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1 | INTRODUCTION

The importance of surfactants for the formation of interfaces between immiscible fluids has been recognized a long time
ago. Even today, a mathematical analysis of the evolution of such a system driven by the motion of the fluids, the elasticity
of the interface, and the interplay of the curvature of the interface with the surfactants and their orientation is not feasible,
see, however, [1] for a model that combines classical membrane elasticity with fluid dynamics, but does not include a
director field describing the surfactants. If one does not consider the motion of fluids, the situation is different, as we
will explain later in the introduction, listing literature on the Helfrich functional. In this article, we investigate a very
specific aspect of such a system, namely the interaction of the orientation of surfactant molecules with the curvature of
the interface in a one-dimensional situation, that is, for interfaces that are given by curves in the plane, a dynamical model
for two-dimensional surfaces in three-dimensional space will be investigated in [2]. Inspired by Laradji and Mouritsen [3]
we study the functional

En(v.m) = %/(K + 8div, n)*ds + ’%/wmz ds+L(y) = E(y,n) + L(y), with 1,6 € R,1 > 0, 1.1
% ¥

where the surfactants are modeled by a director field »; see Section 2 for the precise definitions of the curvature x and
the differential operators on curves; if y is a simple closed curve, then the functional is the geometric functional defined
on the trace of y. Thus the term div, 7 serves as a spontaneous curvature the existence of which has been postulated in
models related to lipid bilayers and for the Helfrich model [4]. Specifically, we focus on the static case and investigate the
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existence of minimizers of E;,;, where, in view of applications, one can augment the variational problem with additional
constraints on the length of the curve, the enclosed volume, or the length of the surfactants. This case serves as a study
for potential equilibrium states for a dynamical system driven by the L? gradient flow of the system, see Section 5 for
more information.

Motivated by this functional, it is the scope of this article to begin the analysis of geometric functionals which do not only
involve a curve, or, more generally, a manifold T, and objects derived from it like its surface area or its mean curvature,
but functionals which combine geometric properties of the manifold with an independent vector field defined on the
manifold and which include the interaction of the manifold with this vector field. In our one-dimensional model, the
first term contains the curvature x = —div, v and assigns, for § = 1 and in the presence of the constraint |n| = 1, energy
to the deviation of the orientation of the surfactants from the normal direction. The second term is a Frank energy term
that is, common in models for liquid crystals and structured fluids.

It is important to note that the functional is invariant under some changes of variables and that the terms in the energy
have specific scaling properties. The signed curvature x = {3y, (d;y)*) is invariant under orientation preserving changes
of variables, and thus

Vo € H*([0,27]; [0, 27]) diffeomorphism with ¢’ > 0 on [0,27] : E;p(y,n) = Erp(yo@, nop) (1.2)

where ¢ : [0,27] — [0,27] is an orientation preserving reparameterization of y, see Section 2.2 for details. However, x
does change its sign if the change of variables is not orientation preserving. Therefore a change of orientation of y has to
be compensated by a change of sign in 7. An alternative formulation of the energy is obtained by choosing a fixed normal
field v associated to T and replacing x by ¥ = —(divy v)v. The last object is again a geometric object that does not change
upon any change of coordinates.

Since the curvature has units of one over length and since the integral has units of length, a scaling argument shows
that it is necessary to penalize the length of the curve in order to avoid a dilation to infinity. More precisely, for R € R,
R >0,

111 . A
E Ry, m) = z li /(‘K + 8div, )*ds + E/lvynlzds] +RL(y).
% ¥

This observation motivates the third term in the energy E; ;. In the mathematical literature, the modeling and the discus-
sion of variational models involving a coupling between the orientation of surfactants and the curvature of the interface
started in [5-7] and was also investigated in [8]. Liquid crystals on deformable surfaces were also considered in [9].

In this paper we restrict our attention to the minimization in the class of immersions. In contrast to the evolution prob-
lem for the gradient flow of the energy, where a natural initial configuration is given by an embedding and for which the
flow stays embedded for a positive time, minimization in the class of embeddings may not lead to an embedded minimizer.
Therefore we formulate the minimization in the class Hl.zmm. It is an open problem to characterize the relaxation of Eyy,
that is, to describe all pairs (y,7) € Hp,, X Hp,, that are limits of sequences (yx, 7 )ken € H2, , X Hp,, With uniformly
bounded energy.

Our model is inspired by and closely related to models for biological membranes as proposed by Canham [10] and
Helfrich [4]. The Helfrich functional has the general form

FH(S) = /Kl(H —H0)2 + KzK dC',
S

where S denotes a smooth surface in R3, H and K are the mean curvature and the Gauf3 curvature of S, respectively,
and x4, x,, H, are constants. In particular x; and x, are the relevant curvature—elastic moduli and H, is the spontaneous
curvature, originally introduced to allow for chemically different sides of the bilayer. In this model, the shape of the
membrane is a minimizer of F; among a suitable class of surfaces. In the last decades the study of the Helfrich functional
has inspired a lot of work in the mathematical community.

There are several contributions on the minimization problem [11, 12], even in the case of more than one surface [13-15].
Moreover there is no lack of stability results [16, 17] and also the associated Dirichlet boundary value problem has been
considered [18,19]. The Helfrich functional can be interpreted as the singular limit of a suitable approximating functional
defined on diffuse interfaces [20-22]. In [23, 24] an interfacial energy arising from the hydrophobic effect is taken into
account and it is shown that lipid bilayers favor partial localization and display resistance to bending, stretching and
fracture. Considerably less has been done concerning the associated evolution equations, but see, for example, [25, 26].



The paper is organized as follows: In Section 2 we introduce the notation used throughout the paper and summarize
results we use in the proofs. We include a short discussion of differential operators on curves and discuss the definition
of Er ), and relations between E;; and geometric functionals. The proof of the existence of minimizers for the variational
integral E;, is presented in Section 3 and the regularity in Section 4, which, in fact, contains regularity for arbitrary critical
points. The existence and regularity results include constraints on the length of the curve, the enclosed area, and the length
of the surfactants. The concluding Section 5 indicates possible extensions of our model to dynamic equations that arise as
the L? gradient flow of the functional and the Appendix contains the derivation of the Euler-Lagrange equations.

2 | NOTATION AND PRELIMINARY RESULTS

In this article we fix the orientation of a curve, and do not consider orientation reversing reparameterizations. Moreover,
the energy E;), depends only on derivatives of y and 7 and we need to introduce a normalization in order to obtain
uniqueness results. Unless otherwise stated, we therefore assume the following hypotheses which we refer to as (H):

(H1) the constants §, 4 € R satisfy 4 > 0; in general, no assumption on the sign of § is made; dependence of constants
on § and A is not indicated;
(H2) the functions (y,7) are elements of H. ([0, 27];R?) x H},,([0, 27]; R?) defined below, L(y) denotes the length of

y, and
L
[0, y(x)] = 2(—3;) for allx € [0, 27]; 2.1)
(H3) after a suitable translation it is assumed
2
/ ydx =0; (2.2)
0
(H4) since only V,7 is included in Epyy, it is supposed that
27
/ ndx =0. (2.3)
0

Therefore an L>-bound on the derivative of ¥ and 7 implies by Poincaré’s inequality a corresponding L>~bound on the
functions themselves. The assumption (H4) on 7 is not imposed in the presence of the constraint |7|?> = 1 on #; if this
constraint holds, then the L?>-norm of 7 is bounded by the length of the curve. We stress the fact that, because of the
invariance property (1.2) and the geometric nature of the problem, there can only be uniqueness up to reparameterization
and up to rigid motions. The hypotheses (H2), (H3) , and (H4) fix parameterization and translations, but rotations are
still allowed.

2.1 | Curves

A regular curve is a differentiable curve y : [0,27] — R? with 3,y # 0 and a plane curve is an element in the set H izmm
defined by
H? —~=H ([0,27];R?) ={y € H*([0,27];R?) : y regular, y(0) = y(27), 3,7(0) = d,y(27)}.

imm

All functions are extended by periodicity to R if needed and the set Hl.zmm is seen as an open subset of the Banach space
Hj,, where

HE,, = HE,,([0,27];R?) = {y € H*([0,27];R?) : 35y(0) = 8 y@n) for £ = 0,..,k—1}, keEN.

The arc length derivative of a regular curve is given by 4,y = |9,.y|~'0, 7. The change of variables that leads to an arc length
parameterization leaves the class of H? immersions invariant. More generally, if a regular curve admits a parameterization



of class C¥, then its reparameterization by arc length is still of class Ck (see [27, Theorem 1.2.11]). The proof can be adapted
to the Sobolev space H?, for a sketch see the Appendix.

The unit tangent vector is denoted by t = 3,y /|0,¥| = d,;¥ and the unit normal vector by v = Jt where J is the coun-
terclockwise rotation in the plane by 7 /2. The oriented curvature of a plane curve is the scalar function x : [0,27] -» R
defined by 3,7 = xv and the curvature vector ¥ is given by ¥ = 3,7 = dy. The length and the enclosed (signed) area of a

differentiable curve are interpreted as functionals L : H l.zmm — [0,0)and A : Hl.zmm — R defined by

27T 27
1 1
L: yHL(y>=/ 19.7(0)] dx = /1 ds, A:ym AQ)= —5/ <y,faxy>dx=—§/<y,v>ds.
0 14 0 14

Since 7 represents the local average of surfactants, it is reasonable to introduce a constraint on the length of » as well. For
simplicity, we choose the point wise constraint |5|?> = 1 which we formulate with the mapping

S : Hp,([0,27];R?) = Hp,,([0,27]), 7+ 9> = 1.

Since H},e, is a Banach algebra, S is defined on H},er. Our analysis uses the following theorem on the existence of Lagrange

multiplicators [28, Theorem 26.1]. We denote the Fréchet derivative of a differentiable function F : X — Y by F’, the
topological dual of a Banach space X by X*, and the adjoint operator for a linear and bounded map T € L(X,Y) by
T* € L(Y*,X5).

Theorem 1. Let X, Y be real Banach spaces, B(x,,r) C X, ® : B(x,,r) > Rand F : B(xy,r) - Y continuously differen-
tiable, F(x,) = 0 and R(F'(x,)) closed. Suppose also that

®(xg) = min{®(x) : x € B(xy,r) and F(x) = 0}.
Then there exist “Lagrange multipliers” 1 € R and y* € Y*, not all zero, such that
AD (xg) + (F'(x))*y* =0 inX*.
IfR(F'(x)) = Y, then A # 0.

We say that a constraint is admissible if its Fréchet derivative is onto. In view of the embedding H izmm < CL¥ for all
a € [0,1/2], there exists for all y, € H l.zmm anr > 0such that the ball with radiusr in H [21er is contained in H l.zmm. Therefore
the Fréchet derivatives L'(y,) and A’(y,) are defined and one can verify the assumptions in Theorem 1.

Lemma 1. Suppose thaty, € H., ([0,27];R?), |8,yo| = Lo/27, and that ny € Hy,, ([0, 27]; R?) with |no| = 1 0n [0, 27].
Then there exists an r > 0 such that the functionals L, A, and S define admissible constraints in the sense of Theorem 1 on
B(yy,r) CH f,e, which we refer to as (L), (A), and (S). Additionally, the functional G : Hl.zmm - R2,y = (L(y), A(y)) defines
an admissible constraint unless y, has constant curvature.

Proof. For simplicity we write ds for the arc length with respect to y,, we add the subscript O to the geometric quantities

related to y,, and we write Ly = L(y,). An integration by parts shows that for all functions ¢ € H})e,([o, 27];R?) and
1 € Hp,, ([0, 27]; R?)

2 2
Yoolel= [ (mowdr== [ @rng)dc== [t g)ds, S mln) = 2
0 0 14
while by the identity JT = —J and vy = Jd,7, /10,70l
1 2 1 2
Al =3 [ (03000 + rodoe)dx = =3 [ (@I00) = WTo0 ) dx == [n)ds,
0 0 14

see also [29, Lemma 2.2].



We first prove that the range of G'(y,) on H 11)er is one-dimensional if and only if %, is constant. In view of the formulas

for the Fréchet derivative, the assumption that x is constant is sufficient for the range of G being one-dimensional.
Conversely, suppose that the range is one-dimensional, that is, that there exists a A € R with

2w
LGolel = 1A Gole] < / (o — (v, @) ds = / (ko — D(J0,70.@)dx =0 forall p € HY,, .
Y 0

Since yo € Hizmm and 0,y € Hll)ers we may use for any g € C°([0, 27]) the test function ¢ = gy, = ZﬂgL(;lJaxyO. By the
fundamental lemma of the calculus of variations, one gets k¥, = 1 a.e.

Suppose now that x is not constant. Denote for an integrable function f its average by 7 We first show that there exists
a function f € CZ°((0, 27)) with f=0and /0271 xof dx # 0. To see this, suppose the assertion were not true. By definition
(as f(0) = f(2m) = 0), for all f € CL((0,27)) the function ' € CX((0, 27)) has average zero and therefore by a variant
of the fundamental lemma in the calculus of variations, often referred to as du Bois-Raymond Lemma, see [ [30], Lemma

2 on Page 10],

27
/ xf'dx=0 = x,=const,
0

a contradiction.

To prove the Lemma, it suffices to show that G and S define admissible constraints. To simplify constants we choose ¢ =
vy = 2L 18,y € Hll)e, and the last formula for L’ shows that G’ (y)[¢] = G/ (yo)[vo] = (— /y %o ds, —Ly). Since x, € L?,
this defines a vector in a double cone about the e, axis with opening angle less than 7.

To prove that G’ is onto, it thus suffices to find a different choice for ¢ which leads to a vector which is linearly inde-
pendent, for example, in a double cone about the e; axis with arbitrarily small opening angle. Fix f € C°((0,27)) with

f =0and /OZﬂ Ko f dx # 0. By definition of G’, G’ is defined for ¢ = fvo = f27L; '3,y € Hp,, with

& ol vl = (- / xof ds, - / fas)=—( / o/ ds)e, #0.
Y Y Y

Thus G’ (y,)[fvo] is parallel to the e, axis, does not vanish, and is not contained in the double cone about the e, axis that
was determined in the first step. Since H?,, lies dense in H),. and all expressions are linear in ¢, the map G is also onto

per per
if restricted to its domain H3,,.

Finally, if || = 1, then the map S’(n,)[-] is onto. Indeed, if 1 € H},e,([o, 27]) is given, then the function n = (1/2)yn,
satisfies S’ (1o)[n] = V. O
2.2 | Differential operators on curves and the definition of E;,,

In this section, we present differential operators on manifolds, their special form on curves in the plane, and we define
the notation used in the definition of Er;,. For a curve y € Hf,er([O, 27];R?) its trace T’ C R? is defined by I" = y([0, 27]).
Ify € H.  with

H2  =H. ([0,27];R*) ={y e H,

emb m imm

([0,27]; R?) : y simple and closed}

is an embedding, then T is an embedded manifold for which y~! is a chart and for which the usual geometric derivatives
of scalar functions f and arbitrary vector fields 7 along I are defined at p = y(x) by

Ox(foy)(x) d,y(x)
18, 7() 105yl

Vrf(p) =

divy 7(p) = <ax(7)°7/)(x) 8,7(x) >

10, y(X)| 7 18,7 (x)]

Moreover, Vi = e; @ Vi1, + e, ® V1, is a matrix which contains the gradients of the components as rows. Note that
Vr is the dual operator to divy in the following sense: suppose that f € H'(T') and € H(T; R?), then the formula for



integration by parts holds,

/fdivrnds=—/(Vrf,n)ds—/Kf(n,v)ds.

Tr r r

With these definitions in place, one defines the geometric functional
ES (T.7) = §di 2ds+ & [ |VeglPds + LT
LM( 577)_5 F(K+ 1V1"77) S+§ Fl 1"77| S+ ( )

IfyeH izmm is merely an immersion, then T' is not necessarily a manifold, but still many geometric quantities may be
defined locally as well. In fact, since H l.zmm < C1, for each x € [0, 27] there exists an € > 0 such that y restricted to (x —
£, X + £) is injective. Define 'y . = y((x — ¢, x + ¢)). Then 7’|(_x1_5,x+€) Ty = (x—¢x+e)isachart,andif f : T, > R
isa function and 7 : I', . — R? is a vector field, then V. f and divy 7 may be defined as before.

This local representation of T leads to a local definition of vector fields # along I' = y([0, 27]) with y € H l.zmm. In this
case, 7) is said to be a vector field along I'if it is defined by vector fields 7, . on all the sets ', . and if for (x — &, x + &) N (x" —
¢/, x" +¢') # @ the compatibility condition 7, . = 7,y o ony((x —&,x +¢) N (x’ — €', x” + ¢)) holds. Consequently, on (x —
€, X + €) the composition noy is defined. For simplicity we write oy without explicit reference to the local definition. We
say that » € H(T) if it is a vector field along T and 5oy is of class H'. With this local definition, one can extend EfM to
T = y([0, 27]) for curves that are not embeddings and vector fields # along I based on the local definition.

However, this local definition requires a local decomposition of [0,27] for a given curve y € Hizmm and is not well
adapted to minimization problems. Therefore we use the following identification in the case of embeddings as a guide-
line for the definition of the functional E;;; which consequently coincides with the corresponding functional using the
usual geometric definitions in the case of embeddings. If y is an embedding with trace I, then there is a one-to-one corre-
spondence between points p € I' and x € [0, 27r] and we can identify a function f : I - R and a vector fieldn : T — R

with the function [ : [0,27] — R, x = f(x) = (foy)(x) and the vector field 77 : [0,277] — R?, x += 7(x) = (oy)(x). We
define / fds= [, fOOlo.y(0)ldx,

0,f Oyy
10x¥1 10x¥1’

_ 0.7 8
v, () = ) xy>

div, n(x) = ,
1) <|axy| 15,71

and we see that the formula for integration by parts now holds in the form

fdiv, 7ds = — [(V,f,Mds— [ xf(7,v)ds.
s == [ fnes- |

The definition of the energy EfM for a simple closed curve is now given in the chart y by

27 ~ 2 2
1 0,7 Oy A
E¢ (T, ):—/ (K(x)+5< S >> 3 dx+—/
w0 =3 Bl 181 /) 1013

and this expression serves as definition of Ey,; in the case that y is not an embedding. The minimization for Ey, is thus
carried out on function spaces defined on [0, 27]. From now on, we write f = f and 7 = 7] in the definition of V, and
divy.~In pargcular, if € C1([0, 27]; [0, 27]) is a strictly increasing diffeomorphism and if 7 = yop and f = fog, then at
p=7) =7(e~'(x) = yx),

O] o Ou ?
1971 < 18571

[0xyldx + L(y) = Erpm (¥, 1)

af 0,7
10,71 19,71

0xf Oxy
1071 10|

0xf Oy
10,71 10|

Vifo) = ) = (P = (x) =V, f(x).

The calculation for div, 7 is analogous and establishes (1.2). Along the same lines, the local definition of EEM is equivalent
to the definition of Ey ;.



3 | EXISTENCE OF MINIMIZERS

The existence of minimizers follows with the direct method in the calculus of variations. If (¥, 9 )ken iS @ minimizing
sequence, then, by (1.2), we may assume that |y, | = L(y,)/27 and that L(y;) is bounded by the energy. The Gauss-Bonnet
theorem provides a uniform L?>~bound on the curvature which, under the hypothesis (H), for a plane curve, gives a uniform
bound on the H2-norm of y. Weak compactness in this space together with the compact embedding into H' and the lower
semicontinuity of the variational integral imply the assertion.

Lemma 2 (Bounds on geometric quantities). Let (y,7) € H?

om0, 2], R?) X H ., .([0, 27]; R?) satisfy the a priori
bound Ep (y,n) < Cy < 0. Then

2(A +6%) ~ _ 2%
2qs < 24T M o =—"2 <L) <C.
/yx ds< ———Co=C and ¢ Codt ) S () <Co

Proof. For simplicity we assume § > 0, the proof for § < 0 is analogous. Moreover, if a plane curve is a simple closed
curve with positive orientation, then the total curvature is 27z. More generally, if the curve is a plane curve, then the total
curvature is an integer multiple of 277 [31] and does not vanish either. After changing the orientation of y and the sign of
7, if needed, we may assume that the total curvature of y is greater than or equal to 27.

We begin by showing the bound on the L>-norm of the curvature of y. We first derive a lower bound on the quantity
(x + & div, 1)* in terms of x* and (div, 7)*. Using the generalized Young’s inequality in the form |ab| < (¢/2)a* + 1/(2¢)b*
with a = §x, b = div,pande = 1/(4 + 6%) > 0 we get

82, A48
— K —
201 + 62) 2

. ) 2
Srdiv, n > (div, 7). (3.1)

Since || div, 9llz2 < [|9s7]| 12, We obtain for E defined in (1.1)

K28, . A1
E(y,n) > 5 + E(dlv}, n)* + dxdiv, n + §|asn| ds
! (3.2)

A2 A 2 A A
> [ Ay Logmiras> —2 [2as,
‘/y2(1+52) 2(vyn) 510 S—z(z+52)/yk i

and hence the L?-bound for . Since E;; = E + L, the upper bound on L follows from the assumption. To derive a lower
bound, one uses Fenchel’s Theorem, see [32, Section 5.7, Theorem 3], together with H6lder’s inequality,

27 < /y|1<|ds < </y;<2ds>1/2(/ylds>l/2, (3.3)

that is,
2
/ ds > (3.4)
v L(y)
and together with the L2-bound on the curvature (3.2) one obtains L(y) > 472/C = &> 0. O

Lemma 3 (Lower bound on the energy). For (y,7) € H;, ([0,27];R?) X H,,.([0, 27]; R?) the following inequality for

E;js holds true,
22
E ,n) =2 e 35
(1) ”\//1+52 (3.5)



Proof. We conclude with the lower bounds on E in (3.2) and ||7<||§ in (3.4) that

A 22m* 1 24
E ,N) > —————— 2ds+ L(y) > c——+L(y) =2 —
Ly ")—2(/1+52)/y’< ST 2 s oy VIO 2 e

where we use in the last inequality the estimate b/L + L > 2\/5 for b > 0. |

Theorem 2 (Existence of minimizers for E; ;). Suppose that 5, 1 € R and that A > 0. Then there exists a minimizer of
the functional E;, : H>. ([0,27]; R?) x H})er([O, 27]; R?) — R subject to the constraints (2.2) and (2.3).

mm

Proof. The energy is nonnegative and finite for all (y,7) € H>

mm

([0, 27]; R?) x H},,.([0, 27]; R?). Hence

iglf ) Ernvy,m)=m>0.
(rmeH;, XH

imm per

Choose a minimizing sequence (yi, Ni)ken in Hy, ([0,27];R?) x H},,.([0,27]; R?) and assume that Ey(7y, i) < Cos
Co = 2m + 1, and that, by (1.2), |0,¥x| = L(yx)/27. Recall that we always assume (2.2) and (2.3), that is, the averages of y;
and 7, vanish. By Lemma 2, L(y;,) is uniformly bounded from above and below and we may assume that L(y;) — Lo, €

(0, 00) for k — 0. Since |0, ¥/ is constant in x,

(2m)?
: |axx7k| > —zlaxxJ/kl .

k| = 1055y | = ==
SS |ax7/k|2 CO

1 1
—0, | ——9
R "<|axyk| xy")

By the bounds on L(y;) and on the L?>-norm of x;, in Lemma 2

27 C2
L(yr) 0

2 . <
/0 [0 y|°dx =27 2n)? >

as well as

27 2 27 2
|0 | |0 |
/ Ki dsy =/ <—xxy}{2 10,7k | dx =/ —xxy,€3 dx
” 0 10x ¥kl o 19x¥kl

and thus

27 3 A3
L(ri) cC
/ |axxyk|2dx = <2_nl,€> / |Kk|2dsk < 8_2 .
0 Yk T

By Poincaré’s inequality, which is applicable in view of (2.2), we deduce the uniform bound ||y || 2(jo,27):r2) < C With a
suitable constant C < co. Moreover, (2.3) holds,

1 2 20T 27
IVy il ds = [ Vg1 @ il dsy = 3 / 10,7k |* dx > C_/ 0,7k |* dx
Vi Vi | xykl 0 0Jo

and, again by Poincaré€’s inequality, |9 ||f1(j0,27);r2) i uniformly bounded as well. Consequently there exists a sub-
sequence (7 Nl = (Vi » Tk, Inens SUch that (7, 7)nen converges weakly in Hz,, ([0, 27]; R) X Hp,, ([0, 27]; R?) to

(Yo0» Moo )- By the compact embedding of Sobolev spaces into Holder spaces one gets for every a € (0, %) the strong conver-

gence in C%([0, 27r]; R?) x C%([0, 27]; R?). In particular, the length functional is continuous with respect to convergence
in C1* and we infer L(y,) = Ly, > 0and [0,7 | = Lo /(27) > 0. Thus y, € Hl.zmm. Note that

1
Oxx¥n s Vynnn = Waxnn ®Ty.

X, = ————
|ax7n|2 pe l’ll



Since y, = Yo in C1%, 7, = 7, in C* and we find x,, = %, in L? and V,, 1, = V,,_17,, in L? for n — 0. Moreover, the
sequences [0, o |/?(x, + 8 div, 1,) : [0,27] — R and [0,7o,|"/?V,, 7, : [0,27] — R are weakly convergent in L and
uniformly bounded in L? by a constant C;. Hence

2
/ (x, + &div, 1,)*ds, = / (k, + 8div, 1,)%(9,y,|dx
Yn 0

2 27
2 / (k, +6 div}’n 77n)2|5x7m| dx — / (kn +6 divyn nn)2|ax7/n — 01Vl dx
0 0

and in view of the convergence of (y,)) in C* and lower semicontinuity of the norm with respect to weak convergence
we find for alle > 0

lim inf/ (x, + &div, 1,)*ds, > / (koo + 8div, n)*dsy, — Cie.
n—oo

Therefore the first term in Ej , is sequentially lower semicontinuous with respect to the given convergence, the argument
for the second term is analogous, and the third term is in fact continuous. O

We now consider the variational integral E;; subject to the constraints (A) and (S), that is, we seek for given Ay € R
minimizing pairs (y,7) € Hizmm([O, 2r]; R?) x H},er([o, 27]; R?) with A(y) = Ay and S(n) = 0. Since E;,; penalizes the
length of the curve, we do not include the constraint on the length of the curve which, due to the isoperimetric inequality,
requires the condition |A,| < L(y)?/4x. Recall that we do not impose the condition (2.3), that the average of 7 vanishes,
if the length of 7 is prescribed.

Corollary 1 (Ep;,, With constraints). Fix J, 4, A, € R with 1 > 0. Then the variational problem

minimize Epp;in A = {(y,n) € H?

imm

([0,27]; R?) X Hp,,.([0,27];R?) 1 A(y) = Ay, S() = 0}
has a solution.

Proof. If Ay # 0, then let y be a circle with area A, (parameterized clockwise or counterclockwise depending on the
sign of A) and let 7 = v be a unit normal vector field. Then (y,7) € A. If instead Ay = 0, let y parameterize a figure
eight and again let 7 = v be a unit normal vector field. Also in this case (y,7) € A. The assertion follows from the direct
method in the calculus of variations applied to minimizing sequences (¥, i )xen With ¥, of vanishing mean value since
the constraints (A) and (S) are continuous with respect to the convergence established in the proof of Theorem 2, that
is, strong convergence in H',. X L?> which implies, up to a further subsequence, convergence point wise a.e. for ;.. Since

per
|| = 1 almost everywhere, the L?~bound for 7 is immediate. |

Recall that E defined in (1.1) does not include the penalization of the length.

Corollary 2 (E with constraints). Fix§, 4, Ly, Ag € RwithA > 0,L, > 0and A, € [—Lg /4, L2 /Ar]. Then thevariational
problem

minimize E in A = {(y,n) € H?

imm

([0,27]; R?) x Hp,,.([0,27]; R?) : L(y) = Lo, A(y) = Ao, S() = 0}
has a solution.

Proof. For |Ag| = L(Z) /47 let y parameterize (clockwise or counterclockwise depending on the sign of A,) a circle with area
Ay and let 7 = v be a unit normal vector field. If Ay = 0let y be a figure eight with length L. In the case 0 < |A4y| < L(Z) /AT
let y parameterize an ellipse with length L, and area A (again clockwise or counterclockwise depending on the sign of A,)
and choose 7 = v. In all cases, (y,7) € A. The assertion follows from the direct method in the calculus of variations since
the constraints (L), (A), (S) are continuous with respect to the convergence established in the proof of Theorem 2. O



4 | REGULARITY OF CRITICAL POINTS

In view of the invariance under reparameterization (1.2), the natural question concerning regularity addresses the regu-
larity of solutions (y, n) for which y has been parameterized proportional to arc length. In this section we prove regularity
of critical points, that is, for solutions of the Euler-Lagrange equations for E; ,; and for the corresponding necessary condi-
tions for minima that result from the theorem on Lagrangian multipliers in the presence of some of the constraints (L), (A),
(S) for E;; or E. If one considers E, one has to include at least the constraint (L). For completeness, the Euler-Lagrange
equations for the functionals are derived in Lemma Al. Set

Ce([0,27];R?) = fy € C([0,27]; R?) : y(0) =y (27) for all £ € Ny},

Remark 1. In this section, we focus on the regularity for ¥ which implies regularity of y. Indeed, by the fundamental
theorem of the local theory of curves in the plane, given x either of class C¥([0,27]) or of class W’P, there exists, up
to rigid motion of the plane, a unique regular curve 7 either of class CK*2([0, 27]) or of class W¢*+?P parameterized by
arc length with curvature x (see [ [32], page 19 and Excercise 9 page 24]). Since we only consider critical points in H l.zmm,
this curve coincides, up to a rigid motion, with the given curve y. Moreover, once regularity has been established in
W!+2P  the same regularity follows in Wg:rz,p since we may extend all functions in the existence theorem by periodicity

tol = [—2m,4m] and argue on I.

Remark 2. Notice that our results do not say anything on regularity of the trace I'. For example, we are not aware of
sufficient conditions that guarantee that minimizers are simple closed curves.

The proof of the regularity statement proceeds by duality, as it is illustrated in the following lemma, that can be found for
example, in [33]. Since the key quantity in the regularity statements is the term x + & div, 7, we refer to Wk regularity

if this term is in Wk,

Lemma 4 [33, Corollary 6.13, Exercise 6.7]. Suppose that Q C R" isopen, f € L}OC(Q), pe(l,o],1/p+1/p =1, me
No, and that there exists a constant C such that for all k € Ny withk < mand all { € CZ(Q)

/Q fok¢ dx

Then f € W™P(Q) and there exists a constant C = C(m, Cy) with || f||,, < C.

< C0||§||LP/(Q)'

Proposition 1 (L* bounds for Ej ;). Suppose that (H) holds. If a curvey € H l.zmm([O, 27]; R?) parameterized proportional

to arc length together with a vector field n € H},e,([o, 27];R?) is a critical point of Epy;, then y € Wf,’;f([o, 27];R?) and
nE Wll,’e‘f([O, 27]; R?). Moreover, there exists a constant C = C(||y |2, |19l with

Y llw2e + Inllwre < CUIY a2, IllE) -

Proof. By assumption |d,y| = L(y)/27. We first prove L®-regularity for the expression x + & div,, 7. If (y,7) is a critical
point of E,,, then the first variation with respect to y vanishes and by (A3) for all ¢ € HIZ,

er

. 3 . 2 A .
/(x + & div, n)(3ssp, vy ds = /(E(K +6div,n) + §|asn|2 - 1><T, d5) — 8(x + & div, 1)(3, d5p) ds. (4.1)
v v

We denote the right-hand side of (4.1) by F(y,n, ). Since y € Hl.zmm, the L?>-norm of the curvature is bounded and since
H? < C! we find

e + &8 divy 9l < CWllx + 8 divy nllzz < CUIllm2, 1llH)



and with Hoélder’s inequality in the last integral,

F(m.9)] < C (I + 6 div, nlIZ, + 100112, + 1) 18,@llzeo < CClyllsas Inllligllw

For g € Cp;,([0, 27]) we define with A, B € R?

(2(”;2 / / g(t)v(t)dtdy+< L > <L(Y)2x >B

where we choose A and B in such a way that o € H

per The conditions are

2 27 y )
0= 9(0) = pam) = 2L / / g(tw(t)dedy + LA + (L(g) >B,
0 0

(27)?
L(y) _ _ L(y)? Ly) , . Ly)*
27 A= 0:0(0) =091 = 755 /0 gyt dt + —~A+ = —B.

The second equation determines B and the first equation A with

27 2 y
1
1Bl < o= / g0l dx < Cligl s A1 < Ciyllaligln +CCliyllae) / / 2Ol dtdy < CUyllligly:
0 0 0

Consequently ¢ € H> per With

O =8v+B, llollwz < Clylla2)lIgllL: - (4.2)
We insert ¢ in (4.1) and find

[+ 8, ne + B s = Frg)
Y
hence for all g € Cp;,.([0, 27r]) with the estimate for F(y, 7, ¢)
/(K + 8div, n)gds < CUlyllgz, IMlla)ll@llwzr + llx + 8 divy, 9l KB, V)l < CUlY gz, Inlla)lIglLe - (4.3)
4

By duality, see Lemma 4,
k+ddivynp € L™, |x+38divynllre < CUY a2, IMllE)-

The variation (A4) with respect to z implies with 1 # 0 and the L*-bound just obtained
/1/<5s77,5s¢>d8 == /5(K +8div, ) div, pds < C(ly gz, I9IlaONPlwrr - (4.4)
14 14

Foro € Cp,,

([0, 27]; R?) define
x 2
P(x) = %/o o(t)dt — %Ax, A= /0 o®)dt, |A|<Clollr, ®lwir < CUyllp)loll . (4.5)

We insert 3 with 6,3 = o0 — A in (4.4),

l/@sn,d) ds < /1/(5577,1‘1) ds + CUlY L2 ImligoOliolie < CAY a2, Inlla)llolip . (4.6)
14 14



and conclude again by duality as in Lemma 4 that

9 €L, 10l < CUYllp2, Il -

Both estimates together imply ¥ € L*([0, 27]) and the assertion of the proposition in view of Remark 1. O

Proposition 2 (W' bounds for E; ;). Suppose that (H) holds. If a curve y € H>

imm

tional to arc length together with a vector field n € H},er([o, 27); R?) is a critical point of Ey;, theny € W;’;:f([o, 27]) and

7 E WIZ,’;,"([O, 27]; R?). Moreover, there exists a constant C = C(||y |2, |19l 1) with

([0,27]; R?) parameterized propor-

17 llwse + Illwze < CAYIE2 91D

Proof. We argue as in the proof of proposition 1 and define for g € Cp;,([0, 27]) with L(y) = [|0,7]l, A € R?

Ly [ L(y) _ [
o) =50 [ aomoar-ELax, A= [ govar, 141<Cliel

Since v € Hll)e,, the function g is an admissible test function with ¢ € le,e,, Osp = gv — A,

(G55, v) = (58v —xgT,v) = 6,8,  lI@llwrr < C)ligher

and (4.1) can be written as

. 3 . 2 A .
/(K+5dlvy77)6sgds=/(§(x+5d1vyn) +Eldsnlz—1>(r,asqo)—5(K+5d1vyn)<6sn,6sqo)ds.
% v

By the L*-bounds in Proposition 1,
/(K +8divy n)dsgds < CUlyllz2, InllzDlgy — Ally < CUIY g2, Inlla)lIgz - 4.7
/4

By duality, see Lemma 4, the two bounds (4.3) and (4.7) imply x + & div, 7 € W', This additional regularity allows us a

partial integration in the right-hand side of (4.4), and we find for all 3 = o € Cp,([0, 27]; R?)

A/(@Sn,am ds = — /5(1< + &div, n)div, ods
¥ 4
(4.8)

= /5(VS(K +6div, n),0)ds + /5(1< + & divy, n)x(o,v)ds < C(S, llx + 8 div,, nllwre, VLo, Il Leo)lloll L1 -
Y Y

The estimates (4.6) and (4.8) imply by duality 7 € W', that is € W>, and consequently div, 7 € W and x €
WL, The assertion follows by Remark 1. O

After these preparations we are in a position to prove full regularity.
Theorem 3 (Regularity for critical points of E; ;). Suppose that (H) holds. If a curvey € H 12 am ([0, 27 ]; R?) parameter-
ized proportional to arc length together with a vector field n € Hll,e,([O, 27]; R?) is a critical point of the functional Eyy;, then

7,1 € Cpe, ([0, 27]; R2). Moreover, for all k € N there exists a constant C, = Ci (|7 |2, |9l 1) with

7 llwiszeo + 1llwrerre < Cellly gz, 191l E)-



Proof. The proof follows by induction based on Lemma 4. Indeed, we prove that for all m € N, all g € C,.([0, 27]),

per
o € Cp,([0,27]; R?)and all k € Ny, k < m,

/(K + & div, magg ds < CUly 2, Imlla)lgllL /1/<5s77,5§‘0> ds < C(llyllmzs InllOlgl -
14 14

Then x + §div, n € Wp,",n € WI’,”;L"", k€ Wy andy € WZ’JZ’“’

By (4.3),(4.7), (4.6), (4.8) the assertion holds for m = 1 and Proposition 2 states the corresponding regularity, y € we

per >

together with the corresponding estimates.

x € Wi and nE wie together with the estimate. Suppose now that m > 2 and that the assertion holds for m — 1.

per per
. . . k-1, k, k+1, k,
We need to establish the estimates for k = m and assume that x + div, 7 € Wy, ', n € W0, ¥y € W, , v € WP

o r([0,27]) we use @ = af_zgv as a test function in (4.1) and calculate first

together with the estimate. For g € Cp;,
(955, v) = (0(8 " gv + 6,7°g8,v),v) = 95g + 28 g8, v) + (8, gd,sv, v)

= 0kg — (05 2gd,(xr),v) = kg — x?952g.

From (4.1) we obtain with (3,¢,7) = (3 'gv + 652gd,v, 1) = —x3"2g
/(K + 8 div, n)dkgds = /KZ(K + 8 div, )0k g ds
Y Y
3 - 2, A 2 k-2 . k-1 k-2
+ (E(K +8div,n)” + 1l — 1)(—K)ds g —8(x+8div,n) (8,05 gy + 85 ?gd,v) ds.
¥

In view of the regularity already established, we may integrate by parts in the terms involving derivatives of g on the
right-hand side and obtain together with the estimates that have been established

/(K + & div, mdsg ds < CUlyllgz, Inlla)Ngls - (4.9)
14

Since this estimate holds for all k < m we conclude by duality x + § div, € W, see Lemma 4 together with the cor-

responding estimates. Finally fix o € Cp,,([0, 27]; R?); we return to (4.8) and use the test function 6§_IJ to obtain

A / (8sn,0%c) ds = — / 8(x + 8 div, ) div, 65 o ds
14 Y

= /5(Vs(1< +6div,n),05 o) ds + /S(K + 8 div, Nx(df o, v)ds (4.10)
Y Y

< C(llx + 8 divy llwkeo, 1V lwre-re0, Ixllwr-re)llollir < CUIY 2 + Illa)No L -

Here all integrations by parts are justified on the right-hand side in view of the regularity already established. Since this
estimate holds for all k < m, d;n € W™®, x € W™ and therefore y € W"+>* see Remark 1. O

Corollary 3. Fix 6, A € Rwith 1 > 0. There exist (y,n) € Hl.zmm([O, 27]; R?) x Hllm([o, 27]; R?) with y parameterized by arc

length which satisfy equality in (3.5). In fact, any such y is a simple curve and the trace of y is a circle of radius ﬁ/ V24 + 82).
The vector field 7 is uniquely defined if one imposes the additional assumption (2.3). In this case, it is a normal vector field
given by n = § /(A + 6%)v. Consequently the variational problem for Ey; together with the constraints (2.2) and (2.3) has a
unique minimizer which is parameterized by arc length.

Proof. As in Lemma 2 we assume that § > 0. If the functions (y,n) satisfy equality in (3.5), then equality holds in all
inequalities in the derivation of the lower bound for the energy. Equality in Holder’s inequality in (3.3) implies that |x| is
constant and since x is by Theorem 3 smooth, x is constant and, after a change of the orientation of y and of the sign of



7, positive. Thus y defines a circle, possibly multiply covered, and equality in Youngs’s inequality in (3.1) leads in view of
the lower bound to

LK=—diVy77-\//1+52 & div},77=—L K
Vai+e8? A+

In particular, div, 7 is constant. In the last estimate in (3.2) we find in case of equality that
10sn - 7| = | divy nl = |Vy77| = |9n ® 7| = |9;7]
and 0,7 is parallel to T with constant length. Minimization in L(y) in the lower bound in Lemma 3 implies

1 A+6°
LG2 ~ 2an2

and with n the number of coverings of the circle (with n = 1 if y is a simple closed curve and therefore a circle)

2272 y
L(y)* = @naR)? = ISR
)" =CnaRy’ =75 < 22 + 82)

Since we assume x > 0,

K=

2 2 O\ 2n2(1 + 62
_ RO VAN o oVav e
A Va+s Vi+ea

1
R
and hence

V2n2é . °)
Vizei | Ave

| div, n| =

We compute the energy and find

1 L , 1 2 \1°., A1 [ 2w
ELM=§/}/(K+5d1Vy77) ds+5/y|Vy77| dS+L(y):§/y[<1_/l+52>K] ds+5/ymds+L(y)

_L (2 N 2w0+8) | L) 2
-2 \1+82 A 2 1+¢82

+ L(y)

L) A 52 _ _ 2\
== </1+52+/1+52>-2n2+L(y)_(n2+1)L(y)_(n2+1)7r</1+52>

and hence n = 1. Thus y isa circle. It remains to determine #. For simplicity we consider the arc length parameterization of

y. By assumption, 7 and v are in Hp,,,[0, L(y)]) and we may write 7) = at + by with a, b € H,,,([0, L(y)]). Since d; = ¢,

¢y € R, the functions a and b satisfy

_ _ 0 1\/da a _ (0O
d,n = (6a — xb)T + (ka + d;b)y = ¢y or <1 0><6sb>+K<—b)_<CO>'

This is an inhomogeneous system of linear differential equations with constant coefficients and the general solution is

given by
a(s)\ _ sin(xs) cos(xs) 0
<b(s)> = a (cos(xs)) te <— sin(xs)) + <—co/x>



and hence with y(s) = (1/x)(cos(xs), sin(xs))

— cos(xs)
—sin(xs)

— sin(xs)

n= _(;_OV + (cy sin(xs) + ¢, COS(KS))( cos(xs)

) + (cy cos(xs) — ¢, sin(xs))(

o
= —?V — (1€ + e, .

If (2.3) holds, then ¢; = ¢, = 0and 7 = —(cy/x)v. Since div, 7 = ¢y = —=6x /(1 + §%), we conclude ¢y = —6% /(4 + §%) and
this is the assertion of the corollary. O
We consider now the regularity of critical points of the constrained problems.
Proposition 3 (L*-bounds for E; ; with constraints). Suppose that (H) holds. If a curvey € H l.zmm([O, 27]; R?) param-
eterized proportional to arc length together with a vector fieldn € H}?er([O, 27]; R?) is a critical point of E; ,; subject to the con-
straints (A) and (S), theny € W12,’8°,°([0, 27];R?)andn € W},’Q"([O, 27]; R?). Moreover, there exists a Lagrange multiplier p* €
nglr([o, 27]), p* =Py + 059 with Py, ) € L*([0,27]) associated to the constraint (S), which satisfies %} € L*([0, 27]),
and there exists a constant C = C(||¥ |l g2, 19|l g2 |10 || gg-1) with

Iy llwzes + I9llwre + 197 e < CCAY e, I lEs 19 1-1) -

; 2 2 ; 2 2
Proof. Since H;  is an open subset in H,,, there exists an r > 0 such that B(y,r) C H;, = C Hp,,. Therefore we may
consider (y,7) as a minimizer of

Ery : B, =B((y.n).r)cX - R, X =H;,([0,27];R?) x H},,([0, 27]; R?)

subject to the given constraints. According to [ [34], Proposition 1.2], the map Ey,, is Fréchet differentiable in B, if the
partial Fréchet derivatives with respect to y and » are continuous in B,. By (A3) and (A4), the partial Gateaux derivatives

in the directions ¢ € H},, and ) € H,, are given for (7,7) € B, by

o _ L _ ~ - 3 . AL . .
0, Eu(7o)9) = [ G+ 8y Mg 7+ 8057 8ipM ds + [ (=306 + divy 7 = S10a71 +1) . 050 s,
7 7

8, Ern (7, 7)) = / 8(% + 8 divy ) div; Y ds + A / (3:7,05p) ds.
Y Y

The Gateaux derivatives define bounded and linear functionals, therefore the partial Fréchet derivatives exist, and by
Holder’s inequality one sees that the Fréchet derivatives are continuous on B((y,7),r) C X. Finally, by Lemma 1 the con-
straints (A) and (S) are admissible constraints and we may use Theorem 1 with ® = E;,,, B, C X as constructed and the
constraint

F:X—RxHp(027]) =Y, (p.9)r (Al) 19> - 1).

Thus there exists a Lagrange multiplier y* € Y* such that E iM(y, )+ (F'(y,n))*y* = 0inX*.Since Y* = R x H;el,, there

exista € Rand ¢* € Hljelr such that for all (¢, ) € X the identity

(B[ @m), (@, 9)) + (3 F'(r, )X, $)) = 8, Epp (v, mle] + 6, Epae (v, Ml + aA' )le] + (9, S'()[¥]) = 0

holds. If one chooses 3 = 0, then one finds for all ¢ € H f,e, that the equation that corresponds to (4.1) has an additional
term on the right-hand side,

. 3 . 2 A .
/(K+5dlvyn)(assqo,v)ds= /(§(K+5dlvy77) +5|68n|2—1><r,as¢>—5(K+5dlvyn)(asn,asga)—a(v,qo)ds.
% %

The additional term is of lower order compared to the other terms on the right-hand side since v = Jr has the same
regularity as 7 and the arguments in the proof of Proposition 1 imply that x + & div, 7 € L. The choice of ¢ = 0 leads



with (4.4) and 9* = 97 + 9,97, ¥;, ¥} € L*([0,27]), to

A / (37,8 ds = — / 50 + 8 div, p)div, pds — (9*, S Y1)
! ! (4.11)
- — /5(1{ + 8div, ) div, p ds — 2/¢g<n,¢> — ¥8,(n, Y)ds.
Y V4

We expand the derivative and rearrange terms
[ (a0 - 2uim.ow)ds == [ o0+ sdiv, maivywds -2 [ g - i Ganpids. (412)
/4 ¥ /4

and use ¢ as an anti-derivative of ¢ as in (4.5) as a test function. Since |||z < C||Y]lw11 < CUlYllg2)lIollz:, we obtain

forall o € Cpy,.([0,27]; R?)

/(lasn —2¢{n,0)ds < /</15s77 =297, A) ds + Crm, 9ol < CUY ez, 19l 19 -0llo
14 14

and by duality h = 10,7 — 217 defines an element in L* and the norm is bounded by the constant on the right-hand
side. By assumption, 7 satisfies the constraint ||? = 1 and (d,%,7) = 0. Consequently ;7 € L*® and, as in Proposition 1,

x€L®andy € W;f,". This argument also proves that 7 = —(1/2)(h,n) € L™ together with an estimate. O
Proposition 4 (W'*-bounds for E;,; with constraints). Suppose that (H) holds. If a curve y € Hfmm([o, 27]; R?)

parameterized proportional to arc length together with a vector field n € Hll,er([o, 27];R?) is a critical point of Eyr; sub-

ject to the constraints (A) and (S), then y € W?,’e"f([o, 27)), n € Wf,’:;’([o, 27]), ¥y € L™, and ¥} € Wb Moreover, there
exists a constant C = C(||y |2, [Inll 1) with

I7llwsee + I9llw2e + 1ol + 197 lwreo < CUY Nz, Il 1™ 1g-1)-

Proof. The regularity 6,7 € L*® shown in Proposition 3 implies as in the proof of Proposition 2 that x + § div, n € whe,

With this information, one infers from (4.12) with ) = o € c;;‘;r([o, 27]; R?) after an integration by parts in the first term

on the right-hand side that 3,(Ad,n — 2yin) € L™, that is, h € W 5. Thus ¥ = —(1/2)(h,n) € W sy and 9,37 € L*.

Consequently, 10,n = h + 29} € Wll;;f and we may rewrite (4.11) as

2 /yng(n, Pyds=41 /y (O4sm, P)ds — /yé(V,,(K +&div, ),9) + 8(x +  div,, n)x(Pp, v) ds — 2 /6S¢’1k(77, P)ds.

v

The special choice 3 = gn with g € C;,.([0, 27]) implies that

/%‘gds < CUY Mz Il 1 N-118 21
14

and this estimate implies 3; € L™ together with the estimate. ]

Theorem 4 (Regularity for critical points of E; 5, and E with constraints). Fix §, 4, Ly, A € Rwith 1> 0, Ly >0
and assume thaty € Hfmm([o, 27]; R?) is parameterized proportional to arc length and that n € H},er([O, 27];R2). If (7, 1)
is

(i) a critical point of Er s subject to the constraints (A) and (S) or
(ii) a critical point of E subject to the constraints (L), (A), and (S) with x not constant and A, € [—L§/47r, L(z)/47'[],



theny, n € Cp,,([0,27]; R?), Yo ¥y € Cper([0,27]). There exists a constant Cy. = Ci(|ly |2, Inllgs 191l -1), k € N, with

Y lwirzeo + Inllwisreo + 195 llwkeo + 197 lwkeo < Clllyllmz, Mg, 1911-1) -

Proof.

(i) The proof follows by induction as in Theorem 3 and we sketch the key estimate which states that forall k € N, k >

1, x € W’;;f;’, y € WI;:,Z"X’, neE W’;:rl"x’, by € nge_rl"x’, Pie W];’e“f together with the corresponding estimates. The

case k = 1 is stated in Proposition 4. Suppose thus that the assertion holds for k — 1 > 1. We use ¢ = 65_2g and y =
65_10 with g € Cp;,([0,27]) and o € Cp;,.([0, 27]; R?) as test functions as in Proposition 4. This choice implies x +

per
§div,n e W’;;,"," and h = 19;n — 2 € W’;;‘f’ together with the corresponding estimates. Consequently 77 € W1,
x € WI;;;" andy € W;:rz’m. Then ¢} € W’;;‘f and finally ¢ € W’;e_rl"x’.

(ii) The proof proceeds analogously starting with the variations of E in (A1) and (A2). By Lemma 1, the constraints (L), (A)
, and (S) are admissible constraints and also the geometric constraint (G) which combines (L) and (A) is admissible
if y does not have constant curvature. Thus we may use Theorem 1 with ® = E, B, C X as in Proposition 3 and the
constraint

F:X > RxRxHy(027) =Y, (p.9) (G, P) = Lp), Alp), [$|* —1).

Thus there exists a Lagrange multiplier y* € Y* such that E'(y,n) + (F'(y,1))*y* = 0 in X*. The multiplier y* is now
given by a triple (¢, a,3™) with ¢, a € R and y* € Hljelr. The variation with respect to y contains from the constraint on
the length the term ¢ fy (@, v)ds = —¢€ /y (1, d,¢)ds. This term is also present in the variation of E;;,; (with a constant one

in front of it) and we conclude as before. |

5 | CONCLUSIONS

In this article, we discussed existence of minimizers for the variational problem involving the energy E;,,, derived the
Euler-Lagrange system, and proved that critical points (y,#), and therefore in particular minimizers, are smooth if y is
parameterized proportional to arc length. The main motivation for the formulation of Ey,, is the geometric functional
EfM for simple plane curves where one can interpret 7 as a vector field along the curve and where the surface gradient
and the surface divergence are the usual geometric objects. One of the advantages of the formulation Ej, is the fact that
the variation of the energy with respect to the curve can be calculated without modeling assumptions concerning the
vector field. More precisely, if one interprets 7 as a vector field on the trace I of a simple closed curve y, then a variation
of y changes its trace and one needs an extension of the vector field 7 to a neighborhood of I'. The usual approach for the
derivation of the variation of EfM is to consider normal variations y, = y + epv of y and to extend 7 as a constant vector
field along the trace € — y.(x) for all x € [0,27]. The calculation for normal variations is carried out in the Appendix
and leads to the following notion of solution for the negative L?>~gradient flow. A family of smooth and regular plane
closed curvesy : [0,T] x [0,27] — R? and a family of smooth vector fields 7 : [0,T] X [0,27] — R?is said to be a smooth
solution of the L?~gradient flow dynamics of the functional Ej ; if

Byt = [ =0y, + 8 dliv, ) + 83,[c + & div, )Gy, v)] = 20e + v, )k — 21k + x|,
9ym = Adym + 6V (x + 8 div,, n) + 6(x + & div, n)xv,

see Lemma A3, where 3,7+ denotes the normal component of the velocity vector d,y. During the derivation we also collect
some useful evolution equations of geometric quantities. The analysis will be addressed in a forthcoming publication
[2].

A second generalization concerns the formulation of the energy Ef 1 for two-dimensional embedded or immersed man-
ifoldsin R3. Letg : ¥ — R3 be asmooth immersion of a 2-dimensional orientable closed surface =. The Laradji-Mouritsen
model [3] for the energy of a liquid-liquid interface £ with mean curvature H, surfactant direction 7, and material con-



stants §, 4 > 0 leads to the energy functional

. i
Erm(p,n) = /(H+5dlv¢ n)?*dug, + E/Ilezd/x{p,
z )

N =

where V,, and div,, are the surface gradient and the surface divergence, and where du, is the volume measure on X
induced by ¢. Also for this model the evolution equations can be derived. First analytical results on the evolution can be
found in [8] and will be presented in detail in a forthcoming publication [2].
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APPENDIX: FORMULAS
In the appendix, we collect formulas that are used in the text and sketch their proofs.

As indicated in the introduction, reparameterization of regular curves in Sobolev classes leaves the Sobolev class
invariant. In fact, for y € H%([0,27]; R?) the function s(x) = fox |0,7(y)| dy satisfies 9,s(x) = |d,y(x)| and 9,,5(x) =
(0,7, 0xx¥)/10x¥(x)|, thus s defines an H? function which, by embedding theorems, is a diffeomorphism onto its range.
From the explicit formula d,s7'(y) = 1/s'(x) with y = s(x) one sees that s™! is in fact in H* and d,(yos™')(y) =
BTN - 3y (W), Brros ™) = Byy V)3 - By (™M) + Bp)(s™L () - By (s™)(y). The last expres-
sion is in H? since H! < C in one spatial dimension.

Lemma Al (Variation of E). The variation of the functional E : Hfmm([o, 2m]; R?) x Hll,e,([O, 27];R?) — R in a point
(,m € H, ([0,27];R?) X H},,,([0, 27]; R?) in the direction (¢, %) € Hp,,([0,27]; R?) X H ([0, 27]; R?) is given by

. . A
Solel = /y (1 + 8 div, (B, v) + 8(057, d9)] ds + /y (-30c+8div, 57 - Slol )(m.o,phds, (A1)
2—5[4)1 = /y 8(x + & div, n)div, Y ds + 4 /y (3., 8,%) ds. (A2)

Proof. For ¢, 3 € Cp;,([0,27]; R?) we consider variations of the curve y of the form y, = ¥ + g and of the vector field

7 of the form 7, = 7 + €. In view of the embedding H l.zmm < C! the immersion y satisfies [0,y| > ¢, > 0 for a positive
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constant ¢y and y + €¢ is an immersion for |¢| > 0 small enough. From [32, Exercise 12, p. 25]

_ det(0y(y + @), 0xx (¥ + £9))

o 10x(y + @) I?
we get with direct computations
d det(d,p,0xxy) . det(0,y, 0y p) det(0,y,0xx¥)
sl = - d,7,0 =I+I1I+1II.
dele=o™ = T To,rP ERT ERZ A S

We simplify the three terms with 6,7 = k|9, y|v and v = J7 and the identities

1 Oxx¥ (9x7:9xx7)
0uxy = 0,(10,717) = k|0, ¥ 12V + =—(0,7,00x¥ )T, s = kv 4 22 X0
wx¥ = 0x(10xy XY Iaxyl< ¥+ Oxx¥) ERTE ERE

1
Oxx® = 0,(19,71059) = Iaxylzassqo + W(ax% 0xx?)95®,
x

according to

det(d,¢,d 9xY,0
I= e(xgo XXY)_ <as , >_<x7 xxy><as¢’v>’

= x(0,¢, T
10,73 10,713
det(3,y,8,,9) (0x¥:0xxY)
1= % = (G55, V) + W(aﬂoﬂA s
X p
det(d,7,9x7)
I = —3%(6% Oxp) = —=31(T,6:p) ,
pe

and the sum of all terms is just the variation of the curvature and leads to the term (9,9, v) — 2x(9,¢, 7). Moreover

4) v, p= 2 < 0xn  OxYe >=< 0y 0xp >—2<a 0.0 y><6xy,ax<o>
dele=o ™ 7= dele=0\ [0,7el” 07l 10571”16571 N N TR
= <as77’as¢> - Z(divy 77)<T’ as(P> B
d; 19 19,71
— 2 = — X =-=2 X =-2 2 .
Telool 9 = G| Ty = iy 8 0x) = —200a(7.8,0)

Putting all together we get
d . 3 : 24 2
SEGem|_ = [ G+ 8div, i@, ) + 800, 0,0) ds + [ (=50 +8div, n)* = 510 )z, O¢) ds.
- 4 ¥

For the variation in # we find with an integration by parts

d _d 1 . ) A )
70l = gl [ 3 nras 3 [romras
= /5(1{ +d&div, n)div, pds+ 1 /(6S77, o) ds.
4 4
By approximation, the necessary conditions hold for ¢ € le,e, andy € Hll)er. |

Lemma A2 (Euler-Lagrange equations for Eyy). The variation of Epy : H;, ([0,27];R?) x Hp,,.([0,27]; R?) —
R in a point (y,n) € HZ, ([0,27];R?) x H},,,([0,27];R?) in the direction (p,¥) € Hp,,([0,27]; R?) X Hp,,([0, 27]; R?)

imm



is given by

3

OE . . A
—lol = / (x + 8 div, )[(355.v) + 835, 0,9) ] ds + / (-0 +8div, ) = S1oaP +1)(r.69)ds,  (A3)
14 14

oy

on

[¥] = /5(1< +ddiv, n)div, pds + 1 / (04n, 0y ds. (A4)
14

4

Proof. The only difference in the variation of E,; compared to the variation of E is the additional term L(y) which leads
to an additional term of fy (1, 0;9) ds in the variation. O
Lemma A3 (Gradient flow for Ej,;). Let (¥, 1) € Hlf‘mm([O, 27]; R?) x Hf,er([O, 27];R?) and let T > 0. Suppose that
y 1 [0,T] x [0,27] — R? is a time-dependent family of regular plane closed curves at least of class H' in the time variable
and H* in the space variable and that 1 : [0,T] % [0,27] — R? is a time-dependent family of vector fields of class H' in
the time variable and H? in the space variable. Then (y,7) is a solution to the (formal) L*>-gradient flow of E; ), (obtained
considering only normal variations of the curve) in the time interval [0, T| with initial datum (y,, 1) if and only if (y, n) satisfy
the following system forallt € [0,T], x € [0,27]:

9yt = [—6SS(K + &div,, 1) + 60,[(x + § div, n)(Osm, )] — %(K + 4 div, n)’x — %|5S77|2K + K]V,
0,1 = 285 + 8V (x + 8 div, 1) + 8(x + 5 div, n)xv, (AS)
(7(05 x)’ 77(0’ x)) = (7/0’ 770)

where 8,y denotes the normal component of the velocity vector.

Proof. We characterize, at least formally, the L?~gradient flow dynamics of Ey ;. For ¢, 3 € Cper([0, 27]; R?)and |e] > 0
small enough, we consider variations of the vector field  of the form 7, = 7 + €3 and of the curve y of the formy, = y + ¢,
and we require that y, be a normal variation of y with ¢ = uv, where v = Jt is the unit normal vector to y, and hence

p=uv, O =0uv—uxt, ;¢ = (07u—ux?)v— (20,ux + udsx)r.

In order to pass from the variations obtained in Lemma Al to expressions that do not involve derivatives of ¢ and ¢, we
need to integrate by parts and this calculation needs additional regularity for y and 7 compared to Theorem 3. From (A3)

= /(K + &div, n)dgu —x*(x + 8div, n)u — K(—%(K + 5div},77)2 - ’51|asn|2 + 1>u

d
EELM(VE’ n)
e=0 y

+ &(x + & div, n)(8sn, Bsuv — uxt) ds

. . 1 . 2 A
=/(x+5d1vyn)6ssu+5(K+5d1vyn)(asn,v)asu+<§(K+5dlv;,n) +§|6S77|2—1>xuds.
%

Integrating by parts we obtain

. . 1 . ys
= /ass(x +6div, n)u — 83,[(x + 6 div, 1) (B, v)|u + <§(K + 5d1v;,77)2 + 5|asn|2 - 1>7<u ds,

d
d_ELM(V.s’ n)
£ e=0 y

and we rearrange terms to obtain

O0E
6;L/M ¥, nle] = /< [6SS(K + 8div, n) — 69,[(x + 8 div, n)(3sn, v)] + %(K + & div,, n)*xc + ’%wsm% - x] v, qo> ds.
¥

(A6)



Concerning n we integrate by parts in (A4) and get

ag;M . Y] = - / (A8 + 8V(x + 8 div, 1) + 8(xc + 8 div, kv, 9 ) ds. (A7)
Y

. . 4 . 4 . . 4 4
We proceed as in Theorem 4 and consider H;, ~ as open subsetin Hy,,. There existsanr > 0with B(y,r) C H; = C Hp,,.

The Gateaux derivatives in the directions ¢ € H?,er andy € H f,e, are given by (A6) and by (A7). It is easy to see that the
partial Fréchet derivatives exist and are continuous on B((y, n), ), thus the map Ey, is continuously Fréchet differentiable

in a neighborhood of an immersion y and for (¢, ) € Hy,, X H,,, we have the representation

Eo.le.dl= 3| o+t

Therefore ELM is the gradient of Ey 5, and if a time-dependent family (y;,9;);c[o,r) moves with velocity equal to the negative
gradient of Ey;, then this family is a solution of the associated gradient flow. O

We also prove that the energy E;,, decreases along the flow. To do so we introduce some notation:
z=x+4div,n
1, 4 2
V = =0z + 80,(z(9sm, v)) — 527K = 5|asn| x+x,
W= Algs) + 80,27 + Ozkv .
We give here some formulas that describe the evolution of geometric quantities under the gradient flow of Ey ;.

Lemma A4. Suppose thaty, = y[J'. We have

9,(ds) = —xVds, (A8a)

8,05 = 8,6 - +xV -, (A8D)

0,7 = 0,05y = 0,0;y + xV sy = o,Vv, (A8c)

0k = 0V + V2, (A8d)

0,0,n = 8,6,n + kVdsn = 0,W +xVa,n, (A8e)
9;div, n = <6Sﬁ/, 7) +xV div, n + (9,m,9,Vv), (ASf)
0,z =0,V +xVz +8(3,W,T) + 6(3,n,8,Vv). (A8g)

Proof. Formulas (A8a)—(A8d) have been derived several times in the literature, we refer for instance to [ [35], Lemma
2.1]. Let us pass to compute the evolution equation for d,n. Thanks to (A8b) 3,0,y = 9,0,n + xV 0. Since the equation
of motion for 5 reads 6,7 = W, we can conclude 6,0,n = ;W + xV9,n, that is, (A8e). With this formula we prove (AS8f)
since

8, div, n = (3,0, 7) + (351, 8,7) = (W, T) + (kVs1, T) + (3, 8,Vv) = (3,W, ) + kV div,, 1) + (357, 8, V'v).



Finally, combining (A8d) and (A8e) we get
8,z = 8, (x + 8div, ) = 03V + Vi? + (3, W, 7) + xV div, n + (3,1, 3,V v))
=0,V +xVz+ 5<asvf/, 1'> +8(3,1,8,V7)
and this is (A8g). O

Lemma A5. Let (y,,,) be a time dependent family of closed curves and vector fields evolving under the law (A5) with y, = ytl.
Then

O Erm(yesmi) = / -V?- |V?/|2 ds.
Vi

Proof. With an extensive use of the formulas of the previous lemma, we can compute

d
dt

= / 0,Vz +kVz% + 83, W, T)z + 8(3sm, 0,V)z + A(8,n, 3, W) + (8, xV ) — %Ksz - %KV|6517|2 —xVds
Vi

/%(K+5div},n)2+%|53n|2+1ds] :%l/ %zz+%|6sn|2+1ds]
Vi Yt

- / 8,2V + %Ksz + %masmzv —xV — 88,((8,n, v)2)V — A3y, W) — 8(3,(z)T, W) — 8(zxv, W) ds
Yt

=/—V2—(W,W)ds,
Vi

as desired. O

Corollary Al. Lety : [0,T] x [0,27] = R? be a family of time-dependent smooth and regular plane closed curves and
n : [0,T] % [0,27r] — R? a time-dependent family of vector fields evolving under the law (A5) with y, = ytl inthe timeinterval
[0, T] with initial datum (yy(x), no(x)) = (7(0, x),5(0, x)). Then for every t € [0, T] the energy Erp(y(t, x), n(t, x)) at time t
is bounded by the energy of the initial datum Er (Yo, 1o)-

Proof. Suppose that (y;,7;) is a solution to system (A5) in the time interval [0, T] with initial datum (yo(x), no(x)) =
(7(0, x), (0, x)). Thanks to Lemma A5 we have that d,E is nonpositive, so E is decreasing in ¢, the maximum of the energy
is attained at t = 0 and for all t € (0, T] the energy of (y,,7,) is less or equal to the energy of the initial datum. O

Remark Al. If we combine the corollary with Lemma 2 we also get a (uniform in time) bound on the L?-norm of the
curvature of evolving curves ¥, and a (uniform in time) bound on the L?>~norm of 3,7, and on div(z,).
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