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1 Introduction

Parton distribution functions (PDFs) are the quintessential component of the modern
picture of the hadron structure. The twist-two PDFs have a probabilistic interpretation
as parton density distributions within hadrons and give rise to the leading contribution to
the majority of observables. In contrast, the twist-three distributions are related to the
quantum-mechanical interference between a single parton and a gluon-parton pair. Their
contributions are usually suppressed by the hard scale, although they can be enhanced in
certain kinematic regions. Nevertheless, twist-three effects are vital for the understanding
of hadron structure at a quantum level.

Quantifying twist-three effects is a challenging task. The lattice QCD has the potential
to explore the twist-three distributions by a calculation of specially designed Euclidean
observables. In particular, the nucleon matrix element of the local twist-three chiral-even
operator of the lowest dimension was first calculated on the lattice in ref. [1], and such
studies will undoubtedly continue. The major difficulty of this approach is that due to
the loss of continuous space-time symmetry, the twist-three operators on the lattice mix
with the leading-twist operators of lower dimension so that the renormalization procedure
becomes highly nontrivial.

In recent years there has been increasing interest in the possibility to determine PDFs
from custom-made Euclidean correlation functions, bypassing Wilson’s operator product
expansion. The general scheme of such calculations is to consider a product of suitable
local currents at a space-like separation and match the lattice calculation of this quantity
to the perturbative expansion in terms of collinear distributions. This can be done both in



position and momentum spaces. Several proposals to implement this idea exist [2-7]. The
particular choice of the correlation function of the quark and antiquark fields connected by
the Wilson line [5] received the most attention, see, e.g., [8, 9] for a review. In order to
distinguish these objects from their light-cone analogs, one usually refers to such space-like
correlation functions as pseudo-PDFs (e.g. [10]) or quasi-PDFs (e.g. [11]), depending on the
actual implementation.

The first lattice simulations of twist-three PDFs within the gPDF approach appeared
recently [12, 13], demonstrating the feasibility of such studies. The discussion of the collinear
limit of the twist-three qPDFs and pPDFs presented in [14, 15] is, however, not complete.
In ref. [16] we have formulated the factorization theorem for the axial-vector PDF (and
pPDF) to twist-three accuracy, which is more involved compared to the twist-two case [17]
and calculated the corresponding coefficient functions to one-loop accuracy. In this paper,
we repeat the same analysis for the chiral-odd case and formulate the factorization theorem
for the quasi(pseudo) distributions related to the twist-three PDFs hp(z) and e(z). As
a byproduct of this calculation, we also derive the one-loop coeflicient function for the
twist-two transversity PDF dq(x), for which, it seems, there is no agreement in the literature
(cf. [18, 19]).

This direction of studies is interesting as the chiral-odd twist-three PDFs e(x) and hy(z)
are poorly known. They show up in observables that involve other chiral-odd functions and
thus are challenging to extract from experimental data. As a matter of principle, these
functions can be directly extracted from the single- and double-spin asymmetries in semi-
inclusive deep inelastic scattering (SIDIS) and Drell-Yan process [20-23]. This is, however,
problematic due to a lack of very precise data. Alternatively, twist-three distributions
can be accessed in the small-b limit of transverse momentum distributions (TMDs). This
approach looks more promising as the relevant observables are easier to measure, and
hence the data is of better quality. For example, the Qiu-Sterman function 7" has been
extracted in refs. [24, 25] from the analysis of the small-g7 part of the transverse spin
asymmetry data. Chiral-odd distributions can therefore be addressed similarly by studying
the chiral-odd TMDs, see [26-28] for the relevant relations. In this way, the Qiu-Sterman
projection of the underlying quark-gluon correlation function that is related to e(x) gives
rise to the Boer-Mulders function and, thus, could be observed in the cos(2¢)-modulation
in unpolarized Drell-Yan processes [29]. In a different context, the role of the twist-three
PDF e(x) in the proton mass decomposition has also been discussed in [30, 31].

In ref. [16] we have pointed out that the extraction of the chiral-even twist-three PDF
gr(x) from lattice calculations is complicated by the breakdown of the Wandzura-Wilczek
relation at the qPDF (pPDF) level. Thus, the separation of twist-three contributions of
interest from the dominant twist-two terms at the level of lattice data appears to be highly
nontrivial. For chiral-odd distributions, the situation is better as the qPDF (pPDF) related
to e(x) does not contain any twist-two admixture, and for hz(z) we are able to derive an
exact Jaffe-Ji-like relation for the twist-two part.

This work follows ref. [16] both conceptually and methodologically, so we present only
the necessary definitions and the final expressions for the factorization theorems and NLO
coeflicient functions and omit technical details. Section 2 is introductory, and it contains



general definitions and notation. The tree-level factorization expressions in terms of quark-
gluon correlation functions, QCD equation of motion (EOM) relations, and PDF definitions
are given in section 3. The section 4 is devoted to the calculation of the NLO corrections
and contains our main results. The position-space expressions are given in section 4.1, and
the momentum space ones are collected in section 4.2 and section 4.3 for the pPDFs and
qPDFs, respectively. The concluding section 5 contains the summary and a short discussion.
Two appendices supplement the main text: appendix A contains the evolution kernel for
the twist-three chiral-odd distributions, and in appendix B the operator-level results are
presented for the first order expansion in «ay of the chiral-odd quark-antiquark correlation
functions in position space.

2 Preliminaries

We consider the nucleon matrix elements of a product of quark and antiquark fields for
chiral-odd Dirac structures in the forward limit,

(p, 5|0 (2, 0)Ip, 5) , (2.1)

where
O'(2,0) = T{q(=)I'[z, 0](0) }, (2.2)
and ' = 1 or I' = io,y° = —%eumgoaﬁ (in four dimensions). Here z* is a four-vector,

|p, s) stands for the nucleon state with momentum p and spin s, ¢ and g denote the quark
and antiquark fields, respectively, and [z, 0] is the straight Wilson line in the fundamental
representation of the gauge group rendering the operator gauge invariant,

[2,0] = Pexp (ig /Olda z“Au(az)). (2.3)

142~3 and o = %(’y“’y" — ~Y~H*). The flavor indices

We follow the convention 7° = 7%y
of the quark fields are omitted for brevity. For space-like separations 2% < 0, which are
of interest in the context of lattice calculations in Euclidean space, the time-ordering in
eq. (2.2) is in fact redundant. In this work, we calculate the matrix elements (2.1) at the
next-to-leading order (NLO) and twist-three accuracy in QCD taking the collinear parton
distributions as the nonperturbative input. Note that in the forward kinematics considered
here, the matrix elements only depend on the distance z between the fields. Thus, without
loss of generality, we keep the quark field ¢ at the origin.

We tacitly assume that the nonlocal operator (2.2) is renormalized,
O (2,0) = ZoO} . (2,0) . (2.4)

The renormalization constant Zo in the MS scheme is known to three-loop accuracy [32, 33].
It is the same for all Dirac structures. Both sides of eq. (2.4) depend on the renormalization
scale ur. Here and in the following, we do not indicate the dependence on ug, unless it is
important for understanding.



In renormalization schemes with an explicit regularization scale, the Wilson line in
eq. (2.2) suffers from an additional linear ultraviolet divergence [34] which has to be removed.
This can be done by introducing a residual mass term that absorbs such divergences, as
in the case of heavy quark effective theory, or, alternatively, by forming a suitable ratio
of matrix elements involving the same operator [35, 36]. This issue has been discussed
extensively in the literature so that in our opinion no further explanation is needed.

The nucleon matrix element (2.1) can be parametrized in terms of several invariant
functions. We define

2
B
(p,s|OY(2,0)|p, s) = 2ME(p - 2, 27). (2.5)

(p. 510" (2,0)Ip, 5) = 27 (p - 2)Ha(p - 2,2%) — 2\, <Zu - (pz p“) MHL(p-2,2%),

Here 0% = o"z,, M? = p? is the nucleon mass squared, s* is the spin vector normalized
as s2 = —1, (s-p) = 0 for transversely polarized nucleon state, and the dimensionless
parameter

(s-2)
(p-2)
The subscript T' indicates the projection of the nucleon spin vector onto the transverse

Ao=M (2.6)

plane, which is orthogonal to both z* and p*:

shh =gy sy, (2.7)
with
pv _ [V | ol D= 1, v 22 v »
gr =g —('p +pz)m+ppm+zng_z2p2. (2.8)
We refer to the variable
(=p:=(-2) (2.9)

as the Ioffe time [37]. The similarly defined (regularized) invariant functions for the light-like
separations 22 = 0 give rise to the chiral-odd parton distributions in position space (see
below) are called Ioffe-time distributions (ITDs) [35, 37, 38]. The terminology for the
corresponding off-light cone position-space matrix elements is not well established: they are
referred to as quasi-ITDs in [16, 36] and pseudo-ITDs in [39-41]. In this work, we use the
abbreviation qITD for the functions £(¢, 22), H1(¢,2%) and H (¢, 22).

The three qITDs &, H1 and My at small 22 match collinear parton distributions
(PDFs). QCD factorization for £ and Hy, is more complicated as compared to H;j, as both of
them recieve contributions of twist-three quark-antiquark-gluon collinear distributions. In
this paper we formulate the factorization theorem for £ and Hj, and calculate the necessary
coefficient functions to one-loop accuracy.

Our method of calculation is based on the light-ray operator product expansion
(OPE) [42, 43] in combination with the background field technique [44, 45]. We used
the same approach for chiral-even distributions in our previous publication [16], where it is



described in details. The present case only differs from ref. [16] by the Dirac structure I, so
that the calculation follows the same route. The actual computation is done in position
space. The coefficient functions for gPDFs and pPDFs in momentum fraction space are
then obtained by the appropriate Fourier transform, as defined in the sections 4.2 and 4.3.

3 Chiral-odd parton distributions and quark-antiquark-gluon correlation
functions

At the tree level, the operators (2.2) in the 22 — 0 limit can be identified with the
corresponding light-ray operators, cf. [16], whose nucleon matrix elements define parton
distribution functions. In this work, we need the following light-cone matrix elements

1 . -
¥ (p, 84(2)io,.vq(0)|p, s) = 2s4¢ /_ldm e 5q(z) = 2s5.¢ 0q(¢), (3.1)
1 . —~
(p, 5|d(2)io™* 17 q(0)|p, s) = —2M\.C [ drehy () = 2MACRL(C),  (32)
IR
(0. sla(2)a(0)|p.s) = 2M [ doe'e(a) = 2M2(¢) (3.3)

Here and in what follows, we use the “hat” notation for the PDFs in position space (loffe-time
distributions [37, 38]). Thus, at the tree level (and neglecting terms O(z2)) we have

Hi(¢,22) =0q(C),  Hr((,22) =hr(Q),  E(C2%) =2). (3.4)

The transversity PDF dq(z) is purely twist two. For x > 0 and x < 0 it defines the
distribution of the (transversely polarized) quarks and antiquarks (with a sign minus) in
the nucleon, respectively.

In contrast, the function hz(z) can be decomposed into twist-two and twist-three parts,

according to the (geometric) twist of the contributing operators:
hi(x) = hi™(2) + hi®(2) | hi(€) = hE2(O) +hE(Q). (3.5)

One obtains for the twist-two part [46],
~ 1 —~
Wp2(¢) =2 [ daady(a)

(o) =2 o) [ Yoatw) —ot-2) [ Boat)] (36)

—1 y
A simple method to derive these relations is the following. The leading-twist contribution
of the light-ray operator must satisfy the equation [47],
0
ozH

Taking the nucleon matrix element of this operator identity and its parametrization in (2.5),

4(2) 02" 1759(0)]tw2 = 0. (3.7)

(3.1), (3.2), one obtains a first-order differential equation (see e.g. [27])

T[] = 2 (a) — 20(a). (38)

It is easy to check that the expression in (3.6) satisfies this equation.



Beyond the tree level, the PDFs become scale-dependent and the tree-level relations
in (3.4) become decorated by the perturbatively calculable coefficient functions. In addition,
the twist-three quark-antiquark distributions e and htLW?’ get mixed with the three-particle
quark-antiquark-gluon correlation functions giving rise to additional contributions that do
not have a probabilistic interpretation. It is important to realize that quark-antiquark and
quark-antiquark-gluon contributions cannot be taken as independent degrees of freedom
as they are related by QCD equations of motion (EOM). Neglecting operators with total
derivatives that do not contribute to forward matrix elements, one obtains [48]

(j(z)ia“zfy‘:’q(O) = [(j(z)ia"z’y‘:’q(O)}twg — % /Oldu/oudv u(2v—u) g(uz) o"*45 gF,,.(v2)q(0),

F2(0) = 00)(0) + 5 [ [ d0g(u) 0" gFoc(02)000) (3.9)

These operator relations are exact in QCD with massless quarks so that they must be
satified by all matrix elements. In the first line, the first term on the r.h.s. gives rise to
the twist-two distribution A2, and the second term provides a representation for A" in
terms of a certain integral of the quark-antiquark-gluon correlation function defined below.
The second relation gives rise to a similar representation for e(z) in terms of a (different)
quark-antiquark-gluon correlation function, up to an additional local term. It is convenient
to consider the full set of quark-antiquark-gluon operators as the operator basis at the
intermediate step.! Using (3.9), a part of the resulting expressions can be brought back to
the two-particle form, but this reduction does not hold for the full result.

Nucleon matrix elements of the three-particle twist-three operators define position-space
quark-antiquark-gluon correlation functions:

(p, s|q(az) 0"*~° gF,,.(b2)q(cz)|p, s) = 4X.C*M H(a¢,bC,cC). (3.10)
(p, sla(az) 0% gF,z (b2)a(c2)|p, 5) = 4¢*M E(aC, b¢, eC) (3.11)
They are related to the correlation functions in momentum fraction space by the Fourier
transformation
ﬁ(Ch CQ) <3) = /[d.’E] e—i(C1$1+C2$2+CS$3)H($l’ X2, .’Eg), (312)
E(Ch 42) C3) = /[d$] e*i(41$1+<2$2+<3$3)E($1’ X2, 133), (313)
where
1
/[d:c] = / dxidzodxs §(x1 + x2 + 3) . (3.14)
-1

The functions H and E obey the discrete symmetry relation [27]

H(wl,l’g,l’zg) = —H(—:L’g,—l’g,—xl) s (315)
E($1, T, 1‘3) = E(—$3, —Zx2, —33‘1) . (3.16)

1Using an operator basis with the gluon strength tensor replaced by a transverse derivative is another
option [49]. This choice usually leads to simpler coefficient functions at the cost of complicating the
evolution equations.



As a consequence, for their position-space versions E and H the following relations hold,

/dﬁw A(ac, 5C,0) = /dﬁwa— A(ac, B, 0), (3.17)
/ dBw(B)E(ac, 5C,0) /0 dfw(a — B)E(ac, AC,0), (3.18)

for any non-singular function w(«). These relations are essential to simplify the weight
factors in the integrals, see section 4.

The relation 1 + 22 + 23 = 0 in (3.14) imposed by the translational invariance in
the forward kinematics implies that the twist-three PDFs are functions of two variables.
However, the three-variable notation used here is more convenient for many reasons. First,
it simplifies the symmetry relations (3.15), (3.16). Second, twist-three correlation functions
have different parton interpretations for each kinematic domain z; < 0 [50] and can most
naturally be presented using the three-component barycentric coordinates, see [51, 52].

With these definitions, we obtain for the twist-three PDFs

B3 (C) = ¢ / da [ dBa (28 - ) (aC. 56,0) (3.19)
&(¢) = g+ ¢ /0 da /0 dB E (aC, BC,0), (3.20)

where ¥, is the local contribution related to the mucleon o-term,
(p, slq(0)q(0)|p, s) = 2M %, . (3.21)

It is often convenient to separate the local contribution (3.21) from the rest. In what follows
we use the subscript “nl” (nonlocal) for quantities in which the sigma-term contribution is
subtracted, e.g.,

1 « -
2(0) = By +2ul(). (€)= [ da [ dBE (ag,56,0) (3:22)
Going over to the momentum fraction space, one obtains

) =2 [law] [ daa(““%l) Sw—aw) bwtam) | I av)

X129 T3 5 a3
N d(z — x3) B 5<x+x1))H(x1,x2,a:3), (3.23)
T2X3 12
oz +x oz —x o(x
e(z) = S,0(z) + /[dx] < (xlmz D, (mm3 3) $Exi) E(z1, 19, 3). (3.24)

In these expressions one can get rid of some integrations using the delta-functions, but the
resulting expressions contain a multitude of integration regions, therefore we prefer to leave
it in this form. We stress that these relations are exact in QCD.

The scale dependence of the correlation functions F and H is autonomous, in the sense
that it does not involve other distributions. The evolution equations take the form

d
N%WH<$17$27$3;,UJF) = /[dy] Ky (z,y; as(ur)) H(y1, y2, Ys; LF), (3.25)
F
d
N%dTP E(x1, 20,235 up) = /[dy] Kg(z,y;as(1r)) E(yi, y2, ys; pr), (3.26)
F



where the kernels K,/ are functions of six variables » = {1, 72,73} and y = {y1,y2,93}.
The leading-order (LO) expressions of the evolution kernels can be found in [51, 53]. They
are relatively compact in position space but rather lengthy in terms of the momentum
fractions. For completeness, we present the position-space kernels [51] in appendix A.

As a final remark, in refs. [27, 28] a different notation for the chiral-odd twist-3
correlation functions is used,

(p, sld(az) io"* gF¥*(b2)q(c2)[p, 5) = 2C* M (6T (aC, b, C) + idagh 6Ty (al, bC, (),

(3.27)
where € = poz5e®®* /¢ (and 22 = 0). The relation to our notation is §7, = H and
0T, = F.

4 QCD factorization and one-loop results

Beyond the tree level, the expressions in (3.4) can be generalized to the following factorization
theorems schematically:

1 -
Hi(C,22) = /0 da Cy (o, 2213) 3 ) + ... (4.1)
1 —
HE2(C,22) = /0 da a0, 221%) 3q(aC; pir) + ..
1 1 ~
HY3((,2%) = ¢? / do / dB Cpaws(a, B, 22pg) H (e, BE, 05 pp) + ...,
0 0
1 1 —~
E(C,22) = Col(22u2) Sy (1) + /0 da /0 df Cs(a, B, 22u%) B(aC, BC, 05 i) + - .. |

where the ellipses stand for terms O(z?), and the coefficient functions Cj are given by a
series expansion in the QCD coupling

ay = asé(llﬂt-F) (4_2)
We write
Ci=C +a,cM ... (4.3)
with the tree-level expressions
c\ = 51— a), O = 20, O = al(28 — a)f(a — B),
co =1, cP =6(a-B). (4.4)

The validity of QCD factorization in this form is a direct consequence of the existence
of the operator product expansion (OPE). The factorization theorems for pseudo- and
quasi-distributions in momentum space are obtained by the Fourier transform of the
above expressions and do not require any additional justification. Explicit expressions are
given below.



The main purpose of this work is to compute the coefficient functions C,E,l). The
calculation is done using the light-ray OPE and the background field technique, following
the similar calculation for the chiral-even case in ref. [16]. Thus we present here only the
final expressions for various distributions and omit technical details. The operator level
expressions are collected in appendix B.

As already discussed in section 3, the twist-three PDFs thst and e are related to the
more general three-particle distributions by egs. (3.19), (3.20). Conversely, these identities
allow one to rewrite a part of the three-particle contributions back to the two-particle
form. This can be done as follows. Integrating egs. (3.19), (3.20) with an arbitrary weight
function f(7) one finds after simple algebra

1 1 a ~
| ar s hEt Q) = ¢ [ dagn(a) [*d8 26 - ) H(a¢.50.0),  (45)
0 0 0
1 1 e} ~
[ ar fnyentrq) = & [ daga) [ s Blac,5¢,0), (4.6)
0 0 0

where
1 dr 1
m@)=a [ Gh).  gde) = [ dri), (47)
These relations can be inverted to give
fu(@) = gn(a) —agp(a) +d(@)gn(1),  fela) = —gila) +0(a)ge(1).  (4.8)

Thus the reduction to a two-particle form is possible for arbitrary weight functions g(«),
but requires a very specific integration weight over 3, i.e. over the position of the gluon
field. Note that this weight factor can sometimes be simplified by virtue of the symmetry
relations in eqgs. (3.15), (3.16). For example, using (3.15) for w(B) = 1 and w(B) = B2
one obtains

/ dp H(a¢, B¢,0) =0, / 4B 3% H(ac, BC,0 —a/ dp B H(aC, BC,0),  (4.9)
etc. Similarly
/ dB 8 E(al, BC,0) / dB E(ac, B¢, 0). (4.10)

We use these relations to rewrite the quark-antiquark-gluon contributions in terms of h}JW?’
and e whenever possible, as it allows one to reduce the nonperturbative input.

4.1 Position space: Ioffe-time distributions

The position space results are straightforward to derive from the light-ray OPE expressions
in appendix B, subtracting singular 1/e terms and taking the nucleon matrix elements. In

222
L.=In (462% , (4.11)

and the plus-distribution is defined as usual,

/daf /da ~ f1)g(a). (4.12)

the following expressions




The qITD H; at NLO reads

— 1 -
(G0 = SalGim) + s [ da € (o L) Saatin). (4.13)
where
2In o
¢tV (a,L.) = 4Cp [(—Lz - 1+7 2“) +6(@)(L + 1) (4.14)
+

with Cp = (N2 —1)/(2N,) being the quadratic Casimir operator of a general SU(N,) gauge
theory. Here and below we use bold font for the coefficient functions in position space.
The qITD Hy, splits into twist-two and twist-three terms

Hi(C2%) = HE(C 2%) + HEP (¢, 27). (4.15)

The corresponding expressions are

~ 1 -
HE2(¢,2%) = A2 (G p) + as /0 da C) o(a, L) B (ag; ), (4.16)

~ 1 ~ ~
H3(¢,22) = RE3(C 1) + as /0 da CY) (o, LR (al; p) + 2¢2a,CY) @ H, (4.17)

where C(Ll)tWQ(oz,LZ) C(l)(a L,) is given in eq. (4.14). Notice that we have decomposed

the contribution of C(L)t 3 in eq. (4.1) into two parts:
Cili(a,L:) = CV(a, L) + N, {Lz(l +8(@) +1+ 25(07)] : (4.18)

N ~ 1 a _
W), @l = —L.P" g +/ da{QNC/O dB1n 3 i (aC, B¢, 0)

b [Las[PPO D) g g a0 (1.19)
and
N 1 1 I _afB -
PtW?’@H:E /0 do | 1fi f(ac, BC,0). (4.20)

Note that CS;I,)zpt (a, Lz)%Cg)tWQ(a, L.), i.e. the coefficient function of the two-particle twist-

three contributions is not equal to the twist-two coefficient function. The term ~ C(L{)?)pt ®H

presents a “genuine” three-particle contribution in the sense that it cannot be rewritten in

terms of ?LtLW?’ using (4.8). It contains a logarithmic contribution ~ L, suppressed by a color

factor 1/N,, in agreement with [54]. but also a color-enhanced term oc N, independent of L,.
For the scalar case we get

E(¢,2%) = (14 6Cras)Ty + Em((,22),

1 ~
En(C,22) = Eu(Ci ) + as /0 da Cyh(a,L.)eu(ad; p) +2¢%aCly @ B, (4.21)

~10 -



where

1 L, a+2lna B
CES‘,)2pt =4CF K—a—>++5(a)

l—-a

+Ne[~L.(1-8(a)~1+20(a)|,  (4.22)
Ciin®E = —LP"@E+ /O lda{QNc /0 " 481 B E(ac, B¢,0)

zé /adﬂ [W B} E(ac,ﬂc,m}. (4.23)

We have checked that the resulting scale dependence of the coefficient functions is in
agreement with the twist-three evolution equations for (chiral-odd) three-particle distribu-
tions, see appendix A. Note that the evolution kernels P™3 (4.20) for E and H coincide
as these distributions satisfy the same evolution equation (A.2). The expressions for the
non-logarithmic parts, Cgé . (4.19) and C,(S'l,?ipt (4.23), are also the same up to the last
term, —38 vs. f3, in the square brackets.

The -term in eq. (4.21) does not receive a logarithmic contribution ~ L, as the
one-loop scale dependence of the quark condensate is cancelled against the scale dependence
of the renormalized nonlocal operator (2.2). To one-loop accuracy [55] the renormalization
constant reads,

3C
Zo=1—ag F.

(4.24)

4.2 Momentum space: pseudodistributions

We define pPDFs [56] as Fourier transforms of qITDs with respect to the Ioffe-time ¢,

by (z, 2%) :/CKe_ixCHl(C,z2), (4.25)
hale ) = [ G HG ), (4.20
/ 24 —CE(C, 22). (4.27)

Pseudodistributions have a natural “partonic” support |z| < 1 [57]. Making the Fourier
transformation of egs. (4.13), (4.15), (4.21) we obtain

bz, 22) = 0q(x) + as ‘id”( L.)dq (Z) , (4.28)

|lz] &

Lda
(e, 2%) = huo) +an [ (€@ Lnp? (2) + ey (0 Long (1))

||
+2a,€0% @ H, (4.29)
L da x
e(z,C?) = e(z) + 6Crasd(x)Lqq + as /I:r EC(S{)th(a L.)en <a>
+2a,€5}, ®F, (4.30)

- 11 -



where

cV(a,L.) = CV(a, L),  Eq (4.14),
e (@, L) =C) (a,L.),  Eq. (4.18),
e)p(a, L) = C8) (o, L), Edq. (4.22), (4.31)

and
1
) @H=-LJ™eH + / [dz] /O da{

_2Nc( 1 > <5(93—a9€3)+5(:n+m1+am2)>
n

1l -« T1T3 Tr1x9

+1{2a+lno75(x—a:c3)—5(37—1—962—1-043:1)_2< e ) §(z — axs)
Nc +

11—« x2 11—« ToT
2 3

+ (1 - 2a) (6(33312332) + 5@3;;;3;3))] }H(:L’l, To,T3), (4.32)

1
€Yl @ E=-LE" @+ / [da] /O da{

_2Nc( 1 >+ <5(930l$3) n 0(x + x1 +a:1:2)>

1l -« T1T3 Tr1x9

2
1—« 5

1 { a+Inad(r—ars) —d(x + x2 + ax) ( e ) §(z — axs)
+— |2 —2
N, l—a/4

23
o(x oz + ax o(x — ax

L 0() | 3(e +amy) | 3z —axy)
23 122 123

} }E(xl, T2, 73) | (4.33)

with

2

1 1 a O(x+z2+ax)—d(r — azxs)
tw3 _
B ®H—Nc/[d:p]/0 da(l—a 22

N §(z —x3) — 0(x — axs)

H . 4.34
P ) (w1, 2, 23) (4.34)

The integrands in these expressions are finite at z; — 0 or &« — 1. All expressions are
defined for —1 < x < 1.
4.3 Momentum space: quasidistributions

Following refs. [5, 17] we define gPDFs as Fourier transforms of the qITDs with respect to
the distance z = |z|. The orientation of the vector z* is fixed:

dz —ixZz,

hl(-xapv) :pv/%e pv’Hl(va,ZQ), (4,35)
dz —ixz

hu(o,p) = po [ Goe TP AL, ), (436)
dz —ixz

e(%pv) = Pv %6 p”S(zpv,zz) , (437)

where v* = z#/|z| is the unit vector along z*, and p, = (p - v).
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The derivation of the one-loop coefficient functions for the qPDFs is more involved
due to the terms containing L, (4.11), which are also the ones responsible for extending
the support property of gPDFs beyond the partonic region |z| < 1 to |z| < co. To avoid
complications of the direct Fourier transformation, we use the identity

¢ [* : 2
by (z,py) = / % L K e'w=2)Ch, (y ;) : (4.38)

and similar for hy and e. Starting from this identity, ond can obtain a relatively simple
relation between the coefficient functions for the qPDFs and pPDFs. Details of the derivation
and explicit form of this relation can be found in appendix B of ref. [16].

In the expressions given below we use the following notation:

12
and
(f@))e = f@) = 0(@) [~ F@yda, (4.40)
0
(f@)o = f@) = 8(2) [ fla)da. (1.41)
We obtain
_ by
hy (2, pv) = 6q () + as O ) 0 (¥)
1 d x x
by, (z,pv) = hy (2) + as / - <CE” ( Lp) B (y) + ¢ < ) g (y))
1 |yl y Y
+2a,C) @ H (4.42)
L d x
e(x,py) =e(x)+6Crasd (z) Lgq + as / X ﬁ Cgl’%pt (y’ Lp) ent (y)
+2a,C5), @ F. (4.43)
The two-particle coefficient functions are
¢ (2,L,) =00 <z <1)CY (2,L,) + 4Cpsi (z), (4.44)
cl ) (2, Lp) = 6(0 < z < 1)CY) (2, L) +4Cps1 (z) + Nesa(w) + NeLpd(z),  (4.45)
Ciape (@, Lp) = (0 < < 1)CY) (2, Ly) + 4Ck(s1(x) — sa(x)) — Nesa(x), (4.46)
where it is tacitly assumed that all contributions ~ 6(z) (e.g., in (4.14)) are included.

The three-particle coefficient functions are

1 1
C(L,)Spt ® H= 0(’$| < 1)62,)3@‘5 ® H

L.—Lp
1 1 O(x + 2o + axy) — 6(x — as)
+ . /[d:c] /0 do (sl(a) o
G “"‘73)3;53(‘% — o) )H(a:l, wa,a3), (4.47)
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1 1
Cidp @ B = (|2 < )¢5}, @ B

L.—Lp
1 1 d(z+ 2+ axy) — d(z — axs)
+ N /[d:n] /0 da (sl(a) po
_ SQ(O() 5(I _ xg)xZQi(:E _ axg))E(xh 9, 173) . (448)

In these expressions

o o 1
In{—)— ,ya>1,
e —Q 1—-a/g
In(aa 1+2na
s1(a) = al(aa)  1+2may g (4.49)
1-a l-a /4
o a 1
In{— | + , <0,
l1-«a - 1—a/g
Q 1
(-m(%)-12s) a>L
—a l-—a/g
1
so(a) = <—ln(aa)—|—1_a L 0<a<, (4.50)
) 1
<—ln(>+ ) , <0
—a 1—a/g

The integrals over delta-functions can be evaluated, revealing 30 distinct integration domains
for the “genuine” three-point contribution each of which has a distinct coefficient function.

The qPDF h;(x, p,) has previously been considered in refs. [18, 19]. Our expression for
the one-loop coefficient function agrees with the result of [18],2 but does not agree with the
expression derived in [19]. Our result in (4.44) reads in explicit form:

( :c ln(%)—%) , xT>1,
1—=x - T/)g

—T

[Lp—ln(xii)]+1> ,0<z <1,
1—=2x +
T x 1
< ln<>+> s x<0.
1—-=x —x T/)g
(4.51)

Here the first term ~ §(Z) depends on the normalization scheme, see e.g. [17]. In particular,

¢ (@, L,) = 4Cr8(2)(Ly + 1) + 4C

it drops out if one uses the short-distance normalization scheme.

5 Discussion

We have formulated the factorization theorem for the chiral-odd space-like correlation
functions (2.5) in terms of parton distributions to the twist-three accuracy and calculated
the corresponding coefficient functions at NLO. These objects can be computed by lattice
QCD methods, see e.g. refs. [13, 18], granting access to the chiral-odd twist-three functions.
The utility of these studies depends, however, on the possibility to subtract the twist-two

2We thank Jian-Hui Zhang for providing us the analytic expression for the result used in ref. [18], but
not written there explicitly.
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contribution and reveal the desired twist-three part. A paradigm case is provided by the
DIS structure function go(x, Q?) for which the twist-two contribution can be calculated in
terms of g1(x, @?) and subtracted from the experimental data, at least in principle. The
situation with qPDFs and pPDFs is more complicated.

As we have demonstrated in ref. [16], the Wandzura-Wilczek relation does not hold
for the chiral-even axial-vector qITDs and, hence, neither for pPDFs and qPDFs. Thus
the twist-two contributions cannot be subtracted exactly, but only up to a certain order
in perturbation theory. The situation for the chiral-odd distributions turns out to be
more encouraging.

The distribution #;, includes a twist-two contribution (4.16). However, at one loop
it involves the same coefficient function Cgl)(oz, L.) (4.14) as for H;. This equality is not
accidental and is a consequence of the fact that in the chiral-odd case no additional tensor
structure can arise from loop integrals as ’HtLWQ and H; are just different Lorentz projections
of the same twist-two operator with an open vector index. This is in contrast to the
chiral-even case where terms ~ 22" /2% (in addition to g"¥ tensor that is present already
at the tree-level) emerge via loop-integral giving rise to additional contributions [16]. This
argument applies to all orders in perturbation theory, so that the equality of the coefficient
functions for HY"? and H; is ervact. As a consequence, the twist-two contribution to H, in

position space distributions can be eliminated by the analogue of the Jaffe-Ji relation [46]

MG ) = HulC. ) 2 [ daati(a,2). 6.)
0

cf. (3.6). The same subtraction can be implemented in pPDFs (here x > 0):

1
htLWS(x,zQ) = hL(m,zz) — 21‘/ Z‘gbl(y, z2), (5.2)

T

but cannot be applied directly to qPDFs. The reason is that in this case the Fourier
transformation is applied to the complete z-dependence without distinguishing whether it
originates from ¢ = (p - z) or z2. As the result, the relevant analogue of eq. (5.1) involves
z-dependence in the logarithms L,

Hr(C,2%) — 2/01 doaty(al,a’z?) (5.3)

1 e
= HW3(¢, 2%) + 8a,CF / daa<2 Inalna —In? o+ 2Li2(6¢))5q(a§") +0(a?),
0

and after the Fourier transformation

1 x
hL(fL',pv) -2 dy hy <yapv) (54)

||

1
=n"3 (2, p,) + 8a8CF/ dy(2 Inylng —Iny + 2Lig(gj))5q (z) + O(a?).

||

In principle, the twist-two remainder on the r.h.s. of this relation can be subtracted up to
O(a?) by promoting dg(z) — hy(x).
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As well known, the extraction of the momentum-fraction dependence of the PDFs from
lattice calculations requires hadron sources with large momentum, which is a notorious
problem. Large momenta are not necessary, however, to access an overall normalization
of the twist-three contributions encoded in the matrix elements of the local twist-three
operators of the lowest dimension. To this end the ( — 0 expansion of the qI'TDs is sufficient.
One obtains

-3
w3 2y _ 1 hg{ [ (65Nc_ 25 )_289Nc 29 ]} 4 9
HET(G2T) = === I+as (b | 57 — o 36 T 36mv [ T O

£(¢,2%) = (1+ 6Cras)Xq

_ CQ;z{Has[LZ(lglNc_ 8 ) - névc N 3%6]%0@3722)’ (5.5)

where
. , 4
(P, 512075 (1D, 9Fyn] alp, ) = (s ) (p - 1)*M? hg,
(p, s|q 0" gFunglp, s) = —4(p-n)*M ez, (5.6)

with all fields assumed to be at the origin and n? = 0. Equivalently

1 1
hs = / dx 3 Y3 (x) = 5 /[dw] xo H(x1,22,23), (5.7)
1

ey = /_11 drx?e(x) = — /[dac] E(xy1,22,23) . (5.8)

Note that [[dx] H(z1,x2,23) = 0 as follows from the symmerty (3.15). As a consequence
HP3(C,22) = O(CP).

To conclude, in this work we have presented, for the first time, the complete NLO
analysis of the chiral-odd quasi- and pseudo-distributions of the nucleon to the twist-three
accuracy. The results are encouraging so that we expect that the chiral-odd twist-three
PDFs can be constrained from lattice calculations in the near future.
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A  Evolution kernel for twist-3 distributions

The evolution equations for twist-three quark-antiquark-gluon distributions can be found in
refs. [51, 53]. For readers’ convenience, we collect the relevant expressions in this appendix.

The evolution equation for the quark-antiquark-gluon correlation functions in position
space has the form

~

2_—_H(z1,2,23) = —as[H® H](21, 22, 23), (A.1)

4
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where H is an integral operator (evolution kernel) which is the same for H and E:
[H & ﬁ](Zb 22, Z3) =

=N, / da{ (21,22, 23) —

Q |

ﬁ(zh 22, 232)

a ~
EF(Z127 22, 23)

d2

a2 ~ . _ N

EF(ZlaZ21vZ3) EF(ZlaZ23vZ3 2/ 5( 212vz2ﬁ1723) +F(21’226372§[2)>}

1 N~ N~

Ny { (21,22,23) — EF(Z?:S:Z%ZS) — gF(ZbZQ:Z?l)

2/_ dﬁﬂ(ﬁ(z%, zgl, z3) + F(z1, 253, zg‘g)ﬂ — 3CpF(z1,2,23). (A.2)
(e

Here F' = {H, E} and

a=1-a, z =z + zja. (A.3)

The last contribution, proportional to 3CF, is universal to all distributions and cancels
against the renormalization scale dependence of the qPDF operator.

The corresponding expressions for distributions in momentum space are lengthy as the
evolution kernels in different sectors x; < 0 are not the same. Explicit expressions can be
found in [53]. Note that the evolution kernel (A.2) becomes distinct for H and E once the
symmetry relations (3.15), (3.16) are applied.

The twist-three quark-antiquark distributions lALEW3 and €, are given by the inte-
grals (3.19), (3.20). Application of the operator H to these expressions yields

/Olda/aldﬁa@ﬁ—a) [H@Iﬂ (aC,BC,O):]i/olda/aldgﬁjiﬁ(agﬁgo)
-l-/olda/oadﬁa@ﬁ—a) []Zf—wpln(j) —3Crp
/Olda/aldﬁ [ o E] (ag,ﬁg,m:i/olda/:dggg(amw)

+ / ' da / " 4B[=4CrIna + Noa — 3C5) B (a, BC,0) . (A.5)
0 0

H(aC,5¢,0), (A4)

Here, we have used relations (3.15), (3.16) to simplify the result. In both expressions,
the contributions in the second line the gluon field is positioned in between the quark
and the antiquark. These terms can be rewritten as a convolution of two-particle kernels
with ﬁL and €,1. The remaining terms ~ 1/N, contain the gluon field outside of the
quark-antiquark pair. They cannot be simplified in this way and contribute to the “genuine”
three-particle part.

B Light-ray OPE at twist three

One-loop contributions to the light-cone expansion of the nonlocal operators into eq. (2.2)
can be divided in several classes: Vertex corrections V and V, “exchange” diagrams F
with a hard gluon connecting the quark and the antiquark, and the self-energy correction
W to the Wilson line as shown schematically in figure 1. Each contribution is separately
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Figure 1. Contributions of different topology to the light-ray OPE of the quark-antiquark operator.

gauge-invariant. In this appendix we collect the corresponding expressions for twist-three
contributions in d = 4 — 2¢ dimensions, i.e. before the subtraction of collinear singularities.
We write the result in the form

ol = tree+N{V +V.+E, +We},

Q715 — O 4 N {Vh +Vi+Ep+ Wh}, (B.1)
where the tree-level expressions are given in eq. (3.9), and
No 9 N(5-2) (B.2)
167 [—224%]2 2
We obtain
1
Vi, = —CFrq(2)iop.v5q (0) + CFZ — 2 / do [a?’*d - 1] G (2) i0p2y5q (2)] |
_ R3—d
B0 [aa 435157 00 9B (52) 050 a2)
_ o3—d
+ (CF - 2Nc> (p2) /0 da /0 dﬁﬁ%é(z) 9F iz (B2) 05 (az)
_ 1
Vh = _CF(j (Z) io—pz'%q (O) + CFZ g [a?)—d - 1} [(j (dz) iapz'75q (0)]+
_ p3-d _
+ 2 ) [da [ dﬁﬂlg Bd 7(62) 9y (52) 7354 0)
(C’F— ) (pz / da / dBBq(az) gk, (52) o"*v54(0) (B.3)
_ d - 2 1 Sid —
Ve=—Cr <z>q<o> +ch ; [a ~1][2(=)a(e2)],
_ 33— d
o [(a 515220 0) gFs (52) 0 (o)
3—d
" (CF—2NC) [ da / 4B B () gFus (82) 0% (02)
Vo= ~Cra(:)a(0) + Cry—2 [da [ ~1] [4(a2) g O],
Nc 1 1 1— 3—d o _
5 do / dﬁﬂiﬁq(az)gFMz(ﬁz)a“zq(O)
+(ermgne) [laal s o / 48 34(a2)gF - (32)7"4(0) (B.4)
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where the plus distribution is defined as

[9(2)Tq(az)]y = q(2)Tq(az) — q(2)Tq(0) (B.5)

etc. The two-particle contributions in these expressions can be rewritten in terms of the
three-particle operators using equations of motion (3.9).
Further,

1 v
By =Cr(d-1* [ dv [ dugoz)ioysa(u2)
0 0

* %CF@z)(d —4) / d”/ovd“/:dt (2t — 1) G(v2) 0" g Fys (t2) y3q(uz)

1

2 (0 —;NJ (p2)(d — 4) /Old” /ovd“ /01 dt (2t — 1)q(v2)0"*g Fyuz(t2)750(u2)

1 v v
E. = Cpdq(0)q(0) + dC'F/ dv / du/ dt q(vz)o**gF),. (tz)q(uz)
0 0 U

2
— % (CF—;NC> (d—4) /Oldv /Ovdu/oldt q(vz)ot*gF,; (tz)q(uz) (B.6)
and
W= 29 N () T (0) (B.7)

with I' = {1, i0p.7vs5} for W, and W}, respectively.
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any medium, provided the original author(s) and source are credited.
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