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Abstract

In this paper we establish the well-posedness of the Muskat problem with sur-
face tension and equal viscosities in the subcritical Sobolev spaces W;(R), where
pe(1,2]and s € (1 +1/p,2). This is achieved by showing that the mathematical
model can be formulated as a quasilinear parabolic evolution problem in W;‘Z(IR),
where s € (1 + 1/p,s). Moreover, we prove that the solutions become instantly
smooth and we provide a criterion for the global existence of solutions.
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1 Introduction

In this paper we study the evolution equation

3t )5,
aj(z,x):LPV/y+ f (2, %) [.y}fz(t)
Ry (0, ()

27 u
which is defined for > 0 and x € R. The function fis assumed to be known at time
t =0, that is

o (ok(f) = A /)t x = y)dy, (1a)

S@0,°) = fo. (1b)
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The evolution problem (1a) is the contour integral formulation of the Muskat prob-
lem with surface tension and with/without gravity effects, see [24, 25] for an equiva-
lence proof of (la) to the classical formulation of the Muskat problem [29]. The
problem (la) describes the two-dimensional motion of two fluids with equal vis-
cosities y_ = p, = p and general densities p_ and p, in a vertical/horizontal homo-
geneous porous medium which is identified with R2. The fluids occupy the entire
plane, they are separated by the sharp interface {y = f(¢,x) + Vt}, and they move
with constant velocity (0, V), where V € R. The fluid denoted by + is located above
this moving interface. We use g € [0, o) to denote the Earth’s gravity, k > 0 is the
permeability of the homogeneous porous medium, and ¢ > 0 is the surface ten-
sion coefficient at the free boundary. Moreover, to shorten the notation we have set
A, :=g(p_—p,) €Rand

Opyf 1=f00) —flx—y), x, y € R.

Finally, x(f(¢)) is the curvature of {y = f(¢,x) + tV} and PV denotes the principal
value.

The Muskat problem with surface tension has received much interest in the
recent years. Besides the fundamental well-posedness issue also other important
features like the stability of stationary solutions [13, 14, 16, 20, 26, 28, 33, 36],
parabolic smoothing properties [24-26], the zero surface tension limit [8, 31],
and the degenerate limit when the thickness of the fluid layers (or a certain nondi-
mensional parameter) vanishes [15, 22, 37] have been investigated in this context.
We also refer to [19, 21] for results on the Hele-Shaw problem with surface ten-
sion effects, which is the one-phase version of the Muskat problem, and to [34,
35, 38] for results on the related Verigin problem with surface tension.

Concerning the well-posedness of the Muskat problem with surface tension
effects, this property has been investigated in bounded (layered) geometries in
[14, 16, 17, 33, 36] where abstract parabolic theories have been employed in the
analysis, the approach in [23] relies on Schauder’s fixed-point theorem, and in
[10] the authors use Schauder’s fixed-point theorem in a setting which allows for
a sharp corner point of the initial geometry.

The results on the Muskat problem with surface tension in the unbounded
geometry considered in this paper (and possibly in the general case of fluids with
different viscosities) are more recent, cf. [8, 24-26, 30, 31, 39]. While in [8, 39]
the initial data are chosen from H*(T), with s > 6, the regularity of the initial
data has been decreased in [24-26] to H>**(R), with & € (0, 1) arbitrarily small.
Finally, the very recent references [30, 31] consider the problem with initial data
in H'"2%¢(R9), with d > 1 and & > 0 arbitrarily small, covering all subcritical L,
-based Sobolev spaces in all dimensions.

It is the aim of this paper to study the Muskat problem (la) in the subcritical
L,-based Sobolev spaces W;(IR) with p € (1,2]and s € (1 + 1/p,2). This issue is
new in the context of (1a) (see [2, 12] for results in the case when ¢ = 0). To
motivate why W,:H/‘”(IR) is a critical space for (1a) we first emphasize that the
surface tension is the dominant factor for the dynamics as it contains the highest
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spatial derivatives of f. Besides, if we set g = 0, then it is not difficult to show that
if fis a solution to (1a), then, given A > 0, the function

ftx) 1= A7 (A1, Ax)

also solves (1a). This scaling identifies Wp1+1/ P(R) as a critical space for (1a). The
main result Theorem 1.1 establishes the well-posedness of (1a) in W;(IR). This is
achieved by showing that (la) can be recast as a quasilinear parabolic evolution
equation, so that abstract results available for this type of problems, cf. [3, 4, 6, 28],
can be applied in our context. A particular feature of the Muskat problem (1a) is the
fact that the equations have to be interpreted in distributional sense as they are real-
ized in the Sobolev space WS‘Z(R), where s is chosen such that1 + 1/p <5 < s < 2.
Additionally to well-posedness, Theorem 1.1 provides two parabolic smoothing
properties, showing in particular that (1a) holds pointwise, and a criterion for the
global existence of solutions.

Theorem 1.1 Let p € (1,2]and1 + 1/p <5 < s < 2. Then, the Muskat problem (1a)
possesses for each f, € W;(IR) a unique maximal solution f := f(-f,) such that

fec(10.79,Wi®) ) n (.79, WiH®R) ) n €' (0.7, Wi®) ),

with Tt = T*(f,) € (0, o] denoting the maximal time of existence. Moreover, the
following properties hold true:

(i) The solution depends continuously on the initial data,
(ii) Givenk € N, we have f € C®((0,T*) x R,R) n C®((0, T"), W["‘(IR));
(iii) The solution is global if

sup ”f(t)uwv(nqz) < forall T > 0.
[0,7+)N[0,T] P

We emphasize that some of the arguments use in an essential way the fact that
p € (1,2]. More precisely, we employ several times the Sobolev embedding
Wi(R) < W;,(R), where p’ is the adjoint exponent of p, that is p~! + p’~' = 1 (this
notation is used in the entire paper). This provides the restriction p € (1,2].

Additionally, we expect that the assertion (ii) of Theorem 1.1 can be improved
to real-analyticity instead of smoothness. However, this would require to establish
real-analytic dependence of the right-hand side of (1a) on fin the functional analytic
framework considered in Sect. 3, which is much more involved than showing the
smooth dependence (see [25, Proposition 5.1] for a related proof of real-analyticity).

1.1 Notation

Given k € N and p € (1, o), we let WI’)‘(R) denote the standard L,-based Sobolev
space with norm
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k 1/p
s = (Z L)
=0

Given 0 < s € N with s = [s] + {s}, where [s] €N and {s} € (0, 1), the Sobolev
space W;(R) is the subspace of WI[)S](R) that consists of functions for which the
seminorm

D) - f(["])(y)| “f(w . f([m“
P = : d
Ul ’ /Rz |x — y|!+isip / |§|1+tsip :
is finite. Here {7.}.cp is the group of right translations and || - ||, :=1| - ||L[](R)

,q € [1, o]. The norm on W;(R) is defined by

1/p
il == <IlfI|Wh + [f]”;> :

Fors <0, W;(IR) is defined as the dual space of Wp‘,‘Y(IR).
The following properties can be found e.g. in [40].

(i) Cy(R) lies dense in W;(IR) for all s € R. Moreover, W;(R) o C~P(R) holds
provided that0 < s — 1/p & N.

(ii) WS([R) is an algebra for s > 1/p.

(iii) pr > max{s, —s}, then f € C’(R)is a pointwise multiplier for WS(R) that is

“fg”W; < CIlfIICPIIgIIW/.; forall ¢ € W)(R), )

with C independent of fand g.

(iv) Given® € (0,1)and p € (1, o), let(-, -), , denote the real interpolation functor of
exponent § and parameter p € (1, 00).Givens,, s; € Rwith (1 — 8)s, + 0s; & Z,
it holds that

S, 5 _ (1-0)sy+0s
(Wrw), WPI(R))o,p = WO (), 3)
v) W;(R) S W;(R))ifl <p<g<ocoands—1/p>t—-1/q.

Besides, we need also the following properties.

(a) Givenr € [0,1)and p € (1, o0), there exists a constant C > 0 such that

lighlly: < 2lglle Il + Cliglly 12, g € W R), h € W)(R). )
(b) Givenr e (1/p,1)and p € (1, o), there exists a constant C > 0 such that

lghlly, < 2(gllalltlly, + Il cliglly ). g h € WiR). ©)
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(¢) Given pe (1,2],re (1/p,1), and p € (0,min{r — 1/p, 1 — r}), there exists a
constant C > 0 such that

lighllwi-+ < 2llglle 12l + Cligllw: 17ll - (6)
V4 4 P '

forallg € W/(R)and h € W;,"(IR), and

1+2
gl -7

¥

W)
l@hlly—1 < Slllloollflly,-1 + CWIIhIIW;—I—n ¥
Pllo

forallh € W;‘I(IR) and 0 # ¢ € W) (R).
The estimates (4) and (5) are straightforward consequences of the properties (i)-(v)
listed above. The inequalities (6) and (7) are established in Appendix 2. Let us point out
that (6) implies in particular that the multiplications

[(8. 1) = ghl : W (R) X W,”"(R) = W,”"(R),

r r— r— (8)
[(g. ) + ghl = WI(R) x W'™'(R) — W' (R)

are both continuous if p € (1,2]and r € (1/p, 1). The continuity of (8), is a straight-
forward consequence of (6), while the continuity of (8), follows by a standard dual-
ity argument.

1.2 Outline

In Sect. 2 we introduce some multilinear singular integral operators and study their
properties. These operators are then used in Sect. 3 to formulate (1a) as a quasilinear
evolution problem, cf. (27)—(28). Subsequently, we show in Theorem 3.5 that (27) is of
parabolic type and we complete the section with the proof of Theorem 1.1. In Appen-
dixes 1 and 2 we prove some technical results used in the analysis.

2 Some singular integral operators

In this section we investigate a family of multilinear singular integral opera-
tors which play a key role in the analysis of the Muskat problem (and also of
the Stokes problem [27]). Given n, m € N and Lipschitz continuous functions
ag,...,a,, by,....b, : R > Rweset

o(x — " (5. b
B, (. ....aplb. ... b BI(x) :=Pv/ ax—y) e (Buybi/y) 2
RV IE 1+ (Bpai/y)’]
9)

For brevity we write

B) (DM@l :=B,,(f,.... I ....f, l. (10)
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The relevance of these operators in the context of (1) is enlightened by the fact
that (1a) can be recast, at least at formal level, in a compact form as

@ _ k : '
a2 B((0)[(ox(f(1) = A f0))], >0, (11)
where B(f) is defined by

B¢) =~ (B, (0 +B, ) (12)

and f’ :=df/dx. A key observation that we exploit in our analysis is the quasilinear
structure of the curvature operator. Indeed, it holds that

k(f) = k(OIf1,

where
hll

k(Hh] 1= ———.
(1+57)"?

(13)

Given f € W;(R) and h e W;“([R), with pe(l,00) and se(1+1/p,2),
Lemma 3.1 ensures that in (11) the term

(ox(H)lh] - A,h)’,

belongs to W;‘Z(R). Therefore, it is natural to ask weather B(f) € E(W;‘Z(R)). The
proof of this boundedness property, which enables us to view (11) as an evolution
equation in W;‘Z(R), see Sect. 3, is the main goal of this section. As already men-
tioned, some of the arguments require p € (1,2].

We first recall the following result.

Lemma 2.1 Let p e (l,), n,meN, and let a,,...,a,, b,,...,b, : R > R be

Lipschitz continuous. Then, there exists a constant C = C(n, m, max,_; ||alf||°o)
such that

[1Busn@rs s @by by W g gy < cITel.
i=1

Moreover,' B, ,, € C'~(WL®)y", £ (WL (R), L(L,(R))).

sym

! Given n € N and Banach spaces X and ¥, we let E’;ym(X ,Y) denote the space of n-linear, bounded sym-
metric maps A : X' — Y.
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Proof See [2, Lemma 2].

We point out that, given Lipschitz continuous functions @, , ... , @,,, dy .- Gy, by, ..., b,
we have

By ) [Bre e by ] = Bular. ooy [Bro . by ]

m

~ ~ (14)
= ZBn+2m+l Ay v s yy g e e ,am)[bl,...,bn,ai+ai,ai—ai,~].

The formula (14) was used to establish the Lipschitz continuity property (denoted by
C!) in Lemma 2.1 and is also of importance for our later analysis.

The strategy is as follows. In Lemma 2.4 we show that, given f € W;(R), with
pe(l,2]lands € (1 + l/p, 2), we have Bgm(f) € E(W;,(IR)) forallr € [0,1—1/p)
(in particular also for r = 2 — s). Lemma 2.2 below provides the key argument in the
proof of Lemma 2.4. The desned mapping property Bg ) E E(WS 2(R)) stated in
Lemma 2.5, follows then from Lemma 2.4 via a duahty argument. Lemma 2.5 and
the fact that ' € WS '(R) is a pointwise multiplier for W‘ 2(R), see (8), provide the
desired property lEB(f) S E(WS 2(R)).

Lemma 2.2 Given pe€ (1,2], se (1+1/p,2), r€e (0,1 =1/p), n,meN, n>1,

and a, ..., a, € W(R), there exists a positive constant C, which depends only on
n, m, s, r, p, Max, .., |la;|lys, such that
<i< s

n
|B.mlars ... a)by, ..., ,,,60]” C||b1||Wsr+lfr72/v||5||w]gH||b,~||wls (15)
r =) "

forallb,,...,b, € W;(IR) and w € W;,(IR).

Proof Without loss of generality we may assume that @ € C;°(R). Using the relation

g(‘slx,bil) _ D=y byb
oy\ vy y ¥

Ll

algebraic manipulations lead us to
B, .(ay,...,a,)by,...,b,, w](x)
= (@B, ,(ay, ..., a,)[by, ..., b, b]1)(x) + /RK(x,y) dy
[T (Bunbi/y) o (Ot
s ()

* I, [1 + (5lx,yl"i/y)2] WAy

—w(x)

for x € R, where
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I Gupbily) 8@
T2 |1+ (Bary)’|

The last term on the right side of the previous identity vanishes if (n — 1)> + m? = 0.
Otherwise, we use integration by parts and arrive at

B, .(ay,...,a,)by,...,b,, w](x)

= (wB,_y u(ay, ....a,)lby, ..., b, b])(x) + / K(x,y)dy

~ o) Y / K, (5, y) dy + @) Z / K06 y) dy,
=2

where, given x € R and y # 0, we set

H?li#j(é[xy]b'/y) Opeyib — yb(x y)

K(x,y) := s xeR,y#£0.

(16)

KlJ(xa }’) = m B B
[1 + 5[”]51 /y) ] y
. . T [Ty (Bunbily)  Buen® Y4 =)
ZJ(-x,y) L P " > y2
L+ (Bya/y) TT, [1 + (6 pai/y) ]

We estimate the L,-norm of the four terms on the right of (16) separately. Let
g € (p', 00) be defined as the solution to

1 1 1

g 1/r p~

Term 1. We note that @ € W',(R) < L (R), b} € W, PRy & W ~2/P(R), and
additionally we have WS "2IPR) o L, /r(IR) Holder s 1nequa11ty together with
Lemma 2.1 (with p =1/ r) then yields

[z I | N 1])1 < N@lg||Born@rs s ) [bas s BB
< cuauqubgnl/r(]‘[ ||b;||co>
< Clllly, 1oyl (H 1161w )
=2
(17)

Term 2. Let s, € (1 + 1/p, s] be chosen such that s, —r — 1/p < 1. Taking advan-
tage of Minkowski’s integral inequality, of Holder’s inequality, and of the embed-
ding property b, € W“rl HP(R) & COTP(R) we get
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I ' , 1/p'
/ dx < </ +/ ></ |K(x, y)|P dx) dy
R {lyl<1} {lyI>1} R

n
< 4|lb, ||°o<]'[ ||b;||oo>||a||,,/
=2
L 1@ - 7,@ll,,
12 y P
+ [bl]so—r—l/p(g llb,-lloo) | T

/ K(x,y)dy
R

where

/ 19~ 50l 1. < @ ( L) <cpal
- ys“’W"/ — ) SClloly.
(yi<ty Iy[Psotr+t/p 7 \S i<ty Iyl Oso+2/e f

We arrive at
/ K(x,y)dy
R

(/

Terms 3 & 4. Given 2 < j < n, Holder inequality and Minkowski’s integral inequal-

ity yield
1’4 1/p' /l r
/ dx <lell, /'/Ku(x,y)dy’ dx
R R IJR
— 1 r
<i@l, [ ( / Ilei(x,y)Irdx> o,
R \JR

To estimate the integral term we choose s, € (1 +1/p,s] with s, —r—1/p < 1.
Since b, € W TI®R) > W (R) 0 Co(R), we get

/ < / |K1J<x,y>|1/’dx> dy
R R

< 4||b1||1/,<[! ||bi||vV,;>
n ”b_Tb_yT b/”l/r
b b, J Yy yoj d
+1 1]-Vo—’—1/17< H I z||°°>/{|y|<1} [y|3=so+r+1/p y

i=2,ij

i=2

p/ 1/p/ _ n
de | < Cll@ly, 15z T 10, |- (18)

@) / Ky () dy
R

! So+r—1
for 2 <j <n. Since b; € W;,”(IR) =3 Wl;r "(R), 2 <j < n, Minkowski’s integral
inequality, Holder’s inequality, and a change of variables lead to
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’
”bj - Tybj - yfybj”l/r P
|y|3—s0+r+l/p Y
{Iyl<1}
| 1/r r
:/wn |y|2 1/< dx) »
—ty “1
/ / 19~ =il dy dt
(yl<1} |y|2 r0+r+l/p
1 1-r 1
< @) (/‘ﬂw”“”m>wmgy
<~/{|y|<l} |y|(3—2s0—r+2/p)/(l—r) 0 lsr 1

< C||bj||WI;~

1
/ [b]r = (1= 1)y) = blx =)l di

Consequently, given 2 < j < n, we have

’ 1//’
4
( B(x) / Ky (x,y) dy dx> < Cl@ly, 161l rz/p<1'[ Ib; ||W\>
R R i=2
(19)
and, similarly,
’ 1/p
_ p
( / () / Ky () dy dx) < Cll@lly, Ity ||Wv+n-r-z/p<1'[ Ib; ||Wv)
R R i=2
(20)

The desired claim follows now from (16) to (20).

Lemma 2.3 below is used to prove Lemma 2.4 (see also [2, Lemma 7] for a
related result).

Lemma 23 Letpe (l,00),n €N, and n <t <t <n+ 1. Then, there exists C > 0
such that

o ==,
(E— P t
/R Sy €S CIblE,  forall b e W®).

Proof We have
o=l = S0 -l + o=l

and, given k € {0, ...,n},
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“ b® — 7,b® ””

L P g = [p0]? P
e e=[b ]W < Clibll,
Moreover, since R? = {|&] < ||} U {|&] > ||} and

[b— be]Wl, | b — 75" — 7, (b — £.b®) |p
/[R; |E|1+E=p dé = /R2 |E[1+=10p | | 1+ =m)p dhdg,

with

b — 7 b — Th(b( n _r b("))

|

" ande

|§|1+(t z’)p|h|l+(z’—n)p
{1€I<IAl}

| b -z, po|

| ,
<2 ——dh ) dE < C[bY.,,
/ |E| 1= <~/{I§|<|h| || 1+ =mp > e=d ]W;

” b — £.b® — 7, (b — 7,b™) |

'/|h|<|§| |§|l+(t—t’)p|h|1+(t’—n)p

“b(n) b(n)” |
p ———
= / | A1+ =mp <Am<|5|} |g|1+e=p dé) = C[b]W”

the desired estimate is immediate.

dh dé

We are now in a position to prove that B® (f) € [,(W’ (R))forallr € [0,1—1/p).

n,m

Lemma 2.4 Given pe (1,2], se 1+ 1/p,2), n,meN, ay,...,a, € W‘(IR) and
r € [0,1 = 1/p), there exists a constant C = C(n, m, s, r, p, max, ., lla; ||Wv) such
that

|But@rs - an by b @l|| < Clidlly, T 180w, @1
o Pzl
forallb,,...,b, € W)(R)and @ € W, (R).
Moreover, B, ,, € c'- ((WS(IR))’” L (W;(R)»E(W;,(R))))-

sym

Proof Let B,, :=B,,(a;,...,a,)b;,....,b,,-]. Recalling Lemma 2.1 (with
p=p'), we get

n
1B, i@l < Clill,y [T 15:lw,.
i=1
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which proves (21) for r = 0. Let now r € (0,1 — 1/p). It remains to estimate the
quantity

1B, @] = 7:B, @I,
B, @] —/ i ST g
R

Wé B g1+’
Taking advantage of (14), we write
B, o] = 7B, ,[0] = T,(-,§) + T,(-,§) = T5(-,{), {E€R,
with
T,(.&) :=B,,(a,....a,) b, ....b,.® — 70|,

n
Ty, 8) 1= D By(ar . nay) [tebys oo Tbi by = Ty by by 7]
T5(-, &) = 2 B2 mi1 (al, s Ay Telys ,Téam) [Tgbl, o Tebya; + Teas, 0 — T, 1'55].

Hence,

7.0l
1B, @1l <3 Z / |2|1+rv (22)

and Lemma 2.1 (with p = p’) yields

”T( é)”p _TEEHP: n »
E<CP vP /—’pd <| Cl@]y- y . '
/R EEG (H” I ) L g <\ @i [T
(23)

Furthermore, using (15), Lemma 2.3 (with p=p’, r=s+1-2/p, and
' =s+1—r—2/p), and the embedding WS(R) < WYJr1 2/"’([R) we deduce that

/ b= bl
”TZ('aé)”pr , n ” & n )
. PP W P
/R ||+ de < Clioolly, 2 /R &1+ d& ” 151l i

7i=1 j=lj#i
(24)

n I
< (cuam;, 11 ||bi||W;>
i=1

and, by similar arguments,

/

175 )1, o p
/ngll—_”p,dfﬁ C”CU”W[']'/ll:!”biuwl§ ) 25)

@ Springer



The Muskat problem with surface tension and equal viscosities. ..

The relations (22)—(25) lead to the desired estimate. The local Lipschitz continuity
property follows from (14) and (21).

Together with Lemma 2.4 (withr =2 — s € (0,1 — 1/p)) we obtain the follow-
ing result.

Lemma 2.5 Given p e (1,2], se (1+1/p,2), n, meN, and a,,...,a, € W;(IR),
there exists a constant C = C(n, m, s, p, max, ¢, |1a;||ys) such that
<i< s

B, (@, ... a,)[bys ... b, @ ||W < Cllally,- ]3 1511 (26)
forallb.,....b, € W(R) and & € L,(R).
1- s m n s s—2
Moreover, B,,, € C'~(W3R)Y", L2 (WS(R), LW (R))).
Proof We recall that W3~2(R) = (W2 (R)Y. Let B,,,, := B, ,(ay. ... .a,)[by. ....b,.-].

It is not difficult to prove that the L,-adjoint of B, ,, is the operator —B, .. Therefore, given
, ¢ € C§(R), we obtain, in view of Lemma 2.4,

(B, o] |(p>W;*2(R)><Wi,"‘(R) = ‘<5|Bn,m[@])W;*Z(R)XW;,‘"(R)

n
< Cli@lyy2 el [T 15illy,-
i=1

The estimate (26) follows via a standard density argument.The Lipschitz continuity
property is a consequence of (26) and of (14).

3 A functional analytic framework for the Muskat problem

In this section we take advantage of the mapping properties established in Sect. 2
and formulate the Muskat problem (la) as a quasilinear evolution problem in a
suitable functional analytic setting, see (27)—(29). Afterwards, we show that the
problem is of parabolic type. This enables us to employ theory for such evolution
equations as presented in [6, 28] to establish our main result in Theorem 1.1. The
quasilinear structure of (1a) is due to the quasilinearity of the curvature operator,
the latter being established in Lemma 3.1.

Lemma 3.1 Given p € (1,0) and s € (14 1/p,2), the operator k(-)[-] defined
in (13) satisfies k € C°°(W;(IR), E(W;“(IR), W;‘I(R))).

Proof The arguments are similar to those presented in [27, Appendix C] and are
therefore omitted.
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The Muskat problem (1a) can thus be formulated as the evolution problem

d
T o= ool >0, fO=f @7)
where
O[] = %B(f) oD - A, 1], 28)

with B introduced in (12). Arguing as in [27, Appendix C], we may infer from
Lemma 2.5 that, givenn, m € N, p € (1,2],and s € (1 + 1/p,2), we have

| = B,,0] € cow @), LW ®))).
This property and Lemma 3.1 combined yield
@ e c= (Wi, £( W @), w®) ) ) 29)

forall p € (1,2]and s € (1 + 1/p, 2).

Letpe(1,2],se(1+1/p,2),and f € W;(IR) be fixed in the remaining of this
section. The analysis below is devoted to showing that the linear operator ®(f),
viewed as an unbounded operator in W*~2(R) and with definition domain W;“(IR),
is the generator of an analytic semigroup in L(W[f‘s(lR)), which reads in the nota-
tion used in [7] as

—0() € MW R, W®) ). (30)

This property is established in Theorem 3.5 below and it identifies the quasi-
linear evolution problem (27) as being of parabolic type. To start, we note that
7~'By, = H, where H is the Hilbert transform, and therefore

3 kA 4 \3* kA 2\ /2
q)(O)zk_GHod___”Hoiz_k_a a (4 , (3D
2u  dx3  2u dx 2u \ dx* 2u dx?

where (d*/dx*)*/* denotes the Fourier multiplier with symbol m(¢) := |£|*> and
(=d?/dx*)'/? is the Fourier multiplier with symbol m(&) := |£|. We shall locally
approximate the operator ®(zf), with = € [0, 1], by certain Fourier multipliers A; ..
Therefore we choose for each € € (0, 1) a so-called finite e-localization family, that
is a set

{(n;,x;) LN+ 1 sjsN} C Co(R, [0, 1]) x R

such that
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N
> (xf)* = 1and [|z)®|,, < Ce ¥ forallk €N, =N + 1 <j < N;
Jj=—N+1

. suppzrjE is an interval of length € for |j| <N — 1, suppzy, C {|x| > 1/¢e};
ﬂf-irf=0if[[j—l| > 2, max{|j|, |/|} < N—-1Jor[|l| N -2,j=N],

. xj? €supp7rj5, Jl<N-1.

The real number x}; plays no role in the analysis below. To each finite e-localization
family we associate a second family {)(]? : =N+1<j< N} cC®R,I[0,1]) such
that

. ;(J.E =1lon supp;rf,—N+ 1 <j<N, and supp yy C {|x| > 1/e — &};

e supp ;(; is an interval of length 3¢ with the same midpoint as supp 7rf, Jl <N-1.

To each finite e-localization family we associate a norm on W;([R), r € R, which is
equivalent to the standard norm.

Lemma 3.2 Lete € (0,1) and let {(frf,xf) : =N+ 1 < j < N} be a finite e-localiza-
tion family. Given p € (1,0) and r € R, there exists c = c(e,r,p) € (0, 1) such that

N
£ -1 r
ity < 3 airwy < fllwy. F e WR.
J

=—N+1

Proof The claim follows from the fact that ﬂjf € C*(R) is a pointwise multiplier
for W[:(IR).

The next result is the main step in the proof of (30).
Theorem 3.3 Let p € (1,2], s€ (1 +1/p,2), p € (0,min{(s — 1 —1/p)/2),2 — s}),
and v>0 be given. Then, there exist € € (0,1), a e-localization family
{(ﬂ]‘?,xf) : =N+ 1 <j <N}, aconstant K = K(¢), and bounded operators

A, € c(w;“(R), W;-z(R)), jE{=N+1,...,N}and 7 € [0, 1],

such that

nth
J

£ £

for all —-N+1<j<N, 7€][0,1], and h e W;“(IR). The operators Ajyf are
defined by

3/4 3/4
a* ko ( d*
A i=—a (L) L YIsN-1, A, i=-2(4d )
iz af(xj)<d ) |.]| = N,r 2” <d 4>
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and a, := (ko /Qu))(1 + %f*)~3/2,
Proof 1In this proof we denote by C constants that do not depend on € and we write K

for constants that depend on «.
Given—-N+1<j<N,7€[0,1],and h € W;*l(IR), Lemma 2.1 yields

while, using some elementary arguments, we get

ﬂj‘.c‘ B(zf)[H']

|

B |

’
S CI N, < Cllllyer 33

Ws—2
P

= (R (DD

|

| < =], + ki@,
' ' (34)
< C()

nth
j

|W,»:+‘ KAl

Below we take advantage of (34) when considering the leading order term
B(zN)[(k(zf)[h])'] of ®(zf)[h]. Let C; := Coko 2z .

Step 1: The case |j| < N — 1. Given |j| < N — 1, we infer from Lemma 4.2 and
(34) that

1

e BY (P |(k(zf)hD)] - T

Boo|x (el |

Wi2
< ﬁ| 7 (<(@)Ih)’ IW;_z + K| (@)D ||y (35)
< vC e <l
- 4_C1 ﬂf Wit +Kll ”Wp‘*""
provided that ¢ is sufficiently small. Besides, we have
&_r1 p0 , Tzflz(x;) . /
z; of BL](Tf) [(K(Tf)[h]) ] - l-l-rz—f’z(x;)BO'o [ﬂ'j (k(zH[A]) ] . <T, +T,+T;,
where
T, := ){ié (f’ _f/(x;))B?ql(ff)[,r]?(,((ff)[h])/] 7
. : . -
TZ = ){]_g (f’ —f’()(i)) (”;B(l),l (Tf)[(K(Tf)[h])/] _ B?,l (Tf)[][f(]((ff)[h])’]) ,
. . "
4 e p0 ’ Tf/(x;) . .
Ty = If'll ||z} B , e [(e(eIRD'] = H—rz—]“Z(xf)BO»O[”j ()R] ]

Ws—2
P

For € sufficiently small to guarantee that
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-1
€ v
| j o S 40C, <re[01] ”B I(Tf)“awy Z(R))> ’

it follows from (7) (with r = s — 1), Lemma 2.5, and (34) (if )(jg(f’ —f (x;)) is not
identically zero, otherwise the estimate is trivial) that

vC,
T1<—

+ K|l (36)

As )(].E(f’ —f’(xj?))e W;‘I(IR) is a pointwise multiplier for W;‘Z(IR), cf. (8),
Lemma 4.1 yields

Ty < K| [|yya-r < Kl Allyrer-o- (37)

Finally, if € is sufficiently small, we may argue as in the derivation of (35) to get

vC,
T, < @ xth |w,;+1 + KAl ot )
Gathering (36)—(38), we conclude that
7212

)

ﬂj?rf’B(l)’l(Tf) [(x(zPA)] - W 0,0[

m (A |

W (39)

£

C
u,[‘h
j

<
4C,

|WH[ + Kl ll -0
;

We now combine (33), (35), and (39) and obtain that

w I - 3 B[ || < Slah] 4 Kl
Wy K ’
(40)
As a final step we show that, if € sufficiently small, then
n
B ( ‘?‘h)
£ / 0!O|: ”J ] VCO
Boo | (el | - e BT + Kl
(1+7220) 1
j —_—
41

forall h € W;”(IR), 7 € [0, 1], and |j| £ N — 1. To start, we note that

By, [n;(lc(rf)[h])'] = By,

(n;zc(rf)[h]>’] = Boo| ) x@lA].

and Lemma 2.5 yields for —N + 1 < j < N that
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Buo[epxapinl]| < Kl w“)

Wi~
14

Moreover, letting C, 1= ||By |l zws—2(r))> the algebra property of W;‘I(IR) leads us to
X s

By [(xfh)"

Bo?o[(”jg’f(ff)[h])/] - 32
(1 + TZfﬂ(x;)) .

ELIN £ 12
7 h (ﬂ'j h)

(1 + 72f12)3/2 -

7 43)
(1 + er'Z(x;)) o

1 1

<G, (1 + z2f2)3/2 -
(1 + r2f'2(x;))

7 ||+ Ky

Ws-1
P

Using (5) together with the identity )(].5 7[]'.5 = 7rj€ , for € sufficiently small we get

1 _ 1
(1 + 72f72)3/2 (

3 "
3/2 (”j h)

1+ T2f'2(x€)>
J W;)—l

(44)

Iz hlyr + Kl

. 1 _ 1
4 ((1 + 22232 (1 + Tzf’z(x;))3/2>

v(,
<566
2C,C,

7th
j

]W + Kl lly-o-
Gathering (42)—(44), we conclude that (41) holds true. The desired estimate (32) fol-
lows now, for |j| < N — 1, by combining (40) and (41).

Step 2: The case j = N. Similarly to (35), we obtain from Lemma 4.5 and (34)
that

4By, ()| (e (zP)[R])'] = By g [y (k ()R] |

v C()

Ws—2
P

(45)

£
myh

|+ KAl
;

forall h € W;” (R) and = € [0, 1], provided that € is sufficiently small. Moreover,

witf'B) | (2f)|(x(zf)[A])']

2 — T a b
we 2

where
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@Dl

2l (”;B?,1<rf>[<x<rf>[hl>’1 - B) Pl (IR ”W

Since )(;f’ (S W;‘I(R) is a pointwise multiplier for W;‘Z(R), cf. (8), Lemma 4.1
yields

T, < K”(K(Tf)[h])’“m,zﬁ < K||h||W;+1_ﬂ. (46)

Because f’ € W;‘l(IR) vanishes at infinity, for € sufficiently small to ensure that

-1
/ v
|, < 20C, <fe[o 1B @Dl 2<R>)> ’

it follows from (7) (with » = s — 1), Lemma 2.5, and (34) (if ;(If/f’ is not identically
zero, otherwise the estimate is trivial) that

vCy
T < -2 ﬂ'&h

7 4¢,

’me + KAl 47)

Gathering (33) and (45)—(47), we have shown that if € is sufficiently small, then

12

78 d(ef)[h] — Boo[n + K| Allye1-s

Wi+l
(48)
forallh € W;’“(IR) and 7 € [0, 1]. It remains to show that for € sufficiently small

C
[ Boo 7 e@ptan] = Bog ey 20

o T KAl - (49)
P

-
P

for all h € W,‘;“([R) and = € [0, 1]. Arguing as in the first step (see (43)), we find in
view of (42) that

| Boo 7 e@pt] = Boo [(ei]

1 £ "
’ <W— 1)(7rNh)

Using (5) and the fact that f” vanishes at infinity, for € sufficiently small, we obtain

5—2
VVP

+ KAl 1o
Wit
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G

1 £ "
(((1 + T2 1>(”Nh) Wil

<26y (1= (1 +71)?) ool All et + Kl Al ys1-0

s+1-p°
W

VCO
< —||x® .
<3 |75l + KllA|
This proves (49). The claim (32) for j = N follows now directly from (48) and (49).

We now consider a class of Fourier multipliers related to the multipliers from
Theorem 3.3.

Lemma3.4 Letn € (0,1). Givena € [, 1/n], let

2 3/4
A, i=—a|l — .
g (dr*)

Then, there exits a constant ky = ky(n) > 1 such that

e A-A, € Isom(W;“(R), W;—Z(R)) VRei>1, (50)

o« kol =AMy 2 121 Al + hllys Vh € WyHH(R), Re A2 1.
(51
Proof We first consider the realizations

A, € £<W§(R), WP‘I(R)) and A, € L(Wj(R),LP(R)).
Since WIIJ‘(R) = H[’j(IR), k € Z, Mikhlin’s multiplier theorem, cf. e.g. [1, Theo-
rem 4.23], shows that the properties (50)—(51) (in the appropriate spaces) are valid

for these realizations. Then, using the interpolation property (3), we obtain that (50)-
(51) hold true.

The next result provides the generator property announced in (30).
Theorem 3.5 Given p € (1,2],s € 1+ 1/p,2),and f € W;(R) we have
_0d(f) € H(W;“(R), W;-z(R)).
Proof Fix p € (0,min{(s—1—1/p)/2),2 —s}). Since f' € W;‘l(IR) is bounded,
there exists a constant # > 0 with the property that the function «,, 7 € [0, 1], from
Theorem 3.3 satisfies # < |a,| < 1/# for all = € [0, 1]. Hence, regardless of € > 0,

the operators Aj!,, with =N + 1 <j< N and 7 € [0, 1], defined in Theorem 3.3 sat-
isfy (50)-(51) with a constant x, > 1.
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We set v := (21(0)‘1. Theorem 3.3 provides an € € (0, 1), a e-localization fam-
ily, a constant K = K(¢) > 0, and bounded operators A; . € E(WPSH(R), W;‘Z(R))
,—N+1<j<Nandr € [0, 1], such that

2k,

DA - A, [n;h]

|

7th
J

s o T 260K Ml
P

forall-N+1<j<N,r€]0,1],and h € W;*l(R). Besides, Lemma 3.4 yields

2k, (4 Aj,f)[@h] >2]4] |

7th
j

2+2|

nth
j

We-2 W= |W;+l
foral -N+1<j<N,7€[0,1,ReA>1,and h € W;“(IR). The latter inequali-
ties imply

20| 7E = @il 22x0[h= AR
~ 2|t a0l = A el
;
>24] - | xh |W‘;_2 + | xth |W;+I = 260K | llys-1-+-

Summing up over j and using Lemma 3.2, the interpolation property (3), and
Young’s inequality we find constants k = x(f) > 1 and @ = w(f) > 0 such that

Kll (A = D)l 2 141 rllys + Volly (52)

forallt € [0,1],Re A > w,and h € W[‘j“(IR).

Recalling (31) and arguing as in Lemma 3.4 we may choose o sufficiently large
to guarantee that @ — ®(0) € Isom(W[‘j“(lR), W;‘Z(IR)). The method of continuity
together with (52) consequently yields

w—®() € Isom(W;“(R), W;‘Z(IR)>. (53)
The relations (52) (with = = 1) and (53) imply the desired claim, cf. [7, Chapter I].
We next present the proof of the main result. The arguments rely to a large
extent on the theory of quasilinear parabolic problems presented in [3, 4, 6]
(see also [28]). Besides, in order to obtain the parabolic smoothing properties,
we additionally employ a parameter trick which was successfully applied also to
other problems, cf., e.g., [9, 11, 18, 32].

Proof of Theorem 1.1 Fix

l+l<§<s<2 and 0<ﬁ:=§<a:=—<l.
p

@ Springer



A.-V. Matioc, B.-V. Matioc

We further set E; := W*'(R), E; :=W,*(R), and Ey :=(Eg,E))y, with
0 € {a, f}. Recalling the 1nterpolat10n property (3), we have E, = WS(R) and
E; = WS(R) In view of (29) and (30) (with s = s), we then get

—® € C*(Ey, H(E,, Ey)),

and the assumptions of [28, Theorem 1.1] are satisfied in the context of the Muskat
problem (27). Applying [28, Theorem 1.1], we may conclude that (27) has for each
fo € W;(IR) a unique maximal classical solution f = f( - ;f;) such that

fec(10.79,Wi®) ) n (.79, WH®R) ) n (0. T, Wi®R)). (54)
Moreover, if the solution belongs to the set

U c(o.r.wim),

n€(0,1)

then it is also unique, cf. [28, Remark 1.2 (ii)]. We now prove that each solution
to (27) that satisfies (54) belongs to C"([0, T*), WY(R)) withn =(s—5) /3 +s—7).
Indeed, since f € C([0, T*), W* (IR)) we infer frorn Lemma 3.6 that

d
l(t)

sup di

t€(0,T]

< o

Wi-3(R)

for_ each T € (0, TJ:). Since for 6 :=3/(s—5+3) we have
(W5‘3(IR), WS(IR))QJ, = WS(IRE), cf. (3), (54) and the latter estimate now yield

lf () f(tz)“W? < Clif @) —f(fz)”Ws , <Cly -1 06973, t;, 1, €[0,T].

Therewith the existence and uniqueness claim is proven. Moreover, the assertion (i)
follows from the abstract theory (see the proof of [28, Theorem 1.1]).

The parabolic smoothing property established at (ii) can be shown by arguing as
in the more restrictive case considered in [25, Theorem 1.3].

Finally, in order to prove (iii), we assume that f = f(-f,) : [0,T") — W;(R) is a
maximal classical solution with 7" < oo and that

Sup Hf(t)”W:(R) < 00.
r€[0,T

Using again Lemma 3.6 and arguing as above, we conclude that f : [0, TF) — W;(IR)
is uniformly continuous. Let now

1+1<§<§<2 and O<ﬁ:=§<o/:=
p
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Choosing  F, := W (R), F,:= Ws 2(R), and setting F, :=(Fy, Fy)g,,
0 e {d, f}, we have that F,= WX(IR) ‘and Fy= WS(IR) Moreover (29) and (30)
(with s =), yield

—-® € C®(Fy, H(F,, Fy)).

Thus, we may apply again [28 Theorem 1.1] (iv) () to (27) and conclude that f can
be extended to an interval [0, T+) with T+ > T and such that

fe C([o, ), Wj(R)) N C((o, 7+, Wj“(R)) nC! ((o, 7+, Wg—Z(R)).
Moreover, by (ii) (with (s,5) = (5,5)) we also have f e C'((0, 7”“), Wi(R)), and
this contradicts the maximality of f. This proves the claim (iii) and the argument is
complete.

We finish the section by presenting a result used in the proof of Theorem 1.1.

Lemma 3.6 Given M > 0, there exists a constant C = C(M) such that
1PN M, < € (55)

forall f € W;“(R) with ||f|lys <M.

Proof In this proof the constants denoted by C depend only on M.
Given f € W;“(IR) with |lf||W.\- < M, we have

IGOUD w5y = H W) . HW <C. (56)
Moreover, we infer from Lemma 2.1 that
||B(f)[f']||w;—3 <IBEOIF N, <C (57)
and it remains to prove that
BN Ty, < C. (58)

To this end we note that the L,-adjoint B*(f) of B(f) is identified by the relation
aB*(f) := =By () + B1,1(f)[f,f/'])~

Therefore, given , y € C°(R), we have

< 1@l 1B Ol

<B(f) [5] | W)‘/V;—S(R)XWBI—F(R)
’ (59)
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We next show that
||B*(f)[ll/]||wl~j,—s < Cliwllwar (60)

for all y e W;,‘S([R) and f € W;H(R) with [[f|ly <M. Indeed, Lemma 2.1
(with p = p’), yields
I1B*Olwlll,y < Cliwll,- (61)

Additionally, we may argue as in the proof of [25, Lemma 3.5] to infer in view of
Lemma 2.1 that B*(f)[y] € W;,(R) with

, P , y+f(x =8 f
“BWWD@‘ﬂNMW“*PYA¢<yuwmﬁz)W“”@
_ * ’ a[x,y]fa[xy}f,
= zB*(OHly'1x) - PV /[R a}v<m w(x—y)dy

= —72B()[y'1(x).
Invoking Lemma 2.4 (withr = 2 — s € (0,1 — 1/p)), we get that

185, 0 Mz + 1B DIy Tz < Cllw ©

and since f’ € W;‘l(R) is a pointwise multiplier for W;,‘ *(R), cf. (8), we may con-
clude from (61) and (62) that

IB* (Ol < 1B Oy + 1@ OWD llyzs < Cllw s
This proves (60). Combining (59) and (60), a standard density argument leads us to

IBA @y < Clldllys, @ € W, [R),

and (58) follows via (56). Recalling the definition (28) of ®, the bound (55) is a
straightforward consequence of (57) and (58).

Freezing the kernels of singular operators in Sobolev spaces
with negative exponent

In this section we establish some technical results which enable us to locally approx-
imate the Fréchet derivative 0®(zf), 7 € [0,1] and f € W;(R), by certain explicit
Fourier multipliers, cf. Theorem 3.3. These results can be viewed as a generalization
of the method of freezing the coefficients of elliptic differential operators. We extend
this method to a particular class of singular integral operators, one of the main dif-
ficulties arising from the fact that the Sobolev space where the error is measured has
negative exponent. As a first result we establish a commutator type estimate.

@ Springer



The Muskat problem with surface tension and equal viscosities. ..

Lemma 4.1 Let pe(1,2], se(1+1/p,2), pe0,(s—1-1/p)/2), n,meN,
fe W;([R), and @ € CY(R) with uniformly continuous derivative ¢’ be given. Then,
there exists a constant K = K(n,m, s, p, p, [|@llc, lf llw:) such that

P

B, i1 - Bg,m(f)[goa]nwﬁ <K[@lly forall @eW2R). (63

Proof Let p := (3 —s)p/(1 — p). We point out that pE€(p,s—1—1/p) and that
@ € CY(R) is a pointwise multiplier for W;‘Z‘P(R). Lemma 2.5 (with s = s — p) then
yields

0B, D@1 - B, (Dgal| . < KI@llyor, @€ W2P@). (6a)

P

Besides, in view of [2, Lemma 12], we also have
o8B, D@1 - B, Plgal| , <Kll@l,,  @eL®. (s

Noticing that ngl—ﬂ><s—2—5>(u;z) = W;-H(R) and Wy—m“—z—@w(m) = W' (R), the
interpolation property (3) together with (64) and (65) leads us to the desired claim.

The first important result of this section is the following lemma.

Lemma 4.2 Let n,meN, pe(1,2], se(1+1/p,2), pe0,(s—1-1/p)/2),
v € (0,00), and f € W;(IR) be given. For sufficiently small € € (0, 1) there exists a
constant K that depends on €,n, m, s, p, p,and||f||y. such that

=B, (Nlw] - ()

—Boglz | < VBl + KBy
[1 + <f’(x‘?)> ]
J W;‘Z
(66)

forallljl <N —1and @ € Wi (R).

Proof Taking advantage of the relation )(f ]E = ﬂ]?, we have

(ren)

7B (] - —
[1 +(re) ]

Bo,o[”jsa] =T,+T,,

where
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T, := ﬂ (){;Bo,o [71']'.95] - By [)(].E(nfa)] )

o
[1 +(ra) ]
- 1 (B0 ]3] - =B, @),

(')

T, := 1B, (Nlz@] - = X Byl @l.

2

[1 + (f'(x;)) ]

Since 7rj5 is a pointwise multiplier for W;‘z"’(R) and )(; is a pointwise multiplier
for W;‘Z(IR), Lemma 4.1 leads to

1Tl < Kllooll 2. (67)

It remains to estimate T),. Using (14) and the relation f’ (xf) = Oy (' (xj‘?)idR)/ v,
we get

n—1

1= (1)) ™ Bl Do ) 105, 275

k=0
m—1 (f’(xf)) , ] , ) -
) Y AT ,f)[f —f <x;) idg.f +f (x;> ldR,ﬂ;w].
k=0 [1 + (f/(x;))z]
If £ is sufficiently small, Lemma 4.4 (with § = s — p) implies that

1T s < V7Bl + K@l g2 (68)
The estimate (66) follows from (67) and (68).
In Lemma 4.3 we gather some classical properties of mollifiers.

Lemma 4.3 Let ny(x) 1= 6"'n(x/8), x € R and 5 > 0, where n € Cy(R) is a non-

negative function with
/ nx)dx = 1.
R

Given s > 0 and f € L,(R), with p € [1,00), let f5 :=f * n5. The following proper-
ties hold true.

(i1) Givenr > 0, there exists a constant C > 0 such that

@ Springer



The Muskat problem with surface tension and equal viscosities. ..

Wsllw, < C&""Ifllyy ~ forall fe€ W, R).r €[0./.6€O.11. (69)
(iii) There exists a constant C > 0 such that

Ifs = fllwy < c5’—”|[f||W; for allf € W/(R),0 </ <r<1,6>0. (70)

Lemma 4.4 below provides the key estimate in the proof of Lemma 4.2.

Lemma 44 Let n,meN, n>1, pe(,2], 1+1/p<s<s<2, ve(,x),
and f € W;(R) be given. For sufficiently small € € (0, 1) there exists a positive con-
stant K = K(g, n, m, 3,S, ||[f lys) such that

P

K Bunll Do fof = 1) i, 75 H

SV|

n%” + K||@| s
o =M Kl

(71)
forall|jl <N —land @ € W;(R).

Proof Given ¢, € Cy°(R), it holds in view of ;(jf 71'].6 = nj’? and of the fact that the L,
-adjoint of BY  (f) is the operator —BY  (f), that

(4Bt Do S f = F () i 220}

VV,-‘)'*Z(R)XWPZ,"‘(R)

= (BBl Do fof = 6 0] )

Wi2RXW(R)

Let Tj,g[qo] = ;(;Bn’m(f, s DU oo o fsf —f’(x;)idR,;(;(p]. We decompose below
T lol =T, o] + T, [0, (72)

and we prove subsequently that, if ¢ sufficiently small, then

[t

< Kll(ﬂllwlf,-v (73)

2
g Sl and Tl
P P

forall p € W;,‘S([R). Having established (73), we get

colT: < N 7f@ || oo || T2 2s £ || wis || T2 5
(L) | S VWL 0+ I A ol
P

< (VIE@lly > + Kl ) Il
and the claim (71) follows via a standard density argument.

In order to define the terms in (72), let {#;} 5., be a mollifier as in Lemma 4.3. We
set
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TLL0) = 4 Bynlfs oo Df o fof =16 i 2 (0 = 95)|
2 _ . en0 £ 3 en0 I3
T lol = x8,,,() [}(j (pa] —f’(xj X B,y () [}(j (pg],
where 6 = 6(g) € (0, 1] will be fixed later on and @5 := @ * ;.
Since 2-5€[0,1-1/p), Lemma 2.4 (with r=2-7%) and the fact

that yfp; € W;,—?(R) yield 77, [¢] € Wj,—F(R), and together with (69) we obtain the
estimate

172 [y s < Kll 7 @5l < K6 llgllyes. (74)
J» o J o o
It remains to estimate Tilg[(p]. Therefore, we first infer from Lemma 2.1 and (70) that

|7L101] , < €|
J.€ P

x4 (@5 = (p)“p/ <Clles - (p”p’ < C52_S||(.0||W;7‘“ (75)
We now consider the seminorm [7}15[(/’]]w2-“ In view of (14) we write
» P,
T o] - T\ [0l = O+ T, + T3,  E€R,
where
1@ 1= (4 = 7t )eeBunlls oo Dfs oo Sof =1(%) i 20 = 0],
Ty 1= 1 Bunlfs oo Do fof =1 (3 i 270 = 0) = 7270 = )|

n—1
T5©) 1= 40 Y Bunls oo D\ 0o wefof = 2fof oo oo =1 (%) i 7 (@ = 0)
J=1 N —
(j—1)—times

+ 4Bl Dt vt —wfr (250 - 00|

+ 1 i By [Tgf, st = f <x;) idg, 7of +f.7f —f, Tf(;(_;((p - W)],
J=1
with

B:1+2,m+l =B, omi1 f,...,f,rgf,...,réf.
——

Jj—times

Lemma 2.1 (with p = p’) together wit (70) yields

17,1,y < | Sz @@=, < co

£ _ 3 e _ £
Y 1 =z, Nl
P
(76)

With regard to T5(&) we fix p € (s —5, min{2 =7, 2(s =) }). Combining Lemma 2.2
(withs =5andr=2-5—p € (0,1 —1/p)) and (70) we get
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175Ny < O = 71| iz || 4 (@ = 05)]
w, 4
P

W2 —5—p
4

- (71
S K 5p+s—x

Lf - T§f||W2/v—l—2/p ||(pH .
P W,,"

In remains to estimate the function 75(¢), £ € R. To this end we choose a;, € R
such that supp ;(j‘" C la;, —3¢/2,a;, + 3¢ /2] and denote by F, the Lipschitz contm-

uous function defined by F, f on [a;, —2¢,a;, +2¢] and Fl = f’(xf) on

R\ [a;, — 2¢,a;, +2¢]. Given £ € R with |§| > 5/2 it follows from Lemma 2.1
and (70) that

1Tl < Cllg = @5l < C&* gy (78)

If |¢] < /2, then &+ supp xf C [a;, —2¢,a;, +2€], and, since f' € -V (R,
Lemma 2.1 and the properties defining F, lead to

I, =

;(].‘Bn,m(f,...,f)[f S Fe f( )ldR X (o - (P(s)_Tg()( (@ — @5) ]“
=r()

X (@ — ;) - (;{f((pﬂ%))

<C

X (@ —@5) - Tg(}(f((p ~®5) H
L ((u-‘é—25,a_,_£ +25)) 4

= 24 e

(79
provided that € is sufficiently small.

Combining (76)—(79), we conclude that if ¢ is sufficiently small, then
Tl 1T,
[(0] 2—; - |é|1+(2 s)p
< Kﬁ‘o-ﬁ_s||§0||W;;A <1 + ”)(jg”Ws/ﬂ + |UC||W‘§) + 2 wass'
(30)

Invoking (4) and Lemma 4.3 (i), the estimates (75) and (80) lead us to
v s
1T (@Ml < Sl + KS™ligllys
We now chose 6 = 6(¢) € (0, 1] sufficiently small to ensure that K&/ <y /2. This
choice together with (74) shows that the estimates in (73) hold true and the proof is

complete.

The next lemma is the second main result of this section and describes how to
freeze the kernels at infinity.
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Lemma 4.5 Let n,meN, pe(1,2], se(1+1/p,2), pe0,(s—1-1/p)/2),
v € (0,00), and f € W;(IR) be given. For sufficiently small € € (0, 1) there exists a
constant K that depends on €, n, m, s, p, p,and||f||y. such that

75, BY, (D@ — By [75] H ]

N L, Kol (81)

and

forallw € W;_Z(IR).

CLAGIT] I

P a)H LK@l e, n 21, 82)

Proof Similarly as in the proof of Lemma 4.2 we write
7By (NIw] — Byo[mi@]| = T, + T,
where

T, := (xxBoo|my®] — Boo[2y(my®)]) — 23/(By,,(Nxy@) — 2By, (D)),
T, 1= 2By, (Nlxyw] — By olryo)).

Since ﬂ'; is a pointwise multiplier for W;‘Z‘P(R) and )(; is a pointwise multiplier
for W;‘Z(IR), we get in view of Lemma 4.1 that

1T lys < KUl s (83)

With respect to 7, we infer from (14) that

m
j— 13 0 £
="y Z B, () 7).
i=1
If € sufficiently small, it follows from Lemma 4.6 that
1T, llws < vilzy@llyes + Klloll -z (84)

The claim (81) follows now from (83) and (84). Finally, the assertion (82) is
obtained by arguing as in the proof of (81).

Lemma 4.6 below provides the crucial estimate in the proof of Lemma 4.5.
Lemma 4.6 Let n,meN, n>1, pe(1,2], 1+1/p<5<s<2, ve(, ),

and f € W‘(IR) be glven For sufficiently small € € (0, 1), there exists a positive con-
stant K = K(e n, m,s,’s, |[f||W\) such that

0
;Bnm(f) T w HW v|

x a)” ,+ K@l (85)
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forallw e W;‘Z(IR).
Proof Given ¢, w € C7’(R), it follows by arguing as in the proof of Lemma 4.4 that

(28,0 [x5]|o) (w0 liel)

Wi (R)XW2 ® W2 (RXW S (R)

We write 5 B0 SOlrsel = T el + T?[@] where, for sufficiently small £, we have

forallp € W;,‘S(IR). The estimates in (86) together with the previous identity imply

. <Vl and |7

K||(P||W2 : (86)

B’ W ‘ >
< AN "’”(f)[ o|o Wi (RXW? (@)

£— 2
+ erw”W_2 [
P

25
W,/

7lg)

-

ﬂNw”W:—Z
;

< (VI @ly, > + KI@lyz )lye -

and (85) follows.
Let again {#;} 5., be a mollifier and set

Tlol = 2iB, Dxi@—wop)]  and T2l = x5B) (D|xies),

where @; 1= ¢ * n; and with 6 = 6(¢) € (0, 1] which we fix later on. Taking advan-
tage of Lemma 24 (with r=2-5€(0,1-1/p)) and of the fact that
XNPs € W;,‘E(R), we conclude that Tf[(p] € WZ,‘ S(R) and together with (69) we
obtain the estimate

We now estimate TE1 [¢]. Combining Lemma 2.1 and (70), we have

Wz_; < K6 €||(P||W’— (87)

|7 [(p]||p, <

~0)|, < Cllo—@slly < Cllglhyz (88)

and it remains to consider the seminorm [TE1 [@]ly2-. Using (14), we get
P
T! @] - 7. T (@] = Ty(&) + To(&) + T5(S), £ER,

where
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1) = Gt = rex)ee (B Ol (@ = 091,

Ty(&) = xiBy,, (N xu(@ — 5) — 70y (@ — 95))].

=

T3(§) = )(f/ Bn,m(f""vf) Téjfv"'97’-§f’f_T@f’f""?f7T§(/Y1i/((p_(p5))
j=1 N—— ——

(j—1)—times
n .
+ 25 DBy [T T mf . ef = o120 = 05))]
Jj=1

with B’n +2me1 8 defined in the proof of Lemma 4.4. Arguing as in Lemma 4.4, we

obtain

IT,®ll, < €8

£ _ £
2 Tf"N”W,; el (89)

and, for some fixed p € (s =, min{2 —75,2(s = 5)}),
T3l < K&"5*|If — of o ”@”szf' (90)

In order to estimate T,(&), let F, denote the Lipschitz continuous function equal to f
on the set {|x| > 1/e — 2¢e} and which is linear in the interval {|x| < 1/e —2¢}. If
|€] > €, Lemma 2.1 and (70) yield

1Tl < Cllg = @5l < C6*llpllys 1)

If |£] < €, we note that & + supp x5, C {[x| > 1/e — 2¢}. Lemma 2.1, the definition
of F,, and the observation that ||F! ||, < 2¢||f|l,, + |lf’||Lw({|x|21/€_2E}) (which holds
if € is sufficiently small), then lead to

NTo @y = || 15BunF oo P oo FoFo il = 05) = 70 = 2D |

< CIFI|

p/

NP = 05) — 7:(xy (@ — %))”p,

v
< = £ _ _ € _
<3 4| (@ = 5) = 7:(xy(e (pa))||p,,

92)
provided that ¢ is sufficiently small. To obtain the last inequality we have taken
advantage of the fact that f' € W*~!(R) vanishes at infinity.

From (89) to (92), we conclude, for € sufficiently small, that

[T 1] o < Ké"*?‘sll(pllw;,—f(l 1=yl + IlfIIW;) + gllxﬁ(w = @5l
93)
Combining (4), Lemma 4.3 (i), (88), and (93) we get
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Vv
Iz < el +K6™ T gl

Choosing now 6 = 6(¢) sufficiently small to ensure that K67+~ < v/2, we obtain,
together with (87), the desired estimates (86) and the proof is complete.

Estimates for some pointwise multipliers

In this appendix we present the proofs of the estimates (6)—(7). The estimate
(7) is used in the proof of Theorem 3.3 and (6) is an important argument when
establishing (7).

Proof of (6) Since W;(IR) < C(R), we have
lghll,y < gl Al (94)

and it remains to estimate the term

, ligh — z-(gh)II", (. =z (g = z=g)z:hl",
[gh)” =/—‘f.,”d¢szﬂ lgll”. #dm/#d:.
R R R

W[i," |€|1+(17))p |€|l+(lfr)p’ |€|l+(lfr)p’

According to [5, Theorem 4.1], the multiplication
[(g.h) = gh) : W2 PR x W (R) = L, (R)
is continuous, hence

p/
llg — ng”Wz(r—l/p)

P’ 2 [ o||P 4 Y A
[gh] —r S 2 ”g” ||h”WI —r + C”h” l -r-, p//n‘; |§|1+(1—V)P/ dg'

Lemma 2.3 (with# =2(r — 1/p)andr = r + 1 — 2/p) yields

P
”g - T'.;’gllwz(,fl/p)

14 P P
R |§|1+(1—r)p’ — ”g” ;:-1 2/p — C”g“ 1'
We thus conclude that
14 14
[gh]W, L <27 gl IIhIIW1 L+ Cligll Isllhllwlﬂs (95)

o

and (94) together with (95) lead to the desired claim.

We are now in a position to prove (7).
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Proof of (7) Given h, y € CJ’(R), we have
<¢h|W>W,;*1(R)xWV',"'(R) = <h|§0ll/)vv;—l(nqa)xvv,j,-f(u&) = (h|T[w]+ T2['~I/]>VV,§*1(R)XWI:,"'(R),

where T [w] € W;,"(IR) and T,[w] € W[i,_ "?(R) are defined in (97) and satisfy

Iy,
T30 e < Sl and AT Lyl < C= o5l
(96)
Having established (96), we get
I(cohlw)lwr—lm)xwp',—r(m < lAlly- Ty [W]”WII,"‘ + 12l yyr=1-o W T Ly T gy
P P p 14 P’
ey,
< |Slellllally-— + € ZW 172l yr-1-o IIWIIW1 -
?lle
and the estimate (7) follows. The functions in (96) are defined by
Tyl := oy —y;) and T,ly] 1= gy;, (97)

where {75} 55 1s a mollifier, y; = y * 55, and 6 € (0, 1] is chosen below. Combin-
ing (6), Lemma 4.3 (i), and (70), we get

I3y Nl < 200llly = Villws + Clell, v = vl
P
< (4101l + €1l )Wl

After eventually choosing C to be larger than the norm of the embedding
W;(R) S L (R), we set 8 = (||@]l /(Cll@llw:))/? € (0, 1], and obtain that

T3y Ml < Sl [l

With respect to T,[w], we note that since ¢ € Wr+1 *P(R) and y; € W’“(R) it
holds that T,[y] € W/~ (R & W (R), of. (2). and together "with (2)
and (69) we get

14+2r,
ol

,

—2r
1Ly < Cllwsllwe l@llyr-e < CE™Tlallw, Iyl < € ”
P p P p p

Hence, both estimates in (96) hold true and the proof is complete.
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