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"You are clever man, friend John; you reason well, and your wit is
bold; but you are too prejudiced. You do not let your eyes see nor
your ears hear, and that which is outside your daily life is not of
account to you. Do you not think that there are things which you
cannot understand, and yet which are; that some people see things

that others cannot? But there are things old and new which must not
be contemplate by mens’s eyes, because they know -or think they

know- some things which other men have told them.”
(Bram Stoker [1].)






Summary

We presented exact analytical results for the spectrum and the eigenstates of 1d models
of finite size and considering open boundary conditions. This knowledge enables us
to evaluate in exact close form the Green’s function and transport characteristics of
archetype models of 1d topological superconductors. Here I summarize major results.

Next nearest neighbour chain. The first technical non-trivial model we consider is
a linear atomic chain with nearest neighbour hopping ¢ and next nearest neighbour
m, to which we refer as n.n.n. chain. We find a non equidistant quantization for the
wavevectors, deviating from the standard particle in the box behaviour. We give an
exact criterion for degenerate energy eigenvalues as a function of t/m. Furthermore,
we find gap openings inside the spectrum for which we estimate the ratio ¢t/m and the
associated energy scale.

Kitaev chain. The methods used for the n.n.n. chain are the natural techniques to
determine all eigenstates and the complete spectrum of the finite Kitaev chain with
open boundary conditions. The Kitaev model is an archetype model for topological
superconductivity and is has attracted much attention since it was proposed by Kitaev
twenty years ago. Remarkably, exact analytical solutions for the spectrum and Green
function of the finite chain were not known for generic parameter settings of the chain.
We derive such exact expressions in the thesis for the generic parameter case. We
summarize here major results and features of the chain.

The sub- and supra-gap spectrum of the finite sized Kitaev chain originates from a
highly non-trivial wavevector quantization which depends on all the model parameters
t, A and pu. Here, t denotes the nearest neighbor hopping amplitude and A is the p-wave
superconducting mean-field pairing constant. Forced by the open boundary conditions
and an interplay of the p-wave superconductivity with Pauli’s exclusion principle, the
chemical potential enters into the quantization constraint. Based on analytical facts, we
show that this causes the energy eigenvalues below and above the superconducting gap
to oscillate as a function of pu.

Closely related to this feature are two-fold degenerate energy eigenvalues (crossings)
in the supra-gap regime. We give the exact criteria for their number and their position
in the parameter space. Compared to the case of A = 0, finite values of the pairing
constant remove specific crossings from the spectrum transforming them into avoided
crossings.

Concerning the sub-gap regime and thus Majorana fermions, the role of u is crucial
for the model and the prediction of edge states since otherwise the topologically trivial



and non-trivial phase are indistinguishable. We conclude that the setting of y = 0 rep-
resents a qualitative change and our results match perfectly with numerical treatments
for generic parameter values.

Typically, one describes the spatial extension of Majorana fermions in terms of a de-
cay length & which is extracted from the bulk dispersion relation [2, |3]. However, we
show explicitly that in case of open boundary conditions and finite size of the model,
the decay length adopts a quantization constraint itself. Pure bulk considerations for &
have thus to be seen critically.

The transport signatures of the Kitaev chain are investigated in a normal-supercon-
ducting-normal (N-S-N) configuration and we consider both the sub- and supra-gap
regime. We apply the non-equilibriums Green’s function method and we find exact
results for the necessary entries of the required Green’s functions. Below the gap, we
show exact results for the contribution of Andreev reflection, the crossed Andreev process
and the ordinary charge transfer for generic parameters. We also discuss the effect of
disorder. In order to conserve the current we adopt a symmetric bias configuration and
find conductance values of e?/h for near or exact zero energy modes due to the bias
configuration between both leads in the charge conserving approach. We discuss how
the ratio of Andreev reflection and direct charge transfer allows one to anticipate the
spatial profile of the charge carrying state.

For generic energy eigenvalues and in particular for higher excitations, the physical
quantity of our choice is the differential conductance. The mentioned crossings and
avoided crossings in the Kitaev spectrum show unexpected transport behaviour. The
contribution of the Andreev reflection to the differential conductance is unexpectedly
large. At crossings it is a variable fraction of e?/h, reaching e?/h for |t| = |A| and
decreasing for larger |t/A|. At the avoided crossings it contributes exactly e2/(4h) to
each of the split peaks. These findings arise from nearly perfect particle and hole mixing
inside the eigenstates in the respective vicinity. In particular, the untypical high Andreev
reflection is caused by the non-equidistant quantization rule of the Kitaev chain; here,
the wavefunctions of ordinary extended states possess significant weight at the system’s
edges. Similar to situations of Majorana fermions inside the gap, we concluded that the
Andreev process reflects the situation of the charge carrying state at the system’s ends.
These results have been partially published in [4} |5].

Minimal model. We made a minimalistic approach to the transport properties of
generic 1d topological superconductors considering only the in-gap modes. We veri-
fied this method by reproducing correctly the exact conductance result from the Kitaev
chain. The technical details of the model confirmed the connection of locality/ spatial ex-
tent of the charge carrying state and the ratio of Andreev and direct charge conductance.
This approach is used in order to transfer the gained knowledge of the Kitaev chain to
the more realistic physical devices, for instance the proximitized Rashba nanowires which
are predicted to host Majorana fermions in the right circumstances [6].
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Proximitized semiconducting Rashba nanowire. The low-energy physics of a semicon-
ducting nanowire with Rashba spin-orbit coupling and in proximity to a s-wave super-
conductor mimics the sub-gap features of the Kitaev chain when exposed to an external
magnetic field [6, |7]. Theoretically predicted, this model is able to host Majorana zero
modes/ Majorana fermions and embodies a realization of the (sub-gap) Kitaev chain. In
fact, the spectral and transport characteristics of the model have been object of intense
investigation, see for instance Refs. |3} |8-11].

Since the complexity of the Rashba nanowire Hamiltonian exceed the one of the Kitaev
chain, those studies were based mostly on numerical treatments, semi-infinite approaches
or pure bulk considerations. In contrast, we consider here a finite length nanowire
and we take explicitly the open boundary condition into account. The analogy to the
Kitaev chain and the exact analytical results found by us, allows an analytical approach
and understanding of spectral and transport signatures of the nanowire beyond earlier
investigations. We shortly summarize our main results.

We derive an exact criterion for zero energy modes. Similar to the Kitaev chain, zero
energy solutions are restricted to discrete lines in the u-V7z plane, where the parameter
constraints on the chemical potential, the superconducting s-wave pairing constant and
the Zeeman term associated to these lines are derived approximatively in the weak spin-
orbit coupling limit. A numerical approach confirms our findings.

In the literature, energy oscillations as a function of chemical potential and/ or mag-
netic field in the sub- and supra gap regime have been found already |3} |9} [12H17]. A
mapping of the low energy physics of the nanowire to the Kitaev chain around the I'-
point enabled us to investigate the underlying physical reasons qualitatively. The energy
oscillations are caused by a non-trivial wavevector quantization imposed by the finite
size and the open boundary conditions. This is also confirmed by the structure of the
Bogoliubov -de Gennes Hamiltonian of the nanowire device.

Finally, we investigated the low-energy transport signatures and an exact analytical
current formula was derived. We find that the conductance G reaches the conductance
quantum along the discrete zero energy lines. As a consequence of the weak-spin orbit
coupling limit, the Majorana fermions decay but may extend over long sections of the
nanowire depending on the parameters. This behavior is reflected by the ratio of direct
charge transfer Gp and Andreev reflection GG in the conductance. In the vicinity of the
phase boundary, the Majorana fermions are strongly localized at both edges of the system
and thus the Andreev reflection is the dominant contribution to G. Still along the zero
energy lines within the topologically non-trivial parameter section, but further away from
the phase boundary, the Majorana fermions start to extend and thus Gp becomes more
significant and finally dominant. Our findings are confirmed by numerical treatments
and agree qualitatively with the expected behavior anticipated from the finite sized
Kitaev chain with open boundary conditions. A publication is currently in preparation.
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1. Motivation and introduction

Since the literature concerning the research field of Majorana physics is rapidly growing,
we give a brief overview of the fundamental concepts. The idea of Majorana particles
was born in particle physics and stretches into modern condensed matter theory, where
one speaks about Majorana quasiparticles rather than particles. To emphasize the basic
similarities and to provide the reader with the fundamental knowledge, we approach the
topic via the Dirac equation.

The relativistic relation between energy E and momentum p = ymgv of a particle
moving with speed v is

E? = 2p® + mict, (1.0.1)

where my is the particles mass at rest and v is the Lorentz factor. Imposing here directly
the correspondence principle yields the Klein-Gordon equation

méc?

h2

1
0—283 ~ A+ Y =0 (1.0.2)

in which both time and space derivatives enter quadratically. Notably, the corresponding
time evolution does not capture the proper wave function dynamics [7,|18,/19]. Instead, a
linear dependence on the time derivative is mandatory. The required Lorentz invariance
of the relativistic quantum equation demands also linearity in p [18]. Finally, Paul Dirac
found the solution. In terms of

Hp = ca-p + Bmoc® (1.0.3)
the Dirac equation reads
Hpy = ihdy 1. (1.0.4)

In Dirac representation the matrices o = (o, e, a3) and 3 are given by

o = (oi U"), 8= (12 _12), (1.0.5)

where o; denotes the Pauli matrices accounting for the particle spin. Here, o and (8
possess the property that HZ = ¢? P+ m2 c* holds, i.e. Eq. (L.0.1]) can be recovered

from Eq. (1.0.4).



2 Chapter 1: Motivation and introduction

Due to the square root, the stationary Dirac equation for free particles in Eq.
has positive and negative energy solutions. The latter were interpreted by Dirac as the
antiparticle of the electron. Importantly, solutions for £ > 0 and E < 0 are orthogonal
and thus the wavefunction v describes either a particle or an antiparticle. However, there
is a possible exception as noted by Ettore Majorana: a neutral particle with spin 1/2 and
zero energy has the opportunity to be its own antiparticle, referred to as Majorana
particle [7} |19)].

Regrettably, Majorana particles are so far not observed as fundamental building units
of nature. In particle physics, the existence of Majorana particles is still an open issue.
The neutrino is a natural candidate to be thought of as Majorana particle but, due to
its only weak interactions, hard to detect and so its final fate to be a Dirac or Majorana
particle remains experimentally undecided [7} [19-21].

The situation changes in condensed matter physics. Microscopically, ordinary s-wave
superconductors can be described by [7] (19} [21] 22]

i- ¥ ¢/ oo (1) () G ()l + /(A(r) ) dl(r) + ) dr, (106)
o,0'=1

where 1/3; (r) creates an electron with spin o at position r. Here, H,, is a single particle
Hamiltonian and A(r) is the mean-field superconducting pairing potential. We consider
H,, initially as spin independent and diagonal in spin space for simplicity. Typically,
the spectrum of a superconductor is gapped due to A(r) # 0, and Eq. yields
finite energy excitation above the gap. Those many body excitations are referred to as
Bogoliubov quasiparticles being a combination of electrons and holes of opposite spin.
For convenience, we introduce the Nambu spinor

%(T)
b(r) = %(T) (1.0.7)
1/@(7')
~Pi(r)
and Eq. adopts the Bogoliubov-de Gennes (BdG) form
N 1 ~ A
A= / b1 () Hpaa (r) B (r) dr (1.0.8)

with

Hpac(r) = <§((Z)) Uﬁ{{fi)r) Uy). (1.0.9)

The BdG construction doubles the degrees of freedom such that for each excitation
associated to positive eigenvalues of Hggq, a negative one is introduced and they are



separated by the superconducting gap. The doubling introduces the so called (anti
unitary) particle-hole symmetry operator P, whose action is

P Hpac(r) PT = —Hpag(r). (1.0.10)

Thus P connects the eigenstates of Hpgg with opposite energy. In matrix form we have
P =1, ®0,K, with 7, (0,) as the Pauli matrix acting in particle-hole (spin) space and
K the operator of complex conjugation [21].

Stationary solutions ¢ of the BAG equation Hpqg ¢ = E ¢ are quite similar to
the stationary ones of the Dirac equation [19} [23]. We notice that the Dirac equation
in Eq. possesses the charge conjugation symmetry, which connects solutions of
opposite charge/ energy, i.e. particles and antiparticles |7]. Importantly, P adopts here a
similar role in the BdG equation as the charge conjugation did for the Dirac equation. A
particle-hole symmetric solution ¢, i.e. whereby Por = ¢g, is called Majorana mode.
Since P connects (orthogonal) states of opposite energy, only zero energy solutions are
suitable candidates, referred to as Majorana zero (energy) modes.

An alternative and equivalent definition can be given in terms of field operators. An
eigenstate of the BAG Hamiltonian ¢g = (ug+, ug, |, vg,|, UE7T)T defines the operator

bg = / [t 94 (r) + uhy do(r) + v D) — vpg bl dr, (L0

using the Nambu spinor from Eq. (1.0.7)). Supposing that ¢¢ is a Majorana zero mode
(MZM), i.e. Ppy = ¢ and Hpag ¢o = 0 are true, the associated field

¥ = o (1.0.12)

is self-conjugate.

Next, we turn to Majorana fermions, which are closely related to Majorana zero modes.
We define Majorana fermions i\ solely as self-conjugate

e = Y, (1.0.13)

without the requirement to represent a (zero energy) eigenstate. Thus, a Majorana zero
mode is also a Majorana fermion, but the reverse is not correct. For instance, imagine
that the fermionic operator ¥g corresponds to a non-zero energy eigenvalue of H, ie.
the Hamiltonian contains the term E 1/1 I 1/1E # 0. We may define @DA B by

ha 1 J1 1 e
<¢B> =7 {_i i] <¢E> (1.0.14)

yielding 1&2 B= ?;A,B without restrictions [21]. Thus, ﬁA,B are Majorana fermions and
yet not Majorana zero modes.



4 Chapter 1: Motivation and introduction

Ordinary superconductors do not host MZM — their density of states is zero within
the gap [22]. However, the so called topological superconductors are specific systems
tailored from rather basic ingredients to host MZM. Also topological superconductors
are gapped and thus the Majorana zero modes are energetically separated from the
remaining excitations. For instance, semiconducting nanowires with intrinsic Rashba
spin orbit coupling exposed to an external magnetic field when placed on a (s-wave)
superconducting substrate is such a suitable platform [10, 24], see also [25(28]. As
we are going to discuss in more detail, later in chapter the physics is captured by
the Hamiltonian in Eq. for specific H,,/. Proposals based on semiconducting
nanowire structures in proximity to an s-wave superconductor beneath with Rashba spin
orbit coupling and ferromagnetic insulator [29], or Rashba and Dresselhaus spin orbit
coupling [6] give raise to similar scenarios. Remarkably, the basic mechanism in all sce-
narios is comparable; it relies on the Zeeman splitting, the superconducting proximity
effect and Rashba spin orbit coupling to create effective p-wave superconductivity inside
the device, which pairs electrons of the same spin. Alternatively, Majorana zero modes
may exist also in semiconducting carbon nanotubes [30-33] or ferromagnetic chains in
proximity to superconductors [34-3§].

Topological superconductors can be identified in terms of topological invariants [39,
40]. The Hamiltonian is categorized following the Altand and Zirnbauer classification
scheme [41], according to its present/ absent symmetries, which are related to topo-
logically trivial or non-trivial invariants. In case of the latter, one finds a topological
superconductor if the in-gap state is a MZM and otherwise a topological insulator.

The in-gap nature of MZMs has the important consequence that its wave vectors are
complex [2}, 13, |7, |19]. The associated imaginary part imposes a decay of the Majorana
wave function in space, kept in form of a finite decay length. In turn, Majorana zero
modes require defects or boundaries at which they are localised. Thus, MZM manifest
themselves as boundary or edge modes at the surface of topological superconductor de-
vices. In 1d or quasi 1d systems, they reside at both ends of the system.

In order to verify the existence of MZMs experimentally, several methods were pro-
posed. For instance, the presence of MZMs should be reflected in transport measure-
ments. In fact, Majorana zero modes change the periodicity of the Josephson effect
from 27 to 47 [42-44]. Electrical transport phenomena are a further possibility and the
presence of MZM in the in-gap regime is reflected by quantized zero bias peaks of the
electrical conductance G = ‘l/iglo 0I/0V at zero temperature. Here, I is the observed

current through the material hosting the MZM and V the applied bias. Theoretically
predicted, Majorana zero modes cause quantized conductance peak values of e2/h [45-
47) or 2€2/h |7, 27, 48, |49] or even e2?/(2h) [50] depending on the considered setup.
Alternatively, one can investigate the thermal transport properties [51].

However, small energy is unfortunately not uniquely limited to Majorans, and regret-
tably their transport signatures can be mimicked by topologically trivial Andreev bound
states [27, 52H56] or level repulsion in multiband models [57, 58]. Further ideas, exploit-
ing the non-locality of MZM, were thus proposed [59-61].



Up to modern days the clear and doubtless detection of Majoranas is debated and
still an open issue, since also sources of disorder, interactions etc. in experimental de-
vices may cause topological trivial features to mimic the fingerprints of their topological
non-trivial counterparts [62]. Nonetheless the bar existence of Majorana quasiparticles
is already widely accepted in the community and the experimental observations support
this interpretation; only the final evidence seems to be missing. Although great effort
has already been made, and more is undoubtedly required, the final promise in the quest
for MZM may be worth the price: Majorana zero modes offer a solid platform for topo-
logical quantum computation |2} 63-65].

Most of the research in this area is necessarily based on numerical simulations. This
embeds naturally a blind spot: the interpretation of the numerical data. The rare
analytic results we know about Majorana zero modes and Majorana fermions are usually
extracted from simple models which qualitatively reproduce the numerical findings. On
the other side, the detection of Majorana quasiparticles is an experimental challenge
and the devices possess a finite length. Typically, the analytical approaches do not
cover all the implications due to technical difficulties. Nonetheless, exact solutions may
be valuable for a deeper understanding and also for numerical aspects, or generally as
inspiration. This is the main topic and contribution of this work.

Particularly, we will discuss in detail the Kitaev chain of finite size with open bound-
ary conditions. As perspective, the Kitaev chain is a topological superconductor and its
topological properties have been intensively studied |7} 19] since the model was published
back in 2001 [2]. Kitaev’s intention already went into the direction of quasi one dimen-
sional quantum wires placed on a three-dimensional superconductor, but the concrete
theoretical "realization” of his model came later [10, 30, 32, 66-68]. Importantly, the
low energy degrees of freedom in the latter devices mimic the in gap situation in Kitaev’s
chain; thus, this model is the archetype of topological superconductors and some aspects
are universal.

Contrary to this fact, only partial solutions of its finite size spectrum were known
previously [69H72]. In the thesis, we derive exact results for the spectrum and all eigen-
vectors in case of generic parameter values. The findings agree and extend the known
literature. For instance the Kitaev chain can be mapped onto an X-Y-model consisting
of N spin 1/2 particles for which diagonalization methods are known [73,|74]. Here too,
our new approach extends the previous knowledge. As guidance for the reader, the open
boundary condition and the finite length of the system imply an intricate wavevector
quantization rule, as it has been shown more generally in Refs. [75-77|. This knowledge
is then applied to investigate the transport properties of the Kitaev chain in a N-S-N
symimetry.

The thesis is organized as follows. In part[I} we focus on the spectra of simple 1d models
in case of finite size and open boundary conditions. These chapters are considered as
introduction and essentially the reader does not need extended pre-knowledge. Here, 1
introduce the non-standard technical methods used throughout the thesis based on given



6 Chapter 1: Motivation and introduction

examples in section [2| and In section 4] we generalize the approach and consider a
generic mathematical situation as preparation.

In the beginning of part [l the Kitaev chain as 1d topological superconductor is in-
troduced and we discuss in chapter [5] some well known properties of the model. Then,
we turn to the BdG spectrum and provide our results for the eigenvalues and the eigen-
vectors in case of a finite sized Kitaev chain with open boundary conditions. We give
exact analytical results based on the methods from part [[] for all parameter scenarios.
Once the results are known to the reader, we explain the physical implications.

Next, we investigate the transport signatures of the a finite sized Kitaev chain placed
in between two normal conducting leads. In chapter |7, we apply the non-equilibrium
Green’s function method in order to derive an analytical expression for the (steady
state) current through this N-S-N setup. We consider a generic bias eV = u, — ug and
arbitrary values of the chemical potentials iy, g of the respective lead. Partially based
on our technical approach from section [ we find exact expressions of the few entries of
the retarded Green’s function required for the current formula. In turn, we give exact
expressions for the conductance formula G and its direct Gp, Andreev G and crossed
Andreev Gga contributions. We discuss the results in section in and without the
wide-band limit for varying values of ur, g.

The supra-gap transport properties are discussed in section The differential con-
ductance I /0V and also the Andreev and direct charge transfer terms are investigated.
Remarkably, the Andreev reflection is found to contribute significantly also at finite bias.

Finally, in part [[TI] we use a minimal model to describe the linear transport of generic
1d topological superconductors. We demonstrate the validity of the model by reproduc-
ing the conductance of the Kitaev chain. In section we introduce the proximitized
semiconducting Rashba-nanowire. Based on the knowledge from the Kitaev chain and
the minimal model, we discuss both the sub-gap spectrum and the associated transport
properties of the finite sized nanowire.



Part |I.

Simple finite size 1d models and their
relation to Tetranacci polynomials



2. Linear chain

2.1. Model and spectrum using the k-space approach

As a first model, we consider spinless electrons in a chain of N atoms, each having
one orbital degree of freedom, and which are coupled by a nearest neighbour hopping
constant ¢. The Hamiltonian of this model reads

N N-1
o = —p Y did; =t Y (dld; + didin) (2.1.1)
j=1 j=1

in terms of standard fermionic d; (d;) creation (annihilation) operators. The possible
complex phase of the parameters can be gauged away inside the fermionic operators and
thus we consider ¢ € R without restrictions. Readers familiar with the Kitaev chain |2,
7] will notice that Eq. is recovered from the Kitaev chain in the absence of the
superconducting pairing potential A.

The diagonalization of Eq. is a truly textbook exercise, but we shortly refresh
it. For periodic boundary conditions we use the Fourier approach: the transformation
dj = ﬁ Zk: ek d;. diagonalizes the Hamiltonian from Eq. in k-space

Hic =" e(k)dldy, (2.1.2)
k

with (k) = —u—2t cos (kd) yielding the dispersion relation, and d as the lattice constant.
However, a chain of finite size with open boundary conditions demands that the wave
function 1 (j) vanishes at j = 0 and j = N + 1. Standing waves are readily constructed

with the ansatz ¢(j) = Y. (Ae*¥ 4+ Be *¥). Here, we used that the states with
k20
momentum +k are degenerate, e(k) = €(—k), and that we have only one atom per unit
cell. The boundary condition implies 1(j) = 2i > Asin(kd) and yields the quantised
k#0

values k,d = nw/(N+1) forn =1, ..., N. Thus, the discrete energy levels of the linear

nm

N+1)-

One could certainly question the necessity of repeating such a trivial and well-known
result here. However, the results for the spectrum of the finite Kitaev chain discussed
in Ch. [6] can be quite puzzling upon the first view, and we will see features of the linear
chain spectrum reemerging. More importantly though, the spectrum of the finite Kitaev
chain can be calculated in real space using similar techniques required to diagonalize the
linear chain in the real space. Thus the diagonlization in k-space discussed above has to
be seen as a benchmark for the real space approach presented below.

chain are €(k,) = —p — 2t cos
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o o o o o
j=1 2 3 4 5 N=6
d

Figure 2.1.: Linear chain for N=6 atoms (black spheres), with lattice constant d and
nearest neighbour hopping amplitude ¢.

2.2. Real space approach and generalisations

The so far unchallenging task to obtain the spectrum of the linear chain becomes seem-
ingly more demanding if we rewrite Eq. (2.1.1) in matrix form and try to obtain its

spectrum directly. Defining ¢ := (di, ..., dn)" leads via Hyc = Ut HLc 1) to
 —t -
-
—t —p —t
Hic = . (2.2.1)
—t - —t

-

L —t =kl N

We calculate the spectrum of Hpc from the characteristic polynomial Py (Hpc) =
det (ALy — Hpc) with 1x being the identity matrix of dimension N. For the diago-
nalization in k-space we have been exploiting the translational invariance of the infinite
linear chain. Here, similarly, we look for peculiar structures of the matrix in Eq. .
Indeed, the tridiagonal form in Eq. (2.2.1]) allows a recursive solution of the characteristic
polynomial, see Ref. [78], with Py (Hrc) = fy and j > 1:

fi=O+p) fia =t fie, fa=0,fo=1. (2.2.2)

The (banded) ToeplitzE] character of Hrc is manifested in the position independent
coefficients A 4+ p and —t2. In order to obtain Py (Hrc), we have "simply” to solve the
recursion relation for fy. We calculate a few terms explicitly using Eq. (2.2.2). For
example,

fl =+ L,

f2 = ()‘+:LL)2 - t27

fa= A+’ =28 (A +p),

fa= O+t =32 A+ )+,

1A matrix is called Toeplitz, in case when each diagonal has only the same entry, for instance

a b ¢ d
T = |e a b c|. The matrix is called further "banded”, in case when only a finite number its
f e a b

elements are non zero |79, 80].
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where the mixed terms in A + u and ¢ are problematic (independent of their precise
values) and prevent the calculation of fy for large values of N. We may get the idea
not to solve Eq. (2.2.2)) first, but rather (j > 1)

fi=afi-1+yfj-a foi=0fo=1 (2.2.3)

for some x, y € R. Once the solution to the problem in Eq. is known, we
have automatically the one in Eq. - 2.2.2)) by replacmﬂ xz, y by A —|— u, —t2 respectively.
In fact, choosing specific values z # 0, y # 0, may point us towards the solution for
arbitrary z, y. The most simple case x = y = 1, yields (f_l, fo, f1, fo, f3, fa, fs S =
(0,1, 1,2,3,5,8, ...) which is the famous Fibonacci sequence [81, |82].

Indeed, we deal here in general with ”Fibonacci polynomials” 83| 84]. More precisely,
Eq. defines so called generalized Fibonacci polynomials [84] which reduce to
Fibonacci polynomials [83] for y = 1. Both kinds are defined for arbitrary x € C
and initial values 0 and 1. These two types of polynomial sequences can be related
by a transformation stated in Ref. [84]. Further generalizations to arbitrary initial
values f_1 # 0, fo # 1 [85], granting so called generalized Fibonacci polynomials with
generalized initial values, are possible. However, I will refer to all three kind of sequences
simply as ”Fibonacci polynomials throughoutﬂ this work.

Returning to Eq. with f 1 =0, fo = 1, there exists a power law method to
obtain f;, namely fj x RJ (R € ©\{0}). From Eq. ([2:2.3), we find that

R2—zR—-—y=0 (2.2.4)
after dividing by R7~2 [85, 87); the two solutions R; » read

~ + 22 +4
Rip = a:—a:l—y (2.2.5)

The linearity of the recursion formula enables one to superpose the two solutions, thus
fJ = ARJ + BRJ holds, for Ry #* +Ry. The coefficients I A, B are determined from

f-1=0, fo = 1 and the solution of Eq. - is

_ T 2.2.6
fi=" g (226)

which obviously satisfies the initial values. Inspecting the case x = y = 1 again gives
Ry = (1£+/5)/2, i.e Ry turns into the golden ratio, and Eq. becomes Binet’s
formula: the closed form for all Fibonacci numbers [81].

The replacement of z, y by A + u, —t? in Eq. grants the solution for f;. In
terms of

A pEty/(A+p)? — 482
Ris = V ; (2.2.7)

2Simplification by complication.

3Indeed, there are also connections to Chebyshev polynomials of the second kind [86]. However,
their application for generic situations is limited due to their mandatory initial values of 0 and 1.

“The condition fg = 1 entails A = —B. Does this sound familiar?
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we find f; = (Rf T R2j *1/(Ry — Ry). Finally, the characteristic polynomial we were
looking for is

RN+1L _ pN+1
P\ (Hic) = =1 -2 2.2.8
y(Hie) = fn R R (2.2.8)
for all N € N. Demanding Py (Hrc) = 0 using Eq. (2.2.8)) in order to obtain the
eigenvalues is seemingly complicated, since A is hidden inside R; 2. Nonetheless, we can
define a useful variabld’ § € C by

A+ p=:—2t cosf (2.2.9)

and we understand A = A(f) from now on [83, 87]. Does Eq. (2.2.9) sound familiar?
Indeed, by inspecting the dispersion relation of the linear chain which we first obtained
in k-space, we see that the unknown 6 is nothing else than the unquantized kd. We get

Ry = —texp(Fif) and Eq. (2.2.8) becomes

v sin [0 (N + 1)]
sin @ '

Py (Hic) = (1) (2.2.10)
Hence, the eigenvalues of Hy,c follow for 6 = 6,, = nw/(N + 1) withn =1, ..., N and

nm

N+1
Although more complicated, the real space approach we used here can be easily gen-
eralized, see [88H90]. Let us consider the, possibly non hermitian, matrixﬁ

read A = —pu — 2t cos ( ) in agreement with the momentum space calculation.

b C1
al b Cc2
a9 b C3
M = ‘ , , (2.2.11)

L an-1 b Ly

with b, a;, ¢;j € C for j =0, ..., N — 1 and the condition of a; ¢; = —y for all j. Then,
the corresponding characteristic polynomial Py (M) = Fy can be calculated again by
using the recursion technique [7§] (j > 1)

Fj = ()\ - b) Fj—l - aj—l Cj—l Fj_Q, F_1 = 0, F() =1. (2212)
Calling A — b =: x € € and using a; ¢c; = —y yields

Fy=xF; 1 +yFj_2, j2>1, (2.2.13)

5A complex @ satisfies the definition for all values of t, u and .

5In [89] one finds an even further generalized case, where the first and the last diagonal element of
M are shifted individually away from b. In terms of the Fibonacci polynomials, one can proof the result
within a few lines.
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a sequence of Fibonacci polynomials similar to fn in Eq. discussed earlier. The
Eqgs. , hold still, since we never made use of the former realness of x,
y to derive them. Introducing 6 € C again vi xr = 2i,/ycos(f) yields now RLQ =
i,/yexp(Fif) and we find Py (M) = Fy to be

N sinf0 (N +1)]

sin 6

Py (M) = (i) (2.2.14)

The eigenvalues of M are given by 6, = nw/(N +1) forn=1,..., N and read

A =b—2/aicr cos (N”: 1> (2.2.15)

following from the ansatz in 6 and the use of \/y =i /aicy.
Eq. (2.2.15) is valid for hermitian, skew-hermitian and general matrices of type M.

Further, the condition a;c; = —y = const. allows for a large variety of changes in the
matrix M, while keeping the same spectrum. For example, the replacement c; — ¢;/2
and a; — 2a; for some (or all) j =1, ..., N, changes M but not a single eigenvalue.

One can also change ¢; and a; individually in a similar way (or even introduce entire
new variables) without changing the eigenvalues.

The ideas and methods introduced in this chapter will be important to understand
some of the steps needed to evaluate spectral properties of the finite Kitaev chain dis-
cussed in Ch. [6] Before attacking the Kitaev chain though, it is convenient to explore
the properties of another, easier, 1D model, the linear chain with next nearest neighbor
hoppings.

"These settings have always alternatives without changing the result. For example z = —2i,/y cos(6)
can be rewritten as § — 6 + 7. Consequently, we would have RLQ — —RLQ and the negative sign
can be absorbed into the superposition coefficients of Rl,g, i.e. it disappears. Further, I use always
the positive square root of y, namely ,/y = +iy/a1 c1, since the possible negative sign is used to shift
0 — 6+ m again. Depending on how one reduces y/z? + 4y in Eq. one might exchange R; — R,
but the description is invariant under this exchange, see for example Eq. (2.2.6). Last but not least,
aj =c; = —t (for j = 0,..., N) yields y = —t* and the positive root is \/y = i|t|. However, we can
simply use ,/y = it for t € R, since a sign change of ¢ shifts 6 by 7 again.



3. Atomic chain with next nearest
neighbour hopping

3.1. The model and k-space approach to the spectrum

The model we consider bases on the linear chain from Eq. (2.1.1)) where we now included
next nearest neighbour (n.n.n.) hopping. The Hamiltonian in position space reads

N N—-1 N—-2
Hpe = —p Y dld; =1 Y (djﬂdj + d}de) —m (dj+2dj + d}dj+2),
j=1 j=1 j=1

(3.1.1)

with m as the n.n.n. hopping constant as illustrated in Fig. Further, we use u, t, m
€ R without restrictions. Still, only one orbital degree of freedom per atom and spinless
electrons are considered, as preparation for the Kitaev chain. Yet, a direct connection
between both models is not visible on the level of their respective Hamiltonians.

Although it is intuitive to assume that the values of hopping amplitudes decrease for
larger distances, i.e. m < t, we aim here to find the finite size spectrum of our new
model for all parameter situations, even for m > t. We start our study by obtaining the
bulk dispersion relation €(k) belonging to Eq. using the Fourier approach and
periodic boundary conditions. We get

Hye = e(k)didy, (3.1.2)
k
with
e(k) = —p — 2t cos(kd) — 2m cos(2kd) (3.1.3)

and d is the lattice constant. We find the dispersion relation to be symmetric in k,
i.e. €(k) = e(—k) due to the present time reversal symmetry. Further, we have the

(spatial) inversion symmetry I since exchanging dg.ﬂ — dSQL,)H_ ; (G =1,..., N) maps

the Hamiltonian in Eq. (3.1.1)) onto itself. Finally, the two harmonics dispersion in
Eq. (3.1.3) implies the presence of degenerate solutions, €(k1) = €(ka), for momenta
satisfying

t

cos(ky d) + cos(kad) = g (3.1.4)
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Figure 3.1.: Atomic chain with (next) nearest neighbour hopping amplitude (m) ¢ for
N =6.

for m # 0. One can check easily that both momenta correspond to the same energy:

€(k1) + n = —2t cos(kid) — 2m cos(2k1d)

= —2t cos(kid) — 2m |2 cos?(k1d) — 1]
) ﬁ + 2t cos(ked) — 2m i + 2i cos(kad) + 2 cos?(kad) — 1
S m 2 2m?2  m 2 2

—

= —2tcos(kad) — 2m [2 cos(kad)® — 1]
o) i (3.1.5)

using cos(2z) = 2cos?(x) — 1 in the second/ second last step and Eq. at ().
Importantly, Eq. does not quantise k; or ko; it merely relates two points of equal
energy in the Brillouin zone. The next step is to obtain the eigenvalues for finite length
and open boundary conditions.

Similar to the simpler linear chain discussed in the former chapter, the spectrum of the
finite model can be obtained with a genuine ansatz for a bulk wave function, containing
left and right moving particles, which is able to satisfy the finite size constraints. The
infinite long system with periodic boundary conditions is translation invariant and we
first remind Bloch’s theorem [91] which states that

Tive(j) = e*ap(y), (3.1.6)

with 7 being the one dimensional translation operator shifting the state Y (j) of our
single band by a distance I = nd, n € Z. Eq. is a two point formula, giving the
relation between an ”initial” position j and a ”final” position j+n on the lattice without
information about the underlying process. For example for n = 2 we can jump twice
by one atom, i.e. using ¢, or once with m, see Fig. [3.I] Both processes are obviously
independent, since if either m = 0 or ¢ = 0, only one option remains, but Bloch’s theorem
must be satisfied. This leads to the two harmonics dispersion in Eq. . Thus, with
t # 0 and m # 0, the ansatz for the wave function has to be

D(j) = Aemd 4 Bemikidi | eikedi | p e—ikadi (3.1.7)

Here, again, one exploits that e(k;) = e(k2) and e(k) = e(—k) is true. Further, compared
to the former m = 0 case, the open boundary condition is now extended to

P(j) =0, atj=-1,0,N+1 N+2, (3.1.8)
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to properly account for the four constants A, B, C' and D. The constraints at j = —1
and j = N +2 account for the next nearest neighbour hopping m. Alternatively, one can
first derive the boundary condition and the ansatz in Eq. follows then directly in
order to avoid a trivial solution. The last implication from Eq. is of course the
linear independence in j of the plane waves, i.e. k12 # 0, ky # *ko and kid # (ked+nm)
for n € Z.

The parameter independent boundary conditions used together with Eq. yield a
quantization of k1 2 = Ky 2(t, m) which depends on the values of m and t. In the following
we arrive at the same dispersion relation and the associated quantization condition within
the real space approach.

3.2. Position space calculation of the spectrum

The discreteness of the model in Eq. (3.1.1) allows a matrix representation, similar to
the former m = 0 case, and we find

[—p —t —m
-t —u -t —-m
-m —t —u -t —m

Heo = (32.1)
-m —t —p -t —m
-m —t —p -t
L —mo =t =l

with 1) = (diy .oy dN)T and Hpc = ¥ Hpc 1. The matrix in Eq. contains the
onsite potential pu which shifts the eigenvalues A only up or down and can thus be put
to zero without restrictions.

The spectrum of the n.n.n chain is shown in Fig. It is symmetric in ¢ — —t
and it displays a non-trivial behavior when m — —m. The exact analytical solution
is provided at the end of section see Eq. . We find further degenerate
energies, depicted in form of crossings, and avoided crossings in the spectrum with their
numbers increasing with the system size as it is seen in panels a) and d) of Fig. The
precise positions and the corresponding mechanism of both features will be discussed
below in chapter [3.3]

3.2.1. Recursion relation

Contrary to the linear chain with m = 0, we will not calculate the characteristic poly-
nomial, rather aiming for the eigenvectors of Hpc directly. The eigenvector problem
Hucly) = Al) for N > 5 with [1)) = (&1, &2, -, &x) yields

m&ir2 = —(A+p) & —méio —t(§-1 + 1), 7=3,..., N=2, (3.2.2)
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a) b)
6
4
2 2
A4p 0 A p 0
m m|
-2 —2
—4 —4
6 N=20,m>0 6 N=20,m<0
-4 -3 -2-1 0 1 2 3 4 -4 -3 -2-1 0 1 2 3 4
t/m t/|m|
¢)
6
4
e 2
- = 0
_9 7’/ ‘\ _9 =
—4 . —4
6 N =20 6 77 N=42 "\
-4 -3 -2-1 0 1 2 3 4 -4 -3 -2-1 0 1 2 3 4
m/t t/m

Figure 3.2.: Numerically calculated spectrum of a linear chain with next nearest neigh-
bour hoppings. The parameter A provides the eigenvalues, while £ and m
are the n.n and the n.n.n. hoppings, respectively. N is the number of lattice
sites. a) N = 20 and m > 0. One observes a non trivial dependence of \ on
t/m including several crossings, i.e. energy degeneracies. b) By changing
the sign of m, the values of A + p invert their sign. The quantity (A4 u)/m
is thus invariant under the sign change of m. The spectrum is even in the
hopping ¢. ¢) Spectrum as a function of m/t for N = 20 in units of ¢. d)
Increasing the size to N = 42 does not change the overall shape of the spec-
trum, only the number of eigenvalues and crossings.

and four boundary conditions

més = —(A+p) & — t&, (3.2.3)
mé& = —(A+p) & — (& + &), (3.2.4)
0=—(A+p) &nv-1 —mén-3 — t(En + En-2), (3.2.5)
0=—A+p) &y —mén-a — t&n-1, (3.2.6)

with the terms being ordered according to Eq. . The cases for N =1,..., 4 can
be included, as we show in the following.

Inspecting the Egs. - closer, we realize that the boundary condition
involves the interior of the system, not its exterior as usually used in k-space calculations.
In the case of m = 0, we would expect the boundary condition to be & = {ny1 = 0
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as used in the calculation via the k-space in chapter |2l Imagine we solved our problem
and know all entries of [¢) for the known eigenvalues A in the case of N > 5. We then
might ask what is the value of £x417 Possibly a strange question since the largest index
appearing in Eq. is N, namely for j = N — 2, due to the finite size, {11 is not
defined. However, the recursion formula Eq. requires only the knowledge about
the last four terms to obtain the next one. Knowing [¢) already, we might just continue
to calculate further £;. In other words, we do not ignore the upper limit of j = N — 2
in Eq. , but rather we simply define Ex41, En+2, En43, - - . as the continuation of

&1, ..., En via Eq. (3.2.2)), while keeping |¢) = (&1, &, - .-, §N)T fixed. We define &g,
&_1, ... analogously, yielding

méjre = —(A+p) & —m&—2 — t(§-1 + 1), JEZ, (3.2.7)

which defines so called Tetranacci polynomials. For more details, see Ch. [d]

Inspecting now the boundary conditions Eqs. - closer, we see "missing”
terms compared to Eq. . The prior extension of the recursion formula allows to
write them down. We find

0=-mé& — téo,

0 = —mp,

0= —mén+1,

0 = —méni2 —tEN+1,

and in the case of t # 0, m = 0 we get

§o=E&n+1 =0, (3.2.8)

while
§-1=%8 =&nv+1 =EN+2 =0, (3.2.9)

holds for ¢t # 0, m # 0. We conclude that extending the recursion formula shifts the
boundary condition from inside the Hamiltonian to its outside, onto artificial sites. This
allows one to include the cases N =1, 2, 3, 4 in the treatment.

For example, the N = 1 case follows directly from Eq. with 7 = 1 and Eq.
(13.2.9)

mé = —(\+p) & —méy — (G + &), (3.2.10)

Since {ny1 = &2 =0, Eng2 = &3 = 0 holds, we find 0 = (A+pu) & which is Hpc|v) = M)
for N = 1. Similarly, for N = 2 we find

mé = —A+p) & —mér — (& + &), (3.2.11)
méy = —(A+p) & —mé — t (& + &3), (3.2.12)
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and Eny4+1 =& =0, En1o = &4 = 0 yields here

—(A )& - t&} [—/J —t] <§1> <§1>

= = A : 3.2.13
—(At+p) & —t& -t —pf \& 13 ( )
or simply Hgc|y) = A¢) for N = 2. The cases N = 3,4 are treated analogously. We

thus conclude, that the Eqs. (3.2.7)), (3.2.9)) are valid for all N and solving the recursion
problem will lead to the eigenvalues and eigenvectors of Hgc.

0
0

3.2.2. Spectral properties
In the case of m # 0 we may rewrite Eq. (3.2.7) as

A
Ejyo = —ﬂﬁj — &2 — —(§-1 + &), J € Z. (3.2.14)

t
m m

Let us recall that the Hamiltonian in Eq. (3.1.1) has inversion symmetry, i.e. it is

invariant under the exchange d;ﬂ — dgpﬂf i In the basis 1& = (dy, ..., dN)T for Hgc
in Eq. (3.2.1) we denote the inversion symmetry as I which has the representation
1
I = , (3.2.15)
1 NxN

and [ Hgc I = Hgc holds indeed. The inversion symmetry, by definition, turns effec-
tively the = axis and thus k into —k. In order to proceed, we repeat the same strategy
as for Fibonacci polynomials. We define

¢ = _7, (3.2.16)
n=——, (3.2.17)

for simplicity and the ansatz &; oc 7 (r # 0) yields the characteristic equation
1=+ =0 (3.2.18)

after dividing by /~2. We can solve Eq. (3.2.18)) easily, dividing by r2. Solving first for
S = (r+r1),ie S%—2=1r247"2 grants the condition

S2 _nS—(pc—2=0 (3.2.19)

and the two solutions S 2 read

Sio = : (3.2.20)
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Solving next for r, via r? — S127+1 =0, gives the four fundamental solutions r41, r_1,

S+ (/52— 4
-V o (3.2.21)

T+ = 2 )

42, -2

We can use the just derived Egs. (3.2.20)), (3.2.21]) to discover some properties, namely

S1 + S
rur =1, 1=1,2. (3.2.23)

(3.2.22)

I
=
I
!
|

The apparent similarity between the solutions r4; and Rl’g from Eq. (2.2.5) motivates
the choice

Sy =: 2cos(kid), l=1,2, (3.2.24)
withl] k;d € C, yielding
ry = etihd, (3.2.25)

For Fibonacci polynomials, the ansatz for 6 (here k) was identified as the dispersion
relation e(k) and here it is correct for ki 2 as well. Remembering that S; o satisfy Eq.

(13.2.19) and imposing Eq. (3.2.24]) afterwards, yields

t
C = S%,Q —2— 7751,2 = 4COS2 (k‘lyzd) -2 - <—m> COSs (klygd) . (3.2.26)

=2 cos(2ky,2d)

With ¢ = —(\ + p)/m this reduces to the dispersion relation
A = —p — 2t cos (k1,2d) — 2m cos(2 ky 2d), (3.2.27)

in agreement with the k-space treatment. Obviously, we have two descriptions for the
same eigenvalue A, one using k1d and a second with kod. Notice that S; 4+ S3 from Eq.

(13.2.22)) becomes

t
cos (k1d) + cos (kad) = ~5. (3.2.28)
which is Eq. (3.1.4). This implies directly’] A(k1d) = A(kad) as we have already demon-
strated earlier in Eq. .
The connection between k; and ko drawn in the last expression demands ki # +ko.
Further, k; = 0 is excluded since Eq. demands ry; # r_; for [ = 1,2. Inspecting
the Egs. (3.2.20)), (3.2.21) closer, the four solutions r4; are distinct as long as S14 S5 # 0,

!The realness of k1,2 is a consequence of the quantization and the ansatz holds for complex values
as well.
2We had only one ”\” from the very beginning.



20 Chapter 3: Atomic chain with next nearest neighbour hopping

i.e. kid # kad £ 7. In the case t # 0, §; is a linear combination of the four fundamental
solutions

In terms of k1 and ko, Eq. (3.2.29) becomes
& = AeMd 4 Be 1l 4 el 4 pDemited (3.2.30)

and one recovers Eq. (3.1.7) from the k-space approach. We conclude that all expressions
in section were correct, only limited to real values of k1 2. The boundary conditions

in Eq. (3.2.9) yield

e—i/ﬂd 6ik;1d e—ikzd eikzd A 0

1 1 1 1 B 0
elk1d(N+1)  o—ikid(N+1)  iked(N+1) —ikz2d(N+1) C = 0 (32-31)

elk1d(N+2)  —ik1d(N+2)  ikod(N+2)  —ikad(N+2) D 0

Demanding a singular matrix, to avoid a trivial solution, quantises k1 2d. The result can
be expressed in terms of ky, := (k1+k2)/2, ka == (k1 —k2)/2 leading to the transcendental
equation

sin? [kxd (N +2)]  sin? [kad (N + 2)]
sin? (ksd)  sin? (kad)

(3.2.32)

Iff Eq. is satisfied the upper matrix is Singulalﬂ The dependence on N + 2
originates from the N sites and the next nearest neighbour hopping m # 0. Importantly,
Eq. selects the allowed values of k1 and k9 for a finite model with N sites. The
quantization rule is a single equation containing two unknowns ks A. In order to solve

for k1 2, we have to respect also Eq. (3.2.28]), which can be written as

t

cos (kxd) cos (kad) = T (3.2.33)
Let me clarify that Eq. (3.2.32) is the quantization rule, i.e. the finite size condition,
while Eq. is the equal energy constraint and in fact a bulk property, but both
are required to obtain the finite size spectrum. The eigenvalues follow from inserting k;
or ko into the dispersion relation in Eq. . The natural kind of representation of
the momenta seems to be ks, A and we thus rewrite the dispersion relation as follows.
We know A(ki1d) = A(kad), i.e. 2XA = A(k1d) + A(kad) and hence

2\ = —2u — 2t [cos (k1d) + cos (kad)] — 2m [cos (2k1d) + cos (2kad)]
2
=24 + % — 4m [cos (2kxd) cos (2kad)], (3.2.34)

31f the determinant vanishes without constraint, the used ansatz is simply wrong.
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holds after applying Eq. (3.2.28]). In order to get a description in only ky, or ka, we use
further Eq. (3.2.33)) stating that

12 1

2kaxd) = 2cos” (kaxd) — 1=
cos (2ka x»d) cos” (ka,zd) 8m? cos? (kx ad)

—1 (3.2.35)

is true. Combining the last two expressions give finally the form of A(kx A):

2 2

B t 2,
Aksa) = —p + i + 2m cos (2ks ad) + i tan® (ks ad) , m#0. (3.2.36)

One can easily check that Eqgs. (3.2.32)), (3.2.33)) and (3.2.36)) are invariant under the
exchanges kx, <> ka, k1 <> ko and k1 2 <> —k1 2. A second small check for the correctness
of the results is the change of ¢ — —t or similar m — —m. Each sign change of these
two parameters can be undone by shifting for example kao — ka + 7/d, see Eq.
and the quantization rule in (3.2.32)) is invariant in ko — ka + m/d. Thus, the values
for ky, ka and kyx, ka + 7/d in both settings are the same. The dispersion relation in
Eq. is obviously m-periodic, i.e changing ¢ — —t does not change the spectrum,
but inverting the sign of m does. More precisely, A + y — —(A 4 u) for a sign change in
m, which is exactly the numerical observed behaviour in Fig. Apparently, we can
demand kx A € (0, 7/d) without restrictions and similar for ki 2. The correctness of the
quantization rule in Eq. can be confirmed analytically in the limit of t = 0. This
case will turn out to be of importance also to understand some features of the Kitaev
chain.

3.2.3. Special case of t =0, m # 0

We calculate the eigenvalues of (3.2.1)) starting from the original definition of the model
in Eq. (3.1.1) at t =0

N N-2
=1 =1

in order to formulate an expectation for the derivation starting from the quantization
rule in Eq. (3.2.32)). Once the spectrum for this case is known, we re-engineer the values
for ks, A from our findings and inspect whether Eq. (3.2.32)) is satisfied or not.

Before we diagonalise Eq. in position space, we draw the model once more.
Inspecting Fig. a), we recognize only connections between every second atom. Thus,
the odd and even values for the position index j belong to distinct sublattices as visu-
alised in Fig. b). The independent parts of our system mimic each a linear chain
with nearest neighbour hopping amplitude m, lattice constant 2d and Ny (IN2) sites for
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a) b)
,_,d -m j;1 —m N; 5
OK.\“K‘\*O @ 0 IO d
e |
2d

Figure 3.3.: In the case ¢ = 0 the chain with n.n.n hopping amplitude m and N sites
in a) decouples into two distinct sublattices with Nj o atoms as shown in
b). Each imitates a nearest neighbour chain with hopping constant m and
lattice constant 2d. The two chains are both lying on the x-axis.

the slice formed by the odd (even) values of j. The number of atoms in each piece is

~ %, N even ( )
1 = , 3.2.38
NE N odd
N %, N even (3.2.30)
2 = ; 2.
N2 L N odd

following from the constraint Ny + Ny = N and N; = Ny (N7 = Ny + 1) for even (odd)
MY We will verify our insight from the Fig. and call

aj = dgj—1, j=1,..., Ny,
bj = dy;, j=1,..., Ny

temporarily. The Hamiltonian in Eq. (3.2.37)) indeed certifies the pictorial finding and
transforms into

Ny Ni—1
HEC‘H = - aje; - m Y (G;Jrlaj + a}%’ﬂ) (3.2.40)
B j=1 j=1
N2 N2—1
SOILUREDS (b}-l—lbj + b;bj-‘v-l)’ (3.2.41)
Jj=1 j=1

We obtain two distinct but structurally identical, copies of Eq. (| - for Ny o sites. We
may define ¢ = (a1, ..., any, b1, .. bNQ) and we find via Hgc = T Hgc v a block

“The values for Ny » immediately tell us the form of the spectrum just by looking at Fig. b), as
demonstrated next.
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diagonal matrix

—u -m
-m —u —m
-m —u —m
Ony, v,
-m = —m
_m —
Hec = K ppa—
-m —u —m
-m —u —m
Ong, My
-m —u —m
L -mo —p
(3.2.42)
pr— -Ha
= .|

where H, € RNM>*N1 74, € RN2*N2 describe the sublattices. Obviously, the character-
istic polynomial corresponding to Hgc is given by the product of the ones associated
with H, 1, exploiting the block diagonal structure. The eigenvalues Ay}, of Hap,

nm

)\a = —u — 2m COS(kﬁaynd), ka,nd == m, n = 1, Ceey Nl, (3243)
nm

)\b = —u — 277’lCOS(k;b’nd)7 kb,nd = m, n = ]., PN NQ, (3244)

follow directly from the discussion in section more specifically from Egs. ,
(2.2.15)). The spectrum of Hgc is the set containing all values A, . However, by virtue
of Eq. one would expect the eigenvalues to depend on twice kq, (kp,) rather
than once, since m is the n.n.n. hopping constant. Reminding Eq. we may
understand kq,, as (n =1,..., Np)

1
9 ~o5 IV even
kand = % = 2nm - {Nl“ . (3.2.45)
1+ v Vodd
Analogously, we have (n =1,..., N)
1
2 Ni3 N even
kppd = ——— =2nm - . 3.2.46
b T ON 2 - T {Nlﬂ N odd (3.2.46)

Hence, we find the "missing” factor two and the spacing 1/(N + 2) between the closest
values of kq nd (kp,d) for at least even N as one probably anticipated from Eq. (3.2.32).
In the case of N even the eigenvalues of Hgc read
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4 N =17
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Figure 3.4.: Spectrum of the atomic chain with n.n.n. hopping for even and odd number
of atoms. a) The spectrum is degenerate for N = 10 along the t/m =
0 line. In contrast, for odd number of atoms, N = 11 in b), no energy
degeneracy occurs at t/m = 0. c) For larger odd N some energies become
close (0) and may appear as degenerate depending on the resolution, see
in panel zoom. d) Pictorial definition of ”crossings” (C), marked as ” x”,
and ”avoided crossings” (AC) visualized by ”e” for N = 10. Note that the
precise positions of the avoided crossings are debatable.

nm

N +2

A=—u — 2m cos (2 > , n=1,..., N/2 (N even, each twofold degenerate),
(3.2.47)

and each value is twice degenerate since N7 = Ny for even N, i.e. both sublattices are
physically indistinguishable see Fig. In the case of N odd, we find

nm

A= —p — 2m cos <2 ) , n=1,....,(N+1)/2 (N odd, part1), (3.2.48)

nm
N +1

A= —p — 2m cos (2 ) , n=1,...,(N—-1)/2 (N odd, part2), (3.2.49)
and we have no degeneracy.

The spectrum for ¢t = 0, m # 0 is now known. The values of kq,,/2 (kpn/2) can be
understood as those for k1; ko follows then from Eq. (3.1.4) at ¢t = 0, thus ky = k1 +7/d.
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Alternatively, one can exchange the roles of k1, ko and independently m — —7 without
loss of generality. Still, the quantization rule in Eq. is written in terms of kx A,
but we can simply construct them from k; 2. Reminding ky = ki + 7/d for t = 0 and
ksa = (k1 £ k2)/2 grants

v
p— —_— .2.
ks = b1+ o, (3.2.50)
v
= . 2.51
ka 5d (3.2.51)

As shown in appendix @7 those values of ky; A indeed satisfy the quantization rule from
Eq. (3.2.32)) at t = 0 for odd and even N respectively.

3.3. Crossings and avoided crossings in the spectrum

In general the quantization rule shapes the entire finite size spectrum of the n.n.n. chain
including in particular the crossings and the avoided crossings. Nonetheless, they exist
only for specific values of t/m, hinting that an extra criterion for their appearance is
required. In the current status of the introduction however, we cannot show the details
of the derivation since more advanced knowledge of the recursion formula stated back
in Eq. is mandatory. The approach is exposed in appendix |B| for completeness,
but only recommended for readers already familiar with the results for the Kitaev chain
given in section [6| or at least with chapter [l Here we summarize the results and we turn
first to the spectral crossings. The given results should be taken as motivation for later
further studies of the recursion formula from Eq. (3.2.14)).

3.3.1. The criterion for spectral crossings

For the purpose of demonstration, we have chosen in Fig. the small, gentle N = 4
case. Most importantly, the entire criterion bases only on integers i, j associated to
ks, ad which one can further convert into values for t/m and (A + p)/m as we explain
in the following. In Fig. we have shown the scenario for N = 5.

Before we give the result, two short remarks: First, the model is invariant under
exchange of k12 and thus allows the choice k1 > ko > 0, i.e. kg > ka > 0, without
restrictions. Second, the symmetry of the spectrum in t/m — —t/m is respected by two
separated selection rules.

The values for ks, ad at energetic crossings are

i ) T ) . . .
(C) (k:gd,k:Ad):(M, Nj+2) i=2,...,4C,  j=1,...,i—1,  (3.3.1)

with 7/2 > kxd > kad > 0 and

j=1,...,i—1 (3.3.2)

N
(©) (k:gd,kAd):(Tr re—i g ) i=2,. . iC

N+2 "N+2 + fmax
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ksd — kad L Aty
2
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5 5 0.00 1.00
3T 27

5 T 0.00 -1.00
4
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Figure 3.5.: Numerically calculated eigenvalues as a function of t/m, and predicted cross-
ings, marked as ”e” for N = 4 (left panel). The analytical values for the
kxd, kad pairs and the corresponding values for ¢/m, (A + p)/m (rounded)
are given in the right panel. The numbers in the brackets, for example (2, 1),

correspond to (4, j) in the notation of Egs. (3.3.1)), (3.3.2)) determining ky ad
and in turn t/m, (A4 p)/m. Values in the last line of the right panel belong

to knd > /2, i.e. to (4,j) from Eq. (3.3.2)).

satisfying m > kyxd > 7/2 > kad > 0. The largest integer s .. > 2 is

max
o ¥7 N even
Tmax = % N odd (3.3.3)

and formally allows a unification of the crossing criteria for even and odd N. Note the
value 5, = (N 4 2)/2 for even N yields kxd = 7/2 in both Egs. (3.3.1)), and is
twice represented, but exists in fact only once.

The smallest number of atoms allowing the formation of crossings is N = 2 following
from the condition imax > 2. Let us turn back to the separation of kxd < 7/2 and
ksd > 7/2 in Egs. (3.3.1)), . This specific choice embodies the symmetry of the
spectrum in t/m — —t/m as we show next. The equal energy constraint on ky, A was not
used so far, but has to be satisfied per se in order to obey the open boundary condition.
Here, the situation changed slightly as we know already the values for ks A; thus,

% = —4 cos (knd) cos (kad) (3.3.4)
predicts the exact ratios t/m, i.e. the horizontal positions in Figs. @, at which the
crossings occur. One can easily verify that the values for ks ad in Egs. @, (13.3.2])
satisfy the quantization rule and thus ks ad are associated to energy eigenvalues. The
value for A, or better (A+p)/m, follows by inserting the selected kx; aod and the associated
t/m into the dispersion relation. Please notice, the given criterion is exact and moreover,
only crossings correspond to the equidistantly quantized values of ks ad.

The values for kxd in Eq. are received by subtracting the ones from Eq.
from 7 and thus causing a sign change of t/m — —t/m in Eq. . This sign can be
absorbed into ¢, which does not affect the spectrum. Thus, the two sets ks ad inherit
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Figure 3.6.: Numerically calculated eigenvalues and predicted crossings (e) as function
of t/m for N = 5. The last three lines in the right panel originate from Eq.

(3.3.2)) and the first three from Eq. (3.3.1]).

the symmetry of the spectrum.

Note, the previous special case for ¢ = 0 and N even can be recovered from Eq. .
We have to use i = imax here, i.e. kxd = /2, setting ¢ = 0, but mind the roles of kyx
and ka w.r.t to Egs. , are exchanged. Exploiting the 7 periodicity of the
quantization rule and the spectrum, we have to regard kxd — 7 in Eq. instead
yielding the values of kad from Eq. forj=1,..., N/2.

The left hand side in Eq. is limited by 4+4 and thus the crossings occur
exclusively for —4 < t/m < 4, see Figs. for comparison. Similarly, we have

limitations on (A + p)/m. Returning to Eq. (3.2.36)), we find (m # 0)

AMks) + p t° 2
- = 2 cos (2knd) + " [1+ tan® (kxd)]
= 2 cos (2kpd) + ié
B > 4m? cos? (kxd)
= 2 cos (2knd) + 4cos? (kad), (3.3.5)

where we used Eq. (3.3.4)) in the last stepﬂ The last expression holds also for exchanged

roles of ks, ka. We do know already the values of ky, ka for the crossings and thus

they occur exclusively in the region
A+

-2< —L <6, and —4<

t
— <4, (3.3.6)
m m

where the equalities hold only in the limit N — oco. In general, the values for ¢, j from
Eq. (3.3.1) (Eq. (3.3.2)) belong to the negative (positive) ratios of ¢/m. The larger

5We know that imax yields ksd = m/2 for even N. Nonetheless, the corresponding prefactor and Eq.
(3-3.4) avoids the divergence. For comparison, see the crossings in Fig. at t/m = 0.
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2 2
-4 -3 -2-1 0 1 2 3 4 -4 -3 -2-1 0 1 2 3 4
t/m t/m

Figure 3.7.: Crossings for N = 10 in a) and N = 20 in b) and numerical eigenvalues.
Increasing the system size floods the area between —2 < (A+ u)/m < 6 and
[t/m| < 4 with crossings, since N¢ scales with the square of N. In case of
N =10 (N = 20), we have N¢ = 25 (N¢ = 100).

i,j become, the closer ks, ad get to 7/2, i.e. t/m approaches zero due to Eq. (3.3.4)
visible especially for (i,j) = (3,1) and (7,7) = (3,2) in Fig. [3.6, Moreover, the number
of crossings N¢ follows by counting the allowed combinations of ky and ka in the Egs.

7 . We find

NTQ, N even,
Ng = N1 , (3.3.7)
> N odd

in agreement with the numerics. As the number of crossings increased with N and since
the limits in Eq. do not, the region in which the crossings are found becomes
more and more crowded for increasing NV, as shown in Fig. A similar discussion will
help us to track the avoided crossings (AC).

3.3.2. The criterion for avoided crossings

Avoided crossings do not correspond to eigenvalues and reside instead between them,
see e.g. Fig. d). In turn, they are associated to values of ki which do not satisfy
the quantization rule. In this matter of failing, the avoided crossings are not unique
per se, as many ki do not obey Eq. . The only reliable information is about
their number Nac. Nonetheless, for our current purpose the precise value of Nac is not
important, but rather that Nac < Ng o< N? (at least for sufficient large N) holds, as
two crossings often sandwich an avoided one.

Deriving the criterion for the crossings in appendix |E|7 yields initially more values of
ks, A than those actually corresponding to degenerate energy eigenvalues. Among them
are half-integer multiples of 7w /(N 4 1), which do not satisfy the quantization rule in Eq.
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ksd  kad L Ay
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Figure 3.8.: Numerically calculated eigenvalues as function of t/m and the avoided cross-
ings (e) for N = 6 in the left panel. Right panel: analytical values for the
ks, ka pairs and the corresponding values for ¢/m, (A + p)/m (rounded).
Note that the values for A in the table do not correspond to eigenvalues.

(13.2.32)), as one can verify easilyﬂ After some simplifications, we found

(AC)  (ksd, kad) = <WJZV+22,WJJV+22>, P= 2, S =1, i,

(3.3.8)

with 7/2 > kxd > kad > 0, and

N-—i+3 j+1
(AC) (kgd,kAd):<7r N122’”1jv+22>’ P=2,. 0 =1, i1

(3.3.9)
with m > kxd > 7/2 > kad > 0 only for avoided crossings. The upper limit i5C . is
e _ { %, N even (3.3.10)
T M N odd o

The value of i = imax = (IV + 1)/2 for odd N, leading to kxnd = 7/2 and formally
represented in both sets, occurs in fact only once. This prevents a general distinction
of the criterion between even and odd N outside of the definition for ij.,. Before we

continue, notice the apparent similarity of the Eqgs. (3.3.8]), (3.3.9) with Eqgs. (3.3.1)),
(13-3.2)).

8Similar half-integer values correspond to avoided crossings for the Kitaev chain as well. However,
there one can prove actually that the avoided crossings are former crossings. In this respect, this ansatz
is an analogy we have to adapt from the Kitaev chain back to the n.n.n. chain.
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The equal energy constraint from Eq. has to be obeyed and defines, as for the
crossings, the ratio for ¢/m, where we have to expect the avoided crossings. Although
not defining eigenvalues, inserting a pair ky, ka with the corresponding value of ¢/m into
the dispersion relation estimates finally the position of an avoided crossing. Moreover,
this implies directly that crossings and avoided crossing share the same region in Eq.
. As we see in Fig. our findings indeed agree with the numerics.

The number of avoided crossings Nac can be determined from the upper criterion and
we find

N (N-2)
4 Y

W12 N odd

N even,

Nac = (3.3.11)

Thus, Nac scales as N2, is always smaller than N¢ and yet comparable to N¢ for
sufficient large N. Further, Eq. (3.3.11) implies that avoided crossings exists for only
N > 3. The precise value of Nac and the lower limit on N are both in exact agreement
with the numerics.

3.3.3. Inversion symmetry

The implications of the inversion symmetry I as regards the spectrum of the n.n.n. chain
may help in developing a more intuitive understanding of crossing and avoided ones. A
representation for I can be found in Eq. , written in the same basis as Hgc in
Eq. . Since I? = 1y holds, the spectrum of I is solely composed of +1. The
atomic chain studied here is inversion symmetric, i.e. I Hgc I = Hgc is true, and thus
the commutator [I, Hgc] = 0 vanishes. Therefore, we can diagonalize both I and Hgc
simultaneously and the eigenstates of our system are either even (eigenvalue +1) or odd
(eigenvalue —1) w.r.t I. In Fig. the even (odd) eigenstates of Hpc are visualized by
a red (blue) line colour.

As discussed previously, the spectrum of Hgc is mostly non-degenerate and there we
can have exclusively even or odd eigenstates. The nature of these states is determined
by k1, k2 (or equivalently ky, ka) as follows from Eq. . There, the coefficients A,
B, C' and D must be chosen appropriately, following from the boundary condition, and
thus depend on ki, k2. In turn the values for ki, ko follow from the quantization rule
in Eq. , which is the reason to avoid a deeper analytic treatment and to rather
focus on a numerical approach. At crossings, the eigenvalue of Hgc is twice degenerate,
i.e we have to find both inversion characters there in agreement with Fig. We
discover further that the avoided crossings are positioned between eigenstates of the
same inversion character. We conclude that inversion symmetry protects the crossings
for t 0, m # 0.
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t/m

Figure 3.9.: Behavior of the numerically calculated eigenstates under inversion symmetry
I for N = 20. The eigenstates are either even (red) or odd (blue) w.r.t. I.
The crossings arise from states with different inversion character and the
avoided crossings from states with the same behaviour.

3.4. Complex momenta

Although the n.n.n. chain is topologically trivial, one can indeed find complex solutions
ks A of Eq. . This can best be seen from Eq. , which imposes —2 <
(A4 p)/m < 4 for ks, o € R and Fig. in comparison. We observe (A + p)/m < —2
being possible only for ks o € C. Similar, we find (A + p)/m > 4 as depicted in Fig.
E These values indeed satisfy Eq. and the equal energy constraint from Eq.
B.2.33).

We investigated spectrum numerically. In case of either (A+pu)/m < —2 or (A4pu)/m >
4, we found that exclusively ki or ko is purely imaginary for (A 4+ u)/m < —4, i.e.
ks a € € is confirmed. We found further no decaying states, and instead the respective
eigenstates were close to the ones of the linear chain from chapter We can explain
this result by returning to the open boundary conditions for m = 0 Eq. and
for m # in Eq. . In case of m # 0, one has to obey four boundary conditions
and the ansatz from Eq. is mandatory, independent of the precise value of m.
However, for t/m > 1, we expect that the n.n.n. chain recovers the situation of the
linear chain from chapter [2| since the energy scale given by m becomes unimportant.
Indeed, we found that the coefficients in Eq. belonging to the pure imaginary
value k1 or ko get seemingly suppressed. Thus, effectively only one momentum in Eq.
(3.2.30) contributes and the ansatz for the linear chain is recovered.

3.5. Final remarks

The announced ” pure mathematical” study brought us to a deeper yet exact and analytic
insight into the spectrum of an atomic chain with nearest and next nearest neighbour
hopping defined in Eq. (3.1.1). The rather unorthodox treatment via real space coincides
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with the momentum space discussion and we had a perfect agreement of analytical
and numerical findings. In other words, we achieved full control over the spectrum of
Hpc. However, realistic models obey usually the constraint |¢| > |m/|, which makes the
crossings and avoided crossings experimentally at least hard if not impossible to observe.

One could ask why did we study a toy model with probably not measurable features,
such as crossings/ avoided crossings, with potentially absent easy special cases, and why
did we go through this technical approach? Not to mention the so far- missing link to
the Kitaev chain, if there is even one? Indeed everything we did so far was done for one
strategic reason; understanding the implication of the recursion formula

§jra = C& — &2 +1 (§-1 + &+1) - (3.5.1)

In fact, all properties of the Kitaev chain, its spectrum, its eigenstates and even the
transport properties, rely on precisely this formula, for the appropriate (, n and a specific
boundary condition in real space. The atomic chain with n.n.n. hopping was engineered
exclusively for the purpose of Eq. ; no more no less. From the perspective of the
recursion formula, both models are so similar, that without telling the context nor the
constants (, 7, no distinction can be made.

Nonetheless, we need a more general and even deeper mathematical treatment outside
of a model’s context in order to gain a better understanding, which is the topic of the
next section. Surely, the objects defined by Eq. deserve a special name of their
own. They are called Tetranacci polynomials; we explain the reason for the naming later:
The readers who are more interested in the physical applications of these polynomials
can directly jump to the end of chapter [4 where a summary is provided.



4. The very basics of Fibonacci &
Tetranacci polynomials

The results concerning the Tetranacci polynomials inside this chapter have been
published only partially and for special cases in [4), |5].

4.1. On Fibonacci polynomials

The previous chapters were inspired to give an introduction into specific polynomial
sequences and to show their usefulness in condensed matter physics. Correctly handled,
they enable us to find eigenvalues and eigenvectors, yet the treatment sometimes prevents
an intuitive physical understanding. Here, we summarize the important technical steps
done so far and generalize them. Further, we unite all Fibonacci sequences we had earlier
into one object with a single notation.

Definition 4.1.1 (Fibonacci sequence/ polynomial)
The Fibonacci sequence {fj|j € Z} is the set of all Fibonacci polynomials f; |83, |84)
defined by the initial valueéﬂ f=1, fo € C and the recursion formula

fiv1 = x fi + y fi-1, (4.1.1)
with x, y € C.

Earlier in chapter [2, we discussed the linear chain and its connection to Fibonacci poly-
nomials 78, 83} 84] in Eq. , generated by the recursion formula in Eq. for
r=A+pu, y=—t>and f.1 =0, fo = 1. We will now determine the closed formula
for f; for the general case in def. For clarity, we do not consider any concrete
or physical situation temporarily and thus z, y are general. The closed form of f; is
already known and given in [85]. Nonetheless, we re-derive the solution using the power
law ansatz and the superposition of the solutions, due to the linearity of the recursion
formula. The ansatz f; oc R? # 0 yields

/2
Ry = w (4.1.2)

2

The cases relevant for us are xz +4y#0orx#0,ie Ry # R _;the coefficients A,
B in the ansatz for f; = AR’ + B R’ are determined by f_1, fo. We find

fo— fa R B:_R_M_

A =
R R, —R_ Ry —R_

(4.1.3)

'T avoided here to introduce new variables as initial values for simplicity.
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Since both constants depend on the initial values, we may re-arrange the terms and get

Ri:i—l o Rj+1 Rﬂ, o R]
= fo—————— — f_ . 4.14
fi = Jo R, R f-1RiR R, — R (4.1.4)

Obviously, we generalized the earlier result in Eq. (2.2.6) to which Eq. (4.1.4) reduces
back for fo =1, f-1 = 0. We can make the result in Eq. (4.1.4)) even more compact,
defining

R _ R
F(j) = —=. 415
() R, R (4.1.5)

Using Ry R = —y yields
fi=fFG+1)+ fa1yF(G), JjeL. (4.1.6)

Of course the prefactor y in the second term is disturbing, but absorbing it into another
function is more distracting. Let us focus on F(j) next. A superposition of R4, i.e.
F(j) must be itself a specific solution of Eq. (4.1.1)) with the initial values

F(0) = 0,
= 1.

One can verify easily that F(j) indeed satisfies Eq. (4.1.1), exploiting Ry from Eq.
(4.1.2) in the form z = Ry + R_, y = —R{ R_ which yields for all j € Z

J J J—1 Jj—1
SFG) + yFG 1) = (Ret R g — ReRE
R - RIM +R,1~2§—R,R{F  R.R,-R R,
Ry —R_ Ry — R_ Ry - R_
=F(+1). (4.1.9)

We can understand f; in Eq. (4.1.6) now as composition of the special solutions F(j+1),
yF(7); we see next that both of them become 0, 1 on the level of the initial values fo,
f-1,1.e. for j = —1, 0. We observe y F(—1) = 1, for example following from Eq. (4.1.5):

R — R R_—Ry

-1) = —-R. R_ = — = 1. 4.1.10
This ensures f; to meet its initial values at j = —1, 0:
fj’j:—l = fof(()) + f_1 yf(—l) = f_1, (4.1.11)

fj|j:0 = foF(1) + f-1 yF(0) = fo. (4.1.12)
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We conclude that the prior cases for fo = 1 and f_; = 0 discussed in chapter and
embodied now by F(j), were sufficient for the general case. Next, we deﬁneﬂ kd € C via

x =: 2i,/y cos(kd) (4.1.13)
granting
Ry =i\/yeFikd, (4.1.14)

a more suitable form for Ry. This new form is fully equivalent to the prior one in Eq.
(4.1.2) and still obeys Ry R_ = —y and Ry + R_ = 2i,/y cos(kd) = x. We find now the
familiar expression

N i1 sin (kdj)

F(i) = (ivy) W

for F(j) from Eq. . Finally, f; in Eq. becomes
f] = (lﬁ)] (fo sin(kzd) 1\/’(;]071 sin(k:d) > s j €. (4.1.16)

Importantly, Eq. (4.1.16]) unites the former distinct cases to obtain the spectrum of the
tridiagonal matrices of size NV using either the characteristic polynomial f_1 = fy = 0,

see for example Eqgs. (2.2.2)), (2.2.8)), or the eigenstates fo = fy+1 = 0in Eq. (3.2.8).

Further, the results presented in this chapter do not require a concrete context, i.e. are
usable always if Eq. (4.1.1)) is given, and various examples were discussed in the sections

2B

A change of the initial values from f_1, fp to exemplarily fo, fi does not require
another calculation and can be anticipated directly from Eq. (4.1.6). One can define

fi = fj+1 which obeys the recursion relation in Eq. (4.1.1). Thus Eq. (4.1.6) applies
for f; instead of f;, and converting back to f; grants

fi = hFG) + foyF(—1). (4.1.17)
All manipulations on F, as for example Eq. (4.1.15)), are still true and the use of Eq.
(4.1.6) or Eq. (4.1.17) is merely a question of convenience.

(4.1.15)

4.2. An introduction to Tetranacci polynomials

Definition 4.2.1 (Tetranacci polynomial/sequence)

The sequence of the Tetranacci polynomials {£;|j € Z} considered throughout this work
is the set of all Tetranacci polynomials §; defined by the arbitrary initial values §_o, {_1,
&o, &1 € C and the recursion formula

Eiva = C& — G2 + 1 (1 +&-1) (4.2.1)
with ¢, n € C.

2Strictly speaking we have no lattice constant d here, since we operate currently outside of any
physical context. Yet, we will use it on the Kitaev chain afterwards and I want to avoid later confusion
by calling this object now 6, but later kd. Any change of the lattice as d — 2d can be absorbed into k
and kd is not quantised so far.
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An example for a Tetranacci sequence was treated in chapter |3, where the boundary
condition demanded £_; = &y = 0. The reason for the naming becomes probably clearer
if we consider Tribonacci numbers [92, 93] or Tribonacci polynomials [94]; here the
next element of the sequence is determined by the last three elements. The difference
between the number and the polynomial sequence arises as in the Fibonacci case in
the used coefficients and the initial values, without touching further details. Inspecting
now Eq. , we see the last four terms define the next one and we thus call §; a
Tetranacci polynomial. In the literature one can find publications regarding Tetranacci
numbers, for example |92, 95, 96| (to give only a few), but the author of this manuscript
is still unaware of probably existent previous works on Tetranacci polynomials, despite
multiple attempts to find them. Therefore, we call this sequence simply ”Tetranacci
polynomials”, although this is only a special case with the coefficient in front of &;_»
being —1 rather than an arbitrary, complex coefficient.

The general closed form for ¢; can be lengthy (depending on the representation) and
is maybe counterintuitive. As a warm up, we consider first the special case of n = 0.

4.2.1. The special case of n =0
The recursion formula in Eq. (4.2.1) for n = 0 reads

§iv2 = C& — &2, JEL (4.2.2)

and we still have the initial Valuesﬂ & 9, &1, &, &1- As we directly observe from Eq.
4.2.2), the even and odd indices decay into two distinct subsequences. Further, Eq.
4.2.2)) looks somehow very familiar; the last two even (odd) indexed members of the
sequence give the next one. Indeed we face here two Fibonacci sequences, becoming
apparent by defining u,, = &a,41 (v, = &ap,) for all n € 7Z,

Unp+1 = Cun — Unp-—1, U—1 = 5—1’ up = 517 (423)
Upnt1 = CUp — Up—1, v_1 = -9, vo = &o- (4.2.4)
Importantly, the recursion formula for u, and v, is the same and differences arise only
from the in general distinct initial values. We now can simply use the knowledge gained

through the previous chapter and write down the closed form for u,, v, for x — ¢ and
y = —1. Thus, we find from Eq. (4.1.6))

£2n+1 = Un = 51 f(n+ 1) - 5*1 ]:(n)a (425)
Son = vp = §F(n+1) — &2 F(n), (4.2.6)

)

1

for ¢ # =2 (22 + 4y # 0), ( # 0 (z # 0). The expression F(n) = sin(kdn)/sin(kd
follows again with = = 2i,/ycos(kd), i.e. ( = —2cos(kd). Here, we used’| i -
without restrictions; the function Ry from Eq. (4.1.2)) are

Ry —SEve A V;Q —d ik (4.2.7)

3In case of 7 dependent £_o, £_1, &, &1, one has to apply this limit on them as well.
“The case of /—1 = —i is equivalent, since we can shift kd — kd + 7 without any constraint.
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We would like to stress that the reader was already confronted with this separation into
even/ odd index Fibonacci sequences earlier in chapter There, we used a basis
transformation and avoided this discussion. We had n = —t/m = 0 (¢t = 0) and ¢ =
—(A 4+ p)/m; the dispersion relation A = —p — 2m cos(kd) follows from ¢ = —2 cos(kd).
The boundary condition on the eigenstate |1)), whose entries were &1, ..., {n, was §1 =
&0 = Env+1 = En42 = 0 and the system separated into the parts H, 1, see Eq. .
This boundary condition on Egs. , yields

up, = & F(n+1), (4.2.8)
Un = _5—2F(n)'

Recall that the index j of {; referred to the atomic positions, and the odd (even) sites were
placed in H, (Hy,) due to the basis transformation, i.e. the wu, (v,) form the eigenstatesﬂ
of Ha (Hyp). The values of &, {_o for the eigenvector problem can be understood as
the normalisation factors. Further, the realisation of the boundary condition on u,, v,
depends on whether N is even or odd

UN42 = §N+27 unN = €N+1 (N even), (4.2.10)
2 2

Ut = EN+1, Un+ = Ent2 (N odd). (4.2.11)

In order to obtain the quantization rules for kd, one has to use Egs. , @D
together with F(n) = sin(kdn)/sin(kd) leading back to the Egs. (3.2.47)-(3.2.49). We
just saw that boundary conditions can be transformed into initial values and that a
specific case defines the proper coefficients of the recursion formula(s). We discuss these
aspects later in section [4.3]

4.2.2. The closed Form of ¢; and the Fibonacci decomposition for 7 # 0

In the later discussion of the finite sized Kitaev chain, we will be confronted with
Tetranacci polynomials on several occasions. For instance, we meet them in the char-
acteristic polynomial, the eigenvector entries, or inside the retarded Green’s function
for the transport properties. In this respect, the main goal here is to derive the closed
formula for §; from Eq. while n # 0. Meanwhile, we guide the reader through
some possibly surprising observations. Initially, we give the first few terms for §; to
demonstrate the issue of finite 7. We find

S = =&+ 0+ (& +né&, (4.2.12)
& =-néa+ (M-1) &1 +nC+D& + P+ &, (4.2.13)
b=+ o +n(P+¢—1)¢

+ (G4 CHn*—1) &+ n(n+20+1) &, (4.2.14)

and the former separated Fibonacci sequences are coupled. Apparently, n # 0 is a quali-
tative change and we have seemingly no ”Fibonacci feature” here anymore. Surprisingly,

5 Alternatively, one can see this relation in Eqgs. ([@.2.10)), (4.2.11)) below from the index of &, since
H. has one atom more than Hj, for odd N.



38 Chapter 4: The very basics of Fibonacci & Tetranacci polynomials

this is wrong; there are specific Fibonacci polynomials which are Tetranacci polynomials
simultaneously and do satisfy Eq. (4.2.1]), as we show next.

Theorem 4.2.1 (The hidden Fibonacci solutions)

There exists up to two Fibonacci polynomials ¢; (I = 1,2) defined by
oG +1) = Se() —eli—1), JjeEL, (4.2.15)

with 2812 = nE/n* +4(¢ + 2) and arbitrary initial values ;1 5(0), ¢1 (1) € C which
satisfy the Tetranacci recursion formula in Eq. (4.2.1)). Later, we choose ¢q5(0) = 0,
¢12(1) =1 for simplicity.

Proof 4.2.1

First, let me comment on why we find "up to two” solutions; it is a matter of count-
ing. In the case n? +4 (¢ +2) = 0, we will have S; = Sy and the recursion formulas
for ¢, o are the same. Nonetheless, their initial values may differ yielding obviously
©1(7) # p9(j) and otherwise ¢;(j) = p5(j). We may then say that different initial val-
ues create still distinct sequences, but Eq. reduces every Fibonacci polynomial
back to two which use the initial values 0, 1. Hence, ”up to two”. Second, the ”proof” is
essentially only a straightforward construction, equivalent for both ¢;, ¢,, and we thus
drop the index [ = 1, 2 without loss of generality. Let us assume that we have an object
 obeying

e +1) = zp() +ye(i—1) (4.2.16)

with arbitrary values ¢(0), ¢(1) € C and some z, y € C. The idea is to use the ansatz

in Eq. (4.2.16) multiple times on Eq. (4.2.1)), such that the latter gets reshaped into
the structure of the former. This procedure then leads directly to a read out of z and y.

Please notice that the structure j + 1, j, j — 1 is fundamental for a successful approach.
The first step is to use (4.2.16]) to eliminate the j + 2 and the j + 1 term in (4.2.1]).
We find

zo(f+1) + ye(g) = Coi) — vl —2) + nlzel) + yel — D] + ne —1),
where the r.h.s depends only on the indices j, j — 1, 7 — 2. The use of Eq. (4.2.16)) on
©(j + 1) another time grants upon reordering

(@® +y—nz—C) 9(j) = (ny+n—zy) o(j —1) — (j —2), (4.2.17)

the same structure as in our ansatz Eq. (4.2.16). Comparing the coefficients in both

expressions yields first y = —1. Second, we have to demand that ny +n — zy < x, but
y = —1 implies automatically ny +n — xy = —m 4+ n + x = x without any constraint
on z. The value(s) of  is (are) determined by demanding x? + y — nx — ¢ < 1, which
is equivalent to finding the zero(s) of 22 —nx — ¢ —2 = 0 due to y = —1. Hence we
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find 22 = n+/n?+4(C+2) =2S512#0 (n # 0) and the functions ¢(j) generated
by (4.2.16) satisfy Eq. (4.2.1) as well. Since we have not used any specific initial values
©(0), (1) this technique holds for all of them. Importantly, Eq. (4.2.1) requires four

"initial” values for ¢(j) in order to use this formula. This is not a problem, because
the "missing” values for ¢(j) at j = —2 and j = —1 can be obtained from our ansatz
in Eq. and ¢(0), ¢(1), since x, y are already known. In other words: ¢(j) is
now (uniquely) fixed by ¢(0), ¢(1), as it is true for all Fibonacci polynomials, and the
definition demands only to have four initial values. Thus, ¢(j) is simultaneously a
Fibonacci and a Tetranacci polynomial.

Please notice, this implication: These Fibonacci also satisfy the Tetranacci defini-
tion but the reverse is not true for a general Tetranacci polynomial, simply due to the
arbitrariness of £ o, ..., &;. O

This rather surprising feature in theorem [£.2.1]allows one to describe a general Tetranacci
&; from definition in terms of ¢, 5 later, where the combinations of ¢, 5(j) with
specific, but distinct, initial values ¢; 5(0), ¢; 5(1) account for the fourﬂ initial values
for ;. We call this the Fibonacci decomposition of §;. Importantly, if we use Fibonacci
sequences of distinct recursion formulas (S1 # S2) ; is not a Fibonacci, only a Tetranacci
polynomial. We return now back to Eqgs. — to derive the closed form.
Clearly, we see that &, &3 and &4 are composed of the generic initial values £ o, ..., &
and (, n. The idea to use specific initial values in order to reduce the number of terms in
Egs. — might seem tempting, as we never excluded the scenario in which
€_9,...,& depend on n and/ or . Then, in a second step one could try to generalize
the findings. This is indeed a legitimate strategy, but complicates the matter more
than necessary. In fact, &, &3, &4 in their current status contain the most important
information: the separation into initial values each being multiplied by an object arising
solely from the recursion formula. We treat the initial values as their own entities,
as done similarly for Fibonacci polynomials in Eq. before. By triviality, this
separation of &, &3, &4 holds particularly for the initial values themselves, since

1 =082 +0-&1 +0-& + 1-&1, (4.2.18)

is true and analogously for £ o, £_1, &. This motivates the ansatz

§ = T20) 62+ T-1(i) & + To(i) o + 1) &,  JEZ (4.2.19)
where T_2(j), ..., T1(j) account for the recursion formula and are meant to be inde-
pendent of £ o, ..., &. For instance, we have T_5(2) = —1, T_2(3) = —n from Egs.

(4.2.12)), (4.2.13) etc.. Importantly, a set of implications are imposed by Eq. (4.2.19))
in order to be correct. First of all, we have to ensure that {; adopts its initial values.
Therefore, we demand

Ti(j) =0, j=-2-10, (4.2.20)
Ti(1) = 1, (4.2.21)

Tn a sloppy way: 2-2 = 4.
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and similar for T_2(7), T7-1(J), To(j); thus, we want
Ti(4) = dij, for only i,j € {-2, -1, 0, 1}, (4.2.22)

where 0;; denotes the Kronecker-delta. We call Eq. the selective property of
7i(j) (on the level of the initial values) which ensures that &; indeed meets its initial
values. Second, since {; has to obey the Tetranacci recursion formula by definition,
thus 7_2(j), 7-1(4), To(j) and Ti(j) do so too. An alternative way to understand this
property exploits the initial values; setting temporarily three values for £ o, £_1, &, &1
to zero and the remaining value to one, grants & = 7T;(j) for ¢ = —2,1,0,1. By
definition, Tetranacci polynomials require initial values and the ones for 7;(j) are given
in Eq. . We summarize the findings in the following theorem and prove its
validity.

Theorem 4.2.2 (Linear combinations of basic Tetranacci polynomials)
Any Tetranacci polynomial ; from definition can be expressed aﬂ

1
& =Y &T(), ez, (4.2.23)

i=—2

in terms of the Tetranacci polynomials T_2(3), T-1(3), To(j), T1(j) for all n, ¢ € C.
The latter posses the selective property T;(j) = 65 fori,j = =2, ..., 1 on the level of
the initial values of §. We call further T_2(j), T-1(j), To(j), T1(j) the basic Tetranacci
polynomials.

Proof 4.2.2

The proof is straightforward by induction over j. Since j € Z we have a forward,
for positive j, and a backward direction for negative j. The selective property of 7;(j)
shows the correctness of Eq. for j = —2, —1, 0, 1 and is the starting point of
the proof.

We treat the ”forward” case first. Let us assume that Eq. holds already for
fixed integers j + 1, 7, 7 — 1, 7 — 2 and that the 7;(j) are Tetranacci polynomials. Then
we have to show its correctness for j + 2. Since &; is stated to be a Tetranacci, from
definition it has four initial values and obeys the Tetranacci recursion formula. The
assumptions grant immediately after reordering that

Eiv2 = C& —&—2 + (&1 +&5-1)

1
= Y GCTG) = TiG—2) + 0 [TG+1) + Ti(G — D]}

i=—2

1
=Y &Ti(j+2), (4.2.24)

i=—2

TA similar approach for 3, 5, 6,. .., n term recursion formulae is possible by adapting the range of i.
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where the identification holds due to the Tetranacci character of 7;(j). This concludes the
proof for the forward direction. The backward case can be proven similarly: Exchange

the terms &1, &2 in Eq. (4.2.1), assume Eq. (4.2.23) to hold at the fixed integers
Jj+2,5+1,4,5—1 and look at &;_». The starting point of the induction cycle at

j=-2,—-1,0,1 is still correct. Thus, Eq. (4.2.23) is true. .

In order to find now the closed form for §; with arbitrary {_o, {1, &o, &1, we only need
to find the closed form for the basic Tetranacci polynomials. We next use the ansatz
& o<l (r #0) from chapter to do so. For shortness, we write &; rather than 7;(j)
since the expressions for the latter follow by imposing the associated initial values. From

Eq. (4.2.1) it follows directly
=t 1=+ =0 (4.2.25)

with division by /=2, We define S := (r +r~!), i.e. S2—2 =172+ 772 and a further

division by r? in Eq. (4.2.25) yields
S?—pnS—¢-2=0. (4.2.26)
Solving the upper equation grants precisely S 2,

nt/n?+4(C+2)

S1,2 = 5 , (4.2.27)
found earlier in theorem The two solutions obey always
S1 + Sy =mn, 515 =—-(—2. (4.2.28)

The fundamental solutions r4; 2 to Eq. (4.2.1)) follow then from r? — Sior+1=0as

Sy + /S2—4
A At S S

4.2.29
S 1=12 (4229)

Ty =
with the properties
ryr_; =1, ryg4+r_; =5, =12 (4.2.30)

The linearity of allows the construction of any Tetranacci by a proper (linear
independent) combination of the fundamental solutions 741, ri9, but the used combi-
nation depends critically on the relation between 7 and (. We focus here on the most
important case of 7% 44 (¢ 4+ 2) # 0,  # 0, while the situation for degenerate roots, i.e.
n? +4(¢ +2) = 0, is given in appendix @ The former case allows a decomposition of
Tetranacci polynomials into the Fibonacci polynomials ¢ 5.
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4.2.2.1. The Fibonacci decomposition (7> +4 (¢ +2) # 0, n # 0)

The relation between (, n implies S7 # +55 and thus 741 is not related to ris. Hence,
the ansatz for §; is simply

& = Arl, + Brl, + Crl, + Dr, (4.2.31)

and the coefficients A, B, C', D € C are fixed by the initial values £_5, £_1, & and &;.
We find the unique solution from

-1

1 2 1 2
Ay [ER o Rl e
1 1
B — “ril "1 E T+2 5*1 (4232)
C 11 1 1 o |’
D
and a replacement of £_o, ..., & by the initial values of 7;(j) yields the coefficients for

Ti(j) respectively. Our strategy ”banishes the entire evilness” of Tetranacci polynomi-
als into the 7;(j)’s. Their expression is initially unhandy. The formulas however can
be rapidly shortened with the help of two distinct and specific Fibonacci/ Tetranacci

polynomials ¢, 5 from theorem with ¢,(0) = 0, ¢;(1) = 1, since n? +4 (¢ +2) #0
is true. We define ¢, 5 explicitly as

i
O -
o (j) = ———,  1=12, (4.2.33)
T4l =T

being obviously a Tetranacci polynomial as linear combination of ry;, r—; w.r.t Eq.
(4.2.1) and still imitating the closed form of a Fibonacci polynomial, see Eq. (4.1.5) for
example. Note that ¢, 5(j) adopt similar roles as F(j) did in chapter Now we have

to check whether ¢;(j) from Eq. (4.2.33)) indeed satisfies Eq. (4.2.15)), i.e. if
e +1) = Sip(d) — @i — 1), (4.2.34)

holds true. Recall the properties of r1; in Eq. (4.2.30), namely r;jr_; = 1, ry +r_; =
S; for I =1, 2 and we find

R L
Sie(d) — @G —1) = (rq + o) H—= - A ~
Tl =T Tl =T
B R R L VR e
- Ty — T Tyl — 7T Tyl — T
=¢(+1) (4.2.35)

for all j € Z. Thus, ¢, 5 are indeed simultaneously Fibonacci and Tetranacci polynomi-
als. We soon need the explicit values of ¢;(j) for some j, and [ = 1, 2 in order to verify
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the closed formula for 7;(j). The use of Eq. (4.2.34) and ¢;(0) = 0, ¢;(1) = 1 yields
quickly (1 =1, 2)

@1(2) = Sipi(1) — ¢, (0) = 5, (4.2.36)
wi3) = Sipi(2) — (1) = 57— 1, (4.2.37)
and solving Eq. (4.2.34)) backwards for ¢;(j — 1) yields
ei(=1) = S1¢(0) — (1) = —1, (4.2.38)
@1(=2) = Sig(=1) = ¢ (0) = =5, (4.2.39)
pi(=3) = Sio(=2) = @u(=1) = = (SP — 1) (4.2.40)
Apparently, we have ¢;(j) = —¢;(—j) for 7 =2, 3. This is also true for all j € Z, as we
observe from Eq. (4.2.33) by exploiting the properties of r4;
=Jj —J —J —=J J J
N T BT S P RS .
- g = T T_ = = — . 4241
ei(—7) TR p—— ( H, 1) P —— ©1(4) ( )
The closed form expressions for 7_2(j), ey T1(j) can be written in combinations of
¢12(j) and we use a specific notation where [ denotes "not [”: For [ =1 (I = 2) we have
I =2 (I=1). One finds
. ©a(J) —¢10))
_ = == ‘-7 4.2.42
) — 1) (2
1=1,2 (Sl - 52)
i+ 1) r(3) — (G — 1
-y U+2)ei(=2) + @G + 2)@1(3) ali —1) (4.2.44)
I=1,2 (51— S2)
and finally

TG) = Z 07 +2) + oG +1)er(=2) + @z(j). (4.2.45)

1=1,2 (51— 52)2

First of all, let us discuss the r.h. sides in Eqgs. (4.2.42) - (4.2.45). We have to question
whether they are or are not Tetranacci polynomials. On the first view, we see products
like ¢;(j + 1) p7(—2) in T1(j) being non-linear. Inspecting their nature closer, we find
always just a single j dependent term and terms like ¢7(—2) are in fact a constant
prefactor. Hence, we have linear combinations of ¢;(j+2), ¢;(7+1), ¢;(7), ¢;(7 —1) and
the r.h.s in Eqgs. (4.2.42)) - (4.2.45) are thus Tetranacci polynomials. Further, the use of
¢, and @y prohibits T_2(j), ..., 7T1(j) to be Fibonacci polynomials as in Eq. ,
since 2 + 4 (¢ 4 2) # 0 excludes Sy = Ss.
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Second, the selective property in Eq. (4.2.22)) is easily verified, done exemplarily for
T_2(j) and T_1(j) next. The upper Egs. :4.2.36)—4.2.40 together with the initial values

©1(0) =0, ¢;(1) =1 for I =1, 2 yield

T o(-2) = @z(—;i:g(—% _ _SfQ——i_Sil =1,

T o(-1) = 9"“‘2:2“” - ;11_+512 -0,
T (0) = 902(2:?;(0) _ S?:EQ -
To(1) = 902(;3_?;(1) - 81_22 0,

as expected. Similarly, we have

-y 21(0) + 21(=2) or(=3) + 2i(=3) 1(2) Ea @21

=12 (81— 52)°

=S ei1(1) + @i (=1) i(=3) + ¢i(—2) ¢1(2)

(S1— S2)?
_214-52 1 — 557
2
1=1,2 — 52)
S% — 2515y + 522

= = ]_’
(S1 — S2)?

1=1,2

) + ©1(0) pi(=3) + @i (=1) pi(2)
(S1— Sa)?

wi1(2) — ¢i(2)

(S1— S2)°

T1(0) = Z

=1,2

)

1=1,2

and last but not least

- ©i1(3) + @i(1) r(=3) + ¢(0) ¢7(2)
T1(1) = 121:2 5 5.7

_ Z wi(3) — wi(3) _ 0,

1=1,2 (51— S2)°

(4.2.46)
(4.2.47)
(4.2.48)

(4.2.49)

(4.2.50)

(4.2.51)

(4.2.52)

(4.2.53)

as demanded from Eq. (4.2.22). Analogously, one can verify the selective property
for 7o(4), T1(j) and j = =2, ... ,1. Obviously, Tetranacci polynomials are uniquely
identiﬁed by their initial values, if 77, C are kept fixed, as we see from Eq. or Eq.

[4.2.32). Thus, we found in Eqs. ([4.2.42))-(4.2.45) the closed form expressmns for T_2(7),
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T-1(4), To(j) and T1(j). Together with the explicit from of §;, given by Eq. (4.2.23)) in
theorem this is a major result of this work. An even more compact and symmetric
form of the Tetranacci polynomials found at the end of writing this thesis, can be found

in appendix [C|

The last paragraph of this chapter addresses the limiting case n — 0 as last verifica-
tion.

4.2.2.2. The limit n =0 (n> +4(C+2) #0)

The basic Tetranacci polynomials are well behaving functions in ¢, n; for real {, n
even smooth in 1RE| as one can prove directly from Eq. via induction over j.
We demonstrate this behaviour by considering the case of n = 0 on T_2(j), T-1(j),
To(4), T1(j) which grants in turn §;|,—o and we compare it to our prior solutions in

Egs. (4.2.5), (4.2.6). First, we find Si|,—0 = —S2|y=0 from Eq. (4.2.27) implying
T+1lp=0 = —rx2|p=0 in Eq. (4.2.29). The former clear distinction between the solutions
1 o nearly vanishes

P1lymo () = (1771 @l (), (4.2.54)

for all j € Z. The last equation is invariant under exchanging ¢, 5 and we can write in
general

ilyo (1) = (=177 i, (), (4.2.55)

for 1,1 = 1, 2. We apply now Eq. (#.2.55)) first on T 2(j) in Eq. (4.2.42) and observe
that

Fa = [P9709D] —opan] B2 e

where ryq inside ¢;(j) has still to be evaluated at n = 0. Apparently, we have a
separation into even and odd j

_ ‘191(j) i even
T=2(5),=0 :{ 510 n=0’ ], " (4.2.57)
: jo

8This is not true for an arbitrary Tetranacci ¢;, due to possible initial values like £&-2 = 1/((n).
Further, the statement in the text is independent of the relation between n and (.
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reproducing our earlier finding in the n = 0 case. Similarly, we obtain for 7_1(j) from

Eq. (#2.43)
, _ ei(J +2) + @1(j) pi(=3) + @1 — 1) ¢1(2)
T-1()|y=0 = = (51 — 52)? »
e +2) [T+ (DT o+ g (G)ea(=8) [14 (=171
B 452 o
n 01(j — 1)a(2) [14 (—1)77 2271
453
n=0
— [14(=1)1] 01 +2) — @1(9)92151;) — 1l —1)¢i(2) R (4.2.58)

where we used Eq. (4.2.55)) multiple times and twice Eq. (4.2.41)) in the last step. The

last equation is a typical example for expressions we obtain for 7;(j) (i =

—1,0,1) at

n = 0, and there are several options to simplify it. We use Eq. (4.2.34) to replace
©1(j +2), v1(j + 1) and the values of ¢,(2) and ¢,(3) from Eqs. (4.2.36)), (4.2.37) to

continue. We find

. o i1 0, J even
Pl = - o] 20D By S

251 I .7 Odd

51 ‘n:O

Analogously, one obtains

. . |+ 2 £1+2) , J even
76(])|77=0 = [1_1,_(_1)]] 901(2.751 ) _ { S1 ’77:0

0, 7 odd
and
; 0 J even
. _ e i+ S
Ti(@)ly=o = [1+ (1)) 25, %(éjl)‘n:o, jodd *

As an intermediate result, now Eq. (4.2.23]) reduces to

(€1 T1() + &Ti()],—g Jodd
§j|77=0 =

),
€0 Toa(j) + & T,

—o Jeven

(4.2.59)

(4.2.60)

(4.2.61)

(4.2.62)

adopting already the proper structure of Egs. :4.2.5), (4.2.6). In order to do the fi-
nal step, we have to return to Eqs. (#.2.27), ([#.2.29) at n = 0. The former reveals

S1lp=0 = V/( + 2 and the latter offers

(£ /@1 _
=

T:2|31 ’n:O -

(4.2.63)
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according to Eq. (4.2.7). We can relate now ¢;(j) (¢5(j)) to F(j). For even j we simply
set j = 2n (n € Z) and inspecting the expressions like ;(j)/S1 in T_2(j) at both n = 0

closer, reveals
0 Ty —T_ r4+r_
n=0 + + n=0
2n 2n
_ {7“+1 — }
- 2 _ 2
T’+ r_ n=0
RY — R™
Ry —R_

= F(n), (4.2.64)

where we used S = 41 + r—1 in the first and Eq. (4.1.5) in the last step. Importantly,
for odd j, where we can set j = 2n + 1 (n € Z), the expressions for 711(j)|,=0 depend
on ¢q(j £ 1)|,=0; thus we can use Eq. (4.2.64)) for them as well. The proper application

of Eq. (4.2.64) in Eq. (4.2.62) gives (n € Z)

I3 = &F(n+1) — £ F(n). (4.2.66)

for n independent initial values and agrees indeed with our prior findings in Eqs. (4.2.5)),
(4.2.6]).

4.3. General remarks and the application to physical systems

The purpose of this section is to relate our mathematical object, the Tetranacci se-
quence, back to physics. We will see its appearance in the Kitaev chain later. Further,
even within the same model, Tetranacci polynomials can emerge multiple times for dif-
ferent tasks. For example the characteristic polynomial, the eigenstates and the Green’s
function (all in real space) of the Kitaev chain can be written naturally in terms of
Tetranacci polynmials In the following, we work out the details for the eigenstate prob-
lem. The equations themselves are universal and apply always.

In the beginning we have a given Hamiltonian H describing a certain discrete and/
or finite sized model containing the necessary parameters, interactions etc. The class of
systems we consider here is given in terms of field operators. Independent of whether
the latter are bosonic, fermionic or Majorana like fields, we can construct a Hamiltonian
density which adopts a matrix form. We want to solve the corresponding eigenvalue/
eigenvector problem. Some entries of our model obey the Tetranacci recursion formula
Eq. in position space. Thus, the quantities ( and 1 contain the parameters of
our system; its symmetries may -or may not- be directly visible in (, . That said, all
the quantities ry;, S; for [ = 1, 2 are defined for our model and have a certain value. As
done already in chapter @ we can always define the quantities k1 2d € C by

S; =t 2cos(kid), 1=1, 2, (4.3.1)
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and, since S1 + S = 7 holds, we have the relation
cos(kid) + cos(kad) = g (4.3.2)

between kid and kod. So far, we should understand k;d as a complex object which
depends on ¢, n € C, since S 2 as solutions of Eq. (4.2.26|) grants

¢ = SiQ —nSi2—2=4 cosz(kLgd) — 2n cos(ki2d) — 2. (4.3.3)

Generally, only a complex k1 2d can satisfy the last expression seen at best in case of
¢ > n. Further, k; 2d does not adopt discrete values for now, since S; 2, ¢ and/ or  do
not. The fundamental solutions r4; from Eq. (4.2.29)) become simply

ry = ekl =1 2 (4.3.4)

Apart from being convenient to have a description of ry; as in Eq. , we notice
that the situation of the physical problem in the Eqgs. — is turned upside
down: If we knew k1 2d we could obtain the quantities ¢, 77, S1,2 and r41 2. So far, all the
manipulations above are universal and not specific for eigenvalue/ eigenvector problems.
Nonetheless, the latter have the unique feature that in the models we consider here, the
probably unknown eigenvalue A will enter exclusively into ¢ = ().

This may not sound impressive, but it is. We translate the unknown eigenvalue via Eq.
into k1 2d, and since 7 is fixed by the model, Eq. relates k1 and ko. Thus,
we trade one unknown, namely A, for another say kijd. This seemingly unremarkable
deal bypasses effectively the recursion cycle in Eq. as we explain next.

Suppose we expressed our model Hamiltonian already in terms of a matrix. The
spectrum can be determined then either by calculating the associated characteristic
polynomial Py or directly from the eigenvector problem as we did in section (3| Either
way, the generic system size enters in the latter via the open boundary conditions.
Imagine that P or the eigenvector entries are related to Tetranacci polynomials; then,
we need ultimately Tetranacci polynomials whose index correlates with the system’s size.
Clearly, the recursive approach Eq. (4.2.1) is for analytical treatments not a suitable

method. Instead, we use for instance Eq. (4.2.31)) together with Eq. (4.3.4) granting
¢ = Aefdi 4 Beihdi 4 Oek2di D eikadi (4.3.5)

where the recursion is satisfied by construction of ry;. Here, we can directly insert
the boundary condition or required index and one is left to find the constants A, B,
C and D. Specifically for the eigenvector equation and the open boundary condition,
the knowledge of the four coefficients is only necessary in case one is interested in the
eigenvector: The eigenvalues can be obtained via a quantization rule imposed by the
open boundary condition which do not demand to know the coefficients. In this scope,
we avoid the explicit recursion cycle and we find the values for k1 2. In turn, the explicit
values for r4; and S; are known and one is left to read out the eigenvalues. Indeed,
Eq. is the dispersion relation for the models considered in this work (in a very
unfamiliar form), as the eigenvalues enter only in ¢ = ((\). The extreme is Eq. (4.3.1),
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which is actually the shortest form of the bulk dispersion relation. Moreover, Eq.
is the equal energy constraint on kj o such that A(k1) = A(k2).

Depending on the character of the problem, Eq. may not be the best choice to
determine &;. As we have shown, the use of the basic Tetranacci polynomials represen-
tation, that is

1
=Y &Tl), Jez, (4.3.6)

i=—2

and Eq. is absolutely equivalent to Eq. supposed that the coefficients
A, B, C, D are converted properly. Further, Eq. is universal for Tetranacci
polynomials and applies always, though it may not be advantageous in specific situations.

The basic Tetranacci polynomials are written in terms of ¢ 5(j) defined in Eq.
. Importantly for the physical intuition, ¢ 5(j) are reshaped into the form of
standing waves

wi(j) = in (k) 1=1,2 (4.3.7)

by applying Eq. (4.3.4). In turn, we can understand 7;(j) (i = —2,—1,0,1) following
Egs. 4.2.42— as specific superposition. This is independent of whether kq o are
quantized and again a universal feature. The next time we are confronted with the
recursion formula from Eq. , we have already the solution independent of the
context. Finally, the basic Tetranacci polynomials 7;(j) (¢12(j)) are real in case ¢, 1
(S1,2) are also real.
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5. The Kitaev chain

5.1. Topological phase diagram and k-space representation

In his original work [2] in 2001, Alexei Kitaev investigated the possibility for fault tol-
erant quantum computation based on isolated Majorana fermions. He concluded that
these Majorana fermions are ”immune to any kind of error” and thus predestined as
qubits for quantum computers. But Majorana fermions are quasiparticle states, and
thus not a fundamental element in solid state physics. Majorana bound states exist in
so called topological superconductors as Bogoliubov quasiparticles [7}, (19, 20, [23]. Spe-
cific devices with the ability to host Majorana fermions have thus to be engineered [66],
for example based on nanowires |10} [67] or carbon nanotubes [30, 32, |6§]. In these se-
tups, intrinsic spin-orbit coupling and an external magnetic field create effective p-wave
superconductivity based on ordinary s-wave pairing. The effort realizes the archetypal
model of 1d topological superconductors: the Kitaev chain.

The Kitaev chain is a toy model based on a chain of N atoms, each with only one
orbital degree of freedom; in principle up to two electrons can occupy a single orbital,
but nonetheless spinless fermions are considered [2, 7, 19, 21, 66]. Alternatively, one can
think of a spin polarized system, say only spin up, where the electron’s spin is ”frozen
out” by a magnetic field. The Kitaev mean field Hamiltonian reads

N N-1
Hxe = —ny. (d}d - > (adl,idh - tal, d; + ), (5.1.1)
j=1 j=1

in terms of standard fermionic operators d;, d}, where t is the nearest neighbor hopping
constant, A the short range p-wave superconducting pairing constant, and p accounts for
the chemical potential. The unusual p-wave superconductivity, contrary to the common
s-wave type, pairs electrons of the same spin, where the dominant contribution appears
only between nearest neighbors. As we shall see, the Hamiltonian in Eq. is
the archetype of a one-dimensional topological superconductor. We consider ¢, A € R
without restrictions.

In section we analyze the symmetries of the Kitaev chain in k-space in more detail.
We find the partlcle hole symmetry P, the chiral symmetry C, the (pseudo) time reversal
symmetry 7 and the inversion symmetry I. Here, in real space the action of I is seen

), g

at best. The mapping d(T Ni1j forj=1,..., N on Eq. (5.11) yields

I Hgel™ = ﬁKc‘_A, (5.1.2)
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where the sign change of A arises from the now opposite binding direction reflecting the
p-wave superconductivity.

Considering now periodic boundary conditions on the Hamiltonian in Eq. (5.1.1)),
which grants also discrete translational invariance, allows a Fourier analysis with

_ 1 ikjd :
dj = 75 Zk: dy €7 and lattice constant d. We find [7]

] _ T —ikd ikd pN
Hre = Zk:[—ﬂ — 9t cos(kd)] dldy + Azk: (de_ke +d_pdye ) + 5=
(5.1.3)
Expressing the Kitaev Hamiltonian in momentum space via
o = LS WLk by, Gy (5.1.4)
Kc—2k k ks k= dik’ 1.
yields the BAG matrix
_ (—p — 2t cos(kd) —2iAsin(kd)
(k) = ( 2iA sin(kd) W+ 2t cos(kd) (5.1.5)
up to an overall constant. The dispersion relation for the excitation spectrum
Ba(k) = £/l + 2t cos(kd)]? + 4A%sin? (kd) (5.1.6)

follows from diagonalising H (k) [2, 7, 19, 66]. A finite superconducting pairing constant
A causes a gapped spectrum; the gap width for g = 0 is 4min{¢, A}, supposing that
non of them is zero. Please notice that the periodicity of the dispersion relation in kd
changes for finite chemical potential.

The gap closing condition for finite A # 0 at kd = 0,7 is g = F2t and marks
the phase boundary between distinct topological phases depicted in Fig. Still,
the identification of the topological trival and non-trivial phases cannot be achieved
from the gap closing and relies on topological invariants, which are determined by the
dimensionality of the system and the involved symmetries.

5.2. Symmetries and topological invariant

Naturally, the dispersion relation Eq. reflects the symmetries present in the
system’s BAG Hamiltonian in Eq. (5.1.5). The Kitaev chain has three important ones:
The particle-hole P, the chiral C and the (pseudo) time reversal symmetry 7. Thus, the
Kitaev chain is placed in the BDI class |41} 97] related to a 7Z topological invariant in
one dimension.

The antiunitary particle-hole symmetry arises directly from the BAG construction.
Explicitly, we have P = K o w.r.t (k) in Eq. (5.1.5), where oy is the Pauli matrix and
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v=1 w/A v=—1
\ //
2| R
) >
t/A
v=20

Figure 5.1.: Topological phase diagram of the Kitaev chain. The phase boundary (red
line) separates the topological non trivial phases (v = £1) from the trivial
one (v =0 in gray). The Kitaev points at (t/A,u/A) = (£1,0) are high-
lighted.

K denotes the operator of complex conjugation. One can easily verify that P H (k) P~! =
—H(—k) and P? = 15 holds [39]. Thus, acting with P on an eigenstate @(k) of H(k)
with energy E and wavevector k gives

H(k) PT(—k) = —E Pi(—k), (5.2.1)

the eigenvector P ¥(—k) belonging to —E and —k. Most notably, the particle-hole sym-
metry P implies a doubly degenerated zero energy level (if present) and thus Majorana
zero energy modes (MZM) can only emerge in pairs.

The (pseudo) time reversal symmetry 7 = K1y (72 = 13) changes k — —k and
TH(k)T ' = H(—k) is true [40]. The presence of T originates from the fermion’s
spinless nature in Eq. (5.1.1). The chiral symmetry C = oy (C? = 1) acts as
CH(k)C~1 = —H(k), thereby changing the eigenstate (k) with energy F

H(k) CT(k) = —E Cu(k) (5.2.2)

into C¥(k) corresponding to —FE. Thus, C indicates the presence of the pseudo time
reversal symmetry by 7 = PC.

Finally acting similar to the (pseudo) time reversal symmetry by inverting the mo-
mentum’s sign, the inversion symmetry 7 is also relevant for the Kitaev chain. One
can distinguish it from 7 noting that the former is unitary, while the latter antiunitary.

Explicitly, we have
1
7= < _1> = Oy, (5.2.3)

replacing indeed £k — —k in Eq. (5.1.5); thus, effectively only the sign of the super-
conducting pairing constant is reverted, in agreement with Eq. (5.1.2) in real space.
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Nonetheless, the inversion symmetry as global symmetry does not enter into the topo-
logical classification by Altland and Zirnbauer contrary to the local acting ones: P, C
and T [41].

The chiral symmetry allows one to introduce the winding number v as the topological
invariant [39, 98|

w/d
1
V=5 / dk Opw(k), (5.2.4)
—m/d

with w(k) = arg [2Asin(kd) + 1(p + 2t cos(kd))] for N — oo [4]. The entire topologi-
cal phase diagram is determined by the values of v with v = +1 (v = 0) corresponding
to the topological non trivial (trivial) phase. The evaluation of Eq. yields v = £1
(v =0) for |u| < 2|t| (otherwise) and thus to the topological phase diagram in Fig.

Significantly, in the thermodynamic limit of N — oo Majorana zero modes are present
for all parameters assigned to the topological non trivial phases. In the case of a finite
system size (with open boundary condition) we have to correct this point of view slightly;
the non trivial phase is merely the parameter frame where we expect Majorana fermions,
since finite size effects may prohibit their presence for certain values of u/A, t/A within
the topological non trivial region.

5.3. Kitaev’s approach

The remarkable feature of Kitaev’s model is the simplicity in proving the existence of
Majorana fermions as emergent boundary states [2, |7, |19 [21]. This can be demon-
strated for example by using (local) Majorana operators 73-4, 7; defined via the unitary

transformation
A
/ 1 d;
JEA P [1. 1] 7. (5.3.1)
) T e Ll

Apart from the anticommutation relation (o, 5= A, B;1,5=1,..., N)

{75-“, vf} = dap 0j1, (5.3.2)
the Majorana operators are hermitian and square to 1/2

a (5.3.3)
(5.3.4)

As Eq. (5.3.1)) suggests, the Majorana operators are in perfect balance between particle
creation and annihilation, thus they treat superconducting pairing and hopping processes
similarly. Since a unitary (or any invertible) basis transformation cannot cause a loss
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a) ~ b)

¢ 1-d
= o TN
S "4
9
=1 2 3 4 5 N=6 j=1 2 3 4 5 N=6

Figure 5.2.: The Kitaev chain with N = 6 sites, lattice constant d and open boundary,
visualized for 4 = 0, A=t # 0ina) and p # 0,t = A =0in b). The
Majorana orbitals (e, ®) associated to 73-4, 7; at site j are sketched along
the vertical axis. The enclosed pairs are bound together along the displayed
dotted lines and form fermions.

of information, A, t get reshaped into the linear combinations A + ¢ and the Kitaev
Hamiltonian from Eq. (5.1.1]) becomes

N N-1 N-1
Hxe = —ipy | vy + i( Vv A Y ke (535
j=1 3:1 J=1

The actual decomposition of a particle into the two Majorana operators gives rise to two
degrees of freedom per atom, namely A and /3. These two ”orbitals” are bound together
by the chemical potential y and we may think of —iu as a kind of hopping parameter
between both. Importantly, avoid over-interpreting Eq. : it does not require
superconductivity at all, nor does it give rise to the presence of Majorana fermions; it is
merely a basis transformation applicable to many systems. Nonetheless, the new shape
of the Hamiltonian suggests to investigate the cases A =t and A = —t. The situation
for zero chemical potential and A =t # 0, belonging to the topological non-trivial phase,
is depicted in Fig. a). The Hamiltonian becomes peculiar

N-1
Hye = 2it > v/ v, (5.3.6)
j=1

since 'yf‘ and 7 do not appear. In doubt, we can calculate the commutators [I:I KC, 'yﬂ =

[fIKc, 'YN} = 0. The result shows the absence of ’yf‘, Yy in Hye. Indeed, the absence

of vf‘, vy indicates the presence of zero energy end modes in a finite chain (with open
boundary conditions). A similar situation occurs for A = —t and pu = 0. We call the
points (t/A, pu/A) = (£1, 0) in the parameter space the Kitaev points. Since two Ma-
jorana operators of type A, 2 form a fermion (created by qi defined in Egs. ,
(5.3.8)), one can show that such a single fermion is localized at both ends of the chain



5.4. Finite size effects and spatial overlap Y

simultaneously
1 .
d= 6t k), =1 (537
1
F— — (v —iyd), [A=—t]. 5.3.8
q_ \/§ (71 ’YN) ) [ ] ( )

Single Majorana operators 'yjA, 7y; cannot enter into the Hamiltonian as they do not
preserve the fermionic parity. Thus, isolated Majorana fermions associated for instance
with ’yf, vy are stable against errors, i.e. predestined for fault tolerant quantum com-
putations. Furthermore, zero energy states cause fermionic parity switches, since it costs
no energy to change the occupation. For more details see 7] and in particular [2].

Zero energy edge modes are not always present in the Kitaev chain as we can see

clearly from Eq. (5.3.5) at t =A =0, u#0
N
Hye = —ipY_ vy, (5.3.9)
j=1

which belongs to the topological trivial phase. The Majorana operators on each site get
bound into fermions with finite energy as visualized in Fig. b). The scenarios drawn
in Egs. (5.3.7) - (5.3.9) allow a more practical understanding of the topological phase

diagram as we discuss in the following.

5.4. Finite size effects and spatial overlap

A finite system length with boundaries is mandatory to observe Majorana fermions since
they possess as in-gap excitation a complex wavevector x. The associated imaginary
part causes a decay in the spatial profile of the wavefunction. Typically, one defines
a decay length £ = d/Im(k) in order to quantify the spatial behavior of the Majarana
wavefunctions in comparison to the system size L. In case of (/L < 1 ({/L > 1), the
wave function is localized closely to the systems ends (extended over the entire system).

The extreme case is shown in Egs. , , where the fermion is composed by
two Majorana fermions residing on the first and last sites. Here, the decay length is zero
as the wave functions drops immediately to zero on the nearest neighboring site.

For the Kitaev chain at zero chemical potential, one finds [2]

2d

T (5.4.1)
=2

ﬂu:o -

for arbitrary values of ¢, A.

In the community it is widely believed that the spatial profile of Majorana fermions
at finite system length L causes the energy to shift from zero to finite values, as stated
in Refs. [3, 7, 8, 19, 66] to give only a few. Explicitly, in the situation where the two
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Majorana fermions are not remotely far away, their wavefunctions may possess a spatial
overlap. Numerical investigations, and some analytic treatments |2} 3| [72], conclude
that this overlap causes an energy shift from zero, whose upper value is proportional to

exp(—L/§).



6. Spectral analysis of the finite Kitaev
chain

The main aspects of the chapter have been published in (4, |5].

We start the discussion of the spectrum and the eigenstates of the finite Kitaev chain
in real space by defining our default BdG basis Updc = <d1, codp, d];, e ,d}l,). The
Kitaev Hamiltonian in Eq. (5.1.1) becomes

R 1 - R
Hyc = §¢1T3dg HBdG VBAG- (6.0.1)

As a first impression, the matrix Hgqq contains a particle C' and a hole block —C'

¢ S } , (6.0.2)

both coupled by the superconducting pairing matrices S, St. All matrices inside Hpqg
are tridiagonal and the matrix C' is hermitian,

Lt
S
t - —t
c - ST (6.0.3)
t o—p —t
T
L —t =l NN

It displays essentially the same structure as the linear chain from section [2| see in par-

ticular Eq. (2.2.1). The matrix

" 0 A -
-A 0 A
-A 0 A
S = (6.0.4)
-A 0 A
A 0 A
L —A 0] NxN
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is skew hermitian, i.e. ST = —8, since A is considered real. The default basis introduced
here will not be the best basis choice for the latest stages of our approach, but in the
beginning it will serve us well. Later during the discussions of the transport properties,
we will express the retarded Green’s function w.r.t to this default basis @Bdg enabling
hopefully an intuitive understanding.

The tridiagonal structure of C, S originates from the Kitaev Hamiltonian owing exclu-
sively nearest neighbour processes, either the hopping ¢ or the p-wave pairing constant
A. Notice that in section we dealt with exactly this type of matrices. Before using
the formalism of section we obtain the eigenvalues together with the quantization
of the wavevector k for special parameter settings with very small effort.

6.1. The humble beginnings in real space: A =0 vs. t =0

In this short section, we calculate the spectrum of the Kitaev chain for the rather trivial
cases A = 0 and ¢t = 0, the former only for completeness. We use the most elementary
and error resistant method: the characteristic polynomial. In case of A = 0 only C' and
—C in Hpge remain, since S = St =0 ~, N drops out. Obviously, we have that

My -—-C
Py (Hpac|a—g) = det (A\lay — Hpaclag) = det
My +C

= det(AMy —C)det AMIy +C), (6.1.1)
and the last step follows from the block diagonal structure of Hpgqg|a=o. The spectrum

of C is the one of the linear chain. Observing that A = E£=C with E1 from Eq. (5.1.6)
holds, the eigenvalues of the Kitaev chain are

E27(kjd) = +[u + 2tcos (k;d)] (6.1.2)

with kjd = jn/(N+1),j=1,..., N. We continue with the situation of t =0, A # 0,
where we find a naively unexpected result for the eigenvalues and quantized wavevectors.
This advantageous strategy provides us with the possibility to check the more advanced
results to be presented later.

6.1.1. Spectrum for =1t =0, A # 0.

We simplify our life further by first considering y = ¢t = 0; we include p # 0 in a second
step. The parameter setting sets now C' = Oy, y following Eq. (6.0-3), and only S, St
remain in Hpqc

S
HpdGli—py—o = {ST } (6.1.3)

Obtaining eigenvalues can involve the calculation of determinants and the latter are not
only determined by the value of the individual entries for the corresponding matrix, but
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their arrangement as well; the geometry of the elements so to speak, as follows from
Laplace’s expansion. Nevertheless, here we wish to point out the specific arrangement
of physical quantities inside Eq. , since S, St are tridiagonal. Clearly, only A
remains; but the way how A enters into S, and S, ST into Hpqg is delicate. The tempting
structure provided by Hpgqc grants the characteristic polynomial

Ay =S
Py(HBacli—,y—) = det ()\JLQN - HBdG’t:u:O) = det [ R ILN} (6.1.4)
where we used ST = —S. We thus work in the frame of partitioned matrices. In
particular, the commutator A1y, S] =0 Vanishesﬂ and one obtains[99]
Pr(HBacli—,—g) = det [\ 1y + S7]. (6.1.5)

Exploiting that S and 15 commute, we can simplify P\ again
PA(HBdG|t:M:0) = det [)\ Iy + IS] det [)\ Iy — IS] = P)\(iS) P)\(—iS). (6.1.6)

The eigenvalues of Hpgqg follow now from the ones of the hermitian matrices +1.S. The
matrix iS is tridiagonal

F 0 A 1
—iA 0 A
—iA 0 A
is = (6.1.7)
~iA 0 A
—iA 0 A
—iA 0 ]

NxN

and imitates a linear chain with imaginary ”hopping” iA. We can directly read out the
eigenvalues of +iS using Eqgs. (2.2.11)), (2.2.15). The spectrum of Hpqg is simply

nmw
A= 12A —_— =1,..., N. 1.
COS(N+1>, n ey (6.1.8)
Surprisingly, we find a cosine dependence, while the dispersion relation from Eq. ([5.1.6)
gives B4 (k) = £2Asin(kd) at t = p = 0. Thus, the quantised values of kd w.r.t to
Ey(k) are

nm T

™

Next, we consider finite values of the chemical potential.

!The technique provided by Ref. [99] applies even for non invertible diagonal blocks, in contrary to
the standard determinant formula for partitioned 2 x 2 matrices. We will find A = 0 as eigenvalue for
odd N, since the reality of A implies ST = ST = —§ and in turn det(S) = det(ST) = (—=1)Vdet(S)
yielding det(S) = 0 for odd N. Silvester’s formula states det {é’ g] = det[AD — CB], iff [C, D] =0,
for equal sized, square matrices A, B, C, D.



62 Chapter 6: Spectral analysis of the finite Kitaev chain

6.1.2. Eigenvalues for ¢t =0, u # 0 A # 0.

We can include p # 0 using the same techniques as before. Revisiting Eq. (6.0.3))
displays C' = —uly at t = 0 and thus the characteristic polynomial belonging to Hpqg
is now

_ _ _ A+p) Iy -8
P)\(/HBdG’t:o) = det (A\lay /HBdG|t:0) = det g A—p) 1y (6.1.10)
Still, 1y and S commute granting again [99]
Py(Hpdglieg) = det [(\ —p?) 1y + S?] = det [A% 1y + S?] (6.1.11)

where we set A% := A\? — 12 in order to imitate the structure from the former y = 0 zero
case. Similarly as before, we get Px(Hpacl;—g) = Pa(iS) Pa(—1S). The hermiticity
of +iS ensures A € R, i.e. A2 > p?, and we get A = 42A cos[nw/(N + 1)] with
n=1,..., N. The spectrum of the Kitaev chain follows by solving for A. In terms of
the dispersion relation from Eq. the eigenvalues are

E;:O(k) = :t\/l,LQ —+ 4A2 sin2 <]Vn_:1 + 72r>7 n = 17 ey N7 (6112)

with the displayed quantized wavevectors.

Including the chemical potential i into the eigenvalues was not a challenge and only ¢ #
0 remains. However, we have a competition between ¢t and A, as it becomes completely
apparent by comparing the situation t = ¢4 =0, A £ 0 with A = p =0, t # 0. This
conflict prevents us from including ¢ # 0 into the eigenvalues via the scheme discussed
above as shown in appendix [E] and is in fact essential for the Kitaev chain.

6.2. The SSH-like chain limit: ;=0

The prior section used the default BAG Basis 1[13(1@ = <d1, ..o dy, d;, e ,d}l,) and we
showed its inappropriate character to deal with ¢ and A simultaneously in appendix [E]
Further progress in real space is possible by choosing a suitable basis. In particular, the
Hamiltonian in terms of Majorana operators nyA, Y (j=1,..., N) from Eq.
is the most adequate, since ¢, A are reshaped into a = i(A —t) and b := i(A + t). For
1 = 0 we have that

HKC‘
I

N-1 N-1
A A
=a E YV + b E Vi Vit (6.2.1)
j=1 j=1

Notice that without chemical potential the onsite bonding —ip between fyjA 7; dropped.
As depicted in Fig. we find two independent Su-Schrieffer-Heeger-like (SSH-like)
chains «, § with lattice constant 2d, respectively [97,/100]. The « (3) chain starts always
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a) b)
1-d i 2-d o
S— )
@ o' o o o T Tl =
O o
™ Sl Sl Sl Sl e o —e—o—
j=1 2 3 4 5 6=N j=1 2 3 4 5 6=N

Figure 6.1.: The Kitaev BAG Hamiltonian for y = 0 and N = 6 depicted in terms of the
Majorana operators fy]A, ;" (e, ®) and with n.n.n. hoppings a = i(A —1)
(purple), b =1 (A +t) (cyan) as solid arrows; the dashed ones are associated
with —a, —b. a) The Majorana operators form connected sublattices and
the dotted rectangle indicates the unit cell. b) No length scale is assigned
to the vertical axis and exchanging every second pair v, v reduces the
former intertwined structure into two independent subsystems «, 8. Each
of them is a Su-Schrieffer-Heeger-like (SSH)-like chain with the given unit
cell and lattice constant 2d .

with v{* (") and contains only 'y with even (odd) and only ;" with odd (even) position
j. In fact, a reordering of the terms in Eq. - yields

1 Ny No
HKCLfo =3 (az Vo1 + bz ’Ym’YéL}H) + h.c.
=1

N1 N2
1
3 (X i ¢ aY i) +he, 23
=1 =1

with Ny = N/2; Ny = N; — 1 for even N and N; = Ny = (N —1)/2 for odd N. Here,
the first (second) line is the Hamiltonian for the o (3) chain.
Next, we calculate the BAG matrix from Eq. (6.2.2)) defining

7 . A A A AT
%b%é%‘ = (’71 y Y25« -5 IN=1» ’YN‘ Y1 V25 - YN=1» ’YN) ) (6-2-3)
fodd . A A A A T
¢§SH = (’71 y V25 - YTN=-1» ’YN‘ Y1 V25 s IN-1 'YN) ’ (6'2'4)

where ”|” indicates the end of the a chain and we understand wg‘éeg odd <¢a { 1115)

Please notice that ¢a (wg) is precisely depicted by the spheres of chain a () in Fig. |6
b). In terms of vgsi, Eq. (6.2.2) becomes

g L ) Hoa OnnN| 2
bt ‘ _ Loy o ssh _ N N
Kol =3 Yggn HKe YssH wSSH Own Mo S (6.2.5)

for even and odd N, respectively. H,, g are tridiagonal as indicated by Fig. b), and
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we find for even N

0 a
—a 0 b
-b 0 a
—a 0 b
-b 0 a
L —a 0]y n
and similarly
"0 b _
-b 0 a
—a 0 b
-b 0 a
—a 0 b
L —b 0] NxN

The odd N expressions follow from removing both the last line and last column in Egs.
, . We observe that the SSH-like chain matrices convert into each other by
exchanging the hopping a with b: Ho = Hglews. Still, He, s are written in a distinct
basis, i.e. w.r.t different operators. Nonetheless, the relation between both chains can be
seen directly in Fig. b) as well, where we pictorially replace the color of the arrows,
i.e. purple with cyan and vice versa, but we do not change the blue/ orange spheres.
This property is very useful and will simplify the calculation of the eigenvalues, as we
see next.

6.2.1. Derivation of the characteristic polynomial

The spectrum can be obtained with the characteristic polynomial. In order to avoid
the longer and more technical discussion from appendix [F] we exploit some properties
of the SSH-like representation granting a faster, intuitive yet exact calculation. The
characteristic polynomial of Hi! in Eq. (6.2.5)

Aly — He

P)\(HIS{SCH) = det (AHQN —HIS<SCH) = det A]lN . 7‘[5

= P)\(Hoc) P)\(Hﬁ)’ (628)

is a product of the characteristic polynomials of the individual SSH-like chains. The
relations between H, g are the key to solve for the spectrum of the Kitaev chain and
allow a rather simple treatment, as we show.

The tridiagonal structure of H, from Eq. (6.2.6) allows the use of the recursion
method provided by Ref. [78]. We have Py(Ha) = en (P\(Hs) = (n) and ey ((n) is
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a) b)
Ha : THa 1
"o v i
i i b a a b i i
(* Tl & Tl * Tl ® T S5OSO S50
j=1 2 3 4 5=N 5=N 4 3 2 gj=1

Figure 6.2.: The a-chain for odd N = 5 in a) and after spatial inversion in b). By
comparison, the structure of ZH,Z ™! is essentially the one of H, after
changing a — b. Both differ only by an overall sign, since the solid arrows
point now in the opposite direction.

obtained from

6 = Ne—1 + (a® Gpeven + b 00ad) €1-2, (6.2.9)
G = AGo1 + (0*Seven + a° G10ad) G2, (6.2.10)
forl =1, ..., N. The initial values are eg = 1, e_1 = 0 and {, = 1, (_1 = 0. The second

term of the r.h.s in Eqgs. (6.2.9), (6.2.10) differs between even and odd index, which
makes it problematic to directly access the final result. However, one can circumvent
this term by exploiting the properties of H, g in several simple steps. Apparently, Egs.

(6.2.6), (6.2.7) imply
Glomp =€, 1>-1 (6.2.11)

and vice versa. This property alone will not simplify the calculation, but there is in fact
a second relation between (j, €.

As shown in Fig. a spatial inversion of H, (Hp analogously) acts similar as
exchanging a and b. The spatial inversion Z reads

1
=1 (6.2.12)

NxN

w.r.t. Hq, g. Indeed, the application of Z on H,, yields
IHoIT ' = —Halyy = —Hp, (odd N only) (6.2.13)

only if N is odd and analogously for Hg. For even N, this connection breaks down as
one can see from Fig. by removing one site. The first hopping process and the last
one would be the same; thus the inversion exchanges only a — —a, b — —b and no
mapping between H,,, g is achievable with Z.
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Importantly, Eq. , the hermiticity of Hz and the properties of the determinant
yield
en = PA\(Ho) = det (Z) det ALy — Hao)det (1) = det (AN —ZHoZ ")
= det (Ay + )
= det (A 1y + H})
= det (A\1n — Hp)
= P\(Hp) =N (6.2.14)

for odd N. Thus, H, g share the same spectrum for odd N. Notice that Eq. (6.2.14)
may actually imply that

e = (, (lodd) (6.2.15)

is true for all odd [ due to the recursive approach. Next, recall that A is meant as
parameter so far and not as eigenvalue. Since Eq. is also correct, we find that
€1, (; are invariant under the exchange of a’s and b’s from Eq. .

The crucial step to solve the recursion in Eqs. , is to consider even and
odd [ independently. Due to the property shown in Eq. (6.2.15)), one finds in both cases

the common and simplified expressions (I =1, ..., N)
€ = A1 + a® €1—2, (6.2.16)
G = Xe1 + b Qo (6.2.17)

We can disentangle the last two expressions and we find

a2 = (N +a®+0?) ¢ — a’b e o, (6.2.18)
G2 = (N +a® +b2) ¢ — a®? oo (6.2.19)

Here, we extended the sequences to all integers [ for simplicity. The appearance of \2
in the last expressions reflects the chiral and the particle-hole symmetry of the Kitaev
chain, rather than A in the Egs. , . Further, the Eqgs. (6.2.18]), (6.2.19))
show a distinction for even and odd number of sites, which is a known feature of SSH
chains [101].

We have already shown in Ch. that the Eqgs. (6.2.18]), (6.2.19) define Fibonacci
polynomials u, = €ap4+1, Un = €2,. We find the initial values ug =¢; = A\, u_1 =e_1 =
0,v0=¢ =1,v_1 =e 9 =1/a?%, see Eq. . The value for e_o is extracted from
Eq. by inserting [ = 0. The closed form expressions for u,, v, are given in Eq.
(4.1.6). Here, we have z = A2 +a? + 1% and y = —a?b?. The solutions for €an+1 and eop
read

€nt+1 = /\.7-"(n + 1), (6.2.20)
€n = F(n+1) — b2 F(n), (6.2.21)
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in terms of the notation implemented in Ch. Since both x and y are invariant under

the exchange of a’s and ¥'s, the Fibonacci F(n) is, see Eq. (4.1.2)), (4.1.5). Thus, (a1,
Can, follow from Eqgs. (6.2.20)), (6.2.21) as

Cont1 = AF(n+1), (6.2.22)
Con = F(n+1) — a® F(n), (6.2.23)

using Eq. (6:2.11). The characteristic polynomial is Py\(HEo!) = en (ny and fully de-
termined, see Eq. (6.2.8). From our results in Egs. (6.2.20) - (6.2.23), we can see that
the spectra for the SSH-like chains o and [ are non-degenerate (doubly degenerate) for
even (odd) N.

A final remark before we turn directly to the eigenvalues. The results for Py(Hpe!) do
not require the hermiticity of #H,, 3 as can be extracted from Ref. [78]; hermiticity was
only a special case. The results for ey and ( hold for all a, b independently of whether
they are real, pure imaginary or complex. An alternative approach to the spectrum at
w =0 can be found in Ref. [70].

6.2.2. Spectrum for ;4 =0 and N odd

The zeros of ey and (n = 0 yield the eigenvalues. Since the lattice constant for the «
and the f chain is 2d as shown in Fig. we thus set A% + a? + b2 = 2ab cos(2 kd)
following Eq. (4.1.13)). Indeed, we find the dispersion relation A = E4|,—g

B0 — /412 cos?(kd) + 422 sin? (kd) (6.2.24)

in agreement with Eq. (5.1.6), after converting a = i(A —t), b = i(A +t) back into ¢, A.
From Eq. ([4.1.15)), we have F(n)  sin (2kdn) /sin (2kd) and demanding ey = (y = 0
gives the quantization constraints.

In case of N odd, we evaluate Egs. (6.2.20), (6.2.22)) at n = (N — 1)/2 and the
spectrum readsﬂ

EY=" =0, (twofold degenerate) (6.2.25)

B (kyd) = /462 cos?(kyd) + 4A% sin?(k;d) (6.2.26)

with k;d = jm/(N+1),j=1,..., N, j # (N+1)/2. Since each value of kd corresponds
to two energy eigenvalues, we have in total 2N, as expected. The excluded value j =
(N +1)/2 corresponds to 2kd = , originating from the denominator sin(2kd) in both
én, (n. For N =1 we have only zero energy modes.

The limiting cases of either t = 0 and A = 0 on the Eqgs. (6.2.25)), (6.2.26) reproduce
our earlier findings in Eq. , at © = 0 and odd N. Note, the zero energy
mode from Eq. enforces the /2 shift of kd for A = 0 in order to be incorporated

into the equidistant quantization.

2The pu = 0 case is intricate since the periodicity of the bulk dispersion relation is different from that
of finite u. One can restrict kd € (0, 7/2) (kd € (w/2, 7)) for the o (83) chain and both together yield

Eq. (6.2.26).
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In the general case of both finite ¢ and A, the Eqgs. (6.2.25)), (6.2.26) do not differen-
tiate between t/A > 1, t/A < 1 and especially, we find one zero energy mode on each
SSH-like chain. This originates from the peculiar bonding situation of the «, § chains
in case of odd N as can be seen from Fig. a). Since |a| # |b|, one end is always more
weakly connected to the rest of the SSH-like chain. In Ch. [6.2.5] we demonstrate that
the zero energy mode is an edge state residing at this end.

6.2.3. Spectrum for =0 and N even

In case of even N the bonding scenario changes as depicted in Fig. Both ends
of a given SSH-like chain are connected equally strong to the interior. This causes the
presence of two decaying states on the SSH-like chain with the smaller hoppings value
of a or b at its end and simultaneously none on the other. Still, the spatial distance
between both chains is zero and experimentally one would observe two edge states at
opposite ends of the Kitaev chain; this discrepancy is expressed in distinct quantization
rules for both SSH-like chains.

6.2.3.1. Quantization rule for extended states

The quantization is generally not equidistant, but kept in terms of a transcendental
equation as we discover soon. Here, the ratios ¢/A > 1 and t/A < 1 correspond to
distinct situations. The ansatz A2+ a2 +b? = 2ab cos(2kd) uses the convention i/y =ab
in x = 21,/y cos(2kd) from Eq. with = A2 +a? +b? and y = —a?b?.

Since (v # ey for even N, we get two quantization rules, one for each SSH-like chain.
Eq. states F(n) = (i,/y)" ! sin(2kdn)/ sin(2kd) and from ey = 0, we find

sin [kd (N + 2)] sin (kd N')
sin (2kd)  sin (2kd)

=0, (6.2.27)

which can be simplified to

cos [kd (N + 1)] sin [kd (N +1)]
A cos(kd) - sin(kd) -0 (6229

The expression for (; = 0 follows from ey = 0 by exchanging a = i(A — t)) with
b=1i(A+1t),i.e. t = —t. Thus, the quantization rules for the Kitaev chain for even N
and at =0 is

tan [kd (N + 1)] = i% tan (kd), kd #0 (6.2.29)

where the positive (negative) sign is associated to the a () SSH-like chain. The solutions

of Eq. (6.2.29) inserted into the dispersion relation from Eq. (5.1.6) at u = 0 give the
eigenvalues, see Fig. Notice that one can restrict the solutions of kd to be positive.

We continue with discussing the properties of Eq. (6.2.29)).
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a) b)
6 — | I
a: tan [kd (N + 1)] — &/t tan (kd) = 0 Es 1
4 V ) E,
, i D
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Figure 6.3.: Numerically calculated eigenvalues +=FE;(j = 0,1,2,3) of the Kitaev chain
with N = 4 sites, t/A = 4/1.5 ~ 2.66, u = 0 depicted as horizontal dotted
lines. The bulk dispersion relation Ey(k) (green) in units of A is shown
as a function of kd € [—m, 7. a) The zeros of tan [kd (N + 1) — A/t tan(kd)]
(blue) and tan [kd (N + 1) 4+ (&/t) tan(kd)] (orange, dotted) quantize the real
momenta kd = kjd as k3 21d € {0.58012, 0.68813, 1.12386}. The eigenvalues
+FE; € {£4.59, £4.31, £2.93} are correctly reproduced. b) Zoom of a) for
kd € [0.5,1.2]. The in-gap energies +Ej require a complex wavevector

shown in Fig.

First, the case of A = 0 implies tan [kd (N + 1)] = sin [kd (N + 1)] = 0 and we receive
our prior result from Eq. at 4 = 0 back. Second, the effect of ¢t = 0 is better
visible from Eq. (6.2.28)). Since cos [kd (N +1)] = 0 is imposed, the wavevectors are
shifted by /2 compared to the prior A = 0 case.

Alternatively, we can set kd — kd + /2 in Eq. and one finds

tan [léd (N + 1)] - i% tan (l%d)  kd#0, (6.2.30)

Eq. (6.2.29) with inverted ratio A/t. Here, the positive (negative) sign is still associated
to the a (f) chain. The applied 7/2 shift affects also the dispersion relation in Eq. ([5.1.6)

changing cos? (kd) — sin? (l?:d) etc. Thus, we recover the results from Eq. (6.1.12) at
w=0.

6.2.3.2. Quantization rule for edge states and criterion for their existence

Strictly speaking, we have not specified kd as real quantity and indeed Eq.
accounts also for the in-gap states. However, we can derive a more suitable quantization
rule for them. We revisit our ansatz A% + a2 + b*> = 2ab cos(2kd), which imposes only
cos(2kd) to be real in general. Leaving the /2 shift aside, we can simply replace
kd — iqd in order to receive a condition for edge states. We find

tanh [¢gd (N + 1)] = :I:? tanh (¢d), ¢d#0 (6.2.31)
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a: tanh [gd (N + 1)] — t/a tanh (qd) 20
4 1 (

0 ﬁ\
—6
—n/3 —7/6 —qod 0 qod 7/6 7/3 030 036 god 0.42
qd qd

Figure 6.4.: Spectrum and the quantized wavevector kod = igod + 7/2 for the Ki-
taev molecule with four sites and t/A = 4/1.5 ~ 2.66 at © = 0. a)
The ellipse in green shows the dispersion relation in units of A as a
function of kd = igd + 7/2, i.e. Eq. with exchanged roles of
t, A. The blue curve depicts tanh [gd (N + 1)] — (¢/A)tanh(gd), while
tanh [gd (N + 1)] 4 (t/A) tanh(gd) is shown dotted and in orange. The zero
of the former quantizes the imaginary part of kod as qod = 0.37416 and this
yields the correct in gap energy +FEy = £+0.97. b) Zoom of a) for better
visibility of the intersection points.

and in case of kd = kd + 7/2 — iqd only the ratio A/t is inverted. For generic parame-
ters, one is not able to extract the solution from Eq. analytically. However, for
specific values of ¢, A we can obtain gd and we discuss the implications in the next para-
graph. As preparation, we give the restrictions on ¢, A such that provides Eq.
a solution.

We can understand the value of ¢d as the criterion for an intersection point of both
sides in Eq. (6.2.31). Due to the symmetry of the quantization rule, we can restrict
ourselves to positive gd. Solutions to Eq. exist in case of 1 < |A/t| < N +1
(kd — igd) or 1 < |t/A| < N +1 (kd = kd + /2 — igd). Only in the special case that
[t/A]l = N+1 (JA/t| = N+1) is true, we have the solution gd = 0 as can be seen better
from Eq. . Our finding agrees with known results for ordinary SSH chains [101},
102).

Please note that the solution ¢d of Eq. is always associated to the positive
value A/t (£t/A). Thus, for A/t > 0 (A/t < 0) both decaying states are associated
to the o (B) chain. This finding is intuitively clear from Fig. b) as the ends of the «
(8) chain are bound more weakly to the next Majorana sites in case of A/t > 0 (A/t < 0).

Before we turn to the physical implications imposed by the quantization rule in Eq.
(16.2.31f), we discuss the energy associated to gd. The replacement kd — igd on the
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dispersion relation from Eq. (6.2.24)) yields

B (qd) = /412 cosh?(qd) — 4A%sinh2(qd), (|A] > |¢]) (6.2.32)
and with exchanged roles of ¢t and A for |¢| > |A|. More suitable is

cosh(qd)
cosh [gd (N + 1)]

B4 (qd) = +2min ({|¢], |A]} (6.2.33)

received via Eq. (6.2.31)). The energy is usually finite and lies always inside the gap at
u=0.

6.2.3.3. Physical implication of the quantization rule

Since ¢d is the imaginary part of kd, we can define a decay length &, by 1/&, == |q|/d =
|Im(k)|/d. Then, Eq. yields the exponential behavior B4~ (qd) o exp(—L/&,)
settingﬂ L = Nd. This behavior is typical for the energy of Majorana fermions and not
restricted to the Kitaev chain [3, (7, |8 19, 66].

Notice an important difference to the statement in section 5.4 We use here the decay
length &, extracted from the solution of the quantization rule and not £ from Eq.
as one may expect. Although &, is a continuous function in ¢, A, its value is quantized
and we have in fact {; = £;(N).

The effect of different number of atoms N on §, depends highly on the parameters ¢t/A
as we discuss next. In case of |[A/t| — 1, i.e. around the Kitaev points, ¢d approaches
infinity independent of N. Thus, {, — 0 in agreement with the Eq. . Remember,
that £ from Eq. does not know about the system size. Since § and ¢, differ not
much close to the Kitaev point, a numerical investigation of the energy Eizo (qd) with
§ rather than £, will show a good agreement.

In the limit N — oo and |A/t| > 1, the solution of Eq. is gd = arctanh(|t/A|).
For |t/A]| > 1, the roles of t and A have to be exchanged. Since the argument inside the
arctanh function is smaller than one, we can rewrite our findings. After some manipu-
lations, we find the remarkable result

2d

li = ——— =¢£. 6.2.34
Nl—{noo &I ‘]n ’2—3“ § ( )

These two limiting cases wrongly suggest, that the quantization of gd provided by Eq.
has no implication. Next, we consider the rather non trivial case of finite
N and |A/t] - N +1 (|t/A] — N + 1), which is more interesting. Here, we have
gd — 0 as discussed above. In turn, we find £,(/N) — oo and the associated eigenvalues
+2 min ({|¢|, |A|} settle exactly on the upper/lower value of the bulk gap at = 0. We
demonstrate in the next section that the associated eigenstates still decay, contrary
to the intuitive interpretation of £,(N) — oo.

3In order to be precise, the length of the Kitaev chain is actually (N — 1)d.
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Importantly though, Eq. still claims a finite value for £, since this quantity does
not depend on N. In perspective, £ misses entirely the open boundary condition and
the systems finite length. We return to this issue in more detail in section [6.7] after we
discussed the quantization rule for generic parameters. As conclusion, the argumentation
that the Kitaev chain hosts MZM in the limit of £ < N using the decay length from Eq.
, is not justified for finite N without taking into account the systems parameters.

A final remark. The number of eigenvalues is always constant 2N. The situation in
which |A/t| - N +1 or [t/A| = N + 1 holds marks a transition of a former in-gap to
an extended out of gap state.

6.2.4. Eigenstates for even N

The technique to obtain the eigenvectors for the Kitaev chain is similar for both odd and
even N, but appears to be more natural for the latter case. We denote the eigenvector
to the Kitaev Hamiltonian in Eq. as 117 = (Vs 17/3)T in terms of the sublattice
vectors v, g associated to the SSH-like chains o and 3. The spectrum of both subchains
is non-degenerate. As such, we can treat both a and S independently and solve for

o (Ua =5 (0
Y = <0>, YPr = <175> (6.2.35)

as the eigenvectors of the entire system. Thus, the eigenvector problem H%S(JHJO"B =
)\&O"ﬁ reduces to the one of the separated SSH-like states: Ho Uy = AUn, Hptlp =
A Ug. Mathematically, we obtain the eigenvectors of tridiagonal matrices based on and
extending the results of [102]. Motivated by the unit cell associated to both SSH-like
chains, we define v,, 3 as

= T

To = (21, Y1, T2, Y2, -+ -, TN/25 yN/z) ) (6.2.36)

175 = (Xl? yl? XQ? y27 ey XN/Q) yN/2)T7 (6237)
where | = 1, ..., N/2 accounts for one cell and z;, X; (y;, Vi) belong to the real space

positions j =20 — 1 (j = 2l). As the notation suggests, x1 (y;) and X; (Y1) are related
and convert into each other by replacing ¢ — —t. This originates in the relation of H, g
which map into each other by replacing all a = i(A —t) with b = i(A +¢) and vice versa,
see Eqs. , . Thus, it is sufficient to solve only Hqy U = AUy; we find two
boundary equations

ayr = Az, (6.2.38)
—aTN; = AYn/2 (6.2.39)

and
ayi+1 — by = Ax4q, (6.2.40)

briy1 —ax; = Ay (6.2.41)
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for I =1,... N/2 —1 from the interior of the matrix in case of N > 2. Before we solve
for x7, y; in case of arbitrary a # 0 and b # 0, we first turn to the special cases at the
Kitaev points t = +A,i.e. a=0or b= 0.

The eigenvector equations can be used to determine whether zero energy is possible
or not. Demanding A = 0 and a # 0 (b arbitrary) yields z; = ...,=xn/p = y1= ... =
yny2 = 0, e T = 0, and we thus do not find an eigenvector. Instead only for a = 0,
zero energy is allowed and corresponds to an eigenstate localized at both ends of the
Kitaev chain on subchain o with @1 # 0, yn/2 # 0 as the only non zero entries.

A second rather simple case is a = 0, but A finite. This implies b = 2it # 0 (otherwise
the Kitaev Hamiltonian is zero). The Eqgs. (6.2.40)), (6.2.41]) yield the energies A = +2¢,
each being (N — 2)/2 times degenerate, which belong to dimerized pairs (y;, x;+1) =
%(1, +i) with I =1,..., N/2 — 1.

The last remaining case is b = 0 and thus a = —2it # 0. The Eqgs. (6.2.40]), (6.2.41)
imply now A\ = 2t and we find (z;, y;) = %(1, +i) with l=1,..., N/2.

All special cases were analyzed and we turn next to a # 0, b # 0, where the constraint
on a excludes directly A = 0. Next, we use the Eqgs. (6.2.40), (6.2.41)) to extend
T1y.-oy TNJ2, Y1s-- -5 Yny2 tO the sequences xy, y; with [ € Z; the implicit dependence
on N of the recursion relations drops and yet v, in Eq. remains unchanged.
Further, the boundary conditions from Eqgs. (6.2.38)), (6.2.39)) simplifies to

Yo =1y, =0 (6.2.42)

using Eqs. (6.2.40) (6.2.41)). Hence, the wave function zﬁa vanishes on the "sites” 7 =0
and j = N + 1. Since A # 0, we can disentangle x; and g; by multiplication with A\ on

the recursion relations Eqgs. (6.2.40)), (6.2.41]) yielding

A2+ a? + P
T = T — o, (6.2.43)
ab
A2+ a? + b2
Yrer =~ YL T Y-l (6.2.44)

and [ € 7Z. The solution to x;, y; can be adopted from Eqgs. (4.1.1) - (4.1.17) with
r = (A% +a®+b?)/(ab), y = —1 and 2d as lattice constant, i.e. d — 2d. We choose
further \/y = —i without restrictions. The bulk dispersion relation of the Kitaev chain
at p = 0 in Eq. is reproduced from the standard ansatz z = 2i,/y cos(2kd),
where A2 + a? + b? = 2ab cos(2kd) and Eizo(k:) = A holds. Thus, Eq. gives the
solutions for z;, y; as

xp =1 F() — xo F(l — 1), (6.2.45)

vy =y F(l), (6.2.46)
_ sin(2kd1)

F(l) = sin(2kd) (6.2.47)

where we directly used the boundary condition yg = 0 from Eq. (6.2.42)). Leaving the
required quantization for kd aside for a moment, we need the initial values x1, ¢ and
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UE ) ua=1z  GRG)/m s =6

Figure 6.5.: The in-gap ¢y and lowest energy bulk state ¢ of the Kitaev chain with
N = 42 sites for t /A = 12 (left column) and /A = 6 (right column) at =0
are illustrated. All states are associated with the « chain. The blue (orange)
spheres display x;/x1, (iy;/x1) at site j =20—1 (j =2]) for I =1,1..., N/2
and the black line is given as guide to the eye. a) The decaying state
associated with ¢d = 0.0833983, E/A = 0.1111 is mostly localised around
both ends of the system, yet reaches into the interior. b) For smaller t/A,
the decaying state belongs now to gqd = 0.168236, E/A = 2.923 x 1073
and gets more localized. c¢) The extended states for t/A = 12 is associated
with kd = 1.47822, E/A = 2.98132 and largest around the chain’s center. d)
The weight of the extended state (kd = 1.48686, E/A = 2.14094) diminishes
around the ends for decreasing ¢/A.

y1 in order to determine the eigenvectors. Since an eigenvector is only defined up to
multiples, we can choose at least one entry freely. From Eq. at | = —1, 0 we
find y; = Eizo(kz) r1/a, y1 = Eizo(k:):co/b; thus, if we choose a value for x1, y; and xg
are fixed due to EY=°(k) #0, a # 0, b # 0. We find

x; _ sin(2kdl)  bsin[2kd (I —1)]
1 sin(2kd) a  sin(2kd)
y _ BY(K) sin(2kdl)
x1 a sin(2kd) ’

(6.2.48)

(6.2.49)

where z1 as the only one degree of freedom excludes any energy degeneracy. Note xy
can be set as the normalization constant once kd is known. As we see, the values of x;
can be chosen as real and then y; becomes imaginary.

Despite having a form for x;, y; we do not have their values, since the boundary
condition from Eq. is not yet satisfied. Demanding x Ny = 0 grants directly
Eq. and the wave vectors k get quantized according to Eq. (with the
positive sign). For real kd, the values for x;, y; in Eqs. (6.2.48)), (6.2.49) correspond to
the extended states; by replacing kd — iqd (kd — igd + 7 /2) for |A| > [t (|t] > |A]), i,
y; belong to decaying states.

Although we have solved the problem, one can find a simplified expression for x;, y;
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Figure 6.6.: In-gap state Mf for N = 42 and t/A = —6 at u = 0. The blue (orange)
spheres belong to X;/X; (1);/X1) at the positions j = 2l — 1 (j = 2[) and
the black line is a guide to the eye. The Majorana operators 'yjA, y; are

exchanged w.r.t to the « chain, reflected by the sphere’s colour change. The
decaying state is associated with gd = 0.168236 and E/A = 2.923 x 1073,

namely

2 = F(N/2+1—1), (6.2.50)
y = FiF() (6.2.51)

as we showed in appendix The value of x1 was set such that xy/, = 1; thus all 2; (y;)
are real (pure imaginary). The signs in Eq. account for the negative/positive
energy at a given kd and have to be chosen in accordance to Eqgs. (6.2.38)), (6.2.39). The
particle-hole symmetry P = 155K converts the positive and negative energy solutions at
given wavevector into each other, since F(1) is always realﬁ Please notice, the boundary
condition from Eq. is satisfied automatically in this representation, but still
kd follows from the quantization rule in Eq. with the positive sign for the «
chain. Further, the expressions for x;, y; hold also for the decaying states and are again
obtained by the replacement kd — iqd (kd — iqd + 7/2) for |A| > |t| (|t] > |A]).

In Fig. |6.5] we visualized the entries z;, iy; for decaying states and the bulk states with
smallest positive energy belonging to the SSH-like chain « for the parameters t/A = 12
and t/A = 6, respectively. As expected for ratios of |t/A| (analogously |A/t|) close to
one, the decaying states localize mostly around the edges but extend further into the
system for larger ratios. Surprisingly, the extended states are enhanced around both
ends. This is not due to a complex wavevector but rather a consequence of the non-
equidistant quantization of kd and the Majorana sublattices. The entries x;, y; behave
as separate standing waves, see Eqgs. (6.2.50)), (6.2.51]) and the quantized real kd moves
their respective nodes away from the system’s ends. Therefore, the increase of z; (y;)
towards the first (last) site reflects the beginning of the next oscillation and the finite
size prevents simply a new full period, i.e. z; (y;) are locally larger around the ends. A
complex wavevector, on the contrary, puts the global maximum of the wavefunction at
the ends. We will see later that the enhanced weight of the bulk wave functions causes
a revival of the Andreev reflection process in the non-linear transport regime later.

In section we discussed the implications of [t/A] - N + 1 or |[A/t| - N +1
associated to gd — 0. Here, we can finally discuss the corresponding eigenstates and

4F(l) obeys the Eqgs. (6.2.43)), (6.2.44) as well, and the statement follows immediately since the
coefficients there and the initial values 0, 1 of F(I) are all real.
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their energy is +2min{t, A}. Since sinh(2¢d j)/sinh(2¢d) — j for qd — 0 holds with
some number j, we find from Eqgs. (6.2.50)), (6.2.51]) that

N
li = —+1-1 6.2.52
A% =g Pt (6252
lim y; = Fil. (6.2.53)
qd—0

Thus, the eigenstate decays (grows) linearly on the Majorana sites A (B) associated to
the SSH-like chain «. Since gd = 0 implies {; = oo as discussed earlier, the fact that
this state still decays is remarkable.

Last but not least, the eigenstates formed by xl, y; are fermionic as one can see at
best from Egs. (6.2.50)), (6.2.51). The operator ¥l creating the eigenstate ¢ from Eq.

F23) i

N/2
) 1 t t
b= =3 o (i) +w (8] (6.2:54)
* =1
since z; (y;) is associated to 'yJA (7;) at the real space position j =2l —1 (j = 2[) and
Vo is the norm of #,. The anticommutation relation of the Majorana operators v, ~
given in Eq. (5.3.2)) shows that

N/2
( ) —g Z 22+ y}) (6.2.55)

where we used (’ylA)2 = ('71 )2 = 1/2. Reordering the sum in Eq. (6.2.55)) and using the

relations of y; and x; given in Egs. (6.2.50)), (6.2.51)), i.e. E4(k) # 0, impose (1&&)2 =0
and we have a fermionic state. This holds analogously for the eigenstates assigned to the
B chain, since one has only to exchange a’s and b’s, i.e. t — —t, inside the expressions
of chain a. We are left to deal with odd NV at pu = 0.

6.2.5. Eigenstates for odd NV

We follow here the same strategy as for the N even case. Although for odd N both
SSH-like chains share the same spectrum, one can still decompose the eigenstates as

) = (%‘) WP = <v05) (6.2.56)

Only the structure of v, (v)

T
Ua = (x17y17x27 Y2, ~~-7$M7YJN*17$N+1) ) (6257)

T
Ug = (Xh V1, Xoy Vo, ooy Xy, Vs, XM) ; (6.2.58)
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has to be adapted. We still need only to solve the eigenvector problem for one chain,
since both problems convert into each other and solving ”H%SCH¢°‘ = A¢® reduces to
Ha Vo = AU, again. The entries of ¥, obey

b:lj'i_;,_l — axr; = )\yi, (6.2.59)
ayirr — by, = Aapyq, (6.2.60)
with [ =1,... %, i=1,..., % accounting for the different numbers of x’s and y’s.

We use the abbreviations a = i(A —t), b = i(A +1t) as usual. The realisation of the open
boundary condition changes

ayr = Az, (6.2.61)
—by% = )\x% (6.2.62)

only at the r.h.s of the Kitaev chain, since we added (removed) there a single site
compared to N even. Let us shortly discuss the Kitaev points a = 0 or b = 0 for
completeness and we give only results for non zero entries of ¥,. At a = 0, b # 0, we
can find the energy A\ = +2t # 0 corresponding to the dimerized pairs (y;, x;11) =

%(1, Fi), i = 1,...(N — 1)/2 between neighbouring sites. In contrast, b = 0, a # 0

amounts to the on-site pairing (z;, y;) = %(1, +i) with energy A = +2t # 0 and
i=1,...(N—1)/2. Next, we consider zero energy. The eigenvector system yields only a
single one zero modg®, which is fully localized at the left (right) end 1 =1 (z N = 0)
fora=0,0#0 (a#0,b=0).

Generally, even for both a # 0, b # 0 a zero energy mode exists in agreement with
our prior findings in Ch. . One can use Eq. at A = 0 repeatedly and after

converting a, b back into ¢, A respectively, one finds

A—t\"!
= — 2.
x (A t) x1 (6.2.63)

for I =1,..., (N +1)/2. Notice that Eq. (6.2.60) and the boundary condition always
impose y1 = yo = ... = y~n—1 = 0 and the value for x; is chosen as the normalization

constant. As we see, the rQelative sign between t, A determines which end this zero
energy mode is localized; for t/A > 0 (t/A < 0) it decays away from the left (right)
end, starting from the first (last) site. This behaviour becomes clear by inspecting Fig.
a), where we see that the zero energy mode is always localized at the end connected
by the weaker binding a or b to next site. Further, the decay length extracted from Eq.
agrees with the one given in Eq. prior.

Next, we turn to the extended states with real wave vector kd for a # 0, b # 0 and
as a first step we extend x;, y; to [ € Z. Thus, the index limitations in Eqgs. ,

5The second zero energy mode of the Kitaev chain belongs to the SSH-like chain 3, not to a. This
state is localized always at the opposite end compared to the one of the « chain, due to the exchange of
a and b.
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(6.2.60)) drop, i.e. they imitate Eqgs. (6.2.40)), (6.2.41)) from the former even N case. The
solutions of x;, y; follow from the same steps as for even N and using Eq. (4.1.17) grants

Iy = X1 f(l) — X f(l - 1), (6.2.64)

y =y Fl) —yFl-1), (6.2.65)
_ sin (2kdl)

F(l) = sin(2kd) (6.2.66)

and \ = Eizo(k) is the dispersion relation of the Kitaev chain from Eq. (5.1.6)) at u = 0.
Further, the open boundary conditions from Egs. (6.2.61)), (6.2.62]) transform into

Yo = ynn =0, (6.2.67)

i.e. we have that 1;0‘ vanishes on the sites 7 = 0 and j = N + 1. However, the realization
of the boundary condition changed solely to y and from Eq. (6.2.65]) we get immediately
that 0 = y~11 o< F(N+1/2). Hence, the quantization of kd follows from

2

sin [kad (N+1 )]
sin(2kd)

— 0. (6.2.68)

and we find kd = nn/(N +1) for n = 1,..., (N — 1)/2. The spectrum and the
quantization for the 8 chain follows by exchanging a’s and b’s, i.e. t — —t; thus, both
SSH-like chains share the same spectrum. The momenta assigned to the 8 chain can be
shifted by /2 without changing the spectrum and one receives Eq. back, for a,
B together. However, this imposes a phase shift for the eigenvectors and so we use still

kd = nt/(N+1),n=1,..., (N—1)/2 for them. At last, Eq. (6.2.59) and Eq. (6.2.61])
at i =0, yield y; = E{~ O(k:) x1/a, xg = bxi/a and our solutions for x;, y; become

s ray - Lra—n, (6.2.69)
1 a

=0
wo_ MI(Z) (6.2.70)
I a

and x1 can be chosen freely, for example as the normalization constant. The results are
in agreement with Ref. [101} 102]. The last two expressions for x;, y; determine the
vector U, and in turn the eigenstate wa is found

Similar to the N even case, the operator 1/1a

N+1

R 1 2
Pl = o Z (a1 1) it Zyl ’721 (6.2.71)

* =1

creates the eigenstate Ja from Eq. (6.2.56f), since x; y; is associated to ’yf (’yj ) at
position j = 21 —1 (5 = 21) and v is the norm of 7,. In case of EY=%(k) # 0, i.e. for a;,

i\ 2
y; from Egs. (6.2.69)), (6.2.70)) we find that (1/1&) = 0, since z;/x1 (y;/21) is real (pure
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Figure 6.7.: Spectrum and quantized wavevectors of the Kitaev chain with four sites and
non zero chemical potential. The dispersion relation is shown in units of A
(green) and its former 7 periodicity at p = 0 switches to 27, see Eq. .
The momenta k3 21d € {0.6360, 1.2753, 1.6086} obeying the general quan-
tization rule from Eq. , reproduce the numerically calculated eigen-
values. The gray dashed lines display the former wavevectors at u = 0.
Significantly, the quantization is influenced by the chemical potential. As
parameters were chosen ¢/A = 4/1.5 ~ 2.66 and p/A = 2 corresponding to
the energies {£0.29, £2.69, £4.05, £6.402} (in units of A).

imaginary) and z;, y; exactly cancel each other. In contrast the zero energy mode given

i 2
in Eq. (6.2.63) corresponds to (¢L> = 1/2, since the value of all y; for this particular

state are zero; thus, a cancellation of the z; terms is prevented.
We have now investigated all special parameter settings and we have merely to gen-
eralize the results at p = 0 for finite chemical potential.

6.3. The chiral basis

A first impression the influence of a finite p on the eigenvalues can be extracted from
Fig. We discover not only that the eigenvalues changed compared to the prior
1 = 0 case as indicated by the bulk dispersion relation in Eq. , but the quantized
wavevectors as well. We have thus to understand k& = k(u, t, A) for a finite system,
which is possibly surprising, but we do not discuss the reasons immediately and rather
prepare for the discussion.

From the analytical point of view, we have to adjust to the new situation. As
we see from Fig. the former separated SSH-like chains couple due to a finite
chemical potential; thus the representation in terms of these chains lost its advan-
tage. Since we aim particularly for the parameter setting ¢ # +A, the problem of
solving for the eigenvalues of the Kitaev chain cannot be reduced to independent sub-
parts of the system anymore. For further calculation, we chose the so called chiral basis
1[1(: = (fyf‘, 75‘, een, 'yjé,, Vi Vg e ’yN)T as a new representation, because the Kitaev
Hamiltonian does not include 73-4 7]‘.‘,‘ nor ;" v, (J, j'=1,..., N) contributions. In terms
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Figure 6.8.: For finite x, both SSH-like chains are coupled by iu (—ip) depicted as solid
(dashed) arrows. At finite chemical potential, the SSH-like chains are not
separated and no qualitative distinction between even and odd N can be
found.

of 1&6 we find that the Kitaev BAG Hamiltonian

. 1. .
Hye = 50l Hee (6.3.1)
is expressed by a block off-diagonal matrix H.
N ON,N h
He = [ % ON,N:| . (6.3.2)

The matrix h accounts for terms of the form 73-4 7, and is thus not hermitian, but
tridiagonal

[—ip  a
b —ip a
b —ip a

L —inl yyy
since Eq. (5.3.5]) contains only nearest neighbor and onsite terms. In this basis all A-type
and B-type Majorana form sublattices and the chiral symmetry C becomes diagonal

C= PN (6.3.4)

1)

hence the name: chiral basis. For an arbitrary parameter setting, @C is possibly the best
way to express the Kitaev Hamiltonian and as first verification we turn directly to the
Zero energy criterion.

6.3.1. Zero energy lines and the determinant formula

Contrary to generic eigenvalues, zero energy can be found from a vanishing determinant.
This treatment avoids the usage of the otherwise required quantization rule. Although
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the determinant is basis invariant, the chiral basis especially allows an immediate ac-
cess due to the block off diagonal character of H.. We exploit Eq. (6.3.2)) and apply
exemplarily the theorem provided in Ref. [99]. This yields

det [Hc] = det [—hm} = (=1)V|det []]?, (6.3.5)

where we used standard properties of determinants in the second step. The prefactor
(—1)Y reflects the particle-hole symmetry of the Kitaev chain. Besides the fact that we
need only to estimate det [h] to get det [H,], the striking advantage of Eq. resides
in the fact that the zeros of the former are the zeros of the latter. Even better: there is
no necessity to calculate det [h], as we know the eigenvalues 7, of h. They are complex
(h is not hermitian) and read [88-90]

N = —ip + 2V A2 — 2 cos _nr , n=1...,N (6.3.6)
N +1
for all values of t, A € R, as instantly follows from Eq. (2.2.15)), since the matrix M

given in ([2.2.11) matches h. In fact, the Kitaev chain hosts zero energy modes if a single
Ny, vanishes. The condition 7, = 0 imposed on Eq. (6.3.6) grants

,un:2\/t2—A2(:os< nr >, n=1..., N, (6.3.7)

N +1

where we replaced u — p, in order to separate it from generic values of the chemical
potential and to reflect its discreteness. Naively, one might expect that Eq. holds
for all values of ¢, A, since the parental expression in Eq. does. Nonetheless, the
chemical potential is restricted to real valuesﬂ and thus Eq. generally indicates
zero energy only for t2 > A2, with exactly one exception: For odd N, n can assume the
value 1 < (N+1)/2 < N causing the cosine in Eq. to vanish, such that jini1, = 0
holds for arbitrary ¢, A. This specific situation refers back to our prior findings of the
spectrum in Eq. and to the related zero energy mode from Eq. . Our
zero energy criterion in Eq. agrees with the findings in [69H72, |75]. Notice that
the zero energy criterion are associated to fermionic parity switches |3} |71}, 103, 104]

For illustration, the zero energy lines, which we henceforth call "Majorana lines”,
following from Eq. are depicted in Fig. for both even and odd N and a
numerical result for the smallest positive eigenvalue of H,. is given in [6.10] for compari-
son. Although we cannot discuss now the physical reasons behind Eq. without
analysing the quantization rule, we are certainly on the correct track in our attempt to
include a finite chemical potential.

We return now to Eq. and determine det [h] next as an intermediate step for
det [H¢]. The tridiagonal structure of h allows us to use the recursion formula given in
Ref. [78] and straightforwardly one finds

N+1 _ N+l

5In a mathemtical context, where u does not denote the chemical potential and is allowed to be
complex, Eq. (6.3.7) holds without any restriction as Eq. (6.3.6) does.
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LN =20 1 t/A] 21 /A

Figure 6.9.: Zero energy lines of the finite size Kitaev chain with open boundary condi-
tions. Zero energy is restricted to parameters given in Eq. associated
to the blue curves. The phase boundary in the topological phase diagram
is visualized by the red lines. a) For small even N and p = 0, zero en-
ergy is reached only at the Kitaev points [t| = |A|, from which generally
all Majorana lines depart. b) For (small) odd N, the entire horizontal axis
corresponds now to E = 0. ¢) Increasing the number of sites causes a larger
density of lines. d) Apart from the horizontal axis, large odd N behave
similar as large even N. (Figure is taken from )

with 2ry = —p £ \/p? + 4(A2 —2) for all p, t and A. Thus, we find
2
T+

r —Tr—

N+1 _ N+l

det[H] = (-D)V (6.3.9)

and a deeper analytic investigation of Eq. confirms our earlier findings that zero
energy is exclusively reached for the parameter settings given by Eq. .

Further, Eq. contains the main information about the in-gap energies, although
they may be finite as we explain now. As we see from Fig. and as is stated in the
literature the energy of the topological edge states can abruptly increase for
small parameter changes. Though all energies depend on the parameters in a complicated
manner, the in-gap energy is more sensitive in this respect. Thus, the product of all
eigenvalues, i.e. Eq. , contains a slow varying piece, namely the product of all
out-of gap excitations, and the possibly rabidly changing in-gap energies. Although
we cannot separate both contributions in Eq. , we can nonetheless hope for
a qualitative agreement between the parameter regions in which the in-gap energy is
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Q) dome(B/a) ) o (den(ro/a?) .
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Figure 6.10.: Numerical investigation of the in-gap energies for N = 20 as function of
u/A; t/A. The topological phase boundary p = 2t is depicted in red. a)
The smallest positive energy FEy of H. diminishes within the triangular-
like region around the Kitaev point [t/A| = 1, 4 = 0 and branches into
separated Majorana lines for larger ¢/A. b) As explained in the text, the
determinant of the Kitaev chain Hamiltonian mimics qualitatively the in-
gap energies. Note that the smearing of the purple colour in the bottom
left corner is solely caused by the scaling. c¢) Same as a) only with added
zero energy lines (dotted, black) following Eq. as their numerical
investigation is difficult with a chosen grid.

exponentially suppressed and those where det [H,] is sufficiently small, since the effect
of the out-of gap energies is limited by the bulk dispserion relation in Eq. . This
approach is justified as we see from Fig. We finally aim now for the general
quantization rule.

6.3.2. Derivation of the quantization rule for arbitrary ¢, A and n

Initially, we observe that the characteristic polynomial associated to H. from Eq. (6.3.2)

reads
Py (He) = det (Aay — He) = det ()\QILN - hhT). (6.3.10)

Although we have the eigenvalues n, of h, see Eq. , and thus those of Al are
known to us, the spectrum for the Kitaev chain follows not simply as A2 = |, |2, since h,
h! cannot be diagonalised simultaneously; their commutator does not vanish. Explicitly,
[h, hT] has only two non-zero entries

—4At n=m=1,
[h,hq ={ 4At n=m=N, (6.3.11)

n,m .
’ 0 otherwise,

supposed N > 2, and for one site we have [h, hT] = 0, because hopping and pairing do
not enter into the Hamiltonian. Essentially all possible surprising features of the Kitaev
chain’s spectrum originate from Eq. (6.3.11]). In appendix [Ef we discuss the competition
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between ¢t and A arising from the electronic creation (annihilation) operator’s d;, d;-
fermionic nature, used to set up the BdG Kitaev Hamiltonian, which reappears here.

For either t = 0 or A = 0, h, hf commute and from Eq. follows indeed the
correct spectrum of the Kitaev chain as A = |n,|. Considering 4 |At| < 1, i.e. small
but finite, we can approximate A = |n,|; though it is sufficient for some eigenvalues A,
at least the in-gap energies cannot be reproduced accurately since relies on real
wave vectors.

Notably, [h, hT] is independent of y and from Eq. we may naively expect
that the chemical potential adopts only a minor role, though Fig. tells us differently.
As we will soon experience, it is the superconducting pairing constant which forces the
chemical potential into a possible unexpected role, given that both ¢ and A are finite.
Temporarily, one can extract this information by revisiting the Hamiltonian in the default
BdG basis in Eq. , where electron and hole parts are formed. Importantly, the
chemical potential enters with opposite signs into the Hamiltonian, such that a basis
transformation may has severe consequences. In the cases of either t = 0 or A = 0,
we found that the chemical potential enters into the Hamiltonian via the identity, thus
shifting merely the energy eigenvalues. However, this is not completely true anymore.

Since determining the characteristic polynomial of the Kitaev chain for a general pa-
rameter setting turns out to be lengthy and complicated (the result is given in appendix

, we do not evaluate the L.h.s of Eq. (6.3.10). Nonetheless, Eq. (6.3.10]) is indeed

powerful: the matrix size of hhl is N, half the Hamiltonian’s original dimension. The
experience gained during the investigations in Ch. implies that one can find the
spectrum of well-conditioned matrices, such as Toeplitz matrices, by focusing simply on
their eigenvectors instead, rather then at the eigenvalues directly |79} [102|. The char-
acteristic polynomial Py (H.) from Eq. originates as well from the eigenvector
equation

RAT|®) = A2 |®), (6.3.12)

so that this A is indeed an eigenvalue of the Kitaev chain. Though we have no interest
in |(®) per se, we can possibly hope to solve Eq. for |(®); thus, granting us in
turn the eigenvalues A = A2. In this scope we bypass the difficult calculation of Py (H.),
yet we find its zeros. Notice that |(®) is of course not an eigenvector of the Kitaev chain.

By virtue of Eq. (6.3.12)), we have to first verify that hh' is a matrix of suitable
character. Indeed, from Eq. (6.3.3) we find that (n, m =1,..., N)

(nh') = [ = a® (1= dn) = (1= dn)] G
+1,U, (CL — b) <5nm+1 + 5mn+1) + ab (5nm+2 + 5mn+2) (6313)

holds for all N. In terms of the temporary abbreviations ¢t = iy (a —b), m = ab and
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b = p? — a?® — b%, the matrix form of hh! can be more appreciatedlj

(a+b t m
t fi t m
m t ot m
hht = ) (6.3.14)
m t g ot m
m t [ t
i m T+ a?]

In particular, hh' falls mathematically in the same category as the Hamiltonian of the

chain with n.n.n. hoppin@ see Eq. (3.2.1)). A single discrepancy comprises in the first
and last diagonal elements, which can be absorbed into the boundary conditions as we

show now.
We express Eq. (6.3.12)) by the elements of |(8) = (&1, &, ..., fN)T and granting first

a—2b

ab
for j =3,..., N — 2, supposed ab # 0 (A # +t) and N > 5. Secondly, the boundary
conditions imposed by Eq. (6.3.12)) are

N +a?+ b —p? .
{j+2 = " § —&—2 —1p

(&1 + &-1), (6.3.15)

§3 = Wfl - iﬂa;}b&, (6.3.16)
T i VL) (6.3.17)
0= X +a2;)b2 i EN—1 —&N-—3 — iMaC;)b (Ev + En-2), (6.3.18)
0= X +a2;l’2 — En —Eno — iu“C;)ng,l. (6.3.19)

We follow now the same strategy as explained in depth in Ch. and we extend
directly the entries §; beyond the lattice sites via Eq. (6.3.15) for all j € Z. In this
scope the boundary condition can be simplified as

§o = Ent1 = béni2 — aén = b& — a1 = 0. (6.3.20)

Next, we define the abbreviations

(6.3.21)

= _jp—" 3.22
n = (6.3.22)

"The commutator [h, hw from Eq. (6.3.11)) can directly be obtained from Eq. (6.3.14)), because h

and h' convert into each other for a <+ b and p — —p.
8Thus, we find crossings and avoided crossings for the same mathematical, but distinct physical

reasons, as we discuss later.
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such that the recursion formula adopts the Tetranacci form

§jr2 = C& — &2+ (& +&-1), JEL, (6.3.23)

of Eq. . By means of the extension performed above, the condition N > 5
dropped. Without specifying ¢ and 7, no distinction between the Kitaev chain and the
atomic chain with n.n.n. hopping can be made by inspecting Eq. alone, as
promised earlier. Please let me remind you that our investigations for n = 0 back in Ch.
where we found that {; separates into two Fibonacci sequences corresponding to
even and odd indices, respectively. In the case of u = 0, we called those two sequences
xj and y;, see especially Eqgs. (6.2.36)), (6.2.43)), (6.2.44]). Already for the n.n.n. hopping
chain in section [3.2.3] we noticed that the absence of nearest neighbor hopping, in the
present scope 1 = 0, signaled the presence of two independent sublattice structures; for
u = 0, the Kitaev chain segmented into the two SSH-like chains o and . Importantly,
Eq. generalizes our prior findings for the Kitaev chain and we can apply our
knowledge about Tetranacci polynomials from Ch.

Unfortunately, our current situation offers several ways to proceed and many ques-
tions may rise simultaneously, such as the physical reasons behind Eq. or its
implications etc. We will discuss all of this in detail soon including also a intuitive and
nearly complete pictorial derivation of Eq. in section but we finish first the
calculation.

The duty of |(&) was to bring us into the proper position, i.e. granting us the Tetranacci
recursion formula in Eq. for the Kitaev chain and the boundary condition in
Eq. @, thus, |(®) served its purpose and is left aside. As we have shown in
Ch. [} consult Eqgs. (4.2.25)) - (4.2.30) and especially Eqs. —, Tetranacci

polynomials can be written as

£ = Aefdi 1 BeTihdi 4 Oeik2di o p emikadi (6.3.24)

with suitable complex constants A, B, C, D. Since we consider the most general case,
the boundary condition from Eq. always involves all four coefficients in Eq.
implying k12 # 0 and k12 # m. Consequently, the open boundary condition
prevents the gap closing to occur for yu = +2t.

The definition of k1 od € C via the quantity 572 from Eq. , is

+ /2 +4(C+2)
Sy, = 1=V ; (€+2) _ 9 cos (k1.2d) (6.3.25)

)

using now the present expressions of (, n from Egs. (6.3.21)), (6.3.22)). The last expression
relates the eigenvalues A, hidden in ¢, with k12 and Eq. (6.3.25) is the bulk dispersion

relation from Eq. (5.1.6). The last statement can be straightforwardly shown, at best
with Eq. (4.2.26]) which both S; o satisfy. So we may exchange A — E.4 (k1 2d). Further,
the bulk equal energy constraint for Ey(k;) = Ey(ke) embedded in Eq. (6.3.25) reads

ut

COS (k‘ld) + cos (kad) = —m

(6.3.26)
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where we expressed 7 in terms of ¢, A rather then a = i(A —t) or b = i(A+t). However,
a more useful expression for Eq. (6.3.26) is received in terms of ky = (k1 + k2)/2,
ka = (k1 — k2)/2, namely

L
2 12 — A2’

cos (kxnd) cos (kad) = (6.3.27)

Since the relation between ks, A (k12) is known, we are left to demand that §; from
Eq. (6.3.24) satisfies the boundary condition from Eq. (6.3.20). This grants a set of
homogeneous equations and the constraint that the determinant of the coefficient matrix
vanishes yields the quantization rule. After several simplifications, the quantization rule
becomes
sin? [ksd (N +1)] 1+ (2)” cot? (kad) (6.3.29
sin? [kad (N +1)] 1 4 (2)? cot? (knd) o

where we used the representation in terms of fractions only for shortness, rather than
the proper product form. Notice that this quantization rule applies also for X-Y model
consisting of N spin 1/2 particles in transverse magnetic field 73} |74].

Similar, to the n.n.n. chain in Ch. |3 both the equal energy constraint in Eq. ,
which is in fact a bulk property, and the finite size quantization in Eq. have to
be used in order to determine the values of ks A or alternatively ki 2. Both equations
reproduce the numerically calculated eigenvalues accurately and complex solutions can
be found.

A fast verification of the quantization rule is the limit of 4 = 0. As we see, Eq.
imposes either kxd = 7/2 or (exclusively) ka = /2. We freely choose the latter since the
entire description is invariant under the exchange of ks, o. Rearranging the terms in Eq.
before we demand p = 0 and then exploiting that cot?(kad) = cot?(7/2) = 0
holds, yields

sin? [kad (N +1)]

.9
sin® [kxnd (N +1)] = . (6.3.29)
1+ (2)? cot? (kxd)
Next, note that
. 1, N
sin? [kad (N +1)] = {o N?{fg (6.3.30)

since kad = 7/2. For odd N, we receive directly sin? [ksd (N + 1)] = 0; however for the
proper expression, we exploit that kad = 7/2 implies kxd = k1d — w/2. Thus, we have
sin? [k1d (N + 1)] = 0 and we recover our prior results k1 = n7/(N+1),n=1,..., N,
n # (N +1)/2 from Eq. (6.2.26). The excluded value for n would imply ksd = /2,
which is forbidden due to ks # ka.

In case of N even, we find first

cot? [ksd (N +1)] = <?)2 cot? (ksd) (6.3.31)
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and using kxd = kid + 7/2 yields
A
tan [k1d (N +1)] = :I:? tan (k1d) (6.3.32)

which is Eq. . For = 0, as we experienced earlier, the Kitaev chain separates
into the two SSH-like chains, and the four boundary conditions separate as well. Because
of this, we do not need both momenta k1 2 in this limit, rather one of them, either k; or
k2. In general this is not true, as we discuss in more detail in Ch.

In preparation for the discussion in the next section, we convert the bulk dispersion
relation for k12 in Eq. into a more adequate form, where ks A can directly be
inserted. Straightforwardly one finds that

ut
t2 _ AZ
= 12 + 4A% — 4(t* — A?) cos(k1d) cos(kod) (6.3.33)

ET = p? + 4A% + 4(t* — A?) cos(kid) [ - cos(kld)]

where we used Eq. (6.3.26)) in the last step. This procedure holds similar for exchanged
roles of ki 9. Further, we use that 2cos(kid) cos(kad) = 2cos?(kad) + 2 cos?(ksnd) — 2
granting

t2
t2 _ AQ

1

Ef(ksa) = —5—
k) cos? (ks ad)

[4(752 — A?) cos? (kg ad) — ,uﬂ [ - COSZ(kE7Ad):|

(6.3.34)

after a few steps and Eq. ensures Ey(ky) = Ex(ka). We can finally discuss
the physics behind the excitation spectrum of the Kitaev chain with open boundary
conditions for generic parameters, but nonetheless the recent results demand first some
general remarks.

6.4. The Kitaev chain’s BdG spectrum

6.4.1. General remarks about the quantization rule and the impact of the
chemical potential

We begin our analysis by inspecting Eqs. (6.3.27)), (6.3.28) and their behaviour under
t— —t, A — —Aand/ or p — —pu. As we clearly observe the quantization rule depends
only implicitly on the chemical potential and ¢, A enter as squares. The bulk equal
energy constraint in Eq. behaves differently. Inverting the sign of either p or ¢
can be counteracted by shifting one wavevector, say ky, by 7/d. Since the quantization
rule in Eq. is invariant under kyd — kxd + 7, the quantized wavevectors are as
well. Further, the dispersion relation given in Eq. above remains unchanged as
well; thus, the excitation spectrum is symmetric in ¢, A and pu, in agreement with Fig.
0. 11]

As we clearly see from Fig. a) and c), inverting the ratio ¢/A into its opposite
changes the spectrum drastically. Unlike in the prior u = 0 case, the situations for t > A
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wu/t w/t

Figure 6.11.: Numerically calculated (BdG) spectrum of the Kitaev chain for N = 20
as function of u for different ratios of t/A. a) The excitation spectrum is
symmetric in g and the Kitaev chains hosts in-gap states for |u| < 2|t|. The
excitations show crossings and avoided crossings. b) Zoom of a). The in-
gap energies are finite and oscillate with varying u. Zero energy is only met
at the discrete values i, from Eq. (6.3.7)). c) Inverting the ratio of ¢/A into
its opposite changes drastically the shape of the excitation spectrum, yet we
observe again crossings and avoided crossings. Zero energy is not present,
see the inset. d) For ¢ < A, the region around p ~ 0 and 2 < E/A < 4
appears similar to the triangular shaped region in a) but inverted.

and t < A cannot be mapped into each other by shifting the momenta, as we see from
the quantization rule in Eq. (6.3.28)). We discuss this issue in more detail in Ch.
where we also analyse the crossings and avoided crossings in depth.

More urgent is to clarify the implicit appearance of the chemical potential in the
quantization, contrary to the usual way we think of it, as a mere constant shift of the
energy levels up or down. However, the quantization rule shows that this is not true —as
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it has to be, since topologically trivial and non-trivial features of the Kitaev chain is a
question about the ratio u/2t, not t/A per se. The ordinary understanding of topolog-
ical superconductors is that the topological non-trivial predictions for N — oo impose
constraints on finite size systems. Here, we expect localized in-gap states with exponen-
tially small energy to be present for |u| < 2|¢t| and suitable ratios t/A. Suppose that
the chemical potential does not influence the quantization; consequently the scenarios
of |u| > 2|t| (trivial) and |p| < 2[¢| (non trivial) are indistinguishable. Thus, one would
either find decaying in both regimes states or none at all. However, we do find them not
only numerically, but we gave already analytical results at p = 0, i.e. there is no point
in denying that p influences the quantizatiorﬂ Further, the topological phase diagram
from Fig. [5.1| can be re-obtained from the quantization rule in the limit of N — oo.
This approach is very technical and for more details consult appendix [H]

One might ask what is so special about the chemical potential of the Kitaev chain.
The answer is simple, yet possibly confusing: Absolutely nothing. Its important role is
entirely due to the fact that the system is superconducting. We can understand this by
simply revisiting the Eqs. , where we wrote the Kitaev Hamiltonian in the
form of a BdG matrix with separated particle and hole subspaces. Most importantly
though, we deal with fermions, not bosons; this causes a sign inversion of all elements in
the hole compared to the particle block. In particular, the chemical potential as diagonal
entry switches sign, such that p does not solely enter as ploy into this matrix. Without
special parameter choices and A # 0, the system cannot be reduced to independent sub-
parts where only 1 may enter; consequently, the chemical potential cannot only shift
the energies and will influence the entire spectrum in a non trivial way. In summary, the
superconductivity and the fermionic nature of the electrons force the chemical potential
into this rold™]

The method to engineer non-trivial topological phases relies on a specific coupling of
degrees of freedom. Done appropriately, the actual quantization rule depends on the
Hamilonian’s parameters and has the property that solutions corresponding to real kd,
i.e. extended states with energies from the bulk regime, get missing for certain parame-
ters. These "missing” solutions are then replaced by in-gap or generally decaying state
solution with non-real kd and the associated parameters may belong to the topological
non trivial phase.

The influence of the chemical potential is not limited to the wavevectors for in-gap
states of a finite system with open boundary conditions, but it in fact stretches to all
modes. Remember that the Kitaev chain has only a single (independent) band, either
the one associated to the positive, namely E(k), or the negative energy E_(k), due

9In turn g = 0 is a qualitative change for a finite system.

0Note, only for the Kitaev chain this behaviour is restricted to p, simply because of limited number
of parameters here. Similar energy oscillations as function of the Zeeman term Vz (or in the chemical
potential) are observed for semiconducting nanowires with Rashba spin orbit coupling in proximity to a
superconducting substrate (3, |9, [12H17]; V7 enters into the Hamiltonian similar as p does for the Kitaev
chain: switching signs. For more details consult Ch. @
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to the particle-hole symmetry. In this scope, the quantization rule from Eq.
was obtained for a certain band with unspecified energy E. (k), not necessarily zero nor
inside the bulk gap. Thus, whenever p influences the in-gap regime, the higher, out-of
gap excitations are automatically affected as well. This can be seen in Fig. a) as the
same oscillatory pattern, originating from p, affects both in-gap and out of gap energies.

6.4.2. Discussion of the BdG spectrum for the finite length Kitaev chain

The quantization rule in Eq. (6.3.28)) and Eq. (6.3.27]) are seriously responseable for the
appearance and the features of the Kitaev chain’s BAG spectrum. In general, one has

to read out numerically the solutions for ks od which in turn contain all the required
information. However, this is a rather unsatisfying answer if our aim is to understand
the excitation spectrum; therefore, we first re-investigate analytically the zero energy
condition. Practically, the most important issue is how the constraint of £y = 0 enters
into Eq. . This can be achieved in two steps from the dispersion relation using
ks, A given in Eq. . As we see directly, Eq. is predestined for a zero
energy discussion, since we can demand that one of the two brackets for either ks or ka
has to vanish. We set

p? = 4(t* — A?) cos?(ksd) (6.4.1)
since Eq. (6.3.27) translates the last expression into
2
t2 _ A2

which implies F1(ka) = 0 in Eq. (6.3.34)). Notice that Eq. (6.4.1)) is almost Eq. (6.3.7)),
only kxd is not quantized so far. As one can show, Eq. (6.4.2)) is equivalent to

— cos?(kad) = 0 (6.4.2)

2
1+ <?> cot?(kad) = 0. (6.4.3)

Notice, that the last expression also enters in the quantization rule. Thus, Eq. (6.3.28])
reduces to

sin? [ksd (N +1)] = 0. (6.4.4)

Inserting the solutions kxd = nw/(N +1), n=1,..., N in Eq. grants the zero
energy condition from Eq. after the replacement u — u,. We discuss these zero
energy lines and the associated in-gap eigenstates in more detail in Ch.

In their occurrence, the bulk energy constraint Eq. and the quantization rule
Eq. generally manifest a non trivial, i.e. a non equidistant quantization, of the
wave vectors ki 2. For example, the standard particle in the box behavior is associated
to sin? [kx ad (N + 1)] = 0 (simultaneously). Clearly this satisfies Eq. (6.3.28)), since
both of its sides vanish independently. However, this quantization upon further selection
criteria is reserved for the crossings, i.e. out-of-gap degenerate energies only, as we show
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Figure 6.12.: Spatial parity I, , for the particle u and hole v sectors of the eigenstates for
t/A =4.1in a) and A/t = 4.1 in b). The quantities I, = (u|Zs|u)/{u|u),
I, = (v|Z|v)/{v|v), with Z, from Eq. (6.5.21]), are either +1 (even, red) or
—1 (odd, blue) and the line thickness illustrates |ul, |v|. The dark dashed
(dot-dot-dashed) lines display the energy E.((2n + 1)dk) (E4+((2n)dk) in
terms of odd (even) multiples of 0k = n/(IN + 1) and E; is taken from
Eq. . Clearly, crossings form at intersection points where even/ odd
multiples of 0k meet, while the avoided crossings occur at intersections of
even and an odd multiples of §k. More details are given in Ch. below.
(This Figure is published in Ref. [5])

in section [6.4.3] The derivation is given in Ch. In this respect, the bulk energy
constraint Eq. (6.3.27)) determines the parameter, for instance the values of u, at which
these degeneracies occur for given t, A since ky, ka are fixed.

The similarity between finite energy crossings and zero energy resides in the fact
that both demand sin? [ksd (N +1)] = 0 (without restriction). The difference orig-
inates solely in the way how the quantization rule is satisfied: The former rely on
sin? [kad (N +1)] = 0 and the latter on Eq. (6.4.2). These are the possibilities for
equidistant quantized wavevectors, see Eq. , but their number is limited. Thus,
non-degenerate energies and especially the oscillatory behavior of the energy on the
chemical potential, in and outside of the gap, arises from the non-equidistant quantiza-
tion.

This clarified, we can discuss the physics in more detail. The BdG spectrum for
[t| > |A] (|t| < |A]) can be roughly understood as the one for A = 0 (¢t = 0) with
the important difference that the quantization rule from Eq. introduces extra
features, for instance the gap openings in the higher excitation spectrum which we
call avoided crossings. These avoided crossings are caused by a finite superconducting
pairing constant A and the associated gaps vanish for A = 0, as we proof in section [6.4.3
analytically. The avoided crossings have to be understood as former crossings at A =0
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N

5
2A R

1 u| — [v] 1 1 [ul = |v] 1

N =20
0 4 8 : -8 —4 0 4 8
w/A p/t

Figure 6.13.: The complete excitation spectrum of the Kitaev chain for N = 20 and
t/A = 4.11in a), A/t in b). The quasi-particle character |u| — |v| of the
associated eigenstates at a given energy ranges from pure particles (red)
via perfectly balanced quasiparticles (yellow) to completely hole-like (blue).
The bulk gap is shown in violet. (This Figure is published in Ref. [5])

between states with same inversion character of the electron (u)/ hole (v) components
which hybridize under the action of A and thereby open these gaps. This behavior is
illustrated in Fig. More technically phrased, avoided crossings originate from two
A = 0 BdG eigenstates, where one corresponds to an even and the other one to an odd
multiple of /(N + 1) for ki 2. Contrary to the avoided crossings, the electron and hole
components of degenerate energy eigenstates are protected by inversion symmetry and
correspond to even (odd) multiple of /(N + 1) for k; o.

Let us turn to the particle and hole character of the eigenstates. For |t| > |A|, we find
unsurprisingly perfectly balanced quasiparticle states within the gap as shown in Fig.
Possibly unexpected though, the same holds for all avoided crossings independently
of the precise energy value. Only as the absolute value of the energy grows, this feature is
restricted closer to the avoided crossings and this mixing becomes thus less dominant. On
the contrary, around finite degenerate energies we find the extreme cases of nearly perfect
electron and hole states. Numerically, we find that the crossings and avoided crossings
are restricted to |E/A| < 2|t/A] and |u/A| < 2|t/A| which we confirm analytically in
Ch. [6.4.3]soon. Thus, crossings and avoided crossings occur for parameters associated to
the topological non trivial phase for [¢t| > |A|. We find similar results for [¢t| < |A|, but
the mixing of particle and holes occurs now even outside of the topological non trivial
phase for |u/A| > 2|t/ Al.

6.4.3. Degenerate energies and gap openings inside the excitation regime

We start the discussion of the non zero degeneracies and avoided crossings with an
inspection of Fig. Clearly, the action of a finite superconducting pairing is to open
gaps inside the higher excitations, i.e. former crossings turn into avoided ones. Further,
several energy degeneracies still exist, though their position in the E/t, u/t plane may
have changed. We derive the criterion for crossings and avoided crossings later in Ch.
[6.5.2] and they allow a better understanding of the excitation spectrum.

As we will show, the general parameter setting of u # 0, t # +A, t # 0, A # 0 allows
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Figure 6.14.: BdG Spectrum of the Kitaev chain with N = 20 for A = 0 in a) and
t/A =4 in b). a) No superconducting gap exists and the eigenvalues are
Ei(knd) = £[u + 2t cos(k,d)] with k,d =nw/(N+1) andn=1, ..., N.
We find N? crossings and no avoided ones. b) For finite superconducting
pairing A, degenerate energies are still found outside the gap, while simul-
taneously avoided crossings are formed.

only up to twofold degeneracies. Considering Fig. [6.14] panel a) or Fig. [6.12] it is not
surprising that the first quantitative criterion for degeneracies which we obtain is

nm

kiod = ——
1,2 N—Fl’

n=1...,N (6.4.5)

even for A # 0. Here, the values for k; 2 can for the moment be chosen completely
independently. However, only specific combinations of ki od from Eq. (6.4.5)) satisfy the
quantization rule and are thus associated to crossings. We discuss the results in the next
section.

6.4.3.1. Finite energy crossings

The model is invariant under exchange of k12 and one can set k1 > ko > 0, i.e. ky >
ka > 0, without restrictions. The values for kx; ad associated to finite energy crossings
are

(ksd, kad) = (NZL, NJL>, i=2 i j =1 i — 1, (6.4.6)
with 7/2 > ksd > kad > 0 and

N+1—-4 jm 9 e
Nil Ny1) T

(ksd, kad) = <7r
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with m > ksd > 7/2 > kad > 0. Here, i, is

max
e %, N odd (6.4.8)
i = . 4.
e %, N even

¢ ax 10 case of N is odd yields kxd = 7/2 in both Egs. ,
and is twice represented, but occurs only once.

The position of the crossings as a function of ¢, A or u follows from the equal energy
constraint. For convenience we use Eq. (6.3.27))

Note the value ¢ = ¢

AQ_.[/.Q

w =2 cos (kxd) cos (kad) (6.4.9)

solved for . The value of kxd of both sets is connected by m, such that the symmetry
of the spectrum in u is automatically respected. The energy eigenvalue is found by
inserting the parameters ¢, A and p with ks, A into the dispersion relation, for instance

Eq. (6.3.34). Our results are illustrated by Fig.

The number of the finite energy crossings N¢, gxo is

D' N odd

. (6.4.10)
NTQ — N, N even

Nc,g20 = {

Please notice N¢ gxo is independent of ¢, A and p, contrary to the N zero energy
crossings which exist only for t2 > A2, Including them, gives N¢ as

N2 -

N4l Nodd .,
Nc = (t° > A*). (6.4.11)
5 N even

At last, let us discuss the parameter regions where crossings occur. We see directly from
Eq. (6.4.9) that

2 _ 42
t

(6.4.12)

A 1—t2/A?
0§|M|<2‘ _ ’/

t/A2

holds and especially for |t/A| > 1 we find |pu/A| < 2]t/Al.
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kad &[5

z -4.21 312
z -1.50  3.82
s -1.04  6.23
z 421 3.12
z 150  3.82
s 104 623
kad |7
z -16.85  19.00
z -6.01 958
& -4.16  6.90
z 16.85  19.00
z 6.01 958
& 416 6.90

—6 —4
n/t

Figure 6.15.: Finite energy crossings (e) in the Kitaev BAG spectrum for N = 6. The
analytical predictions for the finite energy crossings are stated in the table
to the right of the respective panel. a) The predicted N¢ gxo = 12 finite
energy crossings for t/A = 4 are reproduced numerically. b) Same as
a) only for inverted ratio A/t = 4. Contrary to the first impression the
number of crossings remains N¢ g0 = 12, since four crossings are outside
of the plot range. ¢) Zoom of b) in order to demonstrate the degeneracy.
The arrows point to line openings.



6.4. The Kitaev chain’s BdG spectrum 97

To find the energy range where the crossings occur, we use (6.3.34]) and replace the
chemical potential with Eq. (6.4.9) such that

E24

T [(t2 — A?%)cos?(ky) — tQ] [(t2 — A% cos?(ka) — tQ] (6.4.13)

we find a mixed description in ky, and ka. The last expression for the energy implies

At EZ

= <5 < 2 2> A? (6.4.14)
E? At
2 < f < A% > 2. (6.4.15)

where changing the ratio of ¢, A exchanges the limits. This ”inversion” reflects the

counter movement of the crossings from Eq. (6.4.6) and Eq. (6.4.7)) upon exchanging
t/A. We now turn to the avoided crossings.

6.4.3.2. The avoided crossings

The avoided crossings are associated to specific half integer multiples of 7/(N + 1) for
which the quantization rule from Eq. (6.3.28]) reduces to

<?>2 cot? (knd) = (?)2 cot? (kad) . (6.4.16)

Since kxd and kad do not differ by 7, the quantization rule is only satisfied at A = 0. In
turn, the half integer multiples do not correspond to eigenvalues unless A = 0. Thus, the
superconducting pairing is responsible for the gap openings in the supra gap excitation
regime. Similarly as done before, we can reduce the combinations of ks, ka to ks > ka
and divide them into two sets. We find,

) 1 y 1
(ksid, kad) — <7r3v++/12,7T]N++/12), i=1,. ., 8C i—0, -1  (64.17)

with 7/2 > ksd > kad > 0 and

N i+l i1
(kgd,k:Ad):<7r NZ++1/2,HN++/12>, i=1,...,C j—0,. . i—1 (6.4.18)

with 7 > ksd > 7/2 > kad > 0 to respect the symmetry of the spectrum. Here, we set

N-1

5= Nodd
-AC 2
1 = . 6.4.19
max { % N even ( )

Note, that kxd = 7/2 for iAC in case of even N is twice represented in Eqs. (6.4.17))

max

(16.4.18]) but exists only once.

Analogously to the crossings, the values for u where the avoided crossings occur are
given by the equal energy constraint in Eq. (6.4.9). The "energy” around the center of
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the anticrossing follows simply by inserting the half integer pairs into the bulk dispersion
relation with the corresponding value of pu. Note, to speak about avoided crossings for
A? > ¢2 is not fully proper as the BAG spectrum follows then more the one for ¢t = 0, i.e.
the spectrum is gaped everywhere. Furthermore, the avoided crossings turn into finite

size crossings at [t| = |A|.
Finally the number of avoided crossings Nac is
N1 Nodd
Nac =9 e : (6.4.20)
& Neven

The total number of crossings and avoided crossings from Egs. (6.4.11)), (6.4.20) sums
of to N2, which is indeed the number of crossings at A = 0, see Fig. [6.14]

The criterion for crossings and the avoided ones can be extracted from the eigenvector
equation, which we discuss next.

6.5. Eigenvectors for generic parameter values

The calculation of eigenvectors is generally straightforward using the chiral basis, i.e. the
Kitaev Hamiltonian in the form of Eq. . We start with general remarks, before we
discuss the different cases. Further, we intend for the parameter settings a # 0, b # 0,
ie. A% #£¢2 and pu # 0 as these special cases were already handled earlier. Our ansatz
for the eigenvectors v, = (U, UB)T respects both Majorana sublattices A and B; thus,

the eigenvector equation reads
hl (va) UA
LLT ] (UB> =4 <17]3> (6:5.1)

where h is taken from Eq. (6.3.3). We find the coupled equations

hig = A\Ua, (6.5.2)

hi Gy = A\ 0g, (6.5.3)

for finite A. Not only in case of zero energy, even generally we can demand |vp| = |Up|
since

7 g = oAl (6.5.4)

FLnt o = Mos)?, (6.5.5)

implies [7a]? = |0g|2. For X finite, we are left to find only @s or @i, since the other

follows directly from Eqgs. (6.5.2)), (6.5.3) above. We will solve always for v/4.
A disentanglement of ¥A g or squaring the eigenvector equation, yields the familiar

expressions

hht Gy = A20a, (6.5.6)
hWihog = A20g. (6.5.7)
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For comparison let us revisit Eq. (6.3.12)) and identify s = |(®). Since the matrices h,
ht convert into each other by exchanging a’s and b’s while turning y — —p, the entries
of both sublattice vectors

Ua = (&1, &N, (6.5.8)

U= (01,..., 0n)" (6.5.9)

obey the same Tetranacci recursion relation, namely

A2 4 a2 4+ b2 — 2 .a—>b

§jt2 = o a & —&—2 — = (&1 + &), (6.5.10)
A2+ a?2+b2— 2 . a—2>b

Ojt2 = ab a 0j —0j—2 — 14 ab (Uj—i-l + Uj_l). (6.5.11)

Here, we extended &, o; to the full sequence and set j € Z. The open boundary
condition of the entire eigenstate v, = (U4, 17B)T, ie. & = Envy1 = 09 = on+1 =0
imposed by Eq. (6.5.1]), becomes after the decoupling process

§o = Env1 = bén42 — aln = b& — a1 = 0. (6.5.12)

These conditions act on s alone, see Eq. . A similar condition holds for up as
well. Nonetheless, we need only to find U, as vg follows from Eq. . In section
we discussed the necessity of two left and two right moving quasi-particles to construct a
Tetranacci polynomial, see for instance Eq. . As we have shown in Ch. this
ansatz and the boundary condition yield the quantization rule in Eq. . Still, the
equal energy constraint given in Eq. must be obeyed. Thus, we know implicitly
all eigenvalues and the associated wavevectors kj o, or alternatively ks, o = (k1 £ k2)/2.
In turn, the value for the coefficients in Eq. are now completely known to us.
Please notice, that the Egs. (6.5.10), (6.5.11]) are universal for all eigenstates, but the
value of (A2 + a? + b? — p?)/(ab) differs for each eigenstate. Further, we consider A to
be from now on an arbitrary but fixed eigenvalue of the Kitaev Hamiltonian.

Although our eigenvector problem involves boundary conditions, we can translate
them into constraints on the initial values, as we show explicitly in the next sections
for the individual cases. Consequently, we need only to determine &_o, £_1,

&o and & since Eq. (4.2.23)) yields

1
&= &T)) (6.5.13)

1=—2

which determines in turn all entries of ¥s. Notice, the values of 7;(j) are in fact known
to us as we explain next. Further, we have chosen Eq. , which is fully equivalent
to the superposition of left and right moving quasiparticles, due to its practicality. The
initial values of 7;(j) are defined by their selective property

Ti(j) = 6;j, foromlyi,j = —2,-1,0, 1. (6.5.14)
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For 7 > 1, 7;(j) can be obtained in principle from the recursion formula Eq. . Be
aware of the fact that the values for 7;(j) change with the eigenvalue since they depend
on (A2 +a?+b%—p?)/(ab) or alternatively on the wavevectors associated to A. The only
exceptions are the particle-hole partners as A enters squared into Eq. .

More advantageous though, is the use of the closed form for 7;(j) taken from the
Eqgs. — in terms of ¢ 5(j) or their simplified version in appendix [Cl As
we discussed in Ch. the usage of these formulae demands 1? + 4(¢ +2) # 0, i.e.
two independent left (right) moving quasiparticles, which is always valid here. The
involved Fibonacci decomposition of 7;(j) into ¢; 5 allows a direct use of the quantized
wavevectors. We have

1=1,2 (6.5.15)

according to Eq. , rather than the fully equivalent energy description following
Eq. . Please notice, Eq. holds in general for complex wavevectors and
is not restricted to real ones.

Depending on the precise nature of the energy, i.e. finite but non degenerate, finite
and degenerate or even zero, the relation between {; and o; changes such that we focus
temporarily only on ¥a. In all of these cases, we are left to find £_9, £_1, & and &;.
Actually, the boundary condition from Eq. reduces the task further, since §, = 0
and £_1 = b&;/a holds. Thus, only & and £_5 have to be foundE In this respect, the
cases of non-degenerate and finite degenerate energies, i.e. crossings, differ as we discuss
in the sections[6.5.1} We consider first non-degenerate, finite eigenstates associated
to the sub- and supra-gap regime.

6.5.1. Non-degenerate finite energy eigenstates

We derive here the eigenvector formula for nearly all eigenstates, since degenerate ener-
gies appear extremely rare for the Kitaev chain compared to the non-degenerate ones.

Initially, we translate the boundary conditions into constraints on the initial values of
&j. Please recall that eigenvectors are only defined up to their non zero multiples. This
and exploiting the absence of degeneraeyﬂ means that we can choose exactly one entry
freely (without loss of generality); we use & € R\ {0}. Consequently, the value of £_;
is set by the boundary condition as £_1 = b§;/a and we are left to find £_o.

Notice that all four boundary equations are linearly dependent for the proper quantized
wavevectors ki2. Since already two boundary conditions, namely {, = 0 and {_1 =
b&1/a, are satisfied, only one of the remaining two contains further information in order
to (uniquely) determine _5. For instance from £ny1 = 0 follows

aTi(N+1) +bT-1(N+1)

5—2 = _51 CLT,Q(N—{—].) ’

(6.5.16)

1 This is the most ungrateful part of the work, as simple expressions are only available in the degen-
erate energy cases.
2The eigenspace has thus dimension one.
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supposing T_o(N + 1) # 0. Otherwise béy42 — aéy = 0 grants

§1[aTi(N) = bTiI(N +2)] + &1 [aT1(N) — bT1(N +2)]
bT 2(N +2) — aT_o(N)

for bT_o(N +2) — aT_2(N) # 0. Note, the case when the denominators in both
Eq. and Eq. are simultaneously zero belongs to degenerate energy
states as we show in Ch. [6.5.2) in more detail. In the case that neither T_o(N + 1)
nor b7_a2(N +2) — aT_2(N) is zero, both expressions give the same value of {_, due
to the linear dependency of the boundary condition imposed by the quantization rule.
However, an approximated, numerical or an inaccurate value for the wavevectors may
result in small difference between the Eqs. (6.5.16)), (6.5.17)). Since £_5 is fixed, we found
all initial values and thus ¥4 is fully determined.

Before we continue though, notice that the recursion coefficients in Eq. are
in fact real numbers. Thus, the basic Tetranacci polynomials 7;(j) are rea]lE valued due
to their initial values from Eq. . In turn, all §; are real, since §; was chosen so.

We are left to give the formula for o5 = (o7y, ..., JN)T. In principle we can repeat
the procedure of finding v, since

§—2 = (6.5.17)

1

o= > oiTi(j) (6.5.18)

i=—2

holds. Notice, that these values for 7;(j) are exactly the same as for &;. The initial

values 0_3, 0_1, 0p and o1 can be read out from U using Egs. (6.5.2)), (6.5.3]). We find
oy — 0, o_1 = aal/b and

i Y
oy — %& (6.5.19)
The value of o7 is
o1 = M (6.5.20)

Consequently, o1 is purely imaginary and so are in turn all o;. This is in agreement
with the eigenvector equation and g is now fully determined. However, there is a much
simpler, alternative approach using the (sublattice) inversion symmetry Z

1
T, = : (6.5.21)
1 NxN

as we discuss now. For shortness, we define

7 = Zs . 6.5.22
(™ ,) (65.22)

3In particular, this is true for decaying states associated to finite energy.
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The action of Z on the full Hamiltonian . from Eq. (6.3.2) is

e M- (0 ), 652

in agreement with Eq. (5.1.2). Since h, hf contain a = i(A —t), b = i(A +t) and
al_An = —b, b|_A = —a holds, we find hf|_o = —h (h|_o = —h') according to Eq.

(6.3.3). Thus, we have
.I.
7 (m h) T-—— <h h ) , (6.5.24)

and we can relate Ua and up directly by Z next. The inversion symmetry imposed on
both sides of the eigenvector equation in Eq. (6.5.1)) and using Z2 = 1oy grants

R (Zs08) = =X (ZsTa), (6.5.25)
h (ZsTa) = =\ (Zs0B). (6.5.26)

Remarkably, our last two expressions are very similar to Eqs. (6.5.2)), (6.5.3) and since
the eigenvector space corresponding to A has dimension one, the state Z¢ is essentially
¥ itself apart from a phase factor. One finds

Up = Fi LA, (6.5.27)

obeying the constraint || = |Ua|. The imaginary unit follows from the eigenvector
equation, as we set the entries of ¥4 to be real. In turn, the normalized eigenstate ¥/

reads
. 1 Ua
Vg = ———— ) R I 6.5.28

ENOTEN <¢1 T, m) ( )

where the two signs reflect the particle-hole (chiral) symmetry P = 1oy K (C = 7, ® 1y)
in real space. The normalization constant involves non linear combinations of Tetranacci
polynomialﬁ so we do not intend to calculate this factor. The relation between the
entries &, oj reads (j =1,..., N)

oj = :Fi §N+1—j- (6529)
and thus we have
1
ony1-; = Fi Y &), (6.5.30)
i=—2

14Non linear recursion formulas for Tetranacci polynomials can be derived in principle. Unfortunately,
they depend on the initial values, which precisely change here with the eigenvalue and the parameters.
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Although the two signs in Eq. (6.5.30)) correspond to the energy eigenvalues +\, the rela-
tion depends on the parameters in agreement with numerical investigations. Concretely,
the Egs. (6.5.18)), (6.5.20)), (6.5.29) yield

g+ (A+1) (55—12 To(2) + 2T4(2) + T1(2))

As = £ 7
2 T2(N) + 2 T-1(N) + Ti(N)

(6.5.31)

where s represents the sign in Eq. . All expressions on the r.h.s are already
known to us, particularly A\ enters only in even powers. Thus, s has to be chosen prop-
erly. However, for most practical applications this sign does not matter and the physical
quantities for which we will look later depend only on the absolute value of the eigen-
vector entries, where the sign drops out.

The eigenstate ¥, is associated to the fermionic operator 1& Explicitly, we have

N
~ 1
Y= = &+ a9 (6.5.32)
\/§|UA| z; J 1) 70
satisfying
. 1 N 1 N
v* Z 612 + O-JQ' Z 512 - 612V+1—j = 0. (6.5.33)

B 2\/§’ﬁA| a 2\/§|’L7A| j=1

j=1

We may decompose lﬁ = (1/AJA + iz/AJB) /+/2 into Majorana fermions

N

~ 1

va = =Y &, (6.5.34)
[oal <=

. 1 X

O 6

1

J
obeying i = . 14 5 = 2 and i, B} =01

In order to relate our results back to Fig. [6.12] one has to transform the eigenstate
7. into the BdG basis zﬂBdG = <d1, . dy, d;, ...,dR,). In turn, the particle (hole)
U = Up — iU (U = ¥ + iUg) components are found. For the non-degenerate energy
eigenstates, Eq. (6.5.27)) implies that either the electronic or the hole sector of the
eigenstate has even parity w.r.t. to spatial inversion. The other component is then odd.
This behavior is reverted for A — —A\ as the relative sign between o and v at fixed
parameters is changed.
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6.5.2. Degenerate finite energy eigenstates

We discussed the degenerate energies, i.e. the crossings, already in section but we
have not proven the given statements yet. The reason behind this decision was to lower
the level of abstraction for the reader. Initially, the only available information related
to degenerate energies is that hermitian matrices such as H. are always diagonalisablelg
(even for degeneracies). As for instance Fig. suggests, we find only two-fold degen-
erate eigenvalues for 4 # 0 and 2 # A2, tA # 0. In the following derivation, we assume
a D > 2-fold degeneracy in the beginning and we prove that only D = 2 is allowed.
The D-fold degeneracy reflects the existence of D linearly independent eigenvectors

denoted by ﬁc(d) with d = 1,..., D > 2. Here, we adapt the notation of the non-

T

degenerate case. The sublattice structure of H. suggests to set Uc(d) = (17 gd), U]gd)) .
Since ﬁc(d) is an eigenvector of H, U 1§d1)3 obey

hal® = Ao, (6.5.36)

wto@ = A5, (6.5.37)

foralld =1,..., D > 2. Here, X is the D-fold degenerate eigenvalue, which is not

known to us at the moment. In analogy to the Egs. (6.5.4), (6.5.5)), |0 /gd)| = \17]@\ holds.
We decouple both sublattice vectors, granting

hita(® = A2 (6.5.38)
and exchanging the order of h, k! yields the equation for ﬁéd). Further, we set ¢ /gd) =
f(d), cen §(d) T A O'(d), e o DNT for convenience. The entries fgd), o @ obey
1 N B 1 N J J
still the Tetranacci recursion formula
d )\2—|—a2—|—b2—,u2 d d . a—>b d d
d N ra?+b?—pu? d . a—b d d
UJ-(+)2 = " O'j( ) O'j(_)2 — lu— (Uj(+)1 + Uj(_)1> (6.5.40)

since the eigenvector equation has not changed. Crucially, the coefficients in Eq. (6.5.39)

do not depend on d, since A is degenerate. Thus, the eigenvectors 77§d) differ only due to
the initial values of £ j(fg and Uj(i)? Further, the basic Tetranacci polynomials 7;(j) obey
Eq. (6.5.39)) as well and since their initial values are fixed by the selective property from

Eq. (6.5.14)), they do not depend on d either. In turn, we have

1
&= &0, (6.5.41)

o\t =3 T (6.5.42)

5 This is for arbitrary square matrices not necessarily the case.
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In analogy to the prior non degenerate case, only ¢ /gd) has to be determined as Uéd) follows

immediately from Eq. (6.5.37). Consequently, we can solely focus on ég), ceey l(d).

Since the structure of the eigenvector equation is the same as in the non-degenerate

case, U /gd) has to obey

&7 = el = bedl, - agl! = el —agP = 0. (6.5.43)

Hence, only are §1(d) and 583 are required to know.
Importantly, the eigenvector equation is linear, i.e. any superposition of its solutions

is still an eigenvector. In the context of Eqs. (6.5.36)-(6.5.41]), this superposition is
translated straightforwardly to a linear combination of the initial values fg), ey 51(d)
without changing the used coefficients. As one can show easily, this allows to set §l(d)

and 589 arbitrarily. We choose

e =1, ¢ =0, (6.5.44)
e =0, ¢% =1, (6.5.45)
without restrictions since d = 1,..., D > 2 holds. In turn,
b
el = . &’ =0, (6.5.46)
¢ =0, ¢Y =0, (6.5.47)

are fixed by the boundary condition. According to Eq. (|6.5.41)), linear combinations of

1) and 5(-2) allow the construction of an §(-d) d # 1,2). Thus, the eigevectors ﬁéd) for
é‘] ¥ y ] Y ) g

d > 3 are linearly dependent to 17(:(172) which is a contradiction to the hermiticity of H..

Consequently, only twofold degeneracies are allowed for p # 0 and 2 # A2, tA # 0.
We keep the setting in Eqs. (6.5.44), (6.5.45). Next, one has to truly satisfy the
boundary condition from Eq. (6.5.43)), in order to determine the eigenvalue A and the
associated eigenvectors.
The boundary conditions and the closed form for the Tetranacci polynomials yield

TiN +1) + ST_l(N+ 1) =0 (6.5.48)
b TN +2) + ZT_l(N+2)} ~a [7'1(N) + ST_I(N) ~ 0 (6.5.49)
and also
To(N+1) = 0 (6.5.50)
DT o(N +2) — aT a(N) = 0. (6.5.51)

Notice that the two-fold degeneracy allowed a splitting of the boundary conditions com-
pared to the non-degenerate case since two equations respectively for N + 1 (N and



106 Chapter 6: Spectral analysis of the finite Kitaev chain

N +2) are found. In appendix [l we demonstrate that the Egs. (6.5.48) - (6.5.51]) alone
imply

kpod = NLL n=1.. N. (6.5.52)
Here, all combinations of k1 2d are a-priori allowed.

Still, any other choice of 51(1"1), §£12’d) as done in Eqs. (6.5.44]), (6.5.45|) corresponds
to degenerate eigenvectors. In particular, a splitting of the boundary conditions can be
prevented. Thus, the general quantization rule of the Kitaev chain from Eq.
has still to be satisfied. Further, the Tetranacci polynomials demand directly the equal
energy constraint on k1 and ke such that only specific combinations from Eq.
are left. This grants directly the criterion from section [6.4.3| expressed in terms of
ks = (k1 + k2)/2, kn = (k1 — ko)/2 for convenience. In other words the parameter
constraints on t, A, p and the twofold degenerate eigenvalues are known to us. In turn,
(12) are fixed.

Similar to the non-degenerate case, one can show that

i\ = Fiz,5 (6.5.53)

0)

holds. Notice, the eigenvector space has dimension two. The identification granting Eq.
(16.5.53)) uses that 51(1), fg) can be varied independently from 51(1), §£22).

The two signs in Eq. reflect the particle-hole (chiral) symmetry. Due to
the degeneracy, the eigenvectors rearrange into even/ odd ones under the action of the
inversion symmetry. Finally, the expression for the fermionic field operator associated
to Uc(d), and the corresponding Majorana fermions generalize straightforwardly from the
non-degenerate case.

We are left to calculate the zero energy eigenstates.

6.5.3. Zero energy eigenstates

For zero energy, the eigenvector equation Eq. (6.5.1]) becomes
hi _ -
Lﬁ ] 7 = 0. (6.5.54)

Since zero energy is (if existent) always degenerate due to the particle-hole symmetry, one
can set indeed #; = (va, 0)T, ¥» = (0, v8)T. Any superposition of the two solutions
is possible and we thus refer only to ¥s,5. From Eq. (6.5.54) we find the decoupled
equations

hi Gy = 0, (6.5.55)

hvg = 0, (6.5.56)

and we consider here only the case of i # 0 and tA # 0, t?> # A%, In order to proceed,
we set va = (&1, ..., &)Y, UB = (01, ..., on)T and the constraints on the entries read
—a&j—1 +ip& + 0811 =0, (6.5.57)

—bO'jfl — i,UO'j + aocj41 = 0. (6.5.58)
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a) d)
§i/6 t/A=5n=1 &i/& t/A =100, n=2

2 J 3
7 15 30

b) e)
&/6 t/A=10,n=1 &i/& t/A=100,n=3

Figure 6.16.: Spatial profile of the Majorana zero modes #a. §;/&1 (o) is depicted accord-
ing to Eq. and the black line is a guide to the eye. The parameters
are N = 30 and u, = 2vVt? — A?cos(nm/N+1). Left column: We have
fixed n = 1 and vary t/A = 5, 10, 100. For small values ¢/A, the state
is localized at the left end and gets further extended by increasing ¢/A.
Right column: We set ¢/A = 100 constant and n is varied. The chemical
potential causes oscillations of the MZM.

Here, we extend to all j € Z granting in turn the boundary conditions &y = En41 = 0
and o9 = on41 = 0. We need to solve only for §; as o; follows directly by a <+ b and
p — —p. Since the entries &; form a Fibonacci sequence

i a
§iv1 = —*ij + &1 =x8 + y&i (6.5.59)
b b
we apply Eqgs. (4.1.2)), 4.1.17 . We get
. - R —pE 2+ 4 (A2 - 12)
& =&arF0) = 51 R+ —5 o Bx= 2 (A1) : (6.5.60)

in agreement with [69, |70]. Here, we used only {, = 0 and &; accounts for the normal-
ization. The constraint {x4+1 = 0 is not yet imposed. Instead, the Valueﬂ for R4 are
not quantized so far.

Similar to all prior Fibonacci sequences, we can make the standard ansatz p =
2Vt2 — A2cos(0), 0 € C yielding Ry = —sign(t)\/(t — A)/(t + A) exp(Fif). In turn,

we have

j—1

& = & [—sign(t) Ssnrffej)) <§ . i) o (6.5.61)

1We follow here essentially the footsteps of Kitaev, since his x4 is Ry [2].
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The open boundary condition at the right end of the system 1 = 0 is only satisfied for
0=60,=nn/(N+1),n=1..., N. Thus, our ansatz u = 2v/t> — A2 cos[nw/(N+1)] =
iy, becomes automatically the criterion for the zero energy lines, see Eq. (6.3.7) and

t2 > A? must hold true. Notice that in chapter we have shown 6,, = kxd.
The calculation for o; is analogues and we find

.
»

: i sin(6,7) [t—A
= ) [sign(p)pt S 6.5.62
j—1
. i1 sin(6,7) [t+A\ 2z
= o1 [sign(pyp—t Snln 5.
oj = o1 [—sign(t)] an6) \i—A , (6.5.63)
and j = 1,..., N. We see that for t/A > 0 (t/A < 0) the sublattice vector ¥y is

localized closer to the left (right) end, i.e. it reaches its maximum at j = 1 (j = N), and
g decays always from the other side. Remember that the inversion symmetry applied
to the Kitaev chain turns A — —A which connects here the structures of §; and o;. We
extract the decay length £ as

2d
o (i52)]
and we may write
- _sion(#) ! sin (0 ) —(i-1)d/¢ 6.5.65
gj gl [ Slgn( )] sin(9 ) € ) ( . )
. .4 sin(0,, j .
o = oy [—sign(t)) ! sirf(ﬁj))e(] 1d/¢ (6.5.66)

in case of (t — A) < (t + A) and otherwise we have to replace £ — —&. The chemical
potential u, is kept inside 6,, and causes the wavefunction to oscillate in space. The
possible change , — —un, see Fig. [6.9] shifts 6,, — 6,, + m corresponding to a local
phase shift. In Fig. [6.16] we depicted the spatial behavior of the zero energy modes. For
|A| < |t] the two states become localized at opposite edges, reducing properly to only the
first/ last site for |A| = |t|, imposing u, = 0, in agreement with the prior discussion of
the Kitaev points. In contrast, both extend along the Kitaev chain in case of [t| > |A|.

The values of §;, 0; fix the eigenvectors ¥; = (a, 0)T, % = (0, o). Since, &1, 01
can be chosen to be real, ¥ 2 are eigenstates of the particle-hole symmetry P = K 1oy,
i.e. they are Majorana zero modes. The associated operators TZJA,B read

N

- 1

YA = W Z & ’Yj‘Aa (6.5.67)
j=1

. 1 X

g = ol > oy (6.5.68)
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satisfying MA}LB = @ZJA,B, 7/3/%,]3 = 1/2 and {i’Aa 77ZJB} =0.

Notice, that the "Fibonacci” §;, o; are in fact Tetranacci polynomials for F4 (kd) =
A = 0. The easy proof is hhlGy = 0, hthtig = 0 following from Eqs. (6.5.55), (6.5.50)
and recalling the derivation of Tetranacci recursion formula. Alternatively, we use Eq.
at j — j £ 1. The multiplication with b # 0 and a # 0 yields

abﬁj,g = b? fj + i,ubfj,1 (6.5.69)
ab&jio = a*&; — ipa&js. (6.5.70)

Further, we multiply Eq. (6.5.57) with iu
0 =iub&ip — ipa&i — p*§;. (6.5.71)

The sum of the last expressions grants

a® + b — 2 . b—a
§jr2 = —a § — -2 +ip o

(&1 + &i—1), (6.5.72)

the promised Tetranacci recursion formula at A = 0 after rearranging the terms. Before
we conclude in section [6.7] we first discuss the promised similarities between the Kitaev
chain and the n.n.n. chain from Chapter

6.6. Relations between the Kitaev chain and the atomic chain
with n.n.n. hopping

Although the first notion of the n.n.n. chain and the Kitaev chain Egs. ,
seems contradictory, both models are quite similar after deeper investigation. We saw
that both models obey the Tetranacci sequence from Eq. for different ¢, . In
case of the Kitaev chain this is possibly surprising as this model contains only nearest
neighbor terms by definition. However, the BAG Hamiltonian of the Kitaev chain possess
the n.n.n. term ab after the decoupling of the 44, 4" Majorana operators. In order to
support this statement, we repeat this decoupling process and derive the entries of hh!,
see Eq. , shown in a pictorial from in Fig. Notice that the matrix h
(1) accounts for terms of the form 7]‘-4 P (A 7;") such that hh! describes effective
hopping processes from ’yJA to ’yj‘} mediated via Vjor- We consider a mid-chain position
»Y]A far away from the boundaries at first for simplicity, as indicated in Fig. [6.17] At
first we focus on effective nearest neighbor terms 734 to 7}4+1 following the arrows. We
find the two independent options (in this order) aip (N, 1) and —ipb (J ). The only
n.n.n. term from 734 to fyﬁrQ is ab (\, /") without intermediate rest at a single fy;.‘,‘. The
effective onsite "hoppings” from %A to fy]A itself are —ip (in) (I1), a(—a) (\/\) and
(~0)b (). Notice here that for the latter two processes the neighboring 7, has to
exist. Thus, we have to exclude these processes partially at the ends of the Kitaev chain
granting —b*(1 — §;1) and —a?(1 — §;x). We simplify the stated products and in turn
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L o Vi Vio
— ¥ ¥ ¥
o @ " o 9 9 9

Figure 6.17.: Kitaev Hamiltonian in chiral basis for N = 6 sites. The Majorana operators
74 (@), v (o) form connected sublattices. Pictorially, one can decouple
both parts of the system by focusing on processes from 'y]A to 'yfﬂ ('73'4+2)
via 7. These terms are kept in hh! and more details are stated in the
main text. The solid arrows depict a = i(A—t) (purple), b=i(A+t) (cyan)
and iy (black). Dashed arrows account for —a, —b and —ip, respectively.

’yjA is connected to ’yj} by

[,U,Q—O,Q(l — (SjN)*bQ(l — (Sjl)] 5]’,]” + iu(a — Z)) (5j7j/+1 + 5j+1,j’)
+ ab (6j,j’+2 + 6j+2,j/) . (661)

Here, we added the Kronecker deltas to distinguish between onsite, n.n. and n.n.n.
terms. Notice that Eq. is exactly (hhT)jj/ from Eq. (6.3.13). The diagonal
term of A\? enters only via the eigenvector equation. In section we showed that Eq.
yields the Tetranacci recursion formula and the boundary conditions. Further,
the Kitaev chain is still by definition a n.n. model, its boundary condition (even after
the decoupling of both Majorana sublattices) deviates from the one of the n.n.n. chain
from chapter

Since the Kitaev (n.n.n.) chain has three (two) parameters p, t, A (¢, m) influencing
the quantization rule in case of finite number of sites N with open boundary conditions
and since both models fall into different topological classifications, their spectra cannot
be quantitatively mapped to each other. However, they match qualitatively very well as
Fig. [6.18 shows, when they are plotted in terms of their respective ¢, 7.

The distinct quantization rules of both models are still of the same type depending
on either IV + 1 for the Kitaev chain or N 4+ 2 for the n.n.n. chain. In this respect,
notice that the criterion for (avoided) crossings can be mapped from the n.n.n. chain to
the Kitaev chain by replacing N — N + 1. This shift also exchanges the roles for even
and odd system sizes for both models in limiting cases properly, as can be seen from
Fig. At n = 0, the Kitaev chain shows avoided crossings and the n.n.n. chain
degenerated energies.

Finally, we discovered in Ch. that replacing m — —m changes the eigenvalues
(measured w.r.t. p) of the n.n.n. chain into their negative value; thus, turning the
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Figure 6.18.: The finite size spectrum of the Kitaev chain and the n.n.n. chain for N = 20
converted into their Tetranacci coefficients ¢, n. A quantitative mapping
is not possible because of the different role the chemical potential u adopts
in both systems. Note the former in-gap states of the Kitaev chain are
converted into the lowest blue line, close to the center of panel a).

arrow-like region with crossings upside down, see for instance Fig. a), b). In case
of the Kitaev chain, this happens also when the effective n.n.n. hopping ab = A% — ¢
switches sign, as can be seen back in Fig. |6.11|a), d). However, the coefficient 7 imposes
a different spatial positioning of the crossings for the Kitaev chain. For A > ¢, the
degenerate energies are widely separated by 1 and the arrowhead disappears.

Usually, spectral investigations are done numerically for good reasons. Nonetheless, in
case one finds a similar shape, the arrow may be pointing towards a Tetranacci sequence.

6.7. Conclusion

We derived exact analytic expressions for the eigenvectors and the quantization rule
(or eigenvalues) for generic parameters ¢, A and p for Kitaev chain of finite length in
case of the open boundary condition(s). Thus, the results stated in Ref. [69172,
concerning the Kitaev chain were extended.

The most crucial finding of the approach is that the finite sized Kitaev chain with
open boundary condition can be understood based on two constraints: First, the bulk
relations obtained in the limit N — oo and second, the finite size condition. In case of
the former, we have mentioned the well known bulk dispersion relation ,

Ba(k) = /1 + 2t cos(kd)]> + 4A?sin?(kd). (6.7.1)
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The open boundary conditions demanded the use of k; 2 instead of only ”k” obeying the
equal energy constraint

ut

cos (k1d) + cos (ked) = “E A

(6.7.2)
which can be extracted from the dispersion relation. The real space approach to the
spectrum and the eigenstates granted the Tetranacci recursion formula for the Kitaev
chain, from where the dispersion relation was found as well. On the other hand, the
open boundary condition and the finite size of the model yield discrete energy levels
and thus quantized wavevectors ki o at fixed parameters. Information from pure bulk
considerations is therefore limited. In particular, recall here the zero energy criterion
from Eq. ; zero energy was restricted to discrete lines for only #2 > A? (except N
odd and g = 0) which could not be deduced from only Eq. .

In this respect, we critically analyzed the decay length in section[6.2.3] We found that
the (quantized) decay length extracted from the quantized wavevectors k; 2 associated
to finite energy in-gap states (which can be exponentially small), may deviate from the
decay length solely extracted from recursion formulas/ pure bulk arguments. Thus,
setting Eq. to zero and obtaining k without imposing quantization, has to be
seen critically. In this scope, we recommend also to revisit Egs. (6.5.60]), (6.5.61) from
section

We demonstrated that energy and spatial profile of an eigenstate are correlated. How-
ever, changes in the former are not caused by the latter; rather, the quantization rule
(ks = (k1 +k2)/2, ka = (k1 — k2)/2)

)2 cot? (kad)
)2 cot? (ksd)

sin? [ksd (N +1)] 14 (

sin? [kad (N +1)] 1+ (

, (6.7.3)

e e

is the origin of both. In this scope, we proved that energy oscillations as function of the
chemical potential in both the sub- and supra-gap regime originate from an interplay
of Eq. and the quantization rule. Physically, y was forced into its role by the
superconducting pairing constant A and the Pauli principle for fermions embedded in
the BAG construction. For more details, consult for instance appendix [E]

We demonstrated in appendix [H] that the topological phase diagram of the Kitaev
chain can be extracted from the quantization rule in Eq. for N — oo. In this case,
the mid-gap excitations adopt exact zero energy everywhere within the topologically non
trivial phase as expected.

Returning to finite N, the bulk constraints Eqgs. , together with finite
size constraint from Eq. demonstrate beautifully the bulk-edge correspondence.
In other words, the topological predictions, based for instance on the winding number
topological invariant for N — oo, correctly predict the presence of edge states in the
case of open boundary conditions and N finite |7, [31}|105]. One has only to respect the
finite size of the model and one should avoid a too naive belief in the arguments based
on the bulk properties.
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We believe that our conclusions are not limited to the Kitaev chain alone. They
might be quantitatively true also in other non-trivial topological classified models. As a
perspective, we investigate in chapter [I0]in part [[TI} the proximitized Rashba nanowires
based on our understanding of the Kitaev chain. The first results are promising. Next,
we start by investigating the transport properties of the finite Kitaev chain in sub- and
supra-gap regime.



7. Non equilibrium Green’s function
formalism (NEGF)

The results in sections have been published partially in [5].

7.1. Motivation

In the first part of the work, we discussed in depth the BdG spectrum of the Kitaev chain
and we saw the emergence of the topologically predicted exotic in-gap states known as
Majorana fermions. A part of the current research concerns their application as building
blocks for quantum computers with a sufficient fault tolerance [2|, |63H65]. However,
physical devices hosting Majorana fermions have to be built [6, |25-27, 30, 66] and a
first important step towards the final goal is to achieve unambiguous detection of the
Majorana fermions. In this respect, one possibility relies on electronic charge transport
measurements. Naturally the physical properties of a given model influence the behavior
of an observed current I w.r.t. to an applied bias V. In particular, the differential
conductance 9I/0V at small temperatures 7" ~ 0K depends strongly on the spectrum
of the considered device. Majorana fermions are known to cause a stable quantized zero
bias conductance peak in multiples of the conductance quantum e?/h |7, 27, |45-49].
Although quantized zero bias peaks where already observed experimentally |67, 106],
they can have various origins. For instance topologically trivial Andreev bound states;
not to mention the influence of imperfections such as disorder and defects in experimental
devices etec. [27] (5255, (107, [108].

Further, the theoretical approaches are -because of the difficulty of realistic setups-
mostly restricted to numerical investigations, although a few analytical advances were
made including approximations [8, |32 [109]. Here, we derive exact results for both the
linear and non-linear transport regime which can be used as a benchmark for interpreting
the numerical results of realistic systems. We begin our study by introducing the setup
and we guide the reader through the main issues of the current calculation.

7.2. Introduction into the NEGF method

The non-equilibrium Green’s function (NEGF) method is a technique to treat the time
evolution of observables or expectation values in out-of equilibrium situations [44, 91,
110H115]. In a generic situation, we will not be able to solve the problem exactly and
one seeks a perturbative expansion. In this scope, the NEGF approach is advantageous
since the obtained expansion is similar to the equilibrium expressions. Generally, a
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Green’s function is the solution of a differential equation containing a Dirac-delta as
inhomogeneity, typically for us in time. This can be seen for example from the retarded
G" and advanced G* (single particle) Green’s function

Gr(t, 1) = —%Q(t ~ ) {{am. H} ). (7.2.1)

GA(t, 1) = he(t’—t)<{u}(t), @T(t')}> (7.2.2)

here in terms of a given fermionic field 1,@ In case of bosonic operators, the anticom-
mutator is replaced by the commutator. A both short and intuitive introduction into
Green’s function using first quantization and in equilibrium can be found in the chapter
”Time independent Lippmann-Schwinger equation” of Ref. [112]. There, the retarded
(advanced) GF is introduced as time propagator of an initial wave function forward
(backward) in time. In general, the definition of G*, G* does not change and typically
for non-equilibrium scenarios, G*, G* depend on both ¢ and ', rather than on only the
time difference ¢t — ¢’ as the Heaviside function indicates.

Closely related to G*, G* are the so called greater G~ and lesser G< Green’s functions

i

Gt 1) = 7 <¢(t) z&f(t')>, (7.2.3)

G(t, 1) = % (91 i) ). (7.2.4)

even though both are not GF in the strict sense, as no Dirac-Delta arises in their time
evolution. Independent of the concrete context, one of the relations between GF is
G" — G* = G~ — G=. For completeness, we mention the time-ordered GT and the anti
time-ordered GF G

GT(t,1) = —%<T [&(t) W(t')} > =0t — )G (1) + 00 —t)G<(t.t)  (T.2.5)
GT(t, 1) = —%<T [1/3(15) vjﬂ(t’)} > =0 —t)GZ(t, 1) + 0(t — ") G=(L, ), (7.2.6)

using the ordinary time (anti time) ordering operator T (T). Recall that T places the
latest time left and exchanging two fermionic fields causes a minus sign [113]. The def-
initions of G*, G*, G>, G<, GT, GT are not restricted to operators manipulating the
same degree of freedom as we did so far, see for instance Eq. below. The involved
degrees of freedom are denoted by indices later.

A generic out of equilibrium situation can be described by the Hamiltonian Hio
Hi = h + H'(1), (7.2.7)

where h is meant as initial Hamiltonian which is exposed to a time dependent perturba-
tion H' acting only after some initial time ty. Explicitly, H' can include external fields
and interactions. For us, H' accounts for the coupling to the leads later [111, [114]. The
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a) b) c)
Cy t
e
to t to Cy t to to t

Figure 7.1.: The actual shape of contour C; is shown in a). The horizontal line displays
the time axis and the vertical spacing in the following has no meaning. b)
The same contour drawn more usefully with separated forward and back-
ward branches Ci, Co. ¢) The contour time ordering Tct and later T¢ is
independent of the usual time ordering. On the contour to is later than
t1, denoted as t; C to, although t5 < t; is true. Consequently, we have

To, [9(0) 61(t2)] = =01 (t2)d(0) and T [$(0) 1(t2)] = D)5 (12).

Hamiltonian h = ro + ﬁint is meant as time independent. Here, ro does not contain
interactions and I:Imt accounts for all internal correlations.

The basic idea of the NEGF method is to relate the time evolution of an expectation
value, given by the full system Hio, to expressions connected to the evolution imposed
by Hy. Since Hy describes free particles, Wick’s theorem can be applied and many
body GF reduce to single particle (s.p.) ones. Thus, the out of equilibrium situation
is approached by the equilibrium case. However, one has to account for the full time
evolution of the considered GF. Fortunately for us, the relations between Schrédinger/
Heisenberg and interaction picture, which translate the time evolution of Hio with its
increments, can be written more advantageously. For instance, the time evolution of
the operator A meant in the Heisenberg picture w.r. to Hio, is associated to A; ;(t) in

interaction picture w.r.t. to H'(t) by [111} 114]

A(t) = ulto, t) A; (t) ult, to). (7.2.8)

Here, the time evolution of AE is determined only by h= Hy + IEIint, u(to, t) reads

u(to, t) = T {exp [—i t: H, (1) dt’]} (7.2.9)

Tl (41N 3
where H; (1) is

H (') = e"'=to) f/(¢') ¢ th(t"to), (7.2.10)

Importantly, one can unite the two operators u(t, to), u(to, t) from Eq. (7.2.8) formally
into one

At) = Act{exp {—i g H (7) dT} Aﬁ(t)}, (7.2.11)
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by introducing the contour C; depicted in Fig. and the associated contour time
ordering operator Tct. The contour C; treats the "forward” evolution captured by
u(to, t) from ¢y to ¢t and the ”"backward” evolution kept by wu(tg, ¢) from ¢ back to ¢y as
two different branches. Thus, the contour runs on the real axis from ¢y, passes through
t and back. A cancellation of the two branches and thus a trivial result is prevented by
the contour time ordering Tct. Explicitly, time ordering along the contour meant that
points visited (following the arrows of the contour) prior to others, are called earlier.
For instance, in Fig. c¢) we have that t9 is later than ¢; along the contour denoted
as t1 C t3. Undoubtedly, the time ordering along the contour is distinct from the usual
one on the real time axis since t; > to holds and this is the reason behind the identity

in Eq. (7.2.11)) as shown in Ref. [114].
Further, we introduce the shorthand notation for Eq. (7.2.11)) as

A(t) = T, [sg Aﬁ(t)} , (7.2.12)
where we set
sg ‘= exp [—i H (7) dT} . (7.2.13)
Ct

Thus, the time evolution for a product of operators 1(¢) T (') is
BB () = |To, SEe b0 - [To, S8 il )], (7.2.14)

which is almost the looked for expression for single particle GFs at the end. Notice that
depending on how one interprets Eq. , the operator %}(t) is sandwiched again
by two time evolution operators. The last unification of two such entities demanded the
introduction of contour time ordering. However, we are not allowed to impose contraints
on t and t’, as both t >t and ' > t can be true. Yet, the new contour C shown in Fig.

a) grants

b9 E) = To [ by 3l ()] (7.215)

where the involved contour time ordering Tc behaves as Tct did earlier and the gained

expression holds for arbitrary ¢, ¢’. The used quantity Sg“’“ is
SHet = exp [—i / H (1) dT] . (7.2.16)
C

Still, Eq. (7.2.15)) is merely a new formulation of Eq. ([7.2.8) for 1&(75), @T(t’). The stan-

dard identities of time evolution operators allow to shorten the term u(t, to) u(to, t') =
u(t, t'), which is placed in between ¢(t) and ¢(#') [110]. Thus, the deformation and even
the extension of the contour is strictly allowed and grants later the so called Langreth’s
rules [114} |116].
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a) b) c)

R e I .
to t i to t t

Figure 7.2.: The Contour C in the scenario of ' > t. a) The initial contours C;, Cy are
combined into C. The contour time ordering Tc acts as 1" on the forward
branch. b) The properties of the time evolution operator u, for instance that
1 =wu(t,t) = u(t, t)u(t, t) is true, allows the deformation of C. On the
backward branch T¢ behaves as the antitime ordering operator. ¢) The time
evolution can be used to introduce t”, here for t” > t. The limits ¢ — oo
and ty) — —oo grant the Keldysh contour [110, 111].

to t t/ t//

Next, we exploit the fact that the r.h.s. of Eq. ([7.2.15)) is already contour time ordered.
Further, Eq. (7.2.15]) holds for arbitrary ¢, ¢ on the contour. Therefore, we have

(Te[bwdt@)] ) = (e [sd0l@)] ). (7.217)
and we can finally introduce the contour time ordered GF G ¢ as
Ge(t, ) = —ih <TC [zﬁ(t) z[ﬁ(t')] > (7.2.18)

imitating the form of G*(¢,#'). Since one can deform the contour transforming the case
of t C t' into t' C t as illustrated Fig. a), b), the contour ordered GF G° is an
interesting object. For instance, we have that

. G<(t, 1), t ct
Gt 1) = {G>Et, t’i, L (7.2.19)

independent on whether ¢t > t/ or t < t' is true. Further, the contour C can be changed
such that both ¢, ¢’ are on the forward (backward) branch, where the contour time
ordering T¢ acts as T (T). We call C; the forward and Cy the backward part of the
contour C. Thus, we have

Gr(t, 1), t,t €y
GT(t, t) t,t' € Cy
C AN ) ) )
G = Yo t), teCy, el (7:2:20)
G>(t, t/), teCy t' € Cy

for all ¢, ¢’. This unification of several GF, especially the lesser and greater ones into
G ¢, is helpful to shorten the calculations in terms of Green’s functions.
The identity in Eq. (7.2.15)) is universal and does not rely on the properties of the

Hamiltonian. In turn, we can relate ﬁﬁ(t) &%(t' ) and dﬁo (t) &L (t') using a second
0
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to —if to —if

Figure 7.3.: The contour C, originates from C by accounting for finite temperatures 7'
encoded in 1/8 = kgT. This attachment only is related to a shift away from
the real axis as illustrated in b).

contour accounting for Hint, Typically, one is interested expectation values at finite
temperature such that the statistical operator p (kgT = 1/5)
7ﬁ Htot A
e
p = , Z=Tr {e_ﬁH““} (7.2.21)
VA

has to be considered. For non-equilibrium scenarios, we do not find the Fermi-Dirac
distribution. Nonetheless, we can cure this by simply accounting for the evolution of
Hiot w.r.t. to Hy. For consistent perturbative or diagrammatic expansions, one has to
include those terms into the evolution of the operators A, B. The first step is to observe
that

e Bt — o=BHo (10 — B, 1) (7.2.22)
holds, where we introduced an imaginary time scale and the used time evolution operator
reads

A t A
v(t, tg) = T exp [—i/ H}I{l;(t') dt’} . (7.2.23)
to

This imaginary time strip can be attached at the "end” of the contour, see Fig.
respecting thereby the contour time ordering and we denote this new quantity by Cy
(111} 114]. As (1(t) 9T (t)) and G¢(t, t') are related according to Eq. (7.2.18)), we find

i (o [S6, 86 9,00, ] )
he (T, [SE,SE)),

where ( ), is meant as the expectation value w.r. to pg = exp(—BHy)/Tr[exp(—BHo)].
The complete time evolution is related back to the simple one imposed by Hy

Ge(t, t') = (7.2.24)

St = exp [—1/ ﬁl’%(r) dT] : (7.2.25)
C

St = exp [—i / ﬁj;;;(r) dT:|, (7.2.26)
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which allows a pertubative/ diagrammatic approach for G¢ in out of equilibrium cases
[111, |114]. However, this is more knowledge than required for us, because in the fol-
lowing we will be working without interactions. To summarize, the contour allows the
unification of the full time evolution of two operators as discussed.

In the next section, we introduce the transport setup for the Kitaev chain and we carry
out the main steps towards the final expression of the current. We use the contour time
ordered GF and the equation of motions (EOM). The equation of motion itself accounts
for the time derivative of the considered GF and no internal interactions (ﬁint =0) are
present. The initial separation of the Kitaev chain and the contacts allows all equations
to close and Eq. does not have to be used directly. The EOM allows a very
intuitive understanding of the current calculation. The reason to show Eq. was

that the NEGF is not limited to such simple cases as we consider in the following.

7.3. The N-S-N transport configuration for the finite Kitaev
chain

In our approach, the Kitaev chain

N N-1

N 1

e = -1y <d§dj _ 2) + 3 (Ad}+1dj —tdl,dy + h.c.), (7.3.1)
=1 j=1

containing solely the p-wave superconducting (S) pairing constant A, is placed in between
two normal (N) conducting contacts H L,r- We consider the leads to be non interacting
and spinless like the Kitaev chain and we use the chemical potential y in I;TKC as reference
energy. In their respective eigenbasis, the grand-canonical Hamiltonians read

.ch = ﬁa - NN - Z €ka C]t;ackou o = L7 R7 (732)
k

where CL o (Cka) creates (annihilates) a spinless fermion in state & of lead o and Nio =
CL +Cka denotes the corresponding particle number operator. Please notice, the sum over
k depends on the concrete choice for the contacts. The values for k are generic.

The tunneling Hamiltonian

I:IT = Z (tL dJ{ cer + 7 CLL d1) + Z (th}LVCkL + t*RCLL dN) (7.3.3)
k k

establishes a connection between the three formerly independent parts of the model

and allows now the transfer of charge between them. The tunneling elements ¢, (k) are

allowed to depend on k for the respective contact and the limited number of terms inside

Hr will be very helpful to obtain the analytical results for the conductance in the end.
The entire system is given by Hio(t)

Hiot(t) = Hge + HE + HE + 0(t — to) Hr. (7.3.4)
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N S N

Figure 7.4.: The Kitaev chain in contact with two normal leads o« = L, R forming the N-
S-N configuration.The tunneling amplitude ¢, z(k) from Hr enables charge
transfer between the leads and the Kitaev chain. In case of V' # 0 and when
i lies in between p7, g = p + eV g a net current is observed.

where the Heaviside function 0(t—t() activates the tunneling Hamiltonian after an initial
time to and we consider no interaction between Hy, Hp. Here, O(t — to) Hry adopts the
role of H' of section The contacts act as electron reservoirs and prior to tg, they
were brought to their thermodynamic equilibrium with temperature T, and the chemical
potentials 7, g are associated with the left and right lead respectively ,
. The N-S-N configuration is sketched in Fig. and in case of an applied bias V'
between the contacts, i.e. ur # ug and for t > tg, a current I flows through the system.
Further, we wish to respect and compare scenarios of differently arranged bias drops and
therefore we set uo = p + e Vg, with up — ur = eV, in terms of the elementary charge
e and V,, being the piece of V applied to lead «, measured with respect to u. We may
use Vi, =nV, Vg = (n— 1)V (n € R) for more convenience.

In reality, charge is conserved and we thus can measure or calculate the current I at
any position in our system. It is especially simple to look inside the leads; let us focus
for instance on I7,. The electronic current (for fixed spin) in the left lead is by definition

In(t) = —e S ANEW) = —¢ 35 (K (1), (735)
k

and analogously for I'r. The time evolution of our system is given by ﬁtot(t) and we thus
face generally an out of equilibrium situation as all of the initially independent parts
Hp r, Hxc influence each other for ¢ > tg. We can proceed in the Heisenberg picture
and we need to know [ﬁtot (1), NkL(t)} = [fIT (1), NkL(t)} . The last equality holds since

both operators are given at the same time, i.e. the fermionic anticommutation relations
at initial time apply here. Straightforwardly, one finds

I(t) = =iz 0t —to) 3 [t2 (dl (B e (1) = 17 (el (D1 (1)) (73.6)
k
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where it is intuitively clear that particles can travel only towards the center, i.e. into
the Kitaev chain, supposed that ¢t > ¢y is true. This is also true for Ir(t) but the
spatial direction of the electronic flow is opposite; therefore, I1(t) = —Ig(t) must hold
for conserved number of particles.

Well, charge conservation is not granted per se within our theoretical model since
the Kitaev chain is given by a mean field Hamiltonian, see Eq. , which is a
subtle point. First of all, the mean field approach replaces the expectation value of
two creation/ annihilation operators by a constant term A [91]. The main issue is
then precisely the value of A; so far we treated the superconducting pairing as a free
parameter but in fact its value has to be self consistently calculated in order to properly
represent the expectation value [45, 118, [119]. Otherwise, the superconducting part
of Hixc in Eq. breaks the particle number conservation as the two creation
(annihilation) operators imply. This in turn yields a finite contribution to the current
which actually should be zero if the mean field pairing constant is treated properly
[118]. The self-consistent treatment within the scope of the nonequilibrium Green’s
function technique requires a lesser GF of the central system, but in presence of the
leads. Naturally within this method, the lesser GF of the isolated leads are closely
intertwined and A depends essentially on every other parameter of the model: A =
A(t, , €xr €xr, Vi, VR, tr, tr). However, there is indeed a way to circumvent the self-
consistency cycle while still conserving the particle number [45], but we defer this issue
for now.

Next, we transform the expression for the current I7,(¢) into one in terms of Green’s
functions. As the time evolution is given by Hio (t), all operators in Eq. depend
on A; thus, we shall account directly for the unusual terms containing two creation and
annihilation operators. Therefore, we generalize the (scalar) lesser mixed GF

i

< /
Giraj(01) = 7

ka, j

dj Cka
D' = Ca = 7.3.8
: (d})’ ‘ (L) (739

into the 2 x 2 lesser mixed GF G, ;(t, '), defined element-wise as

(dL(t') cra(t)) (7.3.7)

with

<G§a,j(t,t’)> = %<(Dj(t/))1n (Cra(®)),)),  n,m=1,2. (7.3.9)

n,m

Explicitly, we have

o (7.3.10)

: T4 (e
GL (1) = % ((;l](t)cka(t)> (d;j(t') ckalt) >>’

where the off-diagonal elements are the mentioned unconventional terms and the second
element of the diagonal is indeed a (scalar) greater GF. Rewriting the current I (¢) in
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terms of GFs can be tricky and depends on the concrete model and on the involved
degrees of freedom. Nonetheless, we simply exploit here cL L(D)di(t) = —di(t) c}; 1(t) due
to the equal time constraint and we find

1) = =iz 0t —t0) Y [to (dl (D) e (1) + 1 (dr (el ()]

k
L€ tr, <d§(t) cer(t)) (di(t) CkL(t)>] }
= —i—0(t —t Ty .
pftt =) ; H tJ [<d§<t> ) (di(t)ch, (1))

= —el(t—tg)» Tr {TL G;L’l(t,t)}
k
= —e0(t—to) Jim zk:Tr{TL Gy it t’)}, (7.3.11)

where "Tr” denotes the trace and T’y contains the tunneling elements t(L*). We can

now implement the NEGF technique and once G;L L(t,t") is found, the current for any
point of time follows directly. We estimate G ;(¢,t') with the equation of motion

technique and since the time evolution is given by fftot(t), every degree of freedom in
the system knows about all the others. For every combination there is a GF and all
are interrelated. Further, the different yet connected GF types such as lesser, greater,
retarded and advanced enter too, not to mention the GF of the isolated system parts.
Instead of aiming at Gy (¢, t') directly, we focus on the contour time ordered GF
Go(r, 7) (0 =L,R)

i

(Ghan (), = = (L [(Cka(T))n (Di(7 )] } ), omym=1,2.  (7.3.12)

since one treats formally the lesser, greater mixed GF simultaneously. In case of 7/ DT,
Gir,1(7,7') adopts the shape of GZL,j(t,t’) and one has only to set t = 7 and t' = 7/
afterwards. Further, we introduced 7, 7/ to help the reader, as T. introduces generally
Heaviside functions to account for the time ordering on the contour, which should not
be misunderstood as t' >t or t > t'.

The equation of motion (EOM) technique evaluates Gy (T, 7') by calculating its
time derivative for instance w.r.t. 7 from the Heisenberg equation, here in terms of an
arbitrary operator A(7)

d 1 -
A() = = [A ] (1) + (0 As)y (7.3.13)

in Heisenberg picture w.r.t. ﬁtot and Ag denotes the corresponding Schrédinger repre-
sentation. For convenience and following the usual notation, we denote d, := d/dr as
0, to remind the reader constantly of the independence of 7 and 7/, and also that the
full time evolution w.r.t 7 is meant.
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This procedure can be carried out straightforwardly and we recommend first to write
down 0r Gy, (7, ') entry-wise using only the abstract definition of the contour time

orderin T, ¢. One finds
ihr (Gia(r: ™), = — 3 { T [(Condn, B (1) (D171} )
+ 3 =) ({(Cas (DOL}))  (73.19)

where due to the Dirac distribution §(7 — 7’) the last term drops. Implementing the
commutator values and rewriting the terms in matrix form grants

(120, ~ arr) Gira(r ) = | Janes)  @aa)
’ —tir
after reordering. Here, G, (7, 7’) is the contour time ordered GF corresponding to the

first site of the Kitaev chain, including both electron and hole degrees of freedom. Notice
that 7, represents the Pauli matrix. Generally, these local GFs G5(7, 7') are defined as

oy t
(G5(r. ™), = =3 (T |(DiE), DsENL]), mom=12 (7.3.16)
for all sites ¢, j = 1, ..., N and i denotes the imaginary unit. Please notice, €x;, 7, in

Eq. (7-3.15) is the BAG matrix of the isolated left lead H in terms of Cyy, (apart from
a constant term). More convenient is

(ih120; — exp ) Gip (7, 7') = TTL 7. G{ (1, ) (7.3.17)

rather than the initial form of Eq. . Importantly, the EOM separated pure lead
and tunneling coefficients and one can search for a specific form of this separation as we
explain in the following. In this scope one can define the contour time ordered GF of
the isolated lead «, that is g,ga,ka(r, 7'), as

)

(ke k(T T/))nm = —ih (T, [(Cka(T))n (Cka(T'))H ), n,m=1,2  (7.3.18)

Its time evolution is given exclusively by HE. Generally, we denote isolated GF, even
for the central system, always by lowercase letters. The time evolution of g¢, ., (7, 7')
is trivial, but nonetheless we treat gg; ;. (7, 7') similar as G (7, 7') before. ‘Since for
both GF's 7 enters via the same, ﬁrst,bperator we get for both similar expressions and
commutator values apart from two differences: First, g, L kL (7, 7') is not a mixed GF as
both indices refer to the same degrees of freedom and the Dirac distribution o(r — T)
appears. Secondly, none of the pieces of the EOM originating from HKC, Hr or H &
enters as we work with H 8. Therefore, we find the rather neat equation

(hl20r — ekr ) Gk kLT ™) = 6(r —7') 1o, (7.3.19)

"That is T [A(T)B(r")] = 6(r — 7') A(7) B(7') £ 0(+' — 7) B(7') A(7) with — (+) for fermionic
(bosonic) operators.
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looking suspiciously similar to Eq. (7.3.17)). Indeed g, ., (7, 7’) is a Green’s function
for Gy (7, 7'), thus granting

GiL(r 7)) = / gL (r 5) Thr GE(s, ') ds (7.3.20)

C

where s runs along the contour. The proof relies essentially only on Eq. and
is obvious [110, [114]. Although we have the solution for Gy (7, 7') the answer is
unsatisfying as the GFs g, ., (7, s), G{;(s, 7') so far are not explicitly known to us.
Yet we made in fact a huge pi"ogress since one of the Langreth rules [116] can be imposed
on Eq. as we show next.

In order to proceed, we return to Gk;<L, \(t, t') which can be extracted from G (7, 7'):
We demand 7 C 7/, which puts G,‘JL’l(T, 7') into the shape of a lesser GF and we set
t=r,t =7'. Again ”C” is a contour time ordering and as such 7 C 7" does not impose
any constraint on ¢, t'. Therefore, we first get

Gt 1) = / gt (b 8) Thr. GE(s, ') ds (73.21)

C

and the Langreth rules are essentially algebraic identities concerning the contour time
ordered GF on the r.h.s. such that "ordinary” GF are integrated over real time intervals
(114, |116]

e} o

Gt t) = /ri,-L, st w) Thr G (u, ) du + /gle,kL(tv u) Thr. Gy (u, t') du.
to to

(7.3.22)

The problem to find G ,fL’ 1(t, t') separated into the calculation of the isolated lead GFs
9ir ko (t w), g,fL o (t, u) and two GFs associated to the first site of the Kitaev chain,
namely G5 (u, t') and G{(u, t'), including the electron and hole degrees of freedom,
but in presence of the entire system. Since the GF associated to the isolated leads are
trivial to determine, we simply state their result at a suitable point and we focus on the
mixed ones in the following.

As a guidance one should focus on GY, (7, 7') rather than on the lesser or advanced
GF, since the contour GF unites lesser and greater, i.e. advanced and retarded follow
directly. Furthermore, since all sites of the Kitaev chain are connected, once should
directly consider G;(7, 7') as one otherwise crawls literally from site to site. Treating

G{;(, ') in a similar way as Gy7, (7, 7') before, yields finally

(ih120; — p1) G5(1, ') =0(1 = 7') 05 Mo — (1= 6in) 7o (t12 — A7) Gy (7, 7')
— (I =0in) 7 (t 12 + A7) Gy (T, )

+ di1 /22(7‘, s) G(s, ') ds
C

+ din /21%(7', s) G’icj(s7 ) ds, (7.3.23)
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where we defined the contour time ordered self-energies X5 (7, s) as

287 8) =Y TaTs Gfo kol 8) =T, a=L,R (7.3.24)

and T, reads
ta
T, = [ t*] . (7.3.25)

Before we turn to the self-energies in more detail, let us comment on Eq. . The
Kitaev chain contains apart from p only the nearest neighbor terms ¢, A; thus, the only
possible transfer ¢ — i = 1 is accompanied by A and t. The details of the processes are
naturally different and as such ¢ (A) connects electrons with electrons (holes) encoded
in 1 (7). Furthermore, electronic and hole-like processes are distinct by a sign change,
hence 7,. Since, the Kitaev chain possess a finite length, therefore hopping with ¢ and
pairing with A onto both leads is not possible and here originate the Kronecker-deltas.
Instead, once the first or the last side is reached, further transport outwards is mediated
by the tunneling Hamiltonian. Particularly, the EOM for G (7, 7') contains a priori the
GFs G 15047 j(T, 7') and their respective integral representation results in the introduction

of the self-energy terms into Eq. ([7.3.23)).

As one can see from Eq. , the self-energies contain the entire information about
the leads and the tunneling Hamiltonian. Moreover, 37 is written w.r.t. G5(7, 7') as
Eq. implies. In turn, the Kitaev Hamiltonian, being in contact with the leads,
gets modified in comparison to the isolated case.

In order to account for the entire system, we define a global contour ordered GF. We
simply absorb the single sites

Gi(r, ) ... Giy(T, T)
. . N,N __ ) .
G (T, 7_/) — {Gz‘j(Tv T/)}i7j:1 = : : . (7326)
Gy () ... Giy(r, ) ON XN

. T
In this regard, G°(7, 7’) is defined w.r.t. WUy, = (dl, dJ{, ..., dn, d;v) = (D;F, cl D%)
as

GO(r, ) = —%< 1. [\Tfso(r) @ZO(T’)] > (7.3.27)

and the acronym ”so” means site(-wise) ordered. A short look into the Egs. ,
and treating the matrix product inside G¢(r, 7/) correctly, provides immedi-
ately the agreement of the two definitions for G (7, 7’) given in Eqs. (7.3.26)), (7.3.27).
Alternatively, one can leave Eq. aside for a moment.

Returning to Eq. and recalling that GF’s are specific solution of differential
equations, we might wonder which one G¢(r, 7’) obeys. Matrices acting on G (7, 7')
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must have the same size as G (7, 7’) itself and have to contain naturally the combined
information of all sites. We introduce the abbreviation

s

N (7.3.28)

a=—7,(tly+ Ary) = {

and the Kitaev Hamiltonian reads

(n7. «
o pur. «
o ur. o«
Heo = , (7.3.29)
o pr. «
of ur. «

aof KTz |

such that FIKC = %\i/lo Heo \ilso holds. Indeed, by simply reading out the 2 x 2 block at
position 4, j of the product Hso G¢(7, 7’) reproduces exactly the terms in Eq.
for G5(7, 7') and Gy ;(7, 7') apart from the ones including the self-energies or the
partial derivative w.r.t. 7. Hence, Eq. becomes

[(ih]lQN 8T — Hso) GC(T, 7'/)] L= (5(7’ — 7'/) (51']' ]12 + 51‘1 /EIC/(T, 8) ij(s, 7'/) ds

]
[¢

+ 0N /2]%(7', s) Gﬁ,j(s, 7') ds.
C
(7.3.30)

We continue with the same strategy for the self-energy 37 (7, s). We set

EE(T, 3) 0o ... 0 o ... 0 0
0 0o ... 0 . . :
22(7—7 3) = . .. . ) EIC%(T? S) = ’ o )
: : N o ... 0 0
0 0o ... 0 ONXIN 0 0 21%(7', s) INXIN

(7.3.31)

accounting for the local character of the tunneling Hamiltonian Hr. Here, 0 denotes the
2 x 2 zero matrix. As one can show straightforwardly, we arrive at the compact, much
simplified and yet exact expression

(ih oy 0 — Ha) GS(r, 7/) = 6(7 — 1) Tow + /[25(7, §) + N8(r 8)] G(s, ) ds
’ (7.3.32)

where all the coupled local contour GFs G5(7, 7') are intrinsically respected. Once we
obtained the solution for G¢(7, 7'), we can then read out the result for Gy, (7, 7’); in
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turn, G ;7' *(u, ') can be constructed. Consequently, our original goal to find G 7.1t t)
comes -finally- into reach. However, we do not know G (7, 7’) so far.

The current situation becomes apparently more tractable by thinking of the contour
integral in Eq. as one whole function in 7, 7/, say F'¢(7, 7’), which is undoubtedly
the case as we integrate over s. In this scope, the structure of Eq. reminds to
the one of Eq. ; therefore, we proceed as before and define a new contour time
ordered GF ¢€(r, 7') for the isolated Kitaev chain. Explicitly, ¢¢(7, 7’) is defined as
G<(r, ') according to Eq. but its time evolution is given only by Hyc. Thus,
g¢(7, ') obeys the self-energy free version of Eq. namely

(ihlon O — Hso) g°(1, ') = 6(7 — 7') Lan. (7.3.33)

In terms of g¢(7, 7), we find
GC(T,T/):g(T,T)+/ °(r, ) F(s', 7')ds’

= // (1, 8) [BE(5, s) + BE(s, s)] G°(s, 7)ds’ds
(7.3.34)

where ¢’ is the same contour as ¢ and s (s') runs along ¢ (¢’). Note Eq. is a
Dyson equation in the time domain [114] and can be used repeatedly for approximations.
Temporarily, we cannot proceed due to the intricate time dependency displayed by Eq.
(7.3.34). Nonetheless, Eq. is an important milestone since the Langreth rules
[114, |116] can be used here. One can show that Eq. implies

Go (¢, 1) / / G (t, ) [ (w,0) + Sy(u, v)] G*(v, ) du do (7.3.35)

to to

for s =>, < and a similar expression can be found for G"

G'(t,t) =g"(t, t') + / / g (t, u) [} (u,v) + T(u,v)] G"(v, t')dudv.  (7.3.36)

to to

7.4. Steady state current formula

Let us now return to G (7, 7'). The double contour integral on the r.h.s. in Eq.
accounts for the time evolution of the central system in presence of the leads, i.e. orig-
inating from H%, H % and Hr as indicated by the self-energies. For times ¢,t' > to,
i.e. long after connections between the leads and the Kitaev chain were established, the
system may reach the steady state. Respecting the time domain in which we currently
operate, one formulates the assumption that the GFs depend only on time difference
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rather than on ¢, ¢’ (7, 7/). Consequently, the steady state is predestined for a Fourier
transformation (FT) from time to frequency space

G(w) = / Go(t, ) "D q (¢ — 1), (7.4.1)
R

Apart from the technical details, we are then able to determine all required GFs explicitly
[110, |114]. Moreover, we consider the initial coupling of the central system at the leads
to happen in the remote past and we thus employ the limit ¢y — —oo. In turn, the
ordinary GFs are integrated over R, rather then [ty, 00).

For a systematic approach, we return to Eq. and the inverse F'T yields directly

I = —e/g‘:ﬁ{zk: Ty G,jL’l(w)}, (7.4.2)

R

where we dropped the time argument in I;, as this quantity specifies now the steady
state current. The primary advantage of the steady state assumption can be seen already

from Eq. (7.3.22)) since the F'T grants
Gipa(@) = ghr (@ TEr GT(W) + g @) Thr Gy (7423
a product due to the convolution theorem. Thus, the current reads

I = —e / ‘;L:Tr{u 2] (@) G5, + 5 (w) G4} (7.4.4)
R

where we used the definition of the self-energy from Eq. ([7.3.24)) in the frequency domain
and exploited 72 = 19, [r,, T] = 0. Similarly Eq. (7.3.35) becomes

G (w) = G"(w) [Ef (W) + x(w)] G4 w). (7.4.5)

We are left to find g5, ,,(w), hidden inside the self-energies, and G"%(w) in order to

find G<. Moreover, we have in fact G%w) = [G"(w)]" as usual, as one can show from
their basic definition in the time domain and using the FT. The solution for G™ can be

easily found from Eq. which grants

G'(w) = 9"(w) + ¢"(w) [EL(w) + Zr(w)] G"(w). (7.4.6)
We rearrange the terms and inserting [hwlay — Hso] ¢"(w) = Loy yields

G (w) = [hwloy — Heo — Xh(w) — Zh(w)]t. (7.4.7)

The expression for ¢"(w) follows from Eq. ([7.3.33]).

Our last results imply that only the self-energies X5’ (w) are missing to finally fix I,

and thus we have to find g,jc’f ko (W). Since the time evolution of g,j(f wa(t, t') is given
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only by the respective lead Hamiltonian, the task is trivial and we give only the results.
We have (« = L, R)

1 7
QZa,ka(w) = lim | @~ ¢katin X
n—0 o |
1 -
—p|Fa | i [P ) (7.4.8)
hwtega L 5(M+€ka) ’

where 0(hw F € ) is the density of state (DOS) of state ka of the leads for electrons (-)
and holes (+) respectively. Here, P denotes the principal value.
Generally, the imaginary part of a retarded GF contains the spectral function A, (w) =
—21Im[gj,, 1o(w)]. Analogously, the spectral function of lead v is Aq (w) = —21Im[} g, 1 (w)]
k

and contains the information of the spectrum of the respective contact.
The lesser GF of the isolated leads read

< . . 5(M—€ a) foz(hw - eVOé)
G, ko (W) = 2mi ’ O(hw + €xa) [1 = folhw — eVy)]

=1Aga(w) Fo(w) (7.4.9)

containing both the spectral information and information about the occupations. This
expression is known as the fluctuation-dissipation theorem in the literature [91} [114].
For convenience, we introduce the 2 x 2 Fermi matrix F,

F, - [ o f*} T = fulhw T eVa), (7.4.10)

where f,(fw F €V,) is the Fermi function for electrons (-) and holes (+) associated
to the temperature T;, of the respective contact. The diagonal structure of gch ke (w)
originates in their definition as normal conducting leads, i.e. the isolated leads do not
experience the unusual off-diagonal elements corresponding to superconducting pairing.
The results for the self-energies follow from Eq. used for the frequency space
quantities. Since T, 7, and 925 ko (W) are all diagonal, we find the simplified expression

ZrSw) = Y [talk) ghn pa(w). (7.4.11)
k

Explicitly, we have the self-energies

Eg(w) _ |:A(; (CU) - 171; Ag;(w) B 1/)/(1_:| , (7412)
(W) = [2”5 Jo it fi] (7.4.13)
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where we introduced the real valued abbreviations

Ay (w) —sz: f_gjfli (7.4.14)
V(W) =7 Z ta(k))? 6(hw £ €ga), (7.4.15)
k

and — (+) refers to electrons (holes) as usual. The imaginary part of the self-energy, i.e.
7E (w) introduces a finite life time for particle/holes inside the central system, such that
they travel according to the applied bias V. Importantly, we see now that G<(w) from
Eq. depends via the lesser self-energies on the Fermi functions of the leads.

Our results displayed in Egs. , and Eqgs. (7.4.8)) - (7.4.11]) uniquely
determine the current I7; however, the latter is still written w.r.t to local 2 x 2 matrices
and we remove this downside next for convenience. The global self-energy ZQ<(w) is de-
fined analogously as X (7, s) was, only in frequency space. We thus replace £ 5(7, s) —
¥ <(w) in Eq. (7.3.31). In this respect one can easily show that

Tr {E‘;(w) Gsl(w)} = Tr {EZ(w) ‘{Il(w)}, 5,8 =<,1a (7.4.16)
holds and in turn the current I;, becomes
d
I = —e/ %Tr{]lNQQTZ (27 (w) GS(w) + X7 (w) G*(w)] } (7.4.17)
R

Here, 1y ® 7, originates from the Pauli matrix 7, and accounts for positive (negative)
signs for electron (hole) contributions. Nonetheless, a more suitable form can be obtained
using the realness of I, i.e. 21 =1 + 1 T, exploiting the skew hermiticity of the lesser
GF/ self-energies and using the properties of the trace. Doing so grants

Io= -5 [ Som {1y o [FL) 65W) - S5 (67w - @]}, (7.418)
R

where we introduced here the 2N x 2N broadening matrices
Pa (@) = i [Sh(w) - $4(w)] = —2Tm {Zh(w)) (7.4.19)

containing the spectral functions of the leads. Explicitly, we have (s =<, r)

I'rw) 0 ... 0 o ... 0 0
0 0 0 :
I'p(w) = , Tpw) = :
: : .o o ... 0 0
0 0o ... 0 ON XN 0 ... 0 I'g(w) ON KON

(7.4.20)
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with
To(w) = —2Im {7} = [2Va @) o (7.4.21)
We can further express X5 (w)
D) = iTa(@) [Ly ® Fa() (7.4.22)
in terms of ', (w) and we may write the current in the form
I = % (21—:%{(]11\7 ®7.) L [GS + (In® FL) (G" - GY)]}, (7.4.23)
R

where we dropped the argument w only for shortness. Please notice, the current formula
agrees with the more general expression found by Meir and Wingreen in case of non-
interacting leads [117]. In principle the current calculation ends here, since all quantities
are at least implicitly known to us and we could move on to discuss the results and com-
pare them to our earlier spectral findings. However, we would like to first demonstrate
that the current vanishes in equilibrium, i.e. without applied bias V = 0, and second we
wish to reshape Iy, into a more appealing form.
We can write G< from Eq. as

G< =iG" | > Ta (In®Fa(w))| G* (7.4.24)
a=L,R

by inserting Eq. (7.4.22)). Further, one can show that
G" — G* = —-iG"(I' + I'r) G* (7.4.25)

holds. As we see, the last two expressions are quite similar and the only distinction
relies on the Fermi functions contained inside F',,. For V = 0, we find V;, = neV = 0,
Vr = (n—1)eV = 0 and thus F, = 1,. Therefore, we have 1y ® F,|y—g = Loy and
the current vanishes in equilibrium due to Eqgs. (7.4.24)), (7.4.25]).

The most suitable candidate to reshape the current expression is the (default) BAG

. T
basis ¥pag = (dl, ey dp, dJ{, ...,dk) where the Kitaev Hamiltonian is reordered

into electronic and hole blocks, see Eq. , and both are coupled by the supercon-
ducting pairing. We denote quantities w.r.t. zﬂBdG with a subscript "BdG” for clarity
until the end of this section. The reason for this choice can be seen at best from the
matrices Iy ® 7, and 1y ® F, as they transform to

1
In©7 = (IN @ T)paq = ™ ® Iy = [ N —ILN] , (7.4.26)

[TIN fo

Iy @Fy = (In® Fo)pgg = Fa® 1y = (7.4.27)
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i.e. uniting the electronic (hole) information into the upper (lower) diagonal block
matrix, which we exploit soon. This is essentially the opposite ordering w.r.t ¥y, =

(dl, dI, ..., dp, dk)T which primarily orders according to the sites and then to elec-
tron and holes respectively. In principle, one has to verify the given expressions by
explicit proof using the basis transformation matrix which maps U, on @Z;Bd(;. However,
one can bypass this calculation by simply remembering if an entry corresponds to elec-
tron or holes and to which site. For instance, the electronic (hole) components of T,

acting on the first (last) site for « = L (o = R), read now entry-wise (n, m =1, ..., 2N)
[Tz, Bac (@), = 270 On10m1 + 277 6n N+t Om N1, (7.4.28)
g BacW)],, = 275 6aN OmN + 277 Onan Oman, (7.4.29)

and the retarded self-energies behave of course analogously
(37 8ac@)],,, = [AL =177 6n10m1 + [AL =177 ] dunt1dmn, (7.4.30)
(SR BacW)], = [Az —17g] nndmn + [Af —1VZE] Snan dman. (7.4.31)

Further, the retarded GF Gp4 obeys

~1
~1 c. =S
Ghae = [Elan — Heac — 57 ac — Skopac] = [—ST o } (7.4.32)
TlanxeN
with S from Eq. (6.0.4) and
(B +p—Af +ivf  +t 1
£t E+p =+t
tt Etp +t
Cy: = . .
+t E4+u  +t
+t FE+u +¢
L +t  E +tp—Af+ivE
(7.4.33)

where we set £ = hw.

Since a trace is basis invariant one can symbolically replace the matrices in Iy from
Eq. by the ones w.r.t. @Bdg. Particularly physically relevant is Eq. ,
as it allows us to split the full trace in I; into the contributions from the first IV,
corresponding to only electronic degrees of freedom, and the last N associated to the
holes. The difference of both partial traces yields the full current following Eqs. ,
. In fact, the respective partial trace represents the particle or hole current (in
presence of the superconducting pairing constant A) and we have to respect both pieces.
Further, the Kitaev chain enters naturally in the NEGF formalism as BAG matrix in
a given basis, see for instance Eq. (7.3.29)), and thus respects intrinsically the particle-
hole symmetry. The intuitive expectation that both the electronic and the hole current
contribute equally is indeed correct, since the particle-hole symmetry is preserved by the
self-energies.



8. Quasi-particle transport properties of the
finite size Kitaev chain

The main results of the chapter have been published partially in [5].

The trace inside the current formula ([7.4.23)) can be simplified since the self-energies are
sparse matrices. We find

no= & [ aB (T TR 1GNP (£ - fil
R
+ DTG vl? [fr — f1]
+ T TLIG o [ — F2]) (8.0.1)

where T'Z == 29T = 27 [to(k)|?6(E + €rq) represents the non-zero entries of the
k

broadening matrices. Here, f& = f(E+eV,,) is the Fermi-Dirac distribution for electrons
(—) and holes (+) in lead & = L, R at temperature T,,. The quantities G7 ; are the entries
of Ghy¢ from Eq. and we dropped the subscript BdG for shortness. Further,
we substituted F = hw for convenience (all terms beneath the integral depend on E)
and the earlier prefactor 1/2 canceled due to the particle-hole symmetry.

The information provided by the current formula from Eq. is depicted in
Fig. We have a direct term (G7 ), the Andreev reflection (G ) and the crossed
Andreev process (G 5,). Explicitly, the direct term describes the quasiparticle transport
of an electron throuéh the Kitaev chain originating from the left lead and towards the
right lead, in presence of the superconducting pairing A. The Andreev reflection relies
on the superconductivity such that the electron entering the Kitaev chain from the left
lead is back reflected as hole into the contact. Meanwhile, a right moving Cooper-pair
is formed inside the Kitaev chain [120} |121]. Similarly to the Andreev reflection, the
crossed Andreev process accounts for electrons from the left lead, only that the hole
leaves the Kitaev chain towards the right lead and we find a left moving Cooper pair. In
this scope, transmission probabilities of each process are the product of the respective
values of 'S and the absolute value squared of the corresponding entry of the GF.

Due to their physical appearance, one considers the Andreev reflection as local pro-
cess contrary to the non-local crossed Andreev and direct terms. Indeed, one should
consider these assignments literally since decaying states, localized around the systems
ends, favor the Andreev reflection. In contrast extended states contribute mostly by the
direct and crossed Andreev terms. Further, the ratio between the latter two depends
highly on the chosen parameters which determine the quasi-particle character of the
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Figure 8.1.: The N-S-N configuration with separated electron (—) and hole (+) tunneling
per contact. An electron for instance from the left lead (red sphere) has
three possibilities to participate in the charge transfer: First to re-enter the
same contact as a hole (Andreev reflection) or using the Kitaev chain to
arrive at the other contact either as electron (Direct) or as hole (crossed
Andreev). Particle (hole) degrees of freedom are represented by 1,..., N
(N+1,...,2N) wrt ¥pac. The depicted numbers 1, N, N + 1, 2N refer
to the entries of G, which determine the current, see Eq. (8.0.1]).

charge carrying state. For instance, in the case of very weak superconducting pairing
the crossed Andreev process and the Andreev reflection become weaker and disappear
entirely for A = 0.

In case the mean-field superconducting pairing constant is not properly handled by
a self-consistent calculation, the charge is not conserved and I, # —Ig.
The self-consistent treatment implies A = A(t, u, €xr, €xr, Vi, VR, tr, tg) and has to
be done numerically. However, in case of ¥} = X%, Vi = —Vg = V/2 and T, = Tg
both contacts are physically indistinguishable and charge is automatically conserved for
generic A . The constraint from the self-energy translates as 'yf = fyf.tf, AfLE = Aﬁ.
We refer to this charge conserving scenario as the symmetric case from now on.

In section we discuss in more detail how the values of V7, g influence the conduc-
tance formula. For instance, in case of V, = Vi # 0, no bias is applied between the
leads, but quasiparticle transport is still possible. Only Andreev and crossed Andreev
reflection contribute to the conductance . Further, the quantized conductance
peak value is also influenced by V7, r. In the symmetric case of V;, = —Vz = V/2, we
expect quantized values of €2 /h [45-47] for the conductance while we find 2¢2/h ,
in the case when one lead is grounded (Vi = 0).

The conductance results presented and discussed in the next section extends the ones
stated in Ref. . There, several analytical results for the conductance in special
parameter situations are presented. Here, we give exact results for generic parameter
values with and without the wide band limit for the conductance and all independent
contributions to it. We also investigate later the supra-gap transport regime in section
3.2)
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8.1. Linear transport and generic applied bias

The linear conductance G = ‘}imo 0I/0V is generally determined by Eq. (8.0.1) and we
%

first examine the generic situation in order to introduce the used notation. The chemical
potentials of the leads pr g deviate from the one of the Kitaev chain, u, by Vi r such
that V = Vi, — V. We can understand Vi, = nV, Vg = (n — 1)V as fractions of the
total applied bias and since p, pr, g are observable, 7 is in fact a physical, although not
always known, quantity. In case of zero temperature for both contacts, the conductance

G follows from Eq. (8.0.1) as

2
e I _ _
G=-+ {TLTRIGI NP + 20 T TG va? + (20 —1) T THIG on*} 4y -
(8.1.1)

The constraint of E = 0 originates from the Fermi functions and e?/h is the conductance
quantum. Since distinct values for n change only the weights of the second and third
term in Eq. (8.1.1), we define the Direct/ Andreev/ Crossed Andreev conductance

contributions as

2
€ — — T
Gp = - (T TRIGI NP oy (8.1.2)
2
€ — T
Gai= {ToTHIG NP ey (8.1.3)
2
€ — T
Geop = - {TLTEIG an ) (8.1.4)

whereby the (total) conductance G reads
G=1-Gp+2nGa + (2n—1) Geca. (8.1.5)

The definition of Gp, Ga, Gca is strategically advantageous as the required GF entries
and I'Z are independent of 7. In other words, the functional dependence of the three
contributions to G on all involved parameters, namely ¢, A, pu, ’yi R= I't/2 and Ai R
does not change with 7. A quantitative understanding of GG requires the self-consistent
calculations A = A(t, u, € €xr, Vi, VR, tr, tr) in order to ensure the charge conser-
vation [118]|119]. However, a qualitative understanding of Gp, Ga, Gca and even their
relative ratio does not require the self-consistency cycle as all three rely on the same
value of A.

In order to provide an overview, we show the results for Gp, Ga, Gca immediately.
The involved abbreviations are explained in section Generally, the introduction of
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p=t+A, m:=t—A (p, m € R) was helpful to shorten the exact expressions

2.2 (,2N—2 2N—-2)\2
oy RN ) 610
P —, 1.
442 + yvr (V1 + mN-1)?
2 N—1 N—1)\2
e YR (P + m" ) 2
Gp = & - 5 la- I (8.1.7)
lg+ 1?2 + vy (PN + mN-L)
2 N-1 N—1)2
€ YLYR \P -m
Gon = & - ( . (3..5)
lar? + voyr (PN + mNL)

where v7, g = "yf rlE=0 = QFf rlE=0 is used. Explicitly, we have

Yo = T Z |ta(k)|2 5(614201)7 (819)
k
+ _ [ta(k)? _ ta(R)* _
Aflp—0 = PY_ B ey, P> = + Aq (8.1.10)
k k

from Eqgs. (7.4.14)), (7.4.15)).

Let me give three short remarks before we discuss the details. First, in case of A =0,
one finds as expected that Goca = Ga = 0. Secondly, Gp, Gca are very similar and
differ only in a few negative signs while G deviates from both. The physical reasons
behind this originates simply from the fact that the direct and the crossed Andreev
process are both non-local, i.e. the internal structure of the Kitaev chain has a large
impact. Finally, we will soon see that all results rely in the end on the spectrum of the
finite and isolated Kitaev chain which enters via g.

In the next section, we introduce the quantities ¢+ in detail and we discuss the con-
ductance results for V;, = =V = V/2.

8.1.1. Conductance in the symmetric bias and charge conserved scenario

The setting Vi, = —Vi = V/2 implies n = 1/2 and the conductance G becomes

2
€ — - _
G = - {TLTRIGI N* + TL TG vy = G + G (8.1.11)

Although G¢p is finite, the term dropped as the population of electrons in the left and
holes in the right lead is the same for n = 1/2.

As one can see from Eq. (7.4.32)), the GF are peaked around values for E close to
the eigenvalues of the central system thus the sub-gap regime is probed by the linear
conductance. For simplicity, we consider first the so called wide band limit in which the
density of states and the tunneling amplitudes t; g for both leads are constant. This
treatment causes the real part of the self-energies Ay r = 0 to vanish and the imaginary
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[*/h]
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Figure 8.2.: Zero temperature conductance G as function of u/A, t/A in the wide band
limit for v, g/A = 0.001 in units of e?/h. The topological phase boundary
is depicted in red. a) The conductance of about e?/h forms a triangular-like
plateau from which the discrete Majorana lines emerge, when system size
and decay length become comparable in magnitude. Those lines follow the
parameter constraint of Eq. . b) For odd N, exponentially small
energies reside always close to horizontal axis. ¢) The Andreev contribution
G A dominates the conductance G = G4 +Gp for the given parameter ranges.
d) The direct term Gp emerges when the Andreev contribution weakens, and
slightly broadens the conductance plateau.

part becomes constant, «;, = const., yg = const.. Moreover, we focus first on G rather
than Gp or Ga. Once G is discussed, we turn back to Gp, Ga. In a last step we leave the
wide-band approximation and discuss the generic situation for n = 1/2. Finally, without
the self-consistent calculation of A, charge is only conserved for v, = yg and A = Ag.

It is intuitively clear that, proper transmission functions I'y, I'r [GT 2, T, Ty |GY N1 |2
vary only between 0 and 1 in the case when the number of particles is conserved. Thus,
we can naively expect conductance values up to 2e?/h. However, this is not the case as
both functions do not reach their maxima simultaneously since the underlining physical
processes are distinct. We refer here to Fig. for a first impression. Instead, we find
conductance values up to e?/h and reached only for zero or near zero energy modes of
the Kitaev chain. The exact result for G at n = 1/2 is

2 YLYR (pN—l + mN—1)2

G . €
g2 + yevr (PN + mNT

(8.1.12)

7



8.1. Linear transport and generic applied bias 139

From Eq. (8.1.12)), one observes directly that G = €?/h (G < €2?/h) holds in case of
lg+] = 0 (lg4] # 0). In order to give a expression for ¢+, we introduce z; o as

Tj—l-l N rj—i—l
Tjg = —-—"—, jETL (8.1.13)
Ty —Tr—

with 2r4 = (— W/ 2 — 4mp) /p. The function z; is real valued, dimensionless and
contains the spectral information of the isolated Kitaev chain with j sites. Explicitly, we
have det (Hc) = (—1)N p2V l‘?\;p as one can easily verify with Eq. (6.3.9). In the wide
band limit, the function

gs = p"? [sp*ano + iprN_10 (570 —VR) + TN-207LVR], s==£, (8.1.14)
modifies ;o due to the presence of the contacts. Note that one has to adapt g, slightly
for non-wide band scenarios.

Let us examine the conduction for parameters corresponding to exact or nearly zero
energy first. Especially simple are the Kitaev points at u = 0, |[t| = |A| since exact
zero energy are found here independent of the system length, i.e. we have x;q = 0 for
j=N,N—1, N —2. In turn, g = 0 holds and the conductance adopts the maximal
value of e?/h. Besides these specific points, zero or close to zero energies can be found,
implying that xno ~ 0 is small. Thus, ¢4 ~ 0 gives only a minor contribution as we
are forced to use 7, = yr eliminating the xy_1 term. xzny_20 behaves similar as zn
and is especially suppressed for small values of v7, g. Thus, we find G ~ e2/h for close
to or even exact zero energy modes. Consequently, the maximum conductance appears
in the triangular shaped region in Fig. [8.2] similar to the one of minimal in-gap energy
from Fig. Further away from the Kitaev points, the conductance G touches e?/h
only on or very close to the Majorana lines corresponding to the parameters given in
Eq. as only 0 = 0 holds there. At the edges of the roughly e?/h conductance
plateau, the value of v, vr xn—2,0 becomes important.

The difference between even and odd N as shown in Fig. [8.2/a), b) originates back
in the p = 0 case, where for odd N we found zero energy for all ratios of ¢/A, later
identified as one of the zero energy lines given in Eq. . Since the conductance is
continuous in all parameters, the e?/h value smears out for smaller values of y/A and
t/A.

In the limit N — oo, the conductance becomes e?/h for all parameters within the
topological non-trivial region as expected see Fig. for comparison.

Next, we turn to Gp, Ga,

2 N—-1 N-1)2
+m
Gp = ‘2 m (P ) > g 2, (8.1.15)
2
[la+? + 729m V1 + mV1)?]
2 2,2 (p2N-2 _ ,,2N-2 2
Ga = % L7k (P ) (8.1.16)

27
[\q+|2 + vyr (PN + mN‘l)z}
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a) Gle*/h)  b)

0

Figure 8.3.: Conductance for N = 20, v, r/A = 0.01 in a) and for N = 100,
vr,r/A = 0.001. a) Larger values of v r broaden the 62/h conductance
region compared to smaller ones, see also Fig. [8.2/a). b) The conductance
plateau grows with N until the entire topologically non-trivial phase is oc-
cupied in the limit N — oo.

in order to improve our understanding of G. The most important observation concerning
Gp, a is their dependency on gs: we have Gp ~ |q—|*/|q+|* and Ga ~ 1/|g+|*. Thus, for
parameters such that g; ~ 0 holds, we find no significant direct contribution Gp ~ 0

as shown in Fig. d), since gq_ behaves similar to ¢4 by virtue of Eq. (8.1.14). In
contrast, Ga can be approximated as

o2 pN—l_mN—l 2
GaA ~ " <pN_1—|—7nN_1> ' (8.1.17)

and the dependency on p dropped with g;. Note that our approximation is very naive:
the gained expression has a pole at t = 0 while G has an upper bound GA < G < €2/h.
Our treatment fails as g5 counters the divergence for small |A| > |¢| thus ¢+ =~ 0 imposes
an implicit constraint on t, A and p. However, for ¢t =& +A we find p ~ 0 or m ~ 0 and
thus G is close to e?/h. Hence, the conductance G is mostly given by G4 around the
Kitaev points within the triangular-shaped region, as we see also from Fig. 8.2

The situation changes in the moment in which ¢, is not sufficiently small. The direct
term Gp ~ |q_|?/|q.|* starts to contribute since ¢_ behaves similar to ¢y. This happens
only at the edges of the conductance plateau as the in-gap energies grow exponentially
there and a further increase leads directly to a decline of Gp again. Large values of ¢4
diminish G4 and since G = G + Gp is limited by e?/h, the direct term can literally be
seen as the frame enclosing significant contributions of the Andreev reflection.

So far, we have discussed the conductance and its contributions from merely an en-
ergetic point of view. We can improve our understanding in terms of the standard
terminology for Majorana fermions: the decay length £ given earlier in Eq. adds
the aspect of localization. For parameters associated to the triangular region in Fig. [8.2
we have that £ < Nd, i.e. the in-gap states are localized at the system’s end. Here, the
Andreev term contributes primarily, with almost e?/h and the direct term is suppressed.
We conclude that localized states favour the local Andreev reflection. Close to edges of
the conductance plateau, the direct term contributes more strongly. Here, the energy of
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Figure 8.4.: Conductance contributions G4 (solid), Gp (dashed) in the wide band limit
at Ty, g = 0K following the zero energy us = 2v/t? — A? cos(87/N+1) line
for N =20, N =40 and N = 80. a) For |[t/A| =1, i.e. at the Kitaev points,
the total conductance (black, dotted) arises only from the Andreev reflection
which diminishes for larger ¢t/A. Instead the direct term grows and becomes
finally the dominant or exclusive contribution to G. Larger system sizes
stabilize the G5 = e?/h plateau. b) Conductance G as function of u/A,
t/A for N = 20 as orientation. We have chosen v7, /A = 0.02 in both
a), b) in order to enhance the line thickness in b). The conductance along
distinct zero energy lines behaves similarly and is not strongly affected by
YL,R-

the in-gap states grows and they are thus more extended along the Kitaev chain than
before.

One might get the impression that the ratio Go/Gp is determined by the spatial
profile of the zero/ near zero energy state. This is indeed correct as one can see in Fig.
where we tracked Ga, Gp along one of the Majorana lines. The conductance is
constantly about e2/h, while the ratio between G5 /Gp changes continuously with t/A,
starting with Go = €?/h, Gp = 0 at the Kitaev point and ending with Gp = €2/h,
Ga =0. At t/A =1 (imposing here p = 0), the states are localized exclusively on the
first /last site of the chain see Egs. , and the zero modes start to extend
with increasing ¢/A as depicted in Fig. [6.16| For a critical value of ¢/A, the spatial
extend favors direct charge transfer rather than the Andreev reflection. We confirm this
result later in Ch. [0
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8.1.2. Conductance in non-wide band limit and with onsite disorder

We generalize our prior findings and we leave the wide band limit. Here, we have to
account for AfR]EZO =+Ar g # 0 from Eq. (8.1.10)). Fortunately only the functions g,
are modified to (s = %)

gs = p" 2 [sp* N + prn_10(isyL — iR — sAL — sAR)

+on—20 (Ap — i7L) (sAr + ivR)], (8.1.18)

reducing back to the former expression given in Eq. if A, r = 0. Notice, the
values for vz, g have to be taken from Eq. and they are not necessarily constant.
Still, avoiding the self-consistency cycle of A requires v, = g, A = Ag. A further
generalization of ¢, including onsite disorder is possible. In case that the chemical
potential of the Kitaev chain on the first (last) site is changed from p — p1 = p+ 14
(k= pun = p+vy) for vy v € R, one only has to replace Ar, (Ag) by AL = AL+ 1y
(Ap = AR + vy) in g, from Eq. . This simple extension was possible since the
exact results for the GF entries Gy 1, G] v, G7 5 stated in appendixlgcan obtained for
generic additions on the first/last site of the Kitaev chain. Any further change requires
a recalculation of G’y , N G’Lz n or a numerical treatment. Please notice that the
replacement p — p; = p+ v, p — pun = p+ vy breaks the symmetry of the Kitaev
chain w.r.t. p — —pu.

The given formulae for G, Ga, Gp and G4 are still exact. One has only to account for
the proper values of vz, g, Az g in Egs. , and ¢, in Eq. . However,
the ”small” adaptations change G, G, Gp (Gca) qualitatively as we see next. For
simplicity we consider A L,R as non-zero constants which is not necessarily true in reality
but justified due to vy n.

As we discussed before, for small values of |qy| the conductance is about €?/h. Finite
values of A ,r enlarge ¢4 and thus suppress G as depicted in Fig. a), c), d). Possibly
surprising though, A L,r can even enhance locally the conductance compared to the prior
situation as we can see from Fig. b). The reason is that the zero energy criterion
from Eq. does not hold anymore due to AL’ r # 0 as shown in appendix [J| in
detail.

As short verification, recall the retarded GF G" = (E 1oy — Hike — X} — E%)_l at
generic F/. For disorder, we have to adapt the Kitaev Hamiltonian. In case that E is close
to the real part of an eigenvalue of Hxc — X} — X7, the GF is largest. A conductance
peak of €2 /h is found in the vicinity of a vanishing real part, which changed since the real
part of the self-energies is given by Ai rlE=0 = £Ar r # 0. Thus, the zero energy lines
of the isolated Kitaev chain from Eq. are modified. This modification depends
also on the parameters t, A.

We have shown that in the case of large N the influence of A L,Rr vanishes as expected
and depicted in Fig a). However, in case that N is not large enough one finds also
zero energy for A% > t?, which were forbidden for ]\L, r = 0. Since the energy is itself
continuous in the parameters, one finds in the vicinity of the zero energy lines always
exponentially small energy eigenvalues. The modification by /~\L, R is such that in-gap
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Figure 8.5.: Conductance of the Kitaev chain in non-wide band regime with onsite dis-
order as function of p/A, t/A. We have chosen the parameters N = 20,
vr,r/A = 0.001. a) Conductance in wide band limit and without disorder
(Ar.r/A = 0) as comparison. b) For Ay /A = —2, the zero energy lines
are modified compared to the ones at Az p/A = 0 (black). The e?/h con-
ductance plateau leaks into the topologically trivial phase. ¢) Zoom of b)
around g = t = 0. The symmetry w.r.t to p/A is broken and the entire
conductance plateau is slightly moved upwards. This effect is more pro-
nounced in the vicinity of the line openings at the left /right boundary as G
gets locally suppressed. d) Similar to b) only for A L.r/A = 2. More details
are given in the text.

energies leak into the topologically trivial phase. There, the (isolated) Kitaev chain does
not support in-gap states by itself, and thus e?/h conductance fingerprints are restricted.
Notice, for large values of the imaginary part of the self-energies vy, g, the product vgvr,
also influences the zero energy condition, see appendix [M]

In Fig. [8.6] we also investigated Andreev and the direct term. Still, the Andreev term
is dominant even within the topologically trivial phase. In section [9] we analyse more
closely the dependence of G and Gp on the spatial profile of the charge carrying state.
We find that the e?/h conductance peak leaking into the topologically trivial phase, is
caused by a localized in-gap state.

In the next section, we shortly return to the generic bias situation.
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Figure 8.6.: Conductance and contributions Gz p in non-wide band regime with onsite
disorder Ay /A = —2 as function of u/A, t/A. a) For N = 100, the
influence of onsite disorder and the real part of the self-energies vanishes.
Still, the symmetry in g — —p is slightly broken. b) Large values of vz, g
also reduce the impact of Az gr/A = —2. ¢) Andreev conductance G for
N = 20 and small v, /A = 1073 is still the main contribution to G in both
topological phases. d) Analogous to c), but for the direct term. Gp is a
minor term in G and merely broadens the e?/h plateau of Ga.

8.1.3. Conductance for generic applied bias and Vz =0

We have stated earlier that the conductance is in general given by G = Gp + 21 Ga +
(2n — 1) Gca and we just finished the discussion of Gp, Ga and G for n = 1/2. In order
to understand the conductance for arbitrary 7, we are left to investigate Goa given in
Eq. . The expressions for Ga, Gp from Egs. , are still valid with
gs from either Eq. @D (wide band limit, no onsite disorder) or generally from Eq.
. In Fig. @L we depicted the crossed Andreev and the direct contribution as a
function of u/A and t/A. Both are seemingly identical. This results from the fact that
g+ behave similarly as we discussed before and that [t/A] is not too large. In case of
|t| > |A| however, the numerators in Egs. (8.1.7), behave differently, since A
becomes an unimportant energy scale. In turn, Gga diminishes and becomes zero at
A = 0. Contrary, Gp can still be finite. For instance, the extreme case belongs to the
zero energy lines, where we find Gp — e?/h and Gga — 0 for |t/A| — co. Note that
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Figure 8.7.: Direct and crossed Andreev conductance in wide band limit for N = 20,
vr,r/A = 0.001 as function of p/A, t/A. Gp in a) and Gca in b) behave
nearly identically for |A[, |¢| being of the same order of magnitude.

setting 77, = g can change the physical reality. In the wide band limit and vy = g,
one finds Gcalu—o = 0 for odd N and generic 7.

Recall that for generic n and Ap # Ag, 7L # <R, one has to calculate A self-
consistently [45, [118| |119]. Particularly interesting is the case of Vg = 0, corresponding
to n = 1. The conductance G is then given by

G = 2GA + Gp + Gca (8.1.19)

and inserting the formulae for G, Gp and Ggp yields

_ % YLYR (p2N—2+m2N_2)

h ]q+|2 + YLVR (pN—l +mN—1)2’

(8.1.20)

Thus, localized zero/ near zero energy modes are identified by 2e?/h originating from
the Andreev reflection, contrary to extended ones associated with at least G = e?/h.
Our result for G is exact. In the limit of u = 0, without onsite disorder and in wide
band limit our findings for n = 1 agree with the ones given in [109] for both even and
odd N.

We discuss next the differential conductance and investigate also the supra-gap regime.

8.2. Non-linear transport characteristics: Differential
conductance

The differential conductance 9I/9V misses by definition only the restriction to V' — 0
in comparison to the conductance G. In this respect, the 0I/0V characteristics include
the sub-gap transport phenomena and yet allow the investigation of the higher energetic
excitation. We discuss only the case of symmetrically applied bias V;, = —Vz = V/2
(n = 1/2) in wide-band limit (AZ = 0) at T g = 0K with v, = g, to ensure current
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conservation. From Eq. (8.0.1), we find

oI e? NN _ ”
W~ a9 Z (T TRIGE NP + TLTEIG v ) (8.2.1)
E=+V/2

where we temporarily kept I'Z to illustrate that 0I/0V recovers G in Eq. for
V' — 0. More importantly though, we evaluate the former integration variable E at
+V/2. We expect significant differential conductance peaks in the case when V/2 is
close to an eigenvalue of the isolated Kitaev chain, as we can estimate following the
definition of the retarded GF in Eq. . Analogously to the linear conductance
before, the differential conductance is composed of Andreev and direct contributions for

Vi = —Vr = V/2. For shortness, we introduce the notation
EYa = 2% Z ry FJLF‘GLN+1| ) (8.2.2)
E=+V/2
5 = on > TpTRIG NP (8.2.3)
E=+V/2

and we have

oI  0In | Olp
v~ v Tav
The exact expressions of Gi N and Gi N41 are given in appendix E The investigation
of 0Ix, p/Ov separately rather than 0I/0y is more interesting as can be anticipated
directly from Fig. Here, the first impression is as possibly expected: the Andreev
term dominates the sub-gap transport and a stable signal mostly covering the region
around p = £2t is found. The supra-gap regime, corresponding to higher excitations,
features less pronounced contributions of 914 /0y . Here, and in contrary to the Andreev
term, OIp/OV is strongest. In total, the differential conductance reaches e?/h.
However, this simple picture is not correct as the direct term is present as well in the
sub-gap regime, as we noticed already for the conductance. This is shown in Fig. b).
The striped pattern is caused by the formation of small islands or pockets of enhanced
values of OIp/0y as it can be seen in panel d). In order to understand these islands,
we turn first to the Andreev term. We discover that the value of 0I5 /0y varies with p,
reaching its maximum only at discrete and critical values of p. Those originate from the
exact zero energy lines given in Eq. . To put it into context, the horizontal line
at V' = 0 in panel d) of Fig. is essentially a vertical cut at ¢t/A = 4.1 in Fig.
only for different vz, z. Thus, we find 81 /dv ~ €?/h, dIp /0y ~ 0 around those points
due to the line broadening introduced by 7 gr. In between, sub-gap states still exists
but their associated energy is slightly larger. Similarly to the conductance, the direct
term increases at the edges of I /0y = €%/h contributions yielding the pockets.
More interesting though is the Andreev term for higher excitations. Possibly surpris-
ing, we find typical values of up to e?/4h, i.e. a quarter of the conductance quantum for
t/A = 4.1. In order to understand this result better, we consider first the situation for

(8.2.4)
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Figure 8.8.: Differential conductance for v;, g/A = 0.02, t/A = 4.1, N = 20 as function
of u/A and eV/(2 A). a) The Andreev term dominates the in-gap transport
and is still present for higher energy eigenstates. b) The direct term con-
tributes in and outside of the superconducting gap regime. Its magnitude
inside the gap depends on the parameters. c¢) The differential conductance
as sum of direct and Andreev terms. d) The seemingly stable in-gap signal
has in fact a substructure where 9I/0V is largest around values of p follow-

ing from Eq. (6.3.7). (This Figure is published in Ref. )

t/A =1 which is depicted in Fig. As discussed before in Ch. all crossings
and avoided ones collapse into a single crossing at 4 = 0. For these parameters, the
eigenstates of the isolated Kitaev chain are given by the dimerized pairs between n.n.
sites (eigenvalues Fy = £2t, degenerate) and two zero energy modes residing on the
first/ last site as shown in Fig. [5.2a).

In Fig. the extended states at © = 0 are associated to the dark spots at eV/(2A) =
+2t in panel a) and thus; they contribute with I /0y ~ €?/h and dIp/dy =~ 0 to
the differential conductance. The physical reason behind these results relies on three
facts: First, these eigenstates possess equal particle and hole weights. In turn, perfectly
balanced quasiparticles are formed as shown in panel d). Second, these bulk states are
found at both ends of the system and a direct connection through the Kitaev chain is
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Figure 8.9.: Differential conductance as function of 1/ A and eV/(2 A) for v, r/A = 0.02,
N = 20 and [t/A] = 1. a) The Andreev term is largest close to V = 0.
At =0 and V = +4A, the Andreev reflection dominates the supra-gap
transport. b) The direct term behaves in a way complementary to the
Andreev contributions. 0Ip/dy vanishes at © = 0 and V' = +£4A. ¢) The
differential conductance as sum of both Andreev and direct terms. d) The
particle (hole) character in brown (blue) varies within the spectrum of the
isolated Kitaev chain. The Andreev term is more pronounced for states with
balanced particle and hole parts (yellow). (This Figure is published in Ref.

[5))

prohibited by p = 0. Quite intuitively, this results in favouring the Andreev reflection
rather than the direct charge transfer, supposing N is large enough. For finite values
of the chemical potential, a direct channel is opened yielding to an increase of dIp/dy .
We conclude that the Andreev reflection, dominating usually the sub-gap transport as
shown in Fig. a) and b), does not require exclusively complex wavevectors ki .
Instead, the wavefunction’s weight at the edges of the system is essential. As qualitative
comparison consult Fig. m panels c), d) where supra-gap eigenstates for even N at
1 = 0 are shown.
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Figure 8.10.: Differential conductance as function of p/A and eV/(2A) for v r/A =
0.02 and t/A = 4.1. a) Zoom into Fig. ). The typical pattern of
exact crossings and avoided crossings is visible in the Andreev term for
N = 20. b) The grey lines follow Ey(n7/(N +1)) withn =1, ..., N and
avoided crossings/ crossings at u = 0, n = 6 are tracked for varying N;
their positions are indicated by pink and green dots, respectively. c¢) An
adaptive bias window V, — 6V to V, + 0V is adjusted at every N in order
to resolve the peak values of the direct/ Andreev contributions. The blue
band in a) belongs the red depicted peaks in c¢) and indicates the N = 20
and the corresponding bias range in b). (This Figure is published in Ref.

[5])

Before we continue, let us revisit Fig. We observe that eigenstates at avoided
crossings consist of equal particle and hole components, while this is not the case in the
vicinity of the crossings. In order to understand the Andreev process for higher energetic
excitations better, we investigated their dependence on the system length, shown in Fig.
We restricted ourselves to p = 0 for simplicity and we tracked k1d = 67/(N + 1),
see Fig. [6.13|b) which is a crossing (avoided crossing) for odd (even) N there. For more
details consult Ch. [6.4.3] The typical situation is shown in Fig. panel a) for N = 20

and Fig. [8.10a) is a close up. At crossings, we find 0Ip /9y ~ 0.8¢%/, 0I5 /0y ~ 0.2¢€2/,
i.e. the direct contribution is about four times larger than the Andreev term and the
differential conductance is close to the conductance quantum. For larger system sizes,
the peak width for the direct and Andreev term diminishes while the peak value remains.
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The avoided crossings on the other hand, are more interesting. Both 0Ip/0V and
OIA/0V contribute with about e?/(4h) per peak nearly independently of the number of
sites. The reason for this behaviour originates from the perfect quasiparticle mixing and
the non-equidistant quantization rule, granting naively unexpected large probabilities
for particles to reside close to the system’s ends as shown qualitatively in Fig. [6.5] The
peak value of €?/(4h) can be explained quite intuitively. Recall that former avoided
crossings turn into crossings at A = 0, as we have proven earlier in Ch. Without
superconductivity, the Andreev contribution vanishes entirely as particles and holes re-
main distinct entities and no quasiparticle mixing can occur. The eigenstates conduct
then with about e?/h solely due to the direct charge transfer. Increasing now A to some
finite value opens the gaps inside the excitations regime and the avoided crossings are
formed. Naively, we might expect the former peak to split into two contributing with
e2/(2h) each, but superconductivity leads to quasiparticle states and the Andreev reflec-
tion arises. Thus, we find a peak splitting into four equal contributions. Similar to our
prior findings for the BdG excitation spectrum of the Kitaev chain, we conclude that
the qualitative impact of the superconducting pairing constant is strongest around the
avoided crossings in the Figs. In total, we find that the gap openings between
excitations, i.e. the avoided crossings, qualitatively mimic the bulk conduction gap.



Part Ill.

From minimal models of 1d topological
superconductors to Rashba nanowires



9. Minimal model

In the third part of the thesis, we discuss a minimal model to investigate the transport
characteristics for generic 1d topological superconductors. Although a similar approach
was already considered in Ref. [12, |45] 123|, we demonstrate here that this approach is
not limited to qualitative agreements. Rather, one can also reproduce numerical findings
or exact analytical results quantitatively, supposing that the self-energies defined within
the scope of the minimal model are treated properly.

For convenience we first introduce in section the transport setup and discuss the
results within the framework of the minimal model only. At the end of this section,
we explain how one achieves the quantitative agreement. Hereafter in section we
demonstrate explicitly that the minimal model properly reproduces the exact analytical
results for the conductance of the Kitaev chain as a function of the chemical potential,
the hopping parameter and the p-wave superconducting pairing constant. In the scope
of the minimal model, we will find again that the quantitative results for the Andreev
reflection and direct conductance indeed depend on the spatial profile of the charge
carrying state as discussed earlier.

9.1. General case study

The basic idea of the minimal model considers initially a generic diagonal and fermionic
Hamiltonian

Hy =) e U} 0, (9.1.1)

n

Here, €, describes the energy levels w.r.t. to the chemical potential p and 1/371 is a
fermionic operator. The energies €, depend on the actual parameters of the full model,
for instance magnetic fields or superconducting pairing in case of a topological supercon-
ductor. Please notice that the approach is not limited to topological superconductors
since H ¢ is generic; for instance lfIg can also represent the linear chain or the n.n.n. chain
from part [[] of the thesis.

We are interested in the transport properties and we thus truncate ﬁg — Hy to the
relevant energy scale

Hy = VT 0. (9.1.2)

In case of a topological superconductor and focusing on sub-gap transport at zero tem-
perature, ¢ may accounts for the in-gap energy. Transformed into Majorana fermions
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&Aa ’&B

(ig) - \}i [—11 1] (;) (9.1.3)

and apart from an unimportant constant, our model reads

Hy = iega Up. (9.1.4)
From the definition Eq. (9.1.3)), we find

{1[1@', 1&;] = 0ij, (9.1.5)
Pl = 4y, (9.1.6)
and @@]2 = 1/2 for i, j = A, B. The transport setup requires two reservoirs and we

introduce the two normal conducting leads (o« = L, R)
H, — uN, = Z €ha c%a Chas (9.1.7)

k

where c}; ., creates an electron in the state k£ and lead a. We consider the chemical

potential p, = eV, + p in lead o and the bias is V = Vi — Vi. In the case that the
Hamiltonian H, contained superconductwlty, we have a N-S-N setup. The most generlc
tunnehng Hamiltonian HT = HT L + HT R in our approach contacts both 1/JA and 11)]3
to H

Hro= ) [Va,j(k) by ko + Vi (k)b v - (9.1.8)

k,j=AB

In order to receive later quantitative results, the tunneling amplitudes V,, A, Vi, B for the
minimal model have to be extracted from the transport setup for the generic Hamlltoman
H For instance the spatial extension of the Majorana fermions w A, wB will be important
as we discuss later in more detail.

The transport setup for the minimal model is

Hiow = Hy, + Hyv + Hg + 0(t — to) Hr, (9.1.9)

and we impose later ty — oo for steady state results. Similar as in section we calcu-
late the current I, (t) = —e(d; N,) inside the contacts. Only the tunneling Hamﬂtoman
contributes to I, and we find

Io(t) = —i20(t —t0) > [Vash) (ycra) + Vi, (0) (Dycf)] . (9.1.10)
k,j=AB

The dynamics of the system are treated by the NEGF method. As guidance, one can
define a lesser GF of dimension 2 x 2, element-wise by (n, m =1, 2)

(Gian(t. 1)) = % {(@u()], (Cral®), ), (9.1.11)

n,m
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~ ~\T T
where we set Uy = (¢A, ¢B> , Cra = (cka, cLa> . The definitions for retarded, ad-

vanced, greater and the contour GF are analogous. In terms of G,fa y and the tunneling
matrix

_ [Vaoa Voa
Vo = [V%B V;B}, (9.1.12)
the current I, (t) reads
Lo(t) = —e0(t —tg) 3 Tr{Va(k:) Gl t)}. (9.1.13)
k

The steady state current I, can be straightforwardly derived and we state only the final
results. As expected, the quasi-particle current is

(&

I =4 / Moz (fa —fa) + MoS (fa —f3) + ML (fa — f3)] dE (9.1.14)
R

composed by three contributions: the direct charge transfer M 5, the Andreev reflection
MJ;“ and the crossed Andreev process MOZZ{ Here, ff = f(E+eV,) denotes the Fermi
functions. In Eq. , @ signifies "not” «, i.e. @ = R in case that o = L. The
transmission probability M 7% is defined as (s,z=+,a,B=L, R)

ap(E) = Tr{Tg Gy Th G } (9.1.15)

and depends on the retarded/ advanced GF GrMi/[ of the central system Hy in presence
of the leads. Here, we separated T, = —2ilm (X%) = T, + T'J into the electronic and
hole components. The expressions for G;}&I, 37 and 1“25 are shown in appendix [N The
sign s (z) in M??; can be intuitively considered as the charge of the particle leaving
(entering) contact a (3).

Initially, the steady state current is given by six terms, respectively three for electrons
and holes, where a factor 1/2 prevents overcounting. Actually, the NEGF approach in
terms of 2 x 2 matrices respects particle-hole symmetry P = 15K, which is preserved
by the contacts. The transmission probabilities conserve P as well, and one can show
that

ap(E) = M 57*(—E). (9.1.16)

In turn, Eq. reduces the number of terms contributing to transport in I, from
six to three and Eq. is found. Note, the entries of the self-energies >7, within the
framework of the minimal model are all non zero. The calculation of the conductance G
is not a trivial task. We restrict ourselves to give the result in case of the Kitaev chain
in section [9.2] below.
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The retarded GF Gy is obtained from

o = (BEly — Hy — 55 —S5) 71, (9.1.17)
where Hyp satisfies
. 1
Hy = 5 Ul HMOy,  Hy = —ieay,. (9.1.18)

The minimal model reproduces the correct results supposed that we relate not only Hyg
but also X p to the full model. Let X7 , denote the self-energies of lead a w.r.t. Hg.

Then, we may transform ¥ , into the eigenbasis of I:Ig and read out the dominant
contribution for the energy e. Thus, we demand

! !
HM = [Hg]truncated ) EZK = |: Zag] truncated ° (9119)
As a consequence of this approach, the entries of X7, are set as joint objects of contribu-

tions from Xf, , and the eigenvectors of the isolated and full model.

9.2. Application to the Kitaev chain

The minimal model can reproduce the conductance at T' = 0K for the Kitaev chain,
supposing Eq. was used to relate the physical quantities. From Hy, = Hikc, we
set € = Fy. Here, Ejy denotes here the smallest positive eigenvalue of the Kitaev chain.
Notice, Ey may or may not reside inside the gap. The self-energies X, . for the Kitaev
chain in the N-S-N setup yield

[\§1|2

2

fNP} © R = A \51’2} ’ 6-21)
with v, r = ’YiR’E:O = const. from Eq. in wide band limit. Notice, the basis
transformation of 37, . into the eigenbasis of the isolated Kitaev chain results in a non-
sparse 2N x 2N matrix, even in wide band limit. Here we obtained the diagonal form of
Y7 g only by omitting all contributions from eigenvectors associated to energies different
from Ejy. Since their weight at the border sites is small compared to the weight of the
sub-gap states, this approximation is justified. The quantities &1, £y account for the
wavefunction’s weight on the first/ last site of the Majorana sublattice vector U4. Since
the spatial inversion symmetry related ¥4 and vg, we were able to effectively eliminate
the latter. The selection of only & and &y originates from the local character of the
tunneling Hamiltonian in Eq. , which granted sparse self-energies 7 .

In case of v, = yr and Vi, = —Vi = V/2, the current in Eq. is conserved
[45]. For generic E, one can determine the transmission functions for both the Andreev
reflection M, ¥ (F) and the direct process M, 5 (E). In terms of

D =E? - Ef -8z lal lenl? — 494 (1al* + [Enl!) + 4iBya (16 + En?)
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Figure 9.1.: Conductance comparison from the minimal and the full model as function of
u/A and t/A. a) The exact result for the Kitaev chain. b) The parameters e
and I'.g are calculated as stated in the text. The conductance of the minimal
model reproduces the prior findings. We used the parameters N = 20 and
vr.r/A = 0.001.

we have that

B (a2 ~ lexl?) + 20 (01 — lenl)?|
P |

My L(E) = 477

a,a

(9.2.2)

and

Al En? {Ez + (&l + |€N\2)2} + BE (|6 + lenl?)?
—— _ 2
M ’(E) - 4'7(1 |D’2

EyE (| + IEn]?)
|D|? ’

- 47 (9.2.3)

holds. It is important that £ and £y enter differently in the Andreev reflection and the
direct term. In case of a localized Majorana fermion in the Kitaev chain, either £& =~ 0
or {x ~ 0 is true. This causes the direct term essentially to vanish (M, 5 (E) =~ 0) for
E =0 and Ej small. Thus, the conductance at zero temperature relies mostly on the
Andreev reflection for in-gap states. In the extreme situation of extended in-gap states,
ie. & =~ &y # 0, the Andreev reflection gets suppressed. The conductance is then given
mostly by the direct charge transfer, in agreement with chapter [8.1] and see especially
Fig. In turn, the observed conductance reflects the spatial profile involved eigen-

state.

At zero temperature, the conductance G is

2 2 2
e | R

G=S M0+ Moo(0)] = & et 9.2.4
h [ a,a( ) + a,a( )] h E3+Fgﬁa ( )
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reaching values only up to €?/h. Here, the we defined T'eg as

Teg = T'r (&> + [én]?) (9.2.5)

and 'y, = 2vp as usual. Notice, the structure of Eq. agrees with the formula
stated in |12} 45, [123]. However, T'eg in Eq. depends also on the generic Hamillo-
nian ﬁg. In Fig. we show G according to Eq. . The values of &1, én and Ey
can be calculated either completely numerically or using the derived analytical formulae
for the Kitaev chain.

We find that Eq. reproduces the exact results. Interestingly though, the
minimal models predicts G = e?/h exactly in case that Ey = 0, contrary to the exact re-
sult in Eq. which states G < e?/h (except at the Kitaev points u = 0, [t| = |A]).

To summarize, we found that the different weight of the Gp/Ga contributions to the
linear conductance are caused by the spatial profile of the wavefunction. Further, the
conductance could be reproduced by considering only low energy degrees of freedom.
We exploit this property and investigate the transport signatures of the proximitized
Rashba nanowires in section [[0.4] next.



10. The proximitized semiconducting
Rashba nanowires

The low-energy physics of a semiconducting nanowire with Rashba spin-orbit coupling,
in proximity to a s-wave superconductor, when exposed to an external magnetic field
is a realization of the low energy physics of the archetypal model for topological super-
conductors: the Kitaev chain [6, [7]. In the mentioned circumstances, the nanowire is
predicted to host Majorana zero modes/ Majorana fermions. Because of this, the spec-
tral and transport characteristics of the model have been object of intense investigation,
see for instance Refs. [3, [8HL1].

Due to the technical difficulties arising from the open boundary conditions and the
finite wire length in analytical treatments, earlier studies were typically based on nu-
merical treatments, semi-infinite approaches or pure bulk considerations. In contrast,
we consider here a finite length nanowire and we take explicitly the open boundary con-
dition into account. In analogy to our approach made for the finite sized Kitaev model
(with open boundary conditions), we make an analytical attempt for the spectral and
transport signatures of the nanowire beyond earlier investigations.

As perspective, zero energy is found on a set of discrete lines inside the topologically
non-trivial phase. Those lines were found both numerically and analytically before
[3, [13]. We derive the required analytical conditions taking the finite length of the
nanowire and the open boundary condition explicitly into account. Our treatment can
be generalized to finite energy modes and is not limited to any specific part of the
topological phase diagram. Further, the earlier observed energy oscillations |3, 9, 12-17]
as a function of the magnetic field strength or in the chemical potential are qualitatively
understood by a mapping of the nanowire onto the Kitaev chain.

Some of our results hold only in the weak spin orbit regime. Currently, we try to
avoid this limitation before we consider finite energy states. However, already our first
attempts are promising and agree well with a numerical approach. Based on our success,
we also investigate the transport properties of the nanowire in an N-S-N setup. We found
an exact expression for the current, taking also finite energy modes into account. The
conductance at zero temperature along the discrete zero energy lines extracted from the
analytical formula is presented. We find that the conductance G in a symmetric bias
setup reaches the conductance quantum.

The contributions of Andreev reflection G5 and the charge transfer Gp to the conduc-
tance G vary with the parameters. In the vicinity of the phase boundary, the Majorana
fermions are strongly localized at both edges of the system and thus the Andreev re-
flection is the dominant contribution to G. Further away from the phase boundary but
still along the zero energy lines within the topologically non-trivial parameter section,
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the Majorana fermions start to extend and thus Gp becomes more significant and fi-
nally dominant. This behavior reflects the spatial profile of the Majorana fermions. As
a consequence of the weak-spin orbit coupling limit, the Majorana fermions decay but
may extend over long sections of the nanowire. Our findings are confirmed by numeri-
cal treatments and agree qualitatively with the expected behavior anticipated from the
finite sized Kitaev chain with open boundary conditions. A publication is currently in
preparation and the investigations were done within the framework of the Master thesis
of Harald Schmid [124].

In the following section we introduce the model and its known properties. There-
after, we present our treatment and the main results.

10.1. Model, effective p-wave pairing and the low energy
description

We consider a quasi-1d semiconducting Rashba nanowire of finite length L, oriented
along the z-axis, with intrinsic Rashba spin orbit coupling and exposed to a uniform,
external magnetic field B = |B| 2. This setup or similar ones have been object of intense
study [6H10, (12} 24, [28|, 66, |124, |125]. The Hamiltonian reads

L/2

2 92
Hy = / zﬁT(x) (—hax — pu —iaroy 0y + Vz 0Z> 1[)(:1:) dzx. (10.1.1)

2m
_L/Q

with ¥ (z) = (@T(ﬂv), L@¢(m))T where 1)} creates an electron with spin o = +1/2 and
effective mass m at position . Here, u represents the chemical potential, V; = g up | B|/2
is the Zeeman energy and the Rashba spin orbit coupling ap is aligned in ¢ direction.
Crucial is the competition between the Rashba spin orbit coupling and the Zeeman term
as both together prevent a favored axis of spin alignment. In turn, the former spin
degeneracy of the band for Vz; = ar = 0 is removed and the Zeeman term opens a
gap for ar # 0. The nanowire is in contact with a conventional s-wave superconductor
and due to the proximity effect, superconductivity leaks into the wire, adding to the
Hamiltonian the new term

L/2
Hp = / Ay (z) 9, (x) dz + h. c., (10.1.2)
_L/2
assuming here a pairing potential constant in z. The complete setup is described by

H = Hy + Ha (10.1.3)

which has a similar structure as the Hamiltonian in Eq. (1.0.6) from the introduction.
Typically the energy and length scales associated with the spin orbit coupling ag are
Eso = mad/h ~ 0.1meV and Iy, = i/(mag) ~ 100nm in InAs. The Zeeman energy
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H/A

trivial

Figure 10.1.: Topological phase diagram of the proximitized semiconducting nanowire
with Rashba spin orbit coupling in perpendicular magnetic field. The
topological phase boundary V7 = y/u? + A? shown in red separates the
topologically non trivial phase (Vz > \/p? + A2, blue) from the trivial

one (Vz < \/u? + A?).

Vz ~ 1meV for |B| = 1T, is about one order of magnitude larger [126]. As we want to
emphasize in this section, effective p-wave pairing is engineered basing on the the spin

orbit coupling, the Zeeman term and the s-wave pairing constant. For more details we
refer to Refs. [6] [7].

Initially, we consider periodic boundary conditions and apply qj;o(x) — ﬁ ) eikz @kg
k
in order to determine the topological phase diagram. In terms of the Nambu spinor
. N . T
\I/k; = (wkTa wki’ ,sziki,, ¢L€T) , We have

. 1 o4 .
H = 5% Ul Hpac (k) ¥ (10.1.4)
where we introduced
h2 k> : *
S~ + Vg 22—1aRk‘ —-A 0
iaRk L. w — VZ 0 A*
H k) = 2m
nac(k) —A 0 B, —iagk
0 A iark e T
(10.1.5)

Although we discuss the consequences of the chemical potential and the Zeeman term in
more detail in sec. [10.3] notice their switching signs along the diagonal in Eq. (10.1.5).
In case of the Kitaev chain with open boundary condition, the finite size quantization
of the wavevectors depended non trivially on the chemical potential yielding the energy
oscillations in p below and above the gap. We naturally expect the same here and these

oscillations were already observed, see for instance [3, 9 17].

For simplicity, we consider A € R from now on and the dispersion relation can be
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extracted from Eq. (10.1.5). We find (I = £1)

h2k> 2 h2k2 2
EX(k) = <2m - u) +akk? + Vi 4+ A% 42 <2m — p,) (V7 + o k?) + V7 A2,

(10.1.6)

and Ej(k) = Ej(—k) holds. Importantly, a gap closing occurs at k = 0 for V; =
V1?2 + A2, reflecting a topological phase transition. In fact, the topologically trivial
and non-trivial phases depend on the relation of the Zeeman term, the chemical potential
and the pairing contant |10} 24]

Vz >/ p? + A% (non-trivial), (10.1.7)
Vz <V p? + A% (trivial), (10.1.8)

supposing ar # 0. The topological phase diagram is shown in Fig. [10.1}
The physics of the model and the relation to the Kitaev chain become apparentlﬂ by

expressing the Hamiltonian H in a suitable basis as we show in the following [6,7]. The
operators ¢, (v = 1,2) obeying

12%?) [ukz Uk} (cz?l k)
) - 7 10.1.9
(wkl, Ve Uk ¢2,k ( )
diagonalize Hy
Ho = 3 > elk) o) b (10.1.10)
v=1,2, k

with single particle energy €, (k) = (h2k?)/(2m) — p+1/V# + ok k2. The quantities uy,
v, introduced in Eq. (|10.1.9)) are

w = (Vz N W) N, op = iark Ny (10.1.11)

with N being the normalization constant such that lug|? + |vg|* = 1 holds. In terms of
®u,k, the Hamiltonian H reads (k := —k)

H = Z e (k) éik qu,k + éz |:iAp (@k ng,fg - él,k ¢1E>
k

v=1,2k
+ A (badog — bandig) +hel,  (10112)
where the s-wave pairing amplitude is rescaled into
AV,
Agk) = ——2 (10.1.13)
Vi + of k?

! A similar mapping exists also for proximitized semi-conducting carbon nanotubes [30].
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and an effective p-wave pairing constant is found

Ay(k) = —Bork (10.1.14)

\/VE + ok k?

Notice, the effect of the initial pairing potential A was separated and A% = A2 + AI%
holds. In Eq. (10.1.12), A, (As) acts as inter- (intra-) band pairing. In order to
demonstrate the similarity between the Kitaev chain and the current nanowire model,
we impose a second (unitary) transformation|30]

an m 0 0 n {?i;#
P2,k 0O —m,m —m 0 b];
Ay == ~ 7+ ..
i Y I (10.1.15)
o _ it
¢2,E n 0 0 m _bl_c,f
with m, n defined as
om? =1 4 ol +2€2 , (10.1.16)
\/(61 + 62) + 4Ag
on? =1 — ot (10.1.17)

\/(61 + 62)2 + 4A§

Here, €12 are the single particle energies of Hy given above. The structure of the trans-
formation respects the action of Ag naturally by b,t, < brs terms, contrary to A, and; thus
the nanowire Hamiltonian becomes

g1 A N
= kz_:i €60l brs + 18, BB, + hc.]. (10.1.18)

The effective single particle energy £+ is

h2 k2 2
£r = < 5 —u) + AZ +\/VZ + o k2, (10.1.19)

and the relation to the eigenvalues stated in Eq. (10.1.6)) is E?(k) = €1 + A% for [ = +1.

. . R R R o A\T
We may express next the Hamiltonian H w.r.t. to the Nambu spinor ¥ = (bk+, b£ I by, b%_)
granting

- 1 = [ Hy (k)

= = A
H 22};\11 [ ,H_(k)] 0, (10.1.20)
where H_ (Hy) accounts for the low-energy (high-energy) degrees of freedom of the
nanowire Hamiltonian. We have H4 = {47, + A, 7,. For parameters within the topo-

logically non-trivial phase, the energies associated to H. are well separated.
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The block diagonal form of H is an important intermediate result and basing on Eq.
, we derive analytical expressions for the zero energy wavevector quantization
in sec. [10.2|and the conductance in sec. [L0.4]at T' = 0K, for L finite and open boundary
conditions.

Since the low energy physics of the nanowire model is fully captured by H_, we have
to demonstrate that the topological properties of the model are contained in the low
energy description. Importantly, H4+ = {47, + A, 7, adopts the form of the Kitaev
Hamiltonian stated earlier in Eq. . The operator Bki contains both spin degrees
of freedom and thus, H4 are indeed effectively spinless. Consequently, H_ has the same
symmetries as the Kitaev chain, namely the (pseudo) time reversal symmetry 7 = Klo,
the particle-hole symmetry P = Ko, (by construction) and also the chiral symmetry
C = o0,. Hence, the nanowire is placed in the BDI class [41]. The chiral symmetry allows
the usage of the winding number topological invariant v |39} 98]

v = % / O arctan <i;((l;;))> dk. (10.1.21)
R

We find v = 1 for Vz > /A2 + p2 and otherwise zero in agreement with the phase
diagram. We conclude that the low energy part of the nanowire H_(k) contains the
topological properties of the system and thus; our analytical approach will treat H_ (k)
rather than the full Hamiltonian.

During the work on the Kitaev chain, we experienced that finite size effects of the
model with open boundary conditions particularly the finite size quantization have to
be considered in order to receive quantitative results. In the following section, we derive
the constraints for zero energy modes for the nanowire with open boundary conditions
and L finite.

10.2. Discrete zero energy lines in the weak spin orbit regime

Generally, the zero energy criterion for the nanowire demands Ef(k) = 0 and a quanti-
zation constraint on k. We call the former the bulk zero energy constraint, which relates
the parameters u, Vz and A to the momentum k. This relation alone in the situation
of open boundary conditions and L finite is insufficient as the quantized value of k is
missing. For simplicity, we first derive the quantization rule for zero energy from H_ (k).

The open boundary conditions demand the quasi-particle wavefunction () to vanish
at both ends of the wire, i.e. ¥(+L/2) = 0. Since H_ is a 2 x 2 matrix and we have two
boundaries, one has to satisfy in total four constraints. Similar to the Kitaev chain, we
use two left moving k1 » and two right moving solutions —k1 2 of the eigenvalue equation
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for 7{_. The normalized eigenvectors xi2(k) of H_ are

_ 1 e +1E

0 = =y (Tar ) i
_ 1 _Ap

vl = e e+ e —

where 1 (x2) corresponds to the positve (negative) energy eigenvalue E_ = 4, /&2 + A%.
In case of E_ = 0, the ansatz for i(z) is

dlx) = Y [a]- Xj(kj) €M% 4 b; Xj(—kj)e_ika} 7 (10.2.3)
j=1,2

where ki o are complex due to the gapped spectrum. We are allowed to use both x;
and x2 in the same eigenstates because we are looking for a zero energy solutions. Here,
we respect the condition E_(k12) = \/ﬁz(km) + A%(l{:m) ER) only implicitly with
Ap(kj) = £i€_(k;). The expressions for ki o are complicated and so far not explicitly
required. The equal (zero) energy constraint on kj o relates them non-trivially (in full
analogy to the Kitaev chain), i.e. ki # *ko and k12 # 0 must be true for the proper
ansatz.

A second zero energy mode exists, namely P (), due to particle-hole symmetry. In
turn, one can construct with ¢ (z) and P (x) the two Majorana zero modes for the
proximitized nanowire taking explicitly the system’s size into account.

Notice that a similar ansatz as in Eq. for finite energy eigenstates can be
made, using a composition of either xi(%ki2) or XQ(:]:]CLQ) exclusivelyﬂ The equal
energy constraint E_(k1) = E_(k2) # 0 must hold, restricting again k; # *ko and
k12 # 0. Thus, the open boundary conditions prevent here generally the gap closing for
parameters on the topological phase boundary Vz = \/p? + A? as k2 # 0. Further, a
connection to the Tetranacci polynomials from the Kitaev chain can be made. Consider
transforming #_ in its eigenbasis, where x1 — (1, O)T, x2 — (0, 1)T holds. This unitary
transformation cannot change the physical reality at the boundary and 4k 2 have still to
be used. Then, the non-trivial part in the superposition of x1 (x2) using £k 2 displays
exactly the closed form of a Tetranacci as stated in Eq. for a continuous system
(jd — x).

Returning to the zero energy case and Eq. (10.2.3)), the constraint 1) (£L/2) = 0 yields
a homogeneous set of four equations. In order to avoid a trivial solution, we demand
the coefficient matrix constructed by the entries of x;(4k;) and the exponentials etikiT
to vanish. After some manipulations, we find the semi final result

sin? (M521) ¢ e
sin? (%L) (k1) € (

2) — Ap(k1) Ap(ke)
2) + Ap(k1) Ap(ks)

(k1) é_(k
= 2_ ki p (10.2.4)

2Meanwhile, we were able to find the quantization rule for generic energy eigenvalues of the Rashba
nanowire in case of finite length and open boundary condition from the mentioned ansatz. This result
and the constraint for the Kitaev chain from Eq. (6.3.28)) can be united into one common condition.
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where we used fractions rather than the correct product form only for shortness. The
reason to show Eq. , is the apparent similarity to the quantization rule of the
Kitaev chain in Eq. (6.3.28)). Notice though, Eq. is only valid for F_ = 0.

The zero energy condition, i.e. Ap(kj) = +i£_(k;), can be used a last time and from

Eq. (10.2.4)) we have
sin? (ksL) = 0 (10.2.5)
in terms of kx A = (k1 £ k2)/2 without restrictions. Hence, we find the exact result

ks = —, neN. (10.2.6)

The condition of integer multiples of 7/L was already stated in the literature [8, |13] but
not derived for finite L and open boundary conditions. As we can clearly see from Eq.
, k1 and kg share the same imaginary part. Indeed, one can show that k; = k3
holds for parameters associated with the topologically non-trivial phase. Thus, we have
Re (k‘l’g) = k‘z.

In order to finally determine kj2, a second constraint has to be derived which is
extracted from E_(k12) = \/53(16172) + A%(k’l’g) = 0. Since k; 2 are complex and the

energy depends on k%,2’ a naive reordering according to real and pure imaginary terms
yields coupled equations. Still, these two equations relate on the one hand the parameters
Vz, 1 and A to ki 2 imposing constraints (see Eq. below) similar to those on
w for the Kitaev chain in Eq. . On the other hand, a condition on the imaginary
part of kq 2 is found.

Unfortunately, solving E_(k12) = 0 exactly is difficult and thus we apply approx-
imations from now on. As the spin orbit coupling may yield the smallest energy
scale as stated above, we restrict our approach to the weak spin orbit regime, i.e.
Ey, = ma2R2 /h < Vz, A. Previous works in this limit can be found in the literature
13, 18,19, |125], but we respect here the exact quantization from Eq. .

For small ar, we approximate A, {&_ by

£~ \/<h2 L A2> _ v, (10.2.7)

2m
N Aoagrk
~ v,

A, (10.2.8)
where the effective p-pairing constant became linear in k. We demand Eg(kil,g) =
€2 (k12) + Ag(lﬁg) = 0 in terms of the approximated expression for {_, A, and the
substitution A sinh(z;) == h? k]2/(2m) — p(j=1,2, z; € C) grants

2m a2R A2

[A cosh(z;) — Vz]2 + 22

[A sinh(z;) + p] = 0, (10.2.9)
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a simplified zero energy constraint. A second replacement u; = e/ grants a quartic
equation for u;

ut + (e—B) ud + yud — (e+B)u; + 1= 0. (10.2.10)

with coefficients € = 4mad A/(R2V}), B = 4Vz/A and v = 2 + 2(ue/A) + B2/4.
Importantly, the criterion for the topological phase, i.e. Vz > /A2 + pu2 is still present
in the discriminant D of Eq. (|10.2.10)) in the dominant order of ar

2
Doc 5 (V= &%) (02 + &%= 17). (10.2.11)

In case of Vz > /A? + p?, one finds two non-real, complex roots for u; from Eq.
(10.2.10|) as expected. We approximate these roots and inserting them into the inverse

transformation
2
B = £ VA sinh[In (u))] + . (10.2.12)

grants a condition on k:JQ We find (s',s = £1)

2 7.2
12 k3

2m

=t sy (Vg = fug)? - A2 (10.2.13)

and the function fy

fos = Seso + 25" V€2, — 25 (Vg — 1) €so (10.2.14)

accounts for corrections in the spin orbit coupling. Here, €5 = Ego A?/VZ = mak A?/(h2V})
represents the reduced spin orbit energy.

Since k12 are complex, one can in principle use the ansatz ki = (nw/L) + iq, ke =
(nw/L) — ig, due to Eq. , where ¢ represents the unknown imaginary part.
Separating in Eq. real and imaginary terms yields non-linear coupled equation

in ¢g. Still, Eq. (10.2.13]) is an important result.
In appendix [O] we explain the derivation of the imaginary part

2m2 am A 2,2 -1
g = 2 OR <7r n _m“) + O(ad), (10.2.15)

nA L? h?

where the quantization due to the open boundary condition and finite L is directly em-
bedded. Notice, the decay length & = 1/|Im(k; 2)| = 1/|g| of the zero energy modes can
be extracted from Eq. . Importantly, we find in the weak spin orbit regime
¢ «x 1/]ag| and the proportionality is in agreement with prior works [9].

Since we now have g and the real parts of kq2 stated in Eq. (10.2.6), we can insert
both into Eq. (10.2.13]). We find a constraint on the chemical potential, namely

n2n? k2

57zt \/VZ2 — A2V, o — 4déso (10.2.16)

H=ptn =
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where Vi, 50 = 4eson?m2h%/(mL?) + 1065 Vz. Similar to the Kitaev chain, see Eq.
, the quantization imposed by finite L and open boundary condition restricts zero
energy to discrete lines.

We compared our analytical findings with a pure numerical approach which uses a
discrete version of the Hamiltonian from Eq. stated in Ref. [127]. The numerics
include all orders in ar and both agree reasonably well, as shown in Fig. Clearly,
one has to approach Eq. critically for to large and positive values of .

The discrepancies of the analytical findings compared to the numerical results arise
from the used approximations. In particular, tuning the spin orbit coupling ar changes
significantly the slope of the numerical zero energy lines for © > 0 close to the topological
phase boundary. Thus, our treatment has to be taken carefully there. Because of this,
we used in a second treatment the zero energy conditions stated in the supplementary
material of Ref. [3] and imposed the finite size quantization from Eq. . Again,
numerics and analytics did not match perfectly. We concluded that weak spin orbit
approximations has to be done with even more care. Currently, we try an exact approach
which is not finished yet and will not be included in this thesisﬂ

One now can insert the values for k; 2 back into the ansatz for ¢(x) and determine
the remaining coefficients. Since P (x) will be also a zero energy solution, one can
determine the (approximated) wave function for the Majorana zero mode(s) by super-
position(s).

Concerning the zero energy rings outside the topological non-trivial region found nu-
merically, they were already observed in Ref. [13] and correspond to fermionic parity
switches. For increasing system length L, these lines start to disappear as expected.

In the next section, we relate explicitly our findings for the proximitized Rashba
nanowire back to the Kitaev chain. Although the former is a continuous model and
the latter discrete, our results match quantitatively. The comparison allows a deeper
understanding of the finite sized nanowires.

3Meanwhile, we found a much better analytical condition on the parameters for zero energy, which
overcomes all prior attempts.
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Figure 10.2.: Numerically calculated in-gap (positive) energy Ey and the analytical zero

energy lines (orange) in the weak spin orbit regime as function of x4 and the
magnetic field strength |B|. The used parameters are m = 0.04m., ar =
0.1meV A (Eso = 0.05meV), g = 15, N = 1600 sites. The topological
phase boundary is shown in red. a) Only numerical data. We find discrete,
mostly parallel zero energy lines within the topologically non trivial region.
In vicinity to the phase boundary for p > 0, two of the lines connect
pairwise into loops, particularly at p© ~ 0, |B| < 3T. The deep purple
region corresponds to lowest in-gap energies. b) Analytical zero energy
lines according to Eq. without spin-orbit correction (V}, s =
€so = 0). ¢) Similar as b), with spin orbit correction. d) We used here
the unquantized zero energy condition given in the supplementary part
of Ref. and applied Eq. . Inside the topological region, the
agreement overcomes our own approach. Numerical results provided by M.
Marganska.
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10.3. The Rashba nanowire as an effective Kitaev chain

Earlier in section we concluded that the low energy description of the proximitized
nanowire matches structurally the Kitaev Hamiltonian. Both are described by H =
1. + Aoy, using the proper expressions of the single particle energy and the pairing
constant. Still, the dependence of the (effective) single particle energy and the p-wave
pairing on k are generally different for the Kitaev chain and the nanowire. From Eq.
, we extract for the former that

&k = —pr — 2tk cos(kd), (10.3.1)
Ap k = 2Ak sin(kd), (10.3.2)
and expanding at small kd yields
bk ~ —pK — 2t + tg (kd)?, (10.3.3)
Ap Kk =~ 2Ak kd. (10.3.4)

In case of the nanowire, we use the approximations for {_ and A, in weak spin orbit
from Eqgs. (10.2.7), (10.2.8]). Since {_ and ¢k have a distinct dependence on k, we need
to expand the former up to second order. We have to respect the possible double-well
shape of £ which depends on the chemical potential. Thus, the naive Taylor expansion
up to second order for small &k fails. However, one can show that £_ has two roots :l:l%,
supposing the nanowire parameter belongs to the topological non-trivial phase, i.e. for
Vz > /u2 + A2 We then approximate & with Eupprox = A (k* — k) in order to respect
the symmetry in & — —k. The value of A is extracted from the equal slope constraint,
ie. O (k) = O Eapprox(k), at k. Including the approximation for A, we have

h2 k2
— = Gapprox — — Meff 10.3.
§ 3 pp Mgt Heff ( 0.3 5)
Ap(k) = Aeg k (10.3.6)
where we introduced the abbreviations
1-2
VZ
A2
et = (/1 — —5 <\/VZ2 — A% + u) , (10.3.8)
vy
AOéR
A = . 10.3.9
fr v, ( )

The approximated expressions for the Kitaev chain and the nanowire have now the same
dependence on k; thus, we can relate next the physical quantities. We find

teff — —UK — 2tK, (10.3.10)
K2 9

— tkd 10.3.11

2”Leff K ( )

Ao — 2Ax d. (10.3.12)
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Crucial is the gained expression for the effective chemical potential peg in Eq.
of the nanowire: The parameters Vz, i are now related to uk of the Kitaev chain. In case
of open boundary condition, the latter influences the spectrum of the finite sized Kitaev
chain as we demonstrated in Ch. The implicit dependency of the wavenumbers ks, A
on uk caused the energy oscillations depicted in Fig. In the virtue of Eq. ,
we can understand now qualitatively the energy oscillations in V7 or p shown in |3} 9,
12H17]. For semiconducting nanowires of length L and open boundary conditions, we
expect a non-trivial quantization rule depending on p and V7.

Next, we demonstrate that the Eqgs. ((10.3.10])-(10.3.12]) transform the zero energy lines
from the Kitaev chain nearly to the ones of the nanowire. Since we operate in weak spin
orbit limit, the mapping demands an expansion in Ax < tx. We change ux — —puk in

Eq. (6.3.7) freelyﬁ and for n < N we find

A? tg m2n? Ak n?
Ak = B+ S 4+ O — ) O ). 10.3.13
o = G5+ e o (5) o () @019
We omit the last term, since it is at least one order of magnitude smaller than the others.
Mapping the quantities in Eq. (10.3.13)) into piem, mex and Aeg grants upon reordering

h2 72n? ma? A2
2 R
\/ V7 — A2 = — . 10.3.14
Z tH 2m L2 + 2h2 (VZQ—AQ) (10.3.14)

Here, we set L ~ (N + 1)d being justified for large N and recall €5, = ma® A%/(h?V7).
For small values of ag and deep within the topologically non-trivial phase, the two
expressions in Egs. (10.2.16)), (10.3.14) agree.

In the next section, we introduce the N-S-N transport setup considered for the Rashba
nanowire. We derive an exact current formula for the minimal model given by H_ and
show the zero temperature conductance results in the end.

10.4. N-S-N transport setup and current formula

We consider the two normal conducting leads

ﬁgc = ﬁa — uN, = Z €poa c;;aacpga, a=LR, (10.4.1)
P
where c;gm (Cpoa) creates (annihilates) a fermion in state p with spin o in the lead a. We

consider initially the full nanowire H of length L from Eq. (|10.1.3)), which is placed in
between the leads and we consider the nanowire as floating. The tunneling Hamiltonian

Ay — % / [tal, a') (@) do(a') + he] drds’ (10.4.2)
o=, R

4The Kitaev chain is symmetric in positive and negative values of the chemical potential. Thereby,
we suppress an overall minus sign appearing in the end.
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Figure 10.3.: Analytically calculated conductance at 7' = 0K as function of Vz/A for
weak spin orbit coupling. The chemical potential is determined by Eq.
for n = 1,5, 10. For simplicity we neglected spin orbit cor-
rections, i.e. V, s and €, similar as in Fig. b). Along the zero
energy lines, the direct conductance Gp is usually larger than the Andreev
contribution Gp. This changes close to the topological phase boundary
(Vz/A = 1). The total conductance G = G + Gp reaches €?/h. More de-
tails are given in the text. The used parameters are h%/2m = 1 ym?meV,
ar = 0.05pmmeV, A = 1meV and L = 2.5 uym. Figure adapted from
Ref. [124]

allows spin conserving particle transfer. We consider (local) tunneling events from the
leads to the nanowire to happen only at their respective contact surfaces (z;, = —L/2,
xr=L/2)

to(m, ') = t6(x — 14) 6(2 — 24), (10.4.3)
with constant coupling strength . One can convert Hr into momentum space granting

Hy = Y (tapk dfmlﬂkg) (10.4.4)

oapk

where tnpr = texp[—i(p — k)z4] is the tunneling amplitude. Here, ¢ and ¢ differ only by
an unimportant normalization constant.

For clarity, we denote momenta of the nanowire (leads) with k (p). The values of k
obey the quantization rule for the nanowire with open boundary conditions and are not
restricted to zero energy modes. Only at the final stages of our calculation, we truncate
the sum of k such that only the zero energy eigenstates of H_ are left. This procedure
is justified in our explanation of the minimal model approach in Chapter [9}
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Speaking about H_, we next use the basis transformation from Chapter in order
to split H into its high and low energy parts, see Eq. . We perform the
same unitary transformation on the tunneling Hamiltonian, thereby separating Hyp =
fIT,, + [_:TT,+ i.e. the high/ low energy tunneling events. Since we are in the end only

interested in the conductance at zero temperature, we consider only the low energy piece
Hrp _

ﬁT,f = Z tapk |:C;LJT04 (uknk b};_ + vpmyg bk_> + C;Lna (ukmk bp_ + vgny b;%_)] + h.c.
ocapk

(10.4.5)

where ug, vg, ni and my are the transformation coefficients given in Eqs. (10.1.11)),
(10.1.16)), (10.1.17)) respectively. The low energy transport setup for the nanowire is
thus given by

f{tot = ﬁL + H_ + HR + H(t —to) IA{T7_, (10.4.6)

and in the end we consider the limit ¢ty — oco. The electronic current can be calculated
in lead «

ie

Io(t) = —e(Na) = 7

([Ne Bt ). (10.4.7)

where e is the elementary charge and N, = ) c;rgm Cpoa- We used the NEGF method
po

and the equation of motion technique to obtain the steady state current formula. In
order to avoid the self-consistency cycle, due to the superconductivity hidden in H_,
we considered equal tunneling amplitudes for both leads to the nanowire and set Vi, =
—Vr = V/2 [45, 118, |119]. Here, the quantity V represents the bias drop between the
two leads. As a consequence of the setting, the current

Iy = % / [MA(E) + Mp(E)] (f~ — f1)dE (10.4.8)
R

is now conserved, i.e. I;, = —Ig, and the crossed Andreev term dropped. Here, f* =

f(E £V/2) denotes the Fermi functions of the leads and My (Mp) is the transmission

probability for the Andreev reflection (direct electron transfer). Note that the expression

for I, was obtained using the full dynamics of the system and is exact on the level of

the low energy physics, i.e. for H_, since we considered non-interacting leads [117].
The transmission functions read explicitly

My= > TT{FeL(k‘b ko, E)G" (ka, k3, BT (k3, ka, E)GY (a, k1, E)}7 (10.4.9)
kot ki ks ke

Mp= 3 Te{TS(ki, ke, E)G" (ka, ks, E)US (ky, kay E)GS(ka, k1, E)}, (10.4.10)
i ki ks b
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Figure 10.4.: Numerically calculated conductances G and Gp at T = 0K as a function
of pand |B|. a),b) The direct conductance term is more dominant than the
Andreev contribution. Qualitatively, the findings agree with the analytical
approach. Notice though, the data points are selected by a dense grid, since
the precise positions of the zero energy lines are not known. This causes
a significant drop of the conductance results. The used parameters are
m = 0.04me, ag = 0.1 meV A (Eso = 0.05meV), g =15, v, g = 0.1 meV
and N = 1600 sites. Numerical results provided by M. Marganska.

where the sums run over all the quantized momenta (open boundary conditions, finite
L) associated with H_. The expressions for the rate matrices Ff:’h and for the retarded
and advanced GF G™® can be found in appendix [P}

The conductance G at T'= 0K can be extracted from Eq. (10.4.8)

62

G=17

[Ma + MD]E:O = Gz + Gp. (10.4.11)
Since only zero or close to zero energy eigenvalues contribute effectively to G, the sums
over ki, ko, ks, k4 in the transmission probabilities can be truncated. Our analytical
approach was so far restricted to zero energy modes in the weak spin-orbit coupling
regime and thus ki, ko, k3, k4 can only adopt the values of nw/L + ig and nn/L — ig
with ¢ from Eq. . Please notice, the ansatz for ¢ (x) contains left and right

movers, but this is already respected internally inside the transmission probabﬂitiesﬂ

5Since zero energy modes yield in this setup conductance quanta of (up to) e?/h, a mistreatment of
the sums in Ma, Mg can easily produce wrong conductance peaks larger than e?/h.
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These solutions are restricted to discrete lines, see Eq. and the associated
conductance is shown in Fig. [10.3]

Recall that the decay length scales as & o 1/|agr| in the weak spin-orbit coupling
regime, see Eq. . In turn, the zero energy modes associated to £ can easily
extend over large parts of the nanowire depending on the length L. Hence, we expect that
Gp is at least comparable or even dominant compared to G, following the discussions
of sections Ol Since both spin degrees of freedom are not independent in this model
and due to the particle number conservation, the conductance is restricted to values
smaller or equal the conductance quantum e?/h, confirmed by Fig. [10.3

The tendency of Gp to increase for larger n is verified by Eq. (10.2.15). We expect
the decay length to grow as n does; thus, for fixed L the zero modes extend further. In
turn, the direct process is more favored than before.

Our analytical findings are qualitatively reproduced by numerical calculations shown
in Fig. Since the zero energy lines are discrete, small parameter deviations away
from their precise position yields an immediate drop of the conductance results.
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A. The limit ¢ = 0 and the n.n.n. chain
qguantization rule

A.1. N even
We have k., =k, = 2k; from Egs. (3.2.45), (3.2.46) and thus
nm T
= — =1,... Al1l
kEd N+2+27 n 17 7N/27 ( )
kad = g. (A.1.2)
The single terms of Eq. (3.2.32)) become
N +2
sin’ [ksd (N + 2)] = sin® <n7r +7 ;_ ) = 0, (A.1.3)
sin? (ksd) = sin? (N”j:z + g) £0 (A.1.4)
and
N +2
sin? [kad (N +2)] = QHQ(W ;' ) — 0, (A.1.5)
. ) T
sin? (kxd) = sin? (5) =1 (A.1.6)
sincen =1, ..., N/2 and (N + 2)/2 are integer values. Consequently, both sides in Eq.

(13.2.32]) vanish and the quantization rule is indeed satisfied.

A.2. N odd

Unfortunately, we have ka ,, # ky, ,, following from Eqs. (3.2.45)), (3.2.46) and we have to
show the validity for k., = 2k1 and ky,,, = 2k; separately. In the former case, we get

nm T

ksd = —
Ed N—|—3+2’
T
5

n=1, ..., (N+1)/2, (A2.1)

kad = (A.2.2)

Thus, we have

N +2 N +2 N +2
sin? [kxd (N + 2)] = sin? <n7TN13 +7 ;_ ) = cos? ( + ) , (A.2.3)

sin? (kxd) = sin? <Nnj_r 3 + ;T) = cos? ( nr > (A.2.4)
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since (N + 2)/2 is a half integer value. Secondly

sin? [kad (N +2)] = sin? (WN2+2> =1, (A.2.5)
.2 w2 (T
sin” (kad) = sin (2> =1, (A.2.6)

setting the right hand side of Eq. (3.2.32) to one. Hence, if sin? [ksd (N +2)] =
sin? (ksd) holds, the quantization rule is satisfied. Indeed, we have further

N +2 N+3-1
.9 2 2 ,
wd (N + 2)| = T
Sin []f d( )] COS <n N 3> COS (7’“( N 3 >

= COS2 nmw — nr
N N+3

Eq.(A2.4)

sin” (kx.d) (A.2.7)
for all n =1, ..., (N + 1)/2. Thus, the quantization rule is confirmed for k; = k, /2
and we can proceed with ki = ky, /2. Analogously, to the prior case, we have now
nm T
= — =1,...,(N—-1)/2 A2,
kZd N+1+27 n ) 7( )/7 ( 8)
kad = g (A.2.9)
Since
N+2 N+2 N+2
.9 2 2
N+2)] = =
sin” [kxd (N + 2)] = sin (an+1+7r 5 ) cos (an—i—l)
= cos” | nm + nr
B N +1
o nm
= A2.1
cos <N n 1> ( 0)
and
) ) nm s 2 nm
= — | = A2.11
sin® (kxd) = sin <N+1+2> oS <N+1> ( )

hold, we find again the constraint sin? [ks.d (N + 2)] = sin? (kxd) as validity check of the
quantization rule. Indeed, we have

N
sin’ [kad (N +2)] = sin? <7r ;2> =1, (A.2.12)
. . T
sin® (kad) = sin® (5) =1, (A.2.13)

and the quantization rule in Eq. (3.2.32) is satisfied for odd N at ¢t = 0, too.



B. Eigenstates of the extended chain

B.1. Non-degenerate case

The eigenvectors of the n.n.n. chain can be calculated in real space. We consider the
quantization rule to be known, i.e. the eigenvalues A\, and we restrict ourselves to m # 0.
We are left to determine the entries of [¢) = (&1, &o, ..., {N)T, which obey the Tetranacci
sequence in Eq. for ( = —(\ + p)/m and n = —t/m. Hence, we apply theorem
[4.2.2] which states that

1
&= &T(j), JeTZ (B.1.1)

i=—2

holds. The basic Tetranacci polynomials obey the selective property. Since we know the
values of ¢ and 7, the basic Tetranacci polynomials are fixed. One can either use the
recursion formula or the closed form expressions.

We are left to determine the initial values £_o, £_1, &g, &1 such that the open boundary
condition in Eq. is satisfied. This implies &g = £€_1 = 0 and we have

§ = §-2T20j) + & T(). (B.1.2)

Here in the non-degenerate energy case, we have by construction one degree of freedom
which accounts for the normalization. Without restrictions, we choose &; # 0 freely and
only £_o is left.

The Tetranacci recursion formula and & = £_1 = 0 yields

§2 =né& + & (B.1.3)

Obviously, £€_o depends on & and on the right boundary. Since the basic Tetranacci
polynomials are known to us, we apply the boundary condition for j = N +1, N +2 on
Eq. (B.1.2). One can determine the value of {_5 as

Ti(N +1)

9= =& ———— B.14
S NG (B.14)
supposing T_o(N + 1) # 0. Otherwise, we have
Ti(N +2)
o= = —— B.1.5

assuming T_o(N + 2) # 0. The situation of T_o(N + 1) = T_o(N + 2) = 0 belongs to
the degenerate case and is here excluded. For T_o(N + 2) # 0 and T_o(N + 1) # 0,
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both equations yield the same value of £_s, since the four boundary equations are linear
dependent by means of the quantization rule. Thus, the non-degenerate eigenvectors are
all known. The value of & can be set by normalization.

B.2. Degenerate case and the crossing/ avoided crossing
criteria

The case of degenerate eigenstates is closely related to the non-degenerate case. Although
the quantization rules applies for the crossings, neither their energy nor the associated
wavenumbers are initially known. Instead, we assume the eigenvalue A to be D > 2 times
degenerated. As we show soon, the system by means of the open boundary conditions
support only D = 2. Due to the hermiticity of the Hamiltonian, we have to find n linear

. : _ (@ @ @\ T _
independent eigenvectors W(d)> =(&7,& 7, ..., &y ) » whered = 1,..., D denotes

the degeneracy. By definition, the entries of these states are all Tetranacci polynomials
of the same recursion formula as in the non-degenerate case. Thus, we have

e = e DT0) + &V, jeZ.d=1,...,D, (B.2.1)

where we already used £_1 = & = 0 from the boundary condition. Notice, also the
basic Tetranacci’s inherit the selective property, the degenerate eigenvalue A is so far
unknown to us. In turn, the basic Tetranacci are by now not fixed, as ( = —(\ + p)/m
is not. Crucial is, that all basic Tetranacci’s obey the same recursion formula which
is independent of d since A is degenerate. This enabled us to write 7;(j) rather than

700).

As all degenerate eigenstates share the same 7;(j), we can exploit this fact by consid-
ering suitable superpositions [¢(1)), ..., [ (p)). By definition, these linear combinations
are eigenstates associated to A themselves, i.e. the entries obey the Tetranacci recur-
sion formula. Importantly, the superposition of the eigenstates is pushed forward to the

same combinations on the level of 5(}2), id). Since the coefficients for the combinations

of [Y1)), -+, [¥(py) can be chosen, we can always set
eV =1, ¢ =o, (B.2.2)
e =0, =1, (B.2.3)
without restrictions. In turn and as consequence of Eq. (B.2.1)), the vectors [t3)), ..., [¥(py)

are combinations of [t)(1)) and [t)(3)). This violates the constraint of linear independence
and the dimension of the eigenspace associated to A is less or equal 2. Thus, we have
only two-fold degeneracies.

Importantly, the setting of 5%1’2) and E(_IQ’Q) implies that the boundary condition gets
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effectively separated, as two constraints are always satisfied by triviality. We find

Ti(N +2) = 0, (B.2.4)
Ti(N +1) =0, (B.2.5)
T o(N +2) = 0, (B.2.6)
To(N+1) =0 (B.2.7)

Converting now the constraints on 77 2 into ones for ¢ o using the closed formulas stated

in Eqs. (4.2.42)-(4.2.45)) grants after several manipulations
g

kiod = ——
1,2 N+27

ji=1...,N+1, (B.2.8)
independently for kid and kod. More details of the procedure are shown for the Kitaev
chain in appendix [[}

The separation of the boundary condition is only a specific situation and thus, the
quantization rule in Eq. must still be obeyed. Further, the Tetranacci character
of the eigenvector entries demands that k; od obey the equal energy constraint in Eq.
(3.2.28|). These two constraints impose restriction on k1 2 and carried out properly grants
the crossing criterion from the main text. The avoided crossings follow in analogy to the
Kitaev chain.

As discussed, the crossing criterion determines the energy and sets the relation on the
parameters ¢, m. In turn, A is known and the basic Tetranacci’s are fixed. Thus, the

two degenerated states are fixed by Eq. (B.2.1))-(B.2.3)), apart from normalization.



C. Simplified expressions for the basic
Tetranacci polynomials

A short comment about this section. Just a view days prior before finishing the thesis,
I discovered the relations below. These properties of the basic Tetranacci are too useful
to pass over but could not be set in the main part of the text anymore. For clarity, we
consider the case of generic coeflicients 1, ( € C outside of any physical context. We
first prove the statement and explain then its usefulness in Eq. (C.0.12).

The stage is set by table obtained via the generic Tetranacci sequence from Eq.
(4.2.1]) using the selective property of basic Tetranacci polynomials. Using the marked
point in the table as orientation, one can get the impression that the following relation
possibly holds

Ti(j) = T=a(=1 = 7), (C.0.1)
To(4) = T-1(=1 =), (C.0.2)
for all j € Z. Given that the last expressions are true, one can set [ := —1 — j and after

renaming, one finds the inverse relations
Ti(=1—j) = T-2(j), (C.0.3)
To(=1—17) = T-1(5), (C.0.4)

then again for all j € Z. Indeed the last four equations are all correct as we show now
by induction over j.

j -3 —2 ~1 0 1 2
T2() | 1 0 0 0 —1
Ta() | ¢ 0 10 0

To() | n 0 0o 1 0 ¢
Tij) |-1 0 0 0 1 n

Table C.1.: The first few terms for the basic Tetranacci polynomials. The initial values
are shown in the center j = —2, ..., 1. The values for j = —3 and j = 2
reveal a former hidden relation between the basic Tetranacci polynomials.
The black point marks the inversion center.
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Proof C.0.1

We show the correctness of Eq. (C.0.1) and Eq. (C.0.2)) is analog. Then, Eq. (C.0.3)
and Eq. (C.0.3) follow immediately as stated.

Initial values:

Since we deal with Tetranacci polynomials we prove Eq. (C.0.1) for four values of j
in arow. Weuse j =-3,...,0

T-2(2) = =1 =Ti(-3), (J=-3)
T2(1) = 0 =Ti(-2), (j=-2)
T-2(0) = 0 ="Ti(-1), (J=-1)
T_2o(=1) = 0 =T:(0), (1=0)

for which Eq. (C.0.1]) holds.

Step {n—2,n—1,n,n+1} > n+2:

Assume next Eq. ((C.0.1), holds already for n — 2, n — 1, n and n + 1 (n € Z fixed).
Remind that both 7_5(1) and 71(l) obey the Tetranacci recursion formula for all [ € Z.
Thus, we can write

Til+2) + Ti(l = 2) = ¢Ti(l) + n[Ti(l+1) + Ti(l - 1)] (C.0.5)
for i = —2, 1. As n is an integer, we evaluate the last expression at | = n, granting
Tin+2) + Ti(n—2) = CTi(n) + [Ti(n+1) + Ti(n—1)]. (C.0.6)

The assumption that 7;(j) = 7_2(—1 — j) holds for only 5 € {n -2, n—1, n, n+ 1}
gives

Ti(n+2) + T2(l—n) = (T-2(—=1—n) + n[T-2(=2—n) + T_2(—n)], (C.0.7)

and we are left to identify 71(n + 2) as T_2(—n — 3). Since Eq. ((C.0.5) holds for all
integer [, we set [ = —1 — I’ yielding

To(l=0) + Toa(—l' =3) = (Toa(—1=10) + 0 [To(=U') + T_o(-2-1)] (C.0.8)

for all I’ € Z. We evaluate Eq.(C.0.8)) at I" = n which is allowed as n is an integer. We
find

T o(l=n) + To(—n—3) = (T-2(-1—=n) + n[T-2(—n) + T-2(—=2—n)]. (C.0.9)
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Notice, that Eq. (C.0.7) and Eq. (C.0.8]) share the same r.h.s. and 7_2(1 — n) on the
left. Thus, the difference of Eq. (C.0.7) and Eq. (C.0.8)) reads

Tiln+2) — T_o(—m —3) = 0, (C.0.10)
from where we find
T jnye = Tiln+2) ™ CE 71 (s 2)) = Ta(—1 = )l -

Thus, Eq. (C.0.1) holds also at n + 2, i.e. for all integers. O

The proof of Eq. (C.0.2) is analog and thus the Egs. (C.0.1)-(C.0.4) are indeed all

correct as stated. Please notice further, we never specified ¢,  and the derived relations
hold always.

Simplified closed form expressions for non-degenerated roots: 7% +4(( +2) # 0,7 #0

Returning to the statement that the found relations are useful. Remind Eq. (4.2.42))

(i) = W' (C.0.11)

Due to Eq. (C.0.1)), we find a much shorter closed form for 77(j), namely

) = 22 —éi - ?;(—1 —J) (C.0.12)

for all j € Z in comparison to Eq. (4.2.45)). Using the Eqs. (4.2.36)-(4.2.40) and

©12(0) = 0, 91 5(1) = 1, one can easily verify the selective property of 7;(j) from Eq.
(C.0.12). Since ¢ 5(j) are Tetranaccis, the new form for 7;(j) is indeed correct.
Further, we apply Eq. (4.2.41))

—1—4)— By @3 i+ 1) — )+ 1
() = £l é) gl( J) Ea 107 +S) ?2(]“‘ ) (co1s)
1— 52 1= 2

and thus, we find
Ti(j) = —T==2( +1). (C.0.14)

Most remarkable is the simplified form for 7;(j) which cannot be seen directly from
Eq. (4.2.45). On the other side, the closed form expressions for 7_1(j), 7o(j) from Egs.
(4.2.43), (4.2.44) are similar to the original form for 77(j). Since the algebraic way is
possible difficult, we may try to guess the result instead. We focus on 7p(j).

The inspirations was taken from Eq. and we make the ansatz

0105 +2) — (4 +2)

9(j) = 5, =5, : (C.0.15)
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J 9(j) 9(j —1) 9(j) — (S1—S2)g(j — 1)
—2 0 0 0
~1 0 0 0
0 1 0 1
1 Sy — S, 1 0

Table C.2.: The values of g(j) and g(j — 1) allow the construction of Ty(j).

Here, the idea is to have the denominator of S; — 52 and we need both ¢; 5 as otherwise
g(j) is a Fibonacci, not a Tetranacci. Using the argument j + 2, was to ensure that
g(0) = 1 holds. We have only to show that the function g(j) obeys the selective property
of To(j) = do,; for j = —2, ..., 1 in order to identify To(j) — g(J)-

Exploiting the properties of ¢ 5 in Eqs. (4.2.36)-(4.2.40) and ¢, 5(0) = 0, ¢ 5(1) = 1,
one can calculate the values for g(—2), g(—1), ¢(0) and g(1). Since we have actually
9(7) = Ti(j + 1), the ansatz is not correct, but nearly as shown in table One can
show that the function ¢(j) — (S1 —S2)g(j — 1) has the correct initial values of 7o(j) and
is by construction a Tetranacci. Thus, we have

T = BEEGGIE - ) SRR o

and using Eqgs. (C.0.13)), (C.0.14)) grants

To(7) =T +1) — (51 + S2) Th()) (C.0.17)
=T 2(j+2) + (S1 + S2) T_2(j +1). (C.0.18)

The application of Eq. (C.0.4) grants the expression for 7_1(j). We find

T1(j) = (S + 52) *01(;3:2(‘7) -l _éfigj(j U (C.0.19)
and thus
T1(j) = (S1+ S2) Ti(G —1) — Ta(§ — 2) (C.0.20)

= —(S1 + S2) T2(j) + T2(j — 1). (C.0.21)



D. Closed Form of the basic Tetranacci
polynomials for degenerate roots and

¢ 7#0

In the case of degenerated roots ( = —2 — 7*/4, we have S; = Sy and thus ryq = 749
following Eqs. (4.2.28), (4.2.29). In other words, 741 (r—1) and 742 (r_2) are linear
independent and cannot be used both for a superposition as in Eq. . Still, we
need four initial values for a Tetranacci polynomials for ¢ # 0, as the recursion formula
Eq. demands. Hence, four coefficients for the superposition are mandatory.
One can indeed prove that jrl, satisfies the Tetranacci recursmn formula only if

¢ = —2 —n*/4 and we leave the prove for the reader. Importantly, j 77/, is independent
of 1), granting in total the four required coefficients

& = Arl, + Brl + Cjrl, + Djrl . (D.0.1)

The idea to look for j ril of Eq. was done in analogy to ordinary differential equa-
tion of higher order (with constant coefficients), as becomes more apparent by rewriting
ry1 = €'F from Eq. . Then, jrftl = je'*17 appears similar as a solution to the
mentioned differential equation in case of degenerated roots of the respective character-
istic equation.

The values of A, B, C' and D are set by the initial values £_o, £_1, & and &;. Since
the representation in terms of basic Tetranacci polynomials in Eq. is also valid
here, we focus on 7_2(j), ..., Ti(j) rather than &;.

After some algebra one finds

o 2 L ) e (2 - (0.0.2)

(ry1 — 7“—1)3

2(1 — j) <rﬂ3 + 7’]+3> — 3y (rﬂl + 7“J+1) + (2+7) <r+1 + >

(ry1 — r-1)?

T-1(j) =

)

(D.0.3)

0 - -7 (Wi + ) #8361 (r :]41) S ()

(r41 —1-1)
(D.0.4)
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and finally

/ iva s . , . . -
J (ril + ) —2(j+1) (Tril + H—?) + (2+7) (7"111 + 7“]—11)

(ry1 — r-1)*

Ti(j) =
(D.0.5)



E. A note on the competition between ¢
and A

In the general case with non zero ¢, A and pu we can naively repeat the technique for
t = 0. The characteristic polynomial adopts still the seemingly harmless structure of the

Hamiltonian from Eq. (6.0.2))

Ay —-C -5

Py(Hpac) = det (\loy — Hpag) = det S My +C|

(E.0.1)
The continuation of the calculation as done prior requires S and Aly + C to commute,
being now prohibited by tA # 0 as we show next. We introduce the matrix Ty defined
by

= O

1 0 1
1 0
1

1
L 0]

NxN

for simplifications and to explain the physical reasonings for the non vanishing commu-
tator after the performed calculation. The structure of C from Eq. enables us
to write C' = —ply — tTn. Thus, [S, A\In +C) =[S, A —p) 1y — tTn] = —t[S, TN]
becomes independent of the chemical potential and only the matrices with A and ¢ re-
main. Since S from Eq. and Ty are sparse, we can obtain their commutator at
best element wise using (i, j =1, ..., N)

(Tn)i; = b1 + i1,

Sij = 0ji+1 — Oij+1,

N
on ([S, TN])mn = Z [(TN)mj Sjn - Smj(TN)jn]y m, n = 1, ey N. We find that
j=1

N
—2tA Z [5m,j+1 5n,j+1 - 5j,n+1 5j,m+1]
j=1

= A Gy (1= 1) + 26A S (1= Siv.n)
= 2A S, (Brn — Onm) (E.0.3)

=t ([S, TN])nn
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is zero exclusively for N = 1 when t (A) does not enter into C' (S). In general, the
commutator has two non zero elements 2tA (—2tA) form =n=1(m =n = N). We
conclude [S, C] # 0 and we cannot naturally continue to include ¢ # 0 with the technique
provided by Ref. [99]. In fact, the conflict between ¢ and A originates mathematically
in Eq. .

Physically, the non vanishing commutator is caused by Pauli’s exclusion principle em-
bedded inside the fermionic properties of d;ﬂ [91, |114] demanding the anticommutators

{d;r», d;[-ﬂ}, {d;, dj4+1} to vanish. The BAG matrix in Eq. (6.0.2)) relies on this aspect

and generates in turn the sign modifications of A in S from Eq. (6.0.4). Precisely, this
sign imbalance prevents [S, C] = 0, since we could otherwise write S = ATy granting
[S, C]l x [Tn, Tn] = 0.



F. Kitaev chain: characteristic polynomial
at u=20

The content of this appendiz has been published previously in [4)].
For simplicity, we introduce
7 A A A T
\IIM,CO = (’71a'71772>72?"'a’7N7 'YN) ’ (F'O'l)

such that Hxc = $9); ., oW, co holds. The BAG matrix Hyg, co reads

A B -
Bt A B
Bt A B
HAL o = L : (F.0.2)
Bt A B
- BT A- 2N x2N
where A, B are
10 = 10 a
anfo . pofod w03

We calculate the spectrum at g = 0 using the to Hﬁ?co associated characteristic poly-

nomial

Al -B
-Bf X1 -B
-Bt A\ -B
P, = det . . . . (F.0.4)
-Bt A -B
-BY A1

- 2N x2N

Due to the block tridiagonal structure, we use the technique given in Ref. [128,129]. Py
is then given by a recursive approach

Aj = Ala— BIAJL B, Ay = Aly, (F.0.5)
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N
where j =1,..., N and Py = [] det (A;) holds. The inversion of A; imposes constraints

J=1

on A, for instance A # 0 in the beginning. Thus, we consider A initially as complex
parameter to avoid these issues. However, the final result is independent of those re-

strictions.

Since A; is diagonal and B off-diagonal, one can easily show that A; adopts the form

Ajo= [wj O] (for all j). The relation between A; and Ajq from Eq.

0

b2
Tjp1 = A+ m

j

2

a
Yj+1 = A+ ;7

J

F.0.5

gives

with 1 = y1 = A. In general x;, y; are fractions. We respect this and set (j, €;, 3; and

0 by
¢
xj = B—Jj,
b=
and one can demand
(=€ =A,
B1 =06 =1

The recursion formula for x; (y;) yields
Cj+1 = )\Ej + b25j,
€11 = MG + a® B,
Bi+1 = €j,
dj+1 = Gjs
where j starts from 1. Hence, we have in fact
Gl = Aej + b7 (i,
€1 = AG + d’ e,
and one can read out
(=241,

o = N\ +a’.

(F.0.14)
(F.0.15)

Starting from the Eqs. (F.0.13)), (F.0.12)) one can prove the relation (; = ¢; for all odd
integer j. Also the mapping of (; to ¢ for all integer [ can be shown from here. Further,
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Eq. (F.0.14), (F.0.15) show that the setting of the initial values in Eqgs. (F.0.6]), (F.0.7)
yield the same €;, ¢j as in the main text.

Extending the sequences of (; and ¢; artificially backwards by using their respective
recursion formula grants (_1 = e_1 = 0. Notice, we do not extend z;, y; backwards and
no corresponding g, yg or even x_1, y_1 expressions exist. They would involve division

by 0.

We can find the simplified expression for the characteristic polynomial

N N
Py = [[det(A;) = [[zju = Cven, (F.0.16)
j=1 j=1

using the properties of 3; and §;. Since the characteristic polynomial is unique and
smooth, the r.h.s of Eq. is. The restictions on A\ are thus removed and can
be taken as real again. We demonstrated in the main text how the eigenvalues are
extracted.



G. Eigenstate entry relation at ;=0

The alternative expressions for z;, y; for even N given in Eqgs. (6.2.50)), (6.2.51)) follow by
solving for x; using x N and x N as initial values. We do so by defining z; := x N1
with initial values %o = TN L T = TN Since x; satisfies Eq. for all [ and this
relation is symmetric in z;+1, T; obeys this recursion relation as well. Thus, Eq.
is true for #; and we find

i’l =1 ./—"(l) - (z()./’"(l - 1) = JJN/Q.F(Z), (GOl)

since Zop = zn_; = 0 holds. The lattice constant of 2d for the SSH-like chain yield
2
F(l) = sin(2kdl) /sin(2kd). As next step, we replace Z; by its definition using in

addition I’ = % +1—12n,,_y =xy. We get that,
2

T = l’N/Q]:(N/Z—l—l—l), (G.0.2)

after renaming [’ — [. The remaining step is to show a hidden connection between x N/2
and y1. We use the form for y; in Eq. (6.2.49) to replace F(N/2+ 1 —1) by

FOVj2+1-1) o _ (€.03)
—_ = N = 5 JU.
Y+t x1 B4 (k) Y1
and with Eq. (G.0.2) follows
YN _ q_
T = ;CN/Q 2:;11 : (GO4)

The last expressions is seemingly not helpful; however the boundary condition in its
earliest form in Eqs. (6.2.38)), (6.2.39)) gives rise to a similar expression. In case of a # 0,

A= Ey(k) #0, we divide Eq. (6.2.38)) by Eq. (6.2.39) yielding

ST (G.0.5)
ITN/2 Yn/2

while Eq. (G.0.4) at [ = 1 states that
Y1 Yny2
ITN/2 rp

(G.0.6)

The r.h.s. of the last two expression are the inverses of each other and we thus get

2
(:L’N/2> S —— (G.0.7)
U1 Y1
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where the signs belong to the states of opposite energy. Replacing our finding back into

Eq. (G.0.2)) yields
xp = tiyg F(N2+1-1). (G.0.8)

Since 7 was free to choose and y; = xlEiZO(k)/a holds, we choose y; = Fi. This grants

directly Eq. (6.2.50) and Eq. (6.2.49) turns into Eq. (6.2.51)).



H. Kitaev chain: Extracting the topological
phase diagram from the quantization
rule

In this section, we demonstrate how the topological phase diagram is obtained from Eq.
(6.3.28) in the limit N — oo. The idea is to prove that Majorana fermions which are
usually no eigenstates of the Kitaev Hamiltonian, become indeed (exact) zero energy
eigenstates of Hyc in this limit. This statement was proposed prior in the literature
and the tendency of decreasing energy for growing system sizes (with open boundary
conditions) was already observed, but not proven for open boundary conditions [3} 13].
As a reminder, we consider here initially the finite size Kitaev chain with open boundary
conditions and arbitrary values for u, t and A.

Initially, remind the dispersion relation in Eq. in terms of kxd, kad from
which we find that zero energy is meet in case that

4 (£ — A?) cos® (ksd) = p? (H.0.1)
(t* — A?) cos® (kad) = t* (H.0.2)

holds. Since the entire description of the Kitaev chain is invariant under the exchange
of kxd and kad, one of the given expressions is redundant. One can show that the bulk
equal energy constraint from Eq. (6.3.27)) convert indeed the two expressions into each
other. Still, from the finite size perspective Eq. is still without use, as we do
not know if such a kxd exists per se and similar for increasing N. However, we showed
already prior in Ch. that

2
1+ <?) cot?>(kad) = 0 (H.0.3)

is equivalent to Eq. , i.e. zero energy. Since Eq. is part of the quantization
rule, the idea is to make suitable choices for kxd, kad such that the l.h.s. of Eq.
vanishes. Thus, this is a criterion for zero energy in the thermodynamic limit. Then,
the constraints on pu, ¢t and A follow from Egs. , and Eq. . Some
choices for kxd, kad grant zero energy for N — oo and still lead to contradictions for
the parameters; these cases are wrong and sometimes difficult to detect.

We start by inspecting Eq. in order to find relation between k1 od and in turn
on ks, A = (k1 & k2)d/2. Since the parameters p, t, A are real we find the constraints on
the real parts Ry 2 := Re (k1 2) and imaginary parts I o :== Im (k1 2) of k12
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1) k1 =k;.
2) Ri =Ry =0,
3) Ri =0, Ry =,
4) I} =1, =0,
5) I =0, Re =0,

As one can easily verify, the cases 3) to 6) imposed on the quantization rule in Eq.
in the limit N — oo do not grant Eq. . Thus, they do not correspond
to zero energy in the thermodynamic limit. Contrary, the cases 1)-3) grant zero energy.
We shortly summarize the results.

H.1. Case 1): k1 = k;

For shortness, we introduce r, p € R\ {0} such that k1d = 2r + 2ip, kod = 2r — 2ip, i.e.
ksd =r and kad = ip. For N — oo, the quantization rule reduces to Eq. which
is equivalent to Eq. . Our ansatz imposes t2 > A2 and 0 < p? < 4 (t2 — Az) since
0 < cos? (r) < 11is true. Using that cos? (kad) = cosh? (p) > cos? (r) demands 4t > 2
from Eq. . These results form a subarea of the topological non trivial phase and
rather unsurprisingly originate form the finite NV zero energy lines in Eq. for
N — oo. The last pieces of the topological non-trivial phase are found from the cases
2) and 3). Thus, even for N — oo Majorana fermions are not composed by complex
conjugate momenta.

H.2. Case 2): Rj =Ry =0

Here, we introduce p;2 € R\ {0} such that ki od = 2ip; o granting ks,d = i(p1 + p2)
and kad = i(p1 — p2). Since the entire description of the Kitaev chain is invariant for
ko — —ko (similar for k1) and under exchange k1 — k2, we demand p; > pa > 0 without
restrictions, i.e. kxyd > kad > 0. The limit N — oo on Eq. yields

2
1+ <?) cot?(kzd) = 0 (H.2.1)

due to the constraints on kx; A, but has to be carried out carefully as both the numerator
and denominator diverge. The gained expression is analog to Eq. only for
exchanged roles of ks A. In total, we find the constraints cosh?(p; + pa) = t2/(t2 — A?)
and 4 cosh?(py — p2) = p?/(t> — A?) from which 12 > A2, ;2 > 4 (t* — A?) and p? < 4¢°
follows. Thus, these zero energy modes cover the piece of the topological non trivial
phase which lies above the zero energy lines for finite N and is limited by > > AZ.
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H.3. Case 3): R; =0, Ry =

Similar as in case 2), we have p; 2 € R\ {0} with p; > ps > 0 without restrictions and
kid = 2ipy, kid = 7 + 2ips. Thus, ks ad = i(p1 £ p2) &£ 5 holds. Again, the limit
N — oo on Eq. has to be done properly grating finally cos?(ksd) = t2/(t? — A?)
and 4cos?(kad) = pu?/(t* — A?). The 7/2 term in kxd grants now A? > t2 and kad
imposes no contradiction as x? > 0 is found. Comparing the cosine expressions for ks ad
demands p? < 4t? since p; + p2 > p1 — p2 > 0 holds. In turn, the entire topological
non-trivial phase is covered with zero energy modes in the limit N — oo, starting from
finite NV and open boundary conditions.

A last comment. The cases 1) to 6) are all options to receive zero energy. Since only
1)-3) avoided contradictions and they belonged in the end to the topological non-trivial
phase, zero energy is not found in the trivial phase for N — oo as expected. However,
this does not exclude zero/ near zero or simply in-gap energies for finite N for p? > 4t
and A # 0 per se.



I. Deriving the wavevector quantization for
degenerate energies

The content of this appendiz has been partially published in [5].

The goal of this appendix is to show how to determine the wavevectors from the boundary
condition in Eqgs. (6.5.48))-(6.5.51)). We focus initially on 7_o(N + 1) = 0, as this yields
directly to

N+1) - (N+1
s +S) ?( tD oo o(N+1) = (N +1) & S; # Ss.
1 — P2

(1.0.1)

To(N+1) =

and we find po(N + 1) = ¢;(N + 1) and S; # S2. Importantly, the latter means
k1 # +ko according to Eq. (4.3.1). The calculation is shortest by keeping 19 as they
are and using only their Fibonacci character from Eq. , namely that ¢,(7+1) =
S1¢1(j) — ¢ (j—1) holds for all j, 1 =1,2 (¢;(0) =0, ¢;(0) = 1). These properties imply

i(2) = 5
@i(3) = S7—1
eir(N +2) = ¢(2) p(N + 1) — ¢(N)
PN +3) = ¢1(3) oi(N +1) — ¢y(2) ¢y (N)
(N +4) = S (ST —2) @(N+1) = (57 —1) ¢(N)

which we need soon. Next, we focus on a 71 (N +1) + bT7_1(N +1) =0 in Eq. (6.5.48).
The closed forms given in Eqgs. (4.2.43)), (4.2.45)) together with ¢o(N 4+ 1) = ¢ (N +1)

imply

0=aTi(N+1) +bT_1(N+1)
2
=3 {a+) [2B3) e(N +1) — 92N — a () [ (N + 1) — (V)]
=1

+e1(N +2) [a — by (3)] + by (N)¢(2) }

=1

In order to derive at the last step, one has to use the given identities for ¢;(2), ¢;(3)
multiple times and once the Fibonacci recursion formula for ¢;. Further, writing down
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the sum explicit and rearranging the terms grants

O0=aTi(N+1) +bT_1(N+1)
= (S2 = S1) {a[pa(N +2) = 1 (N +2)] = b[pa(N) — @1 (N)]} .

Since S; # S5 the terms inside the curly bracket vanishes; thus, from Eq. implies
aT_2(N +2) — bT_2(N) = 0. Please notice that Eq. demands bT_o(N + 1) —
aT_2(N) = 0. Remind, we focus on the case where a # 0 and b # 0; hence, we have
simply T_2(N + 2) = T_2(N) = 0. Consequently, we have that

¢1(n) = pa(m), m=N,N+1, N+2, (1.0.2)

taking the constraint on N + 1 from above into account. As three terms in a row of
two usually distinct Fibonacci sequences are the same, we have a look at ¢;(N +2) =
S1o)(N +1) —¢;(N), Il =1,2 and we find that

0= (Sl — 52) FLQ(N + 1) =0, (103)

must hold. Still S; # Sy and from Eq. follows then ko = nn/(N + 1), n =
1, ..., N as promised. The expressions for ¢;(N +2), ¢;(N + 3) and ¢;(N + 4) can be
used to show that the last and so far not touched boundary condition from Eq.
is indeed satisfied.



J. Criterion for zero energy in case of
onsite disorder

One can quite easily show that zero energy lines can extend even for A? > ¢2 due onsite
disorder or the real part of the self energies. Since only the sum of self-energies and
Kitaev Hamiltonian enters into the retarded GF, we can extract A, from the former and
put it into the latter. This procedure replaces p on the first (last) site by p+ Ap + 14
(1 + AR + vn) for example in Eq. (7.3.29). A basis transformation into the chiral basis

2 T .
¢C:(71A7/yé47"'77]1377’}/17’}/2)"'77]\[) ylelds
- Ony  h
c = | %i . J.0.1
" [ h ON,N} (ro0)

Here, we added ”~” to signal that the onsite disorder and the real part of the self energy
are now incorporated into h

[—i(p+AL+11) a
—b —ip  a
-b —ip a

oy
I

(J.0.2)

-b —ip a
—b —i(p+Ar+vn)]

Remind now the standard definition of the retarded GF in frequency space G. =
(Elan _NHC -7 - Z%)_l (here w.r.t. ), where only the imaginary part of YR
acts on H, as the latter already includes the real parts. Thus, we have an effective wide
band description and high conductance is now caused by zero energy eigenvalues of H..

Analogously to the situation discussed for the pure Kitaev chain, we look for zero of
det(H.). We have [99]

det(He) = (—1)V |det(R)|2 (J.0.3)

Thus, vanishing eigenvalues 7, of & signal now the discrete e2 /h conductance lines. These
eigenvalues are [89)

T = —ip + 2V A% — 2 cos(én), (J.0.4)
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where 0,, solves

0= (A2 —t2) sin [én (N + 1)} — Vt2 = A2 (AL + Agp + 11 + vy) sin (Nén)
— (Ap +11) (Ag + vy)sin [én (N — 1)} . (1.0.5)

Notice, Eq. (J.0.5) modifies the old criterion for zero energy of the isolated Kitaev chain
given in Eq. (6.3.7). Similar to our prior findings, the zero energy lines follow from

1= 212 — A2 cos(6,), (J.0.6)

but the values changed 6,, # nr/(N +1) (n = 1,..., N). Further, t* < A? is not
any more excluded, since 6,, is not necessarily real as we show below. Still, Eq.
becomes unphysically for non-real values of .

We first observe that = 2v/A2 — t2icos(f,,) is true and we have only to ask whether
or whether not real values of ;1 are found. Thus, we demand icos(f,) € R for a complex
0, = x + iy with z, y real. Trigonometric identities show that the constraint is satisfied
by x = 7/2 and arbitrary y. In order to determine 6,, fully, we are left to find y. Hence,

we next focus on the terms like sin(6,, j) (j € Z) from Eq. ([J.0.5). We find

sin(f, j) = (J.0.7)

j—1

- i(—l)% sinh(yj) j even
(=1)2 cosh(yj) 7 odd ’

by inserting © = 7/2. The required expressions for sin(f, j) for j = N £ 1, N depend
thus on N even/ odd. For N even we get

0= (A%—#%) cosh[y (N +1)] — VA2 —2(AL + Ag + v1 + vyn)sinh(yN)
+ (AL +v1) (AR +vn)cosh [y (N —1)] (J.0.8)

and similarly for odd N

0= (A%?—+¢*) sinh[y (N +1)] + VA2 —t2(AL + Ag + x1 + xn) cosh(yN)
+  (Ap+x1) (A + xw)sinh [y (N —1)]. (J.0.9)

All coefficients became real and in turn one can find real solution(s) for y. However,
the existence of y is still an issue of the involved parameters. Further, the ansatz for 0,,
yields to u = 2v/A? — ¢2 sinh(y). Consequently, the zero energy/ e2/h conductance lines
may leak out into the region associated to the topologically trivial phase depending on
the concrete values of .

For large but still finite values of N such that N +1 =~ N, N — 1 holds, we find
0, ~nn/(N+1) (n=1,..., N) as solutions. Thus, for large N the line change due to
Ap + 11, Ag + vy declines and the zero energy lines approach the ones of the isolated
Kitaev chain, i.e. they are limited to the parameters of the topologically non-trivial
phase.



,
K. Exact expression for G} , G} y,; and

1,2N

The content of this appendix has been published in [5].

The current formula in Eq. (8.1.1) requires G G} v, and G7 5. These entries can be

calculated analytically using the site-ordered Majorana basis \ifM co = (yf‘, Vs eens 71‘37, VN)T

since the Kitaev Hamiltonian and the self energies are reshaped into a block tridiagonal
matrix, see Eq. m ) below. One can compare \IIM co With the standard BdG basis

¢BdG = (dl, .o dy, dl, ...,d;rv) and extract a basis transformation matrix. These
matrix relates the retarded GF of both descriptions and after some algebra we find
vt = 5 G~ (Gho)an +i(GRo)ra + (GR)ul}
1N:%{( J12n—1 + (G2 2w
+i [ (GM)aan—1— (Gg/l)lﬂN} } :
Gran = 5{(Gran-1 ~ Giaaw
+1 [(GTM)QQNA + (GTM)1,2N} }a

where GY; is defined in the basis of \fIM - Contrary to G’LN G’LNH and G’1”2N, the
entries of G}, can be calculated analytically using the method provided by Ref. [129].
As one finds in the end, the problem to determine G y G . and G 5 is associated
to non-linear combination of Tetranacci polynomials. The calculation is very long, in-
tricate and requires several tricks. We state here only the initial situation and the results.

We define the matrix M in case of N # 1 as

‘A; B -
C A, B
C A; B

_ T , (K.0.1)
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where we set (j=2,...,N —1)

| E t_m_ 10 —a
SRl B R

S

—10a,m Oa,p

and a = i(A—t), b =i(t+A) as usual. In order to shorten the expressions, we introduced

AL + AL + Y
S S PR K02)
AL — AL =
Oam = — 5 a _ o 5 Yo (K.0.3)
where A, yFare taken from Eqs. (7.4.14), (7.4.15). For N = 1, we have
o 10
s Y [ i)
In general, we have
M= M1 (K.0.4)

Notice, the final expressions for G71"7N+1, G;,N and G71"72N unite the cases of N =1 and
N # 1. As first step, we consider the characteristic polynomial of the isolated Kitaev
chain and include the self-energies in a second step; thus granting det (M) required for
the inversion of M. The method stated in Ref. [129] yields

det (E Ton _/HM) = (—ab)N (xN;VN — YN XN), (KO5)

where the functions xy, YN, yn, xn are Tetranacci polynomials of order N. At first
glance they obey two sets of coupled equations. The first is

Tjp1 = _Tl'uxj + %a;j_l + %yj, (K.0.6a)
Xj+1 = _TWXJ' + %qu + %yj, (K.0.6b)
Yj+1 = %uyj + gyj—l + %.’L’j, (K.0.6¢)
Vj+1 = i;uyj + g)}j_1 + %Xj, (K.0.6d)
and the second reads
Tjp1 = _waj + %a:j,l + %va (K.0.7a)
Xj+1 = %Xj + ngfl + %mj, (K.0.7b)
Yj+1 = —Ti,uyj + %yj—l + %yj, (K.0.7¢)

i b E
Vit =Yt Y-+ - (K.0.7d)
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J Z; Yj Xj Yj
-2 b & 0 0
-1 0 0 0 0
0 1 1 0 0
1 = “ 7 m

Table K.2.: The first terms of the Tetranacci sequences for x;, y;, x; and ;.

One can show, that x;, ¥;, y;, x; indeed obey the Tetranacci recursion formula for the
Kitaev chain, e.g.

+ IMW (tijl — $]'+1) . (KOS)

In table we show their initial values and Eq. gives their closed form
expression. By definition G} y G vy, G] oy and det (M) depend also on the self-
energies. After several manipulations and using the technique provided by Ref. [129]
and can cast the self-energy contributions into coefficients. In particular the terms from
¥, can be absorbed into four new Tetranacci polynomials d?, dg’ , dj? and d}‘. Explicitly,
we have

d} = orp xj—1 +ioRm Yj—1 + ayj, (K.0.9)
dY == orp Xj-1 Ti0Rm Vi1 + aVj, (K.0.10)
dj = oRrp yj—1 —i0Rm Tj—1 + by, (K.0.11)
d;‘ = ORp Vj—1 —10Rm Xj—1 + bX;- (K.0.12)

All four obey again Eq. (K.0.8) and their initial values follow from Eqgs. (K.0.9)- (K.0.12)
and table
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In the end, we have

det (M) i 0% m ~ 1, v
(—ab)N—l = d?\, d?v —dy d% + ab £ [d?vfl d?\ffl - Nfld%fl}
0L, x x oL,
+ bp [d% dF_y — dRd%_q] + ap Y dX_y — dXdy_,]
.UL,m T -O-Lym T
FATE [ ) T d g — dy ], (K0.13)

T ' T
and GI,N+17 Gl,N and G1’2N read

2det (M) b? Y a?

TN+ a2 = 4 [dX_pdy_y — dX_ ] + 3 [d% o di—y — d%_y d} o]
+1ia [d?\/—1dzj/\/—2 - d%—1 :Jt\f—2] - ib[ No1 d%_z - dzfv_l d?ir_g] )
(K.0.14)
. 2det (M) b . -
LN )N T T [AN_y = 1% 5] = 5 [dh 5 + idR—]

%,y — id A%y + id)
F(E—-Af +int - p) [ N-1 bl N-1 9N al N-1

9

(K.0.15)

2det (M) b

T . a
l’N(—ab)N71 = a [d?(\f—2 +1d%—2] +

g [d%—z - id?\/—ﬂ

d]x\/'—l + id:;jV—l + d%—l B idﬁc\/—l

+(E—Az+i’yz—,u)[ 2 .

(K.0.16)

The results for det (M), Gl N+1> Gy and G7 5 are generic and exact. They apply all
values of NV, t, A, u, E. The wide band limit is not used and the findings can be easily
generalized to the case with onsite disorder on the last and/or on the first site.

My attempts to simplify the given expressions further, failed completely as non-linear
recursion formulae for the Tetranacci polynomials d, d?’ , df and dJ are required. Al-
though one finds many (and very easy) for zn, Yn, yn, X~ during the calculation of Eq.
, those non-linear relations depend on the initial values of Tetranacci polynomials
and do not generalize to d‘?, d?) , dj and d;-c.



L. Derivation: conductance formulae

The content of this appendiz has been published in [5] for the special wide-band limit
case.

The conductance formulae Gp, G and Gca defined in Egs. - are required
for the total conductance G from Eq. . We consider a generic bias situation in
the beginning and demonstrate how Gp, G4 and Gca are found from the GFs in Egs.
(K.0.14)-(K.0.16)). Further, we consider the non-wide band situation, in which also the
real parts of the self-energy enter.

The conductance at T = 0 K relies on |G71"7N]%:0, [Ea 2_, and |G71"72N|2E:0. Notice,
that the Tetranacci polynomials z;, ¥;, y;, x; at £ = 0 are automatically decoupled

and reduce to Fibonacci polynomials can be seen from Egs. (K.0.6d)-(K.0.6). We have
Xj|E:0 = yj’E:[) = 0 from table and Tj0 = mj‘E:O, Vjo = yj|E:0 are

Rfrl . Rj+l

—ip £+ \/4ab— p? (L.0.1)
2b ' e

U = R, =
Zj0 R+ “R_ +
b J
Yj0 = (—a> Zj0 (L.0.2)

In turn, d?, d;j , dj and d;-( simplify to

y _
di|p=0 = ivr Tj-10,
X _ .
di|E=0 = i7r Yj-1,0,
d%E:o = aYjo + iArYj_1,0,

v ,
djlp=0 = bxjp — iAgzj_1p,

according to their definition in Egs. -K.0.12| Further, we evaluate det (M) in Eq.
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(K.0.13) at £ = 0 and use Eq. (L.0.2)). After some algebra one finds
det (M) g b7 = 0?20 — 2% 10 (V0 + 7k + AR + AL)

+aX o0 (V7 + A7) (VR + AR) 072,
94
+ 31$N71,0 an—20[Ar (7 + A7) + AL (7R + AR)]
— 2ib$N70 TN-1,0 (AR + AL)
5 a2N—2 + b2N—2
— YLYR (331\771,0 — ITN,0 $N—2,0) W

—2ARAL (2310 + TN0TN-20) (L.0.3)

Analogously, we have

)N aN—l _ (—b)N_l

) _ L.04
Tan|p_g = 2det (M)|p_p - ( |
N-1 N-1
_ + (=b)
T pwaa ) L.0.5
1,N‘E:0 (=1) 2det (M) - ( )
a2N72 o b2N72
) . L.0.6
1,N+1‘E:0 YR 5 et (M) p_o’ ( )

in terms of the function g, (s = +1)

1. . ) i ) .
o = pN-1 |is brno+xn—1,0(vr —isyL +sAr +sAL) — ECCN,Q,O (ivp — Ar) (ivr + sARr)

(L.0.7)

One can prove easily from Eq. (K.0.6) and table that x;0 is real for all j. This
information is crucial to demonstrate that

g

[N guf? = B koo — adyo [(Ar+ ML)+ (rr — 5717
+ 2l 0007 (v + AL) (VR + AR) —2ibanoan-10 (AR + Ar)

—2xNpTN-20 (SYLYR + ALAR)

o
+ 311']\[_1,0 an-20 [AL (VR + AR) + Ar (7 + AD)] (L.0.8)

holds, using s> = 1 during the derivation. Importantly, the last expression appears
similar to det (M)|g_,. Indeed, we have

det (M)] p_g = (~1)]gs* — vz [a¥ 1+ s(=0)N 17, (L.0.9)

where (—1)V~! originates from bV ! inside the absolute value from Eq. (L.0.8). In
order to find Eq. (L.0.9), one needs to add and remove the terms 2sv, Yr23 1 +
25y YRZN,0TN—2,0 to Eq. (L.0.3)). Further, one relies on the identity

a\i—1
x?—l,o —Tj0Tj-20 = <_5> ) (L.0.10)
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for 20 which can be found with Eq. .

Next, we translate the findings from a = —im, b=ipintop=t+ A and m =t — A.
The function ¢s from the main text in Eq. satisfies |¢s|? = |gs|2. In turn, one
receives the expressions for G, Gea and Gp from Egs. —.

In case of symmetric applied bias V, = —Vi = V/2, the conductance G = Gp + Ga.
We have

2det (M)|n_q* h - o ) N
| 4(%7):50’ ?G = (" mN ) 2 + yp vk (022 — m2N2)

_ _1\2 _ _1\2
= (pN LN 1) [IQ—|2+7L7R (mN L_ N 1) }7 (L.0.11)
which is Eq. (8.1.12)) after reordering.

For Vi, =V, Vg =0, we have G = Gp + Gca + 2Ga. Inserting the Eqgs. (L.0.4))-
(L.0.6) in G grants after reordering that

1 @ B (pQN—Q + m2N—2) [|gi|2 + |g+|2 + ZFYLIVR (p2N—2 + m2N—2)]
e € [lg-12 + |g+12 + 27LvR (V=2 + m2N-2))?
2 2 N—-1
L —4 m
+ 2(mp) VL l9-1° — |g+| YL YR(Mmp)

_ _ 2
[9=12 + |.94+1> + 2vLyr (PPN =2 + m2N=2)]

(L.0.12)

Here we used Eq. for s = +1 and s = —1 to derive an expression for det (M)|,_,

in terms of both g_ and g,. From Eq. follows that |g_|> — |g+|?> — 4vzyr(mp)N~1 = 0.
Canceling the common factor in the first fraction and first reinserting det (M)|5_, in

the denominator and second using Eq. for s = +1 grants Eq. via
‘QS|2 = |gs‘2'



M. Spectrum and self-energies

We consider first the trivial example of an linear chain in presence of two leads. The
retarded GF for this setup can be directly extracted from the one for the Kitaev chain
at A = 0 shown in Eq. by restricting to the electronic degrees of freedoms
C—. Alternatively, one can calculate straightforwardly the N-N-N transport setup for
the linear chain, i.e. Eq. , and the leads given in Eq. . For simplicity 1
recommend the tunneling Hamiltonian from Eq. in this case. Either way, in wide
band limit the inverse of the retarded GF in frequency space is

[E +p+ive t
t E+p t
t E+p t
(Gie) ! = ' . .
t E+u t
t E+4up t
L t E + p+iyg]

(M.0.1)

Here, 7, r are real constants and represent the imaginary part of the self-energies. As
usual, the retarded GF is the inverse of Ely — Hic — X} — X'%;. The used basis is

& = (dy, ..., dN)T such that I;TLC = ﬂT”HLC@/} holds and fILC is taken from Eq. .
Thus, the determinant of Eq. yields the characteristic polynomial of the linear
chain in presence of the leads. One can easily demonstrate that yrv; change the real
parts of the eigenvalues compared to vy, =0 or yg =0

One can straightforwardly calculate det [E1y — Hic] = O [78]. We have
0 = F(j)

using Eq. (4.1.6) and F(j) is defined in (4.1.5)). Further, 2Ry = E+u++/(F + p)? — 4¢>

holds. Including v, g grants

(M.0.2)

det (Ely — Hre — X7 —XR) = F(N) — vpyrF(N —2) + i(vz + vgr) F(N —2).
(M.0.3)

Apparently the eigenvalues of the isolated system, i.e. F(N) = 0, are changed due to
vr,r- Although, 77, vg may be small itself, the term is weighted for instance by the
hopping parameter ¢ hidden in F(N — 2). Notice the effect of vz v is largest around
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eigenvalues of the isolated linear chain as F(IN) = 0 does not implyﬂ F(N—-2)=0. A
quantization rule can be derived by applying Eq. . For similar results consult
Ref. [88-90]. Notice, the effect of vz, g to change the real parts of the eigenvalues is not
a topological property, as the linear chain is topologically trivial.

In case of the Kitaev chain, we consider for simplicity 4 = 0 and the wide band limit.
The general result is given in appendix [K] and only complicates the issue. The SSH-like
basis from chapter [6.2] is most suitable for the calculation. We have a block diagonal
structure

P
HssHopen = EHssy — Lr,ssH — LRrSsH = [ N QN] ; (M.0.4)
where Py is
'E + iy —a .
a E b
b E —a
Py = (M.0.5)
a FE -b
b FE —a
L a FE + iyg]

for N even. The expression for odd N follows by removing the last line and last row
in Eq. (M.0.5). Further, Qy is follows always from Py by exchanging a = i(A —t)
and b =1(A +t). For your convenience, Py (Qn) is related to H, (Hg) as can be seen
from Egs. , . Using the technique from Ref. [78] and the properties of
det (Ho) = en, det (Hg) = (n given in section or appendix [F| one can derive the
exact results

det (Py) = en — voYr(N—2 +i(Yren-1 + 7L (N-1) (M.0.6)
det (Qn) = (N — Yo YreN—2 + 1(YRC(N-1 + YL EN-1) (M.0.7)

for all N. The closed form expressions for €;, (; (j € Z) are stated in Eqs. (§6.2.23)-
(6.2.20)). The results for det (Py), det (Qxn) can be proven via induction over N using
an initial separation into even and odd N. I recommend to set first yg = 0 and to
include yr # 0 in a second step manually exploiting the recursion formula in Ref. [78].
The proof is trivial and the result for det (Qn) follows directly by exchanging a’s and
b’s. Inserting the closed form expression for F(n) o sin(2kdn) yields the quantization
stated in Ref. [89] for 2kd = 0y, there.

Most importantly, are the second terms in Egs. (M.0.6), (M.0.7). The minus sign
originates from i> = —1 and the term changes the real part of the eigenvalues of Py,
QN as yr,r € R. Since the characteristic polynomial of the Kitaev chain at p = 0 in
presence of the leads (wide band limit) is given by the product det (Py) - det (Qx), their
real part is changed as well.

'For finite ¢, the spectrum of the linear chain for N and N — 2 are distinct.



N. Minimal model: Green’s functions and
self-energies

The retraded GF is
= (BEly — e — X — S5)7H, (N.0.1)

and the retarded self-energy is X, = > Vo 7. g}, 1o - VL, or explicitly
k b

[Va, A (K)I? 4 Vo, al? Vo, AVa B Vo, aVa,B
r : E_Eka +”7 E+Eka +177 E_Eka +”7 E+Eka +177
= N.0.2
Po T N2 VeVen | VeaVin  Wan®? | el (N.02)
k E—ego +in EHdepo +in  E—€go +1in E4ero +in
As usual we have Gy = (G’f\/m)Jf and Ty, = —2Im (X7). The quantities I'F from the
main text are the respective electron and hole parts, i.e. T, = T'J + T, holds. We
have
- Vo, a(B)I? Ve, a(k) Vo (k)
', (F) =2r 0(E —e€ ’ ’ 0" , N.0.3
«(B) = 2m ), 3(E = o) e en i n(E (N.0.5)
rt(E) =PI, (-E)P (N.0.4)

and P = 1, K denotes the particle-hole symmetry.



O. Rashba nanowire: Imaginary part of the
sub-gap wavevector

The imaginary part ¢ can be calculated exploiting the zero energy condition in a suitable
fashion. Doubling E_(k;) yields

2B_(kj) = BE_(k1) + E_(k2) = > & (k;) + AL(k))

7=1,2
+ 2Ap(k1)Ap(k2) — 2Ap(k1)Ap(k2)

= [Dplka) + Ap(k)? + [E2(k1) — E2(k2)]”, (0.0.1)

where we used that E_(k;) = 0 implies Ap(k;) = £i€_(k;). In weak spin orbit approx-
imation, A}, is linear in k. Since k1 = k3 and (k1 + k2)/2 = nn/L holds, we find

<27£”> (AV‘:R) L€ (k) — E (k)] =0 (0.0.2)

Exploiting the weak spin orbit expression for £2 (k) from Eq. (10.2.7) together with the
substitution A sinh(z;) :== h? k]2/(2m) — p(j=1,2, z; € C) grants

cosh(z1) — cosh(zy) = =+i Vv, T (0.0.3)

Importantly, we can use Eq. (0.0.3) in order to eliminate terms in Eq. (10.2.9). We
find

R\ > 4 4 A?ad  Ru 2mn
v - _THE) ojagA T 0.4
<2m> (ki — k3) + < 7 m) faRA —— =0, (0.0.4)

which is the equation of a hyperbola. Using binomic identities and that k1 + ko = 27n/L
gives a depressed cubic equation

2
(bt — ko) + g (k1 — ko) — dianA (2;_?) ~0 (0.0.5)

with k1 — ko = 2iq. The coefficient g reads

omn\ 2 2m A ag \ 2 dmp

and solving for ¢ yields Eq. (10.2.15)).




P. Rashba nanowire: retarded Green’s
functions and rate matrices

The rate matrices for the electronic degrees of freedom are

T¢ (K1, ko, E) = 212 po(E) e i k1=ka) @

* * * * * *
|:(uk1 Uk2 + vkl UkQ) mkl mk2 (ukjl vk? + Ukl uk2) mkl nk2:|
* * * * * *
(“k1 Uy + Vg, Uk, ) Ny, M, (uk1 Uy + VF, Vi) Nk, My

with x;, = —L/2, zgp = L/2. Here, p, is the density of states for lead a and ¢ is
the tunneling amplitude in t,p, = texp[—i(p — k)] from Eq. (10.4.4)). For the hole
components we have

F(})Lé(klla k27 E) = thQPa(_E) e_i(kl_k2)xa X
_ * % _ * % _ * _ *
y (ug, up + i, UEZ) ng, g, (ug, vp, + U, ul—Q) ng, mp,
ok _ * _ * _ * ok _ * 3
(ug, v, + g, ug)) mi, g, (ug, up + v, v ) mg, mi

and k = —k. The retarded GF has to be obtained via the Dyson equation

G"(ky, ko, E) = g"(k1, E) |Opaky + > Sk, ko, B)G'(ks, ko, E)|,  (P.0.1)

k3,
where ¢" is the retarded GF of the isolated (low energy) nanowire Hamiltonian #H_
g"(k1, B) = lim [(E + in) 1o — H_(k1)] " (P.0.2)
n

As usual G%(ky, ky, E) = [G" (1, ko, E)]" holds. The (complete) retarded self-energies

are

Eg(lﬁ? ko, E) = Z [Tapkl g;oz Tapkz + Sapkl g;a Sap’@] (P'O'?’)
p
related to the rate matrices by I'y, = —2Im (X]) and p runs over the momenta of the

leads. Here, we used the abbreviations

* * *
7o |tapkVEME LapkVRM P04
apk — t* **t”’7 ()
apkWETk  LapkUETE
* * *
o LopkVe™Mi  LapkVETE P05
apk — t* **t___7 ()
apk Uk LapkUrTg
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and gy, is the retarded self energy of the isolated leads, i.e.

m (B +in) 1z — ea7] ' (P.0.6)

o = li
Ipa n—0
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