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Abstract

We present the results for two-loop massive kite master integrals with elliptics in terms of iterated in-
tegrals with algebraic kernels. The key ingredients are new integral representations for sunset subgraphs
ind =4 — 2¢ and d = 2 — 2¢ dimensions together with differential equations for considered kite master
integrals in A 4+ Be form. The obtained results can be easily generalized to all orders in e-expansion and
show that the class of functions defined as iterated integrals with algebraic kernels may be large enough for
writing down results for a large class of massive Feynman diagrams.
© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Recently, we have seen a lot of progress in the evaluation of multiloop Feynman diagrams,
in particular those with masses. The most impressive results in the realm of massive Feynman
diagrams were obtained with the use of differential equation method [1-5]. In many cases the
results can be written in terms of multiple polylogarithms (MPLs) [6-8]. It turned out, that the
whole possibility to have a polylogarithmic solution for the system of differential equations is
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tightly connected to the existence of its so called e-form [9,10], see also [11] for a criterion of
such reducibility.

Unfortunately, the class of functions given by multiple polylogarithms is not sufficient for
calculating master integrals whose differential equations systems can not be reduced to e-form.
Still, we already have a lot of progress in understanding simplest functions beyond multiple poly-
logarithms, the so-called elliptic polylogarithms [12-34]. Further extensions can include cases
with several elliptic curves [35,36] or one can meet completely new functions, such as e.g. in
[20,37-40].

In this paper we would like to show that the class of functions defined as iterated integrals with
algebraic kernels can be large enough for a large enough class of physical problems, where one
encounters evaluation of massive Feynman integrals. As a particular example we consider three
different two-loop massive kite diagrams, which contain elliptics. Among these kite diagrams
only one, the one with two massless lines, can be written in terms of elliptic polylogarithms, while
the other two require introduction of more complicated structures, which we can call hyperelliptic
polylogarithms. These are the generalization of elliptic polylogarithms on algebraic curves with
degrees higher than one. We would like to stress, that the proposed class of functions is different
from iterated integrals with modular forms in kernels [22,41,42]. To be able to write down results
for kite diagrams in a chosen class of functions we used new integral representations for sunset
subgraphs in d =4 — 2¢ and d = 2 — 2¢ dimensions. We consider the systems of differential
equations for considered kite master integrals and bring them to A 4+ Be form. This form, being
the natural extension of the already mentioned e-form, is so general, that we expect it to be
applicable to the most if not all differential systems, related to Feynman diagrams. We give
explicit results for two-loop sunsets up to O () and kites up to O(e?) terms, but the obtained
results can be easily generalized to any required order in g-expansion.

The paper is organized as follows. In the next section we present details on derivation of
new integral representations for elliptic sunset subgraphs. Then, in section 3 we show how the
obtained integral representations for sunsets together with the reduction of kite’s differential
equations systems to A + Be form can be used to write down expressions for the latter in terms of
iterated integrals with algebraic kernels. In the main body of the paper we used as example kites
with sunset subgraphs in d = 2 — 2¢ dimension. In this case we have the most compact expres-
sions for elliptic kite masters. Appendices explain our notation for iterated integrals and contain
results for elliptic kite master integrals in the case of sunsets in d = 4 — 2¢ dimension. Finally,
we have also prepared Mathematica notebook with all required details of calculation and results.

2. Two-loop sunset diagrams

In order to obtain results for massive kite master integrals in terms of iterated integrals with
algebraic kernels, we used new integral representations for their elliptic sunset subgraphs. This
is the goal of this section to derive such representation for the two-loop massive sunset diagrams
with three equal masses, shown in Fig. 1. We shall consider these diagrams in two different
dimensions, d =4 — 2¢ and d = 2 — 2¢, in the later subsections.

It is well known that we need three master integrals to close up the system of differential
equations for the sunset with equal masses. Namely, let us introduce the following notation for
our set of three master integrals in d dimensions' (n =0, 1,2)

' See Fig. 1 for distribution of momenta.
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Fig. 1. Sunset diagram.

dlidl 1
(md2 (1 -yl -13H(1-12)°

Su1,1(q%) = (D)
where I3 =q — I} — I», g> = s and we set all masses to the unity m = 1. Integral So 1.1(¢?) is
just a product of one-loop bubble integrals while the other two are non-trivial.

First we use Feynman parameter trick for the last two propagators 1/(1 — l%) and 1/(1 — l%),
as was introduced in? [43-45], and rewrite Eq. (1) as

1
dldly 1
S”(Z)Z/dtv/‘. , )
n,1,1(¢ J (md/Z)z(l_l%)HU—tt_(ll—61)2—15)2

where 7 = 1 — t. We can now integrate over loop momentum I, and obtain

dly 1
i (1= (i + @) (2 = )22

1
Su11(g?) =T —d/Z)/dt (,,-)d/z—z/ 5
0

Here we introduced the short hand notation y?> = 1/(¢7), which plays a role of a new mass in a
one-loop subgraph. The expressions for one-loop subgraphs in /; will be denoted as

dly 1
I, = ) 4
n / imd/2 1= 11 + )" (y? — l%)Z—d/2 4)

The idea now is to apply differential equations method [1-5] for the one-loop diagram in
representation (4).

In the next two subsections we consider e-expansions of the above formulae near d equals 4
and 2 respectively. In order to distinguish the results we shall supply all relevant quantities with
the superscript and write, e.g., Sﬂ) | instead of S, 1,1 and so on.

2.1. Cased=4—2¢

The expressions for one-loop integral (4) can be conveniently obtained using differential equa-
tion method. First, using integration by parts (IBP) identities [46,47] we write two 3 x 3 systems
of differential equations the over y2 and s in the basis I® = (¢4 1(4), 12(4), 13(4))T. Further, by
choosing a suitable basis T® these systems can be rewritten in e-form’ [9,10]

2 For earlier application of such procedure in non-elliptic context see [61-65] and references therein.
3 The derivation of IBP identities and subsequent reduction of system of differential equations to e-form were per-
formed with the use of LiteRed [48,49] and Libra [50] packages.
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dr® ~
e =eM®PTW, )
dr¢ ~
—eMOT®
5 =T, (©6)

where we introduced new variable z, being the root of equation s = (y — z)(y — 1/z). Elements
of new basis are linearly expressed through the old basis elements by means of transformation
matrix Ts(ljgset’ such that 7 = TS(J;)SCIT @,

The matrices M. 2(4) and M }(,4) are then given by

“ (©)] “ “ @
M@ — M. n M., M3 M, 4 M5

, 7
z z z—1 z+1 z—-1/y z—y @
) @) )
M(4) _ M} 1 My,z My»3 (8)
(S
y y—1/z y-—z
where
0 0 0 0 0 0 0 0 0
MO=| -8 2 2| mY=[o 2 2 |.MY=[0 2 2|, ©
B 6 5 0 -6 —6 0 -6 —6
0 0 0 00 0
MB=10 -3 2. mM%=[0 0 0], (10)
0 6 4 0 0 1
" -4 0 0 " 0 0 “ 0 00
_| 2 _
M = W 2 2 |.My=|0 -3 2|, M3=|0 0 0. (D
L R 0 6 4 0 0 1

It should be noted here, that if we have had written differential equation w.r.t. s rather than
w.r.t. new variable z, the above formulas would be much more complicated and include square
roots. This is the reason why we prefer to work with z rather that with s. Indeed the value of z
corresponds to two possible solutions of the equation s = (y — z)(y — 1/z) and we can choose
one of them, namely

L—s+y2+/(s — 1 —y)2 —4y2
(s, y) = \/2y : (12)

The explicit expression for transformation matrix Ts(lizset is quite cumbersome and may be
found in Mathematica notebook accompanying this article. Next, we solve this system of equa-
tions with boundary conditions at s = 0. In terms of variable z these boundary conditions can be
imposed either at z =y or z = 1/y. With our choice of z in Eq. (12) we chose them at z = y.

To find these boundary conditions we write and solve differential equations for (n =0, 1, 2)

b,n ird/2 (1 - l]2)n(y2 _ 112)8

integrals. This system could be also reduced to e-form and we have ((1154]), 1242),
@ 9.

sunset,b

@\T _
Ib,3) -
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dT, o~
@y =M (14)
@ @ @
where M24) = % + }—ff + ybe and
-4 0 0 0 0 0 0 0 0
M=o ool.ml=(3 -1 o). Mi=|3 -1 o). @9
0 0 O 0O 0 -3 0O 0 -3
The transformation matrix Tgunset, to this form is given by
vt 0 0
2 2(2¢—1) 2 2
Tsunset,b = ;Zy 20 l)i 2e41) -D(y+1D . (16)
2y2(2e—1) e—1)(ey?—y?—2e+
G-DG+D 30-D0+De —0=DHO+DBe-2)

The obtained system is then easily solved in terms of multiple polylogarithms using the following
boundary conditions at y = 0:

dl, 1 T(n+2e —2)I'(Q2 — 2¢)
— 5 5— = ,n>0 (17)
iV (1 =1)"(=I7)¢ 'm)r2—e)
f.di L =T e (1)
inv (y2 — )¢ I'(¢)
This way we get*
4 3 4
T =2 +e (% —y* log(y>) +0(), (19)
1 1
EVE (4):____ 2
¢ 2 2¢ Z(y +1)
2 32 T o 1 2
+¢&(2G(=1,0;y) +2G(1,0; y) + 2y logy—iy ~57 3 +O(e%),
(20)
1 1
4
3= 72
2y%logy 7, 1) 5
+e -2G(-1,0,y) =2G(1,0; ) + ——————+ —n"— - | + O(&),
( ( y) ( y) G-D+1) 24 3 (e9)
1)

where yg = 0.5772156649 . .. is the Euler—-Mascheroni constant.

Having determined boundary conditions for 1,54) integrals at z = y the solution for differential
system in Eq. (5) is also straightforwardly written in terms of multiple polylogarithms. Using
the latter one immediately gets the desired expressions for original two-loop sunset master inte-
grals. Note, that ngf’ 1 (¢%) master integral is the product of two one-loop tadpoles and it is more
convenient to find its expression this way without performing the last integration over Feynman
parameter . Moreover, its integral representation above is divergent and thus ill defined. Also,

careful inspection® shows that the integral representation for § 1(41) | (¢%) master integral is also ill

4 See for notation Appendix A.
5 One can also simply check its numerical convergence.
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defined. To remedy this problem we take another master integral S3 1. 1(qz) as part of our basis

of master integrals and calculate its expression from IBP relations for 13(4) one-loop subgraph.
Altogether we get:

1 1 =% 3 4dy ~

o2evE @4 _ o 2 Yy

S0 =22 + % + ) +/ 7})2 5 _452(%1) +O(e), (22)
o0

ZSVES(4)

1 /‘ 4dy
3,1,1 — 5.
2¢ ) y2 /y2_4

where (G-functions stand for usual multiple polylogarithms, see also Appendix A)

S3(y.2) + O(e), (23)

~ log?y log? 1
B2y, ) =G5, 0;.2) — G(1/y, 05 2) + 222 _ 08 % +<1+—y + >logz
2 z—y yz—1

2
1
—|—< +logz —G(y; z) — G(l/y;z))logy, (24)
yz—l z—y
~ _Qz+y*z—y(1+2%) y(14z* = yz(1 +2%)
S D=T G 00 T e m @ - oz h @9

Alternatively, using notation from Appendix A the same expressions read

1 1 =% 3
2eye @
S 22 + 2¢ + 6 2

J(©1y, w3 s) — J(Qovwl/vao’ )"‘J O1/y, g 5)

J<S2 a)i/y,a)é;s)—J(@y,a)o, ) J(Qo,wo,wo, )

J(®y a)é;s)—i—J(Qo,wé,wg, J(Qo,a) a)o, )
+ 7 (20,05, 0 5) + T (R, 05 5) = I (R0, &5, ) (26)
1 1
28”S§4fl—28 5(1—](@1,&)0, )+J(®2,a)0, )+J(®1,a)0, )

+J (@2, wg; s) —J (@3, wg; s) +J (@4, wg; s) —J (Qo, wg; s)) . 27

We have checked that the obtained integral representations for considered sunset master inte-
grals do correctly reproduce known numerical expressions® both below and above threshold. In
addition to the expressions above the Mathematica notebook coming together with this paper
contains expressions for further corrections in  up to O(g?).

Note, that the most important feature of this representation is that its dependence on kinematic
variable s is only through the upper limit of penultimate integration and ® 1-forms participating
in the final integration over y. This property will allow us to further substitute obtained sunset
expressions into differential equations over s for higher master integrals having sunsets in their
subgraphs. It is precisely what we want do for kite diagrams in the next section.

% For numerical cross-checks we used sector decomposition method [51-57] as implemented in [58].

6
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l1+q’——
bd

Fig. 2. Kite diagram with two massless lines.

2.2. Cased=2—2¢

Following the same steps as in the previous subsection we can obtain expressions for sunset
master integrals in d = 2 — 2¢ dimension. The latter are given by

o
2eyr o _ / dy yzlogz
e VES | =8 + 0O(e), (28)
1,1,1 J y2 /—y2_4 (Z2 -1
® 2 2,2
2eve <@ / dy [z(yz —2z+y) 2z°(z —2yz+1)}
e*VESS =4 +O(e). (29)
e al @ @ =1

Using the notation from Appendix A these expressions can be written as

2
PVESE | =20 (O, i s) + O(e) | (30)
PVEST) | == T (O5:5) + J (Og; 5) — J (Og; 5)
1 3
+37 (©s, i s) + >/ (O, w§:s) — J (©9, w§: s) + O(e) . 31)

Further terms of expansion in ¢ for considered sunset master integrals may be found in accom-
panying Mathematica notebook.

The sunset master integrals in d =4 —2¢ and d = 2 — 2¢ dimensions are not independent from
each other and can be related with each other by means of dimensional recurrence relations [59].
This means that both of these representations can be used as basis elements for broader families
of master integrals such as kites.

3. Kite diagrams

We have seen in previous section that the integral representations for sunsets are simpler in
d =2 — 2¢ dimension as compared to d = 4 — 2¢. Therefore, in this section we shall consider
results for kite diagrams in d = 4 — 2¢ using (2 — 2¢)-dimensional sunsets. The results for kite
master integrals with (4 — 2¢)-dimensional sunsets up to O(e) are given in Appendix B and
higher terms in e-expansion can be found in accompanying Mathematica notebook.

3.1. Kite with two massless lines

The simplest case of kite integrals containing elliptics is given by kite diagrams with two
massless lines depicted in Fig. 2. The master integrals in this family are defined as (d =4 — 2¢):
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- d,d, 1
.kite
V., a5) = , 32
Ji(a as) (i7/2)2 Dzlanz D;” DZ4Dgts (32)
where
Dy =—(1 +¢)*, Dy=1-(L+49)% Dy=1— (1 —I)?
Dy=1-13, Ds=-13. (33)

The vector of Laporta master integrals obtained as a result of IBP reduction [46,47] together with
dimension reduction [59] for sunset masters can be chosen in the following form:

i ki 2 2
ILapora={j{1°(0,0,1,1,0), j5*(0,1,0,1,1), S} ,. S 1
JE€,0,1,0,1),  ji*(1,0,1,0,2), ji*(1,1,0,1,1), je(, 1, 1,1, D}’
(34
To evaluate these master integrals we consider their system of differential equations with respect
to g% = 5. Using balance transformations of [ 10] the latter can be reduced to the following A+ Be
form’:

dIanoni 3
%mcal = MIcanonical s (35)
where
M, My M3
M= + + —, (36)
s—9 s—1 s
and
0 0 0 0 00 00
0 0 0 0 0 0 0 0
0 0 1 0 00 00
00 LBe+1) =26 0 0 0 0
— 12
M 0 0 0 0 000 0} 37)
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 —2¢ 0 0 0 0 0 0
0 0 0 0 0 0 0 0
—2¢ 0 1@Be+1) —20-1 0 0 0 0
My = 4
0 0 0 0 0 0 0 o |’
0 0 0 0 0 —4e 0 0
0 0 0 0 0 0 —4¢ 0
I(=2e-1 0 ¢ 0 3@+ 0 0 -2
(38)

7 We used their implementation in Libra package [50].
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Fig. 3. Kite diagram with one massless line.

0 0 0 0 0 0 0 0

¢ P 0 0 0 0 0 0

0 0 —2e—1 3Qs+1) 0 0 0 0

Y 0 0 —1@e+1)  3e+1 0 0 0 0

3= g 3e

0 0 0 0 -5 % 0 0

0 0 0 0 £ 0 0

0 £ 0 0 0 0 2e 0

1Q2e+1) 3Q2e+1) 0 0 0 0 9Qe+1) ¢

(39)

The transformation matrix 7" (JLaporta = chanonica]) to the canonical basis fcanonical can be found
in accompanying Mathematica notebook. Having obtained the differential system in this form it
is easy to see, that the solution for all master integrals except sunsets can be obtained recursively
in the regularization parameter ¢ similarly to what one typically does for differential systems
reduced to e-form. The solutions for sunsets themselves were already presented in the previous
section. This way, accounting to boundary conditions at s = 0 we get®:

' 1
VL1, 1,1) = o (nZG(l; 5)+12G(0,1,1;5) — 6G(1,0, 1; )
A
+J (1, 0¥, wfis) + T (1, 0, o s) =87 (Q, 0] _y, w5 s)
—'81(§2hcvil,a%;S)) +O(e).  (40)

The results for other master integrals together with (’)(sl) term for kite j{‘ite(l, 1,1,1,1) itself
may be found in accompanying Mathematica file. Note, that in principle with the presented
procedure we can have as many terms in ¢ expansion of considered master integrals as required.
We would like also to point out that the result we got here is more compact than those previously
obtained in [23,29,60].

3.2. Kite with one massless line

Similar to the previous case we may also consider the kite diagram with only one massless
line, see Fig. 3. The master integrals in this family are defined as (d =4 — 2¢):

T d1dl, 1
Jime(alﬂ ) =/ T d/2\2 A1 a2 )43 a4 a5
(im%/=)= D} D3> D3’ Dy* Dy’

(41)

8 Ats =0 we need to calculate 2-loop tadpoles, which is a trivial problem at present.
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where

Di=-(+q?  Di=1-(+q?  Di=1-(—Dh)>

Dy=1-13, Ds=1-13. (42)
The vector of Laporta master integrals in this case was chosen as:

ILaporta: {jé(lte(ov Oa 01 1» 1)1 jé(ite(oy 07 1a 11 1)a j;ite(ov 11 07 1a 1)7 Sizz 1°

i 10 jKe(1,0,0,1, 1), jX(1,0,1,0,1), jX*(1,0,1,0,2),
X, 1,1,1, 1, jkt,0,1,1,1), j¥ea, 1,0,1,1), e, 1,1, 1)) 7
(43)

The system of differential equations with respect to g% = s may be again reduced to A + Be
canonical form and we have (JLaporta = T Icanonical):

dl, ; -

M =MI canonical » (44)
ds
_ J4=s\.

where (z1= 1/ T)

M, M M; My ziMs z1Ms z1My

M= — 45
s—9+s—4+ 1+ s + —9+s—4+s—1 “3)

and the particular expressions for coefficient matrices M; together with transformation matrix to
canonical basis T can be found in accompanying Mathematica notebook. The solution of differ-
ential system in the canonical basis goes similar to the case of kite diagram with two massless
lines and for masters with elliptics different from sunset diagrams we get’

. 1 5 5
7 e L1 ) = <[ = 37 (20,0 0] _yis) + 27 (R0 071 0 y15)
5 5 5
+ZJ<QO’w1 NORRE )+ZJ(Qo,w1 NORE )+ZJ(Qo,w§1,wif_1;S)
5 5 1
J (Qo,wi‘,wﬁfl;S)—ZJ (Qo,wil,ij',l;S)—ZJ (Qo,wﬁ‘,éfl;S>+gl (1, 0%, f; 5)
1 5 5
+ EJ(Ql,wiZ,wé;s) — ZJ (Ql wi' ,a)4 1;s) — Z](Ql,w?,a)ifl;s)
5 5 5
+_J<Qlaw1aC ; >__J(lew1,§41, )—l——J(Q],a)il,a)ilil;s)
4 4 4 :
+§] Qo Wil s —él Q N SRS +§J Q vt
4 ls 4 £ 4’11 4 la 4_11 4 11 417

5

- 6‘] (Q],wi_l,wé;s) - (Q],a)i],wé; S) +J (Qo, wi,a)il,wil;s)

6
5 5 5 Z1 71 Z
+ ZJ (Qo,wl Mg @5 S )— ZJ<QO’w1 M @ s )+ gJ(Qo,wl ,w4,_1,w0;S>
5 15 15
_gJ(Q(Lwilvwifl)wo’ )_§J<907w1 ) 42_1_156007 )_§J(90’w1 9(41’6009 )

9 See notation in Appendix A.

10
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5 5 )
-7 (Qo,wﬁ‘,nﬁf_l,wé;S) +37 (Qo,wﬁ‘,nifl,wé;S) —J (Q0, 05", 0], wj'; 5)
5 5
—J (Q0, 05", 0F' 0} s) — gj (Qo,a)i',a)z_],a)é; s) + §J (Qo,a)il,wifl,a)é; s)
Qo, w3, &5 W s +EJ Qo, 3", &7, s s +§J Qo i ;s
4,—1> ®p> 3 0, Wy 5 641> W ] L, W5 Ty 5 W,
5 1 1
+4_1J<Ql a)l ,1741,400, >+2J<§21 a)l ,a)4_1,w0, >+§J<Ql a)l ,a)41,a)0,s)
5
( ZJ(QI wy' ! 1"°6;S>

1 1
21 21 Z. 21 21 Z. 21 21 Z.
J (1, 0y ,7]4’1,a)o,s> - EJ (Ql,w4 ,a)4)7],wo,s> - EJ (SZl,a)4 ,a)4)1,a)0,s)

15
- —J(Q1, 0} ; l,wé;s)+§1(§21,wl,§4l,wo,)

+%J(szl,w§',gjj_l,wg;s)— 1851(91 Wi EE L s )]+0(8) (46)

and

1. 5 .
eZSVEjé(ite(O,1,1,1,1)=%+ZIJ(QO’C;)ZI,S)+§+3<sz_10s+49-2.](®8,w6’s)

s 9 1 9 S 9
—— ——45)J(Os; - -—1 D¢’ —— — Dg;
+< 2 2s+> ( 5s)+2(s+s O)J(Oﬁ s)+< > 25+5>J(08 s)

1 9 s 35

s 9 45 45
+ (—5 ~ 5 +5> J (89, w5 5) = 121/ (Qo, &'y @f S) RT3 (Qo, Qf,‘l,wé;S)

45 45 15
IR (Qh &'y @f s) + 1691 (91, &l o5 s) + < ad (Qo, Ehys S)
s s 8 s
15 15 15
+ s (Q0.6hs) + Sad (g is) - 2ad (21065
15 15 15
+gat (Qo, s o S> <7 (Qo ' @ s ) +gad (521, 'y 5 S)
15 15 15
+gad (Ql, ' @ s) +4z1J (Qo, wi's s) — R (Qo, wif_l;s) +5ad (Qo, wy'p; S)
15 71 15 Z1 S |
- §21J (Q],w4y_l;s> - §Z1] (Q],w{l;s) —zlJ(Qo,w4,w4 ;s)

15 15 3
TR (Qo,wﬁf_l,wé; S) T (Qo,wﬁfl,wé; S) +2aJ (Ql,wif_l,wé; S)
3 1
+a (Ql,wjfl,a)g;s) n 12( 818, + 72 + 114) FOE) (@7

The results for other master integrals together with (9(81) terms for jgite(l, 1,1,1,1) and

jé‘ite(O, 1,1, 1, 1) integrals can be found in accompanying Mathematica file. Here we would like
to stress that already in the case of kite with only one massless line the results, because of ad-
ditional square-root z; in addition to one presentm in Jy, can not be written in terms of elliptic

10 gee Appendix A for notation.
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l1+(]

Fig. 4. Fully massive kite diagram.

polylogarithms and one needs to enlarge this class of functions to include hyperelliptic polylog-
arithms, related to algebraic curves of degree higher than one. On the other hand our class of
functions defined as iterated integrals with algebraic kernels is fully sufficient.

3.3. Fully massive kite diagram

Finally, let us discuss the last case of fully massive kite diagram depicted in Fig. 4. The master
integrals in this family are defined as (d =4 — 2¢):

it ) ddl 1 48)
J3 al,...,ds) = —d/oN2 5
(ix?)?2 DU D% DP DI D
where
Di=1-(+q?  Di=l1-(+9’  Di=1-0U-0)7
Dy=1-13, Ds=1-13, (49)
and the vector of Laporta master integrals can be chosen as:
ILapora= {/41(0,0,0, 1, 1), j¥(0,0,1,1, 1), jX*(0,1,0,1,1), S .
Sytis RO, 1,1, 1,1, 51, 1,0,1, 1), 8, 11,1, )T
(50)

Reducing similar to two previous cases the system of differential equations with respect to g = s
to A + Be form we get (ILaporta = T Icanonical):

dl canonical

= Micanonical s (5 1)
ds

where (z1 = 43;,“):

M M, M; My Ms uMe M7 ziMg
M= — 52
s—9+s—4+s—3+s—l+s +s—9+s—4+s—3 (52)
Again, the particular expressions for coefficient matrices M; together with transformation matrix
to canonical basis T can be found in accompanying Mathematica notebook. The solution of
differential system in the canonical basis goes similar to the two cases considered previously and

for jXi'°(1,1, 1, 1, 1) master we get'!:

“_ The only other master with elliptics different from sunsets was already evaluated in previous subsection
X0, 1,1,1,1) = j5°0.1,1,1,1).

12
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15
- 7] (Qo,a)gl,wf‘f_l;s> + ?J (Qo,wgl,wf‘}l;s)

J(Q )+ 2 (20000 0l
09603 7§415 2 07w4 aw41_lss

i)+
15 15
- 7](90,% NORE )— o (Qo,wil,ii'_l;s) -5/ (Qo,a)j‘,g“jy'l;s>
1 .z 1 15
+§J(Ql,w l,a)o;s)—i—g.l(Ql a)l ,a)O,s) 5 (Ql a)3 ,w4 1;s)
15 1 15 2
—7.](91 w3,w41;s)+71<§21,w3', 4_17 ) (lew3 7(41; )
]5 | 21 ]5
+7J<§21,a) ,a)4,_l;s)+71(§21,a)4,w41; ) (Ql a)4 §4 ; )
15
+ ) (Ql oy, 541; ) (Ql w%—lswo’ )_ (Ql 6"31"‘)0’ )
15 15
—2J (R0, 0}, ', w51 5) + — 5 J<Qo,w3 'y, wg; s ) > (Qo,wél,nifl,wé;S)
15 4

15
+ — 4 J(Q()7w’§ ,C()4 17a)(z);s) - Z‘]<Q()7a)§lawi}17w05 (9070)’5 5§ law()v )

(Qo, Wyt 'y of; S)
(Qo, Wy Ly, o S)
(91,w§',nif1,wé;S>
5
+3J (Ql,a)g‘,a)i}_l,a)é;s) +3J (Ql,a)gl,wjfl,wé;s) -7 (Ql,w3 ,§ l,a)(z);s)
45 15 15 o
+ZJ(QI 0)3 §41»w0, )_ ) J<Ql (1) 774_170)07 )_7](91,0)4 1774’1&00;5)

—-3J(Q —-3J (2 2w < ﬁ Q
J 1(1)4 aw4,]»woa J 1, Wy Wy 1, W05 S + 4J 1(1)4 4_4,]»600,

45 15
- ZJ (Qo,w N ORERCHt S) - 7J (Qo,wi‘, 'y @5 s
15

)+
15 a0z
- Z‘] Qo, a)4 ,a)4 _19w0’ + ZJ Qo, Wy 5 Wy q» wo, +

IGM&NI

45 15
+ZJ(Q()7 §41,a)0, >+ ) J<Ql w3 774 _lva’ +
4

« N

~ B (0 g 0pis) |10, 63)

The results for other master integrals together with 0(8]) term for j%dte(l, 1,1, 1, 1) master can
be found in accompanying Mathematica file. Here we again facing a situation when the result can
not be written in terms of elliptic polylogarithms and one needs to introduce hyperelliptic poly-

logarithms. On the other hand the class of functions defined as iterated integrals with algebraic
kernels is fully sufficient.

4. Conclusion

Using elliptic kite master integrals as example we have shown, that class of functions, de-
fined as iterated integrals with algebraic kernels,'” is fully sufficient to express their s-expansion
terms to all orders in €. Moreover, the obtained results for kite master integral with two massless

12 gee Appendix A.
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lines are more compact, than those available in literature. The analytical results for two other
kite diagrams are new and were not known before. To make such presentation possible we used
the new integral representations for sunset subgraphs in d =4 — 2¢ and d = 2 — 2¢ dimensions
together with differential equations for considered kite master integrals in A + Be form. This
form is expected to be applicable for most if not all differential systems, related to Feynman
diagrams. The obtained sunset integral representations can be used further to get results for other
elliptic master integrals with elliptic sunset subgraphs. We have checked, using sector decompo-
sition method [51-57] as implemented in [58], that the obtained sunset integral representations
are well defined both below and above thresholds. The results for kite diagrams where checked
only below threshold and their analytical continuation above it will be the subject of one of our
future publications.
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Appendix A. Notation for iterated integrals

The G-functions one may encounter along this paper stand for the usual multiple polyloga-
rithms [6—8] and are defined as the following iterated integrals

y
dt 1
G(al,...,ak;y)z/mG(az,...,ak;t), G(O,...,Q; y):ﬁ(lny)k 54)
0 k

The obtained in the paper results for sunset and kite diagrams can be conveniently expressed in
terms of iterated integrals with algebraic kernels of the form:

¢z y y.
s W], Wy O, L, @] 5 S) (55)

JQ o, ...,

dy

y2 y2_4
), for example

where 2 is some 1-form in y integrated from 2 to oo, for example . $ are some 1-forms

. ds .
in s, for example =;. wy, - some 1-forms in z (z(s, y) =

1—s+y2+/(s—1=y2)2—4y?
2y
dz y

- Finally, a)iy are some l-forms in y, for example dy, Integrals with respect to w;, 3, @;
forms are iterated integrals in s, z and y correspondingly. For example, we have

4 J J 00 4 s s’ z2(s",y) d7 .Vd/
,(sz,_S,_Z,_y;s):/ y / s f_z 4y 56)
s—4 z—y vy y2 /),2_40 s’ —4 / z’—yo Y
2

In general, iterated integrals in our results contain the following 2 1-forms (J, = A/%):
YV yr=

14
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Jyd Jyd Jyd
Qo=Jydy,  Qu=yldy, Q=22 =22 g =2%
y y—1 y+1
(57)
® 1-forms:
yJydy Jydy yJydy
0, =—"—, ® = s Ol=——""—""—,
YTy W= TP DE -y
.d v J,d d
0= 03= 0 0= 2D __
O =Dy—-1 -D@E-D O+D@E+1
O« — Jydy O — yzJydy _Jydy Jydy
ST ST Ao T2+ 12 T 2@ -1
0. = LENhdy A —y)Jydy 0. = LENhdy (- DJydy
T2 T 2@-07 0 T 2 2@ 1)
and w, ¢ and n 1-forms (7] = ,/%):
! d d d . d
o) = -2, Wf =, W=, oy = =,
y—a Z—a S —a Z—a
2 z1ds s ds 21 z1ds s ds
0 = , Wy =, W)=, h= T
s—a @b (s —a)(z—b) A v ey s S Yy 5
£ = z1ds s ds a z1ds
W Goae-b2 T G- T —a)e-b7

Note, that integrals over s variables can be easily rewritten in terms of integrals over z variables
and actually we have only 1-forms in y and z. The use of 1-forms in s simply makes their
expressions more compact.

Appendix B. Results for kite masters with d = 4 — 2¢ sunsets

The evaluation of kite master integrals in the case of d =4 — 2¢ sunset subgraphs goes along
the same lines as in the case of d =2 — 2¢ sunsets considered in the main body of the paper. In
particular we have'?

e2VE e 11,1, ) = 6—2[ (—16+ ?) G(1;s) + (4— %2) G(7;5) + 12G(0, 1, 1; 5)
—6G(1,0,1;s) +8J (Qo,w‘i’_l,wé; s) —8J (Qo,a)il,wé; s) —2J (Qo,a)g’_l,w(z); s)
+27 (0.0 1, 0fis) =87 (.0} o) + 87 (21,0} 0 s) +27 (Q1.05 .01 5)
—2J (Ql,w%y,w(z);s) —8J (93,w§’1,w(z);s) 47 (523 o] 3 wo s) +4J <Q3 o) iy wé,s)
+4J (93,w‘iyy,a)g;s> +4J <Q3,w‘i,y,w8;s) +2J <Q3,a)§,1,w8;s) +J (93,w§‘), g )
—J (Q3,a)§’y,w(z);s) —J (93,w$’y,w(y);s) —J (Q3,a)§)y,wé;s) 8J (Q4,a)1 —l’wO’ )
—4J <§24,w] y’wO’ >+4J (Q4,a)1 y,wo, )+4J (Q4,w1 y,wo )—!—4] <§24,w1 y,wo, )

+2J (Q4,a)§ _l,a)é; s) +J (Q4,a)§ y,a)o; s) —J (524@; y,a)(z); s) —J <Q4,a)§ y,a)o; s)

13" All other details and results may be found in accompanying Mathematica notebook.
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—J <Q4,w§ a)o, R ) +8J (Qo,a)l,a)o,wow ) +8J (Qo,a)l,a)o,wo ) 8J (Qo,a)i,a)é,wép)
—_8J <Qo’w§,w§,,wé; 5) +8J (Qo,wf,wi;,a)é;s) —-8J (Qoaﬁa)gw(y) s)
—8J (Qo,a)‘i,a)? a)(z); s) —2J (Qo,a)é,wg,a%; s) —2J (Qo,wé,wé,wg; s) +2J (Qo,a)é,wé,wé;s)

+2J (Qo,wg,w “)O’ ) 2J (Qo,a)7,a) a)é;s)—f—ZJ (Qo,wé,a);,wg;s)—{dj (Qo,a)§,a)§,wé;s>]

+0(e).  (60)
ezsyzjgite(l,l,l,1,1)_1[356< 2+1 )G(1;s)+(g_’lf_;> G(T:s)
+1%(—12+”2)J(90,w?,w§1;s) ;’7< 15+7%) 7 (07, 0f';5)
+11098(—24+n2)1(90,w1',w§‘,s)+<4—i)J(QO,wll,wgl,s)

5 4
( 1247 )J(Qo,wil,wil;s)—l—ﬁ 1547 )J(Qo,wzl,a)i';s)

144 <
5
J (R0, 05", 05 5) + §J (Qo,wi_l,wé; s)

108
5 2 2 s z 5 y
_§J<Qo,a)l l,a)o,s> 3J<Qo,a)7 l,a)o,s>+§ QO"‘)7,1"‘)0;S> 31(91 a)l),wo, )
+§J(Ql CHID s)—‘,—zJ(SZ oS, & s)—%J(Q 3 a)z's>—§J(Q o |, s)
3 » @1,y ©oo 3 L, @7y, @ 3 L @7y, @ 3 3, @1,1> Y
—§J<§2 w o) s)—{—EJ(Q w w, s)—}—EJ(Q ws—wy'v)+§1<§2 o -, 0} v)
6 3, Wy y “0° 6 3, 1y’ ®0° 6 3, 1,50 %0° 6 3, 1.y %0’
+%J<Q o w s)—f—lJ(Q @ o s)—ll(Q 3 wz's)—lJ(Q @ -, @ s)
3 3. @7,1> %> 3 3,07,y %> 3 3,07,y @ 3 3, @75 %>
—lJ(Q w3 -, Wl s>—§J<Q ok 13 s)—iJ(Q [OHD) S>—|—§J(Q of o )
3 3, 7y, 0’ 3 4, 1,—1° %o» 6 4, l,y’ 0’ 6 4, lys 0’
+§J<S2 o -, W s)—l—j](Q o -, 05 s)—|—zJ<Q w? w5 >+1.I<Q @ s
6 4, 1,y %o° 6 45 1,5 0’ 3 4, W7 _1» 07 3 45 7y7 0°
—1J<Q @5 W s>—ll<§2 a)s—a)y's) l (Q @5 -, 0} )+§J(Q oS, &), W )
3 4, 7,y ©0° 3 4, 7,5 ©0> 3 4, 7.5 Oa 3 0, @1, 07 0
5 5 5
+§J Qo,wl,wo,wo,s) SJ(QO,a)l,a)O,a)O, )+J(Qo,w1,a)4 ,a)4, ) §J(Qo wl,w a)g;s)
5 sz Z 5 y 5 s Z Z
+ 5J(Qo,wl,wy-,wo';s) - §J<Qo,w1,wv,w0:5) - §J<90’w1’wy*""0;s>

4 3
21 21z e
—J(Qo,wll,wl ,w(z), )—gJ(Q(),a)l',cu4 ,a)O, )—ZJ(Q(),wl ,a)91,w8,5)
4 4 19
z
— J(QO a)l ,w4 l’wO’ >+9J<Qg,a)1 ,w41,w0, )+ ) J<Q(),a)1 ,a)7 l,wo,s)
19 21z z z 5 z
— ?J(Qo,wll,a)lll,wé;s) —J(Qo,a)4l,wi,w41;s) — EJ(QO,w4 ,wll,w(z),s)
4 3
+§J(Qo,wil,w4,w0“) J(Qo,a)4,w4,a)1,)+4J(Qo,w4,w;',w(z),s)
—I—il Qo, w3, w 1B —‘—‘J Qo, w3', w3l W} —QJ Qp, w5, & w3 s
9 0’4s41v 0 S 9 O’4s41» 0 S 9 074771! 0>
19 2 Sy 2
+ EJ (Qo,wi',ng],wé;s) — §J (Qo,wé,wg,w(});s) — 51 (Qo,wi,wé,wg;s)
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2 sz 2. 2 s .z Y. 2 sz 2 Y
+§J(Qo,w7,wo,wO,S)+§J(Qo,w7,wy,w0,S)—§J(Qo,w7,w 00 )+3J(§20 ©7, 05, © O;S)
2 3 5 Z 21
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Appendix C. Supplementary material

Supplementary material related to this article can be found online at https://doi.org/10.1016/
j-nuclphysb.2020.115302.
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