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Abstract
In this paper we establish the well-posedness of the Muskat problem with sur-
face tension and equal viscosities in the subcritical Sobolev spaces Ws

p
(ℝ) , where 

p ∈ (1, 2] and s ∈ (1 + 1∕p, 2) . This is achieved by showing that the mathematical 
model can be formulated as a quasilinear parabolic evolution problem in Ws−2

p
(ℝ) , 

where  s ∈ (1 + 1∕p, s) . Moreover, we prove that the solutions become instantly 
smooth and we provide a criterion for the global existence of solutions.

Keywords  Muskat problem · Quasilinear parabolic evolution equation · Surface 
tension · Singular integral
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1  Introduction

In this paper we study the evolution equation 

which is defined for t > 0 and x ∈ ℝ . The function f is assumed to be known at time 
t = 0 , that is

(1a)�tf (t, x) =
k

2��
PV∫

ℝ

y + �xf (t, x)�[x,y]f (t)

y2 +
(
�[x,y]f (t)

)2 �x(��(f ) − Δ�f )(t, x − y) dy,

(1b)f (0, ⋅) = f0.
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 The evolution problem (1a) is the contour integral formulation of the Muskat prob-
lem with surface tension and with/without gravity effects, see [24, 25] for an equiva-
lence proof of  (1a) to the classical formulation of the Muskat problem [29]. The 
problem  (1a) describes the two-dimensional motion of two fluids with equal vis-
cosities �− = �+ = � and general densities �− and �+ in a vertical/horizontal homo-
geneous porous medium which is identified with ℝ2 . The fluids occupy the entire 
plane, they are separated by the sharp interface {y = f (t, x) + Vt} , and they move 
with constant velocity (0, V), where V ∈ ℝ . The fluid denoted by + is located above 
this moving interface. We use g ∈ [0,∞) to denote the Earth’s gravity, k > 0 is the 
permeability of the homogeneous porous medium, and 𝜎 > 0 is the surface ten-
sion coefficient at the free boundary. Moreover, to shorten the notation we have set 
Δ� ∶= g(�− − �+) ∈ ℝ and

Finally, �(f (t)) is the curvature of {y = f (t, x) + tV} and PV denotes the principal 
value.

The Muskat problem with surface tension has received much interest in the 
recent years. Besides the fundamental well-posedness issue also other important 
features like the stability of stationary solutions [13, 14, 16, 20, 26, 28, 33, 36], 
parabolic smoothing properties  [24–26], the zero surface tension limit [8, 31], 
and the degenerate limit when the thickness of the fluid layers (or a certain nondi-
mensional parameter) vanishes [15, 22, 37] have been investigated in this context. 
We also refer to [19, 21] for results on the Hele–Shaw problem with surface ten-
sion effects, which is the one-phase version of the Muskat problem, and to [34, 
35, 38] for results on the related Verigin problem with surface tension.

Concerning the well-posedness of the Muskat problem with surface tension 
effects, this property has been investigated in bounded (layered) geometries in 
[14, 16, 17, 33, 36] where abstract parabolic theories have been employed in the 
analysis, the approach in [23] relies on Schauder’s fixed-point theorem, and in 
[10] the authors use Schauder’s fixed-point theorem in a setting which allows for 
a sharp corner point of the initial geometry.

The results on the Muskat problem with surface tension in the unbounded 
geometry considered in this paper (and possibly in the general case of fluids with 
different viscosities) are more recent, cf. [8, 24–26, 30, 31, 39]. While in [8, 39] 
the initial data are chosen from Hs(� ) , with s ≥ 6 , the regularity of the initial 
data has been decreased in [24–26] to H2+�(ℝ) , with � ∈ (0, 1) arbitrarily small. 
Finally, the very recent references [30, 31] consider the problem with initial data 
in H1+

d

2
+�(ℝd) , with d ≥ 1 and 𝜀 > 0 arbitrarily small, covering all subcritical L2

-based Sobolev spaces in all dimensions.
It is the aim of this paper to study the Muskat problem (1a) in the subcritical 

Lp-based Sobolev spaces Ws
p
(ℝ) with p ∈ (1, 2] and s ∈ (1 + 1∕p, 2) . This issue is 

new in the context of (1a) (see [2, 12] for results in the case when � = 0 ). To 
motivate why W1+1∕p

p (ℝ) is a critical space for (1a) we first emphasize that the 
surface tension is the dominant factor for the dynamics as it contains the highest 

�[x,y]f ∶= f (x) − f (x − y), x, y ∈ ℝ.
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spatial derivatives of f. Besides, if we set g = 0 , then it is not difficult to show that 
if f is a solution to (1a), then, given 𝜆 > 0 , the function

also solves (1a). This scaling identifies W1+1∕p
p (ℝ) as a critical space for  (1a). The 

main result Theorem 1.1 establishes the well-posedness of (1a) in Ws
p
(ℝ) . This is 

achieved by showing that (1a) can be recast as a quasilinear parabolic evolution 
equation, so that abstract results available for this type of problems, cf. [3, 4, 6, 28], 
can be applied in our context. A particular feature of the Muskat problem (1a) is the 
fact that the equations have to be interpreted in distributional sense as they are real-
ized in the Sobolev space Ws−2

p
(ℝ) , where s is chosen such that 1 + 1∕p < s < s < 2 . 

Additionally to well-posedness, Theorem  1.1 provides two parabolic smoothing 
properties, showing in particular that  (1a) holds pointwise, and a criterion for the 
global existence of solutions.

Theorem 1.1  Let p ∈ (1, 2] and 1 + 1∕p < s < s < 2 . Then, the Muskat problem (1a) 
possesses for each f0 ∈ Ws

p
(ℝ) a unique maximal solution f ∶= f ( ⋅ ;f0) such that

with T+ = T+(f0) ∈ (0,∞] denoting the maximal time of existence. Moreover, the 
following properties hold true: 

	 (i)	 The solution depends continuously on the initial data;
	 (ii)	 Given k ∈ ℕ , we have f ∈ C∞((0, T+) ×ℝ,ℝ) ∩ C∞((0, T+),Wk

p
(ℝ));

	 (iii)	 The solution is global if

We emphasize that some of the arguments use in an essential way the fact that 
p ∈ (1, 2] . More precisely, we employ several times the Sobolev embedding 
Ws

p
(ℝ) ↪ Wt

p�
(ℝ), where p′ is the adjoint exponent of p, that is p−1 + p�

−1
= 1 (this 

notation is used in the entire paper). This provides the restriction p ∈ (1, 2].
Additionally, we expect that the assertion (ii) of Theorem 1.1 can be improved 

to real-analyticity instead of smoothness. However, this would require to establish 
real-analytic dependence of the right-hand side of (1a) on f in the functional analytic 
framework considered in Sect.  3, which is much more involved than showing the 
smooth dependence (see [25, Proposition 5.1] for a related proof of real-analyticity).

1.1 � Notation

Given k ∈ ℕ and p ∈ (1,∞), we let Wk
p
(ℝ) denote the standard Lp-based Sobolev 

space with norm

f�(t, x) ∶= �−1f
(
�3t, �x

)

f ∈ C
(
[0, T+),Ws

p
(ℝ)

)
∩ C

(
(0, T+),Ws+1

p
(ℝ)

)
∩ C1

(
(0, T+),Ws−2

p
(ℝ)

)
,

sup
[0,T+)∩[0,T]

‖f (t)‖Ws
p
(ℝ) < ∞ for all T > 0.
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Given 0 < s ∉ ℕ with s = [s] + {s} , where  [s] ∈ ℕ and {s} ∈ (0, 1) , the Sobolev 
space Ws

p
(ℝ) is the subspace of W [s]

p
(ℝ) that consists of functions for which the 

seminorm

is finite. Here {��}�∈ℝ is the group of right translations and ‖ ⋅ ‖q ∶= ‖ ⋅ ‖Lq(ℝ)
, q ∈ [1,∞]. The norm on Ws

p
(ℝ) is defined by

For s < 0 , Ws
p
(ℝ) is defined as the dual space of W−s

p�
(ℝ).

The following properties can be found e.g. in [40]. 

(i)	 C∞
0
(ℝ) lies dense in Ws

p
(ℝ) for all s ∈ ℝ . Moreover, Ws

p
(ℝ) ↪ Cs−1∕p(ℝ) holds 

provided that 0 < s − 1∕p ∉ ℕ.
(ii)	 Ws

p
(ℝ) is an algebra for s > 1∕p.

(iii)	 If 𝜌 > max{s,−s}, then f ∈ C�(ℝ) is a pointwise multiplier for Ws
p
(ℝ) , that is 

 with C independent of f and g.
(iv)	 Given � ∈ (0, 1) and p ∈ (1,∞) , let (⋅, ⋅)�,p denote the real interpolation functor of 

exponent � and parameter p ∈ (1,∞). Given s0, s1 ∈ ℝ with (1 − �)s0 + �s1 ∉ ℤ , 
it holds that 

(v)	 Ws
p
(ℝ) ↪ Wt

q
(ℝ)) if 1 < p ≤ q < ∞ and s − 1∕p ≥ t − 1∕q.

Besides, we need also the following properties. 

(a)	 Given r ∈ [0, 1) and p ∈ (1,∞) , there exists a constant C > 0 such that 

(b)	 Given r ∈ (1∕p, 1) and p ∈ (1,∞) , there exists a constant C > 0 such that 

‖f‖Wk
p
∶=

�
k�

�=0

���f
(�)���

p

p

�1∕p

.

[f ]
p

Ws
p

∶= ∫
ℝ2

||f ([s])(x) − f ([s])(y)||p
|x − y|1+{s}p d(x, y) = ∫

ℝ

‖‖‖f ([s]) − �� f
([s])‖‖‖

p

p

|�|1+{s}p d�

‖f‖Ws
p
∶=

�
‖f‖p

W
[s]
p

+ [f ]
p

Ws
p

�1∕p

.

(2)‖fg‖Ws
p
≤ C‖f‖C�‖g‖Ws

p
for all g ∈ Ws

p
(ℝ),

(3)
(
W

s0
p (ℝ),W

s1
p
(ℝ)

)
�,p

= W
(1−�)s0+�s1
p (ℝ).

(4)‖gh‖Wr
p
≤ 2‖g‖∞‖h‖Wr

p
+ C‖g‖Wr+1

p
‖h‖p, g ∈ Wr+1

p
(ℝ), h ∈ Wr

p
(ℝ).

(5)‖gh‖Wr
p
≤ 2

�
‖g‖∞‖h‖Wr

p
+ ‖h‖∞‖g‖Wr

p

�
, g, h ∈ Wr

p
(ℝ).
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(c)	 Given p ∈ (1, 2] , r ∈ (1∕p, 1) , and � ∈ (0,min{r − 1∕p, 1 − r}), there exists a 
constant C > 0 such that 

 for all g ∈ Wr
p
(ℝ) and h ∈ W1−r

p�
(ℝ), and 

 for all h ∈ Wr−1
p

(ℝ) and 0 ≠ � ∈ Wr
p
(ℝ).

The estimates (4) and (5) are straightforward consequences of the properties (i)-(v) 
listed above. The inequalities (6) and (7) are established in Appendix 2. Let us point out 
that (6) implies in particular that the multiplications

are both continuous if p ∈ (1, 2] and r ∈ (1∕p, 1) . The continuity of (8)1 is a straight-
forward consequence of (6), while the continuity of (8)2 follows by a standard dual-
ity argument.

1.2 � Outline

In Sect.  2 we introduce some multilinear singular integral operators and study their 
properties. These operators are then used in Sect. 3 to formulate (1a) as a quasilinear 
evolution problem, cf. (27)–(28). Subsequently, we show in Theorem 3.5 that (27) is of 
parabolic type and we complete the section with the proof of Theorem 1.1. In Appen-
dixes 1 and 2 we prove some technical results used in the analysis.

2 � Some singular integral operators

In this section we investigate a family of multilinear singular integral opera-
tors which play a key role in the analysis of the Muskat problem (and also of 
the Stokes problem  [27]). Given  n, m ∈ ℕ and Lipschitz continuous functions 
a1,… , am, b1,… , bn ∶ ℝ → ℝ we set

For brevity we write

(6)‖gh‖W1−r

p�
≤ 2‖g‖∞‖h‖W1−r

p�
+ C‖g‖Wr

p
‖h‖

W
1−r−�

p�

(7)‖�h‖Wr−1
p

≤ 5‖�‖∞‖h‖Wr−1
p

+ C

‖�‖1+2r∕�
Wr

p

‖�‖2r∕�∞

‖h‖
W

r−1−�
p

(8)
[(g, h) ↦ gh] ∶ Wr

p
(ℝ) ×W1−r

p�
(ℝ) → W1−r

p�
(ℝ),

[(g, h) ↦ gh] ∶ Wr
p
(ℝ) ×Wr−1

p
(ℝ) → Wr−1

p
(ℝ)

(9)

Bn,m(a1,… , am)[b1,… , bn,�](x) ∶= PV∫
ℝ

�(x − y)

y

∏n

i=1

�
�[x,y]bi∕y

�
∏m

i=1

�
1 +

�
�[x,y]ai∕y

�2� dy.

(10)B0
n,m

(f )[�] ∶= Bn,m(f ,… , f )[f ,… , f ,�].
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The relevance of these operators in the context of  (1) is enlightened by the fact 
that (1a) can be recast, at least at formal level, in a compact form as

where �(f ) is defined by

and f � ∶= df∕dx . A key observation that we exploit in our analysis is the quasilinear 
structure of the curvature operator. Indeed, it holds that

where

Given f ∈ Ws
p
(ℝ) and h ∈ Ws+1

p
(ℝ) , with p ∈ (1,∞) and s ∈ (1 + 1∕p, 2), 

Lemma 3.1 ensures that in (11) the term

belongs to Ws−2
p

(ℝ) . Therefore, it is natural to ask weather 𝔹(f ) ∈ L(Ws−2
p

(ℝ)) . The 
proof of this boundedness property, which enables us to view (11) as an evolution 
equation in Ws−2

p
(ℝ) , see Sect. 3, is the main goal of this section. As already men-

tioned, some of the arguments require p ∈ (1, 2].
We first recall the following result.

Lemma 2.1  Let p ∈ (1,∞) , n, m ∈ ℕ , and let a1,… , am, b1,… , bn ∶ ℝ → ℝ be 
Lipschitz continuous. Then, there exists a constant C = C(n, m, maxi=1,…,m ‖a�

i
‖∞) 

such that

Moreover,1 Bn,m ∈ C1−((W1
∞
(ℝ))m,Ln

sym
(W1

∞
(ℝ),L(Lp(ℝ))).

(11)
df (t)

dt
=

k

2𝜇
�(f (t))

[
(𝜎𝜅(f (t)) − Δ𝜌f (t))

�
]
, t > 0,

(12)�(f ) ∶= �−1
(
B0
0,1
(f ) + f �B0

1,1
(f )

)

�(f ) = �(f )[f ],

(13)�(f )[h] ∶=
h��(

1 + f �2
)3∕2 .

(
��(f )[h] − Δ�h

)�
,

��Bn,m(a1,… , am)[b1,… , bn, ⋅ ]
��L(Lp(ℝ)) ≤ C

n�
i=1

‖b�
i
‖∞.

1  Given n ∈ ℕ and Banach spaces X and Y, we let Ln

sym
(X,Y) denote the space of n-linear, bounded sym-

metric maps A ∶ Xn
⟶ Y .
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Proof  See [2, Lemma 2].

We point out that, given Lipschitz continuous functions a1,… , am, ã1,… , ãm, b1,… , bn , 
we have

The formula (14) was used to establish the Lipschitz continuity property (denoted by 
C1− ) in Lemma 2.1 and is also of importance for our later analysis.

The strategy is as follows. In Lemma 2.4 we show that, given f ∈ Ws
p
(ℝ) , with 

p ∈ (1, 2] and s ∈ (1 + 1∕p, 2) , we have B0
n,m

(f ) ∈ L(Wr
p�
(ℝ)) for all r ∈ [0, 1 − 1∕p) 

(in particular also for r = 2 − s ). Lemma 2.2 below provides the key argument in the 
proof of Lemma 2.4. The desired mapping property B0

n,m
(f ) ∈ L(Ws−2

p
(ℝ)) stated in 

Lemma 2.5, follows then from Lemma 2.4 via a duality argument. Lemma 2.5 and 
the fact that f � ∈ Ws−1

p
(ℝ) is a pointwise multiplier for Ws−2

p
(ℝ) , see (8), provide the 

desired property 𝔹(f ) ∈ L(Ws−2
p

(ℝ)).

Lemma 2.2  Given p ∈ (1, 2] , s ∈ (1 + 1∕p, 2) , r ∈ (0, 1 − 1∕p) , n, m ∈ ℕ , n ≥ 1 , 
and a1,… , am ∈ Ws

p
(ℝ) , there exists a positive constant C , which depends only on 

n, m, s, r, p, max1≤i≤m ‖ai‖Ws
p
 ,  such that

for all b1,… , bn ∈ Ws
p
(ℝ) and � ∈ Wr

p�
(ℝ).

Proof  Without loss of generality we may assume that � ∈ C∞
0
(ℝ). Using the relation

algebraic manipulations lead us to

for x ∈ ℝ , where

(14)

Bn,m(ã1,… , ãm)
[
b1,… , bn, ⋅

]
− Bn,m

(
a1,… , am

)[
b1,… , bn, ⋅

]

=

m∑
i=1

Bn+2,m+1

(
ã1,… , ãi, ai,…… , am

)[
b1,… , bn, ai + ãi, ai − ãi, ⋅

]
.

(15)��Bn,m(a1,… , am)[b1,… , bn,�]��p� ≤ C‖b1‖Ws+1−r−2∕p

p�
‖�‖Wr

p�

n�
i=2

‖bi‖Ws
p

�

�y

(
�[x,y]b1

y

)
=

b�
1
(x − y)

y
−

�[x,y]b1

y2
,

Bn,m(a1,… , am)[b1,… , bn,�](x)

=
�
�Bn−1,m(a1,… , am)[b2,… , bn, b

�
1
]
�
(x) + ∫

ℝ

K(x, y) dy

− �(x)∫
ℝ

∏n

i=2

�
�[x,y]bi∕y

�
∏m

i=1

�
1 +

�
�[x,y]ai∕y

�2�
�

�y

�
�[x,y]b1

y

�
dy



	 A.-V. Matioc, B.-V. Matioc 

1 3

The last term on the right side of the previous identity vanishes if (n − 1)2 + m2 = 0 . 
Otherwise, we use integration by parts and arrive at

where, given x ∈ ℝ and y ≠ 0 , we set

We estimate the Lp′-norm of the four terms on the right of (16) separately. Let 
q ∈ (p�,∞) be defined as the solution to

Term 1. We note that � ∈ Wr
p�
(ℝ) ↪ Lq(ℝ) , b�1 ∈ W

s−2∕p

p�
(ℝ) ↪ W

s−r−2∕p

p�
(ℝ) , and 

additionally we have  Ws−r−2∕p

p�
(ℝ) ↪ L1∕r(ℝ) . Hölder’s inequality together with 

Lemma 2.1 (with p = 1∕r ) then yields

Term 2. Let s0 ∈ (1 + 1∕p, s] be chosen such that s0 − r − 1∕p < 1. Taking advan-
tage of Minkowski’s integral inequality, of Hölder’s inequality, and of the embed-
ding property b1 ∈ W

s+1−r−2∕p

p�
(ℝ) ↪ Cs0−r−1∕p(ℝ)  we get

K(x, y) ∶= −

∏n

i=1

�
�[x,y]bi∕y

�
∏m

i=1

�
1 +

�
�[x,y]ai∕y

�2�
�[x,y]�

y
, x ∈ ℝ, y ≠ 0.

(16)

Bn,m(a1,… , am)[b1,… , bn,�](x)

=
(
�Bn−1,m(a1,… , am)[b2,… , bn, b

�
1
]
)
(x) + ∫

ℝ

K(x, y) dy

− �(x)

n∑
j=2

∫
ℝ

K1,j(x, y) dy + �(x)

m∑
j=1

∫
ℝ

K2,j(x, y) dy,

K1,j(x, y) ∶=

∏n

i=1,i≠j
�
�[x,y]bi∕y

�
∏m

i=1

�
1 +

�
�[x,y]ai∕y

�2�
�[x,y]bj − yb�

j
(x − y)

y2
,

K2,j(x, y) ∶= 2
�[x,y]aj∕y

1 +
�
�[x,y]aj∕y

�2
∏n

i=1

�
�[x,y]bi∕y

�
∏m

i=1

�
1 +

�
�[x,y]ai∕y

�2�
�[x,y]aj − ya�

j
(x − y)

y2
.

1

q
+

1

1∕r
=

1

p�
.

(17)

����Bn−1,m(a1,… , am)
�
b2,… , bn, b

�
1

����p� ≤ ‖�‖q���Bn−1,m(a1,… , am)
�
b2,… , bn, b

�
1

����1∕r
≤ C‖�‖q‖b�1‖1∕r

�
n�
i=2

‖b�
i
‖∞

�

≤ C‖�‖Wr

p�
‖b1‖Ws+1−r−2∕p

p�

�
n�
i=2

‖bi‖Ws
p

�
.
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where

We arrive at

Terms 3 & 4. Given 2 ≤ j ≤ n , Hölder inequality and Minkowski’s integral inequal-
ity yield

To estimate the integral term we choose s0 ∈ (1 + 1∕p, s] with s0 − r − 1∕p < 1. 
Since b1 ∈ W

s+1−r−2∕p

p�
(ℝ) ↪ W1

1∕r
(ℝ) ∩ Cs0−r−1∕p(ℝ) , we get

for 2 ≤ j ≤ n. Since bj ∈ W
s0
p (ℝ) ↪ W

s0+r−
1

p

1∕r
(ℝ) , 2 ≤ j ≤ n , Minkowski’s integral 

inequality, Hölder’s inequality, and a change of variables lead to

�
�
ℝ

�����ℝ

K(x, y) dy
����
p�

dx

�1∕p�

≤
�
�{�y�<1}

+�{�y�>1}

��
�
ℝ

�K(x, y)�p� dx
�1∕p�

dy

≤ 4‖b1‖∞
�

n�
i=2

‖b�
i
‖∞

�
‖𝜔‖p�

+ [b1]s0−r−1∕p

�
n�
i=2

‖b�
i
‖∞

�
�{�y�<1}

‖𝜔 − 𝜏y𝜔‖p�
�y�2−s0+r+1∕p dy,

�{�y�<1}

‖𝜔 − 𝜏y𝜔‖p�
�y�2−s0+r+1∕p dy ≤ ‖𝜔‖Wr

p�

�
�{�y�<1}

1

�y�(1−s0+2∕p)p dy
�1∕p

≤ C‖𝜔‖Wr

p�
.

(18)

�
�
ℝ

�����ℝ

K(x, y) dy
����
p�

dx

�1∕p�

≤ C‖�‖Wr

p�
‖b1‖Ws+1−r−2∕p

p�

�
n�
i=2

‖bi‖Ws
p

�
.

�
�
ℝ

�����(x)�ℝ

K1,j(x, y) dy
����
p�

dx

�1∕p�

≤ ‖�‖q
�
�
ℝ

�����ℝ

K1,j(x, y) dy
����
1

r

dx

�r

≤ ‖�‖q �
ℝ

�
�
ℝ

�K1,j(x, y)�
1

r dx

�r

dy.

�
ℝ

�
�
ℝ

�K1,j(x, y)�1∕r dx
�r

dy

≤ 4‖b1‖1∕r
�

n�
i=2

‖bi‖Ws
p

�

+ [b1]s0−r−1∕p

�
n�

i=2,i≠j
‖b�

i
‖∞

�
�{�y�<1}

‖bj − 𝜏ybj − y𝜏yb
�
j
‖1∕r

�y�3−s0+r+1∕p dy



	 A.-V. Matioc, B.-V. Matioc 

1 3

Consequently, given 2 ≤ j ≤ n , we have

and, similarly,

The desired claim follows now from (16) to (20).

Lemma 2.3 below is used to prove Lemma 2.4 (see also [2, Lemma 7] for a 
related result).

Lemma 2.3  Let p ∈ (1,∞) , n ∈ ℕ , and n < t� < t < n + 1 . Then, there exists C > 0 
such that

Proof  We have

and, given k ∈ {0,… , n},

�
{�y�<1}

‖bj − 𝜏ybj − y𝜏yb
�
j
‖1∕r

�y�3−s0+r+1∕p dy

= �{�y�1}
1

�y�2−s0+r+1∕p
�
�
ℝ

������
1

0

[b�
j
(x − (1 − t)y) − b�

j
(x − y)] dt

�����

1∕r

dx

�r

dy

≤ �
1

0 �{�y�<1}

‖b�
j
− 𝜏−tyb

�
j
‖1∕r

�y�2−s0+r+1∕p dy dt

≤
�
�{�y�<1}

1

�y�(3−2s0−r+2∕p)∕(1−r) dy
�1−r�

�
1

0

t1−s0+r+1∕p dt

�
‖b�

j
‖
W

s0+r−1−
1
p

1∕r

≤ C‖bj‖Ws
p
.

(19)

�
�
ℝ

�����(x)�ℝ

K1,j(x, y) dy
����
p�

dx

�1∕p�

≤ C‖�‖Wr

p�
‖b1‖Ws+1−r−2∕p

p�

�
n�
i=2

‖bi‖Ws
p

�

(20)

�
�
ℝ

�����(x)�ℝ

K2,j(x, y) dy
����
p�

dx

�1∕p�

≤ C‖�‖Wr

p�
‖b1‖Ws+1−r−2∕p

p�

�
n�
i=2

‖bi‖Ws
p

�
.

�
ℝ

���b − ��b
���
p

Wt�
p

���1+(t−t�)p d� ≤ C‖b‖p
Wt

p

for all b ∈ Wt
p
(ℝ).

‖‖‖b − ��b
‖‖‖
p

Wt�
p

=

n∑
k=0

‖‖‖b
(k) − ��b

(k)‖‖‖
p

p
+
[
b − ��b

]p
Wt�

p
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Moreover, since ℝ2 = {|𝜉| < |h|} ∪ {|𝜉| > |h|} and

with

the desired estimate is immediate.

We are now in a position to prove that B0
n,m

(f ) ∈ L(Wr
p�
(ℝ)) for all r ∈ [0, 1 − 1∕p).

Lemma 2.4  Given p ∈ (1, 2] , s ∈ (1 + 1∕p, 2) , n, m ∈ ℕ , a1,… , am ∈ Ws
p
(ℝ) , and 

r ∈ [0, 1 − 1∕p) , there exists a constant C = C(n, m, s, r, p, max1≤i≤m ‖ai‖Ws
p
) such 

that

for all b1,… , bn ∈ Ws
p
(ℝ) and � ∈ Wr

p�
(ℝ).

Moreover, Bn,m ∈ C1−((Ws
p
(ℝ))m,Ln

sym
(Ws

p
(ℝ),L(Wr

p�
(ℝ)))).

Proof  Let Bn,m ∶= Bn,m(a1,… , am)[b1,… , bn, ⋅]. Recalling Lemma 2.1 (with 
p = p� ), we get

�
ℝ

���b(k) − ��b
(k)���

p

p

���1+(t−t�)p d� =
�
b(k)

�p
Wt−t�

p

≤ C‖b‖p
Wt

p

.

∫
ℝ

[b − ��b]
p

Wt�
p

|�|1+(t−t�)p d� = ∫
ℝ2

‖‖‖b(n) − ��b
(n) − �h(b

(n) − ��b
(n))

‖‖‖
p

p

|�|1+(t−t�)p|h|1+(t�−n)p dh d�,

�
{|𝜉|<|h|}

‖‖‖b(n) − 𝜏𝜉b
(n) − 𝜏h(b

(n) − 𝜏𝜉b
(n))

‖‖‖
p

p

|𝜉|1+(t−t�)p|h|1+(t�−n)p dh d𝜉

≤ 2p �
ℝ

‖‖‖b(n) − 𝜏𝜉b
(n)‖‖‖

p

p

|𝜉|1+(t−t�)p
(
�{|𝜉|<|h|}

1

|h|1+(t�−n)p dh
)
d𝜉 ≤ C[b]

p

Wt
p

,

�{|h|<|𝜉|}

‖‖‖b(n) − 𝜏𝜉b
(n) − 𝜏h(b

(n) − 𝜏𝜉b
(n))

‖‖‖
p

p

|𝜉|1+(t−t�)p|h|1+(t�−n)p dh d𝜉

≤ 2p �
ℝ

‖‖b(n) − 𝜏hb
(n)‖‖pp

|h|1+(t�−n)p
(
�{|h|<|𝜉|}

1

|𝜉|1+(t−t�)p d𝜉
)
dh ≤ C[b]

p

Wt
p

,

(21)���Bn,m(a1,… , am)
�
b1,… , bn,�

����Wr

p�

≤ C‖�‖Wr

p�

n�
i=1

‖bi‖Ws
p

‖Bn,m[�]‖p� ≤ C‖�‖p�
n�
i=1

‖bi‖Ws
p
,
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which proves (21) for r = 0 . Let now r ∈ (0, 1 − 1∕p) . It remains to estimate the 
quantity

Taking advantage of (14), we write

with

Hence,

and Lemma 2.1 (with p = p� ) yields

Furthermore, using (15), Lemma  2.3 (with p = p� , t = s + 1 − 2∕p , and 
t� = s + 1 − r − 2∕p ), and the embedding Ws

p
(ℝ) ↪ W

s+1−2∕p

p�
(ℝ) , we deduce that

and, by similar arguments,

�
Bn,m[�]

�p�
Wr

p�

= ∫
ℝ

‖Bn,m[�] − ��Bn,m[�]‖p
�

p�

���1+rp� d�.

Bn,m[�] − ��Bn,m[�] = T1(⋅, �) + T2(⋅, �) − T3(⋅, �), � ∈ ℝ,

T1(⋅, �) ∶= Bn,m

(
a1,… , am

)[
b1,… , bn,� − ���

]
,

T2(⋅, �) ∶=

n∑
i=1

Bn,m

(
a1,… , am

)[
��b1,… , ��bi−1, bi − ��bi, bi+1,… bn, ���

]
,

T3(⋅, �) ∶=

m∑
i=1

Bn+2,m+1

(
a1,… , ai, ��ai,… , ��am

)[
��b1,… ��bn, ai + ��ai, ai − ��ai, ���

]
.

(22)[Bn,m[�]]
p�

Wr

p�
≤ 3p

�

3�
𝓁=1

�
ℝ

‖T
𝓁
(⋅, �)‖p�

p�

���1+rp� d�

(23)
�
ℝ

‖T1(⋅, �)‖p
�

p�

���1+rp� d� ≤ Cp

�
n�
i=1

‖b�
i
‖p�
∞

�
�
ℝ

‖� − ���‖p
�

p�

���1+rp� d� ≤
�
C[�]Wr

p�

n�
i=1

‖b�
i
‖∞

�p�

.

(24)
�
ℝ

‖T2(⋅, �)‖p
�

p�

���1+rp� d� ≤ Cp‖�‖p�
Wr

p�

n�
i=1

⎛
⎜⎜⎜⎝
�
ℝ

‖bi − ��bi‖p
�

Wt�

p�

���1+(t−t�)p� d�

⎞
⎟⎟⎟⎠

n�
j=1,j≠i

‖bj‖p
�

Ws
p

≤
�
C‖�‖Wr

p�

n�
i=1

‖bi‖Ws
p

�p�

(25)�
ℝ

‖T3(⋅, �)‖p
�

p�

���1+rp� d� ≤
�
C‖�‖Wr

p�

n�
i=1

‖bi‖Ws
p

�p�

.
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The relations (22)–(25) lead to the desired estimate. The local Lipschitz continuity 
property follows from (14) and (21).

Together with Lemma 2.4 (with r = 2 − s ∈ (0, 1 − 1∕p) ) we obtain the follow-
ing result.

Lemma 2.5  Given p ∈ (1, 2] , s ∈ (1 + 1∕p, 2) , n, m ∈ ℕ, and a1,… , am ∈ Ws
p
(ℝ) , 

there exists a constant C = C(n, m, s, p, max1≤i≤m ‖ai‖Ws
p
) such that

for all b1,… , bn ∈ Ws
p
(ℝ) and � ∈ Lp(ℝ).

Moreover, Bn,m ∈ C1−((Ws
p
(ℝ))m,Ln

sym
(Ws

p
(ℝ),L(Ws−2

p
(ℝ)))).

Proof  We recall that Ws−2
p

(ℝ) = (W2−s
p�

(ℝ))� . Let Bn,m ∶= Bn,m(a1,… , am)[b1,… , bn, ⋅] . 
It is not difficult to prove that the L2-adjoint of Bn,m is the operator −Bn,m . Therefore, given 
�, � ∈ C∞

0
(ℝ) , we obtain, in view of Lemma 2.4,

The estimate (26) follows via a standard density argument.The Lipschitz continuity 
property is a consequence of (26) and of (14).

3 � A functional analytic framework for the Muskat problem

In this section we take advantage of the mapping properties established in Sect. 2 
and formulate the Muskat problem (1a) as a quasilinear evolution problem in a 
suitable functional analytic setting, see (27)–(29). Afterwards, we show that the 
problem is of parabolic type. This enables us to employ theory for such evolution 
equations as presented in [6, 28] to establish our main result in Theorem 1.1. The 
quasilinear structure of (1a) is due to the quasilinearity of the curvature operator, 
the latter being established in Lemma 3.1.

Lemma 3.1  Given p ∈ (1,∞) and s ∈ (1 + 1∕p, 2) , the operator  �(⋅)[⋅] defined 
in (13) satisfies � ∈ C∞(Ws

p
(ℝ),L(Ws+1

p
(ℝ),Ws−1

p
(ℝ))).

Proof  The arguments are similar to those presented in [27, Appendix  C] and are 
therefore omitted.

(26)���Bn,m(a1,… , am)
�
b1,… , bn,�

����Ws−2
p

≤ C‖�‖Ws−2
p

n�
i=1

‖bi‖Ws
p

����⟨Bn,m[�]��⟩Ws−2
p

(ℝ)×W2−s

p�
(ℝ)

���� =
����⟨��Bn,m[�]⟩Ws−2

p
(ℝ)×W2−s

p�
(ℝ)

����
≤ C‖�‖Ws−2

p
‖�‖W2−s

p�

n�
i=1

‖bi‖Ws
p
.
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The Muskat problem (1a) can thus be formulated as the evolution problem

where

with � introduced in (12). Arguing as in [27, Appendix  C], we may infer from 
Lemma 2.5 that, given n, m ∈ ℕ , p ∈ (1, 2] , and s ∈ (1 + 1∕p, 2), we have

This property and Lemma 3.1 combined yield

for all p ∈ (1, 2] and s ∈ (1 + 1∕p, 2).

Let p ∈ (1, 2] , s ∈ (1 + 1∕p, 2) , and f ∈ Ws
p
(ℝ) be fixed in the remaining of this 

section. The analysis below is devoted to showing that the linear operator Φ(f ) , 
viewed as an unbounded operator in Ws−2

p
(ℝ) and with definition domain Ws+1

p
(ℝ) , 

is the generator of an analytic semigroup in L(W2−s
p

(ℝ)) , which reads in the nota-
tion used in [7] as

This property is established in Theorem  3.5 below and it identifies the quasi-
linear evolution problem (27) as being of parabolic type. To start, we note that 
�−1B0,0 = H , where H is the Hilbert transform, and therefore

where (d4∕dx4)3∕4 denotes the Fourier multiplier with symbol m(�) ∶= |�|3 and 
(−d2∕dx2)1∕2 is the Fourier multiplier with symbol m(�) ∶= |�| . We shall locally 
approximate the operator Φ(�f ) , with � ∈ [0, 1] , by certain Fourier multipliers �j,� . 
Therefore we choose for each � ∈ (0, 1) a so-called finite �-localization family, that 
is a set

such that

(27)
df

dt
(t) = Φ(f (t))[f (t)], t > 0, f (0) = f0,

(28)Φ(f )[h] ∶=
k

2�
�(f )

[
�(�(f )[h])� − Δ�h

�
]
,

[
f ↦ B0

n,m
(f )

]
∈ C∞(Ws

p
(ℝ),L(Ws−2

p
(ℝ))).

(29)Φ ∈ C∞
(
Ws

p
(ℝ),L

(
Ws+1

p
(ℝ),Ws−2

p
(ℝ)

))

(30)−Φ(f ) ∈ H

(
Ws+1

p
(ℝ),Ws−2

p
(ℝ)

)
.

(31)Φ(0) =
k�

2�
H◦

d3

dx3
−

kΔ�

2�
H◦

d

dx
= −

k�

2�

(
d4

dx4

)3∕4

−
kΔ�

2�

(
−

d2

dx2

)1∕2

,

{
(𝜋𝜀

j
, x𝜀

j
) ∶ −N + 1 ≤ j ≤ N

}
⊂ C∞(ℝ, [0, 1]) ×ℝ
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The real number x�
N

 plays no role in the analysis below. To each finite �-localization 
family we associate a second family {𝜒𝜀

j
∶ −N + 1 ≤ j ≤ N} ⊂ C∞(ℝ, [0, 1]) such 

that

To each finite �-localization family we associate a norm on Wr
p
(ℝ), r ∈ ℝ , which is 

equivalent to the standard norm.

Lemma 3.2  Let � ∈ (0, 1) and let {(��
j
, x�

j
) ∶ −N + 1 ≤ j ≤ N} be a finite �-localiza-

tion family. Given p ∈ (1,∞) and r ∈ ℝ , there exists c = c(�, r, p) ∈ (0, 1) such that

Proof  The claim follows from the fact that ��
j
∈ C∞(ℝ) is a pointwise multiplier 

for Wr
p
(ℝ).

The next result is the main step in the proof of (30).

Theorem 3.3  Let p ∈ (1, 2] , s ∈ (1 + 1∕p, 2) , � ∈ (0,min{(s − 1 − 1∕p)∕2), 2 − s}) , 
and  𝜈 > 0 be given. Then, there exist � ∈ (0, 1) , a �-localization family 
{(��

j
, x�

j
) ∶ −N + 1 ≤ j ≤ N} , a constant K = K(�) , and bounded operators

such that

for all −N + 1 ≤ j ≤ N , � ∈ [0, 1], and h ∈ Ws+1
p

(ℝ) . The operators �j,� are 
defined by

∙

N�
j=−N+1

(𝜋𝜀
j
)2 = 1 and ‖𝜋𝜀

j
)(k)‖∞ ≤ C𝜀−k for all k ∈ ℕ, −N + 1 ≤ j ≤ N;

∙ supp𝜋𝜀
j
is an interval of length 𝜀 for �j� ≤ N − 1, supp 𝜋𝜀

N
⊂ {�x� > 1∕𝜀};

∙ 𝜋𝜀
j
⋅ 𝜋𝜀

l
= 0 if [�j − l� ≥ 2, max{�j�, �l�} ≤ N − 1] or [�l� ≤ N − 2, j = N];

∙ x𝜀
j
∈ supp𝜋𝜀

j
, �j� ≤ N − 1.

∙ 𝜒𝜀
j
= 1 on supp𝜋𝜀

j
,−N + 1 ≤ j ≤ N, and supp𝜒𝜀

N
⊂ {|x| > 1∕𝜀 − 𝜀};

∙ supp𝜒𝜀
j
is an interval of length 3𝜀 with the same midpoint as supp𝜋𝜀

j
, |j| ≤ N − 1.

c‖f‖Wr
p
≤

N�
j=−N+1

‖��
j
f
���Wr

p
≤ c−1

���f‖Wr
p
, f ∈ Wr

p
(ℝ).

𝔸j,� ∈ L

(
Ws+1

p
(ℝ),Ws−2

p
(ℝ)

)
, j ∈ {−N + 1,… ,N} and � ∈ [0, 1],

(32)
�����

�
j
Φ(�f )[h] − �j,�

�
��
j
h
�����Ws−2

p

≤ �
����

�
j
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

�j,� ∶= −��(x
�
j
)

(
d4

dx4

)3∕4

, |j| ≤ N − 1, �N,� ∶= −
k�

2�

(
d4

dx4

)3∕4

,
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and �� ∶= (k�∕(2�))(1 + �2f �2)−3∕2.

Proof  In this proof we denote by C constants that do not depend on � and we write K 
for constants that depend on �.

Given −N + 1 ≤ j ≤ N , � ∈ [0, 1], and h ∈ Ws+1
p

(ℝ) , Lemma 2.1 yields

while, using some elementary arguments, we get

Below we take advantage of (34) when considering the leading order term 
�(�f )[(�(�f )[h])�] of Φ(�f )[h] . Let C1 ∶= C0k�∕2��.

Step 1: The case |j| ≤ N − 1 . Given |j| ≤ N − 1 , we infer from Lemma  4.2 and 
(34) that

provided that � is sufficiently small. Besides, we have

where

For � sufficiently small to guarantee that

(33)
����

�
j
�(�f )[h�]

���Ws−2
p

≤ ����
�
j
�(�f )[h�]

���p ≤ C‖h�‖p ≤ C‖h‖
W

s+1−�
p

,

(34)

����
�
j
(�(f )[h])�

���Ws−2
p

≤ ����
�
j
�(f )[h]

���Ws−1
p

+ K‖�(f )[h]‖p
≤ C0

����
�
j
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

.

(35)

�����
��
j
B0
0,1
(�f )

�
(�(�f )[h])�

�
−

1

1 + �2f �2(x�
j
)
B0,0

�
��
j
(�(�f )[h])�

������Ws−2
p

≤ �

4C1

����
�
j
(�(�f )[h])�

���Ws−2
p

+ K��(�(�f )[h])���Ws−2−�
p

≤ �C0

4C1

����
�
j
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

‖‖‖‖‖‖
��
j
�f �B0

1,1
(�f )

[
(�(�f )[h])�

]
−

�2f �2(x�
j
)

1 + �2f �2(x�
j
)
B0,0

[
��
j
(�(�f )[h])�

]‖‖‖‖‖‖Ws−2
p

≤ T1 + T2 + T3,

T1 ∶=
�����

�
j

�
f � − f �(x�

j
)
�
B0
1,1
(�f )[��

j
(�(�f )[h])�]

����Ws−2
p

,

T2 ∶=
�����

�
j

�
f � − f �(x�

j
)
��

��
j
B0
1,1
(�f )[(�(�f )[h])�] − B0

1,1
(�f )[��

j
(�(�f )[h])�]

�����Ws−2
p

,

T3 ∶= ‖f �‖∞
�����
��
j
B0
1,1
(�f )

�
(�(�f )[h])�

�
−

�f �(x�
j
)

1 + �2f �2(x�
j
)
B0,0[�

�
j
(�(�f )[h])�]

�����Ws−2
p

.
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it follows from (7) (with r = s − 1 ), Lemma 2.5, and (34) (if ��
j
(f � − f �(x�

j
)) is not 

identically zero, otherwise the estimate is trivial) that

As ��
j
(f � − f �(x�

j
)) ∈ Ws−1

p
(ℝ) is a pointwise multiplier for Ws−2

p
(ℝ), cf. (8), 

Lemma 4.1 yields

Finally, if � is sufficiently small, we may argue as in the derivation of (35) to get

Gathering (36)–(38), we conclude that

We now combine (33), (35), and (39) and obtain that

As a final step we show that, if � sufficiently small, then

for all h ∈ Ws+1
p

(ℝ) , � ∈ [0, 1] , and |j| ≤ N − 1. To start, we note that

and Lemma 2.5 yields for −N + 1 ≤ j ≤ N that

���𝜒
𝜀
j
(f � − f �(x𝜀

j
))
���∞ <

𝜈

40C1

�
max
𝜏∈[0,1]

‖B0
1,1
(𝜏f )‖L(Ws−2

p
(ℝ))

�−1

,

(36)T1 ≤ �C0

8C1

����
�
j
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

.

(37)T2 ≤ K��(�(�f )[h])���Ws−2−�
p

≤ K‖h‖
W

s+1−�
p

.

(38)T3 ≤ �C0

8C1

����
�
j
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

.

(39)

������
��
j
�f �B0

1,1
(�f )

�
(�(�f )[h])�

�
−

�2f �2(x�
j
)

1 + �2f �2(x�
j
)
B0,0

�
��
j
(�(�f )[h])�

�������Ws−2
p

≤ �C0

4C1

����
�
j
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

.

(40)

�����
�
j
Φ(�f )[h] −

k�

2��
B0,0

�
��
j
(�(�f )[h])�

�����Ws−2
p

≤ �

2

����
�
j
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

.

(41)

���������
B0,0

�
��
j
(�(�f )[h])�

�
−

B0,0

��
��
j
h
����

�

�
1 + �2f �2(x�

j
)
�3∕2

���������Ws−2
p

≤ �C0

2C1

����
�
j
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

B0,0

[
��
j
(�(�f )[h])�

]
= B0,0

[(
��
j
�(�f )[h]

)�
]
− B0,0

[
(��

j
)��(�f )[h]

]
,
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Moreover, letting C2 ∶= ‖B0,0‖L(Ws−2
p

(ℝ)) , the algebra property of Ws−1
p

(ℝ) leads us to

Using (5) together with the identity ��
j
��
j
= ��

j
 , for � sufficiently small we get

Gathering (42)–(44), we conclude that (41) holds true. The desired estimate (32) fol-
lows now, for |j| ≤ N − 1, by combining (40) and (41).

Step 2: The case j = N . Similarly to (35), we obtain from Lemma 4.5 and (34) 
that

for all h ∈ Ws+1
p

(ℝ) and � ∈ [0, 1] , provided that � is sufficiently small. Moreover,

where

(42)
����B0,0

�
(��

j
)��(�f )[h]

�����Ws−2
p

≤ K‖h‖
W

s+1−�
p

.

(43)

��������
B0,0[(�

�
j
�(�f )[h])�] −

B0,0[(�
�
j
h)���]

�
1 + �2f �2(x�

j
)
�3∕2

��������Ws−2
p

≤ C2

��������

��
j
h��

(1 + �2f �2)3∕2
−

(��
j
h)��

�
1 + �2f �2(x�

j
)
�3∕2

��������Ws−1
p

≤ C2

��������

⎛
⎜⎜⎜⎝

1

(1 + �2f �2)3∕2
−

1�
1 + �2f �2(x�

j
)
�3∕2

⎞
⎟⎟⎟⎠
(��

j
h)��

��������Ws−1
p

+ K‖h‖Ws
p
.

(44)

��������

⎛⎜⎜⎜⎝
1

(1 + �2f �2)3∕2
−

1�
1 + �2f �2(x�

j
)
�3∕2

⎞
⎟⎟⎟⎠
(��

j
h)��

��������Ws−1
p

≤ 2

������
��
j

�
1

(1 + �2f �2)3∕2
−

1

(1 + �2f �2(x�
j
))3∕2

�������∞
‖��

j
h‖Ws+1

p
+ K‖h‖

W
s+1−�
p

≤ �C0

2C1C2

����
�
j
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

.

(45)

����
�
N
B0
0,1
(�f )

�
(�(�f )[h])�

�
− B0,0

�
��
N
(�(�f )[h])�

����Ws−2
p

≤ �C0

4C1

����
�
N
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

‖‖‖�
�
N
�f �B0

1,1
(�f )

[
(�(�f )[h])�

]‖‖‖Ws−2
p

≤ Ta + Tb,
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Since ��
N
f � ∈ Ws−1

p
(ℝ) is a pointwise multiplier for Ws−2

p
(ℝ), cf. (8), Lemma 4.1 

yields

Because f � ∈ Ws−1
p

(ℝ) vanishes at infinity, for � sufficiently small to ensure that

it follows from (7) (with r = s − 1 ), Lemma 2.5, and (34) (if ��
N
f ′ is not identically 

zero, otherwise the estimate is trivial) that

Gathering (33) and (45)–(47), we have shown that if � is sufficiently small, then

for all h ∈ Ws+1
p

(ℝ) and � ∈ [0, 1] . It remains to show that for � sufficiently small

for all h ∈ Ws+1
p

(ℝ) and � ∈ [0, 1] . Arguing as in the first step (see (43)), we find in 
view of (42) that

Using (5) and the fact that f ′ vanishes at infinity, for � sufficiently small, we obtain

Ta ∶=
‖‖‖�

�
N
f �B0

1,1
(�f )[��

N
(�(�f )[h])�]

‖‖‖Ws−2
p

,

Tb ∶=
‖‖‖‖�

�
N
f �
(
��
N
B0
1,1
(�f )[(�(�f )[h])�] − B0

1,1
(�f )[��

N
(�(�f )[h])�]

)‖‖‖‖Ws−2
p

.

(46)Tb ≤ K��(�(�f )[h])���Ws−2−�
p

≤ K‖h‖
W

s+1−�
p

.

���𝜒
𝜀
N
f �
���∞ <

𝜈

20C1

�
max
𝜏∈[0,1]

‖B0
1,1
(𝜏f )‖L(Ws−2

p
(ℝ))

�−1

,

(47)Ta ≤ �C0

4C1

����
�
N
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

.

(48)

�����
�
N
Φ(�f )[h] −

k�

2��
B0,0

�
��
N
(�(�f )[h])�

�����Ws−2
p

≤ �

2

����
�
N
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

(49)
���B0,0

�
��
N
(�(�f )[h])�

�
− B0,0

�
(��

N
h)���

����Ws−2
p

≤ �C0

2C1

����
�
N
h
���Ws+1

p

+ K‖h‖
W

s+1−�
p

���B0,0

�
��
N
(�(�f )[h])�

�
− B0,0

�
(��

N
h)���

����Ws−2
p

≤ C2

�����

�
1

((1 + �2f �2)3∕2
− 1

�
(��

N
h)��

�����Ws−1
p

+ K‖h‖
W

s+1−�
p

.
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This proves (49). The claim (32) for j = N follows now directly from (48) and (49).

We now consider a class of Fourier multipliers related to the multipliers from 
Theorem 3.3.

Lemma 3.4  Let � ∈ (0, 1) . Given � ∈ [�, 1∕�] , let

Then, there exits a constant �0 = �0(�) ≥ 1 such that

Proof  We first consider the realizations

Since Wk
p
(ℝ) = Hk

p
(ℝ) , k ∈ ℤ , Mikhlin’s multiplier theorem, cf. e.g. [1, Theo-

rem 4.23], shows that the properties (50)–(51) (in the appropriate spaces) are valid 
for these realizations. Then, using the interpolation property (3), we obtain that (50)-
(51) hold true.

The next result provides the generator property announced in (30).

Theorem 3.5  Given p ∈ (1, 2] , s ∈ (1 + 1∕p, 2) , and f ∈ Ws
p
(ℝ) we have

Proof  Fix � ∈ (0,min{(s − 1 − 1∕p)∕2), 2 − s}) . Since f � ∈ Ws−1
p

(ℝ) is bounded, 
there exists a constant 𝜂 > 0 with the property that the function �� , � ∈ [0, 1] , from 
Theorem 3.3 satisfies � ≤ |�� | ≤ 1∕� for all � ∈ [0, 1] . Hence, regardless of 𝜀 > 0, 
the operators Aj,� , with −N + 1 ≤ j ≤ N and � ∈ [0, 1], defined in Theorem 3.3 sat-
isfy (50)-(51) with a constant �0 ≥ 1.

C2

�����

�
1

((1 + �2f �2)3∕2
− 1

�
(��

N
h)��

�����Ws−1
p

≤ 2C2‖��
N

�
1 − (1 + �2f �2)3∕2

�‖∞‖��
N
h‖Ws+1

p
+ K‖h‖

W
s+1−�
p

≤ �C0

2C1

����
�
N
h‖Ws+1

p
+ K‖h���Ws+1−�

p

.

�� ∶= −�

(
d4

dx4

)3∕4

.

(50)∙ � −𝔸� ∈ Isom(Ws+1
p

(ℝ),Ws−2
p

(ℝ)) ∀ Re � ≥ 1,

(51)
∙ �0‖(� − 𝔸�)[h]‖Ws−2

p
≥ ��� ⋅ ‖h‖Ws−2

p
+ ‖h‖Ws+1

p
∀ h ∈ Ws+1

p
(ℝ), Re � ≥ 1.

𝔸� ∈ L

(
W2

p
(ℝ),W−1

p
(ℝ)

)
and 𝔸� ∈ L

(
W3

p
(ℝ),Lp(ℝ)

)
.

−�Φ(f ) ∈ H

(
Ws+1

p
(ℝ),Ws−2

p
(ℝ)

)
.
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We set � ∶= (2�0)
−1 . Theorem  3.3 provides an � ∈ (0, 1) , a �-localization fam-

ily, a constant K = K(𝜀) > 0 , and bounded operators 𝔸j,� ∈ L(Ws+1
p

(ℝ),Ws−2
p

(ℝ))

, −N + 1 ≤ j ≤ N and � ∈ [0, 1], such that

for all −N + 1 ≤ j ≤ N , � ∈ [0, 1], and h ∈ Ws+1
p

(ℝ) . Besides, Lemma 3.4 yields

for all −N + 1 ≤ j ≤ N , � ∈ [0, 1], Re � ≥ 1 , and h ∈ Ws+1
p

(ℝ) . The latter inequali-
ties imply

Summing up over j and using Lemma  3.2, the interpolation property (3), and 
Young’s inequality we find constants � = �(f ) ≥ 1 and 𝜔 = 𝜔(f ) > 0 such that

for all � ∈ [0, 1], Re � ≥ � , and h ∈ Ws+1
p

(ℝ).
Recalling (31) and arguing as in Lemma 3.4 we may choose � sufficiently large 

to guarantee that � − Φ(0) ∈ Isom(Ws+1
p

(ℝ),Ws−2
p

(ℝ)) . The method of continuity 
together with (52) consequently yields

The relations (52) (with � = 1 ) and (53) imply the desired claim, cf. [7, Chapter I].

We next present the proof of the main result. The arguments rely to a large 
extent on the theory of quasilinear parabolic problems presented in [3, 4, 6] 
(see also [28]). Besides, in order to obtain the parabolic smoothing properties, 
we additionally employ a parameter trick which was successfully applied also to 
other problems, cf., e.g., [9, 11, 18, 32].

Proof of Theorem 1.1  Fix

2�0
�����

�
j
Φ(�f )[h] − �j,�

�
��
j
h
�����Ws−2

p

≤ ����
�
j
h
���Ws+1

p

+ 2�0K‖h‖Ws+1−�
p

2�0
‖‖‖‖(� −�j,�)

[
��
j
h
]‖‖‖‖Ws−2

p

≥ 2|�| ⋅ ‖‖‖�
�
j
h
‖‖‖Ws−2

p

+ 2
‖‖‖�

�
j
h
‖‖‖Ws+1

p

2�0
����

�
j
(� − Φ(�f ))[h]

���Ws−2
p

≥2�0���(� −�j,�)[�
�
j
h]
���Ws−2

p

− 2�0
����

�
j
Φ(�f )[h] −�j,�[�

�
j
h]
���Ws−2

p

≥2��� ⋅ �����
j
h
���Ws−2

p

+
����

�
j
h
���Ws+1

p

− 2�0K‖f‖Ws−1−�
p

.

(52)�‖(� − Φ(�f ))[h]‖Ws−2
p

≥ ��� ⋅ ‖h‖Ws−2
p

+ ‖h‖Ws+1
p

(53)� − Φ(f ) ∈ Isom
(
Ws+1

p
(ℝ),Ws−2

p
(ℝ)

)
.

1 +
1

p
< s < s < 2 and 0 < 𝛽 ∶=

2

3
< 𝛼 ∶=

s − s + 2

3
< 1.
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We further set E1 ∶= Ws+1
p

(ℝ) , E0 ∶= Ws−2
p

(ℝ) , and E� ∶= (E0,E1)�,p , with 
� ∈ {�, �} . Recalling the interpolation property (3), we have E� = Ws

p
(ℝ) and 

E� = Ws
p
(ℝ) . In view of (29) and (30) (with s = s ), we then get

and the assumptions of [28, Theorem 1.1] are satisfied in the context of the Muskat 
problem (27). Applying [28, Theorem 1.1], we may conclude that (27) has for each 
f0 ∈ Ws

p
(ℝ) a unique maximal classical solution f = f ( ⋅ ;f0) such that

Moreover, if the solution belongs to the set

then it is also unique, cf. [28, Remark 1.2  (ii)]. We now prove that each solution 
to (27) that satisfies (54) belongs to C�([0, T+),Ws

p
(ℝ)) with � = (s − s)∕(3 + s − s) . 

Indeed, since f ∈ C([0,T+),Ws
p
(ℝ)) , we infer from Lemma 3.6 that

for each T ∈ (0, T+) . Since for � ∶= 3∕(s − s + 3) we have 
(Ws−3

p
(ℝ),Ws

p
(ℝ))�,p = Ws

p
(ℝ), cf. (3), (54) and the latter estimate now yield

Therewith the existence and uniqueness claim is proven. Moreover, the assertion (i) 
follows from the abstract theory (see the proof of [28, Theorem 1.1]).

The parabolic smoothing property established at (ii) can be shown by arguing as 
in the more restrictive case considered in [25, Theorem 1.3].

Finally, in order to prove (iii), we assume that f = f ( ⋅ ;f0) ∶ [0, T+) → Ws
p
(ℝ) is a 

maximal classical solution with T+ < ∞ and that

Using again Lemma 3.6 and arguing as above, we conclude that f ∶ [0, T+) → Ws
p
(ℝ) 

is uniformly continuous. Let now

−Φ ∈ C∞
(
E� ,H(E1,E0)

)
,

(54)f ∈ C
(
[0, T+),Ws

p
(ℝ)

)
∩ C

(
(0, T+),Ws+1

p
(ℝ)

)
∩ C1

(
(0, T+),Ws−2

p
(ℝ)

)
.

⋃
�∈(0,1)

C�
(
[0, T+),Ws

p
(ℝ)

)
,

sup
t∈(0,T]

‖‖‖‖
df

dt
(t)
‖‖‖‖Ws−3

p
(ℝ)

< ∞

‖f (t1) − f (t2)‖Ws
p
≤ C‖f (t1) − f (t2)‖1−�Ws−3

p

≤ C�t1 − t2��(s−s)∕3, t1, t2 ∈ [0, T].

sup
t∈[0,T+)

‖f (t)‖Ws
p
(ℝ) < ∞.

1 +
1

p
< �s < s < 2 and 0 < 𝛽 ∶=

2

3
< 𝛼� ∶=

s −�s + 2

3
< 1.
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Choosing F1 ∶= Ws̃+1
p

(ℝ) , F0 ∶= Ws̃−2
p

(ℝ) , and setting F� ∶= (F0,F1)�,p , 
� ∈ {��, �} , we have that F� = Ws

p
(ℝ) and F� = Ws̃

p
(ℝ) . Moreover (29) and (30) 

(with s = s̃  ), yield

Thus, we may apply again [28, Theorem 1.1] (iv) (� ) to (27) and conclude that f can 
be extended to an interval [0, T̃+) with �T+ > T+ and such that

Moreover, by (ii) (with (s, s) = (s, s̃) ) we also have f ∈ C1((0, T̃+),W3
p
(ℝ)), and 

this contradicts the maximality of f. This proves the claim (iii) and the argument is 
complete.

We finish the section by presenting a result used in the proof of Theorem 1.1.

Lemma 3.6  Given M > 0 , there exists a constant C = C(M) such that

for all f ∈ Ws+1
p

(ℝ) with ‖f‖Ws
p
≤ M.

Proof  In this proof the constants denoted by C depend only on  M. 
Given  f ∈ Ws+1

p
(ℝ) with ‖f‖Ws

p
≤ M , we have

Moreover, we infer from Lemma 2.1 that

and it remains to prove that

To this end we note that the L2-adjoint �∗(f ) of �(f ) is identified by the relation

Therefore, given �, � ∈ C∞
0
(ℝ) , we have

−Φ ∈ C∞
(
F� ,H(F1,F0)

)
.

f ∈ C
(
[0, T̃+),Ws

p
(ℝ)

)
∩ C

(
(0, T̃+),Ws̃+1

p
(ℝ)

)
∩ C1

(
(0, T̃+),Ws̃−2

p
(ℝ)

)
.

(55)‖Φ(f )[f ]‖Ws−3
p

≤ C

(56)‖‖(�(f )[f ])�‖‖Ws−3
p

(ℝ)
=
‖‖‖‖‖

(
f �

(1 + f �2)1∕2

)��‖‖‖‖‖Ws−3
p

≤ C
‖‖‖‖

f �

(1 + f �2)1∕2

‖‖‖‖Ws−1
p

≤ C.

(57)‖�(f )[f �]‖Ws−3
p

≤ ‖�(f )[f �]‖p ≤ C

(58)‖�(f )[(�(f )[f ])�]‖Ws−3
p

≤ C.

��∗(f ) ∶= −(B0,1(f ) + B1,1(f )[f , f
�
⋅]).

(59)

����⟨𝔹(f )[�]��⟩Ws−3
p

(ℝ)×W3−s

p�
(ℝ)

���� =
����⟨��𝔹

∗(f )[�]⟩Ws−3
p

(ℝ)×W3−s

p�
(ℝ)

����
≤ ‖�‖Ws−3

p
‖𝔹∗(f )[�]‖W3−s

p�
.
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We next show that

for all � ∈ W3−s
p�

(ℝ) and f ∈ Ws+1
p

(ℝ) with  ‖f‖Ws
p
≤ M . Indeed, Lemma  2.1 

(with p = p� ), yields

Additionally, we may argue as in the proof of [25, Lemma 3.5] to infer in view of 
Lemma 2.1 that 𝔹∗(f )[�] ∈ W1

p�
(ℝ) with

Invoking Lemma 2.4 (with r = 2 − s ∈ (0, 1 − 1∕p) ), we get that

and since f � ∈ Ws−1
p

(ℝ) is a pointwise multiplier for W2−s
p�

(ℝ) , cf. (8), we may con-
clude from (61) and (62) that

This proves (60). Combining (59) and (60), a standard density argument leads us to

and (58) follows via (56). Recalling the definition (28) of Φ , the bound  (55) is a 
straightforward consequence of (57) and (58).

Freezing the kernels of singular operators in Sobolev spaces 
with negative exponent

In this section we establish some technical results which enable us to locally approx-
imate the Fréchet derivative �Φ(�f ) , � ∈ [0, 1] and f ∈ Ws

p
(ℝ) , by certain explicit 

Fourier multipliers, cf. Theorem 3.3. These results can be viewed as a generalization 
of the method of freezing the coefficients of elliptic differential operators. We extend 
this method to a particular class of singular integral operators, one of the main dif-
ficulties arising from the fact that the Sobolev space where the error is measured has 
negative exponent. As a first result we establish a commutator type estimate.

(60)‖�∗(f )[�]‖W3−s

p�
≤ C‖�‖W3−s

p�

(61)‖�∗(f )[�]‖p� ≤ C‖�‖p� .

�(𝔹∗(f )[�])�(x) = �𝔹∗(f )[� �](x) − PV∫
ℝ

�x

(
y + f �(x − y)�[x,y]f

y2 + (�[x,y]f )
2

)
�(x − y) dy

= �𝔹∗(f )[� �](x) − PV∫
ℝ

�y

(
�[x,y]f �[x,y]f

�

y2 + (�[x,y]f )
2

)
�(x − y) dy

= −�𝔹(f )[� �](x).

(62)‖B0
0,1
(f )[� �]‖W2−s

p�
+ ‖B0

1,1
(f )[� �]‖W2−s

p�
≤ C‖�‖W3−s

p�
,

‖�∗(f )[�]‖W3−s

p�
≤ ‖�∗(f )[�]‖p� + ‖(�∗(f )[�])�‖W2−s

p�
≤ C‖�‖W3−s

p�
.

‖𝔹(f )[�]‖Ws−3
p

≤ C‖�‖Ws−3
p
, � ∈ Ws−3

p
(ℝ),
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Lemma 4.1  Let p ∈ (1, 2] , s ∈ (1 + 1∕p, 2), � ∈ (0, (s − 1 − 1∕p)∕2) , n, m ∈ ℕ, 
f ∈ Ws

p
(ℝ) , and � ∈ C1(ℝ) with uniformly continuous derivative �′ be given. Then, 

there exists a constant K = K(n,m, s, p, �, ‖�‖C1 , ‖f‖Ws
p
) such that

Proof  Let � ∶= (3 − s)�∕(1 − �) . We point out that � ∈ (�, s − 1 − 1∕p) and that 
� ∈ C1(ℝ) is a pointwise multiplier for Ws−2−�

p
(ℝ) . Lemma 2.5 (with s = s − � ) then 

yields

Besides, in view of [2, Lemma 12], we also have

Noticing that W (1−�)(s−2−�)
p

(ℝ) = Ws−2−�
p

(ℝ) and W (1−�)(s−2−�)+�
p

(ℝ) = Ws−2
p

(ℝ) , the 
interpolation property (3) together with (64) and (65) leads us to the desired claim.

The first important result of this section is the following lemma.

Lemma 4.2  Let n, m ∈ ℕ , p ∈ (1, 2], s ∈ (1 + 1∕p, 2) , � ∈ (0, (s − 1 − 1∕p)∕2) , 
� ∈ (0,∞) , and  f ∈ Ws

p
(ℝ) be given. For sufficiently small � ∈ (0, 1) there exists a 

constant K that depends on �, n,  m,  s,  p,  �, and ‖f‖Ws
p
 such that

for all |j| ≤ N − 1 and � ∈ Ws−2
p

(ℝ).

Proof  Taking advantage of the relation ��
j
��
j
= ��

j
 , we have

where

(63)
����B

0
n,m

(f )[�] − B0
n,m

(f )[��]
���Ws−2

p

≤ K‖�‖
W

s−2−�
p

for all � ∈ Ws−2
p

(ℝ).

(64)
����B

0
n,m

(f )[�] − B0
n,m

(f )[��]
���Ws−2−�

p

≤ K‖�‖
W

s−2−�
p

, � ∈ Ws−2−�
p

(ℝ).

(65)
����B

0
n,m

(f )[�] − B0
n,m

(f )[��]
���W1

p

≤ K‖�‖p, � ∈ Lp(ℝ).

(66)

����������

��
j
B0
n,m

(f )[�] −

�
f �(x�

j
)
�n

�
1 +

�
f �(x�

j
)
�2

�m B0,0[�
�
j
�]

����������Ws−2
p

≤ �‖��
j
�‖Ws−2

p
+ K‖�‖

W
s−2−�
p

��
j
B0
n,m

(f )[�] −

(
f �(x�

j
)
)n

[
1 +

(
f �(x�

j
)
)2

]m B0,0[�
�
j
�] = Ta + Tb,
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Since ��
j
 is a pointwise multiplier for Ws−2−�

p
(ℝ) and ��

j
 is a pointwise multiplier 

for Ws−2
p

(ℝ) , Lemma 4.1 leads to

It remains to estimate Tb. Using (14) and the relation f �(x�
j
) = �[x,y](f

�(x�
j
) id

ℝ
)∕y, 

we get

If � is sufficiently small, Lemma 4.4 (with s̃ = s − � ) implies that

The estimate (66) follows from (67) and (68).

In Lemma 4.3 we gather some classical properties of mollifiers.

Lemma 4.3  Let ��(x) ∶= �−1�(x∕�) , x ∈ ℝ and 𝛿 > 0 , where � ∈ C∞
0
(ℝ) is a non-

negative function with

Given 𝛿 > 0 and f ∈ Lp(ℝ) , with p ∈ [1,∞) , let f� ∶= f ∗ �� . The following proper-
ties hold true. 

	 (i)	 Given r ≥ 0, it holds sup𝛿>0 ��[f ↦ f𝛿]‖L(Wr
p
(ℝ)) = 1;

	 (ii)	 Given r ≥ 0 , there exists a constant C > 0 such that

Ta ∶=

(
f �(x�

j
)
)n

[
1 +

(
f �(x�

j
)
)2

]m
(
��
j
B0,0

[
��
j
�
]
− B0,0

[
��
j
(��

j
�)

])

− ��
j

(
B0
n,m

(f )
[
��
j
�
]
− ��

j
B0
n,m

(f )[�]
)
,

Tb ∶= ��
j
B0
n,m

(f )[��
j
�] −

(f �(x�
j
))n

[
1 +

(
f �(x�

j
)
)2

]m��
j
B0,0[�

�
j
�].

(67)‖Ta‖Ws−2
p

≤ K‖�‖
W

s−2−�
p

.

Tb =

n−1∑
k=0

(
f �(x�

j
)
)n−k−1

��
j
Bk+1,m(f ,… , f )

[
f ,… , f , f − f �(x�

j
) id

ℝ
,��

j
�
]

−

m−1∑
k=0

(
f �(x�

j
)
)n

[
1 + (f �(x�

j
))2

]m−k ��
j
B2,k+1(f ,… , f )

[
f − f �

(
x�
j

)
id

ℝ
, f + f �

(
x�
j

)
id

ℝ
,��

j
�
]
.

(68)‖Tb‖Ws−2
p

≤ �‖��
j
�‖Ws−2

p
+ K‖�‖

W
s−2−�
p

.

∫
ℝ

�(x) dx = 1.
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	 (iii)	 There exists a constant C > 0 such that

Lemma 4.4 below provides the key estimate in the proof of Lemma 4.2.

Lemma 4.4  Let n, m ∈ ℕ , n ≥ 1 , p ∈ (1, 2], 1 + 1∕p < �s < s < 2 , � ∈ (0,∞) , 
and  f ∈ Ws

p
(ℝ) be given. For sufficiently small � ∈ (0, 1) there exists a positive con-

stant K = K(�, n, m, s, s̃, ‖f‖Ws
p
) such that

for all |j| ≤ N − 1 and � ∈ Ws−2
p

(ℝ).

Proof  Given �, � ∈ C∞
0
(ℝ) , it holds in view of ��

j
��
j
= ��

j
 and of the fact that the L2

-adjoint of B0
n,m

(f ) is the operator −B0
n,m

(f ) , that

Let Tj,�[�] ∶= ��
j
Bn,m(f ,… , f )[f ,… , f , f − f �(x�

j
) id

ℝ
,��

j
�] . We decompose below

and we prove subsequently that, if � sufficiently small, then

for all � ∈ W2−s
p�

(ℝ). Having established (73), we get

and the claim (71) follows via a standard density argument.
In order to define the terms in (72), let {𝜂𝛿}𝛿>0 be a mollifier as in Lemma 4.3. We 

set

(69)‖f�‖Wr
p
≤ C�r

�−r‖f‖Wr�
p

for all f ∈ Wr�

p
(ℝ), r� ∈ [0, r], � ∈ (0, 1].

(70)‖f𝛿 − f‖Wr�
p
≤ C𝛿r−r

�‖f‖Wr
p

for allf ∈ Wr
p
(ℝ), 0 ≤ r� ≤ r ≤ 1, 𝛿 > 0.

(71)

�����
�
j
Bn,m(f ,… , f )

�
f ,… , f , f − f �(x�

j
) id

ℝ
,��

j
�
�����Ws−2

p

≤ �
����

�
j
�
���Ws−2

p

+ K‖�‖Ws̃−2
p

⟨
��
j
Bn,m(f ,… , f )

[
f ,… , f , f − f �

(
x�
j

)
id

ℝ
,��

j
�
]|||�

⟩
Ws−2

p
(ℝ)×W2−s

p�
(ℝ)

= −
⟨
��
j
�|��

j
Bn,m(f ,… , f )

[
f ,… , f , f − f �(x�

j
) id

ℝ
,��

j
�
]⟩

Ws−2
p

(ℝ)×W2−s

p�
(ℝ)

.

(72)Tj,�[�] = T1
j,�[�] + T2

j,�[�],

(73)
���T

1
j,�[�]

���W2−s

p�

≤ �‖�‖W2−s

p�
and

���T
2
j,�[�]

���W2−s̃

p�

≤ K‖�‖W2−s

p�

�����
�
��
j
��Tj,�[�]

�
Ws−2

p
(ℝ)×W2−s

p�
(ℝ)

�����
≤ ‖��

j
�‖Ws−2

p
‖T1

j,�[�]‖W2−s

p�
+ ‖��

j
�‖Ws̃−2

p
‖T2

j,�[�]‖W2−s̃

p�

≤ �
�‖��

j
�‖Ws−2

p
+ K‖�‖Ws̃−2

p

�
‖�‖W2−s

p�
,
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where � = �(�) ∈ (0, 1] will be fixed later on and �� ∶= � ∗ ��.
Since 2 − s̃ ∈ [0, 1 − 1∕p) , Lemma  2.4 (with r = 2 − s̃  ) and the fact 

that ��
j
�� ∈ W2−s̃

p�
(ℝ) yield T2

j,�
[�] ∈ W2−s̃

p�
(ℝ), and together with (69) we obtain the 

estimate

It remains to estimate T1
j,�
[�]. Therefore, we first infer from Lemma 2.1 and (70) that

We now consider the seminorm [T1
j,�
[�]]W2−s

p�
 . In view of (14) we write

where

with

Lemma 2.1 (with p = p� ) together wit (70) yields

With regard to T3(�) we fix � ∈ (s − s̃, min{2 − s̃, 2(s − s̃)}) . Combining Lemma 2.2 
(with s = s̃  and r = 2 − s̃ − � ∈ (0, 1 − 1∕p) ) and (70) we get

T1
j,�[�] = ��

j
Bn,m(f ,… , f )

[
f ,… , f , f − f �(x�

j
) id

ℝ
,��

j
(� − ��)

]
,

T2
j,�[�] = ��

j
B0
n,m

(f )
[
��
j
��

]
− f �(x�

j
)��

j
B0
n−1,m

(f )
[
��
j
��

]
,

(74)‖T2
j,�[�]‖W2−s̃

p�
≤ K‖��

j
��‖W2−s̃

p�
≤ K�s̃−s‖�‖W2−s

p�
.

(75)
���T

1
j,�[�]

���p� ≤ C
����

�
j
(�� − �)

���p� ≤ C���� − ���p� ≤ C�2−s‖�‖W2−s

p�
.

T1
j,�[�] − ��T

1
j,�[�] = T1(�) + T2(�) + T3(�), � ∈ ℝ,

T1(�) ∶=
�
��
j
− ���

�
j

�
��Bn,m(f ,… , f )

�
f ,… , f , f − f �

�
x�
j

�
id

ℝ
,��

j
(� − ��)

�
,

T2(�) ∶= ��
j
Bn,m(f ,… , f )

�
f ,… , f , f − f �

�
x�
j

�
id

ℝ
,��

j
(� − ��) − ��

�
��
j
(� − ��)

��
,

T3(�) ∶= ��
j

n−1�
j=1

Bn,m(f ,… , f )

⎡
⎢⎢⎢⎢⎣
�� f ,… , �� f
⏟⏞⏞⏞⏟⏞⏞⏞⏟
(j−1)−times

, f − �� f , f ,… , f , f − f �
�
x�
j

�
id

ℝ
, ��

�
��
j
(� − ��)

�
⎤
⎥⎥⎥⎥⎦

+ ��
j
Bn,m(f ,… , f )

�
�� f ,… , �� f , f − �� f , ��

�
��
j
(� − ��)

��

+ ��
j

m�
j=1

B
j

n+2,m+1

�
�� f ,… , �� f , �� f − f �

�
x�
j

�
id

ℝ
, �� f + f , �� f − f , ��

�
��
j
(� − ��)

��
,

B
j

n+2,m+1
∶= Bn+2,m+1

⎛⎜⎜⎜⎝
f ,… , f
⏟⏟⏟
j−times

, �� f ,… , �� f

⎞⎟⎟⎟⎠
.

(76)

‖T1(�)‖p� ≤ C
����

�
j
− ���

�
j

���∞
����

�
j
(� − ��)

���p� ≤ C�2−s
����

�
j
− ���

�
j

���W1

p�

‖�‖W2−s

p�
.
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In remains to estimate the function T2(�), � ∈ ℝ. To this end we choose aj,� ∈ ℝ 
such that supp𝜒𝜀

j
⊂ [aj,𝜀 − 3𝜀∕2, aj,𝜀 + 3𝜀∕2] and denote by F� the Lipschitz contin-

uous function defined by F� = f  on [aj,� − 2�, aj,� + 2�] and F�
� = f �(x�

j
) on 

ℝ ⧵ [aj,� − 2�, aj,� + 2�] . Given  � ∈ ℝ with |�| ≥ �∕2, it follows from Lemma  2.1 
and (70) that

If |𝜉| < 𝜀∕2 , then 𝜉 + supp𝜒𝜀
j
⊂ [aj,𝜀 − 2𝜀, aj,𝜀 + 2𝜀] , and, since f � ∈ Cs−1−1∕p(ℝ) , 

Lemma 2.1 and the properties defining F� lead to

provided that � is sufficiently small.
Combining (76)–(79), we conclude that if � is sufficiently small, then

Invoking (4) and Lemma 4.3 (i), the estimates (75) and (80) lead us to

We now chose � = �(�) ∈ (0, 1] sufficiently small to ensure that K��+s̃−s ≤ �∕2. This 
choice together with (74) shows that the estimates in (73) hold true and the proof is 
complete.

The next lemma is the second main result of this section and describes how to 
freeze the kernels at infinity.

(77)

‖T3(�)‖p� ≤ C‖f − �� f‖
W

2̃s−1−
2
p
+�

p�

����
�
j
(� − ��)

���W2−s̃−�

p�

≤ K��+s̃−s
����f − �� f‖W2s−1−2∕p

p�
‖�����W2−s

p�

.

(78)‖T2(�)‖p� ≤ C‖� − ��‖p� ≤ C�2−s‖�‖W2−s

p�
.

(79)

‖T2(�)‖p� =
�����

�
j
Bn,m(f ,… , f )

�
f ,… , f ,F� − f �

�
x�
j

�
id

ℝ
,��

j
(� − ��) − ��

�
��
j
(� − ��)

������p�
≤ C

����f
� − f �

�
x�
j

�����L∞((aj,�−2�,aj,�+2�))
�����

�
j
(� − ��) − ��

�
��
j
(� − ��)

�����p�
≤ �

24

�����
�
j
(� − ��) − ��

�
��
j
(� − ��)

�����p� ,

(80)

�
T1
j,�[�]

�
W2−s

p�

≤ 3

⎛⎜⎜⎝

3�
j=1

�
ℝ

‖Ti(�)‖p
�

p�

���1+(2−s)p� d�
⎞⎟⎟⎠

1∕p�

≤ K��+s̃−s‖�‖W2−s

p�

�
1 + ‖��

j
‖W3−s

p�
+ ‖f‖Ws

p

�
+

�

8

����
�
j
(� − ��)

���W2−s

p�

.

‖T1
j,�[�]‖W2−s

p�
≤ �

2
‖�‖W2−s

p�
+ K��+s̃−s‖�‖W2−s

p�
.
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Lemma 4.5  Let n, m ∈ ℕ , p ∈ (1, 2], s ∈ (1 + 1∕p, 2) , � ∈ (0, (s − 1 − 1∕p)∕2) , 
� ∈ (0,∞) , and  f ∈ Ws

p
(ℝ) be given. For sufficiently small � ∈ (0, 1) there exists a 

constant K that depends on �, n,  m,  s,  p,  �, and ‖f‖Ws
p
 such that

and

for all � ∈ Ws−2
p

(ℝ).

Proof  Similarly as in the proof of Lemma 4.2 we write

where

Since ��
j
 is a pointwise multiplier for Ws−2−�

p
(ℝ) and ��

j
 is a pointwise multiplier 

for Ws−2
p

(ℝ) , we get in view of Lemma 4.1 that

With respect to Tb we infer from (14) that

If � sufficiently small, it follows from Lemma 4.6 that

The claim (81) follows now from (83) and (84). Finally, the assertion (82) is 
obtained by arguing as in the proof of (81).

Lemma 4.6 below provides the crucial estimate in the proof of Lemma 4.5.

Lemma 4.6  Let n, m ∈ ℕ , n ≥ 1 , p ∈ (1, 2], 1 + 1∕p < �s < s < 2 , � ∈ (0,∞) , 
and  f ∈ Ws

p
(ℝ) be given. For sufficiently small � ∈ (0, 1) , there exists a positive con-

stant K = K(�, n, m, s, s̃, ‖f‖Ws
p
) such that

(81)
����

�
N
B0
0,m

(f )[�] − B0,0

�
��
N
�
����Ws−2

p

≤ �
����

�
N
�
���Ws−2

p

+ K‖�‖
W

s−2−�
p

(82)
����

�
N
B0
n,m

(f )[�]
���Ws−2

p

≤ �
����

�
N
�
���Ws−2

p

+ K‖�‖
W

s−2−�
p

, n ≥ 1,

��
N
B0
0,m

(f )[�] − B0,0

[
��
N
�
]
= Ta + Tb,

Ta ∶=
(
��
N
B0,0

[
��
N
�
]
− B0,0

[
��
N
(��

N
�)

])
− ��

N
(B0

0,m
(f )[��

N
�] − ��

N
B0
0,m

(f )[�]),

Tb ∶= ��
N
(B0

0,m
(f )[��

N
�] − B0,0[�

�
N
�]).

(83)‖Ta‖Ws−2
p

≤ K‖�‖
W

s−2−�
p

.

Tb = −��
N

m∑
i=1

B0
2,i
(f )

[
��
N
�
]
.

(84)‖Tb‖Ws−2
p

≤ �‖��
N
�‖Ws−2

p
+ K‖�‖

W
s−2−�
p

.

(85)
����

�
N
B0
n,m

(f )
�
��
N
�
����Ws−2

p

≤ �
����

�
N
�
���Ws−2

p

+ K‖�‖Ws̃−2
p
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for all � ∈ Ws−2
p

(ℝ).

Proof  Given �, � ∈ C∞
0
(ℝ) , it follows by arguing as in the proof of Lemma 4.4 that

We write ��
N
B0
n,m

(f )[��
N
�] = T1

� [�] + T2
� [�] where, for sufficiently small � , we have

for all � ∈ W2−s
p�

(ℝ). The estimates in (86) together with the previous identity imply

and (85) follows.
Let again {𝜂𝛿}𝛿>0 be a mollifier and set

where �� ∶= � ∗ �� and with � = �(�) ∈ (0, 1] which we fix later on. Taking advan-
tage of Lemma  2.4 (with  r = 2 − s̃ ∈ (0, 1 − 1∕p) ) and of the fact that 
��
N
�� ∈ W2−s̃

p�
(ℝ) , we conclude that T2

� [�] ∈ W2−s̃
p�

(ℝ) and together with (69) we 
obtain the estimate

We now estimate T1
� [�]. Combining Lemma 2.1 and (70), we have

and it remains to consider the seminorm [T1
� [�]]W2−s

p�
 . Using (14), we get

where

⟨
��
N
B0
n,m

(f )
[
��
N
�
]|||�

⟩
Ws−2

p
(ℝ)×W2−s

p�
(ℝ)

= −
⟨
��
N
�|��

N
B0
n,m

(f )
[
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.

(86)
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�����
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���T
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+
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���W2−s̃

p�
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p
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�
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p�
,

T1
� [�] = ��

N
B0
n,m

(f )
[
��
N
(� − ��)

]
and T2

� [�] = ��
N
B0
n,m

(f )
[
��
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(87)
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���W2−s̃

p�
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.

(88)
���T

1
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���p� ≤ C
����

�
N
(�� − �)

���p� ≤ C‖� − ��‖p� ≤ C�2−s‖�‖W2−s

p�
,

T1
� [�] − ��T

1
� [�] = T1(�) + T2(�) + T3(�), � ∈ ℝ,
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with Bj

n+2,m+1
 as defined in the proof of Lemma 4.4. Arguing as in Lemma 4.4, we 

obtain

and, for some fixed � ∈ (s − s̃, min{2 − s̃, 2(s − s̃)}),

In order to estimate T2(�), let F� denote the Lipschitz continuous function equal to f 
on the set {|x| ≥ 1∕� − 2�} and which is linear in the interval {|x| ≤ 1∕� − 2�} . If 
|�| ≥ �, Lemma 2.1 and (70) yield

If |𝜉| < 𝜀 , we note that 𝜉 + supp𝜒𝜀
N
⊂ {|x| ≥ 1∕𝜀 − 2𝜀} . Lemma 2.1, the definition 

of F� , and the observation that ‖F�
�‖∞ ≤ 2�‖f‖∞ + ‖f �‖L∞({�x�≥1∕�−2�}) (which holds 

if � is sufficiently small), then lead to

provided that � is sufficiently small. To obtain the last inequality we have taken 
advantage of the fact that f � ∈ Ws−1

p
(ℝ) vanishes at infinity.

From (89) to (92), we conclude, for � sufficiently small, that

Combining (4), Lemma 4.3 (i), (88), and (93) we get

T1(�) ∶= (��
N
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�
N
)��
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n,m

(f )[��
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(� − ��)]
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N
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�
��
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N
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,
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Bn,m(f ,… , f )
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�� f ,… , �� f
⏟⏞⏞⏞⏟⏞⏞⏞⏟
(j−1)−times

, f − �� f , f ,… , f , ��(�
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⎤
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�� f ,… , �� f , �� f + f , �� f − f , ��(�

�
N
(� − ��))

�
,
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.
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Choosing now � = �(�) sufficiently small to ensure that K��+s̃−s ≤ �∕2, we obtain, 
together with (87), the desired estimates (86) and the proof is complete.

Estimates for some pointwise multipliers

In this appendix we present the proofs of the estimates (6)–(7). The estimate 
(7) is used in the proof of Theorem  3.3 and (6) is an important argument when 
establishing (7).

Proof of (6)  Since Wr
p
(ℝ) ↪ C(ℝ) , we have

and it remains to estimate the term

According to [5, Theorem 4.1], the multiplication

is continuous, hence

Lemma 2.3 (with t� = 2(r − 1∕p) and t = r + 1 − 2∕p ) yields

We thus conclude that

and (94) together with (95) lead to the desired claim.

We are now in a position to prove (7).
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.
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Proof of (7)  Given h, � ∈ C∞
0
(ℝ) , we have

where T1[�] ∈ W1−r
p�

(ℝ) and T2[�] ∈ W
1−r+�
p�

(ℝ) are defined in (97) and satisfy

Having established (96), we get

and the estimate (7) follows. The functions in (96) are defined by

where {𝜂𝛿}𝛿>0 is a mollifier, �� = � ∗ �� , and � ∈ (0, 1] is chosen below. Combin-
ing (6), Lemma 4.3 (i), and (70), we get

After eventually choosing C to be larger than the norm of the embedding 
Wr

p
(ℝ) ↪ L∞(ℝ), we set � = (‖�‖∞∕(C‖�‖Wr

p
))1∕� ∈ (0, 1] , and obtain that

With respect to T2[�] , we note that since � ∈ W
r+1−2∕p

p�
(ℝ) and �� ∈ Wr+1

p�
(ℝ) , it 

holds that T2[�] ∈ W
r+1−2∕p

p�
(ℝ) ↪ W

1−r+�
p�

(ℝ) , cf. (2), and together with  (2) 
and (69) we get

Hence, both estimates in (96) hold true and the proof is complete.
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