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1 Introduction

Hard exclusive processes with one or two virtual photons are attracting increasing attention
because of quality of the experimental data that are already arriving and expected within
a few years from Jlab 12GeV upgrade [1], SuperKEKB [2], and later from the EIC [3].
The prime motivation for the present study is provided by the deeply-virtual Compton
scattering (DVCS), but the results are also relevant for reactions of the type γγ∗ → ππ etc.

DVCS is one of the main processes for spatial imaging of partons inside the nucleon. As
the spatial position of partons is Fourier conjugate to the momentum transfer to the nucleon
in the scattering process, the resolving power of DVCS is directly limited by the range of
the invariant momentum transfer t that can be used in the analysis. Since factorization for
DVCS includes power corrections in t/Q2, theoretical control over these corrections is of
paramount importance. At this time, a calculation of kinematic power corrections to DVCS
to the twist-four accuracy, ∼ t/Q2 and ∼ m2/Q2, is available [4] following the approach
developed in [5–8]. A typical size of kinematic corrections is of order 10% for asymmetries,
but they can be as large as 100% for the total cross section in certain kinematics. These
corrections can significantly impact the extraction of GPDs from the data and have to be
taken into account [9, 10]. In this paper we develop an approach that allows to resum the
corrections ∼ (

√
−t/Q)k and ∼ (m/Q)k to all powers. Such all-order results are especially

important for the newly emerging subject of coherent DVCS from light nuclei [11], in
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which case one needs to prove that QCD factorization is not spoiled by the nucleus mass
corrections, terms ∼ mA/Q.

From the theory point of view, the necessity to include kinematic power corrections is
due to the well-known deficiency of the “standard” leading twist approximation: violation
of electromagnetic Ward identities and dependence of the results on the choice of the ref-
erence frame in the definition of the skewness parameter ξ and the Compton form factors.
A detailed discussion can be found in [4]. In both cases the corrections that restore the
invariance are formally of subleading power in the hard scale. They can be called “kine-
matic” as they do not involve new nonperturbative input, and have to be distinguished
from the “genuine” higher-twist corrections that arise from parton distributions of higher
twist. Such higher-twist distributions are very interesting by themselves as they carry
unique information about parton correlations inside a hadron, but can only be accessed
after the kinematic effects are subtracted.

On a more formal level, the task can be formulated as follows. Let Oµ1...µN be local
twist-two operators. Matrix elements of these operators define moments of generalized
parton distributions and the collinear factorization in DVCS corresponds to taking into
account contributions of all such operators with arbitrary spin N . The “kinematic” ap-
proximation we are considering here is tantamount to taking into account contributions of
higher-twist descendants of the twist-two operator Oµ1µ2...µN ,

∂µ1Oµ1µ2...µN , ∂µ1∂µ2Oµ1µ2µ3...µN , ∂2Oµ1...µN , etc., (1.1)

where ∂µ is a total derivative. Matrix elements of these operators over states with equal
momenta vanish; their contributions are thus specific and endemic in reactions involving
a momentum transfer between the initial and final state hadrons, DVCS being a prime
example. It is necessary to calculate the coefficients with which these operators enter the
OPE of two electromagnetic currents. The usual method of calculating OPE coefficient
functions — to evaluate both sides of the OPE on free quarks — does not work here
since the matrix elements of the first two operators in (1.1) (and similar ones with more
derivatives) vanish for on-mass-shell partons.

Consider, as an example, the spin-two quark-antiquark operator: Oµν = 1
2 [q̄γµ

↔
Dν

q + (µ↔ ν)], which is nothing but the quark contribution to the QCD energy-momentum
tensor. Using QCD equations of motion (EOM) it is easy to show that (for massless quarks)

∂µOµν = 2ig q̄Fνµγµq , (1.2)

where g is the QCD coupling and Fµν is the gluon field strength tensor. The r.h.s. of this
operator identity is of order g; hence the matrix element of the l.h.s. over on-shell quarks
vanishes at leading order. Eq. (1.2) implies that the off-forward nucleon matrix element of
the quark-gluon operator on the r.h.s. of this relation is related to the matrix element of
the leading twist operator

2ig 〈p′|q̄Fνµγµq|p〉 = 〈p′|∂µOµν |p〉 = i(p′ − p)µ〈p′|Oµν |p〉 (1.3)

which defines the corresponding form-factor of the energy-momentum tensor [12], or, al-
ternatively, the second moment of the GPD H(x, ξ), see, e.g., [13]. Thus, on the one hand,
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Figure 1. A quark-antiquark-gluon matrix element of the product of electromagnetic currents.

the corresponding contribution to DVCS is expressed entirely in terms of twist-two GPDs
(and is necessary to restore the Ward identities to twist-four accuracy). It is therefore
naturally interpreted as a part of the “kinematic” power correction. On the other hand,
the matrix element of the twist-four operator on the r.h.s. of eq. (1.2) involves a gluon field
and is, naively, a measure of quark-gluon correlations. It would be then tempting to at-
tribute its contribution to the Compton tensor to the “dynamical” power correction. This
example shows that the separation between “kinematic” power corrections from “genuine”
quark-gluon contributions is rather subtle.

The corresponding technique was developed in [5, 6] and is based on considering quark-
antiquark gluon matrix elements such as shown in figure 1, for which the separation of the
descendants of leading twist operators (“kinematic” contributions) from “genuine” quark-
gluon contributions can be defined unambiguously. In this way the OPE of two electro-
magnetic currents was derived in [5, 6] in the “kinematic” approximation to twist-four
accuracy. The calculation of finite-t and target mass corrections in DVCS based on this
approach [4, 8] showed that they are quite sizable at low Q2 and therefore taking into
account contributions of all twists is quite desirable. Unfortunately, the approach of [5, 6]
becomes rather complicated beyond twist four approximation.

In this paper we calculate the kinematical power corrections of all twists using methods
of conformal field theories (CFTs). It is well known that conformal symmetry allows one
to fix the coefficients with which the descendant operators enter the OPE [14–16]. Thus in
a conformal field theory such coefficient functions are related to the coefficient functions of
primary operators and can be obtained by considering the forward matrix elements. For
QCD, this would mean that kinematic corrections to DVCS amplitudes are unambiguously
determined by the DIS coefficient functions.

Of course, QCD is not a conformal theory. However, one can consider a modified theory,
QCD in non-integer, d = 4 − 2ε, space-time dimensions and fine-tune the strong coupling
αs for given ε to nullify the β-function (Wilson-Fisher fixed point [17]) and make the theory
scale invariant. It is possible to show that conformal invariance of correlation functions of
gauge-invariant operators in this theory is also restored [18]. Observables calculated in the
four-dimensional and critical QCD differ beyond leading order by terms proportional to the
QCD β function, which, as a rule, appear starting from NNLO only. They can be calculated,
at least in principle [19], but for higher twists are probably beyond the accuracy of possible
applications to GPD phenomenology so that we leave this question for further study. At
the tree level, there are no differences between QCD in d = 4− 2ε and d = 4 dimensions.

As the main result, in this paper we construct the OPE for the product of two conserved
vector currents in a generic CFT. The similar expansion for the product of two scalar
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currents was derived long ago in ref. [14] whereas the generalization to vector currents,
to the best of our knowledge, has not been worked out. We find a simple representation
for the coefficient functions that is more explicit compared to [14] and better suited for
applications to high-energy QCD. The contribution of a given twist-two operator and all
its descendants of higher twist to the OPE of two vector currents is completely determined
by symmetries up to the two normalization factors that, for QCD, can be related to well-
known coefficient functions C2 and CL in DIS. At leading order, we reproduce in this way
the twist-four expression obtained in [5]. This agreement is nontrivial as the two techniques
are very different. It is also important as a confirmation for the analysis in [4].

The presentation is organized as follows. In section 2 we explain the main idea and
introduce the shadow operator formalism on the example of the OPE for the product of
scalar currents. The result is presented in a form convenient for applications. Details of
this calculation can be found in appendix B. Section 3 contains our main result, the OPE
for two vector currents in a generic conformal theory. In this section we also calculate the
remaining two normalization coefficients in terms of the coefficient functions in DIS (in
critical QCD). The relation of our result to a somewhat different form of the conformal
OPE at leading twist [19] is established in appendix C. For readers’ convenience we collect
main notations in appendix A.

2 OPE of the product of scalar currents

The general statement that the coefficient functions (CFs) of all descendants of primary
operators in the OPE in a conformal theory are fixed by the symmetry alone is known since
long ago, and the corresponding expression for the product of two scalar operators was first
obtained in ref. [14]. In this section we re-derive this result using a different approach based
on the shadow operator formalism [20]. Our representation for the coefficient function
is more explicit as compared to [14] and seems to be more convenient for applications.
Throughout this section we will assume the Euclidean metric.

Let O∆1(x) ≡ O1(x) and O∆2(x) ≡ O2(x) be scalar primary operators with scaling
dimensions ∆1 and ∆2. It means that these operators transform under dilatations and
inversion transformations x′µ = xµ/x

2 as

Ok(x) 7→ λ∆kOk(λx) , Ok(x) 7→ (x′2)∆kOk(x′) , (2.1)

respectively. The OPE for the product of O1 and O2 runs over conformal (primary) sym-
metric traceless operators, Oµ1...µN

∆N
, where ∆N is the corresponding scaling dimension, and

their descendants, obtained by adding total derivatives. The primary operators Oµ1...µN
∆N

transform under inversion as follows

Oµ1...µN
∆N

(x) 7→ (x′)2∆N ηµ1
ν1(x′) . . . ηµNνN (x′)Oν1...νN

∆N
(x′) , (2.2)

where the tensor ηµν has the form [16]

ηµν(x) = gµν − 2xµxν/x2 . (2.3)
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The OPE can be written, schematically, in the following form

O1(x1)O2(x2) =
∑
N,∆N

C∆N
µ1...µN (x12, ∂)Oµ1...µN

∆N
(x) , (2.4)

where
x12 = x1 − x2 , x = (x1 + x2)/2 ,

and ∂µ ≡ ∂/∂xµ for later use. The coefficient function C∆N
µ1...µN (x12, ∂) is a series in powers of

the derivative and effectively sums up contributions of all descendants of the form Oµ1...µN
∆N

,
cf. eq. (1.1)

Cµ1...µN
∆N

(x12, ∂) = CN,∆N

xµ1
12 . . . x

µN
12

|x12|∆1+∆2−∆N+N +O(∂) . (2.5)

One can always assume that the coefficient function is a traceless tensor in Lorentz indices
since the trace terms vanish after contraction with the operator Oµ1...µN

∆N
.

The main statement is that the functional form of the coefficient function
C∆N
µ1...µN (x12, ∂) (i.e. including all powers of the derivative) is uniquely fixed by the transfor-

mation properties of the operators on both sides of eq. (2.4), up to an overall normalization
constant.1 Explicit expression was first obtained in ref. [14] using the six-dimensional em-
bedding formalism (for the further development of this technique see [22]). Here we use a
different approach based on the shadow operator formalism [20].

The starting point is to consider the correlation function on both sides of the OPE,
eq. (2.4), with a particular primary operator Oµ1...µN

∆N
(x3). It is well known [23] that the

two-point correlation function of two primary operators with different scaling dimensions
vanishes. Thus only one term in the sum survives, and one obtains〈

O1(x1)O2(x2)Oµ1...µN
∆N

(x3)
〉

= Cν1...νN
∆N

(x12, ∂)
〈
Oν1...νN

∆N
(x)Oµ1...µN

∆N
(x3)

〉
. (2.6)

The two-point correlation function on the r.h.s. and the three-point correlation function
on the l.h.s. of this relation are both fixed by conformal invariance up to a normalization
constant. The two-point function has the form〈

O~µN∆N
(x)O~νN∆N

(x3)
〉

= cND~µN ~νN
∆N

(x− x3), (2.7)

where ~µN = (µ1, . . . , µN ), etc., and

D~µN ~νN
∆N

(x− y) = 1
|x− y|2∆N

(
1
N !

∑
σ∈SN

N∏
i=1

ηµσ(i)νi(x− y)− traces
)
, (2.8)

where the sum is taken over all permutations of N elements (1, . . . , N). The normalization
constant cN is not fixed by the symmetry and depends on a theory.

The three-point function can be written as〈
O1(x1)O2(x2)O~µN∆N

(x3)
〉

= c′NT
~µN
∆N

(x1, x2, x3), (2.9)

1It is expected that the normalization constant only depends on a few parameters which specify the
critical point, see [21] for a review.
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where

T ~µN∆N
(x1, x2, x3) = Λ~µN (x1, x2, x3)

|x12|∆1+∆2−∆N+N |x13|∆1+∆N−N−∆2 |x23|∆2+∆N−N−∆1
, (2.10)

with

Λ~µN (x1, x2, x3) =
N∏
k=1

Λµk(x1, x2, x3)− traces, Λµ(x1, x2, x3) = xµ13
x2

13
− xµ23
x2

23
, (2.11)

and another normalization constant, c′N .
The convolution of two D-functions defined in eq. (2.8) with the dimensions ∆N and

∆̃N = d−∆N (the shadow dimension) gives [24]∫
ddyD~µN ~νN

∆N
(x1 − y)D~νN ~ρN

∆̃N

(y − x2) = DN (∆N ) δ(d)(x1 − x2) I~µN ~ρN , (2.12)

where I~µN ~ρN is the traceless and symmetric tensor in both sets of indices,

I~µN ~ρN = 1
N !

( ∑
σ∈SN

N∏
k=1

gµσ(k)ρk − traces
)
, (2.13)

where σ denotes a permutation of N elements {1, 2, . . . , N}, and

DN (∆N ) = πd
Γ(d/2−∆N )

Γ(∆N − 1)(∆N +N − 1) ·
Γ(d/2− ∆̃N )

Γ(∆̃N − 1)(∆̃N +N − 1)
. (2.14)

A contraction I(a, b) = aµ1 . . . aµN I
µ1...µN ,ρ1...ρN bρ1 . . . bρN with two vectors aµ, bµ can be

written in terms of Gegenbauer polynomials

I(a, b) = N ! Γ(d/2− 1)
2NΓ(N + d/2− 1)(a2b2)N/2Cd/2−1

N

( (a · b)√
a2b2

)
. (2.15)

The function D∆̃N
(x−y) can be interpreted as the correlation function of the operators

with shadow scaling dimensions, the shadow operators Õ~µN
∆̃N

. If ∆N > d the scaling dimen-

sion ∆̃N of the shadow operator is negative so that it cannot be realized as a local operator.2

Nevertheless, shadow operators present a convenient technical tool, see e.g. [20, 24, 25].
Using (2.7) and (2.9) one can rewrite eq. (2.6) as

T ~µN∆N
(x1, x2, x3) = c′′NC

~νN
∆N

(x12, ∂x)D~νN ,~µN∆N
(x− x3), (2.16)

with c′′N = cN/c
′
N . This relation completely determines the coefficient function

C~νN∆N
(x12, ∂x), and can be solved, in principle, order by order in N by expanding both

sides in powers of |x12| with fixed x2
13 ∼ x2

23. Using the shadow operator formalism, how-
ever, appears to be more efficient. Let us multiply eq. (2.16) by the shadow propagator
D~µN ,~ρN

∆̃N

(x3 − y) and integrate over x3:∫
ddx3T

~µN
∆N

(x1,x2,x3)D~µN ,~ρN
∆̃N

(x3−y)=c′′NC
~νN
∆N

(x12,∂x)
∫
ddx3D~νN ,~µN∆N

(x−x3)D~µN ,~ρN
∆̃N

(x3−y).
(2.17)

2An example of a shadow operator in a scalar CFT is: O = ϕ and Õ = δS/δϕ.
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The integral on the r.h.s. of this relation is given by eq. (2.12) whereas the integral on the
l.h.s. is fixed (up to a constant) by its transformation properties:∫

ddx3 T
~µN
∆N

(x1, x2, x3)D~µN ,~ρN
∆̃N

(x3 − y) = rN (∆N )T ~ρN
∆̃N

(x1, x2, y). (2.18)

The proportionality coefficient can be calculated explicitly. For completeness we present
the result:

rN (∆N )=πd/2
Γ(d/2−∆̃N )
Γ(∆̃N+N)

Γ(∆N−1+N)
Γ(∆N−1)

Γ
(
j̃N+ 1

2(∆1−∆2)
)

Γ
(
j̃N+ 1

2(∆2−∆1)
)

Γ
(
jN+ 1

2(∆1−∆2)
)

Γ
(
jN+ 1

2(∆2−∆1)
) ,
(2.19)

where jN = (∆N + N)/2, j̃N = (∆̃N + N)/2 are conformal spins. Note that
rN (∆N )rN (∆̃N ) = DN (∆N ), eq. (2.14).

Finally, taking a Fourier transform of eq. (2.17) in y, we obtain

Cµ1...µN
∆N

(x12, ip) eip·x = c̃N

∫
ddy eip·y Tµ1...µN

∆̃N

(x1, x2, y) , (2.20)

where c̃N is a product of the normalization constants defined above.3

Eq. (2.20) presents the coefficient function in the product of two scalar operators in
a conformal theory including contributions of all descendants in the form of a Fourier
transform (in one variable) of the conformal triangle obtained by the replacement of the
particular primary operator by the corresponding shadow operator. This relation, however,
involves the following subtlety. Remember that the coefficient function is defined as a power
expansion, eq. (2.16), at |x12| → 0 keeping |x13| and |x23| fixed. The Fourier integral,
Eq (2.20), on the other hand, also receives a contribution from the integration region of
|y| ∼ |x12| and for such contributions the summation over the contributions of descendants
and the integration over y cannot be interchanged. The problem can be seen as follows.
The coefficient function C(x12, ∂) is given by the series, roughly speaking, in (x2

12∂
2). The

derivatives act on the function D(x− x3) in eq. (2.7) producing factors 1/(x− x3)2k. The
convergence of the series is therefore controlled by the parameter |x12/(x− x3)|, and it is
not uniform. One can interchange the summation and integration only if |x12/(x−x3)| < 1,
i.e. if |x1(2)| � |x3|. Fortunately the integral in eq. (2.20) can be calculated in a closed
form where the contribution of interest is easily isolated. The details of this calculation
are presented in appendix B. Our final result for the OPE of two scalar operators with the
same scaling dimension, ∆1 = ∆2 = ∆ reads

O∆(x1)O∆(x2) =
∑
N,∆N

cN (∆N )
|x12|2∆−tN

N∑
k=0

N !
(N − k)!Γ(κN − k)

(
x2

12
4

)k
(2.21)

×
∫ 1

0
du (uū)jN−1CκN−k

k (2u− 1) I∆N+k−d/2
(√
−uūx2

12∂
2
)
O(k)
N,∆N

(xu21) .

3As already mentioned, these constants depend on the theory and the normalization of conformal op-
erators. For the particular case of QCD they can be related to the coefficient functions in deep-inelastic
lepton-hadron scattering, see a later section.
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Here
ū = 1− u , x12 = x1 − x2, xu21 = ūx2 + ux1 , (2.22)

jN = (∆N + N)/2 is the conformal spin of the operator Oµ1...µN
∆N

, κN = (d − tN − 1)/2,
where tN = ∆N − N is the operator twist, Cλk (2u − 1) are Gegenbauer polynomials and
Iν(x) is the modified Bessel function of the first kind (up to normalization)

Iν(z) = z−νIν(z) = 2−ν
∞∑
m=0

(z2)m

22mm!Γ(ν +m+ 1) = 2−ν

Γ(ν + 1) 0F1(ν + 1, z2/4). (2.23)

The operator O(k)
N,∆N

has twist tN + 2k and is defined as

O(k)
N,∆N

(y) = ∂µ1
y . . . ∂µky O∆N ,µ1...µkµk+1...µN (y)xµk+1

12 . . . xµN12 . (2.24)

The coefficients cN,∆N
are not fixed by conformal symmetry and depend on a CFT model.

The operator content in eq. (2.21) is very explicit: the summation index k counts appli-
cations of the divergence to the primary operator, and m in eq. (2.23) counts applications
of the Laplace operator, ∂2, respectively. This coefficient function was originally derived
by Ferrara et al. [14]. The expression presented in [14] is organized in a different way that
complicates a direct comparison. We have verified that contributions of the operators with
k = 0 agree.

3 Descendants of leading twist operators in the product of vector cur-
rents

In this section we generalize the above construction to the OPE of a product of two vector
currents. One difference to the scalar case is that higher-twist conformal operators ap-
pearing in the OPE of two vectors are not necessary symmetric under the interchange of
Lorentz indices; to avoid such terms we consider the contribution of leading twist operators
only (and their descendants), which are the only ones necessary for applications to QCD
phenomenology.

Scaling dimensions of the leading-twist operators are uniquely determined by their spin
N ,

∆N = d− 2 +N + γN , (3.1)

where γN is the anomalous dimension at the critical point γN = γN (a?s). Hence we can
shorten the notation ON,∆N

7→ ON . The twist tN and conformal spin jN for the leading
twist operators are given by

tN = d− 2 + γN , jN = 1
2d− 1 +N + 1

2γN . (3.2)

We are interested in the OPE of two conserved vector currents, jµ(x1)jν(x2). The
current conservation, ∂µjµ = 0, implies that the scaling dimension of jµ equals ∆ = d− 1.
Analogously to (2.4) we write

jµ(x1)jν(x2) =
∑
N

Cµνµ1...µN (x12, ∂)Oµ1...µN
N (x) + . . . , (3.3)

– 8 –



J
H
E
P
0
3
(
2
0
2
1
)
0
5
1

where Oµ1...µN
N (x) ≡ O~µNN (x) are leading-twist conformal operators, x = (x1 + x2)/2 and

ellipses stand for the contributions of operators with different quantum numbers. Similar to
the scalar case considered in the previous section the coefficient function Cµν~µN (x12, ∂) can be
extracted from the three-point correlation function, 〈jµ(x1)jν(x2)O~µNN (x3)〉. However, in
the vector case the three-point function contains four structures compatible with conformal
symmetry and invariance under the permutation (x1, µ)↔ (x2, ν)

〈jµ(x1)jν(x2)O~µNN (x3)〉 =
3∑

n=0
CNn Tµν,~µNn (x1, x2, x3) . (3.4)

The current conservation reduces the number of independent structures to two, so that the
answer will contain two normalization constants that are not determined by symmetry. We
will derive explicit expressions for these constants in terms of the two coefficient functions in
deep-inelastic lepton-hadron scattering that are known to three-loop accuracy (for arbitrary
space-dime dimensions) [26].

The structures Tµν,~µNn in eq. (3.4) can be chosen in a number of ways, there is no
commonly accepted prescription. For our purposes it is convenient to choose the structures
that are as closely as possible related to the scalar triangle (2.10) ∆1 = ∆2 = ∆ as

T ~µN∆N
(x1, x2, x3) = (x2

12)−∆X(x1, x2, x3) Λ~µN (x1, x2, x3) , (3.5)

where

X(x1, x2, x3) =
( |x12|
|x13||x23|

)∆N−N
=
(

x2
12

x2
13x

2
23

)tN/2
. (3.6)

The factors X and Λ~µN both transform as fields of zero scaling dimension in x1, x2 under
inversion x′µ = xµ/x

2:

X(x1, x2, x3) = (x′23)tNX(x′1, x′2, x′3),

Λµ1...µN (x1, x2, x3) = (x′23)Nηµ1
ν1 (x′3) . . . ηµNνN (x′3)Λν1...νN (x′1, x′2, x′3) . (3.7)

Taking into account that a derivative of an operator with zero scaling dimension, ∂µO,
transforms as a primary vector field of dimension ∆ = 1, we can construct four functions
that transform properly in all three coordinates as follows:

Tµν,~µN0 = 1
(x2

12)d−1 η
µν(x12)X(~x) Λ~µN (~x),

Tµν,~µN1 = 1
(x2

12)d−2∂
µ
1 ∂

ν
2

(
X(~x) Λ~µN (~x)

)
,

Tµν,~µN2 = 1
(x2

12)d−2 η
µ
ρ (x12)ηνσ(x12)∂σ1 ∂

ρ
2

(
X(~x) Λ~µN (~x)

)
,

Tµν,~µN3 = 1
(x2

12)d−2

[
∂µ1

(
Λ~µN (~x) ∂ν2X(~x)

)
+ ∂ν2

(
Λ~µN (~x) ∂µ1X(~x)

)]
. (3.8)

Here we used the following notation

∂µk = ∂

∂xµk
, ~x = {x1, x2, x3} , (3.9)
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and took into account that one only needs structures that are symmetric under the per-
mutation (x1, µ) ↔ (x2, ν). All these structures can be rewritten in a more conventional
form in terms of Λµ and ηµν(x) tensors. The advantage of the choice in eq. (3.8), however,
is that the first three structures are reduced essentially to the scalar triangle (2.9) so that
their contribution to the OPE can be obtained without any additional calculations.4

The four (N -dependent) normalization constants CNn , n = 0, 1, 2, 3 in eq. (3.4) are not
constrained by conformal symmetry. However, the current conservation condition ∂µjµ = 0
gives rise to two linear relations for even N ,

0=2(∆N−1)(2−d+∆N−N)(∆N+N)CN1 +(∆N−N)
[
(4−3d)∆N+3∆2

N−N(d+N−2)
]
CN3 ,

0=−(∆N+N)CN0 +(d−∆N+N)(∆2
N−N2)CN1 −(∆N+N)

[
∆2
N+N(N−2)+d(N−∆N )

]
CN2

+(∆N−N)
[
2d∆N−2∆2

N+∆NN+N(N+2)
]
CN3 , (3.10)

so that only two constants are independent. For odd N all coefficients must vanish identi-
cally to ensure current conservation. One can, for example, use these relations to exclude
CN0 and CN1 and in this way obtain the three-point function in terms of two conserved
structures

〈jµ(x1)jν(x2)O~µNN (x3)〉 = cN1 A
µν,~µN
1 (x1, x2, x3) + cN2 A

µν,~µN
2 (x1, x2, x3) , (3.11)

where
∂

∂xµ1
Aµν,~µNk (x1, x2, x3) = ∂

∂xν2
Aµν,~µNk (x1, x2, x3) = 0 .

The conserved structures Aµν,~µNk are related to the original ones in eq. (3.8) as follows:

Aµν,~µN1 (~x) = aN10 T
µν,~µN
0 (~x)− Tµν,~µN2 (~x) ,

Aµν,~µN2 (~x) = Tµν,~µN3 (~x) + aN21 T
µν,~µN
1 (~x) + aN20 T

µν,~µN
0 (~x) , (3.12)

with the coefficients

aN10 = 2N(N − 1)− (∆N −N)(∆̃N −N),

aN21 = − ∆N −N
2(∆N − 1)

[
3 + 2 N(N + d− 2)−∆N

(∆N +N)(2−N − ∆̃N )

]
,

aN20 = 2(d− 2)aN21 + ∆N −N
2(∆N − 1)

[
4(d− 2) + (∆̃N +N)(N + ∆N − 2)

]
. (3.13)

As explained in the previous section, the coefficient function in the OPE can be ob-
tained from the Fourier transform of the three-point function composed of two vector
currents and a spin-N operator with shadow scaling dimension Õ~µNN ≡ O~µN

N,∆̃N

. We write

〈jµ(x1)jν(x2)Õ~µNN (x3)〉 =
3∑

n=0
C̃Nn T̃µν,~µNn (x1, x2, x3) , (3.14)

4The correlation function of vectors currents with non-equal scaling dimensions can be parame-
terized in a similar way, applying differential operators in x1 and x2 to the scalar triangle, e.g.,
(x−2∆2

12 ∂ν2x
2∆2
12 )(x−2∆1

12 ∂µ1 x
2∆1
12 )T ~µN

∆N
(x1, x2, x3), etc.
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where the constants C̃Nn are related by Ward identities in eq. (3.10) with the replacement
∆N 7→ ∆̃N . Note that∫

ddx3 Tµν,~µNk (x1, x2, x3) D̃~ρN~µN (x3 − y) = rN (∆N )T̃µν,~ρNk (x1, x2, y) , k = 0, 1, 2 , (3.15)

with the coefficient rN (∆N ) given in eq. (2.19), but the corresponding integral for k = 3
is given by a linear combination of T̃µν,~µN1 and T̃µν,~µN3 . Thus C̃Nn ≡ CNn |(∆N 7→∆̃N ) 6= CNn
whereas in the representation in terms of two conserved structures in eq. (3.11), we find
ãN10 ≡ aN10|(∆N 7→∆̃N ) = aN10 but ãN2k ≡ aN2k|(∆N 7→∆̃N ) 6= aN2k. In this form

〈jµ(x1)jν(x2)Õ~µNN (x3)〉 = c̃N1 Ã
µν,~µN
1 (~x) + c̃N2 Ã

µν,~µN
2 (~x) , (3.16)

where

C̃N0 = c̃N1 ã
N
10 + c̃N2 ã

N
20, C̃N1 = c̃N2 ã

N
21, C̃N2 = −c̃N1 , C̃N3 = c̃N2 . (3.17)

The next step is to calculate the Fourier transform

T̃µν,~µNk (x1, x2, p) =
∫
ddx3 e

i(p·x3) T̃µν,~µNk (x1, x2, x3) , (3.18)

where one has to select the appropriate contribution corresponding to the integration region
|x3| � |x12|. One obtains (N is even)

T̃µν,~µN0 (x1, x2, p) = 1
(x2

12)d−1 η
µν(x12) S̃~µN (x1, x2, p) ,

T̃µν,~µN1 (x1, x2, p) = 1
(x2

12)d−2∂
µ
1 ∂

ν
2 S̃~µN (x1, x2, p) ,

T̃µν,~µN2 (x1, x2, p) = 1
(x2

12)d−2 η
µ
ρ (x12)ηνσ(x12)∂σ1 ∂

ρ
2 S̃

~µN (x1, x2, p) ,

T̃µν,~µN3 (x1, x2, p) = ∆̃N −N
(x2

12)d−2

{(
∂µ1 x

ν
21 + ∂ν2x

µ
12

) 1
x2

12
S̃~µN (x1, x2, p)

− ∂ν2 (xµ1 + i∂µp )P̃~µN (x1, x2, p)− ∂µ1 (xν2 + i∂νp )P̃~µN (x2, x1, p)
}
, (3.19)

where ∂µp = ∂/∂pµ and

S̃~µN (x1, x2, p) =
∫
ddx3 e

i(p·x3) X̃(~x) Λ~µN (~x) ,

P̃~µN (x1, x2, p) =
∫
ddx3 e

i(p·x3) 1
x2

13
X̃(~x) Λ~µN (~x) (3.20)

are the Fourier transforms of scalar conformal triangles with ∆1 = ∆2 = 0, ∆3 = ∆̃N and
∆1 = 1, ∆2 = 0, ∆3 = ∆̃N + 1, respectively. The first function, S̃~µN , has already appeared
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in the OPE of scalar operators (2.21). We obtain

S̃~µN (x1,x2,p)=$N (x2
12)τN

∫ 1

0
duei(p·x

u
21)(uū)jN−1

N∑
k=0

N !
(N−k)! ip

µ1 ...ipµkx
µk+1
12 ...xµN12

×
(
x2

12
4

)k
Γ(κN−k)CκN−k

k (u−ū)IλN+k
(√

uūp2x2
12

)
,

P̃~µN (x1,x2,p)=
$N (x2

12)τN−1

(N−2κN )(κN+1
2)

∫ 1

0
duei(p·x

u
21)ujN−1ūjN−2

N∑
k=0

N !
(N−k)! ip

µ1 ...ipµkx
µk+1
12 ...xµN12

×
(
x2

12
4

)k
Γ(κN+1−k)

[
C

(1+κN−k)
k (u−ū)−C(1+κN−k)

k−1 (u−ū)
]

×IλN+k−1
(√

uūp2x2
12

)
, (3.21)

where
τN = tN/2, λN = ∆N − d/2, κN = (1− γN )/2. (3.22)

and
$N = 1√

π
(2π)d/22N−2 Γ(N + γN )

Γ(1− γN/2)
sin πγN

sin π(γN + d/2− 2) . (3.23)

In both expressions symmetrization of Lorentz indices and subtraction of traces is implied.
Collecting all contributions we can write the final result for the contribution of leading-

twist operators and their descendants to the OPE of two conserved vector currents as

jµ(x1)jν(x2) = 1
(x2

12)d−2

∑
N,even

2λNΓ(λN + 1)
∫ 1

0
du (uū)jN−1

N∑
k=0

N ! Γ(κN − k)
(N − k) Γ(κN )

×
{

Dµν
N (x2

12)τN
(
x2

12
4

)k
CκN−k
k (u− ū) IλN+k

(√
−uūx2

12∂
2
)
O(k)
N (xu21)

− C̃N3
(∆̃N −N)(κN − k)
(N − 2κN )(κN + 1

2)
1
ū

[
C

(1+κN−k)
k (u− ū)− C(1+κN−k)

k−1 (u− ū)
]

×
[
∂ν2 (x2

12)τN−1
(
x2

12
4

)k (
xµ1 IλN+k−1

(√
−uūx2

12∂
2
)
O(k)
N (xu21)

− IλN+k−1
(√
−uūx2

12∂
2
)
Oµ,(k)
N (xu21)

)
+ (x1 ↔ x2, µ↔ ν)

]}
, (3.24)

where the differential operator Dµν
N is defined as

Dµν
N = C̃N0

ηµν(x12)
x2

12
+C̃N1 ∂

µ
1 ∂

ν
2 +C̃N2 ηµρ (x12)ηνσ(x12)∂ρ2∂σ1 +(∆̃N−N)C̃N3

(
∂µ1 x

ν
21+∂ν2x

µ
12

) 1
x2

12
.

(3.25)
The notation O(k)

N (y) and Oµ,(k)
N (y) is used for descendants of the operator O~µNN (y)

O(k)
N (y) = ∂µ1

y . . . ∂µky Oµ1...µkµk+1...µN (y)xµk+1
12 . . . xµN12 ,

Oµ,(k)
N (y) = ∂µ1

y . . . ∂µky yµOµ1...µkµk+1...µN (y)xµk+1
12 . . . xµN12 (3.26)
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and the derivatives ∂2 in the expansion of Iν are understood as

∂2O(k)
N (xu21) ≡ ∂2

yO
(k)
N (xu21 + y)|y=0. (3.27)

We also used the following identity

i∂ρp e
ip·yF (p2)

∣∣∣
ip 7→∂ξ

f(ξ)
∣∣∣
ξ=0

= −F (−∂2)yρ f(y) . (3.28)

which holds for arbitrary functions f and F .
The coefficients C̃Nk , k = 0, 1, 2, 3 are related by Ward identities (3.10) (with the

replacement ∆N 7→ ∆̃N ) which can be solved, e.g., in terms of two independent coefficients
as in (3.17). Finally, note that the result in eq. (3.24) is written for the OPE in Euclidean
space. The transition to Minkowski space is, however, straightforward.

In ref. [19] the conformal OPE for conserved vector currents in the leading-twist ap-
proximation is obtained in a different form. We have verified that our expressions agree to
the accuracy thereof, see appendix C.

3.1 The forward limit

As well known, the total cross section of deep-inelastic lepton-nucleon scattering (DIS)
can be related to the imaginary part of the Compton amplitude for equal momenta of the
initial and the final state hadron — the forward limit:

Tµν(p, q) = i

∫
ddx eiq·x〈N(p)|T{jµ(x)jν(0)}|N(p)〉 . (3.29)

The OPE for the Compton tensor is usually written in terms of moments of two structure
functions [26]

Tµν(p, q) =
∑

N,even
fN

(2p · q
Q2

)N [(
gµν −

qµqν
q2

)
CL

(
N,

Q2

µ2 , as

)

−
(
gµν − pµpν

4x2
B

Q2 − (pµqν + pνqµ)2xB
Q2

)
C2

(
N,

Q2

µ2 , as

)]
, (3.30)

where Q2 = −q2 and xB = Q2/(2(p · q)) (we drop electromagnetic charges and the sum
over flavors for brevity). The constants fN are defined as the reduced matrix elements of
leading twist operators

〈p|Oµ1...µN
N (0)|p〉 = p{µ1 . . . pµN}fN , (3.31)

where the normalization of the operators is fixed such that

Oµ1...µN
N (0) = iN−1q̄(0)γ{µ1Dµ2 . . . DµN}q(0) + total derivatives . (3.32)

Here Dµ = ∂µ− igAµ and {. . .} denotes the symmetrization of all enclosed Lorentz indices
and the subtraction of traces. In this normalization at tree level, we have C2(N) = 1 and
CL(N) = 0.
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The coefficient functions C2,L
(
N, Q

2

µ2 , as
)
in QCD are usually calculated to fixed order

in perturbation theory and contain logarithms of the scale, terms ∼ (as lnQ2/µ2)n. In
a conformal theory (in our case QCD at the critical point) all such logarithms can be
resummed and the scale dependence is factorized as

C2,L

(
N,

Q2

µ2 , as

)
=
(
µ

Q

)γN
C2,L (N, as, ε∗) , (3.33)

where we added the argument ε∗ = (4 − d)/2 to stress that the space-time dimension has
to be fine-tuned to the value of the coupling to ensure vanishing of the beta-function. The
corresponding expressions are known to third order in the strong coupling [26].

Our result in eq. (3.24) can be mapped to the above representation and in this way
all normalization constants fixed by their relation to DIS. Matrix elements of operators
containing total derivatives vanish in the forward limit. Hence to this end we can neglect
contributions of all descendants: in eq. (3.24) only operators O(k=0)

N and Oµ,(k=0,1)
N have to

be kept, the Bessel functions reduce to their values at zero argument, Iν(0) = 2−ν/Γ(ν+1),
and the operators can be moved to the origin, O(k=0)

N (xu12) 7→ O(k=0)
N (0). As a result, the in-

tegral over u can easily be taken. Since the Lorentz structure in (3.30) is ensured by current
conservation, the two coefficients can extracted by considering, e.g., the trace T µ

µ and the
term ∼ gµν which comes from contributions ∼ gµν and xµxν in position space. We obtain

(d−1)CL (N,as, ε∗)−(d−2)C2 (N,as, ε∗) =RN

{
C̃N0 (d−2)−2(C̃N1 + C̃N2 )tN

(
jN −1+ 1

2d
)

+
2(N−1+ 1

2γN )C̃N3
(1− 1

2γN )(γN +N−1)

[
(N+2d−4+γN )

[
γNN−(1−γN )tN

]
−NtN

[
1+ 1

2
γN

jN −1

]]}
(3.34)

and

CL (N,as, ε∗)−C2 (N,as, ε∗) =RN

{[
C̃N0 − tN (C̃N1 + C̃N2 )+ 2(2jN −d)[−tN +γN∆N ]

(2−γN )(N−1+γN ) C̃N3
]

− 2
d−γN

[
C̃N0 + 1

2 tN (tN −2)C̃N1 +2jN (jN −1)C̃N2 −
(tN −2)(2jN −d)[−tN +γN∆N ]

(2−γN )(N−1+γN ) C̃N3
]}
,

(3.35)

where

RN = iNB(jN , jN ) 2γN πd/2
Γ
[

1
2γN +N

]
Γ
[

1
2d−

1
2γN

] . (3.36)

These equations, added by the two relations due to current conservation (3.10)|∆N 7→∆∗N ,
define the coefficients C̃Nk in the conformal expansion (3.24) in terms of DIS coefficient
functions at the critical space-time dimension. This system of four linear equations can,
of course, be solved explicitly. The result, however, is rather lengthy and we present it in
the appendix C.
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3.2 Tree level result

The OPE in four-dimensional QCD and the critical QCD in d = 4 − 2ε differs by terms
proportional to ε so that they coincide identically at tree level. The result to this accuracy
is much simpler as compared to the general expression in eq. (3.24), because one can neglect
all higher-twist terms that are analytic in x2

12 and only produce δ-functions (and derivatives
of the δ-functions) after Fourier transformation to momentum space. Hence such terms do
not contribute to any observables.

Sending ε 7→ 0, γN 7→ 0 one gets for the coefficients ãNkn ≡ aNkn|∆N 7→∆̃N
defined in

eq. (3.13)

ãN10 = 2(N−1)(N+2), ãN20 = 2(N−1)(N+2)/N, ãN21 = (N−1)(N+2)/(2N)−2 . (3.37)

The tree-level coefficients c̃N1 , c̃N2 in eq. (3.16) can be found using eqs. (C.6), (C.5) (or, alter-
natively, (3.34), (3.35)) and the tree-level DIS coefficient functions CL(N) = 0, C2(N) = 1:

c̃N1 = − iN

2π2
(2N + 1)!
N !2(N + 1)! , c̃N2 = 2N

(N − 1)(N + 2) c̃
N
1 . (3.38)

Thus we get from (3.17)

C̃tree
0 = 2N(N + 1)c̃N1 , C̃tree

1 = N2 − 3N − 2
(N − 1)(N + 2) c̃

N
1 ,

C̃tree
2 = −c̃N1 , C̃tree

3 = 2N
(N − 1)(N + 2) c̃

N
1 . (3.39)

Using these expressions one obtains, after some algebra, the following expression for the
OPE of the time-ordered product of currents in Minkowski space at tree level

T{jµ(x1)jν(x2)}=
∑

N>0,even
rN

∫ 1

0
du(uū)N

{
1

(−x2
12 + i0)2

[
(N+1)gµν

(
1− 1

4
uū

N+1x
2
12∂

2
)

+ 1
2N x2

12
(
∂µ1 ∂

ν
2 −∂ν1∂

µ
2
)
+
(

1− 1
4
uū

N
x2

12∂
2
)(

ū

u
xµ21∂

ν
1 + u

ū
xν12∂

µ
2

)
− 1

4
uū

N(N+1)x
2
12∂

2
(
xν21∂

µ
1 +xµ12∂

ν
2

)
− x

µ
12x

ν
12

N+1 uū∂2
(

1− 1
4
uū

N+2x
2
12∂

2
)]
O(0)
N (xu21)

− 1
(−x2

12 + i0)

[
−1

4N(ū−u)gµν−
ū−u

4(N+1)
(
xν21∂

µ
1 +xµ12∂

ν
2
)

+ 1
2
(
ūxµ21∂

ν
1 −uxν12∂

µ
2

)
+ N

2(N+2)(N−1)
(
xν21∂

µ
1 −x

µ
12∂

ν
2

)
+ 1

4
N(N2 +N+2)

(N+1)(N+2)(N−1)

(
u

ū
xν12∂

µ
2 −

ū

u
xµ21∂

ν
1

)

+ xµ12x
ν
12

(−x2
12 + i0)

(ū−u) N

N+1

(
1− 1

2
uū

N+2x
2
12∂

2
)]
O(1)
N (xu21) (3.40)

− xµ12x
ν
12

(−x2
12 + i0)

[
N2 +N+2

4(N+1)(N+2)−
uūN(N−1)

(N+1)(N+2)

]
O(2)
N (xu21)

}
+ . . . ,
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where
rN = − i

N

π2
(2N + 1)!

(N − 1)!N !(N + 1)! , (3.41)

and the dots stand for terms regular in x2
12. The following identities are useful to collect

all such terms:

C
1/2−k
k (1− 2u) =

√
π 22k−1

Γ(1/2− k)k!
[
ūk + (−1)kuk

]
,

C
3/2−k
k (1− 2u) =

√
π 22k−2

Γ(3/2− k)k!

{
[ūk + (−1)kuk]− 1

2k[ūk−1 − (−1)k−1uk−1]
}
. (3.42)

The multiplicatively renormalizable (conformal) leading-twist operators to the required
one-loop accuracy take the form

nµ1 . . . nµNO
µ1...µN
N (y) = Γ(3/2)Γ(N)

Γ(N + 1/2)

(
i∂+
4

)N−1
q̄(y)γ+C

3/2
N−1

→D+ −
←
D+

→
D+ +

←
D+

 q(y) , (3.43)

where we use a shorthand notation γ+ = γµn
µ, etc., with nµ being an auxiliary light-like

vector, n2 = 0, and the prefactor corresponds to the normalization in (3.32).
Note that the OPE (3.40) contains contributions of the leading-twist operator O(0)

N ≡
ON (decorated with one or two applications of ∂2), and also the contributions of the (single
and double) divergence of the leading twist operators O(1)

N and O(2)
N , cf. (3.26). The latter

two contributions are nontrivial because matrix elements of O(1)
N , O(2)

N over on-shell quarks
vanish so that their coefficients cannot be calculated in the standard fashion. The power
of conformal symmetry is that these coefficients are related to the contributions of the
leading-twist operators O(0)

N by symmetry transformations.
Note also that the OPE (3.40) in this form does not present a complete twist separation

in the standard sense. Expanding the operators around a fixed point, e.g., around x2

ON (xu21) =
∑
m

um

m! x
ν1
12 . . . x

νm
12 (x12)µ1 . . . (x12)µN∂ν1 . . . ∂νmO

µ1...µN
N (x2) , (3.44)

one obtains a series in local operators ∂ν1 . . . ∂νmO
µ1...µN
N (x) that are traceless in {µ1 . . . µN}

but the traces in {ν1 . . . νm} and also mixed trace terms proportional to ∼ gµkνl are not sub-
tracted. This is different to the representation in ref. [5] where all traces are subtracted and
the expansion is truncated at twist four. We have checked that our result in (3.40) agrees
with the expression obtained in ref. [5] to this accuracy. Since our result resums all twists,
it is not obvious whether explicit trace subtraction for the contributions involving total
derivatives (which amounts to reshuffling of different contributions without changing the
sum) would be beneficial for applications, so that we do not attempt to do it in this work.

4 Axial-vector contributions

The tree-level contribution of axial-vector operators to the OPE of vector currents can
be obtained starting already from a four-dimensional theory to avoid well-known compli-
cations with the definition of axial operators in non-integer dimensions. The three-point

– 16 –



J
H
E
P
0
3
(
2
0
2
1
)
0
5
1

correlation function of the leading-twist axial conformal operator OA,~µNN ≡ OA,µ1...µN
N with

two conserved vector currents is nonzero for odd N only. It contains only one independent
structure and can be written in the following form (cf. [27]):

〈jµ(x1)jν(x2)OA,~µNN (x3)〉 = AN
(x2

12)d−2 KµνX(x1, x2, x3) Λ~µ(x1, x2, x3) , (4.1)

where
Kµν = εµαβγηνα(x12)ηγγ′(x12)∂1,β∂

γ′

2 − ε
ναβγηµα(x12)ηγγ′(x12)∂γ

′

1 ∂2,β (4.2)
and X(x1, x2, x3) and Λ~µ(x1, x2, x3) are defined in eqs. (3.6) and (2.11), respectively.

The two terms in Kµν are in fact equal to each other. This is easy to see taking into
account that [24]

ηµµ′(x) . . . ησσ′(x)εµ′ν′ρ′σ′ = −εµνρσ, (4.3)
leading to

εµαβγηνα(x12)ηγγ′(x12)∂1,β∂
γ′

2 = −εναβγηµα(x12)ηγγ′(x12)∂γ
′

1 ∂2,β . (4.4)

We prefer to write Kµν in the above form to make the symmetry under (x1, µ) ↔ (x2, ν)
explicit.

The calculation is similar to the vector case. Repeating the same steps we obtain the
contribution of axial-vector operators to the OPE of two vector currents at tree level

T{jµ(x1)jν(x2)}A = 1
(−x2

12 + i0)2

∑
N,odd

C̃NA
2N+2N !√

π

∫ 1

0
du (uū)N

N∑
k=0

N !
(N − k)!Γ

(1
2 − k

)

×Kµν

(
x2

12
4

)k+1

C
1
2−k
k (u− ū) IN+k

(
−uūx2

12∂
2
)
OA,(k)
N (xu21). (4.5)

The coefficients C̃NA are not constrained by the symmetries and have to be fixed from, e.g.,
the forward limit.

Assuming that axial-vector operators are normalized as

OA,µ1...µN
N (0) = iN−1q̄(0)γ{µ1Dµ2 . . . DµN}γ5q(0) + total derivatives , (4.6)

and dropping all terms that produce δ-functions in momenta after the Fourier transform,
one obtains

T{jµ(x1)jν(x2)}A = 1
(−x2

12 + i0)2

∑
N,odd

rAN

∫ 1

0
du(uū)N

{
εµνβγx

β
12

[[
N

(
u

ū
∂γ2 −

ū

u
∂γ1

)

− 1
4
uūx2

12∂
2

(N+1)

(
∂γ2 −∂

γ
1 +(N+1)

(
u

ū
∂γ2 −

ū

u
∂γ1

))]
OA,(0)
N (xu21)

− 1
4
N x2

12
N+1

[(
N(ū−u)+ ū

u

)
u

ū
∂γ2 +

(
N(u− ū)+ u

ū

)
ū

u
∂γ1

]
OA,(1)
N (xu21)

]

−
(
x12,νεµαβγ +x12,µεναβγ

)
xα12

[(
1− 1

4
uūx2

12∂
2

N+1

)
∂β1 ∂

γ
2O

A,(0)
N (xu21)

−1
4
N(ū−u)
N+1 x2

12∂
β
1 ∂

γ
2O

A,(1)
N (xu21)

]}
+ . . . (4.7)
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with

rAN = iN−1

2π2
(2N + 1)!
N !2(N + 1)! . (4.8)

We have checked that this expression agrees with the result in ref. [5] to twist-four accuracy
(i.e. the difference is twist-five and higher).

5 Summary

We have derived an all-order expression for the coefficient functions of the leading-twist
(vector) operators and their descendants, obtained by adding total derivatives, in the ex-
pansion of a product of two electromagnetic currents, eq. (3.24), in conformal QCD at the
Wilson-Fisher critical point in non-integer space-time dimensions. This expression can be
viewed as a generalization of the classical result by Ferrara et al. [14] who considered the
OPE of the product of two scalar currents in a conformal theory. Our expression for the
scalar case, eq. (B.19), is more explicit and seems to be more useful for applications.

The motivation for this study is, most importantly, the application to deeply-virtual
Compton scattering (DVCS), which is the gold-plated processes for spatial imaging of par-
tons inside the nucleon. Descendants of the leading twist operators give rise to corrections
to DVCS amplitudes that are proportional to powers of the nucleon mass m and invariant
momentum transfer t to the target. As the spatial position of partons is Fourier conju-
gate to the momentum transfer, the resolving power of DVCS is bound by the maximum
t that can be used in the analysis. Since factorization for DVCS beyond the leading-twist
accuracy requires the inclusion of power corrections in

√
−t/Q and m/Q, theoretical con-

trol over these corrections is of paramount importance. They can significantly impact the
extraction of GPDs from the data and have to be taken into account [9, 10].

The rationale for using methods based on conformal symmetry, as already discussed in
the Introduction, is that matrix elements of some of the relevant operators vanish for free
quarks so that their coefficients cannot be calculated in a standard manner. This task was
already addressed in refs. [5–8] using a different technique. The necessary operator-level
expressions were derived in [5, 6] to twist-four accuracy. A new contribution of this paper
is that our result includes all twists. Such all-order results are especially important for the
newly emerging subject of coherent DVCS from light nuclei [11], in which case one needs
to prove that QCD factorization is not spoiled by the nucleus mass corrections, terms
∼ mA/Q.

At the tree level, the OPE in physical QCD in d = 4 coincides identically with the
OPE in conformal QCD in d = 4 − 2ε so that our operator-level results to this accuracy,
eqs. (3.40) and (4.7) can be taken directly to calculate the DVCS amplitudes, cf. [4]. This
work is in progress. Beyond the tree level, conformal QCD expressions, in general, have to
be modified by terms proportional to the QCD beta-function. Such corrections enter only
at O(a2

s) (NNLO) for leading twist, whereas for higher twists there can be an additional
subtlety related to different twist definition in d = 4 and d = 4 − 2ε dimensions. In this
case a separate study is needed.
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A Notations

For readers’ convenience we collect here a list of notations used throughout this work.
We consider conformal QCD in d = 4 − 2ε space-time dimensions at the Wilson-

Fischer critical point; as = αs/(4π) is the strong coupling and the criticality condition is
ε = −β0as +O(a2

s) with β0 = 11/3Nc − 2/3nf . We use the following notations:

ū = 1− u , xij = xi − xj , xuij = ūxi + uxj , (A.1)

ηµν(x) = gµν − 2xµxν

x2 , Λµ(x1, x2, x3) = xµ13
x2

13
− xµ23
x2

23
. (A.2)

We use vector notation for a set of Lorentz indices, e.g.,

~µN = {µ1, µ2, . . . , µN} . (A.3)

Symmetrization over all indices in the set and subtraction of traces is implied. ∆N stands
for the scaling dimension of a local (conformal) operator O~µNN with Lorentz spin N . For
leading twist operators in QCD

∆N = N + d− 2 + γN , (A.4)

where γN is the anomalous dimension, jN stands for the conformal spin and tN for twist:

jN = 1
2(∆N +N) = 1

2d− 1 +N + 1
2γN ,

tN = ∆N −N = d− 2 + γN . (A.5)

We also use the following shorthand notations:

τN = 1
2 tN , λN = ∆N −

1
2d, κN = 1

2(d− tN − 1) = 1
2(1− γN ) . (A.6)

The quantities with a “tilde” generally refer to expressions calculated with the replacement
of the scaling dimension ∆N by the shadow dimension

∆̃N = d−∆N . (A.7)

The (partial) derivatives with a subscript 1, 2 stand for

∂k,µ = ∂

∂xµk
, k = 1, 2 , (A.8)

whereas the derivatives without a subscript are understood as derivatives over the position
of the operator in the OPE, e.g.,

∂2O(k)
N (xu21) ≡ ∂2

yO
(k)
N (xu21 + y)|y=0. (A.9)
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B Fourier transform of the conformal triangle

In this appendix we calculate the integral∫
ddy eip·y Tµ1...µN

∆N
(x1, x2, y) , (B.1)

where Tµ1...µN
∆N

is the conformal triangle eq. (2.10). It is convenient to contract all vector
indices with an auxiliary light-like vector nµ, n2 = 0, so that the symmetrization over all
indices and trace subtraction is ensured:

T
(n)
∆N

(x1, x2, y) = nµ1 . . . nµNT
µ1...µN
∆N

(x1, x2, y)

= ΛNn (x1, x2, y)
|x12|∆1+∆2−∆N+N |x1 − y|∆1+∆N−N−∆2 |x2 − y|∆2+∆N−N−∆1

, (B.2)

with Λn = n · Λ(x1, x2, y). The following representation proves to be useful:

T
(n)
∆N

(x1, x2, y) = 2−N

|x12|∆1+∆2−∆N+N

∫
D
Dj1z1

∫
D
Dj2z2

z̄N12
|x1 − y − z1n|4j1 |x2 − y − z2n|4j2

,

(B.3)
where z̄12 = z̄1 − z̄2 is the complex conjugate of z12 and

4j1 = ∆1 + ∆N −N −∆2 , 4j2 = ∆2 + ∆N −N −∆1 . (B.4)

The integration over z1, z2 goes over the unit disk |zk| ≤ 1 in the complex plane

D = {z ∈ C, |z| < 1} (B.5)

and the integration measure is defined as

Djz = 2j − 1
π

(1− |z|2)2j−2d2z . (B.6)

To verify (B.3) it is sufficient to note that for any function f(z) analytic inside the unit
disk (see e.g. [28]) the following identity holds

f(w) =
∫
D
Djz (1− wz̄)−2jf(z) . (B.7)

Thus we have,∫
D
Dj1z1

z̄N12
(x1 − y − z1n)4j1 =

∫
D
Dj1z1

z̄N12
[(x1 − y)2 − 2z1(n · (x1 − y)))]2j1

= 1
[(x1 − y)2]2j1

∫
D
Dj1z1

z̄N12
[1− 2z1(n · (x1 − y))/(x1 − y)2]2j1

= 1
[(x1 − y)2]2j1

(
2n · (x1 − y)

(x1 − y)2 − z̄2

)N
(B.8)

and repeating the same trick for the integral over z2 one arrives at (B.3).
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Next, we combine the two y-dependent factors in (B.3) using Feynman’s formula

T
(n)
∆N

(x1,x2,p) =
∫
ddy eipy T

(n)
∆N

(x1,x2,y)

= 1
2NB(2j1,2j2)

1
|x12|∆1+∆2−∆N+N

∫ 1

0
duu2j1−1ū2j2−1ei(p·x

u
21) (B.9)

×
∫
D
Dj1z1Dj2z2 z̄

N
12e
−izu21(p·n)

∫
ddy

eipy

[y2 +uūx2
12−2uūz12(x12 ·n)]2(j1+j2) ,

where B(2j1, 2j2) is Euler’s beta function. The integrals over unit discs can now be taken
by expanding the denominator in a power series in z12 and using

∫
D
Dj1z1Dj2z2 z̄

N
12 z

k
12 e
−izu21(p·n) = (p · n)−k

(
i
d

du

)k ∫
D
Dj1z1Dj2z2 z̄

N
12 e
−izu21(p·n)

= [−i(p · n)]N−kN ! Γ(2j1)Γ(2j2)
Γ(N + 2j1)Γ(N + 2j2)

dk

duk
P

(2j2−1,2j1−1)
N (2u− 1) , (B.10)

where P (a,b)
N (x) are Jacobi’s polynomials. Collecting all powers, after some algebra one gets

T
(n)
∆N

(x1, x2, p) = N !
Γ(N + 2j1)Γ(N + 2j2)

N∑
k=0

Γ(k + 2j1 + 2j2)Γ(N + k + 2j1 + 2j2 − 1)
k!Γ(N + 2j1 + 2j2 − 1)

×
(1

2

)N−k (x12 · n)k[−i(p · n)]N−k

|x12|∆1+∆2−∆N+N

∫ 1

0
duu2j1−1+kū2j2−1+k ei(p·x

u
21)

× P (2j2−1+k,2j1−1+k)
N−k (2u−1)

∫
ddy

eip·y

(y2 + uūx2
12)2j1+2j2+k . (B.11)

The remaining Fourier integral
∫
ddy can be taken in terms of the modified Bessel function

of the second kind

∫
ddy

eip·y

(y2 + uūx2
12)α

= (2π)d/2

Γ(α) 21−α(uūx2
12)d/2−α

(√
uūx2

12p
2
)α−d/2

Kd/2−α

(√
uūx2

12p
2
)
.

(B.12)
Thus we obtain

T
(n)
∆N

(x1,x2,p) = (2π)d/2N !
Γ(N+2j1)Γ(N+2j2)

1
|x12|∆1+∆2+∆N−d+N

N∑
k=0

Γ(N+k+2j1 +2j2−1)
k!Γ(N+2j1 +2j2−1)

×21−2j1−2j2−N (x12 ·n)k
[
−i(p ·n)x2

12

]N−k ∫ 1

0
duud/2−2j2−1ūd/2−2j1−1 ei(p·x

u
21) (B.13)

×P (2j2−1+k,2j1−1+k)
N−k (2u−1)

(√
uūx2

12p
2
)2j1+2j2+k−d/2

Kd/2−2j1−2j2−k

(√
uūx2

12p
2
)
.

Replacing in this expression ∆N 7→ ∆̃N , changing the summation index k 7→ N − k and
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using (B.4), one gets for the shadow triangle

T
(n)
∆̃N

(x1, x2, p) = N
|x12|∆1+∆2−tN

N∑
k=0

Γ(2κN − k)
(N − k)! (x12 · n)N−k[−i(p · n)x2

12]k

×
∫ 1

0
du (uū)N−1+ 1

2 tN

(
u

ū

)∆12

P
(κN−∆12−k− 1

2 ,κN+∆12−k− 1
2 )

k (2u− 1)

×
(√

uūx2
12p

2
)d/2−∆N−k

K∆N+k−d/2

(√
uūx2

12p
2
)
ei(p·x

u
21), (B.14)

where ∆12 = 1
2(∆1 −∆2), tN = ∆N −N , κN = 1

2(d− tN − 1) and

N = (2π)d/2N !
2∆̃N−1Γ(∆̃N − 1)Γ(κN −∆12 + 1

2)Γ(κN + ∆12 + 1
2)
. (B.15)

Coming back to the integral in (B.12), the result can be written in the form of the
following asymptotic expansion(√

uūx2
12p

2
)−ν

Kν

(√
uūx2

12p
2
)

= (B.16)

= 2ν−1
{Γ[−ν]

4ν
∞∑
n=0

Γ[1+ν]4−n

n!Γ[1+ν+n] (uūx
2
12p

2)n+ Γ[ν]
(uūx2

12p
2)ν

∞∑
n=0

Γ[1−ν]4−n

n!Γ[1−ν+n] (uūx
2
12p

2)n
}
,

where the first and the second series correspond to the expansion of the integrand in the
regions of |y| � |x12| and |y| � |x12|, respectively. This decomposition corresponds to
using the following representation:

Kν(z) = − π

2 sin πν
[
Iν(z)− I−ν(z)

]
, (B.17)

where the first term ∝ Iν(z) sums up contributions of large y. Only this term has to be
kept in the construction of the coefficient function of the OPE. Thus we replace in (B.14)

z−νKν(z) 7→ Iν(z) = z−νIν(z) = 2−ν
∞∑
m=0

(z2)m

22mm!Γ(ν +m+ 1) = 2−ν 0F1(ν + 1, z2/4)

(B.18)
(the prefactor in eq. (B.17) −π/(2 sin π(∆N + k − d/2)) 7→ (−1)k × N with N being an
overall normalization which can be dropped) and end up with the following expression for
the OPE of two scalar currents, eq. (2.4):

O1(x1)O2(x2)=
∑
N,∆N

cN,∆N

|x12|∆1+∆2−tN

N∑
k=0

Γ(2κN−k)
(N−k)! |x12|2k

∫ 1

0
du(uū)N−1+ 1

2 tN

(
u

ū

)∆12

(B.19)

×P (κN−∆12−k− 1
2 ,κN+∆12−k− 1

2 )
k (2u−1)I∆N+k−d/2

(√
−uūx2

12∂
2
)
O(k)
N (xu21),

where
O(k)
N (y) = ∂µ1

y . . . ∂µky Oµ1...µN (y)xµk+1
12 . . . xµN12 (B.20)

and the derivatives ∂2 in the expansion of Iν are understood as

∂2O(k)
N (xu21) ≡ ∂2

yO
(k)
N (xu21 + y)|y=0. (B.21)
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The result quoted in eq. (2.21) in the main text corresponds to the particular case ∆1 =
∆2 = ∆, hence ∆12 = 0.

Since the expansion (B.19) has to be invariant under permutation (x1,∆1)↔ (x2,∆2),
only the operators with even spin N contribute to the sum. Note that in the case ∆1 =
∆2 = ∆ the dependence on the scaling dimension of the currents, ∆, only comes through
the normalization constant cN,∆N

and the scaling factor 1/x2∆
12 .

In the special case κN = 1/2 which corresponds to the scaling dimension ∆N =
d + N − 2, the Γ-function with the argument 2κN − k becomes singular for k > 0. In
a realistic CFT, the only existing operator with such property is the energy-momentum
tensor, Tµν , (N = 2). Its divergence ∂µTµν = 0 and also ∂µ∂νTµν = 0 (terms with k = 1, 2)
have to be dropped. A more detailed discussion of this case can be found in refs. [14, 16].

C Leading twist approximation

In ref. [19] the conformal OPE for two conserved vector currents in the leading twist
approximation (that is neglecting all higher-twist descendants) is written in the form:

T
{
jµ(x1)jν(x2)

}
=

∑
N,even

µγN

(−x2
12 + i0)

d
2−

1
2γN

∫ 1

0
du

{
−1

2AN (u)ηµν(x12) +BN (u)gµν

+ CN (u)xν12∂
µ
1 − CN (ū)xµ12∂

ν
2 +DN (u)x2

12∂
µ
1 ∂

ν
2

}
O(0)
N (xu21) , (C.1)

where µ is the scale parameter. The functions AN (u), BN (u), CN (u) and DN (u) are given
by the following expressions

AN (u) = aN u
jN−1ūjN−1 , BN (u) = bN u

jN−1ūjN−1 ,

CN (u) =uN−1
∫ 1

u

dv

vN
vjN v̄jN−2

(
cN −

bN
v

)
, (C.2)

DN (u) =− 1
N−1

∫ 1

0
dv(vv̄)jN−1

[
θ(v−u)

(
u

v

)N−1
+θ(v̄− ū)

(
ū

v̄

)N−1
](

dN −
cN −bN

2vv̄

)
,

with the coefficients aN , bN , cN , dN that obey the following linear equations:

(jN − 1) aN = (d− γN ) (cN − bN ) ,

(d− 2− γN ) dN = −1
2aN (N − jN )− γNbN +

(
jN − 2 + d− γN

)
(cN − bN ) . (C.3)

Comparing (3.24) and (C.1), we get for aN and bN :

µγNaN = 2(τN + 2κN )
[
2τN c̃N1 +

(
N − 1 + 1

2γN
)
τ3
N − (τN − γN )[jN (jN − 1)− τN ]
(N − 2κN )(jN − 1)(κN + 1/2) c̃N2

]
,

µγN bN = 2
[
jN (jN − 1) + τN

]
c̃N1

− τN
(
N − 1 + 1

2γN
)(τN − 2γN )jN (jN − 1)− τ2

N (τN + 2κN )
(N − 2κN )(jN − 1)(κN + 1/2) c̃N2 , (C.4)
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where c̃N1,2 are defined in eqs. (3.11), (3.17). These linear relations can easily be solved for

c̃N2 = −
(jN − 1)(N − 1 + γN )(1− 1

2γN )
2N(N − 1)(τN − γN )(τN + 1− γN )(N − 1 + 1

2γN )(jN + τN )(jN − 1 + τN )

× µγN
[
aN (jN (jN − 1) + τN )− 2bNτN (τN + 1− γN )

]
, (C.5)

c̃N1 = 1
2τN

[1
2

µγNaN
τN + 1− γN

−
(
N − 1 + 1

2γN
)
τ3
N − (τN − γN )[jN (jN − 1)− τN ]
(N − 1 + γN )(jN − 1)(1− 1

2γN )
c̃N2

]
.

and, finally, the coefficients aN and bN can be related to the coefficient functions in DIS [19]

µγNRNaN = CL (N, as, ε∗)
τN + 1− γN
N + 1

2γN
,

µγNRNbN = −C1 (N, as, ε∗) + 1
2CL (N, as, ε∗)

τN − γN
N + 1

2γN
. (C.6)

where C1 = C2 − CL, and RN is defined in eq. (3.36). Substituting these expressions
in (C.5) and using eqs. (3.17) one obtains the four coefficient functions C̃Nk in the OPE (3.24)
in terms of two DIS coefficient functions. Alternatively, the same expressions can be
obtained by solving eqs. (3.34), (3.35) and the Ward identities (3.10)|∆N 7→∆∗N .

We have checked that the expressions for CN (u) and DN (u) in eq. (C.1) that follow
from (3.24) agree with eq. (C.2).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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