
Superlattice Band Structure Engineering
of Graphene

Dissertation

zur Erlangung des Doktorgrades
der Naturwissenschaften (Dr. rer. nat.)

der Fakultät für Physik
der Universität Regensburg

vorgelegt von
Robin Tobias Huber

aus Kötzting

im Jahr 2021



Promotionsgesuch eingereicht am: 04.11.2020

Die Arbeit wurde angeleitet von:
PD Dr. Jonathan Eroms
Prof. Dr. Dieter Weiss

Prüfungsausschuss:
Vorsitzender: Prof. Dr. Klaus Richter
1. Gutachter: PD Dr. Jonathan Eroms
2. Gutachter: Prof. Dr. Dominique Bougeard
weiterer Prüfer: Prof. Dr. Sergey Ganichev



CONTENTS

1 Introduction 3

2 Theoretical and Experimental Background 5
2.1 Basics of Graphene and Electrical Transport . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Crystal Structure and Electronic Band Structure of Graphene . . . . . . . 5
2.1.2 Electrical Transport and Ambipolar Electric Field Effect . . . . . . . . . . 10
2.1.3 Magnetotransport and Quantum Hall Effect . . . . . . . . . . . . . . . . . 16
2.1.4 Graphene/hBN Heterostructures . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Superlattice Effects: Electrons in a Periodic Potential . . . . . . . . . . . . . . . 26
2.2.1 Modification of Electronic Band Structure . . . . . . . . . . . . . . . . . . 26
2.2.2 Magnetotransport in a 1D Superlattice: Landau Bands and Weiss Oscillations 33
2.2.3 Magnetotransport in a 2D Superlattice: Hofstadter Butterfly . . . . . . . 37

2.3 Graphene Antidot Superlattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.3.1 Band Gap Engineering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.3.2 Commensurability Effects . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3 Sample Preparation and Measurement Setup 61
3.1 Fabrication of Graphene/hBN Heterostructures . . . . . . . . . . . . . . . . . . . 61
3.2 Fabrication of Graphene Antidot Lattices . . . . . . . . . . . . . . . . . . . . . . 64
3.3 Fabrication of Gate-Defined Two-Dimensional Superlattices . . . . . . . . . . . . 67
3.4 Measurement Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4 Experimental Results 73
4.1 Transport Measurements on Graphene Antidot Lattices . . . . . . . . . . . . . . 73

4.1.1 Characterization and Commensurability Effects . . . . . . . . . . . . . . . 73
4.1.2 Magnetically Tunable Energy Gap . . . . . . . . . . . . . . . . . . . . . . 77
4.1.3 Gate-Bias Spectroscopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.1.4 Non-Local Resistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.2 Gate-Tunable Two-Dimensional Superlattices in Graphene . . . . . . . . . . . . . 91
4.2.1 Gate-Tunable Modification of Electronic Band Structure . . . . . . . . . . 91
4.2.2 Resolving the Hofstadter Butterfly . . . . . . . . . . . . . . . . . . . . . . 97
4.2.3 Band Conductivity Oscillations and Weiss Oscillations . . . . . . . . . . . 108

1



2 CONTENTS

4.2.4 Interplay Between Artificial and Moiré Superlattice . . . . . . . . . . . . . 114

5 Conclusion and Outlook 125

A Process Documentation 129

B Additional Fabrication Tools 133

C Python Code: Hofstadter Butterfly 137

Bibliography 140



CHAPTER 1
INTRODUCTION

Since the dawn of modern science, physics has always endeavoured not only to unravel the
mysteries of the fundamental laws and properties of our universe, but also to modify and utilize
nature in order to develop new and useful technologies. One fruitful branch of physics with huge
impact on our society is undoubtedly condensed matter physics with achievements like computers,
smartphones, solar cells, and many more, which have shaped our world in a way never before
imaginable. One recent field of research in condensed matter physics deals with graphene and
other two-dimensional materials. These novel materials are of great interest for fundamental
research and also have the potential to be used in a variety of technological applications like
transistors, sensors, displays, batteries, and more.
This work investigates graphene − a one-atom-thick crystal consisting of a single layer of
carbon atoms and containing relativistic charge carriers [1, 2] − by means of electrical transport
measurements. The focus lies on techniques that can be used to engineer the electronic band
structure and, consequently, the electronic properties of this extraordinary material, eventually
producing graphene devices with tailor-made properties. One way to achieve this goal is given by
nanostructuring graphene into an antidot lattice [3]. In such a perforated graphene layer the
emergence of a magnetically tunable band gap is possible [4–6], transforming the initially gapless
graphene into a gapped semiconductor and enabling in principle its use as a field-effect transistor.
Another technique which can be utilized for band structure engineering of graphene is given by
superimposing an electrostatically defined two-dimensional superlattice on the charge carriers
in graphene. This is realized by the combination of a uniform back gate and a few-layer
graphene patterned bottom gate [7] (see Fig. 1.1 (a)) and represents a method complementary
to alternative approaches like moiré superlattices [8–10] and patterned dielectric superlattices
[11]. This double-gate technique provides the possibility to fabricate superlattices with arbitrary
geometry and highly tunable modulation potential, and has already been used successfully to
create one-dimensional graphene superlattices allowing the observation of Weiss oscillations [12].
A two-dimensional graphene superlattice implemented by this double-gate technique gives rise to
well-pronounced band structure modifications [13]. In such a gate-controllable artificial crystal
the emergence of minibands and satellite Dirac points is observable. And in combination with a
magnetic field, a fractal energy spectrum − the Hofstadter butterfly [14] − manifests (see Fig.
1.1 (b)). Furthermore, superlattice induced quantum oscillations, so-called band conductivity or
Brown-Zak oscillations [15], emerge and can be examined in more detail.
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4 CHAPTER 1. INTRODUCTION

The present thesis is organized as follows:
In the second chapter, the theoretical and experimental background is presented. The basic
properties of graphene and, in particular, the crystal structure, the electronic band structure, and
effects like the ambipolar electric field effect and the quantum Hall effect are briefly discussed.
Furthermore, a short overview of basic aspects of electrical transport and magnetotransport is
given. Also heterostructures of graphene and hexagonal boron nitride are introduced, which
represent the basic material system used in this work. Moreover, information about superlattice
physics in general and in graphene are presented, ranging from the theoretical description to the
experimental manifestation in transport measurements with focus on the Hofstadter butterfly
energy spectrum. In the last part, an overview of graphene antidot lattices is given with focus on
the emergence of energy gaps and their parallels to graphene nanoribbons.
The third chapter provides information about the sample fabrication, starting with a van der
Waals stacking process used to fabricate graphene/hexagonal boron nitride heterostructures.
Moreover, details on the fabrication of antidot lattices and gate-tunable superlattices in graphene
by means of electron beam lithography and reactive ion etching are presented. Also information
about the measurement setup is given.
In the fourth chapter, the experimental results are presented. First, transport measurements on
graphene antidot lattices are discussed, mainly in view of the emergence of magnetically tunable
energy gaps. In the second part, gate-tunable superlattice effects in graphene induced by the
aforementioned double-gate technique are investigated, including the emergence of minibands,
satellite Dirac points, and the Hofstadter butterfly energy spectrum. Also band conductivity
oscillations are examined and discussed in more detail. In addition, the interplay between an
artificial gate-defined superlattice and a moiré superlattice is investigated.
The last chapter summarizes all the results and gives a short outlook on possible future directions
concerning gate-defined superlattices in graphene.

Figure 1.1: (a) Sample design used to induce gate-tunable superlattices in graphene realized by
the combination of a uniform back gate (Vbg) and a patterned bottom gate (Vpbg). Upper graph
shows the induced periodic charge carrier density modulation for a certain set of gate voltages.
[13] (b) The Hofstadter butterfly energy spectrum emerging in a two-dimensional superlattice in
combination with a magnetic field. Energy values ε are plotted as a function of magnetic flux per
superlattice unit cell in units of the magnetic flux quantum Φ/Φ0. Adapted from [14].



CHAPTER 2
THEORETICAL AND EXPERIMENTAL BACKGROUND

2.1 Basics of Graphene and Electrical Transport
In this section, an overview of basic properties of graphene including the crystal structure
and the electronic band structure is given. Furthermore, fundamental aspects of electrical
transport and magnetotransport are presented. In the last part, graphene/hexagonal boron
nitride heterostructures − the basic material system used in this work − are introduced.

2.1.1 Crystal Structure and Electronic Band Structure of Graphene

Crystal Structure

Graphene, a two-dimensional (2D) material with extraordinary properties [16–20], consists of a
single layer of carbon atoms arranged in a honeycomb crystal lattice [21, 22], as schematically
depicted in Fig. 2.1 (a). A single carbon atom contains six electrons which occupy the 1s, 2s
and 2p orbitals. Carbon atoms in graphene are bound by three in-plane sp2 hybrid orbitals
emerging from mixing of 2s, 2px and 2py orbitals. Three of four valence electrons in a carbon
atom reside in the three in-plane hybrid orbitals that are orientated at 120° angle to each other
and build up strong covalent bonds (σ bonds) to three neighbouring carbon atoms giving rise to
the honeycomb crystal structure. The last valence electron occupies the out-of-plane 2pz orbital.
Fig. 2.1 (c) schematically shows the orientation of the sp2 hybrid orbitals and the 2pz orbital
of a single carbon atom in graphene. The entirety of 2pz orbitals creates π bands (valence and
conduction band) which determine the extraordinary electronic properties of graphene: Graphene
is a zero-gap semiconductor/zero-overlap semimetal with charge carriers mimicking relativistic
particles and forming a two-dimensional gas of massless chiral Dirac fermions [2].
The honeycomb crystal lattice of graphene is not a Bravais lattice but can be described by two
triangular Bravais sublattices labelled by A and B, equivalent to a single triangular crystal
lattice with a basis of two atoms A and B. Consequently, the unit cell of graphene (defined by
lattice vectors ~a1 and ~a2 and area Auc = |~a1 × ~a2|) contains two identical carbon atoms sitting
on different sublattices. Fig. 2.1 shows the crystal structure of graphene in real space and
the corresponding first Brillouin zone in reciprocal space. The lattice constant of graphene is
a0 ∼ 2.46 Å. The lattice vectors in real space (~a1 and ~a2) and the reciprocal lattice vectors (~b1
and ~b2), expressed by the nearest-neighbour distance agr = a0/

√
3 ∼ 1.42 Å, are given by [21]:
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6 CHAPTER 2. THEORETICAL AND EXPERIMENTAL BACKGROUND

~a1 = agr
2 (3,

√
3) ~a2 = agr

2 (3,−
√

3) (2.1)

~b1 = 2π
3agr

(1,
√

3) ~b2 = 2π
3agr

(1,−
√

3) (2.2)

The inequivalent K and K ′ points at the corners of the first Brillouin zone are usually referred
to as K and K ′ valleys or Dirac points and will be important in the description of the electronic
band structure and electronic properties of graphene.

Figure 2.1: (a) The crystal structure of graphene in real space with two sublattices A and B
and lattice vectors ~a1 and ~a2. The ~δ vectors define the position of the nearest neighbours. [21]
(b) Reciprocal space with reciprocal lattice vectors ~b1 and ~b2 and K and K ′ points at the corners
of the first Brillouin zone. [21] (c) Orientation of the three sp2 hybrid orbitals (green) and the
2pz orbital (red) of a single carbon atom in graphene. The angle of 120° between the sp2 orbitals
determines the honeycomb crystal structure of graphene. Adapted from [23].

Electronic Band Structure

The electronic band structure of graphene can be derived from a tight-binding model [1, 24].
By solving the corresponding Schrödinger equation HΨ~k

(~r) = E(~k)Ψ~k
(~r) with Bloch wave

functions Ψ~k
(~r), based on a linear combination of atomic orbitals (2pz orbitals), one obtains the

single-particle energy spectrum [21, 22]. The resulting energy spectrum, i.e. the allowed energy
values E(~k) as a function of wave vector ~k = (kx, ky), of a π-electron in graphene restricted to
nearest-neighbour hopping (i.e. hopping between sublattices A and B) is given by [21]:

E(~k) = ±t0
√

3 + f(~k) (2.3)

with the function

f(~k) = 2 cos(
√

3kyagr) + 4 cos
(√

3kyagr
2

)
cos

(3kxagr
2

)
(2.4)

and with nearest-neighbour distance agr and nearest-neighbour hopping energy t0 ∼ 3 eV. The
(−) sign corresponds to the completely filled valence band (π band) and the (+) sign corresponds
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to the empty conduction band (π∗ band). Fig. 2.2 displays the electronic band structure of
graphene. The Fermi energy EF of intrinsic (i.e. undoped) graphene lies at zero energy (referred
to as charge neutrality point: CNP), i.e. at the K and K ′ points, at which valence and conduction
band touch each other. The energy spectrum in the vicinity of the Dirac points (referred to as
Dirac cones due to the conical shape) can be described in first-order approximation by a linear
energy dispersion relation obtained by expanding the band structure close to K and K ′ [21, 22]:

E(~k) = ±~vF
∣∣∣~k∣∣∣ (2.5)

with relative wave vector ~k measured from the K and K ′ points, constant Fermi velocity
vF = 3t0agr/2 ∼ 106 m/s in graphene, and reduced Planck constant ~ = h

2π ∼ 1.055× 10−34 Js.
In general, also including doped graphene with certain charge carrier density n, charge carriers
at the Fermi level possess the Fermi energy EF = ±~vFkF with Fermi wave vector kF = 2π

λF
=√

4πn
gsgv

=
√
πn (including spin degeneracy gs = 2 and valley degeneracy gv = 2), and Fermi wave

length λF .
The linear energy dispersion relation determines the fundamental and exceptional electronic
properties of graphene − charge carriers behave similar to massless relativistic particles travelling
at constant Fermi velocity vF = 1

~
dE
dk ∼ c/300 ∼ 106 m/s (with c the speed of light in vacuum) in

stark contrast to 2D electron gas (2DEG) systems with parabolic dispersion relation and massive
charge carriers.

Figure 2.2: (a) Electronic band structure of graphene along high symmetry points of the first
Brillouin zone. [25] (b) The overall energy spectrum of graphene. Valence and conduction band
touch each other at the Dirac points (K and K ′). In the vicinity of the Dirac points the energy
dispersion relation is linear (forming the Dirac cones) in accordance with the quasi-relativistic
nature of charge carriers. Adapted from [26].

Spin and Valley Isospin

Due to the existence of two inequivalent Dirac points, i.e. K and K ′, charge carriers in graphene
exhibit an additional degree of freedom (besides the spin degree of freedom) which is expressed
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in an additional valley degeneracy of gv = 2 (“valley isospin”) [22, 27]. In combination with the
spin degeneracy gs = 2, graphene exhibits an overall four-fold degeneracy gsgv = 4. In general,
these degeneracies can be lifted by interaction effects and symmetry breaking effects [27–33].

Density of States

The density of states D(E) per unit cell (with area Auc) is shown in Fig. 2.3. In the vicinity of
the Dirac points, the density of states can be approximated by the following expression with a
linear dependency on energy E [21]:

D(E) = 2Auc|E|
π~2v2

F

(2.6)

Figure 2.3: (a) Density of states D per unit cell in graphene as a function of energy E in units
of the nearest-neighbour hopping parameter t0. (b) Density of states in the vicinity of the Dirac
points. [21]

Effective Mass

The effective (cyclotron) mass m∗ of charge carriers in graphene is linearly dependent on the
crystal momentum and extrapolates to vanishing mass at the Dirac points confirmed by cyclotron
mass experiment. This emphasizes the relativistic nature of graphene’s Dirac fermions [2, 34, 35]:

m∗ = ~kF
vF

= ~
√
πn

vF
(2.7)

Sublattice Pseudospin and Berry Phase

In general, the linear energy spectrum in the vicinity of the Dirac points K and K ′ can be
obtained from the Dirac equation with Hamiltonian HK(K′ ) and 2D spinor wave functions
Ψ±,K(K′ ) [21, 22]:

HK(K′ ) = ~vF~σ(∗)~k (2.8)

Ψ±,K(~k) = 1√
2

(
exp(−iΘ~k

/2)
± exp(iΘ~k

/2)

)
(2.9)
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Ψ±,K′ (~k) = 1√
2

(
exp(iΘ~k

/2)
± exp(−iΘ~k

/2)

)
(2.10)

with Pauli matrices ~σ = (σx, σy), ~σ∗ = (σx,−σy), the angle in momentum space Θ~k
= arctan(kx

ky
),

and (±) corresponding to the energy eigenvalues E = ±~vF
∣∣∣~k∣∣∣. The 2D spinors correspond

to a pseudospin instead of the usual spin. Consequently, charge carriers in graphene exhibit a
pseudospin which originates from the existence of the two sublattices A and B − two possible
positions of charge carriers (“sublattice pseudospin”) [21, 22, 27]. In the K-valley, the pseudospin
is antiparallel (parallel) to the wave vector in the valence band (conduction band). As a
consequence, the valence band (conduction band) induces negative (positive) chirality, i.e. the
projection of pseudospin on the direction of motion. The relations are reversed in the K ′-valley.
The conservation of pseudospin is the origin of exceptional effects in graphene like Klein tunnelling
which describes full transmission of charge carriers through a potential barrier upon normal
incidence, if intervalley scattering and sublattice symmetry breaking effects can be neglected
[21, 36]. Klein tunnelling is schematically depicted in Fig. 2.4. Another aspect of the 2D spinor
wave functions is that under rotation of Θ~k

by 2π the wave functions change sign which indicates
a phase of π − the so-called Berry phase. Consequently, charge carriers in graphene travelling on
a closed trajectory acquire an extra phase of π which has significant impact on e.g. quantum
interference effects and Landau quantization in graphene [21, 37].

Figure 2.4: Illustration of Klein tunneling in graphene. (a) Schematic picture of an electron
with energy E, momentum ~k, and pseudospin σ moving across a potential barrier with height
V0 > E realized by a n-p-n junction (n = negative: electron doped region, p = positive: hole
doped region). The red and green branches of the depicted Dirac cone correspond to energy bands
originating from the two different sublattices in graphene. Transport across the potential barrier
takes place by a hole state with momentum ~q. The pseudospin is conserved. Backscattering
would require pseudospin-flip processes. [36] (b) Transmission probability of an electron with
energy E = 80 meV through a potential barrier for two different barrier heights (V0 = 200/285
meV, corresponding to the red/blue curve) as a function of incidence angle. At normal incidence
(0°) full transmission − Klein tunneling − takes place. [36]
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2.1.2 Electrical Transport and Ambipolar Electric Field Effect

Basics of Electrical Transport Measurements

In this section, basic aspects of electrical transport measurements are presented, following
mainly Refs. [25, 38–43]. In general, electrical transport measurements are a versatile tool to
probe intrinsic physical properties of a material. In particular, transport measurements provide
the possibility to study graphene’s Dirac fermions and to explore the electronic properties of
artificially modified graphene structures in view of new physical effects and applications. In order
to extract information about intrinsic properties of a material by means of electrical transport
measurements, one can use a Hall bar design of the investigated material system with length L
between voltage probes and width W of the conduction channel (see Fig. 2.5). A current I is
applied between source and drain contact and the longitudinal and transverse voltages (Vxx and
Vxy) are measured. The corresponding longitudinal and transverse resistances (Rxx and Rxy) are
given by the macroscopic version of Ohm’s law:

Rxx/xy =
Vxx/xy
I

(2.11)

The resistances are evaluated as a function of external parameters like temperature, gate voltages
(to tune e.g. charge carrier density), and magnetic field, from which insight into internal
properties and processes can be gained. By including the geometrical factor (W/L) of the Hall
bar, the material-specific resistivities and conductivities can be obtained from the sample-specific
resistances Rxx and Rxy. In the case of a 2D system, the longitudinal and transverse resistivities
are given by:

ρxx = Rxx
W

L
ρxy = Rxy (2.12)

In general, resistivities ρxx and ρxy are components of the resistivity tensor

ρρρ =
(
ρxx ρxy
ρyx ρyy

)
(2.13)

and conductivities are calculated by tensor inversion σσσ = ρρρ−1. In the case of an isotropic system,
the relations ρxx = ρyy and ρxy = −ρyx hold true and the conductivities are given by:

σxx = ρxx
ρ2
xx + ρ2

xy

σxy = − ρxy
ρ2
xx + ρ2

xy

(2.14)

The corresponding sample-specific conductances are:

Gxx = σxx
W

L
Gxy = σxy (2.15)

The conductivity tensor σσσ determines the current density ~j in a material under application of an
electric field ~E which is expressed in the microscopic version of Ohm’s law:

~j = σσσ ~E (2.16)
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Figure 2.5: Graphene sample in Hall bar geometry with length L between voltage probes and
width W of the conduction channel used for electrical transport measurements. A current I is
applied between source and drain contact and longitudinal and transverse resistance (Rxx and
Rxy) are determined. A gate electrode, separated from the graphene layer by a dielectric, is used
as a back gate. Adapted from [44].

Drude Model Parameters

Classical charge carrier transport in electric and magnetic fields can be described by the Drude
model [25, 38, 40] which is a simplified but sufficient approach to determine and quantify
fundamental electrical transport parameters. In an applied electric field and at zero magnetic
field, charged particles with charge q = ±e (with the elementary charge e ∼ 1.602× 10−19 C) and
effective mass m∗ experience an electric force ~Fel = q ~E. In order to extract transport parameters,
one can solve the corresponding Newton’s equation of motion:

m∗
(
d~v

dt
+ ~v

τ

)
= ~Fel (2.17)

Scattering is taken into account by the Drude mean time τ between scattering events. In the
stationary case with electric field ~E = (Ex, 0), constant current density ~j = (jx, 0) = qn~v with
charge carrier density n and average drift velocity ~v, and d~v/dt = 0 one obtains:

ρxx = Ex
jx

= m∗

e2nτ
ρxy = 0 (2.18)

Parameters which quantify a material’s ability to carry current are the charge carrier mobility µ,
the mean free path lmfp, and the average scattering time τ [44]. The mobility µ connects the
drift velocity of charge carriers to the electric field:

v = µE = σxx
en

E = eτ

m∗
E (2.19)
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The mean free path lmfp is the average distance a charge carrier is able to travel before being
scattered. It is connected to the Drude mean time τ between scattering events over lmfp = vF τ .
In the case of graphene, lmfp is given by:

lmfp = ~
e
µ
√
πn (2.20)

Scattering Processes

The overall scattering time τ in a system includes scattering times from all contributing scattering
mechanisms (τ1, τ2, τ3, ...) expressed by Matthiessen’s rule [40]:

1
τ

= 1
τ1

+ 1
τ2

+ 1
τ3

+ ... =
∑
i

1
τi

(2.21)

Scattering processes can be roughly divided into two categories: intrinsic and extrinsic scattering
mechanisms [44]. Intrinsic scattering includes phonon scattering and scattering at lattice disorder
and defects. Extrinsic scattering mechanisms are e.g. Coulomb scattering caused by charged
impurities. Also scattering at phonons of an underlying substrate can play a role.
In absence of all other scattering mechanisms, phonon scattering sets an intrinsic mobility limit
to graphene at finite temperature [45]. Due to the fact that phonon scattering at longitudinal
acoustic phonons (the dominant intrinsic phonon-induced scattering mechanism in graphene)
is relatively weak, the room-temperature mobility limit lies at about 20 m2/Vs, approached in
suspended graphene devices [46–48] and in graphene/hexagonal boron nitride heterostructures
[49, 50] (see chapter 2.1.4). Substrates can limit the mobility due to scattering of charge carriers
at remote interfacial phonons [51–53]. However, it is also possible to modify acoustic phonon
bands in graphene by a suitable substrate which enhances room-temperature mobility to values
even surpassing the intrinsic mobility limit [54].
Short-range scattering due to lattice disorder includes e.g. defects, vacancies, foreign atom
substitutions, chemical bonds, grain boundaries, mechanical distortions, dislocations, adsorbates,
and sample edges. This kind of defects can give rise to localized states at or near the CNP and
resonantly scatter charge carriers [55], causing a roughly linear dependency of the conductivity
σxx on the charge carrier density n in graphene [37, 55].
Long-range Coulomb scattering in graphene can be caused by charged impurities in the vicinity
of graphene (e.g. in the substrate). Charged impurities may give rise to random fluctuations
of local charge carrier density and localized puddles of electrons and holes occur at the CNP
[44, 56–58]. A linear dependency of the conductivity σxx on the charge carrier density n can be
derived from a Boltzmann model of charged impurity scattering [59–61]. Charged impurities can
also cause doping of graphene, i.e. the Fermi level is shifted away from the CNP into the valence
(hole doping) or conduction band (electron doping) [62].
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Diffusive and Ballistic Transport

Electrical transport can be classified in two main categories: diffusive and ballistic transport of
charge carriers [39, 44, 63, 64]. The transport regime is determined by the relation between the
mean free path lmfp and the dimensions (in general the dominant length scales) of the sample,
e.g. the length L and width W of the conduction channel. For lmfp > L the system is in the
ballistic transport regime and charge carriers in a typical mesoscopic device are only scattered
at sample edges. In this case, the conductivity σxx of graphene is proportional to

√
n [65]. For

lmfp < L the system is in the diffusive transport regime and charge carriers are exposed to
scattering processes along the conduction channel. Graphene in the diffusive transport regime
exhibits a linear dependency of conductivity σxx on the charge carrier density n. Furthermore,
one can define a quasi-ballistic regime with W < lmfp < L in which boundary scattering and
internal impurity scattering are of equal importance [39].
In addition, one can distinguish between a classical and a quantum regime specified by the
Fermi wavelength λF and the phase coherence length lφ (the distance a charge carrier travels
phase-coherently) [39, 44, 63, 64]. For diffusive transport (with λF � L) the system is in the
classical regime if lφ < lmfp is fulfilled. In the quantum regime, with lφ > lmfp, additional
quantum interference effects [39] like weak (anti-)localization [66] and universal conductance
fluctuations [67] appear which originate from the wave like nature of charge carriers. In the case
of ballistic transport (with lφ > L), the classical regime holds for λF � L and charge carriers
can be described as solid point particles. The transition into the quantum regime takes place,
once the Fermi wave length λF becomes comparable to and exceeds the dominant geometrical
length scale in the system (one requirement for the observation of quantized conductance steps
in quantum point contacts [64, 65, 68, 69]).
In ultra-clean graphene also a third transport regime, induced by electron-electron interactions,
can be observed: a hydrodynamic transport regime in which the entirety of charge carriers moves
like a viscous fluid. In this super-ballistic transport regime, the interacting charge carriers are
able to circumnavigate around edges and corners in a collective movement which enhances the
overall conductance even above the limit of free electrons [70, 71].

Ambipolar Electric Field Effect and Quantum Capacitance

In electrical transport measurements on graphene it is possible to tune the charge carrier density
over a wide range and change the type of charge carriers between electrons and holes by using a
gate electrode parallel to the graphene layer (see e.g. the sample design with a back gate in Fig.
2.5). This effect is called ambipolar electric field effect which describes the fact that the Fermi
energy EF can be efficiently shifted through the electronic band structure of graphene [16, 37, 72].
The response of the system in electrical transport measurements, given by the conductivity σxx,
reflects the density of states at the Fermi energy. This is expressed in the Einstein relation
σxx = De2D(EF ) (with diffusion constant D = 1

2v
2
F τ) which connects the density of states at

the Fermi level D(EF ) to the conductivity σxx [39, 73]. Fig. 2.6 (a) shows the experimental
manifestation of the electric field effect in graphene. The resistivity is plotted as a function of
gate voltage Vg. The Fermi energy of intrinsic (undoped) graphene lies at the CNP (minimal
density of states) and the resistivity reaches its maximum. At negative gate voltages (relative
to the CNP) the Fermi energy is shifted into the valence band and charge carrier transport is
governed by holes. At positive gate voltages (relative to the CNP) the Fermi energy is shifted
into the conduction band and into the electron regime.
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Figure 2.6: (a) Experimental manifestation of the ambipolar electric field effect. By applying a
gate voltage Vg, the Fermi energy EF can be shifted through the band structure. The position of
the Fermi energy relative to the Dirac point changes the charge carrier type and tunes the charge
carrier density and, in consequence, the resistivity. The point of maximum resistivity, at which
the Fermi energy lies at the Dirac point, is called the Dirac peak or charge neutrality point (CNP).
Adapted from [16]. (b) Conductivity σxx as a function of gate voltage Vg with hole/electron
regime and the CNP. The slope of the σxx curve in the hole/electron regime determines the
hole/electron mobility. Adapted from [2].

By applying the electric field effect, it is possible to extract the charge carrier density n and field
effect mobility µFE [37, 72]. A simplified approximation is a plate capacitor model: the system
graphene and gate electrode can be described as a plate capacitor. A dielectric with a certain
thickness d and dielectric constant εr separates graphene and the gate electrode (see e.g. Fig.
2.5). The gate coupling cg = Cg/A (gate capacitance Cg per area A) in this model is determined
as:

cg = Cg
A

= εrε0
d

(2.22)

with the dielectric constant of free space ε0 ∼ 8.854 · 10−12 F
m .

The gate voltage dependent charge carrier density n in graphene is calculated by:

n = cg
e
· |Vg − VCNP | (2.23)

with gate coupling cg, elementary charge e, applied gate voltage Vg, and gate voltage value
VCNP at the position of the CNP. The charge carrier type is given by sgn(Vg − VCNP ) (with the
signum function sgn): electron transport takes place if sgn(Vg − VCNP ) = +1, hole transport
if sgn(Vg − VCNP ) = −1. Usually, n→ sgn(Vg − VCNP )n = ±n is used in order to express the
charge carrier density in the case of electrons (+) or holes (−).
In the case of graphene one has to include a quantum correction to the capacitance which takes
into account the square root dependency of the density of states on the charge carrier density.
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This is done by an additional quantum capacitance which decreases the overall capacitance of
the system. The charge carrier density, including the quantum correction, is given by [74]:

n = nC + sgn(nC)nQ
(

1−
√

1 + 2 |nC |
nQ

)
+ sgn(n0)

√
2|n0|nQ (2.24)

with the classical contribution from the plate capacitor model nC , the contribution from quantum
capacitance nQ = π

2 (~vF cg

e2 )2, and a contribution n0 due to doping. The third term in eq. 2.24 is
typically weak for a reasonable n0 [74] and can be neglected. And for sufficiently thick dielectric
materials the quantum capacitance contribution can be neglected and the classical plate capacitor
model is a valid approximation. Fig. 2.7 displays a comparison between the charge carrier density
n as a function of dielectric thickness d in the classical and the quantum corrected model.

Figure 2.7: Calculated charge carrier density n in a graphene device at a gate voltage of
Vg = 0.5 V. The gate electrode is separated from the graphene layer by a dielectric with dielectric
constant εr = 3 and thickness d. For small d a quantum correction is necessary to correctly
determine the charge carrier density. In the case of sufficiently thick dielectric materials, the
classical plate capacitor model is a suitable approximation. Adapted from [12].

The field-effect mobility µFE of electrons and holes can be determined in a conductivity vs. gate
voltage measurement, as depicted in Fig. 2.6 (b), by extracting the slope dσxx

dVg
in the linear regime

around the CNP. The conductivity σxx in graphene can be expressed by:

σxx = neµ+ σ0 (2.25)

The universal value of finite residual conductivity σ0 in ideal graphene (despite vanishing charge
carrier density) is theoretically given by σ0 = 4e2

πh [75, 76] but usually obscured in real graphene
samples [77, 78]. The field-effect mobility µFE can be determined by:

µFE =
∣∣∣∣dσxxdVg

∣∣∣∣ · 1
cg

(2.26)

The hole/electron mobility is given in the linear hole (with sgn(dσxx
dVg

) = −1) / electron (with
sgn(dσxx

dVg
) = +1) transport regime.
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2.1.3 Magnetotransport and Quantum Hall Effect

Classical Magnetotransport

In low uniform magnetic fields applied perpendicular to the plane of a 2DEG system, charge
carrier transport and the emerging ordinary Hall effect can be described within the Drude model
[25, 38–43]. The corresponding Newton’s equation of motion of charge carriers is given by:

m∗
(
d~v

dt
+ ~v

τ

)
= ~FL (2.27)

In general, charged particles with charge q = ±e and effective mass m∗ in an electric field ~E
in combination with a magnetic field ~B experience the Lorentz force ~FL = q( ~E + ~v × ~B). The
trajectories of the charge carriers are given by a circular motion around a guiding centre with
cyclotron frequency ωc = eB/m∗ and cyclotron radius Rc = vF

ωc
= ~kF

eB in combination with a
drift motion of the guiding centre with drift velocity ~vd = ~E× ~B

B2 . By including scattering (via τ),
also a drift motion along the electric field takes place. From the Drude model in the stationary
case with constant current density ~j = (jx, 0, 0) = qn~v, electric field ~E = (Ex, Ey, 0) with electric
field component Ey compensating the Lorentz force (→ ordinary Hall effect), and magnetic field
applied perpendicular to the sample plane ~B = B(0, 0, 1), one obtains a constant longitudinal
resistivity ρxx independent of magnetic field B and equal to the resistivity value at zero magnetic
field (ρ0). The resulting transverse resistivity ρxy (Hall resistivity) is proportional to the magnetic
field B. Overall, the following relations are given:

ρxx = 1
enµ

= ρ0 ρxy = Ey
jx

= B

qn
(2.28)

Fig. 2.8 shows a typical magnetotransport measurement on a 2DEG system with classical
transport in the low magnetic field region. It is possible to extract the charge carrier density n
and the charge carrier mobility, i.e. Hall mobility µHall, from magnetotransport measurements
in the low magnetic field regime:

n = 1
e|dρxy

dB |
µHall = 1

enρ0
(2.29)
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Figure 2.8: Magnetotransport in a 2DEG system. Longitudinal and transverse resistivity (ρxx
and ρxy) are plotted as a function of magnetic field. In the low magnetic field regime transport can
be described by the Drude model (classical regime). The onset of the high magnetic field regime
is expressed by the condition ωcτ = µB = 1 (dashed vertical line). In the high magnetic field
regime quantum effects come into play and Shubnikov-de-Haas oscillations in ρxx and quantum
Hall plateaus in ρxy are observable − manifestations of Landau quantization. Adapted from [39].

Landau Quantization in Graphene

By applying high uniform magnetic fields perpendicular to the plane of a 2DEG system, the
wave-like nature of charge carriers comes into play and the system exhibits Landau quantization
and enters the Quantum Hall Effect (QHE) regime [79, 80]. Further and more detailed information
about Landau quantization and the QHE can be found e.g. in Refs. [31, 42, 73, 81, 82]. The
onset of the high magnetic field regime is expressed by the condition ωcτ = µB = 1 [39, 83], as
illustrated in Fig. 2.8. If this condition holds, electrons are able to fulfil complete cyclotron orbits
and interfere with themselves before being scattered. The cyclotron orbits of charge carriers
become quantized, i.e. charge carriers occupy orbits with discrete energy values and the density
of states condenses into discrete energy levels (Landau levels), as illustrated in Fig. 2.9 (a). In
the ideal case, without disorder and scattering, discrete energy levels emerge. In real samples,
including scattering and potential fluctuations, Landau levels are broadened to a finite width Γ
due to collision broadening and exhibit extended and localized states, as depicted in Fig. 2.9 (b).
An estimation of the characteristic Landau level broadening Γ is given within a self-consistent
Born approximation Γ = 2

√
1

2π~ωc
~
τ which connects Γ to the scattering time τ [25].

The Landau level energy spectrum is obtained quantum-mechanically by solving the single-
particle Schrödinger equation in which the magnetic field is included by the Peierls substitution
~p→ ~p+ e ~A(~r). The corresponding Hamilton operator in the case of graphene is given by [84]:

H = vF~σ(−i~∇+ e ~A) (2.30)

with vector potential ~A(~r) which generates the magnetic field ~B = ∇× ~A(~r) [82, 85].
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The result is a unique Landau level spectrum and, in consequence, a half-integer QHE − in
contrast to the Landau level spectrum and integer QHE in 2DEG systems with parabolic
dispersion relation. Overall, the Landau level energy spectrum in graphene is given by [35, 82]:

EN (B) = sgn(N)vF
√

2e~B|N | (2.31)

with integer number N = 0,±1,±2, ... (Landau level index) and magnetic field B. The Landau
level spectrum in graphene as a function of magnetic field B is depicted in Fig. 2.10.

Figure 2.9: (a) Landau quantization in graphene. The system exhibits discrete energy levels.
The corresponding density of states includes collision broadening due to scattering. Adapted from
[86]. (b) Density of states in the case of Landau quantization. Depicted are discrete Landau
levels in the ideal case and collision-broadened Landau levels with extended and localized states.
Adapted from [87].

Figure 2.10: Landau level energy spectrum in graphene. Energy for several Landau levels N is
plotted as a function of magnetic field B. Adapted from [88].
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The number of available states per unit area in the highly degenerate Landau levels, nL, is
connected to the number of magnetic flux quanta Φ0 = h/e per unit area in the sample [73]:
nL = gsgvB/Φ0 with spin and valley degeneracy (gs and gv). In graphene one has to take into
account the half-filled Landau level at zero energy with number of available states per unit area
nL0 = 1

2nL. Therefore, in the case of complete filling of the Nth Landau level, one can calculate
the charge carrier density n for electron-like (+, N ≥ 0) and hole-like (−, N ≤ 0) Landau levels
[89]:

n = ±(|N |+ 1
2)nL = ±

4(|N |+ 1
2)B

Φ0
= νBe

h
(2.32)

The parameter ν = ±gsgv(|N |+ 1
2) = ±4(|N |+ 1

2) corresponds to the Landau level filling factor
in graphene.
Compared to Landau quantization in 2DEGs with parabolic dispersion relation, the Landau level
spectrum in graphene shows remarkable differences originating from the linear energy dispersion
relation in the vicinity of the Dirac points [85]. The most peculiar feature of Landau quantized
Dirac fermions is the magnetic field independent zero-energy Landau level (N = 0) which is
equally shared by electrons and holes. In addition, Landau levels with index |N | > 0 show a
square root dependency on magnetic field B and Landau level index N − in contrast to the
linear dependency in the case of 2DEG systems with parabolic energy dispersion relation. As a
consequence, Landau level spacing ∆E (i.e. the energy gap between adjacent Landau levels) in
graphene is increased, which makes it possible to observe effects of Landau quantization and in
particular the Quantum Hall Effect (QHE) in magnetotransport measurements even at room
temperature Trt since the Landau level spacing exceeds the thermal energy Eth = kBT (with
temperature T and the Boltzmann constant kB ∼ 1.381×10−23 J/K) at sufficiently high magnetic
fields: ∆E � Eth(Trt) ∼ 25 meV [83].

Quantum Hall Effect in Graphene

In magnetotransport experiments resistances are determined as a function of charge carrier
density at fixed magnetic field or as a function of magnetic field at constant charge carrier density
in order to probe the Landau level spectrum. The behaviour of longitudinal and transverse
resistance reflects the density of states at the Fermi level. Landau quantization manifests as the
Shubnikov-de-Haas effect in longitudinal resistivity and as the Quantum Hall effect in transverse
resistivity. Fig. 2.8 shows a typical magnetotransport measurement on a 2DEG with parabolic
dispersion relation showing the integer QHE. In longitudinal resistivity (ρxx) 1/B-periodic
oscillations (Shubnikov-de-Haas oscillations) are visible. The transverse resistivity (ρxy) exhibits
quantized Hall plateau values at positions of the minima in longitudinal resistivity.
The 1/B-periodic Shubnikov-de-Haas oscillations originate from a scattering contribution (scat-
tering conductivity) which depends on the density of states D(EF ) at the Fermi energy:
σxx ∝ D2(EF ) [43, 90]. The oscillations reflect the density of states given by Landau quantization.
The QHE can be explained in the framework of an edge channel picture, see e.g. Refs. [39, 41,
42, 91, 92]. Fig. 2.11 (a) shows the Landau level spectrum as a function of position for a finite
sample with width W . In a finite sample, the energy levels increase in energy at the sample edges
due to the confinement potential. If the Fermi level inside the sample is situated between Landau
levels, there is an intersection of EF and Landau levels at the sample edges, which gives rise to
one-dimensional (1D) edge channels contributing to transport. The current at opposite sample
edges flows in opposite directions and, under the prerequisite of a sufficient spatial separation
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of the opposing transport channels, backscattering is suppressed. Inside the sample localized
states are present which do not contribute to transport, as illustrated in Fig. 2.11 (b). In
conclusion, the bulk is insulating and the current flows dissipationless along the sample edges and,
in consequence, ρxx (and also σxx) approach zero value. The number of completely filled Landau
levels (corresponding to the number of edge channels) which contribute to transport determines
the plateau values in ρxy (and σxy) since every 1D edge channel adds one conductance quantum
gsgve

2/h to the overall conductance (the half-filled Landau level at zero energy contributes with
1
2gsgve

2/h). The plateau values are given by the von Klitzing constant RK = h/e2 ∼ 25813 Ω
and the Landau level filling factor ν. The corresponding sequence of quantized Hall plateaus is
given by [2]:

σxy = ν

RK
= ±4

(
|N |+ 1

2

)
e2

h
(2.33)

If the Fermi energy is shifted across a collision-broadened Landau level, extended states inside
and across the sample are occupied and scattering between edge channels takes place, which
increases longitudinal resistivity/conductivity and transverse resistivity/conductivity approaches
the next quantum Hall plateau.

Figure 2.11: (a) Landau levels are broadened by a fluctuating potential landscape inside the
sample and increase in energy at the sample edges due to the confinement potential. This gives
rise to 1D edge channels and localized or extended states, depending on the position of EF .
Adapted from [39]. (b) Schematic sample in Hall bar geometry with 1D transport channels along
the Hall bar edges and localized states inside the sample which do not contribute to transport.
Adapted from [93].
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Fig. 2.12 (a) shows a typical result of a magnetotransport measurement on graphene at a
temperature of T = 4 K. The longitudinal resistivity ρxx and transverse conductivity σxy are
plotted as a function of charge carrier density n at a constant magnetic field of B = 14 T.
The system exhibits Landau quantization and the half-integer QHE emerges. The period of
oscillations ∆n in ρxx is given by ∆n = 4Be

h . Additionally conducting measurements as a function
of magnetic field and plotting the received data in a so-called Landau fan diagram, as shown in
Fig. 2.12 (b), allows the identification of Landau levels and energy gaps in the spectrum.
Overall, magnetotransport measurements are a versatile tool to probe the Landau level spectrum
and to map out and characterize energy gaps in the magnetic band structure, i.e. the electronic
band structure in combination with a magnetic field.

Figure 2.12: (a) Quantum Hall effect in graphene at T = 4 K and B = 14 T. Longitudinal
resistivity ρxx and Hall conductivity σxy are plotted as a function of charge carrier density n. The
half-integer quantum Hall plateaus and the zero-energy Landau level are observable. Adapted
from [2]. (b) Landau fan diagram of graphene. The longitudinal resistance Rxx is plotted as a
function of gate voltage Vg and magnetic field B. Energy gaps in the Landau level spectrum,
corresponding to minima in Rxx (dark regions in the Landau fan diagram) and quantum Hall
plateaus in Rxy, are labelled with their Landau level filling factor ν. Adapted from [94].

Magnetic Band Structure of Bloch Electrons

The Landau level spectrum is in fact only a small part of the magnetic band structure of 2D Bloch
electrons in a crystal (in general in a 2D periodic potential). If the magnetic length lB =

√
~
eB

becomes comparable to the crystal lattice constant a, i.e. if the magnetic flux Φ per lattice
unit cell is of the order of one magnetic flux quantum Φ0, the energy spectrum is given by a
fractal, self-similar structure − the Hofstadter butterfly energy spectrum [14] (see chapter 2.2.3
for more detailed information). Fig. 2.13 shows the Hofstadter butterfly in graphene. Usually,
the Hofstadter spectrum in natural crystals is experimentally out of reach with today’s standard
technology since magnetic fields of several thousands of Tesla would be necessary in order to
probe the Hofstadter spectrum. But the butterfly can be experimentally observed in artificial
crystals with larger lattice constants realized by 2D superlattices (see chapter 4.2).
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Figure 2.13: Hofstadter butterfly energy spectrum in graphene. The allowed energy values (in
units of the zero-field hopping energy t0) are plotted as a function of magnetic flux Φ per lattice
unit cell (in units of the magnetic flux quantum Φ0). Adapted from [95].

2.1.4 Graphene/hBN Heterostructures

Preparation of Graphene

In order to obtain high quality graphene for basic research, one can use a mechanical exfoliation
method with adhesive tape and a graphite crystal [37, 44]. Graphite consists of many graphene
layers. Interlayer bonding between adjacent layers is given by relatively weak van der Waals
forces, see Fig. 2.14. As a consequence, these layers can be easily separated from each other by a
piece of adhesive tape which is used to peel off graphite layers from an initial graphite crystal.
Consecutive separation and removal of layers further reduces the thickness of the graphite flakes
until few-layer and monolayer graphene flakes remain which can be transferred onto a substrate
like a standard Si/SiO2 chip. Graphene flakes produced this way typically have lateral dimensions
of the order of a few tens of micrometres and can be used for further processing.
Due to the fact that graphene has only surface and no bulk and that the electronic properties
of graphene are mainly determined by the out-of-plane 2pz orbitals, its properties are strongly
influenced by the environment of the graphene layer. In particular, the electronic properties can
be altered by e.g. adsorbed atoms/molecules or materials which are used as a substrate or cover
layer. Electrical transport experiments on graphene on a Si/SiO2 substrate usually show diffusive
transport with long-range Coulomb scattering and short-range scattering due to lattice disorder
as the dominant scattering sources [96, 97]. By using a different substrate like hexagonal boron
nitride, scattering can be reduced, which allows the observation of ballistic transport in graphene
[49].
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Hexagonal Boron Nitride

In general, hexagonal boron nitride (hBN) can be used as a substrate, protection layer, and
dielectric material for graphene based electronic devices [49, 98]. It is an atomically flat and
electrically insulating material (band gap ∼ 6 eV) with practical dielectric properties (dielectric
constant εr ∼ 3, breakdown voltage ∼ 0.7 V/nm) and a lattice constant comparable to graphene
(with a lattice constant mismatch of about ∼ 1.8% [58]).
Fig. 2.14 displays the crystal structure of hBN which is similar to graphite with boron atoms
and nitrogen atoms at positions of the two sublattices A and B. Like graphite, a hBN crystal
consists of monolayers stacked on top of each other with weak interlayer van der Waals bonding
forces, which allows the mechanical exfoliation of thin hBN flakes from hBN crystals.

Figure 2.14: (a) Crystal structure of hBN. Few-layer hBN consisting of monolayers with
honeycomb crystal lattice structure. Interlayer bonding is given by weak van der Waals forces.
(b) Crystal structure of graphite for comparison. Adapted from [99].

Fig. 2.15 shows a schematic comparison between SiO2 and hBN as a substrate for graphene.
Graphene on atomically flat hBN exhibits less height variation than on SiO2 [49, 100]. Addition-
ally, in contrast to SiO2, hBN has no dangling bonds/adatoms and no trapped charges which
significantly worsen the electronic properties of graphene due to an induced inhomogeneous
potential landscape across the graphene layer, resulting in an inhomogeneous charge carrier
density distribution [49]. Fig. 2.16 demonstrates how a proper choice of the underlying substrate
reduces charge carrier density inhomogeneities in graphene. Graphene on SiO2 is exposed to
rough potential fluctuations. As a consequence, intrinsic graphene on SiO2 exhibits localized areas
of electrons and holes, so-called electron-hole puddles, which influence the electronic transport
[56, 57]. By using hBN as a substrate, such spatial fluctuations of charge carrier density are
reduced [58, 100]. Even further improvement is possible by using an additional graphite layer
as a gate material underneath the hBN which screens the electric field of trapped charges in
the SiO2 [98]. A comparison of the topography and charge carrier density distribution between
graphene on SiO2 and graphene on hBN is given in Fig. 2.17.
In order to fully protect the graphene layer from the environment (especially in view of chemicals
and polymers used in further processing steps to fabricate e.g. electronic devices) a second hBN
flake on top of graphene can be used as a protection layer − resulting in a hBN/graphene/hBN
stack.
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Figure 2.15: Schematic picture of graphene on SiO2 and on hBN. Unlike SiO2, hBN is atomically
flat and has no dangling bonds and no trapped charges. It therefore enhances the electrical
properties of graphene if used as a substrate. Adapted from [101].

Figure 2.16: Potential landscape across a graphene layer (a) on SiO2 (b) on hBN (c) on hBN
with an additional graphite bottom layer. Charge carrier density inhomogeneities in the graphene
layer, caused by a substrate induced inhomogeneous potential landscape, are reduced by the use
of a suitable substrate. [98]

Figure 2.17: Topography of graphene (a) on hBN and (b) on SiO2 examined by scanning
tunneling microscopy. By using hBN as a substrate, the height variation of the graphene layer is
reduced. (c) and (d) Charge density maps show a significant reduction of charge carrier density
fluctuations in the case of graphene on hBN (c) compared to SiO2 (d). [100]
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hBN/Graphene/hBN Stacks

Graphene fully encapsulated between hBN − a hBN/graphene/hBN stack − serves as the basic
material system for various graphene-based devices. Fig. 2.18 gives an example of the assembly
of a typical hBN/graphene/hBN stack by using a van der Waals stacking method [50, 102].
In order to quantitatively evaluate the electronic quality of a material and compare effects
of certain substrates, one can evaluate the charge carrier mobility. Mobilities in graphene on
SiO2 are typically of the order of 1 m2/Vs [103]. The theoretical limit of room-temperature
mobility in graphene on SiO2 due to remote phonon scattering lies at about 4 m2/Vs [52]. In
the case of hBN/graphene/hBN stacks, room temperature mobilities in excess of 14 m2/Vs can
be reached which lies close to the theoretical intrinsic mobility limit of ∼ 20 m2/Vs [50]. At
cryogenic temperatures and reduced phonon scattering mobilities over 100 m2/Vs are achievable
[50, 104–106]. In this regime transport in typical mesoscopic devices is fully ballistic and mainly
limited by scattering at graphene edges.

Figure 2.18: (a) One example of a van der Waals stacking technique used to assemble a
hBN/graphene/hBN stack by using a polymer stamp. (b) Optical microscope image of a
finished heterostructure on SiO2. (c) High-resolution transmission electron microscope image of
a heterostructure showing atomically sharp and impurity-free interfaces. Adapted from [50].

The fabrication of graphene/hBN heterostructures is now a common method to produce high-
quality graphene devices with enhanced electrical transport properties [98, 102, 104]. The
techniques developed in this field can be also used and extended to fabricate devices consisting
of any material available from the variety of 2D materials, see e.g. [107, 108], in order to exploit
not only individual properties of single 2D materials but also to generate new features realized
by combining materials [107, 109]. Only to mention a few, there are moiré superlattices in
graphene/hBN heterostructures [8–10], spin-orbit proximity effect in graphene with transition
metal dichalcogenides [110–113], magnetic proximity effect in graphene with magnetic 2D materials
[114, 115], and insulating, superconducting, and ferromagnetic states in twisted bilayer graphene
[116–118]. Usually, the fabrication of such devices takes place by exfoliation and stacking methods.
But there is a variety of techniques under development in order to produce 2D materials and
heterostructures also in view of industrial applications [119–132]. The field of 2D materials
opens up new playgrounds in which not only electronics but also photonics and optoelectronics
[133–135], spintronics [136–138], valleytronics [139, 140], straintronics [141, 142], and twistronics
[143–147] give rise to new physical effects and potential applications.



26 CHAPTER 2. THEORETICAL AND EXPERIMENTAL BACKGROUND

2.2 Superlattice Effects: Electrons in a Periodic Potential
The following section gives an overview of the impact of superlattices on the electronic band
structure of graphene. After a short introduction to the basics of superlattice physics, the
theoretical and experimental background of one-dimensional (1D) and two-dimensional (2D)
superlattices in graphene is presented. Furthermore, properties of 1D and 2D superlattices
in magnetic fields are discussed with focus on the Hofstadter butterfly energy spectrum and
magnetotransport.

2.2.1 Modification of Electronic Band Structure

Modifying the electronic band structure of a material like graphene and producing tailor-made
electronic properties lies at the heart of condensed matter physics and nanoscience. One possibility
to achieve this goal is given by superimposing a periodic potential on the electrons in the system.
The physics in such a superlattice − which can be seen as an artificial crystal − is in general
equivalent to the physics in a natural crystal: electrons in a periodic potential occupy energy
bands and follow Bloch’s theorem. The following overview mainly follows the descriptions in
Refs. [25, 38, 40, 148, 149].
The electronic band structure of a 2DEG system with superimposed periodic modulation potential
can be obtained by solving the corresponding single-particle Schrödinger equation HΨ = EΨ
with Hamiltonian H corresponding to quasi-free electrons in a periodic modulation potential
V (~r):

H = H0 + V (~r) (2.34)

H0 is the Hamiltonian of the unperturbed system. For electrons with parabolic dispersion relation
H0 = ~2k2

2m∗ . In graphene H0 = ~vF~σ(∗)~k at the K (K ′) point and V (~r) → I2 V (~r) with the 2× 2
identity matrix I2 [150–152]. The superlattice, i.e. the periodic potential, is defined by V (~r) with
V (~r + ~R) = V (~r) under translation with a lattice vector ~R of the superlattice.
The wave functions Ψ

n,~k
(~r) (Bloch waves) which solve the corresponding Schrödinger equation

are given by plane waves ei~k~r modulated by periodic functions u
n,~k

(~r) with the same periodicity
as the superlattice (u

n,~k
(~r + ~R) = u

n,~k
(~r)):

Ψ
n,~k

(~r) = ei
~k~ru

n,~k
(~r) (2.35)

The energy spectrum is given by the eigenvalues of the Schrödinger equation. The energy values
for all ~k for a given n (integer band index n = 1, 2, 3, ...) form energy bands En(~k) (in the
case of a superlattice also referred to as minibands) which are separated by energy gaps Egap
(minigaps). Since En(~k + ~G) = En(~k) with reciprocal lattice vector ~G of the superlattice, one
can use a reduced zone scheme and only consider energy bands in the first Brillouin zone of the
superlattice (mini-Brillouin-zone). The emergence of energy gaps can be understood in terms of
Bragg reflection. As an example, a 1D periodic potential in x-direction V (x) = V0 cos(Gx) with
modulation amplitude V0, reciprocal lattice vector G = 2π

a , and lattice constant a is considered:
At the Brillouin zone boundaries, i.e. at kx = ±iπa with integer parameter i = 1, 2, ..., the
condition for Bragg reflection is fulfilled and electrons with corresponding wave vectors kx = ±iπa
are backscattered. Due to interference, standing waves are formed which are given by a linear
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superposition of incoming and backscattered waves. This eventually results in two possible
solutions with different energies giving rise to an energy gap. Fig. 2.19 gives a schematic overview
of the energy spectrum of electrons with parabolic dispersion relation in a periodic potential.

Figure 2.19: (a) A superlattice in x-direction with lattice constant a induces energy gaps at
the mini-Brillouin-zone boundaries at kx = ±iπa with integer parameter i = 1, 2, ... (extended
zone scheme) and backfolding of energy bands into the first mini-Brillouin-zone (reduced zone
scheme) with −π

a ≤ kx ≤ +π
a . (b) Periodic zone scheme showing energy bands and energy gaps

for electrons in a periodic potential. The dashed lines display the parabolic dispersion relation
for free electrons with parabolic dispersion relation. Adapted from [40].

1D Superlattices in Graphene

Fig. 2.20 shows the impact of a 1D superlattice on the electronic band structure of graphene.
The superlattice with period a and potential barrier height V0 is orientated along the x-direction.
The corresponding energy dispersion was calculated in the framework of an effective-Hamiltonian
formalism [153]. Perpendicular to the direction of the 1D periodic potential modulation (i.e. in
y-direction) the original Dirac cone is distorted − in accordance with a renormalization of the
Fermi velocity. The velocity of charge carriers (and therefore the mobility) in that direction is
reduced. In direction of the superlattice potential (i.e. in x-direction) no renormalization of the
Fermi velocity takes place. Such an anisotropic renormalization of the Fermi velocity in a 1D
graphene superlattice, which is tunable by the modulation amplitude, enables in principle the
control of the flow of electrons preferably in one direction [153].
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Due to the chiral nature of Dirac fermions in graphene, the emergence of energy gaps at the
mini-Brillouin-zone boundary depends on the wave vector ~k. In a simple picture: Upon normal
incidence on the potential barriers, backscattering is suppressed due to Klein tunnelling which
prevents the emergence of an energy gap. At points of vanishing energy gaps adjacent minibands
touch each other and satellite Dirac points start to appear. The anisotropic distortion of the
Dirac cone and the manifestation of satellite Dirac points was experimentally verified in electrical
transport measurements on 1D graphene superlattices realized by a patterned dielectric technique
[152].

Figure 2.20: (a) Dirac cones in unmodulated graphene. (b) In a 1D superlattice (with lattice
constant a) the Fermi velocity is renormalized in direction perpendicular to the modulation
potential. (c) Modified band structure in the conduction band of graphene. Depending on
the wave vector ~k, either satellite Dirac points (black arrows) or energy gaps emerge at the
mini-Brillouin-zone boundary. Adapted from [153].

In symmetric 1D graphene superlattices the emergence of additional zero-energy Dirac points and
their tunability by the modulation amplitude V0 was theoretically shown, as depicted in Fig. 2.21
[154, 155]. At zero modulation the original Dirac cone is present. By increasing the modulation
strength, additional Dirac points at zero energy start to manifest. These newly generated zero-
energy Dirac points also have impact on the Landau level spectrum of 1D modulated graphene,
which is illustrated in Fig. 2.22. Depending on the number of additional zero-energy Dirac
points a modification of the Landau level energy spectrum takes place: Landau levels at charge
neutral filling become 4(2i+ 1)-fold degenerate with corresponding Hall conductivity with step
size σxy = 4(2i + 1) e2

h [154]. The integer parameter i = 0, 1, 2, ... is tunable by the potential
strength and the periodicity of the superlattice [154]. Furthermore, in a 1D superlattice Landau
levels are transformed into Landau bands which exhibit a finite and magnetic field dependent
band width ∆E. This aspect is covered in greater detail in chapter 2.2.2.
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Figure 2.21: (a) Symmetric 1D graphene superlattice in x-direction with lattice constant a
and modulation amplitude V0. (b) The unperturbed Dirac cone of graphene at zero modulation
potential. (c) Upon increasing the modulation amplitude, additional zero-energy Dirac cones
start to manifest in ky-direction. (d) The number of zero-energy Dirac cones depends on the
potential modulation strength. Energy E and modulation amplitude V0 are given in units of
εL = ~vF /a. Adapted from [154].

Figure 2.22: Modified Landau level spectrum of symmetric 1D graphene superlattices. De-
pending on the modulation amplitude V0, which controls the number of zero-energy Dirac cones,
additional Landau levels occur resulting in a modified quantum Hall effect. In addition, a 1D
superlattice causes a magnetic field dependent broadening ∆E of Landau levels into Landau
bands. Energy Ei is given in units of εB = ~vF /lB. Modulation amplitude V0 is given in units of
εL = ~vF /a. Adapted from [154].
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2D Superlattices in Graphene

The impact of a 2D superlattice on the electronic band structure of graphene in the case of
rectangular [153] and triangular/hexagonal [151] 2D superlattices is displayed in Fig. 2.23. The
results concerning the renormalization of the Fermi velocity, the emergence of energy gaps at
the mini-Brillouin-zone boundary, and the manifestation of satellite Dirac points are in principle
analogous to the case of a 1D superlattice: In 2D modulated graphene the Fermi velocity is
renormalized in every direction and, depending on the wave vector k, additional Dirac points
start to appear at the mini-Brillouin-zone boundary.

Figure 2.23: (a) A rectangular 2D superlattice in graphene causes an anisotropic renormalization
of the Fermi velocity in every direction. Satellite Dirac points (black arrows) manifest at the
corresponding mini-Brilloin-zone boundary − here shown for the conduction band of graphene.
Adapted from [153]. (b) The situation in a triangular/hexagonal 2D superlattice in graphene:
Additional and well-isolated Dirac points start to emerge (black arrows) − here, again, only the
conduction band of graphene is shown. Adapted from [151].

In graphene, 2D superlattice effects were experimentally demonstrated in graphene/hBN het-
erostructures originating from the interplay between the two 2D materials [8–10, 156, 157]. Due
to the similar crystal structure and the small lattice constant mismatch of the two materials,
a moiré pattern with hexagonal symmetry and maximum lattice constant of about a ∼ 14 nm
emerges, which acts as a 2D periodic potential on the charge carriers in graphene.
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The moiré wavelength, i.e. the superlattice constant a, is determined by the relative orientation
between the graphene and the hBN layer (see Fig. 2.24 (a) and (b)). The superlattice constant a
of such a moiré superstructure in a graphene/hBN device is given by [156]:

a = (1 + δ)a0√
2(1 + δ)(1− cosφ) + δ2 (2.36)

with the lattice constant a0 of graphene, the lattice constant mismatch δ between graphene and
hBN, and the relative rotation angle φ between the two layers.
In moiré superlattices it is possible to experimentally observe and study the aforementioned
modifications of the electronic band structure in great detail. Fig. 2.24 (c) displays electrical
transport experiments on moiré superlattices in which the manifestation of satellite Dirac points
was observed. By shifting the Fermi level EF across the newly generated Dirac points in the
valence and conduction band, additional maxima in the longitudinal resistance occur which are
accompanied by a sign change of the Hall resistance in low magnetic fields indicating a transition
of EF over a band edge and an effective change between electron and hole like type of charge
carriers. The shifting of the Fermi energy towards the position of the satellite Dirac points in
the valence/conduction band is equivalent to filling up the first minibands with holes/electrons.
Due to the four-fold degeneracy in graphene, the first minibands are filled at a charge carrier
density corresponding to four electrons per superlattice unit cell area Asl. Consequently, the
gate voltage difference ∆Vg between main and the satellite Dirac points obtained in electrical
transport measurements corresponds to a change in charge carrier density ∆n = 4e

Asl
(and therefore

depends on the superlattice unit cell area Asl and superlattice constant a). In a hexagonal
moiré superlattice with Asl =

√
3

2 a
2 the superlattice constant a can be extracted from electrical

transport measurements by [9]:

a =
√√√√ 4e
√

3
2 ∆n

(2.37)

Besides moiré superstructures, superlattices in graphene can be also electrostatically generated
by periodically arranged/patterned gates [7, 12, 158, 159] or patterned dielectrics [11, 152, 160]
which enable to induce a gate-tunable periodic charge carrier density modulation. In this work,
electrostatically defined 2D superlattices are investigated realized by the combination of uniform
and patterned gates [7]. This provides a less invasive method for band structure engineering than
e.g. nanostructuring. In addition, graphene antidot superlattices, a special kind of nanostructured
graphene, are investigated which in principle allow to induce magnetically tunable energy gaps
in the initially gapless graphene (see chapter 2.3).
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Figure 2.24: (a) Schematic picture of a moiré superlattice in a graphene/hBN heterostructure.
The relative orientation between the two layers determines the superlattice constant. Adapted
from [9]. (b) The wavelength, i.e. the superlattice constant a, of a moiré superlattice is plotted
as a function of the relative rotation angle φ between the graphene and hBN layer (black curve).
Also the relative orientation Θ between the moiré superstructure and the graphene lattice as
a function of φ (red curve) is shown. [156] (c) Electrical transport measurements on a moiré
superlattice with a ∼ 12 nm. Besides the main Dirac point at the CNP, satellite Dirac points start
to manifest originating from the modified band structure in the valence and conduction band of
graphene (see upper inset). In low magnetic fields the satellite Dirac points are accompanied by
a sign change of the Hall resistance pointing towards a transition of the Fermi energy across a
newly generated band edge and an effective change between hole and electron type of charge
carriers similar to the behaviour at the main Dirac point − the "cloned" Dirac points reflect the
band structure at the main Dirac point. Lower inset shows a conductive atomic force microscope
image of a moiré pattern with a ∼ 11 nm. [10]
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2.2.2 Magnetotransport in a 1D Superlattice: Landau Bands and Weiss Os-
cillations

The magnetic band structure of a 2DEG system subjected to a weak 1D periodic potential
V (x) = V0 cos(Gx) in x-direction with modulation amplitude V0 and G = 2π

a can be calculated
in first-order perturbation theory. One obtains the modified energy spectrum EN [43]:

EN = EN,0 + 〈Nx0|V (x)|Nx0〉 (2.38)

Here, EN,0 is the Landau level energy in the unperturbed case, N is the Landau level index,
x0 = −l2Bky is the centre coordinate of the Landau orbits, lB is the magnetic length, and |Nx0〉
corresponds to the Landau level wave function. The 1D superlattice lifts the degeneracy of
Landau levels with respect to x0 (and therefore ky) and the discrete Landau levels are broadened
into Landau bands with finite band width ∆EN [161–163]. This results in the following expression
for electrons with parabolic dispersion relation and EN,0 = (N + 1

2)~ωc [43]:

〈Nx0|V (x)|Nx0〉 = ∆EN cos(Gx0) = V0e
− 1

2XLN (X) cos(Gx0) (2.39)

LN (X) is a Laguerre polynomial of N -th order and X = 1
2G

2l2B. Following from this, the band
width of the N -th Landau band in a 1D superlattice with lattice constant a depends on the
magnetic field B applied perpendicular to the sample. The band width vanishes whenever the
Laguerre polynomials are zero, i.e. in the N -th Landau band there are N zero points. At
these flat band conditions the discrete Landau level is restored. In graphene, with EN,0 =
sgn(N)vF

√
2e~B|N |, the following expression for the band width ∆EN can be derived [84, 164]:

∆EN = V0
2 e
− 1

2X{LN (X) + LN−1(X)} (2.40)

In semi-classical approximation the flat band condition is expressed by the cyclotron radius Rc
of charge carriers and an integer parameter λ. The band width vanishes whenever the cyclotron
radius is commensurable with the period a of the superlattice [12, 43, 164]:

2Rc =
(
λ− 1

4

)
a (2.41)

The magnetic band structure of a 1D superlattice in the case of electrons with parabolic dispersion
relation and superlattice broadened Landau levels is shown in Fig. 2.25 (a). The dependency
of the band width and density of states on the cyclotron radius is illustrated in Fig. 2.25
(b). Depending on the size of cyclotron orbits, the electrons “feel” an effective modulation
potential which can be estimated by averaging the periodic potential over the whole cyclotron
orbit. If the flat band condition is fulfilled, the effective modulation potential vanishes and the
unperturbed Landau level is restored. In this case, the density of states shows its maximum
value. If 2Rc = (λ+ 1

4)a, the band width reaches its maximum value and the density of states
exhibits a minimum. The corresponding magnetic band structure of a 1D graphene superlattice
is shown in Fig. 2.26.



34 CHAPTER 2. THEORETICAL AND EXPERIMENTAL BACKGROUND

Figure 2.25: (a) Magnetic band structure of a 1D superlattice in the case of electrons with
parabolic dispersion relation. Landau levels are broadened into Landau bands due to the 1D
periodic potential modulation. The band width oscillates as a function of magnetic field. The
dashed lines mark the flat band positions at which the band width vanishes and the original
Landau levels are restored. (b) Energy of Landau levels/bands as a function of the guiding
centre coordinate x0 and corresponding density of states for two different cyclotron orbits: Upper
case exhibits discrete Landau levels and maximum density of states at the flat band position.
Lower case shows cyclotron orbits corresponding to maximum band width and minimum density
of states. Adapted from [43].

Figure 2.26: Effect of a 1D superlattice with V0 = 20 meV and a = 40 nm on the Landau
level spectrum of graphene, calculated with equations (2.38) and (2.40). The discrete Landau
levels are broadened into Landau bands with magnetic field dependent band width. The band
width vanishes at the flat band positions and the discrete Landau levels are restored. Landau
levels/bands with N ≥ 0 up to N = 9 are shown.

In magnetotransport experiments the superlattice induced and magnetic field dependent band
width of Landau levels manifests as temperature robust commensurability or Weiss oscillations
(see Fig. 2.27 (a)) which were first observed in high-mobility GaAs-based 2DEG systems [43, 161].
In longitudinal resistance ρxx (in direction of the 1D periodic potential modulation), 1/B-periodic
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oscillations with minima at the flat band positions occur. In ρyy (in the direction perpendicular
to the potential modulation), less pronounced oscillations with maxima at the flat band positions
emerge. The experimental observation of Weiss oscillations in graphene (see Fig. 2.27 (b)) was
achieved by a double gating technique [12] which is also used in this work to fabricate and
investigate 2D graphene superlattices. Furthermore, commensurability oscillations in ρxx and also
ρyy were experimentally observed in 1D graphene superlattices realized by a patterned dielectric
technique [152].

Figure 2.27: (a) Weiss oscillations in a 2DEG with 1D periodic potential modulation with
lattice constant a = 294 nm. In ρxx, 1/B-periodic oscillations occur with minima at the flat band
positions. In ρyy, oscillations manifest with maxima at the flat band positions. The oscillations
in ρxx can be explained by a band width dependent band conductivity contribution which is not
present in ρyy. The oscillations in ρyy are caused by a density of states dependent scattering
conductivity contribution. At higher magnetic fields, Shubnikov-de-Haas oscillations start to
appear which are modulated by Weiss oscillations. [43, 161] (b) Weiss oscillations in a 1D
graphene superlattice with lattice constant a = 200 nm. The dashed lines show the first three flat
band positions with λ = 1, 2, 3 and corresponding minima in longitudinal resistance. Adapted
from [12].

Weiss oscillations can in principle be explained by two additional conductivity contributions to
the overall Drude conductivity induced by the 1D periodic potential: a band conductivity and a
scattering conductivity contribution [43].

Band Conductivity

The band conductivity contribution originates from the superlattice induced lifting of the Landau
level degeneracy with respect to ky. The emerging dispersion of Landau bands is connected to a
group velocity vg which vanishes at the flat band positions [43]:

vg = 〈Nx0|vy|Nx0〉 = 1
~
dEN
dky

(2.42)

In the framework of the Kubo formalism the group velocity matrix element 〈Nx0|vy|Nx0〉 can
be connected to a conductivity correction ∆σyy, i.e. the band conductivity contribution, which is
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added to the overall Drude conductivity [43]. In particular, the band conductivity correction
is proportional to the square of the group velocity and therefore depends on the band width.
Generally, energy bands with large band width, i.e. highly dispersive bands, exhibit a large band
conductivity contribution. In graphene superlattices the band conductivity contribution is given
by [84]:

∆σyy = AΨ (2.43)

with

A = 8π2 e
2

h

V 2
0 τβ

~
(2.44)

and with β = 1
kBT

and function

Ψ = 1
4Xe

−X
∞∑
N=0

exp(β(EN,0 − EF ))
[exp(β(EN,0 − EF )) + 1]2 [LN (X) + LN−1(X)]2 (2.45)

From the tensor relationship between σσσ and ρρρ (σσσ = ρρρ−1 and therefore σyy ∝ ρxx), the additional
band conductivity ∆σyy is connected to an additional resistivity contribution ∆ρxx which
manifests as the observed magnetoresistance oscillations in ρxx. In principle, an increase in
conductivity in y-direction causes an increase of resistivity in x-direction.
In conclusion, Weiss oscillations in ρxx (in direction of the 1D periodic potential modulation)
are given by an oscillating band conductivity contribution in y-direction due to the formation
of Landau bands [43]. Due to the higher Fermi velocity of Dirac electrons, Weiss oscillations
in graphene are more pronounced compared to a system of electrons with parabolic dispersion
relation [84]. Furthermore, Weiss oscillations in direction of a 1D periodic potential modulation
(in x-direction) can be also explained by a guiding-centre drift of cyclotron orbits in y-direction
emphasizing their quasi-classical nature [39] which also manifests in their high temperature
robustness [84].

Scattering Conductivity

An additional conductivity contribution which has to be taken into account is the scattering
conductivity σsc which stems from the density of states dependent scattering rate of electrons at
the Fermi level and has therefore a purely quantum-mechanical origin [41, 43]:

σsc ∝ D2(EF ) (2.46)

The oscillating band width, which is connected to an oscillating density of states (see Fig. 2.25 (b)),
gives rise to an oscillating scattering conductivity contribution appearing as magnetoresistance
oscillations in ρyy which are opposite in phase with the Weiss oscillations in ρxx. This is due
to the fact that at the flat band positions the band width (and therefore the band conductivity
contribution) vanishes but the density of states (and therefore the scattering conductivity
contribution) reaches its maximum. The scattering conductivity contribution also occurs in ρxx
but is usually obscured by the more pronounced band conductivity oscillations [43].



2.2. SUPERLATTICE EFFECTS: ELECTRONS IN A PERIODIC POTENTIAL 37

2.2.3 Magnetotransport in a 2D Superlattice: Hofstadter Butterfly

A 2D electron system subjected to a 2D periodic potential and a uniform magnetic field applied
perpendicular to the plane of the 2DEG exhibits a fractal, self-similar energy spectrum − the
Hofstadter butterfly energy spectrum − with its peculiar appearance resembling a butterfly
[14]. Fig. 2.28 shows the originally calculated and visualized Hofstadter butterfly for electrons
in a square lattice with lattice constant a and unit cell area Asl = a2. The allowed energy
values ε of Bloch electrons are given as a function of magnetic field B expressed by α = Φ/Φ0,
i.e. the magnetic flux Φ = BAsl per lattice unit cell in units of the magnetic flux quantum
Φ0 = h/e ∼ 4.136 × 10−15 Vs. Due to the interplay between two characteristic length scales,
i.e. whenever the magnetic length lB becomes comparable and is commensurable to the lattice
constant a of the crytal lattice, a single initial energy band splits up into a certain number of
minibands and minigaps depending on the magnetic flux per lattice unit cell. In order to reach a
regime in which the Hofstadter butterfly energy spectrum manifests, the magnetic flux piercing
one lattice unit cell has to be of the order of one magnetic flux quantum.

General Derivation

In general, the motion of electrons in a magnetic field ~B and a periodic potential V (~r) can be
described by a single-particle Schrödinger equation [165]:

HΨ(~r) = (H ′ + V (~r))Ψ(~r) = EΨ(~r) (2.47)

H
′ is the Hamiltonian of a quasi-free electron in a magnetic field. The magnetic field ~B = rot ~A

is taken into account by the Peierls substitution ~p → ~p + e ~A(~r) with vector potential ~A(~r).
In the case of a perpendicular magnetic field in z-direction, one can use the Landau gauge
~A(~r) = B(0, x, 0). The 2D periodic potential modulation, i.e. the superlattice, is determined by
V (~r) and can be defined by vectors ~Ri,j [165]:

~Ri,j = i~a+ j~b (2.48)

with lattice vectors ~a and ~b and integer numbers i, j. In absence of an external magnetic field the
eigenfunctions Ψ(~r) follow Bloch’s theorem and the calculation can be restricted to one primitive
unit cell of the superlattice. In combination with an external magnetic field, translations given
by ~Ri,j do not leave ~A(~r) invariant and eigenfunctions are not given by Bloch wave functions.
The electronic wave function also acquires an additional phase factor (Aharonov Bohm phase)
if moving in a vector potential which has to be taken into account. In this case, a magnetic
superlattice can be defined on which a generalized version of the Bloch theorem holds [165].
At rational magnetic fields, expressed by α = Φ/Φ0 = p/q with integer numbers p and q, one
can define a magnetic superlattice with a magnetic unit cell which is q times larger than the
superlattice unit cell and which is pierced by p magnetic flux quanta. The magnetic superlattice
can be defined e.g. by [165]:

~Si,j = i~a+ jq~b (2.49)

Electrons moving in such a magnetic superlattice acquire a phase shift in multiples of 2π for
translations given by ~Si,j − restoring the initial state.
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The eigenfunctions in this case can be expressed by [165]:

Ψ(~r) = exp(i~θ~r)u~θ(~r) (2.50)

where u~θ(~r) obeys [165]:

u
~θ(~r + ~S) = exp

(
−i e

~
BSxy

)
u
~θ(~r) (2.51)

with the magnetic crystal momentum ~θ which is restricted to the first magnetic-Brillouin-zone,
i.e. the first Brillouin zone of the magnetic superlattice defined by ~Si,j . Consequently, further
calculations can be restricted to one primitive unit cell of the magnetic superlattice. In principle,
since the magnetic superlattice has a q times larger unit cell, the initial mini-Brillouin-zone of the
lateral superlattice is further split up into q magnetic-Brillouin-zones corresponding to a splitting
of an initial energy band into q magnetic minibands which are clustered into groups giving rise
to the Hofstadter butterfly energy spectrum.
For irrational values of α, the initial energy band splits up into infinitely many minibands and
the spectrum forms a Cantor set, i.e. an uncountable yet measure-zero set of real numbers in an
interval [14].

Tight-Binding and Nearly-Free-Electron Limit

In particular, the problem of electrons in a 2D periodic potential in combination with a magnetic
field can be approached in the framework of two complementary limits, both resulting in the
same energy spectrum [165–169] − the tight-binding limit and the nearly-free-electron limit. The
tight-binding limit, i.e. the limit of strong 2D potential modulation, was used in the original
approach to solve the problem of Bloch electrons in a magnetic field [14, 166]. The leading
parameter in this case is α = Φ/Φ0. At rational fractions α = Φ/Φ0 = p

q the initial Bloch band
splits up into q minibands which are p-fold degenerate.
In the high magnetic field regime the tight-binding approach breaks down and mixing of energy
bands has to be taken into account. A description based on well-separated Landau levels becomes
more appropriate, i.e. the limit of nearly-free electrons exposed to a weak 2D periodic potential in
the high magnetic field regime [166, 170–172]. In this case, the leading parameter is α = Φ0/Φ = q

p
and initial Landau levels split up into p minibands which are q-fold degenerate. If the potential
modulation is strong compared to the cyclotron energy, Landau levels start to overlap and again
mixing of energy bands has to be taken into account. In the following descriptions well-separated
energy bands are assumed.

Tight-Binding Limit

This section outlines the derivation of the Hofstadter butterfly energy spectrum in the tight-
binding limit following the original approach by D. Hofstadter [14]. In the case of a 2D square
lattice with lattice constant a, a single tight-binding Bloch band can be expressed by the Bloch
energy function [14]:

W (~k) = 2E0(cos(kxa) + cos(kya)) (2.52)
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The magnetic field is added by using the Peierls substitution which transforms the Bloch energy
function into an effective single-band tight-binding Hamiltonian [14, 169]. By introducing the
effective Hamiltonian into a time-independent Schrödinger equation with a 2D wave function,
one obtains the following eigenvalue equation [14]:

E0[Ψ(x+ a, y) + Ψ(x− a, y) + exp(−ieBax/~)Ψ(x, y + a)+
+ exp(ieBax/~)Ψ(x, y − a)] = EΨ(x, y)

(2.53)

The wave function Ψ at (x, y) is linked to its four nearest neighbours in the lattice. By using
the substitutions E/E0 = ε and x = ma, y = na with integer numbers m and n and assuming
plane-wave behaviour in y-direction (since the coefficients only involve x), the wave function can
be written as Ψ(ma, na) = exp(iνn)g(m) and the eigenvalue equation above can be transformed
into a 1D difference equation − known as Harper’s equation [14, 173]:

g(m+ 1) + g(m− 1) + 2 cos(2πmα− ν)g(m) = εg(m) (2.54)

with parameter α = Φ/Φ0 = a2B/2π(~/e). This 1D difference equation can be rewritten as [14]:

(
g(m+ 1)
g(m)

)
=
(
ε− 2 cos(2πmα− ν) −1

1 0

)(
g(m)

g(m− 1)

)
(2.55)

The 2× 2-matrices (:= A(m)) are periodic in m with period q, which means that there exists an
integer p such that [14]:

2πα(m+ q)− ν = 2παm− ν + 2πp (2.56)

This translates directly into the requirement on α to be a rational number [14]:

α = p/q (2.57)

The product of q successive matrices A is called Q. One can derive the following condition on
the trace of Q [14]:

|Tr(Q(ε))| ≤ 4 (2.58)

The trace of Q is a polynomial of degree q. Consequently, eq. 2.58 is satisfied in roughly q
distinct regions on the ε-axis, which is equivalent to a splitting of the initial Bloch band into
q distinct energy bands at α = p/q. The condition on |Tr(Q(ε))| can be used to calculate the
Hofstadter butterfly energy spectrum for all α = p/q. A Python code for calculating and plotting
the Hofstadter butterfly, using eq. 2.58, is given in appendix C.
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The Hofstadter butterfly energy spectrum shows the following characteristic properties [14]:
i) spectrum(α) is identical to spectrum(α+N) with integer N
ii) spectrum(α) is identical to spectrum(-α)
iii) if ε belongs to spectrum(α) then also −ε belongs to spectrum(α)
iv) if ε belongs to spectrum(α) for any α then −4 ≤ ε ≤ 4
Following from this, it is sufficient to consider values of α in the interval [0, 1] and values of ε in
the range between −4 and 4 in order to obtain the typical Hofstadter butterfly plot with two
axis of reflection at ε = 0 and α = 1/2.

Figure 2.28: The original Hofstadter butterfly energy spectrum for Bloch electrons in a square
2D lattice exposed to a uniform magnetic field applied perpendicular to the plane of the 2D
electron system. The allowed energy values are plotted as a function of energy ε and magnetic
flux per lattice unit cell area Φ in units of the magnetic flux quantum Φ0. The horizontal
axis corresponds to the energy ε (ranging from −4 to 4) given over the full band width of a
single initial energy band at zero magnetic field. The vertical axis is α = Φ/Φ0 (in the range of
0 ≤ Φ/Φ0 ≤ 1). Depending on the magnetic flux per lattice unit cell, the initial energy band
splits up into a certain number of minibands and minigaps. At rational fractions Φ/Φ0 = p

q , the
initial Bloch band at zero magnetic field splits up into q minibands which are p-fold degenerate.
At Φ/Φ0 = 1, the initial Bloch band is restored. Adapted from [14].

Nearly-Free-Electron Limit

In the high magnetic field regime with Landau quantization present a weak 1D periodic potential
modulation in x-direction lifts the degeneracy of Landau levels with respect to ky and Landau
levels obtain a magnetic field dependent band width − Landau bands emerge. In a weak 2D
superlattice, i.e. by adding a periodic potential modulation in y-direction, also the degeneracy in
kx-direction is lifted and Landau bands further split up into a certain number of minibands and
minigaps depending on the magnetic flux per lattice unit cell − the Landau bands exhibit an
internal structure given by the Hofstadter butterfly energy spectrum.
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In the following, a square 2D superlattice with lattice constant a and modulation amplitude V0
is considered: V (~r) = V0(cos(Gx) + cos(Gy)). The modulation potential is assumed to be weak
(V0 � ~vF /lB) such that Landau level mixing can be neglected.
In general, the corresponding energy spectrum can be derived in low-order perturbation theory
by taking into account the Fourier expansion of the superlattice potential [172, 174]. The result
for the considered square superlattice potential above is given by:

EN = EN,0 + εαLN
(1

2 l
2
BG

2
)

(2.59)

EN,0 is the unperturbed Landau level energy of the Nth Landau level, εα corresponds to the
Hofstadter butterfly energy spectrum, and LN (x) = e−

1
2xLN (x) in the case of electrons with

parabolic dispersion relation whereas LN (x) = e−
1
2x{LN (x) + LN−1(x)} in the case of graphene

with Laguerre polynomials LN (x). By plotting εα = ε(~k, j) with subband index j = 1...p against
α = Φ0/Φ = q/p ∈ [0, 1] for all ~k in the first magnetic-Brillouin-zone one obtains the Hofstadter
butterfly energy spectrum (see Fig. 2.29 (a)). In general, the shape of the Hofstadter butterfly
depends on the details of the superlattice (lattice geometry and potential amplitudes) [172, 174].
All Landau levels exhibit the same internal structure determined by εα. The magnetic band
structure of non-relativistic electrons in a 2DEG exposed to a 2D superlattice is depicted in
Fig. 2.29 (b) showing the internal structure of Landau bands. At the flat band positions the
band width vanishes and the original Landau levels are restored. In graphene the situation is in
principle analogous: the superlattice broadened Landau levels exhibit an internal structure given
by the Hofstadter butterfly, as shown in Fig. 2.30. The spectrum exhibits extended minibands at
rational fractions of the magnetic flux quantum Φ0 per superlattice unit cell which give rise to
an enhanced band conductivity contribution analogous to the case of a 1D superlattice.

Figure 2.29: (a) Hofstadter butterfly in the nearly-free-electron limit for a 2D electron system
with parabolic dispersion relation. The allowed energy values are plotted as a function of inverse
magnetic flux. The modulation potential amplitude V0 determines the energy band width. [172]
(b) Effect of a 2D superlattice (with a = 100 nm and V0 = 2.4 meV) on the Landau level spectrum
of a 2DEG system with parabolic dispersion relation. Landau levels are broadened into Landau
bands and exhibit an internal structure which is determined by the Hofstadter butterfly energy
spectrum. At the flat band positions the initial discrete Landau levels are restored. [175]
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Figure 2.30: (a) Hofstadter butterfly in graphene in the nearly-free-electron limit. The allowed
energy values are plotted as a function of inverse magnetic flux. The modulation potential
amplitude V0 determines the energy band width. [174] (b) Graphene in the high magnetic field
limit exposed to a 2D periodic potential modulation (with a = 40 nm and V0 = 12 meV): Landau
bands exhibit an internal structure given by the Hofstadter butterfly energy spectrum. Here, only
Landau bands with N ≥ 0 (up to N = 11) are shown. Landau levels with N < 0 can be obtained
by reflection at E = 0. At unit fractions of the magnetic flux quantum Φ0 per superlattice unit
cell the spectrum exhibits extended minibands across the full Landau band width giving rise to
an enhanced band conductivity contribution analogous to the case of 1D modulation. Inset shows
a detail of the overall spectrum (blue box) with the modulated Hofstadter butterflies determining
the internal structure of the Landau bands. The red circles mark the flat band positions at which
the usual Landau levels are restored. Data from [174] and graph generated by [176].
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Wannier Diagram

If the parameter space is changed by transforming the energy scale of the Hofstadter butterfly
plot into a band filling factor, the energy gaps in the Hofstadter spectrum follow straight lines of
constant chemical potential and can be characterized by a Diophantine equation [9, 167, 177].
The resulting graph is called a Wannier diagram [167] − revealing the “skeleton of the butterfly”
[178, 179] − which allows a straightforward identification of energy gaps in the energy spectrum.
In the tight-binding limit the Bloch band filling factor is given by n

n0
which is in principle the

number of electrons per lattice unit cell (with charge carrier density n, n0 = 1
A0

and the lattice
unit cell area A0). The energy gaps in the tight-binding limit can be characterized by the
following Diophantine equation with integer parameters s and t [9, 167]:

n

n0
= t

( Φ
Φ0

)
+ s (2.60)

Here, the parameter s corresponds to the number of completely filled Bloch bands. Fig. 2.31
shows the transformation of the Hofstadter butterfly into a Wannier diagram with parameters
n
n0

and Φ
Φ0

highlighting some energy gaps in the spectrum.

Figure 2.31: Transformation of the Hofstadter butterfly energy spectrum into a Wannier
diagram with band filling factor n

n0
. Energy gaps in a Wannier diagram follow straight lines of

constant chemical potential (coloured lines) and can be characterized by a Diophantine equation:
n
n0

= t( Φ
Φ0

) + s with integer parameters s and t. [9]

In the nearly-free-electron limit an equivalent Diophantine equation can be derived with the
Landau level filling factor ν and the inverse magnetic flux Φ0

Φ as leading parameters. The
corresponding Diophantine equation can be obtained from the equation in the tight-binding case
by using the relation n = νB

Φ0
[9, 171]:

ν = s

(Φ0
Φ

)
+ t (2.61)

In this case, energy gaps with s = 0 correspond to the usual Landau level energy spectrum and
energy gaps with s 6= 0 correspond to Hofstadter minigaps.
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The integer parameter t is a topological invariant and is connected to the quantized Hall
conductivity, as shown by Thouless et al. [180–182]. If the Fermi energy lies inside an energy
gap, the Hall conductivity σxy exhibits a quantized plateau value which is determined by the
parameter t [180, 183]:

σxy = t
e2

h
(2.62)

Fig. 2.32 shows the Hofstadter butterfly with Hall conductivity contribution of the largest
energy gaps in units of the conductance quantum e2

h (corresponding to the parameter t) in the
tight-binding and nearly-free-electron limit.

Figure 2.32: The contribution of energy gaps to the Hall resistance in units of the conductance
quantum e2

h (corresponding to the parameter t). (a) The Hofstadter butterfly in the tight-binding
limit. Different colours represent different values of t. Adapted from [184]. (b) The Hofstadter
butterfly in the nearly-free-electron limit. The numbers inside the gaps correspond to the
parameter t. [177]

Experimental Manifestation

In magnetotransport measurements the minigaps in the Hofstadter butterfly energy spectrum
manifest in form of additional minima in longitudinal resistance accompanied by their corre-
sponding Hall conductivity contribution. Depending on the resolved energy gaps, this can give
rise to a non-trivial sequence of quantum Hall plateaus, as theoretically shown by Thouless et al.
[180, 183]. The possibility to experimentally resolve energy gaps in the spectrum depends on the
size of energy gaps Egap (determined by the geometry of the superlattice and the modulation
potential strength) compared to collision broadening Γ and thermal energy Eth = kBT [185].
Only if the effect of scattering and thermal smearing is sufficiently small, i.e. in samples with
high mobility (Γ � Egap) and at low temperatures (Egap � Eth), one can expect to observe
a direct and clear manifestation of signatures of the Hofstadter butterfly energy spectrum in
magnetotransport experiments. Furthermore, magnetic fields of the order of one magnetic flux
quantum Φ0 per lattice unit cell are required. Fig. 2.33 shows the magnetic field value B0
corresponding to one magnetic flux quantum Φ0 per unit cell area as a function of lattice period
for square and hexagonal lattices.
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Figure 2.33: Magnetic field B0 corresponding to one magnetic flux quantum Φ0 per unit
cell area as a function of lattice period a for square and hexagonal lattices. The grey region
corresponds to ideal lattice periods in order to study the Hofstadter butterfly energy spectrum
with magnetic field values B0 accessible by laboratory magnets. Adapted from [9].

In natural crystals with lattice constants a < 1 nm magnetic fields of several thousands of Tesla
are necessary to observe signatures of the fractal energy spectrum, which is impossible to realize
in experiment. In order to circumvent this obstacle, superlattice structures can be utilized to
increase the unit cell area and consequently shift the necessary magnetic fields to values which
are accessible by laboratory magnets. In experiments using high-mobility GaAs-based 2DEG
systems with superimposed 2D periodic potentials and superlattice periods of about a ∼ 100
nm, a first glimpse and signatures of the Hofstadter butterfly energy spectrum could be observed
[175, 177, 186, 187]. And eventually moiré superlattices in graphene/hBN heterostructures with
superlattice periods a ∼ 10 nm made it possible to study the Hofstadter butterfly energy spectrum
in great detail [8–10]. Fig. 2.34 shows magnetotransport measurements on a moiré superlattice
in graphene. Besides the main Landau fan also secondary Landau fans develop emerging from
satellite Dirac points at n

n0
= ±4. All features in the magnetotransport data can be identified by

using the corresponding Wannier diagram and by including the four-fold degeneracy of graphene
(consequently four electrons/holes per superlattice unit cell are needed to fill up one miniband).
Fig. 2.35 shows additional magnetotransport data of a sample with bilayer-graphene on hBN,
also exhibiting satellite Dirac points at n

n0
= ±4 from which secondary Landau fans emerge and

interfere with the original Landau fan which originates from n
n0

= 0. A linecut at B = 25 T
shows a clear manifestation of a non-monotonic sequence of quantum Hall plateaus in transverse
conductivity with corresponding minima in longitudinal conductivity caused by superlattice
induced energy gaps. Again, the resolved energy gaps can be identified by the corresponding
Diophantine equation and are labelled with their characteristic integer parameters (s, t).
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Figure 2.34: (a) Magnetotransport measurement on a graphene/hBN moiré superlattice. The
longitudinal conductance is shown as a function of gate voltage Vg and magnetic field B. The
data exhibit secondary Landau fans emerging from satellite Dirac points at n

n0
= ±4 (see (b)).

(b) Corresponding Wannier diagram (grey lines) with band filling factor n
n0

and magnetic flux
Φ
Φ0

, in which the observed features in the magnetotransport data can be identified (coloured
lines). [8]

Figure 2.35: (a) Magnetotransport measurement on a moiré superlattice in bilayer graphene.
Besides the main Landau fan additional Landau fans emerge from the satellite Dirac points at
n
n0

= ±4 giving rise to the Hofstadter butterfly energy spectrum. (b) Linecut at B = 25 T
showing transverse and longitudinal conductivity. Superlattice induced energy gaps manifest in
transverse conductivity σxy as a non-trivial, non-monotonic sequence of quantum Hall plateaus
which are accompanied by minima in longitudinal conductivity σxx. The energy gaps in the
spectrum can be identified by the corresponding Diophantine equation with integer parameters
(s, t). [9]
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Band Conductivity Oscillations in a 2D Superlattice

In 2D superlattices the band conductivity contribution due to extended Landau bands becomes
suppressed if collision broadening is small enough to resolve the Hofstadter spectrum [172, 186,
188]. In magnetotransport charge carrier density independent features appear, which correspond
to the band width of minibands in the fractal energy spectrum and reflect the periodicity of the
superimposed periodic potential [15].
Analogous to the mechanism discussed in the case of 1D superlattices (see chapter 2.2.2), the
band width of minibands is connected to an additional band conductivity contribution, which is
enhanced for the most extended minibands in the magnetic band structure at certain rational
fractions of Φ

Φ0
= p

q . Overall, this manifests as temperature robust magnetoresistance oscillations,
i.e. band conductivity oscillations in a 2D superlattice, reflecting the hierarchy of the width of
magnetic minibands in the energy spectrum [15].
Band conductivity oscillations are usually obscured by the details of the Hofstadter butterfly
in transport measurements conducted at cryogenic temperatures and are most pronounced and
best visible at elevated temperatures, at which apparent superlattice induced features and the
fine-structure of the Hofstadter butterfly vanish due to thermal smearing. In addition, at high
temperature the Fermi step becomes smeared over several minibands which all contribute to
the band conductivity correction [15], further increasing the visibility of band conductivity
related features. Band conductivity oscillations in a 2D superlattice, experimentally observed in
graphene/hBN-based moiré superlattices (see Fig. 2.36), were labelled Brown-Zak oscillations
[15] due to their description in terms of magnetic Bloch states by Brown [189] and Zak [190]. The
magnetic band structure of a graphene/hBN-based moiré superlattice, consisting of minibands
with band widths varying in dependence of the magnetic flux per moiré unit cell, is shown in Fig.
2.37. The most extended minibands emerge at unit fractions of Φ

Φ0
and give rise to pronounced

1/B-periodic band conductivity oscillations, from which the period of the superlattice can be
determined since Φ

Φ0
= BAsl

Φ0
with Asl =

√
3

2 a
2.
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Figure 2.36: (a) Hofstadter butterfly in a graphene/hBN moiré superlattice at a temperature
of T = 10 K. The longitudinal conductivity σxx is plotted as a function of band filling factor
n
n0

and magnetic field B. Logarithmic grey scale: white 0.015 mS, black 15 mS. [15] (b) At
an elevated temperature of T = 150 K, Landau quantization vanishes and band conductivity
oscillations (Brown-Zak oscillations) remain with most pronounced features at unit fractions
of Φ

Φ0
. Logarithmic grey scale: white 0.1 mS, black 10 mS. [15] (c) The second derivative of

the longitudinal conductivity σxx as a function of n
n0

and Φ0
Φ at a temperature of T = 100 K.

White corresponds to 0 mS/T2 and black to −0.05 mS/T2. The most pronounced features in
magnetotransport at rational fractions of the magnetic flux quantum per superlattice unit cell
originate from extended minibands in the Hofstadter butterfly energy spectrum, giving rise to an
enhanced band conductivity contribution. Besides the fundamental features at Φ

Φ0
= p/q with

p = 1 also high-order states with p > 1 manifest corresponding to the next order of extended
minibands in the magnetic band structure (shown by arrows). Inset illustrates the state at
Φ
Φ0

= 2/5 which corresponds to an extended unit cell of five original moiré unit cells pierced by
two magnetic flux quanta. [191]
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Figure 2.37: (a) Magnetic band structure of a graphene/hBN moiré superlattice showing the
occurrence of minibands with varying band width. The most extended minibands, in particular at
unit fractions of Φ

Φ0
, give rise to an enhanced band conductivity contribution which manifests as

band conductivity (Brown-Zak) oscillations in magnetotransport measurements. (b) Dispersion
relation of several magnetic minibands at certain rational fractions of the magnetic flux quantum
per moiré unit cell. The dispersion relation at the bottom depicts the situation at zero magnetic
field. [191]
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2.3 Graphene Antidot Superlattices
The following section gives an overview of graphene antidot superlattices − a special kind
of nanostructured graphene − in which magnetically tunable energy gaps emerge. First, the
theoretical framework of ideal graphene antidot lattices (GALs) in view of induced energy gaps
is summarized. Afterwards, realistic GALs and their connections to graphene nanoribbons
are discussed. Furthermore, the tunability of energy gaps by an applied magnetic field and
commensurability effects are presented.

2.3.1 Band Gap Engineering

The exceptional electronic properties and high mobility make graphene to an outstanding material
for potential applications, but there is one major drawback: the absence of an intrinsic band
gap, which limits its use e.g. as a field-effect transistor since the current can not be completely
switched off. There are several methods and approaches with the goal to open a band gap, i.e. a
fundamental energy gap between valence and conduction band, in graphene and to transform it
into a gapped semiconductor.
In bilayer graphene, the emergence of an energy gap in a perpendicular electric field was
demonstrated [192]. In monolayer graphene, an energy gap can be induced e.g. by interactions
with a substrate [193, 194] like SiC [195] or hBN (in graphene/hBN moiré superlattices) [196].
Also in electrostatically modulated graphene, the emergence of an energy gap originating from a
local sublattice symmetry breaking was theoretically shown [197]. Another possibility is given by
nanostructuring graphene [198] into quantum dots [199], graphene nanoribbons (GNRs) [200–203],
graphene nanomeshes [204, 205] or graphene antidot lattices (GALs) [4, 206–208] − a special
kind of 2D superlattice in which fundamental energy gaps emerge due to quantum confinement
and resultant band structure modifications.
In general, antidot lattices induce a strong hard-wall modulation potential (with modulation
potential strength V0 and EF � V0) in a material like graphene with vanishing electron probability
density at the superlattice sites (see Fig. 2.38 (a) for a schematic illustration) [43]. In particular,
a GAL is a perforated graphene layer with a periodic array of holes in which the details of the
antidot lattice (like the lattice unit cell, the lattice constant, and the diameter of the holes)
determine the size of the energy gap. Moreover, the induced energy gaps are tunable by an
applied magnetic field [5, 6]. GALs are therefore of particular interest for electronic band
structure engineering of graphene. Fig. 2.38 (b) shows a schematic sample design of an antidot
lattice with lattice period a, hole diameter d, and minimal neck width w = a− d etched into a
hBN/graphene/hBN stack. By defining the antidot lattice geometry, it is possible to tune the
energy gap in GALs and tailor the electronic properties of this semiconducting nanostructured
graphene.
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Figure 2.38: (a) Strong lateral modulation potential in an antidot lattice device. The dotted
plane corresponds to the Fermi energy EF . Adapted from [43]. (b) Schematic picture of a
graphene antidot lattice with square geometry, lattice period a, antidot diameter d, and neck
width w in a hBN/graphene/hBN stack on a Si/SiO2 substrate. Adapted from [3].

Ideal GALs

Fig. 2.39 presents electronic band structures of several ideal (i.e. without disorder) GALs obtained
from tight-binding and density functional theory calculations demonstrating the emergence of an
energy gap with magnitude depending on the size of the antidot lattice unit cell and the radius of
the holes. It was theoretically shown in tight-binding calculations that the scaling of the energy
gap Egap in GALs with hexagonal unit cells and circular holes depends on the total number of
carbon atoms Ntotal and the number of removed carbon atoms Nremoved in the unit cell of the
antidot lattice, as displayed in Fig. 2.40 (a) [4, 209]:

Egap ∝
√
Nremoved

Ntotal
(2.63)

In calculations considering hexagonal unit cells and holes a strong dependency of the energy gap
on the edge configuration of the holes (armchair or zigzag) and the exact lattice geometry was
derived [207, 210], as depicted in Fig. 2.40 (b). An approximated scaling rule was determined by
using the Dirac equation and not taking into account edge states and by considering cylindrical
unit cells and holes, as depicted in Fig. 2.40 (c) [207]:

Egap = 4
√
π~vF

√
Aremoved
Atotal

= 4~vF
R

R2
e

= 4~vF
d/2

(a/2)2 (2.64)

with the total area of the unit cell Atotal, the area of the hole in the unit cell Aremoved, the radius
R of holes, and the radius Re of the cylindrical unit cell, as illustrated in Fig. 2.40 (c).
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Figure 2.39: Electronic band structure of three different GALs with hexagonal unit cells and
circular holes (labelled with {L,R}) calculated in the framework of a tight-binding (TB) and
density functional theory (DFT) model. All GALs show the emergence of an energy gap at the
Γ-point of the antidot graphene (corresponding to the K and K ′ points of pristine graphene)
with magnitude depending on the size L of the antidot lattice unit cell and the hole radius R. L
and R are given in units of the graphene lattice constant a0 = 0.246 nm. [206]

Figure 2.40: (a) Calculated scaling law of energy gaps in GALs with hexagonal unit cell and
circular holes. The energy gap depends on the total number of atoms Ntotal and the number
of removed atoms Nremoved in the unit cell of the antidot lattice. [4] (b) Energy gaps from
tight-binding (TB) calculations for GALs with hexagonal holes with armchair and zigzag type
edges. The size of energy gaps strongly depends on the type of edge structure of the holes.
Calculations using the Dirac equation (DE) and not taking into account edge states give an
approximated scaling law (green line). Adapted from [207]. Inset shows different crystallographic
directions in graphene corresponding to different types of edges [211]. (c) By using an equivalent
circular geometry of the hexagonal unit cell and hole, one obtains an approximation of the scaling
of the energy gap: Egap ∝ R

R2
e
. [207]
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In a tight-binding approach in combination with an effective Hamiltonian of antidot graphene
the following dispersion relation of hexagonal graphene antidot lattices with periodicity a and
hole diameter d was derived [212]:

E(k) = ±
√
~2v∗2F k

2 +m2
i (2.65)

Here, the + (−) sign corresponds to the conduction (valence) band of the GAL, v∗F is the effective
Fermi velocity in the system, and the constant mi corresponds to the intervalley scattering
strength which is caused by intervalley scattering at atomically sharp defects at the edges of the
holes and couples the K and K ′ valleys in a GAL. The parameters v∗F and mi depend on the
geometry of the GAL and are determined by [212]:

v∗F = (1− 0.67)γvF mi = 0.056γt13nm
a

(2.66)

with γ = d/a, the Fermi velocity vF of intrinsic graphene, and t0 ∼ 3 eV corresponding to the
hopping parameter. Following from the effective dispersion relation, the energy gap between the
valence and conduction band in a GAL is given by [212]:

Egap = 2mi = 0.112γt13nm
a

(2.67)

Fig. 2.41 displays several calculated band structures for different values of γ of an antidot system
showing the emergence of an energy gap. In addition, it was shown that the energy gap derived
in the effective Hamiltonian approach is robust against small-scale random perturbations on
the edge of the holes which are unavoidable in top-down fabrication methods like etching of the
antidot pattern into graphene [212].

Figure 2.41: (a) Antidot graphene considered in a tight-binding model with periodicity a and
hole diameter d. Red and black dots represent the carbon atoms on sublattice A and B. (b)
Calculated band structures of hexagonal GALs with different γ = d/a and fixed periodicity
a = 13 nm derived from a tight-binding model (black) and an effective Hamiltonian (red). The
energy gap is controlled by the parameter γ. [212]
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Realistic GALs Including Disorder

In general, disorder and poorly defined holes and edges can have significant impact on the
properties of energy gaps and transport properties of GALs [213–217]. It was theoretically shown
that by including edge disorder, the scaling rule of energy gaps in GALs changes into an overall
1
w dependency similar to the case of GNRs, as illustrated in Fig. 2.42 (a) [213]. Consequently,
GALs can be seen as a network of GNRs with width w corresponding to the minimum neck width
between adjacent antidots and a comparison between both types of nanostructured graphene
concerning the emergence and scaling of energy gaps seems to be justified. Furthermore, it was
shown that in the case of disordered edges the length of sequential zigzag sections has significant
impact on the band structure of GALs due to localized states at the zigzag type edge structures
which correspond to flat bands and do not contribute to transport [218].
Overall, the following scaling rule of energy gaps Egap in GALs (and GNRs) can be derived
determined by a scaling parameter α and the (neck) width w [200, 213, 219]:

Egap = α

w
(2.68)

For example GNRs fabricated by oxygen plasma etching of graphene on Si/SiO2 showed a scaling
rule of Egap = α

w−w∗ with α = 0.2 eV nm and an additional width correction w∗ taking into
account inactive edge regions due to localized states and inaccurate width determination [200].
Measurements on chemically derived GNRs on Si/SiO2 revealed a scaling of Egap with α = 0.8
eV nm [220]. In graphene nanomeshes (i.e. a graphene layer with a dense, quasi-periodic array
of holes) a comparable scaling law with an overall 1/w dependency and a scaling parameter of
α = 0.95 eV nm was determined (see Fig. 2.42 (b)) [219]. A hexagonal GAL fabricated by etching
holes into a hBN/graphene/hBN stack showed the emergence of an energy gap corresponding to
α = 2 eV nm [6] − comparable to the expected energy level spacing ∆E obtained from quantum
confinement [221]: Egap = ∆E = ~vF∆k with ∆k = π/w.
Overall, theoretically and experimentally derived scaling parameters in a range of about α = 0.2 -
2 eV nm are reported in literature. One reason for this wide distribution is that the theoretically
derived energy gaps of GALs and GNRs crucially depend on the (neck) width and details of the
edge structure [207, 218, 222–224]. Discrepancies in experimental studies could be explained by
varying sample quality, different and varying edge structures and varying type and amount of
disorder due to different material systems (e.g. graphene on Si/SiO2 [200] or hBN/graphene/hBN
stacks [6]) and fabrication methods (e.g. electron beam lithography [200] or chemically derived
GNRs [220]).
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Figure 2.42: (a) Calculated energy gaps Egap as a function of neck width w determined for
GALs with holes with armchair and zigzag edge structures. PD determines the probability of
removing a carbon atom at the edges and is a measure for edge disorder. By including edge
disorder, the differences between different types of edges start to vanish and an overall 1/w
scaling law of energy gaps can be derived. [213] (b) Experimentally determined energy gaps in
graphene nanomeshes (GNM) as a function of neck width w. A 1/w dependency of the derived
energy gaps was observed with a scaling parameter α = 0.95 eV nm (blue curve) comparable to
the case of GNRs (green curve). [219]

Transport Gap

Transport measurements on different kinds of graphene nanoconstrictions, fabricated by top-
down methods, also revealed the emergence of a so-called transport gap originating from a
fundamental energy gap in combination with disorder and potential fluctuations [198, 225–231].
The situation in disordered graphene nanoconstrictions, compared to large-area graphene, is
schematically depicted in Fig. 2.43 (a). In large-area graphene a disorder potential gives rise
to electron-hole puddles at low charge carrier densities. Transport across these charge puddles
is mainly transparent due to Klein tunnelling. In graphene nanoconstrictions, e.g. in GNRs or
GALs, a confinement gap is induced and the charge puddles become separated by tunnel barriers.
A transport gap regime manifests, as depicted in Fig. 2.43 (b). If the Fermi energy lies inside
the transport gap, conduction is suppressed and transport mainly takes place by real tunnelling
across the isolated charge puddles and is mainly governed by variable range hopping between
localized states [232, 233] and/or (statistical) Coulomb blockade [228, 234–236]. Also strong
localization at rough, disordered edges influences charge carrier transport in narrow constrictions
[215, 216, 237, 238], as shown in Fig. 2.44 which displays calculations of the local density of
states along a GNR. Charge carries, localized at the edges, do not contribute to transport and a
region of reduced charge carrier density inside the constriction emerges which suppresses current
flow through the device. Like in the case of GNRs [239] and graphene nanoconstrictions [240],
it can be expected that edge disorder tends to induce wave function localization also in GALs,
eventually contributing to a transport gap. Overall, the impact of isolated charge puddles and
localization of charge carriers manifests as a transport gap extending over a finite energy range
which is determined by the magnitude of the confinement gap and the extent of the disorder
potential (see Fig. 2.43 (b)). The emergence of a disorder induced transport gap usually obscures
the impact of a fundamental energy gap in transport measurements, which complicates the
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determination of pure energy gaps and probably also explains − to some extent − the varying
experimental results in literature. As an alternative to top-down fabrication methods, which
usually induce an inevitable amount of (edge) disorder and a transport gap, there is also the
possibility to obtain graphene nanostructures by bottom-up processes, e.g. chemical synthesis of
GNRs with well-defined edges [211] and direct growth of graphene nanostructures [132, 241–243].

Figure 2.43: (a) In extended graphene areas a disorder potential gives rise to electron-hole
puddles at low charge carrier densities which are mainly transparent due to Klein tunnelling. In
nanoconstrictions the charge puddles become isolated due to emergence of a confinement gap
and real tunnelling takes place. Conduction is suppressed and a transport gap occurs. [228] (b)
Formation of isolated electron (red) and hole (blue) puddles along a graphene nanoconstriction.
The black curve in the upper graph shows the energy of the bottom of the conduction band
and the top of the valence band as a function of position along the dashed line in the bottom
picture. Inside the constriction a transport gap manifests consisting of a disorder potential in
combination with a confinement gap. [226]

Figure 2.44: Calculated local density of states along a GNR with width w = 24 nm and varying
amount of edge disorder (given by the defect concentrations p = 1% and p = 5%). If the defect
concentration at the edges of a graphene nanoconstriction is high enough (b), charge carriers
become strongly localized at the edges and the density of states inside the constriction is reduced
(dark blue regions) − transmission through the device is suppressed. Adapted from [237].
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Estimated Size of Energy Gaps in GALs

Fig. 2.45 shows the magnitude of energy gaps Egap as a function of neck width w for typical
devices with w = 10− 40 nm − realisable by standard top-down fabrication methods. The energy
gaps are given for GALs with a = 50 nm estimated by Egap = 4~vF d/2

(a/2)2 and Egap = 0.112γt13nm
a .

Also energy gap values determined by Egap = α
w with α = 0.2 eV nm and 2 eV nm are shown.

Overall, this rough estimation shows the typical order of magnitude and possible range of energy
gaps in GALs.

Figure 2.45: Rough estimation of the possible size and range of energy gaps Egap in GALs as a
function of neck width w, calculated via the following formulas: Egap in a GAL with a = 50 nm
derived by Egap = 4~vF d/2

(a/2)2 (black curve) and Egap = 0.112γt13nm
a (red curve). Egap in a GAL

derived by Egap = α
w with α = 0.2 eV nm (green curve) and α = 2 eV nm (blue curve).

Magnetic Field Tunable Energy Gaps

Besides the emergence of an energy gap in GALs, also the tunability and quenching of the induced
energy gap by an applied magnetic field was presented in theory [5, 244] and in experiment [6] −
similar to observations in GNRs [236]. Fig. 2.46 (a) shows details of the magnetic band structure,
i.e. the Hofstadter butterfly, of graphene with a hexagonal antidot lattice. The characteristic
features in the energy spectrum are the zeroth Landau levels which are separated by the induced
energy gap. By increasing an applied magnetic field perpendicular to the GAL, the energy gap
decreases and closes completely if the magnetic length lB =

√
~
eB is sufficiently smaller than the

minimum neck width w of the GAL. In a simple picture: The size of cyclotron orbits decreases
upon increasing the magnetic field and at sufficiently small cyclotron orbits the electrons do not
probe the antidot lattice anymore [5]. In consequence, effects of the antidot lattice vanish and the
energy gap closes since the lowest Landau levels shift towards zero energy. At higher magnetic
fields Landau quantization of intrinsic graphene is restored and the usual QHE begins to set in.
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Figure 2.46: (a) Calculated energy spectra in a magnetic field of several GALs with different
sizes of unit cells and holes but with similar neck widths. Plotted are the allowed energy values as
a function of magnetic flux Φ per graphene unit cell in units of the magnetic flux quantum Φ0. In
all cases the energy gap at zero magnetic field closes upon increasing the magnetic field. [5] (b)
Experimentally observed quenching of the energy gap in a hexagonal GAL. The half energy gap
value ∆ normalized to the zero magnetic field value ∆0 is shown as a function of w/lB with neck
width w and magnetic length lB. If lB becomes sufficiently smaller than the neck width w, the
energy gap closes completely. The experimentally observed behaviour is quantitatively in good
agreement with corresponding tight-binding calculations. An additional analytical calculation
qualitatively reproduces the overall tendency. [6]

2.3.2 Commensurability Effects

If an antidot system enters the classical ballistic transport regime, i.e. if the Fermi wavelength
λF becomes smaller than the dominant geometrical length scale (corresponding to the neck width
w in antidot lattices), new phenomena start to appear in magnetotransport originating from the
interplay between cyclotron orbits and the geometry of the periodic hole lattice. Resonances in
longitudinal resistance Rxx occur whenever the cyclotron diameter 2Rc = 2~kF

eB is commensurable
to the lattice constant a [43, 245–247]. In general, electrons in the classical ballistic regime are
described as solid point particles which bounce off the periodic hard wall potential defined by the
holes in the material. In such an electron pinball system fundamental characteristic trajectories
appear, as shown in Fig. 2.47 (a) in the case of a square antidot lattice. The low field resonances
can be explained within an electron pinball model based on the Drude model [43, 248]. Electrons
with cyclotron diameters commensurable to the lattice geometry can be pinned around a certain
number n of antidots. These localized electrons do not contribute to transport any more and the
longitudinal resistance increases. Fig. 2.47 shows some possible pinned electron orbits around
n antidots in a square antidot lattice (with n = 1, 2, 4, 9, 21). The cyclotron orbit around one
antidot gives rise to the fundamental antidot peak in magnetoresistance given by the relation
2Rc = 2~kF

eB = a. Depending on the lattice geometry and the ratio between hole diameter d and
lattice constant a only certain resonances can appear: in general, the full cyclotron orbit has to fit
in the antidot lattice. Furthermore, it was shown that classical chaotic motion, manifesting as an
extreme sensitivity of the electron trajectories on the initial conditions, plays an important role in
the occurrence of the observed magnetoresistance features due to temporarily trapped electrons
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whirling around antidots [246, 249]. In some antidot samples also B-periodic Aharanov-Bohm-like
oscillations were observed originating from a modified electron spectrum which is dominated by
a few quantized periodic cyclotron orbits [250–252].
At sufficiently high magnetic fields the cyclotron orbits fit in between adjacent holes (corresponding
to the condition 2Rc ∼ w = a− d) and drift almost unperturbed through the antidot lattice. In
this case, commensurability effects vanish and the system enters the usual quantum Hall regime.
Fig. 2.48 (a) shows magnetotransport measurements on a square antidot lattice etched into a
high-mobility GaAs-based 2DEG [253]. In the low magnetic field regime antidot peaks manifest
in longitudinal resistance. In the high magnetic field regime the system exhibits Shubnikov-
de-Haas oscillations and the quantum Hall effect. The antidot features in magnetotransport
are well reproduced in an electron pinball model and correspond to cyclotron orbits pinned
around n = 1, 2, 4 antidots, as depicted in Fig. 2.48 (b). Fig. 2.49 (a) shows magnetotransport
measurements on a graphene antidot lattice with square geometry realized by etching a periodic
array of holes into a hBN/graphene/hBN stack [3]. Even after etching a dense array of holes
into a graphene/hBN heterostructure high mobilities were preserved allowing the observation of
ballistic transport phenomena and in particular commensurability effects [3, 254]: Antidot peaks
corresponding to cyclotron orbits around n = 1, 2, 4 antidots emerge. Due to their semi-classical
origin, the observed low field features remain unchanged even at elevated temperatures at which
quantum effects usually disappear, as shown in Fig. 2.49 (b). Furthermore, the ambipolar field
effect in graphene allows to study the transition into the quantum regime, i.e. a regime in which
the Fermi wavelength exceeds the neck width w, which causes a suppression of commensurability
effects, also depicted in Fig. 2.49 (b).

Figure 2.47: (a) Characteristic electron trajectories in a square antidot lattice in the low
magnetic field regime. At certain magnetic fields cyclotron orbits can be pinned around antidots
(here shown for n = 1, 2, 4, 9) and do not contribute to transport any more, which manifests as
maxima in magnetoresistance. [255] (b) Schematic picture of cyclotron orbits pinned around
antidots in a square antidot lattice giving rise to the resonances in magnetotransport. [256]
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Figure 2.48: (a) Commensurability effects in a square antidot lattice etched into a high-mobility
GaAs-based 2DEG. In the low magnetic field regime well-pronounced resonances occur, in contrast
to the reference measurement without antidots (dashed curve). Inset shows possible electron
trajectories: Skipping orbits (s) contribute to the transport. Pinned orbits (p) around antidots
do not contribute to transport − the resistance increases. At high magnetic fields drifting orbits
(d) are able to move unperturbed between adjacent antidots and the system enters the quantum
Hall regime. Adapted from [253]. (b) Comparison between experiment (bottom curves) and
theory (top curves). The antidot features can be well reproduced within an electron pinball
model. The peaks correspond to pinned orbits around n = 1, 2, 4 antidots. [253]

Figure 2.49: (a) Commensurability effects in a square graphene antidot lattice. Rxx is plotted
as a function of magnetic field B. Antidot peaks are observable which correspond to cyclotron
orbits around n = 1, 2, 4 antidots. (b) Rxx plotted as a function of B for several charge carrier
densities (3.6 to 7.2 × 1015 cm−2) at T = 70 K. At elevated temperatures quantum effects and
Landau quantization vanishes but antidot peaks can be still observed due to their semi-classical
origin. The ambipolar field effect in graphene allows to study the transition into the quantum
regime. In the quantum regime the antidot features start to vanish. In the classical regime, i.e.
if the Fermi wavelength λF is smaller than the neck width w (see inset), antidot resonances
occur. The (expected) position of the fundamental antidot peak is marked with a black triangle.
Adapted from [3].



CHAPTER 3
SAMPLE PREPARATION AND MEASUREMENT SETUP

In this chapter, an overview of the main fabrication steps and of the measurement setup is given.
First, the used van der Waals stacking process for the assembly of graphene/hBN heterostructures
and the basic sample geometry are described. Then, the fabrication of graphene antidot lattices
and gate-defined graphene superlattices is addressed. The last section provides information about
the measurement setup.

A complete process documentation of all fabrication steps is given in appendix A.

3.1 Fabrication of Graphene/hBN Heterostructures
Van der Waals Stacking Process

The basic material system used in this work are hBN/graphene/hBN stacks fabricated by a dry
(i.e. graphene does not get in contact with liquid chemicals) van der Waals stacking process.
The stacking setup is installed in an optical microscope and consists of a polymer stamp − a
dome-shaped PDMS (polydimethylsiloxane) drop placed on a microscope slide and covered by
a PC (polycarbonate) layer − and a heatable sample stage with maximum temperature T up
to about 185 ◦C. Fig. 3.1 schematically depicts the stacking setup. Chips with target material
(graphene and hBN flakes mechanically exfoliated onto Si/SiO2 chips with 90 nm SiO2) reside
on the sample stage during the stacking procedure. The target flakes are picked up by using
the polymer stamp. The x, y, and z-position of the polymer stamp, sitting above the target
flakes, is controlled by control knobs of the microscope. The stacking process was optimized
in the framework of a bachelor thesis [257] in which an existing stacking procedure [105] was
modified. Fig. 3.2 illustrates the individual steps in fabricating a typical hBN/graphene/hBN
stack. By carrying out the stacking process at elevated temperatures, impurities (e.g. air, water,
hydrocarbons) trapped between the layers become mobile and can be pressed out and are mostly
removed during stacking. This provides a simultaneous cleaning effect enhancing the quality
of the finished devices [105]. After the stacking procedure, the final stack is transferred onto a
Si/SiO2 chip with 285 nm SiO2 and can be further processed.
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Figure 3.1: Schematic stacking setup. A movable polymer stamp (consisting of a dome-shaped
PDMS drop on a microscope slide covered by a PC layer) is used to pick up a target flake on a
Si/SiO2 chip. The target chip resides on a heatable sample stage during the stacking procedure.

Figure 3.2: Van der Waals stacking process for fabrication of hBN/graphene/hBN stacks. A: A
PDMS/PC stamp is used to pick up an initial hBN flake which was exfoliated onto a Si/SiO2 chip.
At a temperature of T ∼ 100 ◦C the polymer stamp is brought into contact with the substrate
chip near the target hBN flake. By increasing the temperature to T ∼ 120 ◦C, the contact front
(CF) of the polymer stamp expands and moves across the target flake. The movement speed of
the CF can be controlled by the heating procedure. B: If the polymer stamp completely covers
the target flake, the temperature is decreased to T ∼ 100 ◦C during which the CF withdraws.
The hBN flake sticks to the PC and is picked up. C-F: The same procedure is carried out in
order to pick up a graphene flake which sticks to the initial hBN flake by van der Waals forces.
Subsequently, a second hBN flake is picked up in the same way. The final hBN/graphene/hBN
stack sticks to the polymer stamp. G-H: In the last step the hBN/graphene/hBN stack is
brought into contact with a target substrate at a temperature of T ∼ 180 ◦C. The PC layer melts
and the hBN/graphene/hBN stack (and the PC layer) is transferred onto the target substrate
(usually a Si/SiO2 chip with 285 nm SiO2). I: The PC layer is removed with chloroform or oxygen
plasma. The final stack on the chip is ready for further processing. Adapted from [105].
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Basic Sample Geometry and 1D Edge Contacts

Further processing of hBN/graphene/hBN stacks is done via standard electron beam lithography
(EBL) and reactive ion etching (RIE) in order to define the sample geometry and mesa (Hall bar
geometry, see Fig. 3.3) and to provide metal contacts to the encapsulated graphene layer. The
p++ doped Si layer of the chip is utilized as a back gate. Fig. 3.4 gives a schematic overview
of further fabrication steps. RIE of graphene/hBN heterostructures can be carried out with
CHF3/O2 as reactive gas etching both hBN and graphene with well-defined and controllable etch
rates [50, 258, 259]. Furthermore, a selective etching step with SF6 can be applied preferably
etching hBN and stopping at graphene [260, 261]. Depending on the material system and desired
sample geometry, a suitable choice of etching steps has to be made. After etching of an initial
hBN/graphene/hBN stack into e.g. Hall bar geometry, graphene edges are exposed on the side
walls of the mesa. A subsequent EBL step defines the wiring of the device and, eventually, metal
leads and contact pads are fabricated by evaporation of Cr (5 nm) / Au (80 nm) providing 1D
edge contacts to the graphene layer [50], as schematically depicted in Fig. 3.4. Final devices are
glued into a chip carrier by two-component epoxy adhesive and contact pads on the sample are
connected to electrodes on the chip carrier by ultrasonic wire bonding of aluminium wires.

Figure 3.3: Schematic picture of the basic sample geometry: A hBN/graphene/hBN stack
patterned into Hall bar geometry by EBL and RIE on a Si/SiO2 chip with 285 nm SiO2. The
p++ doped Si layer is used as a back gate.

Figure 3.4: Fabrication of 1D edge contacts to graphene encapsulated between two hBN flakes.
A hBN/graphene/hBN stack is etched by RIE exposing the edges of graphene. Subsequently, the
graphene layer is contacted by metal leads consisting of Cr (5 nm) / Au (80 nm). [50]
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3.2 Fabrication of Graphene Antidot Lattices
GALs were fabricated by employing EBL and RIE with CHF3/O2 and etching a periodic array of
holes into an initial hBN/graphene/hBN Hall bar. Manifestation and experimental observability
of electronic band structure modifications in GALs like the emergence of energy gaps crucially
depend on minimum feature sizes in the system (e.g. the neck width). Therefore, in order to
obtain nanostructures with feature sizes as small as possible, i.e. at the limit of the available
technology, the EBL process was optimized. A thin (∼ 80 nm) high-resolution positive e-beam
resist (CSAR 62 [262, 263]) with enhanced plasma etch stability was used which withstands the
applied RIE step and enables the fabrication of the desired structure sizes. The EBL step itself
was carried out at highest available acceleration voltage (30 kV) with small working distance
(∼ 3.5 mm) and small aperture (10 µm). Furthermore, development of the e-beam exposed resist
was done in cold developer (T ∼ 10 ◦C), which improves pattern resolution [263–265]. After
transferring the nanostructure into hBN/graphene by means of RIE, the resist was rinsed off and
remaining residues were removed in a gentle oxygen plasma cleaning step (see Fig. 3.6). Fig. 3.7
shows scanning electron microscopy (SEM) images of typical finished devices with square and
hexagonal antidot lattices. Overall, antidot lattices with hole diameters of down to ∼ 10 nm and
lattice periods of down to ∼ 35 nm were realized, as shown in Fig. 3.8.

Figure 3.5: Schematic sample geometry of a GAL realized by etching a periodic array of
nanoholes into a hBN/graphene/hBN Hall bar.

Figure 3.6: (a) SEM image of resist residues on hBN after fabricating a periodic array of holes
by EBL and RIE. (b) The same hBN flake after oxygen plasma cleaning during which resist
residues are removed. The patterned array of holes becomes visible.
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Figure 3.7: (a) SEM image of a square antidot lattice in hBN/graphene/hBN with lattice
constant a = 40 nm (b) SEM image of a hexagonal antidot lattice in hBN/graphene/hBN with
lattice constant a = 50 nm.

Figure 3.8: SEM image of a square antidot lattice in hBN with minimum feature sizes: hole
diameter d ∼ 10 nm and lattice constant a ∼ 35 nm.

One aspect of RIE of hBN/graphene/hBN stacks which has to be taken into account is the actual
etching profile in hBN. Depending on the etching profile, the apparent hole diameter in the upper
hBN layer is not necessarily equivalent to the hole diameter in the encapsulated graphene layer.
In order to estimate the etching profile, a single hBN flake with known thickness was patterned
into a hole lattice and the hole diameter was determined by SEM. The hBN was completely
etched through, consequently also etching the SiO2 underneath. After removing the hBN by
using adhesive tape or by ultrasonication in isopropyl alcohol, the hole diameter in SiO2 was
determined by SEM. With the knowledge of the patterned hole diameters in hBN and SiO2 and
the thickness of the hBN layer it is possible to draw conclusions regarding the etching profile and
angle by geometrical considerations. As a result, a conical etching profile with an angle α ∼ 60◦
was estimated, schematically depicted in Fig. 3.9 and in agreement with values from literature
(α ∼ 66◦ with a similar etching process [6]).
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In conclusion, the actual hole diameter in graphene dAD depends on the initial hole diameter
in the top hBN layer DAD and the thickness of the top hBN layer dhBN,top. The actual hole
diameter in graphene can be estimated by:

dAD = DAD −
2dhBN,top

tan(α)

The conical etching profile sets a limit to the maximum thickness of the top hBN layer for a
fixed antidot lattice geometry with specific hole diameter. As a consequence, top hBN layers
with thicknesses dhBN,top ≤ 10 nm were used for the preparation of short-period antidot lattices
in order to guarantee pattern transfer into the encapsulated graphene layer. Fig. 3.10 shows
SEM images of a finished hexagonal GAL with lattice period a = 40 nm fabricated by etching a
dense array of holes into a hBN/graphene/hBN Hall bar.

Figure 3.9: Schematic side view of holes etched into a hBN/graphene/hBN stack. The conical
etching profile in hBN determines the actual hole diameter dAD in graphene and, consequently,
dAD depends on the initial hole diameter DAD in the top hBN layer and the thickness dhBN,top
of the top hBN layer. The etching angle was estimated to be about α ∼ 60◦.

Figure 3.10: SEM images of a finished hexagonal GAL with lattice constant a = 40 nm realized
by etching a nanohole array into a hBN/graphene/hBN Hall bar.
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3.3 Fabrication of Gate-Defined Two-Dimensional Superlattices
In order to induce gate-tunable superlattice effects in graphene, a double-gate sample design
was utilized [7] which has already been used successfully to realize 1D superlattices in graphene
demonstrating the manifestation of Landau bands and enabling the observation of Weiss oscilla-
tions in magnetotransport experiments [12, 158]. Furthermore, it was shown that this technique is
also suitable to induce a rich variety of gate-tunable effects in 2D superlattice structures ranging
from tunable mobility over Weiss oscillations to the observation of antidot resonances in a strong
potential modulation regime [159].
In this work, the fabrication of gate-tunable 2D superlattices was further optimized and super-
lattice periods were minimized in order to induce and experimentally observe well-pronounced
electronic band structure modifications in graphene including the generation of minibands and
satellite Dirac points and the manifestation of the Hofstadter butterfly energy spectrum. High-
mobility graphene superlattices with lattice periods of about a ∼ 40 nm were fabricated and
investigated. The magnetic field value B0 in the fabricated devices, necessary to obtain one
magnetic flux quantum per superlattice unit cell, lies at about B0 ∼ 3 T (see Fig. 2.33) which is
easily accessible by standard laboratory magnets. Therefore, in contrast to moiré superstructures
for which magnetic fields of about B0 ∼ 25 T have to be applied in order to reach one magnetic
flux quantum per unit cell, the realized artificial superlattice devices with lattice periods of a few
tens of nanometres also allow to probe a regime exceeding one magnetic flux quantum per unit
cell and make it possible to gain further insight into physics of graphene superlattices.
The schematic picture in Fig. 3.11 illustrates the double-gate sample design. By the combined
action of a global back gate (p++ doped Si) and a patterned bottom gate (PBG) made from few-
layer graphene, a periodic charge carrier density modulation can be induced in an encapsulated
graphene layer transferred on top of the PBG. In principle, few-layer graphene patterned gates
can be easily fabricated by standard EBL and RIE with oxygen plasma and can be implemented
in van der Waals stacking procedures (including the pick-up and transfer of patterned few-layer
graphene gates, see appendix B) allowing flexible use of superlattices with arbitrary geometry.

Figure 3.11: Schematic double-gate sample design used to induce a gate-tunable periodic
potential modulation in graphene. By the combined action of a global back gate and a few-layer
graphene patterned bottom gate (PBG), a periodic charge carrier density modulation can be
induced in the encapsulated graphene layer transferred on top of the pattered bottom gate.
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The PBGs used in this work were made from few-layer graphene flakes with thicknesses between
2 to 5 layers which were mechanically exfoliated onto a Si/SiO2 chip with 285 nm SiO2 and
subsequently patterned into short-period antidot lattices by EBL and RIE with oxygen plasma.
A thin layer (∼ 60 nm) of PMMA 950k 2% was used as e-beam resist leaving fewer and more
easily removable residues on the samples after patterning compared to CSAR 62. The EBL step
was carried out at highest available acceleration voltage (30 kV) with small working distance
(∼ 3.5 mm) and small aperture (10 µm). The e-beam-exposed PMMA resist was gently developed
in a cold (T ∼ 10 ◦C) mixture of isopropyl alcohol : H2O (7:3) for increased pattern resolution
[263, 266–268].
After RIE several cleaning steps were applied: cleaning in strong resist stripper (Remover PG
from Microchem) at 60 ◦C and subsequent annealing in vacuum (pressure: ∼ 10 mbar) at 400 ◦C
in order to remove PMMA and other residues. An oxygen plasma cleaning step can not be
applied since the few-layer graphene would be etched. Afterwards, the PBGs were examined
by means of an atomic force microscope (AFM) and sufficiently clean and suitable PBGs were
chosen for further processing. Fig. 3.12 depicts AFM images of few-layer graphene PBGs with
square and hexagonal superlattice geometry and a lattice constant of a = 40 nm. In the next
step the van der Waals stacking technique was used to encapsulate graphene between two hBN
flakes. The finished graphene/hBN heterostructure was transferred on top of the PBG. The
bottom hBN layer was chosen to be only a few nm in thickness (∼ 5 nm) in order to achieve a
well-defined and pronounced modulation potential. Usually, the yield of suitable and sufficiently
thin hBN flakes by standard mechanical exfoliation is quite low. An alternative method to obtain
thin hBN dielectrics by precise etching of thicker hBN flakes is suggested in appendix B. After
the stacking process the final hBN/graphene/hBN stack was shaped into Hall bar geometry by
EBL and selective RIE with SF6 and O2. In the last step 1D edge contacts were fabricated by
EBL and evaporation of Cr (5 nm) / Au (80 nm).
Fig. 3.13 (a) schematically depicts the final sample geometry and the working principle of the
double-gate design. The global back gate is mainly screened by the PBG and controls the charge
carrier density in graphene areas above the holes of the PBG, i.e. the back gate mainly induces
the periodic potential modulation tunable by the applied back gate voltage Vbg and dependent
on the geometry of the PBG and the thickness of the bottom hBN layer. The PBG voltage Vpbg
mainly controls the average charge carrier density in the entire graphene layer. The top graph in
Fig. 3.13 (a) displays the calculated charge carrier density modulation profile at a certain gate
configuration for a device with dielectric thicknesses of dSiO2 = 285 nm (SiO2) and dhBN,bot = 5
nm (bottom hBN). Fig. 3.13 (b) and (c) show an optical microscope image of a finished device
and an AFM image of the corresponding PBG with square superlattice and a lattice constant of
a = 40 nm.
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Figure 3.12: AFM topography images of patterned few-layer graphene. (a) Square antidot
lattice with a = 40 nm. (b) Hexagonal antidot lattice with a = 40 nm.

Figure 3.13: (a) Sample design with encapsulated graphene, global back gate, and few-layer
graphene patterned bottom gate (PBG). Blue and red arrows represent electric field lines
corresponding to the applied gate voltages Vbg and Vpbg. The global back gate is mainly screened
by the PBG except at positions of the patterned holes. Consequently, this induces a periodic
charge carrier density modulation in the graphene layer. The induced modulation reflects the
patterned lattice geometry. The PBG mainly controls the average charge carrier density in the
overall graphene layer. The top graph shows the calculated charge carrier density modulation
profile at a certain gate configuration for a device with square superlattice and a lattice constant
of a = 40 nm with dielectric thicknesses of dSiO2 = 285 nm (SiO2) and dhBN,bot = 5 nm (bottom
hBN) [269]. (b) Optical microscope image of a finished device (sample SL1, see chapter 4.2)
with encapsulated graphene in Hall bar geometry and the PBG (red outline). (c) AFM image of
the PBG in (b) with square antidot lattice and a = 40 nm. [13]
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3.4 Measurement Setup
Electrical transport measurements were conducted in a 4He cryostat with a base temperature of
T = 1.4 K. Fig. 3.14 shows a cross-section and the main components of a typical 4He cryostat.
The sample is mounted onto a probe and inserted into the VTI (variable temperature insert). By
opening a needle valve which connects the helium bath to the VTI and pumping on the VTI,
the sample can be cooled down to base temperature. In addition, heating elements in the VTI
enable to perform measurements up to T ∼ 180 K. Furthermore, a superconducting coil inside
the helium bath allows to apply uniform magnetic fields up to B = 10 − 14 T (depending on
the cryostat used). Control and sensing wires connect the sample, magnetic coil, heater, and
temperature sensors inside the VTI to the corresponding measurement equipment and a PC for
controlling the experimental setup and data acquisition. Fig. 3.15 schematically depicts the AC
measurement setup with standard lock-in technique. A master lock-in amplifier, operating at
an oscillator frequency of 13 Hz, in combination with a series resistance provides a maximum
source-drain current of I = 1− 10 nA applied to the investigated graphene devices in Hall bar
geometry. Additional lock-in amplifiers are used to simultaneously measure longitudinal (Vxx)
and transverse (Vxy) voltages. For gate-bias spectroscopy a DC measurement setup is used, as
schematically shown in Fig. 3.16. In this case, a DC voltage source provides a source-drain bias
voltage Vbias. The current through the device is amplified and converted into a voltage signal
which is measured by a voltmeter. In both setups, the available gates are connected to SMUs
(source measure units) in order to apply well-defined gate voltages (back gate voltage Vbg and
PBG voltage Vpbg). The measurement devices are connected to a PC over GPIB (general purpose
interface bus) cables. Device control and data acquisition is done via the Lab::Measurement [270]
environment.

Figure 3.14: Main components of a 4He cryostat with a base temperature of T = 1.4 K. The
sample is mounted onto a probe and inserted into the VTI. A needle valve connecting the VTI to
a helium bath and heating elements inside the VTI allow temperature controlled measurements.
A superconducting magnet coil allows to apply uniform magnetic fields up to B = 10 − 14
T. Control and sensing wires connect the sample and controllable cryostat components to the
measurement equipment and a PC. Adapted from [271].
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Figure 3.15: AC measurement setup with standard lock-in technique. A master lock-in amplifier
in combination with a series resistance (Rbias = 10 MΩ) is used to apply a maximum source-drain
current of I = 1 − 10 nA to a graphene device in Hall bar geometry. Longitudinal (Vxx) and
transverse (Vxy) voltages are measured by additional lock-in amplifiers. Gate voltages are applied
by SMUs (back gate voltage Vbg and PBG voltage Vpbg). Device control and data acquisition is
done via GPIB cables (red) and a PC with Lab::Measurement [270] environment.

Figure 3.16: DC measurement setup for gate-bias spectroscopy. A DC voltage source provides
a source-drain bias voltage Vbias. The current through the device is amplified and converted
into a voltage signal which is measured by a voltmeter. A back gate voltage Vbg is applied
by a SMU. Device control and data acquisition is done via GPIB cables (red) and a PC with
Lab::Measurement [270] environment.
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CHAPTER 4
EXPERIMENTAL RESULTS

4.1 Transport Measurements on Graphene Antidot Lattices

The following section discusses transport measurements on two graphene antidot lattice (GAL)
devices (AD1 and AD2). Besides the general characterization and the observation of commensu-
rability features, the emergence and tunability of energy gaps are investigated. The following
table provides some basic information about the two examined GAL samples:

sample dhBN,top dhBN,bot antidot lattice geometry lattice constant a neck width w
AD1 10 nm 55 nm square 50 nm 40 nm
AD2 5 nm 25 nm hexagonal 40 nm 25 nm

4.1.1 Characterization and Commensurability Effects

The following measurements were conducted on sample AD1 − a GAL in Hall bar geometry
with square antidot lattice (lattice constant a = 50 nm, estimated hole diameter dAD ∼ 10
nm, and neck width w ∼ 40 nm). The geometrical factor of the sample is W/L ∼ 0.54 with
L ∼ 2.5 µm and the classical gate coupling between graphene and the back gate is given by
cg ∼ 0.97× 10−4 F/m2. The quantum capacitance is not taken into account due to the relatively
thick SiO2 dielectric (285 nm). An unpatterned reference region of the Hall bar allowed to work
out the actual impact of the antidot region on the electronic properties of monolayer graphene
by comparison to the nanostructured part of the sample.
Fig. 4.1 (a) shows the longitudinal resistance Rxx of the antidot region and of the unpatterned
region as a function of back gate voltage Vbg at T = 1.4 K. Overall, the gate response of the
antidot region exhibits strongly increased resistance compared to the pristine area. At the CNP
the resistance of the GAL reaches about 200 kΩ and the on/off conductance ratio Gon/Goff
of the device in the accessible gate voltage range is in the order of magnitude of ∼ 100. The
field-effect mobility of the unpatterned region is about µpristine ∼ 120 000 cm2/Vs, reflecting the
overall high quality of the encapsulated graphene layer. The apparent field-effect mobility in
the patterned region is about µpatterned ∼ 2000 cm2/Vs, strongly decreased due to additional
scattering at the antidot edges. Although the protective hBN layer on top was relatively thin
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(dhBN,top ∼ 10 nm) and a dense array of nanoholes was etched into graphene by means of EBL
and RIE (during which the sample was exposed to e-beam resist, chemicals and reactive gases), no
severe doping effect of the patterned graphene region can be observed as evident from the absence
of a noticeable shift of the Dirac peak position. In magnetotransport measurements on the GAL,
shown in Fig. 4.1 (b), the quantum Hall effect starts to appear at relatively low magnetic fields
of a few Tesla, indicating a high intrinsic charge carrier mobility in the remaining graphene areas.
Overall, encapsulation between hBN preserved the intrinsic high quality of graphene even during
the invasive lithography steps which were employed to fabricate short-period antidot lattices
with neck widths of only a few tens of nanometres.

Figure 4.1: (a) Gate response of a square GAL with a = 50 nm in comparison with the gate
response of pristine graphene in an unpatterned reference region. The longitudinal resistance
Rxx is plotted as a function of back gate voltage Vbg. The extracted field-effect mobility in
the unpatterned region lies at about 120 000 cm2/Vs. The apparent field-effect mobility in the
patterned antidot region is reduced to about 2000 cm2/Vs and the overall resistance is strongly
increased. (b) Rxx and Rxy as a function of back gate voltage Vbg in the antidot region at a
magnetic field of B = 5 T. Quantum Hall states with ν = ±2 are observable.

The preserved high intrinsic charge carrier mobility in the GAL allows the observation of ballistic
effects and commensurability features in magnetotransport. Fig. 4.2 (a) displays the longitudinal
resistance Rxx as a function of magnetic field B at a back gate voltage of Vbg = −5 V which
corresponds to a charge carrier density of n = −7.1× 1011 1/cm2. At this value of charge carrier
density the Fermi wavelength λF ∼ 42 nm is comparable to the neck width w ∼ 40 nm − the
system is in the quantum transport regime. Consequently, no antidot resonances can be observed
at the expected magnetic field positions.
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By increasing the charge carrier density to n = −3.2× 1012 1/cm2 which corresponds to a Fermi
wavelength of λF ∼ 20 nm − now well below the neck width w − the system enters the classical
transport regime and antidot peaks start to emerge at magnetic field values corresponding to
pinned cyclotron orbits around 1 and 2 antidots, as depicted in Fig. 4.2 (b). At lower magnetic
field values no additional (or at least no clearly distinguishable) antidot resonances can be
identified. At high magnetic fields, if the cyclotron diameter is reduced below the neck width,
the system enters the quantum Hall regime.
The resistance peak at zero magnetic field is caused by weak localization of charge carriers [66],
from which a phase coherence length of about lφ ∼ 200 nm can be extracted (see Fig. 4.3). This
value lies well above the lattice spacing and shows that the patterned holes do not induce severe
phase breaking scattering processes. Otherwise, the intervalley scattering length li ∼ 50 nm, also
extracted from the weak localization feature, is comparable to the lattice spacing and points
towards enhanced intervalley scattering at the rough edges of the patterned nanoholes.

Figure 4.2: (a) Magnetotransport data at Vbg = −5 V. Rxx is plotted as a function of magnetic
field B. The Fermi wavelength λF ∼ 42 nm is comparable to the neck width w of the GAL − the
system is in the quantum regime and no antidot resonances are observable. The arrow indicates
the expected position of the fundamental antidot peak (corresponding to pinned orbits around
one antidot). At high magnetic fields the system enters the quantum Hall regime. (b) At higher
back gate voltages, i.e. higher charge carrier density, the Fermi wavelength is reduced below
the neck width w and antidot features start to develop. Antidot resonances, corresponding to
pinned orbits around 1 and 2 antidots (see inset), are clearly visible. No clearly resolved antidot
resonance around 4 antidots can be identified. The enhanced resistance at zero magnetic field is
caused by weak localization.
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Figure 4.3: (a) Rxx around zero magnetic field displaying weak localization of charge carriers.
(b) By fitting the data (red) to theory (blue curve, [66]), the phase coherence length lφ and
intervalley scattering length li can be extracted. The conductivity scale is shifted and the fitting
was done via a fitting tool provided by Jan Bundesmann (University of Regensburg/chair Prof.
Dr. K. Richter).

The fine oscillations superimposed on the magnetoresistance, see e.g. Fig. 4.2 (b), are reproducible
(as illustrated in Fig. 4.4 (a)) and could indicate universal conductance fluctuations [67]. Another
possible origin of these oscillations are contributions from quantized cyclotron orbits around
antidots [251]. A fast Fourier transform (FFT) of the oscillations, averaged over several charge
carrier densities, reveal a frequency of f ∼ 0.8 1/T (see Fig. 4.4 (b)). This corresponds to the
addition of approximately one magnetic flux quantum Φ0 per area A ∼ (57)2 nm2, which is
comparable to the antidot lattice unit cell area AAD = a2 = (50)2 nm2.

Figure 4.4: (a) Rxx as a function of magnetic field B at several back gate voltages Vbg
after background subtraction. For every Vbg, sweep and backsweep is shown, illustrating the
reproducibility of the observed oscillations. The curves are shifted for clarity. (b) Averaged FFT
of the data shown in (a). The FFT peak at a frequency of about f ∼ 0.8 1/T corresponds to
one magnetic flux quantum per area A ∼ (57)2 nm2, which is comparable to the lattice unit cell
area a2 = (50)2 nm2. Data processing was done via a Matlab code provided by Johannes Ziegler
(University of Regensburg/chair Prof. Dr. D. Weiss).
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4.1.2 Magnetically Tunable Energy Gap

In the following section, the emergence of energy gaps in GALs and their tunability by a magnetic
field are investigated. The first measurements were conducted on sample AD1. Energy gaps
Egap can be determined from temperature dependent measurements by applying Arrhenius law
of temperature-activated transport [6, 25]:

Gmin ∝ e
(−Egap

2kBT

)
(4.1)

In the case of fundamental energy gaps in graphene, Gmin corresponds to the minimum conduc-
tance (i.e. maximum resistance) at the CNP. Pristine graphene, lacking an intrinsic energy gap,
exhibits only a weak temperature dependency of resistance at the CNP. This is illustrated in Fig.
4.5 (a) which displays back gate voltage sweeps at low (8 K) and elevated (140 K) temperature
measured in the unpatterned region of the Hall bar.
For comparison, Fig. 4.5 (b) shows gate sweeps at temperatures between T = 8 K and T = 140
K in the antidot region. In the nanopatterned graphene region the resistance at the CNP is
strongly increased and the GAL shows insulating behaviour. The evolution of the conductance as
a function of temperature reflects temperature activated transport. Overall, this points towards
the existence of a fundamental energy gap in the GAL.
Fig. 4.6 (a) displays the minimum conductance Gmin at the CNP as a function of inverse
temperature 1/T . The saturation of Gmin at low temperatures could be attributed to limitations
of the lock-in measurement setup with finite AC current bias [225]. Since the performed lock-in
measurements were carried out with a finite AC current bias, one also has to take into account the
voltage drop Vxx across the patterned area and the current I through the device, both shown in
Fig. 4.7. The maximum voltage drop of about Vxx ∼ 2 mV can be associated with a temperature
of about T ∼ 20 K (Vxxe = kBT ). Consequently, one can expect a reduced impact of the energy
gap on the transport properties at lower temperatures. Additionally, if the voltage drop exceeds
the size of the energy gap, the resistance at the CNP starts to saturate [225]. Another origin of
the observed onset of saturation could be variable range hopping which may also have significant
impact on the transport properties of GALs at low temperatures, generally causing a temperature
dependency of the conductance which is different from simply temperature-activated behaviour
[232, 233].
By employing eq. 4.1 and applying a linear fit to the high temperature region in the Arrhenius
plot, an energy gap of about Egap ∼ 6 meV is estimated, as depicted in Fig. 4.6 (b). In
comparison with theoretically expected values for the corresponding neck width (see Fig. 2.45),
the experimental value seems to be underestimated since it lies at the lower limit. Similar
experiments on comparable short-period GALs showed energy gaps at the upper limit of the
expected range [6]. One reason for the apparent discrepancy could be the fact that the used
temperature range was not sufficient to probe the overall size of the energy gap. In Ref. [6],
temperatures above T = 200 K were necessary in order to correctly determine the actual size
of the energy gap in a short-period GAL (with neck width ∼ 12− 15 nm). Unfortunately, the
available maximum temperature in the used experimental setup was limited to about T ∼ 180 K
and temperatures well below this limit were applied.
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Figure 4.5: (a) Pristine graphene: Rxx as a function of back gate voltage Vbg at T = 8 K and
T = 140 K. Pristine graphene exhibits nearly no temperature-dependent behaviour of resistance
in the considered temperature range. (b) Patterned antidot region: Rxx displays temperature
activated transport at the CNP, indicating the emergence of an energy gap.

Figure 4.6: (a) Minimum conductance Gmin at the CNP as a function of inverse temperature
1/T . (b) Arrhenius Plot: Determination of the size of the energy gap by Arrhenius law of
temperature-activated transport. The fit used for extraction of the energy gap was applied in the
linear high temperature region. The estimated size of the energy gap is about Egap ∼ 6 meV.
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Figure 4.7: (a) Voltage drop Vxx across the antidot region as a function of back gate voltage
Vbg. The applied source-bias voltage is Vbias = 0.1 V. (b) The current I through the device as a
function of back gate voltage Vbg. By using a series resistor of Rbias = 10 MΩ, the maximum
current I through the device is limited to I = 10 nA.

Besides Arrhenius law of temperature-activated transport, an alternative method was used in
order to estimate the size of energy gaps in the investigated GALs by considering the gate voltage
range ∆Vbg of the transport gap region at low temperature. In general, this gate voltage range
can be associated with a certain energy range ∆E and is, in the ideal case, identical to the extent
of the fundamental energy gap Egap in the electronic band structure. But since the transport gap
in realistic devices also contains contributions from disorder [226, 230], the estimated magnitude
of energy gaps can only give an upper limit and should be treated with caution. Furthermore, the
following estimation neglects Fermi level pinning at midgap states, originating from e.g. defects,
which ideally also has to be taken into account.
The (simplified) estimation of energy gaps Egap by considering the transport gap region ∆Vbg is
given by [6, 239, 272, 273]:

Egap = ∆E = 2~vF
√
πcg∆Vbg/2e (4.2)

The gate voltage range ∆Vbg of the transport gap region can be estimated in two ways:
Method (1) (see Fig. 4.8 (a)): The transport gap region is determined by taking the gate voltage
range in which the conductivity σxx drops below one conductance quantum, which is equivalent
to the Ioffe-Regel criterion for localization in 2D semiconductors [6, 274]. If the Ioffe-Regel
criterion kF · lmfp ∼ 1 is fulfilled, a transition into an insulating regime occurs which manifests if
kF · lmfp � 1.
Method (2) (see Fig. 4.8 (b)): The transport gap region is determined by extrapolating the
linear regions of conductivity σxx to zero conductivity. The thereby defined gate voltage range
corresponds to the transport gap region [227].
The result in both methods shows overall larger gap values compared to the value extracted from
temperature activated transport. For sample AD1, values of about Egap ∼ 120 meV (method (1))
and Egap ∼ 100 meV (method (2)) are estimated, exceeding the upper limit of the expected range
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in Fig. 2.45 and pointing towards the presence of non-negligible disorder in the device. Also the
emergence of conductance peaks inside the transport gap region indicates the presence of midgap
states and resonant conduction paths through localized states [239] probably originating from
(edge) disorder and defects.

Figure 4.8: Determination of the transport gap fo a square GAL with lattice constant a = 50
nm and neck width w = 40 nm: (a) Conductivity σxx on a logarithmic scale as a function of
back gate voltage Vbg. Method (1) used to determine the transport gap region: the gate voltage
range of the transport gap is determined by the region in which σxx drops below the conductance
quantum e2/h. (b) Conductivity σxx on a linear scale as a function of back gate voltage Vbg.
Method (2) used to determine the transport gap region: the gate voltage range of the transport
gap regime is extracted by extrapolating the regions of linear increase of σxx to zero conductivity.

In the following, sample AD2 with a hexagonal antidot lattice (lattice constant of a = 40 nm,
an estimated hole diameter of dAD ∼ 15 nm, and a neck width of w ∼ 25 nm) is examined in
more detail. The geometrical factor of the sample is W/L ∼ 0.53 with L ∼ 1.9 µm and the
classical gate coupling between graphene and the back gate is given by cg ∼ 1.09× 10−4 F/m2.
In this sample the observation of commensurability features was not possible since the maximum
applicable back gate voltage was limited to values not sufficient for probing antidot resonances
due to increasing leakage currents through the gate at higher back gate voltages.
Fig. 4.9 (a) shows the voltage drop Vxx across the antidot region and Fig. 4.9 (b) displays the
source-drain current I as a function of back gate voltage Vbg measured at base temperature
T = 1.4 K. By using a series resistor of Rbias = 10 MΩ, the maximum current I through the device
was limited to I = 1 nA. Again, at the CNP, Vxx strongly increases and the current through the
device significantly decreases which reflects a regime of high resistance. The maximum voltage
drop of about Vxx ∼ 1.5 mV corresponds to a temperature of about T ∼ 15 K. Fig. 4.9 (c) shows
the longitudinal resistance Rxx as a function of Vbg. The sample exhibits insulating behaviour
at the CNP, where the longitudinal resistance Rxx reaches a few MΩ. Fig. 4.9 (d) displays the
corresponding longitudinal conductivity σxx = 1

Rxx

L
W from which a field-effect mobility of about

µ ∼ 800 cm2/Vs is determined. The Gon/Goff -ratio of the GAL device in the accessible gate
voltage range is in the order of magnitude of ∼ 100.



4.1. TRANSPORT MEASUREMENTS ON GRAPHENE ANTIDOT LATTICES 81

Figure 4.9: Sample AD2: Hexagonal GAL with lattice constant a = 40 nm and neck width
w = 25. (a) Voltage drop Vxx across the antidot region as a function of back gate voltage Vbg.
The applied source-bias voltage is Vbias = 0.01 V. (b) The current I through the device as a
function of back gate voltage Vbg. By using a series resistor of Rbias = 10 MΩ, the maximum
current I through the device is limited to I = 1 nA. (c) Rxx as a function of back gate voltage
Vbg. The resistance at the CNP is strongly increased. (d) Conductivity σxx as a function of
back gate voltage Vbg from which a field-effect mobility of µ ∼ 800 cm2/Vs is extracted. σxx is
strongly suppressed in the insulating regime around the CNP.
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Fig. 4.10 displays the measured longitudinal voltage drop Vxx and the current I through
the device as a function of back gate voltage Vbg at different perpendicular magnetic fields
B and temperatures T . Fig. 4.11 shows the corresponding longitudinal resistances Rxx as a
function of back gate voltage Vbg. By applying a perpendicular magnetic field to the sample, the
resistance at the CNP decreases and the insulating regime starts to vanish, which indicates a
quenching of the energy gap (see Fig. 4.11 (a)). This becomes also apparent in temperature-
dependent measurements conducted at B = 0, 2, 4 T, as plotted in Fig. 4.11 (b)-(d). Again, a
strong temperature dependency of Rxx and temperature-activated transport behaviour at the
CNP is observed. Upon increasing the applied magnetic field, the device exhibits a negative
magnetoresistance and the effect of temperature-activated transport decreases.

Figure 4.10: (a) Voltage drop Vxx across the antidot region as a function of back gate voltage
Vbg at B = 0 T, B = 2 T, and B = 4 T. The applied source-bias voltage is Vbias = 0.01 V. (b)
The corresponding current I through the device as a function of back gate voltage Vbg. By using
a series resistor of Rbias = 10 MΩ, the maximum current I through the device is limited to I = 1
nA. (c) Voltage drop Vxx across the antidot region as a function of back gate voltage Vbg at
different temperatures and B = 0 T. (d) The corresponding current I as a function of back gate
voltage Vbg.
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Figure 4.11: (a) Gate sweeps of Rxx at B = 0 T, B = 2 T, and B = 4 T. The negative
magnetoresistance at the CNP indicates a diminishing of the energy gap upon applying a
magnetic field. (b)-(d) Temperature-dependent gate sweeps at (b) B = 0 T, (c) B = 2 T, and
(d) B = 4 T.
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In the following, the corresponding conductivities, given by σxx = ρxx

ρ2
xx+ρ2

xy
, are evaluated. Fig.

4.12 (a) shows the minimum conductivity σmin at the CNP as a function of inverse temperature
1/T . Energy gaps, determined in Arrhenius plots, are displayed in Fig. 4.12 (b). A zero-field
value of about Egap ∼ 6.8 meV is estimated which again lies at the lower limit of the expected
range (see. Fig. 2.45). Furthermore, by increasing the applied magnetic field, a decrease of
the apparent magnitude of the energy gap is observed. At B = 2 T the energy gap is reduced
to about Egap ∼ 3.8 meV. At B = 4 T the size of the apparent energy gap shrinks to about
Egap ∼ 1.5 meV.

Figure 4.12: (a)Minimum conductivity σmin as a function of inverse temperature 1/T extracted
from the data in Fig. 4.11. (b) Corresponding Arrhenius plots from which the magnitude of
energy gaps at different magnetic fields is estimated. By increasing the applied magnetic field, the
apparent energy gap in the GAL decreases from about Egap ∼ 6.8 meV at B = 0 T to Egap ∼ 1.5
meV at B = 4 T.

The magnitude of energy gaps is also estimated by the two alternative methods (1) and (2)
considering the transport gap region. The results are depicted in Fig. 4.13 (a) and Fig. 4.13
(b). Again, the resulting values are larger compared to the values extracted from Arrhenius
plots and exceed the upper limit of the expected range (see Fig. 2.45). The zero-field value
obtained from method (1) lies at about Egap ∼ 200 meV. The value determined from method
(2) is about Egap ∼ 150 meV. The magnetic field dependency of energy gaps, derived from all
three methods, is plotted in Fig. 4.14 in which the size of energy gaps is normalized to the
corresponding zero-field value. In all cases, a diminishing of an initial energy gap upon increasing
the applied magnetic field is observed. By extrapolating the data to zero value, done by applying
linear fits, a complete closing of the energy gap in a magnetic field range roughly between B ∼ 3
T and ∼ 9 T is estimated, corresponding to a magnetic length lB < 15 nm well below the neck
width. At higher magnetic fields, the usual quantum Hall effect of pristine graphene manifests,
as depicted in Fig. 4.15.
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Figure 4.13: (a) Conductivity σxx plotted on a logarithmic scale as a function of back gate
voltage Vbg at different magnetic fields B. Method (1): The gate voltage range of the transport
gap is determined by the region in which σxx drops below one conductance quantum e2/h. (b)
Conductivity σxx plotted on a linear scale as a function of back gate voltage Vbg at different
magnetic fields B. Method (2): The gate voltage range of the transport gap is extracted by
extrapolating the linear regions of σxx to zero conductivity. At B ≥ 4.5 T no transport gap
region can be defined with method (2).

Figure 4.14: Energy gaps Egap normalized to their zero-field value (E0) as a function of
magnetic field B. Energy gaps were extracted from Arrhenius plots (see Fig. 4.12) and from two
alternative methods (1)+(2) by evaluating the gate voltage range of the transport gap (see Fig.
4.13). The linear fits in all three cases point towards a complete closing of a zero-field energy gap
in a magnetic field range roughly between B ∼ 3 T and B ∼ 9 T.
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Figure 4.15: Longitudinal and Hall resistance as a function of back gate voltage at B = 12 T.
At high magnetic fields the usual quantum Hall effect of pristine graphene manifests.

Conclusion

Overall, a quantitative and reliable determination of the actual size of energy gaps in the
investigated GAL devices was not possible by the employed methods since strongly differing gap
sizes were obtained, ranging between ∼ 6 meV and ∼ 200 meV. Consequently, the extracted
values can be only seen as rough, qualitative estimations. But the experimental results indicate
the emergence of magnetically tunable energy gaps in GALs since the estimated zero-field gap
values, obtained in all employed methods, exhibited a diminishing in an applied magnetic field.
In addition, the measurement results point towards the presence of a non-negligible amount of
disorder (probably mainly edge disorder [240]) influencing the charge carrier transport through
the investigated devices and obscuring the impact of a fundamental energy gap. Also the on/off
conductance ratio obtained in the fabricated GAL devices (in the order of magnitude of ∼ 100 at
T = 1.4 K) is too low to allow real transistor action at room temperature since the current flow
through the devices can not be completely switched off. Consequently, further improvements in
device quality are necessary in order to reduce (edge) disorder. Also the neck widths of GAL
devices should be further reduced (ideally below 10 nm [23]) in order to increase the magnitude
of the induced energy gaps which would consequently enhance the on/off conductance ratio and
enable efficient transistor action, but with the drawback of a further decrease in charge carrier
mobility [275, 276].
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4.1.3 Gate-Bias Spectroscopy

In principle, magnetically tunable energy gaps allow to control (and in the ideal case to completely
switch off) the current flow through a GAL device. An exemplary working principle is given in
the following gate-bias spectroscopy measurements on sample AD2 conducted at B = 0 T and
B = 3 T, as depicted in Fig. 4.16. Fig. 4.16 (a) schematically shows the principle of gate-bias
spectroscopy. The current I is measured as a function of applied bias voltage Vbias at different
gate voltages Vbg. At zero magnetic field the I/Vbias-curves exhibit non-linear behaviour due to
suppressed current flow at the CNP in an extended Vbias range around Vbias = 0 V, see Fig. 4.16
(b). One can define a bias gap region ∆Vbias ∼ 14 mV in which the I/Vbias-characteristics deviate
from linear behaviour (determined by the grey dashed lines in Fig. 4.16 (b)). The corresponding
differential conductance dI/dVbias in this regime is reduced, see Fig. 4.16 (c). By applying a
magnetic field of B = 3 T, the I/V -curves change and display nearly linear behaviour − as
expected for an Ohmic conductor like pristine graphene − (see Fig. 4.16 (b)) and the region of
suppressed differential conductance starts to vanish (see Fig. 4.16 (c)). Fig. 4.17 shows colour
map plots of the conducted gate-bias spectroscopy measurements. In Fig. 4.17 (a) and (b), the
current I and the corresponding differential conductance dI/dVbias are plotted as a function of
Vbias and Vbg at B = 0 T. At zero magnetic field the current flow through the GAL around the
CNP is suppressed and an island of reduced differential conductance emerges. A transport gap
region (∆Vbg ∼ 12 V → Egap ∼ 150 meV − approximately identical to the gap value estimated
from method (2)) and a bias gap region [239] (Egap = e∆Vbias ∼ 14 meV − identical to the bias
gap value extracted in Fig. 4.16 (b)) can be defined, as illustrated in Fig. 4.17 (b). In the ideal
case, these energy ranges (which should be identical) correspond to the fundamental energy gap
in the GAL, but again, probably due to remaining disorder in the investigated device, a trivial
one-to-one correspondence between the values extracted from the gap regions and a fundamental
energy gap is not given − similar to the case of GNRs [239]. At B = 3 T, as depicted in Fig.
4.17 (c) and (d), the suppression of current at the CNP is reduced and the region of reduced
differential conductance starts to vanish − the GAL exhibits nearly Ohmic behaviour.
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Figure 4.16: (a) Principle of gate-bias spectroscopy. An applied bias voltage Vbias between
source and drain contact opens a bias window eVbias. Depending on available states inside the
bias window, current between source and drain is able to flow or is blocked. By an applied
back gate voltage Vbg, energy levels of the studied device can be effectively shifted up and down
in energy. Adapted from [239]. (b) I/Vbias-curves of sample AD2 at a back gate voltage of
Vbg = 2 V in the vicinity of the CNP at B = 0 T and B = 3 T. At zero magnetic field the GAL
exhibits non-Ohmic behaviour. The current flow in an extended Vbias range around Vbias = 0 V
is suppressed. By extrapolating the linear regions of the I/Vbias-curve to zero current, a bias
gap region ∆Vbias ∼ 14 mV can be defined (grey dashed lines). By applying a magnetic field,
the character of the I/Vbias-curve changes to nearly linear behaviour as expected for an Ohmic
conductor like pristine graphene. (c) The corresponding differential conductance dI/dVbias
plotted as a function of Vbias at B = 0 T and B = 3 T. dI/dVbias increases upon applying a
magnetic field.
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Figure 4.17: Gate-bias spectroscopy conducted on sample AD2: (a) Zero magnetic field:
Current I as a function of bias voltage Vbias at different back gate voltages Vbg. (b) The
corresponding differential conductance dI/dVbias. At zero magnetic field the current flow through
the GAL in the insulating region around the CNP is suppressed and a region of reduced differential
conductance emerges. A transport gap region (∆Vbg ∼ 12 V → Egap ∼ 150 meV) and a bias gap
region (Egap = e∆Vbias ∼ 14 meV) can be defined. (c) At B = 3 T: Current I as a function of
bias voltage Vbias at different back gate voltages Vbg. (d) Differential conductance dI/dVbias at
B = 3 T. By applying a magnetic field, the suppression of current through the device and the
gap regions vanish.
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4.1.4 Non-Local Resistance

Figure 4.18: Hall resistance Rxy as a function of back gate voltage Vbg measured in sample
AD2. (a) Zero-field Rxy at different temperatures. (b) Rxy at different magnetic fields. (c)
Non-local resistance Rnl as a function of Vbg. Inset shows the measurement setup. A current
I is applied between contacts 1 and 2 and the non-local voltage drop Vnl is measured between
contacts 3 and 4. Rnl exceeds the expected value given by the Ohmic contribution (see (d)). (d)
Expected Ohmic contribution R′nl to the non-local resistance.

Another phenomenon, observed in the studied GALs, is a pronounced zero-field Hall resistance
Rxy which strongly decreases upon increasing the temperature (see Fig. 4.18 (a)) or by increasing
a magnetic field applied perpendicularly to the sample (see Fig. 4.18 (b)). Also additional non-
local measurements show a pronounced non-local signal Rnl (see Fig. 4.18 (c)) which exceeds the
expected Ohmic contribution R′nl ∼ ρxx exp(−πL/W ) [277] (see Fig. 4.18 (d)). The origin of such
large non-local signals is not completely clear. One explanation could be directed scattering of
electrons into voltage probes due to the present ensemble of antidots. Another explanation, given
in the special case of GALs and in gapped graphene in general, is that the energy gap induces a
non-zero Berry curvature ~Ω which is connected to a force ~F ∝ ~k× ~Ω acting on the charge carriers
[212, 278]. The non-zero Berry curvature ~Ω effectively acts as a magnetic field in k-space, which
can give rise to a non-zero Hall response Rxy. The emergence of such Berry-curvature-induced,
non-local signals has already been observed in graphene/hBN devices with moiré-induced energy
gaps [279, 280]. Also the GAL device in Ref. [6], similar to the studied device here, exhibited a
pronounced non-zero Hall resistance which could not be explained solely by simple geometric
effects and directed current flow and was attributed to a gap-induced non-zero Berry curvature.
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4.2 Gate-Tunable Two-Dimensional Superlattices in Graphene

The following section presents experimental and theoretical results concerning gate-tunable two-
dimensional superlattices in graphene. First, results at zero magnetic field in view of modifications
of the electronic band structure of graphene are discussed. Corresponding magnetotransport
results exhibit signatures of the Hofstadter butterfly energy spectrum and pronounced band con-
ductivity oscillations. Furthermore, the interplay between an artificial gate-defined superlattice
and a moiré superlattice is examined. Some of the results presented here are published in Ref.
[13]. The following table provides some basic information about the two investigated superlattice
devices (SL1 and SL2):

sample dhBN,top dhBN,bot superlattice geometry superlattice constant asl
SL1 25 nm 5 nm square 40 nm
SL2 35 nm 7 nm hexagonal 40 nm

4.2.1 Gate-Tunable Modification of Electronic Band Structure

The realization of superlattice effects and electronic band structure modifications in graphene by
means of the double-gate technique presented in chapter 3.3 is demonstrated in sample SL1
(see Fig. 3.13) which consists of a hBN/graphene/hBN Hall bar on top of a few-layer graphene
PBG with square lattice symmetry and lattice constant asl = 40 nm in combination with a
global, uniform p++ doped Si back gate. The geometrical factor of the sample is W/L ∼ 0.88
with L ∼ 1.4 µm and the classical gate coupling between graphene and the PBG is given by
cg ∼ 5.3× 10−4 F/m2. The relatively thin hBN dielectric with dhBN,bot ∼ 5 nm allows to induce
a well-pronounced modulation potential in the graphene layer. But due to the thin dielectric,
the quantum capacitance (see eq. 2.24) has to be included in the calculation of charge carrier
densities.
Fig. 4.19 (a) displays the gate map of the device showing the longitudinal resistance Rxx as a
function of PBG voltage Vpbg and back gate voltage Vbg measured at a temperature of T = 1.5 K
and B = 0 T. Fig. 4.19 (b) shows line cuts of Rxx at Vbg = 5, 70,−70 V and a line cut of the Hall
resistance Rxy at Vbg = 70 V and B = 200 mT as a function of normalized charge carrier density
n/n0 with n0 = 1/Asl. Asl is the lattice unit cell area Asl = a2

sl of the electrostatically defined
superlattice. In PBG voltage sweeps around Vbg = 0 V only a single Dirac peak is visible as
expected for pristine, unmodulated graphene (see. e.g. the line cut at Vbg = 5 V). The apparent
field-effect mobility of the fully encapsulated graphene, extracted at low back gate voltage, is
about µ ∼ 40 000 cm2/Vs. By increasing the back gate voltage, i.e. increasing the potential
modulation strength, the gate response of the device exhibits a clear manifestation of satellite
Dirac peaks besides the main Dirac peak. When the polarity of the back gate voltage is reversed,
all extra features in the gate map are mirrored at the main Dirac peak. The position of the
main Dirac point lies at n/n0 = 0. The most pronounced satellite peaks appear at positions
corresponding to filling up the superlattice unit cell area with four additional electrons/holes, i.e.
at n/n0 = ±4,±8, reflecting the four-fold degeneracy of graphene. Increasing the charge carrier
density up to these values is equivalent to filling up newly generated mini-Bloch-bands in the
electronic band structure which are created by the superimposed periodic potential. At high back
gate voltage also faint lines at higher charge carrier densities start to appear, indicating further
and more complicated band structure modifications. The most pronounced satellite peaks in Rxx
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are accompanied by sign changes of the Hall resistance Rxy at low magnetic fields (see the upper
panel in Fig. 4.19 (b)). This indicates a shift of the Fermi energy across band edges and an
effective change of the type of charge carriers, which further confirms the presence of well-defined
superlattice-induced minibands.

Figure 4.19: (a) Gate map of device SL1 measured at a temperature of T = 1.5 K and B = 0
T. Longitudinal resistance Rxx is plotted as a function of PBG voltage Vpbg and back gate voltage
Vbg. Around zero back gate voltage, i.e. at low modulation potential strength, a single Dirac
peak can be observed. By increasing the back gate voltage (and therefore increasing the periodic
potential strength), additional peaks besides the main Dirac peak start to manifest. (b) Lower
panel: Line cuts of Rxx at Vbg = 5, 70,−70 V as a function of normalized charge carrier density
n/n0 with n0 = 1/a2

sl. The position of the main Dirac point is at n/n0 = 0. The most pronounced
satellite peaks in Rxx, visible at high back gate voltage, appear at positions n/n0 = ±4,±8.
Upper panel: Hall resistance Rxy at Vbg = 70 V and B = 200 mT. A sign change of Rxy at
positions of the satellite peaks in Rxx can be observed. [13]

Electrostatic Simulations

Finite-element-based electrostatic simulations of the device show the effect of the two different
gates on the periodic modulation potential and charge carrier density [13]. All presented
electrostatic simulations are provided by Ming-Hao Liu and Szu-Chao Chen [269].
The polarity map in Fig. 4.20 (a) shows the different modulation regimes in the gate map ranging
from unipolar to bipolar potential modulation calculated by examining the type of charge carriers
at positions 1 (sgn(n1)) and 2 (sgn(n2)) in the potential landscape induced by the superlattice
(see inset of Fig. 4.20 (a)). Fig. 4.20 (b) displays the corresponding potential strength, i.e. the
potential difference V1 − V2 between positions 1 and 2. The white dashed lines in Fig. 4.20 (b)
are equipotential lines with corresponding potential strength ranging from zero modulation to
several hundred meV. Fig. 4.20 (c) shows the calculated average charge carrier density in the
system as a function of Vpbg and Vbg.
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Figure 4.20: Results of electrostatic simulations for device SL1. The position of the main Dirac
peak at Vbg = 0 V is shifted to Vpbg = 0 V. (a) Polarity map of the device illustrating different
modulation regimes ranging from unipolar (red represents only p-type charge carriers (holes) and
blue only n-type charge carriers (electrons) in the system) to a bipolar (white region) potential
modulation. Inset shows the considered geometry with positions 1 and 2. (b) Periodic potential
strength as a function of Vpbg and Vbg. The modulation strength, i.e. potential difference between
positions 1 and 2, ranges from zero to several hundred meV. (c) Calculated average density in
the system as a function of Vpbg and Vbg. The black lines correspond to positions of constant
average charge carrier density. [13, 269]

Transport Simulations and Miniband Structure

Quantum transport simulations (in the framework of a scaled tight-binding model and the
Landauer-Büttiker formalism) and calculated miniband structures at B = 0 T, both using the
realistic square superlattice potential obtained from the electrostatic simulations and taking into
account the geometry of the investigated device, accurately reproduce and explain the observed
features in the experimental data [13]. The presented transport simulations and the calculated
miniband structures are provided by Ming-Hao Liu and Szu-Chao Chen [269].
Fig. 4.21 presents the results of the transport calculations and the corresponding miniband
structures. Fig. 4.21 (a) displays the simulated longitudinal resistance Rxx as a function of Vpbg
at fixed Vbg = 58 V. Fig. 4.21 (b) shows the full gate map of the considered six-terminal Hall
bar (see left inset of Fig. 4.21(b)). The transport simulations accurately reproduce the observed
features in the transport measurements in Fig. 4.19. At large positive back gate voltage two
satellite Dirac peaks to the right and one to the left of the main Dirac peak can be seen, which is
consistent with the experimental results. Also the sign change of the Hall resistance Rxy at the
positions of the satellite peaks at low magnetic fields is reproduced in the transport simulations
(see Fig. 4.21 (g)). Like in experiment, the gate response depicted in Fig. 4.21 (b) shows a
pronounced main Dirac peak throughout all back gate voltages, accompanied by additional lines
parallel to the main Dirac line emerging with increasing Vbg, i.e. upon increasing the modulation
potential strength.
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The occurrence of satellite peaks can be connected to features in the electronic band structure.
Fig. 4.21 (c)-(f) presents miniband structures corresponding to the positions depicted in Fig. 4.21
(a). If the Fermi level lies at the Dirac point of the unperturbed graphene band structure, the main
Dirac peak manifests. The first satellite peak (c for the hole and e for the electron side) originates
from secondary and tertiary Dirac points at the X and M points of the mini-Brillouin-zone
(see right inset of Fig. 4.21 (b)). The second satellite peak (f) emerges due to an additional
Dirac cone at the Γ-point of the mini-Brillouin-zone (see right inset of Fig. 4.21 (b)). At higher
charge carrier densities also higher-order minibands start to manifest, partially overlapping and
intersecting the Fermi level, which makes it more difficult to resolve additional peaks. Fig. 4.22
shows calculated potential profiles at exemplary positions in the gate map in Fig. 4.21 (b) and
provides further details of the induced modulation potential.

Figure 4.21: (a) Calculated Rxx as a function of Vpbg at fixed Vbg = 58 V. The emergence of
satellite peaks at high back gate voltages can be reproduced. (b) Simulated gate map. The
calculated transport data shows strong correspondence to the experimental results in Fig. 4.19
(a). Left inset: Considered device geometry. Right inset: mini-Brillouin-zone of the square
superlattice with high symmetry points. (c)-(f) Calculated miniband structures corresponding
to the highlighted positions in (a). The minibands are highlighted in red and blue. The Fermi
energy is fixed at zero energy (green plane). The satellite Dirac points in the spectrum correspond
to satellite peaks in Rxx. (g) Calculated Rxy as a function of Vpbg at fixed Vbg = 58 V and at
B = 200 mT showing sign changes at positions of the satellite peaks in Rxx in (a). [13, 269]
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Figure 4.22: (a) Central part of the simulated gate map in Fig. 4.21 (b). Potential profiles are
calculated at points 1 to 9. (b) Potential profiles extracted from the calculated lateral potential
landscapes in (c) in which the potential strength V (x, y) is given as a function of position (x, y).
[13, 269]

Energy Gap at the Main Dirac Point

Compared to pristine graphene, the resistance at the main Dirac peak of the modulated graphene
is strongly enhanced, which could point towards the existence of a fundamental energy gap −
similar to GALs. To further investigate this possibility, temperature dependent measurements of
Rxx were conducted. The result is shown in Fig. 4.23 in which the temperature evolution of Rxx
between T = 40 K and T = 140 K is plotted as a function of PBG voltage Vpbg at two different
back gate voltages Vbg = 10 V and Vbg = 80 V. Due to small variations of the position of the
main Dirac point between different temperatures, all curves are shifted so that the position of
the main Dirac point is located at Vpbg = 0 V. Fig. 4.24 shows the corresponding Arrhenius plots
in which the minimum conductance Gmin at the main CNP is plotted as a function of inverse
temperature 1/T . The data indicates temperature-activated transport from which an energy
gap of Egap ∼ 9 meV at Vbg = 80 V and an energy gap of Egap ∼ 17 meV at Vbg = 10 V are
estimated. Also by considering the transport gap region, analogous to the case of GALs (see
chapter 4.1.2), one can extract an energy gap of Egap ∼ 17 meV (method (1), see Fig. 4.24 (a))
and Egap ∼ 15 meV (method (2), see Fig. 4.24 (b)) at Vbg = 10 V. These values are in good
agreement with the estimation from the temperature-activated transport behaviour. For the
data at high back gate voltages, as exemplary shown for Vbg = 70 V in Fig. 4.24, no consistent
transport gap region can be defined by methods (1) and (2). Overall, the experimental results
point towards an energy gap at the main Dirac point (in contrast to the calculated miniband
structures shown in Fig. 4.21) which seems to be tunable by the applied back gate voltage
in a counterintuitive manner since it decreases by increasing the potential strength. In fact,
the emergence of an energy gap in periodically gated graphene is in principle possible and was
theoretically determined in tight-binding calculations, predicting a non-trivial dependence of the
energy gap on the gate potential [197]. It was shown that, after reaching a maximum magnitude,
the calculated energy gap quenches by further increasing the potential strength, which would
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be qualitatively consistent with the non-trivial behaviour extracted from the Arrhenius plots
and the apparent decrease of the energy gap upon increasing the potential strength. But the
gap in the case of periodic gating, caused by a local sublattice asymmetry at the edges of the
gated regions, is expected to be highly fragile and crucially dependent on the potential profile,
potential strength, and edge geometry of the gated region. Furthermore, the emergence of an
energy gap in realistic devices with smooth potential steps is expected to be difficult to achieve
and the size of energy gaps is expected to be vanishingly small − in contrast to the measured
values here. Overall, the transport measurements indicate the emergence of an energy gap at the
main CNP with non-trivial dependence on the strength of the periodic potential. But further
and more detailed investigations are necessary to confirm these findings − also in view of the
calculations in Ref. [197].

Figure 4.23: Temperature dependent measurements of Rxx at (a) Vbg = 80 V and (b) Vbg = 10
V. The position of the main Dirac peak in all curves is shifted to Vpbg = 0 V. The strong
temperature dependency of Rxx at the main CNP indicates temperature activated transport.

Figure 4.24: Arrhenius plots of the data in Fig. 4.23. The minimum conductance Gmin at the
main CNP is plotted as a function of inverse temperature 1/T . Energy gaps of Egap = 9 meV (at
Vbg = 80 V) and Egap = 17 meV (at Vbg = 10 V) are estimated.
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Figure 4.25: Estimation of energy gaps by evaluating the transport gap region (green dotted
lines). At high back gate voltage (here shown for Vbg = 70 V) no transport gap region can be
defined. (a) Method (1): An energy gap of about Egap = 17 meV is extracted at Vbg = 10 V. (b)
Method (2): An energy gap of about Egap = 15 meV is extracted at Vbg = 10 V.

4.2.2 Resolving the Hofstadter Butterfly

The following section will focus on the magnetotransport data and in particular the manifestation
of features of the Hofstadter butterfly energy spectrum. Fig. 4.26 provides information about
the impact of the periodic potential on the Landau level spectrum of graphene. Landau fan
diagrams at Vbg = 0 V and Vbg = 29 V are shown in which the longitudinal resistance Rxx is
plotted as a function of PBG voltage Vpbg and magnetic field B. At low back gate voltages,
i.e. at low potential modulation, the magnetotransport data mainly display the Landau level
spectrum of pristine, unmodulated graphene. By increasing the strength of the periodic potential,
at Vbg = 29 V, the Landau fan diagram exhibits faint features in the low magnetic field regime
emerging besides the main Dirac point. Furthermore, a significant modulation of the Landau
level spectrum, mainly in the bipolar region (roughly in which the PBG and back gate voltage
have opposite sign), is visible. In the unipolar region (roughly in which the PBG and back gate
voltage have the same sign) and at high magnetic fields the Landau level spectrum of pristine
graphene is present.
Fig. 4.27 displays magnetotransport data at Vbg = 70 V which will be discussed in more detail.
The longitudinal resistance Rxx is plotted as a function of normalized charge carrier density
n/n0 and magnetic field B. The magnetic field value B0 at which one magnetic flux quantum
Φ0 pierces one superlattice unit cell is determined to be about B0 ∼ 2.7 T (see chapter 4.2.3).
Besides the main Landau fan also additional weaker Landau fans emerge from the positions of
the most pronounced satellite peaks at zero magnetic field, i.e. at n/n0 = ±4,±8. In the bipolar
region a variety of features manifests and a highly distorted Landau fan can be observed. In
the unipolar region the main Landau fan of pristine graphene is still recognizable but exhibits
additional minima in longitudinal resistance which can be traced back to the satellite Dirac points
at zero field, indicating a splitting of initial Landau levels by superlattice induced minigaps.
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Figure 4.26: Rxx plotted as a function of PBG voltage Vpbg and magnetic field B at Vbg = 0 V
and Vbg = 29 V. (a) Landau fan diagram at Vbg = 0 V. The main Landau fan, corresponding
to the usual QHE of pristine graphene, emerges from the main Dirac point at zero magnetic
field. (b) Landau fan diagram at Vbg = 29 V. Weak features besides the main Dirac peak start to
appear. In the bipolar region (roughly in which PBG and back gate voltage have opposite sign)
the Landau fan exhibits pronounced modifications. In the unipolar regime (roughly in which
PBG and back gate voltage have the same sign) the usual Landau fan of pristine graphene is
visible. The colour scale bar is the same for (a) and (b). [13]

Figure 4.27: (a) Landau fan diagram at Vbg = 70 V. Rxx is plotted as a function of normalized
charge carrier density n/n0 and magnetic field B. At about B0 ∼ 2.7 T one magnetic flux
quantum Φ0 pierces one superlattice unit cell (i.e. Φ/Φ0 = 1). In the low magnetic field regime
additional Landau fans emerge from the satellite peaks in Rxx at zero magnetic field (i.e. at
n/n0 = ±4,±8). In the high magnetic field regime quantum Hall states of pristine graphene can
be identified. In addition, superlattice-induced minigaps manifest as additional minima in Rxx.
In the bipolar regime a variety of features occurs. In the unipolar regime a splitting of Landau
levels due to superlattice-induced energy gaps can be observed. (b) Detail of the plot in (a).
The green dotted lines highlight minigaps which give rise to a splitting of Landau levels and can
be traced back to the satellite Dirac points at n/n0 = ±4. The colour scale bar is the same for
(a) and (b). [13]
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Description in the Tight-Binding Limit

Following the tight-binding description, the superlattice induces mini-Bloch-bands which split
up in a magnetic field due to Landau quantization − the Landau levels determine the internal
modulation of the minibands. In the Wannier diagram in the tight-binding limit of the data in
Fig. 4.27, see Fig. 4.28 (a), magnetotransport results in the vicinity of the main Dirac point are
displayed. Rxx is plotted as a function of normalized charge carrier density n/n0 in a magnetic
field range corresponding to Φ/Φ0 = 0 to 1. Signatures of additional Landau fans, emerging
from the satellite Dirac peaks at B = 0 T, are visible. The extent of the first minibands in the
spectrum is highlighted. In order to increase the visibility of the newly generated features and to
reveal more details, the second derivative of Rxx with respect to n/n0 is plotted, as displayed in
Fig. 4.28 (b). Now it is possible to identify the emerging features by the Diophantine equation
n/n0 = (Φ/Φ0)t+ s, as illustrated in Fig. 4.28 (c). Theoretically expected positions of energy
gaps with s = 0,±4,±8 and t = ±2,±6, highlighted by red dashed lines, are in good agreement
with the observed features in the magnetotransport data. This is also in accordance with the
picture of newly generated minibands in the band structure which exhibit Landau quantization
in a magnetic field, although the corresponding energy gaps are not fully developed and resolved
in experiment.

Figure 4.28: (a) Wannier diagram in the tight-binding limit corresponding to the data in Fig.
4.27. Rxx is plotted as a function of normalized charge carrier density n/n0 in a magnetic field
range corresponding to Φ/Φ0 between 0 and 1. Black dashed lines mark the extent of the first
minibands in the band structure. The minibands split up in a magnetic field. Landau fans emerge
from the main Dirac peak at n/n0 = 0 and from the satellite peaks at n/n0 = ±4,±8. (b)
Second derivative of Rxx with respect to n/n0. The green dashed line corresponds to Φ/Φ0 = 1.
Faint features, emerging from the satellite peaks, become better visible and can be identified.
(c) Same plot as in (b). The red dashed lines correspond to expected positions of energy gaps
following the Diophantine equation in the tight-binding limit with s = 0,±4,±8 and t = ±2,±6.
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Description in the Nearly-Free-Electron Limit

The value of Φ/Φ0 = 1 can be seen as a transition point into a regime in which a description in
the framework of the nearly-free-electron and high magnetic field limit becomes more appropriate.
First, the unipolar regime is discussed in more detail.

Unipolar regime:

At high magnetic fields the system is fully Landau-quantized and exhibits the QHE of pristine
graphene with modifications due to the 2D superlattice which acts as a weak perturbation on
the quasi-free charge carriers. Fig. 4.29 (a) shows a Wannier diagram of the second and third
Landau level − now plotted as a function of inverse magnetic flux per unit cell on the ordinate
− and Fig. 4.29 (b) illustrates the expected internal structure of the two Landau levels given by
the Hofstadter butterfly. In the Wannier diagram the longitudinal resistance Rxx is displayed as
a function of inverse magnetic flux Φ0/Φ and Landau level filling factor ν between ν = 6 and
ν = 14. The minima in Rxx correspond to energy gaps in the magnetic band structure. The
vertical minima at ν = 6, ν = 10 and ν = 14 can be identified as energy gaps between adjacent
Landau levels, which is consistent with features in pristine graphene showing the usual QHE.
Furthermore, the Wannier plot reveals the internal structure of Landau levels. Diagonal minima
in Rxx inside the Landau levels are visible which can be identified as signatures of the largest
energy gaps in the Hofstadter butterfly.

Figure 4.29: (a) Wannier diagram in the nearly-free-electron and high magnetic field limit.
Longitudinal resistance Rxx is plotted as a function of inverse magnetic flux Φ0/Φ and Landau
level filling factor ν between ν = 6 and ν = 14. An internal structure of Landau levels, originating
from superlattice-induced energy gaps, is visible. Vertical minima in Rxx correspond to Landau
gaps between Landau levels (vertical green dashed lines). Additional diagonal minima correspond
to superlattice-induced minigaps (diagonal green dashed lines). (b) The internal structure of
Landau levels is given by the Hofstadter butterfly energy spectrum. The observed diagonal
features in (a) correspond to the largest minigaps, i.e. the wings of the butterfly (highlighted by
diagonal green dashed lines). Here, the Hofstadter butterfly was generated with the Python code
in appendix C.



4.2. GATE-TUNABLE TWO-DIMENSIONAL SUPERLATTICES IN GRAPHENE 101

Fig. 4.30 (a) displays an extended Wannier diagram of the high magnetic field region in which
energy gaps can be identified. Energy gaps in the spectrum correspond to minima in Rxx
and plateaus in Rxy − following the Diophantine equation ν = (Φ0/Φ)s + t. Features in the
Wannier plot belonging to quantum Hall states of pristine graphene (s = 0, t = 2, 6, 10, ...) appear
as vertical minima in Rxx while superlattice-induced energy gaps of the Hofstadter spectrum
(s 6= 0) form diagonal lines. The largest energy gaps with s ± 4 are clearly resolved. This is
also highlighted by dotted lines in Fig. 4.30 (a), in the second and third Landau level. The
dotted lines follow the positions of Landau gaps (vertical) and the most pronounced Hofstadter
minigaps (diagonal) which are labelled with their integer parameters (s, t). In Fig. 4.30 (b),
the Landau level band width in units of V0 is plotted (i.e. |∆EN |, calculated using eq. 2.40).
As expected, features of the Hofstadter butterfly in experiment are most pronounced and best
visible in regions of largest Landau level band width.
Furthermore, in Fig. 4.30 (c)-(e), line cuts of Rxx and Rxy at three different magnetic fields
(dashed horizontal lines in Fig. 4.30 (a)) are shown, emphasizing the evolution of the magnetic
band structure upon changing the magnetic flux per superlattice unit cell. At high magnetic
fields (Φ0/Φ = 0.29) the usual sequence of quantum Hall plateaus of intrinsic graphene can be
observed (see Fig. 4.30 (e)).
By changing the magnetic flux ratio to Φ0/Φ = 0.5, a splitting of Landau levels into two minibands
occurs. Additional minima in Rxx can be observed, accompanied by well-developed quantum
Hall plateaus (see Fig. 4.30 (d)). At a magnetic flux ratio of Φ0/Φ = 0.73 the quantum Hall
resistance shows signatures of the two largest gaps (with s± 4) of the Hofstadter butterfly (see
Fig. 4.30 (c)). This is best visible in the second Landau level between ν = 6 and ν = 10 where
Rxx develops two additional minima. The corresponding quantum Hall resistance Rxy exhibits
a non-trivial sequence, qualitatively following the expected sequence of quantum Hall values if
the Fermi energy is shifted into the largest energy gaps in the Hofstadter spectrum (red dashed
line in Fig. 4.30 (b) − determined by Rxy = h

te2 ). This confirms the prediction by Thouless et
al. [180] in a gate-defined graphene superlattice. In Fig. 4.31 (b) the corresponding Wannier
plot of the Hall resistance Rxy is shown, highlighting the trace of the minigap with (s, t) = (4, 6)
which gives rise to the most pronounced feature of the non-trivial quantum Hall response −
although the energy gap is not fully developed and resolved since the plateau value is not quite
reached and the corresponding minimum in Rxx does not reach zero value. But the tendency is
clearly visible. In the second Landau level, in a region of largest Landau band width, there is
also a weak signature of an energy gap with (s, t) = (−8, 14) visible which corresponds to the
next iteration of the self-similar spectrum. This feature becomes better visible by considering
the second derivative of Rxx with respect to ν (see Fig. 4.31 (a)).
Overall, the non-trivial quantum Hall response is qualitatively in good agreement with the
expected sequence of quantum Hall plateaus by including the most pronounced energy gaps (red
dashed line in Fig. 4.30 (b)). Although not all energy gaps are fully developed and resolved, the
tendency to follow the theoretically expected curve is apparent.
Additionally, Fig. 4.32 provides the full calculated Wannier diagram corresponding to the
Diophantine equation ν = (Φ0/Φ)s + t including energy gaps with s = 0,±4,±8 and t =
±2, 6, 10, 14, 18, 22. Also the quantum Hall response determined by Rxy = h

te2 at two different
magnetic flux values is shown, illustrating the manifestation of a highly non-monotonic sequence
of quantum Hall plateaus (which generally depends on the magnetic flux Φ0/Φ and the considered
energy gaps) and a monotonic sequence of quantum Hall plateaus at high magnetic fields
(Φ0/Φ→ 0), in accordance with the experimental results.
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Figure 4.30: (a) Wannier diagram at Vbg = 70 V: Longitudinal resistance Rxx is plotted
as a function of inverse magnetic flux Φ0/Φ and Landau level filling factor ν between ν = 2
and ν = 18. Energy gaps correspond to minima in Rxx. Vertical minima belong to quantum
Hall states of pristine graphene with s = 0, t = 2, 6, 10, .... Hofstadter minigaps form diagonal
features with s 6= 0. Some of the most pronounced energy gaps are highlighted by dashed lines
and labelled with their integer parameters (s, t). (b) Landau level band width in units of V0,
corresponding to the Wannier diagram in (a). Features of the Hofstadter butterfly are most
pronounced and best visible in regions of largest Landau level band width. (c)-(e) Line cuts of
Rxx and corresponding Rxy at magnetic flux ratios given by the green dashed lines in (a). (c) At
Φ0/Φ = 0.73 signatures of the most pronounced energy gaps can be observed. The quantum Hall
response shows non-monotonic character and is in good agreement with the expected sequence
of quantum Hall plateaus by including the most pronounced energy gaps (red dashed line in
Fig. 4.30 (b), [176]). (d) At Φ0/Φ = 0.5 a clear splitting of Landau levels is visible. Additional
minima in Rxx can be observed, accompanied by well-developed quantum Hall plateaus. (e) At
high magnetic fields the data display the usual quantum Hall states of pristine graphene. The
grey-shaded area in (c)-(e) in the data of Rxx illustrates the evolution of the second Landau level
as a function of magnetic flux per superlattice unit cell area. [13]
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Figure 4.31: (a) Second derivative of Rxx with respect to ν. Features with s = ±4, correspond-
ing to the largest energy gaps in the Hofstadter butterfly, are clearly visible (black dotted lines).
In addition, traces of an energy gap with s = −8 inside the second Landau level can be identified
(green dotted line). (b) Wannier diagram of the Hall response corresponding to the data in Fig.
4.30 (a). The transverse conductance Gxy is plotted as a function of inverse magnetic flux Φ0/Φ
and Landau level filling factor ν. The energy gap with (s, t) = (4, 6), which gives rise to the most
pronounced feature in the non-monotonic quantum Hall response, is highlighted by a circle. [13]

Figure 4.32: (a) Calculated Wannier diagram corresponding to the Diophantine equation
ν = (Φ0/Φ)s + t including energy gaps with s = 0,±4,±8 and t = ±2, 6, 10, 14, 18, 22. The
coloured lines correspond to different quantum Hall plateau values determined by Rxy = h

te2 . (b)
Expected sequence of quantum Hall values at Φ0/Φ = 0.8 (corresponding to the upper horizontal
grey line in (a)). The sequence of Hall plateaus is highly non-monotonic due to the considered
energy gaps. (c) Expected sequence of quantum Hall values at Φ0/Φ = 0.2 (corresponding to the
lower horizontal grey line in (a)). At high magnetic fields (Φ0/Φ→ 0) the emerging monotonic
quantum Hall response resembles that of pristine graphene, in accordance with the experimental
results. Graphs generated by [176]. [13]
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In the following, the observed apparent lack of symmetry of the Hofstadter-related features and
the splitting of Landau levels at Φ0/Φ = 0.5 into two minibands (see e.g. Fig. 4.29 and Fig. 4.30)
is briefly discussed. In the ideal Hofstadter case considered so far − with modulation potential
V (~r) = V0(cos(Gx) + cos(Gy)) − the spectrum is highly symmetric and the two minibands at
Φ0/Φ = 0.5 touch each other at the centre of the spectrum (see e.g. Fig. 2.30 (a)). No energy gap
between the two minibands and therefore no splitting of Landau bands should occur − in contrast
to the experimental results. The discrepancy between theory and experiment can be resolved by
considering more realistic superlattice potentials. In the tight-binding limit it can be shown that
by including also next-nearest-neighbour hopping into the calculations, the Hofstadter spectrum
gets distorted and a gap occurs which separates the two minibands at Φ/Φ0 = 0.5, as shown in Fig.
4.33 (a) [281]. Also in the high magnetic field and weak modulation limit, by considering more
general superlattice potentials like V (~r) = Vx cos(Gxx) + Vy cos(Gyy) + Vxy(cos(Gxx) cos(Gyy))
(e.g. a rectangular superlattice with Gx/y = 2π/ax/y or a modulation potential with Vxy 6= 0), it
was shown that the internal structure of Landau levels, given by the Hofstadter butterfly, gets
distorted and becomes different in different Landau levels, as illustrated in Fig. 4.33 (b) and
(c) [172]. Also in this case a gap can appear which separates the two minibands at Φ0/Φ = 0.5.
Overall, in the case of more complicated superlattice potentials (generally by the inclusion of
higher harmonics of the superlattice potential which alter the details of the spectrum [172]), a
symmetric representation of the energy spectrum, as in the ideal Hofstadter case, is not necessarily
given any more [172], which is also apparent in the experimental results of the studied device
reflecting the more realistic modulation potential.

Figure 4.33: (a) Distorted Hofstadter butterfly calculated in the tight-binding limit including
next-nearest-neighbour hopping. A gap separates the two minibands at Φ/Φ0 = 0.5. [281] (b)
Calculated energy correction in units of V0 plotted versus Φ0/Φ = q/p in the weak modulation
limit for a system with parabolic dispersion relation. The usual Hofstadter case with modulation
potential V (~r) = V0(1 + cos(Gx) + cos(Gy)) for Landau levels N = 0 and N = 1 is shown.
Adapted from [172]. (c) In a more general case, here for a superlattice potential V (~r) =
V0(1 + cos(Gx))(1 + cos(Gy)), the usual Hofstadter butterfly gets distorted and the internal
structure is different in different Landau levels. A gap occurs which separates the two minibands
at Φ0/Φ = 0.5. Adapted from [172].
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Bipolar regime:

Fig. 4.34 presents transport measurement results in the bipolar regime at Vbg = 70 V. Fig. 4.34
(a) shows Rxx as a function of ν and Φ0/Φ and Fig. 4.34 (b) displays the corresponding Hall
resistance |Rxy|. In Fig. 4.34 (c), the second derivative of Rxx with respect to ν is plotted in
order to increase the visibility of features in longitudinal resistance. Overall, the measurement
results exhibit many, partially not fully-developed features which can not be easily associated
with energy gaps obtained from the simple Hofstadter model. This becomes also apparent in
Fig. 4.34 (d)-(f) which show line cuts at the same magnetic flux ratios as in the unipolar regime
(see Fig. 4.30(c)-(e)). Again, at high magnetic fields, the system exhibits features comparable to
pristine graphene, mainly reflecting usual quantum Hall states (see Fig. 4.34 (f)). At intermediate
magnetic flux ratios, depicted in Fig. 4.34 (d) and (e), a complex sequence of minima in Gxx
and quantum Hall plateaus in σxy occur. The origin of the observed complicated and irregular
behaviour in the bipolar regime lies probably in the fact that the assumption of well-separated
energy bands is not given any more. This can also be seen in the miniband structures in Fig.
4.21 (c)-(f). The non-trivial band structure with overlapping minibands in the bipolar regime at
zero magnetic field manifests as faint lines in experiment and simulation (see e.g. Fig. 4.19 (a)
and Fig. 4.21 (b)) eventually giving rise to a complicated magnetic band structure. Therefore,
mixing of energy bands and Landau band coupling [169, 175, 282] has to be taken into account
in order to be able to fully describe and identify the details in experiment.
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Figure 4.34: Transport measurement results in the bipolar regime (a) Rxx as a function of ν
and Φ0/Φ at Vbg = 70 V. (b) Corresponding Hall resistance |Rxy|. (c) Second derivative of Rxx
with respect to ν. (d-f) Line cuts at the same magnetic flux ratios as in the unipolar regime
(see Fig. 4.30 (c)-(e)). Longitudinal conductance Gxx and Hall conductivity σxy are plotted as a
function of Landau level filling factor ν. (d),(e) At intermediate magnetic flux ratios a complex,
non-trivial sequence of minima in Gxx and quantum Hall plateaus in σxy occurs. (f) At high
magnetic fields the system mainly displays usual quantum Hall states of pristine graphene. [13]
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Transport Simulations Including Magnetic Fields

Transport in magnetic fields was also simulated for device SL1, as shown in Fig. 4.35, in good
agreement with the experimental results [13]. The transport simulations are provided by Ming-
Hao Liu and Szu-Chao Chen [269]. Since disorder was not taken into account in the calculations,
superlattice-induced energy gaps are more clearly resolved as in experiment and also signatures
of higher-order energy gaps up to s = ±8 manifest. Overall, the simulated data shows a strong
correspondence with the experimental results and qualitatively reproduces the variety of features
in the measured magnetotransport data including the impact of minigaps in the Hofstadter
butterfly.

Figure 4.35: Transport simulations including a magnetic field. (a) Calculated Landau fan
diagram at Vbg = 58 V qualitatively reproduces the data in Fig. 4.27. (b) The corresponding
Wannier diagram plotted from the data in (a) (plot generated by [176] with data from [269]).
(c)-(e) Line cuts of Rxx and Rxy at (c) Φ0/Φ = 0.73, (d) Φ0/Φ = 0.5, (e) Φ0/Φ = 0.29. The
calculated data is in good agreement with the experimental data shown in Fig. 4.30 and overall
reproduces the characteristic features. The red line in (c) displays the expected sequence of
quantum Hall plateaus by including energy gaps with s = 0,±4,±8 [176]. [13, 269]
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4.2.3 Band Conductivity Oscillations and Weiss Oscillations

By conducting transport measurements at elevated temperatures, apparent features at zero
magnetic field, originating from the 2D superlattice, start to disappear due to thermal smearing.
Fig. 4.36 (a) illustrates the effect of temperature on the satellite peaks in PBG voltage sweeps
which progressively start to fade away upon increasing the temperature to T = 110 K. Also Landau
quantization and the fine structure of the Hofstadter butterfly, given by the minigaps in the
spectrum, vanishes at elevated temperatures. But the 2D periodic potential has still significant
impact on magnetotransport, as can be seen in Fig. 4.36 (b) which shows the longitudinal
resistance Rxx as a function of magnetic field B and PBG voltage Vpbg at Vbg = 80 V and T = 125
K. Effects of Landau quantization have vanished. Vertical features of increased resistance occur
(highlighted by vertical black dotted lines) which are independent of PBG voltage Vpbg, i.e. charge
carrier density, which is a main characteristic of Brown-Zak oscillations reflecting the periodicity
of the superimposed periodic potential.
For the present artificial superlattice with asl = 40 nm, a value of B0 ∼ 2.6 T can be calculated
at which one magnetic flux quantum pierces the superlattice unit cell area a2

sl. In experiment, a
pronounced band conductivity feature occurs at B ∼ 2.7 T which is in good agreement with the
expected value. The value of B ∼ 2.7 T corresponds to an actual superlattice constant of ∼ 39
nm − in good agreement with the designed lattice period of asl = 40 nm.
Fig. 4.36 (c) displays several line cuts from the data in Fig. 4.36 (b) (grey horizontal lines) which
exhibit pronounced resistance peaks at rational fractions of Φ/Φ0, i.e. at Φ/Φ0 = 1, 2

3 ,
1
2 ,

1
3 . Also

a peak at Φ/Φ0 = 2 is visible which only occurs in a narrow Vpbg range. Fig. 4.36 (d) shows the
longitudinal conductance G = Gxx = Rxx

R2
xx+R2

xy
and the Hall resistance Rxy plotted as a function

of Φ/Φ0 at Vbg = 70 V, Vpbg = −0.7 V, and T = 125 K. Conductance peaks at rational fractions
of Φ/Φ0, in particular at Φ/Φ0 = 2, 1, 1

2 ,
1
3 , can be observed which are accompanied by a dip in

the Hall resistance.
Overall, the observed features in magnetotransport indicate an enhanced band conductivity
contribution from extended minibands in the magnetic band structure and correspond to Brown-
Zak oscillations [15] in the artificially created 2D superlattice. These band conductivity oscillations
are investigated in more detail in the following magnetotransport measurements.
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Figure 4.36: (a) Rxx as a function of Vpbg at Vbg = 70 V. By increasing the temperature, the
satellite peaks beside the main CNP vanish due to thermal smearing. (b) Rxx as a function of
magnetic field B and Vpbg at Vbg = 80 V and at a temperature of T = 125 K. Landau quantization
has vanished and faint features at rational fractions of Φ/Φ0 remain corresponding to Brown-Zak
oscillations. (c) Line-cuts showing Rxx at different Vpbg (grey horizontal lines in (b)) as a function
of Φ/Φ0. Pronounced peaks at rational fractions of Φ/Φ0 are visible highlighted by the vertical
red dotted lines and labelled with the corresponding value of Φ/Φ0. (d) Longitudinal conductance
Gxx and Hall resistance Rxy as a function of Φ/Φ0 at Vpbg = −0.7 V and Vbg = 70 V measured
at T = 125 K. In magnetotransport superlattice-induced features are still visible. Brown-Zak
oscillations can be observed with enhanced band conductivity at rational fractions of Φ/Φ0,
accompanied by a dip in the Hall resistance.
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A more detailed analysis of the observed band conductivity oscillations is possible by considering
the second derivative of the conductance G with respect to the magnetic field B, which effectively
removes the background signal. Before taking the second derivative, the raw data was smoothed
in order to remove spikes and small fluctuations due to noise. Fig. 4.38 (a) shows a grey scale
plot of d2G/dB2 as a function of Φ/Φ0 and Vpbg at Vbg = 80 V and T = 125 K. Due to the
lattice constant of asl = 40 nm, also the regime of several magnetic flux quanta per superlattice
unit cell can be investigated with moderate magnetic fields − in contrast to moiré superlattices
which would require magnetic fields exceeding ∼ 50 T. The dark vertical features in the data
of Fig. 4.38 (a), which appear at rational fractions of Φ/Φ0, correspond to an enhanced band
conductivity reflecting the hierarchy of minibands in the Hofstadter butterfly.
By plotting the inverse magnetic field values at which the most pronounced features of the
Brown-Zak oscillations occur (corresponding to unit fractions of Φ/Φ0) against an integer index
i, it is possible to determine the lattice constant asl of the square superlattice from the slope m
of a linear fit to the data points: asl =

√
mΦ0. By evaluating the band conductivity features in

Fig. 4.38 (a), a lattice constant of about ∼ 39 nm is estimated (see Fig. 4.37) which is in good
agreement with the designed lattice period of the artificial superlattice (asl = 40 nm).

Figure 4.37: Determination of the superlattice period from Brown-Zak oscillations by evaluating
the positions of the most pronounced features in Fig. 4.38 (a). Inverse magnetic field values are
plotted against an integer index i. The red line is a linear fit with slope m = 0.37. A lattice
constant of ∼ 39 nm is estimated which is in good agreement with the artificially designed square
superlattice (asl = 40 nm).

The observed features can be qualitatively explained by considering the corresponding magnetic
band structure, as depicted in Fig. 4.39 (a). At unit fractions of Φ/Φ0 the Hofstadter butterfly
exhibits a single energy band which reaches the full band width of the underlying Landau band
and, consequently, the band conductivity contribution reaches its maximum value giving rise to
the most pronounced features in magnetotransport. At rational fractions of Φ/Φ0 = p/q, with
small parameter p, the spectrum consists of sizable minibands which still cause a measurable band
conductivity contribution to the overall conductivity, corresponding to the weaker signatures of
high-order states in the experimental data. At other values of Φ/Φ0 the spectrum is heavily split
into minibands and the band conductivity is suppressed. The band conductivity-related features
are independent of Vpbg, i.e. charge carrier density, since the details of the Hofstadter butterfly
are only dependent on the magnetic flux per unit cell area and not on the charge carrier density.
As can be seen in Fig. 4.38 (a), band conductivity oscillations are mainly visible in the bipolar
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regime and begin to fade away in the unipolar region. This is due to the fact that the periodic
modulation potential is more pronounced in the bipolar regime and decreases in the unipolar
region as soon as the induced modulation vanishes and a more homogenous potential landscape
starts to manifest. The data also exhibit the pronounced feature at Φ/Φ0 = 2 which is localized
in a finite Vpbg range. But no additional features at higher values of magnetic flux are visible. Fig.
4.38 (b) displays a region of the data in Fig. 4.38 (a), also extending the measurement range of the
bipolar regime towards higher charge carrier densities and adapting the grey scale contrast in order
to highlight weaker features. The most pronounced features are labelled with their corresponding
value of Φ/Φ0 at which they occur. Enhanced conductivity is visible at Φ/Φ0 = 1, 1

2 ,
1
3 ,

1
4 ,

1
5 and

in addition also weak signatures of higher-order states at Φ/Φ0 = 3
2 ,

5
4 ,

3
4 ,

2
3 are visible. The

extended data also reveal more details of the feature at Φ/Φ0 = 2 since it starts to reappear at
higher charge carrier densities − it seems to be split and only occurs in certain ranges of charge
carrier density. By inverting the polarity of the applied back gate voltage Vbg, the visible features
are mirrored at the CNP (see Fig. 4.38 (c) for Vbg = −80 V).
By decreasing the back gate voltage, i.e. decreasing the modulation potential strength, more
insight into the observed band conductivity oscillations is gained. Fig. 4.38 (d) shows a grey scale
plot of d2G/dB2 as a function of Φ/Φ0 and Vpbg at Vbg = 10 V. At weaker potential modulation
the band width of Landau bands is reduced, which causes an overall reduction of the band
conductivity contribution and, as a consequence, the majority of peaks vanishes. Only the most
pronounced features, in particular the peak at Φ/Φ0 = 1, remain. This is also illustrated in Fig.
4.39 (b) in which Rxx is plotted as a function of Φ/Φ0 at Vbg = 10 V and several PBG voltages
Vpbg. Furthermore, at weaker potential modulation, overlap of adjacent Landau bands is reduced
and a more sensitive dependence of conductivity on the band width of individual Landau bands
can manifest in experiment. In particular, the impact of flat bands at which the original Landau
levels are restored becomes more significant as can be seen in the band conductivity feature
at Φ/Φ0 = 1 in Fig. 4.38 (d). The band conductivity contribution becomes modulated by the
occurrence of flat bands in the magnetic band structure, determined by the flat band condition.
In Fig. 4.38 (d) the flat band positions in semi-classical approximation are displayed as red
lines with λ = 1, 2, ..., 6 and accurately reflect the positions at which the band conductivity at
Φ/Φ0 = 1 is suppressed. This becomes also apparent in the line cuts in Fig. 4.39 (b) in which
the modulation of the feature at Φ/Φ0 = 1 due to the occurrence of flat bands in the spectrum
becomes apparent. In addition, the split feature at Φ/Φ0 = 2 at higher back gate voltages can be
also explained by the impact of flat bands since it lies exactly in between positions given by the
flat band condition with λ = 1 and λ = 2, as depicted in Fig. 4.38 (c).
Overall, the measurements reveal an internal structure of Brown-Zak oscillations given by Weiss
oscillations. In conclusion, the experimental results provide further insight into superlattice
physics in graphene and corresponding band conductivity oscillations in a 2D superlattice and
extend the description of Brown-Zak oscillations by including the effect of flat bands and Weiss
oscillations which modulate the emerging Brown-Zak oscillations. Furthermore, the experimental
results emphasize the dependence of superlattice induced effects on the details in the magnetic
band structure and in particular on the emergence and band width of magnetic minibands.
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Figure 4.38: (a) Grey scale plot of d2G/dB2 as a function of Φ/Φ0 and Vpbg at Vbg = 80 V
and at T = 125 K. Dark vertical features at rational fractions of Φ/Φ0 correspond to enhanced
conductance due to an additional band conductivity contribution. (b) Detail of the data in (a),
also extending the measurement range in the bipolar regime to higher PBG voltages Vpbg, i.e.
higher charge carrier densities. All features are labelled with their value of Φ/Φ0 at which they
occur. (c) Grey scale plot of d2G/dB2 as a function of Φ/Φ0 and Vpbg at Vbg = −80 V. Compared
to the data in (a), all features are mirrored at the CNP upon changing the polarity of the back
gate voltage. The red lines correspond to flat band positions in semi-classical approximation.
The isolated feature at Φ/Φ0 = 2 lies exactly between flat band positions given by λ = 1 and
λ = 2. (d) Grey scale plot of d2G/dB2 as a function of Φ/Φ0 and Vpbg at Vbg = 10 V. At lower
back gate voltage, i.e. weaker potential modulation, the majority of features start to vanish and
the internal structure of Brown-Zak oscillations becomes visible. The most pronounced feature at
Φ/Φ0 = 1 is apparently modulated by Weiss oscillations which are determined by the flat band
positions with λ = 1, 2, ..., 6 (red lines).
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Figure 4.39: (a) Calculated Landau level spectrum. At unit fractions of Φ/Φ0 (red dashed lines)
the Hofstadter butterfly (see inset − red lines correspond to maximum band width) extends across
the whole Landau band width, which gives rise to the largest band conductivity contribution.
Adapted from [174]. (b) Rxx as a function of Φ/Φ0 at Vbg = 10 V and several PBG voltages Vpbg
(in 0.05 V steps), corresponding to the data in Fig. 4.38 (d). At weaker potential modulation
the overall band conductivity contribution is reduced. Only the most pronounced features, in
particular the peak at Φ/Φ0 = 1 (grey dashed line), remain. The feature at Φ/Φ0 = 1 becomes
modulated by the occurrence of flat bands (red dots mark the flat band positions with λ = 2, 3, 4).

Calculated Band Conductivity Contribution

The experimental results can be semi-quantitatively reproduced by estimating the band conduc-
tivity as a function of Φ/Φ0. These calculations were carried out and are provided by Jonathan
Eroms [176]. First, the conductivity contribution ∆σ due to a 1D superlattice was calculated
(see [84] and chapter 2.2.2) by using

∆σ ∝ Λ1D := Xe−X
∞∑
N=0

exp(β(EN,0 − EF ))
[exp(β(EN,0 − EF )) + 1]2 [LN (X) + LN−1(X)]2 (4.3)

and including all Landau levels within ±10kBT of the Fermi level. Then, the Hofstadter butterfly
spectrum was obtained for every magnetic field and broadened to the full extent of the underlying
Landau band. In addition, only energy gaps exceeding a minimum size were considered accounting
for collision broadening of energy levels. Finally, the reduced band width due to splitting by the
Hofstadter spectrum was taken into account to reduce the overall conductivity. Fig. 4.40 shows
the final result which reproduces the experimental features. At rational fractions of Φ/Φ0 an
enhanced band conductivity contribution is apparent − consistent with experiment. Furthermore,
the reduced band conductivity at flat band positions, given in semi-classical approximation, is
visible, causing the modulation of the most pronounced feature at Φ/Φ0 = 1 and the splitting of
the feature at Φ/Φ0 = 2.
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Figure 4.40: Calculated band conductivity contribution Λ2D in a 2D graphene superlattice as
a function of Φ/Φ0 and charge carrier density n. The overall features in the experimental data
are reproduced, including the appearance of enhanced band conductivity at rational fractions of
Φ/Φ0 and the modulation of the observed Brown-Zak oscillations by Weiss oscillations. The red
lines show the semi-classical flat band condition for λ = 1, 2, ..., 5. Adapted from [176].

4.2.4 Interplay Between Artificial and Moiré Superlattice

In the following section, transport measurement results concerning sample SL2 are discussed.
The device consists of an artificial gate-defined hexagonal superlattice with asl = 40 nm in
combination with a moiré superlattice originating from the interaction between graphene and
one hBN layer. The geometrical factor of the sample is W/L ∼ 0.56 with L ∼ 1.8 µm and the
classical gate coupling between graphene and the PBG is given by cg ∼ 3.8× 10−4 F/m2. The
hBN dielectric between graphene and the PBG has a thickness of dhBN,bot ∼ 7 nm. The quantum
capacitance (see eq. 2.24) is included in the calculation of charge carrier densities.
Fig. 4.41 (a) shows the gate map of the device. Rxx is plotted as a function of Vpbg and Vbg in
which a variety of features can be identified. The gate response exhibits moiré induced satellite
Dirac peaks and, by increasing the back gate voltage, satellite peaks close to the main CNP emerge
originating from the electrostatically defined superlattice. The apparent field-effect mobility,
extracted at Vbg = 0 V, is about µ ∼ 40 000 cm2/Vs. The period of the moiré superstructure is
estimated to be about am ∼ 14 nm, determined from the position of the satellite peaks relative to
the main Dirac peak. Also additional gate-tunable features start to appear (highlighted by dashed
ellipses) which indicate further band structure modifications caused by the interplay between the
artificial and the moiré superlattice. Fig. 4.41 (b) depicts line cuts of Rxx as a function of n/n0
(with n0 = 1/Asl and Asl =

√
3a2/2 the unit cell area of the artificial superlattice) measured at

Vbg = 0,−100, 100 V. The position of the main Dirac point lies at n/n0 = 0. At high back gate
voltages satellite peaks emerge at n/n0 ∼ ±4 originating from the artificial superlattice.
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Figure 4.41: (a) Gate map of device SL2 measured at T = 1.5 K and B = 0 T. Rxx is plotted
as a function of Vpbg and Vbg. Moiré induced satellite peaks are visible besides the main CNP. By
increasing the back gate voltage, satellite peaks start to appear close to the main CNP stemming
from the gate-defined superlattice. In addition, gate-tunable features emerge originating from
the interplay between the moiré and artificial superlattice (dashed ellipses). (b) Line cuts at
Vbg = 0,−100, 100 V showing Rxx as a function of n/n0 with n0 = 1/Asl and Asl =

√
3a2

sl/2
corresponding to the unit cell area of the artificial hexagonal superlattice with a = 40 nm. The
main Dirac peak and moiré induced satellite peaks can be identified. The position of the main
Dirac point lies at n/n0 = 0. At high back gate voltages satellite peaks emerge at n/n0 ∼ ±4
originating from the artificial superlattice. The gate-tunable extra features, stemming from the
interplay between the two superstructures, are highlighted (dashed ellipses). The inset shows an
AFM image of the few-layer graphene PBG which defines the artificial hexagonal superlattice
with a = 40 nm.

Fig. 4.42 (a) displays the line cuts of Fig. 4.41 (b) as a function of n/n0,m with n0,m = 1/Amoiré
and Amoiré the unit cell area of the moiré superlattice. The moiré peaks occur, as expected,
at n/n0,m = ±4. The gate-tunable extra peaks, stemming from the interplay between the
two superstructures, occur at approximately half-filling of the moiré induced minibands, i.e.
at positions corresponding to filling up the moiré unit cell with two electrons/holes. This is
equivalent to filling up an area of A = 2Amoiré with four electrons/holes, which points towards an
additional third superstructure originating from the interplay between the artificial and the moiré
superstructure similar to the emergence of a third superstructure in doubly aligned graphene/hBN
heterostructures [283]. Also a satellite peak at n/n0,m = −6, related to the third superstructure,
is visible. Fig. 4.42 (b) and (c) depict the Hall response Rxy at small magnetic field B = 200 mT
as a function of Vpbg. At high back gate voltages additional fluctuations of Rxy are visible at
positions of the superlattice induced features in Rxx.
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Figure 4.42: (a) Same line cuts as in Fig. 4.41 (b) but plotted against n/n0,m with n0,m =
1/Amoiré with the unit cell area of the moiré superlattice Amoiré. The position of the main Dirac
point lies at n/n0,m = 0 and the moiré peaks occur at n/n0,m = ±4 (black dotted lines). The
gate-tunable extra features (green dotted lines) appear at approximately half-filling of the moiré
superlattice. This is equivalent to filling up an area of A = 2Amoiré with four electrons/holes.
Also a related satellite peak at n/n0,m = −6 is visible. (b) Rxy as a function of Vpbg at B = 200
mT and Vbg = 0 V. Sign changes at the main Dirac point and at the moiré induced satellite
points are visible. (c) Rxy as a function of Vpbg at B = 200 mT and Vbg = 100 V. At high back
gate voltage fluctuations of Rxy at positions of the superlattice induced features in Rxx appear.

Fig. 4.43 exhibits Landau fan diagrams at Vbg = 0 V and Vbg = 100 V measured at a temperature
of T = 1.5 K. Longitudinal resistance Rxx and Hall resistance Rxy are plotted as a function of
n/n0 (considering the unit cell area of the artificial superlattice) and magnetic field B. The
magnetotransport data shows pronounced Landau fans emerging from the main Dirac point
and the moiré induced satellite peaks. At Vbg = 100 V also modifications next to the main
CNP manifest, stemming from the influence of the gate-defined superlattice. Furthermore, faint
features occur which originate from the extra peaks of the third superstructure. But these
features do not develop pronounced Landau fans. Fig. 4.44 displays details of the Landau fan
diagrams in Fig. 4.43, showing the region around the main CNP in which features induced by
the artificial superlattice appear. In comparison with the data at Vbg = 0 V, one can identify
the impact of the gate-tunable artificial superstructure. Weak signatures of Landau fans emerge
from the satellite peaks at n/n0 ∼ ±4 at high back gate voltages. Overall, the observed features
in sample SL2 are not as well-developed as in sample SL1. The reason for the apparent damped
effect of the electrostatically defined superlattice lies probably in the fact that the hBN dielectric
between graphene and the PBG in sample SL2 (dhBN,bot ∼ 7 nm) is about 40% thicker than in
sample SL1 (dhBN,bot ∼ 5 nm). Consequently, the potential modulation is not as pronounced
as in sample SL1. This stresses the importance of a thin gate dielectric in order to generate a
well-defined periodic potential in the graphene layer and induce well developed band structure
modifications.



4.2. GATE-TUNABLE TWO-DIMENSIONAL SUPERLATTICES IN GRAPHENE 117

Figure 4.43: (a)+(b) Landau fan diagrams at Vbg = 0 V and at T = 1.5 K. (a) Rxx plotted as
a function of n/n0 (considering the unit cell area of the artificial superlattice) and magnetic field
B. (b) Corresponding Hall resistance Rxy plotted as a function of n/n0 and magnetic field B.
(c)+(d) Landau fan diagrams at Vbg = 100 V and at T = 1.5 K: (c) Rxx and (d) Rxy plotted as
a function of n/n0 and magnetic field B. At high back gate voltage additional features emerge
from the satellite peaks close to the main CNP induced by the gate-defined superlattice.
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Figure 4.44: Same data as in Fig. 4.43 with focus on the region around the main CNP. By
increasing the back gate voltage, i.e. increasing the modulation strength, signatures of secondary
Landau fans emerge in Rxx and Rxy originating from the satellite peaks at n/n0 ∼ ±4 which are
induced by the artificial superlattice.

By considering the second derivative of Rxx with respect to n/n0, emerging features become
better visible, as illustrated in Fig. 4.45 in which d2Rxx/d(n/n0)2 is plotted as a function of n/n0
and B. The Landau fan originating from the main CNP is modified by the artificial superlattice.
In contrast, the moiré induced Landau fans exhibit no clear modifications except a decrease
in visibility of the weakest features due to a decrease in charge carrier mobility at higher back
gate voltages. Fig. 4.46 (a) shows the region around the main CNP in which the impact of
the artificial superlattice can be seen in more detail, including the faint features corresponding
to Landau fans emerging from n/n0 ∼ ±4. Fig. 4.46 (b) highlights some of the extra features
stemming from the interplay between the two superlattices. In addition, traces of a Landau
fan corresponding to a second-order moiré peak can be identified which is also visible at zero
back gate voltage and not showing any signs of significant gate-tunable modifications. These
traces can be extrapolated to a second-order moiré peak at approximately n/n0 ∼ −70 − out of
reach for the PBG since higher gate voltages were not applied to avoid gate-leakage currents and
damage to the device.
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Figure 4.45: (a) d2Rxx/d(n/n0)2 plotted as a function of n/n0 and B at Vbg = 0 V. (b)
d2Rxx/d(n/n0)2 plotted as a function of n/n0 and B at Vbg = 100 V. The gate-tunable features
modify the Landau fan close to the main CNP. The moiré induced Landau fans exhibit no
apparent sign of gate-tunable modifications. The grey scale bar is the same for (a) and (b).

Figure 4.46: (a) Detail of the data in Fig. 4.45 (a). The position of one magnetic flux quantum
per artificial superlattice unit cell is highlighted (red dashed line) and corresponds to about
B0 ∼ 3 T. (b) Gate-tunable signatures which stem from the interplay between the artificial
and the moiré superstructure are highlighted (red boxes). These faint features do not show
well-developed Landau fans. Also a second-order moiré peak can be identified by extrapolating
corresponding Landau fan features to n/n0 ∼ −70 (red dashed lines). The grey scale bar is the
same for (a) and (b).
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Fig. 4.47 (a) and Fig. 4.49 (a) depict Wannier diagrams of the device at Vbg = 0 V and Vbg = 100
V. Rxx is plotted as a function of Landau level filling factor ν and inverse magnetic flux Φ0/Φ per
unit cell area of the gate-defined superlattice. At zero back gate voltage no signatures of energy
gaps induced by the artificial superlattice are visible. Only features with s = 0 corresponding
to usual quantum Hall physics in graphene at filling factors ν = ...,−10,−6,−2, 2, 6, 10, ... and
moiré induced features are observable. At high magnetic fields a splitting of the N = 1 Landau
level is visible which can be explained by the onset of a lifting of the spin and valley degeneracy
[30, 31, 49]. These spin and valley splitting related signatures follow vertical minima in Rxx in
the Wannier diagram in Fig. 4.47 (a), i.e. correspond to energy gaps with s = 0, indicating
usual quantum Hall physics. Fig. 4.47 (b) shows a line cut of Rxx and Rxy as a function of
Landau level filling factor ν extracted from Fig. 4.47 (a) (green dashed line) at a magnetic field
of B = 5 T. The onset of spin-splitting in the second Landau level and moiré induced features
at higher Landau level filling factor can be observed. Fig. 4.48 displays a line cut at B = 9 T,
showing the onset of spin and valley splitting in the N = 1 Landau level and corrections due to
the moiré superlattice at higher Landau level filling factor. In contrast, the Wannier diagram in
Fig. 4.49 (a), measured at Vbg = 100 V, also exhibits features originating from a Hofstadter gap
with s = 4 which is also apparent in the line cut in Fig. 4.49 (b). This particular energy gap can
be identified as the largest energy gap in the Hofstadter butterfly of a hexagonal superlattice
which displays a different order of the size of minigaps compared to a square superlattice with
one large gap dominating the spectrum [170] (see inset of Fig. 4.49 (b)).

Figure 4.47: (a) Wannier diagram at Vbg = 0 V. Rxx is plotted as a function of Landau level
filling factor ν and inverse magnetic flux Φ0/Φ. No signatures of Hofstadter related energy gaps,
induced by the artificial superlattice, can be observed. At high magnetic fields the onset of
Landau level splitting due to a lifting of spin and valley degeneracy appears, visible in the first
Landau level. The pronounced diagonal features correspond to the moiré superlattice. (b) Rxx
and Rxy as a function of ν at B = 5 T (corresponding to the green dashed line in (a)) highlighting
the onset of spin-splitting and moiré induced features. Apart from that, the device exhibits usual
quantum Hall states of monolayer graphene.
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Figure 4.48: (a) Line cut of Rxx and Rxy as a function of ν at Vbg = 0 V and B = 9 T. In the
first Landau level the onset of Landau level splitting due to a lifting of spin and valley degeneracy
is visible. At higher Landau level filling factor corrections due to the moiré superlattice appear.

Figure 4.49: (a) Wannier diagram at Vbg = 100 V. Rxx is plotted as a function of Landau
level filling factor ν and inverse magnetic flux Φ0/Φ. Again, the pronounced diagonal features
correspond to the moiré induced superlattice. In addition, Hofstadter gaps, induced by the
gate-defined superlattice, can be identified and are labelled with their corresponding parameters
(s, t). (b) Rxx and Rxy as a function of ν at B = 5 T (corresponding to the green dashed line in
(a)). The Hofstadter gap with (s, t) = (4, 10) (marked with an arrow) corresponds to the largest
energy gap in the Hofstadter butterfly of a hexagonal superlattice (see inset, [170]).

In sample SL2 also characteristic band conductivity oscillations (Brown-Zak oscillations) appeared
in magnetotransport originating from the two different superlattices and reflecting the two different
periodicities superimposed on the charge carriers in the system. Fig. 4.50 displays a grey scale
plot of d2G/dB2 as a function of magnetic field B and PBG voltage Vpbg at Vbg = 100 V measured
at a temperature of T = 125 K. Again, before taking the second derivative, the raw data was
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smoothed in order to remove spikes and small fluctuations due to noise. In the vicinity of the
moiré peaks pronounced Brown-Zak oscillations occur. At lower charge carrier densities, i.e. in a
region close to the main CNP, weaker features of enhanced band conductivity start to appear
stemming from the artificial superlattice. Fig. 4.51 depicts Rxx as a function magnetic field B at
two different PBG voltages Vpbg corresponding to the blue dashed lines in Fig. 4.50. Fig. 4.51
(a) shows data at Vpbg = 1.2 V in a region dominated by Brown-Zak oscillations of the moiré
superstructure. By plotting the inverse magnetic field values at which the most pronounced
resistance peaks occur (corresponding to unit fractions of Φ/Φ0) against an integer index i, it is
possible to determine the lattice period a of the hexagonal moiré superlattice from the slope m
of a linear fit to the data points: a =

√
2mΦ0/

√
3. A moiré lattice constant of amoiré ∼ 14 nm is

estimated which is in good agreement with the estimation from the position of the satellite Dirac
peaks relative to the main Dirac peak. Fig. 4.51 (c) displays Rxx as a function magnetic field
B at Vpbg = 0.4 V. Brown-Zak features due to the artificial hexagonal superlattice are visible
with Φ/Φ0 = 1 at about B0 ∼ 3 T. Again, by evaluating the peak positions, a lattice constant of
about asl ∼ 40 nm is estimated which is in good agreement with the designed lattice period of
the artificial hexagonal superlattice.

Figure 4.50: d2G/dB2 as a function of magnetic field B and PBG voltage Vpbg at Vbg = 100 V
measured at a temperature of T = 125 K. Brown-Zak oscillations, stemming from the artificial
and the moiré superlattice, can be identified. Vertical dark lines correspond to an enhanced band
conductivity. In the vicinity of the moiré induced satellite peaks and at high Vpbg, i.e. at high
charge carrier density, Brown-Zak oscillations due to the moiré superlattice dominate (highlighted
by vertical green dotted lines). In the vicinity of the main CNP, i.e. at low charge carrier
density, Brown-Zak oscillations, induced by the gate-defined superlattice, are visible (highlighted
by vertical red dotted lines) with Φ/Φ0 = 1 at about B0 ∼ 3 T. Line cuts of the longitudinal
resistance Rxx along the horizontal blue dashed lines are displayed in Fig. 4.51.
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Figure 4.51: (a) Rxx plotted as a function of magnetic field B at Vpbg = 1.2 V corresponding
to the upper blue dashed line in Fig. 4.50. Clear Brown-Zak oscillations, induced by the moiré
superlattice, are visible. (b) Determination of the superlattice period by evaluating the peak
positions in magnetic field in (a) (red dotted lines). Inverse magnetic field values are plotted
against an integer index i. The red line is a linear fit with slopem = 0.04. A moiré lattice constant
of amoiré ∼ 14 nm is estimated. (c) Rxx plotted as a function of magnetic field B at Vpbg = 0.4
V corresponding to the lower blue dashed line in Fig. 4.50. Brown-Zak oscillations, induced by
the artificial superlattice, are visible. (d) Determination of the superlattice period by evaluating
the peak positions in magnetic field in (c) (red dotted lines). A lattice constant of asl ∼ 40 nm is
estimated − in good agreement with the artificially designed hexagonal superlattice.
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CHAPTER 5
CONCLUSION AND OUTLOOK

In this work, the impact of two-dimensional superlattices on the electronic band structure of
graphene was investigated. After introducing the theoretical and experimental background and
giving an overview of device fabrication and the measurement setup, the experimental results
obtained from electrical transport measurements were presented and discussed.
Graphene antidot lattices with square and hexagonal lattice geometry and lattice constants of
a = 50 nm and a = 40 nm were studied. The devices exhibited a pronounced insulating state at
the charge neutrality point with temperature activated transport behaviour. This was attributed
to the emergence of a fundamental energy gap in these antidot devices [4]. The actual size of
emerging energy gaps could not be clearly determined in the carried out transport measurements,
mainly due to a non-negligible amount of disorder obscuring the actual impact of energy gaps in
transport. Only estimations could be given, obtained from Arrhenius plots and from the extent
of the transport gap region, with energy gaps ranging between ∼ 6 meV and ∼ 200 meV at zero
magnetic field. In addition, the tunability of the emerging energy gaps by an applied magnetic
field was examined [5, 6]. It was shown that the apparent size of energy gaps, estimated in all
employed methods, decreases upon applying a magnetic field. This was further demonstrated in
gate-bias spectroscopy measurements. Overall, the investigated graphene antidot lattices showed
transport properties not sufficient for real transistor applications. Besides the reduction of (edge)
disorder, also the neck width of the graphene antidot lattices should be further reduced, which
would consequently increase the magnitude of the induced energy gaps and eventually enable
real transistor action at room temperature.
As an alternative technique for band structure engineering of graphene, devices with electrostati-
cally defined and gate-tunable two-dimensional superlattices with square and hexagonal lattice
geometry and lattice constants of a = 40 nm were investigated, realized by the combination of
uniform and patterned few-layer graphene gates [7, 13]. These superlattice devices exhibited
pronounced band structure modifications, as evident from the emergence of satellite Dirac peaks
in transport measurements at positions corresponding to filling up newly generated minibands.
Furthermore, in combination with a magnetic field, signatures of the Hofstadter butterfly energy
spectrum [14] were resolved in magnetotransport measurements including the manifestation of a
non-trivial quantum Hall response due to superlattice-induced minigaps in agreement with the
theoretical prediction by Thouless et al. [180]. The experimental results were also reproduced
and explained in (magneto)transport simulations and miniband structure calculations [13, 269].
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Moreover, band conductivity oscillations (so-called Brown-Zak oscillations [15]) were examined in
the artificial superlattices whose origin lie in extended minibands in the magnetic band structure
given by the Hofstadter butterfly. Due to the larger lattice constant of a = 40 nm compared to
moiré superlattices in graphene/hexagonal boron nitride heterostructures with maximum lattice
constants of ∼ 14 nm [8–10], and due to the possibility of tuning the modulation strength by an
applied gate voltage, further insight into these quantum oscillations was gained. In particular,
their modulation by Weiss oscillations [161] was observed, originating from the occurrence of flat
bands in the superlattice-induced magnetic band structure. In a device with an artificial hexagonal
superlattice with a lattice constant of a = 40 nm in combination with a moiré superlattice with a
lattice constant of ∼ 14 nm, the interplay between these two superstructures was investigated.
Besides features originating solely from one of the two superlattices, also gate-tunable features
corresponding to a third superstructure with unit cell area of about twice the size of the moiré
superlattice appeared. In addition, two types of band conductivity oscillations with different
periodicity corresponding to the two main superstructures were identified.
Overall, the modification of the electronic band structure of graphene by means of gate-defined
two-dimensional superlattices with square and hexagonal lattice geometry was successfully
demonstrated, which now paves the way for more advanced lattice geometries. Fig. 5.1 (a)-(c)
show other possible lattice geometries like the kagome, the distorted honeycomb, and the Lieb
lattice, which display interesting features like additional band-crossing points or flat bands in the
electronic band structure [284, 285]. These more advanced lattice geometries could provide the
possibility to study e.g. strongly correlated electron physics [286, 287] (similar to the situation
in magic-angle twisted bilayer graphene [117]) in electrostatically defined and gate-tunable
superlattices. In this regard, in order to study more subtle effects in the superlattice devices,
the charge carrier mobility should be further increased. This could be realized by using an
additional graphite layer as a back gate, which would additionally screen trapped charges in
the SiO2 substrate and enhance the quality of the devices by reducing charge carrier density
inhomogeneities in graphene [98], as depicted in Fig. 5.1 (d). Fig. 5.1 (e) illustrates a possible
sample design with an additional graphite back gate. Moreover, placing the patterned few-layer
graphene gates on top of the encapsulated graphene layer would allow more flexible use of the
patterned gates. It would also make it possible to examine the gates and check for their integrity
e.g. after carrying out transport measurements. And, if necessary, the patterned top gates could
be simply removed by reactive ion etching with oxygen plasma, leaving the heterostructure below
intact. Furthermore, defining the Hall bar geometry by etching trenches into the stack and filling
them up with e.g. aluminium oxide would allow to avoid exposing the edges of graphene to the
environment, and the flat surface of the whole stack could be used as a substrate for patterned
top gates.
In conclusion, the present work provides the basis for the fabrication of gate-defined and
gate-tunable two-dimensional superlattices in graphene. These superlattices allow to modify
the electronic band structure of graphene, which was successfully demonstrated in transport
measurements [13]. The topic has great potential for studying fascinating new physics in more
advanced superlattice geometries and will be continued in a subsequent PhD thesis [288].
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Figure 5.1: (a)-(c) More advanced superlattice geometries. Left images display the original
atomic lattice and the right images show the corresponding lithographically defined lattice
geometry. Adapted from [284]. (a) Kagome lattice. (b) Distorted honeycomb lattice. (c)
Lieb lattice. (d) Potential landscape across a graphene layer. By using a graphite layer below
graphene, charge carrier density inhomogeneities can be further reduced due to screening of
trapped charges in the SiO2 substrate, which enhances the charge carrier mobility. [98] (e)
Possible sample design for patterned top gates (PTGs) in combination with a uniform graphite
back gate. The Hall bar is defined by etching trenches into the stack which are consecutively
filled up with e.g. aluminium oxide (AlOx). Top view: for more clarity, only the PTGs (here
in the case of one-dimensional superlattices), the upper hexagonal boron nitride layer, and the
monolayer graphene are displayed. Side view: All layers are shown.



128 CHAPTER 5. CONCLUSION AND OUTLOOK



APPENDIX A
PROCESS DOCUMENTATION

• Exfoliation of graphene and hBN

– substrate: Si/SiO2 chips with 90 nm SiO2 and p++ doped Si
– cleaning of substrate: (a) ultrasonic cleaning in acetone (b) isopropyl alcohol (c)

blow-dry with nitrogen (d) oxygen plasma: 5 minutes, 1− 2 mbar O2, 50% power
– tape: Nitto wafer grinding tape (Nitto Denko Corp., ELP BT - 150ECM)
– natural graphite: flaggy flakes
– hBN: high-quality hBN crystals (provided by Kenji Watanabe and Takashi Taniguchi:

National Institute for Materials Science, Japan)
– use mechanical exfoliation technique
– check for suitable flakes by means of an optical microscope and/or atomic force

microscope (AFM)

• Van der Waals stacking process

– prepare and clean microscope glass slide: (a) isopropyl alcohol (b) blow-dry with
nitrogen

– prepare PDMS (polydimethylsiloxane; Dow Corning, Sylgard 184): mixing of elastomer
and curing agent (10:1), remove air bubbles by ultrasonic treatment

– use pipette and place single drop of PDMS onto glass slide
– bake PDMS on hot plate: 5 min at 150 ◦C
– prepare PC (polycarbonate; Aldrich, Goodfellow, CT306310) layer: dissolve PC in

chloroform (3%)
– use two glass slides to prepare thin layer of PC: use pipette to cover one glass slide

with PC, gently press the second glass slide onto the first one and immediately move
it across the first one in order to produce a thin film of PC on the first glass slide

– bake PC on hot plate: 20 s at 150 ◦C
– use piece of tape with hole to pick up PC layer in order to obtain a suspended PC

layer
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– place suspended PC layer across PDMS drop and fix everything with tape
– use stacking setup and van der Waals stacking process to produce graphene/hBN

heterostructures
– remove PC in chloroform or oxygen plasma and check stack by means of an AFM

• Fabrication of Hall bar

– spin coating of resist: PMMA 950k 5% (dissolved in anisole) [two-step spin coating:
(a) 3000 rpm, accel.: 2000 rpm/s, time: 5 s (b) 6000 rpm, accel.: 4000 rpm/s, time:
30 s]

– bake sample on hot plate: 10 min at 150 ◦C
– electron beam lithography (EBL) with eDraw/eLitho-files (Nanonic): acceleration

voltage: 30 kV, dose: 280 µC/cm2, aperture: 30 µm, working distance: 5 mm, line
spacing: 10 nm

– develop resist: (a) 90 s in MIBK (b) 40 s in isopropyl alcohol (c) blow-dry with
nitrogen

– reactive ion etching (RIE)
– non-selective etching step: CHF3 (40 sccm) + O2 (6 sccm), pressure: 55 mTorr, power:

35 W (+ cleaning and preconditioning of chamber) → etch rate of hBN ∼ 0.8 nm/s
– selective etching step: (a) cleaning of exposed sample areas: O2 (20 sccm), pressure:

30 mTorr, power: 20 W, time: 90 s (+ cleaning and preconditioning of chamber)
(b) etching of hBN: SF6 (3 sccm), pressure: 50 mTorr, power: 10 W, time: 30 s (+
cleaning and preconditioning of chamber)

– remove resist: (a) acetone (b) isopropyl alcohol (c) blow-dry with nitrogen
– if necessary clean sample and/or etch graphene by RIE: O2 (20 sccm), pressure: 30

mTorr, power: 20 W, time: 60 s (+ cleaning and preconditioning of chamber)

• Fabrication of antidots

– spin coating of resist: CSAR 4% (dissolved in anisole) [one-step spin coating: 4000
rpm, accel.: 1000 rpm/s, time: 35 s]

– bake sample on hot plate: 10 min at 150 ◦C
– EBL: acceleration voltage: 30 kV, dose: ∼ 0.5 fC (for lattice constant a = 40 nm and

a patterned region with size of about 5× 5 µm2) or ∼ 1 fC (for lattice constant a = 50
nm and a patterned region with size of about 5× 5 µm2), aperture: 30 µm, working
distance: 3.5 mm

– develop resist: (a) 30 s in AR 600/546 at ∼ 10 ◦C (b) 20 s in H2O (c) 20 s in isopropyl
alcohol (c) blow-dry with nitrogen

– RIE etching step: CHF3 (40 sccm) + O2 (6 sccm), pressure: 55 mTorr, power: 60 W
(+ cleaning and preconditioning of chamber) → etch rate of hBN ∼ 1.1 nm/s

– cleaning of contact areas by RIE: O2 (20 sccm), pressure: 30 mTorr, power: 20 W,
time: 30 s (+ cleaning and preconditioning of chamber)

– remove resist: (a) AR 600/71 + syringe (b) H2O (c) isopropyl alcohol (c) blow-dry
with nitrogen
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– cleaning of sample by RIE: O2 (20 sccm), pressure: 30 mTorr, power: 20 W, time: 60
s (+ cleaning and preconditioning of chamber)

• Fabrication of patterned few-layer graphene gates

– spin coating of resist: PMMA 950k 2% (dissolved in anisole) [two-step spin coating:
(a) 3000 rpm, accel.: 2000 rpm/s, time: 5 s (b) 6000 rpm, accel.: 4000 rpm/s, time:
30 s]

– bake sample on hot plate: 10 min at 150 ◦C
– EBL: acceleration voltage: 30 kV, dose: ∼ 1.4− 1.8 fC (for a lattice constant of about
a = 40 nm and a patterned region with size of about 5× 5 µm2), aperture: 30 µm,
working distance: 3.5 mm

– develop resist: (a) 60 s in isopropyl alcohol : H2O (7:3) at ∼ 10 ◦C (b) blow-dry with
nitrogen

– RIE etching step: O2 (100 sccm), pressure: 30 mTorr, power: 50 W, time: ∼ 16 s (+
cleaning and preconditioning of chamber)

– remove resist: (a) Remover PG at 60 ◦C for t ∼ 20 h (b) isopropyl alcohol (c) H2O (c)
blow-dry with nitrogen

– cleaning of sample in annealing oven: 400 ◦C in vacuum (∼ 10 mbar) for t ∼ 2 h
– check patterned gates by means of an AFM

• Fabrication of contacts

– spin coating of resist: PMMA 200k 9% (dissolved in anisole) [two-step spin coating:
(a) 3000 rpm, accel.: 2000 rpm/s, time: 5 s (b) 6000 rpm, accel.: 4000 rpm/s, time:
30 s]

– bake sample on hot plate: 10 min at 150 ◦C
– spin coating of second resist: PMMA 950k 2% (dissolved in anisole) [two-step spin

coating: (a) 3000 rpm, accel.: 2000 rpm/s, time: 5 s (b) 6000 rpm, accel.: 4000 rpm/s,
time: 30 s]

– bake sample on hot plate: 10 min at 150 ◦C
– EBL fine wiring: acceleration voltage: 30 kV, dose: 435 µC/cm2, aperture: 30 µm,

working distance: 5 mm, line spacing: 10 nm
– EBL coarse wiring: acceleration voltage: 30 kV, dose: 435 µC/cm2, aperture: 30 µm,

working distance: 5 mm, line spacing: 15 nm
– develop resist: (a) 40 s in MIBK (b) 20 s in isopropyl alcohol (c) blow-dry with

nitrogen
– RIE etching step: CHF3 (40 sccm) + O2 (6 sccm), pressure: 55 mTorr, power: 35 W
(+ cleaning and preconditioning of chamber) → etch rate of hBN ∼ 0.8 nm/s

– cleaning of contact areas by RIE: O2 (20 sccm), pressure: 30 mTorr, power: 20 W,
time: 30 s (+ cleaning and preconditioning of chamber)

– evaporation of Cr(5 nm)/Au(80 nm)
– lift-off: (a) acetone at 60 ◦C for t > 1 h + syringe (b) isopropyl alcohol (c) blow-dry

with nitrogen
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– final chips are glued into a chip carrier by two-component epoxy adhesive
– contact pads on the sample are connected to electrodes on the chip carrier by ultrasonic

wire bonding of aluminium wires



APPENDIX B
ADDITIONAL FABRICATION TOOLS

Pick-Up and Transfer of Patterned Few-Layer Graphene

The following technique provides a way to pick up and transfer patterned few-layer graphene
flakes. This allows flexible implementation of patterned gates at arbitrary layer positions during
fabrication of van der Waals heterostructures. Fig. B.1 shows one possible transfer technique.
First, a hBN flake is picked up by using a PDMS/PC polymer stamp. The polymer stamp
with the hBN flake is then brought into contact with a patterned few-layer graphene (with a
square antidot lattice with lattice constant a = 45 nm) on a Si/SiO2 chip and the temperature is
increased to about 150−160 ◦C. The PC layer softens and encloses the target flakes. Subsequently,
the target chip is cooled down to about 70 ◦C and the PC layer hardens again. The polymer
stamp is removed from the target chip and the few-layer graphene is picked up and can be
transferred. In order to examine the antidot pattern in the few-layer graphene, the top hBN
layer is removed by RIE with SF6. Fig. B.1 (l) displays an AFM image of the antidot lattice
which exhibits no severe damage after the transfer process. It is also possible to directly pick
up patterned few-layer graphene layers without additional hBN layers, but this causes more
easily damage to the few-layer graphene flake. As an alternative fabrication process, also pristine
few-layer graphene flakes can be picked up and transferred, e.g. onto a hBN flake, as shown in
Fig. B.2. Then, the transferred few-layer graphene flake is patterned into the desired geometry
(here: a square antidot lattice with lattice constant a = 45 nm). If necessary, the patterned
flake can be removed with a gentle oxygen plasma etching step which does not affect the hBN
layer. After successful fabrication it is possible to transfer additional 2D materials on top of the
patterned few-layer graphene flake. Furthermore, one can enhance the stability of the patterned
layer during the transfer procedure by using an additional hBN layer below the patterned flakes
(see Fig. B.2). Then, the pick-up can be done directly by a PDMS/PC polymer stamp with the
method described above. In addition, the hBN/patterned graphite stack can be also picked up
by a second hBN layer (see Fig. B.2). Again, in order to check the patterned area after pick-up
and transfer, the top hBN layer is removed by RIE with SF6 and the antidot lattice is examined.
Fig. B.2 (o) shows an AFM image which exhibits no severe damage to the patterned few-layer
graphene flake and the antidot lattice after the transfer processes.
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Figure B.1: (a) A hBN flake on a Si/SiO2 chip. (b) A PDMS/PC polymer stamp is brought
into contact with the hBN flake. (c) Pick-up of the hBN flake. (d) A patterned few-layer
graphene flake on a Si/SiO2 chip with Cr/Au coordinate system. (e) The picked-up hBN flake is
brought into contact with the patterned few-layer graphene flake and the temperature is increased
to about 150− 160 ◦C. (f) Then, the temperature is decreased to about 70 ◦C and the polymer
stamp is retracted. (g) Pick-up of the patterned few-layer graphene flake. (h) The hBN flake and
the picked-up patterned few-layer graphene on the polymer stamp. (i) Transfer of the picked-up
materials to a different position on the chip. (j) After contact, the temperature is increased to
about 180 ◦C. The PC layer with the 2D materials melts onto the chip. (k) The hBN/patterned
few-layer graphene stack on the chip after removal of the PC layer with chloroform. The red
line corresponds to a distance of 50 µm. The red box on the few-layer graphene flake highlights
the position of the patterned area. (l) After removal of the top hBN layer: AFM image of the
antidot lattice with lattice constant a = 45 nm in the few-layer graphene flake. [13]
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Figure B.2: (a) A few-layer graphene flake on a Si/SiO2 chip. (b) A PDMS/PC polymer
stamp is brought into contact with the chip. (c) The polymer covers the few-layer graphene
flake. (d) The polymer stamp is retracted and the few-layer graphene flake is picked up. (e)
The picked-up few-layer graphene on the polymer stamp. (f) Transfer of the few-layer graphene
flake onto a hBN flake on a Si/SiO2 chip with Cr/Au coordinate system. (g) The few-layer
graphene flake on the hBN flake after the transfer step. (h) After removal of the PC layer. The
few-layer graphene flake is patterned by EBL and RIE. The red box highlights the position of
the patterned region. The red line corresponds to a distance of 50 µm. (i) A polymer stamp
is brought into contact with the hBN/patterned few-layer graphene stack and the temperature
is increased to about 150− 160 ◦C. Subsequently, the temperature is decreased to about 70 ◦C
and the polymer stamp is retracted. The hBN/patterned few-layer graphene stack is picked up.
(j) After transfer of the stack to a different position on the chip. (k) Pick-up of a second hBN
layer by using a PDMS/PC polymer stamp. (l) The second hBN layer is brought into contact
with the hBN/patterned few-layer graphene stack and the temperature is increased to about
150− 160 ◦C. Subsequently, the temperature is decreased to about 70 ◦C again and the polymer
stamp is retracted. (m) The hBN/patterned few-layer graphene/hBN stack is picked up. (n)
After transfer of the hBN/patterned few-layer graphene/hBN stack. (o) After removal of the
top hBN layer: AFM image of the square antidot lattice with lattice constant a = 45 nm in the
few-layer graphene. [13]
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Precise Etching of hBN Dielectrics

The mechanical exfoliation of sufficiently thin and large hBN flakes, used as the dielectric material
in the superlattice devices with patterned few-layer graphene gates, is difficult and time consuming
since the yield of suitable flakes is usually quite low. As a solution, one could try to etch thicker
flakes down to the desired thickness. In literature, one can find different recipes for the precise
etching of hBN by RIE [289–291]. Fig. B.3 shows one possible RIE process in argon plasma
with an etch rate of about 1.8 Å/min. Since the SiO2 substrate was also etched, the hBN flake
was transferred onto another chip after the etching process in order to determine the etching
rate. The used process parameters were: Ar (100 sccm), pressure: 200 mTorr, power: 40 W.
The surface roughness after etching was in a tolerable range (roughness average: ra ∼ 130 pm;
root mean square: rms ∼ 170 pm) and can be probably further optimized. The possibility to
precisely etch hBN flakes would represent a helpful tool for easier and more advanced device
fabrication − not only in view of the preparation of hBN dielectrics, but also for the fabrication
of e.g. hBN tunnel barriers [292, 293].

Figure B.3: (a) AFM topography image of a hBN flake prior to etching with a thickness of
about d ∼ 54 nm. (b) Line profile along the red line in (a). (c) AFM topography image of the
hBN flake in (a) after 2 h etching by RIE in argon plasma. The thickness is about d ∼ 32 nm.
(d) Line profile along the red line in (c).



APPENDIX C
PYTHON CODE: HOFSTADTER BUTTERFLY

import math
import numpy
import m a t p l o t l i b . pyplot as p l t
import sympy
from sympy import var , I n t e r v a l , s o l v e s e t , S

p i = math . p i
p i 2 = math . p i ∗ 2 . 0
energy = var ( ’ energy ’ )

A = numpy . array
l i s t a l p h a = [ ]
l i s t n u = [ ]
l i s t q = [ ]
a l p h a a r r a y = [ ]
nuarray = [ ]
qarray = [ ]
a l p h a l i s t = [ ]
r e s u l t l i s t = [ ]
ymin = [ ]
ymax = [ ]
dataarray1 = [ ]
dataarray2 = [ ]
alphadata = [ ]
edata = [ ]
a l p h a f i n a l = [ ]

k = int
p = int
q = int
alpha = f l o a t
nu = f l o a t

pmax = 10
qmax = 10

#d e f i n e f u n c t i o n
def f ( energy , k , alpha , nu ) :

X = ( energy − 2 . 0 ∗ math . cos ( pi 2 ∗ k ∗ alpha − nu ) )
return X

#c r e a t e a r r a y w i t h a l l a l p h a
for p in numpy . arange ( 0 , pmax , 1 ) :

for q in numpy . arange ( 1 , qmax , 1 ) :

alpha = p / q
nu = p i / (2 ∗ q )

#jump t o n e x t q i f a l p h a a l r e a d y i n l i s t
i f alpha in a l p h a a r r a y :

continue

a l p h a a r r a y . append ( alpha )
nuarray . append ( nu )
qarray . append ( q )

#use o n l y a l p h a i n i n t e r v a l [ 0 , 1 ]
a = len ( a l p h a a r r a y )
for i in numpy . arange ( 0 , a ) :

i f a l p h a a r r a y [ i ] in I n t e r v a l ( 0 , 1 ) :
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l i s t a l p h a . append ( a l p h a a r r a y [ i ] )
l i s t n u . append ( nuarray [ i ] )
l i s t q . append ( qarray [ i ] )
continue

#c a l c u l a t e e n e r g y v a l u e s f o r a l l a l p h a and w r i t e r e s u l t s i n l i s t
for a in numpy . arange ( 0 , len ( l i s t a l p h a ) ) :

print ( round ( a ∗ 100 / len ( l i s t a l p h a ) , 2 ) , "%" )

A = numpy . array ( [ [ f ( energy , 0 , l i s t a l p h a [ a ] , l i s t n u [ a ] ) , −1] , [ 1 , 0 ] ] )

for k in numpy . arange ( 1 , l i s t q [ a ] , 1 ) :
B = numpy . array ( [ [ f ( energy , k , l i s t a l p h a [ a ] , l i s t n u [ a ] ) , −1] , [ 1 , 0 ] ] )
A = numpy . dot (A,B)
for i in numpy . arange ( 0 , 2 ) :

for j in numpy . arange ( 0 , 2 ) :
A[ i ] [ j ]=sympy . sympify ( sympy . expand (A[ i ] [ j ] ) )

a b s t r a c e = abs (numpy . t r a c e (A) )
r e s u l t = s o l v e s e t ( a b s t r a c e <=4, energy , domain=S . Reals )

#e x t r a c t i n t e r v a l s f o r e v e r y a l p h a and w r i t e i n r e s u l t l i s t
i f a in numpy . arange ( 0 , 3 ) :

r e s u l t a r g s = l i s t ( r e s u l t . a r g s )
a l p h a l i s t . append ( l i s t a l p h a [ a ] )
r e s u l t l i s t . append ( ( r e s u l t a r g s [ 0 ] , r e s u l t a r g s [ 1 ] ) )

e l s e :
r e s u l t a r g s = l i s t ( r e s u l t . a r g s )
for i in numpy . arange ( 0 , len ( r e s u l t a r g s ) ) :

i f type ( r e s u l t a r g s [ i ] ) i s I n t e r v a l :
nums = ( r e s u l t a r g s [ i ] . l e f t , r e s u l t a r g s [ i ] . r i g h t )
a l p h a l i s t . append ( l i s t a l p h a [ a ] )
r e s u l t l i s t . append ( l i s t ( nums ) )

e l s e :
a l p h a l i s t . append ( l i s t a l p h a [ a ] )
r e s u l t l i s t . append ( l i s t ( r e s u l t a r g s [ i ] ) )

#e x t r a c t f o r e v e r y i n t e r v a l t h e l e f t ( ymin ) and r i g h t ( ymax ) boundary
for i in numpy . arange ( 0 , len ( r e s u l t l i s t ) ) :

t = 0
#i n c a s e o f s e t o f e n e r g y v a l u e s
i f len ( r e s u l t l i s t [ i ] ) > 2 :

for a in numpy . arange ( 0 , len ( r e s u l t l i s t [ i ] ) ) :
ymin . append ( r e s u l t l i s t [ i ] [ a ] )
ymax . append ( r e s u l t l i s t [ i ] [ a ] )
a l p h a f i n a l . append ( a l p h a l i s t [ i ] )

#i n c a s e o f i n t e r v a l s o f e n e r g y
i f len ( r e s u l t l i s t [ i ] ) == 2 :

ymin . append ( r e s u l t l i s t [ i ] [ 0 ] )
ymax . append ( r e s u l t l i s t [ i ] [ 1 ] )
a l p h a f i n a l . append ( a l p h a l i s t [ i ] )

#i n c a s e o f s i n g l e e n e r g y v a l u e
i f len ( r e s u l t l i s t [ i ] ) == 1 :

ymin . append ( r e s u l t l i s t [ i ] [ 0 ] )
ymax . append ( r e s u l t l i s t [ i ] [ 0 ] )
a l p h a f i n a l . append ( a l p h a l i s t [ i ] )

#w r i t e d a t a i n t x t f i l e
#d a t a f i l e 1
dataarray1 = numpy . column_stack ( ( a l p h a f i n a l , ymin , ymax ) )
numpy . s a v e t x t ( ’ data1 . t x t ’ , dataarray1 )

#d a t a f i l e 2
for i in numpy . arange ( 0 , len ( a l p h a f i n a l ) ) :

alphadata . append ( a l p h a f i n a l [ i ] )
alphadata . append ( a l p h a f i n a l [ i ] )
edata . append ( ymin [ i ] )
edata . append (ymax [ i ] )

dataarray2 = numpy . column_stack ( ( alphadata , edata ) )
numpy . s a v e t x t ( ’ data2 . t x t ’ , dataarray2 )

#p l o t b u t t e r f l y
for i in numpy . arange ( 0 , len ( a l p h a f i n a l ) ) :

p l t . xlim ( −0.1 , 1 . 1 )
p l t . ylim ( −4 , 4)

#i f i n t e r v a l a p p r o x i m a t e l y s i n g l e v a l u e , use s c a t t e r p l o t
i f round ( ymin [ i ] , 2) == round (ymax [ i ] , 2 ) :

p l t . s c a t t e r ( a l p h a f i n a l [ i ] , ( ymin [ i ]+ymax [ i ] ) / 2 , c = " black " , s = 0 . 0 5 )
e l s e :

p l t . a x v l i n e ( a l p h a f i n a l [ i ] , ( ymin [ i ]+4)/8 , (ymax [ i ]+4)/8 , l i n e w i d t h = 0 . 5 , c o l o r = " black " )

#s a v e as png− f i l e
p l t . s a v e f i g ( ’HBF. png ’ , dpi = 600)
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Figure C.1: Calculated Hofstadter butterfly with (a) pmax = qmax = 20 (b) pmax = qmax = 35.
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