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Classical analysis of a network model of quantum Hall systems
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A version of a network model of quantum Hall systems is studied classically. We assume that randomness
inherent in the problem enters the mosie random heights of saddle points only. We use ideas from classical
percolation theory to calculate numerically the fractal dimensipnthe correlation length exponent the
diffusion coefficientD, the corresponding exponekt and other parameters of interest. The width of the
longitudinal conductivity peak scales with the classical localization length exponent
[S0163-182696)01936-4

I. INTRODUCTION in the system, in particular the random distances between
saddle points. There are no wave aspects of particle motion
Even though it has always been argtédhat electron-  in the model. In this respect our study is complementary to a
electron interactions are not important for a description oforevious classical analysis of quantum Hall efféct.
the integral quantum Hall effet{QHE), it came as a sur- Previous worR'® on network models of quantum Hall
prise when experimerfts found the same value of the criti- Systems concentrated on quantum tunneling and interference
cal exponent for the delocalization transition as predicted byffects. Randomness entered the model through random
the single-particle calculatiorfs.® phases of the wave function describing electrons moving
It is interesting to note the agreement of the value of thealong bonds of the network. Using the classical approach we
localization length exponent=2.34+ 0.04 obtained numer- completely neglect interference effects and also tunneling.
ically for the lowest Landau level and uncorrelated disofder Randomness enters our model through random “heights” of
with  one calculated analytically via semiclassical the saddle points.
argument$® y=1 and those obtained numerically from  Moreover, extensive use of ideas from percolation
transfer-matrix ~ analysis of the network models theory™'® allows us to calculate not only the correlation
py=25+05 and' »=2.4+0.2, which should apply to length exponenv, the diffusion exponenrk, and fractal di-
smoothly varying potentials and strong magnetic fields. mensiond;, but also the longitudinal conductivity of the
Moreover, in semiclassical approximati8ri§ the wave biased system and its critical behavior.
interference effectébackscatteringseem to play only a mi- In our studies we also tried to allow for tunneling, but
nor role, and tunneling alone is made responsible for th&xcluding interfence effects. Classically the trajectory near a
change of the classical percolation exponenp=3 to  given saddle point always turns either right or left depending
v=1+v,p=3%. The present understanding of the networkon the energy difference of the trajectory and the saddle
models is that both, quantum tunneling and interference efPoint. When incorporating tunneling into the model, we cal-
fects, are important to give the proper value of the exponengulated the tunneling probabiltty in either direction. In
The applicability of semiclassicépercolation arguments practice the direction of the further motion of the particle
to the description of the integer QHE relies on the fact thatvas determined by choosing a random number and compar-
states of disordered two-dimensional electron gases placed ig it with corresponding probabilities. This simplest treat-
high perpendicular magnetic field are concentrated on a ment of tunneling leads to an increase of the correlation
strip of width! (I is the magnetic lengjralong equipotential ~length even beyond the expected value .
lines of the smoothly varying potentiaf? The organization of the paper is as follows. In Sec. Il we
In this work we shall use a representation of quantum Haldefine the model, explain our approach, and present some of
systems by means of a square network. The bonds of tH&e results. In Sec. Il we present the details connected with
network correspond to the equipotentials along which thed calculation of the longitudinal conductivity of the system,
guiding centers of the electronic orbits drift. The sites orand define the corresponding exponents. A summary of the
nodes of the network represent saddle points of the real sygesults and their discussion is given in Sec. IV.
tem. The idea behind the introduction of the network model

in thi.f, context was that most i.nteresting difference; between Il. NETWORK MODEL
classical and quantum behavior are connected with the pos-
sibility of tunneling at shallow saddle poirts3 A weakly disordered two-dimensional electron gas, when

It is our aim to study the network modelassically and  placed in strong perpendicular magnetic fields, exhibits at
obtain information relevant to the QHE. In particular we arelow temperature the quantization of the Hall resistapgg
interested in values of classical exponents neafttessical for a wide range of magnetic field values accompanied by
percolation delocalization transition. We study large net- the vanishing of the longitudinal resistance,y.
works with up to 300& 3000 saddle points with randomly The physics of the QHE at the plateaus is quite well
distributed heights. We neglect all other possible randomnessnderstood.?
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The transition region between consecutive Hall plateaus,

5
wherep,, is not quantized ang,, takes on nonzero values, 107 g
has attracted a lot of attention recently. In fact, the C
experiment$® have shown that this transition is a continu- 10¢ 3 E
ous phase transition with an electron localization length be- F ]
ing the only divergent length scale: A 0%k ]
£x|B—Bc| ™" or £x|E—E| ™", © & Lf ]
whereB.(E.) are critical values of the magnetic figlBermi v 10 3 3
energy at which the transition occurs. i
Consider a system of noninteracting two-dimensional 10' L ———— 049t .
electrons moving in a slowly varying potentM(r) and sub- S s 0.395¢"" :
ject to a strong perpendicular magnetic fi@dlescribed by 100 L el e
the vector potentialA(r). The corresponding Hamiltonian 10! 102 103 104 10°
can be written in the form : t
1 2 FIG. 1. The time dependence of the averaged extension of the
H= W(p+eA) V), @ trajectories(R2(t)) at thg percolation level. Thegthin full line and

the dashed line refer to open trajectories. The dash-dotted line cor-

with p= —ihV,' ande andm* denpting the electron charge. responds to averaging over trajectories spannind\theM system.
and the effective mass, respectively. The random potential

V(r) is assumed to vary on a scalemuch larger than the E—E.>0(<0). It is the peculiarity of the system under

magnetic length (|2:ﬁ/eB)_ The semlclasswal picture of study that near the saddle point the particle cannot move in a
the quantum Hall effect is valid, strictly speaking, in the a4 direction. As a consequence the trajectories of elec-
B—oo limit. In the considered limit ofx>1, the electron s in 3 network model have a very complicated shape.
motion consists of a cyclotron motion superimposed on a Looking at the time dependence of the average extension
slow drift perpendicular to the local electric fiel] whichis  (R?(t)) of the region visited by the particle in a large

given by —VV(r). The eigenstates of the system have aNxM network, we can determine the diffusion exponent
nonzero amplitude in a strip of widthalong the equipoten- k defined for large times through

tial lines V(r)=E,. The corresponding eigenenergies are

given by the sum of the kinetic energy of the cyclotron mo- (R3(t))=DtX, 3)

tion (n+3)%w. (o,=eB/m* is the cyclotron frequency,

n=0,1,2... denotes consecutive Landau levaled the po- whereD is the diffusion coefficient. We considered the value
tential energyE, . In infinite systems all equipotentials will of k when only closed trajectories were taken into account,
be closed at energids,# E. . E is the only energy at which and obtaineck~1, indicating that at large times the diffu-

infinite trajectories exist. The contours at energy will sion is normal. When taking only opéne., those extended
come close together near the saddle points of the potentialfrom one side of the network to the opposite ptrajectories
In a very interesting paper, Chalker and Coddingam-  into account, we obtainekl=1.20+0.05. Both values coin-

posed replacing the real system by a network with nodeside with those found in a previous classical study of quan-
representing saddle points and links joining them. In theitum Hall systems? Our data obtained for systems with
analysis the randomness of the lengths of equipotential linelengthN=1000 and widthv =500 are shown in Fig. 1. We
between neighboring saddle points has been simulated by theave averaged over 4000 realizations of saddle-point energy
randomness of phase factors in transfer matrfickst the distributions.
randomness of the heights of saddle points was neglected. It is the peculiarity of the system studied that localized
Lee, Wang, and Kivelsdh generalized the model, and also states exist at every energy, even at the percolation level
took the randomness of the heights into account. They clainwhere also extended states exist. The picture of equipotential
to see the crossover between the classical and quantum limiises in random potentials is very helpful in understanding
as a function of the widthV of the probability distribution of that. In the network representation the situation is quite the
the heights of saddle points. same. So if we look at possible trajectories of the particle in
We assume the nodes of the network to form a two-the network, we can ask what is the relation between their
dimensional square lattice. In a classical approach it is nchverage extensio(R) and their average lengii.),
important that we neglect the randomness in the distances
between saddle points. Their heights are assumed to be uni- <L>zcons(R>df’ (4)
formly distributed over the regiokse [ —W/2,W/2]. In ac-
tual calculations we have takaff=1. This means that the which defines the fractal dimension of the walk. We have
system percolates &.=0. The distance between neighbor- found d;=1.7+0.05 for both localized and extended trajec-
ing saddle points is taken as the unit of length, and the timéories. This value is compatible with the expected exact
required to traverse it is taken as the time unit. value 7/4. Our “random walker” on a network in fact probes
If we assume the magnetic field to be applied in the posiwhat is called the “external hull*® The fractal dimension
tive z direction, then the electron at enerByapproaching a for a two-dimensional system at the percolation threshold is
saddle point having enerdheighd Eg will turn left (right) if expected to be 91/48 exactly.
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FIG. 2. The averaged square of the extension of electron trajec- §
tories vs energy relative to percolation level, and for a number of i
sample sizes ranging from 18000 to 100X 1000 in steps of 100. 0.00 . \ , [ . | I
The dashed curve shows the dependendgRdf on energy for the 20020 -0.010 0.000 0.010 0.020
largest system size. |E-Ed

To study the localization length exponemnt we per- o .
formed extensive calculations of the mean extengi®h of FIG. 3. Energy dependence of the longitudinal conductivity
orbits at various energie® aroundE, and various system xx (for a discussion of un.lts see texor a pumber of system sizes.
sizes. We took only localized trajectories to get rid of uncon-The datg have been obtained l_)y averaging over 50 000 realizations
trolled surface effects. For the largest system (308000)  ©f the disorder. The aspect ratio was taken to be 1.

we were able to study the behavior at energies as low as . -
0.005. In a finite system the curremtas well as the conductivity

In Fig. 2 we show all data calculated at a number of” will depend on the widtiM. The system will be conduct-

energies and system sizes. For those energies at which tHi (I #0) at energyE, provided there exists a state extend-
localization length does not exceed the size of the systenild Petween the electrodes at this energy. Again, in a finite
the averaged extension of the trajectory increases with deyStem this will happen for a range of energiesor which
creasing energy toward the percolation level. For energie <¢(E). The conductivity is proportional to the total cur-
close enough to the percolation level, the localization lengtfent. Contrary to. the usual situation in percolation
exceeds the system size, afll) saturates. From scaling problemsl, “*there is no difficulty here in calculating total
assumptions we expect that the valueg(Bj at the percola- currenys across the sy;tem, as there are no closed loops on
tion level should scale with the size of the systshwith the (e trajectories connecting both electrodes.

same exponent. We have checked this to be really the case. FOr fixedN the increase oM at a given value of energy
From the data shown in Fig. 2, we have estimated€@ds to a diminishing of the current and also of the longitu-

»=1.30+0.10. This value again is compatible with that ex- dinal conductivity which eventually vanishes M>£(E).

pected from percolation thed® v=2% and agrees with a We have used Eq5) to calculate theE- and M-dependent
previous classical calculation for QHE. conductivity o. We have obtained a roughly linear decrease

of o, calculated at the percolation energy, with M

I1l. CONDUCTIVITY 1
om(Eg)cM for const N. (6)

Imagine a very large rectangular network of dimensions
NXM. Let N be the length of its togand bottom row, and The situation is quite different if we go to the thermody-
M its width. If we connect the top and the bottom row of the hamic limit by lettingN—c andM —c, but with an aspect
network to metallic electrodes, we can measure a cuirent ratio a,=N/M =const. The dependence &andM of the
flowing across the network. The position of the Fermi levelresulting conductivity is shown in Fig. 3. One can see that
inside the electrodes controls the energy of an electron inPresumably o (E)—0 with M,N—o for all E except
jected into the network. We assume that the applied voltagé=E., where it saturates at lardé (and fora, being con-
U is sufficiently small, and does not change the energies angtan). Thus in the thermodynamic limit we expect a nonzero
their distribution inside the systeffi. value of the conductivity exactly at the percolation threshold.
From Ohm’s law we expect the conductari¢e) of the To understand this behavior, and in particular the nonzero
system to be proportional to its lengthand inversely pro- Vvalue of the conductivity at the percolation level, let us note
portional to its widthM, so we can define the conductivity the differences between our case and the classical percola-

o in usual way: tion. In classical case conductivity is a continous function of
probability p of permitted sites® and vanishes g=p;. It
I Uﬂ (5  takes nonzero values fgr>p, and in particular fop=1.

U M’ In our case the parameter controlling the distance from the
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direct numerical evaluation of the Kubo formula for, .%°

] This exponent has previously been identified with the fractal
- ] dimension of the wave functioD (2). In Ref. 20 it has been

- T a . also found that the value af,, was universal, and equal to
T ~o 0.5¢%/h. To convert our arbitrary units of Fig. 3 to the physi-
TS~ cal ones, Bttiker's?! approach in the limit of ideal contacts
can, in principle, be used with due attention to the boundary
conditions. We have, however, an independent method of
o peak scaling N calibration for the conductivity axignd finding the value of

o width of 6 (E) Shol TN 0.) wWhich is free of boundary conditions problems. To this
L ———- y=1.35M7075 e i end it is enough to use diffusion constéhdetermined from

J T y=9.5M "¢ time simulationgsee Fig. 1 and Einstein relation

10- 1 1 1

100 500
M Oxx= eZP D, (8
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FIG. 4. Analysis of the data shown in Fig. 3. The width of the wherep is the density of states. Similar arguments as pre-
conductivity scales with an exponent=1/r=0.75. The scaling of sented previousi’}? lead to the simple resuji=1/h. From
the peak value is compatible with the previously found valuethe data presented in Fig. 1, we hae=0.49+0.02, and
7' =1.62. 0..=(0.49+0.02) %/ h).

) i . . The quality of our results for the scaling of width of con-
percolayon level is the _posmon of the Fermi Ievel.. Not all ductivity and its approach of the limitingseemingly univer-
properties of the classical percolation systems viewed asg) yajue and their analysis is shown in Fig. 4. If the iden-
functions ofp can be traced back here by replacipgby ification of  andD(2) is correct, we can expect, at least in
!E. In partlcular the region of nonzero.values of conducqvny principle, a scaling of the peak of “classical” conductivity
in classical percolatiofl p.<p=<1 shrinks here to a point oy With the fractal dimensior; which we have just esti-
E=E.. . o mated to be 1.780.05. This number is certainly larger than

Inspection of Eq(3) and Fig.(1) shows that diffusiorifor 6 most optimistic estimate of' , and our classical estima-
E=E.) over closed trajectories is norm&=1, while the o of this exponent compares better with the quantum value
particle motion over open trajectories is superdiffusive withian, with the expected classical one. The obtained agreement
k=1.2. Itis this regime which leads to nonzero value for theis g jittle bit surprising, because in our classical treatment all
conductivity at the percolation level. _ quantities scale with known classical exponents. This reflects

_ Another way to understand this is to realize that the pargome internal consistency in our approach. Is the agreement
ticle motion considered in our work.takes place on thg hullsof our exponent for the scaling of the conductivity peak with
o_f the clusters. They are fractal obje_cts with frac_tal dimen-4 guantum one just a lucky coincidence, or does it mean that
siond; [see Eq(4)]. There are a few important differences {he peak value of the conductivity scales with an exponent

between classical diffusion and diffusion on frac_:ﬂélsbut which does not depend on the approach, or do they not differ
we shall not discuss them here. Moreover, within the submch? We think this point deserves further studies.

space of open trajectories the particles do not diffuse but
propagate in a single direction only, which leadskte1l.
The approach to the thermodynamic limit can be studied IV. SUMMARY AND DISCUSSION

by looking at the decrease of the width in energyE) , of ) ) .
the conductivity with increasing system size. We show this, W€ applied classical methods to analyze the behavior of

dependence in Fig. 4 on a log-log plot. The widthee(E) the network model, Which is the proper model to st_udy the

vanishegas it should with the inverse of classical localiza- duantum Hall system in long-range random potentials. All

tion length exponent. the gxponents we calcglgted except, WhICh.deSCI’IbeS the
In view of a recent propos&?, it is also interesting to scaling of the conductivity peak, agree with the expected

study the scaling of the peak value of the conductivity, i.e.Values for a classical two-dimensional percolating system.
the dependence af(E,) on M. In the present approach this It has been found that the classical treatment of the network
. .

guantity does not behave statistically very well. The datamc’del gives a reasonable overall description of the proper-

shown in Fig. 3 have been averaged over 50 000 realizatior€S Of the system it models. The critical exponents, however,

of disorder, and close inspection still shows sizable fluctua@® 2ll classical ones, and differ from those found in

tions. quantum-mechanical treatments. The fact that the width of
If, however, we take the changes wikh of oy, (E,) se- the energy-dependent conductivity ;cales W|'gh the same ex-
fiously, then the quantity ponent as the independently determined localization length is
' an indication of the internal consistency of the approach. As
_ _ - already mentioned, the surprising similarity of the value of
Aom(Ee) =0 om(Er)=aM @ the exponentp’ found here and in quantum mechanical cal-
(0. denotes the conductivity in the thermodynamic limit culations, is not clear at present, and further studies are
vanishes with the exponeny’=1.36=-0.3. This number needed to clarify this point.
does not exclude the valug =1.63+ 0.03 found in previous We have also tried to simulate the quantum tunneling in
fully quantum-mechanical studies of the QHE by means othe present approach. To this end at each saddle point where
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an electron arrived we have calculated the transmission prolsystem, do depend on the width of the saddle-point distribu-

ability by using the formuf¥ tion (cf. the two values found in Ref. 10 for two values of
o1 W), or at constant distribution widtfas in our caseon the
T(E)={1+exd2m(E-Ey)/V"I"]} ", 9 system size. This point of view is certainly a non-orthodox

WhereV”=(V§{V§j)1’2 and V! and V; are curvatures at the ©ne. But there are additional arguments which may be of

saddle point along the principal directions. The characteristic®™M€ relevance to this discussion. A recent result, claimed to
value of V" is T/d2. T here is the characteristic disorder- be exact, from renormalization group—calculatl%f‘nfs)r the

induced broadening of the Landau level, ahi the corre-  €aS€ Of @ white-noise random potential states that2.
lation radius of the random potential. In actual calculations! N€reé €xist some argumefitghat the network model with
we have estimated/”=T/d2. Assuming that'=0.5 and "° (phasé randomness should show=1. To conclude this _
d/1=3, we end up with Z/V"12=100 for the numerical paragraph: there re_cently appeared anuml_)er of results Whlch
value of the coefficient multiplying the energy in the expo- rgnder thg. neqessny of better understanding the delocaliza-
nent. Our preliminary results are inconclusive as yet. At thd!on transition in QHE. .
time being, we have not been able to show thRE(t)) Thg network mpdel has recently also been ap_ﬁﬁw a
saturates in the limit—o. Consequently it is not clear description of spin degenerate systgms for which experi-
whether our model with tunneling included is critical at all. ments measure values of the Ipcallz_atlon exponent half large
The calculated correlation length exponenthas become as for transitions betwegn spin-split Landau levels. In the
energy dependent taking on larger values for energies closé’{esent approach at a given enefgythere \.NOUId. be two :
to the percolation enerd§. . A qualitative understanding of © ectrons, one“wnh spin-up and another with spin-down si-
this result is rather easy. With tunneling included, each par[nultan_eously walking throggh the ngtwork. If their en-
ticle orbiting the closed trajectory has a chafpeesumably ergy d_|ffers by, sayAyp, their t_rajectorles(though_ corre-
after long time to hop onto the neighboring trajectory. This SPONding to the same energy will belong to two different
should lead to a small increase of the conductivity. Our re£9uipotential lines. In an extremal case the trajectory of one
sults are suprising in the respect that we obtained large ian the eIectrpns can span tkenite) system, while the other
creases ofR?) and o(E) when allowing for tunneling at can be localized inside it. The cou.pllng between bqth trajec-
about 5% of all saddle points. One reason might be that odjeries should, how_ever_, be taken into account, Wh'Ch means
observation time (10steps is still too small, or that our that _the Iarger_ Ogb'tS_W!” make the main cqntrlbutlon to the
method of accepting the tunneling event by comparing thétudled quan_tlt)?. This in wrn means that in our approach
tunneling probability with an additional random number maySome averaging over an energy g, would be necessary
be not sufficient. An absence of a phase transition from lot0 obtain the values_ of th_e exponent valid for a spin-
calized to delocalized trajectories would possibly have to béjegenerate band. This subject is beyond the scope of the
interpreted as an indication that not only the tunneling alon@resent work.
but also backscattering effedtismiterference do play an im-
portant role in driving the system into the correct universality
class??> This, however, means that the proposed théory,
based on classical percolation supplemented by tunneling, We thank Dr. Berndt Gammel for most helpful discus-
does not give a proper explanation of the localization-sions and comments. One of (§.I.W.) acknowledges the
delocalization transition. warm hospitality extended to him during a stay at TU
The other possibility is that the values of the correlationMunchen. His visit there was possible thanks to Grant No.
length exponents are not universal and, in a noninteractinglCM-6419 from the European Community.
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