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Abstract: A cost function involving the eigenvalues of an elastic structure is optimized using a phase-field
approach, which allows for topology changes and multiple materials. We show continuity and differentiabil-
ity of simple eigenvalues in the phase-field context. Existence of global minimizers can be shown, for which
first order necessary optimality conditions can be obtained in generic situations. Furthermore, a combined
eigenvalue and compliance optimization is discussed.
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1 Introduction

The main goal in structural topology optimization is to find the optimal distribution of materials in a so called
design domain. In contrast to shape optimization, topological changes including the design and distribution
of holes in the structure are also allowed in topology optimization. The shape and the topology of the struc-
ture are initially unknown and are to be determined by minimizing a suitable objective functional. In many
applications (e.g., design engineering), support conditions, volume restrictions, prescribed solid regions or
voids, as well as applied loads have to be taken into account.

Several mathematical techniques to deal with shape or topology optimization problems can be found in
the literature. The traditional approach is the method of boundary variations to compute shape derivatives.
In this way the value of the objective functional can be decreased by deforming the boundary in a certain de-
scent direction (see, e.g., [1-4] and the references cited therein). The drawbacks of this technique are its high
computational costs and that topological changes are not allowed. In some situations, it is also possible to
deal with changes of the topology by homogenization methods (see, e.g., [5]) or variants of this approach such
as the SIMP method (see, e.g., [6]). Especially in recent times, the level-set method has been a popular tool to
approach topology optimization problems. It was originally developed in [7] and was afterwards frequently
used in the literature (see, e.g., [8, 9]). Although this method can handle topological changes, difficulties can
arise if voids are to be created.

In this paper, however, we pursue a different ansatz. We describe an elastic structure by a vector valued
phase-field variable ¢ representing the distribution of materials. Here, with respect to the space variable the
phase-field ¢ does not change its values abruptly but exhibits continuous phase transitions. The phase-field
method for topology optimization was first introduced in [6] and was subsequently used, e.g., in [10-23]. The
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main advantage of this approach is that topological changes can be handled directly without having to switch
the framework. In particular, the creation of voids does not impose any problems. Moreover, these models are
very well suited to be treated with methods from mathematical analysis.

In many technical applications (especially from engineering sciences), it is not only desired to optimize
the material distribution of an elastic structure but also to minimize (or maximize) its dynamical response to a
given driving frequency of a specific range. A classical example is a machine whose running engine generates
vibrations that affect other parts of the device. Mostly, it is essential that the vibrations do not match certain
eigenfrequencies of other components of the machine to avoid a resonance disaster.

A typical concrete example is discussed in [24] where the engine of an airplane is considered. While
the engine is running it creates vibrations that affect other components of the aircraft, especially its wings.
Therefore, they must be designed in such a way that these vibrations are not amplified. Otherwise this could
lead to fatal flight instabilities and might even damage or break the material. From a mathematical point
of view, the eigenmodes of the engine and the wings should be taken into account within the optimization
process to keep them as different from the modes of the engine as possible. One possibility to guarantee
this behavior would be to maximize the smallest eigenmode of the wings, as consequently also all larger
eigenmodes will be separated from those of the engine (which are generally rather small).

Models for eigenvalue problems and their analysis have already been discussed in the literature, see
[25-31]. In [25, 26] the authors investigate models similar to the one we intend to study. In these papers, the
density distribution p is assumed to depend only on the spatial variable x € Q meaning that the dependence
on the structure (represented by the phase-field ¢) is neglected. However, as the material distribution of the
structure is actually to be optimized, the optimal density distribution is initially unknown.

In this paper, we study the following eigenvalue problem to describe an elastic structure:

-V - [C(@)EW)] = A?p(@)w inQ,
w=0 onIp, (1.1)
[Cp)ew)|n=0 on Iy,

with the disjoint splitting 0Q = I'p U Iy, where we additionally demand I'p to have strictly positive Hausdorff
measure. Here, C denotes the elasticity tensor, &(w) stands for the symmetrized gradient of w, A? is the
eigenvalue (depending on ¢) and w = w? denotes a corresponding eigenfunction. In contrast, to the similar
models studied in [25, 26], the density distribution p(¢) is now allowed to depend on the phase-field ¢. For
more details about the notation and the motivation of this model, we refer the reader to Section 2.

We prove the existence of eigenvalues and eigenfunctions for the problem (1.1) and we establish essential
properties needed for the theory of calculus of variations such as suitable continuity statements. This allows
us to investigate an optimal control problem where an objective functional

Ji(@) = ¥(AP, ..., A?) + E5. (@), (12)

is to be minimized under the constraint that ¢ and Alff satisfy the state equation (1.1). Here, the function

V. (R>0)’ — R is continuously differentiable and bounded from below, and penalizes the eigenvalues. The
expression Eg; (@) stands for the Ginzburg-Landau energy

@ - [ (5 90k Luie). 13

where ¢ > 0 corresponds to the thickness of the diffuse interface and ) stands for the bulk potential that usu-
ally has a double-obstacle structure (cf. Subsection 2.2). As the energy Ef; is an approximation of the perime-
ter of the material boundaries, minimizing (1.2) can be related to a shape and topology optimization problem
with a perimeter penalization (see, e.g., [32]). The phase-field ¢ represents the control and is supposed to
satisfy suitable restrictions. For reasons of mathematical analysis we use a diffuse interface approach, i.e.,
the components of ¢ do not change their values abruptly but continuously at interfacial regions between the
materials. As in [10], the sharp interface limit could be considered to describe a discrete material distribution
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and would allow it to become a formulation with a perimeter penalization. The optimization problem will be
introduced in more detail in Section 2.

To derive first-order necessary conditions for locally optimal controls we need to show that the considered
eigenvalues A? are differentiable with respect to ¢. Based on the theory developed in [31], we can show that
the smallest eigenvalue is semi-differentiable with respect to the phase-field. In addition, we prove Fréchet
differentiability of simple eigenvalues by means of the implicit function theorem after introducing a proper
sign convention for the eigenfunctions. A positive side benefit of the implicit function theorem is that we also
obtain the Fréchet derivatives of the corresponding eigenfunctions.

With the approach described in this paper, it is also possible to approach classical shape and topology
optimization problems also for other elliptic operators, i.e., the Laplacian. The idea is to send C and p to 0 in
the void phase.

In the forthcoming paper [33] we intend to show that in certain situations classical spectral optimization
problems for the Laplace operator are recovered by sending the interface parameter € to zero. In the limit
€ — 0, the Ginzburg-Landau energy E, () converges to a multiple of the perimeter functional in the sense of
I'-limits (see [34]). In particular, this perimeter functional appears as a penalization term in the cost functional
related to the sharp interface problem. In a similar way (1.2) under the constraint (1.1) can be related to a sharp
interface problem for eigenvalues of the elasticity operator.

We further point out that the differentiability properties we derive in this paper might also be helpful to
handle various other types of spectral optimization problems. For instance, additional state constraints might
be included to enforce that certain eigenvalues exceed thresholds or belong to specific intervals. In particular,
the mass and compliance minimization of a structure subject to such state constraints on the eigenvalues
is of importance in engineering applications (see, e.g., [35-37]). In particular, we present a formula for the
derivatives of the eigenvalues (see (5.2)) which can be used to explicitly compute the sensitivities when solving
such an optimization problem. In the aforementioned papers, the problems are mostly studied in a discrete
setting but we believe that also a rigorous non-discrete analysis using a phase-field approach could be an
interesting and relevant mathematical topic.

Our paper is structured as follows. First, we precisely formulate the mathematical model for the problem
with a special emphasis on the eigenvalue problem and its analytic difficulties. After the first continuity re-
sults for eigenvalues and eigenfunctions with respect to the phase-field ¢, we are able to show existence of a
minimizer of the objective functional. Here we do not need to assume anything about simplicity of eigenval-
ues. The most elaborate part is then dedicated to deriving differentiability results and to improve the afore-
mentioned continuity statements, which will yield the desired variational inequality. In this context, it is cru-
cial to assume simplicity of the considered eigenvalues. In the last part we want to combine the eigenvalue
problem with compliance minimization problems.

2 Formulation of the problem

This section is devoted to the introduction of the mathematical model and the structural optimization prob-
lem.

2.1 The design domain and the phase-field variable

We fix a bounded Lipschitz design domain Q ¢ R with d € N whose boundary is split into two disjoint
parts: A homogeneous Dirichlet boundary I'p with strictly positive (d - 1)-dimensional Hausdorff measure
and a homogeneous Neumann boundary I'y. The distribution of N € N materials is represented by the vector
valued phase-field ¢ : Q — RY. This means, for anyi € {1, ..., N}, the component ¢; can be interpreted as
the concentration of the i-th material. In this regard, ¢; = 0 describes the absence of the i-th material, whereas
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¢; = 1 means that only the i-th material is present. We use the convention that voids are also interpreted as
a sort of material, whose distribution is given by the N-th component of the vector ¢.
For reasons of mathematical analysis we use a diffuse interface approach, i.e., the components of ¢ do
not change their values abruptly but continuously at interfacial regions between the materials.
Furthermore, we want to prescribe the total spatial amount of each phase. To this end, we impose the
mean value constraint f, ¢ = m = (m;)¥,, where m; € (0, 1) is a fixed given number forany i € {1, ..., N}.
In addition, we want the vector m to be an element of the set

N
Zvi=1}.
i=1

This constraint is a plausible consequence of the physical fact that at each point in space the volume fractions
of the materials should sum up to 1. Furthermore, being a volume fraction, each component clearly has to
be non-negative. For the upcoming analysis, we additionally want to prescribe a suitable regularity for the
phase-field, namely H'(Q; R"). All these constraints are expressed in the set

- focs| o)

g= {(p € Hl(.Q;RN)‘ @(x) € G for almost all x € _Q} ,

2N={VERN

Here, G is given by

where G = RY 0 2N with
Rﬁ’:{veRN’v,-zo \ﬁe{1,...,N}}.

The set G is referred to as the Gibbs-Simplex.

2.2 The Ginzburg-Landau energy

For the objective functional and especially the well-posedness of the minimization problem the following so
called Ginzburg—Landau energy

Bl - [ (§ |v<p|2+§¢((p)> dx, >0,

is crucial. In our model the function ) : R¥ — R U {eo} should attain exactly N global minima of value zero
attained at the unit vectors e; € RN, ie., forallie {1,...,N},

min i = Y(e;) = 0.

Furthermore, 1 is assumed to exhibit the decomposition () = Po(¢p) + I(¢g) with o € C»1(RY, R) and
I being the indicator functional

0 ifveag,
Ig(v) = ]
oo otherwise.

This type of obstacle functional is used to enforce that ¢ attains its values only in G as this set is not penalized
by the indicator functional. We refer to Elliott and Luckhaus [38] who first introduced this obstacle formula-
tion of the energy E; . In our optimization problems, we will impose the phase-field contraint ¢ € §™ which
enures that @(x) € G for almost all x € Q. As in [10], it thus suffices to include the regular part

E(g) = /Q (; Vol + %¢0(‘P)> dx 1)

of the Ginzburg-Landau energy in the cost functional, since E*(¢) = E¢; (¢) for all ¢ € G™.
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2.3 The density function

The density distribution p depends directly on the phase-field ¢ and this way, p is not just a given function
but represents the density of the actual structure we want to optimize.

To this end, we assume that the density function p belongs to Cllo’c1 (RN;R) and is uniformly positive, i.e.,
there exists a constant po > 0 such that p(¢) = p, for all ¢ € RV. This directly yields

polul® < p(e) [u)?, (2.2)

forallep,u € RY. For any fixed @ € RY, there exist constants Cop, Ci,, > 0 (that may locally depend on ¢, i.e.,

Cyp and Ci,, can be chosen uniformly on bounded sets), such that

[p(@)u - v| < Cop lul V],

(2.3)
[P (@)hu - v| < Cy ] u] V],

forall u, v € R? and h € RY. Next, for any function p € L=(Q; R"), we define
(f.8), = / of -gdx forallf,ge L*(Q;RY).
0

Due to the above assumptions, we can use this notation to define a family of scalar products on L2(Q; R?)
depending on ¢ € L=(Q; RY) by

f, 8)pip) = /Qp(fp)f-gdx forallf,g c L2 (Q;RY). 2.4)

These scalar products canonically induce norms that are all equivalent to the standard norm on L?(Q; R9).
To indicate the norm we consider L?(Q2; R%) to be equipped with, we will use the notation L3 (Q; RY).
A reasonable choice of p would be

N N-1
p@)=> 0ipi=) 0ipi+ebnpy, @E<G. (2.5)
i1 i1

Here, for any i € {1,..., N — 1}, the coefficient p; > 0 stands for the density of the i-th material which is
assumed to be constant. In our model we interpret the void as a material of very low density. Hence, we chose
on = on(€) = 2By as corresponding density, where gy > O is a fixed constant. The scaling with £2 would
guarantee the desired behaviour of p in the sharp interface limit, see [10] who treat the sharp interface limit
for a related problem.

However, for the sake of mathematical analysis, we have to extend the definition of p onto the whole of
RN, To this end, proceeding as in [10, Sect. 2.2], we define the cut-off function

-6 if s<-6,
as if —6<s<0,
0s:R—R s—{s if 0<s<1, 2.6)

bs if 1<s<1+3§6,

1+6 if s21+6,
for any 8 > 0 which will be specified later. Here, ag and bg are monotonically increasing C*!-functions such
that 05 € C1"1(R; R). We now define the function p by

N
p:RY =R, @~ 0;05Ps(@)), @7

i=1

where Py denotes the ¢2-orthogonal projection of RN onto ZV defined as

1
Px(¢p) = argmin > || - V|7,
vesN
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or equivalently

1
Ps(¢p) = Nl + Prs(¢),

where 1 = (1, ..., 1)T € RY and Py denotes the (linear) ¢2-orthogonal projection onto the tangent space

TsN = {v cRN
i=1

Obviously, it holds that p € C**(R¥; R) and since o4(Ps(¢);) = ¢; foralli € {1, ..., N} aslong as ¢ € G, the
relation (2.5) holds true for this definition.

It remains to show that p is uniformly positive, at least if § is chosen sufficiently small. To this end, we
fix an arbitrary vector ¢ ¢ >V and define the index sets

I:={1,....,N}, Io:={i€l|p;<0}, ILg:=I\ly.
Recalling the definition of £V, we infer that

> ¢i=1, andthusalso Y os(p)=1.
Lo

120

Choosing

m
2MN

M :=max g;, m:=minp;, 6:= >0, and po :=m>0
icl i€l 2

we conclude the estimate

ple) = Zgi os(p;) + Zgi 0s(p;) 2m—-8MN = py > 0.
Lo Lo

Since ¢ € =N was arbitrary, this estimate holds for all ¢ € =¥ and by application of the projection in (2.7)
also for all ¢p € RY. We point out that po does not depend on ¢ and thus, this estimate is uniform. This means
that the function p defined in (2.7) is admissible as it exhibits all demanded properties.

2.4 The elasticity tensor

Another important tool in linear elasticity are the tensors appearing in Hooke’s Law (see, e.g., [39, 40]),
namely the strain and the elasticity tensor which describe the stress tensor. To introduce the strain tensor
we consider the displacement vector u : Q — R< that describes the deformation of the structure under ap-
plied forces or vibrations. Now, the strain tensor of u can be defined as

&) = (Vu)™™,

where AY™ = %(A + AT) for any matrix A € R%, The elasticity tensor C is a fourth order tensor whose

components are demanded to fulfill C;y € Cllo’cl (RN, R) as well as the symmetry properties

Cijt = Cjira = Cijie = Cigyj (2.8)
forall i,j,k,1 € {1,...,d}. From the regularity property we conclude that for any ¢ < RN, there exist
constants Ag, AQP > 0 locally depending on ¢ such that

C@)A : B| < Ay |4]|B],

' / 29)
|C'(@)hA : B| < Ag |h| |A]|B],
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for all symmetric matrices A, B € R®?\ {0} and h € R", where

d
A:B = Z‘Aijﬁij ,
ij=1
and
N d
(C/((p)h = (Z am(Cl-]-kl((p)hm>
m=1 i,j,k,l=1

denotes the derivative of C(¢) in the direction h. Furthermore, we demand that there exists a positive constant
6 such that for all symmetric matrices A € R4\ {0} and for all ¢ € R it holds

0]A> < C(@)A : A. (2.10)
Recall that the application of a fourth order tensor onto a quadratic matrix is given by

d
(CA) = > Ciahi-
ki=1

A concrete choice of the elasticity tensor in analogy to the construction of p is

N N-1
Clp) = Z(Cl(pi = Z(C’(pi +2CNoy, @ <G,
i-1 i-1

wherefori=1,...,N-1, Cland C¥ denote constant material specific elasticity tensors. To guarantee (2.10)
we need to assume the existence of positive constants 9;, 9; such that for all A € R4\ {0}, it holds that

9;|A> <ClA: A< AP,

foralli = 1,..., N. Now, proceeding similarly as for the density p, we can construct an extension to R" taking
(2.10) into account. For more details we refer to [10, Sect. 2.2].

2.5 The system of PDEs describing the elastic structure

We now introduce the system of equations describing the elastic structure:

-V [Cl@)EW)] = A?p(@)w inQ,
w=0 onIp, (2.11)
[C(p)e(w)|n=0 onTy.

Here, n is the outer unit normal vector to the boundary 0Q = I'np U I'y. The subsets I'p, Iy C 0Q are relatively
open and satisfy I'y N Iy = § and H9* (I'p) > 0, where H4! denotes the (d - 1)-dimensional Hausdorff
measure. To consider this problem in the weak sense, we define the closed subspace

HL(Q;RY) := {n e H'(Q;R%)| n=0ae.on rD} c H'(Q;RY).
Endowed with the standard inner product and norm given by
Codmyar = Cdmaray s | laome = 1 oo »

H},(Q; RY) is a Hilbert space. For any matrices A, B € R4 and any fourth-order tensor € € Raxdxdxd e
introduce the notation

(A, B)e = / A:CBdx.
Q
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Then the mapping
(€()s €O  HHQ3RY) x HH(Q;RY) 5 R, (W, 1) — (E(W), € (M) (2.12)

defines a scalar product on H117(.Q; RY). By Korn’s inequality (see, e.g., [41]), the norm induced by this inner
product is equivalent to the standard norm on Hll) (Q; R9). In what follows, we will always choose for a given
@ this inner product and induced norm on Hll) (Q; RY),

Using this notation and invoking the symmetry property (2.8), the weak formulation of (2.11) can be ex-
pressed as

(W), EM)c(p) = A? W, M)y forall n € Hy(Q;RY). (213)
In Section 3, we will see that for any ¢ € L*(Q, RY), there exists a sequence of eigenvalues
0<A¥ <A <A< » oo

and corresponding eigenfunctions {w‘l”, wz"’, ..} C H})(Q; R?) which form an orthonormal basis of
Ly (Q;RY).

We also want to mention that in [31] such eigenvalue problems are analyzed on a general, rather abstract
level. The eigenvalue problem therin is given by the relation

a(p;w(g),n) =A°b(@;w(g),n), necH (2.14)

where A% and w(¢) stand for the corresponding eigenvalue and eigenfunction, respectively, H is a Hilbert
space and n € H can be interpreted as a test function. For the analysis, it is assumed that a and b are of the
form

alp;w,n) = (Al@)w(e),n),, blp;w,n) = (Bl@)w(p),n),, (2.15)

where A and B are linear, continuous operators, B is compact, and (-, -)g denotes the inner product on V.
For this problem, continuity and (semi-)differentiability of A? and w(¢) with respect to ¢ is established
using an approach involving inverse operators that differs from the one discussed in this paper. However,
optimization problems are not addressed in [31]. The concept of “semi-differentiability” applied to our setting
will be explained in Section 5.1 in more detail.

Next, we introduce the structural optimization problem in which the system (2.11) can be regarded as the
state equation.

2.6 The structural optimization problem

We also want to introduce constraints on the structure which prescribe void or material in certain parts of Q.
Mathematically speaking, we fix two disjoint measurable sets S; C Q with i € {0, 1} and define the set

U := {(p c HY(Q; RY) (pN =0a.e.on Sy and (pN =la.e.on$; },

to fix material on Sy and complete void on S;.
Forle Nandij,..., I € N, the eigenvalues A; , ..., A;, are to be penalized via a function

¥ (Rso) — R,

which is assumed to be C! and bounded from below, i.e., we find a constant cy > 0 such that ¥(x) > —cy for
allx € (R>0)1. As mentioned above, we have to include the Ginzburg-Landau energy into our minimization
problem. Hence we define the objective functional as

Ji(@) =¥, ..., A") +1E (), (2.16)



DE GRUYTER H. Garcke et al., Shape and topology optimization involving the eigenvalues =—— 167

with v > 0. Consequently, the overall optimization problem reads as

min  J;(¢),
st. @eS§™nU., D)
}llf‘l’, e, }llf‘l’ are eigenvalues of (2.13).

Recall that E%(¢) = E§; () for all ¢ € G™ N U C G. Therefore, it suffices to merely include the regular part
E? of the Ginzburg-Landau energy Ef; in the cost functional. This is important for the analysis as it allows
us to compute directional derivatives

FE@ -] = [ 99 :v@-g)dxr [ Lyie)9 - g)dx,

in every direction 9 - ¢ with 9 € ™ n U., which would not be possible for Eg;.
To investigate this optimal control problem, we first have to establish the existence of eigenvalues along
with suitable associated eigenfunctions. This topic is addressed in the next section.

2.7 A combination of compliance and eigenvalue optimization
In [10], the problem of minimizing the mean compliance
F(u, @) =/ (1—(pN)f-udx+/ g-udr,
Q Iy

with f € L2(Q;RY) and g € L*(I" g5 R?), and the deviation with respect to a target displacement u, €
L?(Q; RY) given by

Jo(u, @) = </Qc(1 - on) lu-ug| dx) , vel(o,1],

is also considered. Here, ¢ € L*(Q) denotes a function with |suppc| > 0, where |supp c| stands for the
Lebesgue measure of the support. The boundary 0Q is split into two relatively open, disjoint subsets I'¢, I'c C
0Q such that 0Q = I'c U I's. Moreover, the state equation is determined by the mean compliance in order to
obtain

u € Hi(Q;RY) = {11 e H'(Q;RY) ‘ n=0ae.on FC}
as the displacement vector under the given forces. It reads as

V- [C@ew] =(1-¢x)f o
u =0 on T, (2.17)
C@p)ew)|n =g on Ig.
Combining this problem with the one discussed in Subsection 2.6, we obtain a structure that is on the
one hand as stiff as possible (i.e., it has small compliance) and on the other hand realizes the desired vibra-

tion properties (e.g., a large first eigenvalue). In Section 7, we will present an existence result as well as the
variational inequality for this combined problem. Then the combination of (?S) in [10] and (P}) reads as

min  I{(u, @) = aF(u, @) + Blo(u, @) + vE°(p) + ‘P(Alf’l’, - Alf’l’)
st (u, @) € HX(Q,RY) x H'(Q,RY),
(2.17) is fulfilled, @ € S™ N U,

and A?:’ e, A?I’ are eigenvalues of (2.13),

(X7

where a, 2 0,~,e>0,m e (0, )N n =V,



168 —— H. Garcke et al., Shape and topology optimization involving the eigenvalues DE GRUYTER

3 Analysis of the state equation

Definition 3.1 (Definition of eigenvalues and eigenfunctions). Let @ € L=(Q;RN) be arbitrary. Then A? is
called an eigenvalue of the state equation (2.11) if there exists a nontrivial weak solution w? to the system
(211), i.e., 0 # w? € H}(Q; R?) and it holds that

(e (w?),¢ ('7)><c(<p) =A% (w?, ’T)p(¢) forallnp € H5(Q, RY). (3.1
In this case, the function w? is called an eigenfunction to the eigenvalue A% .

The assumptions of the previous section allow us to prove two classical functional analytic results in our
setting.

Theorem 3.2 (Existence and properties of eigenvalues and eigenfunctions).
Let @ € L=(Q; RN) be arbitrary.
(a) There exists a sequence

P 2P 1r0. w4
(WAL ) ken © Hp(Q;RY) xR

possessing the following properties:
e Forallk e N, w;f is an eigenfunction to the eigenvalue Ak"’ in the sense of Definition 3.1.
e The eigenvalues Ak"’ (which are repeated according to their multiplicity) can be ordered in the following
way:

0<AY <Af <A¥<....

Moreover, it holds that /IZ’ — oo as k — oo, and there exist no further eigenvalues of the state equation
(3.1).
e The eigenfunctions {w‘l”, w3,...} C H})(Q; R%) form an L,Z,,(Q; R%)-orthonormal basis of the space
Ly (Q;RY).
(b) For k € N we have the Courant-Fischer characterization

2 d
1~ max mind (CW €M)y | ue v 0 H(Q;RY),

X 2
VESiy iz oms | u#0

Here, 8;_; denotes the collection of all (k — 1)-dimensional subspaces of H})(Q; RY). The set VL Le(@RY
denotes the orthogonal complement of V ¢ L?(Q; R?) with respect to the scalar product on LZ,,,(Q; RY),
Moreover, the maximum is attained at the subspace

V= <W‘1p, ey W$_1>span-

Proof. Using the Lax-Milgram theorem and the fact that K< (I';) > 0, we conclude that for any f €
L?(Q;RY), there exists a unique function v; € H)(Q; RY) solving the equation

(& () €)= [ pU@F -max forailn € Hh(Q, R
This allows us to define a solution operator
T: L2(Q;RY) — HH(Q;RY) € LA RY, s vy

Since Hll, (Q;RY) is compactly embedded in L?(Q; RY), we can easily show that T is a compact, self-adjoint,
and bounded linear operator. Thus, the assertions in (a) directly follow from the spectral theorem for compact
self-adjoint operators (see, e.g., [42, Sect. 12.12]).
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To prove (b), we first infer from (3.1) that the sequence

P
w
—~ C Hp(Q;RY),

forms an orthonormal basis of H})(Q; R%) when taking the inner product (2.12). For any v € Hll) (Q; RY), this
yields the representation

V= Z (v, wlf”)p(‘p) w?,
i-1

where the series on the right-hand side converges in H})(Q; ]Rd). In the following, we will sometimes omit the
exponent ¢ for a more convenient depiction.

To establish the Courant-Fischer characterization we now fix an arbitrary subspace V € 8§;_;. Let us
denote the orthogonal projection from L2¢(Q; R9) to V with respect to the scalar product on qu,(.(); RY) by

Py : Lp(Q;RY) — V Ly (Q;RY).
Since V is a (k - 1)-dimensional subspace, the family
{P(p(Wl), ce ey P(p(Wk)} C V,

must be linearly dependent. Hence, for every i € {1, ..., k}, we find coefficients a; € R that are not all equal
to zero such that

k k
P(p (Z (XiWi> = Z aiP,p(wi) =0.
i=1 i=1
Per construction of the orthogonal projection this is equivalent to
& 1,12 (;RY) 1 d
v:=Za,-w,- € Ve ) m Hp (Q; RY).
i=1

As not all of the coefficients vanish, and since the eigenfunctions {wy, ..., w;} are linearly independent, we
know that v # 0. Using the orthogonality of eigenfunctions and the fact, that the sequence of eigenvalues
increases, we conclude that

(€W, E W)y | u e VIO A HL(Q; RY),

”u”Iz,ZW(Q;]Rd) u#0
(3.2

LW, EWey _ SF, @A

) k
IVIIZz (0;ma) iy @F

As the infimum in (3.2) obviously exists, we can find a minimizing sequence

< Ak'

2 pd
(wiers © { V) 0 HY @i RD | \(0),
such that

(€ ), € W))c(p) _ inf (E(u), W) | ue VELe@E) o gL, ),

2 2
luillzz o;re) lullzz orey | u#0

l—oo

Now, recalling that the inner product (€ (-), € QN induces a norm on H}(Q; RY), this implies that the

sequence
~ u;
(Erer = <|ul||z d ) ’
Lo@RY) /1oy
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is bounded in H})(Q;Rd). Hence, due to the Banach-Alaoglu theorem and the compact embedding
HL(Q; RY) c L2(Q; RY), there exists a function it € H}j,(Q; RY) such that
i, ~ @t inHp(%RY, and it — it inLg(Q;RY,

along a non-relabeled subsequence. In particular, since all members of the sequence (i1;),cy are normalized
with respect to the L(%,(Q; R?)-norm, it follows that it # 0.

Furthermore, v Le(@RY NH}(Q; R%) is a convex and closed subset of H}(Q; RY). Hence, it is also weakly
(sequentially) closed and we thus know that

it e {vERe @ 0 i RY | \(0).

Using the fact that norms are always weakly lower semi-continuous we infer that it is a minimizer of the
expression in (3.2) via the direct method in the calculus of variations.
Since this holds for any arbitrary (k — 1)-dimensional subspace V C H%, (Q; RY), we conclude that

(E@), & W)eep) | u e VEHER A gL RY,

sup min 5 < Ag.
VES lullz2 (o.ra) u#0
PACo}
We now select a special (k — 1)-dimensional subspace defined by
V= (Wi, ... Wi_1)span C Hp(Q;RY).
Then the definition of the orthogonal complement yields
2 d
VEEEED — (Wi Wi, ) span © Lz(p(Q;Rd)'
Hence, any v € VL’L(ZP(Q;Rd) al H})(Q; R?) can be represented as
V=DV Wiy Wis
i=k
where the series converges in H})(Q; RY). Consequently, we obtain
(EW), EM)ep) = Zk Vs Wi Ai = A HVHfzwm;Rd) ;
i
because of the identity
> W, Wi = HVHiz‘p(Q;Rd) .
ik
Altogether, we conclude that
(€ W), E W) | u e VIO A HY(Q; RY),
sup ming ———>——— =A.
V8 llullz: (Q;R4) u#0
dim(V)=k-1 ®

This means that the maximum is attained at the subspace V = (w1, ... Wy_{)span at 0 # wy € VL Lp@RY
HL(Q; RY), which proves the claim. O

4 Continuity of the eigenvalues and the associated eigenfunctions

4.1 Weak sequential continuity of the eigenvalues

First of all we only consider the first eigenvalue A, to establish continuity results with respect to the phase-
field ¢p. Afterwards, we proceed inductively to obtain these results also for all the other eigenvalues.
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We consider the mapping
Ay s HHQRY) N L=(Q;RY) = Rap, @@ A?

associated with the first eigenvalue.
The first continuity result for the eigenvalue A; is obtained by proving lower and upper semi-continuity.
Lower semi-continuity is established by the following lemma.

Lemma 4.1. Let (lpk) xen C HY(Q; RN) N L>°(Q; RN) be a bounded sequence with respect to the L=(Q; RY)-
norm satisfying

@~ @ inH'(Q;RY)ask — oo.
Then it holds that
A? < lim iorglf/l'fk ,
along a non-relabeled subsequence.

Proof. We first notice that the assumptions of Lemma 4.1 imply that ¢ € L*(Q; RM). Let {wi,wy,...} C
LZ,,,(.Q; RY) denote an orthonormal basis of eigenfunctions corresponding to the sequence of eigenvalues
(AP, < from Theorem 3.2.

Now, for any k € N, we choose an arbitrary L(Z,,k(_Q; ]Rd)-normalized eigenfunction u* that fulfills (3.1) for
}l‘fk. This choice is not necessarily unique up to multiplication with +1, as we do not assume simplicity of /\'fk
or A% yet.

Using the Courant-Fischer representation from Theorem 3.2(b) for the first eigenvalue and the continuity
of C and p, we see that the sequence (uk)keN C Hll) (Q; RY) is bounded. By the Banach-Alaoglu theorem and
the compact embedding H}(Q; RY) c L?(Q; RY), we infer the existence of a function u € Hp(Q; RY) with

uk ~ @ inHH(Q;RY, and uf > u inLyH(Q;RY), (4.)

as k — oo, up to a subsequence. With the help of Lebesgue’s theorem and the assumptions on the sequence
@, this yields

(U u") ) = (@) ),

as k — oo after another subsequence extraction. This implies |[u]| 12(QR) = 1 since the members u* were
chosen as Lé,k (Q; RY)-normalized eigenfunctions. In particular, this implies that
2
1= Z m, Wi)p(lp) . (4-2)

i=1
Plugging u into the continuous bilinear form (€ () , € (*))¢(p) ON H 1(Q; RY), and invoking the increasing order

of the sequence (/1;”) ;e We conclude that

(€ @), € @) = 3 @ W)y AP 2 AP

i=1

If we can now show that
o P
h,fi‘i.‘f’ll L2 (E@), @)y s (4.3)

the proof would be complete. Using the convergence results we have just established, the Cauchy-Schwarz
inequality and the weak formulation (3.1), we infer that

k—o0 oo oo

liminfA?" = (liminfA?" ) ( lim |u* lim @], .
iminfA] (ggln 1 ) <k1_>m “ Ly, (QRY) kLn:oHuHLgpk(Q,Rd)
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uk

=liminf | A%* u .
K00 [ 1 13, (@) | HLZ‘pk(.Q,]Rd)

> liI{r_lg}f [A(fk (u", ﬁ)p(lpk)}

= lim inf (&), £(@)) gy -
We further know that
<E("k)’ € (u >(C((pk) ~ (&(u), &(u) >(C((p)
= ("), £ @ )~ () E@) )y
+ () £ () gy~ (€@, EM)) ) -

Using Lebesgue’s convergence theorem, the boundedness of (uk)keN, the local Lipschitz continuity of C and
the assumptions on ((p k) ke We conclude that the first summand converges to zero along a non-relabeled
subsequence. The second summand converges to zero as a direct consequence of (4.1).

In summary, we obtain that

P aninf(€ (u), & (8) ) = (8 (8), E(1)) iy AL

which completes the proof. O

lim infA
k—o0

Now, we establish the corresponding result for weak upper semi-continuity.

Lemma 4.2. Let (), C H'(Q; RY) N L*°(Q; RN) be a bounded sequence with respect to the L=(Q; RN)-
norm satisfying

@, — @ inH(Q;RY)ask — oo.
Then it holds that
A? > limsup A%,
k—oo

along a non-relabeled subsequence.

Proof. As C and p satisfy suitable continuity properties we can proceed as in [30, Thm. 8.1.3] and use once
more the Courant-Fischer representation for the first eigenvalue to prove the claim. O

Combining both lemmata we can conclude that A; is weakly sequentially continuous.

Corollary 4.3. Let (@), C H L(Q; RN N L=(Q; RY) be a bounded sequence with respect to the L*°(Q; RN)-
norm satisfying

@, — @ inH(Q;RY)ask — oo,

and let (uk)keN C H})(Q;]Rd) be a sequence of qu,k(Q;Rd)—normalized eigenfunctions to the eigenvalues
(A‘fk)keN, i.e., uy satisfies (3.1) written for A‘fk forevery k € N.
Then it holds that

AP 5 A?, ask - oo, (4.4)

i.e., the whole sequence of eigenvalues converges and not just a subsequence.
Furthermore, there exists a L,Z,,(Q; RY)-normalized eigenfunction u € H})(Q; RY) to the eigenvalue A‘f such
that

uk inHll)([);Rd), and u* U ian(p(Q;]Rd),

as k — oo, along a non-relabeled subsequence.
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Proof. The convergence A‘fk — /1‘{’ as k — oo follows from Lemma 4.1 and Lemma 4.2 after extraction of a
subsequence. Moreover, as the limit )l‘f does not depend on the choice of the subsequence, we conclude by
a standard contradiction argument that the convergence remains true for the whole sequence.

The convergence properties of (u")keN C Hy(Q; R?) and the fact that the weak limit u € H(Q; RY) is
L%,,(Q ; RY)-normalized have already been established in (4.1). Hence, it remains to show that u € Hll) (Q; RY
is an eigenfunction corresponding to the eigenvalue /1‘1”. By construction, we know that for any k € N,

(£ (), £(1)) oy = A% (05, ) “s)

for all test functions n € H}(Q; R9). Using the convergence of eigenvalues (4.4) and proceeding as in the
proof of Lemma 4.1, we infer that for any any n € Hp(Q; RY),

(€ (uk) ) 8('1)><c(¢pk) = (@), EM)c(y) >
(uk’ n)p(rpk) - (ﬁ’ n)p(lp)’

as k — oo, after extraction of a subsequence. Hence, we can pass to the limit in equation (4.5) to obtain
—A?(y
(€@, & M) = AT (8:1)

which proves that u € H}(Q; R9) is indeed an eigenfunction corresponding to A‘f. O

Corollary 4.3 now serves as initial case for the following inductive proof which yields convergence of all eigen-
values.

Theorem 4.4 (Continuity properties for the eigenvalues and their eigenfunctions). Let j € N be arbitrary
and let ((p k) c H'(Q; RN) N L>=(Q; RN) be a bounded sequence with respect to the L°°(Q; RN)-norm satis-

fying

keN

P, —@ in H'(Q; RY) as k — oo.

Moreover, let (u)'-‘) ren C Hp(Q; R?) be a sequence of Lz,pk([); R%)-normalized eigenfunctions to the eigenvalues
(/l]‘.pk Jkens i€, u]’f satisfies (3.1) written for /l]‘.pk forevery k € N.
Then it holds that

A;”k - /t;”, as k — oo,

for the whole sequence of eigenvalues and not just a subsequence.
Furthermore, there exists a Lz‘p((); R%)-normalized eigenfunction uj Hll) (Q; RY) to the eigenvalue A}‘.” such
that

u]’-‘ —~u; in H},(Q;Rd), and u]’-‘ —u; in LZ,,,(Q;Rd)
as k — oo along a non-relabeled subsequence.

Proof. As mentioned before we proceed by induction. The initial step has already been established in Corol-
lary 4.3.

Now, we assume that the statement is already verified for the index (j — 1) € N. Our task is to prove that
the assertion is true for the j-th eigenvectors and the associated eigenfunctions. In this regard, the Courant-
Fischer representation of Theorem 3.2(b) will be a helpful tool.

For k € N, we fix the (j—1)-dimensional subspace of H},(Q; R?) that realizes the maximum in the Courant—
Fischer representation discussed in Theorem 3.2(b), namely

Vk = <W‘fk, ey Wﬁ’i)span.
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Analogously, we define

V.= <W‘f, ceey quz1>5pan.

Then by the induction hypothesis we know that foreveryi =1, ...,j-1, there existsa qu,(.Q; R%)-normalized
eigenfunction u; € Hj,(Q; RY) to the eigenvalue A¥ such that

wf ~u; inHp(Q;RY), and wP —uw; inLy(Q;RY), (4.6)

as k — oo along a non-relabeled subsequence. As {w‘fk, wz‘pk, ... } - qu, k(Q; Rd) form an orthonormal basis
we infer that

(ﬁm N ﬁl)p((p) = 0, (4.7)

for m # 1, using the convergence properties of the sequence (¢,) keN along with Lebesgue’s convergence
theorem. In particular, the family {ﬁl, . ,ﬁj_l} - Lz(p(.(); RY) is linearly independent, which yields that
all eigenfunctions to eigenvalues strictly smaller than /1]‘.” are contained in its span W := (Uy, ..., Uj_1)span.
Hence, we conclude that

(€ (u), €M)y

S ue W@ 0 HL R, u#0 2 A9 (4.8)
[ullzz (o;ma)

As the minimum is attained, we infer that we find a non-trivial function v € H})(Q; R%) with
(V’ ﬁi)p((p) = O’ (4.9)
foralli=1,...,j - 1such that

EW),E(v
LW, EWicw _ o (4.10)
IVIIZz (0;ma)

Otherwise the inequality in (4.8) would be strict, which would be a contradiction to Theorem 3.2. This means
we have shown the existence of a function

ve W @R f gl RY)  with v#0, (@.11)
fulfilling (4.10).
Let now the sequence (vy)cy be defined by
j-1
Vii=V-— . (v, w?”‘)p(‘pk) w;pk (4.12)

i=1
for all k € N. By this construction, we immediately observe that

1,12 (;R?
VeV, ' HLY Q3 RY).

We now intend to show that the convergences

(€I €Vi)c(p,) = (€M) EWc(p) s (4.13)

Vidlz, @ima) = IVIlLz i) » (4.14)

as k — oo, hold along a non-relabeled subsequence.



DE GRUYTER H. Garcke et al., Shape and topology optimization involving the eigenvalues =—— 175

To verify (4.13), we consider the decomposition

(€W, EVe(py

j-1
= <€, (V) N & (V)>C((Pk) -2 <S (V) N & (V, W;pk W?’k >
i Clpy) (4.15)

j-1 j-1
+( & (v, wx ) wx , & (v, w‘pk) wx
< Z ! ! " plpy) "

-1 pley)

~_—

Clpy)

For the first product on the right-hand side, we directly obtain the convergence
(EW), €Wy = (EW),EMep)» ask— oo,

along a suitable subsequence. As the functions wlfpk are Lz‘pk (Q; ]Rd)-normalized eigenfunctions, we obtain
from (3.1) the following representation of the third product on the right-hand side of (4.15):

j-1 j-1
& (v, w‘.”k) wk , & (v, w"’k) wk
< Z b ple) ! "o "

i=1 m=1 C((Pk)
j-1 2
= (v, w;"k) A;pk.

i1 pley)
As the sum takes only the indicesi =1, ...,j - 1 into account, we can again use the induction hypothesis to
obtain

- o\> e = 2

o @
D (v:w k)p(cpk) AP = YW Ui AY ask— oo,

i= i=1
along a suitable subsequence. Hence, (4.9) directly yields that the third product on the right-hand side of

(4.15) converges to zero. The second product can be handled similarly, and we can also show that it tends to
zero as k — oo. In summary, we get

(€W, EVIe(p) = (E(V), EW))g(y)» ask — oo,

This proves (4.13). The claim (4.14) can easily be verified using the induction hypothesis.
In particular, since v # 0, we obtain that v, # 0 for all k € N sufficiently large. For such k € N, we obtain
the estimate
Eu),E(u 1,12 (R4
190 =i | O E e, i
allzz, (@irey

" HY(@;RY), u £ 0

N

_ (e, EWep,

2
v
vidllZz (@ira)

Using (4.13) and (4.14), we conclude from (4.10) that, along a non-relabeled subsequence,

EWy),E(v EW),E(V
limsup/l;”k slimsup< (Vi) ‘ Vi) (g, _(EWm i M) =12,
k—roo k—ro0 ”VkHLZ‘pk(Q;le) HV”LZ(p(Q;le)

(4.16)

In particular, this implies that the subsequence (/\1‘.”" )ken is bounded.
As in Theorem 3.2, for k € N, we consider the j-th basis function w;pk which is Lz‘pk (Q; Rd)-orthogonal to

V. As a consequence of (4.16), due to the eigenvalue equation (3.1), the sequence (W;p" Jken C Hp(Q; RY) is
bounded. Applying the Banach—Alaoglu theorem, we can thus extract a subsequence such that

wfk ~w inHp(Q;RY), and wf -w inL’(Q;RY, (4.17)
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as k — oo, where W € H},(Q;R?) is L3 (Q; RY)-normalized. However, it is a priori not necessarily an eigen-
function to the eigenvalue /t]‘.”, as the convergence of the corresponding eigenvalues is still unknown.
Proceeding as in Subsection 4.1, we want to show that

A;P < lilgigf)l}‘.”k. (4.18)

As in the proof of Corollary 4.3 in combination with (4.16), we can then conclude the desired convergence
A;pk — /1}‘.” for the whole sequence as k — oo.
To verify (4.18), we first observe that due to the orthogonality of the basis functions, we have

( Py Py 0,

Wi Wi )P(‘Pk) N

forallm € {1,...,j-1}and all k € N. Recalling the assumptions on ((p K) ren We can use (4.17) and (4.6) to

infer that

(W, Un) i = 05

forallm e {1,...,j-1}.Nowlet us choose j" < j— 1 as the maximal index such that )l;(’ < A;”. By this choice,
we know from the orthogonality (4.7) that

<ﬁ1, - ,ﬁj*>span = <W‘1p, ey W;e>span C Lz(p(.Q;Rd).

This leads to the representation

oo

w= Z (W’ Wﬁ)p(«i) Wi = Z (W’ W%)p((p) Wi
=1 m=j"+1

As the series converges in H})(Q; R9), we can use (3.1) to obtain
T _ - P (v P2 ¢
<8 (m s & (W)>(C((p) - Z Am (W’ Wm)p((p) 2 A; s
m=j"+1

as w € Hj(Q; RY) is L, (Q; RY)-normalized.
Hence, it only remains to show that

lllgngj 2 (EW), EW))c(p) -

This, however, can be proven completely analogously as in the proof of Lemma 4.1.
In summary, we obtain the convergence

)l;pk - )l]‘.”, as k — oo, (4.19)

along a non-relabeled subsequence. Since the limit does not depend on any subsequence extraction, this
convergence holds true for the whole sequence. As in Corollary 4.3, we conclude that w € H}, (Q; ]Rd) is an
eigenfunction to the eigenvalue A}‘.”.

Now if we replace the special choice w;pk by u]’-< € H}(Q;RY) being an arbitrary L (0 R%)-normalized
eigenfunction to the eigenvalue )l;pk, we again know that (u]’f)keN - H})(Q; Rd) is bounded. Hence, we can

extract a subsequence converging weakly in H}(Q; R4) and by proceeding as in Corollary 4.3, we use (4.19)
to directly conclude that the weak limit is an eigenfunction to the eigenvalue /11‘.”. O

4.2 Local Lipschitz continuity of the eigenvalues

The following lemma shows that all eigenvalues are locally Lipschitz continuous with respect to ¢.
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Lemma 4.5 (Local Lipschitz continuity of the eigenvalues). Let i € N be any index and let ¢ € H'(Q; R) N
L>=(Q; RN) be arbitrary. Then there exist 67, Cly > 0 such that

Wl
AP - AP < Co 1Al g oimvynL=(0mY) »

forall h € H*(Q; RN) 0 L=(Q; RY) with || 1| g1 (. vy p=(sm) < OF - This means that the mapping
A HH(Q RN L=(Q;RY) - R, @AY,
is locally Lipschitz continuous.

Proof. Letw; € H})(Q; R?) denote a pr(Q; R%)-normalized eigenfunction to the eigenvalue /1?’. In the same

fashion, let w;’”h € H}(Q; RY) denote a prm(_(); R?)-normalized eigenfunction to the eigenvalue A;’”h. Then,

if 6?’ is sufficiently small, we obtain the estimate

(A7 =22 (WP i) | < 27 (W™, W

_y@+h/ _@+h )
AP (W ’Wl)p((erh)‘

+h +h
- (WP w

)p(qo)

A;p+h (W?Hh , Wi)

)p(lp)’ =

+

p(@+h) )p(rp) )

- ‘ (EWP™), €(Wi))cipr-cipm ‘

+ ‘A;p+h ((w;p+h’ Wi) +h

plg+h) ~ (w?™, W")p(lp)) ‘

< Cip HhHLm(Q;RN)’

where the last inequality holds due to the local Lipschitz continuity of C and p, and the boundedness of /1;’”"
which follows from Theorem 4.4. Note that the constant C lf” may depend on Alf” but not on the eigenfunctions
we have chosen, as they were assumed to be normalized.

Suppose now that there exists a zero sequence (hy)cy C H'(Q; RY) 0 L=(Q; RY) such that

A(p _ A?+hk
i i

> K[|yl o;rv)nL=(a;RN) »

as k — oo. For the corresponding sequence of eigenfunctions (w;’”"k)keN C H})(Q; RY) for the eigenvalues
(Alf’”hk)keN, we know from Theorem 4.4 that we find a L,zp(Q ; RY)-normalized eigenfunction W to the eigen-
value A¥ such that

w?t W in L5 (Q;RY),

as k — oo, up to subsequence extraction. In particular, for k sufficiently large, we know that the members of
this subsequence satisfy

@+h, — i
(Wi ’ W)p(tp) > 2
and thus,
k Hhk||H1(Q;RN)ﬁL°°(Q;RN) < 2C§p ||hk||H1(_Q;RN)mL°°(_Q;RN) s
which is an obvious contradiction. This proves the claim. O

4.3 A sign convention for the eigenfunctions

In the previous analysis there was no need to assume that the eigenspaces are one-dimensional. However,
in Section 5, we want to show that the eigenvalues are Fréchet differentiable with respect to the phase-field.
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Therefore, it will be necessary to assume that for fixed ¢ € H LQ; RY) N L=°(Q; RY) the eigenspace corre-
sponding to the considered eigenvalue A;” is one-dimensional. In this case the eigenvalue is called simple.

Simplicity of )ll‘.” allows us to choose a corresponding eigenfunction wlfp € Hll)(.Q; R9) that is normal-
ized with respect to the scalar product on L%,,(Q; R9) and unique up to multiplication by +1. We call such an
eigenfunction a representative corresponding to A?’.

In general, any eigenspace could be higher dimensional. For numerically motivated examples showing
that even the simplicity of the first eigenvalue of a scalar elliptic regular PDE is no longer fulfilled in the vector
valued case, see [43]. However, in concrete applications, there are physical and numerical justifications for as-
suming simple eigenvalues. This is due to the fact that nature as well as numerical simulations on computers
lead to perturbations of the non-generic case of equal eigenvalues.

As a classical two dimensional example to illustrate this behavior, an eigenvalue problem associated with
the Laplacian subject to Dirichlet boundary conditions can be considered. If the domain is a perfect circle,
eigenvalues with higher multiplicity will occur. However, as soon as the perfect circular shape of the domain
is perturbated by small imperfections, these eigenvalues will become different and simple. For more details
see [26].

In the following lemma, we will introduce a condition to fix a sequence of representatives whose elements
w:p" are uniquely determined if ¢, € H L(@Q; RYN) N L*°(Q; RY) is sufficiently close to ¢. In particular, we see
that it is possible to deduce simplicity of the eigenvalues A?k in a suitable neighborhood of )l;”.

Lemma 4.6. Leti € N and <‘Pk>keN c H'(Q; RY) N L>=(Q; RN) be a sequence such that

@, — @ inH(Q;RY)NL=(Q;RY),
for k — oo. Moreover, we assume that Alf” is a simple eigenvalue of (3.1) and let w;” be a corresponding
qu,(.Q; R9)-normalized eigenfunction.

Then for any € € (0, 1), we can find a K{ > O such that for any k > K¢, there exists a unique L2¢k(Q; RY)-
normalized eigenfunction w* € H},(Q;R?) to the eigenvalue A¥* satisfying

(P w?

In particular, the eigenvalues Alfpk with k > K§ are simple.

) > €. (4.20)
p(p)

Proof. Note that we did not make any assumptions on the simplicity of the eigenspaces corresponding to /llfpk
for k € N. However, this can be established if ¢, is close to ¢ by invoking the simplicity of the eigenspace
corresponding to /\lf” and using the continuity properties known from Theorem 4.4.

In the following, we will assume, without loss of generality, that k is large enough to ensure that all
eigenspaces to the eigenvalues Alfpk are simple. If we are now able to find a sequence of representatives wlfp"
that fulfills (4.20) for a suitable K{ € N, then the uniqueness assertion is clear since the eigenfunctions are
normalized and their sign is fixed by (4.20).

To prove the existence of such a sequence, we argue once more by contradiction. Let € € (0, 1) be arbitrary
and let us assume that there is no K{ € N such that (4.20) is fulfilled. Hence, after possibly swapping some

of the signs, we can extract a subsequence such that

'(wfpk, w? <e<1, forallkeN. (4.21)

! i )p(rp)

Using Theorem 4.4 we obtain a weak limit w of a non-relabeled subsequence of (w;pk ) ren and infer from the
€

simplicity of A? that w = +w?. Hence, using (4.21), we obtain

1= (wf, W;p)P(lP) == (w, W;p)p(lp) <L

which is obviously a contradiction.
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Eventually, this means that condition (4.20) allows us to pick a unique representative wlfpk forevery k € N
sufficiently large such that the obtained sequence fulfills
w;pk —w? in HL(Q;RY),
as k — oo, up to subsequence extraction. O

The following corollary is a direct consequence of Lemma 4.6.

Corollary 4.7. Fori € Nand @ € H'(Q; RY) 0 L=(Q; RY), we suppose that the eigenvalue A? is simple. Let
wlfp be a LZ(,,(Q; RY)-normalized eigenfunction to the eigenvalue /1?’.
Then, for all € > 0, there exists § > O such that for all

he L=(Q;RY) N HY(QRY)  with (A g gupmyi=(ose) < O

there exists a unique L2¢+h([); R%)-normalized eigenfunction wlf’”h to the eigenvalue /1?”" satisfying the condi-
tion

(w;’”h, wf) >e>0. (4.22)

p(p)

In particular, the eigenvalues A?’"h are simple.

This means that, if h is sufficiently small, the signs of the eigenfunctions wlf’”h can be uniquely fixed in
accordance with the sign of wlfp by the sign condition (4.22).

4.4 Continuity of the eigenfunctions

In view of the sign convention from Corollary 4.7, we can now prove the following continuity result.

Lemma 4.8 (Continuity of eigenfunctions to simple eigenvalues). Let ¢ ¢ H*(Q;RY) n L=(Q; RN) be arbi-
trary and let wlf” denote a pr([); RY)-normalized eigenfunction to the eigenvalue /1?’ which is assumed to be

simple. For any € > 0, we assume that § > 0, h and the eigenfunctions W?”h to the eigenvalues A;‘”h are all
chosen in such a way that the sign condition (4.22) is satisfied.
Then the eigenfunctions w;’”h are uniquely determined and it holds that

sz{mh - W;pHH})(.O;Rd) -0, (4.23)
as h — 0in H'(Q; RY) n L=(Q; RY). This means that the mapping
wi : HH(Q;RY) n L=(Q;RY) — HH(Q;RY), ¢ — w?
is (strongly sequentially) continuous with respect to the norm on H},(Q; RY).
Proof. Let (h)xen € HY(Q;RY) N L=(Q; RY) be any arbitrary sequence satisfying
IRl g oirvynr=(o;ryy < 6 forallk € N. (4.24)

Defining the sequence (@ )eny C HU(Q;RN) N L=(Q;RY) by ¢, := ¢ + hy for all k € N, we can apply
Theorem 4.4 to conclude that

wi - w? in L2(Q;RY) as k — oo,

along a non-relabeled subsequence. However, as the limit does not depend on the extracted subsequence,
this convergence even holds true for the whole sequence. Note that for this reasoning it is essential that all
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members of the sequence are fixed by the sign convention (4.22). As the sequence (hy)cn Was arbitrary, we
further infer that

[ W[, ey = O ash— 0in H'(Q;RY) N L=(Q; RY). (4.25)
If we can now show that

<8 (wlf” - wlf’”h) , & (wlf” - wlf’”h) >C((p) -0, (4.26)

as h — 0in HY(Q; RY) N L*°(Q; RN), the prove is completed.
To this end, let h € H(Q; RY) N L*°(Q; RY) with

1Al g1 0;mMynL=(0;rM) < 85

be arbitrary. We derive the identity

(e (o) 2 (07w,

- [<8 (w?),¢ (w?’ - W?Hh) >(C((p) - <8(w?’+h), ew? - w?”h)

>C(¢+h)

i [<8(W?+h)’ ewy - W;p+h)>c(¢+h) - <8 (ngpm) & (W;p B W;p+h) >C(‘PJ '

The second summand on the right-hand side converges to 0 in H'(Q; RY) n L=(Q; RY) as h — 0, since the
norm HW:’”h I HL(Q;RY) is bounded by a constant that may depend on § but not on h, and C is locally Lipschitz

continuous. As w?’ and wlf’”h are eigenfunctions, they satisfy the state equation (3.1) and we thus get

(& wp) e (wf-wf™) >C((p) - (e (w™) & (wf - we™) ><c<<p+h)

22 (W®P w?® _ weth _2e+h (L @+h @ . @+h
=A; (wl. s W - W, ) A; (wl. SW - W
p(p) ple-+h)

=¥ [(wfp, w? - wf’”h) - (wf’”h, w? - wf’”h) }
! o b ple) ! ! b ple)

AP [(w;f”h,wgp_w;wh) (WO WP W) ]
p(p) ple-+h)

AP AP (W wf - wf)
plg+h)

Here, the first summand converges to zero because of (4.25). The second summand converges to zero due to
the local Lipschitz continuity of p and the last summand converges to zero as a consequence of Theorem 4.4.
This verifies (4.26) and thus, the proof is complete. O

5 Differentiability of the eigenvalues and the associated
eigenfunctions

5.1 Aformal consideration

First of all, we want to discuss the desired differentiability results formally. To obtain the Fréchet derivative
of the functional

A HH(QRY) N L=(Q;RY) = Reo, @AY,

fori € N, we formally differentiate the state equation in the Gateaux sense. If w is an eigenfunction to the
eigenvalue A?, we have

(EW), & M) g = AT /Q p(@)w-ndx foralln € Hy(Q;RY). (5.)
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Computing the first variation of (5.1) with respect to ¢ in the direction h € H LQ; RN N L=(Q; RY), and
choosing w and n as the L2¢(Q; R%)-normalized eigenfunction w;” afterwards, we get

(A?) h = (ewd), EWE))crigm — AT /Qp/(‘p)h W dx. (5.2)

Moreover, firstly plugging w = w;" into (5.1), and then computing the first variation with respect to ¢ in
the direction h € HY(Q; RY) N L*=(Q; RN) reveals that the formal derivative (wl‘.”)' h of w¥ has to fulfill the
equation

<8 ((w?’)’h) ,e(n)>

= - (ew?), 8('1)>(C’((p)h +A? /Qp’((p)hwlf” -ndx (5.3)

-A? "Y' h.-nd
- ,/Qp(tp)(W,) ndx

() n [ plgw? -nax.

In the following, we intend to verify these results rigorously. We already see that formula (5.2) is a priori not
well-defined if there are at least two orthogonal eigenfunctions to the eigenvalue /\?’, ie., if )[lfl’ is not simple.
In the following approach, we will see that the simplicity of eigenvalues will play a crucial role in our analysis.

5.2 Semi-differentiability of the first eigenvalue

In [31, Sect. 4.2], the concept of semi-differentiability is introduced and applied to the first eigenvalue of an
abstract problem discussed there. Semi-differentiability is a concept similar to Gatedux-differentiability but
the limit does not need to fulfill any linearity or continuity assumptions, and the variation is only performed
along a fixed positive direction. The advantage becomes clear by the following example presented in [30,
Sect. 2.5]. We consider the matrix-valued function

A:R S R¥2, A = (1_t 0 )
0 1+t

whose first eigenvalue
A:R-R, Al=1-t

is not simple at ¢ = 0. Of course, A; is not classically differentiable in ¢ = 0, but we still obtain a well defined
limit

o 1-t-1

lim -1.

This means we can still compute some sort of derivative in a fixed positive direction.
We now give a precise definition of semi-differentiability which can be found, e.g., in [31, Def. 4.6].

Definition 5.1 (Definition of semi-differentiability). Let X, Y be Banach spaces and let D C X be an open
subset. Thenthe map T : D — Y is called semi-differentiable at the point x € D if for all h € X, there exists
y(x, h) € Y such that

li

t—0
t>0

im T(x + t};) - T(x) — (. h).

In this case we write T'(x)h = y(x, h) to denote the semi-derivative of T at the point x with respect to the direction
h.
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We want to show that in our problem the first eigenvalue also fulfills this weaker notion of differentiability,
which will be enough to deduce first-order necessary optimality conditions for the first eigenvalue as we only
want to derive convex combinations where t > 0.

The advantage of this approach is that we do not have to assume simplicity of the first eigenvalue in order
to obtain semi-differentiability, whereas as illustrated in Section 5.1, we need such simplicity assumptions to
obtain classical differentiability.

The semi-differentiability of the first eigenvalue is established by the following lemma.

Theorem 5.2 (Semi-differentiability of the first eigenvalue). Let @, h € H'(Q;RY) n L=(Q; RY) be arbitrary
and let us define

u c Hy(Q;RY is an

(A?)'h :=inf{ (Eu), 8(u)>c,(‘p)h - A% (u, ), ) | eigenfunction to A8 5. (5.4)
with ||ul 1 ;e = 1
Then we have
AP _ )9 /
i 5 gy

and thus, the eigenvalue A‘l” is semi-differentiable with respect to ¢.

Proof. In this proof, the letter C denotes generic positive constants that may depend on ¢ and may change
their value from line to line. We first prove that the infimum in (5.4) is actually attained by a minimizer. To
this end, let u € F,q be arbitrary, where the feasible set is given as

Faq = {u € H5(Q; RY)

u is an eigenfunction to A¥ }

with [|u;z (g;re) = 1

By the differentiability and the local Lipschitz continuity of C, we infer that there exists ¢y, > 0 such that for
all t < to,

2
= Clihllg @rmnr=ozm Wk 0;re)

. ‘ (Em), & (u)>(C((p+th)t_ (E), & (W)c(p) (5.5)
<1+ (&), 8(u)>(C’(lp)h .
Using (3.1), we conclude that
\|u|\§,})(9;Rd) <CA? forallu € Fyq. (5.6)
Moreover, due to (2.3) and (2.4), we have
‘(u, Wy @n| < ClIRllggmy)nr=omryy forallu € Faq. (5.7)

Eventually, combining the above estimates, we conclude that
<8(u), 8(u)>(c,((p)h - /lllp (u, u)p/(‘p)h
2 -CAY Al g o;rmynr=(omyy =1 > =0

for all u € Foq. This directly implies that the infimum (A?)'h exists.
Hence, we can find a minimizing sequence (un),cy C Faq such that

lim {<8(un), En)) ¢ gyn ~ AT (s u")p'((p)h} = (A?)"h.
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Due to (5.6), there exists u” € H}J(Q; R%) such that
L] d x .02 d
up, ~u inHp(Q;RY), and up —u in Lq,(.();]R )

as n — oo, Up to a subsequence extraction. In particular, this implies that u” € F,; which leads to

<8 (un - u*> , & (un - u*>>c(¢) =A? (un -u’,un - u*)p((p) .

This implies that u, — u" even strongly in H},(Q; R9). In particular we obtain
/ .
(A‘f) h = nll_}ngo |:<€(un), g(un)>(c/(‘p)h - A‘lp (un, un)pz(‘p)hi|

- <5("*)’ E(u*)>(c’(lp)h -AY (u*’ u*)p’(qo)h'

Hence, the infimum is attained at u” € H}J(Q; RY).
To prove

L heth 0 ey _
}g)(l) L[ 28 - APy (en] | - o, (5.8)

it suffices to show that there exist functions f, g : R — R with f, g € o(t) as t — 0 such that forall t > 0,
AP QP — (AP) [th] < £(0), (5.9)
AP L AP+ (A2 [th] < g(b). (5.10)
By the construction of u”, we first observe that
+th
/1‘{’ - A‘f - (A‘f)’[th]

- A‘fmh - <5 (u) € (u) >C(<p) - <£(u*), g(u*)><c'((p)th A7 (u*’ u*)p'«p)th ’

since u” is an Lz‘p(Q; R%)-normalized eigenfunction to the eigenvalue )l'lp. We compute

AP - <8 (") = <u) >(C((p) - <8(u*)’ E(H*)><c'(<p)th et (u*’ “*)p,(q,)t,,
- (}“f - A‘f+th) ("*’ u*>p(lp+th)—l3(<ﬂ) (€0, Q) ctpun-cio-cipin

-2? (u*, u*) 4 PR (u*, u*> — (W), W) .
1 plo+th)-p(@)-p' (@)th p(p+th) (&) >C(‘p+th)

Now the first three summands on the right-hand side are clearly in o(t) as t — 0 since the eigenvalues con-
verge, and the functions p and C are differentiable and locally Lipschitz continuous. For the remaining sum-
mands we can use the Courant-Fischer representation for the first eigenvalue which yields

1 d * *
/\(lp+th - min (), 8(u)>([:((p+th) u € Hp(Q; RY), . (@), E(u )><C((p+th) .

2 - %112
iz ome |u#0 Iz, e

This implies

A2 (' u” — ), e’ <0,
1 (u u)p(<p+th) (E@), EM)cipem <

and thus, (5.9) is established.
To prove (5.10), we argue by contradiction and assume that (5.10) does not hold. Then, there exists € > 0
and a sequence (t;)xen C (0, 1] with £, — 0 as k — oo such that forall k € N,

AP AL+ ALY [tch] > ety
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Then, according to Theorem 4.4, there exists a L%,,(Q; R%)-normalized eigenfunction u to the eigenvalue /1‘1”,
as well as a sequence (u?*"), .\ consisting of LfPHk n(Q; R9)-normalized eigenfunctions to the eigenvalues

(A‘f”kh) ken such that
u? it oy in Hy(Q;RY and u?h - u inL2(Q;RY) (5.11)
as k — oo, along a non-relabeled subsequence. Recalling the definition of (A‘f)/ h, we infer that

AP AP - (AP) [teh]

tch h h
= APTA (PR oy Pl Dopstay + AL + (ALY [tych]

< —<8 (u(p+tkh) ,& (u(p+tkh)>

- /1‘{) (u, u)p/((p)tkh .

(C((p+tkh) + A‘f + <8(u) ) 8 (u)>(C’((p)tkh

Recalling the identities

(€(u), 5(’1)>C(<p) =7 (u, 'I)p(,p),

u
h
(&™), (1)) cigugmy = AT () iy

forallp € H)(Q; RY), a straightforward computation reveals that
— AP 28 (APY [t

@
< (8, EW) e gy macig)-cigem + AT (U U) pigprt-p(@)-p/ @ik
@+tyh
+(E(w), Eu - u?™ )>C(lp+tkh)—(C((p)—<C’(qJ)tkh
tih @+tch tyh
+(E(w), E(u-u?™ )>(C/(‘P)tkh AT, u - u >p(<p)fp(tp+tkh)

+ (AP A8y (- w R (AP 2 (u, u)

p(p) plg+th)-p(ep)”

Recalling the convergence property (5.11), that p and C are of class Clloc, that @ — A'l" is locally Lipschitz
continuous according to Lemma 4.5, and that
(E@), €)oo € (HH@RY)

we conclude that the right-hand side belongs to o(t;) as k — oo.
On the other hand we assumed

ety < —A‘f”"h + A% + (A?) [t,hl,

which is obviously a contradiction as the inequality cannot hold for k sufficiently large. This proves (5.10).
Now, (5.8) directly follows from (5.9) and (5.10) and thus, the proof is complete. O

5.3 Fréchet differentiability of eigenvalues and their corresponding eigenfunctions

If the considered eigenvalue is simple, we can even obtain stronger differentiability results in the Fréchet
sense. To be precise, if for i € Nand ¢ € H'(Q;R") 0 L=(Q; RY), the eigenvalue A? associated with ¢ is
simple, then A¥ and any fixed L3,(2; RY)-normalized eigenfunction w are even Fréchet-differentiable with
respect to . This is established by the following theorem:
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Theorem 5.3 (Fréchet-differentiability of simple eigenvalues and their eigenfunctions).  Let ¢ €
HY(Q;RY) N L=(Q; RN) be arbitrary and suppose that for i € N, the eigenvalue A? is simple. We further
fix a Ly (Q; RY)-normalized eigenfunction w¥ to the eigenvalue A? .

Then there exist constants 5;”, rlf" > 0 such that the operator

S¥ : Byo(p) C HH(QRY) NL™(QRY) = Boo (¥, AP)) € Hp(sRY) xR,
9— (W?, /\}9) ,
is well-defined and continuously Fréchet differentiable. Here, w;-9 denotes the unique Lf,(Q;Rd)-normalized
eigenfunction to the eigenvalue /1;-9 satisfying the sign condition (4.22) written for h = 9 - ¢.

Moreover, for any h € H LQ; RN) N L°(Q; RN), the Fréchet derivative ()l? )/h of the eigenvalue A;-" at9 c
Bgo (@) in the direction h reads as

(A8)'h = (s;{’z(s))'h - (e, ewd) - A7 /Q p'@)h|w? ? dax, (512)

C'(9)h

i

/
and the Fréchet derivative (W'9 ) h := (Sg’l(S))/h € H})(Q; RY) of the corresponding eigenfunction w? at9in
the direction h is the unique solution of

(ewdym.em) A7 /Q p(OW?)'h - n dx
_ lew? 9 [ 9w -
-~ (eowPr.eo)_ a? [ p@mwd nax (513)
+ (AR / p@w! - ndx,
Q
forall p € Hy(Q; RY), that fulfills

1 2
(wfymwt) o ==3 [ p'©n|w? ax. (5.14)
Q

To prove of this theorem, we intend to apply the implicit function theorem (see, e.g., [44, Theorem 4.B]).
Therefore, it is essential to show a bijectivity condition. In our setting this condition will be fulfilled if a certain
PDE resulting from the eigenvalue equations has a unique solution. To show this existence and uniqueness
we need to apply the Fredholm alternative established by Lemma 5.4.

In the following, we use the space

H Q3R = (Hh(Q;RY)
along with the canonical embedding
LR — HYQ,RY, v (11 o (v, q)p(q,)) . (5.15)
In particular, the duality pairing is given by
(s '>H-1,H1 =(, ')p((p) .

Lemma 5.4 (Fredholm alternative for the eigenvalue problem). Let @ ¢ H*(Q; RN) N L>°(Q; RY) be arbitrary
and suppose that for i € N, the eigenvalue /1;” is simple. We further fix a LZ(,,(Q; R%)-normalized eigenfunction
w? to the eigenvalue A?.

Then there exists a solution u € H}7(Q; R%) of the equation

(E), (M) — AP (u, W) = F> M a1, 15 (5.16)
forall n € Hy(Q;RY) if and only if f € H™'(Q; RY) fulfills
<f, W?’>H’1,H1 =0.
2 d
In this case, thereis a unique solutionu in H},(Q; R%)N (w;”)slp;Ln“’(Q’R )
asu' + aw? for some a € R.

, and any other solution can be expressed
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Proof. Suppose that f € H™1(Q; R?). Then, u € Hp(Q; RY) is a solution of (5.16) if and only if
(€@, M) = Au+fin)y g
forallp € Hj(Q; RY). As
(€()s €N : HHQRY) x HH(QRY) — R,
is a continuous, coercive bilinear form, we are able to define a continuous and compact operator
Lt HYQRY) - HY(Q;RY < HHQRY), g uf,
that maps any right-hand side g € H™1(Q; R?) onto its unique solution u¥ € Hp(Q; RY) of
(€ (uf), €M)y = (8 Mp,m » (5.17)

forall n € HL(Q;RY).
In the following we understand H 1(0; ]Rd) as a Hilbert space endowed with the scalar product

(8 k)= (E(L78), (L7 R)) gy

Indeed, this defines a scalar product as L1 is injective. Note that due to (5.17) and the the fact that
(€()» €())c(gp) Is a scalar product on H}(Q; R9), the norm induced by (-, -); -1 is equivalent to the canonical
operator norm on H1(Q; RY), which guarantees completeness of this space with respect to this new scalar
product.

In the following, we write R(-) and N(-) denote the range and the null space of a linear operator, respec-
tively. It is easy to see that L™! is self-adjoint with respect to this scalar product. Furthermore the following
equivalences follow by a straightforward computation:

Ju € Hp(Q; RY) that solves (5.16),
& JuecHHBRY: u-ALu=L7"f, (5.18)
& L'feRUd-APLY.
Since L' is compact, we have that
1d-22L7" : HY(Q;RY — HH(Q;RY),
is a Fredholm operator. In particular, we thus know that
RUId-2L™) ¢ HH(Q;RY,
is closed and
RUd -APL™Y) = N(Id - AP L)L @R,
Since L1 is self-adjoint, we infer that
L'feRId-APL™) « WweNId-APL™): (L7'f,v),, =0, (5.19)
& WeNUId-APL™): (f,L7'v),, =0.
It further holds that
veNId-AfL™)
& Ve Hp@QRY : AP(Lv,m)y = (Vi) g
vn € Hp(Q;RY : AP (L7, M) ) = (EL7V), (1))
Llve Hll)(_(); Rd) is an eigenfunction to the eigenvalue )[lfl’

L'v e (W#)span C pr(Q;Rd),

1

(I
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where the last equivalence holds since A?’ was assumed to be simple and therefore, the corresponding
eigenspace is one-dimensional. In view of (5.19), this means that

L'feRUA-APL™) « weNId-APL™Y): (f,L7'v),, =0

® (5.20)
e (fwl),. =0
We further know that
_ 1
L'w? = ﬁw;” € Hp(Q;RY)
1
Hence, since L™'f is a solution of (5.17), we have
P — -1 -1,,¢
1wt~ (e ()6 (1W9)),,
(5.21)

_ 1,9 _ 1 @
B <f’L Wi >H71,H1 - F <f’ Wi >H’l,H1 :
Combining (5.18), (5.20) and (5.21), we conclude that
Ju € H)(Q; RY) that solves (5.16)
& L'feRUd-APL™)

e (f Wlfp>H*1,H1 =0.

This proves the first assertion.
Let us now assume that (f, w?) , ., = 0and let

P;p : Lz(p(.Q;Rd) — <W;p>span - Lzo(-QﬂRd),

denote the orthogonal projection onto the linear subspace <W;p>span with respect to the scalar product on
Lé,((); R9). For any solution u € Hy(Q; R9) of (5.16) we obtain from the decomposition u = (u - P?’(u)) +
P? (u) that

Fsmprm = <8(" - P;p(u)>’ 8<n)>c(:p) - Az"p (u - P;p(u), n)p((p)'
Hence, it also holds that

1,12 (Q;RY)
ut = u-PP(u) € HH(Q;RY) N (W®)gpu?

fulfills equality (5.16). Uniqueness of the solution u* follows from the simplicity of A;” and the linearity of
equation (5.16). In particular, any solution u € Hj(Q; R?) can be expressed as

u=ut + P (u) = ut+ aw?
for some a € R. This completes the proof. O

We can now use the Fredholm alternative to prove Theorem 5.3.

Proof of Theorem 5.3. As mentioned above, we intend to apply the implicit function theorem to prove the
assertion. To this end, we define the operator

F: (HYQ;RY) N L=(Q;RY)) x HH(Q;RY) xR — H 1 (Q;RY) xR,

-V - C9)E(Ww) - Ap(9Hw
(W, W), ~1 ’

9, w,A) — (

Here we canonically understand the first component of the right-hand side as an element of H -1(0Q; Rd), ie.,

<F1('9’ w, A)’ n>H*1,H}J = <8 (W) , € ('l))(C(B) -A (W’ n)p(S) ’
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forall n € Hp(Q; RY). First of all, it is clear that ¢ € H'(Q; RY) N L=(Q; RV), the eigenvalue AY ¢ R and the
corresponding representative wlf” € HL(0; RY) satisfy
Y A
F(p,w!,AP) =0.

To apply the implicit function theorem, we need to show that F is of class C! on a suitable neighbourhood of
((p, W?’, /1?’) . For this purpose, we show that all partial Fréchet derivatives are continuous at any point in the
domain of definition of F. Formally computing the partial derivatives at a point

9, w, D) € (H'(Q;RY) N L=(Q; RY)) x HH(Q; RY) xR,
in the direction

(h,u, ) € (H'(Q;RY) N L=(Q; RY)) x HH(Q; RY) xR,

gives
09F1(9, w,)h = -V - C'(9)hE(W) - Ap' (9 hw, (5.22a)
owF1(9, w, Du =-vV - C(9)E(u) - Ap(u, (5.22b)
F1(9, w, D = —up(9)w, (5.220)
0gF>(9, w, )h = / 0 (9h |w|? dx, (5.22d)
Q
owF»(9,w, Du = 2/ p(@w - udx, (5.22e)
Q
01 F2(9,w, )y =0, (5.22f)

where the first two identities are to be understood in a weak sense. We can rigorously prove that the above
expressions are actually the partial Fréchet derivatives. Here, we will present a detailed proof only for (5.22a)
as all other derivatives can be verified analogously. We first notice that for any fixed (9, w, A) € (H HO;RN)N
L=(Q;RV)) x H})(Q; R?) x R, it holds that

[h — dgF1(9, w, A)h} €L (Hl(Q;RN) N L=(Q;RY), H‘l(Q;Rd)) . (5.23)

Indeed, the linearity of the above mapping is clear and the boundedness properties (2.3) and (2.9) of C and
p, respectively, along with H6lder’s inequality imply the existence of a constant C > 0 such that

||03F1(t9, w, A)HL(HlﬁL”,H’l)

= sup sup <8(W),8('l)>@(,9)h+/‘/p’(~9)hW'ndX
0

Il e =1 Il =1

< Clwll g oira) -
It further holds that
HFl(s + ha w, A) - Fl(s, w, A) - asFl('g’ w, A)hHH’l(Q;]Rd)
< sup  |(EW), E(M)ceerm — (€ W), E (M) gy — (EW), EM))cr (o)

1 1

+  sup |A\/ p(8 +h)~p(9) - p' (k| [w - n| dx.
1 Jo

L

Now, proceeding similarly as in [10, Proof of Thm 3.3], we invoke the local Lipschitz continuity of the first
derivatives of C and p to conclude that

|C9 +h) - C9) - C' (||, gz € 0 (Ihll~@rm) »
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||p(09 + h) —p(o9) —Pl(s)h”Lm(Q;Rw) c€o (Hh||L°°(Q;RN)) .
Hence, Holder’s inequality yields
HFl(Ig + h, w, A) - F1(|9, w, A) - 69F1(8, w, A)hHH’l(Q;Rd) €o (”h”Hl(Q;RN)mLN(Q;RN)) s

which proves that dgF1(9, w, A) is indeed the partial derivative of F; with respect to 9 in the Fréchet sense.

It remains to prove the continuity of the partial Fréchet derivatives. Here we also present the proof only
for (5.22a) as the continuity of the other partial derivatives can be established similarly. Let (95, Wn, An)nen
denote any sequence in (H'(Q; RY) n L=(Q; RV)) x H}(Q; RY) x R satisfying

(9n, Wn, An) = (9, w,A)  in (H'(Q;RY) N L=(Q; RY)) x Hp(Q; RY) xR,
for n — oo. Then it holds that

sup ”agFl(sn, Wi, An)h — 0gF1(9, w, A)hHH—l(Q;Rd)

HhHHlmezl

< sup sup  [(E(Wn), €M) cr(9,)n — (EW), EMM)c/(9)n|

Bl pee=1 Il =1

+ sup sup
IRl pee=1 Il =1

//tnp’(sn)hwn-ndx—/ Ap'(9hw - ndx|.
Q 0

Applying Holder’s inequality, and recalling again the local Lipschitz continuity of the first derivative of C and
property (2.9), we infer that

|(E€Wn), €M) cr9,0n = (€W, EM)) ¢/ 9y
< |[(E(wn), EM)cr9,yn — (EWn), EM)) ¢/ (o)
+ |(Ewn), E()) crgyn — (EW), EM)) ¢/ (g)n|
< C (1190 = Ol 1Wnll gy + 11Wn = Wiy .20
Nl 1M ey -

Arguing similarly for the second summand, we obtain

/ Anp’ (9n)hwy, - pdx —/ Ap'(9)hw - ndx
Q 0

< +

/‘n/ p/(lgn)hWn * 'l - p/(s)hWn M 'l dX
Q

M= A) /Q o' (9)hwy - dx

+

)l/ o (9)hwy -n - p'(9)hw - ndx
Q

< (118 = Ollg vz Wy ey + A = AL Wl gy g0
+ W = Wilgyamey ) IRl 10y om0 -
Hence, after taking the suprema, we conclude that

H6.9F1(3n,wn,/ln)—09F1(.9,w,/l)| —)O,

‘L(H1(Q;]RN)QL‘”(Q;RN),H‘l(Q;Rd))
as n — oo. In summary, this implies that
F: (HY(QRY) N L=(Q;RY)) x HH(Q;RY) xR — H 1 (Q;RY) xR,

is continuously Fréchet differentiable.
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We next need to show that the partial derivative
OwnFlp, w? A?) : Hp(Q; R xR — HH(Q;RY) xR
is an isomorphism. Regarding injectivity, we consider
owF(@, w?, AP u+ 0,F(p, w?, Ay = ¢, 1 Flp, w¥, AP)(u, p) = 0,
which is equivalent to the equations
(€, € M) e = AP (s M)~ 1 (WE M) ) = O, (5.24)
forall n € H)(Q; RY) and

2 (u,w?) 0. (5.25)

plg) ~

Testing (5.24) with n = w¥ ¢ H},(Q; R?) immediately yields y = 0, as w¥ is an L3(Q; RY)-normalized eigen-
function. As )[lfl’ is assumed to be simple, we obtain from (5.25) that u = 0. This shows that the operator is
injective.

To verify surjectivity we take an arbitrary tuple (f, x¥) € H™'(Q; R?) x R and we need to show that there
exists a solution (u, u) € H})(Q; R%) x R of the system

(€, ¢ ('l)><c(¢) - A;p (u, n)p(¢p) —-H (W;p, 'l)p(,p) =, M1 gs

.26
2 (u,w?) (526)

plg) = 10

forall n € Hp(Q; RY). Choosing u = —(f, w¥) 1 g1, we infer that a solution u € Hj(Q; R?) needs to fulfill
(E), €M)y —/\fp W, M) pp) = > Mpr.m — (F, W?)H'l,Hl (W,{p, 'l)p(q,), (5.27)
for all n € H5(Q; RY). Testing again with the normalized eigenfunction w? € Hj(0; R9), we deduce that
Fwhhgm =, wlga (WP, w?’)p(q)) =0.
N . T 1 d @\ 1Ly (QRY .
Hence, Lemma 5.4 implies the existence of a functionu~ € Hp(Q; R)n (W) span , such that any solution

of (5.27) can be written as u~ +awl‘.” e Hll) (Q; RY) and vice versa. Using the second equation of (5.26), we finally
conclude that

K
(uh+ Swl.~(F, wh)) € HH (O RY) xR, (5.28)

is a solution of (5.26).
In summary, this proves that

dwnFl, w? A?) : HhH (% R) xR — HH(Q;RY) xR

is bijective, and thus an isomorphism.
As now all requirements are verified, the implicit function theorem can be applied to the equation
F (@, w?,2?) = 0.1t implies that there exist radii ro, r¥ > 0 such that the mapping

Sf : Bro(@) C H'(QRY) N L™(QRY) = Byo (W), A?)) C Hp(Q;RY) <R,
is well-defined, continuously Fréchet differentiable and satisfies

F(9,5%(9) =0,
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for all 9 € By,(¢p), where SP(9) is the unique element fulfilling S¥(9) € B,o (W?, A¥)) and satisfying this
equation. In particular, this means that

(e(st@)em),, =5H® [ p@)st,® - nax,

(5.29)
| p@Ist O dx-1,

forall n € Hp(Q;RY), and thus, S¥.(9) € Hp(0; RY) is a L}(Q, RY)-normalized eigenfunction to the eigen-
value S"’ 9).

However, it is still not clear whether the eigenvalues S g’l (9)and /1;-9 are actually identical. By construction,
it holds that S? (@) = (w?¥, A¥). We now recall that, according to Lemma 4.5 and Lemma 4.8, both 9 — A
and 9 — w;.9 are continuous on a suitable neighbourhood around ¢ € H'(Q; RV) N L>°(Q; RY). In particular,
we recall from Lemma 4.8 that this neighbourhood is chosen in such a way that /1;-9 is simple, which will be
needed later. In combination with (5.29) and the uniqueness of S;”(S), we conclude that there exists a radius
8% € (0, ro] such that

(w2, A7) =5%(9) forall 9 € Byl(ep). (5.30)
Via restriction to the ball B (), we can thus rewrite the operator S;” as

S? : Bgo(gp) € HY(Q;RY) N L=(Q;RY) — HH(Q;RY) xR,

9 (w? A?).

It remains to compute the Fréchet derivative of 51{1’ at a point 9 € Bgo (), which means computing the
desired Fréchet derivatives of the i-th eigenvalue and the corresponding eigenfunction with respect to 9.
To this end, let 9 € Bgo () be arbitrary. Using the chain rule, we conclude that the Fréchet derivative

(7)) k= (wiYn, 0¥V'n),
satisfies the equation
Ow.F(9, Si(9) ((w}q)'h, (Af’)’h) = -09F(9,5;(9)h in HY(Q;RY) xR (5.31)

for any direction h € H'(Q;RN) n L=(Q;RY). Note that we will omit the exponent ¢ in S;” for a clearer
presentation. With the partial derivatives computed in (5.22a)-(5.22f) we obtain

V. [(C’(s)he(w?)] — 90" (9)hw?

09F(9, Si(9)h = c HY(Q;RY) xR,

JoP'
forall h € H (Q; RY) 0 L>=(Q; RY), and
Ow,nF(9,8i(9))(u, 1) = 0wF (9, Si(9))u + 0,F(9, S;(9))p

) (-v - C(9)EW) - A2p(9u - pup(9)w?

. e HY(Q;RY) xR,
2 pr(.fi)w;9 -udx

for all (u, u) € Hll) (Q; RY) x R, Consequently, (5.31) is equivalent to the system (5.26) written for
.0 = (WY R, AYR),
f=V-[C@OnEW))] +A]p' (@hw?,

_/ p'()h|w? | dx,
Q
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with ¢ replaced by 9 € B (¢). Recalling the Fredholm alternative 5.4, and noting that /1;9 is simple by its
construction, analogously as in (5.28) we deduce that u = - (f, w?} g-1,11, Which directly yields

9/ 9 9 9 92
(Ai ) h = <8(Wl ), E(Wl )>C/(9)h — /\i /;2 pl(s)h|wl | dx.

Plugging the above choices for u, y, f and x into (5.26), we conclude that (wlf”)’ h satisfies

(ecwtym.eon) -7 [ p@)wdh-nax

- (e em) | +A? /Q P/ (9)hw? - qdx (5.32)

C’'(9h
9v/ 9
+(A9)'n / p(OW? - ndx,
0
forall n € H)(Q; R?), and

N 9 _K__l / 9|2
((Wi)h’wi)p(s)_f_ 2/Qp(&)h‘wl] dx.

This completes the proof. O

6 Eigenvalue optimization

We can now apply the theory developed in Section 3 and Section 4 to show that the optimization problem
(?%) (that was introduced in Subsection 2.6) possesses a minimizer if the set §™ N U, is non-empty. Here, the
assumption that the set of admissible phase-fields is non-empty is actually necessary as the sets So and S;
could be chosen in such a way that no ¢ € U, can have the desired regularity H LQ;RM).

Theorem 6.1 (Existence of a minimizer to (P})). Suppose that the set G™ N U, is non-empty. Then the problem
(P7) possesses a minimizer @ € G™ N U.

Proof. To proof the assertion, we apply the direct method in the calculus of variations. Recalling that ¥ is C*
and bounded from below, we first observe that the objective functional is bounded by

—cy < J5(p) < oo forall @ € Fq=G"nNU..
Since F,q is non-empty, the infimum

J = ‘piengfad] (@)

exists in R. Thus, there exists a minimizing sequence (¢, )
fact that (), is bounded in H'(Q; R"), we infer that

ren C Taa with J(gy) — J as k — oo. Using the

keN

@, — @ inH(QRY), ask— oo,
along a non-relabeled subsequence. As the sequence ((pk) lies in G™ it is also bounded in L*°(Q; RN).
Hence, Theorem 4.4 implies that

keN

A;fk — A;f, as k — oo,
forallj = 1,..., 1 As ¥ is continuous and the Ginzburg-Landau energy is weakly lower semi-continuous,
we conclude that
Ji (@) < liminfJj(¢,) =].
k—so0

This directly implies that J§(¢) = J and thus, ¢ is a minimizer of the functional J on the set F,4. This completes
the proof.
O
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Now, invoking the differentiability properties established in Section 5, we can derive a first-order necessary
condition for local optimality.

Theorem 6.2 (The optimality system to (P})). Let @ € (§™ nU.) be a local minimizer of the optimization
problem (P7), i.e., there exists § > O such that

Ji(9) = Ji(g) forall € §™ N Uc with ||9 - @| i rmynr=(a:ry) < -

Suppose that the eigenvalues /\?1’, . ,/\?I’ are simple and let us fix Ly(Q;R%)-normalized eigenfunctions
wlf’l’, e, W?I’ € H}(Q; RY) to the eigenvalues A;’l’, e, A;’l’, respectively.
Then the following optimality system is satisfied:
e The state equations
V- [C@ew?)| = Apl@w?  ino,
wlf‘; =0 onTp, (SEj)
[(C((p)e(wg’)} n =0 onTly,

are satisfied forallj € {1,...,1}.
e The variational inequality

< . — l / —
o_we/ng-vw <p)dx+g/gwo(<p)(s ) dx
1
+Z{[ah;p](;t;f,...,/t;f) <<e(w;f),e(w;f) %
j=1

—A,?;’/Qp'(<p)(9—<p)|wg’}2dx>}

><C/(<p)(87<p)

is satisfied for all 9 € (5™ NU¢) andallj € {1,...,1}.

Proof. Since G™ N U, is convex, it holds that ¢p + t(9 - @) ¢ ™" N U, forall9 ¢ G NnUcandall ¢ < [0, 1].
As the objective functional J f is differentiable in every admissible direction 9 - ¢, we know that

d
0= 2Ji (@ +t-9))|_,= U (9)0- ).
Using (5.12) in Theorem 5.3 it is now straightforward to check that ()’ (¢)(9 - ¢) is identical with the right-

hand side of the variational inequality. This completes the proof. O

Remark 6.3. If the first eigenvalue A‘f is not simple but only /1‘{’ and further simple eigenvalues appear in
the objective functional, we can still derive a variational inequality by means of the semi-differentiability

established in Theorem 5.2. This is because in the above proof only variations ¢ + t(9 — ¢) with positive ¢ are
considered.

To be precise, let us assume that the multiplicity of the eigenvalue Af is M € N. This means that
Q_10_  _ 9
Al =25 =...=4}.
If now AY appears in (P$) but none of the eigenvalues AY = ... = A%} does, the term

2

>

(W), 6V oy =17 [ 7/ 0)(0- @) W
in the variational inequality has to be replaced by

uec H})(Q;Rd) isan
inf ¢ (), 8(u)>C,(¢)(87‘p) -Af (u, ), () 9-p) | eigenfunction to A9

with [[ull; (o;re) = 1



194 — H. Garcke et al., Shape and topology optimization involving the eigenvalues DE GRUYTER

Of course, if A‘l” is simple (i.e., M = 1) both terms coincide.
In the following we will only discuss the case of simple eigenvalues, but keep the fact in mind that it is
not necessary to require simplicity of the first eigenvalue.

7 Combination of compliance and eigenvalue optimization

We now want to analyze the optimization problem (X7) (that was introduced in Subsection 2.7) by establishing
results similar to those in Section 6 To this end, we will use the control-to-state operator

S:HYQ;RY) N L=(Q;RY) - HE(Q;RY), @ — u(ep)

that was introduced in [10] and maps any ¢ € H LQ; RY) N L=(Q; RY) onto its corresponding solution u =
u(¢p) of the state equation (2.17). This allows us to consider the reduced optimization problem

min  I;(p) = aF (S(@), @) + Blo(S(), @) +VE* (@) + ¥(A?, ..., AP)
st. @ eSG™nUc, (217)is fulfilled, (K5

and A?:’ e Ag’ are eigenvalues of (3.1)

(witha, 2 0,~,e>0and m e (0, 1)Y N =N), which is obviously equivalent to the original problem (X7).
The following theorem ensures the existence of a minimizer to (Kf*) or (X7), respectively.

Theorem 7.1 (Existence of a minimizer to (X§")). Suppose that the set G™ N U. is non-empty. Then the problem
(X5") has a minimizer @ € G™ N U..

Proof. The assertion can be verified by simply combining the proof in [10, Thm 4.1] and the proof of Theo-
rem 6.1. Therefore we omit the details. O

From the differentiability properties deduced in [10] and in this paper we obtain a variational inequality for
the problem (X7). Note that for v € (0, 1), the functional J, is in general not differentiable where the integral
raised to the power v is equal to zero. Hence, as in [10], we only consider (u, ) such that

/ c(1-¢") lu-ug|* dx #0,
Q

if B #0.
Eventually, we can state the optimality system for the combined problem where the first-order necessary
condition for local optimality is incorporated.

Theorem 7.2 (The optimality system to (fK‘f*)). Let @ € (9"’ N U,_-) be a local minimizer of the optimization
problem (leE*), i.e., there exists 6§ > O such that

I;(9) = Ij (@) forall9 € G™ NUc with |9 - @|| 1 (0:pv)nr=(a:r) < O-

Suppose that the eigenvalues /1;’1’, .. ,/Ig’ are simple and let us fix L%,,(Q;Rd)-normalized eigenfunctions
w?l’, e, w;’l’ e H5(Q;RY) to the eigenvalues /1?1’, e, A?I’, respectively.
Then, there exist a state u € H3(Q; R?) and an adjoint state p € H:(Q; RY) such that the tuple

1 1
(u, ®.p. (W), (/lij),.:l)
€ HH(Q;RY) x (™ N Ue) x HA(Q; RY) x (HH(2;RY) < R!

fulfils the following optimality system:



DE GRUYTER H. Garcke et al., Shape and topology optimization involving the eigenvalues

e The state equations

v - [Cl@)e@)

—
Il
—~

1-on)f inQ,

u =0 onlg,
[C(@em)|n =g onrg,
and
V- [C(lp)E(w;f)} - p(pw?  ino,
wg’ = onTlyp,
[(C((p)g(wlff)} n =0 on I,
forj=1,...,1, are satisfied in the weak sense.

e The adjoint equation

-V [C@)ED)] =a(l-on)f .
+2Bvio(u, @) v c(1-oy) u-ug) inQ,
p=0 onTltg,
[C(p)e(p)|n=ag onTrg,

is satisfied in the weak sense.
e The variational inequality

) (9 - 1 [ v (9
0 _fya/QV(p.V(s (p)dx+£/gl[)0((p) 9 - @) dx
~Bulo(u, @7 [ c(8" - ") lu-uol dx
Q

- /Q (8" - o")f - (au + p) dx - (D), EW)c(py(a-g)
C'(p)I-)

l
.S {[a;t;l’] (A2,...,2?) <<6(wg’), ew?))
j=1

Af [ p@ - o)l ax) },

is satisfied for all 9 € ™ N U..

— 195

(SE")

(SE;)

(AE)

vr)

Proof. Using the properties of the control-to-state operator S, the assertion can be proved proceeding simi-

larly as in the proof of Theorem 6.2.

O
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