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Multifractality and critical fluctuations at the Anderson transition
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Critical fluctuations of wave functions and energy levels at the Anderson transition are studied for the family
of the power-law random banded matrix ensembles. It is shown that the distribution functions of the inverse
participation ratiogIPR) P, are scale-invariant at the critical point, with a power-law asymptotic tail. The IPR
distribution, the multifractal spectrum, and the level statistics are calculated analytically in the limits of weak
and strong couplings, as well as numerically in the full range of couplings.

I. INTRODUCTION important role in recent attempts of identification of the con-
formal theory describing the quantum Hall plateau
As is well known, ind>2 dimensions a disordered elec- transition'%**
tronic system undergoes, with increasing strength of disor- During the past decade, multifractality of critical eigen-
der, a transition from the phase of extended states to that dfinctions at the Anderson transition has been a subject of
localized statesAnderson transition Another important re-  intensive numerical studies; see Refs. 12,13, and references
alization of the Anderson critical point is the quantum Hall therein. Among all the multifractal dimensiori3, plays the
plateau transition in a two-dimension(@D) system in strong most prominent role, since it determines the spatial disper-
magnetic field. One of the hallmarks of the metal-insulatorsion of the diffusion coefficient at the mobility edife.
transition is represented by strong fluctuations of eigenfunc- It should be stressed, however, that Wegner's re@)lt
tions. These fluctuations can be characterized by a set @éfers to an ensemble-averaged IPR. On the other hand, it is
inverse participation ratiodPR) well known that in disordered systems, mesoscopic fluctua-
tions from one realization of disorder to another may be very
strong. As a result, an average value of some quantity may
Pq=f ddr ()|, (1) not provide sufficient information, and one has to speak
about the corresponding distribution function. This poses the
question of the statistics of the IPRP, at criticality, which
is a central issue of the present paper.

Let us first remind the reader of the existing analytical
results concerning the IPR fluctuations. While the direct ana-
CIytical study of the Anderson transition in 3D is not feasible

because of the lack of a small parameter, statistics of energy
levels and eigenfunctions in a metallic mesoscopic sample
(dimensionless conductange>1) can be studied systemati-
cally in the framework of the supersymmetry method; see
Ref. 15 for a review. Within this approach, the IPR fluctua-
Pl 7@, r(q)=D4(q—1). (2)  tions were studied recently:"*°In particular, the 2D ge-
ometry was considered, which, while not being a true Ander-
Equation(2) should be contrasted with the behavior of theson transition point, shows many features of criticality, in
IPR in a good metajwhere eigenfunctions are ergopi® view of the exponentially large value of the localization
oL ~94=1) and, on the other hand, in the insulatiacalized  length. It was found that the distribution function of the IPR
eigenfunctiony P g LO. P4 normalized to its average val§®,) has a scale-invariant

The scaling(2) characterized by an infinite set of critical form. In particular, the relative variance of this distribution
exponentsD, implies that the critical eigenfunction repre- (characterizing its relative widtiveads
sents a multifractal distributiohThe notion of a multifractal

The field theory of the Anderson transition is the matrix
nonlinearoc model, in the replichor supersymmetrfcfor-
mulation. In 2+ e dimensions withe<<1, the transition takes
place in the weak-coupling regime, allowing for a systemati
renormalization-grouRG) treatment, which yields the criti-
cal indices in the form of the expansion. In particular,
Wegnef found in this way that the IPR show at criticality an
anomalous scaling with respect to the system kize

structure was first introduced by Mandelbraind was later varP,) Cqg%(q—1)2
found relevant in a variety of physical contexts, such as the v 5 3
energy-dissipating set in turbulence, strange attractors in (Pq>2 B9

chaotic dynamical systems, and the growth probability dis-

tribution in diffusion-limited aggregation; see Ref. 6 for a where C~1 is a numerical coefficient determined by the
review. More recently, considerable research interest was asample shapéand the boundary conditionsand 8=1 (2)
tracted by the problem of Dirac fermions in a random vectorfor the case of unbrokefibroken time-reversal symmetry. It
potential, which allows for an exact calculation of the mul-is assumed here that the indeis not too largeg?<Bng.
tifractal spectruni—® The multifractal exponents played an These findings motivated the conjecttirthat the IPR distri-
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bution at criticality has in general a universal form, i.e., thatstatistics of the PRBM model &t>1 and the correlations in
the distribution functionP(Pq/Pg’p) is independent of the the Luttinger liquid at finite temperature has been
sizeL in the limit L—c. HerePY" is a typical value of the ~established?
IPR, which can be defined, e.g., as a metiaf the distri- At =1, the PRBM model was found to be critical for an
butionP(P,). Normalization ofP, by its average valugP,) ~ arbitrary value ofb; it shows all the key features of the
(rather than by the typical vaIuIéf]yp) would restrict gener- Anderson critical point, including multifractality 5oL;elgen-
ality of the statement; see the discussion below. Practicallfunctions and nontrivial spectral compressibifity.>“° The
speaking, the conjecture of Ref. 16 is that the distributiodMmportant property of the ensemble is the existence of the
function of the IPR logarithmP(In P;), simply shifts along ~Parameteb, which labels the critical point: Eq¢4) and (6)
the x axis with changing_. dezl;lne a whole family of critical theories parametrized by
The applicability of these results to a generic AndersorP-”" This is in full analogy with the family of the conven-
transition point has been questioned recently in Ref. 19. Intional Anderson transition critical points parametrized by the
deed, the 2D metal represents only an “almost critical” SPatial dimensionality 2d<cc. The limitb>1 represents a
point, and the consideration is restricted to the weak disorderduasimetallic” regime, with only weakly fractal wave
limit g>1 (weak-coupling regime in the field-theoretical functhns, close in _thelr statistical propertle_s to those in a
languagg while all the realistic metal-insulator transitions Metallic sample. It is analogous th=2+ € with e<1 and
(conventional Anderson transition in 3D, quantum Hall tran-@llows for a systematic analytical treatment via the mapping
sition, etc) take place in the regime of strong coupling. It ONto a supermatrixo model and the weak-coupling
was proposed in Ref. 1@n the basis of numerical simula- €xpansiorf>*® The opposite limitb<1, which we call
tions for the 3D tight-binding modgthat the fractal dimen- “quasi-insulating,” is characterized by very strongly fluctu-
sionD, is not a well-defined quantity, but rather shows uni-2ating eigenfunctions and corresponds d&-1, where the
versal fluctuations characterized by some distributiorfransition takes place in the strong disordstrong coupling
function P(D>) of a width of order unity. in the field-theoretic languageegime. As we demonstrate

To explore the IPR fluctuationgnd also the level statis- Pelow, it is also accessible to an analytical treatment using
tics, see beloat criticality in the full range from weak to the RG method introduced by Levitd¥.Let us also note a
strong coupling, we consider the power-law random bandedimilarity with conformal models proposed recefily* as
matrix (PRBM) ensemble. The model is defirf@as the en- candidate theories of the quantum Hall critical point, which
semble of random Hermitea x N matricesf (real for 3 are also parametrized by a continuously changing marginal

=1 or complex for3=2). The matrix elementsi;; are in- coupling constant.

dependently distributed Gaussian variables with zero meag. I:nt‘hlr?c?iﬂe;h\évzxvélrl Cor;bgl‘ittgti??salwfﬁéSttug%.r?h];g'e
(H;;)=0 and the variance 'gentuncti gy lev Istics | wo li

>1 andb<1 with numerical simulations in the full range of

(IH;1»=a2(li-j]), (4) b The feasibility of the systematic analytical treatment of
both regimes, weak-coupling and strong-coupling, as well as
wherea(r) is given by of the numerical simulations in a broad range of couplings,
makes the PRBM ensemble a unique laboratory for studying
5 1 general features of the Anderson transition.
a®(r)= W ©) As has been already mentioned, we will study not only

the eigenfunction fluctuations, but also the energy level sta-
At =1 the model undergoes an Anderson transition frordiStics. It has been understotid*that a scale-invariant level

the localized @>1) to the delocalized¢<1) phase. We Statistics is an intrinsic feature of the Anderson critical point.

concentrate below on the critical value=1, whena(r) In particula_r,_ the critical level correlations are cha_r_acterized
falls down asa(r)=1/r atr>b. More precisely, we will by a'nontrlwa value of the spectral compreSS|b|I|.ty<Q
study the periodic generalization of EG), '<1 (intermediate petweepazo ina mgtal ands(.zl inan
insulatoy.2%23**While the level correlation function itself is
1 sirf(mr/N)] 1 shape-dependent, the valueyofs a fully universal attribute
a’(r)=|1+ 02 W (6)  of the critical theory(like critical indices.

Supplementing again the analytical studybat1 andb

(an ana|og of the periodic boundary Cond|t|hn\gh|ch al- <1 by numerical Simulations, we are able to calculate the

lows us to get rid of the boundary effects. two-level correlation functiorR,(s) and the spectral com-
In a straightforward interpretation, the PRBM model de-pressibility x in the whole range ob. Our interest in the

scribes a 1D sample with random long-range hopping, théritical spectral statistics was additionally motivated by a

hopping amplitude decaying as T/with the distance. Also, recent papet; where it was argued that the following exact

such an ensemble arises as an effective description in a nurfelation betweery andD, holds:

ber of physical contexts, such as the quantum Fermi

acceleratof! the delocalization of impurity-induced quasi- _ d-D, -
particle states in a 2@-wave superconductdf,the scatter- X="%q @)

ing by a Coulomb center in an integrable billigtthe mo-

tion of two interacting particles in a 1D random potentfal, According to Eq.(7), the spectral compressibility should
and the quantum chaos in a billiard with a nonanalytictend to3 in the limit D,—0 (very sparse multifractal and
boundary?® Very recently, a connection between the levelnot to the Poisson valug=1. The derivation of Eq(7) is
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based, however, on a certain assumption of the decoupling ¢P,) starts to be determined by the upper cutoff of the
the energy level and eigenfunction correlations, which is dif-power-law “tail,” which depends on the system size. As a

ficult to verify directly. It is important, therefore, to check regylt, (P, shows scaling with an expone"ﬁ‘,;1 different
the validity of the result7), and such an opportunity is pro- from .. In this situation, the average valy®,) is not

vided by the PRBM model. _ _ representative and is determined by rare realizations of dis-
The structure of the paper is as follows. Section Il isgrger.

devoted to the IPR statistics and the multifractal spectrum of

Itgt(ieozlz‘;t?rlt\gt:ﬁcr:r?d:ridlrt]hseesc.élcltr\étvlecztrlrjtd):etgseit;i\?ilto-leSV:cI:t?:r:r?\-/<1 can be elucidated best via introducing the singularity
summarizes our findin sp Some of t‘t)te resultg.of this Workspectrumf(a), which is the conventional way of analyzing
1gS. S0 . multifractal distribution$. To this end, let us note that the
have been presented in a brief form in Ref. 36. , L
average IPR'SPy) are (up to a multiplication byN) the
moments of the distributio®(| 4?|) of the eigenfunction in-
tensities. The behavi@B) of the moments corresponds to the

intensity distribution function of the form

The connection betweer(q) and 7(q) in the regimexg

Il. MULTIFRACTAL SPECTRUM AND THE IPR
STATISTICS

We find it convenient to organize this section in the fol-
lowing way. We begin by formulating in Sec. Il A our main Pl 2]~ iN_Hf(_szVm N) (11)
results concerning the IPR statistics. Then we present, in || '
Sec. IIB and Sec. Il C, the analytical calculations in the
limits of b<1 andb>1, respectively. The numerical simu- Indeed, calculating the momerits/*“|) with the distribution
lations (which have been performed f@=1) fully support  function (11), one finds
the analytical findings, ascertaining that the approximations
made in the RG treatment are justified. Also, .they atlow us to (Pg)= N(| l/i2q|>~f daN-—ge+f(a), (12)
explore the intermediate range bf~1. A discussion of

finite-size effects playing an important role in the analysis of, : _ .
the scaling of the IPR distribution is given in Sec. 11 D. where we have introduced Ing7/inN. Evaluation of

the integral by the saddle-point method reproduces the result
(8), with the exponentr(q) related to the singularity spec-
trum f(«) via the Legendre transform

For further needs we define two sets of fractal exponents
characterizing the scaling of the average K#R) and of the (@)=ga—f(a); q=f'(a). (13
typical IPR Pg’p, respectively:

A. General considerations and a summary of the results

It is not difficult to see that the condition,= 1 is equivalent

<Pq>x|\r~f(q>, }(q)zijq(q_l); (8) to f(@)=0. Indeed, both conditiong,<1 and f(«a)<0
characterize the situation when the average vaRg is not
P;ypocN*T(Q), 7(q)=Dy(q—1). 9) representative and is determined by rare realizations of dis-

order. On a more formal level, this can be derived from the

Note that we consideg>0 only; negativeq are outside the  formula relatingx, and the fractal exponents, see Ej6)

range of applicability of our analytical methods. As has beerhelow and Sec. Il C.

already mentionedl?tqyp can be defined as a median of the  \we further denote the value af determined byf(«a)

distribution P(Pq);l8 an alternative definition can bthyp =0 asa_, and the corresponding value gfasq. (clearly,
= exp(in Py). Obviously, information about the IPR distribu- both o~ andq, depend orb). The value ofr, in the region
tion functionP( Pq) is needed in order to judge whether the g>g. can be found by observing thﬁgp can be written in
exponentsr(q) and 7(q) are equal to each other or not. As a form similar to Eq(12),

we will demonstrate below, in the limit of large system size

N, the distributionP(P,/P") becomes independent &f. Ptyp~f e N-9e+ (@)
An important property of this scale-invariant IPR distribution f(@)=0 ‘
is its power-law “tail” at largeP,

(14)

The restriction on the integration range removes from con-
P(Pq /PP c(Pg/PYP) 1%, Pe>PPP. (100  sideration the rare events of such large valuel/éf which
can be found only in a small fractigh~Nf(®) with f(a)
"< 0] of all eigenfunctions. Since faq> (g, the saddle point
a<a_ is outside the integration domain, the integr®d) is
determined in this case by the boundary of the integra-
tion range, yieldingsee a related discussion in Ref. 8

Of course, the far tail of this distribution becomes increas
ingly better developed with increasimg In other words, the
point where the distribution deviates from its limiting scale-
invariant form moves to infinity abl increases.

It is clear that the relation betweer(q) and 7(q) de-

pends crucially on whether the power-law exponggtis () =qa_, g>0;. (15)
smaller or larger than unity. &,>1, the two definitions of
the fractal exponents are identical,q) = 7(q). This situa- The value of the power-law-tail index, is related to the

tion will be shown to occur at not too large valuescpfin  fractal exponents as follows:
particular,x,>1 at anyb. However, with increasing| the 5
value ofx, decreases. Once it drops below unity, the average Xq7(q) = T(0qXg)- (16)
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To be precise, we were able to derive Etf) for all g in the 1.0
limit b<1, as well as for integer values &f=1,2,... at ,,}
arbitraryb. We expect, however, that this relation is gener- 08 | 4
ally valid. E
According to what has been said above, the cupMe)
separates the regions with the two different types of multi- 06
fractal behavior: atq<q.(b) we havex,>1 and 7(q) a'
="7(q), while atg>gq.(b) the tail indexx,<1 and=(q) is 04| A
different from7(q) and given by Eq(15). We have calcu-
lated the asymptotic form of the “phase boundaiy:(b) in 02 | Jw
both limitsb>1 andb<1, T/
2wBb)Y2  b>1 0.0 5+ = 5 |
4u(b)= (2mpBb) a7 10 10 R 10 10

2.4056, b<1.

Notice thata=2 al bel to the | h . FIG. 1. Fractal dimensioB, as a function of the parameteiof
o 'Ce~ atq=< always belongs to .e 0g-phase, 1.€., the PRBM ensemble. The data points are the results of the numeri-
7(2)=7(2) for all b. For g>qc(b) we find from Eqs.(15  cal simulations, while the lines represent tie1 andb<1 ana-
and (16) that x,=q¢(b)/q, while in the opposite regimeg  Iytical asymptotics,D,=1—1/wb [Eq. (23] and D,=2b [Eq.
<(qc(b) the value ofx, is determined by the form of the (49)].
function 7(q). In particular, atb>1 we have o ) o o
For a system of finite sizN with the periodic generalization
~ N (A VD (A _ (6) of the 1f decay law ofa(r), thek integration in Eq(20)
7(@)=(Q=1)D=(q=-1)(1~a/2Bmb), (18) is replaced by summation in the usual way:
yielding x,=~2Bb/q? for g<(2b)*2 In the other limit,

~ dk 1
b<1, the function7(q) has a somewhat more complicated f _— ]
form, 27 N k=2mn/N; n=0,=1,+2, ...

_ The eigenfunction statistics can now be studied via the
;(q):ﬂl“(q—lla % 1, p=1 (19) same methods as for conventional metallic samples. The
\/; I'iq—1) 17/2\/5, B=2, main difference between the actié®) and that of the diffu-
sive o model is in the replacement of the diffusion operator
and Eq.(16) does not seem to have an analytical solution for(7v/8)Dk? by (14)|k|. Consequently, all calculations within
Xq. However, for the particularly important cage=2, we  the weak-coupling expansion of themodel are generalized
find x,= 2, while all higher integeq=3,4, ... arealready to the PRBM case by substitutifd(k)=1t/8|k| for the dif-

above the phase boundagy(b<1)=2.4. fusion propagatofl (k) = 1/7vDk?. In particular, calculating
the average IPRP,), one finds the following result for the
B. Regimeb>1 fractal dimension®,:2**°
The quasimetallic regimé>1 can be studied via the 5 t Anp
mapping onto the supermatrix model?*!® The o-model Dy=1-q-—, gq<—. (23
action in momentum space has the form 8mB t
) Figure 1 shows that this result is in good agreement with
B 1 dk ITvw numerical simulations.
SQ]=5St = t ;|k|QkQ—k_ 4 QoA |, Similar to the case of 2D(Ref. 37 or (2+¢)

(20) dimensions, Eq. (23) describes weak multifractality: the de-

_ viation of the fractal exponents from the “normal” value

where Q=2e*'Q(r) and Q(r) is a 4x4(B=2) or 8§ ,=d=1 (characteristic for homogenously spread, “metal-
X8 (B=1) supermatrix field constrained I§y*(r)=1 and Jic” wave functions is proportional to the small parameter
belonging to a coset space with the orlg\n: dlag(l,—_l). The Legendre transform Gf(q)z(q—l)f)q yields the sin-

Furthermore, Str denotes the supertraces the density of o, arity “spectrum(for definiteness, we concentrate on the

states given by the Wigner semicircle law band centeE =0, wheret = 4/b)
1 apg—a)? 1
v(E)= ——(47b—E»)', |E|<2V7wb, (21 fla)=1— u ag=1+ , (24)
272b 4(ag—1) 2B7h

andt<1 is the coupling constant, which crosses thg axis at the point

1 = 2p2 E* 1 ! 2 (25

—=— be=—|1——+|. 22 a_=|1-——"""|,

AL ) ey 22 (2B7b)Y2
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4 - ' - Pq 27 Bb
12t h : = - , (28)
<Pq> q(q—l)
&2 -
08| 4 we have for the cumulants &t
0 A B\ _
072 4 6 P)=0,
? 04 | q y g P
= //’“ (P =(n—1)1Z(n)=K,, n=23,.... (29
0 /S F This allows us to restore the corresponding distribution func-
/ o tion:
-04 o T d o ( H )n
a - o OdS - —IS
° P(P)=f —e'sPexg >, K,
" N —302 n=2 n!
-0.8
0.4 0.8 1.2
o « ds -
a =f 5—@“W0H11+m)
I,
FIG. 2. Multifractal spectrunf(a) for b=1 () and b=4 _ _
(O). The lines indicate the parabolic approximation Efl). Inset: =g P-C exp(— e*P*C), (30)

exponentr 0) and W) for b=1.
P (@) (O) 7(q) (W) whereC=0.5772 is the Euler constant. The restrictionron

given above(27) implies that Eq.(30) is valid for Pq/(P)
—-1<1.

The similarity with the 2D metallic regime extends also to
the asymptotic behavior of the distribution. Specifically, at
P4/(Pq)—1~1 the exponential falloff30) crosses over to a

corresponding taj.(b) = (23b)*>.

In Fig. 2 we confront our analytical findings with data
from numerical simulations. Av=4 the parabola represents
the numerical data well up t9~8. The deviations from the
zS:yT p_trc;]t(lacs(gadrz\tl)ic::%rfgrr; : r; g?gggrsrgfrgf ﬁ)rzzngrli)r;c;% ea:t t ower-law tail(see Ref. 15 for the discussion of this tail in
the smallb regime(Sec. Il Q, where the parabolic approxi- D)
mation breaks down completely. The sign of the deviations P(Pg)~(Py/{(Pg)) 7%, (31)
(downwards is consistent with the fact that at=1/27 the )
parabolic approximation would prediat. =0, while we ex- 10 calculatex,, we consider the moments
pect «_>0 for all b, in view of the absence of localized

states. _ | (PY= 2 [or)l® - Jur% (32
Now we turn to the IPR fluctuations, which are found by 1. fn
generalizing the results obtained for metallic sampfeg:1® Forn not too large, the sum is dominated by the main part
In particular, the IPR variance is given fqrq,(b) by* of the total configuration space, with all pointslying far
from each other, so thdPg)~(Py)"~N""". In contrast,
var(P,) 2 , , 1 ) for sufficiently largen the integral is dominated by the con-
Poy? =5 (a-1) m% I1%(k) tribution from ry~r,~.--~r,, vyielding (PJ)~N"7"%,
q Therefore, if
1 g*gq-1)? ~
= _, 26 n7(q)=7(nq), (33
24B%  b? 29

we have the marginal situation, which implies thatP)
where thek summation goes over the nonzero harmorkics ngl’”. This completes the derivation of E(L6) in the
=2mj/N with j=*1,+2,....Equation(26) is the PRBM rangeg<dc(b). Using now Eqg.(16) in combination with
counterpart of formula(3) for 2D metallic systems. The Eg. (23), we find
higher moments of the IPR distribution were studied by Pri-
godin and AltshuléY (see also Ref. 15 generalizing these 2mBb

— 2
results, we find that the irreducible momeftsimulant$ of Xq= 9 q°<2mfb. (34)
the order 2n<2=Bb/qg? are given by ) o .
Note that an analogous consideration in the 2D case yields
_ 2 . .
pn Y n Xq=2mBg/q°, in full agreement with the result of the
« q>>:(n b {Eq(q—l) iz (k) optimum-fluctuation methot?.
(Py" 2 B N We have therefore presented an explicit calculation of the

n IPR distribution function ab>1 andq<q.(b). The distri-
—(n—1)! q(q—-1) £(n) @27 bution function is scale-invariant and has the foi®30) and
| 27Bb ' (28) at Py /{Py)—1<1 and the power-law tail31) and(34)
at Pq/(Pg)—1=1. Figure 3 shows results of the numerical
where{(n) is the Riemanry function. Defining in analogy simulations for the distribution of the IPRR, with q=2, 4,
with®’ and 6 atb=4 [the corresponding value o, being g,
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FIG. 3. Distribution functiorﬂD(F’q) atq=2 (O), 4 (Od), and 6 (¢ ) atb=4 for systems of siz&l=4096. The solid line represents the
analytical result Eq(30). The scattering of the data at small valuesFols due to statistical noiséNumber of matrices in the ensemble:

428) Inset: Asymptotic ofP(P,). Dashed line indicates power law with exponept1.7.

=(8m)"*=5]. It is seen that atj=2 the analytical formula .o |n contrast, if the exponent(q) describing the scaling
(30) nicely describes the “main bgdy” of the distribution, of the average P, is studied, then the behavi¢23) con-
with the upward deviations at larde indicating the cross- tinues up tog~ 7 8b, which corresponds ta=0. This type
over to the power-law tai(31). The asymptotic behavior of termination[which takes place af parametrically much
(31) is outside the reach of our numerical simulationsdor larger thanq.(b)] has a physically transparent origin: since
—2, however, since the condition of its validitp ~ @=—In[¢?/iInN and in view of the wave-function normal-
>27Tﬁ/q(q— 1): 12.5 Corresponds to very small values of ization, the allowed values af are restricted bﬂ?O More

the distribution function?(P)<10~° and its clear resolution ~detailed discussion of the behavior (fq) in the vicinity of
would require a much larger statistical ensemble. The situad= 78b (i.e., the precise form of this terminatipis outside
tion changes, however, with increasingg(see the data for the scope of the present paper.

g=4 and 6 in Fig. 3. Equation(30) becomes inapplicable

(since the condition of its validitg<<q.. is not met anymore C. Regimeb<1

and the power-law asymptotic behavi8i) becomes clearly
seen. In particular, the inset of Fig. 3 shows the tail dor

=4; the extracted value of the index=1.7 is in 9good  Tpa jgea of the method is as follows. One starts from the

agreement with the prediction of the>1 theory,x,= /2. di | fth ) h ei being local
In conclusion of this subsection, we comment on the no- lagonal part of the matri¥|, each eigenstate being local-

tion of the termination of the multifractal spectrut@d) ized on a single site. Then one includes into consideration
which has been discussed in the literature on disordere °.”F"a.9°2a' dmatrlx etlementbiijh W't.? d(d'.’J).:hl’ vyhgre
Dirac fermions’ It is important to realize that, in the present 8(i.1) is the distance Etwgent e siteand] with periodic
context, there are two types of such termination, dependin§otndary conditions taken into account,

In the quasi-insulating cade<1 the problem can be stud-
ied via the renormalization-group method of Levifdv®

on whether one studieB®® or (P,). In the former case, the . T .

q q ’ di,j))=minf|i—j|,N—]i—jl|}. 35
relevant values otxr are those wherdé(a)=0, so that the (1) ti=]l =il 39
singularity spectrumf(a) effectively terminates atw Now one argues that most of these matrix elements are es-

[which corresponds toq=q.(b)=(27Bb)Y3. For q sentially irrelevant, since their typical value-sb, while the
>q.(b), 7(q) is given by Eq.(15), so that the fractal expo- energy differencéE; — E;| is typically of order unity. Only
nentDy=qa_/(q—1) saturates aB,— «_ in the limit q with a small probability (- b) is |E;— EJ-| also of the order of
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b, so that the matrix element mixes strongly the two states.
Following Levitov, we will say that these two states are in
resonance. In this case one is led to consider a two-level
problem

05}

R E, V
Hwo-leve™ V E

The corresponding eigenfunctions and eigenenergies are

. (36)

025

P(InP,)

+) coséd ) —sing 3
V= sing) T\ cose | 37 / i
ELE 0-5.5 -4.5 -35 -25 -1.5
1+ 2 InP
E.= +|V|\1+ 7, (39) ?
2 FIG. 4. Flow of the distribution of I, calculated from the
where kinetic equation(46) att=blInr=1.2,...,1.7(from right to lef).
The oscillations near IR,=—1.5 are numerical artifacts due to
tanf= — r+ \/m (39) rounding errors.
w 8(Pq—PMcogd9— PPsirtg) |, 43
r=oy @=EiE (40) (Pa=Pq a ) 43

_ . o wherev=(1/\27)e E72 is the density of states and
In the next RG step the matrix elemertts; with d(i,j)

=2 are taken into account, then those witl,j) =3, and so - N ar

forth until d(i,j)=N/2. Each time a resonance is encoun- r= —SIHW- (44)

tered, the Hamiltonian is reexpressed in terms of the new 7

states. Since the probability of a resonance at a distance The difference between andr is irrelevant for the present

=d(i,j) is ~b/r, the typical scale, at which a resonance calculation, since the integral will be of a logarithmic na-

state formed at a scatg will again be in resonance satisfies ture and thus dominated ly<N. However, this difference is
important for the calculation of the level correlation function

Inr—2~1 (41) below (Sec. Il). Transforming the integration measure ac-
r, b’ cording to
so thatr, is much larger tham,. Therefore, when consider- 1
ing the resonant two-level system at the scaleone can do=2Vdr, dr=- mda (49

treat ther, resonance state as pointlike. Furthermore, it is
easy to see that the Gaussian statistics of the matrix elemegaélculating theV integral, and specializing on the band cen-
coupling the states on the scale is not affected by the ter (E=0) for definiteness, we reduce the evolution equation
transformation to the new basis induced by theesonance. (43) to the form

Now we consider the evolution of the IPR distribution
with the distance; we will denote the corresponding distri- ¢

bution function asf(P,,r). When a resonance occurs, two 4| f(Pg.r)

states with IPR'sP{" and P{?) are replaced by two new

states with the IPR’s, B Zwa/z do
mJo sirffcogd

P{"=P{Vcog+ PPsir?dg,

1 2 1 2
() =PWsitd9+ PPcogdg. (42) X(—f(Pq'rHJdPé JdPPE(PEY, NPT

We thus have for real matrice@ € 1

BEL) X 8(Pq—P{Mcog16— P{PsirPd 9)) : (46)
Jd
;f(Pq ) Equation(46) is a kind of kinetic equatioriin the fictitious

time t=bInr), with the two terms in the large parentheses
. . 17 describing the scattering-out and scattering-in processes, re-
:ny de dV—— — g Vi¥an? spectively.
— — \/ﬂ b Figure 4 shows the results of the numerical integration of
Eq. (46) for g=2 with the initial conditionf(P,)=&(P,
—1) att=0. It is seen that at sufficiently largethe distri-

— Mgp@sp) (2)
X( f(Pq,r)+f dPg 'dPg f(Pg .1 f(Pg~.r) bution of InP, acquires a limiting form, shifting with with-



PRB 62 MULTIFRACTALITY AND CRITICAL FLUCTUATION S.. .. 7927

3 —
|
: g
|
|
I

1h
|
|

T !
tp— i g

-1} Ly .
]
|
1 -2 N N
: o 1 2 3 4
| A

_3 L A L

0 2 4 6 8
q _ - - -
~ 0.0 0.5 1.0 1.5 20
FIG. 5. Universal functionT(q) characterizing the exponents o

7(q) via 7(q)=2bT(q) at b<1. Dashed line indicates the pole
position. Inset: Legendre transforR{A) describing the multifrac-
tal spectrum viaf (o) =2bF(a/2b).

FIG. 6. Multifractal spectrumf(«) for b=0.25 (¢) and b

=0.1 (A). Inset: exponent(q). Dashed and dotted lines indicate
the analytical results Eq$52) and (49).

out changing its shape. This conclusion of scale invariance

of the IPR distribution will be corroborated below by ana- that are very small, typically, with rare and strong peaks

lytical arguments. (resonances In the limitb— 0 the fractal exponents tend to
Turning to the theoretical analysis, we consider first thetheir insulator valuer(q)=0.

average valugP,). Multiplying Eq. (46) by P, and then Legendre transformation of Eq49) produces thef («)

integrating overP,, we get the evolution equation fP,),  spectrum of the form

(Pgq) _ f(a)=2bF(A), A=al2b, (52
=—2bT(q)(Py), (47) _ - _
dinr whereF(A) is the Legendre transform af(q). The function
with F(A) is shown in the inset of Fig. 5; its asymptotics are
1
1w de F(A)=——, A—0; (53
T(a)= —————(1—cog99—sirf99) A
0 sirfdcogd A
2 T(q-1/2) F(A):E, A— oo, (54)
- ﬁ I'(q—1) Furthermore, it changes sign At =0.5104, corresponding
to q.=2.4056. These analytical findings are fully supported
1 r'(2q—1) by numerical simulations as can be seen from Fig. 6.
= _ (48) We return now to the IPR distribution function. The scale
22a-3T(q)I'(g—1) invariance of the limiting distribution has been already dem-

onstrated via the numerical solution of E¢6); see Fig. 4.

1 o .
We assumed here that>3, which is the condition of the To show this also analytically, we make the ansatz

existence of the integral in Eg48). For smallerq the reso-

nance approximation breaks down. Integrating &g) from f(Pq.r)=r"@fo(Per@). (59
r=1 to r~N, we find the multifractal behavioKPy)  Equation(s5) is just the statement afindependence of the
~N~" with the exponents limiting distribution P(P,/Pg®), with Py scaling asPy®
N - ocr ~ 79 Substituting Eq(55) nto Eq.(46), we get the equa-
7(q)=2bT(q). (49 tion
The functionT(q) is shown in Fig. 5. Its asymptotics are 7(Q)[fo(Pg) +Pqfo(Py)]
B 1 Zwalz de
T(Q)Z—m, q—1/2; (50) o sirfdcoge
~ 2 _f (P PLIP@s (B (B2
T(q):TqUZ' o1 51) X fo(Pq)+f dBLAPRo(BLL) fo(PR)
n

We see that the fractal exponents are proportional to the o 5
small parambeteb. This is characteristic of wave functions X 8(Pq—PHcog9—PPsirPdg) | . (56)
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The fact that the scale has dropped out from Eq56)
implies the consistency of the ans&bb) for the fixed-point
distribution. To demonstrate the significance of this state-
ment, we make a more general ansatz for the limiting distri-
bution,

In(Pqr @)
) (57)

a(r)

which allows for a change of the width of the distribution of
In P, with r, characterized by a functian(r) [note thato(r)
is defined up to a constant factor, which can be absorbed into
the definition of the functiomyg]. At o(r)=1 this reduces to
our earlier ansatz45), while ato(r)=Inr we get the form
proposed in Ref. 19. Substituting E(7) in Eq. (46), we o )
find that ther dependence drops out of the resulting equation FIG. 7. Graphical interpretation of E¢L6) for q<q_.
for go if and only if o(r)=const. This means an inconsis- 5
tency of the ansat£57) with a nonconstant-(r) and, in % r P % 212,
particular, excludes the possibility of a universal distribution f dv e VT -—>f dv V—Ze*V T
of fractal exponent§o(r)=Inr] advocated in Ref. 19. b2 0 b

We turn now to the power-law tail of this scale-invariant (60)
distribution,fo(ﬁq)~5;Xq_1. In order to calculate the index This leads, after th¥ integration, to the replacement bbby

Xq, We consider Eq(56) in the limit 5q>1. It is easy to see (.77/2\/5)b.. With this substitution, all results of this subsec-
that the integralf dP{PdP{?)- - - in the right-hand side of tion remain valid forg=2.

Eq. (56) is dominated by the regioR{"~P,, P)~1 (or
vice versa, the contribution of the regio®{"~P@~P,
being suppressed by an additional factorf‘ﬁ‘xq. Further-

1
f(PQir): qu_(r) 90(

D. Finite-size effects in the scaling of the IPR distribution

Since in reality one always has to deal with systems of a
N . ° = finite size, the understanding of finite-size effects is impor-
more, whenP{"~P, and P{’~1, we can neglecP?) in  tant for an accurate interpretation of numerical data. In Fig. 8
the argument of the function. The integrals oveP{" and ~ Wwe show the evolution of the distributigi(In P;) with N for
B(2) i three values ob, representative of the smdil-the largeb,
Py’ then become trivial, and E456) reduces to and the crossover regimes.

In the caseb<1, the evolution of the IPR distribution
—————(1—sirt%%g— coLmag). with N is governed by the “time”t=bInN, so thatt>1 is
o sirffcoso the condition of the proximity to the fixed point. Therefore,

(58 at smallb one needs exponentially large valued\bifh order

. L to reach the limiting distribution.Note that this is not true
(?omparmg ,th'S with Eq§(48) gnd (491’ we see that the for the averaggP,), the evolution of which is governed by
right-hand side of Eq(58) is nothing butr(qx,), so that Eq. Eq. (47), implying a much weaker conditioN>1 for the

2b w2 de
T(Q)XqZ—j

o

(58) can be rewritten in the formi6). scaling regimd. The logarithmically slow approach to the
We analyze now Eq(16) in the regimesq<q. andq |imiting distribution is clearly seen in Figs(& and 9.
>(c. In the caseg<q, we expectx,>1 and7(q)=17(q). At b>1 the convergence to the fixed-point distribution is

The latter statement can be directly proven by applying thenuch fastefFig. 8b)]. In this regime the condition for the
operation/dPyPg- - - to Eq.(56). [Clearly, this proof breaks scaling of the IPR distribution iﬁjlllz/b>1, as can be seen
down for g>q, because of the divergence of the integralby comparing the _relatlve mag?/lztude of the IPR fluctuations
[dPP.fo(P,).] Graphical interpretation of Eq16) for ¢ @t the critical point, [var(P;)]"*/(P;)=0.41b [see Eq.
<q, is shown in Fig. 7; its solutio,>1 decreases with (261, with that in the Gaussian orthogonal ensemble,
increasingg, reaching unity atj=g., as expected. For the [Var(P2)]"7(P3)=1.64N"". Extrapolating the numerically
most frequently studied casg=2 (“conventional” IPR) we  found values of the relative variance td\& 0, we find good
find x,=32. As to theq>q, regime, we have them(q) 2adreementwith the theoretical predictitsee Fig. 10 Note

—qa_, and the solution of Eq(16) has a very simple form, & qualitative difference in the approach to the fixed-point
o " distribution at small and large: while atb<1 the height of

q the distribution?(In P,) decreases wittN, approaching the

c e . . .

Xq=—, 0>(c. (59 limiting value from above, the behavior is oppositebat 1.

Extrapolating the smalb- and largeb results to the cross-

Let us remind the reader that up to now we considered irover rangeb~ 1, we find simply the conditioN>1 for the

this subsection the ensemble of real matric8s-(L). How-  proximity to the fixed-point distribution. Therefore, in the

ever, all the above considerations are also applicable to therossover regimeb~1 the limiting distribution can be

casepB=2, with a minor modification. Specifically, the mea- reached most easily. This is precisely what we observe in our

sure of theV integration in Eq(43) should be modified: numerical simulations. Figure(&®, representing the evolu-
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FIG. 10. Variance oP, in the limit of large system sizeX for
b=100 (O), b=8 (), andb=4 (< ). The filled symbols denote
the theoretical resulf26) valid at 1<b<+/N, the solid line indi-
cates the RMT limitb> /N, where[var(P,)]Y%(P,)~1.64A/N.

06 |

| 1]

different critical theories. In our simulations we have chosen

02}

AE to be about 10% of the bandwidth. This value is still
small enough, the corresponding variation of the density of
statesv(E) being of the order of 1%.

Furthermore, the siz& of the matrix ensemble over
il which the average was taken is an important parameter in
the simulations. Typical values we have used Mre 256,
S=30000; N=512, S=10000; N=1024, S=5000; N
=2048, S=1000; N=4096, S=100. In some cases, like
for the two-level correlation functioR,(s) or the full IPR
distribution function, the ensemble has to be much larger. In
these cases, we give the numbers explicitly in the figure cap-
tion.
tion of the IPR distribution ab=1, demonstrates the almost
perfect scale invariance of the distribution with only very
small deviationgless than 3%) over a range of system sizes
from N= 256 - - 4096. The two-level correlation function is defined in the usual
Let us also comment on other types of “finite-size ef- way,
fects” that appear in numerical simulations. Numerically, it
is impossible to perform an average at precisely a given
value of the energy. Instead, one averages over an energy B2
interval AE that one would like to choose as big as possible (v(E))
in order to improve statistics. On the other hand, it is clear

—_N-1 —_0y i ; ;
that AE should not be too big in order to avoid mixing of where(E) =N . .Tr 5(E. H) is the f[uctuatmg de.n5|ty. o
states. At the critical poinR,(w) acquires a scale-invariant

form [if considered as a function af= w/A, the frequency

-5.5 -25 -15
InP, inP,

0 ;
-7.5 -6.5

FIG. 8. Evolution of the distributiorP(In P,) for (a) b=1, (b)
b=4, and(c) b=0.1 with the system sizB [from left to right: N
=4096,2048,1024,512(256)].

Ill. LEVEL STATISTICS

(61)

Ro(w)= (V(E+ w/2)v(E— 0/2)),

078 ' normalized to the mean level spacitg=1/N({v(E))].30-%
/‘{’ The distinct feature of the critical level statistics is a non-
071 | e trivial value of the spectral compressibility<Oy<<1 charac-
{)’/ terizing the linear behavior of the variance of the number
069 | yd n(€) of levels in an energy window, 303334
P4 d
. , 4 £
| * vafn(]=x(n(&), (nE)=1>1. (62
065 ¢ -
%/ The compressibilityy can be expressed through the con-
nected parR{(s) =R,(s)— 1 of the critical level correla-
063 o1s o015 o017 o1 tion function as follows:
1/InN

FIG. 9. Maximum value of?(In P,) for b=0.1 as a function of
the system size. Extrapolation to 1Ms=0 yields Py, ()=0.51.

X= J':ds RI(s).

(63)
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Recently, it was argued in Ref. 35 that E@) constitutes
an exact relation between the spectral compressiblignd Tr o P ]
the fractal dimensiolD,. The derivation of Eq(7) in Ref. 35
is based on Dyson’s idea of Brownian motion through the
ensemble of Hamiltonians combined with some assumption
of the decoupling of the energy level and wave-function cor-
relations previously proposed in Ref. 39. While this decou-
pling has been proven to work up to three-loop order in the
1/g expansion in 20? its applicability in the strong-
coupling regime remained in the status of a conjecture. The
PRBM model allows us to check the validity of the relation
(7). Similarly to the IPR distribution function, the level cor-
relation function can be calculated analytically in the two 0
limits b>1 andb<1 and numerically in the full range &f

In the b>1 regime, the two-level correlation function is
obtained by an appropriate generalization of the earlier find- FIG. 11. Two-level correlation functioR,(s) for two system
ings for the diffusive sample®:*!the results can be found in sizesN=256 (O) andN=512 () atb=0.1. The solid line indi-
Refs. 20, 42, and 15. In particular, considering for simplicity cates the theoretical resu8). NumberS of matrices in the en-

0.6 0.8 1
S

0 0.2 04

the B=2 ensemble at the band center, the level correlatiosemble:N=256, S=3440512; N=512, S=1 418 688.

function has the form

sir?(ars)

(ms)?

(ms/4b)?
sint?(sl4b)

RE)(s)=8(s)— (64)

The correlation function(64) follows the RMT result
R{)(s) = 8(s) — sirf(ws)/(ms)? up to the scales~b (playing
the role of the Thouless energy hgrand then begins to
decay exponentially. The spectral compressibilitpatl is
given by?1®

1

—, b>1
2w Bb

X= (65

Comparing this with Eq(23), one find4° that the formula
(7) is indeed satisfied to leading order irb1/

We now turn to the opposite limib<<1. The evolution
equation forR,(w,r) can be written down in analogy with
Eq. (43):

&Rz((u,r)
ar

=3Jm drfw dv— L vty
NS "\2rb
X[ 8(w—2VV1+ 72)

Equation(66) should be integrated overfrom r =0 to N/2
with the boundary conditionR,(w,0)=1; the result
R,(w,N/2) will then give the desired level correlation func-
tion. Evaluating theV integral in Eq.(66) and changing the
variables toz=2r/N andx=2V/w, we get ats= w/A>0

—8(w—2V1)]. (66)

dx

m

7z
RO (s)=—1+ f dz—sm

s2x2 mz
xexp — 5 sinf—|.
47b 2

(67)

RO(s)=5(s)— erfc( ) , (68)

E
2/
where erfck) = (2/\/m) [ exp(—t?)dt is the error function
and we have included thé&(s) contribution due to the self-
correlation of the energy levels. Substitution of E8) in
Eq. (63) yields the spectral compressibility

x=1-4b, b<l. (69)

We see, therefore, that in the limit of smhblthe level repul-
sion is efficient in a narrow regigis| <b only, and the spec-
tral compressibility tends to the Poisson valye1. The
physical reason for the reduced range of the level repulsion is
quite transparent. Consider two states nearby in energy sepa-
rated by a typical distance~N in the coordinate space. If
their energy differences=<b, two such states will form a
resonance pair, so that their levels will repel. On the other
hand, ifs>b, these two states will not be in resonance, their
wave functions remain weakly overlapping, and the level
repulsion between them will be inefficient.

Hence, formula7), which would predicty— 3 atb—0,
is violated. Similar violation of Eq(7) is indicated by nu-
merical data for the tight-binding model in dimensiods
=4 Most likely it is never an exact relation, but rather an
approximation valid in the weak-multifractality limit only.
Strictly speaking, our results do not rule out the possibility
that Eq.(7) is exact atb exceeding a certain valug. and
breaks down ab<b.. However, we do not see a physical
reason for such a qualitative change being induced by the
variation ofb.

These results are fully supported by our numerical data. In
particular, Fig. 11 represents the level correlation function
R,(s) at b=0.1 showing a nice agreement with E§S8).
Note that the finite-size effects in the level correlation func-
tion atb<<1l are much weaker than in the IPR distribution
(Sec. Il D). Indeed, the only assumptidhesidesh<1) used
in the derivation of the evolution equati@66) is N>1, and
then Eq.(68) is obtained without any further approximations.

After some algebra, we find the level correlation function toTherefore, in contrast to the IPR statistics, which reaches its

be given by

fixed-point form at exponentially largh (the condition be-
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FIG. 12. Variance of the number of levelgn?) in a fixed energy interval as a function of the energy width of the interval parametrized
by the mean level numbén) it contains. Traces correspond te=1 (openO: N=4096, filled:N=2048),b=0.25 (opend]: N=4096,
filled: N=2048), ando=0.05(open < : N=4096, ¢ with dot: N=1024, filled:N=512). Statistical errors are typically of the order of the
symbol size. The dashed line indicates the analytical predictior@y.for b=0.05.

ing bInN>1), the level statistics acquires tid:invariant ~ Which yields the result

form already atN>1, see Figs. 11 and 12. Ai>1, the

fixed-point condition isN>b? (the same as for the IPR dis- © s?

tribution, see Sec. Il D R>”(s)=d(s) —exp — Pyl (72)
To find numerically the spectral compressibiligy we

plot the level number variance Var(£) ] versus the average The spectral compressibility is thus equal to
(n(&)) (Fig. 12. The data show an extended plateau region

in vafn(&)]/{n(&)), determiningy. The upper bound for 1.0
this region is set by the matrix si2& while the lower bound £
is ~b [the value of the upper limit at which the integfaB) AN
saturateb We see that the data traces are independent of the 08 T E\
system sizeN (with exception of the largén) cutoff deter- \E
mined by N) within the statistical errors. The numerically 06 | 5
obtained spectral compressibility in the broad rangd o =
shown in Fig. 13; in the largb-and smallb regions it agrees
well with the corresponding analytical asymptotics. 04T 3
The above calculation is easily modified to {Be 2 case,
by replacing the measure of thé integration in Eq.(66) 02} :
according to Eq(60). Performing theV integral, we now get 1\,\Q
00 -2 .-1 .0 1
2 10 10 10 10
TL (1 b

1 s
R‘f’(s)z—l%—f dz—sif— [ du
o b 2 Jo FIG. 13. Spectral compressibility as a function ob: crossover

g2 7z from the “quasimetallic” (p>1) to the "quasi-insulating” b
xexpg —(1—u?) > SiP—|, (70)  <1) behavior. The lines indicate the analytical resultstferl and
27b 2 b<1, Egs.(65) and(69).
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le_w\/ib_ (72 Eﬁq(q—l) via the Legendre transformation has a close-to-
arabolic form(24) in the weak-multifractality regimeb

>1 and is given by Eqs52)—(54) in the opposite limitb

<1. The pointa_ of the singularity spectrum determined by

ethe condition f(«_)=0 corresponds to the IPR self-

Again we see that the region of level repulsion shrinks in th
limit b— 0, with the compressibility approaching the Poisson
value y=1.
It is worth mentioning that the above results for the cas . :
=2 can also be obtained by exploiting the relatfoltbe- ~ 2V€raging boundary; given above.
tween the PRBM model and a random matrix ensemble in- (v) The critical spectral statistics shows a crossover from
troduced by Moshe, Neuberger, and Shapfr@his map- 2@ “quasi_metallic_”(cIose-to-RM'I) _behavior(64) atb>1 to
ping, which becomes exact in both limits<1 andb>1, & “quask-insulating” (close-to-Poissonone, Eqs.(68) and
relates the level statistiobut not the eigenfunction statis- (71, at b<<1. In particular, the spectral compressibility
tics) of the two ensembles. On the other hand, the level corchanges from 0 to 1, thus violating the relati@h (argued to
relation function of the ensemble of Moshe al. can be be exact in Ref. 3bin the strong-multifractality regime.
calculated exactly in the cagg=2 and is in fact identical to (vi) Finally, we note that the precise form of both the IPR
the density correlation function of a 1D noninteracting Fermidistribution and the level correlation function depends on the
gas at a finite temperatuféApplying the results of Ref. 44, behavior of the hopping amplitudgr) of the PRBM model
one obtains for thg8=2 PRBM ensemble precisely the re- at distances of the order of the system size,N. This is
sults (64) and (65) at b>1 (Refs. 42 and 16and(71) and analogous to the dependence of these distributions on the
(72) atb<1.1® sample shape and the boundary conditions in the critical
point of the Anderson transition id dimensiong® We have
IV. CONCLUSIONS used the form(6) of a(r) playing a role of the periodic
boundary conditions for PRBM. On the other hand, the criti-
In this paper, we have presented a detailed study of thgy, exponentD,, Dy, andx,, as well as the singularity
statistics of eigenfunctions and energy levels in the family Ofspectrumf(a) and the spectral compressibilify, are inde-

the critical PRBM models. We have obtained analytical re-hendent of this choice and determined solely by the relevant
sults for the IPR distribution function, the multifractal spec- qyitical theory.

trum, and the level correlation function in the two limits of

weak and strong multifractalitybe>1 andb<1), by using  pect that these results are qualitatively valid also for the con-
the  supersymmetry approa;g‘h and the resonance yentional Anderson transition id dimensions, withd=2
renormalization-group methdd;*®respectively. The analyti- +e and d>1 playing the role of the weak- and strong-
cal results are fully supported by numerical simulations,.qsjing limits, respectively. However, a fair amount of ana-
which also have allowed us to explore the crossover regiofyica| and numerical work is still needed to verify this con-
(b~1). o . jecture. In fact, recenfpartly unpublished as yehumerical
Our main findings can be summarized as follows. results on the critical level statistics oh=4,5,6 (Ref. 43
(i) The distribution function of the IPRhormalized to its 5 qqest that the critical statistics tend to the Poisson limit
typical value P;yp) is scale-invariant in the limit of large (yith the spectral compressibility— 1) asd—c, in full
system sizéN. In other words, the distribution function of the agreement with our results for the PRBM ensemble. On the
IPR logarithm,P(In P), shifts along thec axis with increas-  other hand, the only available numerical study of the IPR
ing N, without changing its form and width. Ai>1 and at  gjstribution at criticality in 3D(Ref. 19 led the authors to
not too largeq<(2mBb)"? the “body" of the distribution  the conclusion of strongscale-invariantfluctuations of the
is found to have a simple analytical for(80). In the oppo-  fractal dimensiorD,, in stark contrast with our findings. We
site limit b<<1 the distribution function is given by the solu- pejieve that the reason is in too small system sizes and a not
tion of the integro-differential equatiof56). sufficiently careful analysis of the numerical data in Ref. 19.
(i) The scaling of Pg” with the system sizePg®  Clearly, additional work in this direction is needed. Analyti-
«N~Pa(@" 1) defines the fractal exponeflt,, which is a cal study of statistical properties of the wave functions and
nonfluctuating quantity, in contrast to Ref. 19. energy levels at criticality in thel>1 limit also remains a
(ii ) The scale-invariant distributio®(z= Pq/Pg"’) hasa challenge for future research.
power-law tailocz~ 1" %a, At sufficiently largeq>q.(b) one
finds x,<1, and the average valugP,)=N~Pal@"1 pe-
comes nonrepresentative and scales with a different exponent ACKNOWLEDGMENTS
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