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Probing the Band Topology of Mercury Telluride

through Weak Localization and Antilocalization

Viktor Krueckl and Klaus Richter
Institut für Theoretische Physik, Universität Regensburg, D-93040 Regensburg, Germany

We analyze the effect of weak localization (WL) and weak antilocalization (WAL) in the elec-
tronic transport through HgTe/CdTe quantum wells. We show that for increasing Fermi energy the
magnetoconductance of a diffusive system with inverted band ordering features a transition from
WL to WAL and back, if spin-orbit interactions from bulk and structure inversion asymmetry can
be neglected. This, and an additional splitting in the magnetoconductance profile, is a signature
of the Berry phase arising for inverted band ordering and not present in heterostructures with con-
ventional ordering. In presence of spin-orbit interaction both band topologies exhibit WAL, which
is distinctly energy dependent solely for quantum wells with inverted band ordering. This can be
explained by an energy-dependent decomposition of the Hamiltonian into two blocks.

PACS numbers: 05.60.Gg, 73.23.-b, 85.35.Ds

I. INTRODUCTION

The first theoretical proposal for a two-dimensional
topological insulator was based on graphene with intrin-
sic spin-orbit interaction (SOI) [1, 2]. Although the spin-
orbit coupling of graphene is too small to render an ex-
perimental evidence [3, 4], this initiated several other sug-
gestions for two-dimensional materials and heterostruc-
tures showing topological insulator features [5–7]. Sub-
sequently, the criteria for topological insulators were
extended to three dimensions [8] and were experimen-
tally verified in other suitable materials like BiSe [9] or
Bi2Te3 [10, 11]. In the meantime, the quantum spin Hall
effect, a prominent transport feature of two-dimensional
topological insulators, has been observed in HgTe/CdTe
quantum wells [12, 13] as well as for InAs/GaSb het-
erostructures [14]. In both experiments the transmission
through a mesoscopic Hall bar is quantized since the bulk
of the system is insulating and the current is only carried
by edge states, which are protected from backscattering
due to time-reversal symmetry.

Whilst many theoretical investigations are focused on
these edge states of two-dimensional topological insula-
tors [15–19], signatures of the special band topology are
also traceable in other observables even away from the
bulk band gap. To this end we consider a well stud-
ied phenomenon in phase coherent transport through
disordered quantum systems, namely weak localization
(WL) [20] for systems without SOI and weak antilocal-
ization (WAL) [21] in presence of SOI. The effect stems
from the self interference of the charge carriers leading
to a quantum correction to the classical transmission for
time reversal symmetric systems. Breaking of this sym-
metry can be easily achieved by applying a perpendicular
magnetic field. In a semiclassical picture, the effect is un-
derstood in terms of interference between waves traveling
in opposite directions along backscattered paths and av-
eraging over all such trajectory pairs. Besides the relative
phase shift arising from the enclosed flux of an external

perpendicular magnetic field, intrinsic Berry phases af-
fect the interference and thereby the WL behavior. As a
consequence, the signatures of WL in transport through
systems with strong Berry phases, as for example HgTe
heterostructures, can differ significantly from those of
conventional electron gases.
To our knowledge, there are only a few theoreti-

cal studies of WL in systems with inverted band or-
dering [22, 23]. Diagrammatic studies for the two-
dimensional case with inverted band ordering show a
transition betweenWL and WAL upon varying the chem-
ical potential [23]. However, major SOI effects from bulk
and inversion asymmetry are not included, which alter
the WL signal, as we will show in this work. A recent
experiment revealed WAL in diffusive transport [24] and
detailed investigations attested an energy dependence of
the WAL peak [25]. Since no theories for WL in het-
erostructures with inverted band ordering including SOI
are at hand, only conventional theories for A3B5 semicon-
ductors [26, 27] have yet been applied to analyze these
results.
In order to explore how WL effects are altered by the

inverted band ordering of topological insulators, we per-
form numerical transport calculations. We confirm the
transition between WL and WAL reported in Ref. [23],
if SOI can be neglected. We explain the effect in terms
of the Berry phase of the bands involved. Moreover, we
additionally find a splitting of the WL magnetoconduc-
tance profiles due to the two spin species that can also be
traced back to the Berry phase and is not accounted for
in previous diagrammatic studies. Additionally, we show
how the WL phenomenon is altered by SOI, and how bulk
and structure inversion asymmetry lead to significantly
different WAL features that can strongly depend on the
band ordering.
This paper is structured as follows: In Section II we

introduce the model used to describe multi-band quan-
tum transport in diffusive HgTe heterostructures. In Sec-
tion III we focus on effects of the Berry phase and the
energy dependence of WL and WAL without SOI. In Sec-
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tion IV we include SOI and show why a variation in WAL
upon change in energy serves as an indicator for inverted
band ordering. Finally, in Section V we conclude with a
brief summary.

II. MODEL

We describe the electronic properties of the underlying
HgTe heterostructure by the Hamiltonian [5, 28]

H =







Ck +Mk Ak+ −iRk− −∆
Ak− Ck −Mk ∆ 0
iRk+ ∆ Ck +Mk −Ak−
−∆ 0 −Ak+ Ck −Mk






(1)

where k± = kx ± iky, k
2 = k2x + k2y, Ck = Dk

2

and Mk = M − Bk
2. The material parameters are

chosen to be A = 354.5meVnm, B = −686meVnm,
D = −512meVnm2 and M = ±10meV. Without SOI
(R = ∆ = 0) this Hamiltonian breaks up into two inde-
pendent 2×2 blocks, each consisting of an s-like electron
and a p-like hole band. The topology of the band struc-
ture depends on the ordering of the electron and hole
states, given by the gap M which is positive for con-
ventional ordering (M > 0) and negative for inverted
ordering (M < 0) .
Additionally, in Section IV we take into account the

SOI of strength ∆ and R due to bulk inversion asym-
metry (BIA) as well as structure inversion asymmetry
(SIA) [28]. While ∆ is fixed (we use ∆ = 1.6meV [29]),
the strength of the SOI due to SIA depends on the quan-
tum well structure, and can be tuned to very small values
by growing symmetric wells.
We study the signatures of WL in magnetotransport

through diffusive conductors in the presence of a per-
pendicular magnetic field B. We consider coherent two-
terminal transport through disordered strip geometries
with a Gaussian correlated disorder,

U(r) =
∑

i

Ui exp

(

− (r−Ri)
2

2σ2

)

, (2)

with a correlation length σ. Here, a box distribution,
−U0 ≤ Ui ≤ U0, is chosen for the strength Ui of the im-
purity i located at Ri. In order to eliminate the influence
of the edge states we employ periodic boundary condi-
tions in the scattering region, linking the upper and lower
edges along transport direction as sketched in Fig 1 (a).
We discretize the Hamiltonian (1) on a square grid with
a lattice spacing of 5 nm. The conductance

G =
e2

h
T =

e2

h

∑

n,m

∑

σ,σ′

|tm,σ′;n,σ|2 (3)

is calculated in linear response within the Landauer
formalism [30], whereby the transmission amplitudes
tm,σ′;n,σ are given by the Fisher-Lee relations [31]. The

kx

ky

W

L

a) b)

FIG. 1: a) Sketch of the scattering region with periodic
boundary conditions in vertical direction between two non-
periodic leads. A typical backscattered path and its time
reversed counter path are shown, contributing to WL and
WAL. b) Corresponding momentum-space trajectory for the
two paths of (a).

indices m and n stand for the different modes in the
leads, which are additionally classified through the in-
dex σ ∈ {U,L} denoting the upper left (U) and the lower
right (L) block of the Hamiltonian (1) if no SOI is present
(∆ = R = 0).

III. BERRY PHASE EFFECTS IN QUANTUM

TRANSPORT WITHOUT SPIN-ORBIT

INTERACTION

In the following, we assume a negligibly small BIA and
SIA spin-orbit interaction leading to a Hamiltonian (1)
with two uncoupled blocks. We will show that the Berry
phase of each of those blocks leads to an energy depen-
dence of the WL signal different for the two band order-
ings. Without losing generality we focus on the upper
subblock

HU =

(

M − (B +D)k2 A(kx + iky)
A(kx − iky) −M + (B −D)k2

)

, (4)

since the results for the lower subblock can be obtained
by applying the time reversal operator. This Hamilto-
nian can be easily diagonalized, leading to the energy
dispersion for the electron and hole branch,

Ee/h(k) = −Dk
2 ± F (k), (5)

with

F (k) =

√

A2k
2 + (Bk

2 −M)2. (6)

The corresponding eigenstates are given by

ψe/h(k) ∝
(

M −Bk
2 ± F (k)

A(kx − iky)

)

. (7)

For vanishing SOI, the WL properties are governed by
the phases accumulated by one of these spinors. In a
semiclassical description quantum corrections to the con-
ductance stem from the interference of waves traveling
along different impurity-scattered paths. Upon disor-
der average the contributions from pairs of uncorrelated
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FIG. 2: Bulk band structure (a),(c) and corresponding Berry
phase Eq. (9). (b),(d) of the Hamiltonian (1). Top pan-
els show the result for conventional band ordering (M =
10meV), bottom panels the result for inverted band order-
ing (M = −10meV).

paths vanish. The remaining contributions leading to
WL mainly originate from pairs of a path γ with its time
inverted path γ† where the dynamical phases cancel out,
as depicted in Fig. 1 (a). As a result, the WL signal
is governed by additional phases, like the phase due to
the flux of an external magnetic field or a Berry phase.
The latter is associated with the Berry curvature given
by [32, 33]

Aσ(k) = −i〈ψσ(k)|∇kψσ(k)〉 , (8)

in terms of the bulk eigenstates ψσ(k). The correspond-
ing phase is obtained by integrating the vector potential
Aσ along a backscattered path corresponding to a closed
loop in momentum space with a fixed momentum k = |k|,
as sketched in Fig. 1 (b):

Γσ =

∮

k=const

Aσ(k) · dk = 2πAσ(k) · (−ky, kx) . (9)

Because of the circular symmetry of Aσ(k) the phase Γσ

can be evaluated by the scalar product Aσ(k) · (−ky, kx)
at a single point in momentum space. This geometric
phase Γσ enters the semiclassical Greens function. As
depicted in Fig. 1 (b), a backscattered path and its time-
inverted partner accumulate opposite reflection angles in
momentum space. In view of Eq. (9), this opposite an-
gle leads to opposite Berry phases and thereby to a de-
phasing in the two-path interference. This results in a
reduction of WL [34], right up to a complete reversal of
the WL correction to full WAL [35, 36]. For the Hamil-
tonian (1) the geometric phase Γσ has remarkable prop-
erties depending on the two different band topologies. In
the case of HgTe the strength of the geometric phase of
the electron and the hole branch are given by

Γe/h = π

(

1± M −Bk
2

F (k)

)

. (10)

Although the band structure of the conventional (M > 0)
and inverted (M < 0) ordering is very similar [compare
Fig. 2 (a),(c)], the Berry phases of the different systems
are not. For the inverted band ordering, the Berry phase
spans the whole range of possible phases from 0 to 2π,
as shown in Fig. 2 (d). As a consequence, a particular
energy exists where the accumulated phase Γσ = π, as
in a “neutrino billiard” [37]. However, if the bands are
ordered conventionally, this is not the case. Although the
phase differs significantly from 0 or 2π, the region around
π is excluded as shown in Fig. 2 (b). As a consequence, we
expect distinctly different WL behavior for both systems
if the whole energy range is considered.
In the following, we study the WL correction in trans-

port through a disordered HgTe heterostructure numer-
ically by calculating the average change of the quantum
transmission

δT (B) =
〈

T (B)− T (0)
〉

(11)

in presence of a perpendicular magnetic field B. We tune
the Berry phase by changing the Fermi energy of the
system. The averages are taken over a set of 1000 differ-
ent impurity potentials (2) distributing 20000 impurities
(equals a coverage of 10% of the grid points) within a
scattering region of 1000 nm × 5000 nm with a correla-
tion length σ = 15 nm. The disorder strength U0 is tuned
to get a constant mean free path of 1200 nm for all en-
ergies, leading to comparable shapes of the localization
correction for a large range of Fermi energies.
The results are summarized in Fig. 3. For energies

close to the band gap, the Berry phase is very small in
both cases. As a result, the average transmission is sim-
ilar to that of an electron gas, leading to WL, visible
as a negative correction to the magnetotransmission and
shown as black line in Fig. 3 (a) for the case of inverted
band ordering. By increasing the Fermi energy also the
Berry phase raises, leading to a reduced WL correction.
For values of Γσ = π/2, the minimum in the average
transmission at B = 0 is expected to vanish, which is
also reflected in the numerical data presented as green
line in Fig. 3 (a). If the energy is tuned to

E(π)
e = −DM

B
+

√

A2M

B
, (12)

such that the momentum k fulfills Bk
2 =M , the regime

with a Berry phase close to π is entered. In this con-
figuration, the system is expected to feature WAL, since
a path and the time inverted counter path accumulate a
phase difference of π and therefore interfere destructively,
leading to an enhanced transmission at B = 0. This is
indeed visible in the numerical results (Fig. 3 (a) as blue
line) showing a pronounced WAL peak.
The physics changes, if a heterostructure with conven-

tional ordering of the quantum well states is considered.
In Fig. 3 (b) we show the average magnetoconductance
for the same configuration as in Fig. 3 (a), however, we
assume a positive bandgap of M = 10meV. For Fermi
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FIG. 3: Weak localization correction in a disordered HgTe
nanoribbon (L = 5000 nm, W = 1000 nm). Upper pan-
els: Magnetic field dependence for (a) inverted band order-
ing and (b) conventional ordering. Different Fermi ener-
gies (EF = {11.1meV, 12.5meV, 18.5meV, 52meV} from top
to bottom) lead to a Berry phase as given in panel (a) and
(b). Impurity potential strength U0 is varied to fix a mean
free path of 1200 nm. c) Energy dependence of the WL cor-
rection δT ′, Eq. (13), for inverted and conventional ordering
extracted for a magnetic field B = 0.1mT. Dashed curves are
guides to the eye.

energies close to the bandgap, the Berry phase is small, as
in the case with inverted band ordering, leading to a con-
ventional WL feature. Unexpectedly, the strength of the
WL correction of the conventional regime is almost twice
as strong as the result for the inverted regime [compare
black lines in Figs. 3 (a,b)]. With increasing Fermi en-
ergy, the strength of the Berry phase increases, but does
not reach π. Instead, the maximal phase at Bk

2 =M is
rather close to π/2, leading to a strong reduction of any
localization correction [see blue line of Fig. 3 (b)].
For a more closer analysis of the energy dependence we

extract the strength of the WL correction,

δT ′ =
〈

T (B = 0)− T (B = 0.1mT)
〉

, (13)

for various Fermi energies. The results are summarized in
Fig. 3 (c). For conventional ordering, we get a transition
from WL close to the band gap to almost no localization
for higher energies. For inverted band ordering one finds
a clear-cut transition, from WL to WAL and back to
WL. Note that for very low energies only few channels
contribute to transport. As a consequence the strength
of the WL correction is reduced due to the finite number
of open channels [38], and non-universal features may
appear. These apparently erratic values vanish when the
width of the scattering region is increased.
Additional to the expected crossover from WL to

WAL, the Berry phase leads furthermore to opposite
shifts in B of the magnetotransmission profiles associated
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FIG. 4: B-field shift of the WAL maximum due to cor-
relations between enclosed area and angle of the contribut-
ing trajectories. a) Magnetic field dependence of transmis-
sion quantum correction of a diffusive periodic nanoribbon
(W = 1000 nm, L = 5000 nm) for different number of open
channels (30 to 45) close to the Fermi energy EF = 52meV
(displayed with vertical offset). Symbols with error bars: Re-
sults δTU for upper block, see Eq. (11); solid lines: fit to
numerical data; dashed lines: corresponding curve for δTL of
lower block. b) Energy dependence of Berry phase around

52meV (see Fig. 2 (a)). c) Energy dependence of shift B̃ of
the magnetotransmission maximum extracted from (a).

with the upper and lower blocks of the Hamiltonian (1).
A pair of backscattered paths, contributing to WL and
WAL, can be characterized in terms of the enclosed area
A and the accumulated angle α, acquired during the se-
ries of random scattering processes at impurities along
the diffusive path. Usually, only the enclosed areas A
are relevant, and their typical value A0 sets the mag-
netic field scale in the magnetoconductance profile; i.e.
its width is of order BA0 ∝ Φ0, where Φ0 is the magnetic
flux quantum. However, as has been recently shown for
ballistic and diffusive two-dimensional hole gases (based
on the 4×4 Luttinger Hamiltonian) [34], an underlying
Berry phase gives rise to a characteristic shift of the WL
peak. This shift depends on the associated Berry phase
Γ and the typical accumulated angle α0. Moreover, for
diffusive and chaotic conductors there is a finite classi-
cal correlation ρ between the random variables A and
α. These different quantities determine an effective mag-
netic “Berry field” B̃ by which the WL magneto profile
is shifted. For a chaotic quantum dot, this shift corre-
sponds to an associated flux [34]

B̃ A0 ∝
(

Γ ρ
α0

2π

)

Φ0, (14)

which depends linearly on the Berry phase Γ, the typical
enclosed angle α0 and the classical correlation ρ. This
behavior has also been found for ballistic cavities based
on HgTe [39]. For the disordered HgTe quantum well, we
expect a corresponding behaviour, not only for the WL,
but also for the WAL peaks.
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Fig. 4 (a) shows the numerically obtained quantum cor-
rection to the magnetoconductance δTU (bullets) based
on the upper block U of the Hamiltonian (1). The five
different curves correspond to different Fermi energies,
close to EF = 52 nm, labeled by the number of open
transverse modes (without spin) varying from 30 to 45.
Fits to the numerical data are shown as solid lines. Cor-
respondingly, the dashed lines show the further contri-
bution from the lower block L. The curves exhibit a
small but distinct energy-dependent shift in B, respec-
tively, a splitting of the magnetoconductance of different
blocks. This feature can be explained in terms of the
Berry field introduced above. To this end, the Berry
phase Γ corresponding to the Fermi energy E, respec-
tively, a number of open modes is shown in Fig. 4 (b).
Since Γ is close to π in the energy range shown, all mag-
netoconductance curves show WAL. Most notably, the
sign change in Γ−π between energies corresponding to
36 and 37 channels in Fig. 4 (b) is reflected in the direc-
tion of the energy dependent shift of the WAL curves in
Fig. 4 (a), with a nearly vanishing shift close to the trace
with n = 37. Hence, Fig. 4 (b) illustrates the transition
from negative correction to positive correction between
36 and 37 open channels. The same transition is also vis-
ible in the effective Berry field B̃, which we extracted for
various magnetoconductance curves by the same fits as
shown in Fig. 4 (a). The effective Berry field B̃ is depicted
in Fig. 4 (c). In view of Fig. 4 (b) its energy dependence
indicates a linear dependence on the Berry phase as it is
the case in chaotic quantum dots, see Eq. (14) [34]. Due
to the relatively low correlation ρ between α and A for
a diffusive process, we expect the strength of the shift
to be only a few µT in the present case. However, such
a shift leads to a significant change of the magnetore-
sistance line shape. To the best of our knowledge, it is
not captured by any existing diagrammatic approach or
description by random matrix theory.

IV. ROLE OF SPIN-ORBIT INTERACTION

In addition to the spin-orbit coupling between the s-
and p-bands within the 2×2 blocks, there are further
spin-orbit interactions present in HgTe heterostructures.
Those can be divided due to their physical origin into
terms arising from bulk inversion asymmetry (BIA) and
structure inversion asymmetry (SIA). BIA is given by
the crystal structure itself, and thus can only be modi-
fied by changing the material. SIA depends on internal
and external electric fields, and consequently changes its
size depending on the symmetries of the grown HgCdTe
layers or external gating. For symmetric HgTe quantum
wells the strength of SIA is negligibly small.
In the following, we first focus on the WAL profile in

a symmetric heterostructure with a naturally sized BIA
and without SIA. Our results for different Fermi ener-
gies are summarized in Fig. 5 (a) for inverted band or-
dering and in Fig. 5 (b) for conventional band ordering.
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a) b)

FIG. 5: Strength of the WL correction δT in presence of
spin-orbit interaction due to structure inversion asymmetry
(∆ = 1.6meV) for (a) inverted band order (M = −10meV)
and (b) conventional band order (M = +10meV).

The energies are chosen to cover the full range of Berry
phases as in Fig. 3. In comparison to systems without
additional SOI the average magnetoconductance always
features WAL. This is in line with the common explana-
tion that strong SOI leads to spin relaxation and thereby
WAL. However, there exists a significant difference be-
tween the energy dependence of the WAL strength for
the different band orderings. For conventional ordering,
the WAL correction is almost constant and also the shape
of the correction does not change significantly with Fermi
energy, as shown in Fig. 5 (b). This is not the case for the
inverted ordering. Here, the correction is almost twice as

strong if the Fermi energy is chosen to be E
(π)
e = 52meV,

Eq. (12), the point with a Berry phase of π, as depicted
in Fig. 5 (a).
In the following, we give an explanation for this differ-

ence. To this end, we apply the unitary transformation

T =
1√
2







1 0 0 1
0 −1 1 0
−1 0 0 1
0 1 1 0






(15)

to the Hamiltonian (1), leading to the transformed
Hamiltonian

H =









Ck −∆ −Ak+ −Mk −i 12Rk−
−Ak− Ck −∆ − 1

2 iRk+ Mk

−Mk
1
2 iRk− Ck +∆ −Ak+

1
2 iRk+ Mk −Ak− Ck +∆









. (16)

If no SOI due to SIA is present (R = 0), this Hamiltonian
consists of two blocks which are only coupled by the ma-
trix elementMk =M−Bk

2. For an inverted band order-
ing there exists a momentum k, where Mk ≈ 0 since M
and B are both negative. In HgTe superstructures with
M = −10meV the Fermi energy is 52meV correspond-

ing to E
(π)
e . At this energy the Hamiltonian decouples

into two independent 2×2 blocks that both show WAL.
Thus the entire WAL strength is twice as high compared
to other energies, as shown in Fig. 5 (a).
If additional spin-orbit terms from SIA are present,

this unitary transformation into two uncoupled blocks
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FIG. 6: Strength of the WL correction δT ′ for different spin-
orbit interactions (BIA ∆ = 1.6meV, SIA R = 35 eVÅ). Re-
sults are extracted from the transmission at 0.1mT. a) The
localization strength for conventional band ordering (M =
10meV) shows the same localization strength for all combi-
nations of structure and bulk inversion asymmetry. b) For
inverted band ordering (M = −10meV) and pure structure
inversion asymmetry, the strength of the WAL correction is

doubled at E
(π)
e = 52meV.

is not possible. As a consequence, the WAL correction
stays roughly constant throughout the whole range of
different Fermi energies. In Fig. 6 we have summarized
the behaviour of the WAL correction δT ′, Eq. (13), for
different combinations of BIA and SIA. As expected, the
WAL with conventional band ordering is independent of
the type of SOI, as shown in Fig. 6 (a). However, this
is not the case for a heterostructure with inverted band
ordering. If only BIA is present, WAL is approximately
doubled at 52meV and shows a smooth transition in be-
tween, see black symbols in Fig. 6 (b). For finite SIA a
block diagonalization is not possible, and hence the WAL
correction is constant, independent of whether additional

BIA SOI is present. As in the calculations without SOI,
the erratic fluctuations of the WAL strength at low en-
ergies can be attributed to the correspondingly limited
amount of open channels in the numerical calculations.

V. CONCLUSION

In this manuscript, we have analyzed the weak local-
ization properties of HgTe heterostructures with differ-
ent band topologies. We revealed a transition between
weak localization and weak antilocalization for systems
without spin-orbit interaction, which is only complete for
systems with inverted band ordering and can be related
to the effect of the Berry phase. This Berry phase, more-
over, affects the magnetoconductance line shape: Own-
ing to correlations in the statistics of backscattered paths
that depends on the type of classical dynamics (diffu-
sive, chaotic or regular in the ballistic case) the Berry
phase implies a splitting of the magnetoconductance pro-
file. Furthermore, we showed that the band ordering can
be deduced from the energy dependence of the weak an-
tilocalization correction in presence of spin-orbit interac-
tion due to bulk inversion asymmetry: If the heterostruc-
ture features an inverted band ordering, the correction
strength is energy dependent in contrast to a constant
weak antilocalization strength for conventional band or-
dering. This is explained by an energy-dependent separa-
tion into two uncoupled bocks. Additional Rashba-type
spin-orbit interaction from structure inversion asymme-
try again diminishes the energy dependence.
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