ber90, § 6.5.]. Let A be
an abelian variety over K. There exists a unique compact K-analytic subgroup
Ay of A* which is an analytic domain (Definition 2.1.7), has the structure of a
formal K -analytic group (Definition 2.1.17) and has semi-abelian reduction, i.e. the
reduction is an extension of an abelian variety by a torus.

The K-analytic group A; contains a unique closed K-analytic subgroup that
is a K-affinoid torus 7" that is isomorphic to T (see Example 2.1.12) for some
(split) algebraic torus 7' = G, ;c over K (see also Remark 2.1.14). We call 7 the
torus rank of A.

The closed immersion 77" — A; uniquely extends to a homomorphism of K-
analytic groups 7" — A*". Then we define E*" as the push-out of A; and 7"
over T7" in the category of formal K-analytic groups.

By [Ber90, Corollary 6.5.2.] the morphism p: E*" — A" is a universal covering
in the topological sense, i.e. p is a covering map and E*" is simply connected.
Moreover E*" has the structure of K-analytic group and p is a morphism of K-
analytic groups which uniquely extends the morphism A; — A* and T°" —
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A2 Tts kernel M := ker(p) is a discrete subgroup of E*"(K) isomorphic to the
fundamental group m (A*") of A* at the identity which by loc. cit. is a free abelian
group whose rank is equal to the torus rank of A. Note that the action of M on
E?* by translation is free and properly discountinous, then A is uniformizable in
the sense that the morphism of K-analytic groups E*"/M — A*" induced by p is
an isomorphism (see [Gub10, § 4.1.]). Note that by loc.cit. the K-analytic group
E?" is the analytification of an algebraic variety F over K.

- 2.2.3. We reformulate the uniformization result a bit differently following [Gub10,
§ 4.1.-4.3.] and [FRSS18, § 3.2.]. We keep the same notation as in 2.2.2. To an
abelian variety A over K one can uniquely (up to isomorphism) associate the
datum of an exact sequence

(2.3) 1-T—-FE—-B—0

of algebraic groups over K, where T is an algebraic torus over K and B is an
abelian variety over K such that B* has good reduction (Definition 2.1.20) and
a morphism of K-analytic groups

p: B*" — A™

which is a topological universal covering, whose kernel M := ker(p) is a dis-
crete subgroup of E(K) such that there is an isomorphism of K-analytic groups
E* /M = A* induced by p.

Definition 2.2.4. We say that A has totally degenerate reduction if in (2.3) we
have B = 0 and F = T. On the other hand we say that A has good reduction if
the toric part T" and M are trivial and we have A = B.



Chapter 3

Differential forms on the
analytification of an algebraic
variety

3.1 Superforms

In this section define (p, ¢)-superforms on a real vector space, introduce some ba-
sic terminology from convex geometry and then consider superforms on polyhedral
complexes. We begin with the definition of superforms on real vector spaces in-
troduced by [Lagl2]. We follow the exposition from [Gubl6, § 2-3] and [Gubl13,
Appendix A] for the definitions about convex geometry.

Let N be a free abelian group of finite rank r. Denote by M := Homgz(N,Z)
its dual and by Ng := N ®z R = Homy(M,R) respectively Mg := M ®z R the
base change to R. Let ey, ..., e, be a basis of N and z1, ..., z, the induced basis
on Ng. Write (-,-): M X N — Z, (m,n) — (m,n) := m(n) for the pairing between
M and N.

Let N’ be another free abelian group of rank /. A morphism F: N}, — Ng is
called affine if it is of the form F' := Lg + a for a linear map Lg: Np — Ny and
a € Ng. It is called integral R-affine if it is affine and the linear map Lg: N — Ng
is induced by a homomorphism on the underlying abelian groups L: N' — N.

By a complete lattice A in a finite dimensional real vector space V' we mean a
discrete additive subgroup of V' with rank;A = dimg V.

An integral R-affine space is a pair (A, N) consisting of a real affine space and a
complete lattice NV of the underlying real vector space of A.

- 3.1.1. Let 2 C Nk be an open subset.

16



CHAPTER 3. NON-ARCHIMEDEAN DIFFERENTIAL FORMS 17

Definition 3.1.2. A (Lagerberg) superform of bidegree (p,q), or (p, q)-superform
on €2 is an element of

APU(Q) 1= AP(Q,R) @m0y AY(Q,R) = C™(Q) @7 APM @7 AIM.

In the coordinates xy,...,x,, an element o € AP?((Q) is given by
o = Z CY[Jd/ZE[/\d”IJ,
[1|=p;|J1=q

where I respectively J are given by 43 < ... <, and j; < ... < j,, agy € C®(Q)
and we use the notation

derNd'vy = (deyy Ao Ndzy, @ dxy, N N dxj,).
Remark 3.1.3. (i) For two superforms
o = Z Oé[Jd/[E[/\d/,IJ GAP,Q(Q%
|=p,|J =g

B= > BudzxAd'z, € A™(Q)

|K|=r,|L|=s
we can define a wedge product
A API(Q) x A™5(Q) — APTIH(Q) (o, B) = a A B,

which in coordinates is given by

QAB: Z (—1)SqO[[J6KLd/ZL’]/\d/l’K/\d”[EJ/\d”ZL'L.
‘I|:p7|J|ZQ7|K|:T7|L|:8

(ii) We can also define differential operators d’ and d” on the space A(Q)) :=
D, <, A9(22) which turn A(f2) into a bigraded differential C'*>(2)-algebra.
More precisely, the differential operators d’ and d” are given by d' := D ® id
on AP1(Q)) := AP(Q,R) ® A7M respectively d”’ :=1id® D on APM @ A?(Q, R).
Here D denotes the usual differential operator on the space A*(Q2,R) for
k € Z>y. In coordinates d"« is given by

a—z Z aa” ANdzyANd'x;

k=1 III—p\JI =q

Z 3 ao‘” [ A"z Ny € APTTHQ),

k=1 |I|=p,|J|=q

and similarly for d’a. We will denote by A%?(€Q) the space of closed super-
forms of bidegree (p, q) on .
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(iii) The assignment € — AP%(Q) defines a sheaf on Ng. The support of a (p, q)
superform o € AP9((), is defined as

supp(a) :={z € Q| a, # 0},

where a, denotes the germ of o at x. We denote by AP9(2) the space of
(p, q) superforms with compact support in €.

(iv) Let N’ be a free abelian group of rank " and F' := Lg + a: N}, — Ng an
affine morphism with F(£2') C Q for an open subset Q' of N, then we can
define the pullback

F*: AP9(Q) — API(QY)

as follows. Let o =37, apydzy Ad'z; € AP(Q), then

Fra= Y apoFdLyz Nd'Lyz,

[I|=p,|J|=q

Affine pullback commutes with the wedge product and with the differential
operators d and d”.

(v) There exists a C*°(§2)-linear isomorphism JP9: AP9(Q)) — A?P(Q) given by
o = Z Oé[Jdl$]Adlli|—> Jp’q<Ck) = Z a[]d/$JAd/I$[.
|=p,|JI=q |=a,|J|=p

- 3.1.4. Let A C Ni be a complete lattice. For A € A denote by 7,: Ng — N,
v — v + A the translation by A on Ng.

Definition 3.1.5. Let 2 C Ng be an open subset, @ € AP4(Q2) and A € A. We
say that « is A-invariant if
Tya =qa, forall AeA.
For oo = Z|I|=p,\J|=q aryd'xp A d"x; this means that

T;Ck: E CY[JOT)\dISL’[/\d//CL’J: E CY[JdISL’[/\d//.TJ:Oé,
l|=p,|J1=q [|=p,|J|=q

i.e. the ay; are A-invariant. We will denote by AP?(Q)" the space of A-invariant
superforms of bidegree (p,q) on 2 and by AL?(Q)* the subspace of closed A-
invariant superforms of bidegree (p, ¢) on .
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Example 3.1.6. Let AP Ng = AP9Mp denote the space of superforms of bidegree
(p,q) on Ny with constant coefficients. For a € AP?N}; in coordinates we have

a = E Oé[JdILC[/\d”LCJ,

[I|=p,|J|=¢

where a;; € R. Then « is A-invariant and since every superform with constant
coefficients is also closed we have an inclusion

APING C A (Na)

Definition 3.1.7. We say that an open subset (2 C Ng is A-small if for every
non-zero element A € A we have

QN7 Q) =0.

- 3.1.8. In order to define superforms on polyhedral complexes we have to recall
some notions from convex geometry from [Gubl3, Appendix A] and [Gubl6, §
3.1.].

Definition 3.1.9. (i) A polyhedron ¢ is a finite intersection of finitely many
closed half-spaces

m

o= ﬂ{ne Ng | (mi,n) <c¢}, m; € Mg,c; e Rjie{l,...,m}

=1

in Ng. We denote by A, the real affine space generated by ¢ and by L, its
underlying real vector space. The dimension of o is defined as dim(o) :=
dimg L,. We call o an integral R-affine polyhedron if we can choose m; € M
for all i € {1,...,m}.

(ii) Let o be a polyhedron. A closed face of o is either o or given by ¢ N dH,
where OH is the boundary of a closed half-space containing o. If 7 is a
closed face (respectively a proper closed face) of o, then we write 7 < o
(respectively 7 < o). The relative interior of o is defined as

relint(o) := o \ U T.
Remark 3.1.10. Let o be an integral R-affine polyhedron of dimension n in Ng

and A,, respectively L, as in Definition 3.1.9.

(i) There is a canonical integral R-affine structure (A,, N,) on A,, where N, :=
N NL,. Note that N, is a complete lattice in L, .
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(i)

Let © C Np and Q := QNo. Define A24(Q) as the space of (p, ¢)-superforms
on the open subset 2 Nrelint(o) of A, given by restriction of elements in

AP1(Q). A partition of unity argument shows that the definition is indepen-
dent of the choice of Q (see [GK17, § 2.2.]).

Remark 3.1.11. (i) Let m € M and H := {n € Ng | (n,m) < 0} be a half-

(i)

space. Its boundary 0H is a subspace of Ng. There exists an isomorphism
of groups N/(NNOH) = Z. Let [wam ] be the outward pointing generator
of N/(N NoH). This means that there is upy g € M such that

<h,U8H,H> <0, for all h € H, and <waH7H,UaH7H> =1.

Then we choose a representative wgy, g € N. Note that after a translation,
we can perform the same construction for any integral R-affine half-space.

Let ©Q be an open subset of Ng and ¢ an r-dimensional (top dimension)
integral R-affine polyhedron contained in ). For any closed face p of codi-
mension 1, we put wy, := wopm,m as in (i), where OH is the affine hyperplane
generated by p and H the corrsponding halfspace containing o. The element
We.p € N is unique up to addition with elements in N, = N NL,.

Definition 3.1.12. (i) A polyhedral complex C is a finite set of polyhedra with

(i)

the following properties

(i) every polyhedron in C has all its closed faces in C;

(ii) if o and 7 are elements in C, then ¢ N7 is either empty or a closed face
of both o and 7.

We say that a polyhedral complex C is integral R-affine if every polyhedron
o € C is integral R-affine. The support of a polyhedral complex C is given

by
IC| := U 0.

oeC

A maximal polyhedron in C is a polyhedron which is maximal with respect to
inclusion. We say that C is pure n-dimensional if every maximal polyhedron
in C has dimension n. For k € N we write C; := {0 € C | dimo = k}. A
polyhedral complex D subdivides the polyhedral complex C if |D| = |C| and
if every polyhedron of D is contained in a polyhedron of C.

Let C be a polyhedral complex in Ng and 2 C C open. A superform « of
bidegree (p,q) on € is an equivalence class [(a, §2)], such that

(i) the set €2 is an open subset of Ng and & € AP(Q), and
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(iv)

(i) two pairs (&, Q) and (5, Q) are equivalent if their restriction to A72(QN
o) agrees, for every maximal polyhedron o € C.

As in Remark 3.1.10 (ii), a partition of unity argument shows that this
definition does not depend on the choice of the open subset 2. Denote by
AL(Q) the space of superforms of bidegree (p,q) on C. If the polyhedral
complex C is clear from the context we will only write AP7((Q2).

The assignment Q — AZ9(Q) defines a sheaf on C. The support of a su-
perform a € A%?(Q) is defined as the support in the sense of sheaves as
in Remark 3.1.3(iv). Denote by AZ%(€2) the space of (p, ¢)-superforms with
compact support in 2.

Remark 3.1.13. Let C be a polyhedral complex in Ng, {2 C C open and QC Ng
open such that Q@ = QN |C|.

(i)

(iii)

By restricting the wedge product and differential operators d’ and d” from
AP9(Q2) we get a wedge product and differential operators on A%?(€2). This
gives Ac(Q?) := D, , A¢?(Q2) the structure of an alternating bigraded differ-

ential algebra. For example, let a € AZ4(Q) be given by a € AP4(Q) for an
open subset Q C N with Q = QN |C| then d”« is given by d"a € APITH(Q).
Since affine pull-back commutes with differentials, it follows that the differ-
ential d” of equivalent superforms in A%9(€) will be equivalent in A2 (Q).

Let N’ be a free abelian group of rank r" and let F': Ny — Ny be an affine
map. Suppose that C’ is a polyhedral complex of Ny with F'(|C’|) C |C| and
put Q' := QN |C'|. Then there exists a well-defined pull-back

F*: ABY(Q) — ABI(QY)

defined as follows. Let Q C Ng be an open subset such that €2 = QN|C|, then
F~(Q) is open in N} and we define ' := F~1(Q)N|C’|. Let o € ALY(Q) be

given by a € AP4(Q) then F*a € AP4(F~1(Q)) is given restricting F*& to
(). The definition is independent of the choice of the representative (@, ().

Suppose that C has dimension n. Then by [CLD12, Lemme (1.4.5.)] for
n < max{p, ¢} we have AZ? = 0.

Definition 3.1.14. (i) Let C be a pure n-dimensional polyhedral complex. A

weight on C is an integer valued function m : C,, — Z,0 — m(c) =: m,. We
call the pair (C,m) a weighted polyhedral complex.
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(ii) Let C' := (C,m) be a weighted integral R-affine pure n-dimensional poly-
hedral complex. For a codimension one face 7 of a polyhedron o € C, let
Wsr € N,y be a representative as in Remark 3.1.11. We say that the weighted
polyhedral complex C satisfies the balancing condition if for all 7 € C,,_1 we
have

Z MeWer € Ny

0€Cp, 0T

(iii) A tropical cycle C = (C,m) of dimension n in Ng is a weighted integral R-
affine pure n-dimensional polyhedral complex which satisfies the balancing
condition.

3.2 Differential forms on the analytification of
an algebraic variety

In this section we first define tropical charts on the analytification X" of an alge-
braic variety X over K. These are given by closed immersions of the analytification
of very affine open subsets into an algebraic torus and will be seen as local coordi-
nate charts on X?". This will allow us to define differential forms on open subsets
of X?". In the last part of the section we will look at some basic results about the
support of the sheaf of real valued smooth differential forms on X?".

Let X be an algebraic variety over K.

- 3.2.1. We recall the main definitions and properties of algebraic moment maps
and tropical charts as done in [Gubl3, § 3], [Gubl16, § 4] and of analytic moment
maps following [CLD12, § 2].

Definition 3.2.2. Let T := Spec(K[M]) be an algebraic torus over K with char-
acter group M and cocharacter group N. Denote by Ng the base extension N ®7;R
and for m € M denote by x™ :=1-m its associated cocharacter in K[M].

(i) The tropicalization map is given by

tropp: T — Ng, | - |¢ — tropp(t) := [m — —log |x™|+].

If we fix coordinates Z1,...,Z, on T, then M = Z" and Ng = R" and the
tropicalization map is given by

tropp: T — R | - |; — (= log | Z1ls, . . ., — log | Z, ).
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(ii) Let U be an open subset of X. An algebraic moment map is a morphism
w: U — T of algebraic varieties over K. The tropicalization of ¢ will be
denoted by

an t
Prrop: U™ L= T 220 Ny,

(i) A moment map ¢": U’ — T" of the open subset U’ of X refines the moment
map ¢: U — T if U' C U and if there is an affine homomorphism ¢: 7" — T
such that ¢|yr =1 o¢’. An affine homomorphism is a group homomorphism
T — T’ composed with a multiplicative translation on T

(iv) An analytic moment map is a morphism of analytic spaces f: Y — T from
an analytic space Y to an analytic torus 7" (Definition 2.1.13(i)). Denote the
composition

v Lo I N

by ftrop .

Remark 3.2.3. Note that the affine homomorphism : 7" — T from Defini-
tion 3.2.2(iii) induces a homomorphism M — M’ on character lattices by pre-

composition with ¢. Its dual is the linear part of an integral R-affine map
Trop(v): Ny — Ng such that (¢|v)wep = Trop(¥) o Spérop’

- 3.2.4. By [Gubl0, § 4.12.] for every affine open subset U of X we can define a
moment map ¢y : U — Ty where Ty = Spec(K[My]) and My := Ox(U)*/K*.
The moment map ¢y is canonical up to multiplicative translation by an element
of Ty(K) and is called canonical moment map. Let f: X’ — X be a morphism
of algebraic varieties over K and let U’ be an affine open subset of X’ such that
f(U") € U. Then by loc. cit. there exists a canonical affine homomorphism
Yy : Ty — Ty of canonical tori such that ¢y o pyr = @y o f on U'.

Remark 3.2.5. Let U be an affine open subset of X, then ¢y refines every other
moment map on U. Indeed let ¢: U — T be another moment map on U and denote
by M := Hom(T,G,,) the character group of the torus 7. We have a morphism
of Z-modules M — My given by composition with ¢. We get an induced map
of K-algebras K[M]| — K[My] and consequently an affine homomorphism in the
opposite direction on the tori ¢y : Ty — T. If we denote by Ny respectively N
the dual space of My and M, then we get an induced integral R-affine morphism

Trop(¢yr) := trop ohi': Nyr — Ng

such that Trop(¢Yur) © YU trop = Gtrop 0N U.
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Remark 3.2.6. Let Y be closed subvariety of dimension n of an algebraic torus
T over K and ¢:Y — T the corresponding closed immersion. As explained
in [Gubl6, § 4.6.], by the Bieri-Groves theorem and further results from tropical
geometry, the image @0, (Y*") has the structure of an integral R-affine polyhedral
complex of dimension n which is unique up to subdivision. Moreover, it is possible
to endow @u0p(Y™) with a positive canonical weight function m which satisfies
the balancing condition (see [Gubl6, § 4.7.]). Hence (¢rop(Y™), m) is a tropical
cycle.

- 3.2.7. An open subset U of X is called very affine if U has a closed embedding
into a multiplicative torus. Let U C X be an affine open subset. By [Gubl6, §
4.13.] the subset U is very affine open if and only if the canonical moment map ¢y
is a closed immersion. Moreover the intersection of two very affine open subsets of
X is very affine open subset of X. By loc. cit. the very affine open subsets form
a basis for the Zariski topology on X.

Lemma 3.2.8. Let U and U’ be very affine open subsets of X. Then with the
same notation as in (3.2.4) there exists a canonical isomorphism of abelian groups

My & My = My v

Proof. This is known as Rosenlicht’s theorem and can be found in [Ros61, Theorem

2]. Alternatively there is proof using a more modern language on the website of
Brian Conrad (see [Con, Theorem 4.1.]). O

Definition 3.2.9. (i) A tropical chart on X" is a pair (V,¢y) consisting of an
open subset V' of X?" contained in U*" for a very affine open subset U of X with
V' = 00 trop(€2) for some open subset Q of oy trop(U™).

(ii) A tropical chart (V', o) is a tropical subchart of (V, py) if V. CV and U’ C U.
Proposition 3.2.10. The tropical charts on X*" have the following properties.

(i) They form a basis on X", i.e. for every open subset W of X*" and for every
x € W there is a tropical chart (V,oy) withx € V C W.

(ii) The intersection (V OV’ ounu) of tropical charts (V,oy) and (V' ppr) is a
tropical subchart of both.

(1i1) If (V,@u) is a tropical chart and if U" is a very affine open subset of U with
V. C (U™, then (V,yn) is a tropical subchart of (V,py).

Proof. See [Gubl16, Proposition 4.16.]. ]
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Remark 3.2.11. Let (V,¢p) and (V', /) be two tropical charts. Then by
Proposition 3.2.10(ii) also (V NV’ oynyr) is a tropical chart and we get a canon-
ical affine homomorphism ¥y yny: Tunyr — Ty of the underlying tori such that
vu = Yuunu © punwr- The associated affine map Trop(Yu.vnv): Nunvr = Nur
maps the tropical variety ©ynu trop(UNU’)*) onto oy op(U*) by [Gubl6, § 5.1.].

Definition 3.2.12. With the notation from Remark 3.2.11 we define the restric-
tion alynyr of a € AP @y uop(V)) to VNV’ by

alyav: = Trop(Yunuu) @ € AP (punu twop(V N V)

Proposition 3.2.13. Let W C X*" be an open subset and ¢: W — T*" be an
analytic moment map defined on an open subset W of X**. For every x € W,
there is a very affine open subset U of X with an algebraic moment map ¢': U — T
and an open neighborhood V' of x in W N U™ such that piop = Piyep, 0n V.

Proof. See [Gub16, Proposition 7.2.]. O

Remark 3.2.14. It is clear that every algebraic moment map induces an analytic
one. Proposition 3.2.13 gives a local converse, in the sense that analytic moment
maps can locally be approximated by algebraic ones. This will allow us to translate
constructions for K-analytic spaces appearing in [CLD12| into the formalism of
[Gub16].

Lemma 3.2.15. Let W C X" be open and f: W — T?" an analytic moment
map. For every point v € W there exists a triple (F,V, gy ), where V' is an open
neighborhood of x in W, the pair (V. @y ) is a tropical chart on X and F': Nyg —
Ny is an integral R-affine morphism with F o @y irop = firop 0 V.

Proof. Let N denote the cocharacter group of T" and put Ng := N ®z R. By
Proposition 3.2.13 there exists a very affine open subset U’ of X and an algebraic
moment map ¢y : U’ — T such that fiop|v = ¢v7 trop|v for a neighborhood V” of
x in VN U'*. By Proposition 3.2.10(i) there exists a tropical chart (V, py) with
x € V. C V'. Moreover by Proposition 3.2.10(iii) after possibly replacing U with
U’ NU we have that U is a very affine open subset of U’. By Remark 3.2.3 and
3.2.5 there exists an R-affine morphism F’: Ny g — Ng such that

/
F'o PU’ trop = ¢U’,tr0p

on (U')*. AsU C U’ by (3.2.4) there exists a canonical integral R-affine morphism
G: NU,R — NU’,R such that

Go YU trop = PU’ trop
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on U*. Put F := F' o G: Nyr — Ng, then on V' we have

/
ftrop = QbU’,trop =F'o LU’ trop
/
=FoGo YU trop = Fo YU trop-

]

Definition 3.2.16. A differential form « of bidegree (p,q) on an open subset V/
of X is given by the datum [(V}, vu,, @ )icr], where:

(i) (Vi)ier is an open covering of V;
(i1) (Vi, v, )ier are tropical charts, and

(iii) for every i € I we have a; € AP (py, nop(V')) and for all i,7 € I we have
o; v;nv; in the sense of Remark 3.2.11.

vinv; = @&

Two differential forms o = (V;, pu,, )ier, @ = (Vj’,goUJ/,,a;)jEJ are equivalent if
for all i € I,j € J we have a;|y;nvy = of|v;nvy. We will denote by A% (V) the
space of differential (p, ¢)-forms on V. If the variety X over K is clear from the

context, we will just write AP4(V).

Remark 3.2.17. In [CLD12] the authors define differential (p, ¢)-forms on arbi-
trary K-analytic spaces using analytic moment maps. In [Gub16, Remark 4.17.]
the author shows with the help of Proposition 3.2.13 that on the analytification
of an algebraic variety over K the two definitions agree. Hence we can use the

results from [CLD12].

Remark 3.2.18. (i) To define the wedge product of differential forms on an
open subset of X" as well as differential operators d’ and d” we follow [Jel16,
Definition 3.2.15.]. Let v € AP%(V) and § € A™*(V) be differential forms
on V given by (V;, ou,, ai)ier respectively (Wj, oz, Bj)jes. After choosing a
common refinement we may assume that o and  are given by (W;, vz, i )icr
and (Wi, ¢z, Bi)icr- Then we define o A 8 and Da to be given by

(Wi, @z, 0 A Bi)ier, and (V;, pu,, Dov)ier,

where D € {d',d"}. By loc.cit. these definitions are independent of the
chosen representations for o and f.

(ii) Let f: X — Y be a morphism of algebraic varieties over K and f**: X" —
Y?" the induced morphism on the analytification. Let W C Y®" be an open
subset. There exists a canonical pull-back of differential forms
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o5 ALOV) = AL (7)),
defined as follows. Let a € ADL. (W) be given by (Wi, vz, ;)icr. Put

oWy =V, and  fY(Z) = U;

and note that U; is a Zariski open subset which may not be very affine. By
3.2.7 there exists an open cover (U;;);es of U; by very affine open subsets.
Let oy,;: Uij — Ty,; be the canonical moment map and put V;; := V; N Uit
Since f(U;;) C Z;, by 3.2.4 we get a canonical affine homomorphism of tori
Yz, Tu,, — Tz, such that ¢z, y,. 0 pu,, = @z, o f on Uj;. Then (Vy;, ¢u,,)
is a tropical chart and we define f*a € ARL,(f~1*"(WW)) to be given by

(‘/ija SOUij ) Trop(¢Zi,Uij >*ai)i€I,j€J‘

This construction is independent of the chosen representative for « ([Jell6,
Remark 3.2.18.]).

(iii) By [Gubl6, § 5.3.] the differential (p, ¢)-forms on X" form a sheaf which we
will denote by A%%.. Let a be a differential form on an open subset V' of X?".
As in Remark 3.1.3 (iv), we define, the support of « of a differential (p, q)-
form on an open subset V' of X?" as the support in the sense of sheaves. For
an open subset V' of X*" we will denote by AP9(V') the space of differential
(p, q¢)-forms on V' with compact support.

(iv) Let n := dim X. Then by [CLD12, (3.1.2.)] for n < max{p,q} we have
ARL = 0.

- 3.2.19. We explain how to pull-back differential forms on the analytifications of
algebraic varieties along (purely) analytic morphisms in the formalism of [Gub16]
by using the local approximation of analytic moment maps by algebraic ones as in
Proposition 3.2.13.

Let X,Y be algebraic varieties and W C Y®" an open subset. Let f: X*" —
Y?" be a morphism of K-analytic spaces. Suppose that o/ € AP9(W) is given by
(W, ¢z, a). The composition

¢ =% o flgwy: [TIW) —» T

is an analytic moment map. By Lemma 3.2.15 there exists a family of triples
(Vi, ou,s Fy)ier where (V;);er is an open cover of f~1(V), the pairs (V;, or, )icr are
tropical charts on f~'(W) and F; : Ny, g — Nzg is an integral R-affine map such
that F; o oy, = @uop o0 V; for every ¢ € I. Then we define f*a’ by

(3.1) (Vi v, Fi @ier.
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This construction is well-defined, indeed let (V}, pur, FY)jes be another family of

triples as in Lemma 3.2.15. For all i € I and j € J let Trop(qﬁUi,UmU]/_) and
Trop(@ZJU]/,,UmU;) be the canonical integral R-affine morphisms from 3.2.4. On V;NV;
we have

E o Trop('@Z)Ui,UiﬂUJ’.) o QDUZ-QU]’.,trop = Fz O PU; trop = Ptrop
/ !
= Fj ooyt pwop = Fj 0 Trop(Yuru,nvr) © Puinu? srop-
Then

Fra

vinvy = Trop(Yu, v,nvr) " Fi o

= TI‘Op(Q/JUj{innUJ{)*F}{*O( = FJ,*O{

ViﬂVj/7

hence [(V;, ¢u,, Fi a)icr] = [(V], pur, Fi*@)jes] in AP9(W). The next proposition

shows that we can apply the same idea for an arbitrary differential form o €
AP(W).
Proposition 3.2.20. There exists a canonical pull-back of differential forms
(3.2) fro APL (W) = ARL(f7H (),
with the following properties.

(i) The pull-back f* coincides with the pull-back from [CLD12, (5.1.7.)].

(i1) Suppose that g: X — Y is a morphism of algebraic varieties over K. Then
the pull-back g*™* from (3.2) coincides with the pullback g* from Remark
3.1.3(i1).

(11i) The pull-back defined in (3.2) is functorial. This means that if g : Y — Z2"
1s another morphism of K-analytic spaces, we have

(gof) =fog"
Proof. Let v € AP9(W) be given by (W, ¢z, @)icr. Then we define f*a as
(3.3) (Vigs eu,ys Fizui)1erjea,
where for every i € I the family of triples (Vi;, ¢u,;, [;) e is given as in (3.1).

We show the compatibility condition from Definition 3.2.16. By assumption we
have

(34) Trop<wzi,Zij>*Oéi = Trop(z/}Zj,ZiﬁZj)*Oéj
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forallie I and j € J. Fixt € [ and j € J. We want to show that

(3.5) Fhailv,nv, = Fho;

J

VikNVjio

for all k € K and [ € L. We claim that for every p € Vj; N V}; there exists an open
neighborhood V,, = V,(k,[) such that

Fiaily, = Fhogly,.
First note that since Vi, C f~1(Z;) and Vj; C f~1(Z;), the composition

1 f‘f_l(ZiﬁZj)
o Vae NV — [~ (ZiNZj) ——— Tynz,
is an analytic moment map and hence for every p € Vj; N'V}; there exists a triple
(Vp, ¢u,, F,) as in Lemma 3.2.15. After possibly replacing U, by U, N Uy, N Uj; we
may assume that U, C Uy, and U, € Uj. Then on ¢y, trop(Vp) We have

Fiy o Trop(Yu,,v,) = Trop(vz,z,nz;) o F,  and
Fji o Trop(Yu,,v,) = Trop(¥z; z,nz;) © Fp,

where Trop(Yu,, v, ), Trop(¥z, z:nz,;), etc. denote the canonical integral R-affine
morphisms from (3.2.4) induced by the inclusions U, C Uy, Z; N Z; C Z;. Finally
we get

Fhaily, = Trop(Yu,,u,) Firai = F, Trop(Yz, z,0z,)"
= I, Trop(Yz;,2:n2;)"a; = Trop(Yu,, v, )" Fhoy
= F;kloz]"vzﬂ

where in the third equality we used (3.4). Let (V,(k,[))pev;.nv,, be an open cover
of Vi NV} then (3.5) follows since AL, is a sheaf. In the same way one can show
that this construction does not depend on the chosen representation for o. Part (i)
follows by construction and Remark 3.2.17. For part (ii) let a € AP4(V) be given
by (Wi, ¢z, ;)ier. After possibly passing to a common refinement we may assume
that g*a and ¢**«a are given on the same cover. Then they agree by construction.
Part (iii) immediately follows from part (i) since the pull-back defined in [CLD12,
(3.1.7.)] is functorial. O

- 3.2.21. We review some results about the support of differential forms on the
analytification that we will need for the definition of the integral in Section 3.4.

Definition 3.2.22. Let V' C X" be an open subset. We say that v € AP(X?")
is given by a single form if a = [(V, ¢y, ay)], for ay € Aggtmp(Ua“)(SDU:trOP(V))'
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Proposition 3.2.23. Let (V, ¢y ) be a tropical chart of X* and let a = [(V, v, ay)] €
APV be given by a single form, with ay € AP (@uuwop(V)). Then a = 0 in
APV if and only if ay = 0 in AP (o trop(V))-

Proof. See [Gub16, Proposition 5.6.] O
Corollary 3.2.24. Let (V,py) be a tropical chart of X* and o = [(V, ou, ay)] €
AP9(V) be given by a single form, with ay € AP (oywop(V)). Then supp(ay) =
@U,trop(supp(a»‘

Proof. See [Gub16, Remark 5.4.] and [CLD12, Corollaire 3.2.3.]. O

Lemma 3.2.25. Let W C X be an open subset, « € APY(W) and § € A™(W).
LetY be an algebraic variety over K and f: X® — Y?" a morphism of K-analytic
spaces. Then we have the following identities

(i) supp(a A ) C supp(«) N supp(B),

(it) supp(f*e) C f~!(supp(a)).

Proof. Both identities follow from the definitions. We show part (i). Let z € X
be such that a, = 0 or 8, = 0. Then there exists an open neighborhood V' of x
where @« = 0 or f = 0. We may assume that a and § are given by (V, ¢y, ay)
and (V, ¢y, Bu). Then a A 5 is given by (V, oy, ap A By) on V and by Proposition
3.2.23 we get (a A ), = 0 which proves the claim. O

Lemma 3.2.26. Let W be an open subset of X*" and let U be a Zariski open subset
of X. If a € APY(W) with dim(X \ U) < max{p, ¢}, then supp(a) C W NU".

Proof. [Gub16, Lemma 5.11.]. O

3.3 Tropical Dolbeault cohomology

In the next section we define tropical Dolbeault cohomology groups by closely
following [Jell6, § 3.4].

Let X be an algebraic variety over K of dimension n.

Definition 3.3.1. Let W C X" be open. The tropical Dolbeault cohomology and
the tropical Dolbeault cohomology with compact support on W are defined as

HEZ (W) = HO(ARS (W), &) and (W) = HO(ARS, (W), d)
Definition 3.3.2. Let p € N. Define a sheaf of Ag&gn—modules on X by

L5 = ker(d" : ARD, — ARL.).
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Proposition 3.3.3. There exists a canonical isomorphism
R = L5,
where R denotes the constant sheaf with stalks R.
Proof. See [Jell6, Lemma 3.4.5.]. O
Theorem 3.3.4. The complex

P p 0 dll P 1 dll d// p,n
0= LY = A% — AYasn — ... — AN — 0
of sheaves on X?" is exact. In fact it is an acyclic resolution, hence

HI(X™, £4) = HAI(X™) and  HE(X™, L) = HGZ(X°).

Moreover we have isomorphisms

HE,g(X) = HI(X™ R) = Hy (X*™)
and Y, (X07) 2 HI(X™,R) 2 HYY(X°7).
Proof. See [Jell6, Corollary 3.4.6.]. O

- 3.3.5. We collect known results about the tropical Dolbeault cohomology groups
from [Jell6], [JW18].

Proposition 3.3.6. Let X be a variety. Then the real vector space H™(X®) is
finite dimensional for all g € N.

Proof. See [Jell6, Theorem 3.4.9.]. O

Proposition 3.3.7. Let X be a variety of dimension n. Then there exists for all
q € N a homomorphism
HOZ (X)) — HLY (X,
If X is proper then this map is injective for g € {0,1,n}.
Proof. See [Jell6, Proposition 3.4.11.]. O

Definition 3.3.8. A smooth projective curve X over K of genus g > 1 is called
a Mumford curve if there is a semistable model of X such that all the irreducible
components of the special fiber are rational (see [JW18, Definition 2.27.] and
[Ber90, Theorem 4.4.1.] for other characterizations).

Proposition 3.3.9. Let X be either P} or a Mumford curve of over K. Let g
denote the genus of X. Then

dimg H*'(X™) = dimg H"*(X™*) = g,
dimg H*?(X*) = dimg H"'(X™) =1,  dimg H?¢(X™) = 0, else.
Proof. See [JW18, Theorem 5.1.]. O
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3.4 Integration

In this section we recall how to integrate top-dimensional differential forms on
open subsets of X*'. In Proposition 3.4.21 we will prove a formula about the
integration on the product of the analytifications of algebraic varieties. We mainly

follow [Gubl6, § 2-5].

We use the same notation and conventions as in Section 3.1 and 3.2.

- 3.4.1. Let Q be an open subset of Ny and let vol(zy, ..., x,) denote the Lebesgue
measure on Ng normalized such that vol(Ng/N) = 1. Let o € AL"(§2) be given
by a = f dvol(zy,...,x,) for f € C*(£2). We define

ol

- 3.4.2. We can also define integration in terms of contractions as done in [Gub16,
§ 2.6.]. Let 2 C Ng be open. We view a superform a € A29(Q2) as a multilinear
map

as in [Jell6, Definition 2.1.7.].

(3.6) NET— C®(Q), (v1,...,0p4q) = (U1, ..., Vpig)
which is alternating in (vq,...,v,) and in (Vp41, ..., Vpiq)-

Definition 3.4.3. Let a € AP9(QQ), and I C {1,...,p + ¢} a subset of car-
dinality s with s’ elements contained in {1,...,p} and s” elements contained
in {p+1,...,p+ ¢q}. Given vectors vy,...,vs € Ng, then the contraction of
(o;vy,.. .07 € AP=5975"(Q) is given by inserting v, ..., v, for the variables
(ni)ier of (3.6). Let v € AL"(2), then we view (o eq, ..., e )0, .1 € AX(Q) is a
r-form on €2 and the integral is given by

r(r=1)
/CY = <_]~) : /<OZ;€1,...,€7~>{1 7777 r}
Q Q

and on the right-hand side we use usual integration of a top-dimensional form.

.....

- 3.4.4. Let o be an integral R-affine polyhedron of dimension n and consider
the integral R-affine structure (A,, N,) associated to o. Put Q = QnNo for

an open subset Q@ C Ng. Let a € A»™(Q)) and consider the affine morphism
F:L, = N,r = A,, then we define

/ o= / o
o F~1(Qnrelint(5))
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where F*a = F*(&)|gqeini(o) for some representative a@ € A7"(€2) and on the
right-hand side we integrate as in 3.4.1. With the same arguments as in Remark
3.1.13 one can show that this definition does not depend on the choice of the
representative a.

- 3.4.5. Let (C,m) be a weighted integral R-affine polyhedral complex of pure
dimension n as in Definition 3.1.14. Let Q C |C| be an open subset and a €

ApL(92), we set
= mg/oz.
/(VC,m) Z o

O'GCn

Remark 3.4.6. By [Gubl6, § 3.9.] it is possible to push-forward tropical cycles by
integral R-affine maps F': N — Ng, i.e. if (C’,m') is a weighted integral R-affine
polyhedral complex of pure dimension n in N, then we can define a tropical cycle
(F.C',;m) on Ny called the push-forward of (C';m') by F.

Proposition 3.4.7. With the same notation and assumptions as in Remark 3.4.6
let Q' be an open subset of Ng and o € A’}ﬁc,) (&), Then we have the following

projection formula
/ a= / F*(a).
Fy(C'm) (m)

Proof. See [Gubl16, Proposition 3.10.]. O

Proposition 3.4.8. Let ¢': U' — T" be a moment map for a non-empty open U’ C
T which refines the moment map p: U — T, i.e. there is an affine homomorphism
Y: T — T such that ¢ =o' on U'. Then we have an equality of tropical cycles

Trop(1)).(Trop(¢,(U"))) = Trop(.(V)).
Proof. See [Gub16, Proposition 4.11.]. O
- 3.4.9. Let X be an algebraic variety of dimension n.

Proposition 3.4.10. Let a € APY(X?") be a differential form with max{p, q} = n.
Then there is a very affine open subset U of X with associated tropical chart
(V,pu) such that supp(a) C U and such that « on U™ is given by a superform
ay € APy rop(V)). When p,q = n we call the pair (U, ay) a very affine chart
of integration for .

Proof. See [Gubl16, Proposition 5.16.]. O
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Definition 3.4.11. Let a € A™"(W) for an open subset W of X", Let (U, ay)
be a very affine chart of integration for a. The integral of o over W is given by

/ o= / ay
w SOU,trop(Uan)

and we integrate as in 3.4.5.

Lemma 3.4.12. For a € AP™(W), the following properties hold

(i) If (U,ay) is a very affine chart of integration for «, then every non-empty
very affine open subset U' of U is a very affine chart of integration (U’ ay)
for a.

(ii) The definition of fwa s independent of the choice of very affine chart of
integration for c.

Proof. See [Gub16, Lemma 5.15.]. O

Proposition 3.4.13. Let a € A2""Y(W), then we have

/ da=0 and / d'a = 0.
w w

Proof. See [Gub16, Theorem 5.17.]. O

Remark 3.4.14. The proof of 3.4.13 relies on a Stokes’ formula for integrals over
tropical cycles. Since we will not need it later we will not explain it here. For
more details see [Gub16, Proposition 3.5.].

Integration on the product

We prove an integration formula on the product of the analyitifcations of algebraic
varieties over K. This result was originally meant to be applied to the general case
of the study of the tropical Dolbeault cohomology of an abelian variety over K.
This problem presented some difficulties that unfortunately could not be solved.
Nevertheless the following result can be interesting for other purposes, so I decided
to leave it in the thesis.

- 3.4.15. For i = 1,2 let M; be free abelian groups of rank r;, let N; := Hom(M;, Z)
be their dual and V; g := V; ®z R their extension to R. Let ey, ..., e, respectively
by ..., b, be a basis of Nj respectively Ny and x4, ..., x,, respectively yq,..., Y,
be the induced basis on N;r respectively on Ny g. Denote by j; : Nyg — Nir X
Nogr,x — (2,0) respectively jo : Nog — Nig X Nog,z — (0,2z) the canonical
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inclusions. For polyhedra o; C N;r of dimension dim(o;) =: r; we define the
product of o1 with oo by

01 X 09 := jl(Ul) X jg(O’Q) g NI,R X NZR.

Note that o1 x g9 is a polyhedron of dimension r; 4+ ry. The faces of o; X oy are
given as products 71 X 7» of faces 71 of o7 and faces 75 of 05. Finally note that we
have relint(o; X 0y) = relint(oy) X relint(oy).

Lemma 3.4.16. Fori = 1,2 let ; C N;r be open subsets and o; € AL (€);).

Then we have
* *
/ Do, 1 A P, 02 :/ 061'/ Q.
leﬂz Ql Q2

Here pq, denotes the canonical projection 2y x Qo — £2;.

Proof. Using the notation from paragraph 3.4.1 let a; = f dvol(zy,...,z, ) and
ag = g dvol(yy, ..., yp,) for f,g € CX(;). Then we get

/ p*gloq/\p&ozz:/ f‘g:/f'/g:/al'/ g,
QlXQQ leﬂg Ql 92 Q1 Q2

where in the second equality we used Fubini’s theorem. O

Lemma 3.4.17. Let 0; C N;r be a r;-dimensional polyhedron and set §); := ﬁiﬂai

for Q; C Nig. Let o € A}7H(S;), then

* *
/ Do, 1 /\P@O@:/ al'/ Qas.
01 X092 o1 (o)

Here p,, denotes the canonical projection o1 X g9 — 0.

Proof. Consider the affine map F;: N,,g — A,, and let a; € A" (€;) be super-
forms with «; = q;. Put Q) := F,1(; Nrelint(o;)). By definition we

have

| Q;Nrelint(o;)

/Oél'/OéQZ/Fl*Oél'/ F;Oég
o1 o9 4 Q)
k * >k *
:/ Poy Fron A poy By as,
Q) x Q)
1 X589

where in the last equality we used Lemma 3.4.16. Note that since F; o p; =
Pa,, © (Fy x Fy) we have

(3.7) poy Fion A poy Fy e = (Fy X F3)"(p;, 00 A pg, ).
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By the same identities as in Lemma 3.2.25 for differential forms on polyhedral
complexes, we have supp(pj, a1 A pj,a2) C p; ! (supp(ar)) N p, (supp(as)) and
hence

(3.8) supp(p,, o1 A p,,az) C Q) x Qy Nrelint(oy) x relint (o)

From the discussion in 3.4.15 we have

(3.9) O x QN relint(oy) X relint(oy) = Q) x QN relint(o; X o3).

Finally by applying first (3.8), (3.9) and then (3.7) we conclude that

| vFanpoFa = [ (Fy x By)*(p}, 01 A i )
Q) xQ

51 X ﬁg Nrelint(o1 X02)

_ * *
_/ pglal/\po’2a2'
01 X092
[

- 3.4.18. For i = 1,2 let C; C N, g be a pure n;-dimensional polyhedral complexes.
Then we define their product by

Cl XCQ = {0'1 X 09 | 01 ECl, O'QECQ}.

This is a polyhedral complex in N; g X Ny of dimension n; + ne. Note that we
have (C; X Co)ny4ny = Ciny X Can,, hence if (C1,mq) and (Cz, m2) are weighted
polyhedral complexes, we define the weighted polyhedral complex

(C1 X C2,my 0y - my o),
where p;: Nir X Nar — N;r denote the canonical projections.

Lemma 3.4.19. Fori = 1,2 let (C;,m;) be weighted integral R-affine polyhedral
complezes of dimension n; and §; := Q; N C; for open subsets ); C N;g. For
a; € Ag () we have

/ Pe, a1 A P,y = / oy - / Qs.
(C1xC2,m10p1-m20p2) (C1,m1) (C2,m2)

Proof. This follows from linearity of the integral and Lemma 3.4.17. Indeed we
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have
/ Pe, o1 A pe, o
(C1xC2,m10p1-m20p2)
= Z my o p1(oq X 02) - Mgy 0 pa(og X 02)/ e TIAY e
g1 X02 g1 X02
sz1(01)zm2(02)/ an Qo
o1 o2 g1 g2
= / Qg - / O,
(C1,m1) (C2,m2)
where in the second to last equality we used 3.4.17. [

- 3.4.20. For i = 1,2 let X; be an algebraic variety over K of dimension n;.
Recall from 2.1.8 that the analytification functor commutes with fibered products.
Let U; C X, be a very affine open subset. Denote by M; the free abelian group
My, == O(U;)/K* (see 3.2.4) of rank r; and by N; := Homy(M;,Z) their dual.
Note that Ny x Ny = Homg(M; x My, Z). Let ey, ..., e, respectively by ..., b, be
a basis of Nj respectively Ny and x1, ..., x,, respectively y,...,¥,, be the induced
basis on N; g respectively on Nygr. Denote by p; : X; x Xy — X, the canonical
projection onto the i-th factor. We will also denote by p; the induced map p* on
the analytifications.

Proposition 3.4.21. Fori=1,2 let a; € A¥"i(X2™). Then

* *
/ P1oa A pytg = / aq - / Q.
(XlxXz)an iin 2an

Proof. For i = 1,2 let (U;, ay,) be a very affine chart of integration for a;. This
means that we have supp(a;) C UM and «; is given by oy, on ¢y, wrop(UM™).
Denote by ¢; : U; — Ty, the canonical moment maps. We will write o;|gan =
O, rop@u;- The projections m; : Ty, X Ty, — Ty, are morphisms of tori, hence we
get commutative diagrams:

Y, X e, tropry; o
an ~ 77an an 1 2 an an ~~ lan 1772
(1/1 X 1/2) 1 X 2 U, X Us U xUs NUlXUQ,R

pUzl Trl l’l‘rop(m)

Use 8" Ny, r

an
ey tropr,,.

where the isomorphism Ty, X Ty, = Ty, xv, follows from Lemma 3.2.8. We claim
that (U; x Us, Trop(m)*ay A Trop(ms)*an) is a chart of integration for piay A pias.
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By Lemma 3.2.25 we have

supp(p;au A phaa) C supp(piay) Nsupp(pias) C py ' (supp ai) N p; ' (supp as)
C supp(ai) X supp(az) C U™ x U3".

Finally we show that pfa; Apjas is given by Trop(my)*a; ATrop(me)* a2 on oy, x v trop (U X
U2)™) = ©u, trop (UT™) X ©U, trop(US™). Indeed the diagram immediately gives

Pl xUs trop LTOP(Ti) " Qwr; = D01 wrop QU = D7, (il uan) = (i) [usm xugn.

In conclusion we have

| panpa= [ Trop(m)*on A Trop(ms)* s
Xany Xgn

SOUl XUQ,trop((Ul XUQ)an)

/ Trop(m1)*ay A Trop(ms)*as
(208% ,trop(Uim) XWUQ,trOD(USIl)

/ 041'/ 042:/ 041'/ 2,
@Ul,trop(Uim) ‘PUQ,trop(Ugan) X1 Xo

where in the third equality we used Lemma 3.4.19. ]

Invariant superforms

- 3.4.22. Let A C Ny be a complete lattice. In Example 3.1.6 we considered the
subspace A%Y(Q)A of AP4(Ng) of closed A-invariant (p, ¢)-superforms on Ng and
the subspace AP? N}, of (p, q)-superforms with constant coefficients. In Proposition
3.4.26 we will consider the cohomology groups H?(AP*(Ng)*,d") and in analogy
to the complex case we will show that the canonical inclusion

(ApﬂN]i{:; d//) N (Ap’.<NR)A, dl/)

of differential complexes is a quasi-isomorphism.

Let Ng be a finite dimensional real vector space and A a complete lattice in Ng.
Let eq,...,e, be a basis A and z1,...,x,, the induced basis on Ng. For v € Ny
denote by 7,: Ng — Ng the morphism given by translation by v. Let vol(z; ..., z;)
denote the Lebesgue measure on Ng normalized such that vol(Ng/A) = 1.

Lemma 3.4.23. Let v € Ng and let o € AP4(Ng)™ be d"-closed. Then T} — o is
d"-ezxact.
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Proof. We can closely follow the proof given in [Deb05, § 3.4.]. We will use the
definition of the integral via contractions as explained in Definition 3.4.3. Let
w € Ng. Let 1, be the (p,q — 1)-form on Ng given by

(nv(w); TiyensTp, Ty - - -37q71>{1 ..... p+q—1}

1
:/o (a(w +tv); @1, .. X, U, L1, - Tg1) {1, pg} AL

Note that 7, is A-invariant. We claim that d"n,(w) = a(w + tv) — a(w). We
will prove it in the case p,q = 1. For the general case we refer to the footnote of
[Deb05, p. 25]. Let o =3, i, vgd'wi Ad"x; € AV (Ng), then

(@) znv)ay = Y aglde Ad'zjz,v)ae = Y ay(w) - v

1<i,5<r 1<ij<r

and we set n, = > ;_ nidx; € AY(Ng)A. Since a is d”’-closed we also have
Ooii = %% Fix i,k € {1,...7}, then
J

oxy,
ONy.i Oaj(w + tv) 80% (w + tv)
(w)(d'zs; 73 {1}_/ s Qo) g = / 3 ) oy dt
O 1<j<r Oy, 1<j<r axﬂ
doy; t
N / W dt = o (w + tv)|p = aa(w + v) — a(w).
0

By summing over i,k € {1,...,r} we finally get

d"n,(w) = Z O (w)d'z; N d"xy,

T
1<, k<r Oz

= Z (i (w +v) — ag(w))d'z; A d"zp = alw +v) — a(w).

1<, k<r
]

Remark 3.4.24. (i) Let I be a fundamental domain in Ng given by a Z-basis
of A. Let g: Ng — R be a function. Then we define the average g: Ng — R
of g by

_ Jrglw+2)

§<w) = fF 1 )

(ii) If g is A-invariant, then the average g is constant.
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(i) For a =3 /-, 1sj=q @rsd'zr Ad"z; € API(Ng) we define

a = E &[Jd,l‘[/\d/,xJ,

[I|=p,|J|=q
where aj; denotes the average of ay;.

Proof of part (ii). It suffices to show that for w,z € F we have g(w) = g(2),
since for every x € Ng there exists an element A € A such that x — A € F. We
show the claim in the case r = 1. Let b be a basis of N, after a change of basis
we may assume that b = ey is the standard basis vector (in the definition of g
we are taking a quotient, so every renormalization vanishes). Denote by x the
corresponding coordinate function on N and assume that w > z. Then

1
. w+ ) dr 1+ (w—2) 14(w—z)
0 w

1 w—z 1+ (w—=2)
—/ g(z+ ) dx—/ g(z+ ) dx+/ g(z+ ) dxr =7q(z2),
0 0 1

where in the last equality we used that g is A-invariant.

—Zz w—=z

]

Lemma 3.4.25. We keep the same notation as in Remark 3.4.24. Let a €
APA(Ng)A. Then & € APIN} and o« and & are cohomologous.

Proof. The first part of the statement immediately follows from the discussion
from Remark 3.4.24. for the second part of the statement let w € Nr we have

(a(w) —a(w); o1, ..., Tp, T1y -+ Tg) {1, ptq}
Jola(w + ) — a(w); @1, .., @y, @1, .. Tg) 1, pig} AT
- [ da
_ Jold e (w); 21, T, @1, - )1, g} AT
Jpdz
_ d”(fF<7]m(w);x1, Ty Ty g 1) {1, prg—1} AT)
Jrdx ’

where in the second equality we used Lemma 3.4.23 and in the last equality differ-
entiaton under the integral sign. Note that since the left-hand side is A-invariant
and by Remark 3.1.3(v) the differential d” commutes with affine pull-back, also
the right-hand side is A-invariant.

O
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Proposition 3.4.26. There is a canonical isomorphism of real vector spaces

[

U APING = HI(AP*(Ng)A, d").

Proof. Injectivity of W follows from Example 3.1.6. For the surjectiviy let a €
AP9(Ng)™ be a d’-closed superform. Then by Lemma 3.4.25 there exists a super-
form B € AP97L(Ng)* with d’8 = a — & for & € APINj. Hence ¥(a) = « in
HI(AP*(Ng)A, d"). L



Chapter 4

Abelian varieties with totally
degenerate reduction

4.1 Setup

Let K be a non-trivially valued complete, algebraically closed, non-archimedean
field. Let A be an abelian variety over K with totally degenerate reduction of
dimension n. Recall from 2.2.2 and Definition 2.2.4 that this means that there is
an isomorphism of K-analytic groups A*™ = T /M, where T' = (G ;)" is a (split)
algebraic torus over K of rank r and M is a discrete subgroup of T(K'). Note that
then n = r. In contrast to the notation introduced in Chapter 3, here M does not
denote the character group of 7. However we have rankz(M) = r. Denote by N
the cocharacter group of T" and by trop,: 7™ — Ng the tropicalization map. By
[Gub10, §4.2] the tropicalization map trop; maps M bijectively onto a complete
lattice A of Nr. In this section we prove a first relation between the tropicalization
tropy and the morphism p: 7" — A*".

- 4.1.1. For an element z € T(K) and v € Ng we will denote by 7,: T*" — T?"
and 7,: Ng — Ng the morphisms corresponding to translation by z, respectively
by v.

Definition 4.1.2. Let V' C T?" be an open subset. We say that V is M-small if
for every non-zero element m € M we have

Vor i (V) =0.

Lemma 4.1.3. (i) Let x € T(K) and set \ := tropp(x). Then Ty o trop; =
tropp o7,.

(i) Let Q C Ng be a A-small open subset. Then trop;' (Q) is a M-small open
subset of T*".

42
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Proof. For part (i) let T = Spec(K[Z{,..., Z*]) and 2 = (21, ...,7,) € T(K) =
(K*)". Consider the morphism of K-algebras

fo: K[ZF, .., 728 = K[ZEF, ..., 75, Ziw— Z;-a

which induces the translation morphism 728 on 7. Note that 7,: 7% — T2 is
then given by

[y = 72 (- fa) = [+ [y o fa
Let | -], € T*. By [CLDI12, (2.2.2)] invertible analytic functions on a torus are
given by monomials. Hence it suffices to check the claim for Z; for every ¢ =1,..., 7

(|- 1y)(Ze) = |- |y © fol(Z) = |i - Zily = il - |Zily = | Zila| Zily-

Hence
tropp(7a(| - ) = (= log(7a(|Z1ly)), - - ., —log(7a (| Z:y)))
= (—log(|Z1]|Z1ly); - - -, —log(|Z; ]| Zr ]y)
= (—log(|Z1ly), - .., —log(|Znly)) + A = Ta(tropr(] - [)),

where A := trop,(z).

For part (ii) let m € M be non-trivial and put A := trop,(m) which is non-trivial
since M maps bijectively onto A. By part (i) we get

Tm(tropz! (Q2)) N trop' () = tropy' (1A (Q)) N trop, () = 0
since by assumption we have 7,(2) N Q = 0. O

Remark 4.1.4. Note that for all m € M we have po1,, = p and if V is a M-small
open subset of T, then so is 7,,* (V). Moreover, since M acts freely and properly
discontinuously on 7", for every point there is an M-small neighborhood.

4.2 Refined tropical charts

In this section we introduce the family of refined tropical charts on A*". These
are tropical charts that also encode information about the torus 7?" and induce
tropical charts in the sense of Definition 3.2.9.

Definition 4.2.1. Let a € A*". A refined tropical chart around a in A" is a tuple
(Q, F,V,py) where

e the subset (2 is a A-small open neighborhood of trop(t) in Ng, for an element
tep~({a}) ST
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e the pair (V, ¢p) is a tropical chart around a on A*";
e the subset V is open subset of A* with V' C p(trop;'(Q2));

e the map F': Nyr — Ng is an integral R-affine map such that the following
diagram

i tropp
Tan NR

[r

Nur

(4.1)

<<

an
gy U tropg,

commutes, where V : =p| ! V) and i: V < T denotes the natural

trop. () (
inclusion. In short, we have F' o ¢y trop © p = troppoi on V.

Lemma 4.2.2. Let (0, F,V, py) be a refined tropical chart around a € A*™. Then
(T2 (Q2), T;l o I,V pu) is also a refined tropical chart around a for every A € A.

Proof. Let t € p~'({a}) be such that  is a A-small open neighborhood of trop(t).
Then 7,(2) is a A-small open neighborhood of 7,(t). Let m € M be such that
tropy(m) = A then by Remark 4.1.4 we have

p(tropz! (Ta(2))) = p(7m(tropz (2))) = p(trops' (),

hence V is an open neighborhood of a with V' C p(trop;'(72(£2))). Put

(V)7 and ‘7)\ p| !

wopzt (@) (V)

and let i: V < T?" and 1,,: V), < T?" denote the canonical inclusions. Then we
have i,, = 7,,' oio7, ! on V and

C_ 1 iq—1_ -1 S 1
trops oi,, = tropy o7,,” 01071, ~ =T, otroppoioT,

_ -1 e e |
_7_)\ OFOSOU,tropopon _7—)\ OFOSOU,tropopa

where in the second equality we used the relation (4.1), Lemma 4.1.3 and that
7 4(Vy) € V. Hence (1\(Q),75' o F,V,¢p) is a refined tropical chart around
a. O

Definition 4.2.3. Let (2, F,V,¢y) be a refined tropical chart around a in A*".
We say that (', F', V' @y) is a refined tropical subchart of (Q, F,V, py) if ' C Q
and if (V’, ¢p) is a tropical subchart of (V, ¢p).
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Remark 4.2.4. Let (', F', V' @y/) be a refined tropical subchart of a refined
tropical chart (2, F,V,¢y). Since (V',¢yr) is a tropical subchart of (V,¢y), by
3.2.4 there exists a canonical integral R-affine morphism G: Ny»r — Nyg such
that G o Yy trop = Putrop 00 (U')*.

- 4.2.5. In what follows we want to show that for every point a of A*" there exists
a refined tropical chart.

Lemma 4.2.6. For every t € T* there exists an M-small open neighborhood of t
of the form trop;'(Q) for a A-small open subset ) in Ng.

Proof. Since A is a discrete subgroup of Ny it acts freely and properly discontinu-
ously on Ng. Hence there exists a A-small open neighborhood Q2 around trop ().
By Lemma 4.1.3(ii) we conclude that trop;' () is M-small. O

Proposition 4.2.7. For every point a € A* there exists a refined tropical chart
(Q, F,V,poy) on A% witha € V.

Proof. Fix a point t € p~*({a}) C T™. Let Q be a A-small open subset of Ng
as in Lemma 4.2.6. Then by Lemma 4.1.3(ii), the subset V' = trop;!(Q) is M-
small. Put V/ := p(V’) and note that Pl V — V' is an isomorphism. Define the
analytic moment map fy+ as the composition

—1

f V/ V/ VI V/ an

and on V' we have fvr op = iy, where i, . V' < T denotes the canonical
inclusion. By Lemma 3.2.15 there exists a triple (F,V,¢y) where (V,pp) is a
tropical chart witha € V- C V" and F': Nyr — Ng is an integral R-affine morphism
with F' o @y trop = fv7op 00 V. The tuple

(Q,F,V,QOU)

is a refined tropical chart around a. We show that F' fits into the commutative
diagram (4.1). Put V := p]‘Z/l(V) and denote by

. Y7 7/ i‘7’ an
V=V =T
/
the canonical inclusion. Since on V' we have trop oig, o p|tmp_1 @ = F 0 ¢U.trop

and since V' C V'’ we conclude that on V we have F o ©Utrop © P = tropy oi. ]

Lemma 4.2.8. Let (0, F,V,py) and (', F", V' oyr) be refined tropical charts
around a in A*. Then for every point y € VNV’ there exists a refined tropical
chart (", F" V" wuyn) with y € V" which is a refined tropical subchart of both
(Q, F,V,pu) and (15(Q), 751 o F', V' ou) for some X € A.
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Proof. First we show that there exists a A-small open subset Q" of N which lies
in trop;' () N trop;' (74 ()) for some A € A. Let t,¢ € p~*({y}) C T™ be such
that €2 respectively €’ are A-small open neighborhoods of trop;(t) respectively of
trop,(t'). By Remark 4.1.4 it follows that there exists A € A such that trop,(t) =
Ta(tropy(t)) and Q N 72 () # (. Hence the intersection 2 N 7,()') is an open
neighborhood of trop,(t) in Ng. By Lemma 4.2.6 there exists a M-small open
neighborhood trop}l(é) of t, where O is a A-small open subset of Ng. Put

Q" :=0NQNn(Q).
Next we show that there exists a tropical chart (V" ) which is a tropical
subchart of (V NV’ pynur). The composition fyny
VNV — p(tropy () Ntropyt (1a(€Y))) — tropyt(Q) Ntropyt (74 () — T

is an analytic moment map. By Lemma 3.2.15 there exists a triple (F”, V" @yn),
where (V" ppnr) is a tropical chart with a € V” C V NV’ and an integral R-affine
morphism F” : Ny»g — Ng such that F” o pyrop = fraviwop o0 V7. Since
V" C(U")™, V" C (U)™ and V" C (U')™, we have V" C (U”)™. By Proposition
3.2.10 after replacing U” by U N U" N U” conclude that (V" py~) is a tropical
subchart of (V NV’ pyny:). Hence the refined tropical chart (Q”, F”, V" pyn) is
a refined tropical subchart of both (2, F, V, ¢p) and (7,(Q), 75 ' o F', V', opr). O

Lemma 4.2.9. With the same notation as in Lemma 4.2.8 we have
FoG=F'=1"0F o

on @y trop(V"), where G: Nyvg — Ny g and G': Nyn g — Ny g are the canonical

integral R-affine morphisms from Remark 4.2.4.

Proof. For convenience we introduce the following notation. Let (Q, F,V, py) be
a refined tropical chart in A* with the same notation as in (4.1) we will denote

by i3 the canonical inclusion i : V < Tan. Put VA = p|t’1p_1( A(Q))(V) and let
Tro T T,
v € Yy op(V") and x € V" with ¢y trop(2) = v. Then

F"(v) = F"(¢um srop(2)) = tropy oig, o p~ ' (z) = tropy oig o p~ ' ()
= FoQuupopop (z) =F oG o pyn ()
= FoG(v).
and
F"(v) = F"(un op()) = tropy oig, o p~'(x) = tropy oig, op~' (x)
= T)\_l oF'o YU’ trop © P Opfl(x) = 7-)\_1 oF' oG'o OU trop ()
=1, 0 F oG'(v).
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4.3 Cohomological results

In this section we will prove the main result of this chapter. First we will define a
canonical morphism

OnT: AR (Ng)t — HET(A™).
Then by using integration, in Theorem 4.3.7 we will show that ®%? is injective.
Recall from Example 3.1.6 that for p, ¢ € Z we denote by AP?(Ng)* (respec-

tively A% (Ng)™) the space of (d’-closed) A-invariant superforms on Ng.

Proposition 4.3.1. There exists a canonical morphism
P Ap’q(NR)A — API(A™M)]

compatible with the differentials d',d” which induces a morphism of real vector

spaces
PHI: API(Ng)™ — HEZ(A™).

Proof. Let a € AP4(Ng)*. By Lemma 4.2.7 there exist refined tropical charts
(Q, F;, Vi, v, )ier, where (V;);er is an open cover of A**, and for every i € I the
morphism F; denotes an integral R-affine morphism as in Definition 4.2.1 and
(Vi, ou,) is a tropical chart on A**. Then we define ¢%%(«) to be given by

(42) (‘/la PU;, F;'*O‘)iel

We show that for all 4, j € I we have a;|v,nv; = a;lv,nv;. For every point y € V;NV;
let (", F" V" @yn) be a refined tropical chart around y as in Lemma 4.2.8. By
Lemma 4.2.9 there exists A € A such that

FioG=F'=1'0F;0G;

on QOUN,tmp(VH), where Gz NU”,R — NUi,R and Gji NU”,R — NU]-,R are canonical
integral R-affine morphisms. Then

Fialyr = GiFa = (F")a

ok _—Lx o ykpx T

where in the second to last equality we used the A-invariance of a. We can cover
Vi NV, by open subsets given as in Lemma 4.2.8 and since AP? is a sheaf, we
get compatibility on overlaps. The same argument also shows that the defini-
tion of ¢%;%(cr) does not depend on the chosen covering. Compatibility with the
differentials d’ and d” follows from Remarks 3.1.3(v) and 3.2.18(i). O



CHAPTER 4. TOTALLY DEGENERATE REDUCTION 48

- 4.3.2. Let a € AP9(Ng) and (V;, ¢y, )icr be an open cover of 7*". For every
1 € I, the subset U; is a very affine subset of T', therefore we have an algebraic
moment map @;: U; — T and by Remark 3.2.5 it follows that for every ¢ € I there
exists an integral R-affine morphism F;: Ny, g — Ng such that F;opy, trop = @i trop
on U. Then the family of triples (Vi, pu,, Fa);er defines a differential form of
bidegree (p, q) on T?". After possibly passing to a common refinement one sees that
this construction does not depend on the chosen cover, hence we get a canonical
morphism of real vector spaces

(4.3) ¢r: AP (Ng) — APU(T™), o= (Vi v, FY @)ier]-
Lemma 4.3.3. Let a € API(Ng)™, then p*¢h(a) = ¢54(a) in API(T?),

Proof. This follows from the definitions. Let ¢%}?(«) be given by (W, ¢z, F/*a)icr
as in (4.2) in particular we have

E O Pz, trop © P = trOpT o1

on W, (see (4.1)). By the description of the pull-back in (3.2) the form p*¢%(a)
is given by
(‘/ij7 PU;; 5 (F;;‘>*(F1il)*a)iefvj€«]7

where FZ’] Ny,; g — Nr is an integral R-affine morphism with
/ -/
F;'j o @Uij,trop = trOpT ot

on V;;, where ¢: p~1(W;) — T3 is an analytic moment map. After passing to a
common refinement, we may assume that ¢:(a) is given by (Vij, u,;, F5;0)icr jeu-
Since Vi; € W; it follows that on ¢y, trop(Vij) we have Fj o F}; = Fj;. Then for all
1€ 1,7 € J we have

Fo = (F)"(F))"a,
hence p*¢%?(a) = ¢% () in APL(T™™). O

- 4.3.4. Let m: Ng — Ng/A be the universal covering. By [Deb05, § 4] there is
a bijection between superforms in AP(Ng)* and superforms in AP4(Ng/A). For
a € AP4(Ng)™ denote by o’ the corresponding form in AP4(Ng/A).

Lemma 4.3.5. Let (Q, F,V, py) be a refined tropical chart in A*™. With the same
notation as in (4.3.4) let a € A" (Ng)™ be a superform with supp(a’) C 7(Q) and
suppose that ¢ (o) € A™"(A™) is given by a single form (V, oy, ay) in the sense
of Definition 3.2.22. Then

o= [
Aan Ng/A
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Proof. First note that by Lemma 4.3.3 we have ¢7" () = p*¢; («). Since ¢'}" ()
is given by a single chart by Corollary 3.2.24 we have supp(¢; (o)) € V. By
definition of refined tropical chart V' C p~!(trop;'(2)) and the restriction

p: trop;'(Q) — p~ ! (tropy' ()

is an isomorphism. Therefore by functoriality of the pull-back along analytic mor-
phisms and Lemma 3.2.25(ii) we conclude that

supp (5" (a)) = supp(p*¢’y () € p~ (V)

and the support is compact since p is an isomorphism. Then (77", «) is a very
affine chart of integration for ¢\ («). Hence

(4.4) /NR/Aa —/a—/NRoz— Tancb "(a),

where in the second equality we used the A-invariance of o and in the third we
use Definition 3.4.11. By Lemma 4.3.3 we get

o) = [ o)

The proposition then follows from the following equality

(1.5 Lev@=[  rore

Let ¢} («) be given by

Tan

(V7 LU, aU),
where ay = F*a. By Lemma 3.2.26, we have supp(¢; (o)) € U*. Hence
(U,ay) is a very affine chart of integration for ¢’;"(«). By (3.2) the pull-back
p o () is given by (V;, pu,, Trop(Yy v, )* F*a)ier. By Lemma 3.2.26 we have that
(U;, Trop(Yuv,)*F*a) is a very affine chart of integration for some i € I. The
projection formula in 3.4.7 implies

/ oY () = / Trop(du,)* F*o
p71 (V) @Ui,trop(Ufm)
F*a.

/\I‘rop(wU,Ui)*‘PU,L-,trop(Uian)
Finally, by the Sturmfels-Tevelev multiplicity formula ([Gub16, Proposition 4.11.])

we have
/ ay :/ Fra= / o ().
Tl"Op(wU,Ul- )*@Ui,trop(U?n) SDU,trop(Uan) Vv
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By Lemma 3.4.12 the integral does not depend on the chosen very affine chart of
integration, hence (4.5) holds.
O

Proposition 4.3.6. Let o € A" (Ng)*. Then

o7 () = / a.
Aan Ngr/A

Proof. Let ¢ (a) be given by (Vi, v, Fi'a)ier as in (4.2). Since m: Ng — Ng/A
is a covering map and §2; is A-small for every i € I the subset 7(£2;) =: ©; is an
open subset of Ng/A. Since (£;);er is an open cover of N, then (0;);cs is an
open cover of Ng/A. Let (xi)rex be a partition of unity with compact supports
on Ng/A subordinate to the cover (0;);c;. This means that there exists a map
s: K — I such that for k¥ € s71(i) we have supp(xx) C Q;. By (4.3.4) we first
observe that m*y;, € C(Ng)™ for every k € K. Fix k € s71(i), put £ := 7\
and note that in the notation of (4.3.4) we have /3, = xra’. Then

supp(f) € O;.
After passing to a common refinement we may assume that
¢?40(7T*Xk) = (Vi vy, Fm" Xk )ied]-
Then as in Remark 3.2.18(i)
ou ()0 (@) = [(Vi, o, FY X a)ier] = [(Viy us, By (7 xie@)ier] = 647 (Br).

In particular ¢} (8) is given by a single form (V;, py,, Fi*B)). This means that we
are in the situation of Lemma 4.3.5, and we get

¢4 (Br) = B

Aan NR/A

Note that we have 3, . #%°(7*xx) = 1, indeed

Z ¢(,)470<7T*Xk‘) - [(‘/;, SOU“ Z F;*W*Xk)ZEI] - [ Iz QOUN F* Z Xk: ’LEI

keK keK keK

Hence

Jon? L X [T 3 [ A= [ i
Ng/A 1€l kes—1(3) i€l kes™1(s Amn
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Theorem 4.3.7. Let p,q € Z. The morphism of real vector spaces
(46) (I)i?q: ApnyNIE N HZ;?(Aan)’
18 1njective.

Proof. First assume that max{p, ¢} > r or p < 0 or ¢ < 0, then both sides are zero
and the claim trivially holds. Hence suppose that 0 < p,q < r. Next we fix the
notation. Let I C {1,...,7} be a subset. We will denote by ¢ := {1,...,r}\ [
its complementary set. Let

a = Z Oqu,l’[/\d”IJ

[I|=p,|J|=q

be a superform on Ng with constant coefficients. Let I, J C {1,...,r} be such that
|I| = p and |J| = ¢ and consider the form 3!/ = d'xye A d"z ;- which is d”-closed
in A7P"4(Ng)™. In particular ¢;" (a A 87) is d”-closed in A™"(A™). If & () is
d"-exact in AP9(A®), then by the Leibniz rule, so is ¢’} (o A 877). Let vol denote
the Haar measure on Ny normalized such that vol(Ng/A) = 1. With the notation
from 3.4.1 we write a A 81 = fdvol(zy,...,z,) where f € R. Since a A 317 has
constant coefficients, Proposition 4.3.6 implies

0= [ @ns) = vol(Ne/d) = 1.

where the first equality follows from Proposition 3.4.13 as ®";"(a A 577) is d”-exact.

Since this holds for all subsets I,.J with |I| = p and |J| = ¢, we conclude that
a=0. [

Corollary 4.3.8. Let A be an abelian variety with totally degenerate reduction
of dimension n. Then for 0 < p,q < n, the tropical Dolbeault cohomology s
non-trivial. In fact we have

(4.7) dimg HY(A™) > (”) : (”)

p q

Moreover forp =0 and q € {0, ...,n} the cohomology groups are finite-dimensional
and for p =0 and q € {0,1} the inequality in (4.7) is an equality.

Proof. The inequality (4.7) immediately follows from Theorem 4.3.7. The first
part of the last statement follows from Proposition 3.3.6. Finally by Theorem
3.3.4 we have a canonical isomorphism

Hy (A™) = H, (A R)

sing
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By the universal coefficient theorem we also have a canonical isomorphism
Hjpo (A™, R) = Hom(H; (A™, R), R)

and the claim now follows from the observations at the end of 2.2.2 since m; (A*")
has rank n. O

Remark 4.3.9. An abelian variety A over K of dimension 1 with totally degen-
erate reduction is a Mumford curve. By [JW18, Theorem 5.1.] the morphism in
(4.6) is an isomorphism.

The Jacobian of a curve

For this section we follow [BR15, § 4].

- 4.3.10. Let X be a smooth projective curve over K with X (K) # () and denote
by J its Jacobian. Fix a point z € X(K) and let a: X — J denote the Abel-
Jacobi map. Over the complex numbers, Abel’s theorem says that we have an
isomorphism H; (X (C),Z) = H;(J(C),Z). The same holds in the analytic setup.

Proposition 4.3.11. The homomorphism on singular homology groups
a,: Hi(X*™, Z) — Hy(J*™,Z)
s an isomorphism.
Proof. See [BR15, Proposition 4.7.]. O

Proposition 4.3.12. The Abel-Jacobi map induces an isomorphism on tropical
Dolbeault cohomology groups

of: HY (T2 S HY (X,
Proof. Consider the following diagram

HY) (o) HY) (X0

l l

(Jan,]R)—>H1 (Xaan)

sing

l |

Homg (Hy (J**, R), R)HOT%(J Homg (H; (X*", R), R)

Hl

sing

First note that by Theorem 3.3.4 we have a canonical isomorphism

Hy/ (X*) = H]

sing

(X™ R).
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By the universal coefficient theorem we have a canonical isomorphism

1
Hsing

(X*™ R) = Homg(H, (X*", Z), R).

Consider the isomorphism «,: Hy (X", Z) — H;(J*",Z) from Proposition 4.3.11.
Then «, extends to an isomorphism

ay Q7 R: Hl(Xan,Z) X7, R — Hl(Jan,Z) X7z, R
and by the universal coefficient theorem we have
Hl(Xan,Z) ®ZR2H1(Xan,R) and Hl(Jan,Z) ®ZR2H1(J8‘H,R).

By exactness we finally get that also Hom(a,) is an isomorphism. By natural-
ity of the sequence in the universal coefficient theorem and construction of the
isomorphism from Theorem 3.3.4, both diagrams commute. Since all the vertical
arrows and the bottom horizontal arrow are isomorphisms we get that o* is an
isomorphism as well.

O



Chapter 5

The first tropical Chern form

Introduction

Let X be a smooth algebraic variety over K. Denote by CH?(X) the ring of
algebraic cycles of codimension ¢ on X modulo rational equivalence and put
CHY(X)gq := CHY(X) ®z Q. For ¢ > 0 consider the tropical cycle class map

Clirop: CHI(X)g — HLI(X™)

introduced by Liu in [Liul7al. In what follows we want to study the tropical cycle
class map in the case ¢ = 1. We will compare the image of the first Chern class
of a line bundle L and the tropical cycle class map with the cohomology class of
the first Chern form associated to L endowed with a smooth metric. In fact in
Proposition 5.2.3 we will show that they agree.

5.1 Tropical cycle class map

We recall the construction of the tropical cycle class map as done in [Liul7al. Let
¢ > 0 and recall from Definition 3.3.2 that £%.. denotes the sheaf ker(d”: A%%, —
Aln).

Definition 5.1.1. Let (X, Ox) be a locally ringed space. The g-th sheaf of Milnor
K-theory K% for (X,Ox) is the sheaf associated to the presheaf that assigns to
every open subset U of X the Q-vector space K} (Ox (U))®zQ, where for p > 1 we
define Ké‘/I(OX(U)) to be the abelian group generated by the symbols { f1,..., f;}
where fi,..., fg fl € Ox(U)* modulo the relations

(1) {fla--'afi z‘/u"'qu}:{fla--'>fi7"'7fq}+{f17"'7 z‘/a"'afq};
@) {fireosfoo = fr o f =0

o4
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We put K} (Ox(U)) = Z and K}'(Ox(U)) = 0 for ¢ < 0. If the locally ringed

space (X, Ox) is clear from the context, we will write K7 instead of KC%.

Lemma 5.1.2. Let X be a smooth scheme of finite type over K. For every p > 0
there exists a canonical isomorphism

HI(X, ) = CHI(X ).
Proof. See [Liul7a, Lemma 2.2(1)]. O

- 5.1.3. In [Liul7a] the author considers arbitrary K-analytic spaces. Since we are
only interested in differential forms on the analytification of an algebraic variety,
we will only consider this case and use the formalism of [Gub16] (see also Remark
3.2.17). Let X be a variety over K. Define the morphism of sheaves

TAarn : ](:g(an % £q an

as follows. Let V' be an open subset of X*" and {fi,..., f;} € K%u(V), where
fis-os fg € Oxan(V)*. Then consider the analytic moment map f := (f1,..., f;) :
V = (G g)?. Let a:=dw; A... Nd'w, where we view z; := fiop as coordinates
on RY. Using Lemma 3.2.15 we define

T?@“({fl? ey fq}) = [(V;v PU;» Fi*a)iel] S Agéqm(v)

where (Vi, v, )ier is an open cover of V' by tropical charts and F; is an integral
R-affine morphism which satisfies F; o ¢y, trop = firop 01 V; for ever 7 € I. Since o
has constant coefficients, we clearly have

d"T8an({f1,--, fg}) =0
and hence 75 ({f1, .-, fo}) € L%u(V). Put Tian 1= K%an/ ker 5.
- 5.1.4. Let p,q € Z. By [Liul7a, Proposition 3.4.] and [Liul7a, Corollary 3.5.]
there exists a canonical isomorphism of sheaves
T)?an ®@R = Eg(an-
which induces canonical isomorphism of real vector spaces
HY(X*™, T{wm) ®o R = HEH(X™).
In particular, the real vector space H57(X®") has a canonical rational structure.

Definition 5.1.5. Let X be a smooth variety over K. Define the tropical cycle
class map clyop as the composition

Clirop : CHY(X ) = HY(X, K%) — HY(X™ K%)=
— HI(X™, TE) — HI(X™ TL.) ®g R = HL(X).
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- 5.1.6. Finally we recall the definition of the first Chern form associated to a
line bundle by following [GK17, § 8.] and [CLD12, § 6.2.]. Let X be an algebraic
variety over K.

Definition 5.1.7. A continuous (respectively smooth) metric || - || on L is an
assignment to each open subset U C X" and local section s € L**(U) associates
a continuous (respectively smooth) function

Is]]: U = Rxo,
such that
(i) it is compatible with restriction to smaller open subsets;
(i) for all p € U we have ||s(p)|| = 0 if, and only if s(p) = 0;
(iif) for any A € Oxan(U) we have [[(As)(p)[| = [AMp)[[|s(p)]]
The pair L = (L, || - ||) is called a metrized line bundle.

Proposition 5.1.8. There ezists a smooth metric || - || on L.
Proof. See [CLD12, Prop. 6.2.6.]. O
Let L = (L,|| - ||) a metrized line bundle on X endowed with a smooth metric

|[-]|. Then by [CLD12, (6.4.1.)] there exists a canonical smooth form ¢, (L, |[[|) =
c1(L) € AM (X)) called the first Chern form of L which for a regular section s in
L over an open subset U C X2 is given by

ci(D)|y = —d'd"log||s]].

5.2 Comparison of Chern classes

Next we want to study the cycle class map from Definition 5.1.5 for ¢ = 1. In
this case we can make some significant simplifications. We adapt the results from
Section 5.1 to our setup. Let X be a smooth variety over K. By Definition 5.1.1
there is an isomorphism of sheaves

/Ck = O;} ®Z@-

It is a classical result in algebraic geometry that there exist isomorphisms

CH'(X) = Pic'(X) = H!(X, 0%),

(for the first one see [Liu02, Ch. 7, Proposition 2.16.] and for the second one
[Liu02, Ch. 7, Corollary 1.19.]) which extend to isomorphisms

(5.1) CHY(X) ®7 Q = Pic'(X) ®2 Q = H'(X, 0%) ®2 Q.
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Definition 5.2.1. Let E be a locally free sheaf of finite rank over X and for every
integer k > 1 let ¢"(E) € CH*(X) denote its k-th Chern class. We define the
k-th tropical Chern class as

Chirop(B) = Cluop(cST(E)) € HEF(X),

- 5.2.2. We recall some basic notation about Cech cohomology as done in [Har77,
I11, § 4]. Let X be a topological space, F a sheaf of abelian groups and U = {U, }ie;
an open cover of X. For every integer p > 0 the abelian group of p-cochains is
defined as

U F)y =]  FU.s)

where Uj,..i, := U, ... NU;,. There is a differential

(5.2) d: CP(U, F) — CP™ YU, F), s df
where
p+1
(df)io ~~~~~ ipy1 s Z(_l)kfio..?k...z‘p+1 Uig...ip1
k=0

By [Har77, p. 218] we have d> = 0 hence (C*(U, F), d) defines a complex of abelian
groups and we will denote by

0 (U, F) = H(C*(U, F), d)

the p-th cohomology group of this complex. Suppose that V is another open cover
of X that is a refinement of U, then by [Har77, III, Exercise 4.4.] for every p > 0
there exists a natural morphism

(5.3) H' U, F) - HWV,F).

By loc. cit. the property of being a refinement defines an inductive order on the
set of coverings of X, hence we can consider the inductive limit

lim B (U, F) =: 0 (X, F).

im
_)
u

Recall that for every open cover U of X we have a canonical morphism to the
direct limit

(5.4) 0" (U, F) - H°(X, F).
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For every p > 0 there exists a natural morphism
H' (U, F) — H' (X, F)

to the sheaf cohomology groups of X which are compatible with the refinement
maps (5.3). By the universal property of direct limits for every p > 0 we get a
canonical morphism

H’(X,F) — HP(X, F).

By loc. cit. for p = 1 the canonical morphism

(5.5) H'(X,F) - H'(X, F)
is an isomorphism.

Proposition 5.2.3. Let X be a smooth variety over K and L = (L, || - [) be a
line bundle over X endowed with a smooth metric || - |[. Denote by [c1(L)] the
cohomology class of the first Chern form ¢, (L) € AV (X®™) defined in 5.1.6. Then

(5.6) C1arop(L) = [e1(D)] € HYH(X™).

Proof. Let L be given by (U, ¢;)icr where U := (U;);er is an open cover of X and
¢;: Ly, = Ox|y, is an isomorphism of Ox|y.-modules for every i € I. For every
i,7 € I, denote by U;; := U; N U; the intersection of two open subsets. For ¢ € I
let s; € L(U;) be the section with ¢(s;) = 1in Ox(U;). On U;; we have s; = fi;-s;
where fi; € Ox(U;;)*. We will use the same notation for the analytification of
these open subsets and of these morphisms. Consider the resolution of sheaves on
Xa defined in Theorem 3.3.4

0 1,0 d"’ 1,1 d"’ 1,2 d"’
0= Lx = Ajan — A — A — ..,

and the truncated part in lower degree
0 £% 5 AL, L kerkan — 0,
where i denotes the inclusion and d” the differential and
kerka := ker(d": AL, LN AL,

We analyze the left-hand side and the right-hand side of (5_6) separately. We
start with the right-hand side. By definition we have c;(L) € kerka.(X) =

H (U, kerkan). Then o = (cw)ics == (—d'log||s:||)ics is an element in O, ALS,)
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with d’c; = ¢1(L) v: € keran (U;) for every i € I hence d"a = ¢1(L) in C°(U, ke yan ).
Let d denote the Cech coboundary operator from (5.2). Then we have

(da)ij = (i — ) |u, = (—=d'log||s;|| — d'log ||s;||)|u,,
= (—d'log||si|| — d'log | fi;| — d'log|]si|])
(—d'log | fi;D]v,, € AV (Us;).

Hence da € C'(U, AY%). On the left-hand side we start with

Fel(X,0%)

which is the image of ¢;(L) under the isomorphisms (5.1) and (5.5). Let V be an
open cover of X and fy € HI(V, O%) whose image under the morphism (5.4) in

Hl(X ,O%) is f. After chosing a common refinement of &/ and V we may assume
that V = U and »
fueH (Z/{ , (9;()

Let f, = (fi;)ijer be a representative of fi; in C'(U, O%). For every 4,5 € I we
have f;; € Hom(Uy;, G2 ). Via Txan we get a Cech cocycle

(Txan (f10))i := (d'(=log | fis]))i € C* (U, L)
and
(5.7) i(Than(f) = da € CHU, AY).

Note that on C°(U, O%) we have d o Tyan = Tka o d hence (5.7) is independent of
the choice of the representative f;,. Then we have the following equality

crmop(L) = [i(Tkan ()] = [da] = [e1(D)] € H' (U, kerkan).

Via the morphism (5.4) and the isomorphism (5.5) we conclude that the the equal-
ity ¢1trop(L) = [c1(L)] also holds in H;}}(Xan). O
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