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1
Introduction

The assumption that light exerts a pressure on an object when shining on it was first suggested
by Johannes Kepler in the 17th century. With this concept he explained why the tail of a comet
always points away from the sun [Kepler, 1619]. Later, the quantitative prediction of this radi-
ation pressure force was put forth by James Clerk Maxwell. Experimental proof was impeded
by dominating thermal effects for a long time. However, Pjotr Lebedew [Lebedew, 1901] and
independently Ernest Fox Nichols and Gordon Ferrie Hull [Nichols and Hull, 1903] successfully
demonstrated radiation pressure using light mill experiments.

In the rapidly growing research field of optomechanics, this force is exploited to investigate
the interaction between electromagnetic radiation and mechanical oscillators. The coupling is
mediated via the momentum transfer of photons to the mechanical system. Usually, this effect is
of small nature. However, it can be rigorously enhanced with the implementation of an optical
cavity, with one "mirror" being the mechanical resonator; this is the paradigmatic optomechan-
ical system. The photons (injected by, e.g., a laser) then scatter multiple times on the mirrors.
With each reflection they transfer a momentum onto the mechanical oscillator. However, when
this mirror is displaced (the mechanical resonator starts vibrating), the optical cavity resonance
frequency shifts as the cavity length is modified. Due to this shift, the light amplitude in the
cavity is decreased as the laser frequency is unchanged. Being controlled by the light amplitude,
i.e. the number of photons in the cavity, the radiation pressure force is thus dependent on the
mechanical oscillator position.

The same physics as for optical cavities applies for superconducting resonators in the mi-
crowave regime, e.g. coplanar waveguides or LC circuits, however in a different parameter
range. Here, the mechanical resonator is formed by a mechanically compliant capacitance. Ex-
amples are capacitively coupled nanobeams [Regal et al., 2008] or two-dimensional, membrane-
like materials [Singh et al., 2014a]. Independent of the system, the optomechanical interaction
can be described via the cavity resonance frequency shift as a function of mechanical displace-
ment. This is called dispersive coupling [Aspelmeyer et al., 2014].

Braginsky et al. have studied the role of the radiation pressure in optical interferometers
[Braginsky and Manukin, 1967]. They were able to experimentally demonstrate mechanical
motion manipulation in pioneering experiments and later also investigated the role of quantum
fluctuations of radiation pressure and the limit in displacement sensing that these fluctuations
cause [Vladimir B. Braginsky, 1995]. A resulting effect important in the context of gravitational
wave detectors, such as LIGO and VIRGO, is the standard quantum limit of continuous position
detection.
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Chapter 1. Introduction

More recent experiments focus on the optomechanical coupling of micro- or nanomechani-
cal resonators to optical or microwave radiation. Here, interferometric displacement detection
with precision beyond the standard quantum limit [Regal et al., 2008, Teufel et al., 2009], the
creation and measurement of non-classical states (squeezed states, Fock states, entangled states)
[Clerk and Marquardt, 2014], and mechanical motion manipulation on the quantum scale are of
particular interest. The latter field involves quantum ground state cooling of mesoscopic objects
[Teufel et al., 2011], enabling the study of decoherence, and the coherent driving of mechanical
modes, leading to parametric amplification [Braginsky et al., 2001] and self-induced oscillations
[Singh et al., 2014a]. Further technological applications include the development of high pre-
cision sensors [Krause et al., 2012], quantum memory for novel computers [Fiore et al., 2011],
and quantum transducers between optical and microwave domain [Fan et al., 2018].

In 1953, multiwall carbon nanotubes were first discovered in TEM images [Radushkevich and
Lukyanovich, 1952]. Later, Iijima and Ichihashi [Iijima and Ichihashi, 1993] and independently
Bethune [Bethune et al., 1993] found single wall carbon nanotubes in the products of arc dis-
charge experiments. This was followed by a hype in the scientific community and an increase
in publications. In 1997, Tans et al. [Tans et al., 1997] electrically contacted individual carbon
nanotubes carrying out low temperature measurements. These experimentally confirmed the
quantum dot nature of such devices.

Suspended carbon nanotubes can act as nano-electromechanical systems (NEMS) exhibit-
ing transversal vibrational modes as their lowest energetic excitation. These show both large
mechanical quality factors at cryogenic temperatures [Moser et al., 2014] and strong coupling
between the vibrational mode and single electron tunneling [Lassagne et al., 2009]. While for
large-scale technological applications, the production methods for defect-free suspended nan-
otubes with predictable characteristics still have to be refined, mainly two techniques have been
followed for research purposes. In the overgrowth method [Cao et al., 2005], the carbon nan-
otubes are grown over a pre-defined electrode structure in a last fabrication step. Herein, the
metals used on the chip have to withstand a detrimental atmosphere of hot temperatures and cor-
rosive gases; extensive material studies have been performed [Hüttel et al., 2009, Singh et al.,
2014b, Götz et al., 2016, Blien et al., 2016]. In transfer methods [Gramich et al., 2015, Blien
et al., 2018], the nanotubes are grown on a separate chip and then transferred to the electrode
chip.

Because of their small physical size, however, the application of carbon nanotubes in the field
of optomechanics has been scarce. Specifically, an optical implementation at room temperature
[Tavernarakis et al., 2018] and the utilisation of resonant coupling to a microwave cavity [Ares
et al., 2016] have been shown so far. In this thesis, an alternative method for optomechanical
coupling was benefited from, namely, the coupling enhancement mediated by the quantum ca-
pacitance of the carbon nanotube. Advantages over other strategies are the ability to cool the
carbon nanotube to cryogenic temperatures, enabling high mechanical quality factors and the
simultaneous study of single electron effects, and the possibility to distinguish motional side-
bands from the cavity resonance (the so called resolved sideband regime), which is a necessary
condition for ground state cooling.
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After this introduction, the properties of carbon nanotubes are presented in chapter 2: a sum-
mary over the theory of their electronic structure, fabrication techniques, electronic transport
and quantum dot as well as nanomechanical resonator behaviour are given. This is followed by
chapter 3 which explains the cryogenic setup and important measurement devices. After that,
there are two chapters concentrating on coplanar waveguide resonators. The first one (chapter 4)
presents the theoretical background, the second one (chapter 5) shows material characteristics of
a molybdenum/rhenium alloy amongst other things obtained from resonator measurements. The
final two chapters focus on a device where the coupling of carbon nanotube to a superconduct-
ing coplanar waveguide resonator could be accomplished. Chapter 6 explains the fabrication
routine and demonstrates basic experiments that account for electronic coupling. Chapter 7
first introduces the most important theoretical aspects of optomechanics and then illustrates op-
tomechanical experiments on said device at millikelvin temperatures. A quantitative analysis as
well as a theoretical model for the enhancement of optomechanical coupling due to the quan-
tum capacitance of the carbon nanotube are included. Finally, the thesis is concluded by a short
roundup on important outcomes and an outlook on how to further improve the coupling strength,
allowing for more advanced experiments. Additional measurements and details can be found in
the appendix.
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2
Properties of carbon nanotubes

Single wall carbon nanotubes (SWCNTs) are cylindrical macromolecules composed of a single
rolled up graphene layer. Hence, they are counted among the allotropes of carbon, like diamond,
graphite (graphene), and buckminsterfullerene. Their discovery [Iijima and Ichihashi, 1993,
Bethune et al., 1993] lead to a multitude of possible scientific and technical applications. This
is in particular ascribed to their high mechanical, thermal, and chemical stability, as well as
electronic, mechanical, and thermal characteristics.

At room temperature, they show excellent transistor attributes. Their high tensile strength and
elastic modulus as well thermal conductivity make them interesting in applications of material
science [Bandaru, 2007]. When suspended, they display at low temperatures high mechani-
cal quality factors, making their implementation as nano-electromechanical systems appealing
[Sazonova et al., 2004].

At cryogenic temperatures, carbon nanotubes (CNTs) act as quasi-one dimensional conduc-
tors due to their large aspect ratio. The low defect structure leads to highly regular systems:
CNTs possess the ability to form quantum dots, or "artificial atoms", together with the lead elec-
trodes. Mechanical quality factors are very much enhanced at low temperatures [Hüttel et al.,
2009].

2.1. Fundamentals

Describing carbon nanotubes as rolled up graphene sheets gives a basic understanding and
leads to approximate physical properties [Saito et al., 1998]. Graphene is a one-atomic layer
of graphite, constructed of sp2-hybridised carbon atoms in a hexagonal honeycomb structure
(see Fig. 2.1 (a)) with a bond length of 1.42 Å. The remaining electron in the pz-orbital builds a
delocalised π-band (bonding and antibonding) with the pz-electrons of neighbouring atoms.

Each elementary cell of the graphene lattice contains two carbon atoms. This is why the
lattice can be described as consisting of two inequivalent sublattices, labelled A and B. These
are themselves hexagonal Bravais lattices. The unit cell is spanned by two basis vectors ~a1

and ~a2 with a lattice constant of a = 2.46 Å. The reciprocal lattice is spanned by vectors ~b1
and ~b2 fulfilling the orthogonality condition ~ai · ~bj = 2πδij . The inequality of the real space
sublattices leads to inequivalent points K and K ′ (called Dirac points) in the six corners of the
first Brillouin zone; see Fig. 2.1 (b). This adds an additional valley degree of freedom [Laird
et al., 2015].

In the nearest neighbour approximation, the dispersion relation of the π-band can be calcu-
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Figure 2.1.: Graphene real-space (a) and reciprocal (b) lattice and dispersion relation (c). (a)
The two sublattices A and B along with their basis vectors ~a1 and ~a2 (red). A chiral vector of
the configuration (5, 3) is displayed in blue. (b) First Brillouin zone with its reciprocal vectors
~b1 and ~b2 (red). In its corners, two inequivalent points K and K ′ are situated. (c) There, the
dispersion relation is linear in k. It has been calculated using Eq. 2.1. Adapted from [Charlier
et al., 2007].

lated analytically in the tight binding model [Saito et al., 1998] as

E(kx, ky) = ±γ0

{
1 + 4 cos

(√
3kxa

2

)
cos

(
kya

2

)
+ 4 cos2

(
kya

2

)}1/2

, (2.1)

where kx, ky are the electron momenta in x-/y-direction and γ0 is the transfer integral between
nearest neighbour π-orbitals (typically γ0 = 2.9 eV). From this relation it follows that the
conduction and valence band touch in the Dirac points. Around these, the dispersion relation is
linear in the low energy limit and they define the plane of the Fermi surface. These characteristics
lead to quasi-metallic behaviour of graphene.

For CNTs a chiral vector ~C can be defined. It uniquely determines a parameter set (n,m) that
characterises the roll-up of the CNT from a graphene sheet. The chiral vector is given by

~C = n~a1 +m~a2 = (n,m) (2.2)

and can be seen in Fig. 2.1 (a). From the chiral vector, three different types of nanotubes can be
determined:

• zigzag nanotubes (n, 0)

• armchair nanotubes (n,m = n)

• chiral nanotubes (n,m 6= n 6= 0)

The denotations zigzag and armchair emerge from the atomic pattern along the circumference
of the CNT, i.e. along the direction of the chiral vector.
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2.1. Fundamentals

The roll-up of the graphene sheet into a nanotube leads to periodic boundary conditions and
thus to a quantisation of the wave vector k⊥ perpendicular to the tube axis (along the circum-
ference). At the same time, the component parallel to the axis, k‖, remains continuous (as far
as infinitely long CNTs are assumed). In this way, the dispersion relation of graphene collapses
into one-dimensional subbands. These are evenly spaced by

∆k⊥ =
2π

|~C|
. (2.3)

The zone-folding approximation now combines the restriction of perpendicular wave vectors to
discrete values with the dispersion relation of graphene in order to obtain the dispersion relation
of a carbon nanotube.

kx kx

ky ky

Δk⊥ Δk⊥

k⊥

k||

k|| k||0 0

K´ K´

K´ K´K´ K´

K K

K K

EF EF Eg

E E

K K

(a) (b)metallic semiconducting

Figure 2.2.: Zone-folding approximation for a metallic (a) and semiconducting (b) nanotube. (a)
The intersection of the K and K ′ points by the allowed k⊥ leads to a linear dispersion without
bandgap. (b) The allowed k⊥ do not intersect the K and K ′ points. A bandgap arises in the
dispersion relation. Adapted from [Laird et al., 2015].

In the Brillouin zone, the zone-folding approximation leads to a set of parallel lines spaced by
∆k⊥. From this, two situations can be distinguished:

• metallic nanotubes: Here, n −m = 3l with l being an integer. The allowed wave vector
lines intersect the Dirac points at K and K ′. In the band structure, states arbitrarily close
to the Fermi energy can be found. Armchair nanotubes and zigzag nanotubes of the form
(3l, 0) are metallic in the zone-folding approximation.

• semiconducting nanotubes: Here, the condition n−m = 3l±1 is fulfilled. This is true for
chiral CNTs and zigzag CNTs of the form (3l ± 1, 0). In the one-dimensional dispersion
relation, conductance and valence band are approximately parabolic and are separated by
an energy gap.

The zone-folding approximation does not account for effects arising due to the curvature of
the CNTs [Charlier et al., 2007]. Among these are changing bond lengths, modification of the
hybridisation, and an induced spin-orbit coupling (which is intrinsically low in graphene). This
leads to the fact that only armchair nanotubes are truly metallic, while for zigzag nanotubes of
the form (3l, 0), a small bandgap opens.
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Chapter 2. Properties of carbon nanotubes

These different types of CNTs can readily be identified in room temperature measurements.
A gate potential shifts the position of the chemical potential and thus the bandgap (if existing)
relative to the Fermi energy [Laird et al., 2015]. Measuring the conductance of the nanotube
in dependence of an applied gate voltage generates situations like in Fig. 2.3. A metallic CNT
shows no dependence of gate voltage, because subbands intersect the KK’ points and therefore
no bandgap exists. In the case of a semiconducting CNT (kBT � Eg), the Fermi energy can be
tuned into the bandgap, so that current is suppressed over a large gate range. When kBT ∼ Eg,
the current will show a dip, but will not be completely suppressed at room temperature. This is
the case for small-bandgap CNTs.

Vg Vg Vg

σ σ σ

0 0 0

(a) (b) (c)

Figure 2.3.: Sketches of room temperature conductance σ(Vg) for metallic (a), small-bandgap
(b), and semiconducting (c) CNT in dependence of gate voltage. Insets show the respective dis-
persion relations from which the conductance behaviour can be deduced. Adapted from [Laird
et al., 2015].

2.2. Fabrication techniques

In the course of this work, two different techniques for the fabrication of carbon nanotube devices
have been used: an overgrowth technique [Götz et al., 2016, Blien et al., 2016], growing the
CNTs on-chip as a last fabrication step, and a fork transfer technique [Blien et al., 2018], where
electrode chip fabrication and CNT growth are separated. Both techniques produce suspended,
so-called ultraclean CNTs with clean electronic spectra and outstanding mechanical properties.
While the overgrowth technique is suitable to gain a high yield but random directional growth
on simple-structured devices, where the same electrode structure can be multiplexed several
times on one substrate chip, the fork technique aims for the directed transfer into more complex
devices.

2.2.1. On-chip overgrowth

For earlier results of Sect. 5, an on-chip overgrowth technique following [Cao et al., 2005]
was used. It was initially planned to also use this approach for fabricating carbon nanotube-
microwave resonator hybrid devices. However, as an alternative fabrication method was accom-
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2.2. Fabrication techniques

plished, the overgrowth process was abandoned in this context; for the alternative method, the
fork transfer process, see the next section.

In the overgrowth method, the CNT is grown in the last fabrication step over the pre-existing
electrode structure. As a consequence, the choice of contact material is restricted. The growth
process is detrimental to most materials: many metals melt in the high temperature atmosphere
and superconductors lose or at least are diminished in their superconducting quality. Still some
materials have been reported to survive this processing. Among these are thin films of platinum-
tungsten [Hüttel et al., 2009], rhenium [Schmid et al., 2012] and, as used in this thesis, alloys of
molybdenum and rhenium [Singh et al., 2014b, Götz et al., 2016, Blien et al., 2016].

The overgrow approach ensures that the CNT is not exposed to chemicals, which minimises
the possibility of defects and surface contaminations in the CNT crystal. Furthermore, scanning
electrode microscopy (SEM) to directly look for nanotubes after growth is avoided. This pre-
vents the deposition of amorphous carbon coming from the residual gases in the SEM chamber.
Nanotube growth and electrical connectivity is solely checked by electrical room-temperature
characterisation of the samples.

A catalyst suspension is used within this method (see Fig. 2.4 (a)). It contains a transition
metal oxide and metal-organic particles suspended in methanol. To "activate" the suspension,
the catalyst flask is placed in an ultrasonic bath for at least 20 min. The devices are covered with
Polymethylmethacrylat (PMMA) and undergo EBL to define the positions where a catalyst dot
will be placed. After development, the catalyst is dropcast onto the chip. A bake out follows,
where the methanol evaporates. A lift-off process removes the surplus catalyst and leaves only
small clusters in the defined areas. For studies of the effect of the growth process on thin films
and resonator characteristics (see Sect. 5), no catalyst was used.

For the growth, the devices are placed into the quartz tube of a CVD furnace (see Fig. 2.4 (b)).
They are heated up in a mass-flow controller defined gas flow of Ar and H2 to 850 ◦C. When
the temperature is reached, the Ar flow is cut off and a defined CH4 flow is turned on. The
device is kept in this atmosphere for 10 − 30 min. This is when the CNT growth happens: the
methane decomposes at the catalyst and the carbon is building the lattice of the nanotube [Kong
et al., 1998]. The growth direction is random (see Fig. 2.4 (c)) and the number and length of
the CNTs depend on parameters such as growth time, gas flow, and temperature [Götz et al.,
2016]. The chips subsequently cool down in an Ar/H2 atmosphere. Before measurements at
low temperatures, individual structures can be pre-examined in room temperature measurements.
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(a)

(c) (c

(b)

CH /H , 850°C4 2

Catalyst

Catalyst

CNT

CNT

PMMA

SiO2

SiO2

Si

Si

Electrodes

Electrodes 5 µm

Figure 2.4.: Carbon nanotube overgrowth process. (a) Liquid catalyst is deposited locally by
EBL, dropcasting, baking, and lift-off. (b) The samples undergo a CVD process, where the
CNTs grow in a methane/hydrogen atmosphere at 850 ◦C. If CNTs fall over lead electrodes,
they are suspended and can be electrically contacted. (c) Exemplary SEM micrograph, where
the random growth, with few long tubes ≈ 10 µm and many short ones, can be identified. The
concentric ring structure around the catalyst dot is a failed attempt of trench etching.
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2.2. Fabrication techniques

2.2.2. Fork transfer

The overgrowth process is associated with a low general device yield, as the CNT growth is
random regarding number of nanotubes and nanotube growth direction. At the same time, the
CNTs are grown in the last fabrication step, which makes sample preparation time consuming.
Several groups have found different transfer techniques to overcome this situation. The group
of S. Ilani uses scanning probe microscope manipulation of the growth chip to deterministically
assemble the CNT on a second chip containing the electrode structure [Waissman et al., 2013].
On the other hand, the groups of Z. Zhong [Wu et al., 2010], L. P. Kouwenhoven [Pei et al.,
2012], and C. Schönenberger [Ranjan et al., 2015] implemented a stamping technique, where
a growth chip is pressed onto the target chip. The transfer in the stamping technique is still
statistical in nature, but electrode and growth structures can in principle be multiplexed on both
chips, enhancing the yield.

(a)

4.8mm

(b)

Co

H2, CH4

960 C

CNT

(c)

100 µm

(d)

1 µm

nanotube

Figure 2.5.: Quartz tuning fork preparation and CNT growth. (a) Forks before and after removal
of the metal contacts. (b) As catalyst for the growth process, Co is sputtered onto the fork tips
(∼ 1 nm). The nanotube synthesis takes place in a CVD oven in a CH4/H2 atmosphere at
960 ◦C. (c) A SEM micrograph reveals the preferred growth direction. (d) Individual nanotubes
crossing the gap can be identified. Adapted from [Blien et al., 2018].

Our fork transfer process [Blien et al., 2018] relies more on Ilani’s deterministic approach: we
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have adapted the technique described in [Gramich et al., 2015] for macroscopic quartz tuning
forks. With this method, the disadvantages of the overgrowth process in regard to the fabrication
of complex structures could be much improved: devices are no longer restricted to certain met-
als that survive the atmosphere of CNT overgrowth, transfer is repeatable as unwanted CNTs
can easily be "burned off", and complex structured devices are reusable. Especially with su-
perconducting resonator geometries, advantages are manifold. Devices can be readily bonded,
pre-examined, and tested for their resonant behaviour. Only then, a single CNT is transferred
directedly into the region, where the coupling to the resonator is large. The fork transfer process
as described in this section was established in the master thesis of P. Steger [Steger, 2019].

Starting with commercial-grade quartz tuning forks (Fig. 2.5 (a)), the first step is removal of
the metallic contact structure. For this, aqua regia or Lugol’s solution as well as hot HCl and
hot NaOH baths are used. Cleaning is finished by sonication and plasma ashing. Subsequently,
a thin film of nominally 1 nm of cobalt is sputtered onto the tips of the fork tines (Fig. 2.5 (b)).
The forks are placed in a CVD growth oven, where they are heated up perpendicular to a gas
flow of Ar and H2 to 960 ◦C. At this temperature, they remain under a constant flow of CH4

and H2 for 30 min. Here, the Co acts as catalyst [Huh et al., 2005] and the CNTs grow from
tine to tine, because of the preferential growth direction along the gas flow (Fig. 2.5 (c)). In
order to avoid carbon contamination, the forks used for transfer onto actual devices are usually
not imaged via SEM. This is done only for testing purpose: bundles, networks, but also single
nanotubes crossing the gap of ∼ 144 µm can be identified (Fig. 2.5 (d)).

Photographs of the transfer setup are shown in Fig. 2.6. The forks which have undergone the
growth process and possibly carry CNTs are attached on a glass object plate that is mounted to
a micromanipulator stage (Fig. 2.6(a), (b)). The setup used here is adapted from [Castellanos-
Gomez et al., 2014], where similar components have been used to dry-stamp 2D materials. The
transfer can be observed via a camera/optical microscope combination. The target chip is glued
onto a printed circuit board (PCB) and bonded, so the electrodes can be electrically connected
(Fig. 2.6(c)). The contact structure used for the transfer consists of four electrodes of the same
height - two for cutting, two as leads - and a lower gate electrode that is electrically isolated by
an oxide or cross-linked PMMA layer. On either side of the electrodes is a rectangular area that
is locally etched ∼ 12 µm into the substrate by an anisotropic etching process using SF6 and Ar
(see Fig. 2.7) in reactive ion etching (RIE).

12



2.2. Fabrication techniques

a)
micromanipulator

optics

glass plate

with fork
PCB with

electrode chip

(a)

glass 
plate

wedge

quartz fork

(b)

Mini-SMP sockets

Micro D socket
(c)

(d)

(f)

(e)

1 µm

Figure 2.6.: Depiction of the carbon nanotube transfer setup. In (a), an overview of the setup
is shown. The glass plate with the fork is mounted on a micromanipulator stage and can be
lowered onto the target chip. The chip is glued to a PCB, where it can be electrically connected.
The transfer process is monitored via an optical microscope and a camera. (b) A close up of
the attached quartz fork and the glass object plate. (c) Side view of the stacked PCB. The lower
board contains a Micro D socket for dc connection, the upper one two mini-SMP sockets for
microwave experiments. (d-f) shows a SEM of a successfully transferred CNT. The nanotube has
been cut between the outer electrode pairs (d, f) and now lies only over the two inner electrodes
(e). Adapted from [Blien et al., 2018].
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Figure 2.7.: Schematic of the transfer process. (a) A voltage of Vsd = 100 mV is applied to the
outermost electrodes 1 and 4. (b) The fork is lowered to chip while monitoring the current Isd.
The fork tines sink into the deep-etched areas. If a nanotube connects electrodes 1 and 4, a finite
current is measured (Fig. 2.8 (a)). (c) After a pre-characterisation by sweeping the gate voltage
on electrode 5 (Fig. 2.8 (b)), the CNT can be cut between electrodes 1 - 2 and 3 - 4 by a high
current (Fig. 2.8 (c)). (d) The fork can then safely be retracted. The CNT now only connects the
inner electrodes 2 and 3 and is suspended over the gap. A final electronic pre-characterisation
can be performed.

The transfer process is illustrated in Fig. 2.7 with the resulting electrical characterisation in
Fig. 2.8. Initially, the fork is lowered onto the chip using the micromanipulator stage, to sink the
tips into the deep-etched areas. Simultaneously, a voltage of 100 mV is applied to the outer elec-
trodes (1 and 4) and the current is measured. Doing so, the transfer can be monitored electrically
and optically (through camera and microscope). As soon as a nanotube touches the outer elec-
trodes, a finite current flows (Fig. 2.8(a)). By sweeping the gate voltage, the type of CNT (see
Sect. 2.1 and Fig. 2.8 (b)) can be determined and bundles or single nanotubes can be identified.

To finish the transfer process, the CNT has to be cut between the outer contact pairs. This is
done by ramping up the voltage and thus the current between contacts 1 and 2 and contacts 3
and 4, with the device in air; see Fig. 2.7 (c) and Fig.2.8 (c) for this. Consistent with [Waissman
et al., 2013], the critical current lies in the range 5− 30 µA. In the case of a single nanotube, the
current drops to zero in a single step (Fig. 2.8 (c, left)). If on the other hand a step-like decrease
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is observed (Fig. 2.8 (c, right)), this can be ascribed to breaking individual shells in a multiwall
nanotube or individual tubes in a bundle. This has been verified in the work of P. Steger by
atomic force microscopy [Steger, 2019]. After successful transfer, the carbon nanotube lies only
on contact 2 and 3 and is suspended over the trench between them (Fig. 2.6 (d-f) and Fig. 2.7 (d)).

The quartz forks are chemically and mechanically resistant and can be cleaned from remaining
nanotube parts and dirt. Plasma ashing removes organic compounds originating from the CVD
growth, and a hot nitric acid bath dissolves residues of the catalyst. After another cleaning step
using sonication and plasma ashing, the forks can be reintroduced in further fabrication cycles.
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Figure 2.8.: Measurements on a CNT during the transfer process. (a) As soon as a connection
to the electrodes is established, the current Isd jumps to a finite value. A first characterisation of
the CNT can now be performed. (b) Gate voltage characteristics of a metallic CNT: the current
for an applied bias of Vsd = 3 mV is independent on the gate voltage. (c) To fix the CNT on the
device, the voltages Vcut between the outer electrode pairs are ramped. The shape of the current
drop allows conclusions on the transferred nanotube; see main text. Adapted from [Blien et al.,
2018].
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2.3. Electronic transport - Coulomb blockade

When a carbon nanotube is weakly coupled to metallic contacts, the dimensionality of the band
structure can be further reduced. The CNT forms a small conducting island that is confined along
the tube axis by the formation of tunnel barriers to the source and drain electrodes. Because of
its small capacitance, only quantized charging by single electrons is possible. Such a system,
combining a discrete number of trapped charges and discrete, well-separated quantum levels, is
called quantum dot (QD).

2.3.1. Quantum dots in general

S D

G

QD

Cs

Rs Rd

Cd

Cg

Cenv

Γs Γd+

+Γs- Γd

-

Figure 2.9.: Schematic of a quantum dot. The QD is formed by tunnel barriers with tunnel rates
Γ±s/d. Equivalent capacitances Cs/d and tunnel resistances Rs/d to the source (S) and drain (D)
electrodes are shown. A gate electrode (G) is capacitively coupled (Cg) to the conducting island.
The quantum dot further experiences a parasitic capacitance Cenv to its surroundings.

Fig. 2.9 displays a schematic equivalent circuit of a quantum dot. It consists of a conductor,
that is constrained in every spatial direction and is connected to source and drain electrodes
to measure electronic transport. The coupling is given by tunnel barriers that emerge between
QD and lead electrodes with tunnel rates to Γ+

s/d and from Γ−s/d the dot (see also Sect. 2.3.4).
This situation can be modelled by tunnel resistors Rs/d and capacitors Cs/d. A gate electrode is
capacitively coupled (Cg) to the QD to manipulate the electro-chemical potential of the electrons
on the dot. A finite capacitance to the surroundings is denoted by Cenv [Kouwenhoven et al.,
1997].

The transport through a quantum dot can be described within the constant interaction model
[Hanson et al., 2007], which is based on two assumptions:

1. The Coulomb interaction of the electrons on the QD and in close proximity is described
by a single parameter CΣ that is the total dot capacitance

CΣ = Cs + Cd + Cg + Cenv . (2.4)
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2. The single particle energy spectrum is independent of these interactions and consequently
independent of the number of electrons.

The Coulomb blockade regime is now the suppression of electron tunneling due to electrostatic
effects, namely Coulomb repulsion. Then, the number of electrons on the quantum dot is fixed.
In terms of energy scales, it appears when the thermal energy kBT is much smaller than the
classical electrostatic charging energy1 EC [Kouwenhoven et al., 1997, Tans et al., 1997], which
is given by

EC =
e2

CΣ
, (2.5)

kBT � EC .

The charging energy depends on the size of the quantum dot and is usually in the range of
∼ meV. As thermal energies of electrons are kBT ≈ 0.34 meV at liquid helium temperatures
T = 4 K, the quantum dot can enter the Coulomb blockade regime.

A second requirement is a sufficient opaqueness of the tunnel barriers to suppress charge
fluctuations on the quantum dot by tunneling [Tans et al., 1997]. This translates, due to the
Heisenberg uncertainty principle [Kouwenhoven et al., 1997], to the tunnel resistances Rs/d

being much larger than the conductance quantum h/e2 ≈ 25.8 kΩ,

Rs/d �
h

e2
.

In a "classical" quantum dot, the energy required to add an additional electron is given by
the charging energy. Thus, the energies are equally spaced by ∆Eadd = EC. Here, the quan-
tum states arising from the spatial confinement of the charge carriers have not been taken into
account. In semiconducting QDs, however, where the Fermi wavelength is large, their energy
spacing ∆EN is on the order of the charging energy EC and has to be considered in the energy
balance [Kouwenhoven et al., 1997].

The electro-chemical potential (at zero bias voltage Vsd = 0) is now defined as

µ(N) = U(N)− U(N − 1) = EC

(
N − 1

2

)
− eαgVg + EN , (2.6)

where U(N) denotes the total energy of the QD with N electrons in the ground state, αg =
∆E/∆Vg is the gate conversion factor, Vg the gate voltage, and EN the single particle energy
level coming from quantum confinement.

For the description of electronic transport in quantum dots, the electro-chemical potential is a
convenient parameter; a ladder is formed for all N (see Fig. 2.10). Due to µ(N) having a linear
dependence on Vg, the ladder can be shifted up and down by the gate voltage. The distance
∆Eadd(N) between the "rungs" (the potentials) represents the energy that is needed to add a
surplus electron. It is given by [Hanson et al., 2007]

∆Eadd(N) = µ(N + 1)− µ(N) = EC + ∆EN , (2.7)

1The energy of a capacitor charged with a single electron is EC = e2/2CΣ. Here, however, for convenience the
charging energy is defined as twice this value as in [Staring et al., 1991].
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2.3. Electronic transport - Coulomb blockade

and is comprised of the charging energy and the energy distance of the respective quantum levels.
∆EN can be zero, e.g. when two electrons fill a level that is degenerate.

The transport through a quantum dot now sensitively depends on the alignment of the dot
electro-chemical potentials to those of the source and drain electrode µs and µd. This can be
seen in Fig. 2.10 (a-c): when the levels align µs = µd = µ(N), single electron tunneling (SET)
can occur. In between the tunneling events, levels do not align, and the current is blocked by
Coulomb blockade. When additionally a bias voltage Vsdis applied, a bias window of energy
µs − µd = −|e|Vsd opens, where tunneling is allowed (see Fig. 2.10 (d)). The current peaks
become more and more broadened with increasing Vsd because quantum dot levels responsible
for tunneling stay inside the bias window for a larger range of gate voltage. When the current
I or differential conductance σ = dI/dVsd in dependence of Vg and Vsd is recorded, stability
diagrams are formed. Due to their peculiar shape, they are often called Coulomb diamonds
[Hanson et al., 2007].
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1 2
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Figure 2.10.: Chemical potential ladder of a quantum dot. In (a) the chemical potentials of the
QD do not align with those of the leads. This is called the Coulomb blockade regime. With a
gate voltage Vg the dot potentials can be tuned to align with those of the leads (b). Tunneling is
then possible. Recording the current while sweeping the gate voltage thus leads to an alternating
pattern of no current in the Coulomb blockade regime and SET peaks at distance ∆Vg (c).
When a bias voltage Vsd is applied to the leads, a bias window opens (d). Tunneling is possible
as long as a potential of the QD is inside the bias window. Sweeping bias and gate voltage while
recording the current therefore leads to a diamond shaped pattern (e). This pattern is called a
Coulomb diamond. The slopes of the edges of single electron tunneling regions λ1, λ2 are given
by the capacitances CΣ, Cg, Cs, and Cd. Taking a line trace at Vsd = 0 (blue dashed line), the
zero bias trace of (c) is recovered. Adapted from [Hanson et al., 2007].

The slopes of the Coulomb diamonds give the gate conversion factor or lever arm as [Glazman
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and Shekhter, 1989]

αg =
Cg

CΣ
=

(
1

|λ1|
+

1

|λ2|

)−1

. (2.8)

It usually depends on the number of charges N on the dot. From the distance between SET
peaks ∆Vg, the capacitance between CNT and gate can be estimated as

CCB
g =

e

∆Vg
. (2.9)

2.3.2. Carbon nanotube quantum dots

Carbon nanotubes are usually treated as one dimensional objects (see Sect. 2.1). In electronic
transport experiments, segments of often < 1 µm are coupled to lead electrodes. A quantum dot
forms in the CNT by the further reduction of the dimensionality by the tunnel barriers at the
nanotube-electrode interfaces. The contact separation determines the size of the quantum dot,
and thus the energy level spacing ∆EN [Cao et al., 2005].

Due to the electronic characteristics being based on these of graphene, CNTs exhibit a four-
fold degeneracy (spin and valley) in their electronic states. Filling up the CNT quantum dot
levels leads thus to the population of the same energetic state for four consecutive electrons.
In this case, according to Eq. 2.7, only EC has to be paid. If an electron has to populate a
previously unoccupied level, additionally the confinement energy has to be overcome, so that
∆Eadd(N) = EC + ∆EN [Hanson et al., 2007]. Then, there is also a larger distance between
the chemical potentials of the quantum dot (see Fig. 2.11 (b)).

In general, it is not easy to estimate the contribution of the confinement energy ∆EN , because
it depends on many different factors, for instance the boundary conditions, contact material and
nanotube diameter [Laird et al., 2015]. A simplified model uses hard wall boundary conditions
combined with a linear dispersion relation, giving rise to a constant Fermi velocity vF. In the
case of hard wall potentials, the longitudinal wavevector separation is given by ∆k‖ = π/L
with the quantum dot length L. A linear dispersion relation is always given in a metallic CNT.
In semiconducting nanotubes, this is only true for higher electron states, as then the dispersion
relation can be linearly approximated. This takes the applicability of this model away from the
bandgap towards the states where many electrons populate the QD. In the case of hard wall
potentials and linear dispersion, the confinement levels are equally spaced and depend inversely
on the quantum dot length [Tans et al., 1997]

∆EN =
hvF

2L
. (2.10)

Using a Fermi velocity of vF ≈ 8 · 105 m/s [Laird et al., 2015, Tans et al., 1997], this results in
a quite high confinement energy spacing of ∆E ≈ 1.65 · 10−9eV m/L. It is for short segments
(L ≤ 1 µm) in the same range as typical charging energies EC = 5− 20 meV for CNTs, so that
the unequal level spacing of Fig. 2.11 (b) can be experimentally observed.

Interestingly, ∆E is only dependent of the CNT length, not of the number of electrons on
the dot (as in other quantum dot systems). As also EC is independent of the charging state,
according to the constant interaction model, this makes the CNT energy spectrum simple also in
the case of high electron occupation.
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Figure 2.11.: The coupling of the CNT to lead electrodes leads to a longitudinal quantization of
the wavevector k‖ as indicated with vertical dashed lines (a). This results in confinement energies
and states (=shells), each fourfold degenerate and with spacing ∆EN . Adding an electron to a
previously unoccupied shell requires this additional energy difference ∆EN , whereas adding an
electron to an already occupied shell only requires EC (b). The electro-chemical potentials of
the QD are then no longer evenly spaced. Adapted from [Cao et al., 2005].

Going beyond above simplifications, the bipartite hexagonal lattice has to be taken into ac-
count, leading to more complex boundary and quantisation conditions and thus to unexpected
electronic behaviour [Margańska et al., 2019].

2.3.3. Transport spectroscopy of a carbon nanotube quantum dot

In this section, transport spectroscopy results of a CNT quantum dot, on which later all the
optomechanical experiments were performed, shall be shown. For this, the CNT was fork trans-
ferred (see Sect. 2.2.2) to the coupling region of a half wave resonator (see Sect. 6.1). However,
high frequency experiments and setup details shall be ignored for now. Here, an overview of
the dc characteristics at low temperatures is given. Some of these are later used to explain the
optomechanical coupling enhancement (see Sect. 7.2).

Fig. 2.12 displays schematically the measurement setup used for quantum dot spectroscopy.
The device was mounted on the mixing chamber stage of a dilution refrigerator with a nominal
bas temperature of T = 15 mK. The dc wiring is filtered on the still stage by RC filters and
again at room temperature by RLC filters. Bias voltages are applied using a Yokogawa GS200
and a voltage divider of ratio 1:1000. A gate voltage was applied using also a Yokogawa GS200
and a 5 Hz lowpass filter, to reduce ac noise on the gate. With a DL Instruments 1211 current to
voltage amplifier, the current through the CNT can be converted to a voltage, which is amplified
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Figure 2.12.: Schematic measurement setup for transport spectroscopy on a CNT quantum dot.
The device is mounted on the mixing chamber stage of a dilution refrigerator with a nominal
base temperature of T = 15 mK. A bias voltage Vsd is applied over a voltage divider to the
source and drain electrode. The current through the CNT is detected at the drain electrode by a
current to voltage amplifier and a digital multimeter. The gate voltage Vg is applied to the gate
electrode after passing a 5 Hz low-pass filter.

(most of the time by a factor 109 V/A) and read out using an Agilent 3458A digital multimeter
(DMM). The device temperature can be varied, heating the mixing chamber. In this way, a range
from base temperature up to T = 4 K can be covered.

Measuring the current I at small bias voltage in dependence of the gate voltage leads to the
expected alternating Coulomb blockade current suppressions and SET peaks as explained in
Sect. 2.3.1. Fig. 2.13 (a) shows the current for low gate voltages around Vg = 0 and higher
positiv gate voltages of 5 V ≤ Vg ≤ 10 V. Around Vg ≈ −0.6 V, the bandgap can be observed
as a region of suppressed current. There, no QD levels are available to contribute to the electronic
transport. Interestingly, this specific CNT shows quantum dot formation on both, the electron
and the hole conduction side.

At higher positive gate voltages (= higher electron occupation numbers), a four fold period-
icity in the SET peaks can be observed, where every fourth peak takes an additional amount in
gate voltage. According to Sect. 2.3.2, this is due to the confinement energy which can then be
extracted from this measurement. P. Steger has shown in his master thesis [Steger, 2019] that
for this particular CNT, addition energies are ∆Eadd = (2.9 ± 0.3) meV for N 6= 4n, n =
1, 2, 3, . . . , and ∆Eadd = (4.2 ± 0.4) meV for N = 4n, n = 1, 2, 3, . . . . From this, a con-
finement energy of ∆EN = (1.3 ± 0.7) meV can be calculated. Using Eq. 2.10, this leads to a
quantum dot size of L = (1.3 ± 0.7) µm, which is not particularly precise, but conforms with
the source-drain electrode distance of 1 µm.
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Fig. 2.13 (b) shows stability diagrams of the same device on the hole conduction side: here,
the current was recorded in dependence of both gate and bias voltage, which leads to a highly
regular Coulomb diamond pattern. The specific Coulomb oscillation around which all later
optomechanical experiments are centred, is the one around Vg ≈ −1.16 V. From the edges of
this Coulomb diamond and Eq. 2.8, a gate lever arm of

αg = 0.265

could be extracted. Taking the zero bias trace, the average distance between two Coulomb
oscillations can be stated as ∆Vg = 61.6 mV. Using Eq. 2.9, the gate capacitance can then be
calculated as

CCB
g = 2.6 aF .

Note that the Coulomb diamonds in Fig. 2.13 (b) do not close. A gap in low bias conduction
can be caused by a chain of several quantum dots [Yuli V. Nazarov, 2009]. The high regularity
of the diamonds - only one set of delineating slopes occurs - points however to the fact that one
QD is dominant. A second potential minimum could be found for example in a trap state at one
of the contacts [Blien et al., 2020]. For this reason and for simplification, the system will be
treated as a single quantum dot in the rest of this thesis.

Due to a presumable charging of the PMMA isolation layer, a slow drift in the diamond
positions emerged over a timespan of six months spent on the experiment. This is why later
measurements show these Coulomb oscillations at slightly more negative gate voltages.
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Figure 2.13.: Transport spectroscopy of a (likely small bandgap) CNT quantum dot at T =
15 mK. (a) displays Coulomb blockade and SET for fixed bias voltages Vsd = 2 mV and Vsd =
1.5 mV for the low respectively high positive gate voltage range. The bandgap is situated around
Vg = −0.6 V. For higher gate voltage ranges Vg > 7 V weak indications of a four fold symmetry
unfold; see the inset. (b) shows regular Coulomb diamonds for the hole conduction side. (b)
adapted from [Blien et al., 2020].
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2.3.4. Modelling conductance and charge evolution

Following [Meerwaldt et al., 2012], a simplified model for the average number of charge carriers
on the QD is given in this section. It will be important in Sect. 7.2, where the enhancement of
the optomechanical coupling is derived from single electron effects on the quantum dot.

The broadening of a QD level is given by its finite lifetime τ = 1
Γbroad

at sufficiently low
temperatures (meaning ~Γbroad � kBT ). The density of available states of the QD caused by
tunnel coupling to the leads in this regime is described via a Lorentzian shape

DOS(µ) =
1

2π

~Γbroad

(µ− µCNT)2 +
(
~Γbroad

2

)2 . (2.11)

Here, Γbroad is the full width at half maximum of the lifetime broadened state and µCNT is the
chemical potential of the carbon nanotube corresponding to the specific Coulomb oscillation.

The tunnel rates of Fig. 2.9 can then be calculated as the overlap of the density of states of the
QD and the leads times the probability that the state is occupied∫ +∞

−∞
DOS(µ) ·DOSs/d(µ)fs/d(µ)dµ .

At low temperatures, the Fermi functions fs,d can be modelled by step functions

fs/d(E) =

{
1, for E < µs/d

0, for E > µs/d

, (2.12)

and the densities of states of source and drain DOSs/d(µ) are assumed to be constant. Then, for
the tunnel rates

Γ+
s = as

∫ µs

−∞
DOS(µ) dµ , Γ+

d = ad

∫ µd

−∞
DOS(µ) dµ , (2.13)

and
Γ−s = as

∫ ∞
µs

DOS(µ) dµ , Γ−d = ad

∫ ∞
µd

DOS(µ) dµ (2.14)

is obtained. Here, constant prefactors as, ad consider the height and width of the tunnel barriers
to source and drain electrode. Then, the average charge on the quantum dot is given by

〈N〉 = N0 +
Γ+

Γ+ + Γ−
, (2.15)

where Γ± = Γ±s + Γ±d .
In the zero-bias regime and assuming similar tunnel rates to both leads µs = µd = µ and

as = ad = a holds. As then Γ+ + Γ− = a, Eq. 2.15 reduces to2

〈N〉 = N0 +

∫ µ

−∞

1

2π

~Γbroad

(µ′ − µCNT)2 +
(
~Γbroad

2

)2 dµ′ =
1

2
+

1

π
· arctan

(
2(µ− µCNT)

~Γbroad

)
.

(2.16)
2For a more general discussion using asymmetric tunnel barriers in the finite bias regime, see Sect. C.2.
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According to Beenakker [Beenakker, 1991], the conductance is then given by

G = πG0
~Γbroad

2
DOS(µ) , (2.17)

with the conductance quantum G0 = 4e2

h .
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Figure 2.14.: Conductance (a) and number of charge carriers (b) around a single electron tunnel-
ing event. (a) shows data of device conductance recorded by D. Schmid and a fit using Eq. 2.17.
The fit has been normalized to the data. The number of charge carriers increases stepwise around
the SET event (b).

Fig. 2.14 (a) shows data of a conductance peak corresponding to single electron tunneling in
dependence of the gate voltage at a bias voltage of Vsd = 5 µV. It that has been fit to Eq. 2.17
with µ = eαgVg and αg being the gate lever arm of Eq. 2.8. As fit parameter, Γbroad = 0.56 THz
was obtained, which is similar to values obtained in [Meerwaldt et al., 2012]. Translating the
broadening Γbroad to a voltage gives V ≈ 370 µV; an influence of the bias voltage on the
broadening can therefore be excluded. Comparing to a device temperature of T = 50 mK,
the lifetime broadened regime kBT � ~Γbroad holds. In Fig. 2.14 (b), the associated charge
evolution on the quantum dot according to Eq. 2.16 is plotted. As expected, the number of
charge carriers increases stepwise with each individual charge carrier being transferred onto the
QD.

2.3.5. Quantum capacitance of a carbon nanotube quantum dot

When charging a classical capacitor, e.g. two parallel plates made of metal, the number of
charges on the capacitor increases continuously with applied voltage. This is due to the quasi-
infinite density of states in the metal. The total capacitance is then fully determined by the ge-
ometry of the capacitor (Ctot = Cgeo). For quantum mechanical systems, however, low density
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2.4. Nanomechanics of carbon nanotubes

of states can emerge, leading to non-linear charging. This effect reduces the total capacitance,
acting as another capacitor in series to the geometric one [Ilani et al., 2006]

C−
1

tot = C−1
geo + C−1

Q . (2.18)

This term is called quantum capacitance and was first defined by S. Luryi [Luryi, 1988].
The quantum capacitance per unit length/area can be derived from the charge carrier density

q as [John et al., 2004]

cQ =
∂q

∂V
, (2.19)

where V is the local electrostatic potential. As carbon nanotubes are one dimensional systems,
the total quantum capacitance can be expressed as

CQ = e
∂ 〈N〉
∂Vg

= e2αgDOS(Vg) , (2.20)

where on the right side, Eqs. 2.16 and 2.11 were used. In this way, CQ is proportional to the
conductance of the nanotube (see Fig. 2.14 (a)) and has its maximum where 〈N〉 (Vg) is steepest.

Ilani et al. [Ilani et al., 2006] have measured the total capacitance of a top gated carbon nano-
tube device at 77 K with values∼ 200 aF. They approximate the geometric gate capacitance Cg

with a wire-over-plane model

Cg =
2πε

ln(4h/d)
L , (2.21)

where d and L are the wire (nanotube) diameter and length, and h is its distance to the plane
(gate electrode). From this model, they receive Cg ∼ 260 aF, suggesting values for the quantum
capacitance of CQ ∼ 870 aF .

2.4. Nanomechanics of carbon nanotubes

The energetically lowermost vibrational modes of suspended carbon nanotubes [Hüttel et al.,
2008] are sketched and characterized in their dependence on the resonator length L in Fig. 2.15.
The radial breathing mode (RBM) is only dependent on the nanotube diameter and corresponds
to the radial expansion and contraction of the CNT lattice. Typically, its energy lies close to
~ωm = 10 meV. Intermediate energies are shown by the longitudinal stretching mode, corre-
sponding to a vibration in axial direction. Usually below the electronic excitations originating
form the quantum dot confinement, their resonance frequencies depend on the nanotube length as
∼ 1/L. The energetically lowest form of mechanical vibration is the guitar string like transver-
sal bending mode. It has first been detected in room temperature measurements in the group
of P. McEuen [Sazonova et al., 2004]. With a frequency dependence on the nanotube length as
∼ 1/L2, they typically show resonances in the 10−1000 MHz range. Additionally, they depend
extensively on the mechanical tension, which can be externally applied by electrostatic forces
(as e.g. a gate voltage) [Hüttel et al., 2009] or is intrinsically inherited in the device fabrica-
tion process. The rest of the chapter will concentrate on the transversal vibrational mode, its
description, actuation and detection, and interaction with SET.

27



Chapter 2. Properties of carbon nanotubes

(a) (b)

Figure 2.15.: Different mechanical modes that arise in CNTs. Sketches (a) and associated en-
ergies (b) of the different forms. In (b), the predicted dependence on the CNT length L is
displayed. The widening of the lines of the RBM and the transversal bending mode are due to
the additional dependence on the nanotube diameter or (in the case of the transversal mode) the
tension. Taken from [Hüttel et al., 2008].

2.4.1. Transversal mode vibrations in carbon nanotube mechanical
resonators

Doubly clamped CNTs have shown interesting features of transversal mode vibration [Meer-
waldt et al., 2012]. They have at the same time a high Young’s modulus of E ≈ 1 TPa [Lu,
1997], a small diameter, and a low mass density. As a consequence, they can exhibit high me-
chanical frequencies up to the GHz regime and damping has been shown to be low at cryogenic
temperatures [Hüttel et al., 2009]. Thereby, mechanical quality factors of up to 5 million have
been experimentally demonstrated [Moser et al., 2014]. These high Q factors allow the observa-
tion of interaction between single electron tunneling and motion of the CNT, which can be used
as sensitive probe to detect the vibration [Hüttel et al., 2009]. Whereas this electron-phonon
interaction leads to additional dissipation and frequency softening [Steele et al., 2009], on the
other hand the possibility of sustaining current driven oscillations of the CNT arises [Usmani
et al., 2007, Wen et al., 2019]. Originating in the low mass density and high frequency, the
zero-point motion amplitude xzpf =

√
~/2mωm can achieve values of up to 10 pm [Poot and

van der Zant, 2012].
The starting point for the theoretical description of the bending mode is the Euler-Bernoulli

beam equation, where suspended nanotubes are modelled as cylindrical beams [Cleland, 2003,
Poot and van der Zant, 2012]. The equation of motion for the displacement u(x, t) in dependence
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2.4. Nanomechanics of carbon nanotubes

of time t and position along the beam axis x is

ρA
∂2u

∂t2
+ η

∂u

∂t
+ EI

∂4u

∂x4
− T ∂

2u

∂x2
= Fext . (2.22)

Here, the first term describes acceleration, where ρA is the product of mass density and cross
section area of the beam. The second term describes damping and will be neglected in the
following (η = 0). The restoring force from the bending stiffness (third term) depends on the
fourth order derivative of the displacement u with respect to x, with the proportionality factor
being the bending rigidity EI (E being the Young’s modulus and I being the momentum of
inertia). Finally, the fourth term describes the restoring force due to tension T and depends on
the second order derivative of the displacement. Fext is an external driving force.
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Figure 2.16.: Side (a) and front view (b) of a carbon nanotube mechanical resonator. A segment
of length L is suspended between leads above a gate electrode at distance d (a). The CNT
can vibrate with position dependent deflection u(x). In (b), the field lines of the electrostatic
potential are sketched. (b) adapted from [Poot and van der Zant, 2012].

Now either the third or the fourth term of Eq. 2.22 can dominate the response [Poot and
van der Zant, 2012]. In the case where the bending rigidity dominates and the tension term
can be neglected, the CNT acts as a beam resonator. In the opposite case, where the tension
dominates, it behaves as a string resonator. For a doubly clamped beam, in both limits

u(0, t) = u(L, t) =
∂u

∂x
(0, t) =

∂u

∂x
(L, t) = 0 (2.23)

applies. Then, in the case of a beam resonator the eigenfrequencies are given by

ωn =

√
EI

ρA

β2
n

L2
, (2.24)

where βn has to fulfil cos(βn)cosh(βn) = 1. In the string resonator case

ωn = 2π

√
T

ρA

n+ 1

2L
(2.25)
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is obtained.
In a simplified model, the CNT can be seen as a conductive wire with length L and radius R,

that is suspended over an infinite metallic plane (the gate electrode) at distance d (see Fig. 2.16).
The deflection dependent capacitance (per unit length) between CNT and gate electrode is then
given by

Cg(x) =
2πε0

arcosh
(
d−u(x)
R

) . (2.26)

2.4.2. Current-driven oscillations
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Figure 2.17.: Coulomb diamonds in the positive gate voltage range. Two green arrows mark
exemplary sharp ridges in the conductance, that show the onset of current driven mechanical
oscillation. The data has been numerically differentiated for better visibility.

The first sign of mechanical activity of the optomechanical CNT device measured in this
thesis was observed in the stability diagram of the QD at positive gate voltages. Fig. 2.17 shows
the numerically differentiated current in a gate voltage range 0 ≤ Vg ≤ 0.75 V and a bias
voltage range −12 mV ≤ Vsd ≤ +12 mV. The onset of mechanical oscillation manifests itself
as sharp ridges in the data. This has been previously experimentally observed [Steele et al.,
2009, Schmid et al., 2012] and been theoretically described by Usmani et al. [Usmani et al.,
2007]. They considered a SET device that is weakly coupled to an underdamped mechanical
resonator. The motion is generated by strong feedback of the SET events on the resonator. This
again strongly modifies the current through the QD, as is explained further in the next section.
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2.4. Nanomechanics of carbon nanotubes

2.4.3. Actuation and detection mechanism
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Figure 2.18.: Actuation and detection setup (a) and motion to effective gate voltage conversion
mechanism (b). (a) shows the quantum dot spectroscopy setup of Fig. 2.12 where an antenna
and a rf generator have been added. (b) The actuation of the vibrational motion of the CNT
leads to a time dependent capacitance Cac

g , which can be seen as an effective gate voltage V ac
g .

Measuring the time averaged current through the CNT in the vicinity of the SET peak at fixed
bias voltage leads to a variation of the current, when the CNT is mechanically active. Adapted
from [Hüttel et al., 2009].

For dc characterization of the mechanical mode, another technique is used: the detection
principle introduced follows [Hüttel et al., 2009]. For the actuation of mechanical vibration of
the CNT, an antenna is placed closely above the device chip (see Fig 2.18 (a)). It consists of
a coaxial cable, where the outer conductor and the dielectric have been removed near the end
hovering above the chip.

The capacitance between carbon nanotube and gate electrode is given by Eq. 2.26 and can
be separated into a static (dc) and a deflection dependent (ac) part Cg = Cdc

g + Cac
g . When

the CNT vibrates on resonance, the amplitude of Cac
g (t) = (dCg/du)u0 cos(ωmt) will become

large (with the CNT getting closer/further away to/from the gate electrode at frequency ωm).
This will then modulate the current through the CNT quantum dot.

To detect the mechanical resonance, the dc gate voltage is fixed on a SET peak. At small bias
voltage, a rf driving signal is applied via the antenna. When the CNT is vibrating, the ac part of
the capacitance leads to an effective change in gate voltage V ac

g = (Cac
g (t)/Cg) ·Vg, shifting the

position on the SET peak. A Taylor expansion of the current leads to [Hüttel et al., 2009]

I(u0, Vg) = I(Vg) +
u2

0

4

(
Vg

Cg

dCg

du

)2 ∂2I

∂V 2
g

+O(u4
0) . (2.27)

As can be seen, the change in current ∆I = I(u0, Vg) − I(Vg) is proportional to the curvature
of the Coulomb blockade oscillation ∂2I/∂V 2

g . It is negative on the oscillation peak giving an
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averaged current smaller than the static current. On the flanks, on the other hand, it is positive
leading to an averaged current larger than the static current [Hüttel et al., 2009].

As the dc cabling of our measurement setup contains large stray capacitances, the setup be-
haves as a low-pass filter with a low cut-off frequency. Thus, variations in the current that are
situated in the higher MHz range can only be detected as time-averaged currents. This leads
to an decrease/increase of dc current at the Coulomb oscillation peak/flanks, when the CNT is
vibrating.
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Figure 2.19.: Resonance curves in the high (a) and low power (b) regime. In both measurements,
the drive frequency was swept over the mechanical resonance at constant gate and bias voltage,
while measuring the dc current. At high drive powers (a), the resonance curve looks highly
nonlinear, while at low drive powers (b), a Lorentzian fit can be applied. A quality factor of
Qm = 6280 is obtained.

An exemplary measurement is displayed in Fig. 2.19. The bias voltage was kept constant at a
small value Vsd = 0.5 mV and the gate voltage was tuned to the flank of a Coulomb oscillation
at Vg = 3 V. To detect and characterize the mechanical resonance, the current is now measured
continuously, while the antenna frequency is swept (at fixed drive power). When the resonance
condition is fulfilled, the aforementioned increase in dc current is observed. For an antenna
drive power of PA = −10 dBm (see Fig. 2.19 (a)), the resonance curve is highly nonlinear. This
can be explained by a nonlinear Duffing force term [Hüttel et al., 2009]. At lower drive powers
(PA = −30 dBm, see Fig. 2.19 (b)), the peak becomes more linear. A Lorentzian fit results in
a mechanical resonance frequency of ωm = 2π · 502.1 MHz, a linewidth of κm = 2π · 80 kHz,
and thus a quality factor of Qm = ωm/κm = 6280.

2.4.4. Frequency tuning and electromechanical backaction

Applying a dc voltage to the gate electrode, results in an electrostatic force Fel on the carbon
nanotube, which is the derivative of the electrostatic energy U

Fel =
∂U

∂z
=

1

2

dCg

dz
(Vg − VCNT)2 , (2.28)
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where VCNT is the voltage on the carbon nanotube. The additional force pulls the CNT closer
to the gate electrode and increases its tension, thus leading to elastic hardening of the spring
constant k(Vg), as k(Vg) = −∂Fel/∂z. In this way, the CNT can be tuned like a guitar string
as for a harmonic oscillator ∆k ∼ ∆ωm holds. Increasing the absolute value of the gate voltage
leads therefore to an increase in mechanical resonance frequency. Although the relation between
ωm and Vg is in general more complex [Poot and van der Zant, 2012], the resulting dependency
can especially at low gate voltages often be described by a quadratic fit ωm(Vg) ∼ βV 2

g with
β > 0 [Eichler et al., 2013].

Sometimes, however, the gate voltage dependence of the mechanical resonance frequency
shows the opposite behaviour: increasing the absolute value of the gate voltage decreases the
resonance frequency [Stiller et al., 2013, Wu et al., 2010]. This can be explained by electrostatic
softening. The charge on the gate electrode and CNT leads to a force that counteracts the restor-
ing force of the mechanical resonator, resulting in a negative contribution to the spring constant.
In a simple model, it can be accounted for by ωm(Vg) ∼ βV 2

g with β < 0
The carbon nanotube investigated in this thesis shows two mechanical modes of similar res-

onance frequency with peculiar gate voltage behaviour (see Fig.2.20). Both resonances are in
the range of ωm ∼ 500 MHz over a large gate voltage range −10 volt ≤ Vg ≤ +10 V. Lower
resonance frequencies have not been observed, leading to the conclusion that these are the fun-
damental resonances. Given a device length of L ∼ 1 µm, this points to the fact that a very high
stress has been imprinted onto the CNT during the transfer process. The generally small tuning
effect is another indication for high residual tension. Interestingly, when the two modes come
close to each other in resonance frequency (at Vg ≈ ±8 V), an avoided crossing is observed,
hinting to a strong coupling between the two modes, which has already been reported in pre-
vious publications [Eichler et al., 2012]. The points in Fig 2.20 (b) have been obtained by the
trace-wise extraction of the resonance maxima of the data in (a). For the bare modes, a parabolic
dispersion (ω1/2 ∼ β1/2V

2
g ) has been assumed (green dashed lines). However, one mode shows

positive, the other one negative curvature. Both behaviours have been observed in literature as
described above. To account for the anticrossings, a coupling parameter W is introduced. The
distance in frequency between the two coupled modes is 2W . The data can then be fitted to

ω+ =
1

2
(ω1 + ω2) +

1

2

√
(ω1 − ω2)2 + 4|W |2 (2.29)

ω− =
1

2
(ω1 + ω2)− 1

2

√
(ω1 − ω2)2 + 4|W |2 (2.30)

resulting in the solid lines in Fig. 2.20 (b). Here, ω+ signifies the upper branch, ω− the lower
one, accordingly. Fitting the data with 2.29 and 2.30, a coupling parameter of W = 2π ·
237 kHz (corresponding to an energy scale of E ≈ 1 neV) is obtained. The appearance of
avoided crossings shows that the modes are strongly coupled. This can be also be realised by
a comparison between mechanical linewidths and coupling parameter. For the upper branch a
decay rate of κm ≤ 2π · 80 kHz was obtained in the previous section. Assuming the same rate
for the lower branch shows both mechanical rates are smaller than the coupling parameter W .
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Figure 2.20.: Measurement data (a) and extracted resonance frequencies (b) in dependence
of gate voltage. The experimental parameters are Vsd = 0.5 mV, PA = −16 dBm, and
T = 15 mK. The data in (a) is acquired by driving the nanotube with an amplitude modulated
drive signal, for details see [Schmid et al., 2012]. In (b), the individual resonance frequencies
have been extracted. The CNT shows two gate-dependenent mechanical modes (blue and orange
points) that display an avoided crossing at Vg ≈ ±8 V. To fit the data, for the bare modes (green
dashed lines) a parabolic dispersion has been assumed. Additionally, a coupling parameter com-
mon to both anticrossings has been introduced. This results in fit curves (blue and orange solid
lines) recreating the gate voltage behaviour of both modes. Adapted from [Blien et al., 2020].
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A detailed measurement of the two mechanical modes in a smaller gate voltage range 8.7 V ≤
Vg ≤ 9.0 V (see Fig. 2.21) reveals another distinctiveness of CNT mechanical resonators: the
coupling of the mechanics to the electronics, called electromechanical backaction [Steele et al.,
2009, Meerwaldt et al., 2012]. Around the SET peaks, the resonance frequencies drop to lower
values. Eq. 2.28 can be used to quantify this spring softening behaviour. The change in spring
constant is

∆k(z, Vg) = −dFel

dz
= −1

2

d2Cg

dz2
(Vg − VCNT)2 − Vg(Vg − VCNT)

Cg

(
dCg

dz

)2 ∂(Vg − VCNT)

∂Vg
.

(2.31)
The first term gives rise to capacitive spring softening and can be neglected for small gate voltage
ranges [Meerwaldt et al., 2012]. The voltage on the CNT VCNT can be expressed by

VCNT =
qc − e 〈N〉

CΣ
, (2.32)

where qc is called control charge and is the charge that would be on the CNT in absence of
Coulomb blockade. In the low bias regime and for equal source and drain capacitancesCs = Cd,
it is

qc = CgVg . (2.33)

Then, for the resonance frequency shift ∆ωm = ∆k/2mωm it follows from Eq. 2.31

∆ωm =
Vg(Vg − VCNT)

2mωmCΣ

(
dCg

dz

)2(
1− CΣ

Cg
− e

Cg

∂ 〈N〉
∂Vg

)
. (2.34)

The fact that around a Coulomb oscillation ∂〈N〉 /∂Vg is large, means that here the last term
in Eq. 2.34 dominates. Because of the minus sign and ∂〈N〉 /∂Vg > 0, this effect leads to
spring softening. A sharper change in charge with gate voltage thus means a larger decrease in
mechanical resonance frequency.
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Figure 2.21.: Detailed measurement of the mechanical modes in a smaller gate voltage range
covering six Coulomb oscillations (dashed lines). In the vicinity of the Coulomb oscillations,
the mechanical frequencies become lower and the Q factor becomes smaller.
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3
Cryogenic setup

In this chapter, the measurement apparatus is explained. The main measurements of this work
have been recorded in a dilution refrigerator equipped with dc and rf cabling and additional
rf components, such as amplifiers, circulators, and attenuators. For rf experiments, a vector
network analyzer (VNA) is used. Its basic measurement quantities and parameters are explained
here.

3.1. Vector Network Analyzer

An important concept in microwave networks is that of the scattering matrix [S]. It relates the
amplitudes of voltages V +

j of incident power waves in an n port network to the amplitudes of
voltages V −i of power waves reflected from this network [Pozar, 2011]. Its elements can be
described as

Sij =
V −i
V +
j

∣∣∣∣
V +
k =0 for k 6=j

. (3.1)

In this thesis, the limitation to a two-port network, where transmission and reflection measure-
ments are carried out, will be sufficient (see Fig. 3.1). Then, S11 denotes the reflection coefficient
of a wave incident on port 1, whereas S21 denotes the transmission coefficient from port 1 to
port 2. These generally complex valued scattering coefficients or S-parameters can be measured,
using e.g. a VNA.

In the course of this work, a Rohde&Schwarz (R&S) ZVA24 VNA has been used for high
frequency experiments. These devices are equipped with two or more ports that can work both
as signal generator and receiver. Since they are based on a heterodyne detection technique they
can simultaneously record amplitude and phase of a signal. They are used in transmission and
reflection measurements, where the influence of a device under test (DUT) in the signal path adds
an amplitude and phase shift to the signal. These shifts are obtained by internally comparing the
transmitted/reflected signal to the generated one.

VNAs cover a large frequency range, in our case e.g. 10 MHz − 24 GHz, where sweeps can
be performed. In ordinary experiments, where transmission or reflection of a DUT are tested,
the generator frequency is swept over a certain range, while the generator power is fixed. The
power level is usually given in dBm, which is the power ratio in dB in reference to 1 mW, i.e.
PdBm = 10 log10 (PmW/1 mW).

A convenient form of representation of the forward transmission is given as 10 log10|S21|2 (in
dB-scale), directly relating the received signal to the squared amplitude, respectively the power,
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Figure 3.1.: S-parameters of a two port network. Incident voltages are noted as V +
i , reflected

voltages as V −i with i = 1, 2. S11 describes the reflection coefficient on the device back to port
1, S21 the transmission coefficient from port 1 to port 2. The same nomenclature holds for port
2.

of the generated signal. Depending on the sign, the power loss/gain imparted by the DUT can
directly be read out. The phase is given as arg (S21) in rad.

3.2. 4K Stick

For the pre-characterisation of microwave cavity and carbon nanotube devices, a 4K aluminium
dipstick with dc and rf cabling has been used. The device is mounted in an enclosed sample
holder with dc and rf connectors. The stick is then pumped, filled with a small amount of helium
working as exchange gas, and sunk into a vessel of liquid helium. Within minutes, the cabling,
sample holder, and sample have thermalised to roughly 4.2 K and devices can be pre-examined
regarding their dc and rf behaviour.

3.3. Dilution Refrigerator

For the optomechanical experiments, very low temperatures are necessary because of several
reasons:

1. In order for the coplanar resonators to obtain very high quality factors, the experiments
should take place in environments well below the transition temperature of the supercon-
ductor in use. In our case niobium (Tc ≈ 9 K) or an alloy made of rhenium and molybde-
num (Tc ≈ 5−8 K) were used, for which a temperature of T ≈ 2 K would be low enough
to result in high Q factors.

2. Also, the thermal excitation of the coplanar resonator mode plays a role. To minimise the
noise of an undriven cavity, e.g. in upconversion experiments (see Sect. 7.3.2), the thermal
energy should be smaller than the energy of a microwave quantum at the cavity resonance
frequency ωcav. This means that the temperature should be smaller than ~ωcav/kB ≈
280 mK for ωcav = 5.8 GHz.
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3. The effects that establish a reasonably large optomechanical coupling are mediated by the
nonlinear conductance of the carbon nanotube (see Sect. 2.3.4 and 7.2). In order to reach
the sharpest possible Coulomb oscillations, the quantum dot behaviour has to be in the
lifetime broadened regime, where T � ~Γbroad/kB. As the tunnel rates are usually in the
range of a few hundred GHz, this means that the temperature has to be much lower than a
few Kelvin.

4. With the objective of manipulating the motion of the mechanical resonator using radiation
pressure forces (see Sect. 7.3), it is convenient to pre-cool it thermally as close as possible
to its quantum ground state. For a CNT mechanical resonator with ωm ≈ 2π · 500 MHz,
this means that its ground state is reached below T = ~ωm/kB ≈ 25 mK.

All these conditions can be met with our Oxford Instruments Kelvinox 400HA dilution refriger-
ator, that is shown in an annotated photograph in Fig. 3.2. It has a nominal base temperature of
about T = 7 mK. A LakeShore 370 AC resistance bridge and temperature controller reads out
thermometers and is capable of adding power to heaters at the sorb, still-, or mixing chamber-
stage.

The dc cabling is implemented as twisted pair cables in a loom wire that is thermalised at every
temperature stage. High frequency filtering is performed with RC filters at the still stage and
an RLC filter box that is at room temperature directly plugged onto the cryostat. The device is
mounted in a copper sample holder that is screwed to a sample stage made of silver and stainless
steel connected to the mixing chamber stage.

3.4. Buildup of high frequency setup

A wiring diagram that has been used to detect optomechanical induced transparency in our
device (see Sect. 7.2.2), is displayed in Fig. 3.3 (a). Taking all rf components into account, the
system is capable of processing signals in a frequency range 4− 8 GHz.

A R&S SMB 100A microwave source creates a strong drive tone that is added to a weak probe
tone generated by the R&S ZVA24 VNA. The signal combination takes place in a Fairview
Microwave MC2047-20 directional coupler. This is a device that has two input ports. The
mw source is connected to the direct port, which sends the signal to the output port without
attenuation; the VNA is connected to the coupled port, which couples the signal with −20 dB
to the output port. Power that enters the output port is not sent back to the coupled port, but to a
fourth, isolated port (terminated with a load) and to the direct port.

The signal transmission happens via UTF85 semirigid coaxial cables. From the 1K stage on,
superconducting NbTi cables are used. These offer minimal thermal conductance between the
individual temperature stages of the dilution refrigerator. At every one of these stages, thermally
anchored attenuators are inserted, leading to a total input attenuation of −53 dB; see Fig.3.3 (a).
These serve to thermalise the inner conductor of the coaxial cables so as not to heat the sample,
which shall be cooled to dilution refrigerator base temperature. Additionally, Johnson noise
emitted by preceding stages is effectively blocked.

The device chip is glued and bonded to a PCB "sandwich"; see Fig.3.3 (b). It contains two
Mini-SMP connectors for high frequency signals and a Micro-D connector for up to 24 dc wires.
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Figure 3.2.: Kelvinox 400HA dilution refrigerator with vacuum and radiation shield removed.
Temperature stages and important rf and dc components are marked.

The PCB is enclosed by a copper sample holder with small openings for the coaxial cables.
Directly after having passed through the device, the signal is guided through a Quinstar

CTH0408KCS circulator mounted at the mixing chamber stage to the hf output line of the cryo-
stat. A terminated third port on the circulator blocks noise from higher temperature stages.

The signal is then passed through a chain of amplifiers. A cryogenic low-noise HEMT ampli-
fier (Caltech CITCRYO 1-12) is placed at the 1K stage. In the frequency range eligible for our
setup, it has a gain of∼ 30 dB and a noise temperature of∼ 3 K specified by manufacturer tests.
At room temperature, the first amplifier is a narrow-band Miteq AFS3-04000800-10-10P-4 with
a noise temperature of≤ 75.1 K, followed by a wide band Miteq AFS3-00101200-35-ULN with
a noise temperature of≤ 359.2 K. Both room temperature amplifiers have a gain of about 30 dB.
The total amplifier chain has thus a noise temperature of Tnoise ∼ 3.075 K. Subsequently, the
signal is detected by the VNA.

In some experiments an additional antenna was used for rf excitation of the mechanical res-
onator. Signals in the designated frequency range were applied using a R&S SMB 100A mw
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3.4. Buildup of high frequency setup

source. The rf cabling inside the cryostat is a completely unattenuated coaxial line leading to
the sample stage. As described in Sect. 2.4.3, the antenna is a coaxial cable where the outer
conductor and the dielectric have been removed near the end. This part is located inside the
sample holder, suspended several mm above the chip.
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Figure 3.3.: High frequency measurement setup. (a) Schematic of the cryostat with the most
important dc and rf components used to detect optomechanical induced transparency. In (b), a
close up photograph of the HEMT amplifier, its thermal anchoring, and wiring for the power
supply is shown. (c) Top view of sample holder with a device glued and bonded to a PCB.
Microwave signals can be applied via the Mini-SMP ports, dc signals via a total of 24 vias that
lead to a connector on the bottom side. (a), (c) adapted from [Blien et al., 2020].
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4
Coplanar Waveguide Resonators

In this thesis, superconducting half wave resonators were used as photonic resonators in optome-
chanical experiments and quarter wave resonators have been used to derive high frequency char-
acteristics of a molybdenum/rhenium alloy. This chapter deals with the theoretical description
of these resonators. First, the language for describing coplanar waveguides and related parame-
ters is defined. Then, it is investigated how superconductivity changes the waveguide properties.
Finally, the working principles, regimes, and parameters of the resonators are presented.

4.1. Introduction to Coplanar Waveguides

w
w

s

h

t

εr1

Center

Ground

Ground

Substrate

(a) (b)ε =1r0 H

E

Figure 4.1.: Schematic drawing of a CPW (a) Metal (blue) and substrate (dark yellow) with
corresponding dimensions: central conductor width s, metal film thickness t, substrate height
h, gap width w, and relative dielectric permittivity of substrate εr1 (b) Transversal electric and
magnetic field components of a quasi-TEM mode. Adapted from [Chaimool and Akkaraekthali,
2012]

The coplanar waveguide (CPW) was invented by Cheng P. Wen in 1969 [Wen, 1969] and is
used to convey signals in the microwave frequency domain. This planar form of transmission
line consists of a central conductor separated by gaps from two ground planes on the same side of
a dielectric substrate. Thus, CPWs can be conveniently fabricated using top-down processes and
active and passive elements can be easily integrated. The overall characteristics are governed by
mainly three parameters, the effective dielectric constant εeff , the characteristic impedance Z0,
and the attenuation constant α [Simons, 2001]. These parameters are defined by the geometric
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Chapter 4. Coplanar Waveguide Resonators

dimensions of the waveguide: central conductor width s, metal film thickness t, substrate height
h, gap width w, and relative dielectric permittivity of air and substrate εr0/1; see Fig. 4.1(a).

Crucial for any form of waveguide is the ability to transport energy in transverse modes: either
one (= transverse electric or TE, transverse magnetic or TM) or both (= transverse electromag-
netic or TEM) the electric and magnetic field components in propagation direction vanish. While
hollow cavity waveguides only support TE and TM modes, TEM waves can exist when at least
two conductors are present [Pozar, 2011], e.g. in coaxial cables. This can be attributed to the
boundary conditions the waveguides impose on the waves. Comparable to high pass filters, TE
and TM modes possess a non-zero cutoff frequency below which propagation can not occur. For
TEM modes such as, e.g., plane waves, the cut-off frequency is zero. Modes supported in CPWs
are not true TEM. However, their longitudinal field components are small and they are thus re-
ferred to as quasi-TEM [Pozar, 2011]. The transverse electric and magnetic field distribution in
CPWs is shown in figure 4.1(b).

A disadvantage of coplanar waveguides is the existence of an additional mode, the slotline
mode, with also zero cutoff frequency. There is a need to suppress this mode, as the distribu-
tion of energy to multiple modes is unwanted. As the slotline mode is an odd mode, this can
be achieved by potential equalisation of the two ground planes by, e.g., metallic airbridges or
overbonding.

4.2. Important Microwave Parameters

4.2.1. Transmission Line Model

A CPW can be described by a generic two-wire model that is applicable for all kinds of transmis-
sion lines. It has to be used when the signal contains large enough frequencies, so that voltage
and current significantly vary over cable and device dimensions 1. Otherwise, there will be
substantial radiation power losses and reflections of the signal at discontinuities [Pozar, 2011].
Strictly being a distributed parameter network (voltage and current vary in magnitude and phase
over its length), it is represented in this model by lumped element quantities which are defined
per unit length.

These quantities are

• Resistance R, resulting from the finite conductivity of the wire material,

• Inductance L, the series self-inductance of the wires,

• Shunt conductance G, originating in dielectric losses in the material between the wires,

• Capacitance C, emerging from the adjacent conductors.

Applying Kirchhoff’s laws and plane wave solutions for the time evolution of voltage and
current, the telegrapher equations in the steady-state form can be derived

dV (z)

dz
= −(R+ jωL)I(z) , (4.1)

1As a rule of thumb: if the component is larger than 10% of the wavelength, the two-wire model has to be used.
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v(z+Δz, t)v(z, t)
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Δz

Figure 4.2.: Lumped elements equivalent circuit of a transmission line of length ∆z. Resistance
R, inductance L, shunt conductance G, and capacitance C of the two wires are defined per unit
length. The current is flowing along the wires, while there is a voltage difference between the
wires. Adapted from [Pozar, 2011].

dI(z)

dz
= −(G+ jωC)V (z) . (4.2)

These can easily be solved by using travelling wave solutions

V (z) = V +
0 e−γz + V −0 e+γz , (4.3)

I(z) = I+
0 e
−γz + I−0 e

+γz, (4.4)

with the complex propagation constant

γ = α+ jβ =
√

(R+ jωL)(G+ jωC) , (4.5)

that consists of a real part, the attenuation constant α, and an imaginary part, the phase constant
β. The phase constant is related to the wavelength of the signal as β = 2π/λ and the phase
velocity of the waves travelling in the CPW is vph = ω/β.

As a result, the characteristic impedance Z0 of a transmission line can be defined. It relates
the voltage to the current of a single uni-directional propagating wave as

Z0 =
V +

0

I+
0

=
−V −0
I−0

=

√
R+ jωL

G+ jωC
(4.6)

and is only dependent on the transmission line material and geometry but not on its length (for a
homogeneous line). This is a very fundamental quantity in microwave physics: the characteristic
impedances of individual circuit components have to match (or be matched) in order to avoid
signal reflections. Also, a transmission line has to be terminated by an impedance (e.g. the input
impedance of a microwave device) equal to the characteristic impedance for the same reason.

The attenuation constant α is in the frequency range of this thesis mainly composed of two
contributions [Simons, 2001]

α = αd + αc , (4.7)

where αd is the dielectric loss and αc is the conductor loss. The latter is generally not easy to
calculate and depends on frequency, conductivity and field distribution of the waveguide. The
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Chapter 4. Coplanar Waveguide Resonators

method in use depends on the ratio between skin depth and film thickness (normal conductor)
or penetration depth (see Sect. 4.3) and film thickness (superconductor). Other loss mechanisms
are self-radiation losses and resistive losses due to finite temperatures or external radiation; for
more information, see [Simons, 2001]. The attenuation constant due to dielectric losses is given
in Sect. 4.2.2.

In a lossless transmission line 2, where conductor and dielectric losses can be neglected (R =
G = 0), it is found from equation 4.5 that the attenuation constant is zero α = 0 and the phase
constant is equal to β = ω

√
LC. The phase velocity is then given by vph = 1/

√
LC, while

equation 4.6 simplifies to

Z0 ≈
√
L

C
=

1

Cvph
. (4.8)

Note that in the case of a lossless line the propagation constant γ is purely imaginary, whereas
the characteristic impedance Z0 is a real number, typically chosen to be Z0 = 50 Ω.

4.2.2. Characteristic Impedance and Effective Permittivity

In the previous chapter, it was stated that for microwave applications, the characteristic impedance
of the components has to be taken into consideration. In practical cases, the components can be
regarded as lossless, so that equation 4.8 holds. Next, it will be shown how to calculate and
determine the characteristic impedance of CPWs. For the definition of geometrical parameters,
see figure 4.3.

ws

t=0
h2

ε =1r0

w m=∞

h1

m=∞

εr2

εr1

Figure 4.3.: Geometric parameters used in the calculation of C, L, εeff , and Z0: central conduc-
tor width s, gap width w, substrate heights h1/2, and dielectric constants εr1/2. The dielectric
constant of vacuum set to unity εr0 = 1, the metal film is presumed as infinitely thin t = 0, and
the ground planes are presumed as infinitely wide m = ∞. Adapted from [Veyres and Hanna,
1980].

All calculations in this chapter are made under the following implicit assumptions:

• The ground planes are much wider than the gap and centerline size, so they can be thought
of as infinitely wide (m� s, w ⇒ m→∞).

2The assumption of a lossless line in this definition is adequate not only in the case of superconductors but also for
normal metals in most practical cases.
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• The metal film is much thinner than the gap and centerline size, so it can be thought of as
infinitely thin (t� s, w ⇒ t→ 0).

• The CPW is unshielded, i.e., there is no metal plane above or below the CPW in a distance
comparable to the gap and centerline size.

Following Simons [Simons, 2001], the capacitance of a CPW per unit length can be subdi-
vided into individual parts

CCPW = C1 + C2 + CAir . (4.9)

Here, C1/2 are the partial waveguide capacitances that account only for substrate layer 1/2 and
CAir is the capacitance if no dielectric layers were present.

Single-Layer Substrate

In this limiting case, the substrate height of the second layer is set to zero h2 = 0, so that C2

must vanish
CCPW = C1 + CAir . (4.10)

Using conformal mapping techniques [Veyres and Hanna, 1980], formulas for these capaci-
tances can be derived

C1 = 2ε0(εr1 − 1)
K(k1)

K(k′1)
, (4.11)

CAir = 4ε0
K(k0)

K(k′0)
, (4.12)

where K(k) is the complete elliptic integral of the first kind

K(k) =

∫ 1

0

dt√
(1− t2)(1− k2t2)

(4.13)

and

k1 =
sinh(πs/4h1)

sinh(π(s+ 2w)/4h1)
, (4.14)

k0 =
s

s+ 2w
, (4.15)

k′i =

√
1− ki2 with i = 0, 1 . (4.16)

Putting equations 4.11 and 4.12 in equation 4.10 gives the overall waveguide capacitance

CCPW = 2ε0(εr1 − 1)
K(k1)

K(k′1)
+ 4ε0

K(k0)

K(k′0)
. (4.17)

In a similar way, an expression for the total waveguide inductance per unit length can be
derived [Watanabe et al., 1994], if one assumes a film thickness smaller than twice the magnetic
penetration depth (see Sect. 4.3) and a uniform current density across the film thickness

LCPW =
µ0

4

K(k′0)

K(k0)
. (4.18)
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Chapter 4. Coplanar Waveguide Resonators

Note that non-magnetic substrates have been assumed. In this case, the inductance is not affected
by the substrate, because it has the same relative magnetic permittivity as vacuum µr = 1
[Clarke, 2007].

Now, an effective dielectric permittivity can be defined as [Collin, 2001]

εeff =
CCPW

CAir
= 1 +

εr1 − 1

2

K(k1)

K(k′1)

K(k′0)

K(k0)
= 1 + F (εr1 − 1) , (4.19)

where F is the filling factor, accounting for the ratio of electric energy in the substrate to total
electric energy of the waveguide. The effective dielectric permittivity can be thought of as a
relative permittivity of a homogenous medium surrounding the waveguide, because the total
waveguide capacitance can then be written as

CCPW = εeffCAir = 4ε0εeff
K(k0)

K(k′0)
. (4.20)

A simplification worth mentioning can be given in the limit of thick substrate (h1 → ∞).
Then, k1 → k0 and equation 4.19 reduces to

εeff =
εr1 + 1

2
with F =

1

2
. (4.21)

This can be interpreted in a way that the electric field of the signal is evenly distributed so that
exactly half of it permeates the substrate. As a consequence, the effective permittivity is the
mean value of the dielectric constants of substrate and air.

With the help of these parameters, the dielectric loss of Eq. 4.7 can be given by

αd =
ω

2c

εr√
εeff

Fϑ . (4.22)

Here, ϑ is the loss tangent and is usually defined as the ratio of the imaginary to real part of the
dielectric constant ε = ε′ − iε′′ with ε = εrε0 [Pozar, 2011].

The effective dielectric permittivity affects the phase velocity as

vph =
1√

LCPWCCPW
=

c
√
εeff

, (4.23)

c being the speed of light in vacuum.
From equations 4.8, 4.18, 4.20, and 4.23, the characteristic impedance of the CPW can be

specified by

Z0 =
1

4ε0c
√
εeff

K(k′0)

K(k0)
≈ 30π
√
εeff

K(k′0)

K(k0)
. (4.24)

Knowing the effective permittivity of the substrate, the waveguide geometry can be chosen in
such a way that the characteristic impedance of the CPW matches that of the surrounding cir-
cuitry. The above expressions for Z0 and εeff were also derived in the original paper by Wen
[Wen, 1969].

48



4.3. The role of superconductivity

Double-Layer Substrate

As many of the devices in this thesis were fabricated on substrates consisting of two dielectric
layers of different material, it shall also briefly be shown how the formulas for single-layer
substrates have to be altered for this case. For a more detailed derivation see [Simons, 2001,
Gevorgian et al., 1995].

The situation of a second layer (sandwiched between the first layer and the metal, see Fig. 4.3)
can easily be implemented by modifying the effective permittivity as

ε′eff = εeff +
εr2 − εr1

2

K(k2)

K(k′2)

K(k′0)

K(k0)
, (4.25)

where k2 and k′2 are given as in equations 4.14 ad 4.16 with the height of the second layer h2.
Then, all formulas for the parameters of a single-layer substrate are valid in the case of a

double-layer substrate, when using this altered effective permittivity ε′eff . Concretely, the char-
acteristic impedance is given by

Z0 =
1

4ε0c
√
ε′eff

K(k′0)

K(k0)
. (4.26)

For vanishing layer thicknesses (h2 � s, w), the second summand in equation 4.25 is close
to zero and the effective permittivity regains the expression of the single-layer case (equation
4.19).

4.3. The role of superconductivity

Up until this point the theory on CPWs was not specific to the type of metal. In this section
effects originating from superconductivity will be investigated. These play a major role in the
field of CPW resonators, as they drastically enhance or influence the resonator characteristics.
With this section, a theoretical basis for the description of superconductors used in microwave
applications will be formed. This is required in later chapters for the experimental determination
of material properties using superconducting resonators.

4.3.1. Two-Fluid Model and Complex Conductivity

In experiments dealing with dc currents, superconductors can be treated as lossless conductors.
Additionally, due to the Meißner-Ochsenfeld effect which leads to the spontaneous expulsion
of a magnetic field from a superconductor, they are perfectly diamagnetic. Only in the case of
large magnetic fields or currents, normal conducting regions, that can contribute to the electric
resistance, appear. Yet, electromagnetic fields penetrate into the superconductor with a finite
magnetic penetration depth, which can be seen equivalently to the skin depth of normal metals.
This behaviour is commonly described by the two phenomenological London equations [London
and London, 1935]

∂

∂t
~js =

nse
2

m
~E , (4.27)
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rot~js = −nse
2

m
~B . (4.28)

Here, js is the supercurrent density and ns is a phenomenological parameter. Using the Maxwell
equation rot ~B = µ0

~j on the second London equation, one obtains

∆ ~B =
1

λ2
L

~B , (4.29)

which describes the exponentially decaying magnetic field in the superconductor perpendicular
to the surface with a temperature dependent characteristic length λL. At T = 0, the London
penetration depth λL0 is given by

λL0 =

√
m

µ0nse2
. (4.30)

In the two-fluid model, the phenomenological parameter ns of the London equations 4.27,
4.28 can be identified with the density of electrons in the superconducting phase. The charge
carrier density in the superconductor thus consists of a part nn describing unpaired electrons
(thermal quasiparticle excitations) and a part ns describing electrons condensed into Cooper
pairs [Tinkham, 2004]

n = nn + ns . (4.31)

The classical equation of motion for charge carriers in the standard Drude model is

m
∂

∂t
~v = e ~E −m~v

τ
, (4.32)

with the drift velocity ~v and the scattering time τ . The charge carriers in the two-fluid model
then generate two currents

~js/n = ns/ne~v = σs/n
~E , (4.33)

that can be expressed via two conductivities σs/n. Assuming harmonic regimes for current end
electric field (~j, ~E ∝ eiωt) in Eqs. 4.32, 4.33, one obtains for the quasiparticles the ac Drude
conductivity

σn =
nne

2

m

1

iω + 1/τn
(4.34)

In a coarse approximation, for the superconducting electrons τs → ∞ holds. Then, the first
London equation 4.27 is directly obtained from equations 4.32, 4.33. The conductivity of the
superfluid is now

σs = −inse
2

mω
= − i

µ0ωλ2
L

(4.35)

The total conductivity is a complex number and can be written as

σ = σn + σs = σ1 − iσ2 . (4.36)

This complex conductivity was first introduced by Glover and Tinkham [Glover and Tinkham,
1957]. In the limit ωτn � 1 (which is typically valid for microwave frequencies [Tinkham,
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2004]), the quasiparticle conductivity in Eq. 4.34 reduces to σn = nne
2τn/m = σ1 (the imagi-

nary part is neglected). From this, it can be seen that the contribution of the quasiparticles to the
total conductivity is resistive (as it is a purely real number), while that of the electrons condensed
into Cooper pairs is inductive (as it is purely imaginary).

Note that in this chapter it was presumed that the frequencies are below the BCS energy gap of
the superconductor. Otherwise, additional loss channels, evoked by pair breaking, would open
up. For microwave frequencies, as being dealt with in this thesis, this assumption is fulfilled, as
typically, microwave energies are in the µeV-range whereas gap energies are in the meV-range.

4.3.2. Length scales and limits

In the previous chapter, the theory of the two-fluid model was built around the assumption that
the current response to the electric field is local. This means, that the electric field varies little
around a point ~r within a radius of the mean free path l = vFτ (vF being the Fermi veloc-
ity). However, characteristic penetration depths λeff were experimentally found that were much
larger than the one predicted in equation 4.30 by the London theory3. Consequently, Pippard
proposed an empirical equation [Pippard, 1953] substituting the London equations in a non-local
approach. Later, Mattis and Bardeen derived a microscopic non-local theory directly from the
BCS theory [Mattis and Bardeen, 1958] (see chapter 4.3.3).

The non-local theories contain the pure coherence length4

ξ0 =
~vF

π∆0
, (4.37)

which is a measure for the minimum size of a Cooper pair given by the Heisenberg uncertainty
principle, and the impure coherence length

1

ξ
=

1

ξ0
+

1

αpl
, (4.38)

taking scattering into account (αp being a phenomenological constant on the order of unity).
Given these three length scales - λeff , ξ, and l - several regimes of the electromagnetic response

of the superconductor can be distinguished [Tinkham, 2004, Gao, 2008]:

• clean/dirty regime: If l � ξ0 is fulfilled, then ξ ≈ ξ0. This is called the clean limit. If, on
the other hand, the mean free path limits the coherence length, l� ξ0 and ξ ≈ l are valid.
This is called the dirty limit.

• local/non-local regime: If λeff � ξ OR λeff � l, the response is local. In this case, the
London equations are recovered from Pippard’s equation but with a modified penetration
depth λeff . In the clean limit, this relaxes to the original form with λeff = λL, while in the
dirty limit λeff = λL

√
1 + ξ0/l. In the local limit, the conductivity in classical formulas

can be substituted by a complex one σ = σ1−iσ2. If λeff � ξ AND λeff � l, the response
is non-local, because the charge carriers "see" a spatially varying field. In this case, the

3These are in literature often denoted by just λ, as λeff is often reserved specifically for the local case.
4Eq. 4.37 is here given in the BCS form.
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effective penetration depth is λeff ≈ 0.65
(
λ2

Lξ0

) 1
3 [Tinkham, 2004]. If additionally the

clean limit holds, the regime is called extreme anomalous.

• thick/thin film limit: If the electron mean free path is limited by the superconducting film
thickness t (l ≈ t), the film is considered thin. This means that the response can be made
local by making the film thin enough so that λeff � t. If l is not limited by the film
thickness, the film is called thick.

It has to be mentioned that there are no consistent criteria for the distinction between the limits
provided in literature. Sometimes, more parameters are introduced [Tinkham, 2004]. The classi-
fication that is presented here is relaxed to the point where the above length scales are sufficient
for its description, but also rigorous enough to ensure validity [Gao, 2008].
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Figure 4.4.: Dependence of λeff(0)/λeff (a) and ∆/∆(0) (b) with reduced temperature T/Tc

according to Eqs. 4.39 and 4.41.

Generally, all of the above length scales are temperature dependent. Of special interest in the
further argumentation will, however, only be the temperature dependence of λeff . There is no
universal dependence, but it can to a good degree be approximated in the two-fluid model by
[Tinkham, 2004]

λeff(T )

λeff(0)
=

1√
1−

(
T
Tc

)4
. (4.39)

The inverse of Eq. 4.39 is plotted in Fig. 4.4 (a), where it can be seen that λeff(T ) diverges at the
critical temperature.

An important energy scale of a superconductor is the temperature dependent energy gap pa-
rameter ∆(T ). It is predicted by BCS theory as a gap between ground state and excited states in
the density of states around the Fermi energy. This means, that a minimum energy Eg = 2∆ is
required to break a Cooper pair [Bardeen et al., 1957].
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For T = 0, this parameter is maximal and can be approximated by [Bardeen et al., 1957,
Tinkham, 2004]

Eg(0) = 2∆0 = 3.528kBTc , (4.40)

where Tc is the critical temperature. Above Tc the parameter is zero as the gap vanishes.
A useful expression for the temperature dependence of the gap parameter is given by [Pöpel,

1989, Lemberger et al., 2007]

∆(T ) = ∆0

√√√√cos

[
π

2

(
T

Tc

)2
]
. (4.41)

This equation is plotted in Fig. 4.4 (b), where it is apparent that the superconducting gap de-
creases with rising temperature and vanishes at Tc.

4.3.3. Mattis-Bardeen theory

Mattis and Bardeen applied the BCS theory of superconductivity to derive a microscopic picture
of the electrodynamic response [Bardeen et al., 1957]. Here, only the main outcomes shall be
discussed, as the theory is later used to derive the complex conductivity from experimentally
accessible parameters. To understand mathematical definitions, the theory of integral transforms
shall be shortly introduced.

An integral transform

(Tf)(u) =

∫ t2

t1

f(t)K(t, u)dt (4.42)

transforms an input function f(t) into another function (Tf)(u) with the help of a kernel func-
tion K(t, u). The integral transform is usually used to map an equation from one domain to
another, where it can be solved more easily. Then, using an inverse transform with inverse ker-
nel K−1(u, t), the solution is brought back to the original domain. As an example, the kernel of
the Fourier transform, mapping from time to frequency domain, is K(t, ω) = e−iωt/2π.

In the Mattis-Bardeen model, the London equations 4.27, 4.28 are replaced by a total non-
local current density

~j(~r, ω) = C

∫
V

~R
[
~R · ~A(~r ′, ω)

]
R4

I(ω,R, T )e−
R
l d~r ′ , (4.43)

with ~R = ~r − ~r ′, a constant C, the vector potential ~A, the mean free path l, and the Mattis-
Bardeen kernel I(ω,R, T )e−R/l, which is the extension of the BCS kernel to nonzero frequen-
cies [Turneaure et al., 1991].

The kernel function is usually a lengthy expression [Bardeen et al., 1957], but can be simpli-
fied in the clean (extreme anomalous), as well as dirty (or local) limit [Gao, 2008]. Then again,
it is convenient to introduce a complex conductivity as in equation 4.36. It can generally be
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defined as

σ1

σn
=

2

~ω

∫ ∞
∆

[f(E)− f(E + ~ω)] (E2 + ∆2 + ~ωE)√
E2 −∆2

√
(E2 + ~ω)2 −∆2

dE

+
1

~ω

∫ −∆

min{∆−~ω,−∆}

[1− 2f(E + ~ω)] (E2 + ∆2 + ~ωE)√
E2 −∆2

√
(E2 + ~ω)2 −∆2

dE ,

(4.44)

σ2

σn
=

1

~ω

∫ ∆

max{∆−~ω,−∆}

[1− 2f(E + ~ω)] (E2 + ∆2 + ~ωE)√
∆2 − E2

√
(E2 + ~ω)2 −∆2

dE , (4.45)

with the BCS energy gap ∆ and the Fermi-Dirac distribution f(E) = 1/
(
1 + eE/kBT

)
. The

first integral in Eq. 4.44 represents conduction by thermally excited quasiparticles, while the
second integral (which is zero for ~ω < 2∆) represents quasiparticle generation through Cooper
pair breaking by photons of energy ~ω. Eq. 4.45 describes the response of the superconducting
condensate on the conductivity, where the integral becomes zero [Kautz, 1978] and the complete
expression approaches infinity for ~ω → 0.

For a thermal quasiparticle distribution, the integrals in equations 4.44, 4.45 can be simplified
to analytical expressions for ~ω, kBT < 2∆ [Gao, 2008]

σ1

σn
=

4∆

~ω
e
− ∆

kBT sinh

(
~ω

2kBT

)
K0

(
~ω

2kBT

)
, (4.46)

σ2

σn
=
π∆

~ω

[
1− 2e

− ∆
kBT e

− ~ω
2kBT I0

(
~ω

2kBT

)]
, (4.47)

where I0 andK0 are the modified Bessel functions of the first and second kind. In these simplifi-
cations, σ1 and σ2 can be determined, as T and ω are control parameters, ∆ can be approximated
by equations 4.40, 4.41, and Tc and σn can be measured.

The temperature dependence of σ1 and σ2 is shown in Fig. 4.5 for a hypothetical supercon-
ductor with Tc = 1 K and an excitation energy of ~ω = ∆0/6. For the energy gap, relations
4.40, 4.41 are used. It can be seen, that for T ≈ Tc, equations 4.46, 4.47 are no longer good
approximations: σ2 should decrease monotonically, until it reaches σ2 = 0 at T = Tc, while
σ1 should take on the normal state conductivity σn. Due to the decrease of the energy gap, the
conditions ~ω, kBT < 2∆ are no longer given in this temperature range. In fact, the above
approximations are valid up to a temperature of T ≈ Tc/2 [Hein, 1999].

4.3.4. Surface impedance

For any given metal (normal- or superconducting), the surface impedance is the observable
to determine the electromagnetic response on microwave irradiation. For this, a thin film of
thickness t of the metal is placed in a microwave cavity. Changes in quality factor and resonance
frequency of the cavity then determine the surface impedance [Turneaure et al., 1991]. It is given
by the transverse components of electric and magnetic field,

Zs =
E‖

H‖

∣∣∣∣
z=0

=
E‖∫ t

0 j(z)dz

∣∣∣∣
z=0

= Rs + iXs = Rs + iωLs = Rs + iωµ0λeff , (4.48)
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Figure 4.5.: Approximative temperature dependence of σ1 and σ2 using equations 4.46, 4.47 for
the conductivities and 4.40, 4.41 for the energy gap. For T < Tc, the approximations are good.
The plots show values for theoretical parameters of Tc = 1 K and ω = 2π · 6 GHz ≈ ∆0/6~.

and generally consists of a real part, the surface resistance Rs, and an imaginary part, the sur-
face reactance Xs, which in the case of superconducting films is purely inductive Xs = ωLs.
Accordingly, Ls is called surface inductance and can be identified with the effective penetration
depth as Ls = µ0λeff [Gao, 2008, Day et al., 2003]. In the general non-local case, the current
density, which determines the magnetic component, requires the Mattis-Bardeen form of equa-
tion 4.43 and is difficult to calculate. But there are special cases, in which the surface impedance
can be related to the complex conductivity given in equations 4.44, 4.45:

• For thick films in the extreme anomalous limit, the surface impedance can be written as

Zs =

√
iωµ0

6
√
σn

3
√
σ1 − iσ2

=
i
√

3µ0ω

2

[
3πµ0ω

4l
σ2 + iσ1

]− 1
3

. (4.49)

Here, the first expression was derived from Walsh [Walsh and Tomaselli, 1990] and the
original paper of Mattis and Bardeen [Bardeen et al., 1957], and the second expression
was given by Gao [Gao, 2008].

• In the local limit ~j = σ ~E holds. If additionally the film is thin, the electromagnetic field
penetrates the entire film and the current distribution is uniform across the film [Gao,
2008]. Then, the surface impedance can be easily deduced by evaluating the integral over
the current, so that

Zs =
1

(σ1 − iσ2)t
=

σ1(
σ2

1 + σ2
2

)
t

+ i
σ2(

σ2
1 + σ2

2

)
t
, (4.50)

where, in this case,Rs = σ1/
((
σ2

1 + σ2
2

)
t
)
≈ σ1/

(
σ2

2t
)

andLs = σ2/
((
σ2

1 + σ2
2

)
ωt
)
≈

1/ (σ2ωt). In the last approximations, it was used that σ1 � σ2 for T � Tc. This shows
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an important fact, that is independent of the presupposed limit: the inductive response of
the film to an external field is determined by the part of the conductivity that describes the
superconducting condensate. This will be discussed further in the next section.

• For films of arbitrary thickness in the local limit, Kautz has given a formula [Kautz, 1978]

Zs =

√
iµ0ω

σ
coth

(√
iµ0ωσt

)
, (4.51)

that for thin films approaches equation 4.50 and for thick films equals

Zs =

√
iµ0ω

σ1 − iσ2
. (4.52)

This result takes the form of the surface impedance of a normal metal but with a complex
impedance [Walsh and Tomaselli, 1990].

4.3.5. Waveguide resistance and kinetic inductance

The waveguide resistance per unit length relates to the surface resistance by a purely geometrical
factor

RCPW = gRs . (4.53)

In a CPW, this factor is dependent on the waveguide geometry, more precisely s, w, and t as
in Fig. 4.1 and is the sum of two contributions

g(s, w, t) = gctr + ggnd , (4.54)

one for the center conductor and one for the ground planes. Following Collin [Collin, 2001] and
using K(k) and k as defined in chapter 4.2.2, these can be written as

gctr =
1

4sK2(k)(1− k2)

[
π + ln

(
4πs

t

)
− k ln

(
1 + k

1− k

)]
(4.55)

ggnd =
k

4sK2(k)(1− k2)

[
π + ln

(
4π(s+ 2w)

t

)
− 1

k
ln

(
1 + k

1− k

)]
. (4.56)

The total inductance in a superconducting CPW consists not only of the geometric inductance
of equation 4.18, but has a contribution that can be associated with the characteristics of the
superconducting condensate in the metal

LCPW = Lg + Lk = Lg + gLs , (4.57)

where Lk is called the kinetic inductance, because its origin lies in the inertia of the Cooper
pairs. It also relates to the surface inductance by the geometrical factor g.

An important parameter to be considered is the kinetic inductance fraction αk, which gives
the ratio of kinetic to total inductance

αk =
Lk

Lg + Lk
=

gLs

Lg + gLs
. (4.58)
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All of the parameters αk, Lk, Ls, and Rs are strongly temperature dependent in a supercon-
ducting CPW due to the fact that they relate to the Cooper pair and quasiparticle density. For
example, Ls = µ0λeff as stated in the previous chapter. The temperature dependence of λeff is
approximately given by Eq. 4.39 and shown in Fig. 4.4(a).

As shown, in the different limits of the previous section, the surface impedance can be related
to the experimentally easier accessible parameters σ1 and σ2. In the case of a thin film in
the local limit, for example, it has been shown (Eq. 4.50 and the following paragraph) that
Rs = σ1/

(
σ2

2t
)

and Ls = 1/ (σ2ωt). Temperature dependences of αk, Lk, Ls, and Rs can then
be calculated in the following manner:

1. Measure σn and Tc

2. Calculate the temperature dependency of ∆ using Eqs. 4.40 and 4.41

3. Calculate σ1 and σ2 using Eqs. 4.44 and 4.45

4. Calculate αk, Lk, Ls, and Rs by using σ1 and σ2 in the appropriate limit

4.4. Quarter wave Resonators

Resonators where standing waves of exactly a quarter of the wavelength appear are called quarter
wave resonators. An everyday example is a standing sound wave in pipe that has one open and
one closed end. With coplanar waveguides, quarter wave resonators can be defined by choosing
and fabricating appropriate boundary conditions [Li et al., 2013]. They have been used in op-
tomechanical experiments [Regal et al., 2008, Singh et al., 2014a] as well as rf characterization
of superconductors [Singh et al., 2014b] and substrate [Pappas et al., 2011]. Having the ability
to be multiplexed on a single chip, see Fig. 4.6 (b), makes them suitable in applications of as-
tronomical detection for frequencies from far-infrared to X-ray as so-called microwave kinetic
inductance detectors (MKIDs) [Mazin, 2004].

4.4.1. Transmission line model

A quarter wave resonator in the CPW geometry is a piece of transmission line, that is capacitively
coupled to a signal feed line on one end, while its other end is grounded (see Fig. 4.6 (a) and (b)).
In the resonant case, energy is coupled out of the feed line by the formation of a standing wave
of wavelength λn = 4l/n (n ∈ {1, 3, 5, . . . }) in the resonator. This behaviour is equivalent to a
standing sound wave in a pipe with one open and one closed end: due to its boundary conditions,
a voltage antinode and current node form in the CPW resonator near the coupling region and vice
versa at the grounded end. Its resonance frequencies

ωn = 2π ·
vph

λn
= 2π · c

√
εeff

n

4l
withn ∈ {1, 3, 5, . . . } (4.59)

are given by the transmission line length l of the resonator and the effective permittivity εeff . For
the phase velocity, vph = c/

√
εeff as in Eq. 4.23 has been used.
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Figure 4.6.: The transmission line model in a schematic drawing (a): a resonator of length l is
capacitively coupled to a feed line whose transmission can be probed. The resonance frequency
depends on the length of the resonator l and the effective dielectric constant. (b) shows a SEM
image of a device consisting of three multiplexed resonators of different length. The correspond-
ing transmitted power of a measurement at T = 4.2 K is plotted in (c), showing that the three
resonances can clearly be distinguished. The transmission at high power, where superconduct-
ing effects in the resonators are suppressed, has been subtracted to normalise the data. (b) and
(c) adapted from [Blien et al., 2016].

Alternatively, Eq. 4.23 states vph = 1/
√
LCPWCCPW. With this, it follows that

ωn = 2π
n

4l
√
LCPWCCPW

. (4.60)

The effective permittivity can be calculated from geometric and substrate parameters like it
is shown in Sect. 4.2. Using Eq. 4.59, the resonator lengths can be adjusted to give resonance
frequencies in the desired frequency range (see Fig. 4.6 (b) and (c)).

4.4.2. Lumped Elements approach

Alternatively, quarter wave resonators can be described as a parallel lumped elements RLC
circuit [Li et al., 2013]. The equivalent circuit is shown in Fig. 4.7. Here, RRLC, LRLC, and
CRLC represent resistance, capacitance, and inductance equivalents of the CPW resonator. Ck,
whose influence on the resonance frequency shall be neglected here, is the capacitance of the
coupling capacitor.

From transmission line theory, relations between the lumped elements and the waveguide
capacitance and inductance can be deduced [Gao, 2008]. It follows that

CRLC =
l

2
CCPW , (4.61)

and

LRLC =
8l

π2
LCPW . (4.62)
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Ck

RRLC

RL RL

LRLC CRLC

Figure 4.7.: Lumped elements model of a CPW quarter wave resonator. The resistors RL rep-
resent the (real) load impedances of microwave generator and detector. The signal can couple
to the resonator by a coupling capacitor Ck. The resonator, in turn, is constructed of lumped
elements RRLC, LRLC, and CRLC. The description is valid in the vicinity of the resonance
frequency. Adapted from [Li et al., 2013].

With this, the fundamental resonance frequency can be expressed as

ωr =
1√

LRLCCRLC
= 2π

1

4l
√
LCPWCCPW

, (4.63)

which is consistent with Eq. 4.60.
As explained in Sect. 4.3.5, the inductance of the CPW building the resonator consists of a

geometrical and a kinetic part LCPW = Lg + Lk. The latter one, and with it ωr, is strongly
temperature dependent. The resonance frequency changes as

δωr

ωr0
=
ωr(T )− ωr0

ωr0
= −1

2

δLCPW

LCPW0
= −1

2

Lk0

LCPW0

δ(Lg + Lk)

Lk0
= −αk

2

δLs

Ls0
, (4.64)

where 0 as an index refers to a parameter at T = 0 and δ indicates a small change from the
parameter at T = 0. In Eq. 4.64, the definition of the kinetic inductance fraction (Eq. 4.58),
δLg ≈ 0, and Lk = gLs have been used.

4.4.3. Coupling and loading of resonator

Generally, the quality factor of a resonant circuit can be defined as the ratio of its resonant
frequency ωr and its decay rate κ

Q =
ωr

κ
. (4.65)

The decay rate is given by the full width at half maximum, meaning the frequency bandwidth,
over which the power in the resonator is larger than half its maximum value.

The loaded or total quality factor is given by

1

QL
=

1

Qc
+

1

Qi
(4.66)
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and consists of two parts: the coupling quality factor Qc and the internal or unloaded quality
factor Qi. The coupling quality factor is controlled by the coupling capacitor and in this way
dependent on the geometry of the CPW resonator. The internal quality factor, on the other
hand, reflects losses in the superconductor and dielectric or by radiation [Gao, 2008] and is
consequently a material and temperature dependent quantity. An individual decay rate can be
assigned to each quality factor. The internal and coupling decay rate sum up to give the total
decay rate κL = κi + κc.

The internal quality factor can further be related to the attenuation constant α of Sect. 4.2
[Pozar, 2011], with

Qi =
π

2αL
(4.67)

and L being the resonator length. As α adds up for each loss channel, different Qi can be
assigned to the individual loss mechanisms

Q−1
i =

∑
j

Q−1
i,j . (4.68)

Considering only dissipation by the superconductor, Qi can be expressed by

Qi =
ωLCPW

RCPW
=

1

αk

ωLs

Rs
, (4.69)

with αk being the kinetic inductance fraction. In the same way as for the resonance frequency
in Eq. 4.64, a temperature dependence for Qi can be stated

δ

(
1

Qi

)
= αk

δRs

ωLs
, (4.70)

where the temperature dependence is expected to be governed by the change in the surface
resistance.

With the help of the coupling constant ηc, which is the ratio of the internal to the coupling
quality factor,

ηc =
Qi

Qc
, (4.71)

three different regimes can be defined:

• Overcoupled Qc � Qi → ηc > 1: Here, the loaded quality factor is governed by the
coupling quality factor, so QL ≈ Qc holds. In this regime, QL can be controlled by
the choice of coupling capacitance Ck. These strongly coupled resonators usually have
small total quality factors combined with a large bandwidth, making them ideal for fast
measurements [Göppl et al., 2008].

• Undercoupled Qc � Qi → ηc < 1: Here, QL ≈ Qi, so that the total dissipation is
dominated by internal losses of the resonator. As these are small in the case of supercon-
ductors, undercoupled resonators can possess large total quality factors. This guarantees
a high spectral resolution combined with a long intracavity photon lifetime [Göppl et al.,
2008].
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• Critically coupled Qc ≈ Qi ≈ 2QL → ηc ≈ 1: The power that is dissipated in in-
trinsic processes is equal to the power that leaks through the coupling capacitor. In this
regime, the transmitted power at resonance drops to half the transmitted power away from
resonance (see Eq. 4.72 for this).

As no specific restrictions on boundary conditions have been given, the results of this section
are directly transferable to half wave resonators.

4.4.4. Transmission function

In an experiment, the complex scattering coefficient S21(ω) of the resonator feed line is mea-
sured. It can be quantified by applying Kirchhoff’s law on the lumped elements circuit of Fig.
4.7 and making use of its frequency dependent complex impedances [Mazin, 2004, Deng et al.,
2013] or by considering a network analysis approach, modelling the transmission line and res-
onator as a 3-port network [Gao, 2008]. Here, the complete derivation shall be omitted, as only
the resulting transmission function is of importance.

In the vicinity of the resonance, the complex transmission can be expressed by

S21(ω) = 1− QL/Qc

1 + 2iQLδω
, (4.72)

where δω = ω−ωr
ωr

is the normalized frequency deviation from the resonance frequency. The
transmitted power |S21|2 shows an inverted Lorentzian lineshape with a transmission minimum
of |S21(ωr)|2 = ((Qc −QL)/Qc)

2 at ω = ωr, whereas the phase arg(S21) acquires a shift of π
and shows a steep slope around the resonance frequency (see Fig. 4.8). In this way, resonance
frequencies ωr and quality factors QL, Qi, and Qc can be deduced and their temperature depen-
dence can be determined, which allows for the extraction of material dependent parameters (see
Sect. 5).

Resonance lineshapes can in reality differ from a perfect Lorentzian due to asymmetric cou-
pling, impedance mismatches, or a complex loading of the resonator [Khalil et al., 2012, Megrant
et al., 2012]. Then, a complex-valued external quality factor can be introduced as Qe =
|Qe| · e−iθ and Re

{
Q−1

e

}
= Q−1

c . Substituting Qc with Qe in Eq. 4.72 gives the asymmet-
ric transmission function

S21(ω) = 1− (QL/ |Qe|) eiθ

1 + 2iQLδω
. (4.73)

Fig. 4.9 shows such an asymmetric transmission of a quarter wave resonator made of MoRe.
Deng et al. have argued [Deng et al., 2013] that the bonding wires, that establish the electrical
connection between resonator chip and PCB, create large inductances. These serve as reflection
points for the microwave, which leads to standing waves on the transmission feed line. When
mulitplexed on a chip, different resonators can in this way experience different degrees of asym-
metry, which is also observed experimentally (see e.g. Fig. 4.6(c)).
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Figure 4.8.: Power transmission (a) and phase (b) of a Nb quarter wave resonator at T = 15 mK.
The data (blue) has been fitted (red) to the response function Eq. 4.72. A linear background has
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Figure 4.9.: Power transmission (a) and phase (b) of a MoRe quarter wave resonator at T =
15 mK. The data (blue) has been fitted (red) to the asymmetric response function Eq. 4.73. For
normalisation, a linear background has been subtracted.
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4.5. Half wave Resonators

Contrary to quarter wave resonators, half wave resonators can sustain a standing wave with
exactly half its wavelength. To use the same example, half wave sound resonators are tubes with
two open (or closed) ends. Coplanar half wave resonators have first been used in circuit QED
experiments [Blais et al., 2004], but also in optomechanics in the microwave domain [Rocheleau
et al., 2009].

4.5.1. Transmission line model

1 mm 20 μm

resonator

resonator

ground plane

ground plane

ground plane

ground plane

launcherlauncher

launcher

coupling capacitor

(a) (b)

Figure 4.10.: Scanning electron micrograph of resonator (a) and close-up view of coupling
capacitor (b). Pictures taken by T. Huber

Contrary to the quarter wave resonator, a half wave resonator is directly integrated into the
microwave signal path. A segment of length l of the inner conductor of a transmission line is
"separated" from its surroundings by two coupling capacitors Ck (see Fig. 4.10). The boundary
conditions for the standing wave electric field are now similar to a standing sound wave in a
tube with two open ends. Alternatively, the resonator can be described as a Fabry-Pérot cavity.
The standing wave has a voltage antinode/current node at the coupling capacitors and a voltage
node/current antinode in the middle of the resonator. Their wavelength is given by λn = 2l/n.
The fundamental resonance frequency in a half wave resonator then reads

ωn = 2π ·
vph

λn
= 2π · c

√
εeff

n

2l
. (4.74)

4.5.2. Lumped elements approach

As in the case of quarter wave resonators, half wave resonators can be described in a lumped
elements RLC model around the resonance (see Fig. 4.11). RL represents the (real valued)
load impedance given by the microwave generator and detector. It is chosen to be equal to the
characteristic impedance Z0 of cablings and waveguides where the signal is conveyed. The
coupling to and from the resonator is maintained by coupling capacitors of capacitance Ck, the

63



Chapter 4. Coplanar Waveguide Resonators
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Figure 4.11.: Lumped elements (a) and Norton-equivalent circuit (b) representation of a CPW
half wave resonator. Microwaves are generated and detected with devices with load impedances
of RL and coupled in and out of the waveguide resonator by coupling capacitors Ck. The res-
onator itself is modelled by RRLC, LRLC, and CRLC. In the Norton-equivalent circuit, the series
connection of RL and Ck are transformed into a parallel connection of resistor RL,eq and capac-
itor Ck,eq. Adapted from [Göppl et al., 2008].

in- and output impedances are Zin/out = RL + (iωCk)−1. The resonant behaviour of the CPW
resonator is represented by a parallel RLC circuit of RRLC, LRLC, and CRLC.

As in the case of quarter wave resonators, relations between the lumped elements and wave-
guide capacitance and inductance can be given [Göppl et al., 2008]. It follows that

CRLC =
l

2
CCPW , (4.75)

and

LRLC =
2l

π2
LCPW . (4.76)

The resonance frequency deduced from the lumped elements model

ωr =
1√

LRLCCRLC
= 2π

1

2l
√
LCPWCCPW

(4.77)

is again consistent with the one deduced from the transmission line model (setting vph =
c/εeff = 1/

√
LCPWCCPW in Eq. 4.74).

According to Norton’s theorem of circuit theory, a linear electrical network consisting of a
voltage source and a series impedance can be replaced by an equivalent current source along
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4.5. Half wave Resonators

with the same impedance in parallel to the source. The series connection of RL and Ck can thus
be transformed to an equivalent resistance RL,eq and an equivalent capacitance Ck,eq in parallel.
These equivalent quantities have to be chosen in a way, that the in- and output impedances
remain as Zin/out = RL + (iωCk)−1. This can be accomplished by [Göppl et al., 2008]

RL,eq =
1 + ω2C2

kR
2
L

ω2C2
kRL

, (4.78)

Ck,eq =
Ck

1 + ω2C2
kR

2
L

. (4.79)

In the parameter range of this thesis (ω ≈ 2π · 5 GHz, RL ≈ 50 Ω, Ck ≈ 1 − 10 fF), Eqs.
4.78 and 4.79 can be simplified to

RL,eq ≈
1

ω2C2
kRL

, (4.80)

Ck,eq ≈ Ck . (4.81)

The fundamental resonance frequency in this representation is then

ωr =
2π

2l(Lk + Lg)(CCPW + 2Ck)
≈ π

l(Lk + Lg)CCPW
, (4.82)

with again LCPW = Lk + Lg and Ck � CCPW.
Concerning the loading of the resonator, the same concepts as in Sect. 4.4.3 can be applied.

For a parallel RLC circuit, the total quality factor is given by QL = R/Z0. From the Norton-
equivalent circuit of Fig. 4.11 (b), it is easily obtained that

1

QL
= Z0

(
1

RRLC
+

2

RL,eq

)
. (4.83)

The two contributions can then be identified with the internal and coupling quality factor

Qi =
RRLC

Z0
(4.84)

Qc =
RL,eq

2Z0
. (4.85)

and be converted to the according linewidths

κi = ωr
Z0

RRLC
=

1

RRLCCRLC
(4.86)

κc = ωr
2Z0

RL,eq
= 2RL(ωCk)2 1

CRLC
, (4.87)

where the definition of the characteristic impedance for lossless waveguides (Eq. 4.8) and the
approximation for the Norton-equivalent resistance Eq. 4.80 were applied.
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4.5.3. Transmission function

The transmission function of a half wave resonator around its resonance is [Petersan and Anlage,
1998]

S21(ω) =
QL/Qc

1 + 2iQLδω
+ reiφ , (4.88)

with δω = (ω − ωr) /ωr the normalized frequency deviation as before. Here, non-ideal coupling
was already accounted for by the addition of a complex shift reiφ. Causing Fano lineshapes
[Fano, 1961], this shift alters the overall appearance of the peak, which will be explained in
more depth in Sect. 6.1.1.

For half wave resonators it is more difficult to break down the total quality factor into an
internal and a coupling quality factor from a fit to the data. The reason is that without calibration,
no reference background level can be specified. More precisely, the data implies an unknown
amplitude a originating from attenuation, loss, and gain in the signal path. This amplitude masks,
e.g., the transmission at resonance |S21(ω = ωr)| = a ·QL/Qc (here ignoring the complex shift
→ r = 0) [Probst et al., 2015]. This is why experimental data is usually fitted to the function

S21(ω) =
rbg

1 + 2iQLδω
+ reiφ , (4.89)

where rbg accounts for the unknown background and coupling amplitude.
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Figure 4.12.: Power transmission (a) and phase (b) of a Nb half wave resonator at base temper-
ature of the dilution refrigerator. The data shows a peak in the transmission and a phase shift of
π at resonance and was fitted to Eq. 4.89.

Fig. 4.12 shows recorded data of a half wave resonator made of Nb at the base temperature of
the dilution refrigerator. There is a clear peak in the transmitted power and a phase shift of π,
that can be described by Eq. 4.89. A loaded quality factor of QL = 70000 emerges, which is a
typical value for Nb CPW resonators at cryogenic temperatures [Göppl et al., 2008]. Note that
in this particular measurement, one of the cables in the cryostat was broken. This is indicated
by the overall low transmission and large noise away from resonance.
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5
Characterization of Molybdenum/Rhenium alloys

Regarding the integration of a CNT into complex device structures, different approaches can be
pursued. One is to directly grow the CNT on-chip in a last step, after having fabricated all other
circuit elements. These have to consist of a metal that withstands the carbon nanotube growth
process. For most superconductors, the aggressive mixture of CH4 and H2 at high temperatures
is highly detrimental. In the past, an alloy of molybdenum and rhenium has shown remarkable
results in respect of transition temperature [Testardi et al., 1971, Gavaler et al., 1972, Postnikov
et al., 1977], making transparent contacts to CNTs [Schneider et al., 2012, Stiller et al., 2013,
Schmid et al., 2015], and sustaining high frequency characteristics [Singh et al., 2014b].

In this chapter, thin films composed of a MoRe alloy are investigated by means of dc, XPS, and
high frequency experiments [Götz et al., 2016]. With the objective of building high frequency
nanotube hybrid devices, special emphasis is put on the examination of CPW resonator devices
and the impact of the CNT growth process on device parameters. The work of this chapter was
done in cooperation with K. Götz and has already partially been presented in his Ph.D. thesis
[Götz, 2018] and published in [Götz et al., 2016].

5.1. Thin film deposition

For the deposition of a MoRe metal film on a substrate of either SiO2 or Al2O3 a co-sputter
process in a UHV sputtering system was established (see Fig. 5.1 (a)). The sputter chamber
has two sputter targets facing the sample holder under the same angle and is pumped to a base
pressure of typically 10−7 to 10−8 mbar. The distance between the sputter targets is 15 cm,
while the sample holder is located 13.5 cm above the target plane. To ignite the plasmas for the
dc and rf process, argon gas is injected via a mass flow controller into the chamber. When a
pressure of 10−1 mbar is reached, first a rf drive is applied.

After ignition of the argon plasma the pressure can be adjusted and kept constant at a value
7 · 10−3 mbar throughout the process. The rf-output is tuned to sustain plasma stability at the
molybdenum electrode. Following the stabilisation of the rf plasma, the plasma at the rhenium
electrode is ignited and controlled using a dc power supply.

Sputter rates are read out by a deposition controller. They can be altered for the individual
materials by the applied dc and rf power (see Fig. 5.1 (b)), but are kept constant during individual
thin film growth processes. Material deposition commences by simultaneously opening both
shutters of the sputter targets.
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Figure 5.1.: Schematic of the sputtering chamber and the MoRe co-sputter process (a). The rates
of the individual materials are adjustable by the applied sputter powers. The relative molybde-
num atomic percentage in the bulk is shown as function of the applied rf power PMo at the Mo
target (b). Adapted from [Götz et al., 2016].

5.2. X-ray photoelectron spectroscopy

Alloy compositions are stable because of the constant chamber pressure during deposition and
are in the following regulated only by varying the applied rf power PMo at the molybdenum
electrode. To obtain these compositions, X-ray photoelectron spectroscopy (XPS) has been per-
formed on the films by K. Götz [Götz et al., 2016]. Under irradiation by a monochromatic X-ray
source photo-electrons are emitted by surfaces of the films. Their kinetic energies and intensities
are then detected spectroscopically. Because of the energies being element-specific, conclusions
can be drawn about the atomic concentrations at the surface of the investigated films.

In Fig. 5.2 (a) XPS spectra of a co-sputtered MoRe (PMo = 75 W) film are plotted. The
peaks are characteristic to the orbitals from which the photo-electrons are emitted. From the
black curve it can be seen that MoRe surfaces are constituted of a large amount of oxygen and
carbon. A probable source for this contamination is the exposure to air between deposition and
spectroscopy. The red curve shows the bulk spectrum, where approximately 5 nm of the film
have been removed beforehand by in-situ Ar-sputtering in the XPS UHV chamber. A strong
suppression of the oxygen and carbon peak is apparent.

The chemical composition as function of depth is displayed in Fig. 5.2 (b). It has been deter-
mined using the method of area sensitivity factors [Moulder et al., 1992] on the Mo3d-, Re4f-,
C1s-, and O1s-peaks for each etching step. The MoRe alloy ratio is then obtained by normalis-
ing to the sum of the contributions of both co-sputtered metals. For the exemplary device a ratio
of Mo20Re80 results.

In the following the influence of the carbon nanotube growth process is investigated. Samples
containing MoRe thin films have been exposed to a methane-hydrogen atmosphere in a CVD
furnace at 900 ◦C (as described in Sect. 2.2.1) for different amounts of time.

Fig. 5.3 (a) shows the XPS spectra of a film sputtered at PMo = 75 W after exposure to the
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5.3. Critical temperature and current density in the dc regime

O 1s

Re 4p Mo 3p C 1s Re 4d

Mo 3d

Re 4f

E  (eV)B 200 100400 300 0

in
te

ns
it

y 
(·

10
3 
a.

u
.)

5

10

15

surface spectrum
bulk spectrum

(a) (b)

Re

Mo

C

O

Re

Mo

C

O

Re

Mo

C

O

Re

Mo

C

O

Re

Mo

O

Re

Mo

C

O

C

at
om

ic
 p

er
ce

n
t

bulksurface

Re

etching steps 

Mo
69
31

70
30

74
26

70
30

74
26

80
20

20

40

60

80

Figure 5.2.: XPS spectra of a pristine MoRe film on Si/SiO2 are shown for surface (black) and
bulk (red) (a). The applied rf power was PMo = 75 W. For the bulk spectrum, 5 nm of the film
has been removed by in-situ argon-ion sputtering. Peaks correspond to orbitals of the photo-
emitted electrons and allow conclusions about the material composition. Atomic percentages
for the different materials can be computed with the help of area sensitivity factors to give depth
profiles for individual etching steps from surface to ∼ 5 nm depth (b). Adapted from [Götz
et al., 2016].

CVD process for 30 min, again for surface and bulk. Considering peak heights and areas, it
is evident that the carbon peak is strongly enhanced, even in the "bulk" (i.e. at 5 nm depth),
while the oxygen peak is reduced in comparison to the pristine sample of Fig. 5.2. Using
the area sensitivity factor, percentages of 26% carbon, 22% molybdenum, 49% rhenium, and
neglectable amounts of oxygen are given (see Fig. 5.3 (b)). The high percentage of carbon in the
bulk suggests diffusion of carbon during the CVD process into the metal film. Furthermore, the
resulting alloy ratio of Mo31Re69 implies structural changes during CVD, as the same sputter
parameters as for the pristine film have been used.

5.3. Critical temperature and current density in the dc regime

In order to characterise MoRe alloys regarding superconducting qualities and dc transport, thin
films were patterned into Hall bar structures by reactive ion etching (see Fig. 5.4 (a)). Selected
samples have undergone the CVD process for different exposure times. The films used have
been pre-examined by XPS or grown in the same deposition step as these.

Low temperature dc measurements (performed by K. Götz [Götz et al., 2016]) show that the
residual resistance ratios RRR, defined as the ratio of the resistance at room temperature to the
resistance just above the superconducting transition temperature, for all Mo20Re80 films are in
the range 0.8 . RRR . 1. Cooldowns of Hall bars made of Mo20Re80 show (see Fig. 5.4 (b)),
that critical temperatures of 8 K ≤ Tc ≤ 9 K are sustained for CVD exposure times as large as
20 min. Only at 30 min of exposure the critical temperature drops below 4 K. Samples with an
alloy composition of Mo58Re42 have also been investigated. These show a high initial critical
temperature of Tc ≥ 10 K that, however, drops to half its value already after 10 min of CVD
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Figure 5.3.: (a) XPS spectra for a CVD exposed (30 minute) MoRe film for surface and bulk
again at PMo = 75 watt. (b) Atomic composition of the film for surface and bulk. The carbon
proportion is enlarged in comparison to the pristine film. Adapted from [Götz et al., 2016].

exposure. This indicates that films with these alloy ratios are more harmed by the hot CH4/H2

flow.
Fig. 5.4 (c) shows the critical temperature in dependence of an applied magnetic field per-

pendicular to a pristine and a CVD exposed film. The data is fit to the empirical equation
Bc(T ) = Bc0 ·

(
1− (T/Tc0)2

)
[Tinkham, 2004], where Tc0 is the zero-field critical tempera-

ture and Bc0 is the critical field at T = 0. Extrapolation of the fit gives values of Bc0 = 7.3 T
and Tc0 = 8.3 K for the pristine sample. A strong reduction of critical temperature and mag-
netic field to Tc0 = 3.9 K and Bc0 = 3.6 T can be observed after 30 min of CVD exposure, as
expected.

Additionally, critical current measurements have been performed. Fig. 5.4 (d) shows the
critical current of a Mo20Re80 Hall bar, with 10 min CVD exposure time and Tc = 9.2 K. Over
a temperature range of up to 5 K it maintains a critical current of Ic & 80 mA, respectively a
critical current density of jc & 2.7 · 105A/mm2. These high values of jc are consistent with
previous reports on suspended Mo50Re50-nanostructures after a high temperature annealing step
[Aziz et al., 2014].

The results of this section show that the Mo20Re80 alloy could be a suitable material choice for
integrating carbon nanotubes into superconducting device structures and possibly even growing
them on-chip in a last fabrication step.

5.4. High frequency characterization

Superconducting quarter wave resonators have been fabricated in order to determine the high
frequency properties of the MoRe thin films and investigate their potential application in cavity
quantum electrodynamics and optomechanics experiments.

Films of Mo20Re80 with thicknesses of t = 150 nm were grown on either Si/SiO2 or Al2O3

substrates and patterned by optical lithography and RIE into quarter wave resonator structures
as described in Sect. 4.4. In dilution refrigerator experiments transmission data can be recorded
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Figure 5.4.: (a) SEM micrograph of a Hall bar structure device used for dc characterisation. The
Hall bar width for device type A is w = 28 µm and the film thickness t = 150 nm, for device
type B w = 5 µm and t = 60 nm. (b) Critical temperature Tc in dependence of exposure time to
the CVD process for two different alloy compositions. (c) Measured critical temperature Tc as
function of the applied perpendicular magnetic field B for a pristine and a CVD exposed device.
(d) Measured critical current Ic through a type B Hall bar as function of temperature. Adapted
from [Götz et al., 2016].

and resonance frequencies and individual quality factors can be determined using Eq. 4.73. Ex-
emplary measurements are shown in Fig. 5.5. From a fit to the data, an internal quality factor
Qi ' 23600 and a coupling quality factor Qc ' 10800 are obtained for a pristine device at
T = 100 mK (Fig. 5.5 (a)). For a similarly fabricated device, that has been exposed to the CVD
growth process for 30 min, still all three resonances can be identified. Internal quality factors
are in the range of Qi ' 5000 (Fig. 5.5 (b)).

According to Tinkham [Tinkham, 2004] and Cardwell/Ginley [Ginley and Cardwell, 2002],
the appropriate limit for alloy superconductors is the local dirty limit, as their short mean free
path assures that ξ ≈ l � λeff (with again the coherence length ξ, the mean free path l, and the
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Figure 5.5.: Transmission spectra |S21|2 for different MoRe resonator devices. (a) Detail mea-
surement of a single resonance of a pristine device at T = 100 mK. A background has been
subtracted. From the fit (red), the resonance frequency and quality factors can be determined.
(b) Three resonances of a device after 30 min exposure to the CVD process at T = 15 mK. The
resonances can still be identified in the uncalibrated data. Adapted from [Götz et al., 2016].

effective penetration depth λeff ). For dirty and local superconductors, Lemberger [Lemberger
et al., 2007] and Watanabe [Watanabe et al., 1994] give an expression for the penetration depth
consistent with BCS theory,

λeff(T = 0) =
πµ0∆0

~ρ(Tc)
→ λeff ≈ 1.05 · 10−3

√
ρ(Tc)

Tc
m , (5.1)

where ρ(Tc) is the residual resistivity close to the critical temperature. With this, penetration
depths λeff = 345 nm for the pristine film and λeff = 443 nm for the CVD exposed film can be
estimated. Because film thicknesses for resonator devices were kept constant as t = 150 nm, all
films are considered thin. These limits have also been used in previous studies by other groups
[Singh et al., 2014b].

5.4.1. Temperature dependence of resonant behaviour according to
Mattis-Bardeen theory

In Sect. 4.4.2, it was shown that the resonance frequency and the internal quality factor are
strongly temperature dependent. Fig. 5.6 shows the temperature dependence of ωr for a pris-
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tine resonator on compensation-doped Si covered by 500 nm thermal SiO2 and 10 nm ALD-
deposited Al2O3 (device 1) and a resonator that has undergone 10 min of the CNT growth pro-
cess (device 2). The resonance frequency clearly decreases with rising temperature (T & 0.8 K
for device 1, T & 0.4 K for device 2). This can be explained by a decrease in the superfluid
density of the superconducting film. A related rise in quasiparticle density leads to a higher
dissipation of the signal in the resonator and thus to a reduction of the internal quality factor
[Mattis and Bardeen, 1958, Singh et al., 2014b, Götz et al., 2016] (see Fig. 5.7).
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Figure 5.6.: Temperature dependence of resonance frequency for devices 1 (a) and 2 (b). The
figure includes a theoretical model (dashed green) using parameters from dc experiments and a
fit with the kinetic inductance fraction αk as a single fit parameter (solid red). Adapted from
[Götz et al., 2016].

Using Eq. 4.64, the temperature dependence can be expressed by

δωr

ωr0
= −αk

2

δLs

Ls0
=
αk

2

δσ2

σ2
, (5.2)

where in the last step the dirty local limit for thin films was used: Eq. 4.50 gives the rela-
tion between Ls and σ2. The kinetic inductance fraction αk can be calculated as described in
Sect. 4.3.5: with only Tc and σn as experimentally determinable parameters, the temperature
dependence of δσ2/σ2 and so δωr/ωr0 can be modelled.

First, for device 1, Tc = 8.31 K and σn = 1.1 · 106 S/m, and for device 2, Tc = 7.92 K
and σn = 0.94 · 106 S/m are obtained by dc experiments explained in the previous section. As
also ~ω, kBT < 2∆, Eqs. 4.46 and 4.47 can be used to approximate the complex conductivity,
with a temperature dependent BCS energy gap ∆(T ) = ∆0

√
cos [π/2 · (T/Tc)2] (Eq. 4.41)

and ∆0 = 1.764 kBTc (Eq. 4.40). This results in temperature dependent expressions σ1(T ) and
σ2(T ) for both devices.

Then, in the case of thin films of thickness t in the local limit the surface inductance can be
calculated as Ls = 1/(σ2ωt) (Eq. 4.50 and the following paragraph). Obtained values for the
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surface inductance (T ≈ 0, ω ≈ ωr), giving Ls = 1.03 pH/m (device 1) and Ls = 1.27 pH/m
(device 2), are in reasonable agreement with other publications [Singh et al., 2014b].

Using a geometrical factor g(s, w, t) (Eq. 4.54) that considers the waveguide geometry leads
to values for the kinetic inductance of Lk = 1.36 · 10−7 H/m (device 1) and Lk = 1.68 ·
10−7 H/m (device 2). For both devices, a geometric inductance (given by the waveguide geom-
etry) can be calculated using Eq. 4.18 as Lg = 4.24 · 10−7 H/m. From these parameters follows
a kinetic inductance fraction αk = Lk/(Lk + Lg) (Eq. 4.58); theoretical values αk,th = 0.243
(device 1) and αk,th = 0.284 (device 2) are obtained.

Now, all parameters and functions of above equation 5.2 are known; the corresponding res-
onance frequency temperature dependence is plotted in Fig. 5.6 as a dashed green line. For
both devices, these are in reasonable agreement with fit curves (solid red) using αk as a free
parameter. In this case, αk,fit = 0.199 (device1) and αk,fit = 0.249 are obtained.
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Figure 5.7.: Temperature dependence of internal quality factor for devices 1 (a) and 2 (b). The
Figure includes a theoretical model (dashed green) using parameters from dc experiments and a
fit with the kinetic inductance fraction αk obtained from the fits in Fig. 5.6 (solid red). Adapted
from [Götz et al., 2016].

Proceeding in the same manner, the temperature dependence of the internal quality factor can
be modelled. In the dirty local thin film limit, Eq. 4.70 transforms to

δ

(
1

Qi

)
= αk

δRs

ωLs
= αk

δσ1

σ2
. (5.3)

In Fig. 5.7 the expected temperature dependence of Qi is plotted, using for the kinetic induc-
tance fraction the theoretical (green) and fit values (red) obtained from the resonance frequency
fit. An overall consistency to the data can be recognised, while significant deviation exists.

Another MoRe resonator device with a CVD exposure time of 30 min has also been high
frequency characterised due to its resonance frequency and internal quality factor temperature
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Figure 5.8.: Temperature dependence of resonance frequency (a) and internal quality factor (b)
of MoRe device after being exposed to the CNT growth process for 30 min. Dashed green lines
again correspond to a theoretical model, red solid line in (a) is a fit with the kinetic inductance
fraction as free parameter. The obtained value has then been used as fixed parameter in (b).
Theoretical modelling and fit procedure are performed as described in the main text. Adapted
from [Blien et al., 2016].

dependence; see Fig. 5.8. In the same manner as above, a theoretical kinetic inductance fraction
αk,th = 0.399 was calculated using a critical temperature of Tc = 4 K and a normal state
conductivity σn = 1.11 · 106 S/m obtained with dc experiments. A theoretical model curve
for the temperature dependence of resonance frequency and internal quality factor is plotted in
Fig. 5.8 as dashed green line. As above, also a fit has been performed to the data of Fig 5.8 (a)
with αk as free parameter (red solid line). Here, αk,fit = 0.361 has been obtained. As before, this
value has been used as fixed parameter for the corresponding curve (red solid line) in Fig. 5.8 (b).
In comparison with device 1 and 2, the normal state conductivity is in the same range as for
the pristine device, but the critical temperature was reduced much and the kinetic inductance
fraction has increased. Clearly, the deterioration of superconducting properties is proportional
to the CVD exposure time.

5.4.2. Deviations form Mattis-Bardeen: two-level systems in substrate

Mattis-Bardeen theory predicts a saturation of the resonance frequency and internal quality fac-
tor with decreasing temperature for T � Tc. In our devices, however, non-monotonic behaviour
of ωr and Qi is observed: for T . 0.5 K the resonance frequency and quality factor start to de-
crease with falling temperature. This is consistent with coupling to two-level systems (TLS) in
the substrate that contribute to dissipation and dispersion simultaneously [Phillips, 1987, Pappas
et al., 2011, Götz et al., 2016].

TLS are commonly present in amorphous materials [Phillips, 1972, Anderson et al., 1972]
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Chapter 5. Characterization of Molybdenum/Rhenium alloys

as broad spectrum tunneling states; examples are tunneling atoms, dangling bonds, or trapped
charges in the material. TLS are microscopically modelled as polar molecules, e.g. OH− [Pap-
pas et al., 2011], that carry electric dipole moments ~D that can couple to the electric field ~E
generated by the resonator. In this way, they contribute to the dielectric function as [Pappas
et al., 2011]

εTLS(ω, T ) = ε′TLS − iε′′TLS =
Pd2

3~

∫ εmax

0
χres(ω, T )dε , (5.4)

where P is the TLS density of states, d = | ~D| is the dipole moment, and χres is the resonant
susceptibility, which is here integrated over energy ε. The real and imaginary part of the TLS
related dielectric function are responsible for the resonance frequency and internal quality factor
shift of the CPW resonator in this temperature regime.

The resonant susceptibility can be decomposed into three factors [Pappas et al., 2011]: the
first one is a weighting function tanh (ε/2kBT ), giving the probability difference of ground and
excited state. The second one is the single-pole response of a TLS in the ground state under the
rotating wave approximation (RWA). The third one is a power saturation term: it is close to 1 for
weak driving, but limits the contribution of the resonant TLS for higher power. These undergo
Rabi oscillations causing reduced response to χres. Carrying out the integral in Eq. 5.4 then
gives real and imaginary part of εTLS.

The influence of the TLS on the resonance frequency is given by the real part of εTLS and can
be modelled by [Phillips, 1987, Pappas et al., 2011, Pozar, 2011]

δωr

ω0
= −F

2

δε′TLS

ε
=
Fϑ

π

[
ReΨ

(
1

2
+

1

2πi

~ωr(T )

kBT

)
− ln

(
1

2π

~ωr(T )

kBT

)]
. (5.5)

Here, F , ϑ, and ε are the filling factor, loss tangent, and (full) dielectric permittivity of the
substrate, and Ψ is the digamma function.

For off-resonant TLS, the real part of the RWA contribution decays as (ωε − ω)−1, where
ωε = ε/~ is the excitation frequency for a TLS; this leads to a logarithmic convergence of
the integration in 5.4. In other words, off-resonant TLS have significant contribution to the
resonance frequency shift. As the TLS in an amorphous material possess a broad spectral range
of energy splittings, they can be seen as unsaturated. In this way, ε′ is almost power independent
and 5.5 applies to high and low power excitation [Pappas et al., 2011].

Fig. 5.9 displays the low temperature behaviour of ωr for device 1 and 2 with a fit to Eq. 5.5
with Fϑ and ω0 as free parameters. For very low temperatures T < 100 mK, the data points
do not follow the upturn of the fit curve but stay constant. This indicates temperature saturation
effects in the cryostat that are however difficult to determine from these measurements. The fit
results in Fϑ = 3.968 · 10−5 for the pristine device, which is comparable to niobium CPW
resonators on sapphire [Gao et al., 2008]. From this parameter product a TLS-related low-
temperature and low-power internal quality factor can be estimated as

Qi,TLS =
1

Fϑ
. (5.6)

For device 1 this provides Qi,TLS ≈ 25000, as expected slightly exceeding the experimentally
determined value of Qi(20 mK) ≈ 23500. For device 2, Fϑ = 4.087 · 10−5 respectively
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Figure 5.9.: Low-temperature resonance frequency temperature dependence for devices 1 (a)
and 2 (b). The deviation from the Mattis-Bardeen model can be explained by interaction with
two-level systems in the substrate. The figure includes a fit to the TLS model (red). Adapted
from [Götz et al., 2016].

Qi,TLS ≈ 24500 is obtained, comparable to the value of device 1. The fact thatQi,TLS originates
from two-level systems in the substrate explains why its value is not dependent on the level of
metal degradation.

Similarly, for the internal quality factor the following TLS-related temperature dependence
can be given [Phillips, 1987, Pappas et al., 2011]

δ

(
1

Qi

)
= F

δε′′TLS

ε
= Fϑeff tanh

(
~ωr(T )

2kBT

)
+

1

Qother
. (5.7)

The imaginary part of the RWA contribution of the susceptibility has a Lorentzian lineshape
(ωε − ω)−2: only TLS close to the excitation frequency have significant contribution to the loss
and the contribution is power dependent. Therefore, ϑeff represents an effective, reduced loss
tangent that considers that two-level systems are partially saturated by a strong drive and can no
longer contribute to energy dissipation. Qother describes other absorption channels, that are not
associated with TLS.

As can be seen in Fig. 5.10, the fit for device 1 and the measured data show conformity, with
fit parameters of Fϑeff = 5.677 · 10−7 and Qother = 23800. Only few data points show the
decrease with falling temperature for device 2. A fit to these gives Fϑeff = 1.634 · 10−6 and
Qother = 4370. Apparently, the behaviour is not sufficiently described by the two-level system
model.
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6
Coupling a carbon nanotube to a microwave resonator

A chip that combines a half wave CPW resonator and a suspended carbon nanotube quantum
dot needs complex electrode structures. As much time was spent into design and fabrication of
such a device, the first half of this chapter serves to show the obstacles that have to be faced and
the progress of development. The work presented was done in collaboration with two master
students, A. Albang and N. Hüttner. The chapter finishes with experimental results proving the
presence of a capacitively coupled cavity/quantum dot system.

Initially, the method of choice to produce such a combined device was to use overgrowth on
CPW resonators made of MoRe. As then the fork transfer technique was implemented and began
to show first results [Blien et al., 2018], the superconductor was switched to Nb as it produces
much larger quality factors. This is why only device fabrication suitable for the fork transfer is
introduced in this chapter. However, on the way to a working hybrid device it turned out that
the quality factor1 can be diminished by unforeseen influences. In particular, the additional fine
electrode structure that is required for the transfer process has dramatic effects on the resonant
microwave field, which will be shown below.

6.1. Resonator fabrication and quality factor optimisation

In the following, the fabrication of resonator and corresponding electrode structures of the final
chip design is explained in general. For the detailed parameters, see [Hüttner, 2019]. The
following steps are performed:

1. Cleaning of the substrate (500 µm compensation doped Si with 500 nm thermally grown
SiO2) with acetone, propanol, and plasma ashing.

2. In UHV sputter systems, Nb is deposited on the chips to form a thin film.

3. Resonator and electrode coarse structure are defined by optical lithography and subse-
quently etched with RIE.

4. The thin gate finger is defined by EBL.

5. Metal (Ti and Au) is evaporated by electron beam and thermal evaporation on the chip.
To improve the contact to the Nb, in-situ pre-sputtering with an Ar-plasma prior to the
evaporation is advisable. The evaporation is followed by a lift-off in warm acetone.

1This always refers to the total quality factor in this chapter.
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Chapter 6. Coupling a carbon nanotube to a microwave resonator

6. To electrically isolate the gate finger, a layer of 200 nm PMMA is spun onto the sample
and cross-linked by EBL overexposure in the respective regions. Steps 4 & 5 are repeated
for the fabrication of the lead electrodes and the dc gate connection to bias the cavity
resonator.

7. In a final step, using optical lithography and an anisotropic etching step as described in
Sect. 2.2.2, the deep-etched areas for the fork transfer are produced.
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Figure 6.1.: Optical micrographs of the cavity resonator with additional structures needed for
the fork transfer process. (a) shows the whole surface of the chip, including the cavity resonator
(1), its launcher bond pads (2), the dc bond pads (3) leading to the coupling or transfer area
(4), and the dc bond pad leading to the cavity centre conductor (5). Dark lines are bond wires
for electrical connection or potential equalisation. In (b), the coupling area is magnified (blue
rectangle). The transfer electrodes (6) are located between the deep-etched areas (7). A thin gate
finger (8) is connected to the cavity centre conductor. Small meanders (9) serve as rf blocks and
connect the transfer electrodes to their bond pads. (c) shows another zoom near the cavity centre
(red rectangle). Here, a similarly structured meander (10) connects the CPW central conductor
to the dc gate bond pad (5) from (a), so that an additional dc voltage can be applied to the gate
finger. (a) and (b) adapted from [Blien et al., 2020].

In this way, samples as in Fig. 6.1 are produced. The half wave resonator (1) is seen in
Fig. 6.1 (a) as a meander with its launcher bond pads (2) on the left and right side of the chip. In
the same fabrication step, the dc bond pads later connected to the leads (3) and to the cavity cen-
tre conductor (5) are formed. Two transfer regions (4) are located near the coupling capacitors
of the CPW resonator, where the electric field of the resonator is maximal. Only one of them is
electrically connected; the other one is fabricated as surplus. If CNT transfer has failed multiple
times, or the dc electrodes of one structure have been affected in another way, the second transfer
area can be used. A further magnification of one of the coupling regions in Fig. 6.1 (b) reveals
the electrode fine structure. A thin and long gate finger (8) is connected directly to the resonator
centre conductor extending over the length of a protrusion between the two deep-etched areas
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6.1. Resonator fabrication and quality factor optimisation

(7). The gate finger is electrically isolated via using cross-linked PMMA from the lead and cut-
ting electrodes (6). Between these and their corresponding bond pads (3), thin meanders (9) are
formed, that serve as rf blocks to conserve the rf signal in the cavity. In Fig. 6.1 (c), an optical
micrograph of the meander (10) connecting the cavity centre conductor with the dc gate bond
pad (5) is shown as an example. The connection is established at the voltage antinode of the
fundamental mode (at half the length of the CPW resonator) to minimally disturb the resonance.
In this way, an additional dc gate voltage can be applied to the gate finger (8).

The usual approach in device fabrication was then to first finalise the structuring of the CPW
resonator and test it in the 4K stick to identify resonance frequency ωr and quality factor QL.
From these, the low temperature ωr and QL can be estimated. A carbon nanotube can then be
transferred using the fork transfer method (see Sect. 2.2.2).

6.1.1. Parasitic electromagnetic environment

As can be seen in Fig. 6.1, the ground planes of the coplanar waveguide have to be modified
to integrate additional structure, i.e. the dc contacts, into the device. These interruptions in
the ground plane can be seen as effective discontinuities, which change the on-chip current
and potential distribution. Additionally, mode conversion to the slotline mode takes place at
discontinuities [Simons, 2001]. Together with transmission in the normal conducting metal of
the PCB and sample holder and through the vacuum of the sample holder, this leads to parasitic
parallel circuit paths between the ports and the resonator [Hornibrook et al., 2012b]. This can
be seen in the lumped elements representation of Fig. 6.2 (red path).

Here, another effect is also illustrated: the large overlap of the gate finger and the lead elec-
trodes establishes an additional dissipative coupling to ground (due to the contacts being made
of Au/Ti). This is accounted for by a capacitance Celec and a resistance Relec (blue path).

RL RLCk

CRLC
Celec

Relec
LRLC

RRLC

Ck

Cp
Rp

Figure 6.2.: Lumped elements model of a CPW half wave resonator with parasitic coupling.
The parasitic paths are accounted for with parasitic capacitances Cp and Celec and dissipative
elements Rp and Relec. The parallel path is drawn in red, the additional path to ground in blue.
Adapted from [Hornibrook et al., 2012b].

Parasitic paths manifest themselves as Fano lineshapes [Fano, 1961] in the resonator trans-
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Chapter 6. Coupling a carbon nanotube to a microwave resonator

mission spectra. Examples are shown in the next section. These lineshapes arise from coherent
coupling of the single frequency mode of the resonator (a Lorentzian) with a continuum of states
given by a parallel circuit path that has a flat frequency response [Miroshnichenko et al., 2010].
The interference of these can be destructive, leading to the asymmetric lineshape. The reason for
this destructive interference is that the phase of the discrete resonance changes drastically (by π)
around resonance. Through this, the discrete state interferes with the continuum of states with
opposite phase on the left and right side of the resonance [Fano, 1961]. The original resonance
frequency is then located between minimum and maximum of the Fano lineshape. Note that
parasitic parallel paths do not necessarily represent loss mechanisms unless they are dissipative.
This is however always the case in practical implementations due to resistive losses in normal
metals and dissipation in dielectric materials in the vicinity of the resonator [Hornibrook et al.,
2012b].

6.1.2. Quality factor optimisation

The unwanted coupling to dissipative elements leads to a substantial suppression of the quality
factor of microwave resonators. A key challenge in fabrication of hybrid quantum devices is
therefore to minimize this coupling and maintain high quality factors. This section shows the
evolution of the device geometry for a Nb resonator of length l ≈ 10.5 mm corresponding to a
resonance frequency of ωcav ≈ 2π · 6 GHz. This was largely done by trial and error: individual
modifications of the resonator geometry were implemented stepwise and several devices with
the same geometry were tested to guarantee reproducibility. Here, the four most general mod-
ifications are presented on exemplary devices at T = 4 K. For more information see [Hüttner,
2019].

In [Hornibrook et al., 2012b], simulations show that discontinuities in transmission line ge-
ometries cause enhanced current densities and electric field in the normal conducting metal and
dielectric, leading to parasitic dissipative signal paths. Although not further elaborated, the
sample enclosure can contribute to these paths. Different enclosures have been simulated in
[Hornibrook et al., 2012a]. Several measures for improvement are presented [Hornibrook et al.,
2012b, Hornibrook et al., 2012a]: to confine these electric fields and currents, the application
of non-tapered transmission lines and adding of tightly spaced vias to ground2 on the PCB are
discussed. Additionally, numerous bond wires can be used to connect the microwave resonator
to the PCB, ensuring potential equalisation. These features have been implemented in our setup:
the PCB is conductor-backed, has vias to ground and uses transmission lines of constant width
reducing discontinuities; see Fig. 6.3. Additionally, a multitude of bond wires is used to con-
nect the CPW chip to the PCB and to overbond on-chip structures in order to further extend
potential equalisation; see Fig. 6.1 (a). Despite having integrated these features, even plain res-
onators without additional discontinuities in the ground planes showed Fano resonances, see
Figs. 6.5 (a), with quality factors Q ≤ 4000 at T = 4 K. Further improvement to reduce para-
sitic coupling can be surely accomplished here by simulating PCB and sample enclosure with a
commercially available simulation software.

In a next step, resonators with gaps in the ground planes but without additional lead and

2"Ground" here denotes the metal covered back side of the PCB.
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(a) (b)

Figure 6.3.: Front (a) and rear (b) of the PCB. Visible are the non-tapered transmission lines
and numerous vias connecting the ground plane to the backside of the PCB.

transfer electrodes were fabricated. To suppress the evolution of unwanted modes and equalise
the electric potential on opposing ground planes, the gaps were bonded over with Al wires (as
in Fig. 6.1 (a)). The connection to bias the resonator with a dc gate voltage was made with a
thin gold meander. It is directly connected to the centre l

2 of the cavity and a bond pad as shown
in Fig. 6.1 (c). This connection at the exact antinode of the electric field of the cavity serves
to minimally disturb the resonance. The thin meander works as an effective rf block creating
a large inductance and thus a maximal impedance mismatch to the resonator connection [Frey
et al., 2012, Hao et al., 2014]. Therefore, high frequency signals cannot leave the cavity through
this port but are reflected back. Tests in the 4K stick (see Fig. 6.5 (b)) and the dilution refrigerator
showed, that the integration of these steps did not particularly influence the quality factor of the
resonator.

Finally, the dc lead and transfer electrodes were included in the structure. Early test res-
onators with a superconducting gate finger (width 5 µm), that extends partly under the inner lead
electrodes (width 4 µm, electrically isolated from the gate by a Al2O3 layer), produced no res-
onances at all. By cutting the connection between gate finger and cavity (see Fig. 6.4) using a
focused ion beam (FIB), however, resonant behaviour could be re-established (see Fig. 6.5 (c))
with quality factors of about Q ≈ 1500.

This shows that, in the model of Fig. 6.2, Celec and Relec were large enough to completely
suppress the resonant behaviour of the cavity. Having identified the crucial problem, special
emphasis has been placed on reducing this coupling of the cavity mode into the dc electrodes,
by modifying the structure as follows:

1. The gate finger has been made of normal conducting metal (Au and Ti) and was reduced
to a width of 100 nm and a height of 60 nm, so that it fits into the gap of 1 µm between
the lead electrodes. It was again protected with 200 nm PMMA.

2. The source and drain electrodes have been reduced to 2 µm width. For the outer transfer
electrodes, a width of 4 µm has been maintained.

3. Meander structures, like for the dc gate connection, have been integrated to the all four
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Resonator Gate finger

FIB cut

10 μm

Figure 6.4.: SEM micrograph of a device where the connection between resonator and gate
finger has been cut using a FIB. Picture taken by N. Hüttner.

dc electrodes between transfer area and bond pads to conserve the resonator mode in the
cavity (see Fig. 6.1 (b)).

These final modifications lead to devices as shown in Fig. 6.1 that featured resonances with
quality factors of Q ≈ 350 (see Fig. 6.5 (d)). Devices fabricated in this manner are suitable for
transferring a carbon nanotube into the coupling region. Thus, the fabrication of hybrid quantum
or optomechanical devices becomes feasible.

The generally low quality factor of Q = 350 can be explained by the modified structure of
the cavity resonators. A high dissipation in the normal conducting leads is the most obvious rea-
son, although it cannot be excluded that the cavity mode leaks into the surrounding electronics.
Therefore, to further increase the quality factor in future devices, it will be advisable to either
cut the connection of cavity and gate finger of the unneeded coupling region or to fabricate only
a single coupling region from the beginning. First tests of subsequent cutting of the gate fin-
ger have shown positive results (see [Hüttner, 2019]). Here, quality factors of Q = 2000 have
been obtained. While a further reduction of the width of the source and drain electrodes seems
to have negative impact on the fork transfer, shortening the overlap of gate and lead electrodes
also could suppress the coupling of the cavity mode. For this task, smaller forks are necessary.
Towards this, first steps have been taken in our work group by R. Graaf. In his master thesis
[Graaf, 2019], he dealt with the customised fabrication of quartz forks by etching them out of
Si/SiO2 wafers.
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Figure 6.5.: Evolution of the resonant behaviour with device geometry at T = 4 K and gen-
erator power P = −20 dBm. (a) shows the resonance of a plain resonator without additional
structure. (b) Next, a device with gaps in the ground planes and a thin gold meander for bi-
asing the resonator with a dc gate voltage was fabricated. Its behaviour is similar to the plain
resonator. (c) A device geometry where the dc electrodes had been included at first showed no
resonances (green). However, by cutting the connection between resonator and gate finger, a
resonance could again be observed (blue). (d) Having included modifications in the coupling
area (see main text), a device (suitable for coupling to a suspended CNT) with a finite but low
quality factor could be fabricated. Red lines show fits to the data using Eq. 4.88.
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Chapter 6. Coupling a carbon nanotube to a microwave resonator

6.2. Experimental demonstration of the coupling between
cavity and nanotube quantum dot

A carbon nanotube was transferred to the device shown in Fig. 6.1 with according transmission
characteristics in Fig. 6.5 (d). After cool down to the base temperature of our dilution refriger-
ator, the cavity resonator showed a transmission behaviour as in Fig. 6.6. The red line is a fit
to Eq. 4.89, yielding a resonance frequency of ωcav = 2π · 5.74 GHz and a quality factor of
Q = 497 (and therefore a cavity decay rate of κcav = ωcav/Q = 2π · 11.6 MHz). The overall
small increase of the quality factor compared to the resonance at T = 4 K (from earlier measure-
ments, an increase by a factor ∼ 10 was expected) shows that the quality factor is not limited
by internal dissipation in the superconductor but to a large extent by geometry and dissipation
in the normal conducting leads. As explained in the last section, the parasitic and electrode ca-
pacitances lead to the broadened Fano resonance in Fig. 6.6 (a) and the peculiar shape in phase
of Fig. 6.6 (b). However, these capacitances shall be ignored in calculations henceforth.
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Figure 6.6.: Resonator transmission (a) and (corrected) phase (b). The red line shows a fit to
Eq. 4.89, reproducing the Fano resonance and peculiar phase lineshape. From the fit, a resonance
frequency ωcav = 2π · 5.74 GHz and quality factor Q = 497 is obtained.

Fig. 6.7 displays a schematic and circuit representation of the combined cavity/carbon nano-
tube quantum dot system. Indexed with "CPW" are parameters belonging to the coplanar wave-
guide3; the coupling capacitors are denoted as Ck and the capacitance of the gate finger to the
CNT as Cg. As has been seen in Sect. 4.5.2, the cavity can be modelled as a lumped elements
resonator with a total capacitance

Ctot =
CCPW

2
+ 2Ck + Cg . (6.1)

3The parameters here are given as total values, not per unit length as in Sect. 4.2.
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Figure 6.7.: Schematic (a) and circuit (b) representation of the resonator/quantum dot hybrid
device. The carbon nanotube (brown) is capacitively (Cg) coupled to the CPW resonator (RCPW,
LCPW, CCPW). Microwave transmission can be measured by coupling a signal in and out of
the cavity via coupling capacitors (Ck). The centre conductor of the CPW can be additionally
biased with a dc gate voltage Vg to tune the electrostatic potential of the QD. Adapted from
[Blien et al., 2020].

The coupling between cavity resonator and carbon nanotube is then mediated via the change
in the gate capacitance Cg, respectively, the change in quantum capacitance of the CNT (see
Sect. 2.3.5). This in turn is dependent on the parameters of the quantum dot, which can be
controlled via gate voltage Vg and bias voltage Vsd. Therefore, a shift in resonance frequency
(or phase) of the cavity can be interpreted as a shift in quantum capacitance of the CNT quantum
dot. This is called dispersive coupling.

6.2.1. First tests for electronic coupling

To investigate interaction between the two subsystems, the quantum dot behaviour of the CNT
has been utilised. In the case of finite coupling, the electric field of the driven microwave cavity
should have an effect on the non-linear conductance of the quantum dot. Fig. 6.8 shows the ex-
perimental results: a larger power circulating in the cavity leads to a broadening of the Coulomb
resonances. Similar results on the coupling of a microwave resonator to a AlGaAs quantum dot
are shown in [Frey et al., 2011].

In Fig. 6.8 (a), the stability diagram of the vicinity of the investigated Coulomb diamond is
plotted. The dashed green line marks the trace over the Coulomb oscillation that is used to
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study the influence of the cavity power. The bias voltage for this trace was fixed at Vsd = 2 mV
and the gate voltage was swept in a range −1.48 V ≤ Vg ≤ −1.41 V. While measuring the
current I , a signal was injected into the microwave cavity fixed in frequency at ωgen = ωcav =
2π ·5.74 GHz and generator power Pgen. The signal generator was here directly connected to the
cryostat high frequency input line (see Fig. 3.3 (a) for a schematic setup). In this way, the signal
passes a set of attenuators with total attenuation of 53 dB before reaching the cavity. After each
repetition of sweeping Vg, Pgen was increased by 1 dBm, covering a range −27 dBm ≤ Pgen ≤
+20 dBm (see Fig. 6.8 (b)). Above Pgen = +5 dBm, a broadening of the Coulomb oscillation
emerges. This is due to an additional voltage δVac on the gate electrode that corresponds to the
circulating power in the cavity. As this voltage is oscillating at a rate ωcav = 2π · 5.74 GHz, the
dc amplifier used to record the current measures a time-averaged contribution to I . This leads
to a decrease in current on the peak of the Coulomb oscillation and an increase on its flanks.
Linecuts (see Fig. 6.8 (c)) show that a larger generator power Pgen leads to a larger broadening
of the Coulomb oscillation. Below a power of Pgen = +3 dBm, the resonator mode has no
effect on the conductance. Repeating the measurement on a second Coulomb oscillation on the
electron conduction side (see Sect. C.1) has shown similar broadening behaviour.

Following [Frey et al., 2011], a second test for coupling was performed: the conductance of
the quantum dot was investigated, while sweeping the frequency of the signal injected into the
cavity. In Fig. 6.9 (a), the bias voltage was kept a constant value of again Vsd = 2 mV. The
gate voltage was set to Vg = −1.443 V, and thus on the flank of the Coulomb oscillation of
Fig. 6.8 (c) for low power. Keeping the generator power at Pgen = +12 dBm, the frequency
is swept in a range 2π · 4 GHz ≤ ωgen ≤ 2π · 6 GHz, while, again, the current is measured.
Away from cavity resonance, the current is comparable with the measurement of Fig. 6.8, at
ωgen ≈ ωcav, however, a large peak emerges. This can be explained in the following way:
the power is not large enough to significantly broaden the Coulomb resonance for off-resonant
driving (ωgen 6= ωcav). In the vicinity of ωcav, however, the power in the cavity leads to a large
enough δVac to increase the current as explained above and for Fig. 6.8. According to [Frey et al.,
2011], for low enough powers, this should directly reflect the cavity transmission (along with
respective resonance frequency and quality factor). In principle, this technique is similar to the
detection mechanism of nanomechanics of CNTs as presented in Sect. 2.4.3 and [Hüttel et al.,
2009]. Here also, I(ωgen) ∼ dI2/dV 2

g and for low enough dVg (or equally Pgen), the quality
factor is reflected in the frequency dependence of the current. Therefore, the measurement was
repeated on the Peak of the Coulomb oscillation (Vg = −1.445 V) for a generator power of
Pgen = +5 dBm (see Fig. 6.9 (b)). A Lorentzian fit gives a resonance frequency and quality
factor of

ωcav = 2π · 5.739 GHz , and Q = 390 .

While the resonance frequency agrees nicely with the one obtained from the fit of the cavity
transmission in Fig. 6.6, the quality factor is in the same order of magnitude, but slightly lower
due to the high generator power.

A second measurement of this kind was performed on the electron conduction side (on the
Coulomb oscillation of Fig. C.1). Here, the power on the generator was increased after each
frequency sweep by ∆Pgen = 5 dBm; the bias was Vsd = 1 mV and the gate voltage Vg =
−0.273V, on the flank of the Coulomb oscillation. The microwave resonance again appears in
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6.2. Experimental demonstration of the coupling between cavity and nanotube quantum dot

the current through the CNT, sweeping the frequency over a range 5.67 GHz ≤ ω ≤ 5.81 GHz
as is shown in Fig. 6.9 (a). With increasing power, the broadening of the resonance in the current
is evident. A linecut at Pgen = −2 dBm (see Fig. 6.10 (b)) reveals a Lorentzian with

ωcav = 2π · 5.739 GHz , and Q = 800 ,

again consistent with earlier resonator characterization.
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Figure 6.8.: Coulomb resonance broadening with increasing intracavity power. (a) shows the
stability diagram around the respective Coulomb resonance. The green dotted line indicates
the gate sweep −1.48 V ≤ Vg ≤ −1.41 V that has been performed in (b). For a fixed bias
Vsd = 2 mV and generator frequency ωgen = ωcav = 2π · 5.74 GHz, the current was measured
while ramping up the generator power. A broadening of the Coulomb peak with increasing
power is apparent. For clarity, linecuts at different generator powers are displayed in (c).
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Figure 6.9.: Cavity resonance in the current through the carbon nanotube. (a) Gate and bias
voltage are kept constant at Vg = −1.443 V and Vsd = 2 mV and the frequency of the cavity
input signal is swept over a range 2π · 4 GHz ≤ ωgen ≤ 2π · 6 GHz at constant generator
power Pgen = +12 dBm. Away from resonance the current through the CNT is nearly constant,
while at cavity resonance a large peak emerges. The detection mechanism is similar to the one
presented in [Hüttel et al., 2009]. (b) Detailed measurement of the resonance at slightly different
gate voltage setting of −1.445 V for lower drive power Pgen = +5 dBm. A Lorentzian fit gives
a quality factor of Q = 390.
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Figure 6.10.: Cavity resonance in nanotube current on electron conduction side. Gate and bias
voltage settings are Vg = −0.273 V and Vsd = 1 mV. The cavity input frequency was swept
over a range 5.67 GHz ≤ ω ≤ 5.81 GHz. (a) Broadening of microwave with increasing genera-
tor power. (b) A linecut at Pgen = −2 dBm (orange dotted line in (a)) reveals a quality factor of
Q = 800.
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Chapter 6. Coupling a carbon nanotube to a microwave resonator

6.2.2. Quantum dot spectroscopy with a CPW resonator

So far, the Coulomb oscillation broadening and the microwave resonance in the nanotube current
gave first hints that a coupling between CNT and microwave cavity has been established. This
shall now be investigated in greater detail. For that, dc transport spectroscopy of the nanotube
quantum dot behaviour is recorded, while simultaneously measuring the transmission charac-
teristics of the cavity at its resonance frequency. Its drive power is chosen low enough (from
measurements of the last subsection) to prevent significant broadening of the Coulomb oscilla-
tions.
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Figure 6.11.: Current through CNT and resonator phase while sweeping the gate voltage. The
cavity was excited with a generator power of Pgen = −10 dBm at its resonance frequency.
Characteristic Coulomb oscillations show up in the current. Sharp dips in the resonator phase
emerge, slightly shifted to smaller gate voltages compared to the current oscillations. A bias of
Vsd = 2 mV was applied.

Fig. 6.11 displays the dc current through the nanotube, as well as the phase of the cavity
response at ω ≈ ωcav (where the phase is steepest), while sweeping the gate voltage in a range
−1.5 V ≤ Vg ≤ −1.1 V and an applied bias of Vsd = 2 mV. The resonator phase shows
significant dips at almost the same gate voltages where Coulomb oscillations emerge in the
current. Here, a phase noise < 1 mrad can be maintained, while the dips are up to 7 mrad in
depth, which is comparable to values obtained in the work of M. Delbecq [Delbecq et al., 2011,
Delbecq, 2013]. The same behaviour (although weaker) is observed for the resonator amplitude
(see Fig. 6.13 (c) for this). The observation of the Coulomb oscillations in the resonator phase
again shows that the two systems are coupled [Delbecq et al., 2011]. The interaction is mediated
in the form of dipole coupling between the charge states of the quantum dot and the electric field
of the microwave cavity [Frey et al., 2012].
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6.2. Experimental demonstration of the coupling between cavity and nanotube quantum dot

Given the phase shifts in Fig. 6.11, the quantum capacitance of the carbon nanotube QD at the
Coulomb oscillations can be estimated. The fit function of Fig. 6.6 is used to translate the phase
shift into a frequency shift ∆ω. Applying Thomson’s formula results in

∆C =

((
ωcav

ωcav −∆ω

)2

− 1

)
· Ctot . (6.2)

For the rightmost phase dip, e.g., the phase changes by ∼ 7 mrad, corresponding to a frequency
shift of ∆ω ≈ 17.8 kHz. To a good approximation, the total capacitance is equal to half the
waveguide capacitance, Ctot ≈ CCPW/2 = 0.875 pF (see Eq. 6.1), giving

∆C ≈ 5.4 aF .

Although comparable to previously reported values [Delbecq, 2013], this number hast to faced
with caution. Deducing a frequency shift from a measurement of the phase at a single frequency
assumes purely dispersive coupling. However, also dissipative coupling may play a significant
role. Here, the resonance of the cavity broadens when coupling to the quantum dot conductance.
Energy stored in the cavity is dissipated in resistive circuit elements, here the carbon nanotube
and normal conducting leads. The phase function then becomes less steep and its overall shape
changes, masking the effects of dispersive coupling.

Therefore, transmission spectra covering the full resonance were taken over the gate range
of a single Coulomb oscillation. Then, for each gate voltage a fit to Eq. 4.89 can be applied.
In this way, the changes in resonance frequency and bandwidth can be traced, as depicted in
Fig. 6.12. While the resonance frequency shifts (a), as expected, also the bandwidth gets signif-
icantly larger (b), signifying the co-existence of dispersive and dissipative coupling. Here, zero
bias was applied to the lead electrodes. Applying Eq. 6.2 to the resonance frequency shift (see
Fig. 6.12 (c)) provides a maximum capacitance change of

∆C ≈ 11.4 aF ,

which is about the double value obtained from the phase shifts of Fig. 6.11. Changes in induc-
tance have been neglected in all calculations. Note that the value for the capacitance change
from the resonance frequency shift is significantly larger than the value for the gate capacitance
found from dc spectroscopy (see Sect. 2.3.3), CCB

g = 2.6 aF. This is due to an altered response
of the carbon nanotube to the microwave field in the vicinity of the SET events. As has been
shown [Duty et al., 2005, Shevchenko et al., 2015], an effective capacitance can be expressed as

Ceff =
∂ 〈qg〉
∂Vg

. (6.3)

Here, 〈qg〉 = Cg(Vg − VCNT) is the charge on the gate electrode [Steele et al., 2009]. Using
Eqs. 2.32 and 2.33 for VCNT in the equation above leads to

Ceff =
(Cs + Cd)Cg

CΣ
+ e

∂ 〈N〉
∂Vg

Cg

CΣ
. (6.4)
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Figure 6.12.: Cavity resonance frequency (a) and bandwidth (b) over a single Coulomb oscilla-
tion. The data has been extracted from transmission measurements for each gate voltage and a
subsequent fit to Eq. 4.89. A sliding average (red points) has been applied to the data points of
(a). From this, a capacitance shift can be calculated (c). Data recorded by N. Hüttner.

This effective capacitance is then a parallel circuit of a geometric capacitance (being itself a
series circuit of gate and lead capacitances) and the CNT quantum capacitance of Sect. 2.3.5
scaled by the gate conversion factor αg = Cg/CΣ. This is an important result as it shows that
single electron effects have to be considered in the cavity-nanotube coupling.

The cavity phase and amplitude response can also be used to record stability diagrams of the
quantum dot. Fig. 6.13 shows differential conductance through the CNT, as well as resonator
phase and amplitude at ω = ωcav over the same gate voltage range. The cavity was driven with
a generator power of Pgen = −4 dBm. Typical Coulomb oscillations show up in the differential
conductance (a), with faint edges in the small bias regime. For higher bias sharp ridges indicate
current driven vibrations of the nanotube as explained in earlier chapters (see Sect. 2.4.2). Inter-
estingly, the resonator phase (b) behaves very differently. Here, the most pronounced features
appear in the low bias regime. An asymmetric coupling manifests itself as the emergence of a
single edge of the Coulomb diamonds, while the other edge cannot be observed in the phase sig-
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6.2. Experimental demonstration of the coupling between cavity and nanotube quantum dot

nal. The same effect leads to a shift in phase dips to lower frequencies compared to the current
peaks in Fig. 6.11. While so far no similar effects were reported, a probable cause for this is a
difference in coupling strength to the source and drain charge transitions. This can be induced
by the presence of asymmetric tunnel barriers. The resonator phase is then more sensitive to the
charge transition of the contact with the smaller tunnel barrier; for a qualitative discussion of this
effect, see Sect. C.2. Here, due to the sharper transition, the change in average charge carrier
number on the QD with gate voltage ∂ 〈N〉 /∂Vg, and so the quantum capacitance of the QD (see
Sect. 2.3.5), is larger. This situation is similar to electromechanical backaction of CNTs around
charge transitions; see Sect. 2.4.4 and [Meerwaldt et al., 2012]. There, larger ∂ 〈N〉 /∂Vg also
correspond to larger mechanical frequency shifts. In Fig. 6.13 (b), for higher bias, the coupling
becomes weaker due to the broadening of the charge transitions. The sharp edges of current
driven vibration are also absent. Although much weaker, in the resonator amplitude (c) similar
behaviour can be perceived. A second stability diagram for the hole conduction side is shown in
Sect. C.3.
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Figure 6.13.: Stability diagrams in the differential conductance (a) and cavity phase (b) and
amplitude (c). The conductance has been numerically differentiated. Post processing has been
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and (c)). In the conductance, Coulomb diamonds and the onset of current driven vibration can
be observed. In the phase and amplitude diagram, only a single edge of the diamonds is visible.
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7
Optomechanics

In this central chapter of the thesis, a dispersive optomechanical system consisting of a coplanar
microwave cavity capacitively coupled to a vibrating carbon nanotube is presented. The mech-
anism responsible for the finite interaction between the two subsystems was so far unexplored
in published literature. A theoretical model based on insights acquired in previous chapters, that
also provide valuable information for future sophisticated device preparation.

The first part of this chapter covers the theory behind the research field of optomechanics.
A mathematical treatment is derived, with which the diverse applications of optomechanical
setups and different parameter regimes can be described and distinguished. The model, that is
demonstrated here, is generic, but derivations are made exclusively for the parameter range of
our experiment. This entire section is a brief synopsis of [Aspelmeyer et al., 2014]. See this
article for a more comprehensive presentation.

In the second part, the main results of this thesis are presented. Here, a standard optomechan-
ical experiment - optomechanically induced transparency (OMIT) - is introduced, enabling us
to quantify the optomechanical coupling strength. It is revealed that a mechanism is needed to
explain the scale of this coupling, that is orders of magnitude larger than that emerging from
intuitive considerations; this mechanism turns out to be the effective capacitance introduced in
the previous chapter. For a lookup of the optomechanical device parameters, it is referred to
Tab. A.1.

The chapter finishes with a short outlook on future experiments benefiting from this enhanced
coupling. Although not yet completely understood, first data of experiments preparing motion
manipulation and sideband cooling is shown.

7.1. Optomechanics - Theory

In Fig. 7.1, the prototypical optomechanical system is depicted. It consists of a laser of frequency
ωL that drives an optical cavity (ωcav, κcav), where one of the mirrors forms a mechanical os-
cillator (ωm, κm). The fundamental mechanism that couples the mechanics to the light field is
given by the concept of radiation pressure. A single photon with wave number k transfers a
momentum ∆p = 2~k onto a mirror from which the photon is reflected. As generally this is
a very small value, an optical cavity is used to enhance the interaction. Then, the force on the
mirror is proportional to the power P circulating in the cavity and so to the number of photons.
At the same time, when the mirror vibrates, the cavity resonance frequency ωcav is periodically
modulated at rate ωm. In this way, an interaction between optical field and mechanics emerges.
There are many different systems concerning size and mass that can be described by this model:
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Figure 7.1.: The prototypical optomechanical system. Optical cavity and mechanical res-
onator are described as quantum harmonic oscillators with resonance frequencies ωcav, ωm and
linewidths κcav, κm. Adapted from [Aspelmeyer et al., 2014].

from macroscopic mirrors [Braginsky and Manukin, 1967] to microtoroids [Weis et al., 2010]
coupled to optical waveguides or micromechanical membranes integrated in superconducting
microwave circuits [Teufel et al., 2011], down to collective motion of cold atoms in an optical
cavity [Stamper-Kurn, 2014].

Disregarding the interaction for a moment, such a system can be mathematically modelled as
two quantum harmonic oscillators. The unperturbed Hamiltonian is then given by

Ĥ = ~ωcavâ
†â+ ~ωmb̂

†b̂ , (7.1)

with the corresponding counting operators â†â, b̂†b̂ for the optical/mechanical field. The de-
scription in this chapter is mostly formulated in the operator picture of quantum mechanics.
However, in the case of large phonon/photon numbers, it can be treated classically by replacing
the operators with their expectation value â→ 〈â〉.

7.1.1. Interaction Hamiltonian

The fact that the mechanical resonator forms one end mirror of the optical resonator leads to
a dispersive coupling: the cavity resonance frequency is changed by the displacement of the
mechanical resonator

ωcav(x) ≈ ωcav + x
∂ωcav

∂x
+ . . . . (7.2)

Keeping only terms of linear order and defining G = −∂ωcav
∂x , one obtains

~ωcav(x)â†â = ~(ωcav −Gx̂)â†â (7.3)
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with x̂ = xzpf (b̂+ b̂†). The interaction Hamiltonian is then

Ĥint = −~g0â
†â(b̂+ b̂†) (7.4)

Here, the single-photon optomechanical coupling strength g0 = Gxzpf was used. It characterises
the interaction between a single photon and a single phonon and is a measure of how much the
cavity resonance frequency changes due to the vacuum fluctuations of the mechanics. Including
the interaction as an extra term in Eq. 7.1 gives the Hamiltonian

Ĥ = ~ωcavâ
†â+ ~ωmb̂

†b̂− ~g0â
†â(b̂+ b̂†) , (7.5)

that describes a vibrational mode coupled to a radiation mode and was first derived by C. K. Law
[Law, 1994].

The motion x(t) = x0 · sin (ωmt) of the mechanical oscillator modulates the cavity resonance
frequency leading to sidebands in the cavity transmission at ωcav ± ωm. At the same time, the
interaction part of the Hamiltonian also yields a force on the mechanical resonator generated by
the light field. This is called the radiation pressure force

F̂rad = −dĤint

dx̂
= ~Gâ†â = ~

g0

xzpf
â†â , (7.6)

and can be visualised in the model of Fig. 7.1 as the momentum transfer of the photons to the
vibrating mirror per cavity round trip.

In the derivation above, certain terms have been omitted; the Hamiltonian describes a closed
system. These include in particular driving (generated by the external laser) and loss asso-
ciated with outcoupling (signal leaking out of the cavity ∼ √κc) or other processes as e.g.
dissipation (∼ κi). Usually, a rotating frame transformation is then adapted to the full op-
tomechanical Hamiltonian, where the reference frame is rotating at the laser frequency ωL.
This leads to a more convenient representation, because the driving term is then time inde-
pendent. It is achieved by a unitary transformation with the operator Û = exp

(
iωLâ

†ât
)

as
Ĥ ′ = ÛĤÛ † + i~Û∂Û †/∂t. Applying this to the short form of Eq. 7.5 leads to

Ĥ = −~∆â†â+ ~ωmb̂
†b̂− ~g0â

†â
(
b̂+ b̂†

)
, (7.7)

where ∆ = ωL − ωcav is the laser detuning. Eq. 7.7 is used as a basis for most optomechanical
effects in the dispersive regime.

7.1.2. Linearised approximation

The Hamiltonian shows that the interaction is a non-linear process due to involving three opera-
tors1. To obtain the linearised approximate description of optomechanics, the cavity mode shall
be expressed as a classical coherent field with small quantum fluctuations

â = ᾱ+ δâ , (7.8)
1This is similar to three-wave mixing from non-linear optics.
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with the average amplitude 〈â〉 = ᾱ. In this way ᾱ =
√
ncav holds, where ncav is the average

number of cavity photons. This leads to a modified interaction Hamiltonian

Ĥ lin
int = −~g0 (ᾱ+ δâ)† (ᾱ+ δâ) (b̂+ b̂†) . (7.9)

Expanding Eq. 7.9 in powers of ᾱ leads to a term ∼ ᾱ2, which only gives a constant radiation
pressure force and can be omitted after a displacement shift. The term ∼ δâ†δâ is smaller than
the remaining terms by a factor of |ᾱ| and is also omitted. This gives a Hamiltonian in the
rotating frame

Ĥ lin = −~∆δâ†δâ+ ~ωmb̂
†b̂− ~g

(
δâ† + δâ

)(
b̂+ b̂†

)
, (7.10)

containing the optomechanical coupling strength

g = g0
√
ncav . (7.11)

Although being quadratic in operators, Eq. 7.10 is referred to as linearised, because it leads
to linear equations of motion (see Sect. 7.1.4). In most experiments, g0 is fixed by the device
geometry or experimental setup and is typically a small value. An advantage of the linearised
interaction is then, that the coupling strength can be tuned with the laser power (in the boundaries
of the setup). The linearised description is generally valid for g0 � κcav, which is the case in
most experiments and all realisations accomplished in this thesis.

7.1.3. Parameter regimes

ωωcav

κcav

ωmωm

In
te

n
s
ity

 (
a
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.)

Figure 7.2.: Transmission spectrum of an arbitrary optomechanical system in the resolved side-
band regime ωm � κcav. The motional sidebands at ω = ωcav ± ωm can be discerned from the
central cavity mode.

The first distinction can be made concerning the motional sidebands explained in the previous
section. The optical linewidth κcav has to be compared to the mechanical resonance frequency
ωm (see Fig. 7.2):
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• Resolved sideband regime: Here, ωm � κcav holds. In this regime, the motional side-
bands (at ωcav ± ωm) can be distinguished from the cavity resonance. This is a necessary
condition for mechanical ground state cooling and is also called the good cavity limit.

• Unresolved sideband regime: In the opposite case, ωm � κcav, the sidebands lie within
the central cavity peak. This is also called bad cavity limit.

The experiments demonstrated within this thesis all took place in the resolved sideband regime.
It will also be presupposed for the rest of this section.

ωdωcavω  - ωcav m

ω  + ωcav m

Γ
o
p
t 

0

(a) (b)

damping

antidamping

Figure 7.3.: Phenomena and applications in the different regimes concerning the laser detuning
∆. (a) Pumping the system at the red-detuned sideband (∆ = −ωm) leads to additional damping
of the mechanical resonator (at rate Γopt > 0), while pumping at the blue-detuned sideband
(∆ = +ωm) leads to antidamping (at rate Γopt < 0). (b) In the case of resonant driving, the
motion of the mechanical oscillator causes an interferometric phase shift. (b) adapted from
[Aspelmeyer et al., 2014].

Three regimes arise from the particular choice of laser detuning ∆ in Eq. 7.10 (see Fig. 7.3):

• ∆ = −ωm (red-detuned regime): A RWA cancels the off-resonant terms, reducing the
interaction Hamiltonian to

Ĥ lin
int = −~g

(
δâ†b̂+ δâb̂†

)
. (7.12)

In terms of quantum optics, this is equal to a beam splitter interaction: a photon can only
enter the cavity by annihilating a vibrational phonon. State exchange between the mechan-
ical oscillator and the driven cavity can occur and optomechanical cooling is possible.

• ∆ = +ωm (blue-detuned regime): Here, a RWA leads to

Ĥ lin
int = −~g

(
δâ†b̂† + δâb̂

)
, (7.13)
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representing a two-mode squeezing or parametric amplification interaction. In this regime,
phonons can only enter the cavity by simultaneously creating a phonon. Thus, this is an
amplification process for the vibration. In the case of low intrinsic dissipation, this can
lead to dynamical instability evoking self-sustained oscillations [Massel et al., 2011].

• ∆ = 0: For resonant driving, no terms can be neglected. The interaction Hamiltonian
then reads

− ~g
(
δâ† + δâ

)(
b̂+ b̂†

)
. (7.14)

In this case, the cavity is used as an interferometer. The phase of the optical mode experi-
ences a shift that is proportional to the mechanical position x̂ ∼ b̂+ b̂†. This is the relevant
case for optomechanical displacement detection [Regal et al., 2008].

Figure 7.4.: Avoided crossing of hybridised optomechanical modes. At resonant driving (∆ =
−ωm), the normal mode splitting is of size 2g. Adapted from [Aspelmeyer et al., 2014].

Another distinction can be made regarding the optomechanical coupling strengths g/g0:

• g ≥ κcav, κm (strong coupling regime): In the case of red-detuned driving, mechanical
and optical field hybridise to form new eigenmodes (see Fig. 7.4). The avoided crossing
between them is also called optomechanical normal mode splitting. At resonance, ∆ =
−ωm, the modes are symmetric and antisymmetric superpositions of light and mechanics
with a splitting of 2g.

• g0 ≥ κcav, κm (ultrastrong coupling regime): Here, the optomechanical Hamiltonian
cannot be linearised and its full interaction part Ĥint = −~g0â

†â
(
b̂+ b̂†

)
has to be taken

into account, leading to non-linear quantum effects.
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7.1.4. Input-output formalism - Equations of motion

Input-output theory serves to give a quantum mechanical description of the transmission of a
driven cavity; the discussion here follows [Aspelmeyer et al., 2014]. It includes noise terms
(previously ignored in the Hamiltonian) that enter through any kind of coupling into the cavity.
The theory uses Heisenberg equations of motion with the Hamiltonian of Eq. 7.7 (disregarding
coupling) to describe the dynamics of the field amplitude â in the cavity

˙̂a = −κcav

2
â+ i∆â+

√
κcâin +

√
κif̂in , (7.15)

with κcav = κc + κi. Photon channels of the cavity are ascribed to either input coupling (rate
κc) or any other loss process (rate κi). The input field âin, a stochastic quantum field, is in the
simplest case the sum of a coherent laser drive and the fluctuating vacuum electric field that
couples to the cavity (and thus also time dependent). Then,

Pin = ~ωL

〈
â†inâin

〉
(7.16)

is the power on the cavity input and
〈
â†inâin

〉
is the incident rate of photons (for ωL ≈ ωcav). The

noise amplitude is given by f̂in and experiences the same type of normalisation as the driving
amplitude âin.

Focusing on the classical average quantities and ignoring other noise (f̂in = 0), the steady-
state solution of Eq. 7.15 is

〈â〉 =

√
κc 〈âin〉

κcav/2− i∆
. (7.17)

Then, the average number of photons circulating in the cavity can be easily obtained by

ncav = |〈â〉|2 =
κc

∆2 + (κcav/2)2

Pin

~ωL
. (7.18)

In the presence of a second mirror - e.g. the half wave CPW geometry implemented in this

thesis - an additional term
√
κ

(2)
c â

(2)
in can be included in Eq. 7.15. This is however redundant, if

only transmission through one mirror is measured (while reflected signal on the other mirror is
neglected). The effects of the second mirror can then be lumped into the decay rate κi.

Now including the coupling, equations of motion for optical and mechanical field amplitudes
can be stated as

˙̂a = −κcav

2
â+ i(∆ +Gx̂)â+

√
κcâin +

√
κif̂in , (7.19)

and
˙̂
b =

(
−iωm −

κm

2

)
b̂+ ig0â

†â+
√
κmb̂in . (7.20)

These have the form of quantum Langevin equations and describe how optical and mechanical
field evolve, including all fluctuation effects.

In the limit of large phonon/photon numbers (semiclassical limit), the averaged versions of
these equations can be used. For light field amplitude α(t) = 〈â(t)〉, drive amplitude αin(t),
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and oscillator position x(t) = 〈x̂(t)〉 = 2xzpfRe
(〈
b̂
〉)

follows

α̇ = −κcav

2
α+ i(∆ +Gx̂)α+

√
κcαin(t) , (7.21)

and
mẍ = −mω2

mx−mκmẋ+ ~G|α|2 . (7.22)

Noise can in principle be included (in semiclassical terms), but is disregarded here.
The above equations are nonlinear coupled differential equations, which cannot be solved

analytically. Therefore, it is convenient to proceed with the "linearised" Hamiltonian of Eq. 7.10.
It is quadratic in operators, leading to linear equations of motion

δ ˙̂a =
(
i∆− κcav

2

)
δâ+ ig

(
b̂+ b̂†

)
+
√
κcδâin(t) +

√
κif̂in(t) , (7.23)

δ ˙̂a† =
(
−i∆− κcav

2

)
δâ† − ig

(
b̂† + b̂

)
+
√
κcδâ

†
in(t) +

√
κif̂
†
in(t) , (7.24)

˙̂
b =

(
−iωm −

κm

2

)
b̂+ ig

(
δâ+ δâ†

)
+
√
κmb̂in(t) . (7.25)

These equations govern the dynamics of the system, can be solved numerically2 and are able to
fully describe phenomena that accord to the linearised regime.

The classical linearised equations of motion ignoring damping that follow from Eqs. 7.23,
7.24, and 7.25 are then

δȧ =
(
i∆− κcav

2

)
δa+ iGᾱx+

√
κcαin(t) , (7.26)

δȧ∗ =
(
−i∆− κcav

2

)
δa∗ − iGᾱx∗ +

√
κcα

∗
in(t) , (7.27)

mẍ = −mω2
mx−mκmẋ+ ~Gᾱ(δa+ δa∗) . (7.28)

7.1.5. Microwave optomechanics

In the microwave domain, the same theoretical description as derived in the last sections can
be applied. The generic system is depicted in Fig. 7.5. It consists of a resonant LC circuit
that is coupled to an external mw drive. The capacitance consists of two parallel plates, with
one of them being able to oscillate. In this way, the total capacitance of the circuit C(x) is
deflection dependent and the capacitive shift ∂C/∂x is translated to a resonance frequency shift
∂ωcav/∂x. Thus, the standard optomechanical radiation pressure interaction is obtained and the
formalism presented above applies. Typically, cavity resonance frequencies lie in the GHz-range
and mechanical oscillators consist of nanomechanical resonators implemented in the circuit,
such as nanobeams [Rocheleau et al., 2009] or drum resonators [Teufel et al., 2011].

The resonance frequency of LC circuits is given by the Thomson formula ωcav = 1/
√
LC.

The optomechanical (single-photon) coupling strength can then be expressed as

g0 =
∂ωcav

∂x
xzpf =

ωcav

2C

∂C

∂x
xzpf . (7.29)

2This is usually done by Fourier transforming the operators into the frequency domain, â(ω) =
∫ +∞
−∞ dteiωtâ(t)

104



7.2. Quantum capacitance enhanced optomechanics

feedline

ground

CPW resonator

mechanical 
resonator

(a)

(b)

Figure 7.5.: Prototypical optomechanical systems in the microwave regime. (a) A mw drive
is coupled (here inductively) to an LC resonator. The interaction is mediated by the vibrating
capacitor C(x̂). (b) The capacitance of a quarter wave resonator is modified via a mechani-
cally resonating beam. When vibrating, the capacitance between CPW resonator and ground is
altered. Adapted from [Aspelmeyer et al., 2014] and [Teufel et al., 2008].

7.2. Quantum capacitance enhanced optomechanics

The system investigated in this thesis consists of a CPW cavity and carbon nanotube that is
mechanically active. It is shown schematically and as circuit model in Fig. 6.7. Considering
the fact that ωm � κcav, the system is in the sideband-resolved regime. The purpose of this
section is to quantify, experimentally and theoretically, the optomechanical coupling strength.
It is mediated via the change in capacitance between the vibrating CNT and the gate finger
that is connected to the cavity. The question arises: how large can such a coupling be? Is the
(single-photon) strong coupling regime feasible?

7.2.1. Geometric coupling

According to Eq. 7.29, the single-photon coupling strength g0 can be expressed in terms of the
cavity resonance frequency ωcav, the total capacitance Ctot, the zero-point fluctuation amplitude
xzpf of the mechanics, and the change in total capacitance with displacement ∂Ctot/∂x. The
first two parameters are set by the geometry of the waveguide and the third can be calculated
using xzpf =

√
~/2mωm of Sect. 2.4 and is dependent on the mass and mechanical resonance

frequency of the CNT.
The total capacitance consists of a parallel circuit of the equivalent waveguide capacitance

CRLC, the coupling capacitorsCk, and the capacitance between gate and carbon nanotubeCg (as
in Eq. 6.1). The equivalent waveguide capacitance can be calculated from the device geometry
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using conformal mapping (Eqs. 4.20 and 4.25, see Sect. B.3) as CRLC = CCPW/2 = 0.875 pF.
Coupling capacitors can be estimated by finite element modelling and are typically in the range
of fF [Göppl et al., 2008]. In Sect. 2.3.3, the gate capacitance was estimated to beCCB

g = 2.6 aF.
Therefore, by far the largest capacitance is CRLC, so that Ctot ≈ CRLC is given. Additionally,
since only Cg is dependent on the CNT vibration, ∂Ctot/∂x = ∂Cg/∂x holds. With these
assumptions, Eq. 7.29 can be approximated by

g0 ≈
ωcav

2CRLC

∂Cg

∂x
xzpf . (7.30)

The problem is then reduced to estimating ∂Cg/∂x, which shall be discussed in the following.
Recapitulating the wire-over plane model (Eq. 2.26), where the nanotube is considered as

conductive wire (radius R, length L) over an infinite metallic plane (gate electrode at distance
d), the total gate capacitance is given by3

Cg(x) =
2πε0εrL

arcosh
(
d−x
R

) . (7.31)

In the above equation, the nanotube motion was approximated as a change of distance to the gate
electrode that is constant along the space coordinate along the nanotube axis. The derivative with
respect to x is accordingly

∂Cg(x)

∂x
=

2πε0εrL

R

√(
d−x
R

)2 − 1
(
arcosh

(
d−x
R

))2 . (7.32)

Now the parameters of our optomechanical setup (see Tab.A.1) shall be used to estimate the
coupling strength:

• d = 450 nm is given by the device geometry; in detail, the cross section is given by
200 nm cross-linked PMMA and 250 nm vacuum.

• εr = 2 can be approximated by taking the average of the same PMMA/vacuum structure
(with a typical dielectric constant for PMMA εPMMA

r ∼ 3 [Brydson, 1999]).

• Leff = 143 nm comes from the identification of the gate capacitance from Coulomb block-
ade measurements with the wire-over-plane capacitance at zero deflection CCB

g = Cg(0).
This is the effective length of the CNT that interacts with the gate electrode4

• m = (2πRLρgraphene)/2 = 4.8 · 10−21 kg is the effective vibrating mass of the CNT. It
is assumed to be half its total mass.

• R = 2 nm is assumed to be a typical value of SWCNTs5

3Note that the coordinate system has changed in comparison to Eq. 2.26, z → x
4The gate electrode is also not an infinite plane, but has a finite width of 100 nm, making this approximation

reasonable.
5Eq. 7.32 is not particularly dependent on the CNT radius; see the discussion of error sources at the end of

Sect. 7.2.3.
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This gives a value of ∂Cg(0)/∂x = 0.95 pF/m. Together with device parameters taken from
Tab. A.1, a geometric single-photon coupling of

g∗0 = 2π · 2.9 mHz

emerges. In comparison to the cavity decay rate κcav = 2π ·12 MHz, this is a tiny number. Even
with large photon numbers ncav ≈ 109, the optomechanical coupling g∗ = g∗0

√
ncav . 100 Hz

remains small, making strong coupling seem impossible.

7.2.2. Optomechanically induced transparency

probedrive

ωω

ω

m

m

dω 
pω

cavity
reson.

Figure 7.6.: Frequency scheme of OMIT experiment. A small field probes the cavity around
its resonance frequency ωcav, while at the same time, a large pump or drive tone is applied at
ωd = ωcav − ωm. Adapted from [Blien et al., 2020].

In order to measure the optomechanical coupling strength, an optomechanically induced
transparency (OMIT) type experiment [Weis et al., 2010] was performed. The frequency "scheme"
is shown in Fig. 7.6; for the measurement setup, see Fig. 3.3 (a). If not stated otherwise, no bias
was applied to the carbon nanotube during any optomechanics experiment (Vsd = 0).

A strong drive tone pumps the cavity on the red-detuned sideband (ωd = ωcav − ωm), while
simultaneously the cavity is probed around ωcav with a weak field (ωp), generated and detected
by a VNA. Drive and probe field interfere to create a beat at their frequency difference in the
cavity. When the resonance condition ωp − ωd = ωm is fulfilled, the beat coherently drives the
mechanical resonator. The vibration can in turn optomechanically upconvert a photon from the
drive field to a photon of frequency ωcav by absorption of a phonon in the mechanical resonator.
This process corresponds to anti-Stokes scattering in Raman physics (see also Sect. 7.3). Also,
the system has to be in the resolved sideband regime to sufficiently suppress the inverse process,
i.e., Stokes scattering. The upconverted photon interferes destructively with the probe field, giv-
ing rise to a sharp dip in the cavity transmission (see Fig. 7.7). As expected, the OMIT dip shifts
in frequency when detuning ωd. The overall shape of the dip (width and depth) is dependent on
the optomechanical coupling strength g. Note that for the particular experiment of Fig. 7.7, a
large probe signal was applied, leading to strong mechanical driving and asymmetrically shaped
OMIT dips [Shevchuk et al., 2015].
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Figure 7.7.: OMIT feature for three different choices of ωd. Drive and probe power were set to
Pd = +20 dBm, respectively Pp = 0 dBm. In (a), the resonance condition ωd = ωcav−ωm was
satisfied, while in (b), (c) ωd was slightly detuned. The gate voltage was fixed at Vg = −1.855 V,
with no bias applied (Vsd = 0). Adapted from [Blien et al., 2020].
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Solving the equations of motion for OMIT - fit procedure

To quantify the coupling, we adapt the mathematical model of Weis et al. [Weis et al., 2010]. In
the remainder of this section, the total cavity dissipation rate shall be expressed by its internal
dissipation rate κi and the ones referring to in- and output coupling κin, κout as

κcav = κi + κin + κout . (7.33)

The linearised classical equations of motion Eqs. 7.26, 7.27, and 7.28 with a probe field

αin(t) = αpe
−iΩt (7.34)

in a frame rotating with the drive frequency ωd are taken as a starting point. Here,

Ω = ωp − ωd (7.35)

is the detuning between probe and drive frequency. Then, the ansatz

δa(t) = A−e−iΩt +A+e+iΩt (7.36)

δa∗(t) = (A+)∗e−iΩt + (A−)∗e+iΩt (7.37)

x(t) = Xe−iΩt +X∗e+iΩt (7.38)

is used, leading to six equations when sorted by rotation terms. However, only the ones contain-
ing A− are important

(−i(∆ + Ω) +
κcav

2
)A− = +iGᾱX +

√
κinαp (7.39)

(+i(∆− Ω) +
κcav

2
)(A+)∗ = −iGᾱX∗ (7.40)

m(ω2
m − Ω2 − iκmΩ)X = +~Gᾱ(A− + (A+)∗) , (7.41)

because these denote the transmission on the upper sideband6 ωd + Ω. As earlier, the detuning
∆ = ωd − ωcav was used. In the red-detuned regime, as it is the case here, ∆ = −ωm.

The inverse of the first factor in the last equation is called the bare mechanical suscepti-
bility χm =

[
m(ω2

m − Ω2 − iκmΩ)
]−1 connecting the external force to the response of the

coordinate, while the right side in the last equation gives an optomechanical correction to the
mechanical susceptibility; see also Sect. 7.3.

As the off-resonant lower sideband is strongly suppressed in the resolved sideband regime,
A+ ≈ 0 holds. Additionally, the mechanical susceptibility can be linearised as m(ω2

m − Ω2 −
iκmΩ) ≈ mωm(2(ωm − Ω)− iκm) for small ωm − Ω. Then Eqs. 7.39 and 7.41 simplify to

(−i(∆ + Ω) +
κcav

2
)A− = +iGᾱX +

√
κinαp (7.42)

mωm(2(ωm − Ω)− iκm)X = +~GᾱA− . (7.43)

6Transforming Eq. 7.36 back from the rotating frame, yields A−e−i(ωd+Ω)t + A+e−i(ωd−Ω)t. Hence, A− is the
amplitude of the upper sideband (coinciding with the cavity resonance) and A+ is the amplitude of the lower
sideband seen from the drive frequency ωd.
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Using g = Gxzpf ᾱ and xzpf =
√
~/(2mωm), and defining ∆p = ωp − (ωd + ωm) = Ω− ωm,

the intracavity amplitude can be expressed as

A−(∆p, g) =
1

−i∆p + κcav/2 + g2

−i∆p+κm/2

√
κinαp . (7.44)

When the drive frequency deviates from the motional sideband condition ωd = ωcav − ωm,
this can be accounted for by a modified parameter ∆′p = ωp − ωcav in the above equation
[Weis et al., 2010]. The influence of the crosstalk side channel, leading to the Fano lineshape of
the cavity transmission, also needs to be considered. As in Eq. 4.89, it can be included in the
calculation by adding a complex shift reiφ

AFano(∆p,∆
′
p, g) =

 1

−i∆′p + κcav/2 + g2

−i∆p+κm/2

+ reiφ

√κinαp . (7.45)

Now, the signal amplitude transmitted through the cavity is

sout(∆p,∆
′
p, g) =

√
κoutAFano =

 1

−i∆′p + κcav/2 + g2

−i∆p+κm/2

+ reiφ

√κinκoutαp .

(7.46)
The above equation can be used to reproduce OMIT traces and obtain the optomechanical cou-
pling strength g. For this, the parameters ωcav, κcav, r, and φ are predetermined from cavity
transmission measurements (see Fig. 6.6) and treated as constant. The drive frequency ωd is
also fixed. Therefore, the only parameters determining the fit are the mechanical parameters
ωm and κm, the coupling strength g, and the transmission amplitude

√
κinκoutαp. The power

transmission |S21|2 recorded by the VNA can then be fitted by applying |sout|2 with said free
parameters.

Fig. 7.8 shows OMIT dips that have been fitted with Eq. 7.46. In (a), a large probe tone was
applied causing strong mechanical driving and hence nonlinear response of the mechanical sys-
tem and an asymmetric lineshape of the dip. Therefore, the fit only gives a qualitative agreement;
however, strongly driven optomechanical systems are the basis for prospective experiments and
analysis in the Duffing regime and beyond [Shevchuk et al., 2015]. A decrease in probe power
to Pp = −20 dBm and an increase in drive power to Pd = +25 dBm results in a symmetric
OMIT feature (b). An optomechanical coupling strength of g = 20.8 kHz could be extracted.
Furthermore, the fit gives a mechanical linewidth of κm = 2π · 5.1 kHz and a resonance fre-
quency ωm = 2π · 502.5 MHz. Compared to the dc detection method of Sect. 2.4.3, ωm is of
similar size, while the linewidth is much smaller. This is due to much stronger driving in the dc
method, which can be identified again by the asymmetric mechanical lineshape. Note that the
mechanical resonance frequencies in Fig. 7.8 (a) and (b) differ because of different gate voltage
settings.

Cavity photon number calibration

To determine the single-photon coupling strength g0, the average number of photons circulating
in the cavity has to be known. In principle, this can be calculated easily by using Eq. 7.18. In
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Figure 7.8.: OMIT data evaluation. (a) shows the same trace as the inset in Fig. 7.7 (a) along
with a fit to Eq. 7.46. Given the asymmetry of the dip due to a strong probe tone, the fit is only
a rough approximation. In (b) a weaker probe (Pp = −20 dBm) and slightly stronger drive tone
(Pd = +25 dBm) were applied, resulting in a symmetric dip. Also, the gate voltage was set
to Vg = −1.18901 V. The fit in (b) gives an optomechanical coupling of g = 20.8 kHz. (a)
adapted from [Blien et al., 2020].

practice, however, two problems arise. First, the coupling decay rate κc is unknown for our
system. While it could still be estimated using Eq. 4.87 and finite element modelling for Ck

or by comparison to plain resonators with the same Ck assuming overcoupled behaviour, the
second issue is more severe. The power incident on the cavity Pin has to be determined from the
generator power and the loss along the signal path. This is however difficult, due to an imprecise
knowledge of attenuation mediated by the high frequency cabling, the attenuators along the
signal path and the bond wires connecting the device to the PCB. Room temperature calibration
to account for losses is inaccurate for low temperatures and excludes bond wires.

Therefore, another way to determine ncav was explored. It is known from the device scheme
of Fig. 6.7 (a) that the centre conductor also acts as dc gate for the CNT. As has been shown
already in Sect. 6.2.1, the Coulomb oscillations broaden with rising intracavity power. This
is due to the additional voltage δVac on the gate electrode that shifts the Coulomb oscillation,
causing a broadening of the time-averaged dc current. The cavity can be modelled classically
with a sinusoidal ac gate voltage on top of the dc voltage in a dc current measurement

Idriven(Vg, Pgen) =
1

2π

∫ 2π

0
I (Vg + δVac(Pgen) · sin(φ)) dφ . (7.47)

Here, δVac(Pgen) is the unknown dependence of ac voltage amplitude on the generator power.
Both Vg and δVac are applied via the same gate electrode and therefore affect the quantum dot
with the same gate lever arm.

Fig. 7.9 (a) shows Coulomb oscillation broadening for the sideband drive at ωd = ωcav − ωm

for varying generator powers 0 dBm ≤ Pgen ≤ +25dBm. Note that the broadening is much
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Figure 7.9.: Determination of the number of photons in the cavity from Coulomb oscillation
broadening. (a) In dc measurements of the QD current, the Coulomb peak broadens with rising
generator power Pgen. (b) From this, the additional voltage component δVac can be calculated,
leading with lumped elements modelling of the cavity to ncav. Adapted from [Blien et al., 2020].

less distinct than for resonant driving as in Fig. 6.8, which is expected from the filtering be-
haviour of a cavity. For a generator power of Pgen = −10 dBm, the function I(Vg) is de-
termined by interpolation of the data points and setting δVac(−10 dBm) ≈ 0, so that I(Vg) :=
Idriven(Vg,−10 dBm). Then, δVac can be obtained for each Pgen by fitting the respective current
trace to Eq. 7.47. The result is depicted in Fig. 7.9 (b).

The number of photons ncav can then be calculated from the energy stored in the resonator

E =
1

2
CCPW

(
δVac√

2

)2

= ncav~ωd (7.48)

where the factor 1/
√

2 comes from the non-homogenous voltage distribution along the cavity
waveguide, for a time when the energy is completely stored in the electric field of the capacitor
CCPW.

Alternatively, the lumped elements model for a half wave resonator can be used (see Sect. 4.5.2).
The energy stored in the cavity is E = 1/2CRLCV

2
rms + 1/2LRLCI

2
rms, with the effective am-

plitudes denoted by rms and Vrms = δVac/
√

2. Then, with Irms = Vrms/Z0

E =
1

2
CRLCδV

2
ac , (7.49)

which is equal to Eq. 7.48, as CRLC = CCPW/2.
In Fig. 7.9 (b), the expected linear dependence of squared amplitude δVac and corresponding

cavity photon number ncav on the generator power Pgen is shown. For the trace in Fig. 7.8 (b),
a generator power of Pgen = +25 dBm was applied, which gives ncav = 67500.
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Now the single-photon coupling strength can be calculated. It is

g0 = 80.1 Hz ,

four orders of magnitude larger than the value estimated from geometric coupling in Sect. 7.2.1
(g∗0 = 2π ·2.9 mHz). In the following, the mechanism that generates such an enhanced coupling
is discussed.

7.2.3. Quantum capacitance enhanced optomechanical coupling

In the determination of the coupling using Eq. 7.29, the change of capacitance with displacement
∂Cg/∂x is the most important parameter. So far, a geometric capacitance between carbon nano-
tube and gate electrode has been considered. However, a characteristic of our carbon nanotube -
coplanar waveguide resonator system fundamentally different to other optomechanical systems
is the formation of a quantum dot in the CNT. The validity of the metallic wire-over-plane model
can be questioned, as electronic behaviour is completely dominated by single-electron effects.
In the following, a model is derived that includes these effects into a theory of quantum ca-
pacitance enhanced optomechanics. Here, a full separation of time scales is assumed, meaning
ωm � ωcav � Γbroad, where Γbroad is the lifetime broadening of the QD states as in Sect. 2.3.4.

In the wire-over-plane model, the carbon nanotube was considered a conductive (metallic)
wire that charges continuously with applied gate voltage. However, a quantum dot shows a step-
like charging originating in the SET behaviour. As has been shown in Sect. 6.2.2, an effective
capacitance Ceff is defined that considers the electronic nature of the CNT and its influence on
the effective charge on the gate electrode. This gives rise to an altered capacitive response of
the cavity on the CNT motion. In the following, the first term (geometric part) of Eq. 6.4 with
αg = Cg/CΣ

Ceff =
(Cs + Cd)Cg

CΣ
+ e

∂ 〈N〉
∂Vg

αg

is considered small (as has been shown in the wire-over-plane calculation). This leads to

Ceff ≈ eαg
∂ 〈N〉
∂Vg

, (7.50)

where 〈N〉 is the number of charge carriers on the CNT quantum dot; it is averaged over SET
processes with rates faster than cavity and mechanical resonance frequency Γbroad > ωcav, ωm.

Now, this capacitance is assumed to be the deflection dependent part of the total capacitance
in Eq. 7.29, such that

g0 ≈
ωcav

2CRLC

∂Ceff

∂x
xzpf . (7.51)

Any change in gate capacitance δCg by the CNT motion leads to a change in position of the
Coulomb oscillation with respect to the gate voltage. Thus, δCg can be translated into an effec-
tive gate voltage modulation δV eff

g as

CgδV
eff

g = VgδCg , (7.52)
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with Cg being the static, geometric capacitance at zero deflection. The change of capacitance
with deflection is now expanded

∂Ceff

∂x
=
∂Ceff

∂V eff
g

∂V eff
g

∂x
=
∂Ceff

∂V eff
g

Vg

Cg

∂Cg

∂x
. (7.53)

Inserting Eq. 7.50, under the implicit assumption that a variation of the effective gate voltage
δV eff

g acts on the system in the same way as a variation of the actual gate voltage δVg, leads then
to

∂Ceff

∂x
= eαg

∂2 〈N〉
∂V 2

g

Vg

Cg

∂Cg

∂x
= η

∂Cg

∂x
. (7.54)

Here, η is the amplification factor of the gate coupling.
As explained above, the lifetime broadened regime is used to describe the QD states. From

Eq. 2.16, µ = eαgVg, and with Vg0 as the Coulomb oscillation position, 〈N〉 (Vg) can be written
as

〈N〉 = N0 +

∫ Vg

−∞

1

2π

~Γbroad

eαg(V ′g − Vg0)2 +
(
~Γbroad

2

)2 dV ′g . (7.55)

Using this in Eq. 7.54 leads to an expression for g0 that strongly reflects the quantum dot charac-
teristics of the CNT. The coupling g0 can be adjusted via the applied gate voltage in the vicinity
of a Coulomb oscillation. From device data, the amplification factor η in Eq. 7.54 is found to
reach values of η ∼ 104 [Blien et al., 2020].

Gate voltage dependence of the coupling and comparison to the model

In order to experimentally determine the dependence of the optomechanical coupling on the QD
characteristics, Fig. 7.10 (a) presents OMIT measurements for varying gate voltage. Vg is here
stepped over the same Coulomb oscillation7 as in Fig. 7.9, while for every gate voltage value an
OMIT trace was recorded.

The first thing that catches the eye is the shift to lower frequencies of the OMIT dip. Compar-
ing the gate voltage range with Fig. 7.9, it can be deduced that the frequency shift is maximum
near the Coulomb peak centre. This circumstance can easily be explained by the electrostatic
softening of the mechanical mode in the vicinity of the charge degeneracy point as in Sect. 2.4.4.
The mechanical resonance frequency shifts due to the interaction of the CNT vibration with sin-
gle electron tunneling; this is a well known feature, see also [Steele et al., 2009, Meerwaldt et al.,
2012].

More interestingly, the OMIT dip feature is very pronounced on the edges of the Coulomb
oscillation, while on its centre and on the outer edges, the coupling vanishes. Fitting each trace
to Eq. 7.46 yields the gate-dependent coupling g(Vg). The result is depicted in Fig. 7.10 (b)
(along with g0(Vg)), proving that the enhancement of the optomechanical coupling must be
intrinsically related to Coulomb blockade.

In Fig. 7.11 (a)-(c), the theoretical model of the coupling according to the last section is
depicted. In (a), the charge on the quantum dot averaged over tunneling events is shown. It

7Note that there was a slight drift in gate voltage over measurement time.
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resembles a step function that decreases with rising Vg, because the gate voltage settings corre-
spond to the hole conduction side of the CNT. Its sharpness is given for zero bias by the life-
time broadening Γbroad. The effective capacitance, depicted in (b), then becomes a Lorentzian
and is proportional to the conductance of the QD8. Note that the effective capacitance can be
identified with the capacitance shift of Fig. 6.12 (c): both curves agree nicely in shape and
magnitude. As the methods used to obtain these curves are distinct - one using a mechanical
signal, the other one the cavity resonance frequency shift - the validity of the model of quantum
capacitance enhanced coupling is confirmed. Taking the second derivative then leads to the op-
tomechanical coupling as shown in (c). The functional dependence has been fitted to the data
points of Fig. 7.10 (b) that have been overlaid here. The free parameters were the Coulomb
oscillation position Vg0, the broadening Γbroad, and an additional scaling factor a, resulting in
Vg0 = −1.8841 V, ~Γbroad = 0.673 meV, and a = gexp

0 /gth
0 = 5.77. From this, it can be

seen that the separation of time scales is valid: the broadening corresponds to a frequency of
166 GHz, orders of magnitude larger than optical or mechanical resonance frequency. With the
introduction of the scaling factor, the theory curve quantitatively reproduces the experimental
gate voltage dependence g0(Vg). This is a convincing agreement considering the uncertainties
of input parameters; for a discussion of these uncertainties, see the end of this section.

The situations leading to the three most distinctive points in the coupling of Fig. 7.11 (c) are
illustrated in Fig. 7.11 (d)-(f). Away from the Coulomb oscillation, the charge on the QD is
constant, and the optomechanical coupling has only geometric contributions that are negligible
in magnitude (d). On the flank of a conductance peak, the modulation of Ceff by a small change
in deflection δx (∼ δCg) is intense (e). At the centre of the resonance, the charge is able to
adapt to the deflection, but the derivative ∂Ceff/∂Vg and with it the coupling g0 ∼ |∂Ceff/∂x| is
approximately zero.

8This has already been shown in Sect. 2.3.5.
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Figure 7.10.: Gate dependency of optomechanical coupling. In (a), OMIT traces for varying
gate voltages in the vicinity of a Coulomb oscillation are shown. In some regions, the dip is
faint, while in others it is more pronounced. Fits to Eq. 7.46 yield the coupling strengths g and
g0, which are depicted over the same gate voltage range in (b). Adapted from [Blien et al., 2020].
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situations corresponding to gate voltages indicated with the dashed lines in (a)-(c). Adapted
from [Blien et al., 2020].
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Discussion of error sources

In the following, the error sources and approximations, that enter the calculation for the quantum
capacitance enhancement, shall be stated and discussed [Blien et al., 2020].

First of all, the parameters in the calculation for the coupling strength for which an approxi-
mative value was used are considered error sources. From Eq. 7.51,

g0 = eαg
ωcav

2CRLC

∂2 〈N〉
∂V 2

g

Vg

Cg

∂Cg

∂x
xzpf ,

Eq. 7.32,
∂Cg(x)

∂x
=

2πε0εrL

R

√(
d−x
R

)2 − 1
(
arcosh

(
d−x
R

))2 ,
and

xzpf =

√
~

2mωm

the mass of the CNTm, its length L and radiusR, and the dielectric constant of the gate oxide εr,
can be identified. Parts of the discussion were already stated in Sect. 7.2.1, but shall be repeated
here.

The length of the nanotube, entering the calculation for its total mass and thus the zero-point
motion amplitude, is approximated by the contact separation (l = 1 µm). In the case that the
CNT is not aligned perpendicular to the leads, it can be larger. This can for example happen
when the CNTs grow not in a right angle from tine to tine on the quartz tuning fork. The
effective mass of the CNT vibrational resonator is then estimated to be half its total mass, m =
(2πRLρgraphene)/2; it is reflected in the zero-point motion amplitude of the carbon nanotube,
xzpf ∼ 1/

√
m. As can be deduced from above equations, an error in the effective mass/nanotube

length is thus reflected in the coupling strength g0 as a deviation on the order of the square root
of this error.

The radius is assumed to take on a typical value ofR = 2 nm; it also affects the nanotube mass
and the geometric coupling strength ∂Cg/∂x. While the radius could in reality be significantly
smaller or larger, the optomechanical coupling is however not very dependent on it: in a realistic
range of 0.5 nm ≤ R ≤ 5 nm, the gate coupling ∂Cg/∂x only changes by a factor of 2. The
single-photon coupling g0 is even less dependent on R.

The space between CNT and gate electrode was simplified as a single material with a relative
dielectric constant εr = 2 and thickness d = 450 nm. It actually consists of 250 nm vacuum
and 200 nm cross-linked PMMA. The dielectric constant used here is an average value of the
dielectric constants of these two materials. An error in the relative dielectric constant leads to an
error in the coupling strength on the same order of magnitude.

Aside from the estimated values of parameters, there are also other error sources. The wire-
over-plane model that is used for calculating the geometric capacitance assumes a thin, long
rod above an infinite conducting plane. The width of the gate electrode along the CNT axis is,
however, approximately only 100 nm. As the electronic length of the CNT is also in the same
range, Leff = 143 nm, the wire-over-plane model is a reasonable approximation concerning the
above assumption, but may lead to additional deviations between model and experimental value.
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7.3. Radiation pressure cooling and thermal vibration detection

Furthermore, the experimentally determinable value is the optomechanical coupling strength g
while the model parameter is the single-photon coupling strength g0. To translate between these
two, the number of cavity photons ncav has to be known accurately. Here, it was determined via
the Coulomb resonance broadening as presented in Sect. 7.2.2. While this approach is justified,
errors in the determination of ncav enter the deduction of g0 via its square root.

7.3. Radiation pressure cooling and thermal vibration
detection

In this section, a brief outlook on ongoing and planned experiments shall be given. The optome-
chanical coupling can be used to actively manipulate the motion of the vibrational resonator
via dynamical backaction. Mechanical amplifiers [Singh et al., 2014a] or ground state cooling
of the nanomechanical motion [Teufel et al., 2011] are possible. In this section, the focus lies
on the optomechanical cooling and motion detection of the nanoresonator: theory is provided
following [Aspelmeyer et al., 2014] and first experimental data is presented and discussed.

 |n , n -1cav m

 |n , ncav m

 |n , n +1cav m

 |n +1, n -1cav m

 |n +1, n +1cav m

 |n +1, ncav m

ℏωcav

ℏωm

Anti-Stokes
Sto

ke
s

κcav

Figure 7.12.: Schematic energy level diagram for illustration of backaction effects. Red de-
tuned pumping leads to Anti-Stokes processes reducing the phonon occupation of the mechan-
ical resonator. Blue detuned pumping leads via Stokes processes to the coherent driving of the
mechanical resonator. Adapted from [Schliesser et al., 2008].

Backaction cooling or heating can be understood as Anti-Stokes or Stokes scattering pro-
cesses known from Raman physics. A schematic energy level diagram is depicted in Fig. 7.13.
When pumping the cavity on the red/blue detuned sideband, a photon of energy ~(ωcav ± ωm)
can only enter the cavity by annihilation/creation of a phonon. The photon is then shifted up-
wards/downwards in energy to ~ωcav. The cavity occupation is raised by one, while lower-
ing/raising the mechanical resonator occupation by one quantum (|ncav + 1, nm ± 1〉). With a
large density of states at the cavity resonance, the excited photon mode then decays and returns
to its initial state. However, the mechanical resonator has now a phonon occupation with one
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quantum less/more than before (|ncav, nm ± 1〉). Repeating this process leads to cooling/heating
of the mechanical mode.

From Fig. 7.13 it is also clear why the resolved sideband regime is important in this context. In
the unresolved case (ωm � κcav), the energy levels overlap and there is a non-negligible proba-
bility that when pumping with, e.g., a red-detuned drive, also the upper level |ncav + 1, nm + 1〉
is addressed. The decay to |ncav, nm + 1〉 then competes with the desired Anti-Stokes process,
reducing cooling.

7.3.1. Theory

To quantify these processes, a model is derived from a classical approach [Aspelmeyer et al.,
2014, Teufel et al., 2008]. Here, the origin of backaction effects is the radiation pressure Frad

coming from the momentum transfer of the photons onto the mirror. As explained in the be-
ginning of this chapter, the mechanical motion modulates the cavity resonance frequency at rate
ωm. For a fixed-frequency optical drive signal, the power that enters the cavity, and therefore
the radiation pressure, will also oscillate at ωm. Yet, this force lags the mechanical motion by a
time τ = κ−1

cav introduced by the final cavity decay rate. It is this retarded nature of the radiation
pressure (hence the term dynamical backaction [Braginsky and Manukin, 1967]) that causes
Frad to yield components oscillating both in and out of phase with the mechanics. The in phase
component then leads to an extra contribution to the restoring force in the equation of motion,
while the out of phase component leads to extra damping.

The mechanical susceptibility describes the response of the mechanics to an external force

χm =
x(ω)

Fext
. (7.56)

In absence of optomechanical coupling, it takes the form χ−1
m (ω) = m[(ω2

m−ω2)− iκmω] (see
Sect. 7.2.2). The radiation pressure force, however, modifies the original susceptibility

χ−1
m,eff(ω) = χ−1

m (ω) + Σ(ω) . (7.57)

This additional term is found by proceeding from the solutions of the linearised classical
equations of motion as presented in Sect. 7.2.2. The field amplitude A (Eqs. 7.36 and 7.37) can
then be expressed in terms of X and plugged into Eq. 7.38. With g = Gxzpf ᾱ and xzpf =√
~/(2mωm) as before, this yields the modification of the response

Σ(Ω) = 2mωmg
2

(
1

(∆ + Ω) + iκcav/2
+

1

(∆− Ω)− iκcav/2

)
, (7.58)

with ∆ = ωd − ωcav and Ω = ωp − ωd being again the optical detunings.
The radiation pressure contribution is rearranged to

Σ(Ω) = mΩ[2δωm(Ω)− iΓopt(Ω)] , (7.59)

as then the real and imaginary terms can be attributed to the terms of the original susceptibility,
which leads to

χ−1
m,eff(Ω) = m

[
ω2

m + 2Ωδωm(Ω)− Ω2 − iΩ(κm + Γopt(Ω))
]
. (7.60)
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The real and imaginary part of the full expression, Eq. 7.60, then give the frequency dependent
mechanical resonance frequency shift δωm(Ω) caused by the optical field and optomechanical
damping rate Γopt(Ω). The explicit expressions are

δωm(Ω) = g2ωm

Ω

[
∆ + Ω

(∆ + Ω)2 + κ2
cav/4

+
∆− Ω

(∆− Ω)2 + κ2
cav/4

]
(7.61)

Γopt(Ω) = Γ+
opt(Ω)− Γ−opt(Ω) = g2ωm

Ω

[
κcav

(∆ + Ω)2 + κ2
cav/4

− κcav

(∆− Ω)2 + κ2
cav/4

]
(7.62)

and provide an exact solution in the linearised regime also valid for strong coupling g > κcav

[Aspelmeyer et al., 2014].
The frequency shift δωm due to the radiation field is called optical spring effect. Eq. 7.61

shows that depending on the detuning, spring softening or hardening can occur. For Ω = ωm

and the parameters of this thesis (see Tab. A.1), the optical spring effect corresponds to max-
imum frequency shifts δωm ≈ 40 Hz. On the red sideband (∆ = −ωm), however, where the
experiments of this thesis have taken place, the shift can be calculated to be < 1 Hz. Thus, a
detection of the shift was not experimentally pursued.

The optomechanical damping rate Γopt leads to a modified mechanical dissipation rate

κeff = κm + Γopt . (7.63)

From Eq. 7.62 it can be concluded that Γopt can be positive or negative, dependent on the
detuning. In this way, it can increase or decrease the full mechanical linewidth κeff and thus lead
to extra damping or antidamping (amplification). When Γopt ≤ −κm, the effective linewidth
becomes negative and mechanical instability sets in. The function of Eq. 7.62 has already been
plotted in Fig. 7.3 (a), when discussing the parameter regimes of optomechanics.

mech. mode ωm

k TB eff k TB optk TB

optical 
bath

thermal 
bath

κm Γopt

Figure 7.13.: Sideband cooling via an "optical bath". The mechanical resonator is coupled
to a conventional thermal bath of temperature T and an "optical bath" of temperature Topt

with respective absorption and emission rates, resulting in a mechanical mode temperature Teff .
Adapted from [Hertzberg, 2009].

The mechanical resonator is coupled to its environment, which can be seen as a thermal bath
of temperature T . In equilibrium, an average phonon number of nm,th = kBT/~ωm is present
and energy is transferred at rate κm. The optical field can now be thought of as an optical bath
kBTopt = ~ωmnm,opt with rate Γopt (see Fig. 7.13). The mechanical resonator emits energy
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to its environment at rate κeffnm~ωm = (κmnm,th + Γoptnm,opt) · ~ωm, which yields the rate
equation [Marquardt et al., 2007]

nm,eff =
Γoptnm,opt + κmnm,th

Γopt + κm
. (7.64)

Here, nm,eff is the effective average phonon number. The mechanical resonator coupled to the
optical field will thus achieve a mode temperature of Teff = nm,eff~ωm/kB.

A brief discussion of radiation pressure cooling in the parameter range of this thesis shall
end this section. In the resolved sideband regime (ωm � κcav), Marquardt et al. have found
an expression for the "optical" phonon number from quantum noise analysis [Marquardt et al.,
2007]

nm,opt =

(
κcav

4ωm

)2

. (7.65)

In the same regime, from Eq. 7.62 with ∆ = −ωm and Ω = ωm follows

Γopt =
4g2

κcav
. (7.66)

With the parameters taken from Tab. A.1, this results in nm,th = 0.414 for T = 10 mK, Γopt =
2π · 211 Hz, and nm,opt = 3.33 · 10−5. Using Eq. 7.64, optomechanical cooling leads in this
parameter range to an effective phonon number nm,eff = 0.398, respectively a mode temperature
of Teff = 9.59 mK. This is a small effect. However, for the calculation a κm = 5.1 kHz obtained
with the OMIT method was used. The intrinsic κm might be much smaller and even comparable
to Γopt. Also, Γopt scales linearly with g2 and therefore with ncav, which can in principle be
easily increased with the intracavity power. Furthermore, this approach can also be used to
detect the thermal motion, that with nm,th = 0.414 < 1 at T = 10 mK should already be in its
ground state.

7.3.2. Two-tone spectroscopy

In this section, first experimental results towards thermal motion detection are presented. The
two-tone spectroscopy technique that has been used is schematically depicted in Fig. 7.14.
The CNT is excited via an antenna drive (ωA) around ωm as in the dc detection method (see
Sect. 2.4.3). At the same time, the cavity is driven around the red sideband (ωcav − ωm) in such
a way that ωA + ωd = ωcav always holds. The photons of the drive field are optomechanically
upconverted to photons of frequency ωcav by absorption of a phonon in the CNT resonator. Due
to the filter characteristics of the cavity, this Anti-Stokes scattering is strongly enhanced, while
the scattering to ωcav − 2ωm, the Stokes process, is suppressed. Transitions happen at rates
Γ±opt of Eq. 7.62. The noise spectrum of the upconverted photons is read out with a spectrum
analyser. When the nanotube is only thermally vibrating, the microwave noise spectral density
S is proportional to the displacement spectral density Sx and, due to the equipartition theorem,
to the mode temperature [Teufel et al., 2011].

Fig. 7.15 displays output spectra for high (a, PA = −30 dBm) and low (b, PA = −60 dBm)
antenna drive power9. For both measurements, the gate voltage was tuned in such a way that

9PA is the output power of the frequency generator that drives the antenna.
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Figure 7.14.: Frequency (a) and setup (b) scheme of two-tone spectroscopy. Sideband photons
are injected on the cavity input. Through optomechanical interaction with the thermal or driven
motion of the mechanical resonator, they are scattered upwards in energy (to ~ωcav). Detection
follows on the cavity output with a spectrum analyser. Adapted from [Teufel et al., 2011] and
[Blien et al., 2020].

the optomechanical coupling constant g is maximal and the drive power was Pd = +20 dBm
(corresponding to ncav = 2.1 ·104). Note that the choice of antenna power in (a) was considered
a low power for the dc detection method, as here the mechanical peak was already on the verge
of detectability; see Fig. 2.19. A Lorentzian was fitted to the data of (b)

S(ω) = Snoise + Pup ·
κeff

(κeff/2)2 + (ω − ωm)2
.

From the fit, a resonance frequency ωm = 502.54 MHz and a linewidth κeff = 7.43 kHz could
be extracted. As Γopt = 65 Hz ≈ 0 for this drive power, κeff ≈ κm. Thus, the linewidth
is comparable to the one obtained from the OMIT fit in Sect. 7.2.2, Fig. 7.8 (b) with Qm ≈
68000. The upconverted power is Pup = 2.1 fW and the background noise density Snoise =
61.5 fW/Hz. This noise can be attributed to the direct mixing of the antenna drive with the
sideband signal in non-linear elements of the electronic circuit, such as, e.g., the amplifiers. Due
to the stronger antenna drive in (a), the noise density is much larger.
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Figure 7.15.: Upconverted signal for antenna powers PA = −30 dBm (a) and PA = −60 dBm
(b). The peak in (a) shows non-linear behaviour, whereas in (b), a Lorentzian can be fitted to
extract parameters (see main text).
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Figure 7.16.: Detectability of mechanics in dependence of antenna power PA. A two-tone
spectroscopy as described before but with varying antenna power has been used. The detected
mechanical signal is nonlinear in a range −30 dBm . PA . −45 dBm and linear in a range
−45 dBm . PA . −60 dBm. Below a power of PA ≈ −60 dBm, the signal is no longer
observable with the setup of this thesis.

The objective was to detect the thermal vibration of the nanotube. To do so, the antenna power
was decreased further and further, while trying to maintain a detectable output signal; see 7.16.

124



7.3. Radiation pressure cooling and thermal vibration detection

Note in Fig. 7.15 (b), the lowest possible power that produced a signal was used. Heating up the
device to temperatures up to 1 K led to no improvement. Thermal vibrations of the CNT could
not be detected with the setup used in this thesis.

The combined system was also tested for optomechanical downconversion. Here, the drive
frequency is blue detuned from the cavity resonance ωd = ωcav + ωm. A photon enters the
cavity by generating a phonon in the nanotube resonator, leading to amplification of the motion.
Although not as reproducible as with upconversion, Fig. 7.17 shows downconversion peaks for
different antenna drive powers. A large and linearly rising background probably masks part of
the signal. As the antenna power is decreased, the peak sharpens but is barely visible for PA =
−40 dBm. It should in principle be easier to detect a mechanical signal with optomechanical
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S
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Figure 7.17.: Downconverted power spectrum for different antenna powers. The drive power
was set to Pd = +20 dBm and the measurement bandwidth was 5 Hz. The mechanics is re-
flected in a peak at ωA ≈ 502.55 MHz that becomes sharper with decreasing antenna power.

downconversion without the use of an antenna: the mechanical signal is enhanced evoking sharp
peaks that are large in amplitude, as e.g. in [Singh et al., 2014a]. However, the (negative)
optomechanical damping rate, and therefore nm,eff , is small in our case (Γopt = −4g2/κcav ≈
−2π · 65 Hz, see previous section). This and the large background noise could be reasons why
no signal could be detected even for high drive powers, when switching off the antenna drive.

Red sideband upconversion was further examined for its gate voltage dependence as has been
done for the OMIT experiment (see Sect. 7.2.3). In Fig. 7.18, this is shown for the voltage range
of the Coulomb oscillation that was used throughout this thesis (upconversion at an adjacent
Coulomb oscillation is shown in Sect. C.4 displaying similar behaviour). In (a), a low antenna
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Figure 7.18.: Gate voltage dependence of upconverted signal over one Coulomb oscillation.
(a) shows the noise spectrum for zero bias and an antenna power of PA = −55 dBm. At the
flanks of the Coulomb peak, the upconverted signal is most prominent. In (b), a larger power
PA = −30 dBm and additionally a bias voltage Vsd = 0.5 mV was applied. The upconverted
signal transforms into dips for parts of the gate voltage range. In both measurements, the drive
power was Pd = +20 dBm. Note again the difference in the gate voltage range due to drifts
over measurement time Adapted from [Blien et al., 2020].

power of PA = −55 dBm was applied. The upconverted signal shows in principle the same
behaviour as the OMIT feature of Sect. 7.2.3, with the decrease of the mechanical resonance
frequency due to backaction of the single electron tunneling on the mechanics and the enhanced
optomechanical coupling on the flanks of the Coulomb peak. In (b), the antenna power was
set to a higher level of PA = −30 dBm. This leads to a larger background signal, that for the
left half of the Coulomb peak (Vg ≤ −1.183 V) leads to destructive interference (dips in the
signal) emerging from a phase shift of the upconverted photons. Additionally, a bias voltage
of Vsd = 0.5 mV has been applied to the CNT, resulting in a broadening of the overall feature
along the gate axis due to broadening of the Coulomb oscillation. The upconversion peaks on
the right half (Vg ≈ −1.182 V) are also broader in linewidth. The features in (b) show that
further measurements and analysis would be highly worthwhile. For example, a finite dc bias
could be used to study the impact of a current on the mechanics, allowing for the investigation
of energy transfer.

126



7.3. Radiation pressure cooling and thermal vibration detection

7.3.3. Future improvements and compromises

This final chapter reflects about how to improve both the device and the measurement system
concerning optomechanical motion manipulation and detection of thermally driven mechanics.

First, the single-photon coupling strength g0 will be discussed considering Eq. 7.51

g0 ≈
ωcav

2CRLC

∂Ceff

∂x
xzpf

and Eq. 7.54
∂Ceff

∂x
= eαg

∂2 〈N〉
∂V 2

g

Vg

Cg

∂Cg

∂x
= η

∂Cg

∂x
:

• Decreasing CCPW, respectively CRLC, directly increases g0, but also the cavity frequency
ωcav. The benefit of larger coupling will probably overcome the drawback of generally
larger losses in cables and rf elements at higher frequencies. Furthermore, quarter wave
resonators [Li et al., 2013] could be used as these have only half the waveguide capac-
itance as half wave resonators for the same ωcav. Alternatively, it is possible to employ
high impedance resonators [Stockklauser et al., 2017]. These might not have ideal wave-
guide characteristics (due to a differing characteristic impedance Z0) but can come with
the comfort of smaller capacitance CCPW. Generally, adapting the waveguide geometry
and modelling its electromagnetic design with commercially available software might be
an easy to implement improvement.

• In addition to the point above, also varying the inductive part of the resonator might be
beneficial. For instance, the implementation of a SQUID into the resonator geometry
makes for a frequency- and impedance-tunable cavity [Stockklauser et al., 2017] with
adjustable coupling strength and sideband resolution up to a certain extent.

• Increasing ∂2 〈N〉 /∂V 2
g increases ∂Ceff/∂x. Selecting sharper Coulomb oscillations in-

creases the coupling; however, the tunnel rate Γbroad has to remain much larger than ωcav,
so that the separation of time scales is a good approximation. In addition, with sharper
Coulomb oscillations keeping a constant working point is more difficult (e.g. due to fluc-
tuating or drifting gate voltage).

• Increasing Vg should in principle also increase the gate coupling. Usually, however,
Coulomb oscillations tend to broaden at larger |Vg|, decreasing ∂2 〈N〉 /∂V 2

g . This is
because with larger gate voltage, the quantum dot spatially expands resulting in smaller
tunnel barriers.

• Increasing αg(∂Cg/∂x)/Cg = (∂Cg/∂x)/CΣ can be accomplished by decreasing the
CNT-to-gate distance, which remains an issue of fabrication. The nanotube length L does
not affect this quotient much.

• Increasing xzpf increases g0. In the case of a beam resonator (Eq. 2.24), this could be
obtained by making the lead contact distance larger, leading to longer nanotubes. The
mass m of the nanotube increases slower with its length than its resonance frequency ωm
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decreases, so that xzpf =
√
~/2mωm would increase. However, in the case of a string

resonator(Eq. 2.25) xzpf is independent of the CNT length. In any event, ωm � κcav has
to be fulfilled to remain in the sideband resolved regime.

• Similarly, if it was possible to prevent or reduce the fabrication based built-in tension of
the nanotube, ωm could be decreased. The same device geometry but with enhanced xzpf

would then be feasible.

The optomechanical coupling strength g can additionally be boosted by raising the number of
photons ncav in the cavity. Regarding Eq. 7.18

ncav = |〈â〉|2 =
κc

∆2 + (κcav/2)2

Pin

~ωL
,

there are several ways:

• A first and obvious way is to increase the power on the cavity input Pin. While the max-
imum range of the generators used in this thesis has been exploited, it is still possible to
decrease the attenuation along the signal input path by rearranging the attenuators. How-
ever, larger field amplitudes leads again to Coulomb resonance broadening and therefore
smaller g0, as explained above.

• As with sideband driving ∆ = −ωm holds, it would be again convenient to reduce ωm.
Since then the drive frequency shifts closer to the cavity resonance, ncav is increased
automatically.

• Decreasing the internal decay rate κi of course increases ncav, because less power is dis-
sipated or lost in the cavity. This could for example be accomplished by making shorter
contacts with less overlap with the gate electrode. This diminishes signal outcoupling by
decreasing Celec. Then, smaller forks for a more directed nanotube transfer would be ben-
eficial. Another option would be to increase the lead electrode spacing, so the distance to
the gate electrode becomes larger. This has however additional effects on ωm as discussed
before.

• Regarding the first factor of above equation, for a given κi, a larger coupling rate κc de-
creases the pump power necessary to achieve a certain ncav. In fact, κc can be adjusted

with the geometry of the coupling capacitors and has an optimum value10 of
√

4∆2 + κ2
i .

However, this is not an experimentally favourable value as with red sideband driving
(∆ = −ωm), the optimum would be κc ≈ 2ωm, strongly violating the resolved sideband
condition.

Concerning the last point, it is better to additionally consider Eq. 7.66

Γopt =
4g2

κcav
= 4g2

0

ncav

κcav
.

10In the case of resonant driving ∆ = 0, this corresponds to the critically coupled regime κc = κi of Sect. 4.4.3.
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7.3. Radiation pressure cooling and thermal vibration detection

For a given ncav, a smaller κcav (or κc accordingly) improves the cooling power, but also in-
creases the drive power necessary to obtain that ncav. The drive power can however be controlled
by the microwave sources during the experiment.

From the last two paragraphs it seems favourable to decrease ωm. In practice however, this is
not always the case. When ωm becomes comparable to κcav, Eq. 7.66 does not hold anymore.
From the full equation (Eq. 7.62), it is obvious that Γ+

opt then becomes comparable to Γ−opt, di-
minishing the cooling rate. In the level diagram of Fig. 7.12, sideband suppression is decreased,
as neighbouring states start to overlap favouring unwanted transitions.

The lower phonon limit that can be reached by radiation pressure cooling is given by Eq. 7.65.
Again, it can be concluded that a larger ωm and smaller κcav are beneficial, as they lead to smaller
theoretical occupation numbers.

Clearly, changing individual parameters can have effects on others, as discussed above. The
most promising adjustments concerning sideband cooling for the system of this thesis would be
to rearrange the attenuators in the signal input path, increasing ncav, and alter the lead contact
geometry, decreasing κi.

Additionally to the parameter optimisation, provisions concerning measurement system im-
provement can be implemented:

• Regarding thermal vibration detection, the use of Josephson parametric amplifiers located
near the device would be beneficial, as they are able to decrease the noise by several orders
of magnitude accounting for quantum limited detection [Teufel et al., 2011].

• For similar reason, low temperature high-frequency amplifiers with smaller bandwidth
and therefore lower noise temperature could be installed.

• The voltage potential of the dc gate could be stabilised by using gate oxides that are not
susceptible for accumulating charges. Also, using low-drift and low-noise voltage sources
can improve this circumstance [Moser et al., 2014].

• The phase stability of the setup could be further enhanced by the implementation of phase-
stabilised cables, vibration damping of the cryostat mounting, and an optimised stabilisa-
tion of device temperature inside the cryostat.
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8
Conclusion and Outlook

The work presented in this thesis illustrates a first step in the direction of optomechanical ex-
periments making use of single electron effects. For this purpose, a particular cavity has been
designed and developed: a superconducting microwave coplanar waveguide resonator with a
nanotube fork transfer compatible electrode structure accounts for the "optical" part of the sys-
tem. The quantum dot nature of the mechanical part, a carbon nanotube, leads to an inherently
present quantum capacitance altering the coupling between the two subsystems. It is enhanced
by orders of magnitudes compared to the pure geometric coupling. On the other hand, via a
gate voltage the interaction is also tunable, from a maximum value to vanishing coupling. A
theoretical model was presented which is able to explain these features. Data was acquired us-
ing an optomechanically induced transparency experiment [Weis et al., 2010]. The overall well
agreement between model and data shows its validity [Blien et al., 2020]. Error sources, leading
to deviations, have been discussed within this scope.

Starting from the build-up of the microwave measurement setup in a dilution refrigerator en-
vironment, the project presented within this thesis yielded first results with the demonstration of
superconducting coplanar waveguide resonators. In particular, an alloy of rhenium and molyb-
denum has been extensively investigated in regard to high frequency characteristics [Götz et al.,
2016]. The suitability of this alloy in CPW devices combined with an on-chip carbon nanotube
overgrowth technique has been shown [Blien et al., 2016].

For reasons of fabrication optimisation and predictability, a CNT fork transfer technique was
implemented [Blien et al., 2018] allowing to separate the growth process from the electrode
chip. With this it became possible to use niobium coplanar resonators increasing the "optical"
quality factor.

Having undergone much structural refinement, a hybrid nanotube-cavity device that displayed
coupling of clean CNT electronics to the cavity mode as presented in Sect. 6.2.1 could be fab-
ricated. Using a dc detection technique [Hüttel et al., 2009], the mechanical activity of the
CNT could be proven and its resonance frequency could be identified. Here, the mechanical
frequency was unexpectedly large, however bringing the combined device in the so called good
cavity regime (κcav � ωm). With this, optomechanical experiments in the dispersive coupling
regime as presented in Sect. 7.2 and 7.3 could be followed [Blien et al., 2020].

Parallel to the time consuming device optimisation a theoretical description of the optome-
chanical interaction enhancement has been established prior to the experiment. It is based on the
effective capacitance of single electron devices [Duty et al., 2005], optomechanical parameter
description in the microwave domain [Aspelmeyer et al., 2014], and the model of the conduc-
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tance of a quantum dot in the lifetime broadened regime [Meerwaldt et al., 2012]. First esti-
mations using earlier CNT and cavity experimental data revealed a coupling enhancement of
104 − 105, which could later be experimentally proven [Blien et al., 2020].

Future and planned development comprises the subsequent measures. On the cavity side,
the refinement of the coplanar waveguide concerning quality factor optimisation and nanotube
transfer structure. Here, the help of electromagnetic simulation software and finite element mod-
elling is of particular interest. Then, setup optimisation which can be accomplished already by
rearranging the attenuators of the high frequency input. Larger cavity amplitudes increase the
optomechanical coupling. In a next step, better amplifiers might be used to reduce measurement
noise. Moreover, adjustments in the CVD parameters of the carbon nanotube growth process
could lead to individual SWCNTs with cleaner electronic structure and larger mechanical qual-
ity factors. Also, customized forks could lead to better control in the growth process and a
refined cavity structure. For still more sophisticated device parameter optimisation it is referred
to Sect. 7.3.3, where this topic is explained in greater detail.

With these improvements, interesting experiments are at hand. Large enough couplings (g >
κcav, κm) will bring the system into the strong coupling regime. Here, mechanical and cavity
mode hybridise leading to optomechanical normal mode splitting in their energy spectra. Carbon
nanotubes have reached quality factors of up to five million [Moser et al., 2014], allowing for a
mechanical linewidth decrease of at least one order of magnitude (κm ∼ 500 Hz). Further, the
cavity resonator used in this experiment had an unusually small Q factor. Earlier devices showed
up to Q ∼ 105 corresponding to κcav ∼ 57 kHz. The coupling parameter presented in this
thesis already reaches g ∼ 25 kHz, however with a moderate photon number of ncav = 67500.
Increasing ncav by a factor 10-100 should be easily accomplishable by revising the measurement
setup. The strong coupling regime will therefore be feasible in the near future.

Two-tone spectroscopy, as presented in Sect. 7.3, might be able to resolve the thermal vibra-
tion of the carbon nanotube in the absence of resonant driving. In a next step, motion manip-
ulation could be pursued: depending on the detuning, the vibration of the CNT can be further
cooled or coherently driven. Ground state cooling and the detection of zero point fluctuations
could be realised [Teufel et al., 2011]. On the other hand, coherent driving can lead to self-
induced oscillations or mechanical lasing [Wen et al., 2019].

A closely related implementation is the analysis of the influence of dc current on the vibra-
tion mode. This is also directly available as it is easy to apply a bias voltage in this particular
device structure. Studying the energy flow allows for the revelation of cooling or heating of the
vibration by (single) electrons. Further, the impact of higher order transport processes - such
as cotunneling or the Kondo effect - on the vibration could be taken into account [Götz et al.,
2018].

Abovementioned ideas all make use of the resolved sideband or good cavity regime. But also
in the bad cavity regime, where ωm < κcav, interesting approaches arise. The vibration detection
could be handled in single-shot or realtime measurements due to a large "optical" bandwidth.
Time-resolved mechanical frequency spectra and the decay of vibration could be captured; see
[Barnard et al., 2019] for an optical implementation. Also, a larger number of motional side-
bands may be covered in the cavity linewidth. Then, one resonant photon is able to create more
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than one phonon before decaying, leading to larger motional amplification [Aspelmeyer et al.,
2014]. This regime can be reached with long carbon nanotubes (ωm ∼ 2π · 10 MHz) and large
external couplings of the microwave resonator (κcav ∼ 2π · 100 MHz).

A complementing field could be optomechanics in the dissipative coupling regime [Aspelmeyer
et al., 2014]. Here, the interaction originates in the position dependency of the cavity dissipation
rate κcav(x), leading to a different interaction Hamiltonian. Many of the above described exper-
iments and effects are modified, e.g. it is no longer a necessity to be in the good cavity regime
to achieve ground state cooling [Elste et al., 2009]. In a dissipatively coupled optomechanical
setup, the microwave signal of the cavity has to be conducted through the carbon nanotube. As
has been shown in the Master thesis of P. Brunner [Brunner, 2016], so called impedance match-
ing devices or stub tuners are a suitable starting point for these kind of experiments.

Technological applications could adopt the controllable coupling strength. Its gate voltage
dependence allows for easily switching the interaction with microwaves on and off.

The fact that carbon nanotubes as mechanical resonators couple to different electromagnetic
frequency ranges - optical light as well as microwaves - makes quantum switchboards or trans-
ducers realisable [Fan et al., 2018]. Here, quantum mechanical states can be transferred in the
frequency domain. This is of particular interest as microwave photons are used in quantum logic
but the corresponding quantum states are not easily transmitted at these frequencies, due to at-
tenuation and thermal noise at room temperature. The conversion to optical frequencies reduces
decoherence and dissipation. Therefore, optical photons are ideal carriers of information in
quantum communication. This makes a transducer, that coherently translates between quantum
operation and communication, necessary and attractive.

In addition, mechanical resonators can also be used for storing quantum information in op-
tical communication networks. Pulsed optical driving schemes have been used to write and
retrieve the information from a mechanical excitation, that is able to preserve quantum states
due to a long decay time [Fiore et al., 2011]. This can also be done (continuously driven) in the
microwave domain with a voltage based switching of the coupling of the quantum logic to the
mechanical storage. Again, the transducer characteristics then allow for the state transfer to the
optical communication domain.
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A
Device Parameters

The following table A.1 presents an overview of names, symbols, and values of the important
optomechanical device parameters. Where applicable, the origin is stated as the section number
where the quantity has been introduced and according data have been presented. If the quantity
is derived from other parameters, the used formula is given.
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Appendix A. Device Parameters

Parameter Origin Symbol Value
“Optical” cavity
Resonance frequency Sect. 6.2 ωcav 2π · 5.74005 GHz
Linewidth ωcav/Q κcav 2π · 11.6 MHz
Quality factor Sect. 6.2 Qc 497
Capacitance Sect. 7.2.1 CRLC 875 fF

Mechanical resonator
Resonance frequency Sec. 2.4.3 ωm 2π · 502.5 MHz
Line width Sec. 2.4.3 κm ∼ 2π · 50 kHz
Quality factor ωm/κm Qm ∼ 104

Thermal occ. (10 mK) kBT/~ωm nm 0.41
Nanotube length Lead contact distance L 1µm
Effective electronic length Sect. 7.2.1 Leff 143 nm
Nanotube radius Estimation R 2 nm
Effective mass 2πRLρgraphene/2 m 4.8 · 10−21 kg

Coupling
Zero-point motion amplitude

√
~/2mωm xzpf 1.9 pm

Distance to gate / ground Device parameter d 450 nm
Dielectric constant (εvacuum

r + εPMMA
r )/2 εr 2

Geometric capacitance to gate /
ground

Sect. 7.2.1 Cg 2.6 aF

Geometric gate coupling Sect. 7.2.1 ∂Cg/∂x 0.95 pF
m

Optomechanical parameters
(ncav = 67500)

(for optimal Vg)

Side band resolution ωm/κcav 43.5
Geometric single-photon cou-
pling

Sect. 7.2.1 g0 2π · 2.9 mHz

Max. quantum capacitance enh.
single-photon coupling

Sect. 7.2.3 g0 2π · 95 Hz

Optomechanical coupling g0
√
ncav g 2π · 24.7 kHz

Cavity pull-in parameter g0/xzpf G 2π · 51 Hz
pm

Dispersive coupling g0/κcav Ã 8.2 · 10−6

Maximal sideband cooling rate 4ncavg
2
0/κcav Γopt 2π · 211 Hz

Cooperativity Γopt/κm C 4.2 · 10−3

Cooling power Γopt~ωm Q̇ 4.4 · 10−22 W

Table A.1.: Overview of the parameters of the optomechanical system
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B
Additional calculations of CPW device parameters

B.1. Effective permittivity εeff of Si/SiO2-substrate

Using Eqs. 4.19 and 4.25,

ε′eff = 1 +
εr1 − 1

2

K(k1)

K(k′1)

K(k′0)

K(k0)
+
εr2 − εr1

2

K(k2)

K(k′2)

K(k′0)

K(k0)
,

and the definitions of K(ki), ki, and k′i (Eqs. 4.13-4.16), the effective permittivity of a double-
layer substrate can be calculated. Our metal films are deposited on a Si substrate (h1 = 500 µm,
εr1 = 11.7) that is capped with a layer of SiO2 (h2 = 500 nm, εr2 = 3.78) on top. With
a waveguide central conductor width s = 20 µm and a gap width w = 12 µm, an effective
permittivity of

ε′eff = 6.35

can be calculated.

B.2. Characteristic waveguide impedance Z0

With the effective permittivity of our substrate and device geometry, the waveguide characteristic
impedance can be determined with the help of Eq. 4.26,

Z0 =
1

4ε0c
√
ε′eff

K(k′0)

K(k0)
= 50.4 Ω .

which is close to the characteristic impedance of Z0 = 50 Ω of the surrounding electronics and
cabling.

B.3. Waveguide Capacitance

Furthermore, the waveguide capacitance (per unit length) can be calculated with Eq. 4.20,

CCPW = 4ε0ε
′
eff

K(k0)

K(k′0)
= 167 pF/m .

With a resonator length of l = 10.5 mm follows a total waveguide capacitance of

CCPW = 1.75 pF .
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C
Additional data of resonator/quantum dot coupling experiments

C.1. Coulomb resonance broadening with intracavity power
on electron conduction side

The Coulomb resonance broadening with increasing intracavity power, as already presented in
Fig. 6.9, has been repeated for a gate voltage range on the electron conduction side; see Fig. C.1.
Again, the cavity was driven on resonance, the current through the CNT was measured while
sweeping the gate voltage. After every sweep, the cavity input power has been increased. The
same reasoning as in 6.2.1 holds: increasing power inside the cavity leads to an additional
contribution δVac to the gate voltage, effectively broadening the resonance.
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Figure C.1.: Coulomb resonance broadening on electron conduction side. (a) Corresponding
stability diagram and Coulomb resonance in the carbon nanotube current. (b) Broadening of
the Coulomb resonance (green dashed line in (a)) with rising intracavity power fixed at cavity
resonance ωcav.
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C.2. Asymmetric lead coupling

C.2. Asymmetric lead coupling

Here, it is shown why the resonator phase and amplitude experience only seem to respond at
a single slope of the Coulomb diamonds in the case of asymmetric lead coupling; see also
[Meerwaldt et al., 2012] for a similar discussion about the intensity of CNT electromechanical
backaction. As has been shown in Sect. 2.3.4, the tunnel rates can be modelled with (Eqs. 2.13
and 2.14)

Γ+
s = as

∫ µs

−∞
DOS(µ) dµ , Γ+

d = ad

∫ µd

−∞
DOS(µ) dµ

and

Γ−s = as

∫ ∞
µs

DOS(µ) dµ , Γ−d = ad

∫ ∞
µd

DOS(µ) dµ .

The average number of charges on the QD is then (Eq. 2.15)

〈N〉 = N0 +
Γ+

Γ+ + Γ−
,

where Γ± = Γ±s + Γ±d .
As distinct from the simplified model in Sect. 2.3.4, now the tunnel rates shall be asymmetric.

This is done by considering different prefactors as 6= ad. Additionally, a bias voltage Vsd shall
be applied so that µs = µd +eVsd. Applying the lifetime broadened regime, the density of states
on the QD can be modelled as (Eq. 2.11)

DOS(µ) =
1

2π

~Γbroad

(µ− µCNT)2 +
(
~Γbroad

2

)2 .

Then the average charge on the QD can be calculated qualitatively as

〈N〉 ∼ Γ+
s + Γ+

d =

= as

∫ µ+eVsd/2

−∞

1

2π

~Γbroad

(µ′ − µCNT)2 +
(
~Γbroad

2

)2 dµ′

+ ad

∫ µ−eVsd/2

−∞

1

2π

~Γbroad

(µ′ − µCNT)2 +
(
~Γbroad

2

)2 dµ′

=
as + ad

2
+
as

π
· arctan

(
2(µ− µCNT) + eVsd

~Γbroad

)
+
ad

π
· arctan

(
2(µ− µCNT)− eVsd

~Γbroad

)
.

For asymmetric tunnel rates characterised by prefactors ad = 5as, the average charge and
its first derivative with respect to Vg in dependence of the gate voltage are depicted in Fig. C.2
for a specific bias voltage according to the formula above. As can be seen in the inset of (b),
Vgl and Vgr denote the gate voltages corresponding to the left and right edge of the Coulomb
diamond; they depend on the applied gate bias voltage Vsd and the gate conversion factor αg.
For Vg = Vgl, the QD level of the CNT is aligned with the Fermi edge of the source electrode;
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Appendix C. Additional data of resonator/quantum dot coupling experiments

see inset of (a). Tunneling is allowed, but due to the unequal tunnel rates, tunneling onto the QD
is suppressed, as tunneling off the QD is enhanced. Therefore, for Vgl . Vg . Vgr the average
number of charges on the quantum dot is N0 + δ with δ < 0.5; see Fig. C.2 (a). For Vg > Vgr

the average number of charges is fixed again at 〈N〉 = N0 + 1. The transition at Vgr is steeper
than at Vgl, leading to a larger ∂ 〈N〉 /∂Vg. As the phase shift of the cavity is proportional to this
value, it is larger for the gate voltage corresponding to the alignment of the QD level and lead
chemical potential with smaller tunnel barrier, i.e. larger tunnel rate.
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Figure C.2.: Average charge (a) and first derivative (b) in dependence of gate voltage for asym-
metric tunnel rates with ad = 5as. In the inset of (a), the QD ladder diagrams corresponding
to the gate voltages Vgl and Vgl is shown; the inset of (b) displays the phase shift trace in the
corresponding Coulomb diamond. The phase shift (∼ ∂ 〈N〉 /∂Vg) is larger for the Coulomb
diamond edge corresponding to the larger tunnel barrier.

C.3. Stability diagram in cavity phase on hole conduction
side

In Fig. C.3, the stability diagram of the CNT quantum dot for a lower gate voltage range but
otherwise same parameters (bias voltage, generator power) as in Fig. 6.13 is shown. Again,
only single edges of the Coulomb diamonds are visible due to asymmetric tunnel barriers as
explained in Sect. C.2. Here however, the skew of this single line changes over the presented
gate voltage range from one direction (green arrows) to the other (yellow arrows). Due to sym-
metry considerations, this could be attributed to the transition from hole conduction to electron
conduction regime. Correspondingly, the bandgap would be situated in a gate voltage range
−0.58 V ≤ Vg ≤ −0.38 V which would imply a small bandgap carbon nanotube.
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C.4. Two-tone spectroscopy at different Coulomb oscillation
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Figure C.3.: Stability diagram in the cavity phase. Only single edges of the Coulomb diamonds
are visible because of asymmetric lead coupling. For gate voltages Vg ≤ −0.58 V, these edges
are skewed to one direction (green arrows), while for gate voltage Vg ≥ −0.38 V, they are
skewed to the other direction (yellow arrows). A background has been subtracted.

C.4. Two-tone spectroscopy at different Coulomb oscillation

Fig. C.4 displays a two-tone spectroscopy experiment with a red sideband drive(Pd = +20 dBm)
as presented in 7.3. Here, the gate voltage range was−1.13 V ≤ Vg ≤ −1.124 V corresponding
to the subsequent Coulomb oscillation as in Fig. 7.18. Here, the generator that drives the antenna
was set to a moderate power of PA = −45 dBm. The overall same behaviour as in Fig. 7.18
with electrostatic frequency softening and similar gate voltage dependence of optomechanical
coupling is found.
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Appendix C. Additional data of resonator/quantum dot coupling experiments
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Figure C.4.: Gate voltage dependence of red sideband upconversion experiment as presented in
Fig. 7.18, but at subsequent Coulomb oscillation. An antenna power of PA = −45 dBm was
applied. Adapted from [Blien et al., 2020].
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ARTICLE

Quantum capacitance mediated carbon nanotube
optomechanics
Stefan Blien1, Patrick Steger1, Niklas Hüttner 1, Richard Graaf1 & Andreas K. Hüttel 1,2✉

Cavity optomechanics allows the characterization of a vibration mode, its cooling and

quantum manipulation using electromagnetic fields. Regarding nanomechanical as well as

electronic properties, single wall carbon nanotubes are a prototypical experimental system.

At cryogenic temperatures, as high quality factor vibrational resonators, they display strong

interaction between motion and single-electron tunneling. Here, we demonstrate large

optomechanical coupling of a suspended carbon nanotube quantum dot and a microwave

cavity, amplified by several orders of magnitude via the nonlinearity of Coulomb blockade.

From an optomechanically induced transparency (OMIT) experiment, we obtain a single

photon coupling of up to g0 = 2π ⋅ 95 Hz. This indicates that normal mode splitting and full

optomechanical control of the carbon nanotube vibration in the quantum limit is reachable in

the near future. Mechanical manipulation and characterization via the microwave field can be

complemented by the manifold physics of quantum-confined single electron devices.
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The technically challenging integration of suspended single-
wall cabon nanotubes into complex qantum devices has
recently made significant advances1–6, as has also the

integration of nanotube quantum dots into coplanar microwave
cavities7–9. Both regarding their nanomechanical10,11 as well as
their electronic properties12,13, carbon nanotubes are a proto-
typical experimental system. However, small vibrational deflec-
tion and length have made their optomechanical coupling to
microwave fields14 so far impossible.

In this work, we demonstrate large optomechanical coupling of
a suspended carbon nanotube quantum dot and a microwave
cavity. The nanotube is deposited onto source and drain elec-
trodes close to the coplanar waveguide cavity; a finger-like
extension of the cavity center conductor, passing below the sus-
pended nanotube, serves as capacitively coupling gate. We find
that the optomechanical coupling of the transversal nanotube
vibration and the cavity mode is amplified by several orders of
magnitude via the inherent nonlinearity of Coulomb blockade.
With this, full optomechanical control of the carbon nanotube
vibration in the quantum limit15 is reachable in the near future. A
unique experimental system becomes accessible, where the
nanomechanically active part directly incorporates a quantum-
confined electron system16.

Results
Device precharacterization. Our device, depicted in Fig. 1a,
combines a half-wavelength coplanar microwave cavity with a
suspended carbon nanotube quantum dot. Near the coupling
capacitor, the center conductor of the niobium-based cavity is
connected to a thin gate electrode, buried between source and
drain contacts of the carbon nanotube, see the sketch of Fig. 1b.
At the cavity center, i.e., the location of the voltage node of its
fundamental mode, a bias connection allows additional applica-
tion of a dc voltage Vg to the gate. The device is mounted at the
base temperature stage (T ≃ 10mK) of a dilution refrigerator; for
details see Supplementary Note 4 and Supplementary Fig. 4.

At cryogenic temperatures, electronic transport through
the carbon nanotube is dominated by Coulomb blockade, with
the typical behavior of a small band gap nanotube12. Near the
electronic band gap, sharp Coulomb oscillations of conductance
can be resolved; measurements are shown in Fig. 1c and
Supplementary Fig. 3. A well-known method to detect the
transversal vibration resonance of a suspended nanotube
quantum dot is to apply a rf signal and measure the time-
averaged dc current17–19. On resonance, the oscillating geometric
capacitance, effectively broadening the Coulomb oscillations,
leads to an easily recognizable change in current. This was used to
identify the transversal vibration resonances of the device; Fig. 1d
plots the resonance frequencies over a wide gate voltage range.
Two coupled vibration modes are observed (see also Supplemen-
tary Note 5), one of which clearly displays electrostatic
softening20,21. At low gate voltages, ∣Vg∣ ≤ 1.2 V, where subse-
quent experiments are carried out, the resonance which we will
utilize in the following is at ωm ≃ 2π ⋅ 502.5 MHz, with typical
quality factors around or exceeding Qm ~ 104 observed in time-
averaged dc current detection17.

The combined suspended nanotube—cavity device forms a
dispersively coupled optomechanical system14. The cavity has a
resonance frequency of ωc= 2π ⋅ 5.74 GHz with a decay rate of κc
= 2π ⋅ 11.6 MHz, dominated by internal losses. Nevertheless, due
to the large mechanical resonance frequency ωm of the carbon
nanotube, the coupled system is far in the resolved sideband
regime ωm≫ κc, the most promising parameter region for a large
number of optomechanical protocols including ground state
cooling and quantum control.

Optomechanically induced transparency (OMIT). To probe for
optomechanical coupling, we perform an OMIT type experi-
ment22, cf. Fig. 2a, b: a strong, red-detuned drive field (ωd≃ ωc−
ωm) pumps the microwave cavity; the transmission of a weak,
superimposed probe signal ωp near ωc is detected. A distinct,
sharp OMIT absorption feature within the transmission
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resonance of the cavity becomes visible in the measurements of
Fig. 2c–e. It occurs due to destructive interference of the probe
field with optomechanically upconverted photons of the drive
field, when the two-photon resonance condition ωp− ωd= ωm is
fulfilled22, and shifts in frequency as expected when ωd is detuned
from the precise red sideband condition, see Fig. 2d, e. Fitting the
OMIT feature allows to extract the optomechanical coupling
parameter g ¼ ffiffiffiffiffi

nc
p ð∂ωc=∂xÞxzpf , describing the cavity detuning

per displacement of the mechanical harmonic oscillator14,22,
see Supplementary Note 9 for details. Surprisingly, from Fig. 2c,
one obtains a single-photon coupling on the order of g0 ¼
g=

ffiffiffiffiffi

nc
p � 2π � 100 Hz.
Such a value of g0 strongly exceeds expectations from the

device geometry23. For a mechanical oscillator dispersively
coupled to a coplanar waveguide resonator, the coupling is given
by

g0 ¼
ωc

2Cc

∂Cc

∂x
xzpf ; ð1Þ

where Cc is the total capacitance of the cavity, x is the mechan-
ical displacement, and xzpf the mechanical zero-point fluctua-
tion length scale. Assuming a metallic wire over a metallic
plane and inserting device parameters23, the coupling calculated
from the change in geometric gate capacitance Cg(x) becomes
∂Cg/∂x ~10−12 F m−1. This leads to g�0 ¼ 2π � 2:9 mHz, more
than four orders of magnitude smaller than the measured g0. To

explain this discrepancy, we need to focus on the properties of the
carbon nanotube as a quantum dot, with a strongly varying
quantum capacitance CCNT(x) as the displacement-dependent
component of Cc dominating g0.

Figure 2f depicts OMIT measurements for similar parameters
as in Fig. 2c–e, however, we now keep the drive frequency ωd

constant and vary the gate voltage Vg across a Coulomb
oscillation of conductance. The mechanical resonance frequency
ωm shifts to lower frequencies in the vicinity of the charge
degeneracy point. This electrostatic softening is a well-known
characteristic of suspended carbon nanotube quantum dots18,24.
More interestingly, the resulting gate-dependent coupling g(Vg)
(along with g0(Vg)) is plotted in Fig. 2g. It is maximal at the edges
of the finite conductance peak, whereas at its center and on the
outer edges, the coupling vanishes; the enhancement of g0 is
intrinsically related to Coulomb blockade.

Mechanism of enhanced coupling. Figure 3 explores the nature
of this enhanced coupling mechanism. We treat the nanotube as a
single quantum dot; see Supplementary Note 3 for a discussion of
the validity of this assumption. Further, we assume a full
separation of time scales ωm≪ ωc≪ Γ, where Γ describes the
tunnel rates of the quantum dot. We can then introduce the
quantum capacitance25,26

CCNT ¼ e
Cg

Cdot

∂hNi
∂Vg

; ð2Þ
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where Nh iðVgÞ is the number of charge carriers (here holes) on
the quantum dot averaged over the tunneling events, and Cdot is
the total quantum dot capacitance; see Supplementary Note 12
for a derivation. In a quantum dot, each Coulomb oscillation
corresponds to the addition of one electron or hole. The charge
occupation Nh iðVgÞ resembles a step function, with the sharpness
of the step given for zero bias voltage by lifetime and temperature
broadening. This is plotted in Fig. 3a, for the limit of kBT≪ Γ.
The quantum capacitance CCNT(Vg) becomes a Lorentzian, as
plotted in Fig. 3b.

Any motion δx modulates the geometric capacitance Cg(x).
It thus shifts the position of the Coulomb oscillations in
gate voltage, acting equivalent to an effective modulation of
the gate voltage δVg. With this, the optomechanical coupling g,
scaling with ∂CCNT=∂xj j, becomes proportional to the derivative
∂CCNT/∂Vg and thus the second derivative of Nh iðVgÞ, as is
illustrated in Fig. 3c. The functional dependence has been fitted to
the data points of Fig. 2g, here again shown in the background.

The three key situations depending on the gate voltage are
sketched in Fig. 3d–f: away from the conductance peak, the
charge on the nanotube is constant, and only geometric
capacitances change, see Fig. 3d. On the flank of the conductance

resonance, a small change δx (∝δCg) strongly modulates CCNT,
see Fig. 3e. At the center of the conductance resonance, the charge
adapts to x, but the derivative ∂CCNT/∂Vg and with it g ∝ |∂CCNT/
∂x| is approximately zero.

The detailed derivation and the full expressions and values
for Fig. 3 can be found in the Supplementary Information, Sup-
plementary Note 12, and Supplementary Table 1. The parameter
entering the optomechanical coupling in Eq. (1), the derivative of
the quantum capacitance ∂CCNT/∂x, is found to be

∂CCNT

∂x
¼ η

∂Cg

∂x
¼ e

∂2 Nh i
∂V2

g

Vg

Cdot

∂Cg

∂x
; ð3Þ

indicating that for significant optomechanical coupling a sharp
Coulomb oscillation (i.e., low temperature and low intrinsic line
width Γ, leading to large values of ∂2 Nh i=∂V2

g) and a large Vg

are required. From device data, we obtain an amplification factor
η ~ 104. The experimental gate voltage dependence g0(Vg) is
qualitatively reproduced very well. To obtain the quantitative
agreement of Fig. 3c, we have introduced an additional scaling
prefactor as free fit parameter, resulting in gexp0 =gth0 ¼ 5:77. Given
the uncertainties of input parameters, this is a good agreement;
see Supplementary Note 15 for a discussion of error sources.

Discussion
In literature, many approaches have been pursued to enhance
optomechanical coupling26–35. Resonant coupling, with ωm= ωc,
has been demonstrated successfully for a carbon nanotube
quantum dot26, but does not provide access to the wide set of
experimental protocols developed for the usual case of dispersive
coupling and the “good cavity limit” ωm≫ κc. The mechanism
presented here is most closely related to those where a super-
conducting charge qubit was coherently introduced between
mechanical resonator and cavity27. However, the impact of single
electron tunneling and shot noise on the optomechanical system
shall require careful analysis.

Given the sizeable coupling in the good cavity limit κc≪ ωm,
many experimental techniques for future experiments are at
hand. First steps are demonstrated in Fig. 4 in a two-tone spec-
troscopy experiment: a mechanical drive signal ωa is applied
simultaneously to a cavity pump signal at ωd= ωc− ωa; the
plotted cavity output power at ωc clearly shows the optmechanical
upconversion (anti-Stokes scattering) at mechanical resonance
ωa= ωm. In Fig. 4a, the dc bias across the nanotube is set to zero,
and the antenna drive kept at a minimum. In Fig. 4b, both
antenna drive and bias voltage have been increased. A back-
ground signal independent of device parameters emerges; at the
same time, the upconverted signal displays a phase shift and
destructive interference with the background for parts of the gate
voltage range, meriting further measurements and analysis.

Future improvements of the optomechanical coupling via drive
power and device geometry and of the detection sensitivity via the
output amplifier chain shall allow detection of the thermal
motion of the carbon nanotube and subsequently motion
amplitude calibration.

The observation of strong optomechanical coupling and the
corresponding normal mode splitting requires a coupling g
exceeding both mechanichal linewidth κm and cavity line
width κc. Clean carbon nanotubes have reached mechanical
quality factors up to36 Qm ~ 106, allowing for two orders of
magnitude improvement and a line width of κm ~ 2π · 500 Hz.
Regarding microwave resonators we have reached up to Qc= 105

in our setup so far, corresponding to κc= 2π · 57 kHz. This means
that strong coupling should be reachable already at moderate
increase of our so far rather low cavity photon number nc.
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Regarding the cooperativity C= 0.0042 of our experiment (cf.
Supplementary Table 1), already an improvement of the nano-
tube Qm by a factor 100 brings it into the same order of mag-
nitude as the thermal mode occupation nm= 0.4, with significant
further and independent room for improvement via the cavity
photon number nc.

With this, a wide range of physical phenomena becomes
experimentally accessible, ranging from side-band cooling of the
vibration mode and potentially its quantum control37 all the way
to real-time observation of its interaction with single electron
tunneling phenomena38.

Data availability
The datasets generated during and/or analyzed during this study are available from the
corresponding author on reasonable request.
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Nachträgliche Änderungen

• Titelblatt innen, Rückseite: Der Termin des Kolloquiums wurde hinzugefügt.

• Seite 17: Fig. 2.9: Die Tunnelraten Γ−d und Γ+
d wurden gegeneinander ausgetauscht.

• Seite 46: "The phase constant is then given" wurde geändert zu "The phase velocity is
then given"

• Seite 50: Eq. 4.29 wurde geändert zu "∆ ~B = 1
λ2

L

~B"

• Seite 74: Caption Fig. 5.7: "of resonance frequency" wurde geändert zu "of internal qual-
ity factor"

• Seite 76: rabi→ Rabi

• Seite 82: "between the single frequency mode" wurde geändert zu "of the single frequency
mode"

• Seite 86: "from a earlier measurements" wurde geändert zu "from earlier measurements"

• Seite 95: "with the smaller tunnel rate" wurde geändert zu "with the smaller tunnel barrier"

• Seite 111: Caption Fig. 7.8: "Vg = −1.8901 V" wurde geändert zu "Vg = −1.18901 V"

• Seite 126: Ein Punkt wurde hinter "highly worthwhile" eingefügt.

• Seite 133: "demandable" wurde geändert zu "necessary"

• Seite 142: "As the phase is shift" wurde geändert zu "As the phase shift"
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