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1 Introduction

Hard exclusive processes with one or two virtual photons are attracting increasing attention
because of quality of the experimental data that are already arriving and expected within
a few years from Jlab 12 GeV upgrade [1], SuperKEKB [2], and later from the EIC [3].
The prime motivation for the present study is provided by the deeply-virtual Compton
scattering (DVCS), but the results are also relevant for reactions of the type yy* — 77 etc.

DVCS is one of the main processes for spatial imaging of partons inside the nucleon. As
the spatial position of partons is Fourier conjugate to the momentum transfer to the nucleon
in the scattering process, the resolving power of DVCS is directly limited by the range of
the invariant momentum transfer ¢ that can be used in the analysis. Since factorization for
DVCS includes power corrections in ¢/Q?, theoretical control over these corrections is of
paramount importance. At this time, a calculation of kinematic power corrections to DVCS
to the twist-four accuracy, ~ t/Q? and ~ m?/Q?, is available [4] following the approach
developed in [5-8]. A typical size of kinematic corrections is of order 10% for asymmetries,
but they can be as large as 100% for the total cross section in certain kinematics. These
corrections can significantly impact the extraction of GPDs from the data and have to be
taken into account [9, 10]. In this paper we develop an approach that allows to resum the
corrections ~ (v/—t/Q)* and ~ (m/Q)* to all powers. Such all-order results are especially
important for the newly emerging subject of coherent DVCS from light nuclei [11], in



which case one needs to prove that QCD factorization is not spoiled by the nucleus mass
corrections, terms ~ my / Q.

From the theory point of view, the necessity to include kinematic power corrections is
due to the well-known deficiency of the “standard” leading twist approximation: violation
of electromagnetic Ward identities and dependence of the results on the choice of the ref-
erence frame in the definition of the skewness parameter £ and the Compton form factors.
A detailed discussion can be found in [4]. In both cases the corrections that restore the
invariance are formally of subleading power in the hard scale. They can be called “kine-
matic” as they do not involve new nonperturbative input, and have to be distinguished
from the “genuine” higher-twist corrections that arise from parton distributions of higher
twist. Such higher-twist distributions are very interesting by themselves as they carry
unique information about parton correlations inside a hadron, but can only be accessed
after the kinematic effects are subtracted.

On a more formal level, the task can be formulated as follows. Let OHt—#N be local
twist-two operators. Matrix elements of these operators define moments of generalized
parton distributions and the collinear factorization in DVCS corresponds to taking into
account contributions of all such operators with arbitrary spin IN. The “kinematic” ap-
proximation we are considering here is tantamount to taking into account contributions of
higher-twist descendants of the twist-two operator QF1H2--HN

3H1@u1u2..~u1v7 3M1(9M2(9u1u2u3-~mv7 32(9#1-'.#1\77 ete., (1.1)

where 0, is a total derivative. Matrix elements of these operators over states with equal
momenta vanish; their contributions are thus specific and endemic in reactions involving
a momentum transfer between the initial and final state hadrons, DVCS being a prime
example. It is necessary to calculate the coefficients with which these operators enter the
OPE of two electromagnetic currents. The usual method of calculating OPE coefficient
functions — to evaluate both sides of the OPE on free quarks — does not work here
since the matrix elements of the first two operators in (1.1) (and similar ones with more
derivatives) vanish for on-mass-shell partons.

Consider, as an example, the spin-two quark-antiquark operator: O,, = %[qWM B,,
q + (1 <> v)], which is nothing but the quark contribution to the QCD energy-momentum
tensor. Using QCD equations of motion (EOM) it is easy to show that (for massless quarks)

auo,u,l/ = 229 CjFu/fY“q ) (12)

where g is the QCD coupling and F},,, is the gluon field strength tensor. The r.h.s. of this
operator identity is of order g; hence the matrix element of the l.h.s. over on-shell quarks
vanishes at leading order. Eq. (1.2) implies that the off-forward nucleon matrix element of
the quark-gluon operator on the r.h.s. of this relation is related to the matrix element of
the leading twist operator

2ig (p'|qFun*alp) = (P'10* O lp) = i(p" — p)* (P10 |p) (1.3)

which defines the corresponding form-factor of the energy-momentum tensor [12], or, al-
ternatively, the second moment of the GPD H (z,§), see, e.g., [13]. Thus, on the one hand,



Figure 1. A quark-antiquark-gluon matrix element of the product of electromagnetic currents.

the corresponding contribution to DVCS is expressed entirely in terms of twist-two GPDs
(and is necessary to restore the Ward identities to twist-four accuracy). It is therefore
naturally interpreted as a part of the “kinematic” power correction. On the other hand,
the matrix element of the twist-four operator on the r.h.s. of eq. (1.2) involves a gluon field
and is, naively, a measure of quark-gluon correlations. It would be then tempting to at-
tribute its contribution to the Compton tensor to the “dynamical” power correction. This
example shows that the separation between “kinematic” power corrections from “genuine”
quark-gluon contributions is rather subtle.

The corresponding technique was developed in [5, 6] and is based on considering quark-
antiquark gluon matrix elements such as shown in figure 1, for which the separation of the
descendants of leading twist operators (“kinematic” contributions) from “genuine” quark-
gluon contributions can be defined unambiguously. In this way the OPE of two electro-
magnetic currents was derived in [5, 6] in the “kinematic” approximation to twist-four
accuracy. The calculation of finite-t and target mass corrections in DVCS based on this
approach [4, 8] showed that they are quite sizable at low Q2 and therefore taking into
account contributions of all twists is quite desirable. Unfortunately, the approach of [5, 6]
becomes rather complicated beyond twist four approximation.

In this paper we calculate the kinematical power corrections of all twists using methods
of conformal field theories (CFTs). It is well known that conformal symmetry allows one
to fix the coefficients with which the descendant operators enter the OPE [14-16]. Thus in
a conformal field theory such coefficient functions are related to the coefficient functions of
primary operators and can be obtained by considering the forward matrix elements. For
QCD, this would mean that kinematic corrections to DVCS amplitudes are unambiguously
determined by the DIS coefficient functions.

Of course, QCD is not a conformal theory. However, one can consider a modified theory,
QCD in non-integer, d = 4 — 2¢, space-time dimensions and fine-tune the strong coupling
o for given e to nullify the S-function (Wilson-Fisher fixed point [17]) and make the theory
scale invariant. It is possible to show that conformal invariance of correlation functions of
gauge-invariant operators in this theory is also restored [18]. Observables calculated in the
four-dimensional and critical QCD differ beyond leading order by terms proportional to the
QCD g function, which, as a rule, appear starting from NNLO only. They can be calculated,
at least in principle [19], but for higher twists are probably beyond the accuracy of possible
applications to GPD phenomenology so that we leave this question for further study. At
the tree level, there are no differences between QCD in d = 4 — 2¢ and d = 4 dimensions.

As the main result, in this paper we construct the OPE for the product of two conserved
vector currents in a generic CFT. The similar expansion for the product of two scalar



currents was derived long ago in ref. [14] whereas the generalization to vector currents,
to the best of our knowledge, has not been worked out. We find a simple representation
for the coefficient functions that is more explicit compared to [14] and better suited for
applications to high-energy QCD. The contribution of a given twist-two operator and all
its descendants of higher twist to the OPE of two vector currents is completely determined
by symmetries up to the two normalization factors that, for QCD, can be related to well-
known coefficient functions Co and Cy, in DIS. At leading order, we reproduce in this way
the twist-four expression obtained in [5]. This agreement is nontrivial as the two techniques
are very different. It is also important as a confirmation for the analysis in [4].

The presentation is organized as follows. In section 2 we explain the main idea and
introduce the shadow operator formalism on the example of the OPE for the product of
scalar currents. The result is presented in a form convenient for applications. Details of
this calculation can be found in appendix B. Section 3 contains our main result, the OPE
for two vector currents in a generic conformal theory. In this section we also calculate the
remaining two normalization coefficients in terms of the coefficient functions in DIS (in
critical QCD). The relation of our result to a somewhat different form of the conformal
OPE at leading twist [19] is established in appendix C. For readers’ convenience we collect

main notations in appendix A.

2 OPE of the product of scalar currents

The general statement that the coefficient functions (CFs) of all descendants of primary
operators in the OPE in a conformal theory are fixed by the symmetry alone is known since
long ago, and the corresponding expression for the product of two scalar operators was first
obtained in ref. [14]. In this section we re-derive this result using a different approach based
on the shadow operator formalism [20]. Our representation for the coefficient function
is more explicit as compared to [14] and seems to be more convenient for applications.
Throughout this section we will assume the Euclidean metric.

Let Op,(z) = Oi1(x) and Op,(z) = Oz(x) be scalar primary operators with scaling

dimensions A; and As. It means that these operators transform under dilatations and
I

=z, /a? as

inversion transformations x
Or(z) = A2 O0p(Az),  Opz) = ()2 O (2, (2.1)

respectively. The OPE for the product of O; and Oy runs over conformal (primary) sym-
metric traceless operators, Ogll'v"“ N where Ay is the corresponding scaling dimension, and
their descendants, obtained by adding total derivatives. The primary operators O)!'~#¥

N
transform under inversion as follows

QRN () o (230, (o) P, (2)OR ™ (o) (22)
where the tensor n* has the form [16]

M (z) = g" — 2ata” [a? . (2.3)



The OPE can be written, schematically, in the following form

O1(21)O2(w2) = Y CoN , (w12,0) OK N (), (2.4)
N,A N
where
T2 = T1 — T2, r = (r1+22)/2,
and 0, = 0/0x* for later use. The coefficient function CHA1 un (T12,0) is a series in powers of

the derivative and effectively sums up contributions of all descendants of the form (’)“ LoHN

cf. eq. (1.1)

B BN xllg xllgv

One can always assume that the coefficient function is a traceless tensor in Lorentz indices
since the trace terms vanish after contraction with the operator Oglj\']"” N

The main statement is that the functional form of the coefficient function
C’lﬁ{\{ Ly (712,0) (i.e. including all powers of the derivative) is uniquely fixed by the transfor-
mation properties of the operators on both sides of eq. (2.4), up to an overall normalization
constant.! Explicit expression was first obtained in ref. [14] using the six-dimensional em-
bedding formalism (for the further development of this technique see [22]). Here we use a
different approach based on the shadow operator formalism [20].

The starting point is to consider the correlation function on both sides of the OPE,
eq. (2.4), with a particular primary operator O\~ (x3). It is well known [23] that the
two-point correlation function of two primary operators with different scaling dimensions

vanishes. Thus only one term in the sum survives, and one obtains
(O1(21) 0 (w2) OB (w5) ) = CRLN (w19, 0) (OR™ () ORN (w3)) . (26)

The two-point correlation function on the r.h.s. and the three-point correlation function
on the Lh.s. of this relation are both fixed by conformal invariance up to a normalization
constant. The two-point function has the form

<ogf; (2)O% ($3)> = en DAY N (2 — x3), (2.7)
where iy = (u1,...,unN), etc., and
s 1
P ) = e (7 5 Lot (29
Yy ! oceSy i=1

where the sum is taken over all permutations of N elements (1,..., N). The normalization
constant ¢y is not fixed by the symmetry and depends on a theory.
The three-point function can be written as

<01($1)02({B2)Oijj\/ (333)> = CINTZIJ\\]] (.%'1, 9, 5133), (2.9)

Tt is expected that the normalization constant only depends on a few parameters which specify the
critical point, see [21] for a review.



where

7 AN (21, 29, 23)
UN _ ) )
TAN (1, w9, 23) = |210| B1F B2 AN TN |3 5[ AT FAN —N— Do g5 [R2F AN —N-41 (2.10)

with
i Al 95?3 9553
AMN(xthaxE}) = H AH* (x17‘r27x3) — traces, AM(‘T17$2)$3) = 5 T "9 > (211)
k=1 T13 T3

and another normalization constant, .
The convolution of two D-functions defined in eq. (2.8) with the dimensions Ay and
An = d — Ay (the shadow dimension) gives [24]

[ty DR (@1 = )DL (g — 1) = D (Bn) 6D w1 — o) PP (2.12)
N

where I#N PN is the traceless and symmetric tensor in both sets of indices,

D N
JEN PN — N'< Z H gHem)Pe — traces), (2-13)

c€SN k=1
where o denotes a permutation of N elements {1,2,..., N}, and
r(d/2 - A r(d/2—-A
Dn(Ay) = 7¢ (d/ N) . Tld/2=An) . (2.14)
NAN =1D)(AN+N—-1) T(Ay —1)(Ax+N —1)

A contraction I(a,b) = ay, ...a,IF - #NPLoPNY, b, with two vectors ay, b, can be
written in terms of Gegenbauer polynomials

The function DEN (z—y) can be interpreted as the correlation function of the operators

with shadow scaling dimensions, the shadow operators @%N . If Ay > d the scaling dimen-
N

sion A ~ of the shadow operator is negative so that it cannot be realized as a local operator.?
Nevertheless, shadow operators present a convenient technical tool, see e.g. [20, 24, 25].
Using (2.7) and (2.9) one can rewrite eq. (2.6) as

TK]X, (xla x2, $3) = CEIVCZJYV ($127 a:v)DZ]\]I\;#N (.’L’ - 1’3), (216)
with ¢, = e¢n/cy. This relation completely determines the coefficient function

C’Z]JVV (12,0z), and can be solved, in principle, order by order in N by expanding both
sides in powers of |r12| with fixed 235 ~ 23;. Using the shadow operator formalism, how-
ever, appears to be more efficient. Let us multiply eq. (2.16) by the shadow propagator
D%]jv’mv (x3 —y) and integrate over xs:

/ddnggx (:rl,mQ,xg)D%N’ﬁN (z3—y) ZCQCZX ($12,3m)/dd363172]\;v’ﬂ“’ (Z’-fL’g)D%N’ﬁN([IJg—y).
N N
(2.17)

2 An example of a shadow operator in a scalar CFT is: O = ¢ and 0= 0S/dep.



The integral on the r.h.s. of this relation is given by eq. (2.12) whereas the integral on the
Lh.s. is fixed (up to a constant) by its transformation properties:

/ s TRY (21, 22, xg)pngﬁN (23 —y) = rN(AN)TgN (z1,22,7). (2.18)
N N

The proportionality coefficient can be calculated explicitly. For completeness we present
the result:

__ap F(dKQ—AN)F(AN—l—i—N)F(J'N‘f‘%(Al_AQ))F(jN"‘%(AZ_Al))
PAN+N)  TANV=D T (jy+3(A1—29))T (jx+5(22-A1))
(2.19)
where jy = (Ay + N)/2, jv = (Ay + N)/2 are conformal spins. Note that
TN(AN)T’N(AN) = DN(AN), eq. (2.14).
Finally, taking a Fourier transform of eq. (2.17) in y, we obtain

rn(AN)

)

CR M (w12, ip) € =ty [ dly eV TE 4 (@1, a0,). (2:20)

where ¢y is a product of the normalization constants defined above.?

Eq. (2.20) presents the coefficient function in the product of two scalar operators in
a conformal theory including contributions of all descendants in the form of a Fourier
transform (in one variable) of the conformal triangle obtained by the replacement of the
particular primary operator by the corresponding shadow operator. This relation, however,
involves the following subtlety. Remember that the coefficient function is defined as a power
expansion, eq. (2.16), at |r12] — 0 keeping |z13| and |z23| fixed. The Fourier integral,
Eq (2.20), on the other hand, also receives a contribution from the integration region of
ly| ~ |z12| and for such contributions the summation over the contributions of descendants
and the integration over y cannot be interchanged. The problem can be seen as follows.
The coefficient function C(z12,9) is given by the series, roughly speaking, in (z%,0%). The
derivatives act on the function D(x — z3) in eq. (2.7) producing factors 1/(x — z3)?*. The
convergence of the series is therefore controlled by the parameter |z12/(z — 23)|, and it is
not uniform. One can interchange the summation and integration only if |z12/(x —x3)| < 1,
i.e. if |zy9)| < |x3]. Fortunately the integral in eq. (2.20) can be calculated in a closed
form where the contribution of interest is easily isolated. The details of this calculation
are presented in appendix B. Our final result for the OPE of two scalar operators with the
same scaling dimension, A; = Ay = A reads

N 2\ k
On(21)Oa(22) = Z en(Z) Z ak !F(%N—k) <$12> (2.21)

NAx 2122270 =5 (N — k) 4

1 .
x /0 du (it P O 2u = 1) Ty ago (V- uind,02) O, (o).

3 As already mentioned, these constants depend on the theory and the normalization of conformal op-

erators. For the particular case of QCD they can be related to the coefficient functions in deep-inelastic
lepton-hadron scattering, see a later section.



Here
u=1—-u, T12 = T1 — T2, Ty = uxre + uxry, (2.22)

JNn = (An + N)/2 is the conformal spin of the operator Ole'v“”N, wy = (d—ty —1)/2,
where ty = Axy — N is the operator twist, C,?(Qu — 1) are Gegenbauer polynomials and
I, (x) is the modified Bessel function of the first kind (up to normalization)

oo (ZQ)m 92—V

L(:) =21 =27 X mniny v ) — T ) LA/ (22

m=0

The operator OE\I;)AN has twist £y + 2k and is defined as

k
OJ(\L)AN (y) = 651 e 85kOAN:ﬂ1~-#kMk+1-~HN (y)xﬁgﬁl xégv (2.24)

The coefficients ¢y A, are not fixed by conformal symmetry and depend on a CFT model.

The operator content in eq. (2.21) is very explicit: the summation index k counts appli-
cations of the divergence to the primary operator, and m in eq. (2.23) counts applications
of the Laplace operator, 92, respectively. This coefficient function was originally derived
by Ferrara et al. [14]. The expression presented in [14] is organized in a different way that
complicates a direct comparison. We have verified that contributions of the operators with
k = 0 agree.

3 Descendants of leading twist operators in the product of vector cur-
rents

In this section we generalize the above construction to the OPE of a product of two vector
currents. One difference to the scalar case is that higher-twist conformal operators ap-
pearing in the OPE of two vectors are not necessary symmetric under the interchange of
Lorentz indices; to avoid such terms we consider the contribution of leading twist operators
only (and their descendants), which are the only ones necessary for applications to QCD
phenomenology.
Scaling dimensions of the leading-twist operators are uniquely determined by their spin
N,
AN:d—Q—i—N—F’yN, (3.1)

where vy is the anomalous dimension at the critical point vy = yny(ak). Hence we can
shorten the notation Oy A, = On. The twist ¢ty and conformal spin jy for the leading

twist operators are given by
. 1 1

We are interested in the OPE of two conserved vector currents, j,(x1)j,(x2). The
current conservation, 0#j, = 0, implies that the scaling dimension of j, equals A =d — 1.
Analogously to (2.4) we write

M (@1)j" (w2) = Y Oy (@12, ) O (@) + ..., (3.3)
N



where OR}HN (z) = O’]@N (z) are leading-twist conformal operators, x = (1 + x3)/2 and
ellipses stand for the contributions of operators with different quantum numbers. Similar to
the scalar case considered in the previous section the coefficient function C’g; (x12,0) can be

extracted from the three-point correlation function, (j*(x1)j"” (xg)OJ‘z,N (x3)). However, in
the vector case the three-point function contains four structures compatible with conformal
symmetry and invariance under the permutation (x1, ) <> (z2,v)

3
(" (21)5" (w2) ORY (w3)) = D_ CY TN (21, 5, 3) . (3.4)
n=0
The current conservation reduces the number of independent structures to two, so that the
answer will contain two normalization constants that are not determined by symmetry. We
will derive explicit expressions for these constants in terms of the two coefficient functions in
deep-inelastic lepton-hadron scattering that are known to three-loop accuracy (for arbitrary
space-dime dimensions) [26].
The structures TA*AN in eq. (3.4) can be chosen in a number of ways, there is no
commonly accepted prescription. For our purposes it is convenient to choose the structures
that are as closely as possible related to the scalar triangle (2.10) A; = Ay = A as

TRN (21,22, 23) = (23,) 2 X (21, 22, 3) AP (21,22, 73), (3.5)
where
1o AN—N 22, tn/2
X(z1,x2,23) = (\x13||x23|> = (M) . (3.6)
The factors X and AN both transform as fields of zero scaling dimension in x1,zs under
inversion x, = x,,/x*:
X (w1, 22, 25) = (a3)™ X (af, 2, o),
APEN (24, g, wg) = (23) Nl (ah) - e () AN (), h, o) (3.7)

Taking into account that a derivative of an operator with zero scaling dimension, 9*Q,
transforms as a primary vector field of dimension A = 1, we can construct four functions
that transform properly in all three coordinates as follows:

TS 1 v 7) AFN (7
THVAN — Wﬁu (x12) X (&) AN (F),
iy — L anar (x(z) AN (3)
P Gyt B AT
Uit 1 v lea 7 i T
TP — i)t @12)o708 (X(2) AT (@),
THVAN _ ; [8# (AﬁN (f) 8”X(f)) + 0% (AﬁN (f) aMX(f))} (3 8)
s (a3)d-2 1 ’ ; 1 | |
Here we used the following notation
a.u' — i T = 3.9
kot T = {w1, w9, 23}, (3.9)
k



and took into account that one only needs structures that are symmetric under the per-
mutation (z1,pu) <> (x2,v). All these structures can be rewritten in a more conventional
form in terms of A* and n*¥(z) tensors. The advantage of the choice in eq. (3.8), however,
is that the first three structures are reduced essentially to the scalar triangle (2.9) so that
their contribution to the OPE can be obtained without any additional calculations.?

The four (N-dependent) normalization constants CLY, n = 0,1,2,3 in eq. (3.4) are not
constrained by conformal symmetry. However, the current conservation condition 9,,j* = 0

gives rise to two linear relations for even N,

0=2(ANx—1)(2—d+AN—N)(AN+N)CY +(Ax—N)[(4—3d)Ax+3A% — N (d+N-2)]CY,
=—(AN+N)CY +(d—An+N) (AR —N?)CY — (Ay+N) [AR + N(N-2)+d(N-Ay)]CY
+(AN—N)[2dAx —2A% +ANyN+N(N+2)]CY, (3.10)

so that only two constants are independent. For odd IV all coefficients must vanish identi-

cally to ensure current conservation. One can, for example, use these relations to exclude
CY and C} and in this way obtain the three-point function in terms of two conserved

structures
<j“(a;1)j”(a:2)(’)]’zfv(x3)) = VA BN (11, 29, 23) + Y ALY FN (1, w9, 3) | (3.11)
where
iAﬁwuN(xl Lo, 13) = 9 Aw’ﬁN(ml T, 13) = 0.
8 m ’ ’ axg k ’ ’

The conserved structures Agy’ﬁ N are related to the original ones in eq. (3.8) as follows:

AMVﬁN (f) alO ’]TNVnUN ( ) TNVnU'N (f)

A (@) = THO (&) + o) TEP () + By THN (@), (312)

with the coefficients

a =2N(N —1) — (Ay — N)(Ay — N),

N AN—N[ N(N+d—2)— Ay
4 2(An -1 (Av+N)2—N—-Ay)

Ay —N <
a%:2(d—2)a§\§+m[él(d—@+(AN+N)(N+AN—2)]. (3.13)

As explained in the previous section, the coefficient function in the OPE can be ob-
tained from the Fourier transform of the three-point function composed of two vector

currents and a spin-N operator with shadow scaling dimension O = O]‘i] NZ . We write
s N

3
(" (21)5" (22) ORN (w3)) = > CN THAFN (21, 29, w3) , (3.14)
n=0

“The correlation function of vectors currents with non-equal scaling dimensions can be parame-
terized in a similar way, applymg differential operators in z; and x2 to the scalar triangle, e.g.,
—2A2 qu,_ 2A9 —2A1 qu 2A1 AN
(z15 Fa1s 2 )(Trg 0 wTy ) TAY (%1, 22, 23), ete.

~10 -



where the constants @,f;’ are related by Ward identities in eq. (3.10) with the replacement
Ay — Ap. Note that

/dd 3TN (21, 0, ) DO (03— y) = e (AN TSP (w1, 0,9), k= 0,1,2, (3.15)

with the coefficient 7y (Ay) given in eq. (2.19), but the corresponding integral for k = 3
is given by a linear combination of T/*#¥ and TA“#¥. Thus CN = CN |( Anosin) 7 cy
whereas in the representation in terms of two conserved structures in eq. (3.11), we find
#* aé\,g. In this form

"N _ N . _ N ‘N _ N
10 = a10] s A ) = @10 DUL gy = agy

(AxAy)
(3" (21)5" (w2) ORY (w3)) = & AFN (&) + & AL (), (3.16)
where
Cy =éeVall +&ad), cy =é&al, cy = —&, cy=a. (3.17)

The next step is to calculate the Fourier transform
TZV”IN (r1,22,p) = /dd.’Eg el(pes) TZV”IN (r1,x9,23), (3.18)

where one has to select the appropriate contribution corresponding to the integration region
|zg| > |x12]. One obtains (N is even)

SO 1 Qi
THHN (21, 29, p) = Wnﬂ”(g;u)sw(xl,xz,p),
12
SO 1 i
T?V’HN(xlafL'va) = (JU )d 8{‘82” SEN (21, 22, p),
12
SO 1 SH
TY" N (w1, 22,p) = (a3,)d2" p (212)15 (212)07 0 SN (21, 2, p) |

Ay-N
(30%2)61_2

— 05 (= + wﬁ)ﬁ”ﬁN (21, x2,p) — Of (x5 + ia;)f”ﬁN (2, bep)}» (3.19)

~ = 1 Qi
TE N (21, 22,p) = {(8%51 + 82’j$l112) 22 S (21, 22, p)
12

where 0/ = 0/0p,, and

~

S (w122, p) = [ g ) K (@) NV (2),

. . 1 ~ .
BN (i1, 0,p) = [ dlay €00 X (@) A @) (3.20)

are the Fourier transforms of scalar conformal triangles with A; = Ay =0, Az = A ~ and
Ay =1, Ay =0, Ag = Ay + 1, respectively. The first function, S#~, has already appeared
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in the OPE of scalar operators (2.21). We obtain

N
. NI
SAN (1, 29,p)=wn (225) TN/ due’ P75 ()N~ 12 (N= k)'ipm---ipukx}fgﬂ ahg
k= 0 ’
2 k
x . _ -
X(f) Pen—k)CFN k(u—u)IAN+k<\/uup2x%2>,
Iﬁ’ﬁN(xlnyQ,P): WN(;UH /due (P25y) N 1IN = ZZ N pHt. . iph xﬂ““ 1:’1@’
(N—Q%N)(%N—i— N /{7)

2\ k
x <x412> D(sen+1-k) O (u—a) — L7 (u—w)

XI,\N+k_1<\/uap2:U%2), (3.21)

where
™~ =tn/2, AN = Ay —d/2, xy = (1—n)/2. (3.22)
and IV ) _
+ N SN YN
= —(2m)Y/2N -2 3.23
N ﬁ( ) L(1—9n/2)sinT(yny +d/2—2) (3:23)

In both expressions symmetrization of Lorentz indices and subtraction of traces is implied.
Collecting all contributions we can write the final result for the contribution of leading-
twist operators and their descendants to the OPE of two conserved vector currents as

N'F k
JH(x1)3" (z2) = W52 > 2WT(Ay +1) /du uw)’N 1 Z %N )F(%N)

N,even

17 T x2 g N — — —
x {D*fv (a3a)™ <4> e k(u—u)IANM(\/—uu:c%zm)o(’“)( 51)

~ A — N)(%N — ]{) 1 (143eny—k) _ (142N —k) —
_cN (An —|C N —u)—C N
PN = 2ey)(en + 3) @ [ k (u=1) =Gy (u u)}

(2 - "
X [85(3:%2)TN ! (f) (m’f Diytk-1 (\/—UU$%282>O](\];)(1L’21)
—Diyk-1 (\/ —UU%zaQ) Oy ) (95151)> + (21 ¢ 22, 10 ¢ V)] }7 (3:24)

where the differential operator DY/ is defined as

v ~ £ v o A 1
DY = Y ;12) T 015+ CY fy (wro)nt/(212)050 + (An — V)T (9w, + 5ty ) -
12 L12
(3.25)

The notation (’)J(\]f) (y) and (’)J’G(k) (y) is used for descendants of the operator OK,N (y)

k
OW (y) = 0 . Oy s oo ()T 2k

Y Yy
(k
(9‘;,( )(y) =0 O Y Oy iy o (l/)f'?!fgﬂ Ly (3.26)
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and the derivatives 0% in the expansion of I, are understood as
k k
PO (%) = B0 (@4 + y)l—o- (3.27)
We also used the following identity

idp PV (p?) = —F(=0*)y" f(y). (3.28)

which holds for arbitrary functions f and F'.

The coefficients ((NZ{CV, k = 0,1,2,3 are related by Ward identities (3.10) (with the
replacement Ay +— A ~) which can be solved, e.g., in terms of two independent coefficients
as in (3.17). Finally, note that the result in eq. (3.24) is written for the OPE in Euclidean
space. The transition to Minkowski space is, however, straightforward.

In ref. [19] the conformal OPE for conserved vector currents in the leading-twist ap-
proximation is obtained in a different form. We have verified that our expressions agree to
the accuracy thereof, see appendix C.

3.1 The forward limit

As well known, the total cross section of deep-inelastic lepton-nucleon scattering (DIS)
can be related to the imaginary part of the Compton amplitude for equal momenta of the
initial and the final state hadron — the forward limit:

T (p.a) = [ d'a " (NGIT (@) 0N 7). (329)

The OPE for the Compton tensor is usually written in terms of moments of two structure
functions [26]

Tw(p,q) = > In (222(1>N [(g;w - q’;g“) Cr (N, g,as>

N,even

2
4oy
2

2) 2
- <guu - p,u,pri - (puqu +pqu)C§QB> Cy <N7 327 as)] ) (330)

where Q? = —¢? and 25 = Q?/(2(p - q)) (we drop electromagnetic charges and the sum
over flavors for brevity). The constants fy are defined as the reduced matrix elements of
leading twist operators

(plORV (0)|p) = plt ... p"N fiyv (3.31)
where the normalization of the operators is fixed such that
ONHN(0) = i]\f*l(](())’y{’”D“2 . D”N}q(O) + total derivatives. (3.32)

Here DH = 9F —igAH and {...} denotes the symmetrization of all enclosed Lorentz indices
and the subtraction of traces. In this normalization at tree level, we have C3(N) =1 and
CrL(N)=0.
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The coefficient functions Cy , (N , %22, as) in QCD are usually calculated to fixed order
in perturbation theory and contain logarithms of the scale, terms ~ (asln@Q?/u?)". In
a conformal theory (in our case QCD at the critical point) all such logarithms can be
resummed and the scale dependence is factorized as

Q2 i IN
Co.r, N,F,as :<Q) Cor (N,as €), (3.33)

where we added the argument ¢* = (4 — d)/2 to stress that the space-time dimension has
to be fine-tuned to the value of the coupling to ensure vanishing of the beta-function. The
corresponding expressions are known to third order in the strong coupling [26].

Our result in eq. (3.24) can be mapped to the above representation and in this way
all normalization constants fixed by their relation to DIS. Matrix elements of operators
containing total derivatives vanish in the forward limit. Hence to this end we can neglect
contributions of all descendants: in eq. (3.24) only operators (9](\];:0) and Oﬁ,’(k:O’l) have to
be kept, the Bessel functions reduce to their values at zero argument, I,(0) = 277 /T'(v+1),
and the operators can be moved to the origin, Og\l;:o) (zfy) — O]\]]c:() (0). As a result, the in-
tegral over u can easily be taken. Since the Lorentz structure in (3.30) is ensured by current
conservation, the two coefficients can extracted by considering, e.g., the trace T,/ and the
term ~ g,,, which comes from contributions ~ g,, and x,z, in position space. We obtain

- ~ ~ 1
(d=1)Cp (N, a,¢") — (d—2) Cs (N,as,e*>=RN{<céV (d—2)~2(CY +C)ty (jN1+2d)

2(N —1+3yw)CY
(1-3yw)(w+N-1

) {(N+2d—4+’YN)[’YNN— (1—n)tn]—Ntn [H;ﬁ:]ﬁlﬂ }
(3.34)

and

2(2jn —d)[~tN +INAN] ~N]

CL(N,aS,e*)CQ(N,as,e*):RN{{@éVtN(@JlV+(AC§V)+ 2= ) (N—1+7n) 3

9 - 1 _ o v (tn—=2)(2jn —d)[~tn FINAN] =N
— CY + -tn(tn —2)CY +2 -1)Cy - (C} ’
o |50 Tt N =2+ 2 Gy = )G (2=n)(N —1+9) ’

(3.35)
where
r l’}/N—i-]\/v
Ry = iNB(jN,jN) 9IN Wd/QM (3.36)

r [%d - %’YN]
These equations, added by the two relations due to current conservation (3.10)] An—A%

define the coefficients @kN in the conformal expansion (3.24) in terms of DIS coefficient
functions at the critical space-time dimension. This system of four linear equations can,
of course, be solved explicitly. The result, however, is rather lengthy and we present it in
the appendix C.
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3.2 Tree level result

The OPE in four-dimensional QCD and the critical QCD in d = 4 — 2¢ differs by terms
proportional to € so that they coincide identically at tree level. The result to this accuracy
is much simpler as compared to the general expression in eq. (3.24), because one can neglect
all higher-twist terms that are analytic in 22, and only produce §-functions (and derivatives
of the o-functions) after Fourier transformation to momentum space. Hence such terms do
not contribute to any observables.

Sending € — 0, vy — 0 one gets for the coefficients EL{C\; = aﬁl defined in

eq. (3.13)
ad) =2(N-1)(N+2), @Yy =2(N-1)(N+2)/N, ad = (N-1)(N+2)/(2N)—2. (3.37)

’AND—)EN

The tree-level coefficients &, & in eq. (3.16) can be found using eqs. (C.6), (C.5) (or, alter-

natively, (3.34), (3.35)) and the tree-level DIS coefficient functions Cp(N) = 0, Co(N) = 1:
N
N CNAD oy 2N

Thus we get from (3.17)

N2—-3N-2 _

By = 2N(N + 1)el). B =

(N-D(N +2)1°
~ ~ 2N
tree _ _ =N tree _ ~N
(C2 = —C, (C3 (N — 1)(N T 2) . (339)

Using these expressions one obtains, after some algebra, the following expression for the
OPE of the time-ordered product of currents in Minkowski space at tree level

] v 1 1 wuu
T{j"(21)j" (x2)} = Z TN/ du (u) {22 (N+1)gw<1_ 2 82>
N>0,even T2 + ZO)

1 v 1 uu

+ b0y —ovon)+ (1- 3 a0 ) (Latot + Latof

! uu 2_9%( ¥, oM K av
_Zm‘rl?a (:c2181 +371282)

“ v ( IN+2 120 )]ON €

1 1 i — }

(—a3,+i0) | 4 (=) g 4(N—|—1)($2161 + 7505
+}(’EL(E“ Of —uwy au)+ N (xl’ P — pH au)

2 21%1 122 2(N 2)(N—1) 21Y1 1202

1 N(N?*4+N+2) w o, o 0
+7<N+1)<N+2)<J\f—1) 7 2% uf”ﬂal)

x ¥

_ Tt N?+N+2  wuN(N-1) 0@ (z4) b+

(=22, +i0) [4(N+1)(N+2) (N+1)(N42)| N 2V
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where
iN (2N + 1)!

~ 72 (N —=1)IN(N+1)!’

and the dots stand for terms regular in z%,. The following identities are useful to collect

ry = (3.41)

all such terms:

T 2k—1
Cr* 7R (1 - 2u) = F(‘§22_ oA [@* + (- 1)Fah),

- 2%k—2 1
O3 guy = YTE {’f L I L (D } 3.42
VI 2u) = s DR gk - (D (342
The multiplicatively renormalizable (conformal) leading-twist operators to the required
one-loop accuracy take the form

. N—1 I
Py Ty, ORI () — m (i*) Q)+ O3, (%) aly), (3.43)

where we use a shorthand notation v, = v,n#, etc., with n# being an auxiliary light-like
vector, n? = 0, and the prefactor corresponds to the normalization in (3.32).

Note that the OPE (3.40) contains contributions of the leading-twist operator OJ(\?) =
Oy (decorated with one or two applications of 92), and also the contributions of the (single
and double) divergence of the leading twist operators O](\}) and (95\2,), cf. (3.26). The latter
two contributions are nontrivial because matrix elements of (’)5\}), (’)5\?) over on-shell quarks
vanish so that their coefficients cannot be calculated in the standard fashion. The power
of conformal symmetry is that these coefficients are related to the contributions of the
leading-twist operators (9](\(,)) by symmetry transformations.

Note also that the OPE (3.40) in this form does not present a complete twist separation
in the standard sense. Expanding the operators around a fixed point, e.g., around x5

m

On(@h) = 3ty afg (@) - (012)y Do - Do O ¥ (@2), (3.44)
— m!

one obtains a series in local operators d,, . .. 8y, O "V (z) that are traceless in {p1 ... un}
but the traces in {v; ... vy, } and also mixed trace terms proportional to ~ g,,,, are not sub-
tracted. This is different to the representation in ref. [5] where all traces are subtracted and
the expansion is truncated at twist four. We have checked that our result in (3.40) agrees
with the expression obtained in ref. [5] to this accuracy. Since our result resums all twists,
it is not obvious whether explicit trace subtraction for the contributions involving total
derivatives (which amounts to reshuffling of different contributions without changing the
sum) would be beneficial for applications, so that we do not attempt to do it in this work.

4 Axial-vector contributions

The tree-level contribution of axial-vector operators to the OPE of vector currents can
be obtained starting already from a four-dimensional theory to avoid well-known compli-
cations with the definition of axial operators in non-integer dimensions. The three-point
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correlation function of the leading-twist axial conformal operator (’)A i Oﬁ’“ LN with

two conserved vector currents is nonzero for odd N only. It contains only one independent
structure and can be written in the following form (cf. [27]):

(G (e0) () OR (25)) =

WKWX(HH, T2, 73) Aﬂ(ffb T2,T3) (4.1)

where
KW = e (219)1y0 (212)01 503 — €7l (@121 (212)0] a5 (4.2)
and X (1,22, 23) and A#(zy,z9,23) are defined in egs. (3.6) and (2.11), respectively.
The two terms in K*” are in fact equal to each other. This is easy to see taking into
account that [24]

SN

Nt (@) .o () VT = —etP (4.3)
leading to
P (212) 1y (212) 01,305 = —€" Pt (212) 1y (12)0] Do 5. (4.4)

We prefer to write K*” in the above form to make the symmetry under (z1, 1) < (z2,v)
explicit.

The calculation is similar to the vector case. Repeating the same steps we obtain the
contribution of axial-vector operators to the OPE of two vector currents at tree level

N+2 N
Tlieiehs = g 3 SV [duun 3 (NN!k) (%)

(— .1‘12+’LO)2N i

2 k?+1 1
x K (?) C? k(u —u) Ings (—uﬂx%232> (’)ﬁ,’(k) (x57).  (4.5)

The coefficients @% are not constrained by the symmetries and have to be fixed from, e.g.,
the forward limit.
Assuming that axial-vector operators are normalized as

(’)]’3’“1”'“’\’ (0) = iV 1G(0)y 1 D2 | DN y5(0) + total derivatives (4.6)

and dropping all terms that produce §-functions in momenta after the Fourier transform,

one obtains

T{ju(ml)jy(xg)}A—( x12+102 Z rN/ du (uu) {em,mxle ( 87_8v>

1uux1252< vy ( 7_7 7)) 7
1 N$12 . Y < ) ’Y:| ( ) u
4N+1[<N(u W)+ u) 203+ (N(u—a)+ 2 ) o] | o (ath)
o 1 uux?y0?
—($12,u€/mﬁw‘|‘9312,u€ua,87)5512[( 1 N—1|—21 >6ﬁ827(’) 0) v )
IN(u—u A, u
4Ji[+1) 23,0007 0% W (24) }+ (4.7)
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with
N1 (2N +1)!
272 NI2(N +1)!°

N = (4.8)
We have checked that this expression agrees with the result in ref. [5] to twist-four accuracy
(i.e. the difference is twist-five and higher).

5 Summary

We have derived an all-order expression for the coefficient functions of the leading-twist
(vector) operators and their descendants, obtained by adding total derivatives, in the ex-
pansion of a product of two electromagnetic currents, eq. (3.24), in conformal QCD at the
Wilson-Fisher critical point in non-integer space-time dimensions. This expression can be
viewed as a generalization of the classical result by Ferrara et al. [14] who considered the
OPE of the product of two scalar currents in a conformal theory. Our expression for the
scalar case, eq. (B.19), is more explicit and seems to be more useful for applications.

The motivation for this study is, most importantly, the application to deeply-virtual
Compton scattering (DVCS), which is the gold-plated processes for spatial imaging of par-
tons inside the nucleon. Descendants of the leading twist operators give rise to corrections
to DVCS amplitudes that are proportional to powers of the nucleon mass m and invariant
momentum transfer ¢ to the target. As the spatial position of partons is Fourier conju-
gate to the momentum transfer, the resolving power of DVCS is bound by the maximum
t that can be used in the analysis. Since factorization for DVCS beyond the leading-twist
accuracy requires the inclusion of power corrections in v/—t/Q and m/Q, theoretical con-
trol over these corrections is of paramount importance. They can significantly impact the
extraction of GPDs from the data and have to be taken into account [9, 10].

The rationale for using methods based on conformal symmetry, as already discussed in
the Introduction, is that matrix elements of some of the relevant operators vanish for free
quarks so that their coefficients cannot be calculated in a standard manner. This task was
already addressed in refs. [5-8] using a different technique. The necessary operator-level
expressions were derived in [5, 6] to twist-four accuracy. A new contribution of this paper
is that our result includes all twists. Such all-order results are especially important for the
newly emerging subject of coherent DVCS from light nuclei [11], in which case one needs
to prove that QCD factorization is not spoiled by the nucleus mass corrections, terms
~ma/Q.

At the tree level, the OPE in physical QCD in d = 4 coincides identically with the
OPE in conformal QCD in d = 4 — 2¢ so that our operator-level results to this accuracy,
egs. (3.40) and (4.7) can be taken directly to calculate the DVCS amplitudes, cf. [4]. This
work is in progress. Beyond the tree level, conformal QCD expressions, in general, have to
be modified by terms proportional to the QCD beta-function. Such corrections enter only
at O(a?) (NNLO) for leading twist, whereas for higher twists there can be an additional
subtlety related to different twist definition in d = 4 and d = 4 — 2¢ dimensions. In this
case a separate study is needed.
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A Notations

For readers’ convenience we collect here a list of notations used throughout this work.

We consider conformal QCD in d = 4 — 2¢ space-time dimensions at the Wilson-
Fischer critical point; as = «as/(4m) is the strong coupling and the criticality condition is
€ = —foas + O(a?) with By = 11/3N, — 2/3ns. We use the following notations:

u=1-u, Tij = T; — Xy, :c;‘j:ﬂ:ciﬂ—uxj, (A.1)
2t aY ok, b

(x) =g" - -,  AM(x1,@z,a3) = 32— 2. (A.2)
€T T13 T3

We use vector notation for a set of Lorentz indices, e.g.,

fn = {p1, p2, . uN} - (A.3)

Symmetrization over all indices in the set and subtraction of traces is implied. Ay stands
for the scaling dimension of a local (conformal) operator Oh" with Lorentz spin N. For
leading twist operators in QCD

AN:N+d—2+’7N, (A4)

where vy is the anomalous dimension, jy stands for the conformal spin and ¢y for twist:

1 1 1
Jn=5(AN+N)=gd=1+N+ gy,

tN:AN—N:d—Q—l-’yN. (A5)
We also use the following shorthand notations:
1 1 1 1

The quantities with a “tilde” generally refer to expressions calculated with the replacement
of the scaling dimension Ay by the shadow dimension

Ayv=d—Ay. (A7)
The (partial) derivatives with a subscript 1,2 stand for
0
Oy = == k=1,2 A8
K, aCCl]; ) ) ( )

whereas the derivatives without a subscript are understood as derivatives over the position
of the operator in the OPE, e.g.,

920P (x4)) = 8200 (a8 + y)|y—o- (A.9)
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B Fourier transform of the conformal triangle

In this appendix we calculate the integral
/ddy eip-y TK;,'LLN ('1"17'1"27:[/) ) (Bl)

where T Z;”“ N is the conformal triangle eq. (2.10). It is convenient to contract all vector
indices with an auxiliary light-like vector n*, n? = 0, so that the symmetrization over all
indices and trace subtraction is ensured:

TXZ) (z1,2,y) = 1y "'n/JNTZif“HN (1,22, )

N
_ Aizv(xlux%y) (B 2)
- ’x12’A1+A2_AN+N‘x1 _ y’A1+AN_N_A2‘x2 _ y’A2+AN_N_A1 ’ ’
with A, = n - A(x1,z2,y). The following representation proves to be useful:
_N _
(n) _ 2 , , 212
TAN(xl’ x2, y) - ’$12’A1+A2—AN+N //DDﬁZl /33D]222 ‘ml - Zln’4j1’$2 —y— 2277,‘4j2 )
B.3)
where Z19 = z1 — 2z» is the complex conjugate of z12 and
451 = A1+ Ax — N — Ao, 4jo =No+ Ay — N — Aq. (B.4)
The integration over z1, z2 goes over the unit disk |zx| < 1 in the complex plane
D ={zeC,|z| <1} (B.5)
and the integration measure is defined as
27 —1 .
Djz = - (1—|2*)¥2d?z. (B.6)

To verify (B.3) it is sufficient to note that for any function f(z) analytic inside the unit
disk (see e.g. [28]) the following identity holds

fw) = [ Dyz(1—wz) ¥f(2). (B.7)

Thus we have,

71, ) _ . 13 ‘
/Z)D Y21 —y — z;in)i /@Dﬁ M1 — y)2 = 221(n - (z1 — )2
-t / Dz Gt
(1 — )220 Jo " L =221 (n - (21 — y)) /(a1 — y)2]201
1 n-(z1-y) N
- (2 ! - 52) (B.8)

(w1 — y)?]2n (1 —y)?

and repeating the same trick for the integral over z9 one arrives at (B.3).
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Next, we combine the two y-dependent factors in (B.3) using Feynman’s formula

ng (1,22,p) = /ddyeipyTXz (x1,22,y)

1 1 L
_ j1—1=250—1 i(p-zl)
= SN B(271.2)5) [l AR AN TN /0 duu U etPa; (B.9)

N izt (o) [ d
X/szthngzzzme ZZQl(pn)/d

ey

[y2 +utix?y — 2uiizyo (212 -n)]2U1+52) 7

where B(2j1,2j2) is Euler’s beta function. The integrals over unit discs can now be taken
by expanding the denominator in a power series in z12 and using

. d\F .
. . =N _k _—iz¥ (pmn) _ —k | ; . . =N _—izl (pn
/@ Dj z1Dj, 22 Z15 213 € 1P = (p-n) (Zdu /@ Djz1Dj, 23 21z € 2 (Pm)

L2711 (272) d* 2jr—12j1-1)
(N £ 2j)0(N + 27a) dub ' N (2u—1), (B.10)

= [i(p - n)) VN

where P](\? 2 (x) are Jacobi’s polynomials. Collecting all powers, after some algebra one gets
N! i D(k+ 2j1 + 2j2)T(N + k4 251 +2j2 — 1)
T(N +2j)T(N +2j2) &= k!F(N +2j1 +2j2 — 1)

N—k .
« 1 (.1‘12 n)k[ (p 7’L) duuQﬁ 14k~ 2]2 1+k z(pxm)
2 |3312|A1+A2 AN+N

ng (9617 962,]9) =

Zp Yy
)2J1 +2j2+k "

% P(2j2—1+k,2j1—1+k) 9 1 /dd B.11
N—k w= y +uuﬂf ( )

The remaining Fourier integral [ d%y can be taken in terms of the modified Bessel function
of the second kind

ety (27.[.)11/2 e —a — a—d/2 —
R = )

(B.12)
Thus we obtain
() (1, 29,p) = (27r)d/2Nl 1 Z T'(N+k+2j1+2j2—1)
AN ) I -

F(N+2]1)F(N+2j2) |:L‘12|A1+A2+AN d+N k"F(N—}-Q]l + 252 — )

) P2 (g0 ) [—i(p-m)ay) N"“/ duu®/?-22 -1 /22011 irat) (B 13)
0

2j1+2jo+k—d/2

2jo—14k,2j1—1+k — - _
X P](ka s )(2u—1) (\/uux%p?) Kaja—2j,—2jo—k (\/W) :

Replacing in this expression Ay — A N, changing the summation index £ — N — k and
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using (B.4), one gets for the shadow triangle

N
(n) _ N I'(25en — k) N—kj_ . 2 1k
TZN(l‘l,xzap) = ’xu’AlJrAQ_tN kz:: (N —k)! (x12 - 1) [—i(p - n)xisy]
1 AN AL e
x / du (uir) V13N (ﬂ‘) pinAnThe it AnThs) o, )
0 u

d/2—An—k o
X (\/ Uﬁ:f%sz) KAn+k—d/2 (\/ uﬂx%2p2> elPin) (B.14)

where A12 = %(Al — AQ), tN = AN — N, TN = %(d— tN — 1) and

(2m)4/2 N1

N=— — .
2AN71F(AN — Dl (5ey — Aga + %)F(%N + Ao + %)

(B.15)

Coming back to the integral in (B.12), the result can be written in the form of the
following asymptotic expansion

( uﬂxf2p2> K, (\/uﬂx%pz): (B.16)

IN—v] <X T[1+v]4™" v > I[1—vj4™m
:2”‘1{ [4V ];)né[;r}%n] (uiiadyp?)" + — ) )V;]n!l[ﬂ[l_hn] (uum?sz)”},

(utiz?,p?

where the first and the second series correspond to the expansion of the integrand in the
regions of |y| > |z12| and |y| < |z12|, respectively. This decomposition corresponds to
using the following representation:

s

Ky(2) = 5 [ L(2) = 1u(2)] (B.17)

where the first term o I,,(z) sums up contributions of large y. Only this term has to be

2sin v

kept in the construction of the coefficient function of the OPE. Thus we replace in (B.14)

—v _ -V _ o—vV - (ZQ)m
27VKy(2) = L(2) =27"1,(2) =2 Z

=27V P (v+1,2%/4)
=22l (v +m +1)

(B.18)
(the prefactor in eq. (B.17) —7/(2sin7(Ay + k — d/2)) — (=1)¥ x A/ with A/ being an
overall normalization which can be dropped) and end up with the following expression for
the OPE of two scalar currents, eq. (2.4):

CNA F(Q%N k‘ u Az
O 1'1 02 $2 Z A1+JAV2 tNZ N—k | 12| /d’LL UU 13 2N <) (Blg)
MESE] = (N—Fk)!

u
wN—A k—f xN+A k— _ u
XP;E N M )(2U DIA k- d/2(\/ —UU$%232)01(\];)($21)7
where
k
ON(y) = O ... 0Oy (y)2h5™" kY (B.20)

and the derivatives 02 in the expansion of I,, are understood as

920P (x4)) = 8200 (a8 + y)|y—o- (B.21)
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The result quoted in eq. (2.21) in the main text corresponds to the particular case A; =
Ay = A, hence A5 = 0.

Since the expansion (B.19) has to be invariant under permutation (z1,A;) <> (22, Ag),
only the operators with even spin NN contribute to the sum. Note that in the case A =
Ay = A the dependence on the scaling dimension of the currents, A, only comes through
the normalization constant cy a, and the scaling factor 1/z32.

In the special case »y = 1/2 which corresponds to the scaling dimension Ay =
d + N — 2, the I'-function with the argument 235 — k becomes singular for £ > 0. In
a realistic CFT, the only existing operator with such property is the energy-momentum
tensor, T),,, (N = 2). Its divergence 0*T),, = 0 and also 0"9"T),, = 0 (terms with k£ = 1,2)
have to be dropped. A more detailed discussion of this case can be found in refs. [14, 16].

C Leading twist approximation

In ref. [19] the conformal OPE for two conserved vector currents in the leading twist
approximation (that is neglecting all higher-twist descendants) is written in the form:

'LL’YN

T {j"(x1)5"(22)} =

N,even (_1:%2 + ZO)

1 1
1 /du{—AN(U)W“”(»"JH)JFBN(U)Q“V
5—37N Jo 2

+ O ()24, — O () 2,05 + DN<u>x%Qa{‘as}0§3) (@%), (C.1)

where p is the scale parameter. The functions Ax(u), By (u), Cn(u) and Dy (u) are given
by the following expressions

An(u)=ayuwN @ B (u) =bywN " 1ain 1,
Ldv . . b
Cn(u) :uN_l/ U—;\),U]NWN_Q <cN— Q]]V> , (C.2)

=5 [ oo () -0 (3] (-2,

with the coefficients an, by, cy, dy that obey the following linear equations:

(v —1) an = (d—n) (en = bN)

1 . .
(d=2-w)dy = —gan(N = jn) = by + (i =2 +d =w)(en —bn) . (C3)

Comparing (3.24) and (C.1), we get for ay and by:

1 3 _ _ . . _ 1 _
pNay = 2(Tn + 22nN) )TN (v = N)nGN = 1) = 7] v

2ry eN + (N—1+ . & |,
NG 2N ) (N = 25en) (v — 1) (oew + 1/2) 2

ONby = 2[in (v — 1) + 7] &Y

) (v = 29n)inGin — 1) = TR (7w + 256n) -
(N —2en) 0y — Doey +1/2) 27 :

1
—TN(N—1+2’}/N
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where 5{\,[2 are defined in egs. (3.11), (3.17). These linear relations can easily be solved for

. (v = DI =14+ 9) (1 = 37v)
2 2N(N —1)(tn — ) (75 + 1 =) (N = 1+ 39n) (v + 78) (v — 1+ 7v)
« [aN(jN(jN S 1)) — 2bwra(ry 1 — w)}, (C.5)
1 [1  pN 1 3 — — in(in — 1) —
& = [ pan _(N_1+7N)TN (v VN)[JN(JN )1 TN]éé\[
TN 278 +1 - 2 (N =14+~ — (1 = 37n)

and, finally, the coefficients ay and by can be related to the coefficient functions in DIS [19]

™+ 1—7N
NRyany = Cp, (N, as, €4) ——F—
2 ( s ) N+%’7N
TN — N

1
ILLVNRNZ)N = —C]_ (N, CLS,G*) + §CL (N7 a’S’E*) N 4 %,}/N

(C.6)
where C; = Cg — Cp,, and Ry is defined in eq. (3.36). Substituting these expressions
in (C.5) and using eqs. (3.17) one obtains the four coefficient functions @kN in the OPE (3.24)
in terms of two DIS coefficient functions. Alternatively, the same expressions can be
obtained by solving eqgs. (3.34), (3.35) and the Ward identities (3.10)|a Az -

We have checked that the expressions for Cy(u) and Dy (u) in eq. (C.1) that follow
from (3.24) agree with eq. (C.2).
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