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Local well-posedness of a quasi-incompressible two-phase flow
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Abstract. We show well-posedness of a diffuse interface model for a two-phase flow of two viscous incom-
pressible fluids with different densities locally in time. The model leads to an inhomogeneous Navier—
Stokes/Cahn—Hilliard system with a solenoidal velocity field for the mixture, but a variable density of the
fluid mixture in the Navier-Stokes type equation. We prove existence of strong solutions locally in time
with the aid of a suitable linearization and a contraction mapping argument. To this end, we show maximal
L2-regularity for the Stokes part of the linearized system and use maximal L” -regularity for the linearized
Cahn—Hilliard system.

1. Introduction and main result

In this contribution, we study a thermodynamically consistent, diffuse interface
model for two-phase flows of two viscous incompressible system with different densi-
ties in a bounded domain in two or three space dimensions. The model was derived by
Garcke and Griin [6] and leads to the following inhomogeneous Navier—Stokes/Cahn—
Hilliard system:

0 (oY) + divipy @ V) + div(v ® E52m () V(LW (p) — £ 49))
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1

w=—eAp+ EW/(@ 4

Mathematics Subject Classification: 76T99, 35Q30, 35Q35, 76D03, 76D05, 76D27, 76D45

Keywords: Two-phase flow, Navier—Stokes equation, Diffuse interface model, Mixtures of viscous fluids,
Cahn-Hilliard equation.
The authors acknowledge support by the SPP 1506 “Transport Processes at Fluidic Interfaces” of the German
Science Foundation (DFG) through Grant GA695/6-1 and GA695/6-2. The results are part of the second
author’s PhD-thesis [16].

Published online: 12 November 2020 ® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00028-020-00646-2&domain=pdf
http://orcid.org/0000-0002-6606-4352

H. ABELS AND J. WEBER J. Evol. Equ.

in Q7 := §2 x (0, T) together with the initial and boundary values

Vige = h@jae = dutjpe =0 on (0,7) x 982, ©)
®(0) = o, v(0) =vp in$2. (6)

Here, 2 C R, d = 2, 3, is a bounded domain with C 4-boundary. In this model, the
fluids are assumed to be partly miscible and ¢ : £2 x (0, T) — R denotes the volume
fraction difference of the fluids. v, ¢, and p denote the mean velocity, the pressure and
the density of the fluid mixture. It is assumed that the density is a given function of ¢,
more precisely
PL+p2 | Pp2— Pl
o =p(p) = 3 + 5 ¢ forallp € R.

where pp, po are the specific densities of the (non-mixed) fluids. Moreover, w is a
chemical potential and W (¢) is a homogeneous free energy density associated with
the fluid mixture, ¢ > 0 is a constant related to “thickness” of the diffuse interface,
which is described by {x € £2 : |p(x, )| < 1 — §} for some (small) § > 0, and m(p)
is a mobility coefficient, which controls the strength of the diffusion in the system.
Finally, (¢) is a viscosity coefficient and Dv = %(Vv + vvD).

Existence of weak solution for this system globally in time was shown by Depner and
Garcke [4] and [5] for non-degenerate and degenerate mobility in the case of a singular
free energy density W. Moreover, Griin [ 13] convergence (of suitable subsequences) of
afully discrete finite-element scheme for this system to a weak solution in the case of a
smooth W: R — R with suitable polynomial growth. In the case of dynamic boundary
conditions, which model moving contact lines, existence of weak solutions for this
system was shown by Gal et al. [11]. In the case of non-Newtonian fluids of suitable
p-growth, existence of weak solutions was proved by Abels and Breit [3]. For the
case of a non-local Cahn—Hilliard equation and Newtonian fluids, the corresponding
results was derived by Frigeri [10] and for a model with surfactants by Garcke and the
authors in [7]. Recently, Giorgini [12] proved existence of local strong solutions in a
two-dimensional bounded, sufficiently smooth domain and global existence of strong
solutions in the case of a two-dimensional torus.

Remark 1. In [4], it is shown that the first equation is equivalent to
piv+ (pv+ 252m(p)  VAW(9) = 249)) - YV + Vp = div2n(@) DY)
= —cApVo. @)
This reformulation will be useful in our analysis.

For the following, we assume:
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Assumption 1. 1. Let 2 € R be a bounded domain with C4-b0undary and
d=2,3.
2. Letn,m e Cg(R) be such that n(s) > no > 0 and m(s) > mg forevery s € R
and some 79, mqo > 0.
3. The density p: R — R is given by
L+ 02 p2—P1
p=plp) = 3 + > 10 for all ¢ € R.

4. W: R — Ris five times continuously differentiable.

With these assumptions, we will show our main existence result on short-time
existence of strong solutions for (1)—(6):

Theorem 2. (Existence of strong solutions) Let §2, , m, p and W be as in Assumption
1. Moreover, let vg € Hé (£2)4n L(2, (£2) and g € (LP(£2), W;;N(Q))l_l,p be given
with |go(x)| < 1 forall x € 2 and 4 < p < 6. Then, there exists T >p0 such that
(1)—(6) has a unique strong solution

ve Wl(0, T; L2(2)) N L*(0, T; H*(2)Y N H ($2)),
¢ € Wy(0,T; LP(2)) NLP(0, T; W,y (£2)),

where W;,{N(Q) ={u € Wy(R2) : duulag = 9, Aulye = 0}.

We will prove this result with the aid of a contraction mapping argument after a suitable
reformulation, similar to [1]. But for the present system, the linearized system is rather
different.

The structure of this contribution is as follows: in Sect. 2, we introduce some basic
notation and recall some results used in the following. The main result is proved in
Sect. 3. For its proof, we use suitable estimates of the nonlinear terms, which are shown
in Sect. 4, and a result on maximal L>?-regularity of a Stokes-type system, which is
shown in Sect. 5.

2. Preliminaries

For an open set U C R, m e Npand 1 < p < oo, we denote by W;,"(U)
the LP-Sobolev space of order m and W;T(U ; X) its X-valued variant, where X is a
Banach space. In particular, LP(U) = WI(,)(U) and LP(U; X) = Wg(U; X). More-
over, B;q(.Q) denotes the standard Besov space, where s € R, 1 < p,qg < oo,
and L2 (£2) is the closure of C{° (2) = {u € C°(2)? : divu = 0} in L*(2)
and Py : L2(2)? — L?, (£2) the orthogonal projection onto it, i.e., the Helmholtz
projection.

We will frequently use:



H. ABELS AND J. WEBER J. Evol. Equ.

Theorem 3. (Composition with Sobolev functions) Let £2 C R4 be a bounded domain
with Cl-baundary, m,n € Nandlet 1 < p < o0 such that m — dp > 0. Then, for
every f € C"™(RN) and every R > 0 there exists a constant C > 0 such that for all
ue W,’,"(.Q)N with ||M”Wlpn(Q)N < R, we have f(u) € W (§2) and ||f(u)||wg1(_(2) <
C. Moreover, if f € C"TVRN), then for all R > 0 there exists a constant L > 0
such that

I1f @) = fllwn@) < Lllu = vliym @y
forallu,v e Wil ()N with |ullyn oy 10llwp @y < R.

Proof. The first part follows from [14, Chapter 5, Theorem 1 and Lemma]. The second
part can be easily reduced to the first part. g

In particular, we have uv € W;,"(.Q) forallu,v € WI’," (£2) under the assumptions of
the theorem.
Let X, X1 be Banach spaces such that X| < X/ densely. It is well known that

Wy (I; Xo) N LP(I; X1) <= BUC(I; (Xo, X1);_1 ) 1=p<oo, (8
L

continuously for I = [0, T],0 < T < oo, and I = [0, 00), cf. Amann [8, Chapter III,
Theorem 4.10.2]. Here, (Xo, X1)o,, denotes the real interpolation space of (Xo, X1)
with exponent 6 and summation index p. Moreover, BUC(I; X) is the space of all
bounded and uniformly continuous f: I — X equipped with the supremum norm,
where X is a Banach space.

Moreover, we will use:

Lemma 1. Let Xo C Y € X be Banach spaces such that
Ixlly < Cllxllg”Ix1%,
for every x € Xo and a constant C > 0, where 6 € (0, 1). Then,
([0, T1; X1) N L>(0, T; Xo) < C%*%([0, T1; Y).

continuously.

The result is well-known and can be proved in a straight forward manner.

3. Proof of the main result

We prove the existence of a unique strong solution (v, ¢) € X for small T > 0,
where the space X will be specified later. The idea for the proof is to linearize the
highest order terms in the equations above at the initial data and then to split the
equations in a linear and a nonlinear part such that

LV, @) =F(v, ),
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where we still have to specify in which sense this equation has to hold. To linearize it
formally at the initial data, we replace v, p and ¢ by vog + €V, po + ep and ¢p + ¢
and then differentiate with respect to ¢ at ¢ = 0. In (1) and the equivalent equation
(7), the highest order terms with respect to ¢ and x are pd,v, div(2n(¢)Dv) and V p.
Hence, the linearizations are given by

d
2p (@0 + €00 (Vo + eV))je—o = 0" (@0)9dvo + p(90)d:V = pod;V,
d . . .
T (div(2n(go + £9) D(Vo + €V))) o= = div(2n' (90)9 Do) + div(2n(go) DV),
d
d—V(Po +ép)je=0 = Vp,
&

where pg := p(¢o) and p;, := p’(¢o). Moreover, we omit the term div (21’ (¢o)¢ Dvo)
in the second linearization since it is of lower order. For the last equation, we get the
linearization
d . - .
ngV(m(wo +Ep)V(—eA(po + €9)))1z=0
= —ediv(m'(go)pV Ago) — ediv(m(po)V Ag).

‘We can omit the first term since it is of lower order. The second term can formally be
reformulated as

—ediv(m(po)VA) = —em'(po0) Vo - VA — em(pp) A(Ag).

Here, the first summand is of lower order again. Hence, the linearization is given by
—em ((po)Azw upto terms of lower order. Due to these linearizations, we define the
linear operator L: X7 — Yr by

L(v, 0) = (]P’a (po0rv) — Py (diV(Zn (<po)Dv))> ’

¥ +em(pp) A%

where £ consists of the principal part of the lionization’s, i.e., of the terms of the
highest order. Furthermore, we define the nonlinear operator 7: X7 — Yr by

f(V, (p) — < PO'Fl(V’ @) ) ’

—Vg v+ div(Im() VW (9)) + em(po) A2 — ediv(m(p)V Ag)
where
Fi(v,9) = (po — p)0;v — div(2n(@o) Dv) + div(2n(@)DV) — e ApV

— ((pv+ 252m@) VAW () — e49)) - V ) v.
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It still remains to define the spaces X and Yr. To this end, we set
ZL =120, T; H*(2)" n H} (2))) n W0, T; L2 (2)),
Z7 = LP(0,T: Wy 5 (£2) N W, (0, T; LP(£2))

with 4 < p < 6, where

Wy n(2) := (g € W, (£2)] 0,9 = 0,(Ap) = 0}.

We equip ZlT and Z% with the norms || - ||’Z] and || - ||/Z2 defined by
T T
||V||/21T = Vl20 .22 + VL2 0,7: 12020 + VO (12(2), 2 (02)) | .
bR
roa_ ’
||¢”Z% =@ llLeo.1:Lr2) + ”(p”Ll’(O,T;WI‘)‘_N(Q)) + ||§0(0)||(Lp(g),wz(9))li%‘p~

We use these norms since they guarantee that for all embeddings we will study later
the embedding constant C does not depend on 7', cf. Lemma 2. To this end, we use:

Lemma 2. Let 0 < Ty < 0o be given and Xo, X1 be some Banach spaces such that
X1 < Xy densely. Forevery) < T < % we define

X7 :=LP(0.T: X1) N W)(0. T: Xo).
where 1 < p < 00, equipped with the norm
lullxy == llullero,7:x0) + lullwio,7:x0) + 1uOllxo,x1), 1 ,
P

Then, there exists an extension operator E : Xt — X, and some constant C > 0
independent of T such that Eu,1y = u in X1 and

lEullxy, < Cllullx,

foreveryu € Xt andevery0 < T < %. Moreover; there exists a constant C (Tp) > 0
independent of T such that

lullsucqo.rrcnxn, 1 ) = CA0lulx,
L,

T
foreveryu € Xt and every0 < T < 3.

Proof. The result is well-known. In the case u(0) = 0, one can prove the result with
the aid of the extension operator defined by

u(t) if t € [0, T],
(Eu)(t) == yu@T —1) ifte(T,2T],
0 ifr € 2T, Tp].

The case u(0) # 0 can be easily reduced to the case u#(0) = O by substracting a
suitable extension of uq to [0, c0). We refer to [16, Lemma 5.2] for the details. O
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The last preparation before we can start with the existence proof is the definition of
the function spaces X7 := X 1T x X % and Y7 by

X%« = {V € Zjl"| V|t:0 = VO}a
X7 ={pezj| @1=0 = ¢o},
Yr =Y} x Y2 :=L*0,T; L2(2)) x LP(0, T; L”(£2)),
where
vo € (L2(£2), H*(2)? N Hy (£2)Y N LE,(Q))%,2 = Hi (2N LI (2)
and

9o € (LP(£2), W;i,Nuz))l,I,lﬂ,,

are the initial values from (6). Note that in the space X % we have to ensure that
@Y1=0 = @o € [—1, 1] since we will use this property to show the Lipschitz continuity
of 7 : X7 — Y7 inProposition 1. Moreover, we note that X7 is not a vector space due
to the condition ¢;—9 = ¢p. It is only an affine linear subspace of Z7 := ZIT X Z%.

Proposition 1. Let the Assumptions 1 hold and ¢y be given as in Theorem 2. Then,
there is a constant C(T, R) > 0 such that

IF(vi, 1) — F(va, @)y, < C(T, R)|I(vi — V2, 01 — @2)llx; ©)

Sfor all (vi,¢;) € Xr with |(vi,¢)llx; < R and i = 1,2. Moreover, it holds
C(T,R) > 0asT — 0.

The proposition is proved in Sect. 4 below.

Theorem 4. Let T > 0 and L, X1 and Yt be defined as before. Then, L: X7 — YT
is invertible. Moreover, for every Ty > O there is a constant C(Ty) > 0 such that

1L 2o xr) < C(To)  forall T € (0, To).
This theorem is proved in Sect. 5 below.
Proof of Theorem 2. First of all we note that (1)—(4) is equivalent to
(v.9) = LT (F(v.9)) inX7. (10)

The fact that £ is invertible will be proven later. Equation (10) implies that we have
rewritten the system to a fixed-point equation which we want to solve by using the
Banach fixed-point theorem.

To this end, we consider some (V, ¢) € X7 and define

M:=|L"" o FF, §)llx, < oo.
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Now, let R > 0 be given such that (v, ¢) € Bgr (0) and R > 2M. Then, it follows
from Proposition 1 that there exists a constant C = C(T, R) > 0 such that

IF (v, 01) — F(va, @)y, < C(T, R)|[(V1, 1) — (V2, 92) I x4

for all (v;, ¢;) € X7 with |[(v;, ¢i)llx; < R, j = 1,2, where it holds C(T, R) — 0

as T — 0. Furthermore, we choose T so small that
_ 1
1L ey xn (T, R) < 2.

Here, we have to ensure that || £~ | £(vr,X7) does not converge to +oo as T — 0. But,
since Lemmas 7 and 9 below yield ||£_l v, xy) < C(Tp) forevery 0 < T < T
and for a constant that does not depend on 7', this is not the case and we can choose
T > 01in such a way that the previous estimate holds. Note that T depends on R and
in general T has to become smaller, the larger we choose R.

Since we want to apply the Banach fixed-point theorem on BI}Q(T (0) € Xr as we only
consider functions (v, ¢) € X7 which satisfy ||(v, ¢)|lx, < R, we have to show that

L£7! o F maps from B;(T (0) to B;(T (0).

From the considerations above, we know that there exists (v, ¢) € BgT (0) such
that

=

I£7 o FE, @)lx, = M < > (11)

Then, a direct calculation shows
I£7 o Fv, 0)llxy < IIL7 o F(v,0) — L7 o FE Plixy + 17" 0 FF, Plix,

o R
<17 My xp) I Fv, @) — FE $llvy + 5

- . R
< 1L e xnCR. DV, @) — (. D)l x, + 5 <R

for every (v, @) € B;(T (0), where we used the estimate for the Lipschitz continuity of
F. This shows that £L~! o F(v, ¢) is in Bx" (0) for every (v, ) € Bx" (0), i.e.,

L7 o F: BT (0) — BT (0).

For applying the Banach fixed-point theorem, it remains to show that the mapping
L71oF: B;(T 0) — B;(T (0) is a contraction. To this end, let (v;, ¢;) € B;(T (0) be
given for i = 1, 2. Then, it holds

1£7" o F(vi,@1) — L7 0 F(va, 92)llxs
<127 M ey xp) CR, T (V15 @1) — (V2, 92) | x7

1
< §||(V1,<P1) — (v2, o) llx7»
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which shows the statement. Hence, the Banach fixed-point theorem can be applied
and yields some (v, ) € Bgr (0) € X7 such that the fixed-point equation (10) holds,
which implies that (v, ¢) is a strong solution for Egs. (1)—(4).

Finally, in order to show uniqueness in X7, let (v, ¢) € X7 be another solution.

Choose R > R such that (¥, Q) € BgT (0). Then by the previous arguments, we can

find some T € (0, T such that (10) has a unique solution. This implies (¥, (,5)|[O 1=
(v, (p)|[0 1 A standard continuation argument shows that the solutions coincide for
allr € [0, T]. d

4. Lipschitz continuity of F

Before we continue, we study in which Banach spaces v, ¢, Vo, m(¢) and so on
are bounded.

Note that in the definition of X %, p has to be larger than 4 because we will need
to estimate terms like VAg - Vv, where p = 2 is not sufficient for the analysis and
therefore we need to choose p > 2. But for most terms in the analysis p = 2 would
be sufficient and 4 < p < 6 would not be necessary. Nevertheless, for consistency all
calculations are done for the case 4 < p < 6.

Due to (8), it holds

ve Xy < BUC(0, T]; B, (2)) = BUC([0, T; H' (), (12)

where we used B3,(£2) = H, (£2) for every s € R. In particular, this implies
Vv e L2, T: L2(2)) N L0, T: L5(2)) — L3(0, T; L*(2)), (13)
Vv e L®(0, T; L>(£2)) N L*(0, T; L%(2)) < L*(0, T; L3 (2)). (14)

Letp € X % be given. From it (8) follows

_4
@ € LP(0,T; Wy y(£2)) N W)(0,T; L (2)) < BUC ([o, Tl; W; ’ (9)) :
15)

This implies
1—4
VAgp € BUC <[0, T W, "’ (.Q)) (16)

since p > 4. Note that when we write “@ is bounded in Z” for some function space
Z, we mean that the set of all functions {¢ € X% : ||(p||X% < R} is bounded in Z in
such a way that the upper bound only depends on R and not on T, i.e., there exists
C(R) > O such that ||¢||z < C(R) for every ¢ € X% with ||‘P||x§ <R.

First of all, we have

0 € WhO, T; LP(2) = €77 ([0, T1; L7 (2)).
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44
Moreover, we already know that ¢ € BUC([0, T1; W, " (£2)) and we have

_4
(B;p P(£2), LP(.Q)) = B;Z(Q) s W;(.Q)
0,2

together with the estimate

le@ w3z = ClleOI'™? s eI,
P 4 ( )
w, 7(2)

for every ¢ € [0, T']. Hence, Lemma 1 implies
0,1-1 4-3
peC” (0, T LP(2)NC ([0, T, W, "(£2)

_1
o (75 qo, 71 w2, (17
Because of W;(Q) — C2(2) ford = 2,3 dueto4 < p < 6, we obtain that
¢ is bounded in C ([0, T]; C*(2)). (18)

In the nonlinear operator F: X7 — Y7, the terms n(¢), n(po), m(¢), m(pg) and
W' () appear. Hence, we need to know in which spaces these terms are bounded in
the sense that there is a constant C(R) > 0, which does not depend on 7', such that
the norms of these terms in a certain Banach space are bounded by C(R) for every
(v, ) € X7 with [[(v, @) x; < R.

Due to (17) and because the embedding constant only depends on R, it holds
le@llwse) < C(R)

foreveryt € [0, T]and ¢ € X% with ||‘P||x§ < R. Hence, Theorem 3 yields

Lf @O lw3e): 1f @) lwi@): W @E)llws ) < C(R)

for every ¢t € [0, T] and every ¢ € X% with ||g0||X% < R, where f € {n, m}. Thus,

F(©@), f (@), f'(@), W(p) are bounded in L=(0, T; W, (£2)) 19)

for f € {n, m}. Moreover, Theorem 3 yields the existence of L > 0 such that
17 (@1@) = fle2Nllwse) = Ller®) = 2D llw3 ) (20)

forevery t € [0, T], 91, ¢2 € X% and f € {n,m, W'}.

In the next step, we want to show that f(¢) is bounded in X % and therefore, the
same embeddings hold as for ¢, where f € {n, m, W’}. Note that from now on until
the end of the proof of the interpolation result for f(¢), we always use some general
fe C,‘)‘(R). But all these embeddings are valid for f € {n, m, W'}. We want to prove
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that if it holds ¢ € X% with ||(p||X% < R, then there exists a constant C(R) > 0 such
that ||f(<p)||X% < C(R).Tothisend, let ¢ € X% be given with ||go||X% < R. Since we
already know ¢ € C([0, T']; C%(2)), cf. (18), we can conclude

leOllc2m) = C(R)
for all # € [0, T]. Hence, it holds f(¢(t)) € C2(£2) for every t € [0, T] and
VIp®) = fe®)Ve(r).

Due to (19), f’(¢) is bounded in L*°(0, T; Wg(.Q)). In particular, this implies
||f’(g0(t))||W3(9) < C(R) for a.e.t € (0,T) and a constant C(R) > 0. Since it
holds ¢ € LP(0, T; Wy(£2)), it follows V(1) € W3(82) for ae. t € (0, T). Since
W;(.Q) is a Banach algebra, we obtain f/(¢(1))Ve(r) € W;'(.Q) forae.r € (0,T)
together with the estimate

IV @)l = I1f (@@)VeOllwse) = ClLF @) lws @ IVeO i)

for a.e.t € (0,7T) and every ¢ € X% with ||‘P||x§ < R. Since f’(¢p) is bounded
in L*(, T; WS(.Q)) and Vg is bounded in L7 (0, T; WS(.Q)), the estimate above
implies the boundedness of V f(¢) in L? (0, T; W; (£2)), i.e., there exists C(R) > 0
such that

||Vf(<p)||L,,(0’T;W;(Q)) <C(R) forall ¢ € X% with ||<p||X% <R.
Altogether this implies that
f(p) is bounded in L7 (0, T: W,(£2)).

Analogously, we can conclude from the boundedness of ¢ in W; (0, T; LP(£2)) that
f(¢) is also bounded in W;,(O, T; L?(£2)) because of C%f((p(t)) = f(@())0;p(1),
where f’(¢) is bounded in C°(Q7). Thus, the same interpolation result holds as in
(17), i.e.,

(@) is bounded in €% ([0, T1; W3(82)), @1
41
where 6 := @
Proof of Proposition 1. Let (v;, ¢;) € Xt with ||(v;, ¢:)llx; < R,i =1, 2, be given.
Then, it holds
IFv 1) — Fva, ) llyy = 1P (F1(vi, 91) — Fi(v2, e2) 1 1204)
+1(Ve2 - va — Ve - v1) + Ldiv(m(e) VIV (91) — m(92) VW (92))
+ em(@o) A% (p1 — ¢2) + edivim(92) VAgy — m(@)VAQ) lLrop).  (22)
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For the sake of clarity, we study both summands in (22) separately and begin with the
first one. Recall that the operator F| is defined by

Fi(v, ) = pod:v — pd;v — div(2n(go) Dv) + div(2n(¢) Dv) — e ApVe
— (v + 222m@) VAW (9) — e49)) -V ) v

and that it holds [|Po [z (z2(2)a,12(2)) < 1 for the Helmholtz projection P,. We

estimate [|[Po (F1(vi, 1) — F1(V2, @)l 12¢0,):
For the first two terms, we can calculate

000: Vi — p(@1)3:v1 — pod:iv2 + p(92)V2llL2¢0,)
= llGpo = p(@1)3: (Vi = V2)ll2(0p) + 10 (@1) — P(@2) V2l 12(0p)-

Since it holds 0,v; € L2(0, T; L(2, (£2)),i = 1, 2, we need to estimate every p-term in
the L°°-norm. To this end, we use that p is affine linear and

1 1 J—
@i is bounded in €27 ([0, T W3 (2)) — 720, T1: C*(2))
4
fori =1,2and 6 = h, cf. (17). Then, we obtain for the first summand
p

(o — p(@1))3: (Vi — V2l z2(0p) = lo(@0) — p(@D Lo 10: (Vi = V2) 20

= C sup [g1(0) = 1)l @) Vi = Vallx1
1€[0.7]

1 vy — V2”X'r

1—i)0
< ( l ( P
- e ”c"’( 7 q0.11:c2@))

1
<crr(3) )y, - Vally
Analogously, the second term can be estimated by

o (e1) = p(@2))3:v2ll 20y = lo(@1) = p(@2) NI IV2lix1

= C sup [l(g1(1) = ¢2(1) = (@1(0) = p2(0) I Lo (2) IV2ll 1
tel0,T]

14)9
< CRT( P -
< ller <P2IICOV(I_%)Q([O,T];@@))

1-1)e
SCRT( ”) o1 = g2lix2

Here, we used the fact that ¢1(0) = @9 = ¢2(0) for ¢; € X%, i=1,2.
The next term of [Py (F1 (v, ¢1) — F1(v2, 92)) 12(@,) 18 given by

[1(div(2n(po) Dv2) — div(2n(po) DV1)) + (div(2n(p1) Dv1) — div(2n(¢2) DV2)) Iy
= Idiv2(n(g0) — n(@))(DV2 = DV))llys + 1div2((n(g1) = n(92)) DVv2))ly} -
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In the next step, we apply the divergence on the 7(¢;)- and Dv;-terms, and for the
sake of clarity, we study both terms in the previous inequality separately. For the first
4

1
C0=2 ([0, T1: W3(2)) with § = Z— cf. (21), to obtain

4
one, we use 1(p) € C 4

7
14

ldiv(Z(n(¢o) — n(g))(DV2 — Dvi))lly
= 2V(n(go) = n(e1)) - (Dv2 = Dv)lly1 + [(n(@o) — n(@1)) Av2 — vy

=< C sup [[Vn(p1(0)) — V(i ()llc1 @) I1PV2 — DVill20,7; 11 ()
1€[0,T]

+ C sup [[n(e1(0) = n(@1llc2) 1ANV2 = VDIl 22(0,7:22(2))

te(0,7)
1—l)0
§CT( P77V (er) Vi — V2| 1
996000 1oz 7 2
1—1)0
+CT( P (1) Vi — V2| 1
In(e ”CO’(I_%)Q([O,T];W;(.Q))” 1

_1 1
<CR (T(l 3)e 4 (0 p)e> Ivi = vallye.
Analogously, as before we can estimate the second summand by

[Idiv(2((n(¢1) — n(fpz))sz))lly;
=2l (1) (Vg1 = V) - Dv2lly1 + 210" (¢1) — 0" (92) Ve - D2y
+ 1 p1) —n(@2)Avally; .

For the sake of clarity, we study these three terms separately again. Firstly,

I @)(Vor = Vea) - Dvallyy < CR) [|IDV:2l 2000 IV01 = Yo2llcr@ | g 1,

=C(R) S['(v)lPT]”V(‘Pl (1) = 2(1)) = V(@1(0) = 20) |l c1 () 1DV2l 1200, 7: 22 (82))
t€[0,

1-1)6
=< C(R)T( 7) Vo1 — V<P2||C(1_l

1 Iv2ll x1
P qoriwiey X

1-1)o
= C(R)T( p) o1 = g2lixz2,

where we used in the first step that n’(¢) isboundedin C ([0, T']; C 2(£2)). Furthermore,
(20) together with

o e 073 o 11wy > cao. 71 @)
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implies

I’ (1) = 0" (92)) Ve - D¥allys

=< S[gp ]”n/(§01) - 77/((/72)”WS(,Q)”V(;OZHC([()’T];Cl(ﬁ))||DV2||L2(QT)
tel0, T

1-1)o
< C(R) sup llg1(1) — 2 llw32) = C(R)T( ”) o1 — @2l x2
1€[0,T] ! T

since ¢1(0) — ¢2(0) = 0. Analogously, to the second summand we can estimate the
third one by

_1
1 = nenavaly, = R Igr — ol

which shows the statement for the second term.
For the third term, we obtain

lo(@2)v2 - Vo = p(@)vi - VVilly
= lp(@2) = p(@))v2 - VVallys + lp(91) (V2 = V1) - VVallys
+lloenve - (Vva = Vvi)llyi.

We estimate these three terms separately again. For the first term, we use that v,
is bounded in L*°(0, T'; L6(.{2)), cf. (12), and Vv, is bounded in L0, T L6(.Q))
together with (20). Thus,

(o (92) — p(@D))V2 - VV2lly1

1-Le
< C(R)T( 1’) lo2 — @1 ||C0_< IV2llpoo o, 7:L6cn IV V2l 200, 7: 16 (2))

1
=) G0, 7w

1-1)6
SC(R)T( ”) g2 = @rllxs -

For the second term, we use p(¢1) € C([0, T1; C%(2)), v; € L>(0, T; L°(£2)) and
Vv, € L*(0, T; L3(£2)), cf. (12) and (14), i = 1, 2. Hence,

1
lot@n)(v2 = vi) - VVally1 < CORYT 4 [Ivi = Vall oo o,7; 0020 IV V2l L0, 7: 13 2))

1
= CRTHIvi = vally -
For the third term, we use the same function spaces. This implies

1
lo(e)ve - (Vva = VVv)lly, < C(R)T4(VVE = VVa|l a0 7:13(2))
1
= CRTHvVi = valix1.

Since 252 is a constant, we obtain

P (@)Y (Agy) - V1 = PRl V(Aga) - Vo)

1
YT
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= C (Im@nV(a) - (Vv = V¥l
+ Im (e (V(Ap1) = V(Ag2)) - VVally

+ 10n(@1) = m(@2)V(A02) - Vallyy )

For the sake of clarity, we study all three terms separately again. In the following,
we use VAg; € L®(0, T; L*(2)), cf. (17), Vv; € L350, T: LY(2)), cf. (13), for
i =1,2,and m(p;) € C([0, T]; C*(£2)). Altogether this implies

lm eV (Ap1) - (VVi = VVvo)llyi

1
= CTE[VA@illp=0,7; 242 VY1 — VVzlng(0 L@

1
= CRITS Vi = vallyy.
Analogously, the second summand yields

Im(@D(V(Ag1) = V(Ag2) - Vallyy < CRTF g1 — @2l

For the last term, we use m(¢;) € 097 ([0, T1; W3(82)) = €°([0, T1; C*(R2))
together with (20) and obtain

[1Gn(p1) —m(g2))V(Ag2) - VVallys
1
<CR)T3|e1(t) — (pZ(t)”CU([O,T];CZ(ﬁ)) ||VA€02HL°°(0,T:L4(Q) HVVZHL% O.7:L4$2)
1
=CRTE o1 —¢2lly2-

The next term has the same structure as the one before and can be estimated as

D22 (o) V(W (91) - Vvi — 252 m () V(W (92)) - sz\

1
yT

<C (”m(‘PI)VW/((Pl) S(Vvi = Vv)lly1
+ lm (@) (VW' (@1) — VW (¢2)) - Vvallyl

+ 10n(p1) = M) VW (@2) - V¥2llyy ) 23)

For Vv;,i = 1, 2, we use its boundedness in L*(0, T'; L3(£2)), cf. (14). Moreover, we

3_4 _ 2
know VW'(¢) € C([0, T]; W, " (£2)) and m(¢p) € C([0, T]; C?(2)) for ¢ € B;T.
Using all these bounds, we can estimate the three terms in (23) separately. For the first
term, we obtain

1
lm(e) VW (@1) - (Vv — VVo)llyr = C(R)T#(IVVE = VVall 40,113 (2))
1
= CRTH Vi = Valix1.

For the second summand in (23), we have to estimate the difference VW’ (¢p;) —
VW’ (¢2) in an appropriate manner. To this end, we use (17), (20) and Wg(.Q) —
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C'(£2). Moreover, we use Vv, € L*0,T; L3(.Q)), cf. (14), and m(p) €
c(o, 1], C2(§)). Then, it follows
[m (@) (VW (p1) — VW (¢2)) - Vvallys

< C(R)TH S[gPT]HVW (@1(0) = VW (@20 llwz2)
te

<CRT+ sup [lg1 () — 2D llws o)
t€[0.7]

+
<CRT*? (=5)r ler = @2llx2 -
So it remains to estimate the third term of (23). As before we get

1 (p1) = m(@2) VW (¢2) - VVally1

Li(1—
<CR)T* ( )
(R) ”@1 ¢2”CO,(I—%)@([O’T];WS(Q))

IVW @Dl gucqo.rrct @yl VValleo,7:302)
+
<C(R)T? ( 5 lpr = @2lix2,
which completes the estimate for (23). O

Finally, we study the last term of || Py (F}(v1, 1) — F1(v2, ¢2))||L2(QT). It holds

A2V — Api Vi lly, < I1A@2(Ve2 — Vo) lly, + 1A — Ap) Vo lly,.

— _1
Using Ag; € C([0, T]; CO($2)) and Vg € (1 p)(’([o, T W2(2)).i = 1,2, cf.
(17), the first term can be estimated by

+
1A@2(Ver = Vo) lly <C(RT? ( ) Vo1 — Vel o5y
([0,T]; WZ(-Q))

< c@rt* ) — ).

Analogously, the second term can be estimated by

+
(Ap2 — ApD) Vi lly, < C(R)T? (1=3)o lpr = @2llx2 .-

Hence, we obtain

IPo (F1(Vi, 1) — Fi(va, 2Dl 12¢0,) < C(R, T [(Vi — V2), (91 — ¢2)lIxr

for a constant C(R, T) > O such that C(R,T) — 0Oas T — 0.
Remember that we study the nonlinear operator F: X7 — Y7 given by

]PO'FI(V7 (p) )

Fvg) = (-w v+ div (m(@) VW (@) + em(po) A%p — ediv(m(p)V Ap)
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and we want to show its Lipschitz continuity such that (9) holds. We already showed
its Lipschitz continuity for the first part. Now, we continue to study the second one.
This part has to be estimated in L? (0, T'; L?(£2)) for4 < p < 6.

For the analysis, we use the boundedness of Vg in C([0, T]; Cl(ﬁ)) and of v in
L°°(0, T; L(£2)). Then, it holds

(Vo1 - v — Voo - vo)llLror)
< IVor-(vi = v2)llLror) + 1(Vo1 — V@) - vallLror)

1

=Tr|[VoillLenlvi = vall oo, 7:16(2))
1

+T7Ver = VorllLoon V2l Lo o,7: 16 (2))

1 1
<T?R|v; —V2||X1T + T7 Rl —(02||X;~

Next, we study the term div(m(¢)VW’(¢)). We use the boundedness of f(¢) in
J— 1

C((0, T1; €22 N ™79 (10, TT; W3(2)) for f € (m, W'} and ¢ € X3 with

||§0||X% < R. Then, it holds

l[div(m (1) VW (1)) — diV(m(fpz)VW’(wz))lly;
= C(R)||m((p1)VW/((p1)) - m(¢2)VW/(§02)||Lp(0,T;WII,(_Q))

1
<C(R)T» sup [[m(p1(®)) — m(‘PZ(I))”Wg(Q)||VW/(‘P1)”c([oj];cl(ﬁ))
1€[0,T]

1
+ CRTP @)l o 2@y S IW @1(0) = W)l ey
te[0,T]

1
=CRTr | sup [lo1(t) —2(Dllwse) + sup llo1() —o2(Dllw3 ()
1€[0,T] P 1€[0,T] !

< C(R)T? SllépTlll(fpl ) = 2(0) = (¢1(0) = 2 llw3(02)
tel0,

Li(1—1)e
<CRT” ( ”) ller — @2l 0.(1-5)e
c'yor ([O,T];WS(-Q))

L _1
< et 1) gy — ol .

Here, we also used ¢1(0) = ¢2(0) = ¢ for ¢1, @2 € X% and (20).
Now, there remain two terms which we need to study together for the proof of the
Lipschitz continuity. Due to the boundedness of m(¢) in BUC ([0, T']; W;(Q)) and

of VAp in LP(0, T} W;,(.Q)), Theorem 3 yields the boundedness of m(p)V Ag in
LP(0, T, Wll, (£2)). Hence, this term is well-defined in the L? (Q7)-norm. We omit
the prefactor ¢ for both terms again and estimate

Im(p0) A%p1 — m(90) A* @2 + div(m(92)V Aga) — div(m(91)VApD) lILr oy

= |(m(po) — m(e))(A%p1 — A%p2) + m(p1) A% — m(p1) A%p2 + Vim(g2) - VAp)
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+m(g2) A% gy — V(1) - VA — m(91) %01l Lror)

< 1m(@1(0) — m(e))(A%01 — A*)lLrcor) + m(92) — m(@)) A%@2llr o)
+ IVm(p2) - VAps — Vim(e1) - VA@illLror) (24)

For the sake of clarity, we estimate these three terms separately again. Due to the

0,(1-1

boundedness of m(¢1) in C 0 ([0, T1; W3(£2)) we obtain for the first term
P

10m(@1(0) — m () (A%p1 — A% Lr(0y)

< sup [m(pi1(0)) — m(@1(D)lco |1 A%01 — A2l Lror)
te(0,7)

< C(R)T(l‘ﬁ)e||m<<p1>||co,<l,i

ler — @2lix2-
P G0, W@ X

1
Since m(¢g1) is bounded in CO‘(FF)Q([O, T]; WS(.Q)), we can estimate the second
term in (24) by

1m(@2) — m(p) A%@2llLr (o) < sup Im(e2(0) = (1) lcx @ 14%p2llr o)
te(0,
< C(R) sup [m(g2() = m(@1(®)llw3e)
te(0,T)
= CR) swp I(2(t) = ¢1(0) = @20) = 21Oy
te(0,T)

1-1)e
< C(R)T( ”) lle1 —‘/’2||Co,(

1 )
=) qo.rewi@y

where we used (20) again in the penultimate step. Finally, we study the last term in
(24). Here, we get

IVm(@2) - VA, — Vim(er) - VAeillLeor)
< I(Vim(p2) — V(1)) - VA@aliLror)
+ IVm(e1) - (VA2 — VA@D)Lror)- (25)

Since Vm(¢1) is bounded in C ([0, T']; Cl(2)) and V Ag; is bounded in C([0, T];
LP(£2)) fori = 1,2, we can estimate the second summand by

[Vm(g1) - (VAp2 — VApD)Lror)
=< C(R)T%||Vm(€0l)||c([0j];cl(§))||VA(P1 — VApllcqo,riLr@))
< CRT? g1 = 923
Thus, it remains to estimate the first term of (25). Here, we get
[(Vin(g2) — Vim(e1)) - VA@2llLr(or)

1
= CR)T? sup [[Vm(p2(1)) — Vm(p1()) |l co IV A@2llco,1:r(2))
1€[0,T]
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1
= C(R)T» sup [Im(g2(1)) — m(‘PlU))”Wé(Q)||<P2||C([0,T];W;(Q))
tel0,T]

1
=CR)T? sup floi(1) —e2(Dllw3e)
tel0,T]

1i(1=1)e
<CRT"’ ( p) lor — @2l 0.(1-5)o .
c 4 ([O,T];WS(Q))

Hence, (25) is Lipschitz continuous and therefore also the second part of F is Lipschitz
continuous. Together with the Lipschitz continuity of the first part of F, we have shown

I F(vi, 01) — F(v2, @2)llyy < C(T, R)|(vi — V2, 01 — @2) |l x7
for all (v;, ¢;) € X7 with ||(vi, ¢)llx; < R,i = 1,2, and a constant C(T, R) > 0
such that C(T, R) — 0as T — 0.

5. Existence and continuity of £~1

In the following, we need:

Theorem 5. Let the linear, symmetric and monotone operator 3 be given from the
real vector space E to its algebraic dual E', and let E; be the Hilbert space which is
the dual of E with the seminorm

|x|b=Bx(x)%, x € E.

Let AC E x E; be a relation with domain D = {x € E : A(x) # 0}. Let A be the
subdifferential, d¢, of a convex lower-semi-continuous function ¢ : Ep, — [0, co] with
©(0) = 0. Then, for each uy in the Ejp-closure of dom(¢) and each [ € L%, T: E;)
there is a solution u : [0, T] — E with Bu € C([0, T], E;) of

d

E(Bu(t)) +Au@)> f@), O0<1<T,
with

d
gpoueL0,T), «/;d—tBu(-) € L*(0,T; Ep), u(t) € D, aet €[0,T],
and Bu(0) = Buy. If in addition uy € dom(g), then
00 d 2 /
pou € L>™(0,T), aBu e L°(0,T; Ep).
The proof of this theorem can be found in [15, Chapter IV, Theorem 6.1].

To prove Theorem 4, we need to show the existence of (V, ¢) € Xr such that
(11) holds and to prove that £ : X7 — Y7 is invertible with uniformly bounded
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inverse, i.e., there exists a constant C > 0 which does not depend on T such that
L1 l c(vs,x7) < C.Recall that the linear operator £: X7 — Yr is defined by

Ps (0001 V) — Po (diV(2n(</)o)DV))> .

L(v, =
(v. ) ( B¢ + em(g0) A2

We note that the first part only depends on v while the second part only depends on
¢. Thus, both equations can be solved separately.

To show the existence of a unique solution v for every right-hand side f in the first
equation, we use Theorem 5.

So we have to specify what E, E/, ¢ and so on are in the problem we study and show
that the conditions of Theorem 5 are fulfilled. Then, Theorem 5 yields the existence
of a solution. More precisely, we obtain the following lemma.

Lemma 3. Let Assumption 1 hold. Then, for every vy € H(} )¢ n L(Z7 (£2), f €
L2(O, T; Lg(.Q)), 0o € er (82), r >d > 2, and every 0 < T < 00 there exists a
unique solution

ve W0, T; LE2(2))NL¥0, T; Hi (2)9)

such that
Py (000:V) — Po (div(2n(eo) Dv)) = [ in Qr, (26)
div(v) =0 inQr, 27)
Ve =0 on(0,T) x 082, (28)
v(0) =vy in$2 (29)

fora.e. (t,x)in (0, T) x §2, where v(t) € H>(22)¢ fora.e.t € (0, T).
Proof. Since we want to solve (26)—(29) with Theorem 5, we define
Bu := Py (pou)

for u € E, where we still need to specify the real vector space E. But as we want
to have %Bu e L0, T: L(z, (£2)), the dual space El’] has to coincide with L(z, (£2).
But this can be realized by choosing E = L2 (£2). Then, E; = L2(£2) and with the
notation in Theorem 5, we get the Hilbert space E; equipped with the seminorm

1 1
julp = Buw)? = (/ P, (oou) -udx)z — (/ pouwPaudx)Z
2 2

1

2.\ ~
2

Thus, we obtain E, = L2(£2) = Ej. Moreover, we define A : D(A) — L2(2)' =
L} (£2) by
— [ Podiv(2n(go) Du) - vdx  if u € dom(A)

A . 30
(Au)(v) :Qj ifu ¢ dom(A). <0



Local well-posedness of a quasi-incompressible two-phase flow

for every v € L2(£2) and D(A) = H*(£2)4 N H} (£2)? N L2(£2). Thus, we get
for the relation A defined by A := {(u,v) : v = Au, u € D(A)} the following
inclusions

A = {(u, —Pdiv(2n(go)Du) :u € H*(2)! N HY(2)! N L2(2)} C E x E},

since the term P,div(2n(¢g)Du) is in L(Z,(.Q)/ = L(Z,(SZ). Now, we define ¥
L2(£2) — [0, +o0] by

€29

b - {/Q n(go)Du: Dudx ifue HH(2)? N L2(2) = dom(¥),
- else.

We note ¥ (0) = 0 and vy is in the L?-closure of dom(v), i.e., in Lg (£2). Hence,
it remains to show that ¥ is convex and lower-semi-continuous and that A is the
subdifferential of ¥. Then, we can apply Theorem 5. But the first two properties are
obvious. Thus, it remains to show the subdifferential property, which is satisfied by
Lemma 4 below. Hence, we are able to apply Theorem 5 which yields the existence.
Moreover, the initial condition is also fulfilled as Theorem 5 yields

Po (pov(0)) = Bv(0) = Bvo = Py (povo)  in L*(£2).

In particular, we can conclude

0= /QPU (pov(0) — povo) - Ydx = /Q(POV(O) — povo) - Ydx

for every ¥ € Cgf’a(Q). By approximation, this identity also holds for ¥ := v(0) —
Vo € L%(Q) and we get

f polv(0) — voPdx = 0.
2

This implies v(0) = vo in L2 (£2).

For the uniqueness, we consider vi, v2 € W, (0, T; L2 (£2)) N L°°(0, T; Hi (£2)N
Lg (£2)) such that (26) holds for a.e. (¢, x) € (0, T) x £2. Then, v := v — v3 solves
the homogeneous equation a.e. in (0, 7') x £2. Testing this homogeneous equation
with v, we get

1 T
/Q E,oov%[:deJr fo fg 2n(¢o)Dv : Dvdxdr = 0.

Hence, it follows v = 0 and therefore, vi = v, which yields the uniqueness. O

In the proof above, we used that the mapping A coincides with the subdifferential
d¢. More precisely, we have the following lemma.

Lemmad. Let 2 CRY, d = 2,3, be a domain and /8 Lg (82) — [0, 400] be given

as in (31). Moreover, we consider A - L(2r (£2) —> L?, (82) to be given as in (30). Then,
it holds
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1. D(8y) = D(A).
2. 0y (u) = {Au} for allu € D(A).
Proof. Remember that
DY) ={veLi(2): Iy # 0}

and D(A) = H*(2) N Hy (2)? N L% (£2) by definition.

1%t part: D(A) € D(3v) and Au € 3y (u) for every u € D(A).
To show the first part of the proof, let u € D(A) be given. If it holds v € L(z7 (£2) but
v ¢ Hj(£2)?, then the inequality

(Au, v—=u),20) = ¥(v) = ¥ (u)

is satisfied since it holds 1/ (v) = 400 in this case by definition.
So, let v e Hj (£2)? N L2 (£2). Then, it holds

(Au, v — u)Lz(Q) = —f P,div(2n (o) Du) - (v — u)dx
Q
:/ 2n(¢o)Du : Dvdx —/ 2n(¢o)Du : Dudx
2 Q

< / 1(90)| Dul*dx + / 1(90)| DV|*dx — 2 / 1(90)| Dul*dx
22 2 2
=Y(v) — ¥ (u)

forevery v € H& 2)7n L?, (£2). This implies that Au is a subgradient of ¥ at u, i.e.,
Au € 0y (u), and 9y (u) # 0, i.e.,u € D(A) C D(dy). Hence, we have shown the
first part of the proof.

2™ part: D(3y) C D(A) and 3y (u) = {Au}.
Letu € D(3y) C dom(y) € H] ($2)? N L2 (£2) be given. Then, by definition of the
subgradient there exists w € 9y (u) € Lg(.Q) such that

Y —¢(v) < (W, u—v)2p) (32)

forevery v € L(z, (£2). Now, we choose v := u + tw for some w € H& )4 n L?, (£2)
and ¢ > 0. Then, inequality (32) yields

Y(u) —Y(v) = /Q n(po)Du : Dudx — /Q n(po)D(u + tw) : D(u + rw)dx

= —ZI/ n(o)Du : Dde—tZ/ 1n(¢o)Du : DWdx
2 2

S—t/ w - wdx.
2

Dividing this inequality by —# < 0 and passing to the limit r N\ 0 yields

/ w - wdx 5/ 2n(¢o)Du : Dwdx.
Q Q
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When we replace w by —w, we can conclude

/W-dez/ 2n(go)Du : Dwdx.
2 2

Thus, it follows
/ w - wdx = f 2n(¢o) Du : Dwdx (33)
Q Q

for every w € HO1 )4 n Lg(.Q). Since we assumed w € L?,(.Q), we can apply
Lemma 5 below which yieldsu € H%(£2)?N HO1 )N L(z7 (£2). Using this regularity
in (33), we can conclude

/ w - wdx = / 2n(go)Du : Dwdx = —/ P, div(2n(¢g) Du) - wdx

2 Q Q

for every w € H(} (£2)4n L(z7 (£2). Therefore, we obtain w = —P,div(2n(pp) Du) =
Auin L?(£2),i.e.,u € D(A) and 3y (u) = {Au}. O

For the regularity of the Stokes system with variable viscosity, we used the following
lemma.

Lemma 5. Let n € C2(R) be such that n(s) > so > 0 forall s € R and some sg > 0,
o€ W), r > d > 2, with gollw) @y < R, and letu € Hi ()Y N LL(R) bea
solution of

<27](§00)Du, DW)LZ(_Q) = (W, ﬁ})Lz(Q) for all ﬁ’ S Cg’oo. (Q),
where w € L2(£2)2. Then, it holds u € H*(£2)? and

lull g2(2y) = CAR)IWII L2y
where C(R) only depends on §2, n, r > d, and R > 0.

The proof can be found in [2, Lemma 4].

Lemma 3 implies v € Wz1 o, T, L[Z, (2))NL*®0,T; H(} (.Q)d). But as we want to
show that v is in X%, it remains to show v € L2(0, T; H%(£2)%). To this end, we also
use Lemma 5 above.

Lemma 6. For the unique solution v € W21 o, T; L%, (£2)) NL*>®,T; H(} 2)) of
(26)—(29) from Lemma 3, it holds v € L*(0, T; H*(§2)%).

Proof. Letv € W, (0, T; L2(£2)) N L>(0, T; H} (£2)?) be the unique solution of
(26) from Lemma 3, i.e.,

AV() = () — %(Bv(t)) =1(t) — Py (ppd;v(t)) forall0 <t <T.
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Since the right-hand side is not the empty set, we get by definition of A
Py (div(2n(wo) Dv(t))) = Py (000, v(2)) —£(¢) forall0 <t < T
for given f € L2(0, T; L2(£2)). From 8,v € L%(0, T; L2 (£2)), it follows
(2n(0) DV(t), DW) 20y = (podiv(t) — £(1), W) for every w € Cg, (£2)
and a.e. t € (0, T'). Hence, we can apply Lemma 5 and obtain
VO 22y < CR 003 v (D) — £ 2@
< C(R) (llpod vl 22y + IE @)l L2(2))

fora.e.r € (0, T). Since the right-hand side of this inequality is bounded in L2(O, T),
this shows the lemma. O

We still need to ensure that || £~ | L(Yr,xy) remains bounded. This is shown in the
next lemma.

Lemma 7. Let the assumptions of Lemma 3 hold and 0 < Ty < 0o be given. Then,
-1 -1
”ELT”L(YTI‘X}) < ”61»70”5()’%0’)(%0) <00 forall0 <T < T.

Proof. Let0 < T < Ty be given. Lemma 3 together with Lemma 6 yields that the
operator L1 7 : X7 — Yr is invertible for every 0 < T < oo and every given
fe L2(0,T; L2(R2)), 9o € WH(R), vo € H}(2)? N L2(£2). Then, we define
f e L?(0, Ty, L2(R2)) by

Fr) e {f(t) ifr e (0, T},
0 ifre(T,Ty).

Due to Lemma 3 together with Lemma 6, there exists a unique solution v € X ITO of
Py (002 V) — Po (div2n(po) DY) =F  in O,
div(v) =0 1in Qgp,
Viae =0 on (0, Tp) x 052,
v(0) =vg in £2.

Soletve X 1T be the solution of the previous equations with T replaced by T'. Then,
v and v solve these equations on (0, 7') x 2. Since the solution is unique, we can
deduce v, ) = v. Hence,

LIE® Ny =1Vl < 9l = 1£7% &
1ETE Oy = IVl < 19 = 175 Ol
—1 = el
=< ”£1>T0”L(YTIO’XITO)”f”YTIO = ||£1>T0”L(YTIO’XITO)”f”YTI’

which shows the statement since it holds ||£f1TO|| Lol xby < 0 by the bounded
] 0" To

inverse theorem. O
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Finally, we have to show invertibility of the second part of L.

Lemma 8. Let Assumption 1 hold and ¢y € (LP(2), Wy ()1 ,, f €
: L

LP(0,T; LP(£2)) with4 < p < 6 be given. Then, for every 0 < T < oo there
exists a unique

9 € LP(O. T W) (2)) N {u € WHO, T: LP(2)) 1 up—o = o)

such that
dhp +em(p) Ao = f in(0,T) x £2, (34)
e =0 on(0,T) x 9s2, (35)
0 Ape =0 on(0,T) x 082, (36)
9(0) =g in {0} x L. (37)

Proof. The result follows from standard results on maximal regularity of parabolic
equations, e.g., from [9, Theorem 8.2]. O

Analogously, to the previous part, we need to ensure that ||[£~1| L(Yr,Xy) TEMains
bounded.

Lemma 9. Let the assumptions of Lemma 8 hold and 0 < Ty < oo be given. Then,
—1 —1
||£27T||£(Y%,X%) < ”‘CZTOHE(Y%O,X%O) <oo  forall0<T < Typ.

This lemma can be proven analogously to Lemma 7.
From the results of this section, Theorem 4 follows immediately.
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