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Van der Waals quantum materials exhibit fascinating emergent phenomena 

governed by topology, electronic correlations, or reduced dimensionality, and 

have revolutionized modern solid state physics by virtue of the versatility of two-

dimensional crystals. In this thesis, we build on near-field microscopy in the 

terahertz (THz) and mid-infrared (or multi-THz) spectral windows and develop new 

tools to probe the unique properties of these systems on the relevant length, 

energy, and time scales.

First, the distribution of nanoscale electromagnetic fields in multi-THz nanoscopy 

is quantified by numerically solving Maxwell's equations and introducing a novel 

Fourier demodulation analysis that accounts for the tip tapping motion. Thereby, 

we visualize the light scattering process into the far field and determine the lateral 

resolution as well as the probing volume inside the sample, for the first time. 

Second, we employ these crucial insights into quantitative nanotomography to 

investigate topological insulators, which are expected to host massless Dirac 

fermions at their surfaces. A numerical retrieval of the local dielectric function of a 

few-nanometer-thick surface layer without any a priori assumptions about the 

spectral shape allows us to identify the contributions of two types of surface states: 

Band bending leads to an intersubband transition within a massive two-

dimensional electron gas manifesting itself as a sharp resonance. Conversely, an 

additional, broadband absorption background may be caused by the topologically 

protected surface states. Tracing the dielectric response across a nanostructure 

reveals local variations of the energy of the intersubband transition, pointing 

towards nanoscale fluctuations of the doping or the Bi-to-Sb ratio. The 

subwavelength access to the dielectric function should find a wide range of 

applications and significantly improve the microscopic understanding of quantum 

materials.

Finally, we use subcycle THz nanoscopy to gain a spatiotemporal access to photo-

carrier dynamics in transition metal dichalcogenide bilayers – a prototypical 

platform for studying the ramifications of Coulomb correlations and reduced 

dimensionality in van der Waals quantum matter. Our experiments reveal 

pronounced inhomogeneities of the optoelectronic properties on the nanoscale 

and a drastic renormalization of the carrier lifetime as the excitation density or the 

relative orientation of adjacent monolayers is varied. These findings set the stage 

for controlling light-matter interaction in van der Waals crystals on the nanometer 

length- and femtosecond time scale.



Cover: A metallic tip confines multi-terahertz electric fields (red) to its apex. This
nanoscale light source probes the surface of a prototypical topological insulator,
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1
Probing quantum materials

on the nanoscale

“Nature isn’t classical”[Feyn82]

— Richard P. Feynman

Some of the most fascinating, unresolved questions in condensed matter physics re-
volve around ‘quantum materials’ – a term, which was coined for a large library
of solids exhibiting exotic quantum mechanical properties influenced by dimension-
ality or electronic correlations[Baso17a; Toku17; Keim17]. The research area has further
gained enormous momentum since the originally mathematical concept of topology
has been identified as an additional crucial determining factor. First signatures of
topology in physics had been discovered in terms of a quantized conductance in the
quantum Hall effect[Klit80; Klit17]. Ever since, the idea has revolutionized how con-
densed matter physicists perceive the world[Wang17]. As a result, David J. Thouless,
F. Duncan M. Haldane, and J. Michael Kosterlitz were awarded the Nobel Prize
in 2016 “for theoretical discoveries of topological phase transitions and topological
phases of matter”[Thou16]. In analogy to geometrical objects, which can be classified
according to the number of knots or holes in their surfaces, integer-value topological
invariants in solid state physics describe the nontrivial structure of the electronic
wavefunctions in reciprocal space[Moor10]. At the interface of two materials with dis-
tinct topologies, these invariants change abruptly. Consequently, exotic electronic
states emerge, which can allow for dissipationless transport[Toku17], in principle. Since
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1 Probing quantum materials on the nanoscale

these edge or surface states are protected by the topology of the entire reciprocal
space, there is an inherent robustness against any (non-magnetic) impurities or
disorder[Hasa10]. Whereas only a few representatives of the family had been known
for several decades, topological matter was recently found to be truly abundant in
nature. More than one in every four crystals is expected to exhibit a topologically
nontrivial electronic structure[Verg19; Zhan19]. In the case of metallic crystals, the sig-
natures of the topological states are rather subtle and manifest as Fermi arcs on
the surface of Weyl or Dirac semimetals[Armi18], for example. Conversely, the rami-
fications of a nontrivial momentum-space topology with regards to the optical and
electronic properties are more pronounced in materials with a finite bulk bandgap.
These so-called topological insulators[Ortm15] feature metallic states only at their
surfaces. Due to their unique properties, van der Waals-layered three-dimensional
topological insulators[Zhan09; Chen09; Hasa10; Moor10; Ando13] such as Sb2Te3 or Bi2Te3 have
become an especially fascinating material class. The surface states host massless
Dirac fermions and feature a chiral spin texture. Hence, time-reversal symmetry
suppresses backscattering of carriers, which renders the resulting extremely large
charge carrier mobilities attractive for optoelectronic devices[Poli17] with high-speed
operation and a simultaneous low energy consumption[Toku17]. The spin-momentum
locking at the surface also holds great promise for the field of spintronics[Žuti04; Avsa20].
Whereas spin-polarized currents have already been controlled with continuous-wave
light[McIv12] or by ultrafast photoexcitation[Brau16; Kuro16; Kast15; Reim18], harnessing the
full potential of the topologically protected surface states could even allow for ef-
ficient spin-current generation or ‘charge-to-spin converters’[Toku17]. Regarding fun-
damental science, topological insulators have furthermore enabled an exploration of
photon-dressed Floquet-Bloch states[Wang13; Mahm16] or relativistic phenomena such
as Klein tunneling[Lee19]. Finally, image charges could help to realize magnetic
monopoles in topological insulators[Qi09], whereas interfacing with superconductors
may provide a viable route towards robust quantum computing with Majorana
fermions featuring non-Abelian statistics[Fu08; Mi13; Toku17; Fate18].
Designing new phases of matter and on-demand engineering of optoelectronic proper-
ties[Baso17a] necessitates a truly microscopic understanding of quantum materials,
however. Hence, a thorough investigation at the relevant energy, time, and length
scales is indispensable. Concerning topological insulators, angle-resolved photo-
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emission spectroscopy experiments have revealed that the terahertz and mid-infrared
(or: multi-terahertz) frequency ranges (0.1− 100 THz) represent the natural energy
scales for optical transitions[Luo13; Kuro16] involving the topologically protected surface
states. Employing such long-wavelength electromagnetic fields additionally provides
unique insights into the low-energy elementary excitations that govern solid-state
systems. In the past, plasma responses[Hube01; Ulbr11], excitons[Kain03; Poel15; Han20],
magnons[Kamp11; Schl19], lattice dynamics[Kübl07; Jeps11; Pore14], superconducting conden-
sates[Pash10; Dems20], or polaritons[Fris19; Halb20] have been accessed with these means.
In topological insulators, terahertz radiation has additionally driven ballistic Dirac
currents[Reim18] and collective electronic excitations – so-called Dirac plasmons[Di P13].
Unfortunately, conventional far-field optics inevitably averages over micrometer or
even millimeter scales at these long wavelengths owing to the diffraction limit[Abbe73].
This obscures any individual nanostructures, grains, or local strain[Mole17]. In ad-
dition, prototypical topological insulators exhibit nanoscale inhomogeneities in their
surface morphology[Bori12], or their local electronic properties[Mace15] and carrier densi-
ties[Knis17; Haue15]. Finally, far-field experiments usually generate background signals
originating from the bulk material owing to either finite absorption lengths or trans-
mission geometry. For all of these reasons, a nanoscale, surface-selective probe of
the low-energy optical properties of quantum materials is highly desirable.

Since optical nanoscopy has paved the way for a nanoscale implementation of key
concepts established in far-field spectroscopy, we build on scattering-type scanning
near-field optical microscopy[Chen19] (s-SNOM) and develop new tools for probing the
light-matter interaction in prototypical van der Waals-layered quantum systems in
the multi-terahertz spectral range. By confining light to the sharp apex of an atomic
force microscopy tip[Hill02; Rasc03; Qazi07], the propagating far fields are converted into
evanescent near fields. This results in a localization on deeply subwavelength scales
that is accompanied by a strong field enhancement. Subsequently, the local optical
properties of the sample can be retrieved by collecting the radiation scattered out of
the tip-sample junction. This technique is also ideally suited for resolving the out-of-
plane composition of quantum matter with so-called nanotomography[Eise14; Govy14]

because of the evanescent nature of the near fields. To this end, the probing vol-
ume is tuned via experimental parameters such as the tapping amplitude of the tip,
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1 Probing quantum materials on the nanoscale

which facilitates a selective access to the surface properties, for example. Yet, truly
quantitative three-dimensional nanotomography and the quest for ultimately high
spatial resolution down to the single-nanometer regime depend vitally on a precise
knowledge of the spatial distribution of the near fields emerging from the probe.

In the first part of this thesis, the quantitative understanding of near-field microscopy
is therefore significantly advanced by numerically solving Maxwell’s equations for
a tip with realistic geometry oscillating in proximity of a dielectric. We introduce
a novel Fourier demodulation analysis[Moos20] of the electric field at each point in
space, which allows us to reliably quantify the distribution of the near fields above
and within the sample. Besides inferring their lateral extension, which can be smaller
than the tip radius of curvature, we thereby also determine the probing volume. For
the first time, we visualize the scattering process into the far field at a given har-
monic of the tapping frequency and shed light onto the nanoscale distribution of the
near fields, and its evolution as the tip-sample distance is varied.
Equipped with these crucial insights into the spatial distribution of the evanes-
cent probing fields in multi-terahertz nanoscopy, we subsequently investigate the
local surface properties of the prototypical topological insulator (Bi0.5Sb0.5)2Te3.
We probe custom-tailored structures with nanometer precision in all three spa-
tial dimensions[Moos18] employing nanotomography and nanospectroscopy. By com-
bining a numerical inversion algorithm with a model describing the light scat-
tering from layered samples, we manage to isolate the dielectric properties of a
few-nanometer-thick layer of high surface conductivity on the topological insula-
tor. This new technique works without model assumptions regarding the spectral
dielectric response. As a result, we can directly differentiate two types of sur-
face states based on their dielectric fingerprints: First, we identify an intersub-
band transition within a massive two-dimensional electron gas, which gives rise to
a sharp, surface-bound Lorentz oscillator. Aging and degradation under ambient
conditions[Gree16], structural defects[Uraz02], and impurities[Bian10] can induce uninten-
tional doping at the topological insulator surface. Hence, conduction band electrons
experience a quantum confinement[Bian10; Bahr12] to the surface, where these massive
states consequently coexist with the massless Dirac fermions. Second, we find an
additional broadband absorption in the imaginary part of the dielectric function,

4



which most likely originates from mid-infrared transitions involving the topologi-
cally protected surface states. So far, the coexistence of massive and Dirac surface
states had only been revealed in far-field, angle-resolved photoemission spectroscopy
experiments[Bian10; Beni11; Bahr12]. Our approach represents a promising way for distin-
guishing these two types of surface states on the nanoscale thereby significantly im-
proving the understanding of the surface properties of topological insulators. Thus,
the design of topological insulator-based devices, which are robust against ambi-
ent conditions, could come within reach. Tracing the intersubband resonance with
nanometer spatial precision, we observe changes of its frequency, likely originating
from local variations of doping and/or the mixing ratio between Bi and Sb. Our
results highlight the importance of studying the surfaces of quantum materials on
the nanoscale and demonstrate a direct access to the local optical and electronic
properties via the dielectric function.

Apart from three-dimensional topological insulators, also graphene and several tran-
sition metal dichalcogenides crystallize in individual layers bound by weak van der
Waals forces. Some of these materials also feature emergent phenomena linked di-
rectly to topology. Examples include the type-II Weyl semimetals[Peng17; Yan17; Shi19]

MoTe2 andWTe2 or topological states in bilayers[Tong16; Li16; Jian17; Wu17; Wu19] or nano-
structures[Grön18]. Even the exceptional properties of magic-angle twisted bilayer
graphene[Cao18] are most likely related to the topology of the flat bands[Po19; Song19].
Besides these manifestations of topology in two-dimensional materials, certain atom-
ically thin layers of transition metal dichalcogenides such as WSe2 also host hydrogen-
like electron-hole pairs, strongly bound by the Coulomb interaction. These so-called
excitons represent a prime example for the significance of Coulomb correlations in
low-dimensional systems. Hence, van der Waals heterostructures[Geim13] allow for ex-
ploring further ubiquitous mechanisms – dimensionality and correlations – dictating
the optoelectronic properties of van der Waals quantum materials.
In the final part of this thesis, we establish a spatiotemporal access to the ultra-
fast photo-carrier dynamics in transition metal dichalcogenide bilayers following two
complementary strategies, which will allow us to study the effect of nanoscale struc-
tural, electronic or dielectric inhomogeneities[Raja19] on Coulomb correlations. First,
we build on our quantitative simulations of near-field microscopy and investigate the
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1 Probing quantum materials on the nanoscale

ultrafast interlayer charge transfer in heterobilayers, which underlies the formation of
spatially indirect excitons[Rive18; Merk19]. Detailed predictions of the electromagnetic
radiation that is emitted by interlayer tunneling currents and coupled out by the
near-field tip set the stage for nanoscale terahertz emission experiments[Klar17; Yao19].
Second, we employ subcycle nanoscopy to probe the out-of-plane polarizability[Plan20]

of electron-hole pairs with external terahertz near fields allowing us to trace hybrid
excitons in WSe2 homobilayers[Merk20] in space and time. The decay dynamics of the
photo-carriers depend sensitively on the relative orientation of adjacent monolayers.
A variation of the excitation density further renormalizes the ultrafast response of
the bilayer culminating in potential signatures of an exciton Mott transition. Fi-
nally, ultrafast snapshots of the electron-hole pair population reveal pronounced
inhomogeneities of the optoelectronic properties on deeply subwavelength scales.
With these new tools at hand, resolving the trapping of moiré excitons and tran-
sient phase transitions could come within reach in the future.

This thesis is structured as follows: Chapter 2 introduces the concept of topology
in solid state physics in more detail and lays the foundations for understanding the
unique properties of three-dimensional topological insulators. The necessary tools
for investigating the optical properties of quantum matter on the nanoscale are then
developed in Chapter 3. Building on the phenomenology of near-field microscopy,
we implement a new method of quantifying the distributions of nanoscale electro-
magnetic fields accounting for the entire tapping motion of the tip. These unprece-
dented insights into the principles of multi-terahertz nanoscopy are subsequently
transferred to probing prototypical topological insulator surfaces in Chapter 4. In
Chapter 5, we develop a numerical inversion algorithm allowing us to successfully
isolate the dielectric response and thickness of the highly conductive surface layer
on the topological insulator. Thereby, two different types of surface states are found
to coexist. By tracking their dielectric fingerprints, inhomogeneities in the surface
optical response are revealed in Chapter 6. These findings are complemented by
a discussion of the future directions for probing ultrafast nanodynamics of Dirac
fermions on next-generation topological insulator samples. Chapter 7 features a
study on electron-hole pairs in transition metal dichalcogenide bilayers. Finally, a
conclusion of the thesis and an outlook are given in Chapter 8.
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2
Topologically nontrivial systems

“Topology is the property of something
that doesn’t change when you bend or
stretch it as long as you don’t break
anything”[Ivan06]

— Edward Witten

Symmetries play an essential role in physics because they dictate the properties of
matter. Consequently, it is very essential to classify, for example, solids based on
the symmetry of the arrangement of individual atoms in the crystal lattice. From
such a classification, the diffraction pattern, lattice vibrations, or even the electronic
properties of a solid can be deduced. Solids with identical crystal lattices can be
further distinguished by order parameters, governing phases such as ferromagnetism
in iron below the Curie temperature[Vand18].
However, for two systems of identical symmetry, there exist further ways of differen-
tiating the properties of solids[Song18]: so-called topological invariants. Those integer
numbers classify all types of matter and allow for a distinction between topologically
trivial and nontrivial systems, which neither a symmetry nor an order parameter
can. Consequently, the revolutionary concept of topology represents a paradigm
shift for solid state physics by explaining and predicting exceptional properties of
novel materials.
Yet, topologically nontrivial quantum matter is not even scarce but was found to be
truly ubiquitous[Verg19]. It holds great promise for potential dissipationless transport
or applications in quantum computing[Toku17]. Even today, certain materials of this
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2 Topologically nontrivial systems

class can host exotic states at their surface with exceptionally high mobilities[Reim18].
Such systems with topologically protected surface states have been called ‘topo-
logical insulators’[Hasa10; Ando13], whose unique properties encompass a relativistic,
Dirac-like dispersion or spin-momentum locking, for example, which implies spin-
polarized electrical currents that are highly relevant for spintronics. Further ex-
citing physical phenomena related to topological insulators include Floquet-Bloch
states[Wang13; Mahm16], Dirac plasmons[Di P13], or strong optical nonlinearities[Gior16].
In the following, the concept of topology will be introduced in the context of the
quantum Hall effect, where it has first emerged several decades ago. The closely
related quantum spin Hall effect then serves to explain the key characteristics of
topological insulators. Finally, the exciting properties of the novel class of three-
dimensional topological insulators are introduced to provide the necessary back-
ground for interpreting the experimental results later on.

2.1 Topology and the quantum Hall effect

Classical Hall effect. Before talking about the quantum analogue, it is very in-
structive to briefly discuss the key concepts of the classical Hall effect. Discovered
by Edwin Hall in 1879[Hall79], the classical Hall effect emerges when sending a current
through a conductor placed in a magnetic field perpendicular to its surface. Since
the Lorentz force deflects the carriers within the conductor, a surplus and deficiency
of charge accumulate on opposite sides of the material. This gives rise to an electric
field counteracting the deflection of charge carriers, which is associated with a Hall
voltage. When the force exerted by the electric field onto the carriers exactly cancels
the Lorentz force, an equilibrium situation is reached. Since the Lorentz force scales
linearly with the applied magnetic field B, so does the Hall voltage and the Hall
resistance ρxy.

Quantum Hall effect. In 1980, Klaus von Klitzing made the surprising discovery
that the Hall resistance ρxy becomes quantized at low temperatures and for high
magnetic fields[Klit80]. At this point, he most likely did not suspect that the underly-
ing concept of topology would revolutionize solid state physics several decades later.
In a two-dimensional electron gas, plateaus in the resistance ρxy = h

e2
1
ν
emerge, where
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2.1 Topology and the quantum Hall effect
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Figure 2.1 | Quantum Hall effect.
a, Sketch of the real-space skipping orbits
(red), which emerge for charge carriers at
the interface of a quantum Hall system
with Chern number ν = 1 and a topo-
logically trivial insulator (ν = 0). Owing
to the Lorentz force exerted by the ap-
plied magnetic field B, electrons can only
move in a single direction giving rise to a
so-called edge channel. In the bulk of the
material, closed electronic orbits (blue) in-
duce localized states.
b, Schematic of the corresponding recipro-
cal space. The bandstructure includes the
insulating bulk of the quantum Hall sys-
tem consisting of the valence band (VB)
and conduction band (CB). The metallic
edge states (black line) are occupied up to
the Fermi energy EF.
Adapted from reference [Hasa10].

h is Planck’s constant, e the elementary charge, and ν an integer number. The uni-
versal quantum of resistance is called the von Klitzing constant RK = h

e2 ≈ 25.8 kΩ
and has even redefined the ‘International System of Units’ in 2019, because its
value can be determined to an incredibly high degree of precision corresponding to
a relative uncertainty of “less than 1 part in 1010”[Klit17; Klit19]. The reason why the
quantum Hall effect allows for such an exact determination of physical constants is
the overarching concept of topology, which renders the effect robust against defects,
impurities or the exact device geometry. Before diving into the field of topology, an
intuitive view of the microscopic physical phenomena is given.

A very popular picture of the quantum Hall effect is based on the emergence of
edge states as depicted in Figure 2.1. For sufficiently large magnetic fields, charge
carriers within the bulk of the material are forced on closed circular paths. Conse-
quently, these localized charges hardly contribute to the transport. However, at the
edges of the sample – or an interface to an adjacent material – such circular mo-
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2 Topologically nontrivial systems

tion is not possible. Instead, so-called ‘skipping orbits’ emerge[Davi09], which allow
for a transport of charge carriers along the interface (see Figure 2.1a). Classically,
the external magnetic field determines the direction of motion of the electrons or
holes (along a given edge) and suppresses backscattering, which leads to a transport
with minimal resistance. Furthermore, smaller orbits at larger magnetic fields cor-
respond to higher drift velocities of the carriers. In reciprocal space, these skipping
orbits can thus be imagined as edge states within the bulk bandgap[Hasa10] of the
two-dimensional electron gas as depicted in Figure 2.1b. Since electrons and holes
move along opposite directions, the edge states exhibit a crossover from negative to
positive momenta in the middle of the energy gap, where a transition from p-type
to n-type transport takes place.
In a solid subjected to an external magnetic field, the electronic states are, however,
also rearranged into Landau cylinders. Consequently, each of these levels can be
associated with a certain skipping orbit such that the Hall resistance ρxy exhibits
quantized jumps to the next plateau whenever the Fermi energy intersects a Lan-
dau level. Within this framework, the integer ν can be identified as the number of
occupied Landau levels[Davi09]. This explains why the quantum Hall effect is only ob-
served for strong magnetic fields: the Landau levels then become highly degenerate
and all electrons occupy only a few levels. Similarly, low temperatures are required
for sufficiently large mean free paths of the electrons. The description of realistic
sample geometries is beyond the scope of this work and further details can be found
in the literature[Davi09; Yu10].

Topology. From a topological point of view, an invariant of the system changes
abruptly in unison with the jumps of the quantum Hall resistance. This fact bridges
the gap to the mathematical field of topology. A widespread picture illustrating the
concept of topology is of geometrical nature[Hasa10]. Any two-dimensional surface of
a three-dimensional object can be classified based on its genus g, that is the number
of ‘holes’ (see Figure 2.2). This means that a sphere (g = 0) cannot ‘smoothly’ be
transformed into a torus (g = 1). In other words, some closed paths on a torus
cannot continuously be reduced to an infinitesimally small circle around a single
point[Hald17] in contrast to a sphere. Mathematically, the genus of any object can
be determined by a surface integral over the Gaussian curvature. Irrespective of
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2.1 Topology and the quantum Hall effect

g = 0 g = 1

g = 2

Figure 2.2 |Geometrical origin of
the field of topology.
Every geometric object can be classified
according to its genus g, which counts
the number of ‘holes’ as obtained by in-
tegrating the Gaussian curvature of its
surface. The image depicts a sphere, a
regular torus, and a two-hole torus with
genera g = 0, 1, and 2, respectively.

the exact shape of the object, this integral will always yield an integer value for the
genus g according to the theorem of Gauss and Bonnet[Avro03].
Similarly, the Hall resistance ρxy = h

e2
1
ν
cannot change continuously, but only in

integer steps of ν. Thus, an ordinary insulator can be distinguished in terms of its
topology from a quantum Hall state by the so-called Chern number ν. In analogy
to geometry, two insulators have the same topological invariants – such as identi-
cal Chern numbers – if their Hamiltonians can be transformed continuously into
each other without closing the bandgap along the way. The latter would correspond
to poking a hole into the geometric object in order to transform a sphere into a
torus[Vand18]. Within this framework, the quantum Hall state can be considered as
an insulator due to Landau quantization[Hasa10] as long as the Fermi energy lies be-
tween two of the Landau levels. Consequently, the Chern number ν also has to
be an integer (similar to the geometrical genus) and cannot change continuously.
Hence, small variations of the Hamiltonian of a system do not lead to small changes
in conductance. Instead, the system becomes invariant to small changes under these
circumstances. When the Fermi energy crosses a Landau level in the quantum Hall
regime, however, the Chern number is no longer well defined as it transitions to the
adjacent integer value[Avro03]. This underlines that a closing of the bandgap, that is
the Fermi energy intersecting a Landau level, is necessary to change the topology of
the quantum Hall state.

Yet, this raises the question how the topological invariant of a system can generally
be determined from its Hamiltonian or the underlying electronic wavefunctions.
Further geometrical objects often associated with the field of topology are knots,
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2 Topologically nontrivial systems

for which invariants labeling the number of crossings can be defined (see picture at
the beginning of this chapter). In this picture, topologically nontrivial solid-state
systems feature “knots in the electronic wavefunctions”[Moor10] in momentum space.
In the following, we will derive a formula allowing us to classify these knots.

Berry curvature. In reciprocal space, electrons can experience a curvature which
is analogous to the Gaussian curvature of a geometrical object. It is called the Berry
curvature Fxy named after its discoverer Michael Berry[Berr84]. Its origin is best ex-
plained by considering a vector-like quantity, which is moved on a curved geometry
such as a sphere. Figure 2.3a shows that in this scenario, after having moved along
a closed path, the vector no longer points in the initial direction. In contrast, on a
plane without any curvature, this situation cannot arise. A very intuitive example
for this scenario is the Foucault pendulum. After a day has passed, the pendulum
is back in its original starting position on the earth. Yet, for a given latitude the
direction along which the pendulum oscillates has generally changed[Avro03]. In other
words, it has acquired a geometric phase after traveling on a closed path. This
means that on curved surfaces the initial and final states of closed paths can differ
and the discrepancy even depends on the area enclosed by the path.

When considering an electron’s spin in a magnetic field, the manifestation of the
so-far geometrical concept in quantum mechanics can nicely be visualized. Here, the
direction of the magnetic field is represented by the Bloch sphere (see Figure 2.3b).
Now, the direction of the magnetic field is varied so slowly that the electron’s spin
can follow the change of the magnetic field adiabatically and always points along its
direction. If the direction of the magnetic field then traces a closed path on the Bloch
sphere, the electronic wavefunction will gain an additional geometric phase Φ, the
so-called Berry phase. In the case of the spin in an external magnetic field, the ac-
quired Berry phase along a closed path is then directly proportional to the enclosed
solid angle Ω such that a full rotation changes the sign of the wavefunction[Vand18] –
a well known result for spin-½ particles.

Generally, this description holds for a broad variety of external parameters and is not
restricted to the examples above. Similarly, the electron can also move along a closed
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2.1 Topology and the quantum Hall effect

a b1

2 3

Figure 2.3 | Curved space and geometric phases. a, Parallel transport of a vec-
tor (red) along a closed path (brown) on the surface of a sphere (‘1’→‘2’→‘3’→‘1’).
On the north pole of the sphere, the initial and final orientation of the vector differ
because the curved surface induces a rotation of the vector along its path. b, Bloch
sphere indicating the orientation of a magnetic field B. If the direction of the mag-
netic field (purple arrow) is varied adiabatically on a closed path on the surface of
the Bloch sphere, the spin of an electron subjected to this field will follow this path
as well. Consequently, the electronic wavefunction will acquire a geometric phase,
which is proportional to the solid angle Ω enclosed by the path (red region).

path in reciprocal space and acquire a Berry phase Φ under certain conditions. In
this case, it is intuitive that the underlying Bloch wavefunctions |um(k)〉 will dictate
the Berry phase Φ =

∮
A · dk via the Berry potential (or connection) A given by:

A = 〈um(k)|i∇k|um(k)〉 . (2.1)

In close analogy to the vector potential and the magnetic field in electrodynamics,
the Berry curvature (basically Berry phase per unit area) is often introduced as[Hald17]

Fxy = ∇×A . (2.2)

Hence, the Berry curvature can be viewed as a reciprocal-space analogue to a
magnetic field, which gives rise to an Aharonov-Bohm effect[Toku17] resulting in a
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2 Topologically nontrivial systems

Berry phase. Thus, the equation of motion of an electronic wavepacket is gener-
ally renormalized[Vand18] by an anomalous velocity va = −k̇ × Fxy in the presence
of a reciprocal-space magnetic field, which has drastic consequences. In the novel
material class of transition metal dichalcogenides such as MoS2, two inequivalent
band extrema at the corners of the Brillouin zone exist. Due to broken inversion
symmetry and strong spin-orbit coupling, these so-called K and K’ points exhibit
finite Berry curvatures of opposite sign. Consequently, if a current is driven through
a monolayer of MoS2, electrons moving along the same direction but residing in
different valleys will be deflected along opposite directions perpendicular to the ex-
ternal electric field[Mak18]. This so-called valley Hall effect works in complete analogy
to the classical Hall effect, where the Berry curvature takes the role of an external
magnetic field.

Chern number and Berry phase. By applying Stokes’ theorem, the Berry phase
Φ can be rewritten in terms of the Berry curvature:[Vand18]

Φ =
∮
A · dk =

∫
S
Fxy · dS . (2.3)

Regarding the quantum Hall effect, Thouless, Kohomoto, Nightingale, and den Nijs
realized[Thou82] that the Chern number ν could be expressed in terms of a Berry
phase on a path enclosing the entire Brillouin zone (BZ). Employing Equation 2.3
and the Gauss-Bonnet theorem, this yields[Hasa10; Hald17]

ν = 1
2π

∮
BZ
A · dk = 1

2π

∫
BZ

d2k Fxy(k)︸ ︷︷ ︸
2πC

= C ∈ Z . (2.4)

Since the Chern number ν can be any integer, labeling materials by this topological
invariant is typically called Z categorization. Without an external magnetic field
breaking time reversal symmetry, the Berry curvature is, however, point-symmetric
around zero momentum in most nonmagnetic insulators (Fxy(k) = −Fxy(−k)).
Consequently, integrals over the entire Brillouin zone vanish[Vand18], such that the
Chern number ν = 0. Even though there was an intense quest for other topological
invariants that could also be studied in time-reversal invariant systems, such a dis-
covery remained elusive for many decades[Hald17].

14
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Figure 2.4 | Quantum spin Hall
effect.
a, Sketch of the skipping orbits in a quan-
tum spin Hall system in analogy to Fig-
ure 2.1, but without any external mag-
netic field. Instead, the spin orienta-
tion of the charge carriers determines
their respective Chern number ν↑/↓ such
that ‘spin-up’ (blue) and ‘spin-down’ (red)
electrons are counterpropagating. Again,
localized states emerge, which are indi-
cated by the closed circular orbits.
b, Schematic of the corresponding recipro-
cal space. The bandstructure includes the
insulating bulk of the quantum spin Hall
system consisting of the valence (VB) and
conduction band (CB). The metallic, spin-
polarized edge states (see pictograms) are
occupied up to the Fermi energy EFermi.
Adapted from reference [Hasa10].

In 1988, Duncan Haldane (Nobel Laureate of 2016) came up with a toy model
exhibiting a “quantum Hall effect without Landau levels” by employing a Hamilto-
nian that breaks time-reversal symmetry without an external magnetic field[Hald17].
Yet, only in 2013 the underlying quantum anomalous Hall effect could be observed
experimentally[Chan13] at extremely low temperatures by breaking time-reversal sym-
metry via intrinsic ferromagnetism mediated by chromium atoms.

Quantum spin Hall effect. A different approach, which proved to be easier to im-
plement experimentally, relies on the fundamental mechanism governing the physics
of topological insulators: the so-called quantum spin Hall effect (see Figure 2.4).
Kane and Mele[Kane05] introduced two separate Haldane models for spin-up and
spin-down electrons. Even though time-reversal symmetry is not broken for the
entire system, spin-orbit interaction breaks this symmetry for the two Hamiltonians
describing spin-up (H↑) and spin-down (H↓) electrons individually[Vand18]. Conse-
quently, two separate Chern numbers (ν↑, ν↓) for the two spin orientations exist,
corresponding to a Z2 = Z × Z classification. In case the total Chern number

15



2 Topologically nontrivial systems

νtot = ν↑ + ν↓ = 0, the quantum spin Hall effect can arise when (ν↑, ν↓)=(1,-1),
for example. Without any net charge current (νtot = 0), spin-up and spin-down
electrons move along opposite directions corresponding to a spin current.
The quantum spin Hall effect can thus be regarded as a superposition of two quan-
tum Hall effects, where charge carriers with different spin orientations experience
magnetic fields of opposite directions (see Figure 2.4a). Since no external magnetic
field is required, time-reversal symmetry is not broken. Instead, strong spin-orbit
interaction takes the role of a momentum-dependent magnetic field, whose direction
is depending on the orientation of the electron’s spin. Since time-reversal symmetry
converts a spin-up electron at k into a spin-down electron at −k, the two emerging
edge states must be degenerate at k = 0 (see Figure 2.4b). Consequently, the spin is
coupled to the momentum of the electron, which strongly suppresses any backscat-
tering of charge carriers within the edge states.

Furthermore, the representative bandstructure in Figure 2.4b also illustrates the
meaning of a nontrivial Z2 index: In such a system, the bands within the bandgap
cross the Fermi energy an odd number of times in half of the Brillouin zone[Vand18].
In complete analogy to the quantum Hall effect, gradual changes to the Hamiltonian
cannot open a gap as long as time-reversal symmetry holds.
Further properties of the quantum spin Hall effect, which was first observed in
HgTe/CdTe quantum wells[Köni07], are discussed in the next section.

2.2 Topologically protected surface states

Since a topological invariant can only change upon closing of the bandgap of a
material, a nontrivial Z2 index is often linked to an inversion of the band order in
reciprocal space[Bern06]. The first predictions and experimental demonstrations of
quantum spin Hall states were therefore related to mercury telluride quantum wells,
for which the roles of valence and conduction band was known to be reversed. Later
on, the concept could be transferred to three-dimensional systems, giving rise to
topologically protected surface states instead of one-dimensional edge states.
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Band inversion. First, we discuss the emergence of a quantum spin Hall phase
because of band inversion considering the example of CdTe/HgTe/CdTe quantum
wells. Whereas cadmium telluride features a normal band order – an s-type con-
duction band and a p-type valence band – similar to conventional semiconductors
such as gallium arsenide, mercury telluride typically does not. If the thickness of
the mercury telluride layer exceeds a critical value dc∼6.4 nm, the band ordering is
reversed as compared to the cadmium telluride[Bern06]. At the same time, this band
inversion renders the mercury telluride topologically nontrivial[Köni07]. Thus, at the
interface to the adjacent, topologically trivial cadmium telluride layers, edge states
emerge within the bulk bandgap of mercury telluride, which can be described by
the quantum spin Hall effect. In experiments, this topological phase manifests itself
as a quantized conductance σxy = 2 e2

h
, where e is the elementary charge and h is

Planck’s constant. Here, both of the spin orientations contribute an equal amount
of e2

h
to the total conductance[Köni07]. Hence, this phenomenon can be understood

within the framework of two separate Chern numbers for spin-up and spin-down
electrons introduced earlier.

Alternatively, the emergence of edge states is often described in an intuitive picture:
On the one hand, the bandstructure of mercury telluride is topologically nontrivial
and features inverted bands. On the other hand, the surrounding cadmium telluride
is an insulator with normal band ordering. Consequently, the band order has to
change along with the Z2 invariant at the interface between the two materials,
which gives rise to metallic edge states that bridge the bandgap. In this context,
the term bulk-boundary correspondence is often used[Ando13; Vand18] to describe the
emergence of surface states owing to the topologically nontrivial nature of the bulk.

Adding a third dimension. Several theoretical groups had predicted a three-
dimensional analogue to the quantum spin Hall effect around the time, when it
was first realized in the two-dimensional quantum wells discussed above. The term
‘topological insulator’[Fu07] was coined for such a material, which would feature a
bulk bandgap while simultaneously hosting metallic surface states.
In three dimensions, six Z2 indices exist – one for every two-dimensional surface of a
cube[Vand18]. However, not all of these invariants are independent. Instead, the num-
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ber can be reduced to a total of four indices (ν0; ν1, ν2, ν3), where the first index, ν0,
takes a special status. If all invariants are zero, the system is clearly topologically
trivial. In case ν0 is an even number, the system is a weak topological insulator
that is not very robust against external perturbations. Such a weak topological in-
sulator can be imagined as a three-dimensional stack of two-dimensional quantum
spin Hall systems. Consequently, the edge states will not be present on all exposed
surfaces[Vand18]. In this picture, the remaining topological invariants indicate the
Miller indices of the ‘stacking’ direction.
In contrast, so-called strong topological insulators – for which ν0 is an odd number –
exhibit topologically protected states on every surface. Additionally, these systems
are extremely robust against external perturbations such as disorder[Hasa10].

The first three-dimensional topological insulator to be discovered was the Bi1−xSbx

alloy[Hsie08], whose strong topological nature was confirmed by angle-resolved photo-
emission experiments. Transport measurements similar to the experiments on mer-
cury telluride quantum wells[Köni07] proved to be more challenging because the sig-
nature in conductivity indicating the presence of surface states is less pronounced
in three-dimensional systems[Hasa10]. Later on, the spin polarization of the surface
states, which gives rise to a protection from backscattering of charge carriers[Rous09],
was verified experimentally[Hsie09].
Yet, the Bi1−xSbx alloy exhibits a complex bandstructure with a small bandgap,
which is incompatible with room-temperature experiments. In 2009, the second
generation[Moor09] of three-dimensional topological insulators such as Bi2Te3

[Chen09]

and Bi2Se3
[Xia09; Zhan09] was discovered, whose bandgap can be as large as ∼0.3 eV.

These novel topological insulators will be discussed in the next section in more detail,
because the (Bi0.5Sb0.5)2Te3 compound investigated later on is part of this family of
materials.

2.3 Three-dimensional topological insulators
In the following, the crystal structure of prototypical three-dimensional topological
insulators and the resulting bandstructure including the metallic surface states will
be discussed.
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Figure 2.5 | Ball and stick model of the crystal structure of (Bi1−xSbx)2Te3.
a, Side view of two quintuple layers separated by a van der Waals gap, each of
which consists of alternating layers of tellurium and bismuth/antimony that are
covalently bound together. b, Top view of panel a, where the dashed polygons
connect the atoms residing in the same crystal plane (compare panel c). The in-plane
separation of nearest neighbors is given by the representative lattice constant[Yavo11]
aBi2Te3 = 4.384 Å. c, Side view of a quintuple layer revealing the ‘ABCAB’ stacking
of the crystal planes highlighted by the dashed lines. Compare reference [Zhan09].

Crystal structure. A representative crystal lattice of the (Bi1−xSbx)2Te3 alloy is
depicted in Figure 2.5. Bulk crystals of novel, three-dimensional topological insula-
tors feature a van der Waals-layered structure. The in-plane bonding is of covalent
nature forming Te-Bi-Te-Bi-Te quintuple layers in the case of Bi2Te3, for example,
whereas adjacent quintuple layers are only weakly bonded and separated by a van
der Waals gap (see Figure 2.5a). Each monolayer with a height of ∼1 nm has an ap-
parent hexagonal symmetry[Yavo11] as can be seen in the top view (see Figure 2.5b).
Due to the ‘ABCAB’ stacking of the individual crystal planes within a quintuple
layer, a rhombohedral D5

3d (R3m) symmetry[Zhan09] arises (see Figure 2.5c).
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Figure 2.6 | Inverted band order in
novel three-dimensional topologi-
cal insulators.
Schematic of the energetic shifts of
the bismuth and selenium px,y,z or-
bitals in Bi2Se3 due to chemical bond-
ing, crystal-field splitting, and spin-
orbit coupling. The order of the bands
formed by the P2−z,↑/↓ and P1+

z,↑/↓ states
close to the Fermi energy EF (red line)
is inverted. For the closely related
(Bi1−xSbx)2Te3 alloy, a similar band in-
version occurs.
Adapted from reference [Zhan09].

Bandstructure. As discussed in the beginning of this chapter, a topologically non-
trivial nature is often linked to a band inversion. This also holds for the three-
dimensional topological insulators. Here, chemical bonding, crystal-field splitting,
and most importantly the strong spin-orbit interaction originating from the heavy
elements such as bismuth or antimony reverse the band order close to the Fermi en-
ergy as sketched in Figure 2.6. Owing to the topologically nontrivial nature of the
wavefunctions in reciprocal space, Bi2Se3, Bi2Te3, Sb2Te3, and their alloys belong to
the class of strong topological insulators[Hasa10] with the topological indices (1;000).
Consequently, topologically protected states emerge at every surface of the material
due to the so-called bulk-edge correspondence[Toku17]. Since the strong topological
index takes an odd value, these surface states furthermore only form a single Dirac
cone within the entire Brillouin zone[Vand18]. Due to the topological nature of these
surface states and by virtue of time-reversal symmetry, no gap can be opened within
the surface states by impurities unless they are magnetic[Hasa10].

Employing a model Hamiltonian constructed from symmetry considerations (see Ap-
pendix A), a bandstructure for the bulk and the surface states of three-dimensional
topological insulators can be derived[Zhan09; Liu10]. To this end, the wavefunctions
with inverted order |P1+

z,↑/↓〉 and |P2−z,↑/↓〉 close to the Fermi energy (see Figure 2.6)
are used as a basis set. The surface states are described by the wavefunctions |ψ0,↑〉
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Figure 2.7 |Dispersion and chiral spin texture of the surface states on
three-dimensional topological insulators. a, Energies E of the electronic states
as a function of the in-plane momenta kx and ky (for kz = 0Å−1) for the bulk va-
lence band (BVB, red), the bulk conduction band (BCB, purple) as well as the
topologically protected surface states (TSS, gray) calculated using the Hamiltoni-
ans discussed in Appendix A. The red arrows indicate the chiral spin texture of
the topologically protected surface states corresponding to a quasi-antiparallel spin
alignment for fermions with identical energy, but with momenta pointing along op-
posite directions. For clarity, the spins lie strictly within the x-y-plane. b, Sketch of
the Brillouin zone of a prototypical three-dimensional topological insulator such as
Bi2Se3 with space group D5

3d (R3m). In addition to the high symmetry points of the
three-dimensional bulk (connected by the red lines), the two-dimensional Brillouin
zone at the surface is shown. The projection from bulk to surface is indicated by the
dashed lines. c, Out-of-plane spin component Sz of the Dirac fermions hosted by the
topologically protected surface states. Due to hexagonal warping, alternating spin-
up (red) and spin-down (blue) regions emerge along the contours of constant energy
(black lines) of the upper half of the Dirac cone. Scale bar: 1× 109 m−1. Adapted
and derived from references [Zhan09; Liu10]. For further details see Appendix A.
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and |ψ0,↓〉 accounting for the non-degenerate spin orientations (↑ / ↓). The numer-
ical solution of the Hamiltonian for the material parameters of Bi2Se3 yields the
bandstructure depicted in Figure 2.7a. Here, the dispersion close to the Γ-point
at the center of the two-dimensional Brillouin zone at the surface was calculated
(compare Figure 2.7b). A striking feature about the bulk states is the negative ef-
fective mass in the valence band (red surface in Figure 2.7a), which clearly attests
to the underlying band inversion. Inside the bandgap, metallic surface states with
a chiral spin texture emerge[Vand18]. In other words, the spins for states at k and
−k point in opposite in-plane directions[Hasa10] corresponding to a Berry phase of
π. This chiral nature of the surface states suppresses backscattering of carriers and
leads to dissipationless transport, in principle[Toku17].
For large momenta, a finite hexagonal warping is imposed by the crystal lattice (see
contour lines in Figure 2.7c), which breaks the rotational symmetry of the surface
states. Consequently, the Dirac cone is increasingly deformed for large wavevectors
k and the spins no longer perfectly lie in the x-y-plane. Generally, the spin orienta-
tion in reciprocal space can be inferred from matrix elements of the Pauli matrices
σ and the eigenstates |ψ+/−〉 in the upper (‘+′) and lower (‘−′) part of the Dirac
cone, which are obtained by solving the model Hamiltonian discussed previously
(for further details see Appendix A). Specifically, the out-of-plane component of the
spin Sz is then given by Sz = 〈ψ+/−|σz|ψ+/−〉. The results obtained for the upper
part of the Dirac cone is depicted in Figure 2.7c. For finite momenta, alternating
regions of opposite values for the out-of-plane spin component Sz are found around
the Dirac point. Since this tilting of the spins points along the same out-of-plane
direction for the lower and upper parts of the Dirac cone, a finite transition dipole
moment exists between these states, which has enabled optical transitions within
the surface bands in the mid-infrared spectral range[Luo13; Kuro16].

Alloying. Exploiting the unique surface properties of the three-dimensional topo-
logical insulators has so far been hampered by the fact that the Fermi energy typi-
cally does not lie in the vicinity of the Dirac point. For the prototypical materials
such as Bi2Se3, the n-type doping induced by selenium vacancies[Hasa10] can even
push the Fermi energy into the conduction band. In contrast, the bulk of Sb2Te3

is typically p-doped (see Figure 2.8). A residual bulk conductivity consequently
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Figure 2.8 | Bandstructure of the (Bi1−xSbx)2Te3 alloy. a,b, Schematic band-
structure of Bi2Te3 and Sb2Te3 (adapted from reference [Zhan11]). Whereas the
Fermi energy EF intersects the bulk conduction band (BCB) of Bi2Te3 (a), it lies
inside the bulk valence band (BVB) for Sb2Te3 (b). Additionally, the positions of
the Dirac points (DP) differ for the two compounds. By alloying, EF can be tuned
to an energy inside the bandgap[Zhan11]. b, Angle-resolved photo-emission spectra
revealing the occupied surface and valence band states of (Bi0.51Sb0.49)2Te3 for an
in-plane momentum ky = 0Å−1. The binding energy indicates the energetic separa-
tion of the states with respect to the Fermi energy. Reproduced and adapted from
reference [Weyr16]. © IOP Publishing. Reproduced with permission. All rights reserved.

obscures signatures of the thin, metallic surface layer in both cases. This limitation
can, however, be overcome by forming ternary alloys such as (Bi1−xSbx)2Te3 with
variable composition out of the parent compounds Bi2Te3 and Sb2Te3. Since the al-
loy retains its topologically nontrivial nature over the whole parameter range[Zhan10],
the chemical composition x ∈ [0, 1] allows for controlling the energetic position of
the Dirac point and the Fermi energy[Kell15]. In a straightforward picture, the n-type
doping of Bi2Te3 and the p-type doping of Sb2Te3 partially cancel each other out.

By means of alloying, a minimal conductance of the bulk has been reported close
to a composition of equal contributions of both constituent compounds[Weyr16]. Fig-
ure 2.8c depicts a representative bandstructure as recorded by our collaborators at
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the Forschungszentrum Jülich using angle-resolved photo-emission spectroscopy on
(Bi0.51Sb0.49)2Te3 (see also Appendix A). In these samples, the Dirac point lies close
to the bulk valence band and the surface states are mostly occupied. At the same
time, no significant population of the bulk conduction band is discernible. There-
fore, these ternary alloys are ideal candidates to investigate the nanoscale properties
of their surface states.
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3
Nanoscale electromagnetic fields

in mid-infrared nanoscopy

The surface sensitivity and nanoscale resolution of mid-infrared near-field microscopy
are ideally suited for studying the surface states on three-dimensional topological
insulators. In order to exploit these assets, a precise understanding of the underlying
nanoscale electromagnetic fields is, however, required.
In this chapter, the most important concepts of mid-infrared nanoscopy are intro-
duced. Furthermore, elaborate models are developed to describe the light scattering
from the metal tip. The presented simulations not only serve to illustrate the key
working principles of the experimental method, but allow for a quantification of the
distributions of demodulated near fields above and within the sample. These new in-
sights are vital for an improved understanding of near-field microscopy and aid in the
ongoing quest for ultimately high spatial resolution down to the single-nanometer
regime as well as towards fully quantitative three-dimensional nanotomography.

3.1 Phenomenology of near-field microscopy
As already discussed in detail in Chapter 1, the mid-infrared spectral window is par-
ticularly attractive because it corresponds to the natural energy scale for low-energy
excitations in condensed matter and also hosts vibrational bands of molecules. Yet,
due to the laws of diffraction, one can only achieve a spatial resolution on the order

The results presented in this chapter were published as reference [Moos20] in ACS Photonics.
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Figure 3.1 |Overcoming the diffraction limit. a, With conventional optics,
propagating electromagnetic fields (top panel) can only be focused down to a beam
waist, whose diameter is of the order of the wavelength λ. The main panel depicts
the distribution of the electric field as calculated for a Gaussian beam. The vertical
dashed line indicates, where the line profile depicted in the left panel was extracted.
b, The diffraction limit can be overcome by shining light at a metallic scanning probe
tip. Thereby, a local hot spot set by the radius of curvature of the sharp tip apex
(∼10 nm) is generated, which is orders of magnitude smaller than the wavelength
(λ∼10 µm) of mid-infrared (MIR) light. In near-field microscopy, the light scattered
back into the far field (see red arrows) is analyzed. Inset: Enlarged region close
to the tip apex. Besides recording the topography of the sample (black), the tip
also acts as a nanoscale light source, which allows for interrogating the dielectric
response ε as a function of position r and optical frequency ω.

of the wavelength with conventional optics. The wave-like nature of light, which
gives rise to this diffraction limit first described by Abbe[Abbe73] (see Figure 3.1a),
therefore prevents a nanoscale resolution with micrometer-scale wavelengths of light.
Since this limitation only holds for propagating electromagnetic waves, Synge and
O’Keefe already developed first theoretical ideas[Syng28; Syng32; OKee56] for exploiting
evanescent modes in the first half of the twentieth century. These near fields can,
for example, emerge when squeezing light through a small aperture with subwave-
length diameter or by confining light to a sharp tip apex.
The progress in scanning probe microscopy in the 1970s and ’80s has drastically
advanced near-field microscopy[Hech00; Betz15]. The first setups by Pohl[Pohl84; Düri86],
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Betzig[Betz86; Betz92], Ash & Nichols[Ash72], and others relied on aperture-style probes.
This technique suffers, however, from a waveguide cutoff[Hech00], which restricts the
lateral resolution to roughly[Knol99] one tenth of the wavelength. Transitioning to
scattering-type systems has facilitated a shattering of this resolution barrier in the
late 1990s[Lahr96]. During this period, pioneering breakthroughs were made by Knoll
& Keilmann[Knol99; Knol00], Hillenbrand[Hill00], and others. This scattering-type scan-
ning near-field optical microscopy (s-SNOM) or infrared nanoscopy relies on confin-
ing light to sharp metal tips brought into close proximity of the sample surface (see
Figure 3.1b). Thereby, propagating waves are coupled into evanescent near fields in
the vicinity of the tip apex, which causes a strong localization and enhancement of
electromagnetic fields on subwavelength scales. Similar concepts have also been de-
veloped for other optical nanoscopy techniques such as lightwave scanning tunneling
microscopy[Cock13; Cock16; Jeli17; Pell20], plasmonic nanofocusing[Berw12; Esma19], nanoscale
four-wave mixing[Krav16; Jian19], or terahertz emission microscopy[Klar17; Pizz20].

Mid-infrared nanoscopy. In scattering-type near-field microscopy, the tip apex
acts as a nanoscale light source, which can scatter the evanescent fields out of the
tip-sample junction again while encoding information about the optical response of
the sample. To infer the local sample properties governed by the dielectric function
ε(r, ω) for a given position r of the tip and optical frequency ω of the mid-infrared
light (see inset in Figure 3.1b), the scattered radiation is collected with a parabolic
mirror. In typical near-field experiments, the electric field Escat or intensity is sub-
sequently measured at a detector in the far field.

In order to isolate the scattering response from any far-field background, such as
direct reflections off the sample surface, an oscillatory motion of the tip is used to
periodically modulate the near-field interaction. Since the confinement of evanescent
fields between the tip apex and the sample surface depends nonlinearly on their sepa-
ration, the scattered radiation is consequently not only modulated at the tip tapping
frequency ftip, but also at its harmonics of order n. Thereby, the near-field inter-
action of the tip-sample system can be extracted via the scattered amplitudes sn.
Those far-field observables can be employed to reconstruct the nanoscale dielectric
response of the sample. Phenomenologically, the scattered amplitudes are expected
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3 Nanoscale electromagnetic fields in mid-infrared nanoscopy

to yield the average optical response in the vicinity of the tip apex in volumes as
small as (10 nm)3, determined by the radius of curvature of the tip apex[Eise14]. For
a representative wavelength of 10 µm, this corresponds to a volume that is smaller
than the diffraction limit by nine orders of magnitude.
With these remarkable tools at hand, experiments can nowadays be performed,
which had seemed impossible only a few decades ago, spanning a plethora of interdis-
ciplinary applications[Chen19]. Specifically, infrared nanoscopy is the method of choice
for probing local carrier densities[Hube08a; Zhan18], nanostructures[Stie10; Jaco12; Jung19],
surface polaritons[Cald15; Baso16; Low17], superlenses[Taub06; Fehr15], the chemical composi-
tion[Amen17; Ster18; Kars20], or phase transitions[Qazi07; Hube16; McLe17; Post18]. Recently, the
experimental approach was even extended to allow for investigating liquids[Lu19].

In experiments, only a single value of the scattered amplitude sn is recorded for a
given lateral position of the tip above the sample surface. In other words, only a
spatially averaged response of the probing volume permeated by the near fields is
detected. However, a quantitative understanding of mid-infrared nanoscopy requires
a determination of the underlying nanoscale fields and their evolution throughout
the oscillation cycle of the tip. A microscopic electrodynamic treatment of both
propagating and confined fields of the complete tip-sample system including the far-
and near-field regimes is therefore imperative. In principle, numerical approaches
such as the finite element method[Noti05; Breh08; Mast17; Babi17; Mais19], finite difference
method[Sida17; Chen17] or related techniques[Este07; Sida20] can meet these demands – at
least for a static position of the tip. Hence, the tapping motion of the tip and the
subsequent demodulation procedure have so far been neglected in studies of the
nanoscale field distributions.

3.2 Quantitative near-field simulations
In the following, we introduce a Fourier demodulation analysis, which we apply
to the electric field distribution close to a tip of realistic geometry as obtained by
numerically solving Maxwell’s equations. Thereby, we can account for the tapping
motion of the tip enabling us to precisely determine the spatial distribution of the
demodulated fields – a challenge that has so far remained elusive. We study the
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Figure 3.2 | Simulating mid-infrared near-field microscopy. a, Sketch of the
simulation geometry where a metallic tip oscillates above a silicon sample with di-
electric function ε1 = 11.7 (and vanishing absorption, ε2 = 0). The tip is illuminated
with continuous-wave mid-infrared light (wavelength λ = 10 µm). Subsequently, the
tip-sample system scatters the radiation (with scattered electric field Escat) nearly
isotropically back into the far field (concentric spheres), where it can be detected.
Inset: The tip apex with radius r is in tapping motion in close proximity to the
sample and the evanescent near fields interact with the sample within the probing
volume. b, Mesh utilized for the finite element simulations of tips with a radius of
curvature r = 25 nm at the apex. Inset: Close-up of the apex region with refined
mesh with elements down to a size of ∼1 nm. c, Real part of the out-of-plane electric
field component Ez determined by the calculations outlined in a,b. The black lines
highlight the sample surface and the tip.

dependence of these nanoscale demodulated fields on the tapping amplitude, the
demodulation order, the tip geometry, and the dielectric function of the sample.
Finally, we directly correlate the near fields with the scattered radiation bridging
various length scales from the vicinity of the tip apex to the far field. These insights
do not only paint an intuitive picture of near-field microscopy, but may also represent
a first step towards pushing the limits of the spatial resolution to single-nanometer
precision as well as towards the ultimate goal of quantitative nanotomography.
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3 Nanoscale electromagnetic fields in mid-infrared nanoscopy

Accessing nanoscale field distributions. First of all, we determine the distribu-
tion of the electromagnetic fields around an illuminated near-field probe for a static
tip position before including the tapping motion in the next step. Here, we try
to mimic a realistic experiment as closely as possible. To this end, we adapt the
geometry of state-of-the-art near-field microscopes and typical commercial scanning
probes (see Appendix B) as summarized in Figure 3.2a.
We choose a representative wavelength of λ = 10 µm corresponding to a mid-infrared
carrier frequency of ν = 30 THz. This monochromatic electromagnetic wave is p-
polarized to ensure an efficient coupling to the tip and its angle of incidence is set to
30◦ with respect to the sample surface. As a test sample, we employ silicon, which
features no resonances in our spectral range and therefore has a real-valued dielectric
function ε = ε1. A silicon wafer will also be used as a reference for the experimental
studies discussed later on in this thesis. The metallic tip with a conical geometry
has a characteristic length l = 20 µm and features a spherical tip apex with a ra-
dius of curvature rtip = 25 nm (see inset in Figure 3.2a). The optical responses of
tip and sample are described by the respective dielectric functions taken from the
literature[Raki98; Zhan12] (for further details see Appendix C).
We then solve Maxwell’s equations for this geometry using the finite element method,
which allows us to analyze the scattered electric fields Escat and the evanescent fields
within the probing volume (see inset in Figure 3.2a). In essence, the simulation vol-
ume is divided into a mesh, whose elements of varying size are set by the tip-sample
geometry (see Figure 3.2b). Generally, fine structures such as the tip apex require
a mesh size even below one nanometer for an accurate simulation of the near fields
(see inset in Figure 3.2b). In contrast, the remaining volume can be modeled more
coarsely in order to keep the computation time feasible1. Such a discretization into
individual mesh elements then allows for calculating an approximate solution to
Maxwell’s equations for each individual element. By accounting for the continuity
of the electromagnetic fields at the points of intersection of the mesh elements –
so-called nodes – a global solution can be calculated. Further details regarding the
numerical simulations are given in Appendix C.

1Since the calculations need to be repeated for three hundred tip-sample distances in order to allow
for a modeling of retraction curves later on, computation times nevertheless amount to several
hours on a high-performance computer.
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Figure 3.3 | Field distribution at the apex for various tip heights. The
modulus of the out-of-plane electric field component |Ez| is plotted (normalized and
on a logarithmic scale) for representative tip heights h above the sample revealing the
strong field enhancement within the tip-sample junction. The white circle indicates
where the electric field shown in Figure 3.4b has been extracted.

A representative distribution of the out-of-plane electric field component Ez as ob-
tained by the finite element method is depicted in Figure 3.2c for a static position
of the tip. By virtue of the tip geometry and the p-polarization of the illuminating
light, the electric fields are dominated by the out-of-plane component Ez. Conse-
quently, we do not consider the in-plane electric field components in the following
discussions. In order to take the tapping motion of the tip (see inset in Figure 3.2a)
into account, we need to repeat the simulation procedure for various tip heights h
above the sample.

Tapping motion and Fourier demodulation. The resulting distributions of the
modulus of the out-of-plane electric field |Ez| in the vicinity of the tip apex are
summarized in Figure 3.3 for five representative tip heights h. The most prominent
feature of these nanoscale maps is the strong field enhancement, which peaks directly
beneath the tip apex. In close proximity to the sample surface, the electric fields
become more strongly localized to the apex and are therefore further enhanced.
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Figure 3.4 | Fourier demodulation analysis. a, The tip height h is varied in
a sinusoidal fashion as a function of time (compare Equation 3.1), which is given
in units of the tip oscillation period T (corresponding to a frequency ftip = 1/T ).
b, Temporal evolution of the modulus of the out-of-plane electric field component
|Ez| extracted at the surface of the sample (see white circle in 3.3) for all tip heights h
in a. The black circles in a,b correspond to the representative tip heights depicted
in Figure 3.3. c, Fourier analysis of the data in b giving access to the spectral
amplitudes of the electric field |Ẽn| at the harmonic orders n of the tip oscillation
frequency ftip.

Remarkably, the field distribution within the sample also strongly depends on the
tip height h. In order to model a full oscillation cycle (see Figure 3.4a), we describe
h as a sinusoidal function of time t:

h(t) = A · (1 + cos(2πftipt)) + d , (3.1)

where A, ftip, and d represent the tapping amplitude, the tapping frequency, and the
minimal tip-sample separation, respectively. In our simulations, h(t) is discretized in
time, where we resolve changes in height with a precision of 1 nm. For each of these
steps during the full oscillation cycle, the distribution of the electric field is obtained
as discussed previously in the context of Figure 3.3. A representative temporal evo-
lution of the electric field at the sample surface directly beneath the tip apex (see
white circle in Figure 3.3) is depicted in Figure 3.4b. Strikingly, we obtain strong
‘bursts’ of the out-of-plane electric field Ez for small tip heights h. Therefore, the
tip oscillation modulates the electric field not only at the tapping frequency ftip, but
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also at its harmonics of order n (see Figure 3.4c). Hence, new spectral components
besides the tip oscillation frequency ftip emerge in the electric field at a given point
in space, which we label as demodulated electric fields Ẽn. These complex-valued
demodulated electric fields Ẽn = |Ẽn|eiϕn are described by their amplitude |Ẽn| and
phase ϕn.

Note that this Fourier analysis not only yields a single, spatially averaged scattered
amplitude sn for a given lateral position of the tip, but rather a complete map of
the demodulated fields Ẽn on the nanoscale. For the first time, we thereby reveal
the demodulated fields in all spatial dimensions, which ultimately give rise to the
average scattering response sn accessible in experiments. In the following sections,
we will furthermore visualize the light scattering off the tip apex, which enables us to
directly correlate the near fields with the scattered far fields recorded at a detector.

3.2.1 Revealing the near fields at the tip apex

In the first step, we focus on the demodulated fields in the vicinity of the tip apex.
Therefore, we repeat the analysis of the Fourier components outlined in Figure 3.4
for every point in space throughout the entire oscillation cycle of the tip. Hence,
we obtain maps of the demodulated fields Ẽn as depicted for the four lowest de-
modulation orders in Figure 3.5. The distributions of the field amplitudes |Ẽn| are
dominated by the upper and lower points of inflection of the tip oscillation, which
are indicated by the white outlines. For all demodulation orders, the demodulated
fields are strongly localized within and close to the volume that the tip apex covers
during its oscillation. Here, the highest amplitudes are concentrated at the lower
point of inflection. For increasing demodulation order n, the field patterns become
more complex containing n nodes and n+1 ‘lobes’ along the out-of-plane direction.
Simultaneously, the fields at the foremost lobe interacting with the sample become
more strongly confined.
This striking localization of the evanescent fields can be quantified by extracting the
fields along the dashed, horizontal white line in the panel |Ẽ1| of Figure 3.5. The
obtained profiles of the demodulated field amplitudes |Ẽn| with full width at half
maximum 2Γ are depicted in Figure 3.6a for the demodulation orders n = 1− 4. As
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Figure 3.5 |Demodulated near fields at the tip apex. Normalized field ampli-
tudes |Ẽn| plotted in a region close to the tip apex. The data at the demodulation
orders n = 1−4 was calculated via a Fourier analysis of the electric fields analogous
to Figure 3.4 at each point in space. The white outlines of the tip highlight its lower
and upper point of inflection with a minimal tip-sample distance d = 20 nm. The
white arrow indicates the tapping motion of the tip with an amplitude A = 50 nm
and the solid white line outlines the sample surface. The white dashed line indicates
where the line profiles shown in Figure 3.6 were extracted and the highlighted region
beneath the sample surface marks the area, which is investigated in Figure 3.7.

the maps of the demodulated fields already suggested, the width of the field profiles
monotonically decreases as the demodulation order is increased. Since the width Γ is
a direct measure for the lateral resolution attainable with a given set of experimental
parameters, we plot its exact values as a function of the tapping amplitude A and the
demodulation order n in Figure 3.6b. This demonstrates that the field confinement
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Figure 3.6 | Lateral extension of the demodulated near fields. a, Line pro-
files of the field amplitudes |Ẽn| extracted along the white dashed line in Figure 3.5
for various demodulation orders n. The profiles are taken 1 nm below the lowest
point of the tip during the oscillation cycle and their width is characterized by the
full width at half maximum 2Γ. The tapping amplitude was set to A = 50 nm
and the minimal tip-sample distance d = 20 nm. b, Widths Γ of the field profiles,
which quantify the lateral extension of the demodulated field amplitudes |Ẽn|. In
addition to the data of panel a, the analysis was repeated for a total number of
four tapping amplitudes. Employing a combination of a small tapping amplitude
and high demodulation order, the lateral extension of the demodulated fields can
become smaller than the tip radius r = 25 nm (indicated by the blue-shaded region).

can be varied over a wide range of several tens of nanometers. Most importantly, the
extension of the field can be reduced to length scales, which are even smaller than
the tip radius of curvature indicated by the shaded region2. By employing a small
tapping amplitude and a high demodulation order in conjunction with extremely
sharp, custom-tailored tips[Mast18], a spatial resolution on the single-nanometer level
may thus come within reach in the future.

2In scanning probe microscopy, the achievable spatial resolution ∆x depends on the geometry
of the tip and the sample. Convolution effects[Sun18], for example, prevent a straightforward
dependence of ∆x on the tip radius of curvature that would be applicable in every scenario.
Phenomenologically, we find that the resolution in near-field maps can be as good as the radius
of curvature[Eise14] of the tip apex rtip and not its diameter 2rtip. Consequently, we use the width
Γ instead of 2Γ as a measure for the extension of the demodulated fields beneath the tip. For
vanishing tip-sample offsets d (in contrast to d = 20 nm used in Figures 3.5 and 3.6), however,
even 2Γ drops below rtip. Hence, independent of the exact definition of the lateral resolution, our
discussion holds true.
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3 Nanoscale electromagnetic fields in mid-infrared nanoscopy

Besides a characterization of the fields above the surface, our analysis also allows
us to quantify their penetration into the sample (see highlighted area in the top left
panel of Figure 3.5). Such an analysis is of special interest because a precise knowl-
edge about the field distribution beneath the sample surface represents a crucial
prerequisite for quantitative nanotomography.

3.2.2 Tomographic sensitivity

A phenomenological variation of the probing volume with experimental parame-
ters such as the tapping amplitude and demodulation order has been exploited
to implement tomographic sensitivity in near-field microscopy[Govy14; Eise14]. Even
though this has allowed for studying buried objects or layered structures to a certain
extent[Taub05a; Krut12; Luca15; Jung16], a precise understanding of the field distributions
within the sample has so far been missing. Especially a determination of effective
probing depths for different tip geometries or sample dielectric functions has pre-
viously not been possible. In the following, we investigate the region highlighted
in Figure 3.5a in greater detail to quantify the extension of the demodulated fields
Ẽn within the sample, for the first time. Maps of the demodulated field amplitudes
|Ẽn| for the first four demodulation orders are summarized in Figure 3.7. Each of
the field distributions is reminiscent of a hemisphere centered around the lateral
position of the tip apex. Note that this only holds for vanishing minimal tip-sample
distances d = 0 nm. Deformations of the field distribution induced by finite separa-
tions between tip and sample are, however, discussed later on.
We find that the demodulated evanescent fields are strongly confined to the sample
surface – the interface between air and the dielectric. Generally, the localization of
the fields to the surface becomes stronger for increasing demodulation order n as
highlighted by the black 1/e decay contour lines. Qualitatively, this trend has been
known empirically[Govy14; Eise14] from the scattered amplitudes sn. Our quantitative
analysis, however, allows us to pinpoint the evanescent nature of the nanoscale fields
by extracting decay profiles along the out-of-plane direction indicated by the white
dashed line in panel |Ẽ1| of Figure 3.7.
In Figure 3.8a, the results are plotted both on a logarithmic and on a linear scale
(see main panel and inset, respectively). Strikingly, the decay of the field amplitudes
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Figure 3.7 |Near-field probing volume within the sample. Normalized field
amplitudes |Ẽn| within the sample for a region close to the surface (indicated in
Figure 3.5). The data was obtained by a Fourier analysis for four different demod-
ulation orders n with a tapping amplitude A = 50 nm and a vanishing minimal
tip-sample distance d = 0 nm. The upper boundaries of the panels correspond to
the interface between air and the dielectric sample. The solid black lines indicate
the 1/e decay contours of the normalized field amplitudes. In the panel of |Ẽ1|, the
white dashed line marks where the line cuts for Figure 3.8 were extracted.

|Ẽn| within the sample is not strictly exponential. Instead, it can be described by an
initial fast decay followed by a second, slower decay exhibiting a power-law scaling.
Whereas the fast decay occurs within the first few nanometers of the sample, the
slower decay takes place on a scale of tens of nanometers.
In order to describe the nontrivial decay profile for a given set of probing parame-
ters, we use two characteristic decay lengths. To this end, we extract the depths at
which the normalized fields have decayed to values of 1/e or 0.1, respectively (see
inset in Figure 3.8a). Thereby, we can compare the decay profiles for various tapping
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Figure 3.8 | Characteristic decay of the demodulated fields within the
sample. a, Normalized line profiles of the decay of the demodulated fields |Ẽn|
within the sample along the out-of-plane direction. The data, which is plotted for
the demodulation orders n = 1− 4 on a logarithmic scale, was extracted along the
white dashed line in Figure 3.7. Inset: Identical data as in the main panel, but on a
linear scale. The length scales at which the normalized data has reached a value of
1/e or 0.1, respectively, are indicated and serve to characterize the decay profile in
b. b, Decay lengths at values of 1/e (data points below the break in the y-axis indi-
cated by the purple arrow) and 0.1 (see blue arrow) of the normalized demodulated
field amplitudes |Ẽn| within the sample (compare Figure 3.7). In addition to the
data in a, the analysis was repeated for a total number of four tapping amplitudes
revealing the large tunability of the probing volume within sample by experimental
parameters.

amplitudes or demodulation orders as depicted in Figure 3.8b. This summary of the
characteristic length scales demonstrates that the fast decay is only weakly affected
by the experimentally accessible tuning knobs. Conversely, the probing depth can be
tuned over several nanometers by varying the second decay length. This tunability
of the probing volume inside the sample represents the basic working principle of
nanotomography[Govy14; Eise14], which is crucial for disentangling the dielectric prop-
erties of layered samples[Luca15] or for resolving buried objects[Taub05a; Krut12; Jung16].
In Chapter 5 of this thesis, evaluating the scattering responses obtained for dif-
ferent probing depths will enable an isolation of the surface properties of a three-
dimensional topological insulator.
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Next, we study how the distribution of demodulated fields Ẽn within the sample is
affected upon retraction of the tip away from the surface, by changes in the dielectric
response of the sample, or a variation of the tip geometry.

Varying the tip-sample separation. We repeat the analysis discussed above for
finite, minimal tip-sample separations d (compare Equation 3.1). First, we examine
the distribution of the demodulated field amplitudes |Ẽn| within the sample for a tip-
sample offset d = 10 nm in analogy to the case of d = 0 nm presented in Figure 3.7.
The results of the underlying Fourier analysis are depicted in Figure 3.9a for the
representative demodulated amplitudes |Ẽ1| and |Ẽ3|. Remarkably, the probing
volume no longer exhibits a hemispherical shape, but is rather strongly extended
along the lateral direction.
This strong deformation of the probing volume upon retraction of the tip can be
explained intuitively, when considering the evanescent fields that emerge almost
isotropically from the spherical tip apex. For finite tip-sample distances d > 0 nm,
only a spherical segment of the field distribution – instead of a complete hemisphere
– extends into the material as illustrated in the inset of Figure 3.9b.
In the larger view of the demodulated field amplitude |Ẽ3| in Figure 3.9b, another
remarkable feature is discernible. Intriguingly, a region of nearly spherical symmetry
can be identified inside the sample further away from the tip apex (highlighted
by the white dashed circle). An apparent point-like source emerges at z = −d
below the interface. This feature is reminiscent of the simplified field distributions,
which are employed to derive analytical models[Knol99; Cvit07] that describe the light
scattering from a scanning probe tip. These models rely on approximating the
evanescent fields in the vicinity of the tip apex by a series of mono- or dipoles.
The tip-sample interaction is then mediated via image charges below the surface as
discussed in more detail in Section 3.3. The emergence of an apparent image charge
in our simulations therefore corroborates the validity of some simplifications, which
established scattering models are based on. In other words, the field distributions
in Figure 3.9b obtained with the finite element method for a realistic tip geometry
capture essential aspects of established scattering models. A detailed discussion
about the capabilities, but also the shortcomings of image-charge approaches such
as the finite-dipole model, is given in Section 3.3.
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Figure 3.9 |Near-field probing volume within the sample for finite tip-
sample distances. a, Normalized field amplitudes |Ẽn| within the sample for the
region close to the surface shown in Figure 3.7 (also indicated in Figure 3.5). The
data was obtained by a Fourier analysis for the demodulation orders n = 1, 3 with
a tapping amplitude A = 25 nm and a minimal tip-sample distance d = 10 nm.
The upper boundaries of the panels correspond to the interface between air and the
dielectric sample. The solid black lines indicate the 1/e decay contours of the field
amplitudes. In the panel of |Ẽ1|, the white dashed line marks where the line cuts
depicted in panel c were extracted. b, Extended view of the field amplitude |Ẽ3|
of panel a. In analytical scattering models, an image charge would be located at
a position close to z = −d below the surface. The white dashed circle around this
position therefore highlights the similarities of the field distribution further away
from the tip apex to the one expected from such models. The inset illustrates how
the finite tip-sample distance d gives rise to field distributions within the sample
reminiscent of spherical segments. c, Normalized line profiles of the decay of the
demodulated fields |Ẽn| within the sample along the out-of-plane direction. The
data plotted for n = 1 − 4 on a logarithmic scale was extracted along the white
dashed line in panel a.
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As in the case of vanishing minimal tip-sample separations d (compare Figure 3.8),
the decay profile of the demodulated field amplitudes |Ẽn| inside the sample features
two characteristic length scales. However, for finite tip-sample offsets d > 0 nm the
fast decay is now less dominant (see Figure 3.9c). Furthermore, the two decay
lengths associated with the decay profile are now significantly longer as compared
to d = 0 nm. These findings can again be reconciled with the intuitive picture of the
field distribution resembling a spherical segment (compare inset in Figure 3.9b): The
initial fast decay of the fields takes place within a distance of a few nanometers of the
tip apex. If the separation d of the tip from the surface exceeds this length scale, the
rapid field decays occur in free space rather than inside the material. Consequently,
the slower component now dominates the decay profile and the overall magnitude
of the fields below the surface is drastically reduced.

Influence of the tip geometry and the dielectric response. Apart from the
tip-sample distance d, the probing volume should also be governed by the optical
response of the sample – its dielectric function ε – as well as the tip geometry, es-
pecially the radius of curvature rtip of the apex.
In Figure 3.10, we study the impact of both of these physical quantities on the char-
acteristic decay lengths of the demodulated field amplitudes |Ẽn| within the sample.
Again, the profiles are characterized by the lengths at which the normalized fields
have decayed to values of 1/e and 0.1, respectively. We start the discussion for a
tip radius rtip = 25 nm and a diamond sample, whose real-valued dielectric function
takes a value of εdia1 = 5.66 in the mid infrared[Bhag48] (for details see Appendix C).
As in Figure 3.8, we obtain fast field decay components, which are hardly affected by
the tapping amplitude or the demodulation order, whereas the slower decay lengths
are very susceptible to such parameters. Comparing these findings to the decay
profiles obtained for the same tip geometry on a silicon sample, we find that in the
latter case the demodulated fields are much more strongly confined to the surface.
This is expected because the respective dielectric function of silicon εSi1 = 11.7 is
significantly larger than the one of diamond (εSi1 > εdia1 ). Similarly, employing a
sharper probe on the same material gives rise to a reduction of the decay lengths
because smaller radii of curvature rtip confine the evanescent fields more strongly to
the vicinity of the apex. In our simulations, the extracted decay lengths appear to be
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Figure 3.10 | Probing depth for different tip radii and materials. a,b, Decay
lengths at values of 1/e (squares) and 0.1 (spheres) of the normalized demodulated
field amplitudes |Ẽn| (compare Figure 3.8) within diamond (a) and silicon (b) for
four tapping amplitudes and demodulation orders n = 2−4. In each panel, the data
points for the two distinct decay lengths are separated by a horizontal dashed line,
which serves as a guide to the eye. The upper panels were obtained with a tip radius
rtip = 25 nm and the lower panels with rtip = 10 nm using a tapping amplitude
A = 50 nm and a vanishing minimal tip-sample distance d = 0 nm. The curved
arrows indicate that both a sharper tip apex and a larger value of the dielectric
function lead to more strongly confined demodulated fields.
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directly proportional to the tip radius rtip of the conical probe. Yet, we expect that
the confinement of electromagnetic fields to the tip apex depends nontrivially on the
exact geometry. Furthermore, the observed scaling might not hold for arbitrarily
small dimensions of the tip. In the extreme case of atomically sharp tips, a tunneling
current across the tip-sample junction should ultimately limit the achievable field
enhancement and confinement[Barb15]. Such a situation would therefore require a full
quantum mechanical treatment of light-matter interaction on the nanoscale[Jest19].
So far, our discussion of the demodulated fields Ẽn extracted with the Fourier de-
modulation analysis has solely been focused on the vicinity of the tip apex. In the
next section, we investigate the scattering process of the nanoscale near fields from
the tip apex to the macroscopic far field, where the experimental observables are
detected.

3.2.3 Scattering to the far field

Finally, we want to relate the insights gained about the nanoscale evanescent fields
in the previous sections to the experimentally accessible scattered amplitudes sn. To
this end, we consider the distribution of the demodulated field components Ẽn within
the complete simulation volume (compare Figure 3.2) as depicted in Figure 3.11 for
the demodulation orders n = 1, 2. These maps reveal that the nano-junction formed
by the tip apex and the sample acts as an emitter of electromagnetic radiation at
the wavelength λ = 10 µm of the incident light.
Generally, the field patterns are reminiscent of the one emerging from an oscillating
electric dipole within the tip-sample junction. Yet, the pattern of the field com-
ponent Ẽ1 features a slight asymmetry and a few additional sources of emission at
the side and top parts of the metal tip. Therefore, detecting the scattered fields at
the first demodulation order n = 1 will not yield a ‘pure’ near-field signal for the
representative tip geometry and probe frequency. The detected scattered amplitude
s1 is hence expected to be polluted by an additional far-field background. As has
been known empirically from the scattered amplitudes sn, increasing the demodu-
lation order to n = 2 (see right panel of Figure 3.11) can resolve this limitation. In
this case, the pattern of the demodulated field Ẽ2 has an almost perfect spherical
symmetry around the nano-junction, which acts as a point-like source of emission.
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Figure 3.11 | Scattering to the far field. Real parts of the electric field com-
ponent Re(Ẽn) for the demodulation orders n = 1 (left panel) and n = 2 (right
panel) obtained by a Fourier analysis of the electric fields at every point in space
throughout the tapping motion of the tip with A = 25 nm and a vanishing tip-sample
distance d = 0 nm. The values very close to the tip apex exceed the color scales
by more than a factor of 100 in order to visualize the scattering process in spite of
the decreasing field strengths for points with an increasing distance away from the
tip-sample junction.

Note that the increased levels of noise originate from the numerical accuracy of the
simulation because decreasingly smaller differences in field amplitudes need to be
extracted during the tip oscillation cycle as the demodulation order is increased.
Intuitively, the findings above can be understood as follows: As revealed in Fig-
ure 3.3, the tip tapping motion modulates the electric fields in time. Whereas a
modulation at the tapping frequency ftip can originate, for example, from changes
in the way that light is reflected off the tip or even the cantilever, a modulation
at higher orders n ≥ 2 requires a response function that is nonlinear as a function
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of tip-sample distance. The latter requirement is only fulfilled in the vicinity of
the tip apex, where the strong field confinement induces a field distribution that
depends sensitively on the tip-sample distance. Therefore, evaluating the scattered
amplitudes sn at higher harmonics n of the tip tapping frequency ftip effectively
allows one to extract the light-matter interaction in the near field of the tip apex.
For details regarding the experimental implementation of this concept and a further
discussion on how sources of far-field pollution associated with the detection of the
scattered radiation can be suppressed, see Appendix B.

Linking near and far fields. Having visualized the scattering of demodulated elec-
tric fields Ẽn from the tip apex, we can now relate them to a physical quantity that
can be recorded in the far field – the intensity on a detector, for example – which can
be used to obtain the scattered amplitudes sn (see Figure 3.12a and Appendix B.2 for
further details). In typical experiments, the connection between near and far fields
has often been studied by performing so-called retraction/approach curves, where
the minimal tip-sample distance d during the tip oscillation is increased/decreased.
The accompanying rapid decay/increase in scattered amplitude sn can then be an-
alyzed to deduce the nature of the evanescent fields permeating the sample.

In order to link the demodulated fields Ẽn unambiguously with the scattered far-
field amplitudes sn, we simulate such a scenario in Figure 3.12b. In the following,
we discuss two complementary ways of extracting far-field amplitudes sn, which the
nanoscale demodulated fields Ẽn can ultimately be compared to. In the literature,
the most common way of determining the scattered amplitudes from a given field dis-
tribution is calculating the dipole moment p induced into the tip upon illumination.
Since an oscillating dipole emits electromagnetic radiation according to Maxwell’s
equations, the dipole moment p serves as a direct measure for the scattered field
strength Escat observed at the detector[Mais19]. From the numerical simulations, this
dipole moment can be extracted by integrating the surface charge density σ of the
tip weighted by the out-of-plane position z of the charges, such that:[Mais19]

Escat ∝ p = |
∫∫

S
σz dS| . (3.2)
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In this analysis, we restrict ourselves to the region of the tip exhibiting a clear dipo-
lar carrier distribution. This corresponds to the surface of a cone with a height of
5 µm measured starting from the tip apex. These restrictions arise because in the
mid infrared, the dimensions of the tip are comparable to the free-space wavelength
λ. Conversely, the dipole-moment analysis is applicable in a rather straightforward
fashion in the terahertz regime[Mais19] because there the dimensions of the tip are
often significantly smaller than the wavelength.
To corroborate the validity of the analysis based on the surface charge density, we
also pursue a complementary approach. As alternative measures for the far-field re-
sponse, we extract physical quantities from our simulations at a distance of several
microns from the tip apex. For example, we mimic the detection of the scattered
power by monitoring the flux passing through a dome surrounding the tip apex in
air (see ‘Far field’ in Figure 3.12a). We verified that a variation of the dome geome-
try yields universal results by considering domes with radii of up to 7 µm and polar
angles of up to 60◦ with respect to the sample surface. Basically identical retraction
curves are obtained with the evaluation of the surface charge density discussed above
and the current analysis of the flux passing through a dome. Therefore, we calculate
average far-field retraction curves from all of these datasets, which are plotted as
solid red lines in Figure 3.12b for three demodulation orders n. Here, one standard
deviation of the data (including an evaluation of the surface charge density and
various dome geometries) is employed to determine the error margins.

A common, sensible assumption about the scattered far fields is that they are gov-
erned by the near fields in the vicinity of the tip apex. Therefore, we extract the
demodulated, spatially averaged field amplitudes within the probing volume V (see
‘Probing volume’ in Figure 3.12a) from datasets similar to the ones presented in
Figures 3.7 and 3.9. The perfect agreement between the scattered amplitudes sn
(solid lines) and the spatially averaged demodulated amplitudes 〈|Ẽn|〉V (circles)
corroborates that the spatially resolved near-field amplitudes |Ẽn| obtained by our
novel analysis technique indeed govern the measured far-field response.
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Figure 3.12 | Linking the demodulated near fields to the experimentally
accessible, scattered far fields. a, Schematic depiction of the tip-sample system,
the probing volume (governed by the demodulated fields Ẽn), and the scattering of
the light to the far field, where the scattered amplitudes sn can be measured. In
order to directly trace the far fields back to the near fields that they originate from,
the power of the scattered field passing through the surface of a dome is moni-
tored, enabling an extraction of sn using a demodulation procedure. In panel b,
these quantities are compared to the spatial average of the demodulated field ampli-
tudes 〈|Ẽn|〉V within the probing volume V . b, Spatially averaged field amplitudes
〈|Ẽn|〉V within the sample (circles) and scattered far-field amplitudes sn for a range
of tip-sample distances d calculated with A = 25 nm. The latter were determined
by analyzing the electric fields on the surfaces of domes (as illustrated in a) with
different radii of up to 7 µm around the tip in air and an alternative evaluation of the
surface charge density of the tip (see text for additional details). The mean value of
these data are plotted as red lines and the standard deviations that determine the
error margins are depicted by the red-shaded regions.
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3.2.4 Understanding retraction curves

In the previous section, retraction curves have been used to correlate the scattered
far-field amplitudes sn with the nanoscale near fields 〈|Ẽn|〉V in the vicinity of the
tip apex. Experimental retraction curves have also been studied as a measure of the
lateral resolution[McLe17] or the decay of the fields within the sample[Eise14].
Unfortunately, the interpretation of retraction curves might not be as straightfor-
ward as previous reports in literature had assumed. A comparison of the decays
obtained in retraction curves (compare Figure 3.12b) with the decay profiles of the
demodulated fields within the sample (compare Figure 3.8) reveals clear discrep-
ancies between the two quantities. In the following, we will demonstrate that the
shape of a retraction curve is governed by an interplay of several effects.

Static tip positions. We first take a step back and investigate the electric field
Ez at a fixed tip height h as depicted in Figure 3.13a. Note that without tip os-
cillation, this height h is identical to the minimal tip-sample distance d (compare
Equation 3.1). Thereby, we can analyze the field distribution directly underneath
the tip (green) and at the surface of the sample (blue) by extracting line cuts. The
resulting data in the lower panel of Figure 3.13a, enables us to characterize the line
profiles by their magnitude and width 2Γ for a given tip height h.
Tracing the evolution of both quantities as the tip-sample distance is varied, allows
us to identify two different regimes: For tip-sample separations larger than the tip
radius (d > r), the field below the apex EApex

z is hardly affected by the sample
anymore and the width of the distribution remains constant (green curve in Fig-
ure 3.13b). Conversely, the field profile at the surface ESurf

z (blue) grows linearly
with tip-sample separation d in this regime. These features manifest themselves
as follows in the magnitude of the field depicted in Figure 3.13c (dashed curves):
Whereas the field strength beneath the apex EApex

z (green) levels off towards a nearly
constant value for increasing tip-sample separations, the field at the surface ESurf

z

(blue) decays exponentially.
The situation is remarkably different for tip-sample distances smaller than the tip
radius (d < r). Here, the width 2Γ increases like the square-root of the distance
d, which is in line with previous reports[Sava12; Beck16]. The strong localization of
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Figure 3.13 |Quantifying the demodulated fields at the surface. a, Upper
panel: Map of the amplitude of the out-of-plane electric field component |Ez| for a
tip height h = 10 nm. The white scale bar is 25 nm wide and the blue and green line
indicate where the line profiles depicted in the lower panel were extracted (at the
sample surface or below the tip, respectively). Lower panel: Line profiles of |Ez| with
a full width at half maximum 2Γ extracted along the lines indicated in the upper
panel. The gray vertical line highlights the center position of the profiles, which
was used to quantify the field strengths in c. b, Widths 2Γ of |Ez| as a function
of the tip-sample distance d extracted along the lines in panel a at the sample
surface (|ESurf

z |, blue line) or below the tip apex (|EApex
z |, green line), respectively.

For the demodulated field amplitudes |En|, only the widths 2Γ calculated at the
sample surface are shown. c, Normalized decay profiles of the demodulated field
amplitudes |Ẽn| at the sample surface evaluated at the lateral position of the tip
apex (see vertical gray line in panel a) as a function of tip-sample distance d. The
out-of-plane electric field components |Ez| at the apex and the surface are depicted
by the green and blue dashed lines, respectively.

the fields for vanishing tip-sample distances (d→ 0 nm) gives rise to the significant
increase of their magnitude (compare Figure 3.13c).

Demodulated fields. Next, we take the tip tapping motion into account such that
d corresponds to the minimal tip-sample distance during the oscillation cycle. Re-
tracting the tip away from the sample, the evolution of the demodulated fields Ẽn at
the surface (see Figures 3.13b,c) is very similar to the electric fields ESurf

z discussed
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previously for a non-vibrating tip. With increasing demodulation order n, the field
amplitudes |Ẽn| become more strongly localized and exhibit faster decays. For a
given offset d, the width 2Γ of the distribution of ESurf

z represents a lower bound-
ary for the extension of the demodulated fields Ẽn. In a straightforward picture,
the additional tip tapping motion averages the field distribution over a range of tip
heights (h ≥ d) greater than or equal to the offset d.
Finally, the width Γ of the demodulated field at the surface can reach values well
below 10 nm for vanishing tip-sample distances (d → 0 nm). In conjunction with
sharper tips and a geometry to tailor the distribution of the fields around the apex,
this measure of the achievable lateral resolution could hopefully be reduced down
to 1 nm, in the future.
With these insights about the evolution of the nanoscale fields, a retraction curve
can be understood as an interplay of probing a continuously increasing volume and
the rapidly decreasing field strength therein. Furthermore, the exact decay length
of experimental retraction curves is strongly affected by the geometry of the tip,
especially its radius rtip as Figure 3.10 already suggested. This renders a direct
interpretation of such experiments challenging under most circumstances and high-
lights the necessity for theoretical models and a precise knowledge about all relevant
probing parameters. In the following, we demonstrate theoretically and verify ex-
perimentally that a comparison of retraction curves recorded with identical probing
conditions on different materials can yield information about the optical properties
of the samples.

Impact of the dielectric function on retraction curves. For a given tip geometry
and set of probing parameters, only the optical response of the sample is expected
to govern the decay length measured in a retraction curve. Therefore, we compare
the results obtained over two dielectrics – silicon and diamond. Note that for the
following analysis we require a positive real part (ε1 > 0) and vanishing imaginary
part of the dielectric function (ε2 = 0) because the presence of strong polariton
modes[Taub04], for example, can affect retraction curves in a nontrivial way.
In our case, the real-valued dielectric function ε1 should then determine the decay
of the scattered fields sn as the tip-sample distance d is increased. Representative
retraction curves for both materials are depicted in Figure 3.14a for the third and

50



3.2 Quantitative near-field simulations

0 1 0 2 0 3 0
0 . 0

0 . 5

1 . 0 n  =  3

S i l i c o ns n 
(no

rm
aliz

ed
)

D i a m o n d

n  =  3n  =  4

n  =  3 n  =  4

a

c d
A  =  7 5  n m

0 1 0 2 0 3 0
T i p - s a m p l e  d i s t a n c e  d  ( n m )

0 1 0 2 0 3 0
0 . 0

0 . 5

1 . 0

2 5  n m

A  =  1 0 0  n m

Sim
ula

tio
ns D i a m o n d

s n 
(no

rm
aliz

ed
)b

0 1 0 2 0 3 0
0 . 0

0 . 5

1 . 0

s n 
(no

rm
aliz

ed
)

D i a m o n d

S i l i c o n 2 5  n m

A  =  1 0 0  n m

0 1 0 2 0 3 0
T i p - s a m p l e  d i s t a n c e  d  ( n m )

0 1 0 2 0 3 0
0 . 0

0 . 5

1 . 0

A  =  7 5  n m

Ex
pe

rim
en

t

s n 
(no

rm
aliz

ed
)

2 5  n m

A  =  1 0 0  n m

Figure 3.14 | Theoretical and experimental retraction curves on different
materials. a, Normalized scattered amplitudes sn inferred from the spatially aver-
aged demodulated field amplitudes 〈|Ẽn|〉V (compare Figure 3.12) for demodulation
orders n = 3, 4 obtained with a tapping amplitude A = 75 nm on diamond (blue)
and silicon (red) at variable tip-sample distances d. b, Retraction/approach curves
obtained analogously to a but for tapping amplitudes A = 25, 50, 75, and 100 nm.
c,d, Experimental retraction curves with identical probing parameters as in a,b
recorded with a quantum cascade laser tuned to a wavelength of 10 µm and using
the pseudo-heterodyne detection scheme (see Appendix B). Note that the tip radius
in the experiments is not known and most likely does not coincide with the value
used for the simulations, which explains the discrepancy between the datasets.

fourth demodulation order. Generally, the retraction curves on silicon decay on a
shorter length scale than the ones on diamond. This is consistent with the different
decay profiles inside the two materials caused by the discrepancy in their dielectric
functions (εSi1 > εdia1 , compare Figure 3.10). A variation of the tapping amplitude
further allows us to tune the characteristic decay length for a given material over a
wide range (see Figure 3.14b).
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Figure 3.15 | Correlating retraction curves on different materials. a, Com-
parison of the characteristic 1/e decay lengths of approach/retraction curves over
silicon and diamond (compare Figure 3.14a,b) obtained for tapping amplitudes of
25, 50, 75, and 100 nm, and demodulation orders n = 2 − 4. The values obtained
for identical probing parameters on the two materials exhibit a linear dependence
as verified by the fit with a slope of 1.44. Inset: Schematic of the retraction curves
used for the extraction of the characteristic decay lengths. b, Comparison of the
characteristic 1/e decay lengths of experimental retraction curves over silicon and di-
amond (upper panel, compare Figure 3.14c,d) with identical parameters as in panel
a. Note that the demodulation order n = 2 was not considered because it could
potentially still contain a far-field background. The linear fit has a slope of 1.1.
Lower panel: Decay lengths as in the upper panel but recorded on germanium and
gallium arsenide. The resulting slope of the linear fit is 1.03.
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In order to test these key features experimentally, we record retraction curves using a
commercial near-field microscope and a quantum cascade laser operating at a wave-
length of λ = 10 µm as used for the simulations. The scattered amplitudes sn were
extracted without far-field background by employing the well-established pseudo-
heterodyne detection scheme[Ocel06] (see Appendix B for details). Figure 3.14c,d
shows representative experimental retraction curves, which also clearly feature dis-
tinct decay lengths for the two materials as well as a wide tunability with tapping
amplitude. Note that the decay lengths obtained from the simulations and the ex-
periments cannot directly be compared because the tip radius in the experiments is
not known but most likely larger than the one used for the simulations.
In the following, we adapt a different type of analysis better suited for revealing
experimental and theoretical correlations between the retraction curves obtained on
silicon and diamond. For each material, we determine the characteristic 1/e decay
lengths for a given set of probing parameters while employing the same scanning
probe (see inset of Figure 3.15a). Thereby, any changes to the scattering response
induced by different tip geometries are inherently suppressed. By plotting pairs of
decay lengths associated with the two materials for a whole series of tapping am-
plitudes and demodulation orders, we obtain a clear linear dependence as depicted
in the main panel of Figure 3.15a. This represents an unambiguous proof that only
the optical properties of the sample dictate the decays measured in retraction curves
when comparing different ones obtained with identical probing conditions.
Next, we corroborate the direct proportionality of the decay lengths among different
materials by recording experimental approach curves on four different samples. The
upper panel of Figure 3.15b compares the results on silicon and diamond, whereas
the lower one shows decay lengths over germanium and gallium arsenide. In both
cases, we recover the theoretically predicted linear relationship between the respec-
tive decay lengths. Comparing silicon and diamond, however, we find a discrepancy
in the slopes of the linear fits obtained by the simulations and the experiments. The
most likely explanation is that the dielectric properties of the employed samples
deviate from the literature values, which were used as an input for the calculations.
Especially the multi-crystalline diamond sample, which was produced by chemical
vapor deposition, is not entirely homogeneous on the nanoscale. Yet, any variations
of the dielectric properties would affect the recorded decay lengths.
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In principle, the scaling factor – that is the slope of the linear fits – between the
decay lengths on different materials should be governed by the respective dielectric
functions. A determination of the exact functional dependence will, however, only
be pursued in future studies because additional numerical and experimental data
are required. The correlation between the decays of retraction curves recorded on
different materials with the same tip could then ultimately be employed to directly
extract unknown dielectric constants without the need for a scattering model.

3.3 Complementary scattering models

The simulations based on the finite element method presented in this chapter can
describe the light scattering from a realistic tip to an arbitrary degree of precision.
Thus, not only can the nanoscale distributions of the underlying near fields be in-
ferred, but they can even be linked directly to the radiation, which is detected in
the far field. This approach is, however, computationally demanding because the
electric fields at every point in space need to be calculated numerically.

Yet, for a lot of applications, this detailed information about the evanescent fields
is not required. Most of the time, the scattering response of the tip-sample system
(expressed in terms of a scattered amplitude sn and a phase φn) needs to be predicted
based on the dielectric response of the sample. To this end, the electric fields
surrounding the illuminated tip and permeating the sample are often approximated
to be of dipolar nature[Knol99]. Based on this assumption, scattering models have
been developed, which can even achieve quantitative agreement with experimental
near-field spectra and approach curves[Cvit07; Haue12; Govy13]. At the same time, these
dipole models only require short computation times because they rely on analytical
expressions. Furthermore, such simplified models facilitate the description of light
scattering with broadband probe pulses. In Chapter 5, we will demonstrate that
analytical models can even be inverted to retrieve unknown dielectric responses
with nanoscale precision. In the following, we will introduce the key concepts of the
scattering models employed later on in this thesis before directly comparing their
capabilities to the finite element method discussed so far.
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3.3.1 Analytical approaches

The reason why the problem of light scattering from a conical tip can often be
reduced to a set of coupled dipoles can be understood intuitively. The incident radi-
ation with oscillating electric field E0 drives charges within the metallic tip up and
down. Consequently, the unbound electrons are displaced with respect to the atomic
cores giving rise to regions of accumulated negative charge as well as regions with a
deficiency of electrons – a net positive charge. This effect is most pronounced at the
tip apex, where these charges form a dipole with a characteristic dipole moment p0.
When the tip is in close proximity to the sample, this tip dipole will rearrange the
charges within the sample. This can be described by an image dipole below the sur-
face, which acts back on the tip and induces an additional dipole moment pi therein.
Consequently, the resulting charge distribution at the tip apex is rather described
by an effective dipole moment[Cvit07] peff = p0 + pi .
Together, the effective tip dipole and the image dipole, which oscillate at the driving
frequency of the incident radiation, then scatter light back into the far field accord-
ing to Maxwell’s equations. Consequently, the effective dipole moment peff , whose
magnitude is determined by the external electric field E0 as well as the effective
polarizability αeff of the tip-sample system, is a direct measure for the scattered
field strength: Escat ∝ peff = αeffE0.
Finally, the fields should not be expressed in terms of an unknown field E0, but
should rather be related to the actual incident field Ein in the experiments. As
Figure 3.16 depicts, the field at the tip apex E0 is given by the incident electric
field Ein and by the reflected part of the radiation off the sample surface with a
respective field strength rpEin corrected by the Fresnel reflection coefficient for p-
polarized light. For the scattered fields αeffE0, a similar analysis holds because they
can either propagate directly towards the detector or after a reflection off the sample
surface. This yields the final expression linking the incident electric field Ein with
the scattered field Escat by the effective polarizability αeff :[Cvit07]

Escat ∝ (1 + rp)2αeffEin . (3.3)

Hence, calculating the effective polarizability αeff of the tip-sample system is suffi-
cient in order to predict the scattered electric field at the detector within the frame-
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Figure 3.16 | Fundamental concept of the finite-dipole model. a, The inci-
dent mid-infrared electric field Ein can either directly impinge on the tip or indirectly
after a reflection off the surface, which modifies the electric field by the Fresnel re-
flection coefficient for p-polarized light rp. These electric fields induce a polarization
within the tip apex that is described by a dipole with finite extension (colored el-
lipse). The proximity to the sample gives rise to a corresponding image dipole below
the surface. The scattering of light is then determined by the effective polarizability
αeff of the tip-sample system governed by the dielectric function of the sample εsample.
In the far field, the scattered radiation (1 + rp)2αeffEin is detected, where reflections
off the surface have again been taken into account. b, Charge distribution close to
the tip apex according to the finite-dipole model (adapted from reference [Cvit07]),
which consists of two monopoles carrying a charge |q0|. The near-field interaction
with the sample repolarizes the apex, which is described by an induced point charge
qi and a homogeneous background charge carrier density along the spheroid corre-
sponding to −qi. The geometry is characterized by the tip radius rtip, the length of
the dipole 2l as well as its height h above the surface. Below the surface, the image
dipoles with renormalized charges q′i and q′0 are depicted.

work of analytical dipole models. The crucial parameters governing the polarizability
are the geometry of the tip – taken into account by the radius of curvature at the apex
– and the dielectric function of the sample under investigation, which in turn also
determines the Fresnel reflection coefficient rp. The optical properties of the metallic
tip only have a negligible influence on the scattering response because the plasma
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3.3 Complementary scattering models

frequencies of typical metals lie far above the mid-infrared photon energies[Raki98].
Hence, the tips are perfectly conducting to a good approximation[Cvit07]. Depending
on the exact simplifications of the tip geometry, which are necessary to derive an
analytical expression for the effective polarizability αeff , different models have been
established in the literature. In the following, the fundamental principles of the
straightforward point-dipole model[Knol99] and the more sophisticated finite-dipole
model[Cvit07] are derived, which will later on be employed to retrieve dielectric func-
tions.

Point-dipole model. The tip apex is approximated by a small sphere in a uni-
form external field with a point dipole located at its center. The polarizability
of a perfectly conducting sphere α ∝ r3

tip with radius rtip is known from classical
electrodynamics[Jack99]. Employing the factor β = εS−1

εS+1 , where εS is the dielec-
tric function of the sample, the following effective polarizability αPDM

eff within the
point-dipole model (PDM) can be derived for a given height h of the tip above the
sample:[Knol99]

αPDM
eff = α

1− αβ
16π(rtip+h)3

. (3.4)

Even though the point-dipole model is intuitive and straightforward, it can quali-
tatively explain the scattering responses of different materials[Rasc03] as well as the
spectral position of resonances[Breh06]. Yet, a quantitative agreement with experimen-
tal spectra and retraction curves (whose decay lengths are typically underestimated
by the point-dipole model) requires a more sophisticated approach.

Finite-dipole model. Instead of a sphere, the tip apex is approximated by a per-
fectly conducting spheroid – a much more realistic scenario (see Figure 3.16a). When
the length 2l of the spheroid is restricted to a quarter of the incident wavelength, the
field distribution in a uniform external field E0 can be calculated with purely electro-
static considerations[Cvit07]. This field distribution can then readily be approximated
by two point charges q0 and −q0 positioned at the centers of the circles with radius
rtip, which can be inscribed into the ends of the spheroid (see Figure 3.16b). The
dipole moment p0 induced by the external field consequently reads p0 = 2q0l.
In analogy to the point-dipole model, the interaction with the sample is then de-

57



3 Nanoscale electromagnetic fields in mid-infrared nanoscopy

scribed in terms of image charges. Here, only the lower charge q0 interacts with the
sample owing to the rapidly decaying nature of the fields of the monopoles. Hence,
only the mirror charge q′0 = −βq0 is considered. Again, the charge redistribution
within the sample acts back onto the tip inducing an additional polarization close
to the apex. This is approximated by the induced charges qi and −qi, whose magni-
tude and position need to be determined and are strongly affected by, for example,
the tip-sample distance or the geometry of the spheroid. Since the induced charge
further away from the sample, −qi, is expected to only weakly interact with the
sample, it is distributed uniformly across the spheroid to ensure charge neutrality.
Conversely, the induced charge qi close to the apex creates an additional image
charge q′i within the sample.
The involved charges as determined by Cvitkovic et al. (reference [Cvit07]) are sum-
marized in Figure 3.16b. Their positions and magnitudes were all chosen such that
the simplified charge distribution can reproduce the exact fields of a spheroid above
a sample best. Then, the dipole moments induced by the interaction with the sample
in the near field can be considered in addition to the dipole moment p0 created by the
external field discussed previously. Hence, an effective dipole moment peff = p0 + pi

is again obtained by evaluating the induced dipole moment pin = qil. From this ef-
fective dipole moment and by quantifying the magnitude of all involved charges, the
effective polarizability αFDM

eff of the spheroid-sample system within the finite-dipole
model (FDM) can be determined:[Cvit07]

αFDM
eff ∝

2 +
β
(
g − rtip+h

l

)
ln
(

4l
4h+3rtip

)
ln
(

4l
rtip

)
− β

(
g − 3rtip+4h

4l

)
ln
(

2l
2h+rtip

)
 . (3.5)

Most of the input parameters are known directly from the experiment, such as the
tip-sample distance h, the tip radius rtip and the factor β = εS−1

εS+1 dictated by the
dielectric function εS of the sample. The factor g is introduced to describe the
fraction of the induced charge, which is actually located close to the tip apex and
therefore interacts with the sample. Phenomenologically, a small imaginary part is
added to account for the finite conductivity of the tip resulting in a slight phase
shift between the incident field and the response of the tip. From comparisons with
experimental near-field spectra and retraction curves with the predictions by the
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3.3 Complementary scattering models

finite-dipole model, the parameters could be determined in the literature. For an
effective tip length 2l = 600 nm and g = 0.7e0.06i, a quantitative agreement has been
demonstrated in various experiments[Cvit07; Haue12; Govy13].

Demodulation. Since the tip is typically oscillating above the sample, this tapping
motion also needs to be taken into account to calculate the demodulated field ampli-
tudes sn, which are accessible in experiments. As discussed previously, the tip height
h(t) is therefore modulated in a sinusoidal fashion (compare Equation 3.1) in time,
which in turn impacts αeff . Performing a Fourier analysis (compare Figure 3.4) of
the effective polarizability and inserting the resulting demodulated quantities αeff,n

into Equation 3.3 yields the field En demodulated at the harmonic n of the tip os-
cillation frequency. Typically, these demodulated fields are rewritten in terms of a
scattered amplitude sn and a phase φn:[Cvit07]

En = sneiφn ∝ (1 + rp)2αeff,nEin . (3.6)

3.3.2 Comparison to our new method

Having introduced a powerful analytical model, which can predict the far-field
scattering response based on a dielectric function, we can compare the underly-
ing nanoscale distribution of the demodulated fields with one obtained by the finite
element simulations. To this end, we combine the framework of the finite-dipole
model with our novel Fourier demodulation analysis. Specifically, we use the charge
distribution given by the series of monopoles at each tip height h(t) to study the
evolution of the electric fields at each point in space during the tapping motion of
the tip. Subsequently, we can quantify the nanoscale distributions of the demodu-
lated fields Ẽn by a Fourier analysis as introduced in Figure 3.4.
The amplitudes |Ẽn| for the first four demodulation orders are summarized in Fig-
ure 3.17 analogously to the results obtained for a realistic tip geometry as calculated
by the finite element method (compare Figure 3.5). Generally, the demodulated field
patterns Ẽn are remarkably similar for both kinds of simulations. Specifically, the
number of nodes and lobes along the out-of-plane direction are reproduced by the
finite-dipole model. However, there are also a few differences: First, the field distri-
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Figure 3.17 |Demodulated near fields at the tip apex calculated with the
finite-dipole model. a, Normalized field amplitudes |Ẽn| in a region close to the tip
apex. The data were obtained by a Fourier analysis of the electric fields created by
the monopoles within the finite-dipole model. In order to obtain results comparable
to the data calculated using the finite element method (see Figure 3.7), a tapping
amplitude A = 50 nm and a minimal tip-sample distance d = 20 nm have been
chosen. The spheroidal, extended dipole has a characteristic length l = 300 nm and
a radius of curvature rtip = 25 nm (black dashed circle). The upper and lower points
of inflection of the dipole during the tapping motion as well as the sample surface are
indicated by the white solid lines. The logarithmic color scale has been saturated for
clarity to suppress the divergence of the fields emerging from the electric monopoles.

bution below the sample surface is dominated by the image charges in the case of the
finite-dipole model, whereas a near hemispherical shape was obtained for a realistic
tip geometry (see also Figure 3.7). Second, the length scales of the field confinement
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Figure 3.18 |Magnitude and extension of the demodulated fields. a, Nor-
malized decay profiles of the demodulated field amplitudes |Ẽ3| at the sample surface
evaluated at the lateral position of the tip apex as a function of the tip-sample dis-
tance d for tapping amplitudes of A = 25, 50, 75, 100 nm. The solid lines correspond
to the data obtained by the finite element method (FEM, compare Figure 3.13c),
whereas the dashed lines were obtained with the finite-dipole model (FDM, see Fig-
ure 3.17). b, Full width at half maximum 2Γ of the demodulated field amplitudes
|Ẽ3| determined at the surface (compare Figure 3.13b). Note that only the tapping
amplitudes A = 50 nm (red) and A = 100 nm are shown for clarity. The insets high-
light the comparison between a realistic tip geometry and the finite-dipole model.

are not reproduced quantitatively as discussed in more detail in Figure 3.18, which
summarizes the distributions of demodulated fields |Ẽ3| at the surface in terms of
their magnitude and full widths at half maximum for various tapping amplitudes A.
In analogy to Figure 3.13, the solid lines in Figure 3.18a obtained with the finite ele-
ment method exhibit two distinct decay lengths. For decreasing tapping amplitudes,
both of the decay lengths become shorter, in line with previous discussions. The
dashed lines represent the results obtained with the finite-dipole model. Whereas
the tunability of the decay profiles with experimental tuning knobs such as the tap-
ping amplitude is reproduced, this model does not capture the initial fast decay of
the fields as a function of the tip-sample distance d. Instead, the field profile can
rather be characterized by a single decay length. Even though a faster decay can be
achieved with unrealistically small tip radii, the complete decay profile cannot be
reproduced by the finite-dipole model. This discrepancy suggests that the analytical
model cannot properly describe the field confinement and enhancement below the
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3 Nanoscale electromagnetic fields in mid-infrared nanoscopy

apex for tip-sample distances d < rtip smaller than the tip radius rtip. The widths
2Γ of the electric field profiles at the surface, which are plotted in Figure 3.18b, cor-
roborate this assumption. For large tip-sample distances d the slopes of the curves
obtained with the two models are very similar. However, the finite-dipole model
does not capture the strong localization of the demodulated fields beneath the apex
for small tip-sample distances d as obtained by the finite element method.

In conclusion, numerical simulations of a realistic tip geometry are indispensable for
a precise understanding of the nanoscale electromagnetic fields governing the light
scattering in near-field microscopy. This approach has allowed for unprecedented
insights into the achievable lateral resolution, the probing volume, and even the
scattering to the far field. Even though complementary analytical models cannot
describe the lateral distribution of the fields quantitatively, they have been known
to excellently predict spatially integrated far-field amplitudes sn. Thus, spectral
responses for different dielectric functions can be compared rapidly, while at the
same time an almost perfect agreement with experiments can be obtained. Hence,
both finite element simulations and state-of-the-art models[Cvit07; McLe14; Jian16] based
on simplified tip geometries such as the finite-dipole model are viable options for
a theoretical modeling of mid-infrared nanoscopy. In each case, the choice of one
approach over another then boils down to the specific requirements of the current
task at hand.
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4
Probing the surface of a

topological insulator nanostructure

Having established an intuitive and quantitative understanding of near-field mi-
croscopy in the previous chapter, we can now put this knowledge into practice by
probing novel material systems with nanoscale precision in all three spatial dimen-
sions. As discussed in Chapter 2, three-dimensional topological insulators such as
(Bi1−xSbx)2Te3 represent an intriguing material class because of their topologically
protected surface states, which host high-mobility, massless Dirac fermions. How-
ever, the information about the nanoscale properties of such topological insulators
is rather scarce. Yet, it is essential for harnessing the unique surface properties for
potential applications. Specifically, the impact of factors such as the topography,
chemical composition, defects, or background doping on the local properties of the
surface states has largely remained elusive. Considering realistic topological insu-
lator samples, even more unknowns emerge. Open questions include, but are not
limited to, the effect of exposure to ambient conditions, the characteristic optical
signatures of the topologically protected surface states, the variations of the surface
properties among different interfaces and samples as well as any deviations from the
idealized theoretical descriptions. In this chapter, we address the first set of ques-
tions by revealing the lateral inhomogeneity and spectral response of the optical
properties of topological insulator surfaces employing mid-infrared nanoscopy.

The key results presented in Chapters 4-6 were published as reference [Moos18] in Nano Letters.
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4 Probing the surface of a topological insulator nanostructure

4.1 Experimental setup and sample structure

We study wedge-shaped topological insulator nanostructures[Kamp16], which were se-
lectively grown by means of molecular beam epitaxy on a prestructured Si/SiO2

substrate (see Figure 4.1a; for details on the sample growth, see Appendix A). We
employ a wedge-shaped nanostructure for the following reasons: First of all, a mesa
structure facilitates the determination of the actual thickness of the topological in-
sulator layer by means of atomic force microscopy. Second, nanostructuring allows
for a direct comparison of the responses of the sample and the substrate. Finally,
the wedge shape enables an easy navigation on the sample and could ultimately act
as a plasmon resonator with variable extension along the long axis of the structure.
For the topological insulator layer, the (Bi0.5Sb0.5)2Te3 alloy has been chosen be-
cause a minimal conductivity of the bulk has been reported[Weyr16] for an antimony
concentration close to 50%, which facilitates the isolation of the surface response.

Experimental observables. We perform near-field microscopy on a representative
topological insulator structure. To this end, we illuminate the sharp metallic tip
with broadband mid-infrared pulses and detect the scattered radiation in the far field
using a mercury cadmium telluride detector. A detailed discussion about the setup
(see Figure B.1) and the experimental methods can be found in Appendix B. In short,
probing with a broadband source can be understood analogously to the discussions in
the previous chapters. Instead of a monochromatic wave, however, a superposition
of frequencies is used to analyze the sample. For each frequency component ν,
a characteristic scattered amplitude sn(ν) can be resolved (see Figure 4.1b and
compare Figure B.2) or alternatively a single, spectrally integrated intensity In can
be detected (see inset in Figure 4.1a). To avoid far-field background, we study
the scattered amplitudes sn and the intensity In, which are demodulated at the
harmonics of order n of the tapping frequency of the tip.

Mid-infrared probe pulses. In a first step, we characterize the broadband mid-
infrared probe pulses. Figure 4.1b shows the scattered amplitude s̃3 = s3|Ēin| of
a silicon reference sample as determined from the scattered intensity by Fourier
transform infrared spectroscopy (see Appendix B). This spectral amplitude s̃3 in-
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Figure 4.1 |Mid-infrared nanoscopy of a (Bi0.5Sb0.5)2Te3 nanostructure.
a, Schematic of the experiment showing a mid-infrared pulse (red waveform),
which illuminates the oscillating metallic tip placed above the topological insula-
tor nanostructure grown on a Si/SiO2 substrate. The scattered radiation (longer,
red waveform) is detected in the far field revealing the nanoscale inhomogeneity of
the (Bi0.5Sb0.5)2Te3 nanostructure. In the inset, the topography is shown as height
profile, whereas the scattered intensity I3 is indicated by the colors. b, Scattered
amplitude spectrum s̃3 = s3|Ēin| recorded on a silicon reference sample. Owing to
the spectrally flat scattering response s3 of silicon in the mid infrared, the data are
dominated by the spectrum of the broadband probe pulses Ēin (center frequency:
38 THz; full width at half maximum: 6 THz).

dicates the frequency range, which is accessible in our experiments and consists of
two contributions: On the one hand, the incoupled mid-infrared spectrum Ēin. On
the other hand, the spectral scattering efficiency of the tip-sample system s3. Since
the response of the silicon reference sample is spectrally flat in the mid-infrared
range[Zhan12], the normalized spectral response of s̃3 is mostly governed by the probe
spectrum Ēin. Hence, we determine a center frequency of 38 THz and a full width
at half maximum of 6 THz for the mid-infrared probe pulses.

Two-dimensional maps. Without spectrally resolving the scattered fields, two-
dimensional maps of the near-field intensity In can be obtained by raster-scanning
the atomic force microscopy tip across the sample. These maps correspond to a
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4 Probing the surface of a topological insulator nanostructure

spectrally integrated scattering response of the sample at each position of the tip
and can be acquired simultaneously to the topography of the surface. The inset in
Figure 4.1a demonstrates the result of this experimental technique: a representative
region of the topological insulator is depicted, where the topography is indicated
by the curved surface and the scattered intensity I3 is color-coded onto it. This
underlines that near-field microscopy allows us to correlate the surface morphology
and the scattering response encoding the dielectric properties of the topological
insulator at a resolution exceeding the diffraction limit by many orders of magnitude.

4.2 Lateral inhomogeneity of the scattering response
The topography of a complete topological insulator wedge is depicted in Figure 4.2a
and is rather uniform apart from a few impurities. In the following, we study the
representative region indicated by the white frame more closely. Figures 4.2b,c show
the topography and the simultaneously acquired scattered intensity I3 for this area.
The topography map reveals inhomogeneities across the surface dominated by pyra-
midal protrusions, whose size is on the order of ∼200 nm. Similar inhomogeneities
are also discernible in the mid-infrared response (see Figure 4.2c), which features
almost identical signatures. The scattered intensity is furthermore enhanced in topo-
graphic troughs, which can either be induced by a local enhancement of the electric
field strength or an actual modification of the optical response of the surface states.
In the future, studying ultraflat samples (see Section 6.4) will facilitate the distinc-
tion between these two possibilities. In the following, we restrict our discussions to
inhomogeneities in the scattering response, which are not directly correlated with
the topography.

An additional, larger-scale gradient is discernible in the scattered intensity (see
Figure 4.2c). Since the scattering response is governed by the local dielectric function
of the sample, inhomogeneities in the latter can directly be deduced from the two-
dimensional map. The actual variations in the dielectric function across the wedge
as well as their microscopic origin will be discussed in Chapters 5 and 6.
Generally, the near-field intensity on the topological insulator structure is strongly
enhanced compared to the substrate. Since the near fields mostly probe a volume
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Figure 4.2 |Nanoscale surface inhomogeneity. a, Topography of a representa-
tive wedge-shaped (Bi0.5Sb0.5)2Te3 nanostructure grown according to the protocol in
Appendix A. b,c, Simultaneously recorded nanoscopy maps of the topography (b)
and scattered intensity I 3 (c) of the topological insulator surface. The investigated
region is indicated by the white rectangle in a.

close to the sample surface, this global enhancement of the scattering response might
already suggest a large surface conductivity of the topological insulator. A direct
way of pursuing this assumption lies in nanotomography.

4.3 Variation of the probing volume

A selective probing of the topological insulator surface is achieved by varying the
probing volume. In Figure 4.3, the spectrally integrated scattered intensity obtained
on a representative region featuring both the topological insulator sample and the
substrate is depicted for different probing depths. The effective probing volume de-
creases from the near-field image on the upper left to the one on the lower right as
the tapping amplitude is decreased or the demodulation order is increased, respec-
tively. This tunability of the probing volume with the experimental parameters has
extensively been discussed in Chapter 3, for example in Figures 3.7 and 3.8.
In order to correct for the effect that smaller probing volumes generally yield lower
overall intensities independently of the sample properties, the scattering responses of
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Figure 4.3 | Surface sensitivity of near-field tomography. Relative scattered
near-field intensity I n(Sample) / I n(Si) as a function of the tip tapping amplitude A
(horizontal direction) and the demodulation order n (vertical direction) of a region
close to the edge of a topological insulator structure on the Si/SiO2 substrate. The
scattering response is normalized to the one of a silicon reference sample (I n(Si)) to
obtain relative intensities for different effective probing depths. Different combina-
tions of tapping amplitude A and demodulation order n lead to different effective
probing depths as visualized by the small pictographs: an increase in n or a decrease
in A both lead to a more surface-sensitive probing. For smaller probing volumes the
relative scattered intensity increases, which can indicate that the surface dominates
the scattering response.
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the topological insulator need to be normalized to the ones measured on a reference
sample using the same tapping amplitude and demodulation order. In the literature,
silicon and gold have been established as reliable reference samples[Fei11; Zhan12; Govy14].
Throughout this work, the scattered amplitudes and phases recorded on the topo-
logical insulator are normalized to the corresponding responses of an undoped silicon
wafer, which has a thickness of 500 µm, a resistivity of >1000 Ω m, as well as a flat
and uniform surface. Thus, we essentially retrieve a scattered intensity per unit
volume I〈V 〉, which can be compared for the different probing parameters. Most
strikingly, this scattered intensity I〈V 〉 increases drastically when probing a region
closer to the surface – another strong indication for a higher conductivity at the
surface of the sample compared to the bulk.

To extract the drastic increase in scattered intensity for shallow probing volumes
quantitatively from the data presented in Figure 4.3, we assign a mean scattered
intensity to the substrate and to the topological insulator structure. For each set of
probing parameters we obtain this mean value by spatial averaging of the respective
area in the near-field images. Figure 4.4a shows a representative scan, where the
regions used for the averaging process are indicated. The area in between the white
lines has been neglected for the averaging process, as it features topographic irreg-
ularities at the edge of the topological insulator structure. Figure 4.4b summarizes
the resulting mean scattered intensities for the topological insulator and the sub-
strate normalized to the scattering response of a silicon reference wafer in analogy
to the near-field images. As discussed in the context of Figure 4.3, a strong increase
of this relative scattered intensity In(Sample)/In(Si) is observed on the topologi-
cal insulator for decreasing tapping amplitudes or increasing demodulation orders,
respectively. In contrast, the SiO2 substrate exhibits no such trend. Its relative scat-
tered intensity with respect to the silicon reference remains constantly low for almost
all experimental parameters except for a slight increase in the scattering response
when using a tapping amplitude of 20 nm and the fourth demodulation order. We
attribute this singular feature to the strong surface phonon polariton[Fei11; Hube17] of
SiO2 that only seems to become prominent for the shallowest probing depth. Apart
from this outlier, the substrate shows a negligible response to the variation of the
probing volume, which corroborates the validity of our tomographic analysis.

69



4 Probing the surface of a topological insulator nanostructure

0 4 0 8 0 1 2 0
0
2
4
6
8

1 0

I n(T
I) /

 I n(
Si)

T a p p i n g  a m p l i t u d e  ( n m )
0 4 0 8 0 1 2 0

0
2
4
6
8
1 0

I n(S
ub

str
ate

) / 
I n(S

i)

 n  =  2
 n  =  3
 n  =  4

a b

To
po

log
ica

l in
su

lat
or

0 1 2
I 3 ( S a m p l e )  /  I 3 ( S i )

Su
bs

tra
te

T o p o l o g i c a l
      i n s u l a t o r

S u b s t r a t e

5 0 0  n m

Figure 4.4 |Mean scattered intensity of the topological insulator and the
substrate for different probing volumes. a, Representative near-field image
taken from Figure 4.3, showing the scattered intensity I3(Sample)/I3(Si) recorded
on the topological insulator sample normalized to the one recorded on a silicon
reference employing a tapping amplitude of 80 nm. The arrows and white vertical
lines indicate the boundaries of the regions used for the extraction of the mean values
determined by spatial averaging, which are summarized in panel b. b, Evolution
of the relative scattered intensity In(Sample)/In(Si) with varying probing volume
for the topological insulator (‘TI’, left panel) and the substrate (right panel). For
more surface-sensitive probing, the topological insulator shows a strong increase of
the relative scattered intensity, whereas the substrate hardly does. The error bars
account for the uncertainties in both of the intensities In(Sample) and In(Si) and are
determined by the standard deviations obtained by the spatial averaging process and
by monitoring the scattered intensity on the silicon reference in time, respectively.

The drastic increase in the scattered intensity per unit volume I〈V 〉 of the topological
insulator for shallow probing conditions could be a first indication for the presence
of surface states on the topological insulator sample. Unfortunately, these results do
not represent an unambiguous proof in this regard. The scattering contrast between
two bulk materials can also exhibit a dependence on the tapping amplitude and the
demodulation order[Taub05b] – even in the absence of any surface states. Therefore,
the scattered fields for different probing volumes require further investigation. In the
next section, we examine the spectral response of the topological insulator. Thereby,
the characteristic signatures of the surface states can be revealed tomographically,
which will ultimately allow us to isolate their dielectric function.
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4.4 Spectral signature of the topological insulator

In the following, nanospectroscopy will be applied to the topological insulator struc-
tures. To record the spectral amplitude of the near fields sn at the harmonic of order
n, the scattered radiation is overlapped with a reference mid-infrared pulse on the
mercury cadmium telluride detector. By employing a Michelson-type interferometer
and varying the temporal delay between the two pulses, Fourier transform infrared
spectroscopy can be performed, which gives access to the spectral amplitude sn and
the phase φn (for details see Appendix B).
In Figure 4.5, we reveal the characteristic and ubiquitous spectral signature of the
topological insulator by recording scattered amplitude spectra for several tip po-
sitions. The dashed lines in the maps of the topography and the simultaneously
acquired scattered intensity I3 in Figures 4.5a,b indicate the tip positions where
the spectra were acquired. The resulting, so-called hyperspectral map[Ni16; Hube17] in
Figure 4.5c summarizes the spectral amplitude as a function of the probe frequency
and the position x along the line, which the tip was scanned over.
Here, the spectral response of the topological insulator sample is normalized to a
spectrally flat silicon reference allowing us to eliminate the detector response and the
shape of the probe spectrum and to isolate the characteristic response of the sample
(compare Equation B.12). On the substrate (to the right-hand side of the vertical
white line in Figure 4.5c), the relative scattered amplitude s3(Sample)/s3(Si) ex-
hibits a pronounced, low-frequency feature at ∼33.8 THz, which can be identified as
the strong phonon response of silicon dioxide[Fei11; Zhan12; Hube17]. In Chapter 5, this
characteristic spectral signature is utilized to establish an algorithm for the extrac-
tion of the dielectric function from the scattered fields (compare Figure 5.4).
In contrast, the scattering response recorded on the topological insulator exhibits
distinctly different signatures. The spectrum is governed by a step-like increase in
amplitude at a frequency of ∼38 THz. This feature is even more apparent in the
spatially averaged scattered amplitude of the topological insulator s3(TI)/s3(Si),
which is depicted in the right panel of Figure 4.5c.
Along the position x on the topological insulator, the overall magnitude of the am-
plitude changes slightly. These modulations are perfectly in line with the variation of
the scattered intensity in Figure 4.5b. This corroborates once more that the optical
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Figure 4.5 | Spectral response of the topological insulator. a,b, Topography
(a) and scattered intensity I 3 (b) recorded on a topological insulator nanostructure.
The white dashed line in b represents the positions along which the data in c was
recorded. c, Hyperspectral map (left panel) taken along the white dashed line in b
featuring the spectral response of the topological insulator (‘TI’) and the substrate.
The relative spectral amplitude s3(Sample)/s3(Si), which was normalized by the
response of a reference silicon wafer, is shown as a function of the tip position x and
the probe frequency. The mean spectral response of the topological insulator (right
panel) was obtained by averaging the leftmost 1.2 µm of the hyperspectral scan.

response of the topological insulator structure is inhomogeneous on the nanoscale.
This underlines the necessity of a local probing with near-field microscopy, which is
capable of revealing such crucial information.
Since the step-like spectral signature in Figure 4.5b cannot be interpreted in a
straightforward fashion, a physical quantity such as the underlying dielectric func-
tion needs to be inferred from the experimental data in order to unveil the micro-
scopic mechanisms that give rise to the remarkable scattered amplitude and phase
of the topological insulator. Unfortunately, the spectral response is linked with
the dielectric function in a nontrivial way owing to the light scattering from the
tip-sample system. Indeed, retrieving the nanoscale dielectric response without as-
sumptions about its spectral shape directly from the scattered fields is an ongoing
quest in the near-field community. This endeavor becomes even more complicated
when dealing with layered samples and surface states. In the next chapter, the
approach we have chosen to achieve this long-standing goal is discussed.

72



5
Extracting the nanoscale

dielectric function at the surface

Besides the point- and finite-dipole models[Knol99; Cvit07] presented in this thesis, fur-
ther approaches such as the lightning-rod model[McLe14] or the generalized spectral
method[Jian16] have been proposed to describe the light scattering in near-field mi-
croscopy theoretically. Yet, without additional efforts, these models only allow for a
calculation of the scattering response starting with literature values of the complex-
valued dielectric function as input parameters. Alternatively, the Drude[Drud00] or
Lorentz models[Klin07] are commonly employed in order to reproduce the experimen-
tal scattering response with only a few variables[Fei11; Wagn14a; Eise14]. However, in this
case a priori assumptions about the spectral shape of the dielectric response are
required. Whereas this might be a valid approach in a lot of scenarios, it is not ideal
for novel material systems, such as topological insulators, where exact predictions of
the dielectric properties are scarce and might sensitively depend on the exact alloy
or on the growth parameters.
Therefore, the retrieval of dielectric functions without any previous assumptions
about their spectral shape has been a longstanding goal in near-field microscopy.
The well-established concept of quantitatively extracting optical properties could
thereby be transferred from spatially averaging far-field studies[Hube01; Merk19; Merk20]

down to the nanoscale. This would pave the way for unprecedented insights into
material inhomogeneities introduced by chemical composition, defects, local carrier
densities and scattering rates, or strain.
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5 Extracting the nanoscale dielectric function at the surface

In this chapter, we will demonstrate a novel concept for the retrieval of the nanoscale
dielectric function of a topological insulator surface, which is essential for interpret-
ing its scattering response microscopically. To this end, the light scattering prob-
lem discussed in Chapter 3 must be reversed. Unfortunately, the scattered fields
En = sneiφn are detected at harmonics n of the tip tapping frequency, which requires
a Fourier analysis of the electric fields over a full oscillation cycle of the tip. This
complicates the extraction of the dielectric function from a given scattering response
and also prevents an analytical inversion of the expression based on the tip-sample
polarizability (compare Equation 3.6).
In the literature, a few methods of how this limitation can nevertheless be over-
come have been outlined. We choose a numerical option[McLe14] instead of a series
expansion of the scattering response[Govy14], because the former is more general and
can easily be adapted to arbitrary scattering models. Note that mere lookup ta-
bles will not efficiently serve the purpose of extracting dielectric responses from
scattered fields because of the dependence of the scattering contrast on the demod-
ulation order, tapping amplitude, optical frequency, layer thicknesses, the dielectric
function of the substrate, or the tip radius of curvature, for example. Covering this
high-dimensional parameter space beforehand for arbitrary real and imaginary parts
of the dielectric function is just not feasible. Instead, we will combine the short
computation times of the analytical scattering models introduced in Section 3.3
with efficient numerical inversion algorithms, which will help us to quickly navigate
through only the relevant regions of the parameter space for each specific experi-
ment. Thereby, the inputs and outputs of the scattering models can effectively be
interchanged enabling a direct extraction of the complex-valued dielectric response
from the amplitude and phase spectra of the scattered electric fields.
The capabilities of this scheme are first demonstrated on a pre-characterized bulk
material, before extending the retrieval to layered samples, which is essential for
isolating and quantifying the dielectric response of the surface states on the topo-
logical insulator. To this end, we combine the numerical inversion algorithm with a
multilayer finite-dipole model, for the first time, which also allows us to determine
the thickness of the highly conductive surface layer. Finally, the validity of the
extracted surface dielectric function is verified by comparing the predictions of the
scattering model with additional near-field experiments such as retraction curves.
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5.1 Inversion algorithm for scattering models

In the following, we discuss the key concepts of the retrieval procedure and introduce
the working principles of the numerical inversion algorithm.

Linking the scattering response to the dielectric function. As a first step, it is
instructive to visualize the scattered amplitude sn(ε) and phase φn(ε) for a given set
of experimental parameters as a function of the complex-valued dielectric response ε
of the sample (see Figure 5.1a,b). These maps obtained with the finite-dipole model
for bulk samples demonstrate once more that the scattering of light from the tip-
sample system links the scattered amplitude sn and phase φn in a non-intuitive way
with the underlying dielectric function, which necessitates sophisticated inversion
procedures in the first place.
A numerical inversion of scattering models is nevertheless possible because the pre-
cise knowledge about the amplitude and phase of the scattered electric fields recorded
in experiments sets strict constraints on the dielectric properties ε of the sample.
To exemplify this fact, we consider a near-field scattering response s3(ε)eiφ3(ε) nor-
malized to the one obtained on a silicon reference sample s3(Si)eiφ3(Si) at the third
demodulation order. Let us assume that in the experiment, we obtain the following
value for the scattering contrast η (compare Appendix B.2 and Equation B.12):

η = s3(ε)
s3(Si) e

i(φ3(ε)− φ3(Si)) != 1.0 e i 0.5 . (5.1)

This scattering contrast then unambiguously determines the dielectric function for
a given tapping amplitude and tip radius used in the experiments: On the one hand,
the required relative scattered amplitude s3(ε)/s3(Si) != 1 narrows down the possible
values for the dielectric functions to the ones on the blue contour in Figure 5.1a.
On the other hand, the relative phase φ3(ε)− φ3(Si) != 0.5 sets further restrictions
(red contour in Figure 5.1b). Hence, the complex-valued contrast η obtained in the
experiment can only be reproduced by the model if both requirements are fulfilled
at the same time (see Equation 5.1). Therefore, the intersection of the contours in
Figure 5.1c represents the only possible combination of the real (ε1) and imaginary
(ε2) parts of the dielectric function yielding the experimental contrast η. In some
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Figure 5.1 | Relating the scattering contrast to the dielectric function.
a,b, Relative scattered amplitude s3(ε)/s3(Si) (a) and phase φ3(ε) − φ3(Si) (b) as
a function of the real (ε1) and imaginary (ε2) parts of the dielectric response ε
with respect to a silicon reference. The data are obtained with the finite-dipole
model assuming a frequency of 30 THz, a tip radius of 30 nm, and a tapping am-
plitude of 100 nm. The dielectric function of silicon is taken from literature (ref-
erence [Zhan12]). The blue and red lines represent contours for s3(ε)/s3(Si) = 1
(blue) and φ3(ε)−φ3(Si) = 0.5 (red) as described by Equation 5.1. c, Superposition
of the contour lines from a and b. The combination of a given scattered amplitude
and phase only leaves one possible solution (orange circle) for the complex-valued
dielectric function, which allows for an unambiguous determination of ε (arrows).

cases, additional solutions with negative ε2 can occur. Such unphysical dielectric
functions are, however, discarded.
Finding the point of intersection between the contour lines for a given scattering
contrast η without calculating the complete two-dimensional maps in Figures 5.1a,b
lies at the heart of the inversion problem that needs to be solved in order to retrieve
the dielectric functions from experimental amplitude and phase spectra.

Identifying the optimization problem. The second key to solving the inversion
problem is rephrasing it in terms of an optimization procedure. For a given experi-
mental contrast η, the deviation ∆ of the calculated amplitude scalc and phase φcalc

from their experimental counterparts sexp and φexp needs to be minimized:

∆ = |sexpeiφexp − scalceiφcalc| Optimization−−−−−−−→ 0 . (5.2)
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x  c o o r d i n a t e  ( ε 1 )

E n e r g y  f u n c t i o n  ( ∆) y  c o o r d i n a t e  ( ε2 )

Figure 5.2 | Schematic of the opti-
mization algorithm.
In an optimization problem, the global
minimum (red sphere) in an energy
landscape (such as the deviation ∆
in Equation 5.2) or in a height pro-
file needs to be found by varying the
x and y coordinates. The ‘Powell’
algorithm[Powe64] employed in this work
can achieve this for various starting
points (colored spheres) by following
distinct paths through the landscape
indicated by the solid lines.

In other words, a global minimum of the deviation ∆ needs to be found instead of
an intersection between two contour lines (compare Figure 5.1c). This represents a
common optimization problem – finding a minimum of a cost function or an energy
landscape. In Figure 5.2, a schematic energy landscape as a function of x and y
coordinates is given, which can be interpreted as plotting ∆ as a function of the real
and imaginary parts of the dielectric response ε. Irrespective of the starting position
in the landscape (colored spheres), an optimization algorithm needs to find the min-
imum (red), which in turn determines the correct value of the dielectric function.
Since optimization problems are relevant for many scientific questions, various dif-
ferent approaches for solving them have been established in textbooks. We employ
the so-called ‘Powell’ algorithm[Powe64], which represents a higher-dimensional gen-
eralization of algorithms designed for minimizing strictly one-dimensional functions.
Further details are outlined in reference [Kius13] and in Appendix C.2.

Inversion algorithm. Finally, we can combine all ideas discussed in the two pre-
vious paragraphs to obtain an inversion algorithm, which can retrieve dielectric
functions from experimental scattering contrasts. The full inversion algorithm out-
lined in Figure 5.3 is based on minimizing the discrepancy between experiment and
theory for a given frequency ω of the probe radiation. To obtain the full dielectric
function ε(ω), the process is repeated for each frequency in the spectrum of the
probe pulses. For each optimization, an arbitrary starting point εin is chosen as
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Figure 5.3 | Schematic of the inversion algorithm. Working principle of the
algorithm that is employed to extract the dielectric function ε from the experi-
mental scattered amplitude sexp and phase φexp. The input dielectric function εin
is used to calculate a response (scalc, φcalc) with a scattering model such as the
finite-dipole model. By comparing the calculated and measured fields, a deviation
∆ = |sexpeiφexp−scalceiφcalc| between the two datasets can be obtained. Subsequently,
the discrepancy between experiment and calculation is minimized by iteratively mod-
ifying the dielectric function εmod. The process is repeated (curved arrows) until the
deviation falls below a certain threshold value (as small as 10−5 for scattering models
describing bulk samples). The final iteration of the optimization problem yields the
retrieved dielectric function ε.

the initial, complex-valued dielectric function. Subsequently, a scattering response
(scalc, φcalc) is calculated with an appropriate model and compared to the experi-
mental data (sexp, φexp) to determine the deviation ∆ (compare Equation 5.2). The
Powell optimization algorithm then repeatedly modifies the dielectric function εmod

– each time calculating an updated scattering contrast – such that iteratively the de-
viation ∆ is minimized (curved arrows in Figure 5.3). The algorithm finally outputs
the retrieved dielectric function ε, when the deviation ∆ falls below an acceptance
threshold. Note that the entire process can be significantly accelerated by taking
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5.2 Retrieving a bulk dielectric function

into account that dielectric functions are typically continuous. Therefore, instead
of using completely random initial values of εin for the optimization procedure at a
given frequency ωi, the result obtained for the previous frequency ωi-1 often repre-
sents an excellent starting point for the subsequent search.
For bulk samples, only a single dataset recorded at a representative tapping ampli-
tude and demodulation order needs to be considered in order to extract the dielectric
response. In other words, two observables – amplitude and phase of the scattered
radiation – determine the two unknowns – the real and imaginary parts of the di-
electric function of the sample. Consequently, the experiment-theory agreement can
be arbitrarily good. Even values of ∆ < 1× 10−5 are easily achieved, which lie far
below the noise level of the experiments. Conversely, the tomographic analysis of
layered samples calls for a simultaneous consideration of multiple datasets obtained
with different effective probing volumes. Thereby, not only the dielectric responses
but also layer thicknesses can be determined. Yet, a single, unknown dielectric func-
tion of the surface layer, for example, needs to reproduce various scattering contrasts
obtained with different probing parameters in this case. This means that the sum of
the discrepancies ∑j ∆j over all datasets j needs to be minimized. Even though the
value of this sum can typically not become arbitrarily small, the experimental data
can nevertheless be reproduced remarkably well, which will enable us to quantify the
mid-infrared response along the out-of-plane direction of the topological insulator
in Section 5.4.

5.2 Retrieving a bulk dielectric function
In order to assess the capabilities of the inversion algorithm in terms of retriev-
ing dielectric functions, we first consider a well-characterized sample. In recent
years, the near-field response of the phonons in silicon dioxide has been studied
extensively[Fei11; Zhan12; McLe14; Hube17]. Therefore, extracting the underlying dielectric
response represents an ideal testbed for the inversion procedure introduced in the
previous sections.
To this end, we resolve the broadband scattering response of a silicon dioxide sample
with a probe spectrum centered at ∼38 THz (see Figure 5.4a). In order to isolate
the material properties, we normalize the recorded scattered amplitude and phase
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Figure 5.4 | Retrieving the dielectric function of SiO2. a, Scattered amplitude
spectrum s̃3 = s3|Ēin| recorded on a gold reference sample (compare Figure 4.1b).
The gray area indicates the experimentally inaccessible region, whereas the dashed
lines highlight the spectral range with high signal-to-noise ratio. b, Relative am-
plitude s2(SiO2)/s2(Au) (upper panel) and phase φ2(SiO2) − φ2(Au) (lower panel)
recorded on an oxide-covered silicon wafer normalized to a gold reference. The circles
represent the scattering contrast, which was computed by the inversion algorithm
employing the finite-dipole model with a tapping amplitude A = 35 nm and a tip ra-
dius rtip = 25 nm. The green line was calculated with identical parameters but using
a literature dielectric function (reference [McLe14], see green line in c). c, Real (ε̄1,
upper panel) and imaginary (ε̄2, lower panel) parts of the retrieved bulk dielectric
function. Two literature dielectric responses of SiO2 discussed in references [McLe14]
and [Hube17] are shown for comparison. The pictogram indicates the microscopic
motion of the atoms associated with the lattice vibrations responsible for the strong
resonance[Kirk88]. The dashed red circles highlight the fact that the deviations in the
relative phase most likely give rise to the overestimation ε̄1.
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spectra to the ones obtained on a spectrally flat gold reference. Thereby, the spectral
shape of the probe pulses is eliminated (compare Figure 4.5) and the scattering con-
trast η = s2(SiO2)/s2(Au) ei(φ2(SiO2) − φ2(Au)) depicted as dark red lines in Figure 5.4b
is obtained (compare Equation B.12 and see Appendix B.2 for further details). The
relative scattered amplitude is again dominated by a strong resonance at ∼33.8 THz
as previously observed for the silicon dioxide substrate of the topological insulator
structures (compare Figure 4.5c) and the high-frequency components are strongly
suppressed. Over the entire accessible spectral range, the relative phase of the scat-
tered light exhibits a highly dispersive shape.

Employing the inversion algorithm in combination with the finite-dipole model, we
now retrieve the underlying silicon dioxide dielectric function from the scattering
contrast η. Here, it is crucial to take both the scattered amplitude and phase into
account. Only in this case, the complex-valued dielectric function can be deter-
mined unambiguously (compare Figure 5.1). When using the experimental tapping
amplitude of A = 35 nm, literature values for the dielectric function of gold[Raki98],
and assuming a tip radius of curvature of rtip = 25 nm, the inversion algorithm can
determine the dielectric function to an arbitrary degree of precision and is able to
perfectly reproduce our experimental data (see circles in Figure 5.4b).
The bulk dielectric function (ε̄1,ε̄2) of silicon dioxide that is associated with this
scattering contrast is depicted in Figure 5.4c. Note that these data were retrieved
without making any assumptions about the spectral shape or magnitude of the
dielectric response of the silicon dioxide. Nevertheless, we infer a clear resonance,
which manifests itself as a dispersive feature in ε̄1 and a pronounced maximum in ε̄2.
These results agree excellently with the literature dielectric functions indicated by
the red (reference [Hube17]) and green lines (reference [McLe14]). Microscopically,
an asymmetrical stretching motion of the oxygen atoms relative to the silicon atoms
(see pictogram in Figure 5.4c) is responsible for the resonance in the mid-infrared
optical properties[Kirk88].

The following conclusions can be drawn from this proof-of-principle retrieval of a
dielectric function: First of all, the scattered electric fields depend on the underlying
dielectric response in a nontrivial manner. A prime example for this fact lies in the
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5 Extracting the nanoscale dielectric function at the surface

observation that the frequency at which the scattered amplitude has a maximum
does not coincide with the resonance frequency in the dielectric function. Instead,
the scattering efficiency of the silicon dioxide becomes strongest inside the Rest-
strahlen band. Hence, an inversion of scattering models is a crucial prerequisite for
the quantitative interpretation of near-field data. Only extracted dielectric functions
allow for a precise determination of resonance energies, for example, and a deeper
understanding of the physical processes governing the sample response in general.

Secondly, the values of the retrieved dielectric function, which are spectrally close
to strong resonances, can depend extremely sensitively on the experimental input
parameters. As the scattering contrast calculated using a literature dielectric func-
tion in Figure 5.4b (see green line) reveals, a small discrepancy in the relative phase
highlighted by the red circle can cause a significant overestimation of the real part
of the dielectric function (red circle in Figure 5.4c). Consequently, any quantita-
tive interpretations of unknown dielectric functions of novel materials should be
restricted to the frequency range with significantly high spectral amplitude of the
probe spectrum thereby ensuring a superior signal-to-noise ratio (see dashed lines
in Figure 5.4a). However, experimental uncertainties do not seem to drastically
affect any qualitative spectral signatures of the retrieved dielectric function. Note
that a precise knowledge about the experimental conditions such as the tip radius of
curvature will, however, drastically improve the quantitative nature of the inversion
procedure. Furthermore, using silicon instead of gold as a reference sample should
yield even more reproducible results because a finite surface roughness of evaporated
gold layers can modulate the recorded scattered amplitudes via local field enhance-
ment. Conversely, silicon wafers feature an absolutely homogeneous topography.

In addition, we have demonstrated that retrieving dielectric functions encoded in
the electromagnetic radiation after interaction with the sample – a concept, which is
well-established in far-field spectroscopy[Hube01; Merk19] – can be extended to scattered
near fields. Hence, optical properties of novel materials can now be inferred with
nanoscale precision. These results set the stage for an application of our inversion
algorithm to the topological insulator nanostructures.
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5.3 Retrieving the volume-averaged dielectric
response of a topological insulator

Having tested the inversion algorithm on a reference sample, we will now return
to the striking scattering response recorded on the topological insulator structures
(compare Figure 4.5). In the following, we study the scattered fields in more detail
and subsequently retrieve the underlying dielectric function in a volume-averaged
manner using a scattering model for bulk samples.

Characteristic scattering response of the topological insulator. In Figure 5.5a,
representative spectra of the scattered amplitude sn(TI) and phase φn(TI) recorded
on a topological insulator structure relative to the response of silicon are depicted
as solid lines. As discussed in Figure 4.5, the spectral shape of these spectra is not
flat, but rather exhibits a characteristic step-like feature in the relative amplitude
sn(TI)/sn(Si) at a frequency of ∼37 THz. In the relative phase φn(TI) − φn(Si),
this signature manifests itself as a characteristic dip. Strikingly, both of these spec-
tral features become more prominent for a more surface-sensitive probing, which
is achieved by increasing the demodulation order from n = 2 to n = 3 (compare
Chapter 3). In analogy to Figures 4.3 and 4.4, this points towards a dominant con-
tribution to the scattering response originating from a region close to the surface.
Next, we employ the inversion algorithm to extract the nanoscale dielectric function
directly from these experimental data.

Retrieving the dielectric response. For this purpose, we use the finite-dipole
model[Cvit07] as in the proof-of-principle study of silicon dioxide in the previous sec-
tion. Since all input parameters are known, the retrieval process does not require
any fit parameters. Even though the geometry of the near-field tip cannot easily
be inferred, a scanning electron microscopy image and complementary experiments
discussed later on (compare Figures 5.9 and 5.10), allow us to precisely determine
the radius of curvature of the tip apex as 36 nm.
The dielectric functions retrieved with this parameter from the spectra recorded at
the demodulation orders n = 2, 3 are depicted in Figure 5.5b. The imaginary parts
of both nanoscale dielectric functions (ε̄2, lower panel) exhibit a sharp resonance at a
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Figure 5.5 | Retrieval of an average dielectric function with a scattering
model for bulk samples. a, Relative amplitude sn(TI)/sn(Si) (upper panel) and
phase φn(TI)−φn(Si) (lower panel) recorded on the topological insulator (‘TI’) with
respect to a silicon reference sample for demodulation orders n = 2, 3 (solid lines)
obtained with a tapping amplitude A ∼ 95 nm. The circles represent the scattering
contrast, which was computed by the inversion algorithm (see sketch and arrows)
employing the finite-dipole model for bulk samples. b, Volume-averaged real (ε̄1,
upper panel) and imaginary (ε̄2, lower panel) parts of the retrieved dielectric function
for two different demodulation orders. Calculating the corresponding scattering
contrast from these data yields the circles in a. The insets in the upper panel depict
a surface-sensitive probing for n = 3 in contrast to an averaging over the surface
(red layer) and bulk (orange layer) response for n = 2, which explains the origin of
the two distinct volume-averaged dielectric functions ε̄ for different probing depths
(blue semicircles). The broadband absorption background, which is present in both
dielectric functions, is indicated by the shaded region in the lower panel.
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5.3 Retrieving the volume-averaged dielectric response of a topological insulator

frequency of ∼38 THz. In the real parts (ε̄1, upper panel) of the response functions,
an accompanying dispersive feature is observed, which is reminiscent of a Lorentzian
resonance. The scattering contrast, which originates from the dielectric functions
in Figure 5.5b, is indicated by the circles in Figure 5.5a. Note that the retrieved
dielectric response can reproduce the experimental data arbitrarily well, which once
more highlights the effectiveness of the numerical inversion algorithm.

Volume-averaged nature of the dielectric response. There are clear discrep-
ancies between the dielectric functions retrieved for different demodulation orders.
More surface-sensitive probing (n = 3, light blue curve in Figure 5.5b) yields a
stronger resonance compared to bulk-sensitive probing (n = 2, dark blue). Since the
dielectric function of the sample is unique, an evaluation at different demodulation
orders should yield identical results in the case of an isotropic, bulk-like response.
The apparent inconsistency of retrieving different dielectric functions for different
probing volumes can easily be reconciled when considering the fact that the topo-
logical insulator consists of multiple layers exhibiting different dielectric responses.
In other words, the strong oscillator giving rise to the resonance in Figure 5.5b is
located at the surface and dominates the scattering response because of the short-
range nature of the evanescent probing fields (see Chapters 2 and 3). Underneath
this surface layer, the bulk of the topological insulator also contributes to the scat-
tering response. When using a scattering model – such as the regular finite-dipole
model – which can only describe bulk samples, the retrieved dielectric function
inevitably represents an average over the different responses of the bulk and the
surface. This volume-averaged dielectric function (ε̄1,ε̄2) will consequently depend
strongly on the probing volume as indicated by the insets in Figure 5.5b. Hence, for
shallow probing depths, the surface response dominates over the bulk contributions
giving rise to a pronounced resonance in the dielectric function.

We can therefore conclude that a scattering model, which can only properly describe
a sample characterized by a single dielectric function, is not appropriate for isolating
the surface response of the topological insulator. In this case, seemingly different di-
electric functions are extracted for different probing volumes. A more sophisticated
approach is needed that is capable of retrieving the dielectric functions of samples,
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5 Extracting the nanoscale dielectric function at the surface

which exhibit depth-dependent scattering responses. To resolve this issue, a scat-
tering model is required that can adequately take multiple layers of the sample with
distinct dielectric responses into account. With such a model, a separate dielectric
function could be assigned to the surface states – allowing for a complete isolation
of the surface response from the bulk properties.

5.4 Isolating the surface dielectric response
In this section, an extension to the finite-dipole model by Hauer et al. (see ref-
erence [Haue12]) will be presented, which can predict the scattering response of
layered samples. Currently, the framework is limited to five layers, but could easily
be extended to an arbitrary number in the future. For the first time, this scattering
model will be combined with the numerical inversion algorithm to isolate the surface
dielectric function of a topological insulator. We confirm that the retrieved dielec-
tric function can not only properly describe the scattered amplitudes and phases
for multiple demodulation orders, but also correctly predict the decay lengths of
complementary retraction curves. Consequently, our multilayer analysis even holds
as the effective probing depth is varied. Finally, this enables us to quantify the
thickness of the highly conductive surface layer.

5.4.1 Scattering model for multilayered samples

The general approach of calculating the scattering response of the tip-sample sys-
tem within the framework of the finite-dipole model is identical for bulk (compare
Figure 3.16) and layered samples. The electric field close to the tip apex is approxi-
mated by the charge q0 and its image charge q′0 (see Figure 5.6). In proximity to the
surface, the tip is repolarized by the sample, which gives rise to the charge q1 and its
image charge q′1. Based on these monopoles, an effective tip-sample polarizability
can be derived, which dictates the entire scattering response (compare Equation 3.5).
In comparison to the conventional finite-dipole model[Cvit07], the magnitude and po-
sitions of the charges need, however, be reconsidered when dealing with layered
samples.
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Figure 5.6 | Image charge method
for layered samples.
Point charges q0 and q1 at distances
z0 and z1 above a layered sample (in
analogy to Figure 3.16b). The lay-
ers of air and the sample are described
by the respective dielectric functions εi.
The electrostatic potential Φ above the
sample can be approximated by image
charges q′0,1 with magnitudes βx0,1 and
positions x0,1 below the surface.

Hauer et al. demonstrated that these quantities can be determined by considering
the electrostatic potential Φ and its derivative Φ′ at the surface of the sample[Haue12].
Thus, the magnitudes of the image charges read q′0,1 = −βx0,1q0,1, where

βx0,1 = −Φ0,1
2

Φ′0,1

∣∣∣∣
z=0

. (5.3)

The position x0,1 of the charges can be calculated in a similar way:

x0,1 = Φ0,1

Φ′0,1

∣∣∣∣
z=0
− z0,1 . (5.4)

Equation 5.4 reveals that in contrast to the finite-dipole model for bulk samples
discussed in Section 3.3, the charge and its image are no longer located at an equal
distance |z0| away from the surface in the case of layered samples.
In Figure 5.6, the sample is composed of a layer with thickness d covering a semi-
infinite bulk below. Yet, this approach can easily be extended to more than the three
layers. In Appendix C, the effective polarizability αeff for a sample consisting of five
layers (see Equation C.6) is given. In combination with Equation 3.6, the scattering
response of a multilayered sample can then be calculated. Next, we apply this
extended finite-dipole model to the scattering response of the topological insulator
sample and thereby isolate the dielectric function at the surface.
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5 Extracting the nanoscale dielectric function at the surface

5.4.2 Layered structure of the topological insulator samples

First, a closer look at the exact layered structure of the topological insulator sample
is necessary. Specifically, the thicknesses and individual dielectric responses of the
layers need to be determined. An in-depth description of the sample as well as the
actual growth protocol are detailed in Appendix A.
Figure 5.7 depicts a sketch of the layered structure of the sample in analogy to the
more detailed version in Figure A.1. The capability of implementing up to five dif-
ferent layers in the scattering model allows us to include air, the surface states, the
bulk of the topological insulator, as well as the silicon and silicon dioxide layers un-
derneath. The silicon substrate at the bottom is not considered because it will not
contribute to the scattering response owing to is large separation of almost 0.5 µm
from the tip apex. Next, we analyze the properties of the individual layers in detail
and discuss the resulting input parameters for the multilayer scattering model (see
close-up on the left-hand side of Figure 5.7).

Air: The tip is oscillating above the sample, which is kept in ambient conditions.
Therefore, the upper half-space is described by the dielectric function of air, εair = 1.

Surface states: At the surface of the sample, a layer of unknown thickness d de-
scribes the response of the surface states. Its dielectric function (ε1,ε2) needs to be
retrieved employing the inversion algorithm. This procedure also yields the thick-
ness d (see Figure 5.12) by ensuring that the layered dielectric response can predict
the experimental scattering contrasts for different probing depths. A variation of the
probing parameters such as the tapping amplitude, demodulation order, or minimal
tip-sample separation can later on be employed to constrain the possible extensions
of the surface states. At first, we will treat the thickness d as a free parameter.
As Chapter 6 will reveal, the surface layer does not only exhibit potential signa-
tures of the topologically protected surface states, but is dominated by a massive,
two-dimensional electron gas formed by band bending. Since these massive surface
states emerge after exposure to ambient conditions, the bottom side of the topolog-
ical insulator layer is not expected to feature such states. Hence, we only account
for surface states on the top side of the material for the following reasons:
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Figure 5.7 | Layered dielectric response of the wedge-shaped topological
insulator samples. On the right-hand side, a schematic depiction of the sample
structure in analogy to Figure A.1 is shown, which illustrates the constituent lay-
ers. The close-up on the left-hand side summarizes the thicknesses and dielectric
properties of the five layers taken into account with the multilayer scattering model:
The upper semi-infinite space is described as air with its corresponding dielectric
function (εair = 1). Below, the surface states of thickness d have an unknown dielec-
tric function with real (ε1) and imaginary (ε2) parts. The bulk of the topological
insulator is described by a Drude response with carrier density nDrude and scattering
rate γDrude and has a thickness of 80 nm − d. Finally, the 70 nm-thick silicon layer
and the semi-infinitely thick silicon dioxide beneath, with dielectric functions εSi and
εSiO2 , respectively, complete the structure. The silicon substrate at the bottom is
not taken into account because it will not contribute to the scattering response ow-
ing to its large separation from the tip exceeding 450 nm. The check marks indicate
that all thicknesses and dielectric functions are known from the growth protocol and
the literature as discussed in the main text. Only the surface properties (ε1,ε2) and
the thickness d remain to be determined.

First, we want to avoid additional free parameters and unnecessary assumptions
about the topological insulator/silicon interface, which could host topologically pro-
tected surface states. Second, the backside of the topological insulator is separated
from the tip by ∼80 nm. Therefore, surface states at the interface to the growth
substrate would contribute only negligibly to the scattering response of the entire
structure. Finally, the thickness of these surface states should be on the order of
only a few nanometers, which further renders possible signatures of the bottom layer
of topologically protected surface states in the scattered radiation unlikely.
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5 Extracting the nanoscale dielectric function at the surface

Conversely, this means that including only the top three layers into our model would
probably already be sufficient to retrieve the correct surface dielectric function at
the air/topological insulator interface. Nevertheless, we will also take the substrate
into account, which should result in a more accurate description of the sample even
if no surface states at the bottom interface are considered.

Topological insulator bulk: The bandgap[Gaul17] of (Bi0.5Sb0.5)2Te3 takes a value
of∼48 THz. Consequently, interband transitions lie outside of our spectral range and
the bulk of the topological insulator is characterized by a Drude-like conductivity
with a dielectric function depending on the angular frequency ω of light:[Drud00]

εDrude(ω) = 1− ω2
Pl

ω2 + iγDrudeω
. (5.5)

The plasma frequency ωPl =
√
nDrudee2/ε0m∗ is determined by the carrier density

nDrude, the effective mass m∗, as well as the elementary charge e, and the permittiv-
ity of free space ε0. In the literature[Weyr16], a background doping with a density of
nDrude = 6× 1018 cm−3 and a carrier mobility of µ = 150 cm2/Vs have been reported
for (Bi0.53Sb0.47)2Te3. Assuming an effective mass m∗ = 0.475 me, where me is the
free electron mass, we obtain a scattering rate γDrude(m∗, µ) = 25 THz.
We use these literature values to describe the bulk of the topological insulator. Ad-
ditionally, we note that the retrieved surface dielectric functions only depend weakly
on the exact input parameters of the Drude response because the evanescent probing
fields are strongly confined to the sample surface.
The total thickness of the topological insulator is ∼80 nm according to the growth
protocol (see Appendix A). Considering the finite extension of the surface states d,
we obtain a thickness of 80 nm− d for the bulk response.

Silicon: The silicon mesa with a thickness of 70 nm is characterized by a dielectric
function εSi = 11.7 + 0.1i taken from the literature[Zhan12]. This spectrally flat mid-
infrared dielectric response is also used to describe the silicon reference wafers.

Silicon dioxide: Due to the dipolar nature of silicon dioxide, the material hosts
various phonon modes in the mid infrared, which can efficiently couple to the near

90



5.4 Isolating the surface dielectric response

fields at the tip apex (compare Figure 5.4). These vibrational modes can excellently
be described by Lorentz oscillators with a dielectric function[Klin07]

εLorentz(ω) = 1 + σ2

ω2
0 − ω2 − iγLorentzω

. (5.6)

Here, σ takes a similar role as the plasma frequency in the Drude model, whereas
γLorentz accounts for damping and ω0 is the finite resonance frequency of the corre-
sponding undamped harmonic oscillator.
To describe a total of five transverse optical phonon modes in the mid-infrared
spectral range, Gunde et al. used Lorentzian oscillators, whose parameters were op-
timized to match experimental data of the refractive index[Gund00]. As described in
more details in references [Hube17; Hube18], we have implemented this dielectric
response by adopting the parameters of the Lorentzian resonances.
Since the silicon dioxide acts as a thick buffer layer on top of the silicon substrate
(see Appendix A), we can describe it as filling the lowest semi-infinite layer.

5.4.3 Nanoscale dielectric function of the surface states

Having extended the finite-dipole model to a version capable of describing multi-
layered samples and having quantified the thicknesses and dielectric responses of all
pre-characterized constituent layers of the topological insulator structures, the di-
electric response of the surface states can finally be isolated and determined. To this
end, the multilayer scattering model outlined in the previous section is combined
with the inversion algorithm, for the first time. Hence, the nanoscale dielectric func-
tion of the surface layer can be retrieved without any assumptions about its spectral
shape and without any influence of the bulk of the topological insulator.
In contrast to the scattering model for bulk samples (see Figure 5.5), the dielectric
function of the surface layer (ε1,ε2) together with the extension of these surface
states d must correctly describe the light scattering for all different probing volumes
when employing the more realistic multilayer model. This means that experiment
and theory must agree irrespectively of the tapping amplitude or the demodulation
order. In the following, we will demonstrate that a dielectric function fulfilling these
requirements can be retrieved for thicknesses d of the surface states on the order of
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Figure 5.8 | Retrieval of the surface dielectric function with a scattering
model for layered samples. a, Relative amplitude sn(TI)/sn(Si) (upper panel)
and phase φn(TI)−φn(Si) (lower panel) recorded on the topological insulator (‘TI’)
with respect to a silicon reference sample for demodulation orders n = 2, 3 (solid
lines). The circles represent the scattering contrast, which was computed by the
inversion algorithm (see sketch and arrows) employing the finite-dipole model for
layered samples with a tip radius rtip = 36 nm (compare Figure 5.10). b, Real (ε1,
upper panel) and imaginary (ε2, lower panel) parts of the retrieved surface dielectric
function obtained for a thickness d = 5 nm of the surface states. Calculating the
corresponding scattering contrast from these data yields the circles in a. Here, only
a single dielectric function has to describe the scattering response for all probing
depths in contrast to Figure 5.5. The red line represents a Lorentzian fit to the data
with a maximum at 37.1 THz. To account for the broadband absorption background,
which is present in all retrieved dielectric functions (see shaded area in the lower
panel), an additional constant, complex-valued offset has been added to the fit
function.
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a few nanometers. Based on this dielectric response, we are even able to reproduce
experimental retraction curves, which will be discussed in the next section. In the
context of Figure 5.12, the thickness d of the surface states will be determined more
precisely later on.

In Figure 5.8a, the characteristic scattering response of the topological insulator
structure is once more plotted as solid lines (compare Figure 5.5a). The retrieved
dielectric response consisting of the real (ε1, upper panel) and imaginary (ε2, lower
panel) parts of the dielectric function of the surface states for a thickness d = 5 nm
is shown in Figure 5.8b. On a qualitative level, the dielectric function is similar
to the one obtained with the finite-dipole model for bulk samples in Figure 5.5b
because both feature clear resonances. However, the magnitude of the isolated di-
electric response of the surface states (ε1,ε2) obtained with the multilayer model is
larger than the volume-averaged response (ε̄1,ε̄2) discussed previously. Intuitively,
only a fraction of the probing volume is now responsible for the characteristic fea-
tures in the scattering response. Thus, for small thicknesses d of the surface layer,
large magnitudes of the retrieved dielectric function are required for reproducing
the experimental data. Furthermore, the lineshape is a lot smoother when isolating
the surface response. The pronounced and novel resonance occurs at an energy of
∼37 THz and features a remarkably narrow line width of only ∼2 THz even though
the experiments are performed at room temperature. A Lorentzian fit (compare
Equation 5.6) with an additional complex-valued background can almost perfectly
describe the dielectric function (see red line in Figure 5.8b). This means that there
are two different contributions to the surface properties: A narrowband resonance
with a Lorentzian lineshape, which dominates the dielectric function, and an ad-
ditional broadband absorption background (see blue region in the lower panel of
Figure 5.8b). In the next chapter, we will identify these two contributions as signa-
tures of two different types of surface states: intersubband transitions in a massive
two-dimensional electron gas formed by band bending effects, which coexists with
the topologically protected surface states – the most likely origin of the broadband
absorption feature. Both are discussed later on in the context of Figure 6.4.
Before interpreting the retrieved dielectric function any further, we first turn to a
discussion of the consistent agreement between theory and experiment, when us-
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ing the multilayer scattering model with this extracted surface dielectric response.
The circles in Figure 5.8a correspond to the scattering contrast calculated with
the retrieved dielectric function in Figure 5.8b. For both demodulation orders, the
multilayer model reproduces the experimental data extremely well. Indeed, the di-
electric response in conjunction with the right thickness of the surface states can
describe the light scattering for all different probing depths. We will verify that this
holds for a huge parameter space by also considering different tapping amplitudes
and by varying the tip-sample distance. All of these experimental tuning knobs
represent direct ways of performing nanotomography and will sensitively probe the
out-of-plane composition of the sample.

5.4.4 Verifying the multilayer dielectric response

As a confirmation that the previous analysis of the layered dielectric response of the
topological insulator sample is valid, we compare further predictions of our theo-
retical model to complementary experiments. Thereby, we also verify that we have
used the correct radius of curvature at the tip apex as well as a suitable thickness
of the surface layer as inputs for the finite-dipole model.

A critical parameter for all scattering models is the radius of curvature at the tip
apex, which directly enters the formula for the effective polarizability of the tip-
sample system (see Equations 3.5 and C.6). Typical commercial atomic force mi-
croscopy tips1, which are used for near-field microscopy, have tip radii of a few tens
of nanometers. The exact value can, however, vary due to the finite accuracy of
the fabrication process or due to extensive usage, which can blunt the tip apex over
time. For a precise determination of this crucial parameter, we therefore use two
complementary approaches: First, we perform experimental retraction curves and
compare them to the theoretical predictions by the multilayer finite-dipole model
for different tip radii. This will allow us to determine a tip radius that can describe
the experimental results best. Second, we verify this value by recording a scanning
electron microscopy image of the actual tip, which has been used for most of the
experiments in Chapters 4–6 of this thesis.
1For example: Arrow™NCPt by Nano World® AG, see Appendix B.
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Figure 5.9 | Comparison of experimental retraction scans with the mul-
tilayer scattering model using various tip radii. a,b, Normalized scattered
near-field intensity In as a function of tip-sample distance for various tapping am-
plitudes A. The demodulation orders n = 3 (a) and n = 4 (b) are shown (gray
circles) and compared to predictions of the multilayer finite-dipole model (see text).
As input, a model Lorentzian oscillator (similar to Figure 5.8) was used to describe
the dielectric response at the surface. In order to assess the actual tip radius, cal-
culations for different tip radii are plotted (solid lines).

Varying the tip-sample distance. Figure 5.9 summarizes retraction curves mea-
sured on the topological insulator structure for different tapping amplitudes A and
demodulation orders n. As discussed in Chapter 3 of this thesis, varying the tip-
sample distance has a major impact on the exact nanoscale distribution of the near
fields within the sample (compare Figure 3.9). Hence, such an experiment is ex-
tremely sensitive to the out-of-plane dielectric response of the layered sample. Mod-
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ifications of the tapping amplitude and the demodulation order can additionally
tune the probing volume. Here, the evanescent probing fields become more closely
confined to the surface, the smaller the tapping amplitude or the higher the de-
modulation order (compare Figure 3.7). Studying these retraction curves therefore
allows us to judge how accurately the layered dielectric response can describe the
topological insulator sample.
The experimental retraction curves exhibit a rapid decay of the scattered intensity In

with increasing tip-sample distance as discussed previously (compare Figure 3.12).
The characteristic decay length is strongly modified by the experimental parameters
– the tapping amplitude and the demodulation order.

Modeling retraction curves. To model these curves, we have to consider that the
demodulated intensity In depends nontrivially on the scattered amplitudes sn acces-
sible with the scattering models. The underlying reason is the fact that the intensity
is proportional to the absolute square of the electric field. In conjunction with the
demodulation procedure, the intensity In at a given demodulation order n therefore
consists of an infinite series of terms featuring scattered electric field amplitudes
sn of all orders. For details, see Appendix B and reference [Eise15]. This infinite
series for In is, however, dominated by the leading term, which is proportional to the
product a ·s0sn (compare Equation B.5). Here, a contains all prefactors, which later
on cancel out in the normalization of the retraction curves. For the demodulation
orders n = 3, 4, we compute these intensities as a function of the tip-sample distance
for different tip radii. We find that variations of the tip radius cause much larger
discrepancies in the experiment-theory agreement than small modifications of the
dielectric response or the thickness d of the surface layer. Consequently, we employ
a Lorentzian oscillator (compare Figure 5.8) as input for the multilayer scattering
model for this analysis instead of retrieved surface dielectric functions.
The results (solid lines) are overlaid with the experimental data in Figure 5.9. Strik-
ingly, the layered dielectric response of the sample based on a sharp, Lorentzian
resonance at the surface can quantitatively reproduce the experimental data over
a wide range of probing parameters for a tip radius of 36 nm (red line). Other
values for the tip radius, such as 25 nm (pink line) or 45 nm (purple line), yield a
worse agreement with the experimental data. This underlines that the multilayer
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Figure 5.10 |Determination of the
tip radius.
a, At a value of 36 nm for the radius
of curvature at the tip apex, the agree-
ment between the experimental retrac-
tion curves and the predictions by the
multilayer scattering model (see Fig-
ure 5.9) is optimized as indicated by the
red line. Here, the total discrepancy
between measured and calculated re-
traction curves serves as an error func-
tion, which is defined as the sum of
the deviations in I3 and I4 over all tip-
sample distances and tapping ampli-
tudes (see text).
b, Scanning electron microscopy im-
age of the tip apex of the probe used
for most near-field spectroscopy exper-
iments. The dashed circle with a radius
of 36 nm highlights the good agreement
with the complementary analysis in a.

finite-dipole model developed in the previous sections can accurately describe the
scattering response of the topological insulator sample when using the correct tip
radius as an input.

Determining the tip radius. The actual tip radius can be quantified even more
precisely by considering the discrepancy between theory and experiment for a fine
range of tip radii. As a measure for this discrepancy, we introduce an error function,
which is defined as the sum of the deviations in I3 and I4 over all tip-sample distances
and tapping amplitudes. From the global minimum in the error function depicted
in Figure 5.10a, we can conclude that the tip radius of 36 nm can truly describe all
experimental data best.
We further corroborate this value by the scanning electron microscope image of the
tip in Figure 5.10b. The guide to the eye – a sphere with a radius of 36 nm – is
perfectly inscribed in the tip apex.
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Figure 5.11 | Comparison of theoretical predictions of bulk and multi-
layer scattering models with experimental retraction scans. Normalized
scattered near-field intensity I3 as a function of tip-sample distance for various tap-
ping amplitudes A. The gray circles represent the experimental data recorded on the
topological insulator structure (compare Figure 5.9), whereas the solid lines depict
the results obtained with the bulk (blue) and multilayer (red) finite-dipole model
sketched in the second panel. As input for these models, the retrieved dielectric
functions in Figures 5.5 and 5.8 were used, respectively.

Advantages of the multilayer model. Finally, we compare the multilayer scat-
tering model and the conventional finite-dipole model for bulk samples (see Equa-
tion 3.5) regarding their capabilities of predicting retraction curves on the topolog-
ical insulator sample. The discussions of Figures 5.5 and 5.8 have already revealed
the shortcomings of the more straightforward approach based on a scattering model
for bulk samples. In this case, the apparently unphysical situation arises in which
distinct dielectric functions are obtained for different probing depths. This can be
resolved by considering the fact that volume-averaged dielectric functions (ε̄1,ε̄2) are
depicted in Figure 5.5 instead of a layer-resolved optical response as in Figure 5.8.
Apart from the isolation of the dielectric response of the surface layer, the multi-
layer scattering model is also better suited for our purposes compared to its bulk
counterpart because it can perfectly well describe experimental retraction curves as
discussed above. A direct comparison between the two approaches in Figure 5.11 re-
veals that the bulk version of the model is not appropriate for simulating retraction
curves on the topological insulator structure. To this end, we plot the experimental
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data (as depicted in Figure 5.10a) for the scattered intensity I3 and compute the
predictions of the bulk and multilayer finite-dipole models employing the respective
retrieved dielectric functions of Figures 5.5b and 5.8b.
The scattering model with a bulk-like description of the sample constantly underes-
timates the decay length of the retraction curve for each tapping amplitude, whereas
the multilayer scenario yields an excellent agreement.
These findings prove once more that the surface states play an important role in
the scattering response of the topological insulator because our experimental data
cannot be reconciled with a single dielectric function describing a bulk material.

5.4.5 Quantifying the extension of the surface states

As a last step before interpreting the surface dielectric function, we want to deter-
mine the extension of the surface layer based on the experimental data.
In the discussion of Figure 5.8, we have already mentioned that the retrieval of the
dielectric function works best for a surface layer of thickness d on the order of a few
nanometers. In order to quantify the extension of the surface layer more precisely,
we use a statistical approach, which freely varies the thickness d, and simultaneously
tries to reproduce the experimental scattering response (compare Figure 5.8a). Since
the retrieved dielectric function features an almost Lorentzian lineshape (compare
Figure 5.8b), we speed up the computation by describing the surface properties by
a Lorentzian oscillator with an additional constant offset instead of using the re-
trieval algorithm. Subsequently, we employ the multilayer finite-dipole model in
combination with a fitting routine that optimizes the free parameters of the sur-
face response such as the resonance frequency or oscillator strength as well as the
thickness d numerically. For a given set of random starting parameters, the fitting
routine minimizes the discrepancy between theoretical and experimental scattering
contrasts (compare Figure 5.8a). Since this approach might yield local minima as
the best fit result, we repeat this analysis for more than 2500 starting points in the
parameter space. For each run of this fitting procedure, the ‘best-fit’ parameters
for the Lorentzian response as well as thickness of the surface state are obtained.
Finally, we restrict our evaluation to the best ∼10% of runs of this optimization
procedure. Thereby, we only select those parameter sets, which can reproduce the
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Figure 5.12 |Determination of the
thickness of the surface states.
An evaluation of the fitting procedure
described in the text yields statistics on
the most likely thickness d of the sur-
face states (see inset). The graph shows
the number of occurrences of the thick-
nesses in a histogram-like fashion with
a bin width of 2 nm. The highlighted
region indicates that the layered dielec-
tric response (such as in Figure 5.8) can
most reliably reproduce the experimen-
tal data for thicknesses of the surface
layer on the orders of ∼5 nm.

experiments well, from which we obtain a probability density for the thickness d by
counting the number of occurrences.
Figure 5.12 summarizes the resulting distribution of the most probable surface layer
thickness in a histogram-like fashion. We find that only thin surface layers on the
order of a few nanometers can reproduce the experimental data, allowing us to ex-
clude a thickness of the surface layer > 9 nm. Instead, we find a narrow region
centered around 5 ± 2.5 nm for which the analytical Lorentzian-shaped dielectric
response of the surface layer can properly describe the scattering contrast recorded
on the topological insulator.

An even more precise determination of the surface layer thickness may be possible by
increasing the signal-to-noise ratio of the experimental scattering contrasts. Hence,
higher demodulation orders (n > 3) could also be considered in the analysis, which
would set stricter constraints on the possible parameters of the surface response. In
the future, it may even become feasible to experimentally determine the out-of-plane
envelope function of the surface states by going beyond a scattering model based on
vertically stacked, homogeneous dielectric slabs.
Yet, even at this stage a complementary and completely independent numerical
simulation discussed later on yields a value of d ∼ 4.3 nm (see Figure 6.3) in close
agreement with the current analysis presented here.
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6
Identifying the surface states and
tracing their local inhomogeneity

In the previous chapters, the surface of the topological insulator has been studied us-
ing nanotomography and sophisticated methods have been developed to extract and
isolate its dielectric function without any a priori assumptions about the spectral
shape. In this chapter, the microscopic origins of the surface dielectric response,
which features a narrowband resonance and an additional broadband absorption
background, will be analyzed.
First, we focus on the sharp, surface-confined Lorentzian resonance, which dominates
the mid-infrared response. In the following, we discuss several physical phenomena
that might give rise to this dominant feature in the dielectric function. By ruling out
all but one microscopic origin of the resonance, we determine the only explanation
consistent with our experimental data.

Transitions within the Dirac cone. An obvious first guess are optical transitions
involving the topologically protected surface states. As has been discussed when
introducing the bandstructure of three-dimensional topological insulators (compare
Figure 2.7), the dispersion relation of the topologically protected surface states is
approximately Dirac-like and hence similar to the bands at the K points in graphene.
In such a system, optical transitions within the Dirac cone can emerge in the mid
infrared[Luo13] (see Figure 6.1a, upper panel). Note that in spite of the chiral spin tex-
ture of the topologically protected surface states, the finite out-of-plane spin compo-
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Figure 6.1 | Characteristic mid-
infrared absorption of the surface
states.
a, Schematic depiction of transitions
within the topologically protected sur-
face states hosting massless Dirac
fermions (upper panel). For photon en-
ergies E above twice the Fermi level
2EF, a constant absorption α is ex-
pected (lower panel).
b, Schematic depiction of transitions
between bands of equal curvature for
fermions with finite effective mass (up-
per panel). Intersubband transitions
are only possible at a single photon en-
ergy EISB (green line in the lower panel)
theoretically causing a delta function-
like feature in the absorption spectrum,
which will, however, be broadened in
experiments (green shading).

nent (compare Figure 2.7c) should yield a non-vanishing transition dipole moment.
In the case of Sb2Te3, for example, these excitations were even resolved directly in
momentum space with ultrafast angle-resolved photoemission spectroscopy[Kuro16].
For two-dimensional Dirac fermions, a constant optical absorption[Mak08] is expected
for photon energies exceeding twice the Fermi energy EF (see Figure 6.1a, lower
panel). The underlying microscopic reason is the gapless, linear dispersion, in which
the Dirac point is typically set to zero energy. The corresponding joint density of
states grows linearly with the optical frequency ω and therefore exactly cancels the
spectral dependencies of the photon energy (∝ ω) and the transition matrix element
(∝ ω−2) when calculating the absorption based on Fermi’s golden rule[Nair08]. We
speculate that in topological insulators, deviations from the relativistic dispersion
induced by hexagonal warping[Hasa10], for example, might alter the absorption prop-
erties from this idealized situation.
Nevertheless, a broadband absorption will in any case translate into a broadband
feature in the dielectric function[Klin07] as discussed in more detail later on (compare
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Equation 6.2 on Page 111). Optical transitions within the topologically protected
surface states are therefore at odds with the narrowband resonance in the retrieved
dielectric function of the surface layer. In Section 6.2, we will, however, reveal
the role of the topologically protected surface states regarding the absorption back-
ground in the retrieved dielectric functions.

Surface plasmons. A resonance localized at the surface could furthermore orig-
inate from surface plasmon polaritons formed by the free-carrier response of the
topological insulator bulk. Coupling the mid-infrared probe radiation to such modes
close to the surface plasma frequency would give rise to a pronounced feature in the
dielectric function. The evanescent near fields typically facilitate the excitation of
these modes by providing the necessary in-plane momentum (for details see refer-
ence [Hube18]). However, there are multiple reasons, which contradict an explana-
tion hinging on surface plasmons:
First of all, no standing-wave interference pattern[Baso16; Low17] is observed, which is
expected to be formed by the polaritons close to the edges of the sample. This ab-
sence of interference fringes could, however, also be explained by the inhomogeneous
surface topography of the topological insulator or by exceptionally short polariton
wavelengths. Second, the comparably low electron mobilities of the topological in-
sulator bulk at room temperature[Weyr16] definitely rule out the plasmon polariton
scenario. The high scattering rates (compare Figure 5.7) cannot be reconciled with
the extremely sharp resonance, which was retrieved from the experimental data (see
Figure 5.8b).
Conversely, high-mobility fermions at the topological insulator surface could form
low-loss Dirac plasmons[Di P13]. Yet, we do not observe the characteristic spectral
fingerprints[Ni16] of such modes close to the sample edges (compare Figure 4.5).

Intersubband transitions. Finally, a narrowband resonance can emerge for optical
transitions between bands of identical curvature. Figure 6.1b summarizes a situa-
tion, where the quasi-identical bands are only offset in energy. Hence, all vertical
transitions between the lower and upper level occur at the same photon energy.
In theory, this would result in an absorptive feature reminiscent of the Dirac delta
function. In realistic experiments, a finite absorption line width (see Figure 6.1b,
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6 Identifying the surface states and tracing their local inhomogeneity

lower panel) results due to thermal broadening or scattering mechanisms. It turns
out that intersubband transitions involving states of finite electron mass are indeed
responsible for the sharp resonance in the retrieved surface dielectric function. Such
transitions emerge because of the coexistence of the topologically protected states
with a two-dimensional electron gas at the topological insulator surface. The for-
mation mechanism of such massive surface states as well as their properties will be
elucidated in the next section.

6.1 Massive two-dimensional electron gas induced by
band bending

The key requirement for the emergence of a two-dimensional electron gas is band
bending[Yu10] on the surface of the topological insulator. This mechanism can be
induced either by oxidation of the surface[Gree16], defects and impurities[Bian10], or
adsorbates[Bian12] – all of which result in an additional doping of the volume close to
the surface of the sample. Under ambient conditions, water vapor reacting with the
surface of Bi2Se3 also results in a net n-type doping at the surface. Microscopically,
positively charged selenium vacancies and bismuth hydroxide created upon forma-
tion of H2Se gas lead to band bending, which counteracts the charge imbalance[Beni11].
Controlled angle-resolved photoemission spectroscopy experiments have traced the
evolution of band bending effects[Bian10; Beni13] after freshly cleaving a topological in-
sulator sample. In a separate study, intentional doping of the surface[Bahr12] has
also been found to give rise to the coexistence of the topologically protected surface
states with a two-dimensional electron gas.

Formation of the two-dimensional electron gas. Since the experiments on the
topological insulator samples in this thesis are conducted under ambient conditions
and not in ultra-high vacuum, additional doping of the surface (see Figure 6.2a) is
also expected in our case. Consequently, the bulk conduction band is shifted below
the Fermi energy at the surface (see Figure 6.2b). Hence, massive electrons be-
come confined in a quasi-triangular quantum well[Yu10; Beni11] along the out-of-plane
direction of the sample. Whereas the bands along the in-plane directions remain
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Figure 6.2 | Intersubband transitions at the topological insulator surface.
a, Exposure to oxygen and water vapor leads to the formation of oxides and chalco-
gen vacancies at the topological insulator surface. b, Left: Typically, the extrema
of the valence band (VB) and conduction band (CB) lie at constant energies E
as a function of the out-of-plane coordinate z. However, the mechanisms in a as
well as defects or adsorbates give rise to a surplus of positive charges at the surface
(‘+’). Right: The charge imbalance is compensated by band bending, where the
bandstructure is shifted to continuously lower energies close to the surface. Con-
sequently, electronic states in the conduction band (‘-’) become populated. c, The
electrons at the surface experience a confinement into two dimensions, which quan-
tizes the continuous conduction band into subbands (red wavefunctions) along the
out-of-plane direction z. Electric near fields Ez close to an illuminated tip apex can
drive optical transitions between subbands separated by an energy EISB (dashed
lines). Inset: Schematic of the dispersion of the subbands as a function of the in-
plane momentum k‖. Since the parabolic bands (red) remain continuous along k‖,
intersubband transitions (blue arrows) occur at a constant energy EISB.

continuous, a quantization of the wavefunctions perpendicular to the surface emerges
(see Figure 6.2c). Consequently, quasi-parabolic subbands form (see inset), whose
curvature is identical because all of them originate from the same conduction band.
Transitions between these subbands occur at a single, well-defined photon energy if
the Fermi energy lies in between the bands (compare Figure 6.1b). This can be un-
derstood in terms of the parallel bands and the purely vertical optical transitions in
momentum space. Hence, the intersubband transition can be identified as the micro-
scopic origin of the narrowband resonance in the dielectric function (see Figure 5.8).
Here, the resonance energy is determined by the energetic separation of the two sub-
bands. Additionally, the subbands at the surface can experience a Rashba-splitting
lifting the degeneracy of bands with opposite spin orientations[Bian10; Bahr12; Beni13].
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6 Identifying the surface states and tracing their local inhomogeneity

Since this spin splitting, which results in a shift of the dispersion relations along
the momentum direction, is identical for the lower and upper band, the narrowband
optical transitions are, however, not impacted by this effect.
In order to drive an interband transition, the envelope wavefunctions of the sub-
bands need to be changed. Due to the orientation of the band bending, this is
associated with an out-of-plane dipole moment connecting adjacent energy levels
(see Figure 6.2c). Therefore, intersubband transitions at surfaces are not directly
accessible in most far-field experiments. Especially when illuminating the sample
under normal incidence, the required out-of-plane electric field component cannot
be provided. Instead, a grating or evanescent fields can help to efficiently couple to
this transition.
Conversely, the near fields underneath the tip apex are naturally dominated by out-
of-plane components (see Chapter 3). Hence, near-field microscopy is ideally suited
for a sensitive probing of intersubband transitions, which has recently also been
demonstrated by an investigation of quantum-confined charge carriers in few-layer
transition metal dichalcogenides[Schm18].

Quantifying the band bending. Next, we go beyond the qualitative discussion by
numerically modeling the band bending using a self-consistent Schrödinger-Poisson
solver[Birn07]. To this end, the Poisson equation is solved first to determine the
band bending induced by the surplus charges at the surface. Subsequently, the
Schrödinger equation yields the quantized wavefunctions in the resulting quantum
well. Since the probability density of the massive electrons confined to the surface
is associated with a carrier density, this will in turn impact the band bending via
Poisson’s equation. Hence, both equations are solved alternatingly until the ob-
tained carrier density no longer changes significantly. This iterative solution of the
Schrödinger-Poisson equations has already been applied to the topological insulator
Bi2Se3 to quantify the band bending at the surface[Bian10; Bahr12]. Due to a lack of
literature values for (Bi0.5Sb0.5)2Te3, we employ the values of the constituent com-
pound Sb2Te3, whose parameters we expect to be very similar to those of the actual
alloy. For the Schrödinger equation, the effective mass m∗ in the conduction band
is a crucial parameter. We employ m∗(Sb2Te3) = 0.114 me obtained by ab initio
calculations[Yavo11], where me is the free electron mass. Conversely, the electrostatic
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Figure 6.3 |Quantifying the properties of the massive electron gas.
a, Quantitative band bending of the valence (‘VB’) and conduction bands (‘CB’,
black lines) at the surface of the topological insulator obtained by a numerical,
self-consistent solution of the Schrödinger-Poisson equations. Due to quantum con-
finement, two quantized envelope wavefunctions (red curves) emerge along the out-
of-plane direction z of the sample. For an energy of the conduction band edge of
380 meV below the Fermi level EF at the surface, the intersubband transition en-
ergy amounts to 157 meV (∼38 THz, green arrow). b, Three-dimensional electron
density n3D close to the sample surface extracted from the simulations in a. The
red shaded areas in both panels highlight the extension of 4.3 nm of this massive,
two-dimensional electron gas. From this thickness, a two-dimensional sheet carrier
density n2D = 2.9× 1012 cm−2 can be calculated by averaging the three-dimensional
carrier density within the shaded region.

potential obtained by the Poisson equation is dependent on the out-of-plane relative
permittivity ε‖r (Sb2Te3) = 36.5 (reference [Drop75]). Additionally, we include the
background carrier density n = 6× 1018 cm−3 of the bulk[Weyr16] described in the
discussion of Figure 5.7. The only free parameter is the offset between the conduc-
tion band edge and the Fermi energy at the surface, which we set to 0.38 eV.
The simulation results are depicted in Figure 6.3a. As expected, the quantum con-
finement along the out-of-plane direction forms quantized envelope wavefunctions
(red curves), which are damped exponentially outside of the quantum well and fea-
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6 Identifying the surface states and tracing their local inhomogeneity

ture zero and one nodes, respectively. Since the Fermi energy lies between the two
subbands, optical transitions at the surface are possible. The photon energy as-
sociated with these intersubband transitions amounts to ∼38 THz (green arrow in
Figure 6.3a) corresponding to 157 meV, which coincides with the resonance energy
extracted from the retrieved dielectric function in Figure 5.8.
From the full width at half maximum of the lower wavefunction, we determine a
thickness of 4.3 nm of the two-dimensional electron gas, which is highlighted by the
red-shaded regions in Figure 6.3. This extension of the conductive surface layer was
determined completely independently of the analysis in Figure 5.12, yet it agrees
excellently with the thickness on the order of ∼5 nm obtained via the multilayer
scattering model from the experimental data. Furthermore, similar extensions of
the massive electron gases at the surfaces of topological insulators have been re-
ported for Bi2Se3 in the literature[Bian10; Beni11; Bahr12; Beni13].

This quantitative agreement of the numerical simulations with the insights gained
by the retrieval of the dielectric function underlines the capabilities of nanotomo-
graphy. In particular, this demonstrates the feasibility of extracting the thicknesses
of conductive surface layers. On samples without any band bending effects, the
absolute extension of the topologically protected surface states could therefore be
determined in the future.

The variation of carrier density along the out-of-plane direction of the sample can
also be extracted from the numerical simulations (see Figure 6.3b). Since this
quantity is derived directly from the wavefunctions, the carrier density exhibits
a maximum at the region of the largest probability density. Employing the width
of the red-shaded region as the thickness of the surface layer, a sheet density of
n2D = 2.9× 1012 cm−2 can be assigned to the highly conductive surface layer. This
further explains the high scattering intensity for surface-sensitive probing as dis-
cussed previously in Figures 4.3 and 4.4.

108



6.2 Broadband absorption of the topologically protected surface states

6.2 Broadband absorption of the topologically
protected surface states

In the last section, we have unambiguously assigned the narrowband resonance in the
retrieved surface dielectric function of the topological insulator to an intersubband
transition within a massive two-dimensional electron gas. The Lorentzian lineshape
of the dielectric response is, however, accompanied by a ubiquitous broadband back-
ground for both scattering models employed throughout this thesis (see Figures 5.5b
and 5.8b). This remarkable feature is also retrieved persistently across various mea-
surements on an individual topological insulator wedge or different structures on
the sample. In particular, the nearly constant offset in the imaginary part of the
dielectric function ε2 is interesting because it implies a broadband absorption across
the entire spectral range, which we probe in our experiments.
Since the topologically protected surface states are mostly occupied due to the band
bending, transitions within the Dirac cone (compare Figure 6.1) can be ruled out
as the microscopic origin of the broadband mid-infrared absorption. Instead, we
propose that transitions between the topologically protected surface states and the
Rashba-split subbands[Bahr12; Bian10] (see orange arrows in Figure 6.4a) give rise to
the broadband dielectric response. Since the dispersions of the two bands – linear
and parabolic – are distinctly different, the corresponding transition energies should
cover a broad range including the frequencies of our probe spectrum.

In the following, we numerically quantify the mid-infrared absorption within the
surface layer of the topological insulator. To this end, we consider a model band-
structure adapted from reference [Bahr12] and modify the energies and the Fermi
level according to the results of the band bending simulations (compare Figure 6.3).

Joint density of states. The resulting bandstructure depicted in Figure 6.4b en-
ables us to determine optical transitions between different bands, which we can
subsequently group according to their photon energy hν. In order to estimate the
mid-infrared dielectric response from these data, the joint density of states can be
used as a qualitative measure for the absorption. According to Fermi’s golden rule,
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Figure 6.4 |Mid-infrared absorption at the topological insulator surface.
a, Sketch of the bandstructure as a function of the energy E, the momentum k,
and the out-of-plane coordinate z into the sample. The band bending of valence
and conduction bands (blue surfaces) gives rise to quantized, Rashba-split subbands
(red shaded lines) at the surface (vertical plane), which coexist with the topologi-
cally protected surface states (‘TSS’, black lines). Since the Fermi energy EF (green
plane) lies between the lower and upper subband, several transitions within the in-
vestigated spectral range arise. Intersubband transitions (‘ISB’, green arrows) cause
the sharp, Lorentzian resonance in Figure 5.8, whereas transitions between the topo-
logically protected surface states and the lowest subbands (‘TSS-SB’, orange arrows)
could explain the ubiquitous broadband absorption background. b, Bandstructure
at the topological insulator surface analogous to a. The energies and curvatures
of the bands as well as the Rashba splittings are adapted from measurements in
reference [Bahr12], but modified in accordance with the numerical simulations in
Figure 6.3. c, Joint density of states (JDOS) g as a function of the frequency ν for
the two types of transitions in a,b obtained numerically (see text).
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6.2 Broadband absorption of the topologically protected surface states

the transition rate Wi→f at a given energy hν between an initial wavefunction ψi

and a final state ψf is governed by the transition matrix element M and the joint
density of states g(hν) in the following way:[Klin07]

Wi→f = 2π
~
|M |2g(hν) . (6.1)

From this expression, the absorption coefficient or the imaginary part of the dielectric
function ε2 can be obtained[Yu10] assuming that the transition matrix elementM does
not depend on the crystal momentum k:

ε2(ν) ∝ |M |
2

ω2 g(hν) . (6.2)

Thus, inferring the joint density of states yields direct insight into the dielectric
response of the system. The quantity g(hν) can be determined numerically by
considering all possible vertical transitions between occupied initial and unoccupied
final states for the range of crystal momenta in Figure 6.4b. Here, we ensure that
only transitions involving states with identical spin orientation are allowed. Finally,
g(hν) is obtained by counting the number of optical transitions within a specific
interval around a photon energy hν.

Narrowband resonance. Since the Fermi energy lies between the lower and up-
per subband, dominant intersubband transitions are possible (green arrows in Fig-
ure 6.4a,b), which manifest themselves as a narrow feature in the joint density of
states at ∼38 THz in Figure 6.4c. Here, the asymmetry in the absorption favoring
frequencies <38 THz originates from a finite nonparabolicity of the dispersions of
the subbands. These findings corroborate once more that intersubband transitions
are responsible for the narrowband resonance in the surface dielectric function and
verify that the joint density of states is a valid measure for the dielectric properties
of the topological insulator in the mid infrared.

Broadband absorption. Additionally, optical transitions between the occupied
states within the upper part of the Dirac cone formed by the topologically pro-
tected surface states and the unoccupied states of the lower subband are possible
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6 Identifying the surface states and tracing their local inhomogeneity

(orange arrows in Figures 6.4a,b). Here, only one of the Rashba-split subbands can
be addressed for a given crystal momentum k owing to the chiral spin texture of
the surface states (compare Figure 2.7) and the spin-conserving nature of optical
transitions. The dispersions of the two bands in general, and their local slopes in
particular, are drastically different. Hence, optical transitions involving these elec-
tronic states leave a broadband signature (see Figure 6.4c) in the joint density of
states g(hν) instead of a sharp resonance. According to Equation 6.2, this will give
rise to an absorptive component in the imaginary part of the dielectric function ε2 of
the surface states across the entire spectral range probed in our experiments. There-
fore, transitions between the topologically protected surface states and the lowest
subband are the most likely candidate responsible for the absorption background in
the surface dielectric function (see Figures 5.5 and 5.8).

In order to quantitatively extract the dielectric function from this analysis, the
transition matrix elements M and their dependence on the crystal momentum is,
however, required. Since these quantities are not known for the (Bi0.5Sb0.5)2Te3

alloy at hand (and neither is the exact bandstructure), we restrict ourselves to a
discussion of the joint density of states. Yet, even this simplified picture can explain
the existence of a broadband absorption feature in the dielectric response of the
surface.

In the future, the mid-infrared nanoscopy presented here could be combined with
angle-resolved photoemission spectroscopy in order to quantify the exact dispersion
of the Rashba-split subbands in the (Bi0.5Sb0.5)2Te3 alloy. The input parameters
of the model Hamiltonian used for calculating the bandstructure of the topological
insulator (compare Appendix A) could then be adapted accordingly. This would
allow for a determination of the transition dipole moments and hence a quantitative
prediction of the mid-infrared optical properties of the topological insulator, which
could subsequently be compared to the experimentally retrieved surface dielectric
function.
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6.3 Nanoscale variations of the dielectric response

In the previous sections, the microscopic origin of the dielectric response of the
surface layer has been revealed and discussed extensively. So far, the dielectric
properties of the topological insulator surface have, however, only been studied for
a single position of the near-field tip. In the following, we will study the inhomo-
geneity of the scattering response across the topological insulator structure and will
later on use the multilayer scattering model combined with the inversion algorithm
to retrieve the underlying nanoscale dielectric functions. Thereby, local variations
of key parameters such as the carrier density, the chemical composition, or the mag-
nitude of the band bending as well as the resulting impact on the surface properties
can be inferred. By virtue of the nanoscale resolution of near-field microscopy, these
insights are accessible far below the diffraction limit, which is essential for harnessing
either the two-dimensional electron gas or the topologically protected surface states
in future experiments or for any applications.

6.3.1 Spatial variations in the scattering response

First of all, we record the scattered intensity I3 of a representative region on a topo-
logical insulator wedge (upper panel of Figure 6.5). In addition to the nanoscale
inhomogeneities, a micron-scale gradient from strong to weak scattering efficiency
is obtained as the tip is scanned across the structure from left to right. This gra-
dient in the scattering response is highlighted by the horizontal linecut through the
two-dimensional map depicted in the lower panel of Figure 6.5 and has already been
discussed in the context of Figure 4.2, where we pointed out that its most likely
origin lies in variations of the dielectric function.

To verify this assumption, we will study seven representative positions indicated
by the circles in the upper panel of Figure 6.5 more closely in the following. At
each of these positions, the scattering response was spectrally resolved (compare
Figure 6.6), which will allow us to retrieve the dielectric responses later on. In the
bottom panel of Figure 6.5, we first compare the scattered intensity I3 extracted from
the two-dimensional map (blue line) to the spectrally integrated, modulus square of
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Figure 6.5 | Extracting the nanoscale optical properties across the topo-
logical insulator structure. Scattered intensity I 3 (top panel) of a representative
region of a (Bi0.5Sb0.5)2Te3 structure exhibiting a micron-scale gradient as well as
nanoscale variations in the mid-infrared response. The circles with error bars (ex-
tracted from stability measurements) represent the positions (labeled 1 through 7)
at which the spectra in Figure 6.6 were recorded. The lower panel depicts a line cut
(blue line) of the scattered intensity I 3 extracted along the vertical position defined
by the white dotted line. The data represented by the red circles were obtained
from the scattering response s̃3 as discussed in the text.

the near-field spectra1

Inormalized
spectra ≈

∫ ∞
0
|s̃3(ω)|2dω ≈

∫ ∞
0
|s3(ω)|2dω . (6.3)

Here, s̃n contains the scattering response s3 of the topological insulator and the mid-
infrared probe spectrum Ēin (compare Equation B.11). The results are depicted as
the circles in the lower panel of Figure 6.5 and the error bars account for the lateral
drift of the tip position as well as fluctuations of the probe power during data ac-
quisition. The good agreement between the two complementary evaluations of the
scattering response confirms that the gradient in the two-dimensional maps of I3

indeed originates from variations of the scattered amplitude s3. Hence, the gradient
is not an experimental artifact, but directly linked to the underlying changes in the
local dielectric function of the topological insulator.

1Wemake this approximation because the exact dependence of In on sn (see Appendix B.2) includes
the diffraction-limited amplitude s0. In experiments, this quantity might contain artifacts.
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Figure 6.6 | Scattering responses of the topological insulator at repre-
sentative positions. Relative amplitude sn(TI)/sn(Si) (upper panel) and phase
φn(TI)−φn(Si) (lower panel) obtained at positions 1, 4, and 7 (see Figure 6.5). The
circles represent the scattering contrast that was computed by the inversion algo-
rithm employing the finite-dipole model for layered samples (compare Figure 5.8).
For each position, the dark (light) colors of the lines and symbols indicate the de-
modulation order n = 2 (n = 3). The corresponding dielectric functions are shown
in Figures 6.7 and 6.8. The arrows and dashed lines (colored according to the posi-
tion) indicate the dips in the relative phase for each position and help to trace the
blueshift of the accompanying step-like feature in the relative amplitude.

At each of the representative positions across the structure, the scattered amplitude
sn(TI) and phase φn(TI) of the topological insulator (‘TI’) was recorded for the
demodulation orders n = 2, 3. Figure 6.6 summarizes three characteristic scattering
responses normalized to the respective amplitude sn(Si) and phase φn(Si) obtained
on a silicon reference (for details see Chapters 4 and 5). In analogy to the spectra in
Figure 5.8, the response of the topological insulator is again dominated by a step-
like increase in the relative amplitude sn(TI)/sn(Si) and an accompanying dip in
the relative phase φn(TI) − φn(Si). The analysis in the previous chapters revealed
that these two features are the hallmarks of the intersubband transition at the
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6 Identifying the surface states and tracing their local inhomogeneity

topological insulator surface. However, the gradient in the scattering response across
the topological insulator structure imprints two distinct changes onto the spectra:
On the one hand, the magnitude of the scattered amplitude diminishes as the tip
is moved from left to right (see upper panel in Figure 6.6) as expected from the
spectrally integrated data in the lower panel of Figure 6.5. On the other hand, the
frequency at which the two characteristic spectral signatures – the step-like increase
in the amplitude and the accompanying dip in the phase – occur, exhibits a clear
blueshift. The latter is easily discernible when tracing the minima in the scattered
phase (lower panel in Figure 6.6) indicated by the vertical dashed lines.
These variations of the scattering response of the topological insulator are a clear
evidence for the inhomogeneity of the dielectric response on the nanoscale. From
these spectra, the surface dielectric functions are retrieved next, which enable us to
quantify the variations of the optical properties.

6.3.2 Inhomogeneity in the nanoscale dielectric functions

In analogy to the procedure introduced in Figure 5.8, the surface dielectric functions
are retrieved from the spectra at each of the seven representative positions (compare
Figure 6.5). In Figure 6.6 the scattering responses (circles) calculated based on these
retrieved dielectric functions are directly compared to the experimental scattered
amplitudes and phases (lines) for positions 1, 4, and 7. Again, the recorded data
are reproduced excellently by the multilayer finite-dipole model.

Retrieving local dielectric functions. As expected from the spectral signatures
discussed above, the underlying dielectric functions in Figure 6.7 are all dominated
by a sharp Lorentzian resonance. These findings clearly attest to the presence
of the massive two-dimensional electron gas across the full width of the wedge-
shaped topological insulator structure. However, there is a distinct blueshift and
an accompanying reduction in oscillator strength of the intersubband resonance
(indicated by the curved arrows) as the tip position is varied from left to right
(compare Figure 6.5). These two changes to the dielectric response can be traced
back to variations in spectral position and magnitude of the step-like feature in the
scattered amplitude for different tip positions (compare Figure 6.6). Furthermore,
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6.3 Nanoscale variations of the dielectric response
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Figure 6.7 |Dielectric properties
across the topological insulator.
Real (ε1, upper panel) and imaginary
parts (ε2, lower panel) of the retrieved
surface dielectric functions obtained for
a thickness d = 5 nm of the surface
states at positions 1 through 7 (in-
dicated by the colors, compare Fig-
ure 6.5). The data was retrieved by
applying the inversion algorithm with
the finite-dipole model for layered sam-
ples to the spectra (see Figure 6.6 for
representative data). Even though all
dielectric functions exhibit a distinct
resonance alongside the broadband ab-
sorption background, there are clear
and systematic variations: Along the
micron-scale gradient in the scattered
intensity (see Figure 6.5), the resonance
frequency blueshifts and the oscillator
strength diminishes gradually as indi-
cated by the curved arrows.

the ubiquitous broadband absorption background again manifests itself as a nearly
constant offset in the imaginary part of the surface dielectric function ε2 depicted
in the lower panel of Figure 6.7. The offset in the imaginary part of the dielectric
function should directly be related to the real part through the Kramers-Kronig
relations. However, this aspect will not be discussed further in this work because
one of the key advantages of the retrieval of the dielectric function lies in the fact
that it works without resorting to a Kramers-Kronig analysis.

Quantifying the nanoscale variations. Next, we quantify these inhomogeneities
in the optical properties of the topological insulator by fitting the retrieved dielectric
responses with Lorentzian functions (compare Equation 5.6) featuring an additional
constant, complex-valued offset εOffset. The results for three representative positions
on the topological insulator are depicted in Figure 6.8. Strikingly, all of the dielec-
tric functions exhibit a nearly perfect Lorentzian lineshape, which is exceptionally
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Figure 6.8 |Quantifying the dielectric inhomogeneity of the topological
insulator. Real (ε1, upper panel) and imaginary parts (ε2, lower panel) of the
retrieved surface dielectric functions summarized in Figure 6.7 for the representative
positions 1, 4, and 7. The red lines represent Lorentzian fits to the data, where an
additional constant offset was taken into account.

narrow. The characteristic parameters of the fit functions such as the resonance
frequency νRes, the oscillator strength σ, and the real-part of the constant offset
Re(εOffset) are summarized in Figure 6.9a-c, which highlights the dielectric inhomo-
geneity across the sample. We reveal a shift in resonance frequency from 36.7 THz
to 38.3 THz as the tip is moved across the sample, whereas the oscillator strength σ
of the intersubband transition within the two-dimensional electron gas is found to
vary by as much as a factor of two. Conversely, the dielectric offset εOffset is affected
even more drastically.

Correlating the dielectric properties with the scattered intensity. Interestingly,
the resonance frequency νRes and the dielectric background Re(εOffset) are almost
directly proportional to (1− I3) plotted on the right axes of the graphs. In contrast,
we obtain a linear scaling with the scattered intensity I3 for the oscillator strength
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6.3 Nanoscale variations of the dielectric response
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Figure 6.9 | Correlating the in-
homogeneous dielectric properties
with the scattering response.
a,b,c, Resonance frequency νRes (a),
oscillator strength σ (b), and the
real part of the dielectric background
Re(εOffset) (c) extracted from the fits
in Figure 6.8 at Positions 1 through
7 of the sample depicted by the solid
spheres. Both, the resonance frequency
νRes and the dielectric background scale
linearly with (1−I 3), whereas the os-
cillator strength exhibits a linear de-
pendence on I 3 (circles, right axes).
Here, the scattered intensity I 3 from
the lower panel of Figure 6.5 was em-
ployed. d, Schematic origin of the cor-
relations between I3 and the character-
istic dielectric properties in a-c. The
probe spectrum Ein (red, compare Fig-
ure 4.1) and the step-like feature in the
scattered amplitude s3 (blue line) de-
termine the spectrally integrated scat-
tered intensity I3 (purple area) on the
nanoscale (compare Equation 6.3).

σ of the Lorentzian resonance (see Figure 6.9b). This correlation of the scattered
intensity with the quantities governing the surface response can be understood as
follows: According to Equation 3.6, the scattered amplitude sn at a given frequency
depends on the dielectric properties of the sample (encoded in an effective polariz-
ability αeff) and on the incident electric field. Thus, the probe spectrum Ein and
the sample response sn will dictate the spectrally integrated scattered intensity In

(compare Equation 6.3; for details see Appendix B and Equation B.6).
As sketched in Figure 6.9d, the probe spectrum has a nearly Gaussian shape centered
at a frequency close the energy of the intersubband transition. Whereas this incou-
pled spectrum Ein is independent of the tip position, the dielectric response clearly
varies across the sample (compare Figure 6.7). The Lorentzian-shaped dielectric
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6 Identifying the surface states and tracing their local inhomogeneity

function manifests itself as a characteristic step-like increase in the scattered ampli-
tude sn, whose spectral position is determined by the resonance frequency νRes of the
intersubband transition (compare Figure 6.6). Conversely, the dielectric background
and the oscillator strength govern the overall magnitude of the scattered fields.

At Position 1 on the sample, the low resonance frequency (‘νRes ↓’) combined with
the large oscillator strength (‘σ ↑’) of the intersubband resonance consequently give
rise to an intense scattering response (‘I3 ↑’, see purple area in Figure 6.9d, left
panel). As the tip scans across the structure, the resonance frequency blueshifts
(‘νRes ↑’) while the oscillator strength is reduced (‘σ ↓’) simultaneously. Conse-
quently, the step-like feature in the sample response is shifted away from the center
frequency of the probe spectrum and exhibits a smaller overall magnitude (see Fig-
ure 6.9d, right panel). This results in a less efficient scattering of the probe photons
and a lower scattered intensity (‘I3 ↓’). Therefore, the spectrally integrated near-
field images in Figures 4.2 and 6.5 directly encode the nanoscale variations of the
properties of the intersubband resonance. Hence, the micron-scale gradient observed
in the scattered intensity can directly be linked to changes in the band bending at
the surface of the topological insulator.

Possible origins of the surface inhomogeneity. There are several possible expla-
nations for these nanoscale variations of the surface properties of the (Bi0.5Sb0.5)2Te3

topological insulator. First, the ratio between bismuth and antimony in the ternary
alloy could fluctuate locally. The exact chemical composition will, for example,
influence the band offsets and consequently the depth ∆ of the quasi-triangular
quantum well. Furthermore, the relative permittivity εr and the effective masses
m∗ of conduction band electrons are different for Bi2Te3 and Sb2Te3. All of these
quantities – εr, m∗, and ∆ – ultimately govern the band bending at the surface.
Figure 6.10 summarizes the effect of variations of εr and m∗ on the expected inter-
subband transition energy and on the thickness of the two-dimensional electron gas
as calculated by a Schrödinger-Poisson solver (compare Figure 6.3). Qualitatively,
the results can be understood by considering simple toy models from quantum me-
chanics. The impact of an increase in effective mass m∗ becomes obvious when
considering the Schrödinger equation and a simple potential well. For heavy charge
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Figure 6.10 | Impact of the chemical composition on the band bending.
Properties of the massive two-dimensional electron gas calculated numerically by
solving the Schrödinger-Poisson equations as in Figure 6.3. Instead of the values
used previously for the (Bi0.5Sb0.5)2Te3 alloy (indicated by the black circles), the
effective mass m∗ (in units of the free electron mass me) and the relative permittiv-
ity εr are varied to simulate different chemical compositions. a, Transition energy
of the intersubband resonance. b, Thickness of the two-dimensional electron gas
determined by the full width at half maximum of the lowest subband wavefunction.

carriers, the wavefunctions are pushed towards the bottom of the confinement po-
tential and their energetic spacing is reduced. Consequently, the intersubband tran-
sition energy is redshifted and the conductive surface layer effectively becomes more
narrow owing to the quasi-triangular shape of the potential well. Similarly, the effect
of the relative permittivity is directly linked to the Poisson equation. Approximat-
ing the surface doping ρ0 to be homogeneously distributed in a volume between the
sample surface and a depth d inside the material, an analytical dependence of the
confinement potential Φ on the out-of-plane position z can be obtained:[Yu10]

Φ(z) = 2πρ0

4πε0εr
(z − d)2 . (6.4)

This equation explains why an increase in the relative permittivity εr results in a
broader, more shallow confinement potential. Hence, the effective thickness of the
two-dimensional electron gas grows, whereas the intersubband transition energy is
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6 Identifying the surface states and tracing their local inhomogeneity

reduced. As Figure 6.10a reveals, even minor variations of the effective mass m∗ or
the relative permittivity εr can modify the frequency of the intersubband transition
by a few terahertz. Since the depth and extension of the confinement potential also
set the density of massive electrons confined to the surface, the oscillator strength of
the Lorentzian resonance will also be impacted by such variations. Therefore, fluc-
tuations of the chemical composition are the most likely microscopic origin for the
inhomogeneity of the surface dielectric response. However, an exact dependence of
εr, m∗, and ∆ on the composition of the (Bi1−xSbx)2Te3 alloy is currently not known.
Thus, we restrict our analysis to a qualitative level at this point. Further possible
explanations for the inhomogeneities of the massive, two-dimensional electron gas
on the topological insulator surface include nanoscale variations of the background
density of free carriers[Knis17] or defects[Uraz02] modifying the local surface properties.

In the future, the proportionality between the characteristics of the dielectric re-
sponse and the scattered intensity (compare Figure 6.9) sets the stage for a conver-
sion of two-dimensional scans of the near-field response into complete maps of the
local resonance frequency or oscillator strength of the intersubband transition. In
combination with a precise knowledge about the impact of the chemical composition
of the topological insulator on the band bending, the local bismuth or antimony
concentration in the (Bi1−xSbx)2Te3 alloy could be determined on the nanoscale.
Generally, the scattered fields depend very sensitively on the nanoscale dielectric
properties of the sample. Thus, even spectrally integrated data might sometimes
be sufficient for inferring key properties of a broad variety of novel van der Waals
materials. Already, the access to two-dimensional maps of carrier densities is within
reach via the local plasma frequency[Eise14; Wagn14b].

6.4 Towards ultrafast control of Dirac plasmons
For the nanoscale extraction of the dielectric function of topological insulator sur-
faces in the previous sections, we have employed femtosecond mid-infrared probe
pulses[Hube01; Ulbr11; Jeps11; Dhil17] (compare Appendix B). These coherent, broadband
spectra allow for nanoscale pump-probe experiments on topological insulators, which
should provide crucial insights into the properties of the Dirac fermions at the sur-
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6.4 Towards ultrafast control of Dirac plasmons

face. Based on an improved microscopic understanding, optimized samples with
yet larger mobilities could be designed in the future. Ultimately, Dirac plasmon
polaritons[Di P13] – hybrid excitations with nanoscale field confinement formed by
light and collective oscillations of massless electrons – may be resolved on the sur-
faces of topological insulators and controlled in real space using ultrafast nanoscopy.
In contrast to the femtosecond photo-switching of surface waves demonstrated in
the literature[Ni16; Baso17b; Hube17], these Dirac plasmons should benefit from the topo-
logical protection that is expected to result in inherently low scattering rates and
significantly extended propagation lengths. This should facilitate a nanoscale con-
trol over light-matter interactions spanning distances exceeding numerous polariton
wavelengths.

In this section, we discuss the ongoing progress towards these goals in terms of
two milestones: tomographically resolved, ultrafast charge carrier dynamics and
atomically flat, next-generation topological insulator samples.

Towards isolating ultrafast dynamics of Dirac fermions. One of the central as-
pects of our experimental technique – the nanotomographic sensitivity – can be
combined with ultrafast photoexcitation[Luo13; Sobo13; Reim14] to obtain unique insights
into the dynamics of Dirac fermions hosted by the topologically protected surface
states. Open questions revolve around the influence of nanoscale electronic or struc-
tural inhomogeneities on the surface properties or the interplay with bulk states, for
example. Resolving the ultrafast dynamics of electrons that are photo-excited from
the topologically protected surfaces states into the bulk conduction band could rep-
resent a powerful tool to address these topics. Nanoscale differences in the lifetime of
the photo-excited carriers could yield insights into the mobilities of the electrons in
general or into the local scattering of charge carriers from bulk bands back into the
surface states. Interestingly, we have already revealed a strong dependence of the
ultrafast response of (Bi0.57Sb0.43)2Te3 on the probing volume in proof-of-principle
pump-probe experiments. By varying the tapping amplitude (see Figure 6.11), the
modulation depth ∆ of the scattered intensity could be tuned substantially. This
could be an indication that the ultrafast relaxation dynamics at the surface and
those within the bulk are different. A rigorous theoretical analysis will, however, be
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Figure 6.11 |Ultrafast scattering
response of topological insulators.
Scattered intensity I3 as a function of
the pump-probe delay time recorded
using three different tapping ampli-
tudes A on a (Bi0.57Sb0.43)2Te3 sam-
ple (grown at the Forschungszentrum
Jülich). The excitation was centered
around a wavelength of ∼1560 nm (for
further details see Appendix B.2). The
discrepancy between the normalized in-
tensities at negative delay time and the
minimal value reached at ∼5 ps is char-
acterized by modulation depths ∆.

required in order to isolate the dynamics at different probing depths inside the ma-
terial. Complementary ultrafast nanoscale photoemission spectroscopy[Man17] mea-
surements could help in identifying the underlying carrier dynamics.

Towards next-generation topological insulator samples. Harnessing the unique
properties of the topologically protected surface states depends crucially on a smooth
topography of the sample, preventing any degradation of the surface, and minimiz-
ing any influences from the bulk material. To meet these demands, next-generation
topological insulator samples are currently being developed in the group of Prof.
Dr. Dominique Bougeard at the University of Regensburg. These custom-tailored,
ultraflat samples can be grown by molecular beam epitaxy with thicknesses pre-
cisely controlled via the number of individual quintuple layers. These samples have
enabled us to resolve individual unit cells in the topography (see Figure 6.12). Re-
markably, uniform, atomically flat islands are formed upon growth, which can even
exceed hundreds of nanometers in diameter. Strikingly, we are also able to resolve
quintuple layer steps in the scattered near-field intensity I3 recorded with a quantum
cascade laser operating at a frequency of 28.6 THz. In Figure 6.13 the topography
of a (Bi0.74Sb0.26)2Te3 sample, which grows in a pyramid-like structure, is depicted
as the height profile. Conversely, the scattered intensity I3 is indicated by the color
code. Whereas the individual quintuple layers are also clearly discernible in I3, the
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Figure 6.12 | Individual quintuple
layers on next-generation topolog-
ical insulator samples.
Top panel: Line cut through the two-
dimensional map of the topography,
which is shown in the bottom panel.
The dashed lines highlight a character-
istic step of∼0.9 nm in height. This un-
ambiguously proves that the plateaus
in the topography are separated by in-
dividual quintuple layers (compare Fig-
ure 2.5).
Bottom panel: Topography of a repre-
sentative region on a (Bi0.35Sb0.65)2Te3
sample grown by molecular beam epi-
taxy on a strontium titanate (SrTiO3)
substrate recorded by atomic force mi-
croscopy. The horizontal red line indi-
cates, where the line cut shown in the
top panel was extracted.

scattering response is, however, not determined by the absolute height of the sam-
ple, but rather depends on the local morphology of the topological insulator surface.
Specifically, drastic enhancements of the scattering response are obtained close to
the step edges. This reproducible feature in I3 could be a first indication of the topo-
logically protected surface states wrapping around individual quintuple layer steps
and thereby locally enhancing the optical conductivity (see inset in Figure 6.13).

Resolving first probing depth-dependent ultrafast dynamics and individual quintuple
layers represent excellent starting conditions for the ultimate goal of resolving Dirac
surface plasmons on a topological insulator in real space. The remaining objective
lies in designing samples with optimized doping levels and without two-dimensional
electron gases largely obscuring the coexisting topologically protected surface states.
By passivating the surface with a thin oxide cover layer such as Al2O3, any degra-
dation of the surface could effectively be prevented. At the same time, a thickness
of the cover layer on the order of only a few nanometers should ensure that the
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Figure 6.13 |Resolving quintuple
steps in the scattering response.
Height profile representing the topog-
raphy of a (Bi0.74Sb0.26)2Te3 recorded
with atomic force microscopy. The
scattered near-field intensity I3 was si-
multaneously acquired with a quan-
tum cascade laser operating at a fre-
quency of 28.6 THz and has been color-
coded onto the height profile. Inset:
Schematic of the topologically pro-
tected surface states (TSS) wrapping
around the quintuple steps.

evanescent near fields can still probe the topological insulator underneath. Finally,
exploiting the quaternary alloy (Bi1-xSbx)2(Te1-ySey)3 should allow for a complete
control of the Fermi level and the energetic position of the Dirac point with respect
to the bulk bands[Ren11]. Thus, ideal samples for the observation of Dirac plasmons
should soon be within reach.
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7
Electron-hole pair dynamics

in van der Waals heterostructures

The previous chapters have shed light onto the role of topology regarding the excep-
tional properties of van der Waals quantum materials. Yet, not only the structure
of the wavefunctions in reciprocal space plays a crucial role in shaping functionali-
ties of quantum matter, but also many-body interactions among crystal electrons as
well as confinement effects in materials with reduced dimensionality[Baso17a; Toku17].
Monolayer transition metal dichalcogenides form prototypical two-dimensional sys-
tems, whose optoelectronic properties are dominated by Coulomb correlations in the
form of strongly bound electron-hole pairs – so-called excitons[Wang18].
In this chapter, we expand the microscopic understanding of custom-tailored exci-
tons in van der Waals bilayers, which hold great promise for fundamental research
and future applications alike. To this end, we review our recent, key findings on
spatially indirect excitons in heterobilayers[Kuns18; Merk19] and discuss promising av-
enues for resolving their formation mechanism – interlayer charge transfer – on sub-
wavelength scales. Finally, we employ subcycle terahertz nanoscopy[Plan20] to gain
a spatiotemporal access to electron-hole pair populations via near-field probing of
their out-of-plane polarizability. By mapping the decay dynamics of electron-hole
pairs in space and time, we reveal pronounced inhomogeneities of the optoelectronic
properties on the nanoscale and find a strong renormalization of the photo-carrier
lifetime as their density or the relative orientation of adjacent monolayers is varied.
This chapter features preliminary experimental data and furthermore reviews a number of
publications[Plec15; Nagl17a; Kuns18; Merk19; Nagl19; Merk20; Plan20] that I have contributed to.
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7 Electron-hole pair dynamics in van der Waals heterostructures

7.1 Excitons in transition metal dichalcogenides
The versatile platform of van der Waals crystals features a broad variety of mate-
rials with distinct assets. Besides the three-dimensional topological insulators, the
family encompasses two-dimensional crystals such as the semimetal graphene and
the semiconducting transition metal dichalcogenides[Novo16]. The latter are of par-
ticular interest because of their exceptional optoelectronic properties[Xia14] such as
a direct bandgap in the monolayer limit[Mak10; Sple10] or an optically accessible valley
degree of freedom[Mak18]. Furthermore, prototypical transition metal dichalcogenides
such as MoS2 and WSe2 host strongly bound excitons[Wang18], whose large binding
energies[Cher14; Poel15] render these quasiparticles stable at room temperature. Stack-
ing two atomically thin layers on top of each other (see Figure 7.1a) and thereby
forming a van der Waals heterostructure[Geim13] opens up almost unlimited possibil-
ities for custom-tailoring the excitons that dominate the optical response.

Van der Waals bilayers. In most bilayers consisting of two different transition
metal dichalcogenides, the resulting type-II band alignment[Kang13] can be exploited
for the fabrication of atomically thin p-n junctions[Lee14] and light harvesting appli-
cations[Furc14], for example. As the inset of Figure 7.1b depicts, the energetically
favorable states for electrons and holes are localized in either of the monolayers.
Therefore, optically injected intralayer electron-hole pairs (see Xintra in Figure 7.1a)
will spatially separate on ultrafast timescales[Hong14; Merk19]. Yet, electron and hole
can still bind across layers into a so-called charge-transfer or interlayer exciton[Rive18]

(Xinter). Besides their relevance for optoelectronic devices[Unuc18; Unuc19], these long-
lived species[Rive15; Nagl17b] have also been proposed as a testbed for high-temperature
superfluidity[Fogl14] and exciton condensation[Wang19c; Sigl20].
Apart from the choice of two-dimensional materials, which allows for a control of
the optical absorption[Xia14], for example, even a new degree of freedom emerges
in these heterostructures. Since the individual layers are only loosely bound by
van der Waals forces, the monolayers can be stacked under an arbitrary angle in
stark contrast to conventional semiconductor structures that rely solely on covalent
bonds. This so-called twist angle represents an efficient tuning knob and has re-
cently even transformed the semimetal graphene into a superconductor[Cao18; Bale20] or
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Figure 7.1 | Twist-control of excitons in van der Waals heterostructures.
a, Artistic view of Coulomb-bound electron-hole pairs (blue and red spheres) in a
van der Waals heterostructure consisting of MoS2 and WSe2 monolayers. Different
excitonic species such as intralayer excitons Xintra in either of the layers and interlayer
excitons Xinter can be distinguished. b, Normalized photoluminescence intensity of a
MoS2/WSe2 heterostructure after excitation with a continuous-wave laser operating
at a wavelength of 532 nm. Gaussian fits (red line) to the raw data (gray circles)
reveal the emission from three distinct types of excitons (blue, green, and orange
lines, compare a). Inset: Schematic type-II band alignment of the heterostructure
explaining the reduced emission energy of interlayer excitons Xinter as compared
to the intralayer counterparts Xintra. c, Emission energy of the interlayer exciton
(see vertical dashed line in b) as a function of the twist angle θ (see inset). The
error bars of the experimental data (blue) were obtained by spatially averaging the
photoluminescence emission. The theoretical values calculated by density functional
theory (‘DFT’, red symbols) are rigidly upshifted by 0.445 eV because only energy
shifts and not absolute energies can be predicted accurately by the simulations as
detailed in reference [Kuns18].
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7 Electron-hole pair dynamics in van der Waals heterostructures

a ferromagnet[Shar19] given that two layers are stacked at a ‘magic angle’[Bale20]

close to θ = 1.1◦. Correlated phases and potential indications of superconduc-
tivity have recently also been reported[Wang20] for homobilayers of WSe2. In het-
erobilayers, the twist angle controls exciton diffusion[Yuan20], the formation[Merk19]

and recombination[Naya17] of interlayer excitons, or the moiré confinement potential
landscape[Alex19; Jin19; Seyl19; Tran19].
In order to leverage any of the above concepts or future applications revolving around
transition metal dichalcogenide bilayers, a precise knowledge of the electron-hole
pairs dominating their optoelectronic properties is, however, indispensable.

7.2 Probing interlayer charge transfer

In the following, complementary approaches for accessing the formation and recom-
bination processes of spatially indirect excitons are presented before developing a
strategy allowing for complete spatiotemporal monitoring of interlayer tunneling.

Photoluminescence spectroscopy. Different exciton species can, for example, be
addressed using micro-photoluminescence spectroscopy[Korn11; Plec15; Nagl17a; Nagl19]. In
MoS2/WSe2 heterobilayers1, the emission spectra acquired after optical excitation
with continuous-wave light of a wavelength of 532 nm is dominated by three distinct
spectral features (see Figure 7.1b). The two signatures with the highest emission
energies can be identified as originating from radiative recombination of intralayer
excitons Xintra. The discrepancy in emission energies of the species in MoS2 and
WSe2 mainly stems from the different bandgaps of the two materials[Kang13].
On the heterostructure, a novel, low-energetic feature emerges, which is absent on
either of the constituent monolayers. The emission at ∼1.6 eV is therefore attributed
to an interlayer exciton, which experiences a reduced bandgap due to the type-II
1The discussion in this paragraph includes some results that were already presented at a preliminary
stage in my master thesis titled “Twist-induced tuning of interlayer coupling in MoS2/WSe2
heterostructures” submitted in the year 2015. The work was carried out under the supervision
of Prof. Dr. Christian Schüller and Prof. Dr. Tobias Korn at the Institute of Experimental
and Applied Physics at the University of Regensburg. Additional data was, however, acquired,
analyzed, and interpreted during my doctoral studies with Prof. Dr. Rupert Huber. Finally,
the results were published in 2018 with essential theoretical input by Dr. Jens Kunstmann (TU
Dresden) and colleagues as reference [Kuns18] in Nature Physics.
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7.2 Probing interlayer charge transfer

band alignment (see inset in Figure 7.1b). Interestingly, the emission energy of Xinter

is strongly affected by the relative orientation of the monolayers. A variation of the
twist angle θ reveals a clear red shift of the spectral signature by up to ∼40 meV
at configurations close to an (anti-)alignment of the layers with respect to interme-
diate, misaligned orientations (see Figure 7.1c). Complementary density functional
theory calculations identified the microscopic origin of this tunability of the exciton
emission energy: Due to steric repulsion of the chalcogen atoms[Van 14], the inter-
layer separation is increased for angles near θ = 30◦. Conversely, alignment of the
layers near the 3R (θ = 0◦) or 2H (θ = 60◦) stacking orders significantly decreases
the van der Waals gap between the monolayers[Kuns18]. Hence, a stronger inter-
layer coupling can, in these cases, renormalize the energy levels, thereby effectively
decreasing the electronic bandgap and hence the emitted photon energy. While in-
tense combined efforts of theory and experiments have even allowed us to identify
the momentum-space indirect nature[Kuns18] of the interlayer excitons presented in
Figure 7.1, photoluminescence spectroscopy can generally not easily distinguish be-
tween changes to the single-particle bandstructure and the exciton binding energy,
both of which can be responsible for shifts of the emission energy with material
composition or twist angle. Since the approach is furthermore inherently limited to
the small subset of bright excitons within the light cone, we now switch gears to
alternative experimental techniques capable of addressing all electron-hole pairs.

Internal excitonic transitions. By triggering hydrogen-like, internal excitonic tran-
sitions between different orbital states, optically bright and dark photo-generated
excitons can be addressed irrespectively of their center-of-mass momentum or spin
orientations[Kain03; Poel15; Stei17b]. Hence, probing 1s–2p transitions of excitons (see
Figure 7.2a) represents a direct method of isolating the Coulomb correlations in
transition metal dichalcogenides. Experimentally, this can be achieved by trans-
mitting phase-stable multi-terahertz waveforms through van der Waals structures
and resolving the electric field in absolute amplitude and phase by electro-optic
sampling[Hube00; Hube01]. A careful analysis of the pump-induced changes to the trans-
mitted waveform allows for a retrieval of the complex-valued, non-equilibrium di-
electric function of the sample[Hube01]. This procedure works in complete analogy to
the extraction of the nanoscale dielectric function presented in Chapter 5. Yet, no
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Figure 7.2 | Internal structure and ultrafast formation dynamics of inter-
layer excitons. a, Interlayer Coulomb potential and wavefunctions of the 1s and
2p orbitals of interlayer excitons in real space. Mid-infrared (MIR) waveforms trig-
ger internal excitonic transitions. b, Pump-induced change of the real part of the
optical conductivity ∆σ1 revealing 1s-2p transitions of interlayer excitons (Xinter)
and intralayer excitons (Xintra). The red (blue) symbols represent the experimen-
tal data obtained on a photo-excited WSe2/WS2 (WSe2/hBN) heterostructure at a
delay time of tp = 5.1 ps (tp = 175 fs). The shaded areas represent phenomenologi-
cal fits with three Lorentzian oscillators. For further details see reference [Merk19].
c, Intra- and interlayer exciton densities as a function of pump-probe delay time for
a WSe2/WS2 heterostructure with a twist angle of θ = 5◦. Solid lines: results of the
microscopic theory by the group of Prof. Dr. Ermin Malic at Chalmers University.
The data was taken from reference [Merk19].

sophisticated near-field scattering models are required. Instead, it is sufficient to con-
sider the Fresnel coefficients obtained by the transfer matrix formalism[Poel15; Merk19].
As revealed in reference [Merk19], the intra- and interlayer excitons leave character-
istic fingerprints in the extracted pump-induced changes to the dielectric function
∆ε, indicating internal transitions between 1s and 2p states (see Figure 7.2a). The
underlying absorption of mid-infrared light manifests itself as a Lorentzian reso-
nance. Specifically, the real part of the optical conductivity ∆σ1 (directly related to
the imaginary part of the dielectric function) exhibits a pronounced maximum (see
Figure 7.2b), whereas the real part of the dielectric function ∆ε1 features a charac-
teristic dispersive feature (not shown). For the 1s–2p splitting of interlayer excitons,
we find an excellent agreement with the theoretical predictions of 69±5 meV, which
are based on numerical solutions of the Wannier equation. Since this transition en-
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7.2 Probing interlayer charge transfer

ergy is a direct measure for how strongly electron and hole are bound, this approach
has uniquely allowed us to determine the interlayer exciton binding energy[Merk19],
for the first time. Whereas the binding energy of intralayer excitons could also be
determined by interband spectroscopy[Cher14], the spatially separated counterparts
couple only very weakly to light, which renders this conventional approach chal-
lenging. Conversely, with our Rydberg-like spectroscopy[Cund19], we can determine
a value of 126 ± 7 meV for the binding energy of interlayer excitons in WSe2/WS2

structures on diamond substrates[Merk19].
Since intralayer excitons are more tightly bound[Poel15; Stei17b], their 1s–2p transi-
tion energy is blue shifted with respect to the interlayer exciton resonance (see
Figure 7.2b). The two spectral fingerprints are clearly separated, which allows for
tracing the different exciton species in WSe2/WS2 heterostructures as a function
of the pump-probe delay time tp (see Figure 7.2c). After resonant excitation of
intralayer excitons solely in the WSe2 monolayer, the electron can rapidly tunnel
into the adjacent WS2 layer on a timescale on the order of ∼100 fs. Consequently,
the density of intralayer excitons (blue) diminishes rapidly. At the same time, the
interlayer exciton population (red) builds up and reaches a maximum after ∼5 ps.
These experiments in combination with the sophisticated theoretical modeling by the
group of Prof. Dr. Ermin Malic have allowed us to identify the efficient, twist-angle-
dependent tunneling pathways transforming intra- into interlayer states[Merk19]. In-
terestingly, the transition between exciton phases occurs on femtosecond timescales,
but takes place without an intermediate phase of unbound electron-hole pairs.
Even though subcycle multi-terahertz spectroscopy has proven to be an invaluable
tool for studying the ultrafast exciton dynamics in transition metal dichalcogenide
bilayers[Merk19; Merk20], a simultaneous nanoscale spatial resolution has remained elu-
sive owing to the diffraction limit (compare Chapter 3). Defects, impurities, or the
local dielectric environment can, however, significantly alter the properties of the
excitons[Raja19] on submicron length scales. Furthermore, a finite angular misalign-
ment of the layers or a lattice mismatch will give rise to a moiré superlattice, which
also periodically modulates the optical response of a heterostructure. Hence, prob-
ing van der Waals bilayers on the nanoscale should offer unique insights into how
microscopic processes such as the formation of interlayer excitons are affected by
inhomogeneous structural or dielectric environments.
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Figure 7.3 | Terahertz emission
nanoscopy of interlayer charge
transfer in heterobilayers.
Ultrafast interlayer tunneling of charge
carriers (spheres) in transition metal
dichalcogenide heterostructures gives
rise to a time-dependent out-of-plane
current jz(t) (arrow). According to
Maxwell’s equations, this femtosecond
current will emit a terahertz waveform
(red) that can efficiently be coupled
out by the metallic near-field tip.

Terahertz emission nanoscopy. Isolating the charge transfer dynamics by em-
ploying terahertz emission nanoscopy[Klar17; Yao19; Pizz20] represents a promising route
for tracing the formation of interlayer excitons directly on the nanoscale. Since the
ultrafast tunneling of photo-generated carriers into the adjacent layers corresponds
to a time-dependent out-of-plane current jz(t) on the order of ∼100 fs, a terahertz
waveform will be emitted according to Maxwell’s equations. This electromagnetic
radiation encodes fingerprints about the interlayer charge transfer such as the char-
acteristic tunneling time or the transfer efficiency[Ma19]. Yet, this key information
has so far only been accessible in a diffraction-limited, spatially averaged fashion.

Exploiting the strong field confinement at the apex of a sharp near-field probe, the
terahertz pulse can, however, selectively be coupled out directly underneath the tip
(see Figure 7.3). As in near-field microscopy, the radiation is subsequently scattered
to the far field, where it can be detected. In the terahertz spectral domain, it is
straightforward to directly record the oscillating electric field of the emerging light
pulses by electro-optic sampling[Hube00; Eise14; Klar17]. Hence, crucial insights about
the impact of the aforementioned inhomogeneities on the charge transfer process
could be inferred with subcycle temporal resolution by employing terahertz emis-
sion nanoscopy. Since the temporal shape of the emitted waveform is dictated by
the underlying interlayer tunneling dynamics, it is even possible to reconstruct the
current density jz(t) from the detected far fields[Plan20].
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7.2 Probing interlayer charge transfer

Linking emerging fields and currents. Maxwell’s equations need to be solved
numerically in order to link the emitted electric fields to the underlying interlayer
currents. To this end, we perform finite element simulations2 in analogy to Chap-
ter 3. Instead of externally illuminating the near-field tip, however, the sources of
electromagnetic fields are vertically oriented point dipoles[Klar17], which are placed
1 nm above the silicon substrate and describe the interlayer tunneling current. In
these simulations, we neglect the influence of the transition metal dichalcogenide
bilayer and the silicon dioxide substrate layer because the temporal shape of the
current as well as the geometry of the near-field tip3 play the dominant roles for the
emitted terahertz fields, as demonstrated below.
Since the short timescale of the interlayer tunneling process implies a spectrally
broadband emission, we calculate the electromagnetic fields emerging from the dipole
sources for a range of frequencies up to 3 THz in steps of 0.1 THz. Subsequently,
we are able to calculate an ultrafast time-domain movie of the emission process by
superimposing the frequency-domain field distributions Ē(r, ν) and systematically
evolving the phase for each spectral component ν individually in time t. Hence, a
snapshot image of the electric field E(r, t) can be approximated as follows:

E(r, t) =
∑
ν

j̄zd̄EOSĒ(r, ν)ei2πνt . (7.1)

Here, we weight the frequency components ν by their contribution to the Fourier
transform of the interlayer tunneling current j̄z and additionally take the detector
response of the electro-optic sampling d̄EOS into account (for further details see
reference [Plan20]).
2We chose a spherical simulation volume with a diameter of 1.2 mm to accommodate the long
wavelengths in the terahertz spectral range. Since the nanoscale confinement of the electric field
at the tip apex additionally require fine resolution, a high-performance computer with 196 GB of
RAM is employed for these simulations. For further details see reference [Plan20].

3In the terahertz spectral range, the long wavelengths are not only comparable to the length of
the tip, but also the dimensions of the cantilever. Accurate simulations therefore require a real-
istic model of the entire probe geometry. The dimensions are extracted from scanning electron
microscopy images of representative probes (25PtIr200B-H40 by Rocky Mountain Nanotechnol-
ogy). Specifically, we model the tip as a cone with a radius of curvature of 40 nm at the apex
and a height of ∼80 µm. We simplify the complex geometry of the cantilever at the end that
is mounted to the support chip by employing an effective cantilever length of ∼325 µm. The
dielectric response of the metallic tip is described by the Drude model using the parameters for
Pt in reference [Raki98]. For further details see reference [Plan20].
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Figure 7.4 | Finite element simulations of terahertz emission nanoscopy.
a,b, Temporal snapshots 1.25 ps (upper panels) and 3.75 ps (lower panels) after the
emission of electromagnetic fields by a time-dependent point-dipole source. The
maps of the out-of-plane electric field Ez were obtained by superposition of the
respective distributions for different frequencies (compare Equation 7.1) and show
the bare dipole emitter (a) and the realistic tip-assisted emitter (b), respectively.
In the latter case, a reflection at the end of the cantilever (curved arrow) results in
the emission of delayed wavefronts (dashed line, ‘2’) in addition to the main pulse
(‘1’). c, Time-dependent interlayer current density jz, which acts as the source
of emission for the electromagnetic fields. Vertical lines: Selected times for the
snapshot images. d, Terahertz electric fields Eem

1 (circles) emitted by a photo-
excited WSe2/WS2 heterostructure, electro-optically sampled in the far field as a
function of the delay time, and demodulated at the first harmonic of the tip tapping
frequency. As predicted by the simulations in panel b, the transient features a main
oscillation cycle (‘1’) as well as trailing oscillations (‘2’). Red line: guide to the
eye. For further details see reference [Plan20]. e, Magnitude of the calculated tip
transfer function |Ω|.
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7.2 Probing interlayer charge transfer

In Figure 7.4a,b, representative snapshot images are shown without and with a near-
field tip in proximity of the surface. Since a broad range of frequencies is emitted for
the representative current density jz depicted in Figure 7.4c, the terahertz waveform
consists of a single optical cycle. For the bare dipole emitter, the emerging radiation
is strictly limited to this main oscillation cycle (dashed line) as indicated by the blue
and red wavefronts, which propagate away from the source (see Figure 7.4a). The
presence of the near-field tip with realistic geometry alters the emission process in
various ways (see Figure 7.4b): First, the near-field tip enhances the fields emitted
by the dipoles by more than three orders of magnitude. Second, the geometry of
the probe deforms the emitted wavefronts significantly, which also breaks the mirror
symmetry. Finally, a reflection of the terahertz waveform at the end of the cantilever
causes trailing oscillations in the electric field (lower panel).
To test our theoretical predictions, we photo-excite a WSe2/WS2 heterostructure
with visible pulses (center wavelength: 515 nm; pulse duration: ∼130 fs) and detect
the emitted electric fields Eem

1 in the far field using electro-optic sampling (compare
reference [Plan20]). The temporal structure of the experimental waveform depicted
in Figure 7.4d is fully consistent with our simulations. For a direct comparison with
the emerging electromagnetic radiation in Figure 7.4a,b, any changes induced by
the near-field tip need to be summarized in a single transfer function Ω. This is
achieved by predicting the emitted far fields based on the calculated field distri-
butions using the Stratton-Chu formalism[Stra39]. The strong modulations present
in the tip response Ω can be traced back to the trailing oscillations of the electric
field (see Figure 7.4b,d). Additionally, the coupling to the tip acts like a low-pass
filter for the terahertz radiation, effectively suppressing high-frequency components
as reported in the literature[Wang04].
Based on the transfer function Ω, which could even independently be verified experi-
mentally[Plan20], a theoretical waveform can then be predicted and matched to ex-
perimental emission transients similar to the one presented in Figure 7.4d. Thus,
the temporal evolution of the local interlayer current jz(t) can be extracted. In the
future, this procedure could yield unprecedented insights into nanoscale variations
of the interlayer tunneling rates and efficiencies. Furthermore, the precise knowl-
edge about the tip transfer function is essential for understanding the scattering of
terahertz probe pulses from the tip as discussed in the next section.
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7 Electron-hole pair dynamics in van der Waals heterostructures

7.3 Tailored electron-hole pairs in homobilayers
Whereas the properties of heterobilayers can be probed on the nanoscale with the
strategy developed above, the absence of a unidirectional interlayer current[Yago20] in
monolayers or homobilayers hampers a probing with terahertz emission nanoscopy
even though these systems offer exciting physical phenomena. For example, bidi-
rectional interlayer hopping, which emerges due to the degenerate energy levels in
transition metal dichalcogenide bilayers composed of a single material, efficiently
couples adjacent monolayers. Hence, hybridization effects that are sensitive to
the relative crystallographic orientation of the constituent layers are expected to
play an important role for the single-particle bandstructure[Hsu19] and the Coulomb
correlations[Merk20]. Thus, rich phase diagrams can be tailored in twisted homobilay-
ers of graphene[Bale20] or transition metal dichalcogenides[Wang20] that have yet to be
fully understood. Furthermore, homobilayers feature diverging moiré wavelengths
for infinitesimally small twist angles θ, in principle, which renders this material class
especially interesting for near-field experiments[Sunk18; Sunk20].
In the following, we adapt the subcycle, non-invasive nanoscopy recently demon-
strated in reference [Plan20] and introduce it as efficient probe of the twist-angle
dependent, ultrafast photo-carrier dynamics in WSe2 bilayers on deeply subwave-
length scales.

Subcycle terahertz nanoscopy. The novel concept relies on accessing the out-
of-plane polarizability of all electron-hole pairs using the near fields of terahertz
probe pulses, which gives access to both optically bright and dark states[Plan20] (see
Figure 7.5a). The approach pioneered in reference [Plan20] is centered around a
high-power, ultrastable ytterbium-doped yttrium aluminum garnet (Yb:YAG) thin-
disk laser source operating at a wavelength of 1030 nm. Its high pulse energies up
to 3.75 µJ with a repetition rate of 24 MHz allow for generating ∼1 mW of tera-
hertz radiation in a gallium phosphide crystal via optical rectification. Hence, the
repetition rate of the laser significantly exceeds the oscillation frequency of the tip
(∼100 kHz) and the field strengths remain low enough to avoid damage when cou-
pling the radiation to the near-field tip. After the probing fields have interacted with
the sample, the waveform is scattered back into the far field (compare Chapter 3),
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Figure 7.5 | Probing exciton polarizabilities on the nanoscale. a, Schematic
of the ultrafast visible-pump/THz-probe nanoscopy experiment. Photo-generated
bound states of localized holes (red sphere) and delocalized electrons (blue cloud,
discussed later on in the context of Figure 7.7) are displaced by the confined out-of-
plane near fields (colored lines) of the THz probe pulses after a pump-probe delay
time tp. Hence, the polarizability of the excitons is encoded in the scattered fields.
For clarity, only one exciton species, whose hole resides in the top layer, is depicted.
b, Steady-state (E1, red) and pump-induced (∆E1, blue) THz waveforms scattered
off aWSe2 homobilayer with 2H stacking. The vertical dashed line indicates the peak
of the pump-induced changes to the electric field ∆Ê1 investigated, for example,
in Figure 7.6. c, Normalized spectral amplitude Ē1 of the scattered waveform.
d,e, Relative pump-induced changes to the waveform in terms of an amplitude
spectrum ∆Ē1/Ē1 (d) and a corresponding phase spectrum ∆φ1 − φ1 (e). The
pump-induced changes ∆E1 were recorded at a delay time of tp = 2.25 ps using a
pump fluence of ∼200 µJ cm−2. For the spectral data, zero padding was employed
to double the range of delay times before Fourier transforming.

139



7 Electron-hole pair dynamics in van der Waals heterostructures

where it can be recorded in the time domain by electro-optic sampling in a second
gallium phosphide crystal. Here, part of the oscillator output is employed as gate
pulses, whereas another fraction is frequency-doubled in a β-barium borate crystal
and used for photo-excitation of the sample. A representative scattered waveform
E1 demodulated at the first harmonic4 of the tip tapping frequency recorded on
an exfoliated WSe2 bilayer on a Si/SiO2 substrate is depicted in Figure 7.5b. The
transient consists of two main oscillation cycles with a period of ∼1 ps followed by
a few trailing oscillations. In the frequency domain (see Figure 7.5c), these features
manifest themselves as a broad spectrum centered around 1.5 THz. For low frequen-
cies, diffraction constrains the collection efficiency of the parabolic mirror inside the
near-field microscope. In contrast, low-pass filtering of the tip discussed earlier as
well as the electro-optic detector limit the bandwidth at higher frequencies[Plan20].
Qualitatively, the additional structure of the spectrum can again be understood in
terms of reflections of the scattered electric fields at the end of the cantilever. In the
time domain, this phenomenon is responsible for the trailing oscillations, which cor-
respond to periodic modulations of the spectral amplitude Ē1 (compare Figure 7.4e).
Any changes to the electric field ∆E1 induced by the visible pump pulses (center
wavelength: 515 nm; pulse duration: ∼130 fs) are recorded simultaneously. To this
end, the pump beam is modulated acousto-optically, which enables sensitive lock-in
detection of ∆E1. The pump-induced changes to the waveform are depicted as blue
curve in Figure 7.5b. Remarkably, ∆E1 exhibits a phase shift of −π/2 with respect
to the scattered field E1, whereas the temporal shape of the waveform is mostly pre-
served. Consequently, the relative photo-induced amplitude (∆Ē1/Ē1) and phase
(∆φ1 − φ1) normalized to the scattered fields do not contain any pronounced spec-
tral features (see Figure 7.5d,e). These findings are perfectly in line with previous
experiments on different van der Waals materials[Plan20]. The broadband scatter-
ing response verifies that the terahertz near fields only polarize the electron-hole
pairs[Wang06; Plan20] and do not trigger any discrete interband transitions. In essence,
the confined out-of-plane electric fields of the THz probe pulses displace the photo-

4Note that recording the scattered fields directly in the time domain inherently circumvents cer-
tain sources of far-field background in the signal[Ster17]. Additionally, at terahertz frequencies,
even low-order demodulation have been demonstrated to yield a decent spatial resolution[Moon15].
Consequently, we employ n = 1 in the following, in contrast to the multi-terahertz experiments
discussed in the previous chapters, for which higher demodulation orders (n ≥ 2) have been used.
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carriers similar to a Lorentz oscillator that is driven nonresonantly. As a result,
we expect the pump-induced changes to the scattered electric fields ∆E1/E1 to be
directly proportional to the polarizability of the electron-hole pairs αe–h and their
density ne–h. This becomes even more plausible when considering the small mag-
nitude (<1%, compare Figure 7.5) of the relative pump-induced changes ∆E1/E1.
Consequently, these findings set the stage for exploring ultrafast photo-carrier dy-
namics on the nanoscale in twisted transition metal dichalcogenide homobilayers.

7.3.1 Twist-control of photo-carrier dynamics

To monitor electron-hole pair populations, we record the peak of the photo-induced
changes to the waveform ∆Ê1 (compare gray line in Figure 7.5b) as a function of the
pump-probe delay time tp. The quantity ∆Ê1 corresponds to spectrally integrated
data[Hube01; Stei18; Merk20], which is sufficient in this case because of the broadband scat-
tering response (compare Figure 7.5d). Assuming a single species of electron-hole
pairs with fixed out-of-plane polarizability αe–h, the quantity ∆Ê1 is consequently a
direct measure for the charge carrier density[Plan20].
In Figure 7.6, we investigate the ultrafast photo-carrier dynamics for monolayers
and twisted homobilayers of WSe2. The monolayer exhibits an evolution of ∆Ê1,
whose rapid onset is limited by the response time of our setup[Plan20]. The sub-
sequent fast decay within ∼3 ps is consistent with previous results on intralayer
excitons[Stei17b; Plan20]. For the homobilayer samples, we find drastically different
photo-carrier dynamics: The onset of the pump-probe response is slightly delayed
by up to a few picoseconds. This could encode the scattering into the energeti-
cally favorable, indirect gap states[Merk20] (compare Figure 7.7), whose delocalized
wavefunctions should enhance the polarizability as discussed in the next paragraph.
However, the subtle signatures will require further investigations in the future. More
importantly, the decay times are significantly extended to tens of picoseconds in con-
trast to the short-lived intralayer excitons in the monolayer. Interestingly, we observe
a strong tunability of the decay dynamics with the twist angle of the homobilayer.
For high-symmetry 3R (θ = 0◦) or 2H (θ = 60◦) stacking, we find the longest life-
times in excess of 25 ps, which we quantify by monoexponential fits (dashed lines) to
the data, whose characteristic decay constants are summarized in Figure 7.6b. Con-
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Figure 7.6 |Ultrafast photo-carrier dynamics in twisted WSe2 bilayers.
a, Normalized peak electric field of the pump-induced changes to the scattered
THz waveform ∆Ê1 (compare Figure 7.5) as a function of the pump delay time
tp recorded on WSe2 homobilayers (BLs) with twist angles of θ = 0◦, 30◦, and 60◦.
Inset: ∆Ê1 for a WSe2 monolayer (ML) given in units of the maximum of ∆Ê1
obtained on the homobilayer with θ = 30◦. The dashed lines represent fits with
monoexponential decays to the data. A center wavelength of 515 nm and a pump
fluence of 120 µJ cm−2 were used in the experiments. b, Characteristic 1/e decay
times τ as a function of the twist angle θ obtained by the fitting procedure in a. The
dashed line represents a guide to the eye highlighting the tunability of the exciton
lifetime in twisted bilayers. The vertical error bars represent one standard deviation
of the fitting procedure, whereas the uncertainty in twist angle was estimated to
be on the order of ±1◦ when using the tear-and-stack method[Kim16] for fabricating
bilayers out of single monolayers (see also [Merk20]).

versely, a strong misalignment of the layers (θ = 30◦) results in lifetimes as short as
12 ps. The evolution of the photo-carrier lifetimes in homobilayers with twist angle
are in line with our recent low-temperature, far-field experiments probing internal
1s–2p transitions of excitons in twisted WSe2 bilayers[Merk20]. Consequently, we will
now interpret the results presented in this section based on the concept of varying
degrees of exciton hybridization as introduced in reference [Merk20].
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Figure 7.7 | Twist-dependent hybridization of excitons in homobilayers.
a, Bandstructure of bilayer WSe2 with natural 2H stacking. The energetically fa-
vorable, hybrid exciton Xhybrid is formed by a hole (red sphere) at the K point and an
electron (blue sphere) at the Λ point. b, Schematic of the hybridization of intralayer-
like (Xintra) and interlayer-like (Xinter) excitons facilitated by interlayer hopping of
the electron (green arrow, left panel). As a result, the energy of the hybrid excitons
Xhybrid (blue line) is lowered with respect to Xintra and Xinter (gray lines, right panel).
c, Probability density of the electron within WSe2 homobilayers with twist angles
of θ = 0◦ (upper panel) and θ = 50◦ (lower panel). The hole is placed at a fixed
position in the top layer. The data was taken from reference [Merk20].

Hybridized excitons. In contrast to the direct bandgap in transition metal dichalco-
genide monolayers, homobilayers feature an indirect bandgap (see Figure 7.7a). Con-
sequently, K-Λ electron-hole pairs represent the energetically most favorable config-
uration. Whereas states in the K valley are composed of wavefunctions highly local-
ized at the transition metal atoms[Mak10; Sple10], the conduction band in the Λ valley
also consists of selenium p-orbitals[Merk20]. The resulting finite wavefunction overlap
of electronic states in neighboring layers facilitates interlayer hopping of electrons
(see Figure 7.7b). The consequences of this interlayer coupling can be understood
in a simple Gedankenexperiment, which allows us to identify two limiting cases:
Electron and hole can either reside in the same layer or in adjacent layers, which
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corresponds to intralayer-like (Xintra) or interlayer-like (Xinter) excitons, respectively.
In reality, both of these species hybridize to lower the overall energy of the system by
forming bonding orbitals (see Figure 7.7b). Consequently, hybrid excitons (Xhybrid)
represent the ground state in photo-excited homobilayers as calculated by the group
of Prof. Dr. Ermin Malic at Chalmers University using a combination of density
functional theory and density matrix theory. Whereas the hole essentially resides
only in one layer, the electron is partially delocalized (see Figure 7.7c).
This hybridization of different excitonic species depends sensitively on the twist
angle, which dictates the wavefunction overlap of Xintra and Xinter in momentum
space[Merk20]. As the layers are misaligned from the high-symmetry stacking configu-
rations, the hybridization becomes less efficient and the adjacent monolayers become
effectively decoupled. Consequently, the intralayer-like, short-lived[Poel15] character
of the excitons increases and the lifetime of the hybrid exciton is reduced. Con-
versely, delocalized electrons for θ = 0◦ or θ = 60◦ reduce the wavefunction overlap
between electron and hole, thereby extending the lifetime[Merk20] and most likely en-
hancing the polarizability of the hybrid exciton.
The slight asymmetry in lifetime between θ = 0◦ and θ = 60◦ (compare Figure 7.6b
and see reference [Merk20]) is also consistent with this theoretical background: The
spin orientations of the electrons in the spin-split bands are opposite for the Λ and
Λ′ points. Hence, the hybridization of excitons becomes most efficient in samples
with a twist angle of θ = 0◦, in which states of identical spin orientation are energet-
ically degenerate[Merk20]. As a result, the electron is strongly delocalized and almost
evenly distributed among the layers (see Figure 7.7c).
Probing the out-of-plane polarizability of electron-hole pairs using subcycle tera-
hertz nanoscopy[Plan20] has allowed us to access the ultrafast photo-carrier dynamics
as a function of the twist angle. In contrast to far-field spectroscopy, small sample
dimensions and opaque substrates furthermore comply with near-field experiments,
which facilitates the access to such phenomena in atomically thin materials. The
added benefit of our novel experiments lies in the nanoscale spatial resolution, which
we will exploit later on to trace the photo-carrier population in space and time.
In the following, we demonstrate how many-body interactions enabled by the ex-
tended wavefunctions of the hybridized quasiparticles renormalize the decay dynam-
ics of photo-induced electron-hole pairs in homobilayers.
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7.3.2 Many-body interactions and exciton Mott transition

To address this topic, we have performed excitation-density-dependent pump-probe
experiments on WSe2 structures, which are summarized in Figure 7.8. First, we
study the renormalization of the decay dynamics of intralayer electron-hole pairs in
a monolayer with increasing pump fluence (see Figure 7.8a). Generally, the tempo-
ral evolution is similar to the results presented in the inset of Figure 7.6. Yet, with
increasing pump fluence the maximum of ∆Ê1 increases in magnitude and the subse-
quent decay occurs on shorter timescales. We quantify these observations by fitting
monoexponential decays to the data (dashed lines) and obtain a direct proportion-
ality between the amplitude of the fit and the pump fluence (see Figure 7.8b). Even
though the highest fluence employed in the experiments is close to the estimated
damage threshold of the sample (∼300 µJ cm−2), no strong signatures of saturation
of the optical absorption are detected as the pump fluence remains nearly directly
proportional to the maximum of ∆Ê1 and hence to the density of electron-hole
pairs. The distinct decrease of the electron-hole pair lifetime from 3.8 ps to 2.3 ps
with increasing density (see Figure 7.8c) can most likely be explained by Auger
recombination, which was identified as the dominant, non-radiative exciton annihi-
lation pathway in far-field experiments[Poel15]. We further verify this by adapting a
straightforward rate equation model based on the one presented in reference [Poel15].
The electron-hole pair density ne–h fulfills the following differential equation, when
neglecting any other recombination mechanisms apart from the bimolecular decay
characterized by the rate γ:

dne–h
dt = G(t)− 1

2γne–h
2 . (7.2)

Here, G(t) describes the generation rate of electron-hole pairs by the pump pulse,
which is implemented as a Gaussian with a full width at half maximum of 130 fs. Its
amplitude is determined by the pump fluence and the optical absorption[Zhao13; Li14]

of the sample, where we also include the onset of saturation effects that occur at high
carrier densities[Wang19a]. By numerically solving this rate equation and additionally
convolving the resulting temporal evolution of ne–h with the response time (∼0.4 ps)
of our experimental setup[Plan20], we obtain the pump-probe responses depicted in
the inset of Figure 7.8a. The ultrafast temporal evolution of the electron-hole pair
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Figure 7.8 | Excitation-density-dependent electron-hole pair dynamics.
a, ∆Ê1 as a function of the pump-probe delay time tp recorded on a WSe2 monolayer
for various pump fluences. Dashed lines: monoexponential fits. Inset: normalized
electron-hole pair density ne–h calculated with the rate equation model (compare
Equation 7.2). b,c, Amplitudes and decay constants of the fits in a. Blue line:
characteristic 1/e decay constants extracted from the simulations. d, ∆Ê1 for a
bilayer with θ = 0◦. Dashed lines: biexponential fits. e,f, Amplitudes and decay
constants of the fits in d. Dashed lines and shading: guides to the eye. Red lines
in b,e: linear fits. Vertical error bars: uncertainty (one standard deviation) of the
fitting procedures. Horizontal error bars: estimated uncertainty of the power meter.
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7.3 Tailored electron-hole pairs in homobilayers

density ne–h can capture the key characteristics of the spectrally integrated changes
to the scattered fields ∆Ê1 with a single fit parameter – the Auger decay rate γ –
for all pump fluences. Specifically, the linear increase in the maximum of ne–h as
well as the reduction of the characteristic decay time (see Figure 7.8c, solid line)
obtained by the straightforward model closely resemble the experimental data for
γ = 0.07 cm2 s−1. This value deviates from literature reports[Poel15] by a factor of two
most likely because of differences in background doping, the dielectric environment,
or the pump photon energy. Also, a more accurate determination of the exact Auger
rate would require a step-wise reduction of the pump fluence by several orders of
magnitude, which is not feasible with the current, typical data acquisition times.
In contrast, the homobilayer with θ = 0◦ exhibits a distinctly different behavior
(see Figure 7.8d). Whereas the magnitude of the pump-induced changes ∆Ê1 also
increases with pump fluence, the decay dynamics become more complex compared
to the monolayer case. Especially at elevated pump fluences, the temporal evolution
of ∆Ê1 can no longer be described by a monoexponential decay. Instead, we find an
initial, fast drop that is followed by an extended, slow decay. Whereas the amplitude
of the fast decay component (blue) also increases nearly linearly with pump fluence
– similar to the single decay observed in monolayers – the contribution of the slow
component (orange) remains nearly unchanged (see Figure 7.8e). Simultaneously,
the characteristic timescales of the fast decay are diminished from 8.8 ps to 6.4 ps,
while the slow decay exhibits no clear trend and rather fluctuates around an average
value of ∼110 ps (see Figure 7.8f). Note that for the long-lived component, there is
a larger experimental uncertainty in the absolute value of the characteristic decay
constant because of the small values of ∆Ê1 at late delay times. Hence, the long-
lived dynamics can considered to be nearly unaffected by the pump fluence.
In the following, we will show that our findings are consistently explained by the
scenario of an ultrafast exciton Mott transition.

Exciton Mott transition. Whereas excitons form the ground state of the photo-
excited system for low carrier densities, many-body effects come into play at elevated
densities. In an intuitive picture, the internal Coulomb interaction of the excitons is
gradually screened as the interparticle distance is reduced[Hube05]. As a result, the ex-
citon binding energy vanishes above a critical value called the Mott density ncrit and
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a dense electron-hole plasma forms[Mott61; Haug09]. Within this framework, the fast
initial decay of ∆Ê1 of the homobilayer at elevated fluences (compare Figure 7.8d)
can be understood as a transient plasma phase. Whereas excitons have wavefunc-
tions with finite extensions, unbound electrons and holes are characterized by plane
waves[Pere20]. Consequently, electrons and holes can recombine on timescales on the
order of a few picoseconds because a wavefunction overlap with a corresponding
hole exists for every electronic state such that the center-of-mass momentum of the
electron-hole pair vanishes (see Figure 7.9a). As soon as the carrier density falls
below the critical value ncrit within ∼10 ps, bound states can form again[Pere20]. In
contrast to the plasma, excitons need to scatter into the light cone[Poel15] in order to
recombine radiatively (see Figure 7.9b), which significantly slows down their decay.
The lifetimes of the plasma in homobilayers could exceed the typical decay times
of bound electron-hole pairs in monolayers for various reasons: On the one hand,
the additional third dimension in bilayers should reduce the wavefunction overlap
between electron and hole (compare Figure 7.7). On the other hand, the bandstruc-
tures of the two systems are distinct and further renormalized at elevated carrier
densities[Cher15; Erbe18; Meck18]. Hence, intervalley scattering[Wang19a] might be required
for radiative recombination of unbound electron-hole pairs in bilayers.
In general, the critical density ncrit can be estimated based on the exciton Bohr
radius aB using the Mott criterion:[Wang19a; Cher15]

aBn
1
2
crit ≈ 0.25 . (7.3)
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For bound states in WSe2 monolayers[Poel15], an extension of aML
B ≈ 8 Å corresponds

to nML
crit ≈ 1× 1013 cm−2. In homobilayers with 3R stacking, the delocalized electron

laterally extends the excitonic wavefunctions by roughly a factor of two (compare
Figure 7.7), which also reduces the binding energy by a similar amount[Merk20]. Con-
sequently, we estimate a critical density of nBLcrit ≈ 2.5× 1012 cm−2 in this case. As
we will discuss below, our experimental conditions allow us to reach carrier densities
exceeding this rough estimate of nBLcrit by more than an order of magnitude, which
renders the scenario of an exciton Mott transition extremely plausible.

Phenomenological theory. We introduce a rate equation model that can capture
the transition between the exciton and plasma phases and the associated recombina-
tion mechanisms. We include a decay rate Γplasma that only reduces the electron-hole
pair density ne–h as long as it remains above the critical value ncrit. To this end,
we implement a step function Θ (such as the Heaviside or arc tangent functions)
describing the onset of the Mott transition. This allows us to model the slow decay
of the exciton population at a rate Γexc for low carrier densities. Thus,

dne–h
dt = G(t)− Γexcne–h − Γplasmane–hΘ(ne–h − ncrit) . (7.4)

The results of these simulations using Γplasma = 1/10 ps−1, Γexc = 1/300 ps−1,
ncrit = 7× 1012 cm−2, and literature values for the optical absorption[Zhao13; Li14],
are summarized in Figure 7.10. With these parameters, the model can reproduce
the fast initial decay of the electron-hole pair density that is followed by the long-
lived pump-probe response (see Figure 7.10a). In order to avoid sharp kinks in
the temporal evolution of ne–h, the step function Θ (see Figure 7.10b) describing
the phase transition between an excitonic and a plasma regime (see Figure 7.10c)
was marginally smeared out resulting in a width of only ∼1× 1012 cm−2. Similarly
sharp onsets of the ionization have been predicted using ab initio calculations in the
literature[Stei17a]. In Figure 7.10d,e, we directly compare the numerical simulations
to our experimental results (reproduced from Figure 7.8d) and find that the model
can capture the key aspects. With increasing pump fluence, a larger and larger
fraction of the initial electron-hole population decays via the fast decay channel (set
by Γplasma) during the plasma phase before the system transitions into the exci-
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Figure 7.10 |Ultrafast exciton Mott transition in homobilayers. a, Evo-
lution of the charge carrier density as a function of the pump-probe delay time tp
obtained by numerically solving Equation 7.4 for the set of pump fluences indi-
cated by the different colors. The blue shading highlights the low-density, excitonic
regime. b, Threshold function Θ describing the onset of the fast decay rate Γplasma
in the plasma phase as discussed in the text. c, Schematic of the transition be-
tween an excitonic and a plasma regime. d, Identical data as in a, but normalized.
e, ∆Ê1 reproduced and normalized from Figure 7.8b. The solid lines were obtained
by smoothing the raw data (symbols).

tonic phase characterized by the slow decay rate Γexc. Only the experimental data
recorded with the highest fluence (black curve) represents an outlier. The deviations
from the linear scaling of the fast decay component in ∆Ê1 with pump fluence (ob-
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served in Figure 7.8d,e) could suggest that a bleaching of the optical transition sets in
for the highest fluence, which is not yet fully captured by our model. Alternatively,
losses of the plasma could be responsible for the saturation of ∆Ê1. Furthermore,
the variable response of the electron-hole pairs to the external terahertz probing
fields would need to be considered for an even more quantitative agreement. For
example, the mutual screening of excitons should affect their polarizability αe–h even
for carrier densities below ncrit. Nevertheless, the rate equation model at hand can
nicely explain the main features extracted from the experimental data as further
confirmed when applying the same biexponential fits as in Figure 7.8d to the simu-
lated evolution of the carrier densities.

Note that for the WSe2 monolayer, similar signatures of an exciton Mott transi-
tion are most likely absent because of two reasons. On the one hand, the respec-
tive Mott density is higher because of the larger exciton binding energies (compare
Equation 7.3). On the other hand, the absorption coefficient is lower than its bilayer
counterpart by roughly factor of two[Zhao13], which limits the accessible carrier den-
sities. Consequently, we expect the data in Figure 7.8a to result from a regime that
is close to the Mott density, but not as significantly above it as in the case of the
homobilayer. Furthermore, the confinement of excitons into strictly two dimensions
in monolayers naturally results in a dominant recombination via the Auger process.
Since this decay channel is rather rapid in itself, any fingerprints of a plasma phase
in the spectrally integrated ∆Ê1 are potentially rendered more subtle.

In the future, smaller increments in pump fluence and spectrally resolved data could
help to obtain an unambiguous proof for the interpretations discussed so far. Sub-
sequently, studying samples with different twist angles should reveal exciting new
insights with regards to the exciton Mott transition in van der Waals bilayers. As the
twist angle tunes the exciton binding energy[Merk20], this degree of freedom should
also facilitate a control of the critical density ncrit. Conversely, a variation of the ex-
citation wavelength could allow for simultaneously exploring the renormalization of
the single-particle bandgap[Hube05; Hube08b; Cher15; Stei17a]. Finally, investigating other
transition metal dichalcogenides could shed some more light onto the microscopic
processes dictating the decay rates in the plasma and exciton regimes.
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Whereas exciton Mott transitions[Hube05; Hube08b; Cher15; Wang19a] have previously been
studied in far-field experiments, ultrafast phase transitions on the nanoscale have
so far remained elusive. In the following, we introduce subcycle nano-videography,
which sets the stage for resolving the transition from an insulating exciton phase to
a metallic plasma in space and time in the future.

Ultrafast nano-videography. Finally, we make use of the nanoscale spatial reso-
lution of our experimental approach for a spatiotemporal mapping of electron-hole
pair dynamics[Plan20] in WSe2 structures. The topography of a representative re-
gion on the sample with a twist angle of θ = 0◦ is depicted in the main panel of
Figure 7.11. The protrusion, which runs diagonally across the area delineates the
monolayer (ML) region on the right-hand side from the bilayer (BL) region on the
left. We identify the remaining irregularities in the topography as remnants from
the fabrication process – most likely hydrocarbons[Haig12] trapped between the layers
or residues of the polydimethylsiloxane stamp.
Next, we take ultrafast snapshots of the nanoscale distribution of the carrier density
within the region enclosed by the black line. To this end, we fix the electro-optic sam-
pling time to the maximum of the pump-induced changes to the waveform. Hence,
we record ∆Ê1 (compare Figure 7.5) as a function of the pump-probe delay time
tp at every position of the near-field tip. Four representative snapshot images are
shown in the small panels of Figure 7.11. In these graphs, the height profile again
depicts the topography, whereas the ultrafast optical response is represented by the
color code. After optical excitation (tp = 0.8 ps), we find a rather uniform distribu-
tion of ∆Ê1 on the monolayer region (light blue) and obtain a negligible signal from
the substrate. The bilayer exhibits a strongly enhanced scattering response, in line
with the larger optical absorption and out-of-plane polarizability of the electron-
hole pairs therein[Plan20]. Additionally, the ultrafast response of the bilayer varies on
submicron length scales that are typically not accessible with diffraction limited op-
tics. For example, the fold separating monolayer from bilayer exhibits a diminished
magnitude of the pump-probe response. We interpret the reduced values of ∆Ê1 at
the perimeter of the artificially stacked bilayer as weak interlayer coupling owing to
an increased layer separation (as seen in the topography), which ultimately limits
the polarizability of the electron-hole pairs. For later delay times (tp > 5.8 ps),
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Figure 7.11 |Ultrafast nano-videography. Main panel: Topography of the sam-
ple recorded using atomic force microscopy and depicted as height profile and color
code. The representative region includes a WSe2 homobilayer (BL, twist angle
θ = 0◦) and a monolayer (ML) on a Si/SiO2 substrate. The black line indicates the
area where the snapshot images were taken. Small panels: Peak of the pump-induced
changes to the electric field ∆Ê1 as a function of the tip position for several pump
delay times tp (see curved arrow) recorded using a pump fluence of 100 µJ cm−2.
The data are interpolated and color-coded onto the height profile, which represents
the topography of the sample.

the monolayer response has already decayed because of the rapid recombination of
intralayer excitons (compare Figure 7.6). Within the bilayer region, even topograph-
ically similar areas exhibit clear inhomogeneities regarding their optical properties.
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This becomes especially apparent for tp = 20 ps, where most of the exciton popula-
tion has already decayed. Yet, a few distinct patches featuring longer photo-carrier
lifetimes persist (light blue). Interestingly, a region hosting particularly long-lived
electron-hole pairs is found directly adjacent to a protrusion of trapped particles.
These nanoscale variations can most likely be attributed to dielectric disorder in-
duced by adsorbates[Raja19] or variations in defect density and background doping,
which modulate the local absorption. Note that these lateral modulations of the
decay dynamics occur on length scales on the order of only hundreds of nanome-
ters. Remarkably, these dimensions are smaller than the wavelength of the terahertz
probe pulses (∼300 µm) by three orders of magnitude. In the future, a systematic
variation of the pump fluence in combination with such ultrafast snapshot images
may potentially reveal nanoscale inhomogeneities in exciton Mott transitions.
In summary, ultrafast nano-videography finally renders invaluable insights into the
photo-carrier dynamics in van der Waals bilayers on deeply subwavelength scales
possible. Currently, the parameter space of exciting physics, which can be explored
with terahertz nanoscopy, is mostly limited by the sample quality and a precise con-
trol of the twist angle. Since bilayers created by the established all-dry stamping
method[Cast14] include a lot of trapped particles, topographic irregularities have most
likely prevented a direct observation of moiré superlattices in real space so far.

Towards resolving moiré superlattices. A promising future direction for produc-
ing twist-tailored, higher-quality samples lies in abandoning the stamping technique
based on viscoelastic gel films in favor of the so-called pick-up method[Kim16] (see
Figure 7.12a). Here, a direct contact of the polydimethylsiloxane with the monolayer
is avoided, which in itself reduces the density of impurities and trapped particles
noticeably. In essence, a polycarbonate-covered droplet of polydimethylsiloxane is
used to pick up a thin flake of hexagonal boron nitride. A layer-by-layer assembly
of vertical van der Waals-bonded structures is achieved by repeatedly bringing the
stack into contact with clean and uncontaminated transition metal dichalcogenides.
Detaching only parts of the monolayer of interest at a time (see Figure 7.12a),
homobilayers can be formed by repeating the process while precisely controlling
the twist angle via a rotation (curved arrow) of the substrate in between pick-up
procedures[Kim16]. Figure 7.12b depicts an optical microscope image of a repre-
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7.3 Tailored electron-hole pairs in homobilayers
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Figure 7.12 | Towards polymer-free structures with precise twist-angle
control. a, Schematic of the assembly process using the ‘pick-up technique’[Kim16].
A polydimethylsiloxane (PDMS) droplet is covered by a polycarbonate (PC) film
and mounted onto a glass slide. After a hexagonal boron nitride (hBN) flake has
been picked up with the hemispherical handle substrate, it can be used for assem-
bling the homobilayer structure. To this end, the hBN flake is brought into contact
with a WSe2 monolayer on a Si/SiO2 substrate, which is preheated to 120 ◦C. Thus,
a region of the monolayer is effectively detached from the substrate and sticks to the
hBN flake. By repeating the process, homobilayers can be formed, whose twist angle
can precisely be controlled by a rotation of the substrate (curved arrow). b, Micro-
scope image of a representative WSe2 homobilayer with a twist angle θ ∼ 0◦ on a
thin hBN flake. For further inspection, the polycarbonate film was transferred onto
a Si/SiO2 substrate. The constituent layers of the structure are indicated by the
colored lines. Inset: Schematic of the vertical composition of the full structure.

sentative structure fabricated with this technique. In contrast to other thermally
annealed homobilayer samples, the entire overlap region is optically uniform with-
out any ‘bubbles’. Preliminary atomic force microscopy measurements have also
confirmed a general improvement in sample quality with this approach.
Hence, imaging of moiré superlattices should be within reach by investigating ho-
mobilayers with twist angles of θ < 1◦ produced using this technique. Specifically at
small twist angles θ, distinct regions of different symmetry and interlayer separation
emerge[Yoo19; West20] (see Figure 7.13) and even atomic-scale reconstruction of the
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7 Electron-hole pair dynamics in van der Waals heterostructures
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Figure 7.13 |Moiré superlattices.
Two honeycomb lattices form so-called
moiré patterns when either featuring a
lattice mismatch or when stacked at a
finite twist angle θ. For small values
of θ, the resulting superlattices encom-
pass extended regions of different stack-
ing order (‘AA’, ‘AB’, ‘BA’), which are
expected to impact the local efficiency
of the interlayer charge transfer pro-
cess, for example.

lattice can occur[Rose20; West20; Holl20]. The accompanying periodic modulations of the
electronic properties give rise to a moiré potential landscape for electron-hole pairs,
which can even induce additional quantum confinement[Yu17; Merk19; Brem20]. Whereas
first indications of moiré excitons have recently been reported[Alex19; Jin19; Seyl19; Tran19],
a direct observation in space has so far remained elusive.
Contact-mode atomic-force microscopy that is compatible with our existing near-
field setups could aid in cleaning the van der Waals interfaces further thereby gen-
erating micron-scale, atomically flat regions[Schw19]. By evaluating the piezoresponse
locally with the scanning probe[McGi20], the underlying moiré patterns could be pre-
characterized to identify an ideal playground for subsequent ultrafast nanoscopy
experiments. Ultimately, improving the lateral resolution of field-resolved terahertz
nanoscopy down to a few nanometers or increasing the superlattice periodicity by
a superposition of two moiré patterns[Wang19b; Anđe20] could pave the way towards a
real-space visualization of moiré excitons. The required improvement in sensitivity
should be feasible with the implementation of the low-temperature near-field micro-
scope currently under construction in our group. As a result, moiré-induced phase
transitions[Rega20; Tang20; Shim20] into Mott insulating states could also be explored at
cryogenic temperatures and with cutting-edge spatiotemporal resolution.
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8
Conclusion

In this work, we have introduced several key concepts and achieved crucial ex-
perimental as well as theoretical milestones regarding the study of van der Waals
quantum matter with multi-terahertz nanoscopy.
In particular, we have significantly advanced the understanding of mid-infrared
near-field microscopy from a partially phenomenological towards a fully quantita-
tive nanotomographic technique. Furthermore, we have demonstrated an extraction
of the nanoscale dielectric function at a topological insulator surface. Thereby, we
could successfully retrieve the local optical properties of a few-nanometer-thick sur-
face layer. Importantly, this has been achieved while excluding any influence of the
bulk and without making model assumptions about the spectral shape of the dielec-
tric response function. This sets the stage for probing a broad variety of quantum
materials with varying properties along the out-of-plane direction induced either by
the presence of topologically protected surface states or by the layered nature of van
der Waals systems, for example.
Finally, we have studied transition metal dichalcogenide bilayers – a prototypical ma-
terial platform for exploring the ramifications of confinement effects and Coulomb
correlations in van der Waals quantum matter. The populations of photo-induced
electron-hole pairs were mapped with nanoscale spatial precision and subcycle tem-
poral resolution employing state-of-the-art terahertz nanoscopy. By fine-tuning
key parameters such as the relative orientation of adjacent monolayers or the ex-
citation density, the ultrafast recombination dynamics can directly be controlled.
Hence, even potential signatures for transient phase transitions between excitonic
and plasma regimes could be revealed on the nanoscale.
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8 Conclusion

Quantitative simulations. For a rigorous determination of the nanoscale electro-
magnetic fields governing mid-infrared nanoscopy, we have solved Maxwell’s equa-
tions numerically for a realistic tip geometry. By applying a novel Fourier demodula-
tion analysis to the results of finite element method simulations, we have quantified
the temporal evolution of the nanoscale distribution of the evanescent fields at the
oscillating metallic tip in all spatial dimensions[Moos20], for the first time. Our results
bridge several length scales from the vicinity of the apex to the far field.
A quantitative evaluation of the extension of the probing fields directly below the tip
apex has shown that the demodulated fields can become confined on length scales
smaller than the tip radius of curvature, which might suggest that the current limits
of the lateral resolution could be shattered in the future. Furthermore, we have
determined the decay of the demodulated fields within the sample, which features
two characteristic length scales tunable by experimental parameters. A systematic
study of different geometries of the tip and dielectric functions of the sample has
allowed us to determine the probing volume for a broad parameter space – a crucial
prerequisite for quantitative nanotomography. We have also linked the spatially
integrated far-field observables to the underlying demodulated near fields and visu-
alized the light scattering process out of the tip-sample junction.
Next, the evolution of the probing volume with varying tip-sample distance has
been studied. By analyzing the origin of the rapid decrease of the magnitude of
the scattered electric field with increasing tip-sample separation, longstanding mis-
conceptions about so-called retraction curves could be clarified. Their exact decay
profile depends systematically on the dielectric function of the sample, as confirmed
by complementary experiments, and is furthermore determined by an interplay of
two effects: a deformation of the expanding probing volume in combination with
the simultaneous decrease of the average field strength therein.
Finally, we have discussed advantages of our finite element method analysis over
simplified models, which describe the light scattering in near-field microscopy by a
set of coupled dipoles. We have found that our approach is superior with regards to
the determination of the exact nanoscale spatial distribution of demodulated fields.
At the same time, the validity of our novel Fourier demodulation analysis has been
corroborated by the consistency of our results with the predictions by established
analytical models.
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Topological insulator surfaces. In the subsequent chapters, we have employed
multi-terahertz near-field microscopy and tomography to map the lateral surface
inhomogeneity of selectively grown (Bi0.5Sb0.5)2Te3 structures with nanoscale pre-
cision. The topography features pronounced pyramidal protrusions, whereas the
scattering response of the topological insulator alloy additionally exhibits a gradient
pointing towards variations of the dielectric properties. A tuning of the probing
volume has unveiled first signatures of the conductive surface layer, which manifests
itself as a characteristic spectral response: a step-like increase in the amplitude for
probe frequencies exceeding ∼37 THz accompanied by a sharp dip in the phase of
the scattered light.
An extraction of the nanoscale dielectric function of the topological insulator has
been achieved by an iterative inversion algorithm applied to a scattering model. Even
though a proof-of-principle extraction of the dielectric response of a silicon dioxide
phonon resonance corroborated the ideal performance of the retrieval process, no
unambiguous dielectric response could be assigned to the topological insulator sur-
face when relying on scattering models for bulk samples. To resolve the inherent
limitation of averaging over bulk and surface properties, we have combined a scat-
tering model capable of describing multilayer samples with our inversion algorithm.
Thereby, we have been able to isolate the surface dielectric properties of the topolog-
ical insulator, for the first time, and have determined an extension of ∼5 nm for the
highly conductive layer. A detailed comparison of theoretical predictions based on
this dielectric function with complementary experiments such as retraction curves
has further supported this assignment.
The dielectric response at the surface – extracted without assumptions about its
spectral shape – contains two distinct contributions. The first one originates from
the oxidation and vacancy formation at the surface that take place under ambient
conditions. An excess doping induces a band bending, which in turn gives rise to
a massive, two-dimensional electron gas at the surface. Consequently, intersubband
transitions result in a sharp, Lorentzian-shaped resonance at ∼38 THz. Numerical
solutions of the Schrödinger-Poisson equations have independently verified the band
bending at the surface and yielded an extension of the surface layer of ∼4.3 nm in
close agreement with the value derived from our experimental results. The second
contribution to the surface dielectric function is a ubiquitous broadband absorption
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8 Conclusion

background, whose most likely origin is given by transitions between the topologi-
cally protected surface states and the lowest subband of the two-dimensional electron
gas. The plausibility of this microscopic process has been confirmed by a calculation
of the joint density of states for mid-infrared transitions based on the bandstructure
obtained by solving a model Hamiltonian for topological insulators.
A retrieval of the surface dielectric properties across the topological insulator struc-
ture has revealed systematic changes such as a blueshift of the resonance frequency
of the intersubband transition and an accompanying reduction of the oscillator
strength. These variations are most likely caused by a variable chemical compo-
sition of the ternary alloy, which affects the dielectric constant, the effective masses
of the charge carriers, as well as the electron affinity of the material. All of these
quantities together with the local background doping or defect density determine
the exact nature of the band bending at the surface. Since the inhomogeneity in the
retrieved dielectric functions is directly correlated with the micron-scale gradient in
the maps of the scattered intensity, such information paves the way for complete
two-dimensional maps of chemical composition or local carrier density.

Transition metal dichalcogenide bilayers. In the final chapter of this thesis, dif-
ferent types of electron-hole pair dynamics in van der Waals heterostructures have
been investigated – involving the formation of interlayer excitons and the decay
mechanisms of hybrid quasiparticles, for example. Whereas clear signatures of inter-
layer charge transfer had already been observed by photoluminescence spectroscopy
and by probing internal transitions of spatially indirect excitons, an extension of
the quantitative finite element simulations to the terahertz spectral domain sets
the stage for accessing the tunneling between layers on the natural length- and
timescales. It is now possible to predict the electromagnetic fields emitted by the
interlayer tunneling current beneath the tip apex, which provides solid ground for a
direct access to these out-of-plane dynamics using terahertz emission nanoscopy.
Conversely, subcycle terahertz nanoscopy[Plan20] has been employed for near-field
probing of hybrid excitons via their out-of-plane polarizability. In homobilayers
of WSe2, the twist-angle-dependent tuning of photo-carrier lifetime, as recently re-
vealed in our Rydberg spectroscopy experiments[Merk20], has been confirmed with the
additional asset of nanoscale spatial resolution. Furthermore, pronounced many-
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body effects have been found in artificial bilayers with 3R stacking, which manifest
themselves as a prominent renormalization of the electron-hole pair recombination
dynamics. The emergence of two distinct timescales above a critical excitation den-
sity might suggest an ultrafast Mott transition as verified with a phenomenological
rate equation model. Finally, we have recorded ultrafast nano-videography of the
distribution of photo-carrier densities in homobilayers in space and time revealing
elusive subwavelength inhomogeneities in the optoelectronic properties. This ap-
proach lays the foundation for exploring transient phase transitions on the nanoscale.
Generally, the results presented in this thesis set the stage for a whole array of ex-
citing experiments and insightful simulations:

Outlook: Towards fully quantitative ultrafast nanoscopy. In the future, tailor-
made tips may allow for polarization-shaped near fields[Park18] with nanometer preci-
sion – even below the tip radius of curvature. Additionally, the quantitative simula-
tions could be extended to probe the nanoscale dielectric properties of layered sample
structures and even atomically thin materials[Baso16; Low17]. By considering a broad-
band probe spectrum, the temporal evolution of the demodulated fields in ultrafast
near-field microscopy with single- and few-cycle light pulses[Wagn14a; Eise14; Stin18; Char19]

may finally become accessible. Ultimately, a combination of the Fourier demodula-
tion analysis with fully quantum mechanical theories[Jest19] could pave the way for a
consistent description of light scattering from atomically sharp tips[Cock16; Pell20].

Outlook: Towards controlling topology. The nanoscale extraction of the dielec-
tric function with multi-terahertz nanoscopy will find a wide range of applications
for many quantum materials. The coherent, broadband spectra of the ultrashort
probe pulses furthermore set the stage for nanoscale pump-probe experiments on
topological insulators. Femtosecond photoexcitation in combination with tomo-
graphic probing of the subsequent ultrafast dynamics represents an exciting route
for studying the interplay between various surface and bulk states on the nanoscale.
Investigating a new generation of flat samples with passivated surfaces could help
to unambiguously identify the topologically protected surface states with near-field
microscopy. Consequently, the resulting, improved microscopic understanding will
aid in the development of optimized three-dimensional topological insulators with

161



8 Conclusion

yet larger mobilities. Ultimately, mid-infrared Dirac plasmons may be resolved and
controlled in real space on the surfaces of topological insulators.
Harnessing the robustness of topological protection is, however, not only restricted
to the choice of material. Recently, patterning custom-tailored, topologically dis-
tinct regions has, for example, allowed for topological lasing[Band18; Zeng20]. Simi-
larly, exploiting a topological crossover of the dispersion has facilitated the canal-
ization of phonon polaritons[Hu20] in α-MoO3. Since even tunable photonic crys-
tals for polaritons[Xion19] can be realized with periodic patterns of varying carrier
densities in encapsulated graphene sheets, topologically protected propagation of
Dirac plasmons[Jung18] may also come within reach by exploiting the valley degree of
freedom[Dong17; Gao18] in such plasmonic lattices. Hence, the ramifications of topol-
ogy on light-matter modes could be explored. Thereby, light could be controlled
on the nanoscale – even guided around sharp curves without reflections. Alterna-
tive ways of designing topological states of matter on the nanoscale lie in Floquet
engineering. Here, circularly polarized mid-infrared pulses can be exploited for in-
ducing a Berry curvature in graphene on ultrafast timescales[McIv20]. Consequently,
a transient bandgap is opened due to the formation of Floquet-Bloch states, which
results in the emergence of topologically protected edge states. Ultimately, transient
polariton pathways with minimal losses could thus be implemented forming a solid
platform for ultrafast topological plasmonics.

Outlook: Towards resolving moiré potentials and tailoring phase transitions.
The discussed strategies for fabricating custom-tailored van der Waals heterostruc-
tures with clean interfaces provide a viable strategy for a quick achievement of the
ultimate goal in the field of two-dimensional materials: ultrafast snapshots of the
trapping of excitons in moiré potential landscapes.
Overall, multi-terahertz nanoscopy is an invaluable tool for probing and controlling
light-matter interaction in novel van der Waals crystals on the nanometer length-
and femtosecond timescale. In combination with cryogenic temperatures, our exper-
imental technique’s versatile spatiotemporal access to the defining characteristics of
quantum materials – topology, correlations, and confinement effects – will open up
a sheer endless parameter space for revealing and designing equilibrium as well as
photo-induced phases.
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A
Topological insulators:

Growth and model Hamiltonian

In this chapter, the model Hamiltonian employed for calculating both the band-
structure (compare Figure 2.7) and the joint density of states (compare Figure 6.4)
of the topological insulators is discussed. Additionally, the growth protocol of the
wedge-shaped structures investigated in this thesis is detailed.

A.1 Model bandstructure of topological insulators
For prototypical three-dimensional topological insulators such as Bi2Se3, Bi2Te3, or
Sb2Te3 an effective Hamiltonian Heff has been derived in the literature. The leading
order of this Hamiltonian, H0, is typically expressed in the basis spanned by the
states |P1+

z,↑/↓〉 and |P2−z,↑/↓〉 (compare Figure 2.6), which form the conduction and
valence bands close to the Fermi energy:[Zhan09; Liu10]

H0 =


ε0(k) 0 0 0

0 ε0(k) 0 0
0 0 ε0(k) 0
0 0 0 ε0(k)

+


M(k) A1kz 0 A2k−

A1kz −M(k) A2k− 0
0 A2k+ M(k) −A1kz

A2k+ 0 −A1kz −M(k)

 ,
(A.1)

with k± = kx ± iky. The energy term ε0(k) = C + D1k
2
z + D2k

2
⊥ and mass term

M(k) = M −B1k
2
z −B2k

2
⊥ are expanded in terms of the momentum k.

Zhang et al. determined the free parameters by fitting the model Hamiltonian to

163



A Topological insulators: growth and model Hamiltonian

ab initio calculations for various three-dimensional topological insulators[Zhan09; Liu10].
Similarly, the leading order of the expansion in k for the HamiltonianHsurf governing
the surface states can be written in the basis of the surface state wavefunctions |ψ0,↑〉,
and |ψ0,↓〉:[Zhan09; Liu10]

Hsurf =
 0 A2k−

A2k+ 0

 . (A.2)

Thus, the bandstructure plotted in Figure 2.7a can be determined from the eigen-
values of the Hamiltonians H0 and Hsurf via numerical matrix diagonalization.

Spin polarization. Based on the model Hamiltonian introduced above, the spin
polarization in reciprocal space can be inferred from matrix elements of the Pauli
matrices σ and the wavefunctions |ψ+/−〉, describing the upper (‘+’) and lower part
(‘-’) of the Dirac cone, respectively. Specifically, the out-of-plane component of the
spin expectation value Sz plotted in Figure 2.7c reads[Liu10]

Sz = 〈ψ+|σz|ψ+〉 = 4R̃k3 cos(3θ)
N

(d+ − 2R̃k3 cos(3θ)) , (A.3)

where θ is the azimuthal angle in the x-y-plane, R̃ is a material-dependent constant,

N = Ã2k2 + (
√
Ã2k2 + 4R̃2k6 cos2(3θ)− 2R̃k3 cos(3θ))2 , (A.4)

and
d± = ±

√
Ã2|k±|2 + 4R̃2k6 cos2(3θ) . (A.5)

The in-plane spin expectation values Sx and Sy (compare Figure 2.7a) feature a
dependence on the momenta kx and ky, respectively:

Sx = 〈ψ+|σx|ψ+〉 = 2Ãky
N

(d+ − 2R̃k3 cos(3θ)) , (A.6)

Sy = 〈ψ+|σy|ψ+〉 = −2Ãkx
N

(d+ − 2R̃k3 cos(3θ)) , (A.7)

where Ã is a material-dependent constant similar to R̃.
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A.2 Growth protocol of the topological insulator structures

A.2 Growth protocol of the topological insulator
structures

The following growth protocol was developed at the Peter Grünberg Institute of
the Forschungszentrum Jülich. According to the procedure outline below (also pub-
lished in the Supporting Information of reference [Moos18]), the topological insulator
structures investigated in this thesis have been prepared by the group of Prof. Dr.
Detlev Grützmacher and Dr. Gregor Mussler:

“High-quality (Bi0.5Sb0.5)2Te3 thin films were deposited by means of a solid source
molecular beam epitaxy system on pre-structured Si(111) silicon-on-insulator (SOI)
wafers under ultrahigh vacuum conditions. The Si(111) SOI substrate consists of
a 70 nm-thick Si(111) layer on top of a 300 nm-thick amorphous SiO2 layer. Un-
derneath the SiO2 layer, 700 µm of Si(001) act as a substrate substructure. Prior
to growth, the Si(111) silicon-on-insulator substrates were processed by means of
photolithography and reactive ion etching. UV6 was used as a photoresist and the
etching was performed by applying a standard SF6 process to remove the 70 nm-
thick silicon layer on top of the SiO2 layer.
The resulting Si(111)/SiO2 wedge-shaped mesa-type structures provide distinct sur-
faces enabling selective area growth[Kamp16] for the subsequently deposited topolog-
ical insulator layer (see Figure A.1). The silicon substrates were wet chemically
cleaned by an RCA HF-last (H2SO4 : H2O2, 2:1) procedure to remove organic con-
taminations (for example, residuals of the remaining photoresist), as well as the
native oxide. Immersing the structure in 1% HF additionally passivates the Si(111)
surface with hydrogen to protect it from rapid oxidation during the subsequent ex-
situ transport to the molecular beam epitaxy growth chamber.
The processed Si(111) silicon-on-insulator wafers were heated in-situ to 700 ◦C for
10 minutes to desorb remaining hydrogen atoms. Subsequently, the silicon sur-
face was flushed with tellurium to saturate its dangling bonds. The saturation of
dangling bonds is crucial for the employment of the van der Waals growth mode.
The base pressure of the growth chamber was 5× 10−10 mbar and never exceeded
9× 10−10 mbar during growth. The cell temperatures and therefore the beam-
equivalent pressure of Bi/Sb and Te (TBi = 485 ◦C, TSb = 450 ◦C, TTe = 330 ◦C),
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Figure A.1 | Layered structure and
geometry of the topological insu-
lator structures.
a, Side view of the (Bi0.5Sb0.5)2Te3 thin
films grown on pre-structured Si(111)
on top of a Si/SiO2 substrate.
b, Top view of a representative selec-
tively grown topological insulator (TI)
structure with a wedge-like shape. The
sample consists of a 6×6 array, with
each array containing 80 wedge-shaped
structures.

as well as the substrate temperature (Tsubs = 275 ◦C), were kept constant for all
experiments. Ex-situ scanning electron microscopy (SEM) analysis confirms that
the growth of the topological insulator films solely took place on the Si(111)/SiO2

wedge-shaped mesa structures whereas the SiO2 surface remained unaffected.”
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B
Near-field microscopy setup
and experimental methods

The near-field experiments presented in Chapters 4–6 have been performed with
the setup and methods discussed in the following. Further details are given in
the Supplementary Information of reference [Eise14] and the theses by my former
colleagues, Dr. Max Eisele[Eise15] and Dr. Markus A. Huber[Hube18].

B.1 Experimental setup

The ultrafast mid-infrared nanoscopy setup is centered around a commercial scan-
ning near-field optical microscope, which is combined with extremely stable erbium-
doped fiber lasers as depicted in the schematic in Figure B.1. Here, the output of a
single master oscillator operating at a repetition rate of 40 MHz seeds a total of four
laser amplifiers (AMP1-4). These erbium-doped fiber systems[Brid14] emit ultrashort
laser pulses with a full width at half maximum duration of ∼100 fs centered at a
wavelength of 1560 nm. Depending on the respective purpose of the emitted pulses,
each amplifier output is spectrally tailored in optical fibers (F1-4).

Mid-infrared probe pulses. The outputs of amplifiers #3 and #4 serve to generate
the mid-infrared probe radiation. To this end, the pulses are spectrally broadened
and compressed in nonlinear fibers. The output of amplifier #4 is additionally red-
shifted towards a center wavelength of 1960 nm by solitonic pulse propagation in a
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highly nonlinear fiber. At the same time, the repetition rate is reduced to 20 MHz to
optimize the spectral amplitude of the long-wavelength components and to ensure
sufficient pulse energy for the subsequent frequency mixing. The tailored outputs
of the two amplifiers are then superimposed in a gallium selenide (GaSe) crystal
for difference frequency generation (DFG), while the temporal overlap is controlled
by a delay stage. The resulting, broadband mid-infrared (MIR) pulses consist of
only a few optical cycles and their center frequency can be tuned by critical phase
matching[Hube00]. A representative spectrum is depicted in Figure 4.1b. Any re-
maining near-infrared components are eliminated using a germanium filter with an
anti-reflection coating. Then, the beam is coupled into a Michelson-type interfer-
ometer. The fraction of the probe radiation that is transmitted through the silicon
beam splitter, is focused onto the sharp apex of a metallic tip attached to a cantilever
(see inset of Figure B.1) by means of a parabolic mirror (PM). The far-field radiation
is thereby coupled into evanescent near fields, which interact with the sample in a
nanoscale volume as discussed in Chapter 3. Subsequently, the light is scattered
back into the far field, collected by the same parabolic mirror, which was also used
for the focusing, and finally detected using a mercury cadmium telluride detector
(MCT). In contrast, the probe radiation reflected off the silicon beam splitter serves
as a reference for Fourier transform infrared spectroscopy (FTIR). After a variable
delay time adjusted by a mechanical stage, these reference pulses are superimposed
with the scattered radiation on the detector. This way, the broadband probe pulses
can be spectrally resolved by means of interferometry and the scattered amplitudes
sn can be inferred as discussed in section B.2.

Pump pulses. The output of amplifier #1 can be used for near-infrared (NIR)
photo-excitation of the samples. Thereby, non-equilibrium charge-carrier dynamics
in indium arsenide[Eise14] or vanadium dioxide[Hube16] as well as transient surface
polaritons[Hube17] have been investigated on ultrafast timescales. Optionally, the
repetition rate of the pump amplifier can divided by integer values. Thus, sensitive
lock-in detection of the photo-induced changes to the scattered radiation is possible.

Gate pulses. With the setup at the University of Regensburg, the electric field of
the scattered mid-infrared radiation can uniquely be recorded in absolute amplitude
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Figure B.1 | Schematic of the ultrafast near-field microscopy setup. An
Er:fiber master oscillator seeds four amplifiers (AMP1-4), some of which (can) op-
erate at fractions (÷1,÷2,÷4) of the repetition rate of 40 MHz. After spectrally and
temporally shaping the femtosecond laser pulses in nonlinear fibers (F1-4), the near-
infrared radiation (NIR) emitted by AMP1 is focused onto the tip of a near-field mi-
croscope with a variable pump-probe (PP) delay time using a parabolic mirror (PM).
AMP2 provides the gate pulses for electro-optic sampling (EOS). A beam combiner
(BC) serves to overlap the output of AMP3 and AMP4 for difference-frequency gen-
eration (DFG) in a gallium selenide (GaSe) crystal, while the temporal overlap of
the pulses is controlled by the DFG delay stage. The mid-infrared (MIR) pulses are
isolated by a filter, pass through a silicon beam splitter, and are focused onto the
tip apex positioned above the sample, which is placed on a three-dimensional (3D)
positioner (inset). The scattered radiation is collected by the same parabolic mirror
and detected using a mercury cadmium telluride (MCT) photodiode. The reference
radiation initially reflected off the silicon wafer is overlapped with the scattered ra-
diation to perform Fourier transform infrared spectroscopy (FTIR). By replacing
the magnetic mirror mounts (dashed boxes), a tunable, continuous-wave quantum
cascade laser (QCL) can alternatively be coupled into the microscope.
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and phase by electro-optic sampling[Eise14] (EOS). To this end, gate pulses with a
duration of only 10 fs are generated starting from the output of amplifier #2. This
part of the setup is reduced to a box in the schematic because this technique was
not employed for this thesis.

Continuous-wave radiation. Instead of the broadband pulses, a tunable quantum
cascade laser (QCL) can alternatively be used to probe samples with monochromatic
light coupled into the beam path with a magnetic mirror (see boxes in Figure B.1).
Subsequently, the silicon beam splitter and the reference arm of the interferometer
are used for the so-called pseudo-heterodyne detection discussed in Section B.2.

Near-field microscope. Throughout this thesis, a scattering-type scanning near-
field optical microscope is used for the mid-infrared nanoscopy experiments. The
commercial system by Neaspec GmbH is based on an atomic force microscope, which
operates in tapping mode. Typically, silicon tips with Pt/Ir coating are employed
(such as ArrowTM NCPt by NanoWorld®) because the metal coating allows for effi-
cient incoupling of the far-field radiation. The cantilevers are driven close to their
resonance frequency of ∼230 kHz with tapping amplitudes ranging from 10 – 150 nm.
The sharp tip apex features a radius of curvature down to 10 nm, which determines
the achievable lateral resolution[Eise14; Moos20].

B.2 Measurement techniques

In this section, the key experimental techniques and the physical observables accessi-
ble by analyzing the scattered radiation are discussed. This encompasses broadband
imaging, spectroscopy, as well as background-free detection of continuous-wave light.

B.2.1 Two-dimensional intensity maps

The near-field response of the sample surface can be mapped by recording the total
scattered intensity Iscat of the broadband mid-infrared probe pulses employing the
mercury cadmium telluride photodiode. Generally, this spectrally integrated scat-
tered intensity can be expressed in terms of the underlying electric field Ēscat, which
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is a function of the optical frequency ν:

Iscat ∝
∫ ∞

0
dν|Ēscat(ν)|2 . (B.1)

In order to suppress any far-field background, the total scattered intensity Iscat is
demodulated at the harmonics n of the tip tapping frequency ftip, which yields the
demodulated scattered intensity Iscat,n. To derive an expression for this quantity, it
is instructive to expand the scattered electric fields in a Fourier series such that

Ēscat =
∞∑

k=0
Ek =

∞∑
k=0

skeiφk , (B.2)

where each complex-valued term is described by an amplitude sk and a phase φk in
analogy to Equation 3.6. Therefore, the scattered intensity can be rewritten as

Iscat ∝
∫ ∞

0
dν
( ∞∑

k=0
skeiφk

)( ∞∑
l=0

sle−iφl

)
=
∫ ∞

0
dν

∞∑
k=0

∞∑
l=0

skslei(φk−φl) . (B.3)

The experimental lock-in demodulation of the scattered intensity at the harmonic
of order n corresponds to an isolation of the terms oscillating at the frequency
n ·ftip from this infinite series. Hence, the indices in the exponent of the exponential
function must fulfill k−l = n because of the complex conjugation that was performed
when converting the electric field into an intensity. These constraints allow us to
eliminate one of the two infinite sums by employing k = n + l. Thus,

Iscat,n ∝
∫ ∞

0
dν

∞∑
l=0

slsn+lei(φn+l−φl) . (B.4)

Therefore, the scattered intensity Iscat,n at the demodulation order n does not only
depend on the electric field En, but is rather a complex series involving all Fourier
components sn. Since the magnitude of sn decreases rapidly with increasing n, the
scattered intensity can, however, often be approximated very well by the leading
term of the series. For example,

Iscat,3 ∝
∫ ∞

0
dν
[
s0s3ei(φ3−φ0) + s1s4ei(φ4−φ1) + ...

]
≈
∫ ∞

0
dνs0s3ei(φ3−φ0) . (B.5)
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Within the framework of the finite-dipole model[Cvit07], this leading term can also
be expressed as follows by using Equation 3.6:

Iscat,n ≈
∫ ∞

0
dν|1 + rp(ν)|4|Ein(ν)|2α∗eff,0αeff,n , (B.6)

where rp is the Fresnel reflection coefficient for p-polarized light, Ein(ν) the incident
electric field, and αeff,n the demodulated, effective tip-sample polarizability. This
expression was used for modeling the retraction curves of the topological insulator
nanostructure in Figures 5.9 and 5.11.

Equations B.5 and B.6 reveal that the near-field intensity Iscat,n contains an addi-
tional far-field background s0, which is not modulated at the tip tapping frequency
and cannot be eliminated by the demodulation procedure alone. Consequently, one
needs to carefully ensure that the scattered intensity Iscat,n at a given demodulation
order is not polluted by a far-field response. To a certain degree, this can be de-
termined by analyzing the decay of retraction curves. If a persistent component is
present in these measurements, which does not decay rapidly as the tip is retracted,
the demodulation order at hand yields no true near-field signal[Eise15].
Alternatively, the field amplitudes sn can be recorded instead of only a spectrally
integrated scattered intensity Iscat,n. Thereby, any multiplicative far-field responses
are completely eliminated as will be discussed in the following section.

B.2.2 Resolving the spectral amplitude

By directly resolving sn, a completely background-free detection of the near-field re-
sponse of the sample is possible. This can, for example, be achieved by electro-optic
sampling[Eise14] or by Fourier transform infrared spectroscopy[Huth11; Huth12; Hube17].
Since the latter is easier to implement and allows for a more rapid data acquisition,
this method will be discussed in the following.
The key component for spectrally resolving the scattered fields sn(ν) as a function
of frequency ν, is a Michelson-type interferometer as depicted in Figure B.1. Here,
the pulses scattered off the tip-sample system are superimposed with the reference
mid-infrared pulses on the mercury cadmium telluride detector characterized by the
electric fields Ēscat(ν) and Ēref(ν), respectively.
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By varying the temporal delay tFTIR between the two sets of pulses, an intensity
interferogram I(tFTIR) can be recorded. To derive the exact functional dependence,
we express the time delay between the pulses in terms of a phase retardation of the
reference electric field Ēref with respect to the incident field Ēin:

Ēref(ν) = Ēin(ν)e−i2πνtFTIR . (B.7)

Similarly, ∆φ accounts for the phase difference between the scattered and incident
electric fields:

Ēscat(ν) = |Ēscat(ν)|e−iφscat = |Ēscat(ν)|e−i∆φ+iφin . (B.8)

Taking the absolute square of the superposition of the reference and scattered fields,
yields a formula for the intensity interferogram:

I(tFTIR) =
∫ ∞

0
dν
(
|Ēin|2 + |Ēscat|2 + 2|Ēin||Ēscat| cos(∆φ+ 2πνtFTIR)

)
. (B.9)

The first two terms of this expression only represent a delay-independent offset,
whereas the cross term contains information about the amplitude and relative phase
of the scattered near fields. This spectral information Īscat(ν) can be extracted via a
Fourier transform. After some arithmetic outlined in reference [Eise15], the following
relation is obtained when additionally expanding the scattered field Ēscat in a Fourier
series of the tip tapping frequency ftip (compare Equation B.2):

Īscat(ν) = 4πĒscatĒ
∗
in = 4πĒ∗in

∞∑
k=0

skeiφk . (B.10)

Since the incident electric field Ēin is not modulated by the tip oscillation, there
is no mixing between different demodulation orders in contrast to the spectrally
integrated scattered intensity discussed in Equation B.5. Instead, the scattered field
at a given harmonic of order n can easily be isolated from the infinite series:

Īscat,n(ν) ∝ sneiφnĒ∗in . (B.11)
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Figure B.2 |Near-field microscopy with coherent, broadband mid-infrared
probe pulses. a, Upper panels: Interferograms of the scattered intensity In(tFTIR)
as a function of the delay time tFTIR recorded on a gold reference sample for the
demodulation orders n = 2−4 with a vanishing minimal tip-sample distance. Lower
panels: In analogy to the data in the upper panels, interferograms of the scattered
intensity In are depicted for a range of tip-sample distances d. b, By means of
a Fourier transform, the corresponding scattered amplitudes s̃n = sn|Ēin| can be
inferred from the corresponding interferograms in a for the demodulation orders
n = 2− 4 at each tip-sample distance d. Note that these data additionally contain
the spectral shape of the incident electric field Ēin (compare Equation B.11). The
normalized scattered amplitudes are spectrally averaged across the frequency range
probed in the experiments to obtain the characteristic decays indicated by the red
lines. All spectral components are found to exhibit a similar decay with increas-
ing minimal tip-sample distance d because gold features a spectrally flat scattering
response in the mid infrared.
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Hence, the spectral intensity Īscat,n is directly proportional to the scattered field
amplitude sn without any cross terms including other demodulation orders. The
spectral shape of the broadband probe pulses Ēin can easily be eliminated by com-
paring the response of a given sample to the one of a well-known reference substrate
such as silicon or gold. Thereby, the complex-valued scattering contrast η is ob-
tained:

η = ĪSample
scat,n (ν)
ĪRef.

scat,n(ν)
= sSample

n
sRef.

n
ei(φ

Sample
n −φRef.

n ) . (B.12)

The scattering contrast η between the topological insulator nanostructures and a
silicon reference sample was used to extract the relative spectral amplitudes and
phases depicted in Figures 4.5, 5.5, 5.8, and 6.6.
Representative interferograms recorded on a gold reference sample are depicted in
the upper panels of Figure B.2a for demodulation orders n = 2− 4. In order to
verify that these near-field signals truly decay rapidly away from the sample sur-
face, additional interferograms for variable tip-sample distances d are depicted in
the lower panels. The resulting spectra after a Fourier transform are depicted in
Figure B.2b. Again, the scattered amplitudes sn at higher demodulation orders are
found to decay faster as the tip is retracted from the sample. Furthermore, these
results demonstrate that when probing with broadband radiation, the resulting spec-
trally integrated data can intuitively be viewed as a superposition of those obtained
for the individual frequencies (red lines). Note that for a quantitative comparison
with scattered intensities In, the scattered amplitude s0 also needs to be taken into
account (compare Equation B.6).

B.2.3 Pseudo-heterodyne detection for monochromatic light

When performing near-field microscopy with a monochromatic light source such as a
quantum cascade laser, the so-called pseudo-heterodyne detection scheme[Ocel06; Ster17]

allows for an extraction of the scattered amplitudes and phases directly without the
need for recording interferograms. To this end, a similar experimental geometry as
for the Fourier transform infrared spectroscopy is employed. However, instead of a
continuous displacement, the reference mirror performs an oscillatory motion at a
frequency fmod of ∼150 Hz.
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As a result, sidebands of order m ∈ Z with respect to the tip modulation n · ftip

emerge. The intensity detected by the photo-diode is therefore modulated at the
frequencies

fn,m = nftip + mfmod . (B.13)

Following reference [Ocel06], the scattered amplitude sn and phase φn can directly
be extracted from the spectral amplitudes un,m of the sidebands. To this end, the
first (m = 1) and second (m = 2) sideband of a given harmonic n of the tapping
frequency need to be considered, which can be written as:

un,m ∝ Jm(γ) cos(φn − φRef. −mπ/2) . (B.14)

Here, Jm(γ) is the Bessel function of the first kind of order m, and φn − φRef.

represents the phase difference ∆φn between the scattered and the reference light
in analogy to Equation B.8. The so-called modulation depth γ is determined by
the amplitude of the mirror vibration ∆l and the wavelength of light λ such that
γ = 4π∆l

λ
. With an adequate choice of γ = 2.63, the Bessel functions of first and

second order are equal in magnitude (J1(2.63) = J2(2.63)). Hence, their influence on
the sideband amplitudes is reduced to a mere proportionality factor. Additionally,
adjacent sidebands behave like sine and cosine functions, respectively, owing to the
shift of π/2 in the argument of the trigonometric function in Equation B.14. Hence,
the scattered amplitude sn and relative phase ∆φn can be expressed as follows:

sn ∝
√
u2

n,1 + u2
n,2 , (B.15)

∆φn = arctan
(
un,1

un,2

)
. (B.16)

Recording the first two sidebands for a given demodulation order n and subsequently
employing Equation B.15, the experimental retraction curves of the scattered am-
plitudes sn in Figures 3.14 and 3.15 were obtained.
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C
Numerical simulations

In this chapter, the numerical simulations discussed throughout this thesis are ex-
plained in greater detail. This encompasses the finite element method used for
quantifying nanoscale electromagnetic fields as well as the optimization algorithm
and the multilayer finite-dipole model employed for extracting the surface dielectric
function of the topological insulators.

C.1 Finite element method

The central idea behind the finite element method is approximating a complex ge-
ometry by individual subdomains. Consequently, partial differential equations gov-
erning heat flow, electrodynamics, or aerodynamics, for example, can be solved
numerically by locally approximating the exact solution by a collection of simple
functions such as polynomials.
Generally, this approach can be divided intro three individual steps as outlined in
reference [Redd19]:

1. A complex domain is divided into a collection of subdomains or finite elements.
Together, these domains form a mesh, whose individual elements are connected
to each other at distinct points, so-called nodes (see Figure C.1).

2. For each subdomain, the exact solution of the differential equations that govern
the physical processes is approximated. To this end, a linear combination
of approximation functions is typically employed. At each node connecting
adjacent finite elements, the numerical solution must take the same value.
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Domain Node
Finite
element

Create
mesh

Figure C.1 |Generating a mesh for
finite element simulations.
A given domain Ω is divided into fi-
nite elements (curved arrow), which are
connected at individual nodes. To-
gether, the subdomains form a mesh,
which is used for approximating solu-
tions to partial differential equations as
discussed in the text.

Hence, a set of algebraic equations – a finite element model – is derived, which
links the nodal values of each subdomain.

3. The element equations of all mesh elements are related to each other and the
assembled equations are solved.

Simulation details for quantifying nanoscale demodulated fields. The follow-
ing discussion is a copy of the Methods section published in reference [Moos20] with
additional cross-references to relevant sections of this thesis.
“All calculations of electromagnetic field distributions in this work have been per-
formed using a commercial finite element method software (COMSOLMultiphysics®,
including the radiofrequency (RF) package) to numerically solve Maxwell’s equations
for different tip-sample geometries. The simulation volume is (28× 28× 42) µm3 in
size and consists of two half-spaces, where the upper one (z > 0) is air (εAir

1 = 1)
and the lower one (z < 0) defines the sample. In this study, we investigated the
dielectrics silicon (εSi

1 = 11.7, reference [Zhan12], compare Chapter 5) and dia-
mond (εDia

1 = 5.66, reference [Bhag48]). The gold tip (εAu = 3385 + 1457i, refer-
ence [Raki98]) was modeled by a cone in the upper half-space with a spherical apex.
Rounded corners at the top suppress unrealistic field enhancement and minimize
artifacts. If not stated otherwise, a length of 20 µm and a radius of curvature of
r = 25 nm at the apex are used as the dimensions of the tip. Using the so-called
‘scattering problem’ approach allowed us to distinguish between the illumination
(background field) and the scattered field, which originates from the presence of
the tip. To this end, we implemented the incident mid-infrared radiation (wave-
length, λ = 10 µm; frequency, ν = 30 THz) as a p-polarized plane-wave background

178



C.2 Optimization algorithm

field with an angle of incidence of 30◦ degrees with respect to the sample surface.
We accounted for refraction and reflection using Snell’s law and Fresnel’s equations.
Perfectly matched layers surrounding the simulation volume on all sides dampen the
outgoing radiation and thereby prevent any reflections from the simulation bound-
aries. To accurately simulate the near field in the tip-sample junction, the mesh in
and close to this region is chosen extremely fine (with element sizes down to 0.5 nm).
Additionally, the mesh nodes at the air-sample-interface have been fixed for all tip
heights h to ensure a reliable demodulation of the fields in this critical area. The
numerical analysis and demodulation has been performed as a post-processing step
using MATLAB®.”

C.2 Optimization algorithm

The numerical retrieval of a dielectric function ε = ε1 + iε2 relies on minimizing
the discrepancy ∆ between the experimental scattering response sexpeiφexp and the
predictions scalceiφcalc of a theoretical model (compare Equation 5.2). Since finding
the minimum of the function ∆(ε1, ε2) represents a conventional optimization prob-
lem, established procedures can be applied. As discussed in Figures 5.2 and 5.3,
we obtain the dielectric function (ε1,ε2) by an iterative approach called the Powell
algorithm[Powe64]. Our implementation in MATLAB® and the following discussion
are based on reference [Kius13].

One dimension. We start by introducing optimization algorithms for a single vari-
able x, which we will later on generalize to multi-dimensional space by means of the
Powell algorithm. In order to find a global minimum along a one-dimensional func-
tion, the search must first be restricted to a ‘bracket’ x ∈ [a, b] around the minimum.
To this end, an initial value of x0 is chosen. Subsequently, values of the function
f(xi) are calculated along the downhill direction of the function. Hence,

f(x0) > f(x1) > f(x2) > ... > f(xn−1) (C.1)

Typically, successive intervals increase in size (|xn−1 − xn| < |xn − xn+1|) to ensure
that a suitable interval around the minimum can quickly be found. As soon as f(x)
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Figure C.2 |Numerical optimization algorithms. a, The ‘bracket’ procedure
is capable of determining an interval (a, b) around a minimum of a given function
f(x). It relies on evaluating positions xi along the downhill direction until an increase
in function value (f(x5) > f(x4)) is obtained. Here, the bracket highlighted by the
orange color is determined as (x3, x5). b, Subsequently, the minimum within this
range can be obtained by performing a ‘golden section search’. To this end, the
interval of length L is divided into two intervals, (a, x2) and (x1, b), according to the
golden ratio R. Depending on the values of f(x1) and f(x2), a new interval with
length R · L is chosen. This process is repeated as indicated by the curved arrows
until the minimum is obtained up to the desired precision. c, In two dimensions,
the ‘Powell’ algorithm can be used to identify suitable directions for the application
of the ‘bracket’ and ‘golden section search’-procedures. Initially, the unit vectors
of the coordinate system (v1,v2) are chosen in search of the global minimum (blue
spot). Along each direction, a local minimum xi is determined, which serves as the
starting point for the next iteration. Once all unit vectors have been used, one of
the search vectors is replaced by a new one (v3) and the search is repeated.

increases for the first time at xn, the minimum has successfully been bracketed in the
interval (xn−2, xn) = (a, b) as depicted in Figure C.2a. Consequently, the minimum
can be located within this range by the ‘golden section search’, for example. This
procedure relies on dividing the interval (a, b) with length L into two overlapping
intervals (a, x2) and (x1, b), whose lengths are equal to R · L determined by the
golden ratio R ≈ 0.618, which is also responsible for the name of the algorithm.
This choice of the interval size makes the search protocol computationally more
efficient as compared to a bisection of the interval because less function evaluations
are required[Kius13]. In case that f(x1) > f(x2) the interval for the next iteration is
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given by (x1, b), otherwise (a, x2) is chosen. This resulting interval is again divided
according to the golden ratio and the process is repeated until the minimum is
determined to a certain tolerance level (see Figure C.2b).

Extension to more than one dimension. Various methods are capable of finding
minima in multi-dimensional space. Powell’s method is an algorithm, which only
relies on evaluating a given function and does not require an expression for the first
derivative. Hence, it is ideally suited for our purposes.
In essence, the optimization relies on bracketing and performing golden section
searches along specific one-dimensional directions through n-dimensional space. The
key is choosing the right vectors vi, along which the searches are performed. Again,
a specific starting point x0 is chosen and the initial search directions are determined
by the unit vectors along the coordinate axes (compare orthogonal initial directions
in Figure 5.3). After a minimum x1 along the line x0 +sv1 (s ∈ [0, 1]) has been iden-
tified, it is chosen as the new starting point for the successive search along x1 + sv2.
After n iterations, a new vector vn+1 = xn − x0 is created (see Figure C.2c). If the
minimum value xn+1 along the direction of vn+1 lies closer to x0 than a threshold
value δ, the minimum of the n-dimensional function has successfully been obtained
(|xn+1− x0| < δ). Else, one of the search vectors is discarded and replaced by vn+1.
With these updated vectors vi, the search is then repeated.

C.3 Multilayer-extension to the finite-dipole model

In this section, the multilayer extension[Haue12] to the finite-dipole model as developed
by Hauer el al. is discussed. The following theoretical model was implemented in
MATLAB® and combined with the optimization algorithms discussed in the previous
sections. Thus, the dielectric response of the topological insulator surface could be
isolated for the first time (compare Figure 5.8).
As depicted in Figure 5.6, the conventional finite-dipole model[Cvit07] needs to be
slightly adjusted in order to describe layered samples. Specifically, the positions
and magnitudes of the involved monopoles need to be reconfigured.
Generally, two charges describe the near-field interaction between tip and sample
(compare Figure 3.16): a monopole q0 at a height w0 ≈ 1.31 rtip and an induced
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charge q1 at w1 ≈ rtip/2, where rtip is the tip radius of curvature. If h is the
distance from the apex to the sample surface, the absolute height of the monopoles
is given by z0,1 = h + w0,1, respectively. For both of these charges, the positions
x0,1 and magnitudes βx0,1 of the corresponding image charges need to be determined
depending on the layered dielectric response of the sample (compare Figure 5.6). To
this end, the electrostatic potential Φ is evaluated in cylindrical coordinates[Wang03]

as a function of the out-of-plane position z through the line set by the tip monopoles,
which yields:

Φ(z) ∝
∫ ∞

0
A(k)ekzdk , (C.2)

with
A(k) = e−2kz0,1

β12 + βAe−2k(d1+d2+d3)

1 + βBe−2k(d1+d2+d3) . (C.3)

Here βij = εi−εj
εi+εj is the reflection coefficient at the interface between layers i and j,

whereas

βA =β12β23β34e2k(d1+d3) + β12β23β45e2kd1 + β12β34β45e2k(d1+d2)+
β23e2k(d2+d3) + β23β34β45e2kd2 + β34e2kd3 + β45 ,

(C.4)

βB =β12β23e2k(d2+d3) + β12β23β34β45e2kd2 + β12β34e2kd3+
β12β45 + β23β34e2k(d1+d3) + β23β45e2kd1 + β34β45e2k(d1+d2) .

(C.5)

The positions x0,1 and magnitudes βx0,1 are then calculated by inserting the resulting
electrostatic potential Φ into the Equations 5.3 and 5.4. Hence, an effective tip-
sample polarizability is obtained for samples of up to five layers, which reads

αeff = 1
2

βx0f0

1− βx1f1
+ 1 , (C.6)

where

f0,1 =
(
g − rtip + h+ x0,1

2l

) ln
(

4l
rtip+2h+2x0,1

)
ln
(

4l
rtip

) . (C.7)

Here, the length l of the tip dipole and the factor g are defined as in Equation 3.5.
By finally inserting the polarizability αeff into Equation 3.6, the scattered amplitude
sn and phase φn can be obtained via demodulation.
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