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Abstract

The theory of causal fermion systems is a new approach to describe theoretical physics
by means of a variational principle, the so-called causal action principle. It aims to
provide a unified description of quantum mechanics and general relativity. Following the
principle of least action, minimizers of the causal action principle in the class of regular
Borel measures are considered as relevant physical objects whose support is interpreted as
physical spacetime. In order to analyze the existence theory of the causal action principle
in sufficient generality, it is useful to consider more general causal variational principles.
The variational principle is then to minimize integral expressions of an underlying non-
negative Lagrangian on topological spaces in a suitable class of measures. The aim of this
thesis is to analyze the existence of minimizers of causal variational principles on non-
compact topological spaces in more detail. It is shown that, under suitable assumptions on
the Lagrangian, the existence of minimizers in the class of regular Borel measures on non-
compact second-countable locally compact Hausdorff spaces can be proven. Afterwards,
this existence result is extended to causal variational principles on non-locally compact
Polish subspaces of infinite-dimensional separable Banach spaces. Finally, for minimizers
in the class of so-called strictly negative definite measures in the strong sense, the Euler-
Lagrange equations in momentum space in the homogeneous setting are derived.

Zusammenfassung

Die Theorie kausaler Fermionsysteme ist ein neuartiger Zugang zur Beschreibung
theoretischer Physik mithilfe eines Variationsprinzips, das als kausales Wirkungsprinzip
bezeichnet wird. Die Theorie ermöglicht eine mathematisch einheitliche Formulierung
relativistischer Quantentheorie und Allgemeiner Relativitätstheorie. Dem Prinzip der
kleinsten Wirkung folgend werden Minimierer des kausalen Wirkungsprinzips in der
Klasse der regulären Borel-Maße als physikalisch relevante Objekte aufgefasst, deren
Träger als physikalische Raumzeit interpretiert wird. Zur Entwicklung und Analyse
der Existenztheorie von Minimierern des kausalen Variationsprinzips in hinreichender
Allgemeinheit erfolgt die Betrachtung allgemeinerer kausaler Variationprinzipien, bei
welchen ein Wirkungsintegral über eine zugrundeliegende positive Lagrange-Funktion auf
topologischen Räumen in einer geeigneten Klasse von Maßen minimiert wird. Das Ziel der
vorliegenden Arbeit besteht in einer eingehenden Untersuchung der Existenz von Mini-
mierern kausaler Variationsprinzipien auf nichtkompakten topologischen Räumen. Unter
geeigneten Annahmen an die zugrundeliegende Lagrange-Funktion wird die Existenz von
Minimierern kausaler Variationsprinzipien in der Klasse der regulären Borel-Maße auf
nichtkompakten zweitabzählbaren lokalkompakten topologischen Hausdorff-Räumen be-
wiesen. Im Anschluss daran wird dieses Existenzresultat auf kausale Variationsprinzi-
pien auf nichtlokalkompakten polnischen Unterräumen unendlich-dimensionaler separa-
bler Banachräume übertragen. Im homogenen Fall werden schließlich die Euler-Lagrange-
Gleichungen im Impulsraum für Minimierer in der Klasse sogenannter strikt negativ defi-
niter Maße im starken Sinne hergeleitet.
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CHAPTER 1

Introduction

The theory of causal fermion systems is a new approach to describe theoretical physics
by means of a variational principle. It aims to provide a unified description of quantum
theory and general relativity. In the physical theory of causal fermion systems, spacetime
and the structures therein are described by a minimizer of the so-called causal action
principle (for an introduction to the physical background and the mathematical context,
we refer the interested reader to Chapter 2, the textbook [59], the survey articles [62, 64]
as well as the web platform [1]). For clarity, let us first recall the definition of a causal
fermion system according to [59].

Definition 1.0.1. Let H be a separable complex Hilbert space together with a scalar
product 〈.|.〉H, and denote by L(H) the set of bounded linear operators on H. Moreover,
given a parameter n ∈ N (the so-called “spin dimension”), we let F ⊂ L(H) be the
set of all self-adjoint operators on H of finite rank, which (counting multiplicities) have
at most n positive and at most n negative eigenvalues. Furthermore, let dρ be a positive
measure on F (defined on a σ-algebra of subsets of F), the so-called universal measure.
We refer to (H,F, dρ) as a causal fermion system.

Given a causal fermion system (H,F, dρ) together with a non-negative function

L : F × F → R+
0 := [0,∞)

(the Lagrangian), the causal action principle is to minimize the causal action S defined
as the double integral over the Lagrangian

S(ρ) =

ˆ
F

dρ(x)

ˆ
F

dρ(y) L(x, y)

under variations of the measure dρ within the class of regular Borel measures on F

under suitable side conditions. Causal variational principles evolved as a mathematical
generalization of the causal action principle [56, 65] in order to study the existence
of minimizers in sufficient generality. The aim of this thesis to work out the existence
theory of minimizers for causal variational principles under suitable assumptions on the
Lagrangian L in the case that the underlying topological space F is non-compact.

In order to put the thesis into the mathematical context, let us review the results
concerning the existence theory of minimizers for causal variational principles so far. To
begin with, in [53] it was proposed to formulate physics by minimizing a new type of
variational principle in discrete spacetime. The suggestion in [53, Section 3.5] led to
the causal action principle in discrete spacetime, which was first analyzed mathemati-
cally in [54]. A more general and systematic inquiry of causal variational principles on
measure spaces was carried out in [56]. In particular, variational principles in the so-
called homogeneous setting were considered in [56, Section 4] in order to deal with an
infinite number of particles in an infinite spacetime volume. The main advantage of the
homogeneous setting is that it allows for Fourier methods, thus giving rise to a natural
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correspondence between position and momentum space. As a consequence, one is led to
minimize the causal action by varying in the class of so-called negative definite measures,
and the existence of minimizers on bounded subsets of momentum space is proven in [56,
Theorem 4.2]. The structure of minimizers was analyzed in more detail in [12, 68]. Fol-
lowing the basic concept of causal fermion systems, the resulting Euler-Lagrange (EL)
equations are of particular physical interest. Apart from the physical consequences of
the EL equations outlined in [53], a mathematical analysis of the EL equations was car-
ried out in [12]. Moreover, assuming the existence of a minimizing measure, in [65] the
corresponding EL equations are worked out in the case that the underlying topological
space F is a compact manifold. The EL equations in the homogeneous setting, on the
other hand, have not yet been worked out.

The aim of this thesis is to extend the previous existence results to the non-compact
setting. More specifically, the existence theory of minimizers for causal variational prin-
ciples shall be developed for a non-compact topological space F. The first step towards
this goal is to infer the existence of minimizers on compact subsets of second-countable,
locally compact topological Hausdorff spaces in the class of normalized Borel measures.
By exploiting σ-compactness of such topological spaces, the existence theory of minimiz-
ers is then extended to the whole second-countable, locally compact topological Hausdorff
space under appropriate assumptions on the Lagrangian (the so-called “locally compact
setting”). Since every finite-dimensional manifold is a second-countable, locally compact
Hausdorff space, the obtained existence result applies in particular in the case of an un-
derlying finite-dimensional non-compact manifold. Next, under suitable assumptions on
the Lagrangian, the existence results obtained in the locally compact setting are applied
in order to deduce the existence of minimizers in the case that F is a non-locally compact
Polish subspace of an infinite-dimensional separable Banach space (the so-called “non-
locally compact setting”). In particular, the existence result derived in the non-locally
compact setting applies to the regular Banach manifold considered in [67]. In both the
locally compact and the non-locally compact setting, the corresponding EL equations will
be outlined. The existence theory of minimizers for causal variational principles in the
homogeneous setting, on the other hand, is not accomplished in this thesis. Instead, the
structure of the resulting EL equations in momentum space is worked out under appro-
priate assumptions. A possible strategy to develop the existence theory of minimizers on
whole momentum space in the class of negative definite measures is to essentially make
use of the obtained EL equations by applying suitable scaling arguments. A detailed
analysis of the existence theory in the homogeneous setting under physically reasonable
assumptions shall be postponed to future publications.

The thesis is organized as follows. In Chapter 2, we give a short introduction to the
theory of causal fermion systems. After putting the theory of causal fermion systems
into the historical context (Section 2.2), we recall fundamental physical preliminaries
(Section 2.3). Next, underlying ideas concerning the principle of the fermionic projector
are outlined (Section 2.4). Afterwards, we present the main structures of the theory of
causal fermion systems in a concise way (Section 2.5). The reader not interested in the
physical background of the theory of causal fermion systems may skip this chapter.

In Chapter 3, we analyze causal variational principles in the locally compact setting.
We first give a short introduction (Section 3.1). Next, we recall the physical motivation
as well as the mathematical preliminaries (Section 3.2). Afterwards, we outline causal
variational principles in the σ-locally compact setting (Section 3.3). We then prove the
existence of minimizers for Lagrangians of compact range (Section 3.4). Afterwards, the
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results are extended to Lagrangians decaying in entropy (Section 3.5). In the appendix it
is shown that the obtained minimizers are non-zero (Appendix A.1). More precisely, the
goal of Chapter 3 is to prove the existence of minimizers of causal variational principles
on second-countable, locally compact Hausdorff spaces. Furthermore, the corresponding
Euler-Lagrange equations are derived. The method is to first prove the existence of
minimizers of the causal variational principle restricted to compact subsets for a lower
semi-continuous Lagrangian. Exhausting the underlying topological space by compact
subsets and rescaling the corresponding minimizers, we obtain a sequence of measures
which converges vaguely to a regular Borel measure of possibly infinite total volume. It
is shown that, for continuous Lagrangians of compact range (see Definition 3.3.3), this
regular Borel measure solves the Euler-Lagrange equations (Theorem 3.4.2). Moreover,
we prove that the constructed Borel measure is a minimizer under variations of compact
support (Theorem 3.4.9). Under additional assumptions, it is proven that this measure
is a minimizer under variations of finite volume (Theorem 3.4.10). We finally extend our
results to continuous Lagrangians decaying in entropy (see Definition 3.5.1). The results
of this chapter were published in the article [66].

In Chapter 4, the existence results obtained in [66] are extended to causal varia-
tional principles in the non-locally compact setting. We first give a short introduction
(Section 4.1) and recall the mathematical preliminaries (Section 4.2). Afterwards, causal
variational principles in the non-locally compact setting are introduced (Section 4.3).
After constructing a global measure (Section 4.4), the existence of minimizers for La-
grangians of bounded range is proven (Section 4.5). The results are then extended to
Lagrangians vanishing in entropy (Section 4.6). Finally, we analyze topological proper-
ties of spacetime (Section 4.7). In the appendix, we first study topological properties
of causal fermion systems (Appendix A.2); afterwards, the support of locally finite mea-
sures on Polish spaces is analyzed (Appendix A.3). From the conceptual point of view,
we provide a method for constructing (possibly trivial) measures on non-locally compact
Polish subspaces of infinite-dimensional separable Banach spaces which, under suitable
assumptions, are minimizers of causal variational principles in the non-locally compact
setting (see Definition 4.3.4). Furthermore, for non-trivial minimizers the corresponding
Euler-Lagrange equations are derived. The method is to exhaust the underlying Banach
space by finite-dimensional subspaces and to prove existence of minimizers of the causal
variational principle restricted to these finite-dimensional subsets of the Polish space un-
der suitable assumptions on the Lagrangian. This gives rise to a corresponding sequence
of minimizers. Restricting the resulting sequence to countably many compact subsets of
the Polish space, by considering the resulting diagonal sequence we are able to construct
a regular measure on the Borel algebra over the whole topological space (Theorem 4.4.3).
For continuous Lagrangians of bounded range (see Definition 4.3.7) it can be shown that,
under suitable assumptions, the obtained measure is a (possibly non-trivial) minimizer
under variations of compact support. Under additional assumptions, we prove that the
constructed measure is a minimizer under variations of finite volume (Theorem 4.5.6)
and solves the corresponding Euler-Lagrange equations (Theorem 4.5.7). Afterwards, we
extend our results to continuous Lagrangians vanishing in entropy (see Definition 4.6.1).
Finally, assuming that the obtained measure is locally finite, topological properties of
spacetime are worked out and a connection to dimension theory is established (Theo-
rem 4.7.3). The results were published in the paper [110].

In Chapter 5, we study causal variational principles in the homogeneous setting in
more detail. To this end, we first give a short introduction (Section 5.1) and recall
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variational principles in infinite spacetime volume (Section 5.2). Next, causal variational
principles in the homogeneous setting are introduced (Section 5.3). Afterwards, we derive
estimates for minimizing sequences of causal variational principles in the homogeneous
setting (Section 5.4). Unfortunately, although these estimates do imply boundedness of
minimizing sequences (with respect to the total variation), the lack of uniform tightness
does not allow for employing Prohorov’s theorem. This is the motivation for proceed-
ing in the spirit of [65] and [66] by first deriving the Euler-Lagrange equations. Apart
from being of physical interest, the hope is to employ the Euler-Lagrange equations in
order to establish the existence theory afterwards. For this reason, we first analyze the
causal action in the homogeneous setting (Section 5.5). Next, we consider auxiliary vari-
ational principles (Section 5.6), which allows us to derive the Euler-Lagrange equations
in momentum space under appropriate assumptions (Section 5.7). Finally, we put our
results into the physical context of causal fermion systems (Section 5.8). In the appendix
we give a justification of the side conditions under consideration (Appendix A.4). More
specifically, in Chapter 5 we derive Euler-Lagrange equations for causal variational prin-
ciples in the homogeneous setting for minimizers in the class of strictly negative definite
measures in the strong sense (see Definition 5.7.3). Our method is to proceed in sev-
eral steps: Under the assumption that the Lagrangian is continuously differentiable (see
Assumption 5.5.4), the initial step is to compute the first variation of the causal action.
Afterwards, we rewrite the first variation of the causal action in terms of momentum
space (Lemma 5.5.13). Analyzing the resulting expressions by means of auxiliary varia-
tional principles, we then derive a convenient representation of the first variation of the
causal action in terms of Lagrange multipliers (Theorem 5.6.8). By restricting attention
to appropriate variations of minimizers in the class of strictly negative definite measures
in the strong sense, we are finally in the position to deduce the desired Euler-Lagrange
equations in momentum space (Theorem 5.7.10).

In Appendix A, we compile some supplementary results to the previous chapters.
In Appendix A.1 we show that the measure constructed in Chapter 3 is non-zero. In
Appendix A.2 we derive some topological properties of causal fermion systems, and in
Appendix A.3 we analyze the support of locally finite measures on Polish spaces. More-
over, in Appendix A.4 we give a justification of the side conditions under consideration
in Chapter 5.

In Appendix B we collect selected mathematical definitions and results required in
this thesis. For the sake of convenience, we compile some basic definitions and results
concerning topology (Appendix B.1), measure theory (Appendix B.2), functional analysis
(Appendix B.3) and differential geometry (Appendix B.4).



CHAPTER 2

Introduction to Causal Fermion Systems

Abstract. We give a short introduction to the theory of causal fermion
systems. After putting the theory of causal fermion systems into the historical
context, we recall fundamental physical preliminaries. Afterwards, we enter
the underlying ideas of the principle of the fermionic projector and clarify its
connection to causal fermion systems. We finally outline the main structures
of the theory of causal fermion systems.

2.1. Introduction

The theory of causal fermion systems is a new approach to describe theoretical physics
by means of a variational principle. It aims to provide a unified description of quantum
mechanics and general relativity. Based on Dirac’s original concept of describing the
vacuum in terms of a completely filled “Dirac sea,” the theory of causal fermion systems
evolved from the “principle of the fermionic projector,” an approach which originated
by the attempt to resolve some of the shortcomings of relativistic quantum field theory.
The variational principle at the heart of the theory of causal fermion systems is known
as “causal action principle.” Spacetime and the structures therein are described by mini-
mizers of the causal action principle. The underlying picture is to think of “macroscopic”
spacetime as a certain limiting case (the so-called “continuum limit”) of a more funda-
mental “microscopic” structure which is described mathematically in terms of a so-called
“regularization.” In the continuum limit (that is, when the regularization is removed), the
resulting Euler-Lagrange equations give rise to an effective interaction which corresponds
to classical gravity as well as the strong and electroweak gauge fields of the Standard
Model.

Let us first recall some essential facts concerning modern physics. At present, there
are four known fundamental forces in nature, which are gravitation, electromagnetic in-
teraction, weak interaction and strong interaction. These four fundamental forces are
described by Einstein’s theory of general relativity (gravitation) and the Standard Model
of elementary particle physics (electromagnetic, strong and weak interaction). All ele-
mentary particles known at present are either fermions or bosons. Fermions are the sub-
atomic constituents of matter, comprising quarks and leptons. The fundamental bosons,
on the other hand, are the mediating particles of the various interactions: photons (elec-
tromagnetism), W± and Z bosons (weak interaction) and gluons (strong interaction).
Furthermore, there might exist not yet detected gravitons (gravitation). The Standard
Model successfully incorporates all known properties of strong, weak and electromagnetic
forces, whereas gravitational interactions are absent in the Standard Model. Thus it is
considered one of the great physical problems of this century to unify general relativity
and quantum mechanics [73, 94, 170].

In order to motivate the underlying ideas of the theory of causal fermion systems,
let us point out the following drawback of the Standard Model of elementary particle
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physics. The description of the Standard Model rests upon relativistic quantum field
theory. Unfortunately, one of the serious complications in quantum field theory is that
the theory is naively divergent in the ultraviolet region. More precisely, it turns out
that many physical quantities of interest are not integrable in momentum space due to
unbounded contributions for large momenta, that is, for high energies. In order to bypass
these divergences, physicists developed the so-called renormalization program, which is a
set of prescriptions for how to make sense of divergent integrals [94, 129]. To this end,
one commonly introduces an “ultraviolet cutoff” in momentum space, thereby “cutting
off” the region of high energies, a procedure known as “regularization.” Despite its
considerable success, this method of “regularization” seems artificial from the physical
point of view, and it is unjustified from the mathematical one. Or, to put it in Dirac’s
own words (cf. [103, p. 184]),

“I must say that I am very dissatisfied with the situation because the
so-called ’good theory’ does involve neglecting infinities in its equations,
ignoring them in an arbitrary way. This is just not sensible mathema-
tics. Sensible mathematics involves disregarding a quantity when it is
small — not neglecting it just because it is infinitely great and you do
not want it!”

The need for a cutoff in momentum space indicates that large momenta are not taken
into account in the correct way in quantum field theory. More specifically, the cutoff
in momentum space, introduced in order to render divergent integrals finite, is often
associated to Planck energy EP ≈ 1.22 · 1028 eV.1 In view of Heisenberg’s uncertainty
principle, physicists infer a correspondence between large momenta (high energies) and
small distances in position space. Because of that, in quantum field theory one disregards
distances which are smaller than the Planck length `P ≈ 1.6 ·10−35 m. Consequently, the
microstructure of spacetime is completely unknown. Unfortunately, at present there is
no consensus on what the correct mathematical model for “Planck scale physics” should
be.

The simplest and maybe most natural approach is to assume that on the Planck
scale, spacetime is no longer a continuum but becomes in some way “discrete.” This is
the starting point in the monograph [53], which later evolved to the theory of causal
fermion systems [59]. The objective of this chapter is to outline the main structure of
the theory of causal fermion systems and to clarify its relation to physics. To begin with,
let us first state the formal definition of causal fermion systems according to [59].

Definition 2.1.1. Let H be a separable complex Hilbert space together with a scalar
product 〈.|.〉H, and denote by L(H) the set of linear operators on H. Moreover, given a
parameter n ∈ N (the so-called “spin dimension”), we let F ⊂ L(H) be the set of all
self-adjoint operators on H of finite rank, which (counting multiplicities) have at most n
positive and at most n negative eigenvalues. Furthermore, let dρ be a positive measure
on F (defined on a σ-algebra of subsets of F), the so-called universal measure. We
refer to (H,F, dρ) as a causal fermion system.

In order to single out the physically admissible causal fermion systems, one must
formulate physical equations. Following the principle of least action, we impose that the
universal measure should be a minimizer of the causal action principle, which we now
introduce. For any x, y ∈ F, the product xy is an operator of rank at most 2n. Denoting

1For clarity, one electron volt is approximately 1 eV ≈ 1.60 · 10−19 kg m2/s2.
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its eigenvalues (counting algebraic multiplicities) by λxy1 , . . . , λxy2n ∈ C and introducing the
spectral weight | . | of an operator as the sum of the absolute values of its eigenvalues, the
spectral weight of the operator products xy and (xy)2 are given by

|xy| =
2n∑
i=1

∣∣λxyi ∣∣ and
∣∣(xy)2

∣∣ =

2n∑
i=1

∣∣λxyi ∣∣2 .
We introduce the Lagrangian by

L : F × F → R , L(x, y) =
∣∣(xy)2

∣∣− 1

2n
|xy|2

and the causal action by

S(ρ) =

¨
F×F
L(x, y) dρ(x) dρ(y) . (2.1.1)

The causal action principle is to minimize S by varying the universal measure dρ under
the following constraints:

volume constraint: ρ(F) = const (2.1.2)

trace constraint:

ˆ
F

tr(x) dρ(x) = const (2.1.3)

boundedness constraint: T (ρ) :=

¨
F×F
|xy|2 dρ(x) dρ(y) ≤ C , (2.1.4)

where C is a given parameter (and tr denotes the trace of a linear operator on H).
In order to specify the class of measures in which to vary dρ, on F we consider the

topology induced by the operator norm

‖A‖ := sup
{
‖Au‖H with ‖u‖H = 1

}
.

The Borel σ-algebra B(F) is generated by the open sets of F. Its elements are called
Borel sets. A regular Borel measure is a measure on the Borel sets with the property
that it is continuous under approximations by compact sets from inside and by open
sets from outside (for basics see [76, 87] or Appendix B.2). The right prescription is
to vary the universal measure dρ within the class of regular Borel measures on F. The
constraints (2.1.2)–(2.1.4) are needed to avoid trivial minimizers and in order for the
variational principle to be well-posed.

It is of central importance to observe that the causal action principle essentially de-
pends on the eigenvalues of the operator product xy with x, y ∈ F. Instead of working
with the operator product xy, however, it is convenient to proceed as follows. For ev-
ery x ∈ F, the corresponding spin space Sx := x(H) is a subspace of H of dimension
at most 2n. Denoting the orthogonal projection onto the subspace x(H) by πx, for
all x, y ∈ F one defines the kernel of the fermionic projector P (x, y) by

P (x, y) := πxy|Sy : Sy → Sx . (2.1.5)

In order to express the eigenvalues of the operator xy, one then introduces the closed
chain Axy by

Axy := P (x, y)P (y, x) : Sx → Sx . (2.1.6)

Repeating the arguments after [59, eq. (1.1.10)], it turns out that the eigenvalues of the
closed chain Axy coincide with the non-trivial eigenvalues λxy1 , . . . , λxy2n of xy.
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At this stage, however, the reader who is unfamiliar with the theory of causal fermion
systems might wonder how the causal action principle comes about and in which way it
is connected to physics. This introduction is intended to hopefully settle these issues;
more precisely, the goal of this chapter is to put the theory of causal fermion systems
into the physical context, to give a terse summary of its main concepts and to clarify the
specific form of the causal action principle. Following [153], we shall restrict attention
to the crucial constructions in a non-rigorous way without entering most of the details.

The chapter is organized as follows. In order to put the theory of causal fermion
systems into the historical context, in Section 2.2 we give a succinct overview of the
history of physics, thereby summarizing particularly significant physical achievements.
In Section 2.3 we recall the fundamental physical preliminaries required for the theory
of causal fermion systems: classical mechanics (§2.3.1), electrodynamics (§2.3.2), special
relativity (§2.3.3), general relativity (§2.3.4) as well as quantum mechanics (§2.3.5). After
recalling some aspects of group theory in physics (§2.3.6), we give a brief introduction
to elementary particles (§2.3.7) and outline the Standard Model of elementary particle
physics (§2.3.8). We conclude this section with a glimpse of quantum field theory (§2.3.9).
After these preparations, in Section 2.4 we outline the principle of the fermionic projector,
from which the theory of causal fermion systems eventually evolved. To this end, we first
sketch the derivation of local gauge freedom (§2.4.1) and then enter the principle of the
fermionic projector (§2.4.2). Afterwards, the connection to causal fermion systems is
established (§2.4.3). In Section 2.5, we finally introduce the theory of causal fermion
systems. We first present the general strategy (§2.5.1) and clarify the connection to
Dirac’s original concept of a Dirac sea (§2.5.2). We then recall the external field problem
(§2.5.3) and describe the construction of the “auxiliary” fermionic projector (§2.5.4).
In order to explain the connection to modern physics, we outline the so-called “light-
cone expansion” (§2.5.5) and describe the formalism of the continuum limit in a few
words (§2.5.6). This allows us to formulate the Euler-Lagrange equations (§2.5.7) in a
concise way, from which finally the classical field equations can be derived (§2.5.8) and
the connection to the Standard Model of particle physics may be established (§2.5.9).

2.2. A Brief History of Physics

The notion of “physics” was coined by one of Aristotle’s (384–322 BC) major
works [141]. Back to the ancient Greeks, the idea of an atomic structure of matter
was postulated by Democritus (460–371 BC), and the Athenian philosopher Plato
(428/427–348/347 BC) developed a first approach towards cosmology [141]. At the be-
ginning of modern ages, Nikolaus Kopernikus (1473–1543) described in his principal
work De revolutionibus orbium coelestium (1543) a heliocentric view of the world [18],
which was affirmed by astronomical observations by Galileo Galilei (1564–1641) and
calculations of his contemporary, Johannes Kepler (1571–1630). The foundations of
modern mechanics were developed and formulated in Isaac Newton’s magnum opus
Philosophiae Naturalis Principia Mathematica (1687) in order to explain Kepler’s laws
by a universal law of gravitation [124]. The principle of least action goes back to Pierre
Louis Moreau de Maupertuis (1698–1759). Employing variational principles, Leon-
hard Euler (1707–1783) and Joseph-Louis Lagrange (1736–1813) made fundamen-
tal contributions to the further development of mechanics.

At the end of the 18th century, Charles-Augustin de Coulomb (1736–1806) for-
mulated the laws of electrostatics. Observations concerning heat conduction by Joseph
Fourier (1768–1830) led to the fundamental method of Fourier analysis, whereas the
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foundations of electrodynamics were laid by André-Marie Ampère (1775–1836) and
Michael Faraday (1791–1867). The further development of electrodynamics as well as
thermodynamics in the 19th century is mainly due to James Prescott Joule (1818–
1889), Lord Kelvin (1824–1907), Hermann von Helmholtz (1821–1894), James
Clerk Maxwell (1831–1879) and Ludwig Boltzmann (1844–1906), reaching its peak
in Maxwell’s equations. In honor of William Rowan Hamilton (1805–1865), the prin-
ciple of least action is also referred to as Hamilton’s principle. Moreover, Oliver Heav-
iside (1850–1925) and Heinrich Hertz (1857–1894) made important contributions for
developing the theory of electromagnetism [18, 80, 81, 127].

At the beginning of the 20th century, the two fundamental pillars of modern physics
were discovered: quantum theory by Max Planck (1858–1947) as well as the theory
of relativity by Albert Einstein (1879–1955). Both theories substantially changed
the physical view of the world [18]. Preparatory works by Hendrik Antoon Lorentz
(1853–1928) and Henri Poincaré (1854–1912) led to Einstein’s special relativity (1905),
a theory which is solely based on two postulates, the principle of relativity and constancy
of the speed of light. Subsequently, Hermann Minkowski (1864–1909) developed the
formal basis of four-dimensional spacetime in special relativity theory. The foundations
of general relativity go back to Albert Einstein as well. Originating from the principle of
equivalence, he applied differential geometry as developed by Carl Friedrich Gauß
(1777–1855), Bernhard Riemann (1826–1866), Elwin Bruno Christoffel (1829–
1900), Gregorio Ricci-Curbastro (1853–1925) and Tullio Levi-Civita (1873–
1941) in order to formulate gravitation as a geometric property of curved four-dimensional
spacetime [149]. The Einstein field equations form the fundamental equations of general
relativity. David Hilbert (1862–1943) was the first one to recognize a particularly ele-
gant derivation of the Einstein equations by varying the Einstein-Hilbert action, thereby
employing the principle of least action. The Schwarzschild metric, discovered in 1916 by
Karl Schwarzschild (1873–1916) was the first known exact solution of the Einstein
equations [144].

Quantum theory owes its origins to Planck’s quantum hypothesis [130], according
to which radiation is not emitted continuously, but in form of discrete “quanta.” Based
on Planck’s hypothesis, Einstein deduced the particle character of light (photons). In
order to resolve the resulting contrast to the wave theory of light, the French physicist
Louis de Broglie (1892–1987) postulated wave-particle duality to be the fundamen-
tal principle of nature. In the mid-1920’s, Werner Heisenberg (1901–1976), Max
Born (1882–1970), Pascual Jordan (1902–1980), Wolfgang Pauli (1900–1958) and
Erwin Schrödinger (1887–1961) developed quantum mechanics [156]. In 1928, the
British physicist Paul Dirac (1902–1984) formulated the Dirac equation [32], thereby
postulating the existence of anti-matter. Together with the Klein-Gordon equation (due
to Oskar Klein (1894–1977) and Walter Gordon (1893–1939)), the Dirac equation
admits a relativistic formulation of quantum theory. The discovery of spin, a fundamental
property of all particles, led to a subdivision of matter into bosons2 and fermions3. Max
Born introduced the statistical interpretation of wave functions, which was expanded
by the Copenhagen interpretation of quantum theory by Niels Bohr (1885–1962) and
Werner Heisenberg in 1928. By eliminating determinism, quantum physics drastically
changed the paradigms of physics [18].

2Particles with integer spin, in honor of the Indian physicist Satyendra Nath Bose (1894–1974).
3Particles with half-integer spin, named after the Italian physicist Enrico Fermi (1901–1954).
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The 1930’s were characterized by developments in nuclear physics, supported by the
invention of particle accelerators. For instance, the neutron was discovered, which in the
sequel led to the discovery of weak interaction. The further development of particle accel-
erators after the Second World War led to the discovery of a whole “zoo” of elementary
particles. At the end of the 1940’s, quantum field theory (QFT) emerged [145, 146,
156]. The development of quantum electrodynamics (QED) is mostly due to Shinichiro
Tomonaga (1906–1979), Julian Schwinger (1918–1994) as well as Richard Feyn-
man (1918–1988) and Freeman Dyson (1923–2020). Originally introduced by Her-
mann Weyl (1885–1955), gauge theories turned out to be of central importance for the
emerging Standard Model of elementary particles, in particular Yang-Mills theories [164]
(due to Chen-Ning Yang (1922–) and Robert Mills (1927–1999)). Unifying the elec-
tromagnetic and weak interaction to the electroweak theory was accomplished by Abdus
Salam (1926–1996), Sheldon Glashow (1932–) and Steven Weinberg (1933–2021)
in the 1960’s. The roots of quantum chromodynamics (QCD), a Yang-Mills theory for
the strong interaction, go back to the 1970’s. Important contributions concerning the
strong interaction are due to Murray Gell-Mann (1929–2019). Since the end of the
1970’s, elementary particle physics was governed by string theory [165], aiming for uni-
fying gravity and quantum theory, which also is the main objective of other approaches
like quantum gravity [138]. The origins of what later evolved to the theory of causal
fermion systems go back to the 1990’s [48, 49, 51].

2.3. Physical Preliminaries

The aim of this subsection is to outline fundamental physical preliminaries which are
of essential importance for the theory of causal fermion systems. For an introduction to
concepts of modern physics, the interested reader is referred to [11]. For a non-technical
introduction to physics we refer to [45, 46, 47] as well as [80]. The explanations in this
subsection mostly follow the non-rigorous style common in physics textbooks, and we
usually shall employ the physicists’ conventions. Concerning the physicists’ notation, we
highly recommend [73]. For instance, physicists like to indicate the dimensionality of their
integrals explicitly by writing the volume element on Rn as dnx (see [73]). Moreover,
vectors in Euclidean space R3 are usually written as x or ~x. In order to symbolically
distinguish between conventional physics and and the theory of causal fermion systems,
we shall first employ the bold-face notation and switch to the vector notation afterwards.

Let us finally address the subject of physical units. The fundamental aspects of the
universe to which all physical measurements relate are mass, length or distance and time
(cf. [73]). All quantities in physics come with “dimensions” that can be expressed in
terms of these three basic ones. Very often is is customary and convenient to use so-
called natural units ~ = c = 1 (where ~ is reduced Planck’s constant and c denotes the
speed of light). In natural units, we have [length] = [time] = [energy]−1 = [mass]−1,
and the mass of a particle is equivalent to its rest energy mc2, and also to its inverse
Compton wavelength mc/~ (see [96, 129]). Factors of ~ or c, which are not displayed,
can be reinserted by “getting the dimension right.”

2.3.1. Classical Mechanics. All physical theories are based on certain fundamental
laws, which are referred to as laws of nature. In classical mechanics, Newton’s axioms
are regarded as being these fundamental laws. Based on Newton’s axioms, classical
mechanics provides the foundations of theoretical physics, and its methods, including
the Hamilton and Lagrangian formalism, can be regarded as fundamental principles of
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theoretical physics. An alternative approach is based on the principle of least action, in
which case the laws of nature in classical mechanics are formulated in terms of an action
principle (cf. [70]). In preparation for the theory of causal fermion systems, let us enter
the Lagrangian formalism in classical mechanics in some more detail. The subsequent
explanations are due to [73] and [106].

The Equations of Motion. The main subject of classical mechanics is to study time-
dependent motions in three-dimensional Euclidean space R3. One of the fundamental
concepts of classical mechanics is that of a particle. The position of a particle in R3 is
indicated by its vector r = r(t), depending on time t, whose components are its Cartesian
coordinates x = x(t), y = y(t), z = z(t). The derivative dr/dt of r with respect to
time t is called velocity of the particle, and the second derivative d2r/dt2 is referred to as
acceleration. It is customary to denote differentiation with respect to time by v = ṙ.

To define the position of a system of N particles in space, one needs to specify N
radius vectors, thus giving rise to 3N coordinates. Accordingly, if no constraints are
involved, the number of degrees of freedom of such a system is 3N , which in general is
defined as the number of independent quantities required in order to uniquely specify the
position of any system. In general, any s quantities q1, . . . , qs which completely define the
position of a system with s degrees of freedom are called generalized coordinates of the
system, and the derivatives q̇i are called its generalized velocities. The manifold described
by generalized coordinates is known as configuration space. The relations between the
coordinates, velocities and accelerations are referred to as equations of motion.

The principle of least action (or Hamilton’s principle), according to which every
mechanical system is characterized by a definite function L(q1, . . . , qs, q̇1, . . . , q̇s, t), or
briefly L(q, q̇, t), is the most general formulation of the law governing the motion of
mechanical systems. Given a path t 7→ q(t) in configuration space with t1 ≤ t ≤ t2, the
action is introduced by

S =

ˆ t2

t1

L(q, q̇, t) dt ,

and the problem is to minimize the action over all paths q(t) that begin at q(t1) and end
at q(t2). The function L is called the Lagrangian of the system concerned. The necessary
condition for S to have an extremum is that its first variation equals zero. Thus the
principle of the least action may be expressed by imposing that

δS = δ

ˆ t2

t1

L(q, q̇, t) dt = 0 .

We then obtain s equations of the form

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0 for all i = 1, . . . , s . (2.3.1)

These are the equations of motions, also known as Euler-Lagrange equations.4

Let us now consider a system of N particles which may interact with one another,
but are not subject to external interactions. This is called a closed system. In this case,

4Introducing the momentum p conjugate to q by p ≡ ∂L/∂q̇, and the Hamiltonian by the Legendre
transformation H(p, q) = pq̇ − L(q, q̇), the equations of motion (2.3.1) become

∂H

∂p
= q̇ and − ∂H

∂q
= ṗ .
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the Lagrangian can be written as

L =
N∑
a=1

1

2
mav

2
a − U(r1, . . . , rN ) , (2.3.2)

where ra is the radius vector of the ath particle (a = 1, . . . , N). This is the general form

of the Lagrangian for a closed system in classical mechanics, where T ≡
∑N

a=1
1
2mav

2
a is

called the kinetic energy, and U is referred to as the potential energy.
Conservation Laws. In order to describe mechanical phenomena mathematically one

needs to choose a reference frame. In classical mechanics, it is sensible to assume that
space is homogeneous as well as isotropic and time is homogeneous (where homogeneity
means that no point in space and time is distinguished, and isotropy means that no
spatial direction is distinguished, see e.g. [70] and [45, Chapter 52]).

We now consider a mechanical system with s degrees of freedom whose dynamics
respects the symmetries of space and time; more precisely, we assume its Lagrangian
to be invariant under translations in space and time as well as rotations in space. To
such symmetries correspond the following conservation laws. The first conservation law
resulting from the homogeneity of time asserts that the quantity

E ≡
s∑
i=1

q̇i
∂L

∂q̇i
− L

remains constant during the motion of a closed system; it is called the energy of the
system. Mechanical systems whose energy is conserved are said to be conservative. A
second conservation law follows from the homogeneity of space. More explicitly, in a
closed mechanical system the vector

p ≡
N∑
a=1

∂L

∂va
,

known as the momentum of the system, remains constant in time. Differentiating the
Lagrangian (2.3.2), in terms of the velocities of the particles the momentum reads

p =

N∑
a=1

mava ,

where ma denotes the mass of the ath particle (a = 1, . . . , N). A third conservation law
follows from the isotropy of space. In this case, the vector

M ≡
N∑
a=1

ra × pa ,

which is called the angular momentum of the system, is a conserved quantity of a closed
system. In greater generality, Noether’s theorem states that symmetries of a system give
rise to conserved quantities (see e.g. [81, Chapter 4] or [93, Section 1.5]).

2.3.2. Electrodynamics. The interaction of particles in classical electrodynamics
is described by means of fields [105].5 Electromagnetic phenomena are governed by
Maxwell’s equations [92], specifying the behavior of an electric field E and a magnetic

5According to [46, Section 1-2], a “field” is any physical quantity which takes on different values at
different points in space. It is precisely because E and B can be specified at every point in space that
they are called “fields.”
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field B. Following [73, Section 2.4], the electric field E and the magnetic field B are
vector-valued functions of position x ∈ R3 and time t that enter the Lorentz force law :
The force on a particle with charge q moving with velocity v is

F = qE +
q

c
v ×B ,

where c is the speed of light, and the fields E and B are evaluated at the location of the
particle (further details can be found in [81, Section 7.4]).

The behavior of E and B is governed by Maxwell’s equations. Using the Heaviside-
Lorentz convention (see [73, §1.1]), they read

∇ ·E = ρ (2.3.3)

∇ ·B = 0 (2.3.4)

∇×E +
1

c

∂B

∂t
= 0 (2.3.5)

∇×B− 1

c

∂E

∂t
=

1

c
j , (2.3.6)

where ρ is the charge density and j is the current density, both of which are functions of
position and time. The quantities ρ and j are not independent; indeed, they satisfy the
so-called continuity equation

∂ρ

∂t
+∇ · j = 0 , (2.3.7)

which describes the conservation of electric charge.
For the homogeneous Maxwell equations, formula (2.3.4) is equivalent to the fact

that B can be written as the curl of a vector potential A,

B = ∇×A . (2.3.8)

With this, formula (2.3.5) becomes

∇×
(

E +
1

c

∂A

∂t

)
= 0 ,

which is equivalent to the statement that the expression in brackets, E + (1/c)(∂A/∂t),
can be written as the gradient of a scalar potential φ,

E = −∇φ− 1

c

∂A

∂t
. (2.3.9)

Note that A and φ are not uniquely determined; adjustments of A and φ which do not
affect E and B are called gauge transformations (for details see [73, Chapter 9]). A
frequently imposed gauge condition is the Landau gauge (or Lorentz gauge),

∇ ·A +
1

c

∂φ

∂t
= 0 . (2.3.10)

Denoting the wave operator or d’Alembertian by �,

� ≡ 1

c2

∂2

∂t2
−∇2 ,

in the presence of the Lorentz gauge condition (2.3.10) Maxwell’s equations read6

�φ = ρ , �A = j .

6For a relativistic formulation of electrodynamics we refer to the end of the next subsection.
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In case that ρ and j vanish, the Maxwell equations imply that the electromagnetic
fields E and B satisfy the wave equation

∇2ψ =
1

c2

∂2ψ

∂t2
,

which describes waves propagating at the speed of light c. Of special interest are waves
that are periodic in space and time, which are referred to as plane waves. Periodicity
in space is characterized by the wave length λ, while periodicity in time is represented
by the time period T . The related quantities k = 2π/λ and ω = 2π/T are called wave
number and angular frequency, respectively. Such waves travels at a speed c = ω/k. In
three dimensions, a plane wave ψ at time t and position r, moving in k-direction (where k
is called wave vector), can be written as

ψ(t, r) = aei(k·r−ωt)

with (real) amplitude a and ω = |k|c. The quantity (k · r − ωt) is known as phase. For
details see [107, §6] and [148, Section 3.1].

2.3.3. Special Relativity. Special relativity is based on two fundamental postu-
lates: the principle of relativity and the constancy of the speed of light. The basic
difficulty is to merge both facts, each of them being confirmed experimentally. Einstein’s
brilliant contribution [37] amounts to the insight that to this end, the common notion of
simultaneity has to be abandoned. In simple terms, Einstein claims that there is no ab-
solute simultaneity, thereby radically changing our understanding of space and time [18].

In order to describe processes taking place in nature, one considers a reference frame,
that is, a system of coordinates in order to indicate the position of particles in space,
together with a clock fixed in this system in order to indicate time. A reference frame,
in which a particle which is not acted upon by external forces proceeds with constant
velocity, is called an inertial frame. Classical mechanics is governed by the so-called
principle of relativity, according to which all laws of nature are identical in all inertial
systems of reference [45, 105]. On the other hand, it is found that the speed of light,
usually denoted by c, is the same in all inertial systems of reference.7

Based on preparatory works by Lorentz [116], Einstein’s solution to the problem
raised is to claim that space and time become relative. More specifically, assume that S
and S′ are inertial frames, where S′ moves with uniform velocity of magnitude v in x-
direction with respect to S. Denoting the coordinates of space and time in S and S′

by x, y, z, t and x′, y′, z′, t′, respectively, the so-called Lorentz transformations establish
the following connection,

x′ = γ(x− vt) , y′ = y , z′ = z , t′ = γ(t− v

c2
x) , (2.3.11)

where γ ≡ 1/
√

1− v2/c2. The Lorentz transformations have a number of immediate
consequences: the relativity of simultaneity, Lorentz contraction, time dilation and the
addition of velocity (for details we refer to [81, Chapter 3]).

It is well-known that the velocity of light has the numerical value

c = 2.998× 108 m/s .

It is precisely the large value of c which explains why in most cases of practical interest
classical mechanics appears to be sufficiently accurate. In other words, classical mechanics

7Concerning the connection to the famous Michelson-Morley experiment, carried out by Albert
Michelson (1852–1931) and Edward Morley (1838–1923) in 1887, we refer to [147] and [45].
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may be regarded as the limiting case of relativistic mechanics: Whenever the velocity v
is small compared to the speed of light, i.e. v � c, the Lorentz transformations (2.3.11)
go over to the Galilean transformations

x′ = x− vt , y′ = y , z′ = z , t′ = t

of classical mechanics (see e.g. [105, eq. (4.1)]).
Four-Vectors. In order to obtain a convenient framework, it is customary to introduce

so-called four-vectors x ∈ R4 by

x0 = ct , x1 = x , x2 = y , x3 = z .

Introducing the abbreviation β ≡ v/c, the Lorentz transformations take the form

x0′ = γ(x0 − βx1) , x1′ = γ(x1 − βx0) , x2′ = x2 , x3′ = x3 . (2.3.12)

Moreover, introducing the matrix Λ by

Λ =


γ −γβ 0 0
−γβ γ 0 0

0 0 1 0
0 0 0 1

 ,

the Lorentz transformations (2.3.12) of a four-vector x can be written as x′ = Λx. It
is common, however, in the physics literature to denote the vector whose components
are x0, . . . , x3 by xµ rather than x (see [73]); thus in usual physics notation, this trans-
formation of a four-vector xµ is written as

xµ′ = Λµνx
ν ,

where in the last expression we employed the Einstein summation convention, stating
that in any product of vectors and tensors8 in which an index appears once as a subscript
and once as a superscript, that index is to be summed from 0 to 3 (cf. [73]).

In other words, the matrix Λ allows us to describe transformations from S to S′. It
is found that for any Lorentz transformation the following expression holds,

(x0)2 − (x1)2 − (x2)2 − (x3)2 = (x0′)2 − (x1′)2 − (x2′)2 − (x3′)2 .

Introducing the Minkowski metric η = ηµν by

ηµν = diag(1,−1,−1,−1) ,

the Minkowski inner product given by

〈x, y〉 ≡ ηµνxµyν

is Lorentz invariant. The Euclidean space R4 endowed with 〈., .〉 is called Minkowski
space; in the sequel, we usually denote Minkowski space by M. Defining the covariant
four-vector xµ by

xµ ≡ ηµνxν

(the “original” four-vector xµ is said to be contravariant), the Minkowski inner product
of two four-vectors xµ and yµ can be written as

x · y ≡ xµyµ = x0y0 − x · y .

8Concerning tensor calculus, we refer the interested reader to [115].
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For simplicity, the dot is sometimes omitted, i.e. xy ≡ x · y. Moreover,

x2 ≡ x · x = (x0)2 − x2 .

It is important to observe that x2 need not be positive. Indeed, a four-vector x is said to
be

timelike if x2 > 0

spacelike if x2 < 0

lightlike if x2 = 0 .

Lightlike vectors are also referred to as null vectors. The subsets

L := {x ∈M : x2 = 0} , I := {x ∈M : x2 > 0} , J := {x ∈M : x2 ≥ 0}

are called light cone, interior light cone and closed light cone, respectively. They give rise
to the following decomposition of Minkowski space M,

M = L ∪̇ I ∪̇M \ J .

For an illustration of the light cone we refer to [89, Figure 8] or [123, Figure 1.3.1]. In
this framework, the notation of derivatives on R4 is

∂µ =
∂

∂xµ
for all µ = 0, . . . , 3 ,

so that, with respect to traditional coordinates x and t,

(∂0, . . . , ∂3) = (c−1∂t,∇x) , (∂0, . . . , ∂3) = (c−1∂t,−∇x) . (2.3.13)

Further details can be found in [53, 73, 81, 105]. We point out that the light cone plays
a central role in the theory of causal fermion systems.

Energy and Momentum. In what follows, we consider a particle of rest mass m, which
is described by the four-vector xµ. Then its four-velocity uµ is introduced by

uµ ≡ dxµ

ds
,

where ds = cγ dt (with γ defined above), and its four-momentum p = pµ is defined by

pµ ≡ muµ .

Making use of the fact that uµ = (γc,v), the four-momentum pµ takes the form

pµ = (p0,p) = γ(mc,mv) .

Defining the relativistic energy E by (cf. [81, eq. (3.41)])

E ≡ γmc2 =
mc2√

1− v2/c2
,

we conclude that p0 = E/c and pµp
µ = m2c2. From this we deduce that

E2 − p2c2 = m2c4 , (2.3.14)

implying that E = mc2 is the rest energy of the particle under consideration. The set of
admissible four-momenta pµ satisfying (2.3.14) forms a hyperboloid in R4.



2.3. PHYSICAL PRELIMINARIES 17

The space of four-momenta pµ ∈ R4, which for clarity we denote by M̂, is known

as momentum space. Identifying momentum space M̂ with Minkowski space M, the
Minkowski inner product can be considered as a mapping

〈., .〉 : M̂ ×M → R , (p, x) 7→ 〈p, x〉 = gµνp
µxν .

Given m > 0, one introduces the so-called mass shell by

Cm := {p ∈ M̂ : p2 = m2} .

Furthermore, one often distinguishes its subsets

C+
m := {p ∈ M̂ : p2 = m2, p0 > 0} and C−m := {p ∈ M̂ : p2 = m2, p0 < 0} ,

which are known as upper and lower mass shell, respectively. The sets C±m form the two
parts of a hyperbola in momentum space. In the case m = 0, the corresponding sets C+

0

and C−0 are called forward and backward light cone, respectively (cf. [73, Section 1.3]).
These constructions will be of crucial importance in the theory of causal fermion systems.

Relativistic Formulation of Electrodynamics. Applying the notation of special rela-
tivity to electrodynamics gives rise to particularly concise formulas. More specifically,
introducing the electromagnetic 4-potential by

Aµ = (φ,A) or Aµ = (φ,−A) ,

the electric and magnetic fields are combined into the electromagnetic field tensor

Fµν = ∂µAν − ∂νAµ , or Fµν = ∂µAν − ∂νAµ .

Thus the Maxwell equations (2.3.4) and (2.3.5) become

∂κFµν + ∂µFνκ + ∂νFκµ = 0 ,

and the equations (2.3.3) and (2.3.6) take the form

∂µF
µν = jν ,

where the 4-current density jµ is defined by

jµ ≡ (ρ, j) .

The Lorentz gauge condition (2.3.10) reads

∂µA
µ = 0 ,

and the continuity equation (2.3.7) can be written as

∂µj
µ = 0 .

The previous relations may also be expressed in terms of differential forms, making use
of the Hodge star operator; for details we refer to [73, Section 2.4] or [170].

Let us finally point out that the Maxwell equations (2.3.3)–(2.3.6) can be obtained
from a variational principle. To this end, one considers the action (cf. [105, eq. (28.6)])

S = − 1

c2

ˆ
Aµj

µ dΩ− 1

16πc

ˆ
FµνF

µν dΩ ,

where dΩ = c dt dx dy dz (see [105, eq. (27.4)]). Following [105, §30], by varying the
electromagnetic potential one obtains Maxwell’s equations (2.3.3) and (2.3.6), whereas
the equations (2.3.4) and (2.3.5) are a consequence of (2.3.8) and (2.3.9) by [105, §26].
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2.3.4. General Relativity. The main reason for the fact that solely Einstein’s
name is associated with the theory of relativity is due to the further development: So
far, the principle of relativity is restricted to inertial frames; influenced by the Austrian
physicist and philosopher Ernst Mach (1838–1916), however, Einstein was guided by
the postulate that the “true” laws of physics should hold in any reference frame. The
starting point for his considerations was the insight that no physical experiment can
distinguish between gravitational and inertial forces. This is known as Einstein’s principle
of equivalence [18, 149]. The resulting “general theory of relativity,” including a new
theory of gravity, changed our ideas of the universe in a fundamental way.

In short, Einstein’s results can be summarized as follows: In the theory of gen-
eral relativity, spacetime is described mathematically by a four-dimensional Lorentzian
manifold (M, g), which is a semi-Riemannian manifold either of signature (−,+,+,+)
or (+,−,−,−).9 At each point p ∈ M , the tangent space TpM can be identified with
Minkowski space, and special relativity can be regarded as general relativity of Minkowski
spacetime (for details see [10, 125]). The famous Einstein equations read

Gµν + Λgµν = κTµν . (2.3.15)

where Gµν denotes the Einstein gravitational tensor, Tµν is known as stress-energy ten-
sor (or energy-momentum tensor), and κ denotes Newton’s gravitational constant. The
Einstein field equations (2.3.15) describe the behavior of curvature of spacetime in the
presence of matter. For clarity we point out that Gµν crucially depends on the metric
tensor g, whereas Tµν is to be determined from physical observations dealing with the
distribution of matter and energy (cf. [89, Chapter 3] or [120, Chapter 5]). In simple
terms [160, 125], the Einstein equations often are summarized by saying that

“Spacetime tells matter how to move,
matter tells spacetime how to curve.”

As being of relevance for the theory of causal fermion systems, let us consider basic
objects on Lorentzian manifolds in some more detail.10 More generally, let (M, g) be a
semi-Riemannian manifold. Denoting the set of all smooth vector fields on M by X(M)
and the set of all smooth real-valued functions on M by F(M), a connection is a function

∇ : X(M)× X(M)→ X(M)

with the properties that

∇V (X + Y ) = ∇VX +∇V Y ,

∇fV+hW (X) = f∇VX + h∇WX ,

∇V (fX) = f∇VX + V (f)X

for all f, h ∈ F(M) and all X,Y, V,W ∈ X(M). The vector field ∇XY is said to be the
covariant derivative of Y with respect to X. The Lie bracket of the ordered pair of vector
fields X and Y is a vector field [X,Y ] which acts on a smooth function f by

[X,Y ](f) = X(Y (f))− Y (X(f)) .

Next, the torsion tensor T of ∇ is the function T : X(M)× X(M)→ X(M) given by

T (X,Y ) = ∇XY −∇YX − [X,Y ] .

9The two sign conventions are related by considering the metric g or −g, respectively.
10Our explanations are due to [10] with signature (−,+,+,+), as is common in many textbooks on

general relativity; concerning the sign conventions we also refer to [125].
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The curvature R(., .) of ∇ is a function which assigns to each pair X,Y ∈ X(M) the
f -linear map R(X,Y ) : X(M)→ X(M) given by

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z .

Thus curvature provides a measure of the non-commutativity of ∇X and ∇Y . Given a
semi-Riemannian manifold (M, g), there is a unique connection ∇ on M which is metric
compatible, i.e.

Z(g(X,Y )) = g(∇ZX,Y ) + g(X,∇ZY ) ,

as well as torsion free, i.e.

[X,Y ] = ∇XY −∇YX
for all X,Y, Z ∈ X(M). This connection ∇ is called Levi-Civita connection. The trace of
the curvature tensor is the Ricci curvature; for each p ∈ M , the Ricci curvature may be
interpreted as the bilinear map Ricp : TpM×TpM → R. In terms of the Ricci tensor Rµν ,
Ricci curvature may be represented as

Ricp(v, w) = Rµνv
µwν ,

and the trace of the Ricci curvature is the scalar curvature R, i.e. R = Rµµ. Then the
Einstein tensor Gµν is given by (also see [22, eq. (4.29)]

Gµν = Rµν −
1

2
Rgµν ,

and it satisfies ∇µGµν = 0. Just as Maxwell’s equations govern how the electric and
magnetic fields respond to charges and currents, Einstein’s field equations determine how
the metric responds to energy and momentum.

In his paper [38], Einstein suggests to modify his field equations by introducing an
additional constant (which is referred to as cosmological constant Λ). In this case, the
vacuum field equations read

Gµν + Λgµν = 0 . (2.3.16)

In 1915, Hilbert [90] observed that the Einstein equations can be recovered by means of
a variational principle. More precisely, varying the so-called Einstein-Hilbert action

SEH =

ˆ
M

[
1

2κ
(R− 2Λ)

]
dµ

with respect to the metric g yields (2.3.16), where dµ :=
√
−det g d4x (for details we

refer to [22, 83]). Actually, introducing an action S in the fashion of [53, eq. (1.1.9)],
it is possible to recover the equations of motion, the Maxwell equations as well as the
Einstein equations by varying the action S with respect to the spacetime curve, the
electromagnetic potential and the metric, respectively (cf. [53, Section 1.1]). The non-
quantized field equations derived so far are also referred to as “classical.”

2.3.5. Quantum Mechanics. From the conceptual point of view, it is instructive
to motivate quantum mechanics by illustrating the famous double-slit experiment (for
details see [148, Chapter 3]) in order to expose the inadequacy of classical physics. More
precisely, performing the double-slit experiment for single photons, one observes that each
photon carries the same energy E and the same momentum p, and its energy is given
by E = |p|c. Applying the relativistic equation E2 = p2c2 + m2c4 (see (2.3.14)), one
infers that each photon is a particle of mass m = 0. Moreover, varying the (angular)
frequency ω of the light source, one discovers that E = ~ω and p = ~k (where k = |k|
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is the absolute value of the wave vector k and ~ is reduced Planck’s constant), implying
that energy and momentum are quantized [130].

From these facts Born drew the following conclusion: Each particle has associated
with it a wave function ψ(t,x) such that |ψ(t,x)|2 gives the probability of finding it at a
point x at time t. This is known as wave-particle duality. The dynamics of the particle
is described in terms of its wave function ψ(t,x), which in non-relativistic quantum
mechanics is determined by Schrödinger’s equation. The resulting quantum theory is
then based on a few fundamental postulates, which take into account these experimental
findings (see [148, Chapter 4]). As |ψ(t,x)|2 is interpreted as probability of finding a
particle with wave function ψ at time t at a point x, for each time t the integral over the
whole space must be normalized,ˆ

R3

|ψ(t,x)|2 d3x = 1 .

Thus for every t, a wave function ψ(t, ·) is contained in the Hilbert space of square-
integrable functions L2(R3,C), endowed with the inner product 〈 . | . 〉L2(R3,C). This prop-
erty is reflected in the first postulate of quantum mechanics, according to which the
state of a particle is represented by a normalized vector in a complex Hilbert space, and
physically measurable quantities (referred to as observables) correspond to self-adjoint
operators on the Hilbert space (thereby establishing a connection to spectral calculus, for
details see [31, 152]). Instead of entering the postulates of quantum mechanics in more
detail, let us stick to the most important consequences concerning the theory of causal
fermion systems.

Besides the classical “orbital” angular momentum, a specific feature of quantum me-
chanics is that every elementary particle comes with a certain “intrinsic” angular momen-
tum which is independent of its motion in space [107]. This intrinsic angular momentum
is called spin. Denoting the spin of a particle by s, it is remarkable that s only takes
integer or half-integer values, i.e. s ∈ {0, 1/2, 1, 3/2, . . .}. Particles with integer spin are
called bosons, whereas particles with half-integer spin are known as fermions [81, 156].
Concerning fermions with spin s = 1/2, there are (2s + 1) = 2 possible spin orienta-
tions (see [81, Section 4.2]); they are usually referred to as “up” and “down” (for details
see [142]).

As mentioned before, the dynamics in non-relativistic quantum mechanics obeys
Schrödinger’s equation, in which case relativistic effects are not taken into considera-
tion. However, as the principles of special relativity are generally accepted, a correct
quantum theory should satisfy the requirement of relativity: laws of motion valid in
one inertial system must hold in all inertial systems. Stated mathematically, relativistic
quantum theory must be formulated in a Lorentz covariant form [14]. In other words,
Schrödinger’s equation is unsatisfactory from the relativistic point of view, as it treats
space and time on a different footing. In relativistic mechanics, momentum p and en-
ergy E of a free particle combine to a four-vector pµ = (E,p) (in “natural units,” in
which Planck’s constant ~ and the speed of light c both equal one, ~ = c = 1). The
recipe for quantizing energy and momentum amounts to replacing pµ → i∂µ, where ∂µ is
given by (2.3.13). Applying this replacement rule to the free-particle energy-momentum
relation p2 = m2 yields the relativistic equation

(�−m2)φ = 0 ,

known as Klein-Gordon equation (where� ≡ ∂µ∂µ is the wave operator). Complex-valued
solutions of this equation describe a scalar particle (that is, a particle without spin) of
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mass m. Unfortunately, the scalar component ρ which appears in the corresponding
continuity equation is not positive definite and therefore cannot be understood as a
probability density. For further details we refer to [53, 73, 81, 146, 152].

Dirac’s aim was to avoid this difficulty of negative probability densities, taking into
account relativistic covariance. Dirac’s strategy was to “factorize” the relativistic energy-
momentum relation p2 = m2c2 (cf. [81]). To this end, he introduced the so-called Dirac
matrices γµ ∈ C4×4 (µ = 0, . . . , 3), satisfying the anti-commutation relations

{γµ, γν} ≡ γµγν + γνγµ = 2ηµν for all µ, ν = 0, . . . , 3

(with Minkowski metric ηµν). This approach finally led him to set up the Dirac equation
in Minkowski space, which in natural units takes the form

(i/∂ −m)ψ = 0 , (2.3.17)

where /∂ ≡ γµ∂µ is known as Dirac slash (cf. [81, 156]). The Dirac equation is Lorentz
covariant [14]. The solutions ψ of the Dirac equation are referred to as Dirac spinors,
which are mappings ψ : M → C4 from Minkowski space M to spinor space C4; they
describe particles of spin 1/2. Introducing the adjoint spinor ψ ≡ ψ†γ0 (where by ψ†

we denote the adjoint of ψ with respect to the Euclidean inner product on C4) gives
rise to an indefinite inner product ψφ on C4 of signature (2, 2), which will be of central
relevance in the theory of causal fermion systems. The success of Dirac’s intuition lies in
the fact that the scalar component ρ of the corresponding continuity equation is given
by ψ†ψ = |ψ|2, and thus non-negative. For a probabilistic interpretation of the wave
functions, one requires the normalization conditionˆ

R3

(ψ†ψ)(t,x) d3x = 1 , (2.3.18)

thus giving rise to the Hilbert space H = L2(R3)4, endowed with the scalar product

(ψ | φ) :=

ˆ
R3

(ψγ0φ)(t,x) d3x for all ψ, φ ∈ H (2.3.19)

for any time t (cf. [53, Section 1.2], [73, Section 4.1] and [152, Section 1.3]).
In what follows we make use of the energy function ω, defined by

R3 3 k 7→ ω(k) :=
√

k2 +m2 ∈ R .

Introducing for any k ∈ R3 the orthogonal projections p±(k) : C4 → C4 by

p±(k) :=
/k +m

2k0
γ0
∣∣∣
k0=±ω(k)

,

the spinor space C4 decomposes into two orthogonal subspaces,

C4 =W+
k ⊕W

−
k ,

where W±k = p±(k)(C4) for any k ∈ R3, and a general solution of the Dirac equation
takes the form (cf. [31, eq. (9.24)])

ψ(t,x) =

ˆ
R3

dp

(2π)3
eip·x

(
e−iω(p)tψ+(p) + eiω(p)tψ−(p)

)
with ψ±(p) ∈ W±p for all p ∈ R3. It is an important consequence that the solution
space H of the Dirac equation splits into a positive and negative energy subspaces,

H = H+ ⊕H− ,
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where H± = {ψ ∈ H : ψ∓ = 0} (for details see [31, 126]). Solutions of positive energy
are interpreted as particles; the physical interpretation of negative energy solutions, on
the other hand, is due to Dirac [34]. Based on the Pauli exclusion principle, according
to which no two fermions can occupy the very same state, Dirac proposed that “all the
states of negative energy are occupied except perhaps a few of small velocity” in order to
prevent particles of positive energy to fall down into negative energy states. In accordance
with Dirac’s interpretation [34], these few vacant states, regarded as “holes” in the sea of
negative energy particles, were later discovered as anti-particles (cf. [156]). This concept,
also referred to as a “Dirac sea,” became unpopular in quantum field theory;11 however,
Dirac’s original idea of a sea of particles was revived in the theory of causal fermion
systems (see [57]).

Whenever a wave function ψ = ψ(t,x) is given, the four-vector x = (t,x) ∈ R4

is said to be in “position space.” Denoting position space by M ' R4 and assuming
that ψ ∈ L1(M), its Fourier transform is given by (for details see [73])

ψ̂(k) =

ˆ
M
eikxψ(x) d4x for all k ∈ R4 ,

where k ∈ R4 is said to be in “momentum space.” Accordingly, we refer to M̂ ' R4 as
momentum space. For mathematical details we refer to [71].

Let us finally deal with the famous uncertainty principle, one of the fundamental
principles of quantum mechanics, discovered by Heisenberg in 1927 (cf. [107]). Due to
the axioms of quantum mechanics, to each quantum mechanical system is associated a
Hilbert space, and every measurable quantity (referred to as an “observable,” such as
energy, position or momentum) is represented by a self-adjoint operator [152]. Given
a self-adjoint operator A on a Hilbert space (H, 〈., .〉), for any unit vector ψ ∈ H the
expectation value of A in the state ψ is defined by 〈A〉ψ = 〈ψ,Aψ〉, and the uncertainty
of A, denoted by ∆ψA, is given by (∆ψA)2 = 〈A2〉ψ − (〈A〉ψ)2 (cf. [86, Section 3.6]).
Introducing the position operators (Xi)i=1,2,3 by

(Xiψ)(x) = xiψ(x) for all i = 1, 2, 3 ,

which amounts to a “multiplication by xi,” the expectation value of Xi in the state ψ is
then 〈Xi〉ψ = 〈ψ,Xiψ〉 for all i = 1, 2, 3. Moreover, one can introduce the momentum
operators (P i)i=1,2,3 such that [Xi, P j ] = δiji~ for all i, j = 1, 2, 3 (cf. [86, Chapter 3]).
Making use of the fact that the position and momentum operators Xi and P i do not
commute for all i = 1, 2, 3, for any state ψ the Heisenberg uncertainty principle reads (for
details see [86, Chapter 12] or [73, 82, 107, 148])

(∆ψX
i)(∆ψP

i) ≥ ~
2π

for all i = 1, 2, 3 ,

implying that position and momentum cannot be measured simultaneously. In other
words, in order to probe small distances one requires high energies [81].

2.3.6. Group Theory in Physics. The importance of group theory in physics was
recognized soon after the discovery of quantum mechanics [151], based on fundamental
works by Weyl [158, 159]. In the sequel, group theory evolved to a substantial part of
modern theoretical physics. For this reason, let us briefly compile some basics from group

11To quote Julian Schwinger (cf. [156, p. 14]), “the picture of an infinite sea of negative energy
electrons is now best regarded as a historical curiosity, and forgotten.”
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theory required in the following. To begin with, we recall that, for any n ∈ N, the unitary
group U(n) is given by

U(n) = {A ∈ GL(n,C) : A† = A−1} ,

where GL(n,C) = {A ∈ Cn×n : det(A) 6= 0}. The special unitary group is defined by

SU(n) = {A ∈ U(n) : det(A) = 1} .

Clearly, the norm of a spinor ψ(x) ∈ Cn is invariant under unitary transformations

ψ′(x) = Uψ(x) with U ∈ U(n) .

We recall that in general, a Lie group G is a differentiable manifold which is also a
group such that the mapping

G×G→ G , (σ, τ) 7→ στ−1

is smooth (see e.g. [155]). Whenever a Lie group G is a subgroup of GL(n,C), it is also
referred to as matrix Lie group [85]. Both U(n) and SU(n) are (compact) matrix Lie
groups. In physical applications one is typically interested in a fixed Lie group G (the
“gauge group”) which represents a symmetry of the theory (cf. [118, Section 6.3]).

As U(n) and SU(n) are the most important Lie groups in particle physics, let us
restrict attention to matrix Lie groups in what follows. According to [85, Chapter 2], the
exponential map is defined by

exp : Cn×n → Cn×n , X 7→ eX :=

∞∑
n=0

Xn

n!
.

Whenever G is a matrix Lie group, the Lie algebra of G, denoted by g, is defined as the
set of all matrices X such that etX ∈ G for all t ∈ R. For clarity we point out that the
physicists’ convention is to consider the map X 7→ eiX instead of X 7→ eX . Accordingly,
physicists are accustomed to think of the Lie algebra of G as the set of all matrices X
such that eitX ∈ G for all t ∈ R. Moreover, physics literature does not always distinguish
clearly between a Lie group and its Lie algebra.

In general, a Lie algebra g over R is a real vector space g together with a bilinear
operator [., .] : g× g→ g (called the Lie bracket) such that for all X,Y, Z ∈ g,

(i) [X,X] = 0 for all X ∈ g, and
(ii) [[X,Y ], Z] + [[Y, Z], X] + [[Z,X], Y ] = 0 for all X,Y, Z ∈ g (Jacobi identity).

Note that each Lie group is closely related to a corresponding Lie algebra (cf. [155]);
indeed, whenever G is a Lie group with unit element e, the vector space g := TeG is
called the Lie algebra of G (cf. [20, Definition (2.4)]). It becomes a Lie algebra with the
Lie product (cf. [20, eq. (2.13)])

[X,Y ] = XY − Y X .

Whenever G is a matrix Lie group with Lie algebra g, and X1, . . . , Xn is a basis for g
(as a vector space), then for all i, j ∈ {1, . . . , n} the Lie bracket [Xi, Xj ] can be written
uniquely in the form

[Xi, Xj ] =

n∑
k=1

cijkXk .

The constants cijk are called the structure constants of g (see [85, §2.8.1]). In physics
literature, the basis vectors X1, . . . , Xn are known as generators (cf. [3, 127, 156]).
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2.3.7. Introduction to Elementary Particles. To begin with, elementary parti-
cles are thought of as objects which are not made up of more fundamental ones; one thus
can say that elementary particles are the fundamental constituents of all objects in the
universe.

For a historical introduction to elementary particles we refer the interested reader
to [81, Chapter 1] and [127, Chapter 9]. Nevertheless, it might be instructive to motivate
our present understanding of elementary particles as follows. The idea that matter is
composed of “indivisible” atoms goes back to the ancient Greeks [141]. However, our
knowledge of the detailed structure of atoms originates from scattering experiments due
to Ernest Rutherford (1871–1937), according to which the positive charge as well as
most of the mass are concentrated in the center of the atom, the nucleus. In the 20th
century it turned out that the nucleus itself is made up of neutrons and protons. The
electrons, already discovered in 1897 by Joseph John Thompson (1856-1940), were
supposed to “orbit” around the nucleus. This picture summarizes the period of classical
elementary particle physics [81].

In the mean time, further experimental findings revealed that neutrons and protons
themselves consist of even more fundamental constituents, so-called quarks, which are
denoted by the first letters of their names. More precisely, there are six kinds of quarks,
known as flavors, referred to as up (u), down (d), strange (s), charm (c), bottom (b) and
top (t), and each quark comes in three colors (red, green, blue). They fall into doublets
(called “families” or “generations”); a first generation (u, d), a second generation (c, s)
and a third generation (t, b). It should be noticed that free quarks have never been
observed (referred to as quark confinement). Electrons, on the other hand, belong to the
class of leptons. There are six types of leptons, called flavors, comprising three charged
leptons (electron e, muon µ and tauon τ) and three neutral leptons (electron neutrino νe,
muon neutrino νµ and tau neutrino ντ ). By contrast to quarks, leptons can exist as free
particles. Similarly as quarks, leptons come in three generations: a first generation (νe,
e), a second generation (νµ, µ) and a third generation (ντ , τ). This comprises all known
elementary particles, which therefore can be summarized in the following table (where
the arrows ↑ and ↓ refer to “isospin up” and “isospin down,” respectively; for details
concerning weak isospin see below):

1st generation 2nd generation 3rd generation I3

quarks



red
green
blue
red

green
blue

u
u
u
d
d
d

c
c
c
s
s
s

t
t
t
b
b
b

↑
↑
↑
↓
↓
↓

leptons

{
neutral
charged

νe

e
νµ
µ

ντ
τ

↑
↓

(2.3.20)

Bearing in mind that to each particle there is a corresponding anti-particle, there
are 48 elementary particles in total, which are all Dirac particles (that is, particles of
spin 1/2 which obey the Dirac equation). Thus one can say that on the fundamental
level, all matter is described by the Dirac equation. In the theory of causal fermion
systems, Table (2.3.20) will play an important role in the construction of the fermionic
projector [53]. The fact that all particles in Table (2.3.20) are fermions motivates to
speak of “fermionic” projector and causal “fermion” systems.
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Concerning the terminology of subatomic particles [73], there are actually two basic
dichotomies: all particles are either bosons, with integer spin, or fermions, with half-
integer spin; and all particles are either hadrons, which participate in the strong inter-
action, or non-hadrons. The fundamental fermions comprise quarks, which are hadrons,
and leptons, which are not. Quarks combine in triplets to make baryons, and in quark/
anti-quark pairs to make mesons. Baryons are fermions, whereas mesons are bosons. The
most familiar baryons are the proton and the neutron.

Elementary particles are characterized by several quantum numbers which are often
said to be “intrinsic” to them: electric charge (Q), weak isospin (I), baryon number (B)
and lepton number (L). Note that, in natural units, electric charge is dimensionless, and
the unit of charge in Heaviside-Lorentz units is simply the number 1. The basic physical
constant is then the fundamental unit of charge, the absolute value of the charge of an
electron, which usually is denoted by e (cf. [73]). The electron, muon and tauon have
electric charge −e, while each neutrino has electric charge zero [81, 96]. Down, strange
and bottom quarks carry electric charge −1/3e, while up, charm and top quarks have
electric charge 2/3e.

As mentioned before, elementary particles are either hadrons or leptons, depending
on whether they respond to the strong interaction (hadrons) or not (leptons). Now to
each lepton is associated the lepton number L = 1, and L = −1 to all anti-leptons; all
other particles have L = 0. In a similar fashion, to each baryon is assigned the baryon
number B = 1, and B = −1 to all anti-baryons, while all other particles have B = 0.
Taking into account that baryons are composed of three quarks, the baryon number of a
quark is B = 1/3 (see [11]). Next, there are particles which in experiments behaved so
unexpectedly that they were called “strange particles.” Accordingly, the so-called strange-
ness number S was introduced; in particular, the strange quark has strangeness S = −1,
whereas all other quarks have strangeness S = 0 (cf. [11, Table 13.4]). A related quantity,
called hypercharge, is just the sum of strangeness S and baryon number B, i.e. Y = S+B
(cf. [39]). There is one more property, (weak) isospin (short for “isotopic spin”), which
has mathematical properties similar to those of spin, but which has no direct physical
relationship to spin (cf. [39, Section 17-3] and [127] for its connection to group theory).
Of particular interest is its third component, usually denoted by I3, which satisfies the
relation Y = 2(Q − I3) (cf. [73] and [81, eq. (9.139)]). Similarly to spin, isospin either
takes integer or half-integer values, i.e. I3 ∈ {0, 1/2, 1, . . .}; accordingly, a representation
of isospin I3 = 1/2 contains (2I3 + 1) = 2 states, referred to as “isospin up” and “isospin
down,” thus giving rise to isospin doublets which coincide with the above generations of
fermions (cf. [39, Section 18-8] and [3, Chapter 12]). For a group theoretical treatment
we refer the interested reader to [151, Chapter 5]. Moreover, a comprehensive overview
of quantum numbers can be found in [39, Table 17-1].

The reason for introducing the adjoint spinor ψ = ψ†γ0 is that ψψ is a relativistic
invariant. Moreover, considering the parity transformation

P : R3 → R3 , x = (x, y, z) 7→ (−x,−y,−z) = −x ,

the quantity ψψ is invariant under P . For this reason, it is called a scalar. Introducing
the so-called pseudoscalar matrix (cf. [131, eq. (A.2.18)])

γ5 ≡ iγ0γ1γ2γ3 ,

the quantity ψγ5ψ changes sign under P , i.e. P (ψγ5ψ) = −ψγ5ψ; for this reason, it is
referred to as pseudoscalar. In a similar fashion, for all µ = 0, . . . , 3 one refers to the
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quantity ψγµψ as a vector, whereas ψγµγ5ψ is said to be a pseudovector (or axial vec-
tor). Introducing the bilinear covariants σµν ≡ i

2 [γµ, γν ] gives rise to the anti-symmetric

tensor ψσµνψ. Making use of the fact that 11, γ5, γµ, γµγ5 and σµν constitute a basis
of C4×4, any 4×4-matrix can be written as a linear combination of the resulting 16 terms
(for details see [81, Section 4.4 and Section 7.3] or [129]). From the vector and pseu-
dovector matrices, one can form the (Dirac) current jµ and the axial vector current jµ5

by (cf. [129, eq. (3.73)])

jµ = ψγµψ and γµ5 = ψγµγ5ψ ,

respectively. Whenever ψ satisfies the Dirac equation, the current jµ is a conserved
quantity, that is, ∂µj

µ = 0. In the case m = 0, the axial vector current jµ5 is also
conserved, that is, ∂µj

µ5 = 0 (cf. [129, Section 3.4]).
Prior to 1956, it was taken for granted that the laws of physics are invariant with re-

spect to parity transformations in the sense that the mirror image of any physical process
also represents a perfectly possible physical process. However, as experiments carried out
by Chien-Shiung Wu (1912–1997) revealed, weak interactions are not invariant under
parity [163]. Accordingly, neutrinos observed in nature are left-handed, whereas the ob-
served anti-neutrinos are right-handed (see [81]). These properties are summarized by
the notion of chirality. For a mathematical description of chirality (cf. [53, Section 1.2]
and [96, Chapter 5]), one introduces so-called chiral projectors,

χL/R =
1∓ γ5

2
.

These are projection operators, i.e. χ2
L/R = χL/R, satisfying the properties

χLχR = 0 , χL + χR = 11 , γ5 χL = −χL , γ5χR = χR , χ∗L = χR

(with respect to the spin scalar product ψφ). For any spinor ψ, the projections χLψ
and χRψ are referred to as left- and right-handed components of ψ, respectively. We
point out that a matrix is said to be even or odd if it commutes or anti-commutes
with γ5, respectively. It is straightforward to verify that the Dirac matrices are odd,

γµχL/R = χR/Lγ
µ for all µ = 0, . . . , 3 .

Introducing ψL/R = χL/Rψ, this gives rise to the relation

ψγµψ = ψLγ
µψL + ψRγ

µψR . (2.3.21)

The summands in (2.3.21) are called left- and right-handed currents, respectively.12

Experiments have shown that neutrinos may convert from one flavor to another (for
instance, νe ↔ νµ). These phenomena, referred to as neutrino oscillations, suggest that
neutrinos have non-zero mass, which in turn motivates to also take right-handed neu-
trinos into consideration [81, 131].13 The neutrino oscillations can mathematically be
described by the MNS matrix (or neutrino mixing matrix, cf. [81, Section 11.5]). For
quarks, a similar effect is described by the CKM matrix (or quark mixing matrix, see [81,
Section 9.5] or [131, Chapter 7] for details). We point out that currently there is no
experimental reason for not suspecting the quarks and leptons in Table (2.3.20) to be
the ultimate elementary particles [131]; in particular, it is unlikely to expect a fourth
generation of fermions [11].

12For the relation to weak isospin and hypercharge we refer to [81, Chapter 9].
13These experimental observations are taken into account in the theory of causal fermion systems.
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2.3.8. The Standard Model of Particle Physics. The quarks and leptons, which
are the basic particles of matter, are subject to several interactions (or “forces”). These
forces between fundamental fermions are mediated via the exchange of bosons (so-called
“gauge bosons”). At present, there are four known fundamental interactions, comprising
electromagnetic, weak and strong interaction as well as gravity. The first three of them
are described by the Standard Model of particle physics. More explicitly, electromag-
netic and weak interaction are combined into electroweak theory, which is dealt with in
quantum electrodynamics (QED), whereas the theory of strong interaction is quantum
chromodynamics (QCD). The gauge bosons of electroweak theory are the photon and
the W± and Z bosons, while the gauge bosons of the strong force are (eight) gluons.
In order to understand the number of gluons as well as its mathematical description in
the Standard Model in some more detail, let us point out that modern theory of particle
interactions is based on gauge theories [127]. Without describing its precise structure we
note that, in mathematical terms, gauge theory deals with principal bundles, connections
on them, and the curvatures of these connections [121, 170].

Before entering the basic idea of gauge theories, let us briefly outline some central
structures of quantum field theory. In analogy to classical physics, it has become conven-
tional to formulate particle physics in terms of a Lagrangian. More precisely, one usually
introduces an action S by

S =

ˆ
L dt with L =

ˆ
L d3x ,

where L is referred to as Lagrangian and L as Lagrangian density (which often is also
called “Lagrangian”). In this formalism, the dynamics is determined by a single func-
tion L; whenever the Lagrangian L is Lorentz invariant (that is, invariant under Lorentz
transformations), the whole theory is Lorentz invariant [96]. For instance, the Dirac
equation can be derived from the Lagrangian

L = iψ/∂ψ −mψψ ,

where m denotes mass and ψ the adjoint spinor; this Lagrangian is invariant under
the transformations ψ 7→ eiθψ for θ ∈ R (cf. [73, Section 4.1]). Varying the action
with respect to ψ, treated as independent of ψ, one obtains the Dirac equation (2.3.17)
(cf. [128, Section 1.5]).

The modern viewpoint of gauge invariance is due to quantum theory [96]. Since
observables depend on |ψ|2, the structure of the theory is invariant under global gauge
transformations (cf. [96, eq. (3.6)])

ψ → ψ′ = e−iθψ ,

where θ ∈ R is a constant. In case that θ = θ(t,x) depends on each spacetime point, the
corresponding transformation (cf. [96, eq. (3.7)])

ψ(t,x)→ ψ′(t,x) = e−iθ(t,x)ψ(t,x)

is called a local gauge transformation (or, in this case, a local phase transformation).
Making use of the fact that group elements of the unitary group U(1) are expressed
by eiθ with θ ∈ R, the above (local) gauge transformations give rise to the “gauge”
group U(1).

In order to prepare for Yang-Mills theory and to explain gauge theories in some more
detail, let us return to electrodynamics, which is considered as both the simplest gauge
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theory and the most familiar [131]. In classical electrodynamics, the fields B and E are
related to the vector potential A by (see e.g. [96])

B = ∇×A , E = −∇φ− ∂tA . (2.3.22)

Whenever Λ is an arbitrary (smooth) real-valued function, it is evident that the equa-
tions (2.3.22) remain unchanged with respect to the transformations

A→ A′ = A +∇Λ , φ→ φ′ = φ− ∂tΛ . (2.3.23)

Combining A and φ into a four-vector Aµ = (φ,A), the transformations (2.3.23) read

Aµ → Aµ′ = Aµ − ∂µΛ .

In other words, the electromagnetic potential Aµ is not uniquely defined but only modulo
the gauge transformations Aµ 7→ Aµ +∂µΛ, where Λ is an arbitrary (smooth) real-valued
function. The resulting freedom to choose Aµ is called gauge invariance in electrody-
namics (see [73, Section 4.2] and [131, Chapter 3]). Concerning the notion of “gauge
invariance” we refer to [142] and [73].

Let us also note the following invariance property: Whenever ψ and Aµ satisfy the
Dirac equation (i/∂− e /A−m)ψ = 0, then ψ′ = exp(ieΛ)ψ and A′µ = Aµ + ∂µΛ satisfy the

equation (i/∂ − e /A′ −m)ψ′ = 0. In other words, the Dirac equation (i/∂ − e /A−m)ψ = 0
is invariant under the simultaneous transformations ψ → exp(ieΛ)ψ, Aµ → Aµ + ∂µΛ
(cf. [73, Section 4.2 and Section 9.1]), thus combining the two gauge transformations
mentioned before. Accordingly, we obtain a gauge-invariant Lagrangian

L = ψ(i∂µγ
µ −Aµγµ −m)ψ ;

its physical interpretation is that the matter field ψ is coupled to a “gauge field” Aµ.

On the other hand, starting with the free Dirac Lagrangian L0 = ψ(i/∂ −m)ψ, one
observes that L0 is invariant under the transformation ψ 7→ eiχψ in case that χ is a (real)
constant. The natural question to ask is how the Lagrangian L0 needs to be modified
in order to be invariant under the transformation ψ 7→ eiχψ for an arbitrary smooth
function χ : R4 → R. Namely, in the case that χ is not constant, the derivative ∂µ does
not commute with multiplication by eiχ. Indeed, one needs to replace the derivative ∂µ
by a “covariant derivative” Dµ = ∂µ + iAµ for some gauge field Aµ, thus giving rise to

the “interacting” Lagrangian L = ψ(i/∂ − /A −m)ψ.14 The important point to notice is
that the gauge field Aµ appearing in electrodynamics is closely related to the local gauge
transformations ψ → eiχψ with eiχ in the Lie group G = U(1); more precisely, the gauge
field Aµ takes values in the corresponding Lie algebra g = u(1) (cf. [73, Section 9.1]).

Thus the transition from a global symmetry (constant χ) to a local symmetry which
depends on spacetime coordinates (arbitrary χ) requires to introduce “compensating
gauge fields” by means of the corresponding covariant derivative (for further details
see [39, Section 18-6]); the gauge field is interpreted as interacting in a specific way,
thus giving rise to a dynamical theory. These types of dynamical theories, based on local
invariance principles, are called gauge theories [2].

By contrast to electrodynamics, in which case the gauge group U(1) is abelian, quan-
tum chromodynamics and the electroweak theory are built on a generalization of this
gauge principle, in which case the “phase factors” become matrices, which in general do
not commute with each other. Accordingly, the associated symmetry is called a non-
abelian one. The transition from a global symmetry to a local one in the non-abelian

14Replacing the derivative ∂ by the covariant derivative D is known as “minimal coupling” [129].



2.3. PHYSICAL PRELIMINARIES 29

setting was first accomplished by Yang and Mills [164] in order to describe the weak
interaction between quarks and leptons. More specifically, to obtain a local symmetry
from the global symmetry of isospin invariance, Yang and Mills considered gauge trans-
formations ψ → Uψ with U ∈ SU(2). The corresponding Lie algebra su(2) has three
generators; the corresponding su(2)-valued gauge fields Aaµ (a = 1, 2, 3) are referred to
as Yang-Mills fields, and the resulting Euler-Lagrange equations are called Yang-Mills
equations [73]. In a similar fashion, the strong interaction between quarks is described
by quantum chromodynamics, a non-abelian gauge theory of the Yang-Mills type cor-
responding to the gauge group SU(3); the gauge potentials take values in the gauge
algebra su(3) (cf. [3, 73]). For a concise summary of Yang-Mills theory we refer to [129,
Chapter 15].

Thus in summary, the interactions in the Standard Model are described by Yang-
Mills type equations [2]. The weak and electromagnetic theory usually are combined into
electroweak theory with gauge group U(1) × SU(2); henceforth, the gauge group of the
Standard Model is given by

U(1)× SU(2)× SU(3) .

Let us finally establish the connection to the number of gluons involved in a gauge
theory. For given n ∈ N, consider the Lie group SU(n) and let su(n) be its Lie algebra. We
point out that su(n) has n2−1 generators, denoted by Ta (a = 1, . . . , n2−1). Considering
gauge transformations ψ → ψ′ = Uψ, in order to obtain local gauge invariance one is led
to introduce the covariant derivative

Dµ = ∂µ + igTaA
a
µ ,

where the “coupling constant” g determines the strength of the interaction and Aaµ (a =

1, . . . , n2 − 1) are the gauge fields, taking values in su(n). The number of these fields is
equal to the number of generators, and the particles generated by the gauge fields are
called gauge bosons (for details see [127]).

2.3.9. Quantum Field Theory. In short, quantum field theory (QFT) arose from
the necessity to combine special relativity with quantum mechanics. More precisely, the
world of everyday life is governed by classical mechanics. For classical objects that travel
very fast compared to the speed of light, the laws of classical mechanics are modified by
special relativity. For objects which are small (compared to the size of atoms, roughly
speaking), classical mechanics is superseded by quantum mechanics. In order to describe
objects that are both fast and small, one requires a theory that incorporates relativity
and quantum mechanics: quantum field theory [81, 167]. It is essential for understanding
the current state of elementary particle physics [129]. An explanation for the necessity
of the field viewpoint can be found in [129, Section 2.1].

In order to deal with electroweak and strong interactions, quantum field theory is
subdivided into quantum electrodynamics (QED) and quantum chromodynamics (QCD),
where QED deals with the interaction of electrically charged particles and QCD describes
the interaction of quarks by the exchange of gluons [80].

In analogy to the Lagrangian formalism in classical mechanics (it is instructive to
follow the explanations in [15]), quantum field theory is usually written in terms of an
action S, being the time integral over some Lagrangian L, which in turn is given as
the spatial integral over a Lagrangian density L (where L again is referred to as “La-
grangian”). More specifically, “quantization” in quantum mechanics amounts to replacing
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the (generalized) coordinate q of a classical particle by a Hermitian operator and its con-
jugate momentum p ≡ ∂L/∂q̇ (where q̇ = ∂q/∂t) by −i∂/∂q in such a way that the
commutator relation (cf. [15, eq. (11.6)])

[p, q] = −i

is satisfied. More generally, given a system with n degrees of freedom, the dynamics of a
quantum mechanical system is determined by imposing the commutator relations

[pi(0), qj(0)] = −iδij , [pi(0), pj(0)] = 0 , [qi(0), qj(0)] = 0

for all i, j ∈ {1, . . . , n} at time t = 0 (cf. [15, Section 11.2]). This method, treating qi
and pi as quantized variables, is referred to as first quantization. In quantum field theory,
on the other hand, one is mainly interested in quantizing fields which have an infinite
number of degrees of freedom (corresponding to the limit n→∞). This process is called
second quantization [94, 129]. For an example we refer to the quantization of the Klein-
Gordon field φ (see [129, Section 2.3]). In general, the idea is to start with a classical field
theory and then “quantize” it, that is, reinterpret dynamical variables as operators which
obey canonical commutation relations. This procedure, describing the transition from
classical field theory to quantum field theory, is known as “second quantization” in order
to distinguish the resulting field equation (in which φ is an operator) from the old one-
particle field equation (in which φ was a wave function). In analogy to classical mechanics,
the action in QFT is given as an integral over a Lagrangian L(φ, ∂µφ) depending on some
field φ and its derivative ∂µφ,

S =

ˆ
L dt with L =

ˆ
L(φ, ∂µφ) d3x ,

where L is integrated between initial and final times [94].
For convenience, let us review some important QFT Lagrangians. To begin with, the

Maxwell equations ∂µFµν = 0 can be obtained from the Lagrangian

LMaxwell = −1

4
(Fµν)2 ,

where Fµν = ∂µAν − ∂νAµ is the field strength tensor and Aµ is the vector potential
(see [129, eq. (3.7)]). Moreover, the Lorentz-invariant Dirac Lagrangian reads

LDirac = ψ(iγµ∂µ −m)ψ .

Next, the QED Lagrangian LQED, given by

LQED = LDirac + LMaxwell + Lint

(with Lint describing the interaction), can be written in the simpler form

LQED = ψ(i /D −m)ψ − 1

4
(Fµν)2 ,

where Dµ is the gauge covariant derivative,

Dµ ≡ ∂µ + ieAµ(x)

with electron charge e (in order to describe a fermion of charge Q, replace e by Q).
Varying ψ, the resulting Euler-Lagrange equations for ψ take the form

(i/∂ + ie /A−m)ψ(x) = (i /D −m)ψ(x) = 0 ,
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which is just the Dirac equation coupled to the electromagnetic field (with coupling
constant e). The Euler-Lagrange equations for Aν are given by

∂µF
µν = eψγνψ = ejν ,

which are the inhomogeneous Maxwell equations with the current density jν = ψγνψ
(see [129, eqs. (4.3)–(4.8)]). The QCD Lagrangian, on the other hand, reads

LQCD =
∑
f

ψ
f(
i/∂ − α /A−mf

)
ψf − 1

4
(Fµν)2

(cf. [73, Section 9.2]), where f ∈ {u, d, s, c, t, b} are the quark flavors, mf are the quark
masses and α is the strong coupling constant (the same for all quark flavors). For the
Yang-Mills Lagrangian, which can be obtained by adding the gauge field Lagrangian
to the usual Dirac Lagrangian (with the ordinary derivative replaced by the covariant
derivative), we refer to [129, Section 15.2].

Note that the symmetry of a Lagrangian may be violated, in which case the field
theory is said to have a hidden or spontaneously broken symmetry. One important con-
sequence of spontaneous symmetry breaking is Goldstone’s theorem which states that
for every spontaneously broken continuous theory there is a massless particle (known as
Goldstone boson, see [129, Section 11.1]). Applying Goldstone’s theorem to gauge theo-
ries, however, one finds that these goldstone bosons convert massless gauge bosons into
massive ones. This is the so-called “Higgs mechanism” (we refer the interested reader
to [94, Section 10.2] and [129, Section 20.1]).

Applying the effect of spontaneous symmetry breaking to the gauge theory of weak
interactions gives rise to the so-called GWS model, introduced by Glashow, Weinberg
and Salam (see [94, Section 10.4] and [129, Section 20.2]). This model yields a unified
description of weak and electromagnetic interactions. More explicitly, starting with a
theory with SU(2) gauge symmetry, one ends up with one massless gauge boson (pho-
ton), whereas the remaining three gauge bosons (W±, Z) acquire masses from the Higgs
mechanism. In the GWS model, only the left-handed components of the quark and lepton
fields couple to the W bosons. As far as weak interactions are concerned, the resulting
electroweak theory thus arranges the quarks and leptons as follows,(

νe

e

)
L

,

(
νµ
µ

)
L

,

(
ντ
τ

)
L

and

(
u
d

)
L
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(
c
s

)
L

,

(
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b

)
L
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These are all weak isospin doublets; the right-handed components are weak isospin singlets
(cf. [39, Section 18-8] and [129, eq. (20.75)]). For this reason, physicists often denote
the SU(2) gauge group of weak interactions by SU(2)L.

The Standard Model of particle physics outlined above evolved as a consequence of
experiments and advances in theoretical physics in the last century. Nevertheless, the
predictions of a physical theory have to fit experimental results. Concerning particle
physics, so-called scattering experiments are of crucial importance. Roughly speaking,
in those experiments a beam of “incoming” particles is aimed at a target, and thereby
“scattered” into “outgoing” particles. A typical quantity measured in the laboratory is
the scattering cross section, which can be thought of the effective “size” of each target
particle as seen by an incoming beam. More precisely, the cross section is calculated in
terms of the rate of collisions in a scattering experiment; it gives the probability that a
collection of particles in some initial state will decay or scatter into another collection
of particles in some final state. For a mathematical description of such processes, the
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incoming particles are assigned an initial state |i〉 at initial time t = −∞, whereas the
outgoing particles are in some f inal state |f〉 at time t = ∞. In order to calculate the
probability of the transition from the initial state to the final state, one introduces the
so-called “scattering matrix” S (cf. [94]). Then the transition from an initial state |i〉 to
a final state |f〉 is given by the probability amplitude

Sfi = 〈f | i〉 ,
which can be thought of as one entry of the S matrix (see [15, Chapter 16]). Thus the
task is to compute the S matrix for a scattering process. To this end, we recall that in
quantum mechanics, a state ψ is a (normed) vector in a Hilbert space H. Following the
axioms of quantum mechanics, the time evolution of a system is given by a one-parameter
group of unitary operators U(t) on Hilbert space H such that

ψ(t) = U(t)ψ(0) ,

where ψ(t) denotes the state at time t. By Stone’s theorem (see [31, Theorem 1.13]), the
time evolution U(t) is generated by a self-adjoint operator H,

U(t) = e−itH .

The operator H, called the Hamiltonian, corresponds to the energy of the system (cf. [31,
Section 3.1]). In order to calculate the S matrix by means of perturbation theory (for
details see [156, Section 3.5] and [73, Chapter 6]), one assumes that the Hamiltonian H
splits into a free-particle Hamiltonian H0 and an interaction term V ,

H = H0 + V .

Introducing the operator

U(τ, τ0) ≡ exp(iH0τ) exp(−iH(τ − τ0)) exp(−iH0τ0)

for all τ, τ0 ∈ R, the S matrix is given by

S = U(+∞,−∞) . (2.3.24)

Starting from (2.3.24) and defining

V (t) ≡ exp(H0t)V exp(−iH0t)

for all t ∈ R, one obtains the following perturbation expansion for S,

S = 11− i
ˆ ∞
−∞

V (t1) dt1 + (−i)2

ˆ ∞
−∞

ˆ t1

−∞
V (t1)V (t2) dt2 dt1

+ (−i)3

ˆ ∞
−∞

ˆ t1

−∞

ˆ t2

−∞
V (t1)V (t2)V (t3) dt3 dt2 dt1 + · · · .

(2.3.25)

In terms of the time-ordered product T (cf. [156, Section 3.5]), expression (2.3.25) reads

S = 11 +
∞∑
n=1

(−i)n

n!

ˆ ∞
−∞

T {V (t1) · · ·V (tn)} dt1 dt2 · · · dtn . (2.3.26)

This expression, known as Dyson series, is also written as time-ordered exponential,

S = T exp

(
−i
ˆ ∞
∞

V (t) dt

)
.

Making use of Wick’s theorem, each time-ordered summand of the perturbation expan-
sion (2.3.26) can be written as a sum of normal-ordered summands (cf. [129, Section 4.3]
or [94, Section 5.6]). The resulting summands may be reexpressed diagrammatically in
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terms of so-called Feynman diagrams. This yields a convenient method for evaluating
the S matrix to a given order by employing the corresponding Feynman rules. In most
calculations, it is preferable to express the Feynman rules in terms of momenta, thus
giving rise to momentum-space Feynman rules (for details see [129]).

One of the serious complications found in quantum field theory is that the theory
is naively divergent. When higher-order corrections are calculated for QED, one finds
that the integrals diverge in the ultraviolet region, that is, for large momentum p. These
divergences, which are related to the experimentally not accessible high-energy region,
reflect our ignorance about the nature of physics at extremely small distances. In order
to avoid these divergences, one “cuts off” momentum space at some large momentum Λ,
thereby obtaining finite quantities. This manipulation is known as “regularization.” Af-
terwards one considers the limit Λ → ∞. A theory is said to be renormalizable if the
physical quantities turn out to be independent of Λ (cf. [129]). For instance, it was
proven by Gerard ’t Hooft (1946–) that spontaneously broken Yang-Mills theory is
renormalizable [94]. Following [167], quantum field theory thus should be regarded “as
an effective low energy theory. (...) It is thought that as we go to higher and higher
energies the whole edifice of quantum field theory will turn out to be an approximation
to a theory whose identity we don’t know yet.”

Many different renormalization procedures have been proposed, but they all share
some basic physical features. The essential idea is to assume a set of “bare” or “naked”
parameters that are divergent, such as the coupling constants and masses.15 By contrast
to “physical” parameters, these bare parameters are unmeasurable. The divergences of
these parameters are chosen so that they cancel against the ultraviolet infinities which
probe the small-distance behavior of the theory. After these divergences have been ab-
sorbed by the bare parameters, we are left with the physical, renormalized, or “dressed”
parameters that are indeed measurable [94]. We point out that, motivated by the renor-
malization program, the concept of bare parameters will show up in the theory of causal
fermion systems.

Note that most conventional regularization schemes are based on the perturbative
Feynman expansion. A non-perturbative approach is to work on spacetime lattices in-
stead of a spacetime continuum [3, 25]. In this setting, one considers a discrete set of
lattice points, separated by a minimum distance: the lattice spacing a. Regarding the
lattice merely as an ultraviolet cutoff, when removing the regularization observable quan-
tities should approach their physical values in the limit a↘ 0, the so-called “continuum
limit” [77]. These explanations may serve as a motivation for the notion of “continuum
limit” which we encounter in the theory of causal fermion systems.

As being of relevance for the theory of causal fermion systems, we finally outline
the generalization of the Dirac equation to curved spacetime, modelled by a (globally
hyperbolic) pseudo-Riemannian manifold (M, g) (for details see [128]). In Minkowski
spacetime M (with Minkowski metric ηµν), the Dirac equation

(iγµ∂µ −m)ψ = 0

is obtained from the Lagrangian

L = ψ(iγµ∂µ −m)ψ ,

15Concerning the bare and effective masses of quarks we refer to [81, Table 4.4].
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and the γ-matrices satisfy the anti-commutation relations

{γµ, γν} = 2ηµν . (2.3.27)

In curved spacetime, on the other hand, formula (2.3.27) is generalized to

γµ(x)γν(x) + γν(x)γµ(x) = 2gµν(x) , (2.3.28)

where gµν is the inverse of gµν ; the underline is used to distinguish the spacetime-
dependent γ-matrices from the constant γ-matrices in (2.3.27). In order to represent
the matrices γ

µ
(x) in terms of the matrices γµ, one introduces a so-called vierbein bαµ(x)

of vector fields (or tetrad, see [26] for details), defined by

gµν(x) = ηαβb
α
µ(x)bβν(x) .

Vierbein indices are lowered with ηαβ, whereas spacetime indices are lowered with the
metric gµν . In terms of the Dirac matrices γµ in Minkowski space, the matrices γµ(x)
in (2.3.28) can be written in the form

γµ(x) = bα
µ(x)γα .

Next, the spinorial affine connections Γµ(x) (for details see [74, 102, 112]) are defined
by the vanishing of the covariant derivative of the γ-matrices,

∇µγν ≡ ∂µγν − Γλµνγλ − Γµγν + γ
ν
Γµ = 0 ,

where γ
µ

= gµνγ
ν . Introducing the covariant derivative acting on a spinor field ψ by

∇µψ ≡ (∂µ − Γµ)ψ ,

the generally covariant Dirac equation in curved spacetime reads

(iγµ(x)∇µ −m)ψ(x) = 0 .

2.4. The Principle of the Fermionic Projector

The theory of causal fermion systems, as outlined in [59], evolved from the principle
of the fermionic projector [53]. For this reason, it seems a good starting point to first
present the underlying ideas of the fermionic projector approach in more detail. To this
end, we point out that the monograph [53] itself has its origins in [48], which in turn
is based on previous considerations summarized in the articles [49, 51]. In [49] it was
suggested to link the physical gauge principle with non-relativistic quantum mechanical
measurements of the position variable. The basic idea in [51] is to extend this concept to
relativistic quantum mechanics and to explain local gauge freedom for Dirac spinors by
a local U(2, 2) symmetry, which allows for a natural description of both electrodynamics
and general relativity as a classical gauge theory [51].

Actually, the basic ideas in [49, 51] may be considered as the starting point for the
development of the theory of causal fermion systems. For this reason, let us outline the
underlying concepts, which are essential in order to understand how the specific form
of the causal action principle comes about, in more detail. This procedure eventually
leads to the principle of the fermionic projector, which in turn allows us to formulate a
variational principle in “discrete” spacetime.
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2.4.1. Derivation of Local Gauge Freedom. To begin with, let us recall that
in quantum mechanics one usually considers an abstract Hilbert space H endowed with
a scalar product 〈 . | . 〉. The physical observables in non-relativistic quantum mechanics
correspond to self-adjoint operators on H with respect to the scalar product 〈 . | . 〉, and
measurements with respect to a state ψ ∈ H correspond to calculating the expectation
value 〈ψ|O|ψ〉. Moreover, the wave function ψ(~x) is introduced by

ψ(~x) = 〈~x | ψ〉 . (2.4.1)

It is of crucial importance to note that the observables for space are of particular interest
as they determine the geometry of the physical system under consideration. Usually, they
are given by mutually commuting operators (Xi)i=1,...,3 such that

Xiψ(x) = xiψ(x) for i = 1, 2, 3 .

Introducing the wave function ψ(~x) by (2.4.1) is known as “position representation.” In
bra/ket notation,16 this is done by choosing an “eigenvector basis” |~x〉 of the position
operators in such a way that

~X|~x〉 = ~x|~x〉 , 〈~x | ~y〉 = δ3(~x− ~y) .

At this point it is central to observe that the position representation is not unique, as
the “eigenvectors” |~x〉 are only determined up to a phase; more precisely, they can be
transformed according to

|~x〉 → eieΛ(~x)|~x〉 (2.4.2)

with a real function Λ(~x). This corresponds to a local phase transformation

ψ(~x)→ e−ieΛ(~x)ψ(~x) (2.4.3)

of the wave functions. This arbitrariness of the local phase of the wave functions can
also be understood from the fact that the wave function itself is not an observable, but
only its absolute square |ψ|2 has a physical interpretation as probability density. Starting
point in [51] is to interpret the local phase transformations (2.4.2), (2.4.3) as U(1) gauge
transformations. Generalizing the previous considerations to wave functions with several
components, for suitable unitary matrices U(~x) one arrives at

ψ(~x)→ U(~x)ψ(~x) .

If these local transformations U(~x) could be identified with physical gauge transforma-
tions, then the local gauge principle would no longer be an a-priori principle in physics.
Instead, it would be a consequence of a quantum mechanical “measurement principle,”
namely the description of space with observables Xi on an abstract Hilbert space. This
idea might make it possible to describe additional interactions (like gravitation or the
weak and strong forces). Furthermore, the local gauge group could no longer be chosen
arbitrarily. These observations may be regarded as the starting point for the development
of causal fermion systems.

In order to generalize this “measurement principle” to the relativistic setting, it is
convenient to introduce “observables” for space and time as multiplication operators with

16Given a Hilbert space H with scalar product 〈 . | . 〉, in physics it is customary to “split up” the
inner product 〈 . | . 〉 into a ket | . 〉 and a bra 〈 . | (this terminology is due to [33]). Note that the formal
bra/ket notation can be made mathematically precise using spectral measures [49].
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the coordinate functions by

Xiψ(x) = xiψ(x) for all i = 0, . . . , 3 ,

where ψ : M → C4 is regarded as a Dirac spinor on Minkowski space M. Motivated
by the “spin scalar product” ψφ of quantum mechanics, we let C4 be endowed with an
indefinite inner product ≺ . | . � of signature (2,2). Unfortunately, the usual positive
scalar product (2.3.18),

(ψ | φ) =

ˆ
R3

ψ†(t, ~x)φ(t, ~x) d~x , (2.4.4)

where the spinors are integrated over a space-like hypersurface at a constant time t, is
not compatible with time measurement. More precisely, the expectation value

(ψ | X0 | ψ) = t(ψ | ψ)

depends on the choice of the hypersurface, whereas for solutions of the Dirac equation,
current conservation implies that (2.4.4) is independent of t. This motivates to introduce
a different scalar product where the spinors are also integrated over the time variable,

< ψ | φ > =

ˆ
R4

≺ ψ(x) | φ(x) � d4x . (2.4.5)

In contrast to (2.4.4), however, the inner product (2.4.5) has no immediate physical
interpretation. Introducing an “eigenvector basis” of the time and position operators
with respect to < . | . >, one again obtains local gauge freedom of the form

ψ(x)→ U(x)ψ(x) with U(x) ∈ U(2, 2) , (2.4.6)

where U(2, 2) denotes the set of unitary matrices on C4 with respect to ≺ . | . �.
In order to clarify the connection of these “gauge transformations” to interactions

between fermions, it is illustrative to consider the free Dirac equation (cf. (2.3.17))

(i/∂ −m)ψ = 0

with /∂ = γj∂j , where γj (j = 0, . . . , 3) are the usual Dirac matrices. Due to (2.4.6), we
are given the freedom to modify ψ according to ψ → U−1ψ with U ∈ U(2, 2). Multiplying
by U from the left, this leads us to consider the modified Dirac equation

(U(i/∂)U−1 −m)ψ = 0 .

Thus the gauge transformation (2.4.6) yields a transformation of the Dirac operator,

i/∂ → G := U(i/∂)U−1 = iGj
∂

∂xj
+B

with

Gj(x) = U(x)γjU(x)−1 , B(x) = iU(x)γj(∂jU(x)−1) .

The resulting operator G is Hermitian with respect to the inner product < . | . > and
Lorentz invariant. Furthermore, there exist gauge transformations such that G locally
coincides with the original Dirac operator i/∂ (see [51]).

In order to motivate the generalization to curved spacetime, we point out that the
Minkowski metric η can be derived from the Dirac matrices γj by 2ηij11 = {γi, γj} for
all i, j ∈ {0, . . . , 3}. For the generalization to curved spacetime, one replaces Minkowski
space M by a four-dimensional smooth manifold M . Given an abstract Hilbert space H
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endowed with an indefinite inner product < . | . >, the previous observations motivate to
introduce the Dirac operator as a first order differential operator G on H by

G = iGj
∂

∂xj
+B

with (4 × 4)-matrices Gj(x), B(x) in such a way that Gj locally coincides with γj for a
specific gauge in a specific chart. The time and position operators, which are defined by
means of spectral measures (dEx)x∈M , admit to introduce wave functions. Moreover, the
Lorentzian metric g on M is given by

gjk(x)11 =
1

2

{
Gj(x), Gk(x)

}
.

As a consequence, the Lorentzian metric allows us to construct further objects like the
Levi-Civita connection or curvature tensors. It should be noticed that neither B(x) nor
the U(2, 2) gauge symmetry enter these constructions. Indeed, the matrix B(x) can
be used for describing additional interactions (like electromagnetism). In this way, the
Dirac operator is considered as the basic object on the manifold; all required objects
can be constructed from the Dirac operator [48]. In particular, the gauge potentials are
implicitly contained in the Dirac operator.

In short, the above constructions can be summarized as follows [51]: Adapting the
ideas in [49] to the relativistic context yields a local U(2, 2) gauge symmetry of the Dirac
equation. In order to describe the physical interactions with this gauge symmetry, it is
necessary to consider the Dirac operator as the basic object of the theory. By construct-
ing the spin derivative (for details see [51]), the gauge potentials (which are implicitly
contained in the Dirac operator) can be recovered as describing the electromagnetic and
gravitational field. In this way, the concept of measurability of spacetime gives a funda-
mental explanation for local U(2, 2) gauge symmetry. In particular, this description has
the advantage that both the Dirac theory and classical field theory are developed from
few a-priori given objects: The fermionic particles correspond to vectors of an abstract
Hilbert space H endowed with an indefinite scalar product < . | . >, and spacetime is
described by spectral measures (dEx)x∈M on a manifold M . The Dirac operator yields
the gauge potentials and determines the interaction between the fermions and the gauge
fields. This description, which is conceptually simple, is the starting point for further
constructions which eventually lead to the “principle of the fermionic projector” as in-
troduced in [53] and finally give rise to causal fermion systems [59].

2.4.2. The Principle of the Fermionic Projector. After these preliminaries,
we are in the position to enter the principle of the fermionic projector and to clarify
its relation to the causal action principle. For simplicity, let M = M be Minkowski
space. In generalization of [51], the starting point for the “discretization of spacetime”
is an abstract Hilbert space H together with an indefinite inner product < . | . > of
signature (2N, 2N) for some N ∈ N. Following the explanations in [53, Section 3.1], each
vector ψ ∈ H gives rise to a wave function ψ(x) with x ∈ M , and in analogy to §2.4.1
one obtains local gauge freedom of the form

ψ(x)→ U(x)ψ(x) with U(x) ∈ U(2N, 2N) .

Now every particle is described by its wave function ψ(x), or, in a gauge-independent
way, by a vector ψ ∈ H. For this reason, it seems convenient to consider the com-
plex subspace < ψ > in H spanned by ψ in order to describe the corresponding par-
ticle. Accordingly, a finite number of particles ψ1, . . . , ψf spans a finite-dimensional
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complex subspace Y := < ψ1, . . . , ψf > in H. One thus obtains an indefinite inner prod-
uct space (Y,< . | . >). Just as in positive definite scalar product spaces, every non-
degenerate subspace Y ⊂ H uniquely determines a projector PY : H → Y onto this
subspace, characterized by the conditions P 2

Y = PY = P ∗Y and PY (H) = Y , where the
star denotes the adjoint with respect to the inner product < . | . > (for details see [53,
Section 3.2]). Instead of working with the subspace Y , it is more convenient to consider
the corresponding projector P = PY in order to describe the particles of the system.
Having Dirac particles in mind, which are fermions, the projector P ∈ L(H) is called
fermionic projector, and

f = dimP (H)

is referred to as the number of particles. Since P is a projector, one has f = tr(P ),
where tr denotes the trace of a linear operator (cf. [56, Section 3]).

Next, in order to present the underlying ideas for deriving a variational principle
in discrete spacetime, we again let H be an abstract Hilbert space together with an
indefinite inner product < . | . > of signature (2N, 2N). Then in analogy to [51], one
defines mutually commuting time and position operators Xi (i = 0, . . . , 3). In order to
establish the connection to discrete spacetime, one replaces the time and position op-
erators Xi by mutually commuting operators Xi with a purely discrete spectrum. The
joint spectrum of these operators is then regarded as discrete spacetime M , and the
joint eigenspaces (ex)x∈M are 4N -dimensional subspaces of H. The corresponding pro-
jectors Ex on ex for every x ∈ M are uniquely characterized as the spectral projectors
of the operators Xi. The projectors (Ex)x∈M are called spacetime projectors, and the
resulting structure (H,< . | . >, (Ex)x∈M ) is referred to as discrete spacetime (for details
see [53, Section 3.3] and [54]). Roughly speaking, the underlying idea is to think of
discrete spacetime as a “loose set of points” [48] of “mean distance” ε . `P (for some
“regularization length” ε > 0). In order to take the principle of general coordinate invari-
ance appropriately into account, spacetime M should merely be considered as an index
set for the spectral projectors, whereas the projectors (Ex)x∈M are regarded as the basic
objects describing the geometry of spacetime [53].

The principle of the fermionic projector states that a physical system is completely
described by the fermionic projector in discrete spacetime. In particular, the physical
equations should be formulated exclusively with the operators P and (Ex)x∈M on H
(see [53, Section 3.5]). Thus in order to formulate physical equations, the projectors P
and (Ex)x∈M need to be combined in a mathematically interesting way. Guided by the
Lagrangian formalism of quantum field theory, a promising strategy is to define an “action
principle” in terms of a real-valued “Lagrangian.” A possible strategy towards this aim
is to form endomorphisms and then to consider the eigenvalues thereof. To this end, one
introduces the “discrete kernel” of the fermionic projector P (x, y) by P (x, y) ≡ ExPEy.
Following the reasoning in [48, 53], it turns out that the so-called “closed chain” Axy is
of particular interest, which for all x, y ∈M is defined by

Axy ≡ P (x, y)P (y, x) : Ex(H)→ Ex(H) .

Given a real-valued functional L on the endomorphisms of Ex(H) ⊂ H (the so-called
“Lagrangian”), the expression L[Axy] depends on the two spacetime points x, y ∈ M .
Summing over x, y ∈M , the ansatz for the “action” is

S =
∑
x,y∈M

L[P (x, y)P (y, x)] .
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An obvious way to form a positive functional is then to add up the absolute values of the
eigenvalues of Axy (counted with multiplicities). Denoting the eigenvalues of Axy by λi,
the resulting quantity is referred to as “spectral weight,”

|A| =
2N∑
i=1

|λi| .

It turns out that it is preferable to formulate a variational principle which aspires to
equalize the absolute values of all eigenvalues. This can be accomplished by combining the
expressions |A2| and |A|2. More precisely, it is reasonable to minimize |A2|, keeping |A|2
fixed. This is the motivation for considering the variational principle

minimize S[P ] =
∑
x,y∈M

∣∣A2
xy

∣∣ (2.4.7)

by varying P in the class of linear operators L(H) under the constraint

T [P ] :=
∑
x,y∈M

|Axy|2 = C (2.4.8)

for some constant C > 0. The corresponding Euler-Lagrange equations read

[P,Q] = 0

for some operator Q (cf. [53, eqs. (3.5.9)–(3.5.10) and (3.5.20)–(3.5.21)]). The variational
principle (2.4.7)–(2.4.8) was first analyzed mathematically in [54]. In order to clarify
its connection to the causal action principle in the theory of causal fermion systems,
it is instructive to recall an existence result in [54]. More explicitly, in view of [54,
Theorem 2.8] there exists a minimizer of the variational principle (2.4.7)–(2.4.8) in the
class of operators P ∈ L(H) with the property that tr(P ) = f , rank(P ) ≤ f and (−P ) is
positive in the sense that

< u | (−P )u > ≥ 0 for all u ∈ H . (2.4.9)

The fact that P has a negative definite image makes it possible to introduce a Hilbert
space (H, 〈 . | . 〉H) by setting 〈 . | . 〉H = < . | (−P ) . > and dividing out the null space.
This construction, which was first outlined in [61], gives rise to an underlying Hilbert
space structure. For similar constructions we refer to [109].

2.4.3. Connection to Causal Fermion Systems. According to [53, Preface to
the second online edition], the step from indefinite inner product spaces to Hilbert spaces
is regarded as “maybe the most important change in the mathematical setup.” Actually,
this transition from indefinite inner product spaces to Hilbert spaces is closely related
to introducing a “regularization,” one of the fundamental concepts of causal fermions
systems. In order to outline this transition in a mathematical convincing way, let us
explain the idea of introducing a “regularization” in some more detail. The following
explanations are due to [59, Section 1.2] and [53, Section 1.5].

We let M be Minkowski space, endowed with the standard volume measure dµ. We
define the spinor bundle SM as a vector bundle over M with fiber C4. Sections in
the spinor bundle are called spinors or wave functions. By C(M, SM) we denote the
continuous Dirac wave functions (that is, the continuous sections of the spinor bundle,
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not necessarily solutions of the Dirac equation). The spinor space at a point x ∈ M is
denoted by SxM, so that a wave function ψ takes values in

ψ(x) ∈ SxM ' C4 .

The spinor space at x is endowed with an indefinite inner product of signature (2, 2),
which we denote by ≺ . | . �. We then consider solutions of the Dirac equation

(i/∂ −m)ψ = 0 ,

where /∂ = γj∂j . For a solution ψ, the function (ψγ0ψ)(t, ~x) has the interpretation as the
probability density of the Dirac particle at time t to be at the position ~x. The spatial
integral of this probability density is time independent, and the corresponding bilinear
form corresponding to this probability integral gives the scalar product (cf. (2.3.19))

(ψ | φ) =

ˆ
R3

(ψγ0φ)(t, ~x) d3x . (2.4.10)

In order to ensure that the integral in (2.4.10) is well-defined and finite, we first consider
solutions which at time t are smooth and have compact support. Taking the completion,
the solution space becomes a separable Hilbert space (see e.g. [72, Proposition 8.17]).
Next, we choose H as a closed subspace of this Hilbert space with the induced scalar
product 〈 . | . 〉H := ( . | . )|H×H. Then H is again a separable Hilbert space. However, as
Dirac solutions ψ, φ ∈ H are in general not continuous, the pointwise evaluation

− ≺ ψ(x) | φ(x) � for all ψ, φ ∈ H

at x ∈ M makes in general no mathematical sense. This is the reason for introducing
an ultraviolet regularization. Such regularizations are performed most conveniently with
so-called “regularization operators,” which we now define. Consider a family of linear
operators (Rε)ε∈(0,εmax) with εmax > 0 which map H to the continuous wave functions,

Rε : H→ C(M, SM) . (2.4.11)

Whenever the technical conditions [59, eqs. (1.2.6)–(1.2.8)] in [59, Definition 1.2.3] hold,
the family (Rε)ε∈(0,εmax) is said to be a family of regularization operators. A regularized
wave function Rεψ, however, need not again be a solution of the Dirac equation. Given
a family of regularization operators (Rε)ε∈(0,εmax) for some εmax > 0, the connection to
causal fermion systems is accomplished as follows. Fixing ε ∈ (0, εmax), for any x ∈ M
we consider the well-defined bilinear form

bεx : H ×H→ C , bεx(u, v) = − ≺ (Rε u)(x) | (Rε v)(x) � .

Making use of the Fréchet-Riesz theorem (see for instance [113, Section 6.3]), there is a
unique bounded linear operator F ε(x) : H→ H such that

〈u | F ε(x) v〉H = bεx(u, v) = − ≺ (Rε u)(x) | (Rε v)(x) � for all u, v ∈ H .

Taking into account that the inner product ≺ . | . � on the Dirac spinors at x has
signature (2, 2), we infer that F ε(x) has at most 2 positive and at most 2 negative
eigenvalues. Defining F ⊂ L(H) as the set of self-adjoint operators with at most 2
positive and at most 2 negative eigenvalues, we thus obtain a mapping

F ε : M → F .

The operators F ε(x) are referred to as local correlation operators (as they furnish a
connection between the underlying measure space and the structure F which plays a
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crucial role in the setting of causal fermion systems). It is important to observe that
on F we are given a measure dρ (referred to as “universal measure”) defined by

dρε := F ε∗ dµ

as the push-forward measure of dµ under F ε (more precisely, for any Borel set Ω ⊂ F

we have (F ε)∗µ(Ω) := µ((F ε)−1(Ω))). The resulting structure (H,F, dρε) is a causal
fermion system of spin dimension n = 2 (see Definition 2.1.1), and the support of the
universal measure dρε is referred to as spacetime. Note that in the context of causal
fermion systems, the physical picture behind the ultraviolet regularization is that only
the regularized objects are regarded as the fundamental physical objects. In particular,
the regularization has a physical significance as describing the microscopic structure of
physical spacetime. Removing the regularization by taking the limit ε ↘ 0 in a certain
way (see [59, Section 3.5]) is referred to as “continuum limit.”

In this way, according to [53, Preface to the second online edition], when working
out the existence theory of the variational principle (2.4.7)–(2.4.8), “it became clear that
instead of using the kernel of the fermionic projector, the causal action principle can be
formulated equivalently in terms of the local correlation operators,” thus giving rise to
the causal action principle as stated in Section 2.1.

2.5. The Theory of Causal Fermion Systems

Having derived the specific form of the causal action principle as outlined in Sec-
tion 2.1, it remains to clarify the connection of causal fermion systems to the Standard
Model of particle physics as well as general relativity. This is precisely the aim of this
section. In order to clarify the underlying ideas, it seems best to first outline the general
strategy (§2.5.1).

2.5.1. The General Strategy. The objective of this subsection is to present the
general strategy behind the theory of causal fermion systems. It is worth noting that
the basic procedure outlined in this subsection is closely related to the ideas presented
in §2.4.1. In short, the main ingredient of the theory can be regarded a class (M, g,B)
of four-dimensional, globally hyperbolic Lorentzian manifolds M (for details see [10])
endowed with Lorentzian metric g and an external potential B on M with appropriate
properties. The underlying idea is that M models (curved) physical spacetime according
to general relativity; the corresponding free Dirac equation reads (for details see §2.3.9)

(iγµ(x)∇µ −m)ψ(x) = 0 (2.5.1)

with spacetime-dependent matrices γµ and covariant derivative ∇µ. Introducing an in-
teraction B, the resulting Dirac equation takes the form

(iγµ(x)∇µ + B(x)−m)ψ(x) = 0 . (2.5.2)

Roughly speaking, the Dirac equation (2.5.2) can be regarded as the starting point for
the theory of causal fermion systems. Albeit the theory is worked out only in Minkowski
space, the general strategy is based on the following steps: The starting point of the
theory is to consider a solution of the unperturbed Dirac equation (2.5.1). The next
step is to introduce a potential B and to make use of the so-called “causal perturbation
expansion” in order to construct a solution ψ of the Dirac equation (2.5.2). Following
Dirac’s concept of describing the vacuum (in presence of an external potential B) by
means of a “completely filled Dirac sea,” by introducing particles and anti-particles it is
possible to modify the solution ψ of the Dirac equation (2.5.2). As a consequence, the
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Dirac equation (2.5.2) will no longer be satisfied. Thus in order for (2.5.2) to hold again,

it is necessary to also replace the potential B by some other potential B̃. The resulting
potential B̃ is then interpreted as “interaction” between fermions.

In order to establish a connection to the Standard Model of particle physics, it is
reasonable to extend the previous considerations by introducing one Dirac sea for each
of the fundamental fermions compiled in Table (2.3.20). This is done by introducing
the so-called “auxiliary fermionic projector,” which is defined as the direct sum of the
Dirac seas corresponding to the fundamental fermions. Employing the ansatz of “massive
neutrinos,” it is necessary to break the chiral symmetry; to this end, massless right-
handed neutrinos are taken into account by adding one more direct summand to the
auxiliary fermionic projector. In order to enter the setting of causal fermion systems,
a “regularization” is inserted. Introducing particles and anti-particles, by forming the
so-called “sectorial projection” one finally obtains the “fermionic projector” (for further
details see [59, Remark 4.2.3]).

Motivated by the variational principle (2.4.7)–(2.4.8), the underlying picture is that
the fermionic projector is supposed to be of physical relevance if it is a minimizer of the
causal action principle. In this way, the resulting Euler-Lagrange (EL) equations give
rise to conditions for the fermionic projector. It is crucial to observe that the fermionic
projector obtained by the just-mentioned method essentially depends on the external
potential B and the underlying spacetime (M, g). Accordingly, the EL equations pose
conditions on “admissible” manifolds (M, g) and potentials B. In this way, only those
external potentials B and manifolds (M, g), for which the EL equations are satisfied,
are considered as physically relevant; the resulting potentials are interpreted as “bosonic
interactions” between fundamental fermions. In this way, the causal action principle
allows to recover the interactions of the Standard Model and gives rise to the Einstein
field equations of general relativity in a suitable limiting case (the so-called “continuum
limit”). More precisely, the basic idea to obtain a connection to the Standard Model
and general relativity is to rewrite the resulting EL equations as corresponding to an
“effective action” Seff of the form (cf. [59, eq. (5.4.1)])

Seff =

ˆ
M

(LDirac + LYM + LEH)
√
−det g d4x

for a suitable choice of the Dirac Lagrangian LDirac, the Yang-Mills Lagrangian LYM

and the Einstein-Hilbert Lagrangian LEH. Moreover, under appropriate assumptions one
recovers the effective gauge group of the Standard Model,

G = U(1)× SU(2)× SU(3) .

The general strategy how to obtain these results shall be outlined in what follows.

2.5.2. The Kernel of the Fermionic Projector. Before entering the theory of
causal fermion systems in more detail, let us briefly summarize some conceptual ideas
which enter the theory from the very beginning. To begin with, taking into account that
the causal action principle evolved from the principle of the fermionic projector [53],
the following physical principles implicitly enter the theory of causal fermion systems:
Einstein’s principle of relativity, the Pauli exclusion principle and, of course, the principle
of least action. Moreover, the principle of causality is built in in such a way that spacelike
separated points do not enter the Lagrangian and thus the causal action. Moreover, the
local gauge principle arises as explained in §2.4.1.
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Next, only the fermionic states are considered as the basic physical objects. The
bosonic fields, on the other hand, are merely regarded as auxiliary objects used for de-
scribing the behavior of the fermionic states. For this reason, the fundamental fermions
summarized in Table (2.3.20) will play a central role in what follows. Motivated by the
renormalization program, the concept of “bare” or “naked” masses and coupling constants
is employed throughout; the “physical” masses which can be measured in experiments
are obtained from the naked masses by self-interaction.

In order to take this fundamental character of fermions into account, the theory
of causal fermion systems essentially employs the concept of a “Dirac sea” which was
introduced by Paul Dirac in his paper [34] (cf. §2.3.5). Based on the Pauli exclusion
principle, Dirac assumed that

“(...) all the states of negative energy are occupied except perhaps a few
of small velocity. (...) Only the small departure from exact uniformity,
brought about by some of the negative-energy states being unoccupied,
can we hope to observe. (...) We are therefore led to the assumption
that the holes in the distribution of negative-energy electrons are the
[positrons].”

Dirac made this picture precise in his paper [35] by introducing a relativistic density
matrix R(t, ~x; t′, ~x′) with (t, ~x), (t′, ~x′) ∈ R× R3 defined by

R(t, ~x; t′, ~x′) =
∑

l occupied

Ψl(t, ~x) Ψl(t′, ~x′) .

In analogy to Dirac’s original idea, in [50] the kernel of the fermionic projector is intro-
duced as the sum over all occupied wave functions

P (x, y) = −
∑

l occupied

Ψl(x) Ψl(y)

for spacetime points x, y ∈ M (also see [57]). A straightforward calculation shows that
(cf. [60, §4.1] and [59, Section 3.8]), up to an irrelevant constant, the relativistic density
matrix R(t, ~x; t′, ~x′) coincides precisely with kernel of the fermionic projector P (x, y),

P (x, y) =

ˆ
M̂

d4k

(2π)4
(/k +m) δ(k2 −m2) Θ(−k0) e−ik(x−y) , (2.5.3)

where δ is Dirac’s delta distribution and Θ denotes the Heaviside function, the slash
in /k = kjγj denotes contraction with the Dirac matrices γj (j = 0, . . . , 3) and the ex-
pression k(x − y) is a short notation for the Minkowski inner product kj(x − y)j . The
quantity P (x, y) in (2.5.3) is called the (unregularized) kernel of the fermionic projector
of the vacuum. We also refer to the expression (2.5.3) as a completely filled Dirac sea;
it can be thought of as describing the “vacuum” with respect to one kind of elementary
particles of mass m.

Note that particles are obtained by adding states to a completely filled Dirac sea,
whereas anti-particles are described by removing states therefrom. This picture of a
Dirac sea is made precise by considering the free Dirac equation in Minkowski space,

(i/∂ −m)ψ = 0 . (2.5.4)

Assume that H is a separable Hilbert space of solutions of the Dirac equation (2.5.4),
and let (u`)`∈N be an orthonormal basis of H. Dirac’s original idea is then specified with
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the help of regularization operators (2.4.11) by introducing the regularized kernel of the
fermionic projector for all x, y ∈M as (cf. [59, eq. (1.2.19)])

P ε(x, y) = −
∑
`

(
Rεu`

)
(x)
(
Rεu`

)
(y) = −

∑
`

|
(
Rεu`

)
(x) �≺

(
Rεu`

)
(y)| .

In the limit ε↘ 0, the regularized kernel of the fermionic projector P ε(x, y) converges as
a bi-distribution to the unregularized kernel P (x, y) defined by

P (x, y) := −
∑
`

u`(x) u`(y) = −
∑
`

|u`(x) �≺ u`(y)| , (2.5.5)

as is made mathematically precise in [59, Proposition 1.2.7]. Furthermore, if H is the
subspace of the solution space of the Dirac equation (2.5.4) which is spanned by all
negative-frequency solutions, then the unregularized kernel of the fermionic projector as
defined by (2.5.5) is the tempered bi-distribution (see [59, Lemma 1.2.8])

P (x, y) =

ˆ
d4k

(2π)4
(/k +m) δ(k2 −m2) Θ(−k0) e−ik(x−y) .

In order to appreciate the relevance of the fermionic projector, it is instructive to
outline the so-called “external field problem” which we recall now.

2.5.3. The External Field Problem. In order to understand the basic difficulty
of introducing interactions into the Dirac equation in more detail, let us consider an
interaction described by an external field B in Minkowski space. In this case, the Dirac
wave functions are supposed to obey the modified Dirac equation

(i/∂ + B−m)ψ = 0 ,

where B is assumed to be a smooth potential with suitable decay properties for large
times and at spatial infinity (for details we refer to [53, Section 2.1] and [59, §2.1.2]).
Whenever the potential B is static (that is, time-independent), one can separate the
time-dependence of the wave function with a plane wave ansatz (cf. [53, eq. (2.1.2)]),

ψ(t, ~x) = e−iωtψω(~x) , (2.5.6)

where ω has the interpretation as the energy of the solution. In this way, the sign of ω
gives rise to a canonical splitting of the solution space of the Dirac equation into subspaces
of positive and negative energy, respectively. Unfortunately, the situation becomes much
more difficult in the case that B is time-dependent. The basic difficulty in this setting is
that the separation ansatz (2.5.6) no longer works. More precisely, one is no longer given
a canonical splitting of the solution space of the Dirac equation. Therefore it is not clear
which solutions can be interpreted as “negative-energy solutions” and thus correspond
to the anti-particle states. This difficulty is referred to as external field problem. It is a
common belief that in the presence of a general time-dependent external potential there
exists no longer a canonical decomposition of the solution space into two subspaces, and
the resulting arbitrariness in decomposing the solution space into two subspaces is often
associated to an “observer.” In this way, the interpretation of particles and anti-particles
becomes observer-dependent. Nevertheless, one of the fundamental results in the theory of
causal fermion systems is that even in the presence of a time-dependent external potential
there is a canonical decomposition of the solution space into two subspaces. This method
allows us to construct solutions of the modified Dirac equation (2.5.7) under suitable
assumptions on B, as shall be outlined in the following.
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Starting point for the following constructions is a completely filled Dirac sea (2.5.3)
of mass m (where the superscript “vac” clarifies Minkowski vacuum),

P vac
m (x, y) =

ˆ
d4k

(2π)4
(/k +m) δ(k2 −m2) Θ(−k0) e−ik(x−y) , (2.5.7)

which is referred to as kernel of the fermionic projector in the vacuum. The basic idea in
the theory of causal fermion systems in order to resolve the external field problem is to
split up the fermionic projector of the vacuum in such a way that

P vac
m (x, y) =

1

2

(
pm(x, y)− km(x, y)

)
, (2.5.8)

where pm(x, y) and km(x, y) are the distributions

pm(x, y) =

ˆ
d4k

(2π)4
(/k +m) δ(k2 −m2) e−ik(x−y) ,

km(x, y) =

ˆ
d4k

(2π)4
(/k +m) δ(k2 −m2) ε(k0) e−ik(x−y) ,

and ε : R → {−1, 1} is the sign function defined by ε(x) = 1 for x ≥ 0 and ε(x) = −1
otherwise. Remarkably, the distributions pm and km can be rewritten in terms of Green’s
functions, as we now explain. For every x ∈ M let J∨x and J∧x denote the points in the
causal future respectively past of x,

J∨x = {y ∈M | (y − x)2 ≥ 0, (y0 − x0) ≥ 0} ,
J∧x = {y ∈M | (y − x)2 ≥ 0, (y0 − x0) ≤ 0} .

Denoting Dirac’s delta distribution in Minkowski space by δ4, due to [59, Chapter 2] the
advanced and retarded Green’s functions are uniquely defined by

(i/∂ −m) s∨m(x, y) = δ4(x− y) with supp s∨m(x, .) ⊂ J∨x
and

(i/∂ −m) s∧m(x, y) = δ4(x− y) with supp s∧m(x, .) ⊂ J∧x ,
respectively. Then the causal fundamental solution km can be recovered by

km(x, y) =
1

2πi

(
s∨(x, y)− s∧(x, y)

)
. (2.5.9)

Introducing Jx := J∨x ∪ J∧x , the distribution km is causal in the sense that

supp km(x, .) ⊂ Jx .

Making use of the identity (see [59, eq. (2.1.18) and Lemma 2.1.3])

km km′ = δ(m−m′) pm ,

one can deduce pm from km. In this way, the Green’s functions s∨m and s∧m allow us to
introduce the fermionic projector of the vacuum P vac

m by (2.5.8).
The idea is to extend these constructions to the interacting situation, that is, to the

Dirac equation in presence of an external potential B. According to [59, §2.1.4], the
advanced and retarded Green’s functions are uniquely defined even in the presence of an
external potential (2.5.7),

(i/∂ + B−m)ψ(x) = 0 . (2.5.10)
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More explicitly, the advanced and retarded Green’s functions s̃∨m and s̃∧m for the Dirac
equation (2.5.10) are characterized by

(i/∂ + B−m) s̃∨m(x, y) = δ4(x− y) with supp s̃∨m(x, .) ⊂ J∨x and

(i/∂ + B−m) s̃∧m(x, y) = δ4(x− y) with supp s̃∧m(x, .) ⊂ J∧x ,

respectively. The crucial point in what follows is that the Green’s functions s̃∨m and s̃∧m
can be uniquely expressed in terms of s∨m and s∧m. More precisely, one has the following
unique perturbation series (cf. [59, eq. (2.1.25)])

s̃∨m =
∞∑
n=0

(
− s∨mB

)n
s∨m , s̃∧m =

∞∑
n=0

(
− s∧mB

)n
s∧m . (2.5.11)

Its summands are referred to as “Feynman diagrams” (of nth order).17

Having derived a perturbation series for the causal Green’s functions, the causal
fundamental solution is defined in generalization of (2.5.9) by

k̃m :=
1

2πi
(s̃∨m − s̃∧m) .

Omitting the mass indices, for any complex number λ in the resolvent set of k and k̃, the
unperturbed resolvent Rλ and the (perturbed) resolvent R̃λ are introduced by

Rλ := (k − λ)−1 and R̃λ =
(
k̃ − λ

)−1
,

respectively (also see Appendix A.2). Rewriting the causal fundamental solution k̃ as

k̃ = k + ∆k ,

the resolvent R̃λ can be written as a Neumann series (see e.g. [157, Satz II.1.11]),

R̃λ = (k − λ+ ∆k)−1 = (1 +Rλ ·∆k)−1 ·Rλ =
∞∑
n=0

(−Rλ ·∆k)n ·Rλ .

Furthermore, the unperturbed resolvent can be expressed in terms of p and k,

Rλ =
p+ k

2

(
1

1− λ

)
+
p− k

2

(
1

−1− λ

)
− 11− p

λ
.

Choosing a contour Γ− ⊂ C which encloses the point −1 in counter-clockwise direction
and does not enclose the points 1 and 0, the fermionic projector P sea is defined by

P sea = − 1

2πi

‰
Γ−

(−λ) R̃λ dλ .

According to [59, Proposition 2.1.7], it has the desirable property that

(i/∂ + B−m)P sea = 0 . (2.5.12)

Following the previous constructions, the fermionic projector P sea only depends on B

and the Green’s functions s∨m, s∧m. Next, particles and anti-particles are introduced as
follows. Taking the closure of the solution space of the Dirac equation (2.5.10) with
respect to the inner product (2.4.10), one obtains a Hilbert space Hm with the induced

17For the connection to Feynman diagrams in physics see [59, §3.8.4].
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scalar product (. | .)m. Denoting by Nt := {t}×R3 ⊂M the spatial hyperplane at time t,
one can define the mapping Πsea : C∞0 (Nt, SM)→ C∞(M, SM) by

(Πseaψ)(x) = −2π

ˆ
R3

P sea
(
x, (t, ~y)

)
γ0 ψ(~y) d3y (2.5.13)

(where by C∞0 (Nt, SM) and C∞(M, SM) we denote the set of smooth wave functions
on Nt with compact support and the set of smooth wave functions on M, respectively).
Denoting the orthogonal projection onto a subspace A ⊂ Hm by ΠA : Hm → Hm, the
operator Πsea can be extended by continuity to a projection operator on Hm, i.e.

Πsea : Hm → Hm with (Πsea)∗ = Πsea = (Πsea)2 .

This allows us to introduce particles and anti-particles by

Π := Πsea + Πspan(ψ1,...,ψnp ) −Πspan(φ1,...,φna )

with np, na ∈ N0, provided that the functions φl ∈ Hm (l = 1, . . . , np) lie in the image
of Πsea, while the vectors ψk ∈ Hm (k = 1, . . . , na) are in the orthogonal complement
of the image of Πsea. Employing the normalization conditions in [59, eq. (2.1.72)], the
operator Π reads

Πψ := Πseaψ +
1

2π

np∑
k=1

ψk (ψk|ψ)m −
1

2π

na∑
l=1

φl (φl|ψ)m .

The projection operator Π can be written in the form (2.5.13) with the distribution18

Pm(x, y) = P vac
m (x, y)− 1

2π

np∑
k=1

ψk(x)ψk(y) +
1

2π

na∑
l=1

φl(x)φl(y) ,

thus allowing for np particles and na anti-particles of mass m (with np, na ∈ N0).

2.5.4. The Auxiliary Fermionic Projector. The previous considerations can be
extended to several Dirac seas of different masses by forming the so-called “auxiliary
fermionic projector.” In order to recover the Standard Model of elementary particle
physics, one clearly needs to take into account all fundamental fermions as compiled in
Table (2.3.20). As outlined in §2.3.7, the fundamental fermions consist of quarks and
leptons, each of which obeys the corresponding Dirac equation. Quarks come in three
colors (red, green, blue), each quark color as well as the leptons come in three genera-
tions, and each generation consists of a (weak) isospin doublet (isospin up and down).
Accordingly, there are four “blocks” (three quark blocks and one lepton block), each of
which consists of two “sectors” (corresponding to the isospin up and down component of
the electroweak theory, respectively), and each sector comprises three generations. Fur-
thermore, according to §2.3.7, the leptons split into a charged and a neutrino component,
whereas all quarks carry an electric charge. In this way, all fundamental fermions either
belong to a charged or neutrino component. We also point out that the theory of causal
fermion systems does not distinguish the chirality of neutrinos in the lepton block and
even allows for massive neutrinos. In order to take these facts into account, the (bare)
mass of the ith neutrino generation will be denoted by m̃i, whereas the (bare) mass of
the ith generation in the charged sector is denoted by mi (i = 1, 2, 3). Note that the

18For the normalization of the particle and anti-particle states see [53, Section 2.8] or [59, §3.4.3]
and [69].
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bare mass of all charged particles in each generation is the same. Thus for describing the
elementary particles of the Standard Model, one requires 24 Dirac seas in total.

Moreover, as mentioned in §2.3.7, the theory of causal fermion systems takes into
account massless right-handed neutrinos as well as the fact that they are not observed for
low energies. The mass of the right-handed neutrino is given by m̃4 = 0, and its chirality
is distinguished by the chiral projector χR. It turns out that a suitable regularization
of these right-handed states will break the chiral symmetry. This regularization will
be chosen in such a way that it vanishes in the low-energy regime, thus taking into
consideration that right-handed neutrinos have never been observed in nature.

In order to extend the constructions outlined in §2.5.3 to all fundamental fermions
including right-handed massless neutrinos, it is useful to define the auxiliary fermionic
projector of the vacuum P aux by

P aux = PNaux ⊕ PCaux , (2.5.14)

where

PNaux =
( 3⊕
β=1

P vac
m̃β

)
⊕ 0 and PCaux =

7⊕
a=1

3⊕
β=1

P vac
mβ

(2.5.15)

(where the Dirac seas P vac
m̃β

and P vac
mβ

are given in analogy to (2.5.7)). Thus P aux is

composed of 25 direct summands, four in the neutrino and 21 in the charged sector. The
fourth direct summand of PNaux has the purpose of describing the right-handed massless
neutrinos (or, in the terminology of [59], the “right-handed high-energy states”).

Next, the chiral asymmetry matrix X and the mass matrix Y are introduced by

X = (11C3 ⊕ τreg χR)⊕
7⊕

a=1

11C3 , (2.5.16)

mY = diag
(
m̃1, m̃2, m̃3, 0

)
⊕

7⊕
a=1

diag
(
m1,m2,m3

)
, (2.5.17)

where m is an arbitrary mass parameter and τreg ∈ (0, 1] is a dimensionless parameter
for which we always assume the scaling

τreg = (mε)preg with 0 < preg < 2 and 0 < ε . `P .

This allows us to rewrite the auxiliary fermionic projector as (cf. [59, eq. (5.2.5)])

P aux = Xt with t :=

25⊕
β=1

P vac
mY ββ

,

where t is a solution of the Dirac equation

(i/∂ −mY ) t = 0 .

In order to introduce an interaction, we insert an operator B into the Dirac equation,

(i/∂ + B−mY ) t̃ = 0 . (2.5.18)

The causal perturbation theory defines t̃ = t̃[B] in terms of a unique perturbation series
(see §2.5.3 or [59, Section 2.1]). Assuming the causality compatibility condition19

(i/∂ + B−mY )X = X∗ (i/∂ + B−mY ) for all τreg ∈ (0, 1] , (2.5.19)

19The causality compatibility condition is required in order to obtain bounded line integrals, for
details we refer to [48].
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the (unregularized) interacting auxiliary fermionic projector is then introduced by Xt̃.
The remainder of this section is devoted to establish the connection to physics. To

this end, the procedure is as follows: The first step is to obtain a convenient form for t̃
by performing the so-called “light-cone expansion.” The next step is to “regularize” the
resulting expressions. Afterwards, one can introduce particles and anti-particles in the
fashion of §2.5.3, thus giving rise to an interacting auxiliary fermionic projector P̃ aux.
Forming the so-called “sectorial projection,” one finally obtains a fermionic projector P̃ .
The general procedure is summarized in [59, Remark 4.2.3]. Assuming that the resulting

operator P̃ is a minimizer of the causal action, the corresponding Euler-Lagrange (EL)
equations give rise to conditions on the interaction B in a “weak evaluation on the light
cone.” The underlying picture is to regard precisely those potentials B as physically
relevant for which the Euler-Lagrange equations are satisfied.

Before entering the light-cone expansion in more detail, it is necessary to specify the
admissible form of the external potential B in the Dirac equation (2.5.18). To this end, we
point out that the specific form of the interacting potential B is determined by the causal
action principle. For this reason, one should choose B as general as possible, thereby
even allowing for potentials which are usually not considered in physics. The following
overview of potentials which are of relevance in the theory of causal fermion systems as
worked out in [59] is due to [59, §3.4.5]. The most obvious choice is an electromagnetic
potential,20

B = /A .

More generally, one can choose chiral potentials, which may be non-diagonal in the gen-
erations,

B = χL /AR + χR /AL ,

To describe a gravitational field, one needs to choose B as a differential operator of first
order; more precisely,

B = D − i/∂ ,

where D is the Dirac operator in the presence of a gravitational field.
Apart from the above choices of B motivated from physics, one can also choose other

physically less obvious operators, like scalar or pseudoscalar potentials,

B = Φ + iΓΞ

with Φ = Φα
β , Ξ = Ξαβ and α, β = 1, . . . , g for some g ∈ N (here Γ ≡ iγ0γ1γ2γ3 is the

usual pseudoscalar matrix). Next, one can consider a scalar differential operator,

B = iΦj∂j ,

or a higher order differential operator. Furthermore, pseudoscalar differential potentials
turn out to be useful,

B = Γ
(
vj∂j + ∂jv

j
)

(see e.g. [59, §3.7.4]), as well as vector differential potentials (cf. [59, §3.7.5]). Further
potentials and fields are discussed in [59, §3.9.3].

20Following the convention in [59], the coupling constant e is omitted in the Dirac equation. This
convention can be obtained from the usual choice B = e /A by the transformation A→ e−1A.



50 2. INTRODUCTION TO CAUSAL FERMION SYSTEMS

For clarity, we point out that the situation in which the external potential B is
composed of left- or right-handed potentials, i.e.

B = χL /AR + χR /AL , (2.5.20)

is of particular interest. The reason is that potentials of the form (2.5.20), which are
referred to as chiral potentials, allow for the description of gauge fields. For instance,
an electromagnetic field is described by choosing AL = AR = A, where A is the elec-
tromagnetic potential. Furthermore, as weak potentials only couple to the left-handed
component of fundamental fermions, a left-handed potential is required for describing
the weak interaction in the Standard Model. Note that in the case of non-abelian gauge
fields, the potentials AL and AR take values in a Lie algebra (cf. [59, §2.2.3]).

2.5.5. The Light-Cone Expansion. After these preliminaries, let us enter the
light-cone expansion in more detail. For simplicity, we first restrict attention to a single
Dirac sea. Thus the starting point is a Dirac sea P (x, y) of mass m as given by (2.5.7),

P (x, y) =

ˆ
d4k

(2π)4
(/k +m) δ(k2 −m2) Θ(−k0) e−ik(x−y) . (2.5.21)

It is useful to observe that P (x, y) can be rewritten in the form

P (x, y) = (i/∂x +m)Tm2(x, y) , (2.5.22)

where Tm2(x, y) is the scalar bi-distribution

Tm2(x, y) :=

ˆ
d4k

(2π)4
δ(k2 −m2) Θ(−k0) e−ik(x−y) . (2.5.23)

The important point in what follows is that Tm2(x, y) can be reformulated as

Tm2(x, y) = − 1

8π3

(
PP

(y − x)2
+ iπδ

(
(y − x)2

)
ε
(
(y − x)0

))
+

m2

32π3

∞∑
j=0

(−1)j

j! (j + 1)!

(
m2(y − x)2

)j
4j

×
(

log
∣∣m2(y − x)2

∣∣+ cj + iπ Θ
(
(y − x)2

)
ε
(
(y − x)0

))
(2.5.24)

with real coefficients cj (here Θ and ε are again the Heaviside and the sign function,
respectively), where the distribution PP/ξ2, denoted by principal value, is defined by
evaluating weakly with a test function η ∈ C∞0 (M) and by removing the positive and
negative parts of the pole in a symmetric way,ˆ

PP

ξ2
η(ξ) d4ξ = lim

ν↘0

ˆ
Θ
(
|ξ2| − ν

) 1

ξ2
η(ξ) d4ξ

= lim
ν↘0

1

2

∑
±

ˆ
1

ξ2 ± iν
η(ξ) d4ξ = lim

ν↘0

1

2

∑
±

ˆ
1

ξ2 ± iνξ0
η(ξ) d4ξ

(where ξ2 ≡ ξjξj is the Minkowski inner product). It is important to observe that the
distribution Tm2(x, y) is smooth away from the light cone (i.e. for ξ2 6= 0 with ξ = y−x),
whereas on the light cone

L =
{
ξ ∈M : ξ2 = 0

}
,

the distribution Tm2(x, y) has singularities (see [59, Lemma 1.2.9]). As a consequence,
the main contributions to the fermionic projector (2.5.21) arise from the contributions
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on the light cone (also cf. [48, §2.1.4] and [53, Section 4.2]). A useful tool in order to
analyze the singular structure of the fermionic projector on the light cone in more detail
is the so-called “light-cone expansion.” In particular, the expression (2.5.24) turns out
to be a light-cone expansion, which is defined as follows (see [59, Definition 2.2.1]):

Definition 2.5.1. A distribution A(x, y) is of the order O((y − x)2p) for p ∈ Z if

(y − x)−2p A(x, y)

is a regular distribution (i.e. a locally integrable function). An expansion of the form

A(x, y) =
∞∑
j=g

A[j](x, y) (2.5.25)

with g ∈ Z is called light-cone expansion if A[j](x, y) ∈ O((y−x)2j) for all j ≥ g (that

is, the A[j](x, y) are distributions of the order O((y − x)2j) for every j ≥ g) and if A is
approximated by the partial sums in the sense that for all p ≥ g,

A(x, y)−
p∑
j=g

A[j](x, y) is of the order O
(
(y − x)2p+2

)
. (2.5.26)

The parameter g gives the leading order of the singularity of A(x, y) on the light cone.
We point out that we do not demand that the infinite series in (2.5.25) converges. Thus,
similar to a formal Taylor series, the series in (2.5.26) is defined only via the approximation
by the partial sums (2.5.26).

Due to the factors (y − x)2j , the expression in (2.5.24) is a light-cone expansion.
More precisely, the term with the leading singularity becomes integrable after multiply-
ing by (y − x)2, showing that g = −1. The light-cone expansion of the kernel of the
fermionic projector P (x, y) in (2.5.21) is readily obtained using the relation (2.5.22). To
this end, one simply applies the differential operator (i/∂ + m) to the above series ex-
pansion of Tm2(x, y) and computes the derivatives term by term. Since differentiation
increases the order of the singularity on the light cone by one, we thus obtain a light-cone
expansion of the form (2.5.25) with g = −2.

In order to study the effect of an interaction B in more detail, our goal is to analyze
the solution of the modified Dirac equation (2.5.10). Unfortunately, deriving a light-cone
expansion of the fermionic projector P sea in (2.5.12) is not quite straightforward (see
formula (2.5.41) below). Since the unique perturbation series in (2.5.11) essentially enter
the construction of P sea, it is a promising strategy to develop a method for performing
the light-cone expansion of each summand of the perturbation series in (2.5.11). Let
us begin by considering the free advanced Green’s function s∨m of the Dirac equation of
mass m in position space: Similar to (2.5.22), it is again convenient to pull the Dirac
matrices out of s∨m by setting

s∨m(x, y) = (i/∂x +m) S∨m2(x, y) , (2.5.27)

where S∨m2(x, y) can be represented as (cf. [59, eq. (2.2.7)])

S∨m2(x, y) =− 1

2π
δ
(
(y − x)2

)
Θ
(
y0 − x0

)
+
m2

8π

∞∑
j=0

(−1)j

j! (j + 1)!

(
m2(y − x)2

)j
4j

Θ
(
(y − x)2

)
Θ
(
y0 − x0

)
. (2.5.28)
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This computation shows that S∨m2(x, y) has a δ((y − x)2)-like singularity on the light

cone. Moreover, one sees that S∨m2 is a power series in m2. The important point for what

follows is that higher order contributions in m2 contain more factors (y − x)2 and are
thus of higher order on the light cone. More precisely,(

d

dm2

)n
S∨m2(x, y)

∣∣∣
m=0

is of the order O
(
(y − x)2n−2

)
(where m is treated as a variable parameter). According to (2.5.27), the Dirac Green’s
function is obtained by computing the first partial derivatives of (2.5.28). Therefore, the
Green’s function s∨m(x, y) has an even ∼ δ′((y − x)2)-like singularity on the light cone,
and the higher order contributions in m are again of increasing order on the light cone.
This means that we can view the Taylor expansion of (2.5.27) in m,

s∨m(x, y) =

∞∑
n=0

(i/∂ +m)
1

n!

(
d

dm2

)n
S∨m2(x, y)

∣∣∣
m=0

,

as a light-cone expansion of the free Green’s function. These considerations motivate the
strategy to first expand (2.5.11) with respect to the mass (see [59, Section 2.2]).

The expansion of (2.5.11) with respect to m gives a double sum over the orders in
the mass parameter and in the external potential. It is convenient to combine these two
expansions in a single perturbation series. To this end, we rewrite the Dirac operator as

i/∂ + B−m = i/∂ +B with B := B−m . (2.5.29)

For the light-cone expansion of the Green’s functions, we will always view B as the per-
turbation of the Dirac operator. This has the advantage that the unperturbed objects
are massless. Thus expanding in powers of B gives the mass expansion and the pertur-
bation expansion in one step. In order to simplify the notation, for the massless objects
we usually omit the index m. Thus we write the Green’s function of the massless Dirac
equation in the Minkowski vacuum as

s∨(x, y) = i/∂x S
∨
m2(x, y)

∣∣
m=0

, s∧(x, y) = i/∂x S
∧
m2(x, y)

∣∣
m=0

.

Then the interacting Green’s functions are given by the perturbation series

s̃∨ =
∞∑
k=0

(−s∨B)ks∨ , s̃∧ =
∞∑
k=0

(−s∧B)ks∧ . (2.5.30)

The following constructions (for details see [59, Chapter 2]) are exactly the same for the
advanced and retarded Green’s functions. In order to treat both cases at once, in the
remainder of this subsection we will omit all superscripts ‘∨’, ‘∧’. The formulas for the
advanced and retarded Green’s functions are obtained by either adding ‘∨’ or ‘∧’ to all
factors s, S. Moreover, in order to carry out the mass expansion of Sm2 , we set a = m2

and use the notation

S(l) =

(
d

da

)l
Sa
∣∣
a=0

. (2.5.31)

Furthermore, the combination (y − x)k S
(−1)(x, y) is defined by (cf. [59, eq. (2.2.24)])

(y − x)k S
(−1)(x, y) := 2

∂

∂xk
S(0)(x, y) .

In the following, we restrict attention to chiral potentials (2.5.20),

B = χL /AR + χR /AL . (2.5.32)
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Considering Dirac particles with (bare) rest masses m1, . . . ,mg for some g ∈ N and
introducing the mass matrix Y by

Y =
1

m
diag

(
m1, . . . ,mg)

for some mass parameter m, we combine the mass term with the potential in analogy
to (2.5.29) by setting

B = χL /AR + χR /AL −mY . (2.5.33)

Then the perturbation expansion of the causal Green’s functions can again be written
in the form (2.5.30). In order to allow for scalar and pseudoscalar potentials it is most
convenient to replace the mass matrix by a spacetime-dependent dynamical mass matrix

Y = Y (x) := χLYL(x) + χRYR(x) . (2.5.34)

In what follows, we are mainly interested in analyzing the structure of solutions of
the Dirac equation

(i/∂ + B−mY )ψ(x) = 0 . (2.5.35)

In order to recall the structural results on the contributions to the light-cone expansion
of the Green’s functions, let us state the following definitions: For the line integrals, we
introduce the short notationˆ y

x
[l, r | n] dz f(z) :=

ˆ 1

0
dα αl (1− α)r (α− α2)n f(αy + (1− α)x) .

Furthermore, we abbreviate the following products with multi-indices,

∂Jz :=
∂

∂zj1
· · · ∂

∂zjl
, (y − x)J := (y − x)j1 · · · (y − x)jl , γJ := γj1 · · · γjl ,

where J = (j1, . . . , jl). Unfortunately, in order to clarify the detailed structure of the
light-cone expansion it seems unavoidable to recall the following definitions and results.
Let us begin with [59, Theorem 2.2.4]:

Theorem 2.5.2. In the presence of chiral potentials (2.5.33), the light-cone expansion
of the kth order contribution ((−sB)k s)(x, y) to the perturbation series (2.5.30) can be
written as an infinite sum of expressions, each of which has the form

χc0 C (y − x)I
ˆ y

x
[l1, r1 | n1] dz1 ∂

I1
z1 �

p1
z1 V

(1)
J1,c1

(z1)

ˆ y

z1

[l2, r2 | n2] dz2 ∂
I2
z2 �

p2
z2 V

(2)
J2,c2

(z2)

· · ·
ˆ y

zk−1

[lk, rk | nk] dzk ∂Ikzk �
pk
zk
V

(k)
Jk,ck

(zk) γ
J S(h)(x, y) . (2.5.36)

In this formula, C is a complex number and the parameters la, ra, na, and pa are non-
negative integers; the indices c and ca can take the two values L or R. The functions

V
(a)
Ja,ca

(where Ja is a multi-index and ca ∈ {L,R} is a chiral index) coincide with any of

the individual potentials in (2.5.33) and (2.5.34) with chirality ca, i.e.

V (a)
ca = Aca (in which case |Ja| = 1) or

V (a)
ca = mYca (in which case |Ja| = 0) .

(2.5.37)

The chirality ca of the potentials is determined by the following rule:
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(i) The chirality is reversed precisely at every mass matrix, i.e.

ca−1 and ca

{
coincide if V

(a)
ca = Aca

are opposite if V
(a)
ca = mYca

for all a = 1, . . . , k.

The tensor indices of the multi-indices in (2.5.36) are all contracted with each other,
according to the following rules:

(a) No two tensor indices of the same multi-index are contracted with each other.
(b) The tensor indices of the factor γJ are all contracted with different multi-indices, in

the order of their appearance in the product (2.5.36) (i.e., for J = (j1, . . . , jl) and
1 ≤ a < b ≤ l, the multi-index with which ja is contracted must stand to the left of
the multi-index corresponding to jb).

The parameter h is given by

2h = k − 1− |I|+
k∑
a=1

(
|Ia|+ 2pa

)
.

The number of factors (y − x) is bounded by

|I| ≤ k + 1−
k∑
a=1

|Ia| .

In a few words, Theorem 2.5.2 states that the light-cone expansion of the kth order
Feynman diagrams (cf. (2.5.11)) can be written with k nested line integrals. In particular,
the number of summands (2.5.36) is finite to every order on the light cone. Therefore,
the light-cone expansion of Theorem 2.5.2 makes mathematical sense in terms of Defi-
nition 2.5.1. Moreover, the integer h is bounded from below by h ≥ −1. By neglecting
all terms of the order O((y − x)−2), to the leading singularity h = −1 the sum over all
Feynman diagrams (2.5.11) takes the form (cf. [59, eq. (2.2.57)])

χc s̃(x, y) = χc Pexp

(
−i
ˆ y

x
(y − x)j A

j
c(z) dz

)
s(x, y) + O((y − x)−2)

for c ∈ {L,R}, where Pexp is defined as follows (see [59, Definition 2.2.5]).

Definition 2.5.3. For a smooth one-parameter family of matrices F (α), α ∈ R, the
ordered exponential Pexp(

´
F (α) dα) is given by the Dyson series

Pexp

(ˆ b

a
F (α) dα

)
= 11 +

ˆ b

a
F (t0) dt0 +

ˆ b

a
dt0 F (t0)

ˆ b

t0

dt1 F (t1)

+

ˆ b

a
dt0 F (t0)

ˆ b

t0

dt1 F (t1)

ˆ b

t1

dt2 F (t2) + · · · .

For ordered exponentials over the chiral potentials, we use the short notations

Pexp

(
− i
ˆ y

x
(y − x)j A

j
c(z) dz

)
= Pexp

(
− i
ˆ y

x
Ajc (y − x)j

)
= Pe−i

´ y
x A

j
c (y−x)j

:= Pexp

(
− i
ˆ 1

0
Ajc
∣∣
αy+(1−α)x

(y − x)j dα

)
.
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Proposition 2.5.4. Every contribution (2.5.36) to the light-cone expansion of The-
orem 2.5.2 can be written as a finite sum of expressions of the form

χc C (y − x)K W (0)(x)

ˆ y

x
[l1, r1 | n1] dz1 W

(1)(z1)

ˆ y

z1

[l2, r2 | n2] dz2 W
(2)(z2)

· · ·
ˆ y

zα−1

[lα, rα | nα] dzα W
(α)(zα) γJ S(h)(x, y)

with α ≤ k, where the factors W (β) are composed of the potentials and their partial
derivatives,

W (β) = (∂Kaβ�paβV
(aβ)
Jaβ ,caβ

) · · · (∂Kbβ�pbβV (bβ)
Jbβ ,cbβ

)

with a1 = 1, aβ+1 = bβ + 1, bβ ≥ aβ − 1 (in the case bβ = aβ − 1, W (β) is identically
one), and bα = k. The parameters la, ra, and na are non-negative integers, C is a

complex number, and c, ca ∈ {L,R} are chiral indices. The potentials V (a) are again
given by (2.5.37); their chirality is determined by the rule (i) in Theorem 2.5.2. The
tensor indices of the multi-indices J , K, Ja, and Ka are all contracted with each other,
according to the rules (a),(b) of Theorem 2.5.2 and

(c) The tensor indices of (y−x)K are all contracted with the tensor indices of the factors

V
(a)
Ja

or γJ (but not with the factors ∂Ka).

We have the relation

2h = k − 1− |K|+
k∑
a=1

(
|Ka|+ 2pa

)
.

Definition 2.5.5. A contribution of the form (2.5.36) to the light-cone expansion of
Proposition 2.5.4 is called phase-free (see [59, Definition 2.2.7]) if

|Ka|+ 2pa > 0 whenever Ja is contracted with (y − x)K .

From every phase-free contribution the corresponding phase-inserted contribution is
obtained as follows: We insert ordered exponentials according to the replacement rule

W (β)(zβ) −→ W (β)(zβ) Pexp

(
−i
ˆ zβ+1

zβ

A
jβ
cβ (zβ+1 − zβ)jβ

)
, β = 0, . . . , α ,

where we set z0 = x and zα+1 = y. The chiralities cβ (β = 0, . . . , α) are determined by
the relations c0 = c and

cβ−1 and cβ

{
coincide

are opposite

}
if W (β−1) contains an

{
even
odd

}
number of factors Y..

Theorem 2.5.6. To every order on the light cone, the number of phase-free contri-
butions is finite. The light-cone expansion of the Green’s function s̃(x, y) is given by the
sum of the corresponding phase-inserted contributions. See [59, Theorem 2.2.8].

After these technical preliminaries, we are in the position to outline the structure of
the solution P sea of the Dirac equation (2.5.35),

(i/∂ + B−mY )ψ(x) = 0 , (2.5.38)
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in a self-contained way. To this end, we consider the Green’s functions

s±(p) = /p S
±
a | a=0(p) with S±a (p) = lim

ν↘0

1

p2 − a∓ iν
and again use the notation (2.5.31),

S± (l) =

(
d

da

)l
S±a | a=0 (l = 0, 1, 2, . . .) .

The perturbation expansion of these Dirac Green’s functions is, in analogy to (2.5.30)
or (2.5.11), given by the formal series

s̃+ :=
∞∑
n=0

(−s+ B)ns+ and s̃− :=
∞∑
n=0

(−s− B)ns− .

Next, we introduce the residual fundamental solution p̃res in analogy to (2.5.23) by

p̃res :=
1

2πi

(
s̃+ − s̃−

)
,

and define the residual fermionic projector P̃ res(x, y) by

P̃ res(x, y) :=
1

2

(
p̃res − k̃

)
(x, y) .

In analogy to the mass expansion of the Green’s functions (2.5.31), we set

T
(l)
formal =

(
d

da

)l
Ta
∣∣
a=0

(l = 0, 1, 2, . . .) . (2.5.39)

Then due to [59, Proposition 2.2.11], the formal light-cone expansion of the residual

fermionic projector P̃ res(x, y) is obtained from that of the causal Green’s functions by
the replacement

S(l) → T
(l)
formal .

Unfortunately, the formal a-derivatives of Ta in (2.5.39) contain logarithmic poles of
the form log |a| (cf. [59, eq. (2.2.116)]) which cause serious problems. These difficulties,
arising from the logarithm in (2.5.24), are referred to as logarithmic mass problem. In
order to resolve the logarithmic mass problem, the first step is to “regularize” the formal
light-cone expansion by subtracting the problematic log |a| term,

T reg
a (x, y) := Ta(x, y)− a

32π3
log |a|

∞∑
j=0

(−1)j

j! (j + 1)!

(aξ2)j

4j

(where ξ2 ≡ ξjξj denotes again the Minkowski inner product). We then introduce

T (l) :=

(
d

da

)l
T reg
a | a=0 (l = 0, 1, 2, . . .) . (2.5.40)

By definition (see [59, Definition 2.2.12]), the so-called causal contribution P̃ causal

to the fermionic projector is obtained from the residual Dirac sea P̃ res by replacing all

factors T
(h)
formal in the formal light-cone expansion of P̃ res(x, y) by T (h). Next, the non-

causal low energy contribution P̃ le to the fermionic projector is given by

P̃ le(x, y) = P̃ res(x, y)− P̃ causal(x, y) .

Due to [59, Theorem 2.2.13], the light-cone expansion of the causal Green’s functions

also holds for the causal contribution P̃ causal to the fermionic projector if one simply
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replaces S(l) → T (l) with T (l) according to (2.5.40). Moreover, the non-causal high energy

contribution P̃ he(x, y) to the fermionic projector is given by

P̃ he(x, y) = P sea(x, y)− P̃ res(x, y) .

Note that to every order in the external potential B, both P̃ le(x, y) and P̃ he(x, y) are
smooth functions in x and y (see [59, Theorem 2.2.14 and Theorem 2.2.16]).

Taken together, the above constructions show that in the presence of chiral and
scalar/pseudoscalar potentials (see (2.5.32), (2.5.38), (2.5.34)) the fermionic projector
has a representation of the form

P sea(x, y) =
∞∑

n=−1

(phase-inserted line integrals)× T (n)(x, y)

+ P̃ le(x, y) + P̃ he(x, y) ,

(2.5.41)

where (y− x)k T
(−1)(x, y) is defined by the distributional equation (cf. [59, eq. (3.4.13)])

∂

∂xk
T (0)(x, y) =

1

2
(y − x)k T

(−1)(x, y) .

The series in (2.5.41) is a light-cone expansion which describes the singular behavior of
the fermionic projector on the light cone. It is obtained from the light-cone expansion of
the Green’s functions by the simple replacement rule

S(n) −→ T (n)

with T (n) as defined in (2.5.40). Note that the expression (2.5.41) is “causal” in the sense
that all phase-inserted line integrals are bounded. The important point in what follows
is that the higher a-derivatives of Ta(x, y) contain more factors (y − x)2 and are thus of
higher order on the light cone. This makes it possible to make mathematical sense of the
infinite series in (2.5.41) as a light-cone expansion.

In order to put the following subsection into the context, we recall that composite
expressions of the regularized fermionic projector enter the causal principle in form of
the closed chain. In order to give such expressions a mathematical meaning, it is useful

to evaluate composite expressions in T (n) and T (n) weakly on the light cone (where T (n)

denotes the complex conjugate of T (n)), as we now explain.

2.5.6. Weak Evaluation on the Light Cone. The techniques presented in the
previous subsection §2.5.5 provide a method for analyzing the unregularized kernel of the
fermionic projector. The purpose of the formalism of the continuum limit is to extend
these methods to the regularized setting. More precisely, the representation (2.5.41),
which describes the singular behavior of the fermionic projector on the light cone, is the
starting point for the formalism of the continuum limit. Introducing a “regularization,”
the formalism of the continuum limit allows to evaluate composite expressions in the
fermionic projector in a well-defined way. For details concerning the formalism of the
continuum limit we refer to [59, Section 2.4 and Section 3.5] as well as [53, Chapter 4].

In order to explain the basic ideas of introducing a regularization in more detail,
let P sea(x, y) be a solution of the interacting Dirac equation

(i/∂ + B−mY )P sea(x, y) = 0 . (2.5.42)
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The solution P sea(x, y) can be written as (cf. [59, Section 3.4])

P sea(x, y) =
∞∑

n=−1

∑
k

mpk(phase-inserted nested line integrals)× T (n)(x, y)

+ P̃ le(x, y) + P̃ he(x, y) . (2.5.43)

Here the n-summands describe the different orders of the singularities on the light cone,
whereas the k-sum describes all contributions to a given order on the light cone. The
phase-inserted nested line integrals involve B and its partial derivatives, possibly sand-
wiched between time-ordered exponentials of chiral potentials. Since these nested line
integrals are smooth functions in x and y, the series in (2.5.43) is a light-cone expansion
in the sense of Definition 2.5.1, provided that the k-sum is finite for every n. This is in-
deed the case if B is composed of scalar, pseudoscalar and chiral potentials [52], whereas
for a more general perturbation operator B this condition still needs to be verified. This
expansion is causal in the sense that it depends on B and its partial derivatives only along
the line segment xy.

Note that particles and anti-particles are introduced in analogy to (2.5.44) by

P aux(x, y) = P sea(x, y)− 1

2π

np∑
k=1

ψk(x)ψk(y) +
1

2π

na∑
l=1

φl(x)φl(y) . (2.5.44)

The formalism of the continuum limit is essentially based on the physically reasonable
assumption of macroscopic potentials and wave functions which states that both the
bosonic potentials in (2.5.42) and the fermionic wave functions in (2.5.44) vary only on
the “macroscopic” length scale `macro � `P . In order to outline the basic ideas of the
formalism of the continuum limit, it is necessary to first introduce a regularization of
regularization length ε > 0. As the regularized objects are thought of as describing the
“microscopic structure of spacetime,” it is natural to choose ε . `P . We are then led to

“evaluate weakly” for spacetime points x, y ∈ M in such a way that ε � |~ξ| � `macro,

where ξ := y − x and ξ = (ξ0, ~ξ) (cf. [59, eq. (3.7.77)]).
In view of the causal action principle (2.1.1), (2.1.6) our main task is to evaluate

composite expressions in the fermionic projector P (x, y) on the light cone. As smooth
functions can be evaluated for any spacetime point, it clearly suffices to restrict attention
to singular expressions on the light cone. In other words, we introduce a regularization
in such a way that the smooth contributions are all left unchanged. Motivated by the
special case of an iε-regularization (see [59, §2.4.1]), introducing a regularization amounts

in view of (2.5.43) to regularizing the expressions T (n) by the formal replacements

mp T (n) → mp T
(n)
[p] ,

where the subscript [.] is added to the factors T (n) in order to count the power in m,

and the factors T
(n)
[p] are smooth functions of ξ. More precisely, one first rewrites every

summand of the light-cone expansion (2.5.43) in such a way that it involves at most
one factor /ξ (which can always be arranged), and then associates to every factor /ξ the

corresponding factor T
(n)
[p] . This gives rise to the replacements (cf. [59, eq. (2.4.43)])

mp /ξT (n) → mp /ξ
(n)
[p] T

(n)
[p] .
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Nevertheless, composite expressions diverge in the limit ε ↘ 0. Setting r := |~ξ| for

every ξ = (t, ~ξ), the proper method in order to analyze this singular behavior is to
“evaluate weakly” in t for fixed r. To this end, one considers integrals of the formˆ ∞

−∞
η(t)

(
· · ·
)
dt

for a smooth test function η, where “· · · ” stands for a composite expression in the T (n)

and T (n). In cases where the lower index does not need to be specified we write T
(n)
◦ .

Next, to any factor T
(n)
◦ we associate the degree deg T

(n)
◦ by

deg T
(n)
◦ = 1− n .

The degree is additive in products, whereas the degree of a quotient is defined as the
difference of the degrees of numerator and denominator. The degree of an expression can
be thought of as describing the order of its singularity on the light cone, in the sense that
a larger degree corresponds to a stronger singularity. Using formal Taylor series, we can
expand in the degree. In all our applications, this will give rise to terms of the form

η(x, y)
T

(a1)
◦ · · ·T (aα)

◦ T
(b1)
◦ · · ·T (bβ)

◦

T
(c1)
◦ · · ·T (cγ)

◦ T
(d1)
◦ · · ·T (dδ)

◦

with η(x, y) smooth .

The quotient of the two monomials in this equation is referred to as a simple fraction.
A simple fraction can be given a quantitative meaning by considering one-dimensional
integrals along curves which cross the light cone transversely away from the origin ξ = 0.
This procedure is called weak evaluation on the light cone. For our purpose, it suffices to

integrate over the time coordinate t = ξ0 for fixed ~ξ 6= 0. light cone t ≈ |~ξ|. The resulting
integrals, which in the leading degree are expressions of the form

ˆ |~ξ|+ε
|~ξ|−ε

dt η(t, ~ξ)
T

(a1)
◦ · · ·T (aα)

◦ T
(b1)
◦ · · ·T (bβ)

◦

T
(c1)
◦ · · ·T (cγ)

◦ T
(d1)
◦ · · ·T (dδ)

◦

, (2.5.45)

diverge if the regularization is removed. In view of the scalings ε � |~ξ| � `macro, it is
natural to neglect in the resulting expressions error terms of the form

· · ·+ (higher orders in ε/|~ξ|)

as well as

· · ·+ (higher orders in ε/`macro) ,

where `macro denotes the “macroscopic” length scale on which η varies. Moreover, for

large values of |~ξ| � `macro, the resulting expansions are of “rapid decay” in the “large
spacetime variable l” (for details see [59, Section 2.4]), whereas expressions for small

values |~ξ| describe pure “regularization effects” which should not be required in order
to furnish the connection to conventional “macroscopic” physics. In this way, the weak
evaluation on the light cone allows to extract information of composite expressions for

values of |~ξ| in the scaling ε� |~ξ| � `macro (see [59, eq. (3.7.77)]).
The method of weak evaluation will be useful in order to analyze the Euler-Lagrange

equations corresponding to a minimizer of the causal action, which we present in the
following subsection. A detailed analysis of these equations will eventually reveal the
desired connection to physics.
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2.5.7. The Euler-Lagrange Equations. The derivation of the Euler-Lagrange
(EL) equations outlined in this subsection (for details see [59, Section 3.2]) is moti-
vated by the variational principle (2.4.7)–(2.4.8) (cf. [53]). For this reason, variations
of a minimizing fermionic projector are considered. For simplicity, in analogy to [59,
eq. (2.1.3)] let us consider an operator P : C∞0 (M, SM)→ C(M, SM) of the form

(Pψ)(x) =

ˆ
M
P (x, y) ψ(y) d4y (2.5.46)

with an integral kernel P (x, y), where M denotes Minkowski space and C∞0 (M, SM) is
the set of smooth wave functions with compact support. Furthermore, we shall assume
that P is symmetric with respect to the Lorentz invariant inner product

<ψ | φ> =

ˆ
M
ψ(x) φ(x) d4x (2.5.47)

(where ψ ≡ ψ†γ0 is the usual adjoint spinor, and ψ† the complex conjugate spinor). We
then refer to P as the fermionic projector,21 and the vectors in the image of P are called
physical wave functions. Moreover, we introduce the closed chain Axy = Axy[P ] by

Axy = P (x, y)P (y, x) for all x, y ∈M

and define the spectral weight |A| by

|A| =
4∑
i=1

|λi| ,

where λ1, . . . , λ4 are the eigenvalues of A counted with algebraic multiplicities. Then for
any x, y ∈M the Lagrangian L is given by

Lxy[P ] = |A2
xy| −

1

4
|Axy|2 ,

and the functionals (2.1.1), (2.1.4) formally read (cf. [59, Section 3.2])

S[P ]
formally

=

¨
M×M

Lxy[P ] d4x d4y ,

T [P ]
formally

=

¨
M×M

|Axy|2 d4x d4y .

(2.5.48)

These expressions are only formal because the integrands need not decay for large x or y,
and thus the integrals may be infinite. The functional S is called the causal action.

In order to clarify the class in which to minimize the causal action, let us point out
that in [53, Section 3.5] it is argued to only consider continuous variations of P of the
form UPU−1 with unitary transformations U . In order to avoid divergences in (2.5.47)
and (2.5.48), we shall only consider such unitary variations U with respect to the inner
product (2.5.47) which outside of a compact set coincide with the identity. Variations
of this kind are referred to as unitary in a compact region (see [59, Definition 3.2.1]).
According to [59, Definition 3.2.2], a fermionic projector P of the form (2.5.46) is said to
be a minimizer of the variational principle

minimize S for fixed T (2.5.49)

21Note that, with a slight abuse of language, sometimes the kernel P (x, y) is also referred to as
“fermionic projector.”
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if for any operator U which is unitary in a compact region and satisfies the constraintˆ
M
d4x

ˆ
M
d4y

(∣∣Axy[P ]
∣∣2 − ∣∣Axy[UPU−1]

∣∣2) = 0 , (2.5.50)

the functional S satisfies the inequalityˆ
M
d4x

ˆ
M
d4y

(
Lxy[UPU−1]− Lxy[P ]

)
≥ 0 .

In [59], the connection to conventional physics is established essentially by means
of the Euler-Lagrange (EL) equations corresponding to a minimizer of the causal ac-
tion principle (2.5.49). To this end, the existence of a family (P ε)ε>0 of regularized
vacuum minimizers is taken for granted (see [59, Assumption 3.3.1]). In order to de-
rive the corresponding Euler-Lagrange (EL) equations, it is convenient to treat the side
condition (2.5.50) with a Lagrange multiplier µ (for details and a justification of this
procedure we refer to [59, §3.5.2] and [12]). More precisely, introducing the regularized
closed chain Aεxy = P ε(x, y)P ε(y, x) as well as the functional

Sµ[P ε]
formally

=

¨
M×M

Lµ[Aεxy] d
4x d4y with Lµ[Aεxy] = |(Aεxy)2| − µ|Aεxy|2 ,

unitary variations of P in a compact region according to [59, Definition 3.2.1] give rise
to the Euler-Lagrange (EL) equations

[P ε, Qε] = 0 , (2.5.51)

where Qε is an operator with integral kernel

Qε(x, y) =
1

4

(
Rε(x, y) +Rε(y, x)∗

)
, (2.5.52)

and Rε(y, x) is given by Rε(y, x) := ∇Lµ[Aεxy] with (cf. [59, eq. (3.5.15)])

(∇Lµ)αβ :=
∂Lµ

∂ ReP (x, y)βα
− i ∂Lµ

∂ ImP (x, y)βα
for α, β ∈ {1, . . . , 4} .

Employing the method of testing on null lines (for details see [59, Appendix A]), the EL
equations (2.5.51) reduce to (cf. [59, eq. (3.5.29)])

Qε(x, y) = 0 if evaluated weakly on the light cone . (2.5.53)

We refer to (2.5.53) as the Euler-Lagrange equations in the continuum limit. The crucial
point in what follows is to observe that the EL equations (2.5.51) pose conditions on the
regularized fermionic projector P ε(x, y) and in this way on the interaction B entering
the fermionic projector. In a sufficiently general model, the connection to conventional
physics will be obtained by means of EL equations of this form. For a generalization to
several generations we refer to [59, Section 3.4].

In order to analyze the EL equations (2.5.53), it seems reasonable and sufficiently
general to assume that the regularized fermionic projector of the vacuum P ε(x, y) is
homogeneous in the sense that P ε(x, y) = P ε(y − x) for all x, y ∈M and that P ε has a
vector-scalar structure, meaning that it is of the form (cf. [59, eq. (2.6.2)])

P ε(x, y) = gj(x, y) γj + h(x, y) 11

with appropriate smooth functions gj and h. We then introduce the closed chain by

Aεxy = P ε(x, y) P ε(y, x)
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in view of (2.1.3). Omitting the superscript “ε” and considering g generations, in the
formalism of the continuum limit the quantities (cf. [59, eqs. (2.6.15) and (3.6.5)])

λxy+ = g2T
(0)
[0] T

(−1)
[0] + (deg < 3) , λxy− = g2T

(−1)
[0] T

(0)
[0] + (deg < 3) . (2.5.54)

can be interpreted as the eigenvalues of the closed chain, where the bracket (deg < 3)
stands for terms of degree at most two. The corresponding spectral projectors read
(see [59, eqs. (2.6.16) and (3.6.6)] as well as [53, eq. (5.3.21)])

F xy± =
1

2

(
11± [/ξ, /ξ]

z − z

)
+ /ξ(deg ≤ 0) + (deg < 0) (2.5.55)

(where the functions z and z are given in terms of the so-called “contraction rules,”
see [59, eqs. (2.4.44)–(2.4.46)]). The corresponding regularized fermionic projector is
given by (cf. [59, eq. (3.6.2)])

P (x, y) =
ig

2
/ξ T

(−1)
[0] + (deg < 2) ,

where the indices
(−1)
[0] of the factor /ξ are omitted for notational convenience. In view

of [59, Proposition 3.6.1], the operator Q as defined by (2.5.52) takes the form

Q(x, y) = i/ξ g3 (1− 4µ) T
(0)
[0] T

(−1)
[0] T

(−1)
[0] + (deg < 5) . (2.5.56)

Although only formal, the underlying calculations have a well-defined meaning in the
formalism of the continuum limit, because to the resulting formulas one can apply the
weak evaluation formula (2.5.45). In view of (2.5.56) we conclude that the degree of
the leading singularity of Q(x, y) is five. Analyzing the EL equations (2.5.53) degree by
degree, the connection to conventional “macroscopic” physics can be accomplished as we
now explain.

2.5.8. Derivation of Classical Field Equations. In a few words, the result of
the detailed analysis carried out in [59, Chapter 3] shows that the EL equations (2.5.53)
can be satisfied to degree five on the light cone in the case of a single charged sector.
More precisely, it is useful to rewrite a chiral potential B in the form

B = /Av + Γ /Aa

with a vector potential Av and an axial potential Aa defined by

Av = (AL +AR)/2 and Aa = (AL −AR)/2 .

It is found that the eigenvalues (λcs) of the closed chain and the corresponding spectral
projectors F cs with c ∈ {L,R} and s ∈ {+,−} are given by (cf. [59, eq. (3.6.21)])

λ
L/R
± = νL/R λ± and F

L/R
± = χL/R F±

with λs and Fs as in (2.5.54) and (2.5.55), where (cf. [59, eq. (3.6.20)])

νL = νR = exp
(
− 2i

ˆ y

x
Aja ξj

)
.

The fact that all eigenvalues have the same absolute value (cf. [59, eq. (3.6.22)]) implies
that the EL equations in the continuum limit (2.5.53) are satisfied to degree five on the
light cone (cf. [59, Section 3.6]).
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Thus the task is to deal with the EL equations (2.5.53) to the next lower degree four
on the light cone in the case of a single sector (cf. [59, Section 3.6]). Introducing the
axial (bosonic) current by (cf. [59, eq. (3.7.4)])

jka = ∂kjA
j
a −�Aka

as well as the axial Dirac current by (cf. [59, eq. (3.7.8)])

J ia =

np∑
k=1

ψkΓγ
iψk −

na∑
l=1

φlΓγ
iφl ,

it turns out that the Euler-Lagrange equations (2.5.53) give rise to the equation

ξk

(
jka N1 −m2Aka N2 − Jka N3

)
= 0 ,

where N1, N2 and N3 are simple fractions which are defined by [59, eqs. (3.7.5), (3.7.6)
and (3.7.9)], respectively. Evaluating weakly on the light cone, by contrast to N3 the
simple fractions N1 and N2 give rise to logarithmic poles on the light cone. In order
to obtain physically reasonable equations, one must get rid of these logarithmic poles.
In short, this is achieved by means of a so-called microlocal chiral transformation (we
refer the interested reader to [59, Section 3.7]). After this has been accomplished, the
EL equations to degree four give rise to the desired field equations, including several
“correction terms” (see [59, Theorem 3.8.2]). Dropping one of these correction terms,
one obtains the Dirac-Maxwell equations in [59, eq. (3.8.23)].

Unfortunately, the situation is more complicated for a system involving neutrinos
(see [59, Section 4.3]). Nevertheless, employing the ansatz of “massive neutrinos” [59,
eq. (4.1.8)], in the setting of one charged and one neutrino sector one gets the following
results: the chiral gauge potentials satisfy a classical Yang-Mills-type equation, coupled
to the fermions (cf. [59, eq. (4.1.10) and Theorem 4.8.1]). The chiral potentials are of
the form (cf. [59, eq. (4.8.2)])

B = χR

(
/A

11
L /A

12
L U∗MNS

/A
21
L UMNS − /A11

L

)
+ χL

(
0 0
0 0

)
with left-handed su(2)-valued gauge potentials and a unitary matrix UMNS ∈ U(3), which
in analogy to the Standard Model is referred to as MNS matrix. Moreover, the setting
allows for describing a gravitational field by the Einstein equations in [59, eq. (4.1.11)].

These results are obtained for a system of one charged and one neutrino sector (in-
cluding right-handed neutrinos). In this case, the auxiliary fermionic projector is given in
analogy to (2.5.14)–(2.5.15) with one charged sector instead of seven and comprises seven
direct summands. In analogy to (2.5.16) and (2.5.17), the chiral asymmetry matrix X
and the mass matrix Y are given with one charged sector instead of seven as well. The
regularization is built in by the formal replacements (cf. [59, eqs. (4.2.49)–(4.2.50)])

mp T (n) → mp T
(n)
[p] ,

τreg T
(n) → τreg

∞∑
k=0

1

k!

1

δ2k
T

(k+n)
[R,2n] ,

where the factor δ−2n is required in order to get the scaling dimensions right, while the
subscript “R” indicates the regularization of the right-handed component (for details
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see [59, Section 4.2]). The scaling of the length scale δ � ε will be specified in (2.5.60)
below, whereas the parameter τreg is chosen in accordance with [59, eq. (4.3.34)],

τreg = (mε)preg with 0 < preg < 2 .

Next, particles and anti-particles are introduced by occupying additional states or by
removing states from the sea in the fashion of (2.5.44). The regularized interacting

auxiliary fermionic projector P̃ aux is then obtained in the fashion of §2.5.4. Finally,
the regularized fermionic projector P̃ is introduced by forming the sectorial projection
(cf. [59, eq. (4.2.51)])

(P̃ )ij =
∑
α,β

(P̃ aux)
(i,α)
(j,β) ,

where i, j ∈ {1, 2} is the sector index, and the generation indices α and β take the
values α, β ∈ {1, . . . 4} if i = 1 and α, β ∈ {1, 2, 3} if i = 2.22

The basic procedure is to first prove that in the presence of a chiral potential B the
EL equations in the continuum limit to degree five on the light cone can be satisfied.
To this end, one needs to pose certain conditions on the regularization. More precisely,
introducing

L
(n)
[p] = T

(n)
[p] +

1

3
τreg T

(n)
[R,p] ,

the regularization is required to satisfy the condition (cf. [59, eq. (4.3.35)])

T
(n)
[p] = L

(n)
[p]

(
1 + O

(
(mε)preg

))
pointwise .

Following the arguments in [59, §4.3.2], one obtains the following two cases:

(i) |~ξ| � (mε)preg

‖A12
L ‖+ ‖A21

L ‖
, (ii) |~ξ| � (mε)preg

‖A12
L ‖+ ‖A21

L ‖
. (2.5.57)

It is found that in both cases, the EL equations can be satisfied to degree five on the
light cone (see [59, Section 4.3]). However, the analysis in [59, Chapter 5] indicates that
Case (ii) in (2.5.57) is of physical relevance, which is therefore assumed in what follows.

In order to allow for left-handed gauge fields in the neutrino sector, the simplest
method is to pose the following additional condition on the regularization functions,∣∣L(0)

[0]

∣∣ =
∣∣T (0)

[0]

∣∣ (1 + O
(
(mε)2preg

))
pointwise . (2.5.58)

Then according to [59, Proposition 4.6.8] the EL equations to degree four on the light
cone can be satisfied only if (2.5.57) and (2.5.58) are satisfied. Furthermore, in order
to compensate the logarithmic poles on the light cone, one again employs a microlocal
chiral transformation. It turns out that the logarithmic poles can be compensated if the
condition in [59, eq. (4.4.64)] holds (see [59, Proposition 4.4.6]). For the relation of this
condition to the neutrino masses we refer to [59, Remark 4.4.9].

Finally, in order to derive the Einstein equations, in the case n = −1 and p = 0 one
needs to pose the following condition on the regularization,∣∣L(−1)

[0]

∣∣ =
∣∣T (−1)

[0]

∣∣ (1 + O
(
(mε)2preg

))
pointwise . (2.5.59)

The connection to the Einstein field equations is then obtained in [59, Theorem 4.9.3]
provided that (2.5.58) and (2.5.59) hold. Nevertheless, this connection becomes more

22Forming the sectorial projection is necessary in order to obtain the correct size of the effective
gauge group; concerning further details see §2.5.9 below.
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clear in [59, Chapter 5]. Introducing the Einstein-Hilbert Lagrangian LEH according
to [59, Theorem 5.4.4], then under the assumptions (2.5.57), (2.5.58) and

ε� δ � 1

m
(mε)preg/2 , (2.5.60)

the EL equations to degree four can be expressed in terms of the effective action

Seff =

ˆ
M

(LDirac + LYM + LEH)
√
−det g d4x (2.5.61)

by suitably choosing the parameter τ in the Dirac Lagrangian LDirac in [59, eq. (5.4.3)]
(and a Yang-Mills-type Lagrangian LYM of the form [59, eqs. (5.4.8)–(5.4.10)]). Then
variations of the effective action (2.5.61) with respect to the Lorentzian metric g yield
the Einstein field equations (also cf. [59, eqs. (4.7.16) and (4.7.17)]), where the energy-
momentum tensor is taken into account according to [59, §5.4.3]. On the other hand,
varying the effective action (2.5.61) with respect to the gauge potential, one obtains the
bosonic field equations (see [59, §5.4.1]). Note that all variations are carried out under
the constraint that the Dirac equation [59, eq. (5.4.2)] is satisfied.

Following the arguments in [59, §3.9.4], it is expected that the EL equations to
degree three or lower on the light cone do not give rise to dynamical field equations. For
a discussion of nonlocal potentials we refer to [59, Section 3.10].

2.5.9. Connection to the Standard Model. In order to furnish the connection to
the Standard Model, we are led to consider the auxiliary fermionic projector as outlined
in §2.5.4. The interaction by chiral potentials is introduced by inserting the following
operator into the Dirac equation (for details see [59, Section 5.2]),

B = χL /AR + χR /AL ,

where AjL and AjR are Hermitian 25× 25-matrices acting on the sectors (implying that B

is a symmetric operator). However, in order to obtain unitary phase transformations,
one needs to assume that B is a unitary operator. Bearing this in mind, the chiral gauge
potentials can a-priori be chosen according to the gauge group

U(25)L ×U(25)R .

This gauge group, however, is too large for mathematical and physical reasons. On the
one hand, the causality compatibility condition (2.5.19) gives rise to the smaller gauge
group

U(24)L ×U(24)R ×U(1)R ,

where the group U(24) acts on the first three direct summands of PNaux and on the 21
direct summands in PCaux in (2.5.15). On the other hand, taking into consideration the

corresponding regularized interacting auxiliary fermionic projector P̃ aux (for details we
refer to [59, Appendix F] and §2.5.4), in order to build in the sectorial projection

(P̃ )ij =
∑
α,β

(P̃ aux)
(i,α)
(j,β)

in a compatible way (where i, j ∈ {1, . . . , 8} is the sector index, and the generation
indices α, β take values α, β ∈ {1, . . . 4} if i = 1 and α, β ∈ {1, 2, 3} if i = 2, . . . , 8), one
is led to consider the ansatz [59, eq. (5.2.17)]. This gives rise to the gauge group

U(8)L ×U(1)R ×U(7)R . (2.5.62)
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As a consequence, whenever the assumptions in [59, Theorem 5.3.2] are satisfied, one
obtains precisely the effective gauge group of the Standard Model,

G = U(1)× SU(2)× SU(3) . (2.5.63)

For clarity, however, we remark that the assumptions of [59, Theorem 5.3.2] cannot be
derived from the causal action principle. Nevertheless, under these assumptions, one
recovers the mixing matrix UCKM (which is regarded as the CKM matrix), and in view
of [59, Proposition 5.4.3] one obtains precise agreement with electroweak theory (for
details see [59, Theorem 5.4.2]). Let us finally note that the reduction from the large
gauge group (2.5.62) to the effective gauge group (2.5.63) and to gauge potentials of the
specific form given in [59, Theorem 5.3.2] can be regarded as spontaneous breaking of
the gauge symmetry; this effect is referred to as “spontaneous block formation.”



CHAPTER 3

Causal Variational Principles in the σ-Locally Compact
Setting

Abstract. We prove the existence of minimizers of causal variational prin-
ciples on second-countable, locally compact Hausdorff spaces. Moreover, the
corresponding Euler-Lagrange equations are derived. The method is to first
prove the existence of minimizers of the causal variational principle restricted
to compact subsets for a lower semi-continuous Lagrangian. Exhausting the
underlying topological space by compact subsets and rescaling the correspond-
ing minimizers, we obtain a sequence which converges vaguely to a regular
Borel measure of possibly infinite total volume. It is shown that, for contin-
uous Lagrangians of compact range, this measure solves the Euler-Lagrange
equations. Furthermore, we prove that the constructed measure is a mini-
mizer under variations of compact support. Under additional assumptions, it
is proven that this measure is a minimizer under variations of finite volume.
We finally extend our results to continuous Lagrangians decaying in entropy.

3.1. Introduction

In the physical theory of causal fermion systems, spacetime and the structures therein
are described by a minimizer of the so-called causal action principle (for an introduction
to the physical background and the mathematical context, we refer the interested reader
to §3.2.1, the textbook [59] and the survey articles [64, 62]). Causal variational principles
evolved as a mathematical generalization of the causal action principle [56, 65]. The
starting point in [65] is a smooth manifold F and a non-negative function

L : F × F → R+
0 := [0,∞)

(the Lagrangian) which is assumed to be lower semi-continuous. The causal variational
principle is to minimize the action S defined as the double integral over the Lagrangian

S(ρ) =

ˆ
F

dρ(x)

ˆ
F

dρ(y) L(x, y)

under variations of the measure ρ within the class of regular Borel measures, keeping the
total volume ρ(F) fixed (volume constraint). The aim of this chapter is to extend the
existence theory for minimizers of such variational principles to the case that F is non-
compact and the total volume is infinite. Furthermore, we drop the manifold structure of
the underlying space F and consider a σ-locally compact topological space instead. We
also work out the corresponding Euler-Lagrange (EL) equations.

In order to put this chapter into the mathematical context, in [53] it was proposed
to formulate physics by minimizing a new type of variational principle in spacetime. The
suggestion in [53, Section 3.5] led to the causal action principle in discrete spacetime,
which was first analyzed mathematically in [54]. A more general and systematic inquiry
of causal variational principles on measure spaces was carried out in [56]. In this article,
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the existence of minimizers is proven in the case that the total volume is finite. In [65],
the setting is generalized to non-compact manifolds of possibly infinite volume and the
corresponding EL equations are analyzed. However, the existence of minimizers is not
proved. Here we fill this gap and develop the existence theory in the non-compact setting.

The main difficulty in dealing with measures of infinite total volume is to properly
implement the volume constraint. Indeed, the naive prescription ρ(F) = ∞ leaves the
freedom to change the total volume by any finite amount, which is not sensible. The way
out is to only allow for variations which leave the measure unchanged outside a set of
finite volume (so-called variations of finite volume; see Definition 3.2.1). In order to prove
existence of minimizers within this class, we exhaust F by compact sets Kn and show
that minimizers for the variational principle restricted to each Kn exist. Making essential
use of the corresponding EL equations, we rescale the minimizing measures in such a way
that a subsequence converges vaguely to a measure ρ on F. We proceed by proving that
this measure satisfies the EL equations globally. Finally, we prove that, under suitable
assumptions, this measure is even a minimizer under variations of finite volume. This
minimizing property is proved in two steps: We first assume that the Lagrangian is of
compact range (see Definition 3.3.3) and prove that ρ is a minimizer under variations of
compact support (see Definition 3.4.8 and Theorem 3.4.9). In a second step we extend
this result to variations of finite volume (see Definition 3.2.1 and Theorem 3.4.10) under
the assumption that property (iv) in §3.2.2 holds, i.e.

sup
x∈F

ˆ
F

L(x, y) dρ(y) <∞ .

Sufficient conditions for this assumption to hold are worked out (see Lemma 3.4.7). Fi-
nally, we generalize our results to Lagrangians which do not have compact range, but
instead have suitable decay properties (see Definition 3.5.1 and Theorem 3.5.9).

The chapter is organized as follows. In Section 3.2 we give a short physical motiva-
tion (§3.2.1) and recall the main definitions and existence results as worked out in [65]
(§3.2.2). In Section 3.3 causal variational principles in the σ-locally compact setting are
introduced (§3.3.1), and the existence of minimizers is proved for the causal variational
principle restricted to compact subsets, making use of the Banach-Alaoglu theorem and
the Riesz representation theorem (§3.3.2). In Section 3.4 minimizers are constructed for
continuous Lagrangians of compact range. To this end, in §3.4.1 we exhaust the under-
lying topological space by compact subsets and take a vague limit of suitably rescaled
minimizers thereon to obtain a regular Borel measure on the whole topological space.
In §3.4.2 it is shown that this measure satisfies the EL equations. Furthermore, we prove
in §3.4.3 that this measure is a minimizer under variations of compact support (see Def-
inition 3.4.8). Finally, in §3.4.4 it is shown that, under additional assumptions, this
measure is also a minimizer under variations of finite volume (see Definition 3.3.2). In
Section 3.5 we conclude this chapter by weakening the assumption that the Lagrangian
is of compact range to Lagrangians which decay in entropy (see Definition 3.5.1). Then
the EL equations are again satisfied, and under similar additional assumptions as before
we prove that the constructed Borel measure is a minimizer of the causal action principle
as intended in [65].
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3.2. Physical Background and Mathematical Preliminaries

3.2.1. Physical Context and Motivation. The purpose of this subsection is to
outline a few concepts of causal fermion systems and to explain how this chapter fits into
the general physical context and the ongoing research program. The reader not interested
in the physical background may skip this section.

The theory of causal fermion systems is a recent approach to fundamental physics.
The original motivation was to resolve shortcomings of relativistic quantum field theory.
Namely, due to ultraviolet divergences, perturbative quantum field theory is well-defined
only after regularization, which is usually understood as a set of prescriptions for how
to make divergent integrals finite (e.g. by introducing a suitable “cutoff” in momentum
space). The regularization is then removed using the renormalization procedure. How-
ever, this concept is not convincing from neither the physical nor the mathematical point
of view. More precisely, in view of Heisenberg’s uncertainty principle, physicists infer a
correspondence between large momenta and small distances. Because of that, the regu-
larization length is often associated to the Planck length `P ≈ 1.6 ·10−35 m. Accordingly,
by introducing an ultraviolet cutoff in momentum space, one disregards distances which
are smaller than the Planck length. As a consequence, the microscopic structure of space-
time is completely unknown. Unfortunately, at present there is no consensus on what the
correct mathematical model for “Planck scale physics” should be.

The simplest and maybe most natural approach is to assume that on the Planck
scale, spacetime is no longer a continuum but becomes in some way “discrete.” This is
the starting point in the monograph [53], where the physical system is described by an
ensemble of wave functions in a discrete spacetime. Motivated by the Lagrangian formu-
lation of classical field theory, physical equations are formulated by a variational principle
in discrete spacetime. In the meantime, this setting was generalized and developed to the
theory of causal fermion systems. It is an essential feature of the approach that spacetime
does not enter the variational principle a-priori, but instead it emerges when minimizing
the action. Thus causal fermion systems allow for the description of both discrete and
continuous spacetime structures.

In order to get the connection to this chapter, let us briefly outline the main struc-
tures of causal fermion systems. As initially introduced in [61], a causal fermion system
consists of a triple (H,F, ρ) together with an integer n ∈ N, where H denotes a complex
Hilbert space, F ⊂ L(H) being the set of all self-adjoint operators on H of finite rank
with at most n positive and at most n negative eigenvalues, and ρ, referred to as universal
measure, being a measure on the Borel σ-algebra over F. Then for any x, y ∈ F, the prod-
uct xy is an operator of rank at most 2n. Denoting its non-trivial eigenvalues (counting
algebraic multiplicities) by λxy1 , . . . , λxy2n ∈ C, and introducing the spectral weight | . | of
an operator as the sum of the absolute values of its eigenvalues, the Lagrangian can be
introduced as a mapping

L : F × F → R+
0 , L(x, y) =

∣∣(xy)2
∣∣− 1

2n
|xy|2 .

As being of relevance for this article, we point out that the Lagrangian is a continuous
function which is symmetric in the sense that

L(x, y) = L(y, x) for all x, y ∈ F .
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In analogy to classical field theory, one defines the causal action by

S(ρ) =

¨
F×F
L(x, y) dρ(x) dρ(y) .

Finally, the corresponding causal action principle is introduced by varying the measure ρ
in the class of a suitable class of Borel measures under additional constraints (which assert
the existence of non-trivial minimizers). Given a minimizing measure ρ, spacetime M is
defined as its support,

M := supp ρ .

As being outlined in detail in [59], critical points of the causal action give rise to Euler-
Lagrange (EL) equations, which describe the dynamics of the causal fermion system.
In a certain limiting case, the so-called continuum limit, one gets a connection to the
conventional formulation of physics in a spacetime continuum. In this limiting case, the
EL equations give rise to classical field equations like the Maxwell and Einstein equations.
Moreover, quantum mechanics is obtained in a limiting case, and close connections to
relativistic quantum field theory have been established (see [58] and [63]).

In order for the causal action principle to be mathematically sensible, the existence
theory is of crucial importance. In the case that the dimension of H is finite, the existence
of minimizers was proven in [56, Section 2] (based on the existence theory in discrete
spacetime [54]), giving rise to minimizing measures of finite total volume ρ(F) < ∞.
The remaining open problem is to extend the existence theory to the case that H is
infinite-dimensional. Then the total volume ρ(F) is necessarily infinite (for a counter
example see [59, Exercise 1.3]). Proving existence of minimizers in the resulting infinite-
dimensional setting (i.e. dimH = ∞ and ρ(F) = ∞) is a difficult task. Therefore, our
strategy is to approach the problem in two steps. The first step is to deal with infinite total
volume; it is precisely the objective of this chapter to address this problem in sufficient
generality. The second step, which involves the difficulty of dealing with non-locally
compact spaces, is currently under investigation.

3.2.2. Causal Variational Principles in the Non-Compact Setting. Before
introducing the σ-locally compact setting in Section 3.3, we now recall known results
in the slightly less general situation of causal variational principles in the non-compact
setting as studied in [65, Section 2]. The starting point in [65] is a (possibly non-compact)
smooth manifold F of dimension m ≥ 1. We let ρ be a (positive) measure on the Borel
algebra of F (the universal measure). Moreover, let L : F × F → R+

0 be a non-negative
function (the Lagrangian) with the following properties:

(i) L is symmetric, i.e. L(x, y) = L(y, x) for all x, y ∈ F.
(ii) L is lower semi-continuous, i.e. for all sequences xn → x and yn′ → y,

L(x, y) ≤ lim inf
n,n′→∞

L(xn, yn′) .

The causal variational principle is to minimize the action

S(ρ) =

ˆ
F

dρ(x)

ˆ
F

dρ(y) L(x, y) (3.2.1)

under variations of the measure ρ, keeping the total volume ρ(F) fixed (volume constraint).
Here we are interested in the case that the total volume is infinite. In order to implement
the volume constraint, we make the following additional assumptions:

(iii) The measure ρ is locally finite (meaning that any x ∈ F has an open neighbor-
hood U ⊂ F with ρ(U) <∞).
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(iv) The function L(x, .) is ρ-integrable for all x ∈ F and

sup
x∈F

ˆ
F

L(x, y) dρ(y) <∞ . (3.2.2)

By Fatou’s lemma, the integral in (3.2.2) is lower semi-continuous in the variable x. A
measure on the Borel algebra which satisfies (iii) will be referred to as a Borel measure.
A Borel measure is said to be regular if it is inner and outer regular.

In order to give the causal variational principle (3.2.1) a mathematical meaning, we
first note that the difference of two measures ρ, ρ̃ : B(F)→ [0,+∞] with ρ(F), ρ̃(F) =∞
is not a signed measure (due to expressions of the kind “∞ −∞”); as a consequence,
the total variation for signed measures does not apply (see e.g. [139, §6.1]). For this
reason, we introduce the total variation of the difference of two such measures by saying
that |ρ − ρ̃|(F) < ∞ if and only if there exists a Borel set B ⊂ F with ρ(B), ρ̃(B) < ∞
and ρ|F\B = ρ̃|F\B. In this case, the signed measure ρ − ρ̃ for any Borel set Ω ⊂ F is
defined by

(ρ− ρ̃)(Ω) := ρ(Ω ∩B)− ρ̃(Ω ∩B) .

We then vary in the following class of measures:

Definition 3.2.1. Given a regular Borel measure ρ on F, a regular Borel measure ρ̃
on F is said to be a variation of finite volume if∣∣ρ̃− ρ∣∣(F) <∞ and

(
ρ̃− ρ

)
(F) = 0 . (3.2.3)

Assuming that (i), (ii) and (iv) hold and that ρ̃ is a variation of finite volume, the
difference of the actions as given by(
S(ρ̃)− S(ρ)

)
=

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
F

dρ(x)

ˆ
F

d(ρ̃− ρ)(y) L(x, y) +

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

d(ρ̃− ρ)(y) L(x, y)

(3.2.4)

is well-defined in view of [65, Lemma 2.1].

Definition 3.2.2. A regular Borel measure ρ for which the above conditions (i)–(iv)
hold is said to be a minimizer of the causal action if the difference (3.2.4) is non-negative
for all regular Borel measures ρ̃ satisfying (3.2.3), i.e.(

S(ρ̃)− S(ρ)
)
≥ 0 .

We denote the support of the measure ρ by M ,

M := supp ρ = F \
⋃{

Ω ⊂ F
∣∣ Ω is open and ρ(Ω) = 0

}
(3.2.5)

(thus the support is the set of all points for which every open neighborhood has a strictly
positive measure; for details and generalizations see [43, Subsection 2.2.1]).

It is shown in [65, Lemma 2.3] (based on a similar result in the compact setting
in [68, Lemma 3.4]) that a minimizer satisfies the following Euler-Lagrange (EL) equa-
tions, which state that for a suitable value of the parameter s > 0, the lower semi-
continuous function ` : F → R+

0 defined by

`(x) :=

ˆ
F

L(x, y) dρ(y)− s

is minimal and vanishes on the support of ρ,

`|M ≡ inf
F
` = 0 . (3.2.6)
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The parameter s can be interpreted as the Lagrange parameter corresponding to the
volume constraint. For the derivation of the EL equations and further details we refer
to [65, Section 2].

3.3. Causal Variational Principles on σ-Locally Compact Spaces

3.3.1. Basic Definitions. In the setup of causal variational principles in the non-
compact setting (see §3.2.2) it is assumed that F is a smooth manifold. Since this manifold
structure is not needed in what follows, we now slightly generalize the setting.

Definition 3.3.1. Let F be a second-countable, locally compact Hausdorff space, and
let the Lagrangian L : F × F → R+

0 be a symmetric and lower semi-continuous function
(see conditions (i) and (ii) in §3.2.2). Moreover, we assume that L is strictly positive on
the diagonal, i.e.

L(x, x) > 0 for all x ∈ F . (3.3.1)

The causal variational principle on σ-locally compact spaces is to minimize the
causal action (3.2.1) under variations of finite volume (see Definition 3.2.1).

Note that we do not impose the conditions (iii) and (iv) in §3.2.2. For this reason, it
is a-priori not clear whether the integrals in (3.2.4) exist. Therefore, we include this
condition into our definition of a minimizer:

Definition 3.3.2. A regular Borel measure ρ is said to be a minimizer of the causal
action under variations of finite volume if the difference (3.2.4) is well-defined and non-
negative for all regular Borel measures ρ̃ satisfying (3.2.3),(

S(ρ̃)− S(ρ)
)
≥ 0 .

We point out that a minimizer again satisfies the EL equations (3.2.6) (as is proved
exactly as in [65, Lemma 2.3]). The condition in (3.3.1) is needed in order to avoid trivial
minimizers supported at a point where L(x, x) = 0 (see [68, Section 1.2]). Moreover,
condition (3.3.1) is a reasonable assumption in view of [59, Exercise 1.2].

For clarity, we note that, following the conventions in [76], by a Borel measure we
mean a measure ρ : B(F) → [0,+∞] on the Borel σ-algebra B(F) which is locally finite
(meaning that every point has an open neighborhood of finite volume).1

In view of [9, Theorem 29.12], every Borel measure on F is regular (in the sense that
the measure of a set can be recovered by approximation with compact sets from inside
and with open sets from outside). In particular, it is inner regular and therefore a Radon
measure [143]. More generally, every Borel measure on a Souslin space is regular by
Meyer’s theorem (see [40, Satz VIII.1.17]).

A topological space which is locally compact and σ-compact is also referred to as
being σ-locally compact (see for example [150]). We note that every second-countable,
locally compact Hausdorff space is σ-compact (cf. [9, §29]). Therefore, F is a σ-locally
compact space. Moreover, in view of [72, Proposition 4.31] and [161, Theorem 14.3], the
space F is regular, and hence separable and metrizable by Urysohn’s theorem (see for
instance [161, Theorem 23.1]), where the resulting metric is complete (see [9, p. 185]).
Thus we can arrange that F is a Polish space. Since each Polish space is Souslin, any
Borel measure on F is regular, and therefore its support is given by (3.2.5).

1We remark that a Borel measure is not usually taken to be locally finite by those working outside
of topological measure theory (cf. [76]).
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A metric space X is said to have the Heine-Borel property if every closed bounded sub-
set is compact [162].2 In this case, the corresponding metric is referred to as Heine-Borel
metric. Clearly, every Heine-Borel metric is complete. According to [162, Theorem 2’],
every σ-locally compact Polish space is metrizable by a Heine-Borel metric. Since the
topological space F is σ-locally compact and Polish we can arrange that bounded sets
in F (with respect to the Heine-Borel metric) are relatively compact, i.e. have compact
closure.

Moreover, in order to construct solutions of the EL equations, we first impose the
following assumption (see Section 3.4).

Definition 3.3.3. The Lagrangian has compact range if for every K ⊂ F compact
there is a compact set K ′ ⊂ F such that

L(x, y) = 0 for all x ∈ K and y 6∈ K ′ .

Later on we will show that this assumption can be weakened (see Section 3.5).

3.3.2. Existence of Minimizers on Compact Subsets. Our strategy is to ex-
haust F by compact sets, to minimize on each compact set, and to analyze the limit of
the resulting measures. In preparation, we now consider the variational principle on a
compact subset K ⊂ F. Since the restriction of a Borel measure (according to [76, Def-
inition 2.1]) to K has finite volume, by rescaling we may arrange that the total volume
equals one. This leads us to the variational principle

minimize SK(ρ) :=

ˆ
K
dρ(x)

ˆ
K
dρ(y) L(x, y)

in the class

ρ ∈ MK := {normalized Borel measures on K} ,
where normalized means that ρ(K) = 1 (since we are not concerned with probability
theory, in our context it seems preferable to avoid the notion of a probability measure).

Existence of minimizers follows from abstract compactness arguments in the spirit
of [56, Section 1.2]. We give the proof in detail because the generalization to the lower
semi-continuous setting is not quite obvious.

Theorem 3.3.4. Let K ⊂ F be compact. Moreover, let (ρk)k∈N be a minimizing
sequence in MK for the action SK , i.e.

lim
k→∞

SK (ρk) = inf
ρ ∈MK

SK(ρ) .

Then the sequence (ρk)k∈N contains a subsequence which converges weakly to a mini-
mizer ρK ∈MK .

Proof. Let (ρk)k∈N be a minimizing sequence. For clarity, note that the compact
subset K ⊂ F is a locally compact Hausdorff space. Moreover, the continuous, real-valued
functions on K, denoted by C(K), form a normed vector space (with respect to the sup
norm ‖ · ‖∞), and the functions in C(K) are all bounded and have compact support,
i.e. C(K) = Cb(K) = Cc(K). For each k ∈ N, the mapping

Ik : C(K)→ R, Ik(f) :=

ˆ
K
f(x) dρk(x)

2In coarse geometry, such metric spaces are also called proper (cf. [136, Definition 1.4]). For instance,
every connected complete Riemannian manifold is a proper metric space (see [135, Chapter 2]).
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defines a continuous positive linear functional. Since

‖Ik‖ := sup
f∈C(K)
‖f‖≤1

∣∣∣∣ˆ
K
f(x) dρk(x)

∣∣∣∣ ≤ ‖ρk‖(K)

and ‖ρk‖(K) = ρk(K) = 1 for all k ∈ N (where ‖ · ‖(K) denotes the total variation,
and ‖ · ‖ the operator norm on C(K)∗), the sequence (Ik)k∈N is bounded in C(K)∗.
In view of the Banach-Alaoglu theorem, a subsequence (Ikj )j∈N converges to a linear
functional I ∈ C(K)∗ in the weak*-topology,

Ikj ⇀
∗ I ∈ C(K)∗ .

Applying the Riesz representation theorem, we obtain a regular Borel measure ρK such
that

I(f) =

ˆ
K
f(x) dρK(x) for all f ∈ C(K) .

Since ρK(K) = I(1K) = limj→∞ Ikj (1K) = 1 (where 1K is the function which is identi-
cally equal to one), one sees that ρK is again normalized.

It remains to show that ρK is a minimizer. Since K is compact, σ-compactness of K
implies that the measure space (K,B(K)) is σ-finite (according to [87, §7]; this also
results from the fact that any Borel measure is locally finite and K is second-countable).
Due to [87, §35, Theorem B], for all j ∈ N there is a uniquely determined product measure

ηkj := ρkj × ρkj : B(K)⊗B(K)→ R

(see also [72, Theorem 7.20]) such that

ηkj (A×B) := ρkj (A) · ρkj (B) ,

where A × B ∈ B(K) ⊗ B(K). Since K ⊂ F is a second-countable Hausdorff space,
it is separable according to [161, §5F], and the Cartesian product K × K is compact
(see e.g. [41, Theorem 3.2.3]). Moreover, any countable product of second-countable
topological spaces is again second-countable and thus separable. By [13, Theorem 2.8]
we obtain weak convergence

ηkj = ρkj × ρkj ⇀ ρK × ρK =: ηK .

In particular, (ηkj )j∈N is a sequence of normalized Borel measures, and ηK is a normal-
ized Borel measure on K × K. Since K × K is metrizable due to [122, §34], and the
Lagrangian L|K×K : K × K → R+

0 is a measurable non-negative real valued function
on K ×K, Fatou’s lemma for sequences of measures [44, eq. (1.5)] yields

SK(ρK) =

ˆ
K

ˆ
K
L(x, y) dρK(x) dρK(y) =

¨
K×K

L(x, y) dηK(x, y)

≤ lim inf
j→∞

¨
K×K

L(x, y) dηkj (x, y) = lim inf
j→∞

ˆ
K

ˆ
K
L(x, y) dρkj (x) dρkj (y)

= lim inf
j→∞

SK(ρkj ) ≤ lim
j→∞

SK(ρkj ) = inf
ρ ∈MK

SK(ρ) .

Hence ρK is a minimizer of the action SK . �

A minimizing measure ρK ∈ MK satisfies the corresponding Euler-Lagrange equa-
tions, which in analogy to (3.2.6) read

`K |supp ρK ≡ inf
K
`K = 0 , (3.3.2)
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where `K : F → R is the function

`K(x) :=

ˆ
K
L(x, y) dρK(y)− s , (3.3.3)

and s > 0 is a suitably chosen parameter. For clarity, we point out that the integral
in (3.3.3) is strictly positive for the following reason: Each normalized measure ρ ∈MK

has non-empty support; thus for any x ∈ supp ρ 6= ∅, the fact that the Lagrangian is
lower semi-continuous as well as strictly positive on the diagonal (3.3.1) implies that
there is an open neighborhood U of x such that L(x, y) > L(x, x)/2 > 0 for all y ∈ U
and ρ(U) > 0 in view of (3.2.5). As a consequence,ˆ

K
L(x, y) dρ(y) ≥

ˆ
U
L(x, y) dρ(y) > 0 .

Comparing this inequality for x ∈ K with (3.3.2) and (3.3.3), we conclude that the last
integral is strictly positive and constant on K.

3.4. Minimizers for Lagrangians of Compact Range

3.4.1. Construction of a Global Borel Measure. Let (Kn)n∈N be an exhaustion
of the σ-locally compact space F by compact sets such that each compact set is contained
in the interior of its successor (see e.g. [9, Lemma 29.8]). For every n ∈ N, we let ρKn
in MKn be a corresponding minimizer on Kn as constructed in Theorem 3.3.4. We extend
these measures by zero to B(F),

ρ[n](A) := λn ρKn(A ∩Kn) ,

where λn are positive parameters which will be chosen such that the parameter s in the
EL equations (3.3.2) and (3.3.3) is equal to one. Thus

`[n]
∣∣
supp ρ[n] ≡ inf

Kn
`[n] = 0 , (3.4.1)

where

`[n](x) :=

ˆ
F

L(x, y) dρ[n](y)− 1 . (3.4.2)

For clarity, we point out that the measures ρ[n] are not normalized. More precisely,

ρ[n](F) = λn ,

and the sequence (λn)n∈N will typically be unbounded.

Lemma 3.4.1. For every compact subset K ⊂ F there is a constant CK > 0 such that

ρ[n](K) ≤ CK for all n ∈ N .

Proof. Since L(x, .) is lower semi-continuous and strictly positive at x (see (3.3.1)),
there is an open neighborhood U(x) of x with

L(y, z) ≥ L(x, x)

2
> 0 for all y, z ∈ U(x) .

Covering K by a finite number of such neighborhoods U(x1), . . . , U(xL), it suffices to
show the inequality for the sets K ∩U(x`) for any ` ∈ {1, . . . , L}. Moreover, we choose N

so large that KN ⊃ K and fix n ≥ N . If K ∩ supp ρ[n] = ∅, there is nothing to prove.
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Otherwise, there is a point z ∈ K ∩ supp ρ[n]. Using the EL equations (3.4.1) at z, it
follows that

1 =

ˆ
F

L(z, y) dρ[n](y) ≥
ˆ
U(x`)

L(z, y) dρ[n](y) ≥ L(x`, x`)

2
ρ[n](U(x`)) .

Hence for any n ≥ N ,

ρ[n](U(x`)) ≤
2

L(x`, x`)
. (3.4.3)

Next, let c(x`) be the maximum of ρ[1](U(x`)), . . . , ρ
[N−1](U(x`)) and 2/L(x`, x`). Since

the open sets U(x1), . . . , U(xL) cover K, we finally introduce the constant CK as the sum
of the constants c(x1), . . . , c(xL). �

Now we proceed as follows. Denoting by (Kn)n∈N the above exhaustion of F by

compact sets, we first restrict the measures ρ[n] to the compact set K1. According to
Lemma 3.4.1, the resulting sequence of measures is bounded. Therefore, a subsequence
converges as a measure on K1 (using again the Banach-Alaoglu theorem and the Riesz

representation theorem). Out of the resulting subsequence (ρ[1,nk])k∈N, we then choose a

subsequence of measures (ρ[2,nk])k∈N which converges weakly on K2. We proceed itera-
tively and denote the resulting diagonal sequence by

ρ(k) := ρ[k,nk] for all k ∈ N . (3.4.4)

In the following, we restrict attention to the compact exhaustion (Km)m∈N, where for

convenience by Km we denote the sets Knm for m ∈ N (thus ρ(m) is a minimizer on Km

for each m ∈ N). By construction, the sequence (ρ(k)|Km)k∈N converges weakly to some
measure ρKm for every m ∈ N, i.e.

ρ(k)|Km ⇀ ρKm for all m ∈ N . (3.4.5)

In particular,

lim
k→∞

ρ(k)(Km) = ρKm(Km) for all m ∈ N .

Denoting the interior of Km by K◦m, we claim that for all n ≥ m,ˆ
Km

f dρKm =

ˆ
Kn

f dρKn for all f ∈ Cc(K◦m) . (3.4.6)

Namely, in view of Cc(K
◦
m) ⊂ Cb(Km) ∩ Cb(Kn), weak convergence (3.4.5) yieldsˆ

Km

f dρKm = lim
k→∞

ˆ
Km

f dρ(k)|Km
(?)
= lim

k→∞

ˆ
Kn

f dρ(k)|Kn =

ˆ
Kn

f dρKn

for all f ∈ Cc(K◦m), where in (?) we made use of the fact that supp f ⊂ K◦m ⊂ Kn.
In order to construct a global measure ρ on F, we proceed by introducing the func-

tional

I : Cc(F)→ R , f 7→ I(f) := lim
n→∞

ˆ
F

f(x) dρKn(x) .

Note that, in view of (3.4.6), the last integral is independent of n ∈ N for sufficiently large
integers n ∈ N, and thus well-defined. Thus I : Cc(F)→ R defines a positive functional.
Making use of the fact that F is locally compact, the Riesz representation theorem [40,
Darstellungssatz VIII.2.5] or [9, Theorem 29.1 and Theorem 29.6] yields the existence of
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a uniquely determined Radon measure ρ : B(F) → [0,∞] (i.e. an inner regular, locally
finite measure [143]) such that

I(f) =

ˆ
F

f dρ for all f ∈ Cc(F) (3.4.7)

(also see [36, Definition 4 and Theorem 5]). From the equality

lim
n→∞

ˆ
F

f(x) dρKn(x) = I(f) =

ˆ
F

f dρ for all f ∈ Cc(F) (3.4.8)

we conclude that the sequence (ρKn)n∈N converges vaguely to the measure ρ (for details
see [9, Definition 30.1]). Moreover, given f ∈ Cc(F), we know that supp f ⊂ K◦m for suffi-
ciently large m ∈ N. Hence from vague convergence (3.4.8) and weak convergence (3.4.5)
we conclude that for any ε > 0 there exists m′ ∈ N such that for all m ≥ m′,∣∣∣∣ˆ

F

f dρ−
ˆ
F

f dρ(k)

∣∣∣∣ ≤ ∣∣∣∣ˆ
F

f dρ−
ˆ
F

f dρKm

∣∣∣∣+

∣∣∣∣ˆ
F

f dρKm −
ˆ
F

f dρ(k)|Km
∣∣∣∣ < ε .

Since f ∈ Cc(F) was arbitrary, we also conclude that

ρ(k) v→ ρ vaguely . (3.4.9)

Regularity follows from Ulam’s theorem [40, Satz VIII.1.16] and the fact that F is Polish.
In Appendix A.1 (see Lemma A.1.1) it is shown that the measure ρ given by (3.4.7) is
non-zero and possibly has infinite total volume.

Similar to (3.4.2), we introduce the notation

`(n)(x) :=

ˆ
F

L(x, y) dρ(n)(y)− 1 . (3.4.10)

In particular, the following EL equations hold,

`(n)
∣∣
supp ρ(n) ≡ inf

Kn
`(n) = 0 . (3.4.11)

3.4.2. Derivation of the Euler-Lagrange Equations. In this section, we assume
that the Lagrangian L is continuous and of compact range (see Definition 3.3.3). Our
goal is to prove the following result.

Theorem 3.4.2 (Euler-Lagrange equations). Assume that L is continuous and of
compact range. Then the measure ρ constructed in (3.4.7) satisfies the Euler-Lagrange
equations

`|supp ρ ≡ inf
x ∈ F

`(x) = 0 , (3.4.12)

where ` ∈ C(F) is defined by

`(x) :=

ˆ
F

L(x, y) dρ(y)− 1 . (3.4.13)

In order to prove Theorem 3.4.2 we proceed in several steps. The proof will be
completed at the end of this subsection.

Lemma 3.4.3. Assume that the sequence of measures (ρ(n))n∈N converges vaguely to
a regular Borel measure ρ 6= 0. Then for every x ∈ supp ρ there is a sequence (xk)k∈N
and a subsequence ρ(nk) such that xk ∈ supp ρ(nk) for all k ∈ N and xk → x.
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Proof. Assume conversely that for some x ∈ supp ρ there is no such subsequence.
Then there is an open neighborhood U of x which does not intersect the support of the
measures ρ(n) for almost all n ∈ N. As a consequence, for every compact neighborhood V
of x with V ⊂ U (which exists by [72, Proposition 4.30]) we have

ρ(n)(V ) = 0 for almost all n ∈ N ,

and

ρ(V ) > 0

in view of (3.2.5). Since U is an open cover of the compact Hausdorff space V , there
exists f ∈ Cc(U ; [0, 1]) with f |V ≡ 1 (see for instance [4, Lemma 2.92]). Thus vague

convergence ρ(n) v→ ρ yields the contradiction

0 <

ˆ
F

f dρ = lim
n→∞

ˆ
F

f dρ(n) = 0 ,

which proves the claim. �

For notational simplicity, we denote the subsequence ρ(nk) again by ρ(k).

Lemma 3.4.4. Let L be continuous and of compact range. Then the function ` defined
by (3.4.13) is continuous.

Proof. For any x ∈ F, let (xn)n∈N be an arbitrary sequence in F converging to x, and
let U be an open, relatively compact neighborhood of x (which exists by local compactness
of F). Since L is of compact range, there is a compact set K ′ ⊂ F such that L(x̃, y) = 0
for all x̃ ∈ K := U and y /∈ K ′. Since the sequence (xn)n∈N converges to x, there is an
integer N ∈ N such that xn ∈ U for all n ≥ N . By continuity of L, the mapping L :
K × K ′ → R is bounded. Therefore, the functions L(xn, ·) : K ′ → R are uniformly
bounded for all n ≥ N . Thus Lebesgue’s dominated convergence theorem yields

`(x) =

ˆ
K′
L(x, y) dρ(y)− 1 =

ˆ
K′

lim
n→∞

L(xn, y) dρ(y)− 1

= lim
n→∞

ˆ
K′
L(xn, y) dρ(y)− 1 = lim

n→∞
`(xn) ,

proving continuity of `. �

In the next proposition, we show that the sequence (`(n))n∈N converges pointwise
to `. Choosing K = {x} in Definition 3.3.3, we denote the corresponding compact set K ′

by Kx, i.e.
L(x, y) = 0 for all y 6∈ Kx . (3.4.14)

Proposition 3.4.5. Let L be continuous and of compact range, and let (`(n))n∈N and `

be the functions defined in (3.4.10) and (3.4.13), respectively. Then (`(n))n∈N converges
pointwise to `, i.e.

lim
n→∞

`(n)(x) = `(x) for all x ∈ F . (3.4.15)

Proof. Let x ∈ F. Since L is assumed to be of compact range, using the nota-
tion (3.4.14) implies that L(x, y) = 0 for all y /∈ Kx. We conclude that L(x, ·) ∈ Cc(F),
and thus by vague convergence (3.4.9) we obtain

`(x) =

ˆ
F

L(x, y) dρ(y)− 1 = lim
n→∞

ˆ
F

L(x, y) dρ(n)(y)− 1 = lim
n→∞

`(n)(x) .
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Since x ∈ F is arbitrary, the sequence (`(n))n∈N converges pointwise to `. �

Our proof of Theorem 3.4.2 will be based on equicontinuity of the family (`(n)|K)n∈N
for arbitrary compact subsets K ⊂ F. We know that the functions `(n) are continuous and
uniformly bounded on compact sets. However, as can be seen from the example (fn)n∈N
with

fn : [0, 1]→ R, fn(x) = sinnx for all n ∈ N ,

these conditions are in general not sufficient to ensure equicontinuity. Nonetheless, the
additional assumption that the Lagrangian L : F × F → R+

0 is of compact range (see

Definition 3.3.3) gives rise to equicontinuity of the family (`(n)|K)n∈N, as the following
proposition shows.

Proposition 3.4.6. Let L be continuous and of compact range. Then for any compact
subset K ⊂ F, the family FK := {`(n)|K : n ∈ N} is equicontinuous.

Proof. Consider an arbitrary compact set K ⊂ F. In order to prove equicontinuity
of FK , we have to show that for every ε > 0 and every x ∈ K there is a corresponding
neighborhood V = V (x) of x with

sup
f∈FK

sup
z∈V
|f(x)− f(z)| < ε .

Let x ∈ K and consider an arbitrary ε > 0. Since L is of compact range, there is a
compact set K ′ ⊂ F such that

L(x̃, y) = 0 for all x̃ ∈ K and y /∈ K ′ . (3.4.16)

In view of Lemma 3.4.1 there is a positive constant CK′ > 0 such that ρ(n)(K ′) ≤ CK′
for all n ∈ N.

Since L is continuous and K ×K ′ is compact, the mapping

L|K×K′ : K ×K ′ → R

is uniformly continuous. Moreover, in view of (3.4.16), the same is true for L|K×F. Hence
for every ε > 0 there is a δ > 0 such that∣∣∣L|K×F(x1, y1)− L|K×F(x2, y2)

∣∣∣ < ε for all (x2, y2) ∈ Bδ((x1, y1)) .

Choosing δ > 0 such that |L|K×F(x, ·)− L|K×F(z, ·)| < ε/CK′ for all z ∈ Bδ(x) ∩K, we
obtain

sup
n∈N

sup
z∈Bδ(x)∩K

∣∣∣`(n)|K(x)− `(n)|K(z)
∣∣∣

= sup
n∈N

sup
z∈Bδ(x)∩K

∣∣∣∣ˆ
F

(
L|K×F(x, y)− L|K×F(z, y)

)
dρ(n)(y)

∣∣∣∣
≤ sup

n∈N
sup

z∈Bδ(x)∩K

ˆ
K′

∣∣∣L|K×F(x, y)− L|K×F(z, y)
∣∣∣ dρ(n)(y)

< sup
n∈N

ρ(n)(K ′)
ε

CK′
≤ ε .

This yields equicontinuity of FK as desired. �

After these preparations, we are able to prove Theorem 3.4.2.
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Proof of Theorem 3.4.2. Let (Kn)n∈N be a compact exhaustion of F. Moreover,

let (ρ(n))n∈N be the corresponding sequence of vaguely converging measures according
to (3.4.4) such that (3.4.10) and (3.4.11) hold. The main idea of the proof is to make

use of pointwise convergence (3.4.15) and equicontinuity of the sequence (`(n)|K)n∈N for
arbitrary compact sets K ⊂ F as established in Proposition 3.4.5 and Proposition 3.4.6,
respectively.

First of all, application of Proposition 3.4.5 shows that `(x) ≥ 0 for every x ∈ F.

Namely, since ρ(n) is a minimizer of the action SKn for every n ∈ N, and x is contained
in all compact sets (Kn)n≥N for some integer N = N(x), we have

`(x)
(3.4.15)

= lim
n→∞

`(n)(x) = lim
n→∞

`(n)|Kn(x)
(3.4.11)

≥ 0 for all x ∈ F . (3.4.17)

In order to derive the EL equations (3.4.12), it remains to prove that `(x) vanishes
for every x ∈ supp ρ. Since F is locally compact, each x ∈ supp ρ is contained in a
compact neighborhood Kx (cf. (3.4.14)) such that L(x, .) vanishes outside Kx. Due to

vague convergence ρ(n) → ρ as n → ∞ (cf. (3.4.9)), by virtue of Lemma 3.4.3 there

exists a sequence x(n) → x as n → ∞ such that x(n) ∈ supp ρ(n) for every n ∈ N. We
choose N ′ ∈ N such that x(n) ∈ Kx for all n ≥ N ′. For this reason, it suffices to focus on
the restriction `|Kx . Equicontinuity of the family {`(n)|Kx : n ∈ N} (see Proposition 3.4.6)
yields

lim
n→∞

sup
k∈N

∣∣∣`(k)|Kx
(
x(n)

)
− `(k)|Kx(x)

∣∣∣ = 0 .

Moreover, the expression

lim
n→∞

∣∣∣`(n)|Kx(x)− `|Kx(x)
∣∣∣ = 0 for all x ∈ Kx

holds in view of pointwise convergence (3.4.15). Taken together, for every x ∈ supp ρ we
finally obtain

lim
n→∞

∣∣∣`(n)
(
x(n)

)
− `(x)

∣∣∣ = lim
n→∞

∣∣∣`(n)|Kx
(
x(n)

)
− `|Kx(x)

∣∣∣
≤ lim

n→∞

∣∣∣`(n)|Kx
(
x(n)

)
− `(n)|Kx(x)

∣∣∣+ lim
n→∞

∣∣∣`(n)|Kx(x)− `|Kx(x)
∣∣∣ = 0 .

In view of (3.4.17), the Euler-Lagrange equations (3.4.12) hold due to

`(x) = lim
n→∞

`(n)
(
x(n)

) (3.4.11)
= 0 for all x ∈ supp ρ ,

which completes the proof. �

In the remainder of this subsection, we discuss the properties (iii) and (iv) in §3.2.2.
Condition (iii) holds by construction because we are working with locally finite measures
(see §3.3.1). Condition (iv) does not hold in general, but it can be checked a-posteriori
for a constructed measure ρ. Under suitable assumptions on L, however, this condition
can even be verified a-priori, i.e. without knowing ρ. This is exemplified in the following
lemma.

Lemma 3.4.7. Let L : F × F → R be continuous and of compact range. Moreover,
assume that the following conditions hold:

(a) c := infx∈F L(x, x) > 0.

(b) supx,y∈F L(x, y) ≤ C <∞.
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(c) There is an integer N > 0 such that every Kx (as defined in (3.4.14)) can be covered
by open sets U1, . . . , UN with the property that for all i ∈ {1, . . . , N},

L(x, y) >
c

2
for all y ∈ Ui .

Then the measure ρ constructed in (3.4.7) satisfies condition (iv) in §3.2.2.

Proof. Since L is continuous and of compact range, we haveˆ
F

L(x, y) dρ(y) =

ˆ
Kx

L(x, y) dρ(y) ≤ sup
y∈Kx

L(x, y) ρ(Kx) <∞ ,

showing that L(x, ·) is ρ-integrable for every x ∈ F. It remains to prove that

sup
x∈F

ˆ
F

L(x, y) dρ(y) <∞ .

Since L : F × F → R satisfies (a)–(c), inequality (3.4.3) yields

ρ(Ui) ≤ sup
x∈F

2

L(x, x)
≤ 2

c
for all i ∈ {1, . . . , N} .

Thus we obtain

sup
x∈F

ˆ
F

L(x, y) dρ(y) ≤ sup
x,y∈F

L(x, y) ρ(Kx) ≤ C

N∑
i=1

ρ(Ui) <
2CN

c
<∞

as desired. �

3.4.3. Existence of Minimizers under Variations of Compact Support. This
subsection is intended to prove the existence of minimizers under variations of compact
support. Apart from technical convenience, it is natural and sufficient for many appli-
cations to restrict attention to variations of compact support (in contrast to the more
general variations of finite volume as introduced in Definition 3.2.1 and Definition 3.3.2).

Definition 3.4.8. A measure ρ ∈ BF is said to be a minimizer under variations
of compact support of the causal action if for any ρ̃ ∈ BF which satisfies (3.2.3) such
that the signed measure (ρ− ρ̃) is compactly supported, the inequality(

S(ρ̃)− S(ρ)
)
≥ 0

holds.

The goal of this subsection is to prove that the measure ρ constructed in (3.4.7) is
a minimizer under variations of compact support. Before stating our result (see Theo-
rem 3.4.9 below), we show that the difference (3.2.4) is well-defined. Indeed, considering
variations of compact support, the signed measure µ := ρ̃ − ρ is compactly supported.
Considering its Jordan decomposition µ = µ+ − µ− (see e.g. [87, §29]), the measures µ+

and µ− have compact support. Hence, using that the Lagrangian is continuous,ˆ
F

dµ+(x) `(x) ≤

(
sup

x∈suppµ+

`(x)

)
µ+(suppµ+) <∞ ,

and similarly for µ−. Now we can proceed as in the proof of [65, Lemma 2.1] to conclude
that all the integrals in (3.2.4) are well-defined and finite.

Theorem 3.4.9. Assume that the Lagrangian L is continuous and of compact range.
Then the measure ρ constructed in (3.4.7) is a minimizer under variations of compact
support.
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Proof. Let ρ̃ be a regular Borel measure on F with K := supp(ρ̃− ρ) ⊂ F compact
such that

0 < ρ̃(K) = ρ(K) <∞ .

Then (ρ̃− ρ)(F) = 0, i.e. (3.2.3) is satisfied. Since the Lagrangian is supposed to be of
compact range, there exists a compact set K ′ ⊂ F such that L(x, y) = 0 for all x ∈ K
and y ∈ F \K ′.

By regularity of ρ and ρ̃, for arbitrary ε̃ > 0 there exist U ⊃ K and U ′ ⊃ K ′ open
with U ′ ⊃ U such that

ρ(U \K) < ε̃ , ρ(U ′ \K ′) < ε̃ ,

ρ̃(U \K) < ε̃ , ρ̃(U ′ \K ′) < ε̃ .

In particular, ρ|U ′ is a non-negative finite Borel measure on the topological space U ′.
Since F is metrizable, it is completely regular. As a consequence, the class Γρ|U′ of all

Borel sets E ⊂ U ′ with boundaries of ρ-measure zero contains a base (consisting of open
sets) of the topology of U ′ (see [16, Proposition 8.2.8]). Since K and K ′ are compact,
they can be covered by finitely many relatively compact, open sets V1, . . . , VN ⊂ U
and V ′1 , . . . , V

′
N ′ ⊂ U ′ in Γρ|U′ (cf. [41, Section 1.1]). By construction, the closure of the

sets V :=
⋃N
i=1 Vi ⊂ U and V ′ :=

⋃N ′

i=1 V
′
i ⊂ U ′, denoted by V and V ′, respectively, is

compact. By choosing V ⊂ U suitably, we can arrange that L(x, y) = 0 for all x ∈ V
and y /∈ V ′. Moreover, considering the restriction ρ(n)|V , for any f ∈ Cc(V ) we obtain

lim
n→∞

ˆ
V
f dρ(n)|V = lim

n→∞

ˆ
F

f dρ(n) (3.4.9)
=

ˆ
F

f dρ =

ˆ
V
f dρ|V ,

and similarly for V ′. This proves vague convergence

ρ(n)|V
v→ ρ|V and ρ(n)|V ′

v→ ρ|V ′ .

Since Γρ|U′ is a subalgebra in B(F) (see [16, Proposition 8.2.8]), the sets V and V ′ are
also contained in Γρ|U′ , implying that

ρ(∂V ) = 0 = ρ(∂V ′) .

Making use of vague convergence (3.4.9) and applying [9, Theorem 30.2], we obtain

ρ(V ) = ρ(V ) ≥ lim sup
n→∞

ρ(n)(V ) ≥ lim sup
n→∞

ρ(n)(V ) ≥ lim inf
n→∞

ρ(n)(V ) ≥ ρ(V ) ,

proving that

ρ(V ) = lim
n→∞

ρ(n)(V ) (3.4.18)

(and similarly for V ′). We point out that, for each n ∈ N, the measure ρ(n)|V /ρ(n)(V ) is
normalized in the sense of §3.3.2. Moreover, for any f ∈ Cc(V ) we are given

lim
n→∞

ˆ
V
f dρ(n)|V /ρ(n)(V ) =

ˆ
V
f dρ|V /ρ(V ) .

That is, the sequence of normalized measures (ρ(n)|V /ρ(n)(V ))n∈N converges vaguely
to the normalized measure ρ|V /ρ(V ). From [9, Corollary 30.9] we conclude that the

sequence (ρ(n)|V /ρ(n)(V ))n∈N converges weakly to the normalized measure ρ|V /ρ(V ).
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Since V is separable (see e.g. [4, Corollary 3.5]), we may apply [13, Theorem 2.8] to
obtain weak convergence of the corresponding product measures,(

ρ(n)|V /ρ(n)(V )
)
⊗
(
ρ(n)|V /ρ(n)(V )

)
⇀
(
ρ|V /ρ(V )

)
⊗
(
ρ|V /ρ(V )

)
,(

ρ(n)|V /ρ(n)(V )
)
⊗
(
ρ(n)|V ′/ρ(n)(V ′)

)
⇀
(
ρ|V /ρ(V )

)
⊗
(
ρ|V ′/ρ(V ′)

)
.

(3.4.19)

We now proceed as follows. First of all, in accordance with (3.2.4) we have

S(ρ̃)− S(ρ) =

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y) +

ˆ
F

dρ(x)

ˆ
F

d(ρ̃− ρ)(y) L(x, y)

+

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

d(ρ̃− ρ)(y) L(x, y) .

Making use of the symmetry of the Lagrangian and applying Fubini’s theorem, we can
write this expression as

S(ρ̃)− S(ρ) = 2

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

d(ρ̃− ρ)(y) L(x, y) ,

and the fact that L is of compact range yields

S(ρ̃)− S(ρ) = 2

ˆ
K
d(ρ̃− ρ)(x)

ˆ
K′
dρ(y) L(x, y)

+

ˆ
K
d(ρ̃− ρ)(x)

ˆ
K
d(ρ̃− ρ)(y) L(x, y) .

Making use of the fact that ρ(V \K) < ε̃, ρ̃(V \K) < ε̃ and ρ(V ′\K ′) < ε̃, ρ̃(V ′\K ′) < ε̃,
we can arrange that, up to an arbitrarily small error term ε > 0,

S(ρ̃)− S(ρ) ≥ 2

ˆ
V
dρ̃(x)

ˆ
V ′
dρ(y) L(x, y)− 2

ˆ
V
dρ(x)

ˆ
V ′
dρ(y) L(x, y)

+

ˆ
V
dρ̃(x)

ˆ
V
dρ̃(y) L(x, y)−

ˆ
V
dρ̃(x)

ˆ
V
dρ(y) L(x, y)

−
ˆ
V
dρ(x)

ˆ
V
dρ̃(y) L(x, y) +

ˆ
V
dρ(x)

ˆ
V
dρ(y) L(x, y)− ε .

Since L ∈ Cb(F × F), by applying weak convergence (3.4.19) we obtain

S(ρ̃)− S(ρ)

≥ lim
n→∞

[
2

(ˆ
V
dρ̃(x)

ˆ
V ′
dρ(n)|V ′(y)−

ˆ
V
dρ(n)|V (x)

ˆ
V ′
dρ(n)|V ′(y)

)
L(x, y)

+

ˆ
V
dρ̃(x)

ˆ
V
dρ̃(y) L(x, y)−

ˆ
V
dρ̃(x)

ˆ
V
dρ(n)|V (y) L(x, y)

−
ˆ
V
dρ(n)|V (x)

ˆ
V
dρ̃(y) L(x, y) +

ˆ
V
dρ(n)|V (x)

ˆ
V
dρ(n)|V (y) L(x, y)

]
− ε ,

or equivalently,

S(ρ̃)− S(ρ) ≥ lim
n→∞

[
2

ˆ
V
d
(
ρ̃− ρ(n)

)
(x)

ˆ
V ′
dρ(n)(y) L(x, y)

+

ˆ
V
d
(
ρ̃− ρ(n)

)
(x)

ˆ
V
d
(
ρ̃− ρ(n)

)
(y) L(x, y)

]
− ε .



84 3. CAUSAL VARIATIONAL PRINCIPLES IN THE LOCALLY COMPACT SETTING

Next, for any n ∈ N we introduce the measures ρ̃n : B(F)→ [0,+∞] by

ρ̃n :=

{
cn ρ̃ on V

ρ(n) on F \ V
with cn :=

ρ(n)(V )

ρ̃(V )
for all n ∈ N .

Considering the compact exhaustion (Kn)n∈N, we thus have ρ(n)(Kn) = ρ̃n(Kn) for
each n ∈ N. Furthermore,

lim
n→∞

cn = lim
n→∞

ρ(n)(V )

ρ̃(V )

(3.4.18)
=

ρ(V )

ρ̃(V )
=
ρ(V \K) + ρ(K)

ρ̃(V \K) + ρ̃(K)
= 1 (3.4.20)

according to ρ|F\K = ρ̃|F\K and ρ̃(K) = ρ(K). In view of (3.4.20) we may write

S(ρ̃)− S(ρ) ≥ lim
n→∞

[
2

ˆ
V
d
(
cn ρ̃− ρ(n)

)
(x)

ˆ
V ′
dρ(n)(y) L(x, y)

+

ˆ
V
d
(
cn ρ̃− ρ(n)

)
(x)

ˆ
V
d
(
cn ρ̃− ρ(n)

)
(y) L(x, y)

]
− ε .

Since ρ̃n and ρ(n) coincide on Kn \ V for all sufficiently large n ∈ N, and L(x, y) = 0 for
all x ∈ V and y /∈ V ′, the difference S(ρ̃)− S(ρ) can finally be written as

S(ρ̃)− S(ρ) = lim
n→∞

[
2

ˆ
Kn

d
(
ρ̃n − ρ(n)

)
(x)

ˆ
Kn

dρ(n)(y) L(x, y)

+

ˆ
Kn

d
(
ρ̃n − ρ(n)

)
(x)

ˆ
Kn

d
(
ρ̃n − ρ(n)

)
(y) L(x, y)

]
− ε .

Since ρ(n) is a minimizer on Kn for every n ∈ N, we are given(
SKn(ρ̃n)− SKn(ρ(n))

)
≥ 0 for all n ∈ N . (3.4.21)

Taking the limit n→∞ on the left hand side of (3.4.21), one obtains exactly the above
expression in square brackets, which therefore is bigger than or equal to zero. Since ε > 0
is arbitrary, we thus arrive at (

S(ρ̃)− S(ρ)
)
≥ 0 .

Hence ρ is a minimizer under variations of compact support. �

3.4.4. Existence of Minimizers under Variations of Finite Volume. In order
to prove the existence of minimizers in the sense of Definition 3.3.2, we additionally
assume that property (iv) in §3.2.2 is satisfied, i.e.

sup
x∈F

ˆ
F

L(x, y) dρ(y) <∞ .

Under this additional assumption, the difference (3.2.4) is well-defined. Moreover, we
obtain the following existence result.

Theorem 3.4.10. Let L : F × F → R+
0 be continuous, bounded, and of compact

range, and assume that condition (iv) in §3.2.2 is satisfied. Then ρ is a minimizer under
variations of finite volume (see Definition 3.3.2).

Proof. Let ρ̃ ∈ BF be a positive Borel measure on F satisfying (3.2.3), i.e.

|ρ̃− ρ|(F) <∞ and (ρ̃− ρ)(F) = 0 .

Introducing B := supp(ρ̃− ρ), we thus are given 0 < ρ(B) = ρ̃(B) <∞. Without loss of
generality, we may assume that ρ(B) = ρ̃(B) > 1 (otherwise we multiply the measures ρ
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and ρ̃ by a suitable constant). By assuming that condition (iv) in §3.2.2 holds we know
that the difference (3.2.4) is well-defined, thus giving rise to

S(ρ̃)− S(ρ) = 2

ˆ
B
d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
B
d(ρ̃− ρ)(x)

ˆ
B
d(ρ̃− ρ)(y) L(x, y) .

Let ε̃ > 0 be arbitrary. In analogy to the proof of Theorem 3.4.10, by regularity of ρ
and ρ̃ we approximate B by open sets U ⊃ B from outside such that

ρ(U \B) < ε̃/4 , ρ̃(U \B) < ε̃/4 .

By adding and subtracting the terms

2

ˆ
U\B

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y) +

ˆ
U\B

d(ρ̃− ρ)(x)

ˆ
B
d(ρ̃− ρ)(y) L(x, y)

as well as ˆ
U
d(ρ̃− ρ)(x)

ˆ
U\B

d(ρ̃− ρ)(y) L(x, y) ,

one can show that(
S(ρ̃)− S(ρ)

)
= 2

ˆ
U
d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
U
d(ρ̃− ρ)(x)

ˆ
U
d(ρ̃− ρ)(y) L(x, y)−

{ˆ
U
d(ρ̃− ρ)(x)

ˆ
U\B

d(ρ̃− ρ)(y) L(x, y)

+ 2

ˆ
U\B

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y) +

ˆ
U\B

d(ρ̃− ρ)(x)

ˆ
B
d(ρ̃− ρ)(y) L(x, y)

}
.

Choosing U ⊃ B suitably, property (iv) implies (along with (3.4.13)) that the expression∣∣∣∣∣
ˆ
U\B

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

∣∣∣∣∣ ≤
(

sup
x∈F

`(x) + 1

)
︸ ︷︷ ︸

<∞

(
|ρ̃(U \B)|+ |ρ(U \B)|

)︸ ︷︷ ︸
< ε̃/2

can be arranged to be arbitrarily small. Similarly, one can show that the other summands
in the expression in curly brackets are arbitrarily small for a suitable choice of U ⊃ B.
We thus can arrange that

S(ρ̃)− S(ρ) ≥ 2

ˆ
U
d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
U
d(ρ̃− ρ)(x)

ˆ
U
d(ρ̃− ρ)(y) L(x, y)− ε

for any given ε > 0. Next, by regularity of ρ and ρ̃ we may approximate U by compact
sets V ⊂ U from inside such that

ρ(U \ V ) < ε̃/4 , ρ̃(U \ V ) < ε̃/4 .

Proceeding in analogy to the proof of Theorem 3.4.9, we may assume that V ⊂ U is an
open, relatively compact set such that ρ(n)(V ) → ρ(V ). Moreover, since L is supposed
to be of compact range, there is some relatively compact, open subset V ′ ⊂ F such
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that L(x, y) = 0 for all x ∈ V and y /∈ V ′ (and vice versa, for details see the proof of
Theorem 3.4.9). Applying similar arguments as before to V ⊂ U , we arrive at

S(ρ̃)− S(ρ) ≥
[
2

ˆ
V
d(ρ̃− ρ)(x)

ˆ
V ′
dρ(y) L(x, y)

+

ˆ
V
d(ρ̃− ρ)(x)

ˆ
V
d(ρ̃− ρ)(y) L(x, y)

]
− 2ε .

Proceeding in analogy to the proof of Theorem 3.4.9, one can show that the term in
square brackets is greater than or equal to zero, up to an arbitrarily small error term.
Indeed, introducing the measures

ρ̃n :=

{
cn ρ̃ on V

ρ(n) on F \ V
with cn :=

ρ(n)(V )

ρ̃(V )
for all n ∈ N ,

we are given

ρ̃n(V ) = cn ρ̃(V ) =
ρ(n)(V )

ρ̃(V )
ρ̃(V ) = ρ(n)(V ) .

Note that ρ(V ), ρ̃(V ) ∈ (ρ(B) − ε̃/2, ρ(B) + ε̃/2) ⊂ (1,∞) by choosing ε̃ > 0 suitably,

implying that 1 < ρ(V ) < ρ̃(V )+ε̃. In view of ρ(n)(V )→ ρ(V ), for sufficiently large n ∈ N
we thus obtain

cn =
ρ(n)(V )

ρ̃(V )
<
ρ̃(V ) + ε̃

ρ̃(V )
= 1 +

ε̃

ρ̃(V )
≤ 1 + ε̃

(and similarly, cn > 1− ε̃ for sufficiently large n ∈ N). As a consequence,

c2
n < (1 + ε̃)2 < 1 + 3ε̃ ,

and henceforth the term in square brackets can be estimated by(
2

ˆ
V
d
(
ρ̃− ρ(n)

)
(x)

ˆ
V ′
dρ(n)(y) +

ˆ
V
d
(
ρ̃− ρ(n)

)
(x)

ˆ
V ′
d
(
ρ̃− ρ(n)

)
(y)

)
L(x, y)

≥
{

2

ˆ
V
d
(
cn ρ̃− ρ(n)

)
(x)

ˆ
V ′
dρ(n)(y) L(x, y)

+

ˆ
V
d
(
cn ρ̃− ρ(n)

)
(x)

ˆ
V ′
d
(
cn ρ̃− ρ(n)

)
(y) L(x, y)

}
− 4ε̃

ˆ
V
dρ̃(x)

ˆ
V ′
dρ(n)(y) L(x, y)− 3ε̃

ˆ
V
dρ̃(x)

ˆ
V ′
dρ̃(y) L(x, y) .

Choosing ε̃ > 0 suitably, one can arrange that

S(ρ̃)− S(ρ) ≥ lim
n→∞

{
2

ˆ
V
d
(
cn ρ̃− ρ(n)

)
(x)

ˆ
V ′
dρ(n)(y) L(x, y)

+

ˆ
V
d
(
cn ρ̃− ρ(n)

)
(x)

ˆ
V ′
d
(
cn ρ̃− ρ(n)

)
(y) L(x, y)

}
− 9ε .

Note that V ′ ⊂ Kn for sufficiently large n ∈ N. Making use of the fact that ρ(n) is a
minimizer on Kn and arguing as in the proof of Theorem 3.4.9, we conclude that the
term in curly brackets in the last inequality is greater than or equal to zero.

Finally, since ε > 0 was chosen arbitrarily, we arrive at

S(ρ̃)− S(ρ) ≥ 0 ,
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which proves the claim. �

3.5. Minimizers for Lagrangians Decaying in Entropy

3.5.1. Preliminaries. The goal of this section is to deal with the question if it
is possible to weaken the assumption that the Lagrangian L is of compact range. To
this end, we specialize the above setting as follows. As before, we let F be a second-
countable, locally compact Hausdorff space. Then F is completely metrizable, and hence
can be endowed with a Heine-Borel metric as mentioned in §3.3.1 such that F is proper, i.e.
closed, bounded subsets in F are compact. As every relatively compact set is precompact,
any bounded subset of F can be covered by a finite number of sets of diameter less
than δ > 0 (cf. [30, §3.16, §3.17]). Thus for any r > 0 and x ∈ F, the closed ball Br(x) is
compact, and hence can be covered by finitely many balls of radius δ > 0. We denote the
smallest such number by Ex(r, δ).3 In particular, for all r′ < r the annuli Br(x) \Br′(x)
can be covered by at most Ex(r, δ) balls of radius δ. If ρ is a uniform measure on F, the
number Ex(r, δ) can be determined more specifically (see [136, Example 3.13]).

In the following, we additionally assume that the Lagrangian decays in entropy, which
is defined as follows.

Definition 3.5.1. Assume that F is endowed with an unbounded Heine-Borel met-
ric d. The Lagrangian L : F × F → R+

0 is said to decay in entropy if the following
conditions are satisfied:

(a) c := infx∈F L(x, x) > 0.
(b) There is a compact set K ⊂ F such that

δ := inf
x∈F\K

sup
{
s ∈ R : L(x, y) ≥ c

2
for all y ∈ Bs(x)

}
> 0 .

(c) The Lagrangian has the following decay property: There is a monotonically decreas-
ing, integrable function f ∈ L1(R+,R+

0 ) such that

L(x, y) ≤
f
(
d(x, y)

)
Cx
(
d(x, y), δ

) for all x, y ∈ F with x 6= y ,

where
Cx(r, δ) := C Ex(r + 2, δ) for all r > 0 ,

and the constant C is given by

C := 1 +
2

c
<∞ .

In Definition 3.5.1 (b) we may assume without loss of generality that δ = 1 (otherwise
we rescale the metric suitably). Then

L(x, y) ≥ L(x, x)

2
for all y ∈ B1(x) .

Now let (ρ(n))n∈N be the sequence of measures given by (3.4.4), and let ρ be its vague
limit constructed in (3.4.7). Then by (3.4.3), for every x ∈ F we have ρ(B1(x)) ≤ C as

well as ρ(n)(B1(x)) ≤ C for sufficiently large n ∈ N.
Condition (b) determines the behavior of the Lagrangian locally (more precisely, it

gives a uniform bound for the size of balls in which the Lagrangian is bounded from below).

3In coarse geometry, this number is called entropy of a set (cf. [136, Definition 3.1]). In the literature,
however, also the logarithm of this number is referred to as δ-entropy (see [30, §3.16, Problem 4]).
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In condition (c), on the other hand, the function f characterizes the decay properties of
the Lagrangian at infinity. In particular, condition (c) implies that for any ε > 0 there is
an integer N0 = N0(ε) > 1 such that

∞∑
k=n

f(k) ≤
ˆ ∞
n−1

f(x) dx < ε/3 for all n ≥ N0 . (3.5.1)

Considering arbitrary ε > 0 and x ∈ F, the Heine-Borel property of F ensures that
the closed ball

Kx,ε := BN0(x) (3.5.2)

is compact. Since L decays in entropy, we thus obtain

ˆ
F\Kx,ε

L(x, y) dρ(y) =
∞∑

k=N0

ˆ
Bk+1(x)\Bk(x)

L(x, y) dρ(y)

≤
∞∑

k=N0

sup
y∈Bk+1(x)\Bk(x)

L(x, y) ρ
(
Bk+1(x) \Bk(x)

)
︸ ︷︷ ︸

≤ Cx(k, 1)

≤
∞∑

k=N0

f(k)

Cx(k, 1)
Cx(k, 1) < ε/3 ,

where in the last step we made use of (3.5.1). Analogously,
ˆ
F\Kx,ε

L(x̃, y) dρ(y) < ε/3 (3.5.3)

for all x̃ ∈ Bδ(x) and sufficiently small δ > 0. Under the assumption that the Lagrangian

is continuous, the same is true for the measures ρ(n): Given x ∈ F, we introduce the
compact sets Ak(x) ⊂ F by

Ak(x) := Bk+1(x) \Bk(x) for all k ≥ N0

and choose open sets Uk(x) ⊃ Ak(x) with Uk(x) ⊂ Bk+2(x) \Bk−1(x) such that

ρ
(
Uk \

(
Bk+1(x) \Bk(x)

))
< 2−k−1 ε/3 for all k ≥ N0 .

Then in view of [4, Lemma 2.92], for every k ≥ N0 there exists ηk ∈ Cc(Uk(x); [0, 1])
such that ηk|Ak(x) ≡ 1, implying that L(x, .) ηk ∈ Cc(Uk(x)) for all k ≥ N0. Hence for
arbitrary m > 0, by vague convergence (3.4.9) there exists some integer Nk = Nk(m)
such that∣∣∣∣∣

ˆ
Uk(x)

L(x, y) ηk(y) dρ(n)(y)−
ˆ
Uk(x)

L(x, y) ηk(y) dρ(y)

∣∣∣∣∣ ≤ 2−k/m (3.5.4)

for all n ≥ Nk. For k = N0, we choose a subsequence of (ρ(n))n∈N which we denote

by (ρ(1,n`))`∈N such that (3.5.4) holds for every m ∈ N and all ` ≥ N(m) := N1(m).

Next, for k = N0 + 1 we choose a subsequence of (ρ(1,n`))`∈N, denoted by (ρ(2,n`))`∈N,
such that (3.5.4) is satisfied for every m ∈ N and all ` ≥ N(m). Proceeding iteratively,

we obtain a corresponding diagonal sequence (ρ(`,n`))`∈N, which for convenience we shall

again denote by (ρ(n))n∈N. This sequence has the property that, for each k ≥ N0 and for
every m ∈ N, there exists N = N(m) such that (3.5.4) is satisfied for all n ≥ N . As a
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consequence, for arbitrary ε > 0 there exists m ∈ N such that 1/m < ε/6, giving rise toˆ
F\Kx,ε

L(x, y) dρ(n)(y) =

∞∑
k=N0

ˆ
Bk+1(x)\Bk(x)

L(x, y) dρ(n)(y)

≤
∞∑

k=N0

ˆ
Uk(x)

L(x, y) ηk(y) dρ(n)(y) ≤
∞∑

k=N0

(ˆ
Uk

L(x, y) ηk(y) dρ(y) + 2−k/m

)
< ε

for all n ≥ N(m), where we applied the geometric series.
Next, we employ the fact that F is separable. Consequently, there exists a countable

dense subset {xi : i ∈ N}. Then the above arguments show thatˆ
F\Kx,ε

L(x, y) dρ(n)(y) < ε for all n ≥ N(m) (3.5.5)

holds for x = x1. By choosing a suitable subsequence (ρ(2,n`))`∈N, we can arrange
that (3.5.5) holds for x = x2. Proceeding iteratively, we end up with a correspond-

ing diagonal sequence (ρ(`,n`))`∈N, which for simplicity we again denote by (ρ(n))n∈N,
such that (3.5.5) holds for x = xi for every i ∈ N. Combining the above inequalities, we
obtain ˆ

F\Kx,ε
L(x̃, y) dρ(n)(y) ≤

∞∑
k=N0

(ˆ
Uk

L(x̃, y) ηk(y) dρ(y) + 2−k/m

)
.

Using (3.5.3), we conclude that for all x̃ in a small neighborhood of x and for sufficiently
large n ∈ N,ˆ

F\Kx,ε
L(x̃, y) dρ(n)(y) < ε and

ˆ
F\Kx,ε

L(x̃, y) dρ(y) < ε . (3.5.6)

In particular, these inequalities imply that the measure ρ constructed in (3.4.7) is non-zero
(for details see Lemma A.1.2).

3.5.2. Preparatory Results. Based on (3.5.6), the goal of this subsection is to
derive results similar to Lemma 3.4.4, Proposition 3.4.5 and Proposition 3.4.6. We first
prove continuity of the function ` (as defined in (3.4.13)).

Proposition 3.5.2. Assume that the Lagrangian L : F × F → R+
0 is continuous and

decays in entropy. Then the function ` : F → R is continuous.

Proof. Let x ∈ F and ε > 0 be arbitrary, and let (xn)n∈N be an arbitrary sequence
in F converging to x. Introducing the associated compact set Kx,ε (as defined in (3.5.2)),
by continuity of L and ρ(Kx,ε) <∞ we obtain∣∣`(x)− `(xn)

∣∣ ≤ ∣∣∣∣ ˆ
Kx,ε

(
L(x, y)− L(xn, y)

)
dρ(y)

∣∣∣∣+

∣∣∣∣ˆ
F\Kx,ε

(
L(x, y)− L(xn, y)

)
dρ(y)

∣∣∣∣
≤
∣∣L(x, y)− L(xn, y)

∣∣ ρ(Kx,ε) +

∣∣∣∣∣
ˆ
F\Kx,ε

(
L(x, y)− L(xn, y)

)
dρ(y)

∣∣∣∣∣ (3.5.6)
< 3ε

for sufficiently large n ∈ N. This proves continuity of `. �

Proposition 3.5.3. Let (`(n))n∈N and ` be the functions defined in (3.4.10) and

(3.4.13). Then (`(n))n∈N converges pointwise to `, i.e.

lim
n→∞

`(n)(x) = `(x) for all x ∈ F .
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Proof. Let x ∈ F and ε > 0 be arbitrary, and let Kx,ε ⊂ F compact according
to (3.5.2). Given U ⊃ Kx,ε open, there exists η ∈ Cc(U ; [0, 1]) such that η|Kx,ε ≡ 1 (see
e.g. [4, Lemma 2.92]). Thus in view of (3.5.6), for sufficiently large n ∈ N we obtain∣∣∣∣∣

ˆ
U\Kx,ε

L(x, y) η(y) dρ(n)(y)

∣∣∣∣∣ ≤
∣∣∣∣∣
ˆ
F\Kx,ε

L(x, y) dρ(n)(y)

∣∣∣∣∣ (3.5.6)
< ε .

Making use of L(x, .) η ∈ Cc(F) and vague convergence (3.4.9), this yields∣∣∣`(x)− `(n)(x)
∣∣∣ =

∣∣∣∣ˆ
F

L(x, y) dρ(y)−
ˆ
F

L(x, y) dρ(n)(y)

∣∣∣∣
≤

∣∣∣∣∣
ˆ
Kx,ε

L(x, y) η(y) d
(
ρ− ρ(n)

)
(y)

∣∣∣∣∣+

∣∣∣∣∣
ˆ
F\Kx,ε

L(x, y) d
(
ρ− ρ(n)

)
(y)

∣∣∣∣∣︸ ︷︷ ︸
< 2ε

<

∣∣∣∣ˆ
U
L(x, y) η(y) d

(
ρ− ρ(n)

)
(y)

∣∣∣∣+

∣∣∣∣∣
ˆ
U\Kx,ε

L(x, y) η(y) d
(
ρ− ρ(n)

)
(y)

∣∣∣∣∣︸ ︷︷ ︸
< 2ε

+ 2ε

< ε+ 2ε+ 2ε < 5ε

for sufficiently large n ∈ N, which gives the claim. �

Proposition 3.5.4. Assume that the Lagrangian L : F × F → R is continuous and
decays in entropy, and let K ⊂ F be compact. Then for every x ∈ K and every se-
quence

(
x(n)

)
n∈N in K with x(n) → x we have

lim
n→∞

∣∣∣`(n)|K
(
x(n)

)
− `(n)|K(x)

∣∣∣ = 0 .

Proof. Let K ⊂ F be a compact subset. For any x ∈ K and ε > 0, there is a compact
subset Kx,ε ⊂ F (defined by (3.5.2)) such that (3.5.6) is satisfied. Let C(x, ε) > 0 be the

positive constant according to Lemma 3.4.1 such that ρ(n)(Kx,ε) ≤ C(x, ε) for all n ∈ N.
Since L is continuous and K ×Kx,ε is compact, the mapping

L|K×Kx,ε : K ×Kx,ε → R
is uniformly continuous. Hence we may choose δ > 0 such that∣∣L|K×Kx,ε(x, ·)− L|K×Kx,ε(z, ·)∣∣ < ε

2C(x, ε)
for all z ∈ Bδ(x) ∩K .

In view of (3.5.6), for sufficiently large n ∈ N we thus obtain

sup
z∈Bδ(x)∩K

∣∣∣`(n)|K(x)− `(n)|K(z)
∣∣∣ = sup

z∈Bδ(x)∩K

∣∣∣∣ˆ
F

(
L|K×F(x, y)− L|K×F(z, y)

)
dρ(n)(y)

∣∣∣∣
≤ sup

z∈Bδ(x)∩K

∣∣∣∣∣
ˆ
F\Kx,ε

(
L|K×F(x, y)− L|K×F(z, y)

)
dρ(n)(y)

∣∣∣∣∣
+ sup
z∈Bδ(x)∩K

∣∣∣∣∣
ˆ
Kx,ε

(
L|K×F(x, y)− L|K×F(z, y)

)
dρ(n)(y)

∣∣∣∣∣ < ε

2
+
ε

2
= ε .

Considering a sequence
(
x(n)

)
n∈N in K with x(n) → x, we have

lim
n→∞

∣∣∣`(n)|K
(
x(n)

)
− `(n)|K(x)

∣∣∣ = 0 ,
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which completes the proof. �

3.5.3. The Euler-Lagrange Equations. Now we are able to prove the EL equa-
tions in the case that L decays in entropy (see Definition 3.5.1).

Theorem 3.5.5. Assume that L is continuous and decays in entropy. Then the mea-
sure ρ constructed in (3.4.7) satisfies the Euler-Lagrange equations

`|supp ρ ≡ inf
x∈F

`(x) = 0 ,

where ` ∈ C(F) is defined by (3.4.13).

Proof. Proceed in analogy to the proof of Theorem 3.4.2, and make use of Propo-
sition 3.5.2, Proposition 3.5.3, and Proposition 3.5.4. �

We now generalize Lemma 3.4.7.

Lemma 3.5.6. Assume that L : F × F → R is continuous and decays in entropy.
Under the additional assumptions (a)–(c) in Lemma 3.4.7 (with Kx replaced by Kx,ε),
the measure ρ constructed in (3.4.7) satisfies property (iv) in §3.2.2.

Proof. Since continuity of L implies thatˆ
F

L(x, y) dρ(y) =

ˆ
F\Kx,ε

L(x, y) dρ(y) +

ˆ
Kx,ε

L(x, y) dρ(y) <∞ ,

the function L(x, ·) : F → R is ρ-integrable for every x ∈ F. It remains to show that

sup
x∈F

ˆ
F

L(x, y) dρ(y) <∞ .

For all x ∈ M := supp ρ this result follows from Theorem 3.5.5. Whenever x ∈ F \M ,
similar as in the proof of Lemma 3.4.7 we obtain

sup
x∈F\M

ˆ
F

L(x, y) dρ(y) ≤ sup
x∈F\M

(ˆ
F\Kx,ε

L(x, y) dρ(y) +

ˆ
Kx,ε

L(x, y) dρ(y)

)

≤ ε+ sup
x∈F\M

sup
y∈Kx,ε

L(x, y) ρ(Kx,ε) <∞

for some ε > 0 and the corresponding compact subset Kx,ε ⊂ F (see (3.5.2)). �

Moreover, under the additional assumptions (b) and (c) in Lemma 3.4.7 the following
statement is true:

Corollary 3.5.7. Assume that L is continuous and decays in entropy. Under the
additional assumptions (b) and (c) in Lemma 3.4.7 (again with Kx replaced by Kx,ε), for
all ε ∈ (0, 1) there is γ > 0 such that ρ(Kx,ε) ≥ γ for all x ∈ F (where Kx,ε is given
by (3.5.2)).

Proof. Consider an arbitrary x ∈ F. In view of Theorem 3.5.5 we have

1 ≤
ˆ
F\Kx,ε

L(x, y) dρ(y) +

ˆ
Kx,ε

L(x, y) dρ(y) < ε+ sup
y∈Kx,ε

L(x, y) ρ(Kx,ε)

for some ε > 0 and the corresponding compact set Kx,ε ⊂ F. Choosing ε ∈ (0, 1), we
obtain

ρ(Kx,ε) ≥
1− ε
C

=: γ ,

which completes the proof. �
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3.5.4. Existence of Minimizers under Variations of Compact Support. In
the last two subsections we finally return to the question if the measure ρ is a minimizer
of the causal variational principle. In preparation, we deal with the case of minimizers
under variations of compact support (see Definition 3.4.8).

Theorem 3.5.8. Assume that L : F × F → R+
0 is continuous and decays in entropy

(see Definition 3.5.1). Then ρ is a minimizer under variations of compact support.

Proof. Let ρ̃ ∈ BF be a variation of compact support. Then K := supp(ρ̃ − ρ)
is compact, and ρ(K) = ρ̃(K) < ∞. Since the Lagrangian is continuous and decays
in entropy, the function `(x) (see (3.4.13)) is locally bounded. As a consequence, the
difference of the actions (3.2.4) is well-defined. Thus it remains to show that(

S(ρ̃)− S(ρ)
)
≥ 0

for all variations ρ̃ of compact support. Given ε̃ > 0 and x ∈ K, we know thatˆ
F\Kx,ε̃/2

L(x, y) dρ(y) <
ε̃

2

(where Kx,ε̃/2 ⊂ F is given according to (3.5.2)). By continuity of the Lagrangian, there
is an open neighborhood Ux of x such thatˆ

F\Kx,ε̃/2
L(z, y) dρ(y) < ε̃ for all z ∈ Ux .

Covering the compact set K by a finite number of such neighborhoods Ux1 , . . . , UxL and
introducing Kε̃ := Kx1,ε̃/2 ∪ · · · ∪KxL,ε̃/2, we conclude thatˆ

F\Kε̃
L(x, y) dρ(y) < ε̃ for all x ∈ K . (3.5.7)

Similarly, for all x ∈ K we haveˆ
F\Kε̃

L(x, y) dρ(n)(y) < ε̃ for sufficiently large n ∈ N .

According to (3.2.4), we obtain

S(ρ̃)− S(ρ) = 2

ˆ
K
d(ρ̃− ρ)(x)

ˆ
F\Kε̃

dρ(y) L(x, y)

+ 2

ˆ
K
d(ρ̃− ρ)(x)

ˆ
Kε̃

dρ(y) L(x, y) +

ˆ
K
d(ρ̃− ρ)(x)

ˆ
K
d(ρ̃− ρ)(y) L(x, y) .

Choosing ε̃ > 0 suitably and making use of (3.5.7), the expressionˆ
K
d(ρ̃− ρ)(x)

ˆ
F\Kε̃

dρ(y) L(x, y) ≤ 2ε̃ ρ(K)

can be arranged to be arbitrarily small, giving rise to

S(ρ̃)− S(ρ) ≥
[
2

ˆ
K
d(ρ̃− ρ)(x)

ˆ
Kε̃

dρ(y) L(x, y)

+

ˆ
K
d(ρ̃− ρ)(x)

ˆ
K
d(ρ̃− ρ)(y) L(x, y)

]
− ε
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for any ε > 0. Proceeding similarly as in the proof of Theorem 3.4.9 and Theorem 3.4.10,
one can show that the term in square brackets is bigger than or equal to zero, up to an
arbitrarily small error term. Since ε > 0 was chosen arbitrarily, we finally arrive at(

S(ρ̃)− S(ρ)
)
≥ 0 ,

which proves the claim. �

3.5.5. Existence of Minimizers under Variations of Finite Volume. We fi-
nally can prove the existence of minimizers in the sense of Definition 3.3.2.

Theorem 3.5.9. Assume that L : F × F → R+
0 is continuous, bounded, and decays

in entropy (see Definition 3.5.1). Moreover, assume that condition (iv) in §3.2.2 holds.
Then ρ is a minimizer under variations of finite volume (see Definition 3.3.2).

Proof. The idea is to proceed similarly to the proof of Theorem 3.4.10. Considering
variations of finite volume ρ̃ ∈ BF satisfying the conditions in (3.2.3) and introducing the
set B := supp(ρ̃− ρ), we know that (ρ̃− ρ)(B) = 0 and thus ρ(B) = ρ̃(B) < ∞. Under
the assumption that condition (iv) in §3.2.2 holds, the difference (3.2.4) is well-defined,
giving rise to

S(ρ̃)− S(ρ) = 2

ˆ
B
d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
B
d(ρ̃− ρ)(x)

ˆ
B
d(ρ̃− ρ)(y) L(x, y) .

For arbitrary ε̃ > 0, we first approximate B by open sets U ⊃ B due to regularity of ρ
and ρ̃ such that

ρ(U \B) < ε̃/4 and ρ̃(U \B) < ε̃/4 ,

and then we approximate U from inside by compact sets K such that

ρ(U \K) < ε̃/4 and ρ̃(U \K) < ε̃/4 .

This gives rise to

S(ρ̃)− S(ρ) = 2

ˆ
B\K

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y) + 2

ˆ
K
d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
B\K

d(ρ̃− ρ)(x)

ˆ
B
d(ρ̃− ρ)(y) L(x, y) +

ˆ
K
d(ρ̃− ρ)(x)

ˆ
B
d(ρ̃− ρ)(y) L(x, y) .

Proceeding similarly to the proof of Theorem 3.4.10 and Theorem 3.5.8, one arrives at

S(ρ̃)− S(ρ) ≥
[
2

ˆ
K
d(ρ̃− ρ)(x)

ˆ
Kε̃

dρ(y) L(x, y)

+

ˆ
K
d(ρ̃− ρ)(x)

ˆ
K
d(ρ̃− ρ)(y) L(x, y)

]
− ε

for any ε > 0 by suitably choosing U ⊃ B and K ⊂ U . Applying the same arguments as
in the proof of Theorem 3.5.8, one can show that the term in square brackets is bigger
than or equal to zero, up to an arbitrarily small error term. Since ε > 0 was chosen
arbitrarily, we finally arrive at (

S(ρ̃)− S(ρ)
)
≥ 0 ,

which proves the claim. �

Theorem 3.5.9 concludes the existence theory in the σ-locally compact setting.





CHAPTER 4

Causal Variational Principles in the Infinite-Dimensional
Setting

Abstract. We provide a method for constructing (possibly non-trivial) mea-
sures on non-locally compact Polish subspaces of infinite-dimensional separa-
ble Banach spaces which, under suitable assumptions, are minimizers of causal
variational principles in the non-locally compact setting. Moreover, for non-
trivial minimizers the corresponding Euler-Lagrange equations are derived.
The method is to exhaust the underlying Banach space by finite-dimensional
subspaces and to prove existence of minimizers of the causal variational prin-
ciple restricted to these finite-dimensional subsets of the Polish space under
suitable assumptions on the Lagrangian. This gives rise to a corresponding
sequence of minimizers. Restricting the resulting sequence to countably many
compact subsets of the Polish space, by considering the resulting diagonal se-
quence we are able to construct a regular measure on the Borel algebra over
the whole topological space. For continuous Lagrangians of bounded range
it can be shown that, under suitable assumptions, the obtained measure is a
(possibly non-trivial) minimizer under variations of compact support. Under
additional assumptions, we prove that the constructed measure is a minimizer
under variations of finite volume and solves the corresponding Euler-Lagrange
equations. Afterwards, we extend our results to continuous Lagrangians van-
ishing in entropy. Finally, assuming that the obtained measure is locally finite,
topological properties of spacetime are worked out and a connection to dimen-
sion theory is established.

4.1. Introduction

In the theory of causal fermion systems, spacetime and the structures therein are
described by a minimizer of the so-called causal action principle (for an introduction
to the physical background and the mathematical context, we refer the interested reader
to §4.2.1, the textbook [59] and the survey articles [62, 64]). Causal variational principles
evolved as a mathematical generalization of the causal action principle [56, 65], and were
studied in more detail in [66] (see Chapter 3). The starting point in [66] is a second-
countable, locally compact Hausdorff space F together with a non-negative function

L : F × F → R+
0 := [0,∞)

(the Lagrangian) which is assumed to be lower semi-continuous, symmetric and positive
on the diagonal. The causal variational principle is to minimize the action S defined as
the double integral over the Lagrangian

S(ρ) =

ˆ
F

dρ(x)

ˆ
F

dρ(y) L(x, y)
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under variations of the measure ρ within the class of regular Borel measures on F, keeping
the (possibly infinite) total volume ρ(F) fixed (volume constraint). The aim of this chapter
is to extend the existence theory for minimizers of such variational principles to the case
that F is non-locally compact and the total volume is infinite. We also work out the
corresponding Euler-Lagrange (EL) equations.

In order to put the chapter into the mathematical context, in [53] it was proposed to
formulate physics by minimizing a new type of variational principle in spacetime. The
suggestion in [53, Section 3.5] led to the causal action principle in discrete spacetime,
which was first analyzed mathematically in [54]. A more general and systematic inquiry
of causal variational principles on measure spaces was carried out in [56]. In this article,
the existence of minimizers is proven in the case that the total volume is finite. In [65],
the setting is generalized to non-compact manifolds of possibly infinite volume and the
corresponding EL equations are analyzed. However, the existence of minimizers is not
proved. This is done in [66] in the slightly more general setting of second-countable,
locally compact Hausdorff spaces. In this chapter, we extend the results of [66] by
developing the existence theory in the non-locally compact setting.

The main difficulty in dealing with non-locally compact spaces is that it is no longer
possible to restrict attention to compact neighborhoods. Moreover, it turns out that
we can no longer assume that the underlying topological space F is σ-compact. As a
consequence, at first sight it is not clear how to construct global measures on the whole
topological space at all. The way out is to introduce a countable collection of suitable
compact subsets, which indeed allows us to construct a global measure ρ on F. For
simplicity, we first assume that the Lagrangian is of bounded range (see Definition 4.3.7).
In this case, the minimizing property of the measure ρ is proved in two steps: We first
show that ρ is a minimizer under variations of compact support. In a second step, we
extend this result to variations of finite volume under the assumption that property (iv)
in §4.2.2 holds, i.e.

sup
x∈F

ˆ
F

L(x, y) dρ(y) <∞ .

Afterwards, we generalize our results to Lagrangians which do not have bounded range,
but instead have suitable decay properties. To this end, we consider Lagrangians van-
ishing in entropy (see Definition 4.6.2). Introducing spacetime as the support of the
measure ρ, we finally analyze topological properties of spacetime; moreover, a connection
to dimension theory is established.

The chapter is organized as follows. In Section 4.2 we give a short physical moti-
vation (§4.2.1) and recall the main definitions and existence results as obtained in [66]
(§4.2.2). In Section 4.3 we begin by working out important topological properties of
infinite-dimensional causal fermion systems (§4.3.1); afterwards, we introduce causal vari-
ational principles in the non-locally compact (or infinite-dimensional) setting by consid-
ering non-locally compact Polish subspaces of (infinite-dimensional) separable Banach
spaces (§4.3.2). Exhausting the underlying Banach space by finite-dimensional subspaces
and making use of the results in [66], the existence of minimizers is proven for the causal
variational principle restricted to finite-dimensional subspaces (§4.3.3). In Section 4.4 we
provide a method for constructing a regular global measure on the Borel algebra over the
whole non-locally compact Polish space. More precisely, we first introduce a countable
collection of compact subsets of the underlying topological space (§4.4.1). Next, making
use of Prohorov’s theorem and applying Cantor’s diagonal argument, we are able to con-
struct a (possibly non-trivial) regular measure on the whole topological space (§4.4.2).



4.2. PHYSICAL BACKGROUND AND MATHEMATICAL PRELIMINARIES 97

Finally, we derive useful properties of the constructed measure (§4.4.3). In Section 4.5
we prove that, under suitable assumptions, this measure is a minimizer for continuous
Lagrangians of bounded range (see Definition 4.3.7). More precisely, we first introduce an
appropriate assumption on the obtained measure (see condition (B) in §4.5.1). Next, we
prove that the obtained measure is a minimizer under variations of finite-dimensional com-
pact support (§4.5.2) as well as a minimizer under variations of compact support (§4.5.3).
Under additional assumptions we show that the constructed measure is a minimizer un-
der variations of finite volume (§4.5.4). Assuming that the measure under consideration
is non-zero, we prove that the corresponding Euler-Lagrange (EL) equations are satis-
fied (§4.5.5). The goal in Section 4.6 is to weaken the assumption that the Lagrangian
is of bounded range. To this end, we introduce Lagrangians vanishing in entropy (see
Definition 4.6.1) which generalize the notion of Lagrangians decaying in entropy (see Def-
inition 4.2.8). The concept of Lagrangians vanishing in entropy (§4.6.1) can be extended
to non-locally compact topological spaces (see Definition 4.6.2). For such Lagrangians,
we repeat the above construction steps, thus giving rise to a regular measure on the
underlying topological space (§4.6.2). It is shown that, under suitable assumptions, the
considered measure is minimizer of the causal action under variations of compact support
as well as under variations of finite volume (§4.6.3). We finally derive the corresponding
EL equations (§4.6.4). Introducing spacetime as the support of the minimizing measure
under consideration, in Section 4.7 we conclude this chapter by analyzing topological
properties of spacetime and establishing a connection to dimension theory. To this end,
we first recall some concepts from dimension theory (§4.7.1), and afterwards apply them
to causal fermion systems (§4.7.2). In the appendix we summarize useful results which
will be referred to frequently: Appendix A.2 is dedicated to the proof that causal fermion
systems are Polish (see Theorem A.2.1); the main result in Appendix A.3 states that the
support of locally finite measures on Polish spaces is σ-compact (see Lemma A.3.2).

4.2. Physical Background and Mathematical Preliminaries

4.2.1. Physical Context and Motivation. The purpose of this subsection is to
outline a few concepts of causal fermion systems and to explain how this chapter fits into
the general physical context and the ongoing research program. The reader not interested
in the physical background may skip this section.

The theory of causal fermion systems is a recent approach to fundamental physics
motivated originally in order to resolve shortcomings of relativistic quantum field theory
(QFT). Namely, due to ultraviolet divergences, perturbative quantum field theory is well-
defined only after regularization, which is usually understood as a set of prescriptions for
how to make divergent integrals finite (e.g. by introducing a suitable “cutoff” in momen-
tum space). The regularization is then removed using the renormalization procedure.
However, this concept is not convincing from neither the physical nor the mathematical
point of view. More precisely, in view of Heisenberg’s uncertainty principle, physicists
infer a correspondence between large momenta and small distances. Because of that, the
regularization length is often associated to the Planck length `P ≈ 1.6 · 10−35 m. Accord-
ingly, by introducing an ultraviolet cutoff in momentum space, one disregards distances
which are smaller than the Planck length. As a consequence, the microscopic structure
of spacetime is completely unknown. Unfortunately, at present there is no consensus on
what the correct mathematical model for “Planck scale physics” should be.

The simplest and maybe most natural approach is to assume that on the Planck
scale, spacetime is no longer a continuum but becomes in some way “discrete.” This is
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the starting point in the monograph [53], where the physical system is described by an
ensemble of wave functions in a discrete spacetime. Motivated by the Lagrangian formu-
lation of classical field theory, physical equations are formulated by a variational principle
in discrete spacetime. In the meantime, this setting was generalized and developed to the
theory of causal fermion systems. It is an essential feature of the approach that spacetime
does not enter the variational principle a priori, but instead it emerges when minimizing
the action. Thus causal fermion systems allow for the description of both discrete and
continuous spacetime structures.

In order to get the connection to this chapter, let us briefly outline the main structures
of causal fermion systems. As initially introduced in [61], a causal fermion system consists
of a triple (H,F, ρ) together with an integer n ∈ N, where H denotes a complex Hilbert
space, F ⊂ L(H) being the set of all self-adjoint operators on H of finite rank with at most
n positive and at most n negative eigenvalues, and ρ being a positive measure on the Borel
σ-algebra B(F) (referred to as universal measure). Then for any x, y ∈ F, the product xy
is an operator of rank at most 2n. Denoting its non-trivial eigenvalues (counting algebraic
multiplicities) by λxy1 , . . . , λxy2n ∈ C, and introducing the spectral weight |.| of an operator
as the sum of the absolute values of its eigenvalues, the Lagrangian can be introduced as
a mapping

L : F × F → R+
0 , L(x, y) =

∣∣(xy)2
∣∣− 1

2n
|xy|2 .

As being of relevance for this article, we point out that the Lagrangian is a continuous
function which is symmetric in the sense that

L(x, y) = L(y, x) for all x, y ∈ F .

In analogy to classical field theory, one defines the causal action by

S(ρ) =

¨
F×F
L(x, y) dρ(x) dρ(y) .

Finally, the corresponding causal action principle is introduced by varying the measure ρ
in the class of regular measures on B(F) under additional constraints (which assert the
existence of non-trivial minimizers). Given a minimizing measure ρ, spacetime M is
defined as its support,

M := supp ρ .

As being outlined in detail in [59], critical points of the causal action give rise to Euler-
Lagrange (EL) equations, which describe the dynamics of the causal fermion system. In a
certain limiting case, the so-called continuum limit, one can establish a connection to the
conventional formulation of physics in a spacetime continuum. In this limiting case, the
EL equations give rise to classical field equations like the Maxwell and Einstein equations.
Moreover, quantum mechanics is obtained in a limiting case, and close connections to
relativistic quantum field theory have been established (for details see [58] and [63]).

In order for the causal action principle to be mathematically sensible, the existence
theory is of crucial importance. If the dimension of the Hilbert space H is finite, the
existence of minimizers was proven in [56, Section 2] (based on existence results in discrete
spacetime [54]), giving rise to minimizing measures ρ on F of finite total volume ρ(F) <
∞. For this reason, it remains to extend these existence results by developing the existence
theory in the case that H is infinite-dimensional. Then the total volume ρ(F) is necessarily
infinite (for a counterexample see [59, Exercise 1.3]). In the resulting infinite-dimensional
setting (i.e. dimH = ∞ and ρ(F) = ∞), the task is to deal with minimizers of infinite
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total volume on non-locally compact spaces. In preparation, the existence theory of
minimizers of possibly infinite total volume ρ(F) on locally compact spaces is developed
in [66] in sufficient generality (cf. Chapter 3). The remaining second step, which involves
the difficulty of dealing with non-locally compact spaces, is precisely the objective of this
chapter.

4.2.2. Causal Variational Principles in the σ-Locally Compact Setting. Be-
fore introducing causal variational principles on non-locally compact spaces in Section 4.3
below, we now recall the main results in the less general situation of causal variational
principles in the σ-locally compact setting [66] (see Chapter 3) which are based on re-
sults concerning causal variational principles in the non-compact setting as studied in [65,
Section 2].

The starting point in [66] is a second-countable, locally compact topological Hausdorff
space F. We let ρ be a (positive) measure on the Borel algebra over F (referred to as
universal measure). Moreover, let L : F × F → R+

0 be a non-negative function (the
Lagrangian) with the following properties:

(i) L is symmetric, i.e. L(x, y) = L(y, x) for all x, y ∈ F.
(ii) L is lower semi-continuous, i.e. for all sequences xn → x and yn′ → y,

L(x, y) ≤ lim inf
n,n′→∞

L(xn, yn′) .

The causal variational principle is to minimize the action

S(ρ) =

ˆ
F

dρ(x)

ˆ
F

dρ(y) L(x, y) (4.2.1)

under variations of the measure ρ, keeping the total volume ρ(F) fixed (volume constraint).
The papers [65, 66] mainly focus on the case that the total volume ρ(F) is infinite. In
order to implement the volume constraint and to derive the corresponding Euler-Lagrange
equations, in [65] one makes the following additional assumptions:

(iii) The measure ρ is locally finite (meaning that any x ∈ F has an open neighbor-
hood U ⊂ F with ρ(U) <∞).

(iv) The function L(x, .) is ρ-integrable for all x ∈ F and

sup
x∈F

ˆ
F

L(x, y) dρ(y) <∞ . (4.2.2)

By Fatou’s lemma, the integral in (4.2.2) is lower semi-continuous in the variable x.
A measure on the Borel algebra which satisfies (iii) will be referred to as a Borel

measure (in the sense of [76]), and the set of Borel measures on F shall be denoted
by BF. Moreover, the Borel σ-algebra over F is denoted by B(F). A Borel measure is
said to be regular if it is inner and outer regular (cf. [40, Definition VIII.1.1]). An inner
regular Borel measure is also called a Radon measure [143].

In [65, 66] one varies in the following class of measures:

Definition 4.2.1. Given a regular Borel measure ρ on F, a regular Borel measure ρ̃
on F is said to be a variation of finite volume if∣∣ρ̃− ρ∣∣(F) <∞ and

(
ρ̃− ρ

)
(F) = 0 , (4.2.3)

where the total variation |ρ̃−ρ| of two possibly infinite measures ρ and ρ̃ on B(F) is defined
in [66, §2.2] (see §3.2.2) as follows: We say that |ρ̃ − ρ| < ∞ if there exists B ∈ B(F)
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with ρ(B), ρ̃(B) <∞ such that ρ|F\B = ρ̃|F\B. In this case,

(ρ̃− ρ)(Ω) := ρ̃(B ∩ Ω)− ρ(B ∩ Ω)

for any Borel set Ω ⊂ F.

Given a regular Borel measure ρ ∈ BF and assuming that (i), (ii) and (iv) hold, for
every variation of finite volume ρ̃ ∈ BF the difference of the actions as given by(
S(ρ̃)− S(ρ)

)
=

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
F

dρ(x)

ˆ
F

d(ρ̃− ρ)(y) L(x, y) +

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

d(ρ̃− ρ)(y) L(x, y)

(4.2.4)

is well-defined in view of [65, Lemma 2.1]. For clarity, we point out that condition (iii)
is not required in order for (4.2.4) to hold.

Note that assumptions (iii) and (iv) are dropped in [66]. The causal variational
principle in the σ-locally compact setting [66] is then defined as follows.

Definition 4.2.2. Let F be a second-countable, locally compact Hausdorff space, and
let the Lagrangian L : F × F → R+

0 be a symmetric and lower semi-continuous function
(see conditions (i) and (ii) above). Moreover, we assume that L is strictly positive on the
diagonal, i.e.

L(x, x) > 0 for all x ∈ F .

The causal variational principle on σ-locally compact spaces is to minimize the
causal action (4.2.1) under variations of finite volume (see Definition 4.2.1).

We point out that (iv) is a sufficient condition for (4.2.4) to hold. However, since
conditions (iii) and (iv) are not imposed in [66], it is a priori not clear whether the
integrals in (4.2.4) exist. For this reason, condition (4.2.4) is included into the definition
of a minimizer:

Definition 4.2.3. A regular Borel measure ρ on F is said to be a minimizer of
the causal action under variations of finite volume [66] if the difference (4.2.4) is
well-defined and non-negative for all regular Borel measures ρ̃ on F satisfying (4.2.3),(

S(ρ̃)− S(ρ)
)
≥ 0 .

We denote the support of the measure ρ by M ,

M := supp ρ = F \
⋃{

Ω ⊂ F : Ω is open and ρ(Ω) = 0
}

(thus the support is the set of all points for which every open neighborhood has a strictly
positive measure; for details and generalizations see [43, Subsection 2.2.1]). According to
Definition 4.2.1, the condition |ρ̃−ρ| <∞ implies that there exists some Borel set B ⊂ F

with ρ(B), ρ̃(B) < ∞ and ρ|F\B = ρ̃|F\B. In particular, ρ|B and ρ̃|B are finite Borel
measures on B(B), and thus have support (see [16, Proposition 7.2.9]). Furthermore, the
signed measure ρ̃− ρ has support.

We now recall some results from [66] which will be referred to frequently (we refer
to Chapter 3 for details). The first existence results in [66] are based on the assumption
that the Lagrangian is of compact range. For convenience, let us state the definition (see
Definition 3.3.3).
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Definition 4.2.4. The Lagrangian has compact range if for every K ⊂ F compact
there is a compact set K ′ ⊂ F such that

L(x, y) = 0 for all x ∈ K and y 6∈ K ′ .
Moreover, the definition of minimizers under variations of compact support plays an

important role in [66] (see Definition 3.4.8).

Definition 4.2.5. A regular Borel measure ρ on F is said to be a minimizer un-
der variations of compact support [66] of the causal action if for any regular Borel
measure ρ̃ on F which satisfies (4.2.3) such that the signed measure ρ̃ − ρ is compactly
supported, the inequality (

S(ρ̃)− S(ρ)
)
≥ 0

holds.

Assuming that the Lagrangian is of compact range, the main results in [66] can be
summarized as follows (see Theorem 3.4.2, Theorem 3.4.9 and Theorem 3.4.10).

Theorem 4.2.6 (Euler-Lagrange equations). Let F be a second-countable, locally
compact Hausdorff space, and assume that L : F×F → R+

0 is continuous and of compact
range. Then there exists a regular Borel measure ρ on F which satisfies the Euler-Lagrange
equations

`|supp ρ ≡ inf
x ∈ F

`(x) = 0 ,

where ` ∈ C(F) is defined by

`(x) :=

ˆ
F

L(x, y) dρ(y)− 1 . (4.2.5)

Combining [66, Theorem 4.9 and Theorem 4.10], we obtain the following result.

Theorem 4.2.7. Assume that L : F × F → R+
0 is continuous and of compact range.

Then there is a regular Borel measure ρ on F which is a minimizer under variations of
compact support [66] (see Definition 4.2.5). Under the additional assumptions that the
Lagrangian L is bounded and condition (iv) is satisfied (see (4.2.2)), the measure ρ is a
minimizer under variations of finite volume [66] (see Definition 4.2.3).

In [66, Section 5] (see Section 3.5) it was shown that the assumption that the La-
grangian L is of compact range can be weakened. To this end, we recall that every second-
countable, locally compact Hausdorff space can be endowed with a Heine-Borel metric
(for details we refer to the explanations in [66, §3.1 and §5.1]). Given an unbounded
Heine-Borel metric on the second-countable, locally compact space F, for any r > 0
and x ∈ F the closed ball Br(x) is compact, and hence can be covered by finitely many
balls of radius δ > 0. The smallest such number is denoted by Ex(r, δ) and is called
entropy. This gives rise to Lagrangians decaying in entropy, being defined as follows (see
Definition 3.5.1 or [66, Definition 5.1]).

Definition 4.2.8. Assume that F is endowed with an unbounded Heine-Borel met-
ric d. The Lagrangian L : F × F → R+

0 is said to decay in entropy if the following
conditions are satisfied:

(a) c := infx∈F L(x, x) > 0.
(b) There is a compact set K ⊂ F such that

δ := inf
x∈F\K

sup
{
s ∈ R : L(x, y) ≥ c

2
for all y ∈ Bs(x)

}
> 0 .
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(c) The Lagrangian has the following decay property: There is a monotonically decreas-
ing, integrable function f ∈ L1(R+,R+

0 ) such that

L(x, y) ≤
f
(
d(x, y)

)
Cx
(
d(x, y), δ

) for all x, y ∈ F with x 6= y ,

where
Cx(r, δ) := C Ex(r + 2, δ) for all r > 0 ,

and the constant C is given by

C := 1 +
2

c
<∞ .

We point out that the above definition of Lagrangians decaying in entropy as introduced
in [66, Section 5] (see Section 3.5) requires an unbounded Heine-Borel metric. For a more
general definition we refer to §4.6.1 (see Definition 4.6.1).

For clarity we note that, if (H,F, ρ) is a causal fermion system with dim(H) < ∞,
the space L(H) of bounded linear operators on H is finite-dimensional. Combining the
fact that all norms on finite-dimensional vector spaces are equivalent with the Heine-
Borel theorem yields that the Fréchet metric induced by the operator norm on the vector
space L(H) is an unbounded Heine-Borel metric on F.

Let us now recall the main results in [66] under the assumption that the Lagrangian
decays in entropy (see Theorem 3.5.5, Theorem 3.5.8 and Theorem 3.5.9).

Theorem 4.2.9. Let F be a second-countable, locally compact Hausdorff space, and
assume that L : F × F → R+

0 is continuous and decays in entropy. Then there exists a
regular Borel measure ρ on F which satisfies the Euler-Lagrange equations

`|supp ρ ≡ inf
x∈F

`(x) = 0 ,

where ` ∈ C(F) is defined by (4.2.5).

The following theorem ensures the existence of minimizing Borel measures.

Theorem 4.2.10. Assume that L : F×F → R+
0 is continuous and decays in entropy.

Then there is a regular Borel measure ρ on F which is a minimizer under variations of
compact support [66]. Under the additional assumptions that the Lagrangian L is bounded
and condition (iv) is satisfied (see (4.2.2)), the measure ρ is a minimizer under variations
of finite volume [66].

The goal of this chapter is to extend the above results to the infinite-dimensional
setting.

4.3. Causal Variational Principles in the Non-Locally Compact Setting

4.3.1. Motivation: Infinite-Dimensional Causal Fermion Systems. As ex-
plained in Section 4.1, causal variational principles evolved as a mathematical general-
ization of the causal action principle in order to develop the existence theory for causal
fermion systems. In order to point out the connection to causal variational principles
in the non-locally compact setting, let us briefly recall the basic structures of causal
fermion systems (for details cf. [59, §1.1.1]). By definition, causal fermion systems are
characterized by a separable complex Hilbert space H, an integer s ∈ N (the so-called
spin dimension) and a measure ρ defined on the Borel σ-algebra B(F), where F ⊂ L(H)
consists of all self-adjoint operators on H which have at most s positive and at most s
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negative eigenvalues. This gives rise to a triple (H,F, ρ). The set F can be endowed with
the topology induced by the operator norm on L(H), thus becoming a topological space.
More precisely, denoting the Fréchet metric induced by the operator norm on L(H) by d,
the space (F, d) is a separable complete metric space (Theorem A.2.1).

Whenever dim(H) < ∞, the topological space F ⊂ L(H) is locally compact. On
the contrary, whenever H is an infinite-dimensional Hilbert space, the corresponding
set F ⊂ L(H) is non-locally compact (see Lemma 4.3.3 below). In preparation, let us
first state the following results.

Proposition 4.3.1. Any locally compact Banach space X is finite-dimensional.

Proof. See for instance [140, Theorem 1.22]. �

Corollary 4.3.2. Any infinite-dimensional Banach space X is non-locally compact.
The same holds true for open subsets of X.

Proof. This is an immediate consequence of Proposition 4.3.1. �

Lemma 4.3.3. Let H be an infinite-dimensional, separable complex Hilbert space, and
let Freg ⊂ L(H) be the set of self-adjoint operators which have exactly s positive and
exactly s negative eigenvalues for some s ∈ N. Then Freg is non-locally compact.

Proof. Since Freg is a Banach manifold (for details see [67]), it can be covered by
an atlas (Uα, φα)α∈A for some index set A (cf. [169, Chapter 73]). In particular, every
point x ∈ U reg is contained in some open set Uα, whose image Vα := φα(Uα) is open in
some infinite-dimensional Banach space Xα. Due to Corollary 4.3.2, the set Vα is non-
locally compact. As the mapping φα is a homeomorphism, we deduce that Uα ⊂ Freg is
non-locally compact for any α ∈ A, which proves the claim. �

Considering an infinite-dimensional, separable complex Hilbert space H, then the
set F ⊂ L(H) as introduced in [59] is non-locally compact and Polish (see Lemma 4.3.3
and Theorem A.2.1). Our goal in the following is to prove the existence of a regular (pos-
sibly non-locally finite) measure ρ on the Borel algebra B(F) such that ρ is a minimizer of
the corresponding causal action principle, giving rise to a causal fermion system (H,F, ρ).
Instead of immediately delving into the corresponding causal action principle (see [59,
§1.1.1]), we deal with causal variational principles on H, which can be viewed as gen-
eralizations of the causal action principle (as introduced in [56], [65] and considered in
more detail in [66]). Corresponding results concerning the causal action principle are
then obtained as a special case. With this in mind, it suffices to prove the existence of
minimizers of the causal variational principle (4.3.2) under the constraints (4.2.3) in the
non-locally compact setting as introduced in Definition 4.3.4.

In order to motivate the basic definitions in §4.3.2 below, we note that F ⊂ K(H),
where by K(H) ⊂ L(H) we denote the set of compact operators on H. Since H is a separa-
ble, infinite-dimensional complex Hilbert space, let us point out that K(H) is a separable
Banach space in view of [99, §12.E]. Making use of Proposition 4.3.1, Corollary 4.3.2 and
Lemma 4.3.3, we infer that K(H) ⊃ F is infinite-dimensional. This allows us to approx-
imate K(H) by finite-dimensional subspaces: There is a sequence of finite-dimensional
subspaces (Ln)n∈N in K(H) with Ln ⊂ Ln+1 for all n ∈ N such that

⋃
n∈N Ln is dense

in K(H) (cf. [5, Lemma 7.1] or [21]). Thus for every n ∈ N, the space F(n) := F ∩ Ln
is locally compact. Denoting by d the (Fréchet) metric induced by the operator norm
on L(H), the space (F, d) is Polish (cf. Theorem A.2.1) and thus a separable metric space.

Due to [4, Corollary 3.5], the subsets F(n) are separable for every n ∈ N. Since separable
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metric spaces are second-countable, for each n ∈ N the set F(n) is a second-countable, lo-
cally compact Hausdorff space. Moreover, from Lemma 4.3.3 we conclude that F ⊂ L(H)
is non-locally compact.

In order to treat the corresponding causal variational principle in sufficient generality,
it seems reasonable to vary in the class of regular, not necessarily locally finite measures
on the Borel σ-algebra B(F) (as intended in the textbook [59, §1.1.1]). As mentioned
in [59], the causal action principle is ill-posed if the total volume ρ(F) is finite and
the Hilbert space H is infinite-dimensional. However, the causal action principle does
make mathematical sense in the so-called infinite-dimensional setting where H is infinite-
dimensional and the total volume is infinite, i.e. ρ(F) =∞. These considerations motivate
causal variational principles in the infinite-dimensional (or non-locally compact) setting
as defined in the next subsection.

4.3.2. Basic Definitions. Let us first state the causal variational principle in the
non-locally compact setting and discuss its difficulties afterwards.

Definition 4.3.4. Assume that X is a separable, infinite-dimensional Banach space,
and let F ⊂ X be a non-locally compact Polish space. Moreover, assume that the La-
grangian L : F × F → R+

0 is a symmetric and lower semi-continuous function (see
conditions (i) and (ii) in §4.2.2) which is strictly positive on the diagonal, i.e.

L(x, x) > 0 for all x ∈ F . (4.3.1)

The causal variational principle in the non-locally compact setting1 is to

minimize S(ρ) :=

ˆ
F

ˆ
F

dρ(x) dρ(y) L(x, y) (4.3.2)

under variations of finite volume (see Definition 4.3.5 below) in the class of all regular
measures on B(F) (in the sense of [76], cf. [66]) with ρ(F) =∞.

The condition (4.3.1) is needed in order to avoid trivial minimizers supported at x ∈ F

with L(x, x) = 0 (see [68, Section 1.2]). Furthermore, condition (4.3.1) is a plausible
assumption in view of [59, Exercise 1.2]. Namely, given a minimizing measure ρ of
the causal action principle (4.3.2), there exists a real constant c such that tr(x) = c
for all x ∈ supp ρ according to [59, Proposition 1.4.1]. Under the reasonable assumption
that c 6= 0 (cf. [59, §1.4.1]), we may conclude that L(x, x) > 0 for all x ∈ F in view of [59,
Exercise 1.2]. This motivates as well as justifies the assumption that the Lagrangian is
strictly positive on the diagonal.

Dropping the assumption that the measures under consideration are locally finite, we
slightly adapt the definition of a minimizer of the causal action as follows.

Definition 4.3.5. A regular measure ρ on B(F) is said to be a minimizer of the
causal action under variations of finite volume if the difference (4.2.4) is well-defined
and non-negative for all regular measures ρ̃ on B(F) satisfying (4.2.3),(

S(ρ̃)− S(ρ)
)
≥ 0 .

Given a measure ρ on the Borel algebra B(F) and assuming that ρ̃ is a variation of finite
volume, in view of Definition 4.3.5 there exists B ∈ B(F) such that ρ|F\B = ρ̃|F\B. In
particular, the measures ρ|B and ρ̃|B are finite. Henceforth, whenever ρ is locally finite,
then the same holds true for the measure ρ̃|F\B. From the fact that ρ̃|B is a finite measure

1For clarity we point out that “causal variational principles in the non-locally compact setting” and
“causal variational principles in the infinite-dimensional setting” are used synonymously.
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we conclude that ρ̃|B is locally finite. Consequently, the measure ρ̃ is locally finite if ρ is
so. For this reason, Definition 4.3.5 can be viewed as a generalization of Definition 4.2.3
(cf. [66, Definition 2.1]). The same holds for Definition 4.3.6 below.

Definition 4.3.6. A regular measure ρ on B(F) is said to be a minimizer under
variations of compact support of the causal action if for any regular measure ρ̃
on B(F) which satisfies (4.2.3) such that the signed measure ρ̃−ρ is compactly supported,
the inequality (

S(ρ̃)− S(ρ)
)
≥ 0

holds.

Let us now point out some difficulties regarding causal variational principles on non-
locally compact spaces. First of all, let us recall that a topological space is called hemi-
compact if there is a sequence (Kn)n∈N of compact subsets of X such that any compact
set K ⊂ X is contained in Kn for some n ∈ N (see [161, §17I]). Since F is first-countable
and non-locally compact, by virtue of [41, Exercise 3.4.E] we conclude that F cannot be
hemicompact.

Next, by contrast to the σ-locally compact setting as worked out in [66] (for de-
tails see Chapter 3), it is in general not even possible to assume that F is σ-compact,
as the following argument shows: Every Polish space (as well as every locally compact
Hausdorff space) is Baire according to [99, Theorem (8.4)].2 In view of [161, §25B], a
σ-compact topological space X is Baire if and only if the set of points at which X is
locally compact is dense in X. Given an infinite-dimensional Hilbert space H, and defin-
ing F ⊂ K(H) in analogy to [59] (see §4.3.1), then F is a Polish space (see Appendix A.2).
Consequently, the assumption that F is σ-compact implies that there exists x ∈ F being
contained in a compact neighborhood K ⊂ F with K◦ 6= ∅. From this we conclude
that the intersection Kreg := K ∩ Freg is a compact set with non-empty interior, where
the Banach manifold Freg ⊂ F is defined in Lemma 4.3.3 (for details see [67]). Given
an atlas (Uα, φα)α∈A of Freg (cf. [169]) and making use of the fact that each φα is a
homeomorphism mapping to some infinite-dimensional Banach space Xα, we deduce that
the image of Kreg is a compact subset with non-empty interior in contradiction to [100,
Exercise 14.3]. For this reason, it is not possible to assume that the space F is σ-compact
(by contrast to the setting in [66]).

Next, it is no longer possible to assume that the Lagrangian L : F × F → R+
0 is

simultaneously lower semi-continuous and of compact range (see Definition 4.2.4) as in-
troduced in [66, Definition 3.3]. Namely, due to lower semi-continuity of the Lagrangian,
the latter assumption already implies that F is locally compact.

Finally, it is not possible to assume that the Lagrangian decays in entropy in the sense
of [66, Definition 5.1] (see Definition 4.2.8 or Definition 3.5.1); indeed, this assumption
requires a Heine-Borel metric on F, which clearly does not exist in non-locally compact
spaces (otherwise each x ∈ F is contained in a corresponding ball with compact closure).

In view of these difficulties in the non-locally compact setting, let us begin by gener-
alizing the assumption that L is of compact range in the following way.

Definition 4.3.7. Let (F, d) be a metric space. The Lagrangian L : F × F → R+
0

is said to be of bounded range if every bounded set B ⊂ F is contained in a bounded

2For clarity, we recall that a topological space X is said to be Baire if the intersection of each
countable family of dense open sets in X is dense (see e.g. [161, Definition 25.1]).
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neighborhood B′ ⊂ F such that

L(x, y) = 0 for all x ∈ B and y /∈ B′ .

On proper metric spaces (that is, on spaces with the Heine-Borel property), this
definition clearly implies that the Lagrangian L is of compact range (see Definition 4.2.4
or Definition 3.3.3) as defined in [66]. For this reason, Definition 4.3.7 provides a good
starting point for dealing with causal variational principles on non-locally compact spaces.
As we shall see below, the assumption that the Lagrangian is of bounded range can be
weakened (see §4.6.1).

4.3.3. Finite-Dimensional Approximation. In the infinite-dimensional setting
(see Definition 4.3.4), the space X is assumed to be an infinite-dimensional separable
Banach space. Hence we may apply [5, Lemma 7.1] to deduce that there exists a se-
quence of finite-dimensional subspaces (Xn)n∈N in X with Xn ⊂ Xn+1 for all n ∈ N such
that

⋃
n∈NXn is dense in X (also see [21]). This allows us to introduce the topological

spaces

F(n) := F ∩Xn for every n ∈ N .

Since finite-dimensional topological vector spaces are locally compact (see e.g. [101,
§15.7]), we conclude that each Xn ⊂ X is locally compact for all n ∈ N. For ease in no-

tation, we shall denote the restriction of the Lagrangian to F(n)×F(n) by L(n). Thus for
every n ∈ N, we are given a second-countable, locally compact Hausdorff space F(n) ⊂ F

together with a symmetric, lower semi-continuous Lagrangian

L(n) : F(n) × F(n) → R+
0 ,

which is strictly positive on the diagonal. Henceforth for every n ∈ N we are exactly in
the σ-locally compact setting as worked out in [66] (see Chapter 3).

In the following, we additionally assume that L : F × F → R+
0 is continuous and of

bounded range (see Definition 4.3.7). We again consider the above exhaustion (Xn)n∈N
of X by finite-dimensional subsets with Xn ⊂ Xn+1 for all n ∈ N. Let us point out
that each (Xn, ‖.‖) is a finite-dimensional normed vector space, and all norms on Xn are
equivalent. Due to the Heine-Borel theorem [5] or [28, Chapter I, Theorem 4], each closed

ball Br(x) ⊂ Xn is compact for all r > 0 and x ∈ Xn. As a consequence, each bounded

set A ⊂ F(n) is contained in some compact ball B := Br(x) ⊂ F(n). Definition 4.3.7

yields the existence of a compact set B′ ⊂ F(n) such that L(n)(x, y) = 0 for all x ∈ B
and y /∈ B′. These considerations show that, whenever L is continuous and of bounded
range, for every n ∈ N the restricted Lagrangian L(n) is continuous and of compact range
(see [66, Definition 3.3] or Definition 4.2.4). Therefore, by virtue of Theorem 4.2.6 (also

see [66, Theorem 4.2]), for each n ∈ N there is a regular Borel measure ρn on F(n) such
that the following EL equations hold,

`n|supp ρn ≡ inf
x∈F(n)

`n(x) = 0 ,

where `n ∈ C(F) = C(F,R) is defined by

`n(x) :=

ˆ
F(n)

L(n)(x, y) dρn(y)− 1 .
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According to Theorem 4.2.7 (cf. [66, Theorem 4.10]), each Borel measure ρn ∈ BF(n) is
a minimizer of the corresponding causal variational principle

minimize S(n) :=

ˆ
F(n)

ˆ
F(n)

L(n) dρ(x) dρ(y)

under variations of compact support [66] in the class of regular Borel measures on F(n)

with respect to the constraints (4.2.3).
We extend the measures ρn by zero on the whole topological space F,

ρ[n](A) := ρn(A ∩ F(n)) for all A ∈ B(F) . (4.3.3)

Thus

`[n]|supp ρ[n] ≡ inf
x∈F(n)

`[n](x) = 0 , (4.3.4)

where the function `[n] ∈ C(F) is defined by

`[n](x) :=

ˆ
F

L(x, y) dρ[n](y)− 1 . (4.3.5)

This gives rise to a sequence of regular Borel measures (ρ[n])n∈N on F. In particular,

whenever condition (iv) is satisfied for ρ[n] (see (4.2.2)), that is

sup
x∈F

ˆ
F

L(x, y) dρ[n] <∞ for all n ∈ N , (4.3.6)

each measure ρ[n] is a minimizer on F(n) under variations of finite volume [66] (see
Definition 4.2.1 and Definition 4.2.3). In virtue of Theorem 4.2.10, the same holds true

if the Lagrangian L(n) decays in entropy for any n ∈ N, provided that condition (4.3.6)
is satisfied.

4.4. Construction of a Global Measure

In the following, let X be an infinite-dimensional, separable complex Banach space,
and let F ⊂ X be a non-locally compact Polish space endowed with a corresponding
metric d such that (F, d) is a separable, complete metric space. By O(F) and P(F) we
denote the collection of open subsets of F and the power set of F, respectively. Moreover,
the collection of all compact subsets of F is represented by K(F).

The goal of this section is to construct a global measure ρ based on the sequence of
regular Borel measures (ρ[n])n∈N as obtained in §4.3.3. To this end, in a first step we con-
struct a countable set D ⊂ K(F) consisting of compact subsets of F (§4.4.1). In a second
step, we make use of the set D in order to obtain a measure ρ on F (§4.4.2) by a suit-
able construction process. In §4.4.3 we finally prove that, restricted to suitable relatively
compact subsets of F, the measure ρ is the weak limit of a subsequence of (ρ[n])n∈N.

4.4.1. Construction of a Countable Collection of Compact Sets. To begin
with, by separability of F there exists a countable dense subset E := {xj : j ∈ N} such

that, for every n ∈ N the set E(n) := E ∩ F(n) is dense in F(n).3 We denote its elements

by x
(n)
j ∈ E(n) with j, n ∈ N. Moreover, since F(n) is locally compact, for all j, k, n ∈ N

there is a compact neighborhood V
(n)
j,k ⊂ F(n) of x

(n)
j ∈ E(n) such that V

(n)
j,k ⊂ B1/k(x

(n)
j )

3Since F is separable, there exists a countable set E(0) ⊂ F being dense in F. Similarly, for each i ∈ N
there are countable sets E(i) which are dense in F(i). As a consequence, the set E :=

⋃∞
i=0 E

(i) has the

desired properties.
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and each V
(n)
j,k being the closure of its interior (in the topology of F(n), where the interior

of a set V shall be denoted by V ◦).4 This gives rise to the set

V(1) :=
{
V

(n)
j,k : j, k, n ∈ N

}
.

Denoting the union of V(1) and the empty set ∅ by D̃(1), and making use of the fact that
a countable union of countable sets is countable (see e.g. [75, Section 2]), we conclude

that D̃(1) is countable. Therefore, applying Cantor’s diagonal argument and proceeding
iteratively, we conclude that

D̃(i) :=
{
D ∪ D̃ : D, D̃ ∈ D̃(i−1)

}
is countable for every i ∈ N with i ≥ 2. As a consequence, the set

D :=
∞⋃
i=1

D̃(i)

is countable; we denote its members by (Dm)m∈N. In particular, each D ∈ D is a compact

subset of F. Moreover, for every n ∈ N we introduce D(n) ⊂ P(F(n)) by

D(n) :=
{
D ∈ D : D ⊂ F(n)

}
. (4.4.1)

4.4.2. Construction of a Regular Global Measure. In order to construct a
global measure on F, we proceed similarly to [66] by selecting suitable subsequences of

the sequence (ρ[n])n∈N restricted to compact subsets D ∈ D. This allows us to construct
a regular measure ρ on the whole space F (see Theorem 4.4.3 below). In Section 4.5 we
will show that, under suitable assumptions, the measure ρ is indeed a minimizer of the
causal variational principle. In analogy to [66, Lemma 4.1], let us first state the following
result.

Lemma 4.4.1. Assume that the Lagrangian L : F×F → R+
0 is lower semi-continuous

and strictly positive on the diagonal (4.3.1). Furthermore, let (ρ[n])n∈N be a sequence of

measures ρ[n] : B(F)→ [0,∞] such that, for every x ∈ supp ρ[n],ˆ
F

L(x, y) dρ[n](y) = 1 for all n ∈ N .

Then for every compact subset K ⊂ F there is a constant CK > 0 such that

ρ[n](K) ≤ CK for all n ∈ N .

Proof. This statement is proven exactly as [66, Lemma 4.1]. �

Next, we apply Lemma 4.4.1 to the compact sets D ∈ D. More precisely, restricting
the sequence (ρ[n])n∈N as obtained in (4.3.3) (cf. §4.3.3) to the compact set D1 ∈ D,

the resulting sequence (ρ[n]|D1)n∈N is bounded (due to Lemma 4.4.1) as well as uni-
formly tight (for the definition see [16, Definition 8.6.1]). Since compact subsets of
Polish spaces are again Polish, Prohorov’s theorem (see for instance [16, Theorem 8.6.2]

or [40, Satz VIII.4.23]) implies that a subsequence of (ρ[n]|D1)n∈N converges weakly on D1.

Denoting the corresponding subsequence by (ρ[1,nk])k∈N and considering its restriction
to D2 ∈ D, the same arguments as before yield the existence of a weakly convergent

4For simplicity, one may consider V
(n)
j,k = B1/(2k)(x

(n)
j ) ∩ F(n) for all j, k, n ∈ N.
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subsequence (ρ[2,nk])k∈N on D2. Proceeding iteratively, we denote the resulting diagonal
sequence by

ρ(k) := ρ[k,nk] for all k ∈ N . (4.4.2)

Thus by construction, for every m ∈ N the sequence (ρ(k)|Dm)k∈N converges weakly to
some measure ρDm : B(Dm)→ [0,∞),

ρ(k)|Dm ⇀ ρDm . (4.4.3)

In particular,

lim
k→∞

ρ(k)(Dm) = ρKm(Dm) for all m ∈ N .

We point out that each measure ρ(k) is a minimizer on F(nk). For this reason, we re-
strict attention to the finite-dimensional exhaustion (F(k))k∈N, where for notational sim-

plicity by F(k) we denote the sets F(nk) for all k ∈ N. Note that the sequence constructed
in (4.4.2) above in general does not converge weakly on arbitrary compact subsets, but
only restricted to compact sets D ∈ D (cf. (4.4.3)). In [66], this problem was resolved by

deriving vague convergence of the sequence (ρ(n))n∈N to some global measure ρ. In order
to obtain a similar situation, let us state the following result.

Proposition 4.4.2. The set function ϕ : D→ [0,∞) defined by

ϕ(D) := lim
k→∞

ρ(k)(D) <∞ for any D ∈ D (4.4.4)

has the following properties:

(1) ϕ(D1) ≤ ϕ(D2) for all D1, D2 ∈ D with D1 ⊂ D2,
(2) ϕ(D1 ∪D2) ≤ ϕ(D1) + ϕ(D2) for all D1, D2 ∈ D, and
(3) ϕ(D1 ∪D2) = ϕ(D1) + ϕ(D2) for all D1, D2 ∈ D with D1 ∩D2 = ∅.

Proof. Given D1, D2 ∈ D with D1 ⊂ D2, property (1) follows from

ϕ(D1) = lim
k→∞

ˆ
F

dρ(k)|D1 ≤ lim
k→∞

ˆ
F

dρ(k)|D2 = ϕ(D2) .

Next, for all D1, D2 ∈ D, construction of D yields D1 ∪D2 ∈ D. Thus property (2) is a
consequence of

ϕ(D1 ∪D2) = lim
k→∞

ˆ
F

dρ(k)|D1∪D2 ≤ lim
k→∞

ˆ
F

dρ(k)|D1 + lim
k→∞

ˆ
F

dρ(k)|D2

= ϕ(D1) + ϕ(D2) .

Similarly, for all D1, D2 ∈ D with D1 ∩D2 = ∅ we obtain

ϕ(D1 ∪D2) = lim
k→∞

ρ(k)(D1 ∪D2) = lim
k→∞

ρ(k)(D1) + lim
k→∞

ρ(k)(D2) = ϕ(D1) + ϕ(D2) ,

which proves property (3). �

In order to construct a global measure ρ on F, we proceed in analogy to the proof
of [40, Satz VIII.4.22]. We point out that, since the underlying topological space F is
non-locally compact, we cannot employ the Riesz representation theorem as in [66], and
Riesz representation theorems on more general Hausdorff spaces as presented in [100,
Section 16] do not seem applicable at this stage. Nevertheless, we obtain the following
result.



110 4. CAUSAL VARIATIONAL PRINCIPLES IN THE INFINITE-DIMENSIONAL SETTING

Theorem 4.4.3. Introducing the set function ϕ : D→ [0,∞) by (4.4.4) and defining
the set functions µ : O(F)→ [0,∞] and η : P(F)→ [0,+∞] by

µ(U) := sup {ϕ(D) : D ⊂ U , D ∈ D } for all U ⊂ F open ,

η(A) := inf {µ(U) : A ⊂ U , U ⊂ F open} for any A ∈ P(F) ,
(4.4.5)

then the restriction

ρ := η|B(F) (4.4.6)

defines a (possibly trivial) measure on the Borel σ-algebra B(F). In particular,

ρ(D) = ϕ(D) = lim
k→∞

ρ(k)(D) for any D ∈ D . (4.4.7)

Proof. Let us first point out that, by construction, the set function ϕ : D→ [0,∞)
defined by (4.4.4) has the following properties:

(1) ϕ(D1) ≤ ϕ(D2) for all D1, D2 ∈ D with D1 ⊂ D2,
(2) ϕ(D1 ∪D2) ≤ ϕ(D1) + ϕ(D2) for all D1, D2 ∈ D, and
(3) ϕ(D1 ∪D2) = ϕ(D1) + ϕ(D2) for all D1, D2 ∈ D with D1 ∩D2 = ∅.

Indeed, properties (1)–(3) are a consequence of Proposition 4.4.2. Moreover, ϕ(∅) = 0
(since ∅ ∈ D).

Next, similarly to the proof of [40, Satz VIII.4.22], our goal is to show that η is an
outer measure,5 and that every Borel set B ∈ B(F) is η-measurable. This shall be done
in the following by proving that

η is an outer measure, and each closed set A ⊂ F is η-measurable . (4.4.8)

Denoting the σ-algebra of η-measurable sets by Aη, statement (4.4.8) implies that the
Borel σ-algebra B(F) is contained in Aη, i.e. B(F) ⊂ Aη. Therefore, in view of Carathéodory’s
theorem (see e.g. [40, Satz II.4.4]), the restriction

ρ := η|B(F)

defines a measure on the Borel σ-algebra B(F). Thus it suffices to prove (4.4.8), which
shall be done in several steps in the remainder of the proof.

(a) Let A ⊂ U ⊂ F with A closed and U open. Whenever A ⊂ D for some D ∈ D, then
there exists E ∈ D with A ⊂ E ⊂ U .

Proof: Since each D ∈ D is compact, the closed set A ⊂ D is compact as well. Moreover,
we have D ⊂ F(n) for sufficiently large n ∈ N. Since F(n) is locally compact, for every
x ∈ A there exists Vx ∈ D such that x ∈ V ◦x ⊂ Vx ⊂ U . Since A is compact, the

set E :=
⋃N
j=1 Vxj ∈ D for some integer N = N(A) has the desired property.

(b) Whenever U, V ⊂ F open, µ(U ∪ V ) ≤ µ(U) + µ(V ).

5Given a set X, a set function η : P(X) → R := [−∞,+∞] is said to be an outer measure if it has
the following properties (see e.g. [40, Definition II.4.1]):

(i) η(∅) = 0.
(ii) For all A ⊂ B ⊂ X holds η(A) ≤ η(B) (monotonicity).

(iii) For every sequence (An)n∈N of subsets of X holds η
(⋃∞

n=1 An
)
≤
∑∞
n=1 η(An) (σ-subadditivity).
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Proof: Without loss of generality, let U 6= F 6= V and µ(U), µ(V ) < ∞ (otherwise the
inequality is true). For this reason, let U, V ⊂ F be open sets with U c 6= ∅ 6= V c

and D ⊂ U ∪ V for D ∈ D. We then consider the closed sets

A := {x ∈ D : d(x, U c) ≥ d(x, V c)} ⊂ D ,

B := {x ∈ D : d(x, U c) ≤ d(x, V c)} ⊂ D .

Obviously, A ⊂ U and B ⊂ V . Assuming conversely that x ∈ A \ U , we conclude
that x ∈ V , and therefore d(x, U c) = 0 < d(x, V c) because V c is closed, giving rise to the
contradiction that x /∈ A. Similarly, we conclude that B ⊂ V . Since A ⊂ D, by virtue
of (a) there exists E ∈ D with A ⊂ E ⊂ U . Similarly, there exists F ∈ D in such a way
that B ⊂ F ⊂ V , and D = A ∪B ⊂ E ∪ F . Hence (1) and (2) yield

ϕ(D) ≤ ϕ(E ∪ F ) ≤ ϕ(E) + ϕ(F ) ≤ µ(U) + µ(V ) .

Taking the supremum over all D ∈ D with D ⊂ U ∪ V gives (b).

(c) For all n ∈ N and Un ⊂ F open, µ
(⋃∞

n=1 Un
)
≤
∑∞

n=1 µ(Un).

Proof: Let D ∈ D with D ⊂
⋃∞
n=1 Un. Then by compactness of D there exists p ∈ N

such that D ⊂
⋃p
n=1 Un. Applying (b) inductively, we conclude that

ϕ(D) ≤ µ

(
p⋃

n=1

Un

)
≤

p∑
n=1

µ(Un) ≤
∞∑
n=1

µ(Un) .

Since D ∈ D with D ⊂
⋃∞
n=1 Un is arbitrary, we obtain (c).

(d) η is an outer measure.

Proof: As seen before, ϕ(∅) = 0, and monotonicity of η is a consequence of (1)–(3)
and (4.4.5). In order to prove σ-subadditivity, let ε > 0 and Mn ⊂ F with η(Mn) < ∞
for all n ∈ N. In view of (4.4.5), for every n ∈ N there exists an open set Un ⊃ Mn

with µ(Un) ≤ η(Mn) + 2−n ε. Making use of (4.4.5) and applying (c) yields

η

( ∞⋃
n=1

Mn

)
≤ µ

( ∞⋃
n=1

Un

)
≤
∞∑
n=1

µ(Un) ≤
∞∑
n=1

η(Mn) + ε .

Since ε > 0 is arbitrary, we obtain (d).

(e) Each closed set A ⊂ F is η-measurable.

Proof: By definition of measurability (cf. [40, Definition II.4.2]), we need to show that,
for all Q ⊂ F,

η(Q) ≥ η(Q ∩A) + η(Q ∩Ac) . (4.4.9)

Without loss of generality we may assume that η(Q) < ∞. We first prove (4.4.9) in
the case that Q = U ⊂ F is open. To this end, let ε > 0 be arbitrary. Given A ⊂ F

closed, the set U ∩ Ac is open and µ(U ∩ Ac) = η(U ∩ Ac) < ∞. In view of (4.4.5),
there exists D ∈ D with ϕ(D) ≥ µ(U ∩ Ac) − ε. Next, since U ∩ Dc is open, we may
choose E ∈ D with E ⊂ U ∩ Dc and ϕ(E) ≥ µ(U ∩ Dc) − ε. Since D, E are disjoint
and D ∪ E ⊂ U , from (1), (3), (4.4.5) and the fact that U ∩Dc ⊃ U ∩A we infer that

µ(U) ≥ ϕ(D ∪ E) = ϕ(D) + ϕ(E)

≥ µ(U ∩Ac) + µ(U ∩Dc)− 2ε

≥ η(U ∩A) + µ(U ∩Ac)− 2ε .

Since ε > 0 is arbitrary, we obtain (4.4.9) for Q = U open.
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Given arbitrary Q ⊂ F with η(Q) < ∞, for ε > 0 arbitrary we choose U ⊃ Q open
with η(Q) ≥ η(U)− ε according to (4.4.5). Then the latter inequality yields

η(Q) ≥ η(U)− ε ≥ η(U ∩A) + η(U ∩Ac)− ε
≥ η(Q ∩A) + η(Q ∩Ac)− ε ,

proving (4.4.9).
As a consequence, the set function η is an outer measure according to (d), and each

closed set A ⊂ F is η-measurable in view of (e). This yields (4.4.8), which completes the
proof. �

The next result shows that the measure ρ given by (4.4.6) is regular [40].

Lemma 4.4.4. Let ρ : B(F) → [0,∞] be the measure defined by (4.4.6). Then every
open subset of F is inner regular. Moreover, the measure ρ is regular.

Proof. Let us first prove that every open subset of F is inner regular in view
of (4.4.5). Namely, considering arbitrary U ∈ O(F) and K ∈ K(U), according to (4.4.5)
and (4.4.7) we obtain

ρ(K) ≤ ρ(U) = sup {ϕ(D) : D ∈ D, D ⊂ U} = sup {ρ(D) : D ∈ D, D ⊂ U}
≤ sup {ρ(K) : K ⊂ U compact} .

Taking the supremum on the left hand side yields

ρ(U) = sup {ρ(K) : K ⊂ U compact} for all U ∈ O(F) .

From this we conclude that every open set U ∈ O(F) is inner regular (in the sense of [40,
Definition VIII.1.1]).

In view of (4.4.5), we are given ρ(U) = µ(U) for any U ∈ O(F), and the above
considerations show that every open set is inner regular. From this we conclude that the
measure ρ is regular in the sense of [40, Definition VIII.1.1]. �

As a matter of fact, in general it seems possible the regular measure ρ obtained in
Theorem 4.4.3 to be zero. Nevertheless, the following remark gives a sufficient condition
for the measure ρ defined by (4.4.6) to be non-zero.

Remark 4.4.5. Let (F(n))n∈N be a finite-dimensional approximation of F (for details

see §4.3.3). By construction of ρ(n) we are given supp ρ(n) ⊂ F(n) for every n ∈ N.
Assuming that the Lagrangian is bounded and of bounded range, for every x ∈ F and δ > 0
there exists Bx ⊂ F bounded and closed such that L(x̃, y) = 0 for all x̃ ∈ Bδ(x) and
all y /∈ Bx. Furthermore, in view of boundedness of the Lagrangian we introduce the
upper bound C <∞ by

C := sup
x,y∈F

L(x, y) > 0 .

Thus for any n ∈ N we deduce that L(n)(x̃, y) = 0 for all x̃ ∈ B(n)
δ (x) := Bδ(x)∩F(n) and

all y /∈ B(n)
x := Bx ∩ F(n). Hence the EL equations (4.3.4) and (4.3.5) imply that

1 ≤
ˆ
F(n)

L(n)(x̃, y) dρ(n) =

ˆ
B

(n)
x

L(n)(x̃, y) dρ(n) ≤ sup
y∈B(n)

x

L(n)(x̃, y) ρ(n)(B(n)
x )

for every n ∈ N. Thus positivity (4.3.1) yields

ρ(n)(B(n)
x ) ≥ C−1 > 0 for all n ∈ N .
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For each n ∈ N and arbitrary ε > 0, by regularity of ρ(n) there exists Dn ∈ D such
that ρ(n)(Dn) > C−1 − ε. Moreover, D̂N :=

⋃N
n=1Dn ∈ D for every N ∈ N. Whenever

there exists N ∈ N such that ρ(n)(D̂N ) ≥ c for almost all n ∈ N and some c > 0, then
the measure ρ defined by (4.4.6) is non-zero. If this holds true for an infinite number of

disjoints sets (D̂Ni)i∈N, the measure ρ possibly has infinite total volume.

Next, in agreement with [100, Theorem 16.7] and the remark thereafter, it is not
clear whether ρ as given by (4.4.6) is a locally finite measure. Nevertheless, the following
results provide sufficient conditions for ρ as obtained in (4.4.6) to be locally finite.

Lemma 4.4.6. Let ρ : B(F)→ [0,∞] be defined by (4.4.6). Assuming that ρ(K) <∞
for all K ∈ K(F), then the measure ρ is locally finite and thus a Borel measure in the
sense of [76]. In this case, ρ is regular and moderate.

Proof. We point out that the space F is first-countable. Thus under the assumption
that ρ(K) <∞ for all K ∈ K(F), the statement that ρ is locally finite is a consequence of
Lemma 4.4.4 and [40, Folgerungen VIII.1.2 (d)]. The last statement follows from Ulam’s
theorem [40, Theorem VIII.1.16]. �

Remark 4.4.7. We point out that, if F in Definition 4.3.4 were locally compact, then
the measure ρ constructed in the proof of Theorem 4.4.3 would be locally finite, i.e. a
Borel measure in the sense of [76]. Namely, whenever x ∈ F, there exists a compact

neighborhood V of x. Hence Lemma 4.4.1 implies that ρ(n)(V ) ≤ CV for all n ∈ N and
some CV > 0. Choosing Ux ⊂ V open with x ∈ U , we conclude that

ρ(Ux) = sup {ϕ(D) : D ⊂ Ux, D ∈ D} ≤ sup
{

lim
n→∞

ρ(n)(D) : D ⊂ V , D ∈ D
}
≤ CV

as desired.

In the remainder of this subsection, we discuss properties (iii) and (iv) in §4.2.2.
Neither condition (iii) nor condition (iv) do hold in general, but the following result
establishes a connection between condition (iv) in §4.2.2 and locally finite measures.

Lemma 4.4.8. Assume that L : F × F → R+
0 is lower semi-continuous, symmetric

and strictly positive on the diagonal (4.3.1), and let ρ be a measure on B(F). Under the
assumption that condition (iv) in §4.2.2 holds (see (4.2.2)), i.e.

sup
x∈F

ˆ
F

L(x, y) dρ(y) <∞ ,

the measure ρ is locally finite (i.e. condition (iii) in §4.2.2 is satisfied).

Proof. Assume conversely that there exists x ∈ F such that ρ(U) =∞ for any open
neighborhood U of x. Then L(x, x) > 0 due to strict positivity on the diagonal (4.3.1).
Moreover, by lower semi-continuity of the Lagrangian there is an open neighborhood Ux
of x such that L(x, y) > L(x, x)/2 > 0 for all y ∈ Ux. Consequently,

ˆ
F

L(x, y) dρ(y) ≥
ˆ
Ux

L(x, y) dρ(y) > L(x, x)/2 ρ(Ux) =∞

in contradiction to condition (iv) in §4.2.2. �
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4.4.3. Convergence on Relatively Compact Subsets. In Section 4.5 below our
goal is to show that, under suitable assumptions, the measure ρ as given by (4.4.6) is a
minimizer under variations of finite volume (see Definition 4.3.5). To this end, we provide
some useful tools which shall be worked out in the remainder of this section. For clarity,
we point out that for every D ∈ D there is some n′ ∈ N such that D◦ 6= ∅ in the relative
topology of F(n) for all n ≤ n′ and D◦ = ∅ in the relative topology of F(n) for all n > n′.
Considering the restriction ρ|D◦ shall always be understood in the sense of a restriction

to the interior of D in the relative topology of F(n′). In order to derive weak convergence
on suitable relatively compact sets (see Lemma 4.4.11 below), we require some properties
of the measures ρD with D ∈ D as obtained in (4.4.3).

Given D,E ∈ D with D ⊂ E and denoting the interior of D by D◦, we claim thatˆ
D
f dρD =

ˆ
E
f dρE for all f ∈ Cc(D◦) . (4.4.10)

Namely, in view of Cc(D
◦) ⊂ Cb(D) ∩ Cb(E), weak convergence (4.4.3) yieldsˆ

D
f dρD = lim

k→∞

ˆ
D
f dρ(k)|D

(?)
= lim

k→∞

ˆ
E
f dρ(k)|E =

ˆ
E
f dρE

for all f ∈ Cc(D◦), where in (?) we made use of the fact that supp f ⊂ D◦ ⊂ E.
This allows us to prove the following result.

Proposition 4.4.9. Whenever D ∈ D and Ω ⊂ D◦ open, then

sup
{
ρD̃|D◦(D̃) : D̃ ⊂ Ω, D̃ ∈ D

}
= sup

{
ρD|D◦(D̃) : D̃ ⊂ Ω, D̃ ∈ D

}
. (4.4.11)

Proof. In order to prove (4.4.11), we need to show that for all E,F ∈ D with E,

F ⊂ Ω there exist sets Ẽ, F̃ ∈ D with Ẽ, F̃ ⊂ Ω such that

ρE |D◦(E) ≤ ρD|D◦(Ẽ) and ρD|D◦(F ) ≤ ρF̃ |D◦(F̃ ) .

Whenever E ⊂ Ω compact, there exists η ∈ Cc(Ω; [0, 1]) with η|E ≡ 1 and Ẽ ∈ D

with supp η ⊂ Ẽ◦ ⊂ Ω, and by weak convergence (4.4.3) we are given

ρE |D◦(E) =

ˆ
E
dρE = lim

n→∞

ˆ
F

dρ(n)|E ≤ lim
n→∞

ˆ
F

η dρ(n)|D =

ˆ
F

η dρD ≤ ρD|D◦(Ẽ) .

On the other hand, whenever F ∈ D with F ⊂ Ω, there is η ∈ Cc(Ω; [0, 1]) with η|F ≡ 1

as well as F̃ ∈ D with supp η ⊂ F̃ ◦ and F̃ ◦ ⊂ Ω. Thus by (4.4.10) we obtain

ρD|D◦(F ) =

ˆ
F
dρD ≤

ˆ
D
η dρD =

ˆ
F̃
η dρF̃ ≤ ρF̃ |D◦(F̃ ) ,

which completes the proof. �

Lemma 4.4.10. For every D ∈ D, the measures ρ|D◦ and ρD|D◦ coincide. Moreover,

ρ(n)|D◦
v→ ρ|D◦ vaguely . (4.4.12)

Proof. According to (4.4.3) and (4.4.4), the measure ρD|D◦ : B(D◦) → [0,∞) is
finite for any D ∈ D. As a consequence, it is locally finite and thus Borel in the sense
of [76]. Moreover, since open subsets of Polish spaces are Polish (see [9, §26]), it is
regular in view of Ulam’s theorem [40, Satz VIII.1.16] (alternatively, regularity follows
by [16, Corollary 7.1.9] and the fact that each metrizable space is perfectly normal [4,
Corollary 3.21]). Similar arguments yield regularity of ρ|D◦ for any D ∈ D. Thus for
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any D ∈ D, we may approximate arbitrary Borel sets A ∈ B(D◦) by compact sets from
inside,

ρD|D◦(A) = sup {ρD|D◦(K) : K ⊂ A compact} ,
ρ|D◦(A) = sup {ρ|D◦(K) : K ⊂ A compact} .

Whenever D ∈ D and Ω ⊂ D open, for each K ⊂ Ω compact there exists D̃ ∈ D such
that K ⊂ D̃ ⊂ Ω by construction of D. From this we conclude that

ρD|D◦(Ω) = sup {ρD|D◦(K) : K ⊂ Ω compact} = sup
{
ρD|D◦(D̃) : D̃ ⊂ Ω, D̃ ∈ D

}
,

ρ|D◦(Ω) = sup {ρ|D◦(K) : K ⊂ Ω compact} = sup
{
ρ|D◦(D̃) : D̃ ⊂ Ω, D̃ ∈ D

}
.

Moreover, for any D̃ ∈ D, by (4.4.3) and (4.4.7) we obtain

ϕ(D̃) = lim
k→∞

ρ(k)(D̃) = lim
k→∞

ρ(k)|D̃(D̃) = ρD̃(D̃) . (4.4.13)

Given D ∈ D and Ω ⊂ D◦ open, we conclude that ρ|D◦ as well as ρD|D◦ are regular finite
Borel measures on B(D◦), implying that

ρ|D◦(Ω) = sup
{
ϕ(D̃) : D̃ ⊂ Ω, D̃ ∈ D

}
(4.4.13)

= sup
{
ρD̃(D̃) : D̃ ⊂ Ω, D̃ ∈ D

}
= sup

{
ρD̃|D◦(D̃) : D̃ ⊂ Ω, D̃ ∈ D

}
(4.4.11)

= sup
{
ρD|D◦(D̃) : D̃ ⊂ Ω, D̃ ∈ D

}
= ρD|D◦(Ω) .

As a consequence, the measures ρ|D◦ and ρD|D◦ coincide on all open sets Ω ⊂ D◦. Making
use of [16, Lemma 7.1.2], we conclude that ρ|D◦ and ρD|D◦ already coincide on all Borel
sets, i.e.

ρ|D◦ = ρD|D◦ for all D ∈ D . (4.4.14)

Given f ∈ Cc(D◦), in view of (4.4.3) and (4.4.14) we thus obtain

lim
n→∞

ˆ
F

f dρ(n)|D◦ = lim
n→∞

ˆ
F

f dρ(n)|D =

ˆ
F

f dρD =

ˆ
F

f dρD|D◦ =

ˆ
F

f dρ|D◦ .

Since f ∈ Cc(D◦) was arbitrary, we obtain vague convergence

ρ(n)|D◦
v→ ρ|D◦ .

This completes the proof. �

Having proved vague convergence on open subsets of D ∈ D, the following result
even yields weak convergence on suitable relatively compact subsets V ⊂ F (so-called
continuity sets, cf. [16, Section 8.2]).

Lemma 4.4.11. For every D ∈ D there exists E ∈ D with D ⊂ E◦ as well as a
relatively compact, open subset V ⊂ E◦ with D ⊂ V such that

ρ(n)|V ⇀ ρ|V weakly . (4.4.15)

Similarly, whenever D ∈ D(n) and U ⊃ D open, there exists a relatively compact, open
subset V ⊂ F(n) with D ⊂ V ⊂ U such that (4.4.15) holds.
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Proof. Given D ∈ D, by construction of D we know that D is compact and thus
contained in the interior of some E ∈ D with ρ(E) < ∞ in view of (4.4.4) and (4.4.7).
Therefore, ρ|E : B(E) → [0,∞) is a non-negative finite Borel measure, where B(E)
denotes the Borel σ-algebra on the topological space E. Since E is metrizable, it is
completely regular, implying that the class Γρ|E of all Borel sets in E with boundaries
of ρ|E-measure zero contains a base (consisting of open sets) of the topology of E (for
details see [16, Proposition 8.2.8]). Since E is compact, the set D ⊂ E can be covered
by finitely many relatively compact, open sets V1, . . . , VN ⊂ E◦ in Γρ|E . By construction,

the closure of the set V :=
⋃N
i=1 Vi ⊂ E◦ is compact. Considering the restriction ρ(n)|V ,

for any f ∈ Cc(V ) we obtain

lim
n→∞

ˆ
V
f dρ(n)|V = lim

n→∞

ˆ
F

f dρ(n)|E◦
(4.4.12)

=

ˆ
F

f dρ|E◦ =

ˆ
V
f dρ|V ,

proving vague convergence

ρ(n)|V
v→ ρ|V . (4.4.16)

Since Γρ|E is a subalgebra in B(E) (see [16, Proposition 8.2.8]), the set V is also con-

tained in Γρ|E , implying that ρ(∂V ) = ρ|E(∂V ) = 0. Note that the measures (ρ(n)|E◦)
and ρ|E◦ are regular Borel measures and thus Radon [143]. Therefore, making use of
vague convergence (4.4.12) and applying [9, Theorem 30.2], for the relatively compact,
open set V ⊂ E◦ and the compact set V ⊂ E◦ we obtain

ρ(V ) = ρ(V ) ≥ lim sup
n→∞

ρ(n)(V ) ≥ lim sup
n→∞

ρ(n)(V ) ≥ lim inf
n→∞

ρ(n)(V ) ≥ ρ(V ) ,

proving that

ρ(V ) = lim
n→∞

ρ(n)(V ) . (4.4.17)

Let us point out that, for each n ∈ N, the measure ρ(n)|V /ρ(n)(V ) is normalized in the

sense that ρ(n)|V (V )/ρ(n)(V ) = 1 (cf. [66, §3.2]). Furthermore, applying vague conver-
gence (4.4.16) as well as (4.4.17), for any f ∈ Cc(V ) we are given

lim
n→∞

ˆ
V
f dρ(n)|V /ρ(n)(V ) =

ˆ
V
f dρ|V /ρ(V ) .

As a consequence, the sequence of normalized measures (ρ(n)|V /ρ(n)(V ))n∈N converges
vaguely to the normalized measure ρ|V /ρ(V ), and from [9, Corollary 30.9] we deduce

that (ρ(n)|V /ρ(n)(V ))n∈N converges weakly to the normalized measure ρ|V /ρ(V ). Thus in
view of

lim
n→∞

ˆ
V
f dρ(n)|V = lim

n→∞
ρ(n)(V )

ˆ
V
f dρ(n)|V /ρ(n)(V ) = ρ(V )

ˆ
V
f dρ(n)|V /ρ(V )

=

ˆ
V
f dρ(n)|V

for any f ∈ Cb(V ), we finally obtain weak convergence ρ(n)|V ⇀ ρ|V . �

By contrast to [66], it is not reasonable to consider vague convergence ρ(n) v→ ρ in
view of [100, Exercise 14.4].
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4.5. Minimizers for Lagrangians of Bounded Range

4.5.1. Preliminaries. This section is devoted to the proof that, under suitable as-
sumptions, the measure ρ as defined in (4.4.6) is a minimizer of the causal variational
principle (4.3.2) under variations of finite volume (see Definition 4.3.5). This is accom-
plished in §4.5.4. To this end, we proceed in several steps. In this subsection, we introduce
an additional assumption on the measure ρ obtained in Theorem 4.4.3 (see (4.5.1)). After-
wards we prove that ρ is a minimizer on suitable compact subsets (see §4.5.2 and §4.5.3).
Assuming that ρ 6= 0 is locally finite, we finally show that ρ satisfies corresponding Euler-
Lagrange (EL) equations (see §4.5.5), which have the same structure as the EL equations
obtained in [66]. Throughout this section, we shall assume that the Lagrangian is of
bounded range (see Definition 4.3.7).

In order to prove that ρ is a minimizer, we impose the following condition:

(B) For any ε > 0 and B ⊂ F bounded, there exists N ∈ N such that

ρ(B \B(n)) < ε for all n ≥ N , (4.5.1)

where B(n) := B ∩ F(n).

Lemma 4.5.1. Assume that the measure ρ defined by (4.4.6) satisfies condition (B).
Then the measure ρ is locally finite, and any bounded subset of F has finite ρ-measure.

Proof. Assuming that B ⊂ F is bounded, in view of condition (B) there existsN ∈ N
such that ρ(B \ B(n)) < ε for all n ≥ N , where B(n) := B ∩ F(n) is relatively compact

in view of [28, Theorem I.4]. For this reason, B(n) can be covered by a finite number

of compact sets D1, . . . , DL with Di ∈ D(n) for all i = 1, . . . , L, where D(n) is given
by (4.4.1). From (4.4.4) we obtain ρ(B(n)) <∞, implying that

ρ(B) = ρ(B \B(n)) + ρ(B(n)) <∞ .

Since each compact set K ⊂ F is bounded, the measure ρ is locally finite in view of
Lemma 4.4.6. �

4.5.2. Minimizers under Variations of Finite-Dimensional Compact Sup-
port. Before proving our first existence result, we point out that the restricted La-
grangian

L(n) = L|F(n)×F(n) : F(n) × F(n) → R+
0

is of compact range (see Definition 4.2.4 and §4.3.3) for every n ∈ N. Therefore, for

all j, k, n ∈ N, there exist compact subsets (V
(n)
j,k )′ ⊂ F(n) such that L(x, y) = 0 for

all x ∈ V (n)
j,k and y ∈ F(n) \ (V

(n)
j,k )′. By construction of D (see §4.4.1), the set (V

(n)
j,k )′ can

be covered by a finite number of sets (V
(n)
j′`,k
′
`
)`=1,...,L in D, whose union is also contained

in D. For this reason, we may assume that (V
(n)
j,k )′ ∈ D for all j, k, n ∈ N.

After these preparations, we are now in the position to state our first existence result.

Proposition 4.5.2. Assume that the Lagrangian L ∈ Cb(F × F;R+
0 ) is of bounded

range, and that condition (4.3.6) holds. Moreover, assume that the measure ρ defined
by (4.4.6) satisfies condition (B) in Section 4.5. Then ρ is a minimizer under varia-
tions in D in the sense that (

S(ρ̃)− S(ρ)
)
≥ 0

whenever ρ̃ satisfying (4.2.3) is a regular measure on B(F) with supp(ρ̃− ρ) ∈ D.
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Proof. Assume that ρ̃ : B(F) → [0,∞] is a measure on the Borel σ-algebra of F

with D := supp(ρ̃− ρ) ∈ D such that (4.2.3) is satisfied, i.e.

0 < ρ̃(D) = ρ(D) <∞ .

Since D ∈ D is compact, the difference (4.2.4) is well-defined in view of [66, §4.3],

S(ρ̃)− S(ρ) =

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y) +

ˆ
F

dρ(x)

ˆ
F

d(ρ̃− ρ)(y) L(x, y)

+

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

d(ρ̃− ρ)(y) L(x, y) .

Making use of the symmetry of the Lagrangian and applying Fubini’s theorem, we can
write this expression as

S(ρ̃)− S(ρ) = 2

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
F

d(ρ̃− ρ)(x)

ˆ
F

d(ρ̃− ρ)(y) L(x, y) .

Since D ∈ D is a bounded subset of F, Definition 4.3.7 yields the existence of some
bounded set W ⊂ F with L(x, y) = 0 for all x ∈ D and y ∈ F \W . For arbitrary ε̃ > 0,
by virtue of condition (B) in Section 4.5 (see (4.5.1)) there is some integer n′ = n′(D)

such that ρ(W \ W (n)) < ε̃ for all n ≥ n′. We choose n′ ∈ N sufficiently large and

let D̃ ∈ D with D̃ ⊂ F(n′) and D̃ ⊃ D. As explained at the beginning of §4.5.2, there
exists D̃′ ∈ D with D̃′ ⊂ F(n′) and L(x, y) = 0 for all x ∈ D̃ and y ∈ F(n′) \ D̃′. In

particular, L(x, y) = 0 for all x ∈ D and y ∈ F(n′) \ D̃′. In view of Lemma 4.4.11,

there exist relatively compact open sets V, V ′ ⊂ F(n′) with V ⊃ D̃ and V ′ ⊃ D̃′ in such
a way that L(x, y) = 0 for all x ∈ V and y ∈ F(n′) \ V ′, and ρ(n)|V ⇀ ρ|V as well

as ρ(n)|V ′ ⇀ ρ|V ′ . These considerations give rise to

S(ρ̃)− S(ρ) = 2

ˆ
V
d(ρ̃− ρ)(x)

ˆ
V ′
dρ(y) L(x, y)

+ 2

ˆ
V
d(ρ̃− ρ)(x)

ˆ
F\V ′

dρ(y) L(x, y) +

ˆ
V
d(ρ̃− ρ)(x)

ˆ
V
d(ρ̃− ρ)(y) L(x, y) ,

where the expressionˆ
V
d(ρ̃− ρ)(x)

ˆ
F\V ′

dρ(y) L(x, y) =

ˆ
D
d(ρ̃− ρ)(x)

ˆ
W\W (n′)

dρ(y) L(x, y)

can be chosen arbitrarily small for sufficiently large n′ ∈ N. Thus for ε > 0 arbitrary, we
may arrange that

S(ρ̃)− S(ρ) ≥ 2

ˆ
V
d(ρ̃− ρ)(x)

ˆ
V ′
dρ(y) L(x, y)

+

ˆ
V
d(ρ̃− ρ)(x)

ˆ
V
d(ρ̃− ρ)(y) L(x, y)− ε .

Next, in analogy to the proof of [66, Theorem 4.9], for any n ∈ N we introduce the
measures ρ̃n : B(F)→ [0,∞] by

ρ̃n :=

{
cn ρ̃ on V

ρ(n) on F \ V
with cn :=

ρ(n)(V )

ρ̃(V )
for all n ∈ N .
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Since ρ and ρ̃ coincide on F \D, by virtue of (4.4.17) (see Lemma 4.4.11) we obtain

lim
n→∞

cn = lim
n→∞

ρ(n)(V )

ρ̃(V )
=
ρ(V )

ρ̃(V )
=
ρ(V \D) + ρ(D)

ρ̃(V \D) + ρ̃(D)
= 1 .

Making use of the fact that V ⊂ F is separable (see for instance [4, Corollary 3.5]) and
applying [13, Theorem 2.8] in a similar fashion to the proof of [66, Theorem 4.9], we thus
arrive at

S(ρ̃)− S(ρ) ≥ lim
n→∞

[
2

ˆ
V
d
(
cn ρ̃− ρ(n)

)
(x)

ˆ
V ′
dρ(n)(y) L(x, y)

+

ˆ
V
d
(
cn ρ̃− ρ(n)

)
(x)

ˆ
V
d
(
cn ρ̃− ρ(n)

)
(y) L(x, y)

]
− 2ε .

In view of the fact that ρ̃n and ρ(n) coincide on F(n) \ V for sufficiently large n ∈ N
and L(x, y) = 0 for all x ∈ V and y /∈ V ′, the difference S(ρ̃) − S(ρ) can finally be
estimated by

S(ρ̃)− S(ρ) ≥ lim
n→∞

[
2

ˆ
F(n)

d
(
ρ̃n − ρ(n)

)
(x)

ˆ
F(n)

dρ(n)(y) L(x, y)

+

ˆ
F(n)

d
(
ρ̃n − ρ(n)

)
(x)

ˆ
F(n)

d
(
ρ̃n − ρ(n)

)
(y) L(x, y)

]
− 2ε .

Since ρ(n) is a minimizer on F(n) for every n ∈ N (see §4.3.3 and §4.4.2), we are given(
SF(n)(ρ̃n)− SF(n)(ρ(n))

)
≥ 0 for all n ∈ N . (4.5.2)

Taking the limit n → ∞ on the left hand side of (4.5.2), one obtains exactly the above
expression in square brackets for S(ρ̃)− S(ρ). Since ε > 0 is arbitrary, this implies that

(S(ρ̃)− S(ρ)) ≥ 0 .

Hence ρ is a minimizer under variations in D. �

Our next goal is to extend the previous result to minimizers under variations of finite-
dimensional compact support, which is defined as follows.

Definition 4.5.3. A regular measure ρ on B(F) is said to be a minimizer under
variations of finite-dimensional compact support if the inequality(

S(ρ̃)− S(ρ)
)
≥ 0

holds for any regular measure ρ̃ on B(F) satisfying (4.2.3) with the following property:
There exists n′ ∈ N such that, for all n ≥ n′,

supp
(
ρ̃− ρ

)
⊂ F(n) compact and supp

(
ρ̃− ρ

)
∩ F \ F(n) = ∅ .

Based on this definition, we may state the following existence result.

Proposition 4.5.4. Assume that L ∈ Cb(F×F;R+
0 ) is of bounded range, and assume

that condition (4.3.6) holds. Furthermore, assume that the measure ρ defined by (4.4.6)
satisfies condition (B) in Section 4.5. Then ρ is a minimizer under variations of finite-
dimensional compact support.

Proof. Assuming that ρ̃ is a variation of finite-dimensional compact support, there
exists n′ ∈ N such that

K] := supp
(
ρ̃− ρ

)
⊂ F(n)



120 4. CAUSAL VARIATIONAL PRINCIPLES IN THE INFINITE-DIMENSIONAL SETTING

is compact for all n ≥ n′, implying that ρ̃(K]) = ρ(K]) < ∞ (in view of Lemma 4.5.1).
According to Lemma 4.4.4, the measure ρ given by (4.4.6) is regular, and by regularity
of ρ and ρ̃, for ε̃ > 0 arbitrary we may choose U ⊃ K] open such that

ρ(U \K]) < ε̃ and ρ̃(U \K]) < ε̃ .

By construction of D, there is some compact set D ∈ D such that K] ⊂ D ⊂ U (n′),

where U (n′) := U ∩ F(n′). In particular,

ρ(D \K]) < ε̃ and ρ̃(D \K]) < ε̃ .

Applying Lemma 4.4.11 yields the existence of some relatively compact set V ⊂ F

with D ⊂ V ⊂ U (n′) such that (4.4.15) holds. Moreover,

ρ(V \K]) < ε̃ and ρ̃(V \K]) < ε̃ .

Since ρ̃− ρ is a signed measure of finite total variation and compact support, the differ-
ence (4.2.4) is well-defined (cf. [66, §4.3]),

(S(ρ̃)− S(ρ)) = 2

ˆ
K]

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
K]

d(ρ̃− ρ)(x)

ˆ
K]

d(ρ̃− ρ)(y) L(x, y) .

By adding and subtracting the terms

2

ˆ
V \K]

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y) +

ˆ
V \K]

d(ρ̃− ρ)(x)

ˆ
K]

d(ρ̃− ρ)(y) L(x, y)

as well as ˆ
V
d(ρ̃− ρ)(x)

ˆ
V \K]

d(ρ̃− ρ)(y) L(x, y) ,

one easily verifies that(
S(ρ̃)− S(ρ)

)
= 2

ˆ
V
d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
V
d(ρ̃− ρ)(x)

ˆ
V
d(ρ̃− ρ)(y) L(x, y)−

[ˆ
V
d(ρ̃− ρ)(x)

ˆ
V \K]

d(ρ̃− ρ)(y) L(x, y)

+ 2

ˆ
V \K]

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y) +

ˆ
V \K]

d(ρ̃− ρ)(x)

ˆ
K]

d(ρ̃− ρ)(y) L(x, y)

]
.

Since the Lagrangian L is of bounded range (see Definition 4.3.7), its restriction L(n′) is
of compact range, implying that L(x, y) = 0 for all x ∈ V and y /∈ V ′ for some relatively

compact, open set V ′ ⊂ F(n′) such that (4.4.15) holds. Choosing the open set U ⊃ K]

suitably, one thus can arrange that∣∣∣∣∣
ˆ
V \K]

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

∣∣∣∣∣ ≤ sup
x,y∈V ′

L(x, y) ρ(V ′)︸ ︷︷ ︸
<∞

(
|ρ̃(V \K])|+ |ρ(V \K])|

)︸ ︷︷ ︸
< ε̃
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is arbitrarily small. Applying similar arguments to all summands of the above term in
square brackets, one obtains the estimate(

S(ρ̃)− S(ρ)
)
≥
{

2

ˆ
V
d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
V
d(ρ̃− ρ)(x)

ˆ
V
d(ρ̃− ρ)(y) L(x, y)

}
− ε

for any given ε > 0. Proceeding in analogy to the proof of Proposition 4.5.2 by applying
weak convergence (4.4.15) together with [13, Theorem 2.8] (for details we refer to the
proof of [66, Theorem 4.9]), one can show that the term in curly brackets is greater than
or equal to zero, up to an arbitrarily small error term. Since ε > 0 was chosen arbitrarily,
we finally arrive at (

S(ρ̃)− S(ρ)
)
≥ 0 ,

which proves the claim. �

4.5.3. Existence of Minimizers under Variations of Compact Support. Hav-
ing derived the above preparatory results in §4.5.2, we are now in the position to deal
with minimizers under variations of compact support (see Definition 4.3.6). For clar-
ity, we point out that, whenever ρ̃ is a variation of compact support of the measure ρ
satisfying (4.2.3), the condition |ρ̃ − ρ| < ∞ yields ρ(K) = ρ̃(K) < ∞, where the com-
pact set K ⊂ F is defined by K := supp(ρ̃ − ρ) (for details see Definition 4.2.1 and the
explanations in §4.2.2).

Lemma 4.5.5. Assume that L ∈ Cb(F× F;R+
0 ) is of bounded range, and assume that

condition (4.3.6) holds. Moreover, assume that the measure ρ defined by (4.4.6) satisfies
condition (B) in Section 4.5. Then ρ is a minimizer under variations of compact support.

Proof. Let ρ̃ be a variation of compact support. Then the set K := supp(ρ̃−ρ) ⊂ F

is compact, and ρ(K) = ρ̃(K) < ∞ according to (4.2.3). Given ε̃ > 0 arbitrary, by
regularity of ρ, ρ̃ there exists U ⊃ K open such that ρ(U), ρ̃(U) <∞ and

ρ(U \K) < ε̃ and ρ̃(U \K) < ε̃ .

Moreover, in view of (4.4.5), there exists D ∈ D such that

ρ(U \D) < ε̃ and ρ̃(U \D) < ε̃ .

Since K ⊂ F is compact, the difference (4.2.4) is well-defined (cf. [66, §4.3]),

(S(ρ̃)− S(ρ)) = 2

ˆ
K
d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
K
d(ρ̃− ρ)(x)

ˆ
K
d(ρ̃− ρ)(y) L(x, y) .

Note that, by definition of D, each D ∈ D is the finite union of finite-dimensional subsets
of (F(n))n∈N (cf. §4.4.1). As a consequence, for each D ∈ D there exists n′ ∈ N such

that D ⊂ F(n) for all n ≥ n′. Moreover, by construction of D there exists E ∈ D such
that D ⊂ E◦ ⊂ U (n), where U (n) = U ∩F(n), and according to Lemma 4.4.11 there exists
a relatively compact, open set V ⊂ E◦ such that D ⊂ V . In particular,

ρ(U \ V ) < ε̃ , ρ̃(U \ V ) < ε̃ .
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Thus adding and subtracting the terms

2

ˆ
U\K

d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y) +

ˆ
U\K

d(ρ̃− ρ)(x)

ˆ
K
d(ρ̃− ρ)(y) L(x, y)

as well as ˆ
U
d(ρ̃− ρ)(x)

ˆ
U\K

d(ρ̃− ρ)(y) L(x, y) ,

and proceeding in analogy to the proof of Proposition 4.5.4, we conclude that(
S(ρ̃)− S(ρ)

)
≥ 0 .

Hence ρ is indeed a minimizer under variations of compact support. �

4.5.4. Existence of Minimizers under Variations of Finite Volume. We now
proceed similarly to [66, §4.4] in order to prove the existence of minimizers under vari-
ations of finite volume (see Definition 4.3.5). For the difference of the actions (4.2.4) to
be well-defined, we require the additional property (iv) in §4.2.2, i.e.

sup
x∈F

ˆ
F

L(x, y) dρ(y) <∞ .

Then we can state the following result.

Theorem 4.5.6. Assume that L ∈ Cb(F × F;R+
0 ) is of bounded range, and assume

that condition (4.3.6) holds. Furthermore, assume that the measure ρ defined by (4.4.6)
satisfies condition (B) in Section 4.5. Then ρ is a minimizer under variations of finite
volume.

Proof. Assume that ρ̃ be a variation of finite volume satisfying (4.2.3). Introducing
the set B := supp(ρ̃ − ρ), we thus obtain ρ(B) = ρ̃(B) < ∞. Given ε̃ > 0 arbitrary, by
regularity of ρ, ρ̃ there exists U ⊃ B open such that

ρ(U \B) < ε̃ and ρ̃(U \B) < ε̃ .

Making use of the additional assumption that condition (iv) in §4.2.2 is satisfied, the
difference of the actions (4.2.4) is well-defined. Therefore, proceeding in analogy to the
proof of Lemma 4.5.5 finally gives rise to(

S(ρ̃)− S(ρ)
)
≥ 0 ,

which implies that ρ is a minimizer under variations of finite volume. �

The remainder of this section is devoted to the derivation of the corresponding EL
equations for minimizers under variations of finite volume (§4.5.5).

4.5.5. Derivation of the Euler-Lagrange Equations. The strategy in [66] was
to derive the EL equations in order to prove the existence of minimizers under variations
of finite volume. However, proceeding similarly to [66, §4.2] does not seem promising
in the infinite-dimensional setting. For this reason, we rather proceed in the opposite
direction by first proving the existence of minimizers and then deriving the EL equa-
tions. More precisely, under the assumptions that condition (iv) in §4.2.2 as well as
condition (B) in Section 4.5 are satisfied, Theorem 4.5.6 shows that the measure ρ given
by (4.4.6) is a minimizer under variations of finite volume (see Definition 4.3.5). Under
these assumptions, Lemma 4.4.8 implies that ρ is locally finite. This allows us to proceed
similarly to the proof of [65, Lemma 2.3], thus giving rise to corresponding EL equations.
For convenience, let us state the latter result in greater generality.
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Theorem 4.5.7 (The Euler-Lagrange equations). Let F be topological Hausdorff
space, let ρ be a Borel measure on F (in the sense of [76], i.e. a locally finite measure)
and assume that L : F × F → R+

0 is symmetric and lower semi-continuous. If ρ 6= 0 is
a minimizer of the causal variational principle (4.3.2), (4.2.3) under variations of finite
volume, then the Euler-Lagrange equations

`|supp ρ ≡ inf
x∈F

`(x) (4.5.3)

hold, where the mapping ` : F → [0,∞) is defined by

`(x) :=

ˆ
F

L(x, y) dρ(y)− s (4.5.4)

for some parameter s ∈ R.

Proof. Proceed in analogy to the proof of [65, Lemma 2.3]. �

For clarity, we point out that Theorem 4.5.7 requires that ρ is locally finite. Choosing
the parameter s suitably, one can arrange that the infimum in (4.5.3) vanishes:

Lemma 4.5.8. Assume that the measure ρ given by (4.4.6) is non-zero. Then, under
the assumptions of Theorem 4.5.6, for a suitable choice of s ≥ 0 in (4.5.4) the Euler-
Lagrange equations (4.5.3) read

`|supp ρ ≡ inf
x∈F

`(x) = 0 . (4.5.5)

Proof. Assuming that ρ 6= 0, we conclude that supp ρ 6= ∅. Moreover, under the
assumptions of Theorem 4.5.6, by Lemma 4.4.8 we know that ρ is locally finite. Next,
from Theorem 4.5.6 and Theorem 4.5.7 we deduce that ρ satisfies the EL equations (4.5.3).
By assumption, condition (iv) in §4.2.2 is satisfied, implying that

0 ≤
ˆ
F

L(x, y) dρ(y) <∞ for every x ∈ F .

This allows us to choose s ≥ 0 such that (4.5.5) holds. �

Lemma 4.5.8 generalizes the results of [65, Section 2] and [66, Section 4] to the
infinite-dimensional setting. It remains an open task to prove the existence of a La-
grangian of bounded range such that the measure ρ in (4.4.6) is non-zero and satisfies
condition (iv) in §4.2.2 as well as condition (B) in Section 4.5.

4.6. Minimizers for Lagrangians Vanishing in Entropy

In Section 4.5 the results from [66, Section 4] were generalized to the non-locally
compact setting. This raises the question whether it is possible also to weaken the
assumption that the Lagrangian is of bounded range (see Definition 4.3.7) similarly to
Lagrangians decaying in entropy as introduced in [66, Section 5]. It is precisely the
objective of this section to analyze this question in detail. To this end, we first generalize
the notion of Lagrangians decaying in entropy (§4.6.1). Afterwards we proceed similarly
to [66, Section 5] and Section 4.5 to prove that, under suitable assumptions, the measure
ρ obtained in Theorem 4.4.3 is a minimizer under variations of compact support and
variations of finite volume (see Definition 4.3.6 and Definition 4.3.5).
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4.6.1. Lagrangians Vanishing in Entropy. This subsection is devoted to gen-
eralize the notion of Lagrangians decaying in entropy as introduced in [66, Section 5].
More precisely, in order for the constructions in [66, Section 5] to work, the definition of
Lagrangians decaying in entropy (see Definition 4.2.8 and [66, Definition 5.1]) requires
an unbounded Heine-Borel metric. On the other hand, any Heine-Borel space (that is, a
topological space endowed with a Heine-Borel metric) is σ-compact and locally compact,
see [162]. In particular, every separable Heine-Borel space X is a second-countable,
locally compact Hausdorff space, and hemicompact (see [161, Problem 17I]) in view
of [41, Exercise 3.8.C]. Accordingly, there is a sequence (Kn)n∈N of compact subsets
of X with Kn ⊂ K◦n+1 for every n ∈ N such that any compact set K ⊂ X is contained
in Kn for some n ∈ N and X =

⋃∞
n=1Kn (also see [9, Lemma 29.8]). Moreover, in view

of [9, Theorem 31.5], the space X is Polish. These considerations motivate the following
procedure.

For any second-countable, locally compact Hausdorff topological space X, assume
that the Lagrangian L : X × X → R+

0 is continuous, symmetric and positive on the
diagonal (4.3.1). Moreover, assume that the measure ρ̃ on B(X) is obtained similarly to
the constructions in [66, §4.1]. In order for the constructions in [66, Section 5] to apply,
one requires that, for any x ∈ X and arbitrary ε > 0, there exists Kx,ε ⊂ X compact
such that ˆ

X\Kx,ε
L(x, y) dρ̃(y) < ε .

The results in [162] imply that for any separable, locally compact metric space (X, d)
there is a Heine-Borel metric dHB on X which generates the same topology. In order to
also allow for bounded Heine-Borel metrics in [66, Section 5], it seems preferable to not
specify the set Kx,ε in [66, eq. (5.2)] and the calculations thereafter in terms of a possibly
bounded Heine-Borel metric dHB. For this reason, it seems preferable to formulate the
calculations in [66, §5.1] purely in terms of compact subsets rather than in terms of
(closed) balls (whose diameter depends on the corresponding Heine-Borel metric). To this
end, for any topological space Y , we denote the set of all functions f : Y → R by F(Y ),
and let F+(Y ) be the subset of non-negative such functions. Given a second-countable,
locally compact Hausdorff space X, by F+

0 (X) we denote the subset of non-negative
functions vanishing at infinity in the sense that, for any ε > 0, there exists K ⊂ X
compact with f |X\K < ε (for continuous functions vanishing at infinity we refer to [40,
§VIII.2]).

This allows us to generalize the definition of Lagrangians decaying in entropy by
restating condition (c) in Definition 4.2.8 in the following way: Given the compact ex-
haustion (Km)m∈N of X with Km ⊂ K◦m+1 for every m ∈ N and X =

⋃∞
m=1Km, for

every x ∈ X let N = N(x) be the least integer such that x ∈ Km for all m ≥ N . We now
introduce the sets (Km(x))m∈N by

Km(x) := Km+N−1 for all m ∈ N . (4.6.1)

Introducing entropy Ex(Km(x), δ) according to §4.2.2 as the smallest number of balls
of radius δ > 0 covering Km(x), and replacing (c) in Definition 4.2.8 by (c’), we define
Lagrangians vanishing in entropy as follows.

Definition 4.6.1. Suppose that (X, d) is a second-countable, locally compact metric
space. Then the Lagrangian L : X × X → R+

0 is said to vanish in entropy if the
following conditions are satisfied:
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(a) c := infx∈X L(x, x) > 0.
(b) There is a compact set K ⊂ X such that

δ := inf
x∈X\K

sup
{
s ∈ R : L(x, y) ≥ c

2
for all y ∈ Bs(x)

}
> 0 .

(c’) The Lagrangian has the following decay property: Given an exhaustion of X by
compact subsets (Km)m∈N, there exists f : X × X → R+

0 with f(x, ·) ∈ F+
0 (X) for

every x ∈ X such that, for every x ∈ X and all m ∈ N,

L(x, y) ≤ 2−m
f(x, y)

Cx(m, δ)
for all y ∈ Km(x) ,

where (Km(x))m∈N is defined by (4.6.1),

Cx(m, δ) := C Ex(Km+2(x), δ) for all x ∈ F, m ∈ N and δ > 0

(with entropy Ex(Km(x), δ) as introduced in §4.2.2), and the constant C is given by

C := 1 +
2

c
<∞ .

As mentioned in [66], we may assume that δ = 1 (otherwise we suitably rescale the
corresponding metric on X). Let us point out that Definition 4.6.1, by contrast to
Definition 4.2.8 (see [66, Definition 5.1]), does not require a Heine-Borel metric and thus
allows for more general applications. Definition 4.2.8 can be considered as a special case
of Definition 4.6.1.

Under the assumptions (a), (b), (c’), for any x ∈ X and ε > 0 there exists Kx,ε ⊂ X
compact such that ˆ

X\Kx,ε
L(x, y) dρ̃(y) < ε .

To see this, we make use of the fact that Kn ⊂ K◦n+1 for all n ∈ N. Given x ∈ X and

arbitrary ε > 0, there exists K̃x,ε ⊂ X compact with f(x, y) < ε/6 for all y /∈ K̃x,ε.

Since X is hemicompact, there exists n ∈ N with K̃x,ε ⊂ Kn. We denote the least such
integer by N0 = N0(x, ε). Then the compact set (cf. [66, eq. (5.2)])

Kx,ε := KN0 ⊂ X

has the desired property:
ˆ
X\KN0

L(x, y) dρ̃(y) =

∞∑
m=N0

ˆ
Km+1\Km

L(x, y) dρ̃(y)

≤
∞∑

m=N0

sup
y∈Km+1

L(x, y) ρ̃ (Km+1 \Km)︸ ︷︷ ︸
≤ Cx(m, 1)

≤ sup
y∈X\KN0

f(x, y)

∞∑
m=N0

2−m < ε/3 .

By definition of Cx(m, δ), we are givenˆ
X\Kx,ε

L(x̃, y) dρ̃(y) < ε/3

for all x̃ in a sufficiently small neighborhood of x.
Assuming that the Lagrangian is continuous, we proceed similarly to [66] to prove that

the same is true for the measures ρ̃(n) as given by [66, eq. (4.5)] (where the measures ρ̃(n)
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originate in the same manner as in [66, §4.1]). More precisely, for any given x ∈ X
and ε > 0, we introduce the compact sets Am(x) ⊂ X by

Am(x) := Km+1(x) \Km(x) for all m ≥ N0 = N0(x, ε) .

Next, regularity of ρ̃ yields the existence of open sets Um(x) ⊃ Am(x) with Um(x) ⊂
Km+1(x) \Km−1(x) such that

ρ̃
(
Um \

(
Km+1(x) \Km(x)

))
< 2−m−1ε/3 for all m ≥ N0

In view of [4, Lemma 2.92], for every m ≥ N0 there exists ηm ∈ Cc(Um(x); [0, 1]) such
that ηm|Am(x) ≡ 1, implying that L(x, ·) ηm ∈ Cc(Um(x)) for all m ≥ N0. Repeating the
arguments in [66], we finally arrive at [66, eq. (5.6)], i.e.ˆ

X\Kx,ε
L(x̃, y) dρ̃(n)(y) < ε and

ˆ
X\Kx,ε

L(x̃, y) dρ̃(y) < ε

for all x̃ in a small neighborhood of x and sufficiently large n ∈ N. As a consequence, all
results in [66, Section 5] remain valid for Lagrangians decreasing in entropy.

The advantage of Definition 4.6.1 is that it applies to arbitrary second-countable,
locally compact metric spaces. In particular, by contrast to Definition 4.2.8, it need
not be endowed with an unbounded Heine-Borel metric. Furthermore, the concept of
Lagrangians vanishing in entropy carries over to possibly non-locally compact metric
spaces in the following way.

Definition 4.6.2. Given a metric space (X, d), the Lagrangian L : X × X → R+
0

is said to vanish in entropy if, for any second-countable, locally compact topological
Hausdorff space Y ⊂ X, its restriction L|Y×Y : Y × Y → R+

0 vanishes in entropy with
respect to the induced metric dY := d|Y×Y (see Definition 4.6.1).

4.6.2. Preparatory Results. After these preliminaries we return to causal varia-
tional principles in the non-locally compact setting (see Definition 4.3.4). Accordingly,
let X be a separable infinite-dimensional complex Banach space and assume that F ⊂ X
is a non-locally compact Polish subspace (with respect to the Fréchet metric d induced
by the norm on X). Then (F, d) is a separable, complete metric space. In what follows
we assume that the Lagrangian L : F×F → R+

0 vanishes in entropy (see Definition 4.6.2

and Definition 4.6.1). Considering the finite-dimensional exhaustion F(n) ⊂ F endowed
with the induced metric dn := d|F(n)×F(n) for all n ∈ N, the explanations in §4.3.3 imply

that each closed bounded subset of F(n) (with respect to dn) is compact. Moreover, the

restricted Lagrangians L(n) : F(n) × F(n) → R+
0 vanish in entropy (see Definition 4.6.1).

As outlined in §4.6.1, all results in [66, Section 5] remain valid if we replace “decaying
in entropy” by “vanishing in entropy.” In particular, by applying [66, Theorem 5.8] we

conclude that for each n ∈ N, there is some regular Borel measure ρ[n] on F(n) which is a
minimizer of the corresponding action S(n) := SF(n) under variations of compact support,
where

SE(ρ) :=

ˆ
E
dρ(x)

ˆ
E
dρ(y) L(x, y)

for any E ∈ B(F) (cf. [66, §3.2]). Moreover, in view of [66, Theorem 5.5], for all n ∈ N
the following Euler-Lagrange equations hold,

`[n]|supp ρ[n] ≡ inf
x∈F

`[n](x) = 0 ,
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where the mapping `[n] : F → R is defined by

`[n](x) :=

ˆ
F

L(x, y) dρ[n](y)− 1 .

We point out that Lemma 4.4.1 is applicable to the sequence (ρ[n])n∈N, implying that

ρ[n](K) ≤ CK for all n ∈ N .

For this reason, we may proceed in analogy to Section 4.4 by introducing a countable
set D ⊂ K(F) (see §4.4.1). Next, in analogy to §4.4.2 we iteratively restrict the sequence

of measures (ρ[n])n∈N to Dm ⊂ F compact with Dm ∈ D for all m ∈ N and denote the

resulting diagonal sequence by (ρ(k))k∈N (cf. (4.4.2)). Defining the corresponding set func-
tion ϕ : D→ [0,∞) by (4.4.4) and proceeding in analogy to the proof of Theorem 4.4.3,
we obtain a (possibly trivial) measure ρ on the Borel σ-algebra B(F). Lemma 4.4.4 yields
that the resulting measure ρ : B(F) → [0,+∞] is regular. Moreover, the useful results
Lemma 4.4.10 and Lemma 4.4.11 still apply.

In analogy to Remark 4.4.5, the following remark yields a sufficient condition for the
measure ρ obtained in Theorem 4.4.3 to be non-zero.

Remark 4.6.3. Let (F(n))n∈N be a finite-dimensional approximation of F (for details
see §4.3.3). Assuming that the Lagrangian is bounded and vanishes in entropy (see Defi-

nition 4.6.2), for every x(n) ∈ F(n) and 0 < ε < 1 there exists K
(n)
x,ε ⊂ F(n) compact such

that ˆ
F\K(n)

x,ε

L(x(n), y) dρ(n)(y) < ε .

In view of boundedness of the Lagrangian we introduce the upper bound C <∞ by

C := sup
x,y∈F

L(x, y) > 0 .

Then the EL equations (4.3.4) and (4.3.5) yield

1 ≤
ˆ
F

L(x(n), y) dρ(n) =

ˆ
K

(n)
x,ε

L(x(n), y) dρ(n) +

ˆ
F\K(n)

x,ε

L(x(n), y) dρ(n) ,

implying that

0 <
1− ε
C
≤ ρ(n)(K(n)

x,ε ) for sufficiently large n ∈ N .

Without loss of generality we may assume that K
(n)
x,ε ∈ D for every n ∈ N. Moreover,

we are given Kx,ε(N) :=
⋃N
n=1K

(n)
x,ε ∈ D for every N ∈ N. Therefore, whenever there

exists N ∈ N such that ρ(n)(Kx,ε(N)) ≥ c for almost all n ∈ N and some c > 0, the
measure ρ as defined by (4.4.6) is non-zero. If this holds true for an infinite number of
disjoints sets (Kxi,ε(Ni))i∈N, the measure ρ possibly has infinite total volume.

The remainder of this section is devoted to the proof that the measure ρ defined
by (4.4.6) is, under suitable assumptions, a minimizer under variations of compact support
as well as under variations of finite volume. For non-trivial minimizers, we shall derive
the corresponding EL equations (see §4.6.4).
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4.6.3. Existence of Minimizers. The aim of this subsection is to prove that, under
suitable assumptions, the measure ρ defined by (4.4.6) is a minimizer of the causal vari-
ational principle (4.3.2), (4.2.3) under variations of finite volume (see Definition 4.3.5).
To this end, we first show that ρ is a minimizer of the causal action under variations of
compact support (see Definition 4.3.6).

In order to show that the measure ρ obtained in Theorem 4.4.3 is a minimizer under
variations of compact support, we need to assume that condition (iv) in §4.2.2 holds
(cf. [66, §5.4]), i.e.

sup
x∈F

ˆ
F

L(x, y) dρ(y) <∞ .

Under the additional assumption that the measure ρ obtained in Theorem 4.4.3 also
satisfies condition (B) in Section 4.5, we obtain the following existence result.

Lemma 4.6.4. Assume that the Lagrangian L ∈ Cb(F × F;R+
0 ) vanishes in entropy,

and that condition (4.3.6) holds. Furthermore, assume that the measure ρ obtained
in (4.4.6) satisfies condition (B) in Section 4.5, and that condition (iv) in §4.2.2 holds.
Then ρ is a minimizer under variations of compact support.

Proof. Assume that ρ̃ : B(F)→ [0,∞] is a regular Borel measure satisfying (4.2.3)
such that K := supp(ρ̃−ρ) is a compact subset of F. Then the difference of actions (4.2.4)
as given by

(S(ρ̃)− S(ρ)) = 2

ˆ
K
d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
K
d(ρ̃− ρ)(x)

ˆ
K
d(ρ̃− ρ)(y) L(x, y)

is well-defined (see the explanations in [66, §4.3]). Assuming that condition (iv) in §4.2.2
holds, for any x ∈ F and ε̃ > 0 there exists an integer R = R(x, ε̃) such thatˆ

F\BR(x)
L(x, y) dρ(y) < ε̃/2 .

By continuity of the Lagrangian, there is an open neighborhood Ux of x such thatˆ
F\BR(x)

L(z, y) dρ(y) < ε̃ for all z ∈ Ux .

Proceeding in analogy to the proof of [66, Theorem 5.8] by covering the compact set K ⊂
F by a finite number of such neighborhoods Ux1 , . . . , UxL and introducing the bounded

set BK :=
⋃L
j=1BR(xj), we conclude thatˆ

F\BK
L(x, y) dρ(y) < ε̃ for all x ∈ K .

This implies that, by choosing ε̃ > 0 suitably, the last summand in the expression

(S(ρ̃)− S(ρ)) =

[
2

ˆ
K
d(ρ̃− ρ)(x)

ˆ
BK

dρ(y) L(x, y)

+

ˆ
K
d(ρ̃− ρ)(x)

ˆ
K
d(ρ̃− ρ)(y) L(x, y)

]
+ 2

ˆ
K
d(ρ̃− ρ)(x)

ˆ
F\BK

dρ(y) L(x, y)

is arbitrarily small. For this reason, it remains to consider the term in square brackets
in more detail. Combining the facts that ρ satisfies condition (B) in Section 4.5 and
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that BK ⊂ F is bounded, Lemma 4.5.1 implies that ρ(BK) <∞. Proceeding similarly to
the proof of Lemma 4.5.5, we deduce that the term in square brackets is bigger than or
equal to zero, up to an arbitrarily small error term. This gives rise to

(S(ρ̃)− S(ρ)) ≥ 0 ,

which proves the claim. �

Proceeding similarly to the proof of Lemma 4.6.4, we obtain the following result.

Theorem 4.6.5. Assume that the Lagrangian L ∈ Cb(F×F;R+
0 ) vanishes in entropy,

and that condition (4.3.6) holds. Moreover, assume that the measure ρ obtained in (4.4.6)
satisfies condition (B) in Section 4.5, and that condition (iv) in §4.2.2 holds. Then ρ is
a minimizer under variations of finite volume.

Proof. Assume that ρ̃ : B(F) → [0,∞] is a regular measure satisfying (4.2.3). By
virtue of Lemma 4.5.1, the measure ρ is locally finite, implying that ρ̃ is also a locally
finite measure (see the explanations after Definition 4.3.5). Introducing B := supp(ρ̃−ρ),
we are given ρ(B) = ρ̃(B) < ∞. Since condition (iv) in §4.2.2 holds, the difference of
actions (4.2.4) is well-defined and given by

(S(ρ̃)− S(ρ)) = 2

ˆ
B
d(ρ̃− ρ)(x)

ˆ
F

dρ(y) L(x, y)

+

ˆ
B
d(ρ̃− ρ)(x)

ˆ
B
d(ρ̃− ρ)(y) L(x, y) .

Making use of regularity of ρ and ρ̃, for arbitrary ε̃ > 0 there is U ⊃ B open such that

ρ(U \B) < ε̃ and ρ̃(U \B) < ε̃ .

Approximating U from inside by compact sets K such that

ρ(U \K) < ε̃ and ρ̃(U \K) < ε̃

and proceeding in analogy to the proof of [66, Theorem 5.9] and Lemma 4.6.4, we finally
may deduce that

(S(ρ̃)− S(ρ)) ≥ 0 ,

which proves the claim. �

Theorem 4.6.5 concludes the existence theory in the non-locally compact setting.

4.6.4. Derivation of the Euler-Lagrange Equations. Under the assumptions of
Theorem 4.6.5, for non-trivial measures ρ 6= 0 we are able to deduce the corresponding
Euler-Lagrange equations. More precisely, in analogy to [65, Lemma 2.3] we obtain the
following result.

Theorem 4.6.6. Assume that the Lagrangian L ∈ Cb(F×F;R+
0 ) vanishes in entropy

(see Definition 4.6.2), and that condition (4.3.6) holds. Moreover, assume that the regular
measure ρ obtained in (4.4.6) is non-zero and satisfies condition (B) in Section 4.5 as
well as condition (iv) in §4.2.2. Then the following Euler-Lagrange equations hold,

`|supp ρ ≡ inf
x∈F

`(x) = 0 , (4.6.2)

where ` ∈ C(F) is defined by (4.5.4) for a suitable parameter s ∈ R+
0 .
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Proof. Under the assumptions of Theorem 4.6.6, the measure ρ constructed in (4.4.6)
is locally finite in view of Lemma 4.4.8 and a minimizer under variations of finite volume.
Assuming that ρ 6= 0 and arguing similarly to the proof of Lemma 4.5.8, Theorem 4.5.7
gives rise to (4.6.2). �

Theorem 4.6.6 generalizes the results of [66, Section 5] to the infinite-dimensional
setting. It remains an open task to prove the existence of Lagrangians vanishing in
entropy such that the measure ρ given by (4.4.6) is non-zero and satisfies condition (iv)
in §4.2.2 as well as condition (B) in Section 4.5.

4.7. Topological Properties of Spacetime

The goal of this section is to derive topological properties of spacetime and to work
out a connection to dimension theory. To this end, we let F be a non-locally compact
Polish space in the non-locally compact setting (see Definition 4.3.4). Under suitable
assumptions on the Lagrangian (see Theorem 4.5.6 and Theorem 4.6.5), the measure ρ
obtained in (4.4.6) is a minimizer of the corresponding variational principle (4.3.2). In
order to obtain dimension-theoretical statements on its support, let us first recall some
basic results from dimension theory (§4.7.1). Afterwards we specialize the setting by
applying the obtained results to causal fermion systems (§4.7.2).

4.7.1. Dimension-Theoretical Preliminaries. To begin with, let us first point
out that there are several notions of “dimension” of a topological space, among them the
small inductive dimension ind, the large inductive dimension Ind, the covering dimen-
sion dim, the Hausdorff dimension dimH and the metric dimension µ dim (for details we
refer to [7], [42], [91] and [122]). For a separable metric space X, the relation

dimX ≤ dimH X (4.7.1)

holds in view of [91, Section VII.4]. Moreover, for every separable metrizable space X we
have indX = IndX = dimX (see [42, Theorem 4.1.5]), and µdimY = dimY for every
compact metric space Y (see e.g. [7]).

For a metric space X, the local dimension dimloc : X → [0,∞] is given by

dimloc(x) = inf {dimH(Bε(x)) : ε > 0}
(see [27, §2]), where

dimH(A) = inf {s ≥ 0 : Hs(A) = 0}
is the Hausdorff dimension of A ⊂ X, and Hs is the s-dimensional Hausdorff measure
(the interested reader is referred to [43, Section 2.10], [91, Chapter VII] and [137]).
Whenever X is a separable metric space, then one can show that

dimH(X) = sup
x∈X

dimloc(x) .

Moreover, if X is compact then the supremum is attained (cf. [27, Proposition 2.7]).

Definition 4.7.1. A normal space X is locally finite-dimensional if for every x ∈ X
there exists a normal open subspace U of X such that x ∈ U and dimU < ∞. See [42,
Section 5.5].

In order to apply the above preliminaries to minimizers of the causal variational
principle, let us summarize some general topological properties of the support of a locally
finite measure µ on a Polish space F in the next statement.
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Lemma 4.7.2. Let X be a Polish space, and assume that µ is a locally finite measure
on B(X). Then suppµ ⊂ X is σ-compact, and there exists a locally finite-dimensional
subspace F being dense in suppµ. Whenever suppµ is hemicompact, then suppµ is
locally compact and thus locally finite-dimensional. Moreover, in the latter case there
exists a (Heine-Borel) metric on suppµ such that each bounded subset in suppµ is finite-
dimensional.

Proof. According to Lemma A.3.2, suppµ is a σ-compact separable metric space,
and there is a dense subset F ⊂ suppµ such that each x ∈ F is contained in a compact
neighborhood Nx. In view of [27, Proposition 2.7] we conclude that dimH Nx < ∞ for
every x ∈ suppµ. Thus Definition 4.7.1 together with (4.7.1) gives the first statement.

Whenever suppµ is hemicompact, it is locally compact according to Lemma A.3.2.
Thus each x ∈ suppµ is contained in a compact neighborhood Nx. Making use of [27,
Proposition 2.7] we deduce that dimH Nx < ∞. Since x ∈ suppµ is arbitrary and
the interior of Nx is open, from Definition 4.7.1 we obtain that suppµ is locally finite-
dimensional. Moreover, due to Lemma A.3.2, the space suppµ can be endowed with a
Heine-Borel metric. Accordingly, whenever B ⊂ suppµ is bounded (with respect to the
Heine-Borel metric), its closure is compact. Covering the resulting compact set by a finite
number of compact neighborhoods, we conclude that dimH(B) <∞. �

4.7.2. Application to Causal Fermion Systems. In the remainder of this sec-
tion, we finally apply the previous results to the case of causal fermion systems. To
this end, let H be an infinite-dimensional separable complex Hilbert space. For a given
spin dimension n ∈ N, the set F ⊂ L(H) (for details see [59, Definition 1.1.1]) is a non-
locally compact Polish space (see Theorem A.2.1 and Lemma 4.3.3). Assuming that the
Lagrangian L : F × F → R+

0 is symmetric, lower semi-continuous and strictly positive
on the diagonal (4.3.1), we are exactly in the non-locally compact setting as introduced
in §4.3.2 (see Definition 4.3.4). Therefore, by virtue of Theorem 4.4.3, there exists a
regular measure ρ : B(F)→ [0,∞]. Assuming in addition that the Lagrangian is contin-
uous, bounded and of bounded range and that condition (B) in Section 4.5 is satisfied,
the measure ρ is a minimizer of the causal variational principle (4.3.2), (4.2.3) under
variations of compact support by virtue of Lemma 4.5.5. Under the additional assump-
tion that condition (iv) in §4.2.2 is satisfied, the measure ρ is a minimizer of the causal
variational principle under variations of finite volume due to Theorem 4.5.6. Under these
assumptions, the same is true for Lagrangians vanishing in entropy (see Theorem 4.6.4
and Theorem 4.6.5). As a consequence, we are given a causal fermion system (H,F, ρ),
and spacetime M is defined as the support of the universal measure ρ,

M := supp ρ .

Combining the results of Lemma 4.7.2 and Lemma A.3.2, we arrive at the following main
results of this section.

Theorem 4.7.3. Assume that L ∈ Cb(F × F;R+
0 ) is of bounded range or vanishes in

entropy. Moreover, assume that the measure ρ defined by (4.4.6) satisfies condition (B)
in Section 4.5. Then spacetime M is σ-compact and contains a locally finite-dimensional
dense subspace. Under the additional assumption that spacetime M is hemicompact, it is
a locally finite-dimensional, σ-locally compact Polish space.

Proof. Assuming that condition (B) in Section 4.5 is satisfied, the measure ρ is
locally finite in view of Lemma 4.5.1. Henceforth the statement is a consequence of
Lemma A.3.2 and Lemma 4.7.2. �



132 4. CAUSAL VARIATIONAL PRINCIPLES IN THE INFINITE-DIMENSIONAL SETTING

In [12] the question is raised whether the support of minimizing measures always
is compact. Theorem 4.7.3 indicates that the support should in general at least be σ-
compact.

Under the assumption that the measure ρ is locally finite (for sufficient conditions see
Lemma 4.4.6, Lemma 4.4.8 and Lemma 4.5.1), we obtain the following result.

Theorem 4.7.4. Assume that the measure ρ : B(F) → [0,∞] given by (4.4.6) is
locally finite. Then the interior of spacetime M = supp ρ is empty (in the topology of F).

Proof. Assume that M◦ 6= ∅ in the topology of F. Then U reg := M◦ ∩Freg is open
in the relative topology. Since Freg is a Banach manifold (see [67]), it can be covered
by an atlas (Uα, φα)α∈A for some index set A (cf. [169, Chapter 73]). In particular,
each x ∈ U reg is contained in some open set Uα, whose image Vα := φα(Uα) is open
in some infinite-dimensional Banach space Xα. From Lemma A.3.2 we know that there
exists a dense subset F ⊂ supp ρ such that each x ∈ F has a compact neighborhood.
Given x ∈ F and choosing a compact neighborhood Nx ⊂ Uα for some α ∈ A, from
the fact that the mapping φα is a homeomorphism we conclude that φα(Nx) ⊂ Xα is
a compact neighborhood of φα(x) ∈ Xα which contains a non-empty open subset in
contradiction to [100, Exercise 14.3]. This gives the claim. �

Theorem 4.7.4 generalizes [68, Theorem 3.16] to the infinite-dimensional setting.



CHAPTER 5

Causal Variational Principles in the Homogeneous Setting

Abstract. We derive Euler-Lagrange equations for causal variational princi-
ples in the homogeneous setting for minimizers in the class of strictly negative
definite measures in the strong sense. Our method is to proceed in several
steps: Under the assumption that the Lagrangian is continuously differen-
tiable, the initial step is to compute the first variation of the causal action.
Afterwards, we rewrite the first variation of the causal action in terms of
momentum space. Analyzing the resulting expressions in terms of auxiliary
variational principles, we then derive a convenient representation of the first
variation of the causal action in terms of Lagrange multipliers. By restrict-
ing attention to appropriate variations of minimizers in the class of strictly
negative definite measures in the strong sense, we finally deduce the desired
Euler-Lagrange equations in momentum space.

5.1. Introduction

In the physical theory of causal fermion systems, spacetime and the structures therein
are described by a minimizer of the so-called causal action principle (for an introduction to
the physical background and the mathematical context, we refer the interested reader to
Section 5.2, the textbook [59], the survey articles [62, 64] as well as the web platform [1]).
Given a causal fermion system (H,F, dρ) together with a non-negative function

L : F × F → R+
0 := [0,∞)

(the Lagrangian), the causal action principle is to minimize the action S defined as the
double integral over the Lagrangian

S(ρ) =

ˆ
F

dρ(x)

ˆ
F

dρ(y) L(x, y)

under variations of the measure dρ within the class of regular Borel measures on F

under suitable side conditions. Causal variational principles evolved as a mathematical
generalization of the causal action principle [56, 65]. The existence theory for minimizers
of causal variational principles was developed in [66, 110], and the Euler-Lagrange (EL)
equations in position space were derived. In the homogeneous setting, however, which
is of particular physical interest by establishing a close connection to momentum space,
neither the existence theory is developed nor the EL equations are derived. The aim
of this chapter is to derive the EL equations in momentum space for causal variational
principles in the homogeneous setting.

In order to put the chapter into the mathematical context, in [53] it was proposed to
formulate physics by minimizing a new type of variational principle in spacetime. The
suggestion in [53, Section 3.5] led to the causal action principle in discrete spacetime,
which was first analyzed mathematically in [54]. A more general and systematic inquiry of
causal variational principles on measure spaces was carried out in [56]. In [56, Section 3]
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the existence of minimizers for variational principles in indefinite inner product spaces
is proven in the special case that the total spacetime volume as well as the number
of particles therein are finite. Under the additional assumption that the kernel of the
fermionic projector is homogeneous in the sense that it only depends on the difference
of two spacetime points, variational principles for homogeneous systems were considered
in [56, Section 4] in order to deal with an infinite number of particles in an infinite
spacetime volume. More precisely, the main advantage in the homogeneous setting is
that it allows for Fourier methods, thus giving rise to a natural correspondence between
position and momentum space. As a consequence, one is led to minimize the causal action
by varying in the class of negative definite measures, and the existence of minimizers on
bounded subsets of momentum space is proven in [56, Theorem 4.2].

Unfortunately, restricting attention to bounded subsets amounts to introducing a
“cutoff in momentum space” which seems artificial and should be avoided. Accordingly,
the aim is to develop the corresponding existence theory on whole momentum space.
Roughly speaking, a possible strategy in the homogeneous setting is to proceed in the
spirit of [66] by exhausting momentum space by a sequence of compact subsets; then
the existence result in [56] yields minimizing measures on each compact subset. Having
accomplished to derive the EL equations in momentum space, which is precisely the
objective of this chapter, by suitably rescaling the resulting EL equations one can hope
for constructing global minimizers. Further investigations regarding the existence theory
of minimizers in the homogeneous setting shall be postponed to future projects.

The chapter is organized as follows. In Section 5.2, we first recall some fundamental
definitions concerning indefinite inner product spaces and settle the notation (§5.2.1).
Next, we give a short physical motivation (§5.2.2) and outline variational principles in
infinite spacetime volume (§5.2.3). In Section 5.3 we introduce causal variational princi-
ples in the homogeneous setting. We first consider negative definite measures on whole
momentum space (§5.3.1) and then introduce the more general class of operator-valued
measures (§5.3.2). This allows us to state causal variational principles in the homoge-
neous setting with appropriate side conditions in sufficient generality in the context of
calculus of variations (§5.3.3). In Section 5.4 we show that minimizing sequences are
bounded. Unfortunately, it seems not possible to also infer that minimizing sequences
are uniformly tight. For this reason, the remainder of the chapter is devoted to derive
suitable EL equations in momentum space. The aim of Section 5.5 is to investigate the
first variation of the causal action in the homogeneous setting. To this end, we first
prove that the closed chain is Fréchet differentiable (§5.5.1). Subsequently, we deduce
the first variation of the causal action under the crucial assumption that the Lagrangian
is a continuously differentiable mapping (§5.5.2). We then prove some technical results
(§5.5.3) in order to rewrite the first variation of the causal action in terms of momen-
tum space (§5.5.4). In Section 5.6, the resulting expressions for the first variation of the
causal action are examined in more detail. We start off with a few preliminary notes
(§5.6.1); analyzing the relevant expressions in terms of auxiliary variational principles
(§5.6.2) provides a convenient representation in terms of Lagrange multipliers (§5.6.3).
In Section 5.7, we derive the EL equations for causal variational principles in the homoge-
neous setting. To this end, we first compile general assumptions (§5.7.1) and afterwards
we introduce strictly negative definite measures in the strong sense (§5.7.2). Next, we
consider appropriate variations of strictly negative definite minimizers in the strong sense
of the causal variational principle with fixed support (§5.7.3) as well as variations which
modify the support (§5.7.4). As a consequence, this allows us to deduce the main result of
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this chapter (Theorem 5.7.10). In Section 5.8, we furnish the connection to homogeneous
causal fermion systems. Following [109, Chapter 3], we first recall in which way a neg-
ative definite measure on momentum space gives rise to a corresponding causal fermion
system (§5.8.1). Afterwards we put our results into the physical context (§5.8.2). In the
appendix, we finally explain and justify the side conditions of our variational principle
(Appendix A.4).

5.2. Physical Background and Mathematical Preliminaries

5.2.1. Mathematical Preliminaries and Notation. To begin with, let us com-
pile some fundamental definitions which are of central relevance throughout this chapter.
For details we refer the interested reader to [17], [79] and [111]. Unless specified other-
wise, we always let n ≥ 1 be a given integer.

Definition 5.2.1. A mapping ≺ . | . � : Cn×Cn → C is called an indefinite inner
product if the following conditions hold (cf. [79, Definition 2.1]):

(i) ≺ y | αx1 + βx2 �= α ≺ y | x1 � +β ≺ y | x2 � for all x1, x2, y ∈ Cn, α, β ∈ C.

(ii) ≺ x | y �= ≺ y | x � for all x, y ∈ Cn.
(iii) ≺ x | y �= 0 for all y ∈ Cn =⇒ x = 0.

Definition 5.2.2. Let V be a finite-dimensional complex vector space, endowed with
an indefinite inner product ≺ . | . �. Then (V,≺ . | . �) is called an indefinite inner
product space.

As usual, by L(V ) we denote the set of (bounded) linear operators on a complex
(finite-dimensional) vector space V of dimension n ∈ N. The adjoint of A ∈ L(V ) with
respect to the Euclidean inner product 〈 . | . 〉Cn on V ' Cn is denoted by A†. On the
other hand, whenever (V,≺ . | . �) is an indefinite inner product space, unitary matrices
and the adjoint A∗ (with respect to ≺ . | . �) are defined as follows.

Definition 5.2.3. Let ≺ . | . � be an indefinite inner product on V ' Cn, and let S
be the associated invertible hermitian matrix determined by [79, eq. (2.1.1)],

≺ x | y � = 〈Sx | y〉Cn for all x, y ∈ Cn .
Then for every A ∈ L(V ), the adjoint of A (with respect to ≺ . | . �) is the unique
matrix A∗ ∈ L(V ) which satisfies

≺ Ax | y � = ≺ x | A∗ y � for all x, y ∈ V .

A matrix A ∈ L(V ) is called self-adjoint (with respect to ≺ . | . �) if and only
if A = A∗. In a similar fashion, an operator U ∈ L(V ) is said to be unitary (with
respect to ≺ . | . �) if it is invertible and U−1 = U∗ (see [79, Section 4.1]).

We remark that every non-negative matrix (with respect to ≺ . | . �) is self-adjoint (with
respect to ≺ . | . �) and has a real spectrum (cf. [79, Theorem 5.7.2]). Moreover, the
adjoint A∗ of A ∈ L(V ) satisfies the relation

A∗ = S−1 A† S

in view of [79, eq. (4.1.3)] (where A† denotes the adjoint with respect to 〈 . | . 〉 and A∗

the adjoint with respect to ≺ . | . �). For details concerning self-adjoint operators (with
respect to ≺ . | . �) we refer to [111] and the textbook [17].

In the remainder of this chapter we will restrict attention exclusively to indefinite
inner product spaces (V,≺ . | . �) with V ' C2n for some n ∈ N. It is convenient to
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work with a fixed pseudo-orthonormal basis (ei)i=1,...,2n of V in which the inner product
has the standard representation with a signature matrix S,

≺ u | v � = 〈u | Sv〉 with S = diag(1, . . . , 1︸ ︷︷ ︸
n times

,−1, . . . ,−1︸ ︷︷ ︸
n times

) , (5.2.1)

where 〈 . | . 〉 = 〈 . | . 〉C2n denotes the standard inner product on C2n. The signature matrix
can be regarded as an operator on V ,

S =

(
11 0
0 −11

)
∈ SymmV , (5.2.2)

where SymmV denotes the set of symmetric matrices on V with respect to the spin scalar
product (also cf. [56, proof of Lemma 3.4]). Without loss of generality we may assume
that ei = (0, . . . , 0, 1, 0, . . . , 0)T for all i = 1, . . . , 2n.

Throughout this chapter, we denote Minkowski space by M ' R4 and momentum

space by M̂ ' R4. Identifying M̂ with Minkowski space M, the Minkowski inner product
can be considered as a mapping

〈., .〉 : M̂ ×M → R , (k, x) 7→ 〈k, ξ〉 = ηµν k
µ ξµ = k0 ξ0 −

3∑
i=1

ki ξi

for all ξ = (ξ0, ξ1, ξ2, ξ3) ∈M and k = (k0, k1, k2, k3) ∈ M̂ (with Minkowski metric η,
where we employed Einstein’s summation convention, cf. [73, Chapter 1]).

Moreover, by B(M) and B(M̂) we denote the Borel σ-algebra on Minkowski and

momentum space, respectively. The class of finite complex measures on M̂ is denoted

by MC(M̂). By Cc(M̂) we denote the set of continuous functions on M̂ with compact

support, while Cb(M̂) and C0(M̂) indicate the sets of continuous functions on M̂ which
are bounded or vanish at infinity, respectively. Moreover, by L1

loc(M) we denote the set
of locally integrable functions on M with respect to Lebesgue measure, denoted by dµ.
Unless otherwise specified, Borel measures are understood as locally finite measures on
the Borel σ-algebra in the sense of [76]. A Borel measure is said to be regular if it is inner
and outer regular. Inner regular Borel measures are referred to as Radon measures [40].

5.2.2. Physical Background and Motivation. The purpose of this subsection
is to outline a few concepts of causal fermion systems and to explain how this chapter
fits into the general physical context and the ongoing research program. The reader not
interested in the physical background may skip this section.

To begin with, let us consider the Dirac equation in Minkowski space,

(i/∂ −m) ψ = 0 ,

where /∂ ≡ ∂µγµ denotes the so-called Feynman dagger, and γµ ∈ C4×4 are the Dirac ma-
trices with µ = 0, . . . , 3 (where we make use of the Einstein sum convention). Its solutions
are called Dirac spinors, which are mappings ψ : M → C4, where M denotes Minkowski
spacetime. Introducing the adjoint spinor ψ := ψ†γ0 (where the dagger denotes the ad-
joint with respect to the Euclidean scalar product 〈 . | . 〉C4 on C4), setting ≺ ψ | φ � ≡ ψφ
gives rise to an indefinite inner product of signature (2, 2) on C4 (for basic definitions see
for instance [79]). For this reason, we refer to ≺ . | . � as spin scalar product. In a given
reference frame, it is convenient to introduce a positive scalar product by

(ψ | φ) :=

ˆ
R3

≺ ψ(t, ~x) | γ0φ(t, ~x) � d3~x , (5.2.3)
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where x = (t, ~x) ∈ R× R3 'M. The Hilbert space corresponding to ( . | . ) as defined
by (5.2.3) is given by H = L2(R3,C)4 (see [53, §1.2]).

After these quantum mechanical preliminaries, let us establish the connection to
causal fermion systems. The theory of causal fermion systems is a recent approach to
fundamental physics, originally motivated by the attempt to resolve shortcomings of
relativistic quantum field theory. More precisely, the renormalization program is a method
of getting along with infinite integrals in quantum field theory. Namely, due to ultraviolet
divergences, perturbative quantum field theory is well-defined only after regularization,
which is usually understood as a set of prescriptions for how to make divergent integrals
finite. A common method is to introduce a suitable “cutoff” in momentum space, which
often is associated to Planck energy EP ≈ 1.22·1028 eV. As a consequence of Heisenberg’s
uncertainty principle, the microscopic structure of spacetime for distances smaller than
Planck length `P ≈ 1.6 · 10−35 m is completely unknown. Unfortunately, at present there
is no consensus on what the correct mathematical model for “Planck scale physics” should
be.

The simplest and maybe most natural approach is to assume that on the Planck
scale, spacetime is no longer a continuum but becomes in some way ”discrete.” This is
the starting point in the monograph [53]. The fermionic projector approach outlined
in [53] is based on the belief that on a microscopic scale (like the Planck scale), space-
time should not be modelled by Minkowski space but should have a different, possibly
discrete structure. Consequently, the Dirac equation in Minkowski space should not be
considered as being fundamental, but it should be replaced by equations of different type.
For such a more fundamental description, the scalar product (5.2.3) is problematic for the
following reason: The scalar product (5.2.3) can be regarded as an integral over a Cauchy
hypersurface in spacetime; however, in non-globally hyperbolic spacetimes Cauchy sur-
faces have no mathematical meaning.1 A possible way out is to proceed as follows: For
simplicity, one could still assume that spacetime looks like Minkowski space, but without
taken the Dirac equation for granted. However, dropping the Dirac equation implies that
we are no longer given current conservation on hypersurfaces. As a consequence, the
integral (5.2.3) depends on the choice of the hypersurface, thus motivating to integrate
over whole spacetime instead of hypersurfaces thereof (also cf. [53, preface to the sec-
ond online edition]). Accordingly, integrating the spin scalar product ≺ ψ | φ � for wave
functions ψ, φ on Minkowski space M over whole Minkowski spacetime instead of Cauchy
surfaces thereof gives rise to the expression (cf. [53, eq. (2.3.6)])

< ψ | φ > :=

ˆ
M
≺ ψ(x) | φ(x) � dµ(x) , (5.2.4)

where dµ denotes the Lebesgue measure on Minkowski space. As a result, the vector
space H of all Dirac wave functions ψ, φ : M → C4 endowed with the indefinite inner
product (5.2.4) may be regarded as an (infinite-dimensional) indefinite inner product
space (H,< . | . >). In contrast to the inner product (5.2.3), which can be interpreted as
the probability to detect the corresponding Dirac particle, the inner product (5.2.4) has no

1In general relativity, spacetime is described mathematically by a Lorentzian manifold (see [8]). As
a fundamental example, we consider Minkowski spacetime endowed with the Minkowski inner product of
signature (+,−,−,−), thus giving rise to a Lorentzian manifold (see e.g. [10, Chapter 5] or [123]). Actu-
ally, it is a globally hyperbolic manifold (cf. [125, Chapter 14]). For this reason, it has the topology R×Σ
and hence can be foliated by a one-parameter family of smooth Cauchy surfaces (see for instance [154,
Theorem 4.1.1]). In particular, the Dirac equation in Minkowski space admits unique global solutions if
regular initial data are given on a fixed surface Σt := {(t,x) ∈ R4 : x ∈ R3} (cf. [126, §2.1]).
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immediate physical interpretation [51]. Nevertheless, the advantage of the indefinite in-
ner product (5.2.4) is that it can easily be generalized for instance to a discrete spacetime
if one simply replaces the integral in (5.2.4) by a sum over all spacetime points. These
considerations suggest to regard the indefinite inner product (5.2.4) as being more funda-
mental than (5.2.3). Generalizing the above concept, the connection between indefinite
inner product spaces and Hilbert spaces is established as follows: The above consider-
ations motivate to consider an abstract indefinite inner product space (H,< . | . >) as
the starting point. Restricting attention to its negative definite subspace and taking the
closure with respect to the indefinite inner product (5.2.4) gives rise to a Hilbert space H

(this construction was first given in [61] and considered in more detail in [109]). The
connection between the Hilbert space H and the underlying measure space (M,dµ) is
outlined in more detail in [53, preface to the second online edition]. For the introduction
of wave functions in the abstract setting we refer to [59, §1.1.4]. This procedure gives rise
to causal fermion systems which are analyzed in detail in the textbook [59]. Concerning
the construction of causal fermion systems in the homogeneous setting we refer to §5.8.1
below.

Let us finally point out the connection to the concept of the Dirac sea as introduced
by Paul Dirac in his paper [34], where he assumes that

“(...) all the states of negative energy are occupied except perhaps a few
of small velocity. (...) Only the small departure from exact uniformity,
brought about by some of the negative-energy states being unoccupied,
can we hope to observe.”

Dirac made this picture precise in his paper [35] by introducing a relativistic density
matrix R(t, ~x; t′, ~x′) with (t, ~x), (t′, ~x′) ∈ R× R3 defined by

R(t, ~x; t′, ~x′) =
∑

l occupied

Ψl(t, ~x) Ψl(t′, ~x′) .

In analogy to Dirac’s original idea, in [50] the kernel of the fermionic projector is intro-
duced as the sum over all occupied wave functions

P (x, y) = −
∑

l occupied

Ψl(x) Ψl(y)

for spacetime points x, y ∈ M as outlined in [57]. A straightforward calculation shows
that (see e.g. [60, §4.1]) the kernel of the fermionic projector takes the form

P (x, y) =

ˆ
M̂

d4k

(2π)4
(/k +m) δ(k2 −m2) Θ(−k0) e−ik(x−y) . (5.2.5)

It is referred to as the (unregularized) kernel of the fermionic projector of the vacuum
(cf. [59, eq. (1.2.20) and eq. (1.2.23)] as well as [53, eq. (4.1.1)]; this object already
appears in [48]). We also refer to (5.2.5) as a completely filled Dirac sea.

5.2.3. Variational Principles in Infinite Spacetime Volume. The kernel of the
fermionic projector (5.2.5) is the starting point for the analysis in [56, Section 4]. In order
to deal with systems containing an infinite number of particles in an infinite spacetime
volume, the main simplification in [56] is to assume that the kernel of the fermionic
projector (5.2.5) is homogeneous in the sense that P (x, y) only depends on the difference
vector y − x for all spacetime points x, y ∈ M. As a consequence, for all x, y ∈ M the
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fermionic projector (5.2.5) can be written as a Fourier transform,

P (x, y) =

ˆ
M̂

d4k

(2π)4
P̂ (k) ei〈k,y−x〉 . (5.2.6)

We remark that in [53], the underlying homogeneity assumption P (x, y) = P (y − x)
for all x, y ∈ M is referred to as “homogeneous regularization of the vacuum” (cf. [53,
eq. (4.1.2)] and the explanations thereafter; also see [59, Assumption 3.3.1]).

Thus in order to describe a completely filled Dirac sea in the vacuum (5.2.5), the

Fourier transform P̂ (k) takes the form

P̂ (k) = (/k +m) δ(k2 −m2) Θ(−k0) ,

where δ denotes Dirac’s delta distribution and Θ is the Heaviside function (for details we
refer to [55, §6] and [56]). More generally, in order to obtain a suitable measure-theoretic

framework, we regard P̂ (k)d4k/(2π)4 as a Borel measure dν on M̂, taking values in L(V ).
In particular, the measure

dν(k) = (/k +m) δ(k2 −m2) Θ(−k0) d4k (5.2.7)

has the remarkable property that −dν is positive in the sense that

≺ u | −ν(Ω) u � ≥ 0 for all u ∈ C4 and each Ω ∈ B(M̂) (5.2.8)

with respect to the spin scalar product ≺ . | . � on C4 introduced in §5.2.2.2

Generalizing (C4,≺ . | . �) to some indefinite inner product space (V,≺ . | . �) of
dimension 2n, the above observations motivate the following definition (see [56, Defini-
tion 4.1]):

Definition 5.2.4. Consider a regular Borel measure dν on a bounded set K̂ ⊂ M̂
taking values in L(V ) with the following properties:

(i) For every u ∈ V , the measure d ≺ u | νu � is a finite real measure.

(ii) For every Borel set Ω ⊂ K̂, the operator −ν(Ω) ∈ L(V ) is positive (5.2.8).

2In order to see this, we make use of the fact that the Dirac matrices anti-commute, i.e.

γµγν = −γνγµ whenever µ 6= ν (where µ, ν ∈ {0, . . . , 3}) .

Thus for every k ∈ M̂ with k = (k0,~k), the operators p±(~k) given by [126, eq. (2.13)] satisfy

p±(~k) γ0 =
/k +m

2k0
γ0|k0=±ω(~k) = γ0 p±(−~k)

with ω(~k) =
√
~k2 +m2. Applying the fact that p±(~k) is idempotent and symmetric with respect to the

Euclidean scalar product 〈 . | . 〉C4 on C4 (cf. [126, Proposition 2.14]), the calculation

≺ u | (/k +m) u � = 2k0≺ u | γ0p±(−~k) u � = 2k0〈u | p±(−~k)2 u〉C4 = 2k0〈p±(−~k) u | p±(−~k) u〉C4

for any u ∈ C4 implies that

≺ · | (/k +m) · � is

{
positive semidefinite if k0 > 0

negative semidefinite if k0 < 0 .

Introducing the set Ω− = Ω ∩ {k0 < 0 : k = (k0,~k) ∈ M̂} for any Ω ∈ B(M̂), for all u ∈ V we obtain

≺ u | −ν(Ω) u � = ≺ u | −
ˆ

Ω

(kj γ
j +m) δ

(
〈k, k〉 −m2) Θ(−k0) d4k u �

=

ˆ
Ω−
− ≺ u | (/k +m)u �︸ ︷︷ ︸

≥ 0

δ
(
〈k, k〉 −m2) d4k ≥ 0 .

Therefore, positivity (5.2.8) is a consequence of the corresponding behavior of the operator (/k +m).
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Then dν is called a negative definite measure on K̂ with values in L(V ).

In terms of a negative definite measure dν, the kernel of the fermionic projector is
then introduced by

P (ξ) :=

ˆ
K̂
ei〈p,ξ〉 dν(p) , where ξ := y − x for all x, y ∈M .

Following the procedure in [56, Section 3], for every ξ ∈ M the closed chain is defined
by A(ξ) := P (ξ) P (−ξ). According to [56, eq. (3.7)], the spectral weight |A| of an
operator A ∈ L(V ) is given by the sum of the absolute value of the eigenvalues of A,

|A| =
2n∑
i=1

|λi| ,

where λi denote the eigenvalues of A, counted with algebraic multiplicities. In analogy
to [56, eq. (3.8)], for every ξ ∈M the Lagrangian is introduced via

L[A(ξ)] := |A(ξ)2| − 1

2n
|A(ξ)|2 .

Defining the functionals S and T by [56, eq. (4.5)],

S[ν] :=

ˆ
M
L[A(ξ)] dµ(ξ) , T [ν] :=

ˆ
M
|A(ξ)|2 dµ(ξ) ,

the main result in [56, Section 4] can be stated as follows (see [56, Theorem 4.2]):

Theorem 5.2.5. Let (dνk)k∈N be a sequence of negative definite measures on the

bounded set K̂ ⊂ M̂ such that the functional T is bounded by some constant C > 0, i.e.

T [νk] ≤ C for all k ∈ N .

Then there is a subsequence (dνk`)`∈N as well as a sequence of unitary transforma-

tions (U`)`∈N on V (with respect to ≺ . | . �) such that the measures U` dνk` U
−1
` converge

weakly to a negative definite measure dν with the properties

T [ν] ≤ lim inf
k→∞

T [νk] , S[ν] ≤ lim inf
k→∞

S[νk] .

Theorem 5.2.5 is stated as a compactness result. Applying it to a minimal sequence
yields statements similar to [56, Theorem 2.2 and Theorem 2.3], asserting that the func-

tional S attains its minimum. Restricting to bounded subsets K̂ ⊂ M̂, however, can be
thought of as introducing a cutoff in momentum space which seems artificial and should
be avoided. The first step towards this goal is to proceed in the spirit of [66] by exhausting

the whole space M̂ by compact subsets and to essentially apply the EL equations on each
compact subset. In a second step, one could hope for constructing a global minimizer.

5.3. Causal Variational Principles in the Homogeneous Setting

After the preliminaries stated in Section 5.2, we are now going to introduce causal
variational principles in the homogeneous setting as considered in [109, Chapter 5]. Start-
ing point in what follows is again the kernel of the fermionic projector (5.2.5), which for
all spacetime points x, y ∈M is given by

P (x, y) =

ˆ
M̂

d4k

(2π)4
(/k +m) δ(k2 −m2) Θ(−k0) e−ik(x−y) .
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In analogy to §5.2.3, we essentially assume that the kernel of the fermionic projector is
homogeneous in the sense that P (x, y) only depends on the difference vector y− x for all
spacetime points x, y ∈M. Following the reasoning in §5.2.3, the kernel of the fermionic
projector can be written as Fourier transform (5.2.6). In particular, the measure given
by (5.2.7) yields positivity (5.2.8).

5.3.1. Negative Definite Measures. We now generalize the indefinite inner prod-
uct space (C4,≺ . | . �) to indefinite inner product spaces (V,≺ . | . �) of dimension 2n.
In generalization of Definition 5.2.4, we allow for negative definite measures on whole

momentum space M̂ instead of bounded subsets thereof.

Definition 5.3.1. A vector-valued measure dν on B(M̂) taking values in L(V ) is

called a negative definite measure on M̂ with values in L(V ) if d ≺ u | −ν u � is a

positive finite Borel measure on B(M̂) for every u ∈ V .

Every negative definite measure dν has by definition the property that, for any Borel

set Ω ∈ B(M̂),

≺ u | −ν(Ω) u � ≥ 0 for all u ∈ V , (5.3.1)

thus generalizing (5.2.8). Moreover, given a negative definite measure dν, the complex

measure d ≺ u | ν v � ∈MC(M̂) is defined by polarization for all u, v ∈ V ,

d ≺ u | ν v � :=
1

4

{
d ≺ u+ v | ν (u+ v) �+ i d ≺ u+ iv | ν (u+ iv) �

− d ≺ u− v | ν (u− v) �− i d ≺ u− iv | ν (u− iv) �
} (5.3.2)

(see e.g. [79, eq. (2.2.6)], also cf. [132, Section VIII.3]). Following [109, Definition A.16],
we define integration with respect to negative definite measures as follows:

Definition 5.3.2. Let (V,≺ . | . �) be an indefinite inner product space and let dν

be a negative definite measure. Moreover, let f : M̂ → C be a bounded Borel measurable
function. For all u, v ∈ V , integration with respect to dν is defined by

≺ u |
(ˆ

M̂
f(k) dν(k)

)
v � :=

ˆ
M̂
f(k) d ≺ u | ν(k) v � .

A similar definition in terms of operator-valued measures is stated below (see Defini-
tion 5.3.8). For a connection to spectral theory we refer to [113, Chapter 31].

Unless stated otherwise, in the remainder of this chapter we let (V,≺ . | . �) be
an indefinite inner product space of dimension 2n and signature (n, n) for some given
integer n ≥ 1. We consider Minkowski space M ' R4 (also referred to as position space)

as the group of translations in R4, and let M̂ ' R4 be momentum space. We denote

the set of finite real and complex measures on M̂ by M(M̂) and MC(M̂), respectively.

Whenever V and M̂ are understood, the class of all negative definite measures on M̂ with
values in L(V ) is denoted by Ndm. By (ei)i=1,...,2n we always denote a pseudo-orthonormal
basis of V satisfying (5.2.1).

5.3.2. Operator-Valued Measures. In order to deal with causal variational prin-
ciples in the homogeneous setting in sufficient generality, this subsection is devoted to
put the definition of negative definite measures (see Definition 5.3.1) into the context
of calculus of variations. More precisely, as explained in §5.2.3, the variational princi-
ple as introduced in [56, Section 4] is to minimize the causal action S in the class of
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negative definite measures. Unfortunately, in view of (5.3.1), the set of negative defi-
nite measures does not form a vector space, whereas in the calculus of variations one
usually considers functionals on a real, locally convex vector space (for details we refer
to [168, Section 43.2]). Hence in order to obtain a suitable framework, we first introduce
operator-valued measures, which can be regarded as a generalization of negative defi-
nite measures, thus providing the basic structures required for the calculus of variations
(see Lemma 5.3.5 below). Concerning the connection to vector-valued measures we refer
to [29].

Then operator-valued measures on M̂ with values in L(V ) are introduced as a gener-
alization of negative definite measures (see Definition 5.3.1) in the following way:

Definition 5.3.3. A vector-valued measure dω on B(M̂) taking values in L(V ) is

called an operator-valued measure on M̂ with values in L(V ) if d≺ u | ω v � is a

finite complex measure in MC(M̂) for all u, v ∈ V .

Whenever M̂ and V are understood, the class of operator-valued measures on M̂ with
values in L(V ) shall be denoted by Ovm.

In what follows, the variation of an operator-valued measure plays a central role:

Definition 5.3.4. Given an operator-valued measure dω ∈ Ovm, the variation
of dω, denoted by d|ω|, is defined by

d|ω| :=
2n∑
i,j=1

d |≺ ei | ω ej �| ,

where d | . | denotes the variation of a complex measure. Moreover, the total variation
of dω, denoted by d‖ω‖, is given by

d‖ω‖ := d|ω|(M̂) =
2n∑
i,j=1

d |≺ ei | ω ej �| (M̂) . (5.3.3)

We point out that the variation as given by Definition 5.3.4 crucially depends on the
pseudo-orthogonal (ei)i=1,...,2n basis of V . Nevertheless, the set of operator-valued mea-
sures Ovm is a Banach space with respect to the total variation:

Lemma 5.3.5. The total variation d‖ · ‖ given by (5.3.3) defines a norm on Ovm in
such a way that (Ovm, d‖ · ‖) is a complex Banach space. In particular, (Ovm, d‖ · ‖) is
a real, locally convex vector space.

Proof. For the first part of the statement see the proof of [109, Corollary 5.3]. In
order to show that Ovm is a Banach space, let us consider a Cauchy sequence of operator-
valued measures (dωk)k∈N with respect to the norm (5.3.3), that is, d‖ωk − ωm‖ → 0
as k,m → ∞. Our task is to prove that its limit, denoted by dω, exists and that dω
is contained in Ovm. Assuming that (ei)i=1,...,2n is a pseudo-orthonormal basis of V
satisfying (5.2.1), from (5.3.3) we deduce that

lim
k,m→∞

d‖≺ ei | (ωk − ωm) ej �‖ = 0 for all i, j = 1, . . . , 2n .

Consequently, each sequence (d ≺ ei | ωk ej �)k∈N is a Cauchy sequence of complex mea-

sures in MC(M̂) for all i, j ∈ {1, . . . , 2n}. Since MC(M̂) is a complex Banach space
with respect to the total variation d‖ · ‖ in virtue of [40, Aufgabe VII.1.7], there is a
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complex measure dωi,j ∈ MC(M̂), being the unique limit of (d ≺ ei | ωk ej �)k∈N for
all i, j ∈ {1, . . . , 2n}.

Next, for all i, j ∈ {1, . . . , 2n}, the complex measures dωi,j in MC(M̂) give rise

to an operator-valued measure dω on M̂ with values in L(V ) in such a way that, for
all i, j = 1, . . . , 2n, we are given d ≺ ei | ω ej � = dωi,j . More precisely, defining the

operator ω(Ω) ∈ L(V ) for any Ω ∈ B(M̂) by

ω(Ω) :=



ω1,1(Ω) · · · ω1,2n(Ω)
...

. . .
...

ωn,1(Ω) · · · ωn,2n(Ω)
−ωn+1,1(Ω) · · · −ωn+1,2n(Ω)

...
. . .

...
−ω1,2n(Ω) · · · −ω2n,2n(Ω)


∈ L(V ) ,

we obtain a mapping dω : B(M̂)→ L(V ) such that d ≺ ei | ω ej � = dωi,j ∈MC(M̂) for

all i, j ∈ {1, . . . , 2n}. Since (ei)i=1,...,2n is a basis of V , for any Ω ∈ B(M̂) and arbitrary

elements u =
∑2n

i=1 αi ei, v =
∑2n

j=1 βj ej ∈ V we arrive at

≺ u | ω(Ω) v � =
2n∑
i,j=1

αi βj ≺ ei | ω(Ω) ej � =
2n∑
i,j=1

αi βj ωi,j(Ω) .

The fact that MC(M̂) is a complex Banach space implies that

d ≺ u | ω v � =
2n∑
i,j=1

αi βj dωi,j ∈MC(M̂) for all u,w ∈ V .

This shows that dω ∈ Ovm is an operator-valued measure in view of Definition 5.3.3.
Thus (Ovm, d‖ · ‖) is a complex Banach space with respect to the norm d‖ · ‖ defined
by (5.3.3). Since each norm induces a corresponding Fréchet metric, (Ovm, d‖ · ‖) can be
regarded as a metric space. In particular, each complex vector space is a real one, and
each Banach space is locally convex. This completes the proof. �

Remark 5.3.6. The set of negative definite measures Ndm clearly is a subset of the
vector space Ovm. However, Ndm itself is not a vector space (see [109, Remark 5.6]),
but a cone, i.e. a closed subset under multiplication with positive real numbers.

Next, let us introduce the support of operator-valued measures as follows:

Definition 5.3.7. We define the support of an operator-valued measure dω in the
class of operator-valued measures Ovm as the support of its variation measure d|ω|, i.e.

supp dω := supp d|ω| = M̂ \
⋃{

U ⊂ M̂ : U open and d|ω|(U) = 0
}
.

Since d|ω| is a locally finite measure on a locally compact Polish space, we conclude

that d|ω| is regular and has support, d|ω|(M̂ \ supp d|ω|) = 0.
In a similar fashion, following [16, Definition 7.1.5], an operator-valued measure dω

is called regular if and only if d|ω| is regular. Moreover, the measure dω is said to be tight

if for every ε > 0 there is a compact set Kε ⊂ M̂ such that d|ω|(M̂ \Kε) < ε (cf. [16,
Definition 7.1.4]).
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Definition 5.3.8. In analogy to negative definite measures (see Definition 5.3.2), for

any bounded Borel measurable function f : M̂ → C we define integration with respect to
operator-valued measures dω by

≺ u |
(ˆ

M̂
f(k) dω(k)

)
v � :=

ˆ
M̂
f(k) d ≺ u | ω(k) v � for all u, v ∈ V .

Let us finally state the definition of weak convergence of operator-valued measures.

Definition 5.3.9. We shall say that a sequence (dωk)k∈N of operator-valued measures
converges weakly to some operator-valued measure dω if and only if

lim
k→∞

ˆ
M̂
f d≺ u | ωk v � =

ˆ
M̂
f d ≺ u | ω v � for all u, v ∈ V and f ∈ Cb(M̂) .

We write symbolically dωk ⇀ dω.

Whenever dν ∈ Ndm is a negative definite measure, we recall that, for all u, v ∈ V ,

the complex measure d ≺ u | ν v � in MC(M̂) is defined by polarization (5.3.2). Thus a
sequence of negative definite measures (dν)k∈N converges weakly to some negative definite
measure dν ∈ Ndm if and only if

lim
k→∞

ˆ
M̂
f d≺ u | νk u � =

ˆ
M̂
f d ≺ u | ν u � for all u ∈ V and f ∈ Cb(M̂) .

By polarization (5.3.2) we then conclude that

lim
k→∞

ˆ
M̂
f d≺ u | νk v � =

ˆ
M̂
f d ≺ u | ν v � for all u, v ∈ V and f ∈ Cb(M̂)

in accordance with Definition 5.3.9.

5.3.3. Causal Variational Principles. After these technical preliminaries, we now
return to causal variational principles in the homogeneous setting. Motivated by (5.2.5),
the fermionic projector P (x, y) in the homogeneous setting takes the form

P (x, y) =

ˆ
M̂
eik(y−x) dν(k) (5.3.4)

for all x, y ∈ M, where the measure dν is given by (5.2.7). Generalizing dν according
to §5.2.3 and §5.3.2 to operator-valued measures, for a given operator-valued measure dω

on M̂ with values in L(V ) and all x, y ∈ M we introduce the kernel of the fermionic
projector by

P (x, y) : V → V, P (x, y) :=

ˆ
M̂
eik(y−x) dω(k) .

In order to emphasize the dependence on the operator-valued measure dω, we also
write P [ω](x, y). As P (x, y) is supposed to be homogeneous, only the difference of two
spacetime points x, y ∈M matters; denoting the difference vector by ξ = y−x ∈M, the
kernel of the fermionic projector reads

P (ξ) : V → V, P (ξ) =

ˆ
M̂
eikξ dω(k) . (5.3.5)

We remark that, for every ξ ∈ M, the adjoint of P (ξ) with respect to the spin scalar
product ≺ . | . � is given by (for details see [109, §3.4])

P (ξ)∗ = P (−ξ) . (5.3.6)
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Next, we introduce the corresponding fermionic operator P by (cf. [109, eq. (3.7)])

(Pφ)(x) :=

ˆ
M
P (x, y) φ(y) dµ(y) .

In the homogeneous setting, the fermionic operator can be written as a convolution,

(Pφ)(x) =

ˆ
M
P (x− y) φ(y) dµ(y) ;

it is well-defined for instance on the Schwartz functions S(M, V ) (cf. [109, §5]).
We now proceed similarly to the basic ideas in [53, Chapter 3] in order to set up

a variational principle. More explicitly, our goal is to introduce endomorphisms on the
vector space V which allow us to consider the corresponding eigenvalues. Defining the
so-called spectral weight as the sum of the absolute values of these eigenvalues gives rise
to a Lagrangian, and integration yields the corresponding causal action. The first step in
order to obtain suitable endomorphisms is to form the closed chain, which (as motivated
by [53, §3.5]) for any ξ ∈M is defined as the mapping

A(ξ) : V → V, A(ξ) := P (ξ)P (−ξ) . (5.3.7)

We also write A[ω](ξ) in order to clarify the dependence of the closed chain on the
operator-valued measure dω. Next, given a linear operator A : V → V , we define the
spectral weight by

|A| :=
2n∑
i=1

|λi| ,

where by (λi)i=1,...,2n we denote the eigenvalues of the operator A, counted with algebraic
multiplicities. In this way, the spectral weight yields a connection between endomor-
phisms and scalar functionals.

In order to set up a real-valued variational principle on the class of operator-valued
measures, for every dω ∈ Ovm we introduce the Lagrangian

L[ω] : M → R+
0 , L[ω](ξ) :=

∣∣A[ω](ξ)2
∣∣− 1

2n
|A[ω](ξ)|2 . (5.3.8)

Defining the causal action S : Ovm→ R+
0 ∪ {+∞} by

S(ω) :=

ˆ
M
L[ω](ξ) dµ(ξ) ,

the causal variational principle in the homogeneous setting is to

minimize S(ν) by suitably varying dν in Ndm .

In order to exclude trivial minimizers, we impose the trace constraint

TrV
(
ν(M̂)

)
= c (5.3.9)

for some c > 0. Additionally, for f > 0 we shall either introduce the constraint

TrV
(
− Sν(M̂)

)
≤ f (5.3.10)

(where S denotes the signature matrix (5.2.2)) or the side condition

|ν(M̂)| ≤ f . (5.3.11)
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A motivation for the constraints (5.3.9)–(5.3.11) can be found in Appendix A.4. For the
connection to the boundedness constraint as considered in [56, Section 4] we refer to the
Section 5.4 below (cf. Lemma 5.4.6).

Definition 5.3.10. Given a subset N ⊂ Ndm, the causal variational principle
in the homogeneous setting is to

minimize S(ν) by varying dν in N ⊂ Ndm .

Concerning the side conditions (5.3.9)–(5.3.11), the subset N takes the form

N = {dν ∈ Ndm : dν satisfies conditions (5.3.9) and (5.3.10)} or

N = {dν ∈ Ndm : dν satisfies conditions (5.3.9) and (5.3.11)} .

Motivated by [168, Definition 43.4], we define a minimizer for S as follows:

Definition 5.3.11. A negative definite measure dν ∈ N is said to be a minimizer
for the causal variational principle (5.4.8) if and only if

S(ν̃) ≥ S(ν) for all dν̃ ∈ N .

For further details concerning the calculus of variations we refer to [168, Chapter 43].

5.4. Estimates for Minimizing Sequences

This section is intended to derive estimates for minimizing sequences in the case that
certain side conditions are satisfied. In particular, under such constraints we deduce
that minimizing sequences for causal variational principles in the homogeneous setting
are uniformly tight. Unfortunately, this seems not to suffice for directly proving the
existence of minimizing measures.

Let us assume that (dν(k))k∈N is a sequence of negative definite measures in Ndm,
either satisfying

TrV (−Sν(k)(M̂)) ≤ f or |ν(k)(M̂)| ≤ f

for all k ∈ N and some positive constant f > 0 (and | · | denotes the spectral weight).
The aim of this subsection is to show that in both cases, there exists a sequence of
unitary matrices (Uk)k∈N in L(V ) (with respect to ≺ . | . �) such that the resulting

sequence (Uk dν
(k)U−1

k )k∈N is bounded in Ndm (with respect to the norm (5.3.3)). In
particular, whenever the first condition is imposed, it eventually turns out that one can
choose Uk = 11V for all k ∈ N. In preparation, let us state the following results:

Proposition 5.4.1. For all B,C ∈ L(V ), the operator products BC and CB have
the same spectrum.

Proof. Follow the arguments in [54, Section 3] or cf. [53, eq. (3.5.6)]. �

Lemma 5.4.2. Assume that U ∈ L(V ) is unitary (with respect to ≺ . | . �), and let dν

in Ndm. Then the operators ν(M̂) and U ν(M̂)U−1 have the same spectrum.

Proof. Applying Proposition 5.4.1, we infer that the operators

ν(M̂) = (ν(M̂)U−1)U and U ν(M̂)U−1 = U (ν(M̂)U−1)

have the same spectrum for any unitary matrix U in L(V ). �
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Corollary 5.4.3. For any negative definite measure dν ∈ Ndm and arbitrary unitary
transformations U on V (with respect to ≺ . | . �),

L[U νU−1] = L[ν] and S(U νU−1) = S(ν) .

Proof. Introducing the kernel of the fermionic projector by (5.3.5) and making use
of Definition 5.3.2, for all u,w ∈ V and ξ ∈M we obtain

≺ u | P [U νU−1](ξ) w � = ≺ u |
ˆ

M̂
eikξ d

(
U νU−1

)
(k)w �

=

ˆ
M̂
eikξ d ≺ u | U ν(k)U−1w � =

ˆ
M̂
eikξ d ≺ U−1u | ν(k)U−1w �

= ≺ U−1u |
ˆ

M̂
eikξ dν(k)U−1w � = ≺ u | U

ˆ
M̂
eikξ dν(k)U−1w �

= ≺ u | U P [ν](ξ)U−1w �

for any negative definite measure dν ∈ Ndm and any unitary matrix U (with respect
to ≺ . | . �). Thus non-degeneracy of the indefinite inner product implies that

P [U νU−1] = U P [ν]U−1 .

Henceforth, employing Lemma 5.4.2, we deduce that the spectral weight of the closed
chain A defined by (5.3.7) is unaffected by unitary similarity, i.e.∣∣A[U νU−1](ξ)

∣∣ =
∣∣U A[ν](ξ)U−1

∣∣ = |A[ν](ξ)| for all ξ ∈M .

Analogously, for every ξ ∈M we obtain∣∣A[U νU−1](ξ)2
∣∣ =

∣∣∣(U A[ν](ξ)U−1
)2∣∣∣ =

∣∣A[ν](ξ)2
∣∣ ,

thus implying that

L[U νU−1](ξ) = L[ν](ξ) for all ξ ∈M

as well as S(U νU−1) = S(ν). This completes the proof. �

We are now in the position to prove the following result:

Lemma 5.4.4. Let f > 0 and assume that (dν(k))k∈N is a sequence in Ndm such that

TrV
(
− Sν(k)(M̂)

)
≤ f for all k ∈ N

(where S denotes the signature matrix). Then there exists a positive constant C > 0

in such a way that d‖ν(k)‖ ≤ C for all k ∈ N, where d‖ · ‖ denotes the total variation
according to Definition 5.3.4.

Proof. For convenience, we fix an arbitrary integer k ∈ N and let dν = dν(k). Next,
we let (ei)i=1,...,2n be a pseudo-orthonormal basis of V with signature matrix S such

that (5.2.1) is satisfied. Then d ≺ ei | ν ej � is a finite complex measure in MC(M̂) for
every i, j ∈ {1, . . . , 2n} according to Definition 5.3.3, i.e.

d‖≺ ei | ν ej �‖ = d|≺ ei | ν ej �|(M̂) <∞ for all i, j = 1, . . . , 2n .
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Employing the definition of the total variation of complex measures and applying the
Schwarz inequality (see e.g. [109, Lemma A.13] or [79, ineq. (2.3.9)]), we obtain

d‖≺ ei | ν ej �‖ = sup
∑
n∈N
|≺ ei | ν(En) ej �| = sup

∑
n∈N
|≺ ei | −ν(En) ej �|

≤ sup
∑
n∈N

√
|≺ ei | −ν(En) ei �|

√
|≺ ej | −ν(En) ej �| ,

where the supremum is taken over all partitions (En)n∈N of M̂ (cf. [139, Chapter 6]).
Applying Young’s inequality (see e.g. [5, §1]), for all i, j ∈ {1, . . . , 2n} we arrive at

d‖≺ ei | ν ej �‖ ≤ sup
∑
n∈N

√
|≺ ei | −ν(En) ej �|

√
|≺ ej | −ν(En) ej �|

≤ 1

2
sup

∑
n∈N

(|≺ ei | −ν(En) ei �|+ |≺ ej | −ν(En) ej �|)

≤ 1

2

[
sup

∑
n∈N
|≺ ei | −ν(En) ei �|+ sup

∑
n∈N
|≺ ej | −ν(En) ej �|

]

=
1

2
(d‖≺ ei | ν ei �‖+ d‖≺ ej | ν ej �‖) .

Due to the fact that d ≺ ei | −ν ei � is a positive measure for each i ∈ {1, . . . , 2n}, the
total variation d‖≺ ei | ν ej �‖ is bounded by

d‖≺ ei | ν ej �‖ ≤
2n∑
i=1

d‖≺ ei | ν ei �‖ =

2n∑
i=1

≺ ei | −ν(M̂) ei �

for all i, j ∈ {1, . . . , 2n}. The last expression can be estimated by

2n∑
i=1

≺ ei | −ν(M̂)ei � =

2n∑
i=1

〈ei | −Sν(M̂)ei〉 = TrV
(
− Sν(M̂)

)
≤ f ,

thus completing the proof. �

In the case that the spectral weight is bounded (in analogy to [54, Theorem 6.1]), we
obtain the following result:

Lemma 5.4.5. Let f > 0 and assume that (dν(k))k∈N is a sequence in Ndm such that

|ν(k)(M̂)| ≤ f for all k ∈ N

(where | · | denotes the spectral weight). Then there is a sequence (Uk)k∈N of unitary
operators on V (with respect to ≺ . | . �) as well as a positive constant C > 0 such

that d‖Uk ν(k) U−1
k ‖ ≤ C for all k ∈ N (where d‖ · ‖ denotes the total variation according

to Definition 5.3.4).

Proof. The basic idea is to make use of [56, Lemma 4.4]. For convenience, we fix

an arbitrary integer k ∈ N and let dν = dν(k). Moreover, let (ei)i=1,...,2n be a pseudo-
orthonormal basis of V with signature matrix S such that (5.2.1) is satisfied (see for
instance [79, §2.3] or [109, §3.3]). Since V is a finite-dimensional vector space, all norms
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on L(V ) are equivalent, and one of these norms is given by

‖A‖1 = max
j=1,...,2n

2n∑
i=1

|〈ei | Aej〉| (5.4.1)

for any A ∈ L(V ), where | . | denotes the absolute value. Moreover, for any unitary ma-
trix U in L(V ) (with respect to ≺ . | . �), we may introduce another pseudo-orthonormal
basis (fj)j=1,...,2n by

fi := U−1 ei for all i = 1, . . . , 2n . (5.4.2)

Making use of U∗ = U−1, for all i, j = 1, . . . , 2n we obtain

d ≺ ei | U ν U−1ej � = d ≺ U∗ ei | ν U−1 ej � = d ≺ fi | ν fj � . (5.4.3)

Since dν is a negative definite measure, the operator −ν(M̂) is positive (5.3.1). Thus in
view of [56, Lemma 4.4], for any ε > 0 there is a unitary matrix U = U(ε) in L(V ) (with

respect to ≺ . | . �) so that U ν(M̂) U−1 is diagonal, up to an arbitrarily small error

term ∆ν(M̂) with ‖∆ν(M̂)‖1 < ε. Since k ∈ N is arbitrary, we thus obtain a sequence

of negative definite measures (Uk dν
(k) U−1

k )k∈N.

Next, in order to prove that (Uk dν
(k) U−1

k )k∈N is bounded with respect to the to-
tal variation defined by (5.3.3), for each k ∈ N we consider the basis (fi)i=1,...,2n given
by (5.4.2) with respect to the unitary matrix U = Uk. Accordingly, each d ≺ fi | ν fj � is

a finite complex measure in MC(M̂) in view of Definition 5.3.3,

d‖≺ fi | ν fj �‖ = d|≺ fi | ν fj �|(M̂) <∞ for all i, j = 1, . . . , 2n .

Employing the definition of the total variation of complex measures and applying the
Schwarz inequality in analogy to the proof of Lemma 5.4.4, we obtain

d‖≺ fi | ν fj �‖ ≤ sup
∑
n∈N

√
|≺ fi | −ν(En) fi �|

√
|≺ fj | −ν(En) fj �| ,

where the supremum is taken over all partitions (En)n∈N of M̂ (cf. [139, Chapter 6]).
Applying Young’s inequality in analogy to the proof of Lemma 5.4.4, we arrive at

d‖≺ fi | ν fj �‖ ≤
1

2
(d‖≺ fi | ν fi �‖+ d‖≺ fj | ν fj �‖)

for all i, j ∈ {1, . . . , 2n}. Since S = S−1 and U∗ = S−1 U † S in view of [79, eq. (4.1.3)]
(where U † denotes the adjoint with respect to 〈 . | . 〉 and U∗ the adjoint with respect
to ≺ . | . �), for all i = 1, . . . , 2n we obtain

d‖≺ fi | −ν fi �‖ = ≺ fi | −ν(M̂) fi � ≤
2n∑
i,j=1

∣∣∣≺ U−1 ei | ν(M̂) U−1 ej �
∣∣∣

≤
2n∑
i,j=1

∣∣∣≺ SU∗ SSei | Sν(M̂) U−1 ej �
∣∣∣ =

2n∑
i,j=1

∣∣∣〈U † ei | ν(M̂) U−1 ej〉
∣∣∣ |si|

=

2n∑
i,j=1

∣∣∣〈ei | U ν(M̂) U−1 ej〉
∣∣∣ (5.4.1)

≤ 2n ‖U ν(M̂) U−1‖1 ,

where we made use of Sei = siei with |si| = |〈ei | Sei〉| = 1 for all i = 1, . . . , 2n and
employed the fact that d ≺ fi | −ν fi � is a positive measure for any i ∈ {1, . . . , 2n}.
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Taken the previous results together, by (5.4.3) we obtain the inequality

d‖≺ ei | U ν U−1 ei �‖ = d‖≺ fi | −ν fi �‖ ≤ 2n ‖U ν(M̂) U−1‖1 (5.4.4)

for all i = 1, . . . , 2n. Thus it only remains to find an upper bound for ‖U ν(M̂) U−1‖1
in terms of f by establishing a connection to the spectral weight |ν(M̂)|. To this end

we exploit the fact that U ν(M̂)U−1 is diagonal according to [56, Lemma 4.4], up to an

arbitrarily small error term ∆ν(M̂),

U ν(M̂)U−1 = diag
(
λ̃1(U), . . . , λ̃2n(U)

)
+ ∆ν(M̂) .

Denoting the eigenvalues of U ν(M̂)U−1 by λi(U) for all i = 1, . . . , 2n, by choosing the

error term ∆ν(M̂) sufficiently small we can arrange that

2n∑
i=1

|λ̃i(U)− λi(U)| < ε for any ε > 0 .

Since the off-diagonal elements ‖∆ν(M̂)‖1 < ε are arbitrarily small, we thus obtain

‖U ν(M̂)U−1‖1 ≤ ‖diag(λ̃1(U), . . . , λ̃2n(U))‖1 + ‖∆ν(M̂)‖1 ≤
2n∑
i=1

|λi(U)|+ 2ε .

Applying Lemma 5.4.2, we conclude that |ν(M̂)| = |U ν(M̂)U−1| (where | · | denotes the
spectral weight). Choosing ε < 1/2, we arrive at

‖U ν(M̂)U−1‖1 ≤ |ν(M̂)|+ 1 ≤ f + 1 .

Hence in view of Definition 5.3.4 and (5.4.4), we obtain

d‖Uk ν(k) U−1
k ‖ =

2n∑
i,j=1

d‖≺ ei | Uk ν(k) U−1
k ej �‖ ≤ (2n)3 (f + 1) =: C .

This completes the proof. �

Let us finally establish a connection to the boundedness constraint as considered
in [56, Section 4] (which originally was proposed in [53, eq. (3.5.10)] as a constraint
for the causal action principle). In the homogeneous setting, for any operator-valued
measure dω ∈ Ovm we introduce the mapping t[ω] : M → R+

0 by

t[ω](ξ) := |A[ω](ξ)|2 for all ξ ∈M .

We then define the functional T : Ovm→ R+
0 ∪ {+∞} by

T (ω) :=

ˆ
M

t[ω](ξ) dµ(ξ) =

ˆ
M
|A[ω](ξ)|2 dµ(ξ) .

Given C > 0, the corresponding boundedness constraint reads

T (ω) ≤ C . (5.4.5)

These considerations allow us to derive the following result.

Lemma 5.4.6. Whenever dν ∈ Ndm is a negative definite measure satisfying the
boundedness constraint (5.4.5), it satisfies condition (5.3.11) for some constant f > 0.
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Proof. Let us first note that t[ν] ∈ L1
loc(M) whenever dν ∈ Ndm satisfies (5.4.5). In

analogy to [72, Section 3.4], for every f ∈ L1
loc(M) we then introduce

Gr f(x) :=
1

µ(Br(x))

ˆ
Br(x)

f(y) dµ(y) for all x ∈M and r > 0 ,

and by virtue of [72, Theorem 3.18] we know that

lim
r→0

Gr f(x) = f(x) for almost every x ∈M .

Since µ(Bε(x)) > 0 for every x ∈ M and arbitrary ε > 0, continuity of A[ν] yields the
existence of x0 ∈M such that

|A[ν](0)|2 < t[ν](x0) + 1 = lim
ε↘0

ˆ
Bε(x0)

|A[ν](ξ)|2 dµ(ξ) + 1 ≤ C + 1 . (5.4.6)

We now apply (5.4.6) in order to prove that |ν(M̂)| < f for some constant f > 0. To
this end, we essentially employ [56, Lemma 4.4]. More precisely, for any negative definite
measure dν and arbitrary ε > 0, there is a unitary operator U ∈ L(V ) (with respect
to ≺ . | . �) such that

U ν(M̂)U−1 = −diag(λ̃1, . . . , λ̃2n) + ∆ν(M̂) ,

where the real parameters λ̃i (i = 1, . . . , 2n) are ordered according to [56, eq. (2.6)],

and ‖∆ν(M̂)‖ < ε. Denoting by {., .} the anti-commutator, we thus obtain

U A[ν](0)U−1 =
(
U ν(M̂)U−1

)2
= diag

(
λ̃2

1, . . . , λ̃
2
2n

)
−
{

diag(λ̃1, . . . , λ̃2n),∆ν(M̂)
}

+ ∆ν(M̂)2 .

Since ‖ν(M̂)‖ < ∞, the absolute values of λ̃i are bounded for all i = 1, . . . , 2n; from

this we conclude that the spectrum of diag
(
λ̃2

1, . . . , λ̃
2
2n

)
coincides with the spectrum

of A[ν](0), up to an arbitrarily small error term (where we applied the fact that the
spectra of A[ν](0) and U A[ν](0)U−1 coincide according to Lemma 5.4.2). In a similar

fashion, one can show that the spectra of ν(M̂) and −diag(λ̃1, . . . , λ̃2n) coincide, up to
an arbitrarily small error term. Neglecting the error terms in what follows, we thus can
arrange that

|ν(M̂)| ≤ 2
2n∑
i=1

|λ̃i| and

2n∑
i=1

λ̃2
i ≤ 2|A[ν](0)| .

Employing Jensen’s inequality, we conclude that

|ν(M̂)|2 ≤ 4

(
2n∑
i=1

|λ̃i|

)2

≤ 8n
2n∑
i=1

|λ̃i|2 ≤ 16n|A[ν](0)| .

Applying (5.4.6), the boundedness constraint gives rise to the desired estimate

|ν(M̂)| < 4
√
n(C + 1) =: f ,

which completes the proof. �

Corollary 5.4.7. Let C > 0 and assume that (dν(k))k∈N is a sequence in Ndm such
that

T (ν(k)) ≤ C for all k ∈ N
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Then there is a sequence (Uk)k∈N of unitary operators on V (with respect to ≺ . | . �) as

well as a positive constant C ′ > 0 such that d‖Ukν(k)U−1
k ‖ ≤ C

′ for all k ∈ N (where d‖·‖
denotes the total variation according to Definition 5.3.4).

Proof. Combine Lemma 5.4.6 and Lemma 5.4.5. �

One possible strategy in order to prove the existence of minimizers is to show that
the resulting subsequences according to Lemma 5.4.4 and Lemma 5.4.5 are uniformly
tight as well. In this case, by applying Prohorov’s theorem one immediately obtains the
existence of a weakly converging subsequence, thus giving rise to the desired minimizer.
Unfortunately, this strategy does not seem to work for the following reason: We do
not know whether the resulting sequences contain uniformly tight subsequences. This
shortcoming makes it necessary to proceed in a different way in the spirit of [66]. More
explicitly, our goal is to first derive the EL equations and then to suitable apply them
in order to deduce the existence of a global minimizer. It is precisely the objective in
the remainder of this chapter to derive the EL equations under suitable assumptions.
For technical simplicity, in what follows we shall restrict attention to the subsequent side
conditions.

Definition 5.4.8. Given c, f > 0, we call dν ∈ Ndm admissible if and only if

TrV (ν(M̂)) = c and TrV (−Sν(M̂)) = f . (5.4.7)

Introducing the corresponding subset N ⊂ Ndm by

N := {dν ∈ Ndm : property (5.4.7) is satisfied} ,
the causal variational principle in the homogeneous setting is to

minimize S(ν) by varying dν in N ⊂ Ndm . (5.4.8)

In agreement with [168, Definition 43.4], we define a minimizer for S as follows:

Definition 5.4.9. A negative definite measure dν ∈ N is said to be a minimizer
for the causal variational principle (5.4.8) if and only if

S(ν̃) ≥ S(ν) for all dν̃ ∈ N .

5.5. Analysis of the Causal Action in the Homogeneous Setting

In order to eventually develop the existence theory of minimizers of causal variational
principles in the homogeneous setting (see Definition 5.4.8), our strategy is basically to
derive and essentially exploit the EL equations corresponding to minimizers on compact
subsets which exist in view of [56, Theorem 4.2]. Accordingly, in what follows we shall
always assume dν is a negative definite measure in Ndm which is a minimizer in the
sense of Definition 5.4.9 (possibly restricted to a compact subset of momentum space).
In order to specify the minimizer dν in more detail and to realize our basic strategy, the
remainder of this chapter is devoted to derive the corresponding EL equations. In a first
step, the goal of this section is to analyze important properties of the causal action in
the homogeneous setting. To begin with, we prove Fréchet differentiability of the closed
chain (§5.5.1) and compute the first variation of the causal action (§5.5.2). Afterwards,
we shall derive some useful results (§5.5.3) which allow us to express the first variation
of the causal action in terms of momentum space (§5.5.4).

Unless specified otherwise, for given n ∈ N we always assume that (V,≺ . | . �)
is a finite-dimensional inner product space of dimension 2n. By M ' R4 we denote
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Minkowski space and let M̂ be momentum space M̂. Moreover, by Ndm and Ovm we

indicate the class of negative definite and operator-valued measures on M̂ with values
in L(V ), respectively.

For convenience, let us briefly recall some important definitions required in the fol-
lowing. Further details can be found in [168].

Remark 5.5.1. Let X be a real locally convex space, and let F : D(F ) ⊂ X → R be
a functional (where D(F ) denotes the domain of F ). Then the first variation of F at
a given fixed interior point u0 ∈ D(F ) in the direction h ∈ X is given by

δF (u0;h) :=
dF (u0 + th)

dt

∣∣∣
t=0

.

Given u0 ∈ X, the Gâteaux derivative of F at u0, denoted by F ′(u0) ∈ X∗, exists if
and only if δF (u0;h) exists and h 7→ δF (u0;h) is continuous and linear. In this case,

δF (u0;h) = 〈F ′(u0), h〉 for all h ∈ X

(where 〈., .〉 denotes duality). Whenever the Gâteaux derivative F ′(u) is defined for all u in
a neighborhood U(u0) of u0, and if F ′ : U(u0) ⊂ X → X∗ is continuous at u0, then F ′(u0)
coincides with the Fréchet derivative of F (for details see [168, Section 40.1]).

5.5.1. Properties of the Closed Chain. The purpose of this subsection is to show
that the closed chain can be regarded as a Fréchet differentiable mapping on the class of
operator-valued measures (Lemma 5.5.3). To clarify notation, by ‖ · ‖L(V ) we denote the
operator norm on L(V ), and d‖ · ‖ indicates the total variation (5.3.3) on Ovm.

Let us begin with the following remark.

Remark 5.5.2. Choosing a gauge, for any dω ∈ Ovm and ξ ∈ M we can represent
the fermionic projector P [ω](ξ) ∈ L(V ) by a complex matrix. Whenever d‖ω̃ − ω‖ < ε
for operator-valued measures dω, dω̃ ∈ Ovm, for arbitrary ξ ∈M we arrive at

‖P [ω̃](ξ)− P [ω](ξ)‖L(V ) =

∥∥∥∥ˆ
M̂
eipξ dω̃(p)−

ˆ
M̂
eipξ dω(p)

∥∥∥∥
L(V )

≤ d ‖ω̃ − ω‖ < ε

by linearity of the integrator (cf. [109, Definition A.29]). Therefore, small perturbations
of dω according to d‖ω̃ − ω‖ < ε affect the closed chain A(ξ) in the following way,

‖A[ω̃](ξ)−A[ω](ξ)‖L(V ) = ‖P [ω̃](ξ)P [ω̃](−ξ)− P [ω](ξ)P [ω](−ξ)‖L(V )

≤ ε
(
‖P [ω̃](−ξ)− P [ω](−ξ)‖L(V ) + ‖P [ω](−ξ)‖L(V )

)
+ ε ‖P [ω](ξ)‖L(V )

< ε2 + ε ‖P [ω](−ξ)‖L(V ) + ε ‖P [ω](ξ)‖L(V ) ≤ ε
2 + 2ε d‖ω‖

for any ξ ∈M. Since ξ ∈M is arbitrary, the previous inequalities imply that

sup
ξ∈M
‖P [ω̃](ξ)− P [ω](ξ)‖L(V ) < ε ,

sup
ξ∈M
‖A[ω̃](ξ)−A[ω](ξ)‖L(V ) ≤ ε

2 + 2ε d‖ω‖
(5.5.1)

whenever dω, dω̃ ∈ Ovm satisfying d‖ω̃ − ω‖ < ε.

We employ Remark 5.5.2 to prove that the closed chain is Fréchet differentiable:

Lemma 5.5.3. For any ξ ∈M, the mapping

A[·](ξ) : Ovm→ L(V ) , dω 7→ A[ω](ξ)
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is Fréchet differentiable, and its Fréchet derivative coincides with its first variation, de-
noted by δA(ξ). Moreover, δA(ξ) is self-adjoint in the sense that δA(ξ)∗ = δA(ξ) (with
respect to the spin scalar product ≺ . | . �).

Proof. For any ξ ∈M, the mapping P [·](ξ) : Ovm→ L(V ) is linear,

P [ω + τη](ξ) =

ˆ
M̂
eikξ d

(
ω + τη

)
(k) = P [ω](ξ) + τP [η](ξ)

for all dω, dη ∈ Ovm and τ ∈ R. Thus we obtain

A[ω + τη](ξ)−A[ω](ξ) =
(
P [ω](ξ) + τP [η](ξ)

)(
P [ω](−ξ) + τP [η](−ξ)

)
−A[ω](ξ)

= τP [η](ξ)P [ω](−ξ) + τP [ω](ξ)P [η](−ξ) + τ2A[η](ξ) ,

implying that

lim
τ→0

A[ω + τη](ξ)−A[ω](ξ)

τ
= P [η](ξ) P [ω](−ξ) + P [ω](ξ) P [η](−ξ) .

Given ξ ∈M and dω ∈ Ovm, the mapping A′[ω](ξ) : Ovm→ L(V ) defined by

Ovm 3 dη 7→
[
A′[ω](ξ)

]
(η) := P [η](ξ)P [ω](−ξ) + P [ω](ξ)P [η](−ξ)

is linear and continuous in the sense that for any ε > 0 there is δ > 0 such that

‖A′[ω](ξ)−A′[η](ξ)‖L(V ) < ε whenever d‖ω − η‖ < δ

by virtue of (5.5.1). From this we infer that A′[ω](ξ) : Ovm → L(V ) is the Gâteaux
derivative of the closed chain at dω (cf. [168, §40]). Since Ovm is a normed vector
space (see Lemma 5.3.5) and A′ is continuous, the closed chain is Fréchet differentiable;
moreover, its Fréchet derivative coincides with its first variation (see [168, §40]),

δA[ω; η](ξ) = 〈A′[ω](ξ), η〉 for all dη ∈ Ovm∗

(where Ovm∗ denotes the dual space of Ovm). The last statement follows from the fact
that P [ω](ξ)∗ = P [ω](−ξ) in view of (5.3.6) for any dω ∈ Ovm (with respect to the spin
scalar product ≺ . | . �). �

5.5.2. First Variation of the Causal Action. After these preparations, we can
deal with the first variation of the causal action S. For any dω, dη ∈ Ovm, we assume
that

δS(ω; η) =

ˆ
M
δL[ω; η](ξ) dµ(ξ) (5.5.2)

(for necessary and sufficient conditions we refer to [95]), which motivates to analyze
variations of the Lagrangian in more detail. To this end, in what follows we consider the
Lagrangian (5.3.8) as a mapping

L : L(V ) ' C2n×2n → R+
0 , A 7→ L[A] =

∣∣A2
∣∣− 1

2n
|A|2 . (5.5.3)

In order to calculate the first variation of the causal action (and henceforth to infer the
corresponding Euler-Lagrange equations), we make the following assumption:
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Assumption 5.5.4. Unless otherwise specified, in the remainder of this chapter we
assume that (5.5.2) holds for all dω, dη ∈ Ovm. Furthermore, we assume that the La-
grangian (5.5.3) is a continuously differentiable mapping L(V ) 3 A 7→ L[A] ∈ R with
respect to the real and imaginary part of Aα,β for all α, β = 1, . . . , 2n and A ∈ L(V ).3

In order to explain this assumption, for any ξ ∈M we rewrite A(ξ) as

A(ξ) = P (ξ)P (−ξ) (5.3.6)
= P (ξ)P (ξ)∗ ∈ C2n×2n .

Thus for any α, β ∈ {1, . . . , 2n}, the components of the closed chain are given by(
A(−ξ)

)
α,β

= 〈eα | A(−ξ)eβ〉C2n
(5.2.1)

= ≺ eα | SP (−ξ)P (−ξ)∗ eβ �

= 〈P (ξ)Seα | SP (ξ)eβ〉C2n =
2n∑

j,k=1

(
P (ξ)S eα

)
j

(
SP (ξ)eβ

)
k
.

Making use of Seα = sαeα for all α = 1, . . . , 2n in view of (5.2.1), we obtain(
A(−ξ)

)
α,β

= sα

2n∑
j,k=1

P (ξ)j,α
(
SP (ξ)

)
k,β

= sα sβ

2n∑
j,k=1

(
ReP (ξ)j,α − i ImP (ξ)j,α

) (
ReP (ξ)k,β + i ImP (ξ)k,β

)
for all α, β ∈ {1, . . . , 2n} and ξ ∈ M. Accordingly, for arbitrary ξ ∈ M the closed
chain A(−ξ) may be regarded as a function depending on

ReP (ξ)α,β and ImP (ξ)α,β for all α, β = 1, . . . , 2n ;

this explains our assumption that the Lagrangian is continuously differentiable with re-
spect to ReP (ξ)α,β and ImP (ξ)α,β for all α, β = 1, . . . , 2n. Moreover, making use of
Proposition 5.4.1, we conclude that∣∣∣(P (ξ)P (ξ)∗

)2∣∣∣ =
∣∣∣(P (−ξ)P (−ξ)∗

)2∣∣∣ and |P (ξ)P (ξ)∗|2 = |P (−ξ)P (−ξ)∗|2

for all ξ ∈M. As a consequence, for any ξ ∈M we obtain the composed mapping

L ◦A[·](ξ) : Ovm→ R+
0 , dω 7→

∣∣∣(P [ω](ξ)P [ω](ξ)∗
)2∣∣∣− 1

2n
|P [ω](ξ)P [ω](ξ)∗|2 ,

depending on ReP (ξ)α,β and ImP (ξ)α,β for all α, β = 1, . . . , 2n.
The above considerations reveal that in order to analyze the first variation of the

causal action one is led to differentiate the mapping L ◦ A[·](ξ) : Ovm → R+
0 . More

precisely, the chain rule for Gâteaux derivatives (see e.g. [88, Theorem 3.3.4]) yields

(L ◦A)′(ω; η) = 〈L′(A(ω)), A′(ω; η)〉 for all dω, dη ∈ Ovm .

From this we deduce that, for any ξ ∈M and all dω, dη ∈ Ovm,

δ(L ◦A[·](ξ))[ω; η] = 〈L′(A[ω](ξ)), δA[ω; η](ξ)〉 .
We now make use of the fact that in finite dimensions the Fréchet derivative coincides
with the usual derivative and apply [23, Chapter 3, Theorem 5] (which states that the
Fréchet derivative of a continuously differentiable function between Euclidean spaces is

3In the recent article [67] it is shown that the Lagrangian L can be differentiated along smooth curves
(for details see [67, §5.3]).
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given by its Jacobian). As a convenient notation, let us define the following first-order
linear partial differential operators in analogy to the usual Wirtinger derivatives,

∂

∂zj
:=

∂

∂xj
− i ∂

∂yj
and

∂

∂zj
:=

∂

∂xj
+ i

∂

∂yj
, (5.5.4)

where xj , yj are the underlying real coordinates of C2n for all j ∈ {1, . . . , 2n} such
that zj = xj + iyj (see [84]). Thus in the spirit of (5.5.4) we introduce the notation

∂L
∂(A[ω](ξ))β,α

:=
∂L

∂ ReP [ω](ξ)β,α
− i ∂L

∂ ImP [ω](ξ)β,α

for all α, β = 1, . . . , 2n. Accordingly, the Fréchet derivative of L(A[ω](ξ)) reads

(L′(A[ω](ξ)))α,β=1,...,2n =

(
∂L

∂(A[ω](ξ))β,α

)
α,β=1,...,2n

.

Abbreviating the functional derivative of the Lagrangian (cf. [59, eq. (3.5.15)]) by

Mα,β :=
∂L

∂(A[ω](ξ))β,α
=

∂L
∂ ReP [ω](ξ)β,α

− i ∂L
∂ ImP [ω](ξ)β,α

for all α, β = 1, . . . , 2n and defining

M(ξ) ≡M[A[ω](ξ)] =

(
∂L[A[ω](ξ)]

∂(A[ω](ξ))β,α

)
α,β=1,...,2n

,

for arbitrary ξ ∈M and dω, dη ∈ Ovm we obtain the expression

δ(L ◦A[·](ξ))[ω; η] =

2n∑
α,β=1

M[A[ω](ξ)]α,β δA[ω; η](ξ)β,α

=
2n∑
α=1

(M[A[ω](ξ)] δA[ω; η](ξ))α,α = TrV
(
M[A[ω](ξ)] δA[ω; η](ξ)

)
.

Moreover, applying the product rule

δA[ω; η](ξ) = δP [ω; η](ξ)P [ω](−ξ) + P [ω](ξ)δP [ω; η](−ξ)

and making use of the fact that the trace is cyclic, we consequently arrive at

δ(L ◦A[·](ξ))[ω; η] = TrV
(
M(ξ)P (ξ)δP (−ξ)

)
+ TrV

(
P (−ξ)M(ξ)δP (ξ)

)
(5.5.5)

withM =M[ω], P = P [ω] and δP = δP [ω; η] for all ξ ∈M and dω, dη ∈ Ovm. Our goal
is to further simplify the expression (5.5.5) in the fashion of [53, Section 5.2] by applying
Proposition 5.5.6 below. In preparation, let us state the following remark.

Remark 5.5.5. As is verified by direct computation, a matrix A ∈ L(V ) is symmetric
with respect to the spin scalar product ≺ . | . � if and only if

Aα,β = sα sβAβ,α for all α, β ∈ {1, . . . , 2n} ,

where the signature matrix S is given by (5.2.2) with diagonal entries

sα := 〈eα | Seα〉 =

{
+1 if α ∈ {1, . . . , n}
−1 if α ∈ {n+ 1, . . . , 2n} ,

and (ei)i=1,...,2n denotes a pseudo-orthonormal basis of V satisfying (5.2.1).
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Proposition 5.5.6. Assume that the Lagrangian is continuous differentiable. Then
for any ξ ∈ M, its functional derivative M(ξ) is symmetric, i.e. M(ξ)∗ = M(ξ) (with
respect to the spin scalar product).

Proof. To begin with, for all ξ ∈M and dω ∈ Ovm we are given

M[A[ω](ξ)] =

(
∂L[A[ω](ξ)]

∂ ReP [ω](ξ)β,α
− i ∂L[A[ω](ξ)]

∂ ImP [ω](ξ)β,α

)
α,β=1,...,2n

.

Assuming that the mapping L(V ) 3 A 7→ L[A] ∈ R+
0 is continuously differentiable with

respect to the real variables ReAα,β and ImAα,β for all α, β ∈ {1, . . . , 2n}, in virtue
of [98, §0.1] we deduce that (also cf. [53, Section 5.4])(

∂L
∂Aα,β

)
=

∂L
∂Aα,β

for all α, β ∈ {1, . . . , 2n} .

Since L = L, the complex conjugate of the functional derivative reads

M[A[ω](ξ)]α,β =

(
∂L

∂(A[ω](ξ))β,α

)
(5.5.4)

=
∂L[A[ω](ξ)]

∂ ReP [ω](ξ)β,α
+ i

∂L[A[ω](ξ)]

∂ ImP [ω](ξ)β,α
.

In view of P (ξ)∗ = P (−ξ), for all α, β ∈ {1, . . . , 2n} and ξ ∈M we are given

P (ξ)α,β = 〈eα | P (ξ) eβ〉 = 〈P (ξ) eβ | eα〉 = ≺ P (ξ) eβ | Seα �
= sα ≺ eβ | P (−ξ) eα � = sα sβ 〈eβ | P (−ξ) eα〉 = sα sβ P (−ξ)β,α .

As a consequence, for all ξ ∈M and α, β ∈ {1, . . . , 2n} we obtain

ReP (−ξ)β,α = sαsβ ReP (ξ)α,β , ImP (−ξ)β,α = −sα sβ ImP (ξ)α,β .

Making use of the fact that (cf. [53, eq. (3.5.7)])

L[A(ξ)] = L[P (ξ)P (−ξ)] = L[P (−ξ)P (ξ)] = L[A(−ξ)] for all ξ ∈M ,

we deduce that, for all ξ ∈M and dω ∈ Ovm,

M[A[ω](ξ)] =M[A[ω](−ξ)] .
As a result, for the transposed matrix we obtain the equality

sα sβM[A[ω](ξ)]β,α = sα sβ

(
∂L[A[ω](ξ)]

∂ ReP [ω](ξ)α,β
− i ∂L[A[ω](ξ)]

∂ ImP [ω](ξ)α,β

)
=

∂L[A[ω](−ξ)]
∂ ReP [ω](−ξ)β,α

+ i
∂L[A[ω](−ξ)]

∂ ImP [ω](−ξ)β,α
=M[A[ω](ξ)]α,β .

In view of Remark 5.5.5 we conclude that M(ξ)∗ =M(ξ) as desired. �

We now employ this result in order to simplify the expression (5.5.5) similarly to [53].
More precisely, introducing the operator

R(ξ) :=
1

2
M(ξ)P (ξ) for all ξ ∈M

and applying Proposition 5.5.6, the first variation (5.5.5) can be written as

δ(L ◦A[·](ξ))[ω; η] = 2 TrV

(
R(ξ)δP (−ξ)

)
+ 2 TrV

(
R(ξ)∗ δP (ξ)

)
for all ξ ∈M and dω, dη ∈ Ovm. For all α, β ∈ {1, . . . , 2n}, it is easily verified that

δP (ξ)α,β = sα sβ δP (−ξ)β,α , M(ξ)α,β = sα sβM(ξ)β,α



158 5. CAUSAL VARIATIONAL PRINCIPLES IN THE HOMOGENEOUS SETTING

for all ξ ∈M. Furthermore, a straightforward calculation yields

TrV
(
R(ξ)δP (−ξ)

)
= TrV

(
R(ξ)∗ δP (ξ)

)
,

where the adjoint of R(ξ) with respect to the spin scalar product reads

R(ξ)∗ =
1

2
P (−ξ)M(ξ) for all ξ ∈M . (5.5.6)

Thus for any ξ ∈M and dω, dη ∈ Ovm, the first variation (5.5.5) takes the form

δ(L ◦A[·](ξ))[ω; η] = 4 Re TrV
(
R(ξ)δP (−ξ)

)
.

In order to get rid of the real part, it is convenient to introduce the operator

Q(ξ) :=
1

2

(
R(ξ) +R(−ξ)∗

)
=

1

4

(
M(ξ) P (ξ) + P (ξ)M(−ξ)

)
(5.5.7)

for every ξ ∈M (cf. [53, eq. (5.2.6)]). Applying (5.5.5) as well as (5.5.6) and making use
of the symmetry ξ ↔ −ξ, we finally obtainˆ

M
δL [A[ω; η](ξ)] dµ(ξ) =

ˆ
M

TrV

(
M
[
A[ω](ξ)

]
δA[ω; η](ξ)

)
dµ(ξ)

= 2

ˆ
M

[
TrV

(
1

2
M(ξ)P (ξ)δP (−ξ)

)
+ TrV

(
1

2
P (−ξ)M(ξ)δP (ξ)

)]
dµ(ξ)

= 2

ˆ
M

TrV
(
R(ξ)δP (−ξ)

)
dµ(ξ) + 2

ˆ
M

TrV
(
R(−ξ)∗ δP (−ξ)

)
dµ(ξ)

= 4

ˆ
M

TrV
(
Q(ξ)δP (−ξ)

)
dµ(ξ) .

As a result, the first variation of the causal action has the compact form

δS(ω; η) = 4

ˆ
M

TrV
(
Q[ω](ξ)δP [ω; η](−ξ)

)
dµ(ξ) (5.5.8)

for all dω, dη ∈ Ovm.

5.5.3. Technical Preliminaries. In what follows, our goal is to rewrite (5.5.8) in
terms of momentum space. To this end, we require some technical preliminaries. Let us
start with the next proposition (where m ≥ 1 is a positive integer).

Proposition 5.5.7. Let f ∈ Cc(Rm) and ϕ ∈ C∞c (Rm) mit ϕ ≥ 0. Moreover, let dρ
be a positive finite measure on Rm and for ε > 0 let (ϕn)n∈N be the Dirac sequence defined
by

ϕn(x) := ε−mn ϕ

(
x

εn

)
with εn = 1/n for each n ∈ N .

Then there is a subsequence (ϕnk)k∈N with the property that

lim
k→∞

ˆ
Rm

(ϕnk ∗ f)(y) dρ(y) =

ˆ
Rm

f(y) dρ(y) .

Proof. Introducing the functions fn := ϕn ∗ f for every n ∈ N, we basically apply
Lebesgue’s dominated convergence theorem [16, Theorem 2.8.1 and Corollary 2.8.6] to
the sequence (fn)n∈N with respect to the measure dρ. According to [5, Satz 2.14] we
have fn → f in L2(Rm) as n→∞, and making use of f ∈ Cc(Rm) we infer that

∞ >

ˆ
Rm
|f |2 dµ = lim

n→∞

ˆ
Rm
|fn|2 dµ .
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In order to show that |fn(x)| ≤ Φ(x) for some ρ-integrable function Φ for all n ∈ N
and ρ-a.e. x ∈ Rm, we first note that suppϕn ⊂ suppϕ for all n ∈ N. Thus in view
of [72, Theorem 8.6] there is K ⊂ Rm compact such that supp fn ⊂ K for all n ∈ N.
On the other hand, we are given fn ∈ C∞(Rm) in virtue of [5, Satz 2.12]. From this we
deduce that fn ∈ C∞c (Rm) ⊂ L1(Rm; dρ) for all n ∈ N. Since ϕ ≥ 0, we are given

‖ϕn‖L1(Rm) =

ˆ
Rm

ϕn dµ = 1 for all n ∈ N .

Applying [72, Young’s Inequality 8.7], we obtain

‖fn‖L∞(Rm) ≤ ‖ϕn‖L1(Rm) ‖f‖L∞(Rm) = ‖f‖L∞(Rm) for all n ∈ N .

Since f ∈ Cc(Rm), there is C > 0 such that supx∈Rm |f(x)| ≤ C. As a consequence,

|fn(x)| ≤ CχK for all n ∈ N and ρ-a.e. x ∈ Rm

(cf. [6, Section X.4]), where CχK ∈ L1(Rm; dρ).
In order for Lebesgue’s dominated convergence theorem [16, Theorem 2.8.1] to apply

we require that fn(x) → f(x) for ρ-almost all x ∈ Rm. To this end, we essentially
make use of [104, Corollary 16]. Let us recall that we are given a sequence (fn)n∈N
of compactly supported functions (each of which thus vanishes at infinity) as well as a
function f ∈ Cc(Rm) (which also vanishes at infinity) such that ‖fn − f‖L2(Rm) → 0
as n → ∞ (for details see [5, Satz 2.14]), implying that fn(x) → f(x) for µ-almost
every x ∈ Rm. Denoting the corresponding null set by E, we conclude that fn(x)→ f(x)

for all x ∈ K̃ := K \ E. However, in order to apply [104, Corollary 16] we need to show

that |fn(x)−f(x)| → 0 monotonically. To this end we make use of the fact that K̃ ⊂ Rm
is separable (cf. [4, Lemma 3.5]) and let K ′ be a countable dense subset of K̃. We
then proceed iteratively as follows: Given x1 ∈ K ′, we let (f1,nk)k∈N a subsequence
such that |f1,nk(x1) → f(x1)| → 0 monotonically. Next, given (fi,nk)k∈N for some i ∈
N, we choose a subsequence (fi+1,nk)k∈N thereof in such a way that |fi+1,nk(xi+1) −
f(xi+1)| → 0 monotonically. The resulting diagonal sequence, which for convenience we
denote by (fn)n∈N, has the desired property that |fn(x) − f(x)| → 0 monotonically for
every x ∈ K ′. Applying [104, Corollary 16], we conclude that fn → f uniformly on K ′.

The generalization to the whole space K̃ is obtained as follows: For any n ∈ N, we
observe that gn := |fn − f | is a continuous function on K̃; in particular, its maximum

is attained. Since K ′ ⊂ K̃ is a dense subset, for any ε > 0 there is x(n, ε) ∈ K ′ such
that supK̃ gn − ε < gn(x(n, ε)). From this we conclude that, for every n ∈ N,

sup
x∈K̃
|fn(x)− f(x)| = sup

x∈K′
|fn(x)− f(x)| .

As a consequence,

lim
n→∞

sup
x∈K̃
|fn(x)− f(x)| = lim

n→∞
sup
x∈K′

|fn(x)− f(x)| = 0 .

This proves uniform convergence as desired. Applying [72, Theorem 6.8 (c)] implies
that ‖fn − f‖∞ → 0. Employing the convention in [6, Section X.4] we deduce that

lim
n→∞

sup
x∈K
|fn(x)− f(x)| = lim

n→∞
‖fn − f‖∞ = 0 .
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In particular, we infer that fn(x)→ f(x) for ρ-almost all x ∈ K. This allows us to apply
Lebesgue’s dominated convergence theorem [16, Theorem 2.8.1], implying that

lim
n→∞

ˆ
Rm

fn(y) dρ(y) =

ˆ
Rm

f(y) dρ(y) .

This completes the proof. �

Lemma 5.5.8. Let dρ be a positive finite measure on Rm. Then there exists a sequence
of measures (dρn)n∈N on Rm, each of them being absolutely continuous with respect to
Lebesgue measure dµ on Rm, dρn � dµ for all n ∈ N, such that (dρn)n∈N converges
vaguely (see e.g. [9, §31]) to dρ in the sense that

lim
n→∞

ˆ
Rm

f dρn =

ˆ
Rm

f dρ for all f ∈ Cc(Rm) .

By virtue of the Hahn-Jordan decomposition, this result can be generalized to complex
measures on Euclidean space.

Proof. The idea of the proof is to make use of Dirac sequences (cf. [5, §2.13]). To
this end, let ϕ ∈ C∞c (Rm) be a compactly supported test function with

ϕ ≥ 0 and

ˆ
Rm

ϕ dµ = 1 .

For each n ∈ N, we let εn = 1/n and

ϕn(x) := ε−mn ϕ

(
x

εn

)
.

Next, we introduce the functions

ηn : Rm → R , ηn(x) :=

ˆ
Rm

ϕn(x− y) dρ(y)

as well as corresponding measures

dρn := ηn dµ for all n ∈ N .

For arbitrary f ∈ Cc(Rm), by applying Fubini’s theorem we arrive at

lim
n→∞

ˆ
Rm

f(x) dρn(x) = lim
n→∞

ˆ
Rm

f(x) ηn(x) dµ(x)

= lim
n→∞

ˆ
Rm

f(x)

(ˆ
Rm

ϕn(x− y) dρ(y)

)
dµ(x)

= lim
n→∞

ˆ
Rm

(ˆ
Rm

f(x) ϕn(x− y) dµ(x)

)
︸ ︷︷ ︸

= (ϕn ∗ f)(y)

dρ(y) =

ˆ
Rm

f(y) dρ(y) ,

where we employed Proposition 5.5.7 for a suitable subsequence of (ϕn)n∈N (which for
convenience we again denote by (ϕn)n∈N). Since f ∈ Cc(Rm) was arbitrary, we obtain
vague convergence of measures (for details see [9, §31]),

dρn = ηn dµ→ dρ vaguely .

Given a complex measure dρ̃ on Rm, by applying the Hahn-Jordan decomposition to its
real and imaginary part, respectively, the above procedure yields a sequence of (complex)
measures (dρ̃n)n∈N on Rm which converges vaguely to dρ̃. This completes the proof. �
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Similar arguments show that Proposition 5.5.7 and Lemma 5.5.8 also hold in the case
that dρ is a locally finite measure on Rm.

In what follows, let us consider vector-valued Lp-functions (cf. [117, Chapter 21]).
Given a measurable mapping f : Rm → L(V ), for all 1 ≤ p <∞ we define

‖f‖Lp(Rm,L(V )) :=

(ˆ
Rm
‖f‖p dµ

)1/p

,

where dµ denotes Lebesgue measure on Rm and ‖.‖ is an arbitrary norm on L(V ). For
general measures dρ on Rm we let

‖f‖Lp(Rm,L(V );dρ) :=

(ˆ
Rm
‖f‖p dρ

)1/p

for all 1 ≤ p <∞. As usual, we introduce (cf. [117, §21-5])

‖f‖L∞(Rm,L(V )) := inf {C ≥ 0 : ‖f(x)‖ ≤ C for µ-a.e. x ∈ Rm} ,
‖f‖L∞(Rm,L(V );dρ) := inf {C ≥ 0 : ‖f(x)‖ ≤ C for ρ-a.e. x ∈ Rm} .

Accordingly, for all 1 ≤ p ≤ ∞ we let

Lp(Rm,L(V )) :=
{
f : Rm → L(V ) measurable : ‖f‖Lp(Rm,L(V )) <∞

}
,

Lp(Rm,L(V ); dρ) :=
{
f : Rm → L(V ) measurable : ‖f‖Lp(Rm,L(V );dρ) <∞

}
.

Since all norms on L(V ) are equivalent and R 3 x 7→ |x|p is a convex function for
all p ≥ 1, for 1 ≤ p <∞ the elements f of Lp(Rm,L(V )) and Lp(Rm,L(V ); dρ) may also
be characterized as measurable functions f : Rm → L(V ) with

2n∑
i,j=1

ˆ
Rm
|fi,j |p dµ <∞ and

2n∑
i,j=1

ˆ
Rm
|fi,j |p dρ <∞ ,

respectively, where fi,j = 〈ei | fej〉 for all i, j = 1, . . . , 2n. Choosing m = 4, the above

definitions clearly apply to M and M̂.

Proposition 5.5.9. Let g ∈ L∞(Rm,L(V )) and assume that (fk)k∈N is a sequence
in L1(Rm,L(V )) which converges to f ∈ L1(Rm,L(V )). Then

lim
k→∞

ˆ
Rm

g(x) fk(x) dµ(x) =

ˆ
Rm

g(x) f(x) dµ(x) .

Proof. We basically apply [72, Theorem 6.8], implying that

lim
k→∞

∣∣∣∣ˆ
Rm

g(x) fk(x) dµ(x)−
ˆ
Rm

g(x) f(x) dµ(x)

∣∣∣∣ ≤ lim
k→∞

‖g (fk − f)‖L1(Rn,L(V ))

≤ lim
k→∞

‖g‖L∞(Rm,L(V )) ‖fk − f‖L1(Rm,L(V )) = 0 .

This gives the claim. �

Concerning the Fourier transform, it is “useful to remember that the factors of 2π
always go with the measure on momentum space” (see [73]). Accordingly, following the
usual notation in physics [73], we define Fourier transform as follows:

Definition 5.5.10. The Fourier transform of f ∈ L1(M), denoted by f̂ ∈ Cb(M̂), is
given by

f̂(k) :=

ˆ
M
eikξ f(ξ) d4ξ for all k ∈ M̂ ,
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where d4ξ is the Haar measure on M. The inverse Fourier transform reads

f∨(ξ) =

ˆ
M̂
e−ikξ f(k)

d4k

(2π)4
for all ξ ∈M (5.5.9)

whenever f ∈ L1(M̂), where kξ = gµν k
ν ξµ = kµ ξ

µ (see [73, Chapter 1]).

We point out that most results concerning the Fourier transform carry over to the
vector-valued case in a straightforward way.

Proposition 5.5.11. Assuming that Q ∈ L1(M,L(V )) and f ∈ L∞(M,L(V )), there
is a sequence (Q`)`∈N in C∞c (M; L(V )) such that

lim
`→∞

ˆ
M

TrV (Q`(ξ)f(ξ)) dµ(ξ) =

ˆ
M

TrV (Q(ξ)f(ξ)) dµ(ξ) ,

and, for any f̂ ∈ L1(M̂,L(V )),

lim
`→∞

ˆ
M̂

TrV

(
Q̂`(k) f̂(k)

)
dµ(k) =

ˆ
M̂

TrV

(
Q̂(k) f̂(k)

)
dµ(k) ,

where Q̂, Q̂` denotes the Fourier transform of Q,Q` for every ` ∈ N, respectively.

Proof. Due to [72, Proposition 8.17] there is a sequence (Q`)`∈N in C∞c (M; L(V ))

which converges to Q in L1(M,L(V )), and Q̂, Q̂` ∈ Cb(M̂,L(V )) ⊂ L∞(M̂,L(V )) for
all ` ∈ N due to [72, Theorem 8.22]. According to [72, Section 8.3], the Fourier transform

is a linear mapping from L1(M,L(V )) to L∞(M̂,L(V )) which is continuous in the sense
that

‖Q̂` − Q̂‖L∞(M̂,L(V ))
= ‖
(
Q` −Q

)∧
‖
L∞(M̂,L(V ))

≤ ‖Q` −Q‖L1(M,L(V )) → 0

as `→∞. Applying [72, Theorem 6.8] we thus obtain

lim
`→∞

∣∣∣∣ˆ
M̂

TrV
(
Q̂` f̂

)
dµ−

ˆ
M̂

TrV
(
Q̂ f̂
)
dµ

∣∣∣∣ ≤ lim
`→∞

‖
(
Q̂` − Q̂

)
f̂‖

L1(M̂,L(V ))

≤ lim
`→∞

∥∥f̂∥∥
L1(M̂,L(V ))

∥∥Q̂` − Q̂∥∥L∞(M̂,L(V ))
= 0 .

For f ∈ L∞(M,L(V )), the first equations follows in the same fashion from

lim
`→∞

∣∣∣∣ˆ
M

TrV (Q` f) dµ−
ˆ

M
TrV (Qf) dµ

∣∣∣∣ ≤ lim
`→∞

‖
(
Q` −Q

)
f‖L1(M,L(V ))

≤ lim
`→∞

∥∥f∥∥
L∞(M̂,L(V ))

∥∥Q` −Q∥∥L1(M̂,L(V ))
= 0 .

This completes the proof. �

5.5.4. Alternative Representation of the First Variation. The aim of this
subsection is to provide an alternative representation of (5.5.8) in momentum space. To
begin with, we apply the technical preparations in §5.5.3 in order to clarify integration
with respect to operator-valued measures. More precisely, we assume that dη ∈ Ovm is

an operator-valued measure on M̂ with values in L(V ), and let (ei)i=1,...,2n be a pseudo-
orthonormal basis of V . Then

dηi,j := d ≺ ei | η ej � for all i, j ∈ {1, . . . , 2n}
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is a complex measure in MC(M̂) (see Definition 5.3.3). Denoting by dρ the variation
measure d|η| of dη (for details we refer to Definition 5.3.4), we conclude that

dρ := d|η|

is a non-negative finite measure on B(M̂). In particular, whenever η(Ω) = 0 for some

Borel set Ω ∈ B(M̂),

ηi,j(Ω) = ≺ ei | η(Ω) ej � = 0 for all i, j ∈ {1, . . . , 2n} ,
implying that each component dηi,j is absolutely continuous with respect to dρ. For
this reason, the operator-valued measure dη is absolutely continuous with respect to dρ
(for details see [40, Section VII.2]). Applying the Radon-Nikodým theorem to each

component dηi,j gives rise to functions Ĥi,j : M̂ → C with dηi,j = Ĥi,j dρ for all i, j ∈
{1, . . . , 2n}. We thus end up with a mapping

Ĥ : M̂ → L(V ) such that dη = Ĥ dρ .

From the fact that dη = Ĥ dρ is bounded we deduce that Ĥ ∈ L1(M̂,L(V ); dρ) (see for
instance [72, Section 3.2]).

Definition 5.5.12. Let dρ ∈ Ovm and let dρ := d|η| be its variation measure. As-

suming that Ĥ ∈ L1(M̂,L(V ); dρ) such that dη = Ĥ dρ, for every f ∈ L∞(M̂,L(V ); dρ)
we define ˆ

dη(k)f(k) :=

ˆ
Ĥ(k)f(k) dρ(k) ,

and for all u, v ∈ V we let

≺ u |
(ˆ

dη(k)f(k)

)
v � :=

ˆ
≺ u | Ĥ(k)f(k)v � dρ(k) ,

which is well-defined in view of [72, Theorem 6.8].

Since dρ is a finite measure on M̂ ' R4, we may apply Lemma 5.5.8 to obtain a

sequence of measures (dρn)n∈N on M̂, each of them being absolutely continuous with

respect to Lebesgue measure dµ on M̂ such that dρn → dρ vaguely. Furthermore, in view

of [139, Theorem 3.14], we know that Cc(M̂; dρ) is dense in L1(M̂; dρ), implying that

ûm → Ĥ in L1(M̂,L(V ); dρ)

for some sequence (ûm)m∈N in Cc(M̂; L(V )). For any function g ∈ L∞(M̂,L(V ); dη) we
may define ˆ

M̂
TrV

(
g(k) dη(k)

)
:=

ˆ
M̂

TrV
(
g(k)Ĥ(k)

)
dρ(k) .

Making use of Proposition 5.5.9, we then obtainˆ
M̂
g(k)Ĥ(k) dρ(k) = lim

m→∞

ˆ
M̂
g(k) ûm(k) dρ(k) = lim

m→∞
lim
n→∞

ˆ
M̂
g(k) ûm(k) dρn(k) ,

and by continuity of the trace we arrive atˆ
M̂

TrV
(
g(k) dη(k)

)
= lim

m,n→∞

ˆ
M̂

TrV
(
g(k) ûm(k)

)
dρn(k) .

We are now in the position to express the first variation of the causal action (5.5.8)
in momentum space.
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Lemma 5.5.13. Assume that the Lagrangian satisfies Assumption 5.5.4. Moreover,
let dω ∈ Ovm and assume that Q[ω] ∈ L1(M,L(V )) ∩ L2(M,L(V )) ∩ L∞(M,L(V ))

with Q = Q[ω] : M → L(V ) given by (5.5.7). Then Q̂ ∈ C0(M̂; L(V )) ∩ L2(M̂,L(V )),

where Q̂ = Q̂[ω] denotes the Fourier transform of Q, and the first variation of the causal
action (5.5.8) at dω in direction dη ∈ Ovm takes the form

δS(ω; η) = 4

ˆ
M̂

TrV
(
Q̂[ω](q) dη(q)

)
. (5.5.10)

Proof. Assuming that Q[ω] ∈ L2(M,L(V )) ∩ L1(M,L(V )), by [72, Theorem 8.29]

we obtain Q̂[ω] ∈ L2(M̂,L(V )), and Q̂[ω] ∈ C0(M̂; L(V )) is an immediate consequence
of [72, Theorem 8.22].

Next, given dη ∈ Ovm, by dρ := d|η| we denote the variation measure according to

Definition 5.3.4. Following §5.5.3, there is a function Ĥ ∈ L1(M̂,L(V ); dρ) such that

dη = Ĥ dρ ,

and in virtue of Lemma 5.5.8 there exists a sequence of measures (dρj)j∈N on M̂ with

the property that dρj � dµ for all j ∈ N and dρj → dρ vaguely. By R̂j ∈ L1(M̂,L(V ))

we denote the corresponding density, i.e. dρj = R̂j dµ for each j ∈ N. On the other

hand, according to [139, Theorem 8.14], there is a sequence (ûm)m∈N in Cc(M̂; L(V ))

which converges to Ĥ in L1(M̂,L(V ); dρ). In order to obtain a sequence of Schwartz
functions, we employ [72, Proposition 8.17] to conclude that, for each m ∈ N, there exists

a sequence (ûm,n)n∈N in C∞c (M̂; L(V )) such that ûm,n → ûm in L1(M̂,L(V )) as n→∞.

By the same reasoning, for each j ∈ N there exists a sequence (ϕ̂j,i)i∈N in C∞c (M̂; L(V ))

which converges to R̂j in L1(M̂,L(V )). In summary, we thus obtain

P [η](ξ) =

ˆ
M̂
eikξ dη(k) =

ˆ
M̂
eikξ Ĥ dρ(k) = lim

m→∞

ˆ
M̂
eikξ ûm(k) dρ(k)

= lim
m→∞

lim
j→∞

ˆ
M̂
eikξ ûm(k) dρj(k) = lim

m→∞
lim
j→∞

ˆ
M̂
eikξ ûm(k)Rj(k) d4k

for arbitrary ξ ∈M. Since ûm ∈ L∞(M̂,L(V )), by [72, Theorem 6.8] we conclude that

P [η](ξ) = lim
m→∞

lim
j→∞

lim
i→∞

ˆ
M̂
eikξ ûm(k) ϕj,i(k) d4k

for any ξ ∈M, and applying the same arguments once again, we deduce that

P [η](ξ) = (2π)4 lim
m→∞

lim
j→∞

lim
i→∞

lim
n→∞

ˆ
M̂
e−ik(−ξ) (ûm,n ϕ̂j,i)(k)

d4k

(2π)4
.

In view of (5.5.9), the integral expression is exactly the inverse Fourier transform,(
ûm,n ϕ̂j,i

)∨
(−ξ) =

ˆ
M̂
e−ik(−ξ) (ûm,n ϕ̂j,i)(k)

d4k

(2π)4
for all ξ ∈M .

Note that, up to an irrelevant constant factor, the inverse Fourier transform (5.5.9)
is precisely of the familiar form of Fourier transforms in mathematical textbooks (see
e.g. [133]). Consequently, the convolution theorem [133, Theorem IX.3] implies that(

ûm,n ϕ̂j,i
)∨

(ξ) =
(
(ûm,n)∨ ∗ (ϕ̂j,i)

∨)(ξ) for all ξ ∈M ,
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and according to [166, Section VI.1], the convolution of two Schwartz functions is again

a Schwartz function. Since ûm,n, ϕ̂j,i ∈ S(M̂; L(V )), this shows(
ûm,n ϕ̂j,i

)∨ ∈ S(M; L(V )) for all i, j,m, n ∈ N .

Assuming that Q ∈ L∞(M,L(V )), by Proposition 5.5.9 we obtainˆ
M

TrV
(
Q(ξ)P [η](−ξ)

)
dµ(ξ) = (2π)4 lim

m,j,i,n→∞
TrV

ˆ
M
Q(ξ)

(
ûm,n ϕ̂j,i

)∨
(−ξ) dµ(ξ) .

From S(M; L(V )) ⊂ C0(M; L(V )) we conclude that
(
ûm,n ϕ̂j,i

)∨ ∈ L∞(M,L(V )). As a
consequence, by Proposition 5.5.11 there exists a sequence (Q`)`∈N in C∞c (M; L(V )) such
thatˆ

M
TrV

(
Q(ξ)P [η](−ξ)

)
dµ(ξ) = (2π)4 lim

m,j,i,n,`→∞
TrV

ˆ
M
Q`(ξ)

(
ûm,n ϕ̂j,i

)∨
(−ξ) dµ(ξ)

in view of Hille’s theorem [29, Theorem II.2.6] and continuity of the trace. Since Q` as

well as its Fourier transform, denoted by Q̂`, are Schwartz functions for each ` ∈ N (see
e.g. [72, Corollary 8.23], the Fourier inversion theorem [133, Theorem IX.1] yields that

Q̂`(k) = (Q̂∨` )∨(−k) and
((
ûm,n ϕ̂j,i

)∨)∨
(k) =

(
ûm,n ϕ̂j,i

)
(−k)

for all k ∈ M̂ and `,m, j, i, n ∈ N (also cf. [71, Fourier Inversion Theorem II (4.32)]).
Applying Parseval’s theorem [166, Section VI.2], we thus obtainˆ

M
Q`(ξ)

(
ûm,n ϕ̂j,i

)∨
(−ξ) dµ(ξ) =

ˆ
M̂
Q∨` (−k)

((
ûm,n ϕ̂j,i

)∨)∨
(−k)

d4k

(2π)4

=

ˆ
M̂
Q̂`(k)

(
ûm,n ϕ̂j,i

)
(k)

d4k

(2π)4

for all `,m, j, i, n ∈ N. Again applying Proposition 5.5.11 gives

lim
`→∞

ˆ
M̂
Q̂`(k)

(
ûm,n ϕ̂j,i

)
(k)

d4k

(2π)4
=

ˆ
M̂
Q̂(k)

(
ûm,n ϕ̂j,i

)
(k)

d4k

(2π)4
,

and by virtue of [72, Theorem 6.8] we deduce thatˆ
M

TrV
(
Q(ξ)P [η](−ξ)

)
dµ(ξ) = lim

m,j→∞
TrV

ˆ
M̂
Q̂(k) ûm(k) dρj(k) .

Making use of ûm ∈ Cc(M̂; L(V )), by vague convergence of measures we obtainˆ
M

TrV
(
Q(ξ)P [η](−ξ)

)
dµ(ξ) = lim

m→∞
TrV

ˆ
M̂
Q̂(k) ûm(k) dρ(k) .

Applying Proposition 5.5.9 once again, we finally arrive atˆ
M

TrV
(
Q(ξ)P [η](−ξ)

)
dµ(ξ) = TrV

ˆ
M̂
Q̂(k) Ĥ(k) dρ(k) = TrV

ˆ
M̂
Q̂(k) dη(k) .

Combining the last equality with (5.5.8) yields (5.5.10). This completes the proof. �

Remark 5.5.14. Given a negative definite measure dν and an operator-valued dη in
such a way that, for some δ > 0, the variations dν̃τ := dν + τ dη are negative definite
measures for all τ ∈ [0, δ), we are mainly interested in the one-sided first variation

δ+S(ν; η) := lim
τ↘0

S(ν + τ η)− S(ν)

τ
|τ=0 .



166 5. CAUSAL VARIATIONAL PRINCIPLES IN THE HOMOGENEOUS SETTING

Whenever S is Fréchet differentiable, we conclude that δ+S coincides with the Fréchet
derivative of S (cf. [168, Section 40.1]). In this case, the result of Lemma 5.5.13 holds
true whenever δS is replaced by δ+S (and similarly for Corollary 5.5.15 below).

Lemma 5.5.13 allows us to derive the subsequent corollary.

Corollary 5.5.15. Assume that the Lagrangian L satisfies Assumption 5.5.4, and
for dω ∈ Ovm suppose that Q[ω] ∈ L1(M,L(V )) ∩ L2(M,L(V )) ∩ L∞(M,L(V )), where

the mapping Q[ω] : M → L(V ) is given by (5.5.7). Then for every p ∈ M̂, each Borel

set U ∈ B(M̂) and any operator A′ ∈ L(V ) satisfying the constraints

TrV (A′) = TrV (ν(U)) and TrV (SA′) = TrV (Sν(U)) , (5.5.11)

the first variation of the causal action at dω in direction dη = A′ dδp − χU dω reads

δS(ω; η) = 4 TrV
(
Q̂[ω](p)A′

)
− 4

ˆ
U

TrV
(
Q̂[ω](q) dω(q)

)
, (5.5.12)

where Q̂ = Q̂[ω] is the Fourier transform of Q = Q[ω].

Proof. Starting point for the proof of (5.5.12) is expression (5.5.10),

δS(ω; η) = 4

ˆ
M̂

TrV
(
Q̂[ω](q) dη(q)

)
,

valid for operator-valued measures dω, dη ∈ Ovm. Next, given p ∈ M̂ and U ∈ B(M̂),
for any operator A′ ∈ L(V ) satisfying the constraints

TrV (A′) = TrV (ν(U)) and TrV (SA′) = TrV (Sν(U)) ,

we define the operator-valued measure dη ∈ Ovm by

dη := A′ dδp − dω ,
where dδp denotes the Dirac measure supported at p. For δ > 0, we then consider the
operator-valued measures (dν̃τ )τ∈(−δ,δ) in Ovm, given by

dω̃τ := dω + τ dη = (1− τ)dω + τ A′ dδp for all τ ∈ (−δ, δ) .
Furthermore, the first variation of the kernel of the fermionic projector is given by

δP [ω; η] =
d

dτ
P [ω + τ η]|τ=0 = P [η] .

Combining the last equality in the proof of Lemma 5.5.13 with (5.5.8), we conclude that

δS(ω; η) = 4

ˆ
M

TrV
(
Q[ω](ξ)P [η](−ξ)

)
dµ(ξ) = 4

ˆ
M̂

TrV
(
Q̂[ω](q) dη(q)

)
.

Inserting the the specific form of dη, the first variation of the causal action reads

δS(ω; η) = 4 TrV
(
Q̂[ω](p)A′

)
− 4

ˆ
M̂

TrV
(
Q̂[ω](q) dω(q)

)
,

thus proving (5.5.12). �

Having accomplished to express the first variation of the causal action (5.5.10) in
momentum space, we may now focus on deriving the corresponding EL equations. To
this end, we assume that dν is a minimizer of the causal action S in the class Ndm with
respect to the side conditions

TrV (ν(M̂)) = c and TrV (−Sν(M̂)) = f
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for positive constants c, f > 0. Restricting attention to the subset

N :=
{
dν ∈ Ndm : TrV (ν(M̂)) = c and TrV (−Sν(M̂)) = f

}
,

the negative definite measure dν is a minimizer in the sense of Definition 5.4.9 (in the
terminology of [168], the negative definite measure dν is in particular a bound local
minimum in the sense of [168, Definition 43.4]).

In what follows, we consider variations of dν in the spirit of Corollary 5.5.15. More

precisely, let p ∈ M̂ and U ∈ B(M̂). For any negative definite operator A′ ∈ L(V )
satisfying the constraints

TrV (A′) = TrV (ν(U)) and TrV (SA′) = TrV (Sν(U)) ,

we introduce the operator-valued measure dη by

dη := A′ dδp − dν ,
where dδp denotes the Dirac measure supported at p. Given δ ∈ (0, 1), we then define
the variations (dν̃τ )τ∈[0,δ) by

dν̃τ := dν + τ dη = (1− τ)dν + τ A′ dδp for all τ ∈ [0, δ) .

Since A′ is negative definite, we conclude that dν̃τ ∈ Ndm for all τ ∈ [0, δ). Moreover, we
also have dν̃τ ∈ N for all τ ∈ [0, δ) with N ⊂ Ndm according to Definition 5.4.8. In view
of Definition 5.4.9, the minimizing property of dν implies that

S(ν̃τ )− S(ν) ≥ 0 for all τ ∈ [0, δ) .

Restricting attention to the right-handed limit in order to vary in Ndm, we obtain

δ+S(ν; η) = lim
τ↘0

S(ν + τη)− S(ν)

τ
|τ=0 ≥ 0 (5.5.13)

(for an illustration in a different context see [12, Figure 2]).

Proposition 5.5.16. Assume that the Lagrangian L is continuously differentiable,
and let the negative definite measure dν ∈ Ndm be a minimizer of the causal variational
principle

minimize S(ν) in the class Ndm

with respect to the constraints

TrV (ν(M̂)) = c and TrV (−Sν(M̂)) = f .

Moreover, assume that Q[ν] ∈ L1(M,L(V )) ∩ L2(M,L(V )) ∩ L∞(M,L(V )), where the

mapping Q[ν] : M → L(V ) is given by (5.5.7). Then for every Borel set U ∈ B(M̂) and
any negative definite matrix A′ ∈ L(V ) satisfying the constraints

TrV (A′) = TrV (ν(U)) and TrV (SA′) = TrV (Sν(U)) ,

the inequality

TrV
(
Q̂(p)A′

)
≥
ˆ
U

TrV
(
Q̂(q) dν(q)

)
(5.5.14)

holds for each p ∈ M̂, every Borel set U ∈ B(M̂) and any negative definite matrix A′

in L(V ) satisfying (5.5.11). In particular, for all U ∈ B(M̂) and p ∈ M̂ we have

TrV
(
Q̂(p)ν(U)

)
≥
ˆ
U

TrV
(
Q̂(q) dν(q)

)
. (5.5.15)
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Proof. In analogy to the proof of Corollary 5.5.15, we introduce dη in Ovm by

dη := A′ dδp − dν .

Given δ ∈ (0, 1), we then define variations (dν̃τ )τ∈[0,δ) in Ndm by setting

dν̃τ := dν + τ dη = (1− τ)dν + τ A′ dδp for all τ ∈ [0, δ) .

Making use of the fact that dν is a minimizer (see Definition 5.4.9), from

0 ≤ lim
τ↘0

1

τ

(
S(ν̃τ )− S(ν)

)
|τ=0 = δ+S(ν; η)

(see inequality (5.5.13)) together with (5.5.12) we infer the inequality (5.5.14),

TrV
(
Q̂[ν](p)A′

)
≥
ˆ
U

TrV
(
Q̂[ν](q) dν(q)

)
.

Choosing A′ = ν(U) immediately yields (5.5.15). �

Proposition 5.5.16 yields a lower bound for the expression on the left-hand side
of (5.5.14). In order for deriving EL equations in momentum space, this motivates to
consider auxiliary variational principles (Section 5.6); afterwards we deduce the desired
EL equations under appropriate assumptions (Section 5.7).

5.6. Auxiliary Variational Principles

Throughout this section, we let dν be negative definite measure and consider the
mapping Q = Q[ν] : M → L(V ) given by (5.5.7). Its Fourier transform shall be denoted

by Q̂ = Q̂[ν]. The goal of this section is to clarify the structure of Q̂. To this end, we first

derive some useful properties of the Fourier transform Q̂ as introduced in Lemma 5.5.13
(§5.6.1). Next, we consider appropriate auxiliary variational principles which will be

treated by Lagrange multipliers (§5.6.2). This allows us to represent the operator Q̂ in
a special form (§5.6.3). The main result of this section (Theorem 5.6.8) is the starting
point for the derivation of Euler-Lagrange equations in momentum space in Section 5.7
below.

5.6.1. Preliminaries. This subsection is devoted to the proof that, for any k ∈ M̂,
the operator Q̂(k) is self-adjoint (with respect to ≺ . | . �).

Proposition 5.6.1. For any ξ ∈M, the operator Q(ξ) is symmetric (with respect to
the spin scalar product ≺ . | . �) in the sense that Q(ξ)∗ = Q(−ξ).

Proof. For any ξ ∈M, in view of (5.3.6), (5.5.6) and Proposition 5.5.6 we are given

Q(ξ)∗ =
1

2

(
R(ξ) +

1

2
P (ξ)M(−ξ)

)∗
=

1

2

(
R(ξ)∗ +

1

2
M(−ξ) P (−ξ)

)
=

1

2
(R(−ξ) +R(ξ)∗) = Q(−ξ) .

This proves the claim. �

Under the assumptions of Lemma 5.5.13 we then obtain symmetry of Q̂.

Corollary 5.6.2. Assuming that Q ∈ L1(M,L(V )) ∩ L2(M,L(V )), for any k ∈ M̂

the operator Q̂(k) is symmetric (with respect to ≺ . | . �), i.e. Q̂(k)∗ = Q̂(k).
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Proof. Assuming that Q ∈ L1(M,L(V )) ∩ L2(M,L(V )), by employing linearity,
Hille’s theorem (see [29, Theorem II.2.6]) as well as Parseval’s formula [166, Chapter VI,
Section 2] we obtain

0 =

ˆ
M

(≺ u | Q(ξ)∗ v � − ≺ u | Q(ξ)v �) g(ξ) dµ(ξ)

=

ˆ
M̂

(
≺ u | Q̂(k)∗ v � − ≺ u | Q̂(k)v �

)
ĝ(−k) d4k

for all Schwartz functions g ∈ S(M) and thus for all ĝ ∈ S(M̂), where in the first step

we applied Proposition 5.6.1. In view of C∞c (M̂; L(V )) ⊂ S(M̂; L(V )), the fundamental
lemma of calculus of variations (see for instance [24, Theorem 6.3-2]) implies that

≺ u | Q̂(k)∗ v � = ≺ u | Q̂(k)v � for all k ∈ M̂ ,

where we made use of continuity of Q̂ ∈ C0(M̂; L(V )) in virtue of Lemma 5.5.13. Hence

non-degeneracy of the spin scalar product yields Q̂(k)∗ = Q̂(k) for all k ∈ M̂. �

5.6.2. Auxiliary Variational Principles. In order to obtain a useful representa-
tion of the operator Q̂, in this subsection we focus on auxiliary variational principles
based on inequality (5.5.14). More precisely, for given constants c, f > 0 we assume
that dν ∈ Ndm is a minimizer (in the sense of Definition 5.4.9) of the causal variational
principle (5.4.8) with respect to the side conditions

TrV (ν(M̂)) = c and TrV (−Sν(M̂)) = f . (5.6.1)

Considering arbitrary p ∈ M̂ and U ∈ B(M̂), by Proposition 5.5.16 the inequality

TrV

(
Q̂[ν](p)A′

)
≥
ˆ
U

TrV

(
Q̂[ν](q) dν(q)

)
holds true for any negative definite matrix A′ ∈ L(V ) satisfying (5.5.11), i.e.

TrV (A′) = Tr (ν(U)) =: cU and TrV (−SA′) = Tr (−Sν(U)) =: fU . (5.6.2)

The main ideas of this section can be summarized as follows: On the one hand,

for every U ∈ B(M̂) we regard (5.6.2) as side conditions for a variational principle
under variations of A′. On the other hand, we restrict attention to the Euclidean inner
product 〈 . | . 〉 on V instead of the indefinite inner product ≺ . | . �. More precisely, for

arbitrary k ∈ M̂, the matrix

X(k) := −Q̂(k)S

is symmetric with respect to the scalar product4

〈 . | . 〉 = ≺ . | S. �
on V as given by (5.2.1); indeed, for all u, v ∈ V ,

〈u | X(k)v〉 = −≺ u | SQ̂(k)Sv � = −≺ Q̂(k)S u | Sv � = 〈X(k)u | v〉 ,

where we used Q̂(k)∗ = Q̂(k) according to Corollary 5.6.2 (with respect to ≺ . | . �).
Next, the operator A ∈ L(V ) defined by A := −SA′ satisfies the conditions

TrV (A) = TrV (−SA′) = TrV (−Sν(U)) = fU ,

TrV (SA) = TrV (−A′) = TrV (−ν(U)) = −cU .
(5.6.3)

4For similar considerations see [59, Exercise 1.15].
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Since V is finite-dimensional, the operator A ∈ L(V ) is compact. Furthermore, it is
self-adjoint and positive with respect to 〈 . | . 〉 in view of

〈u | Av〉 = ≺ u | −SSA′ v � = ≺ −A′u | v � = ≺ −SA′u | Sv � = 〈Au | v〉

(where we made use of S2 = 11 and the fact that A′ is negative definite) and

〈u | Au〉 = ≺ −A′u | u � ≥ 0

for arbitrary u, v ∈ V . Applying [157, Satz VI.3.4], we conclude that there is a unique
positive self-adjoint (with respect to 〈 . | . 〉) compact operator B ∈ L(V ) such that

A = B2 = BB = BB∗ = B∗B .

In order satisfy the constraints (5.6.3), the operator B has to fulfill the conditions

TrV (BB∗) = fU , TrV (SBB∗) = −cU . (5.6.4)

For given k ∈ M̂ and U ∈ B(M̂), we introduce the functional F = F (k, U) by

F : L(V )→ R , B 7→ TrV (X(k)BB∗) .

We now focus on the (auxiliary) variational principle

minimize F under the constraints (5.6.4) . (5.6.5)

Denoting by ‖ · ‖HS the Hilbert-Schmidt norm with respect to the Hilbert-Schmidt inner
product 〈., .〉HS on Hilbert-Schmidt operators,5 given by

〈A,B〉HS = TrV (A∗B) = TrV (BA∗)

for all A,B ∈ L(V ), the side conditions (5.6.4) imply that

‖B‖HS =
√
〈B,B〉HS =

√
TrV (BB∗) =

√
fU (5.6.6)

for admissible variations B (that is, operators B ∈ L(V ) satisfying condition (5.6.4)).
From this we read off that admissible variations of the variational principle (5.6.5) are
contained within a compact subset of L(V ). For this reason, there exist minimizers of
the above variational principle (5.6.5). (Considering a minimizing sequence, compactness
readily yields the existence of a convergent subsequence in such a way that its limit is
the desired minimizer.)

In what follows, we apply Lagrange multipliers to the variational principle (5.6.5)
with respect to the side conditions (5.6.4) in order to obtain more information about the

matrix X(k) = −Q̂(k)S. To this end, we first point out that L(V ) is a real locally convex
(Banach) space. Introducing the functionals

F : L(V )→ R , F (B) := TrV (XBB∗)

G1 : L(V )→ R , G1(B) := TrV (BB∗)− fU
G2 : L(V )→ R , G2(B) := TrV (SBB∗) + cU

(where X = X(k) for given k ∈ M̂), the variational principle (5.6.5), (5.6.4) reads

F (B) = min!

Gi(B) = 0 for i = 1, 2 .

For convenience, let G = (G1, G2) : L(V ) → Y = R2, and in order to treat the side
conditions we introduce N = {B ∈ L(V ) : G(B) = 0} (see [168, Definition 43.4]).

5Since V is finite-dimensional, the Hilbert-Schmidt norm coincides with the Frobenius norm.
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In order to make use of Lagrange multipliers, we require the functional F to be
Fréchet differentiable and G to be a submersion (for details see [168, Section 40.1 and
Definition 43.15]).6 For B,H ∈ L(V ) the Gâteaux derivative F ′(B) : L(V )→ R is given
by the continuous linear functional

〈F ′(B), H〉 = lim
τ→0

F (B + τH)− F (B)

τ
= TrV (XBH∗ +XHB∗) .

Since L(V ) is a normed space and F ′(B) is continuous at B, the Gâteaux derivative
coincides with the Fréchet derivative of F (see [168, Section 40.1]). Next, we focus on
the functional G. Similar calculations yield

〈G′1(B), H〉 = TrV (BH∗ +HB∗) ,

〈G′2(B), H〉 = TrV (SBH∗ + SHB∗)

for B,H ∈ L(V ), proving that G is continuously Fréchet differentiable. As the null
space N (G′(B)) is finite-dimensional for every B ∈ L(V ), it splits L(V ) in the sense that
there exists a continuous projection operator P of L(V ) to N (G′(B)) in virtue of [168,
Example 43.16]. Thus in order for G to be a submersion (for details we refer to [168,
Definition 43.15]), it remains to show that the mapping G′(B) : L(V )→ R is surjective,
i.e. R(G′(B)) = R2. Whenever this condition holds and the operator B is a minimizer
of the auxiliary variational principle (5.6.5), (5.6.4) (and thus a bound local minimum in
the sense of [168, Definition 43.4]), we may apply [168, Theorem 43.D] to conclude the
existence of Λ ∈ Y ∗ = R2 such that

F ′(B)H − Λ(G′(B)H) = 0 for all H ∈ L(V ) ,

where Λ is called a Lagrange multiplier. In this case, the operator B is a critical point
with respect to the side conditions N according to [168, Proposition 43.21].

5.6.3. Introducing Lagrange Multipliers. Making use of the auxiliary varia-
tional principle (5.6.5) with respect to the side conditions (5.6.4) as introduced in §5.6.2,

this subsection is devoted to derive a useful representation of the operator Q̂ in terms of
Lagrange multipliers. Let us begin with the following lemma.

Lemma 5.6.3. Let k ∈ M̂ and U ∈ B(M̂), and assume that the operator B = B(k) is
a minimizer of the variational principle (5.6.5), (5.6.4) such that G′(B) : L(V ) → R2 is

surjective. Then there exists a basis such that the matrix X = X(k) = −Q̂(k)S as defined
above is given by

X = −β 11− αS +

(
0 0
0 Y

)
for some matrix Y ∈ C(2n−p)×(2n−p) and real parameters α = α(k, U), β = β(k, U),
where p denotes the number of non-trivial eigenvalues of A = B2. Moreover, if B is
invertible, Y = 0, and TrV (XBB∗) = αfU − β cU (where the parameters fU and cU are
given by (5.6.4)).

Proof. Since G′(B) is surjective, it is a submersion in view of [168, Definition 43.15].
For this reason, the fact that B is a minimizer (in the sense of [168, Definition 43.4])

6As L(V ) is finite-dimensional, the Fréchet and Gâteaux derivative clearly coincide with the total
and directional derivative, respectively.
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implies that there exists a Lagrange multiplier Λ = Λ(k, U) ∈ R2 such that

F ′(B)H − Λ(G′(B)H) = 0 for all H ∈ L(V ) .

Making use of the fact that the trace is cyclic, for any H ∈ L(V ) we arrive at

0 = Tr (XBH∗ +XHB∗)− λ1 TrV (BH∗ +HB∗)− λ2 TrV (SBH∗ + SHB∗)

= TrV
((
XB − λ1B − λ2SB

)
H∗
)

+ TrV
(
H
(
B∗X − λ1B

∗ − λ2B
∗S
))

with Λ = (λ1, λ2) ∈ R2, where λ1/2 = λ1/2(k, U). Considering variations H = Z eiϕ

in L(V ) with ϕ ∈ R and arbitrary Z ∈ L(V ), the last condition reads

0 = TrV
((
XB − λ1 B − λ2 SB

)
Z∗ e−iϕ

)
+ TrV

(
Z
(
B∗X − λ1B

∗ − λ2B
∗S
)
eiϕ
)
.

Since Z ∈ L(V ) and ϕ ∈ R are arbitrary, we conclude that(
X − λ1 11− λ2S

)
B = 0 as well as B∗

(
X − λ1 11− λ2S

)
= 0 .

We proceed by distinguishing the following two cases.

(i) If B is invertible, we obtain X − λ1 11− λ2S = 0, or equivalently,

X = λ1 11 + λ2S .

As a consequence, for the matrix A = BB∗ we arrive at

TrV (XA) = λ1 TrV (BB∗) + λ2 TrV (SBB∗)
(5.6.4)

= λ1 fU − λ2 cU .

(ii) If B is not invertible, we note that the restriction to its image vanishes,(
X − λ1 11− λ2S

)
|im(B) = 0 .

Moreover, for the matrix A = BB∗ we are given im(A) = im(B), implying that(
X − λ1 11− λ2S

)
|im(A) = 0 . (5.6.7)

Since A = BB∗ is a positive operator with respect to 〈 . | . 〉, it is self-adjoint with
respect to 〈 . | . 〉. According to [114, Theorem 4, p. 106], the operator A has real
eigenvalues and the corresponding eigenvectors form an orthonormal basis of V .
Consequently, the operator A is diagonalizable, i.e. there exists a basis of V such
that A is diagonal (cf. [108, Theorem VIII.5.3 and Theorem VIII.5.4]). We thus can
arrange that

A = diag
(
κ1, . . . , κp, 0, . . . , 0

)
(5.6.8)

with κ1, . . . , κp > 0 due to positivity of A. In view of (5.6.7), we thus arrive at

X − λ1 11− λ2S =

(
0 0
0 Y

)
for some (2n− p)× (2n− p)-matrix Y .

Setting α = −λ2 and β = −λ1 completes the proof. �

The next proposition shows that the matrix Y is positive.

Proposition 5.6.4. Under the assumptions of Lemma 5.6.3, the matrix Y given by

X = −β 11− α S +

(
0 0
0 Y

)
is positive with respect to 〈 . | . 〉 in the sense that 〈u | Y u〉 ≥ 0 for all u ∈ C2n−p.
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Proof. It suffices to consider the case Y 6= 0. In view of (5.6.8), the matrix

B0 := diag
(√
κ1, . . . ,

√
κp, 0, . . . , 0

)
satisfies B2

0 = A. Given δ > 0, for arbitrary matrices D ∈ C(2n−p)×p we now consider
variations of B0 of the form7

B̃0(τ) := B0 + τ

(
0 D∗

D 0

)
︸ ︷︷ ︸

=: D

∈ C2n×2n for all τ ∈ (−δ, δ) .

Multiplying out, for all τ ∈ (−δ, δ) we arrive at

B̃0(τ)∗ B̃0(τ) = A+ τ
(
B∗0D +D∗B0

)
+ τ2D∗D ∈ C2n×2n ,

thus giving rise to variations of A. In order to restrict attention to variations being
admissible with respect to the side conditions (5.6.3), we add an additional matrix, thus
being led to consider variations of the form

Ã(τ) := A+ τ B∗0D + τD∗B0 + τ2D∗D + τ2

(
E 0
0 0

)
∈ C2n×2n

for all τ ∈ (−δ, δ). More precisely, in order for Ã(τ) to satisfy the constraints (5.6.3),

we choose the matrix E ∈ Cp×p such that Tr(Ã(τ)) = fU and Tr(SÃ(τ)) = −cU for
all τ ∈ (−δ, δ). Multiplying out, we obtain

Ã(τ) = A+ τ

(
0 ∗
0 0

)
+ τ

(
0 0
∗ 0

)
+ τ2

(
D∗D 0

0 DD∗

)
+ τ2

(
E 0
0 0

)
for all τ ∈ (−δ, δ), where the expressions

τ

(
0 ∗
0 0

)
+ τ

(
0 0
∗ 0

)
do not enter the constraints (5.6.3). As a consequence, the matrix E is determined by

TrV

{(
D∗D 0

0 DD∗

)
+

(
E 0
0 0

)}
!

= 0 , TrV

{
S

(
D∗D 0

0 DD∗

)
+ S

(
E 0
0 0

)}
!

= 0 .

As B is a minimizer of the variational principle (5.6.5), (5.6.4), the matrix A = BB∗

is a minimizer of the corresponding variational principle

minimize F (A) = TrV (XA)

by varying A in L(V ) with respect to the side conditions (5.6.3). In view of Ã(0) = A
and the fact that the expression

TrV
(
(β 11 + αS)Ã(τ)

)
= β TrV

(
Ã(τ)

)
+ α TrV

(
SÃ(τ)

)
= β fU − αcU

is constant for all τ ∈ (−δ, δ), we conclude that TrV
(
(X + β 11 + αS) Ã(τ)

)
is minimal

for τ = 0. Making use of (5.6.7), i.e. (X + β 11 + αS)|im(A) = 0, we infer the inequality

TrV
(
(X + β 11 + αS)Ã(τ)

)
≥ 0 for all τ ∈ (−δ, δ) .

7Note that D∗ ∈ Cp×(2n−p) if and only if D ∈ C(2n−p)×p. As a consequence, neither D nor D∗ will
in general be self-adjoint, and D∗D ∈ Cp×p. Moreover, (D∗)∗ = D and(

B11 B12

B21 B22

)∗
=

(
B∗11 B∗21

B∗12 B∗22

)
for block matrices Brs with r, s ∈ {1, 2}.
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In view of A = diag
(
κ1, . . . , κp, 0, . . . , 0

)
, for all τ ∈ (−δ, δ) this gives rise to

0 ≤ TrV
(
(X + β 11 + αS)Ã(τ)

)
= TrV

{(
0 0
0 Y

)(
A+ τ

(
0 ∗
∗ 0

)
+ τ2

(
D∗D 0

0 DD∗

))
+ τ2

(
E 0
0 0

)}
= TrV

{
τ2

(
0 0
0 Y DD∗

)}
.

As a result, we obtain TrC2n−p (Y DD∗) ≥ 0 for arbitrary matrices D ∈ C(2n−p)×p. More-
over, from the fact that the matrices X, 11 and S are self-adjoint with respect to the
Euclidean scalar product 〈 . | . 〉C2n , we deduce that the matrix(

0 0
0 Y

)
= X + β 11 + αS ∈ C2n×2n

is self-adjoint with respect to 〈 . | . 〉C2n , too. Hence in order for Y to be positive, it remains
to show that 〈Y x | x〉C2n−p ≥ 0 for all x ∈ C2n−p (see e.g. [157, Section VI.3]). In view of

TrC2n−p(XW ) = TrCp(WX) ,

whenever X ∈ C(2n−p)×p and W ∈ Cp×(2n−p), we deduce that

0 ≤ TrCp (D∗Y D) =

p∑
i=1

〈ei | D∗Y Dei〉Cp =

p∑
i=1

〈Dei | Y Dei〉C2n−p ,

where (ei)i=1,...,p is the standard orthonormal basis of Cp. Choosing D ∈ C(2n−p)×p for
arbitrary x ∈ C2n−p according to

D = D(x) =

 x1 0 · · · 0
...

...
...

x2n−p 0 · · · 0

 ,

we obtain De1 = x and Dei = 0 for i = 2, . . . , p. In particular,

0 ≤ 〈x | Y x〉C2n−p

for all x ∈ C2n−p, proving that Y ≥ 0 as desired. �

In order for Lemma 5.6.3 and Proposition 5.6.4 to hold, it is essential that the Fréchet
derivative G′(B) = (G′1(B), G′2(B)) : L(V )→ R2 at B ∈ L(V ) is regular in the sense that
it is a surjective mapping from L(V ) to R2. For this reason, our task is to work out
conditions under which the mapping

〈G′1(B), ·〉 b1 + 〈G′2(B), ·〉 b2 : L(V )→ R2

is surjective, where (bi)i=1,2 is a basis of R2 and

〈G′1(B), H〉 = TrV (BH∗ +HB∗) ,

〈G′2(B), H〉 = TrV (SBH∗ + SHB∗)

for B,H ∈ L(V ). Making use of the fact that the trace is linear and cyclic,

TrV ({B,H}) = TrV (BH +HB) = 2 TrV (BH)
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for all H ∈ L(V ). Thus, assuming that H = H∗, the above mapping reads

〈G′(B), H〉 =

(
TrV ({B,H})

TrV (S{B,H})

)
=

(
2 TrV (BH)

TrV ({S,B}H)

)
,

where {., .} denotes the anti-commutator. This leads us to the following result.

Lemma 5.6.5. Given B ∈ L(V ), the mapping

G′(B) : L(V )→ R2 , H 7→ 〈G′(B), H〉 =

(
2 TrV (BH)

TrV ({S,B}H)

)
is surjective unless

B =

(
b 0
0 0

)
or B =

(
0 0
0 b

)
(5.6.9)

for any block matrix b ∈ Cn×n.

Proof. Let us first point out that the matrices B and {S,B} are symmetric (with
respect to 〈 . | . 〉). If B is of the form (5.6.9), then

{S,B} = 2B or {S,B} = −2B ,

i.e. B and {S,B} are linearly dependent, implying that G′(B) is not surjective. On
the other hand, if B is not of the form (5.6.9), the operators B and {S,B} are linearly
independent within the set of all symmetric matrices on V . Namely,

α{S,B}+ βB = α

(
11 0
0 −11

)(
∗ ∗
∗ ∗

)
+ α

(
∗ ∗
∗ ∗

)(
11 0
0 −11

)
+ β

(
∗ ∗
∗ ∗

)
= 2α

(
∗ 0
0 ∗

)
+ β

(
∗ ∗
∗ ∗

)
!

= 0

if and only if α = 0 = β. Note that the set of symmetric matrices on V forms a real
vector space; therefore, it is a real Hilbert space endowed with the Hilbert-Schmidt scalar
product

〈M,M ′〉HS := TrV (MM ′) .

In particular, if B is not of the form (5.6.9), B 6= 0. As a consequence, there exist
symmetric matrices M1,M2 such that

TrV (BM1) = 1 , TrV (BM2) = 0 ,

TrV ({S,B}M1) = 0 , TrV ({S,B}M2) = 1

(i.e. B ⊥HS M2 and {S,B} ⊥HS M1 with respect to 〈 . | . 〉HS). Choosing the symmetric
operator H = α/2M1 + βM2, we obtain

〈G′(B), H〉 = 〈G′1(B), H〉 b1 + 〈G′2(B), H〉 b2 =

(
α
β

)
.

Since α, β ∈ R were arbitrary, we conclude that G′(B) is indeed surjective. �

Corollary 5.6.6. Let k ∈ M̂ and U ∈ B(M̂), and assume that the operator B =
B(k) is a minimizer of the variational principle (5.6.5), (5.6.4). If the operator B is of
the form (5.6.9) and fU 6= 0 in (5.6.2), then there exists a basis such that the matrix X =

X(k) = −Q̂(k)S as defined above is given by

X = λ11 +

(
0 0
0 Y

)
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for some positive (2n − p) × (2n − p)-matrix Y and some real parameter λ = λ(k, U),
where p denotes the number of non-trivial eigenvalues of A = B2. Furthermore, if B is
invertible, Y = 0, and TrV (XBB∗) = λfU .

Proof. If B is of the form (5.6.9), we know that A is of the form

A =

(
b2 0
0 0

)
or A =

(
0 0
0 b2

)
.

In the first case, TrV (A) = TrV (SA), leaving us with only one constraint. In the second
case, TrV (A) = −TrV (SA), giving rise to fU = TrV (A) = cU . Thus we also end up with
only one constraint, which is implemented by considering the functional

G̃ : L(V )→ R , B 7→ G̃(B) := TrV (BB∗)− fU .

As a consequence, the Fréchet derivative G̃′(B) is surjective if TrV (B) 6= 0; namely,
considering H = ϕ11 with ϕ ∈ R, the Fréchet derivative is given by

〈G̃′(B), H〉 = TrV
(
BH∗ +HB∗

)
= 2ϕTrV (B) .

Since TrV (A) = TrV (B2) = fU and A is positive (with respect to 〈 . | . 〉), we obtain the
equivalence TrV (B) = 0 if and only if B = 0 if and only if fU = 0. Thus fU 6= 0 in (5.6.2)
yields surjectivity of the Fréchet derivative. As a consequence, there exists a Lagrange
multiplier λ = λ(k, U) according to [168, Theorem 43.D] such that

〈F ′(B), H〉 − λ 〈G̃′(B), H〉 = 0

for all H ∈ L(V ). Making use of the fact that the trace is cyclic, we obtain

0 = TrV (XBH∗ +XHB∗)− λ TrV (BH∗ +HB∗)

= TrV
(
(XB − λB)H∗

)
+ TrV

(
H (B∗X − λB∗)

)
.

Considering variations H = Zeiϕ with ϕ ∈ R and arbitrary Z ∈ L(V ) in analogy to the
proof of Lemma 5.6.3, the latter condition reads

0 = TrV
(
(XB − λB)Z e−iϕ

)
+ TrV

(
Z (B∗X − λB∗)eiϕ

)
.

Since Z ∈ L(V ) and ϕ ∈ R are arbitrary, we conclude that(
X − λ11

)
B = 0 as well as B∗

(
X − λ11

)
= 0 .

We again distinguish the following two cases.

(i) If B is invertible, we obtain

X = λ11 ,

giving rise to

TrV (XA) = λ TrV (BB∗) = λfU .

(ii) If B is not invertible, proceeding in analogy to the proof of Lemma 5.6.3 yields

X − λ11 =

(
0 0
0 Y

)
for some (2n − p) × (2n − p)-matrix Y , where p denotes the number of non-trivial
eigenvalues of A = BB∗. Proceeding similarly to the proof of Proposition 5.6.4, we
conclude that Y ≥ 0.

This completes the proof. �
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Making use of X(k) = −Q̂(k)S and setting β = −λ, the operator Q̂ has the form

Q̂ = −XS = −
(
λ11 +

(
0 0
0 Y

))
S = βS −

(
0 0
0 Y

)
S

with Y ≥ 0 and Y = 0 if B is invertible. Introducing the matrix R(k) by

R(k) = −
(

0 0
0 Y

)
S ,

the following proposition shows that R(k) is negative definite with respect to the indefinite
inner product ≺ . | . �.

Proposition 5.6.7. Let k ∈ M̂ and U ∈ B(M̂), and assume that the operator B =
B(k) is a minimizer of the variational principle (5.6.5), (5.6.4). Then the operator

R(k) := Q̂(k)− β(k)S − α(k)11 = −
(

0 0
0 Y

)
S (5.6.10)

is negative definite with respect to ≺ . | . � (where α = 0 if B is of the form (5.6.9)).
Moreover, R(k)A′ = 0 = A′R(k), where A′ = −SA satisfies (5.6.2) and A = B2.

Proof. In view of Y ≥ 0 (see Proposition 5.6.4 and Corollary 5.6.6), for all u ∈ V
holds

≺ u | −R(k)u � = 〈u | −SR(k)u〉 = 〈u | S
(

0 0
0 Y

)
Su〉 = 〈Su |

(
0 0
0 Y

)
Su〉 ≥ 0 .

In view of (5.6.8) one immediately obtains

R(k)A′ = −
(

0 0
0 Y

)
S(−S)A =

(
0 0
0 Y

) (
∗ 0
0 0

)
= 0

as well as

A′R(k) = (−S)A

(
0 0
0 Y

)
(−S) = 0 ,

which completes the proof. �

Taken the previous results together, we deduce that, for real parameters α = α(k)
and β = β(k), the operator X = X(k) is of the general form

X = −β 11− αS +

(
0 0
0 Y

)
with Y ≥ 0 .

In view of X(k) = −Q̂(k)S and (5.6.10), the operator Q̂ = Q̂(k) can be written as

Q̂(k) = −X(k)S = β(k)S + α(k)11 +R(k)

with Y = 0 if B is invertible, and α = 0 if B is of the form (5.6.9) and fU 6= 0 in
(5.6.2). In the standard pseudo-orthonormal basis, the signature matrix S takes the
familiar form (5.2.2).

For convenience, let us summarize the above results in the following theorem.

Theorem 5.6.8. Let dν ∈ Ndm be a minimizer of the causal variational princi-

ple (5.4.8) with respect to the side conditions (5.4.7). Then for any k ∈ M̂ and Ω ∈ B(M̂)
there is an operator A′ = A′(k,Ω) in L(V ) being a minimizer of the variational principle

minimize TrV

(
Q̂(k)Ã′

)
under the constraints (5.6.2)
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in the class of negative definite matrices on L(V ). Moreover, we have R(k) ◦ A′ = 0 as
well as [A′, R(k)] = 0, where the matrix R(k) = R(k,Ω) is defined by (5.6.10), that is

R(k) = Q̂(k)− β(k)S − α(k)11

with real parameters α(k) = α(k,Ω) and β(k) = β(k,Ω).

5.7. Euler-Lagrange Equations in Momentum Space

The aim of this section is to derive Euler-Lagrange equations in momentum space.
Throughout this section we shall assume that dν is a negative definite measure on mo-

mentum space M̂ with values in L(V ) which is a minimizer (see Definition 5.4.9) of the
causal variational principle (5.4.8) under the side conditions (5.6.1). Unless stated oth-
erwise, by (ei)i=1,...,2n we denote the standard pseudo-orthonormal basis of V in such a
way that the signature matrix S takes the convenient form (5.2.2).

Essentially making use of the matrices A′ obtained in Theorem 5.6.8, our method
is to proceed in the spirit of [12]. More precisely, we first outline some preliminary
considerations in order to clarify the connection to Theorem 5.6.8 (§5.7.1). Afterwards,
we introduce strictly negative definite measures in the strong sense (§5.7.2). This allows
us to state our main result (Theorem 5.7.10). For the proof of this theorem we proceed
similarly to [12, Section 3] by first deriving an equality on the support of dν (§5.7.3) and

then deducing an inequality on whole momentum space M̂ (§5.7.4).

5.7.1. Preliminary Considerations. Throughout this section we shall assume
that (5.5.2) holds and that the Lagrangian is a continuously differentiable mapping in
the sense of Assumption 5.5.4.

Following the explanations in §5.5.4, we denote the variation measure of dν by

dζ := d|ν| .
Henceforth, the negative definite measure dν is absolutely continuous with respect to dζ

(in symbols, dν � dζ), and there is Υ ∈ L1(M̂,L(V ); dζ) such that

dν = Υ dζ

(in view of the Radon-Nikodým theorem). According to Definition 5.3.7, the support
of dν is given by

supp dν = supp dζ ,

implying that ˆ
M̂

TrV
(
Υ(k)

)
dζ(k) =

ˆ
supp dν

TrV
(
Υ(k)

)
dζ(k) .

Starting point in what follows is the first variation δS as worked out in §5.5.4. More
precisely, let Q = Q[ν] be given by (5.5.7) and denote by Q̂ its Fourier transform. When-
ever Q ∈ L1(M,L(V )) ∩ L2(M,L(V )) ∩ L∞(M,L(V )), the first variation of S in direc-
tion dη ∈ Ovm takes the form

δS(ν; η) = 4

ˆ
M̂

TrV
(
Q̂[ν](q) dη(q)

)
(5.7.1)

according to Lemma 5.5.13. Note that the first variation (5.7.1) depends crucially on the
operator-valued measure dη ∈ Ovm. For this reason, in the following we always assume
that Q ∈ L1(M,L(V )) ∩ L2(M,L(V )) ∩ L∞(M,L(V )). In this case, by Lemma 5.5.13
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we obtain Q̂ ∈ C0(M̂; L(V )) ∩ L2(M̂,L(V )), and from C0(M̂; L(V )) ⊂ Cb(M̂; L(V )) we
conclude that

Q̂ ∈ L2(M̂,L(V ); dζ) .

Furthermore, we let A′ = A′(·, M̂) be the minimizer given by Theorem 5.6.8. Due to

the constructions in Section 5.6, for every k ∈ M̂ there is B(k) ∈ L(V ) such that

A′(k) = −SB(k)2 ,

where B(k) is bounded according to (5.6.6). As a consequence,

A′ ∈ L∞(M̂,L(V ); dζ) ∩ L∞(M̂,L(V )) .

Next, we consider the operator R as given by (5.6.10),

R(k) = Q̂(k)− α(k)11− β(k)S for all k ∈ M̂ ,

where α(k) = α(k, M̂) and β(k) = β(k, M̂) for every k ∈ M̂ denote the Lagrange
multipliers corresponding to the auxiliary variational principle in §5.6.2. In virtue of
Theorem 5.6.8 we know that R(k) ◦ A′(k) = 0 for each k ∈ N. Moreover, for technical

simplicity in what follows we assume that A′(k) depends continuously on k ∈ M̂. In this
case, the mapping

M̂ 3 k 7→ q̂(k) := TrV
(
Q̂(k)A′(k)

)
(5.7.2)

is continuous. Due to Theorem 5.6.8, the mapping (5.7.2) equivalently reads

M̂ 3 k 7→ q̂(k) = TrV
(
α(k)A′(k) + β(k)SA′(k)

)
.

5.7.2. Strictly Negative Definite Measures. The subtle point for the subsequent
constructions to work is to prove that the side conditions are satisfied. In particular,
we need to vary exclusively within the class of negative definite measures Ndm. For a
convenient terminology, let us first state the following definition:

Definition 5.7.1. Let dν ∈ Ndm be a negative definite measure. Given dη ∈ Ovm
with

TrV (η(M̂)) = 0 and TrV (−Sη(M̂)) = 0 , (5.7.3)

the variations dν̃τ := dν + τ dη are said to be admissible if there are a ≤ 0 and b > 0
such that dν̃τ ∈ Ndm for all τ ∈ (a, b)

Remark 5.7.2. Whenever dν ∈ Ndm satisfies the constraints

TrV (ν(M̂)) = c and TrV (−Sν(M̂)) = f , (5.7.4)

and dν̃τ is an admissible variation, the calculations

TrV (ν̃τ (M̂)) = c+ τ TrV (η(M̂)) = c ,

TrV (−Sν̃τ (M̂)) = f + τ TrV (−Sη(M̂)) = f

show that admissible variations satisfy the constraints (5.7.4).

In order for deriving an equality on the support of dν as well as an inequality on
whole momentum space, we need to ensure that sufficiently small variations of dν in
certain directions still give rise to negative definite measures. More precisely, in order to
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derive an equality we assume that x0, y0 ∈ supp dν and g ∈ Cc(M̂) are given; then for
sufficiently small ε > 0 and δ > 0 we require the measures

dν̃τ := dν + τ dη for all τ ∈ (−δ, δ)

to be negative definite, where dη = dη(x0, y0, ε, g) is given by

dη :=

(ˆ
M̂
g(z) dζ(z)

)
A′(x0) ηx0,ε dζ −

(ˆ
M̂
g(z) dζ(z)

)
A′(y0) ηy0,ε dζ , (5.7.5)

and ηx0,ε ∈ C+
c (Bε(x0)), ηy0,ε ∈ C+

c (Bε(y0)) are compactly supported functions withˆ
Bε(x0)

ηx0,ε dζ = 1 ,

ˆ
Bε(y0)

ηy0,ε dζ = 1 .

On the other hand, for deriving an inequality we let x0 ∈ supp dν and g ∈ C+
c (M̂) be

given; in this case we need to guarantee that, for sufficiently small ε > 0 and δ > 0, the
measures

dν̃τ := dν + τ dη for all τ ∈ (0, δ)

are negative definite, where dηg = dηg(x0, ε) is given by

dηg := −
(ˆ

M̂
g(k) d4k

)
A′(x0) ηx0,ε dζ + d

ˆ
M̂
g(k)A′(k) δk(·) d4k (5.7.6)

with ηx0,ε ∈ C+
c (Bε(x0)) being a compactly supported function such thatˆ

Bε(x0)
ηx0,ε dζ = 1 ,

and dδk being the Dirac measure supported at k ∈ M̂.
For simplicity, we only focus on the first case (5.7.5). Then our task is to show that

there is δ > 0 in such a way that for all u ∈ V \ {0} and Ω ∈ B(M̂),

≺ u | −ν̃τ (Ω)u � ≥ 0 for all τ ∈ (−δ, δ) . (5.7.7)

Without loss of generality it suffices to restrict attention to u ∈ S, where

S := {u ∈ V : ‖u‖ = 1} .

Our strategy for proving (5.7.7) is to show that there is a constant c > 0, independent

of u ∈ S and Ω ∈ B(M̂), with the property that

inf
u∈S

ˆ
Ω
≺ u | −Υ(k)u � dζ(k) > c ζ(Ω) whenever ζ(Ω) > 0 . (5.7.8)

In this case we may prove (5.7.7) by contradiction: Assuming conversely that (5.7.7) is

not true, then for any δ > 0 there is τ0 ∈ (−δ, δ), u0 ∈ S and Ω0 ∈ B(M̂) such that

≺ u0 | −ν̃τ0(Ω0)u0 � < 0 .

However, choosing

δ < ‖A′‖−1

L∞(M̂,L(V );dζ)
‖g‖−1

L∞(M̂)
‖ηx0,ε‖−1

L∞(M̂)
c
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we obtain the contradiction

0 < c ζ(Ω0) ≤ ≺ u0 | −ν(Ω0)u0 �

≤ ≺ u0 | −ν(Ω0)u0 �+ τ ≺ u0 | −
ˆ

Ω0

(ˆ
M̂
g(k) d4k

)
A′(y0) ηy0,ε dζ u0 �

< τ ≺ u0 | −
ˆ

Ω0

(ˆ
M̂
g(k) d4k

)
A′(x0) ηx0,ε dζ u0 � < c ζ(Ω0) .

This yields (5.7.7), provided the existence of a constant c > 0 satisfying (5.7.8).
In order for condition (5.7.8) to hold, let us introduce strictly negative definite mea-

sures in the strong sense as follows:

Definition 5.7.3. A negative definite measure dν = Υdζ is called strictly negative
definite in the strong sense if and only if Υ is continuous and the mapping

Yu : M̂ → R , x 7→ Yu(x) := ≺ u | −Υ(x)u �
is strictly positive dζ-almost everywhere for all u ∈ V \ {0}, where dζ = d|ν|.

Let dν be strictly negative definite in the strong sense and assume that ν(Ω) 6= 0 for

some Borel set Ω ∈ B(M̂). Then Ω∩ supp dν 6= ∅, implying that ζ(Ω) > 0. Whenever Ω
is relatively compact, by continuity of Yu we have

≺ u | −ν(Ω)u � =

ˆ
Ω
Yu(z) dζ(z) ≥ inf

z∈Ω\E
Yu(z) ζ(Ω) > 0

for any u ∈ V \ {0}. Whenever Ω ∈ B(M̂) is a general Borel set with Ω ∩ supp dν 6= ∅
we may restrict attention to relatively compact subsets thereof. Applying the same
arguments as before yields ≺ u | −ν(Ω)u � for any u ∈ V \{0}. Accordingly, we conclude
that every strictly negative definite measure in the strong sense is strictly negative definite
in the following sense:

Definition 5.7.4. A negative definite measure dν is called strictly negative defi-

nite if the following condition is satisfied: Whenever Ω ∈ B(M̂) such that ν(Ω) 6= 0,

≺ u | −ν(Ω)u � > 0 for all u ∈ V \ {0} .
For technical simplicity, in the following we shall only restrict attention to strictly

negative definite measures in the strong sense. Applying a rescaling argument, it suffices
to restrict attention to S instead of V \{0}. According to Definition 5.7.3, for every u ∈ S
we then introduce the mapping Yu by

Yu : M̂ → R , x 7→ Yu(x) = ≺ u | −Υ(x)u �

such that Yu(x) > 0 for all x ∈ M̂ \ E, where E is a ζ-zero set. Whenever B ⊂ M̂ is
relatively compact and B ∩ supp dζ 6= ∅, we infer that the quantity γ = γ(B) defined by

γ := inf
u∈S

inf
x∈B\E

Yu(x)

is strictly positive. Introducing the constant c := γ/2 yields the following result:

Lemma 5.7.5. Assume that dν is a strictly negative definite measure in the strong

sense. Then for every relatively compact subset B ⊂ M̂ there is a constant c = c(B) > 0
with the property (5.7.8), that is, for any Borel set Ω ⊂ B holds

inf
u∈S

ˆ
Ω
≺ u | −Υ(k)u � dζ(k) > c ζ(Ω) whenever ζ(Ω) > 0 .
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Proof. Whenever ζ(Ω) > 0, this is a consequence of

inf
u∈S

ˆ
Ω
≺ u | −Υ(k)u � dζ(k) ≥ inf

u∈S
inf

x∈Ω\E
Yu(x) ζ(Ω \ E) > γ/2 ζ(Ω) ,

which completes the proof. �

Lemma 5.7.5 asserts that property (5.7.8) is satisfied for some constant c > 0. As
a consequence, there is some δ > 0 in such a way that the variations (dν̃τ )τ∈(−δ,δ) are
admissible (5.7.7). Similar arguments can be applied for the variations (5.7.6).

5.7.3. First Variations with Fixed Support. We are now in the position to
derive an equality on the support of dζ = d|ν| whenever dν is strictly negative definite
in the strong sense (see Definition 5.7.3). To this end, we shall apply the following
result, which can be considered as a generalization of the fundamental lemma of calculus
of variations (see e.g. [93, Lemma 1.1.1]) for continuous functions on locally compact
topological Hausdorff spaces.

Lemma 5.7.6. Let X be a locally compact topological Hausdorff space, and let dµ be
a positive Radon measure on B(X). Suppose that f ∈ C(X) satisfiesˆ

X
f(x) η(x) dµ(x) ≥ 0 for all η ∈ Cc(X) with η ≥ 0 (5.7.9)

or ˆ
X
f(x) η(x) dµ(x) = 0 for all η ∈ Cc(X) .

Then f(x) ≥ 0 or f(x) = 0 for all x ∈ X, respectively.

Proof. First of all, the measure dµ has support in view of [43, §2.2.5]. Next, assume
conversely that there is x0 ∈ supp dµ such that f(x0) < 0. Since f ∈ C(X), there is an
open set U ⊂ X containing x0 such that f(x) < f(x0)/2 for all x ∈ U . Moreover,
let η ∈ Cc(X)+ such that supp η ⊂ V and η(x0) > 0. Choosing W ⊂ supp η open
with x0 ∈W and η(x) > η(x0)/2 for all x ∈W , according to µ(W ) > 0 we obtainˆ

V
(−f)η dµ ≥

ˆ
W

(−f)η dµ ≥ −1

4
f(x0)η(x0)µ(W ) > 0 ,

giving rise to the contradiction

0
(5.7.9)

≤
ˆ
X
f η dµ =

ˆ
V
f η dµ < 0 .

Hence f(x) ≥ 0 for all x ∈ X. The second assertion of the lemma follows readily from
the first one. �

This allows us to state the main result of this subsection:

Lemma 5.7.7. Let Q ∈ L1(M,L(V ))∩L2(M,L(V ))∩L∞(M,L(V )), and let dν ∈ Ndm
be minimizer of the causal variational principle (5.4.8), (5.4.7). Whenever dν is strictly
negative definite in the strong sense, for any x0, y0 ∈ supp dν we are given

TrV
(
Q̂(x0)A′(x0)

)
= TrV

(
Q̂(y0)A′(y0)

)
;

in other words, there is a constant c(A′) such that TrV
(
Q̂A′

)
|supp dν = c(A′).
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Proof. Given arbitrary x0, y0 ∈ supp dν and ε > 0, we consider compactly supported
functions ηx0,ε ∈ C+

c (Bε(x0)) and ηy0,ε ∈ C+
c (Bε(y0)) with the property thatˆ

Bε(x0)
ηx0,ε dζ = 1 and

ˆ
Bε(y0)

ηy0,ε dζ = 1 .

For arbitrary g ∈ Cc(M̂), we then consider variations of dν in direction dη = dηg with

dη :=

(ˆ
M̂
g(z) dζ(z)

)
A′(x0) ηx0,ε dζ −

(ˆ
M̂
g(z) dζ(z)

)
A′(y0) ηy0,ε dζ

(cf. (5.7.5)). These variations clearly leave the support of dν unaffected. Since dν is
supposed to be strictly negative definite in the strong sense, there is δ = δ(η) such that

dν̃τ := dν + τ dη ∈ Ndm

is negative definite for all τ ∈ (−δ, δ), and the side conditions (5.7.3) reduce to

TrV
(
A′(x0)

)
= TrV

(
A′(y0)

)
and TrV

(
− SA′(x0)

)
= TrV

(
− SA′(y0)

)
,

which is immediately satisfied in view of (5.6.2). On the other hand, from (5.5.13) we get

S(ν̃τ ) ≥ S(ν) for all τ ∈ (−δ, δ) ,
implying that

δS(ν; η) =
d

dτ
S(ν̃τ )|τ=0 = 0 .

Making use of Fubini’s theorem, we arrive at

0 = δS(ν; η)
(5.7.1)

= 4

ˆ
M̂

TrV
(
Q̂[ν](q) dη(q)

)
=

ˆ
M̂
g(z) TrV (hε(x0, y0)) dζ(z) ,

where hε(x0, y0) is the constant expression defined by

hε(x0, y0) :=

ˆ
Bε(x0)

Q̂(q)A′(x0)ηx0,ε(q) dζ(q)−
ˆ
Bε(y0)

Q̂(q)A′(y0)ηy0,ε(q) dζ(q) .

Since g ∈ Cc(M̂) was arbitrary, by applying Lemma 5.7.6 we conclude thatˆ
Bε(x0)

Q̂(q)A′(x0)ηx0,ε(q) dζ(q) =

ˆ
Bε(y0)

Q̂(q)A′(y0) ηy0,ε(q) dζ(q) .

Applying the mean value theorem for integrals [87, §27], in the limit ε↘ 0 we obtain

TrV
(
Q̂(x0)A′(x0)

)
= TrV

(
Q̂(y0)A′(y0)

)
.

Since x0, y0 ∈ supp dν are arbitrary, the claim follows. �

5.7.4. First Variations with Varying Support. In this subsection we finally de-
rive the desired Euler-Lagrange equations in momentum space. To this end, we essentially
employ the fundamental lemma of calculus of variations, which for convenience we briefly
recall (see e.g. [78, Chapter 1, Lemma 3]).

Lemma 5.7.8. Let Ω ⊂ Rn open. Suppose that f is of class L1(Ω) and satisfiesˆ
Ω
f(x)η(x) dx ≥ 0 for all η ∈ C∞c (Ω) with η ≥ 0

or ˆ
Ω
f(x)η(x) dx = 0 for all η ∈ C∞c (Ω) .
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Then we obtain f(x) ≥ 0 or f(x) = 0, respectively a.e. on Ω.

In what follows, we assume that dν ∈ Ndm is a minimizer of the causal variational
principle (5.4.8), (5.4.7). In analogy to [12, §3.3], we now focus on variations which modify
the support of dν (by contrast to (5.7.5)). More explicitly, for arbitrary x0 ∈ supp dζ
and ε > 0 we let ηx0,ε ∈ C+

c (Bε(x0)) such thatˆ
Bε(x0)

ηx0,ε dζ = 1 .

For arbitrary g ∈ C+
c (M̂) we then consider variations of dν in direction (cf. (5.7.6))

dηg := −
(ˆ

M̂
g(k) d4k

)
A′(x0) ηx0,ε dζ + d

ˆ
M̂
g(k)A′(k) δk(·) d4k ∈ Ovm .

Then for sufficiently small δ > 0 and all τ ∈ [0, δ), the variations dν̃τ := dν + τ dηg are
negative definite measures which for every τ ∈ [0, δ) are given by

dν̃τ := dν − τ
(ˆ

M̂
g(k) d4k

)
A′(x0) ηx0,ε dζ + τ d

ˆ
M̂
g(k)A′(k) δk(·) d4k ∈ Ndm .

Concerning the side conditions (5.7.4), for any g ∈ Cc(M̂) we need to ensure that (5.7.3)
is satisfied, i.e.

TrV (ηg(M̂)) = 0 and TrV (−Sηg(M̂)) = 0 .

These conditions clearly are equivalent to

TrV

[
−
(ˆ

M̂
g(k)A′(x0) d4k

) ˆ
Bε(x0)

ηx0,ε dζ +

ˆ
M̂
g(k)A′(k) d4k

]
= 0 ,

TrV

[
S

ˆ
M̂
g(k)A′(x0) d4k

ˆ
Bε(x0)

ηx0,ε dζ − S
ˆ

M̂
g(k)A′(k) d4k

]
= 0 .

Making use of TrV (A′(x0)) = TrV (A′(k)) as well as TrV (−SA′(x0)) = TrV (−SA′(k))

for all k ∈ M̂, it is easy to see that these conditions are satisfied for any g ∈ Cc(M̂),

implying that variations in direction dηg are admissible for any g ∈ C+
c (M̂) (in the sense

of Definition 5.7.1).

Lemma 5.7.9. Let dν ∈ Ndm be a minimizer of the causal variational principle (5.4.8),
(5.4.7). Whenever dν is strictly negative definite in the strong sense,

TrV
(
Q̂(k)A′(k)

)
≥ c(A′) for all k ∈ M̂ ,

where the constant c(A′) is given by Lemma 5.7.7.

Proof. For arbitrary g ∈ C+
c (M̂), x0 ∈ supp dν and ε > 0 we introduce dηg

by (5.7.6),

dηg := −
(ˆ

M̂
g(k) d4k

)
A′(x0) ηx0,ε dζ + d

ˆ
M̂
g(k)A′(k) δk(·) d4k ,

where ηx0,ε ∈ C+
c (Bε(x0)) is a compactly supported function such thatˆ

Bε(x0)
ηx0,ε dζ = 1 .
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Following the arguments in §5.7.2, for every g ∈ C+
c (M̂) there is δ > 0 such that

dν̃τ = dν + τ dηg ∈ Ndm for all τ ∈ [0, δ) .

Varying exclusively in the class of negative definite measures, by (5.5.13) and (5.7.1) we
arrive at

0 ≤ δ+S(ν; ηg) = 4

ˆ
M̂
g(k) TrV

[
Q̂(k)A′(k)−

ˆ
Bε(x0)

Q̂(q)A′(x0)ηx0,ε dζ(q)

]
d4k .

Since g ∈ C+
c (M̂) ⊃ C∞c (M̂)+ is arbitrary and M̂ 3 k 7→ TrV

(
Q̂(k)A′(k)

)
is a continuous

mapping, the fundamental lemma of calculus of variations implies that

TrV
(
Q̂(k)A′(k)

)
≥ TrV

(ˆ
Bε(x0)

Q̂(q)A′(x0)ηx0,ε dζ(q)

)
for all k ∈ M̂ .

Applying the mean value theorem for integrals [87, §27], in the limit ε↘ 0 we get

TrV
(
Q̂(k)A′(k)

)
≥ TrV

(
Q̂(x0)A′(x0)

)
for all k ∈ M̂ .

Moreover, according to Lemma 5.7.7, there is a constant c(A′) such that

TrV
(
Q̂(p)A′(p)

)
= c(A′) for all p ∈ supp dν .

Since x0 ∈ supp dν is arbitrary, the previous two formulas give the claim. �

Combining Lemma 5.7.7 and Lemma 5.7.9, we obtain the main result of this chapter:

Theorem 5.7.10. Assume that dν ∈ Ndm is a minimizer of the causal variational
principle (5.4.8) with respect to the side conditions (5.4.7). Whenever Assumption 5.5.4
is satisfied and the minimizer dν is a strictly negative definite measure in the strong sense
(see Definition 5.7.3), the corresponding Euler-Lagrange equations in momentum
space read

q̂|supp dν ≡ inf
k∈M̂

q̂(k) , (5.7.10)

where the mapping q̂ : M̂ → R is given by (5.7.2),

k 7→ q̂(k) = TrV
(
α(k)A′(k) + β(k)SA′(k)

)
,

and the mapping A′(k) is supposed to depend continuously on k ∈ M̂.

Proof. We essentially employ the fact that, according to Theorem 5.6.8,

Q̂(k)A′(k) = α(k)A′(k) + β(k)SA′(k) for all k ∈ M̂ .

Introducing the mapping q̂ : M̂ → R by (5.7.2), i.e.

k 7→ q̂(k) = TrV
(
α(k)A′(k) + β(k)A′(k)

)
for every k ∈ M̂ ,

and making use of Lemma 5.7.7, for all p ∈ supp dν we obtain

q̂(p) = TrV
(
Q̂(p)A′(p)

)
= c(A′)

for some constant c(A′). Hence applying Lemma 5.7.9, for all k ∈ M̂ we are given

q̂(k) = TrV
(
Q̂(k)A′(k)

)
≥ c(A′) = q̂|supp dν .
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In other words, the EL equations take the form (5.7.10),

q̂|supp dν ≡ inf
k∈M̂

q̂(k) .

This completes the proof. �

Remark 5.7.11. We refer to the functions α, β in q̂ as “Lagrange parameters” because
they take into account the side conditions (5.6.2). We also point out the analogy between
the EL equations in Theorem 5.7.10 and the equality in [53, Definition 5.6.2 (iii)]. Let us
finally note that the EL equations in momentum space according to Theorem 5.7.10 are
of a similar form as the EL equations in position space (see [66, Theorem 4.2] and [110,
Theorem 5.7] or Theorem 3.4.2 and Theorem 4.6.6).

5.8. Homogeneous Causal Fermion Systems

The objective of this last section is to clarify the connection to homogeneous causal
fermion systems as considered in [109]. In [109, Section 3] it is shown that, starting
from an indefinite inner product space (V,≺ . | . �) together with a negative definite

measure dν on M̂ with values in L(V ), one may construct a corresponding causal fermion
system. For convenience, we shall briefly recall the main construction steps (§5.8.1).
Afterwards we put the results obtained above into the physical context (§5.8.2). For
clarity we mention that, following [109], a causal fermion system is called homogeneous
whenever the kernel of the fermionic projector merely depends on the difference of two
spacetime points.

5.8.1. Reconstruction of Causal Fermion Systems. In this subsection, we briefly
outline the main result of [109, Chapter 3]. In short, starting with an indefinite inner
product space (V,≺ . | . �) of dimension 2n and signature (n, n) for some n ∈ N and

a negative definite measure dν on momentum space M̂ with values in L(V ), our goal is
to construct a causal fermion system (H,F, dρ). To this end, we shall proceed in several
steps.

To begin with, we introduce wave functions ψ as mappings from position space M
to V . The set of all wave functions ψ : M → V shall be denoted by K. Given a basis
of V as well as a norm ‖.‖ on V , a wave function ψ : M → V is said to be continuous
if and only if x → y in M implies that ‖ψ(x) − ψ(y)‖ → 0. (Since all norms on V are
equivalent, this definition is independent of the norm.) Let us denote the vector space of
continuous wave functions ψ : M → V with compact support by Cc(M;V ). Restricting
attention to smooth wave functions in Cc(M;V ) and applying a density argument gives
rise to the Schwartz space K0 := S(M;V ).

Next, we introduce the kernel of the fermionic projector in analogy to §5.3.3 by

P (x, y) : V → V , P (x, y) :=

ˆ
M̂
eik(y−x) dν(k) for all x, y ∈M .

Accordingly, the fermionic projector is a well-defined mapping

P : K0 → K , (Pφ)(x) :=

ˆ
M
P (x, y) φ(y) dµ(x) for all x ∈M .

We observe that the fermionic projector P is symmetric with respect to the inner prod-
uct < . | . > : K0 ×K0 → C, defined by

< ψ | φ > :=

ˆ
M
≺ ψ(x) | φ(x) � dµ(x) for all ψ, φ ∈ K0 .
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We then let H0 := P (K0), endowed with the inner product

〈Pψ | Pφ〉H0 := < ψ | (−P )φ > .

Dividing out the null space N and setting I := H0/N, the restriction

〈 . | . 〉I := 〈 . | . 〉H0 |I×I
defines a scalar product on I. Considering the closure with respect to 〈 . | . 〉I,

H := I
〈 . | . 〉I ,

endowed with the induced scalar product 〈 . | . 〉H, gives rise to a Hilbert space H.
In order to establish the connection to the setting of causal fermion systems, we

proceed in analogy to [59, §1.2.2] by considering the mappings FI : M → L(I),

〈ψ | FI(x) φ〉H := ≺ ψ(x) | φ(x) � for all ψ, φ ∈ I .

The operators FI(x) are linear, bounded and symmetric with respect to 〈 . | . 〉H for ev-
ery x ∈ M. Accordingly, the Friedrichs extension [157, Satz VII.2.11] allows us to
extend the operators FI(x) canonically to self-adjoint operators F (x) ∈ L(H) with at
most n positive and at most n negative eigenvalues for every x ∈M. Denoting by

F ⊂ L(H)

the set of self-adjoint (linear) operators on H with at most n positive and at most n
negative eigenvalues, we thus obtain local correlation operators F : M → F. Finally
introducing the universal measure dρ as the push-forward measure

dρ := F∗ dµ

gives rise to a causal fermion system (H,F, dρ).

5.8.2. Interpretation and Outlook. We finally are in the position to interpret
the results obtained before and to put them into the physical context. Starting point
for the development of causal fermion systems is the idea to take the concept of a Dirac
sea literally (cf. §5.2.2). As a consequence, the basic object is the kernel of the fermionic
projector (5.2.5),

P (x, y) =

ˆ
M̂

d4k

(2π)4
(/k +m) δ(k2 −m2) Θ(−k0) e−ik(x−y)

for all x, y ∈ M (for details we refer to [53] and [59]). Assuming that P (x, y) is homo-
geneous (see [56, Section 4] and Section 5.3), the kernel of the fermionic projector can
be generalized to (5.3.4) in terms of negative definite measures. The construction out-

lined in §5.8.1 shows that each negative definite measure on M̂ with values in L(V ) gives
rise to a corresponding causal fermion system. Now, following the explanations in [59,
Chapter 1], the translation to causal fermion systems amounts to introducing a “regular-
ization.” Furthermore, the objects appearing in causal fermion systems are considered
as being regularized, thereby describing the unknown microstructure of spacetime. Thus
for any negative definite measure dν, the fermionic projector (5.3.5) can be thought of as
a regularization of (5.2.5). Following our basic strategy, by making use of the existence
result [56, Theorem 4.2] together with the EL equations obtained in Theorem 5.7.10 it
seems promising to construct a minimizer dν in momentum space in the fashion of [66].
Reconstructing the corresponding causal fermion system according to §5.8.1, the fermionic
projector (5.3.4) corresponding to the minimizer dν may be interpreted as the optimal
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regularization of (5.2.5) in the homogeneous setting. Moreover, the support of the cor-
responding universal measure dρ is considered as describing spacetime. The support of

the measure dν, on the other hand, which is a subset of momentum space M̂, is expected
to have the following properties: For small momenta compared to the Planck energy, the
support of dν should resemble the hyperboloid of the lower mass shell, whereas for large
momenta it is supposed to have some different, yet unknown shape (for an illustration
see [53, Figure 4.1]). In case that this imagination holds true, it is conceivable that the
measure dν comes with some natural cutoff in momentum space, thus giving a possible
explanation why the renormalization program in relativistic quantum field theory yields
rather accurate results. Further investigations shall be postponed to future projects, in-
cluding a thorough analysis of the corresponding construction process of minimizers in
momentum space.



APPENDIX A

Supplementary Results

A.1. Non-Triviality of the Constructed Measure

The following results show that the measure ρ given by (3.4.7) is non-zero in the case
that the Lagrangian L : F × F → R+

0 is either of compact range or is continuous and
decays in entropy.

Lemma A.1.1. Assume that the Lagrangian L : F × F → R+
0 is of compact range.

Then the measure ρ obtained in (3.4.7) is non-zero. The total volume ρ(F) is possibly
infinite.

Proof. Let (Kn)n∈N be the compact exhaustion of F with K1 6= ∅ and Kn ⊂ K◦n+1

for all n ∈ N. By construction of ρ(n) we are given supp ρ(n) ⊂ Kn for every n ∈ N.
Assuming that L is of compact range, for every x ∈ F there is Kx ⊂ F compact such
that L(x, y) = 0 for all y /∈ Kx, and Kx ⊂ K◦n for sufficiently large n ∈ N. As a
consequence,

1 ≤
ˆ
Kx

L(x, y) dρ(n)(y) ≤ sup
y∈Kx

L(x, y) ρ(n)(Kx) ,

showing that ρ(n)(Kx) ≥ cx for some constant cx > 0 for sufficiently large n ∈ N.
Moreover, choosing f ∈ Cc(F; [0, 1]) with f |Kx ≡ 1, applying vague convergence (3.4.9)
yields ˆ

F

f dρ
(3.4.9)

= lim
n→∞

ˆ
F

f dρ(n) ≥ lim
n→∞

ρ(n)(Kx) ≥ cx > 0 .

We conclude that the measure is non-zero.
Whenever (Kxj )j∈N is a disjoint sequence of such compact sets, we may choose open

sets Uj ⊃ Kxj such that Ui ∩ Uj = ∅ for all i 6= j. Choosing fj ∈ Cc(Uj ; [0, 1])
with fj |Kxj ≡ 1 for every j ∈ N, we obtain

ρ(F) =

ˆ
F

dρ ≥
∑
j∈N

ˆ
Uj

fj dρ =
∑
j∈N

lim
k→∞

ˆ
Uj

fj dρ
(k) ≥

∑
j∈N

lim
k→∞

ρ(k)(Kxj ) ≥
∑
j∈N

cxj .

Hence the total volume ρ(F) is infinite if
∑

j∈N cxj diverges. �

Lemma A.1.2. Assume that the Lagrangian L : F×F → R+
0 is continuous and decays

in entropy. Then the measure ρ obtained in (3.4.7) is non-zero, and the total volume ρ(F)
is possibly infinite.

Proof. For arbitrary x ∈ F and 0 < ε < 1 let

L̃x,ε : F → R+
0 , L̃x,ε(y) := L(x, y) χKx,ε

with Kx,ε ⊂ F compact given by (3.5.6). In particular, L̃x,ε(y) = 0 for all y /∈ Kx,ε. As

a consequence, ρ(n)(Kx,ε) ≥ cx,ε for some constant cx,ε > 0 for sufficiently large n ∈ N,

189
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as the following argument shows. Assuming conversely that ρ(n)(Kx,ε) → 0 as n → ∞,
in view of (3.5.6) we arrive at the contradiction

1 ≤
ˆ
F\Kx,ε

L(x, y) dρ(n)(y) +

ˆ
Kx,ε

L̃x,ε(y) dρ(n)(y) ≤ ε+ sup
y∈Kx,ε

L(x, y) ρ(n)(Kx,ε) < 1

for sufficiently large n ∈ N. Choosing f ∈ Cc(F; [0, 1]) with f |Kx,ε ≡ 1, according to
vague convergence (3.4.9) we obtain

ˆ
F

f dρ
(3.4.9)

= lim
n→∞

ˆ
F

f dρ(n) ≥ lim
n→∞

ρ(n)(Kx,ε) ≥ cx,ε > 0 .

Thus the measure ρ is non-zero. The last assertion can be proven analogously to the
proof of Lemma A.1.1. �

A.2. Topological Properties of Causal Fermion Systems

The goal of this appendix is to prove the following result:

Theorem A.2.1. Let (H,F, ρ) be a causal fermion system. Then F is a Polish space.1

Throughout this section we assume that (H,F, ρ) is a causal fermion system of spin
dimension s ∈ N. More precisely, we consider a (possibly infinite-dimensional) separable
complex Hilbert space H endowed with a scalar product 〈 . | . 〉H. Denoting the set of all
bounded linear operators on H by L(H), we let F ⊂ L(H) be the subset consisting of
those operators A ∈ L(H) which are self-adjoint with respect to the scalar product 〈 . | . 〉H
on H and have at most s positive and at most s negative eigenvalues (see [59, §1.1.1]).
The proof of Theorem A.2.1 is split up in two parts: We first point out that F is separable
(§A.2.1). Afterwards, we prove that F is completely metrizable (§A.2.2). The result can
be immediately generalized to the case of operators which have at most p positive and at
most q negative eigenvalues.

A.2.1. Separability. Concerning separability of F, we argue as follows: Since H

is an infinite-dimensional, separable complex Hilbert space, the set of linear operators
on H, denoted by L(H), is a non-separable Banach space; the class of compact opera-
tors K(H) ⊂ L(H), however, is a separable Banach space (cf. [99, §3.A and §12.E]). Since
each A ∈ F has finite rank and thus is compact, we conclude that F ⊂ K(H) (for details
see [119, Chapter 15] or [157, Section II.3]). Since L(H) is metrizable by the Fréchet
metric induced by the operator norm on L(H), the set K(H) is metrizable, and hence F

is separable in view of [4, Corollary 3.5].

A.2.2. Completeness. The aim of this subsection is to show that F is completely
metrizable with respect to the Fréchet metric induced by the operator norm on L(H). To
this end, we proceed as follows. Given a sequence of operators (An)n∈N in F, our task is
to prove that its limit A ∈ K(H) is self-adjoint (with respect to the scalar product 〈 . | . 〉H
on H) and has at most n positive and at most n negative eigenvalues.

1More precisely, endowed with the (Fréchet) metric d induced by the operator norm on L(H), the
space (F, d) is a separable, complete metric space.
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A.2.2.1. Self-Adjointness. We start by proving that A is self-adjoint in the case of a
general Hilbert space H.

Lemma A.2.2. Let (H, 〈 . | . 〉H) be a Hilbert space, and let (An)n∈N be a sequence
of self-adjoint operators in L(H) converging in norm to some A ∈ L(H). Then A is
self-adjoint.

Proof. For any u, v ∈ H, applying the Cauchy-Schwarz inequality and making use
of the fact that An is self-adjoint for every n ∈ N yields

|〈u | A∗ v〉H − 〈u | A v〉H | = |〈A u | v〉H − 〈u | A v〉H |
= |〈A u | v〉H − 〈An u | v〉H + 〈An u | v〉H − 〈u | A v〉H |
≤ 2 ‖A−An‖L(H) ‖u‖ ‖v‖ →n→∞ 0 .

This completes the proof. �

A.2.2.2. Operators, Resolvents and Spectra. The remainder of this section is dedi-
cated to the proof that the limit A ∈ L(H) of a sequence (An)n∈N in F (with respect to
the operator norm) has at most s positive and at most s negative eigenvalues. To this
end, we will essentially make use of results in [97], which we now briefly recall.

For Banach spaces X and Y , by B(X,Y ) and C(X,Y ) we denote the set of all bounded
and closed operators from X to Y , respectively. Then B(X,Y ) is a Banach space, and
we let B(X) := B(X,X) and C(X) := C(X,X). We denote the domain of an operator T
from X to Y by D(T ), and its graph G(T ) is by definition the subset of X×Y consisting
of all elements of the form (u, Tu) with u ∈ D(T ). Note that G(T ) is a closed linear
subspace of X × Y if and only if T ∈ C(X,Y ) (see [97, III-§5.2]).

In what follows, let X, Y be complex Banach spaces, and let H be a complex Hilbert
space. For ζ ∈ C and T ∈ C(X), we introduce the operator

Tζ := T − ζ11 .

Then the resolvent set ρ(T ) is defined to consist of all ξ ∈ C for which Tζ has an inverse,
denoted by

R(ζ) = R(ζ, T ) := (T − ζ)−1 .

We call R(ζ, T ) the resolvent of T (see [97, III-§6] and [134, Definition 8.38]). The
spectrum σ(T ) of T is given by the complementary set of the resolvent set in the complex
plane, σ(T ) := C \ ρ(T ). Note that the spectrum of a compact operator T in a Banach
space X has a simple structure analogous to that of an operator in a finite-dimensional
space. Namely, for compact operators, each non-zero eigenvalue is of finite multiplicity:

Theorem A.2.3. Let T ∈ B(X) be compact. Then σ(T ) is a countable set with no
accumulation point different from zero, and each nonzero λ ∈ σ(T ) is an eigenvalue of T
with finite multiplicity.

Proof. See [97, Theorem III-6.26]. �

Moreover, the spectrum σ(T ) of a self-adjoint operator T in H is a subset of the real
axis.

An isolated point of the spectrum is referred to as isolated eigenvalue [97, III-§6.5].
Concerning compact operators T on X, we may state the following remark.

Remark A.2.4. Let T be a compact operator. Then every complex number λ 6= 0
belongs to ρ(T ) or is an isolated eigenvalue with finite multiplicity. See [97, Remark III-
6.27].
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A.2.2.3. Projection and Decomposition. Let X,Y be Banach spaces, and let M ⊂ X
be a linear subspace (or “manifold” in the terminology of [97]). As usual, an idempotent
operator P ∈ B(X) (P 2 = P ) is called a projection, giving rise to the decomposition

X = M ⊕N , (A.2.1)

where M = PX and N = (1− P )X are closed linear subspaces of X which are referred
to as complementary (see [97, III-§3.4]). Then each x ∈ X can be uniquely expressed in
the form u = u′ + u′′ with u′ ∈ M and u′′ ∈ N . The vector u′ is called the projection
of u on M along N , and P is called the projection operator (or simply the projection)
on M along N . Accordingly, the operator 1 − P is the projection on N along M . The
range of P is M and the null space of P is N . For convenience we often write dimP for
dimM = dimR(P ), where R(P ) denotes the range of P . Since Pu ∈M for every u ∈ X,
we have PPu = Pu, implying that P is idempotent : P 2 = P .

Next, a linear subspace M is said to be invariant under an operator T ∈ B(X)
if TM ⊂M . In this case, T induces a linear operator TM on M to M , defined by TMu =
Tu for u ∈ M . the operator TM is called the part of T in M . If there are two invariant
linear subspacesM,N for T such thatX = M⊕N , the operator T is said to be decomposed
(or reduced) by the pair M,N .

The notion of the decomposition of T by a pair M,N of complementary subspaces
(see (A.2.1), [97, III-(3.14)]) can be extended in the following way. An operator T is said
to be decomposed according to X = M ⊕N if

PD(T ) ⊂ D(T ) , TM ⊂M , TN ⊂ N , (A.2.2)

where P is the projection on M along N . When T is decomposed as above, the parts TM ,
TN of T in M,N , respectively, can be defined. Then TM is an operator in the Banach
space M with D(TM ) = D(T )∩M such that TMu = Tu ∈M , and TN is defined similarly.

A.2.2.4. Generalized Convergence. Let us briefly recall the definition of convergence
in the generalized sense:

Definition A.2.5. Let T, Tn ∈ B(X,Y ) for all n ∈ N.

(i) The convergence of (Tn)n∈N to T in the sense of ‖Tn − T‖ → 0 is called uniform
convergence or convergence in norm.

(ii) Given closed operators T, S ∈ C(X,Y ), their graphs G(T ), G(S) are closed linear
subspaces of the product space X × Y . For two closed linear subspaces M,N of a
Banach space Z we let δ(M,N) be the smallest number δ such that

dist(u,N) ≤ δ ‖u‖ for all u ∈M .

We call δ̂(T, S) := δ(G(T ),G(S)) the gap between T and S. If δ̂(Tn, T ) → 0, we
shall also say that the operator Tn converges to T (or Tn → T ) in the generalized
sense.

See [97, Chapter III, §3.1] and [97, Chapter IV, §2.1].

The following theorem establishes a connection between convergence in the general-
ized sense and uniform convergence.

Theorem A.2.6. Let T, Tn ∈ C(X,Y ) for all n ∈ N. If T ∈ B(X,Y ), then Tn → T in
the generalized sense if and only if Tn ∈ B(X,Y ) for sufficiently large n and ‖Tn − T‖ → 0.

Proof. See [97, Theorem IV-2.23]. �
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A.2.2.5. Separation of the Spectrum. Sometimes it happens that the spectrum σ(T )
of a closed operator T contains a bounded part σ′ separated from the rest σ′′ in such a
way that a rectifiable, simple closed curve Γ (or, more generally, a finite number of such
curves) can be drawn so as to enclose an open set containing σ′ in its interior and σ′′ in
its exterior. Under such a circumstance, the following decomposition theorem holds.

Theorem A.2.7. Let σ(T ) be separated into two parts σ′, σ′′ in the way described
above. Then we have a decomposition of T according to a decomposition X = M ′ ⊕M ′′
of the space (in the sense of (A.2.2), cf. [97, III-§5.6]) in such a way that the spectra of
the parts TM ′, TM ′′ coincide with σ′, σ′′ respectively and TM ′ ∈ B(M ′).

Proof. See [97, Theorem III-6.17]. �

The proof of Theorem A.2.7 makes use of the so-called eigenprojection

P [T ] = − 1

2πi

ˆ
Γ
R(ζ, T ) dζ ∈ B(X) , (A.2.3)

which is a projection on M ′ = P [T ]X along M ′′ = (1− P [T ])X.

Remark A.2.8 (Finite system of eigenvalues). Suppose that the spectrum σ(T )
of T ∈ C(X) has an isolated point λ. Obviously σ(T ) is divided into two separate parts σ′

and σ′′, where σ′ consists of the single point λ; any closed curve enclosing λ but no other
point of σ(T ) may be chosen as Γ. Then the spectrum of the operator TM ′ described
in [97, Theorem III-6.17] (see Theorem A.2.7) consists of the single point λ.

If M ′ is finite-dimensional, λ is an eigenvalue of T . In fact, since λ belongs to the
spectrum of the finite-dimensional operator TM ′, it must be an eigenvalue of TM ′ and
hence of T . In this case, dimM ′ is called the (algebraic) multiplicity of the eigenvalue λ
of T .

For brevity, a finite collection λ1, . . . , λs of eigenvalues with finite multiplicities will
be called a finite system of eigenvalues.

A.2.2.6. Continuity of the Spectrum. This paragraph is devoted to the proof that
the spectrum of a sequence of operators converging in the generalized sense behaves
continuously.

Theorem A.2.9. Let T ∈ C(X) and let σ(T ) be separated into two parts σ′(T ), σ′′(T )
by a closed curve Γ as in §A.2.2.5 (cf. [97, III-§6.4]). Let X = M ′(T ) ⊕M ′′(T ) be the
associated decomposition of X. Then there exists δ > 0, depending on T and Γ, with
the following properties. Any S ∈ C(X) with δ̂(S, T ) < δ has spectrum σ(S) likewise
separated by Γ into two parts σ′(S), σ′′(S) (Γ itself running in ρ(S)). In the associated
decomposition X = M ′(S)⊕M ′′(S), M ′(S) and M ′′(S) are isomorphic with M ′(T ) and
M ′′(T ), respectively. In particular, dimM ′(S) = dimM ′(T ), dimM ′′(S) = dimM ′′(T )
and both σ′(S) and σ′′(S) are nonempty if this is true for T . The decomposition X =
M ′(S)⊕M ′′(S) is continuous in S in the sense that the projection P [S] of X onto M ′(S)

along M ′′(S) tends to P [T ] in norm as δ̂(S, T )→ 0.

Proof. See [97, Theorem IV-3.16]. �

Lemma A.2.10. Let (Tn)n∈N be a sequence of compact operators in K(X), and suppose
that Tn → T in norm for some operator T ∈ K(X). Moreover, let σ′(T ) be a finite system
of m eigenvalues, separated from the rest σ′′(T ) of σ(T ) by a closed curve Γ in the manner
of [97, III-§6.4]. Then σ(Tn) is separated by Γ into σ′(Tn), σ′′(Tn) such that each σ′(Tn)
also consists of m eigenvalues of Tn, provided that n is sufficiently large.
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Proof. Since T is a compact operator, Remark A.2.4 states that each non-zero
eigenvalue of T is isolated (see [97, Remark III-6.27]). For this reason, each non-zero
eigenvalue of T as well as all positive or all non-zero eigenvalues of T can be enclosed by
a closed curve Γ running in ρ(T ) as described in §A.2.2.5 (cf. [97, III-§6.4]). We denote
the set of eigenvalues lying within Γ by σ′(T ), and the set of eigenvalues without Γ
by σ′′(T ); thus Γ encloses a finite system of eigenvalues. By virtue of Theorem A.2.7,
we have a decomposition of T according to X = M ′ ⊕ M ′′ such that the spectra of
the parts TM ′ , TM ′′ coincide with σ′(T ), σ′′(T ). Since Tn, T ∈ B(X) for all n ∈ N,

Theorem A.2.6 ensures that Tn → T in the generalized sense, i.e. δ̂(Tn, T ) → 0 in the
limit n→∞. Hence we can apply Theorem A.2.9, giving rise to some N ∈ N such that Γ
separates the spectra σ(Tn) into two parts σ′(Tn), σ′′(Tn) for all n ≥ N . Considering
the corresponding decomposition X = M ′(Tn) ⊕ M ′′(Tn) for all n ≥ N , by virtue of
Theorem A.2.9 there exist isomorphisms M ′(Tn) ' M ′(T ) for all n ≥ N . In particular,
we obtain dimM ′(Tn) = dimM ′(T ) for all n ≥ N , and the decomposition X = M ′(Tn)⊕
M ′′(Tn) is continuous in n in the sense that the projection P [Tn] (see (A.2.3)) of X onto

M ′(Tn) along M ′′(Tn) tends to P [T ] in norm as δ̂(Tn, T ) → 0 which holds true in view
of Theorem A.2.6. A fortiori, the algebraic multiplicity of eigenvalues of T within Γ
coincides with the algebraic multiplicity of eigenvalues of Tn within Γ for all n ≥ N . �

Making use of continuity of the spectrum according to Lemma A.2.10, we may derive
the following result.

Lemma A.2.11. Let H be a Hilbert space, and let (An)n∈N be a sequence of self-
adjoint compact operators in K(H) such that each operator An has at most s positive
and at most s negative eigenvalues. If (An)n∈N converges in norm to some A ∈ L(H),
then A is also a self-adjoint compact operator which has at most s positive and at most s
negative eigenvalues.

Proof. Given a sequence (An)n∈N in K(H) withAn → A in L(H), the fact that K(H)
is a closed subspace of L(H) implies that the limit A is a compact operator. Thus in view
of Theorem A.2.3 and Remark A.2.4, each non-zero eigenvalue of A is isolated and has
finite multiplicity, and according to Remark A.2.8 the non-zero eigenvalues of A form a
finite system of isolated eigenvalues. In particular, there is a closed curve Γ as described
in Paragraph A.2.2.5 (cf. [97, III-§6.4]) which encloses all positive (negative) eigenvalues
of A. Now assume that A has m > s positive (negative) eigenvalues. Then Lemma A.2.10
yields the existence of some N ∈ N such that the spectrum σ(An) is separated by Γ into
two parts σ′(An) within Γ and σ′′(An) without Γ for all n ≥ N . As a consequence, σ′(An)
consists of m > s positive (negative) eigenvalues for all n ≥ N in contradiction to the
fact that An has at most s positive and at most s negative eigenvalues for all n ∈ N.
Hence A ∈ K(H) is a self-adjoint operator which has at most s positive and at most s
negative eigenvalues. This concludes the proof. �

A.2.2.7. Application to Causal Fermion Systems. After these preparations, we are
finally in the position to prove Theorem A.2.1.

Proof of Theorem A.2.1. Let (H,F, ρ) be a causal fermion system. Separability
of F follows from §A.2.1. By virtue of Lemma A.2.11, we conclude that F ⊂ L(H) is
closed. Since L(H) is a complete metric space with respect to the Fréchet metric induced
by the operator norm, we conclude that F is completely metrizable. Taken together, F
is a separable, completely metrizable space, and thus Polish [99, Definition (3.1)]. �
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More precisely, the space (F, d) is a complete metric space, where d is the Fréchet
metric induced by the operator norm on L(H) (cf. [5] or [21]).

A.3. Support of Locally Finite Measures on Polish Spaces

In this section we derive useful topological properties concerning the support of locally
finite measures (or Borel measures in the sense of [76]) on Polish spaces (see Lemma A.3.2
below). To begin with, let us recall the following preparatory result.

Proposition A.3.1. Let X be Polish and µ a finite measure on B(X). Then A ⊂ X
is µ-measurable if and only if there exists a σ-compact set F ⊂ A with µ(A \ F ) = 0.

Proof. See [99, Theorem (17.11)]. �

Moreover, based on [19, Chapter IX], a Borel measure (in the sense of [76]) on a
topological Hausdorff space X is said to be moderated if X is the union of countably many
open subsets of finite µ-measure (see [40, Chapter VIII]). (Since open sets are measurable,
every moderated measure is σ-finite.) We point out that, due to Ulam’s theorem [40,
Satz VIII.1.16], every Borel measure on a Polish space is regular and moderated. (Due
to Meyer’s theorem, the same is true for Borel measures on Souslin spaces, see [40,
Satz VIII.1.17].) As a consequence, we may derive useful properties of the support of
Borel measures on Polish spaces, as the following lemma shows.

Lemma A.3.2. Let X be a Polish space, and assume that µ is a Borel measure
on B(X). Then suppµ ⊂ X is a σ-compact topological space. Moreover, there exists
a dense subset F ⊂ suppµ such that each x ∈ F has a compact neighborhood in suppµ.
Whenever suppµ is hemicompact, one can arrange that suppµ is a Polish space which
has the Heine-Borel property. The corresponding Heine-Borel metric can be chosen locally
identical to a complete metric on X (in the relative topology of suppµ).

Proof. We make essentially use of the fact that the measure µ is moderated in view of
Ulam’s theorem. As a consequence, there is a sequence of sets (Un)n∈N with Un ⊂ X open
and µ(Un) < ∞ for all n ∈ N such that

⋃
n∈N Un = X. From the fact that open subsets

of Polish spaces are Polish (in the relative topology, see [9, §26] or [99, Theorem (3.11)]),
we conclude that each set Un ⊂ X is Polish. Thus each µ|Un is a finite Borel measure on
a Polish space. Due to [16, Proposition 7.2.9], every (finite) Borel measure on a separable
metric space has support, implying that

µ|Un(Un \ suppµ|Un) = 0 .

In view of Proposition A.3.1, we conclude that suppµ|Un is contained in a σ-compact
set Fn ⊂ Un, and thus suppµ|Un is σ-compact for every n ∈ N. From this we deduce
that

⋃
n∈N suppµ|Un is σ-compact. Making use of the fact that subsets of σ-compact

spaces are σ-compact, we conclude that

suppµ ⊂
⋃
n∈N

suppµ|Un is σ-compact

(where µ has support in view of [40, Lemma VIII.2.15]). Since suppµ ⊂ X is closed
(see [40, §VIII.2.5]), the support suppµ is Polish and thus Baire (cf. §4.3.2). From [161,
§25B] we conclude that there exists a dense subset F ⊂ suppµ such that each x ∈ F has
a compact neighborhood in suppµ.

Assuming that suppµ is hemicompact (see for instance [161, §17I]), then suppµ is
locally compact in view of [41, Exercise 3.4.E] and thus a complete σ-locally compact
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space (in the sense of [150]). In this case, due to [162, Theorem 2’] and the explana-
tions in [66, Section 3], the space suppµ is metrizable by a Heine-Borel metric which is
(Cauchy) locally identical to a complete metric on X; endowed with such a metric, the
space suppµ has the Heine-Borel property, i.e. each closed bounded subset (with respect
to the Heine-Borel metric) is compact. �

A.4. Justifying the Side Conditions

This appendix is devoted to justify and explain the side conditions (5.3.9)–(5.3.11).
Apart from excluding trivial minimizers in a quite simple way, the following reasoning
provides a strong argument for imposing condition (5.3.9). Given a causal fermion sys-
tem (H,F, dρ), the so-called local trace tr(x) defined by

tr(x) = TrSx
(
P (x, x)

)
for all x ∈ supp dρ

is constant on supp dρ whenever the measure dρ is a minimizer of the causal action
principle (for details see [59, §1.1.3, Proposition 1.4.1 and Section 2.5]). Considering
homogeneous causal fermion systems, this suggests to impose that

TrV (ν(M̂)) = TrV

(ˆ
M̂
dν(k)

)
= TrV (P (0)) = TrV (P (x, x)) = c for all x ∈M ,

thus motivating the side condition (5.3.9). Following the arguments in [59, §1.4.1], we
shall always assume that c 6= 0, thereby excluding trivial minimizers. Let us briefly

explain why the quantity TrV (P (0)) = TrV (ν(M̂)) in (5.3.9) is also referred to as mass
density.2 In order to see that TrV (P (0)) can indeed be regarded as a density, let us
assume that (H,F, dρ) is a causal fermion system. Whenever P ε(x, y) is a regularization
of the kernel of the fermionic projector of the vacuum P (x, y) with regularization length ε
(where P (x, y) coincides with (5.2.5), cf. [59, eq. (1.2.23)]), its trace is given by (see [59,
eq. (2.5.1)])

TrSx
(
P ε(x, x)

)
∼ m

ε2
for all x ∈ supp dρ .

Making use of the fact that the unit of mass equals one over length, we conclude that the
quantity TrSx

(
P ε(x, x)

)
is a density, which apparently is proportional to the mass m.

Carrying these observations over to TrV (P (0)) in the homogeneous case justifies the
terminology of “mass density.”

A possible explanation for introducing the constraint (5.3.11) is that a similar side
condition for the closed chain is imposed in the existence theorem [54, Theorem 6.1]. Since

the fermionic projector P (0) = ν(M̂) can be diagonalized (up to an arbitrarily small error
term) according to [56, Lemma 4.4], in order to develop the existence theory of minimizers
in the homogeneous setting it seems promising to demand that constraint (5.3.11) is
satisfied. On the other hand, following the original ideas in [53] and its modifications
in [56], it is natural to impose a boundedness constraint (5.4.5). The arguments in
Section 5.4 show that (5.4.5) already implies condition (5.3.11).

Let us finally discuss the remaining side condition (5.3.10). Since working with the
spectral weight as appearing in the constraint (5.3.11) may be awkward, it might seem
preferable to work with a similar condition which is more easy to handle. Bearing in

mind that the operator ν(M̂) may be diagonalized (up to an arbitrarily small error term)
in virtue of [56, Lemma 4.4] in such a way that its diagonal entries are ordered according

2Note that the quantity TrV (P (0)) = TrV (ν(M̂)) coincides with the local particle density floc as
introduced in [56, eq. (4.4)]. In order to avoid confusion, this notion will not be used in what follows.
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to [56, eq. (2.6)], the specific form of the signature matrix S (see (5.2.2)) suggests to
replace condition (5.3.11) by (5.3.10),

TrV (−Sν(M̂)) = f .

The same arguments as before illustrate that TrV (−Sν(M̂)) is a density; we refer to this
quantity as particle density.





APPENDIX B

Selected Mathematical Definitions and Results

B.1. Topology

Definition B.1.1. Let X be a set, let P(X) be the power set of X and let O ⊂ P(X).
Then (X,O) is called topological space if the following conditions hold:

(a) ∅ ∈ O and X ∈ O.
(b) If Ui ∈ O for all i ∈ I for any index set I, then

⋃
i∈I Ui ∈ O.

(c) If Ui ∈ O for all i ∈ I for every finite index set I, then
⋂
i∈I Ui ∈ O.

If the conditions (a)–(c) hold, the set O is called the topology of X. The elements of X
are called points, and the elements of O are referred to as open sets in X. Moreover,
a set A ⊂ X is closed if its complement Ac = X \A is open in X. For any Y ⊂ X, the
open sets in the relative topology of Y are defined by Y ∩U with U ∈ O. See [41, 161].

If the topology O of a topological space (X,O) is understood, we often refer to X as
a “topological space.”

Definition B.1.2. Let (X,O) be a topological space. A family B ⊂ O is called a base
for (X,O) if every non-empty subset of X can be represented as the union of a subfamily
of B. A topological space (X,O) is called second-countable if (X,O) has a countable
base. If for some x ∈ X and some open U ⊂ X we have x ∈ U , we say that U is a
neighborhood of x. A topological space X is called Hausdorff if for every x, y ∈ X
with x 6= y there exist open sets U, V ⊂ X such that x ∈ U , y ∈ V and U ∩ V = ∅.
See [41].

Definition B.1.3. A topological space X is called compact if X is a Hausdorff
space and every open cover of X has a finite subcover. A topological space X is referred
to as locally compact if every point of X has a neighborhood whose closure is compact.
A topological space X is said to be σ-compact if X can be written as the union of
countably many compact subsets. Moreover, the space X is called hemicompact if there
is a sequence (Kn)n∈N of compact subsets of X such that if K is any compact subsets
of X, then K ⊂ Kn for some n ∈ N. The closure of a topological space A is defined as
the intersection of all closed sets containing A. A topological space A is called relatively
compact if its closure A is compact. The interior of A ⊂ X is defined as the union of
all open subsets of A. See for instance [40, 41, 161].

Definition B.1.4. A metric space is a pair (X, d) consisting of a set X and a met-
ric d : X×X → R. A Cauchy sequence in a metric space (X, d) is a sequence (xn)n∈N
with xn ∈ X for every n ∈ N such that d(xm, xn)→ 0 as m,n→∞. A metric space (X, d)
is called complete if every Cauchy sequence has a limit in X. A topological space X is
metrizable if there exists a metric d on X such that the topology induced by the met-
ric d coincides with the original topology on X. A topological space X is completely
metrizable if it admits a compatible metric d such that (X, d) is complete. A separable
completely metrizable space is called Polish. See [99, 41].
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B.2. Measure Theory

Following [76] and [143], Borel and Radon measures on topological Hausdorff spaces
are defined in [40] as follows (see [40, Definition VIII.1.1 and Definition VIII.1.7]):

Definition B.2.1 (Borel measure). Let X be a topological Hausdorff space, and
denote the Borel σ-algebra on X by B = B(X). Moreover, let A ⊃ B be a σ-algebra and
let µ : A→ [0,∞] be a measure.

(a) The measure µ is said to be locally finite if for every x ∈ X there is an open
neighborhood U of x such that µ(U) <∞. A locally finite measure µ : B→ [0,∞] is
referred to as Borel measure.

(b) A set A ∈ A is called inner regular if and only if

µ(A) = sup {µ(K) : K ⊂ A compact} .

The measure µ is called inner regular if each A ∈ A is inner regular.
(c) A set A ∈ A is called outer regular if and only if

µ(A) = inf {µ(U) : U ⊃ A open} .

The measure µ is called outer regular if each A ∈ A is outer regular.
(d) A set A ∈ A is called regular if and only if it is inner and outer regular. The

measure µ is called regular if each A ∈ A is regular.
(e) An inner regular Borel measure is referred to as Radon measure.
(f) A Borel measure µ is said to be moderated if X is the union of a sequence of open

sets of finite µ-measure.

Theorem B.2.2 (Ulam’s theorem). Any Borel measure on a Polish space is regular
and moderated. See [40, Satz VIII.1.16].

In what follows, by Cc(X) we denote the set of continuous functions on a topological
space X with compact support.

Theorem B.2.3 (Riesz representation theorem). Let X be a second-countable
locally compact Hausdorff space and let I : Cc(X)→ K be linear and positive in the sense
that I(f) ≥ 0 whenever f ≥ 0 (with K ∈ {R,C}). Then there is a uniquely determined
Borel measure µ : B(X)→ [0,∞] such that (see [9, Corollar 29.13])

I(f) =

ˆ
X
f dµ for all Cc(X) .

Definition B.2.4. A sequence (µn)n∈N of Radon measures on a topological space X
is said to converge vaguely to a Radon measure µ if (see e.g. [9, Definition 30.1])

lim
n→∞

ˆ
X
f dµn =

ˆ
X
f dµ for all f ∈ Cc(X) .

In what follows, by Cb(X) we denote the set of bounded continuous functions on a
topological space X. Moreover, by M+(X) we denote the set of positive finite measures
on B(X).

Definition B.2.5. A sequence (µn)n∈N of measures in M+(X) is said to converge
weakly to a measure µ ∈M+(X) if (see e.g. [9, Definition 30.7])

lim
n→∞

ˆ
X
f dµn =

ˆ
X
f dµ for all f ∈ Cb(X) .
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Definition B.2.6. Let (X, d) be a metric space. A set M ⊂ M+(X) is called
relatively compact if each sequence in M has a weakly convergent subsequence. A
set M⊂M+(X) is called bounded if {‖µ‖ : µ ∈ M} is bounded, where ‖µ‖ is the total
variation of a measure µ. Moreover, a set M⊂M+(X) is called uniformly tight if for
every ε > 0 there exists a compact set K ⊂ X such that µ(Kc) < ε for all µ ∈ M. See
for instance [40, 16].

Theorem B.2.7 (Prohorov’s theorem). If X is a Polish space, then M⊂M+(X)
is relatively compact if and only if M is uniformly tight and bounded. See e.g. [40, 16].

B.3. Functional Analysis

Definition B.3.1. A normed space is a K-vector space X, where K ∈ {R,C},
endowed with a norm ‖ · ‖. A Banach space is a normed vector space that is complete
with respect to the metric induced by the norm. The (topological) dual space X∗ is the set
of bounded linear functionals on X with values in K. The weak* topology is the simply
the topology of pointwise convergence, i.e. fα → f in X∗ if and only if fα(x)→ f(x) for
all x ∈ X. For details see [72].

Theorem B.3.2 (Banach-Alaoglu). If X is a normed vector space, the closed unit
ball {f ∈ X∗ : ‖f‖ ≤ 1} in X∗ is compact in the weak* topology. See [72, Theorem 5.18].

Theorem B.3.3 (Fréchet-Riesz). Let ` : H → C be a bounded linear functional on
a Hilbert space (H, 〈., .〉) such that |`(x)| ≤ C‖x‖ for some constant C > 0. Then ` is of
the form

`(x) = 〈x, y〉
for some uniquely determined y ∈ H. See [113, Section 6.3].

Definition B.3.4. Let U ⊂ Rm be a nonempty open set, and let C∞c (U) be the set
of compactly supported smooth functions on U . The set of all test functions on U is
denoted by D(U) = C∞c (U). Then a distribution on U is a continuous linear functional
on C∞c (U). The set of all distributions on U is denoted by D′(U); it is endowed with the
weak* topology, that is, the topology of pointwise convergence on C∞c (U). A measurable
function f : Rm → C is called locally integrable (with respect to Lebesgue measure dµ)
if
´
K |f | dµ <∞ for every bounded measurable set K ⊂ Rm. The set of locally integrable

functions L1
loc(U) can be regarded as a subspace of D′(U); its elements are referred to as

regular distributions. Moreover, a bi-distribution is a continuous linear functional
on C∞c (U) × C∞c (U). In the case U = Rm, the space D(Rm) is dense in the space of
complex-valued Schwartz functions S(Rm). A tempered distribution is a continuous
linear mapping from S(Rm) to C. Similarly, a tempered bi-distribution is a continuous
linear mapping from S(Rm)× S(Rm) to C. See [72, 134, 140].

B.4. Differential Geometry

Definition B.4.1 (Banach manifold). Let M be a topological space. A chart (U,ϕ)
in M is a pair where U is open in M and ϕ : U → Uϕ is a homeomorphism onto an
open subset Uϕ of a Banach space X over K (with K ∈ {R,C}. The Banach space Xϕ is
called chart space and ϕ is called a chart map. Given k ∈ N0∪{∞}, two charts (U,ϕ)
and (V, ψ) are called Ck-compatible if and only if U ∩ V = ∅ or ϕ ◦ ψ−1 and ψ ◦ ϕ−1

are Ck. Moreover, a Ck-atlas for M is a collection of charts (Uα, ϕα)α∈A for some index
set A which satisfies the following conditions:
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(a) The sets (Uα)α∈A cover M .
(b) Any two charts are Ck-compatible.
(c) All chart spaces Xα are Banach spaces over K.

The topological space M is said to be a Ck-Banach manifold if and only if there exists
a Ck-atlas for M . See [169, Section 73.2].

Definition B.4.2. Given an integer m ≥ 1, a locally Euclidean space M of
dimension m is a Hausdorff topological space M for which each point has a neigh-
borhood homeomorphic to an open subset of Euclidean space Rm An m-dimensional
differentiable manifold of class Ck is an m-dimensional, second-countable, locally
Euclidean space M together with a Ck-atlas (Uα, ϕα)α∈A for some index set A such
that ϕα : Uα → Rm for all α ∈ A. See [155].

Definition B.4.3 (vector field). Let M be a manifold, and denote by F(M) the set
of all smooth real-valued functions on M . Whenever p ∈ M , a tangent vector to M
at p is a real-valued function v : F(M)→ R such that

(a) v(af + bg) = av(f) + bv(g) and
(b) v(fg) = v(f)g(p) + f(p)v(g) for all a, b ∈ R and f, g ∈ F(M).

The set TpM of all tangent vectors to M at p is called the tangent space to M at p.
A vector field V on a manifold M is a function that assigns to each point p ∈ M a
tangent vector Vp to M at p. If V is a vector field on M and f ∈ F(M) then V f denotes
the real-valued function on M given by

(V f)(p) = Vp(f) for all p ∈M .

Then V is smooth provided that V f is smooth for all f ∈ F(M). See [125].

Definition B.4.4 (submersion). Let X,Y be Banach spaces over K with K ∈
{R,C}. A mapping G : D(G) ⊂ X → Y is called a submersion at u0 if and only
if the following conditions hold (see [168, Definition 43.15]):

(a) G is continuously Fréchet differentiable in a neighborhood of u0.
(b) G′(u0) : X → Y is surjective, i.e. R(G′(u0)) = Y .
(c) The null space N (G′(u0)) splits X, that is, there exists a continuous projection op-

erator P of X on N (G′(u0)) such that

X = N (G′(u0))⊕ (11− P )(X) .
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