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Abstract

We consider a geometric problem consisting of an evolution equation for a closed hy-
persurface coupled to a parabolic equation on this evolving surface. More precisely, the
evolution of the hypersurface is determined by a scaled mean curvature flow that depends
on a quantity defined on the surface via a diffusion equation. This system arises as a
gradient flow of a simple energy functional.

Assuming suitable parabolicity conditions, we derive short-time existence for the system.
The proof is based on linearization and a contraction argument. For this, we parameterize
the hypersurface via a height function and thus the system, originally defined on an evolv-
ing surface, can be transformed onto a fixed reference surface. The result is formulated
in a classical sense, holds for the case of embedded and immersed hypersurfaces alike and
provides an existence time independent of small changes in the initial surface.
Afterwards, several properties of the solution are analyzed. Emphasis is placed on to what
extent the surface in our setting evolves the same as for the usual mean curvature flow.
To this end, we show that the surface area is stricly decreasing but give an example of a
surface that exists for infinite times nevertheless. Moreover, mean convexity is conserved
whereas convexity is not. Finally, we construct an embedded hypersurface that develops
a self-intersection in the course of time.

Zusammenfassung

Wir betrachten ein geometrisches Problem, bestehend aus einer Evolutionsgleichung fiir
eine geschlossene Hyperfliche und einer an diese gekoppelte parabolische Gleichung auf der
evolvierenden Fldache. Dabei unterliegt die Entwicklung der Hyperfliche einem skalierten
mittleren Kriimmungsfluss, der von einer Gréfle abhéngt die wiederum durch eine Diffu-
sionsgleichung auf der Flache bestimmt ist. Dieses System geht als Gradientenfluss aus
einem einfachen Energiefunktional hervor.

Unter geeigneten Annahmen zur Sicherstellung der Parabolizitit zeigen wir die Existenz
von Losungen fiir kurze Zeiten. Der Beweis beruht auf Linearisierung und einem Kontrak-
tionsargument. Dafiir parameterisieren wir die Hyperflache mittels einer Hohenfunktion,
wodurch das urspriinglich auf einer evolvierenden Flache definierte System auf eine feste
Referenzfliache iiberfiihrt werden kann. Das Resultat ist im Sinne von klassischen Losun-
gen formuliert, gilt gleichermaflen fiir eingebettete sowie immersierte Hyperflichen und
liefert eine von kleinen Anderungen der Anfangsfliche unabhéngige Existenzzeit.
Anschlieflend werden verschiedene Eigenschaften der Losung untersucht, unter besonderer
Beriticksichtigung der Frage inwiefern sich unsere Flachen wie beim normalen mittleren
Kriimmungsfluss verhalten. So nimmt etwa der Flacheninhalt streng monoton ab, aber wir
kénnen dennoch ein Beispiel fiir eine Flache angeben, die fiir unendliche Zeiten existiert.
AuBlerdem wird gezeigt, dass fiir eine Losung die mittlere Konvexitéat erhalten bleibt, die
Konvexitat jedoch nicht. Schliefllich konstruieren wir eine eingebettete Hyperflache, die
im Laufe der Zeit eine Selbstdurchdringung entwickelt.
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Chapter 1

Introduction

Many aspects of our daily life can be modeled by partial differential equations: Medical
processes in our body, the weather forecast and traffic problems are just some famous
examples. We can describe both stationary situations, as the shape of a droplet imposed
by certain forces, and the temporal development of systems, such as the conduction of
heat in a solid. In this thesis, we focus on the time-dependent case and thus discuss
equations of evolution. Particularly, we deal with geometric evolution equations that
describe the evolution of geometric objects or geometric quantities. Typical examples for
such geometric objects underlying geometric evolution laws are evolving hypersurfaces,
whose evolution often is determined by curvature terms.

The most fundamental curvature driven evolution law is the mean curvature flow, which
is also known as curve shortening flow in one dimension. It evolves a surface such that its
velocity in normal direction equals the mean curvature of the surface and it decreases the
surface area most efficiently. This flow has been studied in detail both from an analytical
(see e.g. [Hui84], [GHS86], [Gig06] and [Manll]) and a numerical (e.g. [DDEO05]) point
of view. For an overview of its applications in natural sciences, we refer to [Garl3]. In
Section 3.1, we give a short introduction to its properties. Other important geometric
flows include the surface diffusion flow, where the normal velocity equals the Laplacian
of the mean curvature and which decreases the surface area but conserves the enclosed
volume (see [EMS98] for an overview), as well as the Willmore flow (or elastic flow in
one dimension) which is a gradient flow of the Willmore functional describing the total
bending energy of a surface (see [KS01], [KS02] and [KS04] for an introduction).

We can also prescribe the evolution of the geometric object and instead search to solve a
PDE defined on this moving object. Problems like this arise naturally, as several physical
or biological phenomena are not formulated on fixed domains, but the domain can move
or change its shape during the evolution. This is the case, e.g., in epitaxial growth or for
growing biological systems. Furthermore, this setting leads to interesting mathematical
effects and insights.

Even for a fixed, i.e., non-evolving, (curved) surface, the simple diffusion equation is worth
an investigation as the behavior of its solution depends heavily on the geometry of the
surface. It is a well-known fact that solutions to diffusion equations (without sources)
spread out in the course of time. In [Eck08], this result is derived rigorously in an integral
sense for a solution u to the diffusion equation d;u — Apu = 0 on a closed surface M,



where Ay is the Laplace-Beltrami operator on M. With u(¢) denoting the average value
of u(t,-) on M and d.A being the volume element of M, we obtain

fM\u(t,-)—a(O)FdAge*Cpth\u(o,-)—a(O)\QdA»o (1.1)

for t - co. The constant C), > 0 in the exponential decay rate is the optimal constant from
the Poincaré inequality and therefore depends on the surface M. Ecker gives the following
geometric interpretation of this constant (see [Eck08]): If a small loop on M can separate
two large regions, the constant C), has to be small, but if any small loop can only separate
a small region from a large one, the constant C), typically is larger. As the size of the
constant C), is related directly to the speed of the diffusion by (1.1), therefore, in general,
a quantity is distributed much faster, e.g., on a sphere than on a surface that consists of
two spheres connected by a thin tube (see Figure 1.1).

(a) A small loop can separate two large (b) A small loop can only separate a
regions  and €. Therefore, the speed small region ' from a large region (.
of diffusion is smaller. Hence, diffusion proceeds faster.

Figure 1.1: A red loop separating two regions

Q and Q' for a dumbbell (a) and a sphere (b).

Obviously, the problem becomes more interesting and challenging if we proceed from a
fixed to an evolving surface and solve PDEs thereon. Nevertheless, we still assume the
motion of the hypersurface to be precribed. This setting is a prominent area of research,
and there exist many contributions to the topic. For example, Dziuk and Elliott consider
a scalar conservation law on a closed evolving hypersurface in [DE13]. Therein, they prove
the existence and uniqueness of weak solutions and then focus on numerical approximation
by finite element methods. A more general approach to solve parabolic PDEs on evolving
spaces can be found in the publications of Alphonse, Elliott and Stinner (see [AES15a],
[AES15b] and [Alp16]). Their aim is to formulate a framework for abstract evolving spaces,
placing emphasis on suitable (a-priori not at all clear) definitions of time derivatives. In
this abstract setting, they prove existence and uniqueness of solutions and use a Galerkin
ansatz for numerical approximation. The results can be applied, e.g., to moving domains
and hypersurfaces; examples can be found in [AES15b].

In this work, we combine both of the tasks explained above: We discuss a parabolic PDE
on an evolving hypersurface, where the evolution of the geometry is not given but part
of the problem. To our knowledge, there is not yet much literature on this interesting
coupling. For the one-dimensional curve case there exist some first results: Pozzi and
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Stinner investigate the numerical approximation of such a coupling problem and develop
(semi-discrete) finite element schemes for the curve shortening flow (in [PS17]) and the
elastic flow (in [PS19]) coupled with a diffusion equation on the curve. Barrett, Deckelnick
and Styles consider a slightly more general version of the problem from [PS17], enhance
the numerical analysis and end up with a fully discrete scheme (see [BDS17]). For higher
dimensions, studying finite element methods for coupled problems is a difficult task. A
first error analysis for the case of two-dimensional, closed surfaces has been achieved by
Kovécs, Li, Lubich and Power Guerra in [KLLPG17], leading to a FEM semi-discretization
for regularized versions of geometric evolution equations. Kovéacs and Lubich extend these
ideas and receive a full-discretization, again for regularized versions of geometric evolution
equations (see [KL18]). Both results apply to the coupling of a regularized mean curvature
flow and a diffusion equation. In the later work [KLL20], Kovécs, Li and Lubich finally
obtain a result without regularization and present a fully discrete FE algorithm for the
coupled problem of mean curvature flow and a diffusion equation for two-dimensional
closed surfaces. For the case of two-dimensional surfaces that can be represented as the
graph of some function, Deckelnick and Styles investigate the problem from [BDS17] and
derive a fully discrete finite element scheme (see [DS21]).

The considerations in [PS17], [BDS17], [DS21] and [KLL20] are of special interest to
us because the problem statements therein are very similar to ours. We will get back
to this later, after having explicitely formulated the problem discussed in this work, to
precisely compare the settings. However, all the contributions listed above are exclusively
concerned with numerical analysis and do not discuss well-posedness of the continuous
problem. Contrarily, our work only contains analytic results and does not address any
numerical approximation.

The problem dealt with in this work arises from a physical setting that will be explained
in the following. We consider an evolving, closed hypersurface I' = (I'(Z) )se[0,r] in R4+,
imagine, e.g., the membrane of a cell in R®. On this hypersurface, there is some quantity,
for example cholesterol molecules on the cell membrane, and the concentration c¢: I' = Ryq
of this quantity can vary in space and time. We assume a closed setting, which means
that the quantity can neither vanish from nor be deposited onto the surface. This implies
that the total mass m of the quantity is conserved and thus

fm) e(t)dA=m

is constant in time, where d.A denotes again the volume element of the surface. So, the
system we wish to examine consists of the evolving hypersurface I' and the concentration
¢ and we express its (Gibbs) energy at a time ¢ € [0,7'] by

B(I(t), c(t)) = f

o G(c(t))dA (1.2)

with the help of a (Gibbs) energy density G : Ryp - R. Due to entropic effects, physically
relevant energy densities penalize both very small and very big concentration values, so
that the extreme cases of ¢ # 0 and ¢ ~ oo are avoided. Later on, parabolicity conditions
impose further conditions on the shape of G, see Section 3.4. In order to analyze how the
system evolves to decrease this energy most efficiently, we consider a gradient flow of the
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energy functional E which leads to the equations

V =(G(c)-G'(c)e)H, (1.3a)
o"c=Ar(G'(c)) +cHV (1.3b)

defined on the evolving hypersurface I'. Here, V' denotes the normal velocity and H the
mean curvature of the hypersurface, and the differential operators ¢ and Ar symbolize
the normal time derivative and the Laplace-Beltrami operator on I', respectively. A solu-
tion to these equations consists of an evolving closed hypersurface I' and a concentration
function ¢ defined on I'. In particular, the evolution of the geometry is not given but part
of the problem.

The first equation (1.3a) is a variation of the usual mean curvature flow V' = H and the sec-
ond equation (1.3b) is a diffusion equation for the concentration ¢ on the surface I'. Hence,
in this work, we discuss the coupling of a mean curvature flow-type equation and a diffu-
sion equation, similar as in [PS17], [BDS17], [DS21] and [KLL20]. In contrast to all these
previous contributions that concern modifications V' = H + f(c¢) of the mean curvature flow
resulting from an additive term f(c) (with f(c) = ¢ in the case of [KLL20]), we deal with
a multiplicatively scaled version V' = g(c¢)H, g(c) = G(c¢) = G'(¢)c of the mean curvature
flow. This seams more natural to us, as it arises from the physical situation explained
above. Also, while the diffusion equations in the previous literature all are semilinear, i.e.,
"¢ = aArpc + Lo.t. with a constant a > 0, our second equation 0”c = G (¢)Arc + Lo.t.
is quasilinear. Be reminded that [PS17] and [BDS17] only consider the one-dimensional
case of closed curves and [DS21] and [KLL20] restrict to the case of two-dimensional sur-
faces, represented as graph of a function or being closed, respectively. Our results however
apply to closed hypersurfaces of arbitrary dimension. Finally, all four of the mentioned
contributions address numerical analysis exclusively whereas this work is purely analytic:
We present a short-time existence result and investigate several properties of the solution
to our system of equations, placing emphasis on whether or not the hypersurface in our
setting evolves as for the usual mean curvature flow. More precisely, we show that for our
hypersurfaces, mean convexity is conserved but convexity is not. Furthermore, embedded
hypersurfaces can develop self-intersections in the course of time and even though the
surface area is decreasing permanently, closed hypersurfaces may exist for infinitely long
times.

Our system of equations (1.3) is defined on an evolving hypersurface so that usual analytic
methods can not be applied directly. But as we only consider the case of codimension 1,
the evolving hypersurface can be parameterized over a fixed reference surface via a real
valued parameterization called height function p. This procedure is explained in Section
2.1.6. Then, transforming the system (1.3) onto the fixed reference surface (see Section
3.6) yields a system consisting of an equation for the height function p and another one
for the transformed concentration ¢.

Both equations are of second order, as the mean curvature and the Laplace-Beltrami op-
erator are (quasilinear and linear, respectively) differential operators of second order. Due
to HV ~ H?, second order derivatives of the height function occur quadratically such that
the system is fully non-linear. But as these derivatives of the height function appear in the
equation for the concentration only, both equations remain quasilinear when considered
separately. Suitable assumptions on the energy density function G ensure parabolicity of
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the system (see Section 3.4). Hence, we consider a system of two parabolic, quasilinear
differential equations of second order that are, of course, coupled.

From a mathematical point of view, this coupling makes the problem interesting and chal-
lenging. For the proof of short-time existence, it is resolved by a spitting ansatz: As a first
step, we solve the first equation for p with an arbitrary concentration ¢ and then, we solve
the second equation for ¢ where we insert the solution function pz from the first equation.
The approach for solving both equations has the same structure, relying, as usual for
parabolic, not fully linear equations, on a linearization and a contraction argument. Nev-
ertheless, the second order derivatives of the height function occuring in the equation for
the concentration necessitate handling the second equation more carefully than the first,
where the concentration only appears in lower order terms. Also, the quadratic occurence
of these derivatives makes it clear that we have to use solution spaces that form an algebra
with pointwise multiplication. Sobolev spaces do not have this property. Instead, we will
work with little Holder spaces, which in particular implies that we solve the transforma-
tion of the system (1.3) in a classical sense. Finally, since it shall be applied in Section 5.3
to prove the formation of self-intersections, we need to formulate the short-time existence
result for the case of immersed hypersurfaces.

We close the introduction by summarizing the content of this thesis. Chapter 2 provides
the mathematical background our work is based on. We explain the differential geome-
try needed to describe evolving hypersurfaces and quantities thereon and discuss (little)
Holder spaces that will be used as solution spaces for the short-time existence result in
Chapter 4. Moreover, we introduce the theory of semigroups and their generators which
play an important role for the linearization of our equations and we end with formulating
parabolic maximum principles on evolving hypersurfaces that enable us to prove conser-
vation properties in Chapter 5. None of these sections gives a full introduction to the
corresponding topic, but we restrict to the definitions and statements that will be used in
the further chapters.

A deeper discussion of the geometric problem, the physical setting and the resulting sys-
tem of equations can be found in Chapter 3. First, both of the equations are addressed
independently and particularly, an overview of the properties of the mean curvature flow
is contained in Section 3.1. Then, we derive formally how the system of equations arises
as a gradient flow from the energy (1.2). The energy density G and especially how the
parabolicity conditions govern its shape is the topic of the subsequent section. There,
we also explain that the parabolicity conditions ensure the decrease of surface area for
our hypersurfaces, which is a behavior known from the usual mean curvature flow. A
first difference between the evolution of the hypersurface in our setting compared to the
usual mean curvature flow is derived in Section 3.5: For the simple example of a radial
symmetric setting it is shown that, even under the parabolicity conditions, the initially
sphere-shaped hypersurface does not necessarily collapse in finite time. We finish the third
chapter by transforming the system (1.3) to a fixed reference surface which enables the
application of typical analytic methods.

The proof of the short-time existence result is the content of Chapter 4. It contains two
equally structured sections, dealing separately with the first and the second equation. The
combined result is given in Section 4.3. It is formulated for the case of immersed hypersur-
faces and yields a uniform lower bound on the existence time that allows for small changes



in the initial value of the height function.

The last Chapter 5 deals with properties of the solution to our system of equations. As a
start, we investigate the conservation of convexity and mean convexity of the evolving hy-
persurface: Whereas the latter is conserved by our scaled mean curvature flow, the former
is not - in contrast to the usual mean curvature flow. Afterwards, we discuss the formation
of self-intersections which is impossible for the usual mean curvature flow but can occur for
our scaled mean curvature flow. Finally, several properties of the concentration function
are analyzed.



Chapter 2

Mathematical Foundations and
Notations

2.1 Differential Geometry

This section provides an overview of the geometrical background we need to precisely state
the problem that was presented in the introduction. It does not aim to give a full summary
on differential geometry but it recaps basic definitions and properties of hypersurfaces and
clarifies the notation we use to describe them. In particular, we omit most of the proofs
and refer to appropriate literature.

The first part deals with the static case: We consider embedded as well as immersed
submanifolds of R™ and explain how the term embedded / immersed hypersurface is used
in this work. Then, we discuss the relevant differential operators on such hypersurfaces and
introduce some geometric curvature quantities. Afterwards, the dynamic case of evolving
hypersurfaces is addressed, i.e., hypersurfaces that move in time. Once again, we are
concerned with differentiating on such objects; this time focussing on time derivatives.
Moreover, we describe the velocity with which a hypersurface evolves. Finally, we present
the special case of evolving hypersurfaces that are parameterized over a fixed reference
surface via a height function. This concept is used in Chapter 4 to prove the existence of
short-time solutions to our geometric problem.

For a general introduction to differential geometry of submanifolds of R", we suggest
[Bar10] for basic aspects, [dC16] for a broader overview and [Wall5] for a very descriptive
presentation. In [KH15], both submanifolds of R™ and manifolds without taking account
of an ambient space are adressed and we refer to [Lee03] for an in-depth discussion of
smooth manifolds. As an orientation for the section at hand, we used [BGN20, Section
2] because it provides a good overview of the geometry of (evolving) hypersurfaces. A
detailed introduction to this topic is given in [PS16, Chapter 2].

In the following, let d,n,m € Nsg be dimensions with d <n and we use s € Ryg to describe
regularities. For s ¢ Nyq, the integer part

|s] = max{k € Nyo|k < s} € Nyg

is the order of differentiability and s—|s| € (0,1) the real exponent of the Holder condition.
In the interest of readability, we use the abbreviation C* € {C*, h®} such that C* is a space
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of differentiable functions if s € N5y and a Holder or little Holder space, else. We assume
submanifolds to be of regularity 1+ s because many concepts require differentiability of
submanifolds.

We presume that the reader has basic knowledge on (little) Holder spaces. If not, we
suggest to assume all the regularity parameters occuring in this section to be integers and
refer to the next Section 2.2 for an introduction to (little) Holder spaces. In particular, as
in Definition 2.72, we use the notation

CF(W,R™)

for the set of all k-times continuously differentiable functions on the open subset W c R¢,
whose derivatives up to the order k are bounded and continuously extendable onto W. If
the domain W is bounded, we omit the index b.

If not stated otherwise, subsets of R? are equipped with the subspace topology induced
by the standard topology on R

2.1.1 Embedded Hypersurfaces

The goal of this section is to give an exact definition of the term embedded hypersurface, as
it is used in this work. For this, we firstly recap the definition of an embedded submanifold
of R™. In this work, a submanifold never contains a boundary. As we will need Holder-
continuous functions defined on submanifolds later on, we state in particular the meaning
of Hoélder-regularity for submanifolds and use special charts and local parameterizations
that are compatible with this Holder regularity.

Definition 2.1 (Immersion, Embedding and Diffeomorphism). Let W c R™ be an open
subset. A map € CL™(W,R"™) with m <n is called a

(i) CY**-immersion if its differential Dy(x) : R™ — R™ is injective for every x € W,

(ii) C'*S-embedding if v is a CY**-immersion and additionally a homeomorphism onto its
image (W),

(iii) C“s—diﬁeﬂnorphism if m =n holds, ~(W) c R™ is open and ~y is bijective onto its
image v(W) with y~* € C}+*(v(W),R™).

Definition 2.2 (Holder-continuous Chart). Let M c R™. A pair (¢,U) is called a (d-
dz'm_ensz'onﬁl) CHs_chart of M if U c R" is an open, bounded and conver subset and
¢:U - ¢(U) cR" is a C***-diffeomorphism with ¢(U n M) = ¢(U) n (R? x {0}).

Definition 2.3 (Hélder-continuous embedded Submanifold). M c R" is called a d-dimen-
sional C'**-embedded submanifold if for every point p € M there exists a d-dimensional
Cl*s-chart (¢p,Uy,) of M with p e U,.

In particular, any open subset U c¢ M of an embedded submanifold M is again an embed-
ded submanifold. Besides the definition via charts, it will be useful to describe submani-
folds with the help of local parameterizations. Again, we will carefully state the meaning
of Holder-regularity. The equivalence of both definitions for embedded submanifolds is
given in Lemma 2.5.



Definition 2.4 (Holder-continuous local Parameterization). Let M c R™. A pair (v, W)
is called a (d-dimensional) C'*5-local parameterization of M if W c R? is an open, bounded
and convex subset and v : W — R™ is a C'**-embedding such that v(W) c M is an open
subset with v(W) c¢ M. Choosing the local parameterization (v, W) sufficiently small

means that v(W) c M is sufficiently small.

Lemma 2.5. M c R” is a d-dimensional C***-embedded submanifold if and only if for
every point p € M there exists a d-dimensional C'**-local parameterization (p, Wp) of M
with p € v, (Wp).

Proof. Fix pe M. Let (¢,U) be a d-dimensional C'**-chart of M with p € U. Define
i — 5. -1
Wi=prpa(¢(UnM))  and 3= (67) ,yoap © (1d,0).

Then, W c R? is an open subset and 5 : W — R is a C'**-embedding with (W) ¢ M and
p e 5(W). By choosing a suitable subset W c W, hence (v = Yw> W) is a d-dimensional
C'*s-local parameterization of M with p e y(W).

Conversely, given a d-dimensional C'**-local parameterization (v, W) of M with p € y(W),
we choose a basis extension A € R ("9 guch that (D’y|771(p) , A) e R™"™ is invertible. From
the inverse mapping theorem (see e.g. [Lanl2, Theorem XIV.1.2]) we get that

(7, A) : W xR" 5 R, (z,y) = y(z) + Ay

is locally invertible. The local inverse ¢ : U — R" provides the desired d-dimensional
chart (¢,U) of M with p € U by choosing a suitable subset U c U and ¢ = ¢y. The
C'*s-regularity of ¢ follows from

-1

D¢ = (Dv,4)

because the inverse of a Hoélder-continuous, invertible matrix-valued function is Holder-
continuous as well (see Remark 2.106). O

In the following remark, we give a summary of the notation used to describe an embedded
submanifold and gather some properties of the characterizing functions.

Remark 2.6. (i) In contrast to the usual literature on submanifolds, we restrict to
bounded and convex sets in Definitions 2.2 and 2.4 and assume the corresponding
charts and local parameterizations to be well-defined on the closure of these sets.
This is possible w.l.0.g., because we can always achieve these properties by choosing
the sets smaller. It does result though in the fact, that a submanifold M c R™ can be
covered by finitely many charts or local parameterizations if and only if it is closed,
i.e., if it is compact as a subset of R™. For example, the simple submanifold of an
open subset of R™ needs infinitely many charts or local parameterizations.

We assume convexity, because this guarantees the same embedding properties known
for continuously differentiable functions also for Holder regqular functions (see Lemma
2.88). Also, on a convex set, a continuously differentiable function always is Lip-
schitz continuous. Due to 1+ s> 1, thus ¢ : U - R" and v: W - R" are Lipschitz
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continuous for any chart (¢,U) and any local parameterization (v, W).
Furthermore, as U and W are convez, they are connected and we can assume them
to have a reqular boundary as defined in Section 2.2.3, again by choosing the sets
smaller if necessary.

(ii) Let M c R™ be a d-dimensional C1**-embedded submanifold. By Definition 2.3 and
Lemma 2.5, for every p € M there exists a C'**-chart (¢,,U,) with p € U, and a
C'**-local parameterization (vp, Wy) with p € v,(W,). We define V,, := v,(W,,) and
then Vi, ¢ M is an open subset and we can assume V, c U,. Moreover, we define

ia d
Pp = Priga © O+ Vp = R

On account of the properties of ¢, also @) : Vp - R? is a homeomorphism onto its
image and Lipschitz continuous. By the proof of Lemma 2.5, we can assume ¢, = ’yzjl
and thus ©p(Vp) = W)p.

If M is a closed submanifold, i.e., compact as a subset of R™, it suffices to use finitely
many charts (¢, Up)i=1,....1, and local parameterizations (v, Wi)i=1,.. 1, to cover the
embedded submanifold. W.l.o.g., we can assume the existence of further open subsets
A; ¢ M with A; c V; and

L
MclJA.
=1

We state a well-known characterization for submanifolds that is proven e.g. in [dC16,
Section 2.2, Proposition 2].

Lemma 2.7. Let V c R™ be an open subset and let ¢ € C’k(V7 R). For every reqular value

a e ¢(V), ie., Do(p) £ 0 for every p € ¢~*({a}), the set ¢~ ({a}) c R™ is a (n—1)-
dimensional C*-embedded submanifold.

An important concept when discussing submanifolds is the so-called tangent space, a linear
approximation of the submanifold.

Definition 2.8 (Tangent Space). Let M c R™ be a C'-embedded submanifold and p € M.
The tangent space T,M of M at p is then defined as

T,M = {v eR"™ ‘ there exists a C'-map c: Iy - M with ¢(0) = p,c’(0) = U},
where Iy € {(-¢,€),[0,¢), (—¢,0]} is a sufficiently small interval around 0.

The tangent space is local, i.e., T,M = T,U holds for every open subset U c M and p e U,
which can be seen directly from the following characterization of the tangent space with
the help of coordinate vectors.

Remark 2.9 (Basis of the Tangent Space). Let M c R™ be a d-dimensional C-embedded
submanifold. For any local parameterization (v, W) of M we have

TyyM = span{&mz ‘z =1, ...,d}

for all x € W. The ;v are called coordinate vectors with respect to the local parameter-
ization (v, W). In particular, T, yM c R" is a d-dimensional linear subspace of R". A
proof of these simple statements is given in [Barl0, Proposition 3.2.2].
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The normal space is the orthogonal complement to the tangent space. For submanifolds
with codimension 1 it is characterized by a single vector called normal.

Definition 2.10 (Orientability and Normal). A d-dimensional C'-embedded submanifold
M c R s called orientable if there exists a continuous unit normal vy, i.e., a continuous
vector field vpy : M — R with vy (p)| = 1 and vy (p) L TyM for allpe M.

In the literature (see e.g. [Lee03, Chapter 15, Orientations of Manifolds]), orientability of a
submanifold usually is defined via compatible choices of orientation on the tangent spaces.
We state a relation between the two definitions in the next lemma. For the convenience of
the reader, the orientation of a vector space as well as the generalized cross product which
is used in the proof below are defined in the Appendix (see Definitions A.1 and A.4).

Lemma 2.11. Let M c R™! be an orientable d-dimensional C*-embedded submanifold.
There exists a choice of orientation for each tangent space such that for all p € M there
exists a local parameterization (v, W) around p with {8lfy|$, ...,ﬁd’y‘x} positively oriented

for all z e W. Such a local parameterization is called a positively oriented local parame-
terization. Moreover, due to connectedness of W, for every local parameterization (v, W),
either {817, ey ﬁd’y} or { - 017, 02, ...y dﬂ} is positively oriented on the whole domain W'.

Proof. Let v : M — R%! be the continuous unit normal to the orientable submanifold
M. Let p e M be fixed and let (v, W) be any local parameterization around p = v(zo).
Then, {817|x, --~,5d’Y|z} is a basis of T ;)M for all z € W by Remark 2.9. As T, ;)M is

a d-dimensional subspace of R%*!, there exist exactly two choices for a vector D('y(x))
(which differ by sign) such that ‘ﬁ(fy(x))| =1 and 17(7(:0)) L T, (z)M hold. With the help
of the generalized cross product K : (R%1)? - R%*! as in Definition A.4, we have

s s

By reparameterization of 7, we can assume w.l.o.g. that v(p) = +K(zg) holds. We have
to show v o () = +K(z) for all z € W.

Because v is continuous on M and the generalized cross product conserves regularity, both
v o~ and K are continuous on W. So, for a sufficiently small § > 0,

o(y(z)) = +K(z) =+

|/€(mo) - IC(CC)| < % and |1/('y(x0)) - l/('y($))‘ < %

hold for all z € Wn Bs(z). Then, we have y(’y(m)) = +K(z) for all x € Wn Bs(xo) because
otherwise

v(v(20)) - v(v(@))| = [K(0) + K(2)| 2 2|K (w0)| - |K (o) - K ()| > 2 - % _ g

and thus a contradiction follows. As W is compact, v o~ and K are even uniformly
continuous on W and then inductively, l/(’}/(l‘)) = +K(x) follows for all z e W. O

The representation of the normal via the generalized cross product as in the proof above
yields the following statement concerning the regularity of the normal.
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Remark 2.12 (Regularity of the Normal). Let M c R be an orientable d-dimensional
Cl*s_embedded submanifold. Its unit normal vy fulfills vy € CS(M, RV, which means
that for any point p € M, there exists a local parameterization (v, Wy) of M around
p with vy o7y, € C3(W), RTYY. If additionally M is closed or s € Nsg, this implies
var oy € C3(W, R for every local parameterization (v, W) of M (see Remark 2.76(iii)).

Now, we can formulate exactly the use of the term embedded hypersurface in this work.
Besides of being an embedded submanifold of codimension 1, it includes some further
properties. In particular, our hypersurfaces just as our submanifolds never contain a
boundary.

Definition 2.13 (Embedded Hypersurface). A C***-embedded submanifold M c R4 s
called a C1**-embedded (closed) hypersurface if it is d-dimensional and orientable as well
as connected (and compact) as a subset of R*Y. A 1-dimensional embedded hypersurface
18 also called an embedded curve.

The reader should note that in this work, a curve always has codimension 1, i.e., it is
surrounded by R? and not any other R” with n > 2.

Remark 2.14. As a generalization of the Jordan curve theorem, the Jordan—Brouwer
separation theorem tells us that any d-dimensional embedded submanifold M c R1 (as
always in this work without boundary) that is compact and connected as a subset of R&1
already is orientable (see [Sam69] or [Lim88]). Therefore, requiring orientability for our
closed hypersurfaces is actually redundant.

As a next step, we discuss mappings with domain on embedded submanifolds. We in-
troduce the differential of a mapping and then deal with immersions, embeddings and
diffeomorphisms defined on embedded hypersurfaces as well as some relations between
them.

For mappings with domain on an embedded submanifold, regularity properties are defined
on the euclidean space via pullback by local parameterizations. For this, the pullback-
function and hence the embedded submanifold obviously have to be sufficiently smooth.

Definition/Lemma 2.15 (Holder-regularity on embedded Submanifolds). Let M c R"
be a C'**-embedded submanifold and let r € Rsg with v <1+ s. A mapping f: M - R™ is
of regularity f € C"(M,R™) if for any point p € M, there exists a local parameterization
(vp, Wp) of M around p such that the mapping fulfills f oy, € C"(W,,R™).
If additionally M is closed or r € Nsg, this implies f o~ € C"(W,R™) for every local
parameterization (v, W) of M (cf. Definition 2.75 and Remark 2.76(iii)).

As we have defined differentiability of a mapping, we can now introduce the differential of
a mapping.

Definition 2.16 (Differential). Let My, My be C*-embedded submanifolds and let the map
[+ My - Ms be differentiable. The differential of f in p € My is defined as the linear

mapping
dpf : Tle - Tf(p)MQ, (Ul dpf[v]
such that for any Ct-map c: (-¢,e) - My with ¢(0) = p we have

dpf[¢'(0)] = (f 0 ¢) (0).
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Remark 2.17. The differential is well-defined, in particular it is independent of the chosen
map ¢, and linear. For a local parameterization (v, W) of the d-dimensional submanifold
M, the differential of f: M — R"™ is characterized through

Ay 0] = 0 (f 0V pa

with i = 1,...,d and x € W. Moreover, the differential fulfills a chain rule, meaning that
for mappings f: My - Ms and g : My — Mg between embedded submanifolds My, My and
M3 we have dp(go f) =dypygodyf. For the proof of these properties of the differential,
we refer to [Bar10, Proposition 3.2.7] and [Lee03, Proposition 3.6].

Having explained the differential of a mapping defined on an embedded submanifold, we
can now transfer the definition of immersions, embeddings and diffeomorphisms on open
subsets of R? from Definition 2.1 to the more general case of mappings that have an
embedded submanifold as domain.

Definition 2.18 (Immersion, Embedding and Diffeomorphism on Submanifolds). Let
M c R"™ be a d-dimensional C***-embedded submanifold. A mapping 6 € C*+*(M,R™) with
d<m is called a

(i) CY**-immersion if its differential d,0 : T,M — R™ is injective for all pe M,

(ii) C'1*s-embedding if 0 is a C1**-immersion and additionally a homeomorphism onto its
image O(M),

(iii) CY*s-diffeomorphism if M' == (M) c R™ also is a d-dimensional C'**-embedded
submanifold and 6 : M — M’ is bijective with 6% € C**5(M',R™).

In the following lemmas, we gather some relations between the three terms defined above.

Lemma 2.19. Let M c R" be a C'**-embedded submanifold and let 6 : M — R™ be a
CH*s_immersion. Then, locally 0 is a C'**-embedding, i.e., for all p € M there exists an
open neighborhood U ¢ M around p such that 6y : U — R™ is a Cl*s-embedding.

Proof. For every open subset U ¢ M, Oy : U -~ R™ is a C'**-immersion on the C'**-
embedded submanifold U by restriction. So, we only have to prove that for any pe M,
there exists an open neighborhood U ¢ M around p such that 6y : U - R™ is a homeo-
morphism onto its image.

Let M c R" be of dimension d. Fix p e M and choose a local parameterization (v, W) of
M around p. Thus, W c R? is an open, bounded and convex subset and v: W — R" is an
embedding, in particular an immersion, with v(W) ¢ M and p € v(W). As combination of
immersions, also # o~ : W — R™ is an immersion. By Lemma A.7, # oy thus locally is an
embedding. So, there exists an open subset W ¢ R? with v (p) e W c W such that HOfy'W

is an embedding, in particular a homeomorphism onto its image. Then, U = 'y(W) c M is
an open neighborhood around p and as combination and restriction of homeomorphisms,
O =(0ovy)o 7|;1(W) : U - R™ is also a homeomorphism onto its image. O

Lemma 2.20. Let M c R™! be an orientable, d-dimensional C'**-embedded submanifold
and let 0 : M - R™Y be a C1*5-immersion. There exists a vector field v : M — R of
reqularity C*(M,R¥Y) such that [v(p)| =1 and v(p) L d,0(T,M) hold for all pe M.
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Proof. Fix pe M. Because 6 : M — R is an immersion, its differential d,,0 : T,M — R4
is injective and thus the image d,0(7,M) c R¥! is also a d-dimensional linear subspace.
Hence, there exist exactly two choices of v(p) (which differ by sign) such that |v(p)| =1
and v(p) L dp0(T,M) hold. Let {vi,...,v4} be any positively oriented basis of T,,M and
choose the sign of v(p) such that {d,0[v1],...,dp0[v4],v(p)} is positively oriented in R4+
This choice of sign for v(p) is independent of the choice of the positively oriented basis
{vi,...,v4} of T,M: Indeed, let {wy, ..., wq} be another positively oriented basis of T,,M and
let B € GI(d,R) be the transformation matrix with B(vy,...,vq) = (w1,...,wy). Because
dpf is linear, we have

(? (1]) (dp0[v1], . dpflval, v(p)) = (dp0lwr], .. dpOlwal, v(p)).

As det (? (1)) =det B >0 holds, {d,0[v1],...,dp0[va4], (p)} is positively oriented in R**!

if and only if {dy0[w1],...,dp0lwy],v(p)} is. Thus, v(p) is well-defined for all p e M.
In particular, for a negatively oriented basis {v1,...,v4} of T,M, using the negative of v,
{dpO[v1], ..., dp0[va), —v(p) } is positively oriented in R**! (see Remark A.2).

It remains to show that v : M — R%! is of the claimed regularity. Let p € M and let
(v, W) be a local parameterization of M around p with 6o~ e C***(W,R%*1). Set o = +1
if (,W) is positively oriented and ¢ := -1 else. Let K : (R%*1)4 - R¥! be the generalized
cross product as in Definition A.4. Due to its properties, the vector

K(dv(z)e[alrﬂx]v <0y dw(w)e[ad’ﬂx]) -y ,C(al(a ° 7)|x7 ceny ad(e o ’Y|$)
"C(d,y(x)e[517|x], veey d,y(m)e[ad"ﬂx])‘ |IC(@1 (9 o ’Y)|CL”7 ceey 0d(9 o 7)|z)|

fulfills |7(y(2))| = 1 and 7(v(2)) L dy@) (T 2y M) = span dy)0({17zs -, Ga e }) for all
x € W and in addition, {dw(;,,,)e[aﬂu], ey oy () 0[Oy ] oi(y(z))} is positively oriented in

Y(a) =0

R4 for all € W. By uniqueness, we thus have v(y(z)) = o(y(z)) for all € W. Because

the generalized cross product K conserves regularity and 6 oy € C'*$(W,R%1) holds, we
have v oy =D o~yeC*(W,R¥1) and therefore v € C5(M,R41) follows. O

Lemma 2.21. Let M c R" be a d-dimensional C'**-embedded submanifold and let the
map 6 : M - R™ be a C'**-embedding. Then the following hold:

(i) O(M) c R™ is also a d-dimensional C1**-embedded submanifold. More precisely, for
every p € M, there exists a local parameterization (vyp, Wp) of M around p such that
(’ygp =0 oy, Wp) is a local parameterization of (M) around 6(p). If additionally
M is closed or s € Nyg, every local parameterization (v, W) of M yields a local
parameterization (g =600~ W) of 0(M).

If M is connected, compact or orientable (for n=m=d+1), then also 6(M) is. In
particular, if M is an embedded (closed) hypersurface, then also 6(M) is an embedded
(closed) hypersurface.

1) dpf : T,M — Ty, 0(M) is a linear isomorphism for all pe M.
pY o 4p )
(iii) We have = € C***(0(M),R™).
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In particular, 6 : M — (M) is a C1**-diffeomorphism.
Proof.

Ad (i) Let p € M and choose a local parameterization (,W) of M around p with o~ €

CY*s(W,R™), i.e, W c R? is an open, bounded and convex subset and : W — R”
is a C'**-embedding with image v(W) c M. As a combination of embeddings,
Y9 = 0oy : W - R™ is also an embedding and ~4(W) c Q(W(W)) c O(M) holds.
So, (v9, W) is a C'**-local parameterization of @(M) around (p). In the case
that additionally M is closed or s € Nyg, we have § oy € C1*5(W,R™) for every
local parameterization (v, W') and the considerations above then yield the additional
claim.
According to Lemma 2.5, §(M) hence is a d-dimensional C!**-submanifold. Because
6: M — (M) is a homeomorphism, connectedness and compactness transfer from
M to O(M). If M and thus 0(M) are compact, orientability follows directly with
Remark 2.14. But also if M is not compact, orientability transfers from M to §(M):
Let 7 € C*(M,R%1) be the vector field from Lemma 2.20. As §: M — (M) is a
C'**-embedding, v =700~ € CO(O(M),R*!) is well-defined and we have |v(z)| =1
and v(z) L d,0(T,M) for all z = 6(p) € 6(M). By (ii), d,0(T,M) = T.6(M) holds
and thus v : (M) - R¥! is a continuous unit normal to 6(M). Hence, (M) is
orientable.

Ad (ii) As M c R™ and #(M) c R™ are both embedded submanifolds of the same dimen-
sion, also their tangent spaces have the same dimension. Hence the linear, injective
differential d,0 : T, M — Ty, 0(M) is bijective for all p e M.

Ad (iii) Let z € 9(M), define p := 0~1(2) € M and choose a local parameterization (y, W) of M
around p such that (v = foy, W) is a local parameterization of (M) around z, which
exists by (i). Then, 67 oy =~ € C'**(W,R™) holds and thus 67 € C***(6(M),R™)
follows. O

2.1.2 Immersed Hypersurfaces

Embedded hypersurfaces can never touch themselves. This is a problem when we want
to describe self-intersections of surfaces as in Section 5.3. Now, we introduce so-called
immersed hypersurfaces, which allow exactly for those self-intersections, but apart from
that differ as little as possible from the embedded hypersurfaces discussed so far.

Definition 2.22 (Hélder-continuous immersed Submanifold). Let M c R™ be a d-di-
mensional C'**-embedded submanifold and let 6 : M — R™ be a C'**-immersion. Then,
Y= 0(M) c R™ is called a d-dimensional C'**-immersed submanifold with reference sub-
manifold M and global parameterization 6.

The reader should note that in this work, just as for embedded submanifolds, an immersed
submanifold never contains a boundary. Moreover, we remark that we do not use any
topological structure on the immersed submanifold ¥ itself but only consider the topology
on the (embedded) reference manifold M.

In general, an immersed submanifold is not an embedded submanifold because it can have
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self-intersections. If 6 : M — X is not only an immersion but also an embedding, then X
does not have any self-intersections but is an embedded submanifold (see Lemma 2.21).
In particular, as locally any immersion 0 : M — ¥ is an embedding (see Lemma 2.19),
for every sufficiently small open subset U ¢ M, 0y : U - 6(U) is an embedding and then
0(U) c X is an embedded submanifold. We call (U) c ¥ an (embedded) patch of ¥. As a
consequence of Lemmas 2.19 and 2.21, the following proposition holds.

Proposition 2.23 (Holder-cont. local Parameterization for immersed Submanifolds). Let
Y = 0(M) be a C*-immersed submanifold. For every point p € M there exists an open
neighborhood U c M such that O(U) c ¥ is an embedded patch, i.e., a C***-embedded
submanifold of the same dimension as .. We thus say that the immersed submanifold %
locally is embedded. If M is closed, 3 can be covered by finitely many embedded patches.

Furthermore, for any p € U, there exists a local parameterization (v,, Wp) of M around p

with v,(W,) c U such that

(79,13 =00y, Wp)

is a local parameterization of O(U). If M is closed or s € Nsg, every local parameterization

(v, W) of M with v(W) c U yields a local parameterization (v =0 o~, W) of 6(U).

The reader should note that ¥ being locally an embedded submanifold does not imply
that for every point z € ¥ there exists an open neighborhood V c ¥ such that V is an
embedded submanifold!

In points of self-intersection, it does not make sense to speak of “the” tangent space of
Y. Instead, we have to distinguish different tangent spaces for each preimage. This can
of course be done by working locally - as ¥ locally is an embedded submanifold, locally
the tangent space is well-defined: Let p € M and let 6(U) c ¥ be an embedded patch with
peU. Then, Ty, 0(U) is well-defined. Because 6);; is an embedding, 6, : U » 6(U) is a
diffeomorphism and thus

dpd : TyU = TyM — Ty 0(U)

is a linear isomorphism. So, Tj,)0(U) = dp0(T,M) holds. In particular, Ty, 0(U) is a
linear subspace of the same dimension as T),M.

The relation between the two tangent spaces T),M and Ty, 0(U) can also be seen from the
definition of the tangent space via C''-maps: Because O : U —» 0(U) is a diffeomorphism,
there exists a bijection between the Cl-maps c¢: Iy - U with ¢(0) = p and the C'-maps
n: Iy~ 6(U) with n(0) = 8(p) given through 7 = foc. Due to n'(0) = (foc)’(0) = d,0[c'(0)],
we thus have

veTU =TyM < d,0[v] € Ty, 0(U).

As the tangent space is local, Ty(,,)0(U) is independent of the concrete choice of U. But
it does depend of course on the embedded patch of 3 in which 6(p) is considered, which
means as mentioned above that regarding the whole immersed submanifold ¥, we have to
define a tangent space not for every 6(p) € ¥ but for every p e M.
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Definition 2.24 (Tangent Space for immersed Submanifolds). For every p € M, the
tangent space of a C*-immersed submanifold ¥ = 0(M) at 0(p) is defined as

T,% = d,0(T,M).

The representation of the tangent space T),% via the differential d,,0 directly yields a basis
for the tangent space:

Remark 2.25 (Basis of the Tangent Space for immersed Submanifolds). Let ¥ = (M)
be a d-dimensional C-immersed submanifold. For any local parameterization (v, W) of
M, we have

Tv(x)E = span{é’mg | "L = 1, ceey d}
for all x e W.

This follows from Remarks 2.9 and 2.17, because {amm ‘ 1=1,.., d} is a basis of T’ (,) M and
dy()0 : Ty oy M — Ty ()X is a linear isomorphism with d.(;y0[0Y)z] = 0i(0 © 7))z = 0ivp -

Like in the embedded case, we will now focus on submanifolds with codimension 1 and
introduce the orthogonal complement to the tangent space, which then is characterized
by a single vector called normal. Just as we needed to distinguish different tangent spaces
for different preimages of the immersed submanifold, we will also define the normal on the
embedded submanifold instead of on its immersed image.

Definition 2.26 (Orientability and Normal for immersed Submanifolds). A d-dimensional
C'-immersed submanifold ¥ = 0(M) c R%! is called orientable if there exists a continuous
unit normal vs, i.e., a continuous vector field vs : M — R™! that fulfills [vs(p)| = 1 and
vs(p) L T2 for all pe M.

On account of Lemma 2.20, orientability transfers directly from the embedded submanifold
M to the immersed submanifold ¥ = (M). In particular, the following proposition holds.

Proposition 2.27. Let ¥ = (M) c R™! be a d-dimensional CY**-immersed submanifold
such that M c R4 is orientable. Then ¥ is also orientable with vs, € C*(M,RI*1).

We use the term hypersurface in the immersed case entirely analogously to the one in the
embedded situation.

Definition 2.28 (Immersed Hypersurface). A C'**-immersed submanifold ¥ = (M) c
R s called a C***-immersed (closed) hypersurface, if M c R¥1 is an embedded (closed)
hypersurface. A 1-dimensional immersed hypersurface is also called an immersed curve.

The embedded submanifold M is an embedded (closed) hypersurface, if it is d-dimensional
and orientable as well as connected (and compact) as a subset of R4, By Proposition
2.27 and because 6 : M — R%! is continuous, these properties transfer directly to the
immersed submanifold ¥: If it is an immersed (closed) hypersurface, it is d-dimensional
and orientable as well as connected (and compact) as a subset of R4,
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Choosing 6 = Id, every embedded submanifold M can be described as an immersed sub-
manifold ¥ = Id(M) with ¥ = M. Therefore, all the definitions and statements gathered
in the following for the immersed case particularly hold in the embedded case. Even more,
as every immersed submanifold locally is embedded (see Proposition 2.23), every term in-
troduced for immersed submanifolds can also be defined on the corresponding embedded
patches. Then, for every locally defined term, these definitions are perfectly conform such
that the term on the immersed submanifold equals the pullback of the term defined on
the embedded patch.

Difficulties arise for statements concerning Holder regularity because defining Holder-
regularity on non-closed submanifolds is cumbersome (see Remark 2.76(iii)). All em-
bedded or immersed hypersurfaces occuring in the later parts of this work are closed. So,
at a first thought, it seems as if it suffices to restrict to the easier closed case. But the
embedded patches of an (even closed) immersed submanifold are of course not closed in
general. As we want to transfer statements from the embedded setting to the immersed
setting via these embedded patches, we indeed need to discuss non-closed submanifolds.
Nevertheless, only the necessary definitions and statements are formulated for the general
non-closed case. In particular, results on Holder regularity for certain quantities will only
be given for closed submanifolds.

2.1.3 Space Derivatives and Curvature Terms

This section deals with differentiating on submanifolds. We have already introduced the
differential of a mapping with domain on an embedded submanifold in Definition 2.16.
From this, we derive several differential operators. Moreover, the differential of the unit
normal leads to important curvature terms.

Definition/Lemma 2.29 (First Fundamental Form). The first fundamental form of a
d-dimensional C*-immersed submanifold ¥ = (M) c R"™ in p e M is the restriction
gp T2 xTpX - R

of the euclidean inner product on R™ to the linear subspace T,% c R", which defines a
Riemannian metric g = (gp(dpe[-],dPH[-]))peM on M. Its representation with respect to a

local parameterization (v, W) of M is given by
6
9ij lz = ai79|x ’ (93'79 |z
fori,j=1,....d and x € W with v9 = @ oy as in Proposition 2.23. We denote its inverse

J 21
by (9515 = ([9%)i3) - )
If 0 =1d, we omit the sub- and superscript 0 and simply write v as well as g;; and g*.

Remark 2.30. (i) Let ¥ = (M) be a d-dimensional C*+*-immersed submanifold with

M closed or s € Nyg. Then, gfj,gg] € C*(W,R) holds for every local parameterization
(v, W) of M and i,j =1,...,d due to vg € C***(W,R") and Remark 2.106.

(ii) The first fundamental form [gfj]iyj and its inverse [géj]i,j are symmetric and uni-

formly elliptic on W, i.e., there exists a constant ¢ >0 such that

€92 (2))i € > clé® and €7[gy (x)]i;€ > cléf?
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holds for all x € W and € € RY. As W is compact, this is clear for the first fun-
damental form, and the statement for the inverse follows from the symmetry of the
form.

We explain this more detailed in the following, where we omit the sub- and su-
perscripts 0 in the interest of readability. Define F : W x R? - R, F(z,£) =

‘221:1 fi(?i’y(a:)‘g. Because F' is continuous, it attains its minimum on the compact
set Wxﬁ, with S = {€ e R €] = 1}. So, F(x,£€) > ¢ holds for some ¢ >0 and for all
(x,€) e W xS and then

d
las(@lise = 3 600 (0)- (00 = Pl €)= F (16 ) 6 > P
i,j=

follows for allz € W and & e RI\{0}. Analogously, because F: WxR? - R, F(x,n) =
|Lgij (2)1:, '77‘2 is continuous, we have

2 ~ n -
o)l = F i, 2 ) <t

|

for all x € W and n € R\ {0}. Thus, due to the symmetry of [gi;1ij, defining
Nz = [g" ()] - € leads to

7 C
€'19705.5€ = ([9ij)ijm2)" - M = Mo [9ij im0 > clnal® > 5!5!2
for all x € W and & e R4\ {0}.

Now, we introduce some differential operators on hypersurfaces. The Riemannian metric
our hypersurface is endowed with allows to generalize concepts known from the Euclidean
geometry: We define the surface gradient and the surface divergence. Combining them,
we obtain the surface Hessian and the surface Laplacian, which is called Laplace-Beltrami
operator.

Definition/Lemma 2.31 (Surface Gradient). Let ¥ = 0(M) c R¥! be a C*-immersed
hypersurface. For f € C*(M,R), the surface gradient Vs f(p) inp e M is the unique vector
v(p) € T,X such that

(dpf o (dp0) ") [w] = gp(v(p), w)

holds for all w € T,3. One easily checks that its representation with respect to a local
parameterization (v, W) of M is given by

d
Vsfov= Y, g7/ 0i(fov) 0.
ij=1

Definition/Lemma 2.32 (Surface Divergence). Let ¥ = (M) c R4 be a Cl-immersed
hypersurface. For F e CY(M,R¥) and an orthonormal basis {vy,...,vq} of T,%, the
surface divergence divyF(p) in p € M is defined as

d
divs F(p) = 2; (dpF o (dp8) ) [vi] - vi-

19



Its representation with respect to a local parameterization (v, W) of M is given by

divpFoy= Z 98 8i(F o) - 057
t,5=1

This formula shows in particular, that the definition of the surface divergence is indepen-
dent of the choice of the orthonormal basis {v1,...,v4}.

Proof. Let (v,W) be a local parameterization of M around p = ~(zx), in particular
{0179 ws -+ 0aVp |} 18 & basis of T3, We use

Ui = Zagaj'yehz and 7"70 |z = ZIB Ul
J

as changes of basis and obtain

gp(% 7"70) ZO& ng g ng(vla 7"70)99 = ZOJ g]rge = ?a
gp(vu r70) Zﬁl il = 52 = Q; :ng(via T79)99 :2 ;ggk:7
= 9p(8r79, 0570 = Zﬁ,ﬁ]% Zﬁzﬁs = Za = BiBigytas = Zgrsgg sl = g,
7] i7r75

where we omitted the evaluation in x in the interest of readability. So, the representation
of the surface divergence with respect to the local parameterization (v, W) of M is given
by

divsF(p) =Y. (dpF o (dpe)_l)[vi] vp= afal dpF[0xY2] - Qv
3 i,k,l

_Z(Za o )ak(FOV)kc Vgl = de k(F oY)z Ovp|e- O
ol

Definition/Lemma 2.33 (Laplace-Beltrami Operator). Let X = (M) c R™! be o C2-
immersed hypersurface. For f e C*(M,R),

Axf =divy(Vsf)

1s called Laplace-Beltrami operator of f. One easily checks that its representation with
respect to a local parameterization (v, W) of M is given by

d
(Asf)ov= 3 g ai(Vsfor) 05
.Jﬂ
= Z 95 00;(for) + Z 98 0(f ©7)0:(96'0va) - O5ve.
1,j=1 1,5,k,1=1

Definition/Lemma 2.34 (Surface Hessian). Let ¥ = (M) c R4 be a C?-immersed
hypersurface. For f e C?*(M,R),

Dif with [D%f].s:= [Vz([VEf]r)]s forr,s=1,...,d+1
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18 called surface Hessian of f. To clarify the structure of rows and columns, we state the
following formula for its representation with respect to a local parameterization (v, W) of
M that can be checked easily:

L
[D&f 0], =€ (Df 1) 0= 2 g (2(Tsf o7) er) (270-c2).
INE

Remark 2.35. Let ¥ = (M) c R be a C'*5-immersed hypersurface with M closed or
s€Nsg. For f eC'™**(M,R) and F € C***(M,R™Y) with s > 1 if necessary, we have

Vs f eC*(M,R™), divgF e C*(M,R),
AsfeCH(M,R), Dfecs (MR

Moreover,

d+1

aos - 047],

holds. Both statements follow directly from the representations of the differential operators
with respect to a local parameterization.

Lemma 2.36 (Surface Derivatives in Extreme Points). Let ¥ = 0(M) be a C?-immersed
hypersurface and let f € C*(M,R) have a mazimum in p € M. Then, we have

Vsf(p)=0 and DFf(p)<0.

Proof. Let_(%W) be a local parameterization of M around p = v(x). In particular,
foy e C*(W) has a maximum in = € W and thus D(fov)(z) = 0 as well as D?(foy)(z) <0
hold. Hence,

d
Vef(p)= . 95 (@) 6i(fov)(x)djve(x) =0

3,j5=1

follows. For any ¢ € R4, define n = (11, ...,14) € R? by

d
;= Zlgff(fv) (070(x) - €).
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Then, we also have

¢'D3f(p)¢

a
> 07 (@1 09)(@)-€) (@) -€)

7,7=1
d

= 95 (2)(0i (98" 0 (f o v)ave ) () - €)(970(x) - €)

iijkvl:]-

95 ()98 () 0:0k (f o v)(x) (dve(x) - €) (0570 (2) - €)

e

+ Y gi @)(0i(gs'are) (@) - €)k(f o) (@) (0570(x) - €)

ivjvkvl:]-

3 d
g¢ () (0;76(x) 6)) 0i0k(foy)(x) (;ggl(x)(al’m(x) 5))

g
ION

d
> 100k (f o) (@)mk

_ T2

=n D*(fov)(z)n<0.
In particular, for a normal vector £ L T3, the calculation above implies

€' D5 f(p)€ = 0. O

The differential describes how a mapping changes along the hypersurface. Curvature of a
hypersurface can be characterized by the changing of the unit normal. Being interested
in curvature terms, it therefore is natural to examine the differential of the unit normal

which leads to the so-called shape operator.

Definition 2.37 (Shape Operator). Let v € CY(M,R¥1) be the unit normal of a C?-
immersed hypersurface ¥ = (M) c R, The shape operator

Spi=~dpro (dp0) "t TE » T,
of ¥ in pe M is defined as the pushforward of the negative differential of the unit normal.

Remark 2.38. The shape operator is well-defined because for a local parameterization
(v, W) of M,

S’y(x) [81’79 \x] = _d'y(m)y[617|m] = —(3‘1-(1/ ° ’7)\:13
is perpendicular to v oy, fori=1,...d and x € W, which follows directly from differen-
tiating |v o ’y‘x|2 =1 with respect to x;. So, Sv(x)[é,;fymm] € Ty(2)X holds. As {0y} is a
basis of Ty(zy%, we thus have Sp[v] € T,% for all v e Tp3.

With the help of the shape operator, we can define the second fundamental form.
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Definition/Lemma 2.39 (Second Fundamental Form). The second fundamental form
of a C?-immersed hypersurface ¥ = (M) c R with unit normal v is defined as

hyp: TS x T8 > R, hp(v,w) = gp(Sp[v], w) = Splv] - w
inpe M. Its representation with respect to a local parameterization (v, W) of M is given
by
h@

ij | = Sw(a:) [anG\x] : aj’Y9|al: = _a’i(y o 7)\3} : aj79 |t =V O Ya- aiaj'YG |z

fori=1,....d and x € W, where the last identity follows from differentiating (v 07y)-0jv9 =0
with respect to x;.

Remark 2.40. The second fundamental form is symmetric, which follows from the rep-
resentation h?j = (v ov) - 0i0jvp with Schwarz’ theorem. Thus, the shape operator is
self-adjoint, i.e.,

gp(Sp[v],w) = hy(v,w) = hyp(w,v) = gp(v,Sp[w])

holds for all v,w € T,X. Hence, there exists an orthonormal basis of T, consisting of
eigenvectors of the shape operator S,.

Using the eigenvectors and eigenvalues of the shape operator, we introduce some important
curvature terms.

Definition 2.41 (Principal Curvatures and Mean Curvature). Let ¥ = (M) c R4
be a C%-immersed hypersurface with unit normal v. Let p € M and let {vy,...,vq} be an
orthonormal basis of T3 consisting of eigenvectors of the shape operator S,,. The principal
curvatures k;(p) of ¥ in p are defined as the eigenvalues of the shape operator, so

hp(vz‘,vz’) = gp(Sp['Ui]an) = gp(ﬁz‘(P)Ui,vi) = Fﬂi(p)
holds. The mean curvature
H(p) = trace(Sp) = k1(p) + ... + ka(p)

of X in p is the trace of the shape operator. To clarify the corresponding hypersurface, we
also use the notation Hs,.

Note that despite the term “mean”, the mean curvature is defined as the sum of the
principal curvatures and not their mean value.

Remark 2.42. Let ¥ = (M) be a C%-immersed hypersurface with unit normal v. Then,
by definition of the mean curvature and the surface divergence, we have

H = -divsyv on M.

Remark 2.43. There is no standard sign convention for the mean curvature. In this
work, we assign a negative mean curvature to conver surfaces. In other words, we always
use the outer unit normal. We consider an (embedded) sphere 0Br(0) = {p e R¥*1||p| = R}
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with 6 = 1d as an example. The outer unit normal v(p) = % equals a scaled identity on

the sphere and hence its differential d,v = % s also a scaled identity. Therefore, all the
eigenvalues of the shape operator S, = —dpv are —%. Thus, the mean curvature is given by
H(p) = —}% and in particular, it is negative.

Howewver, the mean curvature vector Hv is independent on the choice of the unit normal.

A closed, embedded hypersurface can not have vanishing mean curvature. With an ana-
logous argumentation, the same statement holds in the immersed case.

Proposition 2.44. Let ¥ = (M) c R™! be o C%-immersed closed hypersurface. The
mean curvature on Y is not the zero function.

Proof. Because ¥ is compact, there exists R > 0 such that X is contained in the ball
Br(0) c R¥*1 ie., ¥ c Br(0) holds. Decreasing R yields the existence of Ry > 0 with
¥ c Br(0) for every R > Ry and ¥ touching the sphere 0Bg,(0), i.e., there exists a point
20 € XN0BR,(0). As X is closed, 2 is not a boundary point. Let §(U) c ¥ be an embedded
patch of ¥ around z. Due to |z9| = Ry and |z| < Ry for every z € (U), in the point zp,
the surface 6(U) must bend inwards at least as much as the sphere 0Bpr,(0). With the
characterization of the mean curvature from Remark 2.42,

d
‘HZ(ZO)‘ = ‘HG(U)(ZO)‘ 2 |HaBRD(0)(Zo)| = R_O >0
follows. In particular, Hy: is not the zero function. 0

We now introduce partitions of unity for submanifolds. They are particularly useful to
construct a global function from several locally defined ones. As an example, this procedure
is used in Definition 2.47 for the integration on submanifolds.

Lemma 2.45 (Partition of Unity). Let M c R™ be a C'**-embedded submanifold and
let V = (V))icy be an arbitrary open cover of M. Then there exists a partition of unity
subordinate to V, i.e., a family (;)icy of functions vy € C**$(M,R) such that

(i) supp ;= {p € M [1yy(p) # 0} c V| for alll e &£,

(ii) every point in M has a neighborhood that intersects supp vy only for finitely many ,
(111) 0 <y(p) <1 for allle ¥ and pe M as well as ¥ e 1(p) =1 for all pe M.

Proof. see [AE09, Proposition XI.1.20 and Remark XI.1.21¢] O

Remark 2.46. Patching together locally defined functions to obtain a global one is easy
if the locally defined functions agree in points of overlapping domains. But even if the
local definitions do not agree, in the literature it is still often assumed without further
arguments that they can be patched together to a well-defined global function. Implicitly,
then a strategy based on a partition of unity is used which we will explain in the following.
Let X be a Banach space, let M c R™ be a d-dimensional C***-embedded submanifold and
let (41, Wi)iey be an arbitrary set of local parameterizations such that M is covered by
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the open sets V :Q/l)leg with Vj =y (W)). Assume (u;)iey to be a set of locally defined
functions uy oy, : Wy = X. With a partition of unity (;)ce subordinate to V,

wi= )
le¥

yields a well-defined global function u: M — X. (Note that due to Lemma 2.45(ii), Yo
reduces to a well-defined finite sum in every point of M.) The idea is to prove that u
inherits all desired properties, e.q. regularity, from the functions u;.

In particular, if M is a closed submanifold and r € Ryg with v < 1+ s, then uj oy €
C'(Wy, X) for all | € £ implies u € C"(M,X) with |u]crax) § Xilw OWHCT(WZ,X)'
This is clear for r € Ny as differentiability on two separated sets implies differentiability
on the union of these sets. Because Hélder reqularity does mot have this property, the
proof for Holder regular functions is more involved and is explained in the Appendiz (see
Lemma A.15). Additionally, if Y and Z are further Banach spaces, U 'Y an open subset,
m € Nyg and Fj oy € C’EZ)(U,CT(WI,X)) or rather Fyoy € C(TZ)(U,E(Z,CT(WZ,X))) 18
a set of locally defined functionals, then we have F = Y F; € CT} (U, C’"(M,X)) or

(b)
Fe C%(U,E(Z,C’”(M,X))), respectively (see Corollary A.16).

Definition 2.47 (Integration on Submanifolds). Let ¥ = §(M) c R™ be a d-dimensional
Cl-immersed submanifold. For a local parameterization (v, W) of M and a function
f: M - R such that f o~ is Lesbesque-integrable on W, we define

_ fand L Jdetgf dce,
v/:/e(W)f Wf07 g

where g‘9 = [ij]i,jzl,...,d and L% is the d-dimensional Lebesgue measure.

The integral [y, f dH? is defined using a partition of unity and the patching strategy from
Remark 2.46: Let (v, W))iew be a set of local parameterizations such that M is covered
by the open sets V = ('yl(T/Vl))lef and let (Y1)1c.y be a partition of unity subordinate to V.
For suitable f: M — R, define

d._ d

Here, “suitable” means that f o~y is integrable on W for all l € £, which is the case for
exzample if f e CO(M,R).

The summation in (2.1) is well-defined if we can reduce to a finite sum, e.g., if ¥ is closed.
In particular, (2.1) then is independent of the concrete choice of the set of local parameter-
izations and of the partition of unity (see [AE09, Sections XII.1 and XII.2, particularly Re-
mark 2.1(d)] for details). Thus, for any f: M — R with supp f = {pe M| f(p) + 0} cv(W)
and f o Lebesgue-integrable on W for a local parameterization (v, W) of M, we have

[fcmd:f fand,
D) Yo (W)

which we justify in the following: Let (7, W;);=1,...r be a finite set of local parameter-
izations of M with (v, W) = (y,, Wi,) for lp € {1,...,L} such that M is covered by the
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open sets V = ('n(Wl))lzl , and let (¥1)i=1,....r. be a partition of unity subordinate to V.

With the help of a cut-off function £ : M — [0,1] such that £ =1 on supp f and £ =0 on
M\ ~v(W), we define a new partition of unity subordinate to V by

g =i, + €D b and = (1-E)ihy for 1 # lo.

l#lo

We obtain {ﬂlo =1 as well as 72)} =0 for [ # lp on supp f, which finally implies
f 7@7;70ded=[7ded and f B dH =0 for 1+ 1.
¥o,10 (Wi, Yo (W) Yo,1 (W)

Since a closed submanifold has no boundary, the following generalization of Gauf3’ theorem
to closed submanifolds holds.

Proposition 2.48 (Gau’ Theorem on closed Submanifolds). Let ¥ = (M) c R™ be a
d-dimensional C*-immersed closed submanifold and let F € C*(M,R™) with F(p) € T,%
for every pe M as well as f € C*(M,R) and g e C*(M,R). Then we have

fzdinFde=0 and fZgAgded=—fEVzg'szd'Hd.

Proof. In the embedded case with 8 = Id, these formulas are well-known, see for example
[BGN20, Theorem 21 and Remark 22i]. For general immersed hypersurfaces, (gp)penr still
yields a Riemannian metric and therefore the same arguments as for embedded hyper-
surfaces can be used to prove the statement (cf. [Barl0, Theorem 5.1.7, which relies on
Lemmas 5.1.5 and 5.1.6 therein]). O

2.1.4 Evolving Hypersurfaces

As we are familiar with the basic properties of static hypersurfaces now, we can pass on to
the concept of hypersurfaces that move in time. First, the notation used to characterize
such evolving hypersurfaces is explained carefully. Then, we introduce a way of describing
the velocity with which a hypersurface moves. The discussion of differentiating in time
in this setting leads to the so-called material and normal time derivative and we give a
formula for the normal time derivative of the mean curvature. The last Section 2.1.6 is
dedicated to hypersurfaces parameterized via height functions, a special type of evolving
hypersurface that we use to prove the existence of short-time solutions to our geometric
PDE in Chapter 4.

As before, C* € {C*,h®} for s € Ryg continues to describe the regularity in space, whereas
C" e {C",h"} for r € Ry is used for the newly emerging regularity in time. As we will
work with parabolic equations later on, we already define the evolving hypersurfaces in a
way that suits the parabolic setting and therefore always assume them to be of regularity
1+ r in time and 2 + s in space. In particular, for every fixed time, differentiability of the
occuring static hypersurface is guaranteed.

We use the same approach to define evolving hypersurfaces in the embedded as well as in
the immersed setting, except that we choose global parameterizations that are embeddings

or immersions at every time ¢, respectively.
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Definition 2.49 (Evolving Hypersurface). Let M c R™! be a C***-embedded (closed)
hypersurface and let T € (0,00). Furthermore, let 6:[0,T]x M — R with

0 eCc*([0,T],C5(M,R"1)) ncr([0,T],C*(M,R*1))

such that 0; = 0(t,-) : M — R¥! is an embedding / immersion for all t € [0,T]. With
[(t)=Ty=60,(M), we call

D= {{t} xI(t)|te[0,T]}

a CH7- C**S_evolving embedded / immersed (closed) hypersurface with reference surface M
and global parameterization 6.

For a non-closed hypersurface M, the space C*(M,R™) is not normed and thus the set
CT([O, T1],C%(M, ]Rm)) is not well-defined in the usual sense as in Definition 2.75. Instead,
we define

CT([O,T],CS(M,Rm)) = {f :[0,T]x M - R™ ‘ Vp e M : 3 local param. (7,, Wp)
with f o, €C7([0,7],C*(W,, R™)) }.

We state that an evolving hypersurface I' is well-defined which means in particular that
for any time ¢, I'; is an embedded or immersed hypersurface again, respectively. In the im-
mersed case, Proposition 2.23 thus yields that I'y locally is an embedded hypersurface. But
we obtain even more by the next proposition: The whole evolving immersed hypersurface
I" locally is an evolving embedded hypersurface. This means that the locality can be chosen
independently of the time ¢: For U c M sufficiently small, T := {{t} x0,(U) |t e[0,T]}
is an evolving embedded hypersurface. We call I'; ¢ I' an (embedded) patch of T

Proposition 2.50. Let I' = {{t} x 6,(M)|t € [0,T]} be a C**"-C***-evolving embedded /
immersed (closed) hypersurface with reference surface M and global parameterization 6.
Then, Ty = 0;(M) is a C***-embedded / immersed (closed) hypersurface for all t € [0,T].
Additionally, for every point p € M there exists an open neighborhood U c M such that

Ty = {{t} x0,(U) |t €[0,T]}

is an embedded patch of T, i.e., it is a C**"- C***-evolving embedded hypersurface. We thus
say that the evolving immersed hypersurface I" locally is an evolving embedded hypersurface.
Furthermore, for any p € U, there exists a local parameterization (v,, Wy) of M around p

with v,(W,) c U such that
(Voqey,p = 0t 0 1p, W)
with 79, € CT([0,T],C%*(W,R*™)) is a local parameterization of 6,(U) c Ty for all
tEE,T]. If M is closed or s € Ny, every local parameterization (v, W) of M with
¥(W) c U yields a local parameterization (yg) = 00y, W) of 0,(U) with
Yo € Cl+r([0,T],CS(W, Rd+1)) A CT([O, T],CQ+S(W, Rd+1)).

27



Proof. In the immersed case, I'y = 0;(M) is a C*"*-immersed (closed) hypersurface by
definition. Moreover, for fixed t € [0,7'], any sufficiently small open subset U c M yields
an embedded submanifold 6;(U) c T'; by Proposition 2.23. We have to prove that we can
choose this open subset U ¢ M independently of .

For this, we first show that locally, 6; : M — R%! is an embedding independently of
t €[0,T], i.e., that for every point p € M there exists an open neighborhood U c¢ M such
that 0, is an embedding for every ¢ € [0,T]. For any open subset U c M, 6, is a
C?*s-immersion on the C***-embedded submanifold U by restriction for every t € [0,T].
So, we only have to prove that for every p € M, there exists an open neighborhood U ¢ M
around p such that 6;;; is a homeomorphism onto its image for all ¢ € [0,T1].

We fix p € M and choose a local parameterization (v, W) of M around p. Thus, W c R? is
an open, bounded and convex subset and ~: W — R%1! is an embedding, in particular an
immersion, with y(W) ¢ M and p € y(W). We define v := 0(-,y(:)) : [0,T] x W - R
with 79 € CH([0, T]xW,R%1). As combination of immersions, also Yoty = 0ro : W - R
is an immersion for all ¢t € [0,7]. By Lemma A.10, Yo(¢) thus locally is an embedding
independently of ¢t € [0,T'], i.e., there exists an open subset W c RY with v Hp) e Wew
such that , N is an embedding, hence a homeomorphism onto its image, for all t € [0, T'].

Then, U := fy(W) c M is an open neighborhood around p and as a combination and
restriction of homeomorphisms, 0;;; = Yo IWO’V;(W) : U - R%! is also a homeomorphism
onto its image for all t € [0,T'].

So, locally, 6; : M — R%! is an embedding independently of ¢ € [0,T]. In particular,
for a sufficiently small open subset U c M, we have 0o 1]« € ctr([o,T],c5(U, Rd+1))
and 0o 71xv € C"([0,7],C%**(U,R™*)) by restriction and Oo,ryxu(t,) : U — R is an
embedding for all ¢ € [0,7]. Thus,

Ty = {{t} x0,(U) |t €[0,T7]}

is a C'*"- C***-evolving embedded hypersurface.

For every p € U, choose a local parameterization (v, W) of M around p with v(W) c U and
fo~eC([0,T],C% (W, Rd+1)). As in Proposition 2.23 (see the proof of Lemma 2.21),
(Y9, W) then is a local parameterization of 6;(U) = I'7(t) c I'() and by construction,
Y9 € C"([0,T],C%* (W, R%1)) holds.

If M is closed or s € Nyg and (7, W) is any local parameterization of M with v(W) c U,
Proposition 2.23 yields that (), W) is a local parameterization of 6;(U) = 'y (t) c I'(¢)
and then g € C1*"([0,T],C*(W,R*1)) ncr ([0, T],C**(W,R*1)) holds by construction.
In the embedded case, it follows from Lemma 2.21(i) that Ty is a C*"*-embedded (closed)
hypersurface for every ¢ € [0,7]. The remaining claims clearly hold with U := M. O

For an evolving hypersurface I' with reference surface M c R%! we use the notation
v:[0,T] x M - R to describe the continuous unit normals v(t,-) of T.

Proposition 2.51. Let I' be a C'*"- C***-evolving immersed hypersurface with reference
surface M c R¥1. There exists a vector field vp € C"([0,T],C***(M,R™1)) such that
vr@) = vr(t,-) is a continuous unit normal to T'(t) for all t € [0,T1].

28



Proof. For fixed t € [0,7], there exists a continuous unit normal to the C***-immersed
hypersurface I'; = 6,(M) due to Proposition 2.27, i.e., there exists vp() € CO(M,R*1)
with [vpy(p)| = 1 and vpyy(p) L Tpl'y = dpby (T, M) for all p € M. For every local pa-
rameterization (v, W) of M with 6o~ € C’"([O,T],Cz“(W, Rd“)), we can express this
normal

K(dyy0[a17]; - dyy0[0a]) . K(01(0:07), ..., 0a(0; 0 7)) on T
\K(dv()é[éw], vy dv()ﬁ[éd'y]ﬂ ‘K(al(et © ’Y): ) aal(915 © 7))|

VF(t) oy = +

with the help of the generalized cross product K : (R9*1)? - R¥! (as in Definition A.4).
Because the cross product conserves regularity, vroy € C" ( [0,T],Cts(W, Rd”)) and hence

vr € CT([0,T],C*5(M,RH1)) follows. O

Similar as in the static case, every evolving embedded hypersurface is an immersed one.
Therefore, even if the proposition above as well as the following definitions and state-
ments are formulated only for the immersed case, they obviously hold analogously for the
embedded case.

2.1.5 Time Derivatives and Velocity Terms

In this section, we introduce some further quantities on evolving hypersurfaces. First,
the velocity with which a hypersurface evolves is described. Afterwards, we deal with
time derivatives on evolving hypersurfaces and introduce the concept of the material and
the normal time derivative. Finally, a formula for the normal time derivative of the
mean curvature is stated. The crucial issue through the whole section is to characterize
everything independently of the global parameterization.

Definition 2.52 (Total and Normal Velocity). Let T' be a C'- C2-evolving immersed
hypersurface with global parameterization 6 and normal v as in Proposition 2.51. We
define its total velocity

Vtot — ate
and its normal velocity
V — vtot v
To clarify the corresponding hypersurface, we also use the notation VIfOt and V.

Note that the normal velocity V is a real number. The velocity of the hypersurface I' in
normal direction is given by the normal velocity vector Vv. Together with the tangential
part of the velocity, it adds up to the total velocity

Vtot =Vv+ (Vtot)

tan’

As the tangential part can be eliminated by a suitable changing of the global parameteri-
zation, the only interesting part of the total velocity is the normal velocity.
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In contrast to the total velocity, the normal velocity is independent of the global para-
meterization. In fact, for any Cl-map 7 : (t —,t +¢) - R¥! with n(r) € I'() for all
Te(t—e,t+¢) and n(t) = p, the normal velocity of " in (¢,p) is given by

Vit =1 () V(i)
A proof of this statement can be found in [BGN20, Remark 24(ii)].

Remark 2.53. Due to construction, if I' is a C1*"- C***-evolving immersed hypersurface
with reference surface M c R, then we have

victecr([0,T],C5(M,R™))  and  V eC"([0,T],C5(M,R)).

Next, we will discuss differentiating mappings f:[0,7] x M - R describing a function on
an evolving hypersurface I' with reference surface M. We have already introduced space
derivatives for the case of static hypersurfaces in Section 2.1.3 and we can transfer the
definitions to the time-dependent case of evolving hypersurfaces by setting, e.g. for the
surface gradient,

(Vrf)(t,p) = (Vr(t)f(t> ))(p)

for any (¢,p) € [0,7] x M. Now, we focus on time derivatives.

Definition 2.54 (Material and Normal Time Derivative). Let I' be a C'- C?-evolving
immersed hypersurface with reference surface M and total velocity V. Then, for a
mapping f € C1([0,T] x M), we define the material time derivative

°f=0f
and the normal time derivative
an — (9°f—Vt"t‘fo.

The importance of the material time derivative is understandable only when considering
evolving embedded hypersurfaces I' = {{t} x 6,(M)|t € [0,7]}. Then, we can not only
define functions f:[0,7]x M — R but also f: T — R is well-defined.

For fixed t, the function f(t,-) : I'(t) - R is defined on the fixed embedded hypersurface
['(t) and therefore we can differentiate in space as we did in Section 2.1.3.

But differentiating in time then is more involved: It is not possible to fix z and vary ¢
because the function f is only defined in points (¢,z) with z € I'(¢t). This means that z
depends on t and therefore variations in ¢ always imply variations in z. We can solve this
problem by differentiating f o § instead of f as the two variables ¢ and p of f o6 can be
varied independently. Then,

°f=(0(fo0))o0o! (2.2)

is called the material time derivative of f. The name “material” time derivative arises,
because it describes how a mapping changes along a trajectory of a material point. We
can picture the trajectory as the motion of a bit of matter fixed on the hypersurface during
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the evolution of the hypersurface. In particular, and also obvious from (2.2), the material
time derivative depends heavily on the global parameterization.

The normal time derivative is a way to define a time derivative that is independent of the
global parameterization: Similar to the procedure we applied to extract the normal velocity
from the total velocity of an evolving hypersurface, we use the material time derivative
but subtract the changing of the mapping that is due to the tangential movement of
the evolving hypersurface. Because the independency of the normal time derivative from
tangential shifts is not obvious from the definition, we state the following identification:
For any C'-map 7 : (t —,t +¢) - R with n(7) € I'(7) that points in normal direction,
ie. n'(1) = n'(r)|lv(r,n(7)), we have

d
O fitmeey) = Eh:tf(T,??(T))-

This statement is proven in [BGN20, Remark 29(iii) and (iv)] and shows clearly that the
normal time derivative is independent of the global parameterization.

Remark 2.55. For a C1*"- C?**-evolving immersed hypersurface I with reference surface
M and f eC™7([0,T],C7(M)) with T <r and o < s, we have

o°feC([0,T],C7(M)).

If additionally M is closed or o € Nxg, for feC*([0,77,C7(M))nC™([0,T],C**7(M)),
o°feC™([0,T],C7(M))

follows on account of Remarks 2.35 and 2.53.

As we use the vector field vp : [0,T7] x M — R¥! for an evolving hypersurface I’ to
describe the normal vp(t,p) of the hypersurface I'(¢) in a point 6(¢,p) € I'(t), we denote
by Hr : [0,T] x M - R the function for which Hp(¢,p) is the mean curvature of the
hypersurface I'(¢) in a point 6(¢,p) € ['(¢t). If the corresponding evolving hypersurface is
clear, we also omit the index I' and simply write v and H.

Remark 2.56. On account of Remark 2.42 and Proposition 2.51, for a CY*"- C?*3-evolving
immersed hypersurface ' with reference surface M and unit normal v, we have

H = -divpv € C"([0,T],C*(M)).

Having clarified the regularity of the mean curvature, we give a formula for its normal
time derivative.

Proposition 2.57 (Normal Time Derivative of the Mean Curvature). We assume I to be a
(C2- C?) n (C- C*)-evolving immersed hypersurface with unit normal v, mean curvature
H and normal velocity V. Then,

0"H = ArV + V‘Vrllf

holds on T'(t) for every te[0,T].
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Proof. Because the evolving immersed hypersurface I' locally is embedded, the claim fol-
lows directly from the analogous statement for evolving embedded hypersurfaces which is
proven for example in [BGN20, Lemma 39(ii)]. O

Now, we state the so-called transport theorem for evolving hypersurfaces, which enables
us to differentiate integrals over moving surfaces in time. It will be an important argument
in Chapter 3.

Proposition 2.58 (Transport Theorem). Let T' be a C*- C?-evolving immersed closed
hypersurface with reference surface M ¢ R¥™ mean curvature H and normal velocity V.
For f e CY([0,T] x M), we have

d

< dd=[6D—HVdd.
dt F(t)f 7 I'(¢) Ul 7

Proof. As, obviously, integration is not defined locally, the statement does not transfer
directly from the embedded to the immersed case and we have to argue more subtly. The
evolving immersed hypersurface I" locally is embedded but its embedded patches are not
closed in general. The assumed compactness of the evolving surface in [BGN20, Theorem
32] is not necessary for the first statement therein, such that it also holds for the non-closed
embedded patches. Together with a partition of unity, the statement thus transfers to the
immersed case and yields

d

- au= [ o f e vV ant = [ - v Vs dive(FV) dH
dt F(t)f 7 I'(t) f+f a # I(t) f va " IVI‘(f ) H

For the decomposition V' = Vy+ (V). of the total velocity V' into the normal part
Vv and the tangential part (V*°!);,,, Proposition 2.48 implies

: tot d : d . d d
= = = —
[F(t) leF(f V )dH A(t) leF(f V V) dH A(t) fVdivrv dH [F(t) fVHdH",

where we used H = —divrv from Remark 2.56 in the last step. Thus, we finally have

d

- d _ op .1/ tot : tot d _ Op_ H d.
G S 0 /F(t)af U f - VI 4+ divp(fV) dH fm)af FVHAHL. O

2.1.6 Parameterization via Height Function

In this section, we discuss evolving closed hypersurfaces I' defined by special global pa-
rameterizations of the form

0,(t,p) = 0(p) + p(t,p)vs(p),

where ¥ = (M) is a fixed, i.e. time-independent, immersed closed hypersurface, named
the immersed reference surface, in distinction from the (embedded) reference surface M.
The function p : [0,7] x M — R is a so-called height function. This name arises from
the fact that 0(p) € ¥ and 6,(¢,p) € I'(¢) differ only in normal direction; so if we flatten
¥ locally, 6(p) and 60,(¢,p) lie exactly above one another and the difference in height is

p(t,p).
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We start with the embedded case, where we choose # = Id and thus ¥ = M is an embed-
ded closed hypersurface. For such hypersurfaces, we can define a tubular neighborhood
which can be interpreted as the extension of the hypersurface to an open set in R*!. In
particular, extending a mapping defined on an embedded closed hypersurface constantly
in normal direction to the tubular neighborhood allows us to use the calculus in R%! to
compute quantities for this mapping, which is frequently used in our source [BGN20].

Definition 2.59 (Tubular Neighborhood). Let M c Rt be a C2-embedded closed hyper-
surface with unit normal vyr. For R >0, the tubular neighborhood Tr(M) of M is defined
as

Tr(M)={z¢ R+ |z=p+rva(p) forpe M and |r| < R}.
For R > 0 sufficiently small,
M x (=R, R) » Tr(M), (p,r) = p+rva(p)

is a bijection, see for example [PS16, Section 2.3]. For this reason, there exist functions
Har: TrR(M) » M and dps : Tr(M) > (=R, R) with

z=p+rvy(p) < My (2) =p, dy(z) =7

It turns out that dys is the signed distance function to M, with dj;(z) being positive if z
lies in the direction in which vj; points and negative otherwise, and II,; is the projection
onto M, so we have

Iy (2) = argmin |z — p|gas1-
peM

For R sufficiently small, IT;; € C* (TR(M),Rd+1) and djy € CQ(TR(M),R) hold, see once
again [PS16, Section 2.3|. For a further discussion of tubular neighborhoods of embedded
hypersurfaces, besides the detailed but maybe hard to follow [PS16, Section 2.3|, we
recommend [BF12, Section III.3.2], where especially the dependence of the size of the
tubular neighborhood on the curvature of the surface is adressed.

Proposition 2.60. Let M c R™! be a C%-embedded closed hypersurface with unit normal
v Furthermore, let p e CYH(M,R) with lolcoarry sufficiently small. Then the following
hold:

(i) 0,: M —R¥™ 0,(p) :=p+p(p)var(p) is a homeomorphism onto its image.
(i) dp,: T,M — R is injective with vas(p) ¢ dpd,(TyM) for allpe M.

In particular, 0, is an embedding.

Proof.

Ad (i) Due to the bijection M x (-R,R) — Tr(M) mentioned above, §, is injective for
lplcocarry sufficiently small. Therefore 6, is bijective onto its image. As p and vy
are continuous on M, also 6, is. And because we have 9;1 = pr)9,(ar), continuity of
6;1 follows from the continuity of II,,.
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Ad (ii) Let p e M and let (v, TW) be a local parameterization of M with p = ~y(z) for z € W.
Then T), M = span{0;v|; }i-1,....q holds and (i )i-1,... 4 are linearly independent with
UM y(z) L span{éﬂ‘x}i=17___7d. Because of

dpep[ai’ﬂx] = alwm + al(p ° ’Y)|mVM lv(z) T p|'y(;t)al(VM °© 7)|x7

for [plco(arr) sufficiently small, (dpep[(?l'y|z],...,dp9p[8d7|x],VM|7(z)) are also lin-
early independent, which we explain more detailed in the following.
Let aq,...,a4+1 € R with

0= Z Oézd 9 az’yw] + g1V Iv(z)
i=1

ISH

= 3 i@ + 3:(p 0 VeVt () + PO (Var Vi) + Qa1 Vit (a)

~
1l
—_

d
= 2 il + Pl (a) Z @i0i(var 0 V) + (Zaz (Poy) + adﬂ) VM ()
=1

We have 0,73, 0i(Var )|z € Ty(o)M due to Remark 2.38 and vz |y (z) L Tyz)yM. So,

d d
0= Z O‘iai’)’\x T Ply(x) Z aiai(VM ° ’Y)|x (23)
i=1 i=1
and
d
0= Zaiai(P°7)|z+ad+1 (2.4)
i-1

hold independently. For [p|co(asr) sufficiently small, (2.3) yields ai,...,aq = 0
and then ag4,1 = 0 follows with (2.4). Thus, the claimed linear independency
does indeed hold. In particular, we have va;(p) ¢ dp0,(T,M) for all p e M. As
the differential d,0, : T,M — R%! is linear, its injectivity follows directly from
T, M = span{0;7| }i-1,...a and the linear independency of (dp0,[0iV;])i=1,....d- d

We now turn to the immersed case where 6 is no longer an embedding but only an immer-
sion. As an immersed closed hypersurface, ¥ = (M) may have self-intersections and thus
does not possess a tubular neighborhood which we used to prove that 6, is a well-defined
global parameterization in the embedded case (see Proposition 2.60). But, on the other
hand, in the immersed situation we do not need 6,(¢,-) to be an embedding but only an
immersion. This relaxation enables us to do without the tubular neighborhood in the
immersed case and it turns out that the same conditions as in the embedded case (p € C
and |pllco sufficiently small) are sufficient for 6, to be a well-defined global parameteri-
zation. In the proof of Proposition 2.62, we even state an explicit bound for the required
smallness of the height function.

Lemma 2.61. Let ¥ =0(M) be a C'-immersed closed hypersurface. Then, we have

inf inf ‘d O[v ‘
peM veT, M
v]= 1
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Proof. Let d =dim M and choose a local_parameterization (v,W) of M. In particular,
v e CY(W,R¥1) is an embedding with v(W) c M. Set
— 2 aiaﬂ(ﬂf)

X aldiy(z)|
for € R*\ {0} and x € W. Then v(a,z) € Ty (zyM holds with [v(a,x)| = 1 for every
a e R?\ {0} and 2 € W. Moreover, for 3 := |g—|, we have

v(a,x)

B wmZi9in@) 3 eidn()
|2 Bioiy ()| |ﬁziai6w(:p)| |2 oty (z))|

v(B;x)

=v(a, )

for every z € W. So, with S := {a e R?, |a| = 1},
{ve TyyM, |v] = 1} ={v(a,z)|aeS}
and in particular

v i, [y OL0]] = inf | @) 0 v (e, z) ]|
[v]=1
follows for every x € W. We have
9[ ¥, aloiy(z) ” Yi'dyy 0oy (2)]| [Eia’di(007)(2)|
R (IR ] [Ziai0n(@)] i et (a)]
for all a € S and x € W. Due to 6 € C'(M,R*"), v e C'(W,R*!) with y(W) ¢ M and
0iy#0on W for all i =1,...,d by the immersion property of «y, thus

(a,x) — |d7($)9[v(a,:n)]‘ € C’O(S x W)

[dy@y0v(ez)]| = |d

d,(z)0[v(e,z)]| > 0 holds for all (e, z) € S x W and

follows. Because 6 is an immersion,

then compactness of S x W implies
inf  inf = inf inf .
inf A o]l = inf gl ) Po(e,2)]|>0
[v|]=1

Finally, as M is compact, it can be covered by finitely many local parameterizations (v, W)
and therefore the claim follows. O

Proposition 2.62. Let ¥ = (M) c R¥! be a C%-immersed closed hypersurface with unit
normal vs,. Furthermore, let p e C*(M,R) with lplcocarry sufficiently small. Then,

0,: M —R"0,(p) =0(p) + p(p)vs(p)

is an immersion. In particular, ¥, = 0,(M) is an immersed closed hypersurface and
for any sufficiently small local parameterization (v, W) of M, (v, = 60,0, W) is a local
parameterization of an embedded patch of ¥, and

(alf}/p\gm ceey adf}/p|zv Uy, |’y(r)) c RCHI

are linearly independent for every x € W.
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Proof. We have vy, € C1(M,R%*1) by Proposition 2.27 and thus 6, = O+pvs, € CL(M, R,
For any local parameterization (v, W) of M, the domain W c R? is compact and hence

S(,}, W) = SUP dey(:p)VEHl:( (x)M]Rd*l)
d 2V @ x i
< sup max ‘ v(z) 2( 7( ))| = sup max |0i(vs 0 7)) ()] < 0o
o 07 (2)| payi=lend 10y (2)]

holds. As M is compact, it can be covered by finitely many local parameterizations
(7, Wi)i=1,....r. and therefore

5= b | VEH[;(T MRy S TIAX S(’” wi) < °
peM

follows. Remark 2.42 and Proposition 2.44 imply S # 0 and by Lemma 2.61, we have

I:=inf inf \da 1> 0.
peM veT, M

[v]= 1
Hence,

I
R=—>0
25~

is well-defined. Assume [p||cocary < R. For all pe M and v e T,M
dyf[v],dprs[v] € T,X  and  wvs(p) L TpX (2.5)
hold. Due to p(p),dpp[v] € R, we thus have
= 2
|dp9p[ ’ |d O[v] +dpplv]vs(p) + p(p)dprslv ]‘

= |4,0[0] + p(p)dprs[v][” + [dpp[v][”
|d v] +p(p)dpug[v]‘2

and then
7 I
|dp0,[v]] > |dp0[v] + p(p)dprs[v]] > [dp0[v]| - Rldprs[v]| > I - RS = 3> 0

follows for |v| = 1. In particular, d,0, : T,M — R is injective and therefore 0,: M — R+1
is an immersion.

The fact that X, is an immersed closed hypersurface follows by definition and then Propo-
sition 2.23 yields that (v,, W) is a local parameterization of an embedded patch of ¥,. It
remains to show that

(alryp\an ceey ad’Ytha Vs |’7(£U)) c Rd+1
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are linearly independent for every x € W. For this, fix z € W and let ay, ..., ag.1 € R with

d

0= Z aiai7p|z T Xd+1Vs |y ()
i=1

az‘(az‘(éo Nz + 0i(P°ViaVs y(a) + Piy(a)0i(Vs © 7)|x) + 011V |y ()

M DM

~
I
—_

ai(d'y(aﬁ)é[afnm] +0i(P oY) laVs y(a) + p|’y(a:)d'y(z)l/2|:ai'7|z]) + 011V |y ()

M=

) d d
idy(2)0[0iVa] + Py () ; idy () Ve 0iV)2] + (; @;0i(p oY) + Oéd+1) VS y(z)-

~
1]
—_

With the statement in (2.5),

d - d
0= aidy(@)0l0a] + Prya) 2, Qidy@yvsl@ine] (2:6)
i=1 =1
and
d
0= Zai&(pov)|z+ad+1 (27)
i=1

hold independently. For |p[co(ary sufficiently small, Equation (2.6) yields ay,...,aq = 0
and then ag,1 = 0 follows with Equation (2.7). So, the claimed linear independency does
indeed hold. O

With this preparatory work, we can show that for suitable height functions, the special
global parameterizations introduced at the beginning of Section 2.1.6 really yield well-
defined evolving hypersurfaces.

Corollary 2.63. Let ¥ = (M) c R¥! be a C3**-embedded / immersed closed hypersurface
with unit normal vs, and let T € (0,00). Furthermore, let p: [0,T] x M - R be a function
with p € C*7([0,T],C*(M)) nC"([0,T],C***(M)) and lplcocro,ryxary sufficiently small.
We define

0,:10,T] x M - Rd+1, 0,(t,p) = O(p) + p(t,p)vs(p).

Then, with T',(t) = 0,(t, M),

T,={{t} xT,(t)|te[0,T]}

is a C1*"- C**S-evolving embedded / immersed closed hypersurface with reference surface
M and global parameterization 0,, called the evolving embedded / immersed hypersurface
parameterized via the height function p.

Proof. We have 0, e C'*"([0,T7],C%(M,R¥1))nC([0,T],C**(M,R¥1)) by construction
and according to Propositions 2.60 and 2.62, 0,(t,-) : M — R%! is an embedding /
immersion for all ¢ € [0,T']. O
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In the following final remark, we introduce some basic notation for evolving closed hyper-
surfaces parameterized via height functions and recap some important regularity properties
for later look-up.

Remark 2.64. Let ', be a Cl+7- C**5_evolving immersed closed hypersurface parameter-
ized via a height function p as in Corollary 2.63 with reference surface M c R* and global
parameterization 0, : [0,T]x M — RL. Moreover, let ¥ = (M) be the corresponding im-
mersed reference surface with unit normal vs,. We use the notation 0,y = 0,(t,") and
Lp(t) =T py = 0,y (M) for allt € [0,T]. Given a sufficiently small local parameterization
(v=p L, W) of M, we define

Po() = oy and Yoy =Gy 0
= Lol and [g)is = (195 75)™ = L6, g as in Definita
ij =95 )i Ioylia = (1935 )i 96,y Jii as in Definition
2.29. Due to Proposition 2.50, ('yp(t) = gp;(lt),W) is a local parameterization of U,y for
all t € [0,T] and we have

as well as [gfj(t)]

v € CHT([0,T],C5 (W, R*H)) nc([0,T],C% (W, R*1)).

We gather some regularity statements deduced in the sections above and introduce an
abbreviatory notation to express the dependence on the height function: We use

vp=vp, €C'([0,T],C"* (M, R™))
for the unit normal as in Proposition 2.51,
H,:=Hrp, C"([0,T],C3(M))
for the mean curvature as in Remark 2.56 and

V=V e C7([0,T7,C° (M, R™))
V, =V, €C"([0,T],C°(M))

for the total and normal velocity as in Remark 2.53. Also, we recap some important surface
derivatives from Section 2.1.3 and introduce a similar short notation for the dependence
on the height function. For f e C°([0,T],C*(M,R)) and F ¢ C°([0,T],C*(M,R*)),
we define
Vof=Vr,f and div,F =divp, F
as well as for f € C°([0,T],C?(M,R))
A,f=Ar,f.
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Their representations with respect to a sufficiently small local parameterization (v, W) of
M are given by

Vpfory= Z 97 0:(f 0 ) 05,

i,5=1
div,Foy= Z 97 0(F o) 97,
i,5=1
Apfory= Z g 0i0;(f o) + Z 9 0i(g ap) - 05vp Ok(f 0 7).
i,5=1 k=1

From these formulas it is obvious that functions of reqularity f € CT([O, T],CU(M,R)) and
Fe CT([O,T],C"(M,R‘“I)) for 7,0 € Ryg with 7<r, 0 <2+s and o >1 (or even o > 2 if
necessary), fulfill

Vof €CT([0,T],C77 (M, R™1)),
div,F eC7([0,77,C¢7 1 (M,R)) and
A f €CT([0,T],C7*(M,R)).

Finally, by Definitions 2.52 and 2.54, the normal time derivative of a function of reqularity
feC([0,T],C7(M)) nC™([0,T],C1*7(M)) for 7,0 € Rog with T <7 and o < s is given
by

f=0uf- 010y Vo f
and thus 0°f € C([0,T],C° (M,R)) holds.

2.2 Holder Spaces

This section is dedicated to Holder and little Holder spaces. In short, they are intermedi-
ate spaces between spaces of continuously differentiable functions, where any little Holder
space is that subspace of the corresponding Holder space in which the smooth functions
are dense. We do not give a full introduction to these spaces but only gather the defini-
tions and properties used in this work.

There are two possibilities to define (little) Holder spaces: The first one is straight-forward
using appropriate seminorms (see Sections 2.2.1 and 2.2.2) and the second one is based
on interpolation theory (see Section 2.2.3). Both of these approaches will be useful in
Section 2.2.4 to deduce properties of those spaces. The last Section 2.2.5 addresses com-
position operators and analyzes in particular the regularity of operators acting on (little)
Holder spaces by composition with a sufficiently smooth function. As further literature
for interpolation theory and its application to (little) Holder spaces, [Lunl2, Chapter 1]
is recommended.

In the following, let (X, |- |x) be a Banach space and let d,n € N,y be dimensions. We
use k € Ny to describe the order of differentiability and « € (0,1) for the so-called Holder
exponent. As before, we sometimes use the short notation s € {k, k + a} c Ryy with

|s] == max{l e Ny |l <s}=k.
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2.2.1 Holder Seminorms

At first, we introduce two Holder seminorms. We define them for functions with domain
in an arbitrary subset Q c R?, such that they can be applied later for functions defined on
the closure of open sets as well as on embedded submanifolds.

Definition 2.65 (Holder Seminorms). Let Q ¢ R? be an arbitrary subset, let X be a
Banach space and let € (0,1). For f:Q — X, we define the Hélder seminorm

Xz
[f]Ca(Q X) = sup Hf( ) f((i/)”X
z,yeQd |l‘ y|
TFY
Furthermore, for R ¢ (O’ 00], we set
If(z) = fF(w)lx
f Ra = Sup ‘
ez z,yeQd |z —y|*
0<|z—y|<R

In the following, we will also need the uniform norm, which we denote by
[fleo.x)y =sup [ f()]x-

Now, we gather some basic properties of these seminorms: First, we state how the Holder
seminorms behave for finite products of Banach spaces X;, for different values of o and
for Lipschitz continuous functions. Afterwards, we discuss the composition of functions
and the union of sets.

Remark 2.66. Let Q c R? be an arbitrary set, let e (0,1) and let R € (0,00]. Further-
more, let X1, ..., X, be Banach spaces and define X = [Tj~; X, such that |Z|| ¢ ~ Yity |2l x,
holds for all & = (x;)i=1,..n € X. Then, forall f:Q — X, we have

ca(Q X) Z; filé Co(Q,X;)"

Remark 2.67. Let Q c R? be a bounded subset, let X be a Banach space, let o, o, v €
(0,1) with oy < g and let R € (0,00]. Then, for all f:Q — X, we have

[f]gal(qx) < [f]gag(QX)C(R)%_ala

where C(R) = min{R, 2|} € (0,00) fulfills limp_oC(R) =0, as well as

o1 1-91
(181 @.x) < ([ABaz o)) 2 Rl leo,x)) =2

Moreover, for all Lipschitz continuous f: Q — X with Lipschitz constant L,

[f]ga(g,x) <LC(R)"™®

holds where we choose again C'(R) = min{R,2|Q|}.
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Lemma 2.68 (Composition with a Lipschitz continuous Function). Let Q ¢ R? be an
arbitrary subset, let X be a Banach space and let « € (0,1). Furthermore, let d’' € Nsg be
another dimension and let ¢ : 2 — o(§2) c RY be Lipschitz continuous, i.e., there exists a
constant L >0 with

lp(@) —eWl _

sup
x,yef |2~y
T#Y

Then, there exists a constant C = C(L) >0 such that for all f:p(Q) - X and R e (0, 0]

[fo SO]ga(Q,X) < C[f]ég(go(Q),X)

holds.

Proof. If ¢ is constant, the claim is clear. So, assume that ¢ is not constant in the
following. Then, by definition of the supremum,

f(e(x)) = f(e(y) Flo)) - fo(y)
e =
O<|:ﬁy|<R 0<|9;Ziy\<R
(x)*p(y)

holds. For any z,y € Q with |z — y| < R, we have |p(z) — ¢(y)| < LR. Therefore,

[f(e(@)) - (o)l

fopldaiax) =
Foeler@n= s o=yl
0<|z-y|<R
w(z)#p(y)
< OGO
- z,yeQ |z —y|*
0<|e(@)-p(y)|<LR
) [ (o) - Fle@)l (Iw(w) - o(y)] )
= sup
2,yeQ lp(x) = p(y)|> ]
0<[p(z)-p(y)I<LR
I f(u) - f(v)lx LR
<L®  sup =LY f]ia
u,vep(Y) |u - U|a O (e().X)
O<|u-v|<LR
follows. O

Later on, Lemma 2.68 will be used to prove the fact that the composition foy of a Holder
regular function f and a Holder regular and globally Lipschitz continuous function ¢ is
Holder regular again.

We will call a function Holder regular, if its Holder seminorm is bounded. In particular,
we thus impose a uniform condition for Holder regularity and therefore a function being
Holder regular on two different sets not necessarily has to be Holder regular on the union of
these sets. But the following Lemma 2.69 states that this problem can be solved if the sets
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overlap in a suitable way: Then, the Hélder seminorm on their union can be controlled by
the Holder seminorms on the separated sets. As we will see later, this implies in particular
that defining Holder regularity on embedded submanifolds via local coordinates works
smoothly in spite of the uniform condition for Holder regularity.

Lemma 2.69 (Union of Sets). Let X be a Banach space, let o € (0,1) and let L € N.
Furthermore, let M c R be a compact set, let Aj c M be compact and U; ¢ M be open
subsets with Ay c Uy for all l € {1,...,L}. There exists a constant C = C(A;,U;) >0, such
that for all f:UE, Ui > X

L
[floaqur, a.x) < cy (”fHCO(Ul,X) + [f]C’a(Ul,X))
i=1

holds. In addition, for sufficiently small R € (0,00], we have

L
R R
[flcawr, ax) < ;[f]oaam)-

Proof. We only show the claim for L = 2; the general statement then follows by mathe-
matical induction: Because we can always choose an open subset U; ¢ M and a compact
subset A; c M with A;cU; c A; c Uy,

[Fleaurs a,x) = [oaquis auaroar.).x)
L+1 L-1
<0 % Il lowm + [f]ca@umm)
=1 =1

with
L+1

[flea@morm.x) < Ulee@moas x) < C( > Ifleow,xy + [fleaw, x) + [f]ca(Um,X))
=1

holds. So, we restrict to L =2 in the following. For x,y € A1 U Ao, we only need to differ
three different cases:

(i) z,y e Uy,
(ii) x,y € Uy,
(ili) =€ A1\ Uz and y € Ao\ U; or vice versa.

This is due to the following considerations: W.l.o.g. we can assume x € A;. If x € A1 nUs
and y € Aj, we have case (i) and if y € Ay we have case (ii). If x € A; \ Uy and y € Az \ Uy,
we have case (iii). Otherwise, if y ¢ Ay \ Uy, then y € Uy or y ¢ As and thus y € Ay c U;
holds and hence we have case (i).

Due to

(Al\UQ) N (AQ\Ul) c UlﬁUlc =,
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we have
|t —y|#0 forall ze A1\ Us and y € Ay \ Uy.
As A;\U; c M and M c R? are compact sets, also 4; \ U; c R? is a compact set and thus
I=inf{lz—y||ze A \Usand y e A3\ U1} € (0, 00)

follows. With

I ifR>1I

C(R) = L

-0 ifR<I,

any f:U;uU; - X fulfills
f(@) - f(y)lx 1
swwp | D sy (oo + I leowan)
zeA1\Us, yeA2\U1 ‘x - y‘ zeA1\Uz,yeA2\U1 |:L' - y’
0<|z-y|<R 0<|z-y|<R

<CR)([flcown.x) + 1 fleows.x))-

These preliminary considerations lead to

[f (@) - f(w)lx
f18. = su
[ ]C (A104,,X) x,yeA1UAs ‘x_y’a
0<|z-y|<R
] M@-IWIx @ - Wl
z,yel; [z —y|* z,yels |z —yl|*
0<|z-y|<R 0<|z-y|<R
vy @ - 1)1
IGAl\UQ,yEAQ\Ul |$ - y|a
O<|z-y|<R

= max {[ 1) 0, xy: L1 CRY ([ Fleoqur x) + 1 flenqunxy) } -

Therefore, with a constant C' = max{1,1"*} > 0 depending only on Ay, A2, U; and Us, we
have

[floearua,,x) < C((”f||C’O(U1,X) + oo )+ (1Fleowaxy + [f]CO‘(Ug,X)))

and for sufficiently small R > 0,

[F16e (aroasx) < [F 18 x) + U 16 u x)
holds. O

Lemma 2.69 also holds for M = R?, but as we will need the statement later on to define
the Holder spaces on embedded closed manifolds M, we formulated it for compact sets M.
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2.2.2 Definition of the Holder Spaces

In the section above, we introduced the Holder seminorms and collected some of its basic
properties. With this preparatory work, we can now move on to the concrete defintion of
Holder and little Holder spaces. We start by defining them on the closure W of an open
subset W c R%. In a second step, we transfer the definition to embedded submanifolds.

Definition on the Closure of Open Sets

At first, we introduce our notation for continuous and continuously differentiable functions.

Definition 2.70 (Continuous and Differentiable Functions). Let X,Y be Banach spaces,
let U cY be an open subset and let k € Nyg. With

(U, X) and CMU,X),

we denote, respectively, the continuous and k-times continuously Fréchet-differentiable
functions f: U — X. Moreover, we use

CXU,X) and CFU,X)

to describe functions in C°(U,X) or C’k(U,X), respectively, that are bounded and whose
Fréchet-derivatives up to order k are bounded as functions on U.

Now, we extend this definition to the closure W of an open subset W c R%.

Definition/Lemma 2.71 (Cont. and Diff. Functions on the Closure of Open Sets). Let
W c R? be an open subset and let X be a Banach space. We define the Banach space

CY(W,X) = {f : W — X continuous ‘ “f”CO(W,X) < oo}
of all continuous and bounded functions on W, which is endowed with the uniform norm

£l ) = sup |£(2)]x.
zeW

For k € Ny,
CE(W,X) = {f e C*(W,X)|V|B| < k: D f e CY(W,X)}

denotes the set of all k times continuously Fréchet-differentiable functions on W, whose
derivatives up to the order k are bounded and continuously extendable onto W. Endowed
with the norm

||f||ck(W,x) = "DBchO(W,X)’
1BI<k

it forms a Banach space. If W is bounded, we omit the index b.

With this, we can formulate the definition of Holder and little Holder spaces, which are
used throughout this whole thesis.
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Definition/Lemma 2.72 (Hélder Spaces on the Closure of Open Sets). Let W c R? be
an open subset and let X be a Banach space. For a € (0,1), we define the Hélder space

CUW,X) = {f € CYW, X) | [l i ) < 0}

and the little Holder space

he (W, X) = {f e CUW, X)| lim 1R, 7 x) = 0}-

Together with the norm

”f”ca(W,X) = ”f”cO(W,)() + [f]ca(W,X)

both the space C*(W,X) and its subspace h“(W,X) are Banach spaces. For k € Nsg, we
define (little) Hélder spaces of higher order as

CH(W,X)={feCy(W,X)|V|fl=k: D f e C*(W,X)},
W W, X) = {f e C"*(W,X)|V|B|=k: D f e h*(W, X)}

both endowed with the norm
[ £l greo ) = 1 lonmx + %k [D7 e )

Note, that we assume a Holder regular function to fulfill not only a local, but a uniform
Holder condition!
Because (C’f(W, X5 -l ow W X)) is a Banach space, proving that the spaces C¥**(W, X)

and _h]“O‘(W,X ) are complete reduces to showing that they are closed as subsets of
CF(W,X) with respect to the norm | - ||Ck+a(W7X)' This proof is straight-forward (see
[Alt16, Section 3.7]).

Remark 2.73. (i) For s € Ryg, we use the short notation
G (W, X)

as in Section 2.1, meaning C3(W,X) if s € Nyg and C*(W,X) or h*(W,X) else.
If X =R, we use the abbreviation

Ci (W) :=C(W,R).
If W is bounded, we omit the indez b.
(ii) On account of Remark 2.66, we have
feCC(W,R") < f;eC(W,R) foralli=1,...,n
with ”f”cs(W,Rn) ~ i | fi Hcs(W,Ry
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Definition on embedded Submanifolds

For any k € Nyg and « € (0,1) used in the following, let M c R™ be a d-dimensional
C'nC*- or C' nC**-embedded submanifold, respectively, as defined in Section 2.1.1. In
particular, if d # n, M is not the closure of an open subset of R". We will define Holder
functions on M with the help of local parameterizations. If M is closed, we choose a finite
set (71, Wi)i=1,...,1 of local parameterizations of M such that there exists a set of charts
(01, Up)i=1,...,. with v (W;) ¢ U; and prga o ¢, (W) = 'yl_l and a set of compact subsets
Aj (W) with M c U; A;, which is possible due to Remark 2.6(ii).

Definition/Lemma 2.74 (Continuous Functions on Submanifolds). Let X be a Banach
space. We define the set

CO(M,X)={f: M- X continuous}

of all continuous functions on M. If M 1is closed, any continuous function f: M — X is
bounded and thus C°(M, X) can be endowed with the uniform norm

Hf||CO(M,X) =sup | f(p)|x
peM

to form a Banach space.

Because continuity of a function on two different sets implies continuity on the union of
these sets,

CO(M, X) = {f M- X ‘ for every p € M there exists a local parameterization (v,, W)
with p € y,(W,) and foy, e CO(WP,X)}
= {f M- X ‘ fore CO(W,X) for all local parameterizations (7, W)}

holds. If M is closed, we can reduce to the finite set (v, W;);=1,.. 1, of local parameteriza-
tions and obtain

(M, X) :{f:M—>X|f0fyl e CO(W, X) for auz:l,...,L}

endowed with the equivalent norms

L
|- HCO(M,X) ~ Z I 'OWHCO(WZ,X)'
=1

Following this equivalent formulation in local coordinates, we introduce the definition for
differentiability and Holder regularity on embedded submanifolds (cf. Definition 2.15).

Definition/Lemma 2.75 (Holder Spaces on Submanifolds). Let X be a Banach space,
let k € Nyo and let a € (0,1). We define the sets

CH(M,X) = {f: M > X |¥p e M :3(y,, W,) with f o, ¢ C*(W,, X)} for k +0,
Cre (M, X) = {f:MeX‘VpeM:EI(Vp,Wp) with f o ec’“a(Wp,X)} and

REY (M, X)) = {f ‘M > X|vp € M : (v, W) with fory,e h’m(Wp,X)}.
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If M 1is closed, they can be endowed with the norms

L
||fHCk(M,X) = Z Hf 0’Yz||ck(Wl,X) for k+0 or
=1

L
||f||ck+a(M,X) = Z [fom ||Ck+a(Wl,X)a
I=1

respectively, to form the Banach spaces of differentiable functions and (little) Holder func-
tions on the embedded closed submanifold M .

If M is closed, the completeness of C*(W;, X), C***(W;, X) and h***(W;, X) by Lemma
2.72 transfers directly to the functions spaces with domain M, such that Ck(M , X)),
Ck*+(M, X) and h***(M, X) indeed are Banach spaces with the indicated norms.

Remark 2.76. (i) As usual, for s € Ryg, we use the short notation

(i)

(iii)

C* (M, X)
for either C*(M,X) or h*(M,X). If X =R, we use again the abbreviation

C5(M) = C*(M,R).

On account of Remark 2.73(ii), we have
feC(M,R") < f; e C°(M,R) foralli=1,....,n

with | flosrny ~ Zica | fil s (vry-

The definition of Hélder reqularity on mon-closed submanifolds is cumbersome. But
if M s closed or s € Nso holds, we obtain the simple characterization

C* (M, X) = {f : M—>X|foy eC*(W,X) for all (’y,W)}

as in the case of continuous functions. We give a short sketch of the proof here and
refer to Lemma A.14 in the Appendix for a detailed explanation.

Let f € C°(M,X) and let (y,W) be an arbitrary local parameterization of M. In
particular, for every p € M, there exists a local parameterization (v, Wp) of M
around p with f oy, € C*(W,, X). We define

Vp = ’y_l('y(W) n 'yp(Wp)) for allpe M
and can show
foy=(forp)o(r, o) eC*(Vp,X) for allpe M,

because 71;1 oy € CS(VP, RY) follows from representing 7;1 = Drpd © qbpm

a suitable chart ¢, € C*(Uy,R"™) as in Remark 2.6(ii). The justification for this
is clear if s € Nyg and for general s and closed M, Lemma 2.68 can be used. As
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M =U,vp(Wp) implies W = Up V,,, the claim fo~yeC*(W,X) follows obviously for
s € Nyg. In contrast to differentiability, Holder reqularity does not transfer directly
to the union W. But as M is closed, we can use Lemma 2.69 to circumvent this
problem and finally receive

foyeC (W,X).

In the following lemma, we state some intuitive representations for Holder functions on
embedded submanifolds.

Lemma 2.77. Let M be closed, let X be a Banach space, let k € Nyg and let a € (0,1).
(i) We have

CFO(M, X) = {f € C*(M, X) | [DP(f o)] < oo for all || =k and 1},

o (W7, X)
o 10% . R
WE (M, X)) = {f e Ok (M,X)‘ lim [D°(f o) o i77.xy = 0 Jor all |8] = k and z}

with

L
|- ”ck’,a(M,X) =- ”ck(M,X) + Z Z [Dﬁ(‘ 0%)](;&(@7;@ .
=1|8|=k

(ii) We have
Co(M, X) = {f € CO(M, X)| [floe(ar.x) < o0} and
RO, X) = (7€ 021, X) | Bl F1f ) =0}
Furthermore,
I leemexy ~ |- leoqar,xy + [oear,x)
are equivalent norms on C*(M,X) and for sufficiently small R € (0, 00]
Sl - Weann
holds.
(iii) We have
CY(M,R) = {f e C°(M,R) | Varf e CO(M,R")},
Cl(M,R) = { f € C'(M,R) | [Varflga(apny < o0} as well as
RO (M,R) = {f e " (M,R) ‘ Il%i_% [VMf]ga(M,Rn) = 0}
and

I lerarry ~ |- leoarry + Vo - [co(armny as well as
|- leraarry ~ |- lorary + [V -loa (arrey

are equivalent norms on C1(M,R) or C1**(M,R), respectively.
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(iv) For k >2, we have
C2(M,R) = {f e C'(M,R)| D}, f € C°(M,R™™)},

C***(M,R) = {f € Cz(M,]R)| [D3,f] < oo} as well as

Ca(M,Rnxn)
o (6% . R
R (R = { £ € 2 LR lim [D341] 3y enery =0

and

I lezarry ~ |- lorvry + 1Dr - o mnxny as well as
H ' HCQJr&(M,R) ~ ” : ”CQ(M,]R) + [DZZM.]CO((MJR’ILXTL)

are equivalent norms on C2(M,R) or C***(M,R), respectively.
Proof.
Ad (i) Definition 2.75 and Remark 2.76(iii) directly imply the statement.

Ad (ii) The claim follows with Lemmas 2.68 and 2.69 and is performed in detail in the
Appendix (see Lemma A.17).

Ad (iii) As M is a C***-embedded submanifold, d;y; € C*(W;,R"™) and g;j e C*(W;,R) hold.
Due to
Vaifoy=290(fon)dm and  &i(fom)=(Vafomn) dim,
i?j
the claim follows with the fact that Holder spaces are algebras (see Proposition 2.94)
and the statement in (ii).

Ad (iv) As M is a C***-embedded submanifold, d;y; € C**(W;,R™) and glij e 1Y (W, R)
hold. Due to
[D3rfovulrs =207 0i(Varf o) -erdjm-es and 6i(Varf ow) = [Dirf owl-di,
ihj
the claim follows again with the fact that Holder spaces are algebras (see Proposition
2.94) and the statement in (ii). O

2.2.3 Holder spaces as Interpolation Spaces

If W c R? is an open, bounded and convex subset, every f e C'(W,X) is Lipschitz
continuous on W with Lipschitz constant L < ”fHCl(W x)- Thus, by Remark 2.67, the
Holder space C*(W, Xland the little Holder space h®(W,X) are intermediate spaces
between the spaces C°(W, X) and C1(W, X) of continuous and continuously differentiable
funtions, meaning

CH(W,X) = C*(W, X) - C°(W, X),
where the symbol < denotes a continuous embedding. To analyze this more precisely,
we make use of interpolation theory. It turns out that Holder and little Holder spaces

of all orders are real interpolation spaces between the spaces of continuous and m-times
continuously differentiable functions for m sufficiently large (see Lemma 2.86).
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Short Introduction to Interpolation Theory

First, we list a few basic statements on interpolation theory. In particular, we define the
so-called K-method for introducing real interpolation spaces and formulate the reiteration
theorem which is used later on to analyze interpolation spaces of (little) Holder spaces.
For a full introduction to interpolation theory, we refer to [Lunl2, Chapter 1] and the
listed literature therein.

In the following, let X and Y be Banach spaces with X — Y let § € [0,1] and let p € [1, oo].
We are interested in intermediate spaces E with X <« F < Y.

Definition 2.78. Let E be a Banach space with X - E < Y. If there exists a constant
C >0 with

|2l < Clalyl=]%
for all x € X, then we write E € Jy(Y, X).

Lemma 2.79. Let E € Jy(Y, X), let a,ay,ax € [0,1] with a = (1 - 0)ay + 0ax and let
I c R be a closed interval. There exists a constant C > 0 with

|lullcer,py < CHUH}J—QQY(I,Y)HUHQC‘IX(I,X) and
1-0
[u]de(r,m) < C([W)boy (ryy) ([U)fox (1.x))

for allu e C(1,Y)nC*(I,X) and R € (0,00], where we set [u]go(l 7y = 2|ufcor, 2
and [u]gl(l 7) = lulci(r,zy for any Banach space Z.

0

Proof. For ue CY(1,Y)nC**(I,X),

] 0 -6 0
lulcoq.ey =sup fu(®)]e s sup lu@) 1 a1 < el gy luleo,x)
€ €

and
R Jut) —u(s)|e
U] Sa = sup —————
[ ]C (I,E) fsel |t—8|a
0<|t—s|<R
Ju(t) = uls) Iy fu(t) - uls) % R -6/ 1R 0
S tS:SlEI; |t _ S|ay(1—9)+ax9 s ([u]cay ([,Y)) ([U]Cax (LX))
0<|t—s|<R
hold, which proves the claim. O

Definition 2.80. ForyeY andt >0, we define

K(y,t,Y,X)=inf {[aly +[b]x}.
y=a+b,
aeY,beX

Let E be a Banach space with X - E <Y . If there exists a constant C' >0 with
K(y,t,Y,X) <Cy| g

for allye E and t >0, then we write E € Ko(Y, X).
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Definition/Lemma 2.81 (Real Interpolation Spaces). Let 0 € (0,1]. We define the sets
(Y, X)op={y e Y[t ot K (y,1,Y, X) € L7(0,00)} and
(Y, X)g = {y Y |limtK(y,t,Y,X) = o}.
Together with the norms

and

[ylop = [t 7K (y,1,Y, X)

LP(0,00)
[ylle = 1llo.0 = K (5,6.Y, X)) je 0.0y

they form Banach spaces by [Lunl?2, Proposition 1.2.4] and [Lun12, Corollar 1.2.5], which
are called real interpolation spaces between' Y and X.

Remark 2.82. Let X1,..., X, and Y1,....Y, be finitely many Banach spaces and define
X =1l Xi as well as Y =[1;,Y;. Then

Y, X)op=[](Ve. Xi)op and (Y, X)o=]](Yi, Xi)e
i=1 i=1

hold for any 6 € (0,1].
Lemma 2.83. For 6 ¢ (0,1), we have
(Y7X)9,p€K9(Y7X)mJ9(Y7X) and (YvX)QEKO(Y7X)mJ9(Y7X)'

Proof. For any Banach space E, [Lunl2, Definition 1.2.14] and [Lun12, Proposition 1.2.13]
yield

F e KoV, X) n Jy(Y, X) < (¥, X)g € B € (¥ X)g o
Moreover, with [Lunl2, Proposition 1.2.3], we have

X € (Y, X)gp € (V,X)gpy € (V, X)gc (¥, X)goo c X ¥
for 1 <p; <pa < oo. O

Proposition 2.84 (Reiteration Theorem). Let 6 € (0,1) and 0 < 01 < 2 <1 as well as
w=(1-0)0; +005. For Banach spaces E1, Ey with E; € Ko, (Y,X)n Jp, (Y, X)

(E1,E2)pp= (Y, X)wp and (E1,E2)p= (Y, X)uw
hold with equivalent norms.
Proof. The reiteration theorem is proven in [Lunl2, Theorem 1.2.15]. O
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Application to Holder Spaces

In the introduction to this Section 2.2.3, we assumed convexity for the subset W c R?
to obtain results on embedding properties of Holder spaces C*(W). Lunardi does not
need convexity but also uses an additional condition. She assumes that W has a regular
boundary, which she defines in the following way (see [Lunl2, Section 0.1, pages 2 and 3)):
There exists a (at most countable) collection of open balls (Br(mj))jEN covering 0W such
that there exists an integer k € Nyo with the property that Njey Br(x;) = @ holds for all
J c N with more than k elements. Moreover, we assume that there is an € > 0 such that
Br/z(mj) still covers an e-neighborhood of OW for all j € N, and that there exist coordinate

transformations ¢; such that ¢; : B,(z;) - B1(0) c R is a C*-diffeomorphism, mapping
B, (z;)nW onto the upper half ball {y € B1(0)|yq > 0} and mapping B,(x;)ndW onto the
basis {y € B1(0)|yqg = 0}. In fact, Lunardi even distinguishes uniformly C*-, C**%- and
hF*+®_ boundaries which are defined in an analogous way but, of course, result in a weaker
condition on W. For simplicity, we will always assume that the open subset W c R? has
a regular, i.e., a uniformly C'*°-boundary and refer the reader to [Lunl2] for the more
detailed discussion with less regular boundaries. Note, that Lunardi omits the index b in
her notation of Cp (W, X) and C;"(W, X) even if W is unbounded.

First, we prove a lemma ensuring that we can transfer the representations deduced in
[Lun12] for (little) Holder spaces defined on the closure of open sets with regular bound-
ary to (little) Holder spaces defined on embedded closed submanifolds. Then, we state
these representations for both kinds of (little) Holder spaces.

In the following, let M c R™ be a d-dimensional C"-embedded closed submanifold for
m € Ny1. By Remark 2.6(ii), there exists a finite set (y;, W;);=1,....1, of local parameteriza-
tions of M such that W; are bounded and have regular boundaries and there exist compact
sets A; c M with A; c v (W;) such that

L
M c U Al
I=1
holds. As in Section 2.2.2, Lemma 2.69 yields that using local coordinates works smoothly
even though (uniform) Holder regularity does not transfer from two seperated sets to the
union of these sets.

Lemma 2.85. Let m € Ny, 6 € (0,1] and p € [1,00]. Then, for any function u: M — R,
we have

ue€ (CO(M),C'm(M))ap < uoy € (CO(WZ),Cm(Wl))G,p foralll=1,...,L and

ue€ (CO(M),Cm(M))g < uon € (CO(WZ),Cm(Wl))O foralll=1,... L.

Proof. Let (¢;)=1,.., ¢ C™(M) be a partition of unity subordinate to ('yl(VVl))l:l
We define 7

7L‘

Stur [uoyi=1, L

for any u: M - R and

L
R:[v)ic1, = D ti(vioy )
i
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for any v : W, -» R for | = 1,...,L. Clearly, S ¢ E(Ck(M),Hlel Ck(Wl)) holds for
k € {0,m}. With Remark 2.46, we also have R € L( -, C’k(WZ),C'k(M)) for ke {0,m}.
Because RSu = u holds for any uw: M — R, the operator R is a retraction in the sense of
[Tri78, Section 1.2.4], and the operator S is its coretraction. Hence, [Tri78, Section 1.2.4]
implies that S yields isomorphisms

L L
(C°(an),c™(M)),, (H cO(W), Hcm(Wu) and
’ =1 I=1 9.p
0 L oy e
(@ an,cman), - ([T [Temm) .
=1 =1 0
On account of Remark 2.82, thus the claim follows. O

With the help of Lemma 2.85, we can deduce the following statement for the representation
of Holder and little Holder spaces.

Lemma 2.86 (Holder Spaces as Interpolation Spaces). Let m € Ny; and 6 € (0,1) with
Om ¢ N and let W c R? be an open subset with reqular boundary. Then,

(CS(W),CZ;%(W)) =C"™(W)  and (CS(W),CIZ"(W))H = W™ (W) as well as
(CO(ry,c™(M)), . =CO™ (M) and (C°(M),C™(M)), =h"" (M)

0,00
0,00
hold with equivalent norms.

Proof. For domains W, the proof is given in [Lunl2, Corollary 1.2.19] and the statement
for submanifolds M then follows directly with Lemma 2.85. O

Lemma 2.87 (Holder Spaces as Interpolation Spaces II). Let 0 < 0y < o9 with 01,09 ¢ N
and let 6 € (0,1) as well as w = (1 -0)o1 + 0oy with w ¢ N. Furthermore, let m € Ny1 with
m—1< o9 <m. Finally, let W c R? be an open subset with reqular boundary. Then,

(C(W),C2(W)), . =C* (W),
(h™ (W), (W), . = C*(W) and
(h71 (W), h72 (W), = h" (W)

9,00

as well as
(CT (M), C7*(M)), . =C¥ (M),
(h7H (M), h7(M)), = C*(M) and
(h71 (M), h72 (M), = h* (M)

6,00

hold with equivalent norms.

Proof. Because the proof is identical for both kinds of domains, we omit the domain W
or M in the following. Due to 0 < g; < m, there exist 6; € (0,1) with o; = §;m. Because of
01 < 09, also 01 < A3 holds. Lemmas 2.86 and 2.83 yield

C% = Ceim = (01?701?1)91‘,00 € Kei(cl[))7 an) n ng(Cg,an)
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With the reiteration theorem (Proposition 2.84) and Lemma 2.86,
(C7,C7)g.00 = (C3, C") (1-0)61 405,00 = C (7007002 = Cv
follows. Analogously, Lemmas 2.86 and 2.83 yield
W= B = (CF, G} e, € Ko, (CY, CF) 01 T, (CF, CF).
Again, with the reiteration theorem (Proposition 2.84) and Lemma 2.86,
(W7 h72)g,00 = (Cs CF") (1-0)0, 400,00 = CT(I7D070%) = v
as well as
(h7*, 1) = (01970;”)(1—9)91+992 = plA=0)01+002)

follow. O

2.2.4 Basic Properties of Holder Spaces

Obviously, for two open subsets W; ¢ W ¢ R%, we can restrict any function f: Wy - X
to Wy and thus we have, by a slight abuse of notation, Ci(W2,X) c Ci(W1,X). In
the following, we will discuss embeddings C;*(W,X) < C;* (W, X) of Holder spaces for
different Hélder exponents s; < so. Because clearly h*(W, X) = C(W, X) - C'IESJ (W, X)
holds for s ¢ Nyo, we limit our considerations to the case C;* (W,X) < h¥1(W,X). For
this, we use both the ansatz from Section 2.2.2 via the Holder seminorms as well as the
one from Section 2.2.3 identifying Holder spaces as interpolation spaces. Thus, the same
additional conditions on the open subset W as above are necessary: We assume W to
be bounded and convex, or, if X = R"™, to have a regular boundary. After analyzing
embeddings of Holder spaces, we show that the product as well as the composition of two
Holder regular functions is Holder regular again under weak additional requirements.

Lemma 2.88 (Embeddings of Hélder Spaces). Let W c R? be an open, bounded and
convez subset and let X be a Banach space. For any s1,s2 € Ryg with s1 < s2 and s1 ¢ N,

(W, X) > h™(W,X)

holds. For X = R™, the statement also holds if W c R?% is an open subset with regular
boundary. If M c R™ is a d-dimensional C' n C*?-embedded closed submanifold, we have
analogously

C%2(M, X) > h* (M, X).

Proof. If W is convex, every f € C'(W, X) is Lipschitz continuous with Lipschitz constant
L < | flc1 v x)- Hence, Remark 2.67 yields the claim in the case of bounded and convex
W. If X =R and W has regular boundary, the statement follows from Lemma 2.86 using
Lemma 2.83 and [Lunl2, Proposition 1.2.3]. On account of Remark 2.73(ii), this implies
the statement for X = R™. Then, the statement for submanifolds follows directly with
Definition 2.75 and Remark 2.76(iii). O
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In particular, for d = 1, the following remark holds.

Remark 2.89. Let T € (0,1], let X be a Banach space and let aq,az € (0,1) with ay < az.
We have C*2([0,T],X) <= C*([0,T],X) with

1o o), x) €277 | fl oz qo,r),x) + 1£(0) | x

for all f € Ca2([0,T],X). This is due to

[fleerqory,xy = sup [t=s|"[f(t) - f(s)]x
t,s€[0,T']
t#s

ST sup |t -7 f(2) - f(s)lx
t,s€[0,T"]
t#s

=T [ flcea(f0,17,3)

and

I flcogoryxy < sup [f(#) = f(O)|x +[f(0O)]x
te[0,7']

t+0
<T sup [t f(t) - f(O)]x + [ f(0)]x
te[0,T]
t+0
<T* sup |t=s|"?|f(t) - f(s)]x + [ (0)]x
t,s€[0,T"]

t+s

=T fleez(o.17,x) + 1£(0) | x
ST fleeaqo,r,x) + [1£(0)|lx-

Lemma 2.90 (Embeddings of Holder Spaces in Time and Space). Let T' € (0,00) and let
a,B€(0,1). Furthermore, let M c R™ be a d-dimensional h**®-embedded closed submani-
fold. Define X = h*(M), Y = h'**(M) and Z = h*>**(M). Then, there exists v € (0,1)
with v > B such that

R2([0,77,X) nhP([0,T], 2) - B([0,T],Y)
18 a continuous embedding.

Proof. With 6= 122 € (0,1), Lemmas 2.86 and 2.83 yield
Y =h*(M) = (CO(M),C*(M)), € Jo(C°(M),C*(M)).
Due to Z = C*(M) =Y < X - CY(M),
Y € Jp(X, Z)

follows. Define 7 := (1 -6) + 63 such that v € (0,1) with v > 8 holds. For any function
feh*B([0,T],X)nh?([0,T], Z), Lemma 2.79 then yields

| flevoryy S 116 o 1 F 188 (o.r.2) < 1 leres qo,r1,300 + I Fl s o, 2)

95



and

0 0
[f]gv([o,T],Y) S ”f”lcl([O,T],X)([f]gﬂ([oj],z))
for all R € (0, c0] such that in particular f € hY([0,T],Y") follows. O

Lemma 2.91 (Compact Embeddings of Holder Spaces). Let W c R? be an open and
bounded subset. Additionally, let W be convex or have regular boundary. For every
81,82 € R>0 \N with S1 < 89,

C*2 (W) = h*' (W)

is a compact embedding. If M c R™ is a d-dimensional C* nC*2-embedded closed submani-
fold, analogously

C*2 (M) = h™ (M)
18 a compact embedding.

Proof. By Lemma 2.88, C*2(W) < h*'(W) is a continuous embedding. It remains to
show that every bounded sequence (uy)neny € C*2(W) contains a in h*' (W) convergent
subsequence. In the interest of readability, let so = k + ay with k € Nyg and oy € (0,1).
By Lemma 2.88, (D%, )ney € C*2(W) is bounded for all |3| < k. Because W is compact,
(DPuy ) nen thus is relatively compact in CO(W) by the theorem of Arzela-Ascoli. Hence,
there exists a convergent subsequence D’u,, - u® in C°(W) for all |8] < k. With u = u?,
due to the uniform convergence, we have u € C*(W) with D?u = v® and u,, - u in C¥(W).
Moreover, since |DPu(x) — DPu(y)| = limy e [DPun(z) — DPu,(y)| < Clz - y|*2 holds for
all z,y € W and || = k, also u € C°2(W) holds.

If 51 < k, another application of Lemma 2.88 yields u € h* (W) with u, — u in h**(W). If
s1 > k, then we have s; =k + a1 with a; € [0,a2) and hence

o3 1

o1 1-21
L) a2

[D° (un = )] iy < (D7 (= )] By 57y) 2 (21D (= 0) | o i)

for every |3 = k with Remark 2.67. In particular, u € C¥** (W) and u,, — u in C¥*®1 (W)
follow.

The second statement for submanifolds follows directly from the first, because for a se-
quence (U )nen € C32(M), the existence of u; € h¥1 (W) with u, oy, = u; in A% (W;) implies
the existence of a function u € A% (M) with u o, = u; on W. O

Lemma 2.92 (Dense Embeddings of little Holder Spaces). Let W c R? be an open subset
with regular boundary. For any s1,s2 € Ry \ N with s1 < sg,

o2 (W, R™) < h* (W, R™)

is a dense embedding. If M c R™ is a d-dimensional C* nh32-embedded closed submanifold,
analogously

hs2(M,R™) = h*' (M, R™)

1s a dense embedding.
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Proof. The proof is identical for both statements; so we omit the domain W or M in the
following. By Lemma 2.88, h*? — h®! is a continuous embedding. Let k € N with sy < k.
There exist 01,6, € (0,1) with 6; < 03 such that 6;k = s; holds for i = 1,2. With [Lunl2,
Proposition 1.2.12] and Lemma 2.86,

CF = (P Cf)a, = W' =

is a dense embedding for ¢ = 1,2 and m = 1. Thus the claim follows for m = 1 and then
Remark 2.73(ii) yields the claim for m > 1. O

Lemma 2.93 (Dense Embedding of C* to little Holder Spaces). Let W c R? be an open
and bounded subset with regqular boundary. For any s € R.o\N,

C® (W) = h*(W)

1s a dense embedding. If M c R" is a d-dimensional C*-embedded closed submanifold,
analogously

C%=(M) = h*(M)
1s a dense embedding.

ﬂ“oof. Partially, the proof is identical for both statements; and then we omit the domain
W or M. Let m € N with s < m. There exists 6 € (0,1) with ém = s. With [Lunl2,
Proposition 1.2.12] and Lemma 2.86,

c™ o (CO,Cm)9 _ h@m = hS

is a dense embedding. So, what is left to show is that C'* — C™ is also a dense embedding,.
This is true for domains W, because by [RR06, Theorems 7.58 and 7.60], any u € C™ (W)
can be extended to % € C™(R?) with compact support, and then on account of [Wer09,
Proposition IV.9.3, Proposition 1V.9.6 and Corollary IV.9.7], @ can be approximated by
smooth functions using convolution with mollifiers.

Let M c R™ be a C*°-embedded closed submanifold with a finite set of local parameteriza-
tions (i, Wi)i=1,...., such that M c U; v (W;) holds. Moreover, let (1/;);-1,....1, be a partition

of unity subordinate to (’n(VVl)) -1z Then, on account of the considerations for do-

mains W, any u € C™(M) locally can be approximated by smooth (u}') ey € C*°(R?) in
|- Hcm(Wl)' By Remark 2.46, (u™) ey with u™ = ¥4 (ufr oy 1) € C*° (M) approximates u

in |- emar- O
Proposition 2.94 (Pointwise Product in Holder Spaces). Let W c R be an open, bounded
and convexr subset and let s € Ryg. Furthermore, let X1, X2, X be Banach spaces with a
R-bilinear operation - : X1 x Xo = X such that ||uy - uz|x $ |u1]x, |uelx, holds for all
Ul € X1, ug € XQ.

Then, with pointwise multiplication, f-geCj (W, X) with

Hf‘g“Cs(W,X) < C”fHCS(WJQ)Hg“CS(W’)Q)
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holds for all f € Cg(W, X1), g€ C;(W, Xo9). In particular, for s =ca € (0,1), we have

R R R
[f.g]ca(W’X) < Hf”CO(W,Xl)[Q]Ca(W,XQ) + [f]ca(wﬁxl)”QHCO(W,Xg) and
”f'cha(Wg() < Hf”ca(W,Xl)Hg”ca(W,Xz)

for all f e C¥(W,X1), geC*(W,X3) and R € (0,00]. For X1 = Xo=R" and X =R, the
statements also hold if W c R? is an open subset with reqular boundary.
If M c R™ is a d-dimensional C* nC*-embedded closed submanifold, with pointwise multi-
plication, analogously f-g e C°(M,X) with
If - glesrxy < Clflesarxlgles ar,xs)
holds for all f € C*(M, X1), geC*(M, X2).
Proof. Let s = k+a with k € Nyg and o€ [0,1). Assume k = 0 at first and let f: W — X3
and g: W — Xo. We have
I(F-9)(@) = (F- ) Wx <[ F@)(g(x) = 9W)) [ + [(f(@) = F))aw)]
<|f@lxlg(@) = 9W)lxe + 1£(@) = FW)x,l9(w)x.  (2:8)
< | Fleogrxn |96 = 9@ |xe + 1) = &) |xa 9l oog x,)

for all z,y € W. So, f €C)(W,X;) and g € C)(W, X3) imply f-geCp(W,X) with

17 gl coqw x)y = sup £ (2) - g(x) | x < sup | f (@) x, [9(x) | x, < [f | coqw x0) 19 o7 x5)-
xeW zeW

For a >0 and R € (0, 00], Equation (2.8) yields
[f'g]ga(W,X) = sup ”(fg)(x)—(fg)(y)”X

x,yeW |.'17 - y|04
0<|z-y|<R

R R
< ”fHCO(W,Xﬂ[g]CO‘(W,Xg) + [f]Ca(W,Xl)Hg”CO(W,)Q)’

and thus f € C*(W,X;) and g € C*(W, X3) imply f-geC¥(W,X) with

[f'g]ga(w,x) < HfHCO(W,Xl)[Q]ga(W,XQ) + [f]ga(w,xl)ug”m(w,xz) and
17 gllgmiv ey = 1 - 0lcom oy + U - Slmqiv
< leoqw xny 19l co @ x,) + 1 lco i xy 9] o 7 )
+ oo xnl9l oo x,)
<N lee @ xlgl oo @ x,)-

Now, let £ > 0 and let f € C;(W,X1) and g € Ci(W,Xs). By Lemma 2.88, D7f ¢
Ci'(W,X1) and D7g € C*(W, X2) hold for all |y] < k with HDVf”C&(W,Xl) < ”f”CS(W,Xl)
as well as ||DVg||CQ(W7X2) < Hg||CS(W7X2). Because we have

D(f-g)~ 3 DVf-DVyg

Yy2=p
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for all |B| < k, the first part implies D?(f - g) € C&(W, X) with

HD’B(f'g)Hca(W,X) <Ol flesqw xpy 19l es 7 x5y

for all |8] < k. In particular, f-geCs(W,X) follows with

||f‘9Hcs(W,X) < C”f”cs(W,Xl)Hg”cs(WJ(Z)-
The second statement for submanifolds follows directly from the first. O

Remark 2.95. We can choose an open subset W c R% without additional assumptions in
Proposition 2.94, if
DPfe Cg_lsj (W,X1) and DPge Cg_LSJ (W,Xs)  with
1D? Floeiosv sy S 1 loeqrxny @ 1D gl 1 xny $ 19007 0

still hold for all || < |s]. Then, also

D(f-g)eCy P IW.X)  with  |D°(f )l ooty S Il e |9l o

holds for all |B| < |s]. In particular, this is the case for s < 1.

Remark 2.96. The most important examples for Proposition 2.94 are the following
choices of X1, X9 and X :

(i) X1=Xo=X=R and - :RxR - R is the multiplication of real numbers; this implies
in particular that with pointwise multiplication, C; (W) and C*(M) are R-algebras;

(i) X1=X2:=R", X =R and -:R" xR" - R is the inner product on R";

(iii) X1 :=L(Y,X), Xo:=Y for arbitrary Banach spaces X, Y and the bilinear operation
LY, X)xY - X, (F,u) » F[u] is the evaluation of the linear operator.
This implies in particular that for any open subset W ¢ R% and any o € [0,1), the
conditions F € C}(W,L(Y,X)) and u e C;(W,Y) yield F[u] € C;*(W, X) with

| £ [u] Hca(W,X) < HF”ca(W,g(y,X))”U”ca(W,y)-

Proposition 2.97 (Composition of Holder Functions). Let Wi c R%, Wy c R% be open,
bounded and convex subsets, let X,Y,Z be Banach spaces, U c' Y an open subset and let
s € Ryg. Furthermore, let ¢ € C5(W1,R%) such that p(Wy) c Wy holds and ¢ : Wi —» R®%
1s Lipschitz continuous, i.e., there exists a constant L >0 with

p(z) — el _

sup
N g
T+Y
Then, for any m € Nyg, we have

(i) FeCi(W,X) = FopeCi(W,X),
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(ii) F e C™(U,Ci(W2,X)) = FopeC™U,Ci(W1,X)) and

(iii) FeC™(U,L(Z,C;(Wa,X))) = FopeC™(U,L(Z,C5(Wi,X)))

and there exists a constant Cy, > 0 such that

I o ol x) < Col Fllenqivn

holds for all F € C§(Wa, X).
For X =R", the statements also hold if W1 c R%, Wy c R%® are open subsets with reqular
boundaries.

Proof. Let s =k + a with k€ Nyp and aw € [0,1).

Ad (i)

Ad (i)

for k = 0: Clearly, F'op e Cp (W7, X) holds with I o0l coi x)y < 1E | o, x)- For
a >0, due to Lemma 2.68 there exists a constant C, > 0 with

R LR
[E e €l x) < ColFloom -

In particular, we thus have F o ¢ € C*(W1, X) with
|F o SOHCa(th) =|Fo SpHcO(Wl,)() +[Fo (P]ca(Wl,)Q

< Cp (IFlnvs ) + IFlowi.x)) = Col Fllow 7z )
for k> 0: Clearly, F o p € CF(Wy, X) holds with |F o Clerimmxy € Coll Fllor i, x) -
So, assume « > 0 in the following. On account of the chain rule, the derivatives of

F o consist of compositions of derivatives of F' and derivatives of ¢; more precisely,
we have

18] ) l
DP(F o p)(z) ~ ;DZF(SD(:U)) S [DY p(@)]..[ DT p(2)] (2.9)
- ()
Zi'Yi=5

for all [3| <k and € Wi. Lemma 2.88 yields DV € C%(W;,R%) for all |y| < k and
D'F € C*(Wsa, L(R%, ..., X)) for all [ <k with | D Fll g 732088 xy) S 1F s i3,
Due to the first part, D'Fop e Co‘(Wl,E(RdQ, ...,X)) follows for all [ < k with

l
ID°F o pllca @ cmis,...x0) < ColFlosams x):

On account of Proposition 2.94, where we choose X7 = ﬁ(RdQ,E(RdQ, ...,X)) and
X, :=R% as in Remark 2.96(iii), we thus obtain recursively

(D'Fo@)[D" ¢]..[ D" ] € C*(W7, X)
for all [ < k and |y!| < k with

H(DZF ° QO)[DmSO]-"[DVZSO]Hca(WhX) < CSDHF”CS(WQ,X)'
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Finally, Equation (2.9) yields DP(F o) e C*(Wy,X) for all |8 = k and therefore
FopeC%(Wy,X) with

150 @lesmrx) < 10 @llonm ) * mzk IDP(F o @)l oy xy < Col Fllos (.

Ad (ii), (iil): Let F e C™(U,Ci(Wa, X)) and G € C™(U,L(Z,C;(W2,X))). Due to part
(i), we have (F o ¢)(u) = F(u) o € Ci(W3, X) and (G o 9)(w)[2] = G(u)[z] o ¢
Cy(W1,X) for all we U and z € Z. The estimate

I '080Hcs(WLX) <Cyl - Hcs(WQ,X)
proven in (i) yields (G o ¢)(u) € £L(Z,C;(W7, X)) for all ue U as well as
ur (Fop)(u)e C’O(U,Cg(Wl,X)) and
ur (Goyp)(u) e CO(U,E(Z,Ci(Wl,X))).

We have D™ (Fop)(u) = D™F(u)op and D™(Gop)(u)[z] = D™G(u)[z] o for all
uelU and z € Z. So, the claim for m > 0 follows recursively. O

Remark 2.98. We can choose open subsets Wi ¢ R%, Wy ¢ R® without additional
assumptions in Proposition 2.97, if

DPpec B, R:)  and  DPFec (W7, X)
with HDﬁF”os—LsJ(WQ,X) S ||F||cs(W2,X)
still hold for all |8 < |s]. Then, also
DY (Fop)eCcy WWWL,X)  with  [D*(F o @) cuterimrxy < Col Fllosammyy
holds for all |8| < |s]. In particular, this is the case for s < 1.

Lemma 2.99. Let M c R" be a d-dimensional C* n C*-embedded closed submanifold for
s € Ryo and let (7, Wi)i=1,...1. be a finite set of local parameterizations with M c U; v, (W)
as in Remark 2.6(ii). Furthermore, let X,Y,Z be Banach spaces and let U ¢ Y an open
subset. Then, for any m € N5g, we have

(i) FeC™(U,C*(M,X))
< F:UxM - X and Forj € C’m(U,CS(Wl,X)) for alll=1,...,L as well as

(ii) FeC™U,L(Z,C5(M,X)))
< F:UxZxM—>X and Fo~ € Cm(U,E(Z,CS(Wl,X))) foralll=1,... L.

Proof. By definition, we have
F(u)eC*(M,X) < F(u): M — X and (Fo)(u) eC*(W;, X) VI,
G(u)[z]eC*(M,X) < G(u)[z]: M - X and (G o) (u)[z] e C*(W;, X) VI

61



for any w € U and z € Z. The equivalence | - |¢s(ar,x) ~ 21 | - om ”CS(WZ x) implies

G(u) e L(Z,C°(M,X)) <= G(u): Zx M - X and (G o) (u) € £L(Z,C°(W;, X)) VI
for any u € U as well as

FeC'(UC*(M,X)) < F:UxM - X and F oy, e CO(U,C*(W;, X)) VI,
GeCU,L(Z,C°(M,X))) < G:UxZxM— X and
GoyeC (U L(Z,C*(W;, X))) VL.

Due to D" (Fov;)(u) = D™F(u)o~y; and D™ (Gov;)(u)[z] = D™G(u)[z] o~ for any u e U
and z € Z, the claim for m > 0 follows recursively. O

2.2.5 Regularity of Composition Operators

This section deals with the composition of a sufficiently smooth function with a (little)
Holder function. We formulate conditions on which the composition is a (little) Holder
function again and then discuss regularity properties for operators acting by composition
with a sufficiently smooth function. In particular, we obtain the following result on matrix
inversion: For a Holder regular, matrix-valued mapping whose image is contained in the
invertible matrices also the mapping onto the inverse of each image is Holder regular.

In the following, let W c R? be an open, bounded and convex subset and let s € Rsg.
Moreover, let X,Y, Z be Banach spaces and for any subset U c Y define

C5(W,U) ={ueC*(W,Y)|u(z)eU for all z e W}.
As a start, we consider the composition of a linear operator with a (little) Holder function.

Lemma 2.100. Let g: W — L(Y,Z) and define G(v) : W — Z, (G[v])(:c) = g(:c)[v(m)]
for any function v: W - Y. If g e C\(W,L(Y,Z2)), then G € L(C*(W,Y),C5(W,Z))
holds with

|Gl ges (7 vy.c:q7.2)) S N9l cs @ cv,2))-

Proof. The well-definedness of G : C*(W,Y) —» C*(W, Z) with

|G (v) ”Cs (W,2) S Hg”cs(W,g(xz)) HUHCS (W,Y)

for every v € C*(W,Y) is fulfilled due to Proposition 2.94 and Remark 2.96(iii). The
linearity of G follows directly from the linearity of g. O

Now, we can formulate the main result of this section.

Proposition 2.101. Let U c Y be an open subset and K c U a convex subset. Further-
more, let f: U — Z and define F(u) : W - Z, (F(u))(a;) = f(u(a:)) for any function
w:W - U. Then the following hold:
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(i) If f e CEFY(U, Z) with f e CIV (K, Z), then we have F(u) € C*(W,Z) for all
weC*(W,K). In addition, for any R >0 there exists a C(R) >0 such that

”F(U)HCS(WZ) <C(R)
holds for all uw e C*(W, K) with [ul s 7 vy < R

(ii) If f e ClEI2(U, 2) with f e CPY2(K, Z), then F e CO(C5(W,K),C*(W,Z)). In
particular, for any R >0 there exists a C(R) > 0 such that we have

||F(u1) - F(UQ)”Cs(Wz) < C(R)”ul — U2 ”Cs(W,y)

for all uy,us € C*(W,K) with ”ujHCS(WY) < R. Moreover, F € C)(B,C*(W,Z))
holds for all subsets B c C*(W,K) that are bounded in C*(W,Y).

(iii) If f e C¥s12(U, Z) with f e CF*PI2(K, 2), then F e C*(C*(W,V),C*(W, Z)) and
Fe C{f(B,CS (W, Z)) hold for any k € Nsg, any open subset V ¢ K and any bounded
subset Bc C5(W,V).

Proof. First, we prove the statements (i) and (ii) for s € [0,1), i.e. [s|=0.
Ad (i) Let ueC*(W,K). We have

1E ()| oz = sup | (@), < Il oo 2) < o0
zeW

and due to the mean value theorem

£ (u(@)) - F(u@)],,

x,yeW |‘CC - y‘s
0<[z—y[<r

[F(W)]gu 7.2 = <[Dflleocx.cev.znleles @ vy

for all 7 € (0, 00]. In particular, F'(u) € C*(W,Z) holds.
Let R >0 be fixed. For any u € C*(W, K) with ||u||CS(W yy < R we have as before

| E (W)l s 7.2y < 1 flcox,zy + 1D Flcocreeevizn vl os v vy
< flerr,zy (1 + R) = C(R).

Ad (ii) Let uy,up € C*(W,K) with |u; HCS(W y) £ R. Due to the mean value theorem,
|E(u1) = F(u2) o 2y = sup [ f(u1(2)) = fua(2))] ,
xeW
<sup | Dfllcock,cv,zylur(z) —uz(2)|y
xeW

<Ifller .z lur = w2l oo vy
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holds and applying the mean value theorem twice yields

[F(ur) - F(u) ey 1) = 500 | f(ur(2)) = f(ua(z)) —_f(sul(y)) + f(u2(v))],
z+yeW |£L’ y|
o [1P levueeoveerz) (G re) () ba )WY |y () — g () |y
|z -yl
. IDfllcock,cov,zylur (@) —ua(x) —ur(y) +uz(y)ly }

zEyeW

[z —y|*

[U1 + UQ]CS WY
< flezq,z) S ur =zl oy + 1l e lun = w2l sy

<[ flezcr,z) (Rllua —ug | oy + [u1 - UQ]cs(W,Y))'

Together, we obtain

| F(u1) = F(u2) s 7,2 < 1 f 2,2y (L + R)[un = vzl o g7y
= C(R)[u1 - uz] e (777 y)-

Boundedness of the function F : B - C*(W, Z) for a bounded subset B c C*(W, K)
follows directly from the estimate in (i).

The general statements (i) and (ii) for arbitrary s € Ryg follow by mathematical induction
on |s], using Lemma 2.88 and the fact that differentiability of f and u implies differ-
entiability of F(u) and we have 0,,(F(u)) = A(u)(&zlu) with A(v) : W - L(Y, Z),
(A(v))(x) = Df(v(z)) for any function v : W — U. Applying the inductive hypothesis
and Lemma 2.100 on A conclude the inductive step.

Ad (iii) We show the claim using mathematical induction: If k£ = 0, it reduces to the state-
ment of (ii). Assume that the claim is satisfied for a fixed k € Ny and choose a

function f e C*1+3(U, Z) n C’:+LSJ+3(K, Z) as well as an open subset V c K and a
bounded subset B ¢ C*(W, V). In particular, we have Df ¢ C**ls1*2(U, £(Y, Z)) n
CE 2K £(Y,Z)) and, for any u : W — U, we define A(u) : W — L(Y,Z),
(A(u))(z) = Df(u(z)). With this, the inductive hypothesis yields

FeCF(C3(W,V),Cc5(W,2))nCE(B,C*(W, 2))

and A € Ck(CS(W, V), (W, L(Y, Z))) N C’f(B,CS(W, L(Y, Z))) Applying Lemma,
2.100,

AeCHes(W, V), L(C*(W,Y),C5(W, 2))) nCE(B,L(C*(W,Y),C*(W, Z)))
follows. It remains to show that F is_Fréchet—di_ﬁ‘erentiable and its d_ifferential is
given by DF = A. Then, F e C**1(C*(W,V),C*(W,Z)) n Ci*1(B,C*(W, Z)) holds
and so the claim is also satisfied for k£ + 1.

Fix ug € C*(W, V). Due to f € CL1**(V, Z), we have D2f e Cl*V (v, £(v, L(Y, 2))).
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Therefore, the statement of (i) yields D?f(ug + 6h) € C*(W,L(Y,L(Y,Z))) with
1 D2 f (ug + OM) | cs (@ oovieevizyy < Clluolcs@ryy + 1) = C(ug) for all 6 € [0,1] and

heCs(W,Y) with ||| . W,y sufficiently small. With a taylor expansion, we receive
for such h

(F(uo+h) = F(ug) - A(ug)h) ()
= f(uo(z) + h(z)) = f(uo(z)) - D f(uo(z))h(z)

1
- fo (1-0)D2f (ug(x) + Oh(zx) h(x)* df.
On account of the triangle inequality for integrals and Lemma 2.100, this implies

HF(U(_) + h) - F(Uo) - A(UQ)h‘

Cs(W,2)

1 L Z
9 D2 + s [

So, F' is Fréchet-differentiable in ug with DF'(ug) = A(uo). O

We derive two corollaries from this main result: The first one reduces to the case of a
compact subset K c U and the second one deals with a finite dimensional setting.

Corollary 2.102. Let U cY be an open subset aﬂd K cU a compact and convexr subset.
Furthermore, let f : U - Z and define F(u) : W — Z, (F(u))(z) = f(u(z)) for any
function w: W — U. Then the following hold:

(i) If f e CI*Y(U, Z), then F(u) € C*(W,Z) for all u e C*(W,K). Moreover, for any
R >0 there exists a constant C(K,R) >0 such that

1P gogiv ) < COKL R)
holds for all uw e C*(W, K) with ”“”CS(W yy S R.

(ii) If f e CF2(U, Z), then F € C°(C3(W,K),C*(W,Z)) nCY(B,C*(W, Z)) holds for
all bounded subsets B c C*(W,K). Moreover, for any R >0 there exists a constant
C(K,R) >0 such that

| F(u1) = F(u2)l s, 7y < CUS, R)[ur — w2l cs v vy
holds for all uy,us € C5(W, K) with |u; ”CS(W vy SR
(iii) If f e C**s2(U, Z), then F e C*(C3(W,V),C* (W, Z)) n C¥(B,C*(W, Z) holds for

any k € Nsg, any open subset V ¢ K and any bounded subset B c C*(W,V).
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Proof.

Ad (i) We have f e Cs*1(U, Z) and K c U compact. Thus, f € CEESJH(K,Z) holds with
the convex subset K c Y. Proposition 2.101(i) implies F(u) € C*(W,Z) for all
ueC’(W,K) and

IF() i 7 < O, R)
for all u e C*(W, K) with lull s 7 .yy < R

Ad (ii) We have f e Cl*I*2(U, Z) and K c U compact. Thus, f € CIESJQ(K,Z) holds with
the convex subset K c Y. Proposition 2.101(ii) yields F e C°(C*(W, K),C*(W, 2))
and F' e C’,?(B,CS(W, 7)) for all bounded subsets B c C*(W, K) as well as

|1F(ur) ~ F(u2)Hcs(W,Z) <C(K, R)|u1 - uz Hcs(W,y)
for all uq,us € CS(W,K) with ||u] HCS(W Y) <R.

Ad (iii) As K is convex with V c K, also the convex hull conv V' ¢ K of V is a sub-
set of K. Its interior V' := (conv V')° therefore is an open and convex set with
V ¢ K. We then have f € C’“LSJ*Q(U, Z) and K c U compact, V c¢ K. Thus,

f e C§+LSJ+2(‘~/,Z) holds with the open and convex subset V c Y. Proposition
2.101(iii) yields F e C*(C*(W,V),C*(W,Z)) and F € CF(B,C3(W,Z2)) for all
bounded subsets B c CS(W,V). As V c Y is open, V c V holds and therefore
F ¢ Ck(CS(W,V),CS(W, Z)) and F € C{f(B,CS(W, 7)) for all bounded subsets
BcC*(W,V) follows. O

Corollary 2.103. Let f: U - RY for an open subset U c RM and define F(u) : W — RN,
(F(uw))(z) = f(u(z)) for any function w: W - U. Then the following hold:

(i) If f e CIY (U RN, then F(u) € C*(W,RN) for all ueC*(W,U).

(ii) If f e CHBI2(URN), then F e CF(C*(W,U),C3(W,RN)) n CF(B,C*(W,RN))
holds for any k € Nsg and any bounded subset B c C*(W, A) with AcRM closed and
AcU.

Proof. Assume U =RM at first.

Ad (i) Let f e ClEFYRM RN) and u e ¢*(W,RM). With R = max, g |u(z)| < co and
the compact and convex subset K = Br(0) c RM we have u € C*(W,K). Thus,
Corollary 2.102(i) yields F(u) e C5(W,RY).

Ad (ii) Let f e C**sl#2(RM RN). Corollary 2.102(iii) yields F e C*(C*(W,V),C*(W,RY))
and F ¢ C’f(B, cs(W, ]RN)) for any open and bounded subset V ¢ RM and any
bounded subset B c C*(W,V). Therefore, F ¢ C’k(Cs(W, RM),cs(W,R")) and
FeCF(B,c5(W,RY) hold for all bounded subsets B c C*(W,RM).
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Now, assume U ¢ RM and f ¢ Cl(U RN ). For any compact subset K c U, choose a
cut-off function £ € C*°(R™,R) with { =1 on K, { =0 on RM\U and 0 < ¢ < 1. Then,
define f = &f € CHRM ,RY) so that f|K fix and f|R]\/I\U 0 hold. Furthermore, define

F(u): W - RN, (F(u))(az) = (u(m)) for any function u: W — RM so that I = F' follows
on C*(W, K).

Ad (i) For u € C*(W,U), the image K := uEW) c U is compact and u € C*(W,K) holds.
For I = |s] + 1, we thus have F(u) = F(u) € C*(W,RM).

Ad (i) If I = k + |s] + 2 holds, we have F' e C¥(c*(W,RM),c*(W,R")), which implies
Fe Ck(Cs(W, U),cs(W, RN)). Because the compact set K c U is arbitrary, this
directly yields F e C*(C*(W,U),C*(W,RY)).

Moreover, for any bounded subset B c C*(W,.A), there exists a constant R > 0
with [u(z)] < [ul cs @ gary < R for every u e B and x € W and thus B ¢ C*(W, K)
holds with the compact set K = An Bgr(0) c U. So, F = F ¢ Cr(B,c3(W,RY))
follows. u

The following regularity properties of derivatives of composition operators are intuitive,
but we still prove them rigorously.

Lemma 2.104 (Derivatives of Composition Operators). Let V.Y, Z be Banach spaces and
let U cY be an open subset. Then we have

(i) FeCHUC*(W,2)) = &(F())eCHU,Cc*(W,2)) and
(i) FeCHU,L(V,C**(W,2))) = &(F(O)[])eCrU,L(V,c3(W,Z2)))

foralli=1,...,d. Analogous statements hold for bounded functionals when replacing every

C* by Cf.

Proof. We fixie{1,...,d} and let k = 0 at first, i.e., we choose F ¢ CO(U,C“S(W,Z)) and
G e CO(U,L£(V,C'"**(W,Z))). This implies 0;(F(u)),d;(G(u)[v]) € C*(W,Z) for every
w e U and v € V. Due to the linearity of the partial derivative ¢; and the functional G,
also 0;(G(u)[]) is linear for all u € U with

[6:(G(w)[v])]

for all v € V with |v]y < 1. In particular, ¢;(G(u)[-]) € L(V,C*(W,Z)) holds for all u e U.
The linearity of the partial derivative ¢; also implies
18:(F (1)) = 8:(F(42)) | 17 7y < VP 1) = F(2) | gron i and
H@Z(G(ul)[]) - é’Z‘(G(u?)['])”L(V,cs(w z)) = HG(UI) G(u2)Hg(vc1+s(W z))
for uy,us € U. On account of the continuity of F' and G, thus ¢;(F(-)) e C°(U,C*(W, 2))

as well as 0;(G(-)[-]) € CO(U,L(V,C*(W,Z))) follow. In the case of boundedness of F
and G, due to

Cs(W,Z) < ”G(U)[ ]”chs(sz) < ||G(U)||g(v7c1+s(W,z)) (2.10)

o:(F(w))]

CS(W Z) = HF(U)HCHS(W Z)
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for all u e U and Estimate (2.10), also &;(F(-)) and &;(G(:)[-]) are bounded mappings.
Now, let k = 1 and choose F € Cf,, (U,C***(W, Z)). For all u e U, we have

(b)
[0:(F(u+y)) = 0:(F(w) = 0:( DF )W) | 372,
=9 ol
Py -F@) - DF@Bllorgra _
oy lyly

and therefore 0;(F(-)) : U - C*(W, Z) is Fréchet-differentiable with
D(2:(F(-))) = a:( DF()[]) € Cly (U, L(Y,C*(W, 2)))
on account of the first part of the proof. Hence, finally 81(F()) € C(lb)(U, CS(W,Z))
follows. That G € G,y (U, L(V,C'**(W, Z))) implies 0;(G(-)[]) € O (U, L(V,C* (W, Z)))
and the claim for k£ > 1 can be proven recursively. ]

The next rather basic remark will be applied in Chapter 4 on the combination of regular
composition operators.

Remark 2.105 (Products of Banach-valued Functions). Let X,Y,Z and V be Banach
spaces and let U c 'Y an open subset. Additionally, let (X, ) be an R-algebra such that
|1 - 22| x S |z1llx|lx2|x holds for all x1,x9 € X. With this pointwise multiplication in X,

CH(U,X) x C*(U, X) - MU, X),
CH(U,X) x CM(U,£(Z,X)) - C*(U,£(Z,X)) and
CH(U,L(V, X)) x C*(U, £(Z, X)) - C*(U, £(V, £(Z,X)))

are well-defined by [Ruz06, §2 Satz 2.7(ii)]. Analogous statements hold for bounded func-
tionals when replacing every C* by C’f.

The statements on regularity of composition operators deduced above imply in particular
this useful property for the inverse of a matrix.

Remark 2.106 (Holder Regularity for the Inverse of a Matrix). Let W c R? be an open,
bounded and convex subset and let s € Rsg. The set of invertible matrices

U:={AecR""| det A +0}

is an open subset of R™™. For the matriz inversion mapping f: U — R™™, f(A) = A7,
we have f e CH(U,R™™) with

Df(A)H]=-f(A)-H-f(A)

for all A€ U and H € R™™. Remark 2.105 yields Df € C*(U, L(R™™, R™")) and then
recursively, f € C®(U,R™™) follows. Corollary 2.103(ii) thus implies

() heCm(CP(W,U),CH(W,R™™)) n C2(B,C5(W,R™™))

for the inversion (-)~! of matrices with B ¢ C*(W, A) an_arbitrary bounded subset and
A c R™"™ closed with Ac U. In particular, for any A e C*(W ,R™™) with det A+ 0 on W,
also A7t e C*(W,R™™) holds.

68



2.3 Generators of Semigroups

The theory of semigroups provides an abstract approach for solving linear, time-dependent
problems

Opu = Au in (0,7T), (2.11a)
u(0) = uo (2.11b)

for u:[0,7) - X with a Banach space X. In Chapter 4, the application of this theory to
the linearization of our PDE will play an important role for proving the existence of short
time solutions.

If X is finite dimensional, the solution to the problem (2.11) above clearly is given by
u(t) = exp(At)up. If X is infinite dimensional but A :D(A) c X - X is a bounded linear
operator, the exponential of the operator A still is well-defined via the power series

exp(At) = ) t—'A”
neN ¥

and the solution to problem (2.11) still can be expressed as u(t) = exp(At)uyg if ug € D(A).
For unbounded operators A, the power series does not converge in general so that a
different approach is necessary. The theory of semigroups yields such a generalization of
the concept of exp(At) for unbounded operators A : D(A) ¢ X - X. It is based on the
characterization

_ . t n
exp(At) = Y}l_)rgo (Id + EA)
that, in general, also diverges for unbounded operators but allows for the modification

exp(At) = (exp(-At)) ™' = Tim (1d=£4)™" = lim ()" ($1d-4)™", (2.12)

Instead of taking powers of A, we now take powers of the resolvent (%Id - A)71 which, as
long as it exists, is a bounded operator - even if A is unbounded.

As before, we do not wish to give a full introduction to semigroups, but only gather the
definitions and statements used in this work. We refer to [RR06, Chapter 12] for a self-
contained but simple and to [Paz92] for a very detailed discussion of so-called strongly
continuous semigroups. Besides, [Lunl2, Chapter 2| offers an approach that does not
assume continuity of the semigroup from the very beginning.

2.3.1 Strongly Continuous Semigroups

If AeR™" is a matrix, exp(A-0) = Id and exp (A(t + s)) = exp(At) exp(As) hold for all
t,s € Rsg. This motivates the following definition of a family of linear operators with the
same properties.

Definition 2.107 (Semigroup and C%-Semigroup). Let X be a Banach space. A family
(T(t))t>0 c L(X,X) of linear operators is called a semigroup in X if

T0)=Id and T({t+s)=Tt)T(s)

hold for all t,s > 0. Additionally, it is called a strongly continuous or C°-semigroup if the
mapping [0,00) - X, t » T(t)x is continuous for every x € X.
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It can be shown that it is sufficient to assume continuity of ¢ — T'(t)x at t = 0 for every
z € X for a semigroup to be strongly continuous (see [RR06, Remark 12.2]). Also, every
strongly continuous semigroup fulfills a growth condition in the following sense (cf. [RR06,
Theorem 12.7]).

Lemma 2.108. Let X be a Banach space and let (T(t))t>0 be a C°-semigroup in X.
There exist w € R and M >0 with B

IT() | z(x,x) < Mexp(wt) for every t > 0.

Our aim is to generalize exp(At) for unbounded operators A by characterizing it via

a semigroup (T(t)) £50" So, we need to establish a connection between the unbounded
operator and the semigroup. Because we have % exp(At) = Aexp(At) and in particular

%‘ -0 exp(At) = A for matrices A € R™" the following definition arises naturally.

Definition 2.109 (Infinitesimal Generator). Let X be a Banach space and let (T(t))
be a semigroup in X. Define

t>0

Ay i LT -2
t\0 t

and D(A) as the set of all x € X such that the limit above exists. Then, A:D(A) - X
is called the infinitesimal generator of the semigroup. We also say that A generates the
semigroup.

From the definition, it is not clear that D(A) # {0}. But the statement in Lemma 2.111
(cf. [RRO6, Theorem 12.12]) guarantees that, indeed, the notion of infinitesimal generators
is meaningful. To be able to formulate this lemma, we first have to define closed operators
and introduce the so-called graph norm.

Definition 2.110. Let (X, |-|x) be a Banach space, let D(A) c X be a linear subset and
let A:D(A) - X be a linear operator. We call A a closed operator, if

{(z,Az)|zeD(A)} c X x X
1s closed and define the graph norm
|zlpeay =z x + [Az] x
for x e D(A).

Note that if A is a closed operator, (D(A), | - HD(A)) is a Banach space and we have
AeL(D(A),X).

Lemma 2.111. Let X be a Banach space and let A : D(A) ¢ X - X generate a C°-
semigroup in X. Then, D(A) c X is dense and A is a closed operator.

In particular, every strongly continuous semigroup has an infinitesimal generator. The
main task when applying the theory of semigroups to PDEs often is to recognize such
generators of semigroups. Many characterizations of generators set conditions on the
resolvent set, whose definition we recall here.
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Definition 2.112 (Resolvent Set). Let X be a K-Banach space, let D(A) c X be a linear
subset and let A:D(A) — X be a linear operator. The resolvent set of A is defined as all
the values A € K such that \Id — A: D(A) - X is bijective with (\Id - A)™! € £L(X, X).

Lemma 2.113. Let X be a Banach space, let D(A) ¢ X be a linear subset and let the
linear operator A : D(A) - X be such that the resolvent set is non-empty. Then, A is a
closed operator.

Proof. Let A € K be an element of the resolvent set of A. We have (Ald - A)™! e £(X, X)
and thus (Md-A)~! is a closed operator, i.e. {(z, ()\Id—A)‘lz) ‘ z€ X} c X x X is closed.
Define

fiXxX>XxX, f(z,y):=z-y,2).
Because f is continuous and
f({(z,Az) |z e D(A)}) = {((Nld - A)z,z) |z e D(A)} = {(z, (A\Id - A)'2) |z € X}
holds, also {(z, Az) |z € D(A)} c X x X is closed and therefore A is a closed operator. [

Now, we can formulate a first characterization for generators: The theorem of Hille and
Yosida (see [RR06, Theorem 12.17]) yields a sufficient and necessary condition for an
operator to generate a strongly continuous semigroup.

Proposition 2.114 (Hille-Yosida). Let X be a Banach space, let A:D(A) - X be a closed
operator with D(A) ¢ X dense and let w e R, M > 1. Then, the following statements are
equivalent:

(a) The operator A generates a CO-semigroup (T (t)),., with |T(t)]zcx.x) < M exp(wt).

t>0

(b) Every real number A > w belongs to the resolvent set of A and furthermore fulfills
[(AId = A)™ | £ox,x) < % for every n e N.

The proof of [RR06, Theorem 12.17] yields
T(t) = lim (Id- £A)™

which corresponds to Formula (2.12) for the matrix exponential that we predicted to be
extendable to the case of unbounded operators. Additionally, if an operator A generates a
CP-semigroup, this C°-semigroup is unique (see [Paz92, Theorem 1.2.6]). Therefore, using
the notation (exp(At)) 50 for the C°-semigroup generated by an operator A is totally
consistent.

2.3.2 Analytic Semigroups in Complex Banach Spaces

In Chapter 4, we will make use of a class of semigroups that yield better regularity prop-
erties for solutions to the initial value problem (2.11) than strongly continuous semigroups
do in general. We do not discuss these regularity properties for different kinds of semi-
groups but refer the interested reader to [Paz92, Chapter 4]. In Proposition 2.131, we only
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state the result for the special class of semigroups that is applied in Chapter 4.

For this, we first have to define this class of semigroups, which are called analytic semi-
groups. As we need a complex setting to describe analytic mappings, we restrict to complex
Banach spaces for the time being. In the next section, we explain how we can return to a
complex setting in the case of real Banach spaces.

So far, we have considered semigroups with domain [0, c0). Now, we want to extend this
domain to a region in the complex plane. In order to preserve the semigroup structure,
the new domain in the complex plane has to be of a suitable form. We will use sectors
around [0, c0) and for this, we define

Swp=1{z€C\{w}||arg(z - w)| < }
for we R and 0 € (0,7). Then,
Sp = S0,
is an extension of the open subset (0,00) c R to an open sector of C.

Definition 2.115 (Analytic Semigroup). Let X be a complex Banach space and let
0¢ (0, %) A family (T(z))ZGSGU{O} c L(X,X) of linear operators is called a semigroup
m X if

TO)=1d and T(z+w)=T(2)T(w)

hold for all z,w € Sy. Additionally, it is called a strongly continuous or CO-semigroup if
the mapping Spu {0} - X, 2z~ T(2)x is continuous for every x € X. Furthermore, it is
called an analytic semigroup if the mapping Sgp - L(X,X), z+~ T(z) is analytic.

Definition 2.116 (Analytic Semigroup II). Let X be a complex Banach space. A (C°-)
semigroup (T(t))t>0 in X is called an analytic (C°-)semigroup if there exists a 0 € (0, g)

and an extension (T(z)) such that the extension is an analytic (C°-)semigroup.

zeSpu{0}

Again, we are interested in identifying generators of semigroups. Proposition 2.114 pro-
vided a characterization for strongly continuous semigroups. We refer to [Lun12, Chapter
2] for sufficient or necessary conditions for generators of analytic semigroups that are
not strongly continuous. As only the results for both analytic and strongly continuous
semigroups will be applied in this work, we restrict to this setting here. In [RR06, The-
orem 12.31], Renardy and Rogers prove the following possibility to characterize analytic
C%-semigroups (note that they only call them analytic semigroups):

Proposition 2.117. Let X be a complex Banach space, let D(A) c X be a dense, linear
subset and let A : D(A) - X be a linear operator. Then, the following statements are
equivalent:

(a) The operator A generates an analytic Co—semz’group.
(b) There exist w € R and M > 0 such that S, T 18 contained in the resolvent set of A
and [(AId - A) ™ zox x) < % holds for every A€ S, z.

72



Proof. The statement is proven in [RR06, Theorem 12.31], provided that A is a closed
operator. But if (a) holds, A is a closed operator due to Lemma 2.111 and if (b) holds,
the resolvent set of A is non-empty so that Lemma 2.113 also implies that A is a closed
operator. Hence, the additional condition of closedness is needless. ]

Similar to [Lunl2, Proposition 2.1.11], we show the following proposition.

Proposition 2.118. Let X be a complex Banach space, let D(A) ¢ X be a linear subset
and let A:D(A) - X be a linear operator. Then, the following statements are equivalent:

(a) There exist w € R and M > 0 such that S, T 18 contained in the resolvent set of A
and [(AId - A) " zex x) < |/\ o holds for every A e S, =

(b) There exist we R, 0 € (7r ) and M > 0 such that S, ¢ s contained in the resolvent

set of A and |(AId - A)~ 1”1:(X x) < |)\ m holds for every X e S, .

Proof. Due to Sw,g c S, for every 6 > 7, it is clear that (b) implies (a). So, we only
have to show the other implication. For this, let 6 = 7 — arctan(2M) € (%,w) and fix
AeS,o\S ,z such that A€ C\ {w} holds with § < |arg(A -w)| <@ < 7. In particular, we

have Re(A-w) <0 and Im A # 0. We claim, that Re A > w— 5+ |Im Al holds. For Re(A-w) =0,
the statement is clear due to Im X\ # 0. So, let Re(A—w) <0 and Im A >0. We have
Im A

—|) = larg (A - w)| < 0 = 7 + arctan(-2M)
w

T+ arctan
(Re A—

and because the arcus tangens is monotonically increasing, this implies

I I
M<_2M <~ Re)\>:w_M
Re A-w 2M
as claimed. With
I
GRe A+ ;HMM and 7= [Im A >0,

we have

Im A|  [Im A[ )\\

i Wi mA=ReA+7dm A=)\

r
w—-——=1ir=Re A+
2M
For every @ > w and every r > 0, it holds that Re(w £ir) = © > w < @ +ir € Sw% and
thus @ + ir belongs to the resolvent set of A. By [Lunl2, Proposition A.0.3], then also
Bpr(w +ir) is contained in the resolvent set of A for

|W+ir—w| _r
>

- -1
R:= H((wizr)ld—A) HL(X,X) > 2

In particular, B+ (@ +ir) is contained in and thus A = & — 537 ir belongs to the resolvent
set of A. Furthermore with \g == @ + ir, we have by [Lunl2, Formula A.0.4]

n Mn+1
Ald — A)7! < A= Ao (MoId = A)~(n+1) < !
I( ) leex,x) n;NZO | o[ (Ao ) lzex,x) n;NZO 57 M7 g — o
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with

2

Mo-wP=|@-wP+|rP2r? = |[N-w|27

Moreover, we claim that there exists C' > 0 with 7 > C~'\ - w|. For this, note at first that
A ¢S,z < Re(A-w) <0 implies

- [Im A Im A r r
W-w=Re A+ ——-~w—=—<—.
2M 2M 2M M
With this,
2 r ? 2 1 r 2.2
A-wl*=l0-w-—zir| =|0-w[*+ -—(w-w)+r <r (1+ )
2M AM?2 M 402

NI

follows and thus 7 > C™*|A - w| holds with C' = (1+ 475)? > 1. Overall, we therefore have

LM _2M _2MC

Ald - A)7 < —— = < .
I( )V ey € X g A=

nGNZ()

As Ae S0\ Sw,z was arbitrary, together with the assumptions in (a), we conclude that
S..¢ is contained in the resolvent set of A and

2MC
A=l

holds for every A €S, g. ]

[(A1d - A4)7! loexxy =

Remark 2.119. On account of Propositions 2.117 and 2.118, in the case of a dense,
linear subset D(A) c X, the operator A generates an analytic C°-semigroup if and only if
it is sectorial in the sense of [Lunl12, Definition 2.0.1]. We thus can apply all the results
from [Lun12, Chapter 2] proven for sectorial operators also for our generators of analytic
CV-semigroups.

2.3.3 Analytic Semigroups in Real Banach Spaces

As mentioned in the introduction to this Section 2.3, we want to apply the theory of
semigroups in Chapter 4 to prove the existence of short-time solutions. There, we use
little Holder spaces which are not complex but real Banach spaces. Thus, we have to
extend the concept of analytic semigroups in complex Banach spaces to the setting of
real Banach spaces. This is achieved by complexification of the real Banach space and all
occurring operators, which we present in the following remark.

Remark 2.120 (Complexification). Let (X,+,- |- |x) be a real Banach space. We set
X =X x X and define

@ : )ﬁfxy—n}?, Ty = (x1+y1,22 +Yy2),
®: CXX%X, cot=(a

T x1 — bxa,axs + bxr1) as well as
> . . . 1/2
I-1g: X ->R, 2] & = s[up ](||:):1 COS Y — Ty smg0||§( + |z1sing + o cos<p||§() /
©el|0,2m
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for all & = (x1,22),7 = (y1,y2) € X and c=a+ibeC. Then, (X,®,0,| - |5) is a complex
Banach space, called the complexification of X. In particular, for every x,y € X,

1
|2, 0% = lol% < 5(le - yl% + =+ yl%)

+|zsinZ +ycos%”§( < H(xvy)H}

= [wcos § - ysin [

n»'n

holds and for (En)nen = ((x3,22)), o € X and & = (z',2%) € X, we hence have
in->fimX <o o sazinX fori=1,2.
For a linear operator A:D(A) c X - X, define
D(A)=D(A)xD(A)c X and Az:=(Azxy,Axs)

for all & = (x1,22) € D(A). Then, A : D(A) —>~)? is a_linear operator called the
complexification of A. If A € L(X,X), then also A ¢ Q(X,X) holds. Furthermore,
(T(t))s0 € L(X,X) is a (C°-)semigroup if and only if (T(t))s0 ¢ L(X,X) is a (C°-)

semigroup.

Because a complex setting is necessary to describe analytic mappings, we have to extend
to the complexification of a semigroup to clarify if it is an analytic semigroup. Matching
the properties of (C°-)semigroups and their complexifications from the remark above, we
introduce the following definition.

Definition 2.121 (Analytic Semigroup for Real Banach Spaces). Let X be a real Ba-
nach space. A (C°-)semigroup (T(t))t>0 in X is called an analytic (C°-)semigroup if its
complexification (T(t))t>0 is an analytic (C°-) semigroup in X .

As before, we are interested in identifying generators of semigroups. To transfer the
characterization from Proposition 2.117 to the setting of real Banach spaces, we prove that
an operator A:D(A) c X — X generates an analytic C°-semigroup in a real Banach space
X if and only if its complexification A : D(AV) — X generates an analytic C%-semigroup in
the complexification X.

Lemma 2.122. Let A: D(A) c X - X generate an analytic C°-semigroup (T(t))t>0. Its

complezification A : D(;f) —~ X generates the complexification (T(t))tzo'

Proof. By construction, the complexification T'(t)(z1,z2) = (T(t)xl,T(t)xg) for t > 0 and

x1,22 € X defines an analytic C%-semigroup (T(t)) On account of the convergence

t>0"
properties in X from Remark 2.120, we have

_ T(F - 7 _
{ieX’ lim LT =T its in X}
)
T(t -
={(z1,22) € X | lim and limM exist in X}
t\0 t t\O

{ -~ T(t)x1 —z1
- {($1,$2) € X‘$1,ZIJ2 € D(A)} = D(Z)
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as well as

T()i -7 T - T - _
li LT =T (lim My =y, Tz “"2) = (Axy, Axy) = Az
t\O t t\0 t t\0 t

for all Z = (1,x2) € D(A). Therefore, A generates (T(t))t>0. O

Lemma 2.123. Let D(A) c X be a linear subspace and let A: D(A) - X be a linear oper-

ator. If its complexification A: D(A) - X generates an analytic CO-semigroup (T(t))po’

then T(t)(X x {0}) c X x {0} holds for everyt>0. In particular, A generates an analytic

CY-semigroup (T(t)) whose complezification is (T(t))

t>0 t>0"

Proof. By Remark 2.119, A : D(Av) — X is sectorial in the sense of [Lun12, Definition
2.0.1]. On account of [Lunl2, Corollary 2.1.3], T(t)(X x {0}) ¢ X x {0} follows for all
t > 0. With similar arguments as Lunardi uses in her proof of [Lunl2, Corollary 2.1.3],
[T(t)(wl,m)]l = [T(t)(mg,ml)]2 holds for all x1,29 € X and ¢t > 0:

By construction, [E($1,$2)]1 = Az = [Z(mg,xl)]Q is valid. For sufficiently large n € N,
Proposition 2.117 yields well-definedness of the operator A,, = nZ(nId % —Z)‘l and we have
[Zn(xl, xg)]l = [Zn(:rg,arl)k. Due to [Lunl2, Proposition 2.1.2], A,, generates an analytic
C-semigroup (Tn(t))tzo and because A, is a bounded operator, Ty (t) = ¥ e %ZZ holds
as in the proof of [Lunl2, Corollary 2.1.3]. Thus, [Tn(t)(ajl,a:Q)]l = [Tn(t)(azg,xl)]Q

follows. Due to Tn(j)i - T(t) for all Z € X by [Lunl2, Proposition 2.1.2], we hence have
[T(t)(xl,xg)]1 = [T(t)(a:Q,azl)]2 as claimed.
Define

T(t): X > X, T(t)z=[T(t)(x,0)],

for all z € X and ¢ > 0. Then, (T(t))t>0 c L(X,X) is well-defined due to the properties of
|- | % in Remark 2.120. With the considerations above, we have

T(t) (21, 22) = T(t)(x1,0) + T(t)(0, x2)
= ([T(t)(xl,o)]l,o) + ([T(t)(.m,o)]?, [T(t)(mg,o)]l)
= (T(t)fl)l, 0) + (0, T(t)ZL‘z) = (T(t)l’l,T(t)l‘Q)

for all (z1,x2) € X, such that T°(t) is the complexification of T'(t). Finally, (T(t))t>0 is an
analytic CY-semigroup because (T(t)) 150 1S one. O

Remark 2.124. On account of Lemmas 2.122 and 2.123, in the case of a real Banach
space X, an operator A generates an analytic C°-semigroup (T(t))t>0 in X if and only if

its complezification A generates the complexified analytic C°-semigroup (T(t))po in X.

We thus can transfer all the results for generators of analytic CO-semigroups in complex
Banach spaces to generators of analytic C°-semigroups in real Banach spaces.

In particular, the transfer of the characterization for generators of analytic C°-semigroups
from Proposition 2.117 to the setting of real Banach spaces yields the following statement.
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Proposition 2.125. Let X be a real Banach space, let D(A) ¢ X be a dense, linear subset
and let A:D(A) - X be a linear operator. Then, the following statements are equivalent:

a) The operator A generates an analytic C°-semigroup.
(a) I g y group

(b) There exist we R and M >0 such that S, % s contained in the resolvent set of the
complezification A and |(A\d - A)~ 1||L(X %) < |)\ o] holds for every X e S, =

We also receive the following result for pertubations of generators in real Banach spaces.

Lemma 2.126 (Pertubation of Infinitesimal Generators). Let X be a real Banach space,
let A:D(A) c X - X generate an analytic C°-semigroup and let B € E(D(B),X) be a
bounded, linear operator such that D(B) € Jg(X,D(A)) holds for some 6 € [0,1). Then,
also A+ B:D(A) - X generates an analytic C°-semigroup.

Here, Jy is a certain class of intermediate spaces introduced in Definition 2.78.

Proof. By Lemma 2.111, D(A) c X is a dense subset. Thus, on account of Remarks 2.119,
2.120 and 2.124, the claim follows with [Lunl2, Proposition 2.4.1(i)]. O

In the following, we discuss certain intermediate spaces between D(A) and X that will play
an important role for the application of the theory of semigroups to differential equations.
We define them for arbitrary Banach spaces and later state a relation between those
intermediate spaces in a real setting and in the corresponding complexificated setting.

Definition 2.127. Let (X, |- |x) be a Banach space and let A:D(A) c X — X generate
an analytic C°-semigroup (T(t))t>0 in X. For 3 €(0,1), we define

Da(B,00) = {xeX‘ sup 5! BlAT(s)z| < } and
Da(B) = {m e Da(f,00) | lim s AT (5)z = 0}
with
[#1p4(3) = 2D (3.00) = |7]x + sup 5P| AT()a] .

The spaces D4(,00) and D(f) are intermediate spaces between the Banach spaces
(D(A), |- Ipay) and (X, || -] x) with D(A) = Da(B) = Da(B, 00) = X. Even more, they

are given as interpolation spaces:

Lemma 2.128. Let X be a Banach space, let A:D(A) ¢ X - X generate an analytic
CY-semigroup and let B € (0,1). Then,

DA(67°°) = (X,D(A))B’oo and DA(B) = (Xa,D(A))Ig
hold with equivalent norms.

Proof. By Lemma 2.111, D(A) c X is a dense subset. Thus, on account of Remark 2.119,
the proof is given in [Lunl2, Proposition 2.2.2]. O
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Lemma 2.129. LeNtX beNa realNchach space, let A:D(A) c X - X generate an analytic
CY-semigroup, let A:D(A) - X be its complexification and let 5 € (0,1). Then, we have

D3(B,00) =Da(B,00) x Da(B,00) and  Dz(B3) =Da(B8) xDa(B).

Proof. Let Y be another real Banach space with Y — X and let Y be its complexification.
With K as in Definition 2.80 and the properties of | - | ¢,| - [l from Remark 2.120, for
every Z = (x1,22) € X and ¢t > 0, we have

K(2,t,X,Y)= inf {|alg+t[b]3}
T=a+b,
def,ﬁe?
< inf {far]x + Jaz]x + t]or]y +b2]y }

i=a; 104,

a;eX,b;eY
K(.Tl,t,X,Y) + K(IIZ’Q,t,X,Y)

as well as

K(zj,t,X,Y) = inf {]a;]x +t]bj]v}
j=a;+bj,
ajEX,bjEY

< :B:l;lﬁb {I(a1,a2)] 5 +t] (b1, b2) |}
al‘EX,biEY

= K(#,t,X,Y)

for j = 1,2. This implies in particular (X,Y)gp = (X,Y)g, x (X,Y)g, as well as
(X,Y)p=(X,Y)sx(X,Y)g for every 0 € (0,1] and p € [1,00]. With Lemma 2.128 thus
the claim follows. O

The following Definition 2.130 will be useful for investigating maximal regularity for the
initial value problem (2.13), see below.

Definition 2.130. Let X be a Banach space and let A : D(A) ¢ X — X generate an
analytic C°-semigroup. For 3 € (0,1) and T >0, we define

(W7([0,T],X) xD(A)), = {(f,2) e W([0,T], X ) x D(A) | Az + f(0) € Da(B)}
with
[CFs 2 e po,m1,5)xDay). = 1 nsor1.x) + |2lpeay + Az + F(O) D, (8)
for (f,z) e (hP([0,T], X) x D(A)),.

Again, for a real Banach space X and its complexification X as well as a generator A of
an analytic C%-semigroup in X and its complexification A, we have

(h°([0,T],X) x D(A)), = (h([0,T],X) x D(A)), x (K’ ([0,T],X) x D(A))

4

This follows directly from Remark 2.66 and Lemma 2.129.
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2.3.4 Application to PDEs

We return to our linear, time-dependent problem (2.11) that we extend to an inhomoge-
neous problem by a non-vanishing right-hand side f, such that we now observe the initial
value problem

Opu—Au = f in (0,7), (2.13a)
u(0) = ug (2.13b)

for w : [0,T7) - X with a Banach space X. We will show for arbitrary Banach spaces
X, that if A:D(A) c X - X generates an analytic C°-semigroup, Aug + f(0) € Da(B)
is the suitable compability condition such that h%([0,T],X) is of maximal regularity for
the initial value problem (2.13) (see Proposition 2.131). Afterwards, we choose X and a
subspace X c X as a little Holder spaces and derive an improved regularity statement for
preimages x with Az € X (see Lemma 2.132). Finally, we discuss differential operators A
acting on little Holder spaces and formulate a condition that guarantees them to generate
analytic C%-semigroups (see Propositions 2.135 and 2.139).

Proposition 2.131 (Maximal Regularity). Let X be a Banach space and let the operator
A:D(A) c X - X generate an analytic C°-semigroup. Furthermore, let B € (0,1) and
T e (0,1]. We have

(i) K*°([0,7],X) nhP([0,7],D(A)) = C*([0,T],Da(B)) and

(ii) Ly :h**P([0,T],X)nh"([0,7],D(A)) - (h°([0,T],X) x D(A)) ., Lr[p] = (at/f(-of;‘ﬂ)

is bijective with supgepe | L7t 2 < 0.

Proof. If X is a real Banach space, let % : D(Z) - )z be the complexification of A. If X
already is a comlﬂex Bzinach space, set X =X and A= A. On account of Remarks 2.124
and 2.119, then A:D(A) — X is sectorial in the sense of [Lunl2, Definition 2.0.1].

Ad (i) [Lunl2, Proposition 2.2.12(ii)] yields the statement for the complex Banach space

X. Due to Remark 2.66 and Lemma 2.129, this also implies the statement for real
Banach spaces X.

Ad (ii) Clearly, any p e h'*7([0,77],X) nh?([0,T],D(A)) fulfills
Lrp = (6ip = Ap, p(0)) € B ([0, T], X) x D(A).
With (i), we also have Ap(0) + (&¢p — Ap)(0) = 0:p(0) € D4(B) and thus
Lrpe (R7([0,T], X) x D(A4)),

holds. Hence, Lt is well-defined.
Let (f,z) € (h°([0,7],X) x D(A)), and define

(f.%) = ((£,0),(2,0)) € (W°([0,T], X) x D(4)),.
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Moreover, set Ly = (Lp,Lr) such that we have Ly[p] = (at”_gp). By [Lunl2,

Definition 4.1.4], there exists a solution jp = (p1,p2) of Lrp = (f,%) and due to
[Lunl2, Corollary 4.3.2],

5 e I ([0,77, %) n b ([0, 7], D(A))
holds. With Remark 2.66, we have in particular
pi=p1e BP([0,T],X) nhP([0,T],D(A))

with Lrp = (f,x) in [0,7] x X. Uniqueness of the solution follows with [Lunl2,
Proposition 4.1.2].

Finally, [Lun12, Theorem 4.3.1(iii)] yields boundedness of supg.p<; ||E~_1||£, which
also implies boundedness of supy.y< | L7 - O

Lemma 2.132 (Improved Regularity for Preimages). Let s1,s2 € (0,2)\ {1} with s1 < so.
Let M c R¥™ be a h***2-embedded closed hypersurface and let A : h**%i(M) — h% (M)
generate an analytic C°-semigroup for both i € {1,2}. Then, any v € h**1(M) with
Av e h%2(M) already fulfills v e h**52(M).

Proof. Because
A:h*5(M) - h¥(M)

generates an analytic C%-semigroup, the theorem of Hille and Yosida (Proposition 2.114)
yields that

Ald — A h?Si(M) - h* (M)

is bijective for sufficiently large A > 0. For any v € h2™1(M) c h*2(M) with Av e h%2(M),
we have \v— Av € h%2(M). Due to the bijectivity of AXId — A : h2*52(M) — h2(M), there
exists a unique ¥ € h2*52(M) with

A0 — AU = v — Av in h**(M) < h**(M).

Due to the bijectivity of AId — A : h2*51(M) — h*'(M), we have v = ¥ in h?"*1(M) and
therefore v = ¥ € h***2(M) holds. O

In the following, we will prove that every symmetric, elliptic differential operator of second
order generates an analytic C°-semigroup in the setting of little Holder spaces. For the
readers convenience, we recall the definition of ellipticity.

Definition/Lemma 2.133 ((Uniform) Ellipticity). Let Q c R? be an arbitrary subset. A
matriz valued function a: Q- R™" is called

(i) elliptic (or positive definite on Q2), if
Ta(z)é>0

holds for every x € Q and £ e R\ {0} and
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(ii) uniformly elliptic, if there exists C >0 so that
§la(w)€ 2 Clf?
holds for every x € Q0 and & € R™.
If Q is compact, the two properties coincide.
For simplicity, the following short notation is used.

Definition 2.134. For two matrices N,f\f e R™"  we define
—~ n —~
N:N = Z N'Lsz]
i,j=1
To begin with, we prove the claimed statement for little Holder spaces defined on the

whole space R¢.

Proposition 2.135. Let s € (0,2) \ {1}. Furthermore, let A € L(h***(R?),h*(R?)) be a
symmetric, uniformly elliptic differential operator of second order, i.e.

Av=a:D*v+b-Vv+cv

holds for every v € h?**(RY), where a € h*(R%,R>4), b e h*(RY, R?) and c e h*(R%, R) hold
and the matriz a is symmetric and uniformly elliptic on R®. Then,

A:D(A) - h*(RY)
generates an analytic C°-semigroup with D(A) = h?**(R?) and equivalent norms.

Proof. As a,b, c are Hélder-continuous on R%, they are in particular bounded and uniformly
continuous such that the conditions of [Lunl2, beginning of Section 3.1] are satisfied. On
account of [Lunl2, Theorem 3.1.14], the complexification of

A:D(A) € h*(RY) - h*(RY)

is sectorial in the sense of [Lunl2, Definition 2.0.1]. Due to [Lunl2, Corollar 3.1.16], we
have D(A) = h2*5(R?) with equivalence of the norms. As h?**(R?) c h*(R9) is dense by
Lemma 2.92, finally Remarks 2.119 and 2.124 yield that

A . h2+S(Rd) — hS(RS)
generates an analytic C°-semigroup. 0
We want to transfer this result for functions defined on the whole space R? to functions
defined on hypersurfaces. As a first step, we discuss extensions of functions that are only

defined on an open subset of R? to the whole space R?.
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Remark 2.136. Let s € Ry, let M c R*™! be a C' n C*-embedded closed hypersurface
and let (v,W) be a local parameterization of M. Furthermore, let w € C*(W,R) with
suppw ¢ W. Then, by extension with zero, i.e.

freW
TR R, @(a) =P TEEW
0 else
-1 ' w
17)'07_1:M—>R, iUo’y_l(p) = wery (p) prE’)/( )’
0 else,

we can assume w € Ci (R, R) and wo ! € C*(M,R) with

|lw °’Y_1HCS(M,R) ~ Hchs(W,R) ~ HwHCS(Rd,R)
by Remark A.12 and Lemma A.13.

Lemma 2.137. Let s € Ryo\N, let W c R? be open, bounded and convex subset and let
K c R? be a compact subset with K ¢ W. Furthermore, let a € hs(W,R"™). There exists
aeh*(RYER™) with a=a on K. If n=dxd and the matriz a is symmetric and positive
definite on W, we can choose & such that it is symmetric and uniformly elliptic on R?.

Proof. Choose a cut-off function § € C% (RYR) with 0<£<1,6=10on K and £ =0 on
R\ W. Then, for an arbitrary zo € W, set =& -Id + (1 =€) - 2. This definition implies
@ € C*°(RY, ]Rd) with ¢ = Id and ! ¢z = @0 € W. Due to the convexity of W, also

©(W) ¢ W holds, so that ¢(R?) ¢ W follows. In particular, ¢ : R? - R is bounded and
due to supp(¢ — ) ¢ W, also all derivatives of ¢ are bounded and hence ¢ € C¢°(R?, R?)
holds. We define

a:=aop.

On account of Lemma 2.88, the function ¢ satisfies the conditions of Proposition 2.97,
which yields a € hs(Rd, R™). Obviously, @ = a holds on K. For n = dxd, due to compactness
of W, any positive definite matrix valued function a : W — R%? is uniformly elliptic on W
(see Lemma 2.133). Because for every x € R? there exists y = ¢(z) € W with a(z) = a(y),
for n = d x d, symmetry and uniform ellipticity of the matrix a on W implies the same
properties for the matrix @ on R%. ]

Next, we prove a technical auxiliary lemma, that transfers the property of generating an-
alytic C%-semigroups from locally defined operators to the corresponding operator defined
on a hypersurface.

Lemma 2.138. Let s € Rog\N, let M c R™! be a h?**-embedded closed hypersurface and
let (v, Wi)i=1,...1 be a finite set of local parameterizations of M with M c U;~v(W;) as
in Remark 2.6(ii). Moreover, let A : h®>**(M) — h*(M) and A; : h**3(R?) - h3(RY) for
l=1,...,L be linear operators with

supp Au c suppu and supp A;w c supp w

82



for allu e R**3(M) and w € h*>**(RY). Additionly, for every @ € h®>**(M) and w € h®**(RY),
let By € L(h'**(M),h*(M)) and Bz € L(h*(RY),h*(RY)), | = 1,...,L, be linear and

bounded operators with
supp Bzu c suppunsuppu  and supp B pw € supp @ N supp w
for all w e h***(M) and w e h'**(RY). We assume
A(u-u)=u-Au+Bgu and Ay(w-w)=w-Aw+ B gw
for all @,u € h***(M) and w,w € h*>**(R?). Finally, we assume A and A; to be related by
(Au) oy = Ay(uoy) in h*(RY)

for every 1 =1,...,L and u € h®>"*(M) with suppu c (W)), where wo -~ and (Au) o~y are
extensions onto R? as in Remark 2.136. If all A; generate analytic C°-semigroups, then
also A generates an analytic C°-semigroup.

Proof. The proof is based on [PS16, Section 6.4].
Let (m)i=1,. 1 € h***(M) be a family of functions such that (77),-1, 1 is a partition of
unity subordinate to (’n(VVl)) 1o1 - Such a family of functions can be constructed in the
following way: Let (K)i=1,.. 1, be éompact subsets of M with K; cv(W;) and M c U; K|
as in Remark 2.6(ii). Furthermore, let (¢;);=1,..1, C h2?**(M) be a family of functions with
P >0, ¢ >0 on K; and supp vy c vy (W;). Define

17Z) = Z¢12
l

Due to ¥ >0 on M, we have i € h2*$(M) on account of Corollary 2.103(i). In particular,

= ﬂ € h2+S(M)

(G
follows and due to supp m; = supp ¥y ¢ v (W), 0 <1 <1 and

2
27712=Zl—12/}l5 on M,
1 (4

the family (m;);-1,.. 1, fulfills the desired properties.
Moreover, we define

Ru = [(mu) o %]1:1,...,L for u e h*(M,R),
L
R([v)ie1,.n) = Y. m(vio ) for [vi]i=1, 1, € K5 (R%RY).
i-1

For k€ {0,1,2}, Re L(h*" (M), " *(R%,RF)) and R e L(R***(RY,RE), h*¥+5(D1)) follow
with Remark 2.136 and for every u e h**$(M),

L
RRu = R([(mu) o 71]1=17."7L) = Zw?u =u
=1
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holds in h**$(M). Another application of Remark 2.136 yields that

Cp: h'5(M) > h*(R?), Cyu = —(Bgu) oy and
Dy b (RY) > h* (M), Dyw = (By(ry00)w) 0 7] "

are well-defined with C; € L(h'*5(M), h*(R?)) and D; e L(h'**(R?),h*(M)). We set
A:=[diag Alier,r, C=[CiR)z1..;  and D= R([D)ie1, .- [])

such that A : h2**(R% RF) - h*(R? RF) is a well-defined linear operator and we have
C,De ﬁ(h“s(Rd,RL), h* (Rd,RL)). In the subsequent section of the proof, we show that

A+C,A+D:h*(RYRY) - h¥(RY,RY) generate analytic CP-semigroups.

With Lemma 2.92, h2+*(R?) c h*(R?) and h?**(R%,RF) c h¥(R?,RY) are dense subsets.
By assumption, 4; : h2*5(R?) — h*(R?) generate analytic C*-semigroups, so due to Propo-
sition 2.125, there exist w; € R and M; > 0 such that Swl,% is contained in the resolvent set

of the complexification 4; and

M,
A —wl

|(Md-A)7 , <
holds for all X € Swz,g‘ Define w = max; w; and M = max; M;. Then, for every [,

Suz ={AeC|ReA>w}c {AeC|ReA>w} =S, =

is contained in the resolvent set of A; and for every A € Sw,z, we have [A - w| < [A-w| and
thus

_~ -1 Ml M
|(AId - 4)) H£S|A—wl|S|A—w|’

Because A = [diag4; ]y, implies (\Id - A)~! = [diag (AId - Zl)_l]lzl  forany AeC,

Sw’g is also contained in the resolvent set of A and

LM
A= w|

(O ESII P

holds for all A € Sw,g- By Proposition 2.125, A thus generates an analytic CY-semigroup.
On account of Remarks 2.73(ii) and 2.82 as well as Lemmas 2.83 and 2.87, we have
RS (R RE) € Jyjp(h* (R, RE), 25 (R, RY)). Hence, with Lemma 2.126, also A +C and
A+ D generate analytic C°-semigroups.

For the corresponding complexifications and A € C, we have
R(\Id - A)a = [(m -(\d - A)a) o 71]1:1 L= [/\Id((ma) o) - (m - Ad) o %]l

- [AId((ma) om) = Ai((mi) o) - élf‘]

=1,...L
. L:(AId—(Zw))Ea (2.14)
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in hs (R4, RE) for all u e h2+s(M) and
E(Ald - (A+ 5))[@7]l:1,...,L = E(A[ﬁ]l:L...,L -[Am], - R( > ~l~l))
1
= Azﬁl(@i oy ) - Zm(zﬁl oy ) - ZEUZ

—)\Zm(vlo% ) — ZA(?T[(U[O’)/Z ))z()\ld ;DR (01 ])i=1,..., (2.15)

in h¥(M) for all [07];=1,. 1 € h?*3(R4,RE). As A+C and A+ D generate analytic CO-
semigroups, by Proposition 2.125, there exists w € R such that for all A € Sw,%,

Ly=B(Md-(A+0) 'R Ry=ROd-(A+D) 'R eL(he(D),h*(M))

holds with Ly(hs(M)), Ry(h*(M)) c h2*s(M). The operators Ly and Ry are left and
right inverse, respectively, of AId — A, as we have

Lx(Ald - A)ii = E(Ald —(A+ 5)) R()\Id A) 1 BRi =@ for all @ € h2+s (M),
(Ad - D) Ryii = (Ad - DY E(Md - (A+ D))" Ra *2” RRa = for all @ e ho(M).

Hence, Ry = Ly = (Md - A)™! € L(h*(M),h*(M)) holds for all A € S, =. In particular,

Sw,% is contained in the resolvent set of A with

|(A1d - A)~ |Lx|c < C(R,R)|(Md - (A+C))” C(R,R) Muc

A= wl

for all A € Sw,%. By Proposition 2.125, the operator A therefore generates an analytic

e e <

CP-semigroup. O

With this preparatory work, we can finally transfer Proposition 2.135 to the setting of
hypersurfaces.

Proposition 2.139 (Differential Operators as Generators). Let s € (0,2) \ {1} and let
M c R™ be a h***-embedded closed hypersurface. Moreover, let A e L(h***(M),h*(M))

be a symmetric, elliptic differential operator of second order, i.e. given a local parameter-
ization (v, W) of M,

Auoy=a:D*(uoy)+b-V(uoy) +c(uow) (2.16)

holds for every u € h**S(M), with a € h*(W,R¥9), b e E(W, R?) and c € h*(W,R) such
that the matriz a is symmetric and positive definite on W. Then,

A:h*(M) - ¥ (M)
generates an analytic Co—semigroup.
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Proof. Let (v, W)i=1,...,1, be a finite set of local parameterizations of M and let (U;)=1,...1,
be open subsets with Ul c v (W;) and M c U, U; as in Remark 2.6(ii). Define the compact
sets K := ’yl_l(ﬁl) c W,. For every | = 1,...,L, let a; € h*(W;,R¥?), b, € h*(W;,R?) and
c € h*(W),R) be as in (2.16) with respect to the local parameterization (v, W;). We
extend them to @ € h*(RY, R™?), b € h*(RY,R?) and & € h*(RY, R) with @ = az, by = b
and ¢ = ¢ on K; and @; symmetric and uniformly elliptic on R? as in Lemma 2.137. On
account of Proposition 2.135,

A D(A4) = W2 (RY) - h¥(RY), Aw:=a;: D> +b-Vu+qu

generates an analytic C°-semigroup for every [ =1, ..., L.
With (’%’I/Vl)l:l,...,L = (% m‘l(Uz)’Vl_l(Ul))lﬂ,...,L’ we have a set of local parameterizations
as in Lemma 2.138 such that

(Au) o7 = (Au) oy = a;: D*(woy) +by - V(uoy) +c(uoy)
=a;: D*(uoy) + b - V(uoy) +&(uoy) = A(uoy) = Aj(uod) (2.17)

holds in h®*(R%) for every u e h**3(M) with suppu c 5;(W;) = U; ¢ v(K;). Furthermore,
define

By pw = (23 - V) - Vw + (@ : D*w + by - Vib)w
for w e h?*(R?) and w e h'**(R?). Then, we have B, € L(h'**(R?),h*(R?)) for all
w € h?**(R?) and, due to symmetry of a,

Ay(w-w) =w- Aw + By gw (2.18)

holds for all w,w € h®"*(RY). Let (m1)i=1,...1 C h**$(M) be a family of functions such
that (7712)121,“.,,; is a partition of unity subordinate to (U;);=1,... 1, as in the proof of Lemma
2.138. Then, define

Bgu =

Mh

(Br(mayor (me) 0 1) = (@0 ) Bympon, (mi) e 1)) 0 37!

~
Il
—

for @ e h?**(M) and u € h'**(M). On account of Remark 2.136, By € L(h'**(M), h*(M))
is well-defined for all % € h?**(M). With the notation w; = (ma) oy; and wy = (mu) o7y,
Equations (2.17) and (2.18) yield

A(ﬂ-u)—ﬂ-Au:zl:( (nf(@-u)) - - Axju) )
l (Al(wl wy) = (woy)- Az((ﬂzu)ow))ow_l

((wl - Aywy) + By gy = (o ) (0 1) - Aywy + By (ryom)Wi) ) onpt
(Bl awy — (o 'yl)Bl’(mow)wl) o~t = Bau

for all @,u € h?**(M). In particular, the assumptions of Lemma 2.138 are satisfied and
therefore A generates an analytic C%-semigroup. O
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2.4 Maximum Principles on Evolving Hypersurfaces

To prove conservation properties in Chapter 5, we want to apply maximum principles. In
the literature, there are plenty of results on maximum principles for functions with domain
in Euclidean space, see for example [Eval0, Section 7.1.4] or [RR06, Sections 4.1 and 4.4].
We want to formulate analogous maximum principles for functions defined on evolving
closed hypersurfaces in the following setting:

Assumptions 2.140. Let T be a C'- C?-evolving immersed closed hypersurface with ref-
erence surface M c R*™" and global parameterization 0. Furthermore, let A : [0,T]x M —
R D) B0, T]x M - R¥! and C: [0,T]x M — R be continuous with A symmetric
and positive definite on [0,T] x M. Let w e C*([0,T],C°(M)) nC°([0,T],C*(M)) and
define

Lw = —-0w+ A: Dw + B - Vrw + Cw,

where the surface gradient Vr, the surface Hessian D% and the normal time derivative -
were introduced in Definitions 2.31, 2.84 and 2.54, respectively.

In the assumptions above, we used the same notation for the element-wise matrix multi-
plication as in Section 2.3 that we recall here for the reader’s convenience.

Definition 2.141. For two matrices A, A e R, we define
o~ n o~
A A= Z AZ]AU

We also recall that compactness of [0,7'] x M implies that the matrix valued function A
is uniformly elliptic on [0,7"] x M, i.e., there exists C' > 0 so that

At p)E 2 ClEP
holds for all (¢,p) € [0,T] x M and ¢ e R¥*! (see Lemma 2.133).

In order to apply our maximum principles to the mean curvature function, they have to
hold without assumptions on the (sign of the) zeroth-order term C' (cf. Remark 5.3).
Therefore, we will be particularly concerned in proving maximum principles without con-
dition on the zeroth-order term. This is possible, as, in contrast to the elliptic case, sign
conditions usually can be evaded for parabolic equations.

2.4.1 Weak Maximum Principle

The typical weak maximum principles for parabolic equations as in [Eck12, Proposition
3.1] and [Eval0, Section 7.1: Theorem 8 and Theorem 9] impose sign conditions on the
zeroth-order term, so they do not fulfill our requirements. Instead, we derive a suitable
weak maximum principle by hand.
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Lemma 2.142 (Hamilton’s Trick). Let M c R"™ be a C'-embedded closed hypersurface
and let T € (0,00). Furthermore, let w € Cl([O,T],CO(M)). As M is closed, the value
Wmax () = maxy w(t,-) is well-defined for every t € [0,T]. Then, wmax : [0,T] = R is
Lipschitz continuous, in particular differentiable almost everywhere, and in every point
t € (0,7) in which wmax is differentiable,

atwmax(t) = atw(t>p)
holds, where p € M is an arbitrary point with w(t,p) = Wmax(t).

Proof. The proof of this lemma can be found in [Man11, Lemma 2.1.3], but for the reader’s
convenience we explicate it here again.

Step 1: wmax s Lipschitz continuous
For fixed p € M, we have w(-,p) € C1([0,T]). So, by the mean value theorem,
w(+,p) : [0,T] - R is Lipschitz continuous and L := maxpy 71« [0¢w| is a Lipschitz
constant independent of p € M. For ¢,s € [0,T] and suitable choices of p,q € M we
thus have

Wmax(t) = w(t,p) <w(s,p) + L|t — 8| < wmax(s) + Lt — s,
Wmax(8) = w(s,q) <w(t,q) + L|t — 8| < wmax(t) + L|t - 5]

= |wmax(t) - wmax(5)| < L|t - S|.

Hence, wmax : [0,7] = R is also Lipschitz continuous and therefore differentiable
almost everywhere.

Step 2: Formula for time derivative
Let t € (0,T) be a point in which wpax is differentiable and let p € M such that
w(t,p) = Wmax(t) holds. We have w(-,p) € C1([0,T]) and for ¢ > 0 sufficiently small,
[t—e,t+c] c[0,T] holds. By the mean value theorem, there exists 7. € [t,t +¢] with

Winax (t +€) = Wmax (1) 5 w(t+e,p) —w(t,p)

= Oyw (T, p).
€ €
Analogously, there exists 7. € [t —¢,t] with
«(t) - t— tp) - w(t—¢, .
Wma ( ) wmax( 8) < w( p) w( € p) _ 5tw(7'5,p).
€ €
Overall, dywmax(t) = drw(t,p) follows in the limit € — 0. O

With the help of this relation between a function w : [0,7'] x M — R and its corresponding
maximum value function wpax : [0,7] = R, we can now prove a weak maximum principle
that suits our conditions.

Proposition 2.143 (Weak Maximum Principle). Let Assumptions 2.140 hold true with
Lw >0 on [0,T]x M and maxy; w(0,-) =0. Then, we have

max w =0.
[0,T]xM
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Proof. We prove the statement by contradiction and assume

max w >0,
[0,T]xM

such that there exists t1 € (0,7] with wpax(t1) > 0.
By Hamilton’s trick (Lemma 2.142), wmax : [0,7] = R is continuous. Due t0 wmax(0) =0
and wax(t1) > 0, there exists tg € [0,¢1) with

Wimax(t0) =0 and  wmax(t) > 0 for all ¢ € (to,t1].

By Hamilton’s trick (Lemma 2.142), wpax : [0,7] - R also is differentiable almost every-
where. Let t € (tg,t1) be such that wpax is differentiable in ¢. For any p € M with
w(t,p) = Wmax(t), Lemma 2.36 implies

Vrwjip =0 and  Dfwyy) <0, (2.19)

With K = maxpgry«ar |C|, we have C|¢ pywWmax(t) < Kwmax(t) on account of wiax(t) > 0.
Hence,

0< Ew‘(tp) =—0%w+ A: D%w +B-Vrw+ Cw I(t,p)
= 0Dw|(t,p) < C’w|(t,p) < Kwmax(t)

follows. (A proof why A >0 and D3w < 0 imply A: D3w < 0 is given in [Eval0, Section
6.4: proof of Theorem 1].) Now, we compute 07wy ,y. By Definition 2.54 and (2.19), we
have

Ow|(1.p) = O°W(t.p) = Vi) - VEW (1) = Oet0|(t.p) = Ortima (t)-

We also used that by Hamilton’s trick (Lemma 2.142), atwm,) = O¢Wmax (t) holds as wmpax
is differentiable in t. Overall,

Ormax (t) < Kwmax(t)

follows for almost every ¢ € (t9,¢1). By Hamilton’s trick (Lemma 2.142), wmax : [0,7] - R
is Lipschitz continuous and thus absolute continuous. Therefore, Gronwall’s inequality for
absolute continuous functions ([EvalO, Appendix Inequalities]) yields

Winax () < Wiax (to)eX ) = 0 for all ¢ € [to, t1].

This is a contradiction to wyax(t) >0 for all ¢ € (¢, t1]. O

2.4.2 Strong Maximum Principle

A strong maximum principle without assumptions on the zeroth-order term can be found
in the literature in the following setting for domains in Euclidean space:

Assumptions 2.144. Let W c R be an open, bounded and connected subset and let
T € (0,00). Moreover, let a:[0,T]x W - R™4 b:[0,T]xW - R? and c: [0,T]xW - R
be continuous such that the matriz a is symmetric and positive definite on [0, T]x W . Let
ve CY([0,T],C°(W)) nCO([0,T],C*(W)) and define

Lv:=—-0w+a:D*v+b-Vu+cv.
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Again, compactness of [0,T] x W implies that a is uniformly elliptic on [0,7] x W (see
Lemma 2.133). In this setting, [RR06, Theorem 4.26] yields the strong maximum principle
stated below.

Lemma 2.145~(Strong Maximum Principle in Euclidean Space). Let Assumptions 2.144
hold true with Lv >0 on [0,T] x W. Define il := sup(grjxw v and let (to,xo) € (0,T] x W
with v(tg, xo) =M. Finally, assume one of the following conditions is fulfilled:

(a) c=0 on [0,T] x W and i arbitrary,
(b) ¢<0 on[0,T]xW and i >0,
(c) c arbitrary and m = 0.

Then, we have v =M on [0,to] x W.

We want to transfer this result to the setting of evolving closed hypersurfaces. For this,
firstly, we construct a suitable differential operator in Euclidean space that corresponds
to the differential operator on the hypersurface in a local neighborhood. Afterwards, we
prove the analogous maximum principle to Lemma 2.145 in the setting of evolving closed
hypersurfaces.

Lemma 2.146. Let Assumptions 2.140 hold true and let (y,W) be a sufficiently small
local parameterization of M such that (g == 0oy, W) is a local parameterization of an em-

-1
bedded patch of I'. Set g, = Oxvo-Ove and (g5 1k = ([9%]ks) - Define uy, = > gk oe
as well as

af = ul (A o)y,

d
b= > ) (Aoy)druy,
r=1

V5 = (B oy + ) - ur,
bF = bf + b,

c::Co'y

for k,l=1,....d. Furthermore, for any v € Cl([O,T], CO(W)) N CO([O,T], C'Z(W)), define
Lv:= -0 +a:D*v+b- Vo + cv.
Then, Assumptions 2.144 are satisfied and
(Lw)oy=L(won) (2.20)
holds on [0,T] x W for any w e C*([0,7],C°(M)) n C°([0,T],C*(M)).
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Proof. We first prove that Assumptions_2.144 are satisfied. The regularity of I and A, B,C
implies continuity of a,b,c on [0,T] x W. Symmetry of the matrix a follows directly from
the symmetry of A. For any & € R\ {0}, we have

U—kauk— Z €k 95 0o+ [0, T] x W - R™1\ {0}
k,r=1

as well as

d d
Tag = Y &ag =Y Gui(Aoy)w& =n"(Aoy)n.

k=1 k=1

Therefore, positive definiteness of A implies the same for the matrix a.
It remains to show (2.20).
Ad 0"w: With Definition 2.54, we have

(0"w) oy = (0°w - V£ - Vrw) oy = (w — 0,0 - Vrw) oy = 6w — (3,0 - Vrw) o .
Ad Cw: Clearly, we have
(Cw) oy =cv.
Ad B vVrw: With Lemma 2.31, we have

d
((B+é’t0) -pr) oy = (Bo’y-f- 6t'Y9) Z uR 0LV = by - V.
k=1

Ad A: D%w: With Lemmas 2.34 and 2.31, we have

d+1 B

(A: Diw)oy= 3 (A[Dpwlij) oy
3,7=1
d+1

Zl(A”O'Y)Z(Uk ¢j) O ([Vrwlioy)
d+1

= Y (A7 07) Z (ug - ;) O ((w - ;) 0v)

3,7=1 k=1
d

= (uz(AO'y)ul)ﬁkalv+ (u,Z(Ao'y)ﬁkul)ﬁlv
k=1

d d
= Z aklakélv + Z bllalv =a: DQQ} + by - V.
k,l=1 =1

Altogether,
(Ew)O’y:—(ﬁ‘j )0’y+(A Dpw)07+(B pr)O’y-lr(Cw)o'y
=—6tv+aDv+b1 Vv + by - Vo +cv = Lo

follows. O
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Proposition 2.147 (Strong Maximum Principle). Let Assumptions 2.140 hold true with
Lw > 0 on [0,T] x M. Define m = sup( i« w and let (to,po) € (0,7] x M with
w(to,po) = m. Finally, assume one of the following conditions is fulfilled:

(a)
(b)
(c)

C=0o0n[0,T]x M and m arbitrary,
C<0on[0,T]xM and m >0,

C arbitrary and m = 0.

Then, we have w=m on [0,to] x M.

Proof. Choose a sufficiently small local parameterization (v, W) of M around pg and let
xo € W with v(z0) = po. By Remark 2.6(i), W c R? is connected and by Proposition 2.50,
(6 o~,W) is a local parameterization of an embedded patch of T.

Step 1:

Step 2:

w=m on [0,ty] x y(W)
Define

vi=woy:[0,T]xW - R.
The regularity of w implies v € C*([0, 7], C°(W)) nC°([0,T],C*(W)). With a,b,c
and £ as in Lemma 2.146, Assumptions 2.144 are satisfied and we have
Lv=(Lw)oy>20o0n [0,T]xW.
Define

m:= sup v.
(0,T]xW

Then, we have m > i > v(to, o) = w(to,po) = m and thus M = m holds. In particular,
we have (tg,x9) € (0,T] x W with v(tg,x0) = m. Due to ¢ = C o, also one of the
following conditions is fulfilled:

(a) ¢=0on [0,7] x W and 7 arbitrary,
(b) ¢<0on [0,T] x W and i > 0,

(¢) ¢ arbitrary and m = 0.
So, the strong maximum principle in Euclidean space (Lemma 2.145) yields

v=on [0,t]xW <« w=mon [0,t]xy(W).

w=m on [0,tg] x M

Let (7', W) be another local parameterization of M with v(W)n~!(W') # @. Choose
t = to and pfy € (W) ny'(W'). Then, (t},ph) € (0,T]x M holds with w(tf, pf) = m,
because the first step yields w = m on [0,t0] x y(W) 3 (), p}). As in the first step,

w =m on [0,ty] x v (W?)
follows. Because M is compact and connected, a finite cover M c UlL: 1 'yl(Wl) implies

w=mon [0,tg] x M. O
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2.4.3 Combination of the Maximum Principles

We summarize this section by formulating a combination of the weak and the strong
maximum principle on evolving closed hypersurfaces that will be used for several results
in Chapter 5.

Corollary 2.148 (Combination of the Maximum Principles). Let Assumptions 2.140 hold
true with Lw >0 on [0,T] x M and w(0,-) <0 on M. Then, we have w(t,-) <0 for all
t €[0,T] and there exists to € [0,T] with

w(t,-) =0 for allte (0,tg] and w(t,-) <0 for all te (to,T].

Proof. Define wpax : [0,T] - R with wpax(t) = maxy w(t,-), which is well-defined be-
cause M is compact.

Step 1: We first show w(t,-) <0 for all t € [0,T]. If wpax(t) <0 for all ¢ € [0, T], nothing is to
show. If not, then on account of wpyax(0) < 0 and the continuity of wyax : [0,7] - R
by Hamilton’s trick (Lemma 2.142), there exists to € [0,T") with

Wmax(to) =0 and  wpax(t) <0 for all ¢ € [0, ).

In particular, maxy; w(tp, ) = Wmax(to) = 0 holds and thus the weak maximum
principle (Proposition 2.143) implies

[tﬁz}icMw =0 < w(t,-)<0forall telty,T].

Together, w(t,-) <0 follows for all t € [0,T].

Step 2: It remains to show that there exists tg € [0,7"] with w(¢,-) =0 for all ¢ € (0,¢0] and
w(t,-) <0 for all t € (tg,T]. If wmax(t) < 0 holds for all ¢ € (0, 7], then the claim is
satisfied with ¢y = 0. So, assume the existence of t1 € (0,7] with wpax(t1) = 0. Case
(c) of the strong maximum principle (Proposition 2.147) implies

w(t) =0 for all t € [0,;].

Hence, if we have wpax(T) = 0, the claim is satisfied with tg = T. So, assume
Wmax (1) < 0. Due to the continuity of wmax : [0,7] — R by Hamilton’s trick (Lemma
2.142), there exists tg € [t1,T) with

Wmax(t0) =0 and  wmax(t) <0 for all ¢ € (¢, T].

With the considerations above, w(t) = 0 follows for all ¢ € [0, 9] O
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Chapter 3

The System of Equations

This chapter aims to give an introduction to the geometric problem this work is based on.
More precisely, we are interested in solutions to the equations

V=(G(c)-G'(c)c)H, (3.1a)
0% = Ar(G'(c)) +cHV. (3.1b)

These equations are defined on an evolving closed hypersurface I'. For simplicity, we as-
sume in the following that I' is an embedded hypersurface, if not stated otherwise. The
mean curvature and normal velocity of the hypersurface are denoted by H and V', respec-
tively (see Section 2.1). Furthermore, the function ¢: ' > R describes the concentration
of a quantity on the surface I'. The differential operators ¢° and Ar are the normal
time derivative and the Laplace-Beltrami operator as defined in Section 2.1. The function
G :R - R is a (Gibbs) energy density and we will often use the notation

9(c) =G(c) - G'(c)c

which appears in the right hand side of (3.1a). A solution to the system (3.1) consists of
an evolving closed hypersurface I' and the concentration function c¢:I' - R. In particular,
we do not prescribe the evolution of the geometry but it is part of the problem.

In this chapter, we give an introduction to both of the equations. The first one dictates
the evolution of the geometry. Due to its structure similar to the mean curvature flow, it is
referred to as scaled mean curvature flow equation. The second one is a diffusion equation
for the concentration ¢ on the evolving surface I'. The coupling of both equations makes
the problem interesting and challenging.

Then, we explain why the equations can be seen as a suitable characterization of the
physical situation presented in the introduction: We are interested in how a pair (T, c)
evolves to decrease the (Gibbs) energy

E(T, c) = fr G(c) dH (3.2)

most efficiently while conserving the total mass of the quantity whose distribution is given
by ¢. Here, dH? denotes the volume element of the d-dimensional surface T'(t). From this
formulation (3.2) it is clear why the function G is called a (Gibbs) energy density. It turns
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out that solutions of the system of equations (3.1) decrease the energy (3.2) and hence
tend to approach (local) minima of (3.2).

Afterwards, we discuss physical and mathematical aspects of the shape of the energy
density function G. Due to the conservation of mass, reducing the energy means finding
a balance between the two opposing objectives of decreasing the surface area of I' and
decreasing the values of G(c¢). The shape of G therefore has a strong impact on the
evolution of the geometry.

This geometric evolution is then studied for the example of a radial symmetric situation.
Emphasis is placed on whether properties are identical or similar when compared to the
usual mean curvature flow.

Finally, we reformulate the equations (3.1) to a system defined on a fixed domain. This
reformulation is used in Chapter 4 to prove the existence of short-time solutions to the
system.

3.1 The Scaled Mean Curvature Flow Equation

This section is devoted to the scaled mean curvature flow equation (3.1a). If G = a is a
constant function then we also have g(c¢) = G(¢) — G'(¢)c = a. Thus, for a =1, (3.1a) is
just the usual mean curvature flow equation

V=H

and for o # 1 we obtain a constantly scaled equation that behaves equally.

Ever since the study of curved shapes was no longer limited to the static case but also
started to include time-dependent evolution in the middle of the last century, the mean
curvature flow has been of great interest. First coming up in [Mul56] to describe a physical
model, it has been analyzed extensively from a mathematical point of view afterwards.
Three different approaches have been effectively applied for its investigation: To our knowl-
edge, [Bra78] was the first (mathematical) publication on mean curvature flow in 1978,
relying on geometric measure theory. Shortly after, [Hui84] and [GHS86] discussed the
evolution of convex surfaces under the mean curvature flow using classical PDEs. Finally,
[ES95] led the way to analyzing mean curvature flow by motion of level sets and [CGG9I1]
introduced the method of viscosity solutions.

We gather some properties of the mean curvature flow, which is also called curvature flow
or curve-shortening flow in the case of (plane) curves. As a wonderful survey article on this
topic, we recommend [Whi02]. First of all, surfaces that evolve under mean curvature flow
turn smooth instantly. This is due to the parabolicity of the partial differential equation
for the motion. But because the equation is non-linear, the general theory for parabolic
equations only yields smoothing for a short time and does not forbid later singularities (see
[Hui84] for a further discussion). The second property is the decrease of the surface area.
In fact, the mean curvature flow turns out to be a gradient flow for the area functional
which is explicated e.g. in [Garl3]. With the help of a parabolic maximum principle,
one can show that embedded, closed surfaces remain embedded, i.e., do not develop self-
intersections, and disjoint, closed surfaces remain disjoint (see [Manll, Sections 2.1 and
2.2] or [Eck12, Proposition 2.4]). This implies particularly that closed surfaces have finite
lifespans: As explained e.g. in [Eck08], the statement reduces to the simple case of spheres,
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because any closed surface can be surrounded by a sphere and letting them both evolve
under mean curvature flow does not produce any collisions. A further consequence of the
parabolic maximum principle is that mean convexity is conserved for closed surfaces (see
[Manl1, Proposition 2.4.1}).

Besides these relatively basic properties of the mean curvature flow, one of its most re-
markable features is that convex, closed surfaces shrink to round points. This catchy
formulation means firstly that any convex, closed surface stays convex and secondly that
it becomes asymptotically spherical, i.e., the rescaled surface converges to a sphere. The
result was proven in [GH86] for the curve case d = 1 and in [Hui84] for higher dimen-
sions d > 2. For the curve case, there is an even stronger result (see [Gra87]): Under the
curvature flow, any embedded, closed curve becomes convex and thus shrinks to a round
point. In particular, it does not develop any singularities besides this collapse. This is
not true for the higher dimensional case: For d > 2, embedded surfaces can form different
kinds of singularities that are classified into singularities of type I and type II, depending
on the blow up rate of the maximal curvature. In some sense, the singularities of type I
behave more nicely as they only allow the rescaled surface in blow up points to have the
shape of hyperplanes, spheres or cylinders (see [Manll, Chapter 3]). A typical example
for a singularity of type II is a degenerated neckpinch, arising e.g. from the evolution of
a dumbbell with precisely chosen thickness of the central part. For a discussion of type 11
singularities, we refer to [Manll, Chapter 4] and a detailed analysis for the formation of
degenerate neckpinches can be found in [AV97]. To follow the subsequent chapters in this
thesis, knowledge on the different types of singularities is not necessary. We merely need
to remember that under the usual mean curvature flow, the surface area is decreasing,
closed surfaces only have finite lifespans, convexity as well as mean convexity is conserved
and embedded surfaces remain embedded.

In this work however, we deal with more general, non-constant functions GG and therefore
end up with a non-constantly scaled version

V=g(c)H

of the mean curvature flow. Our aim is to analyze which of the properties mentioned
above transfer from the usual mean curvature flow to the scaled version. This depends of
course heavily on the shape of the function G.

A futher discussion of the energy density G is the content of Section 3.4. There, we state
two parabolicity conditions which G has to fulfill for mathematical reasons and briefly
explain their effects. In particular, a parabolically scaled mean curvature flow leads to a
decreasing surface area, just as the usual mean curvature flow. Nevertheless, in Section
3.5, we demonstrate for the simple example of a radial symmetric setting, that - in contrast
to the usual mean curvature flow - a suitable choice of G for the parabolically scaled mean
curvature flow prevents a closed surface from collapsing in finite time. Further properties
of the parabolically scaled mean curvature flow are addressed in Chapter 5: As for the
usual mean curvature flow, it conserves mean convexity (see Section 5.1), but for a non-
constant scaling function g, a convex surface can turn non-convex in the course of time
(see Section 5.2). Moreover, in Section 5.3, we show that a non-constant scaling function
g can force initially embedded surfaces to develop self-intersections during the evolution.
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3.2 The Diffusion Equation

Now, we discuss the second equation (3.1b). If there is no geometric evolution, i.e., if I" is
a non-moving hypersurface, the energy functional (3.2) is fully determined through G(c)
and therefore G(c) can be understood as the free energy of the system. Then, p = G’'(c)
is the chemical potential. Fick’s first law j = -V for the flux j and a constant diffusion
coefficient, arbitrarily set to one, together with the continuity equation dic = —divj finally
results in the diffusion equation d;c = Ay. And, indeed, without geometric evolution, i.e.
V =0, the second equation (3.1b) reduces to the simple diffusion equation valid for a
concentration independent diffusion coefficient

ore = Ar(G'(¢))

as 0"c = 0yc holds for a non-moving hypersurface.
In the general case of a non-constant evolving hypersurface, the second equation (3.1b) is
given by

o%c=Ap(G'(c)) +cHV.

Again, we have a diffusion equation for the concentration ¢ on the surface I' and the
changing of the geometry results in an additional source term that depends linearly on
the concentration c.

We want the concentration ¢ to describe the distribution of a quantity that can neither
vanish from nor be added to the surface. The second equation guarantees this conservation
of mass: For a solution (I",¢) of (3.1b), the transport theorem (Proposition 2.58) yields

d

< dd=f aD—HVdd=] Ap(G'(c))dHd =0, 3.3
dt [F(t)c 7 r'(t) e 7 r'(t) F( (C)) # (3:3)

where the last identity holds due to Gauf’ theorem on hypersurfaces (Proposition 2.48),
as I'(t) is closed.

3.3 Gradient Flow of the Energy Functional

In this section, we establish a connection between the equations (3.1) and the energy func-
tional (3.2): The evolution of a pair (I',c¢) that decreases the energy (3.2) most efficiently
is characterized by our equations (3.1). In other words, the system of equations is a gra-
dient flow of the energy functional.

First of all, using the transport theorem (Proposition 2.58) and integration by parts
(Proposition 2.48) for the closed surface I'(t), we get that a solution (T, ¢) of (3.1) fulfills

d 4 .
SE(T,0) = = fr G(e)dH

i [F(t) G ()%= G(e)HV dH"
= A(t) G’(C)AF(G’(C)) + (G’(C)C— G(c))HVd'Hd

’ 2 2 d
- — d < .
/F(t)\vpa @ +V2ant<o
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Hence, a solution (I',c) of (3.1) can never increase the energy functional E. As long as
the geometry of the system changes, i.e. V' # 0, the energy will actually decrease. Also,
assuming G’ not to be constant, a non-uniform distribution of the quantity described by
¢ in general also leads to an actual decrease of the energy. Note that due to V = g(¢)H by
(3.1a) and because a closed hypersurface I'(t) can not have vanishing mean curvature H
everywhere (Proposition 2.44), the condition g > 0 assumed for parabolicity reasons later
on (see Section 3.4) implies an actual decrease of the energy.

In the following, we explain formally how the equations (3.1) can be seen as a gradient flow
of the energy functional (3.2). This means that a solution (I',c) of (3.1) even decreases
the energy functional in an optimal way. The techniques used in this section are based on
corresponding arguments in [Garl3] for the usual mean curvature flow of evolving hyper-
surfaces. We extend these considerations to our setting with the additional concentration
that describes a distribution on the surface. As we have seen above, a solution of (3.1)
satisfies mass conservation. So, for a constant mass m € R.g, we consider the set

M™ = {(E, c) ‘ ¥ c R smooth, closed, embedded hypersurface,

c: Y — R smooth concentration with [ cdH = m}
)

of all surfaces ¥ in R*! and concentrations ¢ : ¥ — R such that the total mass of the
quantity, whose distribution on ¥ is described by ¢, equals m. In a formal way, we endow
M™ with the tangent space

TiseyM™ = {(V,w)|V,w : 32 = R smooth with [Zw—cHVde = O}.

Here, V is a possible normal velocity of ¥, w is a variation of the concentration and the
additional condition [y w-cHV =0 with mean curvature H of ¥ ensures that the change
is such that mass conservation holds. We now elaborate how such a pair (V,w) of smooth
functions V,w : ¥ — R arises as the differential of a map in M™, hence as a “tangent
vector” of M™ in a point (X, ¢).

Let 6; : & - R™Y 0,(p) = p+tV(p)v(p) with the smooth unit normal v of ¥. According
to Proposition 2.60, for |¢| sufficiently small, ; is a smooth diffeomorphism onto its image
I, == 6;(X) which again is a smooth, closed, embedded hypersurface in R4, In particular,
{{t} x Iy ‘t € (—5,5)} is an evolving hypersurface as in Definition 2.49 and its normal
velocity in £ = 0 equals V. So, V really is the normal velocity of ¥ = I'y as already stated
above.

Moreover, with

-1
mt::([ ld”Hd’) (m—[(c+tw)09;1de)ER,
Ft l—‘t

ct = (c+tw)of; +my : Ty — R defines a smooth function on T';. We consider n(t) := (I'¢, ;)
for t € (—¢,¢) and claim that 1 is the map in M™ through (3, ¢) with differential (V,w).
By construction, we have

fcthdzf(c+tw)00t_l+mthd
Ft Ft

:/F(c+tw)09t_1d7{d+(m—fr(c+tw)09t_1d’Hd):m
t t
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for every t € (-¢,¢), such that n(t) € M™ holds for every ¢ € (—¢,¢). Furthermore, we have
n(0) = (X, ¢), since

[Ft(c +tw) o O d?—[d|t:0 = /E cdH?=m (3.4)
implies mg = 0. In addition,

05((c+tw)09t_1) %(c+tw)|t:0—8t0t-th((c+tw)09{1) =w-Vv-Vsc=w

[t=0 ~ |t=0

holds because as an element of the tangent space of ¥, the surface gradient Vyc is perpen-

dicular to the normal v. With the transport theorem (Proposition 2.58) and the additional
condition for (V,w),

dt|t0f(c+tw)00 A’ = fﬁD (c+tw)o ;') = ((c+tw)ob;"),_ HV dH"

- fzw—cHVd’Hd -0 (3.5)
follows. Equations (3.4) and (3.5) yield 0%my_q = %mt t=0 = 0, such that we finally have

aDCﬂt:O = aD((C + tw) o 9;1) + 5Dmt|t=0 =W

|t=0

As the normal velocity of the evolving hypersurface {{t} x Iy ’t € (—5,5)} int=01is V
and the normal time derivative of ¢; in ¢ = 0 is w, the pair (V,w) fully determines the
differential 7'(0). In particular, (V,w) can be interpreted as “tangential vector” to M™
in (3, ¢).

On the tangent space T(x )M™ we define an L?-H'-inner product

((Vl,’ll)l),(‘/é,wg))::AV1V2dH +/;:VEU1'V2U2d’Hd
:fEVﬂ/Qde+fEu1(w2—cHV2)de

=/;(V1—uch)V2de+/;u1w2d’Hd,

where —Ayu; = w; —cHV; holds on Y. These functions u; are well-defined, as due to Gauf3’
theorem on closed hypersurfaces (Proposition 2.48), [xw;—cHV;dH? = [¢ -Asu;dH? =0
is fulfilled for (Vj,w;) € T(s,yM™. Using a Lax-Milgram type argument, one can show
that this is exactly the solvability condition for —Axu; = w; — ¢cHV; on X. The choice of
an H '-inner product for the concentration part ensures the conservation of mass and the
L2-inner product for the surface part results in decreasing surface area just as for the usual
mean curvature flow (see Section 3.4).

Now, we want to identify the gradient flow of the energy functional E (see (3.2)) with
respect to this inner product. With the help of the transport theorem (Proposition 2.58),
the total differential of E in (3, ¢) in direction of (V, w) €Tis,cy)M™ is given by

0E(X, ¢)(V,w) = (Ft7ct)|t 0" 1 f G(Ct)dH|t 0
- fz °(G(er)) g~ G()HV d

=fEG'(c)w—G(c)HVd7-ld
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with T'y and ¢; defined as before. If we choose (Vy,wy) = grad E(¥,c) € T(x oM™ as a
notation for the gradient of E in (3, ¢), then for any direction (V,w) € Tix oM™,

(grad B(Z, ¢), (V,w)) = (Vg wy), (Vo w)) = fZ(Vg—uch)Vd’Hde/Zugwde
holds with —~Asxu, = wy — cHV, as before. Since the gradient is defined through
IE(XZ,¢)(V,w) = (grad E(X, ), (V,w))
for all (V,w) € T(x oyM™, we obtain u, = G'(c) and

Vg =ugcH - G(c)H = (G'(c)c - G(c))H,
wy = ~Asug +cHVy = -Ax(G'(c)) + cHV,.

As explained above, the differential %(Ft, ct) t=0 is determined by the normal velocity V'
of the evolving hypersurface {{t} xI';|t € (-¢,¢)} in ¢ = 0 and the normal time derivative
dZcof ¢; in t = 0. The family (T, ¢t )se(-c ) hence is a solution to the desired gradient flow
in ¢ =0 if and only if

(V,0%¢) = —grad E(X,¢) = -(Vg,wyg)

is valid. So, the gradient flow of the energy functional E with respect to our L? - H'-inner
product is the system (3.1)

V =(G(c)-G'(c)e)H,
o c= AE(G’(C)) +cHV

as claimed.

3.4 The Energy Density Function G

Due to its role in the energy functional

E(T, ¢) = fr G(e) dHe,

the function G : R - R is called an energy density function. This section is restricted to
the physical relevant case of ¢ > 0, so it suffices to consider GG : Ryg — R. From a physical
point of view, it seems natural to assign a high energy to the extreme cases of ¢ ~ 0 and
¢~ oo s0 that their occurrence is avoided.

So, seeking for a minimal energy, the concentration tends to assume values in the moderate
area of (G. On the other hand, the hypersurface I' tends to minimize its surface area and,
on account of mass conservation, thus will force the concentration to grow. The system
hence needs to find a balance between these two trends. It is not clear which of them
will prevail; whether the hypersurface will shrink to a single point as for the usual mean
curvature flow or if the role of the additional concentration is significant enough to stop
or at least slow down the shrinking of the surface. Obviously, the sought balance depends
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on the shape of G: A constant energy density function G implies independence of the
concentration and results in the usual mean curvature flow, as explained in Section 3.1.
Moderate growth of G(c) for ¢ — oo leads to a weak effect of the concentration and therefore
to a behavior still similar to the usual mean curvature flow whereas strong growth of G(¢)
for ¢ - oo increases the impact of the additional concentration and thus allows for a
different geometric behavior. In Section 3.5, this will be discussed for the example of a
radial symmetric setting.

To show the existence of short-time solutions to (3.1) in Chapter 4, we need a more specific
shape of G: The equations (3.1a) and (3.1b) have to be parabolic, so g >0 and G"” > 0
have to hold. For readers not so familiar with geometric quantities it might be easier to
deduce these parabolicity conditions from the transformed system (3.8), see Section 3.6.
The second condition G” > 0 implies that G is convex. This fits nicely to the physical
idea of high energy for the extreme cases of ¢ ~ 0 and ¢ ~ oo, but it prohibits interesting
effects like phase transitions. Hence, we have to restrict to considering only one phase or
to describing physical situations that generally allow for convex (Gibbs) energy densities.
This is the case, e.g., if we neglect effects of internal energy and simply consider a (convex)
mixing entropy density.

The first condition g > 0 is more involved and will be discussed now. As G”' > 0, we have

g'(c) = (G(e) - G'(c)c)l =G'(¢)-G"(c)e-G'(c) =-G"(c)e< 0
for ¢ > 0. Together, g >0 and ¢’ < 0 imply that ¢’(¢) is bounded for ¢ - co. So,

G"(c) = _9'(©)

tends to zero for ¢ — co and therefore G(c) can grow at most linearly for ¢ - co. It is even
possible to specify the slope of this linear growth: As G is convex, we have

Y, 6/ (eo)

- 2

G(c) = G'(co)e 2 G(eo) = G'(co)co = g(co) >0 <=

for all ¢,co > 0 and hence

lim G'(co) < inf G(C).

co—>00 c>0 C
Linear growth definitely is only moderate growth. On that account, we expect the ge-
ometric evolution in the parabolically scaled case to vary less from the one of the usual
mean curvature flow than it would for arbitrary scaling.
A simple example of this effect is the decrease of surface area for the parabolically scaled
setting: The transport theorem (Proposition 2.58) together with the scaled mean curvature
flow equation yields

d d d 2 1q,d
474 :-[H d :_f H2aH?.
dt/r H . VdH Fg(c) H

Due to g > 0 and because a closed surface can not have vanishing mean curvature H
everywhere (Proposition 2.44), the surface area of I' is strictly decreasing, just as for the
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usual mean curvature flow. In particular, stationary solutions are not possible. Without
the parabolicity condition, a different behavior of the surface would be possible of course.
This is illustrated in Section 3.5 for the example of a radial symmetric situation. There
we also observe that, even under the parabolicity conditions and despite the decreasing
surface area, the evolution of the surface in the scaled setting may still differ considerably
from the one of the usual mean curvature flow.

3.5 Example of a Radial Symmetric Setting

To get a first impression of the evolution prescribed by our system of equations (3.1), we
study the radial symmetric case as in [GM21]. In particular, we are interested in whether
the evolution of the geometry is the same as for the usual mean curvature flow or if the
impact of the additional concentration is strong enough to change the usual behavior. The
usual mean curvature flow forces a convex, closed surface to shrink to a round point in
finite time. Obviously, if the surface in our example does shrink to a single point, it also
shrinks to a round point just as for the usual mean curvature flow; but roundness is true
anyway due to the construction of the surface as radial symmetric sphere. So, we focus
on the collapsing of the surface and whether this happens in finite time.

A radial symmetric situation means that the hypersurface I'(t) = 0Bpg()(0) c R is a
sphere and the concentration ¢(t) : T'(t) - R is constant in space. As mass conservation
is fulfilled,

m= / c(t) M = c(t)HUT (1)) = aac()RB)? = c(t) = —R(t)™
I'(t) Qq

holds with a constant oy only depending on the dimension d. So, the whole evolution of
the pair (F(t),c(t)) is characterized by the function R :[0,7) — (0,00). As in Remark
2.43, we have

P d

v(t,p) = 0] and  H(t,p) = 0]

for the unit normal and the mean curvature of I'(¢) in p e I'(¢). As

0:[0,T]x Ty - R™L,  4(t,2) = R(t)

defines a global parameterization for the evolving hypersurface, the normal velocity of
I'(t) in p=6(t,z) e '(¢t) is given by

R'(t) P R’(t) z

V(t7p) = @ﬁ(t,z) V(tvp) = Ry z: R(t) Ro RO

=R'(t).
The normal time derivative of the constant-in-space function ¢(t) in p =0(t,z) e I'(¢) is

o%c(t,p) = °c(t,p) = c(t) = ——R(t) ~=LRI(t)
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and thus the concrete form of the second equation (3.1b)

o= M paip gy Mpea T gl Ar(G'(c)) +cHV
(6%} (6%} R

is automatically fulfilled. This was to be expected because the diffusion equation for
spatially constant functions ¢ reduces to 0c = cHV. As also the geometric quantities H
and V are spatially constant, this reduced equation is equivalent to mass conservation (cf.
Equation (3.3)) and we chose the time dependence of ¢ such that mass conservation is
fulfilled. The impact of the additional concentration hence is limited to the non-constant
scaling factor g(c) in the mean curvature flow equation. Thus, the question we seek to
answer is whether there exists a shape of g such that the evolution of the geometry differs
from the one for a constant function g, i.e., the usual mean curvature flow.
We now turn to the first equation which, in the radial symmetric case, transforms to

R =V = g(0) =g (2 ) &= I(R).

Assuming the parabolicity condition g > 0, we have f <0 on (0,00) and therefore we can
apply separation of variables which yields

PR RO 1
R S 7 FRO)

Due to f <0 on (0,00), F: (0,00) - R is strictly monotonic decreasing and thus bijective
onto its image. Therefore we can define R(t) := F~'(¢) for all t € F((0,00)); but as only

positive times ¢ > 0 are considered, we reduce to t € (0,7 := (0,00) n F((0,00)). We have

‘ 01 Ry 1
}%%F(R):f%mdz:—/(; oy >0 (3.6)

o 1
]%;IEOF(R)szO £y 42 <0

and thus (0,7) = (O,F(O)). In particular,

R(t)=F'(t)>F ' (T)=F'(F(0))=0

holds for ¢t - T'. So, just as for the usual mean curvature flow, the hypersurface shrinks
to a single point under the scaled mean curvature flow with g > 0. Due to the assumed
parabolicity condition g > 0, the strict decrease of the surface area was already known
from Section 3.4.

Obviously, a negative scaling factor g changes the sign of the mean curvature flow equation
and forces a convex surface to grow: With the same arguments as above, g < 0 and thus
f>01lead to (0,T) = (0, F(o0)) with R(t) » F~}(F(c0)) = oo for t - T.

A scaling function

>0, c<cy
g(C) :07 C=Cx
<0, c>cs
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whose sign changes at a fixed concentration c, = aﬂdR;d € (0,00) leads to a stationary
solution for ¢ = ¢, < R = R, because g(c,) = 0 prohibits any geometrical evolution. As
above, g > 0 < ¢ < ¢, & R > R, implies a shrinking of the convex surface, whereas
g<0 < c>c. < R< R, forces the surface to grow. Using the notation

— and F(R)-=

R
Ezid) d _1 dz
z Ro f(2)

f(z)=-g (
Qq
as above, we can argue more precisely: If Ry € (0, R,), then F': (0, R,) — R is well-defined
and strictly increasing because we have f > 0 on (0,R.) and f(z) =0 < z = R,. Thus
R(t) := F71(t) is well-defined for all ¢ € (0,7) = (0,00) n F((0,R.)) = (0, F(R,)), where
the last identity holds due to 0 = F(Rp) € F((0,R.)). Otherwise, if Ry € (R., o), then
F : (R,,00) —» R is well-defined and strictly decreasing as f < 0 holds on (R,, o), and
hence R(t) :== F~1(t) is well-defined for all t € (0,7) = (0,00) n F((R,,00)) = (0, F(R.)).
In both cases, we have R(t) - F1(T) = R, for t - T, which means that the solution
tends to the stationary solution, either expanding a smaller surface or shrinking a larger
surface. If the zero of the function g at ¢, is such that ﬁ is integrable in a neighborhood
of z = R, the stationary solution is attained at the finite time 7' = F'(R,) < oo, otherwise
we have T' = oo and the geometry converges to the stationary solution, but does not reach
it in any finite time.
So we see that scaling the mean curvature flow equation results in very different geometric
evolutions. Assuming the parabolicity condition ¢ > 0 however leads to a very similar
behavior as for the usual mean curvature flow, meaning that convex surfaces shrink to
a single point. But, in contrast to the usual mean curvature flow, even for g > 0, the
final time 1" at which the surface collapses does not need to be finite for the scaled mean
curvature flow. If g > 0, we have (see (3.6))

Ro 1 1 Ro
T:F(O):—[0 mdzzafo g(aﬂ;z—d)dz

and for a suitable choice of g, this turns out to be T = co. Choose for example the power
function

1

CS

G =
=+
with s < —%l. It follows that

G"(c)=-s¢? and  g(c)=G(c)-G'(c)e=c*

and thus both parabolicity conditions G” > 0 and g > 0 are fulfilled for the physical relevant
case ¢ > 0. Calculation of the final time T yields

R R
T B 1 / 0 ; dZ = C(m) d) S) [ ’ ZSd+1 dZ = M ZSd+2
a0 g(aﬂd’z_d) 0 sd+2

with a positive constant C(m,d,s) depending on the mass m, the dimension d and the

power variable s. Due to the choice s < —%l < sd+2 <0, this adds up to T = o and

Ro

0
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therefore the surface does not shrink to a point in finite time, but exists as a sphere for
all times.

We have seen using the simple example of radial symmetry that scaling the mean curva-
ture flow with different factors ¢ can produce considerably diverse geometric evolutions.
Assuming though the parabolicity condition g > 0, a surface will always shrink and thus
evolve very similar as for the usual mean curvature flow. But even a positive scaling factor
g > 0 can slow down this behavior enforced by the mean curvature flow and prevent the
surface from collapsing, at least in finite time. The additional concentration thus does
have an effect on the geometric evolution of the surface in our system (3.1).

3.6 Reformulation onto a Fixed Domain

We wish to reformulate the system (3.1) in a way that enables us to prove the existence
of short-time solutions in Chapter 4. For this, we assume that I', is an evolving immersed
closed hypersurface parameterized via a height function p as in Section 2.1.6. Then, the
system

Vi = 9(e)Hr, } on ')y (3.7)
o )

aDc = AFp|U (G,(C)) + CHFp|UVFp|U
defined on every embedded patch I', 7, U ¢ M, of the evolving immersed hypersurface
', can be transformed onto the fixed domain [0,7] x M with the help of the global
parameterization 0, : [0,7] x M — R4 0,(t,2) = 0(2) + p(t, 2)vs(z), where ¥ = (M) is
a fixed immersed closed hypersurface.

We introduce the function u : [0, T]x M — R to describe the concentration on the immersed
surface such that for every embedded patch I'jy of I',

col,=u,
9(c) 00, =g(u),
(VFP‘UC) o0, =V,u,
(AFP‘UG’(C)) 0f,=A,G"(u) and
(0%¢) o8, =0"u
hold on [0,7']xU. Here, we used the notation introduced in Remark 2.64 for the pullbacks

of the surface gradient, the Laplace-Beltrami operator and the normal time derivative.
Furthermore, we use the notation

Vp = VI, © Ups
H(p) = Hr ., 0 0p,
V,= VF,J\U 06, and

tot ._ tot
Vaot= Ve o6,

for the pullbacks of the normal, the mean curvature and the normal and total velocity
again as in Remark 2.64. Assuming p to be sufficiently small in an appropriate sense yields
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that
1

I/E-I/p

a(p) =

is well-defined with % <a(p) <C (see Remark 4.6).

Using all this notation and the formulas developed in Section 2.1, we can now transform
the system (3.7). With the pullback of the total velocity V;Ot = 040, = Oipvs, of the evolving
surface, we obtain

Otp
Vi, 060,=V,=V* "y =0,pvs-v,= —— and
p|U P P 14 p P a(p)
(é'jc) 00, =0"u=0"u- met Vpu = diu— Oypus - Vpu

for the normal velocity of the surface and the normal time derivative of the concentration.
So, finally, the formulation of the system (3.7) on the fixed domain [0,7"] x M is given by

orp = g(u)a(p)H(p), (3.8a)
dru=A0,G" (u) + dpvs - Vou+uH(p)V,
= A, G () + g(u)a(p) H(p) v - ¥ pu + g(u)H (p)?u. (3.8b)
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Chapter 4

Short-Time Existence

The topic of this chapter is the existence of short-time solutions to our system of equations

orp = g(u)a(p)H(p), (4.1a)
O = 8,G () + g(u)a(p) H(p) vs - Vu + g(u)H (p)*u (4.1b)

transformed onto [0,7'] x M with a fixed, embedded reference surface M, cf. Section 3.6.
As therein, we define an evolving hypersurface I',, parameterized via the height function
p:[0,T]x M - R (see Section 2.1.6) and let u: [0,7] x M — R describe the concentration
of a quantity on I',. With the notation from Remark 2.64, H(p),V,, A, and v, denote the
pullbacks of the mean curvature, the surface gradient, the Laplace-Beltrami operator and
the unit normal of T',, to [0, 7] x M, respectively, and vy, is the unit normal of the immersed
reference surface ¥ = (M. The functional a(p) = Vp.lyz is well-defined by Lemma 4.5(ii),
see below. Finally, G,g: R - R are real valued functions whose relation and properties
will be specified in Assumptions 4.9.

As a start, several regularity properties of functionals are stated which will be useful
throughout the whole chapter. Then, we list the conditions under which our short-time
existence result holds (see Assumptions 4.9) and introduce the notations that will be
used (see Notations 4.10). With this preparatory work, we can move on to the actual
proof of short-time existence. As explained in Chapter 1, a splitting ansatz is applied:
In Section 4.1, the first equation (4.1a) for the height function p is discussed. For an
arbitrary concentration u, we obtain a short-time solution p, of this equation which is
then inserted into the second equation (4.1b) for the concentration u. Section 4.2 deals
with the existence of short-time solutions to this reduced system, i.e., the second equation
with inserted p,. The combined result on short-time existence can be found in Section
4.3.

Notations 4.1. Let s € Rog \N and let ¥ = (M) c R¥™ be an h***-immersed closed
hypersurface. We define X = h®(M), Y, = h'*S(M), Z, = h**(M) and for constants
R¥>0 and R°>0

Ul ={peYs|lplcran <2R7},  Ug={ueYy||uly, <2R}.
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We recall the notation and some properties for surfaces parameterized via height functions
in the following lemma.

Lemma 4.2. Let s € Ryg \N and let & = (M) c R be an h>**-immersed closed
hypersurface with unit normal vs. We use Notations 4.1. There exists a sufficiently small
R* >0 such that for all p € Us}fl

0,: M - R" 0,(2) = 0(2) + p(2)vs(2)

is an h'**-immersion and T, = 0,(M) is an h'**-immersed closed hypersurface. In par-

ticular, for any sufficiently small local parameterization (v, W) of M and
Yp = Hp °,

(7p, W) is a local parameterization of an embedded patch of I',,.
Moreover, (617p‘x,...,8dfyp|z,l/z o ’y‘x) c R™ are linearly independent for every x € W,
where

0ip = 0iv + Gi(poy)(vs o y) + (poy)di(vs o)
holds.
Proof. This is exactly the statement of Proposition 2.62. 0

Now, we turn to the promised regularity statements.

Lemma 4.3. Let s € Ryo \N and let £ = (M) c R¥™ be an h***-immersed closed
hypersurface. We use Notations 4.1. For R™ >0 sufficiently small, there exist functions

PeC™(Uly, £(Z,, X,)) and Q € C= (UL, X,)

such that the mean curvature H(p) of the h***

from Lemma 4.2 is given by

-immersed closed hypersurface I, = 6,(M)

H(p) = P(p)[p] +Q(p) in X,
forall pe Ugl N Zs.

Proof. By [ES98, Lemma 3.1], for any sufficiently small local parameterization (v, W) of
M, we have

H(p)ovy=P(p)[p]lovy+Q(p) oy with

d d
( > pij(p)didj(uony) + Zpk(p)ﬁk(uov)) and Q(p) oy = équ}),

i,5=1 k=1

P(p)[u]oy=

SHN

where p;j,pi, q € C°°(U Sffl, h* (W)) hold for R* > 0 sufficiently small. Hence,

PoyeC™(Uly, L(Zs,h*(W))) and QoyeC™(Ul,h*(W))
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follow and thus Remark 2.46 yields
PeC™(UMN,L(Z:,X,)) and QeC™(Ul,X,).

Note that [ES98] assumes ¥ to be a sphere. In [PS16, Section 2.2.5], the same statement
is shown for an arbitrary embedded closed hypersurface ¥ but as the proof therein is less
clearly arranged, we chose to cite [ES98]. Both proofs reduce the statement to local co-
ordinates and therefore neither the shape of a sphere nor the embeddedness property are
necessary. Instead, the proofs can be transferred w.l.o.g. to our setting of an immersed
closed hypersurface 3, when choosing the local parameterization (v, W) so small that
Gp(’y(W)) is a subset of an embedded patch of ¥ and thus (,, W) is a local parameteri-
zation of an embedded patch of . O

The fact that the mean curvature H has a quasilinear structure is the key argument to
ensure that the PDE for the height function (4.1a) is also quasilinear. Even more, its main
part P(p) is elliptic, as we will see in the upcoming lemma.

Lemma 4.4. Let s € Ryg\ N and let ¥ = (M) c R¥ be an h3**-immersed closed
hypersurface. We use Notations 4.1 and choose P as in Lemma 4.3. For R* > 0 sufficiently
small and p € Ushtl, P(p) € L(Zs,Xs) is a symmetric and elliptic differential operator of
second order, i.e., given a sufficiently small local parameterization (v, W) of M,

P(p)[-]o~ = Zaijaié’j(' o)+ lower order terms
4,

holds with a symmetric and positive definite coefficient matriz [aij]i’j € h*(W,R%4),

Proof. Let peU, 21- With our sign convention, [ES98, Lemma 3.1] yields
1
P(p)oy= p Zpij(,o)é’i(?j(- o)+ lower order terms
i?j

with
w?(p) (1+ T w" (p)0k(po1)Ai(p o)) = Tiaw™ (p)w’ (p)k(p o)A (po7)
(1+ T wh(p)ak(pomar(p o)™

pij(p) =

and wyi(p) = gy + (po7) (O (v 07) - Aryg + Ai(vs 07) - dyg) + (po)? (F(vs 07) - Ai(vs 07))
as well as [w*(p)]x, = ([wkl(p)]kjl)fl. In particular, ay = épij(p) € h*(W) holds for all
i, =1,...,d. On account of p € Uslfl, we have ||p[c1(x) < 2R*. Thus, choosing R > 0

sufficiently small, symmetry and positive definiteness of [gfj]i,j and [ggj Jij (see Remark

2.30(ii)) ensures the same for [a} ]; ;. O

We gather some further regularity statements in the following lemma.

Lemma 4.5. Let s € Ryo \N and let £ = (M) c R¥™ be an h***-immersed closed
hypersurface with unit normal vs.. We use the notation V,,div,, A, and v, as in Remark
2.64 as well as Notations 4.1. For R* >0 sufficiently small,

111



(i) pr>(Vo: f = V,f) e C®(UL, L(Ys, XP)) and
pH(din:FHdivp ) e C=(ULy, LY, X)) hold,

(ii) p—a(p) = s EC°°(Uh1,X ) holds and

(iii) there exist functions D € C’°°(U21,£(ZS,XS)) and J € CW(U{LHJ,E(Y;,XS)) with
J € C,;"’(Uﬁ&l N B,E(YS,XS)) for any bounded subset B c Zg such that we have
Apu=D(p)[u] + J(p)[u] for all pe Uﬁ&l and u € Zs.

In particular, p — (Ap D f e Apf) € C’°°(U{”+s’1,£(Zs,Xs)) follows.

Proof.

Ad (i) Let f: R x R x R x R x R — R4+, f(v1,v2,v3,u1,u2) = v] + UV + ULV3.
Because X = (M) is an h?**-immersed hypersurface, we have 0;v,vs 07, ;(vso7) €
RS (W,R¥™1) for any sufficiently small local parameterization (v, W) of M. Thus,
smoothness of f and Corollary 2.103(ii) yield

Fe Coo(hs(W) « hS(W),hS(W,Rd+1)) A Cboo(thS(W’RdJrl))
for F': (u1,u2) » 0j7 + ua(vs 0 y) + u10;(vs o y) and arbitrary bounded subsets

B c h¥(W) xh*(W). Additionally, G : u~ (uo~y,d;(uoy)) € L(Ys, h*(W) x h*(W))
holds and therefore we have

p > 07, = F oG(p) e C= (Yo, h*(W,R" 1)) n C5° (B, h* (W, R 1))

for bounded subsets B c Y;. In particular, p — gfj = 0iYp - 0j7p € C”(ifs,hS(W))
and p — gp e Cg°(B,h*(W)) follow with Remark 2.105. According to Lemma 4.2,
for p e U hl with R¥ > 0 sufficiently small, [gw]lq j<a is invertible on W and thus
ming;; |det[g”]| > 0 holds. So, with the open subset U = {4 e R | det A # 0}, we
have [¢? e hs(W,U) for all p e Uh1 Even more, as p — man | det [gl ]| is continuous
as mapping on C' (M), there exists € > 0 with ming|det[g! ]l > € for all pe U;fl c
{peCYM)] lpleran < 2R*} with R* > 0 sufficiently 5mall For the closed subset
A= {A eR¥||det A| > €} c U, we thus have [gz ] e h¥(W,.A) for all p ¢ US’fl. In
particular, p — [g Z] € C“(Uhl,hs(W U))n C°°(Uh1 N B,h*(W,A)) follows. By
Remark 2.106, (-)~ € C®(h*(W,U), h*(W,R¥%)) n C;° (£, h*(W,R¥?)) holds for
the inversion (-)7! of matrices and any bounded subset % c h*(W,A). Hence,
combination implies

prgi eC® (UM, (W) nC (UL n B, h*(W)).

Due to f > 0;(fov) e L(Ys,h*(W)) and F  0;(F o) € L(Y, (W, R™)), we
finally have

(Iovf) = vpf07 Zg a (forY)a]’yp ECOO( gla[‘(yvsahs(Wde*—l))) and
(p, F) > div,F oy = Zg 0;(F o) - 07, € C (UL, LY ¥(W)))
?J

with Remark 2.105. Now, the claim follows with Lemma 2.99.
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Ad (iii)

Ad (ii)

For any sufficiently small local parameterization (v, W) of M, we have

Apfoy=3g7 0:05(foy)+ Zklgzjai(gﬁlal%)'@"Ypak(f"’ﬁ
1,7 ,0,R,

by Remark 2.64. We choose D as the principal part of A and define J := A - D such
that

D(P)[f]"V:Zng 0i0i(f o) and
0]

J(p)flov="3 giai(db arvp) 05 Ok(f o)
PG

hold on W. With Remark 2.46, D(p)[f] and J(p)[f] are well-defined on the whole
hypersurface M. As in (i), we have p ~ g5 € C=(U!;,h*(W)) and on account of

[ 0:0;(fon) e L(Zs,h*(W))

(0. f) = D(p)[f] 0y € O (UL, L(Zs, 1 (W)))

follows with Remark 2.105. But we only needed ¥ to be an h?**-immersed hyper-
surface for the proof of (i). Thus, also

p > 057, € C=(Zg, W (W, R™ 1)) n Cp° (B, M5 (W,R™!)) and
prgi e C®(UL 1 W5 (W) n Gy (UL 0 B, A (W)

hold for bounded subsets B c Z, with h1™$(W ,R™) < h*(W,R™) for m e {1,d + 1}
due to Lemma 2.88. Furthermore, Lemma 2.104 yields

p = 03017, € C(Zs, h* (W, RT)) n Cp° (B, h*(W,R*1)) and
pr> digy € C*(Utyg 1, h*(W)) n G (Uly1 0 BB (W),
Due to f = 0(f o) € L(Ys,h*(W)), we hence have
(0, 1) = J(P) ST oy € C% (Ul 1, L(Ye, h*(W))) 0 C (Ut 1 0 B, L(Ys, h*(W)))
with Remark 2.105. Now, the claim follows with Remark 2.46.

Let K : (R4 R be the generalized cross product as in Definition A.4; in
particular /C is smooth. For the open subset

U := {(vl, ey Uger) € (REFT)dHL ‘ (v1, ..., vg41) € R¥*! linearly independent},
the map f:U — R with

I(v1,..eyvq)]
K(vi,...,vq) - var1

f(vla "'7vd+l) =

is well-defined and also smooth. On that account, by Corollary 2.103(ii), we have
F e C®(h*(W,U),h*(W)) with (F(u))(z) = f(u(z)) for u : W - U. As in
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the proof of (i), p = 07, € C* (Ys,hs(W, Rd+1)) holds for any sufficiently small
local parameterization (y,W) of M and thus G : p = (017, ..., 0dYp, Vs ©Y) €
C“(}@,hs(W, (Rd+1)d+1)). Due to Lemma 4.2, (817p|x,...,8d7p|x,yg o 7|$) c R¥!
are linearly independent for every x € W if p e U, 21 with R* > 0 sufficiently small.
Therefore, G € C“(Ugl, s (W,U )) follows. Composition yields

|K(01’yp,...,§d’yp)| _ 1
(alrypamaad')/p)'(VEO'y) (VpO'Y)'(VEO'V

(FoG)(p)=K )=a(p)°7

and hence p — a(p) oy e C=(U S’fl,hs (W)). The claim follows again with Lemma
2.99. ]

Remark 4.6. Let s € Rog\N, let ¥ = 0(M) be an h***-immersed closed hypersurface and
let v € (0,1) with a <s. We use Notations 4.1. Due to the smoothness of a: Ug’l - Xa,

a(p) = —— by Lemma 4.5(ii) and a(0) = 25 =1 for 0 € Uc}vL,l’ we can choose R* > 0

Vp Vs lvs |2

sufficiently small such that a > % holds on {,0 €Y, ‘ lply, < QRE}. In particular, we thus

have a > % on the set Ush defined in Notations 4.10. Analogously, there exists a constant
C > 0 such that |a(p)|x, < C holds for all pe UL

The pullback A, of the Laplace-Betrami operator obviously is a linear operator, so that
the PDE for the concentration (4.1b) is quasilinear. Its parabolicity relies mainly on the
fact that A, is an elliptic operator, as we state in the next lemma.

Lemma 4.7. Let s € Ryg \N and let & = (M) c R be an h3**-immersed closed
hypersurface. We use the notation A, as in Remark 2.64 as well as Notations 4.1. For
R* > 0 sufficiently small and p € U{‘Jrs’l, the pullback A, € L(Zs,X,) of the Laplace-
Beltrami operator is a symmetric and elliptic differential operator of second order, i.e.,
given a sufficiently small local parameterization (v, W) of M,

Ap[]oy= Zaijﬁié’j(- o)+ lower order terms
1,J

holds with a symmetric and positive definite coefficient matriz [a"]; ; € hs (W, R4,

Proof. Let pe Up, s1- Remark 2.64 yields

Ap[]ery= Zgﬁ,jé’i@j(- o)+ lower order terms.
irj

We have v, € h'**(W,R%*1) and thus on account of Remark 2.106, gzj € h$(W) follows
for all 4,5 = 1,...,d. By Remark 2.30(ii), [g;/];; : W — R%“ is symmetric and positive
definite. O

We end the collection of regularity statements by a simple consequence of Section 2.2.5

on the regularity of composition operators that will be applied to the functions G and g
later on.
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Lemma 4.8. Let s € Ryg\ N and let ¥ = (M) c R¥ be an h'**-immersed closed
hypersurface. We use Notations 4.1. If F € C**IsI*2(R), we have

u~ F(u) € C*(X,, X,)

and in particular, u — F(u) e C*(U¢, X).

Proof. Let (v, W) be any sufficiently small local parameterization of M and let R > 0. Due
to F e CF 2 (R, R)), Proposition 2.101(iii) yields F e C*(h*(W, (=R, R)), h*(W)).
As R > 0 was arbitrary, F' e C¥(h*(W),h*(W)) holds. With u ~ uo~y e L(Xs,h*(W))
and Lemma 2.99 the claim follows. O

Having gathered these general regularity statements, we proceed to the more specific
setting in which we will prove the existence of short-time solutions. First, we list the
assumptions needed for our proof.

Assumptions 4.9.

i) Let e (0,1) and B € (0,1) with 28+« ¢ N. Furthermore, let G € CT(R) with G" > 0
(i) 2
and g =G -G -1d > 0.

(ii) Let ¥ = (M) c R be an h**“-immersed closed hypersurface with unit normal vs,
and let R¥ > 0 be sufficiently small.

(i) Let ug € h>*2P+ (M) and let 6, > R> be arbitrary.

(iv) Let R, R" > 0 be sufficiently large such that 2||ug le2+e(ary < RS and 261 < R" holds.
Let 69 € (0, R¥). Then, let T € (0,1) be sufficiently small such that

RM"P + 8y < R” (4.2)
1s valid.

We give a few comments on these assumptions and explain why they are postulated by
refering to later statements. So, these comments will not be understandable for the reader
yet, but serve as a later look-up. Choosing 3 < % ensures that the embedding Z, < Y234
is compact and thus Kgﬂm, Kgﬁm as in Definition 4.10(i) are compact sets in Yag.q.
Assuming the immersed hypersurface ¥ to be of h**®-regularity guarantees that we can
apply Lemmas 4.3 and 4.5 for s := 23+ca. Together with the C”-regularity of G, this is used
in Corollary 4.11 to gain regularity properties for our operators. As mentioned in Section
3.4, G" >0 and ¢ > 0 ensure that our PDEs are parabolic. The h?*2#*®_regularity, which
we assume for the initial value ug of the concentration, as well as for the initial value pg
of the height function later on, makes sure that by applying our second order operators,
we still end up with a hw*a-regularity. This turns out to be the necessary compability
condition and is used in Lemmas 4.16 and 4.24.

We will obtain a short-time existence result for any initial height function pg € h2+28+(M)
with | po|lc2+26+a(ary < 01 and ||po||creaary < do. Particularly, 2|po[|c2veary < 201 < R" fol-
lows. As 01 > 0 can be chosen arbitrarily large, ||po[c2+2s+a(psy < 01 is not an actual
restriction on pg. To yield a suitable height function as in Lemma 4.2, the initial value py
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only needs to be small in the Cl-norm. But to achieve a(pg) > 0 with Remark 4.6, and
also later on in the proofs of Theorem 4.18 and Proposition 4.25, smallness of pg in the
C™%norm is necessary. This is why we set the condition lpoll c1+e (ary < do-

R* > 0 being sufficiently small means such that Lemmas 4.2, 4.3, 4.4, 4.5 and 4.7 as well as
Remark 4.6 hold. In particular, this implies that any function |ps|| < R* is a well-defined
height function as in Lemma 4.2 and the regularity statements in terms of p; hold for all
the geometric quantities from Lemmas 4.3 and 4.5.

In the following, we will choose R¢ and R" even larger and &y > 0 and T > 0 even smaller,
where T always has to be so small that Estimate (4.2) holds. Enlarging R® and RM in-
creases the set of possible solutions to our system of PDEs, which we seek in balls with
radii R® and R". Then, Estimate (4.2) together with the Holder-regularity of the solution
guarantees that every |p| < R" with initial value |p(0)| < & fulfills |p(t)| < R*. Par-
ticularly, p(t) remains small in the C'**norm for all times ¢ € [0,T] such that all the
properties mentioned above hold; most importantly, p(t) is a well-defined height function
as in Lemma 4.2 for every t € [0,T].

Now, we give a summary of the notation used in the following sections. It relies on
Notations 4.1, but is reduced to our more specific setting.

Notations 4.10. Suppose Assumptions 4.9 are valid and let s € {a,203 + a}. This
guarantees that ¥ = (M) is an h3**-immersed closed hypersurface and thus permits to

use Notations 4.1: Xs=h*(M), Ys = h'**(M) and Zs = h***(M). We also recall

Ul ={peYs|lplorary <2R™},  US={ueYs||uly, < 2R},
Ulvss = {p € Zs|Iplcrary < 2R7)

and define
Ul ={peYllply, <2R", |plv, < 2R™}.

(i) Furthermore, we define

”'HYS

K" ={pe Zallplze < R olva < B2, KO = {ue Za|lull e <R .

(ii) We use the following notation for spaces and sets with time-dependence

Eo.r = h7([0,T], Xa),
By =h"P([0,T], Xa) n 1P ([0,T], Za),
Mg ={uekir||u|g, , < R® and u(0) = ug in Za},
M} = {peBir|lplg, » < R" and |p(t)|y, < R” for all t€[0,T]} and
M’?‘,po ={peBir||ple,, < R" and p(0) = po in Z,}
for any po € Zagsa with |po]z, < R" and |poly, < do.
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(iii) For the sake of completeness, we also define the operators used in the following
sections. For u,p € K17 and w1, p1 € Zo, we set

Al o) = g(ur)a(pr) P(p1)[p],
Ap] = Al o[p] = g(uo)a(0)P(0)[p],
Gh(p) = g(u)a(p)H(p) - A"p],
orp — AP
LMp] = ( pp(o) [p]),
AS o [u] = G (ur) A u+ g(ur)a(pr) H(p1)ve-Vpu+ g(ui) H(p1) u,
Au] = Ay, olu] = G" (up)Asu + g(uo)H%u,

G () = By, G (1) + 9(W)a(Pups ) H (Pupn V5V ot + 9 () H (pu, o) *u = A[u],

Lu] = (37&“;(81)0[“])

1
VpUs
as in Lemma 4.5, where v, as well as the differential operators V,, A, were intro-

duced in Remark 2.64; in particular, vy = vs, Vo = Vs, Ao = Ay and H(0) = Hy,
hold in the case of p = 0. Finally, py,, € Mr_}ﬁ,po s the solution from Theorem
4.18 associated with the concentration u € Mf and the initial value py € Zogiq with

[P0l 2250 <01 and |lpolly,, <o

Here, H, P,Q are the functionals from Lemma 4.3. Moreover, we have a(p) =

Both our PDEs (4.1) are parabolic, quasilinear equations of second order (see Lemmas
4.3, 4.4, 4.5 and 4.7 as well as Remark 4.6) and will be solved by similar approaches. To
underline this parallel structure, we use the same notation for all corresponding sets and
operators and mark the association to the respective equation with a superscript, using
the letter h for the first equation (4.1a) concerning the height function and the letter ¢ for
the second equation (4.1b) concerning the concentration function. Dependences of sets or
operators will never be denoted by superscripts, but only by indices. To clarify this even
more, we use the letters A and ¢ only to denote the association to the equation; while
height functions and concentrations will always be called p and u, respectively.

Whereas the initial value ug for the concentration is chosen fixed in Assumptions 4.9,
our short-time existence result allows for small variations in the initial value pg of the
height function. More precisely, for any py € h2*25+ (M) with lpollc2e2ssaqary < 01 and
lpollcrsa(ary < do, we will obtain a solution to (4.1) on a time interval [0,7] with T
independent of pg. This is crucial for the application in Section 5.3 to prove the formation
of self-intersections. However, we thus can not linearize the system (4.1) around the initial
value for the height function, as we do for the concentration. Instead, we linearize around
the fixed value 0. This is possible, as due to |pollc1+a(ary < do all eligible initial values po
are close to the zero-function in a suitable sense.

We will solve our PDEs in the space Eg 7 and therefore the solution functions lie in E; 7.
To be precise, we seek the solution functions in M7 and M%, which are the balls with radii
R¢ and R" mentioned earlier. As forecasted, Estimate (4.2) guarantees that any p € MQ}E 20
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fulfills
lp(®)[lva < o) = p(0) ]y, + [p(0) Iy,

< Hthﬁ([O,T],Ya)Tﬂ +polv,
< RhTﬁ + 50
< R,
ie., M% o © MP! holds. In particular, p(t) is a well-defined height function as in Lemma

4.2 for every pe M and t € [0,T7].

Now, we give a few crucial comments on embeddings of the sets defined above. Here, the
superscripts ¢ and h are omitted whenever the corresponding statement holds for both of
them. As always, we set s € {«, 25 + a}.

(i) We have K c Ug due to Z, = Ys. Moreover, K, c Yy is compact and convex, because
Zs = Yy is a compact embedding due to Lemma 2.91 with 38 < % Obviously, U, c Yy
is open.

(i) As we Mg, pe M Ealfil [u(t)] 2, < R, [o(t)]z, < B" and [p(t)]y, < B for every
t € [0,T], the inclusions
M e hP([0,T], K nhP([0,T],U1.,1) < °([0,71,U1),
M§ < BP([0,T7, KS) < h*([0,T],U¢)
follow. Furthermore, for any u € M7 and any p € MY}E,

h
lplns o,y < lolks o1,z < lolE, £ < RY,
|l e o,y < lullnsror, zoy < lule, 7 < R
hold on account of Z, < Yj.

In the next corollary, we state some regularity properties for the components of the oper-
ators from Notations 4.10(iii). This corollary, and even more so the subsequent remark,
are crucial for the proof of short-time existence as many of the following statements are
based on this regularity.

Corollary 4.11. We suppose Assumptions 4.9 are valid and use Notations 4.10. For
se{a,28+a}l,

gaP € (3'2(USC X UQ,E(Zs,Xs))v
gaQ e C2(US x UM, X,),
G"DeC*(USx U, L(Zs, X)),
G"J e CH(US x U,y 1, L(Ys, X5)),
gaPus -V € C2(USx UM £(Z,, L(Ys, X5))),
gaQus, -V € CQ(USC x Uf,E(Ys,Xs))»
gP1d¢ € C2(US x UM, £(Z4, £(Z4, £( X5, X,)))),
gPQIA° € C2(US x U, £(Z,, £(X,, X,))) and
9Q*1d° e C2(US x UL, £(X,, X,)),

S
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hold. Furthermore, for G"'V .y -Vt (u,p) =» G"'(u)V,-V,, we have

G"'V(y V() eCHUSx UL, L(Ya, L(Ya, Xa))),
G”, V() . V() € CI(UQCﬁ+a X U2hﬂ+a>£(y26+om E(YQ,B+OU X2,3+oc)))'

Proof. We have 23+ a € (0,2)\ {1} with 28 < 1. Because X = §(M) is an h***immersed
closed hypersurface and G € C7(R), we can choose s € {a,23 + a} and mostly k = 2 in
Lemmas 4.3, 4.5 and 4.8. (If s > 1, we have to restrict to k := 1 in Lemma 4.8 for G’ and
thus can only conclude C!-differentiability for G””.) Moreover, the inclusion U? c U ?,1
holds. By considering functions independent of ¢ or h as constant in these variables,
multiple application of Remark 2.105 and Z; = Y; & X, proves the claims. O

Remark 4.12. As K¢x K" c UxU” is compact and convex, we can apply Corollary 2.102
in the following way: For any Banach space Wy and any functional F € 02(U§ X Ush, WS),
there exists a constant C' = C(R*, R°, R") such that F(uy,p1) € hﬁ([O,T], W) holds with

HF(ul’pl)Hhﬁ([O,T],WG) <C and
| (u1, p2) - F(U27p2)Hh;a([0’T]’WS) < C([lur = wallps oy vey + o1 = p2lls o v))

fO’f’ U; € hﬁ([O,T],Kg), pi € hﬁ([OaT]aKg) with Hui”hﬁ([O,T],Ys) < RC: ”pi”hﬁ([O,T],Ys) < Rh'
In particular, these conditions are fulfilled for u; € My and p; € M%

Except for G"J, all of the functionals listed in Corollary 4.11 can be estimated in this
way. Because G"'V (- V(y is a C-function only for s = 28 + o, Corollary 2.102 only
yields the first of the two estimates stated above in that case. But if we restrict to uy = us,
the second estimate also holds: As in Corollary 4.11, we have G" e CY(U¢,X,) and
Vi Vo ip> V- Ve CYH (UM W) with Wy = L(Ys, L(Yy, X,)). Thus, Corollary 2.102
yields the existence of a constant C = C(R*”, R, R") with

HG”I(U)Vm Vo — G///(u)vp2 * Vo, Hhﬁ([o,T],Ws)

<G (Wlne o21,x) V01 Vor = Voo * Vo s o)

<Clp1 = p2llnsom,vy)

for all we My and p; € M%

Due to U{is,l c Zs and MR c By 7 = h1*P([0,T], Xo) n P ([0,T), Za), we can not find a
compact set K c U1h+571 with M1 c hﬁ([O,T]7 K) Therefore, the functional G".J, which is
defined on US x Uﬁs’l, has to be handled differently. But as J : p — J(p) is bounded on

bounded sets by Lemma 4.5(iii), we have J : p — J(p) € C’E(U{ﬂr&l N Bgs(O),ﬁ(Ys,Xs))

for any R>0. As U1h+s71 N BgS(O) c Zs is convex, we can apply Proposition 2.101 instead
of Corollary 2.102 to G"J. With Wy = L(Ys, Xs), this means that there exists a constant
C = C(R* R R) such that G"J(uy,p1) € hP([0,T], W) holds with

HG"J(ul"Ol)Hhﬁ([O,T],Ws) <C and
|G" I (ur, p2) = G" T (uz, pa) Hhﬂ([o,T],Ws) < C(flur = wallpsqo,ryvey + o1 = P2t oy, 2,))

119



Joru; € hﬁ([O,T],Kg), pi & hﬁ([O,T], U1h+s71) with ”ui||h3([0,T],Ys) <R |pi ||h5([0,T],ZS) <R.
For s =, this is again fulfilled for u; € My and p; € M:}ﬁ with R = R".

As preparation for the following two sections, we deduce a technical auxiliary corollary
from Remark 4.12.

Corollary 4.13. We suppose Assumptions 4.9 are valid and use Notations 4.10. For
ue M and p e M%, we have Ah[p] eEor and Gﬁ(p) eEor and

(9()a(p)Q(P))(1) € Xapra  as well as (G" (W7, ) (1) € Xagia
holds for all t € [0,T].

Proof. We have u,uy € Mf and p,0 € M% c W#([0,T], Z,). Thus, Remark 4.12 together
with Lemma 2.100 yields A"[p], G%(p) € Eq . Furthermore, for every t € [0,7"], we have
u(t) € Ugg,,, and p(t) € U2hﬂ+a ¢ Yog+q. Thus, Corollary 4.11 with s := 26 + « yields the
remaining claims. O

4.1 Short-Time Existence for p
This section deals with the first equation (4.1a)

orp = g(uw)a(p)H(p)

for height functions p with initial value p(0) = pg. We use the standard approach for
parabolic, quasilinear partial differential equations of second order relying on linearization
and a contraction argument, as explicated e.g. in [Lunl2, Chapter 7]. For this, we first
show that the linearization of the (elliptic) operator on the right hand side of the equation
generates an analytic C%-semigroup (see Proposition 4.14). In particular, the linearization
of the initial value problem then yields an invertible operator (see Proposition 4.15).

Proposition 4.14. We suppose Assumptions 4.9 are valid and use Notations 4.10. Then,
AM= AL Zo — X,
generates an analytic C°-semigroup with D 4n(B) = Xogra- If ue My and p € M:’ﬁ, also

A 2= X,

h
u(t),p(t)
generates an analytic C°-semigroup for s € {a,2B +a} and t € [0,T].

Proof. First, we prove the generation of the claimed semigroups. As ug € My, 0 ¢ M% hold,
we treat AZO,O as a special case of AZ(t) (1) Let ue Mg, pe M%, choose s € {a,20 + a}

and fix t € [0,T]. Then, u(t) € US and p(t) € U hold and thus g(u(t)),a(p(t)) € X,
follows with Lemmas 4.8 and 4.5(ii). Also, Lemma 4.4 yields that P(p(t)) € L(Zs, Xs) is
a symmetric and elliptic differential operator of second order. Because we have

AZ(t),p(t) = Q(U(t))a(P(t))P(P(t))
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with ¢ > 0 and @ > 0 by Assumption 4.9(i) and Remark 4.6, AZ(t) o(t) € L(Zs,Xs) is

a symmetric and elliptic differential operator of second order, too. Due to Proposition
2.139, AZ(t) o(t) D(AZ(t) p(t)) c X, - X, therefore generates an analytic C’-semigroup

with D(AZ(t) p(t)) = Zs and equivalent norms.

By Lemmas 2.128 and 2.87, finally
D, ()= (X D(Al ) = (K Za)y = (40(2), 1250 ()), = W52 (5) = K

holds. O

Proposition 4.15. We suppose Assumptions 4.9 are valid and use Notations 4.10. Then,
L" By — (Bor x Za)"
1s bijective with

h._ h)~1
A= sup (L) oo rzaytrn) <

where

(Eor x Za)! = {(f, fo) € (Bor x Za) | £(0) + A*[ fo] € D 4n(B) = Xop4a } with
[CFs Fodl g pxzayr = 1 IRo e + [ foll za + [1£(0) + A" (0]l x5, for (£, f0) € (Bos x Za)Y-
In particular, A" = A"(ug) only depends on the initial value ug.
Proof. By Proposition 4.14, A" satisfies the conditions of Proposition 2.131, which yields

bijectivity of

5 _ 4k
Lh:Eyp > (Eor x D(Ah))+ , P (atpp(fg) [P])

and the estimate

. ~h -1 N
5P N(LR) (g pemiamyy, B <

where Ei 7 = h9([0,77], Xo) n hP([0,T],D(A")). The claim follows with D(A") = Z,
by Proposition 4.14. Because A" = A" ».0 only depends on ug, also L" and then A" only

U

depend on ug. ]
As a next step, we prove a technical auxiliary lemma.

Lemma 4.16. We suppose Assumptions 4.9 are valid and use Notations 4.10.

(i) If ue M& and p € ME with p(0) € Zagsa, then (Gﬁ(p))(()) = Gﬁo(p(())) holds in X,
and we have

(G1(p), p(0)) € (Bor x Z4)".
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(ii) There exists a constant N" = Nh(RC, 51) independent of T, R" and u € M. such that

H(Gﬁ(po), PO)H(EO,TxZa)Q <N
holds for all po € Zogsa with | po z,s,. <61, [ o]y, < do-
Proof.

Ad (i) We have G"(p) e Eg 1 by Corollary 4.13, hence (G"(p), p(0)) € Eq 7 x Z, holds.
Moreover, we have u(0) = ug € Ugg,,, and p(0),0 € UQhﬁm N Zsg+q- S0, Corollary 4.11
yields

(G2(0))(0) = ((9aP)(u, ) p] + (9aQ) (1, p) = (9aP) (9, 0) ] ) (0)

= (gaP)(uo, p(0))[p(0)] + (ga@Q)(uo, p(0)) - (gaP)(uo,0)[p(0)]
=Gh (p(0)) in Xogsa = Xa

h

and therefore

AM[p(0)]+ (G())(0) = g(u0)a(p(0)) H(p(0)) € X
follows with Xog.q = Dyn () by Proposition 4.14.
Overall, we thus have (GZ(p),p(O)) € (]EO’T X Za)i.

Ad (ii) We have w,ug € My and pg,0 € m with M;’/E defined as Mjfi but with Rb = 261
instead of R". So, Remark 4.12 together with Lemma 2.100 yields

|Galeo)ls, . = I(gaH)(u. po) = (9aP)(uo, 0) [ pol|g,
< H((gaP)(% po) = (gaP)(uo, 0))[/)0]

<C(R%,61)(|u=uollnsgo,r)vay + loollva ) ool z, + C(RE,61)
< C(R%,6).

o+l

We have
| A" [p0] + (GZ(PO))(O)HDAhw) = H(QGH)(UOWO)HXQBM
due to part (i). So, again, Remark 4.12 together with Lemma 2.100 yields
[4"Te0] + (G (e0)) O, ) < [ (90P) (o p0) o], +[(90Q) (0. po) .,

< C(R,61) ([ p0] 2ys,. +1)
<C(R%61).

(As ug and pg are independent of ¢, there is also no time dependence in the application
of Remark 4.12 in the estimate above.) Together,

|(Ge(p0), po) | (Eo.1xZa)!
= HGZ(PO)HEO,T +lpolz. + HAh[PO] + (GZ(PO))(O)"pAh(g)
<C(R%,61) = N"
holds. =

122



The following proposition is the key point for the contraction argument.

Proposition 4.17. We suppose Assumptions 4.9 are valid and use Notations 4.10. There
exists € > 0 with

IGY (p1) = G (p2) o < C(R”, R, RMT(|ur — us|g, , + | o1 — p2li, 1)
+C(R”, R, R")|p1(0) = p2(0) |y,
+C (R, |uo] za» [p1(0)] ) 11(0) Iv2 o1 = P2,

for any ui,uz € M$ and py,p2 € M%
Proof. Remark 4.12 yields

[(9aQ) (w1, 1) = (90Q) (w2, p2) [z,

< C(R™ R, R")(Jur = ualps o1,y + 11 = 2l qo.170)
<C(R*,R°,R") (T7 (lua = uallp o vy + 101 = P2l (o.17,v) ) + |!P1(0)—,02(0)||Ya)
<C(R* R°,R" (T7 (Jur = ualg, 1 + |01 = p2llEs 1) + [ £1(0) —PQ(O)HYQ)a

where we used Remark 2.89 und Lemma 2.90 for the further estimate and ~ € (0,1) with
v > [ is the exponent from Lemma 2.90. For w e Eq 7 c hﬁ([O, T], Za) and using Lemma
2.100, we have analogously

H((QGP)(Ul,pl) - (QGP)(Uz,ﬂz))[w]HEO‘T

< C(R™, R, R") (|ur = ualps qo.ryvay + 101 = p2lns qo.r10y) 1wl .11, 2.)

<CR® R RM)(TP(Jus - usle, 1 + o1 = paley 1) + 101(0) = p2(0) v, ) 0], -

Finally, using R¢ = |ug|z, and R = Ip1(0)] z, instead of R® and R", Remark 4.12 with
Lemma 2.100 implies

[((9aP) o1 (0)) = (gaP) (0, ) ]| . < OB Juol ze 1 O] z) o1 O v e
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for w e £y 7. Overall,

IGL (p1) = G (p2) o1
= [ ((gatr) ur 1) = (9P) (o, 0)[1]) = ((90H) (2, 2) = (90P) (o, O) 2] )

<|(CoaP) o) = (90P) w0, 10D )lor = 2],
+ H((gaP)(uo,pl(O)) - (gaP)(uo,O))[pl - Pz]”EO’T

+[((gaP) s 1) = (9aP) (w2, p2) )], +[(90Q) (1, 1) = (90Q) (12, 2)],
<C(R™, R, R")T" P (|lus - wolg, » + |1 = p1(0) &, 1) |01 = P2
+ C(RE, Juol 2, |21 (0) |21 (0) [yl ot = 2l
+ C(RE, RS, R (TP (Jur = uslle, - + o1 = p2le, 1) + 101(0) = pa(0) v, ) (lo2 s, 1 + 1)
<C(R™ R R)(T77 (s = walley + o1 = p2le, 1) + 1p1(0) = p2(0) 1, )
+ C(RY, Juol 2., 121(0) |21 (0) [yl = p21ls,
follows. O

With this preparatory work, we can now prove short-time existence for the first equation
(4.1a).

Theorem 4.18. We suppose Assumptions 4.9 are valid and use Notations 4.10. Therein,
choose R" = Rh(Rc,uo,cSl) > 0 sufficiently large, choose oy = 50(R2,u0,51) e (0,R%)
sufficiently small and choose T = T(RE,RC,Rh,uO,(SO) € (0,1) sufficiently small. For any
initial value po € Zogia With ||po] z,,. <01 and |polly, < do and any concentration u € Mg,
there exists a unique solution p = py p, € Mﬁpo of

ap = g(u)a(p)H(p) inEor,
p(0) = po in Ze.
Proof. We show the existence of a unique solution p € M% po Of
0 = H in E h
0P g(w)alp)H(p) in Eor L'[p] = (Gu(p)) i Borx Ze.  (43)
p(0) = po in Z, Po

Equation (4.3) is well-defined because A"[p], G%(p) € Eor holds for p € M and u e M¢
by Corollary 4.13. Due to Lemma 4.16(i) and Proposition 4.15 it is equivalent to prove
the existence of a unique p € M% po With

h
Lh[p] _ (Gu(p)

G}J(P)) . gh
Po

. -1 .
) in (Eo7 x Za)}j < p= (Lh) ( ' u,po(p) in Ky 7.

So, we show that Kﬁ,po : M% oo CELr > Evr has a unique fixed point p € M:?w po USINg the

Banach fixed-point theorem.
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Step 1: Due to Lemma 4.16(i) and Proposition 4.15, upo (p) € Eir is well-defined for

h
p € MTva

Step 2: We have to verify that Kff 0o 18 @ contraction on M%po‘ For any p1,ps € Mﬁpo

Step 3:

” upo(pl)_ upo(p2)”]E1T
= AhH<GZ(P1)>PO) - (Gz(p2)’p0)H(Eo’TXZQ)}l

= A" G (1) = G (p2) [ 1
< (C(R™ R, R, AMYT® + C(R”, [uo| 2., | poll 2 A" o v ) L1 = ple,

< (C(R™, R, B AMYT® + C(R”,uo,61,A")%0 ) |p1 - 2|,

holds by Proposition 4.15, Lemma 4.16(i) as well as Proposition 4.17. For sufficiently
small dg > 0 and sufficiently small T" > 0,

1
h
” u po (,01) - Ku,po (pQ)HELT < Z”pl - p2HE1,T

follows. Because A" only depends on ug, dy only depends on R*,ug and §; whereas
T only depends on R*, R, R" and wy.

We have to show that K o M% o M% oo 152 self-mapping. Any p e M% 20 fulfills
(K w.po (£))(0) = po in Z, because w: = Kh 0o (p) 18 a solution to
L Gh
Ihay - ([ w]l) _ ( u(P)) in Bo 1 x Za.
w(0) Po

Furthermore, we have
1K 0 (0) 57 < KD 0 (p0) By 1 + 1KY 0 (P) = Kupo(po)llmm

< A[(G(p0):20) |y poezayn * Zup = polle, r

1
h anth
< AN+ 2 (Il o +2l00l 2.)

T2 2
where the first summand is bounded by Proposition 4.15 and Lemma 4.16(ii) and the
second summand by the contraction-property (see step 2). R" being sufficiently large
thus means R" > 2A"N" and because A" only depends on ug and N” only depends
on R¢ and ¢, we have R" = Rh(RC U, (51) The two properties just deduced imply
upo(p) € M%p for all pe M%

As M% po 18 @ closed and non-empty subset of the Banach space E; r, the Banach fixed-

point theorem yields the existence of a unique p € M% 20 with

g(u)a(p)H (p) in Eor,
Po in Zg. ]

orp
Kypy(p)=pinEir <«
= p(0)
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Now that we know that there exists a solution p, ,, to the first equation (4.1a), we analyze
some of its properties. First, we discuss its dependence on the concentration u and the
initial value pg. The result in Proposition 4.19 will be necessary for the contraction
argument for the second equation (4.1b). Afterwards, we state an improved regularity in
space for the solution in Proposition 4.20.

Proposition 4.19. We suppose that Assumptions 4.9 are valid and use Notations 4.10.
Therein, choose R" > 0 as large and choose 6y > 0, T > 0 as small as in Theorem 4.18.
There exists € >0 with

lo1 = poll, o < C(RZ, RS, R A", 61)(T°|Jur - uzllg, 1 + 0,1 — po2

|Z2[3+a)

for any ui,ug € M5 and po1,po2 € Zagra With |po,;

Zogra < 01 and |poily, < o, where

Pi = Pus,po; € MU is the solution from Theorem 4.18 associated with the concentration u;
and the initial value po;, respectively.

Proof. As p; € M% is the solution from Theorem 4.18 associated with the concentration
u; and the initial value pg;, it is a fixed point of (Lh)_l(GZi(-),po,i) as in the proof of
Theorem 4.18. Therefore, we have

lp1 = p2ll, o < A (GE (p1). po1) = (G, (p2), pO’Q)H(EO,TXZQ)iL
= AhHGﬁl (Pl) - GZQ (P2) HJEO,T + Ah”Po,l - Po,2||Za

+ A" Gy (p0.1) = Gug(p02) + A"[pox = po2]l

by Proposition 4.15 and Lemma 4.16(i). With dp > 0 and 7' > 0 as small as in Theorem
4.18, Proposition 4.17 yields

AhHGZ1 (p1) - GZQ(PQ) H]EO,T

1
< lem ~ palg, 7 + C(R”, R, R" A")(T°|luy - uz|lg,  + | 0.1 = po.2|

Ya)-
Due to ug € M and po,; € Ml Remark 4.12 together with Lemma 2.100 implies
|Guo (p0.1) = G (po.2) + AM[po1 = po2ll y, .
- g0 o) - (s,
< H((gaP)(uoapog) ~ (9aP)(uo, 00,2))[00,1]”)(%& +[(9aP)(uo, po2) 01 = po2l,, .

+ (9aQ) (uo, po.1) - (QGQ)(UO,PO,Q)HXMW

<C(R*, R, R")(Ipo.1 = po2llvas.. |01
< C(R”, R, R",61)|po1 - poz2

Zogea + 1001 = P02]l Zoge + 10,1 = P02 Va5, )

Z2B+a :

(As ug and pg; are all independent of ¢, there is also no time dependence in the appliciation
of Lemma 2.100 in the estimate above.) Altogether, we thus have

le — P2 HEI,T < C(Rzﬂ RC: Rh7Ah7 51)(T8Hu1 - UQHELT + HPOJ ~ P0,2 Z2,8+a)' [
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Proposition 4.20. We suppose that Assumptions 4.9 are valid and use Notations 4.10.
Therein, choose R" > 0 as large and choose 6y > 0, T > 0 as small as in Theorem 4.18.
Let w € My and po € Zagra with |polzys,, < 01 and |poly, < do be arbitrary and let

P = Pupo € M%po be the associated solution from Theorem 4.18. Then, p(t) € Zagiq holds
for all t €[0,T].

Proof By Proposition 4.14, A" satisfies the conditions of Proposition 2.131 and thus
pe M o € Evr fulfills 6ip(t) € Dan(B) = Xopiq for all t € [0,T]. In addition, by Corollary
4.13, We "have (9aQ)(u, p)(t) € Xop4q for all t € [0,7]. Hence,

AZ(t),p(t)[P(t)] = (gaH)(u, p)(t) - (9aQ)(u, p)(t)
= 0p(t) — (9aQ)(u, p) (1) € Xog1a

holds for all ¢ € [0,T]. Because AZ(t) o(1) Zs, — X, generates an analytic CP-semigroup
for both s1 = @, 52 = 28+ (see Proposition 4.14), Lemma 2.132 finally yields p(t) € Z21q
for all ¢t € [0,T]. O

4.2 Short-Time Existence for u

In this section, we discuss the second equation (4.1b)
o= A,G' (u) + g(w)a(p)H(p) vs - Vou+ g(u)H(p)*u

for concentrations u with initial value w(0) = ugp. As height function p, we insert the
solution function p ,, from Theorem 4.18 with initial value pg. Both equations (4.1a)
and (4.1b) are parabolic, quasilinear partial differential equations of second order. Due to
this parallel structure, we apply the same approach as in Section 4.1 to solve this second
equation, using linearization and a contraction argument.

First, we deduce a corollary from Remark 4.12, which contains the analogous statement
to Corollary 4.13 but for A° and G¢ instead of A" and G".

Corollary 4.21. We suppose Assumptions 4.9 are valid and use Notations 4.10. Therein,
choose R" > 0 as large and choose 6y > 0, T > 0 as small as in Theorem 4.18. Let py € Z2B+a
with | po| 2,5, <91 and |poly, < do. For ue Mf, we have A°[u] € Egr and Gf (u) € Eg 7.

Proof. Let py,p, € MZIE po Pe the solution from Theorem 4.18 associated with the con-

centration u and the initial value pg. Then, we have u,uy € M¢ c RA([0,T], Zs) and
Pu,po»0 € M:}F’ c h3([0,T], Z,). Thus, Remark 4.12 together with Lemma 2.100 yields the
statement. O

As in Section 4.1, we show that the linearization of the (elliptic) operator on the right
hand side of the equation generates an analytic C°-semigroup, which implies that the
linearization of the initial value problem defines an invertible operator.

Proposition 4.22. We suppose Assumptions 4.9 are valid and use Notations 4.10. Then,

A ACQO Z _>X
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generates an analytic C°-semigroup with Dc(B) = Xog+a-

Let R be as large and let 5o > 0, T > 0 be as small as in Theorem 4.18. If p = Pu,po € M%’po
is the solution from Theorem 4.18 associated with the concentration u € M. and the initial
value po € Zagra With |poll 2,4, <01 and |poly, < do, also

Auty p(r) 45 = X

generates an analytic C°-semigroup for s € {a,2B +a} and t € [0,T].

Proof. First, we prove the generation of the claimed semigroups. Choose s € {«,28 + a}
and fix t € [0, T']. If p = py p, € M% p, 1S the solution from Theorem 4.18 associated with the
concentration u and the initial value pg, p(t) € Z5 follows with Proposition 4.20. As also
le() et ary < o) [y, < R holds (see remark after Notations 4.10), we have p(t) € U1h+571.
For the following arguments, we do not need that p is a solution from Theorem 4.18, but
only use p(t) € U{l+s,1- Because ug € My and 0 € UﬁS’l hold, we thus treat A , as a
special case of AZ(t),p(t)' By Lemma 4.7, A, € L(Zs, Xs) is a symmetric and elliptic
differential operator of second order. Because we have

AICL(t),p(t) = G"(u(t))Ap(t) + lower order terms
with G” > 0 by Assumption 4.9(i), Az(t) (1) € L(Zs,X) is a symmetric and elliptic

differential operator of second order, too. On account of Proposition 2.139, the operator
AZ(t) o) D(Az(t) p(t)) c X, - X, therefore generates an analytic C°-semigroup with

D(AZ(t) o)) = Zs and equivalent norms.
By Lemmas 2.128 and 2.87, finally

uq,0

Dty () = (Xa D(A5,0)) | = (X Za)s = ((9). h2*7(2)) ;= 19*7(2) = K
holds. O
Proposition 4.23. We suppose Assumptions 4.9 are valid and use Notations 4.10. Then,

LC:Eyr - (Eor x Za)S
18 bijective with

-1
Ac ‘= sup H(Lc) ||£'((EO,TXZ¢1)§;7E1,T) < 00,
0<T<1

where

(Eor x Za)S = {(f, fo) € (Eox x Zo)| £(0) + A°[ fo] € Dac(B) = Xopra} with
[(fs fo)lEornzare = 1 flEoz + [ foll za + [ £(0) + A°Lfo]l Xap,0 for (f fo) € (Bor x Za)S-

In particular, A = A°(ug) only depends on the initial value ug.
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Proof. By Proposition 4.22, A€ satisfies the conditions of Proposition 2.131, which yields
bijectivity of

I¢: B r —» (Bor x D(A)), , ur (at“ -4 [“])

u(0)

and the estimate

—\—1
S (L) ey rpeanyy. B <

where Ei 1 = h#([0,T], Xo) n B?([0,7], D(A°)). The claim follows with D(A°) = Z,
by Proposition 4.22. Because A® = A7  only depends on ug, also £ and then A only
depend on wuyg. O

We show a technical auxiliary lemma analogous to Lemma 4.16.

Lemma 4.24. We suppose Assumptions 4.9 are valid and use Notations 4.10. Therein,
choose R" >0 as large and choose &y >0, T >0 as small as in Theorem 4.18.

(i) Let po € Zogsa with |pol z,s,. <61 and |poly, <o and let uwe M. Then
(G5, (1))(0) = A, G’ (ug) + g(uo)alpo) H(po)vs - V pyuo + g(uo) H (po)*uo — A[uo]

holds in X,. In particular, (G;C:o (u))(O) s independent of u. Furthermore, we have
(G4, (), uo) € (Bor x Za ).
(i) There exists a constant N¢ = NC(RE,UO,él) independent of T, R® and R" such that

H(Gfm (uo),uo)H (Bo.r%xZa)¢ < N°
holds for all po € Zogsa with |pol z,s,. <61 and |poly., < do-
Proof.

Ad (i) We have G (u) € Egr by Corollary 4.21, hence (G°(u),u0) € Egr x Zo holds.
Let p = pyp, € M% 20 be the solution from Theorem 4.18 associated with the con-

centration u € M¢ and the initial value pg. Then, u(0) = ug € USy, , N Z2g+o and

p(0) = po,0 € Uy, N U 95,01 € Z2gia hold. So, Corollary 4.11 yields

(G5, (1))(0)
= (8,6 (u) + g(w)a(p) H(p)vs: - ¥ pu + g(u) H (p)*u = G (ug) Asu - g(uo) Hu ) (0)
= D po G’ (u0) + g(uo)alpo) H(po)vs - V puo + g(uo) H (po)uo
- G"(uo)Asug - g(uo) H¥up in Xogia = Xa
and therefore
ATug] + (G5, (1))(0) = Apy G’ (ug) + g(uo)alpo) H(po)vs - Vpytio + g(uo) H (po)>ug
€ Xog+a
follows with X2, = Dac(f) by Proposition 4.22.
Overall, we thus have (G/CJo (u), uo) € (IE(],T X Za)i.

129



Ad (ii) We have
(G (0 w0) | g, 1z =[G (0) s, . + ol ze + | A0 ] +(G (w0))(O) |, ) -

Let p = pug.p € Mﬁpo c hﬁ([O, T, Zs) be the solution from Theorem 4.18 associated

with the concentration ug and the initial value pg. We have ug € M\:‘; and p, po,0 € Mﬁ
with MS, ME defined as Mg, M} but with R¢ := 2|ug|z,, R" = |plg, » > 2|polz,
instead of R¢, R". We thus can use Remark 4.12 and Lemma 2.100 to bound

|65 (o) g, , = A5G (u0) + g(uo)alp) H(p)vs: - V puo + g(uo) H (p)uo
- G (ug) Ao - g(uo) Huolly,
< C(R®, Juol z,, Ille, 1 )-
We have
[ A% 0] + (G, (10)) (0) = G (o) T (po) [l .
2
= | G" (u0) D(po)[uo] + G"" (u0)|V o o]
+g(uo)a(po)H (po)vs: - Voo + Q(UO)H(PO)%OHXMM
according to part (i). So, again, Remark 4.12 and Lemma 2.100 yield
| ATuo] + (G5, (10))(0) = G (u0) I (po)[wol| . 5
< OB Juol z.. lple, +) C(luol Zasec: 0] 225...)
< C(R¥, Juol Zas,q-01. [ pley 1)-

(As ug and pg are independent of ¢, there is also no time dependence in the application

of Remark 4.12 in the estimate above.) Moreover, we have pg € U1h+25+a,1 ﬂB(;ZfﬁW(O)

and therefore a last application of Remark 4.12 and Lemma 2.100 yields
|G (u0) T (po) uol| . (4, < C(R*, [uo] 2, 01) |10l vap.e < C(R, 1ol zy5.. . 01)-
So,
[ A°Luo] + (G5, (u0)) (0. gy < C(RZ, ol Zasr 01 Il121 )
follows. Overall, we thus have
H(GZO (“0)’“0)" (Bo.1xZa)S < C(RZ’ luol Zy5.0 61, ||P||1E1,T)'

Now, we have to explain why |p|g, , can be bounded by a constant depending only
on R*, ug and d1. As p is the solution from Theorem 4.18, |p|g, . < R" holds with
R = Rh(RC,uo,él). Because p is associated to the concentration wug, it suffices to
use R" = R"(2|lug| z,,u0,61) for the statement of Theorem 4.18. Thus, we have
leolle, » < R" = C(ug,61) and therefore finally

H (G;o (UO), ’LL(]) H(EO,TXZQ ¢ < C(RE, ug, 51) = N°¢

follows. O
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With the help of Proposition 4.19, an analogous statement to Proposition 4.17 holds which
again will be the key point to the contraction argument.

Proposition 4.25. We suppose that Assumptions 4.9 are valid and use Notations 4.10.
Therein, choose R" > 0 as large and choose 6y > 0, T > 0 as small as in Theorem 4.18.
There exists € >0 with

1G5, (1) = G5y, (u2) |y < C(RZ, R RY A" 61)(T% |y = ulg, 1 + [ 0.1 = po2ll Zap.. )

+C(R”, |uo| z,,01) 60 |lu1 — uzlg, ,

for uy,up € M and initial values po 1, po2 € Zogra with |po;

Zopro <01 and ||poily., < do-

Proof. Let p; = pu, py; € M! be the solution from Theorem 4.18 associated with the
concentration u; and the initial value pg;. Using appropriate triangle inequalities (as in
the proof of Proposition 4.17), Remark 4.12 together with Lemma 2.100 yields

(G5 1 (1) = Gy (2)) = (G (u) Do) s = 2] = G (o) D(O) s — wa])|

= HG"(ul)D(m)[m] - G"(u2)D(p2)[uz]
+G" (u1)J(p1)[ur] = G" (u2) T (p2) [uz] = G” (u0) J(0)[u1 — us]
+ G"'(ul)‘vplul‘2 - G”,(UQ)‘VPQ’UQ‘Q
+g(u1)a(pr)H(p1)vs - Vp,ur = g(u2)a(p2) H(p2)vs - Vp,us
+ 9(u)H (1) ur = g(u2) H (p2)*us = g (o) HE [ur o] |

0,T

< C(R”, R, R")(Jur = ualps o1,y + 11 = 2l qo.17.0)
+ C(R™, R, R") (ur = wolns qo.r1,v) + 1011 f0,77,2.00 ) 101 = w2l o.71,
+ C(RzaRc,Rh)(HUI - u2”h3([0,T],Ya) +p1 - p2||hﬁ([0,T],Za))

<C(R™ R, R")(Jur = ualps o1,y + 101 = 2l qor,2.))-

Analogously, using R° := |ug|z, and Rh = lp10]z, instead of R¢ and R" for the second
summand, Remark 4.12 with Lemma 2.100 implies

|G (u1) D(p1) w1 = uz] = G (uo) D(0) [ — wa] [,
< [(&" () D(p1) - G (o) D(po.) ) ur ~ o], |
+ |(G" (o) D(po,1) = G" (ug) D(0))[ur - us] HEO’T

<C(R*, R, R")(|ux = wollnsoryvay + 11 = poillns qo.r1.vay) ua = u2llns o120
+C(R”, |uol 2, | po.1

z)polva lur = w2llws (0,77, 2.)-
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So, together, we have

HGZO,I (ul) - G;O,Q (u2) H]EO,T

< C(R”, R, R")(Jur = ualns o013y + 101 = P2llns (jo7,20))
+C(R*, R, R")(Jur = wollns oy vay + 101 = poallns qo.r1.vmy) [ua = u2lns o120
+ C(R*, |uol 2., 1) 80t = w2l s jo.77.2.)-

For the further estimate, we use Remark 2.89 und Lemma 2.90 and choose v € (0,1) with
~ > B as the exponent from Lemma 2.90. We obtain

IG5, (1) - G ),

< C(R”, R, R") (T7P |lur = uall, , + o1 = p2llas o.7),20))
+C(R”, R, R"T" (w1 = uolg, . + | o1 - po,]
+ C(R*, |uo] 2., 1) 80/ ur = w2 s jo.77,2.)

< C(R”, R, R")(T77|luy - uzlle, , + lpr - p2lE, 1)

+C(R™, |uol z.61)d0 ] ur — vz, .-

]El,T) Jur = uz HhB([O,T],Za)

Finally, due to Proposition 4.19,
) h Ah
|G (1) = Gy (o), < CORT, R R A", 60) (T [u = wale, 1 + 0,1 = P20 2350 )
+ C(sz HUOHZonél)(sU ”ul U2 ”]El,T

holds with an € > 0. O

The preparatory work above enables us to prove the short-time existence result for the
second equation (4.1b).

Theorem 4.26. We suppose Assumptions 4.9 are valid and use Notations 4.10. Therein,
choose R = RC(RZ,uo,él) > 0 sufficiently large and then, depending on this R®, choose
R = Rh(RC,uo,él) >0 as large as in Theorem 4.18. Also, choose dg = 5O(R2,u0,51) >0
and T = T(RE, R¢, R" ug, b0, 51) > 0 sufficiently small, but at least as small as in Theorem
4-18. For any initial value py € Zagio with ||po z,s., < 01 and |poly, < do, there exists a
unique solution u = u,, € M% of

G = DG () + g(walp) H(pvs T puu+ g(u)H(p)?u in Eor,
U(O) = Up in Zou

where py = py,p, € M% o U the solution from Theorem 4.18 associated with the concentra-
tion u and the initial value pg.

Proof. We show the existence of a unique solution u € M7 of

ou = A, G (uw) +g(wal(p) H(pu)vs - Vp,u+ g(u)H(py)*u in Eop
u(0) = wup in Z,
o Lu] = (Gzo(“)) in Eo.1 x Za. (4.4)
ug

132



Equation (4.4) is well-defined because A°[u], Gf, (u) € Eo r holds for u € M7 by Corollary
4.21. Due to Lemma 4.24(i) and Proposition 4.23 it is equivalent to prove the existence
of a unique u € M7 with

G¢ -1(G¢
LC[’LL] - ( po(u)) in (EO,T % Za)i P u = (Lc) 1( po(u)) = KSO(U) in ]El,T'
UuQ U
So, we show that K;O : Mj c Eyr — Eq7 has a unique fixed point u € M7 using the
Banach fixed-point theorem.
Step 1: Due to Lemma 4.24(i) and Proposition 4.23, K, (u) € Eq 7 is well-defined for u € M.

Step 2: We have to verify that K is a contraction on My. For any ui,ug € My,

|55, (ur) = K (u2) |&,
<A (G, (un), uo) = (G, (u2),w0) | iy xz )
= MG (u1) = G (u2) g
% c h ac Ah e % c
< (C(R aR 7R 7A 7A adl)T +C(R 7u07517A )50)“u1_u2HE1,T

holds by Proposition 4.23, Lemma 4.24(i) as well as Proposition 4.25. For sufficiently
small dg > 0 and sufficiently small T > 0,

1
[ K (ur) = Ko (u2) gy 7 < lur —u2fle, o

follows. Because A¢ and A" only depend on wug, &y only depends on R*,uy and &;
whereas T only depends on R”, R®, R" ug and ;.

Step 3: We have to show that K, : My — Mg is a selfmapping. Any u € M7 fulfills
(K;O(u))(O) =ug in Z, because w = K (u) is a solution to

Le G¢
Lcw:([ w]l):( Po(u))in Eo1 % Z.
w(O) (%) ’
Furthermore, we have
|55 (w) [, 7 < | K (u0) |z, o + K, (w) = K5 (uo) [, 1

1
< ACH(GZO(UO)7UO)H (Eo.rxZ0)S + ZHU - UOHELT

1
AN+ 2 (Juley 5 + 2o 2,)

<—+—=R"

2 2
where the first summand is bounded by Proposition 4.23 and Lemma 4.24(ii) and the
second summand by the contraction-property (see step 2). R¢ being sufficiently large
thus means R¢ > 2A°N¢ and because A° only depends on ug and N¢ only depends on
R”,ug and 67, we have R® = RC(RZ,UO, 51). The two properties just deduced imply
Ky (u) € M7 for all u e M.
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As My is a closed and non-empty subset of the Banach space E; 7, the Banach fixed-point
theorem yields the existence of a unique u € M7 with

Ky (u)y=uinEyr <

{% A, G'(u) + g(u)a(pu) H(pu)vs - Vp,u+ g(u)H(pu)*u in Eqr,
u(0)

UuQ in Z,. ]
As in Section 4.1, we now focus on properties of the solution u,, to the second equation
(4.1b). To be precise, analogous statements to Propositions 4.19 and 4.20 are shown,
analyzing the dependence of u,, on the initial value pg for the height function and providing
an improved regularity in space for the solution.

Proposition 4.27. We suppose that Assumptions 4.9 are valid and use Notations 4.10.
Therein, choose R° >0, R" >0 as large and choose 8o >0, T >0 as small as in Theorem
4-26. For initial values po,1,p02 € Zagra With |po il zys,. <01 and |polly, < do,

||U1 - U2 ”E1,T < C(sz Rcv Rha Ac’ Aha ”u0||Zzg+a ) 51)”P0,1 ~ P0,2 ||Zzﬁ+a

holds, where w; = uy,, € M} is the solution from Theorem 4.26 associated with po;,
respectively.

Proof. As u; € My is the solution from Theorem 4.26 associated with pg;, it is a fixed
point of (LC)’l(GEOZ_(-),uO) as in the proof of Theorem 4.26. Therefore, we have

||u1_u2”IE1,TSACH(G;(n(ul)’uO) ( Poz(uz) uO)H(EoTxZa)+
= MGGy (w) = Gp L (ua) g, + AT(G , (u0))(0) = (G, (u2)) O],

by Proposition 4.23. With dg > 0 and T > 0 as small as in Theorem 4.26, Proposition 4.25
yields

C 1 C (4
A HGp(H(ul) GPO2 2)H]E0 ZHul _u2‘|E1,T+C(R27R 7Rh7A )Ahv(sl)HpO,l _p0,2”Z26+a‘
We have

(@51 0)(©) = (G5 s 02)0)) = (€ (o) T ) [wo] = G (o) (o) o]

= | G" (u0) D(po,1)[u0] ~ G" (u0) D(po.2) [0 + G ()| oy 0|* — G ()| ¥ po 0"
+g(uo)a(po,1)H(po,1)Vs - Ve uo — g(uo)a(po2)H(po2)Vs - Ve, to

+g(uo)H(po, ) uo - Q(UO)H(PO,Q)QUO‘ +

2B+

according to Lemma 4.24(i). Due to ug € M5 and po; € M%, we thus can use appropriate
triangle inequalities (as in the proof of Proposition 4.19) and Remark 4.12 together with
Lemma 2.100 to bound

(G5, ())(0) = (G5, (u2))(0)) = (G (10) T (p0.) 0] - G (10) T (p.2) )|
)

2B+«

> h
<C(R™, R, R")|po1 = po,2ll Zossa C (110l Zogsas 100,11 Zosu
< C(R”, R, R", |uo| 23,0, 01) [ p0.1 = p0.2] Zys..-
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(As up and pp; are independent of ¢, there is also no time dependence in the application

of Remark 4.12 in the estimate above.) Furthermore, we have pg ; € Uﬁme N Bngﬁm (0)
and therefore a last application of Remark 4.12 and Lemma 2.100 yields

|G (u0)J (po.1)[u0] = G"(u0) T (po2) [uol| ., < CCRZ, BE,60) 0. = po2l Zap.a 01 vas,-
Altogether, we thus have
Jur = ug|lg, . < C(R”, R, R", A% A", |lug| z,5....61) | p0.1 = po2ll Zas, o - u

Proposition 4.28. We suppose that Assumptions 4.9 are valid and use Notations 4.10.
Therein, choose R° >0, R" >0 as large and choose 5g >0, T >0 as small as in Theorem
4.26. Let py € Zagyo with |polz,,, < 01 and |poly, < do and let u = up, € Mg be the
solution from Theorem 4.26 associated with py. Then, u(t) € Zag.q holds for all t € [0,T].

Proof. By Proposition 4.22, A€ satisfies the conditions of Proposition 2.131 and therefore
u e M$ c Ey p fulfills dpu(t) € Dac(B) = Xogiq for all t € [0,T]. In addition, by Corollary
4.13, we have (G”’(u)‘vpuf)(t) € Xopiq for all t € [0,T], where p = py,, € M}, is the
solution from Theorem 4.18 associated with the concentration « and the initial value py.
Hence,

As iy oy [u(D)]
_ (APG'(U) +g(uw)a(p)H(p)vs: - Vpu + g(u)H(p)2u)(t) — (" (w)|v,u*)(®)
= duu(t) - (G" (W)|V,ul*) (1) € Xop1a

holds for all ¢ € [0,T]. Because A;(t) o(t) Zs, - X, generates an analytic CP-semigroup

for both s1 = @, 52 = 28+« (see Proposition 4.22), Lemma 2.132 finally yields u(t) € Z21q
for all ¢t € [0,T]. O

4.3 Analytic Short-Time Existence

Combining the results from Sections 4.1 and 4.2 yields our full statement on short-time
existence. We formulate it in a self-contained way, such that the reader does not have to
look up Assumptions 4.9 or Notations 4.10 that were continually used above.

Theorem 4.29. Let o € (0,1) and B € (0,5) with 28+ o ¢ N and let G € C"(R) with
G" >0 and g == G-G'-1d > 0. Moreover, let ¥ = O(M) be an h***-immersed closed
hypersurface with unit normal vs,. Let ug € h®>*28*(M) and 6; > 0 be arbitrary. Then,
choose 6y = 69(3,u0,01) >0 and T = T(X, up,01) > 0 sufficiently small. For every function
po € h2*2B+e (M) with lpollc2r2sra(ary < 01 and |pol crvacary < do, there exists a solution

(p,u) with p,ueEyp:=h"P([0,T],h*(M))nhP([0,T], h***(M)) to

ap = g(ua(p)H(p) in hP([0,T], h*(M)),
o = AG'(u)+g(ua(p)H(p)vs - Vpu+ g(u)H(p)*u in hP([0,T], h*(M)),
p(0) = po in W2 (M),
uw(0) = wup in h*(M).
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Furthermore, p(t),u(t) € h**28+(M) as well as lo@) | creeary < R” hold for all t € [0,T]
and there exists a constant R = R(X,uo,061) > 0 independent of po with |plg, ;, [u|g, » < R-

For any two solutions, there exists T € (0,T] such that the solutions coincide on [0,T].

Proof. For sufficiently small R* > 0 and sufficiently large R¢, R" > 0, choosing dg > 0 and
T > 0 sufficiently small satisfies Assumptions 4.9 and the conditions of Theorems 4.18
and 4.26. The existence of a solution (p,u) with p,u € E; 7 then follows directly from
Theorems 4.18 and 4.26. With R = max{R® R"}, we have lpley 75 [ulg, » < R, where
R¢, R" and thus also R only depend on ¥, up and &; (see Theorems 4.18 and 4.26). The
property p(t),u(t) € h2*28+(M) for all t € [0,T] is due to Propositions 4.20 and 4.28 and

o) = p(O)lcreear) s

B Y
It - 0|7 + [pollcrraqary < lole, 2 T7 + 60 < R

[Pl cree(ary <

follows with Estimate (4.2).

To prove the stateted uniqueness property of the solution, assume that there exists a
second solution (5,%) with j, i € By 7. Choose R® and R" as large as in Theorem 4.26,
but at least as large such that |u|g, ., [@]|g, , < R and |p|E, 1, |AlE, + < R" hold. Then,
choose T > 0 as small as in Theorem 4.26 but at least as small such that T < T holds. As
8o is independent of R® and R", the conditions of Theorems 4.18 and 4.26 are satisfied.
We hence receive a unique solution in

(= - _ h _
M= {(p,u) € E, 7 x ]E17T| ||pHElj < R" and ||u||E1’T <R}

As we have (p,u), (p, %) € M=, the two solutions coincide on [0,T]. O

If we could apply a continuation argument to the two solutions (p,u) and (g, @) from the
proof above, we could show that they coincide on the full time interval [0,7'] and thus
obtain uniqueness of the solution. For this, we would need to ensure that for a solution
(p,u) at any time ¢, the pair (p(t),u(t)) fulfills the conditions for the initial values in
Theorem 4.29. In particular, p(t) needs to be bounded by do(u(t)) in the appropriate
norm. To achieve this, the dependence of g on ug should be controlled in a uniform way.
We plan to analyze this in future work.
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Chapter 5

Properties of Solutions

We consider a system consisting of an evolving closed hypersurface I' and a concentration
c:I' - R defined on this evolving hypersurface that satisfy the equations

4 9(c)H,
Pc = ApG'(c)+cVH.

(5.1)

Again, V = Vr is the normal velocity of the evolving hypersurface (see Definition 2.52)
and H = Hp is that function on the evolving hypersurface for which H(t) is the mean
curvature of the hypersurface I'(t) (see Definition 2.41). We denote the normal time
derivative with 0= and the Laplace-Beltrami operator with Ar (see Definitions 2.54 and
2.33, respectively).

In Chapter 4, we proved that for sufficiently smooth initial data, i.e., a closed hypersurface
I'o ¢ R™! parameterized suitably over a reference surface and a concentration ¢q : g - R,
as well as sufficiently smooth G : R - R with G” >0 and ¢g:= G - G’-1d > 0, there exists a
short time-solution to (5.1) or, in other words, an evolution starts. Now, we discuss some
properties of such solutions.

5.1 Conservation of Mean Convexity

A solution of (5.1) conserves its mean convexity: If the initial hypersurface I'g is mean
convex, then the evolving hypersurface remains mean convex for all further times. To
show this, we want to apply maximum principles to w = —H. On account of Remark
5.3, maximum principles without (sign) conditions on the zeroth-order term are necessary.
Hence, the typical weak maximum principles as in [Eck12, Proposition 3.1] and [EvalO,
§7.1: Theorem 8 and Theorem 9] (or rather their transfer to hypersurfaces) can not be
used. Instead, we derived a suitable weak maximum principle in Section 2.4 (see Proposi-
tion 2.143). A strong maximum principle without assumptions on the zeroth-order term
can be found in the literature for domains in R? (see [RR06, Theorem 4.26]) and is trans-
ferred to hypersurfaces in Proposition 2.147.

We prove the conservation of mean convexity not only for hypersurfaces that evolve by the
scaled mean curvature flow but also for more general evolving hypersurfaces that satisfy

the following assumptions:
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Assumptions 5.1. Let T be a (C?- C?)n(C- C*)-evolving immersed closed hypersurface
with reference surface M ¢ R¥1 normal v and mean curvature H that evolves with normal
velocity V =V (H). Furthermore, we assume

ArV +V|vry|’ = A:DEH + B-VpH + CH on [0,T] x M

with continuous A : [0, T]x M —» R B 10 T)x M - R*! and C: [0,T]xM - R
such that A is symmetric and positive definite on [0,T] x M.

Here, Vr, Ar and D12“ denote the surface gradient, the Laplace-Beltrami operator and
the surface Hessian, respectively, introduced in Definitions 2.31, 2.33 and 2.34. As in
Definition 2.141, A: A = i Aijgij is the inner product of two matrices A and A. With
Proposition 2.57, we have

O°H = AV + Vv,

The regularity of the evolving hypersurface guarantees in particular that all occuring
derivatives of the mean curvature are well-defined as Remark 2.56 implies

HeC'([0,T],C°(M)) nC°([0,T],C*(M)).

Under these conditions, mean convexity of the hypersurface is conserved. Even more, the
mean curvature instantly turns strictly positive.

Theorem 5.2 (Conservation of Mean Convexity). Suppose Assumptions 5.1 are valid
with H(0) >0 on M. Then, H(t) >0 holds on M for all t € (0,T].

Proof. We define w = —H as well as
Lw=-w+ A: Diw+ B-Vrw + Cw
so that Assumptions 2.140 are satisfied. We have
Lw=-LH="H - (ApV +V|vry)) =0 on [0,T]x M

and w(0) = -H(0) <0 on M. With Corollary 2.148, H(t) = —w(t) > 0 follows on M for all
t € [0,7'] and there exists tg € [0,T'] with

H(t) =-w(t) =0 on M for all ¢t € (0,%9] and
H(t) =-w(t) >0 on M for all t € (to,T].
As T'(t) = 6,(M) is a closed hypersurface, H(t) = 0 can not hold on the whole surface

M (see Proposition 2.44). Hence, we have to = 0 and then H(t) > 0 follows on M for all
te(0,T]. O

In the following remark, we state that the scaled mean curvature flow V' = g(c) H satisfies
Assumptions 5.1. In particular, it thus conserves mean convexity and any initially mean
convex hypersurface turns strictly mean convex instantly.
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Remark 5.3. Let T be a (C?- C?)n (C*- C*)-evolving immersed closed hypersurface with
reference surface M ¢ R¥™Y, normal v and mean curvature H that evolves with normal
velocity

V=g(c)H,

where g € C*(R) with g >0 and c € C°([0,T],C*(M)). (Notably, this is fulfilled for the
usual mean curvature flow with g =1.) Then, Assumptions 5.1 are satisfied. In particular,
we have

ArV +V|vry|”
= Ap(g(c)H) + g(c)|VFV’2H
= din(Vr(g(c)H)) + g(C)‘VFVFH
= din(g'(c)VrcH + g(c)VpH) + g(c)|Vpu‘2H
= ¢"()|Vre*H + ¢ () Arc H +2¢' (¢)Vre- Y H + g(c) ArH + g(c)|vrv| H
=g(c)ArH +2g'(c)Vre-VrH + (g(c)|vpy‘2 +¢g'(c)Arc+ g"(c)|vpc|2)H
=A:D:H+B-VrH+CH
with
A= g(c)ld,
B:=2¢'(c)Vre,
C = g(o)|vrv] +g'(c)Arc+g"(e)| Vel

The assumptions and v € C’O([O,T],C’l(M, Rd”)) by Proposition 2.51 imply continuity
of A,B and C on [0,T] x M. Moreover, A is cleary symmetric and as g > 0 holds also
positive definite on [0,T] x M.

5.2 Non-Conservation of Convexity

Huisken showed in [Hui84, Theorem 4.3] that, in addition to mean convexity, the usual
mean curvature flow also conserves convexity. This result can not be transferred to the
scaled mean curvature flow: In contrast to the usual mean curvature flow where we have
0"H = ArH + |Vp1/’2H, first order derivatives of H occur in

2
0"H = g(c)ArH +2vVrg(c) - VrH + (Apg(c) + ‘VFV| g(c))H
for the scaled mean curvature flow. In the evolution equation

Othij = gAh;; + nglvinghkl + lower order terms
k,l

for the second fundamental form [h;;] (cf. [Hui84, Theorem 3.4] for the usual mean
curvature flow), they produce additional first order terms in various directions. Therefore,
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Hamiltons maximum principle ([Hui84, Theorem 4.1]) can not be applied to the second
fundamental form and thus we can not conclude the conservation of convexity as in [Hui84,
Theorem 4.3].

Actually, it is possible to construct examples of closed hypersurfaces evolving with the
scaled mean curvature flow that loose their convexity in the course of time and we will
do so in the following. Obviously, the dimension of the surface has to fulfill d > 1, as
otherwise convexity and mean convexity coincide and the latter is conserved by Section
5.1. We choose d =2 and consider a rotationally symmetric structure for the hypersurface
and the concentration defined thereon. However, this rotationally symmetric setting can be
constructed in dimensions d > 2 analogously. The idea of the construction is a hypersurface
shaped as a long cylinder, whose first principal curvature is 0 but the second is positive.
Together, the surface thus has positive mean curvature and will shrink under the scaled
mean curvature flow. A clever choice of the concentration forces the cylinder to shrink
faster in the middle than at the ends, which turns the first principal curvature negative
and therefore makes the surface non-convex.

We now construct this example explicitly. Fix an energy density G € C7(R) with G” >0
and g :=G-G'-1d>0. Let 1 <xg <z <29 <x3< x4 <x5€R. We define the function
wo : [zo — 1,25 + 1] > Ry with

(1-(20-2)%)"°, if zelwo -1 a0,
wo(;c) =41, if x e [$0,$5],

(1-(z- x5)6)1/6, if €[z, 25 +1].

In particular, wq € 05((:1:0 -1, x5+ 1)) holds. Moreover, we define the surface of revolution

T
Y= {y(x,go) =|wo(z)cosp| |z e[xg-1,25+1],0€]0, 277]}.
wo(z) sing

This X will be the reference surface as well as the inital surface. Furthermore, we choose
co € C”([mo -1,25 + 1]) with ¢o 1 < co(z) < cp0 for all z € [xg—1,25+1] and
0,0, ifxe[xo—l,xl],
Co(l‘) = CO’], ifa:e [132,:133],

co,0, 1ifxelxy,xs+1]

-G"(co)ep < 0, also
9(co,0) = go for all

for constant values 0 < ¢o; < cp0. As ¢o > 0 and thus ¢'(co)
g(co) : [zo — 1,5 + 1] = Ry holds with g7 = g(co.r) > g(co)(z)
xelrg-1,25+1] and

VAl

go, ifxelxg—1,21],
g(co)(x) =1gr, if € [xa, 23],
go, ifxelxy,x5+1],

with gr > go > 0. Finally, we define the rotationally symmetric function ug : 3 - R with

UO(V(:‘U’ (10)) = CO(:E)
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for all z € [z9— 1,25+ 1] and ¢ € [0,27]. An illustration of the initial data wg and g(co)
can be found in Figure 5.1.

~wo(x) Figure 5.1: Plot of the initial data.
The function wgy generates the ini-
| | ‘ | ‘ ‘ tial surface I'g via revolution, which

>

is shaped like a long cylinder with
smoothly closed endings. The ini-
tial concentration ¢y is chosen such
9 (co(x)) that scaling the mean curvature flow

/ N\ with g(cp) increases the velocity of
the flow in the middle of the cylin-
ro T Ty T3 Ty T x der compared to the sides.

Ty I To T3 T4 Ty T

Figure 5.2: A possible shape of the

function w at a time ¢t > 0. The
| | | | | | generated surface of revolution ob-
>

ro T Ty X3 T4 Ts z viously is not convex.

Lemma 5.4. Let the surface ¥ and the functions wg and ug be as above. Then, ¥ is a
C®-embedded closed and convex hypersurface of R® and we have ug € C°(X).

Proof. Define the auxiliary function

O(w,y,2) = (w-a5)° + (i + %)

for [x,y,z] € (x5,00) x R%. Then, ® € C*((z5,00) x R?) holds and 1 is a regular value of
this function ®. Hence,

<I>_1(1) = {[:c,y,z] € (w5,00) x R? ‘ (y2 - 22)6/2 =1-(z —3:5)6}

= {[x,y,z] € (z5,25 + 1] x R? ‘yQ +22= (1-(z —x5)6)2/6 = wo(m)Q}

= { wo(x) cosg

wo(z) sin

xe(xs,x5+1],p€ [0,27r]}

is a 2-dimensional C*-embedded submanifold of R?® (see Lemma 2.7). In particular, the
“spherical shells” at the ends of ¥ are C*°-embedded submanifolds. As wg and thus also
¥ are only of regularity C° in the “glueing points” zg and x5, overall, ¥ is a 2-dimensional
C5-embedded submanifold of R3. Clearly, ¥ also is convex, compact, connected and
orientable, such that ¥ is a C%-embedded closed and convex hypersurface of R?, and we

have ug € C°(%). O

141



Before we show that the evolution of the convex initial surface I'y := ¥ turns non-convex
over time, as an auxiliary step, we derive formulas for the mean curvature and the normal
velocity of surfaces of revolution.

Lemma 5.5 (Mean Curvature for Surfaces of Revolution). Let a,b € R with a < b. Fur-
thermore, let w € C?([a,b]) with w(a) = w(b) =0 and w >0 on (a,b) such that the surface
of revolution

X

= {v(w,w) = |w(z)cosy
w(x)sing

x€la,b],pe [0,27?]}

is a C%-embedded closed hypersurface in R3. Its mean curvature in every point v(x,¢)
with x € (a,b) and ¢ €[0,27] is given by

I(@2) T+ |w ()2 \ 1+ [w' (@) w(x)

Proof. The tangential space of the hypersurface I' in a point v(z, ) with x € (a,b) and
¢ €[0,27] is spanned by the vectors

1 0
OxM(zyp) = W' (T)cosp | and  0pY|(a,p) = [~w(x)sing|.
w'(z)sing w(z)cosp

The (outer) unit normal in a point vy(z,¢) with z € (a,b) and ¢ € [0, 27] thus is given by

-w'(z

o) = OpN(w,0) % Qe W(wp) 1 cos(go)
) T -

leon@e) X M@ | VI @PF | ging

For its differential d

y(zp)V In the point y(z, ), we have

w//(x)

(1+[w' (2)]2)**

d
e dienl =g, vErme) = 02 (w0)

and

-d 1/[8 ] 4 v(z,p+71) = -1 ! 0
v(x,0) o N(zp)] = ar jr=o ) P = 'LU(IL‘) i |w’(x)|2 ©VN|(z,0)-

In particular, d,v and d,7 are eigenvectors of —d(yv and the corresponding eigenvalues

w"(a:) and K -
2(z,p) =
(1+ w'(2)2)"" @O w@) Tt (o)l

are the principal curvatures of the surface I' in v(x, ¢). Hence, the mean curvature of '

in y(z,¢) is given by
1 w'(x) 1
H'(xv(p) - K/l‘(xa(P) + HI2|($790) - 1 + |w,(l’)|2 (1 + |’LU’(:U)|2 - w(x) ) : D
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Lemma 5.6 (Normal Velocity for Surfaces of Revolution). Let T > 0 and a,be C°([0,77])
with a(t) < b(t) for allt € [0,T]. Moreover, for every te[0,T], let w(t) € CQ( [a(t), b(t) 1)
with oyw(t) € C°((a(t),b(t))) ift e (0,T) and w(t,a(t)) = w(t,b( )) =0 as well asw(t) >0
on (a(t),b(t)) such that the surface of revolution

= {{t} xy(t,x,p) ={t} x|w(t,z)cosp| [te[0,T],xe [a(t),b(t)],cp € [0,27r]}

w(t,z)sing

is a C- C?-evolving embedded closed hypersurface with T'(t) c R3. Its normal velocity in
every point (t,v(t,x,¢)) with t € (0,T), z € (a(t),b(t)) and ¢ € [0,27] is given by

1
Vito.o) =
(t.-0) V 1+ |0zw(t,x)|?

Proof. The proof of Lemma 5.5 yields

orw(t, ).

V _ cos
) = A [, )P sin

for the unit normal of I' in a point (¢,7(t,z,¢)) with t € (0,7), = € (a(t),b(t)) and
€ [0,27]. Hence, the normal velocity of ' in (t,'y(t,x, (p)) is given by

1
Vitee) = Vttae) - (k) = 7= Pow(t.o)P

Theorem 5.7 (Non-Conservation of Convexity). Let the energy density G, the surface
Y. and the function ug be as above. The initial hypersurface Ty = X is a convexr surface
whose evolution under (5.1) with initial concentration uy does not stay convex.

orw(t, ). O

Proof. We know with Lemma 5.4 that I'g is convex. So, we only have to show that its
evolution under (5.1) with inital concentration wuy turns non-convex.

Step 1: Application of the short time existence result
By assumption, we have G € CT(R) with G” > 0 and g > 0. Let o € (0,1)
and 3 € (0,%) with 28 + a@ ¢ N. Then, with Lemma 5.4, ¥ c R? is an h**o-
embedded closed hypersurface and we denote its normal by vy. Moreover, we
have po = 0,uq € h2+2ﬁ+a(2) with ”po ||02+25+a(2) < 61 and ||p0||02+a(2) < §p for any
09,01 > 0. For T > 0 sufficiently small, Theorem 4.29 thus yields the existence of
p,u e h*P([0,T],h%(X)) n h?([0,T],h***(X)) with

ap = g(walp)H(p) on [0,7] x %,
du = NG (u)+g(wa(p)H(p)vs - Vpu+g(u)H(p)*u on [0,T]x %
p(0) = po on ¥,
u(0) = g on X.

143



Step 2:

With 0,(t, z) = z+p(t, 2)vs(2) and 'y (t) = 0,(t, %), hence the evolving hypersurface
T, = {{t} xT,(t)|t € [0,T]} and the function u o 9;1 are a solution of (5.1) with
I'y(0) =X =Ty and uo 9;1(0) = up. (For the notation concerning evolving hyper-
surfaces I', parameterized via height functions p, we refer to Section 2.1.6, and in
particular to Remark 2.64 for the definition of the pullback operators V,, A,, H(p)
and v,. As in Lemma 4.5(ii), we define a(p) = L_) Due to the uniqueness prop-

UsVp
erty of the solution (see Theorem 4.29), the rotational symmetry of ¥ = I’y and wug
implies that also I',(¢) and u(t) are rotationally symmetric. In particular, for every
t € [0,T], there exists w(t) : [€o(t),45(t)] = R with

Iy(t) = { w(t,x)cose | |z € [Zo(t),Z5(t)],p € [0,277]}

w(t,z)sing

and c: [0, 7] x[zo-1,25+1] » R with u(t,v(z,¢)) = c(t,z) for all z € [2g—1,25+1]
and ¢ € [0,27]. For T > 0 sufficiently small, we can assume [xg,x5] c [2(t),Z5(t)]
for all ¢ € [0,T] as well as w > 0 on [0,7'] x [x0,25]. Then we have ¢ € Eyp =
h1+5([0,T], h*([wo,25])) N hﬁ([O,T],hQJ“a([xo,xg)])). On account of vy oy(z,p) =
(0,cos p,sinp) on [zg,x5],

w(t,z) =1+ p(t,v(z,9))

follows for all x € [z, z5] and ¢ € [0,27] and hence we also have w € Eq 7.

Estimate of the Holder-functions
As w, c € E; 7 holds, we have

lw(t) = wollco(fz0,257) + 102w ()| co([0,25]) + 1022w ()| cO([20,25])
= Jw(t) = w(0) | c2((ag 5]y < IWlE, 7 - T°
as well as
le(t) = collcofugas)) < lele, - T7
for all ¢ € [0,T"]. For T' > 0 sufficiently small, we can assume 0 < ¢ < 2¢p o and then
g € CY(R) implies
l9(c(®)) = g(co) o (fuo.ws]) < 19l qo.200.01 1) = collcotaowsyy S lelgy - T

for all t € [0,T]. Hence, for arbitrary £ > 0, we can choose T' > 0 sufficiently small
such that for any (¢,2) € [0,T] x [zg, 5],

w]T? 1 L 5

Ozzw(t, ) 1 <50 ‘B wo (z)+ w18 S W@ T

2 = [w]-T L L 5

1+ |azw(ta iL‘)| ’LU(t, x) 2 T+|w]2T28 - wo (z)—|[w|-TP 2 Twolz) €

as well as



hold. Overall,

g(c(t,z)) ( O (t, @) 1 ) {S _g(CO($))wol(r) T&

Lt [dsw(t, )2 w(t,2) ) |2 -g(co(2)) oy -

follows, where we can choose ¢ > 0 sufficiently small such that go + 2¢ < g7 is valid.
Lemmas 5.5 and 5.6 yield that rotationally symmetric solutions of (5.1) fulfill

OpzW 1 )

1+|0,w]?  w

orw = g(c) (
So, for every (t,z) € [0,T] x [xo, z5],

<wo(x) + (—g(co(x))ﬁ(m) + 5) -t,
> wo(x) + (—g(co(x))ﬁ(m) - 5) -t

w(t,z) = wo(x) + [Ot 8tw(s,:v)ds{

holds. For all z € [x2,x3] and all y € [xg,x1] U [x4, 5], we have wo(x) = wo(y) = 1
and g(co(x)) =gy, g(co(y)) = go; and hence for every t € (0,T]

w(t,y) 2 wo(y) + (_9(00(9)); - 6) ‘t=1+(-go-¢)-t

wo(y)

>1+(—gr+e)-t=wp(x)+ (—9(00(37)) :

wo(z)

+5)-t2w(t,x)

follows. Thus, I',(t) is not convex for ¢ € (0,7']. A possible shape of the function
w(t,-) is illustrated in Figure 5.2. O

5.3 Formation of Self-Intersections

The usual mean curvature flow does not allow for self-intersections: As a consequence of the
maximum principle for parabolic differential equations, an initially embedded surface will
remain embedded as long as it exists. This property does not transfer to our scaled mean
curvature flow and we develop a concrete example for the occuring of self-intersections in
this section.

An embedded hypersurface can obviously never have a self-intersection. As an initially
embedded surface will stay embedded at least for a small time, a short-time existence
result only for the case of embedded surfaces would provide the evolution of this surface
only as long as there does not occur a self-intersection (yet). To describe self-intersections
it is thus necessary to use the theory of immersed hypersurfaces and it is crucial that we
proved the short-time existence result also for the case of immersed surfaces.

The idea is to start with a very thin, curved tube as in Figure 5.4. The curvature forces
both sides of the tube to move to the right. Choosing an initial concentration that increases
the evolution for the left side in comparison with the right side of the tube will produce
a self-intersection. To rigorously prove this, we have to ensure that firstly the evolution
provided by the short-time existence result lasts long enough such that the self-intersection
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will occur during that time and secondly that the concentration does not distribute too
fast but that the difference in concentration from the left to the right side of the tube
persists long enough such that the self-intersection will form. Both of this will be achieved
by choosing the initial tube sufficiently thin. Therefore, we need to ensure that both the
final time (up to which the existence result guarantees the existence of an evolution) as
well as the evolution driving force (i.e. the concentration) can be controlled independently
of the initial thickness of the tube. For this reason, we formulated the short-time existence
result in a version that allows for small changes in the initial hypersurface. In particular,
it yields a final time and a bound on the solution which are both independent of the initial
thickness of the tube. The latter can then be used to control the driving force.

Now, we construct this example concretely. We set d = 1, so we will be dealing with curves
instead of hypersurfaces, but the example can easily be extended to more dimensions using
rotation arguments. First, we fix an energy density function G € C7(R) with G” > 0 and
g =G -G -1d > 0. Additionally, we assume that ¢ is not a constant function, because
otherwise we would obtain a constantly scaled mean curvature flow which of course never
develops self-intersections. As reference surface, we choose ¥ = F(M) as illustrated in
Figure 5.3: ¥ is an immersed curve, consisting of a circular arc with radius R > 0 that
is smoothly connected at the endings such that it forms a closed curve. A possibility of
splitting the arc smoothly is to add appropriate exponential terms to the parameterization
of the arc, as illustrated in Figure 5.5. Then, the free ends can be connected easily to form
a curve of arbitrary smoothness. We choose ¥ to be of differentiability C° at least.

By construction, there exist two preimages of (0,0) € ¥ in M, which we call z; and z,.
Choosing the sign of the unit normal field vy of 3 as in Figure 5.3, we get

F(Zl) = (070)7 F(ZT‘) = (0’0)’
vs(z) = (-1,0), vs(zr) = (+1,0).

We fix a constant height function py > 0 which will be scaled with a small € € (0,1) and
we define p§ = ¢pg. Finally, we choose an initial concentration ug € C*(M) with

Q(UO(ZI)) > g(UO(zr))a
which is possible as g is not constant.

Theorem 5.8 (Formation of Self-Intersections). Let the energy density G, the reference
curve ¥ = F(M) and the functions py and uy be as above. For sufficiently small e >0, the
initial curve

6= {F(z) +epovs(2) ‘z € M}

is an embedded curve whose evolution under (5.1) with initial concentration ug leads to a
self-intersection.

Proof. The short-time existence result (Theorem 4.29) yields the existence of a T'> 0 and
an € > 0 such that for all € € (0,¢¢] there exists a solution (p°,u): [0,T]x M — R? of

0F = g)a(pP () on [0,T] x M,
ot = ApG(u®) + g(u)a(p®)H (pF)vs - Vperf + g(uf)H (p°)?uf  on [0,T] x M,
F0) = p=cpo on M,
u?(0) = g on M.
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vy(z)\vs(z)

Figure 5.3: The immersed reference
curve Y, consisting of a circular arc with
radius R that is smoothly connected at
the endings. The points z;,2, € M are
both preimages of (0,0) € . We choose
the sign of the unit normal vy, such that
it points outwards in a neighborhood of
z; and inwards in a neighborhood of z,.

Figure 5.4: The initial curve I'f, consist-
ing of two smoothly connected circular
arcs with radii R +epg. Its unit normal
Vpe 0 (0,2 (0, -))_1 points outwards on the
left arc and inwards on the right arc. As
I'G is embedded, the images of 2,2, € M
on I'j do not coincide.

Figure 5.5: After reparameterization, y(x) = VR? - 22

ponential terms leads to smooth continuations yi(x) =

/_< hn parameterizes the circular arc. Adding appropriate ex-
Yy
Y2 V R? — x2+exp (_?1) and yo(z) = VR? — x2—exp (_71), x>0,

of y that split the arc into two parts.

C ( N

Figure 5.6: The immersed surface ¥ can be covered by two
embedded patches, called F(U;) and F(Usy) with Uy,Us c M.



(Again, we refer to Section 2.1.6 for an introduction to evolving hypersurfaces parame-
terized via height functions, and in particular to Remark 2.64 for the definition of the
pullback operators V,,A,, H(p) and v,. As in Lemma 4.5(ii), we define a(p) = V;yp.)
Because we chose ¥, ug and pj sufficiently smooth, p°,u® € E; 7 = h“’g([O,T], hO‘(M)) N
h?([0,T],h***(M)) holds for any v € (0,1) and B € (0, 5) with 28+a ¢ N, and there exist
R", R¢> 0 such that 1P|, 7 < R" and |u||g, » < R® hold independently of ¢ € (0, o]
With the notation from Section 2.1.6, the evolving curve is described by the global pa-
rameterization

0, : [0, T]x M - R?,  0,:(L,2) = F(2) + p°(t, 2)vs(2).

Step 1: Embeddedness of the inital hypersurface
As ¥ is closed, it can be covered by finitely many embedded patches. As shown in
Figure 5.6, two embedded patches are sufficient to cover 3. Let Uy,Us ¢ M be the
preimages of these embedded patches F'(Uy), F'(Usz). We can choose € > 0 sufficiently
small, such that for both embedded patches F'(U;) c X,

0,:(0,) o F™' - F(U;) > R?,  prp+pvs(F 7 (p)) =p+ povrw,) ()

is an embedding (see Proposition 2.60, where we assume w.l.o.g. that F(U;) is
expanded to an embedded closed hypersurface.). In particular, for every z1,z2 € U;
with 21 # 22 we have F(z1) # F(z2) and thus 6,:(0,21) # 0,:(0,22). For every
z1 € Uy \Us and z3 € Uy \ Uy, we clearly have

0p=(0,21) = F(21) + povs(21) # F(22) + povs(22) = 0,2 (0, 22)

because the initial height function pf = epp is positiv everywhere and vy, r7,\, points
outwards whereas vy, p,\p, points inwards, and so z; and 23 are driven apart by
6,:(0,-). Altogether, if ¢ > 0 is sufficiently small, for any 21, 2o € M with z; # 2o also
6p-(0,21) # 6,(0, 22) holds. This implies that for € > 0 sufficiently small,

0,:(0,-) : M - R? 0,:(0,2) = F(2) + pjrs(2)
is injective and thus an embedding. Therefore, the initial curve
6 ={0,:(0,2)| 2z e M}

is an embedded curve. The curve I'j is illustrated in Figure 5.4 and we collect some
of its geometric quantities now. Because pj is constant, the curve I'f consists of
two circular arcs, the inner one with radius R — epg and the outer one with radius
R+¢epp. Due to the chosen sign of the normal, the (mean) curvature of the inner arc
is positiv and that of the outer arc is negative. Especially in our fixed points z; and
zr, we thus have

H)O.2)= e and HGA0.5) = o
as well as v,:(0,2) = (-1,0) = vs(%) and v,:(0,2,) = (+1,0) = vs;(2) (cf. Remark
2.43). So,
a(p®)(0,2) =1 and a(p®)(0,2,) =1
follow.

148



Step 2: Formation of self-intersection
We want to show that the evolution of I'] forms a self-intersection. For any ¢ € [0,T],

0, (t,21) = F(21) + p°(t, 21)vs(z) = (0,0) + p°(t,20)(-1,0) = (= p°(¢, 21),0),
Ope(t,2r) = F(2zr) + p°(t, 27 )vs(2r) = (0,0) + p°(t, 2,)(+1,0) = (ps(t,z,,«),O)

holds. In particular,

[Gpe (O,Zl)]l =—epp <EPy = [epE (O,Zr)]l

holds and if we have

[Hpe (To,zl)]1 > [Gpe (Tg,zr)]1 < —p°(To, z) > p (1o, 2r) (5.2)

for a Ty € (0,T], then a self-intersection with 6, (71,2;) = 0, (T1,2,) occured at a
time T3 € (0,7p). All that is left to prove is thus the existence of a Ty € (0,7] with
(5.2) for sufficiently small € > 0.

As we have g(ug(21)) > g(uo(2r)), there exists a K € Ry with

9(uo(z1)) = g(uo(zr)) + K. (5.3)

Choose Ty € (0,7'] so small that RMTP <

0 < 8R Then,

Hatps(tf) - atpg(oa')HCo(M) = Hatp Hhﬁ( OT] ha(M)) B

K
< HpEHEI,TTO < RhT{)ﬁ £ SR (5.4)

holds for all t € [0,Tp] and € € (0,e9]. Now, choose € = e(Tp) € (0,e0] so small that

e< \/_— and that

ToKR

o 8po(R? +2g(uo(z)))

Then, with H(p5)(21) = ik and H(p5)(2) = s

—po’

2epo _4epo

1
HE) )2 g and R HOb ) = gty <t (59)
hold and we have
2 ToK
2epo (1 + RQQ(UO(ZT))) T (5.6)
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With these preliminary considerations and a(pj)(21) = a(pg)(2r) = 1, we can compute

To
o (To) == 5+ [ a8 )

(524) -5 - % - Todip (0, 21)

= —epo - o+ Tog (uo(a))alsi) 1) (- H(46)(2)

O _epo - % F TR (- H(pp)(21)) + Tog(uo(z)) (- H(p5)(21))
W cpy - T TUL O 40(2)) + Tag o (o) H(45) ()
> —epo + 3183? - % (uo(2r)) + Todep® (0, 2)

(524) —epo + 3?})%[{ - % (uo(zr)) - % + OTO orp° (t, 2 )dt

= —2epg + % - %g(uo(%)) + (,06 + /OTO Oip° (1, zr)dt)

2

=—2epg (1 + ﬁg(uo(%))) + % +p°(To, 2r)
(5.6

O (T, ).

By (5.2), the evolution of I'j hence developped a self-intersection. O

5.4 Properties of the Concentration

In this section we discuss that the so called “concentration” c¢:I' — R really satisfies the
most important properties of a physical concentration. First, the concentration should
describe the distribution of a quantity whose mass is conserved. Second, the concentration
should always be non-negative. We will analyze these features in the following setting.

Assumptions 5.9. Let G € C3(R) and g := G-G'-Id. Moreover, letT be a C'- C?-evolving
immersed closed hypersurface with reference surface M ¢ R and mean curvature H that
evolves with normal velocity

V=g(c)H,
where ce C*([0,T],C%(M)) n C°([0,T],C*(M)) is a function with
0%c=ArG'(c) +cVH.

As a start, we show that the quantity whose concentration is described by the function ¢
fulfills mass conservation.

Theorem 5.10 (Conservation of Mass). Suppose Assumptions 5.9 are valid. There ezists
a constant m € R (specifying the mass of the quantity whose concentration is described by
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the function c¢) such that

[ etp) s (p) = m

holds for all t € [0,T].

Proof. With the help of the transport theorem (Proposition 2.58) and Gauf}’ theorem on
closed hypersurfaces (Proposition 2.48), we have

% [M c(t,p) d?—[d(p) = fM oc(t,p) —c(t,p)V (t,p)H(t,p) d?—[d(p)
= fM A G'(c(t,p)) dH (p)
=0. 0

A concentration always is non-negative. Therefore, we show in the following theorem that
non-negativity of the concentration is conserved. Even more, if an initially non-negative
concentration is not the zero-function, then it instantly turns strictly positive.

Theorem 5.11 (Positivity of the Concentration). Suppose that Assumptions 5.9 are valid
with G" > 0.

(i) Let c(0) >0 on M. Then c(t) >0 holds on M for allt €[0,T].
(ii) Let ¢(0) >0 on M with ¢(0) #0. Then c(t) >0 holds on M for all t € (0,T].
Proof. On account of V' = g(c)H, we have

ArG'(¢) +cVH =G"(c)Arc+ G"'(c)‘Vpc|2 +g(c)H?c
=A:D%C+B~VFC+CC

with
A=G"(c)1d,
B:=G""(c)Vre,
C=g(c)H?,

where A: A = Xij Aijgij is the inner product of two matrices A and A as in Definition
2.141. The assumptions and H € CO([O,T] X M) by Remark 2.56 imply continuity of
A:[0,T]x M —» REDXED B [0, 7] x M - R*! and C : [0,T] x M - R. Moreover,
the matrix A clearly is symmetric and, due to G” > 0, also positive definite on [0,7] x M.
With this, we define w = —c as well as

Lw=-"w+A: Diw+B-vViw + Cuw.
In particular, Assumptions 2.140 are satisfied. We have

Lw=-Lc=0"-(ArG'(c)+cVH)=0o0n [0,T] x M

151



and w(0) = —¢(0) <0 on M. With Corollary 2.148, ¢(t) = —w(t) > 0 follows on M for all
t €[0,T] and there exists to € [0,T'] with

c(t) =-w(t) =0 on M for all t € (0,¢9] and c(t) =-w(t) >0 on M for all ¢ € (t9,T].

Under the assumptions of (ii), we have ¢(0) # 0. By Theorem 5.10, thus ¢(¢) = 0 can not
hold for any ¢ > 0. Consequently, we then have to = 0 and ¢(t) > 0 follows on M for all
te(0,T]. O

The concentration does not only stay non-negative, but the minimal concentration even
increases monotonically. Additionally, if the hypersurface is mean convex, the increase of
the minimal concentration even is strictly monotonic.

Theorem 5.12 (Growth of the Minimal Concentration). Suppose Assumptions 5.9 are
valid with G" >0 and g > 0. Let cmin : [0,T] = R, cmin () = minps ¢(t,-) be the minimum
function of ¢ on M.

(i) Let c(0) > 0. Then, cmin is monotonically increasing.

(i) Let T' be of regularity (C?-C?) n (C1-C*). Furthermore, let H(0) >0, ¢(0) >0 and
c(0) £0. Then, cumin s strictly increasing.

Proof. With Hamilton’s trick (Lemma 2.142), ¢min : (0,7) - R is well-defined and Lip-
schitz continuous. In particular, it is differentiable almost everywhere, and in every time
t € (0,7) in which ¢,y is differentiable, we have

OtCrmin [t = atC\(t,p)

where p € M is an arbitrary point with ¢(t,p) = cmin(t). For such a point p, we have
Vre(t,p) =0 and Arc(t,p) >0 by Lemma 2.36 and then

o tot o

O7l(p) = O Cl(tp) = V(e - VICU(t) = O tp) = OeC(e.)
follows with Definition 2.54. For every point p € M with ¢(t,p) = cmin(t) we thus have
OtComin |t = 07¢|(t,p)

= AFG/(C) + CVH|(t,p)

=G"(c)Arc+ G'"(c)‘Vpc|2 + g(c)HQC‘(t,p)

> g(C)HQC‘(tvp).

The assumptions in (i) and Theorem 5.11(i) imply ¢(t) > 0 for all ¢ € [0,7] such that
OtCmin > 0 follows almost everywhere. Hence, ¢, is monotonically increasing.

The assumptions in (ii), Section 5.1 and Theorem 5.11(ii) yield H(¢) > 0 and ¢(t) > 0
for all t € (0,T] such that dscpmin > 0 follows almost everywhere. Hence, ¢, is strictly
increasing. [
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Appendix

In this Appendix, we recall a few basic definitions from linear algebra and gather some
technical proofs. We assume d,n,m € N5y to be integers and fix s € Ryg.

A.1 Orientation of Vector Spaces
and Generalized Cross Product

Definition A.1 (Orientation of a Vector Space). Let V' be a d-dimensional real vector
space. We define an equivalence relation on the set of all ordered bases of V' by calling
two bases (v1,...,vq) and (w1, ...,wq) equally oriented if the transition matriz B € Gl(d,R)
determined by the relations v; = 3 ; Bijw; has positive determinant. An orientation of V
s a choice of one of these two equivalence classes. Any basis in the given orientation is
called positively oriented.

Remark A.2. Because the determinant is linear in every column,

det B = —det B

holds for B,B € GI(d,R) with Bi,jo = =B, j, for a fized jo and Bij = B;j for all j # jo.
This implies that by changing the sign of one vector, every not positively oriented basis
(w1, ...,wq) of a d-dimensional vector space V' turns into a positively oriented basis: With
Wj, = —wj, and w; =wj for all j # jo, (W1, ...,"Wq) s a positively oriented basis of V.

Remark A.3. We fiz an orientation of R? by calling the standard basis (e, ...,eq) with
lej]i = 0i; positively oriented.

Definition A.4 (Generalized Cross Product). We call

K: (Rd+1)d - Rd+17 ’C(Ula "'avd) = (det[vh ooy Ud,y ej])j=17__.7d+1

the generalized cross product of R%1. Here, ej € R is the standard basis vector given by
[ej]i = 045

Remark A.5. The generalized cross product fulfills the same properties as the usual cross
product in R3. In particular, we have

K(v1,...,vq)-v; =0 forall j=1,...,d
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and if (v1,...,vq) € R¥ are linearly independent, then KC(vy,...,v4) # 0 holds and
(vl, ey U, K (01, ...,vd))

is a positively oriented basis of R™Y. Furthermore, the generalized cross product conserves
regularity, i.e., if vj € CH (W, R holds for all j =1,...,d and any k € Ny, o € (0,1)
and an open subset W c R™, then we also have (v, ...,vq) € CF*(W,R%*1).

A.2 Immersions and Embeddings on domains in R?

The aim of this section is to show that, for domains in R? any immersion locally is
an embedding. Furthermore, we prove that for a time dependent function which is an
immersion at every time ¢, the local neighborhood on which it is an embedding can be
chosen independently of the time ¢. This will be used in Section 2.1 for the corresponding
statements on hypersurfaces.

Definition A.6. Let W c RY be an open subset and let v € CY(W,R™). The function
v is called an immersion if Dy(z) : R? - R™ is injective for all x € W. It is called an
embedding if additionally it is a homeomorphism onto its image.

For any subset A c W, we say that y4 is an immersion if Dy(x) : R? - R™ s injective
Jor all x € A, and we say that 7|4 is an embedding if additionally ~ 4 is a homeomorphism
onto its image. In particular, we say that locally v)4 is an embedding if for all x € A there
exists an open neighborhood Wy ¢ W such that vw,na ts an embedding.

Lemma A.7 (An Immersion locally is an Embedding). Let W c R? be an open subset
and A c R* any subset with A c W. Let v € CY(W,R™) such that YA is an immersion.
Then, locally 4 is an embedding.

Proof. Due to the immersion property of v, we have d < m. So, we can define
F:WxR™% R, F(z1y ey 2m) =9(21, ooy 2d) + (0,.00,0, 24415 vy Zm ) -

Then, v = F 0 iga holds on W, where iga : RY = R™, 2 ~ (,0) is the trivial inclusion of
R? into R™. The function F is continuously differentiable on W x R™ % with

0
DF(z) = | Dv(21, -, 2d)
IdR”mﬁd

For fixed x € A,

_(loiv(z)]iz1,...a Rd _, pm
Dr(@) = ([aw(x)]i:du,...,m ) R

is injective. Thus, by rearranging the components of v, we can assume w.l.o.g. that
[0y () ]i=1,..d € R is invertible. Then, also DF(z,0) is invertible. The inverse function
theorem yields the existence of an open subset V c R™ with (2,0) € V ¢ W x R™% such
that Fjy, : V. — F(V) is a diffeomorphism. Define W, := prga(V n (RY x {0}™%)), where
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prga : R™ - RY, 2 = (21,...,2m) = (21,...,29) is the projection from R™ onto R?. Then,
W, c R? is an open subset with 2 € W, ¢ W and iga, * We > V0 (R x {0}™1) is a
homeomorphism. As combination of homeomorphisms, also

N, = Flvamixqoym-dy © igajw, : Wa = v(Wy)

is a homeomorphism and thus yy,na : Wo N A > R™ is an embedding. Since z € A was
arbitrary, 74 locally is thus an embedding. O

Remark A.8. Lemma A.7 implies in particular that any immersion v: W — R™ with an
open subset W c R locally is an embedding.

Definition A.9. Let W c R? be an open subset and let ~ € Cl([O,T] x W, Rd”). We say
that locally v(t,) : W — R is an embedding for fived t € [0,T] if

Vte[0,T],Vx e W : 3 open neighborhood Wi, ¢ W of x s.t. v(t,)w,, is an embedding.

On the other hand, we say that locally y(t,-) : W - R™! is an embedding independently
of t€[0,T] if

Vo e W: 3 open neighborhood W, c W of x s.t. y(t,")w, is an embedding Vt € [0,T].

Lemma A.10 (Time-Independence of Locality). Let W c R? be an open subset and let
v e CH[0,T] x W,R™) such that y(t,) : W — R¥! is an immersion for all t € [0,T].
Then locally v(t,-) : W — R is an embedding independently of t € [0,T].

It is clear by Lemma A.7 that y(t,-) : W - R%! is an embedding for fixed ¢ € [0,7]. The
claim of this lemma is therefore that W, can be chosen independently of ¢ € [0,T'].

Proof. We extend v onto an open subset I ¢ R with [0, 7] c I such that v € C1(IxW,R%*1)
is valid. This is possible due to [RR06, Theorem 7.58]. Then, we define

F:IxW —»R™ F(t,2) = (t,7(tx)).

The function F' is continuously differentiable on I x W with

(aFy DR\ [ 1 0
DE(t,z) = (ath Dsz) = (aw(m) D%(x))

for all (t,z) € I xW. As v = v(t,-) : W — R™! is an immersion for all ¢t € [0,T],
Dv;(z) : R - R is injective for all x € W and t € [0,7]. Due to the structure of DF,
also DF(t,z) : R¥*1 — R¥*2 is injective for all (t,2) € [0, T]xW and so F : [0, T]xW - R%*+2
is an immersion.

Hence, locally, F : [0,T] x W - R%? is an embedding, i.e., for all ¢t € [0,7] and = € W
there exists ¢; > 0 and an open subset Wt c R? with (t—ey,t+e)cl and x € m c W such
that

ﬂ((t—at,tﬁt)m[o,T])th
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is an embedding. Because the compact set [0,7'] is covered by the open sets (t —e¢,t+¢¢)
with ¢ € [0,7'], there exists a finite subcover (t; — e, t; + €4, )i=1,....m With

[O,T] C U(tz - 5ti7ti + 5ti)-
i=1
We define

3

Ii=(t;—ep, ti+e,,)n[0,T] foralli=1,...m and W =
=1

~
1l

Then, W c R? is an open subset with 2 € W c W and for all ¢ € [0,T] there exists
i€{l,....,m} with ¢ € I;. Furthermore, F|IZ_XW is an embedding for all i =1,...,m.

Now, we have to prove that this implies that (¢, -)‘W is an embedding for all ¢ € [0,T].
Fix t € [0,7] and i € {1,...,m} with ¢ € I;,. Because

Flppv + (t,0) = (8,9/(t,2))

is an embedding, F|1ix’v‘(7 is injective and (F]Iixw)_l : F(I; % W) — I; x W is continuous.
Injectivity of (%, -)|W follows directly from the injectivity of F|; 7. Thus, (7(7?, ~)|W)71 :

~(t,W) - W is well-defined. Due to

(Fro) Ep) = (. (vE D)) ()
and

V(t_aw) = {P e R | Iz € W with y(t, ) = p}
={peR"! |3z e W with F(f,z) = (£,v(f,2)) = (£,p)}
={peR"|(f,p) e F(I; x W)},

continuity of (v(Z, ')‘W)_l :~(t, W) - W follows directly from the continuity of (FmXW)’l :
F(I; x W) - I; x W. Therefore, (£, )7 is an embedding. O

A.3 Technical and Auxiliary Statements for Holder Spaces

In this section, we gather some statements that are used in Section 2.2 on Hoélder spaces
and whose proofs are quite technical. First, we analyze how Hoélder regularity of functions
with compact support transfers to larger domains. As a second step, the cumbersome
definition of Holder regularity on submanifolds from Definition 2.75 is simplified for the
case of closed submanifolds (see Lemma A.14). Afterwards, we explain the patching
strategy from Remark 2.46 in detail. Finally, the proof of Lemma 2.77(ii) is performed,
which yields a representation for Holder functions on embedded submanifolds.

Lemma A.11. Let W c R? be open and bounded and let W' c R? be open with W' c W.
Moreover, lc;tX be a Banach space andkt u:W — X be such that we have suppu c W’
and uw e C*(W', X). This implies u € C*(W, X ) with H“HCS(WX) S ”uHCs(WX)'
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Proof. Because supp u c R? is compact and W’ c R? is open with supp u c W’ ¢ W, obvi-
ously, u € C1*J(W, X) holds with ”uHClsJ(W7X) = ”uHClsJ(W’X). But to transfer (uniform)
Holder regularity from W’ to the larger set W, we need a more subtle argument. In the
following, assume « := s —|s]| € (0,1) and fix |8| = [s]. We will show D%u e C*(W, X) with
[DPul o x) S 107Ul o x)-

For this, we introduce open subsets Oy, O ¢ R? with supp uc @1 c O1 c Oy c Oy c W/,
which is possible due to the fact that supp u is compact and W' is open. Now, define
Ay = Oy, Ay =W\ Oq, Uy = W and Uy :== W\ O1. Then, A;, Ay c¢ W are compact,
Uy,Us ¢ W are open with A; c Uy, Ay c Uy and W c A; U Ay. Therefore, Lemma 2.69
yields

[Dﬁu]ca(Wyx) = [Dﬁu]ca(AluAQ,X) S ||Dﬂu”(,~0(W,X) + [Dﬁu]ca((Tl,X) + [D'Bu]ca(@g()
as well as

8,18 — DB, 1R B, 1R 8, R
[D U]CCX(W7X)_[D U]Ca(AluAg,X)S[D U]Ca(UihX)—i_[D u]Ca(@7X)

for R ¢ (0, 00] sufficiently small. By assumption, D?u e C*(Uy, X) holds. On account of
Uy nsuppu = (W\O1) nsuppu = @,

we have u =0 on U and thus also DAu € C*(Us, X) holds with [D%u] . (T5.x) = 0. Hence,
DPueC*(W, X) follows with [Du] i xy S 1D7u ca 77 x)- O

Remark A.12. On account of the remark after Lemma 2.69, the statement from Lemma
A.11 also holds for W = R if W' ¢ R? remains bounded and we restrict to bounded
functions le(Rd, X).

Lemma A.13. Let M c R" be a C' nC*-embedded closed submanifold. Futher, let X
be a Banach space and let f : M — X be such that there exists a local parameterization
(v, W) of M with supp f c y(W) and fo~yeC*(W,X). This implies f € C°(M,X) with
Flesnx) = L o Yl os .-

Proof. We fix a set of local parameterizations (v, Wp)pens of M with M c Upers vp (W)
and (Ypy, Wp,) = (7, W) for some pg € M. As supp f c v(W) is compact, we can assume
w.lo.g. that supp f nv,(W,) = @ for all p # py. In particular, we have fo~, =0 on Wp
for all p # pg and thus f oy, € C¥(W,, X) for all p e M. This implies f € C*(M, X). Due
to the closedness of M, we can reduce to a finite set (v, W;)i=1,...r. € (9p, Wp)penms of local
parameterizations with M c UL, 7(W;) and (y1, W1) = (7, W) and hence obtain

L
| Fllosarxy = 21 o villos g xy = 1 o Vo .- O
i1

Lemma A.14. Let M c R" be a C' n C*-embedded submanifold such that M is closed
or s € Nyg holds. Furthermore, let X be a Banach space and let f € C°(M,X), i.e.,
for every p € M there exists a local parameterization (v, Wp) of M with p € W, and
fony e C (W, X). For any further local parameterization (v, W) of M, this implies
fo’yecs(W,X).
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Proof. Let d € N;o be the dimension of M. By choosing the sets W), smaller if necessary,
we can assume that the local parameterizations (vy,, W,) from the assumption allow for

suitable charts (¢p, Up) with 7,(Wp) ¢ Up and prga o ¢, by (W) = 7];1 as in Remark 2.6(ii).

We use « = s — | s] as short notation and fix p € M.

By definition, the sets U, c R" and W c R? are open, bounded and convex. Moreover,
¢p € C*(Up, R") n C1(U,,R™) and v € C*(W,R") n C*(W,R") hold and ¢, : U, > R™ and
v : W — R™ are Lipschitz continuous by Remark 2.6(i). We define V = y(W), V,, := v,(W},)
and

Wep =7 (V0 V) =7 (v(W) 0y (W))).

Then, W, c yis an open and bounded subset with Wry, c W. Because of the inclusions
Y(Wrp) € 7p(Wp) and (prga o ¢p)(7,(W,,)) € W, the differentiability statement

Fov=(for) o (prpiody) oy e ClEI(Wr, R)

follows directly by composition of differentiable operators. Showing Holder regularity for
the composition f o~ on W_mp is more involved and we will use Proposition 2.97 (which
relies on Lemma 2.68) for this. As we have v(Wp,) c U, and ~ is Lipschitz continuous,
Proposition 2.97 and Remark 2.98 yield

bpory ECS(W_QP,R")

with D?(¢, 0 y) € C¥(Wrp, R™) for all |8] < [s]. On account of y(Wny) c 7,(W,), this

implies
v, 07y = prya o ¢y oy eC*(Wrp, RY)

with Dﬁ(%;l 07) € CY(Whrp,RY) for all || < |s]. Due to the Lipschitz continuityo_fgbp and
7, also 7, Loy : Wn, » R is Lipschitz continuous and we have (7 Lony)(Wrp) € W,. With
fovyel? (Wp, X), another application of Proposition 2.97 and Remark 2.98 yields

fov=(for)o(r,' 0y)eC*(Wnp, X)

with ||f°7||cs(m,x) S ||f°’)’p”cs(Wp,X)-

We have to show f o~y € C*(W,X) on the whole set W. Because M = Upeps (W)
implies W = Upenrs Woap, the differentiability statement f o~y e C lsl(w, x ) follows directly.
But to transfer (uniform) Holder regularity to a union of sets, we have to argue more
subtly: As in Remark 2.6(ii), we can assume the existence of open subsets A4, ¢ M
with K, = A, c 4,(W,) and M c Upers Ap. Then, as M is closed, we can reduce to a
finite set (A;);=1,...., of open subsets with M c Ule 1 4; and correspondingly to finite sets
(K1)i=1,...1, of compact sets and (7, W))=1,...r of local parameterizations. We use the
notation V; := v;(W;) and Wr; == v 1(V nV}) as above. The set W c R is compact and for
every l € {1,...,L},

7_1(V0—Kl) and 7_1(70 Vl)
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are a compact and an open subset of W, respectively, with
'y_l(V N Kl) c ’y_l(Vﬂ Kl) c ’y_l(Vﬂ ‘/l)

Furthermore, we have

pv‘l(w—m) =77 (V”—LZJKZ) =y (VM) =71 (V) =W
-1
and v '(VnV)cy™! (VTVz) =y (V) =Wy
for every l € {1, ..., L}. Therefore, Lemma 2.69 yields
[D°(f O’Y)]Ca(W,X) = [D°(f O’Y)]ca(ul 7 H(VNK),X)
S é |DA(f o 7)“ca(7—1(vm\/g),x) S é |D(fo 7)“CQ(W,X)

and

8 R _1nh R
[D (f O’Y)]@a(W’X) - |:‘D (f 07)]Ca(ul7—1(m)7X)
L

B R B R
[D (fo/y)](}a(ryfl(VmVl),X) S;[D (fO/Y)]CO‘(Wim,X)

M=

<

~
1l
—

for every |3| = |s] and for sufficiently small R > 0. Hence, D?(f o) e C*(W, X) follows
for all |8 = | s| and this proves the claim. O

Lemma A.15. Let M c R" be a C'nC%-embedded closed submanifold and let (;, Wi)i=1,...L
be a finite set of local parameterizations of M with M c U;vi(W;). Moreover, let X be a
Banach space and for every 1 € {1,...,L}, let u; : v(W;) = X be with u; o~y € C*(W;, X).
Choose (1)j=1,...1. to be a partition of unity subordinate to (W(VVZ))Z:L...,L' Then,

L
U= Zwlul eC°(M,X)
=1
holds with [ulos(ar.x) S 5l 0 1l oo i x -
Proof. Forl=1,...,L, we define
ﬂl = z/;lul M - X.

Then, supp 4; ¢ v;(W;) holds and we have ;0 y; = (¢ 0y) - (w0 ) € C*(W;, X) with
I o villos i x) S lw o Wil os 777, x) by Proposition 2.94. Therefore, Lemma A.13 yields
g € C3(M, X) with |l o= (ar,x) = I © Vil s 77 x) S w0 Yl os 777, x)- This implies

L L
u=z¢lul :Zdl ECS(M,X)

=1 =1

with [ull s (urx) § Sl il v v O
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Corollary A.16. Let M c R™ be a C' nC*-embedded closed submanifold and we fix a
finite set of local parameterizations (v, Wp)i=1,... of M with M c Uy~ (W;). Moreover,
let X,Y,Z be Banach spaces, let U c 'Y be an open subset and let k € Nso. For every
le{l,...,L}, let F;, G| be with

u Fy(u) oy € Céfb)(U,CS(WZ,X)) and
(u, 2) > Gi(u)[z] oy € Cfyy (U, £(Z,C5(W, X))

Finally, let (¢1)i=1,...1 be a partition of unity subordinate to (VI(VVZ))l:l Then, we

7L'
have

ur F(u) = ;wlﬂ(u) € Clpy(U,C*(M, X)) and
(u,2) » G(u)[z] = ;wlal(u)[z] e Cly (U, £(2,¢°(M, X))).

Proof. By Lemma A.15, F(u),G(u)[z] € C°(M,X) holds for all uw € U and z € Z. Due
to the estimate for the norms in Lemma A.15, also G(u) € £(Z,C*(M, X)) holds for all
ue U and we have

u~ F(u) = zquplpl(u) € Cly(U,C*(M, X)) and
(u,2) » G(u)[z] = zl:@DlGl(u)[z] € C?b)(U,E(Z,CS(M,X))).

It also implies

|F(u+y) = F(u) = 2y v DE (W)Yl s, x)

1m
lyly =0 lylly
I “lel(ﬂ(u+y)_E(U)_Dﬂ(u)[y])‘cs(M’X)
= 11m
lyly—0 lylly
L H(Fz(u+y)—Fz(u)—Dﬂ(u)[y])ow\os(WlX)
< lim — =0
lyly—0/= lylly

for all w € U. Thus, F is Fréchet-differentiable with DF(u)[y] = ¥; 1 DF;(u)[y]. Hence,
DF oy e CY (U, L(Y,C*(W;,X))) implies DF € C0,, (U, L(Y,C*(M,X))) and therefore

() (b)
FeCpy(U,C3 (M, X)).
Finally, the statement G € C’(lb)(U,E(Z, CS(M,X))) as well as the claim for k£ > 1 follow
recursively. O

Lemma A.17. Let M c R™ be a C'-embedded closed submanifold, let X be a Banach
space and let o€ (0,1). We have

C(M,X) = {f e CO(M, X) \ [flee(ar.x) < oo} and

RO, X) = {02, 30| B 1B vy = O}
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Furthermore,
I leaar,xy ~ |+ leor,x) + [eaarx)
are equivalent norms on C*(M, X) and for sufficiently small R € (0, 00]
~R R
Zl:[ °© Vl]ca(th) ~ [']CQ(M,X)

holds for any finite set of local parameterizations (v, Wi)i=1,...1. of M for which there
exists a set of charts (¢, Up)i=1,....r. with v(W7) c Uy and prga o ¢, (W) = ’yl’l and a set of
compact subsets A; c v (W) with M c U; A;.

Proof. Let f: M — X and define V; := v(W;). Because v; : W; — (W) is Lipschitz
continuous by Remark 2.6(i), Lemma 2.68 yields

~R R R
L ewleammx) 8 Uloagam.x) < Fleeonx

and thus

zl:[f O'W]EE(Wl,X) S [f]ga(M,X)

for any R € (0,00]. Analogously, because ¢; = 7! = prga o ¢, Wi V; - W, is Lipschitz
continuous by Remark 2.6(i), Lemma 2.68 yields

" ~R
[f]ca(v X) =[(Fem)e (pl]ca(“ﬂ(Wl) x) s[fe VZ]CU‘(WLX)
for all R € (0,00]. With Lemma 2.69,
[floaaxy = [flea, anx) S > Iflcovxy + [fleeqv,x) S SIf o,nHCa(th)
! 1

and

[f]ga(M,XF[f]ga(uzAl,X)S; Ga(vix ; °Wlgammx)

follow for R > 0 sufficiently small. Together, we hence have

| flcocar,xy + [Fleanxy ~ 21 o villco i xy = 1 lcaqar,x)
( s )
1
and [f]ga(M’X) ~Y[fe %]E‘E(WZ,X} for R > 0 sufficiently small.
1

In particular, this implies
CYM,X)={f: M- X|foyeC*(W,X) foralll=1,.., L}
={f e C°M, X) || ol gy xy <00 foralll=1,..., L}
={F € C°M, X)) |11 flcocar,xy + [Flowqarx) < o0}
= {f € CO(M7X) ‘ [f]ca(M,X) < 00}
as well as
R (M, X)={f: M- X|foyeh*(W,X) foralll=1,.. L}

={f e C*(M, X)| lim [ f o W] a7 ) =0 forall =1, L}

= {f € CQ(M,X)‘ }lzii%[f]ga(M,X) = 0}~ N
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