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Abstract

We consider a thin rod Qj, := (0, L) x hS for some smooth domain S C R? and study the limiting
behaviour of a scaled elastic energy £, which enforces periodic boundary conditions on the
end faces, by means of I'-convergence. The limiting energies are of von Karméan and linear type,
respectively. We took into account the presence of external forces with zero tangential component.
Furthermore, assuming that the elastic energy density satisfies |[DW (F)| < C(|F|+ 1) for all
F € R3*3, we proved that local minimizers, for which £ is bounded by Ch*, converge (for a
subsequence) to stationary points of the limiting energy.

Subsequently, we regarded the dynamical evolution of the thin rod described by an appropriately
scaled, nonlinear wave equation. Under the assumption of well prepared initial data and external
forces, we proved that a solution exists for arbitrarily large times, if the diameter of the cross
section is chosen sufficiently small. The scaling regime is such that the limiting equations are
linear.

Finally, for a specific scaling, we constructed an approximation of the solution, using a suit-
able asymptotic expansion ansatz based upon solutions to the one-dimensional beam equation.
Following this, we derive the existence of appropriately scaled initial data and can bound the
difference between the analytical solution and the approximating sequence.

Zusammenfassung

Wir betrachten fiir einen diinnen Stab €2, := (0, L) x hS, wobei S C R? ein glattes Gebiet sei, das
Grenzverhalten einer skalierten, elastischen Energie £, welche periodische Randbedingungen
an den Enden vorschreibt. Die Grenzfunktionale sind von Karman beziehungsweise lineare
Energien. Hierbei haben wir externe Kréfte beriicksichtigt, welche in tangentialer Richtung
verschwinden. Des Weiteren zeigen wir unter der Bedingung, dass die elastische Energiedichte
|IDW (F)| < C(|F| + 1) fiir alle F € R3*3 erfiillt, die Konvergenz von (einer Teilfolge von)
lokalen Minimieren, fiirr welche £ durch Ch* beschrinkt ist, gegen stationire Punkte der
Grenzenergien.

Anschlieflend betrachten wir die dynamische Evolution von diinnen Stdben, welche durch
eine geeignet skalierte Wellengleichung beschrieben werden. Unter der Annahme von passend
skalierenden Anfangsdaten und externen Kriften haben wir gezeigt, dass die Lésung fiir beliebig
grofle Zeiten existiert, wenn der Durchmesser des Querschnitts klein genug gewahlt wird. Hierbei
betrachten wir das Skalierungsregime, bei welchem die Grenzgleichungen linear sind.
Abschlieflend konstruieren wir fiir eine spezielle Skalierungswahl eine Nédherungslosung mittels
eines asymptotischen Expansionsansatzes, welcher auf der Losung von einer eindimensionalen
Balkengleichung beruht. Im Anschluss daran beweisen wir die Existenz von geeigneten An-
fangswerten und schéitzen die Differenz zwischen der analytischen Lésung und der Ndherungsfolge
ab.
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Introduction

Si habeatur annulus ADBFE A elasticus, eique alicubi impetus imprimatur, mutabit
is formam circularem, sed rursus, ob elasticitatem, se restituet, versum nimis, et
ita oscillationes peraget. Hae dissertatione constitui oscillationes hasce persequi, et
tempora earum ex legibus mechanicis determinare.

— Leonhard Euler, [Eul27]

The problems of three-dimensional elasticity theory have a long history, starting with Bernoulli
and Euler in the seventeenth and eighteenth century. They already introduced fundamental
quantities, including strain and formulated crucial laws such as the Law of Angular Momentum.
Although the mathematical tools and perspectives changed over the decades, the core question
remained the same: How does a body of elastic material deform under external forces?
The models trying to answer this question are nowadays often stated in terms of a minimization
problem of integral form, for example, given an energy density W: R3*3 — [0, 00] suitably
chosen one considers

yEWI?zg;Rg’) /Q (W(Vy) / y) -
However, due to the character of the physical situation the energy density cannot be convex and
hence neither is the functional making an analysis in the general situation extremely complex.
One possible workaround is to consider lower dimensional objects - such as plates, shells or rods
- for which most situations are much simpler from an analytical point of view. The downside
of this approach is that most often this was done by imposing a priori assumptions on the
distribution of stress, the relation between stress and strain, or the properties of the studied
deformations. A more in-depth introduction to continuum mechanics can be found for instance
in [Gur81; EGK17] and for a survey about lower dimensional theories and their derivation we
refer to [Ant05]. One example of such an assumption introduced by Euler can be found in
[Eul27]. He examined the vibration elastic rings, which he then applied to bells. In his work he
assumed that the inner edge does not change in length, which later turned out to be false. Such
approaches led to several lower dimensional theories which were not consistently derived from
the general three-dimensional one.
However, such a theory would be desirable, due to the following reasons:

o First, the mathematical description of the three-dimensional process arises from general
balance laws.



1. Introduction

e Second, the lower dimensional problems are much better understood analytically. For
example large time existence results often exist, whereas these are quite rare for the higher
dimensional equations.

o Lastly, it is simpler to numerically approximate lower dimensional equations. Thus if
convergence can be proven, one could justify that the numerical solution to the reduced
dimension problem is an approximation of its three-dimensional counterpart.

Thus the question arises, which lower dimensional theory originates from the three-dimensional
one, if we - for instance - reduce the thickness parameter?

One major method for connecting both is via the notion of I'-convergence introduced by De
Giorgi and Franzoni in the mid 70’s, cf. [DG75; DGF75]. It is a definition of a variational
convergence for functionals with the property that accumulation points of quasi minimizing
sequences are minimizers of the limiting functional (see [DM93; Bra02] for an introduction).
Which lower dimensional theory one obtains, largely depends on how the energy per unit volume
behaves. In the case of rods this would correspond to £ /h? ~ h? for some 3 € [0, 00), where
M) is the elastic energy and h is the diameter.

The first derivation using no a priori assumption is done by Acerbi, Buttazzo and Percivale in
[ABP91], where they successfully deduced a string theory using I'-convergence. A sharp tool
for this approach was given by the result of Friesecke, James and Miiller in [FIMO02]. They
were able to prove a strong geometric rigidity result, which can be summarised as a nonlinear
variant of the Korn inequality. This led to a major breakthrough as it made it possible to
deduce quantitative convergence results with respect to the thickness or diameter h. This was
not possible with former results, e.g. ReSetnjak [Re67]. In subsequent papers many authors
derived convergence results under various assumptions and energies based on this geometric
rigidity. Examples include [FJM06; MMO03; MM04; Sca09], where the geometries of plates and
(curved) rods are considered with and without external forces, respectively. Moreover, additional
analysis works on nonlinear constrained models, such as incompressibility or traction forces (e.g.
[EK20b; EK20a] and [MM20]).

The downside of an approach via I'-convergence is that, roughly speaking, only global minimizers
of the three-dimensional theory converge to global minimizers of the limiting lower dimensional
theory. Therefore, the natural next step was to study the behaviour of critical points of the
energy functional, i.e. solutions to appropriate Euler-Lagrange equations. The formulation of
such is in the context of elasticity a non-trivial problem, as physically coherent elastic energy
densities W should satisfy the assumptions

W(A) — oo, if det(4A) =0, and W(A)=o00, if det(4) <0

in order to prevent self-penetration. But it can happen that for a minimizer y™" € W4 (Q;R3)
the elastic energy density W (Vy™™") is unbounded (see [BM85]), as it might be energetically
preferable. Thus the difference quotient of the energy functional can not be bounded in a suitable
way, such that the limit can be obtained. Hence, in several works additional assumptions on the
elastic energy density are introduced. Pakzad and Miiller used

|IDW(A)| < C(|A| +1) for all A € R?*?

in order to rigorously justify the Euler-Lagrange equations considered in [MP08]. In [MMS07] a
global Lipschitz property of DW is utilized. Furthermore, in [Bal02] a variant of Euler-Lagrange
equations is derived under the subtle condition

|IDW(A)AT| < C(W(A)+1) for all A€ R3*3

which was later used in the work by Mora and Scardia, [MS12].

However, these results are restricted to the static case where the solution is not time dependent.
The first of few dynamic considerations can be found in the works by Abels, Mora and Miiller,
[AMM11a; AMM11b]. The biggest problem when considering the convergence of local minimizers
in a dynamic setting is, as mentioned, the lack of large time existence results for solutions of



the three-dimensional problem. Hence, it is a priori not clear on which time interval the two
solutions can be compared. In the first paper the authors therefore prove the existence of a
solution for large times, if the thickness of the plate is small enough. This holds true for suitably
small forces and well prepared initial data. With this, it is then possible to compare the solutions
of the von Karman equations, which exist for all times, with the ones of the three-dimensional
nonlinear problem, as published in their second contribution. Similarly, Qin and Yao deduced a
convergence result for shells in [QY20], but under the assumption of large time existence.

The starting point of the analysis of thin rods, provided in this thesis, is the elastic energy

1 A .
EW ) e ) 72 Sy, W(Vz(x) — (2(z) —2) - fP(2)dw,  if 2 —1d € H., (Q:;R?),
400, otherwise,

where z € Wy (Qp,; R?) denotes the deformation, €, := (0, L) x hS is the reference configuration
of the thin rod and f*) describes external loads. The respective boundary conditions on the
ends of the rod are already incorporated in the formulation of the energy. This will later
become essential in the analysis of the dynamical process. For the mathematical treatment it is
convenient to rescale the domain Qj to €2 := ;. This leads to the scaled energy

g(h)(y) = /QW(Vhy(x)) - (y(l’) - x(h)) ' f(h)(x)dl'v if Y- Id;, € H;er(Q;RS)a
400

otherwise,

where Id,(z) = M := (21, has, has)T for all z € Q and V), := (9y,, £ 04, + Oy, ). The limiting
functional depends on the scaling properties of ") and thus on the scaling of £ with respect
to h — 0. In this thesis we will regard energies of order h?*~2 for a > 3, corresponding to ()
being of order h®. As in the literature, the choice of & = 3 and a > 3 leads to a von Karméan
limiting energy and a linearised theory, respectively. Deformations of this scaling behaviour are

close to a rigid motion. The limiting energies for hm},zé' (h) are derived as

- f
ga(u7v27v37w7Rl) = Ia(u,vg,vg,w) - / (R/)T (fi) : (02> dxh
0

U3

where B
1
5 [ @it 303, +8), Adn, ifa=3,
Ia(u,'l}g,’l}g,’w) = 1 OL
5/ Q%(u,1, A 1)dy, if @ >3
0
with u, w € H!,.(0,L), v € H2,(0, L;R?) are the limits of appropriately scaled means of y*)

per per
and R’ is the 2 x 2-lower left submatrix of the limit of an approximating rotation derived from

the geometrical rigidity of [FJM02]. The matrix A € H}, (0, L; R3*3) is given by

per

0 —wv21 —w3;

A= V2,1 0 —w
V3,1 w 0

Moreover, Q°: R x R3*3 ' [0, 00) is defined by

skew

0 - : 0 ‘ ‘ ’
Q(t, F) = %Igg;g’m/st (tel +F (x, ¢.2 <P,3>dl‘
with Q3(G) := D?*W (1d)[G, G], the quadratic form of linearised elasticity.

Next, we show that the limits of local minimizers of the three-dimensional energy converge to
solutions of the Euler-Lagrange equations for the limiting functionals in the von Kédrméan case,
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i.e. a = 3. For this we introduce the assumption on W of Pakzad and Miiller, namely
IDW(A)] < C(|A] +1) for all A € R3*3,

which leads to a rigorous derivation of the classical Euler-Lagrange equations in the three-
dimensional case. We subsequently show that for a sequence of local minimizers y of £
satisfying

/ W (Vay")de < Ch*
Q

the limit of (u(h),véh), vgh),w(h),R(h)) exists (for a suitable subsequence) and (u,va, v3,w, R) is
a stationary point of the limiting functional &;.

In the dynamical setting we investigate the linear limiting case o > 4 in the pointwise formulation.
Formally, the system can be derived by the Fréchet derivative of the total energy

a 2
/Q ('t;' +W(Vihy) — - y) dz.

The scaling behaviour of the total energy is assumed to be h2*~2 which in turn implies that
f(") ~ e In order to balance the kinetic and elastic part of the total energy we rescale the
time via 7 = ht. Hence we obtain

_ 1 |0y 1 1 1
E(h) — h2a 2/ T W _ _~ rh . dr.
(y) Q h2a—4 2 + h2a—2 (Vhy) haf ha72y z
This leads to the scaled evolution equation with ¢g" := h% fh

1 o
Oy = 35 diva(DW (Vay)) = h*~?g"

where g" ~ 1 for h — 0. Moreover, we assume homogeneous Neumann boundary conditions on
the outer surface and periodicity on the end faces of 2. For well prepared initial data we are
able to show that for any T' > 0 there exists an hy > 0 such that strong solutions exist on (0,7T)
for all h € (0, ho).

In the case a = 4 and W (F) = dist(F, SO(3))? for all F € R3*3 we are even able to construct
an approximation of the solution. In an initial step, we solve a suitable one-dimensional beam
equation. Using a formal asymptotic expansion ansatz we derive equations which have to be
solved by the prefactors of lower order. Following this ansatz, we prove the existence of initial
data satisfying the conditions of our large time existence result. Finally, we are able to bound
the difference between the analytical solution, which exists on a fixed time interval, and the
approximation solution.

Overview The second chapter is devoted to the notational convention and auxiliary results
needed throughout the thesis. Most importantly, we derive relevant properties of the elastic
energy density in Section 2.3 and prove Korn’s inequality for thin rods in Section 2.4. In the
third chapter we prove a I'-convergence result for relative periodic deformations with external
force. Subsequently, the convergence of local minimizers for the three-dimensional energy to
solutions of the Fuler-Lagrange equations of the one dimensional energy is provided in Chapter
4. In Chapter 5 the main result of the thesis is proven: large time existence for thin vibrating
rods modelled by nonlinear elasticity. Finally Chapter 6 is devoted to the construction of the
asymptotic expansion.

10



Mathematical Foundations

2.1 Preliminaries and Auxiliary Results

2.1.1 Notation

This section summarises the notation used throughout the thesis. The natural numbers without
zero are denoted by N and Ny := NU {0}, the rational numbers with plus and minus infinity are
denoted by R := RU {£o0}. For any n € N we denote the norm on R™, R"*" and the absolute
value by |.|. With LP(M), W}F(M) and H*(M) := W§(M) we denote the classical Lebesgue
and Sobolev spaces for some measurable, open set M C R"™, with the embedding properties

n n

W (M) < Wy(M) if m-— » >k — . (2.1)
m kY (AT : n
W (M) < C*Y(M)  if m—— >k + 7y (2.2)

where C*7 are the Hélder spaces. These embeddings are compact if M is a C'-domain, k € Ny,
k < m and the respective inequalities are strict.

For the whole thesis we denote by S C R? a smooth domain and 2, := (0, L) x hS C R? for
h € (0,1] and L > 0 some length in R. As an abbreviation we will write Q := ;. We assume
that S satisfies

/ xowzdr’ =0 (2.3)
s
and
/xgd:c' = / x3dz’ =0 (2.4)
s s
where 2’ 1= (22, 3) C R2. This can always be achieved via a translation and rotation. Moreover,

we assume |S| = 1, as with a scaling argument this is no loss of generality. Furthermore, we
denote with V}, the scaled gradient defined as

Vi = (awl, %am, %amg)T. (2.5)

The group of special orthogonal matrices is denoted by SO(n). The definition is as follows

SO(n) :={Q e R™"™ : QTQ =QQ" =1d A detQ = 1}.

11



2. Mathematical Foundations

Remark 2.1.1. For the special case of three dimensions we want to note that Q = (u|w|z) €
SO(3) for u, w and z € R? is equivalent to

lu =|w|=|2|=1, w-z2=0 andu=w X z.

The subset of all rotations around the x;-axes is denoted by U, i.e.

U:={ReSO®B) : Ry =1} C SO®3).

1 0
= %)

where R’ denotes the 2 x 2 submatrix of R consisting of the second and third rows and columns.
This follows because for the first column it holds

Remark 2.1.2. For R € U it holds

1 1+ R3, + R
0| = RTRe; = | Ria + RoaRoy + RsaRa
0 Ri3 + Ra3Ro1 + R33R3;

Thus the first row implies Ry; = R3; = 0 and with this the second and third row lead to
Ri3 = R13 = 0. Thus the claim holds.

Throughout the thesis £L(V'), n € N denotes the space of all n-linear mappings G: V" — R for
a vector space V. As common we will use the classical identification of £1(R"*") = (R"*")/
with R"*" ie. G € L1(R™*") is identified with A € R"*" such that

G(X)=A:X for all X € R™*"

where A : X = E? =1 ijTij 18 the standard inner product on R"*". Equivalently, G € £L2(R"*")

is identified with G: R"*" — R™*" defined by

GX:Y =G(X,Y) for all X,Y € R™*". (2.6)

In anticipation of some scaled Korn inequality stated in Section 2.4 we introduce a scaled inner
product on R™*™

1
A B:= ﬁsymA :sym B + skew A : skew B

for all A, B € R"*™ and h > 0. The corresponding norm is denoted by |A|p := /A :;, A. For
W € LYR™*") we define the induced scaled norm by

Wy, := sup |[W(Ay,...,Wy)]
[A;1n<1,5={1,....d}

As |Al;, > Al =: |A| for all A € R™ ™ it follows that |W |, < |[W|; =: |W| for all W € L4(R™¥™)
and 0 < h < 1. The scaled LP-spaces we define as follows

1
IWligw.csceneen = Wiz = [ Wlhae)

if p € [1,00), where U C R? is measurable. Thus IWlLe w,ca@nxnyy < Wl Lo, ca@@nxny)-
The scaled norm for f € LP(U,R™*™) is defined in the same way

1
I lsgwsnsny =g = ([ @ia)

12
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and the inequality holds the other way round
[f e @ mnxny 2 (1 f || e @rnxn)-

The standard notation H*(Q) and H*(Q; X) is used for L?-Sobolev spaces with values in R and
some space X, respectively. Moreover, we denote for m € N

Hy () i= {f € H™() 02 flasmo = 02 floy—s o] <m—1}.

A subscript (0) on a function space will always indicate that elements have zero mean value, i.e.

for g € H(lo)(U) we have

/ g(z)dz =0 (2.7)
U

where U C R™ is open and bounded. In various estimates we will use an anisotropic variant of
H*, as we will have more regularity in lateral direction. Therefore we define

H™™2(Q) := {u € L*(Q) : 0L VEue L*(Q),k=0,...,m1,1=0,...,ms

q o — N4 [&2
o 0u =01 07u

x1=0

7q207"'7m1a|a|§m2

r1=

andq+|a|§m1+m2—1}

where m1, msy € N, the inner product is given by

D YI CAC TR e
k=0,...,m1;l=0,...m2
Furthermore we will use the scaled norms
3
”A”H,T(Q) = Z ||3§A||2L§(Q)
la|<m
3
Bl grmama gy = > ||351V§B\Iii<g)

for A € H™(Q;R™"*™) and B € H™™2(Q; R"*"™) and n € N. As an abbreviation we denote
for u € H*(Q;R3) the symmetric scaled gradient by ej,(u) := sym(V,u) and e(u) = 1 (u) =
sym(Vu).

The space of periodic functions can be defined in an equivalent way, which is in some situations
more convenient

ﬁ;’;r(Q) = {f € H(RxS) : f(z1,2") = f(z1 + L,2") almost everywhere}
equipped with the standard H™ (Q2)-norm. As the maps f — f|q and f + fpe, are isomorphisms,
we identify H7,.(2) with H}Z,.(€2). With this definition we obtain immediately that Cp¢,.(€2)

dense in Hpp, (Q), because, as S is smooth there exists an appropriate extension operator and

thus we can use a convolution argument. The following lemma provides the possibility to take
traces for u € H%!(Q), more prices
Lemma 2.1.3. The operator tro: H%'(Q) — L2(S), u > |y, —q is well defined and bounded.

Proof: This is an immediate consequence of the embedding

HYY(Q) = H*(0,L; L*(S)) — BUC([0, L]; L*(S))

13



2. Mathematical Foundations

where BUC([0, L]; X) is the space of all uniformly continuous functions f: [0, L] — X for some
Banach space X. O

In the discussion on uniform bounds for the linearised system we often rely on a Banach algebra
structure of the respective space. For this we define the h-dependent norms

lullz.n = [[(u, V)| g s xrsxs) and - [lulln = [|(u, Viu)|| L2 (@ps xroxs),

and set V3, (Q) := H2,,.(€;R?) equipped with the || - [|2,, norm. Then Vj(Q) < L>(Q;R?) and
fulfils the following corollary.

Corollary 2.1.4. Let F € CZ(U) for some open U € RN, N € N and v € HZ,,.(€;RY), then
for every R > 0 there is some C(R) independent of w and h € (0, 1] such that

[(F(u), Vi F'(u) g o) < C(R)
if |(u, Viu) || o) < R and u(x) € U for all x € Q.

Proof: The proof can be done analogously to the proof of Corollary 2.5 in [AMM11a].
We have

Oz, F(u) = DF (u) [0y, u]
02,05, F (1) = DF(u)[0y,05,u] + D*F(u)[0y,u, Oy, u]

for i, j € {1,2,3}. As F' € CZ(U) and H?(;RN) — C°(; RY) holds, we conclude that DF(u)
and D?F(u) are uniformly bounded. Therefore

[(F(w), ViF(u))lz2(0) < C(L+ [[Vhulz2(0) < C(R).
The last summand of the second derivatives can be bounded via

|D*F ()0, %aziu]‘ < C(R) s, ull o %aﬁu

L2(Q) L4(Q)

< C(R)|IVrul @) = C(R)

for all j =1,2,3 and i = 2,3. This holds due to the embedding H'(Q) < L*(2). Similarly one
obtains the bound
HDQF(u) [0, u, @Clu]‘

<
L) ~ C(R)

for j = 1,2,3. For the first part, we use an analogous argument as for the first derivatives. [

2.1.2 TI'-convergence

As we want to deduce a limiting functional from the energy sequence (€ (h)) h>0, a suitable
variational convergence is needed. The integral structure suggests to use the framework of I'-
convergence, introduced by De Giorgi and Franzoni [DGF75; DG75]. The core of I'-convergence
is, that sequences of minimizers converge to minimizers of the limiting functional. Some in
depth analysis of the notion of I'-convergence can be found in [DM93; Bra02].

Definition 2.1.5 (I'-convergence in topological spaces, Definition 4.1, [DM93]). Let X be a
topological space and the set of all open neighbourhoods of x € X is denoted by N (z). Then
the I'-lower limit and I'-upper limit of a sequence of functions F;: X — R, j € N is defined by

(I' = liminf F})(x) := sup liminf inf F}(y)
J—reo UeN(z) i—00 yeU

(T — limsup F;)(z) :== sup limsup inf F;(y),
j—oo UeN(z) j—oo YEU

14
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respectively. If there exists a function F': X — R such that

F =T —liminf F; =T — limsup Fj

j—oo j—oo
we say that F); I'-converges to F' in X. The function F' is called I'-limit of F}.

In the later applications it is more convenient to work with the sequential description of
I'-convergence. Therefore we state.

Proposition 2.1.6 (I-convergence in metric spaces; Proposition 8.1, [DM93]). Let X be a
metric space. A sequence (F}j);en of functions F;: X — R I'-converge in X to F': X — R if for
all x € X it holds

(i) for every sequence (x;);en converging to

F(z) < liminf Fj(z;) (lim inf -inequality) (2.8)

j—oo

(ii) there exists a sequence (x;)jen converging to x such that

F(z) > limsup Fj(z;). (lim sup -inequality) (2.9)

Jj—oo
The properties (i) and (i) are denoted by liminf and lim sup inequality.

Remark 2.1.7. The limsup inequality can be refined by (2.8). Let (z;)jen C X beatoz € X
convergent sequence such that (2.9) holds. Then we obtain

F(z) > limsup Fj(z;) > liminf F;(x;) > F(x).
j—o0 J—oo

Thus for (z;);en it holds indeed F(z) = lim;_,o F;(x;), which is why one can equivalently to

(ii) require

ii) there exists a sequence (z,);en converging to x such that
jli€ gmg

F(z) = lim Fj(x;). (recovery sequence) (2.10)

j—o0

Example 2.1.8. Let X =R endowed with the standard metric induced by the norm on R and
F;: R — R be given by
Fj(t) = t* — cos(jt).

Then the I-limit is given by F': R — R, F(t) = ¢t —1. To see this we have to establish the lim inf
inequality and find some appropriate recovery sequence. First, we notice that if (¢;);en C R
converges to t € R it holds

— 00

liminf F;(t;) = lim t? + lim inf(— cos(jt;)) > t* — 1

due to cos(t) € [—1,1]. Hence the liminf inequality (i) holds. Second, let t € R be arbitrary,

then t; = 2]—” l2-] —t and

t
T

F(t)=t>—1= lim (t? - cos(jtj)) = lim sup (t? - cos(jtj))

Jj—oo j—o0
where |-| denotes the floor function.

Sometimes the assumption X to be a metric space of Proposition 2.1.6 is too restrictive. Therefore
we extend the above result to Banach spaces equipped with the weak topology. For this we need
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Definition 2.1.9 (Definition 7.6, [DM93]). A sequence (F});en is called equi-coercive on X, if
for every ¢t € R there exists a compact subset K; of X such that {F; <t} C K, for all j € N.

Proposition 2.1.10 (Proposition 8.16, [DM93]). Assume that X is a reflexive Banach space
endowed with its weak topology and that the sequence (F});en is equi-coercive in the weak topology
of X. Then, if F; satisfies (i) and (ii) of Definition 2.1.6, where convergence means now weak
convergence in X, I I'-converges to F'.

Theorem 2.1.11 (Theorem 7.8, [DM93]). Suppose that X is a reflexive Banach space, Fj is
equi-coercive on X (in weak or strong topology on X ) and F; T'-converges to F' in X, then

Jmin f(z) = lim inf Fj(x).

rzeX j—ooxeX

Remark 2.1.12. The latter theorem shows that if every F; admits a minimizer x;, then up
to a subsequence x; converges to a minimizer of F'. This is one key feature of I'-convergence.
Unfortunately, this does not hold for local minimizer of F}, as the Example 2.1.8 shows.

2.1.3 Strongly elliptic systems

In this paragraph we want to investigate the solvability and regularity theory of elliptic systems
satisfying the Legendre-Hadarmad and Legendre condition. For this purpose we introduce a
general second order elliptic operator and summarize classical existence and regularity results.
Suppose U is a bounded Lipschitz domain in R™ and define a second order elliptic operator

- zn: zn: (AP 9gu) (2.11)

where for a, g € {1,...,n}
AP = ()i j=1,m

such that A € L (U;R™ ™). If A%# are sufficiently regular, for example A%# € CL(U;R™ ™),
then the operator £ maps then a suitable function u: U — R™ to a vector-valued function
Lu: U — R™ with the following components

j=1a,B=1
Definition 2.1.13. A second order elliptic operator with coefficients (a” )Of]ﬁ St s said to
fulfil
(i) the Legendre condition, if A > 0 exists such that
S aifeia&is > Mg (2.12)
ig=1a,f=1
for all £ € R™*",
(ii) the Legendre-Hadamard condition, if A > 0 exits such that
>N affeagsming = Mgl nl? (2.13)

i,j=1 a,f=1

for all £ € R™, n € R™.
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Let v be the outer unit normal to U and define

%ju = Z Ajk()ku.

k=1

Then we call B,u the conormal derivative defined by

Bou = ZtraU(%ju)uj on 9U. (2.14)
j=1

In the later applications we will use the two cases I'p = 0U, 'y =0 and I'p = 0, 'y = OU.
We consider the elliptic boundary value problem
Lu=f in U
B,u=gny only (2.15)

u=gp onlp

for given f, gy and gp. The operator £ is naturally joint to a bilinear form, defined by

a(u,v) ::/ Z Z afjﬂ(x)agujaavidm
U

i,j=1a,8=1
for all u, v € H*(;R™). From the boundedness of A%? it follows that a is bounded on
HY(U;R™), ie.
la(u, v)| < Cllull g @)1Vl a2 w)
for all u, v € H(;R™).
Definition 2.1.14. Let £, B, I'p, I'y and a as above. Moreover let f € L?(U;R™), gy €

L2(Tn;R™) and gp € H2(I'p). Then u € H'(U;R™) is called a weak solution of the system
(2.15) if troy u = gp on I'p and

a(u,v) = (f,v)r2) + (gn, trov v) L2 (ry)

for all v € H} (U;R™).

With this we can state the first existence result for pure Dirichlet boundary conditions, which is
a immediate concequence of the Lax-Milgramm Lemma.

Theorem 2.1.15 (cf. [GM12], Theorem 3.39). Let a?jB € L>(U) and satisfy the Legendre
condition for some X > 0. Moreover we assume I'p = U, I'y = 0. Then there exists for every
gp € H2(Tp;R™) and f € L2(U;R™) a unique weak solution u € H*(U;R™) to the Dirichlet
problem (2.15). The solution satisfies

lullizs @y < € (I llzwy + 1901345, )- (2.16)

Remark 2.1.16. (i) The inequality (2.16) is not explicitly proven in Theorem 3.29 of [GM12].
But it follows directly from the structure of the proof provided there or the open mapping
theorem. One uses that we reduce the problem to finding an auxiliary weak solution @ to
a homogeneous Dirichlet problem with a slightly modified right hand side given by f and
an extension of gp. Then the Lax-Milgram Lemma implies

@y < C(If 2@y + 1Bl @) < € (12w + lonll )

Here we used the boundedness of the extension operator E: Hz(I'p) — H'(U).
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(if) We can extend Theorem 2.1.15 to the case that afjﬁ are constant and satisfy the Legendre-
Hadamard condition [GM12, Chapter 3.4.3]. In case the coeflicient matrix is not constant
only weak coercivity of a, see definition below, follows.

(iii) The latter result can be shown as well in the context of a Fredholm alternative, which
yields an even more general result. A more in depth analysis can be found in [McL0O,
Chapter 4].

At the core of our proof for large times existence of solutions we have to bound higher norms
of the solution for the linearised system. Therefore we need a regularity result for solutions of
(2.15) up to the boundary.

Definition 2.1.17. Let £ and a be given as above and V C H'(U;R™) a closed subspace, such
that V is dense in L2(U;R™). Then we say that £ and a are weakly coercive on V if there exist
Ao > 0 and Ay > 0 such that

a(u,u) > Xollullgr @y — Millvll2 @)
for all u € V holds.

Theorem 2.1.18 ([McL00], Theorem 4.18). Let U be a C™"41 domain, for some r > 0 and
= 0U. Moreover assume that a%ﬁ are constant and L is weakly coercive on

=0,
(U R™ ) Let u € HY(U,R™) and f € H"(U;R™) satisfy
Lu=f onU
and B,u € H+32(dU). Then u € H>t"(U;R™) and

[ull o2y < Cllullarw) + ClIBuull oy Ol e (2.17)

H™3

holds for some C > 0 independent of u and f.

2.2 Introduction to Non-linear Elasticity

In this section we investigate the classical theory of continuum mechanics with special interest
in non-linear elasticity. The introduction is based on a book of Gurtin on the very same subject,
cf. [Gur81].
In elasticity theory we are interested in the deformational behaviour of solid bodies, which have
the physical property to occupy regions in space. As a body can deform over time, we have to
make a choice for a reference configuration B. A deformation is then given via some C® mapping
x: B — R” from the reference configuration B to a deformed state in R™, where material points
p are mapped to a spacial point x(p). The physical property that it should be impossible for a
body to self penetrate is expressed by the assumption that x is injective. Locally the volume
after the deformation per unit original volume can be expressed by det F' for F' = Vx. Thus a
natural assumption is det F' > 0, cf. [Gur81, Chapter 6.
If we add a time dependency to the deformation, we obtain a motion x: B x R — R", such that
for fixed t: x(-,t): B — B; is a deformation, where B; := x(B,t). The trajectory of the motion is
defined as

T:={(x,t) : ©€ByteR}

Using the bijectivity for each time we can define the wvelocity v: T — R™ by v(z,t) =
Oix(x~Y(z,t),t). In the following we call P a part of B, if P is a bounded subdomain of
B and the boundary of P is sufficiently regular. More details on how to define parts see [Gur81]
and [Kel67]. Using this we define for some part P of B the linear momentum and angular
momentum by

l(’P,t)z/ vpdx  and a(?’,t)z/ x X vpdz,
Pt Pt
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respectively. Here p is a given density of the material and P; := x(P,t). During the motion
forces are exerted within the body and from the surrounding environment upon the body. A
core question is now how these forces can be described. Cauchy’s hypothesis states that there
exists a surface force density s(v, z,t) defined for all unit normals v and every (z,t) € 7. With
this we can describe the force f(P,t) and momentum m(P,t) by

fPt) = /m) s(l/,amt)da(x)—i—/P b(x,t)dx
m(P,t) = /679 x X s(v,z,t)do(x) +/79 z X b(zx,t)dx

where v = v(z) is the outward unit normal to 9P; and b: T — R" is the body force density.
The basic axiom, the momentum balance laws, conects the motion x and the system of forces
(s,b) by claiming that for any part P and time ¢ it holds

f(P,t) = 0:l(P,t) and m(P,t) = Owa(P,t)

which is equivalent to

/ s(v, z,t)do(z) +/ b(x,t)dx = Opv(z, t)pdx
OP:

Pt Py

/ x X s(v,z,t)do(x) —|—/ x X b(x,t)dx = / x X Opvpdx.

Pt

A fundamental result in continuum mechanics is Cauchy’s Theorem, stating that (s, b) satisfying
the momentum balance laws is equivalent to the existence of a unique, symmetric tensor field
T(x,t) such that s(v,x,t) = T(x,t)v and T satisfies the equation of motion

divT'(z,t) + b = popv(z, t).

Hence the forces (s,b) which act during a motion can be fully described by the stress 7" and the
motion x, c¢f. [Gur81, Chapter 13, 14 and 15].

In order to model an elastic body we have to introduce appropriate constitutive assumptions on
how T depends on . As F' measures local length changes the assumption

T(z,t) = T(F(p,1),1)

for x = x(p, t) arises naturally, cf. [Gur81, Chapter 25]. Moreover we assume that the material
respond to a deformation should not depend on the observer, which in turn is equivalent to

QT(FQT =T(QF)
for all F' € R™*™ with det F' > 0 and @ € SO(n).

Note that the Cauchy’s stress tensor is defined on the deformed configuration, which in many
problems of deforming solids is inconvenient. Therefore we want to introduce a stress tensor
which is defined on the reference configuration B, cf. [Gur81, Chapter 27]

Let (z,T) be a given motion and Cauchy stress. Then for P a part of B it holds

/ T, Opdo(z) = [ det(FYT(x(p, 1), ) F~Tvdo(p)
OP: oP

where p and v are the respective outward unit normals. Thus we define the Piola-Kirchhoff
stress S: B x R — R™"*" by

S(p,t) := det(F)T(x(p,t),t)F~T.
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If b is the body force associated to (x,T) it follows

/ de:/ bodV
P, P

for bo(p,t) = det(F)b(x(p,t),t). Hence, S satisfying the balance equations

Spdo (p) + / bodp = / pod;xdp
oP P P

(2.18)
/ x X Spdo(p) —|—/ X X bodp = / X X poafxdp
P P P
for every part P is equivalent to
s(v,x(p,t),t) = (det F) ' S(p, t) FTw
div S + by = podZx (2.19)

SFT = FST.

If the body is elastic and we assume that the material behaviour is independent of the observer
it follows S = S(F) and . .

S(QF) = QS(F)
for all F € R™*" with det F' > 0 and Q € SO(n), cf [Gur81, Chapter 27].

We now use a standard axiom of thermodynamic, the assumption of non-negative work in closed
processes. This leads for any time interval and part P to

t1
/ /S:@thwthO
to P

if x(p,to) = x(p,t1) and Ix(p, to) = Ox(p,t1) for all p € B. Following from this we can show
[Gur81, Chapter 28] the existence of a strain-energy density W (F,p) such that

A

S(F,p) =

An elastic body such that the Piola-Kirchhoff stress S is given as above is called hyperelastic.
The strain-energy of a part P for a hyperelastic body is given via

R

P

Deploying the independence of the observer we can deduce
W(QF) = W(F)

for all F' € R™*"™ with det ' > 0 and @ € SO(n). An example for a hyperelastic energy density
is
W (F) = dist*(F, SO(n))

and the so called St. Vernant-Kirchhoff materials, described by
A 2 2 L7
W(F):i(trG) + ptr(G®) foerg(F F —Id)

where A and p are the so called Lamé constants [EGK17, Chapter 5]. Remarkable is that in
both cases the strain-energy density does not depend on p. Hence we say that a body B is
homogeneous if po(p) and 5’(F, p) are independent of the material point p [Gur81, Chapter 25].
Hyperelastic materials have several interesting properties, c¢f [Gur81, Chapter 28]. The most
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important one for the following is the balance of energy. For each part P of B the following
equality holds

2
Sn - Opxdo (p) + / bg - Oyxdp = 4 / id + W(p, Vx)dz. (2.20)
- dt J» 2

oP

where S is the Piola-Kirchhoff stress and by an external force.

2.3 The Strain Energy Density W

In the preceding section we carefully distinguished between material points p and spacial points
x. As in the thesis we will always work on a fixed reference domain we will use the standard
spacial variable x.

Now we investigate the mathematical assumptions and resulting properties of the strain-energy
density W in three dimensions. Assume W : R3*3 — [0, oo] satisfies the following conditions:

(i) W is C? on Bs(Id) C R**3 for some § > 0;
(ii) W is frame-invariant, i.e. W(RF) = W(F) for all F € R®*3 and R € SO(3);

(iii) there exists co > 0 such that W(F) > ¢o dist?(F, SO(3)) for all F € R3*3 and W (R) =0
for every R € SO(3).

The upcoming remarks summaries the important properties of the elastic energy density, which
can be deduced from the properties (i)—(iii).

Remark 2.3.1. First of all we note that W has a minimum point at the identity, as W(Id) =0
and W(F) > 0 for all F € R3*3. Hence, we have DW (Id)[G] = 0 for all G € R3*3.
Using R(t) = exp(tS) with S € R®*3 "and t € R, it follows with the frame invariance

skew

0= SW(R(F) im0 = DW(R()F)[R (1)F)|_ = DW(F)SF

dt -
=DW(F):SF =DW(F)FT : S (2.21)

Thus we obtain all F € R3*3: DW(F)FT = FDW (F)T, which corresponds to the symmetry
property of the Piola-Kirchhoff stress.

Remark 2.3.2. We assert that there exits a constant ¢; > 0 such that
D2W (1d)[G, G) = D*W(Id)[£(G),=(G)] = e1|e(G)? (2.22)
for all G € R3*3. This can be seen as follows: frame invariant leads by differentiation to

DW(RF)|RG] = diW(R(F +7QG)) . diW(F +7G) . DW(F)|G] (2.23)
T T= T T=
for all R € SO(3), F, G € R**3. Using the choice F' = Id and R(t) = exp(tS) with S € R3X3 |
it follows
d
0= 2 DW(R(®)[R()G]|i=0 = D?W(I1d)[G, S] + DW(Id)[GS] = D*W(Id)[G,S] (2.24)
Bilinearity and symmetry of D?W (Id) leads to D*W (Id)[G,G] = D?*W (1d)[s(G), (G)].
To show the lower bound we deploy property (iii) and a Taylor expansion around the identity in
R3%3. As for det(F) > 0, it holds due to the Lemma 2.3.3 below

dist®(F; SO(3)) = |(FT )% — 1d|” (2.25)
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and with a Taylor expansion
dist?(Id + G; SO(3)) = 2|=(G)[* + O(|G|?)
W(Id+ G) = %DQW(Id)[G, al +o(cP)
for all G € B,(0) with r» > 0 sufficiently small. For ¢ small enough, we can choose G(t) =
exp(tA) — Id with A € R3*3. Then it follows

2

+O().

DRW (1) exp(t/i) - Id, exp(t/i) - Id] > C‘g(exp(t/i) - Id)

Passing to the limit ¢ — 0, leads to

D?*W(Id)[A, A] > c1]e(A)|%.
From (2.22) it follows that D?W (Id) is elliptic in the sense of Legendre-Hadamard, i.e.

D?*W (Id)[a ®b,a ®b] > clal?[b]* for all a, b€ R>.
We obtain this by
D*W(Id)a®b,a® b > cile(a@b)? = %1 (abT : abT + baT : baT)
= 5 (IaPbl> + (a.0)?)

which leads, because of (a,b)? > 0, to the desired inequality.

Lemma 2.3.3. Let F' € R3*3 with det(F) > 0 and F = RU the polar decomposition of F, i.e.
R € SO(3) and U € R®*3 is positive definite and symmetric. Then it holds

|F' = R| < |F -Q|
for all @ € SO(3) such that Q # R.

Proof: Using the polar decomposition theorem, cf. [Koc93, Chapter 2], we have the existence
of R € SO(3) and U € R3*3 positive definite and symmetric, such that F = RU. Let Q € SO(3)
with @ # R. Then we can compute

[F-QF =(F-Q): (F-Q)=|FP-2F:Q+3.

Hence it follows
|F - Q> |F—R|*=2U: (Id - RTQ)

where RT(Q # Id, due to the assumption R # Q. The definition of the matrix skalar product
leads to

2U : (Id— R*Q) =U : (RTQ — Id)(R*Q — Id)" = tr((RTQ — Id)"U(RT Q — I1d)).
Using that U is positive definite and symmetric it follows (RTQ — Id)TU(RTQ — Id) is positive
semi definite and symmetric, hence all eigenvalues are nonnegative. Moreover, because RTQ —

Id # 0, there exists v € R? such that (RTQ — Id)v = w # 0. Thus with w - Uw > 0, we obtain
that at least one eigenvalue is positive. Therefore it holds

2U : (Id — RTQ) >0
and the claim follows. O

Remark 2.3.4. For more details on the minimality of R see also [MPGT79]. Moreover due to
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the equality
R=(FTF)>

from [Koc93, Chapter 2, Polar Decompositon Theorem] the equality (2.25) follows.

Remark 2.3.5. Using the identification (2.6), we can find B*® = (b
a, B €{1,2,3} such that

ap 3x3
i Jij=1,23 € R,

3
D*W(IA)X,Y]=D*WIdA)X :Y = Y b ziayss

a,fB,i,j=1

for all X, Y € R3*3. Therefore

3
D*W(Id)[X]v = (D*W(Id)X)v = ( 2 b%:”“'/j)g_ms

a,B,i,j=1

for X € R**3 and v € R3. Hence, we obtain with (2.24) that b%—’@ = bga. In order to see this we
choose X =e;®eq—ea®e;, Y =e;Qegand X =e;®eq, Y =e; ®eg —eg ® e, respectively.
Thus either sym(X) = 0 or sym(Y) = 0 and with (2.24) it follows

0=D*W(Id)[X,Y] = b3 —b5h = b — b5 (2.26)

For later use we introduce
(D*W (1d))™ == (B*")0233.

For convenience we will work in the chapter on large time existence for the non-linear problem
with relative displacement. For this we introduce W: R**3 — [0, 00] by W(F) := W(Id + F).
The results of Remark 2.3.2 therefore hold for W as well, i.e.

D*W(0)[G,G] = D*W(0)[e(G),£(G)] = e1e(G)?

and
D*W(0)[a ® b,a ® b] > cla|*|b|* for all a, b€ R>.

The following lemma provides an essential decomposition of D3V .

Lemma 2.3.6 ([AMM1l1la, Lemma 2.6]). There is some constant C > 0, € > 0 and A €
C>(B(0); L3(R™ ™)) such that for all G € R™ ™ with |G| < € we have

D3W(G) = D3W(0) + A(G)
where

|D3W(0)|5, < Ch for all0 < h <1, (2.27)
|A(G)| < C|G| for all |G| < e. (2.28)

With this we can prove the following bound for D3V .
Corollary 2.3.7. There exist C, € > 0 such that

ID*W(Z)(Y1, Y2, Y3)| L1 (o) < CRIYal k2o [1Yall 2 (o)l Y3l 22 (o) (2.29)
for all Yy € H?(Q,R™ ™), Ys, Y3 € L2(QR™ ™), 0 < h <1 and ||Z|| (o < min{e, h} and

ID*W(Z)(Y1,Ya, Ya) L2 () < CRIYi] a2 o 1Yall i o) Y31l 2 ) (2.30)
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for all Yy, Yy € HY(Q,R™ "), Y3 € L2(QR™ ™), 0 < h <1 and ||Z|| (o < min{e, h} and

1Yz g o) Y3l 22 (0 (2.31)

= 1
|D¥W(2) (Y2, Yo, Ya) s ) < ChH (yl hsym(y1>>
L>(Q)

for all Yy € L®(Q,R"™™), Vs, Y3 € L2(Q;R™™), 0 < h < 1 and || Z|| L= < min{e, h}.
Proof: The main ingredient of the proof is Lemma 2.3.6 and Hoélder’s inequality. We first
notice
|D*W(Z)(Y1, Yz, Y3)| < [D*W(0)(Y3, Ya, Y3)| + |A(Z) (Y1, Y2, Y3)]
< |D*W(0)[n]Yi|n|Ya|n Yaln + |A(Z)[|Y:]|Ya] 3]
< Ch|Yi|nlYal|nlYs|n

where we have used that |A|, > |A], (2.27) and (2.28). Thus
1D (2%, Y Ya) ooy = [ IDOW(Z)(, Yo, Ya)lda
Q

< Ch/ (Vi |n|Yaln| Valnde
Q

< Chl[[Yilnllco@llYalnlY3|nllLr
< Chl[Yi| g2 )ll¥allL2 @) 1Y3l 22 (0

as H2(Q2) — C°(Q). And for (2.30)

| D¥W(2)(Ya, Ya, V)| 12 ey = / DV (2) (Y1, Ya, Ys)|da
Q

< Chl[|[Yalnllpao I1¥zlnllLe @) Y3l 2 (0
< ChlYallmr o)llYal a2 @)l Ysl L2 @

using H1(Q) < L*(Q). Finally (2.31) follows immediately from the following inequality

1
|Y1|h§ ’<Y1,hsym(Y1)>‘ D

2.4 Korn’s Inequality in Thin Rods

In order to derive sharp estimates based on the linearised system, we need a good understanding
in how the scaled gradient V;g of a function g € H;ET(U) can be bounded by the scaled
symmetric gradient e5,(g). As rigid motions x + az’ for a € R arbitrary are admissible
functions in H),,.(U) we can not expect that the full scaled gradient is bounded by &5 (g).
Moreover, a quantitative, sharp understanding of the dependency of a possible pre factor from
the small parameter h is essential. This section is devoted to such generalisations of Korn’s
inequality. The idea is to apply the classical Korn inequality on cubes of size with edge length h.

Therefore we recap one possible formulation and proof following [Sch13, §25.2, Theorem 25.4].

Theorem 2.4.1. Let U C R™ a bounded, Lipschitz domain. Then there exists C(U) > 0 such
that for all u € HY(U) there exists some B € R " such that

skew
IVu — Bllz) < CO) el 20)- (2.32)

Moreover the constant C(U) is independent with respect to the mapping x — Az + b, for A € R
and b € R™ arbitrary, i.e. one can choose

C(AU +b) = C(U).
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For the proof of the later theorem we use a slightly different formulation, which is more convenient
to proof.

Theorem 2.4.2. Let U C R™ be a bounded, Lipschitz domain. Then there exists C(U) > 0
such that for all u € HY(U)

IVl L2y < CU)(lle(u)ll 2wy + llull L2 @)
holds.
Proof: Let u € H*(U). Then it holds Vu € L?(U) and for e(u) it holds
Ou; Oy i = Oy e()ir + O, e(w)iy — O,e(w) i

in the sense of distributions. Thus using the boundedness of the derivative operator V: L2(U) —
H~1(U) and Lions Lemma it follows

C(IV?ull -1y + IVl g-10))

CIVellg-2@) + IVl g-1 1))

Clle@)ll 2wy + llullz2 @)

IVull 220

INIA A

where the constant C is independent of u. O
In the later proof, we used the following Lions Lemma, cf. [Ne¢67, Chaper 3, Lemma 7.1]

Lemma 2.4.3. Let U € R" be a bounded Lipschitz domain. Then there exists a constant C > 0
such that for all u € L*(U)

lullze@wy < C(IVulla— @) + lulla-— @)
holds.

Proof of Theorem 2.4.1: STEP 1: (reduction to mean symmetric gradient). First we
want to prove that there exists C' > 0 such that if

sym

/ Vudz € RLX" (2.33)
U

then it follows
IVullLzwy < Clle(u)llzw)- (2.34)

We want to prove the inequality via a proof by contradiction. Assume therefore that (ug)gen C
H'(U) such that (2.33) holds for Vuy, and

1
1= |Vugllz2y > E||€(Uk)HL2(U)~ (2.35)

Without loss of generality we can assume that wuj has zero mean value, as one can subtract the
mean value. Poincaré’s inequality with mean value implies then that the sequence (uy)ren is
bounded in H!(U). Hence, with the compact embedding H!(U) — L?(U) it follows for some
subsequence, again denoted by uy,

up —=u in HY(U), wup —u in L*(U) ask — oo
for some u € H'(U). Using (2.35) and the uniqueness of weak limits it follows e(u) = 0, as

e(u) — 01in L2(U) and e(uy,) — e(u) in L?(U). This implies that u is given via a rigid motion,
i.e. there exists B € R™" and ¢ € R™ such that

skew

u(r)=Bzx+c forallxeU.
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2. Mathematical Foundations

Using now that Vuy has symmetric mean, we obtain B = 0, as Vu is constant. Zero mean of
uy, for all k € N leads to © = 0. But with this it follows a contradiction

L= |lullg2@wy = llullz2 @) = 0.

Hence the claim follows.
STEP 2: (General gradients). Let uw € H'(U) and define

B = /U(Vu—a(u))dx

Then we consider the function @(z) = u(z) — Bz € H*(U), which satisfies the condition of the
first step

skew*

/ Vadr € R .
U

Thus using (2.34) and (@) = (u) it follows (2.32).
STEP 3: (Independence of scaling and translation). Let A € R and ¢ € R™ be arbitrary,
V=AU +cand v € H (V). Thus for u € H*(U) defined by u(x) := v(\z + ¢) it holds

[Vu = Bllr2wy < CU)lle(w)2w)-

Using integration by substitution it follows
/)\1_"|Vv(y)—B|2dy:/ Vu(z) — Bl2dz < C(U /\g 2))|2dz
\%4 U
= [Nt Py,

Thus we can choose C(V) = C(U). O

The classical Korn inequality of Theorem 2.4.1 allows us now to prove a similar looking inequality
for the special domain €2 of thin rods. The following Lemma is then used to derive a crucial
estimate of the scaled gradient with respect to the symmetric scaled gradient and the mean
rotation around the x; axis.

Lemma 2.4.4 (Korn inequality in rotational form). For all 0 < h <1 and u € H},,(€;R?),
there exists a constant C' = C(2) > 0 and
0 0
Bu)= 10 0 a(u) (2.36)
0 —a(u) O
with a(u) = ﬁ Jo Ozyua(z) — Opyus(x)de, such that
1 1
thu — —B(u) < C’H&h(u) . (2.37)
e IR L2(0)

Proof: Using the scaling ¢: Q, — Q,  — (xh %xg, %x3>, we obtain

1
a(u) Opgu2(x) — Op,us(x)de = —
|Qh| o 0ot =10, o,

Oy (uz © §)(2) = O, (uz © ¢)(2)dx

(O, u2)(9(2)) — (O us)(¢())dx

|Qh| an

With this and another use of the transformation formula with ¢, it follows, that (2.37) is
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2.4. Korn's Inequality in Thin Rods

equivalent to

Hvu _ B(u)’ for all u € H;er(Qh;Rg)

1
< —
L2(Qn) CH hs(u)’ L2(Q)

where B has the same structure as B, with a(u) replaced by

1
Q] Ja,

a(u) Opgu2(x) — Op,us(x)de.

Now we set Ny, = [£], I = NL’ and

Jh Iz{k‘lh : I€=07...,Nh—1}.

We apply Korn inequality on every cube (a,a + I,) x hS with a € J), and obtain therefore a
piecewise constant function A: (0, L) — R3*3 such that A(s) is skew symmetric and

/ \Vu— APde < C | |e(u)]*dz.
Qh Qh,

As 0 < h <1, we obtain that % is bounded because of % ~ 1 in h. Thus we can assume that C'
is independent of h.
Claim: For A := lim,\ o A(7) it holds

/ A1) — Ao[2d < %/ le(w)[2da.
Qp h Qp

Proof: We notice that because A is constant on (0, Ij,) the limit in the definition of A exists. Fix
some a € Jp, and set by := a+ Alp, A € {0,1}. By applying Korn’s inequality on (a,a+2lp) x hS
it follows that there exists A € R3*3 such that

/ \Vu — A?de < C |e(u)|?da.
(a,a+2lp)xhS (a,a+2p)xhS

Thus, as |S| =1

B2, A(by) — AP = / A(by) — APdz
(bx,bk+lh)><hs

< 2/ |Vu—A(b)|2dx—|—2/ IV — APdz
(bx,ba+lp)xhS (bx,bx+lp)XhS

<C le(u)|*dz
(bx;bx+1n)xhS

for A € {0,1}. Therefore,
Rl | Aa) — A(a + 1)|? < 2R%1,(|A(a) — AP + |A(a +11,) — AP?)

<C le(u)|?dzx.
(a,a+2lp)xhS

As A is constant on the interval (a,a 4+ 13,), it follows
/ 1A(21) — A(z1 + 1) 2z = B3| A(a) — A(a+ 1) (2.38)
(a,a+1p)xhS

<cC le(u)|*da.
(a,a+2lp)xhS
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2. Mathematical Foundations

In order to obtain the full domain, we consider Iy ; := l;(k,k + j) for k € {0,..., Ny — 1},
J € {1,2} and obtain

Np—1
[ 4@ - Aol =12 Y [ ja) - AoPda
Qp k=0 I 1

Np—1 k—1 2

=h? Z / Z Az —mip) — A(xy — (m 4+ 1)lp,)| day
k=0 V1K1 |m=0
Np—1 k-1

< h? Z k Z |A(zy — mly) — A(wy — (m+ 1)) Pday
k=0 =07 1k,1

where we used the Cauchy-Schwarz inequality in R*. Due to definition of I k,; we have the
equality

/ |A(zy —mlp) — A(zy — (m + 1)1)|?dxy = / |A(xy 4 1) — A(z1)|?day
I Ix—m—1,1
for m =0,...,k — 1. Thus, it follows with (2.38)

Np—1

k—1
/ |A(ay) — AofPdz <C > k> le(u)|d.
Qn k=0

m=0 kamfl,QXhS
Using that Iy _m—12 = ((k —m — 1), (k —m)lp) U ((k —m)lp, (k —m+1)l;) and |e(u)|* > 0 it

follows
k—1
Z/ le(w)|?dx < 2/ |e(u)|da.
m=0 Ik'—7n—1,2><hs

Qp
Hence, we can conclude

Np—1

/ |A(21) — Aof2dz <20 [ Je(w)Pde- 3 k
Qn Qn k=0

< czvg/ le(w)[2dz < %/ le(u) 2.
Qp Qp

As 0 < h <1 we obtain that for every u € H*(2,,R3) there exists a constant skew symmetric
matrix Ag € R3*3 such that

/ Y — Agf2dr < & / e ()| d. (2.39)
o h? Ja,

Using the Holder Inequality for 1 and skw(Vu) — Ay we obtain

2

/ 1 (skw Vu)dz — Ag| dx < / | skw Vu — Ag|*dx
| 12n] Ja, o
and thus )
1
/ Vu— — skw(Vu)dz| dx < %/ le(u)|*da (2.40)
o, 10| Jay, h* Ja,

for all u € HY(Qp; R3).

If we have in addition that w is periodic in z; direction it follows

L
/ axludarz// O, udzdz’ = 0.
Q sJo
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2.4. Korn's Inequality in Thin Rods

Hence, we conclude

/ skw Vu — B(u)dx
Qp

0 th Oy urda th 8I3u1dm~
= - th a{rzuldir 0 N th 8‘”3”2 - aIZUS - B(U)23d$
_ th Opyurde  — th Oy to — Opyus + B(u)zedx 0

Using the definition of B(u) it follows

/ 1
o, 1]

2
dzx

/ skw(Vu)dz — B(u)
Qn

1 2 2
Op,urdx | + </ Ops U dcc) dx
2] Ja, (/Q ' > a

< 1 </ (Opytty + Op,uz)?dx —|—/ (Ozgur + 3m1U3)2dx>
2 Qp Qp

<C |e(u)|*da.
Qp

Combining the last estimate with (2.40) the statement follows. O

Theorem 2.4.5. Let U C R? open and v € H*(U,R3). Furthermore let D C U be a two
dimensional submanifold with normal v. Then one obtains

/rotv~udm=/ v-7do(x).
D aD

Proof: Use the classical Stokes Theorem and a density argument, see for instance [Tayl1]. O

Lemma 2.4.6. Let 0 < h <1, u € H},,.(R?) and B(u) as in Lemma 2.87. Then it holds for
alle >0

C
[S(u)llz2() < Cellullp2(o,L:m1(s)) + ;HUHL?(Q) (2.41)

Proof: Using the definition of S(u) it follows

||B(u)|\%2(m = /QB(U) : B(u)dx = Q/Qa(u)Qda: = 2/Q @ (/Q Osug — 82U3d1’>2d93

2 2
= @ (/ 83’11,2 — 82U3d$>
Q

Stokes Theorem applied to u, U := (0,L) x S and D = x1 x S for some x; € (0, L) yields

L
/ (93’(1,2 - agu:),dl’ = / / 83UQ(£L') - 82U3(I)dl’/dl’1
Q 0 S

L L
= / / rotu - vdx'dx, = / / u - Tdodx, (2.42)
0o Js o Joas

Hence

L 1 1
1B Er < [ [ fuldodar = o zosy < OO s 1O i s ez

< Cellullr2(0,;m1(5)) + Cellullr2(0)
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2. Mathematical Foundations

where we have used the interpolation space (L2(S), H(S))1 , = H=(S) and scaled Young’s

2

inequality. O

Lemma 2.4.7. For all0 < h <1 and u € H),,(Q;R?), there exists a constant C' = C(S2), such
that

C
IVhullL2) < E(th(u)”LQ(Q) + ||U||L2(Q))~ (2.43)

Proof: From Lemma 2.4.4 it follows that

[ — 2B < lentullzee (2.44)

h

L2(Q)

holds. With Lemma 2.4.6 we get

1
[Vhullr2(a) < C’HE%(U)‘ L2

1B ‘
2Q)+Hh (u) L2(Q)

1 C Ce
= CHE%(u)‘ T gihHu”Lz(ﬂ) + THUHLZ(O,L;Hl(Q))

L2(Q)

for all € > 0. Furthermore, we have due to definition
1 C ,
EHUHLQ(O,L;Hl(Q)) < EH“”LQ(Q) + CIViullL2(0)-

Choosing ¢ = 1 and absorbing ||V ul|r2() < [Vhullr2(q) it follows

Q

C
[VhullL2(0) < ﬁ||€h( Mz + EH“”LQ(Q)- O

Lemma 2.4.8 (Korn inequality in integral form). For all0 < h <1 and u € H},,.(;R?), there
exists a constant Cx = Ck(Q), such that

C
[Vhullpzo) < TK <||€h(u)||L2(sz) + ‘ / u-xtde ) (2.45)
Q

where z+ = (0, —z3, 72) 7.

Proof: First we notice that we can reduce to the case of mean value free functions. If (2.45)
holds for mean value free functions and [, u # 0, we can regard v := u — [, u. Then it follows

C
< hK (5h(u)||L2(Q) —l—’/ u-;(;ld!L' )
Q

—&—’/ udm~/de:E
Q Q
and thus (2.45) holds for u, as [, z=dz = 0.

In the following we will argue by contradiction and therefore assume that (2. 45) does not hold.
Thus we can find a monotone sequence hy — 0 for k — oo and (u"*)geny C H} per(0) () R?) such
that

C
19l = Vol < S (len(oliney + | [ 0- oo

>. (2.46)

For sake of readability, we will drop the k in forthcoming calculations. From (2.46) it follows

1= || Vh,u |2 > — (Hehk Nz + ‘/ xtda

1 1
E”eh(uh)”L?(Q) < T —0
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2.4. Korn's Inequality in Thin Rods

which implies, using Lemma 2.4.4

thuh - 1B(uh)’

1
- C —sh(uh)‘

<
L2(Q) — h

L2()

Thus +B(u") is bounded in L*(2) and therefore bounded in R7¢" . Using a subsequence, also

denoted by u", it follows +B(u") — B for h — 0. As a consequence of (2.36) the structure of
B is given by
0

—a

0
B=10
0 0

QO O

where a # 0 as, Vyu — B in L%(Q) and || Vpu"||p20) = 1

1 (L oyh
wp(2') == z/0 ul}(f)da:l

/1, h 0 —a
V'w —>(C_l O)

in L2(S) and [qw"da’ = 0. Thus using the Poincaré¢ inequality it follows

Define now

with ' € S and [ = 2,3. Then

||wh||H1(s) < OHvlwh”L?(s) < CthuhHIﬁ(Q) <C

Thus, there exists a subsequence w” — w in H*(S) and w" — w in L?(S). Choose S’ ¢ §' C S
and ¢ > 0 such that § < dist(S’,9S). Then

wh(xg + 6, 13) — wh (29, 73
)

) _ 1[0,
= g 82w2 (1‘2 + 7, 3?3)(17'.
0

From the above we know

wh(xg + 6, 23) — wh (29, x3) . wa(xg + 0, x3) — wa (T2, x3)

5 5 for h =0

in L2(S’) and thus a subsequence converges point wise almost everywhere. For the right hand side

we know that 0,,w} — 0for h — 0 in L?(S) and thus the mean value % f(f Oowh (zo+7, 23)dT — 0
in L?(S’). This can be seen by

2

L2(S%) - /S

1 6
§/ f/ |82w§(x2+7,x3)|2d7dx
s 0 Jo

2

1 [? 1 [?
H5 / Dowl (zo + 7, 23)dT 5 / Dowh (zo + 7, 23)d7| da’
0 0

1 6
— S/ ||82w§('+’7'€2)”l/2(s/)d7'—>0
0

where we used Holder’s inequality and the dominated convergence theorem for
182105 (- + Te2)[| 1257y < [|2ws || L2(5) = O for b — 0.

Hence, as S is open, ws is independent of x5. Similarly one can show that ws is independent of
3.

Furthermore
wh(x, 3 +6) — wh(xg, 23
1)

) 10,
=53 Osws (29, x5 + T)dT
0
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2. Mathematical Foundations

where the right-hand side converges to the constant —a in L?(S’). Since 2’ € S’ was chosen
arbitrarily it follows
wo(x') = wh — axs.

where w) € R is constant. Applying the same argument to ws it follows that

Hence

=L #0

/wh-dex’%Lﬁ‘/xg—Fx%d:c
5 s

as a # 0, but this contradicts (2.46). O

Later we will need the Korn inequality in two dimensions without scaling while analysing a
stationary problem associated with the linearised equation.

Corollary 2.4.9 (Korn inequality in two dimensions). For all u € H'(S;R?), there exists a
constant C' = C(Q) > 0, such that

IVuliags) < Cle@locs) + | [ w-ots] (2.47)
S

L=

where in this sttuation x —x3, xg)T.

Proof: We can deduce (2.47) form Lemma 2.4.8. Let u € H'(S;R?) and define @ € H),,(;R?)
by

C VL \u@))”
Then it follows from (2.45) for h = 1 applied to @

IVullzas) = IVall 2 < c<s<a>||Lz<m - ' / @ atde
Q

)
) .

C(lE(U)HLz(S)+‘/u~zJ—dl‘
S
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['-Convergence for Loaded Periodic Rods

The chapter’s aim is to prove a dimension reduction result via the notion of I'-convergence. More
precisely we compute the variational limit of the energy of non-linear three dimensional elasticity.
We start with an introduction of the energy series. Then we use the rigidity result by Friesecke,
James and Miiller [FJMO02] to deduce a scaled version in thin rods for deformations which have
an energy comparable to h2*~2. Up to a fixed rotation this leads to an approximation of Vjy
by a smooth map R™ which converges to the Id in L>°. From these we derive the scaling
properties for essential intrinsic quantities on which the limiting energy will depend. Having
this we can deduce the convergence of an approximated non-linear strain G™, which in turn
leads us to the lim inf-inequality in the proof of I'-convergence. For the lim sup-inequality we
use a classical ansatz function which reflects the respective scaling properties.

Finally using a revisited approximation theorem, where no conditions on the deformation is
made, we can show the I'-convergence for models which exhibit an external force.

The results of this chapter are based on ideas from the work of Lucia Scardia [Sca09].

3.1 Rigorous Formulation of the Energies

We shortly revisit the most important notation and all assumptions made for this chapter. Let
S C R? be a smooth domain such that

/ xozzda’ =0 (3.1)
s

and

/xgdx’ = / zzdz’ =0 (3.2)
s s

where 2’ := (z2,73) C R% Moreover we assume |S| = 1 and set ), := (0,L) x hS C R3
for h € (0,1] and L > 0 some length in R. As abbreviation we will write Q := Q; and for
differentiation we use the abbreviation 9,,v =wvy, for all v € H*(Q) and k =1, 2, 3.

We assume that the strain-energy density W: R3*3 — [0, oo] satisfies the following conditions:

(i) Wis C? on {F € R3*3 . dist(F; SO(3)) < §} for some § > 0;

(ii) there exists ¢; > 0 such that the second derivative D?*W satisfies

D*W(F)[G,G]| < ¢1|G]?  for dist(F,SO(3)) < 6 and G € R3X3;

sym)

33



3. I'-Convergence for Loaded Periodic Rods

(iii) W is frame-invariant, i.e. W(RF) = W (F) for all F € R**3 and R € SO(3);

(iv) there exists ¢; > 0 such that W (F) > ¢, dist?(F, SO(3)) for all F € R3*3 and W (R) = 0
for every R € SO(3).

We want to mention that at this point no growth condition from above is needed. Therefore we
are able to treat the physical relevant case in which W = oo for det(F) < 0 and W — o0 for
det(F) — 07 is necessary.

The scaled gradient of z € W} (Q;R3) is given via

1

Vhz = <8112 Eamz

i@xsz)

Moreover, we set (") := (w1, hao, hxs) and define Id,:  — R3 via z +— 2. The subset of all
rotations around the z;-axes is denoted by U, i.e.

U:={ReSO3) : Ry =1} C SO®3).

Let a sequence of external loads f(") € W3 (0, L; R®) and a limiting force f € W3 (0, L; R?) be
given such that

1
h*af(h) —~f in L*(0,L;R®) for h—0 (3.3)

()
=

and we assume that the force does not act in e;-direction, i.e. f 0. Moreover, we assume

that the total force on the rod is zero, more precisely

L
/ f(h)(xl)da:1 =0.

0

The later assumption excludes the case of no lower bound due to the invariance y — y + ¢ for
some constant ¢ € R3.
The total energy for relative periodic deformations is given by €™ : H'(Q; R?) — [0, oc]

_ _ (R)y . £(h) ; _ 1 . T3
g(h) (y) .= /QW(Vhy(m)) (y(l‘) T ) f (ZC)d.’L', if ) Idh S Hper(QvR )7 (34)
400 otherwise

and the scaled elastic energy Z(": H'(Q; R?) — [0, oc]

Z(h) (y

W(v dr, ify—Id, € H (Q;R3),
V[ weenas, iy 10, e @) 55
+00

otherwise.

3.2 Compactness in von Karman Regime

The necessary compactness results of sequences of deformations whose elastic energies are of
order h?*~2 o > 3, are proven in this section. We show that the set {hgi,zl(h) < C} is compact
with respect to the particular topology. This allows us later to use the sequential definition of
I’-convergence estabilshed in Proposition 2.1.6 and 2.1.10.

The main ingredient for the proof is the fundamental regidity theorem proven by Friesecke,

James and Miiller in [FJMO02].

Theorem 3.2.1. Let U be a bounded Lipschitz domain in R™, n > 2. Then there exists a
constant C(U) with the following property: for every u € Wy (U;R™) there is an associated
rotation R € SO(n) such that

[V~ Rll2(y < C0)] dist(Ve, SO(m))]| 2(w- (3.6)
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3.2. Compactness in von Karman Regime

Remark 3.2.2. The constant C(U) can be chosen invariant under uniform scaling and transla-
tion of the domain, i.e. C(U) can be used as a constant for all AU + ¢. This can be shown in
the same way as it was shown for the Korn inequality in Theorem 2.4.1.

Definition 3.2.3 (Scaling of sequences). For some sequence Y ") ¢ H*(Q; R?) we define

1 h
u®(21) = 50 /S (" (21, 2") — a1)da’ (3.7)
1
v,gh)(xl) = e / Yk(h)(xl,x’)dw’ for k=2, 3 (3.8)
s
1 x Y(h)(x ) -z Y(h)(x x')
(h) — 213 1 2149 1 d / 3.9
W)= g |, u(s) ’ (39
where ((S) := [g a3 + a3da’.
The main result is now the following theorem.
Theorem 3.2.4. Let y™) C H'(Q;R3) be such that
1
hga_gzw(y(h)) < C < +00 (3.10)

Jor every h > 0. Then there exist associated maps R_(h) € Q“(O,L;R3X3) and constants
RM™ € SO(3), ¢™ € R? such that (up to subsequences) R") — R € U and for

G0 i (RONT () _ ((h)

Y
we have
R™M(s) € SO(3) for every s € (0, L), (3.11)
IR™ — 1d]| oo o,y < CRO72, [(RM) || p2(0,0) < Ch*2 (3.12)
Vg™ — R™| 12 (q) < Ch* (3.13)
IRM(0) — RM(L)| < Ch*~ 3. (3.14)

Moreover for v,(ch), w™ and u™ defined as in (3.7)~(3.9) for YM) = 41 it follows

(a) u™) — u weakly in H}..(0,L);

(b) v](ch) — vy, strongly in HY,,.(0,L), where v, € H?

per per

(0,L) fork=2,3;
(c) w) — w weakly in H!,,(0,L)

per

(d) (Vg™ — Id)/h=2 — A strongly in L*(Q;R3*3), where A € H}, (0, L; R3*3) is given by

per
0 —wv1 —w3:1
A= V2,1 0 —w ,
V3,1 w 0

(e) (RN —Id)/h*=% —~ A weakly in H*(0, L; R3*3);
(f) sym(R™ — Id)/h*@=2) — A2%/2 uniformly on (0, L).

Proof: The proof follows the classical ideas as e.g. in [MMO03; MM04; Sca09]. Key ingredient
is to use the geometric rigidity result of Friesecke et al [FIJM02]. We will apply it to a division
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3. I'-Convergence for Loaded Periodic Rods

of the domain € in small cubes of length h and an appropriately scaled function 7). With this
construction we obtain a piecewise constant function Q™ : [0, L] — SO(3) satisfying appropriate
uniform bounds. The constants R and rotations R originate then from Q" via mollification
and projection. A finely tuned Poincaré like inequality leads then to (3.14). We use R to
define an approximation A to show the convergence results (d)—(f). Lastly using the definitions

of u™), v,ih) and w™ one can identify the limit A and obtain (a)—(c).

Let ™ C H'(Q;R3) be given such that (3.10) is fulfilled. The coercivity assumption (iv) of W
implies then

1 .
T2a—2 /Q dist*(V,y™, SO(3))dz < C.
STEP 1: (construction of approximating sequences).  For h > 0 small enough, let K, € N be,

such that h <l < 2h where l;, := L/K}, and set J,, := [0, L) N L/K,N. Define for a € J,

1 — (a,a+2h), ifa<L-—2h,
aKp = (L —2h,L), otherwise.

zZ2 Z3

Applying now Theorem 3.2.1 to ") (z) := y(z1, 22,%3) on the set I, k, x hS, we obtain a
constant Q" € SO(3) such that

/ Vo™ (2) — QW 2da < © / dist?(Vy™ (2), SO(3))da. (3.15)
Ia,K;L xS T

a,Kyp, xS

Note that the constant C'(I, k, x hS) = C((0,2) x S) for all a € J}, due to Remark 3.2.2 and
h > 0. Therefore C > 0 does not depend on h. With this we can define the piecewise constant
map QM : [0, L) — SO(3) via

L
Q™ (s) :=Q, for s € {a,a—}— h>7 a € Jp.

Summing over all a € Jy, we obtain
/ Viy™M (z) — QW 2de < C / dist?(Vyy(x), SO(3))dx < Ch**~2. (3.16)
Q Q

Let now a € Jj, be such that (a,a +4h) C (0,L) and b = a + l,. Applying Theorem 3.2.1 for
(") and (a,a + 21;,) x hS, leads to the existence of Q € SO(3) such that

/ \Viy™(z) — Q?dx < C dist?*(Vyy(x), SO(3))dx (3.17)
(a,a+21p) xS (a,a+2lp)x S

holds. Thus because (a,a+13), (b,b+1p) are contained in (a,a+21p),(3.17) and (3.15), we have

Q™ (a) — QM) < C dist*(Vpy(x), SO(3))d.
(a,a-+4h)x S

Since @ is piecewise constant, we deduce

/ QM (1) — QW (21 +1)|2day < C dist®(Viy(z), SO(3))dz,
(a,a+1r) (a,a+4h) xS

hence for 0 < { < h
/ Q" (21) — QM (zy + &)2dzy < C dist*(Vpy(x), SO(3))dz.  (3.18)
(a,a+l1p) (a,a+4h)x S

The same construction can be made for every a € Jj, such that (a — 2h,a + 2h) C (0,L). Then
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3.2. Compactness in von Karman Regime

we obtain for —h < £ <0

/ Q™ (21 4 €) — QUM (21)?day < C dist?(Vyy(z), SO(3))dz.  (3.19)
(a,a+1n) (a—2h,a+2h)x S

Thus we obtain for z; € (2h, L — 2h) and every [§]| < h

Q™M (1 + &) — Q(a1)]” < Ch**72, (3.20)

Now for I’ C (0, L) compactly contained and || + 4h < dist(I’, {0, L}) we deduce iteratively
Q™ (@1 +¢) = Q(a1)day < CH*= (¢ + h)? (3.21)
I/

as follows: Define N := |[%]|, where [-] denotes the integer part, and choose (y,...,(ny+1 such
that (o =0, (w41 = ¢ and |Cxr1 — (k| < h. Then it follows

N

QM (21 + ) = QW (@) < (N+ 1)) 1QW (w1 + Gepr) — QW (21 + &)

k=0
and hence

N

/ QM (21 + ) — QU (a1)|dz < (N +1) dist*(Vyy™, SO(3))de
(a7a+lh)

k=0 /(a+<k7a+Ck+4h) xS

Summing over all a € Iy, :={q € Jy, : (a,a+ 1) NI # B} it follows

N
[ 1@+ 0-aP@Pa <Y Y dist* (V™. SO(3))da
I/

k=0 aclj, /(‘H‘Ck sa+Crt+4h) xS

< C(N+1)? / dist? (V™ SO(3))der
Q
<l )
< C(h + 1) / dist*>(V,y™, S0(3))dx
Q
< Ch2@=2(|¢] + h)?
Let n € C§°(0,1) be such that n > 0 and fol n(s)ds =1 and set
1 /s
() () — 2 p( S
n(s) : hn(h)- (3.22)

We extend Q") constantly outside of (0, L), i.e. Q" (s):= Q"(0) for s <0 and Q") (s) :=
Q™ (L) for s > L. Then we can define

h
QM (s) = / 1M QM (s — t)dt

for all s € [0, L]. Applying (3.20), (3.21) and Jensen’s inequality, it follows

1Q™ — Q™| L20,Ly < ChOTY, (3.23)
Q™) || L2(0,0) < Ch2 (3.24)
HQ(h) - Q(h)H%oo(o,L) < Ch**—3, (3.25)
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3. I'-Convergence for Loaded Periodic Rods

Combining (3.16) and (3.23) leads to
IVry™ = QM| 120y < CR. (3.26)

As SO(3) is a smooth manifold, there exists a neighbourhood U of SO(3) and a smooth
orthogonal projection m: U — SO(3), cf. [Leel3, Proposition 6.25]. Due to (3.25) we deduce
that QM takes values in U for sufficiently small h. Thus we can define R := 7(Q™). Since
||(R(h))’||L2(07L) < Ch®~2 by (3.24), we deduce with the Poincaré Inequality we obtain with

P .= fOL RM (s)ds
|R® = PO 10,0y < CINRMY 20,2y < Ch72. (3.27)

This implies that
dist(P™,SO(3)) < Ch*2,

and thus there exit R™ € SO(3) such that |P") — R("| < Ch*=2. Using this and (3.26) it
follows 3 -

|R™ — RM || L0,y < Ch*2.
Now R := (RM)TRM € ¢*°(0, L; R**3) and fulfils (3.11) and (3.12).

By choosing ¢(® accordingly we can assume

/ gﬁh) — x1dx = 0, / g,ih)dx =0 for k € {2,3}
Q Q
and by (3.26) and (3.23) it holds
Vg™ — R™ || 120y < C|Viy — Q™ + QM — R | 12q) < CRTL. (3.28)

STEP 2: (structure of R).  The definition of Z(") and (3.10) leads to y™ —1d") e H)., (5 R3).
Therefore, we obtain

L L
/ (O (@) — 1)da = / / Or, (4" (21,2') — ) dir ' = / PRI R
Q S J0 S

0

Using this we obtain

_ 1 _
0< I ~11=|1 [ (f - yas
Q

1 — 1
= |L / ORur = 0y yi™)de + / (9,9y" — 1)da
Q

Q

1 _
< f/ 10,9 — Ruy|da
Q

for all A > 0. Thus as L*(Q) — LY(Q) and [|[V,y™ — R z2(q) — 0 we can conclude with

Remark 2.1.2
— 1 0
R= (0 R’) '

STEP 3: (periodicity inequality). Due to the definitions of R, R™ and Q) it is sufficient
to show (3.14) for Q). We know from (3.15)

/ V™ (2) — QM 2de < © dist2(V 5™ (2), SO(3))da.
(0,L/Kp)xS (0,2h)x S

We use the inequality

/ [v(0,2") — v|*dz’ < c/ |Vo|?dx
S (0,0)xS
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3.2. Compactness in von Karman Regime

where v := fs v(0,2")da’ and 1 <1 < 2. Applying this estimate for

o) o= 3 () (ha, ') — QYY)

leads to

2
da’

J

y(h)(07m’)—/Sy(h)(o,x')da:' — hQ(()h)(O,x’)

< on? /( e Vi ™ — Q) (hay, o) 2dx
X

< Ch IViy™ (z) — QM 2da’ < Ch2*~ 1.
(0,hl)x S
When we use 1
_ 1w (h)
() : h( (ha1,2') — hQ" )
it follows due to y" —Id), € H},,.() for every h > 0 analogously
2
/s y(h)(Lw’)—/Sy(h) (L,2")dz' — hQ(Lh)(O,x’) dx’
< Ch Viy™ () — QP Pda’ < Ch*~?
(L—hl,L)x S
Thus, we obtain
/ ‘ 5 — QM0 =3 / ’hQ(h) —y"(0,2") + / y"(0,2")da’

2
+y(h)(L7x’)—/y(h)(L,x')dx’—hQL (0,2")| dx’
s
Hence, it follows
2
[ i@ - Q10,0 da’ < cnes,
s

Remark 2.1.1 leads to X
Q™M (0) —QM(L)| < Ch~ 2.

STEP 4: (definition of A).  Define the sequence A pointwise as

A () = —— (RM)(s) — Id)

ho— 2(

for s € [0,L]. By (3.12) and the embedding L>°(0,L) <+ L?(0,L) there exists some A €
H(0, L; R**3) such that, up to subsequences,

AW ~ A weakly in H'(0, L; R®*3).

Hence, with the compact embedding H' (0, L; R3*3) — C°([0, L]; R**?3), we deduce A™ — A
uniformly. Since R™ € SO(3), it follows

A (A(h))T — _ha—2(A(h))TA(h)

and therefore A € Rkae‘iu Dividing the latter equation by 2h%~2, we get
2

sym(R™ — Id) — —

1
h2(a—2) 2
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3. I'-Convergence for Loaded Periodic Rods

uniformly. Now, due to (3.13) and the convergence properties of AM we know

1

= (Vg™ —Id) — A (3.29)

strongly in L2(92; R3*3). Lastly, we use the improved scaling in (3.14) to obtain periodicity of
A, more precisely we have

1AM (0) — AM(L)] = R™M(0) — RM(L)| < Ch3.

ho— 2‘

Uniform convergence then leads to periodicity of A.

STEP 5: (identification of A).  Let v,(ch) be as in (3.8) for Y(® replaced by ™. By the choice
of ¢ the mean on [0, L] is zero for k = 2, 3 and due to (3.29) we know that the derivative
converges strongly in L?(0, L). Hence, by Poincaré’s inequality, there exists v, € H'(0, L) such
that

v,(ch) — v strongly in H(0, L).

~(h)

Moreover, because §," is L-periodic in ; direction, v € H}.,.(0,L). Again (3.29) implies

U1 = Ap1, k=2, 3and by A € H),.(0,L; R**3) it follows vy, € H2,,.(0,L).
The second and thlrd columns of (3.29) lead us to
1 _
et (5" —1dp) — Aeg (3.30)
strongly in L?(Q;R3) for k = 2, 3. Poincaré’s inequality on S implies
159 = 1~ 5) < O(10r 3~ 100 3a(s) + 105, (7~ 1) Bags)) (33D

for almost every x; € (0, L), where we used (2.4). Integration with respect to z; over (0, L)
yields that

o (5% (5

is bounded in L?(Q;R3). With a similar argument as in the proof of Lemma 2.4.8 and (3.30)
we deduce, that there exits ¢ € L?(0, L; R?) such that

ha —— ( () _1q, —(j (h)> ) — x9Aes + x3de3 + q (3.32)

strongly in L?(€; R3). From the definition of w® it follows now

( ) ~(h)
1 Toy — Z2Y ,
U}(h)(acl) = / 293 ( )(S) 2 ( ) /

_ 1 1 Sh) () , ) m ,
~ pa-1 M(S)</5~T2(93 hxs — (g3 >S)d9€ st(yz hxo — (¥ >S)d$

1 1
= _ ~(h) _ (h) _ =(R) ) _ ,
— ,U(S)/ ( () —x (g >s> (2263 — 3€0)d
1
—w = m /S($2A€2 + x3des) - (woe3 — w3e9)da’ = Asgy

strongly in L?(0, L), where we used (2.3) and the fact that A is skew-symmetric. Computing
the derivative of w gives

w,(lh) = ha 1 / a901 (h) x(h)) - (z2e3 +«T3€2)d$/

1

T heTp(S) /(awlﬂ(h)( ) = RMey) - (waes + w3e0)da’
S
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3.3. Limsup and Liminf Inequalities

1 1
+ ho=1 pu(S) / (RM =0y, 2 ™M) - (w205 + wzez)da’.
S

Hence with (2.4) it follows that the last term is zero. Using (3.13) we obtain that w(®) is
bounded in H'(0, L) and fulfils the periodicity conditions due to A € Q;R3%3). As A is
skew symmetric we obtain

per(

0 —wv21 —v3:1
A= V2,1 0 —w
v3,1 w 0

as claimed. The derivative of u(® can be written as

! 1
u(f) = W/(Vhﬂ R(h))ndaz 4 = - (sym R _ Id)1
s

The first summand is bounded in L?(0, L) due to (3.28), while the second part Converges to zero

because of property (f). Lastly, due to definition of «(®) and because 3 —1d;, € H, er (G R?),
we conclude u") and u € H}..(0,L;R?). O

3.3 Limsup and Liminf Inequalities

Now we are in a position to start proving the I'-convergence result without external force. We
split the result in the common two parts. First we prove the Liminf inequality and in the second
statement we construct an appropriate recovery sequence.

Let Q3: R3*3 — [0,00) be the quadratic form of linearised elasticity

Q3(G) := D*W(I1d)[G, G] (3.33)

and let Q°: R x R3*3 ' [0, 00) be defined by

skew

o) ) el
Q (t,F) : g;eHl S]R3)/ Qg tel + F <$/) (2] gQg)d{E . (334)

For u, w € H',.(0, L) and vy, v3 € H?

per ser(0, L) we introduce the functional

1 [t .
5/ Q%uq + %(03,1 + U%,l)vA-,l)dxh if a =3,
— 0
I(x(ua U27U37w) T

1t
5/ Q%(u,1, A )day, if a > 3,
0
where A € H},,.(0, L; R**?) is given by
0 —v21 —v31
A= V2,1 0 —w
V3,1 w 0

Remark 3.3.1. The minimum defining Q° is attained and even unique in the space

V= {@EHI(S;R?’) : /gadw’:/go-mldx'zo}.
s s

Moreover, the minimizer ¢ depends linearly on ¢ and F. Hence if t € L?(0,L) and F €
L2(0, L; R3*3) then ¢(t, F) € L?(;R3) and ¢ (t, F) € L*(Q;R?) for k = 2, 3. In order to see
this we first note that Q3 depends only on the symmetric part of G, due to (2.22). Hence the
functional in (3.34) is independent under the transformation o +— «a + ¢o + cyz*. Therefore,
the minimum can be computed on the subspace V of H!(Q;R3). Using Q3(F) > ¢1|sym F|?
for every F € R3*3 it follows with Korn’s inequality, Lemma 2.4.8 for h = 1, that minimizing
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3. I'-Convergence for Loaded Periodic Rods

sequences o, C V are bounded in H'(S;R?) norm. Hence they are weakly compact. Moreover,
the functional to minimize is weakly lower semicontinuous on H'(S;R3). Thus with the direct
method of calculus we obtain the existence of a minimizer. As Q? is strictly convex on the set
of symmetric matrices the uniqueness of the minimizer follows.

For the linear dependency we proceed as in [MMO04, Remark 4.2]. First we fix t e R, F € Rikxiu
and let k™™ € V be the unique minimizer for (3.34). Define now

62

0 af
=F =
9(w2, 73) (m’) tie bii 8anaFj5

(Id).

Then ™" satisfies the Euler-Lagrange equation

/ Z Baﬁ fm”,@ dff /Z (B*'g, ¢.q)da’ (3.35)

a,B=2,3 a=2,3

for every ¢ € H'(S;R?) and (B*P);; := b%—ﬂ. Exploiting Q3(F) > c¢;1|sym F|? we deduce
1

c Y (B0p,00) = Y lesl+ D leasleo)

«a,3=2,3 B=2,3 a,3=2,3

for all ¢ € H'(S;R3). Testing the Euler-Lagrange equation (3.35) with ™", we obtain

/ Z |szn 2d(E +/ Z |5aﬁ min de < - C/(Bal zzn)dx/

B=2,3 «,f=2,3

< Y 1B gllzas)lIKE ™ |22y
a=2,3

By the Korn inequality and the fact that ™" is mean value free we obtain

/ Z mzn| dx’ <C/ Z ‘5(1 mzn | dr'.
aﬁ 2,3 aﬁ 2,3

Hence, by the later inequality it follows

IVE™ |25y < C > 1B gllags) Ik 2cs) < Cllgllzzcs)IVE™" [l p2(s)
«,$=2,3

By the Poincaré inequality we obtain

1™ |11 (sy < Cllgllrz(s)- (3.36)

Using (3.35) we deduce that k™" depends linearly on ¢t and F'. This can be seen in the following
way: Assume

0
gr (w2, 23) == Fy, (x,) + trer

for k =1, 2 and denote by """ € V the unique minimizer of (3.34) for ¢, Fj,. Moreover, we
denote by ™™ € V the minimizer for t; + t3 and Fy + F,. Hence with (3.35) it follows

/ Z Baﬂ( min + Kmm 9"”"),(,0,a>dx’ —0.

«,$=2,3

Choosing ¢ = k7 é + K:g”é” 6™ and using an analogous calculation as above we obtain

mzn _|_ K,/’"L’LTL OTYL’LH.
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Remark 3.3.2. For sake of completeness we want to mention that as in our case Q% does not
depend on z it is possible to find a more explicit formula for Q°, done as in [MMO04, Remark
4.4.]. We claim that Q° can be decomposed as

Q(t, F) = Q' (t) + Q*(F) (3.37)
for

QU(t) i= min @(terlaly) and Q*(F) = Q(0, F).

For thislet t e R, F' € Rg;ﬁv and a € V be given. We define
a:= / aqodx’, b= / asdz’
s s
B(z) == a(x') — axy — brs.

Hence it follows

/S 0 (F (3?) +tel‘a72‘a73>dx’ — Q3 (ter|alb) + /S o (F (2) ‘ﬂ,g‘ﬁﬁ,)dm' (3.38)

as (tei|alb) does not depend on z and the coupling term vanished because of

[ [(te1|a|b),F (E) \6,2\64
— D*W(Id) [(tela|b),/SF (f,) ‘5,2’@3} —0.

Here we used for the last equality (2.4) and the definition of 8. This implies then Q°(¢, F') >
Q'(t) + Q*(F).
Conversely let 3 € H(€;R3) be a minimizer of (3.34) for ¢t = 0 and define

Br = / Brdx’  for k=2, 3. (3.39)
S

Then it holds

Jo (2 palo) = [(@(r (2) ol )
— /SQ3 (F (g?,) ‘5,2’3,3) da’ — Q° (0‘62’BS>

where we used (2.4). Due to the nonnegativity of Q?, it follows then (0|32|83) € R3 2 . With
this we can define

B(x/) = ﬂ(ﬂﬁ/) - 323?2 - 33303
and obtain that § € H'(€; R?) is another minimizer defining (3.34). Moreover it holds

/872d$/ = / Bygdxl =0.
S S

Let (a,b) € R® x R3 be the minimizer defining Q' and set
az') = B(a') + zoa + z3b.

Then it follows with (3.38)
Q'L F) < /SQ3 <F (3) +t€1’04,2‘04,3>d$/ = Q*(te1]alb) JF/SQ?' (F (2/) ‘5,2’5,3)6196/
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3. I'-Convergence for Loaded Periodic Rods

=Q'(t) + Q*(F).
With this (3.37) is proven.

Remark 3.3.3. Lastly, we want to show that Q° is uniformly positive definite, i.e. there exists
some C' > 0 such that

Q°(t,F)>C(t* +|F|*) forallt € Rand F € R} ? (3.40)

skew*

It is sufficient to show the bound only for the special case that Q3(F) = | sym F|?, because of
Q3(F) > ¢1|sym F|?. Then we can use the decomposition of proven in the preceding remark
and split

Qt,F) = Q"'(t) + Q*(F) forallt € R and F € R3*3

skew"

We can see Q1(t) > t2 easily, by calculating

Q'(t) = min Q*(te;|alb) = min sym(te;|a|b) > t2.
a,beR3 a,beR3

Hence, it remains to show Q?(F) > C|F|?, where we argue towards a contradiction. Assume
that the claimed inequality does not hold. Then there exists a sequence F, € R3*3 such that

skew

1
n
This implies

F F 1 0
2 n o\ _ o n o\ _ . F,
Q(|Fn|) Q(w) é‘%?)/g Sym(w (w) ’“”’2
1
[ o (5 (%) pales)
|F)? weH'(S,R3) Jg x ST

Hence, there exists F' # 0, a cluster point of F},/|F,|, and ™™ € V such that for all 2’ € S

0 min | ,.min
sym (F (w’) ’/i’Q K'3 ) =0.

The first column provides then for all ' € S
Fiazo + Fi3ws =0

min
Fosxs + Ko = 0

min
—F5329 + Kig = 0.

2
da’

<P,3>

2
dz’ <

From the first line, we obtain Fj5 = Fi3 = 0. Deriving the second and third line by z3 and xs,
respectively, it follows Fag = 0. Thus (¢, F') = (0,0), which is a contradiction.

Theorem 3.3.4 (Liminf inequality). Let u, w € H,,,.(0,L) and v, € H.,,.(0,L) for k=2, 3.
Then, for every sequence (y™)nso € H (Q;R3) such that ) := (RMW)Ty(h) — (1) satisfies the
properties (a)—(f) of Theorem 3.2.4, it holds

liin_}(r)lf W a_2I(h) (™)) > T, (u, va, v3, w). (3.41)
Proof: STEP 1: (lower bound).  We can assume

o 1 h)(, (h
hin_:élfml( N(yM) < C <
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as otherwise (3.41) is trivially fulfilled. Hence, by passing to a subsequence, we can assume that

holds. Using Theorem 3.2.4 there exists R™: [0, L] — SO(3), R™ € SO(3) and ¢ € R? such
that
IVhi"™ — RM||p2(qy < CRO (3.42)

and R") — Id uniformly. Define the sequence G : Q — R3*3 by

1

h) ._
G( ) T ho—1

(RM)TV 5" —1d). (3.43)

Due to (3.42) the sequence G is bounded in L?(£2;R3*3). Hence, there exists some G €
L?(Q;R3*3) such that G™ — G weakly in L?(€; R3*3). As an intermediate result we now want
to prove

1 1
iminf —— (h) > - 3
llirilglf 13a 2 /Q W (Vry')dz > 3 /QQ (@)dx. (3.44)
For this we introduce xy: 2 — R defined by

() = { LIt IG™ (@) < B

0, otherwise.

From the boundedness of G in L?(€; R3*3) one can deduce that x( — 1 in measure and by

lim / Ix")(z) — 1)%dz = lim lde = {zeQ : [xM(x)-1|> i} =0
h=0Jq h=0 J{zeq : |xM (2)-1]>1}

we obtain Y™ — 1 strongly in L?*(Q). Thus
MG ~ G weakly in L?(Q; R3*?). (3.45)
By a Taylor expansion of W around the identity, it follows for A € R3*3

W(ld+A4) = %DQW(Id +tA)[A, A (3.46)

where ¢ € (0,1) depends on A. Frame invariants, (3.46) and the definition of G(*) leads to

1 / h 1 h h 1 h MNTo . (h)
W(Vry™) > / X OW (V™) = X OW(RW)TT ™) da
h2o¢—2 Q h2a—2 Q h2a—2 Q

1
- / X DIW (I () GG, GO
Q
where ty,(x) € (0,1) depends on G, Rewriting the last integral by

/ %X(h)DQW(Id i (@)he 1) EM, G Mdg (3.47)
Q

= / %(X(h)D2W(Id +tn(z)h* P @My G — Q3(X(h)G(h)))dx
Q

1
+ / iQ?’(X(h)G(h))dx.
Q

Since D*W is continuous on Bs(Id) for § > 0 sufficiently small, we conclude that D?*W is
uniformly continuous on Bs(Id). Using that h®~1t;,x" G is uniformly small for h small
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enough, we have for every € > 0
1
/ > (" D2W (1d +y, (2)h M GD) G, GM] - QF(GM) ) da
Q

> —¢ / M NGM 2de = —Ce.
Q

The second integral on the right hand side of (3.47) is lower semi-continuous with respect to
weak convergence in L?(Q;R3*?), because Q? is convex and lower semi-continuous with respect
to the strong topology. As e > 0 is arbitrary it follows that (3.44) holds. Since Q3 depends only
on the symmetric part of G, we obtain

1 1 ~
lim inf —— Mz > = 3 . 4
iminf o /Q W(Viy ") > 5 [ Q(G)de (3.48)
where G := ().
STEP 2: (characterisation of é) Note that, because of R") — Id uniformly, it follows

R — hal_l (Vg™ — Ry = @

weakly in L?(Q; R3*3). For the second and third columns of the matrix we get

1
RMGMe, = ﬁ(gf,f) — hRMep) = Gey, (3.49)

weakly in L2(€; R3*3) for k = 2, 3. Define the the functions 3" : Q — R3 by
~ 1
B (z) == h—a(y(h) — haaRMey — hasRMes)

Then R
AU = RWGWey for k=2, 3. (3.50)

Thus B(,? ) is bounded in L?(Q) and by the Poincaré Inequality on S, it follows

1B® — (B™)sll320) < CUBS Nz + 185 1720
So, there exists some 3 € L?(2;R?) such that
B = B — (3Myg ~ B weakly in L?(Q;R?). (3.51)
Hence, we obtain with (3.50) for h — 0
Br=Ge, fork=2, 3. (3.52)

For the first column we have

1
RMGWe, — (g(lh) _ R(h)el) —~ Gey

hu—l

weakly in L?(Q;R3). Using the definition of 3 and (2.4), we can rewrite the right hand side to

1
RMGMe, = ﬁ@,(?) — RMey)
1

= hﬂ,(lh) + ho—2 (R(h))l(x2e2 + .’Egeg) +

1
S
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By (3.51) it follows
) = 0 weakly in H™(;R%).

For the last summand it follows due to (3.42)

1
h(x—l

/ 7P — RWeyda’ — g (3.53)
s
weakly in L2(0, L; R3) for some g € L*(0, L; R3). Passing to the limit it follows with property

(e) of Theorem 3.2.4
0
G€1 = A71 (JJ/> +g.

Putting everything together we obtain

0 0
G=symG=sym A1 |z2| +9|B2|83|=sym | A1 |z2]| +g1€1|02]p3
X3 T3
for ¢ := B+ (x292 + 23g93)e1. From now on we want to distinguish two cases.
CASE 1: (a = 3). The definition of u) leads to
1 (W) o) g1 (h) 1 (h) ,
hOL—l S yl,l — Rll dx' = ’U,’l - W S(R - Id)nd.%’ . (3.54)

Passing to the limit in & implies then due to property (f) of Theorem (3.2.4), 2(a —2) =a —1
and (3.53)

1 1
g1=uy— §(A2)11 =wu)+ 5(”5,1 + 93,1)-
Hence G is given via
) 0
G=sym| A1 |z | + (U,1 + %(U§,1 +v§71)>61 P.2|¥P.3
3

Using ¢(z1,-) € H'(S;R?) and the definition of QY we obtain with (3.48)

.1 h
hfﬂgfﬁ/gw(vhy( ))dgsZI3(u,v2,v3,w).

CASE 2: (a > 3). In this case we have 2(a — 2) > a — 1 and hence due to (f) of Theorem
3.24

) sym(RM™ —1d) — 0

uniformly on (0, L). Thus, with (3.54), it follows analogously to the first case g1 = u 1 and
therefore

0
G=sym | A |z ]| +u1ei|p2|ps
T3
As in the first case we obtain with (3.48)
1
lizn_}élf 7202 /Q W(Viy™)de > T, (u, va, v3, w). O

Theorem 3.3.5 (Recovery sequence). Let u, w € H,,,.(0,L) and vy € HZ,,(0,L) for k = 2,

3. Then there exists a sequence (§M)yso C HY(R?) such that (a)—(d) of Theorem 3.2.4 are
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3. I'-Convergence for Loaded Periodic Rods

satisfied and
M (M) < T (u, v, v3,w). (3.55)

lim sup

h—0 h2a=2

Proof: We start with more regularity off the functions, i.e. suppose u, w € C'([0,L]) and
v, € C%([0, L]), k = 2, 3, such that

w(0) =u(L), w(0)=w(L), vk(0)=uwvx(L) and v} (0) = v, (L). (3.56)
We define 75, y3: (0,L) — R3 by

’72(.’)3‘1) = 21}3’111}61 + (w2 + USJ)eQ + v9,1V3,1€3

’73(%1) = 721}2’1’1061 —+ 1}2’1'1)37162 —+ ('U]2 =+ ”Ug’l)eg

and let 3 € CY(;R3). Set p: Q — R3 by

_ ) Blx) - %56272(931) - %msvs(:cl), if a =3,
w“”{ﬁ@% fa>3

and consider for h > 0 a cut off function p € C'(0, L) such that supp(p™) C [L — v, L],
p"M(L) = 1 and |(p™)'| < C/v/h with C independent of h. Then we define for h > 0 the
function ™ : Q — R3 by

T 0 U — TaV2,1 — T3V31
g M (z) = | hay | +h2 [vg | + 07! —Z3w + hp) (3.57)
hIg V3 Z2w

where ") (z) := <p( )+ oM (21)(8(0,2") — ( 2')). With this definition we obtain (§")s~0 C
HY(Q;R?) and () —1dy)nso € HL,, . (Q;R?) due to (3.56). The preceding properties imply

per

(g(h) V(h) (3.58)

To prove the convergence results (a)—(d) we compute the scaled gradient

Vg™ =1d +h*2A4 4 ho! (AJ (f,) +uer|py [ ) + O(h"‘") (3.59)
and thus 1
L (Vi) — 1) = A+ O(h)

which proves (d). Using the definition of v,(ch) and (2.4), one can deduce
v,ih) =g + h2/ cp,(:’)dx’ for k =2, 3.
s

Thus it follows with ") — ¢ strongly in L?(Q;R?) and |(p™)'| < C/v/h that statement (b)
holds. By (2.4) we have u(") = u + hgagh) providing (a). Lastly, because (2.3) and (2.4)

1
w® — L / (@2 + 22)w + h(z2o™ + 2308")da’ = w + O(R)
M(S) S

leading to (c). Using now the identity (Id +B7)(Id +B) = Id +2sym B + BT B for the nonlinear
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3.3. Limsup and Liminf Inequalities

strain and that A is skew symmetric, it follows

Yl > a— 0
(Vhy(h))TVhy(h) =Id+2h% 1 sym (A’l < ) +ue @fél)

x/

so(é”> (3.60)

+ hQ(a—Q)ATA + O(h2a—3) + O(ha_%).
Now we distinguish the case « = 3 and « > 3.
CASE 1. (a« =3)  In this case it follows by (3.60)

) ) 0
(Vag™)TV g™ = I1d+2h2 sym (A,l ( ) +uqen e

I,

<pf§})> +h2ATA+0(nh),

Hence, the square root is given by

(V™) Vg™ = 1d +h2GM + O(h%), (3.61)
where
~ 0 A2
G = sym (AJ (:c’) +uge Lpgl) WE?) -5

0 1
=y (A1 () + S0+ e

h h
e

3

0 —V3,1W V21w
2
+ 5| —vsaw —(vi; +w) —2,1V3,1
2 _ (2 2
V2,1W V2,1V3,1 (1}371 +w )

Using the definition of ¢, 8 and -4, we can express G via

~ 0
G = sym (A’l (ac’) + (u,l + %(vg,l + vg,l))el B’(g) B’(g)). (3.62)
where 3" (z) := B(z) + pM (21)(8(0,2") — B(L,2")). Thus
GM — G :=sym <A,1 <3?,) + (u,l +5(v3, + v;l))el B ﬁ,3> as h — 0 (3.63)

pointwise for all = € €.

By construction of ¢ it holds det(V,5™) > 0 for all h € (0, ho] and hg sufficiently small.
Hence we can use the polar decomposition and frame invariance of W to obtain

W (Vig™) = W([(Vag™)TV,gM]3).

Thus, by a Taylor expansion, (3.61) and (3.63)
ﬁW(Vhy ) — ng(G) ash—0
almost everywhere in 2 and

1 (h L =) 2
ﬁW(VhZU( )) < 501|G( 2+ Ch

>+

< C(IAI4 HAL + ua? + 182 + 185 + 1) € L'(Q)

because of [v5 ;| 4+ v3 ;| < [A?| and |3(§,2)| < C for all 2’ € S and € € {0, L}. The dominated
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convergence Theorem and (3.58) yields

lim sup I(h)( (h))—hmsup 4/Wthj(h) Ydx = - /Qg (3.64)
h—0 h# h—0

0,L) and vy, € H?

ser(0, L), k=2, 3. Define B(x1,-) €V as
the unique solution of the minimum problem (3.34), with F := Ay and ¢ := u; + 5(v3, + v3 ).

Hence 8 € L?(Q2) and B € L*(R), due to Remark 3.3.1.

For the general case, let u, w € H,,,(

We can smoothly approximate u, w in H;ET, Vg in ngr and 3, B in L?. Hence using a diagonal
sequence argument, the continuity of the right hand side of (3.64) with respect to the particular
convergences, it follows that (3.64) holds in the general case. Using the definition of 5 € V and

the structure of G we obtain

1
hmsupﬁI( ) (™) = lim sup 4/W Nda < To(u,ve, v, w).
h—0 h—0

CASE 2. (a>3)  In this case, the AT A term in (3.60) is, because 2(a — 2) > « — 1, of order
a — 1. Thus it follows by (3.60)

(h)

. . a— 0
(Vhy(h))TVhy(h) =Id+2h% 1 sym (AJ (x’) +uer|py

ga{if’) +O(he1).

Taking again the square root, it follows

(V") TV gM)2 =1d+r* PGP + o(h™ 1), (3.65)
where
~ 0
G = sym <A71 <3L‘/> +ue; ﬂ’(zh) ﬂgl))
as in this case (") = (M. Thus
GO 5 G =sym (A, (°
=sym (Aqg | o) FuienrB2)8s (3.66)

pointwise for all z € Q. With frame indifference of W and det V;, ™ > 0 for h small enough it
follows )
W(Vag™) = W((Vag") T Vg™)).

Thus by Taylor expansion, (3.65) and (3.66)

1
h2(a—1

1 ~
W(Vig") = SQ*(G)
almost everywhere in 2 and

1 -
W (Vig™) < fc1|G|2 +Ch < C(|A71\2 Flual?+ |Bal + 183l + 1) e LY(Q).

Hence, dominated convergence theorem implies

1
li M (M) =1 /W Nda = /
ot h2a2 ™) ot e hm 2) T Qs(G

Analogously to the first case, for u, w € H;eT(O L) and vy, € ngr(O, L), let o(x1,-) € V be the

solution of the minimum problem (3.34) for ¢t := u ; and F := A ;. The same argument as above
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3.3. Limsup and Liminf Inequalities

leads then to

liI}ILl sup h2a_21(h) (") = lim sup W/ W (V") de < T, (u, vs, vs, w)
—0 h—0 Q
due to the minimality of ¢ € V. O

Remark 3.3.6. If we additionaly assume that W is isotropic, i.e.
W(F)=W(FR) forall Re SO(3),
then the quadratic form Q3 is given by
Q*(G) = 2ule(G)? + A(tr G)? (3.67)

for some > 0, A > 0. The existence of such y and A follows from Theorem B.5. Positivity of A
can be deduced from G3(G) > ¢1|sym(G)|?. Thus it follows for the coefficients b?jﬁ

2+,  fa=B=i=j,

, 22w L4 fa=pg ANi=j ANa#i
%::W(Id): anda=j A =i AN a#k,
i CEIp A fa=iAB=jAa#k
0, otherwise

With this the Euler-Lagrange equations (3.35) simplify to

o2 peer3 Kg2 g3
/ (2M + )\)042)2 + )\013’3 pag 2 + pao 3 + | Ag1 0 : Vx/cpdx’ =0
s pos o + o 3 Aoz o+ (2 + Nag 3 0 ¢

for all ¢ € H'(S;R3), where V. = (02,002, ¢) and

0
sy (1) w1

Thus the system decouples to

Aa; =0 inS
Oya1 = Fosz(—x3,22)-v  on 9S
and
div ((Q/L + )\)042’2 + Ao 3, oz o + /14042“3) = —\Fio in S
div (pos 2 + pov 3, Ava o + (20 + Ao s) = —AFis in S

((QM + /\)04272 + )\043,3, pag o + /J/O(273) V= —)\(t + Fioxo + F13x3)V2 on 05
([LO[&Q + Mo 3, )\04272 + (Zu + /\)01373) V= 7)\(15 + F12£C2 + F13$3)l/3 on 9S8

We denote the torsion function by 1, more precisely v solves

AYp =0 in S
O = (—x3,x2) v on dS

Then a short computation shows that « defined by a;(2’) := Fas9p(a’) and

A
Oég(aj/) = —m(me% — Flgac% + 2F 32013 + 2t$2)
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3. I'-Convergence for Loaded Periodic Rods

A
as(z') == —m( — F13x§ + F13x§ + 2F 07973 + thg)

solves the related systems. Plugging this minimum point in the definition of Q°(¢, F), we
compute with (3.67)

Q(t,F) = /SQd (F (;),) + tel‘a,gla’g) dz’

3N+2
= W (F122]2 —+ F123I3 + tz) + /LTFQQS

where I := [ga3da’, I3 := [ 23da’ and

T = / wg + f% + 232 — T2 3 + 11)22 + 7721723(1%/'
S

3.4 Asymptotic Models for Loaded Rods

The T'-convergence of the total energy follows now from Theorems 3.3.4 and 3.3.5, more precise
we will prove an approximation theorem like in Theorem 3.2.4 dropping the condition of bounded
scaled elastic energy. This is then used to prove that, if a sequence has bounded scaled total
energy, it follows that the scaled elastic energy is bounded as well.

Theorem 3.4.1. Let h >0, y € H(;R3) and
E= / dist?(Vyy, SO(3))dz.
Q
Then there exit a constant rotation Q™) € SO(3) such that
v |2y < S B 3.68
[Viy —@Q ||L2(Q)_ﬁ : (3.68)

Proof: The idea of the proof is similar to the one of Theorem 3.2.4, but in this case we can
not expect Q™ to be in a tubular neighbourhood of SO(3). Hence there might not be a well
defined projection to SO(3). Nevertheless it is possible to use a part of the construction to
obtain (3.68).

Using the same construction as in the proof of Theorem 3.2.4 we obtain Q") : [0, L] — SO(3),
Q™ [0, L] — R3*3 such that

IVay = QW l72(y < CE, IQ™ — Q™ |32 1y < CE, (3.69)
. C - C
||(Q(h))/||%2(o,L) < ﬁE7 Q™ — Q(h)H%O@(O,L) < EE' (3.70)

Hence we can use the Poincaré inequality to deduce

c

ﬁE

Q™ — Q(h)H%Z(O,L) < ”(Q(h))/”%Q(O,L) =
where Q") = fOL QU (x1)dxzy. As SO(3) is compact, there exists QW e SO(3) such that
QM — QW] = dist(Q™, SO(3)) < [Vhy — QM| + dist(Vy, SO(3)).
Hence with the definition of F, we deduce

IVay — QM 1220y < 21Vay — QM 1320y +21Q" — QM350
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<2 Vay — QM |32q +2 /Q dist?(Vyy, SO(3))dz

C
< ﬁE O
Remark 3.4.2. The result is similar to Theorem 6 in [FJMO6], which is formulated for thin
plates. The proof however differ in the sense that in [FJMO0G6] first () is constructed, first in the
interior and later near the boundary. Using this ) one can then define ) via projection near
SO(3) and constantly as Id otherwise.

Now we can prove the convergence result.

Theorem 3.4.3. Let EM be given as in (3.4) and f) € W3 (0, L; R3) shall satisfy (3.3). Then

for h — 0 the functionals hzi_QS(h) T'-converges to the functional &, given by

" !
goc(u7 U25U37waR) Z:IQ(U,UQ,U?HUJ) _/ (R/)T (fi) : (U2> dx.
0

In detail it holds

(i) if lim inf},_q hgi_25(h)(y(h)) < o0, there exists R™ € SO(3), ¢ € R? such that R™ —
R e U and for
G = (RINTy ) _ ()
(a)=(f) of Theorem 8.2.4 is satisfied. Moreover, we have

1
h2a—2

5(h) (y(h)) 2 504(ua V2,3, W, R)

lim inf
h—0
(i) for allu, we H,,,.(0,L), vy € H,,.(0,L) for k=2, 3 and R € U there exists a sequence
G"Npso € HY(Q;R3) such that for Y .= RTy(") the properties (a)—(d) of Theorem
3.2.4 are satisfied and

1

h2a—2 g(h) (g(h)) < 504 (ua V2, U3, W, R)

lim sup
h—0

Proof: STEP 1: (Boundedness of elastic energy).  Assume (y™),~o € H'(Q;R?) such that
1

h2a—2

lim inf EMW (M) <C < oo

h—0

holds and by passing to a subsequence if necessary we obtain

1

a3 A (y(h)) <C < .

Then (y™" —Idp)pso C HL,.(€;R?) and due to Theorem 3.4.1 and Poincaré’s inequality there
exist (Q")p>0 € SO(3) and ¢™ € R? such that

_NT r
Y = (@) - o (h;/)

\ C
YW )Z20) + IIVAY P72 < 2k

Using a subsequence we can assume Q") — Q € SO(3). Hence, it follows

LTy = 2172g(h)(y(h))+ 2172/f(h)-(y(h)—x(h))dag
h2o h2o 22 |,

satisfies
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_ h) h h) h
_ hm 25( / haQ( gLy,
1
< QIFON (h)‘ ‘
- h2CY et f L2(0,L) =V
slﬂa2sw( )) + __E%
1
< h2 My (I(h (y™) )

and therefore
MW (M) < O < 0.

h2a 2

STEP 2: (Liminf inequality). Theorem 3.2.4 implies now the existence of R € SO(3),
™ € R3 such that R") — R € U and for

G = (R0 _ ()
it holds (3.11)—(3.14) and (a)—(f) are satisfied. Hence, Theorem 3.3.4 leads to

lim inf I(h) (y ™)) > T, (u, va, v3, w). (3.71)

h—0 h2o—

Therefore we only have to establish convergence of the external force part. Using the assumptions
on f) and property (b) we obtain

1 1 _ i
/ f(h).(ym) _ x(h))dx = oy (RO g
Q Q

h2a—2
. 0
S(\T L (h) <h> /
:/ (R ) h—a f2 . dri — R . dx,
0 f?(’h) (h)

Putting this together with (3.71), we obtain the desired result

o 1 >
lim inf W(‘f(h) (y(h)) > ga(U,U2>U37waR)-

h—0 o=

STEP 3: (Recovery sequence). As in the proof of Theorem 3.3.5 we first suppose u, w €
C([0, L]) and vy, € C%([0, L]), k = 2, 3, such that

w(0) =u(L), w(0)=w(L), wvk(0)=vg(L) and v}(0) = v} (L)

and define the sequence (§(")},¢ similarly as in (3.57) via

T 0 U — TaV2,1 — T3V31
RT§M (x) = [ haa | + 022 [ vy | + ho —a3w +heM.
hxs U3 Tow

Where 72, 73, B, @, the cut of function p® and ™ () := p(z) + p™ (21)(8(0,2") — B(L,z"))
are as above.

With this definition we obtain (5)p~0 C H'(;R?) and (5" — Idj)ns0 C Hp,,. (2 R?) due
to R € U. Moreover from Theorem 3.3.5 we obtain that for u("), v,ih) and w™ defined as in
(3.7)—(3.9) assertions (a)—(d) of Theorem 3.2.4 hold.

Hence, we only have to show that (3.57) holds. As in the proof of Theorem 3.3.5 we obtain due
to RTR = 1d the following formula for the nonlinear strain

(Vad™) TV, 5" = 1d +2h°! sym <A,1 <§> + e

h
90( )‘80,(3))
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+ h2(o‘72)ATA—|— O(h2a73) + O(ha7%>'

Thus we can use the same strategy for the elastic energy part of hQi,z EM) and obtain

lim
h—0 thy 2

I(h)(g( )) Ia(uvv27v3aw)'

Hence, we only have to establish the convergence of the external force part of £ (™). The
definition of §(") leads to

1 Ly 0
h2a—2 f ( —a:(h)>da::/ thTf(}L)' vo | +O(h) | dzq
0 Vs
(), R(T1)_ (T
L (R () - ()

The structure of R € U then implies

) 0 0 0
R-Td= [0 Rp—1 R
0 Rz R3z—1

Hence, we obtain with (2.4), the fact that f®) does not depend on 2’ and (3.3)
1 Ly o (P (o
(h) . (( (h) — = (pN\T 2 . 2
a3 / 7O (50 = ™) de /0 (R (f?ﬁh) (U3> day + O(h)
g f2\ (2
— RHT . d
o () () o

EM (MY < &, (u, v, v3, w, R).

Putting this together it follows

lim
h—0 h a=2

An approximation argument, as in Theorem 3.3.5 for u, w € H},,.(0,L) and v; € H2,.(0,L)

per

leads to the desired result. O
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Convergence of Equilibria for Thin Elastic Rods for
the von Karman Regime

In Example 2.1.8 we have seen that I'-convergence is not capable of catching convergence of local
minimizers, in contrast to global ones. We are therefore interested in the convergence behaviour
of solutions to the Euler-Lagrange equations for the total energy. More precisely we will show
that for every sequence y") of stationary points of £ the limits of (u(h), véh), Uéh), wh) R(h))
exist and solve the Euler-Lagrange equations for &,.

In addition to the assumptions (i)—(iv) made for the elastic energy density, we assume in this
chapter that DW (F') grows at most linear at infinity. More precisely we assume

(v) there exists C' > 0 such that

|DW (F)| < C(|F|+1) for all F € R**3. (4.1)

Using that W is C? in a ball around the identity, a Taylor expansion and DW (Id) = 0 we
deduce
|DW (Id+ A)| < C|A| for all A € R®*3, (4.2)

This assumption ensures that the Euler-Lagrange equations in the classical form are satisfied by
local minimizers, see also the discussion in [Bal02]. Unfortunately the assumption prohibits that
the strain-energy density satisfies the physically justified condition W — oo for det(F) — 0. As
we will regard the von Karman case, the deformation is close to a rigid motion, defending the
choice of the assumption (v).
This result fits in the context of papers by Mora and Miiller [MMO08] and Miiller and Pakzad
[MPO8] on similar problems. The main novelty is the incorporation of an external force in the
energy. Moreover, the scaling of the total energy differs from the one in [MMO8] and in [MPOS§]
a thin plate is considered. In the work by Mora and Scardia [MS12] the same scaling regime
with external force was considered, but with a different growth condition and in the plate case.
We restrict to the case a = 3, in order to retain the scaling for the von Karman regime. For
sake of convenience we will denote D?*W (Id)[G, G] =: LG : G = Q3(G).
In order to derive the Euler-Lagrange equations for the limiting problem, we recap the definition
of £:=&;

E:H,., (0,L)x H2, (0,L)> x H},.(0,L) x U — Ry

per per per

_ L _ f
E(u, v, v3,w, R) := I3(u,v2,v3, W) */ (R)HT <fz) . (Uz) dz,.
0

U3
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4. Convergence of Equilibria for Thin Elastic Rods for the von Karman Regime

In Remark 3.3.1 we derived the Euler-Lagrange equations, which minimizers o € V have to
satisfy. This can be used to prove the following lemma.

Lemma 4.0.1. Lett € R, F € R®® and Gy p: H'(S;R?) — [0,00) be defined by

skew

Gir(p) = /SQ3 (t€1 +F (g) ‘90,2’@,3)6&7’.

Then o € V is the unique minimizer of Gy r if and only if
E = L(tey + F(0,2)) " |az]a3)
solves the boundary-value problem
divy <E62|E€3) =0 n S,
(Feg|Fesg)vgs =0 on 0S

in the weak form, where v is the outer normal on 0S. Moreover, o depends linearly on t and F'.

Proof: The functional Gt r is convex and thus o € V minimizes G, r if and only if for all
p € H'(S,R?)

=0

e=0

d
% / Qs (te1 + F(0,2")" o + e olors + €</J,3>d$'
S

Differentiation of parameter integrals leads then to

/ E:(0lps
S

The linear dependency follows then in the same way as in Remark 3.3.1. O

p3)da’ = / L(tey + F(0,2) |aalas) : (0@ 2]p.3)dz’ = 0.
s

Next we want to derive the structure of the Euler-Lagrange equations for the limiting problem. For
this we assume u, w € Hl, (0,L), v, € H2,.(0,L) for k =2, 3 and R € U. Moreover we denote

per per
the solution to the minimum problem defining (3.34) by a € L?(0, L; V) for t = u 1 +5(v3 ; +03 ;)
and F = A ;. The stress E: Q — R3*3 is defined by

B(@) = £(ualm) + 5 (31m) + 3, 0) + Aa(@) 0.2 on@los(@). (@43)

The Euler-Lagrange equations will be stated in terms of the zeroth and first moment of E. We
define E°: (0,L) — R3*3, E%: (0,L) — R3**3 and E3: (0,L) — R3*3 by

O(z1) == z)da’, k(1) := | apE(z)dz for k = 2,3. )
E%(z1) /SE()d E*(a1) /SkE()dfk 2,3 (4.4)

Lemma 4.0.2. Let u, w € H! (0,L), v;, € H?

per per

(0,L) for k = 2, 3 and R € U. Then
(u,va,v3, w, R) is a stationary point of £ if and only if

L
@) G)()= @
and
(Egl), =0
vy EY + (E)” + Raafa + Rosfs =0
v B}y + (EY)" + Raafa + Rasfs =0
(Egl)/ - (E§)1)/ =0
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holds in a weak sense.

Proof: We compute the Gateaux derivative with respect to the arguments of €.

Hence assume ¢ € H,.(0, L) and regard

i<€'(u + £, v9,v3, W, R)‘

de
d1 1 0
=3 /Q Qg((u,l +eda+ (i +vin))e + Aq (m,>

e=0

a%)dw

a’
e=0

where of is the solution of the minimum problem for (3.34). From Remark 3.3.1 we get that a®

depends linearly on ¢, i.e.
af = atf) 4 o910

where t = uy + 5(v3, +v3,), F = A;. Therefore we obtain

d _
d—eé’(u + e, va, v3, w, R)

e=0
1 0 : ; )
= / E((U,l + 5(”371 + U?2)71))€1 +An (x/) ‘QES’F)IQ%F)) : (¢,1€1)04,(§’1 O)‘a,(zf’l 0))dl‘
Q

)

= / E: (¢,1€1‘a§§’1’0)‘aff‘l’o))d:c = / Ee; - ¢1e1dx Jr/ Ees - a’(;)’l’o) + Ees - afg'l’o)dx
Q Q Q

L L
= / Eoel . qb,leldxl = / E?1¢,1d$1~
0 0

where the penultimate equality comes from Lemma 4.0.1.

We use the same idea for the derivative in ve direction. Let ¢ € ngr(O, L) and consider

d _
75(“7 V2 + £QY, V3, W, R)

de e=0
d 1 1 2 2 5 0 5 £
T de2 Q Q3((u,1 + 5((112,1 +ep1) "’7]3,1))61 +A45 x’ ‘0’2 a,3>d1‘
L
_/ (R/)T (f2> . (UQ +€§0> d$1 ;
0 f3 v3 e=0
where

0 —V21 —EP1  —U31 0 —p1 O
A® = V2,1 T EP1 0 —w =A+e| w1 0 0
U3’1 w 0 0 0 0

We first represent the solution of the minimum problem, again denoted by o, as a polynomial
in €. Using the linearity in ¢ and F' it follows

2
af = a(t7F) + Ea(sﬂ,lvz,h‘l’,ﬂ + 520[(‘/7,170)

where
0 *(,071 0
o = Y1 0 0
0 0 0

With this it follows with 3 = a(®1v21:%.1) and Lemma 4.0.1

d _
75(“7 v2 + Ep, U3, W, R)‘

de e=0

_ /QE: (q) <J?/> + @71U2)1€1‘6,2‘B,3>d$/ _ /OL(RI)T (;2) . (g) dzq
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4. Convergence of Equilibria for Thin Elastic Rods for the von Karman Regime

L
= / Eey - (v21,1 — p1132)erds — / (Rzzfz + R23f3)§0d331
Q 0

L
= / o1 BV o1 — E3 a1 — <R22f2 + Rz:sf:s)sﬁd%-
0

Analogously we obtain

d _
75(“3 U2, U3 + £p, W, R)

de

L
0= / v3 1B 1 — Edjp 11 — (R32f2 + Rssf?))QOdl’l-
e= 0

Now let 0 € H!, (0, L), then

per

d _ d1 1 - (0 | e
£5(u,v2,v3,w +¢e0, R) T &3 /Q Q3((U,1 + 5(’03,1 + 03,1))61 + B (a:’) ay 0473)d1:
L
_/ (R/)T <f2> . <U2) dl’l
0 f3 U3 e—0
. ) _ 0 (0,% 1) 0 1)
_LE.(U,1(63®62 62@63 <x>‘ )
/ Eei-01(e3® ez —e2 @e3) ( )
= / / l'gEdl'/el +0,1€3 — / .’EgEd.’Elel . O—’ledel
0o Js S
L
:/ (E§1 _Egl)",ldxl
0
where

U:=c(e3®ez—ea®e3) and B°:=A+¢eV.
Finally the tangent space of ¢/ in R is given by TrUd = RB where

1 0 O
Bespan [0 0 -1
01 0

Let v: (—¢,&) — U be such that v(0) = R and 7/(0) = RB, then it follows

- d d [t
dg(u7v2,v3,w,R)[RB] = ﬁg(uﬂv27v3aw77(t))‘t:0 = _£ 0 ’Y(t)T (;;) : (Z;) dml’t:o

SLGEER

for some 7 € R. O

In order to establish the convergence of the stress, if some given strain converges weakly, we use
the following proposition.

Proposition 4.0.3. Let 1 < p < oo, U a bounded domain in R and f: R® — R such that f is
differentiable at zero and |f(A)| < C|A| for all A € R4, If

2~z ford—0in LP(U;RY),

then !
gf(éz‘s) —~Df(0)z foré —0in LP(U). (4.6)

Proof: A proof can be found in [MP08, Proposition 2.3.]. For the convenience of the reader
we give a detailed proof.
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Without loss of generality we can assume D f(0) = 0, because if not one can regard f(A)—D f(0)A
and use that D f(0) defines a continuous, linear function. Set

|f(A)]
w(d) ;= sup ———.
O A

Using the bound |f(A)] < C]A| and the assumption D f(0) = 0 it follows w(d) — 0 for § — 0.
Set As := {z € E : |2°| > 62}, then it holds for the measure |45] — 0 as § — 0. For
g € LY(E;R?) such that % + % =1 it follows

1
WRETC
E
As sups- ||2°||» is bounded, w(§) — 0 and

/ lg|%dx — 0
As

we can conclude } f(62°) = 0 in LP(E;R?). O

The main result of this subsection is the following.

q
< w® gl sup [+ M ( [ alvae) " sup 2]
6>0 As 5>0

Theorem 4.0.4. Assume that W satisfies the assumptions (i)-(v) and let (y")) 0 € HY(;R?)
be a sequence of local minimizers of €™ such that

/ W (Viy")de < Ch*.

Q

The, up to a subsequence, respective limit of (u™, véh), véh), w™ | RM) exists and (u,va, v3, w, R)
is a stationary point of the limiting functional £.

Proof: Let ") be a sequence of local minimizers of £/). For convenience we define g :=
7 f" and have due to (3.3)

g™ ~g:=f in L*(0, L; R®).

Theorem 3.2.4 implies now, that there exist maps _R(h) € 00, L; R3*3) and constants R ¢
SO(3), ¢™ € R? such that (up to subsequences) R") — R € U and for

M) = (RONT () _ ((h)

we have
RM(s) € SO(3) for every s € (0, L), (4.7)
IRM — Id|| g0,y < Ch,  (R™) | 12(0,1) < Ch (4.8)
IVag™ — R™| L2 (q) < Ch? (4.9)
IR™(0) — RM(L)| < Ch2. (4.10)

and (u(M, Uéh), véh), w™  R(M) converge in the sense that (a)-(c) of Theorem 3.2.4 is satisfied.
From (4.8) and (4.9) it follows V;,§*) — Id strongly in L?(€2, R3*3) and gjgb), gj(?fl) — 0, which
implies V§®) — diag(1,0,0) strongly in L?(£2, R3*3). From the choice of ¢(® it follows
/ g — zMdz =0
Q

and hence, Poincaré’s inequality implies §(") — (21,0,0)T strongly in H'(Q;R3). As in the
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4. Convergence of Equilibria for Thin Elastic Rods for the von Karman Regime

proof of Theorem 3.3.4 we define G : Q — R3*3 by

i

h) ._
oW .= %

(RMHYTv,5™M —1d).

Due to the arguments in the proof of Theorem 3.3.4 in the von Karméan case we obtain

G™W — G weakly in L*(Q;R>*?) (4.11)
where
R 0
Gi=symG= A, |z2 | + (uJ + 303, + vg’l))el Ba2|Bs |- (4.12)
T3

for some 3 € L?(0, L; H(S;R?)).
STEP 1: (Euler-Lagrange equations). Using the definition of £ and assumption (v) it
follows d

—E€W "M + 1)

= / DW (Viry™) : Vip — fM - odz
T= Q

for all ¢ € Hj,.(R?). For this we apply the dominated convergence theorem, which is
applicable as

10-W (V3y(h) + 7Vae)| < C(IVay™| + |Viel) | Viel € LH(Q)

and W(V,y™ (2)+-Vip(z)) € C*((—e,€),R) for almost every = € Q. Thus as y™ is a sequence
of local minima we obtain the Euler-Lagrange equations

/ DW (Vipy™) : Vi — fM - pdz =0
Q

for all ¢ € H},,.(R?).

STEP 2: (convergence of the scaled stress). We define the scaled stress by
1
EM .= s DW(Id + h2GM).

Hence by Proposition 4.0.3 and (4.11) it follows EM —~ B = LG weakly in L?(;R3*3).
Therefore E is symmetric, due to the frame invariance of W, see Remark 2.3.2. Transforming
the definition of G we are led to

Viy™ = RWRM (1d + n*G™M).
This implies
DW(Vhy(h)) - R(h)R(h)DW(Id +h2G(h)) = B2 R () p(h)

where we used the frame invariance of W. Plugging this in to the Euler-Lagrange equations and
using the definition of g™ it follows

/ RMWRMEMN - v,0 — hg™ . pde =0 (4.13)
Q
for all p € H,.(Q;R?). Using ¢ = R for 1 € H)..(€;R?) we obtain
/ RWE® - (RUNTRY ) — hRT g - apda = 0 (4.14)
Q

for all » € H'(Q;R?). Multiplying this equation with A and deploying (R")TR — Id,
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RM — Id strongly in H*(0, L) and E?® — E in L?(Q;R3*3) we obtain
/ Eey -t o+ Ees - 3dx = 0.
Q

Hence E solves for almost every x; € (0, L) the system

divy (E62|E63) =0 in S,

N (4.15)
(Eez|Ees)vgs =0 on S

in the weak sense. Using again the symmetry properties of D?W (Id), we obtain that LF = 0

for all F € R®*3 . Thus it follows for v: Q — R3

skew"

= _— —_- — 1
v(z) :== B(z) 1(9) (Byz7)L2(s)T Q) (B, 1) L2(s)
where 3 is as in (4.12), that v € L?(0, L; V) holds and
~ ~ 0
FEF=LG=LG=L A71 xro | + (U,J + %(U%,l —+ 1]371))61 vY,2|7,3
T3

Lemma 4.0.1 and equation (4.15) guarantee that y(x1,-) € V is the unique solution to the
minimum problem defining Q°(¢, F) for t = u; + $(v3, +v3,) and F = A for almost every
x1 € (0, L). Hence we have in particular

E=LG=F

where F is defined as in (4.3).
We define now analogue to the definition of the moments of E, those for E?® | i.e.

OpM (41) = /

EMdy’, 2EW(2;) = /
S

2oEMdz;  and 3E(h)(x1) ::/xgE(h)dxl.
s

S

STEP 3: (Euler-Lagrange equations for zeroth moment of FE). Using ¢ € H;eT(O, L;R?) as a
test function in (4.14) we obtain

0= [ RWEM . (RMTRV,yp — hRT g™ - ypdx
Q
= [ RWE® . (R(h))TRwl R eq — hRTg(h) - pdzx.
Q
As R RM (M) and + depend only on x; we can integrate over S and deduce

L
/ R(h) OE(h) . (R(h))T}?w71 Qe — hRTg(h) ~pdxry =0
0

Since R™ — Id in H*(0, L; R?), (R")TR — Id in R®*3 and because *E(") weakly converges
in L2(0, L; R3*3), we obtain in the limit h — 0

L L
/ E; -1 dry = / E° ¢ ®eidr; = 0.
0 0

The second integral vanishes as g™ is bounded in L?(0, L; R?).
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4. Convergence of Equilibria for Thin Elastic Rods for the von Karman Regime

Moreover, we obtain with (4.15) that
/ (E(xl,x’)eg|E(x1,x')eg) i Vyo(x)ds' =0
s

for all o € H(S;RR?). Hence choosing o(z') := zxe; for k=2, 3 and [ = 1,...,3 we obtain
(E°(21)e2|E%(z1)es) =0 for a.e. 1 € (0,L).
The symmetry property of E implies that EY is symmetric and hence

E?l(l’l) O 0
E°(zy) = 0 0 0]. (4.16)
0 0 0

STEP 4: (Symmetry inequality of E(). From frame invariance of W we obtain that
DW (F)FT is symmetric. Hence

EM — (BT = %DW(M + h2GM) — %DW(Id + h2GMHT
= —DWId + R2GMW)(GM)T + W DW (Id + h2G"W)T
= _}2 (E(h)(g(h))T — G(h)(E(h))T)
leading to
[E® — (EM)T|| 1y q) < Ch. (4.17)

STEP 5: (Euler-Lagrange equations for first moments of F). We test (4.13) with ¢ €
H}..(Q;R?), where

() = RMe(a1)ex
for some ¢ € H,,,.(0,L) and k = 2, 3. This leads to

/ R p() . pier el — h(R(h))Tg(h) - gerdxr = 0.
Q

From the definition of A", namely

1
——(RM(s) —Id) forallsel0,L]

A(h) (8) = h]a72

we can deduce the identity R E® = hAMEM 1 EM  Inserting the identity, dividing by &
and integration over S leads to

L

1 _

/ <h oph) . prer ®er + AWM O () . prer Qe — (R(h))Tg(h) . (bek) dx = 0.
0

Hence, as A" — A weakly in H'(0,L;R**3), due to property (e) of Theorem 3.2.4, we
have AWM OEM) ~ AE? weakly in L?(Q,R3*3). Moreover, (R")T¢(M) — RTg strongly in
L?(0, L; R3). Therefore we obtain

/0 7 OE;(ﬁ)¢,1de1 — /0 ( — (AE")161 + (Riag2 + Rk393)¢> dxy.

Hence, with the structure of A and E°

(AEO)Ql = ’Ug)lE?l and (AEO)gl = U371E?1
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we arrive at

L L
1 _ _
/ & OEg{)qS’ldxl — / ( — 021 B} 61 + (Ro2ge + R2393)¢>> dzry (4.18)
0 0
Y10 L _ _
/ E 0E31 ¢71d$1 — / ( — ’U371E91¢71 + (Rgggg + R2393)¢)>d.131. (419)
0 0

for all ¢ € H},,.(0,L). Choose now p" € C*([0, L]) such that supp(p™) C [L—V/h, L], p(L) =1
and |p({L)| < C/vVh. Then we can use as a test function ¢y, € H}.,.(€;R?) defined by

pr(z) = 2 RN (21)¢(21)es

for k =2, 3, ¥ € H,,(0,L) and ®" := R 4 p(W(RM(0) — RM(L)) € H],,.(0,L;R3*3).
Then (4.13) reduces to

/QR(’T)E(") LV (kaI)(h) (xl)w(x1)>dm1 )
as the second summand is zero due to (2.4). Calculating the scaled gradient leads to
/Q (;LEW cer @ e + o E® e @ er + g RWEM : 0Py, @ el)daz
+ /Q RMEM . %NW(R(’”(O) — RM(L))e; @ epda
+ /Q RMEM . %p(h)¢71(R(h)(O) — RM(L))e; @ exdz =0
The definition of ) and integration over S leads to
/Q (;LOE§Z)¢+’“E§}{)¢,1 L RWEE® . Ry, g e,
+ RWEE® ., (RM(0) — RM(L))pe; @ 61) dzx,
+ [ RWEM . %pmw(R(h) (0) — R™(L))e; @ epda

Q
1
+ [ RWE® . Ep(h)d),l(R(h) (0) — RM(L))e; @ erdz =0
Q
Then it follows for the right hand side
1
/ <R(h)E(h) : Ep(h)d)(R(h) (0) = R™(L))e; ® ey
Q

1
+ RMWE™ . Ep(h)w,l(R(h)(O) — RM(L))e; ® el)dx —0

as p™ is bounded and |R™ (0) — R (L)| < Ch2. With ||R,(f)||L2(07L) < Ch and the bounded-
ness of R *E®) in [2(0, L) we obtain

/ RWFE® : RMye; @ eday — 0.
Q
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4. Convergence of Equilibria for Thin Elastic Rods for the von Karman Regime

Moreover, because of |p({1)| < C/vh and |R™(0) — RM| < Ch2

L
/ RWFEM : p0(RW(0) — R (L))yper @ erday — 0.
0

This leads to
1
/ — O™ yday — — / E¥ o 1day . (4.20)
0

Using (4.17) it follows

L
1 1
/O (h o . °E§Z)>z/;71dx —0 fork=2 3.

for all ¢ € H.,(€). Hence combing (4.18), (4.19) and (4.20) leads to

L L
1 1 _ _
/o (h OEQP % 0E§?)¢>,1daz — /o ( —v91EY 91 + (Raage + Ro3gs)o + E121¢,11)d961 =0

and

L
1 1 _ _
/0 (h B — 0E(h))¢ dr — / —v31 7161 + (Rs2g2 + Rssg3)¢ + E%1¢,11)d$1 =0

for h — 0 and all ¢ € per(O L). Consider again the Euler-Lagrange equations, in a slightly
modified but equivalent form:

Q;R3).

/Q RMWEM :¥,¢ — hRM g - ¢dz =0 for all ¢ € Hy,,(

We now plug
¢(z) = 220" (21)h(z1)es and  B(z) = 230" (21)v(21)ez

in the equation, respectively. This leads to
0= / RMWEM ., (220™ (21)9(21)es) da
Q
1
= / EE(h) c(x1)es ®ea + 2o B Yies@er + 2o RMW () <I>7(f)1/)63 ® erdx
Q
"1 (h) (h)
:A hOE32¢)+2E 1/}1—|—R ) ( (I),l ¢63®61d$1.
The force term vanishes as ("), (") and ¢(™ do not depend on z’ and
/ zpde’ =0 for k=2, 3.
s
As above we obtain that the last summand tends to zero and we are led to
! 0 1a(h)
h E ’(/Jd:l?l — E31’(/J 1d.’L‘1
0

Analogously we obtain

1
/ hOE(h)z/}dml%/ E3 1) 1day.
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Hence with (4.17)

L
/ (B3 — E3))¢adey =0 forall ¥ € H,,.(0,L).
0

STEP 6: (Optimality condition for R). Lastly we want to derive (4.5), by exploiting the
assumption that y) is a sequence of local minimizers. This implies that there exists d;, > 0
such that £ (yM) < £M () for all p € Bs, (y™) ¢ H(Q;R3). Hence for all ¢ € Bs, (y™)
such that ¢ — Id, € H, .(Q;R?) it holds

per

/W ey — ™) dx</th<p) F® (o — M) da. (4.21)

Now we can choose for the testfunction ¢ the following

1 0 0
=0 cos(t) —sin(t) | y™
0 sin(t)  cos(t)

for t € (—ep,ep) and e, > 0 such that
2¢/1 —cos(t) < dop, fort e (—ep,en).

Then we obtain due to frame invariance of W and

1 0 0
0 cos(t) —sin(t) | € SO(3)
0 sin(t) cos(t)

that
7/ FO () — M) < 7/ £ (o) — ()
Q Q

for all ¢t € (g4, ep,). Taking the derivative with respect to t at 0 leads to

0

0 0
_/ fMoto 0 =1 (™ —2™)da.
@ 01 0

as the right hand side of (4.21) exhibits a local minimum at ¢ = 0. Dividing the equality by h*
and using that f™ depends only on z1, we deduce

L 0 0 O 1
0= _/ oo 0 -1 R(hp/g(h) oW el da,
0 01 0 hls
L 00 o\ [hu s
:7/ g™ (o o —1|RM™ [ o | da, %/ ( ) (Jf) (;) da
0 01 0 3 3
where we have used the definition of (u(" véh) éh)) and (2.4). O

Remark 4.0.5. The statement of Theorem 4.0.4 holds true if the assumption ™ to be a
sequence of local minimizers is substituted by local maxima. The proof does not change except
of step 6 where one obtains reversed inequalities during the testing.
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Large Time Existence for Non-linear Problem

This chapter is devoted to the study of large time existence for solutions to a non-linear wave
equation originating from finite elasticity theory. We show that for sufficiently small diameter
of the rod €2 the strong solution for a naturally scaled wave equation with periodic boundary
conditions admits a solution for large times. For the latter to hold we use well prepared initial
data.

In this chapter we consider the case a > 4, now in the dynamical setting. The basic equations
from continuum mechanics emerge from the balance of linear and angular momentum and the
balance of energy. As we have seen in Section 2.2 the evolution preserves the total energy

2
/Q ('82"' +W(Viy) — " y> dx

if f is independent of ¢ and the Piola-Kirchhoff stress satisfies appropriate boundary conditions.

According to the scaling behaviour of 7" in Chapter 3 we expect

y1 —xy ~ ho (32) ~ ho2 for o > 4.
3

Moreover, Chapter 3 suggests to assume f? ~ h® and f; = 0. In order to balance the kinetic
and elastic part of the total energy we rescale the time via 7 = ht. Hence, we obtain

_ 1|0yl 1 1 1
EM(y) = h* 2/ —+ W(Vhy) = o " oz vde.
Q h2o—4 2 h2a—2 he ho—2
This leads to the scaled evolution equation with ¢g" := h% fh

1
02y — 3 divy, (DW(Vyy)) = h*72g"  in Q x [0,T)

where g" ~ 1 for h — 0. Furthermore, we assume homogeneous Neumann boundary conditions
on the outer surface, periodicity on the end faces of 2 and suitable initial conditions.

5.1 Main Result

In the following we will present the main result of the thesis, large time existence for the
non-linear wave equation. For this we introduce the precise problem and notation. We will work
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5. Large Time Existence for Non-linear Problem

in terms of relative deformations, therefore the system of equations we consider is

1 .
Opun = 5 divy (DW(thh)) — R f inQx[0,7) (5.1)
DW (Viun)v|(o,Lyxos = 0 (5.2)
uy, is L-periodic w.r.t. (5.3)
(uh, Opun)li=0 = (uo,n,u1,n) (5.4)

where W (F) = W(Id + F) for all F € R3*3 T > 0 and for convenience § = o — 3 > 1. As an
abbreviation we denote in the following z = (¢,71). We assume W: R3*3 — [0, 00] to satisfy
the conditions:

(i) W € C*=(B;s(1d);[0,00)) for some ¢ > 0;
(ii) W is frame-invariant, i.e. W(RF) = W(F) for all F € R®*3 and R € SO(3);

(iii) there exists co > 0 such that W(F) > ¢o dist?(F, SO(3)) for all F € R3*3 and W (R) =0
for every R € SO(3).

Then for D?W (Id) the Legendre-Hadamard condition and Lemma 2.3.6 holds. The assumptions
on W are slightly stronger than in Section 2.3. The main result of the thesis is:

Theorem 5.1.1. Let 0 > 1,0 < T < oo, fi € W(0,T; L*(Q)) N W(0,T; HZ,.(Q)), h € (0,1]
and ugp, € H2,.(Q), urp € H (Q) such that

per per

DW (Vuon)vlo,0)xas = D*W(Viuon)[Vauinlvlo.n)xas = 0,
(D*W (Vhuon)[Vauan] + D3W (Vauo ) [Vaus b, Viuin))vl0,0)xas = 0,

where
1 ~
Ug,p = h1+€fh|t:0 + ﬁ dth(DW(V}LUQh))

1
ug p = h*00, fuli—o + 72

1
n=h"002 filimo + 72

1 . ~
+ 2 dlvh(D3W(th07h)[th17h, thLh]).

divh(DQW(tho,h)vhul,h)

divh(DQW(tho,h)thz,h)

Moreover we assume for the initial data

1
HE&L(UO,h)‘ - + kmO %, H( en(Uiskn)s Ony — e en(Uk,n), Yok, h) HHH < Mp'to (5.5)
HV%LUOW + max H (thHk hs 8x1vhuk h) H < MhlJre (56)
1
max 7/ ugp - xde| < MY, (5.7)
k=0,1,23|h Jq
and for the right hand side
s (102 ez s+ 102 s ooy + 108l ) <M (65)

max
0=0,1,2

<M (5.9)
C°(0,T)

1 o 1
E/Qatfhwv dz

uniformly in 0 < h < 1.
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5.2. Uniform Estimates for Linearised System

Then there exists hg € (0,1] and C > 0 depending only on M and T such that for every
h € (0, ho] there is a unique solution uy € ni:o CF(0,T; H2F) of (5.1)-(5.4) satisfying

per

1
o<1, 1B153, [y |<1 (H (838;’%, vi’tﬁgh(a?uh)’ V;,tViajuh)‘
To=01,2

C€(0,1,L2)

1
+ Hh/ oo Puyy, - atdx
Q

) < Chit? (5.10)
Co(0,T)

uniformly in 0 < h < hg.

For fixed h > 0 short time existence is already known via methods the of [Koc93], if the fixed
time of existence is replaced by some h dependent maximal time 7'(h) > 0. Hence only the
uniform estimates for u;, and that T" does not depend on h has to be shown. In detail, one
obtains from [Koc93]:

Theorem 5.1.2. Assume the assumption of Theorem 5.1.1 are valid. Then for any 0 < h <1
there exists a neighbourhood U, C R3*3 of 0 and some Tyaz(h) > 0 such that (5.1)~(5.4) has a
unique solution uy, € ni:o C* ([0, Trnaz(R)); H;L;k), If Tz (h) < 00, then either {Vyup(z,t) :

x€Q, t €[0,Tnax(h))} is not precompact in Uy, or

t—=Tmax

¢
lim / ||v§7tuh(s)||Loc(Q)ds = o0.
(h) Jo

Remark 5.1.3. We will give a more precise explanation on how the results of [Koc93] are
applied to our situtation in the appendix. At this point however we want to mention that the
neighbourhood U}, can be chosen as

Uy, == {A € R33 . ‘ (A, lllsym(A)) ‘ < &:h}

where € > 0 is sufficiently small. With this it follows that as long as Vyup(x,t) € Uy, is satisfied
the necessary weak coercivity holds, cf. Section 5.2.

The strategy for proving the main result is as follows. In a first step we will derive precise
estimates for solutions of the linearisation of (5.1)—(5.4) under the assumption that wy is small
in appropriate norms. To this end we use using the natural boundary conditions, differentiate
tangentially and utilize the central estimate

2
. (5.11)

1 2

h2

1
2 5 7en)

(D2W(thh)vhw, Vhw) .

L2(Q) h

— C’R‘lf w-axtdr
L2(Q) Q

proven below. By differentiating (5.1) in time and x; we obtain that the respective derivative of
up, solves now the linearised system. Applying then the results of the first step we can deduce
with the balance of angular momentum, that the solutions are uniformly bounded in A if the
initial values and external force are sufficiently small.

5.2 Uniform Estimates for Linearised System

The linearised system for (5.1)—(5.4) is given by

1 ~
OPw — 3 divy (D*W (Vyup)Viw) = f in Q x [0,7) (5.12)
D2W (V,u)[Vywly =0 on (0,L) x 8S x [0,T) (5.13)
w is L-periodic in x; coordinate (5.14)
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5. Large Time Existence for Non-linear Problem

(w, Ow) |t=0 = (wo, w1). (5.15)

We want to show h-independent estimates for solutions of the linearised system. For this we
assume that wu,, satisfies for 0 < h <1

sup <H< o thzsh(@auh) Vﬁ,tvhajuh)‘

lal<1,k=0,1,2

CO([0, T L2 ()

1
|

/8§+ﬁuh -xtda
h Ja

) < Rh (5.16)
oo ((0,7))

where R € (0, Ro|, with Ry chosen later appropriately small. With this it follows that u;, satisfies

< CRh (5.17)
CO([0.71:Lo> ()

1
||thh|\00([o,T];Hg(sz)) + H (th(uh% thh)‘

and

o, ([ (R 7)

la|<2

1
+H/ O%uy, - xtdx ) < CRh. (5.18)
co(o,rH () - ||[h g

Here C' > 0 is independent of h, R and Ry. In the following we assume that Ry is chosen so
small such that we can evaluate D°W at Vjup, i.e. W € C%°(Bog,(0)) and Lemma 2.3.6 is
applicable.

Using Corollary 2.3.7, we obtain

co([o,1)

1

C
ﬁ/ (D3 (TVaun)[Viun, Vivl, Vhw) dT’ < 2 IVhunllaz @) lIVivllicz @) I Vawl ez o

L2(Q)

< CR| Vol Lz o) IVawll Lz q)-

uniformly in v, w, 0 <t < T and h. Thus it follows

1 (DQW(thh)th th)

h? L2(9)
1 1
h (.D2 ( )Vh’l) Vh’l))L2 () + h2/ (D3 (thuh)[vhU}uvhU] Vh’l})Lz( )dT
1
= hQHZ?h( )||%2( h2/ (D*W (Y hup) [Viun, Vo], Vo) p2oydr
2
> o[ yento)||, oy~ ORIVRlE o) (5.19)

5.2.1 Existence Theory for Linear Problem with Fixed h

In order to solve the linearised problem in a weak sense we use the general theory of abstract

hyperbolic equations. We define the Gelfand triple V- < H < V' by V := H}_ (% R?) and
H := L*(;R3). Furthermore
L(t): V>V (5.20)
is defined by
1 ~
L0y =35 [ DW(Tnun(a, )V : Vi (521)
Q

for all ¢, Y € V.

Remark 5.2.1. Multiplying the equation (5.12) with v € V' and integration over {2 we obtain

—3 leh(D W (Viun)Viaw) - vde = —/ D*W (Vpup)Viw : Vyvde
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5.2. Uniform Estimates for Linearised System

- i/ v - D*W (Vup)|[Vhw, v)do(x)
h? Jaq

and by (5.13) and (5.14)

%/@QU.D2W(thh)[Vhw I/]dU /Vh’l) D W(thh)[vhw l/]do'( )

$1:{0,L}

=0
I1:L

— /S(th - D*W (V) [Vaw, v))

~ [ (Fav- D (V) T, )
x1*0 S

where vy = (—1,0,0)7 and because v|,,—1, = (1,0,0) = —1j holds.

The linear operator L(t) defines a bilinear form a(t; ¢, ¢) := (L(t)¢, 1) for which it follows

la(t, w,v)] =

7 / D2W (Vyup(z,t)Viyw : Viyvde

1
<53 sup |D2W(thh(ac,t))|/ [Vyo| x |Vyw|de
(2,6)€Qx[0,T] Q

IA

C C
ﬁ”vhUHL%Q)||vhw||L2(Q) < ﬁ||vHH1(Q)Hw||H1(Q)

uniformly in 0 <t < T, as W € C? and uy, satisfies (5.17). Moreover as D2W W (Vyup) is due to
Schwarz’s Theorem symmetric, it follows that

a(t;v,w) = a(t;w,v).

In order to show that a(t;-) is coercive we use Korn inequality

2
@@UUH>@‘Q ] — CR|[V3vl22 )

h L2(Q)

2
> o= OB

— CR|| Vvl 12()

/v~xl‘dx
Q

2

c
h?

%

(co = CR)|[Violf20) —

Co C
EthUHQLQ(Q) - ﬁ”“”%?(n)

Y

for Ry sufficiently small. Since W is smooth, Vjup € C1([0,T]; H*(Q;R**3)) and ¢, ¢ € H},,.()
it follows for

h(t,z) := DQW(thh(x,t))thﬁ : Vit

that h(t,-) € LY(Q) and h(-,x) € C*([0,T];R) for all x € 2 holds. To obtain the upper bound,
we calculate 9;h:

0:h(t, )| = | D3W (Vhun)[0:V hun, Ond, Vil

<( s IDWV))( swp (8 Vhun])[Vad(@) IVav(o)
(t,2)€[0,T]xQ (t,x)€[0,T]xQ

< CVig(@)|[Vii ()] € L)

With this it follows that a(t; ¢,v) € C1([0,T]; R) and
[ fpatti6.)] < Il [Vl < ol ¥l e

for all ¢, v € H'(2). Using Theorem 29.1 in [W1o87] for all f € L?(0,T; H), wy € V and
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5. Large Time Existence for Non-linear Problem

wy € H there exists a solution w € L2(0,T; V)N W3(0,T; H) N WZ(0,T; V') in the following
sense: w satisfies
02w + L(t)yw = (1) in D'(0,T;V")

(w, Opw) =0 = (wo, w1) inV x H.
By Theorem 8.2 of [LM72] we deduce that
w e G0, T V)N ([0, T); H)

holds if f € L?(0,T; H), wo € V and w; € H.

5.2.2 Uniform Estimates for the Linearised System

The structure of this technical subsection is that we will start with a general lemma providing a
bound for derivatives in z of D2W (V,uy,) in the case that uy, satisfies (5.16). To obtain bounds
on higher derivatives we investigate the statical problem and apply these subsequently to the
dynamical equation. This approach leads to uniform estimates for the solution of the linearised
system.

Lemma 5.2.2. Assume that (5.16) holds, t € [0,T] and 0 < R < Ry. Then

1 ~
5l (8fD2W(thh(t))Vhw, th)) < CRthw”Hlf‘_l(Q) ”vthLi(Q) (5.22)

L*(Q)

Jor 1< Bl <3.
Proof: If |5| =1, we obtain by (5.16) and (2.29)

1
n?

1
h?

((a§D2W(vhuh(t)))vhw, th)

(D3W(thh(t)) [958V hu, Vi, th)

L2(Q) ‘ L2(Q)

< 9008wl 21 V022 ) 190 o
< CR|Viw| Lz o) IVivllrz o)
If |8| = 2, it follows for j, k € {0,1} chosen correctly
L D*W (Viun) = D*WI0Vup] + D*W (Viun) [0z, Viun, 0z, Viu). (5.23)
For the first term we use (2.30)

1
n?

(D3W(vhuh)[85vhuhaVhw]vvhv) L"’(Q)‘ < CR[IViwl gy o) IVavllez @
and as D*W (Vyuy) € C0(Q, L4 (R3%3))
1 ~
ﬁ / |D4W(thh)[8zj thh, 8zk thh, Vhw, th] ’dx
Q
C
S ﬁ/ |8zjvhuh||8szhuh||Vhw||th\dx
Q
< CR/ IVrhw|[Viv|de < CR||Viw| L2 IVav L2
Q

Finally for |3] =3 and j, k and [ € {0,1} such that 97 = 9.,0.,9., chosen

a’fDQW(thh) = D3W(thh)[6fvhuh} + D4W(thh)[8zlazj Viun, E)zkvhuh]
+ D4W(thh)[azjvhuh, 6Zl 8Zk thh]
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5.2. Uniform Estimates for Linearised System

+ D4W(thh) [8zk 8Zj Viup, 5zl thh]
+ D5W(thh) [8Zj Vyup, 8zk Vyup, 821 thh]

The fifth order term can be done in the same way as in the case of |3] = 2. As 9,, 0., Vhuy €
HY(Q) — LY(Q) and 9,,Vyu € H?(Q) — L>(Q), it follows with Hélder inequality that

1 ~
3 / | D*W (Y up) (0,02, Vhun, 02, Viun, Viyw, Vi) |de
Q

1
ﬁ / |8zl (9Zj thh\|62lvhuh| \Vhw| \th|dx
Q

IN

C

72102002, Vitnl| 140) 102 Viunll L= @) [ Vawl oo [ Vavll2 ()
< CR||Viywl g o) IVhol L2(0)-

For the last term we use (2.29)

1 .
2 (DBW(thh)[afvhuh]VhW, th) L2(Q)‘ < CR||Vhwl gz IVivll Lz @) 0

Lemma 5.2.3 (Basic Inequality). Let 0 <T < oo, h € (0,1], 0 < R < Ry be given, where Rqy
is chosen small enough, but independent of h. Furthermore, assume that uy satisfies (5.16).
For every f € L'(0,T; L*(Q)), wo € H,,,.() and wy € L*(Q) there exists a unique solution
w e C°(0,T; H),,.(Q2)) N CH(0,T; L*(2)) of the system (5.12)(5.15) satisfying

(o)

2

<o (uwln%m) Aol + 112 sz
C0(0,T;L?)

1
+(1+T)RH/w-dem
hJo

2
CO(O,T))

where C, > 0 is independent of h and

1 ~
Ao =3 <D2W(thh|t:0)Vhw0’ Vhwo) £2(Q)

Proof: The existence of a unique solution follows directly from Section 5.2.1. Hence only the
uniform estimate has to be shown. For Ry sufficiently small we deduce from (5.19)

2

l&:h(w)

S (D2W(thh)vhw, Vmu) N

h? 2 0

2
L2(9) - CR”vthLi(Q)

L2(9)

2 2

v

(co— CR)H Lenw)

—CR‘l/wwEldx
h Ja

l/w-acl‘dx
h Ja

Testing the linear equation with d,w and using the boundary conditions

L2()

2 2

%Eh(w)

Co

2

—CR
L2(9)

/ w - D*W(Vyup)[Vpw|vdo(x) = 0
o0

we obtain

d1

1 -
dt 2 (||atw||2L2(Q) + h2 (DQW(thh)Vhw’ Vhw>

L2(S2))

[0)



5. Large Time Existence for Non-linear Problem

1 By
= (f,0w)r2) + 575 (@DQW(VhUh)Vhw, Vhw)

2h2 L2(Q)

Hence,

2

sup
te[0,T)

(3. L2

1
< s (0wl +
t€[0,T]

L@
1
h?

2

(DQW(thh)Vhw,Vhw)> + CR sup
e[0T

1
f/w-xldz
h Ja

1
f/w-xlda:
h Jo

2

1 T
< §Hw1||%2(9)+|A0|+A (. Bw) g2y ldr + CR sup

tG[OJ]
T
+ /
0

For the last term on the right hand side, we apply Lemma 5.2.2 and Korn’s inequality

r

1 _
= (&DQW(thh)Vhw, Vhw> dr

L2(Q)

1

2 dr

(6tD2W(thh)Vhw, Vhw) L2(9)

2 2

1
< CRIIVhw|Zso,7,z2) < CRHh5h(w)

"

1
f/wwr;ldac
h Jo

€9(0,T)

L1(0,T;L2%) L'(0,T)

2 2

h

1
SCRTHE}L(IU) 5

1
+ C’RTH / w-atde
Q

C0(0,T;L2)
Applying Cauchy-Schwarz’s, Holder’s and Young’s inequality we obtain
T
/ |(f; Oew) L2 @yldt < C[ fllLro,7:2(0)) 10cwl Los (0,7;12(22))
0
< C(E)HfH%l(O,T;L?(Q)) + C'52”6“””L°"(0,T;L2(Q))'

Choosing € > 0 and Ry > 0 sufficiently small and using an absorption argument the claim
follows. 0

The first step to obtain higher regularity is done in the following theorem.

Theorem 5.2.4. Assume uy, satisfies (5.16). Then there exist Co > 0 and Rg € (0, 1] such that
if o € HZ,.(Q) solves for some g € L*(Q) and gy € L*(0, L; Hz2(89))

1 < :
—3 divy, (D*W (Vpun) Vi) = g in §)

21% _
D W(vhuh)[vhﬂy‘(o,mxas =gN on 09

then

H (V}lleh(w), Viw)

1
< o Rlol + o |
L2(Q) , L (O,]-L;HZ (85)) (524)
+ Hsh(so)H +R E/ ¢ - xrde
Q

h HO1(Q)

Proof: Using the fundamental theorem of calculus it follows

1
divy, (D*W (Vpup) Vi) = divy, (D*W(0) V) +/ divy,(D3W (7Vun) [V hun, Vae])dr
0
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and

y . 1 y
div,(D*W(0) Vi) = 0u, (D*W(0)Vap)r + 5 divar (D*W(0)~ e, 0 @ €1)
1 RPN
+13 div, (D*W(0)®V )
where (A); denotes the kth column of A € R3*3. Moreover

2 _ 277
gy =D W(thh)vhgw‘(o,mxas = tros(D*W (Vpun)Vip)v

1
= trog <D2W(0)vh¢+ / DSW(Tthh)[th,tho]ah')V
0
1 - ~
= tras (thVV(O)NVMP> Vas

+ tros <D2W(O)(5‘zl<p®el) N /01 D3W(7thh)[vhuh,vhgo]d7'> (VSS) (5.25)

=!TN

where we have used that v = (0, vgs5(72,23))T and vpg is the outer unit normal on 9S. Hence,
we know that
Po)\T1, ) ‘= @(T1, - $, T )L2(8)T w,L)L2(s 5.26

solves for almost all z; € (0, L) the system

1 .. S - .
gz diver (DQW(O)’“Vzw(xl, -)> = g(z1,-) in 5 5o
5.27
1 -
n (DQW(O)NVzISO(l”h '))Vas =gn(z1,-) —an(z1,-) on 99
h oS
with ay = tras(TN)(O, Vg}s)T,
1
G:=h*g+R(p) + / divy, (D3W (7Y pup ) [V nun, Vie])dr (5.28)
0
and 1
R(@) := 0y, (D*W(0)V3i0)1 + 5 diver (D*W(0)~ 0,0 @ e1)
satisfying

/ v (1, 2')dr’ =0 and / e (z1, ) cxtde’ =0
s s
for almost all 2y € (0, L). Then due to the inequality of Lemma 5.2.5 below it follows
L o2 2
72 IVare(@n i) = Ve eo (@1,)ll2s)
- 1
< ¢ (lgter Mzzcs) + flan(o1) =~ x93 )

for a.e. 1 € (0, L). Using a generalised Poincaré’s inequality on S

lalluacs) < c(anm) + ' /8 adoa)

> for all ¢ € H'(S)
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5. Large Time Existence for Non-linear Problem

we obtain with the boundedness of trog: H'(S) — Hz(d5S)

41,1y = C(I9ra(@logs) +| [ oot} toratig e s

for a(q) € H'(S) such that tros(a(q)) = ¢ in H2(dS). Such an a(q) exists using a classical
extension operator E: Hz(9S) — H(S), Wthh is right inverse to tros. Applying the preceding
inequality on (gn — an) we deduce

1
IV 20 (@1, )l22(s) < C(Ig(aﬁl, Wiz + 2 IVar(algn) (@1, ) = rv(ze,-))llzzcs)

)

/as(gN —an)(z1,2")do(x') = h/sg(x17$/)dl‘/.

N H /8 (ow = ax) (@, 2)do (@)

Using Gauss’s theorem and (5.27) leads to

Integration over z; yields
2 N 1 1
IViarelizz) < Calzz@) + 3 IVaralgn)llzz@) + 2 IVeryllzze) )-

We can now estimate each term separately, beginning with §. As R(yp) is a linear combination
of terms involving only 0., V¢ it follows

1 1
IR ey < CVonViclioey < (| Gen@np)]| | [ 2npestas
L2 (Q) Q

1
= CHhﬁgh(amﬁp)
L2(@)

where we used the fact that ¢ is L-periodic in z; direction. Next we have

1 1
/ divh (D3W(7thh)[vhuh, tho])dT = dth </ DSW(Tthh)dT[thh, V}ﬁﬁ})
0 0

= divy (G(vhuh)[vhuh, vm) (5.29)

where G € C*°(B.(0), £3(R3*3)) for some suitable € > 0. Thus it follows with the identification
of £L1(R3*3) with R3*3 via the standard scalar product

| diva(G(Vrun)[Viun, Vie))l Lz

IN

1
ﬁ sup |07 (G(Vaun)[Viun, Vie]) L2001 rexs))

le]=1

IN

- sup (IG(V hun) [Fnten, Vr02 @l 1 ey
al|=1

+ HG(thh)[Vha;‘un, Vh(p] ||L2(Q;£1(R3X3))
+ IDG(Vhun)[07 Vaun, Viun, vh‘P]HLQ(Q;El(R“S)))

As G € C*®(B.(0); £2(R3*3)) and V,uy € CO(Q;R?) it follows

|G (Vhun) Va0 tn, Violll L2001 rexs)) = sup (/ |G(VhUh)[Vh3§Uh7Vh<P,B]2d$>
BER3* Q
|B|<1
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< CVhOZunllLa)IVaellLa) < CRAViel g o)

where we used Hélder inequality, the embedding H*(2) < L*(2) and ||V,02u|| g1 (o) < CRh
due to (5.16). Analogously using H*(Q) < C°(Q) and ||Vup| m2() < CRA it follows

|G (Vhun)[Vaun, Vidgelll 2,01 msxsyy < ORIV ywl| g1 ().
Finally as DG € C*=(B_(0); £L*(R3*3)) is bounded, we obtain
| DG (Vrun) Vg un, Vaun, Vel 2 ;o ®sxsy) < CRA| Vol 1)
All in all we can conclude

| diva(G(Vrun)[Vaun, Ve r2) < CR|Viagl () (5.30)

From the definition of ry it follows
2V
IV TN L2 ()

1
N thm/w?vv(oxaxlsa ®e1)) + / Vi (DPW (7 ) [V i, Vi) dr
0

L%(Q)
<[ Vhw (D*W(0) (02,0 @ €1)) |l 12(0) + Vi (G(Vrun) [V atun, Vie)) | L2 @)

The first term on the right hand side is a linear combination of V};,0;, ¢. Hence

- 1
V2 D*W(0)(0, ¢ @ €1)|| 12(02) < ClIV1Oz, 0l 12(0) < CHhSh(%’)‘

HO.1(9)
The second term can be bounded analogously to (5.30)
IVh,2 GV run)[Viun, Vil 2 ) < CR|IVrel )
Hence as |Vyullgi) < [[(Vau, Viu)| L2(0) we have
2 2 1 1
IViaelizzi@) < CL A7 Ngllzzo) + || 7o . +5en(9)
L2(0,L;H % (8S)) HO1(Q)
+ RTh, T e ) (5.31)

Due to the structure of V3,

82 (p (Vh,./ T SO)T
vQ L x1 Y] T EELH] 5.32
hPj (Vh,x’axﬁﬂj v%,:;/‘%’j ( )

for j € {1,2,3}, it follows

1 1
||Vi(p||L2(Q) < C(‘ *Eh(SD) + ‘/ @ - rtdr )
h L2(Q) h Q
1
+ Hheh(w)‘ + Vi ool 2
HO.1(Q)

Hence, by plugging all inequalities into (5.31) and applying Korn’s inequality

1 1
e Pl (S R RN I 7

HO1(Q) L2(0,L;H% (8S))

79



5. Large Time Existence for Non-linear Problem

1
+ R‘h/ ¢ atde ) + CR||(Vi w2)l 20
Q

Using an absorption argument for Ry € (0, 1] sufficiently small and the structure in (5.32) it
follows

IVielz) <102 @llr2@) + 21 Vae 0n @llL2) + IVE 2@l L2

1 1 1
< C(h2|gL2(Q) + thN ) + hgh(@)H + R’h/ @ atdx )
L2(0,L;H 2 (8S)) HOL(Q) £
o 1 1
19500,y < [Van ol < O enae)]| <] ento
L2(9) HO1()
and [|02 ¢l r2(0) < H%Eh(‘p)HHo.l(sz) holds. Finally (5.24) follows from
1 ) 1
Voenly) < IVhellez @) + || 2enle) - N
L2(0) HO1 ()

Lemma 5.2.5. Assume that the assumptions of Theorem 5.2.4 are satisfied and ) as in
(5.26) solution of (5.27). Then for almost all x1 € (0, L) it holds

1 N 1
welewlin < (I3 e + 3lox - an)@llygy ) 639

Proof: As we have ¢ (x1,) € H*(S), one can test the equation (5.27) with ¢(g)(21,-) to
obtain

1

2 (DZW(O)QVW@(O), Vw'¢(0)>

1

) (9, ¢0))L2(s) + E(QN —an, ©(0))L2(95)

for almost all z; € (0, L). Using now the Legendre-Hadamard condition, Korn’s inequality in
two dimensions and Poincaré’s inequality it follows, due to the fact that (g is mean value free

~ ~ T O O
(DQW(O)NVMQ(O), Vz/so(())) ) (DQW(O) (w) $(0) <v$,> WO)) L2(5)

0 2
Sym (( )90 0 )
Var )70 L2(8)

2 CHVx'SO(O)HQLZ(S) - C‘ /Scp(o) cxtdr!

> Cllo) I3 (s)-

> Co

2

Here we used that [ 5 P(0) -ztdz’ = 0. Thus applying Young’s inequality and an absorption
argument we are led to

1 N 1

el < C{1glezs) + 7 llav —anll g 56 )
For higher regularity we want to apply Theorem 2.1.18. Hence, we define U := S, which has a
smooth boundary and n = 2, m = 3, as well as

2
Lui=— Y 0.(B0pu) = —divy (D*W(0)*V,ou)
a,f=1
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where u: S — R3 and for a, f =1,2: B® = (b%ﬁ)i7j:17273. With this it follows

B,u = trag (D2V~V(O)zvm/u) Vas.

When considering the data one notices that §(zi,-) € L2(S;R3) and (gn — an)(z1,-) €
Hz(9S;R?) for almost every z; € (0,L) holds. This comes on the one hand from the as-
sumptions on g € L2(Q) and gy € L2(0, L; H2(S)). On the other hand we know that R(¢p) is
a linear combination of terms involving only V0., € L?(Q), as well as Vju € H?(Q) and
Vie € HY(Q) for §. Moreover, because trog: H'(S) — Hz(9S) it follows ay € H2(8S). The
Legendre-Hadamard condition of D2 (0)¥ is inherited from D?W (0). Finally due to Korn’s
inequality in two dimensions and Poincaré’s inequality with mean value we can conclude that £
is weakly coercive on H'(S). Applying now (2.17) of Theorem 2.1.18 we obtain

1 1 1 .
ﬁHWO)HH?(S;R-*) <C ﬁHSD(O)HHWS) + EH(QN —ay)(z1, ')HH%(QS) +1gllzzcs) )-

Putting the above inequalities together leads to the desired result. O
In case we have homogeneous Neumann boundary conditions, we can refine Theorem 5.2.4 in
the following way.

Corollary 5.2.6. Assume uy, fulfils (5.16). If w € H2,,.(Q) satisfies

1 .
—73 divy (D*W(Vyup)Vaw) = f - in Q
- (5.34)
D2W(thh)[vhw]1/‘ =0 on 09
(0,L)xd8S
for some f € L*(Q), then it holds
1 2 1 1
V—en(w), Viw < Col I fllz2 + R+ | w-x—dx| ). (5.35)
h L2(Q) hJa
Proof: Applying Theorem 5.2.4 with ¢ := w, g := f and gy := 0 we are lead to
1 9 9 1 1 1
V—ep(w), Viw < CL R fllz2 ) + || Fen(w) +R|— | w-z—dx||. (5.36)
h L2(Q) h HO1(Q) h Jo

Consequently we want to eliminate the ||5&5(w)||go.r term on the right hand side. From (5.34)
it follows 1

% (DQW(thh)ththp)

12(9) = (f, <P)L2(Q) (5.37)

for p € H},,.(Q). Now we want to choose ¢ = 82Fw ) where w(g) 1= w — ﬁ(w, ) 2t —

ﬁ(w, 1)r2() and k = 0, 1. First we start with k& = 0. Periodicity of Vjup, w and wy, a

Taylor expansion and creation of a fﬁ(w, o) LQ(Q)JCJ‘ part lead to

1/ o= L[ s
ﬁ(D W(O)Vhw(o)’vhw(o)>L2(Q) + w2, (D W(Tthh)[thh,Vhw(o)],Vhw(o))LQ(Q)dT
1 1 L L
1 317 -
tar (p W(thuh){vhuh,vhﬂ(g) (w,zt) 2z }Vhwm))mm) T

= (f;w(0))2(0)-
Here we used that, due to (2.24)

(D2W(0)vhxl, Vhw(o)) 0

L2(Q) -
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5. Large Time Existence for Non-linear Problem

holds. Moreover, because of the specific construction of w(gy we can deduce

1 1
Hhsh(w(o)) = ‘ Eah(w) and / wg) - xdx = 0.
L? L2 Q
Hence,
2 1
1 1 ~
HhEh(w) o) < |[(f, wo)) 2| + ﬁ/o (DSW(TVhUh)[thmVhU/(o)]thw(o))LQ(Q)dT

1 ! 3 1 4 1
+ ﬁ/@ (D W(thuh) [thh,vhm(w,z )Lzm }’vhw(o))Lz(Q)dT'

Now, by the Holder, Young and Poincaré Inequality

[(fswi)) 2] < CONIfIIT2 () + ellwollz: < CONf172q) + el Vw7
2

*Eh(w)

< COI s +e| 3

L2

for any € > 0. Secondly with Corollary 2.3.7, (5.17) and ||Vaw(g)|/z2(0) < C H%sh(w(o))HLQ(
we obtain

Q)’

R .

and

1 ! 317 1 1 1
ﬁ/@ (D W(thuh) VhU}“vhm(w,% )L2:C }’Vhw(ooL?(Q)dT

CR
< T”(wvxJ—)LQ(Q)||L2(Q)||vhw(0)”L2(Q)

2 1
+’/w~xl‘dx
L2(Q) h Ja

\

o

%5h(w)

For sufficiently small € > 0 and Ry € (0, 1] it follows

2 2

H 1w (5.38)

h

1
< C”f“%z(m + C’R‘h /Qw cxtdr

L2(Q)

In order to use ¢ = d7 w(g), we exploit the density of C72,.(Q) in H,,,.(2). For ¢ € C2.() we
can use ¢ = 0., % as a testfunction and obtain

1

ﬁ (D2W(thh)Vhw, vham '(/))

= (f,02,%) 12(02)-

L2(Q)

Integration by parts, the periodicity and the homogeneous Neumann boundary conditions lead

to
1

h?
The density of C;2,(€) implies now that the latter equation holds for 0, w(g) € H,.,.(€2) as well.
Thus

1
n?

(6w1(D2W(thh)Vhw),th/)) = (0.

L2(Q

(DQW(VhUh)Vham w(oy, VrOx, ’w(o)) L)
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1 ~
= (f, aml@)LZ(Q) — ﬁ ((6961 D2W(thh))vhwa Vhazl w(0)> L2(Q)

as Oy, w0y = O, w. Using [, Oy, w - 2-dx = 0, we can conclude

‘ 1

Eé‘h(azl’UJ)

2

1 B
< |(f, 831w)L2(Q)| + ‘hQ <311D2W(thh)vhw, Vhazlw)

L2(Q) L3 (Q)

2
< C|If132@) +€

1
E€h(611U})

+ CRIVawllzz @)1 V4ds, wl 12 0)-
L2()

In the preceding calculation Holder’s and Young’s inequality are used as well as Lemma 5.2.2.
Hence, by Korn’s inequality and (5.38)

2

< Cllf 1320y + CR(IVnwl32 (0 + [ Vade, w3z o))

)

1
|3ev@0
L2(Q)
2

1
—i—R’/w-dex
h Ja

1
< (Il + B on(w)

1 2
+ CRH En‘.‘h(awl’l,l))

Choosing Ry € (0, 1] sufficiently small leads to

1 2 1 2 1 2
2eru)  <(irie + & o] <At [woral ). G

h L2(Q) h h Q
Combining (5.38) and (5.39) with (5.24) the desired inequality follows. O

The preceding Corollary 5.2.6 yields higher regularity bounds for the dynamical system (5.12)—
(5.15), proven in the next theorem.

Theorem 5.2.7 (Second Order Inequality). Let 0 < T < oo, h € (0,1], 0 < R < Ry be given,
where Rg is chosen small enough, but independent of h. Furthermore, let uy, satisfies (5.16).
Assume w € ﬂi:o Ck([0,T]; H>7*(Q)) is the unique solution of the system (5.12)~(5.15) for
some f € W(0,T; L*(Q)), wo € H,,.(Q) and wy € H,,, (), then there exist constants Cp1,
C1 > 0 such that

2

1
H (8,5210, Vot Esh(w), V,%w)

< e (1o + n, v ool

1 2
- / O w - xtda )
h Ja €0(0,7)

CO([0,TT; L ()

+ (Ao, A1) + (1 + T)R max

c=0,1

holds, where

Al' i

T R2 (D*W (Vup|i=0) Viwr, Vawr)

L2(Q)
and
1

W3 divy, (DQW(VhUh|t:0)Vhw0) + fli=o-

Wy =

Proof: Differentiating (5.12) with respect to t and testing the result with 67w yields

1 -
(a,?w, afw) oyt 22 <D2W(thh)vh8tw, vhafw)

= (at 7. afw)

L2(©)

. ) (5.40)
-5 (&DQW(thh)Vhw, vhafw)

L2(Q) L2(Q)
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5. Large Time Existence for Non-linear Problem

as

. ) -

—(p? =2 2

y ( W(V hun)Viosw, Vh@tw) @) ( W (Vpup) V0w, V,0; w) L2(Q)
-

+ (@D W(thh)vhatw,V;@w)LQ(Q)

and
i((’)tDQW(thh)Vhw Vh(‘)tw) = (875D2W(thh)vhw Vh82w>
dt ’ L2(Q) ’ ) L2 o)

+ (&DQW(thh)Vhatw, Vhatw) + (8ED2V~V(thh)Vhw, Vh&w)
L2() L2(Q)

it follows

d1 1 =
3 108+ 5 (0P (Th00) 910,910

o)
2 311 27171,
< N(Ouf 2w 2y + 5 ﬁ(atp W(thh)vhatmvhatw)

L2(Q) ‘

d 1 (@DQW(thh)Vhw, Vhatw>

1/ s
+ ﬁ(atD W(thh)vhw,vhatw) - s

L2(Q) L2(Q)

Due to (5.22) and Korn’s inequality

1 ~
h2(atDQW(thhmatw,vhatw)mm’ < CRIVwl g

? 1
+ ‘ / ow -zt
2
L2(Q) Q

1 2 2171,
= (at DWW (Vyun)Viw, vhatw) Lz(m’ < CR|Vhwl 2 ) | Videwl 2 o)

)

S C’R(H}tsh(ﬁtw)

< CRHVth?J;L(Q) + CRthath%i(Q)'

Using the definition of H}(2) and Korn inequality, it follows

3
||Vhw||%r}1l(9) = C||Vhw\|%§(m + CZ ||a$ivhw||2Li(Q)

=1
1 2 1 > 1 2
< Hsh(w) + = / w-xtde| + C’H (Vah(w), V%w)
h ) lJa h L2(9)
Moreover,
1 -
o |5 (0D W (Vs () Vao()), Vo () )
<CR sup (V007122 (0 IV B0l 22 () )
7€(0,t
1 2 1 2
SCR(‘eh(w) —|—H/ w - xrde )
h L>°(0,t;L2(2)) h Q L= (0,t)

1 2
+ CR(HhEh(at’LU)

|

1 2
— / Oyw - zdx >
h Ja L==(0,t)

Putting everything together, using coercivity (5.19) of D?*W (V,uy,) and Young’s inequality we

L0(0,4;L2(Q)
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5.2. Uniform Estimates for Linearised System

obtain
1 2
sup (6?11}(7’), Eah (8tw(7')))
7€[0,t] L2(Q)

1 2
= | duw-ztdr| + ClOfIIT 012200

< wall72 0y + [A1] + CR sup A

T7€[0,t]

2 1
+ H/ dw - xdx
L2(0,;L2(Q)) hJa

1 2
+ H/ w-xtde >
L2(0,t;L2(Q)) h Q L2(0,t)
2 1 2
+ H/ w - xtdr >
h Q L (0,t)

1 2
+ H/ Oyw - xdx )
h Q L (0,t)

2
L2(0,t)>

1 1
+ 31080l cancon + CR( [ entom)

1 2

+ CR( =en(w)

+ CR( %sh(w)

Le(0,tL%(Q))
2

+ CR< %sh(atw)

L22(0,4:L2(52))
2

1
+ CRH (V—sh(w), vzw)
h L2(0,6:L2(2)

uniformly in 0 < ¢ < T. We use an absorption argument for
2

1,9 12 1
st oy ad CR|Gen@uw|

and the fact that L°(0,t) < L*(0,t) with ||g|/r2(0,6) < Vtl|g]|L>(0,1)- Now, due to (5.35)

1 2
sup (thh(w(T))a V%W(T)) < C||f||200(o,t;L2) + C||5t2w||200(0,t;L2(Q))
T€[0,t] L2(Q)
1 2
+ C’RtH/ w-ztde
h'Ja L (0,t)
Applying

lgllcoo,e;r2(0) < C(llgHWll(O,t;LQ(Q)) + ||9(0)||L2(Q)) for all g € W} (0,¢; L*(92))

for f, we arrive at

1 2
sup (8,5211)(7'), Vit EEh (w(7)), V,%w(ﬂ)
T€[0,t] L2(Q)
1 2 1
< sup (é)fw(T),eh(@tw(T))) + sup (Vsh(w(T)),V,QLw(T))
7€[0,t] h L2()  T€E0.] h L2(Q)

< ||w2||%2(9) + | A1] + CHatfH%l((],T;L?) + Cllf”%/Vll(O,t;LZ(Q)) + Cllf ol 2o

2 2
1
+ CR(1+t) max E/afw-a:de
Q

o=0,1

Lo (0,t)

1
+COR(1 + t)Hsh(w)
h L0 (0,512 (92))

2

L2(0,t;L2(R))

1 1
+ CRH (heh(&gw), Vﬁeh(w), V,%w)

where we used L>(0,t) — L?(0,t) again. Hence, due to the basic inequality (5.2.3) and choose
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Ry small
1 2
sup (8t2w(7), Vit EE}L(’LU(T)), V%w(r))
T€(0,1] L2(Q)

< walfaqay + 1411 + Cll flizol3a(@) + CRNJwrliEz + 140l + 1711 0 02

1 2
E/Qafwmvldx

+ C||3tf||2L1(o,T;L2) + C||f||?/vll(o,t;L2) +CR(1+1) nax

Lo<(0,t)
1 2
+ CRH (5‘310, Vt,zﬁsh(w), Viw)

L2(0,t;L2)
where Ay = max{1,¢}. As 0 <t < T < o0, there exists Ry € (0, 1], such that
CllO: N1 02y + C”f”%/vll(o,t;L?) + CRM| fIIT 10,022y < C”fH%/Vll(O,T;L?)

because of Wi (0,t) < L'(0,t) with ||g][z1(04) < llgllwi,¢)- The Lemma of Gronwall yields
then

1 2
H (8t2w7vm Esh(w), V%w)

< CL1601(1+T)R(”f”%/Vf(O,T;Lz) + (Ao, Ay)]
C([0,TT;L2(2))

2
1
+ l(wo, w1, fle=o)||72 + (1 + T)R max 7/ o w - xtdx ) O
o=0L]lh Jo co((0.1)
Remark 5.2.8. The existence of a unique solution w € C°(0,T; H,.,.(Q)) N C'(0,T; L*(£2))

for (5.12)—(5.15) under the conditions of Theorem 5.2.7 follows from Section 5.2.1. For higher
regularity one would then apply classical hyperbolic regularity theory, cf. [Wlo87] and [LM72,
Chapter 5]. Necessarily we need at this point that suitable compatibility conditions hold. As in
the proof of the main result solutions of the linearised system are obtained via differentiation.
We will not show the details here.

Theorem 5.2.9. Assume that up, satisfies (5.16). Then there exists C' > 0 and Ry € (0,1] such
that if Y € H3,.(Q) solves

_i2 divy, (D*W (Vup) Vi) = q in L*(Q)
G 1 (5.41)
DZW(vhuh)[vhw]u’% —gv  in H¥(S)

for some q € HY, (Q) and qn € L2(0,L; H2(8S)) N H*(0, L; H2(dS)), then

per

1 1
|(gerrvio)],,,,, < (rttmen + [5ov], 1
HY(Q) L2(0,L;H % (8S))NH (0,L;H % (8S))
1 1
f/ Y- xtde ) (5.42)
h Ja

i

+R
Q)

HO:2(

Proof: We prove the theorem in two steps. In the first step we differentiate (5.41) in direction
of z1 and will obtain by Theorem 5.2.4

L 1
hQN

1
V302, L2 (0) < C<h2|Q|H0v1(Q) + Hh&‘h(iﬁ)H

HO:2(Q) HHl(o,L;H%(aS))

1
+R’/1/}'1‘Ld$
h Jo

+RhV%w||H1m>).
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The second step consists of an application of Theorem 2.1.18 with » = 1 and analogous inequalities
as in Theorem 5.2.4.

STEP 1: Differentiation in z; direction of (5.41) leads to
1 .
= divy (8IID2W(thh)Vh1p) in Q

_ _ 277
= Oy, qN — Oz, D W(vhuh)vhdjy‘(o,mxas on Of).

1 B
_ﬁ divy, (D2W(thh)vh8mlw> = 8x1q +

D*W 0, ‘
(Vaun) Vi, v (0,L)x S

Consequently we can apply Theorem 5.2.4 with

SD = 8(121w
1 915
g := 0y,q —|— 5 divy, ((BMD W(thh))vhw)

gN = O qn — GIIDQVNV(thh)Vhw

(0,L)x 8

This leads, because of [, 9,,v - x-dx =0, to

|(T4en(0.0). 930.,0)

L2 ()

1
< C<h2||9||L2(Q) + thN

S R
L2(0,L;H2 (8S)) HO-1(Q)

Starting with the second part of the right hand side, we notice
19300 s o5y < CUDN s 0 12123 0y + 1@ D (T V20 i)

due to boundedness of trog: H'(S) — H=(8S) and the definition of gy. Using that V;,d,, up, €
H2(Q) is of order Rh we are led to

(02, D*W (V3un)) Vbl 20,281 (s)) < 1D*W (Vun) [V 0, i, Vit ()
< CRAVry| g (q)-

where we used that D3W € C>°(B;(0); £L3(R3*?)) and V,uy, € C°(R). Hence it follows

193 2 0 1.3 sy < CUDN s 18 oy + BRIVl r1(0).

Now we start to estimate the second part of g in L?(Q). First it holds

H divy, ( 9y, D W(thh))vhz/))‘

( 8y, D W(thh))vhz/}) ‘

L2(Q) L2 (Q)
< (8,00, D*W (thh))vhl/JHm(Q + (0, D*W (Vun)) Vi0a, | L2 ()
Dealing with each term separately, it follows for j = 1,2,3

(0,0, D*W (Vi) Vit |l 2y < 1D*W (Viun) [V i, O, Vil L2 ()
+ | D*W (V hun) [V Oy tn, Ve, un, Ve || L2 (q)-

Using twice Holder’s inequality with p = %, q = 3 and p = q = 2, respectively, and Vjuy, €
HY(Q) — L5() yields

I D*W (Vi) [V Oy n, Va0, i, V] || 22 (0
< OV rOz,unl 16 () [|VaOz,unl Lo () [|Va¥ || s (@) < CRA|V Y| g1 (0
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Analogously with p = ¢ = 2 and V;,0,,0,, un € H*(2) — L*(Q2) we obtain

| D3W (V hun) [V £ 0, Oy, V]| £2(0) < C||Vr0s, 0y unll @) Ve | Lago)
< CRAIVpY| g

and

[1(02, D2W (Vhun)) V0, ¥l 20y < CIIV ROz unll i) | VaOz, ¥l Lago
< CRA||Vp|| a2 (0)-

Summarizing we are led to

| divi (@, 22 W (V) Vis) | < ORBIZ

L2(Q

Hence CR
lgllz2() < [10z,qllL2() + THVM/J”H%Q)

Consequently, plugging all inequalities in (5.43)

[(73er(0a0). V301,0)

1
<o(Wlnalie + 1o
HI(0,L;H3 (85))

HM(Q)) .

L2(Q)

1
+ RA|IV | g2 o) + ‘ E%W)

Applying now (5.24) for [|Vp1| g1 (q) it follows

1 1 1
(ht05), <o B
L2(Q) HY(0,L;HY) H0.2(Q)
1
+Rh‘h/ Y- xtde +Rh||vi¢||H1(Q)). (5.44)
Q
STEP 2: As ¢ € HJ, () solves (5.41), we obtain as in Theorem 5.2.4 that
Yoy, ) = P, ) = () syt — (1)
y ) — ) T T o ) 2 — Tar ) 2
) (1 1 1(5) L2(5) i3] L2(5)
solves for almost every x; € (0, L)
. 5 1 ; .
—div, <D2W(O)~Vx/h21/)(x1, )) = f(z1,) in S

= ~ 1
DQW(O)sz’Ew(h, Jvas|  =qn(z1,-) —an(x1,-) on 05

aS

where f and ap is as in (5.28) and (5.25), respectively, with ¢ replaced by ¢. We want to apply
Theorem 2.1.18 for higher regularity. Due to the assumptions it follows, because of ¥ € HSET(Q):

D2W(0)y, 1) ® e1 € H2,,.(R2). Moreover for G defined in (5.29) we obtain

per

1
G(Vrup)[Vaun, Vi) = / D3W (VY up)[Viun, Vildr € HZ,. ().
0

Here we used, for |3| = 2 and k, [ € {1,2,3} such that 07 = 9,9,

85 (G(thh)[vhuh]vhw) = DQG(thh)[Vhamuh, Vhawkuh, thh]th/)
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+ DG(thh)[Vhﬁguh, VulVi) + 2DG(V pup) [V a0z, Uy Vi0z,u]Vpip

+ DG(Vpup)[Vnun, ViOz,ulV 0z, + DG(Vpup)[Vh0s, th, Vit Viy0z,
+ G(Vaun) [Vaolun Vi + G(Vaup)[Vi0e, un]Vide, ¥

+ G(Vaun) [Va0e, un) Vie, 0 + G(Viup) [V iun V502

holds and belongs to L?(£2), where we exploit Viuy € HZ,.(Q) < C°(Q), V4dJu, € HY(Q) —
LS(Q) and V954 € L*().
In conclusion it follows f € H}.,.(Q), as f € H}.,.(€). Moreover, because S is a smooth domain

and trpg: H? (;S) — H%(9S) is a bounded, linear operator it follows for almost all z; € (0, L):
ay(z1, ) € H3(DS). Therefore (qu(x1,-) — an(z1,-)) € H3(3S) due to the assumptions on gy .
Thus we can apply Theorem 2.1.18 with » = 1 and obtain for almost all 2; € (0, L)

V3 2t (@1, )l mes) = IVh (@1, ) [ s)

o

Hence with Theorem 5.2.5

1
¥ (@)

#p v —av@)| @ )
H(S)

HZ (88)

~ 1
192 bl sy < € (1m0 sy + Hh<qN —an) )
L2(0,L;H 2 (8S))

Using, as in the proof of Theorem 5.2.4, Poincaré’s inequality and

/ (gv —an)(z1,2")dz’ = h/ f(zy,2")dz’!
as s

it follows

~ 1
IVl L20,0:m1(5)) < C<|f||L2(0,L;H1(S))+HhQN .
L2(0,L;H? (35))

e

L2(0,L;H1(S))>

With the definition of 7 and the bound (5.16) we obtain

H;ZV:E’TN

1
<cHah<w>H T CRRIV26 1o

L2(0,L:H (5)) h H11(9)

As R(04, 1) is a linear combination of entries of V0,1 we have

1
IR@n )20 ) < CIT0n, oy < €| ente)

HLA(Q)

Moreover, similar to (5.30) we can bound

| divi (G(Thun) [V, Va0 )|

L2(0,L; H' (S))

1
<3 Slllp1 105 (G(V hun) [Viun, Ve | 12 (0,0;m51 (5))-

la|=
First we notice that

sup ||33(G(thh)[vhuh»Vhw])Hm(o,L;Hl(s))

lee|=1
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< max sup |0z, 07 (G(Vaun)[Viun, Vi) L2

k=2,3 la|=1
+ |81‘1p 105 (G(Vrun)[Viun, Vi) L2
al=1

and thus we only have to bound the first part on the right hand side, as the second summand is
bounded in (5.30). For the first summand we use G € C*(B(0); £L3(R3*3)), the regularity of
up, and assumption (5.5) to obtain

| divi (G(Tnun) [Vueun, Tav) )| < CRIVY 2o

L2(0,L;H(S))
Summing up the inequalities of the second step leads to
V5wl 20,01 ()

1
< c(h2||q||H1<Q> + HqN

fp

+ Rn(w,viwnm(m)
H1(Q)

HM(Q))

2(0,L;H 3 (85))

< (h - H an Hah w‘

2(0,L; Hz(as))

/¢ dea;)

where we used Korn inequality for ||V1[|z2(q), Theorem 5.2.4 and the structure of V2. Hence
with

+0R(||vi,m|m<

||vi2z,z/w”H1(Q) < C\\V%,xf¢||L2(0,L;H1(S)) + Cl[ Ve O, ¥ L2 ()

we can absorbe ||Vi,z/1/1”L2(0,L;H1(S)) choosing Ry sufficiently small. With this we arrive at

1
IVl 20, Lim1 (5)) < C(h2||q||H1(Q) + thN

n H}lleh(w)H (5.45)

L2(0,1;H3 (89)) H11(Q)

1
+R‘/¢.xidx
h Jo

+ IV . x1¢||L2(Q)>-
Putting step one and two together it follows, using (5.44), (5.45) and (5.24) of Theorem 5.2.6
IVaYll ) < IViYllrz) + IV20e ¥l n2) + IV7 ¥l L20,2. 11 (5))

1
< (#lallney + o +3e)
(99))

L2(0,L;H? (8S))NH(0,L;H?

‘ <V;L€h(ax1¢) h ;c’aﬂhw)

HO:2(Q)

L?(Q))

+R| /w hde| 4RIV ey +

Another application of (5.44) for the last term of the later inequality leads to

1

+ Hsh(w)‘

h

1
V2l o) < C<h2||QH1(Q) + HQN N

L2(0,L;H? (8S))nH (0,L;H? (95)) H0.2(Q)

+R’ /w rtdx

L RIVE wnm)

With an appropriate choice of Ry € (0, 1], we can absorb |[V24)| g1 (q) in the left hand side and
arrive at the claimed inequality. O
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Corollary 5.2.10. Assume that uy, satisfies (5.16). If w € H3,,.(2) solves

—% div, (D*W (Vpup)Vew) = in L*(Q)
e 1 (5.46)
DQW(vhuh)[vhw]u’% =0 inH*(S)

for some f € H),.(Q), then

1 1
H(Vheh(w),v,%w)H < C(”f”Hl(Q) —|—R‘h/ w - xtd ) (5.47)
H(Q) Q

Proof: We can apply Theorem 5.2.9 for ¢ := w, ¢ := f and gx := 0 and obtain with (5.42)

)

From the proof of Corollary 5.2.6 we have already a bound for ||3&,(w)||go.1(q). Hence, it

1 1 1
H (Vheh(w), V,%w) H < C<h2||f||H1(Q) + Hhsh(w)H + R‘/ w - xtd
HY(Q) Q

h

HO:2(Q)

remains to estimate || +¢5(02 w)||12(q). The bound can be seen as follows: Integration by parts
leads for all ¢ € H!, (Q) to

per

1

72 (DQW(thh)Vhw, Vhap)

Ly (f,0)r2 )
Analogously to Corollary 5.2.6 we can choose first ¢ = 9?2 W for ¢ € Cpe, (). Thus, twice
integration by parts leads to

% (521 (D*W (Vhun)Viw), Vhlﬁ) = (02, [, 0z, ) 2(02)-

L2(9)
Then the density of Cp2,.(Q) C H,,,.(€) implies that the latter equaltiy holds for ¢ = 92 w.
Using

(851 (DQW(thh)Vhw)7 Vhailw) = (DQW(thh)Vhail’Lm Vhailw)

L2(5)
n 2((6$1D2W(thh))vhamw, Vhailw) . ((QleQW(V;Luh))Vhw, vhaglw)

L2()

L2(Q)
By virtue of Lemma 5.2.2, we obtain
2

1
|ienew)

< |(8a, f, 05, w) 2| + ORIV 30z, 0] 12 (o) IV DZ, 0]l 12 ()
12(@)
+ CR|Vywll g1 o)l Va3, wl L2 )
2

< Ol o o) +e + CR||Vi0r, wl[72(q)

L2()
+ CRHVhw”?{;L(Q) + CR”vhailw”%i(Q)

1
Egh(ailw

1 2

< C|fllgor o) + (e + CR)Hhsh(ailw)

L2(Q)

1
oL

—|—C’R‘/ w-ztdr
HY1(Q) Q

Finally, choosing € and Ry small, using an absorption argument and applying (5.38) and (5.39)
of the proof of Corollary 5.2.6, leads to the desired inequality. O
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Theorem 5.2.11 (Third Order Inequality). Let 0 < T < oo, h € (0,1], 0 < R < Ry be
given, where Ry is chosen small enough, but independent of h and let uy, satisfy (5.16). Assume
w e ni:o CH([0,T); H3.,F()) to be the unique solution of the linearised system (5.12)~(5.15)
Jor some f € W£(0,T; L*(Q)) N W(0,T; H),,.(Q)), wo € H3,.(Q) and wy € HZ, (). Then
there exist constants Cra, Co > 0 depending on T such that

2

1
H (35’10, V%Esh(w), VMV%U/)

Co(0,T;L2(2))
< CL2602R(1+ﬁ) (Hazf&l(o,T;L?) + Hatf"%w(O,T;L2)0L1(O,T;H0v1) + ”fH%OO(O,T;Hl)

+ ||(w17w25w3af|t:0)||%2 + |(A07A1aA2)| + Hawlw2||%2

2
) ) 1
| (D*W (Vhuni=0)V 0z, w1, VinOs ‘ 7/62'%
+h2‘( (Viunli=0) Ve, w1, Vi lwl)w(ﬂ) Tl Le=(0.1)
1 2
+ (1 +T)R max ’/agw-;&dx )
0=0,1,2||h Jq Cco([0,17)
where 1
Ag = ﬁ(D2W(Vh”h|t:0)Vhw2’vhw?)L?(n)

and

1 . ~
wz = ﬁ divy, (DQW(thhh:O)Vhwl) + 8tf|t:0

Proof: Differentiation with respect to z; of the system (5.12)—(5.13) leads to

1 . ) 1 )
O — 25 divy <D2W(thh)vhwj> = 0., f + 75 diva (@J.DQW(thh)Vhw)

DQW(thh)th?jy‘ = —8Z].D2W(thh)vhw1/‘

(0,L)xdS (0,L)x8S

w is L-periodic with respect to x1

where w; = 0, w. First we want to apply Theorem 5.2.4 with ¢ := ; and

- 1 . z 7
i ot 0, DS )8

i= =02, D*W (V) V|
IN ! (Vaun)Vawy (0,L)xdS

where we used the convention f] := 0., f. Then we obtain

< Ch?

_ ~ 1 -
. fi— afwj + 72 divy, (szDQW(thh)Vhw)

1 _ _
H (Vh%(wj)’ V%%‘)

L2(Q)

+ CH % tros (5Zj D2W(thh)8hw)

L2(0,L:H (95))

1
’ +CR’/1Dj-dem
HO1 () h Jo

Moreover, as D*W (Vuy,) is uniformly bounded and wuy, satisfies (5.16)

.
+0Hh8h(wj)

H divh ((’)Zj DQVV(thh)Vhw) ‘

) < H divy, (D3W(thh)[vhazjuh]vhw>‘

L2(Q L2(Q)

< CRH (vhw,vzw)‘

L2(Q)
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and
1 .
Hh tros (82_7,D2W(thh)vhw) ,
L2(0,L;H 2 (95))
CH D W(vhuh)[vhazjuh]vhw)
L2(0,L;H'(S))
S CR||Vhw||L2(Q) + CRhHViU}”I)(Q)

Hence

1
H (Vh%(wj)vvi%)

L2(Q)
2( 1 7 2 - 1
< O (Il + 10805l 1200) + | ren() (5.48)
HO.1(Q)
+CRE /w-.;&dx +CRH<Vhw vzw)’
hia ’ L2(©)

for almost every ¢t € (0,7). With this we can follow a similar argument as in the proof of
Theorem 5.2.7. For this we differentiate the equation for @; in time and test with 67w;. Then
it follows

(03;,020;) 12 (c2) + (D W (Y hun) Vi, V362 w])

h2
_ 1 -
= (O:f, 0F0)) 120) — 15 (at (asz2W(vhuh)vhw),vhafuvj)

L2(9)

L2(©)

1 - -~ ~
~ 3 (atDQW(thh)Vhwj, Vhatzwj) L@

because all boundary integrals disappear due to periodicity of w; and uy, respectively, and the
Neumann boundary conditions. Now as

d/11 1 . )
dt(2h2<D2 (thh)vhatw],vh&gwj)L n ﬁ(at(azj DQW(thh)Vhw),Vhatwj>L2)

11
— (D W (V) V4045, V02 wJ)L T

1 - )
(62(8%1)2 (Vhun)Vaw), Vade; ) |+ = (000, D*W (Viun) Viw), Vidfi; )

_ ] (atDQW(thh)Vhatmj7 Vhatwj)L2

we obtain
DL (020,13 + & (D W (Vi) Vadry, Vaora,) ) = (@0 o8,)
dt 2 Wil L2 h2 hUAK hOtWj, V BOLtW; L2 = (0t]j,0; Wj5)L2
31 1 2 271 -
+5% (&D W(vhuh)vhatwj,vhatwj) + —(at (., D W(thh)vhw),vhatwj>m
- i(aZDQW(vhuh)vhw- vhatuv‘) d 1 (at(a D2W (V) Vaw), V50, )
h2 t E 7 12 dt h2 Zj ' 2
So, as
1 2
h7( W(VhUh)Vhath,Vhatwj) ’ /&gw] T dx 5h 8twj)‘L2(Q)
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2
L"‘(Q)>

/ | atf_Wa w] L2|dT+CR sup -
T€[0,t] h

we are led to

1
Eﬁgh(atwj)

1 Co
sup | 5107|720y + o
T€[0,1] (2 ) 2
2

/ Oy - atdx
Q

t:OHL +ﬁ’(D2 (Vatnli=0) Va0, |t=0, Vi Opj | 1= o)L2‘

(5.49)

[t

31
_|_7

t
572 <8tD2W(VhUh)Vh3tU~)ja Vhatwj)Lz ‘dT

I . )
+ﬁ/ ‘ 83(821.D2W(thh)vhw),Vhatwj)m‘dT

1

NS

(62D2 (thh)Vhw],Vhatwj) ’dT

L2 ()

1 ~
+ |5 (8t(8sz2W(thh)Vhw), vhatuvj)

L217=0

Thus, because of Lemma 5.2.2 it follows

1
Eeh(atw]

1 -
= (0. D*W (V3un) V10005, vhatwj)m‘ < CR(‘

)

‘/Gtw] xtdx
LQ(Q)

and with Young’s and Korn’s inequalities

1 _ . . .
12 (2D (T 00, ¥10103) | < ORIVt o 193005

< CRHVhTDjH?J;(Q) + CRthatﬂ)j”sz )
2

1
—1—‘ /u)] T dx
@) h

/&wj ztde

< on{| e

o| (g i)

) .

2
LZ(Q)>

+CR( e (00;)

LQ(Q)
Moreover, we have
1 = .
ﬁ) (af(azjwwwhuh)vhw), vhatwj) . ‘
1 ~ -
- ﬁ‘ (afaszQW(thh)Vhw +20,0., D*W (Vun) V5w
9, D*W 52 O ’
+ 0z (thh)vh “w, Vi, tw])L2(Q)
< CR(IVnwll 2o + IVndrwlmy ) + V5070 120y ) - V10051112 0.
Hence, with Hoélder’s and Young’s inequality
1 t
!
< CR(HVth%?(o,t;H;{) + thath%?((],t;H}L) + ”Vhatsz%?((),t;Li))
+ CRIIVRO;[22(0 4,12

(82(3ZJD2 (Vihup)Vyw), Vhatw])L ’dT

Dealing with each part on its own we can use Korn’s inequality for V;0;%w; and V502w in their
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respective norms. For Vyw and V0w we apply for k =1, 2, respectively

c 1

2

2

1
2
||Vh¢||L2(0,t;H,1L+k) S CH Egh(¢)

2
L2(0,4;L2) L2(0,t)

(5 Eorvi0)

L2(0,t;HF)

where we used Korn inequality and the convention H°(2) := L?(Q). Next, we notice

1 ~ ~
-3 (8t(8sz2W(thh)Vhw)a Vhatwj)LZ(Q)

< CR[Vawl ) IVh0:b; |l 22 @) + CRIViOwl| £z (o) [[ViOed;| L2 (o)

1 1
+ ‘/ w-ztdz| + H (Veh(w),v,%w)
RIS Y h

1
+‘/8tw~xldx
L2(Q) hlJa

Hence, with |g(7)[5_o| < 2essup,¢jo 4 [9(7)| for all g € L>(0,¢) it follows

< CR(H,lzehw)

L2(Q)

1 .
+|fentom ) 194011130

t

1 - )
’hQ (at(azj D2W (Vyup)Vaw), vhatwj)

L2 ()

/w-dex
Q

Plugging everything in (5.49), we are led to

2
L2(9)>

t
S/ (0 f;,020;) 2 |dT + CR sup
0 T€[0,t]

=0
1 2

+ Vﬁeh(wL V5w

Wi (0,t)

con(fla] Y

W, (0,t;L2) h L°°(0,t;L2)>

X IV R0uw; | Lo (0,6:2.2 (02))-

1
Eeh(atwj)

1 Co
sup | 510701720 + 5
relod] (2 t WillL2(Q) 2
2

2
Ll(O,t)>
2
L2(0,t)>

1 -
E/Qatwj cxtdx

1
+ hQH/ 8,5sz '(ﬂld(E
) Q

2

1
+ CR(thh(atﬂ)])

L'(0,t;L2
2

1
+ QH/ 8,5sz . J’Jldiﬂ
L2(0,t;L2) h Q

1
+ CR(HhEh(at’lI)])

1 ~
2~ 2 - -

+ ‘ at wj ‘t:o‘ 2 + ﬁ‘ (D W(thh|t:0)vh8twj|t:0, Vhatwj|t:0) L2(Q)‘

1 2 1 2
+C’R< —en(0?w) + 2H/ O*w - xtdx )

h L2(0,t;L2) h Q L2(0,t)

1 2 1 2
+C’R< —ep(w) +‘ /w-dem >

h W3 (0,¢;,L2) h Q Wi(0,t)

1 2 1 2
+CR< 75}1(’(1}) +2H/ w - ride )

h W2 (0,t;L2) h Q WL (0,t)

2
+ CRH (Vlllgh(w),V%uD

L (0,t;L?)
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2

+CR<H (V}llsh(w),V%w>

+ H (v;sh(atw), viatw)

2
L2(0,t;L2)>

L2(0,t;HY)
Using Cauchy-Schwarz and Young Inequality it follows
t ~ ~
/ [(0cf5, 0F0;) 2 AT < 10 fjl 2 0.7:22) 1075 || Loe (0,6:2.2)
0
< (@0 fillro,iz2) + €llOf Dyl Lo 0,622 -

In the case j = 1, integration by parts in x; direction and periodicity leads to

/ Oy ; - ztdr = 0.
Q
For e > 0 sufficiently small we can absorb [|021;]| L= (0,;12) in the left hand side. Furthermore, we

have [|g]£2(0,:22) < Vgl L= (0.1:02) for all g € L=(0,¢; L%) and [|1]| 110,122y < VElL2(0.6522)
for all [ € L*(0,¢; L?). Hence we have with vT' < 2(1+7T)

2
(5.50)
L2(Q)

’ 2 ‘(D W(VhUh)Vhﬁth,Vhatwj)

1 Co
sup | S [|07 ;|72 ) + &
T€[0,t] (2 P Ty

Eh (@u?j)

1
h

< C||3tfj||2L1(o,T;L2

h2 t:O‘

L2
1 2 2
+CR\/TH5h(8tU~)j) +CR *€h(8t2w)
h L2(0,t;L2) h L2(0,t;L2)
1 1 ?
+ CR(1 + T)H (eh(w), Vai—en(w), V%w)
h Lo (0,t;L2)
+CR(1+T Jmax /a"w xt
L°°(O t)
2
+ C’R(H (V en(w), Vhw> ’(V en(Ow), V,ﬁﬂu) )
L2(0,t;H) L2(0,t;L2)
Using the assumption that w solves (5.12)—(5.15), we can apply Corollary 5.2.10 to
_ L v, (D g
2 divy ( D*W(Vpup)Vyw ) = f — Ojw
~ (5.51)
DQW(thh)Vth’ -0
(0,L)x S
for almost every ¢ € [0,T). Hence with (5.47)
1 2 2 1 1
V—ep(w), Viw SC||f||H1(Q)+||atw||H1(Q)+CR — [ w-z—dr
h HY(Q) h Jo
< C|fllar o) + 107wl r2) + H n(OFw) (5.52)
L2(Q)
1 2 1 1 1
Cl— [ Ofw-z~dx|+CR|—- | w-2dz
h Ja hJq
For j = 0, we deduce from (5.48)
1 ~ .
H <Vh5h(3tw), viatw) < C’h2<||f0HLz(Q) + ||afw||L2(Q)) (5.53)
L2(Q)
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1
—I—C”hsh((“)tw)‘

1
—I—C’R‘/atw-mldx
h Ja

HO1(Q)

+ CRH (V;ﬂu,V%w)‘

L2(Q)’

By virtue of (5.50) for j =0, (5.52) and (5.53) we obtain

. 1
sup <8S’LU, vt2,x Esh (’LU), vatv;%’w>
7€[0,t] L2(Q)
1 2
S sup <8 w, 32 >H + sup <v5h(w)7viw)
r€[0,t] T€[0,t] h H(Q)
2
+ sup (th(atw)7 V%Latw)
T€[0,t] h L2(Q)

< lwsl72 + |A2] + C”atsz%l(O,T;Lz) + CHf”ZLoo(o,t;Hl) + CHatfH%OO(O,t;LQ)
2

+CR(1+ \FT)H}ILah(a,?w)

1
+ CR(H (Vheh(w), Viw)
L2(0,t;HY)

1 1
<h5h(8t21,U), 81;1 h€h(6tU})>

L2(0,t;L2)
2

1
+ H <Vh€h(8tw), V,%(?ﬂu)

2
L2(0,t;L2)>

2
+ C10t 0l 00 + €]

Lo (0,t;L2)
1 2 2
+CH <8§w, Eh((')tw)) 5 / OPw - xtde
h L>(0,t;L2) h Q L= (0,t)
1 1 > \I?
+CR(1+17T) feh(w), Vei—en(w), Viw
h Lo°(0,t;L2)

+CR(1+T _max

‘/8”11}30

We use (5.50) for j = 0 in order to bound ||8f’wH%°o(O 1,12y and with j =1 we can estimate
[(Fen(07w), am%sh(atw))ﬂiw(o’tiz). This leads to

>(0,1)

sup
T€[0,t]

<a w VM en(w), VmViw>
h 12(9)
< CIOF fllTo,7502) + Cllataxlf\\%l(o .02y + Ol T (0,600) + ClOfl T (0,1,12)

+ ||w3||L2 + |A2| + ||8$1w2||L2 + — h2 ‘ (D2 (thh|t O)Vhamlwl, Vhaxlwl)

+CR(1L+VT))

J=0

2(9)’

2 2

+CR(1+1T) max
L2(0.6:12) 0=0,1,2

1
EEh(ﬁtUN}j)

1
— | Ow-xtde
h Ja

2
L2(O,t;L2)>

Lo(0,t)
2

1
+ H (Vheh(atw), V,%@ﬂu)

2

L2(0,t;H')

1
+ CR<H (Vhah(w),viw>
— /8t2w~xldx
Q

2
1
+ C’H (8211), Eh(atw))
"h Lo (0,t;L2) h?
2

1 1
+ CR(1 + T)H (hah(w), vmggh(w), viw>

Loo(0,t)

L>(0,t;L2)
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where we used fQ 040y, w - x-dr = 0. The Lemma of Gronwall yields then

sup
T€[0,t]

<CeC2RUTVT) <||8t2f||%1(0,T;L2) + ||3tax1f”%1(o,T;L2) + ||f||2Loo(0,t;H1)

107 (0.4:22) + lws|Z2 + [Ao] + 110z, w272

dBw vm en(w), Vot Viw
h L2(Q)

1 2
D*W(Vyu Vi0p, w1, ViOp,w +H(32w,5 aw>
+ 23| (D (Pntnlio)Vhdiyn, Vi) |+ | (0w, gn(0) o
1 1 > \II°
+ (1 +D)R||| —en(w), Vg —en(w), Viw
h h Lo (0,t;L2)

2

+(1+1T) R u max,
Lo(0,¢)

1
+H/8t2w~xJ‘dx
hJo

Now due to Theorem 5.2.3 and 5.2.7 we have

1 2
H <8t2w,sh(8tw))
h Lo (0,t;L2)

< Cpi(l+ T)GCITR(”f'%/Vl(O,T;L?) + [|(wi, wa, fle=o)lZ2 + (Ao, Ar)l

/8”w xt >
C(O t)

Since || fllw;o,7:22) < Tl f Lo (o,m;m1) + 10cf | 22 0,7;10.1) the claimed inequality

/aawx

L (0, t)>

1 2

1
+ (14 7)) (o) Vs onto). Vio

L>(0,t;L2)

+(1+TRmax

<a3w v?wh n(w), VmViw>

sup
7€[0,t] L2 ()
< CppeCRO+YT) <|at2f||%1(O,T;L2) + HatfH%OO(O,T;LQ)ﬁLl(O,T;Hoal) + ”f”%OO(O,T;Hl)
+ ||(w17w27w3,f|t:0)”%2 + (Ao, A, Az)| + ([0, wal|72
t2 ‘( W (Vhtn|1=0)V 40y w1, VO, w )LZ(Q)’
1 2 2
+1|= [ 0?w-atdx + (14 T)R max O w - xtd
h ¢ =0,1,2 ¢
Q L>°(0,t) T=o5 Q L>(0,t)
follows. 0

With the following corollary we summarizes the bounds for solutions of the linear system in a
convenient way for the proof of large time existence.

Corollary 5.2.12. Assume the assumptions of Theorem 5.2.11 are satisfied. Then there exist
constants Cpuae > 1, C' > 0 depending on T such that

2

max
0=0,1,2

tIh

’(a 0w, V] e (w), VTR0 g2y, )

C0(0,T;L2(Q))

< Cinaae” (108 sy + 10w sy ooy + 1B iy
1 2
o, wnwn, e + | (0000, 00100)

2
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5.3. Proof of Theorem 5.1.1

2

1
+’/wk~xldz
RN )
2

)
+(1+T)R max
0=0,1,2

" L)
kgloé,lfz hEh Wk

/5‘t2w~dex ‘ /8“10 zt
Q

Proof: The assumptions allow to apply Lemma 5.2.3 and Theorem 5.2.7 and 5.2.11. Hence
we obtain

00([0 T1>)

L= (0,T)

2

max
0=0,1,2

1 maxqo—
‘(a#”w,vz’,xheh,( ), Vet )

C0(0,T5L2%())
< (CL + CL1ECI + Cra e© 1+\F)R>

X (”f|%/V22(O,T;L2)HW21(O,T;H1) + [|(w1, w2, w3, f|t:0)||2L2 + |(Ao, A1, A2)|

1 5
+ ||8£C1w2||L2 + = h2 ‘ (DQW(V}Luh|t=O)vhax1wla vhaxl'UJl)

/ OPw - xtdx
Q

We can find C > 0 and C’ > 0 such that

LZ(Q)‘

%/Q(’?fw-mj‘dx

Cp + Cp1eC1TR 1 0 ,eC2(1+VTIR < 0C'(+TR

2

+ (1+T)R max
0=0,1,2

2
Lo°(0,T) C“([07T])> .

holds. For |(Ayp, A1, A2)| we use a Taylor expansion in the following way

|Ak| = ‘ W (Vhuo h)Vhwk,Vhwk) 2)
‘ 0)Vyw, Vhwk) )
1 397/
+ ﬁ (D (TVhUO h)[tho h]Vhwk, Vhwk) )

1 2
< CH Egh(wk)

2
P S Vol IVawelz

2 2

1
S CHhsh(wk)

1
+C‘/wk~dex
h Ja

)
L2

where we used Korn’s inequality and (5.5). With the same kind of calculations it is possible to
bound

2

1
il <D2W(VhU()7h)vham1w1, Vhé)xlwl)m ‘ < CH *é‘h(axlwl)

h? h

Composing all inequalities the statement follows. O

L2

5.3 Proof of Theorem 5.1.1

Before we start the proof of the main theorem, we will prepare some bounds on the rotation of
the solution around the xzi-axis. More precisly we need to bound the following quantity

1
7 /Q O uy, - xrdx

maXgs=1,2,3

co([0,7(h)])
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5. Large Time Existence for Non-linear Problem

We can transform the system (5.1)-(5.4) via ¢p: Qy — Q,  — (21, $22, 323). Hence y, :=
up, © ¢p, solve the equation

Lo ; .
77 v DW(Vyn) = fn = R fr 0 ¢ in Qp x [0,T%)

DW(Vyh)V\(o,L)xhas =0
yp is L-periodic w.r.t. z;

(Yn, Oryn)le=0 = (Yo,hs Y1,h)

8t2yh -

with (yon, y1,1) = (wo,n © @n, U1 © ¢1). Due to the frame invariance we have with (2.21)
DW(F)FT = FDW (F)"

and with W (F) = W (I + F), it follows DW (Id+ F)(Id+ F)T = (Id+ F)DW (Id+ F)". Thus
the Piola-Kirchhoff stress DW (Vyyy) fulfils the symmetry condition (2.19) and one can apply
the balance law of angular momentum

/ (x 4+ up 0 dp) X %DW(V(uh o ¢p))vdo(z) + / (z +up o ¢p) X fdx
9, Q

= / (x + up 0 ¢p) x O2uy, o ppdx
Qp
With the transformation formula applied for ¢~! we conclude with g" := h1+9 f
1 ~
h/(m((b,:l(x) + up) X ﬁDW(thh)Vda(x) + h? /Q((b,jl(x) +up) x ghdzx
=h? / (o5, (%) + up) x OPupdx
Q

We can restrict to just the first component, as only rotations around x; axis have to be controlled
for the use of Korn’s inequality. For the first component we have

(o5, (z) + up) X %DW(V}LU}])VCZU(.I)
aQ h

1

~ - L
:/ (h:cLJruﬁ)-iDW(vhuh)yda(x):/ {(thJruh)-iDW(vhuh)u} da’
80 h2 S ]’L2 0

because DW (Vyup)r = 0 on (0,L) x &S and as 2 does not depend on z; it follows that
hxt + wuy, is L-periodic in x; direction. Using this and v(0,2') = —v(L,2’) for all 2’ € S we
deduce )
(/ (65, ' (x) + un) x QDW(thh)z/da(x)) =0.
o0 h 1
Thus we have

1
32/ cupdr = / at - ghde + — / uib - ghde — / uib - 2updx (5.54)
Q Q h Q

for almost all ¢ € [0, Tyaq(h)). With this we can later bound |3 [, 07w - 2dx||co(o,r(n)) for
o =1,2,3 uniformly in h € (0,1]. We note that with (5.54) it follows

T(h
+E/ (L, g") p2|dr (5.55)
0

1 1
Hh(atuhaxL)LQ(Q) < ‘h(ul,h;xJ—)L%Q)
Cco([0,T(n)])

) 1

T(h)
gz [ kgt gz [k 0 e
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5.3. Proof of Theorem 5.1.1

1 1
*(afuhafL)m(ﬂ) < 7(gh7xL)L2(Q) (5.56)
h h
co([0,T(R)]) co([o,T(R)])
1 1
H 12 (uh » 9 h)LQ(Q) + H h2 (uh 5 8 uh)L2(Q)
co([0,7(h)]) Co([0,T(h)])
1 1
Hh(a?uhvxL)L%Q) < ‘h(xLaatgh)LQ(Q) (5.57)
co([0,7(R)]) co([o,T(h)])
1 1
+ th(atuﬁagh)m(ﬂ) +’ 7w (upr, Oeg™)
co([o,T(h)]) Co([o,T(h)])
1 1
+ th(atuﬁ,afuh)m(n) + HQ(uﬁ,c‘)fuh)Lz(Q)
co([0,7(M)]) co([o,T(h)])

For convenience we revise the theorem once more.

Theorem 5.3.1. Let 0 > 1,0 < T < oo, fr € WH(0,T; L*(Q;R?)) n W (0,T; HZ,, (€ R?)),
h € (0,1] and ugp € H., (4 R3), uyy € H2..(4R3) such that

per per

DW (Vpuo,n)vlo.0)xas = D*W(Viuon)[Vaurnlvlo,n)xas = 0,
(D*W (Vuop)[Viuap] + D¥W (Vhuop) Vit b, Viui )Vl 0,0)xas = 0,

where
=h"" flimo +os leh(DW(thO n))
usp = h'00, fli—o + ﬁ divy, (D*W (Vo 1)V it n)
ugp = h* 00} flimo + ﬁ divy (D*W (Vpuo ) Viua,n)
+ % divh(DSVT/(thoﬁ)[thl,h, Viui ).

Moreover we assume for the initial data

1 1 1
Hhsh(uo’h) o + Jmax, ‘<h5h(u1+k7h)78mhsh(ukyh),u%k,h) HH2k < Mpt? (5.5)
HV%UO”’HH + max H (vhuw s O, V2, h) H < MR+ (5.6)
1 1 146
— . < . .
kzr&a}g’?) h/Quk7h xz—dx| < Mh (5.7)
and for the right hand side
o (102 s + 102 s gy + 102wy ) <M (69
1
max 7/ o f-xtdr <M (5.9)
[oa 0,1,2 h [9) CO([O,T])

uniformly in 0 < h < 1.

Then there exists hg € (0,1] and C depending only on M and T such that for every h € (0, ho]
there is a unique solution uy € ﬂi 0 CF([0,T); HIZF) of (5.1)~(5.4) satisfying

per

1
la<1 f&i’é lv<1 (H (afafuh, vﬁ’tﬁeh(a?uh)’ V‘z’tv%’aguh”

o-:77

C°([0,T],L?)
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5. Large Time Existence for Non-linear Problem

1
ot Lo
Q

) < Cp*t? (5.10)
co([0,71)

uniformly in 0 < h < hg.

Proof: Without loss of generality we will assume that 0 < 7" < 1. This is possible as we can
perform a rescaling in A and ¢t by T~', changing only M by a T-depending factor. Furthermore
we assume that Ry is sufficiently small, such that all results form Section 5.2.2 are applicable.

The assumptions (5.5)—(5.7) and (5.8) imply

max it (HatQa?f”Ll(O,T;LZ) +110e02 fll Lo (0,752)nL1 (0,75 101) + Ha?fHLoo(o,T;Hl))

la
+ 1/ +d
— U - dr
1 A 1+k,h

1 1 2
+ mﬁ}i R0 flizol 2 + H (Egh(amulh)a EEh(ailul,h); 811U37h78§1u2,h> HL2

|

1 1
# e ([ Genturinn).on gt

1 . -
+ Hu;;ﬁh — ﬁ leh (DQW(tho,h)[thLh, thl)h]) HL2

1 B
+ ’ Oz, U3 p, — 72 divy, (DQW(tho,h)[thLh, Vhazluo,h]) HL2

+ max || (urykh, O, wp,n)l| < MR (5.58)

for M = CM with some universal constant C' > 1. We choose hg > 0 small enough such
that R := 106C’math8 < Ry holds, where C),q, > 1 is chosen as in Corollary 5.2.12. Let
up € ﬂi:o Ck([0, Tynaz(h)); HAF) be the solution of (5.1)-(5.4) from Theorem 5.1.2. Then

per

there exists some maximal 0 < T" = T'(h) < min{T},4.(h), T} such that

(5.59)

1
240 B - « y 2 na
A< (H (987 un, V2 (), V3, Viotwn) | OO0, 7 (W) L2(2))

la|<1,]8]<2,|y|<1
0=0,1,2

1
+ Hh/ 0ot Puy, - atdx
Q

) < 106C, 00 MBI
co([0,7" (h)))

This maximum exists since, as if (5.59) holds the set {Vjup(z,t) @ 2 € Q, t € [0,T'(h)]} is
precompact in Up, cf. Appendix A. Moreover it holds

' (h)
/ V2 jun| e (oydt < oc. (5.60)
0

This can be seen by using (5.59), as it follows
Viun(t,) € HV1(Q) < H'(0, L; H'(S)) — BUC([0, L}; L=(S5))

and
D?u(t,-) € H*(Q) — C°(Q)

for all t € [0,7"(h)). Moreover as long as (5.59) is valid, uy, satisfies (5.16) and all the results of
Section 5.2, especially Corollary 5.2.12, are applicable. We want to reduce to the case that uy is
mean value free. Hence we assume in a first step that

/uhd,r:/uo’hdxz/ul’hdx:/ fhd:I::O
Q Q Q Q
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5.3. Proof of Theorem 5.1.1

for all ¢ € [0,T"(h)]. Using (5.1)—(5.4), we obtain that w{b = 0,,up, j =0, 1 solves

. 1 - .
Ofw;, — 3 divy (D*W (Viup)Vawy,) = b0, fr in Q@ x (0,T(h))
D*W (thh)[vhwh]y\ 0,L)xas =0

wh is L-periodic in x;

(i, )| _ = (o)

with wg,h = Uyyj,p and wi,h = Oy, uk,p. Hence with Corollary 5.2.12 and (5.58) it follows
2+o B « v 2 na
lal=1 \ﬁ\<2 |'y|<1 (H <6t Up,, VZ th&ﬁ(a uh) vahaz uh>
o=0,
1 a+0 1
+||= | 0 Pup - xdx
hJo co (0.7 (W)
y ~ 1
< C’maxeCth (Mhlﬂ9 + hH / 3fuh cxtdx
‘ / 81+Guh xtdx

< C'm,weCth (MhH'G + 4 max

co([0,77(h)],L?)

Lo (0,7 (h))
+ 2R max

+ max
o=

Loo(o,T'(h))) 0=01,2

1 g

where we used (0,,w,z)2(q) = 0 and note that 707wy, for |n| < 2 is given via, e.g

’ /82uh ztdx
2(Q)

due to Korn’s inequality. Now we want to apply (5.55)—(5.57) in order to bound the rotational
part of uy. It follows for o € {0,1,2}

1
f/ O uy, - xtda
hJo

CU([O,T'(h)])>

o ([0, 77 (M)])

1
107 0y unl| L2 (0) < (IVROFun|L20) < thh(afuh

1
Hh(atl—‘rgUh,J?l)Lz

1
< Hh(ul,hyafJ—)N

1
H h2 (8tuh g )

c0((0,77(h)])

o0, (h)) 0 (0,77 (b))
1
+ Hh((’?tuﬁ,afuh)p + Ignax <H 8;“9’1 VL2
coqo ) F= o (0,7 (b))
1 1
n H2<uﬁ,afgh>m +] Lt 0o o )
h ooy IR o (0,7 ()

Due to the assumptions on initial values u; 5 and the external force f hwe obtain that

1 .
—(ur,n,at) L2y | < MR
7, (@)

and

max
0=0,1

xj‘ﬁt"gh)Lz < Mnp't?
co([o, 7 (h)])

holds. Moreover for o € {0,1} we deduce with Cauchy-Schwarz and Poincaré inequality

1
7

1 - 1
' ¥ (Uh N Qh) o)) thuthO( [0,77(h)]; 2297 g ||cO ([0,77 (h)];L?)
Cy

thththo (0.7 (n)):22) 107 g ||c0 (0.7 (m:L2) < Cp Mp'te
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5. Large Time Existence for Non-linear Problem

as h?~1 <1 for h € (0,1]. Similarly we obtain

1 i )
HhQ(aﬂLé_, 8t gh)LZ S Cth1+0.
COo([0,T'(h)])
and
1 1 240 3 240
ﬁ(uh 07 " %up) 2 < ﬁ||thh||00([O,T’(h)];L2)||vhat un|lco o, (n)];2)
Co([0,1(h)])

< C2MAhM?
= P .
Alltogether this leads to

l < 6Mh1+0
h o (10,77 (R)))

max

0=0,1,2 (8t1+"uh, xL)LQ

Thus we have shown

(5.61)

1
(H (333271%7 vﬁ,tﬁgh(aguh), VZ’tV,QL@?uh)

max
le]=1,]8]<2,|v|<1

0=0,1,2 Co([0,17(n)];L?)

1
+ H/ ooy, - xtde
h Jo

) < 25C,,40eCMh0 NI RO
(10,77 (b))

Moreover, exploting
t t
up = uo,p + / Owupds and  Vyup = Vpuop +/ Vhwgds
0 0

we obtain with (5.6)

IViunllcogo,r (njizzy < IViuomll2y + TIIViOeun oo o1 (hy)i2)
< MR 4 QSCmMeCthMhHQ

and
1 1
Hh&‘h(uh> + Hh/ up, - atdx
Co([0,T7(h)],L?) Q Cco([0,77(n)])
1 1
SHh?Sh(Uo,h) +THh€h(5’tUh)
L2 Co([0,T7(R)],L?)
1 1
+ f/ uo,h'dex —I—TH/ atuo’h-xldx
h Jo hJa o (0,77 ()

<OMA 4 500 0peC M0 NIRIH

due to (5.5), (5.7) and (5.61). Hence we deduce

1
(H (afagum vf,tﬁgh(aguh), vg,tviaguh)

max
<1,|8<2,]vI<1
el < z}‘ﬁ(‘ﬂ 72|‘Y|_ C0((0,7" (h)];L?)

1
Y-
Q

) < 103C naeeMMNIRITY . (5.62)
o (0.1 (h)
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5.3. Proof of Theorem 5.1.1

As # > 1 we can find hg > 0 such that

<H (6?3;71%, VI t hé‘h(aauh) Vz7tV%aguh>

|| <1, \B(|J<2 <1

3Ly

oo, 7" (h)};L?)

1
+ Hh/ 0Py, - atde
Q

) < 104C, 00 MBI TY.
CO([0,77(h)])

uniformly in h € (0, ho].

Now we have to consider the case that the force or the initial data is not mean value free. In
this case we define

a(t) == ]éuo’h(t)dx - t]{zulyh(t) — /Ot(t —5) ]é £ (s)dxds. (5.63)

Then iy (t) := up(t) — a(t) solves

~ 1. = - 5.
OF ity — 73 diva DW (Vi) = RO f, in Q x [0,T)
DW (Vuiin)vl(o,0)xos =0
iy, is L-periodic w.r.t. x;

(@, Optin)|i=0 = (to,n, U1,n)
where we subtracted from (f,ug p,u1,) their mean values to obtain (f, Uo,p, U1,h)-

Then it holds for @

/Q iin (t)dr = /Q un(t) — a(t)dz = 0.

as, integration of the nonlinear equation (5.1) implies with the boundary and periodicity
condition, (5.2) and (5.3), respectively

8f/u(x,t)dx:/fh(x,t)dx
Q Q

Moreover (5.7) and (5.9) is fulfilled for @4, k € {0,1,2,3} and f, because Joatds = 0.
Deploying the fact that the initial data is only changed by a constant, (5.6) holds for the new
initial values. With L?(92) < L'(Q) and triangle inequality it follows (5.8) with C'M instead of
M, for some C > 1 independent of hg, h and M. In the same way one can deal with @iz, 5 in
(5.16). Hence, as for (5.6), we obtain that (5.5) holds with M replaced by C M. Thus we can
apply (5.62) for @, and get

(H(a?a"uh, M}llah(a Uh) VI tvhaaﬂh)

lal<1, IB(\)<2 s

Ly

([0, 77 (M)];L?)

1

+Hh/3a+ﬁuh ztdx
Q

) < 103C, 0 CeCCMMG NTp1+0.
co([o,17 ()

From the definition of 4y, it follows

thheh(ﬁo‘uh) V2 ah(a up) and V) Vit =V Vi0dup.

:Cth

Because of [, z-dz = 0, we have

1 1
E/a‘;"’ﬁﬁh-dex:E/aa'wuh ztda.
Q
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5. Large Time Existence for Non-linear Problem

Lastly for o € {0,1,2} we deduce from ;" %a(t) = h'*? [, 97 f"dx and (5.9) that

246
max 10, un | eogo, (i)

240 ~ 2+
< max (107 dnllco o, myiLe) + max 1077 a()lloo o,z nye2)

< max, 107 in | co o, nyiz2) + MR

Thus it follows

1
(H (afaguh, vf’tgsh(aguh), v;,tvzaguf)

max
<1,|8|<2,lv|<1
lo| < (;I/ZB(I)_l ,2\7\_ Co([0,77(M)];L?)

1
f/ 9Py, - xtda
Q

Tl

> < 104C,, 0, C'eCCMRG N p1+0
([0, (h)])
< 105C, 00 M A0

for hg small.
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Asymptotic First Order Expansion in a Linearised
Regime

In this chapter we construct an approximation to the unique solution of the non-linear system
(5.1)—(5.4). To this end we use a solution to an appropriate one dimensional system of plate
equations, which stems from the limiting energy Z,,.

The ansatz is inspired by the recovery sequence in the proof of I'-convergence, i.e.
—"EgamlUQ - (Egamlvg

ap (xz,t) = h1 0 (2) + h2t0 0 + O(R**?)
0

where v is a function and 8 > 0. Hence it holds

T 2
en(tiy) = p2to ( IQa”fvaO $36‘-”£1v3 8) + O(h2+9).

We see that such an ansatz solves (5.1) in highest order. To obtain a solution of (5.1)—(5.4)
we need higher correction terms. We will construct suitable coefficient functions defined on S
as solutions to some boundary value problems. Then we construct well prepared initial values
(uo,h, u1,p), which meet the conditions of Theorem 5.1.1. Then the existence of a solution to the
non-linear system is guaranteed by Theorem 5.1.1 and we can bound the difference uj, — @y, in a
suitable norm by h!+29.

In this chapter we will impose some simplifications. First we assume that

fMe,t) = (g(xit))

for some g € ﬂi:o WE(,T; H072%(0, L; R?)), which implies

per

/ Mz, t)apds’ =0
s
for k = 2, 3. Moreover we assume that

_max |07 gli=ollm2-20(0,0) < M, (6.1)
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6. Asymptotic First Order Expansion in a Linearised Regime

where M > 0 is chosen later. Without loss of generality we can assume fOL gdxy = 0, using
(5.63) analogously as in the proof of Theorem 5.1.1. Moreover let

W(F) = %dist2(F, SO(3))

for all F € R3*3. This implies then D?*W (0)F = sym F and for P € Ri;j’w, A, B € R¥3 it
holds
D3W(0)[A, B, P] = ((AT — AT sym(B) + (BT — B)T sym(A)) . P.

Moreover we restrict to the case of § = 1. For the ansatz function we regard the following
system of 1d-beam equations

I, 0

2 2 4

8tv+(0 Ig)azlvzg
v is L-periodic in z

(v, 04v) |¢=0 = (Do, V1)

where ¥y € H12 (0, L;R?), 9, € H!O

per per

(0, L; R?), such that

lvollgso,Ly <M and  ||01]|gso,Ly < M (6.2)

Iy ::/xidm’
s

for k = 2, 3. Then we obtain with standard methods, as e.g. in [RR04, Theorem 11.8], the
existence of a unique solution

and

4
ve () U0, T); HyZ 2 (0, L; R?)).

per
Jj=0

Moreover, due to the assumptions for g and the periodicity of v it follows
L
07 / vdxr; = 0.
0

Remark 6.0.1. We want to give a short explanation on how one can formally derive the system
for v. Assume for this remark that the modelled material is just isotropic. Hence there exists
A >0 and p > 0 such that

D?>W(0)F = 2usym F + A tr(F)Id

due to Theorem B.5. Then we can compute the minimum defining Q° as in Remark 3.3.6 and

obtain
3A+2p)

Qt, F) = il o (FfQIg + Fials + t2) + pTF3

for

T = / (zg + a:% + 2305, — 20,9 + (3@1/})2 + (8x31/))2)dx’.
S

Hence for « € (3,4] the limiting energy is given via

L
L(uwvw) =5 [ Q(0u0.0,, Ay
0

1P pBA+ )
S

=5 T ((8%11)2)2.72 + (3511)3)2]3 + (81111)2) + (0, w)%day
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Thus in the dynamic case this could lead to the Euler-Lagrange equations

“(3)\+2#)8§ w0
A+ u !
o HBAE20) (Io 0N o4 mnT
Oiv+ N 0 I O, v=(R)"g
prd2 w =0

L
0 -1\ 3
R'g-vdx; = 0.
fi ()t

Here the heuristic argument uses the scaling properties of u®, v(") and w(", which suggest
that
/ oM dz’ ~ O(h*) and / M da' ~ O(R?),  for k=2, 3
S S

and

208" (w1,2") — 220" (21, 2) 3

dz' ~ O(h>).
s 1(S)

As u and w have to be affine linear functions satisfying periodic boundary conditions, it follows

u=uand w=w.

In the following we construct the refined ansatz function. For this we define

0 —290y, V9 — 2305, V3 az(z')02 v + as(a’)d2 vs
ap(z,t) = h? [ v | +4° 0 +h° 0
V3 0 0
0
+ h® | ba(2)02 va + c5(2') 02 vs (6.3)

bs ()03 v3 + c2(x')0p v

where a, b, ¢: S — R? are chosen later. Then

0 —0p, V2 —0z V3 —m28§1v2 — 133821113 0 0
Viin(z,t) = h? | Oy, v2 0 0 + B3 0 0 0
ax1v3 0 0 0 0 0
0 812 agaglvg + 6352@38%1113 8353&2621 Vg + 8953 agﬁgl U3
+hr* |0 0 0
0 0 0
a28§1v2 + agail’l}g 0 0
+ h? 0 8x2b28§11}2 + 83;2638;‘;1’03 8x3b28§1v2 + 8;83(:36;11 U3
0 Ouyb30% V3 + 0py 202 V2 04y b30% 3 + D202 Vo
0 0 0
+ Ko b26§21’l}2 + 03(9;21 vg 0 O

b302 v3 + 205 v2 0 0
Thus with D?W (Id)F = sym F we can derive

1 (3Aa — (z,23)T) - 03 v
3 divy (D*W (Id)Vyiip) = h 8
0
2 2 2
+h Vm/a(l,/)Ta;llv + (abeQ axgc?)) 8;11'0

2 2
830302 awgb?)
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6. Asymptotic First Order Expansion in a Linearised Regime

h2 v
L (89638@02 +02.by 0y, 00,03 + 353@)

5 + rp(z,t)
(92202 + 8362 8m3 bo 852 bs + 8128m303

0t v

Z1

for
ru(z,t) = O(h3).

Moreover for the boundary condition it holds
+(Varavgs) - 03 v

D?*W (I1d)[V i)y = h* 0
0

0
LR (Dnybava + 2 (0py 2 4 Opyb2)vs) 02 Vo + (Opycavo + 2 (0uybs + Duye3)v3) 02 v3)
(%(awzcg + 8g;3b2)l/2 + 8Z302u3)8§1v2 =+ (%(8@()3 + 8I3C3)l/2 + 8w3b3u3)8§1 VU3

by ¢
h6 VT (b3 CS) 815'17}

Ty 0
0
0
(Vz/auas) . 621?) I/T 3@1)2 l(8x202 + 8ng2) 84 v
= h4 0 + h5 ?1203 5(8x2b3 + 81303) 1
0 Z/T (%(833262 + ((913132) 81302 6;1 v
5(51»2 bs + 8903 03) 8953 b3 1
by ¢
T (Y2 2 5
h6 v (b3 Cg) awlv
Ty 0
0

We choose now a: S — R? as the solution of the following system
—Aa = -2 <x2> in S
3
Vayar =0 on 0S5

with

/S a(z')dz' = 0.

Such a solution exists, because we can apply the Lax-Milgram Lemma for the weak Laplacian
on H (10)(8 ;R%). Thereby, the coercivity follows from Poincaré’s inequality. With the regularity

result, Theorem 2.1.18, we obtain a € C*°(S,R?). The systems for b and ¢ decouple to

1 1 .
szbg + 58%3[)2 + §6x38x2(:2 =1 — 8$2a2 inS
1, ) 1 . (6.4)

§8w202 +0z,02 + 563028:”3192 = —0y,02 inS
and

1 1 .
85263 + 582363 + 58@@31)3 = —0q,0a3 inS

1 1
58521)3 + 853,[)3 + 581281303 = 12 — 89330,3 in S
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Defining the matrix of coefficients (p%ﬁ )©P=23 in the following way

i,j=1,2
o1 a1 1
PI=1 pii=5 piz=7 o=
1 1 1
PR=g PH=1 pii=g P =

p%ﬁ = 0 otherwise

and defining w = (ba, c2)” and f = (=1 — 0p,a2, —Oz,a2)T. Then (6.4) is equivalent to

for i =1, 2. Let now

N
I

12 &3 2%2
(522 ggg)ER :

be arbitrary. Then it holds

3 2
. 1 1 1 1
Z Z pijﬁgiagjﬁ =&+ 55?3 + 5552 +E5+ 5522513 + 5512523
o,B=214,j=1
3 o 2 1 9 1 0o 2 1 2
= 1(512 +&33) + 1(512 +&23)° + 1(513 +&32) + 1(513 +&22)
1 1
> Z(ﬁ%z + &5+ 85, +85) = Z|§|2

and thus a?jﬁ satisfies the Legendre condition for A = 1. Thus we can solve (6.4) and (6.5) with

homogeneous Dirichlet boundary condition

(b2> =0 and <b3) =0 ondS
C2 C3
as the system (6.5) can be treated in the same manner. The regularity of a implies now with

that b = (bg,b3) and ¢ = (ca, c3) are C*°(S;R?).
The approximating solution @y solves then the following system

. 1. = . .
afuh — ﬁ leh (D2W<0)thh) = h1+9fh — T in Q x (O,T)

DQW(O)[Vhﬂh}V‘ = traa(ryn)y  on 0Q x (0,T)

(0,L)x 85
Uy, is L-periodic in x;-direction

(Qn, O¢tin)|t=0 = (to,n, U1,n)

where r;, is chosen as above,

0
T 8$2b2 %(636202 + 8131)2) 9% v
a$2 C3 §(a$2 b3 + 813 CS) o1 )
1
T 7( o C2 + 8w3b2) 8$362 4
Y %(&czbz’) + Ozy03)  Oybs Ou,v

v
N,h = h5

and the initial data is given by

0 — 290, V) — 130,,v) ag(x’)ag’lvg + ag(x’)ailvg
ijn(x,t) =h* [ v) | +h° 0 +h° 0
v} 0 0

111



6. Asymptotic First Order Expansion in a Linearised Regime

0
+hb bg(x')ailv% + 03(36’)63%11)% (6.6)
b3(x")0%, v} + c2(2')0;, v

with v/ := &v|;—¢ and j = 0,...,4. For the remainder it holds
Irallcoqo,r;z2) < Ch?

7 nnllc20,;01) < CR.

In order to bound differences between the approximation #; and the analytic solution u; we
regard the following weak form of the linearised system (5.12)—(5.15):

1 ~
,(6{[07 3t§0) L2(Q71) + ﬁ (DQW(VhUh)VhUJy Vh@) L2(Qr) = (fl, Vh(p) L2(Qr) + (f27 SO)LZ(QT)

1
Hwi, pli=o)xp xu + 53 (traa(an), troa(9)) 2 (0,722 (00)) (6.7)
w is L-periodic in xy direction

Wli=o = wo

for all p € C1([0,T]; H!

per (0)(Q;R3)) with ¢|;—r = 0. Here we denote Q7 := Q x (0,7) and

Xn 1= Hpep 0) (4 R?) 1= Hyo, (R N {u € LY (%R - / u(z)de = 0}
Q

p per
equipped with the h dependent norm
lullx, = ||VhUHL§(Q)~

Lemma 6.0.2. Assume that up, satisfies (5.16) with R € (0,Ro] and h € (0,1]. Let Ry
be sufficiently small and w € C°([0,T); Xp,) N C*([0, T); L2(;R3)) be a solution of (6.7) for
f1 € LY(0,T; L2(Q, R3%3)), fo € LY(0,T; L2(;R?)), ay € LY(0,T; H(Q;R3)) wo € L2(;R3)
and wy € X},. Then there are Cy, C > 0 independent of w and T such that

H (w, ;Eh(u))

SCO€CRT(||f1|Ll(o,T;(Lﬁ)') + 1f2llz10.7;L2) + l[wollL2 () + [lwilx;
C9(0,T;L2)

(6.8)

1 1
+osllan ey man + (1 + T)Hh/ u-xtde )
a c([0,T])

where u(t) := fot w(r)dr and (L?) is an abbreviation for (L3 (£;R3%3))".

Proof: Let0 <7’ < T and define @ (t) = — fT/ w(7)dr. We use, after smooth approximation,

t
=g X[p,r)- Then it follows

1 /(12 1 PAYY ~ ~
I (T)z= + W(D W(vhuh|t:0)vhUT’(0),thT/(O))LQ(Q)
1 1 7 -~ ~ ~
_ _27}12 <atD2W(VhUh)VhUT/, VhUTI) LZ(QT/) — (fl; Vh'U,T/)LQ(QT/) — (f2’ UT/)LQ(QT/)
~ 1 _ 1
+ (w1, 47 (0)) x7,x, — ﬁ(aN7traQ(UT’))LZ(O,T';LZ(é)Q)) + §||w(0)|\%2.
Using

1 ~
57 (D2W (Viunli=o) Vaiia (0),V iz (0)

2h2 )Lz(sz)
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1 1
> @ *Eh(ﬂT/(O)) — CR'/ ’lNJ,T/(O) xld:E
2| h L2(Q) h Q
it follows with @p (0) = —u(T")
2 T 2 2
/(12 1 / ~ 1 ~ 1
lw(T)72 + || en(w(T)|| <CR —epltr)|| + |+ [ G -xdx| dt
h L2 o Ik 2 |hg

1 -
+ C(Hfl o752y + 1 f2llLrorine) + lwillx; + ﬁHaNHLl(o,T;Hl)) IVair || cogor);L2)
1 2
Q

where we used Lemma 5.2.2 and Korn inequality, as well as the subsequent inequalities
[(wr, @ (0)) x; x| < lwillxy 1z (0)]x, < llwillx; 1Vt llcoo,ry;e2)
T/
|(f1, Viar) g, | < /0 1@l 2y IV || L2dt < ([ f1@)Lro,7;22)) IVt llcoo,r;2)-

Now we can use @ (0) = —u(T") and 7 (t) = —u(T") + u(t) to deduce

T
‘/0

2 2 2

Lo (1) o) 47| fenu()

i

L2 L?(Qr) L2(Q)

- 1 1
||thT'||CO([O,T'];L%(Q)) S C"Eh(u) + CHh, /Q u - ;(jldl'

h
T/
‘/ /ﬂT/ -mJ‘da:dt‘ <T /u-xldm
0o Ja Q

Using the later inequalities and applying the supremum over 7" € [0,T] such that RT < &,
k € (0,1] it follows

CO([0,17];:L2(82)) co([o,17])

+1T

/Q W(T") - 2tda

CO([OﬁT’]).

2 2

+Ck

2 1
< CRH —en(u)
L2(Q+)

o (0,7 L2) h

%sh(u)

ol 7 +Heh<u>
OILED A o (0,522

1
+ C(||f1||L1(o,T;(Li)/) + I fellro,rn2) + lwillx; + [lwillx; + ﬁ”aNHLl(O,T;Hl))

h

1 1
X (HEh(u) —|—CH/u-xldaz )
h Co([0,77);L2) h'Ja co((0,1))
_ 1 2
+C||w0||2L2+CR(1+T)H/ w-ztde
hJa co([o.7))

Hence, with Young’s inequality and r, thus 7', small enough, we can conclude with an absorption
argument that

2 1 2
< CRHshw)
0 (0,7 L2) h

+Co (||f1 HQLl(o,T;(L;‘;)f)

2
CO([O,T])>.

Applying now the Lemma of Gronwall we obtain (6.8) for all 0 < T' < oo such that RT < k
holds.

For an arbitrary 0 < T < 00, we choose 0 = Ty < 11 < ... < Ty_1 < Tn = T such that
%FC < R(Tj41 —Tj) <k for j=0,...N — 1. Then we use ¢ = U, , X[z, 1;,,] and obtain via

lolZoro 71 1o +Heh<u>
©OILED [ A 12(Qs)

1 1
U0 + honlB + gilomtsormy + 1+ D [ ueatas
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6. Asymptotic First Order Expansion in a Linearised Regime

analogous arguments as above, because of R(Tj11 —T;) < &

(o Lev)

< CpeCR(Tin1=Ty) (H (w(Tj), ;lgh(u(Tj)))

CO([Ty,Tj41]5L2) L2

+ il zroriezyy + 12l o,rez) + lwillxg

1
f/u-xldx
h Ja

1
+E||aN||L1(0,T;H1) +(1+T>‘ )
co([0,17)

Hence an iterative application leads to

(o300

< (Co)NBCRT(HflILl(O,T;X”I) + If2llzr 0,52y + llwoll 22 (o)

C’O(O,T)> '

€9(0,T;L2)

1 1
el + 3 lonllor oz + (1 +T)Hh / w-atde
Q

Finally due to %H < R(Tj4+1 — Tj), we obtain N < 2k~ RT and thus
(Co)N = exp(N1nCp) < exp(26 ' RTIn Cy) < exp(CHRT).

Hence (6.8) holds for some Cp, C' > 0 independent of R € (0, Ro], h € (0,1] and 0 < T < co. O

Define now

per

B:=H} (Q;Rg)ﬂ{u€L2(Q;R3) : /udxz/umldx:O}
Q Q

equipped with the norm

1

fulls, = vt

LQ(Q).

Lemma 6.0.3. For 0 < h < 1 there exists constants Co > 0 and My € (0,1] such that
for e HLL(R3) with || fllgri) < Moh and [, fdz = 0 there exists a unique solution

per

w e ngr(Q;R?’) N B with 0, w € HSeT(Q;R3> of
i(DW(Vhw) vh‘/’) = (f, )20 (6.9)
h2 ) L2(Q) s
for all ¢ € B. Moreover
1 1 )
() Vi e(w), Vi < Collfllrs oy (6.10)
" h (@)

holds. If w' € H3,.(Q;R?) N B with d,,w € Hj,, (Q;R?) is the solution to f' € Hpy (Q; R?) with

per per

£/ | 11 ) < Moh and [, f'dxz = 0 then it holds

1 1
”(Eh(w—w'),vh5(w—w'),V%(w—w')>H < Collf = f'llaa(e)- (6.11)
h h )

Proof: Using a Taylor series for DW (Vj,w) we obtain

DW (V,w) = DW(0) + D*W(0)[Vyw] + /01(1 — 1YD*W (7V,w)[Viw, Viyw]dr

=: D*W(0)Vyw + G(Viw) (6.12)

114



Thus (6.9) is equivalent to

1 2
(Lhw, )5 5 ~—ﬁ<D W(0)Vrw, Vh‘P)L2(Q)
1
=(f,¥)r2) — 72 (G(Vrhw), Vie)r2(0)-

The idea is now to use the contraction mapping principle in order prove the existence of a
solution for (6.9), i.e. with the later equivalence

W= Gns(w) = 1 (1,Gu(w)

with Gp(w) := %G(Vhw) Consequently we investigate the mapping properties of Lj and Gy,.

For f € L?(;R?) and F € L?(Q; R3*3) we obtain with the Lemma of Lax-Milgram the existence
of a unique solution w € B for

(Lhw,0)s'.58 = ()2 — (F, Vi) 2 () (6.13)

for all ¢ € B. The solution satisfies

C(I£lz2) + I1F 22 y)-

1
il = | enc)
L2(Q)

If now f € H%*(Q;R?) and F € HOF(Q;R3*3) for k = 1,2, it follows by a different quotient
argument that w € H%*(Q; R?) holds and

1 )
[gen@)] <Ol + e, 104 Pl (6.14)

HO ()

Using the decomposition B @ span{z — z1} = H, (10) Q;R3) it follows that for

per

Q= (F, Vh.’E )LZ(Q (f, )LQ(Q)

we have

h2 (D2 ( )Vh’w tho) L) (f—‘rOl.’L‘ 790)L2(Q (F vh(p>L2 )
for all ¢ € H (0),per (& R?). Hence, if f € H),,. (4 R?) and F € H2, (Q;R**?), then w solves the
system

1 ~
- divy,(D*W(0)Vyw) = f +azt —div, F in Q
2 _ 12 .
D2W (0)[V v ‘as —h traQ(F)y‘aS in 00

in a weak sense . Thus with elliptic regularity theory it follows w € H2,,.(€2;R?) N B. Theorem

5.2.9 and the later inequalities imply

per

| (Gev) Tagento). Vi )| <c(h2||<f,de>||H1m>+|f||Ho,1<m

H(Q)

+ max 04, Flzy JthtraQ )]

L2(0,1;H3 (8S))nH (0, L;H 3 (aS))> '

where we have exploit
h?lal < CR?(|f|l L2 () + CRIF |12y -
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6. Asymptotic First Order Expansion in a Linearised Regime

Using that trog: H2(S) — H?(8S) is a bounded operator we obtain

hH trag(F)‘

<cn(IF VE P20
L2(0,L;H? (9S))NH'(0,L;H? (9S)) ” ”HU(Q)+ e IVeFllzz@)

< O max 102, Fll ez +h2||th||H1(Q))
because of
1
1E ) < 1F o) + Ve Fllrz(e) and [|Fllz2@) < 3 1F ez

Thus we deduce for some Cp, > 0

1 1
H (hsh(w), Vhﬁeh(w), V%w) H
H(Q)

< Co(WN(E. TuF) s + 1 Flloa oy + ma 12, Fllzzy ). (6.15)

We define &), := H?

per(Q;Rg) N B and Y, := O R3) x H2,,.(2;R3*3) normed via

per( per

o, = (o0 ¥ enta). 93 )|
H'(Q)

G F)ly 2= B30 V) sy + 1 ooy + o, 102, Flazy

With this L,:ls Vi, — A} is a bilinear, bijective and bounded operator, mapping a tuple
(f, F) € V), to the corresponding solution w € A}, of (6.13). In order to close the proof we have
to show that G, fulfils contraction mapping properties with respect to the relevant norms.

In a first step we assume that w; € &}, with

|wilx, < CoMih
for i = 1,2 and M7 > 0 chosen later. Then

1 1
1Gh(w1) = Gr(w2)l[(r2) = ' ﬁ/ (1-1) (DS (TVrhw1)[Vawy — Viywe, Viyw]

+ D3W (1Vwa) V3w — Vyws, Viws)

+ (D3W(thw1) - D?’W(thwg))[vhwl, Vhwg])dT

(L)
< CMi||Vi(wr = w2)|[

1 !
+ Hh2 / (1-7 / Q(7,t,wy, wa)dt[T(Vywy — Viws), Viwr, Viws|dr
(L)
1
< COMq||—en(wr — ws)

h Xh

where we used Corollary 2.3.7, [[Vywj|| 1 (o) < Cl|wjx, and the boundedness of
Q(7,t, w1, ws) := D*W (trVwy + (1 — )7V wy).
The definition of G implies that for £ = 1,2,3 it holds
92, G(Vhw) = D*W (V,w)[V1,05,w] — D*W(0)[V 4,0y, w] (6.16)

1
= / D3W (7Y pw) [V pw, V1,0, w)dr
0
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Hence, analogously as above

1t L
ﬁ/ D3W (Vw1 [V (w1 — wa), V4O, w1 ]dT
0

Haﬂ?k(Gh(wl) - Gh(U/Q)H(L’%)/ S ’ "
Li /

1ot
+ ‘ ﬁ/o D3W(thw2)[vhw2,vh3xk(w1 — wg)]dT .
L2y
I . 5
+‘}12/0 (D*W (rVhwi) — D*W (1Vhws)) [V ws, V0, wi|dT .
h

C C
< 2 lIVa(wr = wa)ll iz @) | Vadu,willz @) + 7 IVawell iz @I Vaa (w1 —wa)llz2

1
+ OM; || en(wy — wa)
h HE(Q)
< OM;||lwy — wallx,
as
1 1 ,
VaOz, |2 (@) < [VaOz, 0l r2(0) + ﬁeh(azksﬁ) < V#h(@),vh@ < el
L2(Q) L2(Q)

for ¢ = wy and ¢ = wy — wy. Deploying (6.16) it follows for j, k =1,2,3

0r; 02, G(Vw) = D*W (V4un)[Vi0y, 0pw] — D*W(0)[V 1,0y, 0, w]
+ D3V[~/(Vhw)[vh8$jw, Vhaka]

1
_ / D*W (rV yw) [V hw, Vs, Oy wldr + DPW (V) [V, w0, V10, 0].
0

Thus we obtain in the same manner as above

100y (Gr(w1) = Grlw2))l| (22 )

1 [t
< ﬁ/o D*W (rVw)[Vi(wy — ws), V30y, O, wi|dT .
h
I
+||= D°W (rVpwe)[Vywa, Vi0y, Or. (w1 — wa)]dr
h2 0 ’ (LZ)’
1 [t - -
+ ‘ ﬁ/o (D*W (rVhwi) — D*W (1Vhw2)) [Viws, Vi0y, Oy, wi |dT e
1 -
+ ' ﬁDSW(Vhwl)[Vhaxj (w1 — wa), VpO0g,w1]
L2y
1 ~
+ ‘ ﬁD?’W(Vth)[Vhazj wa, Vhﬁxk (w1 — ’wg)]
(£2)
1 [t - -
+‘h2/ (D*W (rVhwy) — D*W (1Vw2)) [V 105, w2, V1,0, w1]
0 L2y

C
< EHVh(wl = w2)||a2(0) | VrOz; O, wi| L2 ()
C
+ E‘lvhw2||H2(Q)”vhaﬂ?kalj (w1 — w2)||L§(Q)

C
5 max Va0, (w1 = w2) || 2 () VO will 2 ()
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6. Asymptotic First Order Expansion in a Linearised Regime

C
+ ﬁHVh(wl = w2)|[52(0) Vi, w2l g1 () [[VaOz, 01| 51 ()

< CMi|jwy — wallx,-

The fact that h?|| VL F| g1y < h|VF| mi(q) and [[F||12@) < %”FH(L,%)/ implies with the later
estimates that for M; € (0,1] small enough

Gh.5: Bomn(0) C X — A4
is a %—contraction. The self mapping property of Gy ; follows, because of

1Gh,£(0) |2, = IL7(f,0) a0, < CLI(f,0)lw < CLllf 1) < CLMoh.

Thus we can choose My > 0 sufficiently small, such that Cp Myh < % Then we obtain with
the %—contraction property of Gy ¢ for w € Boar, 1 (0)

1
1Gn,s (W)l 20 < 1Gn, 5 (w) = Gn, g (Ol + [1Gn.£ (Ol 2, = Fllwll, + CLMoh < CMih.

Therefore (6.10) and (6.11) hold with the H!(Q)-norm on the left hand side replaced by the
X}, -norm.

Using the decomposition B @ span{z + z+} = H, 1 (£2;R?) it follows that for

).per

1 ~
= s (DW(Thw), Vi)
p /,L(S)h2< ( hw)a hT L2()
we have
e L
72 (DW(Vhw) Vh@) Ly (f —px=,0)L2 ()

for all ¢ € Ho) per (UR3). If now f € H):1.(€;R?) we obtain, with an difference quotient
argument that w € Hp,,.(Q;R?) N B satisfies

1 ~

72 (DQW(Vhw)Vhaxlw Vw) Ly Oz, fr0) L2 ()
for all p € H} ).p or (€25 R?). Thus with Theorem 5.2.9 the claimed inequalities follow. O

Define the initial values for the analytical problem as

2+ 245
, 2(14 , —290,, 05" — w305, 057
U244, p = h Vg 71 +h 0
v2TI 0
3

. _ o
for j =1, 2 and v** = 37y, as above.

Lemma 6.0.4. Let iy, as in (6.3), i, for j =0,1,2 as in (6.6), uzp, usp and f as above.
Then for sufficiently small ho € (0,1] and M > 0 there exist solutions (ugp,u1 p, u2,) Of

73 (DW(thO h)s vh<P)L2(Q) (B fuli=0, @) r2(02) — (u2,n, @) 12(02) (6.17)
1 5
ﬁ(D2W(thO,h)th1,h,Vh<P) ey (W20, fli=0, ) r2(02) — (u3,n, @) 12(02) (6.18)
and
1 1252
7z (D W (Vhuo,n) Vs, h,Vhw) L@ = (h%0; fli=0 — ua,n)L2() (6.19)
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1 31% Th 217
% (D W(tho,h)[vhm,mthl,h},vhﬁo Ly BB (D W(Vpuon)P, Vh@) s
for all p € B, where
1 ~
= DW (V P
’)’h(uo,h) (S)hg ( ( huo,h) )L?(Q)
and
0 0 O
P=10 0 -1
01 0
The solution satisfies
1 1 9 9
E&}L(UOJL),Vﬁeh(uO,h),vhUQh < Ch (6.20)
HL1(Q)
1 1 9 9
max ||| —en(ujn), Voen(ujn), Vitjn < Ch (6.21)
j=1,2 h h 2—j
H2-3(Q)
and uy,p, € B for k =0,1,2. Moreover we have
1 1 Ch3, ifj=0,1,
Zenluin) — —enlii; < 6.22
Jmax (hah(ug,h) h€h(uj,h)> e {Chg’ ifi=2. (6.22)
for all h € (0, hg] and C > 0 independent of h.
Proof: We can equivalently formulate (6.17)—(6.19) via
1 .
72 (DzW(VhUo,h)thl,h, VhSD) Ly (204 fnlt=0, ©)r2(0) — (Us.h, ©) 12() (6.23)
and
S (DQW(VWO n) Vit tho) = (h?07 fnlt=0 — Uan, P)12(02
h? ’ e L2(Q) t = oo ()
1 3%
— (D W (Vruo,n)[Vaui,n, Vit nl, Vh@) e
U ~
_ %;h) (D*W (Vto,0)P, Vo) o (6.24)

for all ¢ € B, where ug ;, = Gp, r(uo,5) is the solution of (6.17) with f = h2fh — ug j,. Defining

Go,n(uz,n) == Gn,s(vo,n)

and deploying (6.11) we obtain for ug s, uj ;, € H"(Q;R?)

max ’

9% (Gon(uz,n) — Gon(uhy)) H < Collug,n — uy pll a1 (0) (6.25)
k=0,1 X

if ||u27h|\H1,1(Q) < l]\40h, \|u'2’h||H1,1(Q) < %Moh and h2Hfh||H1,1(Q) < %Moh This can always
be achieved if hg € (0,1] is small enough and uy s, uj ;, are of order h?.
Using the definition of Ly, it follows that (6.23)—(6.24) are equivalent to

1
(Lhuih, 0)5,8 = (h*0¢ fali=0 — Uz h, P)L2(Q) — 2 (DG(VWOW)VWW’ Vh‘p) L2(Q)

and

1
(Lnugp, ©)pr,8 = (B°0F frli=0 — tan, ©)12(0) — 5 (DG(VhUO,h)vhU2,h7 VhsO)

h L2(Q)
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6. Asymptotic First Order Expansion in a Linearised Regime

1 ~ U -
- 7(DSW(vhUO,h)[thl,h»vhul,h]avh90> _ n(uon) (DQW(VhUO,h)RVMP)

h? L2(Q) h3 L2(Q)

for all ¢ € B. Defining now the relevant function spaces by

Dy, == HZ, (S RYP) x HY, (Q;R*?)
Zp = H), (4 R?) x L*(R%) x Dy,

and

Wh, 1= X X (HZeT(Q;RS) N B)

with the respective norms defined by
|(Fy. B2l = mevs (Voo +_max, 107, Fill 3 )

1(F1s fos Fi o)z, 2= ma (W20 (i VBl ooy + | filoasqay + _max 107, Filluz )

and

(g1, 92)lw,, == mzlué

i=1,

1 1
(hento) Ve e )|
H2—i(Q)

With this we define the linear operator /J;l: Zn, — W, by mapping (f1, f2, F1, F2) to the
solution (wq,ws) of
(Lhwi, p)p 8 = (fi, )r2) — (Fis Vap)r2(a) (6.26)

for ¢ = 1,2. Then due to (6.15), Theorem 5.2.4 and (6.14) we obtain
(w1, wa)llw,, < Cl(f1, f2, 1, F2)| 2, - (6.27)
Hence E;l is a bijective, linear and bounded operator. For the nonlinearity we define
On: Wy — D,
via

CRTN —%DG(tho)thl
Us — 5 DG(Vuo)Vhug — 75 D¥W (Vhuo) [Viur, Vi ] — 2890 D2V (7,0, ) [P

_. (Ql,h(uhUQ))
"\ Q2 n(u1,uz)

where g := G, f—u, (uo,1) for some fixed f € H):L(Q) with [|f||g1.10) < Mh* and [, fdz =0
and G is defined as in (6.12).

We deduce the contraction properties of Qp similar as in the proof of Lemma 6.0.3. For this we
assume that ||(u1,uz)|lw, and |(u},uh)|w, < CMah?. Starting with Q; j, we obtain

1Q1,n(ur,u2) — Qup(uy, ug)ll(r2y

1 1 } 1 3
= / D3W (1V huo) [V huo, Viu|dr —/ D3W (7Y uf) [V pup, V! |dr
0 0

( h),
<— C” (UO u())Hli Q || ‘ ulHL Q OH ‘ lu“Hli Q H ‘ )L(ul u )”L Q
h h h( ) h h( ) h h( ) h( )

+ CM,

1
e (up — ug)

H} ()
< CMallug — ug|| o) + C My < OMol|(uy — v, ug — uh)||w,

1
Egh(ul — )
L2(9)
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where we used (6.25). Similarly one deduces that

02, (Qun(u1, uz) — Q1 n(ul, uy))l L2y < CMal|(ur — uh, ug — uh)|lw,
102,02, (Q1 1 (ur, uz) — Qun(uy, us)) L2y < OMal|(ur — uy, uz — us)llw,

for j, k =1,2,3. Analogously we deduce for Qs j
[1Qa,n(ur,u2) — Qo (uy, ud)ll 12y

1 Lo -
< 73 / D3W (1Y huo) [V huo, Vius] — D3W (1Vpuf) [V b, Viaub]dr
0

(L3

Wh(uo,h

1
T : H/o D*W (1V o) [Viuo, P] — D*W (7Y ug)[Viug, Pldr

L3y

N [ (wo,n) — v (ug 1)

1
3 ’ /0 D3W (1V uf) [V nug, Pldr

(L3

1
+ —

= D3W (Vyuo)[Vau, Viuy] — D3W(Vub) [V, Vi)

(L)
C ! C Vi /
< ﬁ”vh(uo — )|l m2 )| Vauzll L2 () + ﬁthUOHHfL(Q)”Vh(UZ —uy)12 ()
C C
+ EHVh(Ul - U&)HH%(Q)thulHLi(Q) + Ethu&”Hﬁ(Q)th(ul - u/l)”Li(Q)
C
+ 53V (uo = uo) |l 2 o) Vi || o) [ Viut lla: o

C
+ 25V (uo — uo) 2 o) IViuoll a2 o) [ Viuz | 2 o)

YR \UO,h
+ %IIW(UO —up)llzzz (@) + [ (uon) — (o)l

< CMy|[(ur — iy, uz — us)|w,
where we used again Corollary 2.3.7, |P|, = | P|, |y (uo.n)| < Ch? and

1

1
o) = ()| < 5 | | (1= ) (D (Pt ) Vi Vi

- DgW(VhUG,h)[Vh“f],h» thf),h])

(L3)
< OMa||Vi(uo — up)llmz(0) < CMa||(u1 — uli, uz — us)|w,-

Finally via

1t 1
8zj Qz’h(’u,l, ’LLQ) = ﬁ / D3W(7th0)[vhuo, VhaszQ]dT + fD3W(VhUO)[Vh81jUO, 8hu2]
0

h2
2 . 1 -
+ ﬁDSW(thO)[Vhawjul, Viui] + ﬁD”‘W(tho)[vha% ug, Viauy, Viu)
— %D?’VT/(thM)[Vh@WuO,P]

it follows
102, (Qa,h(u1, u2) — Qa,n(uy, up)) | (£2y < CMal(wr — uy,uz — uy)|lw,-
Choosing now M € (0, 1] small enough we obtain that

Fhoforfrofz: Boannz(0) C Xy x Wy — Xy x W,
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6. Asymptotic First Order Expansion in a Linearised Regime

defined by
ug Gh, fo—us (U0)

Z; = Lt ((jﬁ;) ,Qh(ul,w))

is a %-contraction, where fo :=h?f"|,—o, fi := h20,f"|1—0 — us,p and fo := K202 f"|1—0 — wa,p.
We can use an analogous argument as in Lemma 6.0.3. First it holds, due to (6.2) and (6.1), for
M > 0 sufficiently small

~ CMsh?
1 Fn, o, 1,12 (O) | 0 v, < CMA? < 22

and with the Z-contraction property we obtain the self mapping Fj, ,,7,,,- Moreover due to
the norm on A}, and W, we obtain (6.20) and (6.21), respectively.
Finally, the construction of @ implies that @; j satisfies

*

2 (D2W(0)Vhﬂj,hv VhSO) Ly (h2aifh|t:o — U244,k @) L) + (Orh, )2 ()

1 [t :
gz [ (s @rnntor ) mos(oler) - do

for j =0,1,2 and all ¢ € B. This implies with (6.17)—(6.19)

1 _ L i i
ﬁ(«“:h(ul,h _ ul’h)jgh(@))p(m =-3 ((DQW(tho,h) — D*W(0))Viui,n, Vhsﬂ) L)
| L
+ (rip @) L2@) — ﬁ/o (tras(atrzv,h(m, )s tras (o1, -))) LQ(@S)dxl

1 -
ﬁ (gh(uQ,h - u2,h)7 Eh(QO))Lg(Q) =

1 ~
- ((DQW(thO,h) — D2W(0))Vhusn, Vi

T h2 )L2(Q)

1 [F 9
—|—(’)"2’h’ (ID)LQ(Q) — ﬁ /0 (tras(at TN,h(-/El, ))a tras(gp(xl7 -)))Lz(as)dﬂfl
1 - Th 2717
= (D W (Viuon)[Viuin, thlyh],vhgo)m(m e (D W(tho,h)P7Vh90> L2(@)

for all ¢ € B, where we defined
rj,h = u2+j,h — '&2+j.,h — agrh.
With this it follows max;—1 2 [|7.n||coo,m;2(0)) < Ch?, because of the definition of usy;; and

the bound on 9;r,. Additionally we have due to Lemma 2.3.6 and Corollary 2.3.7, the bounds
on (uo,p, U1,h,u2,) and ¢ € B

1 . .
‘hz ((DQW(tho,h) — D*W(0))Vhujn, Vhw)

L2(Q)
L 3
h2/0 (D W(thuo,h)[vhumhvvhuﬂ’h]’vhw)L%Q)dT < Ch7||pente) L2(Q)
as well as
L (D*W (Vo) [Vt Vs 1), V cns
ﬁ( (Viuon) [Vrwan, Vi), h(p)ﬂ(ﬂ) - Esh(@) 2@
and 1
Yh [ 217 2
I (D (v P,V < COh7||
h3( (Vihuop) P, h‘P)L2(Q)‘ < en(p) )
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Regarding the boundary terms we use that trog: H'(S) — H2(8S) is linear and bounded.
Hence for j =0,1,2

1 rr :
‘}12/0 (tras(airw,h(ml,-)),tras(so(m,~)))L2(as)dm1

(6.28)

1 . 1
< ﬁ||3§7”N,h||L2(0,L;H1(S))||s0||L2(o,L;H1(S)) < Ch3Hh5h(<P) e

where we used that ||ry allc2(0,r;m1 () < Ch® and Poincaré and Korn inequality for . Choosing
now ¢ = u; p — Uj,p it follows with an absorption argument

1 1 Ch3, ifj=1,
—ep(ujn) — —enlty <
h(ULh) h(u‘Lh) LQ(Q) - { Ch27 lf] = 2

h h

max
7j=1,2

Now, for ug p — g, it holds
1 - 1
73 En(uon = don)en(#))r2(0) = =75 (G(Varon), Vag)rz o)
1 L
+ (ro,hs P)L2(02) — ﬁA (tras(TN,h@u')),tras@ﬂ(zh ')))Lz(aS) T

The definition of G implies now

1 1t -
ﬁ(G(tho’h),thp)Lz(Q) = ‘}12/0 (1 —T)(D W(TVhUO»hHVhUO,h,tho,h]vthP)LQ(Q)d’r
1
< COR?||-en(yp)
h L2(9)
because of the bounds for ug , and Corollary 2.3.7. Using (6.28) it follows
1 1 5
Esh(uo’h) — Egh(uo’h) < Ch O
L2(9)

Theorem 6.0.5. Let fy,, ¥, U1, Ujn, 7 =0,1,2 and 1y be given as above. Then there exists
some hg € (0,1] such that for h € (0, ho] there are initial values (uo pn,u1,n) satisfying (5.5)=(5.7)
and such that )

1
—en(ujn) — 7en(tjn)

< Ch®.
h h =C

L2(Q)

ax
j=0,1

Moreover, if up, solves (5.1)—(5.4), then

1

(o0t f )

for all 0 < h < hyg.

< Ch?
L>(0,L;L?($2))

Proof: Given (u3p,us,p) we construct (4o p,u1,n, u2,5) such that (5.5)—(5.7) holds. First we
notice that |lus,p||r2(0) is of order h? as 0% v* is bounded in L*(0, L) for [ = 0,1. Moreover we
have

/ u2+j7hdx =0
Q

/ us,p - xtdr = 0.
Q

for j = 1,2 and
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6. Asymptotic First Order Expansion in a Linearised Regime

Using the structure of u3 ; we obtain

1 —x202 v3 — 302 v5 0 0
Egh(ug,h) = h? 0 00
0 0 0

All together we obtain that ugp and w4 p satisfy (5.5)—(5.7). The assumptions on g and the
structure of f5 imply that (5.8) and (5.9) are fulfilled. Applying Lemma 6.0.3 and 6.0.4 we
obtain for hg sufficiently small, the existence of (ug p, w1 1, U2,,) such that

1/ - , i
ﬁ(DW(vhUO,h);VhSO) ey (h* frlt=0, P)12(0) — (U2,n, @) L2 ()

1 B

72 (D2W(thO,h)VhU1,h, Vh@) Ly (204 fnli=0, ) 12(0) — (Us.n, V) 12()

and

1 . _
— (D2W(tho,h)vhuz,h» Vh@)

2 = (h*0} fuli=0 — Uan, ©)12(0)

L2(Q)

(Dgw(vhuo,h)[vhul,h; Vnuin), VhsO) _n (DQVNV(thoyh)P, tho)

1
r2(Q) h3

h? L2(Q)

for all p € B. We use the ansatz ua ), = 2 5 + izt and gy jp = uatjp + ’ygﬂ-xl‘ for j =1,2.
Choosing

1 .
h . iR
V= SR (DW(tho,h% Vi >L2
it follows 1
72 (DW(VWO,h% Vh@) Ly (h? fuli=0, @) 2(0) — (U2,h, ) 12(02) (6.29)

for all ¢ € H},,.(%;R?). Moreover, for

1 B
Vg = W(DQW(tho,h)thLmV}LQJL)LQ

we deduce

1

2 (DZW(VWO,}L)VWU“ Vh@) = (W20 fuli=0, ©) L2(02) — (Us,n, ) L2(02) (6.30)

12(0)
for all p € H},,.(Q;R?). Then it holds [7}| < Ch? as

1
DW (Vyuop) = D*W(0)[Vuon) + / (1= 7)D*W(7Vuon)[Vntio,n, Viuonldr
0

and |y%| < Ch? with a similar calculation. Lastly, we need to find 7} such that

*

h2 (DQW(VhUO,h)VhUQ,hv VhSD) @ (20} fale=o — Tan, ¥)L2() (6:31)
1/ 4
_ﬁ(D W(tho,h)[vhulﬁvvhulvh]’vh(p)L?(Q)

for all p € H,,.(Q;R?). Choose therefore
h-——i(va v Vet — (D2 (Vo ) Vi, Vit
V4 = 72 ( huo,h) hU2,hy VT 12 72 ( huo,h) hL™, VI

1 -
+ 12 (DSW(VhUO,h)[VhULh, Viui n, thL)

L2

L2’
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The first and last term can be bounded easily, using Lemma 2.3.7

1
h?

1

1
== D3W o] P
e /0 ( (Viuo,n)[Vato,n, Vita,n], )L2

(D2W(tho,h)vhﬁo,h, thL)

L2
9 _ 2
ﬁ”vhuo,hHH}L”vhUZ,hHH}I <Ch

and
1
h2

(DBW(VhUQ,h)[vhul,ha Viu,nl, VWL)LQ’ < Ch2.
For the second part of 7% we use the following equality

(DQVNV(thU’h)P, P) - (D?’W(O)[vhuo,mp],P)

L2(Q) L2(Q)

1
+/0 1-7) (D4W(TVhUO,h)[th0,hvVh“()”“P]’P)mm ’

where

‘(D‘*W(thuo,h)[vhuo,h, Vition, P, P) < Ch* forall 7€ [0,1] (6.32)

L2()

as |luo,nlla () < Ch? and |P|;, = |P|, because P € R**3 _ Furthermore, we obtain with

skew"
D3W(0)[A, B, P] = ((AT — AT sym(B) + (BT — B)T sym(A)) P (6.33)
for all A, B € R3*3 and P € R% 2 | that
(D*W(0)[Vnuo s, Pl P) oy =P (D3W(o) [;Lsh(uoyh) - %gh(ao,h), P} : P) o
+ (D*W(0)[Vaiio,n, P, P) o)

holds. Utilizing the inequality for the initial values (6.22), we deduce

1

’h<D3VT/(O) Eeh(uo,h) — Zenliion), P] ,P) <ont

L2

Lastly due to the symmetrie properites of D3W, the structure of Vito,, and (6.33) it follows

‘ (D?’W(O)[sym(vhao,h), P, p)

_ ‘(D?’W(O)[h?’QaP]vP)m + (DSW(O)[R P],P)y‘

L2
where
*I’Qazl’Ug — I’gagl’Ug 0 0
Q= 0 0 0
0 0 0
0 0p,0202 Vo + Op,a303 v Dpy0203 v + Oy,a302 3
R=h*sym | 0 0 0
0 0 0
0,2(9;11 v + agﬁilvg 0 0
+ h? Sym 0 8952 bza;llvg + 6'12 038;11 U3 azsbgaﬁl Vg + 8963038;11 V3
0 8I2b3831’l)3 + 812628;;1)2 823b38§1?)3 + ({913023;111}2
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6. Asymptotic First Order Expansion in a Linearised Regime

0 0 0
+ hOsym | 202 va + 302 v5 0 0
b302 v3 + 205 v2 0 0
Due to the structure of Q and P = Vaz it follows
D*W(0)[Q. P, Pl = (@7 = Q)" sym(P) + (P” - P)" sym(Q)) : P =0.

Hence, with R = O(h*) we obtain

‘ (D3W(0)[sym(vha0_,h), Pl, P) < Cht.

L2

Thus, altogether, it follows with [y4| < Ch?

h
Y2 277 i 1 2
ﬁ(D W (Vihton)Vaat, Via )L‘ < Oh2.

We obtain for hg sufficiently small, the existence of (ug.p, u1,n, t2,n) such that (5.5)—(5.7) are

satisfied and . )
(5h(uj7h) — 5h(ﬂj7h)) < Chg
h h L2()

max
7=0,1

holds.

Due to Theorem 5.1.1 there exits a solution uy, € (i_, C*([0,T; HA2F(Q:R?)) of (5.1)-(5.4).
Thus wy, := up — @y, solves the following system

1
h2
((D*W (rVup) — D*W(0)) Vi, Vhsﬁ)LQ(QT)dT — (hs SD)L2(QT)

— (atwh, 5‘tg0)L2(QT) + (DQVNV(O)V}LUJ}“ VhQD) L2(Qr) (wl, <P|t:O)L2(Q)
1 1
= ;
- ﬁ(traﬂ (rv,n)s troe(®))L2(0,1;12(09))
wy, is L-periodic in x; direction
wh|t:0 = Wo,n
for all p € C1([0,T); H;ET (0)(Q;R3) with ¢|—r = 0 and with wj 5 := u;p — @, j = 0,1. Hence
with (6.8) we obtain an upper bound for w. For this we use that, due to the structure of r;, and
rn,p it follows

1

ﬁ”rN,h L1011y < Ch?
I7nll L1 0,3 02) < CR?

as a, b, ¢ and v are sufficiently regular. Moreover, using (6.22)

< Ch?
L2(Q)

1 1 5
<h6h(Uj,h) - h€h(uj,h)>

|wi,nllL2 @) < 10ax

for k£ = 0,1, where we used Poincaré’s and Korn’s inequality, as well as the fact that wy, € B
holds for £ = 0,1. With the fundamental theorem of calculus and Corollary 2.3.7 we deduce

1t ~ -
sup ﬁ/g ((D2W(thuh) — D*W(0))V 1,0y, Vh@)

dT’
PEXn,llpllx, =1 L2(@)
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< sup
wGXmeHxh—l

Lot 3
D3W (stVpup)[Viun, Vo), V dsdr
2/ /0 ( (s7Vhun)[Vaun, Vi) h<P)L2(Q)

< sup ||thh||H,3(Q)||Vh5tfth||L§(Q)HVMPHLi(Q) < CRh®.
PEXn el x,=

Lastly we have to deal with the rotational term. Using (5.54), ug n, u1,, € B and the structure
of g, we obtain with ¢" := h1+0 fh

1,
//uh x dxdT—t/u()h xtdr + =t /ulh x daj—i—/(t—s)/qh-demds
2 Ja 0 Q
// 7'—3/ uib — it - OFupdrdsdr
:E/ / (T—s)/qh-uﬁ—u#~8fuhdxdsd7.
0 Jo Q

Hence it follows analogously as in the proof of Theorem 5.1.1

"1 i 1 i
H/ f/uh-m dxdr /qh-uhdx
o hla Q

1
<C( —/GQuh-uﬁdx
C9(0,T) h? h2 Q ¢
as due to (5.10)

CO(o,T)>

C(0,T) ’
< Ch?

1 1
Ha(afuh) + H/ uy, - xtdx < Ch?
h Le°(0,T;L?) hJa Lo (0,T)
for 6 = 0,2. Thus with (6.8) it follows
1t .
H((uh_uh)vhf €h(uh(T)—Uh(T))dT) < Ch>. O
0 CO(0,T;L2)
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A Existence of classical solutions for fixed h > 0

In this appendix we want to give a more in depth analysis on how the existence result of [Koc93]
is applied in the regarded situation. First we shortly summaries the assumptions and equation
considered in [Koc93] and the main result [Koc93, Theorem 1.1], which we want to apply. Second
we give some remarks on how our system is obtained and why the assumptions assumed in
Theorem 5.1.1 are sufficient.

In [Koc93] a quasi-linear hyperbolic equation of the form

Z@IiF;(t,x, u, Du) = wj(t, z, u, Du) in Qx(0,T) (A1)
i=0
Zl/iF;(t,x, u, Du) = g; on 90 x (0,7 (A.2)
i=0
(’U,‘t:o, 8tu\t:0) = (UO, ul) in Q (A3)

is considered, where 1 < j < N, 29 = t, 2 C R" is a bounded domain with boundary
of class C*T2 s > n/2 + 1 and v is the outer normal. Moreover u: £ x [0,7) — R" and
Du = (0yu, Oy, u, . .., 05, u), with 0 < T' < co. For convenience will state the assumptions made
in [Koc93] in a slightly simplified version.

A 1 We assume that ug € H51(Q), vy € H5(Q) and let U be an open neighbourhood of
{0} x graph((ug,u1, Dyug)) in [0,T) x @ x RV x RV x RVX" Moreover assume F,
g € C*TY(U), w € C*(U) and define

w_ _OF
00

a (t,z,u,Du) forall0<i, k<n, 1<, k< N.

A2 ak =affinUforall0<i, k<n, 1<l k<N.

A 3 For any t € [0,7), vg € C(Q) and vy € C(Q) with {t} x graph((vo,v1, Dyv)) C U there
exists ko > 0 and p > 0 such that for all ¥ € C°(Q) the inequality

n N
S D 0 00y, 0t 200y = Holl 1 ) — B30

a,f=1j,l=1
A 4 For any & € U there exists a x > 0 such that for all n € RV the inequality
a9 (©mym < —ralnl®
holds.
A 5 We suppose that the compatibility condition holds up to order s.

Under these assumptions the following theorem holds:

Theorem A.1 (Theorem 1.1, [Koc93]). There exists a unique 0 < to < T and a unique
classical solution u € C?([0,t0) x Q) of (A.1)~(A.3) such that Du(t) € L*(Q) for0 <o < s+1.
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A. Existence of classical solutions for fixed 7 > 0

Moreover tq is characterised by the two alternatives: either the graph of (u, Du) is not precompact
inU or

¢
/ | D?u(T)|| o (@ydT — 00 for t — to.
0

In the situation of Chapter 5 the considered domain € is not sufficiently smooth, but due to the
periodic boundary condition on the end faces of ) the equations (5.1)—(5.4) are equivalent to the
equations on the manifold M := (R/LZ) x S. This is a bounded manifold with smooth boundary,
as S is a C* domain. The ideas of [Koc93] are similar as in Chapter 5, using differentiation in
time and applying results from the elliptic theory.

Choosing n, N =3, g; =0, w;(t,z,u, Du) = —h1*?(f,); and

1

F]Q(tmc,u, Du) = —0yu;, F;(t,x,u,Du) =73

(DW(Vhu));i = 1( ow

i (7 740

for 7,57 = 1,2,3. Then we obtain the symmetry condition A 2. As (ag?)lj7l:17273 = —Id € R3*3
the assumption A 4 is fulfilled, with k1 = 1. Moreover the compatability assumptions of Theorem
5.1.1 imply A 5. For the first assumption we choose s = 3. Then the initial data is sufficiently
regular and as f" does not depend on (u, Du) the prescribed regularity is sufficient. Lastly we
can choose U as

— 1
U=1[0,T)x QxR>*xR*x U, where Uy, := {A e R3*3 ’(/L 7 sym(A))’ < Eh}

for some sufficiently small e. This is indeed a applicable neighbourhood as for small h > 0, it
holds Viuop(x) € Uy, for all z € Q, as H2(Q2) < C°(Q). Finally due to Corollary 2.3.6, (5.11)
and Korn’s inequality we obtain that the coerciveness assumption A 3 is satisfied.

Remark A.2. We want to give a short remark, why the graph of the solution wy, is precompact
in Up, for all h > 0 as long as (5.59) holds. First we notice that the neighbourhood U lies
in a finite dimensional space. Thus G(u, Du) := {(z,t,u,d;, Vu) : (x,t) € Q x [0,T"(h)]} is
precompact if and only if {(z,t,u,d;, Vu) : (z,t) € Q x [0,77(h)]} is bounded and the closure
satisfies G(u, Du) C U. Due to the regularity of up, it follows that G(up, Duy) is bounded and
for hg > 0 sufficiently small we have

dist({Vpup(x,t) : (2,t) € Qx[0,T(R)]},0Us) > >0

for some uniformly € > 0. Hence, the graph of (up, Duy) is precompact in U.
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B Isotropic Functions

Let n € N be given. For sake of completeness we cite the well known spectral decomposition
theorem for symmetric matrices:

Theorem B.1 (Spectral Theorem, [Go6l17]). Let S € R"*™ be symmetric. Then there is an
orthonormal basis of R™ consisting of eigenvectors of S. For any such basis {e; |i=1,...,n}
the corresponding eigenvalues {\; | i =1,...,n} form the entire spectrum of S and

S = Z)\zez X e;.
7

Moreover, S has exactly two distinct eigenvalues if and only if S admits a decomposition of the
following from
S=Xe®e+X(Id—exe)

for A1 # \a. Conwersely, if S has the two eigenspaces span{e} and {e}*, the later form has to
be satisfied.

Let G C O(n). We say that a set A C R™ " is invariant under G if QAQT € A for all A € A
and Q € G.

Proposition B.2. The sets R"*", R*™, O(n), SO(n), REX and RYCL are invariant under
O(n), where R*™ := {A € R | det(A) > 0}.

We say that a scalar function ¢: A — R is invariant under G if
p(4) = p(QAQT) (B.1)

for all @ € G and A is invariant under G. Similarly, a matrix valued function G: A — R™*" is
called invariant under G if

QG(A)GT = G(QAQT) (B.2)
and A is invariant under G. Functions invariant under O(n) are called isotropic.

Proposition B.3. Let © be a scalar or matriz valued function with domain R™">*™. Then © is
isotropic if (B.1) and (B.2) hold for Q € SO(n), respectively.

Proof: The statement follows from the identity
(—QA(-Q)" = QAQ"
for all @ € O(n) and the fact that for @ € O(n) either —Q or @ € SO(n) holds. O

Lemma B.4. Let G: A C Ry — R™™ be isotropic. Then every eigenvector of A € A is an
eigenvector of G(A).

Proof: Let e be an eigenvector of A € A. Then there exists QQ € O(n) such that

Qe = —e, Qf=f forall fe{e}t.
Thus @ leaves all the eigenspaces of A invariant and hence A commutes with @, which yields

QAQT = A.
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B. Isotropic Functions

Thus, using the isotropy of G it follows

QG(A)QT = Q(QRAQT) = G(A).
Thus @ commutes with G(A) and we have therefore

QG(A)e = G(A)Qe = —Q(A)e.

Thus by the properties of @, this implies that G(A)e € span{e}. Thus e is an eigenvector of
G(A). O
Now we can proof the main theorem of this paragraph:

Theorem B.5 (Representation of Isotropic Linear Functions). A linear function G': Ry —
RTX™ js isotropic if and only if there exist A\, p € R such that

sym
G(A) =2uA + Mtr(A) Id
for all A e R2X"N

sym *

Proof: Let A be the set of all unit vectors. Let e € /. Then e ® e has the two distinct
eigenvalues 0 and 1 with corresponding eigenspaces {e}l and span{e}, respectively. Then due
to Lemma B.4 the two subspaces must be contained in an eigenspace for G(A). Hence either
G(A) has eigenspaces {e}* and span{e} or the only eigenspace of G(A) is R"*", With the
spectral theorem it follows now that there exists functions A, p: A/ — R such that

Gle®e) =2u(e)e x e+ A(e) Id.

for every e € N. Choose now e, f € N and @ € O(n) such that Qe = f. Then with
Qe ®e)QT = f ® f and the isotropy of G it follows

0=QG(e®e)Q" — G(f & f) = 2ule) — p(f)If @ f + [Ae) = A(f)]1d.

But {Id, f ® f} is linearly independent, thus p(e) = p(f) and A(e) = A(f). Therefore A and u
must be constants.
If A € RIX" is arbitrary, the spectral theorem B.1 implies

sym
S = Z )\iei & e;.

with e; € N. The linearity of G admits now

G(A) =Y AG(ei ®e;) = 2uA + A A 1d.

The converse follows immediately, via the fact that tr(AB) = tr(BA) for all A, Be R"*". O
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