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We study the mass/energy structure of the bound state of hadrons in two-dimensional quantum
chromodynamics in the large number of color limit (0tHooft model). We analyze separately the contributions
from the traceless and trace part of the energy-momentum tensor, and show that the masses are related to the
matrix elements of the scalar charge and Coulomb energy. We derive the light-front sum rules for the scalar
charge and Coulomb energy, expressed in terms of the light-front wave functions, and find that they are
regular at x ¼ 0 without the delta function contribution. We also consider the result for the massless
Goldstone boson, as well as the structure of the gravitational form factors of the bound meson states.
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I. INTRODUCTION

One of the chief driving force for the future of the
electron-ion collider (EIC) is the understanding of the origin
of the nucleon mass [1]. There has been a lot of interest in
understanding the mass structure following the original
approach in Refs. [2,3] by studying the matrix elements
of the energy-momentum tensor of quantum chromody-
namics (QCD). A recent review can be found in [4], see also
[5–9] for new developments. It is widely accepted, that its
origin stems from the anomalous breaking of scale-invari-
ance or the trace anomaly in quantum chromodynamics
(QCD)which generates a nonperturbative mass scale, that is
likely tied to the confinement of color and the spontaneous
breaking of chiral symmetry in the QCD dynamics. A
measure of the trace anomaly is captured by the matrix
element of the gluon operator F2, which is related to the
twist-four gluon distribution function on the light cone [10].
Its first moment or the light-cone sum rule is related to the
gluon matrix element in a nucleon state.

Thepurposeof this paper is to shedsome lighton theorigin
of mass in two-dimensional spinor QCD, where fermionic
and gluonic condensates develop in the vacuum state in the
weak coupling regime and largeNc [11], followingonearlier
investigations of the quasidistributions [12,13] and light-
frontmass sum rule [10]. In passing,wewill briefly quote the
result for two-dimensional QED. We will construct the
corresponding chiral-odd quark and twist-four gluon dis-
tribution functions, anddiscuss theirmoments in relationship
to the contribution to the mass/energy of the hadrons.
The organization of the paper is as follows: in Sec. II we

provide an introduction to the model and its quantization in
large Nc limit. Both the equal-time quantization formalism
and the light-front quantization formalism are introduced.
In Sec. III, we introduce the symmetric energy-momentum
tensor for two-dimensional QCD and discuss the mass sum
rule in the rest frame. In Sec. IV we discuss the mass sum
rule in the infinite momentum frame (IMF), and relates the
quark and gluon contributions to light-front distribution
functions. More specifically, in IV B we derive the chiral
odd quark parton distribution function, and show that its
zeroth moment is the scalar quark condensate or sigma term
in a bound meson without the presence of a delta-function.
We also show that the vacuum chiral condensate is directly
expressible in terms of the would-be Goldstone parton
distribution function. In Sec. IV C we derive the twist-
four gluon parton distribution function in a bound meson
state, and analyze its zeroth moment. In Sec. V we show
that the energy momentum tensor in the bound meson is
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characterized by two-invariant form factors in relation to
the graviton and dilaton form factors, suggesting the
possibility of a direct measurement of the trace part of
the energy-momentum tensor entering the mass sum rule in
diffractive processes. In Sec. VI we derive a dual mass sum
rule with the help of the colored axial-vector anomaly,
where the mass budget is solely fermionic in any frame.
Our conclusions are in Sec. VII. We briefly quote the
results for massive two dimensional QED in Appendix A.
Some additional aspects of the light cone wave functions in
two dimensions are detailed in Appendix B, and a general
virial theorem is derived in Appendix C.

II. INTRODUCTION TO THE MODEL

In this section we introduce the model, its quantization
and its solution in the large Nc limit. The Lagrangian of the
theory is

L ¼ −
1

4
FaμνFa

μν þ ψ̄ðiγ ·D −mÞψ : ð1Þ

Our space-time coordinates reads ðt; zÞ, the metric is
ð1;−1Þ. We choose the Weyl-like basis γμ ¼ ðσt;−iσzÞ
with γ5 ¼ γtγz ¼ σ3 where σi are traditional Pauli matrices.
The covariant-derivative reads Dμ ¼ ∂μ − ig0AaμTa, mod-
ulo regularization. The color matrices are normalized to
TrðTaTbÞ ¼ δab=2 with a ¼ 1;…; N2

c − 1 and ψ is in the
fundamental representation. In two-dimensions, the gluonic
contribution can be simplified using the observation that
the anti-symmetric field strength relates to a gauge-covar-
iant and colored pseudoscalar potential Ea

Faμν ¼ ϵμνEa: ð2Þ
In two dimensional QCD, unlike the four dimensional

version, the gauge-coupling g0 has mass dimension equal to
1. The natural mass-scale in the gauge sector is setup by

m2
0 ¼ g2Nc

2π ≡ λ
2π. For pure Yang-Mills in two dimensions, no

dynamical degree of freedom such as the glueballs can be
generated. The only intensive quantity with natural physi-
cal meaning is the string tension σ ¼ πm2

0=2. When
fermions are included, there is one more mass scale, the
bare fermion mass m. The confining potential between
color charges allows the formation of mesonic bound state,
which can be exactly solved in the large Nc limit. The
bound-state equation for the mesons can either be derived
in the Az ¼ 0 axial gauge using equal-time quantization, or
in the light-cone gauge using light-front quantization. It can
be shown that by imposing the large meson momentum
Pz → ∞ limit on the equal-time wave function, one
recovers the light-front wave functions [12,13].

A. Equal-time quantization in Az = 0 gauge

We first introduce the equal-time quantization in the
axial gauge, which was investigated first in Ref. [14]. See

also Ref. [12] for a nice introduction. In this gauge, the
equation of motion for the temporal component of the
gauge field is nondynamical and can be expressed in terms
of quark fields

A0a ¼ 1

∂2
z
g0ψ̄γ0Taψ : ð3Þ

Thus, the pseudoscalar Ea can be written as

Ea ¼ −
1

∂z
g0ψ̄γ0Taψ : ð4Þ

The Hamiltonian reads in terms of the quark field

H ¼
Z

dxψ̄ð−γz∂z þmÞψ þ g20
2

Z
dzdz0ðψ̄γ0TaψÞðzÞ

×
1

−∂2
z
ðz − z0Þðψ̄γ0TaψÞðz0Þ: ð5Þ

To diagonalize the Hamiltonian, let us introduce the
dressed quark field

ψAðzÞ ¼
Z

dp
2π

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2EðpÞp eipzðuðpÞaAðpÞ þ vð−pÞd†Að−pÞÞ

ð6Þ

with A ¼ 1;…; Nc. The anticommuting relations for the
creation-annihilation operators are

½aAðpÞ; a†Bðp0Þ�þ ¼ ½bAðpÞ; b†Bðp0Þ�þ
¼ δABð2πÞδðp − p0Þ: ð7Þ

By writing the spinors as

uðpÞ ¼
ffiffiffiffiffiffiffiffiffiffi
EðpÞ

p
e−

γz

2
θðpÞð1; 1ÞT; ð8Þ

vð−pÞ ¼
ffiffiffiffiffiffiffiffiffiffi
EðpÞ

p
e−

γz

2
θðpÞð1;−1ÞT; ð9Þ

and plugging into the Hamiltonian, one finds that there is
no linear term in the creation-annihilation operators aA, bA
if EðpÞ and θðpÞ satisfy the gap equations

EðpÞ ¼m cosθðpÞþp sinθðpÞ

þm2
0

4

Z
PV

cos½θðpÞ− θðkÞ�
ðp− kÞ2

p cosθðpÞ−m sinθðpÞ ¼m2
0

4

Z
PV

sin½θðpÞ− θðkÞ�
ðp− kÞ2 : ð10Þ

The gap equation has no analytic solution in general.
Nevertheless, one can show that the function θðpÞ is
odd in p, and θðpÞ → � π

2
as p → �∞. One also needs
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the relation tan θðpÞ → p
m þOð1pÞ as p → ∞. In this case,

one can diagonalize the Hamiltonian in the largeNc limit in
the form

H ¼
Z

dP
2π

X
n

EnðPÞm†
nðPÞmnðPÞ þO

�
1

Nc

�
; ð11Þ

where En ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þM2

n

p
is the energy of the meson, and the

creation-annihilation operator of the meson state reads

mnðPÞ ¼
Z

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πNcjPj

p ×
X
A

ðbAðP − kÞaAðkÞϕþ
n ðk; PÞ

þ a†Aðk − PÞb†Að−kÞϕ−
n ðk; PÞÞ; ð12Þ

provided that the wave functions ϕ�
n satisfy the Bars-Green

equation [14]

ðEðpÞ þ EðP − pÞ ∓ EnðpÞÞϕ�
n ðp;PÞ

¼ m2
0

2

Z
PV

dk
ðp − kÞ2 ðCPðp; kÞϕ�

n ðk; PÞ

− SPðp; kÞϕ∓
n ðk; PÞÞ; ð13Þ

with

CPðp; kÞ ¼ cos

�
θðpÞ − θðkÞ

2

�
cos

�
θðP − pÞ − θðP − kÞ

2

�

SPðp; kÞ ¼ sin

�
θðpÞ − θðkÞ

2

�
sin

�
θðP − pÞ − θðP − kÞ

2

�
ð14Þ

The mnðPÞ satisfy the commutation relations

½mnðPÞ; m†
n0 ðP0Þ� ¼ 2πδnn0δðP − P0Þ; ð15Þ

provided that the ϕ�
n are normalized as

Z
dkϕþ

n ðk; PÞϕþ
n0 ðk; PÞ − ϕ−

n ðk; PÞϕ−
n0 ðk; PÞ ¼ jPjδn;n0 :

ð16Þ

The vacuum state is defined by mnðPÞj0i ¼ 0, which is a
coherent state in terms of the original quark creation-
annihilation operators. The meson state is given by

jP; ni ¼
ffiffiffiffiffiffiffiffi
2En

p
m†

nðPÞj0i: ð17Þ

The original meson-quark-antiquark operator can be recon-
structed as

1ffiffiffiffiffiffi
Nc

p
X
A

bAðP−kÞaAðkÞ¼
ffiffiffiffiffiffi
2π

jPj

s X
n

ðϕþ
n ðk;PÞmnðPÞ

−ϕ−
n ðk−P;−PÞm†

nð−PÞÞ ð18Þ

As P → ∞, the backward moving component ϕ−
n → 0 at a

rate of 1
P2, while the forward component approaches the

light-front wave function ϕþ
n ðk; PÞ → ϕnðkPÞ and is only

supported in the interval 0 < k < P. The same light-front
wave function can also be obtained from light-cone
quantization which will be introduced next.

B. Light-front quantization in A+ = 0 gauge

Here we present an introduction to the light-front
quantization of two-dimensional QCD and derive the 0t
Hooft equation for the light-front wave functions. Our
convention for light-front coordinates are x� ¼ 1

2
ðt� zÞ. In

the light cone gauge A− ¼ Aþ ¼ 0, the Lagrangian is

L1þ1 ¼
1

8
ð∂þAa−Þ2 þ ψ†

þiD−ψþ þ ψ†
−i∂þψ−

þ imðψ†
þψ− − ψ†

−ψþÞ ð19Þ

in the Weyl-like basis with γ5ψ� ¼ �ψ�. In this gauge
ψ− ¼ ðm=∂þÞψþ is a constraint field, and A− can be
eliminated by its equation of motion. The corresponding
Hamiltonian on the light front with xþ ¼ 0, follows
canonically in the form

P− ¼
Z

1

2
ðEaEa þmψ̄ψÞdy−

¼ −
im2

2

Z
dx−dy−ψ†

þðx−Þθðy− − x−Þψþðy−Þ

−
g2

4

Z
dx−dy−ψ†

þTaψþðx−Þjx− − y−jψ†
þTaψþðy−Þ:

ð20Þ

The free field reads

ψþAðz−Þ¼
Z

∞

0

dkþ

2π
ðe−ikþz−aAðkþÞþeþikþz−b†AðkþÞÞ ð21Þ

and the anticommuting rules for the creation-annihilation
operators are

½aAðkþÞ; a†BðpþÞ�þ ¼ ½bAðkþÞ; b†BðpþÞ�þ
¼ δABð2πÞδðkþ − pþÞ: ð22Þ

The bound states associated to (20) are eigenstates to
P−jP; ni ¼ P−

n jP; ni, subject to Gauss law (color singlet).
In the large Nc limit and weak coupling with m ≫ m0 pair
production is suppressed and mesons and baryons are
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stable. In leading order in 1=Nc, a meson with a pair of qq̄
is represented by the colorless state

jP; ni ¼
Z

1

0

Pþdxffiffiffi
π

p φnðxÞffiffiffiffiffiffi
Nc

p a†AðxPþÞb†Aðð1 − xÞPþÞj0i ð23Þ

with Feynman x ¼ kþ=Pþ such that 0 ≤ x ≤ 1
and xþ x̄ ¼ 1.
In this construction, it is not difficult to show that the

amplitudes φnðxÞ solve the 0t Hooft equation [11]

m2

xx̄
φnðxÞ −m2

0

Z
PV

dy
φnðyÞ − φnðxÞ

ðx − yÞ2 ¼ M2
nφnðxÞ; ð24Þ

with the canonical mass scale m2
0 ¼ λ=π and λ ¼ g2Nc the

0t Hooft coupling. If we take the large P limit in the Bars-
Green equation Eq. (13), then we obtain the same 0t Hooft
equation here for ϕþ

n ðkÞ → φnðxÞ where x ¼ k
P. Thus, by

taking the large momentum limit of the equal-time wave
function we recover the light-front wave function.

III. HADRON MASS/ENERGY SUM RULE IN
EQUAL-TIME QUANTIZATION

To study the mass structure of a hadron, one can start
from the energy momentum tensor of the theory [2].
Massive spinor QCD is characterized by the symmetric
energy momentum tensor

Tμν ¼ 2ffiffiffiffiffiffi−gp δS1þ1

δgμν

¼ FaμλFaν
λ þ 1

4
gμνF2 þ 1

2
ψ̄γ½μiD

↔ν�þ
ψ ð25Þ

with D
↔ ¼ D⃗ − D⃖ and ½�þ denotes symmetrization. In terms

of Ea, the stress tensor reads

Tμν ¼ 1

2
gμνEaEa þ 1

2
ψ̄γ½μiD

↔ν�þ
ψ ð26Þ

It is conserved ∂μTμν ¼ 0, with a non-vanishing trace

Tμ
μ ¼ EaEa þmψ̄ψ ð27Þ

In two-dimensions, QCD is super-renormalizable, hence
non-conformal. Amusingly, the trace part in (27) resembles
the trace part of QCD with a dimensionless coupling in four
dimensions [2].

A. Virial theorem

The energy-momentum tensor can be decomposed as the
sum of a traceless and trace part [2]

Tμν ¼ T̂μν þ 1

2
gμνTα

α; ð28Þ

where the traceless part reads

T̂μν ¼ 1

2
ψ̄γ½μiD

↔ν�þ
ψ −

gμν

2
mψ̄ψ ; ð29Þ

and the trace part is given in Eq. (27).
For a single-particle state jP; ni with the standard

normalization hP; njP0; n0i ¼ 2Enδn;n0 ð2πÞδðP − P0Þ, one
has

hP; njTμνjP; ni ¼ 2PμPν: ð30Þ

By considering the 00 component in the rest frame, one
finds the relation between the matrix elements

h0; njψ̄ð−iγzDzÞψ j0; ni þ h0; njmψ̄ψ j0; ni

þ
D
0; nj 1

2
EaEaj0; n

E
¼ 2M2

n: ð31Þ

By taking the trace, one has in any frame

hP; njTμ
μjP; ni ¼ hP; njmψ̄ψ þ EaEajP; ni ¼ 2M2

n: ð32Þ

which basically sets the scales for the theory.
We note that even though two-dimensional QCD is

superrenormalizable, the individual operators can still
diverge logarithmically. However, since Tμν is renormali-
zation free (conserved), the same holds for its trace (27) and
its time-component T00 in (31). In addition mψ̄ψ is also
renormalization free, so both EaEa and ψ̄ðiγzDzÞψ are UV
safe. As a result, the mass decomposition in (31) is well
defined, and the quantities M, G, G defined in (38) below,
are all scheme and scale independent, in contrast to the
corresponding situation in four-dimensional QCD.
With this in mind, lets us consider the mass sum rule in

the rest frame. The Hamiltonian can be obtained from the
T00 component

H ¼ Ĥ þ H̄

¼
Z

dz

�
ψ̄iγ⃗ · D⃗ψ þmψ̄ψ þ 1

2
EaEa

�
; ð33Þ

where the traceless part Ĥ and the trace part H̄ read

Ĥ ¼
Z

dzT̂00 ¼
Z

dzψ̄

�
−iγzDz þ

1

2
m

�
ψ ;

H̄ ¼
Z

dz
1

2
Tμ
μ ¼

Z
dz

�
1

2
EaEa þ 1

2
mψ̄ψ

�
: ð34Þ

If we define the average

hOiP;n ¼
hP; njOjP; ni
hP; njP; ni
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and notice that
R
dz ¼ L ¼ 2πδpð0Þ, we can read from

Eq. (32) that the contribution of the trace part to the total
mass in the rest frame is half of the mass, which is the
relativistic virial theorem first discussed in Ref. [2]

hH̄i0;n ¼
Mn

2
;

hĤi0;n ¼
Mn

2
: ð35Þ

More explicitly, one obtains the mass-sum rule

hH̄i0;n ¼ Gþ 1

2
M ¼ Mn

2

hĤi0;n ¼ Kþ 1

2
M ¼ Mn

2
: ð36Þ

or more succinctly,

Kþ GþM ¼ Mn ð37Þ

with

M ¼
�Z

dzmψ̄ψ

�
0;n

¼ h0; njmψ̄ψ j0; ni
2Mn

;

K ¼
�Z

dzψ̄ð−iγzDzÞψ
�

0;n
¼ h0; njψ̄ð−iγzDzÞψ j0; ni

2Mn
;

G ¼
�Z

dz
1

2
EaEa

�
0;n

¼ h0; nj 1
2
EaEaj0; ni
2Mn

: ð38Þ

Comparing the two equations in Eq. (36), one obtains in the
rest frame

K ¼ G; ð39Þ

The fermion kinetic and gluon energies in the rest frame are
equal. This is consistent with the virial theorem hjpji ¼
hr ∂V

∂ri for a relativistic quantum mechanical system [15],
with the HamiltonianH ¼ jpj þ VðrÞ and a linear potential
VðrÞ ¼ σr, if the gluon energy is identified with the
average of the linear potential energy. This is also con-
sistent with the results in Ref. [16] for massive state s̄s, c̄c
and in the m → ∞ limit. This can also be obtained from a
Feynman-Hellman theorem argument which is given in
Appendix C.

B. Partonic contributions to G, K, M

We now evaluate explicitly the matrix-elements above.
We start with the scalar matrix element hP; njmψ̄ψ jP; ni. It
can be calculated in a generic frame in terms of the wave
functions ϕ�

n in Eq. (13) as

hP;njmψ̄ψ jP;ni ¼ 2mEnðPÞ
jPj ×

Z
dp½cosθðpÞþ cosθðp̄Þ�

× ½jϕþ
n j2þjϕ−

n j2�ðk;PÞ: ð40Þ

Since the matrix element is independent of P, by taking the
P → ∞ limit one obtains in terms of the light-front wave
function in Eq. (24)

hP; njmψ̄ψ jP; ni ¼ 2m2

Z
1

0

dx
φ†
nðxÞφnðxÞ

xx̄
: ð41Þ

Therefore

M ¼ m2

Mn

Z
1

0

dx
φ†
nðxÞφnðxÞ

xx̄
; ð42Þ

gives the quark mass contribution.
Similarly, for the gluonic contribution one obtains in

term of the light-front wave function

hP; nj 1
2
EaEajP; ni

¼ −m2
0PV

Z
1

0

dxdy
φ†
nðxÞðφnðyÞ − φnðxÞÞ

ðx − yÞ2 ; ð43Þ

and

G ¼ −
m2

0

2Mn
PV

Z
1

0

dxdy
φ†
nðxÞðφnðyÞ − φnðxÞÞ

ðx − yÞ2 : ð44Þ

which is again frame-independent.
The kinetic energy contribution in the rest frame can be

calculated as

hP; njψ̄ð−iγzDzÞψ jP; ni

¼ 2EnðPÞ
jPj ×

Z
dp½p sin θðpÞ þ p̄ sin θðp̄Þ�

× ½jϕþ
n j2 þ jϕ−

n j2�ðp;PÞ: ð45Þ

By using the virial theorem in Eq. (39), one can show that
the kinetic energy in the rest frame is equal to

K ¼ −
m2

0

2Mn
PV

Z
1

0

dxdy
φ†
nðxÞðφnðyÞ − φnðxÞÞ

ðx − yÞ2 : ð46Þ

It is nontrivial to prove this using the Bars-Green equation
directly. However, using the bosonized Hamiltonian in the
large Nc limit, it can be shown directly that G ¼ K. Using
the explicit form of the ’t Hooft equation, it is easy to see
that Eq. (36) is satisfied.
To summarize, in the rest frame, the mass of a hadron in

two dimensional QCD comes from three sources: the quark
kinetic energy K, the gluon potential energy G, and finally
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the quark mass M. The first two are equal with K ¼ G. In
Sec. V, we show how the gluonic content of the hadron
mass can be related to experimentally measurable
quantities.

C. Relation to an observable

To relates the mass sum rule to an observable, one may
consider the contribution from the traceless part of the
energy-momentum tensor, which is a twist-two operator.
The light-front sum rule, can relate the Tþþ component of
the stress tensor to the twist-two parton distribution
function. As shown in Ref. [16], 1

2
Tþþ dominates the

traceless part T̂00 of T00 in the large momentum frame

hP; njψ̄
�
−iγzDz þ

m
2

�
ψ jP; ni → ðPþÞ2 þO

�
1

Pþ

�
: ð47Þ

In two dimensions, there is only one quark twist-two
operator and no gluon twist-two operator as there is no
dynamical gluon which can carry the hadron momentum.
One can define the quark parton distribution function(PDF)
for the meson state

qnðxÞ ¼
Z

dx−

4π
e−ix

−PþxhP; njψ̄ðx−Þγþ½xþ; 0�ψð0ÞjP; ni:

ð48Þ

It can be calculated straightforwardly as

qnðxÞ ¼ jφnðxÞj2: ð49Þ

The first moment of the quark-PDF is related to the
traceless part of Tμν through

hP; njTþþjP; ni ¼ 4ðPþÞ2
Z

1

0

dxxqnðxÞ: ð50Þ

This is consistent with the normalization

hP; njTþþjP; ni ¼ 2ðPþÞ2;

since one has

Z
1

0

dxxqnðxÞ ¼
1

2

Z
1

0

ðxþ 1 − xÞjφnðxÞj2 ¼
1

2
ð51Þ

due to the relation φnð1 − xÞ ¼ ð−1ÞnφnðxÞ. Therefore, the
twist-two light-front sum rule does not provide an addi-
tional information other than that the kinetic energy K of
the quark plus half the quark mass term 1

2
M contribute half

of the meson mass.

IV. IMF SUM RULE AND LIGHT-FRONT
DISTRIBUTION FUNCTIONS

Let us consider the mass-sum rule in the IMF. The light-
cone Hamiltonian is related to the Tþ− component of the
stress tensor

Tþ− ¼ 1

2
EaEa þ 1

2
ψ̄iγ ·Dψ

¼ 1

2
EaEa þ 1

2
mψ̄ψ ; ð52Þ

where in the second line, the equation of motion has been
used. The mass sum-rule in the light front then reads

P− ¼ M2
n

2Pþ ¼
�Z

dx−
1

2
mψ̄ψ

�
P;n

þ
�Z

dx−
1

2
EaEa

�
P;n

:

ð53Þ

which is

2GþM ¼ Mn; ð54Þ

by using Eq. (38) and the normalization hPjPi ¼ PþL−

where L− ¼ R
dx− is the length along the light-cone spatial

direction x−. Here both terms are higher-twist [10] where
the twist are defined as the mass dimension minus the
longitudinal spin. This is consistent with the light-cone
sum-rule in Ref. [16]. We now discuss how the light-cone
mass sum-rule can be related to moments of twist-three and
twist-Four gluon and quark distributions functions. This
will help understand the possible zero-mode contributions
at x ¼ 0.

A. Fermionic and gluonic distributions

The fermionic mass contribution to the mass sum rule is
directly probed by the chiral-odd scalar quark bilocal
(twist-three light-front distribution) [10]

QnðxÞ¼
Pþ
n

2M2
n

Z
dz
2π

eixP
þ
n zhP;njmψ̄ð0Þ½0;z�ψðzÞjP;ni ð55Þ

with the zeroth moment fixed

Qn;0 ¼
Z

dxQðxÞ ¼ hP; njmψ̄ψ jP; ni
2M2

n
ð56Þ

The gluon mass contribution can be probed by the twist-
four gluon gauge-invariant bi-local

FnðxÞ ¼
Pþ
n

4M2
n

Z
dz
2π

eixP
þ
n zhP; njFμνð0Þ½0; z�FμνðzÞjPni

¼ Pþ
n

2M2
n

Z
dz
2π

eixP
þ
n zhP; njEð0Þ½0; z�EðzÞjP; ni; ð57Þ

XIANGDONG JI, YIZHUANG LIU, and ISMAIL ZAHED PHYS. REV. D 103, 074002 (2021)

074002-6



with the zeroth moment

Fn;0 ¼
Z

dxFnðxÞ ¼
hP; njEaEajP; ni

2M2
n

: ð58Þ

The light-front mass-sum rule then reads

Qn;0 þ Fn;0 ¼ 1: ð59Þ

Below we discuss each of these two distribution functions
in detail, particularly the possible existence of a distribution
δðxÞ which may ruin the practical sum rule.

B. Chiral-odd quark parton distribution
and light-cone sum rule

In light-front quantization, zero modes are important. In
fact, the chiral condensate in the vacuum comes entirely
from zero modes. It has been suggested that QnðxÞ has a
regular and singular part [17]

QnðxÞ ¼ δðxÞQn;0 þQn;regðxÞ ð60Þ

provided that the zeroth moment of the regular part
vanishes. The delta-function maybe viewed as a signal
of the quark condensate on the light cone. Its possible
presence affects the partonic sum rules, a point of recent
emphasis [10,18,19].

1. Analysis in light cone gauge

Equation (55) can be readily calculated in the light cone
gauge using the canonical formulation briefly reviewed
before. More specifically, in the light cone gauge

ψ̄ð0Þ½0; z�ψðzÞ ¼ ψ†
þð0Þð−iψ−ÞðzÞ þ ð−iψ−Þ†ð0ÞψþðzÞ

¼ ψ†
þð0Þð−iðm=∂þÞψþÞðzÞ

þ ð−iðm=∂þÞψþÞ†ð0ÞψþðzÞ ð61Þ

The fermionic field in (61) is given in (21). The fact that the
expectation value in (61) is multiplied bym is natural, since
the chiral odd operator ψ̄ψ creates a left-right pair which in
the light cone and m ¼ 0 cannot interact. It is however
uncorrect to conclude that the matrix element vanishes as
m → 0 as we now show.
Inserting (61) into (55), and using the bound meson wave

function (23) in leading order in 1=Nc, lead to a string of
contractions in the vacuum. A repeated use of (22) yields
the result

QnðxÞ ¼
2m
Mn

jφnðxÞj2
x

ð62Þ

In agreement with the Weisberger relation for the parton
model in four dimensions [20,21]. We have made explicit
the index-n for an n-bound meson state. The occurrence of

the overall factor ofm reflects on the chiral odd character of
the bilocal operator. The zeroth moment of (62) is domi-
nated by the singular behavior of the parton distribution
funtion near the edge in (B3), i.e., φnðxÞ ∼ Cnðxx̄Þβ as
reviewed in Appendix B. The result is finite

Qn;0 ¼
2m
Mn

Z
1

0

dx
jφnðxÞj2

x
¼ C2

nπm0

Mn

ffiffiffi
3

p ð63Þ

even in the chiral limit. A comparison with (56) implies the
scalar condensate in the n-bound state

hP; njψ̄ψ jP; ni ¼ C2
n
2πm0ffiffiffi

3
p ¼ −4πC2

n
hψ̄ψi
Nc

ð64Þ

The last identity makes use of (66) below.
While the finite sum rule (56) is fulfilled for all bound

states, the chiral odd quark distribution (62) does not
develop a delta-function. Rather, the rapid vanishing of
the wave function or parton distribution amplitude (PDA) at
the edge with the exponent β ∼m is what enforces the sum
rule. In retrospect, this is expected since the chiral odd
character of the operator generates a pre-factor m that
requires compensation for a finite zeroth moment. In a way,
the vacuum physics is encoded in the x ∼ 0 region of the
chiral odd parton distribution function, not in the way it
diverges but in the way it vanishes

Qnðx ∼ 0Þ ∼ 2m
Mn

Cnx2β−1

2β − 1 ¼ 2
ffiffiffi
3

p

π

m
m0

− 1 ≫ 0 ð65Þ

where the inequality is in the weak coupling limit [22]. The
chiral limit and the x → 0; 1 limits are subtle. These
observations are general, and may carry to QCD in four
dimensions, although in the latter instanton effects are a
strong source of chirality flips without the current mass m
penalty [23].

2. The special case with n = 0:
The would-be Goldstone mode

In two-dimensions and finite Nc there is no spontaneous
breaking of chiral symmetry owing to Coleman theorem
[24]. At large Nc and weak coupling, chiral symmetry is
almost broken due to the BKT mechanism with the
appearance of an almost Golstone mode [25], the analogue
of the pion and a finite chiral condensate [22,26]

hψ̄ψi ¼ −
Ncm0ffiffiffiffiffi

12
p ð66Þ

For the would-be Goldstone or pion mode with n ¼ 0,
C0 ¼ 1 [22] and (64) appears to obey a chiral reduction rule
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in the massless limit. Indeed, since ψ̄ψ is a scalar its value
in a moving state is the same as its value in the state at rest.
Therefore,

hP; 0jψ̄ψ jP; 0i ¼ −2
��

Q5

f0
;

�
Q5

f0
; ψ̄ψ

���
¼ −2

hψ̄ψi
f20

ð67Þ

where Q5 is the axial U(1) charge operator, and f0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc=2π

p
is the analogue of the pseudoscalar decay con-

stant. This identification is consistent with (B5) for n ¼ 0
since by chiral reduction we can check that at rest

h0jψ̄ iγ5ψ jP; 0i ¼ −
ffiffiffi
2

p

f0
hψ̄ψi ¼

ffiffiffi
2

p
f0

�
m
2

Z
1

0

dx
φ0ðxÞ
xx̄

�
ð68Þ

In particular, the vacuum chiral condensate is directly tied
to the would-be Goldstone mode light cone wave function
through

hψ̄ψi ¼ −
1

2
f20m

Z
1

0

dx
φ0ðxÞ
xx̄

ð69Þ

We now note that the Feynman-Hellman theorem for this
mode gives

∂M2
0

∂m ¼ hP; 0jψ̄ψ jP; 0i ð70Þ

which together with (67) imply the Gell-Mann-Oakes-
Renner (GOR) like relation

f20M
2
0 ¼ −2mhψ̄ψi ð71Þ

It follows that the gluon contribution in the traceful part of
the mass in (32) is equal to the chiral symmetry breaking
contribution,

hP; 0jEaEajP; 0i ¼ hP; 0jmψ̄ψ jP; 0i ¼ M2
0 ð72Þ

This result is in agreement with an earlier observation made
by one of us in 4-dimensions [3].

C. Twist-four gluon parton distribution
and light-cone sum rule

Besides the quark contribution, the gluon part could also
contains a regular and singular contribution [10]

FnðxÞ ¼ δðxÞFn;0 þ Fn;regðxÞ ð73Þ
assuming that the zeroth moment of the regular part
vanishes. The occurrence of the delta-function maybe
viewed as a signal of the gluon condensate on the light-
front, with the wee-gluons at x ¼ 0 collecting into a

superfluidlike component, in an otherwise normal compo-
nent of a hadron [10]. This point was recently discussed in
the context of perturbation theory in [6]. We now proceed to
evaluate (57) nonperturbatively in two dimensions.
In the light cone gauge with normals nμ� ¼ ð1;�1Þ,

Fþ−a ¼ ∂þA−a ¼ nμþnν−Fa
μν ¼ 2Ea ð74Þ

the equation of motion for the gauge field simplifies to

∂þEa ¼ 2gψ†
þTaψþ ð75Þ

Inserting (75) into (57) yields

FnðxÞ ¼
Pþ
n

2M2
n

Z
dz
2π

eixP
þ
n z
D
P; nj

�
2g
∂þ ψ†

þTaψþð0Þ
�

×

�
2g
∂þ ψ†

þTaψþðzÞ
�
jP; n

E

¼ Pþ
n

2M2
n

Z
dz
2π

eixP
þ
n z
D
P; nj

�
2g

Z
∞

0

dyψ†
þTaψþðyÞ

�

×

�
2g

Z
∞

z
dwψ†

þTaψþðwÞ
�
jP; n

E
ð76Þ

Substituting the free field decomposition (21) into (76)
yield 1-body (self-energy) and 2-body type contractions
(cross terms). The final result is

xFnðxÞ ¼
m2

0

4M2
nx

�Z
1

maxð0;xÞ
dx1ðjφnðx1Þj2 þ jφnðx̄1Þj2Þ

−
Z

minð1;1þxÞ

maxð0;xÞ
dx1ðφnðx1Þφ†

nðx1 − xÞ

þ φnðx̄1Þφ†
nðx̄1 þ xÞÞ

�
: ð77Þ

As x → 0, the self-energy and cross terms cancel with each
other due to color neutrality, leading to a finite gluon
distribution xFnðxÞ at x ¼ 0, a characteristic of color
neutral bound-states. This cancellation is somehow remi-
niscent of the cancellation of the gauge dependence
between the vertex and self-energy in the derivation of
the 0t Hooft equation [11]. The zeroth moment (58)
reproduces the gluon-condensate (43) in agreement with
the 0t Hooft equation (24) and the mass sum rule (36) in the
chiral limit. Notice that (43) vanishes for the pion state
φ0ðxÞ ∼ θðxx̄Þ as it should. No singular distribution is seen
to arise in (77), yet the relation (58) is satisfied.

V. FORM FACTORS OF THE
ENERGY-MOMENTUM TENSOR

Apart from the light-cone sum rules, an empirical way to
measure the gluon contribution to the mass sum rule of the
nucleon, is through diffractive photo- or electro-production
of heavy mesons off nucleons near threshold as suggested
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initially in [27], and pursued experimentally in [28,29]. The
threshold cross section is dominated by glueball-like
exchanges with tensor and scalar quantum numbers. A
detailed analysis shows that the exchange probes the
nucleon gravitational form factor with the glueball as a
spin-2 exchange, allowing for a partial extraction of the
gluon contribution to the nucleon mass [30,31]. The
importance of the role of the gluons in the nucleon mass
was emphasized earlier by one of us [2].
The gravitational form factor in a two-dimensional

meson state is constrained by Lorentz symmetry, parity
and energy-momentum conservation. Its general decom-
position under these strictures leads the invariant form
factors

hp2jTμνjp1i ¼
1

2
ðgμνq2 − qμqνÞΘ̃1ðq2Þ þ

1

2
pμpνΘ̃2ðq2Þ

ð78Þ

with qμ ¼ pμ
2 − pμ

1 and pμ ¼ pμ
1 þ pμ

2. Note that the trans-
verse axial-vector q̃μ ¼ ϵμλqλ does not introduce an inde-
pendent 2-tensor since q̃μq̃ν ¼ qμqν − gμνq2. In 4-
dimensions, the two form factors correspond to the spin
representations 1 ⊗ 1 ¼ 0 ⊕ 1 ⊕ 2 with 1 excluded by
parity. They reflect on the tensor exchange or graviton (2),
and the scalar exchange or dilaton (0).
We now note that in 2-dimensions

pμpν ¼ 4M2 − q2

q2
ðgμνq2 − qμqνÞ; ð79Þ

for on-shell momenta p1;2. Thus, the two form factors Θ̃1;2
can always be combined to a single form factor

hp2jTμνjp1i ¼
1

2
pμpνΘ2ðq2Þ: ð80Þ

which is consistent with the m1 ⊗ m2 ¼ m1 þm2 for the
irreducible representation of U(1). The dilaton form factor
is described by the trace

hp2jTμ
μjp1i ¼

1

2
ð4M2 − q2ÞΘ2ðq2Þ ð81Þ

The squared meson masses M2 are fixed by the transcen-
dental 0t Hooft equation introduced before. The normali-
zation Θ2ð0Þ ¼ 1 is fixed by recalling that H ¼ R

dxT00 is
the Hamiltonian, with hp1jHjp1i ¼ p0

1½2p0
1ð2πÞδpð0Þ�.

The dilaton form factor is mediated by the exchange of a
massive state of mass 2M when recast in the form

Θ2ðqÞ ¼
hp2j2Tμ

μjp1i
4M2 − q2

ð82Þ

providing for a direct measure of the gluon content of the
meson state

Θ2ðq2Þ ¼
2

4M2 − q2
hp2jðEaEa þmψ̄ψÞjp1i ð83Þ

in the chiral limit. Near the production threshold of the
mesons, the dilaton probes the trace part of the energy-
momentum tensor in a bound hadron in two-dimensional
QCD. We interpret the 2M state as a massive “longitudinal-
glueball” resolving into a two-meson state by mixing, for
this point see also Eq. (90) and discussion below. This
observation maybe useful for four dimensional QCD,
where the trace part probes the trace anomaly say in a
bound nucleon state, as pursued experimentally in diffrac-
tive photoproduction of heavy mesons off nucleon targets
[28,29]. The diffractive production involves the exchange
of bulk gravitons as dual of boundary massive tensor and
scalar glueballs in holographic QCD [31].

VI. DUAL MASS SUM RULE

Finally, we now show that the static electric field energy
is related to the Coulomb energy represented by chirally
symmetric 4-Fermi interactions. This reasoning will show
how the nonperturbative aspects of the vacuum in the
equal-time form are tied to a fermionic mass sum rule for
the bound mesons, that is dual to the gluonic mass sum rule
in the instant form.
We recall that the colored axial-vector current which is

the difference between the gauge-invariant currents for left
and right-handed fermions is anomalous

Dab
μ ðψ̄γμγ5TbψÞ ¼ −

g0
4π

ϵμνFaμν ¼ −
g0
2π

Ea ð84Þ

as can be checked from the one-loop vacuum polarization
diagram. Using (2) and the equation of motion for the
gauge fields Dab

μ Fbμν ¼ −gψ̄γνTaψ , we have

ϵμνDab
μ Eb ¼ −g0ψ̄γνTaψ ¼ −g0ϵνμψ̄γμγ5Taψ ð85Þ

The last equality follows from the fact that the vector
and axial-vector currents are dual in two-dimensions,
ψ̄γνTaψ ¼ −ϵνμψ̄γμγ5Taψ . Therefore we have

Dab
μ Eb ¼ g0ψ̄γμγ5Taψ ð86Þ

which yields the exact covariant screening equation for the
dual potential [32]

�
D2 þ m2

0

2Nc

�
ab
Eb ¼ 0 ð87Þ

with the canonical mass scale m2
0 ¼ g20Nc=π. The emergent

screening mass squared m2
0=2Nc due the light quarks is

sub-leading in 1=Nc as it should. It will be important to
keep it as we now show.
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We now note the gauge invariant identity

∂2ðEaEaÞ ¼ 2ð∂μEaÞð∂μEaÞ þ 2ð∂2EaÞEa

≡ 2ðDab
μ EbÞðDac

μ EcÞ þ 2ððD2ÞabEbÞEa ð88Þ

where in the last equality manifest gauge invariance is
enforced since the starting expression ∂2ðEaEaÞ is gauge
invariant. Using (86) and (87) in (88) we obtain

�
∂2 þm2

0

Nc

�
ðEaEaÞ ¼ 2g20ðψ̄γμγ5TbψÞ2 ð89Þ

with twice the squared screening mass observed in (87).
The color anomaly fixes the gluon operator contribution in
(27). The same result readily follows in the center gauge,
and therefore holds for all gauges by gauge invariance.
Most of the identities discussed in this section simplify for
Abelian QED or the Schwinger model, thanks again to the
U(1) axial anomaly. For completeness, they are quoted in
Appendix A. As the first application of (89), let us derive
the vacuum gluon condensate

��
∂2 þm2

0

Nc

�
ðEaEaÞ

�
¼ m2

0

Nc
hEaEai ¼ 2g20hðψ̄γμγ5TbψÞ2i

ð90Þ

The colored 4-Fermi current-current contribution can be
simplified into colorless interactions by Fierzing.
Assuming vacuum factorization which is justified in large
Nc by the master field [33], we can simplify the gluon
condensate to

hEaEai ¼ 2πhðψ̄γμγ5TcψÞ2i ¼ π
N2

c − 1

N2
c

hψ̄ψi2 → πhψ̄ψi2

ð91Þ

with the rightmost result in agreement with the large Nc
result briefly quoted in [22]. The fact that the quark and
gluon condensates are tied in two dimensions, is reminis-
cent of the way both condensates are tied to the instanton
packing fraction in four dimensions [34,35].
We now use (89) to characterize a dual mass sum rule for

the bound mesons. The gluon mass operator in Eq. (32) can
be unwound in terms of 4-Fermi colored interactions much
like in the vacuum in (91), with the result

M2
n ¼ 2πhP; njðψ̄ψÞ2 þ ðψ̄iγ5ψÞ2

−
2

Nc
ðψ̄γμψÞ2jP; ni þ 1

2
hP; njmψ̄ψ jP; ni ð92Þ

after Fierz rearrangement. In two-dimensions, the gluon
field is longitudinal and sourced by the quarks in the bound
state. The fermionic mass sum rule (92) is dual to the

gluonic mass sum rule (54), and it is somehow illusive to
try to distinguish one from the other. This is reminiscent of
the Coulomb energy between a pair of classical charges
which can be either assessed using (screened) Coulomb law
between the charges, or the energy stored in the (screened)
Coulomb field surrounding the charges. In most of the
above discussions, this should be kept in mind.
We note that (92) is how the meson masses are generated

in models that capture chiral symmetry breaking without
confinement, such as the instanton model for the QCD
vacuum [34,35], and bound state models [35–37] in four
dimensions. For the former, the strong instanton and anti-
instanton fields are able to trap quarks into left- and right-
handed zero mode states, thanks to the axial U(1) anomaly,
and generate quasilocal 4-Fermi determinantal interactions.
The latter are at the origin of finite constituent masses and
meson masses much like (92). It is remarkable, that in two
dimensions and large Nc, the subleading quantum screen-
ing of the electric field as enforced by the colored axial-
vector anomaly (84), is also at the origin of the leading
chirally symmetric and local 4-Fermi interactions, with a
dual mass relation for the bound mesons in any frame. In a
way, the spontaneous breaking of chiral symmetry appears
to be the chief nonperturbative mechanism for mass
generation for the light hadrons, in a confining theory
such as QCD where the string breaks through quantum
screening by light quarks.

VII. CONCLUSIONS

We have explored the role of the chiral and gluon matrix
elements in the composition of the mass of the meson
bound states in two dimensional QCD in the 0t Hooft limit.
Both the chiral and gluon matrix elements in a bound
meson are probed by the chiral-odd quark parton distri-
bution, and the gluon parton distribution respectively. We
have explicitly derived these distributions in the 0t Hooft
limit. Their zeroth moments are indeed related to the quark
and gluon condensate in the meson states. For the chiral
odd quark distribution, we have shown that the lowest
moment arises not from a delta-function accumulation of
wee partons at the edge or x ∼ 0, but rather from their rapid
and specific depletion at the edge. For the gluon distribu-
tion, the situation is more subtle. Color neutrality forces the
gluon distribution xFnðxÞ to be finite as x → 0 without the
occurrence of a singular contribution, yet the mass sum rule
in the chiral limit is fulfilled. Our use of the PV prescription
does not upset the light front sum rules in leading order
in 1=Nc.
The form factor of the energy-momentum tensor splits

into two invariant form factors, one for the graviton or
tensor coupling, and the other for the dilaton or scalar
coupling. However, in two dimensions they are related. The
traceful part is similar to that in four dimensional QCD,
although for different reasons since two-dimensional QCD
is nonconformal. The traceful part of the energy
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momentum tensor fixes the bound meson masses, and
dominates the gravitational form factor. Finally but remark-
ably, a dual mass sum rule is shown to emerge solely in
terms of chirally invariant 4-Fermi interactions.
The present results may be specific to two dimensions,

since QCD is nonconformal. Also, in the light cone gauge,
the structure of the light cone zero modes arising from a
perturbative treatment, is regulated by quantum mechanics
in the absence of the transverse degrees of freedom. In four
dimensions these zero modes are regulated by field theory,
and may be at the origin of the singular contributions in
some higher twist contributions to the parton distribution
functions, as we discussed. More work in this direction is
needed.
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APPENDIX A: MASSIVE ABELIAN QED

The analysis in Sec. VI carries to two dimensional
massive QED with more simplifications. The U(1) axial
anomaly Abelianizes

∂μðψ̄γμγ5ψÞ ¼
e
2π

ϵμνFμν ¼ e
π
E ðA1Þ

which is again given by the one-loop diagram. Following
the same reasoning as given earlier, we have for Maxwell
equation

∂μFμν ¼ −eψ̄γνψ ðA2Þ

and using the duality of the currents

∂μE ¼ −eψ̄γμγ5ψ : ðA3Þ

This shows that the pseudo-potential E describes a massive
free boson

�
∂2 þ e2

π

�
E ¼ 0 ðA4Þ

with E2 obeying the screened source equation

�
∂2 þ 2e2

π

�
E2 ¼ 2e2ðψ̄γμγ5ψÞ2 ¼ −2e2ðψ̄γμψÞ2 ðA5Þ

with again twice the squared screening mass. In the massive
case, the squared meson mass obeys the analogue of the
sum rule (36), namely

M2 ¼ 1

2
hPjE2jPi þ 1

2
hPjmψ̄ψ jPi

¼ π

2
hPjðψ̄γμγ5ψÞ2jPi þ 1

2
hPjmψ̄ψ jPi: ðA6Þ

In two dimensions the currents bosonize

ψ̄iγμγ5ψ ¼ 1ffiffiffi
π

p ∂μϕ ψ̄γμψ ¼ −
1ffiffiffi
π

p ϵμν∂νϕ: ðA7Þ

In the massless case ϕ is a free massive boson with squared
mass M2 ¼ e2=π, which is seen to be satisfied by (A6)

M2 →
1

2
hPjE2jPi ¼ −

π

2ð ffiffiffi
π

p Þ2 hPjð∂μϕÞ2jPi

¼ M2

�
1

2
hPjϕ2jPi ¼ 1

�
: ðA8Þ

The last bracket as a scalar is frame invariant. We evaluated
it in the meson rest frame, using the equal-time free field
decomposition

ϕðxÞ ¼
Z

dk
2π

1ffiffiffiffiffiffi
Ek

p ðe−ik·xαðkÞ þ eik·xα†ðkÞÞ ðA9Þ

and the canonical rules ½αðkÞ; α†ðpÞ� ¼ 2πδðk − pÞ. The
meson state with scattering normalization is defined as
jPi ¼

ffiffiffiffiffiffi
P0

p
ðα†ðPÞj0iÞ with P0 ¼ EP ¼ M at rest.

APPENDIX B: BEHAVIOR OF LIGHT-FRONT
WAVE FUNCTION NEAR THE EDGES

IN THE CHIRAL LIMIT

The wave functions solution to the 0t Hooft equation
Eq. (24), describe the quark parton distribution amplitudes
on the light cone

φnðxÞ ¼
1

f0

Z
dz
2π

eixP
þzh0jψ̄þð0Þ½0; z�ψþðzÞjP; ni ðB1Þ

in the gauge A− ¼ 0, with ½0; z� ¼ 1. They satisfy con-
jugate symmetry φnð1 − xÞ ¼ ð−1ÞnφnðxÞ along with a
number of integral identities [38]. They are orthonormalZ

1

0

dxφ�
nðxÞφnðxÞ ¼ δnm ðB2Þ

and vanish at the edges

φnðx ∼ 0; 1Þ ∼ Cnðxx̄Þβ ðB3Þ

with β solution to

πβ cotðπβÞ ¼ β2

m2
0

−
m2

m2
0

ðB4Þ
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which for small masses give β ∼
ffiffiffi
3

p
m=πm0. Away from

the edges, the solutions are not known analytically except
for the almost Goldstone mode with M0 ∼OðmÞ, C0 ¼ 1
and φ0ðxÞ ¼ θðxx̄Þ (except at the edges) [22]. In general,
the exact solutions to (24) are only known numerically. For
large n, the solutions follow analytically from semiclassics
with φnðxÞ ∼

ffiffiffi
2

p
sinððnþ 1Þπxþ δnðxÞÞ (except at the

edges) and M2
n ≈ nπ2m2

0 [11,38]. The pseudoscalar tran-
sition amplitude

h0jψ̄iγ5ψ jP; ni ¼
ffiffiffi
2

p
f0

�
m
2

Z
1

0

dx
φnðxÞ
xx̄

�
ðB5Þ

fixes the decay constant f0 ¼ ðNc=2πÞ12.

APPENDIX C: VIRIAL THEOREM

In this Appendix we provide a simple derivation of the
virial theorem K ¼ G established in Eq. (39). For that,
consider the rescaling of the only dimensionful parameters
g20 ¼ M2λ1 and m ¼ Mλ2 with M being a common mass
parameter and λ1, λ2 being massless. All meson masses are
proportional to M by dimensions, i.e., Mn ¼ Mfðλ1; λ2Þ.
Using the Feynman-Hellman theorem

Mn ¼
D
M

∂H
∂M

E
; ðC1Þ

we have

Mn ¼ Mþ 2G; ðC2Þ

since the gluon energy in the Hamiltonian (5) is propaga-
tional to g20 ∝ M2 and the mass term is proportional to
m ∝ M. By comparing with the mass decomposition,

Mn ¼ Mþ GþK; ðC3Þ

we found

G ¼ K; ðC4Þ

which is the desired virial theorem.
In the large-Nc limit, the Hamiltonian in Eq. (5) can be

expressed through bosonization in terms of meson oper-
ators [12]. The Bars-Green equation arises as one tries to
diagonalize the Hamiltonian. By applying the virial theo-
rem to the bosonized form of the Hamiltonian and then
expressing in terms of the components, one obtains the
desired virial theorem expressed in terms of the Bars-Green
wave functions.
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