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Injectivity results for coarse homology theories

Ulrich Bunke, Alexander Engel, Daniel Kasprowski and Christoph Winges

ABSTRACT

We show injectivity results for assembly maps using equivariant coarse homology theories with
transfers. Our method is based on the descent principle and applies to a large class of linear
groups or, more generally, groups with finite decomposition complexity.
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1. Introduction

For a group G, we consider a functor M: GOrb — C from the orbit category of G to a
cocomplete oo-category C. Often one is interested in the calculation of the object colimgor, M
in C, or equivalently, in the value M(x) at the final object * of GOrb. Given a family of
subgroups F of G, one can then ask which information about this colimit can be obtained
from the restriction of M to the subcategory GrOrb of orbits with stabilizers in F. To this
end, one considers the assembly map

Asmblr ar: cohm M — %O(l)lgrblM

If M is algebraic or topological K-theory, then such assembly maps appear in the Farrell-Jones
or Baum—Connes conjectures; see, for example, Liick and Reich [27] and Bartels [2].

In the present paper, we show split injectivity results about the assembly map by proving
a descent principle. This method was first applied by Carlsson and Pederson [15]. For the
application of the descent principle, on the one hand, we will use geometric properties of the
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group G like finite decomposition complexity as introduced by Guentner et al. [17, 18]. On the
other hand, we use that M extends to an equivariant coarse homology theory with transfers
as introduced in [11]. The main theorem of the paper is Theorem 1.11.

We now start by introducing the notation which is necessary to state the theorem and its
assumptions in detail. Let G be a group and F be a set of subgroups of G.

DEFINITION 1.1. The set F is called a family of subgroups if it is non-empty, closed under
conjugation in G, and taking subgroups.

Let F be a family of subgroups of G.

DEFINITION 1.2. (i) GSet denotes the category of G-sets and equivariant maps.

(ii) G zSet denotes the full subcategory of GSet of G-sets with stabilizers in F.

(iii) GOrb denotes the full subcategory of GSet of transitive G-sets.

(iv) GzOrb denotes the full subcategory of GxSet of transitive G-sets with stabilizers in
F.

The oo-category of spaces will be denoted by Spc. For any small co-category C (ordinary
categories are considered as oco-categories using the nerve), we use the notation PSh(C) :=
Fun(C°, Spc) for the co-category of Spe-valued presheaves.

DEFINITION 1.3. We denote by ExG the object of the presheaf category PSh(GOrb),
which is essentially uniquely determined by

if T'e GrOrb
E;G(T):{; ' e

In [12, Definition 3.14], we defined the notion of G-equivariant finite decomposition
complexity (G-FDC) for a G-coarse space (Definition 3.6). G-FDC is an equivariant version
of the notion of finite decomposition complexity FDC which was originally introduced by
Guentner et al. [18].

For S in GSet, we let Sy, denote the G-coarse space with underlying G-set S and the
minimal coarse structure (see Example 3.8). In the definition below, ® denotes the Cartesian
product in the category GCoarse of G-coarse spaces.

Let F be a family of subgroups of G and X be a G-coarse space.

else

DEFINITION 1.4. X has G r-equivariant finite decomposition complexity (abbreviated by
G7-FDC) if Spin ® X has G-FDC for every S in GrSet.

We will consider the following families of subgroups.

DEFINITION 1.5. (i) Fin denotes the family of finite subgroups of G.

(ii) VCyc denotes the family of virtually cyclic subgroups of G.

(iii) FDC denotes the family of subgroups V' of G such that Vi, has Vin-FDC.

(iv) CP denotes the family of subgroups of G generated by those subgroups V' such that
ErinV is a compact object of PSh(VOrb).

(v) FDCF®P denotes the intersection of FDC and CP.

REMARK 1.6. The notation Vi, in the definition of the family FDC refers to the group V'
with the canonical coarse structure described in Example 3.8.

In order to see that FDC is a family of subgroups, we use that the condition that V.., has
Vrin-FDC is stable under taking subgroups, see Lemma 2.4.
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An object A of an oco-category D is called compact if the functor Map(4,—): D — Spc
commutes with filtered colimits. The word compact in the definition of CP is understood in
this sense.

The family of subgroups of G generated by a set of subgroups of G is the smallest family
containing this subset. The condition that Egi,V is compact is not stable under taking
subgroups. Hence the family CP may also contain subgroups V' with noncompact Egi,V’.

Let C be a cocomplete co-category and let

M: GOrb — C (1.1)
be a functor. Let F and F’ be families of subgroups such that 7' C F.

DEFINITION 1.7. The relative assembly map Asmbli,yM is the morphism

AsmblZ, ,;: colim M — colim M
: G/ Orb G#Orb
in C canonically induced by the inclusion Gz Orb — G+Orb.
If 7/ = Fin and F = All, then we omit the symbol All and call Asmblgin as simply the
assembly map.

In order to capture the large-scale geometry of metric spaces like G (with its word metric),
we introduced the category of G-bornological coarse spaces GBornCoarse in [10, 13]. We
further defined the notion of an equivariant coarse homology theory. All this will be recalled
in detail in section 3.

We can embed the orbit category GOrb into GBornCoarse by a functor

i: GOrb — GBornCoarse,

which sends a G-orbit S to the G-bornological coarse space Smin, max; see Example 3.8. Note
that the convention is that the first index specifies the coarse structure while the second
index specifies the bornology. We say that a functor M: GOrb — C can be extended to
an equivariant coarse homology theory if there exists an equivariant coarse homology theory
F': GBornCoarse — C such that M ~ F oi.

We will need various additional properties or structures for an equivariant coarse homology
theory.

(1) The property of continuity of an equivariant coarse homology theory was defined in [13,
Definition 5.15], see Lemma 3.19.

(2) The property of strong additivity of an equivariant coarse homology theory was defined
in [13, Definition 3.12], see Remark 5.13.

(3) The additional structure of transfers for an equivariant coarse homology theory is
encoded in the notion of a coarse homology theory with transfers which was defined in [11],
see Definition 5.5.

Let G'can,min denote the G-bornological coarse space consisting of G with the canonical coarse
and the minimal bornological structures; see Example 3.8. We furthermore consider a stable
oo-category C and an equivariant coarse homology theory (see Definition 3.13)

E: GBornCoarse — C.
To E and Gean,min We associate a new equivariant coarse homology theory
Eq : GBornCoarse — C, X — E(Gcan,min @ X)
called the twist of £ by Gcan min; see Definition 3.16.

can,min
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We can now introduce the following assumption on a functor M : GOrb — C.

DEFINITION 1.8. We call M a CP-functor if it satisfies the following assumptions.

(i) C is stable, complete, cocomplete, and compactly generated.
(ii) There exists an equivariant coarse homology theory E satisfying:
(a) M is equivalent to Fg o1
(b) E is strongly additive;
(¢c) E is continuous;
(d) FE extends to a coarse homology theory with transfers.

can,min

REMARK 1.9. We call M a CP-functor since the above assumptions will allow us to apply
methods similar to those from Carlsson and Pedersen [15].

EXAMPLE 1.10. (i) We claim that the equivariant K-theory functor
KA%: GOrb — Sp

associated to an additive category with G-action A (see [6, Definition 2.1]) is an example of a
CP-functor. Indeed, by [13, Corollary 8.25], we have an equivalence
KA® ~ KAXS

_oi,
where KAXY: GBornCoarse — Sp denotes the coarse algebraic K-homology functor. By
[11, Theorem 1.4], the functor KAX® admits an extension to an equivariant coarse homology
theory with transfers. Furthermore, K AX'“ is continuous by [13, Proposition 8.17] and strongly
additive by [13, Proposition 8.19].

(ii) For a group G, let P be the total space of a principal G-bundle and let A denote the
functor of nonconnective A-theory (taking values in the oo-category of spectra). Then P gives
rise to a GOrb-spectrum A p sending a transitive G-set S to the spectrum A(P x S). By
[14, Theorem 5.17], Ap is a CP-functor.

(iii) More generally, every right-exact oco-category with G-action C gives rise to a functor
KCq: GOrb — Sp. Taking C = Chb(A) or C = Sp, this recovers KA® and Apgg, but one
may also consider categories of perfect modules over an arbitrary ring spectrum. Also in this
generality, KCq is a CP-functor. See [9] for details and proofs.

We can now state the main theorem of this paper. Let G be a group and M: GOrb — C
be a functor. Let F be a family of subgroups.

THEOREM 1.11. Assume that M is a CP-functor (Definition 1.8). Furthermore, assume that
one of the following conditions holds.

(i) F is a subfamily of FDC®P such that Fin C F.
(ii) F is a subfamily of FDC such that Fin C F and G admits a finite-dimensional model
for Eg G

Then the relative assembly map Asmblb}:im o admits a left inverse.
REMARK 1.12. By Elmendorf’s theorem, the homotopy theory of G-spaces is modeled by
the presheaf category PSh(GOrb). More precisely, we have a functor
Fix: GTop — PSh(GOrb), (1.2)

which sends a G-topological space X to the Spc-valued presheaf which associates to S in GOrb
the mapping space £(Mapgrop (Sdise; X )). Here Sgisc is S considered as a discrete G-topological
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space, MapGTOp(SdiSC, X) in Top is the topological space of equivariant maps from Sgis. to X,
and ¢: Top — Top[W 1] ~ Spc is the localization functor inverting the weak equivalences in
Top in the realm of oco-categories. Let W be the morphisms in GTop which are sent by the
functor Fix to equivalences. Then Elemendorf’s theorem asserts that Fix induces an equivalence
of co-categories

Fix: GTop[W;'] = PSh(GOrb). (1.3)

A model E;?pG for a classifying space ExG of a family F is a G-CW complex X whose fixed
point spaces X are contractible for all subgroups H in F and empty otherwise. Such a model
is uniquely determined up to equivariant homotopy equivalence. It represents the object ErG
from Definition 1.3 under the equivalence (1.3).

Let G be a group and M : GOrb — C be a functor.
COROLLARY 1.13. If M is a CP-functor, then the relative assembly map Asmbl}fﬁ?}& admits
a left inverse.

Proof. Every virtually cyclic subgroup V' admits a compact model for Eg;i, V. Furthermore,
it has Vgin-FDC; see Example 2.1. We conclude that Fin C VCyc C FDCC®? and hence the
corollary follows from Case (i) of Theorem 1.11. O

For algebraic K-theory (Example 1.10), Corollary 1.13 was first proven by Bartels [1].
Let G be a group and M : GOrb — C be a functor.

COROLLARY 1.14. Assume that:

(i) M is a CP-functor;
(ii) G admits a finite-dimensional model for Egp. G
(iii)) Gean has Grin-FDC.

Then the assembly map Asmblgin s admits a left inverse.
For algebraic K-theory (Example 1.10), this was first proven in [21].
Proof. The corollary follows from Case (ii) of Theorem 1.11. O

As an application of Theorem 1.11, we also obtain the following new injectivity result for
algebraic K-theory.

THEOREM 1.15. Suppose G is relatively hyperbolic to groups Py, ..., P,. Assume that each
P; is contained in FDC or satisfies the K-theoretic Farrell-Jones conjecture. Furthermore,
assume that each P; admits a finite-dimensional model for E;?;Pl Then Asmblg;, xac admits

a left inverse.

Proof. Let F be the smallest family of subgroups of G that contains all finite subgroups
and all P;. By [30, Theorem 1.1], there is a cocompact model for E}E’pG. Since there are only
finitely many P;, there is a uniform upper bound on the dimension of E;?;H for all H in F.
By Lemma 1.16, there is a finite-dimensional model for Epp> G.

Let P be the smallest family of subgroups of G that contains all virtually cyclic subgroups
and all P;. By [3, Theorem 4.4], the assembly map Asmblp jac is an equivalence. Thus by the
transitivity principle [5, Theorem 2.4], the assembly map Asmblprppc xac is an equivalence
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(here we have to use the assumptions on the groups P; as well as that the Farrell-Jones
conjecture passes to subgroups [6, Theorem 4.5]). By Theorem 1.11, the relative assembly map
Asmblg;ff()gc admits a left inverse. The theorem now follows by combining these results. [

Let G be a group and let F and F’ be families of subgroups of G such that 7/ C F. We
denote the restriction of F’ to a subgroup H of G by F'(H); see Definition 2.3.

LEMMA 1.16. If G admits a finite-dimensional model for Ej{-)pG and all subgroups H in F

admit a model for E;?,IZH)H with a uniform upper bound on their dimension, then G admits a

finite-dimensional model for Ef,—f),pG.

Proof. By assumption, there exists n in N and an n-dimensional G-simplicial complex X
modeling Ej{-)pG. Choose a set of representatives S for the G-orbits of vertices in X. Again by
assumption, there exists for some k in N and every s in S an at most k-dimensional simplicial
complex Y (s) modeling EtO,IEGQGS. Then the projections Y'(s) — * induce a G-equivariant

map

vo: V=[] G xc. Y(s) = [] G xa. = = Xo.

sES ses

Now apply the construction of [33, Definition 2.2] to obtain a G-simplicial complex X[), vo]
whose dimension is bounded by nk + n + k. After observing that this construction is compatible
with taking fixed points in the sense that X[V, vo]" = XH [V vl] for all subgroups H of G,
(33, Corollary 2.5] implies that X[V, vo] is a model for E%2PG. O

REMARK 1.17. Most of the groups for which the Farrell-Jones conjecture is known by now
also have finite asymptotic dimension. But, for example, for CAT(0)-groups, which satisfy the
Farrell-Jones conjecture [32], this is an open problem. Hence taking some P; to be CAT(0)-
groups that are not known to have FDC and some P; to be groups that have FDC but for
which the Farrell-Jones conjecture is not known, we obtain examples of groups for which
Theorem 1.15 applies and the split-injectivity was not known before.

2. Injectivity results for linear groups

In general it is not an easy task to verify the assumptions on the group G and the family F
appearing in Theorem 1.11 and its corollaries. In this section, we provide various cases where
the required properties can be shown. Furthermore, we show how Theorem 1.11 can be applied
to linear groups.

For a family F of subgroups of G, we consider the G-coarse space Sz min consisting of the
G-set Sr :=| |y G/H with the minimal coarse structure. Let X be a G-coarse space. The
condition that X has Gz-FDC is equivalent to the condition that Sz min ® X has G-FDC.

The space (G/H)min ® X has G-FDC if and only if the space X has H-FDC. This can
be seen by taking an H-equivariant decomposition of X and extending it G-equivariantly to
(G/H)min ® X. Hence morally, Sz min ® X has G-FDC if and only if X has H-equivariant
FDC for every group H in the family F in a uniform way. More precisely, the condition that
S7 min ® X has G-FDC is equivalent to the condition, formulated in [23], that the family
{(X, H)}HE]: has FDC.

Applying this equivalence of conditions we can transfer the results from [23]. We consider the
case X = Gcan and F = Fin. Then we see that Assumption (iii) of Corollary 1.14 is equivalent
to the condition that the family {(G, H)}perin has FDC. In [23] instead of general coarse
spaces only metric spaces were considered. For a countable group G, the canonical coarse
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structure agrees with the metric coarse structure for any proper, left invariant metric d on G;
see [13, Remark 2.8]. Given a proper, left invariant metric d on G, we can define a metric dy
on the quotient H\G for every subgroup H of G by setting

di(Hg, Hg') := mind(g. hy').

By [23, Proposition A.7], {(G, H)} gerin has FDC if and only if the family { H\G} gerin has
(unequivariant) FDC (for any proper, left invariant metric on G). This reformulation is the
statement proved in the references given in the next example.

ExAMPLE 2.1. Assumption (iii) of Corollary 1.14 is satisfied for finitely generated linear
groups over commutative rings with unit and trivial nilradical [23, Theorem 4.3].

By [25, Theorems 2.13, 5.3, 5.21 and 5.28], Assumption (iii) of Corollary 1.14 is satisfied for
groups with a uniform upper bound on the cardinality of their finite subgroups, and belonging
to one of the following classes.

(i) Elementary amenable groups.

(ii) Countable subgroups of GL,(R), where R is any commutative ring with unit.
(iii) Countable subgroups of virtually connected Lie groups.
(iv) Groups with finite asymptotic dimension.

See Hillman [20] for the definition of the Hirsch length h(G) of an elementary amenable
group G. If G has a finitely generated abelian subgroup A of finite index, then h(G) is the rank
of A by definition. In particular, h(G) = 0 if G is finite.

EXAMPLE 2.2. Let G be a finitely generated, linear group G over a commutative ring with
unit or a finitely generated subgroup of a virtually connected Lie group. By [22, Proposition
1.3; 23, Proposition 1.2], there exists a finite-dimensional CW-model for the space EpinG if
and only if there is a natural number N such that the Hirsch length of every solvable subgroup
A of G is bounded by N.

Combining Corollary 1.14 with Example 2.1 and Example 2.2, we obtain injectivity results
for linear groups over commutative rings with unit and trivial nilradical and for subgroups of
virtually connected Lie groups with a uniform upper bound on the cardinality of their finite
subgroups. We will now extend these to recover the injectivity results from [22, 23] for algebraic
K-theory; see Corollary 2.11.

Before we start, we show that the family FDC is closed under subgroups.

Let G be a group and let H be a subgroup of G. Let F be a family of subgroups of G.

DEFINITION 2.3. By
F(H):={FeF|F<H}
we denote the restriction of the family F to H.

LEMMA 2.4. If Gean has Gpin-FDC, then Hcan has Hying)-FDC.

Proof. Fix a proper, left invariant metric on G and consider its restriction to H.

Recall from the discussion preceding Example 2.1 that Hc., has Hging)-FDC if and only
if {F\H}FEFin(H) has FDC

Each element of {F\H}pcpin(m) is a subspace of an element of {F\G}rcpin(r) which
is contained in {F'\G}r/cFin. If Gean has Grin-FDC, then {F'\G}Fr crin has FDC. Hence
{F\H} pecrin(m) has FDC by [18, Coarse Invariance 3.1.3]. O
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We now consider a functor M : GOrb — C. Recall Definition 1.8 of a CP-functor.

DEFINITION 2.5. We call M a hereditary CP-functor if M o Resy is a CP-functor for every
surjective homomorphism ¢: G — Q.

EXAMPLE 2.6. (i) Recall that K§ is a CP-functor by Example 1.10. It is also a hereditary
CP-functor since by [6, Corollary 2.9] we have K¢ oResy ~ Ki?ldd) a for every surjective
homomorphism ¢: G — Q.

(ii) The functor Ap from Example 1.10 is also a hereditary CP-functor by [14, Theorem
5.17).

We will need the following well-known facts about the Hirsch length, for a proof see [20,
Theorem 1]. For a subgroup H of G, we have h(H) < h(G) and, if H is normal in G, h(G) =
h(H) + h(G/H). Recall that, for finitely generated abelian groups, the Hirsch length coincides
with the rank of the group.

LEMMA 2.7. Every countable virtually abelian group G of finite Hirsch length n has Ggin-
FDC.

Proof. Fix a left invariant, proper metric on G. It suffices to show that {F\G}rerin has
FDC; see the discussion preceding Example 2.1. More precisely, we will show that this family
has asymptotic dimension at most n. Then it has FDC by [18, Theorem 4.1].

Let G’ be a normal, abelian subgroup of finite index k.

Now let R > 0 be given. Let H denote the subgroup of G’ generated by all elements of
distance at most R from the neutral element. Since H is a finitely generated abelian group of
rank at most n, it has asymptotic dimension at most n. Moreover, there is an upper bound
on the cardinality of the finite subgroups of H. Hence by [24, Corollary 1.2], the family
{F"\H } prcrin(mr) has asymptotic dimension at most n. In particular, there is S > 0 such that

for every F'\H there is a cover Ul” U...U U}, such that for every i in {0,...,n} the subset
vt " is an R-disjoint union of subspaces of diameter at most S.

Let F be a finite subgroup of G’ and h, ' be elements of H. If the condition d(Fh, Fh') < R
holds in F\FH, then there exists an element f of F' with d(h, fh') < R, or equivalently,
d(e,h=*fh') < R. It follows that h=!fh’ € H and therefore f € H. Hence we get that d((F N
H)h,(FNH)W) < R in (F N H)\H. Therefore, for every i in {0,...,n}, the image of U4
under the canonical bijection ¢: (F-N H)\H — F\FH is still an R-disjoint union of subspaces
of diameter at most S.

Let F be a finite subgroup of G’, let h, h’ be elements of H and let g, g’ be elements of G. If
we have d(Fgh, Fg'h') < R in F\G’, then there is an f in F with d(e,h"tg~'fg'h’) < R, and
hence h=tg~'fg'h’ € H. Therefore, g~ fg' € H, so FgH = Fg'H. Hence the quotient F\G' is
an R-disjoint union of spaces of the form F\FgH.

For g in G, we set F9 := g~'Fg. For every h in H, we have the equalities

ind(gh, fgh') = mind(h, ¢~ ' fgh') = min d(h, f'h
mind(gh, fgh') = mind(h,g™" foh') = min d(h, f'K),

that is, the map F\FgH — FI\F9H, Fgh — F9h is an isometry. Hence we can use the covers
for the spaces F'9 N H\H as g varies to obtain for every F\G’ a cover Uy U ... U U,, such that
for every i in {0,...,n} the subset U; is an R-disjoint union of subspaces of diameter at most
S. This shows that {F\G'} perin(c/) has asymptotic dimension at most n.

For g in G and F a finite subgroup of G’, F\FgG' is isometric to F9\G’ as above. Since
G’ is normal in G, the group FY is again a finite subgroup of G’. Therefore, every element of
{F\G} peFin(cr) is a union of at most k subspaces isometric to elements of {F\G"}perpin(ar)-
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Hence also { F\G'} perin(c/) has asymptotic dimension at most n by the Finite Union Theorem
of [7].

Every finite subgroup F of G has a normal subgroup F” of index at most k contained in G".
Then F'\F acts isometrically on F'\G with quotient F\G. Hence we can again apply [24,
Corollary 1.2] to see that {F\G} perin has asymptotic dimension at most n. O

Let
1—>S—>Gi>Q—>1

be an extension of countable groups and let S’ be a subgroup of S that is normal in G.

LEMMA 2.8. Assume:

(i) S is elementary amenable with finite Hirsch length n;
(ii) Q admits a k-dimensional model for Eltfifl(Q)Q.

Then G/S’ admits an n + k + 2-dimensional model for E;ﬂi(G/S,)G/S’.

Proof. Consider the extension
1—-8/8 -G/S" 5 Q—1.
Then h(S/S’) < h(S) =n and also for every finite subgroup F of @), we have
h(p ' (F)) = h(S/S') + h(F) < n+0 = n.
Hence by Flores and Nucinkis [16, Corollary 4 and the discussion preceding it], there

exists a model for E;f;f](p_l(F))p’l(F) of dimension at most n+2. Since @ admits a

k-dimensional model for E;“Oii(Q)Q and for every finite subgroup F' of (), there exists a model

for E;,Oifl(p_l( F))pfl(F) of dimension at most n + 2, there is an n + k + 2-dimensional model
for E;?ifl(g/s,)G/S’ by [26, Theorem 5.16]. O
Let

1—>S—>G3>Q—>1

be an extension of groups. Denote by Fin(Q) the family of finite subgroups of Q. By
¢ 1(Fin(Q)), we denote the family of subgroups of G whose image under ¢ belongs to Fin(Q).
Let M: GOrb — C be a functor.

THEOREM 2.9. Assume:

(i) M is a hereditary CP-functor;
(ii) S is virtually solvable and has Hirsch length n < co;
(i) @ admits a finite-dimensional model for E;f)ifl(Q)Q.

—1 .
Then the relative assembly map Asmbl?in’(]ﬂm(@) admits a left-inverse.

Proof. We argue by induction on the derived length &k of S.

If k=1, then S is virtually abelian and every group in ¢~ !(Fin(Q)) is virtually abelian of
Hirsch length at most n, too. Hence the statement follows from case (ii) of Theorem 1.11 since
its assumptions are verified by Lemma 2.7 and Lemma 2.8 applied with S’ the trivial group.

Now suppose that the statement holds for k£ and assume S has derived length k +
1. Note that [S,S] is normal in G and has derived length k. We set G’ := G/[S,S].
Then there is a finite-dimensional model for E;f;‘:l(G,)G’ by Lemma 2.8. We consider the
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factorization of ¢ as

oG L e b Q.
The inclusions

Fin C ¢~ ' (Fin(G")) C ¢ (Fin(Q))

of families of subgroups of G induce a factorization

Asmbl2. |(Fin(Q ~ Asmbl¢ | (Fin(Q) o Asmbl;ﬁm (]\lzm(G’))

Fin,M 1(Fin(G")),M
of the relative assembly map. Because AsmblFm (A};m(c )) admits a left-inverse by the induction

assumption, it remains to show that Asmbld’ 1((1"1;1:1((22;) o admits a left-inverse. We have a

commuting diagram of categories
fin(n OTD —— Gy (pin() Orb
l Resy J
G 1(F1n(Q))Orb *} G¢ 1(Fm(Q))OI'b
where the vertical functors are the fully faithful inclusions induced by the inclusions of families

Fin(G') C p~!(Fin(Q)) and ¥ }(Fin(G")) C ¢~ ' (Fin(Q)). We now note that the horizontal
maps are fully faithful inclusions as well and cofinal. We obtain an induced square in C

collmg;in(G, orb M o Resy ——— COllmGWl(F;n(Gq)Orb M
p~ 1 (Fin(Q)) ¢~ H(Fin(Q))
J{Asmbll‘, n(G'), MoResy, Asmblw L(Fin(al)), M
colimgy ! rin(ay OTP M o Resy = cohm(;qr1 (Fin(Q))orb M
p~ ! (Fin(Q)) : 1 o
The existence of a left-inverse of AsmblFm(G,) MoRes,, 283N follows from the case k = 1 since
M o Resy is also a CP-functor. O

REMARK 2.10. For algebraic K-theory K AY (see Example 1.10) in place of M and under
the same assumptions on S and G as in Theorem 2.9 the existence of a left-inverse for

AsmblFm (;X‘c(; ) has been shown by combining the split-injectivity of the relative assembly
map from finite to virtually cyclic subgroups with the Farrell-Jones conjecture for solvable
groups, cf. [22, Proposition 4.1]. With the new techniques to understand relative assembly

maps developed in this article, the use of the Farrell-Jones conjecture can be avoided.

For convenience, we repeat the arguments from [22, 23] to obtain split-injectivity for finitely
generated subgroups of linear groups and of virtually connected Lie groups with a finite-
dimensional classifying space.

Let M: GOrb — C be a functor.

COROLLARY 2.11. Assume:

(i) M is a hereditary CP-functor;
(ii) G admits a finite-dimensional model for Ey? G;
(iii) G is a finitely generated subgroup of a linear group over a commutative ring with unit
or of a virtually connected Lie group.

Then the assembly map Asmblgin ¢ is split injective.
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Proof. Let G be a finitely generated subgroup of a virtually connected Lie group. The adjoint
representation induces an extension with abelian kernel and quotient a finite index supergroup
Q of a finitely generated subgroup of GL, (C). The group @ has Qrin-FDC by Example 2.1.
Since G admits a finite-dimensional model for E;OllflG , so does () using the characterization from
Example 2.2. By Corollary 1.14, the assembly map Asmblg;, (o), MoResg is split-injective. This
assembly map is equivalent to Asmbl,-1(gin(@)),ar, Where p: G — @ is the projection. Because

1 s
the kernel of p is abelian, the assembly map Asmblf,in‘(]}c‘; 2(@) i split-injective by Theorem 2.9.
Now let G be a finitely generated subgroup of a linear group over a commutative ring R

with unit. Let n be the nilradical of R. Then we have an extension
1-1+M,nW)NG=-GLQ—1,

where @ is a finitely generated subgroup of GL,(R/n). Arguing as above, the assembly map
Asmbly, 1 (gin(@)),m is split-injective by Example 2.1 since R/n has trivial nilradical. Since
the group (1+ M, (n)) is nilpotent, the assembly map Asmbl%;ff;n(@) is split-injective by
Theorem 2.9. U

3. G-bornological coarse spaces and coarse homology theories

In this section, we recall the definition of the category GBornCoarse of G-bornological coarse
spaces and provide basic examples. We further recall the notion of an equivariant coarse
homology theory, in particular its universal version Yo® with values in the stable co-category
GSpX of equivariant coarse motivic spectra. Most of this material has been developed in [13]
(see also [10] for the nonequivariant case).

In the definitions below, we will use the following notation.

(1) For aset Z, we let P(Z) denote the power set of Z.
(2) If a group G acts on a set X, then it acts diagonally on X x X and therefore on P(X X
X). For U in P(X x X), we set

GU = U qgU.

geG
(3) For U in P(X x X) and B in P(X), we define the U-thickening U[B] by
UBl:={z€X|3yeB:(x,y) eU}.
(4) For U in P(X x X), we define the inverse by
U= {(y) | (z,9) € U},

(5) For U,V in P(X x X), we define their composition by

UoV :={(x,2) | ye X : (z,y) eUA(y,z) e V}. (3.1)
Let G be a group and let X be a G-set.
DEFINITION 3.1. A G-coarse structure C on X is a subset of P(X x X) with the following

properties.

(i) C is closed under composition, inversion, and forming finite unions or subsets.
(ii) C contains the diagonal diag(X) of X.
(iii) For every U in C, the set GU is also in C.

The pair (X, C) is called a G-coarse space, and the members of C are called (coarse) entourages
of X.
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Let (X,C) and (X’,C’) be G-coarse spaces and let f: X — X’ be an equivariant map between
the underlying sets.

DEFINITION 3.2. The map f is controlled if for every U in C we have (f x f)(U) € C'.
We obtain a category GCoarse of G-coarse spaces and controlled equivariant maps.

DEFINITION 3.3. A G-bornology B on X is a subset of P(X) with the following properties.

(i) B is closed under forming finite unions and subsets.
(ii) B contains all finite subsets of X.
(iii) B is G-invariant.

The pair (X, B) is called a G-bornological space, and the members of B are called bounded
subsets of X.

Let (X, B) and (X', B’) be G-bornological spaces and let f: X — X’ be an equivariant map
between the underlying sets.

DEFINITION 3.4. The map f is proper if for every B’ in B’ we have f~*(B’) € B.

We obtain a category GBorn of G-bornological spaces and proper equivariant maps.
Let X be a G-set with a G-coarse structure C and a G-bornology B.

DEFINITION 3.5. The coarse structure C and the bornology B are said to be compatible if
for every B in B and U in C the U-thickening U[B] lies in B.

DEFINITION 3.6. A G-bornological coarse space is a triple (X,C, B) consisting of a G-set
X, a G-coarse structure C, and a G-bornology B such that C and B are compatible.

DEFINITION 3.7. A morphism f: (X,C,B) — (X’,C’,B’) between G-bornological coarse
spaces is an equivariant map f: X — X’ of the underlying G-sets which is controlled
and proper.

We obtain a category GBornCoarse of G-bornological coarse spaces and morphisms. If the
structures are clear from the context, we will use the notation X instead of (X,C, B) in order
to denote G-bornological coarse spaces.

Let X be a G-set.

EXAMPLE 3.8. If W is a subset of P(X x X), then the G-coarse structure generated by W
is the minimal G-coarse structure containing W, that is, it is the coarse structure C{{GU | U €
W1) generated by the set of invariant entourages GU for all U in W.

We can define the following G-coarse structures on X

(i) The minimal coarse structure on X is the G-coarse structure generated by the empty
family. It consists of all subsets of diag(X). We denote the corresponding G-coarse space by
Xmin~

(ii) The canonical coarse structure on X is the G-coarse structure generated by the
entourages B x B for all finite subsets B of X. We denote the corresponding G-coarse space
by Xcan-

(iii) P(X x X) is the maximal coarse structure on X. We denote the corresponding G-coarse
space by X ax-
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(iv) If X comes equipped with a quasi-metric’ d, then the metric coarse structure on X
is generated by the subsets {(z,y) | d(z,y) < r} of X x X for all 7 in [0,00). We denote the
corresponding coarse space by X,. If the quasi-metric d is G-invariant, then we obtain a
G-coarse structure and X  is a G-coarse space.

If A is a subset of P(X), then the G-bornology generated by A is the minimal G-bornology
containing A, that is, it is the bornology B({¢B | g € G, B € A}) generated by the set of all
G-translates of elements of A.

We can define the following G-bornologies on X.

(i) The minimal G-bornological structure consists of the finite subsets. We denote the
corresponding G-bornological space by Xin-

(ii) The maximal G-bornological structure consists of all subsets. We denote the corre-
sponding G-bornological space by X, ax.

(iii) If X comes equipped with a quasi-metric d, the metric bornology on X is generated
by the sets {y | d(z,y) <r} for all z in X and r in [0,00). We denote the corresponding
bornological space by Xg4. If d is G-invariant, then we obtain a G-bornology and Xy is a
G-bornological space.

Taking any pair of compatible coarse and bornological structures as above, we can form a
G-bornological coarse space. These will be denoted by two subscripts, where the first subscript
refers to the coarse structure and the second subscript to the bornology. Examples include
Xcan,min, Xcan,max; Xmin,min, Xmin,max, Xmax,max ald, if X comes equipped with an invariant
metric, Xg 4.

Let X be a G-coarse space with coarse structure C. Then

Re:=|JU (3.2)
is an invariant equivalence relation on X.

DEFINITION 3.9. We let m(X) denote the G-set of equivalence classes with respect to Re.
The elements of 7y(X) are called the coarse components of X.

DEFINITION 3.10. A G-coarse space (X, C) is coarsely connected if my(X) is a singleton set.

We now introduce the notion of an equivariant coarse homology theory; see [13, Section 3]
for details.
Let X be a G-bornological coarse space.

DEFINITION 3.11. An equivariant big family on X is a filtered family of G-invariant subsets
(Y;)ier of X such that for every entourage U of X and ¢ in I there exists j in I such that
Ul C Y,

An equivariant complementary pair (Z,Y) on X is a pair of a G-invariant subset Z of X
and an equivariant big family ) = (Y;);es on X such that there exists ¢ in [ with ZUY; = X.

Let g, f: X — X’ be two morphisms in GBornCoarse. Then we say that f is close to g if
(f x g)(diag(X)) is a coarse entourage of X’. This notion will be used in Condition (i) of the
definition below.

TThe notion of a quasi-metric generalizes the notion of a metric. The difference is that for a quasi-metric we
admit the value co.
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Let X be a G-bornological coarse space.

DEFINITION 3.12. The space X is flasque if it admits a morphism f: X — X such that

(i) f is close to idx;
(ii) for every entourage U of X, the subset | J, .y (f" x f)(U) is an entourage of X;
(iii) for every bounded subset B of X, there exists an integer n such that GB N f™(X) = 0.

We say that flasqueness of X is implemented by f.

The category GBornCoarse has a symmetric monoidal structure ®; see [13, Example 2.17].
If X and Y are G-bornological coarse spaces, then X ® Y has the following description.

(1) The underlying G-coarse space of X ® Y is the Cartesian product in GCoarse of the
underlying G-coarse spaces of X and Y. More explicitly, the underlying G-set of X ® Y is
X x Y with the diagonal G-action, and the coarse structure is generated by the entourages
U x V for all coarse entourages U of X and V of Y.

(2) The bornology on X ® Y is generated by the products A x B for all bounded subsets A
of X and BofY.

Note that X ® Y in general differs from the Cartesian product X x Y in GBornCoarse.
Let C be a cocomplete stable co-category and let

FE: GBornCoarse — C
be a functor. If Y = (V;);es is a filtered family of G-invariant subsets of X, then we set
E(Y) = colim E(Y;). (3.3)

In this formula, we consider the subsets Y; as G-bornological coarse spaces with the structures
induced from X.

If Z is another invariant subset, then we use the notation ZNY := (ZNY;)er.

Let C be a cocomplete stable co-category and consider a functor

E: GBornCoarse — C.

DEFINITION 3.13. A G-equivariant C-valued coarse homology theory is a functor
E: GBornCoarse — C
with the following properties.

(i) (Coarse invariance) For all X in GBornCoarse, the functor E sends the projection
{0, 1} max.max ® X — X to an equivalence.

(i) (Excision) E(@) ~0 and for every equivariant complementary pair (Z,)) on a
G-bornological coarse space X, the square

E(ZNY)——E(Z)
E(Y)—— E(X)
is a push-out.

(iii) (Flasqueness) If a G-bornological coarse space X is flasque, then E(X) ~ 0.
(iv) (u-Continuity) For every G-bornological coarse space X, the natural map

lim E(Xy) — E(X
polm (Xv) = E(X)
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is an equivalence. Here Xy; denotes the G-bornological coarse space X with the coarse structure
replaced by the one generated by U, and C%(X) is the poset of G-invariant coarse entourages
of X.

If the group G is clear from the context, then we will often just speak of an equivariant
coarse homology theory.

We have a universal equivariant coarse homology theory
Yo®: GBornCoarse — GSpX

(see [13, Definition 4.9]), where GSpX is a stable presentable co-category called the category
of coarse motivic spectra. More precisely, we have the following.

PROPOSITION 3.14 [13, Corollary 4.9]. Restriction along Yo® induces an equivalence between
the oco-categories of colimit-preserving functors GSpX — C and C-valued equivariant coarse
homology theories.

The symmetric monoidal structure ® descends to GSpX such that Yo® becomes a symmetric
monoidal functor [13, Lemma 4.17].

EXAMPLE 3.15. The following is an illustrative example of the usage of some of the axioms
of a coarse homology theory for Yo®. Let X be in GBornCoarse. On R ® X, we consider
the subset Z :=[0,00) x X and the big family Y := ((—oo,n] X X)pen. Then (Z,)) is a
complementary pair on R ® X. By the excision axiom, we get a push-out square

Yo' (ZNY) —— Yo' (Z)
| | o
Yo (V) —— Yo' (R ® X).

We now observe that Z is flasque with flasqueness implemented by the map f(¢,z) := (¢t + 1, z).
Similarly, all members of ) are flasque. Since Yo® vanishes on flasques, we get Yo®(Z) ~
0 and Yo®()) ~ 0. The inclusion X = {0} x X — R x X induces an equivalence of X with
every member of Z N Y. Consequently, we have a canonical equivalence Yo®(X) ~ Yo*(Z NY).
Therefore, the push-out square in (3.4) is equivalent to a push-out square

Y0¥ (X) ———— 0

|

0—— Yo' (R® X).
This square provides an equivalence
Yo’ (X) ~ Yo!' (R ® X). (3.5)
Let E': GBornCoarse — C be a functor and let X be a G-bornological coarse space.

DEFINITION 3.16. The twist Ex of E by X is the functor
E(X ® —): GBornCoarse — C.

LEMMA 3.17. If E is an equivariant coarse homology theory, then the twist Ex is an
equivariant coarse homology theory, too.
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Proof. This follows from [13, Lemma 4.17]. O
Let (X, B) be a G-bornological space.
DEFINITION 3.18. A subset F' of X is locally finite if F'N B is a finite set for every B in B5.

Continuity is an additional property of an equivariant coarse homology theory E. We refer to
[13, Definition 5.15] for the precise definition. For our purposes, it suffices to know the following.

Let X be a G-bornological coarse space and let £(X) denote the poset of all G-invariant
locally finite subsets of the underlying bornological space of X. We consider F in £(X) with
the G-bornological coarse structure induced from X.

LEMMA 3.19 [13, Remark 5.16]. If E is continuous, then the canonical map

colim E(F) — E(X)
FEL(X)

is an equivalence.

In order to capture continuity of equivariant coarse homology theories motivically, we
introduce the universal continuous equivariant coarse homology theory

Yo!: GBornCoarse — GSpX, (3.6)

whose target GSpAX, is the stable presentable co-category of continuous equivariant motivic
coarse spectra (see [13, Definition 5.21]).

PRrROPOSITION 3.20 [13, Corollary 5.22|. Restriction along Yo, induces an equivalence
between the co-categories of colimit-preserving functors GSpX, — C and C-valued continuous
equivariant coarse homology theories.

We have a canonical colimit-preserving functor
C?®: GSpX — GSpAX. (3.7)
such that Yo, ~ C® o Yo* (see [13, (5.6)]).

DEFINITION 3.21. A morphism in GSpX or GBornCoarse is a continuous equivalence if
it becomes an equivalence after application of C* or Yo, respectively.

Two morphisms in GSpX or GBornCoarse are continuously equivalent if they become
equivalent after application of C* or Yo?, respectively.

4. Cones and the forget-control map

In this section, we recall the cone construction and the cone sequence. We further introduce
the forget-control map and show its compatibility with induction and twisting.

We start with discussing G-uniform bornological coarse spaces and the cone construction.
Let X be a G-set.

DEFINITION 4.1. A G-uniform structure on X is a subset U of P(X x X) with the following
properties.

(i) Every element of U contains the diagonal.
(ii) U is closed under inversion, composition, finite intersections, and supersets.
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(iii) For every U in U, there exists V in Y with VoV CU.
(iv) For every U in U, we have (. gU € U.

The first three conditions define the notion of a uniform structure, and the last condition
reflects the compatibility with the action of G. A G-uniform space is a pair (X,U) of a G-set
X and a G-uniform structure U.

Let (X,U) and (X', U") be G-uniform spaces and f: X — X' be an equivariant map between
the underlying sets.

DEFINITION 4.2. f is uniform if f~*(U") € U for every U’ in U'.
Let X be a G-set with a G-uniform structure U and a G-coarse structure C.
DEFINITION 4.3. We say that U and C are compatible if U N C is not empty.

DEFINITION 4.4 [13, Definition 9.9]. A G-uniform bornological coarse space is a tuple
(X,C,B,U), where (X,C, B) is a G-bornological coarse space and U is a G-uniform structure
which is compatible with C.

DEFINITION 4.5. A morphism between G-uniform bornological coarse spaces
f(X,C,B,U) — (X',C',B,U")

is a morphism between G-bornological coarse spaces f: (X,C,B) — (X', B',C’) which, as a
morphism (X,U) — (X',U’), is uniform.

We obtain the category GUBC of G-uniform bornological coarse spaces. We have the
forgetful functor

F: GUBC — GBornCoarse (4.1)
which forgets the uniform structure.

EXAMPLE 4.6. Let X be a G-set with a quasi-metric d. Then we get a uniform structure on
X generated by the subsets {(z,y) € X x X | d(z,y) < r} for all 7 in (0, 00). We let X; denote
the corresponding uniform space. If d is invariant, then we obtain a G-uniform structure and
X, is a G-uniform space.

Expanding the notation for G-bornological coarse spaces, we use triple subscripts to indicate
G-uniform bornological coarse spaces, where the first subscript indicates the G-uniform
structure, the second subscript indicates the G-coarse structure, and the third subscript
indicates the G-bornology.

In particular, if X is a G-set with an invariant quasi-metric d, then we obtain the G-uniform
bornological coarse spaces X444 and Xg max, max-

EXAMPLE 4.7. Let S be a G-set. Then the G-bornological coarse space Spin min equipped
with the uniform structure containing all supersets of the diagonal is a G-uniform bornological
coarse space which we denote by Saisc,min,min-

Let X be a G-uniform bornological coarse space and let Y = (Y;);e; be an equivariant big
family. Let C and U denote the coarse and uniform structures of X.
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DEFINITION 4.8 [13, Definition 9.15]. An order-preserving function
v I —P(X x X)¢

(where we consider the target with the opposite of the inclusion relation) is U/-admissible if for
every U in U% there is i in I such that (i) C U. Given a function 1: I — P(X x X)%, we
define the entourage

Uy = | JI(V: x Yi) U(d)].
i€l
The hybrid structure Cj, on X is the G-coarse structure generated by the entourages U N Uy
for all U in C% and all U-admissible functions ).

We let X}, denote the bornological coarse space obtained from X by forgetting the uniform
structure and replacing the coarse structure by the hybrid coarse structure.

Since C;, C C by construction, we have a morphism of G-bornological coarse spaces X; —
F(X), where F is the forgetful functor (4.1).

DEFINITION 4.9. We have the functor

02 : GUBC — GBornCoarse

geom

which sends a G-uniform bornological coarse space X to the G-bornological coarse space

Ogeom(X) = (R® X)p,

geom

where R := R 4,4 is the G-uniform bornological coarse space with structures induced from the
standard metric and the trivial G-action. The subscript h stands for the hybrid coarse structure
associated to the equivariant big family ((—oo,n] X X),en; see Definition 4.8.

If f: X — X' is a morphism in GUBC, then Ogg,,, (f): Ogeon (X) — Ogeop (X') is given by
the map idg X f: Rx X - R x X',

DEFINITION 4.10. The functor

O* :=Yo’ o0 : GUBC — GSpX

geom *

is called the cone-at-infinity functor.

DEFINITION 4.11. The cone functor
O: GUBC — GBornCoarse
sends a G-uniform bornological coarse space X to

O(X) := ([0,00) % X) o

reom (X))
where the subscript indicates that we equip the subset with the structures induced from
Ogeom (X). In particular, O(X) is a subspace of Ogg,,, (X).

REMARK 4.12. We refer to [13, Sections 9.4 and 9.5] for more details and properties of
these functors. Note that Og,,, is denoted by O in the reference. The definition of O given

above is equivalent to [13, Definition 9.29] in view of [13, Proposition 9.31].

By [13, Corollary 9.30], we have a fiber sequence of functors GUBC — GSpX

ot 3 Yo' oF = Yo' 00 — 0% 4 £Yo* oF — ..., (4.2)
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which is called the cone sequence. The first map of the cone sequence is induced by the inclusion
X — [0,00) x X given by including the point 0 into [0, 00). The second map is induced by the
inclusion O(X) — O (X). Finally, the cone boundary 9 is given by

geom

Yo' (02, (X)) = Yo' (R ® F(X)) ~ 3 Yo' (F(X)), (4.3)

geom

where the first map is induced by the identity of the underlying sets, and the equivalence is
the equivalence (3.5) explained in Example 3.15. We use [13, Proposition 9.31] in order to see
that this description of the sequence is equivalent to the original definition from [13, Corollary
9.30].

In various constructions, we form a colimit over the poset of invariant entourages C%(X) of a
G-bornological coarse space X. In order to suppress these colimits in an appropriate language,
we use the following procedure. We let GBornCoarse® denote the category of pairs (X,U),
where X is a G-bornological coarse space and U is an invariant entourage of X containing the
diagonal. A morphism (X,U) — (X’,U’) is a morphism f: X — X’ in GBornCoarse such
that (f x f)(U) C U’'. We have a forgetful functor

GBornCoarse® — GBornCoarse, (X,U) — X. (4.4)
Let
F: GBornCoarse® — C

be a functor to a cocomplete target C and let E be the left Kan extension of F' along (4.4).
The evaluation of E on a G-bornological coarse space X is then given as follows.

LEMMA 4.13. We have an equivalence

E(X)~ colim F(X,U).
UeCC(X)

Proof. By the pointwise formula for the left Kan extension, we have an equivalence

E(X) ~ colim F(X',U").
(X", U"),f: X'—=X)eGBornCoarse® /X

If (X',U"), f: X’ = X) belongs to GBornCoarsec/X, then we have a morphism
(X, U") = (X, f(U") U diag(X))

in GBornCoarse® /X. This easily implies that the full subcategory of objects of the form
((X,U),idx) of GBornCoarse’ /X with U in C%(X) is cofinal in GBornCoarse® /X. O

CONSTRUCTION 4.14. Let X be a G-bornological coarse space and let U be an invariant
entourage of X. Then we can form the G-simplicial complex Py (X) of finitely supported
U-bounded probability measures on X (see [13, Definition 11.1] and the subsequent text). We
equip Py (X) with the path quasi-metric in which every simplex has the spherical metric. The
path quasi-metric determines the uniform and the coarse structure on Py (X). We equip Py (X)
with the bornology generated by all subcomplexes Py (B) of measures supported on B for a
bounded subset B of X. The resulting G-uniform bornological coarse space will be denoted by
Py (X)q,a6- We denote by Py (X)q,, the underlying bornological coarse space. Note that the
bornology in general differs from the metric bornology which would be indicated by a subscript
d in the last slot.

Let f: X — X’ be a morphism of G-bornological coarse spaces and U’ be an invariant
entourage of X’ such that (f x f)(U) CU’. Then the push-forward of measures induces a
morphism

fo: Pu(X)aap = Por(X)aap
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in a functorial way. We have thus constructed a functor

P: GBornCoarse® — GUBC, (X,U) = Pu(X)a,dp-

If we compose the functor P with the fiber sequence (4.2), then we obtain a fiber sequence
of functors GBornCoarse® — GSpX which sends (X, U) to

YOS(PU(X)d’b) — YOS(O(PU(X)d’d’b)) — OOO(PU(X)d’dJ,) 2} Y Yo® (PU(X)d,b)- (45)

DEFINITION 4.15. We define the fiber sequence of functors GBornCoarse — GSpX
FO— F— F> % sp0
by left Kan extension of (4.5) along the forgetful functor (4.4).
In order to justify this definition, note that a colimit of a diagram of fiber sequences in
a stable oco-category is again a fiber sequence. Since a fiber sequence of functors can be
detected objectwise, it is a consequence of the pointwise formula for the Kan extension that
a Kan extension of a fiber sequence of functors with values in a stable co-category is again a

fiber sequence.
If S is a G-set, then we have a twist functor

Ts: GBornCoarse — GBornCoarse, X — Spyin min ® X. (4.6)
By [13, Lemma 4.17], the twist functor extends to a functor
Tt GSpX — GSpX
on motives such that
GBornCoarse L> GBornCoarse
lYoS lYoS (47)
Tg/lat
GSpX —————— GSpX

commutes. Note that Té“"t ~ Y0’ (Smin,min) ® —, and this functor is equivalent to the left Kan-
extension of Yo® oTs along Yo®, so in particular it commutes with colimits.
We can extend the twist functor to a functor

Tg: GBornCoarse® — GBornCoarse®, (X,U) = (Smin,min ® X, diag(S) x U).
Then we have a commuting diagram

TC
GBornCoarse® —>— GBornCoarse’

(4.4) (4.4)
GBornCoarse L) GBornCoarse
The twist functor (4.6) further extends to a twist functor
TY: GUBC — GUBC, X v Siisc.minmin @ X
for uniform bornological coarse spaces.
LEMMA 4.16. We have a natural isomorphism of functors

T o P = Po TS : GBornCoarse® — GUBC.
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Proof. For (X,U) in GBornCoarse® we construct an isomorphism of G-simplicial
complexes

S x PU(X) i Pdiag(S)XU(Smin,min ® X) (48)
which induces the desired isomorphism of G-uniform bornological coarse spaces. Let (s, u) be
a point in S X Py(X). Then there is some n in N, a collection of points o, ..., z, in X and

numbers \; € [0,1] such that (z;,z;) € U for all pairs i,j, > . A = 1 and

i=0
The map (4.8) sends the point (s, x) to the point Y1 Ail(s,.2;) I Piag($)x U (Smin,min @ X).

In order to see that this map is invertible, note that if v = E:io )\gé(si,m;) is a point
in Piiag(s)x v (Smin,min ® X), then s; =5 for all i=1,...,n" and (xg,x;) e U for all i,j.

Therefore, the inverse of the isomorphism (4.8) sends v to the point (so, Z?:/o Nidgr)-
It is straightforward to check that the isomorphism is G-equivariant, natural in (X, U), and
compatible with the bornologies. O

LEMMA 4.17. We have a commuting diagram of functors GUBC — GBornCoarse
TSO}"*)TSOO*)TSOOES()m*)TSO(R@f)

T

FoTld —— 00T —— 0%, 0TY — R (FoTY)

geom

Proof.  We first discuss the isomorphism in the case of Ogg,,,,. For X in GUBC the desired
isomorphism
Smin,min & (R & X)h i (R & Sdisc,min,min & X)h

is induced by the natural bijection of G-sets
Fi8x (RxX) SR (SxX), (s,(rz)— (r(s,z)).

We need to verify that the coarse structures agree.
For an admissible function ¢: N — P((R x X)?)¥, define

¥s: N = P((Rx S x X)*)¢

as the function sending n to the image of diag(S) x ¥ (n) under the identification induced by
f. Then we have

diag(S) x (UNUy) = (diag(S) x U) N Uy,
for all admissible functions %, so the bijection f induces a controlled map.
Conversely, let p: R x S x X — R x X be the projection map. If $: N — P((R x S x X)?)¢

is an admissible function, then the function ¢': N — P((R x X)?) sending n to (p x p)(¢(n))
is also admissible. Moreover, we have

diag(8) x (U N Uy) = (diag($) x U) N (f x )~ (Uy)
for every admissible function ¢ and coarse entourage U of R® X. Hence, the generating
entourages of Siin min @ (R ® X);, and (R ® Sdisc,min,min @ X )p, agree under the identification
induced by f.

The other isomorphisms are induced by the same bijection of underlying G-sets, restricted
to [0, 00) for the case O and to {0} for the case F. Then the diagram commutes. O
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LEMMA 4.18. We have a commuting diagram of functors GUBC — GSpX

Tg/lot o FO N TSMOt oF , Tngt o N Télybt o ZFO

R TR e

FO0Tg———+FoTg—— F® 0Ty —— NF° 0 Ty

Proof. In a first step we postcompose the diagram from Lemma 4.17 with Yo® and
precompose it with the functor P: GBornCoarse® — GUBC. Then we get a corresponding
diagram of functors GBornCoarse® — GSpX. We apply the left Kan extension along the
forgetful functor GBornCoarse® — GBornCoarse and get the commuting diagram

LEK(T}"°* Yo* FP) —— LK(T}"* Yo* OP) —— LK(T}°t0®P) —— LK (T}'°'S Yo® FP)

N

LK(Yo® FTYP) —— LK(Yo® OTYP) ——— LK(O®TYP) ——— SLK(Yo® FTY P)

Using (4.7) and the fact that T5'°" preserves colimits, the upper line of (4.10) is equivalent to
the upper line of the diagram (4.9). It remains to identify the lower line.
We use Lemma 4.16 to identify the lower line of (4.10) with

LK (Yo*® FPTS) — LK (Yo® OPTS) — LK(O*PTS) — YLK (Yo® FPTS). (4.11)

Let E denote any one of the functors Yo®oF, Yo®oO or O. Because the restrictions of
LK(EPTS) and LK(EP)TS to GBornCoarse® are equivalent, the universal property of the
left Kan extension provides a transformation from (4.11) to

LK (Yo® FP)TS — LK (Yo® OP)TS — LK(O*P)TS — YLK (Yo® FP)TS.

We show that this transformation is an equivalence. To this end, we use the pointwise formula
from Lemma 4.13. We therefore must show that the natural morphism

coli E Pld Smin.nlin X — coli E(P Smin min X
oSy FPins(s)xt (Sminmin © X)) = | colim ) B(Py (Suinmin ® X))

is an equivalence. This is clear since U — diag(S) x U is an isomorphism of posets from

Cg’;ag(X ) to cgag(smmnm ® X). We therefore get the desired identification of the lower line of

the diagram (4.10) with the lower line in (4.9). O

If H is a subgroup of G, then we have an induction functor
md%: HSet — GSet, X G xp X. (4.12)

The elements of G x iy X will be written in the form [g,z] for g in G and z in X, and we have
the equality [gh, h~'z] = [g, 2] for all h in H. We have a natural projection

GxX—-df(X)=Gxuy X, (g,)— gz (4.13)
This induction functor refines to an induction functor
Ind$, : HBornCoarse — GBornCoarse (4.14)

for bornological coarse spaces. If X is some H-bornological coarse space, then Ind%(X ) becomes
a G-bornological coarse space with the following structures.

(1) The bornological structure on Ind% (X) is generated by the images under (4.13) of the
subsets {g} x B of G x X for all g in G and bounded subsets B of X.
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(2) The coarse structure is generated by the entourages Ind% (U), which are the images of
the entourages diag(G) x U of G x X under the projection (4.13), for all coarse entourages U
of X.

The induction functor extends to motives
Ind$ Mo HSpX — GSpX (4.15)
such that

Indg
HBornCoarse —— GGBornCoarse

JYO?I J{YOSG (416)
IndG>Mot

HSpX ——————— GSpX

commutes; see [13, Section 6.5].

LEMMA 4.19. The functor YOEOInde: HBornCoarse — GSpX is an H-equivariant
coarse homology theory.

Proof. By (4.16), we have an equivalence Yog, o Ind$ ~ Ind$™°" o Yo3,. In view of Propo-
sition 3.14, it suffices to show that Indg’MOt preserves colimits. This is the case since Indg’MOt

is a left adjoint functor (see [13, Section 6.5]). O
We can extend the induction functor to a functor

Ind%“: HBornCoarse® — GBornCoarse®, (X,U) — (Ind%(X), nd%(U)).

Then we have a commuting diagram

Ind%¢
HBornCoarse® —2+ GBornCoarse

l(4.4) J(4.4)
Ind$

n
HBornCoarse —— GBornCoarse

C

The induction functor (4.14) further extends to an induction functor
Ind%": HUBC — GUBC (4.17)

for uniform bornological coarse spaces. If X is an H-uniform bornological coarse space, then
the uniform structure on Indg"u(X ) is generated by the images of the entourages diag(G) x U
of G x X for all uniform entourages U of X under the projection (4.13).

In the following lemma, Py and Py are the versions of the functor P from Construction 4.14
for the groups G and H, respectively.

LEMMA 4.20. We have a natural isomorphism of functors
Ind%Y 0Py =5 P; 0Ind$“: HBornCoarse® — GUBC.
Proof. For (X,U) in HBornCoarse® we construct an isomorphism of G-simplicial
complexes
G x 1 Py(X) = Piag o) (Indf (X)) (4.18)

which induces the desired isomorphism of G-uniform bornological coarse spaces. Let [g, y
be a point in G Xy Py(X). Then there are some n in N, a collection of points zg,...,z,
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in X, and numbers X;...,\, in [0,1] such that (z;,z;) € U for all pairs i,5, > . A\ = 1,
and

n = zn: )\1(53“
i=0

The isomorphism sends the point [g, 4] to the point 37" ; Xidjy ) i Pruac (v (Ind (X)).
In order to see that this map is invertible, note that if v = Z;io )‘éé[gi,z;] is a point in
Prag (U)(Indg(X )), then in view of the definition of Ind$(U) there exist elements h; in
H for 1 =0,...,n such that gihi_1 = go. Consequently, v = Z:'io Aiblg,h2t), and we have
(hixh, hjx;) € U for all ¢,7. Therefore, the inverse of the isomorphism sends v to the point
9. 5 X o).

It is straightforward to check that the isomorphism is G-equivariant, natural in (X,U),
and compatible with the bornologies. From the explicit description of the coarse and uniform
structure on the induction, it follows that G x g Py(X)a.ap = (G Xg Py(X))a,a,s and hence
Indf]’u oPy =2 Pgo Indg’c as claimed. O

In the following statement, we again added subscripts G or H in order to indicate on which

categories the respective versions of the functors 7, O and Ogg,,, act.

LEMMA 4.21. We have a commuting diagram of functors HUBC — GBornCoarse

Ind§ oFy ——— Indfj 0Oy ——— Indfj 0OF oo, — Indfj o(R ® Fpy)

e e

FooIndf —— Og o Ind G —— OF oo © Indfy" —— R @ (Fg o Indfy")

1R

Proof. We first discuss the isomorphism in the case of the functor Og,,,,. For X in HUBC
the isomorphism is induced by the natural bijection of G-sets

FrGxg RxX) S Rx (G xpgX), g ()] (r]g2),

which is obviously an isomorphism of G-bornological spaces. We need to show that the hybrid
coarse structures agree under f.

Let p: GXRx X -G xg (Rx X)andg: Rx G x X = R x (G xz X) denote the projec-
tion maps. For an admissible function ¢: N — P((R x X)?)%, define

Ye: N= PR x (G xy X))*)°
as the function sending n to the image of (p x p)(diag(G) x 1(n)) under the identification
induced by f. Then we have
(p x p)(diag(G) x (UNUy)) = (p x p)(diag(G) x U) N Uyq

for all admissible functions v, so the bijection f induces a controlled map.

Conversely, if ¢: P((R x (G xz X))?)¢ is an admissible function, then the function ¢': N —
P((R x X)?)% sending n to (¢ x q) "' (é(n)) N (R x {1} x X)? is also admissible. Moreover, we
have

(p % p)(diag(G) x (UNUy)) = (p x p)(diag(G) x U) N (f x )~ (Uy)

for every admissible function ¢ and coarse entourage U of R ® X.
Hence, the generating entourages of Ind% (R ® X);, and (R ® Indfl’u(X ))n agree under the
identification induced by f.
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INJECTIVITY RESULTS FOR COARSE HOMOLOGY THEORIES 1643

The other isomorphisms are induced by the same bijection of underlying G-sets, restricted
to [0,00) for the case O and to {0} for the case F. Then the diagram commutes. O

LEMMA 4.22. We have a commuting diagram of functors HUBC — GSpX

Indg,’lv[ot OF?I — Indfl’MOt oFyg —— Ind(l_’[’MOt oy —— Indfl’Mot OEFI(}

O T

FY ond§; ———— Fg oInd§; ——— F¥ oIndy, ——— £ FY 0 Ind$

Proof. The proof is, mutatis mutandis, identical to the proof of Lemma 4.18. More precisely,
one replaces Ts by Indg, starts with the diagram from Lemma 4.21 instead of the one from
Lemma 4.17, and uses Lemma 4.20 instead of Lemma 4.16. O

5. A descent result

The main result of the present section is Proposition 5.16. Morally it is a descent result stating
that a certain natural transformation from fixed points to homotopy fixed points is an equiva-
lence. The proof is based on the interplay between the covariant and contravariant functoriality
of coarse homology theories encoded in their extensions to the oco-category GBornCoarse,,
of G-bornological coarse spaces with transfers. This oco-category was introduced in [11]. It
extends the category GBornCoarse, which only captures the covariant behavior of coarse
homology theories.

We start by briefly recalling the construction of the category GBornCoarse;,.. Let X be a
G-bornological coarse space. Then we let C(X) and B(X) denote the coarse and bornological
structures of X. For a subset B of X, we let [B] denote the coarse closure of B, that is, the
closure of B with respect to the equivalence relation R¢(x); see (3.2).

Let now X and Y be G-bornological coarse spaces and f: X — Y be an equivariant map
between the underlying G-sets.

DEFINITION 5.1 [11, Definition 2.14]. The map f is called a bounded covering if:

(i) f is a morphism between the underlying G-coarse spaces;
(ii) the coarse structure C(X) is generated by the sets (f x f)~1(U) N Uy,, where U is in
C(Y) and

Ur, = U W x W; (5.1)

Weng(X)

(iii) for every W in mo(X) the restriction fiy: W — f(W) is an isomorphism of coarse
spaces between coarse components;

(iv) f is bornological, that is, for every B in B(X) we have f(B) € B(Y);

(v) for every B in B(X) there exists a finite bound (which may depend on B) on the
cardinality of the sets

{W e m(X) | mo(/)(W) =V, WNB#0}
(the coarse components of X over V' which intersect B nontrivially) for all V' in 7o (Y).
Note that a bounded covering is not a morphism of bornological coarse spaces in general,

since it may not be proper. The composition of two bounded coverings is again a bounded
covering; see [12, Lemma 2.18].
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REMARK 5.2. Conditions (iii) and (v) in Definition 5.1 together are equivalent to the
following single condition: for every B in B(X) there exists a finite coarsely disjoint partition
(Ba)aca of B, that is, a finite partition (B )aca of B such that [B,] N [By] = 0 for all a # o/,
such that fig ): [Ba] = [f(Ba)] is an isomorphism of the underlying coarse spaces.

Our phrasing of Definition 5.1 separates the assumptions on the coarse structures from the
conditions on the bornologies.

EXAMPLE 5.3. Let h: S — T be a map between G-sets and X be a G-bornological coarse
space. Then the map

h x 1dX : Smin,min ®X — Enin,min ®X

is a bounded covering; see [11, Example 2.16].

Let X¢ be a G-coarse space with two compatible G-bornological structures B and B’ such
that B’ C B. We let X and X’ denote the corresponding G-bornological coarse spaces. Then
the identity map of the underlying sets is a bounded covering X’ — X; see [11, Example 2.17].
If B’ # B, then it is not a morphism of G-bornological coarse spaces.

CONSTRUCTION 5.4. We recall the co-category GBornCoarse;, from [11, Definition 2.29].
Let Tw: A — Cat denote the cosimplicial category which sends [n] to Tw([n]) = [n]°? x [n]),
the twisted arrow category of [n] (as a simplicial set, this is the edgewise subdivision). We

denote by GBornCoarse the category whose objects are G-bornological coarse spaces and
whose morphisms are morphisms of the underlying G-coarse spaces.
Then GBornCoarse;, is a certain sub-simplicial set of the simplicial set

Fun(Tw,GBor/r_l\C%arse): A°? — Set, [n]— Fun(Tw([n]),GBor/r_l\(_Z‘/oarse).

Since it turns out that GBornCoarse;, is 2-coskeletal [11, Lemma 2.30], we content ourselves
with describing 2-simplices. They are given by diagrams of the form

/\
/\/\

such that all morphisms going left are bounded coverings, all morphisms going right are proper
and bornological and such that the square in the middle is a pullback on the level of the
underlying G-coarse spaces. This co-category is an effective Burnside category in the sense of
Barwick [4, Definition 3.6]; see [9, Definition 4.40 & Remark 4.41].

We have a functor

m: GSet” x GBornCoarse — GBornCoarse,, (5.2)

which admits the following description. Consider the functor

m': GSet x GBornCoarse — GBO;I—I\C/OaI‘SE, (9, X) — Smin,min ® X.

We have a cosimplicial oo-category v: A — Cats, which sends [n] to the nerve of [n].
Then v corepresents the identity functor on Cat.,, while (—)°? o v corepresents the functor
(=)°P: Cat, — Cato,. Moreover, we have a transformation of cosimplicial co-categories
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m: Tw — ((—)°? ov) x v. From this, we obtain the functor

GSet’ x GBornCoarse — Fun(((—)° o v) x v, GSet x GBornCoarse)

LN Fun(Tw, GBornCoarse).

In fact, this functors restricts to a functor
m: GSet” x GBornCoarse — A°(GBornCoarse),

where the target is the effective Burnside category of GBornCoarse; here we use that the
effective Burnside category A°T is defined for every category with pullbacks [4, Definition
3.6]. We compose m with the endofunctor P of Fun(Tw, GBornCoarse) which takes each
simplex to the simplex represented by the same diagram of G-coarse spaces, but where we
replace the bornologies on all entries which are the domain of a map by that bornology which
turns the morphism going right into a bornological morphism. For example, in a diagram as
in Construction 5.4, we equip Z with the bornology pulled back from Y and we equip U and
V' with the bornologies pulled back from W.

Using Example 5.3, one now checks that the composition m := P om defines a functor
GSet’” x GBornCoarse — GBornCoarse;,. The restriction of m to the object pt of GSet?
induces a functor

t: GBornCoarse — GBornCoarse,,, (5.3)

cf. [11, Definition 2.33].
Let C be a cocomplete stable co-category and let £': GBornCoarse;,. — C be a functor.

DEFINITION 5.5 [11, Definition 2.53]. E is called a C-valued equivariant coarse homology
theory with transfers if E o v: GBornCoarse — C is a C-valued equivariant coarse homology
theory (in the sense of Definition 3.13).

Let E: GBornCoarse;, — C be a functor.

DEFINITION 5.6. We define the functor
E = EFom: GSet” x GBornCoarse — C.

Assume now that E' is a coarse homology theory with transfers. For every G-set T', we have
an equivalence

E(Tv _) = (E o L)Tn)in,min(_)

of functors GBornCoarse — C; see Definition 3.16 for notation. The right-hand side is a twist
of an equivariant coarse homology theory and therefore again an equivariant coarse homology
theory by Lemma 3.17. By Proposition 3.14, we can extend E along Yo® to a functor (denoted
by the same symbol for simplicity)

E: GSet”? x GSpX — C,

which preserves colimits in its second argument.

From now on until the end of this section, we assume that the oco-category C is stable,
cocomplete and complete, and that F is a C-valued equivariant coarse homology theory with
transfers.

DEFINITION 5.7. We define the functor
E: PSh(GSet)” x GSpX — C
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as a right Kan extension of E along the functor

yo? x idgspx : GSet” x GSpX — PSh(GSet)?? x GSpX.
From now on we consider E as a contravariant functor in its first argument.

REMARK 5.8. Since the Yoneda embedding is fully faithful, we have a commuting diagram

GSet x GSpX — = C
yo X id(;spxl E

PSh(GSet) x GSpX

As PSh(GSet) is the free colimit completion of GSet (|28, Theorem 5.1.5.6]), the functor E
is essentially uniquely characterized by an equivalence

E o (yO X idGSpX) ~ E

and the property that it sends colimits in its first argument to limits.
Consequently, if A: I — GSet and X : J — GSpX are some functors from small categories
I and J, then we have a canonical equivalence

E(collim yo(A), co}]im X) ~ li}n co}]im E(yo(A), X).
Note that the order of the limit and the colimit matters in general.

Let A be in PSh(GSet) and let E be a C-valued equivariant coarse homology theory with
transfers.

LEMMA 5.9. If A is compact, then the functor E(A7 —): GSpX — C preserves colimits.

Proof. We have an equivalence E(yo(S),—)~ E(S,—) of functors from GSpX to C.
Therefore, E(yo(S), —) preserves colimits for every G-set S. Since A is compact, it is a retract
of a finite colimit of objects of the form yo(S) with S in GSet by [28, Proposition 5.3.4.17].

If A in PSh(GSet) is a finite colimit of representables, then E(A, —) is a finite limit of colimit
preserving functors. Since C is stable, finite limits in C commute with arbitrary colimits [29,
Proposition 1.1.4.1]. Hence E(A, —) preserves colimits.

If A is a retract of a finite colimit A’ of representables, then E(A, —) is a retract of
E (A, —). Consequently, the relevant comparison maps for E (A, —) are retracts of the analogous
comparison maps for E'(A' ,—). Since the comparison maps for E (A’,—) are equivalences and
retracts of equivalences are equivalences, the lemma follows. O

Recall that GOrb denotes the full subcategory of GSet of transitive G-sets; see Defini-
tion 1.2.

REMARK 5.10. By Elmendorf’s theorem, the homotopy theory of G-spaces is modeled
by the presheaf category PSh(GOrb); see Remark 1.12. This category is equivalent to the
category of sheaves Sh(GSet) with respect to the Grothendieck topology on GSet given by
disjoint decompositions into invariant subsets. We prefer to identify the sheafification morphism
PSh(GSet) — Sh(GSet) with the restriction morphism along the inclusion r: GOrb — GSet
since in our special situation it has an additional left adjoint 7 which is not part of general
sheaf theory.
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The inclusion
r: GOrb — GSet (5.4)
induces an adjunction
r1: PSh(GOrb) < PSh(GSet) : r* (5.5)

by [28, Proposition 5.2.6.3]. Later in the proof of Lemma 5.14 we will need a formula for the
counit

rirt = id (5.6)
of the adjunction (5.5). To this end we consider a G-set S and let S = ||z s R be the
decomposition of S into transitive G-sets.

LEMMA 5.11. The counit
rr*yo(S) — yo(S)
is equivalent to the morphism
[T vo(r(R)) = yo(S), (5.7)
REG\S

induced by the family of inclusions (r(R) — S)recc\s-

Proof. We start with the morphism
IT vo(r(R)) = yo(S)
REG\S

induced by the collection of inclusions (r(R) — S)gea\s. We claim that it becomes an
equivalence after application of r*. Indeed, for T in GOrb we have a commuting square

(r* Hreays yor(R))T) ———— (" yo(5))(T)

HReG\s Mapgget(r(T), r(R)) — Mapgget (7(1), S)
The lower horizontal map is an equivalence since the functor Mapaget (r(7), —) commutes with
coproducts since r(T') is a transitive G-set.

Since the counit of an adjunction is a natural transformation, we get the following commuting
diagram

rr* [ geag yo(r(R)) —— rir* yo(S)
lcounit Jcounit
(5.7)
[ rees yo(r(R)) ——— yo(S)

It remains to show that the left vertical arrow is an equivalence. To this end we consider the
diagram

r(r*m) HReG\s yo(R) — (mr*)m HReG\s yo(R) —— HReG\S yo(r(R))

Try (unit) chounit ory lcounit

n HReG\s yo(R) =———=n HReG\S yo(R) — HReG\s yo(r(R))
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The left square commutes by the usual relation between the unit and the counit of an
adjunction. Since 1 commutes with colimits and r yo(R) ~ yo(r(R)) by adjointness, the
horizontal morphisms on the right are equivalences. Since r is fully faithful, the unit appearing
at the left is an equivalence. Hence, the counit on the right is an equivalence as claimed. [J

In order to simplify the notation in the arguments below we introduce now the following
abbreviation. Let pt denote the one-point G-bornological coarse space.

DEFINITION 5.12. We define the functor

E, := E(—,Yo®(pt)): PSh(GSet)?” — C.

We consider Ept as a contravariant functor from PSh(GSet) to C which sends colimits
to limits.
The counit (5.6) induces a transformation

w: Ep, — Epyom o7, (5.8)

REMARK 5.13. Recall from [11, Definition 2.61] that we call a coarse homology theory
with transfers strongly additive if its sends free unions (see [13, Example 2.16]) of families of
G-bornological coarse spaces to products. Note further that for S in GSet the G-bornological
coarse space Smin,min 15 the free union of the family (Rmin,min)rec\s- This is used to see that
the morphism (5.9) below is an equivalence.

LEMMA 5.14. If E is strongly additive, then the transformation (5.8) is an equivalence.

Proof. Let S be in GSet. Using Lemma 5.11 and the fact that Ept sends colimits to limits,
the specialization ug of (5.8) to S is given by the map

Ep(S) = [ Ew(r(R)).
REG\S

Recall from Example 5.3 that the inclusions Rmin min — Smin,min are bounded coverings. Then
by the definition of Ep; this map is equivalent to the map

E(Smin,min) — H E(Rmin,min)
ReG\S
obtained from the transfers along the inclusions of the orbits of Siinmin. Since Smin min 1S
discrete, we have an isomorphism

free

Smin,min = H Rmin,min
ReG\S

of G-bornological coarse spaces. By strong additivity of E, the map

free
E(Smin,min) ~F H Rmin,min — H E(Rmin,min) (59)
REG\S REG\S
is an equivalence. Therefore, ug is an equivalence. (Il

The following lemma is the crucial technical ingredient in the proof of the main result of
the present section (Proposition 5.16). It allows us to move G-sets from one argument of the
functor E to the other.

We consider a G-set S.
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LEMMA 5.15. There is an equivalence
S: E(_,YOS(Smin,min)) — Ept(_ X YO(S))
of contravariant functors from PSh(GSet) to C.

Proof. Using the canonical isomorphisms of functors
(=) min,min @ Smin,min = (= X ) minmin = (— X ) min,min @ Pt
from GSet’” to GBornCoarse;,., we obtain an equivalence of functors
m(—, Smin,min) = M(— X S, pt).
We compose this equivalence with F and form the right-Kan extension along the functor
yooP: GSet’? — PSh(GSet)°P. We obtain an equivalence
RE(E(. .., Yo' (Suinmin)))(=) = RE(E(.... x ,pt))(~) (5.10)

of contravariant functors from PSh(GSet) to C which send colimits to limits. Here RK denotes
the right-Kan extension in the variable indicated by ..., and — is the argument of the resulting
functor. By definition of E, we have an equivalence

RE(E(...,Y0 (Sminmin))) (=) = B(—, Y0 (Sminmin))- (5.11)

For the right-hand side, we note the equivalence yo(... x S) ~ yo(...) x yo(S), and that the
functor — x yo(.S) preserves colimits. This implies a natural equivalence

RE(E(... x 5,pt))(=) = Epi(= x yo(5)) (5.12)
since both functors send colimits to limits and coincide on representables. Inserting (5.11) and
(5.12) into (5.10), we obtain the desired equivalence. O

We now state the main result of the present section. Recall that C is a complete and
cocomplete, stable co-category. Furthermore, £ is an equivariant C-valued coarse homology
theory with transfers. We let E be defined as in Definition 5.7. We consider an object A in
PSh(GSet) and a transitive G-set R in G zOrb. Let

PR: E(*aYOS (Rmin,min)) — E(AaYOS (Rmin,min)) (513)

be the map induced by A — *

PROPOSITION 5.16. Assume:

(i) E is strongly additive (see Remark 5.13);
(ii) 7*A in PSh(GOrb) is equivalent to ExG.

Then the morphism pgr in (5.13) is an equivalence.

Proof. We consider the following commutative diagram in C:
E(*y Yo* (Rmin,min)) L) E(A, Yo* (Rmin,min))

>~ |8 >~ | s

Epi(yo(r(R))) ———— Ep(A x yo(r(R)))

~|lu >~ lu

Epi(rir* (yo(r(R)))) —— Epe(rr” (A x yo(r(R))))

Epe(r1(yo(R))) ——— Ept(ri(r* A x yo(R)))
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Here s is the natural equivalence from Lemma 5.15, and the morphism « from (5.8) is a natural
equivalence by Lemma 5.14.

We further use the canonical equivalence r* yo(r(R)) ~ yo(R) for the lower left vertical
equivalence, and in addition the fact that r* preserves products for the lower right vertical
equivalence. The lower horizontal morphism is an equivalence since

r*A x yo(R) ~ ExG x yo(R) ~ yo(R),

where the first equivalence holds true by Assumption (ii) and the second equivalence follows
from the fact that R has stabilizers in F, also by assumption. |

REMARK 5.17. As explained in Remark 1.12, the oo-category PSh(GOrb) is a model for
the homotopy theory of G-spaces. Compactness of FxG as a presheaf on GOrb will play a
crucial role in our arguments. This condition is closely related to the existence of a G-compact
model EXPG of ExG.

Identifying presheaves on GOrb with sheaves on GSet, we can consider ExG as an object
of PSh(GSet) which satisfies the sheaf condition. But compactness of ExG as an object
of PSh(GSet) is a too strong condition. For this reason we consider compact objects A
in PSh(GSet) which after sheafification, that is, after application of r*, become equivalent
to ExG. The existence of such an object is an important assumption in the following. In
Lemma 10.4, we will show that the existence of a finite-dimensional model for E}—?I’G (a much
weaker condition than G-compactness) implies the existence of such a compact presheaf A.

A G-simplicial complex is a simplicial complex on which G acts by morphisms of simplicial
complexes. We denote by GSimpl the category of G-simplicial complexes and G-equivariant
simplicial maps. Let K be a G-simplicial complex.

DEFINITION 5.18. K is G-finite if it consists of finitely many G-orbits of simplices.

We let G=Simpl™ denote the full subcategory of GSimpl of G-finite G-simplicial complexes
with stabilizers in F.
We have a canonical functor

k= (=)ddad: G]:Simplﬁn - GUBC

which equips a G-simplicial complex with the structures induced by the spherical quasi-metric.
Hence we have a functor

O o k: G£Simpl™ — GSpX,
where O denotes the cone-at-infinity functor from Definition 4.10.

Let A be in PSh(GSet).

PROPOSITION 5.19. Assume:

(i) FE is strongly additive;
(ii) A is compact;
(iii) r*A is equivalent to ExG.

Then the natural transformation

E(+,(0% o k)(=)) = E(4,(0> o k)(-))

of functors from G#Simpl™ to C induced by A —  is a natural equivalence.
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Proof. For R in GxOrb, the object (O o k)(R) of GSpX is equivalent to ¥ Yo (Rmin,min)
by [13, Proposition 9.35]. Since E(x, —) and E(A, —) preserve colimits in the second argument
by Lemma 5.9, the map E(x, (O™ o k)(R)) — E(A, (O o k)(R)) is equivalent to the map
EE(*,YOS(Rmin}min)) — EE(A,YOS(Rmin,mm)), which is an equivalence by Proposition 5.16.

The functor k sends equivariant decompositions of G-finite G-simplicial complexes to
equivariant uniform decompositions of G-uniform bornological coarse spaces by [13, Lemma
10.9]. The functor O is excisive for those decompositions by [13, Corollary 9.36 and Remark
9.37]. Furthermore, it is homotopy invariant by [13, Corollary 9.38].

Since E(x,—) and E(A,—) preserve colimits in the second argument by Lemma 5.9, the
functors E(x, (0 o k)(=)) and E(A, (O o k)(—)) are excisive for equivariant decompositions
of G-finite G-simplicial complexes. Furthermore, they are both homotopy invariant.

A natural transformation between two such functors which is an equivalence on G-orbits
with stabilizers in F is an equivalence on G-finite G-simplicial complexes with stabilizers in
F: by induction on the number of equivariant cells, this follows from application of the Five-
Lemma to the Mayer—Vietoris sequences arising from the pushout squares describing simplex
attachments. This implies the assertion. 0

6. Duality of G-bornological spaces

In this section, we develop a notion of duality for G-bornological spaces that we will use later
to compare certain assembly and forget-control maps.

The category GBorn (see Definitions 3.3 and 3.4) of G-bornological spaces and proper
equivariant maps has a symmetric monoidal structure ®. If Y and X are G-bornological spaces,
then Y ® X is the G-bornological space with underlying G-set Y x X (with diagonal action)
and the bornology generated by the subsets A x B for bounded subsets A of Y and B of X.
Note that this tensor product is not the Cartesian product in GBorn.

Recall that a subset L of a G-bornological space X is called locally finite if L N B is finite
for every bounded subset B of X; see Definition 3.18.

For a set A, we let |A| in NU {oo} denote the number of elements of A.

For a subset L of X x GG, we consider

Li=LN(X x{1}) (6.1)

as a subset of X in the natural way.
Let X be a G-bornological space and L be a G-invariant subset of X x G.

LEMMA 6.1. L is a locally finite subset of X ® Gy if and only jqueG |L; NgB| < o for
every bounded subset B of X. A

Proof. The subset L of X ® Gax is locally finite if and only if L N (B x G) is finite for
every bounded subset B of X. Since L is G-invariant, we have bijections

LN(BxG)= LlLﬂ(Bx{g_l})% ULﬂ(ng{l})% |_| LiNgB.
geG geG geG

This implies the assertion. O
Let X be a G-bornological space and L be a G-invariant subset of X x G.

LEMMA 6.2. L is a locally finite subset of X ® Gy, if and only if Ly N gB is finite for every
bounded subset B of X and every g in G.
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Proof. The subset L of X ® Gyiy is locally finite if and only L N (B x {g}) is finite for every
bounded subset B of X and g in G. Since L is G-invariant, we have bijections

LN(Bx{gh)=Ln(g'Bx{1})2L ng 'B.

This implies the assertion. (I
Let X and X’ be two G-bornological spaces with the same underlying G-set.

DEFINITION 6.3. We say that X is dual to X’ if the sets of G-invariant locally finite subsets
of X @ Grax and X’ @ Gin coincide.

If X and X’ are two G-bornological coarse spaces, then we say that X is dual to X’ if the
underlying G-bornological space of X is dual to the one of X'.

REMARK 6.4. Note that duality is not an equivalence relation. In particular, the order
is relevant.

EXAMPLE 6.5. Let S be a G-set with finite stabilizers.

(1) Smin is dual to Sjax, where Si.x (lax stands for locally mazx) is S with the bornology
generated by the G-orbits.

(ii) Syn is dual to Spax, where Sy, (lin stands for locally min) is S with the bornology given
by subsets which have at most finite intersections with each G-orbit.

Let X be a G-bornological space.

DEFINITION 6.6. X is called G-bounded if there exists a bounded subset B of X such that
GB=X.

DEFINITION 6.7. X is called G-proper if the set {g € G| gB N B # ()} is finite for every
bounded subset B of X.

If X is a G-bornological space, then we let X;,,.x denote the G-bornological space with the
same underlying G-set and the maximal bornology.

Let X be a G-bornological space and Y be a bornological space (which we consider as a
G-bornological space with the trivial G-action).

LEMMA 6.8. Assume:

(i) X is G-proper;
(ii) X is G-bounded;

Then Y ® X isdual to Y ® X pax-

Proof. Let L be a G-invariant subset of Y x X x G. In view of Lemma 6.1 and Lemma 6.2,
local finiteness of L in ¥ ® X ® Gax or Y ® Xax ® Gmin is characterized by conditions on
the subset Ly of Y x X; see (6.1) for notation.

We must check that the following conditions on L; are equivalent.

(i) (A x X)N Ly| < oo for every bounded subset A of Y.
(i) > yeq [(Ax gB)NLi| < oo for all bounded subsets A of ¥ and bounded subsets B of
X.
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We assume that L, satisfies Condition (i). Let B be a bounded subset of X and A be a
bounded subset of Y. Since X is G-proper, the family (¢B)secc has finite multiplicity, say
bounded by m in N. We get

> (A x gB) N Ly < m|(A x X)N Ly < oo.
geG

Consequently, L; satisfies Condition (ii).
We now assume that L satisfies Condition (ii). Let A be a bounded subset of Y. Since X
is G-bounded we can choose a bounded subset B of X such that GB = X. Then

(Ax X)NLi| <) |(AxgB)N L] < oc.
geG

Hence L, satisfies Condition (i). O

The following lemma explains why the notion of duality is relevant. Assume that X and X’
are G-bornological coarse spaces with the same underlying G-coarse space. Recall the notation
Yo! for the universal continuous equivariant coarse homology theory, see (3.6).

LEMMA 6.9. If X is dual to X', then we have a canonical equivalence in GSpX,

YOE (X ® Gcan,max) x~ YOZ(X/ & Gcan,min)-
Proof. This lemma is a special case of the following Lemma 6.10 for the case I = x. O

We will need a functorial variant of Lemma 6.9. We consider a small category I and a functor
Xo: I — GCoarse. Assume further that we are given two lifts X, X’ of X to functors from I
to GBornCoarse along the forgetful functor GBornCoarse — GCoarse as depicted in the
following diagram:

GBornCoarse

]

I ———— 3 GCoarse
Xo

Extending the notion of continuous equivalence (Definition 3.21), we call two functors I —
GBornCoarse continuously equivalent if they become equivalent after application of Yo..

LEMMA 6.10. If X (i) is dual to X'(i) for every i in I, then X ® Gean,max and X’ ® Gecan min
are continuously equivalent.

Proof. For i in I, let Lx(; and Lx/ ;) be the posets of invariant locally finite subsets
of X (i) ® Gean,max and X'(7) ® Gean,min equipped with their induced structures, respectively.
We first show that the assumption of the lemma implies an equality of posets Lx ;) = Lx/(;)-
Indeed, the assumption says that the collections of underlying sets of the elements of Lx ;) and
Lx ;) are equal. In addition, for L in Lx ;) its coarse structure coincides with the one induced
from X'(i) ® Geanmin- Finally, in view of the definition of the notion of local finiteness, the
induced bornological structures from X (i) ® Gean,max and X'(i) ® Gean,min are the minimal
one in both cases.

We have a functor I — Poset which sends i in I to the poset Lx(; and i — i’ to the map
Lx ) — Lx () induced by the proper map X (i) — X (i'). We let I be the Grothendieck
construction for this functor.
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We have a functor from I to spans in GBornCoarse which evaluates on the object (i, L)
of IX with L € EX(i) to

X(Z) b2 Gcan,max — L= L/ — X/(Z) ® Gcan,min-

Here L’ is the set L considered as an element of Lx/(;.

We now apply Yo and form the left Kan extension of the resulting diagram along the
forgetful functor IX — I. Then we get a functor from I to the category of spans in GSpX.
which evaluates at ¢ in [ to

Yoi (X (1) ® Geanmax) < colim Yo¥(L) = colim Yo:(L') = Yoi(X'(i) ® Gean.min)-
B Leﬁx<,;) - L/Ecxl(i) B B
By continuity of Yo, see Lemma 3.19, the left and the right morphisms are equivalences as
indicated. Therefore, this diagram provides the equivalence claimed in the lemma. ([

7. Continuous equivalence of coarse structures

In general, the value of an equivariant coarse homology theory on G-bornological coarse spaces
depends nontrivially on the coarse structure. In this section, we show that in the case of a
continuous equivariant coarse homology theory, one can change the coarse structure to some
extent without changing the value of the homology theory. This is formalized in the notion of
a continuous equivalence; see Definition 3.21.

Let X be a G-bornological space with two compatible G-coarse structures C and C’ such
that C C C’. We write X¢ and X¢/ for the associated G-bornological coarse spaces.

LEMMA 7.1. Assume that for every locally finite subset L of X the coarse structures on L
induced by C and C' coincide. Then idx : X¢ — X+ is a continuous equivalence.

Proof. Let L denote the poset of locally finite subsets of X. Then the claim follows from
the commutative square
colimre £ Yoi(Lx,) —— Yoi(X¢)

lr\/ JYOi (ldX )

colimze, Yo (Lx,,) —— Yoi(Xcr)

The horizontal maps are equivalences by continuity; see Lemma 3.19. The left vertical map is
an equivalence since Lx, = Lx,, for every L in £ by assumption, where Ly, indicates that
we equip L with the coarse structure induced from Xe. O

The identity on the underlying sets induces a morphism
Gcan,max % Gmax,max (7'1)

of G-bornological coarse spaces. If X is a G-bornological coarse space, then we get an induced
morphism

X ® GCan,maX _> X ® Gmax,max’ (7.2)
LEMMA 7.2. If X is G-bounded, then the morphism (7.2) is a continuous equivalence.

Proof. Let L be a G-invariant locally finite subset of the underlying bornological space of
X ® Gean,max- By Lemma 7.1, it suffices to show that the coarse structure induced on L from
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X ® Gmax,max 18 contained in the coarse structure induced from X ® Gcan max (since the other
containment is obvious).

Since X is G-bounded (see Definition 6.6) by assumption, there exists a bounded subset A
of X such that GA = X. Let U be an invariant entourage of X containing the diagonal. It will
suffice to show that (U x (G x G)) N (L x L) is an element of the coarse structure induced on
L by X ® Gcan,max- Note that there is an implicit reordering of the factors in the product to
make sense of the intersection.

Note that U[A] is bounded in X and that U C G(U[A] x A). Because L is locally finite,
L' := LN (U[A] x G) is finite. Let W be the projection of L' to G. It is a finite subset of G.
We claim that

Ux(GxG)N(LxL)C(UxGW xW))N(LxL).
Indeed, the condition that
(ga,ga’,h, 1) € (G(U[A] x A) x (G x G))N (L x L)
with a € U[A] and o’ € A is equivalent to
(a,a’, g h,g 'h') € (U[A] x A) x (G x G))N (L x L).

This implies that g='h € W and g~ 'h/ € W, and hence (h,h') € G(W x W).
Hence we conclude that the restriction of U x (G x G) to L is contained in the entourage
(U x GIW x W))N (L x L) induced from X ® Gean max- O

DEFINITION 7.3. We let GSpA,y denote the full subcategory of GSpX generated under
colimits by the images of G-bounded G-bornological coarse spaces under Yo®.

EXAMPLE 7.4. Let K be a G-simplicial complex. We consider the G-uniform bornological
coarse space K, 4 4 obtained from K with the structures induced by the spherical path quasi-
metric. We claim that if K is G-finite, then O (K 4.4) belongs to GSpAyq. Indeed, K has
finitely many G-cells. In view of the homological properties of O we know that O (K, 4.q)
is a finite colimit of objects of the form O™ (S4isc,min,min) for S in GOrb; compare the proof of
Proposition 5.19. Because O™ (Saisc,min,min) =2 2 Y0 (Smin,min) by [13, Proposition 9.35] and
Smin,min 18 G-bounded, we conclude the claim.

The morphism (7.1) in turn induces a natural transformation between endofunctors

- Gcan,max - —® Gmax,max : GSPX — GSPX (73)

COROLLARY 7.5. If X belongs to GSpXyq, then (7.3) induces a continuous equivalence
X ® GCFLH,IHH.X — X ® GIHFLX,IH&X'

Proof. This follows directly from Lemma 7.2 since the symmetric monoidal structure ® on
GSpX commutes with colimits in each variable separately; see [13, Lemma 4.17]. O

Recall Definition 3.9 of the G-set of coarse components 7y(X) of a G-coarse space X.
Let X be a G-set with two G-coarse structures C and C’ such that C C C’. We write X¢ max
and X¢/ max for the associated G-bornological coarse spaces with the maximal bornology.
LEMMA 7.6. If the canonical map mo(Xc) — mo(Xc/) is an isomorphism, then the morphism
XC,max & Gcan,min — XC’,max & Gcan,min

is a continuous equivalence.
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Proof. Let L be a locally finite subset of the underlying G-bornological space of X¢ max ®
Gcan,min- By Lemma 7.1, it suffices to show that every entourage of the coarse structure induced
on L by X¢/ max @ Goan,min is contained in an entourage of the coarse structure induced from
XC,max X Gcan,min-

Let W := G(B x B) be an entourage of Gean min for some bounded subset B of Gean min-
We can assume that B contains the neutral element and is closed under inverses since this will
only enlarge the entourage W. Furthermore, let V be in C’. It suffices to show that (V' x W) N
(L x L) is contained in an entourage of the form (U x W?2) N (L x L) for some entourage U in
C, where W2 := W o W denotes the composition of W with itself, see (3.1). Note that we are
implicitly permuting the factors of the products to make sense of the intersection.

The subset B’ := W[B] of G is finite. Note that L;, see (6.1), and hence also B'L; are
finite. Since mo(X¢) = mo(Xe), there exists an invariant entourage U of X such that V' N
(L1 x B'L1) C U. We show that this implies

(VxW)N(LxL)C(UxW*)N(LxL).

Indeed, for I,1' in Ly the condition ((gl, g), (¢'l',¢’)) € V x W implies (g, ¢’) € W. Hence there
exists h in G such that hg and hg’ are contained in B. Then (hg’, 1) and thus (¢~ '¢’, (hg)~!) are
in W. Since hg is in B, so is (hg)~!. Hence g~ !¢’ is in W[B] and ¢’ is in gW [B] = gB’. We write
g = gb for b in B’. Then ((I,1), (bl’,b)) € U x W2 and hence also ((gl,g), (¢'l,g")) € U x W?
by G-invariance of U and W2. O

8. Assembly and forget-control maps

Morally, an assembly map is the map induced in an equivariant homology theory by the
projection W — x for some G-topological space W with certain relations with classifying
spaces. In the present section, W will be the Rips complex associated to a G-bornological
coarse space X.

On the other side, the prototype for a forget-control map is the map F>(X) — ZF°(X)
induced by the cone boundary.

These two maps will be twisted by G-bornological coarse spaces derived from the G-set G
equipped with suitable coarse and bornological structures. The notation for the assembly map
associated to a G-bornological coarse space will be ax, and the forget-control map will be
denoted by SBx.

In this section, we compare the assembly map ax and the forget-control map Sx. The main
results are Corollary 8.25 and Corollary 8.31.

The comparison argument will go through intermediate versions of the forget-control map

weak
denoted by S%° and ﬁ;r(“ . The structure of the comparison argument is as follows.

(1) Bx and B are compared in Lemma 8.12.
weak
(2) B and B’  are compared in Lemma 8.13.

weak
(3) BY  and ay are compared in Lemma 8.24.

The combination of these results yields one of the main results (Corollary 8.25).

Before we consider the forget-control maps themselves, we investigate preliminary versions
of them defined on G-simplicial complexes. Let GSimpl denote the category of G-simplicial
complexes. A G-simplicial complex K comes with the invariant spherical path quasi-metric
which induces a G-uniform bornological coarse structure on K. We refer to Example 3.8 and
Example 4.6 for the corresponding notation. We thus have the following functors

kd.d,d, kd,dmax> Kdmax,max : GSimpl = GUBC, K — K 4.4, Ka,dmax, Kd,max,max,  (8.1)
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and
kd,d7 kdﬂnaxy kmax,max: GSimpl — GBOI‘I’ICO&I‘SG, K Kd,d7 Kd,maxa Kmax,max-

Note that F o kg q4q > kqd, F © kd,d,max = Edmax, and F 0 kg max,max = Fmax,max, Where F is
the forgetful functor (4.1).

We consider the transformations between functors GSimpl — GSpX obtained by precom-
posing the cone boundary map (4.2) with kg4 Or kg maxmax:

e (OOO © kd,max,max) & Gcan,min — (E Yo® Okmax,max) & G(:an,min (82)
and
5(1: (OOO o kd,d7d) & Gmax,max — (EYOS Okd}d) (9 Gmax,max- (83)

Recall Definition 5.18 of the notion of G-finiteness of a G-simplicial complex K.

DEeFINITION 8.1. A G-simplicial complex K is G-proper if the G-bornological space K is
G-proper (see Definition 6.7).

We let GSimpl®"™ PP qenote the full subcategory of GSimpl of connected, G-proper,
and G-finite G-simplicial complexes.

Extending the notion of continuous equivalence (Definition 3.21), we call two transformations
between GSpX-valued functors continuously equivalent, if they become equivalent after
application of C*; see (3.7).

PROPOSITION 8.2. The restrictions of the transformations 3™ (8.2) and B¢ (8.3) to
GSimpl®" PPN are canonically continuously equivalent.

Proof. Let K be an object of GSimpl®"™P™P-fi" Then we have a commuting square

Ooo(Kd,d,max) & Gcan,min —— ¥ Yo* (Kd,max & Gcan,min)

L ]
(ke (Kd,max,max) & Gcan,min - Y Yo® (Kmax,max & Gcan,min)

which is natural in K. The left vertical map is an equivalence since Ky g max — Kd max,max 1S @
coarsening and O sends coarsenings to equivalences [13, Proposition 9.33]. The right vertical
map is a continuous equivalence by Lemma 7.6 because both K; max and Kmax max are coarsely
connected. Note that this is the only place where we use that K is connected.

We now claim that we can apply Lemma 6.10 in order to conclude that the map

OOC(Kd,dA,max) & Gcan,min — X Yo® (Kd,max & Gcan,min)
is canonically continuously equivalent to the map
OOO(Kd,d,d) (24 Gcan,max — X Yo’® (Kd,d & Gcan,max)~

Recall from Definition 4.8 the hybrid coarse structure X, associated to a G-uniform bornolog-
ical coarse space X. Moreover, recall from (4.3) that the cone boundary is given by the
map

O%(Z) = Yo (R® Z)) = Yo)' (R® F(Z)) ~ XY (F(2)),
where the second map is induced by the identity of the underlying sets, and the third

equivalence follows from excision.
We apply Lemma 6.10 to the index category

I .= GSimplconn,prop,ﬁn % Al
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and the functor X(: I — GCoarse given on objects by

(1) (K’ 0) = [(R 02y Kd,d,max)h]c and
(ii) (K,1) = [R® KgmaxC,

where the notation []C indicates that we take the underlying G-coarse spaces. While
the action of this functor on the morphisms in I coming from morphisms K — K’ in
GSimpl®"™ PPN g clear, it sends the morphism (K,0) — (K, 1) coming from 0 — 1 in A’
to the map

[(R & Kd,d,max)h]c — [R &® Kd,max]c

given by the identity on the underlying sets. The lifts X and X’ of this functor to
GBornCoarse are given on objects by

(1) (Ka 0) g (R & K(l,d,max)h
(11) (Kv 1) = R & Kd,max

for X, and by

(i) (K,0) > (R® Kuaa)n

(11) (K, 1) —R® Kd,d
for X', while the lifts on the level of morphisms are clear.

We claim that for every (K,4) in I the value X (K, i) is dual to X'(K,4). Indeed, since the
G-bornological space K is G-proper and G-bounded (since K is G-finite), K, is dual to Kyax
by Lemma 6.8 (applied with Y a point). Furthermore, the G-bornological space R ® K is
dual to R ® Kuax, again by Lemma 6.8 (applied with Y = R). This finishes the verification of
the claim.

Finally, we have the natural commuting square

OOO(Kd,d,d) & Gcan,max — X Yo® (Kd,d X Gcan,max)

L

o> (Kd7d7d) & Gmax7max L) by YOS<Kd,d by Gmax,max)

The right vertical map is a continuous equivalence by Lemma 7.2 since K44 is G-bounded.
Since K is G-finite, by Example 7.4 we know that O (K 4.4) € GSpXpq. Hence the left vertical
morphism is a continuous equivalence by Corollary 7.5. ([

If the G-simplicial complex K is not connected, then the proof of Proposition 8.2 establishes
a modified assertion. For its formulation we first introduce some notation.
Let X be a G-coarse space and let Uy, be the entourage from (5.1).

DEFINITION 8.3. We let X, denote the G-set X with the G-coarse structure C,, generated
by Ux,.
Note the following.

(1) The identity of the underlying set yields a controlled map X — X, which induces an
isomorphism o (X) = (Xno)-
(2) If X is coarsely connected, then X, = Xy ax.

We actually obtain functors

kd.zomax: GSImpl - GUBC, K — K 1) max
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and
krxymax: GSimpl — GBornCoarse, K — K max.

Similar to the transformation 5™ from (8.2), we define a natural transformation of functors
GSimpl — GSpX

ﬂﬂ'o : (OOO o kd,,ﬂ'o,max) ® Gcan,min — (E YOS okTrU,max) ® Gcan,min- (84)

Let GSimplP™Pf" denote the full subcategory of GSimpl of G-proper and G-finite
G-simplicial complexes. The proof of Proposition 8.2 shows the following proposition.

PROPOSITION 8.4. The restrictions of the transformations 3™ from (8.4) and 3¢ from (8.3)
to GSimplP™°P are canonically continuously equivalent.

The following definition is adapted from [31, Definition 3.24]. Let X be a bornological coarse
space.

DEFINITION 8.5. X is uniformly discrete if the bornology is the minimal bornology (see
Example 3.8) and for every entourage U of X there is a uniform bound for the cardinalities of
the sets Ulz] for all points z in X.

REMARK 8.6. In [10] we called this property strongly bounded geometry. It is not invariant
under coarse equivalences. The adjective strongly distinguishes this notion from the notion of
bounded geometry which is invariant under coarse equivalences.

ExXAMPLE 8.7. The G-bornological coarse space Gcan,min i uniformly discrete.

REMARK 8.8. Let X be a G-bornological coarse space and U be an invariant entourage of
X. The condition that X is uniformly discrete has the following consequences.

(i) Py(X) is a finite-dimensional, locally finite simplicial complex. Furthermore, for
X = Geanmin the G-simplicial complex Py(Geanmin) is G-finite, that is, it belongs to
GFin(G)Simplﬁn; see Definition 5.18.

(ii) Since X carries the minimal bornology and Py (X) is locally finite, the bornology on
Py (X)p (which by definition is generated by the subsets Py (B) for all bounded subsets B of
X) coincides with the bornology Py (X)y induced from the spherical path quasi-metric.

Let X be a G-bornological coarse space and let U be an invariant entourage of X.

DEFINITION 8.9. We let Cﬂ.(\;veak denote the coarse structure on Py (X) generated by the
entourage

U Pow) x Pe(w).
Wemy(X)

We have obvious inclusions of G-coarse structures
C‘n'o - Cﬂ—(‘;‘""ak c Cmax (85)

on Py (X). The coarse structure Cr, was introduced in Definition 8.3 and depends on the coarse
structure of Py (X)y given by the path quasi-metric. In contrast, the coarse structure Cﬂ.(\;vcak is
given by Definition 8.9 using the coarse structure of X. In analogy to Construction 4.14, we
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have functors

Py GBornCoarse® — GUBC, (X,U) = Pu(X)d ro,max (8.6)
and
Py : GBornCoarse® — GUBC, (X, U) = Py(X) g pwest max- (8.7)

In view of the first inclusion in (8.5), we have a natural transformation
Pﬂ'[] — Pﬂ.(x])veak. (8.8)

The following construction is analogous to Definition 4.15. If we precompose the fibre sequence
(4.2) with one of (8.6) or (8.7), then we obtain fiber sequences of functors GBornCoarse® —

GSpX which send (X,U) to

YOS(PU(X)WO,IH'AX) — YOS(O(PU(X>d,7r0,max)) — OOO(PU(X)(i,WO,Inax) g EYOS(PU(X)WU,max)
(8.9)

and to

YOS (PU (X)‘fr(‘;"eak,max) — YOS (O(PU (X)(l,ﬂ'l‘;"eak,max))

SO (P (X) g ryest ) > 5 Y0 (P (X) e (8.10)

,max)7

respectively. The transformation (8.8) induces a natural transformation of fiber sequence from
(8.9) to (8.10).

DEFINITION 8.10. We define fiber sequences of functors GBornCoarse — GSpX

FY = Frpy = F 5 20 (8.11)
and 5
Fuene = Fryeac = Fue = BF v (8.12)
0

by left Kan extension of (8.9) and (8.10) along the forgetful functor (4.4), respectively.

Again we have a natural transformation of fiber sequences from (8.11) to (8.12).
Let X be a G-bornological coarse space. The morphisms in the following definition are
induced by the natural transformation denoted by 0 in Definition 4.15 or Definition 8.10.
DEFINITION 8.11. The map
ﬂX: FOO (X) ® Gmax,max — EFU(X) ® Gmax,max (813)
in GSpAX is called the forget-control map.

The maps
;T(O : F;\')(? (X) & Gcan,min — EFQO (X) ® Gcan,min (814)
and weak
ﬂ;’(o : ::;mak (X) X Gcan,min — EF,?(x;zmk (X) ® Gcan,min (815)

are intermediate versions of the forget-control map and used in the comparison argument.
Let X be a G-bornological coarse space.

LEMMA 8.12. Assume:

(i) X is uniformly discrete;
(ii) X is G-proper;
(i) X is G-finite, that is, G\X is a finite set.
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Then the maps Bx and B in (8.14) and (8.15) are canonically continuously equivalent.

Proof. 1In view of Definition 4.15 and Lemma 4.13, the morphism Sx is given as a colimit
of the diagram of morphisms

OOC(PU(X>d7d,b) & Gmax,max — X Yo® (PU(X)d,d,b) & Gmax,max (816>

indexed by the poset CY(X) (obtained by precomposing (8.3) with the functor
P_(X): CY(X) — GSimpl). Similarly, the morphism 8%’ is given as a colimit of the diagram
of morphisms

o= (PU (X)d,m),max) X Gcan,min — 2 YOS (PU (X)d,ﬂ'o,rnax) X G(‘,an,mirr (817)

indexed by C%(X) (again obtained by precomposing (8.4) with the functor P_(X)).

Since X is uniformly discrete and G-finite, for every U in C%(X) the G-simplicial complex
Py(X) is G-finite. In addition, the bornology induced from the metric coincides with the
bornology induced from X; see Remark 8.8. Finally, since X is G-proper, the G-simplicial
complex Py (X) is also G-proper. Hence P (X) belongs to GSimplP P,

We can now apply Proposition 8.4 and conclude that the diagrams (parametrized by U in
C%(X)) of morphisms (8.16) and (8.17) are canonically equivalent. Therefore, their colimits
Bx and B are canonically equivalent, too. O

Let X be a G-bornological coarse space.

LEMMA 8.13. Assume:

(i) X is uniformly discrete.
(ii) X is G-proper;
(iii) X is G-finite.

weak

Then f%° and 5;0 are canonically continuously equivalent.

Proof. We consider an invariant entourage U of X and form the commutative square

0 s
(ke (PU (X)d,ﬂ'o,max) X Gcan,min — X Yo (PU (X)Tro,max X Gcan,min)

J J

7]
O>(Py (X)d,n(‘)"eak,max) ® Geanmin — YYo*(Py (X)-:rgve‘"‘k,max ® Gcammin)
in GSpX, where the vertical morphisms are induced by (8.8). In view of Lemma 4.13, after
taking colimits over U in the poset C%(X), the horizontal maps become equivalent to 8% and

weak

By, respectively.

The left vertical morphism is an equivalence since it is obtained by applying O to a
coarsening and O sends coarsenings to equivalences by [13, Proposition 9.34].

It remains to show that the right vertical map becomes a continuous equivalence after taking
the colimit over C%(X). We let F(U) denote the poset of invariant locally finite subsets of the
G-bornological space Py (X )max ® Gmin- We then consider the following commutative diagram

colim  colim YO7(Lpy (X)) max®Geanmin) —  cOlim — colim YOZ(Lpy(X) weur . @Geanmin)
: : - :

UeCC(X) LeF(U) UeCC(X) LeF(U)

l J

i YO () Grn) >l YO R (X s © G

,max
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where the subscript indicates from which space the bornological coarse structure on L
is induced. In view of Lemma 3.19, continuity of Yo implies that the vertical maps
are equivalences.

For L in F(U) we know that L; := LN (Py(X) x {1}) is finite. There exists an invariant
entourage U’ of X such that U C U’ and such that the condition on a subset F of L,

e F'is contained in Py (W) for some W in o (X)
implies the condition
e [ is contained in a single simplex of Py (X).

Then the coarse structures induced on L from Py (X)rymax ® Geanmin  and
PU/(X),,(v)vcak’max®Gcan7min coincide. By a cofinality consideration the upper horizontal
map is hence an equivalence. It follows that the lower horizontal map is an equivalence as
desired. [l

Recall from Remark 1.12 that we have functors

G'Top % GTop[W5'] 125 PSh(GOrb). (8.18)

Let C be a cocomplete stable co-category and H: GTop — C be a functor.

DEFINITION 8.14. The functor H is an equivariant homology theory if it is equivalent to
the restriction along (8.18) of a colimit-preserving functor PSh(GOrb) — C.

REMARK 8.15. Note that in [13, Definition 10.3] we use the term strong equivariant
homology theory for the objects defined in Definition 8.14 in order to distinguish it from
the classical notion of an equivariant homology theory as defined [13, Definition 10.4]. For the
purpose of the present paper, we will employ the more natural definition above and drop the
word strong.

In view of the universal property of presheaves, the co-category Fun®'™(PSh(GOrb), C)
of colimit-preserving functors is equivalent to the oo-category Fun(GOrb, C). Therefore, in
order to specify an equivariant homology theory or such a colimit preserving functor essentially
uniquely, it suffices to specify the corresponding functor in Fun(GOrb, C)

DEFINITION 8.16. We define
6ﬁfg: GTop[W;'] — GSpX
to be the colimit-preserving functor essentially uniquely determined by the functor
GOrb — GSpX, S+ O™ (Sdiscmax,max)-
Furthermore, define the equivariant homology theory
055, = O, o £: GTop — GSpX (8.19)

REMARK 8.17. Note that the functor Opj, differs from the functor (denoted by the same
symbol) defined in [13, Definition 10.10]. Both versions of this functor coincide on CW-
complexes. In the present paper, we prefer to use the definition above since it fits better
with the needs in section 10.
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In view of [13, Proposition 9.35] the functor (5ﬁfg is equivalent to the functor essentially
uniquely determined by the functor

GOrb — GSpX, S+ X Y0’(Sminmax)-
In analogy to Construction 4.14, we consider the functor
P'*?: GBornCoarse® — GTop[W,'], X — ((Py(X)),

where Py (X) in GTop is the underlying G-topological space of the G-uniform space Py (X)q
and ¢ is the localization as in (8.18).

DEFINITION 8.18. We define the Rips complex functor
Rips: GBornCoarse — GTop[W, ']
as the left Kan extension of the functor P*P along the forgetful functor (4.4).

If X is a G-bornological coarse space, then by Lemma 4.13 we have:

COROLLARY 8.19. The Rips complex of X is given by
Rips(X) = colim /(Py(X)).
ips(X) polim | (P (X))

REMARK 8.20. Note that the present definition of the Rips complex differs from the
definition given in [13, Definition 11.2]. In the reference, we defined the Rips complex of X as
the G-topological space colimy¢cce(x) Pr(X). This definition fits well with the version of Oﬁ?g
used there; see Remark 8.17. In contrast, in the present paper we replace the colimit by the
homotopy colimit.

For a G-bornological coarse space X, we consider m(X) as a discrete G-topological space.
For every U in C%(X), we have a projection

Py(X) = mo(X)
of G-topological spaces. Applying £ and forming the colimit over C%(X), we obtain a canonical
projection morphism
Rips(X) — 4(mo(X)) (8.20)
in GTop[W,'].
In the following, we calculate the Rips complex of the bornological coarse space Gecan min
explicitly.

LEMMA 8.21. We have an equivalence
E(Rips(Gcan,min)) =~ EFinG,
where Fix: GTop[W,,'] — PSh(GOrb) denotes the equivalence from (1.3).
Proof. We must verify that Fix(Rips(Geanmin)) satisfies the condition stated in Defini-

tion 1.3. Because colimits in presheaves are formed objectwise and the equivalence Fix preserves
colimits, by Corollary 8.19 we have the equivalence

Fi. Rips G"Ln min S) ~ li Fi Py (G an,min S
Te(Rips(Geanoin))(8) = | colim TP (Granin))) ()

for every transitive G-set S. By definition of Fix, we have

m(g(PU(Gcangnin)))(S) = K(MapGTop(Sdism PU(Gcan,min)))'
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Since all stabilizers of points in Py (Gcanmin) are finite, we see that

MapGTop(SdiSCa PU(Gcan,min)) = @,

if S has infinite stabilizers. If S has finite stabilizers, then the argument given in the proof of
[13, Lemma 11.4] shows that

pecSoim T (Mapgrop (Saiscs Pu (Gean,min)))

is trivial for all n in N. This implies

UGCC(;(()CI}CE}.,@D) E(MapGTop(Sdism PU(Gcan,min))) =~ k. 0

DEFINITION 8.22. The assembly map ax is the map
ax . 5}?1; (RIpS(X)) ® Gcan,min — Oﬁ?g (7TO (X)) ® Gcan,min (821)

induced by the projection (8.20).

Note that on the target of this map we used (8.19) in order to suppress the symbol £.
Let GSimpl™ denote the category of G-finite G-simplicial complexes. Recall the functor
kd max,max defined in (8.1).

LEMMA 8.23. We have a canonical equivalence of functors GSimpl™ — GSpX
(Oﬁ?g)K;'Simplﬁ“ = (OOO © kd,max,max)|GSimplﬁn.

Proof. The functor O o kg max max (see (8.1)) is excisive for decompositions of G-simplicial
complexes by [13, Lemma 10.9, Corollary 9.36]. Furthermore, it is homotopy invariant by [13,
Corollary 9.38]. The functor Oﬁ?g has the same properties. By Definition 8.16, we have an
equivalence

(O}ol?g)|GOrb = (Ooo o kd,max,max)\(}orb~
for S in GOrb. This implies the desired equivalence. (I
Let X be a G-bornological coarse space.
LEMMA 8.24. Assume:
(i) X is uniformly discrete;

(ii) X is G-proper;
(iii) X is G-finite.

weak
Then ax and By  from (8.21) and (8.15) are canonically equivalent.

Proof. The assumptions on X imply that Py(X) is G-finite for every invariant coarse
entourage U of X. Therefore, by Lemma 8.23 we have a canonical equivalence

O}C:fg(PU (X)) ~ O~ (PU (X)d,max,max)-
Similarly, we have a canonical equivalence

Olol?g (WU (X)) ~ O™ (WO(X)diSC,max,max) .
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These equivalences yield the lower square in the following diagram. The upper square is induced
by a coarsening. Therefore the vertical maps are equivalences by [13, Proposition 9.33].

colim O (PU (X)d,‘n'g"eak,max) X Gcan7n1in — O (WO(X)disc,mimmax) & Gcan,min

UeCq (X)

colim O (PU (X)d,max,max) & Gcan,min — O (WO(X)diSC,max,max) & Gcan,min (822)

UeCS (X)

. ax
U(e:OClcl;I(I)l() Oﬁfg(PU (X)) X G(caun,min —_— O}C:?g (770 (X)) & Gcan,min

By Corollary 8.19, (8.19), and the fact that 6ﬁfg preserves colimits, we have the equivalence

Ofe(Rips(X)) = colim Off,(P(X)).

Hence the lower horizontal map in (8.22) is equivalent to ax as indicated.
The upper horizontal arrow from (8.22) fits into the commutative square

colim O (PU (X)d,-fr(‘;"eak,max) ® Gcan,min — 0% (770 (X)disc,min,max) & Gcan,min

Uecq (X)
lﬁ:ﬁveak JV:

ey ] S . = S . .
U(é(C)IICl:I(I;() Y Yo (PU (X)ngeak7max) & Gcan,m]n — 2 Yo (WO(X)mm,max) & Gcan,mln

Here the right vertical map is an equivalence by [13, Proposition 9.35].

We now show that the lower horizontal map is an equivalence. The argument is similar to
[13, Lemma 10.7]. By choosing a representative in Py (X) for every element of 7y(X ), we obtain
amap 7mo(X) x {1} = Py(X) x {1}. This map has a unique extension to a G-equivariant map
mo(X) x G — Py(X) x G. We now observe that this map is a morphism of G-bornological
coarse spaces

ST (X)min,max (24 Gcan,min — PU (X)Tr(‘;vc'dk_’max (24 Gcan,min~
It is a right inverse of the projection
p: PU (X)ﬂ—g)veak,max ® Gcan,min — 71—(]()()min,max ® Gcan,mina

and the composition s o p is close to the identity by construction. It follows that p is a coarse
equivalence and this implies that lower horizontal map is an equivalence.

weak
It follows that the upper horizontal map in (8.22) is equivalent to 83" . O

Let X be a G-bornological coarse space. Combining 8.24, 8.13, 8.12, we obtain the following
corollary.

COROLLARY &.25. Assume:

(i) X is uniformly discrete;
(ii) X is G-proper;
(ili) X is G-finite.

Then the assembly map ax and the forget-control map [Sx from (8.21) and (8.13) are
canonically continuously equivalent.
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In the following, we derive a version of Corollary 8.25 without the assumption of G-finiteness.
To this end, we must modify the definition of the forget-control map.

Let GBornCoarse'™ denote the full subcategory of GBornCoarse consisting of G-finite
G-bornological coarse spaces. Let E: GBornCoarse™ — C be some functor to a cocomplete
target C.

DEFINITION 8.26. We define Eg, as the left Kan extension

GBornCoarse™ % C

-
l - Efin
-

GBornCoarse

along the inclusion functor GBornCoarse™ — GBornCoarse of the restriction of E to

GBornCoarse™.

We have a canonical transformation of functors
FEg, — E: GBornCoarse — C. (8.23)

Let X be a G-bornological coarse space. By K(X), we denote the poset of all invariant
G-finite subspaces of X with the induced G-bornological coarse structures.

LEMMA 8.27. We have a canonical equivalence

colim E(W) ~ Eq,(X).
WeK(X)

Proof. By the objectwise formula for the left Kan extension, we have

colim E(W) =~ Fgn(X).
(W—X)eGBornCoarselin /X
Since the image of a G-finite subspace under a morphism of G-bornological coarse spaces
is again G-finite the subcategory K(X) is cofinal in GBornCoarse™ /X. This implies the
assertion. 0

Recall Definition 8.5 of the notion of uniform discreteness. In the following, we con-
sider the transformation (8.23) for the functor E := Opj, o Rips: GBornCoarse — GSpX'.

Let GBornCoarse"¥*¢ be the full subcategory of GBornCoarse of uniformly discrete
G-bornological coarse spaces.

LEMMA 8.28. The restriction of the transformation
(6ﬁfg o Rips)fn — (5ﬁfg o Rips

to GBornCoarse"!*

is an equivalence.

Proof. If X is uniformly discrete, then for every U in C%(X) the complex P (X) is a locally
finite G-simplicial complex. Consequently, Py (X) as a G-topological space is a filtered colimit
over its G-compact subsets. In fact, this filtered colimit is a homotopy colimit, so it is preserved
by the functor . The subsets Py (L) of Py (X) for invariant G-finite subsets L of X are cofinal
in the G-compact subsets of Py (X). All this is used below to justify the equivalence marked

by !. At this point we further use the fact that Opj, preserves colimits in GTop[W,, 1. Hence
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if X is uniformly discrete, then we have the following equivalences (the first one is due to
Lemma 8.27)

Oy, (Rips(X) )in colim, Orr, (Rips(L))

~ colim O lim ¢(Py(L
Lceolclg) hlg(U(éc()ZCI’I(I}() (Pu(L)))

1R

li lim O, (U(Py (L
LCGOK:I(%) U(éCC)éI(I;() hlg(( U( )))

~ coli lim O, (¢(Py(L
oS £, O (P (L))

! ~
~ lim OpL, (U(Py(X
UZ%GH(%() hlg( ( U( )))

~ Offy( colim £(Pu(X)))

~ OF, (Rips(X)). 0

We now consider the functor Oﬁ?g omy: GBornCoarse — GSpX. A similar argument as for
Lemma 8.28 shows:

LEMMA 8.29. The transformation

o0 o0
(Ohlg 0 0)fin — Ohlg © To
is an equivalence.

We do not need to restrict to uniformly discrete spaces here since a discrete G-topological
space is always a filtered (homotopy) colimit of its G-finite subspaces.

In the following, we use the abbreviations F{ for (F*)g, for z € {0,0,00}, and we write
Bx fin for the image of Sx under the (—)a,-construction.

Let X be a G-bornological coarse space.

PROPOSITION 8.30. Assume:

(i) X is uniformly discrete;
(ii) X is G-proper.

Then the assembly map
ax: O, (Rips(X)) ® Geanmin — Off (10(X)) ® Geanmin
is canonically continuously equivalent to the forget-control map
B fin: Fin(X) ® Graxmax = SFgn(X) © Guax,mas-

Proof. Since every invariant subspace of X is again uniformly discrete and G-proper,
the proposition follows immediately from Corollary 8.25, Lemma 8.27, Lemma 8.28, and
Lemma 8.29. O

Let X be a G-bornological coarse space and let S be a G-set.

COROLLARY 8.31. Assume:
(i) X is uniformly discrete;
(ii) X is G-proper;

(iii) X is coarsely connected.
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Then the S-twisted assembly map
ax s: Oﬁ?g (e(Sdisc) X RIPS(X)) ® Gcan,min — O}Ol?g(sdisc) ® Gcan,min
is canonically continuously equivalent to the forget-control map

ﬁS,,,jI,,X,,i,l(X)X : Ff?rol(smin,min ® X) & Gmax,max — Z‘Ff?n(Smin,min & X) ® Gmax,max-

Proof. As in the proof of Lemma 4.16, for every U in C%(X) we have the natural isomorphism
of G-simplicial complexes

Pdiag(S)XU(Smin,min ® X) = Sdis(‘, X PU (X)

We now apply ¢ and use that £(Sqisc X Py(X)) =~ £(Sgisc) X £(Py(X)) (note that ¢ preserves
products since all G-topological spaces are fibrant). We then form the colimit over U in
C%(X) and use that £(Sgisc) X — preserves this colimit since GTop[W, '] (being equivalent
to PSh(GOrb)) is an co-topos. We eventually obtain the isomorphism

Rips(smin,min ® X) = é(Sdisc) X RlpS(X)

in GTop[W].
Since X is coarsely connected, the projection Sminmin ® X — Smin,min induces a bijection
on my. Furthermore, mo(Smin,min) = Sdisc- The corollary now follows from Proposition 8.30. [

9. Induction
Let H be a subgroup of G. Then we have various induction functors.

(1) Ind%: HSet — GSet; see (4.12).

(2) Indg’mp: HTop — GTop, X — Gaisc X X.

(3) d$"°P: HTop[W;;'] = GTop[W'], the derived version of Ind% "

(4) Ind$: PSh(HOrb) — PSh(GOrb), the left-adjoint of the restriction functor
Res$ : PSh(GOrb) — PSh(HOrb). The latter is given by restriction along the functor
(Ind%}) | gorn: HOrb — GOrb;

(5) Ind% : HBornCoarse — GBornCoarse; see (4.14).

(6) Id5™Mo': HSpX — GSpAX; see (4.15).

(7) md$Y: HUBC — GUBC; see (4.17).

We also have an analogous list of restriction functors Resg’f.

REMARK 9.1. Using the description of Fix given in Remark 1.12, the adjunction
Ind$ : HTop = GTop : Res§,
implies that we have natural equivalences

Res (Fix(X)) ~ ((Mapgrop (Gaise X1 S, X)) 2 £(Map rpop (S, Resf P (X))
~ Fix(Res& P (X))

for X in GTop. So Res% and Res, " correspond to each other under Fix. It then follows
that also their left adjoints Indg and Indfl’htop become identified under Fix.

Let X be an H-bornological coarse space. We can consider the G-bornological coarse spaces
Gminmin @ Himinmin ® X and Guinmin ® X, where G acts both times on the first factor. In
the following, let By denote the H-completion functor which replaces the original bornology
of a space by the bornology generated by HB for all originally bounded subsets B. For a
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G-bornological coarse space Y, we denote by Y,.x— 5 the same coarse space equipped with the
maximal bornology. In the lemma below, the group H acts on G x X by h(g,z) := (gh~!, ha).

LEMMA 9.2. The following is a coequalizer in GBornCoarse:
(Gmin,min & Hmin,min & X)maxfB = BH (Gmin,min & X) — Indg (X)a
where the first two maps are given by (g, h,x) — (gh,x) and (g, h,x) — (g, hx), respectively.

Proof. This is [13, Remark 6.6]. O
Let Y be a G-bornological coarse space and let X be an H-bornological coarse space.

LEMMA 9.3. We have an isomorphism
Ind% (Res% (V) © X) 2 Y @ Ind% (X), (9.1)
which is natural in Y and X.
Proof. Consider the G-bornological coarse spaces ((G X H)minmin ® Y @ X)max—p and
B (Gminmin ® Y ® X)), where G acts on the first factor, and (Y ® (G X H)min,min @ X )max—B

and By (Y ® Guinmin @ X) where G acts now diagonally on the first two factors. The
isomorphisms

((G X H)min,min ® Y & X)maxfB — (Y ® (G X H)min,min ® X)maxfB
given by (g, h, s, x) — (ghs, g, h,z) and
BH (Gmin,min & Y & X) — BH (Y ® Gmin,min ® X)

given by (g,s,z)— (gs,g,x) induce an isomorphism of the coequalizer diagrams for
Ind% (Res% (V) ® X) and Y ® Ind%(X) from Lemma 9.2. In the case of ¥ ® Ind%(X), we
implicitly use the facts (which can both be checked in a straightforward manner) that
the functor ¥ ® —: GBornCoarse — GBornCoarse preserves colimits of colim-admissible
diagrams in GBornCoarse in the sense of [13, Definition 2.20], and that the coequalizer
diagram in Lemma 9.2 is colim-admissible. O

The equivalence from Lemma 9.3 extends to equivariant coarse motivic spectra in the Y-
variable. Thus let Y be in GSpX” and let X be as before.

COROLLARY 9.4. We have an equivalence
Ind$ M (ResS MM (V) @ X) 2V @ Ind% (X)), (9.2)

which is natural in Y and X.

Proof. This follows from Lemma 9.3 and the fact that the operations Ind$, Res$ and
— ® X all descend from GBornCoarse to GSpX'. O

REMARK 9.5. We have versions of Lemma 9.3 for

(i) Y a G-coarse space, X a H-coarse space, and the isomorphism (9.1) for G-coarse spaces,
and
(ii) Y a G-set, X a H-set, and the isomorphism (9.1) for G-sets,

with the same isomorphism on the level of underlying sets.
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Let Y be an H-invariant subset of a G-coarse space X. We consider Y as an H-coarse space
with the structures induced from X. For every coarse entourage U of X, we define the coarse
entourage Uy := (Y xY)NU of Y.

LEMMA 9.6. The set of entourages {Uy | U € C%(X)} is cofinal in CH(Y).

Proof. By definition of C(Y), the set {Uy |U € C(X)} is cofinal in (actually equal to)
C(Y). Since C¥(X) is cofinal in C(X) (since C(X) is a G-coarse structure), it then follows that
{Uy |U € C%(X)} is cofinal in CH (Y). O

LEMMA 9.7. The inclusion Hcan min — Resg (Gcan,min) induces an equivalence

Ff?n (Indfl(HcanA,min)) - Ff(i)n(Indfl (Resg (Gcan,min)))

Proof. Note that Indg(HcanJ,lin) is G-finite so that we can omit the index fin on the
domain of the morphism. It suffices to show that the inclusion of Indg(Hcan,min) into any
G-invariant G-finite subset of Indg (Resfl(Gcan,mm)) induces an equivalence after applying F©.
We now observe that G-finite subsets of Ind% (Res (G)) correspond to H-finite subsets of G.
We furthermore use that Ind$, commutes with F° by Lemma 4.22. It then remains to show
that for every H-invariant and H-finite subset L of G containing H the inclusion i: H — L
induces an equivalence F(Hean min) = FO (LG min)-

Let L be an H-invariant and H-finite subset of G containing H. We choose an H-equivariant
left-inverse s: L — H of the inclusion 4. For every orbit R in H\L we pick a point [g in the
orbit R. Since H\L is finite, the subset V := H{(s(Ir),lr) | R € H\L} of G x G belongs to the
coarse structure C(Geanmin). We set C' :={U € CY(Geanmin) | V C U}, U := (L x L)NU.
By Lemma 9.6, the set {U | U € C'} is cofinal in C*(L). In view of Lemma 4.13 applied to
E = Yo’ oF and Definition 4.15 of FY, it therefore suffices to show that the morphism

Yo* (Puy, (Hean,min)d,b) = YO (P, (LG ey in )d,b) (9.3)

induced by ¢ is an equivalence for every entourage U in C’.
Since L is H-finite, the map s is automatically a morphism Lq
that the morphism

— Hcan,min- We argue

can,min

Yo* (PUL (LGCM,mm)d,b) — YOS(PUH (Hcan,lllin)d,b)

induced by s is an inverse to (9.3).
The composition s o7 is the identity. By definition of U, the composition

Py (LG i) db ~ Puy (Heanmin)ap — Puy (LG )b

has distance at most 1 from the identity. Since Yo® is coarsely invariant, its sends this
composition to a morphism which is equivalent to the identity. This finishes the proof. (I

In the following, we indicate by a subscript G or H for which group the Rips complex functor
is considered.

LEMMA 9.8. We have an equivalence of functors from GBornCoarse to HTop[W ;']
Res$"P oRips,; 2 Ripsy o Res% .

Proof. This immediately follows from the obvious isomorphism

Resj; P (Py (X)) 2 Py(Resf(X))
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for every X in GBornCoarse and U in C%(X), Corollary 8.19, the equivalence
(Z o Resg’top)\GSimpl =~ (Resg,htop Og)\GSimplv

and the observation that C%(X) is cofinal in C¥ (Res$(X)). O

LEMMA 9.9. We have an equivalence of functors from HBornCoarse to GTop[W,,']

Ind$ P oRips ;; = Rips; o Ind% .
Proof. For every X in HBornCoarse and U in C*(X) we have by Lemma 4.20 a natural
isomorphism
G to ~ G
IDdHt P(Py(X)) = P1n<1g(U)(IndH(X))~
We now apply Corollary 8.19, the equivalence

G,top ~ G, htop
(E o Il’ldH )|HSimp1 ~ (IndH Of)\HSimph

and the observation that the induction map Ind%: C7(X) — C%(Ind% (X)) on the level of
posets of entourages is cofinal. O

LEMMA 9.10. The inclusion Hean min — Resg (Gean,min) induces a continuous equivalence

FF?;: (Indg (Hcan,min)) X Gmax,max — Fﬁoflj (Indfj (Resfj (Gcan,min))) & Gmax,max~

Proof. By Proposition 8.30 (using only the continuous equivalence of the domains), the map
is continuously equivalent to

Of%, (Ripse(Ind (Hean,min))) © Geanmin — Offy (Ripse (Ind$; (Res§ (Gean,min)))) © Gean,min-
Using Lemma 9.8 and Lemma 9.9, we see that this map is equivalent to
Ot (Ind ™" (Rips  (Hean min))) = Oy (Ind ™" (Resy™ P (Rips; (Gean,min))
twisted by Gean min. The latter map is an equivalence since the map
Rips; (Hean,min) — Resy ™ P (Ripsg (Gean,min))

induced by the inclusion of H into G is mapped by the equivalence Fix to the essentially unique
equivalence Epi,H ~ Resg(EFinG); see Lemma 8.21. O

10. The main theorem

The main result of the present section is Theorem 10.1. Before giving its proof, we will show
how to deduce Theorem 1.11 from Theorem 10.1.
The structure of the proof of Theorem 10.1 is as follows.

(1) Proposition 10.13 reduces the proof to the verification that a certain morphism L(S) —
M4 (S) is an equivalence for every S in GxOrb.

(2) Proposition 10.14 identifies this morphism with the composition of a descent morphism
and a forget-control map depending on subgroups H in the family F.

(3) In Theorem 10.9, we use the descent result to show that the descent morphism is an
equivalence, and therefore reduce the problem to the verification that forget-control maps are
equivalences for subgroups H in the family F. This step employs transfers.

(4) In Theorem 10.11, we use the geometric assumptions on the subgroups H in order to
deduce from [12] that the forget-control maps in the H-equivariant context are equivalences.

Let G be a group and let M : GOrb — C be a functor. Let A be in PSh(GSet) and let F
be a family of subgroups.
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THEOREM 10.1. Assume that:

(i) M is a CP-functor (see Definition 1.8);

(ii) r*A is equivalent to ErinG in PSh(GOrb) (see (5.5) for the definition of r*);
(iii) for all H in F the object Res%(A) of PSh(HSet) is compact;
(iv) F is a subfamily of FDC (see Definition 1.5.(iii)) such that Fin C F.

Then the relative assembly map Asmbl%:im v (Definition 1.7) admits a left inverse.
Before we begin with the proof, we will first deduce Theorem 1.11 from Theorem 10.1.

REMARK 10.2. For every group K, the functor r: PSh(KOrb) — PSh(K Set) induced by
r: KOrb — KSet (see (5.5)) preserves compacts since it has a right-adjoint r* which preserves
all colimits.

We claim that for any subgroup H of K the functor

Resy : PSh(KSet) — PSh(HSet)

preserves compacts. The claim follows from the fact that Resg preserves representables and
colimits. Here are some more details: for any S in KSet the restriction Rest(yo(S)) is
represented by the H-set Rest(S). It follows that Resky(yo(S)) is representable again. We
now use that a compact object A in PSh(K) is a retract of a finite colimit of representables.
Since Res? preserves colimits, we conclude that Res? (A) is again a retract of a finite colimit
of representables.

In the following, we write r!K and T!H for the corresponding functors for subgroups K and
H of G. We then have a commuting diagram

PSh(KOrb) ——» PSh(KSet)
lResg J(Resg (10.1)
PSh(HOrb) —— PSh(HSet)
LEMMA 10.3. For every subgroup H of G in the family CP (see Definition 1.5.(iv)), the
object Res$ (11 ErpinG) of PSh(HSet) is compact.

Proof. Let H in CP be given. Then there exists a subgroup H' of G containing H such that
ErinH' is compact. Using (10.1) and obvious relations between various restriction functors,
we obtain the equivalences

Res% (1 EpinG) ~ Resg/ Res$, (1 EpinG) ~ Resg/ (rf” (Res%, (BpinG))) ~ Resg/ (rf" (EpinH')).

Since Resg/ and rIH ' preserve compacts by Remark 10.2, this implies that Resg (r ErinG) is
compact as claimed. O

Recall from Remark 1.12 that E;_?pG denotes a G-CW complex modeling the classifying
space of the family F. Let ¢£: GTop — GTop[ng] be the localization; see Remark 1.12.

LEMMA 10.4. Assume that there exists a finite diagram S: I — GxSet such that

UEEPG) ~ colIim £(Sdisc)-

T Then there exists a compact object A in PSh(GSet) such that r* A is equivalent to ExG (see
(5.5) for the definition of r*).

TIn classical terms, this assumption is equivalent to the assumption that hocolims Sgjsc has the homotopy
type of E‘t;pG.
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In particular, such an A exists if one can represent E;f-)pG by a finite-dimensional
G-CW complex.

Proof. In analogy to the functor Fix from (1.2), we define the functor
Fix: GTop — PSh(GSet), X  {/(Mapg((—)disc, X))-

We then note that 7 o Fix ~ Fix ~ Fix o.
Since r* and Fix preserve colimits,

ErG ~Fix({(EL°G)) ~ ﬂ(collim £(S4gise)) =~ collimﬂ(é(&hsc))
~ collim r*ﬁi)/((Sdisc) ~ p* collim ﬁi?{(Sdisc).

By definition we have an identification Fix(Sqisc) ~ yo(S). It follows that if we define A :=
colimy yo(S), then A is a compact object of PSh(GSet) with r*A ~ ExG.

The last assertion of the lemma follows from the more general claim that for every finite-
dimensional G-CW-complex X with stabilizers in F there exists a finite diagram Sx: Iy —
G rSet such that ¢(X) ~ colimy, (Sx disc)-

Given such a G-CW-complex X, there exists a finite-dimensional G-simplicial complex K
with stabilizers in F which is equivariantly homotopy equivalent to X (this works as in the
non-equivariant case which can for example be found in [19, Thm. 2C.5]). After one barycentric
subdivision, we may assume that K is locally ordered. Then we may regard K as a diagram
S': Aigﬁm(l() — G rSet, that is as a finite-dimensional semi-simplicial G-set with stabilizers in
F. The homotopy colimit over this finite diagram is equivalent to the barycentric subdivision
of K; this can be verified explicitly using the Bousfield-Kan formula for the homotopy colimit
[8, Ch. XII.2]. Consequently, colim  <dim(x) £(Sqisc) = £(X). O

REMARK 10.5. The argument for Lemma 10.4 shows that if there exists a finite G-CW-
model E;f-’pG, then one can choose A in PSh(GSet) such that it is given as a colimit of a finite
diagram with values in G-finite G-sets with stabilizers in F.

Proof of Theorem 1.11. Theorem 1.11 is a special case of Theorem 10.1, where under the
Assumption 1.11.(i1) we can use rErinG for A by Lemma 10.3. Here we use that r*r; ~ id
since r in (5.4) is fully faithful. Under Assumption 1.11.(ii), we use Lemma 10.4 and that Res$
preserves compacts by Remark 10.2. (]

We now prepare the proof of Theorem 10.1.
Recall Construction 5.4 of the co-category of G-bornological coarse spaces with transfers
and the inclusion functor (5.3). Let H be a subgroup of G.

LEMMA 10.6. The induction functor (4.14) extends to a functor

Indff’": HBornCoarse;, —+ GBornCoarse;,

such that
Indg
HBornCoarse ——— GBornCoarse
J/LH JLG
Indg’”
HBornCoarse;, —— GBornCoarsey,
commutes.
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Proof. Recall from Construction 5.4 that HBornCoarse;, and GBornCoarse;, are
built from certain spans whose vertices belong to GBornCoarse and whose morphisms are
controlled. We apply the functor Indg (for bornological coarse spaces) to the vertices and obtain
the maps from the version of the induction for the underlying H-sets. We must show that this
construction preserves the conditions on the morphisms for the simplices of HBornCoarse;,
and GBornCoarse;, as specified in [11, Definition 2.27]. In particular, this amounts to showing
that induction preserves morphisms in GBornCoarse, bounded coverings, and Cartesian
squares in GCoarse.

We have seen in section 4 that induction preserves controlled and proper morphisms. Next
we discuss bounded coverings.

Let X,Y be in HBornCoarse and let f: X — Y be an H-equivariant bounded covering.
Then we must show that Ind$(f): Ind%(X) — Ind%(Y) is again a bounded covering. We
verify the properties listed in Definition 5.1.

(i) The coarse structure of Ind% (X) is generated by the images Ind$ (U) of diag(G) x U
in Tnd% (X) for U an entourage of X. We now observe that

(Ind5; (f) x Ind (f))(Indf; (U)) = Ind§ ((f x f)(V)),

which is an entourage of Ind% (V) by definition. This shows that Ind% (f) is controlled.
(i) We write Ury(x) = Upec(x) U- Then we have the equality

Um(lndg(X)) = U Inde(U) = Indg(Um(X))~
UeC(X)

For U in C(Y'), we furthermore have

(Ind% (f) x nd ()" (IndF (U)) N Uy (tmag (xy) = WdG((f x )71 U) N Ury(x))-

Since f is a bounded covering, this shows that C(Ind% (X)) is generated by the entourages of
the form (Ind% (f) x nd% ()~ (U) N Uy, g (x) for all U in C(IndF(Y)).

(iii) We consider a class {g, 2z} in Ind%(X) (we use {, } to denote H-orbits in G x X since
we want to reserve [—| for coarse components). Its coarse component is then given by

Hg.a}] = {{g",2} |Gh € H|g'h=g,h7"a" € [z])}.

It follows that the map [{g,x}] — [#] sending {¢’, 2’} in [{g,2}] to g~ ¢’2’ in [] is a bijection
which identifies Indg(f)‘[{g’x}] with fi[,]. Therefore, Indg (f)|[{g.2}] is an isomorphism of coarse
spaces.

(iv) Let g be in G and B be bounded in X. Then the image B, of {g} x B in Ind%(X)
is a bounded subset of Ind% (X) by definition of the bornology. Since Ind%(f)(B,) = f(B),,
its image under Ind% (f) is also a bounded subset of Ind%(Y"). This implies that Ind% (f) is
bornological.

(v) We have to show that for every bounded subset B of Ind$ (X) the cardinality of the
fibers of the induced map m(B) — mo(Ind% (X)) has a finite bound (which may depend on
B). Let {g,y} be in Ind%(Y) and consider the component [{g,y}] in mo(Ind%(Y)). Then,
as seen in (iii), we have [{g,z}] € mo(Ind%(f))*[{g,y}] if and only if [z] € mo(f)~"([y]). If
{g,2}] N By # 0, then in addition [z] N B # (). Since f is a bounded covering, there is a finite
bound on the cardinality of the sets {[z] € mo(X) | 7o(f)([z]) = [y], [z] N B # 0}.

The argument for (iv) shows that induction preserves bornological maps.
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We finally show that induction preserves Cartesian squares in GCoarse. Let
X—Y

|,k

L ——W
be a Cartesian square in GCoarse. We first show that

Ind% (X) —— Ind%(Y)

L

md% (Z) —— Ind$ (W)

is a Cartesian square on the level of underlying G-sets. Indeed, Ind%(X) is the subset of
elements ({g,y},{¢’, 2}) in nd% (Y) x Ind%(Z) such that there exists h in H with g = ¢’k and
¢(y) = 1(h~'z). This is in bijection to the set of elements {g, (y,z)} in Ind%(X), where we
consider X as a subset of Y x Z. Let U and V be entourages of Z and Y, respectively. Then
we have the equality

(Ind$(U) x Ind% (V) N (Ind% (X)) x Ind% (X)) = Ind% (U x V) N (X x X)).

The entourages on the left generate the coarse structure on Indg (X) such that the square above
is Cartesian in GCoarse. The entourages on the right generate the induced coarse structure
on Ind% (X). Hence both structures coincide. O

Recall the construction of the functor m from (5.2). In the following, we put an index G or
H in order to indicate the respective group.

LEMMA 10.7. We have a commuting square

o id x Ind$ o
GSet’” x HBornCoarse ———— (GSet’” x GBornCoarse

chsg x id

HSet? x HBornCoarse ma
mpg
IndG,tr
H
HBornCoarsey, GBornCoarse;,

in Cat.,.

Proof. We freely use the notation that was used in the definition of m. Recall that the
effective Burnside category A°T is defined for every category with pullbacks [4, Definition 3.6],
and that AT is functorial with respect to pullback-preserving functors [4, 3.5]. Therefore, the
proof of Lemma 10.6 shows that Indg induces a functor

Ind$ ™ AeH(HBo;l\(_]/oarse) — AEH(HBOEI\(_:/OEII‘SG).
Then we can use Remark 9.5 to obtain a natural equivalence
Id% " oy o (Res$; x id) ~ g o (id x Ind$}).

Hence it suffices to show that the endofunctor P from the definition of m is compatible with
Indg’e{:f in the sense that Pg o Ind%ﬁff ~ Indg’tr oPy;. This is clear since the application of P
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amounts to pulling back certain bornologies, and the isomorphism in Lemma 9.3 is compatible
with this operation on bornologies. O

For the rest of the section, we fix a CP-functor M : GOrb — C. According to Definition 1.8,
there is a C-valued strongly additive and continuous equivariant coarse homology theory E
with transfers (see Definition 5.5) such that

M~ (Eou)g o1. (10.2)

can,min

Using the functor Indg’” from Lemma 10.6, we can define the composition
E .= EoInd$": HBornCoarse;, — C. (10.3)

Because of Lemma 4.19 and Lemma 10.6, the functor £ is again a C-valued coarse homology
theory with transfers. Applying Definition 5.7 to E, we obtain a functor

E™: PSh(HSet)?” x HSpX — C.

We will consider E¥ as a contravariant functor in its first argument sending colimits to limits.
The following lemma clarifies the relation between F¥ and E.

LEMMA 10.8. For every subgroup H of G there is an equivalence
E(=,Tndj; "' (=) = B (Resfj (), -)
of functors PSh(GSet)°? x HSpX — C.

Proof. Recall Definition 5.6 of E and E!. By the universal property of PSh(GSet) and
since both functors send colimits to limits in their first arguments (note that the functor
Res$ : PSh(GSet) — PSh(HSet) preserves colimits), it suffices to provide an equivalence

BE(—,Ind5" (=) =~ E™ (Res§ (—), —)

of functors GSet” x HSpX — C. In view of the definitions of E and E¥, it is enough to
provide an equivalence

me(—,Indf (—)) ~ (Ind3 " omy ) (Resf; (), )
of functors
GSet’? x HBornCoarse — GBornCoarsey,.

This equivalence is exactly the assertion of Lemma 10.7. ]

Recall from Definition 3.16 what it means to twist an equivariant coarse homology theory
by a G-bornological coarse space. For better readability we introduce the abbreviation

EG = EG (104)

max,max

for the twist of ¥ with Gmaxmax. Note that EG denotes the result of Definition 5.7 applied
to Eg. We further abbreviate EX := (Eg)*; see (10.3). Note that the order of constructions
matters. We first twist by Gmax,max and then precompose with the induction from H to G.

Since FE' is strongly additive and extends to a coarse homology theory with transfers, also
E¢ is strongly additive and extends to a coarse homology theory with transfers by [13, Lemma
3.13] and [11, Example 2.57]. Recall the definition of :: HBornCoarse — HBornCoarse;,
from (5.3). Then Eg ot is an H-equivariant coarse homology theory, and hence extends to
a functor HSpX — C which we again denote by Ega. In this way, the morphism (10.5) in
Theorem 10.9.(ii) below is well defined.

85UB017 SUOWIWOD BA11E810) 9ot dde 8y} Aq peusenob ke Sapo1e YO 8SN J0 S9INJ 10} ARIq1T 8UIUO AS|IAN UO (SUOTIIPUOD-PUR-SLLIBI WD A8 | Ake.q Ul |Uo//Sthiy) SUORIpUOD pue swie 1 8Y) 89S *[7202/c0/8T] Uo Areiqiauliuo (1M ‘Bingsuebey Bes AN AQ 08EZT 'SWId/ZTTT'OT/I0P/WO09 A8 | Ake.q Ul |UO 00SUepUO|//Scy WO. pepeo|umod '9 ‘0202 ‘X209 T



INJECTIVITY RESULTS FOR COARSE HOMOLOGY THEORIES 1677

Let H be a subgroup of G. The map (10.6) in the statement of the next theorem is induced
by the projection Resg(A) — % and the cone boundary 9: F*(Hcan min) — SF°(Hean min);
see (4.15).

THEOREM 10.9. We assume:

(i) there exists an object A in PSh(GSet) such that r*A is equivalent to ErinG in
PSh(GOrb) and Res%;(A) is compact in PSh(HSet);
(ii) for every H-set S with finite stabilizers the forget-control map 8 EH Soinmin® H

EH(F> (Smin,min © Heanmin)) = SEG U(F (Siinmin @ Heanmin)) (10.5)
is an equivalence.
Then the map
EH (4, F> (Heanmin)) — SEH (Res§ (A), F*(Hean,min)) (10.6)

is an equivalence.

Proof. By construction, the map (10.6) is the composition
Eg(*v FDO (Hcan,min)) ; Eg(ReSg(A)a FOO(Hcan,min))

L S EH (Res$ (A), FO(Heanmin))-

We will show that both morphisms are equivalences.
Since Res$ (A) is compact, by Lemma 5.9, Definition 4.15, and Lemma 4.13 we see that the
morphism marked by ! is a colimit over U in C¥ (Hcan,min) of morphisms

Eg(*, OQO(PU(Hcan,min)d,d,b)) — Eg(RGSg(A), o (PU(Hcan,min)d,d,b))- (107)

Since Hcanmin i uniformly discrete, the H-simplicial complex Py (Hcanmin) belongs to
Hepin( H)Simplﬁn and the bornology on Py (Hcan min)d,a,p agrees with the one induced from
the spherical path quasi-metric; see Remark 8.8. Note that Ef[ is strongly additive since Eq is
so and, as one easily checks, the induction Indg preserves free unions (see [13, Example 2.16] for
the notion of a free union). To conclude that (10.7) is an equivalence, we apply Proposition 5.19
with

(i) EY in place of E,

(ii) Res%(A) in place of A,
(iii) Fin(H) in place of F,
(iv) and using

r* Res$ (A) ~ Res$ (r* A) ~ Res$ (FrpinG) ~ Epinm)H (10.8)
in order to verify Assumption (iii) of Proposition 5.19.

It follows that the morphism ! is an equivalence.

We consider the morphism marked by !!. The object Res%(A) in PSh(HSet) is equivalent
to the colimit of some diagram obtained from S: I — HSet by composing with the Yoneda
embedding HSet — PSh(HSet).

We claim that S(i) € Hginm)Set for every i in I. If 4 in I, then there exists a morphism
yo(S(i)) — Res% (A). Hence we get a morphism 7* yo(S(i)) — r* Res% (A). Let R be some H-
orbit in S(i). Because r*(yo(r(R))) ~ yo(R), we get a morphism yo(R) — 7* Res% (A), that is,
(r* Res% (A))(R) # 0. Because 7* Res% (A) is equivalent to Egin(myH by (10.8), we conclude
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that R € Hpin()Orb. Since R was an arbitrary H-orbit in S(i) this implies that S(i) €
HginSet as claimed. B

Since equivalences are stable under limits, and since Ef in its first argument sends colimits
to limits, in order to show that !! is an equivalence it suffices to show that the forget-control
map

6Eg(yo(S),f),Hcm,,,mhl : Eg(yo(S), FOO(Hcan,min)) — EEg(yo(S), FO(Hcan,min))

is an equivalence for every S in Hpjn(r)Set. Inserting the definition of Eg , this morphism is
equivalent to the morphism

EgL(Smin,min ® > (Hcan,min)) — E-E%';_A’L(‘S’min,min & FO(Hcan,min))~
By Lemma 4.18, this morphism can furthermore be identified with the morphism
BEg~,Smin,min®Hcan,min : EgL(FOO(Smin,min & Hcan,min)) — Z]E‘é{L(F{)(Smin.,min & Hcan,min))

which is an equivalence by Assumption (ii). O

REMARK 10.10. Assume Res%(A) in PSh(HSet) is a colimit of a diagram obtained
from S: I — HSet with values in H-finite H-sets by composing with the Yoneda embedding
HSet — PSh(HSet). Then, by inspection of the argument, it suffices to require Assumption
(ii) of Theorem 10.9 only for H-finite H-sets S with finite stabilizers.

Recall the standing assumption that M is a CP-functor and that E is a strongly additive
equivariant coarse homology theory satisfying (10.2).

THEOREM 10.11. If H,,, has Hgin-FDC, then Assumption (ii) of Theorem 10.9 is fulfilled.
Proof. 'We apply [12, Theorem 1.1] with

(i) the group H in place of G;
(ii) the H-bornological coarse space, Smin,min ® Hean,min i place of X;
(iii) the C-valued H-equivariant coarse homology theory Eg o ¢ in place of FE.

We can conclude that Assumption (ii) of Theorem 10.9 is fulfilled if the following conditions
are satisfied.

(i) Ef o is weakly additive.
(ii) EH o admits weak transfers.
(iii) C is compactly generated.
(.V) Smimmin ® Hcan,min has H-FDC.
v) H acts discontinuously on Siin min @ Hean,min-

It follows from the assumption that M is a CP-functor that C is compactly generated.
Furthermore, by the standing assumption, E is a strongly additive coarse homology theory
with transfers. As noticed above, then Eg is also strongly additive and admits transfers.
By [12, Section 2.2] strong additivity implies weak additivity and by [11, Lemma 2.59] the
existence of transfers implies the existence of weak transfers.

If Hean has Hrin-FDC |, then Siin min ® Hean,min has H-FDC by definition. And finally, H
acts discontinuously on Smin,min ® Hean,min for every S in GSet, in particular for every S in
GFinSet. O
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Let A be in PSh(GSet). Recall the notation (—)g, from Definition 8.26. We define the
following functors from GOrb to C:

L:= EG(*7 Fgﬁ((_)min,rnin b Gcan,rnin))v (109)
M, = EG(*, Ean((_)min,min ® Gcan,min))7 (1010)
MA = EG(A, EFf?n((_)min,min ® Gcan,min))v (1011)

The boundary of the cone sequence (see Definition 4.15) induces a transformation L — M,,
and the map A — x induces a transformation M, — M ,.

PROPOSITION 10.12. The transformation L — M, is equivalent to the transformation
(EG uint) (Ot (U(=)dise X RipS(Gean,min))) = (EG i) (Onlg (=) disc))
induced by the projection Rips(Gcanmin) — *.

Proof. By definition of Eq (see (10.4) and Definition 5.7), the map L — M., is equivalent
to the map
EL(FEE((_)min,min & Gcan,min) & Gmax,max) — E-E‘L(‘Ff(i)n((_)rnimmirl & Gcan,min) &® Gmax,max)-

By the Corollary 8.31 and the assumption that E o is continuous (note that Geanmin iS
G-proper, uniformly discrete and coarsely connected), this map is equivalent to the map

EL(O}??g<£(_)disc X Rips<Gcan,min))> & Gcan,min) — EL(O}?Tg((_)disc> ® Gcan,min)

induced by the projection Rips(Geanmin) — *. Since twisting by Geanmin commutes with
precomposition by ¢, this is the map in the statement of the proposition. O

Let A be in PSh(GSet). Let F be a family of subgroups of G such that Fin C F. Recall
Definition 1.7 of the relative assembly map.

PROPOSITION 10.13. Assume that L(S) — Ma(S) is an equivalence for all S in GrOrb.
Then the relative assembly map Asmblﬁin, u admits a left inverse.

Proof. Forming the colimit over GOrb, the assumption implies that the composition

colim L(S)— colim M,(S) — colim M4(S)
SeG+Orb SeGFOrb SeG+Orb

is an equivalence. Hence the first morphism

colim L(S)— colim M,(S) (10.12)
SEG #Orb SEG #Orb
admits a left inverse. Since C is stable, it suffices to show that the morphism (10.12) is equivalent
to the suspension of the relative assembly map Asmblffim M-
By Proposition 10.12, the map (10.12) is equivalent to the map

lim F . oo s Rips(Gean.mi — lim FE . > (Saise)). (10.1
Sng;Orb Gcan,nunl’(Ohlg(E(Sdlbc) x Rips(Gean,min))) SngflOrb Gcan.mm(Ohlg(SdIbC)) (10.13)
We now use the equivalence
E;_-Op ~ lim isc ) 10.14
é( G) SECgJ}OrbE(Sd Ac) ( 0 )

in GTop[Wcjl]. Since Eg.., i
— X Rips(Gean,min) GTop[ng] — GTop[Wal]

¢ (as a functor on GSpX) and the functors
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and 6ﬁfg preserve colimits, the map (10.13) is equivalent to the map
EG. o int (O, (UEPG) x Rips(Geanmin))) = B min (O, (UERPE))). (10.15)

By Lemma 8.21, we have an equivalence Rips(Gecan,min) = E(E%Oirr’lG). Furthermore, since
Fin C F we have an equivalence

UEFPG) x LBy G) = UEF G x EgnG) = (B G)

induced by the projection E?’G — %. Consequently, the map (10.15) and hence the map
(10.12) are further equivalent to

EG e min Oni (UEFHG))) = EG e int(Op, (UEE"Q))).

can,min can,min

Using (10.14) again and its analogue for the family Fin, and Definition 8.16 of (5ﬁfg, this map
is equivalent to

li . > li . & .
SE%?:EICI)I‘I) EGcan,nunL(O (Smax,maX)) — Secg;glrb(EGcan,nnn © L)(O (Smax,maX))

By [13, Proposition 9.35], this map is equivalent to

SE%OliHCI)rb EEGcan,min L(Smin,rnax) — Secglhcl;lrb ZEgcan‘min L(Smin,max) X
Fin F

Using (10.2), we can rewrite this morphism further in the form

colim 3M(S) — colim XM(S). (10.16)
SeEGFinOrb SeG0rb

By comparison with Definition 1.7, we see that (10.16) is the suspension of the relative assembly
map Asmblﬁin’ o as desired. d

Let H be a subgroup of G.

ProrosiTIiON 10.14. The map
B (%, F (Hean,min)) = SEE (Res(i (A), F°(Hean,min)
from (10.6) is equivalent to the map
L(G/H) - Mu(G/H), (10.17)
where L and M 4 are as in (10.9) and (10.11).
Proof. By Lemma 10.8, the map (10.6) is equivalent to the composition
B (+, Ind M (FF (Hean,min))) — SEq (%, Ind M (F (Hean min))) (10.18)

— YEq(A, dSM (FY (Hean min)))5

where we also use the notation from Lemma 4.22. By Lemma 4.22, induction commutes with
F>~ and F°. Since H is H-finite, E is continuous and E is the twist of E with Gmax,max (by
convention (10.4)), the map Indg (Hcan,min) = Indg (Resg (Gean,min)) induces an equivalence
from the first map in (10.18) to

EG(*) Fgy (Indfl (Resg (Geanmin))) — EEG(*v Ff?n (Indg(ReSfl(Gcammin))))

by Lemma 9.10 and Lemma 9.7.
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We now investigate the second map in (10.18). By Lemma 9.7 and since H is H-finite, the
map Indg (Hcan,min) — Indg (Resg (Gean,min)) induces an equivalence from the second map in
the composition (10.18) to

SE¢(+, I, (Indfj (Resf (Geanmin)) — EEa(A, F, (IndF (Resf (Geanmin)))-
We conclude that (10.18) is equivalent to

Ec (%, FS(Ind% (Res$ (Geanmin))) = LEq(+, F (Ind$ (Res$ (Geanmin)))) (10.19)

— EEG (A, Ff(i)n (Indg (Resg (GC&DJIliH)))) .

Now using the isomorphism

Lemma 9.3

Indg (Resg(Gcan,min)) = Ind?[ (pt) & GCan,min = (G/H)min,min ® Gcan,min
and invoking (10.9) and (10.11), we obtain an equivalence from the composition (10.19) to
L(G/H) - M.(G/H) - Ms(G/H)

as claimed. O

Proof of Theorem 10.1. By Proposition 10.13, we have to show that L(S) — M4(S) is an
equivalence for all S in GOrb. By Proposition 10.14 and Theorem 10.9, it hence suffices to
show that the assumptions of Theorem 10.9 are satisfied for every H in F. Assumption (i) from
Theorem 10.9 follows from Assumptions (ii) and (iii) of Theorem 10.1. Since F was assumed
to be a subfamily of FDC, Assumption (ii) of Theorem 10.9 follows from Theorem 10.11. O

We observe that the FDC-assumption on F in Theorem 10.1 is used to verify Assumption (ii)
of Theorem 10.9. If one is interested in the case F = All and assumes that Epo G has a finite
G-CW-model, then we can reformulate Assumption (ii) of Theorem 10.9 as an assumption that
certain forget-control maps for H-equivariant coarse homology theories introduced below are
equivalences for all finite subgroups H of G.

For an equivariant coarse homology theory E: GBornCoarse — C and a finite subgroup
H, we define an H-equivariant coarse homology theory HE and its twist By by Hmax,max
(compare with (10.4)) by

g .= Eond$, "Ey:=("E)y (10.20)

max,max

Let G be a group, let EF: GBornCoarse — C be an equivariant coarse homology theory,
and set M := E¢g oi: GOrb — C.

can,min

THEOREM 10.15. Assume that:

i) C is stable, complete, and cocomplete;

(ii) E is continuous and strongly additive;

(iii) E extends to an equivariant coarse homology theory with transfers E'";
(iv) EpP G can be represented by a finite G-CW complex;

(v) The forget-control map

HE/‘H (ReSgJIOt(FOO(Gcan,min))) — EHE’H (Resjc?lwm(FO(Gcan,min)))
is an equivalence for every finite subgroup H of G.

Then the assembly map Asmblgin ns admits a left inverse.

85UB017 SUOWIWOD BA11E810) 9ot dde 8y} Aq peusenob ke Sapo1e YO 8SN J0 S9INJ 10} ARIq1T 8UIUO AS|IAN UO (SUOTIIPUOD-PUR-SLLIBI WD A8 | Ake.q Ul |Uo//Sthiy) SUORIpUOD pue swie 1 8Y) 89S *[7202/c0/8T] Uo Areiqiauliuo (1M ‘Bingsuebey Bes AN AQ 08EZT 'SWId/ZTTT'OT/I0P/WO09 A8 | Ake.q Ul |UO 00SUepUO|//Scy WO. pepeo|umod '9 ‘0202 ‘X209 T



1682 ULRICH BUNKE, ALEXANDER ENGEL, DANIEL KASPROWSKI AND CHRISTOPH WINGES

REMARK 10.16. Note that the first three conditions together are almost equivalent to the
condition that M is a CP-functor (see Definition 1.8). The assumption that C is compactly
generated is omitted because it is only used in Theorem 10.11.

Our reason to use the equivariant coarse homology FE as the primary object in this
formulation is because it appears explicitly in Condition (v).

Proof. In the proof of Proposition 10.13, we have shown that the suspension of
the assembly map Asmblpin s is equivalent to the morphism colimseg,,orb L(S) —
colimge g aporb M (S). Since the object G/G is final in GayOrb, this morphism is equivalent
to the morphism L(G/G) — M. (G/G). Therefore in order to show that it admits a left inverse,
it suffices to show that the composition L(G/G) — M..(G/G) — M4(G/G) is an equivalence.
By Proposition 10.14, we can equivalently show that the assumptions of Theorem 10.9 with
H := G are satisfied.

Assumption (i) of Theorem 10.9 follows from Lemma 10.4 applied to the family F = Fin and
Assumption (iv). In view of Remark 10.5 and Remark 10.10, it suffices to verify Assumption
(ii) of Theorem 10.9 for all G-finite G-sets S with finite stablizers.

Using Eg = EG,. e = (E')%0 by Definition (10.3), we see that the map (10.5) in
Assumption (i) of Theorem 10.9 is the map
EG (Foo(smin,min (24 Gcan,min)) — E-EG (FO (Smin,min (24 Gcan,min))- (1021)

We must show that (10.21) is an equivalence for every G-finite G-set S with finite stablizers.
By Lemma 4.18, we can interchange the twist by Sminmin With F°° and FO. Hence (10.21) is
equivalent to

EG (Smin,min (24 FQO(Gcan,min)) — E-EG(Smin,min (%Y FO(Gcan,min))- (1022)

Since S is a finite union of G-orbits, in order to show that (10.22) is an equivalence, by excision
we can assume that S = G/H € GpinOrb. Then Spin min = Indg(*). By Lemma 9.3, we get

Indf] (Resg(Gmax,max) ® *) = Gmax,max & Smin,min'

The inclusion Hpax max — Resg(Gmax7Inax) is an equivalence in HBornCoarse. Consequently,

Gmax,max @ Smin,min 1S equivalent to Indg (Hmaxmax) in GBornCoarse. In view of the
definition (10.4) of E¢, we can replace (10.22) by

E(Indg(Hmax,max) & Foo(Gcammin)) — EE(IHdg (Hmax,max) b FO(Gcan,min))~ (1023)
Using Corollary 9.4 and (10.20), we can rewrite (10.23) in the form
B (ResS MO (F (Geanmin))) — B (ResS ™M (FO(Geanmin)))

which is an equivalence by Assumption (v). O
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