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Abstract

Geometric gradient flows of energy functionals involving the curvature of a given object have
become an indispensable tool both to understand problems in pure mathematics and to model a
wide range of phenomena in the natural sciences. A prominent example of such a functional is the
Willmore energy which is given by the integrated squared mean curvature of the given surface.
Its L?-gradient flow, the Willmore flow, is a parabolic quasilinear evolution law of fourth order.
While there is an abundance of results on the behaviour of curves and closed surfaces, there
remains a huge number of open questions regarding boundary value problems for the Willmore
flow.

The first part of the thesis is devoted to the Willmore flow of two- or higher-dimensional immersed
compact open hypersurfaces in Euclidean space with Navier boundary conditions which demand
the boundary to remain fixed during the evolution and the mean curvature to vanish on the
boundary.

We initiate the research on this flow showing existence of strong solutions in anisotropic Sobolev
spaces given a sufficiently smooth initial surface that has zero mean curvature on the boundary and
is close to an appropriate reference manifold. The regularity of the initial immersion corresponds
to the trace space of the solution space. Considering motions that are given as graphs over the
fixed reference geometry we may write the evolution in terms of a scalar function describing the
position of the evolving surface with respect to the reference manifold. The required analysis is
technically elaborate as the evolution needs to be translated to local charts.

In the second part of the thesis we study planar networks composed of three immersed curves
that meet in one or two triple junctions and may or may not have endpoints fixed in the plane.
The elastic energy of such a configuration is given by the sum of the Willmore energies of the
single curves each containing a positively weighted length penalisation term. Its L?-gradient
flow leads to a system of Willmore type evolution laws with natural nonlinear coupled boundary
conditions. Hereby, the curves need to stay attached but the junctions are allowed to move. The
major difficulties lie in the tangential degrees of freedom which are due to geometric nature of the
problem.

We show existence of solutions in the strong and classical sense, namely in anisotropic Sobolev
spaces and parabolic Holder spaces. In both cases compatibility and regularity assumptions on
the initial network are required. We further establish uniqueness of solutions in both function
space settings in a purely geometric sense showing that any two observable motions solving the
flow are reparametrisations of each other. The parabolic nature of the problem allows us to show
in addition that solutions are smooth for positive times.

As a main result we show that the flow exists globally in time if the length of each curve remains
uniformly bounded away from zero and if at least one angle at the triple junction stays uniformly
bounded away from zero, m and 27. The proof relies on energy estimates and the existence of
solutions in the Sobolev setting on time intervals of uniform length quantifiable in terms of the
initial network.

Zusammenfassung

Geometrische Gradientenfliisse von Kriitmmungsenergien sind ein unentbehrliches Hilfsmittel, so—
wohl zum Verstandnis von Fragestellungen in der reinen Mathematik als auch zur Modellierung
eines breiten Spektrums von Phidnomenen in den Naturwissenschaften. Ein bekanntes Beispiel
solcher Energiefunktionale ist die Willmore-Energie, die durch die integrierte quadrierte mittlere



ii

Kriimmung der betrachteten Fliche gegeben ist. Der zugehérige L?-Gradientenfluss, Willmore-
Fluss genannt, ist eine parabolische quasilineare Evolutionsgleichung vierter Ordnung.
Gegentiber einer Fiille an Resultaten iiber das Verhalten von Kurven und geschlossenen Fliachen
gibt es eine Vielzahl offener Probleme iiber Randwertprobleme fiir den Willmore-Fluss.

Der erste Teil der Arbeit befasst sich mit dem Willmore-Fluss von zwei- oder héherdimensionalen
immersierten kompakten offenen Hyperflachen im Euklidischen Raum mit Navier-Randbedingun—
gen, die der Forderung entsprechen, dass der Rand wéhrend der Evolution fixiert bleibt und die
mittlere Kriimmung am Rand verschwindet.

Wir beginnen die Forschung zu diesem Fluss, indem wir Existenz starker Losungen in anisotropen
Sobolevraumen zeigen fiir hinreichend glatte Anfangsflichen, deren mittlere Kriimmung am Rand
verschwindet und die nahe an einer geeigneten Referenzmannigfaltigkeit liegen. Die Regular-
itdt der Immersion zum Anfangszeitpunkt entspricht dem Spurraum des Losungsraums. Indem
wir Bewegungen betrachten, die als Graph iiber einer fixierten Referenzgeometrie gegeben sind,
kénnen wir die Evolution mittels einer skalarwertigen Funktion ausdriicken, die die Position der
evolvierenden Fliche zur Referenzmannigfaltigkeit beschreibt. Die benotigte Analysis ist technisch
aufwendig, da die Evolution in lokalen Koordinaten betrachtet werden muss.

Im zweiten Teil der Arbeit studieren wir planare Netzwerke zusammengesetzt aus drei immer-
sierten Kurven, die sich in einem oder zwei Tripelpunkten treffen, wobei im ersten Fall die
verbleibenden Endpunkte fixiert sind. Die elastische Energie einer solchen Konfiguration ist
durch die Summe der Willmore-Energien der einzelnen Kurven gegeben, die jede einen posi-
tiv gewichteten Term beinhalten, der die Linge der jeweiligen Kurve bestraft. Der zugehorige
L?-Gradientenfluss fiihrt zu einem System von Willmore-dhnlichen Evolutionsgleichungen mit
natiirlichen nichtlinearen gekoppelten Randbedingungen. Die Tripelpunkte miissen dabei erhalten
bleiben, diirfen sich jedoch bewegen. Die hauptsichlichen Schwierigkeiten liegen in den aufgrund
der geometrischen Natur des Problems auftretenden tangentialen Freiheitsgraden.

Wir zeigen Existenz von Loésungen im starken und klassischen Sinne, ndmlich in anisotropen
Sobolevraumen und in parabolischen Hoélderrdumen. In beiden Féllen werden Kompatibilitats- und
Regularitdtsbedingungen an das Anfangsnetzwerk bendtigt. Auflerdem weisen wir geometrische
Eindeutigkeit von Losungen sowohl in Holder- als auch in Sobolevrdumen nach, indem wir zeigen,
dass zwei beobachtbare Losungen des Flusses durch Umparametrisierung ineinander iiberfiihrt
werden konnen. Die parabolische Struktur des Problems erlaubt es uns auflerdem zu zeigen, dass
Losungen fiir positive Zeiten glatt sind.

Als Hauptresultat zeigen wir, dass der Fluss fiir alle Zeiten existiert, sofern die Lange jeder Kurve
nach unten durch eine positive Zahl beschrankt bleibt und solange sich an jedem Tripelpunkt
wenigstens ein Winkel in einem zeitunabhéngigen, abgeschlossenen Teilintervall von (0, 7) befindet.
Der Beweis basiert auf Energieabschidtzungen und der Existenz von Loésungen in Sobolevrdumen
in gleichméfBigen, mittels einer Norm des Anfangswertes quantifizierbaren Zeitintervallen.
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Introduction

The significance of geometric flows and state of the art

In the recent decades the field of geometric evolution equations has evolved into a flourishing re-
search area at the border between analysis and geometry with stupendous significance both in pure
and applied mathematics. One distinguishes between extrinsic and intrinsic flows. Extrinsic geo-
metric flows are evolutions of manifolds that are embedded or immersed in an ambient space. The
evolution law is usually given in terms of geometric quantities of the manifold, such as for instance
the mean curvature, and typically affects both the immersion and the metric of the manifold. In
contrast, intrinsic flows are formulated on manifolds independent of any surrounding space merely
in terms of intrinsic quantities with the Ricci flow being their probably most prominent example.
The Ricci flow was first discovered by Hamilton who initiated a research program [73] revealing its
deep connection to topology and paving the way for the proof, by Perelman [119] 120} [12T], of the
Poincaré conjecture, which was at the time one of the most famous open problems in mathematics.

Even earlier, Hamilton’s techniques proved to be a powerful tool in the study of the mean curvature
flow, the gradient flow of the area functional and probably the most famous representative of an
extrinsic geometric flow. A surface embedded in some ambient space moves with normal velocity
equal to its mean curvature which decreases the area of the surface most efficiently. This flow has
originally been suggested to model the evolution of interfaces in soap, see [143], and the motion of
grain boundaries in crystalline materials, see [I09]. We refer to [60] for an overview of the mean
curvature flow and its various applications in the natural sciences. Also from the mathematical
point of view astonishing properties of the flow have been established in the recent decades initiated
by the results [59] [69] [77] by Gage, Hamilton, Grayson and Huisken. We emphasise that this is a
very non-complete list and refer the reader to [30} 50, 9] 127] for results and references regarding
the mean curvature flow.

In this thesis we study boundary value problems for extrinsic flows of Willmore type arising as
gradient flows of energy functionals involving the mean curvature of the surface, an extrinsic quan-
tity measuring how the surface is curved with respect to the ambient space. Given an immersion
f: M — R™! of an n-dimensional smooth compact manifold M we may define a Riemannian
metric g on M by considering the pull-back of the Euclidean metric under f. The volume measure
on M with respect to g is then denoted by dV,. The Willmore functional, originally proposed
by Thomsen in [I39] and later extensively studied by Willmore in [148] [T49], associates to each
sufficiently smooth immersion f: M — R™*! an energy W(f) given by

Wi =g [ may,

describing the total bending energy of the object f(M) in terms of its mean curvature H given by
the sum of the principal curvatures of the surface.

We remark that there are different conventions in the literature regarding the normalisation factor
in front of the integral.

The Willmore flow is then given by the L?-gradient flow of the Willmore energy. A sufficiently
smooth one-parameter family of immersions f : [0,7) x M — R™ with T > 0 or T = oo is a
solution to the Willmore flow if its normal velocity satisfies the fourth order evolution law

(Ocf,v) = —(AgH,v) — Q(A)H (WF)

1



2 Introduction

where v is the normal along f, H = Hv the mean curvature vector, Ay the Laplace Beltrami
operator and Q(A) is quadratic in the second fundamental form A. The existence time T is called
the life span of the solution f.

Energies involving the principal curvatures of two-dimensional surfaces embedded in R? naturally
appear in various physical contexts and are thus not of purely mathematical interest. Applications
include for example the description of elastic shells going back to the work of Poisson [123] and
Germain [67], as well as models for biological membranes due to Canham [27] and Helfrich [76].
Generalised Willmore energies of Canham-Helfrich type typically involve also the Gaussian cur-
vature of the surface and occur for example when two different phases are separated by a curved
membrane in three dimensional Euclidean space, see for instance [55] and the references therein.
An example of a model involving the bending energy of lipid bilayers is given in [54]. For further
information on modelling aspects and mathematical results related to Canham-Helfrich models
we refer to [I8], 23] 39 54] 53] [80, 93] [105] 110, 112] and the references therein.

In the case n = 1 an immersion v : M — R? describes a planar curve defined on an interval M = I
and the Willmore energy of v coincides (up to multiplication by a constant) with the elastic energy

E(v) given by
E(y) = /Iig ds
I

Here we denote by ds = |v,| dz and 8, = |y4| ™" 8, the arclength measure and arclength derivative,
respectively. The unit normal v is the counter-clockwise rotation of v, \fywr1 by the angle § and
the curvature of v is given by k = <382’y, z/>. The study of the elastic energy and its stationary
points, the elastica, goes back to D. Bernoulli and Euler who used the curvature integral to model
the bending of thin inextensible elastic rods [56]. A discussion of classical results and applications
can be found in [142]. We refer to [87] for a classification of elastica in R%. A common variant of

the elastic energy is given by
B) = [ 4uds, w0,
I

with the additional term acting as a length penalisation. The L?-gradient flow of an energy E,,
1> 0, is also referred to as elastic flow. Its evolution equation is given by

Oy, V) = =20k — K> + k. (EF)

In the following we give an overview of results for the minimisation and the L2-gradient flow of
E, and W that are most relevant regarding the approach and techniques considered in this thesis.
However, we emphasise that this discussion does not claim to be a complete presentation of all
related contributions available in the literature.

The study of the evolutionary problem of E, was initiated by Polden in [124] 125] in the case
1 > 0 where the author shows long time existence of the elastic flow of closed planar curves and
sub-convergence to an elastica. In [49] the result was then extended to closed curves in higher
codimension where the authors prove global existence of the flow in the case p > 0 and in addition
sub-convergence up to translation to an elastica in the case pu > 0. For related results on the
elastic motion of closed curves we refer to [81] [87, 117} [TT8], 144, 146].

Also in the case of closed surfaces, namely compact n—dimensional manifolds without boundary,
both the stationary and the evolutionary problem associated to the Willmore energy are rather

1n contrast to the higher dimensional case we consider the elastic energy without the normalisation factor %
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well understood, especially in the case n = 2 in which the energy is invariant under conformal
transformations. It is well-known that for any immersion f: M — R3 of a closed 2-dimensional
surface M there holds %W( f) > 4w with equality only for round spheres, see [28] [148]. Willmore
conjectured in [I48] that for any immersion f of the 2-dimensional torus in R? there holds W (f) >
272, and that the minimum of W among all immersed tori in R3 is attained by the Clifford torus
(and its conformal images). This conjecture was proven by Marques and Neves in [I03] building on
the partial result by Li and Yau [90]. For other results related to the existence and characterisation
of closed embedded surfaces minimizing the functional W we refer to [20] 26], 128 [134] [148] [T49]
and the references therein.

The study of the L?-gradient flow of W for surfaces was initiated by Kuwert and Schitzle in [S4]
where the authors give a lower bound on the life span of any smooth solution to the Willmore flow
of a closed 2-dimensional surface M in R3 (and also in higher co-dimension) depending only on
how much the curvature of the initial surface is concentrated in space. This work was extended
in [83, B5] by the same authors where global existence of the flow and convergence to a sphere,
the global minimizer of the energy, is proven for immersions of the sphere M = S? with initial
surface fo : S? — R satisfying W (fo) < 8. This is a generalisation of the earlier work by
Simonett [135] who proved long time existence and convergence to a sphere under the assumption
that the initial surface is close to a sphere in the C**®—topology. We refer to [S6] for stability
estimates related to the results in [83], 84], B5] on the Willmore flow with small initial energy.
Numerical simulations by Mayer and Simonett in [104] gave rise to the conjecture that the flow can
develop singularities in finite time if the smallness assumption is violated. The onset of singularities
and the optimality of the constant 87 was analytically confirmed by Blatt in [21I] where the author
proves that there are immersions fy : S? — R3 with %W( fo) arbitrarily close to 87 which become
singular under the Willmore flow in the sense that either the diameter does not stay bounded or
that locally the curvature blows up. In [29] the authors exclude that such blow-ups are compact,
and further establish another stability result for the Willmore flow with initial surface near a local
minimiser. However, it is in general still an open question whether singularities develop in finite
or infinite time and how the flow behaves near the maximal time of existence. In this context,
it is worth mentioning the contribution [106] where the authors show the existence of finite time
singularities to a locally constrained Willmore flow. An improvement of the just mentioned result
is given in [22].

While the evolutionary and stationary problem associated to £, and W are well understood in the
case of closed manifolds, much less is known regarding the behaviour of manifolds with boundary
(in particular in higher dimension). Regarding the applications it is in particular important to
understand the evolution of more complicated configurations composed of several individual open
surfaces or curves meeting with a common boundary and forming a connected cluster or network,
respectively.

This thesis gives a contribution to both the Willmore flow of open surfaces and the Willmore flow
of networks. Before presenting the results of this thesis we briefly summarise what is known about
the statics and dynamics of the energies £, and W in the case of open manifolds.

In comparison to the closed case the problems become more involved as boundary conditions need
to be imposed. We refer to [I8] [112] for a discussion of possible choices. The major part of the
present literature considers either clamped or Navier boundary conditions. The Navier conditions
demand the position of the boundary to be fixed and the mean curvature of the manifold to vanish
on the boundary. These are natural conditions arising from the first variation of the functional.
As suggested by its name, clamped boundary conditions correspond to fixing the position of the
boundary and the angle with which the manifold meets its boundary.
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For results on the existence of open elastica, namely the minimisation problem of the elastic
energy in one dimension subject to clamped or Navier conditions, we refer to [41l 42] ©2] T30]
and the references therein. Numerical simulations on the elastic flow of open curves subject to
Navier or clamped boundary conditions, can be found in [I7]. The following results on the long
time behaviour of the elastic flow of open curves in R™ are valid in the case of a positive length
penalisation parameter p > 0. In [91] long time existence of global smooth solutions and sub-
convergence to a stationary point is shown in the clamped case which means that the boundary
points and the tangents at the boundary are fixed during the evolution. The details for short
time existence of the flow are carried out in [I37]. In [40] the authors improved the result in [91]
showing convergence of the flow to an elastica. In [34] and [39] long time existence of the flow
with Navier conditions as well as sub-convergence to stationary points are shown, in the former
case with fixed length.

The elastic flow of open curves with infinite length has been considered in [IT3] where the authors
show global existence of the flow and sub-convergence to a stationary point of finite energy in
the case 4 > 0. By considering a general framework for gradient flows of geometric energy
functionals defined on planar curves the contribution [I14] improves the results in [91] 113] turning
sub-convergence into convergence. Recently, a global existence result for the vanilla elastic flow
corresponding to the case ;1 = 0 has been published in [147] for open curves with boundary points
moving freely on parallel lines.

While the stationary and evolutionary problem associated to the elastic energy of open curves is
rather well understood, the higher dimensional analogues are still subjects of ongoing research.
However, there are a number of results concerning the minimisation of the energy W among certain
classes of open surfaces. In [31] existence of smooth immersed Willmore surfaces of revolution in
R3 with prescribed boundary and fixed conormal is obtained by rotating the graph of a positive
smooth even function. The results are generalised in the contribution [33]. Analogous results
to [31] in the case of Navier conditions can be found in [43]. In [32] the authors extend the
contributions in [43] showing the existence of unstable smooth immersed Willmore surfaces of
revolution with Navier boundary conditions. Further results on the existence of open Willmore
surfaces and their properties can for instance be found in [44} 52, [115] [145].

There are a huge number of open questions on the Willmore flow of open surfaces. As in the
associated stationary problem appropriate conditions at the boundary need to be considered. A
variety of possible sets of boundary constraints is proposed in [I8] where the authors provide a
numerical analysis of gradient flows for energy functionals quadratic in the principal curvatures of
a given surface in R3. Here also free and semi-free boundary conditions are treated. A short time
existence result for the Willmore flow of an embedded open surface in R? with boundary curve
freely moving on the boundary of a fixed domain is given in [II, [108]. Here also the line tension of
the boundary curve is taken into account.

New results contributed in this thesis

In the first part of the thesis we give a local existence result for the Willmore flow of compact
immersed hypersurfaces with boundary. We hereby consider a time-dependent family of immer-
sions f : [0,7] x M — R"! defined on a smooth compact manifold M with boundary of arbitrary
dimension n > 2. Imposing the constraint that the boundary stays fixed during the evolution
the first variation of the Willmore energy gives rise to the condition that the mean curvature
vanishes on the boundary throughout the flow. These conditions are referred to as the Navier
conditions. Together with the evolution law and an appropriate initial condition we obtain
an initial-boundary value problem for f on the manifold M. The motion equation is parabolic
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quasilinear of fourth order in f and degenerate, as only the normal movement is specified. To find
a more convenient formulation of the problem we introduce a reference geometry ¢ : M — R*H!
and consider initial immersions that are “close” to ¢ in a C''-sense and coincide with ¢ on the
boundary of M. We further do not allow for tangential movement of the boundary. The Navier
conditions for the evolution f then yield

f=o on [0,T] x OM ,
H=0 on [0,T] x OM .

For small time the evolution can be written in terms of a height function indicating the position
of the surface with respect to the reference geometry which results in an initial boundary value
problem for a scalar function defined on M. The concept of solving higher dimensional flows by
considering solutions that are given as graphs over an initial or reference surface has for instance
been used in [51] [78, [138] in the case of mean curvature flow.

As we are confronted with a higher order evolution law on a manifold with boundary, technically
elaborate methods have to be accessed. While other contributions on existence of geometric flows
for surfaces with boundary use existence of weak solutions for the linearised problem and regularity
estimates, see for instance [47, [62], we prove existence of strong solutions in anisotropic Sobolev
spaces

W2 ((0,7): Ly(M)) 1 L, ((0,7); Wi(M)) .

The evolution law should then be understood to hold in an almost everywhere sense. The in-
tegration parameter p € (4 + n,00) is chosen in such a way that the boundary conditions hold
pointwise in time and space. In particular, the initial datum needs to be compatible in the sense
that it satisfies the Navier conditions. Furthermore, one needs to impose a regularity requirement
on the initial value corresponding to the solution space which is however in comparison rather
mild. This might prove helpful in further research concerning global existence of the flow using
similar methods as in the second part of this thesis. To our best knowledge we hereby provide the
first result on the higher-dimensional Willmore flow with Navier conditions.

Generally speaking, our existence proof follows a classical procedure. We show well-posedness
of an associated linear evolution problem on the manifold and deduce existence of the original
system by an application of the contraction mapping principle. However, to conduct these steps
the problem has to be translated to local charts. In doing so, it is crucial to consider a coordinate
system that is well-adapted to the geometry taking into account that the boundary of M is curved.
Taking advantage of the compactness of the manifold the normal collar coordinates introduced
in |12} [72] [131] are a suitable candidate allowing for uniform bounds on the metric and a localised
characterisation of the solution space in terms of the spaces on the chart domains. To prove
well-posedness of the linearised system on the local level the classical theory [136] by Solonnikov
provides a suitable framework in the Sobolev setting. To obtain the necessary contraction property
rigorous estimates have to be derived.

The strategy pursued in the first part of this thesis may be applied to an entire class of parabolic
initial-boundary value problems formulated on compact manifolds, namely such that fit into the
setting in [136].

It is worth mentioning that in [7I] the authors develop a framework treating a class of second
order boundary value problems on manifolds with boundary and of bounded geometry that fit
into the setting discussed in [3], in some sense the time-independent analogue to the problems
studied in [I36].

The second part of the thesis is based on the publications [64] [65] of the present author in collab-
oration with Prof. Dr. Harald Garcke and Alessandra Pluda, PhD. We contribute to the question
how singular structures behave under flows of Willmore type. Networks are an example of such
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generalised submanifolds in one dimension. We consider the situation of three immersed planar
curves meeting in one or two triple junctions leading to two prototypes which we refer to as
Triod and Theta network. The elastic energy of a network v = (71772,73) composed of curves
4% :[0,1] — R? is then given by

3
B =B =Y [ () ias,
i=1 i=1 7 [0,1]
for given parameters u’ > 0 where the geometric quantities with superscript i refer to the curve ~°.
Elastic energies of this type appear in beam and rod models of Euler-Bernoulli type in situations
where beams and rods form networks. Such structures consist of interconnected elastic elements
and involve coupling conditions which take into account possible constraints on the geometry of
the admissible configurations. Physically, this problem would occur if the network relaxes in a
very viscous medium. More realistic evolutions would also include inertia effects which however
falls out of the scope of this work.
We consider the L?-gradient flow of the elastic energy of Triods and Theta networks allowing the
triple junctions to move but fixing the other endpoints in the case of Triods. This problem was
proposed by Barrett, Garcke and Niirnberg in [16] where the conditions at the junctions and the
endpoints are derived also in the case that constraints on the angles are imposed at the junctions.
The authors further propose weak formulations to study finite element methods for the flows and
provide several numerical simulations exhibiting interesting features of the flow.
In this thesis we consider the case without angle conditions. Each curve of the network satisfies the
evolution law . At the triple junctions the first variation gives rise to the following conditions:

=9 =77,
k'=r?=kr*=0,
3

Zmiul—u%z =
i=1

The condition x’ = 0 also appears in the elastic flow of open curves. The first condition ensures
that the curves stay attached during the evolution while the last condition reflects the balance of
forces. In the case of Triods the Navier conditions are imposed at every endpoint.

The major challenges one is facing in the study of the resulting evolution problems, which we refer
to as the geometric problems, originate from their geometric nature. Indeed, the flow is invariant
with respect to reparametrisation and uniqueness can only be expected up to reparametrisation
of the curves. To prove existence of the flow with PDE methods one carefully needs to introduce
an auxiliary problem with a particular choice of tangential velocity. Furthermore, additional
boundary conditions need to be imposed due to the tangential degrees of freedom at the junctions
and endpoints. In doing so, two objectives need to be fulfilled simultaneously. On the one hand, the
extra conditions need to be of “tangential nature”, namely such that they can always be obtained
by reparametrising the curves appropriately. On the other hand, the boundary conditions in
the resulting auxiliary system, referred to as the analytic problem, need to be compatible and
independent enough. This property is reflected in the so-called Lopatinskii-Shapiro condition, the
crucial requirement in the linear theory by Solonnikov [136], that is used to show well-posedness of
a linearised system associated to the analytic problem, as it allows for coupled boundary conditions
mixing the unknowns in a non-trivial way. Existence and uniqueness of the analytic problem is then
obtained via contraction estimates in analogy to the strategy applied in the higher dimensional
problem studied in the first part of the thesis. Hereby, the theory in [136] allows us to show both
existence of strong solutions in the anisotropic Sobolev spaces

W, ((0,7); L, ((0,1); (R*)?)) N Ly, ((0,7); W, ((0,1); (R*)?))
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with p € (5,00), and of classical solutions using the so-called parabolic Holder spaces
CHEE A ([0, 7] x [0, 1); (R?)?)

with a € (0,1). The value of p guarantees that all boundary conditions can be evaluated in time
and space. In both settings, compatibility conditions need to be imposed on the initial network.
In contrast to the Sobolev setting the high regularity of classical solutions leads to additional
conditions involving fourth order derivatives of the curves. The proof of the Lopatinskii-Shapiro
condition gives rise to a geometric requirement on the initial network which we refer to as the
non-degeneracy condition: at each triple junction at least one angle needs to be different from
zero, w and 27. In other words, the tangents are not allowed to be linearly dependent. As it turns
out this condition is not only crucial for the existence of the flow but further plays a fundamental
role in the characterisation of the long time behaviour of the evolution.

While the existence of strong and classical solutions to the geometric problem follows quite easily
from the respective results for the analytic problem, it is non-trivial to show that solutions to the
geometric problem are indeed unique in a purely geometric sense. We hereby follow the methods
in [66]. Exploiting the parabolic nature of the equation we further show that solutions are smooth
for positive times. The results in the work [64] cover also the existence and uniqueness of classical
solutions to the flow with prescribed angles at the junctions.

The analysis of the long time behaviour relies on a priori estimates on the curvature that are
obtained with energy methods similar to the techniques in [49]. As a result we obtain that for
any smooth solution of the flow the L2-norm of the second arclength derivative of the curvature
is bounded uniformly in time. Difficulties in deriving this estimate arise due to the nonlinear
boundary conditions and the fact that the tangential movement can not be neglected. However,
imposing a uniform version of the non-degeneracy condition, the tangential velocity at the junction
points can be expressed in terms of the normal velocity which is composed of purely geometric
terms. In contrast to [49] we do not need uniform bounds on higher order derivatives of the
curvature. This is due to our delicate existence result which allows for rather low initial regularity,
namely networks of class W; i ((0,1); (R?)3). The existence time is proportional to the norm
of the initial network in this space and in inverse proportion to the lengths of the single curves
composing the network. Using the a priori bound we then show that the flow can be extended as
long as the network is non-degenerate and as long as the curves have positive length. Here it is
crucial to have a bound on the length of each curve which forces us to restrict to parameters p* > 0
in the energy. In this way we establish the following characterisation of possible singular behaviours
of the flow. If the flow does not exist globally, then, for a subsequence of times approaching the
maximal time of existence, one curve disappears or the angles become degenerate at one triple
junction. Both scenarios can happen simultaneously, both in finite or in infinite time.

Numerical simulations by R. Niirnberg based on the methods developed in [I6] give rise to the
conjecture that singularities as characterised in our result may indeed occur in finite time. We
refer to [I9] for a detailed description of the numerical methods used by the authors Barrett,
Garcke and Nirnberg to approximate curvature driven interface evolutions.

It is worth mentioning that the presented results on Triods and Theta networks may be generalised
to planar configurations composed of more than three immersed curves that meet in triple junctions
and may have endpoints fixed in the plane. We refer to [65] for more details on this aspect.

For results regarding the long time behaviour of the (mean) curvature flow of networks we refer
to the contributions [98] 100, 101l 102, 122] by Mantegazza, Novaga and their coauthors. Short
time existence results for geometric flows of triple junction clusters have been obtained by several
authors, see for instance [25] 47, 68, [61], 62 (63 [66], [68, [132].

Recently, also the stationary problem corresponding to the elastic energy £, in the class of Theta
networks has been considered [37} [38] prescribing the angles at the junctions to be of 120 degrees
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in order to avoid minimising sequences to shrink to a point. In the recent contribution [116] the
authors study a second order gradient flow of the p—elastic energy of networks which is obtained
by replacing the integration coefficient p = 2 by general values of p € (1,00). For this weaker
notion of solutions the authors establish global existence and convergence to a stationary point of
the energy.

After the completion of [65] we got aware of the work “Flow of elastic networks: long—time existence
result” by Dall’Acqua, Lin, Pozzi, see [35], which had appeared as a preprint shortly before. Here
the authors give a long time existence result under the hypothesis that smooth solutions exist for
a uniform short time interval using techniques that are considerably different than the ones used
in our work [65]. The required short time existence result has been delivered in addition by the
same authors in their recent contribution [36].

Structure of the thesis

The body of the thesis is divided into two parts which comprise the novel results while most of
the supplementing material is collected in the appendices.

Part [ is devoted to the Willmore flow of compact open surfaces with Navier conditions and
consists of two chapters. In Chapter [I] we derive the evolution problem for a one-parameter family
of immersed compact hypersurfaces with boundary. Considering evolutions that arise as graphs
with respect to a fixed reference geometry we obtain an initial-boundary value problem for a scalar
function on the reference manifold. We further introduce the notion of strong solutions to this
graph formulation and the implied requirements on the initial surface.

In Chapter [2] the existence of such strong graph solutions is deduced from well-posedness of an
associated linearised problem with the help of a fixed point argument both fundamentally relying
on localisation methods and a suitable characterisation of the solution space.

The elastic flow of networks is studied in Part [[] which is partitioned in three chapters. In the
preliminary Chapter [3| we provide a derivation of the L?-gradient flow of the elastic energy in the
classes of Triods and Theta networks and discuss the difficulties that arise due to the tangential
degrees of freedom. Taking into account that the evolution problem is invariant with respect to
reparametrisation we introduce a geometric notion of solution both in the classical and strong
setting and explain the implications on the initial networks. We conclude the chapter with the
fundamental a priori estimates.

In Chapter [4] we show existence and uniqueness of strong and classical solutions to the geometric
evolution problems for Theta networks and Triods in a purely geometric sense. The main part
of the chapter is however concerned with the existence and uniqueness of classical and strong
solutions to an auxiliary problem, the analytic problem, which can be treated with classical PDE
methods. To obtain a purely geometric result suitable reparametrisations have to be constructed.
Chapter [| is dedicated to give a characterisation of the long time behaviour of the flow. In
consideration of the geometric nature of the problem we introduce a suitable notion of maximal
solutions that allows for different parametrisations of the flow in adjacent time intervals. We
conclude the main part of the thesis with some simulations which have been kindly provided by
Prof. Dr. R. Niirnberg to illustrate the scenarios proposed by our result.

The appendices provide all needed background information that is not “new” mathematical content
and can be considered as a reference work to the results established in this thesis. Concepts from
both differential geometry and the theory of function spaces are needed. A reader who is rather
familiar with these areas may directly start reading the new contributions in this thesis listed in
Part [T and Part [Tl We remark that some auxiliary results that are (more or less) known in the
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literature have been moved to the appendix. This concerns in particular results related to function
spaces that are used both in Part [[ and Part [[T of the thesis. Clear references to these results are
given whenever they are used.

Chapter [Alis devoted to the collection of definitions and results around the topic of (Riemannian)
manifolds. Hereby, we mainly follow the concepts given in [89] carefully referring to the respective
sections in the book. Chapter [B] and Chapter [C] introduce the classes of function spaces that
appear in the existence results including some of their properties. While Chapter [B]is devoted to
function spaces on domains, Chapter [C]is concerned with their counterparts on compact manifolds
with particular emphasis on their characterisations by local coordinates.

Notation

Let us comment on some notational conventions adopted throughout the thesis.
We let N = {1,2,3,...} be the set of natural numbers while Ny denotes the natural numbers
including 0. The Euclidean norm of a vector x € R™ with n € N is denoted by |z| or ||z|. The
Euclidean scalar product of two vectors x,y € R™ is be denoted by (x,y). If U is a subset of R"
we denote by U and OU the closure and the boundary, respectively, of the set with respect to the
Euclidean topology on R™. The set H" := {x € R™ : x,, > 0} refers to the closed upper half-space
and intH" = {x € R™ : z,, > 0} to the open upper half-space. Given a set U C R™ that is open in
H" we call U NintH" the interior of U and denote it by int U. We sometimes use the convention
int U := U in the case that U C R" is open in R™. We use the following convention concerning
Sobolev (Slobodeckij) spaces on open subsets of the closed upper half-space. Given p € (1, 00),
5 >0, and a set U C H" that is open in H", the space W (U) is defined by

W,y (U) := W, (intU).
In the case that s > 0 is non-integer, these spaces are referred to by both the terms Sobolev-
Slobodeckij space and Slobodeckij space.
In Chapters [ and 2] a smooth manifold M of dimension n € N is a topological manifold M of
dimension n € N endowed with a fixed smooth structure A, and hence actually a pairing (M, A).
The smooth structure A is usually suppressed in the notation. Any charts we consider are elements
of the smooth structure. Whenever we mention the term “manifold” without further specification,
its boundary may be empty or non-empty. We further use the FEinstein summation convention
which yields that if one index appears exactly twice in a product, once as an upper index and once
as a lower index, the considered term should be summed over all values the respective index can
take in the context.
In Part [[I] we denote differentiation with respect to time or space with subscript: if 5 : [0,7T] x
[0,1] — R? is a curve we write 1, := 9,1 and 1; := d;n. We remark that there are some notational
differences in Part [IT)in comparison to [64] 65]. These are mainly due to the ambition to keep the
notation consistent with the preceding chapters on the higher dimensional problem. In particular,
it is worth mentioning that there are different conventions regarding the expression “curve” in the
literature. In contrast to the convention adopted in [64] [65] the term curve shall in this thesis refer
to the function and not the image of the function in the plane. This is in consistency to [49] and the
considerations in Chapter [I} Introducing an equivalence relation on the space of open curves by
identifying curves that are equal up to reparametrisation one obtains a one-to-one correspondence
between the notion of “curve” introduced here and the one in [64, 65]. In particular, the meaning
and statement of the mathematical results are not affected.
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Part 1

Willmore Flow with Navier
conditions

11






Main result

In the first part of the thesis we study the Willmore flow of compact open surfaces with Navier
boundary conditions. Given a smooth compact oriented manifold M with boundary of dimension
n € N, n > 2, we associate to each sufficiently smooth immersion f : M — R"*! the Willmore
energy

1
w«ﬂzzi/;hﬁd%

where Hy is the mean curvature of (M, f) and dV, denotes the volume measure of M with respect
to the induced metric g given by the pull-back of the Euclidean metric under f. A thorough
introduction to immersed hypersurfaces (M, f) in Euclidean space is given in Section The
Willmore flow arises as the L?-gradient flow of the Willmore energy. In the case that one fixes the
boundary of the immersed surfaces and also prohibits tangential movement of the boundary, the
computations in Section yield that a smooth one-parameter family f of smooth immersions
f(t): M — R""1 ¢ €[0,T], is a solution to the gradient flow with initial value fo if f satisfies

<8tfvy> :_<A9val/>_Q(Af)Hf in [OvT]XMa
Hy =0 on [0,T] x OM ,
(W)
=1 on [0,7T] x OM ,
f0) =fo on {0} x M.

Here Ay denotes the Laplace Beltrami operator with respect to the metric g(t), v(t) is the
outer unit normal to (M, f(t)), H(t,p) = Hy¢(t,p)v(t,p) the mean curvature vector of (M, f(¢))
at p € M and @ (A f(t)) is a term that is quadratic in the second fundamental form Ay of
(M, f(t)). The boundary conditions in are referred to as Navier boundary conditions. The
requirements on the initial immersion fy : M — R"*! are specified below.

We show the existence of a strong solution f to @ in the space
Eq := W, ((0,T); Lp(M)) N Ly, ((0, T); Wy, (M))

that is naturally reflecting the structure of the evolution law which is a (degenerate) parabolic
quasilinear equation of fourth order in f as H(t,p) = Ay f(t,p). In particular, all appearing
derivatives in the motion equation exist in an almost everywhere sense. Considering values p €
(4 + n,00) the third order derivatives of f are continuous with respect to space and time which
yields in particular that the boundary conditions are valid pointwise. Hence, the regularity of the
solution implies that the boundary conditions are also fulfilled by the initial value which yields
that only immersions satisfying these compatibility conditions can be admissible initial values.
Also, the regularity of the initial immersion is determined by the solution space: given a function
f in the space Ep its initial value f(0) lies in the so-called trace space given by W;l - P(M).

To prove existence of strong solutions to we let ¢ : M — R™*! be a given smooth immersion
and consider evolutions f(t) : M — R™™! that are given as graphs over the so called reference
surface (M, @), namely immersions of the form

f) =@+ o(t)v,

with v, the unit normal field to (M, ) and o(t) a so called height function. To guarantee that
f(t) is an immersion the height function o(t) needs to satisfy a smallness condition depending on

13
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the geometry of (M, ¢) given in Corollary[1.42] To simplify the analysis we demand the boundary
of the initial value to be equal to the boundary of the reference surface which translates to the
condition ¢ = 0 on [0,7] x OM. In this way one obtains the evolution problem for the height
function o which we refer to as the graph formulation of . Details on the notion of graph
solutions and the conditions on the initial value are given in Section

The main result of Part [[]is the following existence theorem.

Main Theorem 1 (Existence of the Willmore flow with Navier conditions). Let M be a smooth
compact oriented manifold with boundary of dimension n € N, n > 2, o : M — R a smooth
immersion and p € (4+ n,o0). There exists a constant g > 0 and a time T > 0 such that for all
00 € Wﬁﬂ/p(M) with ||go||Wg,4/p(M) <o, 00 =0 on OM, and Hy sy, =0 on OM, there exists
0 € Ep such that the functions f(t) .= @+ 0(t)vy, t € [0,T], form a family of immersions solving
the equations @) with initial datum fo = @ + 0ov,.

One crucial point lies in verifying that the boundary conditions in are compatible and inde-
pendent enough. This is guaranteed by the so called Lopatinskii-Shapiro condition, see Proposi-
tion of the associated linear parabolic system of fourth order that arises by considering the
full linearisation of the graph formulation of (W]) around the reference geometry, see Section
To show existence of the linear system on the entire manifold we analyse the localised problems on
the respective chart domains. It is then a non-trivial task to compose these localised solutions to a
function on the manifold solving the entire problem. This is done in Section The existence of
the graph formulation of @ shown in Section is then deduced from the existence of the linear
system by a contraction argument using the Fréchet differentiability of the nonlinear quantities
in in the corresponding spaces, see Section



Chapter 1

Preliminaries on the Willmore flow with Navier

conditions

This chapter is devoted to formulate the Willmore flow of compact immersed surfaces with Navier
conditions and to provide an overview of the framework and techniques that are used to prove the
existence result for the flow in Chapter

In Section we study properties of immersed hypersurfaces and compute the change of ge-
ometric quantities for a given one-parameter family of immersions that evolves only in normal
direction which is used when deriving the Euler-Lagrange equations for the Willmore functional
in Section To this end we show in Subsection that each smooth one-parameter family
of immersions of a given smooth manifold with boundary that keeps the boundary fixed can be
smoothly reparametrised in such a way that the reparametrised family only evolves in normal di-
rection. The Willmore flow with Navier conditions is then derived in Sectionas the L2-gradient
flow of the Willmore energy in the class of immersions with a given boundary. In Section [I.3] we
present the notion of strong graph solutions and derive the conditions on the initial value that
are implied by this approach. Section gives an overview of the localisation techniques that are
used in Chapter [2| to show existence of strong graph solutions to the Willmore flow with Navier
conditions in the formulation .

1.1 A preface on flows of immersed hypersurfaces

This section provides the required background information on immersed hypersurfaces. Details
on smooth manifolds can be found in Chapter [A| which mainly follows [89] Chapters 1, 3, 5, 14,
15, 16]. We remark that the notion of immersed submanifolds introduced in [89, Chapter 5] is
different from what is discussed in this section. The immersed submanifolds in R"*! defined in [89]
are precisely the images of injective immersions f : M — R™"! of smooth manifolds M which is
shown in [89, Proposition 5.18].

1.1.1 Basic properties of immersed hypersurfaces

In this subsection we study immersed submanifolds in Euclidean space of co-dimension one. Given
a smooth manifold M with or without boundary of dimension n € N, a map f € C! (M;R”“)
is called immersion if it has injective differential df, : T, M — R"*! at every point p € M. The
definition of d f,, is given in Remark A CF—immersion or immersion of reqularity C*, k € N, is
an immersion f that satisfies f € C* (M ; R”H). Although the image f(M) may not be a manifold
in the subspace topology of R™*! many geometric quantities such as the mean curvature may be
defined due to injectivity of the differential inducing a Riemannian metric on M. For details on
C*-Riemannian metrics on smooth manifolds, k € Ny, we refer to Section

15
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Proposition 1.1 (Riemannian metric induced by an immersion). Suppose that M is a smooth
manifold of dimension n € N and let f : M — R" ™! be a C*—immersion, k € N. Givenp € M the
pullback metric g, == (dfp)" ((+,)gns1) defined by g,(v,w) := (dfp(v), dfp(W))gnsr forv,w € T,M
is a positive definite symmetric bilinear form on T,M. The family g = (gp)peM is a CF=1-
Riemannian metric on M. It is also referred to as the first fundamental form.

Proof. As the linear map df, : T,M — R"! is injective for every p € M, it is straightforward
to see that the pullback g, of the Euclidean scalar product is itself a positive definite symmetric
bilinear form. For a chart (U, ¢) the function g;; o = is given by

(95007 () = gp1(a) ( 9 B )

0zt 1¢-1(2)” 27 |1 (x)

) 0

i <8(f°¢1)<x>,8(f °¢1><w>> |
Rn+1

8.731' 8xj

Thus = — (gl-j O(;S*l) (r) has regularity C*~1 on ¢(U) which shows that g defines a C*~1-
Riemannian metric on M. O

Given a smooth manifold M and an immersion f : M — R™t! the metric and its inverse are often
endowed with a subscript f to indicate the immersion they refer to, that is (gi;,¢) and (g¥).

Proposition 1.2 (Christoffel symbols induced by an immersion). Let M be a smooth manifold of
dimension n € N and suppose that f : M — R is a C*—immersion, k > 2, with induced metric
g and associated Levi-Civita connection. The Christoffel symbols at p € M are given by

Féj(]?) = gl () <<’gxi8xj)(¢(p))’ (axm)((b(p))>w+l .
Proof. This follows from
dgim O _ 0 JO(foo™") O(foo™")
8.’17j Ip - 87.’1,‘] (gim o¢ 1) (¢(p)) - 67.’17] < oz, ’ I .- (¢(p))
_ [P (foe™) 9(foo™") 0*(fo7") O(foo™")
= <M(¢(p))y T(d)(p)) + W(dj(p))v T(ﬁﬁ(p))
combined with Proposition O

To study how an immersed surface behaves with respect to its ambient space we introduce the
notion of a unit normal field. Its construction relies on the so-called cross-product.

Definition 1.3. Given n € N we define 1) : (R"H)n — R via

n+1

(vl,...,v")Hiﬁ(vl,...,v") =l xox "= (det (vl,...,v”,ej))jzl

where e; € R"! is the vector given by (e;); = d;;.

Given vectors v',... ,v" € R™! the expression v (vl, e ,v”) is called the cross-product of
v, ..., o™ Tt is straightforward to check that <v1 X oo X v”7vj> =0 forall j€{1,...,n}.
Moreover, if v!,...,v™ are linearly independent, the cross product v! x --- x v™ is non zero and

Rn+1
1

(v!,...,v" vt x - x v™) form a positively oriented basis of R" 1.
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Proposition 1.4 (Unit normal field to immersed hypersurfaces). Suppose that M is a smooth
oriented manifold of dimension n € N and let f : M — R"*! be a C*—immersion, k € N. Then
there exists a function v : M — R™1 of regularity C*=1 such that for all p € M the vector v(p)
has unit norm and satisfies for all v € T, M the identity

<V(p), (dfp) (U)>Rn+1 =0.

Moreover, v(p) is the unique unit vector normal to df, (T, M) such that for every positively oriented
basis vi, ..., vy of TyM, the vectors dfy(v1),...,dfp(vn), v(p) form a positively oriented basis of
R+, The function v is called the unit normal field to (M, f).

Proof. Let p in M be fixed. As df, has full rank, the image (df,) (T,M) is a n—dimensional
subspace of R"™!. Let N,M denote the one-dimensional subspace of R™™! that is the orthog-
onal complement to (df,) (7,M) with respect to the Euclidean inner product on R"*1. Let
(v1,...,v,) be any positively oriented basis of T,M and let v(p) € N,M be the unit vec-
tor such that (dfy(v1),...,dfp(vs),v(p)) is positively oriented in R™*!. This is well-defined
as dfp(v1),...,dfp(v,),n are linearly independent for every n € N,M \ {0} and as there are
only two vectors in N,M with unit norm which differ by a sign. The vector v(p) is indepen-
dent of the choice of the positively oriented basis of T, M. Indeed, let (w1, ...,w,) be another
positively oriented basis of T,M and let B, B~! € GI(n;R) be the transformation matrices.
By linearity of df, the matrices that change between the bases (df,(v1),...,dfp(vs), v(p)) and
-1

(dfp(wi),...,dfp(wn),v(p)) are given by the block matrices <l(;j’ (1)> and <BO (1)>, respec-
tively. Hence, the basis (df,(v1),...,dfy(vyn),v(p)) is positively oriented in R™™! if and only if
(dfp(wi),...,dfp(wy), v(p)) is. Thus v(p) is well-defined for every p € M. It remains to show
that v : M — R™*! is of regularity C*~1. Let ¢ € M and (U, $) be a positively oriented chart
around ¢q. The vector

o dfp (axllp) X oo xdfy (895";)

Y= sy (0a],) x -+ x df, (9a,)

is a unit vector in N,M and df, (6x|1p), coodfp (axl’;),'ﬁ(p) form a positively oriented basis of
R™*1. By uniqueness of a vector with these properties we conclude that v(p) = v(p) for all p € U.
As f is of regularity C*, the map p ~ 7(p) = v(p) is of regularity C*~! on U. This shows the
claim. 0

Given a smooth oriented n—manifold M that is immersed in R”*! via f, there are two choices to
define the unit normal field. In contrast to the preceding proof we could have chosen v(p) € N, M
such that the vectors d f,(v1),...,df,(v,), —v(p) are positively oriented in R"*!. This corresponds
to the distinction between outward- and inward-pointing normal. The following definitions of the
Weingarten map, the second fundamental form and the mean curvature depend on the precise
choice of v up to a sign. The definition of the mean curvature vector is invariant under the choice
of v.

Proposition 1.5. Suppose that M is a smooth oriented manifold of dimension n € N and f :
M — R o C*—immersion, k > 2. Then for every p € M the differential dv, maps T,M into
df, (T, M).

Proof. Let p be in M and (U, ¢) be a chart around p. Then for all z € ¢(U),

1= ((vo o) (@), (o 6Y) (@)
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Differentiating this identity with respect to z;, i € {1,...,n}, we obtain

O(vogp™t .
0= <<,, o6 (), 220 <x>> = (v (67 (@) dvpo (01,))
Rn+1

due to the definition of dv, given in Remark This shows the claim. O

We now introduce a (2,0)-tensor field, the second fundamental form, that indicates how the
considered manifold is curved with respect to its ambient space R™t!. Contracting with the
metric one obtains the associated (1, 1)-tensor, the Weingarten map. The mean curvature is then
given by the trace of the Weingarten map.

Definition 1.6 (Weingarten map and second fundamental form). Suppose that M is a smooth
oriented manifold of dimension n € N, f : M — R™"! a C*-immersion, k& > 2, and v the unit
normal field to (M, f). The linear map W, := —(df,) " ody, : T,M — T,M is called the
Weingarten map of (M, f) at p € M. The bilinear form A, : T,M x T,M — R defined by
Ap(v,w) = gp (Wp(v),w) for v,w € T, M is called the second fundamental form of (M, f) at p.
We refer to the vector A,v(p) as the vector-valued second fundamental form of (M, f) at p.

Proposition 1.7 (Second fundamental form in local coordinates). Suppose that M is a smooth
oriented manifold of dimension n € N and f : M — Rt ¢ C*—immersion, k > 2. Then for
every chart (U, @) and every p € U the second fundamental form has the representation

%@waaﬁiwggg=<aggg)w@w@»

In particular, A, is symmetric. Moreover, the local representation of the vector-valued second
fundamental form is given by

Rn+1

0 (fo97")

oL
mmwmzém%wm—%@“f¢

2, ) (o(p)) -

Proof. Let p be in M and (U, ¢) be a chart around p. Then we obtain
Ay (0], 6x =g, ( (0x,), Ol ) = <dfp (Wp (8xfp)) L dfy (axfp)>Rn+l
<du axlp dfp (8:1: )>Rn+1

Olos”) @»,(i;f')w@»>

Rn«l»l

Observe that for every x € ¢(U) and every j € {1,...,n},

0= <V(¢71(x)),df¢71(x) (8xf¢_1(w))>w+l .

Differentiating this identity with respect to z; yields the first formula. The symmetry follows by
Schwarz’ Theorem. Let b} (p) € R be such that

32 o -1 o ° -1
o) oty =y 22

Contracting the expression

<8(fo¢‘)<¢(p)), W(¢(p))> = b?jl(p)gmr(p)

(¢(p)) + aij(p)v(p).

&Tiaxj Oy

with the inverse metric g™ (p) we obtain b};(p) = I';(p) and the desired formula. O
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Thus, for all p € M the Weingarten map W, : T, M — T,M is self-adjoint. In particular, all its
eigenvalues k1(p), ..., kn(p), the principal curvatures, are real.

Definition 1.8 (Mean curvature (vector)). Let M be a smooth oriented manifold of dimension
neN, f: M — R"! a C*-immersion, k > 2, and v the unit normal field to (M, f). The mean
curvature H(p) of (M, f) at p € M is defined to be the trace of the linear map W,. We call
H(p) := H(p)v(p) the mean curvature vector.

The principal curvatures are independent of the choice of basis of T}, M but their signs do depend
on the choice of normal. Thus, the sign of the mean curvature depends on the choice of v. We
observe though, that the mean curvature vector is independent of the choice of v.

Proposition 1.9 (Mean curvature (vector) in local coordinates). Let M be a smooth oriented
manifold of dimension n € N and f : M — Rt ¢ C*—immersion, k > 2. Then for every chart
(U, ¢) and every p € U the mean curvature has the representation

H(p) = ai;(p)g"” (p).
The mean curvature vector in local coordinates is given by

(foo™))

. 9?2 O(fop™t
H(p)g”(p)< ;01 )

(¢(p)) — T, (p) 7, (¢(p))>(Agf)(p)-

Proof. Let p € M. The trace of the linear map W), : T,M — T, M is the trace of its representation
matrix with respect to any fixed basis of T,M. Given a chart (U,¢) there exist coefficients

w!(p) € R such that
) Y
W (8:&1) - (p)axj I

Observe that

0 0 m 0 0 om
a;(p) = dp <Wp ((‘Wp) ’W|p> = w; (p)gp <8armp’ 3a:l|p> = w;" (p)gmi1(p) -

Contracting both sides with g% (p) implies wf (p) = ai(p)g (p) which yields the desired formula
for H(p). The expression for the mean curvature vector then follows from Proposition[1.7]and the

identity (A.7)). O

The following proposition shows that immersions are “stable” with respect to small deviations in
the C'-norm. This is needed in the derivation of the Willmore flow in Section and its graph
formulation in Section L3l

Proposition 1.10. Let M be a smooth compact manifold of dimensionn € N and ¢ : M — R*H1
a smooth immersion. Let (Uy, ¢o), a € {1,..., N}, be charts covering M. Then there exists 6 > 0
such that every function f € C*(M;R™*1), that satisfies for all o € {1,..., N}

[V (fooa') =V (podat) Hc(m;mmn) <9,
s an immersion.

Proof. Let f € Cl(M;R"+1) and a € {1,...,N} be given. For all ¢ € U, the rank of the
linear map df, : T,M — R""! is the rank of its representation matrix with respect to the basis
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((dga)q) " (e;), j € {1,...,n}, and the standard basis of R, This matrix is given by

i o -1
) = (W (%(q»)

i€{l,...,n+1},5€{1,...,n}
Let g € M and a = a(q) € {1,...,n} with ¢ € U, be given. As ¢ is an immersion, the matrix

7o) = (W <¢a<q>>>

i€{1,...,n+1},5€{1,...,n}

has rank n, and thus there exists an index [, € {1,...,n + 1} such that
0 (¢ 0 ¢5"
Ta) = ( 202 (gu(a)
z; _ _
P€ {1 et T\ (g} €{ L}

has non-zero determinant. Let p; > 0 be such that ‘det (Jlf (q))‘ > pg. As ¢ is smooth and
the determinant is continuous in its entries, there exists a constant d; > 0 such that for all
z € Bs,(¢a(q)) N ¢a(Ua) there holds

et (JF (¢ (@))| > 52

As M is compact, there exist finitely many points ¢ ,...,qx, K € N, such that M is covered by
the sets

Vi 1= G (Bs,, (Paa) (@r) N ba(ge) (Vatar)) )-
Let R > 1 be such that foralli € {1,...,n+1}, € {1,...,n}, a € {1,...,N} and z € ¢,(U,),

iop—1
a(%iwf“)(m) < R. Let further ¢ := min{% cke{l,...,K}}. As det : [—2R,2R]"2 — R is

uniformly continuous, there exists § € (0,1) such that for all matrices (a;;), (b;j) € [—2R, 2R]”2
with entries satisfying |a;; — b;;| < d, there holds

|det(a;;) — det(bi;)| < €.
Suppose that f € C*(M;R™*1) satisfies for all a € {1,..., N},
HV (f °© d’;l) -V (90 ° d’;l) Hc(m;n@(wl)n) <4.
Let p € M be given and k € {1,..., K} such that p € V;, which implies in particular
‘det Jlfk (p)‘ > % > 2e.

Asforalli e {1,...,n+1}\{l,. }, j€{1,....,n},

<3,

8fio¢aqk 8 io(baqk
|(axj()) (ba(an (P)) — W (Vi) (D))

we conclude that
‘det JZJ;C (p) — det Jlik (p)‘ <e

which yields | det Jl}; . (p)| > ¢. This shows that df, has full rank. O
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1.1.2 Evolution of geometric quantities under normal flows

To compute the first variation of the Willmore energy we have to study how geometric quantities, as
for instance the mean curvature, of a one-parameter family of immersions evolve in dependence on
the velocity of the evolution. As it turns out, the computations simplify strongly if one assumes
that the immersions only evolve in the direction that is normal to the respective surface, see
Definition [I.11] for the precise terms. In Subsection [[.1.3] we show that this assumption is not
restrictive.

Definition 1.11 (Normal velocity). Let M be a smooth oriented manifold of dimension n € N
and f : J x M — R""' J C R an open interval, a smooth one-parameter family of smooth
immersions f(t) : M — R"*! ¢ € J. The function 9, f is called velocity vector of f. Denoting
by v(t) the unit normal field to (M, f(t)) we call V(t) := (J:f,v) the normal velocity of f and
V(t) := V(t)v(t) the normal velocity vector of f. If O, f(¢t) = V (t) we say that the velocity vector
Oy f is normal along f and call f a normal flow.

In the following we let M be a smooth oriented manifold and f : J x M — R™*! a smooth
one-parameter family of smooth immersions such that the velocity vector is normal along f. We
compute the evolution of the important geometric quantities in local coordinates. Hereby, the
dependence on ¢ indicates that the quantity refers to the geometry on M induced by f(¢). Let
(U, ¢) be a chart around p € M and let t € J.

Lemma 1.12 (Evolution of the metric). The metric evolves as

0gij(t,p) = =2V (t, p)ai;(t,p) -

Proof.
05 1,7) = <‘W(¢@)>, W<¢<p>>>
_ <6 (V(er o ) 7 0 (f(2$j¢_ ) > (¢(p)) n <8 (f(t@)xi ¢~ ) : 0 (V(;)mj o ) > (¢(p)) '

As V is normal along f it holds

ot o¢! ? ¢!
<8(V(§x i¢ )ﬁ(f(ta)mjas )>(¢(p)):—<V(t,p)aW(¢(P»>

= —V(t,p)ai;(t,p) .

O

Lemma 1.13 (Evolution of the inverse metric). The evolution of the inverse metric is given by
g™ (t,p) = 29" (t, p)g"™ (t, p)ami (£, P)V (¢, p) .
Proof. Differentiating ¢"™ (¢, p)gmx (t,p) = 6, with respect to ¢ yields

Multiplying by ¢*/ (¢, p) and summing gives

dg" (t,p) = 29" (t,p)g™ (t,p)ami(t,p)V (t,p) -
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Lemma 1.14 (Evolution of the component of the Riemannian volume form). The component
g(t,p) == det (g:;(t,p)) of the Riemannian volume form evolves as

atg(tvp) = 729(t,p)V(t,p)H(t,p) .

Proof. Using the following derivation rule for the determinant of a time dependent matrix
4 et A(t) = det A(t)tr A(t)_lgA(t)
dt B dt

we obtain

ig(t,p) = —29(t, )V (t,p) tr((97 (t,p)),; (@m (1, 1)) ,,) = =29(t,p)V (¢, p)g" (£, )as; (¢, p)
—2g(t,p)V(t,p)H(t,p).

O

Lemma 1.15 (Evolution of the Riemannian volume form). Let dVj, denote integration with respect
to the Riemannian volume form on (M, g;) where g, is the Riemannian metric on M induced by
f(t). Then formally we have

0, dVy, = =V (t)H(t)dV, .

Proof. In local coordinates we formally have dV,, = 1/g(t)d\" with dA" denoting integration with
respect to the n—dimensional Lebesgue measure. Thus the measure dV;, evolves as

0y (AVy,) = B\/g()dA™ = 2\/19(7) Brg(t) AN = —\/g(OV () H(t) dX" = —V (t)H(t) AV, .

O

Lemma 1.16 (Evolution of the second fundamental form). The evolution law of the second fun-
damental form is given by

2 o1 o1
<@«mumwum»wum»=<a(gggf)W@»—ruwa“€g¢’>w@»uwm>.

Proof. By Proposition we have

32 ° -1
aij(t, p)v(t,p) = W@(?)) - Féj (t)T(¢(P)) :

Differentiating with respect to time gives

or ottt ) =G0 o) 1t 0 G2

— 0 (Fij(t)) W@(P)) :

The normal component of this expression is given by

<@Um@mW@me@m»<a(gggjr)@@ﬂfﬂﬂ(hl@@»V@m>-
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Lemma 1.17 (Evolution of the squared mean curvature). The squared mean curvature evolves as

Oy (H(t,p), H(t,p)) =4g"™ (t,p)g"™ (t,p)amr(t, p)as; (t, p)H (¢, p)V (t,p)
+2(Ang, V(t,p), H(t,p)) .

Proof.

8t <H(t,p), H(tvp» =2 <8tH(t7p)7 H(t7p)> = QH(t,p) <atH(t7p)v V(t,p)>
=2H(t,p) (9, (9" (t,p)) aij(t,p) + g (t,p) (O (as; (t,p)v(t,p)) , v(t, p)))
=4g"(t,p)g" (t,p)amn(t, p)aij(t,p)V (t,p)H(t, p) + 2 (Arrg, V (t,p), H(t,p)) -
0

We accentuate one term appearing in Lemma that is quadratic in the second fundamental
form and therefore denoted by Q(A).

Definition 1.18 (The term Q(A)). Let M be a smooth oriented manifold of dimension n € N
and f : M — R™™! be a smooth immersion with induced metric g = (df)* ({-,-)) on M, second
fundamental form (a;;);; and mean curvature H. We denote by Q(A, f) the term

QA, f) = Q(Ay) == 29" gM appai; — !

N 1 ..
2H2 =2¢"gM apa;; — ig”glkaijalkc

Proposition 1.19 (Representation of Q(A) in terms of the principal curvatures). Let M be a
smooth oriented manifold of dimension n € N and f : M — R"*! be a smooth immersion with
induced metric g = (df)* ((-,-)) on M and second fundamental form (a;;);; and mean curvature
H. The term Q(A, f) can be written in terms of the principal curvatures K1 ,..., kK, a$

n n n 2
QUAf) =23 k- HP =23 k- 5 (Zm) .
1=1 i=1 i=1

Proof. Given p € M Proposition [1.9 yields that with respect to the canonical basis on the tangent
space T, M the Weingarten map W, is represented by the real and symmetric matrix W(p) =
(g9 (p)ajk(p))ik. In particular, there exists an orthogonal matrix U(p) € R"*" such that W(p) =
U(p)D(p)U(p)T where D(p) = diag (k1(p),-..,kn(p)). As the trace is invariant with respect to
coordinate transformations, we find for any p € M,

9" (0)g" (p)amn (p)as;(p) = tr W(p)?) = tr (U(p)D(p)°U(p)") = tr (D(p)®) = > rilp)*.

i=1

This proves the claim. O

1.1.3 Reparametrisation to normal flows

This subsection shows that every smooth one-parameter family of immersions of a smooth compact
oriented manifold with boundary that keeps the boundary fixed can be reparametrised by time-
dependent diffeomorphisms such that the reparametrised evolution is normal. To this end one
needs to solve an equation on the manifold M of the type

ov

with ¥ a smooth time-dependent vector field on M. The theory presented in [89, Chapter 9] on
“Integral Curves and Flows” provides a suitable framework.
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Definition 1.20 (Integral curves and flows). Let M be a smooth manifold of dimension n € N
and V be a smooth vector field on M. An integral curve of V is a smooth curve v : J — M
defined on an open interval J C R such that for all ¢t € J,

Y (t) =V -

The integral curve is called mazimal if it cannot be extended to an integral curve defined on a
larger open interval. A flow domain for M is an open subset D C R x M such that for all p € M
the set D®) = {t € R : (t,p) € D} is an open interval containing 0. A flow on M with infinitesimal
generator V is a smooth map 6 : D — M defined on a flow domain D for M such that for all

p€ M, 0(0,p) =pand
0
59 ('7p)|t:O = V(p) )

and for all s € D®) and t € D?P) with s 4t € DP),
0(t,0(s,p)) =0(t+s,p).

The flow is maximal if it cannot be extended to a flow defined on a larger flow domain.

Theorem 1.21 (Fundamental Theorem on Flows). [89, Theorem 9.12, Theorem 9.54]

Let M be a smooth manifold of dimension n € N. Suppose that V' is a smooth vector field on M
that is tangential to the boundary OM in the case that OM is nonempty, that is, V(p) € T,0M
for all p € OM. There is a unique smooth mazimal flow 0 : D — M with infinitesimal generator
V. It satisfies the following properties.

(a) For eachp € M the curve 6®) . D) — M is the unique mazimal integral curve of V starting
at p where DP) := {t € R : (t,p) € D} and 0P)(t) := O(p, ).

(b) If s € D®) | then DYP) s the interval DP) — s := {t —s:t € DP)}.

(¢) For each t € R the set My :={p € M : (t,p) € D} is open in M and 0 (t,-) : My — M_; is
a smooth diffeomorphism with inverse 0(—t,-).

Proof. The case of manifolds without boundary is treated in [89, Theorem 9.12]. If the manifold
has nonempty boundary and the vector field is tangential to the boundary, this is precisely the
statement of [89, Theorem 9.34]. O

Definition 1.22 (Time-dependent vector fields). Let M be a smooth manifold of dimension n € N.
A smooth time-dependent vector field on M is a smooth map V : J x M — TM with J C R an
interval and V (¢,p) € T, M for each (¢,p) € J x M. If the boundary of M is nonempty, we say
that V is tangential to OM if V(¢,p) € T,0M for all (¢,p) € J x IM.

Definition 1.23 (Integral curves of time-dependent vector fields). Let M be a smooth manifold
of dimension n € N, J C R an interval and V : J x M — TM a smooth time-dependent vector
field on M. An integral curve of V is a differentiable curve ~ : Jy — M where Jy C J is an interval
contained in J such that

Y (t) =V (t,v(t)) for all t € Jp .
The following theorem is a consequence of [89, Theorem 9.34] and [89, Theorem 9.48].

Theorem 1.24 (Theorem on time-dependent flows for manifolds with boundary). Let M be a
smooth manifold with boundary of dimension n € N, let J C R be an open interval and let
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V:Jx M —TM be a smooth time-dependent vector field on M tangential to OM. There exists
an open subset £ C J x J x M and a smooth map ¢ : € — M called the time-dependent flow of
V', with the following properties.

(a) For each ty € J and p € M, the set EHoP) = {t € J : (t,to,p) € E} is an open interval
containing ty, and the smooth curve p(toP) . £toP) s M defined by 1 oP)(t) = 1(t, to,p) is
the unique mazimal integral curve of V with initial condition 1 (*P) (to) = p.

(b) If t; € EPoP) and g = ptoP)(ty), then EH-D) = £tor) gpd (D) = )(to:p)

(¢) For each (t1,t9) € J x J, the set My, 1, = {p € M : (t1,t0,p) € £} is open in M, and the
map Puy 1y © M, 1o — M defined by Yy, 1, (p) = Y (t1,t0,p) is a diffeomorphism from My, 4,
onto My, ¢, with inverse Yy, ¢, .

(d) If p € My, 4, and 4, 1,(p) € My, 4, then p € My, 4y and ¥y, 1, 0 V1, 10 (D) = Yty (P)-

Proof. This result follows exactly by the same arguments as in the case of manifolds without
boundary shown in [89, Theorem 9.48]. One has to apply [89, Theorem 9.34] instead of [89]
Theorem 9.12]. To this end we observe that the vector field V induces a smooth vector field V on
the smooth manifold J x M defined by

B
Vs, p) = (aS|s’ V(s,p)) € Tiop) (J X M) = TyJ x T,M .

As the vector field V is tangential to the boundary d(Jx M) = J x OM, we may apply [89]
Theorem 9.34] to obtain the existence of a unique smooth maximal flow 6 with infinitesimal
generator V. The remaining proof is exactly analogous to the proof of [89, Theorem 9.48]. O

Proposition 1.25. Let M be a smooth compact manifold with boundary of dimension n € N. Let
J be an open interval containing 0 and Y : J x M — TM a smooth time-dependent vector field
on M tangential to OM . Then there exists a smooth function W : J x M — M that is a family of
smooth diffeomorphisms U (t,-) of M, t € J, with U(0,-) = idas and such that for allt € J, g € M

it holds

ov

E(tVQ) = Y(ta \Il(tv Q)) :

If M is oriented, the diffeomorphisms U(t,-) are orientation preserving.

Proof. We show that for every p € M the set £0P) is equal to the whole interval J. To this end
let I C J be a bounded open interval with 0 € I and I C J. Given (¢,p) € I x M there exists
€¢,p > 0 such that

(t — €p7t,t + Et,p) C g(t,p) .

In particular, (t+ &;,,%,p) lies in the open set £ and thus there exists €,, > 0 and an open
neighbourhood U,, of p in M such that

(t + Et,p — gt,pa t+ Et,p + gt,p) X (t — gt7p7 t+ gt,p) X Up cé&.

As T x M is compact, there exist finitely many (t;,p;), i € {1,..., N}, such that

N
IxMcC U (ti 7gti,pi,t7;+gti7pi) X UP'

i=1
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Let ¢ := min{&;, p,, &1, p; : © € {1,..., N}}. Assume that there exists t € I and p € M such that

b:=supEHP) < Sup.

Let tg € E&P) be such that b — § < to < b and define ¢ := ¥(*P)(t5). Then assertion (a) in

Theorem implies that (to, %9, q) € £. Thus there exists an index i € {1,..., N} such that
(t07 to, q) € (ti T+ Etips — gti,Pivti + Etips T gti ;Pi) X (ti - gti,pi7ti + gti ,Pz‘) X U;Di
which implies (to + 5, to, q) € £ and thus, using the statement (b) in Theorem m

to + = € Elto0) — gltp)
2

contradicting the assumption b = sup £*P). This shows I ¢ EEP) for every t € T, p € M and
every bounded interval I C J. Hence we obtain £P) = J for all p € M and all t € J. As
p(OP) . J — M is the unique maximal integral curve of Y with initial condition ¥(9?)(0) = p, it
holds for all p € M and t € J that

(0
ot

Define ¥ : J x M — M by U(t,p) := OP)(t) = 9(t,0,p). Then V¥ is smooth and satisfies
U(0,-) =idp and

(t) =Y (t, 9O (t)).

(60 =Y (1,91 p)

Moreover, ¥(t,) is a diffeomorphism of M for every ¢ € J. Indeed, assertion (c) of Theorem [1.24]
implies that p — U(t,p) = ¥(t,0,p) = P 0(p) is a diffeomorphism from M, o to My, where
Mio = Mys = M as EWP) = Jforallt € J and all p € M. To show uniqueness assume that
U :J x M — M satisfies the same properties as the mapping W. In particular, for every p € M
the map ¢t — \Tl(t,p) is the unique maximal integral curve of Y starting in p. This immediately
implies U="UonJxM.

Assume further that M is an oriented manifold. Let

J:={teJ: W(t) is orientation preserving} .

Then J is non-empty as W (0,-) = idps is orientation preserving. We show that J is open and
closed in J which by connectedness of the interval J then yields J = J. Let t € J be fixed and
(Vi,91),...,(VN,¥nN) be positively oriented charts with M = Ufil Vi. Let i,5 € {1,...,N} be
such that ¥(¢)(V;) N'V; # 0. As ¥(t) is orientation preserving, it holds

det D (ib; 0 U(t) 09p; ) > 0 on (VN ¥(6)~1 (V).

Smoothness of ¥ implies that there is €;; > 0 such that for all 7 € (¢t — &;5,t + €;5) N J the set
U (7, V;) NV} is non-empty and

det D (¢ 0 ¥(1) 0 tp; 1) >0 on (VN (T(r)~) (V).
Let € := min{e;; : i,j €{1,...,N}} and 7 € (t —e,t + ) N J be fixed. Given p € M we
consider positively oriented charts (U, ¢), (V,) around p and ¥(r,p), respectively. There exist
i, € {1,...,N} such that p € V;, ¥(7,p) € V;. In particular ¥(7,V;) NV; is non-empty and the
determinant of D (¢; o ¥(7) o ;') (¥;(p)) is positive. Observe that
D (s 0 (1) 097 ") (¥i(p))

1The case that a := inf £&P) > infT can be treated with similar arguments. In the above reasoning one has to
replace t + €¢,p by t — €¢,p.
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=D (¢ 00™") (¥ (¥(r,))) D (Yo U(1) 0 67") (6(p) D (¢ 007 ") (¥i(p))

where both D (¢; 09~ 1) (1 (¥(7,p))) and D (¢ o 9; ") (¢:(p)) have positive determinant as all in-
volved charts are positively oriented. This shows that the determinant of D (¢ o (1) 0 ¢~ 1) (¢(p))
is positive and hence (t —e,t+e)NJ C J. To show that J is closed in J we let t, € j, n €N,
be such that |t, —t| — 0 for n — oo and some t € J. Let p € M and (U, ¢), (V,v) be positively
oriented charts around p and W(¢, p), respectively. As V is open in M and 7 — ¥(7, p) is continu-
ous, there exists N € N such that U(t,,p) € V for all n > N. Thus for all n > N the determinant
of D (w o ¥(t,)o (;5_1) (¢(p)) is positive and by continuity

0 < lim detD (1/) oU(t,)o qﬁfl) (¢(p)) =det D (1/) oWU(t)o gb*l) (o(p)) -

n—oo

On the other hand we have det D (1) o ¥(t) 0 ¢~1) (¢(p)) # 0 as ¥(¢) is a smooth diffeomorphism.
This shows t € J. O

Proposition 1.26 (Reparametrisation to normal flows). Let M be a smooth compact oriented
manifold with boundary of dimension n € N and J C R an open or half-open interval containing
0. Suppose that f is a smooth one-parameter family of smooth immersions f(t) : M — R"TL
t € J, such that

(t,p) = f(t,p) := f(t)(p) € OF(J x M;R"*)

and suppose that 0, f(t,p) =0 for all (t,p) € J x OM. Then there exists a smooth one-parameter
family ® of smooth orientation preserving diffeomorphisms ®(t) : M — M such that &g = idy,

(t,p) = @(t,p) := ®(t)(p) € C (J x M; M)

and

9 (f(t) o @(t)) (p) = ((9ef) (¢, ®(t,p)), v(t, R(t,p))) v(t, B(t, D))

Proof. We adapt the proof of [99, Proposition 1.3.4] to our situation. There exists a function
X € C°°(J x M;R™1)) such that for all ¢ > 0 and p € M, X(t,p) € (df(?)), (I,M) and

6tf(tap) = <8tf(t7p)’ V(tvp)> V(t7p) =+ X(t7p) .
We define a smooth time-dependent vector field Y on M by
Y(t.p) = —((df(0),) " (X(t,p)) € T,M

and set Y (t,p) := Y (0,p) forallt € (=6,0), p € M, in the case that J = [0, a) with a € (0, c0]. Here
d > 0 is some constant. The hypothesis 9;f =0 on J x 9M implies Y = 0 on JU(—4§,0) x M. By
Proposition [I.25] there exists a smoothly time-dependent family of smooth orientation preserving
diffeomorphisms ®(t) of M such that &y = idys and 0,®(t,p) = Y (¢, (¢, p)). This implies
O (f(t,2(t,p))) = (9ef) (£, 0(t, p)) + (df () g2,y (Or®(E, 1))
= ((0uf) (8, B ), (6, (4, ) v, (8, p) + X (¢, D(8,)) — X (1, B(¢,p))

1.2 The Willmore energy and its gradient flow

This section is devoted to the first variation of the Willmore energy in the class of immersed
hypersurfaces with given fixed boundary and the formal derivation of the L?-gradient flow of the
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functional. We remark that from the geometrical viewpoint it would be meaningful to allow for
variations that reparametrise the boundary tangentially. This corresponds to tangential movement
of the boundary in the evolutionary problem which is not visible for the observer of the geometric
evolution. Being interested in the question of existence of the flow we exclude tangential movements
of the boundary for simplification.

Proposition [1.26] shows that every one-parameter family of immersions with zero velocity on the
boundary can be reparametrised by a family of smooth orientation preserving diffeomorphisms in
such a way, that the resulting flow is normal. As the Willmore energy is invariant under smooth
orientation preserving diffeomorphisms, we may use the evolution laws derived in Section [I.1.2)
to compute the first variation, which is given in Proposition In Proposition we give a
characterisation of the set of immersions at which the Willmore energy has an L?-gradient leading

to the flow given in (1.3)).

Definition 1.27 (Willmore energy). Let M be a smooth compact oriented manifold of dimension
n € Nand f : M — R*! a CF-immersion, k& > 2, inducing the C*~!-Riemannian metric
g =(df)" ({y")gn+1) on M. The Willmore energy of (M, f) is defined as

—1/ H%g:}/ H?dV, (1.1)
2 M 2 M

where wy, dV; and H are the Riemannian volume form, the induced volume measure and the
mean curvature of (M, g), respectively.

We remark that the squared mean curvature is continuous on the compact manifold M and thus
integrable with respect to the volume measure.

Proposition 1.28 (Invariance of the Willmore energy under diffeomorphisms). Let M be a smooth
compact oriented manifold of dimension n € N. Suppose that f : M — R**1 is a C*—immersion,
k>2, and ® : M — M a smooth orientation preserving diffeomorphism. Then the Willmore
energy of (M, f) is equal to the Willmore energy of (M, f o ®).

Proof. The metrics induced by the immersions f and f := f o ® are denoted by g and §, respec-
tively. Let (U, é1), I € {1,..., N}, be positively oriented charts covering M and let (¢;) be a
smooth partition of unity subordinate to this covering. As ® is a smooth orientation preserving
diffeomorphism, the charts (<I>(Ul), @0 (I)‘l), le{l,...,N}, are positively oriented and cover M.
The functions (1/)1 ) <I>*1) form a smooth partition of unity subordinate to this covering. Thus the
Willmore energy of (M, f) is given by

2

=3 [ ) (67 @) d

1
Mz m
RQE

/ (Y10 @7 Hy (@o)r....n) (® (677 (2))) da
$ro®=1)(2(U1))

;/{MUL) ¢l x)) (Hg (Wy)1,...n) (@ (&7 ' ())) da.

Thus it is enough to show for all = € ¢,(U;),

(Hg(@o)1,..n) (2 (& (2)) = (HF(wg)r,...n) (87 (@) -



1.2 The Willmore energy and its gradient flow 29

With respect to the chart (U;, ¢;) the function g;; is given by
o O(fodr!), 0(fod ")
Gij (o7 () = (2), (z)
J ( l ) axi axj

_ <a<fo (po2) ) 2 <¢zo¢-1>‘1>(x)>
8.’1% ’ 83?]‘

and thus equal to g;; (<I> ((bfl(x))) expressed with respect to (CIJ(UI)7 @10 <I>_1). This implies in
particular

o (@ (01 (2) = (Wg)y ., (87 (@)

)

(wg)1

yeuny

For any p € M the unit normal (p) to (M, f) at p € M is equal to the unit normal to (M, f)
at ®(p). This implies that the second fundamental form a;; ((;Sfl(x)) of (M, f) expressed in the
chart (Up, ¢y) is equal to a;; (@ (¢, ' (2))), as

o) = (L w6700 )

0% (fo(pod® ! -t o .
- < ( éxiaxj ) )(ac),y ((I) ((’bl (x)))> = Qij ((I) (‘Jbz (x))) :

The formula for the mean curvature in local coordinates given in Proposition [1.9] implies

Hy (® (677 (2))) = Hy (&1 () -
O
Proposition 1.29 (First variation of the Willmore energy). Let M be a smooth compact oriented

manifold with boundary of dimension n € N and J C R an open interval. Suppose that f is a
one-parameter family of smooth immersions f(t) : M — R™" such that

(t.p) = f(t.p) == f(t)(p) € C*°(J x M;R"*?)

and O f(t,p) = 0 for all (t,p) € J x OM. The Willmore energy of (M, f(t)) evolves as

d

V) = /M (A H(t) + QA) () H (1), V(1)) dVy, + H(t)g: (Vg V (1), N(t)) dV;

oM
where N(t) is the outer unit conormal along OM with respect to gi, g: is the metric on OM induced

by gt, and V (t) =V ()v(t) = (O f(t),v(t)) v(t) is the normal velocity vector of f.

Proof. By Proposition [I.26] there exists a smooth one-parameter family ® of smooth orientation
preserving diffeomorphisms ®(t) : M — M such that ®y = idy; and with f := f o @,

Opf(t) = ((0:1)(t, @(t, p)), v(t, (¢, p))) v(t, ©(¢, p)) -

We observe that the normal (¢, p) to (M, f(t)) is given by ¥(t,p) = v(t, ®(t,p)) and in particular
the normal velocity of f equals

V(t,p) = (0:f(t,p). D(t,p)) = ((0:)(t, (¢, p)), v(t, B(t,p)))

which shows that f is a normal flow. By Proposition we obtain for all ¢t € J, W(f(t)) =
W(f(t) o ®(t)) = W (f(t)) and hence LW (f(t)) = LW (f(t)). The integral W(f(t)) can be
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expressed by a finite sum of Lebesgue integrals on parametrisation domains of M in R™ as described
in [A220] The chosen covering and partition of unity as well as the domains of integration do
not depend on time. All geometric quantities that appear in the following calculations refer to
(M, f (t)), t € J. Using a theorem on differentiation of parameter dependent Lebesgue integrals
we obtain

Qo (i) =+ 4 2qy, = L 2 1 2
GV W) =55 | Herav, =3 /M 0, (H(H)?) Yy, + 5 /M H(t)2 0, (dV,,).
Using 0, H (t)? = 0, (H(t), H(t)) and the computations in Section we obtain

Sw (7)) = /M (H(t), Ay, V(D) + (QUADH (D), V(£)) AV,

Applying the product rule for the divergence shown in Proposition [A733] and the Divergence
Theorem to each component yields

n+1
/ <H AM sdt dV(]t Z/ A]\/[ sgt ) dVgt

n+1
= E Hgt ngtV N) dVs, / 9t (VM,gtHivaqgtVi)thqt
M

n+1
—Z/ (Ang HY) VAV, +/ H'g, (Vg V', N)dV;,
oM

— Vg (Vg H',N)dV;, .
oM
The second boundary integral vanishes as the velocity is zero at the boundary. To simplify the
first boundary term we observe

oV (t) v (t) 5}

7 i m (9 m
Vg V' (t:p) = v'(t:p)g"™ (t,0) =5 (p)&x—mlpjtV(t,p)gl (t.p) =57 (p)anglp

where the second term vanishes as V' = 0 on [0, 00) x OM. Hence we obtain

n+1
ZH "9 (Varg V(0)', N() = H(t)ge (Varg, V(E), N(1)) .

This shows the desired identity for %W(f(t)) The integrands G(t) and Bf(t) in the first and
second integral, respectively, depend only on geometric quantities for (M, f(¢)) and satisfy the
identity G7(t,p) = Gr(t, ®(t,p)). As the metrics induced by f(t) and f(t), respectively, satisfy
95w (P) = 951)(2(t)(p)) and as integration is independent of the chosen charts, we obtain the
desired formula for LW (f(t)). O

The Willmore flow arises as the L% gradient flow of the Willmore energy and is derived in the
following. We remark that the approach presented here should be considered as formal and refer
o [68] [126] for details on rigorous gradient flow structures for geometric flows.

Let ¢ : M — R™*! be a given smooth immersion. As we want to keep the boundary fixed during
the flow prohibiting also any tangential movement, the set of admissible immersions is given by

Ay = {f : M — R™™!: f is a smooth immersion and Jlom = @\aM} .
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Definition 1.30 (L?-gradient of W in A,). Let M be a smooth compact oriented manifold with
boundary of dimension n € N and let fo € A, be given. We say that the Willmore energy
W : A, — R has an L?-gradient at fo, denoted by grad 4 W (fo), if there exists a smooth
function grad 4 W(fo) : M — R such that for all smooth one-parameter families of immersions
f:J x M — R"! with J C R an open interval such that 0 € J, f(0) = fy and f(t) € A, for all

t € J, it holds
d

aquamto:/;gmugvum<aﬂwwﬂw@dno

where vy is the unit normal field to (M, fy) and gy the metric on M induced by fy. We define the
domain of grad 4 W by

D(graquj W)= {f € Ay : W has an L?—gradient at f} .

To study the L>—gradient of W we make use of Lemma which can be seen as a version of the
Fundamental Lemma of Calculus of Variations on manifolds.

Lemma 1.31 (Uniqueness of the L?—gradient.). Let M be a smooth compact oriented manifold
with boundary of dimensionn € N and let fo € A, be given. Then the L*-gradient of the Willmore
energy W : A, — R at fo is unique if it exists.

Proof. Assume that there exist smooth functions G; : M — R, i € {1, 2}, both satisfying the defin-
ing property of the L?-gradient. Let ¢y € C°°(M) with 1) = 0 on M be given. By Proposition
there exists € > 0 such that

f(t,p) == fo(p) + tb(p)ro(p)

defines a smooth one-parameter family of smooth immersions f : (—¢,e) x M — R**! with
f(t) € A, and f(0) = fo. The defining property of the L?>-gradient yields

0:/(%‘gﬁ@MWMW@WMMN%M:/(%*gﬂ@W@ﬂ%m
M M

As this identity is valid for all v € C°°(M) with ¢» = 0 on OM, Lemma yields that Gi(p) =
Ga(p) for all p e M. O

Proposition 1.32 (Characterisation of the L?-gradient of W). Let M be a smooth compact ori-
ented manifold with boundary of dimension n € N and let fo € A, be given. The Willmore energy
W has an L*-gradient at fo if and only if fo satisfies Hy,(p) = 0 for all p € OM. In this case,
the L?—gradient is given by

grady W(fo) = (Awm,goHo + Q(A)oHo, v0)

where Hy and vy denote the mean curvature vector and unit normal field of (M, fo), respectively,
and Q(A)o = Q(A, fo) is the expression defined in Definition[I.18 In other words,

D(grady W) ={f € Ay, : Hy =0 on OM} .

Proof. Suppose that fy satisfies the boundary condition Hy, = 0 on M. Let J C R be an open
interval with 0 € J and f : J x M — R"*! be a smooth one-parameter family of immersions such
that f(0) = fo and f(t) € Ay. In particular, 9, f(t) = 0 on M and Proposition [I.29]immediately
implies that W has an L2?-gradient at fy which, by uniqueness, is given by the desired identity.
Suppose on the other hand that W has an L?-gradient at fy. We show that

grad 4 W (fo) = (An,g,Ho + Q(A)oHo, vo) (1.2)
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on M. As all involved quantities are smooth, it is enough to show the identity for every interior
point. Assume by contradiction that there exists p € M \ M such that

G(p) = grad 4, W (fo)(p) — {Aar,go Ho(p) + Q(A)o(p)Ho(p), vo(p)) > 0]

There exist a constant § > 0 and open neighbourhoods U and V around p with p € U C ﬁM C
V C VM C M\ OM such that G > ¢ on V. Here, UM and VM denote the closure of U and V'
in M, respectively. Let ¢ € C*°(M) be a function satisfying 0 < ¢ < 1 on M, suppy C V and
¥ =1 on T". The existence of such a bump function follows from [89, Proposition 2.25]. In
particular, ©» = 0 on OM and f(t,p) := fo(p) + t¥(p)vo(p) is a smooth one-parameter family of
smooth immersions for |[t| < e, ¢ > 0 sufficiently small, with f(¢) € A, and 9;f(t) = 0 on OM.
Observe that V(0) = <(8tf(t))‘t=0, 1/0> =1 on M. The defining property of the L?>-gradient yields

Ly (1)) e = /M arad W (fo) (@) (q) dVy, .

dt
For any boundary point ¢ € M there exists a boundary chart (U, ¢,) around ¢ such that ¢ =0
on U, which implies V4,V (0,q) = V4,9 (¢q) = 0. Proposition thus implies

VUm0 = [ (BasgyHol) + QAN (a) Hola): () b(a)aV

and hence

0= [ G(a)v(q)dVyg, = /UM G(q)y(q) dVy, > 5/UM 1dV,, >0,

M

a contradiction. This shows the identity (1.2)). It remains to show that fy satisfies the boundary
condition Hy, = 0 on OM. Observe that the identity (1.2) implies that for all smooth one-
parameter families of immersions f : J x M — R"T! J C R an open interval with 0 € J,

f(0) = fo and 8, f(t) = 0 on OM,

0= [ Hogo(VigV(0),N(0)) dVj
oM
where N(0) is the smooth outer unit conormal of (M,gg). Assume that there exists a point
g € OM such that Hy(q) > 0. Let (U, ¢) be a boundary chart around ¢ such that for all p € U,
Hy(p) > § > 0. The function 2" := ¢™ : U — R is smooth and satisfies 2™ =0 on UNIM. By [89,
Proposition 15.33] for every p € U N OM the outer unit conormal N(0,p) of (M, fy) equals

N(O,p) _ *VM,go’f (p) .
IV 0,902 (P) lgo
Let U be an open neighbourhood of ¢ in M such that the closure of i/ in M is contained in U

and let ¢ € C*°(M) be a function with ¢y =1 on U, 0 <1 <1 on M and suppy C U. Then for
|t| < &, € > 0 sufficiently small, the function

f(t,p) := fo(p) +ty(p)z" (p)vo(p)

defines a smooth one-parameter family of immersions f : (—¢,¢) x M — R**! with f(t) = fo on
OM and V(0,p) = ¥(p)x™(p) for any p € M. In the case that p is a boundary point, we observe
that

Vg0V (0,p) = ¥(p)Vargex" (p) + 2" (0)Viarg¥(p) = ¥(p)Vargz"(p) -

IThe case G(p) < 0 for some p € M \ OM can be treated analogously.
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This yields

0=~ [ Ho®)ao (Va0 (0.), N (0, ) V3, = /8 Ho(p)o(p) [V ar.g0" (9)],, dVi,
M M

26 [ V302" (0], Vi, > 0.
u
a contradiction. This completes the proof. O

The characterisation of the L?-gradient of the Willmore energy yields the following gradient flow.

Definition 1.33 (Smooth solution to the Willmore flow with Navier conditions). Let M be a
smooth compact oriented manifold with boundary of dimension n € N and ¢ : M — R™*! be
a given smooth immersion. A smooth solution to the L?-gradient flow of W in A, is a smooth

one-parameter family of smooth immersions f : J x M — R™! with J C R an interval and
f € C>=(J x M;R"1), such that for all t € J, f(t) € D(grad 4, W) and for all p € M and t € J,

V(tap) = <atf(t7p)a V(tvp)> = _grad.Ay,W(f(t)) .
The L?-gradient flow of W is referred to as Willmore flow with Navier conditions.

The characterisation of D(grad A, W) given in Proposition immediately implies the following
observation.

Corollary 1.34. Let M be a smooth compact oriented manifold with boundary of dimensionn € N
and ¢ : M — R"! be a given smooth immersion. A smooth one-parameter family of smooth
immersions f : J x M — R with J C R an interval and f € C™® (J X M;R"“), is a smooth
solution to the L*~gradient flow of W in A, if and only if f satisfies

(Ocfvy =—(AgH,v)—Q(A)H inJx M,
H =0 on J x OM , (1.3)
f = on J x OM

where v(t,p) and H(t,p) are the normal field and mean curvature of (M, f(t)), t € J, at the point
p € M, respectively, H(t,p) = H(t,p)v(t,p), g is the metric on M induced by f(t), Q(A) is the
expression defined in Definition[I.18 and further

(AgH) (t,p) = (g, H(t)) (p) = Ay, (Ag, [ (1)) (p) =2 ATF(t,p) -

Expanding the motion equation in local coordinates, one obtains a quasilinear equation of fourth
order of parabolic type, that is degenerate in the sense that only the normal component of the time
derivative is prescribed. The parameter ¢ is interpreted as time and the interval J is of the form
J=10,T], J=[0,T) or J=(0,T) for T > 0. The following corollary shows that the Willmore
energy is indeed decreasing along the flow.

Corollary 1.35. Let M be a smooth compact oriented manifold with boundary of dimensionn € N
and ¢ : M — R™* ! be a given smooth immersion. Given an interval J C R and a smooth solution

fecCc= (J X M;R"“) to the L?~gradient flow of W in A, it holds for all t € J,

SW(H) <0,
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Proof. Proposition and Corollary yield for every t € J,
d

V(@) =/ (Ao H(t) + QA H(1), V(1)) dVy, + H(t)ge (Vg V (1), N(t)) dVg
M oM

= /M ((Anrg, H(t), v () + QA) () H (1)) (0 f (1), (1)) AV,
= - /M ((Aarg, H(t),v(t) + Q(A)($)H ()" dVy, <0.
O

The following proposition yields a more explicit representation of the motion equation in terms
of the principal curvatures. This equivalent formulation is used in many application oriented
contributions in the literature, as for instance in [I8] [19].

Proposition 1.36 (An equivalent formulation of the L?-gradient of W). Let M be a smooth
compact oriented manifold of dimension n € N and f : M — R"*! be a smooth immersion
inducing the metric g = (df)* ({-,-)) on M. Let further v(p), (aij(p))ij, H(p) and H(p) be the
normal field, second fundamental form, mean curvature and mean curvature vector of (M, f) at
p € M as defined in Proposition[I.4, Definition[1.6 and Definition[1.8, respectively, and let

N 1
Q(A) =2¢"g" aypaij — §H2

be the expression defined in Definition [I.18 Denoting by k1, ...,k the principal curvatures of

(M, f) it holds

- 1
_<A9H>V>_Q(A)HZ—AQH—HZ;,{?+§H3.

Proof. Proposition [[.19] yields
n
g g apmai; = Z K7 (1.4)
i=1
and in particular

o 1
—Q(AVH = —2H 24 ZH3.

Using the product rule for the divergence given in Proposition [A-33] we find

n+1
_, t HA v

j=

AgH = Ay(Hv) = vAGH + 29 (V H, V1)
with v = (v1,...,v" "), where for all j € {1,...,n+ 1},
9 (VyH, V') = dvi (V,H) .
Proposition [1.5| yields for every p € M that dv, (V,H(p)) lies in df,(T,M). Hence we obtain
—(AgH,v) =—-AgH — H{Agv,v) —2(dv (Vy H),v) = —AgH — H (Agv,v) .
Given p € M and a chart (U, ¢) around p we have

y (aQ(y oph)

Agv(p) = 9" (p) D0, ((p)) = T (p) ——5—
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As M(d)(p)) = dv, (5%) lies in df,(T,M), we obtain

o
<8(1/ ogp~ 1)

2 0. vw)) 0.

Differentiating this identity yields further

(B vt ) = = (222 o), 2222 )

which allows us to conclude that

Vo -1
(A2} = =07 ) (M52 o). 252 o0 )

() () = (o () ()

where W, = — (d fp)_1 o dv, denotes the Weingarten map. Proposition yields the local repre-
sentation

8 m 8
Wy <8xj> = gl (p)ajm(P)@

which implies together with the identity (|1.4))

(Agr(p), () = =" ()g"™ (D)ajm (P)gp (Wp (aii) aiz)

= —g"(p)g"" (D) ajm(p)ai(p) = =Y K7 .
=1

We finally conclude
—(AgH,v) — Q(A)H = —AyH — H (Agv,v) — Q(A)H

=—AH+HY k] -2HY 5+ 5H3 =-AH-H» rl+ 5H3.
1=1 =1 1=1

O

1.3 Strong graph solutions and conditions on the initial
value

In this section we introduce the concept of strong graph solutions used in Chapter [2] to prove an
existence result for the Willmore flow with Navier conditions given in system , and derive
necessary conditions on the initial value.

One major difficulty in the formulation lies in the fact that the geometry on M induced
by the immersion f(¢) changes with time. This can be overcome by considering a fixed smooth
metric on M which leads to the so-called reference geometry. The concept of graph solutions then
suggests to study evolutions of initial surfaces that can be described as a graph over the reference
geometry. The continuity of the motion indicates that such evolutions should be expressible as
time-dependent graphs over the reference surface, at least in a short time interval.

Definition 1.37 (Smooth reference geometry). Given n € N a smooth reference geometry of
dimension n is a tuple (M, ) with M a smooth compact oriented manifold with boundary of
dimension n and ¢ : M — R™"*! a smooth immersion.
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Let (M, ) be a given smooth reference geometry. We consider graph solutions of the form

f(t) =9+ o(t)v,

with o(t) : M — R a suitable height function and v, the unit normal to (M, ¢). Proposition m
guarantees that f(¢) is an immersion provided that for a finite covering of M the local represen-
tations of the differential of o(t)v, are uniformly small. A sufficient condition in terms of p is
given in Corollary [[.42] It is worth mentioning that this criterion depends in particular on the
differential of the normal v, and hence on the curvature of the reference surface.

We intend to prove existence of such graph solutions in the solution space
Wt ((0,7) x M;R™ ) := W, ((0,T); Lp(M; R™™)) N Ly, ((0,T); W, (M; R™)) (1.5)

on the smooth Riemannian manifold (M, g,) with p € (4 + n,00). Details on function spaces
on smooth compact Riemannian manifolds can be found in Chapter [C] We refer in particular to
Section [C:2|for a discussion of anisotropic Sobolev spaces on compact manifolds and to Section [T.4]
for further explanations on the handling of these spaces in the context of this thesis. Roughly
speaking, a function f lies in the space if there exists a suitable covering of M by charts
(U, ¢) such that f o ¢! lies in the corresponding space on ¢(U). Anisotropic Sobolev spaces on
domains are discussed in Section [B.3

In particular, the value of p guarantees for a smooth domain 2 the continuous embedding

W, ((0,7); Lp(22)) N Ly, ((0,T); Wi () = C ([0,T; C*(2))

as shown in Propositionm This ensures that the boundary conditions appearing in system
can be formulated pointwise in time and space. In particular, a solution f of regularity to the
flow satisfies f(0) = ¢ and H) = 0 on M. Proposition further yields that f(0) o ¢! lies
in the Slobodeckij space W;l —e (¢(U)) for every chart (U, ¢) which corresponds to the property
f(0) e W;,l - P(M). Details on Slobodeckij spaces on domains and compact manifolds are discussed
in Section [B2] and Subsection [C:1.2] respectively.

We thus need to impose compatibility conditions on the initial value. To this end we observe that
for immersions f of the form f = ¢ + gv, with height function ¢ : M — R the condition f = ¢
on OM is equivalent to o = 0 on M. This leads to the definition of admissible initial height
functions.

Definition 1.38 (Admissible initial height function). Let (M, ) be a smooth reference geometry
of dimension n € N and p € (4 + n,00). A p-admissible initial height function is a function
00 € Xp := W;_%’ (M) with gg = 0 on OM such that fy := ¢+ gov,, is an immersion that satisfies
Hy =0on oM.

Definition 1.39 (Strong graph solution). Let (M, ¢) be a smooth reference geometry of dimension
n € N. Given p € (44 n,00) and a p-admissible initial height function gg, a strong graph solution
to the Willmore flow with Navier conditions in [0,T] for T > 0 with initial value gg is a function

0 € Er =W, ((0,T); Lp,(M)) N Ly, ((0,7); W (M))

such that f¢(t) :== ¢ + o(t)v, € C3(M;R™*1) is an immersion for every ¢ € [0,7] and

(Ocfe,ve) =—(DgeH®v?) —Q(A)?H® on (0,T) x M,
He =0 on [0,T] x OM ,

(1.6)
o =0 on [0,7T] x OM ,

0(0) = oo on {0} x M
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where gf is the metric on M induced by f¢(t), v2(t,p) and H®(t,p) are the normal field and
mean curvature of (M, f2(t)) at the point p, respectively, H® = H9v? Q(A)%(t,p) the quantity

Q(A)fe()(p) defined in and
(AgH®) (t,p) == (Age H (1)) (p) = (Age (Age £2(1))) (p) =t A fE(2,p) -

We remark that a strong graph solution satisfies the motion equation in an almost everywhere
sense while the boundary conditions are valid pointwise. This is made precise in Section [2.1

In Corollary we show a criterion depending only on the norm of p in the solution space Er
to guarantee that the functions f2(t) are immersions.

1.4 Notation and results related to the localisation proce-
dure

In this section we collect notational conventions and results related to the localisation procedure
that is used in Chapter [2] to show existence of graph solutions.

We note that a smooth reference geometry (M, ¢) as defined in Definition is in particular a
smooth Riemannian manifold (M, g,,) with induced metric g, as defined in Section Geometric
quantities related to the geometry on M induced by g, are denoted with subscript ¢. We emphasise
that all function spaces on M appearing in Chapter [2] are taken with respect to the reference
geometry induced by g,.

A lot of estimates rely on certain “nice” properties of geometric terms related to the reference
geometry. These are based on the concepts of the normal covering and the uniform localisation
system of (M, ).

Proposition 1.40 (Normal covering and localisation system of the reference surface). Given a
smooth reference geometry (M, ) of dimension n € N, n > 2, there exists a finite covering T of
M of positively oriented charts (Uy, do), @ € {1,..., N}, such that for alla € {1,...,N},

(i) all derivatives of gij, 0 ¢ and gfg o ¢t are uniformly bounded on ¢o(Uy);

(i) there exists Q > 1 such that for allv € R", q € U,,

n
QMo < Y gipl@v'v? <Qf,

ij=1
n
Q 'l* < Y gd (@'’ < Qul*;
ij=1

(iii) for all continuous functions f: M — R, fo ¢t is uniformly bounded on ¢o(Us);
(iv) if (Uy,da) is an interior chart, then ¢o(Uy) is a smooth domain in R™;
(v) if (Un,da) is a boundary chart, then ¢o(U,) NintH™ 4s a smooth domain.

The covering T is referred to as a smooth normal covering. If (1) LN} s a smooth partition

aed{l,..
of unity subordinate to the covering T, we call

C:={(Uq;@a,V0) : «€{1,...,N}}

a uniform localisation system.



38 1 Preliminaries on the Willmore flow with Navier conditions

Proof. The existence of T is shown in Proposition [A744] using normal coordinates on the smooth
Riemannian manifold (M, g,) as introduced in Section We refer to [89, Theorem 2.23] for
the existence of a smooth partition of unity. The notion of uniform localisation systems is defined
in Definition [A45 O

Given a € {1,..., N} we refer to the interior intd,(U,) of ¢o(Uy) as the set ¢, (Uy,) in the case
of an interior chart, and as ¢,(Uy) N intH™ in the case of a boundary chart, respectively, using
the convention W (¢ (Ua)) := W (int(¢a(Us)). The items (iv) and (v) yield that the interior of
$a(Uq) is a smooth domain which allows to make use of Theorem and the existence result
given in [I36, Theorem 5.4].

In the following we let (M, ) be a smooth reference geometry of dimension n € N, n > 2, with
normal covering 7. We hereby restrict to the case of dimensions n > 2 for several reasons. The
existence of the Willmore flow of open curves in R™ has already been studied in [I37]. Moreover,
the existence of a uniform localisation system requires the hypothesis n > 2. However, in the case
of curves, a localisation procedure as performed in the case of higher-dimensional objects is not
necessary, since one may simply parametrise the curves on intervals as done in Part [[I}

We endow the boundary OM with the smooth structure and Riemannian metric induced by the
smooth structure and Riemannian metric g, on M, respectively. Details are given in Propo-

sition and Proposition respectively. Furthermore, we let J = {a € {1,...,N} :
(Ua, ¢o) is a boundary chart}, ¢ : 9M — M be the inclusion mapping and 7 : R® — R™~! be the
projection onto the first n — 1 components. For a € J we introduce the notations V, := U, NOM
and o, := T 0 ¢ o L. Proposition shows that the charts (V,,,04), @ € J, form a normal
covering of 9M. One readily checks the identities

Ga(Ua NOM) = 04(Vy) X {0} = 004 (Us) NOH™ C 9o (Uy,) -
In particular, for every o’ € 0,(V,) it holds
ot (@') = ¢ (2, 0)) .

Furthermore, one easily verifies that given a smooth partition of unity (¢,) on M subordinate
to the covering (Uy, ¢n ), the functions 1, o ¢ are a partition of unity on 9M subordinate to the
covering (Vo,04).

To obtain estimates with constants independent of the considered time interval we make use of
the embeddings in Corollary and Corollary To this end we endow

]ET,a = VVp1 ((07T)7 Lp (¢a(Ua))) N L;U ((O’T)v W;l (¢a(Ua)))

with the norm || - g, = which, given ¢o € E7 4, is defined as

lloalls,,. = loallz, . +lea®llys ey o)

with [|gallg,. . as in Definition and ||0(0) ||W4,4/p(¢ (W) B in Proposition respectively.
fied P [e3 «@

Proposition shows that || - [|g, —and [|-[|g,. are equivalent norms on Er,. More details on
the required function spaces and embeddings are given in Chapter [B]
The essential ingredient in the localisation procedure is the characterisation of the solution space

Er = W ((0,T); Ly,(M)) 1 L, ((0,T); WA(M))
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as introduced in Subsection[C.2) with the help of the corresponding spaces on the chart domains of
the smooth normal covering 7. It is shown in Proposition [C.16] that equivalently to the geometric
norm we may consider the norm || - [z, on Ez which, given ¢ € Er, is defined by

llolls, = llells, + 120} s,

where N
HQH]ET = ”QH?I/I—/;A((O,T)XM) = Z H(dfaé’) © QEIHET@ ) (1.7)
a=1
and
N
16004y = 32 a0 & 63yt (18)

is the norm in Proposition In this way, we have

N
llellg, = > ll(%a) © ¢3 I, -
a=1

The characterisation of the solution space Er in Proposition allows us to work with the
“localised” spaces Er,. Indeed, to show that a function n : (0,7) x M — R lies in Ep, it is
enough to show that for all a € {1,...,N} the function (t,z) — 14 (t,z) := 7 (t,¢5" () is an
element of Er ,. Conversely, given 77 € Ep, one has 1, € Er,, for all @ € {1,..., N} with

Iallg,.,, < C@)lnle, -

Analogous properties hold for the spaces

Xo == Wy="(M),

Xr =Ly ((0,7); Lp(M)) ,
Yy, o= W2 427 ((0,T) x OM) |
Yo =Wy /472 ((0,T) x OM)

and their “localised” versions

Xoa =Wy ($a(Ua)) ,

X0 =Ly ((0,T); Ly (¢a(Ua))) »
Yire = W;/2_1/4p’2_1/p ((0,T) x 094 (Ua)) ,
Yora =W, 4702 ((0,T) x 0¢a(Us)) -

The constant @ is introduced in Proposition [1.40] and refers to the normal covering 7. We use
the notation C(Q) in the estimates given in Chapter [2| to indicate that the respective constants
depend on the choice of the normal covering of the reference geometry.

In Section we are concerned with the extension of functions defined on subsets of the manifold
to functions on the entire manifold while maintaining their regularity. To this end we make use
of so-called cut-off functions &, € C°°(M) with the properties supp&, C Uy, 0 < &, <1 on M
and £ = 1 on suppv,. The existence of such functions follows from [89, Proposition 2.2.5]. The

property

dist (supp (éa 0 #5") N ¢a(Ua), 0da (Us) N intH™) > 0

as illustrated in Figure then allows us to use the extension results in Subsection and
Subsection We refer to Chapter [C] for more details on properties of function spaces on
compact manifolds.
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$a(Ua)

H»

b o db=1
supp(&a 0 031) supp(va © ¢5 ')

OH™
Figure 1.1: The cut-off function &,.

One crucial aspect in the graph formulation is to ensure that the height functions o(t) are “small
enough” to guarantee that the functions f¢(t) := ¢ + o(t)v,, are immersions. A sufficient criterion
on the height function is given in Corollary [I.42) using the following refinement of Proposition [T.10

Proposition 1.41. Let (M, ) be a smooth reference geometry of dimension n € N, n > 2, with
normal covering T as in Proposition [I.40 Then there exists 6 > 0 such that every function
f € CY(M;R") that satisfies for all « € {1,..., N},

IV (foda') =V (2ot )l c@mmmmemsony <9

is an immersion with det ((g:j,7(p))i;) € [3Q™,2Q"] for all p € M, and there exists a constant

o =o(p) > 0 such that for all x € ¢o (Uy) and all a € {1,...,N},
[¥ (V (fodal) @) =0,
where 1 is defined in Definition[1.3

Proof. By Proposition there exists a constant 8 > 0 such that every f € C! (M ; R"H) that
satisfies for all @ € {1,..., N},

IV (£o62") =V (¢ 0 b )l o@rmmmosom) <9

is an immersion. Proposition implies that for all o € {1,...,N} and all z € ¢, (Uy), there
holds

det (gijﬁﬂ ((b;l(l‘))) S [Qin,Qn} .
Let R > 1 be such that for alli e {1,...,n+1},j€{1,...,n},a€{1,...,N} and = € ¢, (U,),

io —1 712
W(z)‘ < R. As |gijo (65 (2))| < R* and det : [-2R% 2R?]" — R is continuous, there

~ n2 —~
exists 0 € (0, 1) such that for all (a;;), (bi;) € [~2R?,2R?|" with entries satisfying |a;; — b;;| < 4,
there holds 1

[det ((aij)ig) — det ((biy)i)| < 5 min {Q",Q7"} .

Suppose that f: M — R™*! is such that for all a € {1,..., N},
HV (f o ¢;1) -V ((p o ¢;1)Hc(m;ﬂ%<"“>") < min {3(4]%)—175} .

Then f is an immersion and the metric (g;5,5) is well-defined. Furthermore, there holds

91,0 (001 (@) = gijs (05" (2))]

. ‘<8(@61?; )(z) - 8(faox<f; )(3:), 8(21?; )(x)>|
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<a (fo0a") ) Oleoosh)  O(foss)) (x)>

8:@- 83;]- &rj

~

+ <9.

In particular, we obtain
1 : n —-n
|det ((gi5.6)is) — det ((gi5.5)i5) | < 5 min {Q", Q7" }

and thus det ((gij’f)ij) € [%Q’”,2Q”}. It remains to show the last assertion. As ¢ is an im-
mersion, the columns in V (¢ o ¢ ') (z) are linearly independent for all & € {1,...,N} and
x € ¢o(Uy), and thus

4 (V (poé:") (@) = eaw > 0.

By compactness of ¢, (U,) and continuity of the function x — ||¢ ( (cp o qb;l) (:E)) H on ¢q, (Uy),
we obtain

€:= min min _ €4, > 0.
ae{l,...,N} 2€ha(Uq)

Uniform continuity of [|¢(-)|| on [-2R, QR](”H)X" yields that there exists & € (0,0) such that for
all v,w € [-2R, 2R]"+1)>*" with |v] —w]| < § forall j € {1,...,n},i € {1,...,n+1}, there holds

19 - el < ze.

Suppose that f: M — R™*! is such that for all a € {1,..., N},
IV (foozh) =V (poos?) Hc(mﬂw"*”") <é.

Let a € {1,...,N} and x € ¢(U,) be given. As for alli € {1,...,n+1},j€{1,...,n},

a io —1 a io —1
(faxj)a )(x)f (#’m;ﬁa )(x) <[V (ro9a") =V (vo ")l cgmmmmemsin <9
we conclude
[ (V (o ¢a") (@)
>0 (V(eosh) @) = [l (V(Fooah) @) = llv (Vo) @)

1 1 U1
)H—gszgw 562 3¢

8

> [ (v (poda) (@)
D

Corollary 1.42 (The neighbourhood for the height function). Let (M, ¢) be a smooth reference
geometry of dimension n € N, n > 2, with normal covering T as in Proposition and p €
(4+n,00). Given Ty > 0 there exists a constant € = e(Tp, Q) > 0 such that for all T € (0,Tp], all
0 € Er with ||o||g, <& and allt € [0,T] the function fe(t) := ¢ + o(t)v, is an immersion such
that for every p € M the metric satisfies

1 -
det ((gij,r(0))ij) € [QQ ",QQ"] :
Furthermore, there exists a constant o > 0 such that for all o € Er with [|ollg, < €, and all
ac{l,....N}, 2 € ¢a(Ua), t €[0,T],
[ (V (Fet) o d5t) (@) || 2 o
where 1 is the function defined in Definition . For T € (0,To] we define

Ur:={0€Er: llollg,. < e}
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Proof. By Proposition there exists § > 0 such that every function f € C'(M;R"™!) that
satisfies for all @« € {1,..., N},

IV (foda") =V (vota )l o@mmmmniy <9

is an immersion with det ((gijj(p))ij) € [%Q‘",QQ"]. Moreover, we may choose ¢ such that
v (V (fe(t) o ¢3") (x))|| = o for a constant o > 0. Given any T € (0,Tp] and o € {1,..., N},
Corollary [B:38] yields the continuous embedding

Era <= C([0,T];C%(¢a(Ua)))

and there exists a constant Cy(Tp) > 0 such that for all n, € Er 4,

”77@”0([0,T];c3(m)) < Ca(To) lInallg,.., -

Proposition and imply that there exists a constant C(Q) > 0 such that for all o € Er,
the functions 04 (t,2) := o (¢, ¢5 ' (x)) satisfy
lleall,., < C(@)llellg, -
Let
C(T()) = Inax {CQ(T()) HV‘P o (b;lHCl(W) ToE {1, ey N}}

and let € > 0 be so small that 2C(Q)C(Tp)e < § where C(Q) is the constant appearing in the
estimate above. We notice that ¢ > 0 is independent of T'. Let T" € (0, To], 0 € E7 with [[ollz, <€
and t € [0,T] be arbitrary. Then for any a € {1,..., N} there holds

IV (72(8) 0 03") =V (¢ 0 82" | o gmmmmn )

— IV (o(t) 0 631) (v 0 631) + ((t) 0 631) V (v 0 63Y) ||C(7¢Q(Ua);w+l)

<2 ||Qa||c([07T];Ca(m)) ||Vso ° ¢;1||Cl(m) < 2C4(To) H”w © ¢;1H01(m) |||Qa|||JET,a
<20(To)C(@) llellg, <d-

This proves the claim. O

We note that the size of  is in inverse proportion to the C'-norm of the normal v, which is itself
a measure of the curvature of the reference geometry.

Corollary 1.43. Let (M, ) be a smooth reference geometry of dimension n € N, n > 2, with
normal covering T as in Proposition and p € (4+ n,0). Given Ty > 0, T € (0,Tp] and
a€{l,...,N} we let

Ura = {¢a €Era: llealls,.. < C(Q):]

with C(Q) and € as in the proof of Corollary . There exists R = R(Q,Ty) > 0 such that for
alla € {1,...,N},

UraC {f € C([OvT};C?)((ba(UDA))) : ||f||C([O,T];C3(m)) < R} .

Proof. Given «w € {1,..., N} we let C,,(Tp) > 0 be as in the proof of Corollary such that for
all Na € ET,a,

||77a||c([07T];Ca(m)) < Co(To) lInalllg,. ., »

and set C(Tp) := max{Co(Tp) : « € {1,...,N}}. Then the claim follows with R := C(T)C(Q)e.
O



Chapter 2

Graph solutions to the Willmore flow with Navier
conditions

This chapter is devoted to prove Main Theorem |l on the existence of the Willmore flow
with Navier conditions. As described in Section [I.3] we show this result by passing to the graph
formulation of which is given in . The proof of Main Theorem [1| is then a consequence
of the existence of strong solutions to .

The existence of solutions to is deduced from the well-posedness of the associated linear
problem shown in Section 2.3 and the mapping properties of the nonlinear operator derived in
Section 2.I] and Section [2.2] by means of the Banach Fixed-Point Theorem. To this end, one needs
to construct a mapping whose fixed points are precisely the solutions of which is done in
Section The proof of Main Theorem [I]is then given at the end of Section

The well-posedness of the linearised problem associated to relies on a localisation technique
which translates the boundary value problem on the manifold to “localised problems” on the chart
domains. We refer the reader to Section [I.4] for notation and results required for the localisation
procedure.

We consider a smooth reference geometry (M, ¢) of dimension n € N, n > 2, with normal covering
T = {(Uqa, ¢o) : @« € {1,...,N}} and localisation system C = {(Uq, Pa, %) : @ € {1,...,N}} as
introduced in Section [I.4] with associated constant Q. The corresponding covering of the boundary
OM is denoted by (V,,04), a € J, with V, = Uy, NOM, 04 = T0o ¢go0t, m: R* — R"! the
projection onto the first n — 1 components and ¢ : 0M — M the embedding. Furthermore, given
To > 0 and T € (0, Ty] we denote by

Ur = {o€Er : |lollg, <e}

the neighbourhood constructed in Corollary Given a function ¢ € Up we mark the geometric
quantities of (M, f2(t)), with fo(t) : M — R"*! defined by f2(t) := ¢ + o(t)v,,, with superscript
0.

2.1 Regularity properties of the graph formulation

In this section we study the regularity properties of the quantities in system seen as functions
in the height function ¢ € Up. The main insight is that the nonlinearities describing the motion
equation lie in the space Xp while the terms describing the boundary condition H = 0 are
elements of Y7 7 which are introduced in Section The acquired estimates hold with constants
independent of the considered time interval.

Lemma 2.1 (Space regularity of first order terms). Let « € {1,..., N}, Ty be positive, T € (0,Tp)

and o € Ur. Every component of the function (t,x) — V (f2(t) o ¢5') (x) as well as the function

43
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(t,x) = gi; (t, 05t (x)) lie in the space C([0,T]; C*(¢pa(Us))) with norms controlled by
@) (t.2) = 0 (4,65 @) I,

Proof. We observe that for x € ¢, (U,),
o (fe(t)oda’)

oote) r)
= 2200 gy 2D (52 0) + 0 (10 ) T2 .

Proposition implies
(t, ) — (Q(t) © (b;l) (m) € C([0>T]§ c? ((ba(Ua)))
and thus smoothness of the reference geometry yields

fet)o¢,t)

(t,z) — 8( oz, (x) € C’([O,T]; CQ(¢Q(UQ);R"+1)).

As C([0,T];C*(¢a (Uy))) is a Banach algebra, we obtain

<8(f9(t)o¢;1) O (fo(t) 0 65")

(t,x) = g% (t. 05 (@) = 0z oz,

(), ($)> € O([0,T]; C*(4a(Ua)))-

O

Lemma 2.2 (Time regularity of first order terms). Let Ty be positive and T € (0,Tp|. There exists
a constant T > % — ﬁ such that for every o € Ep, a € {1,...,N} and i € {1,...,n} there holds

W(@ € C7 ([0, C(6a(T))-

(t,z) = o(t, o5 (x)), (t,x)

The norms of the above functions in the space C’T([O,T}; C(d)a(Ua))) are controlled by
@) (t.2) - 0 (4,65 @) I,

Proof. Let T € (0,Tp), 0 € Ep, a € {1,...,N} and i € {1,...,n} be given. Then (¢, z) —
0a(t, ) := 0 (t, 5" (x)) lies in Eq o := W* ((0,T) X ¢po (Us)) and by Corollary there holds
for all 6 € (% 1) and all § € (0,1 — 1/p),

Er,o — CU=O0=Yr=0) (10, T): 0 (¢, (Ua)))

with embedding constant independent of 7. As 6\ 41:2;2 and ¢ N\, 0 there holds

-01-1p-8 /5~ 1> 7

due to p € (44 n,o00). This yields the claim. O

Lemma 2.3 (Space regularity of the inverse metric). Let Ty be positive, T € (0,Tp], a €
{1,...,N} andi,j € {1,...,n}. The function

gij Ur — C([07T]§ c? (¢a (Ua))), 0= ((t.’L‘) = gij,g (t, (ﬁ;l(.%‘)))

is well-defined and Lipschitz continuous with constant C(Q, Ty, €).
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Proof. Given t € [0,T] and x € ¢,, (Uy), there holds
gij(g)(tw%') = gij)g (t’ ¢;1(x)) =T ((glgl (t7 ¢;1(x)))kl)¢j
with T : GI(n;R) — Gl(n;R) C R™*" A+ T(A) := A~L. We observe that T is infinitely often
Fréchet differentiable with
k
T®(A)(By,...,By) = (-1)" > A [[ BohA ™",
€Sy Jj=1

for By,...,Br € R"™™ and A € Gi(n;R) where Si denotes the set of permutations of the set
{1,...,k}. Given k,l € {1,...,n} we observe that

9 (6,051 (%)) =g, (8,651 (2)) + ) ()2 (g(ta); %) ()

—2ap1, (8,051 (1)) 0 (, 05" (2)) -

For p,n € Up and 7 € [0, 1] there holds 79+ (1 — 7)n € Up and

L 7o (1,621 () = — 2a0 (1 651 () (0 (1,65 (@) — 1 (£,63"(2)))

E kl
. (a (o) 0da) 2 (nlt)oéa")

Oz, Oz ($)> (7, 0,m)(t, )

o b1 o b1
+ (Wm) - Wm) (e 0.)(0,2).
where for k € {1,...,n},
o0 b1 o b1
o on(ta) — 22 (gaa)xkqsa ) @)+ (1-n° (n(g)xkqba ) (2.

Corollary implies for all t € [0,T], x € ¢o(U,) and g, n € Ur,

tv < o7 c3(h (U 1- o . o ([ ) S R
TZI[JOI,)I] Ipx (1, 0,m) ( f)‘ <l HC([O,T],C3(¢Q(UQ))) +( 7) H77 HC([O,T],C3(¢Q(UQ)))

which allows us to conclude

d - +(1—7) —1
9K "(tda" (@) < C (o, R) lloa - allo(p.mc@mn)) < € B 10, Q) lle = lle, -

With A(o)(¢t,z) := (g7, (¢, gb;l(:c)))kl we observe further that
|9 (0)(t, ) — g (n) (¢, )| = ’T (A(0)(t,2));; = T (A(n)(t, 2)),;

/ %T (A(ro+ (1 —mm))(t,2)),, dr
0

1
</
0

The formula for derivatives of T yields that d%T (A(ro+ (1 —0))(t, z)) equals

dr.
2

LT (Alro+ (1 - a)(t2)

—(Alro+ (1 =) (t,2) " % (A(ro+ (1 —m))(t,2)) (Alro+ (1 —T))(t,2)) " .
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Given any v € Uy, Corollary [I.42] and Corollary [T.43] yield
_ ) -1
[A(0)(t,2) 7|, = det ((gia(t,2))) " lleof ((gia(t, 2)),) || < 2Q"R™ = C(Q, R), (2.1)
where cof denotes the cofactor-matrix. This allows us to conclude

lg” (@) = 97 (| (0 0@ty < €@ B To) lle = il

To estimate g/ (o) — g*/(n) in C([0,T]; C*(¢a(Ua))) we observe that for o € Ur,

ST (A(@)(t.0) = (TG0 2) (G e.0))
= At 2 ) Al 1)

where for k,1 € {1,...,n} there exist smooth functions ¢; : ¢o(Us,) — R, i € {1,2,3}, such that

52 A0t =r @) + ex@alt ) + eyl 2D ) TalD) ) 90010

0
82904 (t) aQa (t)
+ 0x10%, . oxy,

(z) +

()

0xm

().

In particular, we observe for o,n € Urp, t € [0,T] and = € ¢,(U,) using Corollary , Corol-
lary B38| and Proposition [C.16}

H 9A(e) 9A(n)

oz, (t,x) — m(t,ﬂﬂ)

, < C(R)[loa — 77a||c([o,T];c3(m)) <C(R,Q,To) lle — nllg, -

Using we conclude for all ¢ € [0,T)], « € ¢o(Ua), 0,n € Ur,
7 e (520 - G 00

0Ty, 0T,

< C(Q, R, To) lle — 1llg, -
2

Moreover, we observe that (T'V) (A(o)(t, z)) — T™W (A(n)(t, z))) (8‘4(9) (t,:n)) equals

O,
(T (A2 - T (A 0) (G 0,0) ) Alo) e )
s (5000 (1 (Ak) - T (A E0).

Lipschitz continuity of g% : Ur — C([0,T]; C(¢a(Ua))) implies
1T (A(o)(t, ) — T (A(n)(t,2))ll, < C(Q, R, To) llle — nlllg,.

which allows us to conclude that for all ¢ € [0,T), x € ¢po(Us), 0, € Ur, m € {1,...,n},

& o 9A(0) 9A(n)
ij _ ij < (1) _
Gt @t.0) = 5y (e 0)| < [ (a0 (G ) - G e ) |
0A
+ e - 70 amea) (Gilen)
m 2
S C(Q, Rv TO) |||Q - 77|||]ET .
Given r,m € {1,...,n}, the product and chain rule for Fréchet derivatives imply

o (T<1> (A(0)(t,)) ((M(Q) (“)))

0T,
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- @) (5200, T 00 + 19 (a0 (552 40))

Similar arguments as before yield for t € [0,T], € ¢o(Ua), 0, n € Up, 1,1 € {1,...,n},

0? 02

; ; 0 2A(0)
“(o)(t,x) — )t z)| < ||l=— (TW (Ao)(t t
Tt (@) = 5 e < | 5o (19 (o) (Gl ) )|
U
Lemma 2.4 (Time regularity of the inverse metric). Let Ty be positive, T € (0,Tp], o € {1,...,N}
and 1,5 € {1,...,n}. There exists a constant T > % — i such that

g7 :Ur = C7([0,T];C($a (Ua))), 0 = ((t,x) = g2 (t, 05" (2)))

is well-defined and Lipschitz continuous with constant C(Q,To,€).

Proof. Lemma implies that there exists 7 > % - ﬁ such that for all p € Uy, the functions
(t,z) = o (t, 051 (2)), (t,x) — V (o(t) 0 p31) (z) lie in C7 ([0, T];C(¢a (Us))). Using the formula
for the inverse A=! of a matrix A in terms of the cofactor-matrix of A, one obtains for ¢ € [0, 7]

and z € o (Ua),

g7 (0)(t,w) = det (g8, (.65 (1)) )~ p (e (t:65 (@), V (e(t) 0 63") (2), )

with p € C?(R";C(¢a (Us))) a polynomial in the components o (t,¢5'(2)), 9; (o(t) o ¢31) (),
i € {1,...,n}, with coefficients that are time-independent and smooth on ¢, (U,). Applying
Proposition to p and K := [—R, R]"*!, we obtain

(t’x) =p (Q (t, (b;l(m)) Y (Q(t) ° ¢;1) (x)’x) € CT([OvT]3 C(¢a (Ua)))

with norm bounded by C(Q,Tp) [lo|lg,- Similarly, one sees that there exists a function ¢ €

C?(R™;C(¢a (Ua))), polynomial in o (t,¢51(x)),V (o(t) 0 ¢5') (z) with smooth coefficients in-
dependent of time such that

det (g, (.05 (2))),,) = a (0 (.05 (), V (o(t) 0 631) (2), )

which allows us to conclude that

(t,) = det (g5, (t: @0’ (2))) ) € C7([0,T]; C (¢ (Ua)))

with norm bounded by C(Q, To) [|¢l|g,.- Corollary implies that for all p € Uy, all t € [0,T]
and all x € ¢, (Uy,), there holds

det (g, (1,63 (2))) ) = 3@

Proposition [B:4] then yields
(t.) = det ((gf; (t.05"())),) ' € CT(10,T1: C (0 (Ua))

with norm bounded by C(Q, To) [|¢lllg, which allows us to conclude that g%/ is well-defined. Given
o0,n € Urp, the properties shown in Proposition [B:3] and [B-4] imply that

9% (2) = 6" Dl e (o110 3Tm))
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<C@Q To.e) [[(t:2) = (e (103" (2) =0 (62" @)l - (0210 (5
+C (T, Q) || (t.2) = ((e(t) = n(t)) © 63") (@)l - (. 11.0 G
< C(QvTO"e) H‘Q - anET .

O

Lemma 2.5 (Space regularity of the normal). Let Ty be positive, T € (0,Ty] and o € {1,...,N}.
The function

v:Ur — C([O,T];CQ(W; R”+1)), o ((t,x) — e (t,(b;l(a?)))
is well-defined and Lipschitz continuous with constant C(Q,Ty,e,0).
Proof. As in Definition we consider the n-linear mapping v : (R"‘H)n — R™*! given by
P (vl, . ,v")i ;= det (vl, . ,v”,ei)

fori e {1,...,n+ 1} and v/ € R*"! j e {1,...,n}. Then v is differentiable with

DY) (v) (v, ...,y") = o Ty I T )
( y y y
j=1
or, equivalently, for j € {1,...,n},i € {1,...,n+ 1},
61};1/)(1)):1/1(vl,...,vjfl,ei,ijrl,...,vn). (2.2)

On U := {(vl,...,v") € (R”*l)n : w(vl,...,v") =+ O} we define

1/)(111,...,1)")
F:U—=R"™, F,.. ") =T
— ) (U IREREN ) o (v,... 0"
and observe that v(o)(t,z) = F (V (f2(t) o ¢5') (z)). Then F is differentiable on U with, using
the abbreviation v = (vl, e ,v”)7

1 P(v)

0,iF(v) = 7——= | Ops (0 ) .
2 F )= ( ¥0) = (0,909 0) ||w<v>2>

Let o, n € Ur, 7 €[0,1], z € ¢o(Uy,) and t € [0,T] be given. Then

LRV 0 61 1)
1 d

= (DF) (V(f7er0m7n() 0 631) (@) - (V(7HT(1) 0 657) ()

Givenv € Ur, z € ¢po(U,) and t € [0, T, Corollary implies that there exists a constant o > 0
such that

[ (V (£ @ o ezt) @) <ot
Using Corollary we obtain that every component of DF (V (f”(t) o d),;l) (x)) is bounded by
a constant C(R,0) = C(Q, Ty, e,0). As further

L (v (frera=mn(1y 0 677 () =vp (621(2)) (V (a(t) 0 637 (2) — ¥ (n(t) 0 63" ()

ar (2.3)
+ (0 (t:05" (@) =1 (t, 65" (@) V (o0 03") (@)
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we conclude for all t € [0,7T], z € ¢o(Uy,) and o,n € Ur,

d

/0 SRV (e D0t 0 621 () dr

Ivle)e.a) ~ vt = | [ 5

< 0@ To,2,0) llea = nalle (o0 (3 m))
< C(QaTOﬂSa O') |||Q - 77|||]ET :

Furthermore, we observe that

A0)(t,2) = 5 () (1,5) (2.4)
—1 0 —1 0 —1

< ](DF) (V (£2(t) 0 631) () (axlv (720063 @) = ¥ (£7(0) 0 65) <x>)\ (2.5)

n '((DF) (V (7°(0) 0 6") () ~ (DF) (¥ (£1(0) 0 6;7) (1)) gV (77(0)06") )] - (26)

[e3%

C(Q, Ty, e,0), we obtain for every t € [0,T], x € ¢, (Uy,) that (2.5) can be estimated by

As the absolute value of every component of (DF) (V (f*(t) o ¢5') (x)) is bounded by a constant

C(Q,To,e,0) [loa — 7704”0([07T];02(m)) <C(Q,To,¢e,0) e —llg, -

The difference (DF) (V (f2(t) o ¢51) (@) — (DF) (V (f7(t) o ¢5") (¢)) in the term can be

written as

1
| 3 @R (0 0 6 @)ar

= [ @) (900 02) ) (S (VU0 0027 @) )

Second order derivatives of F' are of the form
avfava(v) = p (w(v)’ a’uj,(/)(v)7 avfw(v)7 8vl"6y11¢(v)7 ||¢(U)||_1 ) 9

where j,k € {1,...,n}, i, € {1,...,n+ 1} and p is a polynomial. It is easily deduced from (2.2))
that avlk 0,iY(v) is a bilinear expression in ¢; and e; with coefficients that are polynomial in the

components of v!,... v". Thus, for every 7 € [0,1], 0,7 € Up, t € [0,T] and = € ¢, (Uy), the
absolute value of every component of (D2F) (V (f7¢*(1=7)7(t) 0 ') (z)) can be bounded by a
constant C(Q, Ty, e,0). As further for every n € Ur, t € [0,T], x € ¢ (Us,) there holds

the identity (2.3)) implies that the term (2.6 is estimated by

0

SV (f(t) 0 65" (x)

< T
aLL’l = O(Qa 076)7

C(Q,To,e,0) [loa — 7]a||C([07T];Cl(m)) <C0(Q,Ty,e,0) e - 77H|ET :

Finally, the second order spacial derivatives of v(g) are given by

82
8wka$l v

— (D°F) (V (f2(t) 0 63") () (

(o)(t; )
0

(3'.Tk

V(70 0 65") (0) e (7710 0 057) ()
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HDF)(V (7200 0 65") (1) 5oV (720 0 657) (2.

We observe that

(D*F) (V(fe() 0 ¢a) (2)) = (D*F) (V (£1(t) 0 ¢5) ()
1
— [ @R (@) (7o) @ ) dr.

0

where third order derivatives D3F(v), v € U, are polynomial expressions in derivatives of 1(v)
up to order 3 and ||'L/J(U)||71 which are themselves polynomial in »!,...,v". In particular, every
component of (D3F) (V (f2(t) o ¢5') (z)) is bounded by a constant C(Q,Tp,e,0). Moreover,
there holds for o,n € Ur, t € [0,T], € ¢o (Ua),

” © -1 o2 0 -1
8x16xkv <f (t) © ¢O‘ ) (3?) - axlaxkv (f (t) ° ¢a ) (SL’)

SC”Qa_

”a”c([o,T];CS(%(Ua)))
< C(Q,To) e = nllg, -

Similar arguments as before then show that second order derivatives of v(g) — v(n) are bounded
in absolute value by C(Q, Ty, ¢,0) [[@ — 1]|g,.- This concludes the proof. O

Corollary 2.6 (Space regularity of second order terms ). Let Ty be positive, T € (0,Tp], o €
{1,...,N} and o € Ur. The Christoffel symbols and the components of the second fundamental
form (t,x) = a; (t, 051 (x)) are elements of C([0,T]; C*(¢a(Ua))) with norms controlled by

O l(t,2) o (1,65 () I,
Proof. Both statements follow from Lemma [2.I] Lemma 2.3 and Lemma [2.5] using

1, _1 N -1 0 (gigm,t o ¢;1) 9 (gjgm,t ° ¢;1) _ 9 (gigj’t © ¢‘;1)
Pijg (tv ¢a (SC)) - 59 ¢ (t’ ¢O‘ (x)) ( 8$j + axz (9331 (x

)

and
afy (.62 () = <W(x>,u@<t,¢al<x>)>-

O

Lemma 2.7 (Time regularity of the normal). Let Ty be positive, T € (0,Tp], « € {1,...,N} and
i,j€{1,...,n}. There exists a constant T > % — ﬁ such that

v:Ur — C7([0,T);C(¢a (Ua);R™™)), 0 ((t,2) = 0 (t. 65" (2)))

is well-defined and Lipschitz continuous with constant C(Q, Ty, e, 0).

Proof. By Lemma there exists 7 > l — ﬁ such that for all 9 € Uy, (t,2) — o (t,¢;1(x)),

(t,z) — V (o(t) o p;') (x) lie in C7([0, ( Us))). Recalling the function ¢ defined in
Definition [L.3| there holds for ¢t € [0,T], z € ¢a (Ua)

a

(

Glo(téa' (e
MWD = oo i s

with G (o (t,051(x)),V (o(t) 0 ¢31) (2),2) = ¢ (V (fe(t) o p3!) (z)). In partlcular G lies in
the space C?(R"™';C(¢q (Uy))) being a polynomial in Q( 01 (@)), O, (0(t) 0 95t) (x), i €

( (t)o ;1) (z),7)

)
)V da’) (@), )|
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{1,...,n} with time-independent coefficients depending on the reference geometry, smooth on
¢ (Uy). Proposition applied to G and K := [—R, R]rhLl yields

(t.2) = G (o (t, 05" (2)) , V (e(t) 0 d5") (2),2) € CT([0,T]; C(¢a (Ua)))

with norm bounded by C(Q, Tp) [|¢||g,.- Corollary implies that there exists a constant o > 0
such that for all p € Up, t € [0,T] and z € ¢, (Uy),

16 (¢ (t.62' (@) .V (e(t) 0 85") (2).) || > o
Thus, by Proposition @ we obtain also
(t.2) = |G (o (t.03 (@) V (e(®) 0 651) (), )| € CT(10.7):C (60 (U)))

with norm bounded by C(Q, Ty, o) [[[0ll,.- The statements in Propositionandyield further

for 9, n € C7([0,T]; C(¢a (Ua))),

Iv(0) = vl (0,110 ey < C(@ Tors ) lle = il

O

Proposition 2.8 (The first component of the nonlinear operator). Given Ty > 0 and T € (0,Tp),
the function

NT71 : UT — XT s
0 (0uf2, %) + (A2 fO, 1) + Q (A)? (Age f2,1°)

is well-defined. The norm of Nr1(e) in Xt is bounded by C(To) |[oll, -

Proof. Let o € Ur be given. Corollary shows that for all ¢ € [0,7], fe(t): M — R"*! is an
immersion and in particular, the expressions Age and v¢ are well-defined. By Proposition
it is enough to show that for all a € {1,..., N}, the function (¢,z) — Nr1(0) (¢, ¢5'(z)) lies in
X7,o. Observe that

(t,x) = (0uf2, %) (t, 05" (2)) = Do (t, 05" (x)) (v (051 (2)) w0 (t, 05" (2)))

lies in X7, as (t,2) — 0o (¢, 5 (2)) and (t,z) — 12 (t,¢5'(x)) are elements of X7, and

C ([0, T); C(gba(Ua))), respectively, by Lemma and Lemma respectively. Furthermore, we
have

(Age f9) (t, 05" (2))
2 o o -1 0 ° —1
=g et o) (TG i et 22 ),

and thus (t,2) — (Age f2) (t,¢5'(x)) € C([0,T);C(¢a(Us))) by Lemma Lemma and
Corollary 2:6] Similarly, Lemma 2.} Lemma [2.3] and Corollary [2.6] imply that

(t,x) = Q (A)g (ta (ﬁ;l(l‘)) = (29im7ggkjvgafnkafj - afjgij’gailgkl’g) (t, ¢;1(J§))

lies in C([0,T); C(¢a(Us))). Furthermore, we observe that

g 02 (Ao fo(t) o=t
(8272) (163" (@) =" (103" (@) T4 gaiigzj %) )
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g A FO(1) 0 =1
g 7 @) T (007 ) T 000

Lemma [2.1) and Corollary [2.6] yield that (¢,z) — g€ (t,¢5(x)), (t,2) — TL2 (t, 65 (x)) and
ij

every component of (¢,z) — V (f2(t) o ¢5') (z) lie in C([0,T]; C°(¢a(Ua))). Using the formula
for (Age f2(t) o ;') and the fact that for all o € Nj with |a| = 4 there holds

0 (f2(t) 0 6")
o) = o at

we conclude (t,z) = (A2f2) (t, ¢, (z)) € X1,q- O

() € Ly ((0,T); Lp ($a(Ua))) »

Proposition 2.9 (The second component of the nonlinear operator). Given Ty > 0 and T €
(0,Tp], the function
Nro:Ur = Y11, o (Agef )

is well-defined. The norm of Nr2(0) in Y11 is bounded by C(Tp) || o|lg, -

Proof. Given ¢ € Uy, Corollary [1.42[implies that the expressions Agf and v2(t) are well-defined
for all ¢ € [0,T]. Proposition |A.15} [A.46|and [C.16|imply that it is enough to check

(t, ') = (Ago f,0°) (t,o3 () € W22 ((0,T) x 00 (Va)).
Lemma Lemma and Lemma imply that the functions (¢, z) — v2 (¢, 051 (), (t,z) —

g7 (t,¢7 (x)) and (t,z) — G ERIOLT] x) lie in C°([0,T]; C?(¢(Uy))). Theorem |C.29|implies
[0 3$L

that
9% (fo(t) © é5")
axiaxj

(t,z) — () €Yi70- (2.7)

This allows us to conclude that

(t.9) = T4 (1,057 (@) = 9 (167" () <a )

9 (fe(t) 0 ¢") (x)>

0T,

lies in L, ((0,7); Wﬁ_l/p (060 (Us))) and further
(t, ) = (Age f2,102) (t, 05" () € Ly((0,T); W27 (9¢a(Ua))) -

As 0,(Va) x {0} = 0¢4(Uy) NOH™ and o, t(z") = ¢;1(2',0) for all 2/ € 04(Va), this yields,
invoking Proposition [C.23]

(t, ') = (Dgof,0°) (t,o5(2)) € Lp((0,T); W27 (0a(Va))) -
Lemma implies that there exists 7 > % — ﬁ such that

(t,x) = V (fe(t) o p ") (x) € C7([0,T); C (¢ (Ua); RUFIXM))
Combining this with (2.7]), Proposition and Proposition we obtain

(t,2) = T3 (1,051 (1) € W*77 ((0,7); Ly (09a(Ua))
and, using further the formula for the Laplace Beltrami operator,
(t,2) = (Dge f2,00) (1,05 (2)) € W7 ((0,T); Ly (960 (Ua))) -

This yields in particular

(t,2) = (Dge f,08) (05 (x) € W7 ((0,T); Ly (90 (Va)) -
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2.2 Linearisation of the graph formulation
This section is devoted to prove the following result.

Proposition 2.10 (Differentiability of the nonlinear operator). Let Ty be positive and T € (0, Tp].
The function
NT = (NT71,NT,2) : UT — FT = XT X Yl,T

with Np;, i € {1,2}, defined in Pmposition and Propositz'on respectively, is Fréchet differ-
entiable with Lipschitz continuous derivative, that is, Ny € CY (Ur, Fr) with Fréchet derivative
DNr e cot (UT, L (ET, FT))

To this end, we show existence of the directional derivative 0, Ny (v) € Frp for all v € Up and
all u € Er, linearity and continuity of v — DNr(v)u := 9,Nr(v) € Fr on Er and, finally,
Lipschitz continuity of v — DNp(v) € L(Er, Fr) on Ur. In the following, we formally derive
the candidate for the directional derivative 9, N (v), namely

8uNT(’U)(t,p) = % NT (U + 5”) (t7p) |5:0 :

The expression will be calculated pointwise for every ¢t € [0,7] and p € M. Regularity issues will
be addressed afterwards. Given v € Ur and v € Eg we let dg > 0 be so small that v + du € U
for all § € (—0dg, do). In particular,

FUrO) == o+ (v(t) + du(t) v,

is an immersion for all ¢ € [0,7] and all § € (—dp,do). All geometric quantities of (M, f%(t))
are marked with superscript v + du. The geometric expressions induced by the reference geometry
are indicated by subscript . As most of the precise expressions appearing in the linearised terms
are not relevant for the further considerations, we introduce the following notation to combine
terms of the same structure.

Definition 2.11 (Lipschitz condition of order k). Let Ty be positive, T € (0,Tp], m € N, k €
{0,1,2,3} and @ € {1,...,N}. A function

c:Up — C([0,T);C(¢a(Us); R™))
is said to satisfy the Lipschitz condition of order k if it holds for all o,n € U,

(o) — C(TI)HC([O,T];C(W;W)) < C(To)lle - 77|||]ET
and if there exists a Lipschitz continuous function
¢:[0,T] xMxRxR"x---xR"k — R™
such that for all p € U,
c(o)(t,z) = ¢ (t,x, 0a(t,2), Voot x), - ,VFoal(t, z))
Whege 0a(t) = o(t) o ¢3! and V¥, (t,x) is the vertical vector that consists of 0%, (t,z) =
9% ga

Bzfl .9z Bn
of order k, we often denote the order in superscript by writing ¢* instead of c.

(t,z) for any possible choices of 8 € N, |3| = k. If ¢ satisfies the Lipschitz condition
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Lemma 2.12. Let Ty be positive, T € (0,Tp], m =1, a € {1,...,N}, and k,1 € {0,1,2,3}. If ¢y
and co satisfy the Lipschitz condition of order | and k, respectively, then c¢; + co and cico satisfy
the Lipschitz condition of order max{l, k}.

Proof. The functions ¢; + co, cico : Up — C([O,T];C(d)a(Ua))) depend on derivatives of the
argument of order at most max{l, k}. The Lipschitz continuity of ¢; + ¢y is straightforward. The
estimate for the product ¢jcs is easily obtained using that for all o € Ur, i € {1, 2}, there holds

||Ci(Q)HC([O,T];C(m)) < C(To) llellg, < C(To)e.
O

Lemma 2.13. Let Ty be positive, T € (0,Tp], m € N, k € {0,1,2,3}, a € {1,...,N}, M € N,
B eNy, je{l,...,M} with |f7] <k and a € C(¢a(Us); R™). Then the function

c:UT%{f [0,T] % 6a(U, )%Rm}
defined by Vo
c(o)(t,z) = a(z Ilgggggggggflgl(x)

f - Oxn™

satisfies the Lipschitz condition of order k.

Proof. Proposition implies for all p € U that ¢(p) € C’([O,T];C((i)a(Ua);Rm)). Let o,n €
Ur be given. In the case M = 1, Corollary implies

3% ((o—m) o)

1 1
ox -

[e(e) — C(n)”c([o,T];c(m;Rm)) < ||a|\c(m;ﬂw)

C([O:T]§C(¢Q(U0¢)))

lo— 7I||c([o,T];C3(m))
< C(To) lle = nllg,, -

< ”ch(¢ (Ua )‘RnL)

Suppose that the claim is shown for some M — 1 € Ny and let ¢ be of the given form. Then

" ((0—n) 0 93")

M BM
9z .. 9ahn

c(0)(t,z) = er()(t, @)

with ¢; satisfying the Lipschitz condition of order k. The case M = 1 implies that ¢ = ¢jco with
both ¢; satisfying the Lipschitz condition of order k. The claim now follows from Lemma O

The following corollaries are immediate consequences of Lemma [2.3] and Lemma respectively.

Corollary 2.14 (Lipschitz conditions of the inverse metric). Let Ty be positive, T € (0,Tp],
ae{l,...,N}, and i,j,k € {1,...,n}. The functions

gij :Ur — C([Oka C(d)a (Ua))) , 0> ((tVT) = gij,g (t7 (bc_yl(x)))

Zfi (972(t) 0 65") ()

:Up — C([O,T};C(qﬁa(Ua))) , 0 ((t,x) — ai

L

satisfy Lipschitz conditions of order 1 and 2, respectively

Proof. This follows from Lemma 2.3 U
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Corollary 2.15 (Lipschitz conditions of the normal). Let Ty be positive, T € (0,Tp], o €
{1,...,N} andi e {l,...,n}. The functions

v:Up — C’([O,T];C’(gﬁa (Ua);R’”l)) , 0 ((t,x) — @ (t,gb;l(:c)))

o i . 1 0 (Vg(t) ° ¢;1)
5ot Ur = C(0.TEC@e TRR™), o ((12) o =5 =22 (@)
satisfy Lipschitz conditions of order 1 and 2, respectively.
Proof. This follows from Lemma [2.5] O

The following calculations are performed in a chart domain U,, with (U,, ¢,) € T, for given
v €Urp, u € Ep and §y = Jp(u,v) > 0 as above. For the sake of readability the composition of
the involved functions with the parametrisation ¢! is not explicitly written. In the following we
denote by ¥, k € {1,2,3}, a function defined on Ur that satisfies the Lipschitz condition of order
k as introduced in Definition These functions appear in the linearisations and may change
from line to line. Their precise form is not important. Hereby, we make use of Lemma [2.12] 2:13|
and Corollaries [2.14) and [2.15 without explicitly mentioning it. Furthermore, the coefficients may
contain terms depending on the reference geometry (M, ).

Lemma 2.16 (Linearisation of the tangential vectors).

v+ou u y
%WTJ@)@)} = 56 JEt) (p)vp(p) + ult,p) gx‘j ().

Proof. This is straightforward. O

Lemma 2.17 (Linearisation of the metric).

Ou(t)
oxt

ou(t)
oxI

5D = ¢ )t 0a() G () + ¢ (0 6u )

%gij

Proof. The formula
a v4+du t a v4+du t
guton(t, p) = < faxi ( )(p), faxj ( )(p)>

and the previous lemma imply

vou dult afv(t Qu(t af(t
ﬁgi;é (t’p)|6:0 - gx(l) <VW &rg )> * gﬂgj) <VW 3; )>

(3552 (3522,

Lemma 2.18 (Linearisation of the inverse metric).

%g”’””“(tp), sm0 = —g"”"”(t,p)gki’”(tvp)%gzrffu(t,p)| 50
= 3 )t 00 G () + ¢ ) Gulp))u )

Proof. This follows from differentiating the identity

gt (t, p)g™ I O (¢, p) = 6],

with respect to d, evaluating in § = 0 and contracting with g**" (¢, p). O
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Lemma 2.19 (Linearisation of second derivatives of the immersion).

d 82f”+5“(t) 32 O%u(t) ) ou(t) 3140 Ou(t) 81/¢, 0?v,
Proof. This follows directly by differentiating the identity in Lemma [2.16] O

Lemma 2.20 (Linearisation of the Christoffel symbols).

. D)) = () (100 (0) +ch )ag5> o

aﬂaxﬁ
()(t, da(p))ult,p).
Proof. This follows from the previous Lemmas and the formula

82fv+6u (t) afv-i—&u (t)
oriows PP T ggm (p)> '

Lo+é ,
Fijv+ u(tvp) = glm U+5u(t7p) <

Lemma 2.21 (Linearisation of the second fundamental form).

d d /o2 frtou v d [oftom
35 (05 o))y =g (T ), T 0 (Yo ow)

d ivtsu oafe(t)
dérl +4 (t,p |6 0 Bl (p).

Proof. This follows from the previous Lemmas and the representation of the second fundamental
form in local coordinates given in Proposition O

Lemma 2.22 (Linearisation of the normal).

%”Mu |5 0 ZC Pal )agg)(m+cl(v)(t,¢a(p))u(t,p), (2.8)

where c} Urp — C([O T]; C? (d),JZ (Ua); R"H)) are Lipschitz continuous with Lipschitz constant
C(Qa TO) g, 0)'

Proof. As in the proof of Lemma we study the n-linear mapping v : (R”‘H)n — Rt given
by ¥ (v!,... ,v")i :=det (v',---,v",¢;), i € {1,...,n+1}. The Leibniz formula implies that 1 is
smooth and that for allm € N, 41, ...,4, € {1,...,n+1}, j1,. .., dm € {1,...,n}, 8%1 "'3vg;31/)(v)
is m-linear in the unit vectors e;,, ..., e, with coefficients that are polynomial in the components
of v1,..., v™. In particular,

(DY) (v) (yl,...,y") = Zw (vl,...,Uj_l,yj,vj+1,...,UTL).

The proof of Proposition implies that vv+9%(t, p) = % where h(0) := (%(ﬁ))
Thus,

d Ju-tou 1 d d . .
d6 +o (t p)’5:0 ||’l/1( ( ))” ( (h(a))w:O_ <d§¢(h(5))|6_07V (t,p)>V (t7p)>
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as % = 1¥(t,p). Using the linearisation of the tangent vectors calculated in Lemma [2.16
SSU(R()) 50 = (DY) (H(O) 1 (0)
:;w (L20).... 5000, S0 A, 220 )
:jZ:; a;g) (p)y (aé;;(f) (D), ..., gj; jgtl) (p), vy (p), ?Zitl) (p),-- -, ag;ff) (p))
+ U(t,p)iw (83;;(10(19)7 ci (ZJZ(,? (p), %(p% gﬁ;(fl) (P),- - ag;it) (p)> :

Exemplary, we show that
c:Upr — C’([O,T];C2(¢a (Ua);R"H)) . U ((t,ac) — (V (f“(t) o gb;l) (a:)))

is Lipschitz continuous with constant C(Q,7p,e). We note that ¢ is well-defined due to the

continuous embedding Er.o < C([0,T]; C?*(¢a (Uys))). The Leibniz formula implies that each
component of ¥ is a polynomial in its arguments. As further

H(tax) = (t, ¢(;1(x)) ||C([07T]?C3(m)) < C(QaT(ME)

by Corollary it is straightforward to verify that c is Lipschitz continuous on U7 with values
in C([O, T]; C? (qba (Ua))) Corollary and Corollary imply that there exists a constant
C(R) > 0 such that for all v € Up, t € [0,T) and z € ¢o, (Ua),

o < lle(w)(t.2)] < C(R).

On the compact set Be g (0) \ Boy,y(0), the function p : y — ||yH_1 is smooth and, in partic-
ular, all its derivatives are Lipschitz continuous. Thus, the map (¢,z) — p(c(v)(t,x)) lies in
C([0,T);C*(¢a (Ua))). Furthermore, for all v,w € Uy, t € [0,T], x € o (Ua), there holds

[p (c(v)(t,2)) = p(c(w)(t, 2))| < L(e, o) [le(v) (¢ x) — c(w)(t, 2)]|
< L(g, o) [le(v) = e(w)

HC([QT];C(‘ba(Ua)))
< C(Q:To,&,0) [lv — wllg, -
The first and second order derivatives of p (c(v)(t,x)) — p (e(w)(t,x)) can be estimated with the

fundamental theorem of calculus using that for all p € Ur, t € [0,T], € ¢ (U,) and k € N, all
components of (D*p) (c(o)(t,z)) are bounded in absolute value by a constant C(e, 7). O

Lemma 2.23 (Linearisation of the velocity).

05 (0TI (4) = Bt ) 4, (p), " (0.)
#00(t0) Y- (1) (1. 00(0) G () + 10) (1 ) ult ) )

=1

Proof. This follows from the previous lemma and the identity

f 0 (¢, p) = (Bro(t, p) + 00u(t, p)) vy (p) -
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Lemma 2.24 (Linearisation of the mean curvature).

S5 (s P00 (,0)) =0 00) o) ) (550 0) - T 0. G )

n
Ju(t
£3°60) (1000) 28 () + 2(0) (. 0 (p) ult.p).
i=1
where second order derivatives of v appear only linearly in the coefficient functions c*(v), c¢2(v).

Proof. Observe that

d v+du | v+du d v+du v
£<Agv+5uf +o yV o >(tap)|5:0 :<C16A9”+5“f o (t7p)|5:0vy (t7p)>

(BT e ), )

AS A orsa fOTOU = gidwtdugViou utdu the Jinearisations in [2.16] [2.18 [2.19| and [2.21] imply
g (%]
d v+ou v
EAQ"’*‘MJC (tup)|5:071/ (tap)

d B B d 82fv+6u( )
— — qijvtdu v ij,v el v
57 (t,p)’é=0 ag;(t,p) + 97" (¢t p) <d5 ( it (p)>|6_0,u (t,p)

i v d [ofrou(t) v
g (T (1) <d§ () i (t,p>>

2U
=9 00) a0 ) (g ) = T ) 0 ) + 30 0) (1 0n) T 0

+c? (v) (t, da(p)) ul(t,p) -

We observe that second order derivatives of v, appear only linearly in af;(t,p), I‘é’jv(t,p) and
g (t.1). .

Lemma 2.25 (Linearisation of Q(A)).

QAT D)y = D ) (0a(0) () + - ) (1 6ul) S )
ij=1 i=1

+ () (¢, da(p)) ult,p) .
Proof. The expression Q(A)"T%" is given by the formula

Q(A)U+5u — 29zm U+6ugkj,u+5u :;jkﬁuafj+§u _ % (Hv+6u)2

The claim follows from the linearisations in the Lemmas[2.18] [2.21] [2.22|and [2.24| using H* %% =
<A vrau 08, U+6“> and a””“ = <a7¥.+5“y”+5u y“+5u> O
ij ) .

Lemma 2.26 (Linearisation of the leading order term).

3 (85 m ) ),

= (vo(p), " (t,p) AZou(t,p) + D 5 () (£ ¢a(p) D ult,p) + ¢ (v) (¢, 6a(p)) ult, p)

1<|81<3
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where the expression c*(v) comprises terms of the form
> eh(w)va + E(v). (2.9)
|B]=4

Proof. Using the linearisation of the unit normal we obtain

L (St ), =( (AWW ) )

+Zc 600) 20 () 4 4(0) (1,00 ) u(t. )

with terms ¢*(v), ¢}(v) of the form (2.9). The identity

2 grv+ou v+du
L(t)( ) — pl_xP+5u(t7p)aH(t)(p)>

A2v . v+5ut — i, vt+0u t i i
gron ] (tp) =9 (tp) Ox'0x Ox!

implies using the linearisation in Lemma [2.18]

<d5 (A2u+6ufv+5u(t p))| _anv(tap)>

= <A <§§Hv+6“(t p |5_0> 7yv(t,p)> + %gij,wéu(t,p)b:o <gl{;gj) (p),V”(t,p)>
= (8 (GH 0L, ) >+Zc 6a(0) 20 (1) 4 4(0) (1 600)) it p)

with coefficients ¢*(v), ¢}(v) of the form (2.9). Observe that

0 d rrotsu . 0 /d . uisu ,
<8I’ld5H - (t’p)|6:0’y (t,p)> a l < H o ( )’5:07V (tvp)>

d ov
- <d5H”+5“(t P|s_o 8x(l )(p)>

where

<§5HU+M( )|5—0’(w(p)> = &) (t dalp)) axzagﬂ +ZC 8595? (p)

+c? (v) (t, Pa(p)) ult,p) -

The calculations in Lemma [2.22] and [2:24] imply

SHLp) = a0 (0) 2 (DAl ) + D E0) (0(5) T (0

+ Cz(v) (t, 0o (p)) u(t, p),

with second order derivatives of v, appearing linearly in the terms ¢?(v) and c?(v). Hence, we
obtain

15,V v 0 d v+ou v
$ T 00) (o g ) )

= (s (0 (6)) 4 (0, P)T (6:1) 5 (B gy, )
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F 300 (1 600) oA () + 3 (o) (000 (0) T (p) + ¢(0) (1, 6 (p)) )

%

Finally, we observe

ij,v 82 d v+du
< ) g (5 <t,p>|50) >
6 0 d
ij,v & pyv+du
ij,v 0 d v+du
-9 / (tvp) <8xJ (daH (t?p)|5=0) ’ 8.’El p

2 3U
:<v@<p>,u”(t,p»giﬂ"v(t,p)%<A; Z 210, 6a () 5 )
du(t) 4
30 ) (tbalp) axzaﬂ +Zc ba(p)) 5~ (p) + ¢'(v) (t: 6a(p)) ult, p)
,j=1

The fourth order coefficient functions ¢*(v), ¢}(v) are of the form (2.9) as second derivatives of v,
appear linearly in the linearisation of the mean curvature vector. O

We now investigate the regularity of the formal expression %NT (v 4+ du) (t,p)5=0-

Lemma 2.27 (Gateaux differentiability of N 1). Let Ty be positive, T € (0,Ty], and N1 be the
operator defined in Proposition . For allv € Uy and all u € Ep there holds 0,Np1(v) € Xrp
where

d
— N1 (v +6u) (¢, p)

auNTJ(U)(t,p) = d(5

|5=0

fort €10,T) and p € M. Here =Ny (v+ du) (t’p)’(;:o refers to the formal expression obtained

by composing the terms computed in the preceding lemmas. Moreover, for all v € Ur, the map
Er 3w+ 0y,Nr1(v) € X is linear and continuous.

Proof. Let v € Up and u € Ep be given. To show 9, Np1(v) € Xp, Proposition implies that
it is enough to prove for all « € {1,..., N},

iNT,l (v+ du) (t, (b;l(x))

(t.2) = DN () (165 (@) = -

|6:0 c XT,a .

As va(t,x) :=v (t, 95" (z)) lies in Ur,q, Definition implies that all coefficient functions of the
form c*(v) with k € {0, 1,2, 3} satisfy

(t,z) — ck(v) (t,z) € C([O,T];C(d)a(Ua))).

Moreover, Lemma implies (t,z) — v¥ (t,¢5' () € C([0,T);C(¢a(Ua))). As Er,, embeds
continuously into C([O, T);C3 (¢ (Ua) ) Lemma [2.23| implies

(ta) > =

35 () (4,61 @) € X

Similarly, Lemma implies

(t2) > S5QUAH (16,2 @),_, € C(0.TC(@al00)).
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Using Lemma[2.1] Lemma[2.3] Lemma[2.5] Corollary[2.6]and the expression derived in Lemma[2:24]
one observes

d B -
(ta I) = 5 <Ag”+5“fv+6ua VU+6u> (ta ¢a1(x)) |6:O € O([Ov T]7 C(¢@(U@))) .
In the proof of Proposition it is shown that

(t2) = QA) (1031 (2)),  (t,2) = (Age f7,0°) (t, 65" (2)) € C([0,T;C(¢a(Ua)))

which allows us to conclude that
d v u — v u v u —
(t,.T) = ﬁQ(A) +o (ta ¢a1(x)) <Ag“f +o yV +o > (ta ¢a1(x)) |5:O € XTyll .

As fourth order derivatives of v, and u(t) o ¢! appear only linearly in the formula derived in
Lemma with coefficients in C'([0,7]; C(¢a(Us))), we obtain

(t,2) > ;6 ({2 presnpoeon) (t,¢;1(x)))| € Xra .

This shows that 0, N7 1(v) lies in Xp. The formulas in local coordinates show that 0, Np1(v) is
linear in u. Continuity of u — 0, Nr,1(v) € X7 on Ep follows from the above reasoning using once
more Proposition and the following estimate for f € X1, and g € C’([O, T]; C(qﬁa(Ua))),

1fallxy. < 1Fllxy . ||9||c([o,T];c(m)) :
O

Lemma 2.28 (Gateaux differentiability of N o). Let Ty be positive, T € (0,Tp], and Nr2 be the
operator defined in Proposition . For allv € Uy and all w € Ep there holds 8,Nr2(v) € Y11
where

d
ﬁNT,Q (U + 5U) (t7p)

fort € [0,T] and p € OM. Here %NT’Q (v +0u) (t,p)|s=0 is the formal expression obtained by
composing the terms in the preceding lemmas. Moreover, for all v € Ur, the map Ep 3 u —

OuNr2(v)(t,p) := |5:0

OulNT2(v) € Y11 is linear and continuous.

Proof. Let v € Uy and u € Ep be given. To show 9,Nr2(v) € Y7, Proposition
and [C-16] yield that it is enough to prove

(t,z") = Oy Nr2(v) (t, 0’;1(.1?/)) IS W;/Z_l/“p’Q_l/p ((0,T) x 04(Vy)) -

Lemma and Lemma imply that (¢,2) — g3 (t, 65" (x)) and (t,2) — v* (t, ¢, (2)) lie in
C([0,T]; C*(¢a(Ua)))- Theoremyields

0? (u(t) o ¢;1) 0? (U(t) © (b&l) 1/2—1/ap2—1/p
2.10
Furthermore, Proposition yields that (¢,z) — u (t,cb;l(x)), (t,z) — v (t,qb;l(:v)), (t,z) —
V (u(t) o ¢3') (z) and (¢, z) — V (v(t) 0 ¢31) (z) lie in C([0,T]; C?(¢a(Ua))).
As the product of functions f € C([0,T];C?(¢a (Ua))) and g € Ly((0,T); W, Wy~ l/p((‘?(ba( Ua)))
satisfies fg € Lp((O T); W, 2 /r (6¢a a))), Lemma [2.24
d
T

allows us to conclude that

(t,2) = 0uNr2(v) (1, 67" (B s () (637 (@) v (2,05 (2) )

|5=0
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lies in L (0, T); W27 (06 (U))). As 0a(Va) x {0} = 06 (Us) NOH™ and o (2') = ¢7 (2", 0)
for all 2’ € UQ(VQ), Proposition |C.23 m yields in particular

(t,2') = 0uNr2(v) (t,0,(2")) € Lp((0,T); Wy /7 (0a(Va))).

To show that (t,z) — 0, Nr2(v) (£, 05" (")) lies in W;/271/4p ((0,7); Ly (04(Vy))) it is enough to
prove
(t:2) = 0uNro(v) (1,05 () € W7 ((0,T); Ly (060 (Ua)))
since o4 (Vi) x {0} C a% ( o) and o () = ¢! (2/,0) for all 2’ € o, (V). Lemma [2.2] implies
that there exists 7 > 1 — @ such that for all ¢ € {1,...,n}, the functions (¢,z) — u (¢, o5 (),
“1 a(u(t)op ") a(v(t)os ")

(t,z) = v (t, 05 (2)), (t,x) — ——5z— () and (t,x) = ——5,—— () are elements of the space
C7([0,T];C(¢a(Ua))). The precise arguments can be found in the proof of Lemma [2.30| below.
According to Proposition all terms in 0, N7 2(v), that contain derivatives of u and v of order
at most one, lie in C7([0,T]; C(¢a(Ua))). As second order derivatives appear only linearly in

O0uNr2(v), the property (2.10)) and Proposition yield
(t,2) = 0uNr,2(v) (8,65 () € W74 ((0,T); Ly (900 (Ua)) -

This shows that 9, Nr2(v) lies in Yy 7. The representation of 9, Ny 2(v) in a boundary chart
(Uqs ¢q) is linear in w which implies that the map Ep > u + 9,Np2(v) € Y7 p is linear. The
continuity of this map follows from the arguments above and Proposition using the respective
estimates in Theorem [C.29] Proposition Lemma [2:2] Proposition [C.31] and the Banach
algebra property of C’T([O7 T; C’(gba(Ua))). O

To prove Lipschitz continuity of v — DNr(v) with a constant independent of T € (0,Tp] we
consider the norm || - ||z, on Er. Given a Banach space X and an operator 7" € L (Er, X) we
define

‘HT|”L(]ET,X) = Sup [Tz x -
u€Er, llull, <1
Lemma 2.29 (Lipschitz continuity of DNy 7). Given Ty > 0 and T € (0,1, the map
DNr1: (Ur, - llg,) = (£ Ez, X2) s - Nl xn)
V= DNTJ(U) = (U — 8u]\fT,l(’U))

is Lipschitz continuous with Lipschitz constant C(Q,Tp,€).

Proof. Let v,w € U, u € Ep and o € {1,..., N} be given. Proposition implies that it is
enough to show

[(t, ) = (DNz.1(v)(u) = DNra(w)(w) (£ ¢a' (@), . < C(T0) llva — wallg,, , llualle,. -

where v, (¢, ) ( ) and analogously for u, and w,. All terms that need to be estimated
are given in Lemma - 2.:26] To estimate these expressions we observe that for f € X7, and
g € C([0,T];C(¢a(Ua))) there holds

19l xr, < Ifllx,, \\9\\0([07T];c(m)) :

Furthermore, Corollary implies for all functions f, € Er 4,

||fa||c([0 TJ; Cs(¢a(Ua )) < C(TO) |||fl)é|||]ET ol
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The terms coming from the linearisation of the velocity in Lemma [2.23] are of the shape

Drua(t @) (c'(v) = ! (w)) (t,2)

+ 0; (Vo — wa) (t, ) (Z ct(v)(t, x) aa“

«
s
i=1 v

(t,x) + ' (v)(t, 2)uq(t, 33))

+ 8twoz(t> $) (Z (Czl (’U) - C% (w)) (ta $) aaua (tv l‘) + (Cl (U) - cl (w)) (tv x)ua(tv x)) .

i=1 i
Using Definition [2.11] these terms can be estimated in X7, by
C(To) [0ruall x,, llva — wallg,,, + C(T0) [0 (va — wa)ll x,.., WVallg,, lluallg,. .,
+ C(Ty) Bl Mo — wallgy  ltalls, . < C(To, @) llea — wall lluallg, .

where we used that the norms [|vallg, , llwallg,  are bounded by a constant C(Q,¢) for all
v,w € Ur. Lemma [2.24] 2.25] and [2.26] show that the remaining terms are of the shape

Z (C%(’l}) - c%(w)) (t, ) DPuy (t, )

0<|B|<4

n %—:4 (3 (v) — (w)) (t,2) D vq(t, ) ua(t, )

+ lﬁzl_:ﬁ; (3 (v) = &3 4(w)) (t, ) DPvq 1, 7) 881;'2“ (t,)
+ g;; c(w)(t,x) (Do — D wy) (¢, )ua(t, )

+ w%i & (w)(t,x) (DPva — DPw,) (t, @) g“;‘: (t,z).

Using the arguments stated above and again Definition all of these terms can be estimated
by C(Q, To, &) [lva — walllg,. ., llallg,.., - O

Lemma 2.30 (Lipschitz continuity of DNy ). Let Ty be positive and T € (0,Tp]. The map
v +— DNpo(v) = (u OuNr2(v)) € L(Ep,Y1r) is Lipschitz continuous on Ur with Lipschitz
constant C(Q, Ty, €, 0).

Proof. We refine the estimates and arguments performed in the proof of Lemma [2:28 We first
show for v, w € Uy the estimate

IDN72(v) — DNt 2(w) < CO(To, Qe,0) lv —wllg, . (2.11)

e ., (00w 0an)

Proposition and the arguments in the proof of Lemma [2.28| imply that it is enough to show
for every boundary chart (Uy, ¢o) € T,

||(t,217) — (8uNT,2(’U) — 6UNT72(UJ)) (t, d);l

<C(Q, To) [lulle,. llv = wllg, -

(x)) HL,, ((o,T);WIf’l/”(am(Ua)))

The proof of Lemma implies for v € Ur, t € [0,T], x € ¢o (Ua),

8uNT,2 (U) (t, d);l (l‘))



64 2 Graph solutions to the Willmore flow with Navier conditions

=00) (1.0 @) (e 05 @) 00 (67" ) TG0 (212)
= g"(0) (t,65" (@) (o (¥ (@) w(0) (£, 65" (@) T (£ 03 () W(m) (2.13)
g (07 (@) g o (67 () (214
(B0 (61 (@) g5 (102 0) g ) (2.15)

Moreover, we recall that given f € C([0,T];C?(¢a (Ua))), 9 € Ly((0,T); W, Wy~ 1/p(8¢a( Ud))),
there holds fg € Ly ((0,T); Wy~ /" (94 (Ua) )) with

Hfg”Lp((o,T);W,?*l/P(am(UG))) < ”f”c([o,T];C%m)) ”gHLp((o,T);Wﬁ*l/P(am(Uu))) ’

Furthermore, Theorem yields for all ¢ € Er the estimate

0 (o(t) © ¢a")

(t,l‘) = 6%18.%']

(@) C(Q. 7o) llells, -

Ly (0.1 W7 /7 (06a(Ua)))

Given v, w € Ur we estimate the terms in the difference 9, Ny 2(v) — 0, N1 2(w) in the space
zg = Lp((O,T);Wprl/P (0¢a (Us))). Lemma and Lemma imply that the expression
corresponding to (2.12)) can be estimated by

(H(gij(v) - Qij(w)) <(ch © ¢;1) >Hc ([0,71;¢2(¢a(Ua))
82 uqu
37)181‘]

)
+||gij(w)<(’/w°¢;1) v(v) —v(w >Hc ([0,7;C2 ($a(Ua))) ) ’

Z
< C@Q R, To) lv = wllg, (Nlvlle, + llwlle,) llulle, <@ To,e) v = wls, llulle,

Asforve Ur,

Fi;j (t,qﬁ;l(x)) _ glm,v (t,qﬁ;l(x)) <6 (fvétq);ioaf;; ) (1') (1’)7 0 (f“(t) o ¢; ) ($)> ,

0xm
and further,
0% (f*(t) 0 ¢a") )
t —_— v (t, b,
aty (1,65 (@) = < T @) (107 @) )
Lemma and imply that also the terms corresponding to (2.13]) and (2.14)) are estimated by

C(Q,To,e) [lv = wllg, lullg, -

Finally, Lemma implies that the term corresponding to (2.15]) is of the form

- 2 (v(t) o ¢ 2 (w(t) o ot u(t) ot
> ( )0 D208 () o g, LA 2 )<x>> ulllode) )

i b=l ijk 81:1-8;13]- t 8@695]- afﬁk
n 82 t) o —1 82 t) o —1
+ Z (C’}j(v)(tﬂm)w(m) — c}](w)(t,x)(zgi)a;a)(xo u (t,qb;l(x)) ,
=1 i i

(2.16)
where the functions c¢jj, ,ci; : Ur — C ([0,T];C?(¢a (Ua))) are Lipschitz continuous with con-
stant C(Q,To,e,0). The arguments above yield that the expression (2.16]) can be estimated in
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Ly ((0,T); Wy~ /*(8¢a (Us) ) by C(Q,To.e,0) v — wllg, |lullg,. This implies the validity of
estimate (2.11]). To show for v,w € U the estimate

DN 2(v) — DNT,z(w)|||£( ) S C(Q,Tv,¢e,0) flv = wllg, ,

Er,W,/* /"% ((0,1); L, (9M)

the arguments performed in the proof of Lemma imply that it is enough to show for all
u € Ep,

||(t, z) 5 (0uN12(v) — OuNr2(w)) (t, 5"

<C(@Q,To;¢,0) [[ullg, llv = wllg, -

(.’E)) HW;/271/4p((0)T);Lp(a¢L!(U(Y)))

To prove this we observe that Theorem [C.30] implies for all p € Er,

9? (o(t) 0 9, )

(6:0) 5 =5 = (@) € W/ (0,T)s Ly (06 (Ua)
with norm bounded by C(Q,To) [[o|lg, - Moreover, Lemma implies that there exists a con-
stant 7 > % — ﬁ such that for all i € {1,...,n}, o € Er, the functions (¢,z) — Q(t,¢;1(x)),

° -1
(t,x) — %ﬁa)(z) are elements of the space C7 ([0, T]; C(¢a(Ua))) with norm bounded by

C(Q,To)|lellz, - As second order derivatives of u and v appear only linearly in 9, Nt 2(v), Propo-
sition and imply that it is enough to show that for u € Ex, and v € Ur, the expression
duN12(v) (t,051(x)) is of the form

3uNT,2(U) (t, qf);l(x)) :fij (U) (t, ¢;1(x)) W(I)
o hk:,ij (U) (t, QS(;l(ll?)) 0 (g(li)aom;bc_v )(:17)8 (U(ta)xc;(b; )(.Z’)
— W) (15" (@) W() (.03 ()

with fi p% hi o (Up, || - llg,) = C7([0,T]); C(¢a (Us))) Lipschitz continuous. This follows
from the formulas (2.12)— (2.15]), Proposition and and Lemma and O

Proof of Proposition[2.10 The statement in Proposition [2:10] follows combining Lemma [2:27]

Lemma [2.28] Lemma [2:29 and Lemma [2:30} O

2.3 Well-posedness of the linearised graph formulation

In Section 2.4 we show existence of solutions to the graph formulation with the help of a contraction
argument and well-posedness of an associated linearised problem. To this end we consider the full
linearisation of the operator Ny = (Np 1, Nr2) defined in Proposition around the reference
geometry ¢ : M — R"*! which corresponds to

DNT(O) = (DNT,l(O),DNTVQ(O)) eL (]ET,XT X Yl,T)~

In the following we show that this leads to a system of the following form

(O + A)u = Opu + Agwu + lower order terms inu = f in [0,7] x M,
Biu = Ay, u+ lower order terms in v = hy on [0,T] x OM ,
Bou=u =hy on [0,T] x OM,

u =g on {0} x M.



66 2 Graph solutions to the Willmore flow with Navier conditions

2.3.1 Preliminaries on the linearised operators

In this subsection we collect some important properties of the operators appearing in the linearised
graph formulation.

Definition 2.31 (Linearised operators). Let Ty be positive and T € (0,7p]. We define A €
L (ET,XT) and B; € £ (]ET,}/LT) by

A = DNT71(0) — 8t B
Bl = DNT,Q(O) .

Corollary 2.32 (Linearised interior operator in local coordinates). Given Ty > 0, T € (0, Ty] and
a €{l,...,N} there exist smooth functions

B0 0 Bat,dg a0 by’ € C%(a(Ua))

such that for all w € Ep and almost every t € (0,T), x € ¢o (Uy),

(Au) (t, 67" () = D cpa (¢’ (2)) D7 (u(t) 0 63") (x)

|Bl<4
A £ 3 o (632(@)) D (u(t) 0 63") (&)
1B]<3
where D =i (y,,...,0,,)" .
Proof. This follows from Lemma O

Corollary 2.33 (Linearised boundary operator in local coordinates). Let Ty be positive, T €
(0,To), a € {1,...,N} and c; , := c;(0), ¢, := ¢*(0), i € {1,...,n}, be the functions appearing in
Lemma (2.2 Then forallu € Ep, x € ¢ (Usy) NOH™ and t € [0, it holds

(Buu) (t, 65" (1)) = Ag,u(t) (65" (0)) + D _ () aa“if) (@0 (@) + cal@)u (t, 65 (2)) -

i=1

In particular, there exist coefficient functions

bya 0 by € C®(da(Ua))

such that for x € 0¢q(Uy) NOH™ and t € [0, T,

(Bu) (t = > bya (62" (@) D7 (u(t) 0 ¢31) (x)

lv|<2

where D := i(@wl,...,ﬁwn)T. Givenu € Ep, a, € {1,...,N}, g€ U, NUgNOM andt € [0,T],
then it holds

(Bru) (t.9) = Y by.a(@)D7 (ult) 0 65") (da(a)) = D bys(q)D7 (u(t) 0 ¢5") (d5(q)) -

lvl<2 ly|<2

Proof. This is a direct consequence of Proposition and Lemma using that the mean
curvature is independent of the choice of coordinates. O
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Definition 2.34. Let Tj be positive and T' € (0,Tp]. For o € {1,..., N} let cg o be the coefficients
in Corollary We define a differential operator on the interior of ¢, (Uy,) via

Ay (x, D) = Z 8 (gb;l(a:)) D?
|B]<4
where D := i (0y,,...,0.,)" .

Proposition 2.35. Given o € {1,...,N} and

N € Bz := W, ((0,T); Ly (¢a(Ua))) N Ly ((0,T); Wy (¢a(Ua))) ,

the function
(Aana) (t, ) == Ao(z, D)o (t, )

lies in X1 o and the hereby induced operator Ay : Er o — X7 4 is linear and continuous.

Proof. For almost every ¢t € (0,T) it holds 7 (t) € W, (¢a(Us)). As the coefficients g7 are
uniformly bounded on ¢, (U, ), we obtain for almost every t € (0,7),

z = Ao (, D)na(t, z) = (Aana)(t,©) € L, (¢a(Ua)) -

To show that Aune @ (0,T) — Ly (¢a(Us)) is strongly measurable, we consider a sequence of
simple functions f, : (0,7) — W, (¢a(Us)) such that for almost every t € (0,7) it holds
£ (@) = na @)l (s, .)) — 0 as n — oo. Then we observe that

[(Aafr)(t) — (Aana)(t)Hip(%(Ua)) < C(Q) |Ifn(t) — na(t)Hgvﬁ(%(Ua)) =0

as n — oo. As further

T T
| )OI 00y 9 CQ) [ IO,y 3 < OQ s,

we obtain Ayne € Xr,q. Linearity of Ay : Er o — X7, follows immediately from linearity of A,
and the above estimate implies that A, is continuous. O

Definition 2.36. Let T be positive, T' € (0,Tp], o € {1,..., N} and b, be the coefficients in
Corollary - We define a differential operator on ¢, (U, ) via

Bio(z,D) =Y bya (¢

[v[<2
) T
where D :=i(0gy,...,0z,) -

Corollary 2.37. Given Ty > 0, T € (0,Tp], u € Ep, o, 8 € {1,...,N}, ¢ € U, NUg NIM and
t € (0,7, there holds the identity

(Bru) (t,9) = Bua (¢a(a), D) (u(t) 0 ¢51) ($a(a)) = Bu,p (63(0), D) (u(t) 0 ¢5") (¢5(a))

and in particular it holds for any g € OM, t € [0,T],

(Biu) (t Zwa )Bi.a (da(q), D) (ult) 0 65") (¢a(a))-

a=1

Proof. This is a direct consequence of Corollary [2.33] O
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Proposition 2.38. Given a € {1,...,N}, Ty >0, T € (0,Tp], and 1o € E7 o the function
(Bl,ana) (t; x) = Bl,a($7 D)na(t7 m) ) t E (0) T) ) X E a¢0¢(Ua) )
lies in Y114 := W;/Zfl/‘lp’%l/” ((0,T) x 004(Uy)) and the hereby induced operator By o : Ep o —

Y110 15 linear and continuous.

Proof. Let 14 € Ep o be given. As int¢o(Uy) is a smooth domain in R™ with boundary given by
0 (intgo(Uy)) = 0¢a(Uys), Theorem implies for all v € Nf with || < 2,

8777(1 € Yl,T,oz

with [|07nally, .. < C(To) [Inallg,. .- As the coefficient functions are time-independent and
smooth, one readily checks that Bj 41, lies in Y] 7 and HBLanaHYLTﬂ < C(Tp) H|77Q\HETﬂ with
constant C(Tp) depending on the coefficients that are expressions involving the geometry of (M, ).
In particular, By o : Er o = Y1,7,o is & continuous linear operator. O

Proposition 2.39. Given Ty >0, T € (0,Tp], a € {1,...,N} and ny € Ep the function
(B2,a77a) (t,z) :==na(t,x), te(0,T7), v € 0pa(Ud),
lies in Yoo = W;_1/4p’4_1/p ((0,T) x 004 (Uy)) and the hereby induced operator Ba o : Ep o —

Yo 1o 18 linear and continuous.
T,

Proof. Let 1, € Ep 4 be given. Theorem [C.30] implies

Ba,anla = (1a)jpq € Y2,1,a

with [7ally, . . < C(To) [Inallg,. - In particular, Ba o @ Ero — Y21, is a continuous linear
operator. O

Proposition 2.40. Given Ty, > 0, T € (0,Ty] and u € Eg, the expression Bau defined by
Bou(t,q) = u(t,q) fort € (0,T), g € OM, lies in Yoo := W;_1/4p’4_1/p ((0,T) x OM) and
the hereby induced operator By : Er — Yo 1 is linear and continuous.

Proof. Let u € Er be given. To show Byu € Yz 7 Proposition [C.16] implies that it is enough to
check for all o € 7,

(t,2) = (Bau) (t, 05" (2')) € Wy /472 ((0,T) x 04(Va)) - (2.18)

The function (t,) — ua(t,z) := u (t,¢5"(x)) lies in Ep o with [[uallg, < C(Q)||ullg,. Using
the results in Proposition , we obtain B quq € Yo7, with the estimate \|Bg7aua||y2 e S

C(To) lluallg, .- Observing that d¢a(Ua) N OH™ = 04 (Vo) x {0} and o " (2') = ¢ (2',0) for
all 2’ € o, (V,), Proposition implies (2.18]) as for ¢ € [0,T] and 2’ € 04(Va),

(Bau) (t,0,"(2)) = Baaual(t, (2/,0)).
As (V,,04), @ € J, is a normal covering of M, we obtain

”BQUHYZT < C(Q) Z H(t,:tl) = (B2u) (t70;1(xl))||p)1,1/4p,4,1/p
acJ

<CQ Y IBoatially, . < CQ.T) Y Nualls, . < C@Q.T0) llull, -

aceJ acJ

The mapping Bs is obviously linear on Ep. This completes the proof. O
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Proposition 2.41 (The linear compatibility operator). Let Ty be positive and T € (0,Ty]. The
operator

QT : XT X Yl,T X YQ,T X XO — WE*S/P(aM) X W;)Lis/p(aM),
N
Gr (f, hi,ha,uo) (q) == Z Va(Q)Br,a (¢a(q), D) (uo 0 ¢3") (dalq)) — h1(0,q),
a=1

G7 (f,hn, ha,uo) (q) = uo(g) — h2(0, q)
is linear and continuous. In particular, Fr := ker Gy is a closed linear subspace of the space
XT X Yl,T X YQ’T X Xo.
Proof. Let (h1,ha,u0) € Y17 X Yo 1 X X¢ be given. Proposition implies
(t,a') = by (t, 05" (2))) € W27 420 ((0,T) x 0(Va))

and Proposition yields hy(0) oot € Wp275/p (0a(Vy)). This yields hi(0) € ngs/p((“)M).
Analogously, one obtains hy(0) € Wy =/ ?(OM). Theorem implies for all § € Nj with |3] < 2,

(97 (w0 63")) g0y € Wi 777" (90a(Ua)) (2.19)

From this we immediately obtain ugoo; ! € W, e (04(Va)) which yields that G2 is well-defined.
As the coefficients b, o o ¢ ' are smooth on ¢, (Uy,), we conclude that

o' o (05 (27,0)) Bra((a',0), D) (uo 0 65 (2, 0))

lies in W, —/ (00 (V). Lemma applied to the manifold M with localisation system
(Vaa OasPa © L) yields

0 Ya(@)B1a (6a(q), D) (uo 0 651) (dalq)) € W27 (OM).

This shows that Gr is well-defined and linear. The continuity follows from the estimates shown in

Proposition Proposition[B.35 Theorem[C.27] the arguments in Lemma[C.14] Proposition
and Lemma O

Definition 2.42 (Linear compatibility conditions). Let T; be positive and T € (0,Tp]. Given an
initial datum ug € X we say that a tuple (hq, he) € Y11 x Yo satisfies the linear compatibility
conditions with respect to g if for all f € X it holds (f, hy, ha,ug) € Fp, that is, for all ¢ € OM,

N
Z wa(Q)Bl,a (¢a(Q)a D) (UO o gf);l) (¢Q(Q)) = hl(O, q) , (220)
uo(q) = h2(0,q) - (2.21)

In particular, we have

Fr ={(f, h1,ha,u) € Xr x Y10 X Yo x X : (h1,ha) satisfies the linear compatibility

conditions with respect to ug} .

Proposition 2.43 (The linear operator). Let Ty be positive and T € (0,Ty]. The operator

0y + A
LT : ET — ]FT7 LTU = Bl u.
B
lt=0

is well-defined, linear and continuous.
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Proof. Proposition [C.I1] implies that to show uj;—o € Xo it is enough to prove
e (0,05 (2)) € W™ ($a(Ua)) = Xo,a -

By Proposition (t.z) = ua(t,x) == u (t, o5 (x)) lies in By o = Wi ((0,T) X ¢a(Us)) and
Corollary implies z — 1, (0,2) € Xg,o with
[z = ua(0,2)]x, , < C(T0) llullg,., -

In particular, uj;—g lies in X¢ and the norm estimates in Proposition and imply

N N
=0l x, < C@Q) D 1(wa) 0] x,.. <C@ To) D llualls,. < CQ To)llullg, -
a=1 a=1

Combining these considerations with the results in Lemma[2.27, Lemma [2.28 and Proposition [2.40]
we conclude that Ly : Ep — X7 XY 7 xY5 7 x X is well-defined, linear and continuous. It remains
to show that (Biu, Byu) satisfies the linear compatibility conditions with respect to u—g. As E7
embeds continuously into C([O,T]; % (¢a(Ua)))by Proposition spacial differentiation and
temporal evaluation of u, can be interchanged. Corollary then yields for any ¢ € OM,

M=

(Blu) (07Q) = wa(Q)Bl,a ((ba(Q)aD) ua(o) ((ba(Q))
a=1
N
= Z T/Ja(q)Bl,a (¢a(Q)a D) (U\t:o © ¢;1) (¢a(Q)>
a=1
which shows G} (L7 (u)) = 0. The identity is straightforward. O

2.3.2 Existence and uniqueness in the chart domains

To prove that the operator Lp : Ep — Fp is invertible, we consider the associated boundary value
problem in the chart domains. To show that this localised problem admits a unique solution in the
space Er ,, we use [I36, Theorem 5.4]. To this end we need to verify that the localised operators
satisfy the conditions listed in [I36, §1]. We note that Theorem and Proposition imply
that the spaces used in [I36] are equal to the ones used in this thesis with equivalent norms. In the
following we let (Uy, ¢o) € T be an interior or boundary chart. The theory in [I36] is formulated
for systems of parabolic equations. This becomes crucial when considering the elastic flow of
networks in Part E As we are concerned with a scalar equation, the numbers s; and ¢; introduced
in [I36], §1] are not essential. However, it is readily checked that with the choice s1 = 4, t; = 0
and b = 2 our problem fits the situation considered in [136] §1]. One crucial aspect is to verify the
uniform parabolicity condition imposed on the differential operator d; + A, (z, D). To this end,
we observe that the calculations in Section [2.2] imply the following result.

Corollary 2.44. The principal part of A (xz, D) is given by

n

(Aa)# (CL’, D) = Z gy(x)ggl(m)axiaﬂamkaml

i,j.k,l=1

g (2) = g (63" (2) = <a(“’°’7§5 ) (), 21020 )<x>> |

where
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Proof. This follows from Lemma [2:26] O

Proposition 2.45 (Uniform parabolicity). For every a € {1,...,N}, © € ¢o(U,) and all £ € R™
the estimate

Q72[¢" < (Aa)y (=,i8) < Q%€

is valid. In particular, the differential operator 0y + A.(x, D) satisfies the uniform parabolicity
condition given in [136, §1].

Proof. Let a € {1,...,N}, z € ¢o(U,) and & € R™ be given. The estimate (A.12) implies

QMEP < Y gl ()& < Qe

i,j=1
with @ > 1 and hence
n 2 n
QP < | D giwss | = 95 (2)gh (2)&&5666 = (Aa)y (,) < Q7[¢[*.
i,j=1 i,5,k,1=1

In particular, the roots ps of the polynomial (Aq)y (7,i€) + p with respect to the variable p are
real and satisfy the inequality

§Rps =ps < 7Q72|£‘4

which shows that 9, + A, (x, D) satisfies the uniform parabolicity condition in [I36, §1] with
constant 6 = Q2. O

The framework developed in [I36] allows for more complicated initial value conditions that are
merged in the matrix C introduced in [136, §1]. In our case C is equal to the constant 1 and
all required properties are trivially fulfilled with o = 0. We further need to verify the so called
complementary condition on the boundary operators, given in [I36] §1, p. 11], which follows from
the Lopatinskii-Shapiro condition, see [53, pages 11-15]. Furthermore, compatibility conditions on
the data need to be imposed. The calculations in Section [2.2] imply the following result for the
boundary operator.

Corollary 2.46. The principal part of By o(z, D) is given by

n

(Bl,a)# (.’t, D) = Z ggj(x)aaﬂamﬂ

ij=1
where g¥ (x) = gfbj (q&;l(ac)),
Proof. This follows from Lemma [2.24 O

To ease notation we omit the subscript « in the result below.

Proposition 2.47 (Lopatinskii-Shapiro condition). For any fized t € [0,T], x¢ € 0¢(U), h € R?,
n € R™ with (n, vagwy(x0)) =0 and A € Cy :={z € C: R(z) > 0} with |n| + |A| # 0 the ordinary
differential equation

Av(s) + Ay (xo,n + ivagw)(20)ds)v(s) =0, s>0,
Bi,y (w0, n + ivagw)(20)ds)v(0) = hy, (2.22)
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admits in the space Co(Ry,C) := {f : Ry — C : ILm fly) = 0} a unique solution v where
Yy o0

vag) (o) denotes the outer unit normal to dp(U) at xo.

Proof. Let t € [0,T] and zy € 0¢(U) be fixed. In all our previous considerations we have written
the differential operator

A(zo, D) = Z ep(0)il?19f1 - .. 9P = Z cg(20)il?10P

|Bl<4 |Bl<4

with respect to the standard basis {es, ..., e,} of the vector-space R" where D :=i(0,,,...,0,, )T
and cg(z0) = cg,a (05" (20)), see Definition Note that the coefficients are now constant
as xo is fixed. We now perform a coordinate transformation in R™ which does not change the
operator itself, but only its representation. To this end, let 7, := 7,(20) = vogw)(zo) and
TiyeooyTn—1 € Ty, dp(U) be such that {ry,...,7,} forms an orthonormal basis of (R", (-,-)) and
let M (zo) € R™*"™ be the matrix that satisfies M (z0)(71,...,7)T = (e1,--.,en)L. Defining 9, :=
(Orys -+, 07,)T we have M(z)0, = O, as the directional derivative is linear in the direction. This
enables us to rewrite the differential operator A(xzg, D) as

A(z0,i0) = A(wo,i0;) = Y ea(xo)il?! (M(x0)0-)"
[B1<4
with principal part
Ay (0,i0;) = g (w0)g" (w0) (M (20)0y ), (M (20)0;) ; (M (20)0 ), (M (0)0s),
= [(M(20)0,)T G (o) (M (20),)]” = (87 M (26)" G~ (o) M (), )” .

Note that A(xg) := (aij)?,j:l (w0) := MT(20)G~1(x0)M (x0) is symmetric and positive definite.
Let A'(zg) € R®=Dx(=1 ' ¢ R*~! and a,, € R be such that

The entry a,, is positive as A(zg) is positive definite. Now let h € R?, n € R” and A\ € C, be
such that (n,vas)(z0)) = 0 and |n| + [A| # 0. In the new coordinates we have vys(rr)(20) =
(0,...,0,1)" and hence n = (n/,0) for some 1’ € R"~!. The ordinary differential equation thus
becomes

Mo(s) + (07, i0s) (o) (i, 104)T) v(s) = 0, $>0, (2.23)
(7', i05) Alo) (n',105) T 0(5)) | ,—g = Pa (2.24)
v(0) = hs. (2.25)

Equation (2.23) is a homogeneous linear fourth order ODE for v(s) with constant coefficients
in C. To find a fundamental system of the solution space we need to exhibit the roots of the
characteristic polynomial in z € C

P(z) =X+ ((n’,iz)A(xo)(n',iz)T)2 =X+ (—ann2® + 2ibTn 2 + (n’)TA’(xo)n')2

The four roots zg, k € {1,2,3,4}, of P(z) are given by

1
Z1y2/3/4 = (ian’ £\ A ()T A (o)) — (0T17)? £ apnV/ —A> .
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Lemma [2:48] and Lemma [2.49] imply that

R <\/a"n(77/)TA/(IO)77/ - (bTU/)Q + ann\/j/\)

is non zero.
Case 1: A # 0.
In this case the four roots zj are distinct. Thus, {e**° : k € {1,2,3,4}} forms a fundamental sys-

tem of the solution space to equation (2.23). Since R (\/ann(n’)TA’(xo)n’ — (bTy)* £ ann\/—)\>

is non-zero, there are exactly two zx, k € {1,2,3,4} such that R(z;) < 0. We may assume
R(z1) < 0 and R(23) < 0. As we demand that lim,_,, v(s) = 0, the solution to our system is of
the form

v(s) = ce®'® + de*? c,deC,

where ¢, d € C need to be chosen such that the boundary conditions (2.24) and (2.25)) are satisfied.
The second boundary condition implies ¢ + d = hy. Equation (2.24]) is equivalent to

(T A (20)n'v(0) + 2ib"n'v'(0) — apnv” (0) = hy .
Differentiating v(s) = ce®*'® 4+ de®'® and using d = hg — ¢ gives
hy = (n")T A (z0)n ha + 2ib" 0 hazs — annhazj + c (20671 21 — 20671 25 — pn 2t + ann23)
= ()T A (20)n ha + 2ibT 0 hozs — apnhozi — 2¢V/ =X,

where we used the equations for z; and z3 combined with the fact that both R(z;) < 0 and
R(z3) < 0. As X # 0 we get a unique solution ¢ € C and thus a unique solution v € Cy(R,, C) of

the ODE (223) - (225).
Case 2: A\ =0.

In this case there holds 7' # 0. As an, A’(x) — bb? is positive definite, we have
2
ann(n’)TA'(on)n/ - (an/) >0

and hence the roots

b1y = (z’an' ()T A/ (o) — <an/>2)

nn

are of multiplicity 2 and {e*1'%, se®1'¥ e?2'S se*2%} forms a fundamental system of (2.23)). Fur-
thermore, we have z; > 0 and Rzo < 0. Using equation (2.25) we know that v € Cy(R4,C) is of

the form
v(s) = hoe®® + dse®, deC.

Since v/(0) = h22a + d and v”(0) = ha23 + 2dzs, equation (2.24)) is equivalent to

hy = ()" A’ (wo)n'ha + 2ib" 0 hazo — anphazs +2d (b1 — annz2)

=2d (ian’ — Annz2) = 2d\) ann ()T A (z0)n — (an’)2 ,

where we used the identity P(z2) = 0 in the case A = 0. By Lemma

R (\/ann(n’)TA’(xo)n’ — ) ﬂ) S G0 A o)y — (67)?

is non-zero. This shows the existence of a unique solution v to (2.23)) - (2.25)) in the case A = 0. O
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Lemma 2.48. Let A € R"*" be positive definite and A’ € R(=Dx(=1) p c R*=1 ¢, € R\ {0}

be such that
A b
A= .
(bT ann)

Then the matriz a,, A’ — bbT is positive definite.

Proof. A matrix is positive semi-definite if and only if all determinants of k x k sub-matrices that
are obtained by erasing lines and columns are non negative. The determinant of a block matrix
D € R*¥*F with k > 1 of the form
D e )
D =
(f T dy

with D’ € RE=Dx(k=1) "¢ ¢ c RF=1 g, € R\ {0}, is given by
det D = det (dy.D' — ef™).

This shows that the determinant of the (n —1 —1) x (n — 1 —[)-sub-matrix of a,, A’ — bbT that is
obtained by erasing the lines i1,...,4 € {1,...,n— 1} and the columns j;,...,5 € {1,...,n—1}
with I € {0,...,n — 2}, is equal to the determinant of the (n — ) x (n — I)-sub-matrix of A
obtained by erasing the respective [ lines and [ columns of A. As A is positive semi-definite,
these determinants are all non negative. Thus a,,A’ — bb” is positive definite being a positive
semi-definite matrix with positive determinant. O

Lemma 2.49. Let C € R"=DX(=1) pe positive definite, c € R\ {0} and n’ € R" and A € C,
such that |n| + |A| # 0. Then

R (\/(n’)TC'n’ + cv —)\) #0.
Proof. Suppose that there exists s € R such that

\/(n’)TC’n’ +ev-A=is.

In the case that 7’ is non-zero, this implies cv/—\ = —¢? for some £ > 0 and hence A = —‘z—; which
contradicts the assumption that A has non negative real part. If ' = 0 the identity A = *i;zl
enforces s = 0 and thus A = 0 contradicting |n'| + |A| # 0. O

The existence of the localised problem in the chart domains is now a direct consequence of [136],
Theorem 5.4].

Theorem 2.50 (Existence and uniqueness in chart domains). Let o € {1,..., N}, p € (4+n, o),
Ty >0 and T € (0,T1]. Then for every

(fasMi,ash2,0,M0,0) € X1o X Yira X Yora X Xoa
satisfying fori € {1,2}, © € 0y (Un),
Bia(@, D)no,a(x) = hia(0,2),
there is a unique 1o € E1 o such that

(at + Aa) Na = fa ) Bi,ana = hi,a 5 (7704)“5:0 =10, 5 (2-26)
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with the estimate

Inalle,.. < CT) (Ifallxy, +aly, ... + I2ally, . + In0allx, . )

Moreover, there holds the uniform estimate
Iall,.. < CT) (Ifallxy., + Wonally, o+ Whzally, . + 00l ) (2.27)

Proof. We verify the conditions required to apply [I136, Theorem 5.4]. The coefficients of the
differential operators A, (z, D) and B; o(x, D), i € {1,2}, are smooth on ¢,(U,) and inté,(Uy)
is a smooth domain. With the choices | =4, b =2, 01 =2, 05 =0, s1 =4, t; = 0 and ¢ = 0 the
boundary value problem fits into the setting discussed in [I36] once we have checked that
compatibility conditions of order 3 are fulfilled. These are specified in [136] §14] and precisely

mean that the initial value 19 o satisfies for ¢ € {1,2},

(Bi,a(%D)nO,a)‘a(ba(Ua) = (hi’a)\t:O .

Due to the embeddings Y; 1o < C([O,T] X qba(Ua)) and Xg, < C® (gzﬁa(Ua)), the evaluations
are well-defined, which is also discussed in [I36], p.134 f.]. By [I36, Theorem 5.4] there exists a
unique 7, € Er, satisfying the identities (2.26)) and the estimate

Inalley.. < CT) (Mfallxy, +1aly, .. + Ih2ally, . + Il )

To show the uniform estimate let o € Epo with (0; + Aa)Na = fa, Biala = hia
and (7a)|;=9 = 7o,a be given. Proposition implies the existence of Eh;, € Yir o with
(Ehiv(")|(0,T) = hi,a and

|Bhially, . . < CT) il .-

Let fa € X1y, be the trivial extension of f,. Then (fa, Ehi o, Eh o, 770,a) lies in Fpy o and there
exists 7/7\04 S ETl,oz with (at + Aa) ;\704 = faa Bi,(xﬁa = Ehi,aa (ﬁa)‘t:() = 10,a and

fa

[l < 0

<) (fallxy,. + Mrally, ;. + Wzally, , . + o

+ ||Eh17a||Y1,T1va + H-E]7J2’O[||Y2,T1,oc + ||TIO;OC||X(J>

) -

XTl,a

By uniqueness, (ﬁa)\(o,T) = 1, and we obtain

Inalley,. < Walley, . < C@) (Ifallxy., + 1

by g + 2.0y, . + 00l ) -

2.3.3 Existence and uniqueness on the manifold

This section shows that the operator Lt defined in Proposition is an isomorphism provided
that T is sufficiently small. The crucial ingredients are embeddings of anisotropic spaces as shown
in Proposition [B:35] with constants independent of the considered time interval. As discussed in
Corollary the norm || - [, defined in and allows for uniform in time estimates.
We observe that the estimate still holds when replacing ||-[lg,. . by I [lg,. -

Lemma 2.51. Let (M, ) be a smooth reference geometry of dimension n > 2, T be positive and
pE (A+n,00). Given hy € Yo =Wy 777 ((0,T) x M) and no € Xo = Wy~ /*(M) with
(UO)\aM = (hg)lt:o, there exists w € Er such that Bow = hy and wj—o = 1o.
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Proof. Let &, € C* (M) satisty supp &, C U, and &, = 1 on supp ¢,. Definition implies for
all a € {1,...,N} that g, := (Yano) 0 ¢5 ' lies in W;_% (intpn (Uy)). In the case that (Us, ¢o)
is a boundary chart, we observe that

dist (supp 9o N 06 (Us), 006 (Uy) N intH") >0.

Thus, Lemma implies that the trivial extension Eg, lies in W;)L — (intH"™). We write g,
instead of Fg, for simplicity. Proposition applied to the manifold OM with normal covering
(Uy NOM, o ¢got), implies that

(t,2) = J(6, ) 1= (60 (@, 0)) ha(t, 65" (&', 0))

lies in Wy~ /*"*=/ ((0,T) x 7 (pa(Ua N OM))). The set 7 (¢o(Us NOM)) is open in R and,
denoting by i : R*~1 — R"~1 x {0} € R" the inclusion, we obtain

dist (supp (Ya 0 5" 01) N7 (¢pa(Ua NOM)), 01 (¢o(Ua NOM))NR* ) > 0.
Lemma implies for the trivial extension
(t,2') = fO(t,2') € W= Ve ((0,T) x R"71).
In particular, we deduce
(t, (z',0)) = fot, (2',0)) := fB(t,a:’) € Wpl_l/“p"l_l/p ((0,T) x (R x {0})).

Let v := —e, be the outer unit normal to OH" = R"~! x {0}. Corollary |C.28| implies for
j € {1’2’ 3}7
7 g4 4—j—5/p (pn—1
T fl(x) = tr 3 €W (R"' x {0})

where tr denotes restriction to the boundary OH". By [45], Theorem 4.5] there exist functions

g 47j471/p747j71/l’ n—1

faeWs ((0,7) x (R"~" x {0}))

with (fg;)u:o = fI. Using [70, Théoréme 4.2] we deduce existence of w, € W4 ((0,T) x R%)
with aw(, 32wa 8dwa

] _ 0 r1 r£2 £3
<(wa)t_0,trwa,tr o ,tI‘ 912 ,tr 003 > = (gaafa7fa7fo¢7fa) .

In the case that (U, ¢n) is an interior chart we have

dist (supp Ga N ¢a(Ua), 6¢o¢(Ua)) >0

and Lemma implies that the trivial extension lies in W;l - ?(R™). Using [45, Theorem 4.5
there exists wq € W* ((0,T) x R™) with (wa)j1=0 = ga = (Yano)ody'. Fort e (0,7) and g € M

we define
N

N
w(t,q) =Y &al@walt, 6a(q) = > (a0 05") walt)) © da -

a=1

As (&a 0 dgt) wo lies in W) ((0,T) x intge(Us)) and
dist (supp (éa 0 ¢3") N ¢a(Ua), 0o (Us) NintH™) > > 0

for every t € (0,7) and a constant ¢ depending only on &,, Lemma implies that the trivial
extension of &,(ws © o) to the entire manifold lies in Er. We conclude that w lies in Eyp —
C([0,T] x M) and for all g € M,

N N
w(0,9) =Y £a(@wa(0,a(q)) =D €al@)val(@)mo(q) = no(q) -
a=1 a=1
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We obtain for all t € (0,T) and ¢ € M with J, :={a € {1,...,N}:q € (Ua, ¢a)},

Z fa trwoz t ¢oc Z fot fo t, ¢)a Z ga ¢a )hQ(t Q) = h2(t Q)

acJy acd, acJy

O

Lemma 2.52. Let (M, ) be a smooth reference geometry of dimension n > 2, T be positive and
€ (4+n,00). Gvenh €Yy p = W;/2_1/4p’2_1/p ((0,T) x OM) with h(0) = 0, there exists u € Ep
such that
Biu=h, Bou=0, wuy—=0.

Proof. Let £, € C*°(M) satisfy supp ¢, C U, and &, = 1 on supp ¢,. Furthermore, let v := —e,,
be the outer unit normal to OH". If (U,, ¢, ) is a boundary chart, we define

(t,x) = ha(t>$> =y <¢;1($)> h (t, d);l(x)) ba(m)

where for x € ¢4, (Uy)

ba (@) = (g™ ()" .

We remark that b, € C*® (qba(Ua)) due to Proposition As in the proof of Lemma ,
the results in Proposition and Lemma imply that the trivial extension of h,, which is
denoted by ha, lies in W,,>~ 77277 ((0,T) x (R"~ x {0})). By [70, Théoréme 4.2] there exists
a function ue € Wp* ((0,T) x R") such that

u,  OPuy,

Oug
(ua)lt 0y e, tr—— v ,tr o2 ,tr o3

> = (0,0,0,ha,O)

where tr denotes the restriction to OH™. In the case that (U, ¢,) is an interior chart, we set
e = 0. Lemma implies that the trivial extension of (¢,q) — & (q)uq (t, da(q)) to the entire
manifold M, which is denoted by 1, lies in E7, in particular

2

N
(t.q) = ul(t, q) Z t9) =Y ba(@)ua (t,6alq) € Er.
— a=1
It is readily checked that u;—o = 0 and Bou = 0. By Lemma @ the operator By : Er — Yi 7
is linear and hence Bju = Zflvzl By () € Yir. Let t € (0,T), g € OM and € {1,...,N} be
given. If ¢ does not lie in U,, there exists a boundary chart (U, ¢g) € T and a subset V3 C Ug
open in M such that ¢ € V3 and Vg Nsupp&, = 0. In particular, D7 (&, o QS?) (¢5(q)) = 0 for all
v € Ny and Corollary 2.33] implies

(Bitia) (t:q) = D by,s(0) D7 (Wa(t) 0 65" ) (¢5(q)) = 0
[vl<2
If ¢ lies in U,, then Corollary implies

(Blua Z bw a a(t) © (b;l) (¢Q(Q)) .

[vI<2

As uq € C([0,T]; C3(¢a(Ua))) satisfies uq(t,x) =0 for all t € [0,T], z € R"~! x {0}, we have for
ally e Ng~, || <2,
Do (ua (t)> (¢a (Q)) =0
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Furthermore, for all t € [0,T] and = € R"~1 x {0},

Oug B B
7(2&,13) - _T(tax) - Oa

which implies for all ¢ € [0,T], z € R*~! x {0}, v € N7 with |y| < 2 and v, € {0,1},
D7 (ua(t)) (z) = 0.
We conclude that
(Bitia) (t,9) = bae, a (@)D" (@a(t) 0 ¢3") (6a(@) = 90" (a(@)) D> (ua(t) (€a 0 ¢3")) (¢al))
= 037 0n )60 a2 (60 ) = 6" 600 (0 52 0,60 0)
= 9" (¢a(0)éa(@ha(t, q) = 95" (9a(9))€a(@)Va(@) (L, @)ba(dalq)) = Yal@)h(t, q) -

This shows for all ¢t € [0,T], ¢ € OM,

N

O

Proposition 2.53 (Extension of initial and boundary data). Let (M,y) be a smooth refer-
ence geometry of dimension n > 2, Ty be positive, T € (0,T1] and p € (4 + n,00). For any
(f,h1,ho,ug) € Fr there exists v € Er such that

Biv=hy, Bov = ha, V|g=0 = Uo -

Proof. The identity (2.21) and Lemma imply that there exists w € Ep such that Bsw = hs
and wj;—g = up. Lemma yields that hqy — Biw lies in Y3 1. To show that (hy — Blw)|t:0 =0
on OM we recall that for any a € {1,..., N} there holds

(t,2) = w (t, 05" (2)) € C([0,T]; C*(¢a (Ua)))

which allows us to interchange spacial differentiation and temporal evaluation. Given ¢ € OM,
Corollary and the identity (2.20) yield

N

(Biw) (0,9) = Y %a(@)B1.a (¢a(q), D) (wi=o © 65") (al(q))

[e3%

Il
-

M=

Ya(a)Br,a (9a(q), D) (uo © d5") (dalq)) = h1(0,q) .

I
-

[e3%

Lemma, implies the existence of u € Er with Byu = hy — Byw, Bou = 0 and uj;—g = 0. The
function v := u + w € E7 fulfils the desired properties. O

To prove that the operator Ly : Er — Fp is surjective we make use of the following Lemma.

Lemma 2.54. Let (M, ) be a smooth reference geometry of dimension n > 2, T be positive and
p € (4+n,00). There exists a time Ty € (0,T1] such that for all T € (0,Ty] and all f € X there
exists n € Ep with Lyn = (f,0,0,0).
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Proof. Given a € {1,..., N} we let £, € C>°(M) satisfy 0 <&, <1, supp&, C U, and £, =1 on
supp ¥,. Let T € (0,T1] and (F,G) € Zr be given where

Jr = {(F, G) e Xr x Yl,T : G(O) = 0} .
Lemma and Lemma imply

(t,z) = Fo(t, ) :
(t,z) = Gult,x)

Vo (02" (@) F (t, 05" (2)) € X110,
Vo (051(2)) G (t, 05" () € V110

with [[Fullx, . < C(Q)[|F| x, and [|Gally, , . < C(Q)[|Glly, - Theorem implies that there
is a unique 7, € Er , such that

(875 + Aa) No = Fa 5 Bl,ana = Ga 5 B2,o¢77a = 07 (7704)|t:O =0
and
Inalle,., < C@)(I1Fallx, . +1Gally, .. ) -

As dist (supp (éa 0 31) N ¢a(Ua), 0¢a(Us) NintH") > 0, Lemma implies that the trivial

extension of

(t,q) = Na(t, @) = Eal@)Na (t Palq))

to the entire manifold lies in E and in particular,

N
(t,q) = n(t,q) : Znatq Z DN (t, ¢alq) € Er.

The function 7 satisfies 9,—g = 0. As further ¢, (Uy NOM) C O0¢q (Us), we conclude for all
te0,7], g € OM,

(Ban) (t.q) =n(t. q) Zﬁa o (t,Palq)) =0
For almost every ¢ € (0,T) and & € ¢o(U,), Corollary [2.32] implies

o (1, 65" () + A () (1, 60 () = Ol (1,65 () + D cpia (02" (2)) D? (fa(t) 0 65") (@)

|Bl<4

= o (621 (®)) Oma(t,2) + Y cga (92" () D ((ba o d2") 1a(t)) (2)

|B<4
= &a (05 (7)) (B0 + Aana) (t,7) + Rp o (F)(t, @)

where

Rro()t) = X S (D)ona (021@) D7 (60 002) 0D (1a(0) ().

[Bl<4~v+6=0,
~#£0

The functions cg o 0 ¢!, €4 0 ¢n ' are smooth on ¢, (Uy). Furthermore, Corollary yields the
embedding
(Brar - lle,..) = C([0,T); C? (6 (Ua))) (2.28)

with uniform constant C(T3). We thus obtain R}Q(F) € Xr, with

T
HR%“,Q(F)HZ))(Tﬂ :/O ||R':!F,o¢ ||L d)a U )) t < O(Cﬁ (175(1 Z / ||Dw770( )”L ¢a U )) dt

lvI<3
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T
<C v t < P N < P
<O [ IO oy 0= € [ Ml iy S CTIT Il

lvI<3
< C(T)T (| Fully,. + Gally, .. )”.

Using Lemma [C.19]it is readily checked that

(t,q) = Ryp(F Z R o (F)(t, 6a(q))

lies in X with the estimate

N N
IRF(F)[lx, < C@ Y [RraFlly,  <CQ@QTIT"Y |Fallx,, +Gally, .

a=1

< 0@ T (IFllx, +IGlly, . )-

For every ¢ € [0,T] and x € ¢, (Uy) NOH", Corollary [2.33] implies

(Bi7ia) (. ¢ = bya(65'(@) DY (Tult) 0 65") (2)
lvlI<2
= Z bya (05 (@) D7 (a0 03" malt)) () = & (65" (%)) (Brana) (t, @) + R7 o (G)(t, )
[v]<2

where for t € [0,T], z € 0¢a (Us)

R, =D bya (027@) 32 (Z>D‘S(Sao¢;1)(w)Dv-éna@,x).
lv1<2 0<£é§0%

Moreover, (B174) (t,q) = 0 for any ¢ € [0,T] and ¢ € OM with ¢ ¢ U,. The embedding (2.28)
yields for every ¢t € [0,T], || < 1, D"na(t) € C?(¢a (Ua)) C Wle/p (0¢a (Uy)) and further
Do € C([0,T); C*(¢a (Ua))). Hence, we obtain R%, (G) € L, ((0,T); szfl/p (00a(Ua))) with

2
1820, ompaws-oo oy < C E/ 1D 0O s 0y

<oy / PERCIp—TEyeT S T A pp——

lvI<1 lv[<1

< CT ||nally <) |l < T (1Falx,., +1Gally, .. )"

C([0,71:C3(¢a(Ua))) —

Furthermore, Corollary yields that there exists o € (1/2,1) such that

(B0 Il - gy, ) = C7([0,T]; C* ($a (Ua)))

with uniform constant C(7}). Using further Proposition we obtain that R% ,(G) lies in
W;/2_1/4p ((0,T); Lp (0¢a (Uyn))) and that there exists € € (0,1) such that

2
HRT@(G)HW,}/271/4P((O,T) Ly(0¢a(Us))) = <CT* Z 1D 0allco (jo,195L, (06 (Ua))
[vI<1

< cTe Z ||D’Y77(XHC<7([0’T];C(m)) < cre ||7701HC<7([0 TJ; Cl( o(Uq ))) < C(Tl)TE |||770/|||]ETQ

[vI<1
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< C(Tl)TE( HFa”XT,(y + HGaHYLTﬂ ) :
We conclude that there exists € € (0,1) such that

77,0 (G) < Cm)T* (IFallx,., +1Gally, ... ) < C@QTOT([IFllx, + Gly, ) -

(P

In particular, we obtain
(t,2') = R} ,(G) (t,(2',0)) € W2 /4027 2 ((0,T) x 04 (Va)) -
As for all 6 € N§
dist (supp (D’ (€a 0 ¢3")) N (00 (Vo) x {0}), 004 (Va) x {0}) >0
Lemma [C.22] yields that the trivial in space extension of

(t,q) = R} o(G) (t, ¢a(a))

to the entire manifold M lies in Y3 7 with norm bounded by C(Q) ||R%. ,(G) HYI ...~ In particular,

N
(t,q) — R#(G Z R7.,(G) (t, ¢a(q))

lies in Y7 7 with

IRHGly, , <C@ D IBLa(Oy, , . <C@TIT*(IFllx, + Gl , ) -
=1

We define Rr:Zr - XrxY; T by
Rr((F,G)) = (Rp(F), R7(G)) -

As R7 ,(G)(0) = 0 for all a € {1,..., N}, we obtain R%(G)(0) = 0 which yields Ry (Zr) C Zr.
The above estimates show that R is continuous with

1B (F, )| xpxyy » < CQTO)TE Gl vy 1

and furthermore, the linearity of the local solution operators from Theorem @ yield that Ry
is linear. Let Ty € (0,T1] be such that C(Q,Ty)T¢ < 1. Then for all T € (0,Tp)] the operator
Rr € L(Zr) satisfies || Rr| ¢ 5,y < 1, and thus Idz, + Ry € £ (Zr) is invertible for all T" € (0, To).
The above calculations imply for almost every t € (0,T), g € M,

dn(t,q) + A(n)(t, Zé’ma (t,q) + A@a)(t, q)

a=1

I
WE

§a(q) (Oina + Aana) (t, da(q)) + R%‘,a( )t ¢a(q)) = F(t,q) + RT( )t q),

1

and for ¢ € [0,7] and ¢ € OM,

Q
Il

N

(Bn) ( Z Biila) (t,4) = Y £a(a) (Bratla) (t: 6a(a)) + R7.o(G) (t, $a(9))

a=1

£a(@)¥a(9)G(t, q) + R7(G)(t, q) = G(t, q) + R3(G)(t,q) ,

I
] =

1

Q
Il
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which yields
(0 + A, By1)n = (Idz,. + Rr) (F,G).

Given T € (0,Tp] and (f,0) € Zr there exists (F,G) € Zp with
(Idz, + Rr) (F,G) = (f,0).
The above argumentation yields that there exists n € Er with
Lrn = ((Idzy + Rr) (F,G),0,0) = (£,0,0,0).
O

Lemma 2.55 (Surjectivity of the linear operator). Let (M, ) be a smooth reference geometry of
dimension n > 2, T be positive and p € (4+ n,00). There exists a time Ty € (0,T1] such that for
all T € (0,Ty) the map Ly € L(Ep,Fr) is surjective.

Proof. Let Ty € (0,T1] be as in Lemma m T € (O,To] and (f, h1,ha,up) € Fr be given.
Proposition [2.53] implies the existence of v € Eq with B;v = h;, i € {1,2}, and vj—¢ = ug. By
Lemma [2.27] the function f — (8, + A)v lies in X7 and Lemma [2.54] yields that there exists n € Er
with Lyn = (f — (0 + A)v,0,0,0). Then u := v + 7 lies in E7 and by linearity of Ly we obtain
Lru = (f, b1, h2,uo). O

Lemma 2.56 (Injectivity of the linear operator). Let (M, ) be a smooth reference geometry of
dimension n > 2, Ty be positive and p € (4+ n,00). There exists a time Ty € (0,T1] such that for
all T € (0,Ty], the operator Ly € L (Er,Fr) is injective.

Proof. Let T € (0,Ty] and u € Er with Lru = (0,0,0,0) € Fr. Propositionimplies for every
chart (Uy, ¢o) € T that the function
(t,2) = ua(t,z) = Yo (65" () u (t, 65" (2))
lies in Ep . Furthermore, using Corollary we obtain for almost every ¢t € (0,7T), x € ¢o(Uy),
(0 + Aa) (ua) (t,2) = Yo (651 (2)) (Opu (t, 05" () + Aalz, D)u (t, 65" (2))) + R (u)(t, 2)

= % (651 (@) (Bpu (t, 05" (2)) + (Au) (t, 05" (2))) + Ry o (u)(t, 2)

= RT,a(u)(ta IL’)
where for t € (0,7), z € ¢po(Us)

Rhau)(ta) = 3 esa (02'@) 3 (7)07 (wao0r) @D (utt) 02) ().
|81<4 Gord 7
v

The functions cg o o ;' and ¥, o ¢! are smooth on ¢,(U,) and Corollary implies the
embedding

(Era: I llg,.,.) = C([0, 7] C%(éa(Ua)))
with embedding constant C(T3) independent of T' € (0,73]. Using
It 2) = u(t, 65" (@)lls,., < CQ) llullg,

we obtain R ,(u) € X7, with HR%“a(u)Hi(T < C(Q, )T ||ulllg,. We further have for ¢ €
(0,7), x € d¢a(Ua), ’

(Bl,auoc) (t7 x) = Bl,oc(xa D) (1/)01 (¢;1(x)) u (t, ¢;1(33)))
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= Ya (65" (2)) Bra(z, D)u (t, ¢5" () + R7 o (u)(t, )

where for t € (0,T), z € ¢ (Uy)

Bra)t0) = 3 b0 (02'@) 3 (7)D° (a0 0a) @D (103" 0).
<2 Ofsigo”

The next step is to show that there exists € > 0 such that
1B 0@y, , . < CQT)T* ullg, -

Proposition implies that (¢,z) — ua(t,x) = u (¢, ¢5"(2)) lies in E7, and Corollary
implies u, € C([0,T]; Wy~ 7" (¢a(Us))) with

HuaHC([O,T];W;,L_Al/p((ﬁa([]a))) S C(Tl) |||u05|||IETya .

To estimate the norm of R7, ,(u) in L, ((0,T); Wg_l/” (06a(Uy))), we observe that Corollary
yields for every t € [0,T] and v € Nj, |v| < 1,
1D Oll - . 0y < Ot 10D sy < O el

As by o 0 ¢t and ¥, 0 ¢! are smooth on ¢, (U, ), we obtain

1R2 @I, (om0 ) <C|Z|<:1/ 107 (u(t) 0 62 5y . )
Y
<Cy / D7 (u ;1)"22(%(%)) dt < CT |[ualle (o 105 (3amm))
lvI<1

< C(M)T ualls, , < C(@Q TOT [llulls, -
Corollary yields that there exists o € (1/2,1) such that
(Era: I llg,.,.) = €7(0,71:C (¢a (Ua)))
with uniform constant C(T3). Proposition then implies
REo(u) € W77 ((0,T); Ly (06 (Ua))

and

2 p
1R @ 0,178, 060w = €T ;l: 1Dt lloo (10,71, (96 (Ua))
<1

<0rT* HquHCU([o T);:C (¢a(Ua))) <co(m)re |||uaH|ET o« = <@, )T* |||u|||]ET

for some € € (0,1). This shows the desired estimate HR2T70t(u)HY1 o < C(Q, T\)T* [[ullg, - For
every T € ¢, (Uy) NOH™ it holds for i € {1,2}, -

Bio(z, D)u (t, 5" (z)) = (Bju) (t, ¢, ' (z)) = 0.
As 1, 0 ¢! vanishes on 9¢,, (U,) N intH™, we obtain for all ¢ € (0,T) and z € d¢4(Uy,),

(Brata) (t,2) = ta (65 (2)) Bra(w, D)u (t, 65" (2)) + RE o (uw)(t, @) = R (u)(t, 2)
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and
(Ba,ata) (t,2) = ua(t, ) = Yo (65" (2)) u (¢, ¢, ' (z)) = 0.
Proposition [C.16] and the uniform estimate in Theorem [2.50] imply

N
llelle, < C(Q) Z llwalle,.

N
Q Tl Z 815 +A u(XHXT + || uoz [t= OHXoa + HBI aua”lea + ||BQ (XUCVHYQTQ

N
C(@QT) Z 1By a@]y,  +[Bra@ly, , . <CQTITullg, -

Choosing Tj) € (0,T1] so small that C(Q,Tl)foa < 1 we obtain u = 0. O

To obtain that the inverse of the linear operator is continuous with operator norm independent of
the considered time interval, we have to continuously extend in time a given right hand side. To this
end we make use of the extension operator constructed in Proposition [B-37] and Proposition [C.25|
that is continuous with a constant independent of T' € (0,Ty) once we endow Y; 1, ¢ € {1,2}, with
the norms

+ ||( )( )ngifs/:ﬁ(aM) .

Theorem 2.57 (Uniform well-posedness of the linear problem). Let (M, ¢) be a smooth reference
geometry of dimension n > 2, p € (4 4+ n,00), and Ty be positive. There exists a time Ty €
(0,T1] such that for all T € (0,Tp] the map Ly € L(Er,Fr) defined in Proposition is an
isomorphism. Furthermore, there exists a constant C(Ty) independent of T € (0,Ty] such that for
all uw € Ep with Lyu = (f, hq, ha,ug) € Fr there holds

lllz, < C(To) (Hf”XT + 7allly, - + WRz2lly, . + ||UOHX0) : (2.29)

Proof. Let Ty be positive and Ty := min{fo,fo} with Ty and fg as in Lemma and
respectively. Given T € (0,7Tp], Proposition Lemma and imply that the map
Ly : Ep — Fp is a bijective continuous linear operator between Banach spaces. The Open
Mapping Theorem [24, Corollary 2.7] yields that L;' : Fp — Er is continuous. In particular,
given u € Er with Lyu = (f, h1, ha, ug) € Fr there holds the estimate

llellg, < C(T) (IIfIIxT + 17allly, - + A2y, . + HuO”XO) : (2.30)

It remains to show that the constant in (2.30) is independent of T' € (0,Tp]. Let T' € (0, o],
(f,h1,ha,ug) € Fr be given and u € Ex with Lru = (f, hy, he, ug). Proposition implies the
existence of Eh; € Y, 1,, i € {1,2}, with (Ehi)‘(O’T) = h; and

1By, < @) llaly, , - (231)

In particular, (f, Ehl, Eh,, uo) lies in Fr, and there exists w € Eq, with Ly, = (f, Ehy, Eha, ug).

The estimates and (2.31)) imply
lley, < CTo) (If1xy, + 1 Bhally, . + 1 Ehlly, ,, + luollx, )

< (1) (Ifllxcp + Wallys  + ey, 5 + ol ) -
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By definition of the operators Ly and Lg, we have

Ly (@0.1)) = (Lo @) (o 1) = (fs Eha, Ehoyuo) .y = (fs 7y ha, ug) -

As Lt is an isomorphism, this yields u = w7y in Ez and in particular

lell, < Walle,, < CTo) (Iflx, + Whtlly, , + lkally, , + luollx, ) -

2.4 Existence of graph solutions

This section is devoted to deduce the existence of strong solutions to the graph formulation
from the well-posedness of the linearised system associated to with the help of a contraction
argument. To this end, we observe that a function ¢ € Ur with g;;—g = 9o is a solution the graph
formulation of with initial datum pq if and only if

L1 (o) = (0r0+ A(0) — Nr,1(0), B1(0) — Nr2(0),0, 00) -

Once it is confirmed that the right hand side satisfies the linear compatibility conditions (2.20)
and (2.21)), we may invert the operator Ly and end up with a fixed point equation

0=Kr(o) = Lz' (3o + A0) — N1.1(0), Bi(0) — Nr2(0),0, 00)) -

It then remains to verify that K is a contractive self-mapping on an appropriate closed subset of
the space Ep for T sufficiently small. In the following we show that the subset we consider in the
proof of Main Theorem 1 is non-empty. To this end we need the following Lemma.

Lemma 2.58. Let 71 > 0, T € (0,T1], p € 4+ n,00), @ € {1,...,N} and A, be the operator
defined in Pmposz’tion. Then for every fo € Ly ((0,T); Ly (¢4 (Ua))), M0,a € W;Lf% (90 (Ua))
there exists a function no € Er o such that

(at + Aa) Na = faa (7704)|t=0 =10,a 5
satisfying the estimate
Maller.. < C(T1) (”fOtHLp((O,T);Lp((zSa(Ua))) + ||770,a||W:—4/p(¢a(Ua))> (2.32)

with constant C(T1) independent of T

Proof. To make use of [I36, Theorem 5.5] we need to consider an associated Cauchy problem in

the full space R". To this end we extend the coefficients ¢g . 1= cga 0 ¢5' € C*(¢a(Ua)) of
A (z, D) continuously to ¢z € C(R™). As W, := ¢o(Uy,) is a bounded smooth domain, there
exists § > 0 such that the nearest point projection

Pow, : Wa)s \ Wo — OW,
is well-defined and continuous where
(Wa)s :=={z e R" : dist (z,0W,) < 0}.

Let ¢ € C°(R;R) satisfy 1) = 1 on [0,3] and ¢ = 0 on [§,00) and let 29 € W, be fixed. For
|B] = 4 we define

cp(x) =xw, (2)¢s.0(z)
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+ (1 = xw, (%)) (¢ (dist (z,0Wa)) .0 (Pow, () + (1 — ¥ (dist (z, 0Wa))) €5,a(20))
where xw, () =1 if © € W, and zero otherwise. In the case |5]| = k < 4 we set
ca(x) = xw, (€)¢s,a(x) + (1 = xw, (v)) ¢ (dist (z,0Wa)) ¢g.a (Pow, () -

Then the operator

Ay s WEH((0,T) x R™) = Ly, ((0,7); Ly(R™)), > (Aan)(t,2) == Y Es(x)DPn(t, z)
|Bl<4
has continuous coefficients and Proposition yields for all x € R™ and & € R™ the estimate
Qe < Y T(a)e” <@gt
|B]=4

Let fo € Ly ((0,T)); Ly(R™)) be the trivial extension of f,. By Definition there exists a
function 7y o € Wy~ /p(R”) such that Rijo.a = no,a and [[7jo,all;;, a-4/p

(R" Wy (60 (Ua)
where R denotes the restriction to the domain ¢, (Uy). By [166 Theorem 5. 5] there exists a

unique solution 7, € W,-* ((0,71) x R™) to the initial value problem

(at + Za)ﬁoz = .]?oz ) (ﬁa)|t=0 = 770,04 ;

satisfying the estimate

iallw s 0,11y < CA) (1 alliy 0052, + 10l ys—rm g ) -

Then the restricted function 1, := R7o € E7 4 is a desired solution to our problem satisfying the

uniform estimate (2.32)). O

Proposition 2.59. Let (M, @) be a smooth reference geometry of dimension n € N, n > 2,
€ (44 n,00), Ty be positive, T € (0,Ty) and v > 0. There exists eo(r) > 0 such that for all

00 € W;J/p( M) with [[eoll 4=4n () < go(r), the set

Xrp = {0 €Er: |lollg, <7 and g0 = eo} (2.33)

is non-empty. For 0 <ry <ry one may choose €q (r1) < g (r2).

Proof. Let oy € W474/'J( M) be given. For all o € {1,..., N} the function (400) © ¢ lies in
W™ (¢o (Us)). By Lemma there exists g, € ]ETO’a = W' ((0,Tp) X ¢a (Us)) such that

(50&)“:0 (wOLQO) ¢a ’ ||§a||]ET(),(y S C(TO) ||(/l/}OéQO) © ¢;1HW;174/1)(¢0¢(UQ)) *

Let &, € C* (M) satisfy supp&, C U, and &, = 1 on supp¥,. As (t,z) — &, (qﬁ;l(x)) Ou(t, )
lies in Eqy, o, and

dist (supp (a0 63") 8 (t) N 6 (Ua)s D6 (Ua) NintH") > 6

for every t € (0,Tp) and a constant § independent of ¢, Lemma implies that the trivial
extension E (€4 (0a © ¢a)) 0f &q (0a © ¢a) to the entire manifold M lies in Eq, = W»* (0, Tp) x M)
with

15 (€0 @ 0 00Dl < CQ) (160062 alls,, < C(Q) Nl
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This allows us to conclude that the function o defined by

N
Z P)0a (t, da(p))
lies in E, satisfying the estimate
N
lellg,, < ZIIE §a (0 © 9a))lg,, < ZIIQaIIEToya
N =
S C(QvTO) Z H(waQO) « || 4 4/P(¢ (U ) (Q TO) HQOH 4 4/P(M) :
a=1

In particular, p lies in E and is continuous on [0,7] x M with initial value

N
P) = &alp)da (0,6 Zfa ) (Ya00) (p) = 00(p)
a=1
and
|||Q|||]ET = ||Q||]ET + ||QO||W§_4/:D(M) S C(Q)TO) ||QOHW:—4/P(M) + ||QO||W§_4/p(M) N (234)
Suppose that [looll,, 4=4n a) < eo(r) with 0 < go(r) < r(C(Q,Tp) +1)"" and C(Q,Tp) as
in . The above arguments then yield the existence of p € Xr ;. O

The uniform estimate ([2.29) in Theorem [2.57] gives a bound in terms of the norm || - ly, ,- As
the estimates on the Lipschitz constant of Nro: Ur — Yj 1 are valid with respect to the norm

[lly, ,.» an additional argument on the norm of B1(0)(0) in W;?*S/p(M) is needed.

Lemma 2.60. Let (M,p) be a smooth reference geometry of dimension n € N, n > 2, p €
(4 +n,00), Ty be positive, T € (0,Tp) and ¢ € Ep with op—g = 0o be given. There exists a
constant C' = C(Q) > 0 such that

H(Blg) (0)||W2 “/:D(a]\/[) C”QO” 4 4/17 (M) .
Proof. Let (Uy, o) € T be a boundary chart. Proposition implies that

2+ 0(0,65(2)) = 00 (¢ (x) € W77 (¢ (Ua))
and Theorem [C.27] yields

&+ Bia(z, D)oo (5" (2)) = Bi(0)(0) (65" (2)) € Wi~ (8¢ (Ua)) (2.35)

with norm bounded by C(Q, ) |lool| WA= 5 (ar): As the charts (V,,04), @ € J, form a normal
covering of OM with aa( Va) x {0} = 8¢a( o) NOH™ and o, 1(2") = ¢ ((2',0)) for all 2’ €
oo (Va), Proposition 2| yields that (2.35)) implies in particular

&’ = Bi(0)(0) (0,1 (a") € W)™ (00 (Va)

e

and

1(B10) Ol a5 g0y < CQ) 32 B0 002 [y 1y < C@ loollyasy,
(Va)aa)
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Proof of Main Theorem[1 Let Ty > 0 be given. We intend to deduce existence of graph solutions
from the well-posedness of the linearised graph formulation via a contraction argument. As the
nonlinear operator Nt is only defined for functions in E that are small with respect to the norm
Il - llg,., we have to include this in the choice of the complete metric space Xr, on which the
Banach Fixed-Point Theorem should be applied meaning that the parameter r has to be chosen
small enough. This is also mirrored in the necessity of the initial value to have small norm &g.
Furthermore, smallness of the considered time interval [0,7] is needed to obtain a contractive
function. To make the choice of these parameters more precise, let ¢ = ¢ (7p,Q) > 0 be as
in Corollary C(Tp) be the constant from Theorem C > 0 as in Lemma and
C(Q,Ty,e,0) be a constant such that

||DNT71||C0v1(UT;£(IET,XT)) + ”DNT,Q||C°~1(UT;£(]ET,Y1,T)) < C(Q7T07€70) )

where the operator norm in £ (Er, Z) with Z € {X7,Y1 7} is considered with respect to || - [|g,.,
[l x, and [|-[ly, ,.- The existence of C(Q, Ty, ¢, o) follows from Lemma and Let further

e (oo {e. b ctmo@ e )

be fixed and go a given admissible initial height function with || ,;,+-4 ,, < €0 Where
p

(o)
eo € (0, min {60(7") (C+1)"",r(4C(Ty) (C + 1))‘1}) :

with eo(r) as in Proposition As N7(0) is a smooth time-independent function on (M, ¢),
there exists a constant C'(¢) > 0, such that

IN21(0)]l ., + INT2(0)ly, . < C()T.

We consider the time interval [0, 7] with

Te (0, min {TO, (47«*10(T0)C(¢))"’}) .

Proposition implies that with this choice of r, g9 and T', the set X7, defined in (2.33) is a
non-empty metric space, that is complete being a closed subset of the Banach space Er. Moreover,
Xr, forms a subset of Ur as defined in Corollary which yields that

Nr = (Nrj1,Nry2) : Xpp = X x Yir

is well-defined and Fréchet differentiable with Lipschitz continuous derivative DNy as shown in
Section In particular, every function ¢ € Xp, induces a family of immersions f¢(t) =
0+ o(t)vy, t €[0,T), of M into R"*1. The graph formulation is equivalent to ¢ € Xr,, solving

(=Nr,1(0), —Nr,2(0), B2(0)) = (0,0,0)
which is equivalent to
Lr(e) = (0ro + A(e) — Nr,1(0), B1(e) — Nr2(0),0, 00) - (2.36)
In order to apply Theorem we need to verify that for all p € X7,
(Oro + A(o) — Nr,1(0), Bi(0) — N1,2(0),0, 00) € Fr

which is equivalent to saying that (B1(g) — Nr2(0),0) satisfies the linear compatibility conditions
with respect to gg, which are given in the identities (2.20) and (2.21). As gg is an admissible initial
height function, there holds Hfeo = Nr2(0)(0) = 0 and thus

B1(0)(0) = Nr,2(0)(0) = Bi(e)(0)
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which is the identity (2.20). The condition (2.21) is satisfied as B2(0)(0) = (00)jgps = 0. This
allows us to conclude that the mapping

Kr:Xpr = Er, 0 L3 (00 + A0) — N1.1(0), Bi(e) — Nr2(0), 0, 00)

is well-defined. Given ¢ € X, p, Lipschitz continuity of DNy : Uy — L (Ep, Fr) with Fp =
Xr x Yy r implies the estimate

10ce + A(e) = Nra(0)ll x,. + 1B1(e) = Nr2(0)lly,
= [[DN71(0)0 = Nr1(0)ll ), + [PNr2(0) — Nr2(o)ly, , = IDN7(0)e — Nroll g,

1
d
< ‘/ —Nr(to) — DNr(0)odt
o di

+ [Nz (0) .
Fr

1
< /O IDN7 (to) = DNz (0)ll 25y oy dt llelli,, + Cle) T
1
1
< ||DNT||C°J(UT;£(]ET,FT))/0 tdt H|Q|||12ET +C(p)T" < C(QaT0,€7U)§T2 +C(p)T".

Lemma and the uniform estimate (2.29)) in Theorem then imply
&7 ol
< 01v) (I9he + Ale) ~ Nra()llx, + I1B1(0) ~ Nra(@)l,, + (€ + 1) lleollys-sn sy,

1 1
< O(T) (C(Q,To,s,a)2r2 ()T + (C + 1)50) < Z + 2 + g <r.

As for all p € X, 7, there holds (Krp) (0) = go, we obtain in particular Krp € X, 7. Furthermore,
the map Kr : X,.r = X, r is contractive as for g, £ € X, 1, there holds

[N7,10— 0r0 — Ao — Nra& + 0,6 + A€l| k.,

| DN 0+ (109 (0~ ) - DNri(0) 0~ © dt]

Xr

1
< / IDNz1 (to+ (1= 8)€) = DN72(0)ll pgep xp At — €l

1
< IDNAll o 0328 0 / llte + (1 = Déllg, dt lle — £llg,

< ||DNT,1||co,1(UT;1;(]ET,XT)) rle— f|||]ET )

and analogously

[Nr20— Bio— Nr2f + Blg”yLT < ||DNT,2Hco,l(UT;[;(]ET,YLT)) e — £|||]ET )
which yields, as (N72(0) — N1(0) — Nr2(§) + Blé)\t:o =0,

1
570 = Krélle, < C(To)C(Q, To,,0)1 fllo = Ellg, < 5 e — &l -

The Banach Fixed-Point Theorem [I51, Theorem 1.A] implies the existence of a unique fixed point
o of K. As K10 = g is equivalent to o satisfying the identity , which is itself equivalent to
the graph formulation, and as further the functions f2(t) = ¢+ 0(t)v,, form a family of immersions
of M into R™*!, we conclude that g is a strong graph solution to the Willmore flow with Navier
conditions in [0, 7] with initial value gg. The family of immersion f€(¢), ¢t € [0, T], form a solution
to with initial datum f2 = ¢ + ggv,,. O
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Part 11

Elastic Flow of Networks

91






Main results

This part is devoted to the study of the elastic flow of planar networks subject to natural boundary
conditions. We hereby consider two types of networks v = ('yl, 72, 'y3) composed of three regular
curves 4% : [0,1] — R2. The curves of a Theta network intersect each other at their endpoints in
two triple junctions v1(0) = 72(0) = 43(0) and y'(1) = %(1) = +3(1). In the case of the Triod the
curves meet in one triple junction !(0) = 72(0) = v3(0) and have arbitrary endpoints P? = ~*(1).
Given p = (ul, uZ, ug) € R? we consider the elastic energy

B =3 [ () 4 )as

where s* denotes the arclength parameter and &’ the curvature of the curve 4°. Details on the
geometry of curves are given in Section [3.1]

We are interested in the L?-gradient flow of E,,: an initial network of Theta or Triod type evolves
with a normal velocity that induces the steepest descent of the energy FE, with respect to the
L?-inner product while maintaining the structure (Theta or Triod) of the network. Hereby, we
allow for movement of the triple junctions. In the case of Triods the endpoints P!, P2, P? are
supposed to stay fixed during the evolution. In Section [3:2] we derive the first variation of the
energy F,, in the classes of Theta networks and Triods, respectively, and give details on the formal
gradient flow structure. Each curve 4* of the network evolves with normal velocity

<fyf, yi> = —2k', — (Hi):; + 'kt =V (71) .

Here v denotes the unit normal vector of the curve ¥* given by the counter-clockwise rotation
by 5 of the unit tangent 7%, Differentiation with respect to time and the arclength parameter is
indicated with subscripts ¢ and s, respectively. Moreover, boundary conditions of different orders
naturally arise from the first variation. On a time interval [0, T], T' > 0, the evolution problem for

Theta networks is given by

(yi, vy = —(26L, + (k1) = pin') 0 [0,7] x [0,1]  (motion),

yr=92 =173 on [0,7] x {0,1} (concurrency condition),

k'=0 on [0,7] x {0,1} (curvature condition), (©)
Z?Zl 2l — it =0 on [0,7] x {0,1} (third order condition),

7(0,[0,1]) = o([0,1]) (initial value) ,

while the flow for Triods reads as

(v, v')y = —(2rL, + (/fi)3 —pikY)  in[0,7] % [0,1]  (motion),

=72 =43 on [0,T] x {0} (concurrency condition) ,

vt = pi on [0,7] x {1} (endpoints) , (T)
K'=0 on [0,7] x {0,1} (curvature condition),

S22k — ittt =0 on [0,7] x {0}  (third order condition),

~(0,10,1]) = o([0,1]) (initial value) .

The requirements on the initial network ¢ depend on the desired regularity of the solution v and
are specified below.
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Let us draw the attention to the geometric nature of the evolution problems and , which
we refer to as geometric problems. Indeed, as shown in Proposition [3:31] any reparametrisation
(with appropriate properties on the boundary) of a given solution to system or again
solves the respective system - the problems are invariant with respect to reparametrisation. As
a consequence, uniqueness of solutions can only be expected in terms of the images parametrised
by the curves which is referred to as geometric uniqueness.

The results in Part [[Ij rely on the publications [64] [65]. The first main result is the existence and
geometric uniqueness of strong and classical solutions to the evolution problems and given
suitable initial networks.

Regarding strong solutions we consider a certain range of integration parameters to guarantee
that spacial derivatives up to order three can be evaluated pointwise. In particular, all boundary
conditions need to hold at initial time. In the case of classical solutions more compatibility
conditions need to be imposed at the boundary points of the initial network which is due to the
high regularity of the solution. Details on the notions of solution and the requirements at initial
time are discussed in Section [3.4l

We hereby exclude one degenerate geometric situation. At each triple junction we require the
so-called non-degeneracy condition which demands that the angles o', a2, and o between the
tangents 72 and 73, 72 and 7', and 7! and 72, respectively, at the triple junction satisfy

max {[sina'|, [sina?|, [sina?®|} > 0. (ND)

In other words, at least one of the angles should be different from 0, 7 and 2.
The following theorem summarises the results in Theorem [4:30] Theorem [£:32] Theorem [4.37]

Theorem [1.38] Theorem [£.58] Theorem [£.62] and Theorem [£.63]

Main Theorem 2 (Existence, uniqueness and regularisation of strong solutions to the elastic
flow of networks). Let p € (5, c0).

o Given a Theta network o € W;lf% ((0, 1); (R2)3) satisfying all boundary conditions appear-
ing in system and further the non-degeneracy condition (ND)) in both triple junctions,
there exist T' > 0 and a function

v € Wyt ((0,T) x (0,1); (R?)?)

solving with initial datum o such that for allt € [0,T)], ¥(t) is a Theta network composed
of regular curves fulfilling the non-degeneracy condition (ND)) in both triple junctions, and
such that for all e € (0,T),

v € C% ([, T] x [0,1]; (R*)?) .
e Given a Triod o € W;,L_% ((0, 1); (RQ)S) with endpoints P, P?, P? satisfying all boundary

conditions appearing in system and further the non-degeneracy condition (NDJ|) in the
triple junction, there exist T > 0 and a function

v e W,y ((0,T) x (0,1); (R?)?)

solving with endpoints PY, P?, P3 and initial datum o such that for all t € [0,T], y(t) is
a Triod composed of reqular curves fulfilling the non-degeneracy condition (ND)) in the triple
Junction, and such that for all e € (0,T),

v € C> ([e,T] x [0,1]; (R?)?) .
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e Solutions to system and are unique in the following sense. Given T > 0 and two
solutions v, n € Wpl’4 ((0, T) x (0,1); (RZ)?’) both solving system or system , such that
fori € {1,2,3} there exist C*~diffeomorphisms (i : [0,1] — [0, 1] with ¢} € W;,Lf% ((0,1);R)
and v*(0) = n'(0) o ¢4, then there exists ¢ € WE* ((0,T) x (0,1); R?) with {(0) = (o such
that for all t € [0,T], i € {1,2,3}, ¢'(t) : [0,1] — [0,1] is a C*~diffeomorphism with
V() =0’ (t) o (1)

The following result is the combination of Theorem [1.53] Theorem [£.54] Theorem [£.66] Theo-
rem 4.68, and Theorem [4.69

Main Theorem 3 (Existence and uniqueness of classical solutions to the elastic flow of networks).
Let oo € (0,1).

o Leto € C4te ([O, 1]; (R2)3) be a Theta network satisfying all boundary conditions appearing
in system , the non-degeneracy condition (ND)) in both triple junctions, and further

sin (041) 1% (01) + sin (a2) v (02) + sin (a3) 1% (03) =0
at both triple junctions. Then there exist T > 0 and a function
v € O ([0,7] x [0, 1); (R?)?)

solving with initial datum o such that for allt € [0,T], v(t) is a Theta network composed
of reqular curves fulfilling the non-degeneracy condition (NDJ|) in both triple junctions.

o Let 0 € Ot ([O, 1]; (R2)3) be a Triod with endpoints P!, P?, P? satisfying all boundary
conditions appearing in system , the non-degeneracy condition (ND)) in the triple junction,
and further

sin (a') V (01) (0) + sin (?) V (¢) (0) +sin (a®) V (02) (0) = 0

and

V() (1) =V (e*) (1) =V (") (1) =0
where o are the angles at the triple junction o*(0). Then there exist T > 0 and a function
7 e CTET (10,T] x [0, 15 (R?)?)

solving with endpoints P, P?, P3 such that for all t € [0,T), v(t) is a Triod composed
of reqular curves fulfilling the non-degeneracy condition (ND)) in the triple junction.

. Gwen T > 0 (md two classical solutions ~,n € C*55ite ([0, T] x [0,1]; (R%)3) to sys-
tem or , respectively, such that for i € {1,2,3} there ewist C—diffeomorphisms
¢ o [O 1] — o, 1] with ¢§ € C4([0,1];R) and v*(0) = 7*(0) o ¢}, then there exists

= At ([0,7] x [0, 1];R3) with ¢(0) = (o such that for all t € [0,T], i € {1,2,3},
¢i(t) : [0,1] — [0, ] is a C'—diffeomorphism with v (t) = n'(t) o (*(t).

We notice that the existence results are valid for any choice of u € R? covering in particular the
“pure” Willmore flow of networks which corresponds to g = 0. In both results the time of existence
is proportional to the norm of the initial network in the corresponding trace space and in inverse
proportion to the lengths of the single curves composing the network.

To investigate the long time behaviour of the flow we need to introduce a suitable notion of maximal
solutions. As we are interested in the geometric motion of the networks as sets in the plane, we
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allow for different parametrisations ; in adjacent time intervals [t;,¢;41] that are then composing
the maximal solution (vy,),,cy, With partition (¢,)nen,. While the initial parametrisation yo needs
to fulfil merely

Y0 € Wyt ((0,20) x (0,1); (R*)?),

all subsequent parametrisations 7; for j € N are required to be smooth which is justified by the
regularisation property in Main Theorem [2] shown in Subsection We refer to Subsection [5.1
for the concept of the so-called jointed smooth solutions on which our notion of maximal solutions
is based. Existence of maximal solutions and uniqueness up to reparametrisations in the class
Wy ((0,T) x (0,1); R?) is established in Theorem

Main Theorem 4 (Long time behaviour of the elastic flow of networks). Let p € (5,10] and
ut >0 for all i € {1,2,3}. Let further o be a Theta network or Triod satisfying the respective
conditions in Main Theorem and (Yn),en, be a mazimal solution to the considered system with
ingtial datum o in the mazimal time interval [0, Tinaz) With Trar € (0,00]. Then

Toar = 00

or at least one of the following happens:

(i) the inferior limit of the length of at least one curve is zero as the time approaches Tpaz-
That is, there exists i € {1,2,3} such that the lengths (*(t) of the ith curve at time t satisfy

liminf /() = 0.
t/(T’VYL(l(E

(ii) the angles a'(t), i € {1,2,3}, t € [0, Tynaz), between the tangent vectors at the triple junction
(Triod) or at one of the triple junctions (Theta) satisfy

sin o (t)

tlinjl“inf max {[sin o' (t) sina®(t)|} =0.

max

) )

Hereby, it is not excluded that several scenarios happen simultaneously.

Let us give some comments on the structure of Part [ and the methods used to prove the above
results.

The major challenges one is facing in the study of the evolution problems and arise from
the tangential degrees of freedom. Appropriate “tangential conditions” need to be imposed on
the curves which on the one hand do not affect the geometric nature of the problem and on the
other hand allow for the application of classical PDE methods. To turn the degenerate motion
law into a parabolic quasilinear equation of fourth order, a suitable tangential velocity needs to
be specified. The resulting evolution equations are of the form

%)

for a nonlinear function f. Moreover, the boundary value problem is under-determined in the sense
that at each triple junction and each fixed endpoint one additional boundary condition needs to
be chosen. As it turns out it is convenient to demand

<7:ix77i> =0

which is a purely tangential condition as it can always be obtained by parametrising the curves
appropriately. Further details related to the tangential degrees of freedom are discussed in Sec-
tion

4
Vozza

7;4 +f(7;z$77;:;p7’yfp?
7z

% =2
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In this way one obtains an auxiliary boundary value problem referred to as the analytic problem.
Using the same strategy as for the Willmore flow of open surfaces studied in Chapter [2] existence
and uniqueness of strong and classical solutions to the analytic problem is deduced from well-
posedness of an associated linearised system with the help of contraction estimates. Details are
given in Section The well-posedness of the linearised system relies on the theory in [I36] which
allows for coupled boundary conditions of different order and can be applied in both function space
settings. In doing so, one crucial aspect is the verification of the Lopatinskii-Shapiro condition
which uses the non-degeneracy condition as an essential ingredient. Besides, one important
feature of the parabolic structure of the analytic problems is that strong solutions are smooth for
positive times which is shown in Subsection

It is worth mentioning that the requirements on the initial value to the auxiliary problem are
slightly different than the ones stated in Main Theorem 2] and Main Theorem [3] respectively. To
deduce existence of classical and strong solutions to problems and one needs to show that
every initial datum that is admissible to one of the geometric problems can be reparametrised in
such a way that it satisfies the requirements needed to solve the respective analytic problem. This
is studied in Section [1.2] where also uniqueness of the geometric problems up to reparametrisation
is shown in both function space settings following the approach in [66, Chapter 5].

Our notion of maximal solutions focuses on the observable evolution of the network which may
a priori be composed of several parametrisations defined on adjacent time intervals. However,
parametrising the curves with constant speed equal to the length we obtain one parametrisation
for the entire time interval, which is in particular a smooth solution to the considered system for
positive times. This is shown in Proposition [5.8

The long time existence result relies on the energy estimates shown in Section [3.5] and the low
initial regularity required for the existence of strong solutions which yield that as long as the
lengths of the single curves of the evolution are uniformly bounded from below and as long as
at each junction at least one angle stays uniformly bounded away from zero, 7 and 2m, the flow
can be extended. We shortly sketch the contradiction argument the proof is based on. Given a
solution v to or existing until a maximal time T},4, < 0o and satisfying the negations of
item (i) and item (ii) in Main Theorem [4] Theorem yields the a priori estimate

d, 2
a ||Kss(t)||L2(,yq‘,(t)) <C.

Hereby, the negation of (ii), namely the uniform version of the non-degeneracy condition ,
is needed in order to express the tangential velocity at the junction points in terms of the normal
velocity with constants uniformly bounded in time.

Corollary yields that thanks to the assumption p’ > 0, i € {1,2,3}, the gradient flow
structure provides an upper bound on the global length translating to a uniform in time and space
upper bound on the first derivative of the parametrisation. Using interpolation inequalities we
thereby obtain that the solution 7 is bounded in W ((0,1); (R?)?) uniformly on the maximal time
interval of existence. Restricting to values p € (5, 10] the latter space embeds into the trace space
W;l —f ((0,1); (R?)3). Theorem shows that the time of existence depends only on a lower
bound on the length of the curves of the initial network and its norm in the trace space which
then allows us to extend the flow beyond the maximal time of existence to obtain a contradiction.
Details are given in Sections [5.13 and [5.15}

We remark that the possible singular behaviours described in Main Theorem [4 are not merely
technical assumptions but in fact quite realistic scenarios for the nature of potential singularities.
This is illustrated by the simulations in Section which have been kindly provided by Prof. Dr.
Robert Niirnberg from Universita di Trento and are based on the work [16].
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Chapter 3

Preliminaries on the elastic flow of networks

3.1 A preface on regular open curves

In the following we always consider the Euclidean norm |-| = /(, -) on R and R?, respectively, with
its induced topology. Furthermore, we endow all embedded submanifolds of R*, k € {1,2}, with
the smooth atlas that is induced by the maximal smooth atlas containing the chart (Rk, id), ke
{1,2}. Given a differentiable function f : [0,7T] x [a,b] — R?, with a,b € R, a < b, differentiation
with respect tot € [0,T] or y € [a, b] is mostly denoted by a subscript, that is, f; := 0, f, f, := 0y f.

Definition 3.1 (Regular open curves). A regular open curve in the plane R? is a C''~immersion
v :[0,1] — R2.

We notice that a C'—function 7 : [0,1] — R? is an immersion if and only if |y,(x)| # 0 for all

€ [0,1]. The interval [0, 1] serves as a “prototype” of a smooth compact one-dimensional manifold
with boundary. Given a,b € R with a < b and a C'-immersion 7 : [a,b] — R?, the function
7y :[0,1] = R? defined by v(z) := 1 (a + (b — a)) is a C*~immersion with v ([0,1]) = 71 ([a, b]).

Definition 3.2 (Reparametrisation of open curves). Let a,b,¢,d € R with a < b and ¢ < d,
7y : [a,b] — R? and 7 : [¢,d] — R? be regular open curves. The curve 7 is called a reparametrisation
of the curve v, if there exists a C''-diffeomorphism 6 : [a,b] — [c,d] with n (0(z)) = ().

Two regular open curves that are reparametrisations of each other have the same image. One
easily checks that being a reparametrisation defines an equivalence relation ~ on the set of regular
open curves. This precisely corresponds to identifying curves that have the same image. One also
says that such curves are “equal up to reparametrisation”. The equivalence class of a regular open
curve v with respect to ~ is denoted by [7].

Definition 3.3 (Regularity of open curves). Let k € N, a € [0,1) and p € [1, 00] with p > ﬁ A
regular open curve v : [0,1] — R? is of class C**® (or Wlf, respectively), if v € CF ([0, 1]; R?)
(or v € W; ((07 1);R2), respectively).

A function F that maps a regular open curve v : [a,b] — R? (of regularity X with X one of
the spaces in Definition to a function F(v) : [a,b] — RY, d € N, is said to be geometric or
invariant under reparametrisation if for any reparametrisation 7 : [c, d] — R? of v with no 6 = v,
0 : [a,b] — [c,d], such that 7 is of regularity X, there holds F(n)(6(x)) = F(vy)(z). Examples for
such geometric quantities are the tangent, the unit normal, the curvature, the length functional
and the elastic energy.

In the following we study how the general geometric notions regarding immersed submanifolds
(M, f) defined in Section simplify in the case M = [0,1]. Given a regular open curve = :
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[0,1] — R? we consider the interval [0, 1] as a Riemannian manifold with boundary and induced
metric g := (dvz)" ((,-)) and denote by 9, the canonical tangent vector attached to each point
of the interval [0,1]. The component of the Riemannian volume form wy of ([0, 1], g) is given by

(wg)w(aw) = g(l‘) = |’Yg;($)|

Definition 3.4 (Tangent and normal vector). The unit tangent vector of a regular open curve

v :[0,1] — R? at the point x is given by 7(z) := g“&c%l

is given by the counter-clock wise rotation of 7(z) by =/2.

The unit normal vector v at the point x

Definition 3.5 (Length functional). The length of a regular open curve v : [0,1] — R? is given

by ) )
L(y) = /H o= [ a0 e = [p@)s.

It is straight forward to check that the length of the curve « is invariant under reparametri-
sation. In fact, if f = F(y) is a function invariant under reparametrisation, the (constant)
quantity f[o 1 F () wy is invariant under reparametrisation. Indeed if 6 : [0,1] — [c,d] is a C1-

diffeomorphism and 7 := v 0 !, one observes
1
[ Fo@ha@la= [ Fme@meeiewie= [ Foemeliy. @

An important tool to describe the geometry of curves is the arclength parameter. If v : [0,1] — R?

Z/II%(y)Idy
0

which gives a C'~diffeomorphism s : [0, 1] — [0, L(v)] with $& = |y, ()| and inverse z : [0, L(7)] —
[0,1]. The curve 5 :=yox : [0, L(y)] — R? satisfies 7 ([0, 1]) 7 (0, L(7)]) and

is a regular open curve, we let

- dx _
057(s) = Ya(2(5) 7 = Y (@(s) a(@()) ™ = 7 (2(5)) - (3.2)
The curve 7 is said to be parametrised by arclength. The identity (3.2) yields the formal rules
ds = 2= and ds = |y,|dz. With an abuse of notation we consider functions f on the interval

[Ve |
[0, 1] as functions in the arclength parameter s = s(x) without explicitly distinguishing between

f and f oz. Rigorous arguments can be obtained by composing the considered functions with
the diffeomorphism z or its inverse s, respectively. The expression Osf is referred to as the
arclength derivative of f and may take s or x as an argument. Rigorously, one has for £ € N, and

feCr([0,1;R), 95 f(s) := 0k (f o w) (s) and 0% f(x) := 85 (f o ) (s(x)).
It is also common to write the so-called arclength measure ds when integrating with respect to

the volume element w, on [0, 1] induced by ~. Given a function f on [0, 1] that is integrable with
respect to wy, c.f Definition it holds

1 L(v)
o fwyg :/0 f (@) (2)| dz :/0 flz(s))ds =: o1 fds. (3.3)
Given f € C'([0,1];R) we have
95 f(s)ds :/0 Os (fox)(s(x)) |va(x)| da =/0 Ou f (@) (0s7) (s(2)) |72 (2)| da

[0,1]

- / 0, f(x) da = £(1) — £(0). (3.4)
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Definition 3.6 (L,-spaces). Let 7 : [0, 1] — R? be a regular open curve with arclength parameter
s and let f:(0,1) — R be Lebesgue measurable. We define for p € [1, 00),

1
1A ) = /[ s = | @@l

)

and

Lyp(7,ds) :== {f : (0,1) — R Lebesgue measurable with ||fHLp(%dS) < oo}.

For p = 0o we let Loo(y,ds) := Lo ((0,1), ) with A the Lebesgue measure on R.

Lemma 3.7. Let v : [0,1] — R? and n : [0,1] — R? be regular open curves of reqularity k € N
with arclength parameters s, §, respectively, and let 0 : [0,1] — [0,1] be a C*~diffeomorphism with
v =mno06 and O(y) = y for y € {0,1}. Given f € C*([0,1];R) there holds for all 0 < n < k,

p € [1,00),
/ or f ds:/ o (f o 0~1) [P ds.
[0,1] [0,1]

)

Proof. We inductively show for 0 < n < k the identity
O (fox)os=02(fob 'oy)osol. (3.5)
This is trivial in the case n = 0. If n = 1 we have for & € [0, 1],

Os(f o) (s(£)) = (Ouf) (&) [y= ()7,
05 (fo0 ' oy) (5(0(2) =y (fo0 ) (0(2))|my (0(2)" = (9f) @) 02|~ Iny (0 (2))[" .
Suppose that is shown for all 0 < j <n — 1 for some n < k — 1. Then we conclude

O (fox)os=0, (00" (for))os=0,(0) " (fox)osox)os
( 1(fo;c)oso€ 1oy>0309
95 (077 (fob toy)osofobl toy)ogold =0 (fob 'oy)osol.

Per definition we have 07 f(z) = 07 (f o) (s(z)) and 92 (fo071) (y) = 9% (fob6 7' oy) (5(y))
and thus yields for any 0 < n < k,

1
/ o0 f1P ds = / 07 (£ o ) (s(@)” o ()] da

s

= [ 1oz (7207 02) G 0D Iy 0] 0.0
1
) |05 (Fo 07  oy) (3W)[" Iny (v)| dy = /[0 . |02 (fo0™")|" d5.
O

Definition 3.8. A regular open curve 7 : [0,1] — R? is said to be parametrised with constant
speed equal to the length if for all z € [0, 1] there holds |y, (x)| = L(v).

Given a regular open curve v : [0,1] — R? with length L(y), the curve n = v o ¢! with
¢ :[0,1] — [0, 1] denoting the C*~diffeomorphism

o) = 20) [ “hew)] dy

is parametrised with constant speed equal to the length.
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Definition 3.9 (Curvature (vector)). Given a regular open curve v € C2 ([0, 1]; R?) the curvature
vector k(x) at a point x is given by

KR\T) = F)/z"I,‘(I) 14¥4 Vl':2 (s
(@) = (2= v ) vlo) = B alo).

The curvature k(z) at z is given by

wle) = ) vty = { 225 (e )

Y () 2

One easily checks that the curvature is invariant under reparametrisation. That is, given a regular
open curve 1 € C? ([0,1]; R?), such that v = 5o § for a C?~diffeomorphism 6 : [0,1] — [0, 1], the
curvatures k-, and «, of v and 7, respectively, relate via

Ky =Fkpo0. (3.6)
We record the so-called Frenet formulas for the arclength derivative of the tangent and the normal

of a regular open curve given by

Ts = KV, Vs = —KT. (3.7

Corollary 3.10. Let v : [0,1] = R and n : [0,1] — R be smooth reqular open curves with arclength
parameters s, 5 and curvature K~ and ky,, respectively, such v = no0 for a smooth diffeomorphism
6 :10,1] — [0,1] with 6(y) =y fory € {0,1}. Then for allm € N, oy, k; € No, 1 € {1,...,m} and
p € [1,00], there holds

m

fl ()"

=1

I] (0%s.)"
=1

Ly (v,ds) Lyp(n,d3)

Proof. Let av,n € Ny be arbitrary. Lemma and identity (3.6]) yield for all p € [1, 00),

102)° 1, 00 = [ 108,17 ds = [
[0,1] [0,1]

= (105 )" IIZ

|02 (1, 007" d5 = / |0s0,| P d5
[0,1]

p(n,d3) *

Moreover, the identity (3.5]) yields

1051, a5y = SUP_10F (Ky 0 ) (s(2))|" = sup |05 (k0 y) (5 (0(x)))|"

z€[0,1] z€[0,1]
= sup [0F (kg 0y) (5" = 100550)" I, (.a5) -
y€[0,1]

This shows the claim in the case m = 1. The general case follows from the identity

(afl (Ky ox))al 0s = ﬁ (8;51 (K oy))al 0500

1 =1

which is a direct consequence of ({3.5]). O

s

l

Corollary 3.11 (Holder’s inequality on curves). Let v : [0,1] — R? be a regular open curve with
arclength parameter s and curvature k. Given m € N and oy, k; € Ng, p; € [1,00], 1 € {1,...,m},
such that 37° | - =1, there holds

[T @w)™
=1

<
L1(v,ds)

| @ken)™

LPl (77d3)

[JamE
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Proof. Due to Corollary we may assume without loss of generality that « : [0, 1] — R? satisfies
|7z (x)] = L for all x € [0,1] where L = L(vy) denotes the length of the curve v. Then the usual
Holder inequality [4, Lemma 3.18] yields

[ @)™

1 m
=/ (H!afl (o) (s(x)>|°"> fo(a)| da
=1

Li(v,ds)

ﬁ(@fl (Hox)os)al gLﬁH(@fl (Ho&v)OS)al

Ll((oal)) =1

m 1 1/p; m 1 Y/py
T ([ 1ok owpos™an) =TT ([ lok (w0 w) (o)™ bt e
1=1 0 =1

SOk
=1

Lp, ((0,1))

Ly, (7v,ds)

O

Definition 3.12 (Elastic energy). Let v € C? ([0, 1];R?) be a regular open curve. Given p € R
the elastic energy E,, with parameter p of +y is defined by

Bu(y) = /H (&% + 1) ds = / (K@) + 1) o) da

To compute the first variation of £, in the class
A:={y:00,1] — R? is a smooth immersion }

one needs to understand how geometric quantities of a one-parameter family of regular open
curves evolve in dependence of the welocity of the evolution. Such considerations have already
been undertaken in Section [L.1.2]in the case of higher dimensional flows restricting to immersions
that evolve only in normal direction. While this approach is justified in the case that the boundary
stays fixed during the evolution, c.f Proposition [I.26] the tangential velocity has to be taken into
account when allowing for movement of the boundary.

Given an interval J C R and a smooth one-parameter family v : J x [0,1] — R? of regular open
curves y(t) € A, t € J, we let 7(t), v(t) and x(t) denote the unit tangent, unit normal and
curvature of 7(t), respectively. Furthermore, we let ds; and 0s, be the arclength measure and
derivative associated to the curve y(t). We remark that the dependence of the arclength measure
and derivative on the parameter t € J is usually omitted.

Definition 3.13 (Normal and tangential velocity). Let J C R be an interval and «y : Jx [0, 1] — R?
be a smooth one-parameter family of regular open curves v(t) € A, t € J. The function 0y is
called velocity vector of v. The normal velocity and tangential velocity of v at (¢,z) € J x [0, 1] are
given by V(t,z) :=V(v)(t,x) := (Oy(t,x),v(t,x)) and T(¢t,z) = T(7)(t,x) := (Oy(t, z), (L, x)),
respectively.

The following evolution formulas are well-known in the literature, see for example [49] Lemma 2.1].
All appearing quantities refer to v and are defined on J x [0,1]. The reader shall be reminded
that composition of the respective functions with the diffeomorphism x is necessary to make sense
of the arclength derivatives.
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Lemma 3.14 (Evolution formulas). Let J C R be an interval and v : J x [0,1] — R? be a smooth
one-parameter family of regular open curves v(t) € A, t € J, satisfying the evolution law

oy=Vv+Tr on J x[0,1]. (3.8)
Then the following formulas hold:
615(95 = 85(9,5 + (FLV — TS) 85 s (39
O (ds) = (Ts — kV) ds,
ot =Vs+Tk)v,

(

(
Ov=—Vs+Tk)T, (3.12
Oik = (01, V) = Vg + Thy + K2V . (

Proof. The identities follow from straightforward computations using the Frenet formulas ({3.7))
and the evolution law (3.8). O

Lemma 3.15. Let J C R be an interval and v : J x [0,1] — R? be a smooth one-parameter family
of regular open curves y(t) € A, t € J, satisfying the evolution law (3.8). Then it holds for all
teJ,

d

GEO) = [ V(0 (2renlt) + 620 - (1) s
+ [26()VA(t) — 265 ()V () + K2 () T(1) + uT(1)], -

Proof. This is a special case of [I6, Lemma 2.1]. The proof can be found in [I7, Lemma 2.2]. Tt

follows from the formulas (3.10]) and (3.13]) using integration by parts with respect to the arclength
measure. O

3.2 The elastic energy and its gradient flow

In this section we compute the first variation of the elastic energy of Triods and Theta networks
which gives rise to the evolution problems (3.20]) and (3.21]) that can be understood as L?-gradient
flows of the elastic energy.

Definition 3.16 (Theta network). A Theta network v = (71, ~2, fy?’) is composed of three regular

open curves 7' : [0,1] — R? whose images intersect each other at their endpoints in the triple
junctions O = v1(0) = v2(0) = +3(0) and 0% = v1(1) = v2(1) = ~3(1).

Y O!

Figure 3.1: A Theta network.
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Definition 3.17. A Triod v = (v',~?,7?) is composed of three regular open curves 7 : [0,1] — R?
whose images meet in one triple junction O = v1(0) = 72(0) = ¥3(0). The other endpoints
Pl =~1(1), P2 =~+%(1) and P? = +3(1) are arbitrary.

Figure 3.2: A Triod.

We remark that the images of the curves composing the network may intersect also at other
points than the triple junctions. Also each curve may have self-intersections as the curves are only
required to be immersed but not necessarily embedded.

Definition 3.18 (Regularity of networks). Let k € N, o € [0,1) and p € [1,00] with p > 5.
A Triod or Theta network v = (71,72,73) is of class Ck*+< (or Wf, respectively), if each of its
curves 7° has the respective regularity.

Definition 3.19 (Concurrency condition and angles). Three regular open curves ~° : [0,1] — R?
are said to satisfy the concurrency condition in y € {0,1} if O = ' (y) = v%(y) = v*(y). In this
case, the point O is called triple junction and we denote by al(y), a?(y) and o3(y) the angles
between the tangent vectors 72(y) and 73(y), 73(y) and 71(y), and 71(y) and 72(y), respectively,
where 77 is the tangent to the curve 4* for i € {1,2,3}.

The convention regarding the angles is illustrated in Figure (3.2

Definition 3.20 (Elastic energy of networks). Let v = (y!,72,43) be a Triod or a Theta network
of class C2. Given p = (,ul,,uz,,u3) € R3 the elastic energy E,, with parameters u', i € {1,2,3}, is
defined by

3

3
E,(v)=) E.()= k')? + pt) ds’
(1) =>_Eu (v) ;/{07” (I&"[% + 1)

=1

where k’ is the curvature vector of the curve +*. Here the notation ds’ should be understood as
integration with respect to the volume form wgy: of ([(), 1], fyi), see (3.3)).

We adopt the following notation. Given an interval J C R and a smooth one-parameter family
v JJx[0,1] — (R?)3 of Triods or Theta networks, we let 7¢(¢), v/%(t) and x*(t) be the unit tangent,
unit normal and curvature of the curve v*(¢), respectively. We remark that the space variable is
usually not written explicitly. Also the dependence on ¢t € J and i € {1,2,3} of the arclength
measure ds! and the arclength derivative 832' associated to the curve v'(t) is usually omitted. If a
quantity f%(t) related to v%(t) is differentiated with respect to the arclength parameter related to
vi(t) we simply write 9, f¢(t) or fi(t). Furthermore, we let V¢, T : J x [0,1] = R, i € {1,2,3}, be



106 3 Preliminaries on the elastic flow of networks

the normal and tangential velocity of +*, respectively, which yields the evolution law
oy =V +Tr  onJx|0,1], i€ {1,2,3}. (3.14)
The first variation in the class of Theta networks
Ao == {(v",7% %) : 7" : [0,1] = R? smooth immersion, v (y) = 7*(y) = v*(y),y € {0,1}}
gives the following result which is a special case of [16, Lemma 2.2].

Proposition 3.21 (First variation of the elastic energy of Theta networks). Let J C R be an
interval and vy : J x [0,1] — (R?)? be a smooth one-parameter family of Theta networks v(t) € Ae,
t € J, satisfying the evolution law (3.14). Then it holds for all t € J,

! Z/O L0+ (<) () = (1)

3
< B,(1(1)) = > ), VOO + () 0 - ') as
[0,1]
+ Z [2r( — 261 (E)VI(E) + (W)2(OT(t) + 1 T (1)]

Differentiating the concurrency condition in time we obtain for y € {0,1} the identities

% (W) =7 (W) = 7% ()
which imply due to T%(t) = (v} (t), 7'(t)) = (7i(t),vi(t)) the identity
3 ' , 4 3 1
ST+ (@) T (1), < £,y (1 s<t)> :
i=1 i=1 0
Similarly, we observe that V' (t) = (v{(t),v'(t)) implies
3 . . 3 . . 1
PCACIAOE <’Vt1(t)7zf€§(t)’/1(f)> :
i=1 i=1 0
Finally, the identity (3.11) yields (v?) .= VEi(t)vi(t) + T (t)x'(t) which implies
3

> e OVIB], = D2 (k0. (10— X [2 () T'0)] -

i=1 i=1 =1
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We obtain different boundary terms when considering the first variation of the elastic energy in
the class of Triods with given endpoints P!, P2, P3, represented by the admissible set

Ar = {(71,72,73) : 4% :]0,1] = R? smooth immersion ,y*(0) = v*(0) = v3(0),7%(1) = Pi} .

Proposition 3.22 (First variation of the elastic energy of Triods). Let J C R be an interval and
v :J x [0,1] = (R?)2 be a smooth one-parameter family of Triods v(t) € Ar, t € J, satisfying the
evolution law (3.14)). Then it holds for allt € J,

3

LEem) =3 [ Vi, + (+) @) - pinin) ds

dt =1 [0 1]

3
<nt0»§:/t—ﬂ )74t®>
-2 <7tl(t70)’ Z"{i(m O)Vi(t70)>

i=1

3 3
+23 (K(1,0), (4t 0)) +2 > (' (£,1), (Y)e(, 1)) -
=1

=1

Proof. As in the previous proof we have for ¢t € J,

g () =S Vi) (261, (1) + (1) (1) — piki () ds®
FEOO =3 [ VOO ) 0 - w)
3
3 [2(K1 (1) ()e() = 26OV (1) = () ()T () + W' T (1)]

At the triple junction (¢, 0) we may rewrite the boundary term as in the previous proof to obtain
the desired terms. As 7%(t,1) = P! for all t € J and i € {1,2,3}, differentiating with respect to
time yields

0="T't1)=Vt1)

for all t € J and ¢ € {1,2,3} which implies that the boundary term at z = 1 reduces to

3

D SCUCRINCONIAE

=1

O

The elastic flow of networks can be understood as the L?-gradient flow of the elastic energy E,,.
Depending on the class of networks one is considering, the gradient flow structure gives rise to
certain conditions at the boundary that need to be fulfilled by the flow. Suitable conditions at
the junctions have been derived in [I6, Theorem 2.1]. Similarly as in Section we formally
derive the gradient flow and give details on the resulting boundary conditions for networks being
of Theta or Triod type.

Definition 3.23 (L?-gradient of E,,). Let A € {Ag, A7} be an admissible set. We say that the
elastic energy E, : A — R has an L?-gradient at vy € A, denoted by grad 4E, (7o), if there exist
smooth functions grad 4 E,(y0)" : [0,1] — R for i € {1,2, 3} such that for all smooth one-parameter
families v : J x [0,1] — (R?)? with J C R an open interval with 0 € J, y(0) = 7o and (t) € A
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for all ¢ € J, it holds

d ) ) )
S B \to—z / grad 4B, (10)" ((11) =05 V) dst.

Here v and s} denote the unit normal and arclength parameter of the curve v}, respectively. We
define the domain of grad 4 F,, by
D (grad4E,) = {7 € A: E, has an L?-gradient at 7} .

Lemma 3.24. Let A € {Ae, At} be an admissible set and v € A be given. The L*-gradient
grad 4 E, (7o) is unique if it exists.

Proof. Suppose that E, has an L?-gradient at 79 € A and that there exist smooth functions
F':[0,1] = R, i € {1,2,3}, satisfying the characterising property of grad 4 E, (7o). We observe
that for all ¢ = (¢!, 9%, ¢%) € C5°((0,1); R?) and a suitably small e(¢) > 0,

V() =o'y, tEe(—e(p).e(9), i €{1,2,3},
defines an admissible variation of 7. Indeed, the map ~%(¢) : [0,1] — ]R2 is an immersion for ¢
sufficiently small since mingeo 17 |76, ()| > 0 and max,cjo,1] [0z ((p (z)vi(x)) | < C. Furthermore,
the type of network is preserved as ¢ is compactly supported in (0, ) T hus the functions G* :=

grad 4 E(y0)" — F" satisfy for all ¢ € C§°((0,1); R®) the identity

S 3 1 _ ‘
O—Z/O N leldsl_;/o Gl(z)wz(z”(ﬁ/é)x(iﬂ”dx

which implies G* = 0 for all 7 € {1, 2, 3}. O

We now use the results obtained in Proposition [3.21] and [3:22] to derive conditions at the triple
junction and the given endpoints that characterise the Theta networks and Triods at which E,
has an L?—gradient.

The following result has already been shown in [I6, Theorem 2.1]. We prove it here for complete-
ness.

Proposition 3.25. The elastic energy E,, : Ag — R has an L*>~gradient at v € Ae if and only if
7y satisfies at both triple junctions O' = *(0) and O? = v1(1),

K'(y) =0, ie{1,2,3},ye{0,1}, (3.15a)

Zm@ — piri(y) =0, y€{0,1}. (3.15Db)

The L?—gradient is given by
gradA@E#('y)i = 2&@5 + (ni)?’ — piRt.
In other words
D (grad 4, E,) = {7 € Ae : 7 satisfies the identities (3.15)} .

The identity (3.15a)) is referred to as curvature condition, while (3.15bl) is called third order con-
dition.
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Proof. Suppose that 79 € Ag satisfies (3.15a)) and (3.15b)). Then Proposition implies for all
admissible variations ((t)) with v(0) = 7o the identity

d 3 i i i i i
dt H |t 0 _Z/O 1 2K:O ss 0) — KU Ko ) <(’Yt)|t:0’l/0> dSO
which shows that E, has an L?-gradient at 7o given by

grad 4 B, (70)" = 26§ o + (k) — 1’

Conversely, suppose that E,, has an L?-gradient at 79 € Ag. We observe that for all 1" €
C>([0,1;R?), i € {1,2,3}, with ¢! (y) = ¢¥?(y) = ¢*(y) and [¢| > 0 sufficiently small, the curves
t 7' (t) :== v+t define networks y(t) = (v'(t),7%(t),7*(t)) in Ae. With the choice 1’ = ¢'1f],
' € C§°((0,1);R), we infer from Proposition

3
’C Z /[0 1] (grad.ag Bu(v0)" = (2k0,55 + (%)3 — p'Kg)) " dsp
i=1’00,

for all ¢* € C§°((0,1); R) which implies for i € {1,2,3},

@ .0

gradAeEﬂ(,y(J)Z = 2"{(Z),ss + (K’B) — K Rg -

Furthermore, this yields that all boundary terms in the corresponding expression in Proposi-
tion need to vanish for all admissible variations. In particular, for all ¢ € C*° ([O, 1]; Rz),

3 ! 3
i V2, i i i i i\l
= <w1’ Z ( — 2h0 V) — (50)270 + p 7'0)> + 22 <I<.‘,0,1/)S>0 . (3.16)

i=1 0o i=1
We let 2 = ¢* = 0 and ¢! € C*([0,1];R?) be such that close to y € {0,1}, ¥'(z) =

Jy v6(@)1(79)2()| dZ. Then ¢'(0) = %'(1) = 0 and ;(0) = 155(0), ¥i(1) = 4(1) and thus (3.16)
yields x$(y) = 0 for y € {0,1}. An analogous argument for i € {2,3} yields that o fulfils (3.15a)).
Thus the property (3.16) reduces to

3 1

= <1/’17 > (=2 0+ ui78)>
i=1 0

for all choices of 1*(0),1'(1) € R? which implies that o fulfils (3.15b)). O

Proposition 3.26. The elastic energy E,, : At — R has an L*-gradient at v € Ar if and only if
at the triple junction O = v*(0) and at the endpoints P* = (1), respectively, it holds

k'(0)=0, ie{1,2,3}, (3.17a)

3
Z 264(0)4(0) — 7 (0) = 0, (3.17D)
k(1) =0, i€{1,2,3}. (3.17c)

The L?—gradient is given by

grad 4 E, ()" = (26%, + (') — p's") .
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In other words

D (grad 4, E,) = {7 € Ar : 7 satisfies the identities (3.17)} .

The identities (3.17a)) and (3.17c|) are referred to as curvature condition, while (3.17b)) is called
third order condition.

Proof. As in the previous proof it is straightforward to verify that if vo € At satisfies the identi-
ties , then F, has an L?-gradient at o which is given by the desired identity. Conversely,
suppose that E,, has an L?-gradient at v € Ar. Then for all ¥* € C>([0,1;R?), i € {1,2,3},
with 1(0) = ¥2(0) = ¥3(0) and *(1) = 0, the curves t + (t) := i + typ* define Triods
v(t) = (vH(t),¥*(t),¥*(t)) for [t| sufficiently small. With the special choice ¥' = @1 with an
arbitrary ' € C5°((0,1); R), Proposition implies that

grad 4, By (70)" = 260 o + (50)” — p'sg
We thus have for all ¢* € C*([0,1];R?), i € {1,2,3}, with ' (0) = ¢?(0) = *(0) and (1) =
P2(1) =¢3(1) =

3 3

< 0), Y (=2r% 4(0)15(0) — £§(0)°75(0) + 'z )>+QZ<"‘~6(U) ¥5(0))
i=1 =1

F 237 (b0 0 0)

Arguing precisely as in the proof of Proposition we conclude that g satisfies the identi-
ties (3.17). O

We are interested in the evolution problems that arise as L%-gradient flows of the elastic energy.
The characterisation of the L?-gradient of the elastic energy E,, yields the following flow.

Definition 3.27 (Smooth solution to the gradient flow). Let A € {Ag, At} be a set of admissible
networks. A smooth solution to the gradient flow of E,, in A is a smooth function v : J x [0,1] —
(R?)3 with J C R an interval such that for all ¢t € J, y(t) € D(grad 4E,) and for all t € J and
i€ {1,2,3),

Vit) = (1), v (1)) = —grad 4 B (v(£))" = — (261,(8) + (v'(£)” — w's' (£)). (3.18)

Corollary 3.28. Let p € R3, A € {Ag, At} be a set of admissible networks and v : J x [0,1] —
(R2)3 be a smooth solution to the gradient flow of E,, in A. Then for allt € J,

((11t ” Z /0 1] 2HSS ( )3 (t) - /j’iﬁi(t))2 ds’ . (3'19)

In particular, if u* > 0 for all i € {1,2,3}, then for all j € {1,2,3} and 7,t € J with T < t there
holds

w

H’" ||L2 (9 (t).ds?) Z HL2 (vi(t).dst) < E,(y(7))-

In the case u* > 0 for all i € {1,2,3} we further have for all i € {1,2,3} and 7,t € J with 7 < t,
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Proof. Let t € J be given. As «(t) lies in D (grad 4 E,,), Definition yields

Z/O grad 4 B, (+(1)) 'V (£) ds*

The identity (3.19) is now a consequence of (3.18]). In particular, ¢t — E,(t) is decreasing. Let
7,t € J with 7 <t be given. If u > 0 for all i € {1,2, 3}, we obtain for all j € {1,2,3},

d

w

HK HL2 "/J(t ds Z HL2 'y i(t), ds ZE EH(PY(t)) < EM(V(T)) .

In the case u > 0 for all i € {1,2,3} we further have for all i € {1,2, 3},

L(v(1) < MiE (i(8) < %Emu)) < %Emv)).

This completes the proof. O

The parameter ¢ is often interpreted as time and the interval J is of the form J = [0,T], J = [0,T)
or J = (0,T) for T > 0. Thus one can view a smooth solution vy to the gradient flow of E,, in
A as the evolution of the initial network v(0) € A in the considered class of admissible networks
that decreases the elastic energy most efficiently with respect to the L2—inner product.

This gives rise to two different problems depending on the set of networks one is interested in.
The corresponding boundary conditions follow from the characterisation of D(grad 4E,) in the
different cases that have been established in Section

Definition 3.29 (Elastic flow for Theta networks). A smooth solution to the elastic flow for Theta
networks is a smooth function v : J x [0,1] — (R?)3, with J C R an interval, such that for all
t € Jand i€ {1,2,3}, ¥%(t) is a regular open curve and for i € {1,2,3},

<’yti, Vi> = —(2/@'25 + (ni)s — /ﬂ/@'i) inJx[0,1]  (motion),

=192 =73 on J x {0,1} (concurrency condition), (3.20)
k'=0 on J x{0,1} (curvature condition),

Zf’zl 2kt — pitt =0 on J x {0,1} (third order condition).

Definition 3.30 (Elastic flow for Triods). A smooth solution to the elastic flow for Triods with
given endpoints P1, P?, P3 is a smooth function v : J x [0,1] — (R?)?, with J C R an interval,
such that for all ¢ € J and i € {1,2,3}, 7%(t) is a regular open curve and for i € {1,2,3},

(v, V') = — (2L, + (lii)g —p's") inJ x[0,1]  (motion),

Al =72 =43 on J x {0} (concurrency condition) ,

vt = Pt on J x {1} (endpoints) , (3.21)
k' =0 on J x {0,1} (curvature condition),

Z?:l 2kt — pitt =0 on J x {0} (third order condition) .

In the systems and there are no additional constraints imposed on the curves besides
the concurrency and the fixed endpoint constraint, that are needed to maintain the shape of the
network. As the remaining boundary conditions “naturally” arise from the first variation of the
energy, the problems and are also referred to as the flows with natural boundary
conditions.

The boundary problems and are geometric meaning that they are invariant under
reparametrisation.
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Proposition 3.31 (Invariance of the elastic flow under reparametrisation). Suppose that v : J X
[0,1] — (R?)3, J C R an interval, is a smooth solution to the gradient flow of E,, in A with
A € {Aeg, A7} and 0° : J x [0,1] — [0,1], i € {1,2,3}, is a smooth one-parameter family of
smooth diffeomorphisms 0%(t) : [0,1] — [0,1] with 6%(t,0) = 0 and 0°(t,1) = 1 for t € J. Then
5 :J x[0,1] = (R?)3 defined by ¥(t,x) =~ (t,@i(t,m)), i € {1,2,3}, is a smooth solution to the
gradient flow of E,, in A.

Proof. The function 7 is smooth being a composition of smooth functions and for every i € {1,2,3}
and t € J, ¥'(t) is a regular open curve being a reparametrisation of y(¢). As 6%(t,0) = 0
and 0(t,1) = 1, the topology of the network, that is the Triod or Theta shape, respectively, is
preserved. Given t € J we let s'(t) and 5%(¢) be the arclength parameters of the curves v¢(t) and
Ji(t), respectively, with inverse functions x*(¢) and z%(t). Then one observes for x € [0, 1],

Osi (1) (7 (t)o T’ (t)) (gi(t’ z))
= |Gt 2)| T T @) = [ 011 )0 (8, 2) | AL (8,00 (¢, 2)) O (@)
= it 0 (8, 2))| T AL (5,67t @) = By (7 (1) 0 (1)) (5°(2, 6% (¢, x))) -

|71

Inductively, one sees that this identity holds for arbitrary order of arclength derivative. This
yields that the quantities appearing in the motion equation and the boundary conditions are
all geometric, that is, preserved under reparametrisation. Denoting by v*(t) and v%(¢) the unit
normals to v%(¢) and 5'(t), t € J, respectively, we observe for t € J and x € [0, 1],

Filt2), 7 (1)) = (3 (1,0 (8,2)) + 35 (1,07 (8,2)) 00 (1, 2), /' (1,67 (¢,2)))
= (o (1.6 (t,2)) " (1,6°(t,2))) -

Thus we may conclude that if v is a smooth solution to the gradient flow of E, in A then so is its
reparametrisation 7. O

In particular, uniqueness of solutions to the gradient flow of £, in an admissible set .A can only be
expected up to (time dependent) reparametrisations which precisely corresponds to the evolution
of the images of the network being unique. This notion is referred to as geometric uniqueness.

3.3 Tangential degrees of freedom

In this section we study the tangential degrees of freedom in the evolution problems
and , which we also refer to as the geometric problems. The evolution law is degenerate
in the sense that only the normal component is specified. Indeed, the observable motion of the
image of the network is determined by the normal velocity of each curve and the requirement that
the shape of the network, Triod or Theta, is maintained during the evolution. In doing so, we
allow for motion of the triple junctions which gives rise to tangential movement. While the normal
velocity is invariant under reparametrisation as shown in Proposition different solutions ~y
and ¥ to the elastic flow in a class A with [y(¢t)] = [J(t)] in general have different tangential
velocities in the interior of the curves as this does not affect the geometric evolution. At the triple
junctions though, the tangential movement is uniquely determined by the normal velocities of the
curves and the concurrency constraint with the exception of one degenerate geometric situation.

Definition 3.32 (Non-degeneracy condition). Three regular open curves 7% : [0,1] — R? i €
{1,2,3}, that satisfy the concurrency condition in y € {0,1} are said to fulfil the non-degeneracy
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condition in y if the angles o (y), a?(y), and a3 (y) between 72(y) and 73(y), 73(y) and 71(y), and
71(y) and 72(y), respectively, satisfy

max { [sin al(y)| , |sin a2(y)’ , |sin a?’(y)|} > 0. (3.22)
The above condition appeared first in [64, Definition 3.2].

Definition 3.33 (Non-degenerate smooth solutions). Let J C R be an interval. A smooth solution
v :J x[0,1] = (R?)3 to system or is called non-degenerate if at every y € {0,1} in
which v1(¢,y) = v2(t,y) = v3(t,y) holds for all ¢ € J, the curves ' (¢), v2(¢) and v3(t) satisfy the
non-degeneracy condition in y for all ¢ € J.

An equivalent formulation of (3.22)) is

span {1 (y), V* (y), v’ (y) } = R?

which is satisfied if and only if at least one angle at the triple junction is different from 0, 7 and 2.
As the three angles at the junction sum up to 2, this is equivalent to the requirement that at most
one angle is equal to 0 or w. The non-degeneracy condition appears in the definition of geomet-
rically admissible initial networks as it is needed to prove the validity of the Lopatinskii—Shapiro
condition which is itself the crucial ingredient to the existence of the evolution, see Proposition 1.6}
Its uniform version plays an important role regarding the long time behaviour of the evolution,
see Chapter 5] We formulate it as in [65], (6.9)].

Definition 3.34 (Uniform non-degeneracy condition). Let J C R be an interval and v : J X
[0,1] = (R?)? be a one-parameter family of triples (v'(¢),~%(¢),y*(t)) of regular open curves
yi(t) 1 [0,1] = R?, i € {1,2,3}. Let y € {0,1} be such that for every t € J, the curves v1(t), v2(¢),
v3(t) satisfy the concurrency condition in y. Then 7 is said to fulfil the uniform non-degeneracy
condition in y if the angles ol (t,y), o?(t,y), and a3(t, y) between the tangent vectors 72(t,y) and
3(t,y), 73(t,y) and 71(t,y), and 71(t,y) and 72(t,y), respectively, satisfy
s 1 L2 .3

pi= %relgmax {|sina’(t,y)|,[sina®(t,y)], [sina®(t,y)|} > 0. (3.23)
Proposition 3.35. [65, Lemma 6.11]. Let J C R be an interval and « : J x [0,1] — (R?)? be a
smooth solution to one of the geometric problems or such that v satisfies the uniform
non-degeneracy condition in every y € {0,1} where v1(t,y) = v2(t,y) = v>(t,y) holds for every
t € J. Then for every t € J the tangential velocities T'(t,y), i € {1,2,3}, are linear combinations
of the normal velocities V(t,y), i € {1,2,3}, with coefficients uniformly bounded with respect to
teJ.

Proof. All quantities in the following are evaluated in y. To improve readability we omit this in
the notation. Differentiating the concurrency condition with respect to ¢ yields for every ¢t € J,
Vi) + THE)rH(t) = VAR () + T2 ()2 (t) = V3O (1) + T3 ()73 (1) .

Testing these identities with 71(¢), 72(¢), 73(¢) implies

= ('), T2(t)) 1 0 Ty (t) (V1) 72 (1)) Vi (t)
0 —(72(t),T3(t)) 1 To(t) | = | (V3(t), 73(1)) Val(t)
1 0 — (3 (), T (1)) Ts(t) (V3(1), 71 (1)) Va(1)

The 3 x 3—matrix on the left hand side is denoted by M (t) in the following. Its determinant is
given by

det M(t) =1 —(7(t), 7"(t)) (7°(t), 72 (1)) (7' (t),7°(t)) = 1 — cos a' (t) cos a*(t) cos a®(t) .
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Using (3.23) we obtain

ting det M (t) = 1 — sup (cosa' () cos &®(t) cos &®(t))
€

teJ
> 1—supmin {|cosa' ()], cosa®(t)|, |cosa®(t)[} > 1— /1 —p2 > 0.
teJ

In particular, for every ¢ € J there exists a unique solution T'(t) = (T (t), T2(t), T*(t)) to the above
system. By Cramer’s rule each component 7" (t) of the unique solution T'(t) can be expressed as a
linear combination of V(t), V2(t) and V3(t) with coefficients that are polynomials in the entries
of M(t), (v*(t),72(t)), (v*(t), 73(t)), (v3(t),7'(t)) and (det M(t))™". We refer to LemmaMfor
explicit the formulas. The condition ensures that these coefficients are uniformly bounded
with respect to t € J. O

To construct an explicit solution to the elastic flow in a given admissible class, one has to remove
the tangential degrees of freedom that are present in the problem which corresponds to fixing a
parametrisation of the flow.

In the following we specify a tangential velocity for each curve and impose additional boundary
conditions that turn the degenerate problems into systems of quasilinear parabolic boundary
value problems of fourth order, also called the analytic problems. In doing so one needs to keep
in mind that the tangential component is already determined at the junction points as shown
in Proposition [3:35] Furthermore, the boundary constraints need to be tangential in the sense
that they do not change the geometry of the problem but can always be obtained by suitable
reparametrisation of the curves. These issues are studied in Theorem

Given a smooth regular open curve v : [0, 1] — R? and u € R we explicitly compute the expression
V(y)v = — (2ks + £* — pr) v (3.24)
in terms of « which gives
V() = —2ksev — K30 + pkv

Yz Yooz Voo, Vo) | w Yoo oal” | o Vox (Yoows Vo) Vow (Voo Vo)
=2 +12 +5

P 6 st 8 6 —35 8
|7z | Ve Yz | |V |z
|’Yw| I’Vﬂv‘ |%c| |'7$| |’Yﬂc|
b <u 73”””2,7> T, (3.25)
|7z Vel

Definition 3.36. [64, Definition 3.5]. Given a smooth regular open curve v : [0,1] — R? and
1 € R we define

+ 8
4 6 6 6 8
Ve |’7»L| Ve ‘71‘ Ve

+u< %”‘2,7> . (3.26)
7zl

Theorem m shows that given parameters u* € R, i € {1,2,3}, and a one-parameter family of
networks 7 : J x [0,1] — (R?)?3 solving the elastic flow in an admissible set A (in the strong or
classical sense) there exists a reparametrisation v of 7 satisfying the evolution law

T(’)/) — <_2’Yaca:xac + 12’Yxac3c <'7:cacv’73:> 5’73% "Yacx|2 Ve <7x9m7%c> . 35’7329c <’Y;cac7'73:>2’7_>

Y=V {H)V+T () in J x[0,1], i €{1,2,3}. (3.27)
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This suggests to look for a one-parameter family of networks v : J x [0,1] — (R?)3 satisfy-
ing together with the boundary conditions in the respective geometric problem. The evolu-
tion laws yield a system of six scalar parabolic equations of fourth order. To obtain a unique
strong solution one would expect to have two independent conditions for each equation at each
boundary point y € {0,1}. The boundary conditions in both of the geometric problems (3.20])
and give nine scalar conditions for each boundary point. Thus, the resulting non-degenerate
system is under-determined as for each curve one condition at each boundary point is missing. To
remove these tangential degrees of freedom one has to carefully choose conditions on the curves
that on the one hand yield a well-posed PDE and on the other hand do not affect the geometric
problem. As in [64] (3.4)] it turns out that the so-called tangential second order condition given
by

(Yeg, ™) =0 on J x {0,1}, i € {1,2,3} (3.28)

satisfies these requirements, see Proposition [£.18] Proposition and Theorem [£.59]

The resulting auxiliary boundary value problems are analysed in detail in Section [{.1] Existence
and uniqueness of solutions with appropriate initial data is shown in different function space
settings. To answer the question of existence of solutions to the geometric problem given an ini-
tial network, one has to find a reparametrisation of the initial network satisfying the additional
tangential conditions at the boundary that are necessary to solve the analytic problem. This
is done in Proposition [I.56] This then yields a solution to the geometric problem as shown in
Theorem [£.58] By constructing suitable reparametrisations we show that the solutions to prob-

lems (3.20]) and (3.21]) are unique up to reparametrisation, see Theorem and Theorem [£.62]

3.4 Notions of solutions and conditions on the initial net-
work

In this section we introduce the concepts of classical and strong solutions to the evolution prob-
lems and carefully explaining the resulting requirements on the initial networks.

To derive the geometric problems from the variational point of view we have restricted ourselves
to parametrisations that are smooth in time and space mainly to simplify technical aspects arising
from regularity issues. Indeed, the aim was to derive the right conditions at the junctions and the
endpoints. Turning now to the question of existence of solutions we address the issue of regularity
more carefully.

A priori, there are several notions of solutions that could be considered from the point of view of
analysis, roughly divided into the categories of strong and weak solutions. To obtain a notion of
weak solutions one would need to integrate the gradient flow equation by parts using the
boundary conditions that are valid in the respective class of admissible networks. We do not want
to go into detail here as we intend to show existence of strong solutions, that are, roughly speaking,
time-dependent parametrisations solving the resulting boundary value problem at least almost
everywhere in time and space. More precisely, all appearing derivatives of the parametrisations
in the motion equation should exist at least in the sense of distributional derivatives and the
derivatives of lower order appearing in the boundary conditions should exist pointwise in space
such that one can actually evaluate at the end-points.

The L?-gradient flow of E, in the different classes of networks gives rise to a quasilinear parabolic-
type equation of fourth order as discussed in Section [3.3] We shall prove existence in two natural
settings for this type of equation, namely in Holder Spaces and Sobolev Spaces. In the latter case
the derivatives exist in a distributional sense while in the former they exist as classical derivatives
which is why the corresponding solutions are referred to as classical solutions. The solution spaces
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are given by
PN
ot ([o, 7] % [0, 1]; (R?)?)

for T >0 and a € (0,1) and
W, ((0,T); Ly((0,1); (R*)*)) N Ly, ((0,7); Wy ((0,1); (R?)?))

respectively, where we restrict to p € (5,00). The definition of these spaces with corresponding
norms are given in Definitions [B7] and respectively.

As explained before, both types of solutions are rather strong bringing the disadvantage that
several conditions need to be imposed on the initial object. These are the so called compatibility
conditions and are derived in the following. Initial networks satisfying these conditions are called
geometrically admissible to distinguish them from the analytically admissible initial values that
are admissible for the auxiliary boundary value problem derived in Section [3:3] The advantage
in the Sobolev setting is that the regularity and compatibility conditions required on the initial
network are weaker with respect to the ones in the Holder setting. Of course, the downside is that
also the solution one obtains is less regular than the one arising from Holder theory. Fortunately,
one can use the parabolic nature of the problem to show that solutions to the L?-gradient flows
are smooth for positive times, also when starting from a Sobolev initial network. This is shown in
Subsection

Let p € (5,00) and v € W} ((0,T); L,((0,1); (R?)3)) N Ly, ((0,7); W ((0,1); (R%)3)) be such that
vi(t), i € {1,2,3}, are regular open curves solving one of the systems and . Proposi-
tion implies that the solution space is continuously embedded in C ([0, 7]; C* ([0, 1]; (R?)?))
and thus all boundary conditions are valid pointwise in time and space. Evaluation in ¢ = 0
yields that the initial network ~(0) satisfies all appearing boundary conditions. Its regularity
is determined by the trace space of the solution space which is given by the Slobodeckij space
W;P% ((0,1); (R?)3) defined in Definition

Definition 3.37 (Geometrically admissible initial network (Sobolev setting)). Let p € (5,00). A
geometrically p—admissible initial network to one of the systems and is a function o €
W;_% ((0, 1); (Rz)?’) such that 0% : [0,1] — R?, i € {1,2,3}, are regular open curves satisfying all
boundary conditions appearing in the respective system and further the non-degeneracy condition
in all y € {0,1} with ol(y) = 0(y) = o3 (y).

If o is a geometrically p-admissible initial network to system or and 6% : [0,1] — [0, 1],
i € {1,2,3}, are diffeomorphisms with 61 € W, 7 ((0,1)), 0(y) = y for y € {0,1}, then ¢ :=
o’ 0 0" defines a geometrically p—admissible initial network o = (gl, 0%, 93) to the same system
which is a consequence of the following Lemma.

Lemma 3.38. Let p € (5,0), f,g € W;lf% ((0,1)) be such that g : [0,1] — [0,1] is a C*~
diffeomorphism. Then fog and g—' lie in W;lf% ((0,1)).

Proof. We note that [I5I, Corollary 4.37] yields for all y € [0,1] the differentiation rule g, *(y) =

(92 (97 (y))) . As W;_4/p((0, 1)) < C3([0,1]) by Proposition we obtain in particular
g~ e C3([0,1]) = W2((0,1)) and

2 —4

Gk ) =3 (92 (97 ®)) 7 (922 (97 @) = (92 (97 ®))) ™" Goww (97" (W) -

As g is a C'—diffeomorphism, it is straightforward to show that g, o g~ lies in I/Vp1 - ?((0,1)).
Proposition and the Banach algebra property of W,} - ?((0,1)) shown in Proposition
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yield g, .\ € WZ}_%((O, 1)) and hence g~! € W§_4/p((0, 1)). Similar arguments may be used for
fogeC3([0,1]) = WF((0,1)) as

ag (f o g) (Z‘) = fmww(g(x)) (gm(-r))g + 3fmw(g(x))gw(x)gwm(x) + fm(g(x))gmxw(aj) :
O

In the Holder setting additional conditions appear at the boundary points. Let a € (0,1) and
v € CTEt At ([0, 7] x [0,1]; (R?)?) be such that (), i € {1,2,3}, are regular open curves
solving system or . Suppose that the curves v(t) satisfy the concurrency condition
in y € {0,1} and let 7¢ := 7%(0,y) and 1§ := v}(0,y) for i € {1,2,3}. Due to the regularity of
there holds for all ¢ € [0,T],

% (ty) =7 (ty) =% (),
and thus in particular

7% (0,9) =7(0,5) =7(0,7). (3.29)
Let a, ad and o denote the angles between the tangents 7¢ and 735, 75 and 73, and 7§ and 7¢,
respectively. Basic trigonometric relations imply the identities

sin (aé) 7o + sin (ag) 74 + sin (ag) =0,
sin (a(l)) vy + sin (a%) Vg + sin (a%) vg =0.
Given i € {1,2,3} we let
i i i i\3 Qi
Ve :=V'(0,y) = —(265,(0,y) + (")” (0,y) — pu*x"(0,y))
be the normal velocity of v in y at time 0. Testing (3.29) with v§ and multiplying by sin ()
gives
sin (ag) Vo' = (77(0,y),sin (o) 15 ) = —sin (o) Vi —sin (o) (47 (0, ), v5)
= —sin (a%) Vg — sin (048) V.
In the case that v is a classical solution to (3.21)) in [0, 7] with given endpoints P, P2, P3, there
holds for all t € [0,T7, ¢ € {1,2,3},
7i(t,1) =0
and in particular, v¢(0,1) = 0. Testing with the normal ©*(0,1) to the curve 7¢(0) at the point
y = 1 yields for all ¢ € {1,2,3},
0=V(0,1) = —(2x%,(0,1) + (v*)° (0, 1) — 's*(0,1)).

Definition 3.39 (Geometrical fourth order condition (junction)). Let uf € R, 4% € C* ([0, 1]; R?),
i € {1,2,3}, be regular open curves and y € {0,1} such that v!(y) = v2(y) = v*(y). Let further
a'(y) denote the angle between 7:71(y) and 70~ (y) (mod3). We say that + satisfies the geometrical
fourth order condition in y € {0,1} if

sin (a'(y)) V (7") (y) +sin (@*(y)) V (v*) (y) +sin (a®(y)) V (v*) (y) = 0
with V (v%) = — (2K, + (k1) = W' as in (3:24).
Definition 3.40 (Geometrical fourth order condition (endpoints)). Let u* € R be given and ¢ €
C*([0,1];R?), i € {1,2,3}, be regular open curves with 7*(1) = P’ for given points P!, P%, P? €

R%. We say that v satisfies the geometrical fourth order condition in y = 1 if for all i € {1,2,3},
the curvature x* of 7* satisfies

0=V (v) (1) = — (261, (1) + ()"

(1) — iRl (1)).
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Definition 3.41 (Geometrically admissible initial network (Holder setting)). Let o € (0,1). A
geometrically a—admissible initial network to systems or , respectively, is a function
o € C* ([0,1]; (R?)3) such that o : [0,1] — R?, i € {1,2,3}, are regular open curves satisfying
all boundary conditions appearing in the respective system, the applicable fourth order condition
iny =0 and y = 1 and further the non-degeneracy condition in all y € {0,1} with o!(y) =

a*(y) = o*(y).

If o is a geometrically a—admissible initial network to system or and 0 : [0,1] — [0,1],
i € {1,2,3}, are diffeomorphisms with 6 € C4+2 (]0,1]), 0'(y) = y, y € {0,1}, then o' := 0% 0 §°
defines a geometrically a—admissible initial network o = (91, 02, 93) to the same system. This
follows from the following lemma and the fact that the conditions listed in Definition [3.41] are
invariant under reparametrisation.

Lemma 3.42. Let a € (0,1) and f,g € C*T([0,1]) be such that g : [0,1] — [0,1] is a C'~
diffeomorphism. Then f o g and g=' lie in C*+2([0,1]).

Proof. We observe that given o € (0,1), h € C*([0,1]) and g : [0,1] — [0,1] a C1-diffeomorphism,
the function h o g lies in C*([0, 1]) which follows from

sup |h(g(z)) — hlg(W))] _ sup h(g(=)) — h(gW))l lg(=) — g(m)|*
z,y€[0,1],z#y |.’L‘ - y|a z,y€[0,1],z#y |g($> - g(y)|a ‘x - y|a
h(x) — h(y a o
< sp MDA e < Bl 1905 o

(67
cyel0 ) aty [T =Y

Given f,g € C*T([0,1]), g : [0,1] — [0,1] a C'-diffeomorphism, the chain rule yields f o g €
C*4([0,1]). Computing 92 (f o g) explicitly and using the above observation combined with the
Banach algebra property of C'%(]0,1]), one verifies f o g € C**%([0,1]). Similarly, one obtains
g~ € C**2([0,1]) by using the differentiation rules for g~ shown in [I51], Corollary 4.37]. O

Figure 3.3: A non-admissible initial network.

Definition 3.43 (Strong solution to the geometric problem). Let p € (5,00) and o a geometrically
p—admissible initial network to systems (3.20) or (3.21). Given T > 0 a strong solution to the
considered system in [0, 7] with initial datum o is a function

v €W, ((0,T); Ly ((0,1); (R*)?)) N Ly, ((0,T); W, ((0,1); (R?)?))

such that there exist diffeomorphisms 6% : [0,1] — [0,1] with 6 € Wy~ 7*((0,1)), 6i(y) = y for
y € {0,1} and 7%(0) = 0% 0§, and such that for all ¢t € [0,T], vi(¢) : [0,1] — R? i € {1,2,3},
are regular open curves that fulfil the non-degeneracy condition in each y € {0,1} in which
YLt y) = v2(t,y) = ¥3(t,y) holds for all t € [0,T], solve the motion equation almost
everywhere in (0,7)x (0, 1) and satisfy the boundary conditions of the considered system pointwise.
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Definition 3.44 (Classical solution to the geometric problem). Let a € (0,1) and o a geometri-
cally a—admissible initial network to systems (3.20) or (3.21). Given T > 0 a classical solution to
the considered system in [0, 7] with initial datum o is a function

v € CTEAT ([0, 7] x [0, 1]; (R?)?)

such that there exist diffeomorphisms 6 : [0,1] — [0,1] with §° € C*+2([0,1]), #(y) = y for
y € {0,1} and +*(0) = 0% 0 §, and such that for all ¢t € [0,T], ~*(t) : [0,1] — R?, i € {1,2,3},
are regular open curves that fulfil the non-degeneracy condition in each y € {0,1} in which
YH(t,y) = 72(t,y) = v>(t,y) holds for all t € [0, 7] and satisfy the motion equation and the
boundary conditions of the considered system pointwise.

Lemma 3.45. Let T be positive and v be a strong or classical or non-degenerate smooth solution

to systems ([3.20)) or in [0, T]. Then there holds

= i >0. 3.30
c(?) z'e{1m3} telo, T] xE [0,1] h‘“" | ( )

Moreover, v satisfies the uniform non-degeneracy condition in each y € {0,1} in which v (t,y) =
v2(t,y) = v3(t,y) holds for all t € [0,T].

Proof. Proposition yields that v lies in C ([0,T7]; C* ([0,1]; (R?)?)). For every t € [0,T]
and i € {1,2,3}, the curve 7i(¢) is regular and thus mingeo,1] ”y;(t,:n)| > 0. Hence, for every
i €{1,2,3}, (t,x) — |7i(t,x)]| is a positive and continuous function on the compact set [0,7]x [0, 1]
which attains its positive minimum. This yields the identity . Let y € {0,1} be such that
for all t € [0,T], y(t) satisfies the concurrency condition in y and let a!(t,y), o?(t,y), and a3(t,y)
denote the angles between the tangent vectors 72(¢, y) and 73(t,y), 73(¢,y) and 71 (¢, ), and 71 (¢, )
and 72(t,y), respectively. By definition we have for every t € [0, 7],

max{|sinoz1(ty| |sma ty| |sma (t,y) |}>O

Modulo three there holds the identity

. i+1(4 i1
a'(t,y) = arccos << ’Y?H( Y) ’Y?_l( X)) >> , telo,T],

which yields in particular that

|blIlOé ty| |slna ty|}

t — max {|sin o (¢,

is a positive and continuous function on the compact set [0,7] whose minimum is attained. O

3.5 A priori estimates for the geometric problem

In this section we derive an a priori estimate for smooth solutions of (3.20) and (3.21) which is a
key ingredient in the study of the long time behaviour of the flow in Chapter|sl The computations
follow [65] Section 6]. We use the following version of the Gagliardo—Nirenberg inequality.

Theorem 3.46 (Gagliardo—Nirenberg inequality). Let m € N be given. Suppose that u belongs to
Ly ((0,1)) and 0w belongs to Lo ((0,1)). Then for all 0 < j < m there exist positive constants
C1, Cy depending only on m and j such that for all p € [2,00] there holds

||8 uHL »((0,1)) < Ol ||amu||L2 0,1)) ||u|| 0 1)) + 02 ”uHLz((O 1))
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where )
_JtYa—1h
= - ;
and é = 0.
Proof. This is a special case of [ITI, Theorem 1]. O

Corollary 3.47 (Gagliardo-Nirenberg inequality on curves). Let v : [0,1] — R? be a smooth
regular open curve with arclength parameter s, curvature £ and length L := L(vy). Given m € N
and 0 < j < m there exist positive constants Cy, Cy depending only on m and j (and not on the
curve 7y) such that for all p € [2,00] there holds

, - Co
HaﬁRHLP(%ds) Cy (|03 ’f”L2 (7,ds) ||"iHL2(y as) T Tme T mo I HLQ('y,dG) (3.31)
where )
_ Y=
= — ;
and é =0.

Proof. Corollary [3.10] yields that we may assume without loss of generality that v is parametrised
with constant speed equal to the length, that is, |y, (x)| = L for all = € [0, 1]. Moreover,  lies in
C* ([0,1]; R) and one easily shows by induction that for all k € N,

3% (ko 2) (s(x)) = L™*0%x(x)

Thus, for all p € [1,00) and k € N, we obtain

1 1
0551, a0y = [ 105 o) ] Pl do = 2747 [ okta)”

= L7k “6§“||ip((o,1)) J

and thus
kel
HafEHL,,(%ds) =L HaI;KHLP((O,l)) :
In the case p = oo we have
_ _ _ y—k+2
195511, a0y = S |05 (ko) (s(2))| = L7 . |0z k(@)] = L™ (|02k]] o, -

Hence Corollary yields for all m € N, 0 < j < m and p € [2, 0],

i —j4+ 1 m. o -0
10211, (0 < L77F (Co 19217 0.0 I8N 00y) + Co Il ooy
—j+1 mo—% m 1
= L (L F 100k () LT 8110 0y + CoL ™ 1l ra)

= ClL7j+5+m67§ ||a;nli||L2 (v,ds) HK”L;('\/,ds) + 02L7]+;7§ HKHLQ('\/,ds)

m g CQ
=0 Has ’QHLQ(%ds ||K’HL2('y,ds) + 7 om Lom ” ”Lz(%dS)

Furthermore, we use Young’s inequality in the following version.

Lemma 3.48. Let a,b,e > 0 and p,p’ € (1,00) with % + i = 1. Then it holds

’

ab < ea? + C (e,p,p') b7 .
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Proof. The identity (3-11) in [4, Lemma 3.18] yields
ab = (peap)l/p ((pa)_p//p bp/>l/p, < ;1) (pea®) + ]% ((pe)_p,/p b’“) =ea’ + ]% (ps)_p//” v
O

We use the following notation throughout this section. Given an interval J C R and a smooth
solution «y : J x [0,1] = (R?)3 to or (3.21)), we let 7'(t), v*(t) and '(t) be the unit tangent,
unit normal and curvature of the curve v*(¢). The dependence of the arclength measure ds} and the
arclength derivative d,; ont € J and i € {1,2, 3} is usually omitted. If a function fi@) :[0,1] - R
related to v(t) is derived with respect to the arclength parameter s¢ we simply write dfi(t) or
fi(t). In particular, we omit the composition with the diffeomorphism z*(¢) : [0, L (y*(t))] — [0, 1].
Furthermore, we let Vi, T% : J x [0,1] — R, i € {1,2,3}, be the normal and tangential velocity
of 7%, respectively. Given p € [1,00] we use the abbreviation L, (v'(t)) := L, (v(t),ds}) in the
following. Furthermore, we define for k € Ny, p € [1, 0],

3
15RO, oy = DO O, i oy -
i=1

3
15RO, oy = 2 NOSE Ol 2 riay -
=1

As in [102] we introduce some notation that will be helpful in the following arguments.
Definition 3.49. Given h € Ny and A € N we denote by py (Q’jn) a polynomial in &, ..., 9"k such
that every monomial it contains is of the form

h h

cI[@x)", Y t+Da=Ax,

=0 =0

with C > 0, ay € Ng for [ € {0,...,h} and ) € N for at least one monomial. The variable X is
referred to as the order of the polynomial.

Lemma 3.50. Given h,hy,hs € Ng and X\, A1, As € N there holds

05 (px (92K)) = pas (02F'5) (3.32)
P, (007 K) pa, (002K) = pa, g, (O UPrh2d i) (3:33)
Proof. This follows easily from the definition. O

Using the general formulas stated in Lemma [3.14] we derive explicit evolution equations for the
curvature and its first and second arclength derivative.

Lemma 3.51. Let J C R be an interval and «y : J x [0,1] — (R?)3 be a smooth solution to (3.20))
or (3.21)). Omitting the dependence on i € {1,2,3}, t € J and x € [0, 1] there holds

Ok = —20%k — 5K202K — 6k (05k)% — K® + TOsk + p (92K + K7), (3.34)
005k = —20°k — 5K202 K + TO2k + pd2k + pe (02k) + pa (Osk) , (3.35)
0,02k = =200k — 5202k + TOk + poik + pr (O2K) + ps (02k) (3.36)
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Proof. The identity (3.34)) directly follows from (3.13)). Using (3.9 and ([3.34)) one obtains
0105k = 050k + (KV — 0sT) Osk = 02V + T2k + 3k0skV + K20,V
= —20%k — 5K20% Kk — 24K0,k0%k + Tk — 6 (Dsk)” — 6K sk + (46%05k + O2K)
and

atafn =050;0sk + (KV — 0sT) 63/{
=0, (—202k — 5K*03k + TOZk + pdik + pe (02k) + pa (Osk)) + (KV — 8:T) 02k
= —20%k — 5K%20%K + 10k0,k0%K + T3k + pdik + pr (85’,%) + ps (8?5) - 2K (65211)2
— 602k + pr02k = =208k — 5K*0%k + TO2k + poik + pr (02K) + ps (92K) .
O

Proposition 3.52. Let J C R be an interval. If v : J x [0,1] — (R?)3 is a smooth solution
to (3.20)), then for every t € J it holds

3
d / 9 9 1 4
— Ok (t)|7ds’
a2 [, P

3
-3 / (200 (1) 2 — 24202 (1) + pro (937 (1)) + ps (92K°(1)) ds'
— Joy

3
+ Y0 D Tt y) (p6 (926"t y) + pa (0K (1)) + s (026" (L y)) -

y€{0,1} =1

If v : J x [0,1] = (R?)3 is a smooth solution to (3.21)), then for every t € J it holds

d 3/ , ,

4 0267 (1) ds

dt; [071]

Z / 1208 (8)2 — 242103k ()2 + pro (00K (1)) + s (02w (1)) s
3

+ ) T, 0) (b6 (92K (£,0)) + pa (0ar'(t,0))) + p5 (92'(£,0)) -

i=1

Proof. Let v: J x [0,1] — (R?)3 be a smooth solution to or (3:21). As~': J x[0,1] — R?,
i € {1,2,3}, is a smooth one-parameter family of regular open curves, all integrals appearing in
this proof are well-defined and integration and differentiation may be interchanged. Using
and we obtain for every ¢ € {1,2,3}, t € J,

d
dt [071]

- /[0 3 97K (1){20,07 K" () + O7' (1) (85Ti (t) — K (t)Vi(t))}dsi

|07k ()] ds'

= 8§/<;i(t){ — 498K (t) — 10 K™ (1)20% K () + 21 D2k (t) — 36 (leii(t))2 D2k (t)

[0,1]

+pr ((036(1)) + ps (026'(1)) + 2T (002K (1) + 0TI (1) b s’
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Using the integration by parts formula (3.4]) we obtain

92k (1) (-10#@)283#(15) — 36 (9.k (1)) 02k (1) + 240 6§ni(t)) ds’

0,1]

= /[0 ; 10 (6§K1(t))2 Hi(t)Q + p1o (aSHZ(t)) _ QMi (agﬁl(t))z 45

+ {—10 D3RO K ()K" (1) — 12 ((9§>»f<;"(t))3 2K (t) + 2uiﬁfﬁi(t)8fﬁi(t)] '

0

and
/ —402K1 )05k (t) ds' = / —4 (8§f£i(t))2 ds’ + [407k" ()02 K" (t) — 48?/3@)8?}3@)]3
[0,1] [0,1]
Using further

0, (Ti(t) (afﬁi(t))Q) = 202 ()O3 K ()T () + (92K (1)) T (¢)

we find

d 3/ , ,
— D2k (t)|> ds’
w2 [, o

3
Z/[ —[2036" ()" — 21 |3K (I + 1o (926" (1)) + ps (92k'(1)) ds'
— J[0,1]

1
0

+ Z [48;1/#’ ()3 (t) — 40%K (1) D2 K' (L) — 12 (asf#‘(t))3 D2k (t) — 1093k (1) 02K (1)K (t)?

3
+ 37 [iadn )02k (8) + T (1) (926 (1)) ] 1

0 .
i=1

We focus now on the boundary terms. Let y € {0,1} be such that v satisfies the concurrency
condition in y. Using the fact that x(t,y) = 0, it remains to deal with

3
3 (463#83#-4@3#35#- 12 (0457)" 02k + 24 D21 03K + T (83#)2)‘( A
1 t,y

1=

All the following calculations are performed in (¢,y) for arbitrary ¢ € J. For the sake of notation
we often omit the dependence on (¢,y) in the following. Differentiating in time the curvature
condition x*(¢,y) = 0 yields together with (3.34)),

0= k' = —20%k" — 5 (k) 0%k — 6" (Dsk?)” + T,k — (k)" + 1 (926 + (k7))
= 20MK 4 T Ok + ' 0%K" .

Thus we obtain

3 3
=3 2003 =) (403K10LK" = 2T 0,k 02K — 20" D2K'O3KT) = 0. (3.38)

=1

Moreover, differentiating in time both the concurrency condition and the third order condition
implies for ¢,5 € {1,2,3},

Yi(t,y) = Vit y)w' (ty) + T (ty) T (ty) = VIt y)v (ty) + T (8 )7 (ty) = 7] ()
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and
O Z 20,k (t, Y)W (t,y) — piri(t,y) = 0
which yields using (3.11)), (3.12)) and (3.35),

Il
—

3
vt + 17t 5, ZQ@s/{iyi — ,uiTi>

i=1

[
NE

<Viyi +T7%, 0;(20,kV" — ,uifi)>
1

<.
Il

I
NIE

<Vil/i + 17, (28t5'5ni — (5'5Vi + Tilii)) V' — 20,k (0 V' + Tini)7i>
1

.
I

[
NE

((20,05K" — PO, V') V' — 20,60, V'T")
1

<.
Il

I
.Mw

2 (483# + 12 (046")° — 2102k — dp? 935 + (u')? asn’) 2k
1
+ AT 0,k D3k — 2p° T (9,42,

?

that is

3
3 (—46?l€i6551€i —12(9,k")° 02k + 4p 02103k + 2T (92k7)°
=1

- (,ui)2 sk 02K — 2T 0,k O3 K" + uiTi(ﬁsmi)Q) =0.
Combined with (3.38]) we obtain
Z (462#83# — 402K O2K" — 12 (04K")" O2K" + 2p" 3K 02K + 2T (02K")?
i=1
- (,ui)2 sk 0% K" — AT 0,k O3 K" + mTi(asm‘)?) =0.
Hence we can express the sum ([3.37)) as
> N2 in2 i in ia3 i i\ 2
Z ( TY026')% + (1) Osk' O2K" + AT 05K 02 k" — p'T* (OsK") ) .
i=1

Combined with the previous computations this gives the desired result.
If ~ is a smooth solution to ([3.21)), it is easy to see that at y = 1 the contribution is zero. Indeed,
we have k%(t,1) =0 and vi(¢t,1) =0 for all t € J and i € {1,2,3}, and thus

Vit 1) = T'(t,1) = Opk'(t, 1) = 0
which yields 92k%(t,1) = 0 and using (3.34)) also 9%x%(¢,1) = 0. O

Lemma 3.53. Let J C R be an interval and v : J x [0,1] — (R?)3 be a smooth solution to (3.20))
or (3.21)) with parameters p* >0, i € {1,2,3}, such that

¢ := inf L .
nf min L(7(2) >0
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Then for allt € J and i € {1,2,3} there holds
/[071] p1o (93K (1)) ds* < [[05K (DT, v (1),as0) + CIE DT, 401,050 + CIE DI (46 1),a57)
/[o . ps (926" (1)) ds' < *||33 O,y 0.5y + CIE O, i 0).as0) + CIE O 2 6,50y
for some positive constants C' > 0 independent of i € {1,2,3} and t € J.

Proof. As 4% : J x [0,1] — R?, i € {1,2,3}, is a smooth one-parameter family of regular open
curves, all integrals in the following are well-defined. To obtain the desired estimates we adapt [102]
pages 260-261] to our situation. Let ¢ € J, i € {1,2,3} and m € {1,2} be given. We remark that
in this proof the constants C and C,, may vary from line to line. Furthermore, we use the
abbreviation Ly (v'(t)) := Ly (*(t),ds}). Every monomial of oy, (071 £%(t)) is of the form

m4+1

I (@' ®)"

=0

with o € Ny and Zmﬂ( I4+1)a; =2m+6. We define [ :={l € {0,...,m+ 1} : oy # 0} and for

every | € I we set
2m +6

I+ 1)y

We observe that 5 > 1, >, é =1 and of; > 2 for every [ € I. Thus Hélder’s inequality on
curves shown in Corollary implies

TT (@i (0)" < IT|| @ )™

tel Ly 1€T

B =

l z
Lg, (v (1)) 111 H LazBl (i) -

Applying the version of the Gagliardo—Nirenberg inequality shown in Corollary we obtain for
every l € I,

i m z 1—-0o
||8i/1 (t)HLale (vé(£)) <Ci(l,m Ha r HL2 (vi(t)) H HLz yl i(t))
+ Colm)L (v ()" O e

with coefficient o; given by

1 1
O_:l+§_0¢lﬁz
! m + 2 '

As all single lengths L (’yi(t)) of the network are uniformly bounded from below in ¢t € J and
i €{1,2,3}, we may define

C(m):=  max {C1(l,m)m,C’2(l,m)°‘1L(’yi(t))_(m+2)glal}<oo.

lel,ie{1,2,3},teJ

Elementary computations then yield

[T @ )™

lel

< H Hal ' HLalﬁ (vi(t))
Li(vi() €l

(1-o)a m z
ZHIH it (lome2u @17 oy + 1 O )
S

i (I-0))a m 7, i gren
=< CmH & (t)HLQ(’yil(t)L) (HB x HLQ('y i) T & (t)HLQ(fyi(t)))
lel
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zez(l a)oy

=C ||s'(t ||L2(7 *)) (HamH ( HL2 iy T ||Hi(t)||L2(7i(t))

o
)Zlel et

Observe that the exponent ), ; 07aq can be strictly estimated from above by 2 which follows from

1 1 1 1 1
= I+-)— = (1+1) S -1
S S]] - d e (Sae - Sha)

lel lel lel
1 1 2m +5 1 l+1
= foam+5-zq ] < -
2m+5 Z _2m+5 2m +6 2m+5 m+ 3
— — e — — — —
m+ 2 m+22lell m+2  2m+2?2  m+2  (mit2)]°
2m +4 1 1
= - 2 —— <2,
m+2 (m+2)? (m+2)2

Applying Young’s inequality with p := ﬁ >1and q:= ﬁ we obtain
ler lerl )

|| 2(2m+o

. 2
Sanff(||5m+2 HOL [P <t>>+||”2(f)|h2w(t>>> + Come 15 )] 3oy

[T @ )™

lel

Li(vi(t))
m z 7 2 2(2m+5)
< Cme (H@ 2 HL2 (i) T ||“ (t)HLQ(’yi(t))) +Cme H“ HLQ (i)’

where we used that the exponent ¢, ;(1 — 07)aq simplifies to 2(2m 4 5). Indeed, we compute

i = oo _ Fier o1 = s Yer (el + 1) — o — )

“2- Lier o1 2 o Yier (al(l +1) = ga; — %)
(m+2) 3 eron—(2m+5)+ 53
2m+2) —2m—5+ 13,
_2m45) (535 - 1)
B %Zlel o —1
In the case m = 2 we choose € > 0 such that the coefficient in front of H@;‘M (t) Hig('yi(t)) is bounded

by 1. To obtain the desired estimate in the case m = 1, we consider the above reasoning with € > 0
small enough such that the coefficient of the highest order term is bounded by % miney 2.3y pi- U

=2(2m+5).

Lemma 3.54. Let J C R be an interval and «y : J x [0,1] — (R?)3 be a smooth solution to (3.20))
or (3.21)) with parameters u* > 0, i € {1,2,3}, such that

(i) the lengths of the three curves are uniformly bounded away from zero, that is,

¢ := inf L 0
inf min L(7'(®)>0,

(ii) the uniform non-degeneracy condition (3.23) is satisfied in every y € {0,1} where v (t,y) =
v2(t,y) = v3(t,y) holds for all t € J, that is,

pi= %relfmaxﬂsmoz (t,y f |Slna (t,y | |Slna (t,y |} >0

where ot (t,y), a(t,y), and o3(t,y) denote the angles between the tangent vectors 72(t,y)
and 73(t,y), T3(t,y) and 71 (t,y), and 7 (t,y) and T2(t,y), respectively.
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If y € {0,1} is such that v1(t,y) = v2(t,y) = ¥>(t,y) for all t € J, then the following estimates
hold for allt € J:

3
S Tt y)pe (0241(8.)) < 0RO}, ) + C IR o + C RO 3y
=1

3
D Tt y)pa (a5 (L, y)) < % Hafff(t)Hiz(w(t)) + C RO, v + C IO a0y

i=1
3
i 7} 2 2 26
ZPE» (926" (t,y)) < 1 Hagﬁ(t)||,;2(7(t)) + ClE@N L, vy + C IO, (40
where p 1= min;c gy 2.3y pi and § > 0 is a given value. The constants C' depend on £ and p.

Proof. Let y € {0,1} be such that y'(¢,y) = v2(t,y) = ¥3(t,y) for all t € J. As ~ satisfies the
uniform non-degeneracy condition in y, Proposition yields that for every ¢t € J, i € {1, 2,3},
the tangential velocities T%(¢,y) are linear combinations of the normal velocities V7 (t,y), j €
{1,2,3}, with coeflicients that are uniformly bounded with respect to t € J. Let ¢t € J and
i €{1,2,3} be given. As xk'(t,y) = 0 we obtain

3 3 3
T (t,y)| < CZ Vit y)| < C’Z |02k (t,y)| < CZ ||3§Hi(t)||()([o,1])

i=1 i=1 i=1
—CZ!W Ol 1 (r400y.a00)

with constant C = C(p) independent of ¢ € J. Given t € J we conclude that the term
2?21 T'(t,0)ps (92°(t,0)) is controlled by a finite sum of terms of the form

3

HHal me))? S+ =9.

=0

Similarly, for any ¢ € J the expression 2?21 T'(t,0)p4 (95K (¢,0)) is bounded by a finite sum of

terms of the type
2

H ||al yi(t)) Z(l +Day =7,

1=0
and every monomial of p5 (83/{’ (t, O)), t € J, is bounded by an expression of the form

2

HHall Oy 20+ Dew=5.

1=0
The following arguments are adaptations of [I02], pages 261-262]. The version of the Gagliardo—
Nirenberg inequality shown in Corollary yields for m € {2,3}, 1 € {0,...,m}, i € {1,2,3},
teJ,

i 1-0o m z
[0 D), ey < € Cma DR O iy (2R DT iy + IO )
with o; := ijfl and hence we obtain for any «a; € Ny,

|03k (®)]] (7)) —CZIW K HL (vi(t
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(1 o) m z
(m, ¢) ZHH it (19 N ) + IK O )

1 U)O‘ m z 7 T
mzzun o eritns (12 O ey + 1 O o)

sCWMMMW&?”@WW Oll ooy + 15O aiuey)

We conclude that an expression of the form [T, ||0%x(t
1 €{0,...,m}, is bounded by

HL (4(®)) with m € N and «a; € Ny,

ar)ag m > o
C (m, 0) ||k(t )||Z(1 ) (Has RO Ly + ||/<J(t)||L2('y(t))) N

where in all cases of m € Ny and A\(m) = >, (Il + 1)ay relevant for this proof there holds

m
Zolozl < 2.
=0

Indeed, suppose that m € {2,3} and oy € Ny, [ € {0,...,m}, satisfy > " (I + 1)ay(l + 1) = A(m)
with A(3) = 9 and A(2) € {5,7}. Indeed, a similar computation as in the proof of Lemma [3.53]

yields
- 1 1
< _
Zalaz_)\(m) (erl 2(m+1)2) ;

63 35 25
32 7 and

with p := Zazaz >1and q:= 2—Zozaz implies

)

where the rlght hand side takes the values in the respective cases. Young’s inequality

2
H OLR@I7 o0y < € (m b ) RN, 07y + C (m, )€ (Hamﬂ A0 a0 + H“(t)HMW)))

m 2
< C(ma év E) ||'%( )||L2('y + O(m é (Ha +1 t)||L2('y(t)) + HH(t)HiZ(’YU)))
with 0 := 23" (1 —07) a; > 0. A computation shows that

_ Dimou(mt1+Y2) — A(m)
2m + 1)~ A(m) + 3 g0
thus 6 =7ifm=2and A="7,and 6 =9 if m = 3 and A = 9. The claim follows upon choosing
€ > 0 appropriately in the respective cases. O

Theorem 3.55 (A priori estimate for smooth solutions). Let J C R be an interval and v :
J x [0,1] = (R?)? be a smooth solution to (3.20) or (3.21) with parameters u* > 0, i € {1,2,3},
such that

(i) the lengths of the three curves are uniformly bounded away from zero, that is,

¢ = inf L 0
nf min L(7(®) >0,

(ii) the uniform non-degeneracy condition (3.23)) is satisfied in every y € {0,1} where v (t,y) =
Y2 (t,y) = 73(t,y) holds for all t € J, that is,

*(ty)]

p = gggmax {|sina’(t,y)|,

where at(t,y), a?(t,y), and o3(t,y) denote the angles between the tangent vectors 72(t,y)
and 73(t,y), T3(t,y) and 71 (t,y), and 7 (t,y) and T2(t,y), respectively.
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Then for all T,t € J with 7 <t it holds
d < PNIE
a Zl Hafff (t)HLz(,Yi(t)) < C (EM(W(T))) .
Proof. Proposition Lemmaand Lemmayield with g = min;e( 2,3 w for any t € J,
d < NI 2 2 2
at Z |03x (t)HLQ('yi(t)) < -2 ||8;1K/(t)HL2(’y(t)) ¢ ||8§K(t)”L2('y(t)) +C (H”(t)nh(w(t))) ’
i=1

where by Corollary [3:28] there holds for any 7,t € J with 7 < ¢,

RN, 0 < Buy(7)) -

This completes the proof. O
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Chapter 4

Existence and uniqueness of the elastic flow of
networks

4.1 Existence and uniqueness of the analytic problem

In this section we study the auxiliary evolution problems associated to and -
As discussed in Section E 3| these are obtained by imposing the tangential velomty defined in
for every curve of the network and further the tangential second order condition at the
boundary which, together with the curvature condition, is equivalent to the so-called second order
condition

viy =0 on J x {0,1}, i € {1,2,3}. (4.1)

Definition 4.1 (Smooth solution to the analytic problem for Theta networks). A smooth solution
to the analytic problem associated to (3.20)) is a smooth function v : J x [0, 1] — (R?)3, with J C R
an interval, such that for allt € J and i € {1,2,3}, v*(¢) is a regular open curve and for i € {1,2, 3},

Y=V({H)v'+T ()7 inJx[0,1 (motion),

Yl =72 =43 on J x {0,1} (concurrency condition), (4.2)
Yip =0 on J x {0,1} (second order condition),

Z?=1 2kt — pitt =0 on J x {0,1} (third order condition) .

Definition 4.2 (Smooth solution to the analytic problem for Triods). A smooth solution to the
analytic problem associated to with given endpoints P!, P2, P3 is a smooth function
v :J x[0,1] = (R?)? with J C R an interval, such that for all t € J and i € {1,2,3}, v'(¢) is a
regular open curve and for ¢ € {1, 2,3},

YW=V () v +T(v')r" inJx[0,1] (motion),

Al =72 =13 on J x {0} (concurrency condition) ,

vt = Pt onJ x {1}  (endpoints), (4.3)
i, =0 on J x {0,1} (second order condition),

S 2k — ittt =0 on J x {0} (third order condition).

Depending on whether one intends to prove the existence of solutions to and . in
Hélder spaces or in Sobolev spaces, different conditions on the initial network have to be im-
posed. As discussed in Sectionthe initial value of a solution in W ((0,T); Ly, ((0,1); (R?)?)) N

Ly ((0,7); W2 ((0,1): (R2)?)), p € (5,00), to (12 or [3) is of regularity Wy~ ((0,1); (R2)?)
and satisfies all boundary conditions appearing in (4.2) or (4.3)), respectively.

131
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Definition 4.3 (Analytically admissible initial network (Sobolev)). Let p € (5,00). An analyti-
cally p—admissible initial network to system or is a function ¢ € W;_% ((0,1); (R%)3)
such that ¢ : [0,1] — R?, i € {1,2,3}, are regular open curves satisfying all boundary conditions
appearing in the respective system and further the non-degeneracy condition in all y € {0, 1} with

o' (y) = ©*(y) = ©*(y).

Let o € (0,1), T > 0 be given and v € CHE At ([0, 7] x [0,1]; (R?%)3) be such that v(¢), i €
{1, 2, 3}, are regular open curves solving system or . Suppose that the curves v¢(t) satisfy
the concurrency condition in y € {0,1}. Deriving in time yields that the normal and tangential
velocities V' and T satisfy in (0, y),

Vi Tl = V22 4 T2 = V3P 4 7977

In the case that 7 is a classical solution to (4.3)), differentiating the condition v*(¢,1) = P! with
respect to time yields for all ¢ € {1,2,3},

0 =~/(0,1) = V(0,1)r*(0,1) + T(0,1)7%(0, 1) .

As « is a solution to (3.27) we have V' = V (%) and T% = T (y*) with V and T as in (3.24)
and (3.26)), respectively.

Definition 4.4 (Analytical fourth order condition (junction)). Let p' € R, 4% € C* ([0,1];R?),
i € {1,2,3}, be regular open curves and y € {0,1} such that v'(y) = 7*(y) = 73(y) and Vo=
V (), T =T (v") the expressions defined in and (3.26)), respectively, for the curve % and
the parameter p*. We say that - satisfies the analytical fourth order condition in y € {0,1} if

" ) + T () ) = V)P @) + T ) ) = Vo) () + T ()7 () -

2 3

v
Definition 4.5 (Analytical fourth order condition (endpoints)). Let p* € R, 4% € C* ([0, 1];R?),
i € {1,2,3}, be regular open curves with (1) = P* for given endpoints P!, P2, P3 € R2. We say
that - satisfies the analytical fourth order condition in y = 1 if for all ¢ € {1,2,3},

0=V () OV () +T () ()7(1)
where V and T are the expressions defined in ([3.24) and (3.26)), respectively.

Definition 4.6 (Analytically admissible initial network (Holder)). Let o € (0,1). An ana-
lytically a—admissible initial network to system or , respectively, is a function ¢ €
C4 ([0,1]; (R?)3) such that ¢* : [0,1] — R?, i € {1,2,3}, are regular open curves satisfying all
boundary conditions appearing in the respective system, the applicable analytical fourth order
condition in y = 0 and y = 1 and further the non-degeneracy condition in all y € {0,1} with

o' (y) = ©*(y) = ©*(y).

Definition 4.7 (Strong solution to the analytic problem). Let p € (5, 00) and ¢ be an analytically
p—admissible initial network to system (4.2) or (4.3). Given T > 0 a strong solution to the
considered system in [0, 7] with initial datum ¢ is a function

¥ € Wy ((0,7); Ly ((0,1); (R*)?)) 1 Ly, ((0,T); Wy, ((0,1); (R*)?))

with 7(0) = ¢ such that for all ¢ € [0,T], i(¢) : [0,1] — R?, i € {1,2, 3}, are regular open curves
that solve the motion equation almost everywhere in (0,7") x (0,1), satisfy the boundary
conditions in the respective system pointwise and fulfil the non-degeneracy condition in each
y € {0,1} in which v*(¢,y) = v2(t,y) = ¥3(¢,y) holds for all ¢ € [0, T].
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Definition 4.8 (Classical solution to the analytic problem). Let o € (0,1) and ¢ be an analytically
a—admissible initial network to system (4.2)) or (4.3), respectively. Given T > 0 a classical solution
to the considered system in [0, 7] with initial datum ¢ is a function

v e CHEmH([0,T] x [0, 1]; (R?)?)

with 7(0) = ¢ such that for all ¢ € [0,T], %(¢) : [0,1] — R2, i € {1,2, 3}, are regular open curves
that satisfy the motion equation and the boundary conditions in the respective system pointwise
and fulfil the non-degeneracy condition in each y € {0,1} in which v(t,y) = v2(¢,y) = ¥3(t, )
holds for all ¢ € [0,T7.

Remark 4.9. In the following sections we show existence and uniqueness of strong and classical
solutions to the analytic problems. For the sake of readability we concentrate on the system .
As all terms appearing in system are also present in the problem , it is straightforward
to adapt the following arguments to the case of Theta networks. Indeed, this is just a matter of
suitably redefining the operators and spaces appearing in the respective proofs for system .
No additional estimates are needed. The main results are always stated for and while
the proofs are given exemplarily for the system (4.3)).

4.1.1 Existence and uniqueness of strong solutions

In this subsection we show existence and uniqueness of strong solutions to systems and
following [65, Section 3]. All arguments are performed for system and can be adapted to
system in a straight forward manner.

In the following given p € (1,00), r,s € (0,00), T > 0 and y € R, we identify the Sobolev
(Slobodeckij) space W ({y}) on the zero-dimensional manifold {y} with R via the isometric iso-
morphism f +— f(y), see (C.17)), which induces an isometric isomorphism

W, ((0,7): Ly, ({y}) N Ly ((0,7): Wy ({y}) = Wy ((0.7)),  fr= (e f(t,y)))-
Given p € (5,00) and T > 0 we consider the space
Er =W, ((0,7); L, ((0,1); (R*)*)) N Ly, ((0,7); W, ((0,1); (R*)?)).

Whenever we are referring to an analytically p—admissible initial network, we hereby imply that
we consider an analytically p—admissible initial network to the system (4.3 with given endpoints
Pt = pi(1),i € {1,2,3}.

Well-posedness of the linearised problem

This paragraph is devoted to show well-posedness of a linearised system associated to which
is obtained by linearising the motion equation and the third order condition around a fixed an-
alytically p—admissible initial network ¢ and considering the principal part of the respective lin-
earisation. This results in the following system:

ul(t, o) + Wuizm(t,x) = fi(t,x) for (t,xz) € J x[0,1],i € {1,2,3},

ul(t,0) = u?(t,0) = u3(t,0) forte J,

u(t,1) = ha(t) forte J, (4.4)
Uz (t,y) =0 for (t,y) € J x {0,1},

S8 ey (e (10),46(0)) 1(0) = (1) for t e J,
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for a suitable right hand side (f, h1, ho) and a suitably regular function v which are discussed in
the following.

The boundary conditions in (4.3) that are already linear form part of the solution space.
Proposition 4.10. Given p € (5,00) and T > 0 the operator

Br: By — W/ ((0,7); (R2)?) x W21 ((0,T); (R)F)
U (ul(-, 0) — u2(-,0),u*(-,0) — u3(-,0), s (-, 0), Uga (-, 1))

is well-defined, linear and continuous. Its kernel
]ET := ker (BT)
is a closed linear subspace of Er.

Proof. This is a direct consequence of Theorem [C.29} O

The linearisation of the third order condition makes use of the following simplified formula.

Lemma 4.11 (Third order condition). Let «y : [0,1] — R? be a regular open curve with ¥;,(0) = 0
and p € R. Then there holds

2150 (0)(0) — 7 (0) = — 7 (120s(0),(0)) (0) = 7(0).

[72:(0)
Proof. Omitting the evaluation in z = 0 there holds

1
7z

1
<'71xu V> V) = 7|3 <%m7V> V.

/isuzasn—nz/szasﬁzas( |
Y

O

Lemma 4.12. Let p € (5,00) and ¢ be an analytically p—admissible initial network. Then for all
i€{1,2,3},
i -1
x|y (x)| € C([0,1;R)
and

= = i i i 0. 4.5
c:=c(y) ie?}f§3}£1[5ﬁ1|%(x)|> (4.5)

Proof. Deﬁnitionimplies fori € {1,2,3}, ¢ € C* (0,1];R?) and ¢}, # 0 on [0, 1] which yields
¢’ :=minge[o 1 |¢%(x)| > 0 and in particular

-1
z = |py(x)| € C([0,1;R)
and ¢ = min{c!, c?, 3} > 0. O

Proposition 4.13 (The linearised operator). Let p € (5,00) and ¢ be an analytically p—admissible
initial network with unit normal denoted by v§. Given T > 0 the operators

. 9
L%w (Er = Xp =1L, ((07T); L, ((0, 1); (R2)3)) ’L%ﬂ(u) = (u; +— 4u;xm> ,
% i€{1,2,3}

3

1/4—1/4p 2 % ) %
L3 :Ep — Yip =W,/ 7% ((0,T);R?), Li(u) =" T OF (0 (- 0),14(0)) 15 (0),
=1 r
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Lg“ : IET — YZ,T = W;71/4p ((OvT)a (R2)3) ) L:%(U) =u ('a 1) )
Ly Er — Xo := W, =77 ((0,1); (R?)?) Ly (u) = u(0,-)

are well-defined, linear and continuous. We let Ly := (L}, L%, L}, LY.).

Proof. The statements about the operators L3. and L% follow directly from Theorem and
Proposition respectively. That L1 is well-defined, linear and continuous is a consequence of
Lemma The statement about L2 follows from |¢%(0)|~! € R and Theorem O

Proposition 4.14 (The linear compatibility operator). Let p € (5,00) and ¢ be an analytically
p-admissible initial network with unit normal denoted by v§. Given T > 0 the operator

Gr = (G, G%,G%,G7) : Xr x Vi1 x Yar x Xo — (R?)? x (R*)® x R? x (R?)?
defined by

Gr ((f b1y ha, ) i= (£1(0) = ¢*(0),92(0) — ¢°(0))
g% ((fa hi, ha, ¢)) = (¢xaﬁ(0);¢x:c(1)) ,

3
Gh (o) 1= Y- s (1 0),(0)) 4(0) = s 0).
G- ((f. 1. ha, ) 1= (1) = a(0)

is well-defined, linear and continuous. In particular,
FT := ker (QT)

is a closed linear subspace of X1 x Y11 X Yo7 X Xj.

Proof. This follows from the continuous embeddings Xo < C® ([0, 1]; (R?)?), Y17 < C ([0, T]; R?)
and Yz 7 < C ([0, T]; (R?)?) which are a consequence of Theorem due to p € (5,00). O

Definition 4.15 (Linear compatibility conditions). Let p € (5,00), ¢ be an analytically p—
admissible initial network and 7' > 0. Given ¢ € X, we say that a tuple (hy,h2) € Yip X Yo
satisfies the linear compatibility conditions with respect to ¢ if for all f € Xp there holds

(fa h/la h?a w) € IFT-
As a consequence of Proposition we obtain

Corollary 4.16. Let p € (5,00), ¢ be an analytically p—admissible initial network and T > 0.
The operator Lt : Ep — Fr is well-defined, linear and continuous.

Proof. Due to Proposition it is enough to show for u € Er that Gr (Lr(u)) = 0. As shown
in Proposition Er embeds continuously into C ([0, T]; C? ([0,1]; (R?)®)) which yields that
all spacial derivatives of u up to order three can be evaluated pointwise in time and space. In
particular, u € Ep = ker (Br) yields

(971“ (Lr(u)), glz“ (LT(U))) = BT(U)H:() =0.

Furthermore, we have

3

G (Lr(w) = Y =5
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and
G (Lr(u)) = L (w)(1) = Li(u)(0) = u(0,1) — u(0,1) = 0.
O

To prove that the linear operator Ly : Ep — Fr is invertible we use [I36, Theorem 5.4] on well-
posedness of boundary value problems for parabolic systems. To this end we need to verify that the
boundary value problem associated to Ly € L (Er, Fr) satisfies the conditions listed in [136] § 1].
We observe that we have a system for m = 6 scalar unknown functions (u%,u%,u%u%u?,ug).
Adopting the notation used in [136, § 1] the linear differential operators l;(t,z, 0, 0x), k,j €
{1,...,6}, (t,z) € Q@ :==[0,T] x (0,1) are given by I; = 0 for k # j and

Ls (b2, 1, 00) = las(t, 2, 04, 00) = 9y + ————

o ()t

2 4

lgg(t,.’ﬂ, at»a:v) = l44(t,$, ata ax) = at + Wama
2 4

l55<t7maataaw) = lﬁG(t,fE,at,ax) = at + Waﬂ: .

As the operators are of fourth order in space, we have b = 2 and » = 6. Moreover, we choose s = 4
and t; = 0 for every k,j € {1,...,6} which are divisible by 2b = 4 and satisfy Z?Zl sj+t; =
24 = 2br. Given (t,z) € @ and £ € R there holds

2
- ; 54)\4
lspz ()]
and the analogous identities for the other diagonal elements of (l;;). In particular, the degree of
the polynomial (¢, z,pA*,i€)\) with respect to A does not exceed sy + t; and every lj; is equal
to its principal part.

i (t, @, pAt,iEN) = pAt +

Proposition 4.17 (Uniform parabolicity). Let p € (5,00), T > 0 and ¢ be an analytically p-
admissible initial network. Then there exists a constant § > 0 such that for every (t,z) € [0,T] X
(0,1) and & € R the roots ps of the polynomial

L(t,x,p, i) := det ((lkj(t,x,p, iﬁ))kde{l,mﬁ})

with respect to p satisfy Rp, < —5&*.

Proof. Given (t,z) € [0,T] x (0,1) and £ € R the expression

3 2

1

i=1 oL ()|
is a polynomial of degree six in p with roots of multiplicity two given by p; = —Wf‘l which
satisfy for all ¢ € {1,2,3},

2 2
Rpi =pi = ————— & < — ;¢

i (@) o

with C == |l¢ll o1 (o,1],m2)2)- O

We sort the scalar boundary operators By, ¢ € {1,...,12}, j € {1,...,6}, in « = 0, in the
notation of [136, § 1] by decreasing order. Given ¢ € {1,2} and ji € {1,...,6} depending on
1€ {1,2,3} and k € {1,2}, the highest order operators Bq,j; are of the form

2
; 3
|5 (0)]

Bq,j;C <t7 Oaataaw) = (Vé)k (0) (Vé)q (0) (ag)‘z:()



4.1 Existence and uniqueness of the analytic problem 137

w1th degree By.ji =3 = 04, and are thus equal to their principal parts. Here jr=1,54=2j2=3,
j2 =4, 5} = 5 32 = 6. Corresponding to the second order condition we define for ¢ € {3,...,8}
the operator By 4—2 by

Bq,q_2(ta0aat78 ) (62)\:6 0

and B, ; = 0 else and thus o, = max; 3,; = 2 and the operators are equal to their principal
parts. The concurrency condition is represented by the operators By ;, ¢ € {9,10,11,12} and
j €{1,...,6}, which are defined by

By q-s(t,0,0,0;) = (80)|x 0 Bq,q-6(t, 0,0, 0:) = (60)\x 0

and B, ; = 0 else, being equal to their principal parts with o, = 0. The boundary operators at x =
0 satisfy the complementary condition in [136], page 18] which follows from the Lopatinskii—Shapiro
condition, see [53 pages 11-15], shown in the following Proposition. The proof fundamentally
relies on the fact that the analytically p—admissible initial network ¢ satisfies the non-degeneracy

condition (3.22]).

Proposition 4.18 (Lopatinskii-Shapiro condition at z = 0). [64, Lemma 3.14]. Let p € (5,00)
and ¢ be an analytically p—admissible initial network with unit normal vi. For any A\ € C4 :=
{z € C: R(z) > 0} with |A| # 0 every solution v € C*([0,00); (C?)3) to the ordinary differential
equation

i(s ;vi s) = s ) a
M (s) + IO les(8)=0, s>0, ie{1,2,3}, (4.6a)
3

1 ) ) )
——= (v5,5(0), 15(0)) v5(0) =0, 4.6b
;|¢g<0>|3< (0, %5(0)) ¥(0) (4.6b)
vl (0) =0, i€{1,2,3}, (4.6¢)
v'(0) = v*(0) =0, (4.6d)
v%(0) —v3(0) =0 (4.6€)

which satisfies lim,_, o0 [v'(s)| = 0 for i € {1,2,3} has to be the trivial solution.

Proof. In this proof we use the notation v/ := v/§(0), 7¢ := 7¢(0) and ¢%, := ¢ (0). Let A € C, \ {0}
be given and (vl, v2,1)3) be a solution to (4.6)) such that lims_, ‘vl(s)‘ =0 for i€ {1,2,3}. Due
to the specific exponential form of the solutions to , all derivatives of v* up to order four
decay to zero for s tending to infinity. We test the equation by |g0;| @i(s), 1/3) v}, integrate
with respect to s € [0,00) and sum with respect to i € {1,2,3} which yields

0=ZA\%\/OOO\<“<S ds+Z¢/ Lo (9)4) (T (), 4) ds. (A7)

We integrate by parts twice the second term in (4.7) using the decay of v® and its derivatives at
infinity to obtain

- 1 > % % 2

Z W/ <vssss(8)7 V0> < dS - Z ‘(pz / ss ’ ds
3

+Z )s ) {Vsss Z (0), 1) (v2,(0), 1) -

|<ch i=1
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The second boundary term vanishes due to (4.6¢). Using (4.6b)), (4.6d)) and (4.6€) the first bound-
ary term becomes

3

3
Z }|3 <5i(0)7yé> <Uiss(0)>yé> = <U1(O) Z ! T .3 <Usss 0)7V6>V6> =0

=1 P i=1 ‘§0$|

which allows us to conclude

3 oo
0= At vt % ds ds. 4.8
Saletl [l a3 L [ kol (49

If R(A) > 0, taking the real part of (4.8) yields for all ¢ € {1,2,3} and s € [0, 00), <vi(s), u6> =0.
In the case that R(A\) = 0, we have |S(\)| > 0 and the same result is obtained by taking the

imaginary part of (4.8)). Using (4.6d]) and (4.6€)) we find for all a* € C that

3
<v1(0)7 Z aiué> =0.
i=1

As ¢ satisfies the non-degeneracy condition at 2 = 0 the vectors v} € R?, i € {1,2, 3}, are linearly
independent over R and thus also linearly independent over C. In particular, {v, 13,1} form a
basis of C? which enforces v!(0) = 0.

In the same way as before, testing equation ({.6a)) by |¢%| (v (s),74) 74 we get

3 o0 .
0:;/\|902|/0 [(v"(s), 7 d8+z Z| / viy(s), )| ds (4.9)
2 1|3 (@'(0), 75) (v4s5(0), 70) — Z " 0), 78 (vi,(0), 78) . (4.10)

Again the second boundary term vanishes due to and the first one due to v*(0) = 0. In the
case that ®(A\) > 0 considering the real part of yields for all s € [0,00) and @ € {1,2,3},
<vi(s),73> = 0. If ®(A) = 0 the same result follows by taking the imaginary part of using
J(N) > 0. As 7¢ and 1§ form a basis of C2, we conclude for s € [0,00) and i € {1,2,3} that
vi(s) = 0. O

The boundary operators at x = 1 correspond to the second order and the endpoint condition. For
qge{l,...,6} we have
Bq’q(tﬂlvaha ) (az)x 1

and By ; = 0 for j € {1,...,6} \ {¢} which yields that all B, ; are equal to their principal parts
and o, = 2. For ¢ € {7,...,12} we have

Bq’q76(t7178t78 ) (ao)‘z 1

and By ; = 0 else which yields o, = 0 and all B, ; are equal to their principal parts. The
complementary condition for the boundary operators at = 1 again follows from the Lopatinskii—
Shapiro condition.

Proposition 4.19 (Lopatinskii-Shapiro condition at = 1). [64, Lemma 4.8]. Letp € (5,00) and
@ be an analytically p—admissible initial network. For any value of A € C, := {2z € C: R(z) > 0}
with |\ # 0 every solution v € C*([0,00); (C?)?) to the ordinary differential equation

1

)\Ui(S) + inSSS(S) = O7 s > 0, 1€ {1,273}, (411&)
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vt (0) =0, i€ {1,2,3}, (4.11b)

88

v"(0) =0, i€ {1,2,3} (4.11c)
which, satisfies lim,_,o0 [v'(s)| = 0 for i € {1,2,3} has to be the trivial solution.

Proof. Let A € C4. \ {0} be given and (v',v?,v?) be a solution to ({£.1I)) with lim |v’(s)| =0 for
§— 00

i € {1,2,3}. As in the proof of Proposition we conclude that all derivatives of v* up to order

four decay to zero for s tending to infinity. Testing equation (&.11a]) with 7° and integrating with

respect to s € [0,00) gives for every i € {1,2,3},

oo , 1 oo .
0= )\/ (v'(s),v'(s)) ds + ,74/ (Vegss(s),0(s)) ds. (4.12)
0 (W] o
Applying integration by parts twice to the second integral in (4.12)) yields

00 ; 9 1 00 ; 9
Ozx\/0 ‘v (s)‘ ds—|—|(1)4/0 ‘vss(s)‘ ds. (4.13)

%
T

If RA > 0, taking the real part of (4.13) yields v’(s) = 0 for all s € [0,00). In the case that
RA = 0, we have SA # 0 and vi(s) = 0 for all s € [0,0) follows from taking the imaginary part

of ([E13). O

It remains to verify the complementary condition in [I36] page 12] for the initial matrix C rep-
resenting the initial conditions for the system associated to Lp. In our case there holds for
a,j€{l,...,6},

Ca,j (xvat7am) = 6C¥,j

and thus C = (C,,;) = Id € R6%6, p, = 0 and C is equal to its principal part. It remains to verify
that the rows of

3
L (07 Z, P, 0) =1L (0,$,p, 0) (lkj(ovxapv 0))71 = <Hp2> p_11d6><6 = p51d6><6
=1

are linearly independent modulo p® which is trivially fulfilled.
The interval (0,1) is a bounded smooth domain and trivially satisfies the conditions listed in [I36]
§ 13]. Due to Lemma the coefficients in l;; are continuous on [0,T] x [0,1] for any T >
0. Furthermore, the compatibility conditions of order 3 given in (4.19) in [I36, § 14] precisely
correspond to the linear compatibility conditions in Definition As p € (5,00) there holds for
all g € {1,...,12} that

4—04 5

R €(0,1).

Finally, it is shown in Theorem and Proposition that the spaces used in [I36] coincide
with the ones used in this thesis with equivalent norms (with equivalence constants that may
depend on the time interval).

Theorem 4.20 (Well-posedness of the linearised problem in Sobolev setting). Let p € (5,00),
T > 0 and ¢ be an analytically p—admissible initial network. Then the operator Lt € L (Er,Fr)
is bijective with continuous inverse L;l.

Proof. This follows from [I36, Theorem 5.4] with [ =4 > 3 = max, 0. O
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The continuity of the inverse follows from the Inverse Function Theorem [24, Corollary 2.7].
As in Chapter [2] we need to establish estimates with constants that are independent of the con-
sidered time interval. Therefore, we consider on Et the norm

llullg, = llullg, + w0)lx, = lullg, + HU(O)||W;—4/p((071);(R2)3) = |lull g,
that is equivalent to the norm
lul g, = el o,z 5@ )AL, (0 W2 (0,15 R2))
due to Proposition [B.36} Furthermore, the spaces Y; 7, i € {1,2}, are endowed with the norms

(lu

vir T 1R (0)] .

Corollary [B.22| implies that these are equivalent to the usual Slobodeckij norms ||-[|y. = as defined
in Proposition [B:I9 and thus we have an equivalent norm on Fr given by

I Cfshas bz ) llg, = [ fllxp + Whally, . + 2y, - + 191, -

Yi, T = th

Theorem 4.21 (Uniform well-posedness of the linear problem). Let p € (5,00), ¢ be an analyt-
ically p—admissible initial network and Ty > 0. For oll T € (0,Tp] the map Ly € L(Er,Fr) is a
linear isomorphism. Furthermore, there exists a constant C(Ty) independent of T € (0,Tp] such

that for all u € Ep with Lp(u) = (f, h1, ha,¥) € By there holds
l[ulle, < C(To) (Hf||xT + Pally, . + b2y, . + ||¢Hx0) - (4.14)

Proof. Given T € (0,Tp] Theorem yields that Ly € L (Ep,Fr) is a bijective linear operator
with continuous inverse L;l. It remains to show that the operator norm of L;l is uniformly
bounded in T € (0,Tp]. Let T € (0,To] and (f,h1,h2,%) € Fr be given and u € Er with
Lru = (f, h1, ha,¢). Due to Propositionthere exists an extension Eh; € Y; 1, for ¢ € {1,2}
with (Ehz)‘(oj“) = h; and

BRIy, < (To) lIAlly,., - (4.15)

Extending f by 0 to Ef € X, we observe that (Ef, Ehy, Ehg, ) lies in Fr,. As L, is a linear
isomorphism, there exists a unique @ € Eq, with Lpyu = (Ef, Ehy, Eha, ). We notice that

Lr(u) = (f,hn, ha,¥0) = (Ef, Ehn, Eha, ¥), o 1) = (L1 W) 0.7y = L (@)0,1))

which yields v = %,y as Lt is an isomorphism. Using the equivalence of the norms on Ez, and
Fr,, continuity of L;Ol and (4.15) we obtain

lulle,, = o mlle, < Lz, (Bf, By, Eha, ) I,
< C(To) I (Ef, Ehy, Ehg, ) ||, < C(To) (Hf”XT + Aallly, . + lhzlly, . + ||1/1Hx0) :

O

The contraction argument

Proposition 4.22. Let p € (5,00), Ty > 0 and ¢ be an analytically p—admissible initial network
with ¢ as in [4.5). Given T € (0,To] the set

Ef := {7 € Er : Y=o = ¥}

is a non-empty complete metric space in the norm || - ||g, and there exists E¢ € ET. such that
I€¢lle, < C(To,e) llellx,-
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Proof. Let T € (0,Tp] be given. Proposition yields the continuous embedding
Ep — C([0,T]; W, ~7((0,1); (R*)*))

which implies that E7. is a well-defined closed subset of the Banach space (Er, || - |||ET) and thus
a complete metric space in || - [|g,. Let hy := Z§:1 pité(0) with 74(0) the unit tangent to ¢* in
x = 0. As ¢ is an analytically p-admissible initial network we conclude upon using Lemma [£.17]
that Gz ((0, h1,¢(1),¢)) = 0 and thus (0, h1, (1), ) € Fr. Theorem [£.21] yields

Ep = L;l ((07 h, 90(1)7 90)) € Er

with (€¢),_o = Lt (L7 ((0,h1,9(1),9))) = ¢ and

€, < € (@) (Weally, , + ey, , + lelx, ) -
The claim now follows from
1/p
ally, , < (T3 +1) 1hal < C (T, ) 92 oo aeysy < C Tore) 6l

and
1/p 1/p
lleWllly, . < (T +1) le)] < (T + 1) [¢ll ooy < C (To) €1l x, -

Given T' > 0 and M > 0 we let
Bur={v€Er: |"llg, <M} .

Lemma 4.23. Let p € (5,00), Tp > 0, M > 0 and ¢ be an analytically p—admissible initial
network with ¢ as in [L.5)). There exists a time T (c, M) € (0,Tp)] such that for all T € (0,T(c, M)],
v € EZ N Byr and all i € {1,2,3} the curve v'(t) is reqular with

e (t,x)| > (4.16)

[\l e}

telo, T],xe [0,1]

and satisfies the non-degeneracy condition in y = 0. Moreover, given a polynomial p there exists
a constant C > 0 depending on ¢ such that

sup  p(|ri(t2)]") < Cle).
t€[0,T],2€[0,1]

Proof. Let 0 € (Z_p;?i,l) and 0 € (0,1 —1/p) be fixed and o := (1 —0) (1 —1/p—4). Corol-

lary yields for all T € (0, Tp] the continuous embedding
T ET — Ca ([07TL Cl ([07 1]7 (R2)3))

with ”ZT(’Y)”C“([O,T],Cl([0,1],(R2)3)) S C (TO) |||'YH|]ET. Given T' S (O,TO] and 84 € E/}e OBM7T we have
for i € {1,2,3},t €[0,7] and z € [0, 1],

|7;(t7x)} > ’@;(x” - |r7;(t7x) —’Y;(O,$)| >c— nyl(t) - Vi(o)Hcl([O’l];RZ) y
where

H'Yl(t) - 7i(0)||cl [0,1;R2) — <t ||7 ||Ca [0,T];C1([0,1];R?)) <T* (TO) |||7|||]ET <T*MC (TO)
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Choosing T = T'(¢, M) € (0, Tp] so small that T*MC (Tp) < £, we obtain for all T' € (0, T(e, M)],
v € EX N By, t € 0,7 and i € {1,2,3}, that v*(¢) is a regular curve satisfying the esti-
mate (4.16)).

Let T € (0,7(c,M)] and v € EZ N Byr be given. For ¢ € [0,7] and ¢ € {1,2,3} we let

. i -1

a'(t) € [0, 27] denote the angle between j“Et g§| and |7j 1Et 8;
mod 3. As ¢ satisfies the non-degeneracy condition in y = 0, there exists ¢ € {1,2,3} such that
a*(0) € (0,7). Without loss of generality we may assume o(0) € (0, 7). In particular, there exists

e € (0,1/2) such that
10,0 2(0,0
<’7:i( ) ), P)/:;( ) )>€[—1+E,1_5]~
172(0,0)[" [72(0,0)]
To improve readability we omit the dependence on y = 0 in the following. We observe for ¢ € [0, T

that
N
SME&‘Q& mo >’ Mi mi| |158;|>

where the first term is bounded by

| where the index 7 should be read

)

72(0 72(0
To, e, M
72 (0 va( Ol ) |72 (0 I% I‘
< C(To,c M) (|vz !H% |7 = @)+ |% — @] o)
< C(To,e, M) "V:r ( )| < C(To, e, M) T ”/VHC‘X([O,T];Cl([0,1];R2)) < C(To, e, M)T™.

As the second term can be estimated similarly, we obtain the existence of a constant C (Tp, ¢, M)
such that for all v € EZ. N Bay,p, T € (0,T(c, M)] and ¢ € [0, T,

%0) 0\ /nu®) ) ) §
(o paon,) o g )| < © e 0T (417)

We let T(¢, M) € (0,T(e, M)] be so small that with the constant in (£.17) it holds

C (To, e, M) (T(c M))

l\')\(‘n

Then for all T € (0, (¢, M)], v € EZ N Bar and t € 0,77,

va(t)  Y2(t) B
<I%%(t)|’l”r£(t)>€[ L/, 1= /2

which shows in particular that v satisfies the non-degeneracy condition in y = 0. O

Proposition 4.24 (The nonlinear operator). Let p € (5,00), ¢ be an analytically p—admissible
initial value with ¢ as in Let Ty :=1, M >0, T(c M) be as in Lemma and V, T be
the expressions defined in and (| - For allT € (O T(c M)] the operators

Ni:E2NByr = Xr,v—= (v =V () v' =T (v) Ti)i€{17273}

and

3
2
2
NT:E%QBM/T_}YLT’,YHZW
=1 z\ >

are well-defined. We let Ny := (N7, NZ).

<7:iwz (" O) 7Vi ('70)> Vi ('v 0) - /’LiTi ('7 0)
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Proof. Let T € (O,f(c, M)] be given. The identities (3.25) and (3.26) yield for i € {1,2,3},

. . . . . .2 . . . . . .2
(NB()! = 2 Teee 1o Yowa <7§z,7;> e Iﬁﬁzl gl <7;mz,7;> L gp e <v;zév;>
1 1 1 T 1
|| 17| || el IVl
Vow
_ s
AR

which lies in Ly, ((0,7); Ly ((0,1);R?)) for all v € E7 N By due to {@16), v, Yz2ee € Xr
and the embedding Er — C ([0, T]; C? ([0,1]; (R?)?)). To prove that NZ is well-defined we let
T € (O, f(c, M)] and v € EZ N By 1 be given. Theorem yields

t > Yiae(t,0) € W74 ((0,7);R?) .

Due to the high value of p there exist 6 € (Zﬂt, 1) and ¢ € (0,1 — 1/p) such that
a:=1-0)1—-1p—0§)>1/a—1ap.

Corollary yields for i € {1,2,3}, 7L € C* ([O,T];C ([O, 1];R2)) and due to (4.16) we may
apply Proposition [B-4] to obtain

(t,2) = [4i(t )| € C* ([0, T);C ([0,1)))

and in particular ¢ |’y§:(t,0)}71 € C*([0,T]) and t — ~i(t,0) € C* ([0, T];R?). The claim now
follows from the Banach algebra property of C* ([0,T]) and Proposition O

Given p € (5,00) and an analytically p—admissible initial network ¢, we now deduce existence of
strong solutions to the analytic problem from the uniform well-posedness of the linearised
system represented by the isomorphism Lp. To this end we notice that given M > 0 and T €
(O,T(c, M)] with T(e, M) as in Lemma a function v € EZ. N By r is a solution to (4.3)) if
and only if

Lr(y) = (Ly(v) = N2 (1), LE(v) = NE(7), (1), ¢)

which is equivalent to the fixed point equation

v=Kr(y) =Ly ((Lr(v) = Np(v), L2(v) = N2(7), (1), ©))

once it is shown that

Gr ((Lr(7) = N2 (7), L3(7) = NZ(7),9(1),¢)) = 0.

To obtain the existence of a unique fixed point v of Kr, the constant M has to be chosen appro-
priately to ensure that Kp is a self-mapping, and T is required to be sufficiently small such that
K is contractive. These arguments are made precise in the following.

Proposition 4.25 (The contraction operator). Let p € (5,00), ¢ be an analytically p—admissible

initial value with ¢ as in (4.5), To :=1, M > 0 and T(c, M) be as in Lemma |4.25 Then for all
T € (0,T(c,M)] and v € E£.N By 1 it holds

(L (v) = Np(v), L3 (v) = Ni(7), ¢(1),¢) € Fr.
In particular, the operator
Kr:Ef 0By — Ef vy = L' ((Lr(7) = Ni(), L3 (7) = NE(7), 0(1),9))

is well-defined.
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Proof. Proposition [.13] and [£.24] imply
(Lr(v) = Np(7), L7 (v) = Ni(7), 9(1), ¢) € X1 x Yir % Yar x Xo.
As Fp =ker (Gr) and Ly € £ (Ep,Fr) is an isomorphism, the claim follows from
Gr ((Lr(y) = Nr(7), L1(v) = NE(v), ¢(1),¢)) =0

using further that L7 (K7(v)) = ¢ for v € EZ. By Definition of analytically p—admissible
initial networks we immediately obtain for ¢ € {1,2,4},

G (L1 () = N2(7), L7 () — N7(7),¢(1),¢)) =0

noticing that time and space evaluation are well-defined for derivatives of v up to order three. As
o satisfies the third order condition, we find

G7 ((Lr(v) = Nx(7), LE () = NE(7), (1), ¢))
3
2 .
= Z 25 (0)] 3 <(pa:ww 0), V6(0)> vo(0) — L:QF(’Y)n:o + N%(V)u:o = N:%(V)\t:o
3 9 , . o
= Z O (#iaa(0),75(0)) 19(0) — u'75(0) = 0
where v} and 7§ are the unit normal and tangent to ¢?, respectively. O

Proposition 4.26 (Contraction Estimates I). Let p € (5,00), ¢ be an analytically p—admissible
initial value with ¢ as in , To:=1, M >0 and Tv(c7 M) be as in Lemma E There exists a
constant o € (0,1) and a constant C > 0 depending on ¢ and M such that for all T € (O, T(c, M)} ,
v,Y € }E?ﬂ N Byt it holds

[1L7(7) = Np(7) = (L1 (3) = Np () [, < Cle, M)T7 Iy = Flllg,, -

Proof. Let T € (O,T(c, M)] and v,7 € EZ N By,r be fixed. Furthermore, we consider fixed

parameters 6 € (Z_p—j/i, 1) and § € (0,1 —1/p) and let a := (1 — 6) (1 — 1/p). Corollary [B.39| then

yields for all u € Ep that u lies in C* ([0, T]; C* ([0, 1]; (R?)?)) with

[ull g (o, 101 (o, 11522y = C llulll g (4.18)

with a constant C' = C' (6,6). We denote by p a polynomial of some degree in one or several
variables that are specified in the brackets. The precise shape of p is not important, it may change
from line to line while maintaining the same notation. The highest order term is given by

2 2 7 ~1 2 2 ~1
4 4 (’Yxxmx - szacx) 4 4 Yezza: (419)
| | | |

AN AR
Using for a,b € R the identity

L it (b ) (e )
la|*1b]* lal?o ~ lallbl?/ \a> ~ [b]?
the term (4.19) can be written as

i i A A i ~i ~i i ~i|~ P71\ i
(’5%5‘ - |7x|) p (‘wz} ’|7£} ) (’Yxxxx 77%1).7)33) + (|’Yx| - h/x|) p <|’Yac| ' ’ |’Yac| 1) Yoz - (420)
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Using (4.5), and the first term in can be estimated as follows:
i N i1
| (el = i e (bl ™ .

te(0,T],2z€[0,1]

<C(T*  sup ¥ |yy(0,2) =t 2)| Iy = Fllg,
t€[0,T],z€[0,1]

<C(e)T™ sup t~*||4%(t) — (0 ) -5
( ) rel0.7] ||’Y ( ) Y ( )||C'1([0,1],R2) ”h/ 7|||IET

< OO T |Vl gmompcrqoayasy 1~ s < C©@T Il Iy —Flle,
< Cle, YT [y = Tl -

Similarly, we obtain for the second term in the estimate
[l =T e (Bl 1l ™) T
T

<C oK t’ - t’ Niwww
< (C)te[O,IS’]l,lfe[o,l]hw( ) = % (62| [Faoae | x.,

< C(C, M) sSup ’(ﬁ;(tx) _’Y;:(t’mD - (7;(07.'1,‘) —’VZZD(O,LL'))|
te[0,T],2€[0,1]

< C(c, M)Ta sup t~“ H (52@) - Vi(t)) - (51(0) - 'Yi(o)) HCI([O,1];R2)
e[0T

< C(Cv M)Ta ’Hl - ’yZHCCX([O7T];01([O71];R2)) < C(Cv M)Ta |||7 - ﬂ”]ET :

Up to multiplication by constant coefficients, all the other terms of the expression L. (y) — NL(v)—
(L% () — N7 (7)) are of the form

i <bi7cz‘> at <5i,?>
bl R 2!

with j € {2,6,8} and with a’,b%,¢' and @' ”51‘ , ¢ spacial derivatives up to order three of v and
7%, respectively. Adding and subtracting the expression

e 3 () 7 (07

el il il

to (4.21]), we obtain

(al — @) (b, c) a' <bi —gi,ci> at <5i,ci —E“i> e L
£ + — + — +a (b, ) (|vel © — 17 . (4.22)
RAN lvil RAN < > (| | - 1l )
Using and the uniform embedding
(ETv ||| : |||ET) — (C ([OaT]’ C3 ([07 1]; (R2)3)) ) H'”C([O,T];C3([O,1];(]R2)3)))

with embedding constant independent of T as shown in Corollary the first three terms
in (4.22) can be estimated in Xp by

Cle. T ||y = Alls, -
Given p,q € R? the identities

=z = bl = 1) (o + o)
-z =Upl=ld) | ==+ =35 )
Ipl>  lq|? Ipl*lql ~ Ipllq|?
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1 1_(1 1><1+1+1>
Ip|®  ql® Iz 1ql?) \lpI* * |pP?lal>  ql*)’

1 1<1 1><1+1><1+1>
Ip|®  lqf® Ipl2 lal?/ \Ipl* * [q*/) \IpI* ~ lq|*

together with Corollary and (4.16) yield that the norm ||-|| = of the last term of (4.22) is
bounded by

1 i ~i i -1
CONT s |gkta) =) e (e
te[0,7],2€[0,1]

< Cle, M)T? |y — Ve o.rr03(0,17:m2)3)) < Cles M)T? Iy = Fllg, -

Tt )

The claim now follows with o = min {«, 1/p} and an appropriate constant C(c, M). O

Proposition 4.27 (Contraction Estimates II). Let p € (5,00), ¢ be an analytically p—admissible
initial value with ¢ as in , Tp:=1, M > 0 and T(c M) be as in Lemma There exists
a constant o € (0,1) and a constant C' > 0 depending on c, [|¢|x, and M such that for all

T € (0,T(c, M)], v,7 € E%.N Barr it holds
L7 (v) = N2 (v) = (L7 () = N7 (D) [y, . < € (e:llellx, . M) T Iy = Al

Proof. Let T € (O,T(c, M)], and 7,7 € EZ N By be fixed. We note that y—g = Jju=0 = ¢
yields

LE(Mi=0 = NE(Wje=0 = (L7 F)jeo = NF D ji=o) = N7 (340 — NE(V)ji=0 = 0.

Thus it is enough to estimate the term in the usual sub-multiplicative norm |[-[|y, . on Y3 7. To
improve readability we omit in the following the evaluation of the terms in x = 0. Furthermore,
we let b(y) := SL3.(y) — ANZ(v), B := Y/a — Yap and v*, 7', and 7', 7 be the unit normal and
tangent of v* and 7, respectively. The unit normal and tangent of ¢ are denoted by v and 7¢,
respectively. Adding and subtracting the terms

3

1 .
Z ‘<,01|3 ’Yaucz ’Y;wc:c? VO +Z |80 |3 ’chwc ’Y;wcx? V +Z |,7I|3 <7:cxa:’ >Vl
I S .
+Z 5 (Vaws: ¥ l>Vl+Z 15 (Towar 7) 7'
m| — [l

to the expression

3
~ 1 ~1 i 7 7 1 i 7 i
b(’l/) - b(’)/) :Z |<,0i |3 <(7xacz - szx)’l/0> Yo + Z h’i |3 <7xao;7y >V
i=1 7% i=1 %
3 i ~i
: K - 4.23
Zw Toaz 77 2Z<m| ) (429
we obtain
23: L (3 s V° v+ Z (Fipar ) (v — ) (4.24)
2P m|3
3.1 . 4 4 I S | . A o .
+Z W <(§;zm - Pl/;zm)v Vé - V’L> I/(Z) + Z W <(§Zxxm - pl/:ztmac)’ V’L> (V(Z) - Vl) (425)
i=1 z =1 xr
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+ ( - ) ’Y:mvx7 b4 ( - ) ’ymxa: ’Y;a:w’ Vi Vi (426)
Z I%I3 712 g z; lpil? el (% )

3 gt <|% |’Y:;|) (#27)

Due to p € (5,00) Proposition B.24] implies that the space WI;B((O, T)) is a Banach algebra which
allows us to consider the terms in (4.24) to (4.27) individually. Theorem implies that there
exists a constant C' > 0 independent of 7" such that

|}7;zz(0) - aﬁfmz(O)HWf((O,T);R% S C ”h/l - ?i|||WI}’4((0’T)><(0,1);1R2) S C |||’Y - §|||]ET

and further
H’Y;MC(O)HWS((O,T);]RQ) < C |||’7|HIET < C(M)

and analogously for 7. As in the proof of Proposition 4.24] we choose 6 € (Zf ;'Z, 1) and § €

(0,1 —1/p) such that o := (1 —-6) (1 —1/p —6) > = 1/a — 1/ap. Then Corollary B.39| yields that
vz(0), ¥z (0) lie in C* ([OvT]; (Rz):s) and -

H%(O)||ca([o,T];(R2)3) <cC |||7|||JET

and analogously for 7,(0) and 7, (0) =7, (0). The estimate (4.16)) allows us to apply Proposition|B.4]
to obtain for i € {1,2, 3}, that |’y;(0)‘_1 and H;(O)}_l lie in C* ([0, T]) with norms bounded by
a constant C(c, M) and further

[RAOI T
Using for a,b € R? the identity

()= (2 (B e )
lal®>  [0]3 lal - [8] ) \al* ~ |alb] ~ [b]?

and the Banach algebra property of C% ([0,7]) we obtain

< Cle, M) ||7(0) (O)HCa([o,T]) < Cle, M) [lv = Allg,, -

Cc«([0,17)

3 _ ‘A,l O ’—3‘

(RGN < Ce, M) 1y = Al -

C=([0,77)

Denoting by R € R?*? the counter-clockwise rotation by the angle 5, we find vVi=Rr'=R (g—fl)

As Holder spaces are stable under products, we find that ©*(0) and 7¢(0) lie in C* ([0, T]; R?) with
norms bounded by a constant C(c, M) and further

i - ~i -1
[v*(0) = 7" HCa ([0,T];R?) <[ HCa [0,T];R2) “%c | — [72.(0)] ‘c (0.10)

+ [

ce([0,T7]) H’YI(O) - IYI(O)HCQ([O’T];RQ)
< Cle, M) Iy = Vg, -

Combining these estimates with Proposition and the Banach algebra properties of C*([0,T7)
and WpB((O, T')) we obtain that there exist constants o € (0,1) and C (e, lellx, , M) > 0 such that

all terms in (4.24)) to (4.27) can be estimated by

C (e llellxy » M) T7 1y = Fllgy -
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Corollary 4.28. Let p € (5,00), ¢ be an analytically p—admissible initial value with ¢ as in (4.5)),
To :=1, M > 0 and T(c,M) be as in Lemma m There exists a time T (c, ¢l x, » M) €

(O,T(c, M)] such that for every T € (0,7 (c, lellx, ,M)] the operator
Kr: (EZNBur, I lle,) = (EF - llg,)
18 a contraction.

Proof. Proposition [£.25] yields that K7 is well-defined. Moreover, Theorem with Tp = 1 and

Proposition and imply that there exist constants C (c, lellx, ,M) >0 and o > 0 such
that for all T € (0,7(c, M)], 7,7 € EZ N Barr,

I K2 (v) — Kr () H\ET
(||LT () = (L2 () = N ) [, + WL () = NE() = (L3 () = N3 ) Iy, )
C (e lelly, - )T" Iy — g -

Now choose T = T (¢, [l¢l x, » M) € (0, T(e, M)] such that C (c, lelly, , M) TS < 1. O

Proposition 4.29. Let p € (5,00) and ¢ be an analytically p—admissible initial value with ¢ as
in (4.5). There exists a positive radius M(p) and a positive time T (p) both depending on ¢ and
Il x, such that for all T € (0, T(p)] the set . N By is non-empty and the operator

Kr: (BZ N By, |- lls,) = (B2 0By, Il - lle,)
is a contractive self-mapping.

Proof. Let Ty = 1. Proposition 4.22| implies that there exists £ € EY with [|E¢|lg, < C1 [|¢llx,
for a constant C7; > 0 and Corollary [B.39| yields for fixed 6 € (}:iﬁ, 1), § € (0,1 —1/p) with
= (1-0)(1—1/p—4) that Ep lies in C* ([0, 1]; C* ([0, 1]; (R?)?)) with

€6l oo, 1,01 (0,135m2)5)) < C2I€lle, < Csllellx,

for a constant C5 > 0. We let T = f(c7 ||g0||XO) € (0,1] be so small that TCs lellx, < </
Then for all ¢t € [0,7], i € {1,2,3}, the curve (£¢)" (t) is regular and E¢ lies in EY for all
T € (0,T], where we do not distinguish between £¢ and Ep)jo 1. In particular, for all T € (0,77,
Nr (£p) € Xr x Y11 is well-defined and Nz (£¢),7) = Nr (€). This yields for all T € (0,7
that

Kr (Ep) = L' (L7 (@) — N1 (E9) . LT (Ep) — N7 (Ep) ,0(1), )

lies in Ep and satisfies Kr (Ep) = Ky (E9) gy Let M := 2max{ |||5<p|||]ET, K4 (Ep) |||]ET}
Then for all T € (0,7, Egp lies in EZ 0 Byr and [|Kr (E9) |z, < M/2. Let T. (¢, [l¢llx, » M)

be the corresponding time in Corollary Given T' € (0, min {f, T. (e, lellx, ,M) }] and
v € EZ N Byr,r we have for some o € (0,1),

1K (v) = K1 (£0) g, < C (e llllx, » M) T Iy = E¢lle,. < C (e llellx, M) T72M.  (4.28)

We now choose T (¢, [|¢] x,) € (0, min {IA", T, (¢, lell x, » M) }] so small that

C (e llelx, M) T (e llellx,)” 2M < M/2.
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AsT (e |¢llx,) < Te (e [l x, » M), Corollary [4.28 yields that for all T € (0,T (e, ||¢l|x,) ],

Kr: (EZ N By, I lls,) = B - llg,.)

is contractive and given v € E¥. N By 1 the estimate (4.28) yields
1K Nllg, < 1Kz (EQ) g, + 1K2(7) = Kz (E0) lllg, < M/24M/2< M.

O

Theorem 4.30 (Existence and uniqueness of strong solutions to the analytic problem (Triods)).
Let p € (5,00) and ¢ be an analytically p—admissible initial value to system with given
endpoints P!, P2, P3. There exists a positive time T depending on lellx, and e(p) such that for
all T € (0,T) there exists a strong solution to system in [0, T) with initial datum ¢ which is
unique in Er N m with M as in the proof of Proposition .

Proof. Let M(p) and T(p) be the radius and time as in Proposition and let T € (0,T] be
given. By the Banach Fixed-Point Theorem [I51, Theorem 1.A], the operator Kp possesses a
unique fixed point v € E¥. N By which is by construction a strong solution to the system
in [0, 7] with endpoints P!, P2, P? and initial datum ¢. Indeed, we emphasise that Lemma
yields that for all ¢ € [0, T, i € {1,2,3}, the curve 7*(t) is regular and satisfies the non-degeneracy
condition in y = 0. If % is another strong solution to in [0, 7] with endpoints P', P% P3
and initial datum ¢ satisfying [|7]| g, < M then 7 is a fixed point of K7 in Ef N By r and thus
equal to 7. O

Remark 4.31. The dependence of the existence time T' = T'(¢) in Theorem on the initial
datum ¢ via [¢|lx, and c(p) is expressed in the following relation. As [|¢|y, — oo and/or
c(p) — 0 there holds T'(¢) — 0.

We obtain the corresponding result in the case of Theta networks.

Theorem 4.32 (Existence and uniqueness of strong solutions to the analytic problem (Theta)).
Let p € (5,00) and ¢ be an analytically p—admissible initial value to system . There exists
a positive time T depending on ||¢| ., and c(p) such that for all T € (0, T there exists a strong
solution to system in [0,T] with initial datum ¢ which is unique in Ep N By with M
defined accordingly as in the proof of Proposition [{.29

Proof. This follows from a suitable adaptation of the arguments used for the Triods as explained
in Remark [£.9 O

To prove a refinement of the above theorem we introduce the following notation.

Definition 4.33. Given p € (5,00) and n € X = W;lf% ((0,1); (R?)3) we let

3
Inlx, = 2 1020l o,1yimay) F 120 - (0 ey

j=1

In the following we show that the existence time in Theorem depends on [|¢[y, only via
l¢|x,- This is due to the translational invariance of the problem (4.2) for the Theta network.

Theorem 4.34 (A refinement of Theorem [4.32)). Let p € (5,00) and ¢ be an analytically p—
admissible initial value to system (4.2). There exists a positive time T depending on |p|, and
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c(p) such that for oll T € (0,T] there exists a strong solution to system (4.2)) in [0,T] with
initial datum @ which is unique in E1 N By where M is defined accordingly as in the proof of

Proposition [{.29

Proof. Let p € (5,00), ¢ be an analytically p—admissible initial value to system and v :=
—¢0). We let (¢¥)" : [0,1] — R2 be defined by (¢?)!(x) := ¢'(z) + v and observe that
o’ = ((¢")% (¢")?%, (¢")?) defines an analytically p-admissible initial value to system (4.2). By
Theorem there exists a time T'(¢") depending on ¢(¢?), |¢"|x, and ||@”||Lp((071);(R2)3) such
that for all T € (0, T(¢")] there exists a strong solution to in [0,7] with initial datum ¢".
As ¢V satisfies ¢”(0) = (0,0,0), we have for all z € [0, 1],

x 1
(@) < [ lez@Idy < [ lea@)dy < llezllz, 0,1):®2)2)
0 0 ’
which yields in particular

|W)||Lp((o,1);(ma2)3) < ||<P§||Lp((o,1);(R2)3) :

This shows that the existence time T'(¢") only depends on [p”|y = |¢|x, and c(¢”) = c(p).
Given T € (0,T(¢")] and a strong solution n to in [0, 7] with initial datum ¢, the function
N~ = (™), (n7)2, (n™)3) with (n=")(¢t,z) := n'(t,x) —v for t € [0,T], z € [0, 1], is a strong
solution to in [0,T] with initial datum ¢. Combined with the above arguments this yields
the claim. O

4.1.2 Parabolic regularisation

In this subsection, following [65], Section 4], we show that every strong solution to or ,
respectively, is smooth for positive times. To this end we use the classical theory in [I36] on
solutions to linear parabolic systems in parabolic Hélder spaces, see Definition [B.7] Again, all
arguments are performed exemplarily for system .

Lemma 4.35. Let p € (5,00) and T be positive. There exists o € (0,1) such that for all u € Er,
W,y gy € CT([0,T] x [0,1]; (R?)?)

and
t = u,(t,0) € 5 ([0,T]; (R%)?) .

Proof. Proposition yields
Er — C([0,T); W=7 ((0,1); (R?)%) )
and by Theorem we have for all § € (0,1 — 1/p),
Er < C*7"70 ([0, T]; L, ((0,1); (R?)?)) .
Thus Proposition gives for all § € (0,1 —1/p) and all 6 € (0,1) the continuous embedding

Ep — CU=/»=00=0) ([0, T); WEH=7) ((0,1); (R?)?) ). (4.29)

In particular, Theorem |B.20| yields for all 6 € (0,1 —1/p) and all 8 € (if—zz, 1) the continuous

embedding
Er — CU=/»=90=9 ([0, T}, C* ([0, 1]; (R?)?)) .
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As p € (5,00) there exists §* € (0,1 — 1/p) such that the interval (iiﬁ, %) is non-empty

and all 0 € (r_rzz, %) satisfy (1 —1/p—06*)(1—0) > % In particular, we obtain for all
u € Ep and all a € (0,1),

u € 75 ([0, T): C ([0, 1]; (R%)?)) .

The embedding (#.29) and Theorem [B.20| imply for all § € (0,1 — 1/p) and all 6 € (jﬂjﬁ, 1) the

continuous embedding

Eq — CUr=00=0) ([0, T); G2 ([0, 1]; (R%)?)) .

Due to p € (5, 00) we may choose d, € (0,1 — 1/p) such that (iiﬁ? i’:zﬁ%ig:) is non-empty. Since

all 6 € (2+1/p 3_%7_46*) satisfy (1 —1/p —6.) (1 — 0) > I, we obtain for all € (0,1),

1=4/p> 4=4[p—43,
U, Uy Uy, € CT([0,T);C ([0,1]; (R?)?)) .
Finally, Proposition yields for all a € (0, 1),
U, Uy, Uge € C ([0,T);C" ([0,1]; (R?)?)) = C ([0, T];C ([0, 1]; (R*)?)) .
O

Proposition 4.36 (Holder regularity of strong solutions). Let p € (5,00), T be positive and ¢ an
analytically p—admissible initial network to with endpoints P', P2, P3. Suppose that v € Ep
is a strong solution to the analytic problem in [0, T] with endpoints P!, P?, P® and initial
datum . Then there exists a € (0,1) such that for all e € (0,T),

o

v € CTERe ([, 7] x [0, 1]; (R?)?) .

Proof. Let € € (0,T) be fixed and n € C§°((0,00); R) with n = 1 on [¢,T]. Corollary yields
that the function g = (gl7g2,g3) defined by ¢* = nv%, i € {1,2,3}, lies in Er and satisfies a
parabolic boundary value problem of the following form: for ¢ € (0,T), z € (0,1), y € {0,1} and
i€{1,2,3},

9t(t, %) + iy Geaes (62) + f (Ves Vews 92 Ghwr Ghna) (L) =1 (7' (8, 2)
g'(t,0) — g°(£,0) :
g'(t,0) = g*(,0) =0,
g'(t,1) =nt)e'(1), (4.30)
 Gh(ty) =0,
Yt iy (Gaaa(t,0), 77 (£,0)) Vi(t,0) — el k(t,0) =0,
g"(0,2) =0

where the evolution equation is valid almost everywhere in (0,7 x (0,1) with lower order terms
given by
il 7zl
. ;N2
(phEel s G z)” PRI
& l° el® el? ) 7

(Ghwws Vi)
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Due to the embedding Ep < C ([0,7]; C* ([0,1]; (R?)?)) the boundary conditions are well-defined
and hold for every ¢t € [0,T]. With R : R?> — R? denoting the rotation by the angle 5 we have
Vit x) = [yt o)| T R (it ).
The boundary value problem is linear in the components of g and the principal parts of the
differential operators both in the interior and at the boundary are of precisely the same structure
as the ones of the linearised problem associated to Lt € L (Er,Fr) studied in Subsection
The only difference is that the coefficients of the principal parts of the evolution equation and the
third order condition in are now time-dependent, namely given in terms of (¢, z) instead
of p(x) = (0, ) as in the case of L.
We replace ¢ and vy by () and v(t) in the definitions of [;; (¢, z, 0, 05) and By ; (¢,0,0;,0,) for
g € {1,2} and j € {1,...,6}, respectively, and add the lower order terms appearing in . As
the structure of the principal parts is unchanged, we may consider precisely the same values of sy,
tj, o4 and p, as in Subsection m to apply the theory in [136]. Given £ € R, the roots of the
polynomial det ((Ix; (¢, z, p,i€))) with respect to p given by p;, = fmf‘l, 1 € {1,2,3}, satisty
2
. S S ~ = ¢t

max
S

t€[0,7],z€[0,1] |7 ta:)|

with € = [[Yllc(jo,73;01.((0,1];(v2)2))- This yields that the system is uniformly parabolic. The com-
plementary conditions for the boundary operators at (¢,y) € [0,T] x {0, 1} follow from the validity
of the Lopatinskii-Shapiro condition in y € {0,1} shown in Propositions and by re-
placing @i (y) and v{(y) by v (t,y) and v(t,y) respectively. In particular, the coefficients of the
considered ordinary differential equation remain constant and all arguments can be performed in
the same way. In the case y = 0 one uses that ~(t) satisfies the non-degeneracy condition in y = 0
for every ¢ € [0, T].

The complementary condition for the initial value is trivially fulfilled.

Let o € (0,1) be given. In order to apply the existence result [I36, Theorem 4.9] in Holder spaces
with [ = 4 4+ « it remains to verify the conditions on the coefficients and the right hand side.
Lemma yields for all ¢ € {1,2,3},

te[0,T)we0,1] hi(t.2)] 2 er) > 0. (431)
The Banach algebra structure of Holder spaces, Lemma Proposition [B:4] Proposition [B
and ) then imply that the coeflicients 1n the motion equatlon and the third order condition
are of regularlty C%2(]0,T) x [0,1]) and c ([0, T7), respectively.

The regularity requirements on the right hand side follow from Lemma [£.35]

As n(0) = n(0) = 0 the compatibility conditions of order four as stated in [I36, (4.19)] are
fulfilled. By [156 Theorem 4.9] there exists a unlque solution § € C 4+ ([0, 7] x [0,1]; (R?)?)
to system (|4.30)] . As the function g solves (4 in the space Er, the uniqueness assertion in [136]
Theorem 5.4] yields g = g. This shows the claim as g is equal to vy on [g,T] x [0, 1]. O

Theorem 4.37 (Smoothness of strong solutions for positive times (Triod)). Let p € (5,00), T be
positive and ¢ be an analytically p—admissible initial network to (4.3). Suppose that v € Ep is a
strong solution to the system (4.3)) in [0, T] with initial datum . Then for all € € (0,T) it holds

v € C% ([e, T] x [0,1]; (R?)®).
Proof. We show inductively that there exists « € (0,1) such that for all £ € N and € € (0,7,

7€ CHREA (6, T) x [0,1]; (R?)%) (4.82)
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The case k = 1 is precisely the statement of Proposition [£:36] Suppose that there exists a €
(0,1) and k& € N such that (4.32) is valid for all ¢ € (0,7). Let € € (0,7) be arbitrary and
n € C§° ((¢/2,) ; R) be a cut—off function with n =1 on [¢,T]. By induction hypothesis we have

(t,2) = 7 (t+ o2, 2) € T 264240 (0 T — <] x [0, 1]; (R2)?) (4.33)
and hence we obtain
(t,2) > g(t, @) i= 1 (¢ +2/2) 7 (t + /2, 2) € T 2K424e ([0, T — /o] x [0, 1]; (R)?) .

Furthermore, ¢ is a classical solution to system in [0,7 — ¢/2] x [0,1]. Proposition
and the properties and imply that the coefficients in the motion equation and
its right hand side are of regularity O 2hta ([0, T —¢/2] x [0,1]). As t — 7,(t,0) lies in
e ([0, T — =/2]; (R?)?), Proposition Proposition and imply that the coeffi-
cients in the third order condition are of class C =7 ([0, T — ¢/2]). Hence the coefficients and the
right hand side fulfil the regularity requirements of [136], Theorem 4.9] in the case | = 2(k+1)+2+a.
As 79 (0) = 0 for all j € N, compatibility conditions of order 2(k +1) +2 as stated in [136} (4.19))]

are satisfied. Thus [136] Theorem 4.9] yields that there exists a solution

§e ORISR ([0, T —efa] x [0, 1]; (R?)?)
to system (4.30) which by uniqueness needs to be equal to g. Hence we obtain
() = n(t)y(t@) € CFHFEER A ([0 ) [0, 1]; (R)?)

which completes the induction as n = 1 on [¢, T]. This shows the claim as by Deﬁnition of the
parabolic Holder spaces it holds

() O T 26424 ([, 7] x [0, 1]; (R?)?) = O ([e, T] x [0, 1]; (R?)%).
keN

In the case of Theta networks we obtain the corresponding result.

Theorem 4.38 (Smoothness of strong solutions for positive times (Theta)). Let p € (5,00), T
be positive and ¢ an analytically p—admissible initial network to (4.2)). Suppose that v € Er is a
strong solution to system (4.2) in [0, T| with initial datum . Then for all € € (0,T) it holds

v € C™([e,T] x [0,1]; (R*)?).

Proof. This follows adapting the arguments used for Triods as explained in Remark O

4.1.3 Existence and uniqueness of classical solutions

In this subsection we adapt the arguments in Subsection to prove that given a € (0,1) and
an analytically a—admissible initial network ¢ to system or , respectively, there exists
a time 7' > 0 such that there exists a classical solution 7 to the considered system in [0,7"] with
initial datum . This result is given in [64) Section 3.3, Section 3.4]. The solution space Er,
T > 0 then becomes the parabolic Holder space

By = CTF4e ([0,7] x [0,1]; (R?)?)
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defined in Definition [B:7] We remark that regardless of the regularisation result shown in Sub-
section u the existence of classical solutions to ) does complement the results in Subsec—

tion and Subsection Indeed, given an analytlcally p—admissible initial value to
smoothness of the correspondlng solution is only warranted away from the initial datum. In

contrast, the time regularity of a classical solution v to (4.3) is characterised by the space
cH ([0, T];C ([0,1])) and is thus valid up to time zero.

In analogy to the case of strong solutions the existence of classical solutions relies on the uniform
well-posedness of the associated linearised problem and a fixed point argument. We adapt
the arguments in Subsection [4.1.1j using the same symbols for the operators and spaces to highlight
the similarities. Again, all proofs are done in an exemplary manner for system .

Well-posedness of the linearised problem

We prove well-posedness of the linear system (4.4 associated to the analytic problem (4.3]) in
parabolic Holder spaces proceeding as in Subsection

Proposition 4.39. Given o € (0,1) and T > 0 the operator

Br : ET—>C’ ( 2) ( ]'(RQ)G),
ur—>(u (-,0) — u2(,0),u2( O) u3(-, O),um(-,()),um(~,l))

is well-defined, linear and continuous. Its kernel Ex := ker (Br) is a closed linear subspace of Er.
Proof. This is a direct consequence of Proposition O

Lemma 4.40. Let a € (0,1) and ¢ be an analytically a—admissible initial network to (4.3) with
R:= H(‘D”C“*a([O,l];(R?)?’)- Then

= = > O
€= ele) = iy, iy [P e)
and for all j € N it holds x — |¢% |~ J = |<p§6(x)|_J € O ([0,1]) with
A <C(c,R
H|L‘%’ ‘ Cct+e([o,1]) (e, R).

Proof. Definition implies for i € {1,2,3}, ¢' € C*™* ([0,1];R?) and ¢! # 0 on [0,1] which
yields

c = xren[%)nl ot (x)] >0

and in particular ¢ = min {cl,cz,c3} > 0. As the norm of ¢! € C3 ([0, 1];R2) is uniformly
bounded away from zero, we conclude that = — ’gpi(x)rl lies in C* ([0, 1]; R) with
i -1 @ﬁcr(x),ga;(x)
Ox (’%(xﬂ ) = —<i—3>'
|05 ()]
As we have in particular ¢}, € C* ([0,1];R?) with |¢} ()| > ¢ for all z € [0,1], Proposition
yields |i| ™" € C= ([0,1]) with

<C <C(c,R).

i1 i
H’%{ ‘CQ([O,I]) s Cle) H%HC“([OJ];R?) =
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As also ¢!, lies in C ([0,1];R?), the Banach algebra property of C*([0,1]) yields that z —
Os (’90;(33)}_1) lies in C* ([0, 1]) with

0 (0 <l
Hx ~ |<p“” | ca(jo,1]) (e, )
Hence we conclude that |<p;|_1 lies in C**+2 ([0, 1]) with
—1
<C(c,R
H‘%‘ ’ c1+e([0,1]) (e, B).

This shows the claim in the case j = 1. The general case follows from the Banach algebra property
of C1*« ([0, 1]). O

Proposition 4.41 (The linearised operator). Let « € (0,1) and ¢ be an analytically a—admissible
initial network with unit normal denoted by vy. Given T > 0 the operators

a . 2 .
L%“ : ET - XT =05 ([07T] X [07 1], (R2)3) 7L’]j’(u) = <’U,§ + |l|4ulzamcm> )
x i€{1,2,3}

L3 :Ep = Yip:=C ([0,T];R?), Z Isa (i, (-,0),15(0)) v5(0),
L3 :Er = Yor = C 5 ([0,T]; (R?)?), Lip(u) = u(,1),
Lfll“ : IET — XO = 04—0—04 ([07 1]7 (RQ)S) ’ L%"(u) =u (07 )

are well-defined, linear and continuous. We let Ly := (L}, L%, L}, LY.).

Proof. The statements about the operators L. and L% follow directly from Proposition That
L% is well-defined, linear and continuous is a consequence of Proposition the regularity of
T |<p; (ac)|71 shown in Lemma and the Banach algebra property of parabolic Holder spaces
shown in Proposition The statement about L2 follows from Proposition and the Banach
algebra property of Holder spaces. O

To guarantee well-posedness of the system in parabolic Holder spaces given an initial datum
1, the right hand side (f, k1, h2) needs to fulfil certain requirements in order to be compatible with
the initial datum . In comparison to the conditions discussed in Proposition we need to
ask additional conditions involving fourth order derivatives of the initial datum. Indeed suppose
that u € C 75 4to ([0, T x [0,1]; (R?)3) is a classical solution to ({.4). Deriving the concurrency
condition in time yields for all t € [0,T7, ¢,1 € {1,2, 3},

i i 2 2
IO o
Evaluating this identity in £ = 0 then gives additional compatibility conditions
. 2 .
fz(oa 0) - ﬁwixmm(o) = fl(oa 0) -
|£%(0)] \wé(o

Differentiating the condition u(t, 1) = hi(t) with respect to time yields

>|4 wma:a:( )

O(t) = ui(t,1) = £1(61) ~ gl (1)
|k (1)]
and thus , 4

I%( )|
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As all involved functions can be derived in the classical sense and evaluated pointwise, it is straight
forward to check that given a € (0,1), T > 0 and ¢ an analytically a—admissible initial datum
with unit normal denoted by v, the linear compatibility operator

Gr: X7 x Y11 x Yar x Xo — (R?)? x (R?)® x R? x (R?)? x R? x R? x R? x R? x R?
defined by

7 (foh1 ho, ) == (¥1(0) = 92(0),%%(0) — ¢°(0))
72“ ((f7h17h27¢)) = (d’waﬂ(O)vwww(l))’

((f7h17h27¢ Z |90 |3 mwx(o) VO(O)> ( )_hl(o)’
Gy ((f.h, ha, ¥)) = w( ) = h2(0),

2 7hvhv = 107 L;zzazo_ 2070 L?ﬂmzzo’
Gr ((f;h1, ha, ) = f7(0,0) — oL (0)|4¢ (0) = f7(0,0) + 2 (0)\4¢ (0)
g ahl,hZ, = 2 030 2 TTTT —f° 070 2 rrTT
gr ((f ¥)) := [7(0,0) — 2 (0)|4¢ (0) = f(0,0) + 2 (0)‘41/) 0),
GE-((f. b1 ha. ) = F10.1) = — ok, (1) — O,A3(0)
|z (1)]
g’% ((f7h17h27,(/))) = f?(o’ ) %wgzxm(l) _8th§(0)7
lp2(1)]
2

g% ((f7h17h271/})) = f3(07 1) 41/1351195( ) - athg(o)

p2(1)]
is well-defined, linear and continuous. In particular, Fy := ker (Gr) is a closed linear subspace of
XprxYypxYypxXg. Given ¢ € Xo we say that (f, hq, he) € X1 x Y1 p X Ys 1 satisfies the linear
compatibility conditions with respect to ¢ if (f, hi,he,v) € Fr. As in Corollary one checks
that for all u € Ep and i € {1,2,3,4}, G& (L7 (u)) = 0. Given u € Er one has for all t € [0,7],
ie{1,2}

£,0) = LEH (u) (,0) 4 — it (1,0)

0= ui(ta 0)_ui+1 (t’ 0) = L;i(u)(ta O)_ | H—l ‘4 Uppra
Px

2 t
L

which yields in particular Q% (Lr(uw)) =0 for j € {5,6}. Furthermore, for all u € Ep, i € {1,2, 3},
t € [0,T7], there holds

u; 71 :Ll’iu a]- _Lu;xmx 7]-
(t,1) = Ly (u)(t, 1) TR (t,1)
and thus
0= LY (u)(0,1 S ul . (0,1) — ui(0,1
7 (u)(0,1) ()] (0,1) —ug(0,1)
= LR @)(0,1) - ——— (L) (1) = 9L (w)(0)
L (1)]

which yields G5 (Lr(u)) = 0.

To prove that the operator Ly : Er — Fp is invertible also with this choice of solution space, we
apply [136], Theorem 4.9] on well-posedness of linear parabolic systems in parabolic Holder spaces.
We hereby endow Ep and Fp with the norms

g = 00852 e = Nl 552 gt
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and

1Bk W)y o= 11 lLs o + ] se -+ [1B2ll ase + [l

=W lot e oo FI1Mallote o ryze 102l o2 (o 1y gags) T 10 llerreqoiceeys -

Theorem 4.42 (Well-posedness of the linearised system in parabolic Holder spaces). Let o €
(0,1), T be positive and ¢ be an analytically a—admissible initial value to (4.3). Then the operator
Ly € L(Ep,Fr) defined in Proposition is bijective with continuous inverse L;l.

Proof. We intend to apply [136], Theorem 4.9] with [ := 4 + a. The results in Subsection
show that the evolution equation is uniformly parabolic and that the boundary operators satisfy
the complementary condition. We notice that these requirements are independent of the choice of
solution space. Lemma[d.40]shows that the coefficients in the evolution equation belong to the class
CT2(]0,T] x [0,1]). The coefficients of the boundary operators are constant and thus trivially
fulfil the regularity requirements stated in [136, Theorem 4.9]. The compatibility conditions of
order four in [I36, §14] precisely correspond to the linear compatibility conditions encoded in the
space Fr. Thus [I36, Theorem 4.9] allows us to conclude that for all (f,hy,h2,v) € Fr there
exists a unique u € Ep with Ly (u) = (f, h1, ha,©) satisfying the estimate

lull s aa < O( 1150 + th”CHTa([O,T];RQ) + ”h2||c4*T“<[o,T1;(R2>3) F e o e )

O

The constant C' in Theorem [£.42] a priori depends on 7. In the fixed point argument it needs
to be guaranteed that the operator norm of L;' € £ (Fy,Er) is bounded by a constant C (Tp)
independent of T € (0, Tp] where Ty > 0 is some fixed time slot. As in Subsection this can
be achieved with the help of extension operators. In contrast to the Sobolev setting a change of
norms on Ep and Fr is not necessary in the case of parabolic Hélder spaces.

Theorem 4.43 (Uniform well-posedness of the linearised system in parabolic Holder spaces). Let
a € (0,1) and ¢ be an analytically a—admissible initial network to (4.3)). Given Ty > 0 there exists
a constant C (Tp) > 0 such that

< C(Ty).

sup HL;luﬁ(FT,IET) =

t€(0,Tp]

Proof. Let Ty > 0 and T € (0, Tp] be fixed. Given (f, h1, ha,v) € Fr we let u € Er be the unique
element with Lru = (f, hy, ha, ). Moreover, with For, and Esr, denoting the temporal extension
operators on (parabolic) Holder spaces defined in Lemma and Lemma respectively, we
obtain

(Ear, f, Earyhy, Earyha,¥) € Xomy x Y121, X Yo o1, X X

with
(B2, f, Bary b, Earoha, ©)x,r xvs amy x Vaory xx0 < C (T0) 1(f, b1 ha, ¥)lg, -

As
g2To ((EQTofv E2Toh17 E2Toh27 7/})) = gT ((fa hla h2a d})) =0

we obtain (Ear, f, Earyhi, Earyh2,v) € Far,. As Lor, € L (Ear,,Far,) is a linear isomorphism
due to Theorem there exists a unique @ € Eqp, with

Lo, (u) = (Ear, f, Earyhi, Earyho, 1)
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We notice that
Lr(u) = (f,hn, ha,¥0) = (Eor, f, Eoryha, Bxryha, ¥0) 0. = Lom, (@) 1.7 = Lr (Uj0,17)
and thus u = ;g 7] which allows us to conclude

Eary) [(E2r, f, Earyhs Earyh, ¥,

HLQTDHLj Faory Ear, ) (TO) ||(.f) hla hQaw)H]FT .

lulle, < Nllyy, < 1227, [l (g,

The contraction argument

Proposition 4.44. Let a € (0,1) and ¢ be an analytically a—admissible initial network to (3.21)).
Then for any T > 0 the set

Ef = {’7 €Er : =0 = 80}
is a non-empty complete metric space in the norm ||-||z, and there exists Ep € Ef such that
1€elle, < llellx,-

Proof. Let T > 0 be given. As for any ,n € Er there holds

[[v(0) — 77(0)||c4+a([o 1]5(R2)3) = <lv- 77||]ET )

we conclude that E7 is a closed subset of the Banach space (Er, H||ET) and hence a complete
metric space in the norm |||z . Moreover, we observe that E¢(t) := ¢(t), t € [0,T], defines an
element £¢ € EY. with [|Ep|lp, = [l¢llx, - O

Given 7' > 0 and M > 0 we let
By i={y€Er :=|1llg, <M} .
The following result is completely analogous to Lemma

Lemma 4.45. Let o € (0,1), Ty > 0, M > 0 and ¢ be an analytically a—admissible initial
datum to (4.3)) with ¢ as in Lemma . There exists a time T(c, M) € (0,Tp] such that for all
T e (O,T(c, M)], v € EZ.N By and all i € {1,2,3} the curve v'(t) is reqular with

(4.34)

N O

teo, Ti]nze 0,1] ‘%” | =

and satisfies the non-degeneracy condition in y = 0.

Proof. Let T € (0,Tp] and v € EZ.N By, be given. Then for any ¢ € [0,T], z € [0,1], ¢ € {1,2,3},
there holds
172 (t,2)] > [ ()| = [t ) —72(0,2)] -

As % lies in C 55 ([0, T7; C ([0,1];R?)) by Proposition we obtain for any ¢ € [0,7], z € [0, 1],
i€{1,2,3},

3+a

(t >ec—t 4 T M.
|’7z LC)| ¢ H,yx” [0 T);C([0,1]; RQ)) -
The claim then follows arguing as in the proof of Lemma O

In the following we set T := 1.
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Corollary 4.46. Let « € (0,1), M > 0, ¢ be an analytzcally a—admissible initial datum to
with ¢ as in Lemma |4. 4(1 and T(c, M) be as in Lemma Then for all T € (0, T(c M)},
v € EZ N Bur, i € {1,2,3} and j € N, there holds

(t,x) ’%’ (t,x) := h;(t,x)rj e CT°([0,T] x [0,1])

with ‘
[ <ctenn
T
and further . .
. — . — 14+«
t= (0] 7 () = [ (0] e ¢ ((0,7))
with

|—j

< C(e, M).

(0 1
Hh 0) ¢ ([0,1))

Proof. Let T € (O,f(c, M)], v € EZ.N Buy,r and i € {1,2,3} be given. Propositionyields
i€ CTEe((0,T) x [0,1];R?) < ¢ ([0, 7] x [0, 1];R?) .
The estimate (4.34]), Proposition and Proposition yield

(t,2) = [3i| " () € CF(10,T] x [0,1])

with
HMPH LSC@ |l o < Cle M),

The corresponding statement for general j € N then follows from the Banach algebra property of
parabolic Holder spaces shown in Proposition As in particular

75 € CTF ([0, 7);C ([0,1]: R?)) ,
we obtain using and Proposition that
(t2) = | (b2) € CTF ([0, 7)€ (10,15 R?))

with

-1
<C(e,M
th‘ H = ([0,T]:;C([0,1])) (e, M)

and thus in particular
t [t 0)] e ¢ ([0,7))

with norm bounded by C(e, M). The Banach algebra property of Holder spaces then yields the
corresponding statement for general j € N. O

To infer the existence of in parabolic Holder spaces from the well-posedness of the associated
linear problem in parabolic Holder spaces, we introduce the operator Np representing the
nonlinearities appearing in in analogy to Proposition 4.24] As in 4.25| we may then define
the contraction operator K.

Proposition 4. 47 Let a € (0,1), ¢ be an analytically a—admissible initial value to with ¢
as in Lemma 0 To:=1, M > 0, T(c M) be as in Lemma and V, T be the expressions

defined in and - For all T € (0, T(e, M)] the operator

(N}, N2) : BS N Barr — Xp x Yo = CH ((0,7] x [0,1]; (R?)?) x 5 ([0, T]; R?)
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is well-defined. Moreover, given T € (0, T(c, M)], v € E£ N Bur,
Gr ((Lz(v) = Np(7), L#(v) = Ni(7),9(1),9)) =0
and the operator
R AR @ -1 1 1 2 2
Kp:EpNByyr = Ep,y = Ly ((LT<7) — Np(7), L7 (7) — NT(’Y)#P(UM))

is well-defined.

Proof. Let T € (071~1(c7 M)] and v € E% N By,r be given. As in Proposition we have for
i€{1,2,3}

Via (Vigs i)’

Yoas (Vowr Vo) Voo hil” g Yoz (Voaas Vz)

(NE(7))" = + 222z _ 19 +35

il AR Ak Ak kAR
Vo
i 12
which lies in C% ([0, 7] x [0,1]; R?) due to Corollary Proposition and the Banach alge-
bra property of C'T:® ([0, 7] x [0, 1]). Corollaryfurther yields t — ~i(,0) € c ([0, T); R?),
and t — |vi(t,0)] et ([0,T)) for j € {1,3}. As further tes i (8,0) € 5 ([0, T}; R?)

due to Proposition the Banach algebra property of o ([0,77]) allows us to conclude that
Nro is well-defined. In particular, on using Proposition we conclude that

(Ly(v) = N3 (7), L3(v) = N7.(7), (1), 9) € Xg x Yi,r x Yo7 x Xq.

As ¢ is an analytically a—admissible initial value to (4.3), the arguments used in Proposition m
show for j € {1,2,3,4} that

G5 (L1 (7) = N2 (7), L3 (7) = N2(9), (1), ¢)) = 0.

As ¢ further satisfies the analytical fourth order condition in y = 0, namely for 4,1 € {1,2, 3},
V (#") (0)(0) + T (¢") (0)75(0) = V () (0)(0) + T (') (0)75(0),

we obtain for any 7,1 € {1,2,3} due to y;—o = ¢,

(Lh(7) — NA () (0,0) - W(Qmﬁwmm) — T () (0,00(0,0) + T (/) (0,0)7(0, 0)
=V (¢) (0)v5(0) ())() V (") (0)v5(0) + T (¢") (0)75(0)
:VWanmo+ (+') (0,0)7(0,0) = umwme@mWéW%m@

which yields for j € {5, 6},

G7 ((Lr(v) = Np(0), L3 (7) = N7(7), (1), ) ) = 0.

As ¢ satisfies the analytical fourth order condition in y = 1, namely for i € {1, 2, 3},

V(") Wu) +T (¢") 1)rp(1) =0,
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we obtain for v € E¥, i € {1,2,3},

(Lh() = M) (0.1) |zf)|4som<>—atw<1>
=V (1) (0.0A40.1) + T () 0.)7(0.1) = V (') (1) + T (') (V1) = 0

and thus for i € {1,2,3},
G5 ((Lr(y) = N£(9), LE(7) = N2(7), (1), 9)) = 0.
This shows that
(Lr(y) = Nr(v), L7(v) = N7 (7),9(1), ¢) € Fr = ker (Gr)

and thus Kp : Ef.N BMT — Er is well-defined due to Theorem Given v € EZ. N BM T We
have L3 (Kr(y )) ¢ and thus Krp(y) € E7. O

Lemma 4.48. Let o € (0,1), T € [0,1] and ¢ be an analytically a—admissible initial datum
to ([(1.3). There exist constants € € (0,1) and C > 0 independent of T such that for all & ,n € EY,
ke{1,2,3}

02k = 3n], < O [0 = 0¥l s, o < CTF € s, -

Jk+a

Proof. We let k € {1,2,3} and T € [0,1] be given. Furthermore, we fix a coeflicient 0 €

[HLM ,Hia) such that 6 (k + «) is not an integer. As 0 < 0y (k + o) < k + a we may apply [94]

Proposition 1.1.3 iii)] to conclude that C?(k+2) ([0,1]) belongs to the class Jp, between C ([0,1])
and C**+< ([0, 1]), which by [94, Definition 1.1.1] means that

c**e([0,1)) € ¢ ([0,1)) € O ([0, 1])

and that there exists a constant C' > 0 such that for all f € C*** ([0, 1]),

%
Il gonse o1y < C NFIGsa oy 1160057

Proposition with Xy := C([0,1]), X1 := C***([0,1]), Y := C%F+2) ([0,1]) and o := 6
yields for all 8 € (0,1) the continuous embedding

O ([0.73: 0%+ ([0,1])) 1 €% ([0, 7): 0 (0,1])) = CO=%8 ([0, T): %4+ ([0, 1)) (4.35)

with embedding constant independent of T'. Given 6 € [0,1) and u > 0 we let
C4 ([0,T);C* ([0,1])) := {g € C° ([0, T]; C* ([0,1])) : g(0,x) = 0 for all = € [0,1]} .

It is then straightforward to see that restricts to a continuous embedding

Co ([0,T]; €™ ([0,1))) N Cg ([0, T1: € ([0, 1])) = €5 =7 (10, ;€7 ([0,1)) ) (4.36)
with embedding constant independent of T'. We define

Xk = {g e ¢ R (10,7 x [0, 1); (R2)®) : g(0,2) = 0 for all z € [0, 1]}

and let B := 542 € (0,1). As

Xf < Co ((0,T]; C* ([0, 1]; (R%)?)) N G ([0, T C ([0, 1]; (R%)?)) ,
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we conclude that
Xk e ¢ ([0, 77 €+ ((0,1); (R2)?)) < % ([0, 7T, €= ([0, 1; (R?)?))

with embedding constant C' independent of T', where we used that 0y, (k + a) > a. Given &, n € EZ
there holds 937%¢ — 92~%n € X% and thus Proposition yields with e := (1 —0y) B — § >0,

0574 — 2 *nll 5
< o7 ot -

< (10277 = 027" nll % (o 0w (0.13: B2y

0y~ knuc(lfek)ﬂk([O,T];CQ([OJ];(R%B»)) < 20T° [|9;7F¢ - 8;1_1677”’%1

([0,T];C([0,1]5(R?)%)) —

Jk+a
< 20T [|€ = g,

and similarly

||8;1*k§—8;1 k"HC([o T);C2([0,1];(R2)3)) = ||84 fe - 0, an
< 20T (|07 = 07 [y < 20T € = g, -

T ([0,T);C2([0,1)5(R2)?))
k4o

O

Proposition 4.49 (Contraction estimates I). Let o € (0,1), ¢ be an analytically a—admissible

initial value to with ¢ as in Lemma Ty == 1, M > [[¢|l44q and T(c, M) be as in

Lemma . There exist € € (0,1) and a constant C > 0 depending on ¢ and M such that for all
€ (0,T(c,M)], v, ¥ € EZ. N Byr it holds

1L3() = Np () = (L1 (3) = Np D) ||, < Cle, )T |ly =T, -
Proof. Let T € (O,T(c, M)] and v, ¥ € EZ.N By r be fixed. As in Proposition we denote
by p a polynomial of some degree depending on one or several variables that are specified in the

brackets. We allow p to change from line to line while maintaining the same notation. As in
Proposition [1.26] the highest order term is of the form

i i i|=1 gLt i ~i ~i i ~i |7l i i

The Banach algebra property of parabolic Holder spaces shown in Proposition [B.9]yields that the
first term in (4.37)) can be estimated by

i i i1 i1 ~
el = Pl o (et ™ ), Lt =k,

Using again the Banach algebra property of parabolic Holder spaces combined with Lemma
and Corollary [£.46] we obtain

o (el ™"l ™)

Identifying ¢ with its constant in time extension £¢ € EZ., Lemma applied to ¢,y € EXNB,r
yields that there exists € € (0,1) such that with suitable constants C(c, M) > 0 independent of T
there holds

< C(e, M).

o
¢

ezl = 1llls o < Cle, M) |[¢n = %ells , < Cle, M)T* Iy = ¢llg, -

T

Similarly, we may estimate the second term in (4.37)) by

~;—1 11
P(|’ym| | )

AT Naells o < Cle M7~ 25 g o Il

o
1
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< Cle, M)T® Iy =Yg,

which allows us to conclude that (4.37) is bounded in ||||%a by an expression of the form
C(e, M)T? ||y —7lg,- As shown in Proposition the remainder of the expression LL.(vy) —
N}(v) = (L% () — N} (7)) is composed of terms of the form

(- ey @B @ (Fe-T) (#.2) (b7 - Fl) s

il il il

with j € {2 6,8}, and a', b, ¢* and a’, b, & spacial derlvatlves of order at least one and at most
three of 4% and 7, respectively. Corollary - Lemma and the Banach algebra property of
parabolic Holder spaces yield that all expressions comprised by the first three terms in (4.38]) can
be estimated by C(c, M)T* ||y —7|g,. The arguments in Proposition imply that the last

term in is of the form
@ (5.8 [l = e lle (lal )
which can be estimated by C'(c, M)T¢ ||y — 7|, due to the arguments above recalling that
—1
e (2 )], , < ctemn

and
I[lal = Felllls.. < Cle, M) [l = Als , < Cle, M)T= |y = Flg, -
O

Proposition 4.50 (Contraction estimates II). Let o € (0,1), ¢ be an analytically a—admissible

initial value to with ¢ as in Lemma To == 1, M > |94 and T(c, M) be as in

Lemma . There exist € € (0,1) and a constant C > 0 depending on ¢ and M such that for all
€ (0,T(e, M)], v, 7 € EZ. N Basr it holds

[1L2(v) = Nz(v) = (L7 (3) = Nz ()| < Cle, M)T* Iy =g, -

o (jo,T)R2) =
Proof. Let M > [|¢|l,,,, be given and T' € (O,T(c7 M), v,7 € EZ N By 7 be fixed. To improve
readability we omit in the following the evaluation of the terms in x = 0. We let 1§, 7¢, v¢, ¢ and
vt 7 i €{1,2,3}, be the unit normal and tangent of ¢, v* and ¢, respectively. The arguments
in Proposition yield that the expression L%(y) — N2(y) — (L% () — N2 (7)) can be written
as

3
1 . ) ) )
T~i3 N;xz7 + zxz V 2 - 4.39
2 i Z i (e ) 0 7) )
3
+Z ‘90 |3 (mec rYxaca:) v VO + Z ‘90 |3 < Vmcx foa:x) Z> (V(Z) - Vi) (440)
3
+ - zxzV l 1—’_ - TxT ;x:m vt 4.41
Z (va val?’) (% ; (I% vx?’) (Towe = Yeaws")0 (441

g g < ) (4.42)

EANNGA
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En ([0,T]) we may consider the terms in (4.39) to (4.42)

individually. Proposition [B.8| implies

o (0) = T O 5 ey < 7 =T 52y < T =T
and further
H%lgm H ([0,T]R2) = |‘W’i||4+Ta74+a < H'Y”]ET <M
and analogously for 7. Furthermore, Lemma, and Lemma yield for all j € N,
H|<p;(0) ch”Ta([o,T]) < Ole, M)
and
[0l e < Clem)

((0,T7)
and analogously for 7. Given ¢,n € EZ N By, r Proposition implies

€(0) — () € Cy ™ ([0, T); R?)

and thus using Proposition we conclude

i e 2+
JE40) — O 5= 1 <2 EO) — O 5 o <25 s,
Using Lemma and the arguments in the proof of Proposition [B.4] we find
; _
H‘fm(0>‘ ’ H ([0,T7)
C(C, ||§ﬁlC ||CHTQ([O,T];R2) ’ ||T]£C H ([0,T7;R?) ) ng || ([0 T);R2)

< Cle, MYT 5 ||e = 1], -
Using further the identity
) = n50)] 7 = (Jeio)] " = ko)) e (JEE ]
shown in Proposition [£.27] we find
s~ = )| s

Finally, we observe

0)™")

24«
<Cle, MT = ||£— .
e o < eI €=,

0) &) =m0 0] 7| sz
< &l IO = k)]

24a
< Cle, )T [€ =1l -

([0,T]:R2)

va 1E0) =0 (0)]| e [[In20)]

As the unit normal is obtained by applying the counter-clockwise rotation R € R?*? by the angle
5 to the unit tangent, the claim follows combining the above observations with the respective
choices of &£, n € {¢,v,7}. O

Corollary 4.51. Let o € (0,1), ¢ be an analytically a—admissible initial value to (4.3) with ¢ as
in Lemma Ty =1, M > |¢llyy, and T(c, M) be as in Lemma m There exists a time
T.(c, M) € (0,T(c, M)] such that for every T € (0,T.(c, M)| the operator

Kr: (Bf N Burs |lle,) = (B [ lls,)

s a contraction.
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Proof. Let M > ||l¢ll, 0, T € (0, T(e, M)] and v,5 € EZNBy, 7 be given. Then K is well-defined
due to Proposition[£.47] Moreover, Theorem [£.43]and the contraction estimates in Proposition [£.49]
and Proposition yield that there exist constants C'(¢, M) > 0 and € € (0, 1) such that

K7 () = K1 (9)llg, < Cle, M)T* Iy =g, -
Now choose T, = T (¢, M) € (0,T(c, M)] such that C(e, M)T? < 1. O

Proposition 4.52. Let o € (0,1) and ¢ be an analytically a—admissible initial value to
with ¢ as in Lemma @ There exists a radius M(p) > ||l¢ll4,, > 0 and a positive time T ()
depending on c and |||, , such that for all T € (0,T(p)) the set B N Bay,r is non-empty and
the operator

Kr: (B2 N By |-llg,) = (B2 N Bz, |-llg,.)

is a contractive self-mapping.

Proof. We identify ¢ € C*T ([0,1]; (R?)3) with its constant in time extension £y € E; and
observe that for all ¢ € [0,1], ¢ € {1,2,3}, (£¢)" (¢) is a regular open curve. In particular, for all
T € [0, 1], the expression Nr (Ep) is well-defined and so is K1 (£¢) € Er. Furthermore, for all
T € [0,1] there holds Kr () = K1 (£¢)|j9 7)- As the operator norm of L' is uniformly bounded
with respect to T' € [0, 1] and as the norm of N (£¢) depends only on [[¢||,,, and ¢, the radius

M:=2 max{||<p||4+a Niyiet (580)||1E1}

depends only on ||¢ll,,, and ¢. Moreover, for all T' € (0,1], £ lies in E7. N By 7 and satisfies
K7 (Ep)g, < M/2. Let Ti(c,M) be the corresponding time in Corollary Then for all
T € (0,Tv(c, M)], v € EZ N By it holds

I1K7(v) = Kz (Ep)lg, < Cle, M)T* ||y = E¢llg, < Cle, M)T2M . (4.43)

We let T(¢) € (0,T:(c, M)] be so small that for all T € (0,T(¢)], the constants in (4.43)
satisfy C'(e, M)T2M < M/2. Let T € (0,T(¢)] be given. Due to Corollary the map Kr :
(EZ N By, g, ) = (B2, [-llg, ) is a contraction and using (4.43) we find for all v € EZ.N B,

1K (Mg, < [Kr(v) = K1 (EQ)g, + 1K (E@)llg, < M/2+M2< M.

O

Theorem 4.53 (Existence and uniqueness of classical solutions to the analytic problem (Triod)).
Let « € (0,1) and ¢ be an analytically a—admissible initial datum to system . There exists
a positive time T' depending only on |||, and c(¢) such that for all T € (0,T] there exists a
classical solution to system in [0, T) with initial datum ¢ which is unique in E%. N By with
M as in Proposition [[.53

Proof. Let M = M(p) and T () as in Proposition [£.52] The Banach Fixed-Point Theorem [I51}
Theorem 1.A] yields that for all T € (0,T(y)] the map Kr possesses a unique fixed point in
E7. ﬁm which is by construction a classical solution to system . The uniqueness assertion
follows from the uniqueness of the fixed point. O

We state the corresponding result in the case of Theta networks.

Theorem 4.54 (Existence and uniqueness of classical solutions to the analytic problem (Theta)).
Let « € (0,1) and ¢ be an analytically a—admissible initial datum to system (4.2)). There exists



166 4 Existence and uniqueness of the elastic flow of networks

a positive time T' depending only on |||, and c(¢) such that for all T € (0,T] there exists a
classical solution to the system (4.2) in [0, T) with initial datum ¢ which is unique in EZ. N Bar,r
with M as in Proposition[{.53

Proof. As explained in Remarkthe proof for system (4.3]) can be adapted to prove the analogous
result for system (4.2)). O

4.2 Existence and uniqueness of the geometric problem

In this section we turn to the question of existence and uniqueness of the geometric problems
and given appropriate initial networks. The arguments given in [64, Section 3.5] and [65]
Section 5] are worked out in detail. For the sake of readability and clarity, we again show all
results in an exemplary manner for system . As all conditions appearing in system
also appear in , the arguments can easily be adapted to prove the corresponding conclusions
for system which are stated at the end of each subsection.

4.2.1 Existence and uniqueness of strong solutions

In this subsection we show that given p € (5, c0) and any geometrically p—admissible initial network
o to the elastic flow for Triods as defined in Definition there exists a strong solution
~ solving as defined in Definition in a (possibly small) time interval [0, 7] with initial
datum ¢. Furthermore, strong solutions to are geometrically unique in the sense that any
two solutions v and 7 to (3.21) with the same initial datum o coincide as sets in their common
time interval of existence. We hereby follow the arguments in [66] Chapter 5].

The existence of strong solutions to the geometric problem is a consequence of the existence of the
auxiliary analytic problem shown in Theorem once it is shown that every geometrically
p—admissible initial network to can be reparametrised to an analytically p—admissible initial
network to system . To this end, we need the following lemma.

Lemma 4.55. Given a, b € R there exists a smooth diffeomorphism 6 : [0,1] — [0, 1] such that
0(0) =0, 0(1) =1, 6,(0) = 6(1) =1, 050(0) = a, Ooo(1) =b and 0,(x) > § for all z € [0,1].

Proof. We let p and ¢ be the second order polynomials on R determined by the constraints p(0) = 0,
p2(0) =1, pux(0) = a and q(1) = 1, ¢,(1) = 1, quz(1) = b, respectively. Let § € (0,1/6) be such
that for all = € [0,36] it holds p(z) < % and p,(z) € [2, 3], and for all z € [1 — 3§, 1], g(z) > 2,
and g, (z) € [2,2]. Let g be the linear function on R with ¢(38) = p(34) and g(1—38) = ¢(1—34).
Then the function f : [0,1] — R defined by

p(z) x€1]0,30],
f(@):=qg(x) =e€[36,1-3d],
q(z) xe€[l-341],

satisfies f ([0,1]) = [0,1] and f € C%1([0,1];R). Furthermore, f is differentiable almost everywhere
with fz(z) > & for almost every = € [0,1]. Let (¢)°).., be the Standard-Dirac sequence on R.
Then for every € > 0 the convolution fx*° lies in C*°([0, 1]; R) and the sequence ( f * ¥°) converges
to f in C([0,1];R) as € N\, 0. Moreover, for almost every = € (¢,1 — ¢) we have

N =

(f * ), (z) = / ) el =) dy >
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Let n € C§°((0,1)) be a cut-off function satisfying 0 < n < 1 on [0,1], n = 1 on [2§,1 — 20],
suppn C (0,1 — 6) and |9kn|< Cré~F for all k € N, see for example [4, 4.19]. Furthermore, we let
e € (0,9/2) be so small that || f+1° — fllcor) < ﬁ. We define 0 : [0,1] — R by

0(z) == (1 —n(x)) f(z) +n(z) (f *4°) (2).

It follows from the construction that 6 is smooth on [0,1] and satisfies the constraints at the
boundary points. For x € [0,0] U [1 — 4,1] it holds that 6,(x) = f,(z) > 3. By the choice of & we
have for every x € (6,20) U (1 — 24,1 — 9),

|(f *4%),, (2) = f(2)] S/_lwl(y)lfx(x—ﬁy)—fx(x)ldy

DN | =

< sup |fo(z) — fa(y)] <
x,y€(0,385)U(1—36,1)

Thus for almost every x € (§,26) U (1 — 26,1 — §) we obtain

0:(x) = fulx) +0(x) ((f ¥ 9°), () = fol(@)) + n2(2) ((f *9°) (2) = f(2)) = 7 - 1oL

B~
[N}
=
(@)
| =

Moreover, we observe for almost every = € [20,1 — 2] C (g,1 —¢),

0 (2) = (f x¢7), (x) =

N | =

By continuity of 6, the estimates hold pointwise in the respective sets. As 6(0) =0, (1) =1 and
0 is increasing, there holds 6([0, 1]) = [0, 1]. The statement now follows from [I51], Corollary 4.37,
Theorem 4.G]. O

Proposition 4.56. Let p € (5,00) and o be a geometrically p—admissible initial network to sys-
tem with given endpoints P, P?, P3. There exist smooth diffeomorphisms 6 : [0,1] — [0, 1],
i € {1,2,3}, such that ¢ = (apl,cp2,<p3) defined by ¢ := o’ 0 0" is an analytically p—admissible
initial network to with endpoints P', P2, P3.

Proof. Suppose that o is a geometrically p—admissible initial network to system with
given endpoints P!, P2, P3. Lemma implies that there exist smooth diffeomorphisms
6t . [0,1] — [0,1], i € {1,2,3}, such that 6°(0) = 0, 6 (1) = 1, 6(0) = 0i(1) = 1 and
0 . (y) = — ’03}(y)|72 (ol (y),0%(y)) for y € {0,1}. Lemma yields that ¢ := ¢ 0 §° lies in
W, ((0,1);R?). Moreover, ¢'(0) = ¢?(0) = ©*(0), ¢'(1) = 0'(1) = P, i € {1,2,3}, and ' is
a regular open curve being a reparametrisation of o*. As the normal and the tangent as well as the
curvature and its arclength derivative are invariant under reparametrisation, the non-degeneracy
condition at y = 0 as well as the third order condition 2?21 2k5(0)4(0) — pitt(0) = 0
and the curvature condition x*(y) = 0, y € {0, 1}, remain satisfied. The special choices of 6 (y)
and 0% (y), y € {0,1}, guarantee that the reparametrised curves ¢ satisfy the second order
condition (4.1). Indeed, for y € {0,1}, we have

Pl (y) = 0hn ()02 ()% + oL ()0, (y) = 0%, (y) — 0 (y) [oh(®)| 7 (ou(y). oh(y))
— |0t () K (y) = 0.

This shows that ¢ is an analytically p-admissible initial network to (4.3)) with endpoints P!, P2,
ps3. O
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Remark 4.57. Let p € (5,00) and o be a geometrically p—admissible initial network to sys-
tem . Defining smooth diffeomorphisms 6% : [0,1] — [0, 1], i € {1,2, 3}, in precise analogy to
Proposition we obtain that ' := 0% 0 0%, i € {1,2,3}, is an analytically p-admissible initial
value to (4.2).

The following result is in analogy to [66, Theorem 5.2].

Theorem 4.58 (Existence of strong solutions to the geometric problem). Let p € (5,00) and o
be a geometrically p—admissible initial network to system with given endpoints P!, P2, P3.
Then there exists a positive time T such that for all T € (0,T) there exists a strong solution to
system in [0,T] with endpoints P*, P?, P? and initial datum o.

Proof. Given endpoints P!, P2, P3 and a geometrically p-admissible initial network o to the
corresponding system , Proposition implies that there exist reparametrisations ¢’ of o?,
i €{1,2,3}, such that o = (@17 ©0?, <p3) is an analytically p—admissible initial value to system
with endpoints P!, P2, P3. Theorem yields the existence of a positive time T such that for
all T € (0,7 there exists a strong solution 7 to in [0, 7] with endpoints P!, P?, P3 and
initial value ¢. Comparing Definitions [3.43] and [I.7] we observe that being a strong solution to the
analytic problem in [0, 7] with endpoints P', P2, P? and initial datum ¢, the function v is
in particular a strong solution to the geometric problem in [0, 7] with endpoints P!, P?,
P3? and initial datum o. O

In the following result we show that any strong solution to the geometric problem can
be reparametrised in such a way that it evolves with the tangential velocity chosen in
and satisfies the additional boundary condition . We hereby follow the arguments in [66]
Theorem 5.3].

Theorem 4.59. Let p € (5,00), T be positive and n be a strong solution to in the time
interval [0, T] with endpoints P', P2, P3. There exists a time Tr € (0,T] and a function ¢ €
W ((0,Tr) x (0,1);R3) such that for all t € [0,Tg], i € {1,2,3}, ¢'(t) : [0,1] — [0,1] is a
C'~diffeomorphism such that v = (v*,72,7%) with v'(t,z) := n' (t,¢'(t,x)) is a strong solution
to in [0, Tr] with endpoints P*, P2, P® and initial datum n(0) o ¥(0). The ewistence time
Tr depends on ||n|| g, and e(n) = mine (1 2.5y Minge(o1] (0,7 15 (¢t 7))

Proof. As 1(0) is a geometrically p-admissible initial value to , Proposition yields that
there exist smooth diffeomorphisms 6¢ : [0,1] — [0,1], i € {1,2,3}, such that ¢ = (<p1,go2,<p3)
defined by ¢! := n*(0) o " is an analytically p—admissible initial value to with endpoints
P! P2 P3 We thus take 6 as an initial datum for the unknown 7. Suppose that ¢ €
Wy ((0,T) x (0,1); R?) is such that for all ¢ € [0,T7], i € {1,2,3}, ¥(t) : [0,1] — [0,1] is a C'~
diffeomorphism. Then Lemma implies that the composition v with (¢, z) := 7’ (t, Pi(t, x))
lies in Ep and the derivatives can be calculated by the chain rule. This allows us to derive neces-
sary and sufficient conditions for the reparametrisation ¢ to guarantee that -y is a strong solution
to (4.3). Indeed, for almost every t € (0,T), z € (0,1),

Wit @) = (6,0 () + 1, (80 (E @) it x) - (4.44)
Testing (4.44) with the normal Vf7 (t, Pi(t, x)) = ny(t,x) yields the requirement that the normal
velocity of 4% is equal to the normal velocity of n* which is fulfilled regardless of the choice of

reparametrisation . On the contrary, 1) does play a role in determining the tangential velocity
of the evolution. Testing (4.44) with n’, (¢,¢"(¢,z)) yields

Git,x) = | (60t 2)) |77 () — nf (6,907 (8 @) ol (8,97 2))) -
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To guarantee that 7% solves ([3.27)) we need to require

0t (6,00 (6, 2)) |7 (it )l (69t 2)) =T (') (t, ).

The expression T is defined in formula (3.26) and can be expressed in terms of ° and . Indeed,

iy 2 () .
T () () = — L 5 +9 @) (t,x)
i (8, )| e (8,0 (¢, @)
where g (W,ni) (t,z) comprises terms depending on (8§ni) (t,gbi(t,ac)), k e {1,2,3,4}, and fur-
ther 97 i (t,x), m € {1,2,3}, with (aﬁni) (t,wi(t,m)) appearing linearly. Hence, we obtain the
evolution equation

vt = Iwé(t,x)l Im(7 (75796))|4

- F (¢i777i) (tv 33)
with

F(n',0) (t,2) = = [ng (6,076 0) [ (9 (', 7) (t2) = (o (8,0 (8, 2)) 70 (8,07 (1))

Comparing systems (3.21) and (4.3) then yields that the functions (¢,z) — n'(t,¢'(t,z)) with
1 € {1,2,3} form a strong solution to (4.3)) with initial datum 7(0) o 6 if and only if for all
te€[0,7], x €[0,1] and y € {0,1},

; 201 (1) _
Vit 2) + e teiviaar T F (@hn') Ge) =0,

, L, , Vi) =v, (4.45)
Vi (ty) + nk(y)| T (ke (b y),mi(ty) vi(t,y)? =0,
V(0,x) =6'(z).

If there exists Tr € (0,T') and a solution ¢» € W,1* ((0,Tr) x (0,1); R) such that for all ¢ € [0, Tg],
i€{1,2,3}, ¥i(t) : [0,1] — [0,1] is a C*~diffeomorphism, then every curve vi(t) = n’(t) o *(t) is
regular being a reparametrisation of n(¢) and inherits all geometric boundary conditions in
from 7. Also the non-degeneracy condition in y = 0 remains satisfied. It remains to show that in
a short time interval, system admits a strong solution ¢ with the desired properties. This
is shown in Lemma

Observe that due to Proposition [4.56| m 6| the initial datum 6 to is smooth and satisfies the
boundary conditions of system . Furthermore, its norm in W4 e ((0, 1);R3) depends on
c(n) and [|nlg,. To obtain existence of a strong solution to ([£.45), it is enough to require
that the initial datum 6 lies in W;1 — ((0, 1);R3), satisfies the boundary conditions appearing
in system and that for all i € {1,2,3}, 6* : [0,1] — [0,1] is a C'-diffeomorphism, see
Lemma [£.60l O

Lemma 4.60. Let p € (5,00), T be positive and n be a strong solution to (3.21)) in [0,T] with
endpoints P, P2, P3. Given i € {1,2,3} we let 6" : [0,1] — [0,1] be a C'—diffeomorphism such
that 0 € W;lf% ((0,1)) fory € {0,1}, 0(y) =y and

0, (y) = — (1100, ), 15(0,9)) 02 (y)? |12 (0, )| " .

Then there exists a time Tg € (0,T] and C—diffeomorphisms ¥(t) : [0,1] — [0,1], i € {1,2,3},
t € [0,Tg], such that ¢ = (w1,¢2,¢3) € VVpl’4 ((O,TR) x (0, 1);R3) =: Eg, 1is a strong solution
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to (4.45). The existence time Tr depends on ||n||g,., ¢(n), and further on ||0] and

c(0) := min;e 12,3} z€0,1) |0;(x)| and v satisfies

A-Yr(01)me) ¢

c(Y) = [0 (t,2)| > e (8), (4.46)

1
ze{l 2 ,3} t€lo, T] ze[o 1] 5
1l < Ce(O), 100y a-9 g 1y - s Ml ) (447)

Proof. We observe that the expression F (¢%, n%) (¢, %) in system contains terms of the form
[t it ) with f* € L, ((0,T); L, ((0,1))). To remove the dependence of f* on the solu-
tion (¢, ), it is convenient to consider the associated problem for the inverse £ = (5 1,52753)
defined by £i(t) := (t)~!. Indeed, suppose that ¢ € W;A ((O,TR) X (0,1);R3) is a solu-
tion to with ¢%(t) : [0,1] — [0,1] a C'~diffeomorphism. Then Lemma yields £ €
W4 ((0,Tr) x (0,1);R?) and for i € {1,2,3}, t € [0,Tr], y € [0,1],

szzzx (ta é-l (t7 y))
i (¢, )

§lty) = —vp (4, (ty)) & (ty) = (€ ()" + F (') (1€t y)) €t y) .

The arguments in Lemma [B:40] yield
(1Y) = = &, (6 9) Viaua (1€ (1y)) + 1065 (,9) W5y (1,67 (1Y) Yoo (1€ (L, y))
— 156 (L, y) U, (1. €(Ly))°
and hence

A y)l

where p (€1, 4%) (t,) is a polynomial in €(t,y), ¥, (£,€ () and vi,, (£,€(ty)). Using the
formula for & y) shown in Lemma we replace ¥l (¢, (t,y)) by

&(ty) = F (') (8,6t y) € (ty) +p (€,97) (4, y) i (t.y)|

yyy(
—&8 (L y)EL(Ey) 4 36 (), (5 E (L y))

Then M (t £, y)) is replaced by §i (t,y)=3 Z ,(t,y) and finally, we insert Pl (t £t y)

&, (t,y)~!. Transforming also the boundary condltlons we obtain that for all ¢ € [0,Tg], y € [0, 1]
z € {0,1},
i 23y, (BY) i _
St(t7y)+ ‘(yy)yéyﬂ +G(§ )(tay) _07
‘ A L, A g(,z) =z, (4.48)
;y(t’ Z) - ‘n;(tv Z)| <17;m(t, Z)a ﬂi(t» Z)> ;( ) Z) =0,
N —1
€0,y =)

where G (¢%,7) (t,y) is a polynomial in the components of 9;¢! (t,y), m € {1,2,3}, & (t,y)~",

. . —1 . . i i .
(8};171) (t,y), k € {1,2,3,4}, f(n;) (t,y)‘ and (77%) (t,y) with n%,.. (¢, y) and n;(t,y) appearing
linearly. If € € W* ((0,Tx) x (0,1);R?) is a strong solution to (£.48) with &'(¢) : [0,1] — [0,1] a
C'-diffeomorphism for every t € [0,Tg], i € {1,2, 3}, then we can reverse the above argumentation
to conclude that €71 is a strong solution to (4.45) in [0, Tr] with the desired properties.

We give some remarks on how to prove existence of strong solutions to (4.48). First, we observe
that Lemma yields that the C'-diffeomorphism (Gi)_l : [0,1] — [0,1] is an element of
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Wy~ Yo ((0,T);R?) and satisfies the boundary conditions in (4.48) evaluated in ¢ = 0. Similar
arguments as in Subsection [£.1.1] yield that the associated linearised problem

T 25:)1/1/11 (ty) __ 1
&(ty) + ) EDE fty),

§t2) =2, (4.49)
&, (tz) =b'(tz2),
£(0,y) =9y,

€ [0,T], y € [0,1], z € {0,1}, admits a unique solution & € W,-* ((0,T) x (0,1); R?) for ev-
ery given right hand side f € L, ((0,7); L, ((0,1); R?)), b € W;/271/4p ((0,T); L ({0,1}; R?)) ~
Wpl/%l/@ ((O7 T); Rﬁ) and ¢ € W;lf% ((O, 1); R3) such that the linear compatibility conditions of
order three in [I36] § 14] are satisfied. Indeed, Proposition yields that the motion equation
is uniformly parabolic. The boundary operators in coincide with the ones considered in
Subsection for the boundary point £ = 1. In particular, Proposition implies that the
complementary condition is satisfied. The existence of is then a direct consequence of [130],

Theorem 5.4]. Moreover, the norm of the solution is uniformly bounded with respect to the right
hand side if one considers the modified norms as in Subsection see (4.14)).

Existence of strong solutions to (4.48)) is obtained via contraction estimates in the set
Xpyi={§€Br:&(tz) =zfor 2€{0,1},£(0) =07, [|¢]l . < M}

where Ep := W*((0,T) x (0,1);R?) and T € (0,T) and M > 0 are defined appropriately
in analogy to the strategy in 1.1} In particular, the time T needs to be chosen sufficiently
small in dependence on 0(0’1) to guarantee that for all £ € Xp ar, © € {1,2,3}, ¢t € [0,T],
€i(t) : [0,1] — [0,1] is a C'—diffeomorphism. This can be achieved using Corollary and the
fact that 0% : [0,1] — [0,1] is a diffeomorphism for i € {1,2,3}. In analogy to Lemma one has
for all £ € X1,

[t 2)| = 5e(67)-

ie{l 3} telo, T] ;CE [0,1] 2
To apply the Banach Fixed-Point Theorem [I51] Theorem 1.A] analogously as in Subsection |4.1.1}
it is enough to show that for &, ( € Xy 1,
HG (”i’fi) -G (”i’ Ci) HL (0,7);L,((0,1))) < C(M)T|I§ = <lll g
i 20 i i o
||| ’77 (,Z)| <’7m('a Z)anz('vz)> (5@/(7 Z) ( )) ||| 1/2 1/417((0 T)) = (M)T |||§ - C|||ET
for some o € (0,1). The argument for the boundary term follows from the Banach algebra
21

property of Wp/ ==/ **((0,T)) shown in Proposition |B.24] the embedding in Proposition using
that &, and ¢, lie in C3 ([O,T];R?’) due to the arguments in Lemma [4.35 The estimate for G
follows from the fact that G (n', &%) is a polynomial in &, &}, &0 [&| € C([0,T];C([0,1]))
with coefficients depending on products of 0¥n'(t,y), k € {1,2,3,4}, |ni(t,y) ‘ and ni(t,y), with
dint and n} appearing only linearly. Denoting by D¢G (n*,¢") the Fréchet derivative of G with

respect to f; vy ,§yyy , |§;|71, one obtains an estimate of the form
|G (n',€") =G (n'.¢") ||Lp((0,T);Lp((0,1)))
1
/0 (DeG) (', 76" + (1 = 7)¢") dr (51 y v €y ™ Sy Syyy — Cypwo (51) (C;/)_l)

<TC( li7lllyy22 0,7y x (0, 1)5R2)3) M) € = Cllg,. -

<

Ly
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In analogy to the arguments in Proposition [£.26] Proposition [£:27] Proposition 429 and Theo-

rem one shows that there exists a time Tr € (0,T) depending on ¢(n), [|n[g,., ¢ (), and

||0|| 4-42(0.1),R)’ such that there exists a strong solution & € Erp, to (4.48) in [0, Tg] satisfying
€015, < CCEO), 10100170 - €C): s, ).

The differentiation rules shown in Lemma, show that ¢ € Er, satisfies the desired estimates.
O

Geometric uniqueness of strong solutions to now follows from uniqueness of the auxiliary
problem and the existence of a suitable family of reparametrisations as constructed in Theo-
rem [£.59] Hereby, the term geometric uniqueness means that given two solutions to the geometric
problem with initial values describing the same set in the plane, the solutions parametrise
the same image at every time in their common interval of existence.

Theorem 4.61 (Local geometric uniqueness of strong solutions). Let p € (5,00), T be positive and
suppose that both n and 7 are strong solutions to in [0, T) with endpoints P, P%, P3 such
that for i € {1,2,3} there exist C'—diffeomorphisms ¢} : [0,1] — [0,1] with ¢} € W;_4/p ((0,1);R),
CG(y) =y fory € {0,1}, and n*(0) = 7*(0) o ¢§. Then there exists a time T, € (0,T) and a
function ¢ € WE* ((0,T,) x (0,1); R?) with {(0) = (o such that for all t € [0,T,], i € {1,2,3},
Ci(t) : [0,1] — [0,1] is a C'-diffeomorphism with n'(t) = 7'(t) o ¢'(t). The existence time T,
depends on e(u), e, I, 1l €(Go) and [Goll s o150

Proof. Theorem yields that there exists T;, € (0,7 and ¢ € W ((0,T;) x (0,1); R?) such
that for all ¢ € [0,7,], i € {1,2,3}, ¥'(t) : [0,1] — [0,1] is a C'-diffeomorphism such that
v = (v1,42,93) with v(t,z) := 0’ (¢,9'(t,z)) is a strong solution to in (0,7;,) with initial
datum ¢ := n(0) 00 where 0 is the function constructed in Propositionm Then for ¢ € {1,2,3},
0" := (i o0 :[0,1] = [0,1] is a C*—diffeomorphism with 6i(y) = y for y € {0,1} and Lemma
yields 6" € W;J/p ((0,1)). Furthermore, for y € {0, 1} it holds

02, (y) + |7 (0, 9)| <77m(0 Y), (0, 9)) 0 ()2
:(co)m () (W02, (v) + [0, 1(¢8), W] (0,9, m (0, ) ((63), ()~
+ [ (0,9)] 1<), € \ ) (0 (0,9). 7.0, 9)) ((¢5), @) " (€8) 0 (0)

= (¢8) 0 () — (G2),, () + (C), () (2 () + 2 00,9)| ™ (a0, ), 0 (0,)) ) = 0.

Hence, 0 satisfies the boundary conditions of system with 77 instead of 7. The argu-
ments in Theorem and Lemma yield that there exists T; € (0,7] and a function
¥ € Wt ((0,T;) x (0,1); R?) such that for all ¢ € [0,T3], i € {1,2,3}, ¥°(t) : [0,1] — [0,1]
is a C'-diffeomorphism and 7'(¢,z) := 7’ (t Vit x)) defines a strong solution 7 to with
initial datum 7(0) o ¥(0) = ¢. For 7 € (0, min {7}, T;}) with 7 tending to zero, the norms 7|z
and ||v[[g_ tend to [l¢]lx, < M/2 with M = M(p) defined in the proof of Proposition In
particular, there exists a time T, € (0, min {7}, T;, T'}] such that v and 7 lie in E1, N Bys,7, with
M as in the proof of Proposition and T = T'(p) as in Theorem In fact, this even holds
for Ty = min {T,, T;,T}. As solutions to with initial datum ¢ are unique in E, N m
by Theorem we obtain 7 = v in Er,. Finally, for ¢t € [0,T,] and i € {1 ,3}, the maps
CHt) = V(t) ot (t) =L : [0,1] — [0,1] are C''—diffeomorphisms with ¢*(0) = ¢, n'(t) = 7°(t) o C*(¢)
and Lemma [B.45] yields that ¢ = (¢*,¢2,¢?) lies in Wb ((0,Ty) x (0,1); R®). O
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Theorem 4.62 (Geometric uniqueness of strong solutions). Let p € (5,00), T be positive and
suppose that both n and 1 are strong solutions to in [0, T] with endpoints P', P?, P3 such
that fori € {1,2,3} there exist C'—diffeomorphisms (i : [0,1] — [0,1] with ¢} € W;_% ((0,1);R),
C(y) =y fory € {0,1}, and n*(0) = 7°(0) 0 (. Then there exists ¢ € W ((0,T) x (0,1); R?)
with ¢(0) = (o such that for allt € [0,T), i € {1,2,3}, ¢*(t) : [0,1] — [0,1] is a C*—diffeomorphism
with ' (t) = 7' (t) o C'(t).

Proof. The proof relies on the a priori estimates (4.50) and (4.51)) that are derived in the following.

Let 7 € (0,7] be given and ¢ € W} ((0,7) x (0,1); R*) with ¢(0) = (o be such that for all
t € [0,7], i€ {1,2,3}, ¢'(¢) : [0,1] — [0,1] is a C'-diffeomorphism with n(t) = 77*(t) o (¥(t).
Lemma yields for every ¢ € [0, 7], x € [0, 1],

Oun'(t, ) = Oy (¢, C'(t, 7)) 0xC (¢, @)

and thus in particular

10.¢(t,)| = |00 (t,2)| [0, (8, ¢ (t,2))| " = Celn) |7l 5 - (4.50)

Lemma yields that we may apply the chain rule to differentiate n'(t) = 7°(¢) o ¢*(¢) once with
respect to ¢ and up to four times with respect to x. The resulting formulas imply

1<l 01 01 < C (Wl Wl € ) + 10 st gy - (451)

In particular, the estimates (4.50) and (4.51) are independent of 7 and the choice of (. We now
construct the function ¢ with the help of Theorem and estimates (4.50) and (4.51)).

Throughout this proof, an admissible triple with existence time 7 is a triple (g, g, 0¢) such that o
and g are strong solutions to (3.21) in [0, 7] for some 7 € (0, T] with [[ollg. < lInllg,. llellg, <
171l g,.» €(0) > e(n), e(a) > ¢ (1), and ol : [0,1] — [0,1] is a C'—diffeomorphism, i € {1,2,3},
with o € Wy~ 7" ((0,1);R%), 0(y) =y, y € {0,1}, 0'(0) = 7'(0) o o and ¢ (00) = Ce(n) |[ill 5.
and

1915 0.1ymy < C Wl Wl € D) + 1011 1

with C and C (||nlll g,.. 17l g,., ¢ (7)) being the constants in (4.50) and (4.51), respectively.

The arguments in Theorem imply that there exists a time T" € (0, T] such that for all admis-
sible triples (o, 0, 0¢) with existence time 7 € (0, T] there exists o € Wpl’4 ((0,7AT) x (0,1); R?)
with ¢(0) = o¢ such that for all i € {1,2,3}, t € [0,7 A T], oi(t) : [0,1] — [0,1] is a C—
diffeomorphism with o%(t) = ¢(t) o o (t).

By assumption, (1,17, (o) is an admissible triple with existence time T and thus there exists ¢ 0) ¢
WE4((0,T AT) x (0,1);R®) with ¢(©(0) = ¢ such that for all i € {1,2,3}, t € [0,T A T],
Oty 2 [0,1] — [0,1] is a C'-diffeomorphism with 7*(t) = 7*(t) o ¢(O)i(t). If T = T there is
nothing left to prove. Suppose that T < T and define for t € [0, T—T], nV)(t) :=n (t + T), 7*(t) :=
7N (t+T). The estimates and yield that (n®, 71, ¢((O(T)) is an admissible triple
with existence time T — T'. In particular, there exists ((V) € W ((0,T A (T —T)) x (0,1); R?)
with ¢(D(0) = ¢ (T) such that for all t € [0,T A (T —T)], i € {1,2,3}, ¢(Mi(¢) : [0,1] — [0,1]
is a C'-diffeomorphism with (1) (t) = 7(V4(t) o ¢V-*(¢). Then Lemma [B.33]yields that

C(t) = C(O)(t)X[O,T] )+ ¢ -1) X(r,2T)rT) (1)

defines a function ¢ € W, ((0,(2T) AT) x (0,1); R®). Furthermore, ¢(0) = (o and for all ¢ €
[0,(2T) AT), i € {1,2,3}, ¢*(t) : [0,1] — [0,1] is a C'-diffeomorphism with n’(t) = 7'(t) o ¢*(t).
The claim follows upon repeating this argument k¥ € N times until kT > T. U
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We state the according result in the case of Theta networks.

Theorem 4.63 (Geometric existence and uniqueness of strong solutions (Theta)). Let p € (5, 00).
Given a geometrically p—admissible initial network o to system there exists a positive time T
such that for allT € (0, T there exists a strong solution to system (3.20) in [0, T| with initial datum
o. If both n and 1 are strong solutions to in [0,T), T > 0, such that fori € {1,2,3} there
exist Ct—diffeomorphisms ¢ : [0,1] — [0,1] with § € W;J/p ((0,1);R), ¢i(y) =y fory € {0,1},
and n'(0) = 71°(0) o ¢}, then there exists ( € Wt ((0,T) x (0,1); R®) with ¢(0) = (o such that for
allt € 10,T), i € {1,2,3}, ¢*(¢) : [0,1] — [0,1] is a C*~diffeomorphism with n*(t) = 7 (t) o C*(¢).

Proof. This result is obtained by adapting the arguments in this subsection to the case of Theta
networks. 0

4.2.2 Existence and uniqueness of classical solutions

This subsection is devoted to prove existence of classical solutions to given a geometrically
a—admissible initial network. As in Subsection [£.2.1] we show that any geometrically a—admissible
initial network to with endpoints P!, P2, P3 possesses a reparametrisation that is an
analytically a—admissible initial value to . In contrast to the Sobolev setting we have to take
into account the geometrical and analytical fourth order conditions introduced in Definitions
and [3:40] and Definitions [£.4) and [£.5] respectively, that arise due to the increased regularity of the
solutions. This issue is addressed in the following lemma that is in a way analogous to [46, Lemma
2.3].

Lemma 4.64. Letn' : [0,1] — R2, i € {1,2,3}, be regular open curves with n*(0) = n%(0) = 73(0)
satisfying the non-degeneracy condition in x = 0. We denote by 7° and v*, i € {1,2,3}, the unit
tangent and unit normal to n' in the point 0, respectively, and let o, o?, and o be the angles
between 72 and 73, ™ and ', and ' and 72, respectively. Then for any real numbers V', T?,
i €{1,2,3}, the equations

T+ Vi =T+ VA2 = T3 4 V3P (4.52)
are equivalent to
Vi —sin (o' T — cos (/1) VT =0, i€{1,2,3}, (4.53a)
Vit sin (@) 777! — cos (') Vit =0, i€{1,2,3}, (4.53b)
sina!'V? + sina®V? + sina®V3 = 0. (4.53c)

In the case that sin (o) # 0 for alli € {1,2,3}, the equations (£.52) and the conditions [A.53)) for
real numbers Vi, T? i € {1,2,3}, are equivalent to

sin (a') T* — cos (&' T1) VI +cos (o1 V7! =0, i€{1,2,3}, (4.54a)
sin ' V! 4+ sina?V? +sina®V? = 0. (4.54b)

The indices in (4.53) and (4.54)) should be read mod 3, thatis1 —1=3 and3+1=1.

Proof. Let V := (Vl,V2,V3) and T := (Tl,TQ,T?’) be given. The non-degeneracy condition

yields span {7'1, 72, 7'3} = R? and we may assume without loss of generality that 7' and 72 form

a basis of R%. Testing the identity (4.52) with 7! and 72 yields that (4.52) is equivalent to
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(V,T) € ker A where A is the matrix defined by

0 —<V2,T1> 0 1 —<7'2,7'1
e vl 2 0 0 <T1,7'2> -1
’ 0 0 = (3,7 1 0 —<7' Tt
<1/1,T2> 0 7<1/3,72> <7'1,7'2> 0 7<’7’ 72

The dimension of the image rg (A) is equal to four. Indeed, a vector (x 22,y y T € R* lies in
the image of A if and only if there exists (V,T) € RS such that

2
T+ vt — 1272 —v232 = E 't = x,
i=1

2
T171+V1V17T3T37V3 BZZyi,ri =y.
i=1

As 7% and v/ are linearly independent for all i € {1,2,3}, any vectors z,y € R? can be generated
and thus we conclude rg(A4) = R* which yields dim ker(A4) = 2.

In the next step we show that any (V,T) € ker(A) satisfies (£.53). Let i € {1,2,3} be given.
Testing the identity
Tiri 4 Vi — pitlpitl | yritl il
with sin (1) 7071 yields
sin (oz“'l) cos (oz“'l) T' — sin (oz“'l)2 Vi = sin (a“‘l) cos (o/) T 4 sin (a”l) sin (o/) it
and similarly, testing with cos (ai“) Vi1 gives
cos (ai+1) sin (a”l) T? + cos (ai+1)2 Vi = —cos (a”l) sin (ai) T 4 cos (aiH) cos (ai) yitt,

Subtracting the first equation from the second we obtain (4.53a)) using appropriate properties of
sin and cos and the fact that o' + o? + o = 27. Similarly, testing

Tirt 4+ Vit = Tl ity
with sin (/=) 7i+1 and cos (a~1) v/t respectively, gives
sin (/1) cos (') T? + sin (o’ 1)* V7 = sin (o) cos (/) T*~* — sin (o' ~*) sin (a?) Vi1,
—cos (o'~ ") sin (o/*l) T" + cos (0/'71)2 V' =sin (') cos (' ') T"7 + cos (' ") cos (o) V7!
which implies ([£53b). As 37, sin (af) ' = 0 and (V, T) satisfies ([£-52), we find further that
sina'V?! = <T171 + Vil sina'v') = (T?°7° + V2, —sina®v? — sina®v?)
= —sina’®V? —sina® (T°7% + V*°,1%) = —sina®V? — sina®V?

which allows us to conclude that (4.52)) implies (4.53]). On the other hand we observe that (V,T) €
RS satisfies (4.53) if and only if (V,T) € ker(B) where B is the matrix given by

sin a! sin o sin a3 0 0 0
1 —cosa’ 0 0 —sina? 0
1 0 —cos a? 0 0 sin o
B = 0 1 —cosal 0 0 —sinal
—cosa?® 1 0 sin a3 0 0
— cos a? 0 1 —sin o2 0 0
1 1

0 — cos « 1 0 sin « 0
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As sina® = 0 for at most one i € {1,2,3}, we may assume without loss of generality that sin o # 0
and sina?® # 0. It is then straightforward to check that the first, fourth, fifth and sixth column
of B are linearly independent. In particular, dimrg(B) > 4 and thus dimker(B) < 2. As
ker(A) C ker(B) and dimker(A) = 2, we conclude that dimker(B) = 2 and ker(A4) = ker(B).
This shows that the equations are equivalent to the conditions .

We now show that any (V,7) € R satisfying (4.52) also fulfils (#.54). To this end, we let
i € {1,2,3} be given and observe that testing the identity

Tipi 4 iy — itlpitl il it
with cos (a’™) 7971 and sin (a/*!) 7! yields
cos (ozi“)2 T" = cos (a'™') sin (&) V* + cos (a'™) cos (o) T + cos (a'T!) sin (') VT,
sin (o/“)2 T = —sin (oz”l) cos (a”l) Vi —sin (04”1) sin (ai) T 4 sin (04”1) cos (ozi) yitt

and hence
T' = cos (/1) T —sin (o' 1) VL. (4.55)

Similarly, testing
Tiri 4 yiyi = piclpi=l 4 yieli-1

with cos (ai_l) 7it1 and sin (ai_l) vt yields
T" = cos (') T ! +sin (') VL. (4.56)

Thus, any (V,T) € ker(A) satisfies (#.53a), (4.53b), ([@.55) and ([4.56). In particular, insert-
ing (4.53a)) in

sin (ai_l) T = cos (ai_l) sin (ai_l) T — sin (ai_l)z yitl

yields
sin (ai_l) T = cos (ai_l) Vi_yitl,

Using we obtain
sin (@ ™1) T% = — cos (o' ™) sin (a'T1) 777! + cos (a'™!) cos (o' 1) VITL — ViTL,
Multiplying by cos (a’™) and using gives
sin (a') T = cos (a'™) VI*! —cos (o'~ 1) Vi~

This shows ker(A) C ker(C') where C' is given by

sin a! sin o sin a® 0 0 0

O 0 —cosa® cosa® sinal 0 0

| cosal 0 —cosa?® 0 sin a? 0
—cosal  cosa? 0 0 0 sin a®

If sin (a') # O forall i € {1,2, 3}, one easily shows that the first, fourth, fifth and sixth column of C
are linearly independent. In particular, dimker(C) = 2 and as ker(A) C ker(C') and dimker(A) =
2, we conclude ker(A) = ker(C). This shows the claim. O

Lemma 4.65. Let a € (0,1) and o be a geometrically a—admissible initial network to system
with given endpoints P, P?, P3. There exist smooth diffeomorphisms 6* : [0,1] — [0,1], i €
{1,2,3}, such that ¢ = ((pl, 02, <p3) defined by ©' := 0% 0 0" is an analytically a—admissible initial
network to with endpoints P', P2, P3.
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Proof. Let a € (0,1) and o be a geometrically a—admissible initial network to system
with given endpoints P, P2, P3. We proceed as in Lemma and Proposition taking
into account the fourth order conditions arising in the Holder setting. As in Lemma the
idea is to consider suitable polynomials p’ and ¢, i € {1,2, 3}, near the boundary points y = 0
and y = 1, respectively, which are then smoothly connected by a function ¢° to a function 6°
on [0,1] in such a way that the function 6 satisfies 82 > 0 in [0,1] and that o’ o 6° has the
desired properties. In analogy to Lemma and Proposition we demand that p* and ¢,
i € {1,2,3}, are polynomials on R with p'(O) =0, q‘( ) =1, pi(0) = 1 = ¢4(1), pi,(0) =
— |ai(0)’_2 (08,(0),05(0)), ¢&, (1) = — |oi(1 |_ (0%,(1),0%(1)). These conditions are sufficient
to guarantee that ' := o' 0 6, i € {1 ,3}, are regular open curves with ¢ € C*t ([0, 1]; R?)
satisfying all boundary conditions appearing in and the non-degeneracy condition in y = 0.
To ensure that ¢ further satisfies the respective analytical fourth order conditions in y = 0 and
y = 1, we need to impose conditions on pi__(0), pt...(0), ¢¢,.(0) and ¢’,..(0) that are derived
in the following. We let a!, a2, and a® denote the angles between the tangents 72(0) and 73(0),
73(0) and 71(0), and 71(0) and 72(0), respectively. Moreover, we define for i € {1,2,3},

7 T (0 i i 3 i i
V'(0) ==V (') (0) = = (26.(0) + (+(0))" = ' (0)) -
As o satisfies the geometrical fourth order condition in y = 0, there holds
sina' V' (0) + sin QQVQ(O) +sin 3V (0)=0. (4.57)

Given smooth diffeomorphisms 6 : [0,1] — [0,1], i € {1,2,3}, we let ?(9) =T (0" 06") (0) where
T is the expression defined in (3.26). As the curvature is invariant under reparametrisation, the
curves o'of?, i € {1,2,3}, satisfy the analytical fourth order condition in y = 0 (cf. Deﬁnition
if and only if

VH0)v (0) + T (0)7 (0) = V(0)r2(0) + T (6)72(0) = V" (0)15(0) + T (8)73(0) .
Suppose that sin (ai) # 0 for all ¢ € {1,2,3}. Then Lemma yields that the curves o? o 67,
1 € {1,2,3}, satisfy the analytical fourth order condition in y = 0 if and only if

71(9) = (sin oz1)71 (cos aQVQ(O) — cos a?’Vg(O)) , (4.58a)
72(0) = (sina?) - (cos a3V3(0) —cosal V' (0)) , (4.58Db)
() = (sina®) - (cos a'71(0) — cos ozZVz(O)) : (4.58c¢)

As the expression Ti(ﬁ) is of the form

(0 £ (07, 040,(0),01,(0).2(0),6°(0))
|02, (0)]
where 9L0%(0) = dLp*(0) for I € {0,1,2,3,4}, and as the right hand side of is independent
of 0, we impose pi_ (0) =1 for i € {1,2,3} and determine p¢ . (0), i € {1,2,3}, such that
is fulfilled.

It remains to consider the case that there exists i € {1,2,3} such that sin (o/) = 0. As o satisfies
the non-degeneracy condition in y = 0, at most one of the angles a!, o, o2 lies in {0, 7, 27} and we
may assume without loss of generality that sina! = 0. Lemmayields that o'06', i € {1,2,3},
then satisfy the analytical fourth order condition in y = 0 if and only if for all i € {1,2,3} the
identities (£.53a)) and (4.53D)) are fulfilled by (V(0),7(6)). Using and sin a? # 0, sina?® # 0,
one easily shows that (V/(0),T(0)) satisfy (4.53a) and (4.53b) for all i € {1,2,3} if and only if

T (0) = (sina?) - (VS(O) —cosa?V' (0)) ,

T'(0) =




178 4 Existence and uniqueness of the elastic flow of networks

T°(0) = (sin 043)71 (VI(O) — cos a3v2(0)) ,

(6) = (sin a2)71 (cos a273(0) -V (0)) .

Arguing analogously as in the previous case we determine p’ in such a way that T'(9) fulfils the
above identities.

Let us turn to the fourth order conditions in the point y = 1. Given smooth diffeomorphisms

6" : [0,1] — [0,1], i € {1,2,3}, the curves o’ 0 0, i € {1,2,3}, satisfy the analytical fourth order
condition in y = 1 if and only if for all ¢ € {1, 2,3},

V(") (1) (1) +T (o' 06") (1)7'(1) = 0.
As o satisfies the geometrical fourth order condition in y = 1, namely, for all i € {1, 2,3},
V(s') (1) =0,

it remains to show that we may choose ¢, (1) and ¢’ (1) in such a way that any diffeomorphism
0 with 0L0°(1) = 9Lq'(1), 1 € {0,1,2,3,4}, satisfies

T(c'06") (1) =0.
The choice of ¢*(1), ¢&(1) and ¢, (1) yields that 92 (6% 0 6") (1) = 0 for any diffeomorphism 6’
coinciding with ¢’ near y = 1. In particular, formula for T (O'i o Gi) (1) reduces to
T (o' 00%) (1) = —2|oi(1)| " (o7 007),.(1),0%(1)) .
Setting ¢’ (1) = 0 we obtain
T (O'i o Qi) (1)
= =2]0L (V)] (s (1) + 607, (1)gE, (1) + 307, (1)(g, (1)) + 05 (100 (1), 0L (1))

Hence, the choice

Ghoae(1) = = 02 (V)] (0hs (1) + 607, (1)gE, (1) + 305, (1)(¢k, (1), 05(1))

guarantees the desired property.
Given p® and ¢ the desired diffeomorphisms ¢° : [0,1] — [0,1], i € {1,2,3}, are then constructed
as in Lemma [£55 O

In analogy to Theorem [I.58 we obtain

Theorem 4.66 (Existence of classical solutions to the geometric problem). Let « € (0,1) and o
be a geometrically ao—admissible initial value to system with given endpoints P!, P?, P3.
Then there exists a positive time T such that for all T € (0, T there exists a classical solution to
system in [0,T] with endpoints P1, P?, P? and initial datum o.

Proof. Given a € (0,1) and a geometrically a—admissible initial value o to system with
endpoints P, P2, P3, Lemma yields that there exist smooth diffeomorphisms 6% : [0,1] —
[0,1], i € {1,2,3}, such that ¢ = (', ¢?, ¢?) defined by ¢’ := o70f is an analytically a—admissible
initial datum to with endpoints P, P2, P3. Theorem m yields that there exists a positive
time T such that for all T € [0, T'] there exists a classical solution to in [0, T] with endpoints
P, P?) P3 and initial datum ¢, which is in particular a classical solution to (3.21]) in [0, 7] with
endpoints P!, P?, P? and initial datum o. O
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We prove the analogon to Theorem [1.59]in the Holder setting. We hereby make use of the fact that
parabolic Holder spaces are stable under composition with diffeomorphisms. More precisely, given
T>0,ac(0,1), f,g € CT4+2([0,T] x [0,1];R) such that for all ¢ € [0,7], g(t) : [0.1] = [0,1]
is a diffeomorphism, the function (¢, z) — f(t, g(t,x)) lies in CH e ([0,7] x [0,1]; R).

Theorem 4.67. Let o € (0,1), T be positive and 1 be a classical solution to in the time
interval [0, T] with endpoints P, P2, P3. There exists a time Tr € (0,T] and a function ¢ €
C it At ([0, Tr] x [0,1);R3) such that for all t € [0,Tg], i € {1,2,3}, ¥'(t) : [0,1] — [0,1] is a
C'~diffeomorphism such that v = (v*,7?,7%) with v'(t,x) :=n' (¢, (¢, )) is a classical solution
to in [0, Tg] with endpoints P, P2, P? and initial datum n(0) o ¥(0). The existence time
Tr depends on ||77||HT‘*,4+0¢ and ¢(n) = min;e(1,2,3} ze(0,1],t€(0,T] ‘n;(t,a:)‘.

Proof. Let a!, o? and o® denote the angles between the unit tangents 72(0,0) and 73(0, 0), 73(0, 0)
and 71(0,0), and 71(0,0) and 72(0,0) to (0) in y = 0, respectively. As 7 is a classical solution
to (3.21]), deriving the concurrency condition in time yields

N (t,0) = 7 (t,0) = n}(t,0).

Testing this identity with sin (a’) #*(0,0) and using the relation ZZ L sin (o) v%(0,0) = 0 yields
that 7(0) satisfies the geometrical fourth order condition in y = 0. Similarly, differentiating the
condition n’(t,1) = P® with respect to time gives after evaluation in ¢ = 0 and testing with v/%(0, 1)
that the normal velocity V (n) of n' satisfies

V (n') (0,1) =V (1'(0)) (1) = 0.
Hence, 1(0) satisfies also the geometrical fourth order condition in y = 1, and is in fact a ge-
ometrically a—admissible initial network to system with endpoints P!, P2, P3. Thus,
Lemma implies that there exist smooth diffeomorphisms 6% : [0,1] — [0, 1], i € {1,2,3}, such
that <p = (<p 02,0 ) defined by ¢’ := 1*(0) o #° is an analytically a—admissible initial network
to with endpoints P!, P2, P3. As in Theorem [£.59) we derive necessary and sufficient con-
d1t10ns for the unknown . If ¢y € C it 4+e ([0, 7] x [0,1]; R®) is such that for all ¢ € [0,7],

i€ {1,2,3}, W( ) [0,1] — [0,1] is a C'~diffeomorphism, then 7(t,z) := 1’ (t,¢*(t,x)) defines a
function y € C* 5 4ta ([0, T] x [0,1]; (R?)3). Testing the pointwise identity
(@) =mp (60 (@) + g (601 2)) it ) (4.59)

with v, C(t, it x)) = Vi(t,x) yields that the normal velocities V (v') and V (n') satisfy the
1dent1ty
1% (’y’) (t,z) =V (77’) (t,wi(t,a:))

regardless of the precise choice of the reparametrisations . Testing with (t,wi(t,x))
yields

vilte) = ok (L (L) | (T () (t2) = T () (0 (t2)))
where T (Wi) and T (171) are the tangential velocities of 4* and 7, respectively. As in the proof
of Theorem 4.59[ we find that the curves (t,z) — 7' (¢t,9'(t,z)), i € {1,2,3}, form a classical
solution to in [0,7] with endpoints P!, P?, P3 and initial datum 7n(0) o @ if and only if
the diffeomorphisms (t) : [0,1] — [0,1] form a classical solution 1 to system which is
equivalent to

Gilt,) — |nt (640t 2) |7 (T (Y1) (@) = T (o) (.47 (t,2))) =0,
Vity) =y,
L (ty) 4 [ )| 7 () (8 9)) G y)2 =0,

PH0,z) = 0'(x),

(4.60)
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for t € [0,T], = € [0,1], y € {0,1}, i € {1,2,3}, where v(t,z) := 1’ (t,¢'(t,2)) and T (7*(?)) (z)
is the expression defined in formula which depends on 9Fn’ (t,wi(t,z)) and OFyi(t,x),
k € {1,2,3,4}. Turning to the existence of classical solutions to we verify that the smooth
diffeomorphisms 6° : [0,1] — [0,1], i € {1,2,3}, constructed in Lemma satisfy the compati-
bility conditions for that are required in the Holder setting. Indeed, deriving the condition
Yi(t,y) = y with respect to t € [0, T| yields that in addition to the boundary conditions in
the diffeomorphisms 6% need to be such that

T (1(0) 0 6") (y) = T (n') (0,) (4.61)

holds for i € {1,2,3} and y € {0,1}. As the boundary conditions #'(y) = y and

0L, (y) + [n2(0,9)| 7 (i (0, ), 72 (0,)) 0 ()% = 0

fori € {1,2,3} and y € {0, 1} follow directly from the construction of 6, it remains to verify (4.61).
As n is a classical solution to (3.21]), we have for all ¢ € [0, T],

n¢ (£,0) = 17 (t,0) = 1 (¢,0)
and thus in (¢,y) = (0,0) it holds
V) v+ T ) =V (P) v+ T () 7 =V (") P + T () 7%

Arguing as in the proof of Lemma to distinguish the different scenarios for the values of
sin (o/), Lemma yields that for all ¢ € {1,2,3}, the term T (ni) (0,0) is a linear combination
of V (n') (0,0), V (n*) (0,0) and V (n*) (0,0) with coefficients only depending on the angles o,
a?, o3. The same identities are fulfilled by T (*(0) 0 6%) (0), i € {1,2,3}, due to the proof of
Lemma and the identity V' (n%) (0,0) = V (n*(0)) (0). This shows that is valid for all
i € {1,2,3} in the case y = 0. The construction of #® in the proof of Lemma further yields

T (1(0) 0 0°) (1) = 0,
and testing the identity 7(0,1) = 0 with 7¢(0,1) gives
T(n')(0,1)=0

which allows us to conclude that 6 satisfies the compatibility conditions for system (4.60) in the
Holder setting.

To show that there exist a time Tr € (0,7] and a family of diffeomorphisms 1 solving in
the classical sense we proceed as in the case of strong solutions and consider the problem for the
inverse £ = (51,52,53) defined by £'(t) := (W(t))fl which is given in . In the following we
briefly sketch how to prove existence of classical solutions to with initial datum 6~!. As
in the proof of Lemma one shows that the curves (Qi)_l, i € {1,2,3}, satisfy the boundary
conditions appearing in (4.48)). In the Holder setting we have to verify in addition the fourth order
compatibility condition for the initial value coming from &£:(0, z) = 0 for z € {0,1}. As

g; (ta y) = —W (t7 51 (ta y)) ggi;(t’ y) s

the additional fourth order condition for ! is again given by (4.61)) for i € {1,2,3}, y € {0,1}.

The validity of this condition is shown above.

To obtain existence of a classical solution to (4.48]) we consider the associated linearised system
24«

given in ([£.49) for a suitable right hand side f € C% ([0,T] x [0,1];R?), b € C™+ ([0, T];R°)
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and ¢ € C* ([0, 1]; R?) satisfying the linear compatibility conditions of order four in [136, § 14].
Then Lemma Proposition and [I36l Theorem 4.9] yield the existence of a classical
solution to with norm uniformly bounded with respect to the right hand side in analogy to
Theorem [£.43] Existence of classical solutions is obtained via contraction estimates in the set

Xrar = {§ € By : £'(t,2) = z for 2 € {0,1},£(0) = 07", |[¢] g, < M}

with Er := O dta ([07T] x [0, 1];R3) and T € (0,7], M > 0 defined appropriately in depen-
dence on ||0_1H4+a and c(@‘l) to guarantee that for all £ € Xp, ¢ € {1,2,3}, t € [0,T7,
€i(t) 1 [0,1] — [0,1] is a C'-diffeomorphism. We refer to the arguments in Lemma and
Section [4.1.3] The existence time Tx € (0, T) of the classical solution & to depends on ¢(n),

I ., » €() and [[6], - -

We remark that as in the case of strong solutions, smoothness of # is not necessary to solve in
the classical sense. In fact, it is enough ot require that § € C**< ([0, 1];R?) satisfies the boundary
conditions appearing in and in addition the conditions on T (1%(0) o 6%) (y), y € {0,1},
derived in Lemma with o? := 1 (0).

In analogy to Theorem and Theorem we obtain

Theorem 4.68 (Geometric uniqueness of classical solutions). Let o € (0,1), T be positive and
suppose that both n and 1 are classical solutions to in [0,T] with endpoints P', P?, P3
such that fori € {1,2,3} there exist C*—diffeomorphisms (& : [0,1] — [0, 1] with ¢} € C*= ([0,1]),
Ci(y) =y fory € {0,1}, and ni(0) = 7(0) o (3. Then there exists ( € C A+ ([0, 7] x [0,1]; R?)
with ¢(0) = (o such that for allt € [0,T], i € {1,2,3}, ¢'(t) : [0,1] — [0,1] is a C*~diffeomorphism
with 7' (t) = 77 (t) o C'(t).-

Proof. By Theorem there exists a time T, € [0,7] and ¢ € CHAta ([0,T] x [0,1]; R?) with
¥(0) = 0 such that for all ¢ € [0,7,], i € {1,2,3}, ¢¥'(¢) : [0,1] — [0,1] is a C'~diffeomorphism
such that v = (v',72,7%) with v(t,z) := 0’ (t,¢(t,z)) is a classical solution to in [0, 75
with initial datum ¢ = 7(0) o § where 6 is the function constructed in Lemma Then for
i € {1,2,3}, 6 = (i o6 :]0,1] — [0,1] is a C'-diffeomorphism with gl(y) =y, y € {0,1},
and 01 € C4te ([0,1]). Tt is shown in the proof of Theorem that 6 satisfies the boundary
conditions of system with 7 instead of 7. As angles and curvature are invariant under
reparametrisation and as both T () (0,0) and T (7%) (0,0) are given by a linear combination of
V (n(0)) (0) =V (%(0)) (0) with coefficients only depending on the angles between the tangents
at the junction of 7(0), we conclude that

T (ni) 0,00=T (;71) (0,0).
As further

T(71°(0) 0 6")(0) =T(n(0) o (¢5) ' 0 50 6")(0) =T (1 (0) 0 6) (0),
we conclude as in the proof of Theorem that 6 satisfies the fourth order compatibility condition
T(7(0) 0 6°)(0) = T (') (0,0).
Furthermore, the fixed endpoint condition implies
T (7') (0,1)=0
and the construction of # in the proof of Lemma yields

0=T (n'(0)06") (1) =T(i7'(0) 0 6")(1).
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Hence, 0 satisfies the compatibility conditions of order four to system with 77 instead of i and
Theoremyields that there exists T;; € (0,7, ¥ € O e ([0, 7] x [0,1]; R?) with 9(0) = ]
such that for all t € [0,T), i € {1,2,3}, ¥*(¢) : [0,1] — [0,1] is a C1-diffeomorphism with 5 (¢, z) :=
" (t,9(t,z)) defining a classical solution 7 to with initial datum 77(0)o(0) = ¢. By definition
of the parabolic Hélder norms there exists a time T}, € (0, min {T;,, T, T'}] such that v and 7 lie in
E1,NBy,, with M = M(p) as in the proof of Propositionand T =T(y)asin Theoremm
In fact, one may choose T, = min {T;,,T;, T}. The uniqueness assertion in Theorem yields
for all t € [0,T,] and i € {1,2,3} the identity n'(t) = 7j°(t) o ¢(0(¢) with ¢(O(¢) := ¥*(¢) o
(wi(t))_l. This shows “local geometric uniqueness”. To show “global geometric uniqueness” we
need to construct reparametrisations (%, i € {1,2,3}, on the entire time interval [0,7]. To this
end we may use exactly the same arguments as in the proof of Theorem [£.62] The idea is to
concatenate the diffeomorphisms from the local geometric uniqueness using that the existence
time T, does not depend on the time slot one is considering which is due to the characterisations
of the existence times in Theoremm Theoremand the a priori estimates and .
The only difference to the proof of Theorem [£.62]is that we need to verify that the concatenated
diffeomorphism lies in the space CHE A+a ([O,T} x [0, 1};]1%3). We briefly sketch the required
argument. Suppose that 27, < T, ¢(07 ¢ ¢ Ot dta ([0,Ty] x [0,1];R) are such that for all
t €0, T,], ¢ (t) and ¢(V(¢) are C'~diffeomorphisms of the interval [0, 1] satisfying ¢(*(T,) =
¢1-4(0) and the identities

n'(t) =7'(t) o ¢ (1), te0,Ty],
ni(t) =i t) o (Wit —=T,), te [T, 2T,].

Deriving these identities once with respect to time and four times with respect to space one verifies
that

¢'(t) i= ¢ () xpo,m,) (8) + ¢ (E = Ty)xer, om,)(t),  t€[0,2T,]
defines a function in C 5" 4+e ([0,27,] x [0, 1]; R) using the respective regularities of n* and 7*. O

In the case of Theta networks we obtain the analogous result.

Theorem 4.69 (Geometric existence and uniqueness of classical solutions (Theta)). Let o € (0,1).
Given a geometrically a—admissible initial network o to system there exists a positive time
T such that for oll T € (0, T there exists a classical solution to system in [0,T) with initial
datum o. If both n and 1] are classical solutions to in [0,T), T > 0, such that fori € {1,2,3}
there exist C1—diffeomorphisms ¢} : [0,1] — [0, 1] with ¢§ € C*+2([0,1]), ¢i(y) =y for y € {0,1},
and n*(0) = 7°(0) o ¢, then there exists ( € At ([0, T] x [0,1]; R®) with ¢(0) = (o such that
forallt € [0,T), i€ {1,2,3}, C'(t) : [0,1] — [0,1] is a C*~diffeomorphism with n'(t) = 5% (t)oC(t).

Proof. As explained in Remark [{.9] we may again adapt the arguments in this subsection to obtain
the result also for system ((3.20)). O



Chapter 5

Long time behaviour of the elastic low of

networks

This chapter is devoted to prove the long time existence result Main Theorem [ given in the
introductory section of Part [[1| following [65, Section 7]. In Section we introduce our notion
of solutions. We refer to Section for further comments on our approach of defining maximal
solutions. Using the a priori estimates derived in Section the particular long time existence
theorem for Triods and Theta networks is then shown in Sections and respectively. In
Section 5.5 we conclude the chapter with some conjectures on possible scenarios for different initial
values.

5.1 Existence and uniqueness of maximal solutions

This section is dedicated to the study of maximal solutions. Taking into account the geometric
nature of the evolution problems and we hereby allow a priori that the geomet-
ric evolution is composed of different parametrisations defined on adjacent time intervals. The
regularisation result in Subsection [£.1.2] then guarantees the existence of one parametrisation on
the entire time interval as shown in Corollary In Proposition we show that given a
geometrically admissible initial network there exists a maximal solution which is unique up to
reparametrisations.

Definition 5.1 (Jointed strong solution). Let p € (5,00), T be positive and o be a geometrically p—
admissible initial datum to or , respectively. A jointed strong solution to the considered
system in [0, T] with initial datum o is a collection (7o,...,vn), N € No, with ~; : [t;_1,¢,] X
[0,1] — (R?)3, 5 €{0,...,N},0=:t_; <tg <--- <ty =T, such that vy is a strong solution
to the considered system with initial datum o, and for all j € {1,...,N}, t — v; (t +t;_1) is a
strong solution to the considered system in [0,¢; — ¢;_1] with initial datum ~;_; (t;—1). We call
(to,--.,tn) the partition of the solution (o, .., Vn)-

Definition 5.2. Let p € (5, 00) and T be positive. Given two jointed strong solutions (Yo, . - ., Yn),

(Mo, --yna)s N, M € Ny, to one of the systems (3.20) and (3.21)) in [0, T, we say that (vo,...,7n)
and (no,...,ma) describe the same evolution if for all j € {0,...,N}, k € {0,...,M}, t €

[tj—1,t;] N [tk—1,tk), it holds [’y;(t)} = [ni(t)]. In this case we write (Yo,...,Yn) ~ (05, Mr).

Proposition 5.3 (Existence and Uniqueness of jointed strong solutions). Let p € (5,00) and o be
a geometrically p—admissible initial datum to system or system , There exists T > 0
such that there exists a jointed strong solution to the considered system in [0, T] with initial datum
o. It is unique in the following sense: If (yo,...,yn) and (no,...,nn), N € Ny, are jointed
strong solutions to the considered system in [0,T], T > 0, with initial datum o and partition

183
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(to,...,tn), then for all j € {0,..., N} there exists (; € V[/pl’4 ((tj—1,t;) x (0,1);R®) such that for
allt € [tj—1,t5], 4 € {1,2,3}, ¢}(t) : [0,1] = [0,1] is a C' ~diffeomorphism with vi(t) = ni(t)o i (t).
In particular, (Yo,...,YNn) ~ (Mo, - -, IN)-

Proof. We write the proof in an exemplary manner for system (3.21)). The result for (3.20) is
obtained by using Theorem [1.63] instead of Theorem and

The existence of a jointed strong solution to with endpoints P!, P?, P? and initial datum o
follows from Theorem as every strong solution to with endpoints P!, P2, P? and initial
datum o is in particular a jointed strong solution. Let (vo,...,7n) and (no,...,nn), N € Ny,
be jointed strong solutions to with endpoints P!, P?, P3, initial datum o and partition
(to,...,tn). We show the uniqueness statement inductively with respect to j € {0,...,N}. As
Yo and 7o are strong solutions to (3.2I) in [0,#o] with endpoints P!, P2, P? and initial datum
o, Lemma and Definition @ yield that there exist C'-diffeomorphisms &} : [0,1] — [0, 1],
¢ e W, 77 ((0,1); R), ¢i(y) = y, y € {0,1}, such that 7§ = 7 o &. Theorem implies
that there exists (o € W* ((0,%0) x (0,1); R?) with ¢§(0) = & such that for all ¢ € [0, ],
i€ {1,2,3}, ¢4(t) : [0,1] — [0,1] is a C'-diffeomorphism with ~§(t) = ni(t) o ¢i(t). Let j €
{0,...,N — 1} be given and ¢; € W* ((t;-1,;) x (0,1); R?) be such that for all ¢ € [t;_1,1],
i€ {1,2,3}, ¢i(t) : [0,1] = [0,1] is a C'~diffeomorphism with () = 7}(t) o (). In particular,
there holds for all i € {1,2,3} that ~} (t;) = 0 (t;) o ¢} (t;). As t — vj41 (t+1;) and t —
nj+1 (t +t;) are strong solutions to in [0,¢;41 — t;] with endpoints P!, P?, P3 and initial
values v; (t;) and n; (t;), respectively, Lemma and Deﬁnition again yield the existence of
C'diffeomorphisms €%, : [0,1] — [0, 1], i € {1,2,3}, with &, € Wy 7 ((0,1);R), €1, (y) = v,
y € {0,1}, such that Yigr () = miyy (t;) o € ,,. Theorem then implies the existence of
Cit1 € VVNPL4 ((0,tj41 —t5) x (0,1);R?), ¢t (0) = £, ,, such that for all ¢ € [0,¢;41 — tjl, i€
{1,2,3}, 11 (8) : [0,1] — [0,1] is a C*diffeomorphism with v}, (t +¢;) = njq (¢ + ;) 0 (o (1)
This completes the induction as (. (t) := (j4q (t —t;), i € {1,2,3}, t € [t;,¢;41], has the desired
properties. O

Definition 5.4 (Jointed smooth solution). Let p € (5,00), T be positive and ¢ be a geometrically
p—admissible initial datum to or , respectively. A jointed smooth solution to the
considered system in [0,T] with initial datum o is a jointed strong solution (vo,...,yn) to the
considered system with initial datum o such that for all 0 < & < to, 70 € C* ([g, to] x [0, 1]; (R?)?),
and for all j € {1,..., N}, v; € C ([t;_1,t;] x [0,1]; (R?)3). We call (to,...,ty) the partition of
the solution (vg,...,YN)-

Proposition 5.5 (Existence of jointed smooth solutions). Let p € (5,00) and o be a geometrically
p—admissible initial datum to or , respectively. Then there exists a time T > 0 such
that there exists a jointed smooth solution to the considered system in [0,T] with endpoints P!,
P?, P2 and initial datum o.

Proof. We prove the statement exemplarily for system (3.21). The statement for (3.20) is obtained
using Remark [£.57] Theorem [£.32] and Theorem [4.38]

Let o be a geometrically p-admissible initial datum to with endpoints P!, P?, P3. Proposi-
tion yields the existence of smooth diffeomorphisms 6% : [0,1] — [0, 1], i € {1,2, 3}, such that
¢ = (¢, 9%, ¢?) defined by ¢’ := o 0 §" is an analytically p-admissible initial network to
with endpoints P!, P2, P3. Theorem implies that there exists T' > 0 such that there exists
a strong solution v to in [0, 7] with initial datum ¢ which satisfies by Theorem for all
£€(0,T), v € C™ ([e,T] x [0,1]; (R?)?). In particular, ~ is a jointed smooth solution to in
[0,T] with endpoints P, P2, P3? and initial datum o. O
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Proposition 5.6. Let p € (5,00), T be positive and o be a geometrically p—admissible initial
datum to or , respectively, and suppose that (Yo, ...,7n), N € Ny, is a jointed smooth
solution to the considered system in [0, T| with initial datum o. Then there existsn : [0,T]x[0,1] —
(R%)? such that for all t € [0,T], i € {1,2,3}, n'(t) is a regular open curve parametrised with
constant speed equal to its length and such that for all e € (0,T), N ) is a smooth solution to the
considered system with ni. 71 ~ (Y0, . - - v’YN)Ha,T]'

Proof. Suppose that (yo,...,7n), N € Ny, is a jointed smooth solution to (3.21). The proof for
system (3.20) is completely analogous. As +; is a strong solution to (3.21)) in [t;_1,¢;], Lemma
yields that

) = i i 9D (¢, >0.
e (%) ie?ll,gl,?,}te[o,:rrl]l,lfe[o,l] ‘(%)I ( x)‘

Given j € {0,..., N}, t € [tj_1,t;] wheret_; := 0, ¢ € {1, 2,3}, we reparametrise the regular open
curve 7;:(75) with constant speed equal to its length

£(t) = L (1) /]vj ), (60| de > e (),

that is, we consider n}(t) = ~j(t) o ((b;-(t))_l with ¢%(t) : [0,1] — [0,1] denoting the C'-
diffeomorphism

i) = 6507 [ ]63), )] .

Asfor j € {1,...,N}, i € {1,2,3}, (t,z) — 'yj(t x) is smooth in [t;_1,¢;] % [0, 1} we conclude
that ¢ — £4(t) is smooth on [t;_1,t;] and that (t,2) — ¢'(t,2) and (t,x) — ¢}(t)~" () are smooth
on [tj_1,t;] x [0,1]. Hence for all j € {1,...,N}, i € {1,2,3}, (t,2) = nj(t,z) is smooth on
[ti—1,t;] x [0,1], and analogously, for all € € (0,to), (t,x) — ni(t,z) is smooth on [e, %] x [0,1].
To show that the function » : [0,7] x [0,1] — (R?)? defined by

n(t) = {Z;'v_o 05 ()X, 1,0)(E) tE€[0,T),
N (T) t=T,

is smooth on [e,T] for all ¢ € (0,7), it is enough to show that for all j € {0,...,N — 1},
n; (t;) = nj+1 (¢;). Indeed, smoothness of 7 then follows from the existence of smooth solutions
to the corresponding analytic problem with uniform existence time and the results on geometric
uniqueness. Let j € {0,...,N — 1} be given. As -4 is a strong solution to (3.21]) with initial
datum v; (t;), there exist C’l ~diffeomorphisms ¢ : [0,1] — [0,1], £(y) =y, y € {0,1}, 4 € {1,2,3},
such that 77 (t;) 0 & = ~%,, (t;) which yields in particular [77] ()] = [773+1 (t;)]. As both n’ (t5)
and 77] 41 (t;) are parametrisations with constant speed equal to

G () =L (v () = L (vj1 (&) = Lir (),

we conclude 7} (t;) = 0}, (t;) using [15, Lemma 2.1.14]. Similar arguments as in the proof of
Proposition yield that for all ¢ € (0,7), . 7] is a strong solution (and hence a smooth
solution) to with endpoints P*, P2, P3. The property nji.7] ~ (Y0, - .., n) directly follows
from the construction of 7. O

Definition 5.7 (Maximal solution). Let p € (5,00) and o be a geometrically p-admissible initial
value to or , respectively. A mazimal solution to the respective system in [0,T),
T € (0,00], with initial datum o is a collection (v,), ey, With 7 : [th_1,t,] % [0,1] — (R?),
t_1:=0,t,—1 <t,foralln € Ng and lim ¢, = T, such that for all N € Ny, (y0,...,7n) is a

n—oo
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jointed smooth solution to the considered system with initial datum o, and such that in the case
T € (0,00), there does not exist a jointed smooth solution to to the considered system in [0, 7
with endpoints P!, P2, P3 and initial datum o. We call (tn)neN0 the partition of the solution and
Tinaz := T the mazimal time of existence.

Corollary 5.8. Let p € (5,00) and o be a geometrically p—admissible initial value to
or , respectively, and suppose that (%L)neND is a mazimal solution to the considered sys-
tem in the mazimal time interval [0, Tinaz), Tmaxz € (0,00], with initial datum o and parti-
tion (tn),en,- Then there exists 1) : [0, Trnaz) % [0,1] = (R?)® such that for all t € [0, Tpaz),
i €{1,2,3}, n'(t) is a regular open curve parametrised with constant speed equal to its length (*(t)
and such that for all 0 < & <T < Tpax, Ne,1) i a smooth solution to the considered system with
Mz, ~ (V05 IN) e, with N =min{n € No : t, > T}.

Proof. For all N € Ny, (70, ...,7vn) is a jointed smooth solution to the considered system in [0, ¢ ]
with initial datum o. Proposition yields the existence of n™ : [0,tx] x [0, 1] — (R?)3 such that
for all t € [0,tx], i € {1,2,3}, n™(t) is a regular open curve parametrised with constant speed
equal to its length and such that for all € € (0,¢y), U\J[\;,t,v] is a smooth solution to the considered
system in [e, ty] with nle’&tN] ~ (Y0, - 7'YN)|[5,T]' Given N, M € Ny with N > M, the maps nV
and n™ coincide on [0, )] due to [15, Lemma 2.1.14]. Indeed, given t € [0,¢5], i € {1,2, 3}, both
n™Ni(t) and n™-i(t) parametrise the same image with constant speed equal to the length. This
allows us to define 7 : [0, Tinas) % [0,1] = (R?)3 by

77(t) = Z X[th,tN)(t)??N(t)a

NeNy

where t_1 := 0. It is then a direct consequence of Proposition@that 1 has the desired properties.
O

Proposition 5.9 (Existence and uniqueness of maximal solutions). Let p € (5,00) and o be a
geometrically p—admissible initial value to (3.20) or (3.21), respectively. There exists a maximal
solution (’y”)neNo to the considered system in the mazimal time interval [0, Tinaz); Tmax € (0, 00],

with initial datum o and partition (t,) It is unique in the following sense: If (ng,...,nn) s

neN-”
a jointed smooth solution to the considered system in [0,T], T < Tiaz, with initial datum o and

partition (to,...,tn), then (o, ..., ) ~ (Yo, -, YN)-

Proof. We carry out the details for system (3.21]). The same arguments apply to problem (3.20]).
Given a geometrically p-admissible initial value o to ([3.21]) with given endpoints P, P%, P3, we
define

Ay :={T > 0: there exists a jointed smooth solution to (3.21)) in [0, 7] with endpoints
P, P% P? and initial datum a} .

Proposition [5.5 yields that A, is non-empty and hence T4 := sup A, € (0,00]. Let (T},)nen, be
a sequence with T,, € A, and T,, < T;,41 for n € Ny such that nh%rr;o T,, = Tinaz- For every n € Ny
we have a jointed smooth solution (’yg, . ,fy]’{,n), N, € Ny, to in [0, T;,] with endpoints P*,
P2, P?, initial datum o and partition (tf,...,t% ), ty, = T,. Without loss of generality (by
replacing given partitions by finer ones and increasing the collection of networks accordingly) we
may assume that there exists a sequence (tn)neNOv t_1:=0, t,_1 < t,, n € Ng, such that for all
n € Ny, (7{;, . ,7]7{[”) has partition (to,...,ty, ). By increasing the amount of time steps T,, € A,
we may further assume that ¢, = T,, and hence N,, = n. Given n € Ny we define v, := 7).
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We show inductively for all n € Ny that (yo,...,7,) is a jointed smooth solution to in
[0,%,] with endpoints P!, P?, P? and initial datum o. The case n = 0 follows by construc-
tion. Suppose that n € Ny is such that (yo,...,7,) is a jointed smooth solution to (3.21)
in [0,#,] with endpoints P!, P2, P® and initial datum o. As (y™',...,7]) is a jointed
smooth solution to in [0,%,41] with endpoints P, P2, P? and initial datum o, we have
Y1 = vt € C% ([tn, tns1] % [0,1]; (R?)?) and ¢ — 41 (t+t,) is a strong solution to
in [0,t,+1 — t,] with endpoints P!, P2, P? and initial datum 47+ (¢,,). As both (v5*", ... 42 +1)
and (yo,...,7n) are jointed strong solutions to in [0,t,] with endpoints P!, P?, P? and
initial datum o, Proposition yields that there exist Cl-diffeomorphisms &' : [0,1] — [0, 1],
&e W;}J/p ((0,1);R), i € {1,2,3}, such that 47T (¢,) = 7% (t,) 0 &' Hence t — ypq1 (t + t,,) is
a strong solution to in [0,%,41 — t,] with endpoints P, P?, P3 and initial datum ~, (¢,).
This completes the induction.

To prove maximality of (5),,cy, We assume that 7}, is finite and that (1o,...,7n), N € No, is
a jointed smooth solution to in [0, Tynaz) With endpoints P1, P2, P3| initial datum o and
partition (o,...,7n). By Proposition [5.6] there exists n € C ([e, Tinaa] x [0,1]; (R?)?), £ := 22,
such that for all t € [e, Tyuaz], € [0,1], [0 (¢, x)‘ = (i(t) :== L (n*(t)) and such that n is a smooth
solution to with endpoints P!, P2, P3. Lemma yields that
c:= inf () >0
tele,Tmaz)i€{1,2,3}

and that n satisfies the uniform non-degeneracy condition in [e, Tinaz]. Furthermore, Proposi-
tion implies n € W* ((g, Tinaz) % (0,1); (R?)?). In particular, 7 is a strong solution to
in [g, Tinae) with initial datum 79(e) and Corollary yields for every ¢ € [, Tmaz],

195 0 15 cg2y5) < C Ml (ot 0.1ya200) < C < 0

Given t € [g, Thnazl, 7 € {1,2,3} and y € {0,1} we further observe

i (ty) = (C@®) nity) = (1) w(ty) =0

as ' (t) is parametrised with constant speed equal to ¢*(t) and as 7 is a smooth solution to (3.21)).
As for any t € [e,Tphaa], n(t) further satisfies the non-degeneracy condition in y = 0, we conclude
that n(t) is an analytically p-admissible initial network to for every t € [e, Tinasz]. Theo-
rem yields that there exists a time T'= T (¢, C) such that for all t € [g, Ty,q] there exists a
strong solution to in [0,T] with initial datum n(¢). Let 7 := Tphqz — T/2 and g be a strong
solution to in [0,7] with initial datum #(7). Theorem yields for all 6 € (0,7) that
o€ C>([6,T] x [0,1]; (R?)®). As both ¢ and ¢ — 5 (t + 7) are strong solutions to with
endpoints P!, P?, P3 and initial datum 7(7) in [0, Tjnae — 7], Theorem yields in particular
that there exist diffeomorphisms ¢* : [0,1] — [0,1], ¢* € W;}A/” ((0,1);R), i € {1,2,3}, such that
@i (Tmaa: - T) = 77i (Tmax) o <l

With o(t) := o(t — 7) for all ¢ € [7, T+ 7] we thus find that (10)|10.) > M(e,Tal O Tmas Tonae +7/2]
form a jointed smooth solution to with endpoints P!, P2, P3 and initial datum o which
yields Thnax + T/2 € A,, a contradiction to Thya, = sup A,.

This allows us to conclude that (vy),cy, is @ maximal solution to (3.21) in the maximal time
interval [0, T},,q,) With endpoints P, P2, P? and initial datum o.

The uniqueness result follows from Proposition 5.3 O

Remark 5.10. Using contraction estimates and the theory [I36] in parabolic Holder spaces
k+a

C ko ([0,T] x [0,1]), T > 0, of arbitrary order k € N, k > 4, one shows that if v, 7
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are strong solutions to or (3.21), respectively, in (0,T) with 7*(0) = 7*(0) o ¢}, i €
{1,2,3}, with C'-diffeomorphisms ¢} : [0,1] — [0,1], ¢* € W;_% ((0,1);R), such that v,n €
C> ([e, T] x [0,1]; (R?)3) for all € € (0,T), then the one-parameter family of diffeomorphisms
¢e W ((0,T) x (0,1); R?) constructed in Theorem satisfies ¢ € C* ([, T] x [0,1]; R?) for
all e € (0,7). We omit the details here as this property is not relevant for our further considera-
tions.

5.2 Long time behaviour of the elastic flow of Triods

This section is devoted to prove the long time existence result in the case of Triods. The proof relies
on a contradiction argument which essentially says that as long as the lengths of the curves are
uniformly bounded from below and as long as at least one angle at the triple junction is uniformly
bounded away from zero, m and 27, the flow can be extended. Indeed, under these assumptions,
the a priori estimate shown in Section applies. Restricting to positive parameters pf, the
gradient flow structure further yields an upper bound on the length which ultimately results in a
uniform in time bound on the solution in the space Wi ((O7 1); (R2)3). This space embeds into the
initial data space Xy = W;F% ((0,1); (R?)3) for values of p € (5,10] as shown in Lemma
As the time interval of existence depends on the initial value only via its norm in Xy and the
lengths of its curves, the energy estimates allow us to overcome the maximal time of existence by
restarting the flow shortly before.

Lemma 5.11. Given p € (5,10] there holds the continuous embedding
W5 ((0,1) = W=7 ((0,1)).

Proof. Let p € (5,10] be given. Then [140, Theorem 4.6.1.c)] yields the following continuous
embedding of Besov spaces:

By, ((0,1)) = By, " ((0,1)).

As 4 — 4/p is not integer-valued for all p € (5,10], Theorem yields that the Besov space
By e ((0,1)) coincides with the Sobolev-Slobodeckij space Wy~ 7% ((0,1)) with equivalent norms.
Moreover, [140, Theorem 4.6.1b)] yields the identity B3, ((0,1)) = H3 ((0,1)) with equivalent
norms where Hj ((0,1)) denotes the respective Bessel potential space. Due to [140, Definition
4.2.1, Remark 4.2.2/3] the space H3 ((0,1)) coincides with the Sobolev space Wy ((0,1)) with

equivalent norms. O

The following definition introduces some notation appearing in the long time existence result.

Definition 5.12. Let p € (5,00) and o be a geometrically p—admissible initial datum to
with endpoints P!, P2, P3. Suppose that ('Vn)neNo is a maximal solution to with endpoints
P!, P?, P, initial datum o and partition (t,), ¢y, in the maximal time interval [0, T;,4z) with
Tnaz € (0,00). Given n € Ny, t € [tn—1,t,] where t_1 :=0, i € {1,2,3}, we let £'(t) := L (vi(t))
be the length of the i-th curve of the evolving Triod at time ¢, and al(t,0), a2(¢,0), a3(¢,0) be
the angles between the tangent vectors 72(¢,0) and 73(¢,0), 72(¢,0) and 7,.}(¢,0), and 7.} (¢,0) and
72(t,0), respectively, to the curves v/ (t), i € {1,2,3}, at the triple junction ~}(¢,0).

Theorem 5.13 (Long time behaviour of the elastic flow of Triods). Let p € (5,10] and o be a
geometrically p—admissible initial datum to (3.21)) with given endpoints P, P?, P3 and parameters

ut >0 for alli € {1,2,3}. Suppose that (Yn)nen, @ @ mazimal solution to (3.21) with endpoints
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P, P2, P3, parameters pt > 0, i € {1,2,3}, and initial datum o in the maximal time interval
[0, Thhaz) with Thae € (0,00]. Then
Tmaw = 0

or at least one of the following happens:

(i) the inferior limit of the length of at least one curve is zero as the time approaches Tpqz, that
is, there exists i € {1,2,3} such that

liminf ¢*(t) = 0.

t/( T’"l ax

(ii) the angles a'(t,0), i € {1,2,3}, t € [0,Timaz), between the tangent vectors at the triple
Junction satisfy

tliminf max { [sin o’ (¢,0)], [sin&®(t,0)|, [sina®(¢,0)|} = 0.

Tmax

Proof. Let (), ¢y, be a maximal solution to (8.21)) with endpoints P*, P?, P? and initial datum
o in the maximal time interval [0,T},4.). Suppose that T,,.. < oo and that none of the two
scenarios happens, that is, there exists 0 € (0, Tiqz) such that

ls = inf min  £(t) >0,
t€(Tman—08,Tmaz) i€41,2,3}

and

ps = te(Tmairifé me)maxﬂsinal(t 0) | |sma (t,0) | }smoz (t,0) |} >0.
Let N € Ny be such that tx > Tynae — 6. Asforall j € {0,...,N}, t — v; (t +1¢;-1) is a strong
solution to ([3.21)) with endpoints P*, P2, P3 in [0, tj —tj—1], Lemma yields in particular for
all j € {0,...,N},

(;:= inf Ct) > e(v) >0,
J te[t]nl,t ]ze?}lél3} (t) 2 e(7;)
and
= inf in ot (t,0)|} >0.
pj te[tlﬁhtj]maxﬂsma (t, |s1na |}

This allows us to conclude that

(:= inf in_¢'(t) = min {€s, 0o, ..., ¢ 0 5.1
i i (t) = min {¢s, 4o, ..., N} >0, (5.1)

and
p:= _inf max{[sina'(¢,0)|,|sina®(t,0)|,|sina®(t,0)|} = min{ps,po,...,pn} >0. (5.2)

t€[0,Trmax)

Let 7 : [0, Tnax) %[0, 1] — (R?)? be the constant speed parametrisation constructed in Corollary
and let € := 2. Then n € C* ([g, Thnasz) ¥ [0,1]; (R?)?) is a smooth solution to with
endpoints P, P2, P3 in [e, Tpaz). As 1 and (7,),,cy describe the same evolution of Triods, we
conclude that n satisfies the uniform non-degeneracy condition in [, T),q.) and that the lengths
of the curves are uniformly bounded from below on [, T},q,). Thus the a priori estimate shown
in Theorem [3.55] yields for all ¢ € [¢, Tyaz), @ € {1,2,3},

d )
TR O 0y < € (Bu (me)))
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with x%(t) denoting the curvature of n’(¢). Hence we obtain for all 7 € (&, Thhaz), i € {1,2,3},
i 2 T d INTY: ENTE:
[ Col ey :/8 AR Ol PRETER R O RIS
S (1—=e)C(Eu(ne)) +C ) < (Tmaw —€) C (Eu (n(€))) + C(n(e)) <oo  (5.3)

as Thqz is assumed to be finite. Furthermore, the decrease of the elastic energy due to the gradient
flow structure (see Corollary [3.28]) yields

2
[Sljl“p 3 16?}3‘25(3} HI{ )HL2(ni(t)) < Ey, (n(e)) (5.4)

and 1
sup max (' (t)= sup max |n'(t,z)| < =E, (n(e)). 5.5
te[eaTmam)i6{1’2’3} ( ) tE[Eva,aw) i€{17273} ’ ( )’ Ml g ( ( )) ( )

We let 7 € (€, Tnaz) and i € {1,2,3} be fixed and denote by s? and z% the arclength parameter
of n’(7) and its inverse. As n°(7) is parametrised with constant speed equal to its length ¢ (1),
we obtain the following differentiation rule for any k € Ny and = € [0, 1]:

0y (' (1) 0 a) (s (x)) = £'(1) " O’ (7, ). (5.6)

In particular, we have for any z € [0, 1],

which yields together with , , and
i % 2
150" ( HLQ((Ol R2) / |6 (r,2)|” dw = £(7)* || (T)HLQ(ni(T)) < C(Eu((e),

[0zn" () ||L2((O 1);R ):61(7) / |02k Tx)| dz = ¢'(r)" [|02'( )”iz ity S C ).

The classical Gagliardo-Nirenberg inequality stated in Theorem [3.46] yields with constants Cy, Cs
independent of T,

< C ||8;177 (7)
<C(n(e)).

+ Cs ||3§77 (1)

||3377i(7)||L2((o,1);R2) ||22((0,1);R2) H@i H ((0,1);R?) ||L2((0,1);R2)

As the points P!, P2, P3 are fixed in the plane and as the single lengths ¢i(7), i € {1,2,3},
are bounded from above uniformly in 7 € [g, Tyqes) due to (5.5)), there exists a constant R > 0
independent of 7 € [&, Tynaz), € [0, 1], such that

sup ’ni(T,x)|§R.
7'6[57Tmaz) 7:”6[071]

Hence we obtain n(7) € W3 ((0,1); (R?)3) for all 7 € [¢, Tynas) with

7€, Tmax

sup : ()l (0,1);R2y5) < € (n(€)) -

Lemma yields for all p € (5,10],

W3 ((0,1); (R%)%) — W=7 ((0,1); (R?)?)
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with

sup
TE [E;T'maz)

9= gy gy < € () < € (5.7)
for a constant C' > 0. As 7 is a solution to (3.21)) in [e, Tinas), the Triod n(7) is a geometrically
p-admissible initial network to (3.21]) with endpoints P, P2, P? for all 7 € [, Tjnaz)- In fact, we
further have for all y € {0,1}, 7 € [, Thax),

970’ (1,y) = £'(r)?02' (r,y) = £1(7)*k" (1,y) = 0

which yields that for all 7 € [, Tinaz), 7(7) is an analytically p—admissible initial value to with
endpoints P!, P2, P3. Due to and Theorem yields that there exists one uniform
existence time T' = T (¢,C) such that for all 7 € [, T},4.) there exists a solution g, to
in [0,7T] with endpoints P!, P?, P? and initial datum 7(7), which satisfies for all § € (0,7),
or € C> ([0, T] x [0,1]; (R?)®) due to Theorem Let 7 := Tnae — T/2 and g be the solution
to in [0, 7] with endpoints P!, P2, P3 and initial datum n(7). Given t € [7, Tyaz + T/2] we
let o(t) := 0 (t — 7) and further 7 := Tyq0 — T/4. As both g and ¢ — 7 (¢t + 7) are strong solutions
to in [0,7/4] with endpoints P!, P2, P3 and initial datum 7(7), Theorem yields that
there exist diffeomorphisms ¢t : [0,1] — [0,1], ¢i € Wy~ 7" ((0,1);R), i € {1,2,3}, such that
0" (T/1) = o' () = ' (7) o ¢*. We thus conclude that

((’YO)HQE] s (e, 7] Q[%,TmerT/g])

is a jointed smooth solution to (3.21)) in the time interval [0, Ty + 7/2] with endpoints P!, P2,
P? and initial datum o. This contradicts the maximality of T},aq. O

5.3 Long time behaviour of the elastic low of Theta net-
works

In this section we prove the analogon to Theorem for the elastic flow of Theta networks given
by system . While the strategy of the proof remains the same, there is one remarkable
difficulty compared to the elastic flow of Triods . Indeed, the presence of fixed endpoints
in the flow serves as a key ingredient to find a uniform in time and space L..-bound on
the parametrisations which is needed to guarantee that the flow can be restarted closed to Th,qz
with a uniform time of existence. These arguments are no longer possible in the case of Theta
networks. However, we can make use of the translational invariance of which implicates
that the existence time of the analytic problem is independent of the position of the Theta
network. This is shown in Theorem [£.34]

Definition 5.14. Let p € (5,00) and o be a geometrically p—admissible initial datum to .
Suppose that (v,),,cn, 15 @ maximal solution to with initial datum o and partition (t,),,cy,
in the maximal time interval [0, Tinae) With Tinae € (0,00]. Given n € Ny, t € [t,—1,t,] where
t_y =0, i€ {1,2,3}, we let £'(t) :== L (i(t)) be the length of the i-th curve of the evolving
Theta network at time ¢, and for y € {0,1}, we let al(t,y), a?(t,y), a®(t,y) denote the angles
between the tangent vectors 72(t,y) and 72(t,y), 73(t,y) and 7} (t,y), and 7l(t,y) and 72(¢,y),
respectively, to the curves v/ (t), i € {1,2,3}, at the triple junction v} (¢,y).

Theorem 5.15 (Long time behaviour of the elastic flow of Theta networks). Let p € (5,10] and o
be a geometrically p-admissible initial datum to (3.20) with parameters p* > 0 for alli € {1,2,3}.
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Suppose that (), cn, i a mazimal solution to (3.20) with parameters ut>0,i€{1,2,3}, and
initial datum o in the mazimal time interval [0, Taz) with Tyae € (0,00]. Then

Tmaz =0
or at least one of the following happens:

(i) the inferior limit of the length of at least one curve is zero as the time approaches Tpaz, that
is, there exists i € {1,2,3} such that

liminf () = 0.
t/(T’nl(lI

(ii) the angles a'(t,y), i € {1,2,3}, t € [0, Tynaz), between the tangent vectors at one of the triple
junctions v'(t,y), y € {0,1}, satisfy

}%irii max { [sin o (¢, 9)] , [sin & (t,y)|, [sina®(t,y)|} = 0.

Proof. We sketch how to adapt the proof of Theorem Given a maximal solution to (3.20)
with initial datum o in the maximal time interval [0, T},4.) We suppose that none of the scenarios
happen. Then the constant speed parametrisation 1 : [0, Tjnaz) X [0,1] — (R?)? as constructed
in Corollary is a smooth solution to (3.20) in [e, Tyas) for £ := % satisfying the uniform
non-degeneracy condition on [, Tjnq.) in both triple junctions and further

0:= inf min () > 0. (5.8)
t€[0,Tmax) 1€{1,2,3}

Using the a priori estimate in Theorem and the bounds due to the gradient flow structure
shown in Corollary we obtain 0,7(7) € W3 ((0,1); (R?)?) for all 7 € [¢, Tinas) with

sup  [|9:0(7) lws (0,1):@2)3) < C (n(€)) -
7€le,Tmax)

On the lines of Lemma one has for all p € (5,10] the continuous embedding
W3 ((0,1); (R?)?) = W=7 ((0,1); (R*)?)
which yields for a constant C > 0,

sup
Te [€7Tm0/(1‘)

<C. (5.9)

sup ||awn<7-)||W;>*4/p((0’1);(]R2)3) =

|77(7')\Wg*“/P((o,l);(R?)S) - r€le,Tmaz)

Due to and the refined short time existence result for the analytic problem for Theta
networks given in Theorem yields that there exists a uniform existence time T'=T(¢,C) > 0
such that for all 7 € [e, Tp4.) there exists a solution to the analytic problem for Theta net-
works in [0, 7] with initial datum n(7) which is smooth away from zero. As in the proof ot
Theorem [5.13| one shows that this allows us to extend the given maximal solution beyond T}, 4.
contradicting the maximality of T}, 4. O

5.4 A remark on the definition of maximal solutions

Let us give some remarks on the definition of maximal solutions to the elastic flow of Triods and
Theta networks represented by the systems (3.21)) and (3.20]), respectively. Our notion of maximal
solution requires that away from the initial value the evolution is piecewise parametrised by smooth
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parametrisations. This might seem to be a restriction on the evolutions one is considering. Indeed,
in analogy to Definition of maximal (smooth) solutions one may introduce the notion of a
maximal strong solution without requiring the piecewise parametrisations to be smooth. The
existence of maximal strong solutions given an admissible initial datum can be shown analogously
to Proposition A priori, it is possible that given a p-admissible initial network to
or to , respectively, the maximal strong solution exists longer than the smooth one. As
these two maximal solutions are equal up to reparametrisation on finite time intervals due to
Proposition this would mean that up to some certain point in time, the evolution can be
described by a (jointed) smooth solution which then suddenly loses its regularity ending up in
being merely a (jointed) strong solution. Using again the a priori estimates for smooth solutions
the following result shows that this can not be the case. As a result we conclude that the long
time existence results stated in Theorems [5.13] and [5.15] describing the possibilities of geometric
singularities of a given evolution are independent of the notion of maximal solution.

Proposition 5.16. Let p € (5,00), o be a geometrically p—admissible initial network to
or , respectively. Let T be positive and (Yo, ...,¥n), N € Ny, be a jointed strong solution to
the considered system in [0,T] with parameters u* > 0, i € {1,2,3}, and initial datum o. Then
there exists a jointed smooth solution (no,...,nnm), M € Ny, to the considered system in [0,T]
with initial datum o, such that (Yo,...,Yn) ~ (Mo, .-, 1M )-

Proof. We give a detailed proof for system (3.21)) which works analogously for (3.20). Given
p € (5,00) and a geometrically p—admissible initial network o to (3.21]) with endpoints P*, P2
P3 and parameters pu’ > 0, i € {1,2,3}, we let

Ay, :={7 > 0: there exists a jointed smooth solution to (3.21)) in [0, 7] with endpoints
Pl P% P? and initial datum U} .

By Propositionthere holds T},40 = sup 4, € (0, 00]. We aim to show that T},4, > T. Assume
by contradiction that T,,, < T. Proposition yields the existence of a maximal (smooth)
solution (nn),,cy, to in the maximal time interval [0, T),q.) With endpoints P, P2, P3
initial datum ¢ and partition (Tn)neNO' Without loss of generality we may assume that for all
j €10,..., N}, there exists k(j) € No such that 75,y = t;. Given n € Ny, t € [1,,1,75], there
exists j € {0,..., N} such that ¢;_1 < 7,1 < 7, < t;, which allows us to define v, (t) := v;(t)
on the interval [7,_1,7,]. In particular, for all n € Ny we have 7,, < Tynar < T and thus both
(Y05 - -+ ,7n) and (1o, - - . , M) are jointed strong solutions to in [0, 7,,] with endpoints P!, P2,
P? and initial datum o. Proposition yields for all n € Ng, k € {0,...,n}, t € [Tg—1, 7] the
existence of C'-diffeomorphisms & (¢) : [0,1] — [0,1], i € {1,2,3}, &.(¢) € Wﬁ_% ((0,1)), such
that ni(t) = 5 (t) 0 &i(t). By Corollary [5.8| there exists 1 : [0, Tynaz) X [0,1] = (R?)3 such that for
all n € No, 1jj0,r,] ~ (10, - - -, M), and for all ¢ € [1,_1, 7], i € {1,2,3}, '(t) is parametrised with
constant speed equal to its length

C(t) =L (n' (1) = L (1) = L (v,(1))
and such that for ¢ := %, 9. 1,,,,) 15 @ smooth solution to (3.21)) with endpoints pt p? p3
and initial datum o. As ¢t +— v; (t+t;_1), t € [0,t; —t;_1], is a strong solution to (3.21) with
endpoints P!, P2, P3 for all j € {0,..., N}, Lemma yields

)ie i . ), (o) >0
c(%) ié?llgl,S}tE[tj_lr,l;ljl]r}zE[O,l]‘(’yj)x( 33) =

and

p () = . énmt ]max {|sina’(t,0)] ,[sina®(t,0)],sin|a?(t,0)|} > 0
cltj—1,t;
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where ol (¢,0), a?(t,0), a3(t,0) denote the angles between the tangent vectors 72(t,0) and 73(¢, 0),
73(¢,0) and 71(¢,0), and 7!(¢,0) and 72(t,0), respectively, and in particular

c:=min{c(y;):j€{0,...,N}} >0

and
p:=min{p(y;):5€{0,...,N}} >0.

Given any t € [e, Tynqy) there exists n € Ng and j € {0,..., N} such that t € [7,—1, 7] C [tj—1.t;].
As

[7'(®)] = [ ()] = [.()]

and as the length £(¢) and the angles a’(t,0) are invariant with respect to reparametrisation, we
obtain that
inf min L(n%(t))> min e(y;)=¢c¢>0
tele. Toma) i€{1,2,3} (' (1)) = jefiin e ()

and that 7 1,.,,) satisfies the uniform non-degeneracy condition

[inf )max{|sina1(t70)| , |Sina2(t70)’ , |Sina3(t70)’} >p>0.

tele, Tmax

The a priori estimate shown in Theorem yields for the curvature x*(t) of n(t), t € [&, Trnaz)s
i € {1,2,3}, the estimate

TN

LR DI, ) < € (B ).
Using further the bound on the length and the curvature shown in Corollary [3:28] the same
arguments as in the proof of Theorem [5.13] yield

<C(ne) <C

sup Hn(t)HW;J/P((O,I);(Rz)S)_

tele,Tmaxz)

and thus a uniform existence time T = T (¢, C) for for all initial networks n(t) with ¢t €
[€, Trnae) which allows us to overcome the maximal existence time T),,,. Indeed, as in the proof
of Theorem one shows that there exists a jointed smooth solution to in [0, Thnax + T/2]
with endpoints P!, P?2, P? and initial datum o which yields T}, +T/2 € A, and thus contradicts
the definition of T}, 4.

We hence conclude that there exists a jointed smooth solution to (3.21)) in [0, 7] with endpoints
P! P2 P3 and initial datum o. The uniqueness assertion follows from Proposition O

5.5 Conjectures and simulations

We conclude this section with some unproven remarks and conjectures related to the long time
behaviour of the elastic flow of networks with given parameters p! = p? = p > 0. These
presumptions are supported by simulations which have been kindly provided by Prof. Dr. Robert
Niirnberg from Universita di Trento based on the methods developed in [16]. The simulations
shown in Figure and are done with the parameters p* = 2 for i € {1,2,3}. The
underlying parameters for Figure are given by u’ = 0.2, i € {1,2,3}.

First of all, we note that the scenarios described in items () and (é¢) in Theorems and
can be considered as singularities of the flow. Indeed, in both situations the network stops being
a non-degenerate element of the considered class and thus no longer satisfies the requirements
included in the notion of solution we consider in this thesis. However, it might be conceivable to
continue the flow in a “weaker notion” to allow for degenerate networks or a change of topology
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from three to two curves. Furthermore, it is worth pointing out that none of the potential scenarios
listed in Theorem [5.13] excludes the others. Indeed it is possible that both singular behaviours
occur as the time approaches T, .., regardless of Ty,.x being finite or infinite. This is suggested
by the simulations in Figures and

Let us give some remarks about Theorem [5.13] on the elastic flow of Triods. In the case that the
three endpoints P!, P2, P? are pairwise distinct, it is a priori evident that the length of at most
one curve can go to zero. This corresponds to the situation that the junction collapses to one of the
fixed endpoints in finite or infinite time. In this case we can not exclude that the limiting network
is degenerate. However, there are scenarios of evolving Triods with fixed distinct endpoints which
are conjectured to exist globally in time without developing a singularity. It is suspected that
this occurs when the initial Triod is “close” to a Steiner configuration. Given pairwise distinct
endpoints P!, P2, P3, the Steiner configuration is the unique Triod with endpoints P!, P2, P3
consisting of three straight lines that meet in a triple junction forming angles of 120 degrees. The
Steiner configuration has minimal length among all Triods with endpoints P!, P2 P3. As all
its curves are straight, the Steiner configuration is in particular a minimiser of E, in the class
of Triods with endpoints P!, P2, P3. It further satisfies the boundary conditions in as
the curvature is zero and the third order condition reduces to Young’s law. The conjectured
stability of the Steiner configuration is supported by the simulation in Figure starting with
a perturbed Steiner configuration the evolving Triod exists globally in time and converges to the
Steiner configuration.

Figure 5.1: An evolving Triod existing globally and converging to the Steiner configuration.

We remark that our analysis allows for the situation that the three endpoints P!, P2, P3 coincide.
In this case the Triod actually has the shape of a Theta network. However, only one of the two
triple junctions is allowed to move while the “artificial” junction P! = P? = P3 stays fixed during
the evolution. Figure [5.2]shows a simulation that starts with a symmetric double bubble. The left
triple junction is allowed to move while the right one stays fixed. The simulation suggests that
the double bubble shrinks to a point in finite time and thus provides an example where the two
scenarios (¢) and (i7) in Theorem happen simultaneously.

In the case of Theta networks it is suspected that all evolutions develop a singularity. This
conjecture is supported by recent results on the minimisation problem naturally associated to the
flow. In [38, Chapter 3] it is shown that

inf {E,(y) : v is a Theta network} =0,
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Figure 5.2: An evolving double bubble with one junction fixed converging to a point in finite time.

where the infimum is not attained. This result is illustrated in Figure 5.4 which is discussed below.
However, if one enlarges the admissible class allowing for modified Theta networks consisting of two
curves that meet in one quadruple junction, the “figure eight”, the unique closed planar elastica
with one self-intersection as shown in [87, Theorem 0.1 (a)], is a stationary point of the energy F,,.
Figure shows a simulation of an evolving Theta network that converges to the figure eight. It
is remarkable that according to the simulation the singularity occurs in finite time. The starting
network is a drawn-out rotated double bubble with a relatively short straight curve in the middle.
As the time approaches the maximal time of existence, the short curve in the middle eventually
shrinks to a point which corresponds to the singularity described in case (i) of Theorem We
note that the angles at the junction remain bounded away from 0, 7 and 27.

Figure 5.3: An evolving Theta network converging to the figure eight in finite time.

Figure [5.4] shows an example of an evolving Theta network where both singular behaviours occur
simultaneously. According to the simulation we presume that the singularities develop in finite
time. Starting with a symmetric double bubble the network first flattens and expands. At some
point it stops expanding and starts shrinking faster and faster in a possibly self-similar way. The
simulation suggests that the network eventually shrinks to a point with parallel tangent vectors.
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Figure 5.4: An evolving double bubble shrinking to a point in finite time.

Finally, we give some comments on the long time behaviour in the case u* > 0, i € {1,2,3}, which
includes in particular the plain Willmore flow of networks corresponding to u® = 0 for i € {1,2,3}.
While these cases are covered in the existence results in Chapter [ our method of proof regarding
the long time behaviour does not apply directly. Indeed, the upper bounds on the single lengths
resulting from Corollary in the case yu’ > 0 for all i € {1,2,3} are an essential requirement
in our proof. However, using that the lengths can grow at most linearly, the arguments can be
adapted to cover also the case u® > 0 for i € {1,2,3}. We refer to [35, Remark 6.3] for more
details on this aspect.

Based on the methods developed in [16], Prof. Dr. Robert Niirnberg has provided a simulation in
the case u’ = 0, i € {1,2,3}, which is shown in Figure Starting with a symmetric double
bubble one observes that the network flattens and expands. The simulation suggests that the
network exists globally expanding further and further and becoming degenerate in infinite time.

Figure 5.5: An evolving double bubble in the case u' = 0, i € {1,2,3}, existing globally and
becoming degenerate.

Lastly, it is worth mentioning that Theorem [5.15[ on the long time behaviour of the elastic flow
of Theta networks does not answer the question whether the network “escapes to infinity” as the
time of existence approaches T;,... However, we conjecture that such a scenario does not happen.
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Appendix A

Smooth manifolds

This chapter provides some background information on smooth manifolds. We begin by recalling
the notions of topological manifolds with and without boundary, smooth structures and differen-
tiability of functions between manifolds following [89, Chapter 1, 5].

Hereby, we use the following convention concerning the dimension. Whenever the considered
manifold has a boundary, the dimension shall be a natural number. If we are concerned with a
manifold without boundary, the dimension is allowed to be a natural number or zero.

Let us recall the definition of topological manifolds with and without boundary and the notion of
smooth structures that allow to consider not merely continuous but also differentiable functions
on manifolds.

A topological n—manifold is a second countable Hausdorff space M that is locally Euclidean of
dimension n: for each point p € M there exists an open subset U C M and a homeomorphism
¢ : U — V onto an open subset V of R™. We call (U,¢) chart (around p), the components
¢ = (x%,...,2™) local coordinates on U and ¢~! : V. — U local parametrisation around p. A
compact n-manifold is a topological n—manifold that is compact. Given two charts (U, ¢), (W, )
with U N W # (), the homeomorphism 1 o ¢~1 : ¢(U NW) — (U N W) is called the transition
map from ¢ to 1.

Two charts (U, ¢) and (W, 1)) are called smoothly compatible if the transition map from ¢ to 1 is
a smooth diffeomorphism. Hereby, a bijective map F : U — V between open subsets U and V' of
R™ is called smooth diffeomorphism if F € C*(U;R") and F~! € C*(V;R"). An atlas A for M
is a collection of charts whose domains cover M. An atlas A is called a smooth atlas if any two
charts in A are smoothly compatible. A smooth atlas is maximal if it is not properly contained
in any larger smooth atlas. A maximal smooth atlas is called smooth structure on M. A smooth
n—manifold is a pair (M, A) with M a topological n—manifold and .4 a smooth structure on M.
Given a topological manifold M, it is shown in [89, Proposition 1.17] that any smooth atlas A is
contained in a unique maximal smooth atlas, called the smooth structure determined by A.

The closed n—dimensional upper half-space H™ C R" is defined as

H” ;= {(z',...,2") €R" : 2™ >0} .
As a subset of R™ the topological interior and boundary are given by

intH" = {(:cl,...,a:”) eER™ : 2" >0},

OH™ = {(xl,...,xn) ER™ : 2" =0} .
Notice that H™ is a topological space endowed with the subspace topology inherited by R™. A set
U C H" is (relatively) open in H" if there exists an open subset V' of R™ such that V NH" = U.

In particular every open subset of H™ is Lebesgue measurable. To define smooth manifolds with
boundary one needs to specify differentiability of functions defined on open subsets of H”. A
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function f : U — R defined on an open subset U of H” has reqularity C* on U, k € N, if for each
point x € U there exists an open subset U of R® containing x and a function f € Ck(U R) that
agrees with f on UNH" C U. In this case we write f € C*(U;R). In case f € C*(U;R) for all
k € N we say that f is smooth and write f € C®°(U;R). A function f : U — V between open
subsets U and V of H" is called smooth diffeomorphism if it is bijective and both f and f~!
smooth.

A topological n—manifold with boundary is then a second countable Hausdorff space M in which
every point has a neighbourhood homeomorphic either to an open subset of R™ or to an open subset
of H"™. An interior chart (U, ¢) for M is an open subset U C M together with a homeomorphism
¢ : U — ¢(U) onto an open subset of R™. We call (U, ¢) boundary chart if U C M is open and
¢ : U — ¢(U) is a homeomorphism onto an open subset ¢(U) of H" such that ¢(U) N oH™ # 0. If
(U, ¢) is a chart around p we call ¢ = (x!,...,2™) local coordinates on U and ¢~! : V — U local
parametrisation around p. A point p € M is called interior point of M if it is in the domain of
some interior chart. It is a boundary point of M if it is in the domain of a boundary chart that
maps p to OH™. The set of all boundary points of M is denoted by dM, the boundary of M. The
interior intM of M is the set of all interior points. Theorem [89, Theorem 1.37] shows that OM
and intM are disjoint sets whose union is M.

As in the case of manifolds without boundary we call two charts (U, ¢) and (W) smoothly
compatible if the transition map Yo¢~! : (UNW) — (UNW) is a smooth diffeomorphism. An
atlas A for M is a collection of charts whose domains cover M. An atlas A is called a smooth atlas
if any two charts in A are smoothly compatible. A smooth atlas is maximal if it is not properly
contained in any larger smooth atlas. Such an atlas is called smooth structure on M. A smooth
n—manifold with boundary is a pair (M, A) with M a topological n—manifold with boundary and
A a smooth structure on M. Every smooth atlas A on a topological n—manifold with boundary
is contained in a unique maximal smooth atlas, called the smooth structure determined by A.

Given two smooth manifolds (M, .A) and (N, B) with or without boundary of dimension m and n,
respectively, a function f : M — N is of reqularity C*, k € N, if for every p € M there exist charts
(U, ¢) € Aaround p and (V1) € Baround f(p) such that f(U) C V and tofop=t: ¢p(U) — (V)
has regularity C*. In this case we write f € C*(M; N) and it is readily checked that f is continuous
and that 1 o f o ! has regularity C*¥ on ¢(U N f~1(V)) for all charts (U, ¢) € A and (V, ) € B.
In the case that f € C*(M; N) for all k € N we say that f is smooth and write f € C(M; N). A
C* —diffeomorphism from M to N is a bijective function f € C¥(M; N) with f~! € C¥(N; M). We
say that M and N are C* diffeomorphic if there exists a C*—diffeomorphism between them. A local
C* —diffeomorphism from M to N is a function f € C*(M; N) such that every point p € M has a
neighbourhood U with f(U) open in N and such that fi;y : U — f(U) is a C*—diffeomorphism.
To characterise functions on manifolds by their local behaviour on the manifold we need partitions
of unity, see [89, page 43].

Definition A.1 (Partition of unity). Let M be a topological space and let U := (Uy),c4 be an
arbitrary open cover of M, indexed by a set A. A partition of unity subordinate to U is a family
(Ya)qea of continuous functions 1, : M — R such that

(i) 0 <u(p) <lforallpe M and all « € A,

(i) supp s := {p € M : 4(p) # 0} C U, for each « € A,

(iii) every point in M has a neighbourhood that intersects supp 1, only for finitely many «,

(iv) Y aca¥alp) =1forallpc M.
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If M is a smooth manifold with or without boundary, a smooth partition of unity is one which
satisfies 1, € C°(M;R).

Theorem A.2 (Existence of partitions of unity). Suppose M is a smooth manifold with or without
boundary and U = (Ua),ca @5 an open cover indexed by a set A. Then there exists a smooth
partition of unity on M subordinate to the covering U.

Proof. This is shown in [89, Theorem 2.23]. O

A.1 Linear concepts associated to manifolds

In the following we recall the concept of tangent spaces to a smooth manifold that allow to introduce
the differential of functions between manifolds, a coordinate independent derivative which can be
generalised to the covariant derivative of tensor fields. We hereby use the definition of tangent
spaces given in [89, Chapter 3, pages 50-65]. An overview of common alternative definitions can
be found in [89, Chapter 3, pages 71-75].

Let (M, A) be a smooth n—manifold. Given p € M a R-linear map v : C*° (M;R) — R is called
a derivation at p if for all f,g € C*° (M;R) the product rule

v(fg) = f(p)v(g) +v(f)g(p)

is satisfied. The set of all derivations at p is called the tangent space to M at p. It is denoted
by T, M. An element of T, M is called a tangent vector at p. The tangent space T, M is a vector
space over R with respect to pointwise addition and scalar multiplication. A derivation v € T, M
vanishes on the constant functions and for f,g € C°(M;R) with f(p) = g(p) = 0 there holds
v(fg) = 0.

Given two smooth manifolds M and N, a function F € C*°(M,N) and a point p in M, the
differential of F' at p is the linear map dF), : T,M — Tp,) N defined as dF,(v)f := v(f o F) for
veT,M and f € C°(N;R).

If F' is a smooth diffeomorphism, the differential d£}, is an isomorphism of vector spaces.
Further properties of the differential are discussed in [89, Chapter 3]. The differential of functions
F € CY{(M;R™), m € N, is defined in Remark

It is worth mentioning that given an open subset U of a smooth manifold M, the differential of
the inclusion ¢ : U — M induces an isomorphism between the tangent spaces at every point in U.
This corresponds to the property that derivations act locally in the sense that they only depend on
the values of the function in a small neighbourhood of the considered point, see [89, Proposition
3.8, Proposition 3.9].

This yields in particular that the tangent space to a smooth manifold without boundary of dimen-
sion n at any point is an n—dimensional vector space, see [89, Proposition 3.10].

The same holds true in the case of smooth manifolds with boundary as the differential of the
inclusion ¢ : H"” — R™ is an isomorphism of the vector spaces T,H" and T,R™. We refer to [89]
Lemma 3.11, Proposition 3.12] for the precise arguments.

Every chart of a smooth manifold induces a basis of the tangent space of each point in the domain
of the chart. To understand how these basis vectors act as derivations one has to think about the
manifold structure of a vector space. The following result is taken from [89, Example 1.24]. We
give some details here as we need it several times.

Proposition A.3. Let V' be a vector space of dimension n. Then there exists a topology and a
smooth structure on V' independent of any choice of basis with respect to which V is a smooth
manifold without boundary of dimension n.
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Proof. Let £ := (E1,...,E,) be a basis of V and let w € V be a vector. Then there exist
coefficients w® € R such that w = w'E; and we can assert a norm to w € V by setting ||w||§v =
S (w')?. With respect to this topology the mapping E that sends z = (z',...,2") € R"
to the vector x'F; is a linear isomorphism and in particular continuous. Thus the topology
induced by ||-||¢,v is Hausdorff and second countable and V' is locally Euclidean of dimension n. If
E= (El, . ,En) is another basis of V', we have two norms on R" via [|z([¢ p. = HzlEiHsv and
HIHan = ||x1]§1 H?,V' As all norms on R” are equivalent, the two bases € and £ induce the same
topology on V and thus the topology is independent of the chosen basis. Moreover, the transition
map E~1oE:R" — R" is smooth being linear and invertible. Thus any two charts (V, E _1) and
(V, Eil) are smoothly compatible and their collection defines a smooth structure on V. O

Proposition A.4. Let V be an n—dimensional vector space with its standard smooth manifold
structure introduced in . For each a € V' the map v (Dv‘a :C®°(V;R) — R) acting on
f e C=(V;R) via

d
Duvf == af(a + tv)|t=0 ,
is a canonical isomorphism from V to T,V . In particular, with ey, ..., e, denoting the standard

basis on R™, the n derivations %Ia = (Dei)m form a basis of the tangent space T,R™.

Proof. 1t is straightforward to verify that Dv, is a derivation at a for every v € V and that
v+ Dy, is linear. The arguments in [89, Proposition 3.2] imply that the map is an isomorphism
which does not depend on any choice of basis for V. O

Proposition A.5 (Basis on the tangent space induced by local coordinates). Let (M, .A) be a
smooth n-manifold, p € M and (U, ¢) € A a coordinate chart around p. Then the n derivations

| ; 1< ; >
oz} = — :=(d .
P Oxtp (d95) 07 4(p)

form a basis of the tangent space T, M and for any f € C*>°(M;R) it holds that

of 0y OU0T) (),

oxtp ~ Oxlpp or;

In the case p € OM the derivation of fod™ ' with respect to the n-th component should be understood
as a one-sided derivative. Given v € T,M, the coefficients v® in the representation v = vi%‘p
are called the components of v with respect to the chart (U, ).

Proof. Suppose that p € M is an interior point. As the coordinate map ¢ : U — ¢(U) is a
smooth diffeomorphism, the differential d¢, : T,U — Ty, ¢(U) is a linear isomorphism. Us-
ing the identifications T,U = T,M and Ty, ¢(U) = Ty»R™ we conclude that the preimages

(dqbp)_1 (%Iaﬁ(p))’ i€ {1,...,n}, of the basis %Iaﬁ(p) of Ty(p)R™ form a basis of T),M. Moreover,

for every f € C°°(M;R) we have

I B ) 0 _
(4%2) <5wi ¢<p>) f= Wogg) (Ww)) £ = o 2 )
O(foop?
= (Dei) ) (Fod™') = (f&j)w(p))-

In the case that p is a boundary point, one has the identifications T,,U = T, M and T, p(U) =
9

Ty(pyH"™ = Ty, R". Following the proof of [89, Lemma 3.11] one sees that the preimage of 57 6(p)
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under di¢(p) : T¢(p)Hn — T¢(p)Rn acts on fe Ok (Hn; R) by

(Fiow) +hea) = Flo) -

S| =

6 ~
1 _ 5
Voir) (<9x”|¢<p>> =
0

Remark A.6 (Differential of non-smooth real-valued functions). Let M be a smooth n—manifold,
p € M and (U, ¢) € A a coordinate chart around p. Given f € C*°(M;R) and g € C*°(R;R)
Proposition yields

dfp( ; >9—8 <gof>:a8 (90 F0671) (60) = ¢ (P2 (£ 0.67) (6(p))

ozt |p ozt |p T 0x;
where in the case p € OM derivation with respect to the n-th component should be understood
as a one-sided derivative. Using the identification TR = R due to Proposition @ we obtain

dfp (%\z) = 8%1- (f o (;5_1) (¢(p)). Based on this observation we may now define the differential

of a function f € C*(M;R™), m € N, as follows: given v = ai%m € T,M we set

; 0 ;0 0 ;0 . 0
o) = aaf, (5 Jimatgn fmaph = a e = a2 (7007 ()

oz |p

where in the case p € OM the expression % (f o (b_l) (¢(p)) is a one-sided derivative. One
readily checks that the term dfy,(v) is independent of the chosen chart (U, ¢) around p and that

dfp : TpM — R™ is linear.

Proposition A.7. Let (M, A) be a smooth n-manifold with boundary, let p € OM be a boundary
point and (U, @) € A a chart around p. The expression

T,M* = (dgp) ™" (diy L, (intH"))

is independent of the chosen chart (U, ¢). Hereby, we use the identifications Ty (U) = Ty H"
and intH"™ C R™ = Ty, R™ and denote by i : H" — R" the inclusion map. Using the identification
T,M = T,U we view T,M™" as a subset of T,M.

Proof. Let p € OM and (U, ¢), (V,4) be two charts around p. Suppose that
1 g1 n
v € (dy) " (digg, (intH™)).

Then there exist a',...,a™ € R with a” > 0 such that d(i o ¢),(v) = (a',...,a™) where we
identified R™ and Tg(,)R™. This implies

;0
o —1 .—1 1 n _ -1 [
dy,(v) =d (oo )¢(p) (dz¢(p)(a ooa) =d(poo )¢(p) <a py <i>(p))
where a%\ () should be understood as a one-sided derivative. Given f € C*(¢(V);R) the
derivation di,(v) € Ty (V) = TypH™ acts as

_ i o b1 9 _ a2 oppop!
d@/’p(v)f_ad(w ¢ )¢(P) 8xi‘¢(p)f_aaxi|qb(p) (f oo )
0oty 9

=a T((b(p))@lw(mf'
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Using again the identification T, R™ = R" we obtain

diaip (@0(0) = (@ 222 o)t L ) ).
As (Yoo !) (p(UNV)N(R™ x {0})) C R"* x {0} we conclude that for all i € {1,...,n— 1},
A2 (509)) =o0.

Furthermore, the property (z/J o QS*l) (p(UNV)) C H* and ¥(p) € OH™ implies

o™ )"

o (6(0) = 0.

As the matrix D (¢ o 1) (¢(p)) is invertible, we conclude

A(pop h)"
Oxy,

which shows diy,y(de,(v)) € intH". O

(¢(p)) >0

In the following we introduce the most important bundles on a smooth manifold (M, A) of dimen-
sion n.

The tangent bundle of M is defined as the disjoint union

T™ = | | T,M = ] {(p.v) : veT,M} .
pEM peEM

We denote by 7 : TM — M the projection defined by 7(p,v) = p. Given p € M we often use the
identification {(p,v) :v € T,M} = T,M.

It is shown in [89] Proposition 3.18] that there is a natural topology and smooth structure on the
tangent bundle turning it into a 2n—dimensional smooth manifold. Given (U, ) € A we define a
chart (7=1(U), @) for TM by ¢ : #=1(U) — R?",

= zi _ 1 n 1 n
@(p,v axip) = ((p (p)y- 0" (p),v7y ... 0 )

If M is a manifold with boundary and (U, ¢) is a boundary chart for M, then rearranging the
coordinates in (77*(U), ¢) yields a boundary chart for TM.

A wvector field on M is then a section in the bundle T M, that is, a mapping X : M — TM such
that X (p) € T,M for all p € M. The components of X with respect to a chart (U, ¢) € A are the
functions X : M — R such that X (p) = Xi(p)%lp for all p € U. Here we used the identification
{(p,v) :v € T,M} = T,M. We define X*(M) to be the set of C*—vector fields on M.

One easily observes that a vector field X : M — TM is of regularity C*, k € Ny, if there exists
an atlas A C A such that the components of X with respect to every chart in the atlas are of

regularity C*.

Similarly to the tangent bundle one defines the cotangent bundle of M as the disjoint union

M= | | (G,M)" = [ {(p,n) :n € (T,M)},
peEM pEM

where (T, M)* denotes the dual space of T,M. We denote again by = : T*M — M the projection
defined by m(p,n) = p.
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One easily verifies that given a chart (U, ¢) € A and p € U, the linear functions dz}, : T,M — R,
i € {1,...,n}, form a basis of (T,M)* where 2° : U — R is the i-th component of ¢ : U — R.
This is the dual basis to the basis %‘p, i€ {1,...,n}, of T,M associated to the chart (U, ¢).

In particular the components of a cotangent vector n € (T,M)* with respect to the basis dx;,,
i €{l,...,n}, are given by n* =7 (%‘p).
In analogy to the tangent bundle there is a natural topology and smooth structure on the cotangent

bundle turning it into a 2n—dimensional smooth manifold. Given (U, ) € A we define a chart
(ﬂfl(U), g'E) for T*M by ¢ : 71 (U) — R?",

¢ (p,n) = (@1(p),~~7<0"(p)7n (;zlp) s ] (82”)) :

If M is a n—manifold with boundary and (U, ¢) is a boundary chart for M, then rearranging the
coordinates in (7T71(U), QZ) yields a boundary chart for T M.

Given 1, s € Ny such that r+s € Nand p € M, a (r,s)-tensor on T,M is a (r + s)-linear mapping

n:TpM x - x T,M x (T,M)* x --- x (T, M)* = R.

T S

We denote by T (T, M) the vector space of (r,s)-tensors on T, M and call its elements r-times
covariant and s-times contravariant adopting the convention T9(T,M) = R.
In the case r + s € N one easily checks that given a chart (U, ¢) around p € M the family

; ; 0 , . )
{dxg@'--@dxg@ '11,...,2T,]1,...,js6{1,...7n}}

Ozt |p Oxs Ip '
forms a basis of the n"**-dimensional vector space T:(T, M) where %‘p should be understood as
an element of ((7T,M)*)* via the evaluation mapping.
Again one shows that the (r, s)-tensor bundle T.?(M) on M defined as the disjoint union

T3(M) = | | T3 (1,M) = | {(p.n) : n € T3 (T,M)}
pEM peEM

possesses a natural smooth structure of a (n+n"**)-manifold. A map T : M — T M is said to be a

(r, s)-tensor field if T'(p) € T;? (1, M) for all p € M identifying as usual {(p,n) : n € T (T, M)} and
T3 (T, M). Given a chart (U, ¢) € A there exist functions T} "/* : U — R, called the components
in the chart (U, ¢), such that for all ¢ € U,

— qd1eds i i 9 9

T(q) =T 7 (gdag ®- - @dry @ Oxit g~ Qadeyg
A (0,0)-tensor field is a function f: M — R with component in the chart (U, ¢) given by fy.
As in the case of vector fields one easily observes that a (r, s)-tensor field T': M — T? M is of class
C*, k € Ny, if around every point p € M there exists a chart (U, ¢) € A such that the components
Tijl{’.'.'."’i{f in this chart are of regularity C*.
We define the notion of linear connections as in [75, Chapter 1.1]. Given X € T,M and f €
CY(M;R) we hereby set X(f) :=df,(X) as introduced in Remark

Definition A.8 (Linear connection). Let (M,.A) be a smooth n—manifold. A linear connection
Don M isamap D:TM x X'(M) — TM such that

1 forallpe M, X € T,M,Y € X' (M), D(X,Y) € T, M,
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2. forallpe M, D:T,M x X'(M) — T,M is bilinear,
3. forallpe M, X e T,M,Y € X'(M) and f € C*(M;R),
D (X, fY) = X(f)Y(p) + f(p) D(X,Y),
4. for all X € X*¥(M), Y € X*¥1(M), k € Ny, the vector field D(X,Y) defined by p ~
D(X(p),Y) is of regularity C*.

We write Dx(Y) := D(X,Y) and call Dx(Y) the covariant derivative of Y with respect to X.
Given a chart (U, ¢) € A we set
Vi =D o

Er

The functions Fﬁj : U — R that satisfy for all 4,5 € {1,...,n}, pe U,

0 0
A2 ) =1t (2
Vi (8933) (p) =Ti;(p) i
are called the Christoffel symbols of D in (U, ¢).

It is easy to verify that Féj € C*(U;R) and that for all p € U, X = X' 82” € T,M and
Y € XY(M) with Y = Y752 on U,

oYy
ozt

m+%@W@)a

afl}'-] Ip '

Dx(¥)(p) = X'()(TY)0) = X' (o)

Definition A.9 (Covariant derivative of tensor fields). Let (M, .A) be a smooth n—manifold, D
a linear connection on M, r,s € Ng with 7 + s € N and T a (r, s)-tensor field on M of class C*.
Givenp € M, X € T,M and (U, ¢) € A a chart around p, we define Dx (T') to be the (r, s)-tensor
on T,M defined by (Dx(T))(p) = X*(p)(V.T)(p) where

8T11 Js
J1---Js . 21 Zr E Jl Js 2 ]1 Jk—1QJk+1---Js
(v T)’Ll A (p) : Fuk 11 7. 1a2k+1zr + F 21 g (p) °

Given a (r,s)-tensor field T' of class C*, k € N, we let VT be the (r + 1, s)-tensor field of class
C*=1 whose components in a chart (U, ¢) € A are given by

(VT)Jl -Js —<vi1T)]1 Js

(SR P 2.0yl

The expression VT is called the covariant derivative of the tensor field T

In the case that T"is a (0, 0)-tensor of regularity C!, (that is, a function in C*(M;R)) the expression
Dx(T) with X € T,M, p € M in a chart (U, ¢) € A reduces to

o) = (A1) (X). (A1)

the directional derivative of T' with respect to X as defined in Remark[AZ6] The covariant derivative
VT is the (1,0)-tensor field with representation in (U, ¢) given by

oT
oz’

the differential of T. If T lies in C%(M;R), the components of the (2, 0)-tensor field V2T := V(VT)
in a chart (U, ¢) are given by

(DxT)(p) = X' (p)(V:T)(p) = X" (p)

VT(p) = 5~ (p)dz), = dT;,,

2 o1 o1
(V1) 0) = (V (V) ) = (% (VD) () = S50 o — oty 22

ailik

(¢(p)) -
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Definition A.10 (Higher covariant derivatives of functions). Let (M, .A) be a smooth n—manifold
and let D be a linear connection on M. Given f € C™(M;R), m € Ny, we define the k-th
covariant derivative V¥ f of f with respect to the connection D by

VOfi=f,
VFf =V (VEY), 1<k<m.

The following proposition follows from [97, Lemma 1.3].

Proposition A.11 (Higher covariant derivatives in local coordinates). Let (M,.A) be a smooth
n-manifold, D a linear connection on M and f € C™(M;R) with m € N. Given 1 < k < m the
components of the (k,0)-tensor V¥ f in the chart (U,¢) € A are of the form

9*(foo™")

<ka)i1...ik (p) = m((b(p))

k—1 n 1
£ s ), Do), . D) Y0 D ey (A
=

Ox;, -+ 0x;
1 j1,--0=1 J1 Ji

where every expression S’fl g (F(p) DI'(p),... ,Dk_l_lf(p)) in the sum represents a polynomial
in the Christoffel symbols (FO‘ P ) and their derivatives in the chart (U, ¢) up to order k —1— 1.

Proof. As in [97, Lemma 1.3] the proof follows by induction with respect to 1 < k < m. Let
(U, ¢) € A be given. The case k = 1 follows directly from . Suppose that 1 < k <m —1 and
that the components of V¥ f in the chart (U, ¢) are given by the formula (A2)). By definition of
the covariant derivative we obtain

(VF11) () = (V (V*F)) (p) = (Vi (V*1))

k
_ a(ka)lzlk-H ir
- Hxi mz

()

i1 k41 1141 020k 41

22 ..ilfloéiH,li)H,l (p) *

Inserting the formula (A.2) for the components of V¥ f yields

. L (fog! -
k+1 _ . L
(V f>i1~~»ik+1 (p) - 33%1 . 8I1k+1 ZF’U’LL 12 ~~Zl—1all+1lk+1(p) (AS&)
n L 8l+1(f0¢_1)
Ji---Ji k—1-1
+Z > s (C(p), DT(p),..., D I'(p)) s, 0, Oy, (¢(p)) (A.3b)

=1 j1,....51=1

DD 51(553 9 (0,DT,.. D) 0 67 (60) 220D (o). (A0

O, - Oy,

The second term on the right hand side of is already in the desired form. In the ex-
pression derivatives of f o ¢~! of order k¥’ € {2,...,k} appear with coefficients that are
polynomial in the Christoffel symbols and their derivatives up to order at most (k+ 1) — k¥ — 1.
Finally, we notice that also the terms in fit into the desired formula as

0 g - _
Er (S7-0(0,Dr,..., DT ) 0 ™) (6(p))

is a polynomial expression in the components of I' and their derivatives up to order at most
k—l-14+1=(k+1)—-1-1. O
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A.2 Embedded submanifolds and the boundary of a mani-
fold

In this section we discuss properties of embedded submanifolds with particular emphasis on the
features of the boundary of a smooth manifold. Unless stated otherwise the considered manifolds
may be with or without boundary in the following.

Let (M, A) and (N, B) be smooth manifolds of dimension n and m, respectively. Amap f: N — M
is called smooth immersion if it is smooth and has injective differential df, : T,N — Ty,)M at
every point p € N. A smooth embedding of N into M is a smooth immersion f : N — M that
is a homeomorphism onto its image f(N) C M with respect to the subspace topology on f(NV).
A smooth embedded submanifold (with boundary) of M of dimension 0 < m <n (1 <m < n) is
a subset S C M that is an m—dimensional topological manifold (with boundary) in the subspace
topology endowed with a smooth structure with respect to which the inclusion map i : S < M is
a smooth embedding.

The following result shows that smooth embedded submanifolds of M are precisely the images of
smooth embeddings.

Proposition A.12. Let (M, .A) be a smooth n—-manifold. Let (N,B) be a smooth manifold (with
boundary) of dimension 0 < m <n (1 <m < n). Suppose that f : N — M is a smooth embedding.
Then f(N) is a smooth embedded submanifold (with boundary) of M of dimension m.

Proof. With respect to the subspace topology inherited from M the set f(N) is Hausdorff and
second countable. As f : N — f(N) is a homeomorphism with respect to the subspace topology on
f(N), the set By := {(f(U),po f~1): (U,¢) € B} is an atlas for f(N). All charts within B are
smoothly compatible, f : (N,B) — (f(IN), By) is a smooth diffeomorphism and possible boundary
points of N are mapped to boundary points of f(N). Thus the inclusion i : (f(N),By) — (M, A)
is a smooth embedding being the composition of the smooth diffeomorphism f=!: (f(N),Bs) —
(N, B) and the smooth embedding f : (N, B) — (M, A). O

Embedded submanifolds without boundary can be characterised by the existence of certain charts.

Definition A.13. Let (M,.A) be a smooth n—manifold. Given a subset N C M and 0 <m <mn
we say that N satisfies the local m-slice condition if each point of N is contained in the domain
of a chart (U, ¢) € A such that

HINNU) = {(z*,..., 2™ 2™ 2" €pU): 2™ =... = 2" =0}.

Any such chart is called slice chart for N in M and the corresponding coordinates are called slice
coordinates.

Theorem A.14 (Local slice criterion for embedded submanifolds). Let (M,.A) be a smooth n—
manifold and let 0 < m < n. Fvery smooth embedded m—dimensional submanifold of M without
boundary satisfies the local m-slice condition. Conversely, if N is a subset of M that satisfies the
local m-slice condition, then with the subspace topology N is a topological manifold of dimension
m and it has a smooth structure turning it into an m-dimensional smooth embedded submanifold
of M. This structure is given by the maximal smooth atlas containing the charts

{{(NNU,mrog¢oi): (U o) € Ais a slice chart for N}

where 7 : R™ — R™ denotes the projection on the first m components if m > 1, or m : R™ — {0},
if m =0, respectively, and i : N — M is the inclusion mapping.
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Proof. This is shown in [89] Theorem 5.8]. O

There is an analogue to the local m-slice condition for embedded submanifolds with boundary,
see [89] Theorem 5.51].

Given a smooth manifold with boundary, the boundary is itself a smooth embedded submanifold
without boundary.

Proposition A.15 (Induced structure on the boundary). Let (M,.A) be a smooth manifold with
boundary of dimensionn € N. Then OM is a smooth embedded submanifold of M without boundary
of dimension n — 1 with smooth structure given by

Aoy :={(OMNU,ropor): (U¢) €A is a boundary chart}

where w : R™ — R"~! denotes the projection on the first n—1 components ifn > 2, or 7 : R — {0},
ifn=1, and v: OM — M is the inclusion mapping.

Proof. The set OM C M satisfies the local (n — 1)-slice condition. For any p € 9M there exists a
chart (U, ¢) € A around p such that ¢(U) is open in H" and ¢(p) € OH". By [89, Theorem 1.37]
every boundary chart (U, ¢) satisfies p(U NOM) = ¢(U) N OH". O

Proposition A.16. Let (M, A) be a smooth manifold with boundary of dimension n € N. Then
for every p € OM the space T,0M can be identified with a subspace of T,M of dimension n — 1.

Proof. The boundary OM is a smooth embedded submanifold of M of dimension n — 1 and the
inclusion map ¢ : OM — M is a smooth embedding. In particular for every p € OM the differential
dep + T,0M — T, M is injective which allows us to identify 7,0M with the n — 1 dimensional
subspace du, (T,0M) of T, M. O

Given a boundary point p and a chart (U, ¢) € A around p, it follows from [79, Chapter 6.3, Lemma
2] that if the n-th component of v € T, M with respect to the chart (U, ¢) is positive (negative,
zero), then it is positive (negative, zero) with respect to every chart around p. Moreover, the
vector v lies in T,0M if and only if its n—th component with respect to one (then every) chart
around p is equal to zero. The vector v is called inward-pointing (outward-pointing) if its n—th
component is positive (negative).

Definition A.17 (Outward-pointing vector fields). Let (M, .A) be a smooth manifold with bound-
ary of dimension n € N. An outward-pointing vector field along OM is a map N : OM — TM
such that for all p € OM the vector N(p) lies in T, M and is outward-pointing. The vector field
N is of regularity C*, k € N, if around every boundary point p there is a chart (U, ¢) € A such
that the components N in the representation N(q) = Ni(q)%‘q, qg € UNOM, are of regularity

CkonUNOM.

A.3 Orientability of manifolds and integration of differen-
tial forms

In the following we introduce the concept of orientability of a manifold and the integration of
differential forms on compact manifolds.

Given a real vector space V of dimension n € N, two bases (E1,..., E,) and (El, ceey En) for V
are consistently oriented if the transition matrix (B;) determined by the relations E; = B] F; has
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positive determinant. This is an equivalence relation on the set of all ordered bases and there are
exactly two equivalence classes. An orientation for a real vector space of positive dimension is an
equivalence class of ordered bases. A vector space together with an orientation is called oriented
vector space. Any basis that is in the given orientation is called (positively) oriented. Any basis
that is not in the given orientation is said to be negatively oriented.

An orientation for a zero dimensional vector space is simply a choice of one of the numbers +1.

Given a smooth manifold (M,.A) of dimension n, a pointwise orientation on M is a choice of
orientation on each tangent space. The manifold M is called orientable if there exists a pointwise
orientation on M such that for every p € M there is a chart (U, ¢) € A such that (%‘q, e %‘q)
is positively oriented for all ¢ € U. The manifold M together with its orientation is called oriented
manifold. A chart (U, ¢) is called positively (negatively) oriented if (%‘q, ceey %M) is positively

(negatively) oriented for every ¢ € U.

We notice that every 0-dimensional manifold is orientable by just assigning (arbitrarily) 1 or —1
to each point.

Given an oriented smooth manifold (M,.A) and two charts (U, ¢),(V,9y) € A there holds the
relation
0 9 (¢ op~t 0
o = %W(ﬁ))m .
Y Ip Yi T’ |p

Thus a chart (V,9) € A is positively oriented if and only if for all positively oriented charts
(U,¢) € Awithp € U, det D (¢ op™1) (1)(p)) > 0. As the expression det D (¢ o p~1) (z) € R\{0}
depends continuously on = € (U NV), a chart (U,¢) € A with connected domain U is either
positively or negatively oriented.

The set Ao = {(U,¢) € A : (U, ¢) is positively oriented} is a smooth atlas for M and it is the
maximal smooth atlas containing all positively oriented charts.

A smooth local diffeomorphism ® : M — M of an oriented smooth manifold (M, .A) is called
orientation preserving if for each p € M and each positively oriented basis (vy,...,vy) of T,M,
the elements (d®,(v1),...,d®,(v,)) form a positively oriented basis of T, M.

One easily observes that a smooth local diffeomorphism ® : M — M is orientation preserving if
and ounly if for all p € M and all positively oriented charts (U, ¢) and (V,) € A around p and
®(p), respectively, the determinant of D (1/1 odo ¢*1) (¢(p)) is positive.

Furthermore, given an orientation preserving diffeomorphism ® : M — M, the inverse ® ! is
orientation preserving and for every positively oriented chart (U, ¢) € A, the chart (®(U),$ o &)
is positively oriented.

We remark that the notion of orientability of manifolds presented in [89, Chapter 15] is slightly
more general than the definition presented here. In the case that dM is empty or the dimension
of M is greater than 1, these two definitions are equivalent which follows from [89, Proposition
15.6].

Proposition A.18 (Induced orientation on the boundary). [89, Proposition 15.24]

Let (M, A) be an oriented smooth manifold with boundary of dimension n € N. Suppose that
N is any smooth outward-pointing vector field along OM and let v : OM — M denote the in-
clusion mapping. Then OM is orientable and OM has a unique orientation such that for all
p € OM the vectors (vi,...,vn—1) form a positively oriented basis for T,0M if and only if
(N(p),dep(v1), ... ,dip(vn_1)) is a positively oriented basis for T,M. Moreover the orientation
is independent of the choice of the outward-pointing vector field N .
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Proof. This result is shown in [89, Proposition 15.24]. In the case that n = 1 one assigns the
number +1 (or —1) to p € OM if N(p) is positively (or negatively) oriented, respectively, as
explained in [89, Remark 15.21]. O

The orientability of a manifold is an important tool needed to define the integration of differential
forms on manifolds which are introduced in the following.

Let V be a real vector space of dimension n € N with dual space V*. Given m € N an alternating
m—form on V is a multi-linear map w : V™ — R such that w(vy,...,vy,) =0forall vy, ... v, €V
with v; = v; for some 7 # j. The set of all alternating m—forms on V is denoted by A™(V*).

As V is finite dimensional, the space of all m—multi-linear maps can be identified with the space
T™ (V*) of m—covariant tensors on V' of which the alternating m—covariant tensors A™ (V*) form
a subspace. By convention, T°(V) = A°(V) = R.

In [89, Proposition 14.9] it is shown that A™(V*) is one dimensional and given w € A™(V*), a basis
e1,...,en of Vand v; = agej with af € R it holds that w(vy,...,v,) = det((af))w(el, cey€n).
Given ¢1,...,pr € V*, k € N, the exterior product ¢1 A --- A o € A¥(V*) is defined as

(p1 Avee i) (vn, - ow) = det ((i(v))),_,) (A.4)

for all vy,...,vx € V. It is shown in [89, Proposition 14.8, 14.11, 14.12] that given m, j € N, there
is a unique bilinear mapping, called wedge product or exterior product,

A AT(VF) x AT(VF) — ATH(V) (w,0) —»wAo,
such that for all 1, ..., %m,1,...,n; € V7,

(D1 A Abm) AN Am) =LA A A A== Ay

in the sense of (A.4]). Moreover, if vq, ..., v, is a basis of V with dual basis v, ..., v}, then

s Yno

{vfl/v--/\v*m : 1§i1<---<z’m§n}

7

forms a basis of A™(V*).
In analogy to the concept of tensor fields, we now introduce functions that assign to every p € M
an alternating m—form on 7, M.

Definition A.19 (Differential forms). Let (M,.A) be a smooth n—manifold with n € N and let
0 <m <n. A differential form of degree m on M is a section in the bundle

AT (TM)) = || A ((TM)7)
peEM

A differential form w has regularity C*, k € Ny, with respect to a chart (U,¢) € A if for all
1< 1y, b < n the components

Wi seoim 2 U = R, p»—>wp( g 4 >

Oxt |p’ Y Oxhtm |p

are of regularity C*. The differential form w has regularity C* on M if it has regularity C* with

respect to the charts of an atlas A C A. In this case we write w € QE’I;)M. The exterior product
of w € O (M) and o € ng)(M) with 0 < j+m < n is the form w Ao € QZ;”(M) defined by
(WA @), = w, Aoy for all p € M. The interior product X w € QrH (M) of X € XF(M) and

(k)
w € Q) (M) is the differential form defined by
(X_:w)p (V15 Um—1) == wp (X(P), V1, -, Un—1)

forpe M and vy,...,Vm—1 € T,M.
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We observe that the tangential bundle of degree 0 can be identified with the set of real-valued
functions on the manifold.

Definition A.20 (Integrability of n—forms). Let (M, .A) be a smooth compact oriented n—manifold
with n € N, let (U;,¢;) € A, i € {1,..., N}, be positively oriented charts that cover M and ()
a smooth partition of unity subordinate to this covering. A differential form w of degree n is said
to be integrable if

gi = (Yiwr,n) o ¢ i(Ui) » R

is Lebesgue integrable for all 7 € {1,..., N}. In this case we define

N
w = gi(z)dz.

It is well-known in the literature that this definition is independent of the chosen covering of
positively oriented charts and the partition of unity, see for example [89, Proposition 16.5].
According to [89] page 406], in the case that M = {y1,...,yn} is a compact oriented O—dimensional
manifold, the integral of a O—form on M, that is a real-valued function f : M — R, is defined by

N
Af—;tmn

where points with positive orientation get positive signs, and points with negative orientation
negative ones.

Proposition A.21 (Integrability of continuous n-forms). Let (M, A) be a smooth compact oriented
n-manifold, n € N. Every continuous n—form on M is integrable.

Proof. Let (U;,¢;) € A, i € {1,...,N} be any covering of M by positively oriented charts and let
(1;) be a smooth partition of unity subordinate to this covering. Then it is enough to check that

0] 0
gi(x) =i (67 (@) wyr1(0) <5w1¢i1<z)""’ ax"ml(w))
is Lebesgue integrable on ¢;(U;) for every i. The functions 1); oqﬁ;l and wl,__.moqsi_l have regularity
C* and C° on ¢;(U;), respectively. The support of g; is contained in ¢; (supp ;). The set supp ;
is compact in M being a closed subset of the compact set M. Hence ¢; (supp ;) is compact in
R™ and g; is bounded being a continuous function with compact support which yields

/ mmmm:/ 6:(2)] d < [lgilloo A™ (65 (supp 1)) < 00,
¢: (Us) ¢; (supp ;)

where A" denotes the Lebesgue measure on R™. O

A.4 Riemannian manifolds and normal coordinates

This section is devoted to Riemannian manifolds and the construction of normal coordinates.
Let (M,.A) be a smooth n-manifold. A C*-Riemannian metric g on M, k € Ny, is a family of
positive definite symmetric bilinear forms g, : T, M x T, M — R such that for all charts (U, ¢) € A
and all 4,5 € {1,...,n} the map

0 0
gig U= R, e (Wp’asz)
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is of regularity C*. In the case that all g;; are smooth we say that g is a smooth Riemannian
metric. A smooth Riemannian manifold is a smooth manifold with a smooth Riemannian metric.
A Riemannian manifold of reqularity C*, k € Ny, is a smooth manifold endowed with a C*-
Riemannian metric g which is then a (2, 0)-tensor field g : M — T9 (M) of class C*. Moreover, for
every chart (U, ¢) € A and every p € U the matrix G(p) := (g;;(p)) is positive definite with inverse
G7(p) =: (¢"(p)). On every tangent space T, M the metric induces a norm by |v|y := \/g,(v,v)
for v € T, M.

The additional structure provided by a Riemannian metric allows to generalise concepts that are
known from Euclidean geometry. Given a Riemannian manifold (M, A, g) of regularity C*, k € Ny,
the gradient of a function f € C'(M;R), [ € N, is the unique vector field gradf on M such that

9p (graudpf7 w) =dfp(w)

for all p € M and all w € T, M, where d f, for non-smooth f is introduced in Remark[A.6] Instead
of gradf we also write Vs 4f to indicate the dependence on the metric. One easily checks that
the representation of gradf with respect to a chart (U, ¢) € A is given by

af o

Ox' 1p Oz |p

grad, f = " (p) (A.5)
In particular, gradf lies in A™n{=LE}(Ar),

The Riemannian metric further allows to define an integral on the manifold which applies to any
continuous function on the manifold. This is due to the existence of the Riemannian volume form
that yields a one to one correspondence between n—forms and scalar functions of a given regularity.

Proposition A.22 (Existence of Riemannian volume form). Let (M, A, g) be an oriented Rie-
mannian manifold of regularity C* with k € No. Then there exists a unique differential form
wg € G, M, called the Riemannian volume form, such that (wg), (v1,...,v,) =1 for every posi-
tively oriented orthonormal basis of T,M and every p € M. The component of w in any positively
oriented chart (U, ¢) € A is given by

(2ol ((fxlm’m’@i"w) = Vo)

where g(p) := det ((g:;(p))i;)- In particular, the Riemannian volume form wg is integrable.

Proof. The existence of the Riemannian volume form is a standard result in the literature. It is for
example shown in [89, Proposition 15.29, Proposition 15.31] in the case of smooth metrics. The
proof can be adapted to our situation. The integrability of w, follows from Proposition O

Proposition A.23 (x—operator). Let (M, A, g) be an oriented Riemannian manifold of reqularity
C* with k € Ny and let wg be the Riemannian volume form. The function

x: CF(M) = QfyM , e xf = fu,
is bijective.

Proof. The function * is well-defined. Let w be any element in Q?k)(M ) and p € M. As the space
A" ((T,M)") is one dimensional, there exists f(p) € R such that w, = f(p) (wg),- This defines a
function f : M — R and the component of w with respect to a chart (U, ¢) € A is given by

Wi,...,n = f\/§



216 A Smooth manifolds

As /9 is non zero on all of U, the function f = wlv___yn\/g_l is of regularity C* on U. This implies
f € CF(M;R) and w = xf. Suppose that f,g € C*(M) satisfy *f = xg. Then for all p € M it
holds that (f(p) — g(p)) (wy),, = 0 and hence f(p) = g(p). O

Definition A.24 (Integrability of functions). Let (M, A, g) be a compact oriented Riemannian
manifold of regularity C* and dimension n with k& € Ny and let wg be the Riemannian volume
form. A function a : M — R is said to be integrable over M if the n—form aw is integrable. In this

/ adVy ::/ awg ,
M M

and call dVj the canonical volume measure.

case we write

In particular, every continuous function on a compact oriented Riemannian manifold is integrable.
The following lemma can be seen as a version of the Fundamental Lemma of Calculus of Variations
on manifolds.

Lemma A.25. Let (M, A, g) be a smooth compact oriented Riemannian manifold of dimension
n eN. If G € C(M;R) is such that for all ¢ € C*°(M) with ¢ =0 on OM,

gp)Y(p)dV, =0,
M

then G =0 on M.

Proof. As G is continuous, it is enough to prove that G is zero in the interior of the manifold.
Assume that p € M \ OM is such that G(p) > 0E| Then there exist a constant § > 0 and open
neighbourhoods U and V of p such that p € U C o CV CM\OM and G > § onV where A
denotes the closure of U in M. By [89, Proposition 2.25] there exists a bump function ¢ € C°° (M)
supported in V such that 0 < <1on M and ) =1 on UM. In particular, vy =0 on M and

0:/ gdeg:/gde925/1/)dV925/ 1dV,; >0,
M 1% 1% U
a contradiction. O

In the remaining part of the section we study a generalisation of the Fundamental Theorem of
Calculus to manifolds with (possibly empty) boundary and differential forms, namely the Diver-
gence Theorem which is a special case of the famous Stokes’” Theorem. To this end we define a
metric on the boundary that “fits” to the metric on the manifold.

Proposition A.26. Let (M, A, g) be a Riemannian manifold with boundary of reqularity C* and
dimension n with k € Ng, n € N. Then (OM, Apyr, §) is a Riemannian manifold of regularity C*
and dimension n — 1 with respect to the induced metric § := (d)" (g) on TOM.

Proof. In Proposition we have shown that (M, Asar) is a smooth manifold of dimension
n — 1. As the differential of the embedding ¢ is injective and linear at every point, § defines a
family of positive definite symmetric bilinear forms. For a boundary chart (U, ¢) € A it remains
to verify that for 4,7 € {1,...,n — 1} the map

R ~1( 9
l—)~i‘ =q d(mogor 1< - )ad mogol 1< i >)
P i (p) g”( (rodou,” | o |7 (¢(u(p)) (rogouy Oz |m((u(p))

IThe case G(p) < 0 for some p € M \ OM can be treated analogously.
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is of regularity C* on 9MNU where %w(w(m)) denotes the derivation (D€;) (s, (»))) With respect
to the i-th standard basis vector in R®~!. Inserting the definitions of § and the differential, one
obtains for all 4,5 € {1,...,n — 1} that g;; = g;j o on U N M. Thus g;; is of regularity C* on

OM N U being the composition of t € C>°(OM NU; M) and g;; € C*(U;R). O

The Riemannian volume form on the boundary can be characterised via the volume form on the
manifold and the outer unit conormal along the boundary.

Proposition A.27 (Existence of outer unit conormal). [89, Proposition 15.33] Let (M, A, g) be
a Riemannian manifold with boundary of regularity C* and dimension n with k € Ng, n € N.
There is a unique outward-pointing vector field N along OM normal to T,0M of regularity c*
with g(N,N) = 1. The vector field N is called outer unit conormal along OM .

Proof. This result is shown in [89, Proposition 15.33] in the smooth setting. It relies on the
existence of a smooth function f : M — R constructed in [89, Proposition 5.43] with the property
that f=1 ({0}) = OM and df, # 0 for all p € M. The outward-pointing vector field N is of

regularity C* and given by N(p) := —grad,, f |grad,, f |;1. O

Proposition A.28. [89, Proposition 15.32, 15.34] Let (M, A, g) be an oriented Riemannian man-
ifold of regularity C* and dimension n with boundary, k € No, n € N, and volume form w, and
let N be the outer unit conormal along OM with induced orientation on OM, see [A.18 The
Riemannian volume form of (OM, §) is given by wg = t* (N1wy) where

(Nawg), (v, vpe1) = (wg)L(p) (N(p),dep(v1), ..., dip(vn=-1))
forpe oM and vi,...,v—1 € T,0M.

Proof. Using that du, is linear and injective for every p € M one verifies that ¢* (Nwgy) defines
a section in A"~! ((TOM)"). Let (U, ¢) € A be a boundary chart. A computation shows that the
component of ¢* (Nw,) with respect to (U NIM, 7o ¢ o) is given by

(W (Nowg))y  pq = (-1)"N"wy __nou.

Thus ¢* (NJwg) lies in Q?k_)l(f)M) as wy and N are of regularity C*. Let vy,...,v,-1 be a
positively oriented orthonormal basis of 7,0M for some p € M. Then by the Definition of
the orientation on OM the vectors (N (p),dep(v1), ..., dep(ve—1)) form a positively oriented basis
of T,M. It is orthonormal as d;; = Gp(vi,v;) = gp (dep(v;),dep(v,)) and as N is a unit normal

vector field along M. This implies w,(,) (N (p),dep(ve), ..., dey(vp—1)) = 1. O

The Divergence Theorem says that the integral of a form w over the boundary of some orientable
manifold is equal to the integral of its exterior derivative over the whole manifold. For details on
the proof and properties of the exterior derivative of differential forms we refer to [89, Chapters
12, 14, 16]. We simply state what is necessary to understand how the theorem is applied in the
derivation of the Euler-Lagrange equations in Section [L.2

Theorem A.29 (Exterior differentiation). [89, Theorem 14.24] Let (M, A) be a smooth manifold
of dimension n € N. There are unique operators d : QZ%)(M) — Q?Zfll)(M) for allm € Ny, k € N,
called exterior differentiation, with the following properties:

e The operator d is linear over R.
o Ifwe Qi (M) andn e Q{k)(M), then
d(wAn)=(dw) An+ (=1)"w A (dn).
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e The operator d satisfies dod = 0.
e For f € CY(M;R) = Q(()l)(M), df is the differential of f as defined in Remark .

In any chart (U, ¢) € A the exterior derivative of w € Q) (M) is given by

d Z wil,_wmdx“ A Adaim | = Z dwi, .5 A dz™ A - Adatm .

1<y < <im <n 1<iy < <im<n

Definition A.30 (Divergence operator). Let (M, A, g) be an oriented Riemannian manifold of
dimension n and regularity C*, k € N, and with volume form w,. The divergence of a vector field
X € XY(M), 1 € N, is the C™n{!=Lk} function on M defined by

divX =+~ (dB(X))

where 3 : X'(M) — Q{7 (M) is defined by (X) := X w,.

The divergence operator allows to generalise the concept of the Laplacian of twice continuously
differentiable functions in Euclidean space to Riemannian manifolds.

Definition A.31 (Laplace-Beltrami operator). Let (M, A, g) be a Riemannian manifold of reg-
ularity C* and dimension n with k € N. The Laplacian of a function f € C?(M;R) is defined
by

Ay f = div (gradf).

The operator A, is often referred to as the Laplace-Beltrami operator. Given f € C? (M;Rd)
with d € N, d > 2, with f = (f1,..., fq), the expression A, f is defined to be the vector-valued
function M — R? with components (Ayf), :== Ag(f;) for i € {1,...,d}.

Proposition A.32 (Divergence and Laplacian in local coordinates). Let (M, A, g) be an oriented
Riemannian manifold of reqularity C* and dimension n with k € N, and let (U, ¢) € A be a chart.
The divergence of a C'—vector field X = X° a?c'i and the Laplacian applied to f € C*(M;R) have
the local representations

) 1 0 ;
divX = 75007 (X7V39) , (A.6)
and Lo o7
respectively.

Proof. Let wy be the Riemannian volume form. On the chart domain U,

. 9 oN oo 9 9
leXCUg <ax1,,axn) —leX\/g—d(B(X)) (W”W) .

Observe that the form (X)) has the coordinate representation

BX) =D (~1)7' X" (wg),_, dat Av- Ada' T AdzTT A Ada
i=1

Its exterior derivative is given by

dB(X) = da' A---da' A (XT/g) AdatT A da”
i=1
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with component

dB(X) (é;zl,...,ain) = iz:d(xi\/g) <aii) = aii (X'\/9).

The formula for the Laplacian follows directly combining the formulas (A.5)) and (A.6). O

Proposition A.33 (Product rule for the divergence operator). Let (M, A, g) be a Riemannian
manifold of dimension n and reqularity C*, k € N. For all X € XY (M) and f € C*(M;R), fX
lies in X1(M) with divergence

div(fX) = fdivX + g (gradf, X).

Proof. We use the formulas (A.5) and (A.6) in local coordinates. With respect to (U, ¢) € A,

X = X2, gradf = g™ 2L 95 and fX = fX?52;. Thus,
COf . o 0 S Of . of .
= g™V g R — 4" P — 1
g(gradf,X) =g ame g (axj’ 3mi> g &TmX Gij axiX ,
. 1 0 , of ., 1 9 . _
- - Y j — 9 xi =Y (xi —
div(fX) 5 927 (fX7/9) &ch + N (X7\/g) = g (gradf, X) + fdivX .

O

Theorem A.34 (Divergence Theorem). [89, Theorem 16.11, 16.32] Let (M, g) be a compact ori-
ented Riemannian manifold with (possibly empty) boundary of regqularity C*, k € N, and dimension
n. For any C'—vector field X on M,

/ divX dV, = / g(X,N) dv;,
M oM

where N is the outer unit conormal along OM and § is the induced Riemannian metric on OM.

Proof. In the smooth setting this is shown in [89, Theorem 16.32] as a consequence of Stokes’
Theorem [89, Theorem 16.11]. The arguments used are valid in the case that the metric and
vector field are of class C. O

The Divergence Theorem also holds in the case of non-orientable compact Riemannian manifolds,
see [89, Theorem 16.48]. In this case one uses the representation of the divergence of a vector field
in local coordinates to define the divergence operator and integration of a function on M with
respect to dVj is defined with the help of the Riemannian density, see [89, Definition 16.45].

The remaining part of the section is devoted to the construction of a covering for a given com-
pact Riemannian manifold, that is “well-behaved” in the sense that for all charts composing the
covering, the respective local representations of the metric, its inverse and their derivatives are
bounded by uniform constants. This is achieved with the help of geodesics that can be seen as “lo-
cally shortest paths” on the manifold and are characterised via covariant derivatives with respect
to a certain connection on M that is in some sense compatible with the metric g.

Proposition A.35 (Fundamental Lemma of Riemannian Geometry). Let (M, A, g) be a Rieman-
nian manifold of reqularity C* with or without boundary. There exists a unique linear connection
D on M with the properties that the covariant derivative Vg of the (2,0)-tensor field g is identically
equal to zero and in every chart (U, ¢) € A,

1o} 0
Vi (ax) =V (ax> -
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It is called the Levi-Civita connection of g. The Christoffel symbols at p are given by

1 9Gim 9gjm 99i;
l = ml J _ J

fori,j,le{l,...,n}.

Proof. This is shown in [88, Theorem 5.4] for smooth metrics. The proof is also valid in the case
that the metric is of class C'. The regularity property required in Definition follows from the
local representation of the connection in terms of the Christoffel symbols. O

It is worth mentioning that the local representation of the Laplace—Beltrami operator applied to a
function f € C? (M,R) in a chart (U, ¢) can be expressed in terms of the Christoffel symbols via

1 8 ([, 0f L O%f , Of
- ) —J — 1] _ b Y
Ayf NS (g &Ci\/é) g (3$i8zj Tiigat ) - (A7)

The following concept of the covariant derivative of a vector field along a curve tracks how the
values of the vector field change along the curve. Here the vector field does not have to be defined

on an open subset of the manifold - one only needs to know its values along the curve.

We notice that given a smooth function v : I — M from an open or half-open interval to a smooth
manifold M, we obtain a smooth vector field v' : I — TM via +/(t) := dv (%). If ¢ lies in the
interior of .J, the differential dv; : T;.J — T, 1) M is acting on f € C*° (M;R) via

d d /
v (§5) 1= 4 U o @47 = (o) ). (A8)
In the case that J is half-open, J is a smooth one-dimensional manifold with boundary and if ¢

equals the boundary point of J, one observes that % : C*(J;R) — R defined by

d tn) —g(t
g L gt o)
dt tn—ttn€d  tn, —t

defines a derivation and thus (A.8]) holds when understood as a one-sided derivative.

Proposition A.36 (Covariant derivative along a curve). Let (M, A, g) be a smooth Riemannian
manifold of dimension n € N, I = (a,b) or I = [a,b) with a,b € R, a < b, ¢c: I = M a smooth
curve and 1 : I — TM a smooth vector field such that n(t) € TeyyM for all t € I. Given a chart
(U,¢) € A and t € T with c(t) € U we let 7/ (t) and ¢?(t) denote the components of n(t) and c'(t),
respectively, with respect to the basis =21 ...,a%lc(t) of TeryM . The covariant derivative of

a7 |c(t)
1 along ¢ at t € I defined by

Vi n o no ‘ i P
Ty = t WO (T (e(t)) ) —
i Z((n)()+i;16()n() L) ok,
is independent of the chosen chart (U, ¢) with c(t) € U. In the case t = a the expression (%)’ (t)
should be understood as a one-sided derivative.

Proof. Let t € I and (U, x), (V,y) € A be two charts around ¢(t) =: p. The assertion follows from
straightforward computations using the transformation rules of the components

- L Or ozt

70 = ()= w(el),
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the basis vectors

0 Ay ox™1) 0
= x(c(t))) =—
xt |e(t) ox; (#(e(?) Y7 et
and the Christoffel symbols
= y"oa™) Aoy~ Aa®oy™t) (' oy™")
kooy _ 1
Li(p) = = —@@) { I (p) o (y(p)) a0, (y(p)) + Ty, (y(p)) |-

O

We recall the well-known concept of the exponential map at points in the interior of a smooth
Riemannian manifold. It allows to define coordinates that are well adapted to the geometry of
the manifold.

Proposition A.37 (Geodesics starting at interior points). Let (M, A, g) be a smooth Riemannian
manifold. For every interior point p € M \ OM and any § € T,M there exists an open interval I
containing 0 and a smooth curve ¢ : I — M such that ¢(0) = p, ¢/(0) = £ and Vd—;‘/(t) =0 for all
tel. Ifc: 1 — M and<c: 1 — M are two such curves, then ¢ =<¢ on INI. The curve c is called
the geodesic starting at p in direction &.

Proof. Let (U,¢) € A be an interior chart around p € U with associated basis vectors %IP’
i€ {l,...,n}, of T,M. As the manifold is smooth, the Christoffel symbols Lo ¢~ 1 are Lipschitz
continuous on any compact subset K C ¢(U). The Theorem of Picard-Lindelof implies the
existence of a smooth function v = v¢ : (—¢,e) = ¢(U) C R", € > 0, solving the second order

ODE system

n

(™)) + Y () (OG) OT (67 (1))

4,j=1

0, te(—ee), me{l,...,n},

The curve ¢ : I — M defined by c(t) := ¢~ 1(y(t)) is smooth and satisfies ¢(0) = p, /() =
d(b;(lt) (' () = ci(t)%‘c(t), c(t) = (v (t), ¢(0) = £ and Z—‘;/ = 0. Uniqueness of ¢ follows from
the uniqueness assertion in the Theorem of Picard—Lindel6f. O

Definition A.38 (Exponential map in interior points). Let (M, A, g) be a smooth Riemannian
manifold. Given p € M \ OM and { € T,M we let ¢ be the geodesic starting at p in direction £
and Ip,q.(p, §) its maximal interval of existence. Further, we define

Dp = {5 S TpM 1 1le Imaw(pag)} .
The map exp,, : D, — M defined by exp,(§) := c¢(1) is called the exponential map in p.

Proposition A.39. Let (M, A, g) be a smooth Riemannian manifold and p € M \ OM. Then D,
is open, exp,, is smooth on Dy, and for all § € T, M, t — expp(tf) is the geodesic starting in p in
direction & for t small enough. Moreover, there exists a neighbourhood V, C D, of 0 in T,M such
that

(expy)jy, : Vp = exp, (V) =: U

is a smooth diffeomorphism.
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Proof. The facts that D,, is open and exp,, : D, — M is smooth follow from the smooth dependence
of solutions to ordinary differential equations on the initial value. Given p € M and ¢ € T, M,
there exists € > 0 such that for all t € (—¢,¢), t§ € D,. It is straightforward to check that
T +— c¢(tT) is the geodesic starting at p in direction t§ which yields c¢(t7) = (7). Thus
exp,, (t§) = cie(1) = c¢(t) which shows that ¢ > exp, (t£) is the geodesic starting at p in direction
§. It remains to prove that exp, is a local diffeomorphism around 0 € D,. By Proposition

the mapping ® : T,M — ToT,M, § — D& is a linear isomorphism. Given § € T, M and
f e C=(M;R) we observe

(dexp, o(B(E)f = B(E) (F o exp,) = < (7 0 ex,) (100 = = (Flexp,(1€) ,_,
d

— G UleeOycg = ey (5, ) F=¢f

as t > exp, (t§) = c¢(t) is the geodesic starting at p in direction ¢ satisfying

(dee) (;lto) =d (67 o)), (im) = doy, ((‘”5)0 ((ipg))

= d¢;(1p) ('Vé (0)) =<.

Here (U, ¢) is a chart around p and ¢¢ = ¢! o ¢ with ¢ as in Proposition Moreover, we
identified R™ and Ty(,)R™ via v = (f = (Df)(¢(p))v). This shows that (dexp,)o = idr,a 0 ®~"
which implies that (dexp,)|o is a linear isomorphism. The claim then follows from the Inverse
Function Theorem. O

In the case of boundary points it is only possible to consider curves that point in the interior of
the manifold.

Proposition A.40 (Geodesics starting at boundary points). Let (M, A, g) be a smooth Rieman-
nian manifold. Given a boundary point p € OM and a tangent vector & € T,M™ there exists an
interval I = [0,a) with a > 0 and a smooth curve ¢ : I — M such that ¢(0) = p, ¢/(0) = £ and
Z—i/(t) =0foralltel. Ifc: I — M andc: I — M are two such curves, then ¢ =¢ on I N 1.
The curve c is called the geodesic starting at p in direction &.

Proof. Let (U, ¢) € A be a boundary chart with p € U and denote by %‘q, ie{l,...,n}, qeU,
the associated tangent vectors. As the manifold is smooth, the Christoffel symbols Ffj o¢~ ! are
smooth on the set ¢(U) that is open in H™. Thus there exist smooth functions hfj defined on an
open ball Bs(¢(p)) in R™ such that on Bs(¢(p)) NH" C ¢(U) it holds I'}; 0 ¢~ = hf;. We may
choose the ball so small that the hfj are Lipschitz continuous on Bs(¢(p)). By the Theorem of
Picard-Lindelof there exists a smooth function v : (—¢,€) — Bs(é(p)), € > 0, solving the second
order ODE system

n

(M) + D () (O ()R (v(1) =0, te(-ee), ke{l,...,n},

ij=1
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there exists € € (0,¢] such that for all ¢ € (0,&), v"(¢) > 0. This shows for all ¢ € [0,&) that
v(t) € Bs(¢p(p)) NH™ C ¢(U). The curve c : [0,€) — M defined by c(t) := ¢~1(v(¢)) is smooth
and satisfies ¢(0) = p, ¢(t) = dd);(lt)('y’(t)) = cz(t)%‘c(t), () = (v1)(t), ¢'(0) = & and %= =0
for all t € [0,€). To show (local) uniqueness we assume that ¢ : [0,a) — U is another curve with
¢(0) = p, ¢(0) = & and Vd—i'(t) = 0. Then both v := ¢ o c and 5 := ¢ o ¢ are solutions to a system

of the form
nl(t) _ / T
(n//(t)) = f(n(t>777 (t))7 telnl,

(77(0)> _ ( (p) )
7'(0) dgy(€))
with a Lipschitz continuous function f. An easy argument using the Gronwall-Lemma implies

vy=7onlIN I and thus ¢ = ¢ on I N 1. Global uniqueness can be deduced from the preceding
observation by considering overlapping chart domains. O

Given a boundary point p € OM of a Riemannian manifold, the tangent vector 0 € T),M is not
inward-pointing. Nevertheless we may define the geodesic starting at p in direction 0 by c(t) :=p
for all t € R.

Definition A.41 (Exponential map in boundary points). Let (M, A, g) be a smooth Riemannian
manifold. Let p € M and consider a tangent vector & such that ¢ € T,M* U {0} for some chart
(U,¢) € A around p. We let c¢ @ Lneu(p,§) — M be the geodesic starting in p in direction
defined on its maximal time interval of existence I 4. (p, €) and

Dy :={£€T,MTU{0} : 1€ Lyas(p.&)} .
The ezponential map in p is defined by exp, : D, — M, { ce(1).

In the following we adapt the definitions and arguments given in [I2} [72] [I31] to construct a “nice”
covering for compact manifolds with boundary.

Proposition A.42 (Normal collar coordinates). Let (M, A, g) be a smooth Riemannian manifold
with boundary. Let exp™ and exp® denote the exponential maps of M and OM, respectively,
where OM is endowed with the metric induced by g. We denote by N the outward-pointing unit
normal field along OM. Given p € OM there exists r(p) > 0 and a neighbourhood W, of 0 in
T,0M such that

Fp Wy X [0,7(p)) = M, (0,8) = expigom () (—EN (expp™ (v))
is a smooth diffeomorphism onto its image.

Proof. Let p € OM be given. The construction of the exponential map in Proposition
and [A40] and the smooth dependence of solutions to ODEs on the initial values imply that there
exist a neighbourhood W of 0 in T,,0M and a radius r > 0 such that

Kp: W x[0,r) = M, (v,t) — expé\ing(v)(—tN(engM(v)))

is well-defined and smooth. The claim follows from the Inverse Function Theorem once we have
shown that
(dkp)i(0,0y : Tio,00 W x [0,7)) — T, M
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is a linear isomorphism. Denoting by ¢; and ¢o the canonical embeddings of W and [0,r) into
W x [0, ), respectively, one observes that

U ToW @ To[0,7) — Tio,0) W x [0,7)),  W((21,22)) := (der)jo(z1) + (de2)jo(z2)

defines a linear isomorphism. Furthermore, we let ®; : T,0M — ToT,0M, § — D&)q and @y :
R — ToR, ¢t = Dt)g be the canonical isomorphisms, see Proposition @ We identify ToR with
T6[0,7) and ToW with TyT,0M, respectively. Given € € T,0M and t € R we obtain

(dsp)j(0.0) (T((@1(E), P2(t)))) = (dkp) 0,0) ((dea)jo(@1(€))) + (dkip) 0,0y ((dez)jo(@(t))) -
These derivations act on f € C°°(M;R) via
(A5p) 00 (@0 (®1(6))) = (der)o(@1(0)) (F © ) = B1(E) (F 0 5y 0.11)
= 5 0 00) (1€)umo = (T (ex0Mgruiie ),
= S (@0 (19))) g = < Flec)imo

with c¢ : I(p,§) — OM denoting the geodesic in OM starting in p in direction &. Using the
canonical embeddings ¢ : OM — M, dv, : T,0M — T, M we observe

%f(cg(t))\t:o = %f(b(cs(t)))u:o = d(toce)o (jtl ) f=dy ((dcs)m ((i‘l )) f=dy(§)f-

Similarly, using Proposition [A-39] we obtain

d
(dkp)i(0,0) ((dea)jo(@2(t))) f = o (f (expp" (=7tN (D)) |,y = ~tN (D)
which implies
(dkip)0,0) (B(P1(E), P2(t))) = dip(§) — tN(p).
As T, M = du, (T,0M) @ span{N(p)}, this shows that (dk,)|(,0) is an isomorphism. O
Proposition A.43 (Normal coordinates). Let (M, A, g) be a smooth Riemannian manifold, Q > 1

and p € M be given. There exists a chart (Up,¢p,) € A such that in this chart, ¢,(p) = 0,
gij(p) = ¢“(p) = d;; and for all v € R™ and all g € U,

Q' < ) gijlgv'? < QJuf?, (A.9)
ij=1

Q' < Y gV (g’ < QJuf*. (A.10)
=1

Furthermore, all derivatives of g;; o (;51;1 and g o gb;l are uniformly bounded on ¢,(Uy,). We refer
to the chart (Up, ¢p) as normal coordinate chart around p.

Proof. Given p € M we construct a chart (Up, ¢,) € A with ¢,(p) = 0 and gw( ) = &;; (which
then implies g*/ (p) = d;;). A continuity argument then yields the estimates - ona
possibly smaller chart domain. Indeed, let ¢ € U, be given. As the matrix G(q ) (g”( )) is sym-
metric and positive definite, the expressions max,cg» |y|=1 (G(q)v,v) and min,egn |y|=1 (G(q)v7 v)
are precisely equal to its biggest and its smallest eigenvalues, A\paz(q) and Apin(q), respectively.
As the eigenvalues of G(q) depend continuously on its entries, the mappings ¢ — Anaz(g) and
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¢ — Amin(q) are continuous on U,. Let @ > 1 be fixed. Since Aoz (p) = Amin(p) = 1 there exists
a neighbourhood 4, C U, of p such that for all ¢ € 4l,,

Q71 S )\mzn(q) S )\maz(q) S Q
which implies for v € R™\ {0},

QM ol? < ol Amin(q) < (Glg0) = o] <G<q>” > < 1o Armas () < QP

o] [v]

This shows the desired estimate. The estimate for G~! follows analogously by possibly further
decreasing the size of the chart domain. The derivatives of g;j o ¢, L and ¢ o (o L are continuous
on ¢,(U,) and thus uniformly bounded on any compact subset of ¢,,(U,). We thus choose {,, C U,
such that the closure of ¢,(4l,,) is contained in ¢, (Up).

It now remains to construct a chart (Up,, ¢,) € A with g;;(p) = d;;. In the case that p is an interior
point, we let Iy , ..., E, be an orthonormal basis of T, and obtain a linear isomorphism

Ay R = T,M, (al,...,an)HZaiEi.
i=1

By Proposition there exists an open neighbourhood V,, of 0 in T}, M such that the exponential
map exp, : V, — Uy := exp,(V,) is a smooth diffeomorphism. Thus ¢, := (expp oAp)_1 yields a
chart (Up, ¢p) € A with ¢,(p) = 0 and, identifying R™ and ToR" via v +— Dwvjy, we find

(dd);l)‘o = (depr)m odo Ap

where @ : Ty M — TyT,M, § — DE)g is the canonical isomorphism. This implies

9i5(p) = gp ((do, o (es), (dd, M jo(es)) = gp ((dexp,)o(R(E:)), (dexp,)o(P(E;)))
= gp(Ei, Ej) = 6ij,

where we used the formula (dexp,,)|o © ® = idz, s shown in the proof of Proposition In the
case that p is a boundary point, let Ey, ..., E,_1 be an orthonormal basis of 7,0M and define a
linear isomorphism

n—1
Ay iR % [0,00) = T,0M x [0,00), (a,t) (Z aiEZ-,t> .
i=1

Observe that for any vector (v,t) € R"™! x [0,00) = T{,9) (R"™* x [0,00)) it holds
(dAp) (v, t) = (dAp)\O((D(v’,t))‘o) = (DA,,(uf,t))m =(®o4,) (V1)
where we denote by ® the canonical isomorphism
© : T,0M x [0,00) = T(o,0) (T,0M x [0,00)), (0, t) = (Do) -

By Proposition there exist 7(p) > 0 and a neighbourhood W, of 0 in T,0M such that
Kp : Wy x [0,7(p)) — M is a smooth diffeomorphism onto its image U, := &, (W, x [0,7(p))).
Setting ¢, 1= (kp o Ap)IA;l(WpX[O’T(p))) we obtain a boundary chart (U, ¢,) € A with ¢, *(0) =
kp(0,0) = p and

(dgy )10 = (dkp) 0,0y © (dAp) o = (dkp)(0,0) © P o Ay
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As in the proof of Proposition we let ¢1 and ¢y denote the embeddings of W, and [0, 7(p))
into W,, x [0,7(p)), respectively, and we let ®; : T,0M — ToT,0M and @3 : R — TR be the
canonical isomorphisms. Then it is straightforward to check that

O((E3,0)) = (dea)jo (P1(E4)) ©((0,1)) = (dea)jo (P2(1))-

Denoting by ¢ : OM — M the natural embedding we obtain for ¢ € {1,...,n — 1}, using the
properties of (d#p)|(0,0) shown in the proof of Proposition |A.42}

(dg, Mjoled) = (drp)j0.0) (P((Ei,0))) = (drip) 0,0y ((den)jo (P1(E7))) = dup(E)
and similarly
(de, Mjo(en) = (drp)j0,0) (B((0,1))) = (drp) 0.0y ((de2)jo (P2(1))) = =N (p).
This shows the claim. O

Proposition A.44 (Normal covering). Let (M, A, g) be a smooth compact Riemannian manifold.
Given Q > 1 there exists a finite covering T C A of M such that for all charts (U,¢) € T, all
derivatives of g;; o1 and g o p~1 are uniformly bounded on ¢(U) and for allv € R™ and q € U,

Q 'l < > gij@v'v’ <Quf?, (A.11)
i,j=1

Q' < > g (g’ < Q. (A.12)
i,j=1

A covering with these properties is called normal covering of the manifold.

The covering can be chosen in such a way that for all f € C°(M;R) and (U, ¢) € T, the function
f o1 is uniformly bounded on the closure of ¢(U) in the Euclidean topology of R™. In this case
we call T a bounded normal covering of the manifold.

Proof. Let Q > 1 be fixed. Given p € M we let (Up, ¢,) be a normal coordinate chart around p
as constructed in Proposition We may assume that there exists a chart (U, ¢,) € A such
that U, is compactly contained in U, otherwise we decrease the size of U, and define a new chart
by restricting ¢ to the smaller set. As the manifold is compact, it can be covered by finitely many
normal coordinate charts (Up,, ¢p. ), o € {1,..., N}, which yield the desired covering 7. For any
continuous function f on M and (Up,¢,) € T we let (Up, ¢p) € A be such that U, is compactly
contained in U,. Then f o ¢, 1'is continuous on ¢,(U,) and thus bounded on the compact set

op (Up). O

It is readily checked that the covering can be chosen in such a way that in the case of an interior
chart, ¢(U) C intH" is a domain with smooth boundary as defined in Definition The
boundary charts (U, ¢) in T can be constructed in such a way that ¢(U) NintH" is a domain with
smooth boundary. This can be achieved by replacing U by a smaller set V' with the property that
#(V) NintH" is a smooth domain with d¢(V) NOH" = d¢(U) N OH"™ NV which is illustrated in
Figure In this case we say that the covering has smooth chart domains. If M is an oriented
manifold with dimension n > 2, one can modify the covering in such a way that it consists only
of positively oriented charts. This can be achieved by changing the sign of one of the first n — 1
coordinates of each chart in the covering.

In analogy to [72] we introduce the notion of uniform localisation systems.
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OH"™
Figure A.1: The construction of smooth chart domains.

Definition A.45 (Uniform localisation system). Let (M, A, g) be a smooth compact oriented
Riemannian manifold with boundary. A collection

C:={(Us,Pa,%a) : «€{l,...,N}}

is called wuniform localisation system if the charts (U, ¢o), a € {1,..., N}, are positively oriented
and form a bounded normal covering 7 of the manifold and if (¢,) N} isa smooth partition
of unity subordinate to the covering.

ae{l,..

Proposition A.46 (Normal covering of the boundary). Let (M, A, g) be a smooth compact Rie-
mannian manifold with boundary. Given Q > 1 let T = {(Un, ¢0) : @ €{1,...,N}} C A be
a normal covering of the manifold satisfying the properties in Proposition [A]4 Let J :=
{a € {1,...,N} : (Uq, @a) is a boundary chart}, ¢ : OM — M the inclusion mapping and
7w : R® = R™™! the projection onto the first n — 1 components. Furthermore, we let Agnr and § be
the induced smooth structure and Riemannian metric on OM as constructed in Proposition [A.15
and Proposition respectively. Then the charts (Uy, NOM, 70 ¢o 0t) € Agpr, a € T, form a
normal covering of OM .

Proof. Proposition implies that the charts (U, NOM, 70 ¢, 01), @ € J, lie in the induced
structure Agyr. Let oo € J be given and let g;; and g;; be the local representations of § and g
with respect to the charts (U, NOM, 7o ¢y 0 t) and (Uy, ¢n), respectively. By Proposition
the induced metric § satisfies for all 4,5 € {1,...,n — 1}, g;; = g;; o ¢t. This implies in particular
for all ¢ € U, NOM and v € R"! the estimates

n—1

Qo < > Gij(q)o'v? < Qlof?, (A.13)
i,j=1

Q 'ol? < ) §U(q)v' < Qof? (A.14)
i,j=1

using (A.11) and (A.12) for the manifold M with the choice v := (v,0) € R™. Furthermore,
the functions gj; o (7 0 ¢4 0 )" and §% o (0 ¢ 0 1)~ " are uniformly bounded on the closure of
7 (¢ (Ua NOM)). O
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Appendix B

Function spaces on domains

This chapter provides the background knowledge on the function spaces that occur in this thesis.
In Section we recall spaces of Banach space valued differentiable functions and Holder spaces
and some of their properties. Vector-valued Sobolev and Slobodeckij spaces and their relations to
interpolation and Besov spaces are studied in Section [B:2] In Section [B:3] we define anisotropic
Sobolev spaces as intersections of vector-valued Sobolev (Slobodeckij) spaces. We show among
other important properties that this notion is equivalent to the definition given in [136], §20] where
the author considers closures of smooth functions with respect to appropriate norms.

B.1 Holder spaces and parabolic Holder spaces

Let 2 be a domain in R™ and X be a Banach space. The space of continuous functions f: Q2 — X
is denoted by C°(€2; X) or C(£2; X). For k € N we define

CFuX):={f:Q— X:0f € C(%X) for all |o| <k},
CFQ; X) = {re C*(Q; X) : 9°f is bounded on  for all |a| < k},
CE (9 X) = {f € CF(Q; X) : 9°f is uniformly continuous on Q for all |a| < k}

where al
e « 1o Qi o'« f
OUf =D =05} - 050 f = 9L ... 99m
for a multi-index o = (@v1,...,05) € Nj with |of := 7" | o; and 9,,f : @ — X is defined as
O, f () := }g% w € X. The spaces CF(Q; X) and Cf,(Q; X) are Banach spaces in the
norm

1fllox@ix) = Ogﬁékglggllaaf(wmx.

One easily sees that if a function f lies in C’fuc(Q;X ), then 9%f possesses a unique bounded

continuous extension to 2 for all |a| < k. In the case that Q is bounded it holds that
CE (0 X) = {fe CF(Q; X) : all 3°f possess a unique continuous bounded extension to Q} .

The latter space is denoted by C*(Q; X). If Q is a bounded domain we write Hf”ck'(ﬁ;x) instead
of Hf||cllf(Q;X) for all f € Ck(Q; X).

A function g : Q — X is A-Hélder continuous for A € (0, 1] if there exists a constant K such that
for all z,y € Q,

lg(x) = 9(w)llx < K|z —y|*.
For k € Ny the space

CPAQ; X) == CFA X) := {f € CL(%X):9*f is A-Hdlder continuous for all [a| < k}

buc

229
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is a Banach space in the norm

N — 10°F(x) = 0 f(y)llx
1fllera@x) = Hf||cm(g;x) = [fllop@x) + Oéﬁlj}ékw,y:ggﬂ#y lz —y|* :

In the case k = 0 we usually write C* (ﬁ; X) = C0A (ﬁ; X).
In the following we collect some results on Holder spaces that are needed throughout the thesis.

Proposition B.1. Let T be positive and Xo, X1, Y be Banach spaces with XoN X, C Y. Suppose
that there exist o € (0,1) and a constant C > 0 such that for all y € Xo N X7 there holds

lylly < Clyllx,” Iyl%, -
Then for all 8 € (0,1) the continuous embedding
C ([0,T]; X1) N C? ([0, T]; Xo) — C1=5 ([0, T];Y)
is valid with embedding constant independent of T .
Proof. Young’s inequality implies for all y € Xo N X7,
lylly < Cliyli Iyl%, <€ (yllx, + Ivllx,) = Cllyllxnx,
which shows that the inclusion ¢ : Xy N X7 — Y is continuous. Given
fecC(o,T);X1)NnCP([0,T]; Xo) C C([0,T]; Xo N X1)

there holds in particular f € C ([0,T];Y) and

su t <(C . + . .
5 1Ol <€ (1 llogorx + Wlleqorxn)

Furthermore, we find for all s,t € [0,T] with s # ¢,

0- 1)~ 7)1 . » .
MO < oMo 100 - £, < OIS0y 19101

< € (e ooy + 1 loqorrx ) -
This shows f € C# ([0,T];Y) and the desired estimate. O

Proposition B.2. Let T be positive, X be a Banach space and o, 3 € (0,1) with o < 3 be given.
Then
CP ([0, T; X) = C* ([0, T]; X)

with continuous embedding and for all f € CP ([0,T]; X) it holds
||cha([o,T];X) < max {I:Tﬂfa} ||chff([0,T];X) :
Moreover, for all f € C’g (10,T); X) :={g € CP([0,T]; X) : g(0) =0} we have
1f ll e o,77x) < 277~ max {T, 1} Il s o,77:x) -
Proof. Given s,t € [0,7T], f € C#([0,T]; X) we have

1f@) = f(s)llx <t — 5|B ||f||cﬁ([o,T];X) <[t —s|* T ||chﬁ([o,T];X) :
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As further

sup [[f(t)|lx < Hf”cﬁ([o,T];X)
te[0,T]

we obtain f € C*(][0,T]; X) and the desired estimate. Given f € Cg ([0,T]; X) we have for any
t€[0,T],
1FOlx = 1F®) = FOlx <N llesqoryxy < T 1 lesqomx) -

This completes the proof. O

Proposition B.3. Let a € (0,1), n € N, Q C R” be a bounded domain and T be positive.
The Banach space C* ([O,T];C(ﬁ)) is a Banach algebra. Moreover, given d € N, U C R% an
open set, F € C? (U;C’ (ﬁ; R)) and f € C* ([O,T];C (ﬁ; Rd)) with f ([O,T] X ﬁ) C K for some
compact convex subset K C U, the composition (t,x) — (Fo f)(t,x) = F(f(t,x),x) lies in
ce ([O, T);C (ﬁ; R)) and satisfies the estimate

[E 0 flea(or0@)) < Wl (kie@r)) 1fleao.m.0@ra)) -
If g is another function in C* ([0,T];C (€ RY)) with g ([0,T] x Q) C K, it holds
1£ 0 f = Fogllga(o,mc@nr))
<4max {17 [flea(omo@ra)) + [glca([o,n;c(ﬁ;md))} 1E ez (res0@m)) 1 = 9llca(0,01:0(@ra)) -

Proof. 1t is straightforward to check that C ([0, T]; C (€;R)) is a Banach algebra. Given F and f
as in the statement the function (¢,x) — F (f(¢,z),z) is continuous on the compact set [0, 7] x 2
and thus Fof € C ([O,T];C (ﬁ; R)) Moreover, given t,s € [0,7], € Q, there holds due to
convexity and compactness of K,

|(F © f) (t,x) - (F © f) (Sa $)| < HFHcl(K;c(ﬁ;R)) [f]ca([o,T};c(ﬁ;Rd))H - Sla
which yields Fo f € C ([0, T);C (ﬁ; ]R)) Given another function g € C® ([O,T]; C (ﬁ; Rd)) with
g([0,T) x Q) C K, we let for t € [0,T], z € Q,

1
H(t, ) = / (DF) (rf(t,z) + (1 - 7)g(t, x), ) dr

Then H lies in C' ([O,T]7 C (ﬁ, RIXd)) with ||HHC([O,T];C(§;R1X‘1)) S C(d) ”FHCl(K;C(ﬁ;R))' As the

function DF € C* (U ; C (ﬁ; RIXd)) is Lipschitz continuous on the compact convex set K with
Lipschitz constant 0 < L < ||F||CQ(K,C<§_R)), we obtain

sup sup |H(t,z) — H(s,z)||t —s|™“
S»tE[OaT]xeﬁ

1
< HFHC2(K'C(§~R)) sup sup |t - s|7o¢/ T|f(t7l') - f(8,$)| + (1 - T)|g(ta {E) - g(s, x)|d7—
’ " s,t€]0,T] e 0

S Elcz(x.0@nr)) ([f]ca([o,T];C(ﬁ;Rd)) + [g]m([o,T];c(ﬁ;Rd))>
and hence H € C* ([O7 T);C (ﬁ; Rd)). In particular, using the identity
(Fo f) (L.’L‘) - (Fog) (t,fL’) = H(L.’L‘) (f(t,.%') —g(t,x)),

we conclude that

[Fof— FOQHC([QT];C(E)) < ||H||c([o,T];c(ﬁ;]Rlxd)) IIf _9||c([o,T};c(§;Rd))
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and

[E'o f = Fogloa(omic@r)

= sup sup|t —s|7"[H(t,z) (f(t, ) — g(t,x)) — H(s,z) (f(s,2) — g(s,2))]
5,t€[0,T] e

< Hlle(po.m,0@rixa)y If = 9loa (o110 (@ra)) + Hlow (0,0 @< 0)) 1f = 9llo(o.mc@ra)) -
O
Proposition B.4. Let a € (0,1), n € N, Q C R" be a bounded domain and T be positive. Suppose

that f = (f1,...,fs) € C*([0,T];C (i RY)) satisfies min, (o 7y .ca |f(t,x)| > o for a constant
o > 0. Then the function

d 3
(t,2) = [F1I7 (t2) = ) = 1 f o)y = (Z fi(t,x)l2>

=1

lies in C* ([0,T); C(Q)) with

([Ed®

@) <C(o0) ||f\|ca([o,T];c(ﬁ;Rd)) :

ce([o,T};C

Moreover, given f,g € C*([0,T];C (% RY)) with min, o 1 .eq (2] 19t 2)[} = o for a
constant o > 0, there holds

s - ”g“*cha([o,T];c@))

<C (Ua 1 llce (om0 (@ma)) » Hchw([o,T];c(ﬁ;Rd))) 1f = 9llca (0. 11:0(@m4)) -

The analogous result holds true if C (ﬁ; Rd) is replaced by RY.

Proof. The function (¢,z) + | f(t,z)]|”" is continuous on [0,T] x € being the composition of
continuous functions, thus || f||~" € C ([0,T];C(2)). Given s,t € [0,T] and z € Q, we obtain

‘ _ s )l — lFE 2l ) — fls 2l
£t )l Hf s, )| (& @) (s, )| IFE )l

which implies in particular

1717

Clo) [If(t,2) = fs, )l ,

@) < M leeoyoma) -

ce([o,T};C

Given f,g € C*([0,T];C (Q)) with minte[o,T],meﬁ{‘f(tva ,|g(t,x)|} > o for a constant o > 0,
we let F : RY — R be a smooth function such that on R%\ B, (0) there holds F(y) = ||y|~". (One
may consider F(y) := (1 -7 (HZ—‘;)) [yl ™" for a function n € C> (R;R) with 7 = 0 on [1,00)
and n = 1 on (—o0,1/2]). Let further R > 0 be such that |f(¢,z)|, |g(¢t,z)| < R for all t € [0,T)
and x € Q. Proposition applied to F € C*® (Rd; R) and K := Bg(0) yields

-1 -1
17t = gl ™|

ca(joTho@) IEC) = E@)llce (o11:0()

<C (07 R, HfHC”([QT];C(ﬁ;Rd)) ) ||g||ca([0,T];C(§;Rd))) ||f - g”C“([O,T];C(ﬁ;R”)) :

This shows the claim as one may choose R := max{||f|| 9/l }- O
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Proposition B.5. Let 8 € (0,1), n € N, Q C R™ be a bounded domain and T be positive. The
Banach space C ([0, T];C”8 (ﬁ)) is a Banach algebra. Moreover, given d € N, U C R? an open set,
F € C?(U;R) and f € C ([0,T);CP (Q;R?)) with f ([0,T] x Q) C K for some compact convex
set K C U, the composition (t,x) — (Fo f)(t,x) = F(f(t,x)) lies in C ([0,T];C" (Q;R)). In
particular, given f = (f1,...,f4) € C ([O,T];C'ﬁ (ﬁ; Rd)) with minte[O’T],xeﬁ|f(t,x)| > o fora
constant o > 0, the function

Nl

. -
(tx) = 17 () = )l = I o)y = (Z fi(t,x)|2>

i=1

lies in C ([0,T]; C*(9Q)).

Proof. One readily verifies that C ([0, T]; C” (;R?)) is a Banach algebra. Given F and f as in
the statement, the composition F o f is continuous on the compact set [0,7] x Q which yields

FofeC ([0, T);C (ﬁ)) Given t € [0,7T] and x,y € Q we have due to convexity and compactness
of the set K,

[F(f(t,2) = F(f(&:9)| < IDFlloaemy | (8 2) = (£ y)]

which yields in particular (F o f) (t) € C?(Q). Furthermore, we observe for z € Qand t,s € [0,7]
the identity

F(f(t,z) = F(f(s,2) = H(t,s,2) (f(t, %) = f(s,2))
where the function H is given by
1
Hits,0) = [ (DF)(rf(ta) + (1= 7) f(s,)) .
0
As DF is Lipschitz continuous on K with constant 0 < L < [[F[| o2 (.g)» We have for ¢, s € [0,T],

sup |H(t,s,x) — H(t,s,y)||x — y|_ﬁ
w,yeﬁ

1
< |Fllee(remy / TIf(tx) = F(t )|+ (1= 7) [ f(s.2) — f(s,9)| dr]e —y|~°
< HFHCQ(K;R) (Hf(t)”(jﬁ(ﬁ;ﬂ{d) + ”f(S)H(jﬁ(ﬁ;]Rd)) <2 ||FHC’2(K;]R) Hf”c([o,T];cﬁ(ﬁ;Rd)) :
This yields for t,s € [0,T],

sup_|F(f(t,a)) = F(f(s,2)) = (F(f(t.9)) = F(f(s;9)| & =y~

w,yeﬁ
= sup |H(t,s,2) (f(t,x) — f(s,2)) = H(t,5,9) (f(t.9) = F(s,9)| [z =y~
z,yeN
< sup [H(t,s,2)| |f(t.2) = f(s,2) — (f(t.y) — f(s,9))] |z —y|~”
z,ye)
+ sup |H(t,s,2) — H(t,s,9)| |z — y| 7 |f(t,y) — f(s.9)|
z,yeN

< IDFllos ey 1F(8) = £(5)los (@mey + 21 F s ey 1l ooy @mey) 1 ®) = F@lloima) -

As f lies in C ([0, T]; C? (€ R?)), this shows F o f € C ([0,T]; C? ({4 R)).

The additional statement on |f||”' for a given function f € C ([0, 77;C% (2;R?)) uniformly
bounded from below by a constant o > 0 follows considering F' € C*> (R%;R) with F(y) = llyll
on R4\ B,(0) as in Proposition O
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Lemma B.6 (Extension operator in Holder spaces). Let Ty > 0 be given, X be a Banach space
and € [0,1). Then there exists a constant C(Ty) > 0 such that for any T € (0,To/2],

Er, : CP([0,T); X) — CP ([0,Ty] ; X)

o d T e,

defines a continuous linear operator with
1Bz, fllcs o, 10:x) < € (To) 1o o, 77 %) -

Proof. Let T € (0,To/2] and f € C?([0,T]; X) be given. Then one readily checks that Er, f lies
in C ([0, Tp]; X). Suppose that 3 € (0,1) and let ¢, s € [0, Tp] be given. In the case t,s € [0,T] we
have

Bz, /) () = (Br ) ()l x = £ = F(5)lxc < IF lemqo,yin) It = 57
If t, s lie in (T, Tp] we obtain

1Bz, f) (t) = (Br, ) (s)llx = Hf (T;;O_;) -/ (T%_;) HX

B
T
<wmmmmm(%_T)t—ﬂﬁ<wummmmw—ﬂﬁ

as the function T+ TOT_T is increasing on (0, To/2]. In the case that ¢t € [0,T] and s € (T, To] we

have
To — To—s|°
10O = En D) G = |10~ (T35 )| < Wllosumn [t~ T52=7

< fles o) [To =TI (Tt = s + To |t — T)"

< HfHCB([O,T];X) (TO/Q)_B (3TO)B |t — 3‘5 < C(To) ||fHCB([O,T];X) It — 3|ﬁ .

O

To solve (fourth order) parabolic problems in a Holder setting we consider the parabolic Hélder
spaces as solution spaces (see also [136], §11, §13]) which are defined as follows.

Definition B.7. (Parabolic Holder spaces) Let n € N, Q C R™ be a bounded domain, T be
positive, d € N, k € Ny, and a € (0,1). For p € (0,1) and a function u : [0, T] x Q — R? we define

the semi-norms
|U(t, (ﬂ) B U(T, :L’)‘

|t —T|°

[u]p0 := _ sup
z€Q,7,te[0,T],7#t

)

and
|U’(ta 3'}) B u(t7 y)|

ujo,p = sup
[ } P |xfy|P

t€[0,T],z,y€Q a7y
The parabolic Hélder space
k+ao J—
C ke ([0, T) x O RY)
is the space of all functions u : [0,7] x © — R? that have continuous derivatives 9;0%u, where

i € Ny, 8 € N are such that 4i + || < k, for which the norm

k

lull tse e = Do 0%l o+ > [0107u],, + 3 CEInpe—

4i+]8]=0 4i+|B|=k O<k-ta—di—|B|<4
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is finite where

0i00u]| == sup |9jolu(t,x)| .
tG[O,T],meﬁ
We notice that
Ce (0,7 x BRY) = CF ([0, T); €° (BR?)) N C° ([0, 7]; C* (B RY)) (B.1)

with equivalent norms.

If there is no ambiguity concerning the domain of definition, we often use the abbreviation

ol sy o= ] it

Proposition B.8. Let n € N, Q C R™ be a bounded domain, T be positive, d € N, k € Ny and
a € (0,1). Given any function

u e TR ([0, T] x O RY)
there holds for all 4i + |5 < k,
0;00u € ORI ki Bl ([0,7] x Q3 RY)

with

0502 ul| 4—si 15140 < Jfuf ita
4

J—di—|B|+o Jk+a

Moreover, given | € Ny with [ < k, there holds the continuous embedding
R ([0, T) x T RY) < 071 ([0, T) x O3 RY)

Proof. This is a direct consequence of the definition of parabolic Holder spaces and Proposition [B.2]
O

Proposition B.9 (Properties of parabolic Hélder spaces). Let n € N, Q C R™ be a bounded
domain, T be positive, d € N, k € Ny, and o € (0,1). The space O kta ([O,T] x Q; R) s a
Banach algebra. Given U C R% an open set, F € C*T2(U;R) and f € Okt ([0, T] x Q;R)
with f([O,T] xﬁ) C K for some compact conver subset K C U, the composition (t,z) —
(Fof)(tx) lies in CH ket ([O,T] x Q; R). In particular, given f € O hta ([O,T] x Rd)
with min, o 7 oy |f(t,x)| > o for a constant o > 0, the function

d
(t2) = A7 (b 2) = (Zlfi(t,m)F)

lies in O 5% k+a ([0,T] x 4 R).

D=

Proof. The Banach algebra property of C' 2 kta ([0, T] x Q; R) follows from the product rule for
classical derivatives and the fact that C? ([0,7]; C(€2)) and C ([0, T]; C”(£2)) are Banach algebras
for all 8 € (0,1). Given F and f as in the statement, the function F o f possesses continuous
derivatives 007 (F o f) for all i € Ny and 3 € N§ with 4i + |3| < k. The Holder regularity
of the derivatives 007 (F o f) in time and space as required in Definition follows from the
regularities of F' and f and Proposition and The statement for ||f||~" then follows
considering F' € C* (R4 R) with F(y) = lyl”" on R%\ B,(0) as in Proposition O
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Lemma B.10 (Extension operator in parabolic Holder spaces). Let Ty > 0 be given, n € N,
Q CR" a bounded domain, « € (0,1) and d € N. Then for any T € (0,To/2],
Ez, : C%([0,T] x G RY) — €T ([0,T] x O RY)

ft), t [0, 7],

(Ex, f) (t) := f (T%:Yt‘) , te(T,To),

defines a continuous linear operator with
||ETOf||C%>O‘([07T]X§;Rd) < C(To) Hf”C%'“([O,T]xﬁ;]Rd) .

Proof. This is a direct consequence of Lemma and the identity (B.1)). O

B.2 Vector-valued Sobolev and Slobodeckij spaces

The notion of Sobolev functions defined on open subsets of Euclidean space with values in a
Banach space relies on the concept of Bochner integrability. A detailed introduction can be found
in [I50]. Unless said otherwise we always consider the Lebesgue measure on the respective subsets
of the Euclidean space.

Let n € N, M C R™ be Lebesgue measurable and X be a Banach space. A function f: M — X
is called simple if there are Lebesgue measurable sets By C R™ with finite measure \"*(By) and
elements a;, € X, k € {1,...,N}, N € N, such that for all x € M,

N
f@) =Y arxp, (),
k=1

where xp, (z) =1 if x € By, and 0 else. The Bochner integral of f is then given by

N
; flx)dz =" apA\"(By).

k=1

A function f : M — X is called strongly measurable if there exist simple functions f, : M — X,
n € N such that for almost every x € M,

T [|fale) — £l =0.

A strongly measurable function f : M — X is called Bochner-integrable, if there exists a sequence
of simple functions f, : M — X, n € N, such that

lim /N I(e) = f@)lx do = 0.

n— oo

In this case the Bochner integral of f is defined by

We notice that if f : M — X is strongly measurable, then ||f(:)]|y : M — R is Lebesgue
measurable. It is a well-known theorem that a strongly measurable function f : M — X is
Bochner-integrable if and only if || f(-)||y : M — R is Lebesgue integrable. We state some well-
known properties.
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Lemma B.11 (Elementary properties of the Bochner integral). Let n € N, M C R™ be Lebesgue
measurable and X be a Banach space. If f,g: M — X are Bochner-integrable, then f+g: M — X
is Bochner-integrable and the integral is linear. Furthermore, ||f(-)||x : M — R is Lebesgue

integrable and there holds
o| < [ 1@y do.
X M

If Y is another Banach space and A € L(X,Y) is a bounded linear operator, the function Af :
M =Y, Af(x) := A(f(x)) is Bochner-integrable and

A([ s@ac) = [ atrenar,

Proof. This follows easily from the definitions. O

For p € [1, o¢], we define
L,(M;X):= {f : M — X strongly measurable : Hf”L,,(]\/[;X) < oo}
where || f|[;r.x) = H||f(-)HX||Lp(M;R). If  C R™ is open, we let
Lijoc (4 X) := {f : 0 — X strongly measurable : for all K C €2 compact, fix € L1 (K; X)} .

Given f € L1,50.(£; X) and o € N a multi-index, the a-th distributional derivative 0% f of f is
the functional on C§°(2;R) given by

(0°F , ) 1)led / F(x)0%¢(x for all ¢ € C° (% R).
The distribution 0° f is called regular if there exists v € L1 100(€2; X) such that
(O%f, ¢) = /Qv(x)gb(x)dx for all ¢ € C3° (4 R).
In this case we write 0% f = v € L1 10c(€; X). The Sobolev space of order m € N is defined as
W X) = {f € Ly(Q; X) : 0°f € Lp(€}; X) for all @ € N", || <m},
where 0 f is the distributional derivative. The space W}" (Q; X) is a Banach space in the norm

1/p
— (ngm”aaf”ip(g;x)) » pe[le0), (B.2)

1w (2253
max|q <m0 fllo.x), P=00.

It is a well-known result in the literature that in the case 1 < p < 0o, the set
W (Q; X)NC™ (Q; X)

is dense in W)™ (€; X).

Given a non-integer s > 0 the Sobolev-Slobodeckij space (short: Slobodeckij space) W (R"; X) is
defined as
Wi X) = { f € WEIR™ X) : [l o) < 0}

1/p
B 19°1@) = 0T IR,

where
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It is easy to see that the Slobodeckij space W (R™; X) is a Banach space in the norm

”'”W;(R"»X) = HWPM ®mx) T [']W;(Rn;x) :

In the literature there exist several approaches to define Sobolev spaces W (R™; X) of non-integer
order s > 0. As we intend to use results from a broad range of references, we shall now draw a
relation between these different notions.

Besov spaces are usually defined using dyadic spectral decomposition. A detailed characterisation
of scalar-valued Besov spaces can be found in [T40, Chapters 2,4]. Vector-valued Besov spaces are
discussed in [6} [7].

To show that Slobodeckij, Besov and certain real interpolation spaces coincide with equivalent
norms, assumptions on the Banach space X are needed in the vector-valued case. More precisely,
the Banach space X needs to be a so-called UMD space. We refer to [5, Section IIT.4] and [82]
Sections 3,4] and the references therein for the definition and properties of such spaces.

Details on interpolation theory can be found in [95] [140].

Theorem B.12. Letn € N, p € (1,00), s > 0 be non-integer and X be a UMD space. Then the
Slobodeckij space W (R™; X), the Besov space B,,(R"; X) and the real interpolation space
s n s|+1 n.

(W (R™, X), W (R X))
coincide with equivalent norms.
Proof. The fact that the real interpolation space (WpLSJ (R™ R), W,,LSHl(R”;R))kb |p coincides
with By, (R"; R) with equivalent norms follows combining [I40, Theorem 2.3.3] and [140, Theorem
2.4.2/2]. The same property holds true in the vector-valued case which is shown in [8, Theorem
3.7.1]. In [T40, Theorem 2.5.1] it is shown that W,; (R™; R) and B, (R™; R) coincide with equivalent
norms. For the corresponding property in the vector-valued case we refer to [6, Eq. (5.8)]. O

Remark B.13. We give some further remarks in the context of Theorem

(i) Some authors define Besov spaces B;, (R"; X) for non-integer s > 0 as real interpolation
spaces (H,ESJ (R”,X),ITJIESJH(R";X))FLSJ , of Bessel potential spaces H* (R"; X), k € N.
For a thorough introduction to Bessel pote;ntial spaces we refer to [140] in the scalar-valued
case and to [8] in the vector-valued case. However, if X is a UMD space, the Bessel potential
space HY (R™; X) and the Sobolev space W) (R"; X) coincide for p € (1,00) and k € N with
equivalent norms which follows e.g. from [I52] Proposition 3]. In particular, Theorem
yields that the two definitions of Besov spaces lead to the same spaces up to equivalence of
norms provided that X is a UMD space.

(ii) In this thesis we use Theoremonly in the cases X = R? with d € Nand X = W (Q;R?)
withd € N, p € (1,00), s > 0 and an open set 2 C R™, n € N. These spaces are all examples
of UMD spaces which follows from [5, Theorem 4.5.2] and [7, Example 7.1], respectively.
Although some results in the following are true for general Banach spaces X, we will stick
to the assumption that X is a UMD space.

Definition B.14 (Slobodeckij spaces on domains). Let n € N, p € [1,00), s > 0 be non-integer
and X be a UMD space. The Slobodeckij space W;(Q; X) is defined as the quotient space

W, (92 X) = {Rg:ge€ Wy R X)} .

Here Rg denotes the restriction of the function g € W (R"; X) C L, (R™; X) to the set (2.
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As W (€; X) is a quotient space, it is a Banach space in the quotient norm

W[ a.x) = 1nf < lgllws@n.x) : g € W, (R"; X) such that Rg= f¢ .
p (X)) b

In the case X = R we write W;(Q) := W (;R).

Besov spaces on domains are defined correspondingly via restriction of Besov functions on the
full space, see [140, Definition 4.2.1]. To prove that Slobodeckij spaces on domains have the
analogous properties as the corresponding spaces on the full space, certain regularity assumptions

on the underlying domain are needed. These guarantee the existence of extension operators, see [2]
Definition 5.17].

Definition B.15 (Total extension operator). Let Q be a domain in R™ and X be a Banach space.
An operator E mapping functions defined almost everywhere in Q to functions defined almost
everywhere in R" is called total extension operator for S if for every m € N and p € [1, 00) it holds

Eel (Wf(Q;X);Wf(R";X))
and Fu(x) = u(z) for almost every x € .

Definition B.16 (C™-domain). Let m,n € N be given. A C™-domain is a domain @ C R”
such that for each point x € 9¢) there exists an open set U C R™ with z € U and a function
g € C™(U;R™) mapping U bijectively onto the ball By(0) C R™ such that g~ € C™ (B;1(0); R™)
and

g(UNQ) ={y € Bi(0) : y, >0} .

In this case we also say that Q has C™—-boundary. A set Q C R™ that is a C™—domain for all
m € N is referred to as smooth domain or domain with smooth boundary, respectively.

We remark that a bounded C"*—domain, m € N, satisfies the strong local Lipschitz condition stated
in [2, Definition 4.9], the uniform C™-regularity condition defined in [2, Definition 4.10] and, in
the case m > 2, also the ordinary Ljapunov conditions listed in [I36], §13].

Theorem B.17. Let X be a Banach space and ) a bounded smooth domain in R™, n € N. Then
there exists a total extension operator E for ).

Proof. This is shown in [2, Theorem 5.22]. O

The following result is the analogon to Theorem for functions defined on domains.

Theorem B.18. Let n € N, p € (1,00), s > 0 be non-integer, X be a UMD space and @ C R™ be
a bounded smooth domain. Then the Slobodeckij space W (€% X) coincides with the Besov space
By, (8; X) and with the real interpolation space

(W () W (s X))

with equivalent norms.

Proof. Let E be a total extension operator for 2. For k € {|s], |s|+1} we consider the restriction
operator R : Wy (R™; X) — W} (Q; X) defined by Rf(z) := fio(z). Then R is well-defined, linear,
bounded and left-inverse to E : W} (Q; X) — W} (R"; X) for k = [s| and k = |s|+1, respectively.
By [140, Theorem 1.2.4] and injectivity of E the real interpolation spaces satisfy

(Wi (@30, W (@), = R (W5 R X0, Wi (R )

s—s] 717)

s—|sl.p
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with equivalent norms. Theorem implies that the latter space is equal to R (Bj, (R"; X))
which is a Banach space in the quotient norm

lgll = int {1171

and by [140} Definition 4.2.1] equal to the Besov space B;,(€2; X). By Theorem there further
holds the identity

Bs, (eix)  f € Bi (R X) such that Rf = g}

B, (4 X) = R (B}, (R X)) = R (W;(R"; X)) = W} (O X)
and there is an equivalent norm on By, (Q2; X) given by
9w 0sx) = int {||f||W§(Rn;X) . f € W3 (R"; X) such that Rf = g} .
This shows the claim. O

Proposition B.19 (Equivalent norms on Slobodeckij spaces). Let n € N, p € (1,00), s > 0 be
non-integer, X be a UMD space and 2 C R™ be a bounded smooth domain. Then

||f||W;(Q;X) = ||f||me (92:X) + [ﬂW;(Q;X)

B 10° f(x) — 0% f () |I% e

where

defines a norm on Wy (Q; X) that is equivalent to the quotient norm H~||;,VS(QAX). Furthermore,
S
there holds the identity

Wi(2,X) = {f € Wi X) : s <00} -

Proof. In [T, Corollary 4.3] it is shown that the Besov space B;,(Q, X) = R (B;p(R”; X)) coincides
with

{F e W@ X): (Mo < o0}
and that |-[|; , o x defines a norm on By, (€ X) that is equivalent to the quotient norm on
B;,(Q, X). The claim now follows from Theorem O

In the sequel we always consider the norm ||-[|. .y on the space W (; X). In the case X =R

this norm is also denoted by ||-||,  if there is no ambiguity concerning the domain .

S

The embedding properties of Sobolev spaces W,"(£2) depend on the regularity properties of the
underlying domain 2 C R". We state the version of the Sobolev Embedding Theorem that is
relevant for us. Details on the proof and sufficient regularity conditions on the domain can be
found in [2, Chapter 4].

Theorem B.20 (Sobolev Embedding Theorem). Letn € N, Q C R™ be a bounded smooth domain,
€ (1,00), k € Ny, « € (0,1) and s > 0 such that

S—EZ/{—FO[.
p

Then, with continuous embedding,

W3 (Q) = CF(Q).
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Proof. This follows from [140, Theorem 4.6.1.(e)]. O

Theorem B.21 (Characterisation of scalar-valued Slobodeckij spaces). Let n € N, p € (1,00),
s > 0 be non-integer and 2 C R™ be a bounded smooth domain. Then the set C* (ﬁ) is a dense
subset of (W;(Q), ||||9pQ)

Proof. Let E be a total extension operator for Q and let C' > 0 be the norm equivalence constant
such that for all f € W (),

||st,p,Q < c HfHWIf(Q)

where H~||’W;(Q) denotes the quotient norm on W3 (Q). A function f € C>(9Q) satisfies f € W;"()
for all m € N and thus, by the property of the extension operator, Ef € W;"(R") for all m € N.
In particular, Theorem yields that Ef is smooth on R”. Let n € C§°(R™) be such that n =1
on Q. Then nEf lies in Cg°(R™) C W;(R") and thus, by definition of W;(€2), the restriction
f = R(nEf) is an element of W;(€2). This shows that C> () is a subset of W3(£2). By [140,
Theorem 2.3.2(a)] the set C§°(R") is dense in B,,(R") = W;(R"). Let f € W;(Q2) and ¢ > 0
be given. Using the definition of W;(€2) and the results in Theorem we find a function
g € W;(R") such that Rg = f and a function ¢ € C§°(R™) with ||g0—g||W;(R,,L) < ¢/c. In
particular, Rp € C* (ﬁ) C W3 (2) and

[ R — f]

spQ S C|Re — f||w,5(9) =C|R(¢ - 9)||W;(Q) <Cle- 9||W;(Rn) <C¢fc=c¢.
O

In the remaining part of this section we collect some useful properties of Slobodeckij spaces on
intervals.

Corollary B.22 (Equivalent norm for Slobodeckij spaces on intervals). Let I C R be a bounded
open interval with 0 € I, p € (1,00) and s > ]lj. Then there is an equivalent norm on Wy (I) given
by

el ry 2= llls ry + fa(O)]

where ”'HWS(I) is the norm defined in Proposition . The equivalence constants depend on the
P
interval I.

Proof. Theorem implies W, (I) — C (I) and thus u(0) € R with
()] < e ry < O il -
Thus, || - |||W;(1) defines a norm on W (1) which is equivalent to H'”W;([)- O

Proposition B.23 (Temporal extension operator). Let p € (1,00), Top > 0, T € (0,Tp] and
s € (Yp,1). There exists a linear operator

E W7 ((0,T) — Wy ((0,To))
such that for all h € W7 ((0,T)), (Eh) ) = h and
1Bl 0.9 < CCT) Wl o -
Proof. Let Ty > 0 and T € (0,Tp] be given and

oW ((0.7)) = {f € W3 ((0.7)) : £(0) =0} .
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One easily sees that

ft), te(0,T),
oEf:(0,00) > R, t—q f(2T—-1t), te(T,27),
0, t € (2T, 00)

defines a continuous linear operator (E : (W, ((0,7)) — W, ((0,00)) with

0B fllws (0,00 < 41 Fllws 0,1y -

Given any h € W} ((0,T)) we observe that h — h(0) € (W5 ((0,T)) with

1B = B lws 0. < NPl 0,y + 7 |h(0)] -
Then E : W, ((0,T)) — W, ((0,T5)) with Eh := qE (h— h(0)) + h(0) is a continuous linear
operator with (Eh),o 7y = h and
IEAws 0.1y < 0B (B = B0 lws 0.70)) + ROl 0,70
< 4[lh = 1(O)lws o,y + (1+ ") h(O)]
< 4{”lws oy + AT7 |h(0)] + (1 + T(;/p) [h(O)] < C(To) 1Al (0,my) -

O

Proposition B.24. Let I C R be a bounded open interval, p € (1,00) and s € (0,00) be such that
s — zlv > 0. Then W3(I) is a Banach algebra, where the sub-multiplicativity of the norm holds up
to a constant.

Proof. Let f,g € W (I) be given. Theorem yields Wy (I) — C (7) In particular, f and g
lie in C (1) and
HngLp(l) < ||f||c(7) ||9||Lp(1) < C”fHW;(]) ||9||W§(1) :

Furthermore,

ol o //'f . 1+52; 9N 4oy

< [ [1sw V” O o L0 LS aa

< Hf”zé(j) [Q]W;(I) + ”9”0(7) [f]gvg(l) <20° ||f||€v;([) ]l =) -

O

An analogue to the Sobolev Embedding Theorem holds in the case of vector-valued Sobolev func-
tions defined on an interval.

Theorem B.25. Let X be a UMD space, I C R be a bounded interval, s € (0,1) and p € (1,00)
such that s > %. Then the space W;(I; X) is continuously embedded in cs—1/p (T; X).

Proof. This is shown in [I33] Corollary 26]. O
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B.3 Anisotropic Sobolev spaces

One natural class of function spaces associated with parabolic equations is given by the so called
anisotropic Sobolev spaces.

Definition B.26 (Anisotropic Sobolev spaces). Let n € N,  C R™ be a bounded smooth domain,
p € (1,00) and T' € (0,00). Given r,s € [0,00) the space W** ((0,T) x Q) is defined by the
intersection of vector-valued Sobolev (Slobodeckij) spaces

Wy ((0,7) x Q) := Wy ((0,T); Lp(2)) N Ly ((0,T); W (Q))

with norm
||'Hp,r,s = H'HW{;’“((O,T)XQ) = H'”W;((O,T);LP(Q)) + H'HLP((O,T);W;(Q)) (B.3)

where vector- and scalar-valued Slobodeckij spaces are always endowed with the norm defined in

Proposition [B:19

We remark that the results on vector-valued spaces in the preceding section are valid due to
Remark (ii).

A detailed investigation of interpolation and trace properties of anisotropic fractional Sobolev
spaces with temporal weights depending on a parameter pu € (1/p, 1] can be found in [I07]. In the
following, we state the results relevant in the context of this work without weights in the time
variable which corresponds to the case p = 1. We also refer to [8, [I1] for a profound study of
anisotropic Sobolev spaces without temporal weights.

B.3.1 Density of smooth functions

This subsection is devoted to show that the anisotropic Sobolev spaces defined in [136] §20] coincide
with the ones in Definition with equivalent norms.

We note that due to Remark (ii), Theorem and Proposition the anisotropic spaces
defined in [I07] coincide with the ones introduced in Definition with equivalent norms in the
case = 1.

Proposition B.27. Let n € N, Q C R" be a bounded smooth domain, p € (1,00) and T € (0, o).
Let further « € (0,2) and 8 € (0,00) be non-integer and o € [0, 1] such that o is non-integer and
(1 —0)B8 € Ng. Then the space

Wz()l ((OvT); LP(Q)) N LP ((OvT); Wf(ﬂ))

is continuously embedded into
W ((0,T); Wit=%(9)).

In the case that the interval (0,T) is finite, the embedding constant depends on the length T of the
interval.

Proof. This is shown in [I07, Proposition 3.2]. O

Proposition B.28. Let n € N, Q C R"™ be a bounded smooth domain, p € (1,00), T € (0, 00| and
s € (0,4) be non-integer. Given

u € W/ ((0,7); Ly(2)) N Ly, ((0,T); W ()



244 B Function spaces on domains

and v € N} with s — |v] > 0, we have
Oy e W, "V((0,T); Ly ()
where (0%u)(t)(x) := (0% (u(t))) (z). Furthermore, there exists a constant C(T) > 0 such that

< C(T) o]

v
Hawu||W;57‘Vl)/4((07T);L,,(Q)) < pis -

Proof. Let v € Nj with s—|v| > 0 be given. We apply Proposition in the case oo = s/4 € (0, 2),
B=sand o =Y The assumptions s € (0,4) and s — |v| > 0 imply that «, § are non-integer
and o € (0,1]. Furthermore, we have oo = (s=I¥)/4 € (0,1) and 8(1 — o) = |v| € Ng. Thus, given

u € W/ ((0,7); Ly () N Ly ((0,T); W () 4
there holds u € W, ""*((0,T); W' (©)) with

HUHW;S"“')/‘*((o,T);WF‘,"‘(Q)) <C(T) Hu”p,i,s .

It is readily verified that (0¥u)(t)(z) := (0% (u(t))) (x) defines a function in W;FM)M ((0,7); L,(2))
with
MOz ull yto-1ra o .1, 2y < HUHW;)S—‘”‘)M((O’T);WII)V\(Q)) :

This shows the claim. O

Corollary B.29. Let n € N, Q C R"™ be a bounded smooth domain, p € (1,00), T € (0,00] and
s € (0,4) be non-integer. Then

lellp oyas = Nullwrs om0 T 1L, oy wp ) + ENHZ . 10z ull e ~0ra g 1y, 1, 2y
veNy ,s—|v

defines a norm on W;/“ ((0,T) x Q) that is equivalent to ||-||,, with equivalence constant de-

pending on T .

25/4,8

Proof. This is a direct consequence of Proposition O

We make use of the following result for vector-valued Sobolev (Slobodeckij) spaces.

Proposition B.30. Let p € (1,00), r € [0,1], T € (0,00), Xo be a UMD space and X; be
a Banach space such that X1 is embedded in Xo. Then C* ([0,T];X1) is dense in the space
Ly ((0,T); X1) 0N Wy ((0,T); Xo).

Proof. Let u € Ly ((0,T); X1) N W ((0,T); Xo) with suppu C (0,7] be given. In the follow-
ing we extend u by 0 to u € Ly, ((—o0,T); X1) N W} ((—00,T); Xo). Consider a function ¢ €
C§° ((0,1)) with ¢ > 0 and [, ¢dt =1 and set ¢.(t) := L (£). Studying the difference quotient
+ (us(t + h) — uc(t)) and higher order analogues for h > 0 so small that dist (supp ¢, {0,£}) > h,
it is readily checked that the function

t = uc(t) := /06 u(t — 8)pe(s)ds

lies in C'* ([0, T]; X1) with
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In the case that u is in fact continuous on [0, T, straightforward estimates show the convergence
[lae — u||Lp((07T);X1) — 0ase — 0. Using that C* ([0, T; X1) is dense in L, ((0,T"); X1) one proves
that (uc),., converges to u in Ly ((0,T); X1) for general u € L, ((0,T); X1) with suppu C (0,77,
as the latter satisfy

el < [ Tt =)l et 7 a0 < g oy

As X, is embedded in Xo, we further have |lu —uc|[; (o r)x,) — 0 as e — 0. In the case r =1
the function u has a derivative dyu € Ly, ((—00,T); Xo) in the distributional sense and in the space
X we thus obtain for all € > 0 and ¢ € [0, 7] the identity

ul(t) = /ti w(T)(PL)(t — 1) dT = /05 (Opu) (t — s)p:(s)ds € Xy .

Using analogous arguments as for [|u — ucll;, (o 7),x,) We conclude lul — Ol ;. N ) —0as
e — 0. Tt remains to consider the case r € (0,1). By Proposmon B 18 and i 9| the space
W, ((0,T); Xo) coincides with the interpolation space (L ((0,T); Xo), W, ((0,T); XO))r,p with
equivalent norms. Thus, [140, Theorem 1.6.2] yields that W ((0,T); Xo) is densely embedded in
Wy ((0,T); Xo) which implies in particular that C> ([0, T'; Xo) is dense in W ((0,7'); Xo). Let us
suppose for the moment that the considered function u lies in C'* ([0, T]; Xo). Then it is readily
checked that [[u — uel[c1((,77,x,) = 0 as € = 0 and using the identity

l[ue(t) — w(t) = (us(s) — u(s))llx, < [t = sl llue = ullor 0,77, x0)
we obtain
[ue = wlivy (0,):x0) < / / [t—=s| TPt e =l 0,71, x0) < C(T) e = e 0,710

which converges to 0 as e — 0. Given a general function u in L, ((0,7); X1) N Wy ((0,7); Xo)
with suppu C (0,7] and 0 < e < dist (suppu, {0}) =: §, there holds

Tllut*T ) —u(s —7)|%
[y (0. x0) < /0 oe(T / / T o dtdsdr
<C(6

)Tl (0,10 + [ }W{((QT);XO) < CHUH];V;T((QT);XO) :

Thus for any & > 0 we find v € C* ([0, T}; Xo) with [[u —v[[yr(o1),x,) < € and € > 0 with
v — UEHW;((O,T);XO) < &, which yields

le = vellwr(o.0):x0) < 1= 0llwr (0.y:x0) T 110 = Vellwr(0.1):x0) + 1106 = Uellwr(0.1):x0)
<e+te+ C”U — u”W;((O,T);XO) < Ce.

This shows the claim in the case r € (0,1). In the case that the support of uw € L, ((0,7); X71) N
Wy ((0,T); Xo) lies within [0, T), one argues analogously using the approximations

t = u(t) = /O6 u(t+ 8)pe(s)ds.

Given a general function v in the space L, ((0,7); X1) N W) ((0,7)); Xo) we consider the decom-
position u = nu+ (1 —n)u where n € C*°(R) is a function that satisfies suppn C (0,00) and n =1
on [T/2,T]. O
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The following proposition shows that the anisotropic spaces defined in [136], §20] coincide with the
ones in Definition [B.26] with equivalent norms.

Proposition B.31. Let n € N, Q C R™ be a bounded smooth domain, p € (1,00), T € (0,00)
and s € [0,4]. The space W;/4’S ((0,T) x Q) coincides with the closure of C* ([0,T]; C>(2)) with
respect to the norm |||

p,5/4,8°

Proof. Lemma with the choice X; := W;(Q) — L,(Q) =: Xo implies that the space
C> ([0, T]; W;(£2)) is dense in W;/4’s((O,T) x €2) with respect to the norm [|-[| ., .. As a conse-
quence, W) ((0,T); W3 (Q)) is dense in W;/4’S((O,T) x (1) with respect to the norm ||-[|, ./, .. As
C>(€) is separable and dense in W3 (), there exist z,, € C*(£2), n € N, such that {x,, : n € N}
is dense in W (€2) with respect to the norm |||, .. Using properties of vector-valued Sobolev
spaces on intervals one shows that

N
{angon :pn, € C([0,T), N GN}

is dense in W) ((0,T); W3(Q)) with respect to the usual norm H-||WI}((0’T);W;(Q)) defined in (B.2).
This yields the claim. O

Corollary B.32. Let n € N, Q C R"™ be a bounded smooth domain, p € (1,00) and T €
(0,00). Given functions n € C§°((0,00);R) and f € W*((0,T) x Q), the product nf lies in
Wt ((0,T) x Q). Moreover, for a € Ny with |a| < 4 and almost every t € (0,T) there holds
08 (1() £ (£)) = (D02 £(2) and B, (n(2) F(1)) = 1/ (1) £ () + n(£)OF 1),

Proof. Proposition yields that there exists a sequence f, € C*° ([O, T];C*> (ﬁ)), n € N, such
that ||, — fll, 14 — 0 as n — oco. For every n € N there holds nf, € C* ([0,T];C>~()) and
(nfn)nen is Cauchy with respect to |-, 4 as for n,m — oo,

P P P
||77fn - 77fm||LP((07T);Wg(Q)) é ||n||cg°((0,T)) ||fn - meLp((O,T);Wg(Q)) =0
and
10: (n.fn) — O (nfm)llip((o,T);Lp(g))
< ||77||pgo((o,T)) 10¢ fr — atfm“Z[),p((o,T);Lp(Q)) + HnII”go((o,T)) [ fn — fm”ip((o,T);Lp(Q)) -0,

where all derivatives exist in the classical sense. Thus there exists g € Wy*((0,7) x Q) with
nfn —gll,1.4 — 0asn— oco. Since

1nf = 0fllz,0m)2 @) = Wllogeo,mymy 1fn = fllz, 0.z, ) = 0
as n — 0o, uniqueness of limits in Ly, ((0,T"); L,(£2)) yields g = nf. The differentiation rules follow
by taking the limit in the respective formulas for nf, € C> ([0, T];C(Q)). O

Corollary B.33. Let n € N, Q C R"™ be a bounded smooth domain, p € (1,00) and Ty > Ty > 0.
Given f € Wyt ((0,T1) x Q) and g € Wy (T1,T2) x Q) with f(T1) = g(Ta) in Ly(Q), the
Junction h(t) == f(t)x(0,1:)(t) + 9(t)X(0,1)(t) lies in Wt ((0,T3) x Q).

Proof. 1t is straightforward to check that h lies in L, ((0,7%); W;‘(Q)) In the following we show
h e W) ((0,Ts); L,(£2)) with distributional derivative

b= 0 fX(0,1) + Ogx (11, 1m) € Lp ((0,T2); Lp(2)) -
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Proposition yields the existence of f* € C*([0,T1];L,(Q)), g" € C= ([T1,T]; L, (),

n € N, with f* — f in I/V1 ((0,T1); Ly () and g™ — g € pl(( 1,1%); Lp(€2)). Given a test
function ¢ € C§° ((0,T%)) we obtain the following identity in L, (),
T Ty T2
; h(t)y'(t) = h(t)(t) dt = ; F@Y'(t) — ouf () (t) dt + ; g(t — Org(t)ip(t) dt
T T

= [ owo - ) @ue e in [ oo - @) e

= i (1) (T~ T g (1) % (T1) =0,
where we used that W) ((0,T); L,(€2)) < C ([0,T]; L,(€2)) due to Theorem O

B.3.2 Extension results and uniform embeddings

In the first part of this subsection we generalise the embedding result [45, Lemma 4.4] for
anisotropic spaces on the full space to anisotropic spaces on smooth domains.

However, the corresponding embedding constants depend on the considered time interval and blow
up when considering smaller and smaller time intervals.

The contraction estimates in Part [[] and [[I] crucially rely on embeddings with constants that are
independent of the considered time interval. The second part of this subsection shows that this
can be achieved by using a certain equivalent norm on the anisotropic spaces.

In the following, we make use of the results shown in [45] which is justified by Theorem and
Remark To this end, the following extension lemma is needed.
Lemma B.34. Let n € N, Q C R" be a bounded smooth domain and let E be a total extension
operator for Q. Given T € (0,00), s € [0,1], 7 € [0,00) and p € [1, 00),

E:W,; ((0,T): Wy () = Wy ((0,7); Wy (RY),  (Ef)(t) := E(f(t))
defines a continuous linear operator.
Proof. Let f € W5 ((0,7);W;(Q)) be given. In particular, f : (0,7) — W} (Q) is Bochner-

integrable and as E el (WT( ); Wy (R ™)), Lemma implies that Ef : (0,7) — W, (R") is
Bochner-integrable with

T T T
E(/ f(t)dt> | Buea= [ @n o

Furthermore, the estimate [|[E(f(t))[lyrgn) < Clf(E)llwr(q) vields Ef € Ly ((0,T); Wy (R™))
P P
and if s € [0,1) even Ef € W ((0,T); W) (R")) with
||EfHW;((o,T);WI;'(Rn)) <C ”f”W;((O,T);Wz’;'(Q)) :

It remains to verify the claim in the case s = 1. Suppose that f € W, (((LT);WPT(Q)) and
g € Ly ((0,T); W} ()) are such that for all ¢ € C5° ((0,T)),

T T
| rwwwan=- [ gwuar.
0 0

Applying the extension operator F to this identity we obtain using Lemma that Fg lies in
Ly, ((O,T); W;;(Rn)) with ||E9HL ((0 T); Wy (R™) ) <C ”g”LP((o,T);W;(Q)) and

T T
/ (Ef)y'(t)dt = — / (Eg) (t)v(t)dt.
0 0
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This shows that E is well-defined. Linearity of E follows from linearity of £ on W () and
linearity of the integral. The above estimates imply that F is continuous. O

The following proposition generalises [45, Lemma 4.4] to smooth domains.

Proposition B.35. Let n € N, Q C R" be a bounded smooth domain, T be positive, p € [1,00),
r1,72 € [0,00) with ro < r1 and sy, s3 € [0,1] such that

s1 < p < 89
and let v := (r1 —ra)/(s2 — s1). Then
W ((0,7); W2 (92)) N WH((0,T); Wyt (Q)) <= C([0, T]; Wy 7m0 (q)).
In particular, for p € (4+ n,0), there holds
W, ((0,7); Ly(Q)) N Ly, ((0,T); Wi () < C([0, T); Wi="*()) — C ([0,T];C*(Q)) .
The operator norms of the embeddings depend on T.

Proof. In [45] Lemma 4.4] the statement is shown in the case = R™. Let E be a total extension
operator for ). By Lemma E defines a continuous linear operator

E W32 (0,T; W2 () N Wt (0,T; Wy () — W2 (0,75 W2 (R™) N W3 (0,T; WH(R™)) .

By [45, Lemma 4.4] the latter space embeds continuously into C([O,T];W;l_’Y(l/”_sl)(R”)) via
a mapping ¢. The restriction operator R : W;l_W(l/p_sl)(R”) — W;l_W(l/p_sl)(Q) defined by
(Rf)(z) := f(x) for x € Q, is well-defined, linear and continuous with operator norm bounded by
1 and yields a continuous linear operator

R: O([0, T Wyt 7o) (®™) = €0, TR Wy 7 Y0(@) - (RF) (1) = R(f(1)).
The composition R ot o E defines a continuous linear operator
RovoE: W2 (0,T;Wr2(Q)) N Wi (0,75 Wy () — C([0,T); Wy /r=s1)(Q))

and it is straightforward to check that (Roto E) (f) = f. With p € (1, 00) and the choice s; = 0,
71 =4, s = 1, 1o = 0 we obtain

W, ((0,7); Ly(€2)) N Ly, ((0,7); W, () = C([0,T]; W, =7 (2)).

In the case p € (4 + n,o0) Theorem implies the continuous embedding W, - "(Q) = C3(2)
which yields the desired result. O

Proposition B.36 (Equivalent norms on anisotropic spaces). Let n € N, Q C R™ be a bounded
smooth domain, T be positive, p € (1,00) and o € (Yp,1]. There is an equivalent norm on

W5 ((0,7); Lp(2)) N Ly, ((0,T); W*(R)) given by

H|U|||W;v4°((o,T)xQ) = Hu||W;"4”((07T)><Q) + ||U(0)HW:af4/p(Q) (B.4)

with equivalence constants depending on T .



B.3 Anisotropic Sobolev spaces 249

Proof. With s; =0, 11 = 4, s2 = « and r5 = 0, Proposition [B-35] yields the embedding
W ((0,7); Lp(Q)) N Ly, ((0,T); W™ (Q)) < C([0, T); W, 7(9)).
In particular, given u € W;Aa ((0,T) x ), u(0) lies in W;a_4/p(§2) with
HU(O)HW;mA/p(Q) <C(T) ||u||Wp“'4a((0,T)><Q) :

This shows that |H'U,|||Wo¢,4o¢((0 T)xq) defines a norm on W;"A(" ((0,T) x ) that is equivalent to
||'||W£’4“((O,T)><Q)‘ =

To obtain embeddings with constants independent of the considered time interval we make use of
the following proposition.

Proposition B.37 (Temporal extension operator). Let n € N, Q C R"™ be a bounded smooth
domain, Ty be positive, T € (0,Tp), p € (1,00) and o € (Yp,1]. Then for every

g € W ((0,T) x Q) = W ((0,T); Ly(€2)) N Ly ((0,T); W, ()
there exists an extension
Eg € W4 ((0,To) x Q) = W (0, To); Ly(2)) N Ly ((0, To); W, ()
such that (Eg)|o,r) = g and
|||E9H|W;"4”((O,TO)><Q) < C(To,p) |||g|||W§'4“((O,T)><Q) :
The hereby induced extension operator is linear.

Proof. Let p € (1,00), a € (Yp,1] and T > 0 be fixed. Given s > 0 and a function f €
Ly ((0,T); W3(£)), the function

f(t), te(0,7),
Ef:(0,00) = W;(Q), t— o f2T —t), te(T,27),
0, te (2T,00),

lies in L, ((0, 00); W3(9)) with ”Ef”L,,((o,oo);W;(Q)) <2 ||fHLp((0’T);W;(Q)) which yields
E e L (L, ((0,7); W;(Q)) , Ly ((0, 00); W;(Q))) .
For an interval J C R we consider the space
W5 (J: Lyp(Q)) := {h € WS (J; Lp(Q)) : h(0) =0} .
It is readily checked that the operator E restricts to
E € £ (OWg ((O?T)7 LP(Q)) ) OW;?; ((Oa OO); LP(Q)))

With 1Bl (w019, (@), oW (0,000, () < 4 Given g € W ((0,T) x ) Propositionw

implies g(0) € W;LO‘A/”(Q). By [126] Proposition 3.4.3] the initial value problem
Ou+A%*u=0,
Ult=0 = g(O) ’
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admits a solution u € W4 ((0,Tp) x Q) with

||u||W;=4“((0,TU)><Q) < C(To,p) HQ(O)HW;la—‘l/p(Q) .

The constant depends on Ty as the equivalence constants for the norms on Wy* ((0,7p); L,(€2))
and W1 ((0,Tp) x Q) depend on the interval (0,7p). This is due to the fact that the norm
of the extension operator in Theorem depends on the underlying domain. The function
f = wyo,r) — g lies in (W3 ((0,T); Ly(2)) N Ly, ((0,T); W;*(€2)) and thus, the extension operator
constructed above yields the existence of Ef € (W ((0,00); Ly(2)) N Ly, ((0,00); Wy*(€2)) with
(Ef) 01y = [ Now we define

Eg:=u—Ef €W ((0,Tp); Lp(2)) N Ly, ((0, Tp); W, *(€2)) .
Then Eg satisfies (Eg)‘(O’T) = ujo,r) — f =g and
IEglllyyose 0,1y x) < ltllwese o,y x0) T IEF lwete o,z <) + H(EQ)(O)HW:a—‘l/p(Q)
< C(To,p) ||9(0)||W;a—4/p(9) +4 ||fHW§’4“((O,T)><Q)
< C(To,p) ||9(0)||W;a—4/p(9) + 4llgllweseo,mxa) -

The operator E is linear as E is and as the solution u to the linear initial value problem depends
linearly on the initial value. O

Corollary B.38 (Uniform embeddings). Let n € N, @ C R™ be a bounded smooth domain, Tj
be positive, p € (1,00) and « € (Y/p,1]. Then there exists a constant C(Ty) such that for all
T € (0, Tp) the embedding v given by

(W (0.1 % ) - lwgse oimyean) 5 (CO0TEW ), oo e )

holds with operator norm

sup {HLT(U)HC([O,T];W;}Q4/17(9)) ‘u € WZ?A(X ((07T) X Q) ) |||u|||W§’4a((O,T)><Q) S 1} S C(TO) .
Proof. This follows by considering the decomposition 7 = R o vy, o E with
B (Wt ((0.7) x Q) - e oy ) = (W™ (0,T0) % @), gt 0,10y )
the extension operator defined in Proposition and
R: C([0, To]; W*="*(Q)) — C([0, T|; Wao~"/7())
the restriction operator. O

Corollary B.39 (Uniform embeddings IT). Let n € N, Q C R™ be a bounded smooth domain, Ty
be positive, T € (0,Ty] and p € (“’T",oo). Then for all 6 € (Z/f;;i,l) and all § € (0,1 —1/p)
there holds the embedding

ir: Wy ((0,T) x Q) = CU=0==0) ([0, 7], ¢ (@)
and there exists a constant C (Ty,0,6) such that for all u. € WE* ((0,T) x Q),

HiT(u)||C(1*9)(1*1/P*5)([077’%01(5)) <C (T07 0, 5) |||/U‘|HWPL4((0,T)><Q) :
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Proof. Theorem yields for any § € (0,1 — 1/p) the continuous embedding
Wyt ((0,Tp) x Q) == C' =772 ([0, Tp) 5 Ly (2))
with operator norm depending on Tj. Furthermore, Corollary gives
Wt ((0,Tp) x Q) = C ([0, To); W= ().
Theorem Proposition and [I40, Theorem 2.4] imply

W;g(‘l—“/”)(Q) = (Lp(Q)a W;_4/F(Q))97P

with equivalent norms. In particular, for all f € W;,g = ”)(Q) there holds the estimate

1-6 0
||f||W5<4—4/p>(Q) <Clflz, (0 Hf”W;x—‘*/p(Q) :

As 0(4—4/p) > 1+ 7, the Sobolev Embedding Theorem yields Wpe(474/")((2) — C'(Q).

Applying Proposition with the choice Xo = L,(Q2) and X; = W;_4/p(f2) we obtain for all
a€(0,1),

C ([0, To); W, =77(Q)) N C* ([0, To; Ly () — CH = ([0, To); W47 (Q))
— C=0 ([0, Ty); C* (Q))

which yields for all § € (0,1 —1/p) the continuous embedding
WZ}A ((O,To) X Q) s 0(1_9)(1—1/1)—5) ([07T0] ’Cl (ﬁ)) .

Given T € (0, Tp] we let

E: (Wyt (0,1) x ), - llwpaqoiryxy) = (Wa (0,10) x 9, Il o,z )
be the extension operator defined in Proposition [B:37] and
R: CU=00=2=9) ([0, Ty ; €1 (Q)) — CU=DC==9) ([0, T]; C*(Q))

the restriction operator. The claim now follows considering the decomposition iy = Roipo E. [

B.3.3 A composition property

This subsection is devoted to prove the composition result in Lemma [B.45| which is needed to prove
the geometric uniqueness of strong solutions to the elastic flow of networks in Subsection

Lemma B.40. Let T' be positive, p € (1,00), f € L, ((0,T); L, ((0,1))), ¢ € C([0,T];C([0,1]))

and g € C([0,T];C*([0,1])) be such that for every t € [0,T], g(t) : [0,1] — [0,1] is a C'-
diffeomorphism. Then for every v € Ly ((0,1)) with % +1i=1,

q

tes / () (1) 0 (1)) (@)(t, z) dz € R

defines a Lebesgue measurable function on (0,T).
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Proof. For almost every ¢ € (0,T) the function f(¢) o g(t) lies in L, ((0,1)) due to [2, Theorem
3.41]. As ¢(t) is continuous on [0, 1], the function h : (0,T") — L, ((0,1)), t — (f(t) 0 g(t)) () is
well-defined. Given any ¢ € L, ((0,1)) with l + l = 1, the integral

/ (@) h(t) () d = / (@) (f(t) 0 9(t)) (2)p(t, 2) da

exists for almost every ¢t € (0,7). Moreover, [4, A 6.10] yields that (¢,y) — f(t,y) :== f(t)(y) is
measurable on (0,7) x (0,1). As (¢t,z) — (¢, g(t,z)) is continuous and hence Lebesgue measurable
n (0,7) x (0,1), we obtain that the composition (t,z) — (f(t)og(t)) (x) = f(¢) (9(t,x)) =
f (t,g(t,x)) is Lebesgue measurable on (0,7) x (0,1). As further (¢,x) — ¢ (z) and (¢, 2) — (¢, =
are Lebesgue measurable on (0,7) x (0,1), we conclude that (¢, z) — ¥(z) (f(t) o g(t)) (x)e(t, x) is
Lebesgue measurable on (0,7") x (0,1) being a product of measurable functions on (0,77) x (0, 1).
The measurability of ¢ — Fy(t) on (0,7) is now a consequence of Fubini’s Theorem (see for

example [24, Theorem 4.5]). O
Lemma B.41. Let T be positive and g € C ([0,T];C* ([0,1])) be such that for every t € [0,T],
g(t) : [0,1] — [0,1] is a C'—-diffeomorphism with inverse g(t) =: g~ (t). Then there holds

g~t € C([0,T}C ([0,1])).

Proof. We first show that (¢,y) — g~ '(t,y) and (¢t,y) — 9,9~ (¢, y) lie in C ([0,7] x [0,1]). To
prove that g~! is continuous we let (¢,,v,) C [0,T] x [0,1], n € N, be a sequence with (t,,y,) —
(t,y) € [0,1]. We intend to prove that g~ (t,,y,) — g~ 1(t,y). There exists z € [0,1] such that
(after passing to a subsequence) g~ (tn,yn) — «. In particular, g(t) (97 (tn,yn)) — g(t)(z) due
to continuity of g(t). As g(t) is bijective, it is enough to show that g(t) (¢7* (tn,yn)) — y which
follows from

l9(t) (97" (tnsym)) —u] < |9(t) (97" (tnsyn)) — 9 (tn) (97" (s )| + |9 (tn) (97" (tns ym)) — o]
< lg(®) =g En)llcqo,y) + lym —yl = 0.

Furthermore, [I51, Corollary 4.37] yields for every ¢ € [0, 7] and = € [0, 1] the differentiation rule
dy9(t)"*(y) = (929(t) (9(t)"*(y))) . Hence (t,y) — 9yg(t)~*(y) is continuous on [0, 7] x [0, 1]
being a composition of continuous functions. An application of the Theorem by Ascoli-Arzela (see
for example [24] Theorem 4.25)) yields g=* € C ([0, T]; C* ([0, 1])). O

Lemma B.42. Let T be positive. The space C ([0, T]; C ([0,1])) is a Banach algebra. Given f,g €
C ([0,7];C ([0,1])) the composition (t,x) — h(t,z) = f (¢, g(t,z)) lies in C ([0,T];C([0,1))).

Proof. The Banach algebra property is straight forward to verify. Given f,g € C ([0,T]; C ([0, 1]))
the composition h given by h(t,z) := f(t,g(t, x)) satisfies h(t) € C ([0,1]) for every t € [0,T)
and is continuous on [0, 7] x [0,1]. In particular, given ¢ € [0,7] and a sequence (t,),, .y C [0, 7]
with ¢, — t, the sequence h(t,), n € N, converges to h(t) pointwise in [0,1]. The uniform
convergence [|h(t) = h (tn)|l ¢ 0,1y — O follows from [24] Theorem 4.25] once we have shown that
{h (ty) : n € N} is uniformly bounded and uniformly equicontinuous. Given z € [0,1] and n € N
we have
A (tns @) < 1 flleo,mic0,1))) -

Let € > 0 be given. There exists § > 0 such that for all z,y € [0,1], |[z—y| < 4, |f(t,z) — f(t,v)| <
¢/s and |h(t,z) — h(t,y)| < ¢/5. Furthermore, there exists N € N such that for all n > N,
l9(tn) — 9l (o,1) < 6 and [|[f(tn) = f()llc(jo,1)) < 5- This allows us to conclude for all n > N
and z,y € [0,1] with |z —y| < 0,

|h (tnax) —h (tnvy)‘
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< |f (s g (tny ) = f (6 g (bn, )| + | (89 (En, ) — £ (2,9 (2, 2))]
+ |f (t’g (t’x)) - f (t’g(tvy))l + |f (t’g(tvy)) - f(t’g(tnay))| + ‘f (t?g (tn’y)) - f (tnvg (tnay))|
<N f®) = fFCllcqoayy +/5+/5+/5+ 1) — f E)llcqoay) <e-

O

Lemma B.43 (Difference quotients I). Let p € (1,00), T' be positive, u € W, ((0,T); L, ((0,1))),
[a,b] C (0,T) and |e| < % dist ([a,b],0(0,T)). Then as e — 0, the difference quotients

O ult) = é (ut+2) — ult) (B.5)
converge weakly to Oyu in Ly ((a,b); L, ((0,1))).

Proof. As the space L, ((0,T); L, ((0,1))) is reflexive for p € (1, c0), see [48, Chapter IV, Corollary
2], the proof of [57, Chapter 5.8, Theorem 3] stays valid in the case that the functions take values
in L, ((0,1)). The statement then follows combining the arguments in the proofs of [57, Chapter
5.8, Theorem 3(i), (ii)]. O

Lemma B.44 (Difference quotients II). Let p € (1,00), T be positive, w € L, ((0,T); L, ((0,1))),
[a,b] C (0,T) and |e] < %dist([a,b],a(O,T)). Suppose that the difference quotients 0°u €
L, ((a,b); L, ((0,1))) defined in (B.5|) converge weakly in Ly ((a,b); L, ((0,1))) to a function v €
Ly ((a,b); L, ((0,1))) as e = 0. Then u lies in W, ((a,b); L, ((0,1))) with dyu = v.

Proof. This can be shown using the arguments in the proof of [57, Chapter 5.8, Theorem 3(ii)]
and reflexivity of the space L, ((0,T); L, ((0,1))) for p € (1,00), see [48, Chapter IV, Corollary
2]. O

Lemma B.45. Let T be positive, p € (5,00) and f,g € W ((0,T) x (0,1)) be such that for
every t € [0,T], g(t) : [0,1] = [0,1] is a C'~diffeomorphism. Then the function h(t) := f(t) o g(t)
lies in W ((0,T) x (0,1)) and all derivatives can be calculated with chain and product rule.

Proof. Proposition yields that both f and g lie in C ([0,7];C®([0,1])) and thus h(t) €
C3([0,1]) for every t € [0,7]. Lemma implies

heC ([O,T}; c? ([07 ID) — LP ((OaT); WS’ ((07 1)))
and for every ¢ € [0,T] and z € [0,1] it holds
97 (h(1)) (z) = (92£(1) (9(t,2)) (Dag(D)(x))* + 3 (92£ (1)) (9(t, ) D29 (1) (2) g (t) ()
+039(t)(x) (8:£(1)) (9(t, @) -

There exists a set N C (0,T) of measure zero such that for every ¢ € (0,7) \ N, the functions
x = 92 f(t)(x) and x — d3g(t)(x) lie in W) ((0,1)). Given t € (0,T) \ N the map g(t) is a
C'-diffeomorphism of [0, 1] and thus [2, Theorem 3.41] implies 3 f(t) o g(t) € W, ((0,1)) with

9 (02f(t) 0 9(1)) () = (92£ (1)) (g(t,2)) Dug(t)(2).

As 2 — (9pg(t)(x))? lies in C1 ([0,1]) C W, ((0,1)), the Banach algebra property of W, ((0, 1)) for
p € (1,00) shown in [2, Theorem 4.39] yields (03 f(t) o g(t)) (D,9(1))* € W, ((0,1)). All remaining
terms in the formula for d3h(t) lie in W) ((0,1)) which allows us to conclude d3h(t) € W, ((0,1))
and thus h(t) € W, ((0,1)) for all ¢ € (0,T)\ N. To prove that h : (0,7) — W} ((0,1)) is
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strongly measurable, the characterisation of the dual of W, ((0,1)) in [2, Theorem 3.9] and Pettis’
Theorem (see for example [129] Satz 1.8]) yield that it is enough to show that for all ¢¢ € L, ((0,1)),
i€{0,1,2,3,4}, %Jﬁ 1,

t— ;/O P (x)OLh(t)(x) dz

is Lebesgue measurable on (0,7). This is a direct consequence of Lemma m Directly esti-
mating the terms in the formula for (t,x) — 9th(t)(x) with the help of Lemma and [2]
Theorem 3.41], one obtains h € L, ((0,7); W, ((0,1))). In the next step we show that h lies in
W, ((0,T); L, ((0,1))) with distributional derivative

b (t) := 0.f(t) 0 g(t) + (0 £ (t) 0 (1)) (Drg(t)) -

First, we verify that b lies in L, ((0,7); L, ((0,1))). There exists a set N' C (0,T) of measure
zero such that for all ¢t € (0,7) \ NV, 9, f(t) and dyg(t) lie in L, ((0,1)), and by [2, Theorem 3.41]
also 9, f(t) o g(t) € L, ((0,1)). As further 9,f(¢) o g(t) € C([0,1]) for all ¢ € [0,T], we obtain
h(t) € L, ((0,1)) for all t € (0,T)\N. Lemmayields for every ¢ € Ly ((0,1)) with £+ ¢ =1
that

- / $(2)h(t) () dz

is Lebesgue measurable on (0,T) which implies strong measurability of  : (0,T) — L, ((0,1)) by
Pettis’ Theorem. Using Lemma we obtain h € L, ((0,T); Ly, ((0,1))).
Given a fixed test function ¢ € C§° ((0,7)) we need to prove

/O Bty (1) dt = — / () (t) dt (B.6)

as an identity in L, ((0,1)). Let [a,b] C (0,7 be such that suppy C (a,b). Given ¢ > 0 with
le| < 4 dist ([a,],0(0,T)) =: &9 and t € [a,b] we consider the difference quotients

O h(t) = = (h(t+¢) — h(t))

M | = | =

(f(t+e)og(t+e) = f(t+e)og(t)) + é (f(t+e) = f(t) og(t).

Notice that 0°h lies in Ly, ((a,b); L, ((0,1))) for all ¢ € (—&g,€0). To prove Lemma
yields that it is enough to show that 0°h converges weakly to b in L, ((a,b); L, ((0,1))). Due
to [48], Chapter IV, Corollary 2] the dual of L, ((a,b); L, ((0,1))) is given by L, ((a,b); Ly ((0,1)))

with ¢ = SE5. Thus it is enough to show for a € Cg° ((0,1)) and ¢ € Cg° ((a, b)),

b 1 b 1
lim / /O O h(#) () () () d dt = / /0 b(t)(2)o(z)b(t) da dit

As 07 f converges weakly to 9,f in L, ((a,b); L, ((0,1))) by Lemma and

(t,y) = o(t)a (97" (t,v)) [0yg(t) " (y)] € Lq ((a,b); Lq ((0,1)))

due to Lemma we obtain that
b rl
| [ zutsa = s0) @) oo arar
b 1
= [ [ e = @) a7 ) o0) 0,000 )]yt
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converges as € — 0 to
bl
/ / o ( ) 60 |90 W)l vt = [ [ 010 (g(t.2) a(w)ott) .
a JO
Furthermore, for every t € [a,b], |¢| < €0 and z € [0, 1], differentiability of f(¢ + ) yields

S+ ) (ot + ) = S0 +) (g(t,2))
- /0 Ouf(t+2) (rg(t+2,2) + (1 — T)g(t,2)) dTé (gt +e,2) — g(t,2)) .
Uniform continuity of 9, f and g on [0,7] x [0, 1] yield

lim sup
€20 ¢¢ga,b],z€[0,1]

/ Ouf(t+e) (rg(t+e,2)+ (1 —7)g(t,z))dr — 0. f(t)(g(t,x))| = 0.

As 9%g converges weakly to 9,g in Ly, ((a,b); L, ((0,1))) as ¢ — 0 by Lemma we conclude
that

b 1
/ / 1 (F(t+e)oglt+e) — f(t+2) o g(t)) a(e)d(t) dedt

tends to

/ / O f()(g(t, )0y (t, z)a(x)p(t) dr dt

as € — 0 using that the weakly convergent sequence (9°¢) is bounded in L, ((a,b); L, ((0,1))). O

Lemma B.46. Let p € (5,00), T be positive and g € WI}A ((0,T) x (0,1)) be such that for every

€ [0,7T], g(t) : [0,1] — [0,1] is a C*—diffeomorphism with inverse g~*(t) := g(t)~'. Then the
function g~ lies in W* ((0,T) x (0,1)) with dyg~*(t,y) = (029 (t,g_l(t,y)))_l, 0ig L (t,y) =
—(0v9) (t, 97 (t,y)) Oyg~*(t,y) and all higher order spacial derivatives can be calculated by chain
and product rule.

Proof. Proposition implies g € C ([0,T];C®([0,1])) and thus g~* € C ([0, T];C* ([0,1])) by
Lemma [B.41] For every ¢ € [0,7T], g(t) € C3([0,1]) is a diffeomorphism with inverse g~!(t) and
hence [151} Corollary 4.37] yields g~1(¢) € C3 ([0, 1]) with

“H6)(y) = ((9=9(t)) (97" ))*17
62 *1<t><y> (( t))( )" (029(1) (g )
g(t) " () =3 ((e9(1)) (9 )) ((0200) (971t w))’
— ((@e9®) (97 (t,9)) " (929®)) (g )
Lemma [B.42] gives g=! € C ([0, T}; C* ([0,1])) < L, ((0,T); W2 ((0,1))). There exists a set N C

(0,T) of measure zero such that for all t € (0,7)\ N, 92g(t ) W, ((0,1)), and thus, using [2,
Theorem 3.41], in particular 93g(t) o g~ (t) € W, ((0,1)) with

By (02g(t) 0 g7 (1)) (y) = Dg(t) (97 (t, ) Dyg ' (1) (y).-

The Banach algebra property of W ((0,1)) in [2, Theorem 4.39] then yields 93¢~ (t) € W} ((0,1))
and thus g~*(t) € W, ((0,1)) for all t € (0,7) \ N. The strong measurability of g=' : (0,7) —
W, ((0,1)) follows from [129, Satz 1.8] and Lemma as in the proof of Lemma Explicitly
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computing the expression 839’1(t)(y) using [2, Theorem 3.41], product and chain rule, and g,
g~' € C([0,T];C3([0,1])), one directly obtains djg~' € Ly, ((0,T); W, ((0,1))). It remains to
show that ¢g~! lies in W ((0,T); Ly, ((0,1))) with distributional derivative

h(t) == — (9eg(t) 0 g7 (1) Byg ™" (1) -

Observe that for almost every ¢ € (0,T), O,g(t) lies in L, ((0,1)) and thus, [2, Theorem 3.41]
and 9,97 '(t) € C([0,1]) yield h(t) € L,((0,1)) for almost every ¢t € (0,7). Furthermore,
Lemma [129, Satz 1.8] and Lemma yield h € L, ((0,T); L, ((0,1))). To prove that
h is the distributional derivative of g—', the arguments in Lemma yield that it is enough
to show that for any [a,b] C (0,T), € > 0 with || < 3dist ([a,b],0(0,T)) =: €o, the difference
quotients 8¢9~ € L, ((a,b); L, ((0,1))) defined by

Fglt)==(9"t+e)—g ' (1))

o | =

converge weakly to h in L, ((a,b); L, ((0,1))) as € — 0. Observe that for any ¢ € [a, b], |¢] < o,
z € 0,1],

g7 (t+e) (gt @) =g~ (t+e) (gt + e, 2))

= —/0 0y9 (t+) (rg(t.x) + (1 = )g(t +e,2)) dr (g(t +&,2) — g(t, 2)).

The integral in the above expression converges uniformly on [a,b] x [0,1] to (,971(t)) (g(t,z)).
As 0°g converges weakly to dyg in L, ((a,b); L, ((0,1))) due to Lemma we obtain for any
a € C§((0,1)) and ¢ € C§° ((a,b)) as € — 0,

b 1
| 2@ e = ) ao dyar
b 1
:/ /O é(gfl(tjue) (g(t,2)) — g1t + ) (g(t + £, 2))) a (g(t, 2)) D g(t)(x) dz B(t) dt
a b 1
- */ / (8,971 (1)) (g(t,x)) Brg(t, x)ax (g(t, x)) Bug(t)(x) dz B(t) dt
a 0
b 1
- _/ /o dyg (1) (y) (Deg(t)) (97" (£, ) al(y)o(t) dy dt.



Appendix C

Function spaces on compact manifolds

This chapter introduces the function spaces on compact manifolds required to study the higher
dimensional problem considered in Chapter [2] in a Sobolev setting. In Chapter 2] we use a lo-
calisation procedure to translate boundary value problems on the manifold to problems on the
chart domains. To this end, it is convenient to characterise the respective function spaces on the
manifold in terms of a uniform localisation system as constructed in Section [A74]

In Subsection [C.I.1 we use the normal coordinates constructed in Section[A.4]to give an equivalent
characterisation of Sobolev spaces on compact manifolds, usually defined in a coordinate-free way,
in terms of the respective Sobolev norms of the localised functions on the chart domains. Such
characterisations are well-known in the literature. We refer to [12], [72] and the references therein
where the authors treat broad classes of manifolds. For the convenience of the reader we give a
detailed proof in the (easy) case of compact manifolds with boundary. We hereby follow the sketch
given in [96] and make use of [97, Lemma 1.3]. [[] The statement of [97, Lemma 1.3] is given in
the identity in Proposition

This result is then used to define Slobodeckij spaces of non-integer order on manifolds in Sub-
section and to give characterisations of anisotropic spaces on manifolds in Section In
the case that the manifold is given by the boundary of a smooth domain in Fuclidean space, our
notion of Sobolev (Slobodeckij) spaces on manifolds is consistent with the one in [I36] [141] which
allows us to use the trace theorems stated therein. This is studied in Section

We give some remarks on the notation used in this chapter. The considered manifold is endowed
with a normal covering 7 and an associated uniform localisation system C as defined in Section[A-4]
The “localised” norms are denoted by superscript 7. To indicate constants that depend on the
choice of T we use the notation C(Q) where @ is the quantity appearing in Proposition

C.1 Sobolev spaces on compact manifolds

The Sobolev spaces W, (M) on a Riemannian manifold M are usually defined via completion of
smooth functions with respect to the norm

m 1/p
P V! ”dV> . C.1
T ;(/M| 7P av, (1)

In this way the spaces inherit plenty of properties of their counterparts in Euclidean space, as
for example, the Sobolev Embedding Theorem. Such results can for instance be found in [I3] [74]
79) in the case of manifolds with bounded geometry and positive injectivity radius. In [I4] the
author shows analogous properties for compact manifolds with boundary. A profound study of a

LAt this point I would like to express my gratitude to the MathOverflow user macbeth for the helpful answers to
my question https://mathoverflow.net/q/327475 and for drawing my attention to [97, Lemma 1.3].
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broader class of function spaces on singular manifolds can be found in [I0, [I1]. Here the author
considers (possibly) non-compact, non-complete manifolds with or without boundary with singular
behaviour described by a singularity function p including the non-singular case that corresponds
to p=1.

C.1.1 Characterisation of Sobolev spaces via localisation

This subsection is devoted to prove the following result.

Proposition C.1 (Characterisation of W, (M) via localisation). Let (M, A, g) be a smooth com-
pact oriented Riemannian manifold with or without boundary of dimension n € N with Levi-Civita
connection D and uniform localisation system (Uy, da,Va), p € [1,00) and m € Ny. Given an
element f of W)"(M), the function f o ¢ " lies in W' (¢a(Us)) for all « € {1,..., N} with the

estimate

1£ 062 ooy < C@ W lwpmiany (C2)

On the other hand, if f : M — R is such that (Vo f) 0 ¢t € W) (¢a(Uq)) for alla € {1,...,N},
then it holds f € W (M). Furthermore,

N
Hf||7V[_/}§n(M) = Z H(waf) o (b‘;lHW;]"(dJQ(UQ))
a=1

defines an equivalent norm on WIZ"(M) with equivalence constants depending on Q) and the bounds

1

on the derivatives of g and g~ in the normal coordinates.

Its proof is given at the end of this subsection and uses the hints given in [96].

We remark that the convention regarding Sobolev (Slobodeckij) spaces on open subsets of the
closed upper half-space H"™ is explained in the paragraph on Notation in the introductory part of
the thesis.

In the first part of this section we study the classical notion of Sobolev spaces on manifolds via
completion with respect to the norm (C.1). The second part is then devoted to the proof of

Proposition [C.1}

Let (M, A, g) be a smooth compact oriented Riemannian manifold with (or without) boundary of
dimension n € N (or n € Np) with associated Levi-Civita connection D, see Proposition and
canonical volume measure dVj as defined in Definition [A.24]

A function f : M — R is called measurable if fo¢~! : $(U) — R is Lebesgue measurable for all
(U,¢) € A. Two measurable functions f,g : M — R are said to be equal almost everywhere if
fog~tand go¢! are equal Lebesgue-almost everywhere in ¢(U) for all (U, ¢) € A.

Identifying functions that are equal almost everywhere, we define for p € [1,00) the L,-space
Ly(M) by

L,(M):= {f : M — R : f is measurable and / |fIPdV, < oo} .
M

Proposition C.2. Let (M, A, g) be a smooth compact oriented Riemannian manifold of dimension
n € N with or without boundary. Given p € [1,00) the space L,(M) is a Banach space in the norm

l/p
sy = ([ reav)
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Proof. The space L, (M) is a vector space and it is straightforward to verify that ||-|| L, (ar) defines
a norm on Ly(M). Let (f;),oy be a Cauchy sequence in (Ly(M), |||, (s ) and T be a normal
covering of M composed of (U, da), o € {1,..., N}, with smooth partition of unity (¢,) sub-
ordinate to the covering. For all a € {1,..., N} the properties of the normal coordinate charts
imply that the metric satisfies

Q7" < det (gij o gb;l) <Q" in ¢o(Uys) -
The function (1 fj) 0 do' : ¢a(Us) — R is measurable and
/ o )00 P ar < 0@ / a0 9511y 0 637 faet(a) < CQ I -

Pa

The analogous estimate for (f; — fi) instead of f; shows that ((T/Jafj) o ¢;1)jeN forms a Cauchy
sequence in L, (¢4(Uy)) converging to a function f, € L, (¢o(Us)). The function given by

f = Zgil(fa 0 ¢) is measurable as for (U,¢) € A, fop™t = Zgﬂ fa 0 (¢pa 0 ¢™t), with
fa measurable on ¢(U NU,) and ¢, o ¢~ continuous on ¢(U N U,). Furthermore, with I, :=
{Be{l,...,N}:Uy,NUg # 0} for a € {1,..., N}, we obtain

N
R )3 / (o671 5y detl) o

a

N
Z Z /Q Vo s) |fs 008 O¢;1|pd$ < C(Q); Hfﬂ”lip(%wﬂ)) < 0.

a=1pp€el,
Observing for o € {1,..., N}, j € N the identity
(f=S)odat=Fod =D (Wafoda' =D foodsoda' — > (Usfi)ody
BEl BEl, Bel,
=Y (fo— (Wafi)odsz")odaody’,
B€Eln

we conclude as j — oo,

Mz

T /¢ (o063 |(F — f) 0 63" da

Z /a(U f‘lUg)

a=1

fo— (Wafj)e ¢El‘p oggod, du

Mz

a:lﬁeja
N
az_:lﬂg[:u/qﬁﬁ UalUs) ’fﬁ_ Wf; ng ‘ ’detD (j)ao¢5 )
N
=¢ EHJCB Wali) o s ’ Lwswsy

O

Given m € Ny and a function f € C™(M;R) we denote its k-th covariant derivative with respect
to the Levi-Civita connection by V*f, 0 < k < m, see Definition The norm |V* f| of the
(k,0)-tensor field V¥ f with respect to the metric g is defined via its representation in a local chart

IVFFI2 o= ghdr e g™ (VR ) (V5 )y - (C.3)

For m € Ny we define C™ (intM) to be the space of functions f : M\ OM — R such that for every
interior point p € M \ OM there exists an interior chart (U, ¢) € A with fo ¢t € C™(¢p(U)).
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Proposition C.3. Let (M, A, g) be a smooth compact oriented Riemannian manifold with or
without boundary of dimension n € N with Levi-Civita connection D and uniform localisation
system (Uy, @a, Vo). Given p € [1,00), m € Ny and f € C™ (intM) we let

m 1/p
T V! pdV> : C4
T ;(/M| frav, (c4)

Then the space
ey () = {1 € C™ (wt(M) = | Fllypnar) < )

is a normed vector space with respect to |||y rpy. Given f € C'(M) and o € {1,..., N}, the
P
function fo ¢t lies in W (¢a(Ua)) and satisfies
||f © ¢‘;1HW§”’(¢Q(UQ)) < C(Q) ||fHW;"(M) . (05)
Furthermore,

N
1 e any = D I Waf) 0 83 ooy
a=1

defines a norm on Cy" (M) equivalent to ||-|[yym pp) with equivalence constants depending on Q and
P

1

the bounds on the derivatives of g and g~ in the normal coordinates.

Proof. The set of functions C;*(M) is a vector space with respect to pointwise scalar multiplication
and addition and it is straightforward to verify that ||-HW;1( ) defines a norm on it. We show by
induction with respect to the variable m € Ny that for f € CJ*(M) the function f o ¢ " lies in
W (¢a(Ua)) with

Hf o ¢;1HW§"(¢a(Ua)) <C(Q) ”fHWI;"(M)

and that H~||;rvm( ) defines an equivalent norm on Cp*(M). This follows essentially from the
identities (A.11]) and (A.12)) which yield in particular

Q" <det(gijo¢,') Q" inda(Us).

In the following we write det(ga) := det ((gi; © ¢5"')). In the case m = 0 we obtain for f € C)(M)
that fo ¢, ! : intds(Us) — R is continuous and thus Lebesgue measurable and

o |f o ¢;1‘p Vdet(gy)dz = Q"/Q/U |fIPAV,

< Q"/z/ |f[PdV, < co.
M

/ f oo P de < QY2
int¢a(Ua)

a

This shows fop,t € L, (¢a(Us)) and the estimate (C.5)). Furthermore, the function (¢, f)o ¢! :
int¢,(Uy) — R is continuous and thus measurable. As |¢a o ¢ 1| <1 on ¢,(Uy), we obtain

[ Awanes Pars [ |foet e < @I, <
intga (Ua) intéa (Ua) P
which shows [| £y < C(@) | £ll, (ar)- Tn particular, || £]|7 i well-defined for all f € C3(M)
and it is straightforward to check that it defines a norm.

On the other hand we have with I, := {# € {1,...,N}: U, N Uz # 0},

N
I oy = 3 /¢ (6 0 031 | 0 63 /et (ga) da
a=1
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AY T [ jwehes

a=1p3¢€l, a(U ﬂUB)

zz/

a=18el, ” ¢8(UaNUp)

|wsf) 005" | do < C@UIAIT, an)"-

This shows the claim in the case m = 0. Suppose that the claim is shown for m € Ny. Let
feCrt (M) and a € {1,...,N} be given. We show that f o ¢! lies in W't (¢4 (Uy)). By
induction hypothesis we know that f o ¢, ! lies in W) (¢o(Us)) and f € "' (M) implies that
fop ! lies in C™F (intgo (Uy)). It remains to show that for any indices iy, ..., im+1 € {1,...,n}

-1
the function % lies in Ly, (¢a(Uy)). Lebesgue measurability follows from continuity of

the function on int¢, (Uy). We observe that the estimate (A.12) implies
n

S (V) ) st < C@VT oot

11y imp1=1

where the component (Vm+1f) o ¢t in the chart (U,,¢s) is given by formula (A.2),

1. 2m+1
namely,
Ot (fodat) OM(f o d5")
m+1 -1 _ «a -1 «
(V f)il...ierl °¢o = O, -+ Oxs, + Z (Sy064") 9x]' - Oay"

with coefficients S, 0¢ ! that are uniformly bounded on ¢, (U, ). As % liesin Ly (¢pa(Ua))
for all |y| < m by induction hypothesis, it is enough to show (V™ *1f) ~  o¢ ! € L, (¢a(Ua)).

2] tm41
This follows from

[ @i, ot wsc@ [ 9P esta
d)a(Ua) 1. tm+41

ba(Ua)

< C(Q)/ o |Vm+1f|p°¢;1\/cmdx
< C<Q>/U VT AV, < C(Q) /M [V AV < oo

Combined with the induction hypothesis this shows f o o' € W (¢o(U,)) and the esti-
mate (C.5). As 1, 0 ¢! is smooth and compactly supported in ¢,(Uy,), the product rule on
Wt (¢ (Uy)) implies (o f) 0 ¢t € W (¢4(Uy)). The induction hypothesis implies that

[(Faf) o 62 gy < C@ IFlwpa -

To prove the estimate ||f||7VI—/1§"+1(M) < (@) ||f||W;"+1(M) it remains to show that the derivatives
of (o f) o ¢! of order m + 1 can be bounded in H'”LP(%(UQ)) by ||f||W’m(M). Given multi-indices
a, B € Ny with |a| 4+ |8] = m + 1 there holds

|(@a5 - 08 (a0 621)) (02 -0 0 6,))

Lp(¢a(Ua))

<C |oat - 0al (s o 05t < Ol 0 82 lwyest g vy < C@Q I lwpsany -

Lp(¢a(Ua))

In particular, the expression || f H;,FVZTH( ) is well-defined for f € C;* (M) and defines a norm on

C" T (M). To prove the estimate ||f||W;"+1(M) <C(Q) ||f||;rV:z+1(M) for f € C;"**(M), using the
induction hypothesis, it remains to show

[ 9P av, < CQUN o) (C.6)
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To show (C.6]) we observe that the estimate (A.12) implies
Wm+1f‘2 = ghir ... gimtidmis (Vm+1f)

i1 Bmt1 ( J1e--Jm41

v7n+1 f)

<c@ Y (), )

T1yeybm41=1

where the component (Vm+1f)il___i —

m+1 o1 [v] o1
00 | (g gy DI 00

8a:i1 s 8:0%“ 8$’1Yl R 8$7Lﬂ

in the chart (U,, ¢) is given by formula (A.2)), namely,

G N

i1 eedmg1

with coefficients S, o ¢! that are uniformly bounded on ¢, (U,). Given any 3 € {1,..., N} the
chain rule implies for every point x in the interior of ¢o(Uy N Ug),

-9 ((Wpf) o = Mys(x) (03 - 03 ((af) o d5")) (dp 0 b5 ) () (C.7)
§<~y

where M., is a polynomial of degree at most |§| in derivatives of order at most || of the components
of ¢g o ¢ L. Using estimates like

0 -1 8‘7‘(]”0(;5;1)
AQ(UQ)(% oY) o2 | da <CZ/QUOUM

ozt - Oz
the induction hypothesis, the formula (C.7) and the fact that all derivatives of ¢z o ¢! are
uniformly bounded on ¢o(Uy N Ug), we obtain, using the transformation formula to pass from
Do (Ua N Ug) to (i)g(Ua N Ug)7

P

ol (wsf) o oM

ozt - Oz

(o6 |

Oz - 0wy,

N fod=1)|P
o) (fods')

Oz - Oz

™ (pf) o bz )|

axil e 8$Z'm.+l

/ M ((pf) o bz [
¢5(UanNUp)

dx] - D"
<C(Q)B§_:H(¢Bf 205" [ysess g0y < C@UAMT )

H (vm+1f) dzx

Z/Q(U (Pa 0 3"
a2y ¥ [

a=1[y|<m Q(U)

1.1

dx

dx

dz

ﬁGI |[v|<m

2

This shows (C.6)) since

p

H|Vm+1f|pH’£1(M) < C(Q)_ Z . H(vmﬂf)

i1 mt1 Ly (M) :

O

Definition C.4 (The classical definition of the Sobolev space W"(M)). Let p € [1,00) and
m € N be given. The Sobolev space W;”(M) is defined to be the completion of the normed space
(C (M), [ lywge ary ) - We set WH(M) = Ly (M).
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It is worth mentioning that this notion is consistent with the Sobolev spaces in Euclidean space.

Corollary C.5. Let (M, A, g) be a smooth compact oriented Riemannian manifold with or with-
out boundary of dimension n € N with Levi-Civita connection D, p € [1,00), m € N. FEvery
Cauchy sequence (f;);cy in (M), H-||W1;,L(M)) converging to 0 in [|-||, () also converges to 0

i |l -

Proof. Let (U, $a;%a) be a uniform localisation system. The equivalence of norms on C;*(M)
implies for all « € {1,...,N},

1Wa(f; = 1) 0 0w (suwayy < C@Q N5 = fillwygay >0 as il — o0,

By completeness of W, (¢o(Ua)) there exists a unique function f* € W (¢a(Us)) such that
((Yafj) o (b;l)jeN converges to f¢ in ”'”W;"(%(Ua))' In particular,

-1 .
||(wo¢fj)0¢a _faHLp(%(Ua)) -0 as j — 00.
The equivalence of norms shown in Proposition in the case m = 0 implies

1ot o 62 s ooy < C@IGIT a1y < C@ Ifill, o =0 85— o0

by hypothesis which implies f* = 0 by uniqueness of the limit in L,(¢a(Uy)). Thus in the limit
7 — 00 we obtain

N
1 fillwye ary < C(Q) ||fj|\vTV,:"(M) =C@Q)) [|(Wafy) e ¢;1||W;"'(¢Q(Ua)) —0.
a=1
O

Proposition C.6 (Characterisation of Sobolev spaces on compact manifolds). Let (M, A, g) be a
smooth compact oriented Riemannian manifold with or without boundary of dimension n € N with
Levi-Civita connection D, p € [1,00) and m € N. The Sobolev space W' (M) can be identified
with

{f S Lp(M) : 3 sequence (fj)jeN - C;n(M) with ||f - fjHLp(M) — 0, ”f] - leWz;"(M) — 0}

which is a linear subspace of Ly(M). It is a Banach space with respect to ||-||yym pr) where for
[ e W (M) and (fj)jen C CJ'(M) any approzimating sequence for f,

Hf”me(M) = ]E)H;o ||fj||me(M) :

Proof. The completion of the metric space (C;” (M), d) with d(f,g) :=||f — g||Wm(M) is given by
P

the complete metric space ()278) where X is the space of sequences (fj)jen C C,'(M) that are
Cauchy in (C*(M),d) with the equivalence relation

(fi)jen = (gj)jen in X if and only if Jim, 1f5 = 9illwpeary =0

and with g((_fj)jeN, (g95)jen) == lim d(f;,g;). Component wise addition and scalar multiplication
j—o0o

define a vector space structure on ()~( , d ) and

||(fj)j€N|| = Jli{rolo ||f]HW[,”(M)
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is a norm on X with respect to which it is complete. Let fe X be represented by a Cauchy se-
quence (f;);cy in (M), ||~HW;,1(M) ). Then (f;)jen is a Cauchy sequence in (C;"(M), ”'”L,,(M) )
converging in H'”L,,(M) to a function f € L,(M) by completeness of L, (M). If (g;);en is another

sequence representing f, then as j — oo,

Hf - gj”Lp(M) < ”f - fj”Lp(M) + Hf] _gj”Lp(M) < ”f - fj”Lp(M) + ||fj _ngWIZ”(M) — 0.
Lp
We denote the limit function f by lim f;. Thus we obtain a well-defined linear mapping T :
j—o0

~ ~ Lp ~ ~
X — L,(M) by f= (fj)jeN — lim f;. The mapping T is injective. Indeed, suppose that f € X
j—o00

satisfies Tf = 0 and let ( fi);en be any representative of f. Thus, ( fi)jen 18 a Cauchy sequence

jEN
LP

in (C;"(M), ||-||W;L(M)) with Jlggo f; = 0. By Corollary the sequence (f;),cy converges to 0

in ”'HWm(M) which means precisely that (0),;cy is a representative of f. This shows f =0 and we

may identify X = W, (M) with its image T (W;”(M)) in L,(M). O

In the sequel we identify W;"(M) with the linear subspace of L, (M).

Lemma C.7. Let (M, A, g) be a smooth compact oriented Riemannian manifold with or without
boundary of dimension n € N with Levi-Civita connection D and uniform localisation system
(Uas oy Vo). Letp € [1,00), m € No. Given f € W (M) and (fi),cn C CJ' (M) an approzimating
sequence for f, 1 < r < m, i1,...,i, € {1,...,n}, the components (V"fi); ; of V" fi with
respect to (Uy, ¢a), | € N, form a Cauchy sequence in L,(Uy). The limit function is denoted by
(V" f);, ... and is independent of the choice of approzimating sequence for f. If o, 8 € {1,..., N}
satisfy U, NUg # 0, then the Ly,-limits (V" f); . and (V" F)2 . of the components (V" ;)

il“-’LT 1;1~--’LT il...’ir

and (V7'fl)’8 . of V" fi, 1 € N, with respect to the charts (Uy, ¢o) and (Ug, ¢g), respectively,

il...lr

satisfy the following identity almost everywhere on U, N Ug:
(vrf)a Cdgit R ® dg®ir — (Vrf)ﬁ ) dx,@,il @ ® d:CB’ir .

Qi s

Proof. We observe that the uniform estimate (A.12)) on the inverse metric implies

n

VAP =gt g (V) (VTR 2 QTS (Y f)ie,)

i1yenyip=1

and, by linearity of the covariant derivative,

n

VA -RP20@ S (V- i) )

11,0 ir=1
As integration on U, with respect to the induced volume measure is monotone, we obtain

/ (V" (i = f)sn. [PV, < C(Q) /U VT fIP Y,

@

<C(Q) /M V(i — S AV, =0

as 1,1 — oo. By completeness of L, (U,) there exists a limit function in L, (Uy,), denoted by
(V)i i I (9)en C €t (M) is another approximating sequence for f in W;*(M), then as
[ — o0,

p

(V790 = (V7)o Lp(Ua)
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< ¢ (H(v fl))ll A L »(Ua) + H Vrfl (SRS (vrf)“27 Il)/p(Ua)>
<@ [ V(@ = 0P o+ Cl T s, = (T Do

< C@ gt = filliypary + C NV s, = (V7 iy I 0y = 0

This shows that the limit function (V" f); ;€ L,(U,) is independent of the choice of approx-
imating sequence for f. For every p € U, NUp and all [ € N we have the following identity in
T(T,M):

(V)5 da® i @ @™ = (V' )], e @ @ dafir

i1y

Passing to the limit [ — oo implies that for almost every p € U, N U it holds in T2 (T, M):
(V') da®t @ @da™ = (V)] daf @ @ dair
O

Definition C.8 (Covariant derivative on W;"(M)). Let (M, A, g) be a smooth compact oriented
Riemannian manifold with or without boundary of dimension n € N with Levi-Civita connection
D and uniform localisation system (Us, ¢a;%a). Let p € [1,00), m € No. Given f € W (M)
and 0 < r < m the covariant derivative V" f is defined to be the (r,0)-tensor field on M with
components in the chart (U, ¢a) given by (V' f), . € L,(Ua).

In view of Lemma the object V" f is a (r,0)-tensor field that is defined almost everywhere on
with respect to the charts (Uy, ¢q)
that are themselves determined up to equality almost everywhere.

M. Tt is uniquely determined by its components (V" f),

'ir

Proposition C.9. Let (M, A, g) be a smooth compact Riemannian manifold with or without
boundary of dimension n € N with Levi-Civita connection D and uniform localisation system
(Uas bas o). Let p € [1,00), m € Ny and f € WI’)”(M) Then for all 0 < r < m the expression
|V fIP, in local coordinates given by g7t ---g' I (V" f), . (V"f); . . is integrable on M and

we have the identity
m /p
g =3 ([ mswav)
r=0 M

Proof. In local coordinates the estimate (A.12) implies

n

VTP <@ Y (Vi

D1,y ir=1

p

which shows that [V" f|” is integrable on M. Let (f;),cy C C;*(M) be any approximating sequence
for fin W*(M). Then for any 0 < r < m we have as | — oo,

[ vi- Vrfz|pdVg—Z / o, Wl = 00 0 0 faet(ay 0051 e

o

N n
<@ X /;Q(UQ)}(VT(f—fz))il...“p0¢a1 det(gi; 0 6a') da

p

L (U — 0.

N n
<C@) Z 1OV F)iyoi = (Vi
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This shows

m

m l/p l/p
Hf”Wz!"’(M) - lgnolo ||leW13"(M) - llggoz (/M VAl d%) B Z (/M Vi dVg) .
r=0

r=0

We finally give a proof of Proposition

Proof of Proposition[C-1 The proof follows the instructions given in [96]. We prove the claim by
induction with respect to the variable m € Ny. Suppose that f lies in L,(M). Then fo ¢ ! :
$a(Uy) — R is Lebesgue measurable for all @ € {1,...,N} and so is (¢of) o ¢;'. For all
a €{1,..., N} the metric satisfies

Q" < det (gijodrt) < Q" in ¢q(Us) .

This implies f o ¢5! € Ly(¢a(Us)) as

/ |[fopat"de < Q" |foot " Q2da
o (Ua ¢

a(Ua)

<@ [ Jpoofdet (g 00, da

a(Ua)

— Qe m%wSQW/ﬁﬂ%%<w
Ug M

which shows the estimate . Furthermore, (¢, f)o¢, ! liesin L, (¢o(Us)) and as [1ha0051 < 1
on ¢ (Uy), the above estimate 1mp11es

/ (Yo f) 0 6 Pda < / 1 od3Pdx < C(Q) / Sy, .
ba(Uq) ba(Ua) M

Suppose on the other hand that (Yo f) oyt € Ly (6o (Us)) for all a € {1,..., N}. Then we obtain
for any chart (U,¢) € Aand I, :={a € {l,...,N} : U, NU # 0},

fod™ = Waf)od =D ((Waf)ods')o(daod™),

a€cly a€cly

which shows that fo¢~!: ¢(U) — R is measurable.
Furthermore, with I, := {8 € {1,...,N} : Uy, N Ug # 0} we obtain,

N
/ |f|pdvg=2 / (%wgl)|fo¢;1|pdet(guwal)”gdw
M
2y Y / (a0 05") (s ) 0 03| du

a= 1561 «(UaNUp)

A S [ Jwane

a=18€l, a(UaNUg)

zz/

a= lﬁej ¢ (UaNUs)

o (¢po¢y")dx

—1|? -1
(¥sf) 0 93'| |det Dga 0 65" da

Lp(¢s(Up))
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This shows the claim in the case m = 0. To prove the statement in the case m = 1 we let
f € Wy (M) be given. Then by Propositionthere exists a sequence (f),cy in C;,(M) such that
If = fill,(ary = 0 as I — oo and with the property that [|f; — ff||W1(M) — 0 for [,l = co. The

definition of the covariant derivative and the uniform bound (A.12)) on the inverse metric imply
forall € {1,...,N} on ¢ (Uy),

V(i = FIP 0 65t = (97 (V(fi — i), (Vi — £),) " 0 63!

@ (X (0t - 1)) o
= (X @ (- T os)?)”

1=

Y2
<.
3
-

—

p/2
_p/2 (‘V ¢;1)}2) .
This implies in particular
19 = 22 62 000 = | PRCRN RSl
<@ V- fprestds
¢a(Ua)
<C@ [ IV P oot detlgi 0 0 do
Pa(Ua)

—C(Q) /U V(i — fIP AV, < O(Q) /M V(- P av,.
As further

(= 1D 0 8 |17, (g vy < C@ i = FillT ry -

we conclude that the family of C'—functions ( fio (;5;1)[ ¢ forms a Cauchy sequence in Wz} (00 (Ua))
converging to a function g € VVp1 (¢0(Uy)). On the other hand we observe for | — oo,

1= £ 0 82, oy < C@QIF = Al (ary = 0.

By uniqueness of the limits in L, (¢o(Us)) we conclude that g = f o ¢;' € W) (¢a(Us)). The
estimate ((C.2|) follows from (C.5)) as

|fo ¢;1HWP1(¢@(UQ)) = lim | fio ¢;1HW;(¢@(UQ)) < C(@) i | fillwaary = C@) 1 fllw ar

The equivalence of the norms |[|-|[y1 ;) and H||VTVl( M) on C,(M) shown in Proposition gives
p P
the desired estimate

_ . T
H(ﬁbf) 1||W1(¢ (Ua)) — hm || wafl 0‘1||W;(¢Q(Ua)) < lliglonfl“vvz}(M)
< C(Q) Jim Lfellws ary = C@) I fllwz (as
Suppose on the other hand that (1o f) o ¢! lies in W) (¢a(Us)) for all a € {1,...,N}. The
case m = 0 implies f € L,(M) and there exist sequences (g*),cy With gf* € C* (int ¢o (Ua)) N

W, (¢a(Uq)) such that (gf*),oy converges in W (¢a(Ua)) to (Yo f) o ¢yt For o€ {1,...,N} let
€o € C°(M) be such that suppé, C Uy, 0 <&, <1 on M and £, = 1 on supp ¢,. The existence
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of such a bump function follows from [89, Proposition 2.2.5]. We extend the function g;* o ¢, by
0 to the entire manifold M. Then the family of functions (g;);en with

N
9= & (g © ba)

a=1

lies in C! (intM) N L,(M) and converges to f in L,(M). Indeed, with I, := {8 € {1,...,N} :
Uoa NUg # 0} we observe

N
g — inp(M) = Z/¢ o) (Yalgr — fIF) o ¢;1\/de
a=1 al\Va

(Va0 dg")|gioda" — foo | dw

A
Q
S

1 [M]=

—

5

1¢o¢ )

lgiogat — fopt] dx

A
Q
)

i1 [M]=
T

(650621 (of 0050 05") = (af) 06, da

o(UanUs)

p
dx

M= 1=
— —

€506 |9 0 85 0 62" = (Waf) 0 62"

Q
Il
—_
=y
m
~
Q
<
Q
—
&
Q
2
S
-

9P odsoost — (Wsf) ool do

=
@
m
~
R
<
2
S

A
Q
)
NE

53\

Q

Il
Q
o
] =
™
S
5

o — sl 0 95" [det D(go 0 93] da

Q

Il

—
@
m
~
Q

g - W ooy!| de

A\
Q
o
=

~
T~
™

5

0

-

Q

Il

—
@
m
)

)=
Q
™
|
<
=
=
O
©-
@ |
=

<C(Q)

Lp(¢s(Up))

T
I

To prove that the sequence (g;),cy is Cauchy in W) (M), we observe that the estimate (A.12)
implies

V(g —g)lP oot <Q7|V (g1 — gp) 0 93 1)[” -

Hence we obtain for I, [ — oo,

N
/M Vio— )" 4V, < 0@ 3 /

N
<C@Y [ (e 7 (a0 ds

) (Vo 0 651) V(g — gp)|P 0 93t da

a(Ua

a=1 (Ua)
N . 5 5 . p
c(@Q E V op- —qg-)o od- d
=l )a:IﬁGIQ /dm(UamUﬁ) ((Eﬁ P )((gl gl) 95.°%a ))’ .

p
dz

V(9 = 97) 0650 6:1)| + |(aF — 9f) 0 050 05"
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22:/ Vol —g)) + laf ~ of|") o 0007 da

a= 1,361 a(Ua ”UB)

D P
QYT [ [T =) ol =l
a= 1ﬂeI ¢ﬁ(UamUB)
8 _ 8"
< C(Q)Z Hgl "I llwa s -0

g=1
This shows g, € C) (M), f € W) (M) and the above estimates imply

N

1w ary = Jlim llgellwzan) < C(Q) Zlgfgllgzﬁ\\wg(w(Uﬁ))
B—l
Z H (Wsf) o by HW1(¢»B )

Suppose that the claim is shown for m € No. Given f € W +1 (M) we aim to show that
foort € Wit (¢ (Us)). As we have fo g ! € W (gba(Ua)) by induction hypothesis, it is
enough to show for any i1 ,... ,im € {1,...,n},

o™ (fooy")
Bz, - Oz

im

€W, (¢a(Ua)) .

As the Christoffel symbols and its derivatives are uniformly bounded on the chart domains and as
1
M lies in W) (¢a(Uy)) for all 0 <1 <m—1, ji,...,5 €{1,...,n}, formula (A.2)) implies

Oxjy -
that 1t is enough to prove

(V" )iyt © b’ € Wy ($a(Ua)) -
Let (f1),ey € Cy*t (M) be any approximating sequence for f in W)"*!(M). Then by Lemma
we have (V™ f), .. o0¢5" € Ly (¢a(Us)) and as I — oo,

(V™ iyt = (V" i) © G0 | oy = 0
i1eim O ¢! lies in C! (int¢, (Uy,)) and by formula
Ot (V™= 1)), 0 0|

Furthermore, for all [ € N, (V™ f})

Lp(¢a(Ua))

L0@ Y -,

181 ) ’
. _ o
J1seedm=1

Q| (i - 1)

Lp(Ua)

Lemma implies that the right hand side tends to zero as [, [ — co. This shows that the functions
(V™ f1);, 4. 0¢a", 1 € N form a Cauchy sequence in W, (¢o(Us)) converging to (V™ f), . og !
in Ly, (¢a(Ua)). By completeness of W) (¢o(Us)) and uniqueness of limits in Ly, (¢o(Us)) we
conclude (V™ f), . og.t e w) (%(Ua)). The above estimates combined with and

imply
||(vmf)i1.“im © ¢;1||W1(¢'a(U )) hm H vmfl “ m © ¢;1HW;}(¢,,(UQ))

< c(@) (el ary = C@ I g ary -

Combined with the induction hypothesis H fooy

desired estimate

1HW;n(¢a(Ua)) < C(Q) ||fHW;n(M) we obtain the

Hf © ¢;1||W;"+1(¢Q(Ua)) < C(Q) ||fHW,;”+1(M) : (C~8)
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The estimate
H(waf) a HW’"“(%(UQ)) <) Hf”wz;"“(M)

follows from the induction hypothesis and the estimate (C.8]) using similar arguments as before.
Suppose on the other hand that for all & € {1,...,N}, (Yaf) 0 ¢5' € W (¢4(Us)). Then
there exist sequences (gi*),cy € C™ 1 (intg (U )) NW ! (¢a(Us)) such that

|(Waf) o oot = 98l . 0yy = 0

as [ — co. We have already seen that the family of functions ¢g; = 227:1 &a (97 0 9o ) lies in CII) (M)
and converges to f in L,(M). To show f € W' (M) we prove that for all 1 <7 < m + 1, the
functions g, I € N lie in C)(M) and satisfy the estimate

N
lgellwyar) < C(Q) > 195 wr (9o (U)) - (C.9)

a=1

The same reasoning applied to differences g; — g; then shows that (g;) C C;”‘H(M ) is a Cauchy
sequence in the norm |||y m+1 5,y which then implies f € W, (M) and

N
1f v ary = Hm gl an < C(Q) > Jm g7 w1 (6. wa)
a=1
N
= C(Q) Z H(waf) © ¢;1HW:L+1(¢(,(UQ)) .
a=1

The case 7 = 1 has already been shown. Suppose that for some integer 1 < r < m the functions
g lie in C;(M) and satisfy the estimate (C.9). We observe that g; lies in C™*! (int(M)). The
uniform bound (A.12) on the inverse metric implies

IV Hglfest <@ > (V). oént)

[SREN S|

and using formula (A.2)) we observe that there exist functions ¢, g, uniformly bounded on ¢, (U,),
such that

ar+1 °
(VT+191). iy Ogb_ _ (gl ¢

1141 @ 85511 . axZT+1

+ > Capdal -0z (g0 6.t

[Bl<r
Then [2, Theorem 3.41] implies for every 8 € N§ with |8] < r+1, v € {1,...,N} and z €
$a(Ua NU),
Ot -+ 007 (gl 0 by 0 =D Mis(@) (93} -+ 02 0) (9 0 6 (@)
5<p

where Mpg;s is a polynomial of degree at most |§| in derivatives of the components of ¢, o ¢, * of
order at most |3|. Using uniform boundedness of ¢, o ¢ ', &, 0 ¢, and all their derivatives on
¢a(Us NU,), we obtain with a change of variables,

/|VT+1 | dv, < C(Q Z/ (Ua) w |Vr+lgl|p)o¢);1dx

Z > / (Va0 03") |07 -0 (g0 037)|" da

a=1|g|<r+1” ¢alUa)
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N

<c@> Y /45(U>‘853' 08 (grogah)[" da

a=1 \m<r+1

Z Z Z / aﬁllaf;t ((f,yogb;l) (970¢70¢;1)) (x)|p dz

|6|<r+1a 1yel, 7 ¢a(UanlUy)

Y Yy / 021+ 0% (97 0 6y 0 03") (2)|”

|B|<r+104 1vel, ) ¢aUa ”U)

QY Z Z/ 07108 (g (¢4 0 62" (2)) da

|Bl<r+1a=1~€l, ” $aUanUs)

VY XY skl

|B|<r+1a 1~el, ¢ (UanUy)

N
> Z 197 w121 (g )y < C(Q) D 197 I+t gy -
a=1

|Bl<r+1a=1

Combining this estimate with the induction hypothesis shows the desired result. O

C.1.2 A local definition of Slobodeckij spaces

The characterisation of Sobolev spaces in Proposition suggests that the Slobodeckij spaces
should comprise all functions on the manifold with the property that their representations in
normal coordinates have the corresponding regularity in Euclidean space. We use this description
to define the space W, (M) with non-integer order s > 0.

Definition C.10 (Slobodeckij spaces on compact manifolds). Let (M, A, g) be a smooth compact
oriented Riemannian manifold of dimension n € N with Levi-Civita connection D, normal covering
T = {(Uq, ¢o)} and uniform localisation system (Uy, @u,¥o). Given p € (1,00) and s > 0, the
Slobodeckij space W, (M) is defined to be the space of functions f € L,(M) that satisfy for all

a€f{l,....N}, (Yaf)o by € Wy (¢a(Ua))-

There do exist different notions of fractional order Sobolev spaces on manifolds, see for example [10]
1T, 12}, [72], 140]. In [I0, 11] the author defines Slobodeckij spaces via real interpolation of Sobolev
spaces on the respective manifold which is one of their characterisations in Euclidean space as
shown in Proposition It is an interesting question under what assumptions on the manifold
these different approaches actually yield the same function space. An answer to this is beyond the
purpose of this work.

We always work with the “localised” Definition All Sobolev-Slobodeckij spaces on domains
Q in Euclidean space shall be endowed with the norm

Hf”w;(sz) = ”fHW,}SJ Q) + [f]W;(Q)

as defined in Proposition [B:I9]

Proposition C.11 (A norm on W (M)). Let (M, A, g) be a smooth compact oriented Riemannian
manifold with or without boundary of dimension n € N with Levi-Civita connection D, normal
covering T = {(Ua, ¢a)} and uniform localisation system (Uy, ¢o, o). Let p € (1,00) and s > 0.
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The space W (M) is a Banach space in the norm

=2

1 sy = ||f||vTv;(M) = [l(af) °ba lws(snwa -

Furthermore, given any f € W7 (M), then for all a € {1,...,N} the function f o ¢ 1 lies in
Wy (9a(Us)) and satisfies

Hf O¢;1HW;(¢&(U&)) < C(Q) HfHW;(JV[) :

Proof. The space Wj(M) is a subspace of VVPLSJ (M) and it is straightforward to check that
[[lvys(ary defines a norm on it. Suppose that (fn),ecy is a sequence in Wj(M) that satisfies
[ fn — meWs(M) — 0 as n,m — oo. By Proposition the functions f,, n € N, form a Cauchy

sequence in (WPLSJ (M), [[[l 121 (M)) converging to a function f € WpLSJ (M). In particular, for
P

every a € {1,..., N} the sequence ((wafn) ;1) y tends to (o f) o ¢t in W (a(UL)).
On the other hand, the functions (Yo fn) o ¢, n € N form a Cauchy sequence in the Banach
space W (¢a(Us)) converging to a limit function hy € W, (¢a(Uas)). Uniqueness of limits in

WPM (¢a(Us)) implies hg = (Yo f) 0 ¢5' and in particular f € W3 (M). Furthermore,

N N
”fn - f”W;(M) = Z ||(wa(fn - f)) © (b;lHW;(qaa(Ua)) = Z H("/}afn) © ¢;1 - haHW;(qba(Ua)) —0
a=1 a=1

as n — oo. This shows that (W3 (M), Il (ar) ) is a Banach space.
Let a € {1,...,N} and f € W;(M) be given. As W;(M) is contained in WI,LSJ(M)7 Proposi-
tionimplies foorle VVpLSJ (¢a(Uy)) and

Hfo(églwwptﬂ((ﬁa(UQ)) < C( )”fHWLSJ (M) < C( )Hf“W;(M) :

It remains to estimate the semi-norm part of the norm on W, Ll (¢a(Uys)) applied to derivatives
of order |s| of the function fo ¢ . Let I, :={y € {l,...,N}: U, NU, # 0} and 8 € N with
|B] = |s] be given. For every v € {1,..., N} the function (¢, f) o ¢! lies in VVPLSJ (¢a(Uy)) and
by [2, Theorem 3.41] it holds for v € I, x € ¢o(Us NU,) and § € Nij with |6] < [s],

O -9 (g f)od =3 Me(2) (95 -+ 057 ((r ) 0 051)) (64 © 62 )(2)) 4

e<é

where M;. denotes a polynomial of degree at most || in derivatives of order at most |§| of the
components of ¢, o ¢ ', As all derivatives of ¢, 0 ¢! are uniformly bounded on ¢, (U, NU, ), we
have in particular for all |¢| < |3] that M. € C%* (¢ (Uy NU,)). Using further the transformation
formula, linearity of the weak derivative on I/VPLSJ (¢a(Uy)), uniform boundedness of ¢., o ¢! and
its inverse and all their derivatives, we obtain

81 . Bn -1 _ Ak e Bn -1 P
/ / ‘aibl 8xn (f © ¢O¢ ) (x) aLEl al‘n (f o d)a ) (y)| dxdy
w(Ua) JbaUa) |z — y[rtemlelr

<CZ// 1023 -0 ((Wyf) 0 0a") () = O - 0% (W) 0 6 ) WP 0

2 Jowaonn [ — [T

<C Z 1Msell co.r gommmosy 051 - a5 ((¥yf) o ;1)||Lp(¢v(UaﬁU7))
~YEILH,e<B
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ozt -0 o gt —9e1 ... e o1 p
+ 1Ml / / . | (a0 6) @) = 051051 (6 ) 003 ) WP

|3j —_ y|n+(5_L5J )p

<C Z 1@ 1) 067 w0,y -
This shows the claim. O

The following result shows that on a compact Riemannian manifold any finite covering can be
used to characterise the space W, (M ) independently of the particular charts. Furthermore, the
induced norm is equivalent to the one corresponding to the normal covering. This observation is in
analogy to [72] Theorem 14] where the authors show that on a complete non-compact Riemannian
manifold with bounded geometry fractional Sobolev spaces can be equivalently characterised using
an admissible trivialisation instead of geodesic normal coordinates. In this context an admissible
trivialisation is a locally finite covering of the manifold that is compatible with the normal covering
in the sense that all derivatives of the transition maps and their inverses are uniformly bounded,
see [72 Definition 12]. This condition appears also in the following result although it is somewhat
redundant in the case of a compact manifold. Indeed, given any covering of M consisting of
charts in the smooth atlas, one can decrease the size of the chart domains around every point
to guarantee that the transition maps are defined on the closure of the chart domain and thus
uniformly bounded. Using compactness of the manifold, one hereby still obtains a finite cover of
M. Finally, we remark that the result in |72 Theorem 14] is not applicable to our situation as
manifolds of bounded geometry are required to have a positive injectivity radius. This condition
is violated if the manifold has a boundary.

As before the solution is to use the normal collar coordinates introduced in Section [A.4l

Proposition C.12 (Norms with respect to arbitrary coverings). Let (M, A, g) be a smooth com-

pact oriented Riemannian manifold with or without boundary of dimension n € N with Levi-Civita

connection D, normal covering T = {(Ua, o)} and uniform localisation system (Ua, b, 0 ),
€ (1,00) and s > 0. Let M € N and

S:={(Vg,08):8€{l,...,M}} C A,

be any covering of M such that for all o, B with Uy N Vs # 0 all derivatives of ¢q o ggl and its

inverse are uniformly bounded by a constant C(S). Let further (§B)B€{1 M} be a smooth partition

of unity subordinate to the covering S. Given a function f € Wy (M) it holds fog[;1 € Wy(0s(Vp))
for all B € {1,...,M}. If conversely f : M — R is such that (§3f) o QEI lies in W3 (05(Vi)) for

all B {1,..., M}, then f lies in W3 (M). Furthermore,

£ 50 agy o= fﬁ [ChRS
B=1

W (es(Vp))

defines a norm on W (M) that is equivalent to ||~||7V;,5(M) with equivalence constant depending on
P

c(S).

Proof. Let f € W3 (M) be given and suppose that s € Ny is an integer. Then (¢, f) o ¢! lies in
W, (¢a(Us)) which yields in particular (1 f) o ggl € Wy (05(Us N'Vp)) using [2, Theorem 3.41].
As

dist (supp ((¢a.f) © 05"), 0 (intog (Us N V3)) Nintos(Vs)) >0,
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Lemma implies (Vo f) © 05" € Wy (05(V3)) which shows that fo o5t = S0 | (¥af) 0 05"
lies in W5 (05(Vp)). The estimate

R e Ol Y

follows from the estimates given in [2, Theorem 3.41] and Lemma respectively, and the
boundedness of the coordinate changes between 7 and S and their derivatives. If f is a given
function in W (M) with s > O non-integer, then by definition (1o f) 0 95" € W (¢a(Us)) and the

above arguments imply fogy 5 le WLSJ (08(Vp)). It thus remains to estimate the semi-norm part of
the norm on Wy, ~ Ls] (08(V3)) applied to derivatives of order |s| of fo ggl = 25:1 (thaf)o ggl. As

(Yaf)oos 21 lies in V[/'pLSJ (08(V3)), we may use the arguments done in the proof of Proposition
By [2, Theorem 3.41] it holds for all € € Ny, |e| = |s],

|

with constant C(S) depending on the uniform bounds on the (derivatives of) coordinate transfor-
mations between T and S. This shows f o le € W (05(Vj)) with the estimate

8ii~--6‘i:(<¢af>0951>H 1 s Vi) ZH W) 003 w600

7o 05| < () 1y an -

W (es(Vp))

As the functions £g and their derivatives are uniformly bounded, we obtain the desired estimate
S T
. <
10y < CCS) 1 s o

Suppose conversely that f : M — R is such that for all 5 € {1,...,N}, (§sf) o ggl lies in
W3(0s(Vp)). The precisely same reasoning as above yields f o ¢ ' € Wy3(¢a(Uy)) for all a €
{1,..., N} with

M
1 B s
179 02 s o < € 2 [€sros],. .0 = CO Mz -
In particular, (¢o.f) 0 ¢! lies in W3 (¢a(Us)) with

H(waf) 1HW5(¢ (Ua )) ( )HfHW s(M)

which shows f € W(M) and the desired estimate. O

C.1.3 An extension result

In this subsection we prove a result that allows the extension of Sobolev functions defined on a
subset of the manifold to Sobolev functions on the entire manifold. This property is needed in the
localisation procedure in Chapter

Lemma C.13. Let n € N, p € (1,00) and s > 0. Suppose that Q1 and Qo are open sets in R™
with Q1 C Qs and Q1 bounded. Given any function g : 1 — R we let Eg : Q9 — R be the function
that satisfies Eg =g on Q1 and Eg =0 on Q2 \ Q. If f € W (1) satisfies

dist (supp (f)NQy, 00, N Q2) >0,

then the trivial extension Ef of f lies in W5 (Q2) and 0%(Ef) = E(0*f) for all a € Ni with
laf < [s] and |Eflly:,) < 1fllwsa,)- In particular, E - W7 (Q1) — W () is a continuous
linear operator.
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Proof. Suppose first that s = m € Ny is an integer. We prove the claim by induction with respect
to m € Ng. The case m = 0 is trivial. Suppose that the claim is shown for m — 1 € Nj. Let
[ € Wi (1) be given and § > 0 with dist (Supp ()N Qy, 00 N Qg) > §. There exists a sequence
(fa)nen in C™ (21) N W, (1) that converges to f in W (). Let £ € C5°(R™) be such that
0<¢<1,6&=1onsuppfNQ and suppé C {z € R™ : dist(z,supp f N Q) < ¢/2}. Then the
sequence (fy), ey With f, := £f,, lies in C™(Q;) N W () and satisfies || f, — f”wy(m) — 0 as
n — oo and
érelg dist (supp (fn) N1, 09 N Qg) > /2.

In particular, all derivatives of f,, vanish on 01 N Q. By induction hypothesis we have Ef €
W=1(Q2). Let a € Ni be any multi-index with || = m —1. We observe that (9° fy),,cy forms a
sequence in C* (Q1) W, () converging to 9% f in W, (€1). Given any test function ¢ € C§° (€2)
and any i € {1,...,n} we have, denoting by v the outward unit normal to Q4

aa(Ef)é)mi(;de:/ E(aaf)amdx:/Q 8af8mi¢dx:nlgn;o/£2 0% fn0s, ¢ dw

QQ Q2
= lim (—/ o°tei fpda + 8"fn¢ui dH”_1>
n—oo o Glolt
__ / 9 f¢da + lim 0% fo v A1
Q4 =0 S0, Ny
=— 0T fopdr = —/ E(a‘”eif)gbdm,
Ql Q2

where we used that ¢ = 0 on 921 NIN2 and I*f,, = 0 on I NQy. Thus I*(Ef) lies in Wpl(Qg)
with 9°t¢ (Ef) = E(0*T¢ f). The estimate on the norm is a direct consequence of the formula
0*(Ef) = E(0“f). This completes the proof in the case that s = m € Ny is an integer. Now
let s > 0 and f € W;(Q1) with dist (supp (f)N Q1,00 N Qg) > 0 be given. The previous case

implies f € WPLSJ (Q2) with 0*(Ef) = E(0“f) for all o € N} with |a| < |s]. Given any «a € Nj
with |a| = |s] we conclude that

O (ENyyg-1e1 0,y = 10 Flyz-te1 g,y < 0
which shows Ef € W, (€2) and the desired estimate. O

Lemma C.14. Let (M, A, g) be a smooth compact oriented Riemannian manifold with or without
boundary of dimension n € N with Levi-Civita connection D and uniform localisation system
(Ugy bashe). Let p € (1,00), s > 0 and (U,¢) € A. Suppose we are given a function f €
W, (inte(U)) with the property that

dist (suppf NeU),06(U)N intH”) >0.
Then the trivial extension E (f o ¢) of f o ¢ to the entire manifold M lies in W;(M).

Proof. By Proposition it is enough to show for all (Uy, ¢s) € T that E (f o ¢) o ¢! lies in
W, (intga (Uys)). Given (Ua, ¢a) € T, we observe that

dist (supp f N ¢(U N Uy), 9¢(U) NintH" N ¢(U N U,)) > 0.
As ¢o 0 ¢! is a homeomorphism, this implies in particular

dist (supp (f o ¢ 0 65") Nda(UNUa), ¢ (OU NUqs) Nintda(Ua)) > 0.
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We observe that ¢ (90U N U,) Nintge(Us) = 000 (U N U,) N inte(Uy) where 9¢ (U NU,,) is
the boundary of ¢, (U NU,) in the topology on R™. As fo¢o ¢ ! lies in W (intdo (U N Usy)),
Lemma implies

E(fog)og' =E(fopos,') € W (int¢o (Us)) -

C.2 Anisotropic Sobolev spaces on compact manifolds

To give a definition of anisotropic Sobolev spaces on manifolds we use the notion of vector-valued
Sobolev spaces W*((0,7); X), m € N, p € (1,00), as introduced in the beginning of Section
with norm H'”Wz';"(((),T);X) as in . Here, no restrictions on the Banach space X are imposed.
Given r € (0,1) and a Banach space X we let

Wr((0,7): X) i= {f € L((0,T): X) : [flwyomx) < oo} (C.10)
where

W7 ((0,T); ‘x _ y|1+rp '
If X happens to be a UMD space, this notlon is consistent with Definition [B.14] due to Proposi-
tion [B.19

Definition C.15 (Anisotropic Sobolev spaces). Let (M, A, g) be a smooth compact oriented Rie-
mannian manifold with or without boundary of dimension n € N with Levi-Civita connection D,
p € (1,00) and T € (0,00). In the case s € Ny we consider the geometric norm on W, (M).
If s > 0 is non-integer, the Slobodeckij space W (M) as defined in Definition is endowed
with the localised norm. Given r € [0,1] and s > 0 the space W* ((0,7) x M) is defined by

Wy ((0,T) x M) := Wy ((0,7); L (M)) N Ly, ((0,T); Wy (M)

with norm

[ pyrys ||'HW,” ((0,T)xM) "= H'“W;'((O,T);L,)(M)) + H'”L,,((O,T);W;(M))
according to and (| -

In [9] the author gives a profound investigation of a broad class of anisotropic function spaces on
possibly non-compact and non-complete Riemannian manifolds with singularities described by a
singularity function p. These results include in particular the case of compact manifolds when
setting p = 1. The function spaces appearing in [9] depend on several parameters that are needed
to impose a suitable decay on the function p characterising the singular behaviour of the manifold.
In our case, one can choose = A = 0. Then the anisotropic Sobolev space defined in [9] (8.1)]
yields the same space as Definition [C.15 with equivalent norms in the case that the time and space
regularities 7 and s are integer-valued. In analogy to the definition of fractional order Sobolev
spaces in his previous work [10], the author defines anisotropic Sobolev spaces of fractional order
in [9] via interpolation of integer-ordered spaces.

We remark that at least the solution space

Wpl ((0,7); Lp(M)) N Ly, ((O,T); W;(M»

used in Part[[]is defined unambiguously. We conjecture that the spaces in Definition coincide
with the ones introduced in [9] also in the fractional order case. A proof of this is however beyond
the purpose of this work.
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C.2.1 Characterisation via localisation

Motivated by the localisation techniques applied in the existence proof in Chapter [2] we show
that the anisotropic Sobolev spaces defined in Definition [C.I5] can be characterised via a uniform
localisation system. Hereby, the anisotropic spaces in Euclidean space are endowed with the norm
in Definition where the Slobodeckij spaces are always considered with the norm given in

Proposition [B:19]

This subsection is devoted to prove the following proposition.

Proposition C.16 (Characterisation of W ((0,T) x M)). Let (M, A, g) be a smooth compact
oriented Riemannian manifold with or without boundary of dimension n € N with Levi-Civita
connection D and uniform localisation system (Uy, po; Vo). Let p € (1,00), 7 € [0,1], s > 0
and T > 0. Given an element f of W;»* ((0,T) x M), then for all a € {1,..., N} the function
t f(t) ooyt lies in W)* ((0,T) x ¢a(Ua)) satisfying the estimate

Hf ° ¢;1HW;*S((0,T)><¢Q(UQ)) < C(Q) Hf”WpT'S((O,T)xM) :
If on the other hand, f : (0,T) x M — R is such that for all « € {1,...,N} the function t —
(Waf(t) o g5t lies in W) ((0,T) x ¢pa(Ua)), then it holds f € W) *((0,T) x M). Furthermore,
there is an equivalent norm on W* ((0,T) x M) given by

||f\|ww (0, T)x M) *= ZH Yaf) C_¥1HW£'5((O,T)><¢Q(UQ))

with equivalence constant depending on the uniform bounds on the metric, the inverse metric and
the Christoffel symbols.

Proof. This follows combining the results shown in Lemma [C.17] [C.18] [C.19] and [C.20 O

Lemma C.17. Let (M, A, g) be a smooth compact oriented Riemannian manifold with or with-
out boundary of dimension n € N with Levi-Civita connection D and uniform localisation sys-
tem (Ua, o, o). Let p € (1,00), s > 0 and T > 0. Given f € L, ((O,T);Wps (M)) then
for all a € {1,...,N} the functions fa, (Va0 d3") fa, where fo(t,x) = f(t, 05 (z)), lie in
Ly ((0,T); W ($(Us))) with

Hfﬂé||Lp((O,T);W;(¢Q(UQ))) + H(wa ° g )faHL ((0,7); W (¢a(Ua ))) c@ )”f”L p((0,T);Ws(M)) -

Proof. Let f € Ly ((0,T); W3(M)) be given and suppose that (fn),cy is a sequence of simple
functions in Ly, ((0,T); W;s(M)) such that for almost every ¢ € (0,T), || f(t) — f(t)||W;(M) -0
as n — o0o. In the case that s = m € Ny is an integer, Proposition implies for almost every
t € (0,T) that fo(t) = f(t) 0 d5 ', fam(t) = fa(t) 0 ¢3! lie in W) (¢0(Us)) and as n — oo,

”fa(t) - fn,a( )HW'"(qba(U )) ( )”f( ) fn(t)HW;"(M) —0.

As frna 1 (0,T) = W) (¢a(Us)), n € N, form a sequence of simple functions, this shows that
Ja 1 (0,T) = W (¢a(Us)) is strongly measurable. Finally, we have

T T
| 10O o, 2 < €@ [ 1O a0y a8 = QI (110050000 -

The product rule implies that (a0 ¢5"') fa(t) and (Yo 0 @31) fr.a(t) lie in W (¢a(Us)) for
Lebesgue-almost every ¢ € (0,T). The functions (v 0 ¢51) fra : (0,T) = W™ (¢a(Ua)), n € N,
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form a sequence of simple functions and the equivalence of norms shown in Proposition [C.1]implies
for every ¢t € (0,7T) as n — oo,

[(a 0 6a") fa(®) = (Ya 0 6a") fan® s w.y < C@QIFE = fa@)llwypar) = 0

which shows that (1 0 ¢5') fo : (0,T) — W (¢a(Us)) is strongly measurable. The estimate
follows using the equivalence of norms on W (M).

In the case that s > 0 is non-integer, Deﬁnition applies and yields for all « € {1,..., N} and
almost every ¢ € (0,T) that the functions f, (£) := (Vo f(t)) 0 d7 L, ﬁm (t) :== (Yafn(t)) op ! lie in
Wy (9a(Ua)). As fn,a :(0,T) = W3 (¢a(Ua)), n € N, form a sequence of simple functions such
that for almost every t € (0,7,

as n — oo, we conclude that fy : (0,7) — W3 (¢a(Uys)) is strongly measurable. Finally,

‘fa(t)HW;(%(Ua)) < ||f(t)||W;(M) implies fo € Ly ((0,T); W} (¢a(Us))) with the desired es-

timate. By Proposition the functions f,(t) = f(t) o ¢51, funa(t) == fu(t) o ¢! lie in
Wy (¢a(Uy)) for almost every ¢ € (0,T) with

1) = faOllws sy < C@) Fa(®) = FOllwsary = 0

Faa®) = Ta®)| < ) = £l any = 0

Wi (¢a(Ua

asn — 00. As frna 1 (0,T) = Wy (¢a(Us)), n €N, form a family of simple functions, this shows
that fo : (0,7) — W (¢a(Ua)) is strongly measurable, and the estimate in Proposition
implies
Iallz, (0m)wssaway) < C@I L, (0m)wsan) -
O

Lemma C.18. Let (M, A,g) be a smooth compact oriented Riemannian manifold with or with-
out boundary of dimension n € N with Levi-Civita connection D and uniform localisation sys-
tem (Ua, as¥a). Let p € (1,00), T > 0 and r € (0,1]. Given f € W} ((0,T); L, (M)) then
for all « € {1,...,N} the functions fo, (Ve © ¢51)fa, where fo(t,z) = f(t,aﬁ;l(x)), lie in
Wy ((0,T); Ly (¢a(Ua))) with

—1
fallwy )2y (6nway T 10a © 8a) allwy o 1yt wary < C@Q Iy, -

Proof. Lemma implies fo , (Yo 0 d3) fa € Ly ((0,T); Ly(¢pa(Us))). In the case r € (0,1) the
claim immediately follows from

1falt) = Fal)z, gy + | W 0 02") () = FalDIL o 0y < C@NF® = SOl can

for s,t € (0,T) as shown in Proposition Suppose that 7 = 1. Let g € L, ((0,T); L,(M)) be
such that for all v € C§° ((0,T")) the identity

/ O (t)dt = - / g(t)t) dt
0 0

is satisfied in L,(M). In the following we let ¢ =1 on M or ¢ = v,. In particular, for Lebesgue-
almost every x € ¢ (Uy),

(
T T
(sﬁ ; fFOw'(t) dt) (¢ (2)) = — <</7/0 9()y(t) dt) (¢ (). (C.12)
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Approximating the functions f and ¢ in L, ((0,T); L,(M)) by a sequence of simple functions
(fn)pens and (gn), ey, respectively, one sees that the identity (C.12) can equivalently be written

T T
(/ ((sof(t))ocbal)ib’(t)dt) <z>(/0 ((wy(t))o%l)w(t)dt) () (C.13)

for almost every x € ¢o(Us). Indeed, let (fy,), oy be a sequence of simple functions converging to
fin L, ((0,T); L,(M)). Then it is straightforward to see that for x € ¢4 (U, ),

(s@/o Fn()Y' (1) dt) (¢ (@) = </0 ((fa(®) 063" ¥/ (1) dt) (). (C.14)

Using Proposition we obtain as n — oo,

T
@ ( / (f(t) - fn<t>>u/<t>dt> o ¢!
0

T
<C(Q) / 1£(8) = Fa®)ll, o 101 A < CQ)IF = Fullorer, ary) = O

<C(Q)
Lyp(¢a(Ua))

T
/0 (F() — fult)) 0 (£)dt

Ly (M)

and on the other hand

, Lp(¢a(Ua)) .
< [ M) = 200 0 637, 4y 1O1 0 < CQ) [ 1a0) = Ol ) 10/ B]

C@)fn =l o)L,y —0-

T
| (et = o) v o) d

The identity (C.14) and uniqueness of the limit in L, (¢o(Us)) imply

(so /0 f(t)w’(t)dt> (¢;1<x))=</0 ((wf<t>>o¢;1)w’<t>dt> (2)

for almost every x € ¢,(Uy). The same argument for g instead of f shows the desired iden-
tity (C.13). This implies the claim as the function t — (pg(t))od,* lies in Ly, ((0,7); Ly (¢ (Ua)))
by Lemma with

—1
|t = (g(t)) o dg ||Lp((0,T);Lp(¢a(Ua)))) < C@ gl 0.1y, ) -
]

To prove the converse of Lemma[C.17 and [C.18 we make use of the extension results[C.13/and [C.14]

Lemma C.19. Let (M, A, g) be a smooth compact oriented Riemannian manifold with or without
boundary of dimension n € N with Levi-Civita connection D and uniform localisation system
(Us, Py o). Letp € (1,00), s >0 and T > 0. Suppose that f: (0,T)x M — R is such that for all
a€{l,...,N} it holds (o © ¢5") fo € Ly ((0,T); W5 (¢a(Us))) where fo(t,x) := f (t, ¢35 (x)).
Then f lies in Ly, ((0,T); W3 (M)) and satisfies the estimate

N
1AW, (0.myws (amy) < C(@Q Z (Yoo da’ faHLp((o,T);W;(qsa(UQ)))'
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Proof. For all a € {1,..., N} and almost every ¢ € (0,T) the functions f,(t) := (Va0 d3t) fal(t)
lie in W (¢a(Us)) which implies f(t) € W5 (M) for almost every ¢ € (0,7). In the case that
s =m € Ny is an integer, this is a consequence of Proposition for non-integer s > 0 it follows
from Definition As fo : (0,T) — Wy (¢a(Us)) is strongly measurable for o € {1,..., N},
there exist sequences of simple functions fn,a :(0,T) = Wy (¢a(Ua)), n € N, such that for almost
every t € (0,7,

Jal®) = Foa®)| -0

Wi (¢a(Ua))

as n — oo. For every a € {1,..., N} we let &, : M — [0, 1] be a smooth bump function with the
properties &, = 1 on supp ¢, and supp &, C U,. The existence of such a function follows from [89]
Proposition 2.25]. Given a € {1,..., N} we observe that for all n € N the function

Fra(t) = Joa(t) (6o 0 63")
lies in W5 (¢a(Ua)). The properties of £, imply further for almost every t € (0,7,

| Fn,0(t) = @a f ) © 03" s 5. 010y = O

asn — 0o. As

dist (supp Fra(t) N oo (Us), 000 (Uq) N 1ntH") >0,
Lemmaimplies that E (fn,a(t) o ¢a) lies in W (M) and as a consequence, we obtain f,(t) :=
Ziv:lE(fn,a(t) 0 ¢o) € W5(M). To show that the sequence (fn(t)),cy converges to f(t) in
W, (M) for almost every t € (0,7T") we observe that

N

Uy fu(®) 067" = (¥y065") E (faalt) o ¢ao ¢

a=1
with each summand being an element of W, (¢,(U,)). Indeed, given o,y € {1,...,N}, the
transformation formula [2, Theorem 3.41] implies f, o(t) 0 ¢pq © (b;l € VVPLSJ (¢4(UsaNU,)) and in
the case that s > 0 is non-integer, similar arguments as in the proof of Proposition [C.11] imply
fra(t)odq o gb,;l € Wy (¢4(UaNU,)). As further

dist (supp (fn,a(t) © ¢a © qS;l) ,0 (intg (Ua N U,)) Ninté (U,)) > 0,

Lemma implies that the trivial extension E (fn,(t) 0 ¢q 0 gi)_l) lies in W (¢,(Uy)). The
same reasoning implies (Y, f(t)) 0 951 € Wi(¢p,(Uy)) for all & € {1,..., N}. Hence we may
estimate

[ (Fa®) = F®) 0 83 e 4 0

<3162 0671 (B (Fua(®) 260 0657) — (0 F(0) 9 M (o0
a=1

Mz

) (fra(t) o daody’ = Waf®) o3 ) s, warusy

N
Z: ) (fra(t) — (waf(t))OQS(;l)HW;(an(U,,ﬂU«,)) —0

asn — oo. Since f, : (0,7) — W3 (M), n € N, are simple functions, we conclude that f : (0,7) —
W, (M) is strongly measurable. Furthermore, we have

T N T
/0 1F @Dz (ary 4t < C(Q) 2—31/0 (a0 03") Tl (4 1 U
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N
Z (Yo 0 B3 faHp ((0,7); W5 (60 (Ua)))

In the case that s = m € Ny is an integer, this is a consequence of Proposition [C.1} for non-integer
s > 0 it follows from the definition of the norm on W7 (M) and the estimate even holds with
constant C' = 1. O

Lemma C.20. Let (M, A, g) be a smooth compact oriented Riemannian manifold with or without
boundary of dimension n € N with Levi-Civita connection D and uniform localisation system
(Ua, Py Vo). Let p € (1,00), T > 0 and r € (0,1]. Suppose that f : (0,T) x M — R is such
that for all a € {1,...,N} it holds (o 0 ¢3") fa € W) ((0,T); Ly (¢a(Ua))) where fo(t,x) :=
[ (t, 05" (x)). Then f lies in W} ((0,T); L,(M)) and satzsﬁes the estimate

I lwy(o.1):L, 00y < C(Q) D N (@ao eyt faHWPT((O,T);Lp((ba(Uu))) '
a=1

Proof. Lemma implies that f lies in L, ((0,7);L,(M)). In the case r € (0,1) the claim
immediately follows from the equivalence of norms on L, (M) shown in Proposition Suppose
that r = 1. Given a € {1,...,N} let go € L, ((0,T); Ly (¢pa(Us))) be such that for all ¢ €
C§°((0,T)) the identity

T T
| Waos) ' de =~ [ gayuiar
0 0

holds in L, (¢a(Us)). Similar arguments as in the proof of Pr0p051t10nshow that for ¢ € (0,7T)
the functlon g(t) == Z 1 E(ga(t) 0 ¢o) lies in L, (M) satisfying the estimate

N
gz, ary < C@) D N9a®llz, (6o (wa)) (C.15)
a=1

where E (f) denotes the trivial extension of a function f defined on a subset of M to the entire
manifold. Let (gn.a),cy be a sequence of simple functions in L, ((0,7); Ly(¢a(Ua))) such that for
Lebesgue-almost every t € (0,71, ||gn,a(t) — ga(t)HLp(%(Ua)) — 0 as n — oo. Then the function

gn(t) == Eszl E (gn,a(t) o ¢q) lies in L, (M) satisfying as n — oo,

llgn(t) — g(t)”Lp(M) Z l[gn,a( )HLp(qsa(U »n 0.
As gn : (0,T) — L,(M) is a simple function, this allows us to conclude that g lies in the space
L, ((0,T);L,(M)). Approximating f, by a sequence of simple functions shows the identity
N T T N
Z ¢O¢ ° P, ) fa(t)d}/(t) dt) © Qo = / (Z (¢a © er) fa(t)o (ba) ¢/(t) dt
a=1 0 a=1

/ £)

in L,(M). Using the analogous identity for g and g,, we obtain for all ¢ € C§° ((0,T')) the identity

/ £t / " gty ar

in L,(M). This shows f € W} ((0,T); L,(M)) and the desired estimate follows from (C.15). O
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C.2.2 An extension result

In this subsection we prove the analogous result to the one given in Subsection [C.1.3]in the case
of anisotropic spaces.

Lemma C.21. Letn € N, p € (1,00), T > 0, r € [0,1] and s > 0. Suppose that Q1 and Qs are
open sets in R™ with QO C Qs and 1 bounded. Given any function g : Q1 — R we let Eg : Q9 — R
be the function that satisfies Eg = g on Q; and Eg =0 on Q2 \ Q1. If f € W ((0,T) x Q)
satisfies
dist (supp (f(¢)) N Q1,00 N Q) >6 >0

for almost every t € (0,T) and a constant § independent of t, then the trivial extension Ef
of f given by (Ef)(t) := E(f(t)) lies in W;* ((0,T) x Q2). Furthermore, for every a € Ny
with |a] < |s] and almost every t € (0,T) it holds 0 ((Ef)(t)) = E(02f(t)) and, if s = 4,
O(Ef)(t) = E(0:f(t)). The hereby induced operator E : W ((0,T) x Q1) — W;* ((0,T) x Q2)
is linear and continuous.

Proof. Given t € (0,7) it holds f(t) € W7(€1) and Lemma implies E(f(t)) € W, (€2) with
03 (E(f(t))) = E(07 f(t)). Thus the mapping Ef : (0,T) — W;(Q2), t = (Ef)(t) = E(f(t))
is well-defined. As f : (0,7) — W (1) is strongly measurable, there exist sequences of simple
functions f, : (0,7) — W, (£1) such that for almost every ¢ € (0,7),

|0 - F)

Wi (1)

as n — oo. Let £ € C§°(R") satlsfy 0<¢E<1,£=1o0n {xeﬂl dlSt((E 01 NQ) > 5} and
dist (supp & N Qy, 00 N Q) > 2. Then for every t € (0,T), fu(t) = Efn(t) lies in W (1) with
1£() = fa@®llws @,y — 0asn — oco. Lemma implies for alln € Nand t € (0,7), E(f.(t)) €

Wy (Q2) with 92 E(fn(t)) = E(97 fn(t)). Thus Ef, : (0, ) = Wy (Q2), (Efa)(t) == E(fa(t)),
n € N, forms a sequence of simple functions and Lemma 1mphes for almost every t € (0,7),

ICEL) (&) = (BN Ollws ) = IEUn @) = EGFO)lws @) < 1Fnt) = FOllws @y =0

as n — oo. This shows Ef € L, ((0,T);W;(Q2)) and 02(Ef(t)) = E(03f(t)). In the case
r € [0,1) the claim then follows from the identity |Ef(t) — Ef(s)ll, (q,) = I/(t) = f(s)llL, )
In the case r = 1 the arguments before imply that E(0;f) defined by E(0:f)(t) := E(0:f(t)) lies
in L,((0,T); Lp(22)). Given ¢ € C3°((0,T")) and x € 1, we observe

/OT(Ef) t,x)(t)dt = / ft,z) / Ocf (t, ) _/OT(Eatf)(t,x)’(/J(t)dt,

while in the case z € Q5 \ Q,

T T
/ (ES)(to)(t)dt = 0 = - / (B0, )t a)b(t) dt
0 0
This shows Ef € W, ((0,T); L,(€2)) with 9,(Ef)(t) = E(8,f(t)) = E(0.f)(t). O

Lemma C.22. Let (M, A, g) be a smooth compact oriented Riemannian manifold with or without
boundary of dimension n € N with Levi-Civita connection D and uniform localisation system
(Ua, Py o). Let p € (1,00), T > 0, r € [0,1], s > 0 and (U,¢) € A. Suppose we are given a
function f € W ((0,T) x intgp(U)) with the property that

dist (supp f(t) N ¢(U),0¢(U) NintH") >4 >0
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for almost every t € (0,T) and a constant 0 independent of t. Then the trivial extension E (f o ¢)
of fo¢ given by E(fo¢)(t) = E(f(t)o®) to the entire manifold M lies in W;>*((0,T) x M) with

1E(f o D)llwreo,myxary < C@ N lwzs 0,1) xintow)) -
Proof. We show that for all & € {1,..., N} the trivial extension of
() > falt,2) = f (. 0(67 (@)
lies in W ((0,T) x intgo(Uys)). The transformation formula [2, Theorem 3.41] implies
(t.2) = £ (£.0(671 (@) € W2 ((0.T) X inte (U N U,))

with
I(t:2) = £ (8 6(6a" @)z 0,7y ximt0m @rva)y < C I lwze 0,1y xintsw)

with constant C' depending on the uniform bounds on (derivatives of) the coordinate transforma-
tions. By hypothesis we have

dist (supp f(t) N ¢(U NUy),0¢(U) NintH" N p(U NUy)) > 6 >0

for almost every ¢ € (0,7) and a constant § independent of t. As ¢, is a homeomorphism, this
vields for fo(t) := f(t) 0 do é5 ",

dist (supp fa () N ¢ (U N Ua), 8¢ (U N Us) Nintga(Us)) > 6 >0

for almost every t € (0,7T) and a constant d independent of ¢. Lemma implies that the trivial
extension Ef,, lies in W* ((0,T) x int¢, (Uy)) with

IE allwy e 0,1 xinsbaa)) S C MFllwy (0,1 xinto)) -
As (E(fod)) od,! = Ef, on ¢o(Us), Proposition implies E(f o ¢) € W2*((0,T) x M)
with
N
IECf o D)llwys(0,myxmy < C(Q) 221 [(E(f 26)) 0 ba lvre (0.1 ximtsn (02

N
<C@)> IEfallwrs 0,1)xintgnwa)) < C@) N lwrs 0.0 xintsw)) -

a=1

C.2.3 Further equivalent norms

In this subsection we derive further equivalent norms on anisotropic spaces on compact manifolds.

Proposition C.23 (Norms with respect to arbitrary coverings). Let (M, A, g) be a smooth com-
pact oriented Riemannian manifold with or without boundary of dimension n € N with Levi-Civita
connection D, normal covering T = {(Ua, o)} and uniform localisation system (Uy, b, ¥Va)s
p€(l,00) and s >0, r €[0,1]. Let M € N and

S:={(Vg,08):8€{l,...,M}} C A,

be any covering of M such that for all o, B with Uy N Vg # 0 all derivatives of ¢q © g/gl and
its inverse are uniformly bounded by a constant C(S). Let further (fﬁ)ﬂe{l M} be a smooth
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partition of unity subordinate to the covering S. Given a function f € Wy ((0,T) x M), then
for all B € {1,...,M} the function t — f(t)o 951 lies in W ((0,T) x 03(Vp)). If conversely
f:(0,T)x M — R is such that for all B € {1,..., M} the function t — (§gf(t)) o ggl lies in
W2 ((0,T) x 05(Vp)), then it holds f € W* ((0,T) x M). Furthermore,

M
i =" || ooz
|| ||Wp ((0,T)x M) /;1 (B ) fé] W (0,T) x 05 (Vi)

defines a norm on Wp»* ((0,T) x M) equivalent to H'H;;’S((QT)XM) with equivalence constants
depending on C(S).

Proof. This follows from Proposition [C.16] using similar arguments as in the proof of Proposi-
tion O

In analogy to Corollary we may consider an equivalent norm on Wpﬁ’w ((0,T) x M) with
B e (Yr1].

Proposition C.24. Let (M, A, g) be a smooth compact oriented Riemannian manifold with or
without boundary of dimension n € N with Levi-Civita connection D and uniform localisation
system (Uy, G, Vo). Let T be positive, p € (1,00) and B € (Y/p,1]. Then
N
H‘fmwfvw((oj)xz\/[) = Z |||(¢af) © ¢;1|||W5’45((0,T)><¢Q(Ua))
a=1

T T
= ”fHWI?AB((o’T)XM) + Hf(O)HW:BJ/p(M)

defines a norm on W[*? ((0,T) x M) that is equivalent to - llyyr2a2 0 Tyxary With equivalence
3 :
constants depending on T .

Proof. This is a direct consequence of Propositions [B.36] [C.11]and [C.16] O

We prove an analogous result to Proposition @

Proposition C.25 (Temporal extension operator on manifolds). Let (M, A, g) be a smooth com-
pact oriented Riemannian manifold with or without boundary of dimension n € N with Levi-
Civita connection D and uniform localisation system (Uy, ¢u, Vo). Let Ty be positive, T € (0,Ty),
p € (1,00) and o € (1/p,1]. Then for every g € W' ((0,T) x M) there exists an extension
Eg e Wt ((0,To) x M) such that (Eg)0,m) =9 and

|||Eg|||W;=4“((o,To)xM) < C(Tho, Q) |||g|||wg=4“((o,T)xM)-
The hereby induced extension operator is linear.

Proof. Let &, € C* (M) satisfy 0 < &, < 1, supp&, C U, and &, = 1 on suppt,. Proposi-
tion implies that

(t,2) = ga(t,2) = Yo (65 (2)) g (t. 05" (2))
lies in W4 ((0,T) x ¢o(Uy)) and by Proposition w there exists

Eoga € WS ((0,Th) x ¢a(Ua))
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with (Eaga)|(07T) = g, and

”E(xga||W;"*4“((07T0)><¢Q(Ua)) < C(To) |||9a|||W;’4a((o,T)x¢a(UQ)) : (C.16)

The extension E g, is linear in g,. As

dist (supp (§a oo, ) N (ba( 0); 004 (Us) N th") 0,

Lemma implies that the trivial extension of the function (¢, q) — &4 (q)Eaga(t, da(q)) to the
entire manifold (denoted by & ((Eaga) © ¢a)) lies in W4 ((0,Tp) x M). In particular,

Zéa Eogo(t, ¢a(q))

lies in W4 ((0,Tp) x M) with

Eg [(0,T) — Zga Oég!l (OT)O¢C¥72€OL 9a°¢a)—g

The operator E is linear in g as the operators E are linear in g,. Finally, the estimates shown

in Lemma and (C.16) imply

N
”EQHWZ‘}A“(((),TO)xM) < Z [€a (Eaga) © ¢a)||Wp“'4“((0,TO)><M)
a=1
N
< C(Q) X [1Eagallwg s (01 xbu ()
a=1

N
<C(T0, Q)Y llgelllwe-se 0.1y x g (W) < € (T, @) glllvwese o,1yxar) -
a=1

As (Eg) (0) = g(0), we obtain the desired estimate

|||Eg|||W;’4a((0,To)><M) < C (T07 Q) |||gH|W;’4a((O,T)><M) .
O

C.3 Sobolev spaces on the boundary of smooth domains
and trace theorems

Given a function of certain regularity defined on a bounded smooth domain 2 C R™, or on the
cylinder (0,T") x €, the so called trace theorems characterise its regularity on the boundary 92 or
on (0,T) x 09, respectively. In the isotropic case the relevant results are given in [140], while the
theory in [I36] provides suitable theorems in the anisotropic case. To make use of these results we
verify that the considered spaces in [136] [141] coincide with the spaces introduced in the preceding
sections when viewing 02 as a smooth Riemannian manifold of dimension n — 1. For better
readability we do not always differentiate between a function f defined on Q, or (0,7") x €, and
its restriction to 99, or (0,T) x 95, respectively.

Lemma C.26. Let Q C R" be a bounded domain with smooth boundary. Then, with the subspace
topology inherited from the ambient space R™, 0N) is a smooth compact orientable Riemannian
manifold of dimension n — 1.



286 C Function spaces on compact manifolds

Proof. Definition [BI6] implies that for each z € 9 there exists an open set V C R™ with
z € V and a function g € C* (V;R"™) mapping V bijectively onto the ball B;(0) C R™ such
that g=! € C* (B1(0);R") and g(V N Q) = {y € B1(0) : y, > 0}. As 9Q is compact, we find
finitely many Vg, ¢a, @ € {1,..., N}, such that every x € 9Q lies in at least one set V. By
definition of the subspace topology, the set U, := V, N 9N is open in 9N and we observe that
go (Us) = {y € B1(0) 1y, =0}. Let m : R® — R""! be the projection onto the first n — 1
components and set ¢o := 70 (ga) |y, - Then ¢ : Uy — B H0):={y e R |y| <1} isa
homeomorphism and the coordinate change ¢s 0 ¢! = 70 gz 0 g, ! oi is smooth on ¢, (U, N Up)
where i : R*~! — R" denotes the canonical embedding. Let A be the maximal smooth structure
containing (Uy, ¢o), @ € {1,...,N}. Then (99Q,.A) is a smooth compact manifold of dimension
n—1. It is orientable as the smooth domain €2 admits a smooth unit normal field v : 92 — R™ that
defines an orientation on 9f). The pull-back of the Euclidean scalar product under the embedding
0 — R"™ defines a smooth Riemannian metric on (952, A). O

It is a direct consequence of Proposition that the spaces W, (092) defined in [I4I} Definition
3.6.1.] coincide with our notion of W; (052) as introduced in Deﬁnitionwith equivalent norms.
In particular, we may use the trace theorem shown in [141] Theorem 4.7.1.] that characterises the
regularity of functions f € W;(€2) on the boundary 9<2.

Theorem C.27 (Trace Theorem I). Let Q C R™, n € N, be a domain with smooth boundary and
letp € (1,00), s € (1/p,00) and u € W5 (Q) be given. Then for all o € Ni with |a| < 57% it holds

(3gu)|asz € W;_‘al_l/p (092)

and

||amau||W;—\(¥|—l/P(aQ) S C HUHW;(Q) .
Proof. This is shown in [I41, Theorem 4.7.1]. O

Corollary C.28. Let Q@ C R", n € N, be a domain with smooth boundary and outer unit normal
v:0Q — R" and let p € (1,00), s € (Y/p,00) and u € W;(Q) be given. Then for all j € No with
jgs—% it holds

o n o—je1/y
ovI = Z (8“1 a 'a"“j u)IBQ Viy = Vi; € Wp i (09)
i1yij=1
and o
T,
- < C u s .
‘ oz W;*J'*l/p(aﬂ) - H ||WP(Q)

Proof. This is an easy consequence of Theorem O

In [I36] the author considers possibly unbounded domains that satisfy the so called ordinary
Ljapunov conditions listed in [136] §13]. It is readily checked that every smooth compact domain
() satisfies these conditions. It is a direct consequence of Proposition Proposition and
Proposition that the anisotropic Sobolev spaces defined in [I36] §20, page 130] coincide with
the spaces introduced in Definition [C.15] in the case M = 9Q with equivalent norms where the
equivalence constants depend on the length of the time interval. The trace theorem given in [136],
Theorem 5.1] for functions in W;>* ((0,7") x Q) characterises their regularity on (0,7") x 9. We
state the result only in the special case required in this work. The norms ||-|| re0,1], s >0,
are defined in Definition [B:26] and Definition [C.15} respectively.

p,T,87



C.3 Sobolev spaces on the boundary of smooth domains and trace theorems 287

Theorem C.29 (Trace Theorem II). Letn € N, Q C R™ be a bounded smooth domain, p € (1,00),
T >0 and
u € Wy ((0,7); Ly() N Ly ((0,7); Wi ()

be given. If « € Ni with |a| < 4 — p, then

A—ja|—1
#74_“}‘_%

(B0 100 € W (0,7) x (69))
and
105l s oy < T il
Proof. This is shown in [I36, Theorem 5.1]. O

Using the extension operator one obtains the estimates in the above theorem with constants
independent of T

Theorem C.30 (Trace Theorem III). Letn € N, Q C R™ be a bounded smooth domain, p € (1,00),
To >0, T € (0,Tp] and

w € W, ((0,7); Ly()) N Ly ((0,T): W, ()
be given. Then for all a € N§ with |a] < 4 — 1/p, there holds

A ja|—1
dolel=l 4 o] 1

(3§U),(07T)XBQ €Wy ((0,7) x (992))
and
ozull  sciar-ve . s < C(To) Mlwllyr20,m)x0)
w, * ? ((0,T) x (9%2))

with a constant C (Ty) independent of T

Proof. By Proposition and Proposition the ||| - ||[-norms are equivalent to the usual ones
on the respective spaces. Thus, the previous theorem implies

Aol 1
dolel=l/p 4 o] 1

€W, ((0,T) x (99))

(6%
(05 w) |(0,1)x00

with

[loz ull a-lal=Yp , |1 <C(7) H|u”|WI}’4((O,T)><Q)'
p P((0,T)x(8Q))

Proposition implies the existence of an extension Eu € W* ((0,Tp) x ) that satisfies
(Eu)o,r) = wand
B w140, x) < € (T0) Mulllwrao,ryx0) -

In particular,
4—|a|-1/p 4_‘04_1
ew, * ’

(07 (Bu)), ((0,To) x (9%2))

(O,To) X O

with
< C(To) |||EUH|W;»4((0,TO)xQ)

10z (B acieg-ve .,
w, *

1
» P ((0,T0) x (8))

< C(To) NMullw:o,mxe) -
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As 02 (Eu)|(O,T)><89 = 0%u, there holds
oz ull  aciop-ve -, - S [[ 0 2400 | NV :
W, P (0,1 % (99)) w, * P ((0,T0) x (99))
This shows the claim. O

In the case that © C R is a bounded smooth domain, the boundary 0f) is a compact zero-
dimensional manifold and thus consists of finitely many points ¥1,...,yx € R. In this case we
obtain for p € (1,00) that

N
LP(OQ):{f:@Q—)R:Z|f(yi)p<oo}:{fzaQ—HR} (c.am)
i=1
can be identified with RY via the evaluation mapping
e (F )il

The same holds true for all of the spaces W (9§2) with s > 0 and p € (1,00). This is used in
Part [
We conclude the section with some further useful results.

Proposition C.31. Letn € N, Q C R™ be a bounded smooth domain, 7,5 € (0,1) withT > 3, p €

(1,00), Ty be positive and T € (0,Ty). Given f € WZ',B ((0,T); L,(092)) and g € CT ([QT];C’(@))
there holds fg € W[ ((0,T); L,(0%2)) and there exists a constant C (Tp) > 0 such that

HngWf((O,T) Lp,(09Q)) = CHJC”Wf3 ((0,T); L, (8)) ||9||cr([0T] ;c(Q)) -

Proof. For almost every ¢ € (0,T) there holds f(t) € L, (09) and g(t) € C'(Q). As Q is compact,

one easily verifies that f(¢)g(t) € L, (0Q) with ||f(t)g(t)||Lp(aQ) < ||f(t)||Lp(0Q) ||g(t)||c(5). It is
straightforward to show that fg: (0,7) — L, (09) is strongly measurable. Moreover, we have

T
| 1O, 0038 < 1103, 000 1900

T T
L[ 15000 = 10 0 = o e
< [ [ (01 o) 1960 = s g+ 170 = T o I ) e =17,

The second term is controlled by the quantity Hf||W;s((0 T):L, (09) ”9”0([0 1:0(2)) and the first
term can be estimated as follows:

T T
LU0, o la(®) = a(6) g e = ol e s

Ul ooy [ 1O ony [ 1=l asa
p 1
T

C(T,ﬁap)T(T_'B)p HQHP ~(10.77:0(%)) Hf”ip((o,:r);L,,(aQ)) :

(twﬁ)p (T - t)(rfmp) di
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Proposition C.32. Let n € N, Q C R" be a bounded smooth domain o, € (0,1) with a > £,
p € (1,00), Ty be positive and T € (0,Ty]. Then

O ([0,T0; Lyp(99)) — W, ((0,T); Ly(092))

and there exist constants o = o («a,3,p) € (0,1) and C = C (o, B,p,Ty) > 0 such that for all
feC([0,T]; L(09)),

Hf”wf((o,T);Lp(aQ)) < O, B,p, To) T7 ”fHCQ([O,T];Lp(aQ)) :

Proof. Let T € (0,Tp] and f € C* ([0,T]; L,(092)) be given. Then f : (0,T) — L,(09) is strongly
measurable and

1Nz, 0 myzp00) < T I lcqoryzyo0) < T 1 lcw oL, o0) -

Furthermore, the semi-norm part can be estimated by

T T
p p _(a=B)p—1
[f]W£<<o,T>;Lp<asz>>§”f”caao,T];Lp(asz»/O /0 [t = s[**77P dtds

2To

< FIPa _ T(a=B8)p
(o= a)p Wlew oy, o0

and hence the claim follows with ¢ = min {1/p,« — 8} € (0,1). O
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