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We investigate the transverse momentum dependent parton distributions (TMDs) in the parton
quasidistributions framework. The longstanding hurdle of the so-called pinch pole singularity from the
spacelike gauge links in the TMD definitions can be resolved by the finite length of the gauge link along the
hadron moving direction. In addition, with the soft factor subtraction, the quasi-TMD is free of linear
divergence. We further demonstrate that the energy evolution equation of the quasi-TMD a.k.a. the Collins-
Soper evolution, only depends on the hadron momentum. This leads to a clear matching between the quasi-

TMD and the standard TMDs.
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I. INTRODUCTION

Transverse momentum dependent parton distributions
(TMDs) are one of the major focuses in nucleon tomography
studies at existing and future facilities [1]. Theoretically, they
have attracted great interest starting in the early 1980s, and
considerable developments have been achieved in recent
years [2-5]. Pioneering work to compute the TMD matrix
elements from lattice QCD has also been performed in
Ref. [6], where the longitudinal momentum fraction x for the
quarks has been integrated out. Such results have generated
interest in computing TMDs from lattice QCD in the hadron
physics community.

In the last few years, there has been great progress on
computing parton physics from lattice QCD, thanks to the
large momentum effective theory (LaMET) [7]. LaMET is
based on the observation that parton physics defined in
terms of lightcone correlations can be obtained from time-
independent Euclidean correlations, now known as quasi-
distributions, boosted to the infinite momentum frame. For
a finite but large momentum feasible on the lattice, the two
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quantities are not identical, but they can be connected to
each other by a perturbative matching relation, up to power
corrections that are suppressed by the hadron momentum.
LaMET has been applied to computing various PDFs
[8—14] as well as meson DAs [15,16] (see also [17,18]
for slightly different proposals). In addition, theoretical
developments have been achieved on the renormalization
of the parton quasidistributions functions and on their
matching to the usual PDFs [12,19-40]. Unfortunately,
there has been no lattice effort to compute the TMDs from
the quasi-TMDs (Q-TMDs). The major hurdle is that the
formulation of the TMDs is different from the integrated
PDFs and, in particular, the gauge links associated with the
Q-TMDs lead to the so-called pinch pole singularities. This
is a generic feature of the TMDs defined with a space-like
gauge link [2,5]. We have to either subtract or regulate these
singularities before we can make meaningful computations
of the Q-TMDs on the lattice [3]. In Ref. [41], a soft factor
subtraction involving transverse gauge links has been
proposed to formulate the Q-TMDs. However, this formal-
ism may have practical difficulties for lattice computations
at present.

In this paper, we will reinvestigate the TMDs in the
LaMET or Q-TMDs framework. We will show that, with
finite length gauge links in the Q-TMDs, there will be no
pinch pole singularity. This will pave the way to perform
the TMD calculations on the lattice. Moreover, with an
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FIG. 1.

explicit one-loop calculation, we demonstrate that the
energy evolution of the TMDs depends on the hadron
momentum. This will clarify an important issue to match
the Q-TMDs to the standard TMDs extracted from the
experiments.

Our focus will be on the basics of the formalism and
setting up the foundation for future numerical simulations
on the lattice. Let us start with the unsubtracted Q-TMD
quark distribution defined with finite length gauge links,
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where (E 1.z) represents the 3-dimensional coordinate
space variable separated by the quark and antiquark fields,
x, = k,/P_ and the proton is moving along +Z direction,
k | represents the transverse momentum of the quark. In
the above definition, £, 5, 5, .,) = Pexp[—ig fzzzl din,
A(An, + ¥, )| represents the gauge link along the 2 direc-
tion with the large length L > |z|, where the 4-vector n, is
defined as n% = (0,0,0,1). We have also included a
transverse gauge link to make the gauge links connected
as shown in Fig. 1(a).

In the TMD formalism, it has been demonstrated that the
soft factor subtraction plays an important role to properly
address the relevant factorization properties [3]. In this
paper, we introduce the following soft factor subtraction,
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where ¢™®)(x_ b ;L) is the unsubtracted Q-TMD in
Eq. (1) in the Fourier transform b | -space with respect to the
transverse momentum k 1, and S (1; ;L) is defined as
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Mlustration of the gauge links in the unsubtracted quasi-TMD (a) and the soft factor (b).
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with £, being the longitudinal gauge link along the 2
direction and L7 the transverse gauge link at z = L and
z = —L, as shown in Fig. 1(b). In other words, the above
soft factor is just a Wilson loop.

The rest of this paper is organized as follows. In Sec. II,
we will show the absence of pinch pole singularity in the Q-
TMD with finite length gauge links with an explicit
calculation at one-loop order. In Sec. III, we will discuss
the matching between the Q-TMD and the standard TMD.
We then summarize our paper in Sec. IV.

II. ABSENCE OF THE PINCH SINGULARITY
IN Q-TMDS

To show that we do not encounter the pinch pole
singularity, we will carry out a one-loop calculation. We
take the example of quark Q-TMD on a quark target. In
Feynman gauge, the one-loop diagrams are shown in
Figs. 2 and 3. The final result can also serve as a matching
between the Q-TMD and the standard TMD. Because of the
finite length of the gauge links, the eikonal propagator in
these diagrams will be modified accordingly,

in* in*

= (cig) (1= e, (@)

where n* represents the gauge link direction. In the present
case n* = ny. In perturbative calculations, we will make
use of the large length limit |[LP.| > 1. By doing that,
many of previous results can be applied to our calculations.
For example, in the large L limit, we have the following
identity: lim; _ o -z e*"% = +ins(n - k).

At one-loop order, the pinch pole singularity could
potentially come from the diagram (c¢) of Fig. 2 in the
limit of infinite gauge link with L — oo,
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FIG. 2. Real diagram contributions to the Q-TMD quark
distributions at one-loop order with a gluon exchange between
quarks (a), between quark and gauge link (b) and between gauge
links (c). The complex conjugate of Diagram (b) is implied.
Diagram (c) would contain the pinch pole singularity with infinite
length gauge links in the TMD definition. However, with a finite
length L, this singularity is absent in Q-TMD.
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For the case of integrated parton distributions, we integrate
over k, to obtain the one-loop result. However, in the

current case, we have to keep the transverse momentum k | .
In addition, we note that the above contribution is power

suppressed by k /P, for x, # 1. That means to leading
power in P, this diagram only contributes to §(1 — x,), and
can be written as

Ay
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FIG. 3. Virtual diagram contributions to the Q-TMD quark
distributions at one-loop order with quark self-energy (a), quark-
gauge-link vertex correction (b) and gauge link self-energy (c).
The complex conjugate is also implied. Diagram (c) requires the
renormalization of the gauge link self-interaction. This follows
recent examples in the collinear parton quasidistributions cases.

The above integral is not well-defined, because the two
poles are pinched. We are forced to take the pole at k, = 0,
which is, however, divergent. This is a common issue for
parton distributions defined with gauge links along the
spacelike direction [2,5].

With finite length gauge links, the above result will be
modified to

> oy P
gV (xz k)| = 4—ch =
\/(1 —x.)2Pr+ k1
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X
(1 _xz)Pz (1 _xz)Pz
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Z
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where we have used Eq. (4). We find again that this result is
power suppressed for x, # 1. Therefore, we can simplify
the above equation as

- ' dk
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X (1 _ €lk3L)(1 _ e_lkzl‘)'

NGCENS

(8)

Now, the integral is well regulated around k, = 0.
Moreover, it does not contribute to the infrared behavior
of the Q-TMD at low transverse momentum, as can be seen
by an explicit integration over small k | in Eq. (8), which
does not yield any divergence. In particular, taking the

Fourier transform with respect to k,, we obtain the
following expression in the b | -space,

- as
gV (. b1)|ae) = ZCF‘S(I = x;)2K (&), )

where &, =L/ |l; 1| and the function K is defined as
K(&) = 2&ptan~"&, = In(1 + &), (10)

Atlarge &, the above equation goes like 7&;, — 2 1n &, while
at small &, it behaves as &.
Furthermore, with the soft factor subtraction, we will be

able to eliminate the 1/ |% 1| term at small k, in Eq. (8). The
subtraction term relevant to Fig. 2(c) comes from the gluon
exchange between the two longitudinal Wilson lines with
length 2L in Fig. 1(b). It can be computed in the same way
as that of Fig. 2(c) and leads to the same result as Eq. (7)
except that L needs to be replaced by 2L. We then have the
following result after subtraction,
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In the Fourier transform b | -space, the above result
becomes,
gV (e B)IS = 52 Cro(1 = x)2K(E,) - K(25).
(12)

where the second term comes from the soft factor. Clearly,
the linear term of &, is canceled out in the subtracted
contribution, and the result goes like In(&7) at large &,
whereas at small &, it again behaves like fﬁ.

Similarly, the contribution from Fig. 3(c) is given by
(for a finite length gauge link)

L) 41,1
- —ig-C dk 1 1
Bl =5 |

2 Q) (p=K)[n-(p—K)P
X (1 _ ein‘(p—k’)L)(l _ e—in~(p—k’)L)
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After soft factor subtraction,
expression,

it gives the following
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k2
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where we have rewritten the integral over l?l in such a
way that the linear divergence is manifestly absent. In
addition, all L-dependent contributions that are not sup-
pressed in the large L limit cancel out in the full subtracted
Q-TMD. The cancellation occurs either among the unsub-
tracted Q-TMD diagrams or with similar contributions
from the soft factor. This can be easily seen from compu-
tations in coordinate space.

As there is no linear divergence associated with the
gauge links after soft factor subtraction, we can work in

dimensional regularization, which leads to the following
contribution,

L2’u2

(sub)
C o(1 — 1
Pl ){n 4c(2)

q(l)(xu bL) 3(c)

= +2}, (15)

in the Fourier transform b | -space, where the UV diver-
gence has been subtracted with MS scheme. In the dimen-
sional regulation, the linear divergence is not manifest
explicitly in the unsubtracted Q-TMD, and the result is the
same as above with a factor of 2. However, if a cutoff
scheme is chosen, there will be an explicit linear divergence
in the unsubtracted Q-TMD,

unsub s 2rL L2
q<1>(x,,bl)<<)mg_2 Cré(1 - )[4—+21

(16)

whereas the linear divergence is canceled out for the
subtracted Q-TMD

gV (x5 )S =% o1 —x) 2im ], (17)
z 3(c)tot T o4 z 442

The transverse gauge link contribution can be calculated in
complete analogy and we have

A bJ_ by
=—Cro(l — 2—— In—
2m ol )[ a a]

(18)

For the subtracted Q-TMD, the transverse gauge link
contribution is canceled out completely,

unsub
gV (. b

sub
g (x5 =o0. (19)

Equations (15) to (17) are independent of b 1, and
therefore will remain the same at large or small &,.
From the results above, one can easily see that the
subtracted result of Fig. 2(c), 3(c) has a residual logarithmic
UV divergence,

2,2

0 (ub) %y _ L'w
q (x,,bl) Cré(1 —x,)|In +2
2e)3(e) T 2g 4¢3

LK (E,) - mm] , (20)

in the Fourier transform b | -space with respect to the
transverse momentum l: 1, where ¢y = 2¢77¢. In the above
equation, we have applied the dimensional regulation for
the UV divergence and renormalize in the MS scheme with
scale p. If a lattice regulator is adopted, we will obtain the

114006-4



TRANSVERSE MOMENTUM DEPENDENT ...

PHYS. REV. D 99, 114006 (2019)

same expression with u/cy = 1/a, where a is the lattice
spacing parameter. Because of the above contribution, we
will have an additional anomalous dimension contribution
from Eq. (20) for the evolution equation of the Q-TMD.

The rest of the real diagrams in Fig. 2 can be calculated
by safely taking the large L limit. For example, the
contribution of Fig. 2(b) is given by

—igZCF/dkOdkz_( S B
D)yt 1.
2 Qo "=k

<o) (= e ek xp), (@)

and leads to the following result
q(l) (xwkl)'Fig.Z(b)
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x (1 —ei1=x)PLy (22)

However, this additional factor eli(!=*)P:Ll does not con-
tribute in the large L limit. It is interesting to note that if we
take P, — oo first, the above equation will lead to a
divergence of 1/(1 — x,), which is same as the light-cone
singularity in the usual TMD definition. Again, the con-
tributions from the regions of x, < 0 and x, > 1 are power

suppressed in the limit |Z 1| < P.. The final result from this
diagram can be written as,

a 1 2x, I
—Cp= | ———0(x,)0(1 — o(1 —x.)In=5|,
2”2 Fki (] _xz)+ (xz) ( xz) + ( xz) nkf_

(23)

where {2 = x2(2n, - P)?/(—n?) = 4x?P? and we have
applied a principal-value prescription to evaluate the
second term in Eq. (23).

Because there is no gauge link contribution from
Fig. 2(a), its result will be the same as previously calculated
in Ref. [41]

q(l)(xz’kL>|Fig.2(a)
_a;  l-e

a2 F /Zi
<1—xz>( Ei+P§<1—xz>2+Pz<1—xz>)

kT +PH(1—x,)>

X

(24)

In the limit |/2 1| < P_, the above result reduces to

a, 1-—¢
—~ Cr——(1—x,). 25
s Cr (1= ) (25)

Similar calculations can be performed for the virtual
diagrams of Fig. 3(a,b), and the result reads [41]

1/, &2\2 z?

Finally, the total contribution of the subtracted Q-TMD
quark distribution at one-loop order can be obtained from
Egs. (20), (26) and the Fourier transform of (23), (25),

sub e
domny (4. b1 0)

a 1 cd
ZECF —E“I‘lnm 'Pq/q(xz)+(1—xz)
ST < S W NS A
+6(1 —x,) Lln 2 +1In 42 —5 <1n 2 >
+2K(6) - K(26)| | (27)

in b | -space, where y is the renormalization scale in the MS
H»x%)
I—x, +

scheme, and P, (x;) = ( is the usual splitting

kernel for the quark. We would like to emphasize a number
of important points here. First, the Q-TMDs only have
contributions in the region 0 < x, < 1. This is because, as
mentioned above, we are taking the physical limit for

TMD, i.e., P, > |7€ 1 |- In this limit, the contributions in the
region x, > 1 and x, < 0 are power suppressed. Second,
similar to the previous formalisms for the TMDs, the Q-
TMDs contain the double logarithms as indicated in the
above equation. From the explicit calculations, we find that
these double logarithms depend on the hadron momentum
P in the parton quasidistributions framework. Therefore,
the associated energy evolution, i.e., the Collins-Soper
evolution, will depend on P_ not L. Finally, as expected, the
Q-TMD at one-loop order contains infrared divergence,
which corresponds to the collinear splitting of the quark.

Comparing to the result in Ref. [41], we find an addi-
tional term from the soft factor subtraction in the Q-TMD.
This term will lead to a different matching between the
Q-TMD and the standard TMD.
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III. MATCHING TO THE STANDARD TMDS

With the above one-loop result for the Q-TMD quark
distribution, we can match to the usual TMDs at this order
following the procedure of Ref. [7]. However, there is
scheme dependence in the usual TMDs to regulate the
relevant light-cone singularities [3]. Therefore, a direct
matching to the various TMDs will introduce the scheme
dependence as well. On the other hand, as demonstrated in
Refs. [42-44], all TMD schemes lead to the same result
after resumming the large logarithms. Therefore, it is more
appropriate to carry out the matching between the Q-TMDs
and the standard TMDs after the resummation has been
performed.

This resummation is carried out by solving the associ-
ated evolution equations [3]. For the Q-TMD quark
distribution, the relevant Collins-Soper evolution can be
derived [41], and the complete resummation result can be
expressed in terms of the integrated parton distributions [3],

QQTMD(xza EL;C?)
7 q dx/
= e_Sq(§~bL)e_S»»'(§~I4L) \/qu(xlvﬂb)
A
o191+ 2 crnien - K26)
aS
+2—CF(1 =&, (28)
7
where f, represents the integrated quark distribution, the

Sudakov factors resum the logarithmically enhanced con-
tributions with the following form

N CZ d—2 2
S9(¢,5,) =/ @ {Alnith], (29)
w2 JZ
& dp?
ng(g’ﬂL) —/ —5 Tw- (30)
w M

In the above equation, we have chosen the factorization
scale u =¢, E=x. /X, up, = co/|l;l , ur = 2cp/L. A and
B are perturbatively calculable coefficients with A =
S AD(ag /)" and B =13",_, BY(a,/x)!, and the
one-loop order coefficients can be read off from Eq. (27)
as A1) =Cr/2 and B) = —-3Cy/4. The additional
Sudakov factor S, comes from the soft factor subtraction,
and the anomalous dimension at one-loop is given by
vw =—Cp %‘;’ as can be read off from the coefficient of the

111541—@2 term in Eq. (27). Note that we have set the scale for
0

the Wilson line renormalization as u = ¢ as well. In
practice, it may depend on how the Wilson lines are
renormalized for the lattice computations. The hard coef-
ficient in the second row of Eq. (28) contains all remaining
one-loop contributions in Eq. (27).

In order to carry out the matching to the usual TMDs, we
compute the TMD quark distribution in the standard
scheme [3,42-44] as well,

gmp (X2, ELCZ)

— o—SUChy) dx—)f/fq(x’,ﬂb){é(l —&[1 + O(a?)]
+Z—;CF(1 —5)}, (31)

where (2 represents the hard momentum scale for the
TMDs extracted from the experiments, for example, the
invariant mass of lepton pair in the Drell-Yan lepton pair
production process. We can also define the above standard
TMD as that in the Collins 2011 scheme [3]. We would like
to emphasize that the Sudakov factor is the same as above.
Notice that in the standard TMD scheme (or Collins 2011
scheme), the hard coefficient vanishes at one-loop order.
Comparing the above two equations, we can read out the
matching between the Q-TMD quark distribution and the
standard TMD quark distribution as

qQTMD<xz’ by; 52)

q - A

—K(za,))]. (32)

The above equation indicates that the Q-TMD computed on
the lattice can be interpreted as the TMD for phenomeno-
logical applications.

IV. DISCUSSIONS AND SUMMARY

Our final result as shown in Eq. (32) has a number of
interesting features. First, because the gauge links in the
unsubtracted and subtracted TMD contain Wilson line
renormalization, we have additional scale evolution
expressed in term of e~Sw&u) Tf different renormalization
is chosen, we will have a different factor. For example, for
the cutoff scheme in the lattice calculation, we will have
different factor. In practical calculations, we may not need
to perform resummation for this term at all.

In the matching coefficient, we have a functional
dependence on ¢&,,. Its contribution depends on the relative

size between L and b | . In the nonperturbative region with

b 1> L, this is a power correction and can be safely
ignored. On the other hand, in perturbative region of
b | < L, it could lead to a large logarithm. This, however,
will be dominated over by the Sudakov logs of e=5'. We do
no need worry too much on its contribution. Of course, in
the nonperturbative region of L > b 1L~ Agep, this term
may become important and needs to be carefully handled.
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If we can vary the gauge link length L in such way, we may
be able to avoid this region. Therefore, this additional term
does not cause any problem.

To illustrate the above point, we have investigated the
behavior of the term 2/C(&,) — KC(2&,) by plotting it as a

function of b | for different choices of L, which implies that
an optimal choice of L would be around 2 ~3/P_ for a
reasonable range of P,.

To summarize, we have laid out the basic procedure to
compute the TMDs from lattice QCD using LaMET or
Q-TMDs. We have shown that the finite length of gauge
links plays a crucial role to regulate the so-called pinch pole
singularities associated with spacelike gauge links in the
Q-TMDs. Additional soft factor subtraction improves
the theoretical convergence, especially that it cancels out
the linear divergence completely. This paves the way to
correctly interpret the numerical results in lattice calcu-
lations of the TMDs. We have also shown that the energy
evolution equation for the Q-TMDs comes from the large
momentum of the hadron P,. At one-loop order, a double
logarithm depending on P, is found in the Q-TMD
calculations. The relevant evolution equation and resum-
mation can be performed following the TMD formalism. In
particular, our results show that the energy evolution does
not depend on the gauge link length L.

Our results may provide a justification of the technique
set up in previous attempts to calculate the TMDs on the
lattice [6]. However, we would like to emphasize that the

Q-TMD depends on longitudinal momentum fraction x.
Integral over x may induce difficulties to interpret the
results from lattice calculations.

Further developments shall follow along the direction
outlined in this paper. In particular, we would like to apply
our method to a realistic calculation of the Q-TMDs on the
lattice. This will be considered in future work. Extensions
to the Wigner distributions and other nucleon tomography
observables are desirable to follow up as well.
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