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Abstract

Let p, =2,p, =3,p;3 =5, ... be the consecutive prime numbers, S, the numerical
semigroup generated by the primes not less than p, and u, the largest irredundant
generator of S,. We will show, that u, ~ 3p,,.. Similarly, for the largest integer f, not
contained in S,, by computational evidence (https://www.uni-regensburg.de/Fakul
taeten/nat_Fak_I/Hellus/table_1.pdf) we suspect that (1) f, is an odd number for
n>5and (2) f,, ~ 3p,; further (3) 4p, > f,,  for n > 1. If f, is odd for large n, then
/.~ 3p,. In case f, ~ 3p, every large even integer x is the sum of two primes. If
4p, > f,41 for n > 1, then the Goldbach conjecture holds true. Further, Wilf’s ques-
tion in Wilf (Am Math Mon 85:562-565, 1978) has a positive answer for the semi-

groups S,,.

Keywords Numerical semigroup - Diophantine Frobenius problem - Goldbach
conjecture - Wilf’s conjecture on numerical semigroups

1 Introduction

A numerical semigroup is an additively closed subset S of N with 0 € S and only
finitely many positive integers outside from S, the so-called gaps of S. The genus
g of S is the number of its gaps. The set E = §* \ (§* + §*), where $* = §'\ {0}, is
the (unique) minimal system of generators of S. Its elements are called the atoms
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of §; their number e is the embedding dimension of S. The multiplicity of S is the
smallest element p of S*.

From now on we assume that S # N. Then the greatest gap f is the Frobenius
number of S. Since (f + 1) + N C §* we have (p+f + 1) + N C p + 5%, hence the
atoms of § are contained in the interval [p, p + f].

For our investigation of certain numerical semigroups S generated by prime
numbers, the fractions

f1+f g e—1
- and

pp 1+f e

will play a role. For general S, what is known about these fractions?
First of all it is well known and easily seen that

g p—1

<——<
1+f

b}

N | —
E‘

and both bounds for ﬁf are attained.

However, the folloWing is still open:
Wilf’s question [17]: Is it (even) true that
8 e—1

TS e M

for every numerical semigroup?
A partial answer is given by the following result of Eliahou:
[4, Corollary 6.5] If £ < 3, then < el

In [18], Zhai has shown that 1’# < 3 holds for almost all numerical semigroups
of genus g (as g goes to infinity).
Therefore, for randomly chosen S, one has % < ? almost surely.

We shall consider the following semigroups: Let p, =2, p, =3, p; =35, ...
be the sequence of prime numbers in natural order and let S,, for n > 1, be the
numerical semigroup generated by all prime numbers not less than p,; the multi-
plicity of S, is p, and we denote the aforementioned invariants of S, by g,, f,. €,
and E,. Since S, is a subsemigroup of S, it is clear that f, <f, , for all n > 1.
The atoms of S, are contained in the interval [p,,p, + f,]; conversely, each odd
integer from S, N [p,, 3p,[ is an atom of §,,.

As a major result we will see that Wilf’s question has a positive answer for S,,.
Further g, /p, converges to 5/2 for n — oo.

The prime number theorem suggests that there should be—Ilike for the
sequence (p, )—some asymptotic behavior of (g,), (f,) and (e,).

Based on the list f|,f,, ..., fy0 from [8], extensive calculations (cf. our table 1
in [9]) gave evidence for the following three conjectures:

(1) f,~3p,ietim_ 2 =3

n
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Numerical semigroups generated by primes

as already observed by Klgve [12], see also the comments in [6, p. 56]; note that

Klgve works with distinct primes, therefore his conjecture is formally stronger

than ours, however see also [10, comment by user “Emil Jetabek”, Apr 4 *12].
In Proposition 1, we will show that

3p,—6<f,. )

(C2) fq <4p,foralln>1
and
3p, <fuyforn>3.

It is immediate from (2) that at least
3p, <3@p —2) < fopy forn > 2.

As already noticed in [12] and in [10, answer by user “Woett”, Apr 3 *12], both con-
jectures (C1) and (C2) are closely related to Goldbach’s conjecture. As we will see
in Proposition 4, (C1) would be a consequence of conjecture

(C3) f,isoddforn > 5.

Notice again, that a conjecture similar to (C3) was already formulated in [12],
however for the (related) notion ’threshold of completeness’ for the sequence of
all prime numbers, in the sense of [6].

Figure 1 indicates, that lim In = 3 should be true.

n—-oo
As for (C2), by Figs. 1 and 2, (:v1dent1y 4p, — f,+1 should stay positive for all
time.
Observations Numerical experiments suggest that similiar conjectures can be
made if one restricts the generating sequence to prime numbers i 1n a fixed arith-
metic progression a + kd for (a,d) = 1. In such a case the limit of would appar-

ently be d + 1 (d even) or 2d + 1 (d odd), see Fig. 3, and table 2 in [1 1].

The following version of Vinogradov’s theorem is due to Matoméki, Maynard
and Shao. It is fundamental for the considerations in this paper.

[13, Theorem 1.1] Let 6 > % Every sufficiently large odd integer n can be
written as the sum n = g, + g, + g5 of three primes with the restriction

< nffori=1,2,3.

-

Of course we could have used just as well one of the predecessors of this theorem,
see the references in [13].
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Fig.2 4p, —f,. versus p,

2 Variants of Goldbach’s conjecture

For x,y € Q, x <y we denote by [x, y] the ’integral interval’
{neZ|x<n <y},

accordingly we define [x, y[, 1x, y], Ix, y[, [x, col[.
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Fig.3 fversus p for some series of semigroups as in the *Observations’

For x > 2 we define §7 to be the numerical semigroup generated by the primes
in the interval I; :=[p,,x - p,[ and f" its Frobenius number.
A minor step towards a proof of conjecture (C1) is

Proposition 1
f.=3p,—6.

In particular for the null sequence r(n) := 6/p, we have

Ja

— >3 —r(n)for everyn > 1.

n
Proof For n > 3, obviously, the odd number 3p, — 6 is neither a prime nor the sum

of primes greater than or equal to p,, hence 3p, — 6 is not contained in S,,. O

Remark 1 A final (major) step on the way to (C1) would be to find a null sequence
[(n) such that

A

n

3+1n) >

Proposition 2 [f(C1) is true then every sufficiently large even number x can be writ-
ten as the sum x = p + q of prime numbers p, q.

Addendum The prime number p can be chosen from the interval ];—C, §]~

Proof By the prime number theorem, we have p, ., ~ p,,. (C1) implies
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fn+1 ~ 3pn+1 ~ 3pn’
i.e.

l. fn+1
m

n—oo pﬂ

=3.

In particular, there exists n, > 1 such that Lt < 4foralln > n.

n

It remains to show:

Lemma 1 Ifn, > 1is such that f;i < 4 for all n > n,, then every even number x > 2

with x > f, can be written as the sum

X = p + g with prime numbers p < g and such that ;—C <p< g (1)

Proof By our hypothesis,
o £ fom1 <4p, <4p,,, foralln > n,

and hence, for I, :=[1+f,,4p,[ (n > ny),

[+, 00l= [ I

nn
Therefore it suffices to prove (1) for all even numbers x > 2 from the interval /,, for

n2ng,.

By definition of f,, every x € I, can be written as the sum of primes p > p,.
If in addition x > 2 is even, then, because of f, < x < 4p,, the number x is the
sum of precisely two prime numbers p < g with

Pn<p<q=x—p<4p,—p<3p,
hence

<p<

IR
TR

The special case n, = 1 of Lemma 1 gives

Proposition 3 If (C2) is true then every even number x > 2 can be written as the
sum x = p + q of prime numbers p < q as described in the Addendum above. In par-
ticular for each n > 1, 4p, = p + q with primes p,,, < p < q, implying Bertrand’s
postulate. O

Lemma 2 Let € > 0. For odd N large enough, there are prime numbers q,, q,, s
with
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N=qg +q;+ ¢
and such that

1 34+ 2¢
—— N<yg: <
3te %933

€
9+ 3¢

-N,1i. e. ‘%_%"< -Nfori=1,2,3.

1

—_

Proof The claim follows immediately from [13, Theorem 1.1], since 6 := Z >

3 £
and, for large N, N5 < e -N.

aosl

Lemma 3 Let € > 0. Then for large n, each odd integer N > (3 + €)p,, is contained
in S, 1. In particular, for large n

Syt <GB +€)p, iff,,, is 0odd, and
Jor1 <@+ &)p, +p,y if fyy is even,

since then f, | — p,, is odd and not in S, .

Proof Since N is odd and large for large n, by Lemma 2 there exist prime numbers
41> 42, 43 With

N=qg +q+q;

and such that
N .
— < g;fori=1,2,3.
34e O

. N
By assumption, 3 2 Pw hence
qi > Pns 1 €G3 2 Py

for the prime numbers ¢;. This implies N =g, + ¢, + g3 € S, ;. O

Proposition 4 If the Frobenius number f, is odd for all large n, then f, ~3p,. In
particular, conjecture (C3) implies conjecture (CI).

Proof This is immediate from Proposition 1 and Lemma 3. a
For a similar argument, see [10, answer by user “Anonymous”, Apr 5’12].
Remark 2

(a) Itis immediate from Lemma 3 that

lim sup Jl <4.

n—oo Pp
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I
P
bach conjecture for large x with the Addendum from above—see Lemma 1 and

the proof of Proposition 2.
(b) The estimate limsup,_, ;— < 4 together with a sketch of proof was already

As a consequence, a proof of lim sup,_, ., = # 4 would imply the binary Gold-

formulated in [10, comment by user “Frangois Brunault” (Apr 6 *12) to answer
by user “Anonymous” (Apr 5 *12)]. Our proof is essentially an elaboration of
this sketch.

(c) Lemma 3 shows that

Jour1 < 5p,, for large n.

Because of p,,; < 2p, (Bertrand’s postulate) this implies also that there exists
a constant C with

Jfur1 < Cp,, for all n. (2)

Conjecture (C2) says that in (2) one can actually take C = 4.
Notice that (2) already follows from [1, Lemma 1].
Problem Find an explicit pair (n,, C;) of numbers such that

Jor1 < Cy - p, for every n > n,.

Next we shall study the asymptotic behavior of the set of atoms of S,,.
Lemma 2 implies

Lemma4 Lete > 0. Then S, = S>* for large n.

Proof 1t suffices to prove the claim for arbitrarily small values of &:
First we show that, if € < 3, then

3+e 3+e
Sn+1 < Sn

for large n. For this it suffices to show that every prime number p on the interval
[Ppi1> B+ €)p,y Lis in S3F:

Firstly, p 2 p,y1 > p,.

Now we distinguish two cases:

I p<@+e)p,: Then p € I>*¢ hence p € S3*<.
II p>@+¢)p,: For n large enough, by Lemma 2 there exist prime numbers
41> 9, q3 With

P=4q1+q,+q;

and such that
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I
RS % <gq; 3+26pfori= 1,2,3.
€

9+ 3¢

By Chebyshev, Bertrand’s postulate p,,; < 2p, holds. Therefore,

hypothesis
p < @B+ep, <O+2)p,

and hence

'<3+2£ 34 2¢
=933P 943

(6+2)p, <B+e)p,,

if € < 3. It follows that
q; € [p,,. B+ ¢)p,[fori =1,2,3 and hence
P=q+q+q; €S,

which proves the above claim.
Recursively, we get from $°7¢ C §3+¢ that
n+1 n

px € ST C S for all k > n.
Therefore,
S = S3+£.

O
For x > 0 let z(x) be the number of primes less than or equal to x. Applying
Lemma 4, the prime number theorem (PNT) yields
Theorem 1 Let u, be the largest atom of S,,. Then

n(u,) ~ 3n,u, ~ 3p,and e, ~ 2n.

Proof By Lemma 4, for each € > 0 there is an n(¢) > O such that E, C [p,, (3 + €)p,]
for all n > n(e). On the other hand, the primes from [p,, 3p, ] are atoms of S,. Hence

z(3p,) < 7n(u,) < n((3+¢€)p,) forn > n(e). 3)

By the PNT, z#(3p,) ~ 3n and #((3 + €)p,) ~ (3 + e)n for € > 0. Hence (3) implies
z(u,) ~ 3n.
From p, < u, < (3 + ¢)p, we getlogu, ~ logp,, hence again by the PNT,

u, ~ nw(u,) - logu, ~3n-logp, ~ 3p,.
Finally,e, = n(u,) —n+1~3n—-n+1~ 2n. O

By [4, Cor. 6.5], for arbitrary numerical semigroups S, Wilf’s inequality %f < %
holds, whenever f < 3 - p. Further by [18], the latter is true for almost every numer-

ical semigroup of genus g (as g goes to infinity).
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In contrast, according to table 1 in [9], for the semigroups S,, the relation
/. <3 - p, seems to occur extremely seldom, but over and over again (see Fig. 4).

The following considerations are related to [10, answer by user “Aaron Mey-
erowitz”, Apr 3 "12]:

Let f, < 3 -p,. Then the odd number 3 - p, + 6 is in §,,, but not a prime; hence
Pn+1 < Pn +6.

1. If p,y; =p,+4,since3-p, +6 € §,is not a prime, p, + 6 must be prime.
2. If p,,1 =p, + 6, then the odd numbers 3p, + 2 and 3p,, + 4 must be atoms in §,,,
hence primes.

In any case:

Nota bene If f, < 3p,,, then there is a twin prime pair within [p,, 3p, + 4].

So we cannot expect to prove, that f, < 3p, happens infinitely often, since this
would prove the twin prime conjecture, that there are infinitely many twin prime
pairs. Another consequence would be that

lim inf]l =3,
n—oo pn

since one always has that this limit inferior is > 3, by Proposition 1.
The next section is attended to Wilf’s question mentioned above.

130
120
110
100
90
80
70
60

f_n-3p_n

40 .
30 - N . '... . . .- : . . .
20 S :
10 e e .'-.'.' —

-10
50 100 150 200

Fig.4 f, —3p, versus n
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3 The question of Wilf for the semigroups S

Proposition 5 For the semigroups S,, Wilf’s (proposed) inequality

8n < €, — 1
T+, = e, M
holds.
Proof For n < 429, have a look at table 1 in [9]. Now let n > 429.
Instead of (1), we would rather prove the equivalent relation
e (1 +f,—8,) 2 1+f,. 2

According to [4, Cor. 6.5] we may assume, that 3p, < 1 + f,. Hence the primes in
the interval [p,, 3p, [ are elements of S, lying below 1 + f,, and in fact, they are atoms
of S, as well. This implies for the prime-counting function «r

e,(1+f, —g,)> (x(3p,) —n+1)>~ 3)

By Rosser and Schoenfeld [15, Theorem 2] we have

z(x) <;3 for x > e%, and 4
logx -3 )

w(x) > forx > 67.
logx — % ®)

From (4) and (5) we will get in a moment:
2n < 7 (3p,) < 3nforn > 429. (6)

logx—%
log(3x)—

Proof of (6) Since the function A(x) :=3
we get forn > 429, 1. e. p, > 2971

T is strictly increasing for x > 1,
2

®  3p, @
2(3p,) > _ > x(p,) - Ap,) 2 n- AQ2971) > 2n, and
log(3pn) - 5
4) 3 3 (5)
2(3p,) < Pn <P

3
logp, +log3 — > logp, — 3

In particular, by (3) and (6)

® ,© 5
e,(1+f,—8,) 2 (zGp,) —n+1)" 2 (n+2)".

It remains to prove
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Lemma5 Ifn > 429, then

. < n’.
Proof Let N <a, <--<ay be positive integers with (a,...,ay)=1,
S={ay,...,ay) the numerical semigroup generated by these numbers and f its

Frobenius number. Then, by Selmer [16] we have the following theorem (see the
book [14] of Ramirez Alfonsin). It is an improvement of a former result [5, Theo-
rem 1] of Erdés and Graham.

[14, Theorem 3.1.11]

f§2-aNlﬁJ—al. @)
N
We will apply this to the semigroup Sz C S, generated by the primes
Pp =01 <Ppy1 =0y < ... <Py = Ay
in the interval 12 = [p,. 3p, [, with Frobenius number f,f, hence
N =z@3p,) —n+1,ay = p,g,, = the largest prime in I”.

By [15, Theorem 3, Corollary, (3.12)] we have

6)
p, > nlogn >nlog429 > 6n > N,

hence the above theorem gan be applied.
BY (6) and (7)’ p;r(3p,l) < P3p and

f<f (7<) 2 Pn (2) ) Pn
= Px(p,) z(3p,) —n+1 P3n n+2
It remains to show, that2 - p5, - nl-]:2 < n?forn > 429 :
By [15, Theorem 3, Corollary, (3.13)], we have
P < k(logk + loglog k) fork > 6. (8)

We consider the function

Ay(x) 1= 6 - (log(3x) + loglog(3x)) - (logx + loglog x).

Since @ is decreasing and /l’z(x) <48 . @ for x > 3, we obtain

log 1287

2(x) < 48 -
2(0) < 429

< 1= (x+2) forx > 429; further 1,(429) < 431.

Elementary calculus yields
Ay(x) < x + 2forx > 429. 9)

Hence
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® , © ,
2-p3, P, <N - <n-(n+2)forn > 429.

See also Dusart’s theése [3] for more estimates like (4), (5) and (8).

Remark 3 Looking at table 3 in [7] we see, that even

z(3p,) > 2nforn > 8and z(3p,) < 3nforn> 1
(which may be found elsewhere), and
f, <n*forn#5.

At last we will see that, apparently, the quotient lgT'} should converge to Z

. e,—1 _ .
(Whereas lim,_,, =— =1, since ¢, ~ 2n by our Theorem).

Proposition 6 The quotient i—” converges, and

lim 82 = 2,

n=00 p,

Proof For that, we consider the proportion a(n) of gaps of S, among the integers
inlk-p,,(k+1)-p,]l, (k,n > 1). Besides [13, Theorem 1.1], we shall need the fol-
lowing similar result about the representation of even numbers as the sum of two
primes:

[2, Theorem 1, Corollary] Let € > 0 and A > 0 be real constants. For N > 0 let
E(N) be the set of even numbers 2m € [N, 2N], which cannot be written as the sum
2m = g, + g, of primes g, and g, with the restriction

lg; —m| < mi* forj = 1,2,

Then there is a constant D > 0 such that #£(N) < D - N/(log N)*.
From these two facts together with the prime number theorem, we conclude the
following asymptotic behavior of the numbers a;(n), as n goes to infinity:

ap(n) = Loy(n) = 1, ay(n) = %and a,(n) — Ofork > 3.

Hence

fim & =142
s 272

(Notice that for large n, by Lemma 3 we have f,, < 5p,,, hence a;(n) =0 fork > 5.)
O
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Remark 4 Under the assumption lim, L % (C1) (which should be true by com-

n— oo E
putational evidence), by Proposition 6,
8n 5

1+f, 6

lim
n—oo

Remark 5 Let f, , be the largest even gap of §,. Our computations (see table 1 in [9])
suggest that f, , ~ 2p,. In this case, by Proposition 1 and Proposition 4, f, is odd for
large n and conjecture (C1) holds.
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