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Chapter 1

Introduction

Let A be an abelian variety over C of dimension n. The associated complex
analytic space A(C) is a connected compact complex Lie group, hence a complex
torus. Denote by V the tangent space of A(C) at the identity. The exponential map
exp: V → A(C) is a surjective morphism of Lie groups whose kernel Λ is a complete
lattice in V . Via this morphism we can compute the Dolbeault cohomology groups
Hp,q

∂
(A(C)) of A(C). If T := HomC(V,C) and T := HomC−antilinear(V,C), then we

have a canonical isomorphism of complex vector spaces

Hp,q

∂
(A(C)) ∼= ΛpT ⊗C ΛqT .(1.1)

In particular we have dimC Hp,q

∂
(A(C)) =

(
n
p

)(
n
q

)
.

Let Ω be an open subset of a finite dimensional real vector space NR. For
k ∈ N let Ak(Ω,R) be the space of real valued smooth differential k-forms on Ω.
We denote by

Ap,q(Ω) := Ap(Ω,R)⊗C∞(Ω) A
q(Ω,R)

the space of superforms of bidegree (p, q) on Ω. There are natural differential
operators

d′ : Ap,q(Ω)→ Ap+1,q(Ω) and d′′ : Ap,q(Ω)→ Ap,q+1(Ω),

which make (A•,•(Ω), d′, d′′) into a bicomplex of real vector spaces. Let Λ be a full
lattice in NR and denote by Ap,q(NR)Λ the subspace Ap,q(NR) given by Λ-invariant
superforms of bidegree (p, q) on NR.

Proposition 1.1. There is a canonical isomorphism of real vector spaces

Hq(Ap,•(NR)Λ, d′′) ∼= ΛpN∗R ⊗R ΛqN∗R.

1



CHAPTER 1. INTRODUCTION 2

Now we consider the non-archimedean case. Let K be a non-trivially valued
complete, algebraically closed, non-archimedean field, for example Cp for a prime
number p or the completion of the field of complex Puiseux series C {{t}}. In
[CLD12] the authors define a bicomplex (A•,•X , d′, d′′) of real valued smooth dif-
ferential forms on a K-analytic space X. Let X be an algebraic variety over
K and Xan its analytification in the sense of Berkovich [Ber90]. In [Gub16] the
author also defines a bicomplex (A•,•Xan , d′, d′′) of sheaves of real valued smooth
(p, q)-differential forms on Xan and shows that the definition of A•,•Xan agrees with
the one from [CLD12]. We briefly recall the definition of Ap,qXan in the formalism
of [Gub16]. A tropical chart of Xan is a pair (V, ϕU) where V ⊆ Xan is an open
subset and ϕU is a universal closed embedding of an open subset U ⊆ X into an
algebraic torus TU over K and ϕU,trop(V ) is an open subset of a particular subset of
a finite dimensional real vector space NU,R. The definition of ϕU requires a choice,
however the definition of differential forms on V will be independent of this choice.
Hence the idea to define differential forms on an open subset of Xan is to locally
pull back differential forms on a specific subset of a real vector space along the
tropical chart ϕU,trop. More precisely, an element α ∈ Ap,qXan(V ) for an open subset
V ⊆ Xan is given by an equivalence class [(Vi, ϕUi , αi)i∈I ] where (Vi)i∈I is an open
cover of Xan, the pairs (Vi, ϕUi)i∈I are tropical charts and αi is a superform on the
open subset ϕU,trop(V ) of the polyhedral complex ϕU,trop(Uan) in NU,R satisfying a
compatibility condition.

Let A be an abelian variety over K of dimension n. The analytification Aan is
a connected smooth compact K-analytic group in the sense of Berkovich [Ber90].
In analogy to the complex case in this thesis we study the tropical Dolbeault
cohomology groups

Hp,q
d′′ (A

an) :=
ker(d′′ : Ap,qAan(Aan)→ Ap,q+1

Aan (Aan))

im(d′′ : Ap,q−1
Aan (Aan)→ Ap,qAan(Aan))

,(1.2)

of Aan when A has totally degenerate reduction. To understand the latter term we
recall some points about the non-archimedean uniformization of abelian varieties.
This is a very important technique that has been introduced by Mumford, Faltings
and Chai in the formal setup and by Raynaud, Bosch and Lütkebohmert in the
rigid setup. The theory of the latter has been reformulated for Berkovich analytic
spaces in [Ber90], [Gub10], [BR15], et al. and the new feature is that contrary
to rigid spaces, on Berkovich spaces there is an actual topology and not only a
Grothendieck topology. To an abelian variety A over K we can up to isomorphism
canonically associate an exact sequence

1→ T → E → B → 0
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of algebraic groups over K, where T is an algebraic torus over K and B is an
abelian variety over K such that Ban has good reduction, and a morphism of
K-analytic groups

p : Ean → Aan

which is a topological universal covering, whose kernel M := ker(p) is a discrete
subgroup of E(K) such that Aan → Ean/M is an isomorphism of K-analytic
groups.

More precisely, the morphism p : Ean → Aan is a topological universal covering
in the sense that Ean is a simply connected topological space and p is a covering
map. After fixing a point of the fiber over the identity of Aan we can endow Ean

with a unique structure of a K-analytic group such that p becomes a morphism of
K-analytic groups and a local isomorphism. The action of M on Ean by translation
is free and properly discountinous. Then A is uniformizable in the sense that we
have an isomorphism of K-analytic groups Aan ∼= Ean/M induced by p.

If T = 0, M = 0 and E = B we say that A has good reduction, if B = 0 and
E = T we say that A has totally degenerate reduction.

Let N denote the cocharacter group of T and NR := N ⊗Z R the base change
to R. The tropicalization map tropT : T an → NR maps M bijectively onto a lattice
Λ of NR.

In the non-archimedean setup we have the following result.

Theorem 1.1. Let A be an abelian variety over K of dimension n with totally
degenerate reduction. There exists a canonical morphism of real vector spaces

Φp,q
A : ΛpN∗R ⊗R ΛqN∗R → Hp,q

d′′ (A
an)(1.3)

which is injective for all p, q ∈ Z.

We sketch the construction of the morphism Φp,q
A from (1.3). From now on let

A be an abelian variety over K of dimension n with totally degenerate reduction.
By the previous paragraph this means that we have morphisms

p : T an → Aan and tropT : T an → NR.

To study the tropical Doulbeault cohomology groups of Aan we will introduce a
new class of tropical charts of Aan called refined tropical charts. These will encode
information about the uniformization and induce tropical charts of Aan in the
usual sense. They are defined as follows. Let Ω̃ be Λ-small open subset of NR,
i.e. Ω does not intersect any non-trivial Λ-translates of itself. The open subset
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trop−1
T (Ω̃) =: Ṽ of T an is M -small and p maps Ṽ isomorphically onto an open

subset V ′ of Aan. Then we define an analytic moment map fV ′ : V
′ → T an which

can be locally approximated by algebraic moment maps. From the latter we get a
tropical chart (V, ϕU) and an integral R-affine morphism F which we use to pull
back a differential form α ∈ Ap,q(NR) to the the real vector space NU,R. In order
to get a well-defined differential form on Aan we furthermore have to assume that
the superform α that we want to pull back is Λ-invariant. Hence we will consider
the subspace Ap,q(NR)Λ of Ap,q(NR) of Λ-invariant (p, q)-superforms. In this way
we get a canonical morphism of real vector spaces

φp,qA : Ap,q(NR)Λ → Ap,q(Aan)(1.4)

which is compatible with the differential d′′ and therefore induces a morphism

Φp,q
A : Ap,qcl (NR)Λ → Hp,q

d′′ (A
an).

To construct φp,qA it is essential that the toric part of Aan is non-trivial. In fact,
the general idea behind the proof of the main result is to relate properties of a
differential form α ∈ Ap,q(NR)Λ with properties of its image φp,qA (α) on Aan and
this can be done by studying the relations between the tropicalization tropT and
the universal covering p.

We prove Theorem 1.1 first for top-dimensional forms and then for arbitrary
degrees via integration of differential forms. For a top-dimensional superform
α ∈ ΛnN∗R⊗RΛnN∗R with constant coefficients we use a partition of unity argument
to show that if the integral of Φp,q

A (α) vanishes over Aan then α = 0. For the general
case we reduce ourselves to the top-dimensional case by pairing α ∈ ΛpN∗R⊗RΛqN∗R
with a complementary form β ∈ Λn−pN∗R ⊗R Λn−qN∗R.

A result of Jell and Wanner ([JW18, Theorem 5.1.]) implies that for n = 1
this morphism is in fact an isomorphism. Indeed an abelian variety with totally
degenerate reduction of dimension 1 is a Mumford curve.

Note that although the setup is very similar to the complex one, many results
and tools from complex geometry are not available in the context of tropical Dol-
beault cohomology. For instance in the complex case to compute the cohomology
groups (1.1) one can use the Künneth formula, but in the non-archimedean case
the Künneth formula does not hold in general (see [Liu17b, Example 1.7.] for a
counterexample). The surjectivity of Φp,q

A remains an open question. The main
problem is the fact that for an arbitrary differential forms α on Aan given by
(Vi, ϕUi , αi)i∈I we do not have any control over the tropicalizations ϕUi,trop in the
sense that contrarily to what we do in the construction of the morphism Φp,q

A , we
do not know whether all the forms αi come from a differential form on (an open
subset) of NR.



CHAPTER 1. INTRODUCTION 5

Tropical cycle class map

Let X be a smooth algebraic variety over K. Denote by CHq(X) the ring of
algebraic cycles of codimension q on X modulo rational equivalence and put
CHq(X)Q := CHq(X)⊗Z Q. In [Liu17a] Liu defines and studies the tropical cycle
class map

cltrop : CHq(X)Q −→ Hq,q
d′′ (X

an),

which relates algebraic cycles to tropical Dolbeault cohomology classes. Let L :=
(L, || · ||) be a smoothly metrized line bundle. In [CLD12] the authors define
the first Chern form c1(L) ∈ A1,1(Xan) associated to L. Let [c1(L)] denote the
corresponding cohomology class in H1,1

d′′ (X
an). In the last part of this thesis we

compare the image of the first Chern class under the troipcal cycle classe map
with the cohomology class of the first Chern form associated to L.

Proposition 1.2. We have

cltrop(c1(L)) = [c1(L)]

in H1,1
d′′ (X

an).

Structure of the thesis

In the Chapter 2 we recall some definitions and results from non-archimedean
analytic geometry in order to give a short but self-contained reminder on the
uniformization of abelian varieties over non-archimedean fields (Section 2.2). In
Chapter 3 we recall the definition of differential forms on the analytification of an
algebraic variety over K in the formalism of [Gub16]. In Section 3.4 we show that
the natural inclusion of differential complexes

(ΛpN∗R ⊗R Λ•N∗R, d
′′)→ (Ap,•(NR)Λ, d′′)

is a quasi-isomorphism (see Proposition 3.4.26). In Section 3.4 we will present a
result about integration on the product of analytifications of algebraic varieties
over K (see Proposition 3.4.21).

Let A be an abelian variety over K with totally degenerate reduction. In
Chapter 4 we study the Dolbeault cohomology of Aan. In Section 4.1 we will
fix the setup in the totally degenerate case and show a basic relation between the
tropicalization map and the universal covering p. In Section 4.2 we study this even
more by introducing refined tropical charts and prove some basic properties. These
will allow us to define the morphism Φp,q

A : ΛpN∗R ⊗R ΛqN∗R → Hp,q
d′′ (A

an) in Section
4.3. Finally we prove Theorem 1.1 (see Theorem 4.3.7) by using integration.
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Let X be a smooth algebraic variety over K. In Chapter 5 we consider the
tropical cycle class map cltrop : CHq(X)Q → Hq,q

d′′ (X
an). First we will explain the

simplifications that can be made we look at the case q = 1 and in the last part we
prove Proposition 1.2 (see Proposition 5.2.3) by using Čech cohomology.
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Notation and conventions

Throughout the whole thesis K will denote a non-trivially valued complete, alge-
braically closed, non-archimedean field. Denote by K◦ its valuation ring, by K◦◦

the maximal ideal of K◦ and by k := K◦/K◦◦ its residue field. Note that k is also
algebraically closed.

A variety over K is a separated integral scheme of finite type over K. An
abelian variety A over K is a proper algebraic group over K.

If not stated otherwise, all K-analytic spaces are K-analytic spaces in the sense
of [Ber90]. We will also consider many results from [CLD12] where the authors
consider more general K-analytic spaces and where the spaces that we will consider
are called good K-analytic spaces (see also Remark 2.1.6).



Chapter 2

Preliminaries

2.1 Non-archimedean analytic geometry

In this section we recall basic definitions and results from non-archimedean analytic
geometry. The main focus will be put on the analytification of algebraic varieties
and on group objects in the categories of K-analytic spaces and of formal K-
analytic spaces.

In what follows all K-affinoid algebras are assumed to be strict [Ber90, § 2.1.].

Affinoid domains and reduction map

What follows can be found in [Ber90, § 2.2. and § 2.4.]. Let A be a K-affinoid
algebra and X =M(A).

- 2.1.1. The topological space X can be provided with a sheaf of rings OX (see
[Ber90, § 2.3.]) which turns X into a locally ringed space called K-affinoid space.
A morphism of K-affinoid spaces X = M(A) → Y = M(B) is a morphism of
locally ringed spaces which comes from a bounded homomorphism B → A of
K-affinoid algebras. We denote by (K-Aff) the category fo K-affinoid spaces.

A closed subset V ⊆ X is called an affinoid domain in X if there exists a
bounded homomorphism of K-affinoid algebras ϕ : A → AV satisfying the follow-
ing universal property. For every bounded homomorphism ψ : A → B of K-affinoid
algebras such that M(ψ)(M(B)) lies in V , there exists a unique bounded homo-
morphism δ : AV → B with ψ = δ ◦ ϕ. By [Ber90, Proposition 2.2.4.(i)] if V is an
affinoid domain in X then there is an isomorphism M(AV ) ∼= V for a K-affinoid
algebra AV .

- 2.1.2. For f ∈ A we denote by ρ(f) = limn→∞
n
√
||fn|| the spectral radius of

f , where || · || denotes the norm on A. By [Ber90, Corollary 1.3.3.] the function

8
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ρ : A → R≥0 is a bounded seminorm called spectral norm. We say that A is
distinguished if the spectral norm on A is equal to the residue norm for some
epimorphism K{T1, . . . Tn} → A (see [Ber90, § 4.3., p. 81]). We say that the
K-affinoid space X = M(A) is distinguished if A is a distinguished K-affinoid
algebra.

For a point x ∈ X let H(x) denote the completed residue field of x. The set
A◦ := {f ∈ A | ρ(f) ≤ 1} is a subring and A◦◦ := {f ∈ A | ρ(f) < 1} is an ideal of

A◦. Denote the residue ring A◦/A◦◦ by Ã. Every point x ∈M(A) corresponds to

an equivalence class of characters χx : A → H(x) on A. Denote by χ̃x : Ã → H̃(x)
the induced homomorphism. Then ker(χ̃x) is a prime ideal.

Definition 2.1.3. The reduction map is defined as

π : M(A)→ Spec Ã, x 7→ ker(χ̃x).

Set X̃ := Spec(Ã).

Remark 2.1.4. By [Ber90, § 2.4.] the reduction map is surjective and the preim-

age of a closed (respectively open) subset of X̃ under the reduction map is an open
(respectively closed) subset of X.

K-Analytic spaces and groups

We recall some basic notions about K-analytic spaces and the analytification func-
tor. Main references are [Ber90, § 3.1-3.4] and [Ber93, § 1.3., § 2.6.].

- 2.1.5. In the following we will not need the precise definition of K-analytic
space, therefore we only recall the main points. A K-analytic space is given by a
topological space together with an atlas whose charts ϕV are pairs (V,AV ) given
by a K-affinoid domain V , a K-affinoid algebra AV and a homeomeorphism V ∼=
M(AV ) subject to some compatibility conditions (for more details see [Ber93,
Definition 1.2.3.]). A morphism of K-analytic spaces f : X → Y is given by
a continous map such that for all charts ϕV on X there is a chart ϕW of Y
with f(V ) ⊆ W , and for every such chart ϕV there is a morphism of K-affinoid
spaces (V,AV ) → (W,AW ) subject to some compatibility conditions (see [Ber93,
Definition 1.2.7.]). A K-analytic space is called good if every point has a K-affinoid
neighborhood ([Ber93, p. 22 at the bottom]).

Remark 2.1.6. Our main reference for K-analytic spaces will be [Ber90] where
K-analytic spaces are good K-analytic spaces in the sense of 2.1.5. Hence from
now on all K-analytic spaces are assumed to be good.
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Definition 2.1.7. A morphism ϕ : Y → X of K-analytic spaces is called an
analytic domain if ϕ induces a homeomorphism of Y with its image in X and for
any morphism ψ : Z → X of K-analytic spaces with ψ(Z) ⊆ ϕ(Y ), there exists a
unique morphism σ : Z → Y of K-analytic spaces such that ψ = ϕ ◦ σ.

The analytification functor

Let (K-Sch) denote the category of schemes of locally finite type over K and (K-
An) the category of K-analytic spaces. By [Ber90, § 3.1., top of p. 48] the category
(K-An) admits fibered products. For X, Y in (K-Sch) respectively in (K-An) we
will denote by X×K Y the fibered product of X with Y over Spec(K) respectively
M(K).

- 2.1.8. Let X ∈ (K-Sch) . We consider the functor

F : (K-An)→ (Sets), Z → HomLRS(Z,X),(2.1)

where HomLRS(Z,X) denotes the set of morphisms of locally ringed spaces from
Z to X. Then by [Ber90, Theorem 3.4.1.], the functor F is representable by a
pair (Xan, π), where Xan is a K-analytic space and π : Xan → X is a faithfully flat
morphism of locally ringed spaces. The correspondence

(K-Sch)→ (K-An), X 7→ Xan,

is a functor which commutes with fibered products overK. This follows by a formal
argument which can be found almost word for word in [GR02, XII, 1.] for complex
analytic spaces. Let X, Y be schemes of locally finite type over K and denote by
(Xan, πX) and (Y an, πY ) the pairs representing the functor F for X and Y as in
(2.1). Denote by pX : Xan×KY an → Xan and pY : Xan×KY an → Y an the canonical
projections onto the first and second factor. By using [GW10, Proposition 3.4.]
one can show that X ×K Y is the fibered product of X and Y in the category of
locally ringed spaces. Put π := pX ◦ πX ×K pY ◦ πY : Xan ×K Y an → X ×K Y .
Then the pair (Xan ×K Y an, π) represents the functor F for X ×K Y and so does
the pair ((X ×K Y )an, πX×KY : (X ×K Y )an → X ×K Y ). By uniqueness we get an
isomorphism of K-analytic spaces (X ×K Y )an ∼= Xan ×K Y an.

Definition 2.1.9. We call the functor X 7→ Xan the analytification functor and
Xan = (Xan, π) the analytification of X. Let f : X → Y be a morphism of schemes
of locally finite type. Then we will denote by f an : Xan → Y an the canonical
morphism on analytifications. Let F be an OX module, then we denote Fan the
OXan-module π∗F .
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- 2.1.10. We introduce K-analytic groups as done in [Ber90, Chapter 5]. Hence we
will assume that allK-analytic spaces are assumed to be separated, this means that
the diagonal morphism is a closed immersion ([Ber90, § 3.1., p. 50]). A K-analytic
group G (respectively a K-affinoid group) is a group object in the category (K-
An) of K-analytic spaces (respectively in the category (K-Aff) from 2.1.1). Recall
that this means that G is a K-analytic space (respectively a K-affinoid space) and
there are three morphisms

µ : G×K G→ G, ι : G→ G ε : M(K)→ G(2.2)

that satisfy the usual groups axioms. A morphism of K-analytic groups (respec-
tively of K-affinoid spaces) is a morphism of K-analytic spaces (respectively of
K-affinoid spaces) that respects the group structure.

Example 2.1.11. Recall that by 2.1.8 the analytification functor commutes with
fibered products. An important class of examples of K-analytic groups is given
by the analytification of group varieties over K, i.e. group objects in the category
(K-Var) of varieties over K. Indeed let G = (G,m, i, e) be a group variety over K.
Denote by ψ the isomorphism ofK-analytic spacesGan×Spec(K)anG

an ∼= (G×KG)an.
The tuple (Gan, µ, ι, ε) where

µ :=man ◦ ψ : Gan ×Spec(K)an G
an → Gan,

ι :=ian : Gan → Gan, ε := ean : Spec(K)an → Gan.

is a K-analytic group. We show associativity of µ. By definition we have m◦ (m×
idG) = m ◦ (idG ×m), then

µ ◦ (µ× idGan) =man ◦ ψ ◦ (man ◦ ψ × idGan)

=man ◦ ψ ◦ (man × idGan) ◦ (ψ × idGan)

=man ◦ (m× idG)an = (m ◦ (m× idG))an

=(m ◦ (idG ×m))an = man ◦ ψ ◦ (idGan ×man ◦ ψ)

=µ ◦ (idGan × µ).

The other properties of a group object can be verified in a similar way.

Example 2.1.12. Let Gm,K = Spec(K[Z±1]) be the multiplicative group over K,
then by Example 2.1.11 its analytification Gan

m,K is a K-analytic group. The set
Gan
m,K,1 := {| · |t ∈ Gan

m,K | |Z|t = 1} is an affinoid subgroup Gan
m,K (see [Ber90,

Example 5.1.4., § 6.3.]).

Definition 2.1.13. (i) A K-analytic torus is a K-affinoid group which is iso-
morphic to (Gan

m,K)r for some natural number r ≥ 0.
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(ii) A K-affinoid torus T an
1 is a K-affinoid group which is isomorphic to (Gan

m,K,1)r

for some natural number r ≥ 0.

Remark 2.1.14. By [Bos71, § 3., p. 13] there exists a one-to-one correspondence
between algebraic tori T over K and K-affinoid tori T an

1 .

Formal K-analytic spaces and groups

Throughout this section all K-analytic spaces are assumed to be strict and sepa-
rated (see [Ber90, § 2.1., §3.1.]), so that we can use the correspondence between
rigid analytic and (Berkovich) analytic spaces explained in [Ber90, Proposition
3.3.1]. We follow the exposition and terminology from [Ber90, § 4.3. and §6.4] and
[Gub10, § 2.5.]. Recall from Definition 2.1.3 that for a K-affinoid space X =M(A)

there exists a reduction map π : M(A) → Spec Ã where Spec Ã is a scheme over
the residue field k of K.

- 2.1.15. Let A be a K-affinoid algebra and set X :=M(A) and X̃ := Spec(A).
An affinoid domain V in a K-affinoid space X is called formal if the induced
morphism Ṽ → X̃ is an open immersion. Formal affinoid domains generate a
topology on X called the formal topology. A formal affinoid variety Spf(A) over
K is a ringed space (Xf-An,OXf-An

) where Xf-An = X and OXf-An
is the sheaf OX

seen as a sheaf with respect to the formal topology defined in (i). A morphism of
affinoid varieties over K is a morphism of locally ringed spaces which is induced
by a reverse morphism of the corresponding K-affinoid algebras.

- 2.1.16. A formal affinoid covering U = {Ui}I∈i of a K-analytic space X is an
affinoid covering of X which is locally finite and such that the intersection Ui ∩Uj
is a formal subdomain of Ui for all i, j ∈ I. Two formal coverings U = {Ui}i∈I and
V = {Vj}j∈J are called equivalent if Ui ∩ Vj is a formal subdomain of both Ui and
Vj for all i ∈ I and j ∈ J . A formal affinoid covering U = {Ui}I∈i of X is called
distinguished if Ui is a distinguished K-affinoid space for every i ∈ I (see 2.1.2).

Definition 2.1.17. A formal K-analytic space is a pair (X,U) = X where X
is a K-analytic space and U is a fixed equivalence class of formal coverings of
X by affinoid subdomains isomorphic to formal affinoid varieties Spf(A) over K.
A morphism of formal K-analytic spaces f : (X,U) → (Y,V) is a morphism of
K-analytic spaces X → Y such that f(U) ⊆ V for all U ∈ U and V ∈ V .

- 2.1.18. Denote by (f-K-An) the category of formalK-analytic spaces. By [Ber90,
§ 6.4.] the category (f-K-An) admits fibered products. A formal analytic K-group
(G,U) is a group object in the category of formal analytic K-spaces. We say that
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(G,U) is distinguished if U is a distinguished formal affinoid covering. By loc. cit.
the functor

(f-K-An)→ (K-An)

is fully faithful. Hence a K-analytic group can have at most one formal K-analytic
group structure.

- 2.1.19. A formal covering U = {Ui}i∈I of a K-analytic space X gives rise to

a reduced scheme X̃ of locally finite type over k and to a map π : X → X̃ that
extends all the reduction maps πi : Ui → Ũi (see Definition 2.1.3). Equivalent
formal coverings of X give rise to the same reduction ([Ber90, § 4.3.]). Note that if

G is a formal K-analytic group then the reduction G̃ is a group scheme over k. We
recall the main points of the construction of π : X → X̃ by following [Bos77, pp.

8-9]. By definition of formal affinoid covering, we can glue the affine k-schemes Ũi

along the open subsets Ũi ∩ Uj to get a reduced k-scheme X̃ locally of finite type,
where we define

Ũi ∩ Uj := πi(Ui ∩ Uj) = πj(Ui ∩ Uj).

For x, y ∈ X we consider the equivalence relation on X given by x ∼ y if and
only if for every formal open subset U of X with x ∈ U we also have y ∈ U . We
consider the projection π : X → X/ ∼ and endow the set X/ ∼ with the quotient

topology. One can show that X̃ is homeomorphic to X/ ∼. Finally we consider
the subsheaves O◦X and O◦◦X of OX given by

V 7→ O◦X(V ) := {f ∈ OX(V ) | ρ(f) ≤ 1}, and

V 7→ O◦◦X (V ) := {f ∈ OX(V ) | ρ(f) < 1}.

Denote by ÕX as the sheaf associated to the presheaf O◦X/O◦◦X , then one can show

that π∗ÕX ∼= OX̃ and π : (X,OX) → (X/ ∼, π∗ÕX) is the desired reduction
map. By [Ber90, § 6.4., p.121] a morphism ϕ : X → Y of formal K-analytic spaces

induces a morphism ϕ̃ : X̃ → Ỹ of k-schemes which commutes with the reduction
maps.

Definition 2.1.20. A K-analytic group G is said to have good reduction if G is a
distinguished formal K-analytic group.

Remark 2.1.21. In [Ber90, § 6.4., pp. 121-122] a K-analytic group has good

reduction if it is a distinguished formal K-analytic group whose reduction G̃ is
geometrically reduced. In our setup the latter condition is redundant since K is
algebraically closed and by Remark 2.1.19 the reduction is a reduced scheme. In
Definition 2.1.20 we require the K-analytic group G to be distinguished in order
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to induce a k-group scheme structure on G̃. Indeed if A,B are distinguished K-
affinoid algebras such that Ã⊗̂kB̃ is reduced, then by [Bos69, Satz 6.5.] we have

Ã⊗̂KB = Ã⊗̂kB̃.

For more details see [Bos76, § 1] and [Bos69, § 3 and § 6].

2.2 Non-archimedean uniformization

We use the terminology introduced in Section 2.1 to recall the main facts about
the uniformization of abelian varieties over K. We will mainly follow the exposi-
tion from [Ber90, § 6.5.], but also add some more informations from [BR15, § 4],
[FRSS18, § 3] and [Gub10, § 4].

- 2.2.1. All group objects in the category (K-Var) of varieties over K, (f-K-An)
of formal K-analytic spaces and (K-An) of K-analytic spaces defined in Section
2.1 are commutative. A sequence

0→ T → G→ B → 0

of group objects in (K-Var) is called exact if the associated sequence of fppf sheaves
in abelian groups is exact. There is also a notion of exactness in (f-K-An) which
we will not need in the following. For details one may refer to [Sch13, Chapter 3]
or to [Ser59, Chapter VII].

- 2.2.2. In this first part we follow the exposition from [Ber90, § 6.5.]. Let A be
an abelian variety over K. There exists a unique compact K-analytic subgroup
A1 of Aan which is an analytic domain (Definition 2.1.7), has the structure of a
formal K-analytic group (Definition 2.1.17) and has semi-abelian reduction, i.e. the
reduction is an extension of an abelian variety by a torus.

The K-analytic group A1 contains a unique closed K-analytic subgroup that
is a K-affinoid torus T ′ that is isomorphic to T an

1 (see Example 2.1.12) for some
(split) algebraic torus T = Gr

m,K over K (see also Remark 2.1.14). We call r the
torus rank of A.

The closed immersion T an
1 → A1 uniquely extends to a homomorphism of K-

analytic groups T an → Aan. Then we define Ean as the push-out of A1 and T an

over T an
1 in the category of formal K-analytic groups.

By [Ber90, Corollary 6.5.2.] the morphism p : Ean → Aan is a universal covering
in the topological sense, i.e. p is a covering map and Ean is simply connected.
Moreover Ean has the structure of K-analytic group and p is a morphism of K-
analytic groups which uniquely extends the morphism A1 → Aan and T an →
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Aan. Its kernel M := ker(p) is a discrete subgroup of Ean(K) isomorphic to the
fundamental group π1(Aan) of Aan at the identity which by loc. cit. is a free abelian
group whose rank is equal to the torus rank of A. Note that the action of M on
Ean by translation is free and properly discountinous, then A is uniformizable in
the sense that the morphism of K-analytic groups Ean/M → Aan induced by p is
an isomorphism (see [Gub10, § 4.1.]). Note that by loc.cit. the K-analytic group
Ean is the analytification of an algebraic variety E over K.

- 2.2.3. We reformulate the uniformization result a bit differently following [Gub10,
§ 4.1.-4.3.] and [FRSS18, § 3.2.]. We keep the same notation as in 2.2.2. To an
abelian variety A over K one can uniquely (up to isomorphism) associate the
datum of an exact sequence

1→ T → E → B → 0(2.3)

of algebraic groups over K, where T is an algebraic torus over K and B is an
abelian variety over K such that Ban has good reduction (Definition 2.1.20) and
a morphism of K-analytic groups

p : Ean → Aan

which is a topological universal covering, whose kernel M := ker(p) is a dis-
crete subgroup of E(K) such that there is an isomorphism of K-analytic groups
Ean/M ∼= Aan induced by p.

Definition 2.2.4. We say that A has totally degenerate reduction if in (2.3) we
have B = 0 and E = T . On the other hand we say that A has good reduction if
the toric part T and M are trivial and we have A = B.



Chapter 3

Differential forms on the
analytification of an algebraic
variety

3.1 Superforms

In this section define (p, q)-superforms on a real vector space, introduce some ba-
sic terminology from convex geometry and then consider superforms on polyhedral
complexes. We begin with the definition of superforms on real vector spaces in-
troduced by [Lag12]. We follow the exposition from [Gub16, § 2-3] and [Gub13,
Appendix A] for the definitions about convex geometry.

Let N be a free abelian group of finite rank r. Denote by M := HomZ(N,Z)
its dual and by NR := N ⊗Z R = HomZ(M,R) respectively MR := M ⊗Z R the
base change to R. Let e1, . . . , er be a basis of N and x1, . . . , xr the induced basis
on NR. Write 〈·, ·〉 : M×N → Z, (m,n) 7→ 〈m,n〉 := m(n) for the pairing between
M and N .

Let N ′ be another free abelian group of rank r′. A morphism F : N ′R → NR is
called affine if it is of the form F := LR + a for a linear map LR : N ′R → NR and
a ∈ NR. It is called integral R-affine if it is affine and the linear map LR : N ′R → NR
is induced by a homomorphism on the underlying abelian groups L : N ′ → N .

By a complete lattice Λ in a finite dimensional real vector space V we mean a
discrete additive subgroup of V with rankZΛ = dimR V .

An integral R-affine space is a pair (A, N) consisting of a real affine space and a
complete lattice N of the underlying real vector space of A.

- 3.1.1. Let Ω ⊆ NR be an open subset.

16
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Definition 3.1.2. A (Lagerberg) superform of bidegree (p, q), or (p, q)-superform
on Ω is an element of

Ap,q(Ω) := Ap(Ω,R)⊗C∞(Ω) A
q(Ω,R) = C∞(Ω)⊗Z ΛpM ⊗Z ΛqM.

In the coordinates x1, . . . , xn, an element α ∈ Ap,q(Ω) is given by

α =
∑

|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ ,

where I respectively J are given by i1 < . . . < ip and j1 < . . . < jq, αIJ ∈ C∞(Ω)
and we use the notation

d′xI ∧ d′′xJ := (dxi1 ∧ . . . ∧ dxip ⊗ dxj1 ∧ . . . ∧ dxjq).

Remark 3.1.3. (i) For two superforms

α =
∑

|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ ∈ Ap,q(Ω),

β =
∑

|K|=r,|L|=s

βIJd
′xK ∧ d′′xL ∈ Ar,s(Ω)

we can define a wedge product

∧ : Ap,q(Ω)× Ar,s(Ω)→ Ap+r,q+s(Ω), (α, β) 7→ α ∧ β,

which in coordinates is given by

α ∧ β =
∑

|I|=p,|J |=q,|K|=r,|L|=s

(−1)sqαIJβKLd
′xI ∧ d′xK ∧ d′′xJ ∧ d′′xL.

(ii) We can also define differential operators d′ and d′′ on the space A(Ω) :=⊕
p,q≤r A

p,q(Ω) which turn A(Ω) into a bigraded differential C∞(Ω)-algebra.
More precisely, the differential operators d′ and d′′ are given by d′ := D⊗ id
on Ap,q(Ω) := Ap(Ω,R)⊗ΛqM respectively d′′ := id⊗D on ΛpM⊗Aq(Ω,R).
Here D denotes the usual differential operator on the space Ak(Ω,R) for
k ∈ Z≥0. In coordinates d′′α is given by

d′′α =

q∑
k=1

∑
|I|=p,|J |=q

∂αIJ
∂xk

d′′xk ∧ d′xI ∧ d′′xJ

= (−1)p
q∑

k=1

∑
|I|=p,|J |=q

∂αIJ
∂xk

d′xI ∧ d′′xk ∧ d′′xJ ∈ Ap,q+1(Ω),

and similarly for d′α. We will denote by Ap,qcl (Ω) the space of closed super-
forms of bidegree (p, q) on Ω.
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(iii) The assignment Ω 7→ Ap,q(Ω) defines a sheaf on NR. The support of a (p, q)
superform α ∈ Ap,q(Ω), is defined as

supp(α) := {x ∈ Ω | αx 6= 0},

where αx denotes the germ of α at x. We denote by Ap,qc (Ω) the space of
(p, q) superforms with compact support in Ω.

(iv) Let N ′ be a free abelian group of rank r′ and F := LR + a : N ′R → NR an
affine morphism with F (Ω′) ⊆ Ω for an open subset Ω′ of N ′R, then we can
define the pullback

F ∗ : Ap,q(Ω)→ Ap,q(Ω′)

as follows. Let α =
∑
|I|=p,|J |=q αIJd

′xI ∧ d′′xJ ∈ Ap,q(Ω), then

F ∗α =
∑

|I|=p,|J |=q

αIJ ◦ Fd′L∗RxI ∧ d′′L∗RxJ

Affine pullback commutes with the wedge product and with the differential
operators d′ and d′′.

(v) There exists a C∞(Ω)-linear isomorphism Jp,q : Ap,q(Ω)→ Aq,p(Ω) given by

α =
∑

|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ 7→ Jp,q(α) =

∑
|I|=q,|J |=p

αIJd
′xJ ∧ d′′xI .

- 3.1.4. Let Λ ⊆ NR be a complete lattice. For λ ∈ Λ denote by τλ : NR → NR,
v 7→ v + λ the translation by λ on NR.

Definition 3.1.5. Let Ω ⊆ NR be an open subset, α ∈ Ap,q(Ω) and λ ∈ Λ. We
say that α is Λ-invariant if

τ ∗λα = α, for all λ ∈ Λ.

For α =
∑
|I|=p,|J |=q αIJd

′xI ∧ d′′xJ this means that

τ ∗λα =
∑

|I|=p,|J |=q

αIJ ◦ τλd′xI ∧ d′′xJ =
∑

|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ = α,

i.e. the αIJ are Λ-invariant. We will denote by Ap,q(Ω)Λ the space of Λ-invariant
superforms of bidegree (p, q) on Ω and by Ap,qcl (Ω)Λ the subspace of closed Λ-
invariant superforms of bidegree (p, q) on Ω.
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Example 3.1.6. Let Λp,qN∗R = Λp,qMR denote the space of superforms of bidegree
(p, q) on NR with constant coefficients. For α ∈ Λp,qN∗R in coordinates we have

α =
∑

|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ ,

where αIJ ∈ R. Then α is Λ-invariant and since every superform with constant
coefficients is also closed we have an inclusion

Λp,qN∗R ⊆ Ap,qcl (NR)Λ.

Definition 3.1.7. We say that an open subset Ω ⊆ NR is Λ-small if for every
non-zero element λ ∈ Λ we have

Ω ∩ τ−1
λ (Ω) = ∅.

- 3.1.8. In order to define superforms on polyhedral complexes we have to recall
some notions from convex geometry from [Gub13, Appendix A] and [Gub16, §

3.1.].

Definition 3.1.9. (i) A polyhedron σ is a finite intersection of finitely many
closed half-spaces

σ :=
m⋂
i=1

{n ∈ NR | 〈mi, n〉 ≤ ci}, mi ∈MR, ci ∈ R, i ∈ {1, . . . ,m}

in NR. We denote by Aσ the real affine space generated by σ and by Lσ its
underlying real vector space. The dimension of σ is defined as dim(σ) :=
dimR Lσ. We call σ an integral R-affine polyhedron if we can choose mi ∈M
for all i ∈ {1, . . . ,m}.

(ii) Let σ be a polyhedron. A closed face of σ is either σ or given by σ ∩ ∂H,
where ∂H is the boundary of a closed half-space containing σ. If τ is a
closed face (respectively a proper closed face) of σ, then we write τ � σ
(respectively τ ≺ σ). The relative interior of σ is defined as

relint(σ) := σ \
⋃
τ≺σ

τ.

Remark 3.1.10. Let σ be an integral R-affine polyhedron of dimension n in NR
and Aσ, respectively Lσ as in Definition 3.1.9.

(i) There is a canonical integral R-affine structure (Aσ, Nσ) on Aσ, where Nσ :=
N ∩ Lσ. Note that Nσ is a complete lattice in Lσ.
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(ii) Let Ω̃ ⊆ NR and Ω := Ω̃∩σ. Define Ap,qσ (Ω) as the space of (p, q)-superforms

on the open subset Ω̃ ∩ relint(σ) of Aσ given by restriction of elements in

Ap,q(Ω̃). A partition of unity argument shows that the definition is indepen-

dent of the choice of Ω̃ (see [GK17, § 2.2.]).

Remark 3.1.11. (i) Let m ∈ M and H := {n ∈ NR | 〈n,m〉 ≤ 0} be a half-
space. Its boundary ∂H is a subspace of NR. There exists an isomorphism
of groups N/(N ∩ ∂H) ∼= Z. Let [ω∂H,H ] be the outward pointing generator
of N/(N ∩ ∂H). This means that there is u∂H,H ∈M such that

〈h, u∂H,H〉 ≤ 0, for all h ∈ H, and 〈ω∂H,H , u∂H,H〉 = 1.

Then we choose a representative ω∂H,H ∈ N . Note that after a translation,
we can perform the same construction for any integral R-affine half-space.

(ii) Let Ω be an open subset of NR and σ an r-dimensional (top dimension)
integral R-affine polyhedron contained in Ω. For any closed face ρ of codi-
mension 1, we put ωσ,ρ := ω∂H,H as in (i), where ∂H is the affine hyperplane
generated by ρ and H the corrsponding halfspace containing σ. The element
ωσ,ρ ∈ N is unique up to addition with elements in Nρ = N ∩ Lρ.

Definition 3.1.12. (i) A polyhedral complex C is a finite set of polyhedra with
the following properties

(i) every polyhedron in C has all its closed faces in C;
(ii) if σ and τ are elements in C, then σ ∩ τ is either empty or a closed face

of both σ and τ .

We say that a polyhedral complex C is integral R-affine if every polyhedron
σ ∈ C is integral R-affine. The support of a polyhedral complex C is given
by

|C| :=
⋃
σ∈C

σ.

A maximal polyhedron in C is a polyhedron which is maximal with respect to
inclusion. We say that C is pure n-dimensional if every maximal polyhedron
in C has dimension n. For k ∈ N we write Ck := {σ ∈ C | dimσ = k}. A
polyhedral complex D subdivides the polyhedral complex C if |D| = |C| and
if every polyhedron of D is contained in a polyhedron of C.

(iii) Let C be a polyhedral complex in NR and Ω ⊆ C open. A superform α of

bidegree (p, q) on Ω is an equivalence class [(α̃, Ω̃)], such that

(i) the set Ω̃ is an open subset of NR and α̃ ∈ Ap,q(Ω̃), and
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(ii) two pairs (α̃, Ω̃) and (β̃, Ω̃) are equivalent if their restriction to Ap,qσ (Ω̃∩
σ) agrees, for every maximal polyhedron σ ∈ C.

As in Remark 3.1.10 (ii), a partition of unity argument shows that this

definition does not depend on the choice of the open subset Ω̃. Denote by
Ap,qC (Ω) the space of superforms of bidegree (p, q) on C. If the polyhedral
complex C is clear from the context we will only write Ap,q(Ω).

(iv) The assignment Ω 7→ Ap,qC (Ω) defines a sheaf on C. The support of a su-
perform α ∈ Ap,qC (Ω) is defined as the support in the sense of sheaves as
in Remark 3.1.3(iv). Denote by Ap,qC,c(Ω) the space of (p, q)-superforms with
compact support in Ω.

Remark 3.1.13. Let C be a polyhedral complex in NR, Ω ⊆ C open and Ω̃ ⊆ NR
open such that Ω = Ω̃ ∩ |C|.

(i) By restricting the wedge product and differential operators d′ and d′′ from

Ap,q(Ω̃) we get a wedge product and differential operators on Ap,qC (Ω). This
gives AC(Ω) :=

⊕
p,q A

p,q
C (Ω) the structure of an alternating bigraded differ-

ential algebra. For example, let α ∈ Ap,qC (Ω) be given by α̃ ∈ Ap,q(Ω̃) for an

open subset Ω̃ ⊆ NR with Ω = Ω̃∩ |C| then d′′α is given by d′′α̃ ∈ Ap,q+1(Ω̃).
Since affine pull-back commutes with differentials, it follows that the differ-
ential d′′ of equivalent superforms in Ap,qC (Ω) will be equivalent in Ap,q+1

C (Ω).

(ii) Let N ′ be a free abelian group of rank r′ and let F : N ′R → NR be an affine
map. Suppose that C ′ is a polyhedral complex of N ′R with F (|C ′|) ⊆ |C| and
put Ω′ := Ω ∩ |C ′|. Then there exists a well-defined pull-back

F ∗ : Ap,qC (Ω)→ Ap,qC′ (Ω′)

defined as follows. Let Ω̃ ⊆ NR be an open subset such that Ω = Ω̃∩|C|, then

F−1(Ω̃) is open in N ′R and we define Ω′ := F−1(Ω̃)∩ |C ′|. Let α ∈ Ap,qC (Ω) be

given by α̃ ∈ Ap,q(Ω̃) then F ∗α̃ ∈ Ap,q(F−1(Ω̃)) is given restricting F ∗α̃ to

Ω′. The definition is independent of the choice of the representative (α̃, Ω̃).

(iii) Suppose that C has dimension n. Then by [CLD12, Lemme (1.4.5.)] for
n < max{p, q} we have Ap,qC = 0.

Definition 3.1.14. (i) Let C be a pure n-dimensional polyhedral complex. A
weight on C is an integer valued function m : Cn → Z, σ 7→ m(σ) =: mσ. We
call the pair (C,m) a weighted polyhedral complex.



CHAPTER 3. NON-ARCHIMEDEAN DIFFERENTIAL FORMS 22

(ii) Let C := (C,m) be a weighted integral R-affine pure n-dimensional poly-
hedral complex. For a codimension one face τ of a polyhedron σ ∈ Cn let
ωσ,τ ∈ Nσ be a representative as in Remark 3.1.11. We say that the weighted
polyhedral complex C satisfies the balancing condition if for all τ ∈ Cn−1 we
have ∑

σ∈Cn,σ�τ

mσωσ,τ ∈ Nτ .

(iii) A tropical cycle C = (C,m) of dimension n in NR is a weighted integral R-
affine pure n-dimensional polyhedral complex which satisfies the balancing
condition.

3.2 Differential forms on the analytification of

an algebraic variety

In this section we first define tropical charts on the analytification Xan of an alge-
braic variety X over K. These are given by closed immersions of the analytification
of very affine open subsets into an algebraic torus and will be seen as local coordi-
nate charts on Xan. This will allow us to define differential forms on open subsets
of Xan. In the last part of the section we will look at some basic results about the
support of the sheaf of real valued smooth differential forms on Xan.

Let X be an algebraic variety over K.

- 3.2.1. We recall the main definitions and properties of algebraic moment maps
and tropical charts as done in [Gub13, § 3], [Gub16, § 4] and of analytic moment
maps following [CLD12, § 2].

Definition 3.2.2. Let T := Spec(K[M ]) be an algebraic torus over K with char-
acter group M and cocharacter group N . Denote by NR the base extension N⊗ZR
and for m ∈M denote by χm := 1 ·m its associated cocharacter in K[M ].

(i) The tropicalization map is given by

tropT : T an −→ NR, | · |t 7→ tropT (t) := [m 7→ − log |χm|t].

If we fix coordinates Z1, . . . , Zr on T , then M ∼= Zr and NR ∼= Rr and the
tropicalization map is given by

tropT : T an −→ Rr, | · |t 7→ (− log |Z1|t, . . . ,− log |Zr|t).
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(ii) Let U be an open subset of X. An algebraic moment map is a morphism
ϕ : U → T of algebraic varieties over K. The tropicalization of ϕ will be
denoted by

ϕtrop : Uan ϕan

−−→ T an trop−−→ NR.

(iii) A moment map ϕ′ : U ′ → T ′ of the open subset U ′ of X refines the moment
map ϕ : U → T if U ′ ⊆ U and if there is an affine homomorphism ψ : T ′ → T
such that ϕ|U ′ = ψ ◦ϕ′. An affine homomorphism is a group homomorphism
T → T ′ composed with a multiplicative translation on T .

(iv) An analytic moment map is a morphism of analytic spaces f : Y → T from
an analytic space Y to an analytic torus T (Definition 2.1.13(i)). Denote the
composition

Y
f−→ T

tropT−−−→ NR,

by ftrop.

Remark 3.2.3. Note that the affine homomorphism ψ : T ′ → T from Defini-
tion 3.2.2(iii) induces a homomorphism M → M ′ on character lattices by pre-
composition with ψ. Its dual is the linear part of an integral R-affine map
Trop(ψ) : N ′R → NR such that (ϕ|U ′)trop = Trop(ψ) ◦ ϕ′trop.

- 3.2.4. By [Gub10, § 4.12.] for every affine open subset U of X we can define a
moment map ϕU : U → TU where TU = Spec(K[MU ]) and MU := OX(U)×/K×.
The moment map ϕU is canonical up to multiplicative translation by an element
of TU(K) and is called canonical moment map. Let f : X ′ → X be a morphism
of algebraic varieties over K and let U ′ be an affine open subset of X ′ such that
f(U ′) ⊆ U . Then by loc. cit. there exists a canonical affine homomorphism
ψU,U ′ : TU ′ → TU of canonical tori such that ψU,U ′ ◦ ϕU ′ = ϕU ◦ f on U ′.

Remark 3.2.5. Let U be an affine open subset of X, then ϕU refines every other
moment map on U . Indeed let φ : U → T be another moment map on U and denote
by M := Hom(T,Gm) the character group of the torus T . We have a morphism
of Z-modules M → MU given by composition with φ. We get an induced map
of K-algebras K[M ] → K[MU ] and consequently an affine homomorphism in the
opposite direction on the tori ψU : TU → T . If we denote by NU respectively N
the dual space of MU and M , then we get an induced integral R-affine morphism

Trop(ψU,T ) := trop ◦ψan
U : NU,R → NR

such that Trop(ψU,T ) ◦ ϕU,trop = φtrop on U .
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Remark 3.2.6. Let Y be closed subvariety of dimension n of an algebraic torus
T over K and ϕ : Y → T the corresponding closed immersion. As explained
in [Gub16, § 4.6.], by the Bieri-Groves theorem and further results from tropical
geometry, the image ϕtrop(Y an) has the structure of an integral R-affine polyhedral
complex of dimension n which is unique up to subdivision. Moreover, it is possible
to endow ϕtrop(Y an) with a positive canonical weight function m which satisfies
the balancing condition (see [Gub16, § 4.7.]). Hence (ϕtrop(Y an),m) is a tropical
cycle.

- 3.2.7. An open subset U of X is called very affine if U has a closed embedding
into a multiplicative torus. Let U ⊆ X be an affine open subset. By [Gub16, §

4.13.] the subset U is very affine open if and only if the canonical moment map ϕU
is a closed immersion. Moreover the intersection of two very affine open subsets of
X is very affine open subset of X. By loc. cit. the very affine open subsets form
a basis for the Zariski topology on X.

Lemma 3.2.8. Let U and U ′ be very affine open subsets of X. Then with the
same notation as in (3.2.4) there exists a canonical isomorphism of abelian groups

MU ⊕MU ′
∼= MU×KU ′ .

Proof. This is known as Rosenlicht’s theorem and can be found in [Ros61, Theorem
2]. Alternatively there is proof using a more modern language on the website of
Brian Conrad (see [Con, Theorem 4.1.]).

Definition 3.2.9. (i) A tropical chart on Xan is a pair (V, ϕU) consisting of an
open subset V of Xan contained in Uan for a very affine open subset U of X with
V = ϕ−1

U,trop(Ω) for some open subset Ω of ϕU,trop(Uan).

(ii) A tropical chart (V ′, ϕU ′) is a tropical subchart of (V, ϕU) if V ′ ⊆ V and U ′ ⊆ U .

Proposition 3.2.10. The tropical charts on Xan have the following properties.

(i) They form a basis on Xan, i.e. for every open subset W of Xan and for every
x ∈ W there is a tropical chart (V, ϕU) with x ∈ V ⊆ W .

(ii) The intersection (V ∩ V ′, ϕU∩U ′) of tropical charts (V, ϕU) and (V ′, ϕU ′) is a
tropical subchart of both.

(iii) If (V, ϕU) is a tropical chart and if U ′′ is a very affine open subset of U with
V ⊆ (U ′′)an, then (V, ϕU ′′) is a tropical subchart of (V, ϕU).

Proof. See [Gub16, Proposition 4.16.].
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Remark 3.2.11. Let (V, ϕU) and (V ′, ϕU ′) be two tropical charts. Then by
Proposition 3.2.10(ii) also (V ∩ V ′, ϕU∩U ′) is a tropical chart and we get a canon-
ical affine homomorphism ψU,U∩U ′ : TU∩U ′ → TU of the underlying tori such that
ϕU = ψU,U∩U ′ ◦ ϕU∩U ′ . The associated affine map Trop(ψU,U∩U ′) : NU∩U ′,R → NU,R
maps the tropical variety ϕU∩U ′,trop((U∩U ′)an) onto ϕU,trop(Uan) by [Gub16, § 5.1.].

Definition 3.2.12. With the notation from Remark 3.2.11 we define the restric-
tion α|V ∩V ′ of α ∈ Ap,q(ϕU,trop(V )) to V ∩ V ′ by

α|V ∩V ′ := Trop(ψU∩U ′,U)∗α ∈ Ap,q(ϕU∩U ′,trop(V ∩ V ′))

Proposition 3.2.13. Let W ⊆ Xan be an open subset and ϕ : W → T an be an
analytic moment map defined on an open subset W of Xan. For every x ∈ W ,
there is a very affine open subset U of X with an algebraic moment map ϕ′ : U → T
and an open neighborhood V of x in W ∩ Uan such that ϕtrop = ϕ′trop on V .

Proof. See [Gub16, Proposition 7.2.].

Remark 3.2.14. It is clear that every algebraic moment map induces an analytic
one. Proposition 3.2.13 gives a local converse, in the sense that analytic moment
maps can locally be approximated by algebraic ones. This will allow us to translate
constructions for K-analytic spaces appearing in [CLD12] into the formalism of
[Gub16].

Lemma 3.2.15. Let W ⊆ Xan be open and f : W → T an an analytic moment
map. For every point x ∈ W there exists a triple (F, V, ϕU), where V is an open
neighborhood of x in W , the pair (V, ϕU) is a tropical chart on Xan and F : NU,R →
NR is an integral R-affine morphism with F ◦ ϕU,trop = ftrop on V .

Proof. Let N denote the cocharacter group of T and put NR := N ⊗Z R. By
Proposition 3.2.13 there exists a very affine open subset U ′ of X and an algebraic
moment map φU ′ : U

′ → T such that ftrop|V ′ = φU ′,trop|V ′ for a neighborhood V ′ of
x in V ∩ U ′ an. By Proposition 3.2.10(i) there exists a tropical chart (V, ϕU) with
x ∈ V ⊆ V ′. Moreover by Proposition 3.2.10(iii) after possibly replacing U with
U ′ ∩ U we have that U is a very affine open subset of U ′. By Remark 3.2.3 and
3.2.5 there exists an R-affine morphism F ′ : NU ′,R → NR such that

F ′ ◦ ϕU ′,trop = φU ′,trop

on (U ′)an. As U ⊆ U ′ by (3.2.4) there exists a canonical integral R-affine morphism
G : NU,R → NU ′,R such that

G ◦ ϕU,trop = ϕU ′,trop
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on Uan. Put F := F ′ ◦G : NU,R → NR, then on V we have

ftrop = φU ′,trop = F ′ ◦ ϕU ′,trop

= F ′ ◦G ◦ ϕU,trop = F ◦ ϕU,trop.

Definition 3.2.16. A differential form α of bidegree (p, q) on an open subset V
of Xan is given by the datum [(Vi, ϕUi , αi)i∈I ], where:

(i) (Vi)i∈I is an open covering of V ;

(ii) (Vi, ϕUi)i∈I are tropical charts, and

(iii) for every i ∈ I we have αi ∈ Ap,q(ϕUi,trop(V )) and for all i, j ∈ I we have
αi|Vi∩Vj = αj|Vi∩Vj in the sense of Remark 3.2.11.

Two differential forms α = (Vi, ϕUi , αi)i∈I , α
′ = (V ′j , ϕU ′j , α

′
j)j∈J are equivalent if

for all i ∈ I, j ∈ J we have αi|Vi∩V ′j = α′j|Vi∩V ′j . We will denote by Ap,qXan(V ) the

space of differential (p, q)-forms on V . If the variety X over K is clear from the
context, we will just write Ap,q(V ).

Remark 3.2.17. In [CLD12] the authors define differential (p, q)-forms on arbi-
trary K-analytic spaces using analytic moment maps. In [Gub16, Remark 4.17.]
the author shows with the help of Proposition 3.2.13 that on the analytification
of an algebraic variety over K the two definitions agree. Hence we can use the
results from [CLD12].

Remark 3.2.18. (i) To define the wedge product of differential forms on an
open subset of Xan as well as differential operators d′ and d′′ we follow [Jel16,
Definition 3.2.15.]. Let α ∈ Ap,q(V ) and β ∈ Ar,s(V ) be differential forms
on V given by (Vi, ϕUi , αi)i∈I respectively (Wj, ϕZj , βj)j∈J . After choosing a
common refinement we may assume that α and β are given by (Wi, ϕZi , αi)i∈I
and (Wi, ϕZi , βi)i∈I . Then we define α ∧ β and Dα to be given by

(Wi, ϕZi , αi ∧ βi)i∈I , and (Vi, ϕUi , Dαi)i∈I ,

where D ∈ {d′, d′′}. By loc.cit. these definitions are independent of the
chosen representations for α and β.

(ii) Let f : X → Y be a morphism of algebraic varieties over K and f an : Xan →
Y an the induced morphism on the analytification. Let W ⊆ Y an be an open
subset. There exists a canonical pull-back of differential forms
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f ∗ : Ap,qY an(W )→ Ap,qXan(f an,−1(W )),

defined as follows. Let α ∈ Ap,qY an(W ) be given by (Wi, ϕZi , αi)i∈I . Put

f an,−1(Wi) =: Vi, and f−1(Zi) =: Ui

and note that Ui is a Zariski open subset which may not be very affine. By
3.2.7 there exists an open cover (Uij)j∈J of Ui by very affine open subsets.
Let ϕUij : Uij → TUij be the canonical moment map and put Vij := Vi ∩ Uan

ij .
Since f(Uij) ⊆ Zi, by 3.2.4 we get a canonical affine homomorphism of tori
ψZi,Uij : TUij → TZi such that ψZi,Uij ◦ ϕUij = ϕZi ◦ f on Uij. Then (Vij, ϕUij)
is a tropical chart and we define f ∗α ∈ Ap,qXan(f−1,an(W )) to be given by

(Vij, ϕUij ,Trop(ψZi,Uij)
∗αi)i∈I,j∈J .

This construction is independent of the chosen representative for α ([Jel16,
Remark 3.2.18.]).

(iii) By [Gub16, § 5.3.] the differential (p, q)-forms on Xan form a sheaf which we
will denote by Ap,qXan . Let α be a differential form on an open subset V of Xan.
As in Remark 3.1.3 (iv), we define, the support of α of a differential (p, q)-
form on an open subset V of Xan as the support in the sense of sheaves. For
an open subset V of Xan we will denote by Ap,qc (V ) the space of differential
(p, q)-forms on V with compact support.

(iv) Let n := dimX. Then by [CLD12, (3.1.2.)] for n < max{p, q} we have
Ap,qXan = 0.

- 3.2.19. We explain how to pull-back differential forms on the analytifications of
algebraic varieties along (purely) analytic morphisms in the formalism of [Gub16]
by using the local approximation of analytic moment maps by algebraic ones as in
Proposition 3.2.13.

Let X, Y be algebraic varieties and W ⊆ Y an an open subset. Let f : Xan →
Y an be a morphism of K-analytic spaces. Suppose that α′ ∈ Ap,q(W ) is given by
(W,ϕZ , α). The composition

ϕ := ϕan
Z ◦ f |f−1(W ) : f−1(W )→ T an

Z

is an analytic moment map. By Lemma 3.2.15 there exists a family of triples
(Vi, ϕUi , Fi)i∈I where (Vi)i∈I is an open cover of f−1(V ), the pairs (Vi, ϕUi)i∈I are
tropical charts on f−1(W ) and Fi : NUi,R → NZ,R is an integral R-affine map such
that Fi ◦ ϕUi = ϕtrop on Vi for every i ∈ I. Then we define f ∗α′ by

(Vi, ϕUi , F
∗
i α)i∈I .(3.1)
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This construction is well-defined, indeed let (V ′j , ϕU ′j , F
′
j)j∈J be another family of

triples as in Lemma 3.2.15. For all i ∈ I and j ∈ J let Trop(ψUi,Ui∩U ′j) and

Trop(ψU ′j ,Ui∩U ′j) be the canonical integral R-affine morphisms from 3.2.4. On Vi∩V ′j
we have

Fi ◦ Trop(ψUi,Ui∩U ′j) ◦ ϕUi∩U ′j ,trop = Fi ◦ ϕUi,trop = ϕtrop

= F ′j ◦ ϕU ′j ,trop = F ′j ◦ Trop(ψU ′j ,Ui∩U ′j) ◦ ϕUi∩U ′j ,trop.

Then

F ∗i α|Vi∩V ′j = Trop(ψUi,Ui∩U ′j)
∗F ∗i α

= Trop(ψU ′j ,Ui∩U ′j)
∗F ′∗j α = F ′∗j α|Vi∩V ′j ,

hence [(Vi, ϕUi , F
∗
i α)i∈I ] = [(V ′j , ϕU ′j , F

′∗
j α)j∈J ] in Ap,q(W ). The next proposition

shows that we can apply the same idea for an arbitrary differential form α ∈
Ap,q(W ).

Proposition 3.2.20. There exists a canonical pull-back of differential forms

f ∗ : Ap,qY an(W )→ Ap,qXan(f−1(W )),(3.2)

with the following properties.

(i) The pull-back f ∗ coincides with the pull-back from [CLD12, (3.1.7.)].

(ii) Suppose that g : X → Y is a morphism of algebraic varieties over K. Then
the pull-back gan,∗ from (3.2) coincides with the pullback g∗ from Remark
3.1.3(ii).

(iii) The pull-back defined in (3.2) is functorial. This means that if g : Y an → Zan

is another morphism of K-analytic spaces, we have

(g ◦ f)∗ = f ∗ ◦ g∗.

Proof. Let α ∈ Ap,q(W ) be given by (Wi, ϕZi , αi)i∈I . Then we define f ∗α as

(Vij, ϕUij , F
∗
ijαi)I∈I,j∈J ,(3.3)

where for every i ∈ I the family of triples (Vij, ϕUij , F
∗
ijαi)j∈J is given as in (3.1).

We show the compatibility condition from Definition 3.2.16. By assumption we
have

Trop(ψZi,Zi∩Zj)
∗αi = Trop(ψZj ,Zi∩Zj)

∗αj(3.4)



CHAPTER 3. NON-ARCHIMEDEAN DIFFERENTIAL FORMS 29

for all i ∈ I and j ∈ J . Fix i ∈ I and j ∈ J . We want to show that

F ∗ikαi|Vik∩Vjl = F ∗jlαj|Vik∩Vjl ,(3.5)

for all k ∈ K and l ∈ L. We claim that for every p ∈ Vik ∩Vjl there exists an open
neighborhood Vp = Vp(k, l) such that

F ∗ikαi|Vp = F ∗jlαj|Vp .

First note that since Vik ⊆ f−1(Zi) and Vjl ⊆ f−1(Zj), the composition

ϕ : Vik ∩ Vjl → f−1(Zi ∩ Zj)
f |f−1(Zi∩Zj)−−−−−−−→ TZi∩Zj

is an analytic moment map and hence for every p ∈ Vik ∩ Vjl there exists a triple
(Vp, ϕUp , Fp) as in Lemma 3.2.15. After possibly replacing Up by Up ∩Uik ∩Ujl we
may assume that Up ⊆ Uik and Up ⊆ Ujl. Then on ϕUp,trop(Vp) we have

Fik ◦ Trop(ψUik,Up) = Trop(ψZi,Zi∩Zj) ◦ Fp and

Fjl ◦ Trop(ψUjl,Up) = Trop(ψZj ,Zi∩Zj) ◦ Fp,

where Trop(ψUik,Up),Trop(ψZi,Zi∩Zj), etc. denote the canonical integral R-affine
morphisms from (3.2.4) induced by the inclusions Up ⊆ Uik, Zi ∩ Zj ⊆ Zi. Finally
we get

F ∗ikαi|Vp = Trop(ψUik,Up)
∗F ∗ikαi = F ∗p Trop(ψZi,Zi∩Zj)

∗αi

= F ∗p Trop(ψZj ,Zi∩Zj)
∗αj = Trop(ψUjl,Up)

∗F ∗jlαj

= F ∗jlαj|Vp ,

where in the third equality we used (3.4). Let (Vp(k, l))p∈Vik∩Vjl be an open cover
of Vik ∩ Vjl then (3.5) follows since Ap,qXan is a sheaf. In the same way one can show
that this construction does not depend on the chosen representation for α. Part (i)
follows by construction and Remark 3.2.17. For part (ii) let α ∈ Ap,q(W ) be given
by (Wi, ϕZi , αi)i∈I . After possibly passing to a common refinement we may assume
that g∗α and gan,∗α are given on the same cover. Then they agree by construction.
Part (iii) immediately follows from part (i) since the pull-back defined in [CLD12,
(3.1.7.)] is functorial.

- 3.2.21. We review some results about the support of differential forms on the
analytification that we will need for the definition of the integral in Section 3.4.

Definition 3.2.22. Let V ⊆ Xan be an open subset. We say that α ∈ Ap,qc (Xan)
is given by a single form if α = [(V, ϕU , αU)], for αU ∈ Ap,qϕU,trop(Uan)(ϕU,trop(V )).
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Proposition 3.2.23. Let (V, ϕU) be a tropical chart of Xan and let α = [(V, ϕU , αU)] ∈
Ap,q(V ) be given by a single form, with αU ∈ Ap,q(ϕU,trop(V )). Then α = 0 in
Ap,q(V ) if and only if αU = 0 in Ap,q(ϕU,trop(V )).

Proof. See [Gub16, Proposition 5.6.]

Corollary 3.2.24. Let (V, ϕU) be a tropical chart of Xan and α = [(V, ϕU , αU)] ∈
Ap,q(V ) be given by a single form, with αU ∈ Ap,q(ϕU,trop(V )). Then supp(αU) =
ϕU,trop(supp(α)).

Proof. See [Gub16, Remark 5.4.] and [CLD12, Corollaire 3.2.3.].

Lemma 3.2.25. Let W ⊆ Xan be an open subset, α ∈ Ap,q(W ) and β ∈ Ar,s(W ).
Let Y be an algebraic variety over K and f : Xan → Y an a morphism of K-analytic
spaces. Then we have the following identities

(i) supp(α ∧ β) ⊆ supp(α) ∩ supp(β);

(ii) supp(f ∗α) ⊆ f−1(supp(α)).

Proof. Both identities follow from the definitions. We show part (i). Let x ∈ X
be such that αx = 0 or βx = 0. Then there exists an open neighborhood V of x
where α = 0 or β = 0. We may assume that α and β are given by (V, ϕU , αU)
and (V, ϕU , βU). Then α∧ β is given by (V, ϕU , αU ∧ βU) on V and by Proposition
3.2.23 we get (α ∧ β)x = 0 which proves the claim.

Lemma 3.2.26. Let W be an open subset of Xan and let U be a Zariski open subset
of X. If α ∈ Ap,q(W ) with dim(X \ U) < max{p, q}, then supp(α) ⊆ W ∩ Uan.

Proof. [Gub16, Lemma 5.11.].

3.3 Tropical Dolbeault cohomology

In the next section we define tropical Dolbeault cohomology groups by closely
following [Jel16, § 3.4].

Let X be an algebraic variety over K of dimension n.

Definition 3.3.1. Let W ⊆ Xan be open. The tropical Dolbeault cohomology and
the tropical Dolbeault cohomology with compact support on W are defined as

Hp,q
d′′ (W ) := Hq(Ap,•Xan(W ), d′′) and Hp,q

d′′,c(W ) := Hq(Ap,•Xan,c(W ), d′′)

Definition 3.3.2. Let p ∈ N. Define a sheaf of A0,0
Xan-modules on Xan by

LpX := ker(d′′ : Ap,0Xan → Ap,1Xan).
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Proposition 3.3.3. There exists a canonical isomorphism

R ∼= L0
X ,

where R denotes the constant sheaf with stalks R.

Proof. See [Jel16, Lemma 3.4.5.].

Theorem 3.3.4. The complex

0→ LpX → Ap,0Xan

d′′−→ Ap,1Xan

d′′−→ . . .
d′′−→ Ap,nXan → 0

of sheaves on Xan is exact. In fact it is an acyclic resolution, hence

Hq(Xan,LpX) ∼= Hp,q
d′′ (X

an) and Hp
c(X

an,LpX) ∼= Hp,q
d′′,c(X

an).

Moreover we have isomorphisms

Hq
sing(Xan) ∼= Hq(Xan,R) ∼= H0,q

d′′ (X
an)

and Hq
sing,c(X

an) ∼= Hq
c(X

an,R) ∼= H0,q
d′′,c(X

an).

Proof. See [Jel16, Corollary 3.4.6.].

- 3.3.5. We collect known results about the tropical Dolbeault cohomology groups
from [Jel16], [JW18].

Proposition 3.3.6. Let X be a variety. Then the real vector space H0,q(Xan) is
finite dimensional for all q ∈ N.

Proof. See [Jel16, Theorem 3.4.9.].

Proposition 3.3.7. Let X be a variety of dimension n. Then there exists for all
q ∈ N a homomorphism

H0,q
d′′ (X

an)→ Hq,0
d′′ (X

an).

If X is proper then this map is injective for q ∈ {0, 1, n}.

Proof. See [Jel16, Proposition 3.4.11.].

Definition 3.3.8. A smooth projective curve X over K of genus g ≥ 1 is called
a Mumford curve if there is a semistable model of X such that all the irreducible
components of the special fiber are rational (see [JW18, Definition 2.27.] and
[Ber90, Theorem 4.4.1.] for other characterizations).

Proposition 3.3.9. Let X be either P1
K or a Mumford curve of over K. Let g

denote the genus of X. Then

dimR H0,1(Xan) = dimR H1,0(Xan) = g,

dimR H0,0(Xan) = dimR H1,1(Xan) = 1, dimR Hp,q(Xan) = 0, else.

Proof. See [JW18, Theorem 5.1.].
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3.4 Integration

In this section we recall how to integrate top-dimensional differential forms on
open subsets of Xan. In Proposition 3.4.21 we will prove a formula about the
integration on the product of the analytifications of algebraic varieties. We mainly
follow [Gub16, § 2-5].

We use the same notation and conventions as in Section 3.1 and 3.2.

- 3.4.1. Let Ω be an open subset of NR and let vol(x1, . . . , xr) denote the Lebesgue
measure on NR normalized such that vol(NR/N) = 1. Let α ∈ Ar,rc (Ω) be given
by α = f dvol(x1, . . . , xr) for f ∈ C∞c (Ω). We define∫

Ω

α :=

∫
Ω

f

as in [Jel16, Definition 2.1.7.].

- 3.4.2. We can also define integration in terms of contractions as done in [Gub16,
§ 2.6.]. Let Ω ⊆ NR be open. We view a superform α ∈ Ap,qc (Ω) as a multilinear
map

Np,q
R → C∞(Ω), (v1, . . . , vp+q) 7→ α(v1, . . . , vp+q)(3.6)

which is alternating in (v1, . . . , vp) and in (vp+1, . . . , vp+q).

Definition 3.4.3. Let α ∈ Ap,q(Ω), and I ⊆ {1, . . . , p + q} a subset of car-
dinality s with s′ elements contained in {1, . . . , p} and s′′ elements contained
in {p + 1, . . . , p + q}. Given vectors v1, . . . , vs ∈ NR, then the contraction of
〈α; v1, . . . , vs〉I ∈ Ap−s

′,q−s′′(Ω) is given by inserting v1, . . . , vs for the variables
(ni)i∈I of (3.6). Let α ∈ Ar,rc (Ω), then we view 〈α; e1, . . . , er〉{1,...,r} ∈ A0,r

c (Ω) is a
r-form on Ω and the integral is given by∫

Ω

α := (−1)
r(r−1)

2

∫
Ω

〈α; e1, . . . , er〉{1,...,r}.

and on the right-hand side we use usual integration of a top-dimensional form.

- 3.4.4. Let σ be an integral R-affine polyhedron of dimension n and consider
the integral R-affine structure (Aσ, Nσ) associated to σ. Put Ω := Ω̃ ∩ σ for

an open subset Ω̃ ⊆ NR. Let α ∈ An,nσ (Ω) and consider the affine morphism
F : Lσ = Nσ,R → Aσ, then we define∫

σ

α :=

∫
F−1(Ω̃∩relint(σ))

F ∗α
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where F ∗α = F ∗(α̃)|Ω̃∩relint(σ) for some representative α̃ ∈ An,nc (Ω̃) and on the
right-hand side we integrate as in 3.4.1. With the same arguments as in Remark
3.1.13 one can show that this definition does not depend on the choice of the
representative α̃.

- 3.4.5. Let (C,m) be a weighted integral R-affine polyhedral complex of pure
dimension n as in Definition 3.1.14. Let Ω ⊆ |C| be an open subset and α ∈
An,nC,c (Ω), we set ∫

(C,m)

α :=
∑
σ∈Cn

mσ

∫
σ

α.

Remark 3.4.6. By [Gub16, § 3.9.] it is possible to push-forward tropical cycles by
integral R-affine maps F : N ′R → NR, i.e. if (C ′,m′) is a weighted integral R-affine
polyhedral complex of pure dimension n in N ′R, then we can define a tropical cycle
(F∗C ′,m) on NR called the push-forward of (C ′,m′) by F .

Proposition 3.4.7. With the same notation and assumptions as in Remark 3.4.6
let Ω′ be an open subset of N ′R and α ∈ An,nF∗(C′),c(Ω

′). Then we have the following
projection formula ∫

F∗(C′,m)

α =

∫
(C′,m)

F ∗(α).

Proof. See [Gub16, Proposition 3.10.].

Proposition 3.4.8. Let ϕ′ : U ′ → T ′ be a moment map for a non-empty open U ′ ⊆
T ′ which refines the moment map ϕ : U → T , i.e. there is an affine homomorphism
ψ : T ′ → T such that ϕ = ψ ◦ϕ′ on U ′. Then we have an equality of tropical cycles

Trop(ψ)∗(Trop(ϕ′∗(U
′))) = Trop(ϕ∗(U)).

Proof. See [Gub16, Proposition 4.11.].

- 3.4.9. Let X be an algebraic variety of dimension n.

Proposition 3.4.10. Let α ∈ Ap,qc (Xan) be a differential form with max{p, q} = n.
Then there is a very affine open subset U of X with associated tropical chart
(V, ϕU) such that supp(α) ⊆ Uan and such that α on Uan is given by a superform
αU ∈ Ap,qc (ϕU,trop(V )). When p, q = n we call the pair (U, αU) a very affine chart
of integration for α.

Proof. See [Gub16, Proposition 5.16.].
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Definition 3.4.11. Let α ∈ An,nc (W ) for an open subset W of Xan. Let (U, αU)
be a very affine chart of integration for α. The integral of α over W is given by∫

W

α :=

∫
ϕU,trop(Uan)

αU

and we integrate as in 3.4.5.

Lemma 3.4.12. For α ∈ An,nc (W ), the following properties hold

(i) If (U, αU) is a very affine chart of integration for α, then every non-empty
very affine open subset U ′ of U is a very affine chart of integration (U ′, αU ′)
for α.

(ii) The definition of
∫
W
α is independent of the choice of very affine chart of

integration for α.

Proof. See [Gub16, Lemma 5.15.].

Proposition 3.4.13. Let α ∈ A2n−1
c (W ), then we have∫

W

d′α = 0 and

∫
W

d′′α = 0.

Proof. See [Gub16, Theorem 5.17.].

Remark 3.4.14. The proof of 3.4.13 relies on a Stokes’ formula for integrals over
tropical cycles. Since we will not need it later we will not explain it here. For
more details see [Gub16, Proposition 3.5.].

Integration on the product

We prove an integration formula on the product of the analyitifcations of algebraic
varieties over K. This result was originally meant to be applied to the general case
of the study of the tropical Dolbeault cohomology of an abelian variety over K.
This problem presented some difficulties that unfortunately could not be solved.
Nevertheless the following result can be interesting for other purposes, so I decided
to leave it in the thesis.

- 3.4.15. For i = 1, 2 let Mi be free abelian groups of rank ri, let Ni := Hom(Mi,Z)
be their dual and Ni,R := Ni⊗ZR their extension to R. Let e1, . . . , er1 respectively
b1 . . . , br2 be a basis of N1 respectively N2 and x1, . . . , xr1 respectively y1, . . . , yr2
be the induced basis on N1,R respectively on N2,R. Denote by j1 : N1,R → N1,R ×
N2,R, x 7→ (x, 0) respectively j2 : N2,R → N1,R × N2,R, x 7→ (0, x) the canonical



CHAPTER 3. NON-ARCHIMEDEAN DIFFERENTIAL FORMS 35

inclusions. For polyhedra σi ⊆ Ni,R of dimension dim(σi) =: ri we define the
product of σ1 with σ2 by

σ1 × σ2 := j1(σ1)× j2(σ2) ⊆ N1,R ×N2,R.

Note that σ1 × σ2 is a polyhedron of dimension r1 + r2. The faces of σ1 × σ2 are
given as products τ1 × τ2 of faces τ1 of σ1 and faces τ2 of σ2. Finally note that we
have relint(σ1 × σ2) = relint(σ1)× relint(σ2).

Lemma 3.4.16. For i = 1, 2 let Ωi ⊆ Ni,R be open subsets and αi ∈ Ari,ric (Ωi).
Then we have ∫

Ω1×Ω2

p∗Ω1
α1 ∧ p∗Ω2

α2 =

∫
Ω1

α1 ·
∫

Ω2

α2.

Here pΩi denotes the canonical projection Ω1 × Ω2 → Ωi.

Proof. Using the notation from paragraph 3.4.1 let α1 = f dvol(x1, . . . , xr1) and
α2 = g dvol(y1, . . . , yr2) for f, g ∈ C∞c (Ωi). Then we get

∫
Ω1×Ω2

p∗Ω1
α1 ∧ p∗Ω2

α2 =

∫
Ω1×Ω2

f · g =

∫
Ω1

f ·
∫

Ω2

g =

∫
Ω1

α1 ·
∫

Ω2

α2,

where in the second equality we used Fubini’s theorem.

Lemma 3.4.17. Let σi ⊆ Ni,R be a ri-dimensional polyhedron and set Ωi := Ω̃i∩σi
for Ω̃i ⊆ Ni,R. Let αi ∈ Ari,riσi,c

(Ωi), then∫
σ1×σ2

p∗σ1α1 ∧ p∗σ2α2 =

∫
σ1

α1 ·
∫
σ2

α2.

Here pσi denotes the canonical projection σ1 × σ2 → σi.

Proof. Consider the affine map Fi : Nσi,R → Aσi and let α̃i ∈ Ari,ric (Ω̃i) be super-

forms with α̃i|Ω̃i∩relint(σi)
= αi. Put Ω′i := F−1

i (Ω̃i ∩ relint(σi)). By definition we
have ∫

σ1

α1 ·
∫
σ2

α2 =

∫
Ω′1

F ∗1α1 ·
∫

Ω′2

F ∗2α2

=

∫
Ω′1×Ω′2

p∗Ω′1F
∗
1α1 ∧ p∗Ω′2F

∗
2α2,

where in the last equality we used Lemma 3.4.16. Note that since Fi ◦ pi =
pAσi ◦ (F1 × F2) we have

p∗Ω′1F
∗
1α1 ∧ p∗Ω′2F

∗
2α2 = (F1 × F2)∗(p∗σ1α1 ∧ p∗σ2α2).(3.7)



CHAPTER 3. NON-ARCHIMEDEAN DIFFERENTIAL FORMS 36

By the same identities as in Lemma 3.2.25 for differential forms on polyhedral
complexes, we have supp(p∗σ1α1 ∧ p∗σ2α2) ⊆ p−1

σ1
(supp(α1)) ∩ p−1

σ2
(supp(α2)) and

hence

supp(p∗σ1α1 ∧ p∗σ2α2) ⊆ Ω̃1 × Ω̃2 ∩ relint(σ1)× relint(σ2)(3.8)

From the discussion in 3.4.15 we have

Ω̃1 × Ω̃2 ∩ relint(σ1)× relint(σ2) = Ω̃1 × Ω̃2 ∩ relint(σ1 × σ2).(3.9)

Finally by applying first (3.8), (3.9) and then (3.7) we conclude that∫
Ω′1×Ω′2

p∗Ω′1F
∗
1α1 ∧ pΩ′2

F ∗2α2 =

∫
Ω̃1×Ω̃2∩relint(σ1×σ2)

(F1 × F2)∗(p∗σ1α1 ∧ p∗σ2α2)

=

∫
σ1×σ2

p∗σ1α1 ∧ p∗σ2α2.

- 3.4.18. For i = 1, 2 let Ci ⊆ Ni,R be a pure ni-dimensional polyhedral complexes.
Then we define their product by

C1 × C2 := {σ1 × σ2 | σ1 ∈ C1, σ2 ∈ C2}.

This is a polyhedral complex in N1,R × N2,R of dimension n1 + n2. Note that we
have (C1 × C2)n1+n2 = C1,n1 × C2,n2 , hence if (C1,m1) and (C2,m2) are weighted
polyhedral complexes, we define the weighted polyhedral complex

(C1 × C2,m1 ◦ p1 ·m2 ◦ p2),

where pi : N1,R ×N2,R → Ni,R denote the canonical projections.

Lemma 3.4.19. For i = 1, 2 let (Ci,mi) be weighted integral R-affine polyhedral

complexes of dimension ni and Ωi := Ω̃i ∩ Ci for open subsets Ω̃i ⊆ Ni,R. For
αi ∈ Ani,niCi,c (Ωi) we have∫

(C1×C2,m1◦p1·m2◦p2)

p∗C1α1 ∧ p∗C2α2 =

∫
(C1,m1)

α1 ·
∫

(C2,m2)

α2.

Proof. This follows from linearity of the integral and Lemma 3.4.17. Indeed we
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have ∫
(C1×C2,m1◦p1·m2◦p2)

p∗C1α1 ∧ p∗C2α2

=
∑
σ1×σ2

m1 ◦ p1(σ1 × σ2) ·m2 ◦ p2(σ1 × σ2)

∫
σ1×σ2

p∗σ1α1 ∧ p∗σ2α2

=
∑
σ1

m1(σ1)
∑
σ2

m2(σ2)

∫
σ1

α1 ·
∫
σ2

α2

=

∫
(C1,m1)

α1 ·
∫

(C2,m2)

α2,

where in the second to last equality we used 3.4.17.

- 3.4.20. For i = 1, 2 let Xi be an algebraic variety over K of dimension ni.
Recall from 2.1.8 that the analytification functor commutes with fibered products.
Let Ui ⊆ Xi be a very affine open subset. Denote by Mi the free abelian group
MUi := O(Ui)/K

× (see 3.2.4) of rank ri and by Ni := HomZ(Mi,Z) their dual.
Note that N1×N2

∼= HomZ(M1×M2,Z). Let e1, . . . , er1 respectively b1 . . . , br2 be
a basis of N1 respectively N2 and x1, . . . , xr1 respectively y1, . . . , yr2 be the induced
basis on N1,R respectively on N2,R. Denote by pi : X1 × X2 → Xi the canonical
projection onto the i-th factor. We will also denote by pi the induced map pan

i on
the analytifications.

Proposition 3.4.21. For i = 1, 2 let αi ∈ Ani,nic (Xan
i ). Then∫

(X1×X2)an
p∗1α1 ∧ p∗2α2 =

∫
Xan

1

α1 ·
∫
Xan

2

α2.

Proof. For i = 1, 2 let (Ui, αUi) be a very affine chart of integration for αi. This
means that we have supp(αi) ⊆ Uan

i and αi is given by αUi on ϕUi,trop(Uan
i ).

Denote by ϕi : Ui → TUi the canonical moment maps. We will write αi|Uan =
ϕ∗Ui,tropαUi . The projections πi : TU1 × TU2 → TUi are morphisms of tori, hence we
get commutative diagrams:

(U1 × U2)an ∼= Uan
1 × Uan

2

ϕan
U1
×ϕan

U2 //

pUi
��

T an
U1
× T an

U2
∼= T an

U1×U2

tropTU1×U2 //

π

��

NU1×U2,R

Trop(πi)

��

Uan
i ϕan

Ui

// T an
Ui tropTUi

// NUi,R

where the isomorphism TU1 × TU2
∼= TU1×U2 follows from Lemma 3.2.8. We claim

that (U1×U2,Trop(π1)∗α1∧Trop(π2)∗α2) is a chart of integration for p∗1α1∧ p∗2α2.
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By Lemma 3.2.25 we have

supp(p∗1α1 ∧ p∗2α2) ⊆ supp(p∗1α1) ∩ supp(p∗2α2) ⊆ p−1
1 (suppα1) ∩ p−1

2 (suppα2)

⊆ supp(α1)× supp(α2) ⊆ Uan
1 × Uan

2 .

Finally we show that p∗1α1∧p∗2α2 is given by Trop(π1)∗α1∧Trop(π2)∗α2 on ϕU1×U2,trop((U1×
U2)an) = ϕU1,trop(Uan

1 )× ϕU2,trop(Uan
2 ). Indeed the diagram immediately gives

ϕ∗U1×U2,trop Trop(πi)
∗αUi = p∗Uiϕ

∗
Ui,tropαUi = p∗Ui(αi|Uan

i
) = (p∗iαi)|Uan

1 ×Uan
2
.

In conclusion we have∫
Xan

1 ×Xan
2

p∗1α1 ∧ p∗2α2 =

∫
ϕU1×U2,trop

((U1×U2)an)

Trop(π1)∗α1 ∧ Trop(π2)∗α2

=

∫
ϕU1,trop

(Uan
1 )×ϕU2,trop

(Uan
2 )

Trop(π1)∗α1 ∧ Trop(π2)∗α2

=

∫
ϕU1,trop

(Uan
1 )

α1 ·
∫
ϕU2,trop

(Uan
2 )

α2 =

∫
X1

α1 ·
∫
X2

α2,

where in the third equality we used Lemma 3.4.19.

Invariant superforms

- 3.4.22. Let Λ ⊆ NR be a complete lattice. In Example 3.1.6 we considered the
subspace Ap,qcl (Ω)Λ of Ap,q(NR) of closed Λ-invariant (p, q)-superforms on NR and
the subspace Λp,qN∗R of (p, q)-superforms with constant coefficients. In Proposition
3.4.26 we will consider the cohomology groups Hq(Ap,•(NR)Λ, d′′) and in analogy
to the complex case we will show that the canonical inclusion

(Λp,•N∗R, d
′′)→ (Ap,•(NR)Λ, d′′)

of differential complexes is a quasi-isomorphism.

Let NR be a finite dimensional real vector space and Λ a complete lattice in NR.
Let e1, . . . , er1 be a basis Λ and x1, . . . , xr1 the induced basis on NR. For v ∈ NR
denote by τv : NR → NR the morphism given by translation by v. Let vol(x1 . . . , xr)
denote the Lebesgue measure on NR normalized such that vol(NR/Λ) = 1.

Lemma 3.4.23. Let v ∈ NR and let α ∈ Ap,q(NR)Λ be d′′-closed. Then τ ∗vα−α is
d′′-exact.
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Proof. We can closely follow the proof given in [Deb05, § 3.4.]. We will use the
definition of the integral via contractions as explained in Definition 3.4.3. Let
w ∈ NR. Let ηv be the (p, q − 1)-form on NR given by

〈ηv(w);x1, . . . , xp, x1, . . . xq−1〉{1,...,p+q−1}

=

∫ 1

0

〈α(w + tv);x1, . . . , xp, v, x1, . . . xq−1〉{1,...,p+q} dt.

Note that ηv is Λ-invariant. We claim that d′′ηv(w) = α(w + tv) − α(w). We
will prove it in the case p, q = 1. For the general case we refer to the footnote of
[Deb05, p. 25]. Let α =

∑
1≤i,j≤r αijd

′xi ∧ d′′xj ∈ A1,1(NR), then

〈α(w);xi, v〉{1,2} =
∑

1≤i,j≤r

αij〈d′xi ∧ d′′xj;xi, v〉{1,2} =
∑

1≤i,j≤r

αij(w) · vj.

and we set ηv =
∑r

i=1 ηv,id
′xi ∈ A1,0(NR)Λ. Since α is d′′-closed we also have

∂αij
∂xk

= ∂αik
∂xj

. Fix i, k ∈ {1, . . . r}, then

∂ηv,i
∂xk

(w)〈d′xi;xi〉{1} =

∫ 1

0

∑
1≤j≤r

∂αij(w + tv)

∂xk
· vj dt =

∫ 1

0

∑
1≤j≤r

∂αik(w + tv)

∂xj
· vj dt

=

∫ 1

0

dαik(x+ tv)

dt
dt = αik(w + tv)|10 = αik(w + v)− αik(w).

By summing over i, k ∈ {1, . . . , r} we finally get

d′′ηv(w) =
∑

1≤i,k≤r

∂ηv,i
∂xk

(w)d′xi ∧ d′′xk

=
∑

1≤i,k≤r

(αik(w + v)− αik(w))d′xi ∧ d′′xk = α(w + v)− α(w).

Remark 3.4.24. (i) Let F be a fundamental domain in NR given by a Z-basis
of Λ. Let g : NR → R be a function. Then we define the average g̃ : NR → R
of g by

g̃(w) :=

∫
F
g(w + x)∫
F

1
,

(ii) If g is Λ-invariant, then the average g̃ is constant.
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(iii) For α =
∑
|I|=p,|J |=q αIJd

′xI ∧ d′′xJ ∈ Ap,q(NR) we define

α̃ :=
∑

|I|=p,|J |=q

α̃IJd
′xI ∧ d′′xJ ,

where α̃IJ denotes the average of αIJ .

Proof of part (ii). It suffices to show that for w, z ∈ F we have g̃(w) = g̃(z),
since for every x ∈ NR there exists an element λ ∈ Λ such that x − λ ∈ F . We
show the claim in the case r = 1. Let b be a basis of N , after a change of basis
we may assume that b = e1 is the standard basis vector (in the definition of g̃
we are taking a quotient, so every renormalization vanishes). Denote by x the
corresponding coordinate function on NR and assume that w > z. Then

g̃(w) =

∫ 1

0
g(w + x) dx∫ 1

0
dx

=

∫ 1+(w−z)

w−z
g(z + x) dx =

∫ 1+(w−z)

w−z
g(z + x) dx

=

∫ 1

0

g(z + x) dx−
∫ w−z

0

g(z + x) dx+

∫ 1+(w−z)

1

g(z + x) dx = g̃(z),

where in the last equality we used that g is Λ-invariant.

Lemma 3.4.25. We keep the same notation as in Remark 3.4.24. Let α ∈
Ap,qcl (NR)Λ. Then α̃ ∈ Λp,qN∗R and α and α̃ are cohomologous.

Proof. The first part of the statement immediately follows from the discussion
from Remark 3.4.24. for the second part of the statement let w ∈ NR we have

〈α̃(w)− α(w);x1, . . . , xp, x1, . . . , xq〉{1,...,p+q}

=

∫
F
〈α(w + x)− α(w);x1, . . . , xp, x1, . . . , xq〉{1,...,p+q} dx∫

F
dx

=

∫
F
〈d′′ηx(w);x1, . . . , xp, x1, . . . , xq〉{1,...,p+q} dx∫

F
dx

=
d′′(
∫
F
〈ηx(w);x1, . . . , xp, x1, . . . , xq−1〉{1,...,p+q−1} dx)∫

F
dx

,

where in the second equality we used Lemma 3.4.23 and in the last equality differ-
entiaton under the integral sign. Note that since the left-hand side is Λ-invariant
and by Remark 3.1.3(v) the differential d′′ commutes with affine pull-back, also
the right-hand side is Λ-invariant.
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Proposition 3.4.26. There is a canonical isomorphism of real vector spaces

Ψ: Λp,qN∗R
∼=−→ Hq(Ap,•(NR)Λ, d′′).

Proof. Injectivity of Ψ follows from Example 3.1.6. For the surjectiviy let α ∈
Ap,qcl (NR)Λ be a d′′-closed superform. Then by Lemma 3.4.25 there exists a super-
form β ∈ Ap,q−1(NR)Λ with d′′β = α − α̃ for α̃ ∈ Λp,qN∗R. Hence Ψ(α̃) = α in
Hq(Ap,•(NR)Λ, d′′).



Chapter 4

Abelian varieties with totally
degenerate reduction

4.1 Setup

Let K be a non-trivially valued complete, algebraically closed, non-archimedean
field. Let A be an abelian variety over K with totally degenerate reduction of
dimension n. Recall from 2.2.2 and Definition 2.2.4 that this means that there is
an isomorphism of K-analytic groups Aan ∼= T an/M , where T = (Gan

m,K)r is a (split)
algebraic torus over K of rank r and M is a discrete subgroup of T (K). Note that
then n = r. In contrast to the notation introduced in Chapter 3, here M does not
denote the character group of T . However we have rankZ(M) = r. Denote by N
the cocharacter group of T and by tropT : T an → NR the tropicalization map. By
[Gub10, §4.2] the tropicalization map tropT maps M bijectively onto a complete
lattice Λ of NR. In this section we prove a first relation between the tropicalization
tropT and the morphism p : T an → Aan.

- 4.1.1. For an element x ∈ T (K) and v ∈ NR we will denote by τx : T an → T an

and τv : NR → NR the morphisms corresponding to translation by x, respectively
by v.

Definition 4.1.2. Let V ⊆ T an be an open subset. We say that V is M-small if
for every non-zero element m ∈M we have

V ∩ τ−1
m (V ) = ∅.

Lemma 4.1.3. (i) Let x ∈ T (K) and set λ := tropT (x). Then τλ ◦ tropT =
tropT ◦τx.

(ii) Let Ω ⊆ NR be a Λ-small open subset. Then trop−1
T (Ω) is a M-small open

subset of T an.

42



CHAPTER 4. TOTALLY DEGENERATE REDUCTION 43

Proof. For part (i) let T = Spec(K[Z±1
1 , . . . , Z±1

r ]) and x = (x1, . . . , xr) ∈ T (K) =
(K×)r. Consider the morphism of K-algebras

fx : K[Z±1
1 , . . . , Z±1

r ]→ K[Z±1
1 , . . . , Z±1

r ], Zi 7→ Zi · xi

which induces the translation morphism τ alg
x on T . Note that τx : T an → T an is

then given by
| · |y → τ an

x (| · |x) = | · |y ◦ fx.

Let | · |y ∈ T an. By [CLD12, (2.2.2)] invertible analytic functions on a torus are
given by monomials. Hence it suffices to check the claim for Zi for every i = 1, . . . , r

τx(| · |y)(Zi) = | · |y ◦ fx(Zi) = |xi · Zi|y = |xi| · |Zi|y = |Zi|x|Zi|y.

Hence

tropT (τx(| · |y)) = (− log(τx(|Z1|y)), . . . ,− log(τx(|Zr|y)))
= (− log(|Z1|x|Z1|y), . . . ,− log(|Zr|x|Zr|y)
= (− log(|Z1|y), . . . ,− log(|Zn|y)) + λ = τλ(tropT (| · |y)),

where λ := tropT (x).

For part (ii) let m ∈M be non-trivial and put λ := tropT (m) which is non-trivial
since M maps bijectively onto Λ. By part (i) we get

τm(trop−1
T (Ω)) ∩ trop−1

T (Ω) = trop−1
T (τλ(Ω)) ∩ trop−1

T (Ω) = ∅

since by assumption we have τλ(Ω) ∩ Ω = ∅.

Remark 4.1.4. Note that for all m ∈M we have p◦τm = p and if V is a M -small
open subset of T an, then so is τ−1

m (V ). Moreover, since M acts freely and properly
discontinuously on T an, for every point there is an M -small neighborhood.

4.2 Refined tropical charts

In this section we introduce the family of refined tropical charts on Aan. These
are tropical charts that also encode information about the torus T an and induce
tropical charts in the sense of Definition 3.2.9.

Definition 4.2.1. Let a ∈ Aan. A refined tropical chart around a in Aan is a tuple
(Ω, F, V, ϕU) where

� the subset Ω is a Λ-small open neighborhood of tropT (t) in NR, for an element
t ∈ p−1({a}) ⊆ T an;
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� the pair (V, ϕU) is a tropical chart around a on Aan;

� the subset V is open subset of Aan with V ⊆ p(trop−1
T (Ω));

� the map F : NU,R → NR is an integral R-affine map such that the following
diagram

Ṽ
i //

p

��

T an tropT // NR

V
ϕan
U |V
// T an
U tropTU

// NU,R

F

OO
(4.1)

commutes, where Ṽ := p|−1

trop−1
T (Ω)

(V ) and i : Ṽ ↪→ T an denotes the natural

inclusion. In short, we have F ◦ ϕU,trop ◦ p = tropT ◦i on Ṽ .

Lemma 4.2.2. Let (Ω, F, V, ϕU) be a refined tropical chart around a ∈ Aan. Then
(τλ(Ω), τ−1

λ ◦ F, V, ϕU) is also a refined tropical chart around a for every λ ∈ Λ.

Proof. Let t ∈ p−1({a}) be such that Ω is a Λ-small open neighborhood of tropT (t).
Then τλ(Ω) is a Λ-small open neighborhood of τλ(t). Let m ∈ M be such that
tropT (m) = λ then by Remark 4.1.4 we have

p(trop−1
T (τλ(Ω))) = p(τm(trop−1

T (Ω))) = p(trop−1
T (Ω)),

hence V is an open neighborhood of a with V ⊆ p(trop−1
T (τλ(Ω))). Put

Ṽ := p|−1

trop−1
T (Ω)

(V ), and Ṽλ := p|−1

trop−1
T (τλ(Ω))

(V )

and let i : Ṽ ↪→ T an and im : Ṽλ ↪→ T an denote the canonical inclusions. Then we
have im = τ−1

m ◦ i ◦ τ−1
m on Ṽλ and

tropT ◦im = tropT ◦τ−1
m ◦ i ◦ τ−1

m = τ−1
λ ◦ tropT ◦i ◦ τ−1

m

= τ−1
λ ◦ F ◦ ϕU,trop ◦ p ◦ τ−1

m = τ−1
λ ◦ F ◦ ϕU,trop ◦ p,

where in the second equality we used the relation (4.1), Lemma 4.1.3 and that

τ−1
m (Ṽλ) ⊆ Ṽ . Hence (τλ(Ω), τ−1

λ ◦ F, V, ϕU) is a refined tropical chart around
a.

Definition 4.2.3. Let (Ω, F, V, ϕU) be a refined tropical chart around a in Aan.
We say that (Ω′, F ′, V ′, ϕU ′) is a refined tropical subchart of (Ω, F, V, ϕU) if Ω′ ⊆ Ω
and if (V ′, ϕU ′) is a tropical subchart of (V, ϕU).
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Remark 4.2.4. Let (Ω′, F ′, V ′, ϕU ′) be a refined tropical subchart of a refined
tropical chart (Ω, F, V, ϕU). Since (V ′, ϕU ′) is a tropical subchart of (V, ϕU), by
3.2.4 there exists a canonical integral R-affine morphism G : NU ′,R → NU,R such
that G ◦ ϕU ′,trop = ϕU,trop on (U ′)an.

- 4.2.5. In what follows we want to show that for every point a of Aan there exists
a refined tropical chart.

Lemma 4.2.6. For every t ∈ T an there exists an M-small open neighborhood of t
of the form trop−1

T (Ω) for a Λ-small open subset Ω in NR.

Proof. Since Λ is a discrete subgroup of NR it acts freely and properly discontinu-
ously on NR. Hence there exists a Λ-small open neighborhood Ω around tropT (t).
By Lemma 4.1.3(ii) we conclude that trop−1

T (Ω) is M -small.

Proposition 4.2.7. For every point a ∈ Aan there exists a refined tropical chart
(Ω, F, V, ϕU) on Aan with a ∈ V .

Proof. Fix a point t ∈ p−1({a}) ⊆ T an. Let Ω be a Λ-small open subset of NR

as in Lemma 4.2.6. Then by Lemma 4.1.3(ii), the subset Ṽ ′ := trop−1
T (Ω) is M -

small. Put V ′ := p(Ṽ ′) and note that p|Ṽ ′ : Ṽ → V ′ is an isomorphism. Define the
analytic moment map fV ′ as the composition

fV ′ : V
′ p|

−1

Ṽ ′−−→ Ṽ ′
i
Ṽ ′−→ T an

and on Ṽ ′ we have fV ′ ◦ p = iṼ ′ , where iṼ ′ : Ṽ
′ ↪→ T an denotes the canonical

inclusion. By Lemma 3.2.15 there exists a triple (F, V, ϕU) where (V, ϕU) is a
tropical chart with a ∈ V ⊆ V ′ and F : NU,R → NR is an integral R-affine morphism
with F ◦ ϕU,trop = fV ′,trop on V . The tuple

(Ω, F, V, ϕU)

is a refined tropical chart around a. We show that F fits into the commutative
diagram (4.1). Put Ṽ := p|−1

Ṽ
(V ) and denote by

i : Ṽ → Ṽ ′
i
Ṽ ′−→ T an

the canonical inclusion. Since on V ′ we have tropT ◦iṼ ′ ◦ p|
−1

trop−1
T (Ω)

= F ◦ ϕU,trop

and since V ⊆ V ′ we conclude that on Ṽ we have F ◦ ϕU,trop ◦ p = tropT ◦i.

Lemma 4.2.8. Let (Ω, F, V, ϕU) and (Ω′, F ′, V ′, ϕU ′) be refined tropical charts
around a in Aan. Then for every point y ∈ V ∩ V ′ there exists a refined tropical
chart (Ω′′, F ′′, V ′′, ϕU ′′) with y ∈ V ′′ which is a refined tropical subchart of both
(Ω, F, V, ϕU) and (τλ(Ω

′), τ−1
λ ◦ F ′, V ′, ϕU ′) for some λ ∈ Λ.
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Proof. First we show that there exists a Λ-small open subset Ω′′ of NR which lies
in trop−1

T (Ω) ∩ trop−1
T (τλ(Ω

′)) for some λ ∈ Λ. Let t, t′ ∈ p−1({y}) ⊆ T an be such
that Ω respectively Ω′ are Λ-small open neighborhoods of tropT (t) respectively of
tropT (t′). By Remark 4.1.4 it follows that there exists λ ∈ Λ such that tropT (t) =
τλ(tropT (t′)) and Ω ∩ τλ(Ω′) 6= ∅. Hence the intersection Ω ∩ τλ(Ω′) is an open
neighborhood of tropT (t) in NR. By Lemma 4.2.6 there exists a M -small open

neighborhood trop−1
T (Θ̃) of t, where Θ̃ is a Λ-small open subset of NR. Put

Ω′′ := Θ̃ ∩ Ω ∩ τλ(Ω′).
Next we show that there exists a tropical chart (V ′′, ϕU ′′) which is a tropical
subchart of (V ∩ V ′, ϕU∩U ′). The composition fV ∩V ′

V ∩ V ′ → p−1(trop−1
T (Ω) ∩ trop−1

T (τλ(Ω
′)))→ trop−1

T (Ω) ∩ trop−1
T (τλ(Ω

′))→ T an

is an analytic moment map. By Lemma 3.2.15 there exists a triple (F ′′, V ′′, ϕU ′′),
where (V ′′, ϕU ′′) is a tropical chart with a ∈ V ′′ ⊆ V ∩ V ′ and an integral R-affine
morphism F ′′ : NU ′′,R → NR such that F ′′ ◦ ϕU ′′,trop = fV ∩V ′,trop on V ′′. Since
V ′′ ⊆ (U ′′)an, V ′′ ⊆ (U)an and V ′′ ⊆ (U ′)an, we have V ′′ ⊆ (U ′′)an. By Proposition
3.2.10 after replacing U ′′ by U ∩ U ′ ∩ U ′′ conclude that (V ′′, ϕU ′′) is a tropical
subchart of (V ∩ V ′, ϕU∩U ′). Hence the refined tropical chart (Ω′′, F ′′, V ′′, ϕU ′′) is
a refined tropical subchart of both (Ω, F, V, ϕU) and (τλ(Ω

′), τ−1
λ ◦F ′, V ′, ϕU ′).

Lemma 4.2.9. With the same notation as in Lemma 4.2.8 we have

F ◦G = F ′′ = τ−1
λ ◦ F

′ ◦G′

on ϕU ′′,trop(V ′′), where G : NU ′′,R → NU ′,R and G′ : NU ′′,R → NU ′,R are the canonical
integral R-affine morphisms from Remark 4.2.4.

Proof. For convenience we introduce the following notation. Let (Ω, F, V, ϕU) be
a refined tropical chart in Aan with the same notation as in (4.1) we will denote

by iṼ the canonical inclusion iṼ : Ṽ ↪→ T an. Put Ṽλ := p|−1

trop−1
T (τλ(Ω))

(V ) and let

v ∈ ϕU ′′,trop(V ′′) and x ∈ V ′′ with ϕU ′′,trop(x) = v. Then

F ′′(v) = F ′′(ϕU ′′,trop(x)) = tropT ◦iṼ ′′ ◦ p
−1(x) = tropT ◦iṼ ◦ p

−1(x)

= F ◦ ϕU,trop ◦ p ◦ p−1(x) = F ◦G ◦ ϕU ′′,trop(x)

= F ◦G(v).

and

F ′′(v) = F ′′(ϕU ′′,trop(x)) = tropT ◦iṼ ′′ ◦ p
−1(x) = tropT ◦iṼλ ◦ p

−1(x)

= τ−1
λ ◦ F

′ ◦ ϕU ′,trop ◦ p ◦ p−1(x) = τ−1
λ ◦ F

′ ◦G′ ◦ ϕU ′′,trop(x)

= τ−1
λ ◦ F

′ ◦G′(v).
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4.3 Cohomological results

In this section we will prove the main result of this chapter. First we will define a
canonical morphism

Φp,q
A : Ap,qcl (NR)Λ → Hp,q

d′′ (A
an).

Then by using integration, in Theorem 4.3.7 we will show that Φp,q
A is injective.

Recall from Example 3.1.6 that for p, q ∈ Z we denote by Ap,q(NR)Λ (respec-
tively Ap,q,cl (NR)Λ) the space of (d′′-closed) Λ-invariant superforms on NR.

Proposition 4.3.1. There exists a canonical morphism

φp,qA : Ap,q(NR)Λ → Ap,q(Aan),

compatible with the differentials d′, d′′ which induces a morphism of real vector
spaces

Φp,q
A : Ap,qcl (NR)Λ → Hp,q

d′′ (A
an).

Proof. Let α ∈ Ap,q(NR)Λ. By Lemma 4.2.7 there exist refined tropical charts
(Ωi, Fi, Vi, ϕUi)i∈I , where (Vi)i∈I is an open cover of Aan, and for every i ∈ I the
morphism Fi denotes an integral R-affine morphism as in Definition 4.2.1 and
(Vi, ϕUi) is a tropical chart on Aan. Then we define φp,qA (α) to be given by

(Vi, ϕUi , F
∗
i α)i∈I(4.2)

We show that for all i, j ∈ I we have αi|Vi∩Vj = αj|Vi∩Vj . For every point y ∈ Vi∩Vj
let (Ω′′, F ′′, V ′′, ϕU ′′) be a refined tropical chart around y as in Lemma 4.2.8. By
Lemma 4.2.9 there exists λ ∈ Λ such that

Fi ◦Gi = F ′′ = τ−1
λ ◦ Fj ◦Gj

on ϕU ′′,trop(V ′′), where Gi : NU ′′,R → NUi,R and Gj : NU ′′,R → NUj ,R are canonical
integral R-affine morphisms. Then

F ∗i α|V ′′ = G∗iF
∗
i α = (F ′′)∗α

= G∗jF
∗
j τ
−1,∗
λ α = G∗jF

∗
j α = F ∗j α|V ′′ ,

where in the second to last equality we used the Λ-invariance of α. We can cover
Vi ∩ Vj by open subsets given as in Lemma 4.2.8 and since Ap,q is a sheaf, we
get compatibility on overlaps. The same argument also shows that the defini-
tion of φp,qA (α) does not depend on the chosen covering. Compatibility with the
differentials d′ and d′′ follows from Remarks 3.1.3(v) and 3.2.18(i).
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- 4.3.2. Let α ∈ Ap,q(NR) and (Vi, ϕUi)i∈I be an open cover of T an. For every
i ∈ I, the subset Ui is a very affine subset of T , therefore we have an algebraic
moment map ϕi : Ui → T and by Remark 3.2.5 it follows that for every i ∈ I there
exists an integral R-affine morphism Fi : NUi,R → NR such that Fi◦ϕUi,trop = ϕi,trop

on Uan
i . Then the family of triples (Vi, ϕUi , F

∗
i α)i∈I defines a differential form of

bidegree (p, q) on T an. After possibly passing to a common refinement one sees that
this construction does not depend on the chosen cover, hence we get a canonical
morphism of real vector spaces

φT : Ap,q(NR)→ Ap,q(T an), α 7→ [(Vi, ϕUi , F
∗
i α)i∈I ].(4.3)

Lemma 4.3.3. Let α ∈ Ap,q(NR)Λ, then p∗φp,qA (α) = φp,qT (α) in Ap,q(T an).

Proof. This follows from the definitions. Let φp,qA (α) be given by (Wi, ϕZi , F
′∗
i α)i∈I

as in (4.2) in particular we have

Fi ◦ ϕZi,trop ◦ p = tropT ◦i

on W̃i (see (4.1)). By the description of the pull-back in (3.2) the form p∗φp,qA (α)
is given by

(Vij, ϕUij , (F
′
ij)
∗(F ′i )

∗α)i∈I,j∈J ,

where F ′ij : NUij ,R → NR is an integral R-affine morphism with

F ′ij ◦ ϕUij ,trop = tropT ◦i′

on Vij, where i′ : p−1(Wi) → T an
Zi

is an analytic moment map. After passing to a
common refinement, we may assume that φp,qT (α) is given by (Vij, ϕUij , F

∗
ijα)i∈I,j∈J .

Since Vij ⊆ W̃i it follows that on ϕUij ,trop(Vij) we have F ′i ◦ F ′ij = Fij. Then for all
i ∈ I, j ∈ J we have

F ∗ijα = (F ′ij)
∗(F ′i )

∗α,

hence p∗φp,qA (α) = φp,qT (α) in Ap,q(T an).

- 4.3.4. Let π : NR → NR/Λ be the universal covering. By [Deb05, § 4] there is
a bijection between superforms in Ap,q(NR)Λ and superforms in Ap,q(NR/Λ). For
α ∈ Ap,q(NR)Λ denote by α′ the corresponding form in Ap,q(NR/Λ).

Lemma 4.3.5. Let (Ω, F, V, ϕU) be a refined tropical chart in Aan. With the same
notation as in (4.3.4) let α ∈ Ar,r(NR)Λ be a superform with supp(α′) ⊆ π(Ω) and
suppose that φr,rA (α) ∈ Ar,r(Aan) is given by a single form (V, ϕU , αU) in the sense
of Definition 3.2.22. Then ∫

Aan

φr,rA (α) =

∫
NR/Λ

α′.
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Proof. First note that by Lemma 4.3.3 we have φr,rT (α) = p∗φr,rA (α). Since φr,rA (α)
is given by a single chart by Corollary 3.2.24 we have supp(φr,rA (α)) ⊆ V . By
definition of refined tropical chart V ⊆ p−1(trop−1

T (Ω)) and the restriction

p : trop−1
T (Ω)→ p−1(trop−1

T (Ω))

is an isomorphism. Therefore by functoriality of the pull-back along analytic mor-
phisms and Lemma 3.2.25(ii) we conclude that

supp(φr,rT (α)) = supp(p∗φr,rA (α)) ⊆ p−1(V )

and the support is compact since p is an isomorphism. Then (T an, α) is a very
affine chart of integration for φr,rT (α). Hence∫

NR/Λ

α′ =

∫
Ω

α =

∫
NR

α =

∫
T an

φr,rT (α),(4.4)

where in the second equality we used the Λ-invariance of α and in the third we
use Definition 3.4.11. By Lemma 4.3.3 we get∫

T an

φr,rT (α) =

∫
T an

p∗φr,rA (α).

The proposition then follows from the following equality∫
V

φr,rA (α) =

∫
p−1(V )

p∗φr,rA (α).(4.5)

Let φr,rA (α) be given by
(V, ϕU , αU),

where αU = F ∗α. By Lemma 3.2.26, we have supp(φr,rA (α)) ⊆ Uan. Hence
(U, αU) is a very affine chart of integration for φr,rA (α). By (3.2) the pull-back
p∗φr,rA (α) is given by (Vi, ϕUi ,Trop(ψU,Ui)

∗F ∗α)i∈I . By Lemma 3.2.26 we have that
(Ui,Trop(ψU,Ui)

∗F ∗α) is a very affine chart of integration for some i ∈ I. The
projection formula in 3.4.7 implies∫

p−1(V )

p∗φr,rA (α) =

∫
ϕUi,trop(Uan

i )

Trop(ψU,Ui)
∗F ∗α

=

∫
Trop(ψU,Ui )∗ϕUi,trop(Uan

i )

F ∗α.

Finally, by the Sturmfels-Tevelev multiplicity formula ([Gub16, Proposition 4.11.])
we have ∫

Trop(ψU,Ui )∗ϕUi,trop(Uan
i )

αU =

∫
ϕU,trop(Uan)

F ∗α =

∫
V

φr,rA (α).
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By Lemma 3.4.12 the integral does not depend on the chosen very affine chart of
integration, hence (4.5) holds.

Proposition 4.3.6. Let α ∈ Ar,r(NR)Λ. Then∫
Aan

φr,rA (α) =

∫
NR/Λ

α.

Proof. Let φr,rA (α) be given by (Vi, ϕUi , F
∗
i α)i∈I as in (4.2). Since π : NR → NR/Λ

is a covering map and Ωi is Λ-small for every i ∈ I the subset π(Ωi) =: Θi is an
open subset of NR/Λ. Since (Ωi)i∈I is an open cover of NR, then (Θi)i∈I is an
open cover of NR/Λ. Let (χk)k∈K be a partition of unity with compact supports
on NR/Λ subordinate to the cover (Θi)i∈I . This means that there exists a map
s : K → I such that for k ∈ s−1(i) we have supp(χk) ⊆ Ωi. By (4.3.4) we first
observe that π∗χk ∈ C∞(NR)Λ for every k ∈ K. Fix k ∈ s−1(i), put βk := π∗χkα
and note that in the notation of (4.3.4) we have β′k = χkα

′. Then

supp(β′k) ⊆ Θi.

After passing to a common refinement we may assume that

φ0,0
A (π∗χk) = [(Vi, ϕUi , F

∗
i π
∗χk)i∈I ].

Then as in Remark 3.2.18(i)

φ0,0
A (χk)·φr,rA (α) = [(Vi, ϕUi , F

∗
i π
∗χk·F ∗i α)i∈I ] = [(Vi, ϕUi , F

∗
i (π∗χk·α))i∈I ] = φr,rA (βk).

In particular φr,rA (βk) is given by a single form (Vi, ϕUi , F
∗
i βk). This means that we

are in the situation of Lemma 4.3.5, and we get∫
Aan

φr,rA (βk) =

∫
NR/Λ

β′k.

Note that we have
∑

k∈K φ
0,0
A (π∗χk) = 1, indeed∑

k∈K

φ0,0
A (π∗χk) = [(Vi, ϕUi ,

∑
k∈K

F ∗i π
∗χk)i∈I ] = [(Vi, ϕUi , F

∗
i π
∗(
∑
k∈K

χk)i∈I ] = 1.

Hence

∫
NR/Λ

α′ =
∑
i∈I

∑
k∈s−1(i)

∫
Ωi

βk =
∑
i∈I

∑
k∈s−1(i)

∫
Vi

φ0,0
A (π∗χk) · φr,rA (α) =

∫
Aan

φr,rA (α).
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Theorem 4.3.7. Let p, q ∈ Z. The morphism of real vector spaces

Φp,q
A : Λp,qN∗R −→ Hp,q

d′′ (A
an),(4.6)

is injective.

Proof. First assume that max{p, q} > r or p < 0 or q < 0, then both sides are zero
and the claim trivially holds. Hence suppose that 0 ≤ p, q ≤ r. Next we fix the
notation. Let I ⊆ {1, . . . , r} be a subset. We will denote by Ic := {1, . . . , r} \ I
its complementary set. Let

α =
∑

|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ

be a superform on NR with constant coefficients. Let I, J ⊆ {1, . . . , r} be such that
|I| = p and |J | = q and consider the form βIJ = d′xIc ∧ d′′xJc which is d′′-closed
in Ar−p,r−q(NR)Λ. In particular φr,rA (α∧ βIJ) is d′′-closed in Ar,r(Aan). If Φr,r

A (α) is
d′′-exact in Ap,q(Aan), then by the Leibniz rule, so is φr,rA (α ∧ βIJ). Let vol denote
the Haar measure on NR normalized such that vol(NR/Λ) = 1. With the notation
from 3.4.1 we write α ∧ βIJ = fdvol(x1, . . . , xr) where f ∈ R. Since α ∧ βIJ has
constant coefficients, Proposition 4.3.6 implies

0 =

∫
Aan

φr,rA (α ∧ βIJ) = f · vol(NR/Λ) = f,

where the first equality follows from Proposition 3.4.13 as Φr,r
A (α∧βIJ) is d′′-exact.

Since this holds for all subsets I, J with |I| = p and |J | = q, we conclude that
α = 0.

Corollary 4.3.8. Let A be an abelian variety with totally degenerate reduction
of dimension n. Then for 0 ≤ p, q ≤ n, the tropical Dolbeault cohomology is
non-trivial. In fact we have

dimR Hp,q
d′′ (A

an) ≥
(
n

p

)
·
(
n

q

)
.(4.7)

Moreover for p = 0 and q ∈ {0, . . . , n} the cohomology groups are finite-dimensional
and for p = 0 and q ∈ {0, 1} the inequality in (4.7) is an equality.

Proof. The inequality (4.7) immediately follows from Theorem 4.3.7. The first
part of the last statement follows from Proposition 3.3.6. Finally by Theorem
3.3.4 we have a canonical isomorphism

H0,1
d′′ (A

an) ∼= H1
sing(Aan,R)
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By the universal coefficient theorem we also have a canonical isomorphism

H1
sing(Aan,R) ∼= Hom(H1(Aan,R),R)

and the claim now follows from the observations at the end of 2.2.2 since π1(Aan)
has rank n.

Remark 4.3.9. An abelian variety A over K of dimension 1 with totally degen-
erate reduction is a Mumford curve. By [JW18, Theorem 5.1.] the morphism in
(4.6) is an isomorphism.

The Jacobian of a curve

For this section we follow [BR15, § 4].

- 4.3.10. Let X be a smooth projective curve over K with X(K) 6= ∅ and denote
by J its Jacobian. Fix a point x ∈ X(K) and let α : X → J denote the Abel-
Jacobi map. Over the complex numbers, Abel’s theorem says that we have an
isomorphism H1(X(C),Z)

∼−→ H1(J(C),Z). The same holds in the analytic setup.

Proposition 4.3.11. The homomorphism on singular homology groups

α∗ : H1(Xan,Z)→ H1(Jan,Z)

is an isomorphism.

Proof. See [BR15, Proposition 4.7.].

Proposition 4.3.12. The Abel-Jacobi map induces an isomorphism on tropical
Dolbeault cohomology groups

α∗ : H0,1
d′′ (J

an)
∼−→ H0,1

d′′ (X
an).

Proof. Consider the following diagram

H0,1
d′′ (J

an) //

��

H0,1
d′′ (X

an)

��

H1
sing(Jan,R)

��

// H1
sing(Xan,R)

��

HomR(H1(Jan,R),R)
∼=

Hom(α∗)
// HomR(H1(Xan,R),R)

First note that by Theorem 3.3.4 we have a canonical isomorphism

H1,0
d′′ (X

an) ∼= H1
sing(Xan,R).
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By the universal coefficient theorem we have a canonical isomorphism

H1
sing(Xan,R) ∼= HomR(H1(Xan,Z),R).

Consider the isomorphism α∗ : H1(Xan,Z)→ H1(Jan,Z) from Proposition 4.3.11.
Then α∗ extends to an isomorphism

α∗ ⊗Z R : H1(Xan,Z)⊗Z R→ H1(Jan,Z)⊗Z R

and by the universal coefficient theorem we have

H1(Xan,Z)⊗Z R ∼= H1(Xan,R) and H1(Jan,Z)⊗Z R ∼= H1(Jan,R).

By exactness we finally get that also Hom(α∗) is an isomorphism. By natural-
ity of the sequence in the universal coefficient theorem and construction of the
isomorphism from Theorem 3.3.4, both diagrams commute. Since all the vertical
arrows and the bottom horizontal arrow are isomorphisms we get that α∗ is an
isomorphism as well.



Chapter 5

The first tropical Chern form

Introduction

Let X be a smooth algebraic variety over K. Denote by CHq(X) the ring of
algebraic cycles of codimension q on X modulo rational equivalence and put
CHq(X)Q := CHq(X)⊗Z Q. For q ≥ 0 consider the tropical cycle class map

cltrop : CHq(X)Q → Hq,q
d′′ (X

an)

introduced by Liu in [Liu17a]. In what follows we want to study the tropical cycle
class map in the case q = 1. We will compare the image of the first Chern class
of a line bundle L and the tropical cycle class map with the cohomology class of
the first Chern form associated to L endowed with a smooth metric. In fact in
Proposition 5.2.3 we will show that they agree.

5.1 Tropical cycle class map

We recall the construction of the tropical cycle class map as done in [Liu17a]. Let
q ≥ 0 and recall from Definition 3.3.2 that LqXan denotes the sheaf ker(d′′ : Aq,0Xan →
Aq,1Xan).

Definition 5.1.1. Let (X,OX) be a locally ringed space. The q-th sheaf of Milnor
K-theory KqX for (X,OX) is the sheaf associated to the presheaf that assigns to
every open subset U of X the Q-vector space KM

q (OX(U))⊗ZQ, where for p ≥ 1 we
define KM

q (OX(U)) to be the abelian group generated by the symbols {f1, . . . , fq}
where f1, . . . , fq, f

′
i ∈ OX(U)× modulo the relations

(1) {f1, . . . , fif
′
i , . . . , fq} = {f1, . . . , fi, . . . , fq}+ {f1, . . . , f

′
i , . . . , fq};

(2) {f1, . . . , f, . . . , 1− f, . . . , fq} = 0.

54
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We put KM
0 (OX(U)) = Z and KM

q (OX(U)) = 0 for q < 0. If the locally ringed
space (X,OX) is clear from the context, we will write Kq instead of KqX .

Lemma 5.1.2. Let X be a smooth scheme of finite type over K. For every p ≥ 0
there exists a canonical isomorphism

Hq(X,KqX) ∼= CHq(X)Q.

Proof. See [Liu17a, Lemma 2.2(1)].

- 5.1.3. In [Liu17a] the author considers arbitrary K-analytic spaces. Since we are
only interested in differential forms on the analytification of an algebraic variety,
we will only consider this case and use the formalism of [Gub16] (see also Remark
3.2.17). Let X be a variety over K. Define the morphism of sheaves

τ qXan : KqXan → LqXan

as follows. Let V be an open subset of Xan and {f1, . . . , fq} ∈ KqXan(V ), where
f1, . . . , fq ∈ OXan(V )×. Then consider the analytic moment map f := (f1, . . . , fq) :
V → (Gan

m,K)q. Let α := d′x1 ∧ . . .∧ d′xq where we view xi := fi,trop as coordinates
on Rq. Using Lemma 3.2.15 we define

τ qXan({f1, . . . , fq}) := [(Vi, ϕUi , F
∗
i α)i∈I ] ∈ Aq,0Xan(V )

where (Vi, ϕUi)i∈I is an open cover of V by tropical charts and Fi is an integral
R-affine morphism which satisfies Fi ◦ ϕUi,trop = ftrop on Vi for ever i ∈ I. Since α
has constant coefficients, we clearly have

d′′τ qXan({f1, . . . , fq}) = 0

and hence τ qXan({f1, . . . , fq}) ∈ LqXan(V ). Put T qXan := KqXan/ ker τ qXan .

- 5.1.4. Let p, q ∈ Z. By [Liu17a, Proposition 3.4.] and [Liu17a, Corollary 3.5.]
there exists a canonical isomorphism of sheaves

T qXan ⊗Q R ∼= LqXan .

which induces canonical isomorphism of real vector spaces

Hq(Xan, T pXan)⊗Q R ∼= Hp,q
d′′ (X

an).

In particular, the real vector space Hp,q
d′′ (X

an) has a canonical rational structure.

Definition 5.1.5. Let X be a smooth variety over K. Define the tropical cycle
class map cltrop as the composition

cltrop : CHq(X)Q ∼= Hq(X,KqX)→ Hq(Xan,KqXan)→
→ Hq(Xan, T qXan) ↪→ Hq(Xan, T qXan)⊗Q R ∼= Hq,q

d′′ (X).
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- 5.1.6. Finally we recall the definition of the first Chern form associated to a
line bundle by following [GK17, § 8.] and [CLD12, § 6.2.]. Let X be an algebraic
variety over K.

Definition 5.1.7. A continuous (respectively smooth) metric || · || on L is an
assignment to each open subset U ⊆ Xan and local section s ∈ Lan(U) associates
a continuous (respectively smooth) function

||s|| : U → R≥0,

such that

(i) it is compatible with restriction to smaller open subsets;

(ii) for all p ∈ U we have ||s(p)|| = 0 if, and only if s(p) = 0;

(iii) for any λ ∈ OXan(U) we have ||(λs)(p)|| = |λ(p)|||s(p)||.
The pair L = (L, || · ||) is called a metrized line bundle.

Proposition 5.1.8. There exists a smooth metric || · || on L.

Proof. See [CLD12, Prop. 6.2.6.].

Let L = (L, || · ||) a metrized line bundle on X endowed with a smooth metric
|| · ||. Then by [CLD12, (6.4.1.)] there exists a canonical smooth form c1(L, || · ||) =
c1(L) ∈ A1,1(Xan) called the first Chern form of L which for a regular section s in
Lan over an open subset U ⊆ Xan is given by

c1(L)|U = −d′d′′ log ||s||.

5.2 Comparison of Chern classes

Next we want to study the cycle class map from Definition 5.1.5 for q = 1. In
this case we can make some significant simplifications. We adapt the results from
Section 5.1 to our setup. Let X be a smooth variety over K. By Definition 5.1.1
there is an isomorphism of sheaves

K1
X
∼= O×X ⊗Z Q.

It is a classical result in algebraic geometry that there exist isomorphisms

CH1(X) ∼= Pic1(X) ∼= H1(X,O×X),

(for the first one see [Liu02, Ch. 7, Proposition 2.16.] and for the second one
[Liu02, Ch. 7, Corollary 1.19.]) which extend to isomorphisms

CH1(X)⊗Z Q ∼= Pic1(X)⊗Z Q ∼= H1(X,O×X)⊗Z Q.(5.1)
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Definition 5.2.1. Let E be a locally free sheaf of finite rank over X and for every
integer k ≥ 1 let cCH

k (E) ∈ CHk(X) denote its k-th Chern class. We define the
k-th tropical Chern class as

ck,trop(E) := cltrop(cCH
k (E)) ∈ Hk,k

d′′ (X
an).

- 5.2.2. We recall some basic notation about Čech cohomology as done in [Har77,
III, § 4]. Let X be a topological space, F a sheaf of abelian groups and U = {Ui}i∈I
an open cover of X. For every integer p ≥ 0 the abelian group of p-cochains is
defined as

Čp(U ,F) :=
∏

(i0,...,ip)∈Ip+1

F(Ui0...ip),

where Ui0...ip := Ui0 ∩ . . . ∩ Uip . There is a differential

d : Čp(U ,F)→ Čp+1(U ,F), f 7→ df(5.2)

where

(df)i0,...,ip+1 :=

p+1∑
k=0

(−1)kfi0...̂ik...ip+1|Ui0...ip+1

By [Har77, p. 218] we have d2 = 0 hence (Č•(U ,F), d) defines a complex of abelian
groups and we will denote by

Ȟ
p
(U ,F) := Hp(Č•(U ,F), d)

the p-th cohomology group of this complex. Suppose that V is another open cover
of X that is a refinement of U , then by [Har77, III, Exercise 4.4.] for every p ≥ 0
there exists a natural morphism

Ȟ
p
(U ,F)→ Ȟ

p
(V ,F).(5.3)

By loc. cit. the property of being a refinement defines an inductive order on the
set of coverings of X, hence we can consider the inductive limit

lim→
U

Ȟ
p
(U ,F) =: Ȟ

p
(X,F).

Recall that for every open cover U of X we have a canonical morphism to the
direct limit

Ȟ
p
(U ,F)→ Ȟ

p
(X,F).(5.4)
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For every p ≥ 0 there exists a natural morphism

Ȟ
p
(U ,F)→ Hp(X,F)

to the sheaf cohomology groups of X which are compatible with the refinement
maps (5.3). By the universal property of direct limits for every p ≥ 0 we get a
canonical morphism

Ȟ
p
(X,F)→ Hp(X,F).

By loc. cit. for p = 1 the canonical morphism

Ȟ
1
(X,F)→ H1(X,F)(5.5)

is an isomorphism.

Proposition 5.2.3. Let X be a smooth variety over K and L := (L, || · ||) be a
line bundle over X endowed with a smooth metric || · ||. Denote by [c1(L)] the
cohomology class of the first Chern form c1(L) ∈ A1,1(Xan) defined in 5.1.6. Then

c1,trop(L) = [c1(L)] ∈ H1,1
d′′ (X

an).(5.6)

Proof. Let L be given by (Ui, ϕi)i∈I where U := (Ui)i∈I is an open cover of X and
ϕi : L|Ui

∼−→ OX |Ui is an isomorphism of OX |Ui-modules for every i ∈ I. For every
i, j ∈ I, denote by Uij := Ui ∩ Uj the intersection of two open subsets. For i ∈ I
let si ∈ L(Ui) be the section with ϕ(si) = 1 in OX(Ui). On Uij we have sj = fij ·si
where fij ∈ OX(Uij)

×. We will use the same notation for the analytification of
these open subsets and of these morphisms. Consider the resolution of sheaves on
Xan defined in Theorem 3.3.4

0→ L0
X → A1,0

Xan

d′′−→ A1,1
Xan

d′′−→ A1,2
Xan

d′′−→ . . . ,

and the truncated part in lower degree

0→ L0
X

i−→ A1,0
Xan

d′′−→ ker1
Xan → 0,

where i denotes the inclusion and d′′ the differential and

ker1
Xan := ker(d′′ : A1,1

Xan

d′′−→ A1,2
Xan).

We analyze the left-hand side and the right-hand side of (5.6) separately. We
start with the right-hand side. By definition we have c1(L) ∈ ker1

Xan(X) =

Ȟ
0
(U , ker1

Xan). Then α = (αi)i∈I := (−d′ log ||si||)i∈I is an element in Č0(U , A1,0
Xan)
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with d′′αi = c1(L)|Ui ∈ ker1
Xan(Ui) for every i ∈ I hence d′′α = c1(L) in Č0(U , ker1

Xan).
Let d denote the Čech coboundary operator from (5.2). Then we have

(dα)ij = (αi − αj)|Uij = (−d′ log ||si|| − d′ log ||sj||)|Uij
= (−d′ log ||si|| − d′ log |fij| − d′ log ||si||)|Uij
= (−d′ log |fij|)|Uij ∈ A1,0(Uij).

Hence dα ∈ Č1(U , A1,0
Xan). On the left-hand side we start with

f ∈ Ȟ
1
(X,O×X)

which is the image of c1(L) under the isomorphisms (5.1) and (5.5). Let V be an

open cover of X and fV ∈ Ȟ
1
(V ,O×X) whose image under the morphism (5.4) in

Ȟ
1
(X,O×X) is f . After chosing a common refinement of U and V we may assume

that V = U and
fU ∈ Ȟ

1
(U ,O×X).

Let f ′U = (fij)i,j∈I be a representative of fU in Č1(U ,O×X). For every i, j ∈ I we
have fij ∈ Hom(Uij,Gan

m,K). Via τ 1
Xan we get a Čech cocycle

(τ 1
Xan(f ′U))ij := (d′(− log |fij|))ij ∈ Č1(U ,L0

X)

and

i(τ 1
Xan(f ′U)) = dα ∈ Č1(U , A1,0

Xan).(5.7)

Note that on Č0(U ,O×X) we have d ◦ τ 1
Xan = τ 1

Xan ◦ d hence (5.7) is independent of
the choice of the representative f ′U . Then we have the following equality

c1,trop(L) = [i(τ 1
Xan(f ′U))] = [dα] = [c1(L)] ∈ Ȟ

1
(U , ker1

Xan).

Via the morphism (5.4) and the isomorphism (5.5) we conclude that the the equal-
ity c1,trop(L) = [c1(L)] also holds in H1,1

d′′ (X
an).
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